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Abstract

The shape of modern-day topography is determined at large scales by its tectonic and erosional history.
However at smaller scales, other processes—climatic or lithologic variability for instance—that can be
considered as geomorphic noise, can determine landscape geometries. This presents a challenge when
using topography to recover tectonic information such as uplift rate histories. In this dissertation
I seek to overcome this challenge by developing an inverse modelling framework to recover uplift
histories from topography generated in the presence of geomorphic noise. I first demonstrate how
noise added to models of landscape evolution produces complexity at local scales and variability in
geomorphic properties at larger scales. By generating ensembles of models, where noise is incorporated
using strategies informed by observations of Earth’s topography, I show how uncertainties in predicted
landscape geometries and derived metrics can be quantified. In Chapter 3 I then expand upon the
challenge of addressing complexity at local scales in the context of inverse modelling. When comparing
topography using existing Euclidean approaches, small differences in noisy elevations that are initially
inserted into landscape evolution simulators generate resultant landscapes with contrasting drainage
planforms. These differences in local elevation hamper the recovery of tectonics from topography.
Instead, I leverage techniques from Optimal Transport theory, namely the Wasserstein distance, to
develop a method that ‘sees through’ local complexity to recover uplift rates from topography. In
Chapter 4 I then demonstrate how such approaches can be used to recover uplift rate histories from
noisy synthetic landscapes. Calibrated Wasserstein-based objective functions successfully recover rates
of uplift that vary in space and time. Uncertainties in calculated values are quantified via a probabilistic
inverse modelling framework. The success of this approach suggests that future attempts to invert real
topography with appropriately calibrated models can yield meaningful information about tectonic
histories on geologic timescales.
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Chapter 1

Introduction

1.1 Overview

Understanding where, when, and how Earth’s surface has grown and decayed throughout geologic

time has been of interest to geomorphologists for more than a century and remains of concern to

date, not least because the constraints provided by histories of topographic evolution are relevant for

understanding a variety of geological, biological, and environmental processes. For instance, the uplift

of mountains and the erosion of their mass into sedimentary basins can influence the distribution of

natural resources and hazards (e.g., Kirby et al., 2008; Hadler Boggiani et al., 2025; Zwaan et al.,

2025), constrain patterns and rates of mantle convection (e.g., Champion et al., 2008; Hoggard et al.,

2020; Stephenson et al., 2024), generate climatic, atmospheric, and biologic feedbacks (e.g., Barnosky

and Carrasco, 2002; Kitoh, 2004; Finarelli and Badgley, 2010; Stokes and Perron, 2020), and influence

glacio-eustasy (e.g., Chappell, 1974; Simms et al., 2016; Mitrovica et al., 2020; Thompson et al., 2025).

Figure 1.1 illustrates several possible mechanisms that may drive uplift at Earth’s surface. For in-

stance, orogenesis, driven by tectonic plate convergence, leads to crustal thickening and generates high

topography such as the Himalaya or Andes. Such orogenic loads can produce flexural basins in their

proximity, but generate flexural uplift at the forebulge more distally (Turcotte and Schubert, 2014).

Excess positive temperatures within the convecting asthenospheric mantle can also drive transient

topographic uplift, often termed dynamic support. Finally, changes in base level driven by normal

faulting or glacio-eustasy can driven relative uplift, or lead to isostatic uplift due to erosional unload-

ing. However, recovering information about surface uplift on geologic timescales is challenging for

several reasons. A primary concern is the removal of useful topographic information due to erosion,

15



16 Chapter 1. Introduction

thus limiting the temporal extent of recovered uplift histories. A secondary and related concern is

how surface processes, including erosive ones, operate to sculpt topography in ways that can bear

little or no relation to tectonic processes that drive topographic growth. For example, the roles of

biotic, climatic, and lithologic variability, as well as internal hydraulics, have been shown to influence

landscape evolution across a variety of scales (seconds to millions of years, < 1 m to continents, e.g.,

Molnar and England, 1990; Lifton and Chase, 1992; Hurst et al., 2013; Bursztyn et al., 2015; Forte

et al., 2016; Gallen, 2018; Scheingross et al., 2020). The variations in elevation and topographic form

that are caused by such processes might be considered as ‘noise’, for two reasons. First, due to their

difference in scale relative to larger scale tectonic signals, and second, due to a lack of information

about their variance in space and time. Both factors hence complicate the recovery of uplift histories

from topography. A challenge, therefore, is to develop methods that can ‘see through’ local complexity

(such as differences in drainage network geometries) generated by noisy processes in order to reliably

identify tectonic information.

Several families of techniques exist that seek to identify and quantify tectonic signals from topography,

across the scales of interest. Arguably the least equivocal of these approaches utilises stratigraphic

information, such as dated marine terraces (sub-horizontal surfaces formed at the coastline by marine

erosion and deposition, bounded by sub-vertical slopes, and often occurring in stair-like sequences, on

scales 10−1–102 km; e.g., Sahagian, 1988; Rowley et al., 2013; Fernandes and Roberts, 2020). A second

family makes use of chemical information contained within rocks and sediments to derive tectonic and

erosional histories (e.g., thermochronology, cosmogenic radionuclide dating, clumped isotope thermom-

etry; Wellman and McDougall, 1974; Karlstrom et al., 2007; Harel et al., 2016; Stucky de Quay et al.,

2019; Hagbi et al., 2024). A third suite of approaches utilise properties of topography likely to be

sensitive to uplift, such as elevations, the geometries of fluvial networks and hill slopes, or landscape

area-elevation relationships (hypsometries; e.g., Davis, 1899; King, 1953; Penck, 1953; Hack, 1960;

Howard, 1994; Rosenbloom and Anderson, 1994; Kirby and Whipple, 2001). Challenges in obtain-

ing sufficient data, uncertainties in laboratory methods, and underlying methodological assumptions

with all three of these families means that, in general, a multi-faceted approach for calculating uplift

histories is beneficial.

One way in which a more complete repository of surface uplift histories can be produced is by developing

methods that can augment the spatial extent of existing spot measurements. A subset of the third

family (i.e., those that use properties of topography) seeks to do so by inverting suites of longitudinal
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Figure 1.1: Illustration showing different processes that generate uplift. Top left: Isostatic
uplift driven by crustal thickening, e.g., due to plate convergence. Black arrow indicates surface
uplift. Top right: Uplift of forebulge as a flexural response to lithospheric loading. Middle left:
Dynamic support generating surface uplift due to, for instance, an increase in the thickness of the
thermal boundary layer, marked by dotted red line. Middle right: Relative uplift of footwall of a
normal fault. Lower left: Relative uplift of land surface following eustatic fall. Brown filled polygon
highlights potential for upstream fluvial incision. Lower right: Schematic summary of rates of surface
vertical change associated with these processes, adapted from Faccenna and Becker (2020). Isostatic
processes on green background, dynamic processes on orange background. Region encasing question
mark highlights potential for convective processes to generate more rapid vertical changes (e.g., Hartley
et al., 2011).
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river profiles (elevation as a function of along-stream distance) to recover histories of uplift on regional

and continental scales (e.g., Pritchard et al., 2009; Roberts and White, 2010; Barnett-Moore et al.,

2014; Fox et al., 2014; Goren et al., 2014a; Glotzbach, 2015; Fernandes et al., 2019; Wang et al.,

2022). The success of this technique is reliant on rates of tectonic uplift manifesting in river profiles as

knickzones: perturbations of wavelengths O(101–103) km and amplitudes O(102–103) m for instance,

from equilibrium concave-up states (e.g., Tanner, 1971). However, underlying assumptions involving

the stability of drainage network planforms and the role of non-fluvial erosion may limit the applicability

of these methods to regions where fluvial erosion in long-lived channel networks sets the landscape

form. For instance, assumptions of planform stability are challenging to justify in regions where

topography has laterally advected (such as via transverse faulting), but also potentially given evidence

that drainage networks remain dynamic, with drainage capture causing rapid changes in upstream

drainage area, throughout their lifetime (e.g., Willett et al., 2014; Beeson et al., 2017; Hoskins et al.,

2023; Gelwick et al., 2024). Inverse modelling of entire landscapes (not just their fluvial networks)

for their uplift histories has sought to overcome these assumptions (e.g., Croissant and Braun, 2014;

Barnhart et al., 2020d; O’Malley et al., 2021). However, previous studies comparing observed and

theoretical landscapes have used Euclidean-based statistics (such as root-mean-square calculations)

that inherently struggle to ‘see through’ local (e.g., pixel-wise) differences in elevation that may be

caused by noisy surface processes. Thus, alternative approaches for comparing entire landscapes that

can capture a more global perception of differences are required.

The primary goal of this dissertation is to develop a method for inverting noisy topography—topography

generated when the uplift and erosive processes governing its evolution are noisy—to recover histo-

ries of uplift on regional to continental scales and million year timescales. I do so by making use of

numerical models of landscape evolution. The justification for using landscape simulators over, for

instance, analogue models, lies in the flexibility with which they can represent a range of tectonic and

surface processes, and the speed with which they can represent geologic timescales. Initially, the role

of noise in landscape evolution is assessed by representing noisy surface processes within landscape

evolution models by their spectral characteristics, and examining the variability in geomorphic prop-

erties of ensembles of simulated landscapes that arises from noise. I then demonstrate the challenges

that arise when noise is added to landscape evolution models when seeking to invert a landscape for

its uplift history. I explore ways in which the presence of noise can be overcome through a series of

landscape evolution model-based experiments that build in their complexity. Finally, I develop and

test a probabilistic inverse modelling framework. I demonstrate how it recovers the uplift histories of
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synthetic landscapes when noise is present. The methodology developed in this dissertation extends

previous approaches to invert topographic features for their tectonic signals and makes such approaches

applicable to larger portions of Earth’s surface, in particular those with evidence of channel migration

throughout their lifetime. In the remainder of this chapter I provide context on landscape evolution

modelling and inverse modelling, before describing the research questions addressed in this dissertation

and its structure.

1.2 Landscape evolution modelling

Hypotheses that relate modern-day landscape form to its geologic and geomorphologic evolution have

benefitted from qualitative observations made since at least the late 19th century (e.g., Gilbert, 1877;

Davis, 1899; Powell, 1964). In more recent decades, theories of landscape evolution have benefitted

from application of quantitative techniques and then in conjunction, the advancement of computational

power (e.g., Howard, 1994; Coulthard, 2001; Salles et al., 2020). A combination of these two factors

laid the foundation for the use of computer-based numerical models of landscape evolution.

Landscape evolution models (LEMs) rely on the concept that many processes governing landscape evo-

lution can be described by conservative transport laws and thus represented as mathematical equations.

One reason why it is convenient to do so is to reduce the number of variables used to describe how a

landscape evolves. Therefore these equations often represent simplifications of the natural environment.

Such simplification expedites the calculation of changes in landscapes through space and time through

analytical or numerical techniques. Fundamentally, LEMs are designed to simulate the evolution of

geomorphic systems (e.g., rivers, soils, hillslopes, etc.) forwards in time. In general, forward models

seek to predict data arising from some cause(s). Various types of LEM exist, typically differing in their

scale (either in space or time), the geomorphic processes that they describe (fluvial, non-fluvial, at-

mospheric, etc), or computational implementation (implicit versus explicit methods, gridding choices,

etc). A list of examples, which is by no means exhaustive, is given in Table 1.1.

In general, the temporal and spatial evolution of landscapes can be described by their uplift and

erosion, such that
∂z

∂t
= E(x, y, t) + U(x, y, t) (1.1)

where z is elevation (e.g., above sea level), t is time, E is erosion rate, and U is uplift rate. x and y are

spatial coordinates. In tectonically active regions landscape form is often driven by fluvial erosion where
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Model Name Example Reference Description and Key Feature
SIBERIA Willgoose et al. (1991a) Simulates transport-limited fluvial erosion on long timescales
CASCADE Braun and Sambridge

(1997)
Stream power-based erosion and landscape evolution using
irregularly discretised (non-raster) grids

CHILD Tucker et al. (2001) Channel-based approach with stochastic rainfall component
and sediment transport

CAESAR-
Lisflood

Coulthard et al. (2013) Channel-scale landscape evolution coupled to a hydrodynamic
model

TTLEM Campforts et al. (2017) Stream power-based landscape evolution that minimises nu-
merical diffusion

SPACE Shobe et al. (2017) Combines detachment-limited and transport-limited fluvial
erosion

HyLands Campforts et al. (2020a) Landslide-focused evolution on decadal to centennial
timescales

GoSPL Salles et al. (2020) Global scale implementation of stream power model
FastScape-
LEM

Bovy (2021) Implicit implementation of stream power model

CHONK Gailleton et al. (2024) Cellular automaton and graph theory approach to large-scale
landscape evolution

Table 1.1: Examples of landscape evolution models.

its rate is set by how efficiently bedrock can be eroded (sometimes referred to as ‘detachment-limited’;

Howard, 1994). In transport-limited fluvial settings, or non-fluvial regions such as hill slopes, erosion

is often represented by a diffusive component (Culling, 1960; Rosenbloom and Anderson, 1994; Sklar

and Dietrich, 1998). Therefore, erosion rate E in Equation 1.1 is often described with an advective

and a diffusive component

E(x, y, t) = −vA(x, y)m∇zn + κ∇2z, (1.2)

where v, m, n and κ are erosional constants that can sometimes be calibrated using independent

information and A is upstream drainage area (the catchment encompassing all water feeding to that

location). The first term on the right-hand-side of Equation 1.2 is commonly known as the stream

power model (e.g., Howard and Kerby, 1983; Howard, 1994; Whipple and Tucker, 1999). The second

term is the diffusive component, in this case scaled linearly by the term κ, representing diffusivity.

Several computational packages exist that implement Equations 1.1 and 1.2 on the regional to conti-

nental spatial scales and the geological timescales that are relevant for this dissertation (O(106 − 108

yr) . Two examples of popular packages currently used within the geomorphic community are Basin

and Landscape Dynamics (Badlands; Salles, 2016; Salles and Hardiman, 2016), and Landlab (Hobley

et al., 2017). In this dissertation I generate stream power-based LEMs using Landlab, due to its open

source nature, extensive documentation, and flexibility in available model components.
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Simulating landscape evolution within the Landlab framework, or indeed other simulation frameworks,

also requires additional model choices by the user. Often a first step is determining the type of grid

to be used. Landlab enables raster, hexagonal, or Voronoi-Delaunay irregular grid types to be used.

Whilst unstructured and irregular grids have been used in some landscape simulators (e.g., Braun and

Sambridge, 1997; Tucker et al., 2001; Salles, 2019), the numerical models that I create in Chapters

2–4 utilise a raster grid with square grid cells. I choose this grid type for its simple structure and

for its compatibility with other components of the landscape evolution models that I generate (e.g.,

sink-filling, flow-routing).

As a landscape simulation proceeds, artificial water is fluxed across the domain in a process known

as flow-routing. The aim of the calculations that perform this task is to route continuous pathways

from high elevations to open (flux-permitting) boundaries. Several options exist how to perform this

calculation, that can be generally categorised as single flow direction (SFD) methods (e.g., O’Callaghan

and Mark, 1984) or multiple flow direction (MFD) methods (e.g., Quinn et al., 1991; Tarboton, 1997;

Seibert and McGlynn, 2007). MFD approaches permit packages of water to be split from a single

upstream grid pixel across two or more downstream grid pixels. However they are more computationally

expensive than SFD approaches, which do not permit such splitting. For this reason I adopt a single

flow direction method of flow routing. I choose the ‘D8’ method, which permits water to flow into the

grid pixel with the steepest gradient of its eight (four cardinal, four diagonal) neighbours (O’Callaghan

and Mark, 1984). I note that both SFD and MFD approaches have been shown to have limitations

that can impact interpretations from natural or synthetic landscapes (see e.g., Shelef and Hilley, 2013;

Prescott et al., 2025).

The models generated in Chapters 2–4 evolve with both stream power-based (advective) and diffusive

erosion, following Equation 1.2. Both processes are typically considered to shape natural topography,

for instance certain sediment transport processes such as soil creep (e.g., due to bioturbation) are often

assumed to be linearly diffusive (e.g., Fernandes and Dietrich, 1997). However it has been previously

shown that combining the stream power model with a linear diffusion equation in a numerical landscape

evolution model can produce problems with scale and the form of longitudinal river profiles (see e.g.,

Howard, 1994; Perron et al., 2008; Hergarten, 2020; Hergarten and Pietrek, 2023; Litwin et al., 2025).

As Hergarten (2020) explains, a scale dependence exists in models where rivers have a width of one

grid pixel. If the same river network were to exist on grids of different resolution, the network on the

finer resolution grid would have a lower overall proportion of drainage area than that of the coarser
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grid. If diffusively eroded material enters the river from adjacent grid cells, the erosion rate required to

balance the additional uplift rate is higher, thus river channels steepen in a way which depends on grid

scale, and deviates from analytical solutions. This is compounded in cases where diffusively eroded

material enters rivers from non-fluvial regions and is not explicitly treated as separate (for instance, it

has the same erodibility as river bedrock). Whilst there exist numerical models which are capable of

making this distinction (e.g., SPACE; Shobe et al., 2017; Yuan et al., 2019a), I circumvent this issue by

either forbidding deposition of diffusively eroded material, or using a diffusivity coefficient, κ, of zero.

The former approach is akin to sediment from hillslopes leaving the model domain within one model

timestep, and limits most of the capacity for diffusive processes to limit advective fluvial processes,

a choice which is probably appropriate at scales larger than individual catchments (O’Malley et al.,

2021; Litwin et al., 2025). I note that coupling the stream power model to a diffusion equation is

incorporated in previous studies (e.g., Campforts et al., 2017; O’Malley et al., 2021).

Forward models of landscape evolution have been applied across a range of tectonic settings and

timescales to identify uplift and erosional conditions. For example, Kooi and Beaumont (1994) explored

the evolution of a topographic escarpment, analogous to a scenario of continental rifting. Landscape

models have also been used to understand the evolution of convergent tectonic settings (e.g., Koons,

1989; Beaumont et al., 1992). The role of mantle convection in generating transient topographic

swells (dynamic topography) has been explored (e.g., Braun et al., 2013; Ruetenik et al., 2016). Some

forward modelling approaches have coupled landscape evolution models with mantle convection models

(e.g., Bahadori et al., 2022; Neuharth et al., 2022; Yuan et al., 2024), though the concept of coupling

surface and geodynamic processes dates more than a century (Ransome, 1896; Moretti and Turcotte,

1985; Stephenson and Lambeck, 1985; Molnar and England, 1990). However, as forward models

become increasingly complicated (for instance by incorporating a greater number of parameters or

being coupled to other models), it becomes harder to distinguish the respective contributions of each

parameter. Often, adding model complexity is done at the expense of, even to the point of rendering it

prohibitively expensive or unfeasible, investigating the assumptions and choices made in existing models

(e.g., numerical formulation, gridding, initial and boundary conditions). Such validations themselves

can become extensive (e.g., Barnhart et al., 2020b,d,e; Gasparini et al., 2024).
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Figure 1.2: Schematic diagram showing the relationship between forward and inverse mod-
elling. Observations are used for the inverse problem to hypothesise a model, that when run in a
forward sense, generates predictions that can be quantitatively compared to observed data.

1.3 Inverse modelling

In contrast to forward modelling approaches, inverse methods seek to infer the causes of observed

data (e.g., Figure 1.2). A well-known example of an inverse problem is X-ray computed tomography

(CT), which infers the internal structure of an object (such as a human) from the attenuation of X-

rays (Kaplan et al., 1969; Hunt, 1970). In general, inverse approaches are attractive because they

seek to reproduce observations, and can tell us things about the Earth, for instance, that cannot be

directly measured (such as its internal structure, or histories of topographic evolution; e.g., Bullard

et al., 1965; Backus and Gilbert, 1967; Worthington et al., 1974; van der Beek and Braun, 1999).

Some inverse problems have linear or analytical solutions, which makes them generally amenable to

solve. An inverse problem for which there is no obvious analytical solution (such as a stream power

model and diffusion-based formulation to landscape evolution) is solved by posing a forward model that

hypothesises how observed data might be explained, running (often many) iterations of the forward

model where parameter values are altered between each model, and measuring differences between the

observed data and model output, aiming to minimise misfit in subsequent updates of the parameters

inserted into the forward model or construct a probability distribution of each model parameter.

Solving an inverse problem is not always straightforward. Two common challenges are non-uniqueness

and computational expense. Consider a range of models, generated as solutions to an inverse problem,

that all have equally good fits to an observed dataset. The solution is therefore non-unique (also phrased

as the inverse problem being ill-posed, though strictly ill-posedness can also occur when solutions do not

exist or are unstable; Hadamard, 1902), especially if the models are generated with parameter values
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that vary considerably from each other (e.g., Backus and Gilbert, 1967; Keilis-Borok and Yanovskaja,

1967). Non-uniqueness can arise when observed data contains noise, and can be accounted for by (often

subjectively) imposing additional information (e.g., prior knowledge, smoothing) on model solutions

(e.g., Backus and Gilbert, 1967; Jackson, 1979). In reality, solutions to an inverse problem may not

necessarily reproduce observed data in exactness, but instead within some tolerable uncertainty based

on heuristics that define the degree of accuracy required of the solution. uncertainty. Quantifying

uncertainties may give estimates of noise in the observed data, how well the forward model represents

the true nature of the problem, and the appropriateness of any underlying assumptions. I discuss

in Chapter 2 how it might be reasonable to expect landscapes to always be considered as noisy, and

explicitly incorporate this view, and quantify the resultant uncertainties in the inverse model developed

in Chapters 3 and 4.

Implicit within the considerations outlined above is the requirement to run many forward models.

Whether or not this becomes computationally expensive is dependent on the nature of the forward

model. For example, it is typically more computationally efficient to solve inverse problems that

involve linear equations (such as calculating Earth’s gravitational field) than those involving non-

linear or partial differential equations, such as Equation 1.2. In the context of landscape evolution,

this is relevant because previous work that has inverted suites of longitudinal river profiles for histories

of uplift made use of a linearised approach, in part for its computational efficiency compared to a

preceding non-linear approach (Pritchard et al., 2009; Roberts et al., 2012a; Fox et al., 2014; Goren et

al., 2014a; Rudge et al., 2015). Forward models of landscape evolution in two-dimensions are, however,

more computationally expensive, making inverse approaches more challenging. Key to overcoming

this challenge is the use of optimisation algorithms—techniques that seek to efficiently identify well-

fitting models, thus reducing the total number of models that need to be run during an inversion.

Optimisation algorithms can broadly be classified into two categories. Global optimisation techniques

seek to locate the maximum or minimum value of a function for its entire range of possible values,

whereas local optimisation techniques identify local extrema (for instance, within a subset of the

function). In practice, a user may wish to apply a global optimisation algorithm when information

about the structure of the function that is to be minimised (or maximised) is poor, or when local

extrema are known to be present. Local search algorithms may be more effective when evaluating the

function in the region of the global optimum. When seeking to invert topography for its uplift history,

it is highly likely that the role of noise means local minima are expected to be present. In Chapter 4

I explore the use of three different optimisation algorithms within the inverse method that I develop.
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At the heart of an inverse problem is the construction of an objective function: a quantified way in

which predictions are compared to observations. In this dissertation I compare two families of objective

functions. The first family uses Euclidean statistics to compare observed and predicted elevations, in

line with previous studies seeking to invert topography for histories of uplift (e.g., Croissant and Braun,

2014; Barnhart et al., 2020e; O’Malley et al., 2021; Petit et al., 2025). The second family makes use of

a branch of mathematics called Optimal Transport theory, originating from Monge (1781), that seeks

to identify efficient ways to move ‘mass’ from one location to another. A cost exists with the movement

of mass, and the optimal transportation is associated with the minimal cost. To my knowledge, this is

the first time that Optimal Transport theory has been applied to landscape evolution. I note that this

is different from other concepts of optimality that have been applied to landscape evolution, which in

general describe how drainage networks can be described as having configurations that minimise total

energy dissipation. Such optimal channel networks are not discussed further in this dissertation (e.g.,

Rinaldo et al., 1992; Rodríguez-Iturbe et al., 1992; Ijjasz-Vasquez et al., 1993; Ijjász-Vásquez et al.,

1993; Rigon et al., 1993).

1.4 Outline

1.4.1 Dissertation objectives and research questions

The primary aim of this dissertation is to develop an inverse methodology for accurately recovering

histories of uplift from topography generated in the presence of noise. As explained, the major challenge

in doing so lies in ‘seeing through’ local complexity in order to identify larger scale tectonic signals.

Four research questions emerge from this challenge, which will be addressed in subsequent chapters:

1. How can naturally occurring geomorphic noise be described, characterised, and represented in

landscape evolution models?

2. What are the consequences of adding noise to landscape evolution models?

3. How can topography be quantitatively compared in a way that ‘sees through’ local variability?

4. Can Euclidean or Wasserstein-based objective functions be used to recover uplift histories from

transient noisy topography?
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1.4.2 Dissertation structure

Chapter 2

Research questions 1 and 2 are addressed in this chapter. I first present a case for considering geo-

morphic processes that shape topography on shorter timescales than tectonic processes as noise. It

is demonstrated how the spectral treatment of geomorphic noise can aid with its implementation in

numerical simulations of landscape evolution. Three scenarios are presented in which noise is added

to landscape simulators in different ways. For each scenario, an ensemble of models is generated in

which different precise arrangements or distributions of noise are added to models. The consequences

for resultant topography are examined. The work contained within this chapter has been published in

Morris and Roberts (2025).

Chapter 3

Research question 3 is addressed in this chapter by exploring the use of Wasserstein statistics to compare

topographies. The performance of Wasserstein-based objective functions is assessed alongside more

widely used Euclidean statistics. I first introduce the Wasserstein distance, which stems from Optimal

Transport theory, and illustrate its behaviour by comparing a series of analytical functions. Euclidean

and Wasserstein-based objectives functions that quantitatively compare ‘observed’ and theoretical

landscapes are then constructed. The performance of these objective functions in identifying tectonic

information is tested. It is found that Wasserstein-based objective functions can recover tectonic

information more effectively than Euclidean ones when landscapes have differences due to noise. Some

of the work contained within this chapter has been published in Morris et al. (2023).

Chapter 4

Research question 4 is addressed in this chapter, where the methods developed in Chapter 3 are ex-

panded upon and used to invert transient landscapes for their histories of uplift. First, the sensitivity of

Euclidean and Wasserstein-based objective functions to the timing of tectonic uplift is demonstrated.

I found that both approaches can identify uplift signals, even in the presence of noise. A synthetic

landscape is then inverted for its uplift history where theoretical landscapes are generated using noisy

initial topography that is identical to the ‘observed’ landscape. Three algorithms that seek to identify

optimal solutions by efficiently searching model parameter space are tested. It is found that accurate

uplift histories can be recovered using both Euclidean and Wasserstein-based objective functions and
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a probabilistic algorithm. Finally, I demonstrate how Wasserstein-based objective functions can ac-

curately recover tectonic information from topography when theoretical landscapes contain different

noisy starting conditions to the ‘observed’ topography. A version of this chapter has been submitted

to Journal of Geophysical Research: Earth Surface.

Chapter 5

Chapter 5 summarises the findings of the preceding chapters to critically assess whether the research

questions and objectives of the dissertation have been met. The results are synthesised to outline

an inverse framework that can recover tectonic information from topography. The successes and

limitations of the framework are discussed, opening up directions for possible future work. Finally,

I highlight the advances of this work beyond existing techniques for recovering tectonic information

from topography, and the potential of this work to be applied to further portions of Earth’s surface in

order to constrain, for instance, locations of mineral enrichment.



Chapter 2

Impact of Noise on Landscapes and

Metrics Generated with Stream Power

Models

Publication Note

A version of this chapter has been published as:

Morris, M. J. and G. G. Roberts (2025). ‘Impact of Noise on Landscapes and Metrics
Generated with Stream Power Models’. Earth Surface Dynamics 13, 1003–1038, DOI:
10.5194/esurf-13-1003-2025

For reproducibility purposes, code and data relevant to this chapter can be found at 10.5281/zen-

odo.16926470.

Abstract
The Stream Power Model (SPM) has become a cornerstone of quantitative geomorphology, widely
used to predict landscape evolution including the generation, moderation, and lowering of Earth’s to-
pography, sedimentary flux and biogeochemical processes. It is well known that landscape geometries
predicted by the SPM can be strongly influenced by noise. However, its impact on the uncertainties or
probabilities of, for instance, drainage planform geometries and widely used metrics is poorly under-
stood. Noise can be incorporated into SPM simulations in a variety of ways. For instance, random, low
amplitude, topographic anomalies are often inserted into starting conditions to enhance the realism of
calculated drainage networks. Spatio-temporal or quenched (frozen) noise also influence the trajecto-
ries of evolving landscapes. The goal of this chapter is to establish how noise impacts the probabilities
of landscape geometries and the reliability of tectonic and erosional information recovered from them.
A series of landscape evolution models are run in which different arrangements, distributions, and
implementations of noise are added to models evolving under the same tectonic and erosional forcings
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to an equilibrium state. Uncertainties that arise from incorporating different arrangements of typical
(uniform; white) and naturalistic initial, quenched and spatio-temporal noise are quantified. I focus on
three conclusions. First, tectonic rates and values of erosional-geometric parameters (e.g., concavity
and steepness indices, Hack exponents) recovered via metrics-based approaches (e.g., slope-area, χ,
length-area) are uncertain in the presence of noisy initial conditions. Recovered values from individ-
ual landscapes generated with the same distribution but different specific arrangement of noise are at
least as uncertain as ranges attributed to, for instance, changes in aridity. In fact, even noise with
amplitudes that are < 1% of cumulative uplift can cause tectonic rates to no longer be recoverable
to within a factor of two of true values. These results emphasise the sensitivity of metrics that rely
on calculating derivatives (e.g., slope-area, χ) to noise. Secondly, whilst noise can make landscape
geometries highly uncertain (different in different simulations), the distributions of their geomorphic
properties (e.g., hypsometries, channel length-area relationships, Hack exponents) appear to have well
defined statistical properties (e.g., expected values and variance). Finally, I suggest that a useful way
to assess the impact of noise on SPM predictions is to generate ensembles of hundreds to thousands
of models in which different arrangements of the chosen distribution of noise are inserted. Doing so
can provide means to quantify uncertainty in predicted geometries and derived metrics, which can be
substantial.

2.1 Introduction

It is well established that processes acting to shape Earth’s topography leave behind some record of

their history. Therefore interrogation of surface topography can, one hopes, yield insight into how

these processes operate and intertwine. Various observational and theoretical approaches exist to

make such interrogations (e.g., Anderson and Anderson, 2010). One family of approaches makes use of

partial differential equations (PDEs), often solved numerically, to predict evolution of topography in

space and time. The Stream Power Model (SPM) is perhaps the most widely used (see e.g., Howard,

1994; Rosenbloom and Anderson, 1994; Whipple and Tucker, 1999; Tucker and Hancock, 2010; Lague,

2014; Salles, 2016; Hobley et al., 2017, and references therein). A wide variety of metric-based (e.g.,

slope-area or χ analyses; see Section 2.2.6, forward and inverse modelling studies utilise the SPM to

derive information about uplift, erosion, climate and biogeochemical processes from real and synthetic

landscapes (e.g., Howard, 1994; Whipple and Tucker, 1999; Baldwin et al., 2003; Zaprowski et al., 2005;

Roberts and White, 2010; Roberts et al., 2012b; Ferrier et al., 2013; Croissant and Braun, 2014; Forte

et al., 2016; Harel et al., 2016; Mitchell and Yanites, 2019; Campforts et al., 2020b; Lipp et al., 2020,

2021; Salles et al., 2023; DeLisle and Yanites, 2024). However, one complication to this endeavour is

the presence of noise, which is considered in two categories.

The first category of noise, obfuscating the recovery of tectonic information, is termed as ‘scientific’.

This refers to things which cannot be known, such as the many areas within a landscape that have

unknown or poorly understood histories, where information necessary to recover tectonic information
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has been removed by erosion, for instance. This category also includes noise that can be attributed to

measurement or observational uncertainties due to, for example, fluctuations or changes in landscape

form that are too rapid or slow to be recorded directly (Lague, 2014; Ancey et al., 2015; Forte et al.,

2016; Chen et al., 2022; Roberts and Wani, 2024).

The second category of noise considered, and the focus of this chapter, is computational. A usual

strategy in landscape evolution models is for computational noise to be inserted as random elevations

within a model starting condition to enable realistic drainage networks to form (see e.g., Willgoose

et al., 1991b; Tucker and Slingerland, 1994; Braun and Sambridge, 1997; Smith et al., 1997; Tucker

et al., 2001; Coulthard et al., 2012; Goren et al., 2014b, and references therein). Typically, initial

topographic roughness is drawn from a random uniform distribution (i.e., white noise). Other types

of noise have been incorporated into landscape simulations, such as those with normal distributions

or generated using specific algorithms (e.g., Perlin noise; diamond square algorithm), though they are

less common (Fournier et al., 1982; Perlin, 1985, 2002; Perron and Fagherazzi, 2012; Mudd et al.,

2018; Etherington, 2022; Ruiz Sánchez-Oro et al., 2024). The choice of noise (e.g., its distribution)

has important implications for landscape geometries, however the often assumed white noise is not

necessarily representative of observed topography or processes driving landscape evolution (see e.g.,

Ijjász-Vásquez et al., 1992; Perron and Fagherazzi, 2012; Kwang and Parker, 2019; Wapenhans et al.,

2021). Whilst specific details of palaeotopography may not be knowable, spectral analysis of modern

topography provides insight into the distributions of elevations that one might wish to replicate when

deciding on the distributions of noise to be used within, for instance, model starting conditions (Perron

et al., 2008; Audet, 2011; Roberts et al., 2019; Wapenhans et al., 2021). It is noted that alternative

approaches to generate realistic channel planforms exist outside of adding random elevations. One

option is to randomise flow directions (e.g., Salles, 2016; Salles and Hardiman, 2016). However given

the prevalence of adding noisy random elevations to encourage LEMs to channelise, attention is focused

on the consequences of doing so in this chapter.

The presence of noise within natural and modelled landscapes is known to complicate the recovery of

geomorphic information. Roberts et al. (2012a) and Smith et al. (2022) showed how solutions recovered

from channel slope-upstream drainage area data become unstable when noise is added to longitudinal

profiles. Castelltort and Yamato (2013) highlight how the steepness of slopes present in noisy initial

conditions added to LEMs can unsatisfactorily influence the geometry of resultant drainage basins.

Wapenhans et al. (2021) demonstrate that adding white noise to longitudinal river profiles extracted
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from a landscape evolution model leads to changes in power spectra that increase their similarity

to power spectra of observed rivers. Addition of quenched noise to landscape evolution models can

have similar effects (Birnir et al., 2001; Wapenhans et al., 2021). Several studies have sought to

recover erosional parameter values using SPMs by maximising the similarity of predicted topography

to observed landscapes (Croissant and Braun, 2014; Barnhart et al., 2020e). It is likely that the

presence of noise contributes to a range of acceptable values being recovered (Willgoose et al., 2003).

Inverse approaches such as these require the construction of a misfit function to quantitatively compare

observations to model predictions. However, inserted noise is known to impact drainage planforms,

which can persist throughout a model run time (Ijjász-Vásquez et al., 1992; Willgoose et al., 2003;

Perron and Fagherazzi, 2012; Hancock et al., 2016; Kwang and Parker, 2019). An important challenge

is to generate misfit functions that are insensitive to noise so that insight into the processes that

drive topographic change such as uplift can be recovered with accurate assessment of uncertainties

(Willgoose et al., 2003; Morris et al., 2023).

In this chapter I seek to establish an understanding of the role of noise within landscape evolution

models and its consequences for a variety of commonly used geomorphic metrics and tools. Four

scenarios are designed in order to assess how different distributions of noise and the way in which they

are inserted into the SPM impact the variance of basic geometric properties: elevations, planforms,

hypsometry, spectral content, and fluvial information: longitudinal profiles, slope-area relationships,

χ-elevation profiles, length-area relationships. The variance of erosional parameter values and uplift

rates calculated from widely used metrics (slope-area, χ) is also assessed, quantifying the impact of

noise on the reliability of information recovered. Given the ubiquity of assumed steady state in studies

making use of the SPM, I focus on assessing the impact of noise on landscapes that are demonstrably

at, or very close to, topographic steady state, which is defined here as (practically) no elevation change

in any grid cell between successive model time steps, and explained further in Section 2.2.4 (Willett

and Brandon, 2002).

2.2 Methodology

In this section I introduce how synthetic landscapes and noisy functions are generated. I then describe

how steady state conditions are identified, and the modelling strategy used to assess the impact of

noise on geomorphic metrics.
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2.2.1 Generating synthetic landscapes

In this study, landscape evolution is modelled using a widely accepted grid-based framework in which

a partial differential equation (PDE) governing the rate of change, and evolution, of elevations is

implemented. Gridding, flow routing, and numerical PDE solver libraries that are part of the Landlab

toolkit are utilised to generate synthetic landscapes (Hobley et al., 2017; Barnhart et al., 2020a; Hutton

et al., 2020). The erosional model and uplift rates are defined, and noise is added, such that

∂z

∂t
= −KAm∇zn + κ∇2z + U + η, (2.1)

where z is elevation, t is time, and K, m, n, and κ are erosional constants. I note that this is akin to

Equations 1.1, and 1.2, and is simply re-defined here for clarity. The erosional processes (first two terms

on RHS of Equation 2.1) can be regarded as being a simple version of the (advective) stream power

model, and erosion that, phenomenologically at least, mimics diffusion, for instance ‘transport-limited’

or hill-slope processes (see e.g., Howard, 1994; Rosenbloom and Anderson, 1994). For simplicity—to

avoid the complexities that arise when shocks are expected or thresholds are incorporated—and to

aid assessment of the impact of noise, a linear version of the stream power model is implemented,

i.e., the slope exponent n = 1 (the n notation is included for completeness; see e.g., Pritchard et al.,

2009; Lague, 2014; Roberts and Wani, 2024). Upstream drainage area, A = A(x, y, t), uplift rate,

U = U(x, y, t), and noise, η = η(x, y, t) can vary as a function of space, (x, y), and time.

Each synthetic landscape in this study is generated by the following steps (Figure 2.1). First, a uniform

Cartesian (raster) grid with dimensions of 100 × 100 km and cell size of 1 × 1 km is generated.

Elevations at the boundaries of the domain are fixed at zero (i.e., Dirichlet conditions). Each ‘east’,

‘west’, ‘south’ or ‘north’ boundary is individually set to be open/active (i.e., flux across it is permitted)

or closed/inactive (i.e., flux is forbidden; see Hobley et al., 2017, for details). An initial (noisy)

topography is then added to the grid. It is the choice of this initial topography, subsequent additive

noise, and their consequences on resultant landscape evolution and associated metrics that are the foci

of this chapter. Topographic depressions are then filled to permit continuous flowlines and minimise

the chance of internally draining regions forming (Barnes et al., 2014). Erosional parameters m = 0.5

and K = 10−3 /kyr. Erosional ‘diffusivity’ κ = 100 m2 /kyr. Diffusion is calculated using the explicit

finite-volume method within the Landlab model component LinearDiffuser, with deposition turned

off. The advection component of erosion is calculated using the FastScape erosion scheme, and flow

routing is performed with the ‘D8’ algorithm (O’Callaghan and Mark, 1984; Braun and Willett, 2013).
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In other words, the basic modelling framework is purposefully simple and designed to honour the

assumptions that underpin the calculation of many geomorphic metrics. Each synthetic landscape is

evolved forwards in time for 100 Myr, with uplift, flow-routing, erosion, and diffusion taking place at

each model time step. A model time step, ∆t = 10 kyr, is used. This satisfies the Courant-Friedrich-

Lewy (CFL) condition, defined as

C =
u∆t

∆x
≤ Cmax, (2.2)

where C is the Courant number, u is velocity (e.g., at which a signal propagates across a discretised

grid), and ∆x is the length interval (i.e., the cell dimension, 1 km, in this case). The time step of 10

kyr is also sufficiently large that computational runtime is reasonable, and provides numerical stability

and demonstrable convergence.

Three categories of landscape configuration

Three categories of relatively simple synthetic landscapes are generated, designed to resemble widely

studied natural and computational end-members: a ‘block’ of topography uplifted at a constant rate,

escarpment evolution, and evolution of a topographic swell/dome (see e.g., Beaumont et al., 1992; Kooi

and Beaumont, 1994; Tucker and Slingerland, 1994; Braun and van der Beek, 2004; Pelletier, 2007;

Anderson and Anderson, 2010; Roberts and White, 2010; Braun et al., 2013; Paul et al., 2014; Hobley

et al., 2017; O’Malley et al., 2021; Gasparini et al., 2024). The first category has open boundary

conditions along each edge of the model domain, for all other (core) grid cells uplift rate is constant,

U(x, y) = 0.2 m/kyr. This category is henceforth referred to as producing ‘square’ landscapes. The

second category has open boundary conditions along the east and west edges of the model domain only;

no flux is permitted along the north and south boundaries. Uplift is again as a ‘block’ with U = 0.2

m/kyr. This category produces ‘escarpment’ landscapes. The third category has open boundaries and

a Gaussian uplift function, decaying from the centre of the domain towards its edges with the form

U(x, y) = Umax exp

{︃
−
[︃
(x− x0)

2

2σ2
x

+
(y − y0)

2

2σ2
y

]︃}︃
, (2.3)

where U(x, y) is uplift rate, x0 = y0 = 50 km are the central coordinates of the dome, and σx =

σy = 20 km are the standard deviations (spreads) in the x and y directions. The function is scaled

by maximum uplift rate, Umax = 0.2 m /kyr. This category produces ‘domal’ landscapes. Examples

of the ‘square’, ‘escarpment’, and ‘domal’ landscape are shown in Figure 2.1. This nomenclature is

maintained throughout to describe the three categories of landscape configuration.



34 Chapter 2. Impact of Noise on Landscapes and Metrics Generated with Stream Power Models

Figure 2.1: Introduction to geometries and power spectra of landscapes generated using
the Stream Power model. (a) Initial white (‘uniform’) noise; typically used when parametrising
landscape evolution models to ensure realistic looking drainage planforms emerge. (b) The white noise
function shown in panel (a) once sinks have been filled; a standard step that seeks to ensure drainage
networks are continuous. (c) Normalised power spectrum—ϕ(k), where ϕ is radially averaged (in
the frequency domain) spectral power, and k is wavenumber, i.e., spatial frequency—of initial (panel
a) and sink-filled noise (panel b), and of the three steady state landscapes shown in panels (d)–(f).
Normalisation is for visual purposes only. Note graticule showing power spectral slopes of theoretical
blue (ϕ ∝ k), white (ϕ ∝ k0), pink (ϕ ∝ k−1) and red (ϕ ∝ k−2) noise. (d-f) Steady state landscapes
generated with uplift rates that are constant in space and time, unless otherwise indicated (see body
text for details). (d) ‘Square’ landscape generated with fixed, open, boundaries. (e) ‘Escarpment’
landscape with closed north and south boundaries. (f) ‘Domal’ landscape generated with uplift rate
modulated by a (spatial) Gaussian function (see Equation 2.3).

Other Modelling Choices

Whilst the framework for initialising and running a single model is purposefully straightforward, there

are choices within this model setup that have the potential to impact elements of landscape evolution,

that have not been explored in major detail. Nonetheless, two choices that I have briefly explored are

the grid size and the role of initial sink-filling.

The choice to use a 100 × 100 km grid, with cell size of 1 × 1 km is motivated by balancing a requirement

for a large enough grid to capture scales of interest (e.g., multiple watersheds), and computation time.

A single simulation at this grid size and resolution and 100 Myr of modelled time takes approximately
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90 seconds to run using a desktop computer with an Intel i7-6700 CPU and 64 gigabytes of RAM. In

comparison, increasing the grid size to 400 × 400 km grid, maintaining a cell size of 1 × 1 km, requires

approximately 17 minutes of runtime (ensuring that the CFL stability conditions are satisfied). Given

these practical considerations and the goal to develop statistical insight, experimentation using a 100

× 100 km grid is reasonable though experimentation that incorporates other scales would be valuable

future work.

For a subset of the models generated in this chapter, I explore the impact of excluding the initial sink-

filling step. Omitting the filling of initial sinks prevents the early formation of continuous flowlines

from the interior to the exterior of the domain. Thus, regions of internal drainage are produced at

early model time steps. Due to the absence of initial sink-filling, youthful drainage networks tend to

be shorter than those in landscapes with filled initial sinks. A consequence of not filling sinks is that

it takes longer for rivers to reach the centre of the domain (see Figure 2.2). However, after 100 Myr of

evolution, there appears to be little difference between sink-filled or unfilled landscapes. The impact

of sink-filling on landscape planforms, drainage basin sizes, and geomorphic metrics is shown in the

Results section (Figures 2.17, 2.19 and 2.25).

2.2.2 Generating noisy functions and their verification

Introduction to noise in landscape simulators

In this section I describe how different distributions of noise can be produced and inserted into landscape

evolution models. The resultant functions are used to define starting conditions and the additive noise

inserted into the scenarios examined. I then demonstrate how the spectral content and characteristics,

e.g., colours of noise, of such functions and of evolved landscapes can be assessed.

The impact of examining ‘end-members’—red, white and blue noise—is focussed on for the following

reasons. First, topography and many other natural phenomena (e.g., mantle convective support of

Earth’s surface, potential fields) tend to have red noise characteristics (see e.g., Bell, 1975; Rapp,

1989; Pelletier, 1999; Birnir et al., 2001; Turcotte, 2007; Singh et al., 2011; Valentine and Davies,

2020; Holdt et al., 2022, and references therein). For a landscape to have red noise characteristics

it would have amplitudes of elevation that are inversely proportional to spatial frequencies, k (i.e.,

wavenumber), where k = 1/λ, λ is wavelength. Wavelength can be thought of as broadly synonymous

with scale. In other words, as horizontal scales increase, so do vertical scales; wide features have big

amplitudes, and narrow features have small amplitudes. Landscapes with red noise characteristics
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Figure 2.2: Evolving landscapes with and without initial sink-filling. Left column shows an
initial condition which has been sink-filled, and a series of juvenile topographies. Right column shows
the initial topography without sink-filling, and the resulting topographies. Note changing colour scales.
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Figure 2.2: Evolving landscapes with and without initial sink-filling. See above caption.

have spectral power, ϕ(k) proportional to k−2, where ϕ = Z2 with Z = Z(k) being elevations in the

frequency domain. I discuss how such signals can be identified in the following section. In contrast,

white noise (amplitudes are scale-invariant; ϕ ∝ k0), which appears to characterise some long-timescale

atmospheric temperature variations and fossil records, for instance, is often assumed to be appropriate

for parametrising landscape evolution models (see e.g., Ijjász-Vásquez et al., 1993; Howard, 1994; Smith

et al., 1997; Kirchner and Weil, 1998; Pelletier, 1998; Yacobucci, 2005; Castelltort and Yamato, 2013;

Adams et al., 2015; Gray et al., 2017; Lyons et al., 2020; Shen et al., 2021; Cullen et al., 2022). Blue
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Figure 2.3: Landscapes without inserted noise. (a) ‘Square’, (b) ‘escarpment’ and (c) ‘domal’
landscapes but without added noise.

noise, which appears to be a property of (at least some) systems that exhibit shockwave behaviour (e.g.,

perhaps at small scales in fluvial landscapes; Wapenhans et al., 2021; Wang et al., 2022; Roberts and

Wani, 2024) would indicate that landscapes have vertical amplitudes proportional to wavenumbers,

i.e., narrow features have big amplitudes, wide features have small amplitudes (ϕ ∝ k).

Models with no initial noise

The inclusion of a starting topography, which is often noisy, within landscape evolution models, en-

courages drainage networks with realistic appearances to form. Excluding this step leads to drainage

networks forming on a ‘numerically flat’ surface, and having unnaturally straight planforms. Figures

2.3 and 2.4 show examples of ‘square’, ‘escarpment’ and ‘domal’ landscapes and planform geometries

generated using the same procedures and parametrisations as models containing noise, but with no

inserted noise, either at the starting condition or throughout model run time.

Generating white, red and blue noise

In order to generate a two-dimensional function, z(x, y), i.e., map of elevations, with a specific distri-

bution (colour) of noise a random uniform (white noise) function of size Nx×Ny is first created, where

Nx and Ny are equal to the number of cells in the x and y directions. Amplitudes are set to 0 ≤ z ≤ 1

m. Such functions are straightforwardly generated using a variety of random number generators, such

as Python’s numpy.random.uniform, which is utilised. Generating white noise in this way is standard

procedure in most simulations of two-dimensional landscape evolution (see e.g., Braun and Sambridge,

1997; Tucker et al., 2001; Goren et al., 2014b; Gray et al., 2017; Lyons et al., 2020; Morris et al.,
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Figure 2.4: Planforms of drainage networks in landscapes without inserted noise. Coloured
lines = four largest drainage networks within the (a) ‘square’, (b) ‘escarpment’ and (c) ‘domal’ land-
scapes shown in Figure 2.3.

2023). Many white noise functions with different specific arrangements of elevations can be generated

rapidly by re-running such algorithms with different ‘seed’ numbers. Seed numbers are sometimes set

‘under-the-hood’ using, for instance, computer clock time (see e.g., Press et al., 1992, for extended

discussion of random number generation). In contrast, a unique seed number for each model is defined

(and recorded) in this study, ensuring reproducibility.

Maps of elevation (e.g., white noise) in the spatial domain can be converted into the frequency domain

using a two-dimensional discrete Fourier transform, such that

Z(kx, ky) =

Nx−1∑︂
j=0

Ny−1∑︂
k=0

z(x, y)e−2πi(kx/Nx+ky/Ny), (2.4)

where kx and ky are the wavenumbers in the x and y directions, i =
√
−1, j and k are index positions

in the two-dimensional z(x, y) array (Cooley and Tukey, 1965; Press et al., 1992; Perron et al., 2008).

The wavenumber content of white noise functions, Zw(kx, ky), is used to generate other functions that

have different distributions (colours of noise), Zη(kx, yy), in four steps. First, Zw(kx, ky) is rearranged

by shifting the zero-wavenumber component to the centre of the array. Second, the array is multiplied

by the square root of the radial wavenumber, f = f(kx, ky), raised to the power p,

Zη(kx, ky) = Zw(kx, ky)
√︂
(f/f∗)p, (2.5)
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where f∗ = 1 /km ensures dimensionality. The radial wavenumber, f , is given by

f(kx, ky) =
√︂

(kx −Nx/2)2 + (ky −Ny/2)2. (2.6)

The exponent p controls how rapidly elevations change in the wavenumber domain. When p < 0

longer wavelength signals have greatest amplitudes. The opposite is true when p > 0. Red noise, Zr,

is generated using p = −2 , and blue noise, Zb, with p = 1. White noise maps have p = 0. Third,

the Zη (Zr or Zb) array is converted from the frequency domain into the spatial domain by, first,

reversing the shifting of zero-wavenumber components, and then calculating the inverse 2D discrete

Fourier transform of the real components of Zη(kx, ky).

Finally, the resultant function zη(x, y) is normalised to ensure that elevations are between 0 and 1 m.

Normalisation is achieved by adding the minimum elevation to the entire array, and dividing through

by the new maximum elevation:

zη(x, y) =
|zη(x, y) + zmin

η |
zmax
η

. (2.7)

These steps are repeated multiple times to generate M functions with red, blue or white noise charac-

teristics (Figure 2.5). Corresponding histograms of these noisy distributions are shown in Figure 2.6.

To test the impact of different amplitudes of noise, zη(x, y) was scaled by a factor α (see Table 2.1).

Histograms of elevations for these noisy functions are shown in Figure 2.6

Max. noise [m], α % of Udt % of
∫︁ τ
t=0 Udt

0.002 10−1 10−5

0.2 10 10−3

2 102 10−2

20 103 10−1

200 104 1

Table 2.1: Maximum amplitude of noise added to initial conditions, or each time step as percentage of
uplift rate, U = 0.2 m/kyr, or cumulative uplift after τ = 100 Myr.

Power spectra

The noise characteristics of these functions are verified by first inserting them into Equation 2.4 and

then calculating their power spectra,

ϕ(kx, ky) =
1

N2
xN

2
y

|Zη(kx, ky)|2. (2.8)
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Since two-dimensional power spectra, ϕ(kx, ky), can be challenging to interpret they are usually vi-

sualised in one dimension (i.e., ϕ(k); see e.g., McKenzie and Bowin, 1976; McKenzie and Fairhead,

1997; Perron et al., 2008; Watts and Moore, 2017). There are two quite widely used methods. The

first approach calculates mean power between specific radial frequencies (from the zero-shifted power

spectrum) by averaging within annuli, in this case I average within sequential annuli of width δf = 1

km−1 (see e.g., McKenzie and Bowin, 1976). Figure 2.5 shows the power spectra of 100 red, white and

blue noise functions generated in this way. It demonstrates that these functions have respective power

spectra that on average are proportional to k−2, k0 and k, as expected.

The second approach simply collapses the two-dimensional spectra into one dimension, such that each

‘pixel’ ϕ(kx, ky) can be plotted as ϕ(k) (see e.g., Perron et al., 2008; Watts and Moore, 2017). In

practice, if appropriate values of δf are chosen, the one dimensional spectra from both approaches are

very similar. Collapsed power spectra of elevations are presented, following transformation z(x, y) →

Z(kx, ky) → ϕ(k) = Z2(k), in later figures because they demonstrate the solutions to Equation 2.8

directly. Also shown in these figures is mean power,

ϕ(k) = ⟨ϕ(k)⟩, (2.9)

where the angle brackets denote the average value for a wavenumber band centred on wavenumber

k. Averaging is performed within logarithmically equally spaced bands. The Code statement at the

beginning of this chapter explains where Python scripts to generate and verify noise maps can be found.

2.2.3 Experimentation strategy

Figures 2.7 and 2.8 summarise the approach to experimentation. The goal of this strategy is to

establish the impact of noise on landscape evolution in a series of increasingly complex, and perhaps

more realistic, scenarios.

In scenario A, I examine the consequences of a widely used approach—insertion of noise only into the

starting condition of a landscape evolution model (see e.g., Braun and Sambridge, 1997; Tucker et al.,

2001; Braun and Willett, 2013; Goren et al., 2014b; Barnhart et al., 2020a,d,e). The impact of different

distributions (i.e., red, white, blue) and amplitudes of noise is examined. Each ensemble examined (e.g.,

white noise, ‘square’ landscape; white noise, ‘escarpment’ landscape; white noise, ‘domal’ landscape;

red noise ‘square’ landscape, etc.) contains M = 100 or M = 1000 individual models. Within an

ensemble, each model has the same boundary conditions, uplift function, erosional parameter values,
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Figure 2.5: Noise functions (maps) used to generate initial conditions for landscape models.
(a–c) Examples of functions with red, white and blue noise characteristics. (d) Thin red lines = radially
averaged (in the frequency domain) power spectra, ϕ(k), of the 100 red noise functions used in this
study (see body text for details). Thin grey and blue lines = respective power spectra of the 100 white
and blue noise functions used in this study. Thick lines = average values for each suite of coloured
functions. Note graticule showing theoretical spectral slopes for red (ϕ ∝ k−2, where k = wavenumber),
white (ϕ ∝ k0), and blue (ϕ ∝ k) noise.
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Figure 2.6: Verifying the distributions of noisy functions added to landscapes (a–c) Filled
histograms = distributions of elevations for 100 different noisy functions of red, white, and blue noise
respectively. Solid lines = distributions of elevations for a single simulation. These noisy functions
are used as initial conditions in scenarios A–D, as quenched noise in scenario B, and as final noise in
scenario D, where they are scaled by α = 2, 20, and 200. (d–f) Distributions of red, white, and blue
spatio-temporal noise used for a single simulation within scenario C, for all grid cells. (g–i) As above,
for a single grid cell within the same simulation.
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and distribution of noise, but crucially they all have different specific arrangements of noisy elevations;

different ‘seeds’ were used to generate noise in each model. The resultant M landscape geometries

were used to gain statistical insight into the impact of noise on landscape evolution, form and recovery

of geomorphic metrics. Figure 2.8 summarises the ensembles tested (scenario A: ensembles 1–18).

In scenario B the impact of quenched (i.e., ‘frozen’) noise is tested. For an individual model, a noisy

function is added to its starting condition (as in scenario A), then the exact same arrangement of noisy

elevations is inserted at every subsequent time step (Figure 2.8: ensembles 19–21). A rationale for

testing such a scenario arises from the work presented in Birnir et al. (2001) and Wapenhans et al.

(2021), which demonstrate the need for landscape evolution models to incorporate additive noise to

avoid artificial spectral reddening of landscapes, i.e., unrealistic reductions in topography at short

wavelengths (small scales). Incorporating noise in this way is loosely related to modelling studies that

seek to assess the impact of substrate on landscape evolution by changing erodibility (see e.g., Sklar

and Dietrich, 2001; Haviv et al., 2010; Forte et al., 2016; Campforts et al., 2020b).

Scenario C again includes noise added to the starting condition. However, in contrast with scenario B,

different arrangements of the same underlying distribution (colour) of noise are added to each model at

every time step. In other words, noise varies as a function of space and time. Arguably, this approach

is more realistic than scenarios A and B given that noisy surface processes are likely to vary spatio-

temporally, and is also probably more appropriate when specific arrangements of noise are likely to be

unknown. Figure 2.8 (ensembles 22–24) summarises this experimentation.

The noise added throughout models within Scenarios B and C has amplitudes of 0 – 1 m. Incorporating

additive noise is chosen for two reasons. First, to maintain consistency with the amplitude of noise

added to the starting condition, and second, to avoid cases in which regions of internal drainage may

arise, thus potentially requiring additional (ad hoc) sink-filling steps. However it is acknowledged that

this may not necessarily represent noisy surface processes which act to alter topography. Instead, such

processes may also reduce elevations. Whilst it is generally unclear what an appropriate mean elevation

might be in order to represent these processes, an additional set of simulations are performed in the

style of Scenarios B and C with noise of −0.5 to 0.5 m amplitude (i.e. mean elevation = 0). Results

for these tests are shown in Figures 2.32 and 2.35.

Scenarios A–C have flow routing and erosion applied in their final time step, after noise has been

inserted. Thus, inserted noise is eroded for 10 kyr (i.e., the length of the time step) before metrics are

extracted. In actuality, noise could be inserted into a landscape at any time. Thus, I test scenario D
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in which noise is inserted into synthetic landscapes at the end of model run time. The steady state

landscapes (at 100 Myr) generated by scenario A with 0 – 1 m of noise are taken and noise with the

same arrangement is inserted. The impact of inserting final noise with scaled maximum amplitudes of

2, 20 and 200 m is assessed (see Table 2.1). For clarity, metrics are extracted from the noisy landscapes

using drainage planforms determined before final noise is added, i.e., no additional flow routing or sink

filling is performed. This approach is a generalisation, to two dimensions, of that presented in Roberts

et al. (2012a) and Smith et al. (2022), in which noise is added directly to the longitudinal profiles of

rivers (Figure 2.8: ensembles 25–27).

2.2.4 Identifying steady state landscapes for experimentation

The assumption of topographic steady state remains widely used in quantitative studies of fluvial

geomorphology (see e.g., Snyder et al., 2000; Istanbulluoglu and Bras, 2005; Attal et al., 2008; Perron

and Fagherazzi, 2012; Theodoratos et al., 2018; Leonard and Whipple, 2021; Fisher et al., 2022; Clubb

et al., 2023; Hoskins et al., 2023; Zhou et al., 2024). It underpins the use of a variety of geomorphic

metrics used to generate quantitative estimates of erosional parameter values and uplift rates (see e.g.,

Wang et al., 2017). Thus, models are run until they are demonstrably at, or get as close as reasonably

possible to, steady state and then examine the impact of noise on calculated metrics. A variety

of criteria can be used to define steady state topography in both natural (observed) and synthetic

landscapes (see e.g., Willett and Brandon, 2002; Gasparini et al., 2024, and references therein). For

clarity, here steady state means ∂z/∂t = 0, i.e., rate of change of elevation is invariant everywhere in

the landscape due to the balancing of uplift and erosion within a single time step.

As Gasparini et al. (2024) explain, demonstrating that a synthetic landscape is at topographic steady

state is not necessarily trivial; that approach is extended here. A useful attribute of landscape evolution

modelling is that it is straightforward to extract and visualise distributions of topographic change over

consecutive time steps, which can be used to assess topographic (in)transience. Figure 2.9 shows three

statistics used to assess topographic steady state. First, following Gasparini et al. (2024), the maximum

local change in elevation, ∆z, are extracted across the entire model domain between consecutive time

steps

∆ztα = max(|zti − zt−∆t
i |), (2.10)

where i here indicates the index of all elevations (i = 1, . . . , NxNy), and t is the index of time steps.

Similarly, the change in mean elevation of the entire domain, from one time step to the next, is
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Figure 2.7: Schematic summarising the scenarios tested and approach to extracting metrics.
In scenarios A–D forward models are initialised with starting conditions that include noise (white, blue
or red in this study), they are then run for a specified number of time steps, evolving to steady
state. Geomorphic metrics are extracted from steady state topography. Each scenario is run multiple
(M) times using different arrangements of noise to generate statistical insights and assess stability of
calculated metrics. The example demonstrated here is for the ‘square’ landscape shown in Figure 1d.
Note that I also assess the impact of changing boundary conditions and uplift function, and scenarios
when no noise is explicitly incorporated. Scenario A: Noise is only incorporated into the starting
condition; the quintessential landscape evolution modelling strategy. Scenario B: Noise used in the
starting condition is incorporated at each time step; testing the impact of quenched, ‘frozen’, noise.
Scenario C: Different arrangements (but same distribution) of noise are incorporated at each time step.
Scenario D: Uneroded noise is added to the landscape at the end of model run time.

calculated,

∆ztβ = |zt − zt−∆t|, (2.11)

where z̄ is the mean elevation of a landscape. Change in maximum elevation between consecutive time

step is also extracted,

∆ztγ = |max(zt)−max(zt−∆t)|. (2.12)

Examples of these statistics are shown in Figure 2.9 for three landscapes generated with white noise

only in their initial conditions. Figures 2.10 and 2.11 similarly show statistics for typical landscapes

generated within scenarios B and C.

In addition to such statistical approaches, it is beneficial to examine how distributions of elevation

change evolve as the synthetic landscapes mature. Consequently, Figure 2.9 shows histograms of

topographic change between successive time steps for all cells within the three example landscapes.

The histograms summarise topographic change for the individual landscapes when they are immature

(time steps 0.99 → 1 Myr), juvenile (4.99 → 5 Myr), and mature (i.e., have reached steady state;

14.99 → 15, and 79.99 → 80 Myr).

It is noted that a model runtime of 100 Myr is in excess of the time required for models to reach a

topographic steady state (∂z/∂t = 0; or as close to steady state as can be expected). For instance, as

the histograms in Figures 2.9, 2.10 and 2.11 show, there is little change in the distribution of elevations

of the models between 15 and 80 Myr. Figure 2.14 shows a map of response times for the landscapes

shown in Figures 2.12a-f calculated such that τ =
∫︁ x
◦ dx/KA(x)m, where x is streamwise distance (also

see Chapter 4, Equation 4.3). The longest response times shown are ≲ 7 Myr, further emphasising that

100 Myr is beyond the time taken for fluvial parts of a landscape to reach topographic steady state.



48 Chapter 2. Impact of Noise on Landscapes and Metrics Generated with Stream Power Models

Figure 2.8: Guide to scenarios, ensembles and models in this study. Ensembles with asterisk
(*) contain M = 1000 models, all others contain M = 100 models.
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Figure 2.9: Identifying steady state landscapes. In each of these examples, white noise is only
inserted in the starting condition, see scenario A in Figure 2.7. (a) Evolution of changes in elevation
between consecutive time steps (∆t = 0.01 Ma) for the ‘square’ landscape shown in Figure 2.1d; green
= maximum change in local elevation (∆zα); purple and orange = change in mean elevation (∆zβ) and
change in maximum elevation across the entire domain (∆zγ), respectively (see Equations 2.10–2.12).
Grey dashed vertical lines correspond to histograms shown in panels (c)–(e). (b) As (a), on logarithmic
scale. (c) Histogram of elevation change, ∆z, for all grid cells between 0.99 and 1 Myr. (d) & (e) As
per (c), from 4.99 → 5 Myr, 14.99 → 15 Myr and 79.99 → 80 Myr, respectively. (f–j) As above for
‘escarpment’ landscape shown in Figure 2.1e. (k–o) As above for ‘domal’ landscape shown in Figure
2.1f.

Response time maps for the domal landscapes are not shown here because of the spatially varying

nature of uplift meaning assuming that tectonic signals propagate from the edge of the domain to

fluvial headwaters is not reasonable. Nonetheless, it is useful to run the models out to 100 Myr when

assessing, for example, the impact of quenched and especially spatio-temporal noise. If a user were

looking to optimise computation time, however, a shorter model run time may be more appropriate.

2.2.5 Mapping noise-specific geometries of landscapes

As Kwang and Parker (2019) discuss, planforms generated in simulations with noise inserted into

starting conditions tend to be ‘burned’ into simulated landscapes for the duration of model run time—

their structure remains long-lived. This result is intuitive for models in which uplift rates tend not

to vary as a function of time, or cannot outpace erosion (cf. O’Malley et al., 2021). This behaviour

implies that long-lived planform geometries, at least at some scales, are specific to the distribution

and particular arrangement of noise. The consequences of inserting different distributions and specific

arrangements of noisy topography on the geometries of emergent landscapes, their planforms and

marginals are assessed by running multiple simulations (see e.g., Figures 2.1, 2.12, 2.15).

The model ensembles are also used to assess the impact of different distributions and arrangements of

noisy starting conditions on resulting drainage basin sizes. Upstream drainage area is extracted from

the outlet positions of the ten largest drainage basins in each ‘square’ model of scenario A for 1000

simulations (ensembles 10–12). This is shown in Figure 2.16.

Establishing expectations (probabilities) of drainage network and divide geometries

Following Lipp and Roberts (2021), to develop statistical insights into the development of synthetic

landscapes, 1000 simulations were run for each landscape configuration within scenario A (i.e., ‘square’,

‘escarpment’, ‘domal’). The same distribution of noise, but different specific arrangements of topog-
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Figure 2.10: Identifying steady state landscapes with quenched noise. In each of these examples
the same arrangement of red (a–e), white (f–j) or blue (k–o) noise is inserted at each time step into
‘square’ landscapes. See scenario B in Figure 2.7. (a) Evolution of maximum change in local elevation
(∆zα) between consecutive time steps (∆t = 0.01 Ma; see Equation 2.10). Grey dashed vertical lines
correspond to histograms shown in panels (c)–(e). (c) Histogram of elevation change, ∆z, for all
grid cells between 0.99 and 1 Myr. (d) & (e) As per (c), from 4.99 → 5 Myr, 14.99 → 15 Myr and
79.99 → 80 Myr, respectively. (f–j) As above for white noise. (k–o) As above for blue noise.

raphy (i.e., 1000 simulations initialised with different ‘seed’ numbers) with amplitudes 0 to 1 m were

used to define the initial conditions (model ensembles 10 – 18). To establish the propensity of cells

within landscapes to host rivers, cells with upstream drainage areas > 5 × 107 m2 were extracted from

each model. This threshold was chosen in order to exclude very small drainage networks (e.g., minor

tributaries). The probability of a river being in a cell is calculated by dividing the number of times a

cell met this criteria by the total number of simulations (i.e., N/1000), which results in a probabilistic

drainage map (Figure 2.18). These maps also help to establish expected locations of drainage divides,

i.e., where calculated probability is low. Similar maps are shown for 100 ‘square’ landscapes generated

by omitting the initial sink-filling step in Figure 2.19, and for scenarios B and C in Figure 2.20.

The spectral characteristics of the synthetic landscapes can be assessed by transforming them into the

frequency domain using Equations 2.4 & 2.8 (see Figure 2.21). It is also straightforward to extract

other geometric properties from the landscapes (e.g., longitudinal river profiles, hypsometry, channel

length-area relationships) that can be directly compared or used to calculate geomorphic metrics that

can be compared in turn (Figure 2.23).

2.2.6 Geomorphic metrics

I now examine the impact of noise on a number of widely used geomorphic metrics. The metrics

extracted from landscapes in this chapter include: concavity indices, erosional parameter values and

uplift rates from slope-area and χ (chi) analyses. In most landscape evolution models the typical

order of a single time step, which is followed here, is add noise (if desired) → uplift → flow routing

→ erode. For efficiency, slopes and drainage areas are calculated as part of the flow routing step.

However, an obvious issue is that metrics calculated for steady state landscapes are sought, which

requires knowledge of landscape geometries once erosion has been performed. Therefore, just prior to

extracting metrics (i.e., at time step N = 100 Myr) a single additional flow routing step is run.

Hack exponents are calculated from channel lengths and basin areas. Hypsometry is calculated using

elevations and cell areas. Longitudinal river profiles are extracted from the synthetic landscapes using a
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Figure 2.11: Identifying steady state landscapes with spatio-temporal noise (scenario C).
In each of these examples the same distribution but different arrangements of red (a–d), white (e–h)
or blue (i–l) noise is inserted at each time step into ‘square’ landscapes. See Figure 2.10 for extended
description.

Figure 2.12: Steady state landscapes generated with different initial conditions. (a–c) Steady
state ‘square’ landscapes generated with red, white and blue initial conditions, respectively. Planforms
of channels in the four largest drainage networks in each landscape are emphasised by the coloured
lines. Main (longest) channels of 40 largest basins shown in black lines, plus the four longest coloured
lines. Adjacent topographic transects are between grey triangles at x = 50 km. (d–f) As above, for
‘escarpment’ landscapes. (g–i) As above, for ‘domal’ landscapes.
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Figure 2.13: Steady state landscapes generated with different initial conditions using a 400
× 400 km grid. See Figure 2.12 for extended description.

version of the code within the ChannelProfiler component of Landlab (modified for data manipulation

and visualisation). It is noted that metrics are often derived, via slope-area or χ analyses for instance,

from profiles alone.

Slope-area analysis

Expectations of power law scalings of channel slope and upstream drainage basin areas were discussed

by Gilbert (1877), and later quantified in a few settings by Hack (1957), Morisawa (1962) and Flint

(1974), and subsequently by many others. Slope-area analysis remains a widely used tool to estimate
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Figure 2.14: Landscape response times, τ , for typical ‘square’ (a–c) and ‘escarpment’ (d–f)
landscapes.

uplift rates and erosional parameter values (e.g., Schoenbohm et al., 2004; Kirby and Whipple, 2012;

Adams et al., 2020; Marder and Gallen, 2023). It is typically applied to information about local changes

in slope, ∂z(x)/∂x, and upstream drainage areas, A(x), extracted from the longitudinal profiles of

individual rivers, where x here indicates streamwise distance. There are many explanations of the

approach in previously published work (see e.g., Tarboton et al., 1989; Montgomery and Foufoula-

Georgiou, 1993; Kirby and Whipple, 2001). For completeness it is summarised as follows.

If a river is assumed to be at topographic steady state, ∂z/∂t = 0, κ = 0, and there are no additional

sources of elevation (e.g., noise), the one dimensional version of Equation 2.1, predicting evolution of

the longitudinal profile of the river,

∂z(x)

∂t
= −KA(x)m

(︃
∂z

∂x

)︃n

+ U, (2.13)

can be rearranged such that ⃓⃓⃓⃓
dz

dx

⃓⃓⃓⃓
=

(︃
U

K

)︃ 1
n

A(x)−
m
n . (2.14)

By substituting ks (widely referred to as the ‘channel steepness index’) for (U/K)
1
n , and θ (‘concavity
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Figure 2.15: Differences in elevations and drainage network planforms due solely to chang-
ing arrangements of initial noise. (a)–(b) Steady state ‘square’ landscapes (at 100 Myr) generated
with the same uplift rate histories, boundary conditions, and distributions (but different arrangements)
of white noise. (c) Landscape in panel (a) subtracted from that in panel (b). (d) Black dotted, dashed,
solid lines = elevation along transect indicated in panel (a) at 1, 5 and 100 Myr. Purple line = land-
scape at 100 Myr along transect indicated in panel (b). (e) as for (d) for transects shown in panels (b)
and (a). (f–j) Same as panels (a)–(e) for ‘escarpment landscapes.
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Figure 2.16: Variability of drainage areas due to noise. (a) Distributions of maximum upstream
drainage area for the 10 largest drainage basins of 1000 simulations for red, white, and blue noise initial
conditions (i.e., scenario A, ensembles 10–12). White closed circles show median values of drainage
area as a proportion of total landscape area. Cumulative median areas sum to 64.4%, 63.5%, and
63.0% for red, white, and blue noise respectively. (b) Data shown in (a) are divided by the white noise
median values of drainage area in each respective basin.

Figure 2.17: Variability of drainage basin areas due to noise in landscapes without initial
sink-filling. See Figure 2.16 for extended description. Note distributions shown here are for M = 100
simulations of landscapes initialised with red, white, or blue noise.
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Figure 2.18: Probability of drainage within landscapes generated by different arrangements
of initial noise. (a–c) Colours indicate probability of a grid cell in 1000 ‘square’ landscapes containing
a channel with upstream drainage area > 5 × 107 m2 generated with initial red (a), white (b), or blue
(c) noise. (d–f) As above, for ‘escarpment’ landscapes, and (g–i) for ‘domal’ landscapes. Examples of
individual landscapes that feature in this suite are shown in Figure 2.12. Associated power spectra are
shown in Figure 2.21.
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Figure 2.19: Drainage probability maps for ‘square’ landscapes with no initial sink-filling.
See Figure 2.18 for extended description. Note distributions shown here are for M = 100 simulations
of landscapes initialised with red, white, or blue noise.

index’) for the exponent ratio m/n, Equation 2.14 can be rewritten as

log(S) = log(ks)− θ log(A). (2.15)

Equation 2.15 takes the form of a straight line in a plot of log(S) against log(A), with gradient θ, and

log(ks) at the y-intercept. In turn, because the values of n and K in the experiments of this chapter

are known, one can, in principle, recover the values of uplift rate and erosional parameter m,

U = ks
nK, m = θn. (2.16)

The black line in Figure 2.23e shows the analytical relationship (from Equation 2.15) between slope and

area expected for all rivers within steady state landscapes generated with ‘block’ uplift (see Figure 2.8:

‘square’, ‘escarpment’) in this chapter given the values of erosional parameters and uplift rate used.

Slope-area analysis of river profiles extracted from the two-dimensional landscapes is restricted to cells

with upstream drainage areas >4 km2, a value often used in studies of real landscapes as indicative of

overland flow (e.g., Whipple and Tucker, 1999; Roberts and White, 2010). Slope is calculated between

adjacent cells in the streamwise distance downstream.

Chi analyses

Metrics estimated from slope-area analysis can be extremely sensitive to noise and thus calculated

parameter values can be highly unstable (see e.g., Roberts et al., 2012a; Smith et al., 2022). This result

is unsurprising because even small amounts of noise can dramatically change local slopes. Fortunately,
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Figure 2.20: Probability of drainage within landscapes generated by 100 different arrange-
ments of initial, quenched, and spatio-temporal noise. (a–c) Colours indicate probability of
a grid cell in 100 ‘square’ landscapes containing a channel with upstream drainage area > 5 × 107

m2 generated with initial red (a), white (b), or blue (c) noise. Compare to the equivalent panels in
Figure 2.18a–c for 1000 simulations, demonstrating convergence from 100 simulations. (d–f) As above,
for landscapes containing quenched noise, and (g–i) for landscapes with spatio-temporal noise added.
Examples of landscapes with white quenched or spatio-temporal noise added are shown in Figures
2.31a and 2.34a.
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Figure 2.21: Spectral (two-dimensional Fourier) analysis of steady state landscapes gener-
ated with noise in the initial condition. (a) Small red dots = power at positive frequencies from
the two-dimensional Fourier transform collapsed into one dimension for a single ‘square’ landscape
generated with a red noise initial condition (see body text for details). Open circles = mean power
within logarithmically equalled spaced bins (see Equation 2.9). Thin lines show the mean values for
the other 99 models with same distribution but different arrangement of initial noise. (b–c) As per
(a), for a steady state landscape generated with a white noise (b), and blue noise (c) initial condition.
(d–f) As per (a–c) for the ‘escarpment’ landscapes such as that shown in Figure 2.1d. Arrow indicates
power for regions on north and south boundaries. (g–i) Power spectra for ‘domal’ landscapes (e.g.,
Figure 2.1e).
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a variety of integral-based techniques exist that avoid the need for differentiation of elevations when

attempting to recover information from fluvial landscapes (e.g., erosional parameter values, uplift rates;

see e.g., Harkins et al., 2007; Pritchard et al., 2009; Roberts and White, 2010; Roberts et al., 2012b;

Perron and Royden, 2013).

Here, I focus on examining impact of noise on geomorphic metrics calculated using the widely used ‘χ’

(chi) analysis (Royden et al., 2000; Harkins et al., 2007; Perron and Royden, 2013). Like slope-area

analysis, χ-analysis can, in principle, be used to estimate uplift rates and values of erosional parameters

from the geometries of longitudinal river profiles providing certain assumptions hold. There are many

published explanations of the approach available (see e.g., Perron and Royden, 2013; Mudd et al.,

2014; Mudd et al., 2018; Smith et al., 2022; Marder et al., 2023). For completeness, it is summarised

as follows. First, Equation 2.14 is rearranged and integrated in the upstream direction such that

z(x) = zb +

∫︂ x

xb

ks

A(x)
m
n

dx, (2.17)

where z is elevation, xb is a downstream position on the channel often assumed to be base level (though

not always), with elevation zb. A reference drainage area A◦ (here = 1 m2) is often incorporated, such

that

z(x) = zb +
ks

A
m
n◦

∫︂ x

xb

A
m
n◦

A(x)
m
n

dx. (2.18)

Thus χ is defined as the integral from downstream channel position xb to the position x of the ratio

between the reference drainage area and upstream drainage area, raised to the fractional power m/n,

χ(x) =

∫︂ x

xb

(︃
A◦
A(x)

)︃m
n

dx. (2.19)

Making use of Equation 2.16,

z(x) = zb +
ks

A
m
n◦
χ(x) = zb +

(︃
U

KAm
◦

)︃1/n

χ(x). (2.20)

Various techniques exist to find the optimal values of m/n from the construction of z(χ) profiles (e.g.,

Perron and Royden, 2013; Mudd et al., 2014; Hergarten et al., 2016; Mudd et al., 2018; Gailleton et al.,

2021). If the landscape is at steady state then elevation is expected to be a linear function of χ. By

systematically sweeping 0 < m/n ≤ 1, the optimal value can be identified, i.e., as one that results in

the z(χ) profile with the highest linear correlation coefficient, R2 (see e.g., Perron and Royden, 2013).
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Figure 2.22: Impact of assumed value of concavity index on recovery of uplift rates from
chi-analyses. Chi-analysis of longest river extracted from a steady state landscape (at 100 Myr)
generated with white noise only in the initial condition (from catchment coloured yellow in Figures
2.12b and 2.23d). (a) Black curve = results from linear regression of chi-elevation data generated with
annotated values of concavity index (θ = m/n); dashed line = true value used to generate the synthetic
landscape; grey band = values where R2 > 0.99. (b–f) Examples of chi-elevation profiles (solid line)
used to generate the solid curve in panel (a) with annotated values of m (note, n = 1, hence θ = m).
Dashed line = linear regression; note annotated R2 values and recovered uplift rates (see Equation
2.20).

In the experiments run in this study, the true values of m and n are known. As Figure 2.22 shows, if an

incorrect value of m/n is assumed, z(χ) profiles are not linear. Correlation coefficients are calculated

for the main channel in each simulation to identify the ‘optimal’ value of m/n as if a real landscape

for which no independent information about the erosional parameter values exists was being studied.

Once armed with an optimal value for m/n it is straightforward to estimate the uplift rate from the

slope of the z(χ) profile (because the values of n = 1 and K are known here),

U = KAm
◦
dz

dχ
. (2.21)

Figure 2.23f shows an example of a relationship between χ and elevation for the main channel and

tributaries of the largest drainage network in a single simulation.
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Hack exponent

Hack’s law is an empirical relationship between the length of rivers and their upstream drainage areas,

both of which are straightforward to extract from synthetic landscapes and digital elevation data. It

has been used to relate changes in channel sinuosity to basin shapes, to develop an understanding of

fractal (scale-dependent) characteristics of basins, and of energy expenditure in drainage basins, for

example (Langbein, 1947; Hack, 1957; Robert and Roy, 1990; Ijjasz-Vasquez et al., 1993; Rigon et al.,

1996; Turcotte, 1997; Willemin, 2000). The law can be expressed as

L = CAh thus log(L) = log(C) + h log(A), (2.22)

where L is the length of the longest river in a basin, A is upstream drainage area, and C and h are

known as the Hack coefficient and exponent, respectively. Their values can be estimated from the

respective intercept and slope of regressed log(L) and log(A) data. It is shown how noise impacts the

values of Hack exponents calculated from the maximum lengths and upstream drainage areas of the

longest channels in the forty largest drainage basins (by area) in each model run.

Hypsometry

Hypsometry summarises area-elevation relationships of a landscape, including topography not neces-

sarily incorporated into the other geomorphic metrics examined (see e.g., Langbein, 1947; Strahler,

1952; Strahler, 1957; Harrison et al., 1983; Lifton and Chase, 1992; Willgoose and Hancock, 1998;

Hurtrez et al., 1999; Montgomery et al., 2001). Hypsometry is calculated for the entire domain of each

steady state landscape by generating normalised cumulative density functions (the simple algorithm

used is available; see Code statement at the beginning of this chapter). Hypsometry is also produced

for select landscapes during their evolution (e.g., Figure 2.23g).

Each of the geomorphic metrics extracted from synthetic landscapes in this chapter have now been

introduced. The primary aim is to assess how changing the colour, amplitude, timing, and arrangement

of noise affects these metrics. Results are synthesised for each scenario as follows.
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Figure 2.23: Geomorphic metrics for an example ‘square’ landscape generated with white
noise only in the initial condition. All metrics are for the steady state landscape (at 100 Myr)
shown in Figure 2.12b unless otherwise indicated. (a–d) Longitudinal profiles of rivers, including
tributaries, within four largest drainage basins shown in Figure 2.12b. (e) Grey points show slope-area
relationship for grid nodes of rivers in four largest basins with drainage areas exceeding 4 km2. Black
line = linear regression: calculated intercept = ks (steepness index); Urec = recovered uplift rate;
slope = θ = m/n (concavity index). True values, used to generate LEM: U = 0.2 m /kyr, θ = 0.5.
See body text for details. (f) Yellow = χ-elevation profiles for the main channel and tributaries of
the largest drainage basin (panel d); open circles = main channel. Inset shows R2 values for different
assumed concavity indices for main channel; red dashed line = true value. Black solid line in main panel
illustrates linear relationship for θ = 0.5. (g) Coloured/black circles show maximum length-drainage
area relationships for longest rivers from four/forty largest drainage basins, respectively. h = Hack
exponent. (h) Hypsometry (i.e., landscape area-elevation relationships) at 1, 5, 15, 80 and 100 Ma.

2.3 Results

2.3.1 Scenario A: Noise only inserted into the initial condition

Verification of Topographic Steady State

The boundary conditions and uplift rates—producing ‘square’, ‘escarpment’, or ‘domal’ landscapes in

this study—influence the precise time taken to reach steady state. Histograms shown in Figure 2.9

illustrate that, for the erosional model used in this study, with noise only inserted into initial conditions,

landscapes are immature and topographic change is driven by the imposed uplift until ca. 1 Myr. By 5

Myr, the landscapes are maturing as drainage networks develop; topographic change is largely centred

around zero by this time. By 15 Myr drainage networks have matured such that erosion rates balance

the imposed uplift rates across most of the domain. For most intents and purposes these landscapes

can be regarded as being at steady state at this time. However, it is noted that true numerical steady

state is achieved where topographic change within a single time-step across all cells is zero within

computer precision, which is typically achieved by 40–90 Myr.

Spectral power of initial, sink-filled, and steady state landscapes

Figure 2.1c shows examples of the spectral content of single models. It demonstrates how landscapes

with initial white noise (ϕ ∝ k0) quickly ‘redden’ due to sink-filling, which reduces local roughness,

resulting in such sink-filled landscapes having pink noise (ϕ ∝ k−1) characteristics. Figure 2.5d shows

the spectral content of 100 initial conditions for each distribution of noise (red, white, blue) used in

this study.

Examination of the power spectra of evolving landscapes shows that the spectral signature of all (red,
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white, blue) initial noise conditions with amplitude 0 – 1 m evolve to have red noise characteristics

within 2 Myr of model run time (ϕ ∝ k−2). Spectral reddening of topography in these landscape

evolution models is attributed to the smoothing effects of sink-filling and erosion, and the imposed

uplift. Figure 2.21 shows radially-averaged power spectra for typical steady state landscapes in en-

sembles 1 – 9. The escarpment landscapes (ensembles 2, 5, 8) contain above-average spectral power

at a few intermediate to high wavenumbers (10−1 ≤ k ≤ 5 × 10−1 km−1), highlighted with the black

arrow in Figure 2.21d. This pattern is attributed to the high elevations at the closed north and south

boundaries of these landscapes. The domal landscapes exhibit a flattening in the power spectrum at

intermediate wavenumbers (5 × 10−2 ≤ k ≤ 1 × 10−1 km−1). The flattening corresponds to a white

noise signal at these wavenumbers. This spectral power is attributed to the areas of low elevation (few

meters) between the uplifted dome and the edge of the domain.

Overall, Figure 2.21 shows that whilst landscape configuration can influence the details of the power

spectrum, the steady state landscapes produced in this study tend to exhibit red noise characteristics

and are insensitive to the colour of noise used to generate the initial condition.

Impact of noise on geometries and planforms

In contrast, Figure 2.12 illustrates how those initial conditions can lead to very different drainage

planforms. This result emerges even for landscapes that are generated with the same erosional model

parametrisations and uplift histories. Figure 2.15 extends this demonstration by showing how different

arrangements of the same distribution of noise (e.g., white) in the initial condition results in formation

of very different drainage planforms. Inevitably, the dissimilarity of planform arrangements is consistent

with elevations being very different locally, resulting in substantial differences in the positions of valleys

and interfluves. These differences are illustrated using topographic transects from identical locations

in the two landscape models shown in Figure 2.15.

As a further demonstration of the impact of noisy initial conditions on the geometries of landscapes,

Figure 2.16 shows drainage area of each of the 10 largest fluvial networks in the 3000 simulations

generated with either red, white, or blue noise as a percentage of the total area of the model domain.

The are ordered by rank: largest to smallest drainage area. Landscapes initialised with red noise tend

to create, on average, fewer, larger drainage basins. The upstream area of the largest drainage basin in

a landscape initialised with red noise can be up to 2 times that of the median white noise equivalent,

and on average is approximately 20% larger. A consequence is that smaller drainage basins (rank 4 and
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below) in landscapes initialised with red noise are smaller than their white and blue noise counterparts.

Drainage basins in landscapes generated by white and blue noise conditions are similar in size to each

other.

Figure 2.18 shows calculated probabilities of channel locations for steady state landscapes generated

with different distributions of initial noise. Three features of interest in the probability maps of ‘square’

landscapes are emphasised (Figure 2.18a–c). First, all three distributions of noisy initial conditions

have regions of low probability within a ‘cross’ that extends from the four corners of the domain to its

centre. Secondly, in between those regions the probability of drainage is broadly equal, and relatively

high. Thirdly, landscapes with red noise initial conditions (panel a) have a more uniform probability

of drainage across the domain. The escarpment landscapes initialised with red noise also have a higher

probability of drainage across the domain than those initialised with white or blue noise (Figures

2.18d-f).

The domal landscapes exhibit probabilistic drainage patterns with a radial ‘spoke’ pattern for all three

colours of noise. This pattern is interpreted as being a consequence of the interaction of D8 flow routing

on a square Cartesian raster grid and the distribution of inserted uplift. In other words, the pattern is a

numerical artefact, and similar patterns have appeared in other landscape studies that utilise different

numerical setups (e.g., Perron and Fagherazzi, 2012; Borse and Biswal, 2025). It is suggested that

the lower number of spokes for landscapes generated with red noise initial conditions are a result of

longer wavelength topographic roughness reducing the propensity for a flowpath to be diverted locally

as frequently as they are for white or blue noise. In other words, channels in a landscape initialised

with red noise are more likely to drain along a continuous azimuth without being interrupted by local

topographic roughness. It is noted that the structure of probability in these maps is similar to drainage

networks produced in models with no added noise (see Figure 2.3).

Slope-Area Analysis

Slope-area data shown in Figures 2.23e, 2.24a and 2.26a are clustered around a single line with a slope

and intercept that permit reliable uplift rates, USA, and m/n ratios (θSA) to be recovered (Equation

2.16). These results demonstrate the utility of slope-area analysis for landscapes that are demonstrably

at topographic steady state and subject to spatially invariant uplift; the ‘square’ and ‘escarpment’

landscapes studied here. Lines of best fit are shown in Figures 2.24a and 2.26a for each of the 3 ×

100 simulations generated with 0 – 1 m of red, white or blue noise. They are largely indistinguishable
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Figure 2.24: Comparing geomorphic metrics from ‘square’ steady state landscapes ini-
tialised with red, white or blue noise. Each panel shows metrics from 100 landscapes initialised
with red, white or blue noise. (a) Upstream drainage area vs. channel slope for all grid cells in rivers
of four largest drainage basins with drainage area > 4 km2; black line = linear regression. Outlined
circles show examples of relationships for the main channel in the largest drainage network in single,
typical, simulation for each colour of noise. (b) Elevation as a function of χ for the main channel and
tributaries of the largest drainage basin in each simulation, produced using θ = 0.5. Inset shows the R2

value of different reference concavities. Dashed line marks true value of 0.5 used to parametrise models.
(c) Maximum upstream drainage area vs. maximum channel length for the longest (trunk) channels
in the forty largest drainage networks in each landscape. Inset histogram shows Hack exponent for the
4000 rivers generated for each colour of noise. (d) Hypsometries of the 300 landscapes.
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Figure 2.25: Geomorphic metrics for ‘square’ landscapes with no initial sink-filling. See
Figure 2.24 for extended description.

from each other, demonstrating the insensitivity of slope-area relations to the colour of noise in the

initial conditions. It is noted that changing the amplitude of noise increases the spread of calculated

USA and θSA (Figure 2.30). However, changing the amplitudes of initial noise, even by many orders of

magnitude, has a small impact (few percent compared to true values) on the recovered values of USA

and θSA.

χ analysis

Figures 2.23f, 2.24b and 2.26b show z(χ) profiles for the main channel and tributaries of the single

largest drainage basin for simulations in which uplift rate is spatially invariant (‘square’ and ‘escarp-

ment’). Results are shown for each of the 100 simulations generated with red, white or blue noise initial

conditions. In theory, z(χ) profiles in such steady state landscapes should be straight and collinear,
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Figure 2.26: Geomorphic metrics of steady state ‘escarpment’ landscapes initialised with
red, white or blue noise. See Figure 2.24 for extended notation.

i.e., collapse to a single line (see Section 2.2.6). Whilst individual profiles are linear, it is demonstrated

that when the models are initialised with noisy conditions, families of profiles do not collapse to a

single line, even when they have the same distribution of noise in their initial conditions.

The inset panels in Figures 2.23f, 2.24b and 2.26b show R2 values for the suite of z(χ) profiles generated

by systematically testing different concavity values (θχ; see Section 2.2.6). Highest R2 values are

generated when 0.4 ≤ θχ ≤ 0.6 (note: actual value used to produce the landscapes is 0.5). These

results highlight the variability in best-fitting χ transformations introduced by different noisy initial

conditions.

Having established that different colours and arrangements of noise in initial conditions contribute to

uncertainty in calculated best-fitting concavity, Figure 2.27 demonstrates the impact of using the best-
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Figure 2.27: Impact of noise on recovered uplift rates from z(χ). (a) Topography and planform
of longest single river channel for a steady state landscape initialised with 0–1 m white noise (scenario
A). (b) Longitudinal profile of largest river channel. (c) Longitudinal profile transformed into χ space
(see Equations 2.17–2.20) using a best-fitting (highest R2) reference concavity value of 0.48 (black solid
line) and the true m/n value of 0.5 (orange solid line). Dashed black and orange lines show linear
regressions. The slope of these lines, dz/dχ is used to calculate an uplift rate (see Equation 2.21). (d–f)
and (g–i) show two additional landscapes, longitudinal profiles, and z(χ) profiles for models in scenario
A with different arrangements of white noise and different best-fitting reference concavity values.
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fitting values on calculated uplift rates. This test mimics calculation of θ and U from χ-transformation

of rivers in the real world. In this demonstration the rivers with the largest upstream drainage area were

extracted from three typical landscapes initialised with different arrangements of white noise (scenario

A: ensemble 1). Each longitudinal river profile is transformed into a z(χ) profile using the best-fitting

value of concavity. R2 values for each θχ value are shown. In the cases where the best-fitting reference

concavity ̸= 0.5 (i.e., the true value), uplift rates recovered from the slope of the regression line (see Eq.

2.21) significantly differ—by more than 50% when amplitudes of initial noise are 0 − 1 m—from the

true value of 0.2 m/kyr. These results demonstrate that even though chosen values of θχ may result in

z(χ) profiles with high R2 values (> 0.99), they can yield inaccurate and misleading estimates of uplift

rates. The instability of calculated Uχ arises because of its sensitivity to the derivative, dz/dχ (see

Equation 2.21), and the sensitivity of dz/dχ to noise and the way in which it impacts the geometries

of landscapes.

Length-Area relationships

Relationships between maximum channel lengths and upstream drainage areas are shown in Figure

2.23g (black circles) for the main channels within the forty largest basins extracted from a typical

‘square’ landscape initialised with white noise. A best-fitting non-linear regression, generated using

Equation 2.22, is shown, and yields a Hack exponent value, h (slope of regression in log-log space), of

0.574.

Figures 2.24c, 2.26c and 2.28c collate lengths and areas for the main channels in the forty largest

drainage basins for each ensemble in scenario A. The non-linear regression is shown for each ensemble.

The regressions are similar for landscapes initialised with white and blue noise, However, a shallower

gradient (and hence lower h) is required for landscapes initialised with red noise. Each inset panel in

these figures show histograms of Hack exponent values calculated for each model from its forty longest

rivers. They demonstrate the variability in Hack exponent values: 0.4 ≤ h ≤ 0.75, with h values in

the landscapes generated with red noise initial conditions tending to be slightly lower than those for

the white and blue noise initial conditions.

Figures 2.29a-c demonstrates that the amplitude of initial noise has limited influence on the distribu-

tions of Hack exponents at the range of amplitudes tested (0.002 to 200 m). Landscapes initialised

with different amplitudes of red, white or blue noise have broadly consistent trends. For instance, the

25th and 75th percentile, and median show little variation between ensembles 1, 4 and 7 (Figure 2.29).
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These results demonstrate that the distribution of Hack exponent values largely do not depend on the

amplitude of initial noise. They all show considerable variance arising from noisy initial conditions.

Hypsometry

The history of hypsometry for a single landscape is shown in Figure 2.23h. A large proportion of

the landscape has relatively high elevations early in its evolution, whilst fluvial networks are forming.

As the landscape matures, an increasing proportion of its area is at lower elevations. Figures 2.24d,

2.26d and 2.28d show the hypsometries of steady state landscapes within scenario A. Two features are

emphasised. First, changing the arrangement of specific distributions of noise (i.e., red, white, blue)

generates up to approximately 5% variability in the hypsometry, but the shape of the hypsometric

curves remain similar. This result is expected as hypsometry is largely insensitive to the age or

maturity of landscapes once they approach steady state. Secondly, there is little difference between

the hypsometries of the landscapes initialised with red, white or blue noise once they reach steady

state. Figures 2.29d-f show the hypsometries for ensembles 1, 4 and 7 in which amplitudes of noise

in the initial conditions is systematically varied between 0.002 and 200 m. These results show that

hypsometries of steady state landscapes are largely insensitive to the amplitudes of initial noise.

Spatially variable uplift

I now draw attention to the results for domal landscapes (Figure 2.28). As expected, given there is less

cumulative uplift overall across the domain, they tend to reach steady state earlier than ‘escarpment’ or

‘square’ landscapes generated with the same erosional model (Figure 2.9k-o). Given that a fundamental

assumption in slope-area and χ analyses (i.e., that uplift is spatially invariant) no longer holds, it is

also unsurprising that the results shown in Figure 2.28a-b have considerably more scatter than the

equivalent panels in Figures 2.24 and 2.26. Decreases in slope as a function of upstream area are not

linear, clearly departing from the analytical solutions expected when uplift is spatially invariant. z(χ)

profiles are not (col)linear when produced using the true concavity value of 0.5. Instead, the value of θχ

that best linearised these profiles is close to 1. Therefore, it is also unsurprising that calculated values

of uplift rate and concavity indices are wrong when uplift varies spatially. Alternative approaches to

recovery of uplift histories and erosional parameter values are discussed in Section 2.4.
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Figure 2.28: Geomorphic metrics of steady state ‘domal’ landscapes initialised with red,
white or blue noise. (a) Coloured circles with black outline show slope-area relationships for the
main channel in the largest drainage network in single, typical, simulations initialised with red, blue
or white noise. (b–d) See Figure 2.24 for notation.

Impact of initial sink-filling

To assess the role of initial sink-filling in generating variability in drainage planforms and geomorphic

metrics, the models in ensembles 1, 4, and 7 are rerun with the initial sink-filling step excluded. Figure

2.19 shows drainage probabilities, identical to Figure 2.20a-c, of course with the modification that the

landscapes have been generated without an initial sink-filling step. Comparing the two demonstrates

that neglecting this step produces, in general, drainage networks which are more direct (less sinuous)

than those which have been produced after an initial filling of sinks. However, the remaining patterns

of drainage probability (i.e., broadly equal probabilities to four edges, low probabilities within a central

cross) are consistent with those in Figure 2.20 and Figure 2.18.
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Figure 2.29: Impact of amplitude of initial red, white or blue noise on geomorphic metrics
recovered from steady state ‘square’ landscapes. Each box-and-whiskers plot shows results for
M = 100 landscapes generated with annotated initial noise of indicated colour. Whiskers = 1.5×IQR,
or maxima/minima if higher/lower; dots = fliers. (a–c) Range in Hack exponent. (d–f) Solid lines
= median hypsometries; filled areas shows range for M = 100 landscapes of each amplitude of initial
noise, bounded by dashed lines.

Figure 2.17 summarises the variability of drainage basins areas, akin to Figure 2.16 (though for 300

simulations, rather than 3000). Again, both results are similar. The same is true of Figure 2.25, which

summarises metrics for the ‘square’ landscapes generated with no initial sink-filling (cf. Figure 2.24).

2.3.2 Scenario B: Quenched noise

Drainage Planforms and Steady State

The impact of adding quenched noise to the morphometry of a single simulated landscape is shown in

Figures 2.31a-b. In this typical example, both landscapes are initialised with identical noisy starting

conditions and evolve under the same forcing except for the identical (quenched) noise that is added

at each time step to the model shown in panel a. The landscape with quenched noise contains a

larger proportion of higher elevations, as expected due to the additional noise. The mean elevation of

added noise is 0.5 m per time step (10 kyr). In essence, the addition of quenched noise in this way

may be considered as a noisy but spatially constant uplift rate of 0.2 – 0.3 m/kyr, with a mean uplift

rate of 0.25 m/kyr. Thus, added noise contributes mean cumulative uplift of 5 km by 100 Myr. In
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Figure 2.30: Impact of amplitude of initial red, white or blue noise on geomorphic metrics
recovered from steady state ‘square’ landscapes. (a–f) Each box-and-whiskers plot shows results
for M = 100 landscapes generated with annotated initial noise of indicated colour. Whiskers =
1.5×IQR, or maxima/minima if higher/lower; dots = fliers. (a–c) Range of θ values recovered from
slope-area analysis. Dashed black line shows ‘true’ θ value used to parametrise LEM. (d–f) Range
of uplift rates recovered from slope-area analysis. (g–i) χ-elevation profiles and associated reference
concavities for all channels in the largest basin in each simulation with the different amplitudes of noise
indicated in panels (a–f).
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Figure 2.31: Comparison of geomorphic metrics for steady state ‘square’ landscapes evolv-
ing with initial or quenched noise. (a) Topography (at 100 Myr) generated with 0 – 1 m of identical
(i.e., quenched) white noise added at every time step, i.e., scenario B in Figure 2.7. (b) Landscape at
100 Myr generated with identical initial condition to (a) but with no additional noise, i.e., scenario A in
Figure 2.7. (c–e) Changes in maximum local relief in M = 100 landscapes generated with only initial
noise (black lines), and red, white or blue quenched noise (coloured lines). (f–k) Geomorphic metrics
for M = 100 red, white or blue landscapes generated with quenched noise unless otherwise indicated.
(f) Slope-area relationship for grid nodes with drainage area exceeding 4 km2. Black lines = linear
regression. (g) Solid lines = histograms of uplift rate recovered from each of the 100 red, white, and
blue quenched noise landscapes from slope-area analysis. Dashed lines = results for landscapes with
only initial noise. Red rectangle = ‘true’ uplift rate used to parametrise the LEMs. (h) z(χ) profiles
for the main channel and its tributaries of the largest drainage basin in each simulation, produced
using θ = 0.5. Black hashed region shows range of equivalent z(χ) profiles when quenched noise with
elevations −0.5 to 0.5 m is added (see Section 2.3.2 for details). Inset shows the R2 value of different
reference concavities. (i–k) Upstream drainage area vs. channel length for main trunks of the forty
largest drainage networks in the red (i), white (j), and blue (k) quenched noise landscapes. Black line
= non-linear least squares best-fit. Filled/black histograms show the range in Hack exponent for each
simulations from quenched noise/initial noise landscapes.
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Figure 2.32: Comparison of geomorphic metrics for steady state ‘square’ landscapes evolv-
ing with initial or quenched zero-mean noise. (a) Topography (at 100 Myr) generated with
−0.5 to 0.5 m of identical (i.e., quenched) white noise added at every time step. (b) Landscape at
100 Myr generated with identical initial condition to (a) but with no additional noise, i.e., scenario
A in Figure 2. (c–e) Changes in maximum local relief in M = 100 landscapes generated with only
initial noise (black lines), and red, white or blue quenched noise (coloured lines). (f–k) Geomorphic
metrics for M = 100 for red, white or blue landscapes generated with quenched noise unless otherwise
indicated. (f) Slope-area relationship for grid nodes with drainage area exceeding 4 km2. Black lines =
linear regression. (g) Solid lines = histograms of uplift rate recovered from each of the 100 red, white,
and blue quenched noise landscapes from slope-area analysis. Dashed lines = results for landscapes
with only initial noise. Red rectangle = ‘true’ uplift rate used to parametrise the LEMs (U = 0.2
m/kyr). (h) z(χ) profiles for the main channel and its tributaries of the largest drainage basin in each
simulation, produced using θ = 0.5. Inset shows the R2 value of different reference concavities. (i–k)
Upstream drainage area vs. channel length for main trunks of the forty largest drainage networks in
the red (i), white (j), and blue (k) quenched noise landscapes. Black line = non-linear least squares
best-fit. Filled/black histograms show the range in Hack exponent for each simulations from quenched
noise/initial noise landscapes.
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comparison, when added noise has a mean elevation of 0 m per time step, the quenched noise landscape

has elevations which are similar to that of the landscape in Scenario A (see Figure 2.32).

This figure demonstrates that the geometry of the drainage network in a landscape generated with

quenched noise can differ from that in a landscape generated with the same arrangement of noise only

in its initial condition. Landscapes generated with the same distributions (but different arrangements)

of quenched noise tend to have drainage patterns that are more similar to each other than those

generated with different arrangements of initial noise (cf. Figures 2.7 and 2.20). These results are

attributed to the enhanced role noise plays in determining the location of drainage networks when it

is quenched.

Figure 2.31c–e illustrates that landscapes with quenched noise tend to have an early phase during

which they tend to move away from equilibrium (see increasing ∆z between 0–15 Myr) before moving

towards equilibrium (∆z → 0 at T > 15 Myr). Such trajectories have not been observed in models in

which noise is only inserted into initial conditions (see black curves in Figure 2.31c–e).

Slope-Area, χ, and Length-Area Analyses

Figures 2.31f-g show that slope-area data becomes more scattered when noise is quenched compared

to when it is only inserted into initial conditions. A consequence of this scatter is that there is more

variability in the lines of best fit (shown in Figure 2.31f), including their slopes and intercepts, which

positively trade off against each other (Figure 2.33). Consequently, recovery of the true uplift rate

becomes more unreliable, even when elevation added by quenched noise is corrected (average: 0.05

m/kyr; see arrow in Figure 2.31g), or when quenched noise has a mean elevation of 0 m (Figure 2.32g).

Recovered rates are 25% to 85% higher than the true value of 0.2 m/kyr. Uplift rates recovered from

landscapes with quenched red noise have greater variance than those generated with quenched white

or blue noise. The reasons why distributions of recovered values of U are not centred at 0.25 m/kyr is

explored in the Discussion section.

To test the impact of quenched noise on uplift rates extracted from χ analyses I examine the con-

sequences of fixing θ to its true value (0.5; Equation 2.21). Figure 2.31h shows that z(χ) profiles

generated in this way are linear with some scatter. Landscapes with quenched red noise tend to have

higher elevations as a function of χ than those with quenched white or blue noise. It is noted that, in

contrast, noise inserted only into initial conditions results in more similarly distributed z(χ) profiles

(ensembles 1, 4, 7; cf. Figures 2.24b & 2.31h). The best-fitting concavity values are centred on the
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Figure 2.33: Trade off between recovered parameters from slope-area data. (a–c) Slope-
area data from three selected simulations containing quenched (‘frozen’) red, white, or blue noise,
respectively, where recovered uplift rate is low, intermediate, or high within the distribution of recovered
rates. (d–f) Each panel shows the relationship between the value of θ and uplift rate, U , calculated
from the best-fitting regression line of the 100 models containing quenched (‘frozen’) red, white, or
blue noise respectively within Scenario B; i.e., the regressions shown within Figure 2.31f. Data from
selected models within panels (a)–(c) is highlighted with respective colours/symbology.

true value of 0.5 in both cases (see inset panels in Figures 2.24b & 2.31h). The black hashed region in

Figure 2.31h shows that scatter in z(χ) profiles is also present when quenched noise has elevations of

−0.5 to 0.5 m (and mean elevation of 0).

Figure 2.31i-k illustrates that there can be large variability in Hack exponent, h, values when noise

is quenched. The distributions of h are broadly similar in simulations with quenched noise and noise

inserted only into the starting condition (cf. coloured and black histograms in Figure 2.31i-k).

2.3.3 Scenario C: Spatio-temporal noise

There are two main differences in the results obtained from landscapes generated with quenched or

spatio-temporal noise. The first (expected) result is that landscapes with spatio-temporal noise never

reach true steady state (Figure 2.34c). Time series of maximum local ∆z show that, similar to models

in scenario B, simulations with spatio-temporal noise take up to 20 Myr to stabilise around a gradually

decreasing mean value. However, they do not reach true numerical steady state (i.e., ∆z = 0) as a result
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Figure 2.34: Comparison of geomorphic metrics for ‘steady state’ ‘square’ landscapes evolv-
ing with initial or spatio-temporal noise. (a) Example of a ‘steady state’ landscape (at 100 Myr)
generated with different (spatio-temporal) arrangements of white noise added at each time step. (b)
‘Steady state’ landscape (at 100 Myr) generated with identical initial condition to (a). (c–k) Same
annotation as for Figure 2.31 for models with spatio-temporal red, white or blue noise, or noise added
only to the initial condition.

of the arrangements of added noise changing at each time step. The absence of spatial consistency

in added noise can prevent erosion from balancing the added elevations within a single time step.

The second main difference is that, unlike quenched noise, adding spatio-temporal noise produces

less scattered slope-area relationships (Figure 2.34f). Consequently, uplift rates recovered via linear

regression are more tightly clustered than those generated in scenario B. However, they are offset from

the true value by the added noise (see arrow in Figure 2.34g). This offset is not present when spatio-

temporal noise has a mean elevation of 0 m (Figure 2.35g). A corollary is that recovering true tectonic

uplift rates requires information about the amplitude and distribution of noise in a landscape. In
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Figure 2.35: Comparison of geomorphic metrics for ‘steady state’ ‘square’ landscapes evolv-
ing with initial or spatio-temporal zero-mean noise. (a) Example of a ‘steady state’ landscape
(at 100 Myr) generated with different (spatio-temporal) arrangements of white noise of amplitudes
−0.5 to 0.5 m added at each time step. (b) ‘Steady state’ landscape (at 100 Myr) generated with iden-
tical initial condition to (a). (c–k) Same annotation as for Figure 2.32 for models with spatio-temporal
red, white or blue noise, or noise added only to the initial condition.

contrast, the results from z(χ) analyses, drainage probabilities, and channel length-area relationships

are all broadly similar to those obtained for scenario B (Figures 2.34h, i–k, & 2.20g–i).

2.3.4 Scenario D: Addition of un-eroded noise

The impact on geomorphic metrics of adding noise to a steady state landscape such that the noise

remains un-eroded is shown in Figures 2.36 and 2.40. Adding noise in this way acts to ‘blur’ topography,

and increases the proportion of elevations which are between 20–50% of the maximum height, shown in

Figure 2.36c. Whilst the impact of adding 0–20 m of noise is subtle on the longitudinal profiles shown
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in Figure 2.36d, this noise generates scatter in the slope-area data such that recovered uplift rates are

50% larger than the steady state case. z(χ) profiles are less affected by 0–20 m of un-eroded noise,

but become highly scattered when 0-200 m of un-eroded noise is added to the landscape. Slope-area

analysis is demonstrably an inappropriate technique to use for recovering U and θ from steady state

landscapes containing, say, 200 m of un-eroded noise. In fact, even 20 m of added noise can result in

calculated uplift rates being unreliable (Figures 2.40b, 2.37 to 2.39).

2.4 Discussion

2.4.1 Distributions of geomorphic metrics and determinism

Results obtained from scenarios A – D are synthesised in Figure 2.40 and this is used as a framework

to discuss key findings regarding geomorphic metrics.

Across almost all scenarios distributions of results are obtained from model ensembles. In other words,

slope-area relationships, χ analysis, and length-area relationships are sensitive to noise inserted into

the models. These results emphasise the benefits of using model ensembles or probabilistic approaches

to landscape evolution modelling (rather than relying on interpretation of singular, or small-batch,

runs of stream power-based models). An ensemble-based approach permits characterisation of, for

instance, uncertainty and dependence on noisy (starting) conditions, model assumptions or model

parameter values. These results clearly indicate that caution is required to avoid over-interpretation

of results from single models (and the real world) which may be outliers with geometries that depend

on an arbitrary noisy starting condition, which in reality represents (largely) unknowable palaeo-

conditions (topography, weather, climate, biota, etc.) It emphasises the importance of embracing the

fundamental unknowability inherent to landscapes and thus the importance of quantifying the impact

of noise (and especially its distributions) on geometric predictions (e.g., of topography, sedimentary

flux) and calculated metrics (see e.g., Perron and Fagherazzi, 2012; Gray et al., 2017; Lyons et al.,

2020; Roberts and Wani, 2024; Thompson Jobe and Reitman, 2025).

Uplift Rates and Concavity Indices Recovered from Slope-Area and χ Analyses

The sensitivity of slope data to added noise has previously been discussed, for example in Roberts

et al. (2012a) and Mudd et al. (2018). In this chapter, it is shown that, when operating in a numerical

steady state under spatially invariant uplift, slope-area analysis can be used to recover input values

of erosional parameters and uplift rates (see e.g., Figures 2.23, 2.40a-b). However, it is also shown
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Figure 2.36: Impact of un-eroded noise on metrics: An example. (a) Steady state ‘square’
landscape generated with up to 1 m of white noise in its initial condition (Figure 2.8: ensemble 1),
and with up to 20 m of white noise added after the final model time step. Filled grey transect shows
topographic profile of steady state landscape (without final noise). (b) Same landscape as in panel
(a), but with up to 200 m of un-eroded noise. Black outline shows location of the same (longest)
river in landscapes with final noise added. (c–i) Yellow/orange = geometries and metrics extracted
from landscapes with up to 20 and 200 m of un-eroded noise. (c) Black dashed curve = hypsometry
of landscape shown in panel (a); colours = hypsometries of landscapes with un-eroded noise. (d–f)
Longitudinal profiles of rivers in largest drainage basin (see panel a), slope-area and χ analyses of rivers
shown in panel (d) respectively, for steady state landscape and landscape with 0–20 m noise added.
(g–i) As above, for landscape with 0–200 m noise added. Metrics for un-eroded red and blue noise are
shown in Figures 2.38 and 2.39
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Figure 2.37: Examples of geometries of river profiles and associated metrics in landscapes
with un-eroded white noise. (a–d) Results when up to 2 m of un-eroded noise is added to steady
state landscape shown in Figure 2.12e (see Figure 2.36). (a) Longitudinal profiles of rivers extracted
from largest basin. (b) Grey circles = slope-area analysis and associated metrics of the longest river.
Note: some measurements extend beyond panel bounds in later examples with higher amplitude noise.
Black line = linear regression; associated values of θ, ks and Urec are annotated. True uplift rate =
0.2 m/kyr, and θ = 0.5. (c) Chi-elevation profiles of rivers shown in panel (a). Black line = linear
regression. Inset shows R2 values for different concavity indices used to linearise river profiles; red
dashed line = true value used to produce the landscape. (d) Hypsometry of steady state landscapes with
only initial noise (solid) and with additional (un-eroded) noise (dashed; cf. Figures 2.36a and 2.36b).
(e–h) and (i–l) Results when up to 20 and 200 m of un-eroded noise are incorporated, respectively.

that this technique does not yield accurate results under conditions of spatially variable uplift (Figure

2.28), or when noise is added during or at the end of a simulation (Figures 2.36, 2.40a-b). This finding

is also true of χ analysis, which is impacted by noise in a different way.

The specific arrangement and distribution of noise used as a starting condition can change the value of

the reference concavity which best linearises z(χ) profiles. The sensitivity of χ to reference concavity

values has also been shown by Gailleton et al. (2021). Best-fitting reference concavity values are shown

in Figure 2.40c, and can vary from the true value of 0.5 (in this study). The colour of noise has

a minor impact on the variance of the distributions. The distributions become less centred on 0.5

when the amplitude of initial or final noise increases, or when quenched noise is present. Figure 2.27

shows the impact of using different values of θref to generate z(χ) plots, and the resulting distributions

of uplift rate calculated from the slopes of these profile are shown in Figure 2.40e. Several clusters

of distributions exist because of the different best-fitting values of θref , with calculated uplift rates

varying between 0.5 and 1.5× the true uplift rate for scenario A, and up to 2× the true uplift rate

for scenarios B-D. Even in the case of z(χ) profiles calculated using the true value of θ = 0.5, rather

than the best-fitting θ, recovered uplift rates are distributed around the true uplift rate of 0.2 m/kyr

(Figure 2.40d). This result highlights the uncertainties generated from noisy conditions in landscape

evolution models and thus the challenges associated with interpreting outputs from single models.

A further complication in recovering tectonic information from slope-area and z(χ) analyses arises

in cases where uplift is spatially variable, e.g., for domal landscapes. In general, Figures 2.28a-b

demonstrate that slope-area analysis is an inappropriate tool for recovering uplift rates and erosional

parameter values from domal landscapes, or more broadly landscapes with spatially variable uplift.

This comment is extended to also encompass χ analysis when used in this way, given the absence

of (col)linearity of z(χ) profiles in Figure 2.28b and the best-fitting reference concavity being close
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Figure 2.38: Geometries of river profiles and associated metrics generated with un-eroded
red noise. (a–j) See caption to Figure 2.37 for extended description.
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Figure 2.39: Geometries of river profiles and associated metrics generated with un-eroded
blue noise. (a–j) See caption to Figure 2.37 for extended description.
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to 1, rather than the true value of 0.5. It is acknowledged that modifications to χ analysis exist to

account for spatially variable uplift (see e.g., Mudd et al., 2014; Hergarten et al., 2016; Mudd et al.,

2018). In practice, both slope-area analysis and χ analysis rely on an assumption of steady state,

which are discussed in section 2.4.2. This result, generated under steady state conditions and different

arrangements, distributions, or implementations of noise, extends those of Mudd et al. (2018), who

generate examples of transient synthetic landscapes with spatially variable erodibility or uplift rate,

and calculate distributions of best-fitting reference concavities from different basins, across a range of

calculation methods.

One could also argue that the uplift applied to the ‘square’ landscapes in scenario B is spatially

variable, due to the presence of quenched noise. A consequence of quenched noise is to add scatter to

slope-area data such that recovered uplift rates are distributed between 0.26 and 0.37 m/kyr (Figures

2.31g, 2.40b). Given that the mean elevation of noise added per time step is 0.5 m, and the maximum

elevation added is 1 m, it might be expected that quenched noise contributes an additional mean and

maximum uplift rate of 0.05 and 0.1 m/kyr, leading to mean and maximum calculated uplift rates of

0.25 and 0.3 m/kyr respectively. Recovered uplift rates being up to 0.37 m/kyr is interpreted as the

result of scattered data and trade-offs between the slope and intercept (from which uplift rates are

calculated) of the best-fitting linear regression (see Figure 2.33). The presence of quenched noise in

models tends to generate considerable spread in slope-area data, and thus in calculated intercepts (and

thus uplift rates). In contrast, uplift rates recovered from slope-area data in scenario C are offset from

the true uplift rate by 0.05 m/kyr, i.e., the mean amplitude of uplift added from noise. It is noted that

it is unlikely that the true amplitudes of noise are known for real landscapes, meaning that it is not

trivial and perhaps impossible in some circumstances to correct uplift rates calculated in this way for

noise.

Variability in Hack exponent value

A consistent result across all model scenarios and ensembles is the variability in Hack exponent value,

h, due to different arrangements and distributions of noise. Hack exponent values vary between 0.45

and 0.75, generally a larger range than previous studies which calculate h based on data from natural

landscapes across regional and global scales (Hack, 1957; Mueller, 1972; Montgomery and Dietrich,

1992; O’Malley, 2020; He et al., 2024; Singer et al., 2024). Many of these studies find 0.45 ≤ h ≤ 0.7,

whilst dimensional analysis predicts h = 0.5. It has been suggested that Hack exponent values < 0.5

imply that drainage basins are widening and values > 0.5 imply elongating basins (Mueller, 1972).



92 Chapter 2. Impact of Noise on Landscapes and Metrics Generated with Stream Power Models

Many of the distributions of h calculated from the models have values > 0.5, indicating that, if this

reasoning is accepted, basins are elongating more than they are widening. Figure 2.40f demonstrates

that on average, landscapes initialised with red noise in Scenarios A–D produce lower Hack exponent

values than their white and blue noise counterparts, implying that their catchments are elongating at

a slower rate. However, it is unclear that the temporal evolution of drainage basins can be related

to length-area relationships obtained at a single model time step, and in many cases the topography

is at a numerical steady state (i.e., ∂z/∂t = 0 everywhere), indicating no change in basin geometry.

Prior studies have recognised the potential for drainage basin scale to influence the calculation of h

(Mandelbrot and Wheeler, 1983; Robert and Roy, 1990). The drainage basins in the models used to

calculate Hack exponents range in size from 107–109 m2. These sizes fall within the range of basin areas

from which Hack exponents have been calculated in previous studies, though are closer in size to those

originally examined by Hack (1957), who found h > 0.5. Extraction of channel lengths and upstream

areas from synthetic landscapes also circumvents measurement errors encountered when calculating

these metrics from field data or digital elevation models.

Climatic conditions have also been suggested to influence Hack exponent values. For example, Yi

et al. (2018) categorise drainage basins in the contiguous United States by aridity index and find that

h ≃ 0.49 for basins in arid regions, and h ≃ 0.59 for basins in humid regions. Conversely, Singer et al.

(2024) find from a global drainage dataset that h increases with increasing aridity. Findings from

this chapter suggest that different arrangements and distributions of noise within landscape evolution

models produce at least as much variance in Hack exponent values as climatic variables. This result is

similar to that of Sassolas-Serrayet et al. (2018) and O’Malley (2020), who found a limited influence

of (modern day) mean annual precipitation (and lithology) on Hack exponent values calculated from

observational data.

2.4.2 An assumption of steady state

A fundamental assumption underlying the recovery of uplift rates and erosional parameter values

from widely used techniques such as slope-area or χ analyses is that uplift rates are balanced by

erosion, i.e., there exists a topographic steady state. When operating with synthetic landscapes it

is straightforward to numerically verify that this condition is true (e.g., Figure 2.9). The results of

this chapter demonstrate that, even under conditions of steady state, recovery of uplift rates and

erosional information is complicated by the choice of how noise is included within models, which leads

to distributions of recovered values, shown in Figure 2.40.
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Notwithstanding inconsistencies in how steady state topography is defined, as outlined by Gasparini

et al. (2024), in general, observational evidence to confirm that landscapes in the real-world are at

topographic steady state is scant. In fact, most continental topography appears to refute the steady

state assumption, which in general must be wrong because geological observations (e.g., uplifted marine

rock; sedimentary isopachs indicating punctuated sedimentary flux; incision rates from radiometrically

dated rocks) demonstrate that topography increases and decreases in elevation on a variety of spatial

and temporal scales, and may horizontally advect (e.g., Rust and Summerfield, 1990; Young and

McDougall, 1993; Roberts and Kirschbaum, 1995; Willett and Brandon, 2002; Karlstrom et al., 2007;

Stephenson et al., 2019; Racano et al., 2020; Malatesta et al., 2022). These observations, alongside

the findings from synthetic landscapes in this chapter, and results from some analogue models, call

into question the utility of geomorphic techniques which rely on assumptions of steady state (see e.g.,

Hasbargen and Paola, 2000).

2.4.3 Drainage planform variability and maximum drainage sizes

Figures 2.15 and 2.18 demonstrate how different arrangements and colours of noise can lead to different

drainage planform structures. This result extends that of Kwang and Parker (2019), who interpret the

lasting influence of initial conditions in landscape evolution models as an absence of other mechanisms

that can remove initial network structure (e.g., lateral erosion and migration of channels present in

natural environments; Kwang et al., 2021). Figure 2.15 emphasises how landscapes that evolve with

identical tectonic histories can have different geometries due to noise. It is clear that in such cases using

Euclidean-based approaches to compare modelled and observed elevations of entire landscapes may lead

to undesirable high misfit when tectonic histories are in fact similar. Instead, minimising misfits (via

inverse modelling for instance) to recover tectonic (uplift) rates probably requires techniques that can

‘see through’ the local complexity of precise planform arrangements introduced by specific arrangements

of noise (e.g., Morris et al., 2023). More generally, broadly equal probabilities of channel locations under

the uplift and erosional conditions modelled (Figure 2.18) indicates that caution should be taken when

interpreting drainage planform structures, or related metrics, from single models, or observations. It

is noted that the drainage planform patterns of ‘square’ landscapes containing quenched or spatio-

temporal noise (scenarios B, C) more closely resemble the general structure of probabilistic drainage

maps than landscapes containing only initial noise (scenario A). For instance, landscapes generated

with spatio-temporal or quenched noise tend to have interfluves and high topography with low drainage

probability extending in a ‘cross’ from the centre of the domain to each corner; cf. Figures 2.31a-b,
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Figure 2.40: Impact of noise on variance of geomorphic metrics from steady state land-
scapes. Series of histograms showing the distribution of different geomorphic metrics under different
noisy conditions for the ‘square’ landscape (Scenarios A–D; see Figures 2.7–2.8). Black dashed lines =
true values, used to produce the LEMs. For the quenched and spatio-temporal examples, up to 1 m of
noise was added at every time step. (a–b) Concavity index and uplift rate recovered from slope-area
analysis. (c) Value of concavity index that best linearises χ-elevation plots. (d) Corresponding uplift
rate associated with the slope of the best-fitting line of χ-elevation data, from the rivers of the four
largest basins transformed using θ = 0.5. (e) As per (d), for a slope of the best-fitting line of χ-elevation
data from the rivers of the four largest basins, transformed using the respective best-fitting values of
θ. (f) Values of Hack exponent calculated from river length-upstream area relationships.
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2.34a-b, 2.20. Perhaps surprisingly, even landscapes with quenched noise display this pattern. These

results indicate that repeated insertion of noise (i.e. at each time step), reduces the influence of noisy

initial conditions on the geometries of landscapes at large scales.

Similarly, the position of drainage divides can also depend on noisy starting conditions, for example

the areas of low probability in the ‘escarpment’ landscapes shown in Figures 2.18d-f. In particular,

models initialised with red noise have less well-defined regions of low drainage probability. This result

is interpreted as a consequence of long wavelength changes in topography permitting initial flow-lines

to span across more than half of the domain, even after sink-filling. Conversely, the shorter wavelength

topographic roughness present in landscapes initialised with white or blue noise means that the largest

drainage basins usually terminate at the centre of the domain, leading to consistent regions of low

drainage probability (see Figures 2.18b-c). This is also interpreted as a mechanism for why the largest

drainage basins in ‘square’ landscapes initialised with red noise are, on average, larger than those from

landscapes initialised with white or blue noise (Figure 2.16).

2.4.4 Comparison to natural landscapes

The relevance of initial, quenched, and spatio-temporal noise

The result that distributions in geomorphic metrics arise from different arrangements, colours, and

implementations of noise within landscape evolution models is a finding similar to that of Perron

and Fagherazzi (2012), and emphasises that the application of noise is not an arbitrary model choice.

Whilst noisy initial topography enables the generation of realistic drainage planforms within models,

it can also be representative of natural processes or features. For example, noisy starting conditions

may be considered to represent a palaeotopography. In some studies, it may be inappropriate to

solely implement random noise as a starting condition, for example where it may be possible to guess

palaeotopography prior to volcanic eruption or ice cover, for instance (e.g., Paxman et al., 2019;

Barnhart et al., 2020d; O’Hara et al., 2024). Yet in many other studies and at different scales,

palaeotopography is unknowable and therefore assessing uncertainties using ensembles of models with

variable starting conditions is probably a sensible, perhaps necessary, strategy.

However, it is questionable whether the application of noise exclusively as an initial condition is a

reasonable assumption. Perhaps incorporating noise throughout model run time is closer to reality. For

instance, erosion of substrate with constant (in time) erodibilities, or landsliding occurring repeatedly

in the same place, could be regarded as sources of quenched (i.e., fixed for all time) noise. In general
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however, geomorphic noise in natural landscapes must vary as a function of space and time. For

instance, as lithologies with different erodibilities are exposed. Thus, in scenarios B–C the consequences

of adding quenched and spatio-temporal red, white, or blue noise with amplitudes 0 to 1 m and −0.5

to 0.5 m throughout model run time are explored. Figures 2.31g and 2.34g show that noise generates

uncertainty in recovered uplift rates, which can be considerable (see also Figures 2.32 & 2.35).

Colour, scale, and metrics

The spectral content of synthetic steady state landscapes generated in scenario A is characteristic of

red noise (ϕ ∝ k−2). Similar spectral characteristics have been identified in natural landscapes, across

scales from centimetres to thousands of kilometres (e.g., Balmino, 1993; Birnir et al., 2001; Perron

et al., 2008; Booth et al., 2009; Roberts et al., 2019). Wavelet spectral analysis of longitudinal profiles

for large African rivers shows that their power spectra can be characterised as pink noise (ϕ ∝ k−1)

at wavelengths ≲ 100 km and as red noise (ϕ ∝ k−2) at longer wavelengths (Roberts et al., 2019).

The transition from complexity at local scales to relative predictability at large scales emphasises why

some geomorphic metrics are more sensitive to noise than others. For example, it is unsurprising that

the recovery of uplift rates or erosional parameter values from derivatives (i.e., topographic slopes,

dz/dx, or gradients of z(χ) profiles, dz/dχ) is hampered by the addition of noise; Figure 2.36. In these

examples, metrics which incorporate topographic information from restricted spatial scales are likely

to have lower signal to noise ratios, and differentiation of noisy data accentuates uncertainties. In

comparison, geomorphic metrics which consider the entire shapes of landscapes, such as hypsometry,

appear less sensitive to noise.

2.4.5 Limitations and recommendations

Obvious ways in which the work presented could be extended include assessing the impact of noise using

other landscape modelling software packages (e.g., Badlands, CHILD, FastScape) or by randomising flow

directions (Tucker et al., 2001; Salles, 2016; Salles and Hardiman, 2016; Bovy, 2021). Secondly, it is

noted that alternative approaches to defining noise could be examined. I briefly explored the use of

simplex noise (related to Perlin noise) but found it to generate linear artefacts (Perlin, 2002). Third,

there are a host of additional geomorphic properties that have not been examined that may be impacted

by noise, such as sedimentary flux.

The first recommendation concerns the application of noise within landscape evolution models. Noise

should be expected to always be present, even if it is difficult to quantify, in real landscapes (Birnir
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et al., 2001). I therefore consider the application of noise as an important, and not arbitrary, choice

within models that seek to represent natural landscapes and underlying mechanisms which govern

their evolution. It is shown that two widely used techniques (namely slope-area and χ analyses)

for recovering uplift rates or erosional parameter values from topography can give results that are

wrong but look correct, even when a landscape is demonstrably at topographic steady state. If such

methodologies are used, it is suggested to, first, do more, for instance re-run models many times to

test the impact of uncertainties (noise), and to explicitly communicate the distributions (colours) and

amplitudes of noise used within model configurations. Second, do it better, i.e., find ways to ensure

that fundamental assumptions, such as topographic steady state, are appropriate. One pragmatic way

of doing so is to use independent evidence (e.g., geologic evidence of uplift or erosion) to test results.

Third, above all else, acknowledge and communicate uncertainties, e.g., in calculated uplift rates or

concavity indices from metrics-based approaches.

The second recommendation is to use or develop other methodologies that allow assumptions about

topographic steady state to be relaxed, and explicitly incorporate uncertainties. Inverse modelling of

landscapes for uplift rate histories, for instance, allows one to avoid many of the pitfalls associated

with metrics-based approaches, in particular when probabilistic approaches are taken (e.g., Willgoose

et al., 2003; Croissant and Braun, 2014; Rudge et al., 2015).

2.5 Conclusions

Landscapes with the same uplift and erosional forcings evolved to equilibrium conditions using the

SPM can have very variable geometries as a result of noise inserted into their starting conditions or

as models evolve. Extraction of geomorphic information from such landscapes using common metrics-

based approaches (slope-area, χ), and subsequent recovery of uplift rates, erosional parameters values,

and Hack exponents, show that varying the arrangement, distribution, and implementation of even

small amplitudes (< 1% of cumulative uplift) of noise can produce results with broad distributions.

Adding quenched noise to models produces more uncertainty in recovered uplift rates than when noise

varies spatio-temporally. Observations of the spectral content in natural landscapes indicates that

features with red noise are prevalent. The largest drainage basins produced in modelled landscapes

initialised with red noise tend to be larger than those in landscapes initialised with white or blue

noise. Positions of drainage divides in landscapes initialised with red noise are less predictable than

those generated with white or blue noise. All introduce considerable uncertainties in the position of
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drainage divides and basin geometries. The production of distributions in results arising from noisy

conditions illustrates the benefits of probabilistic or ensemble approaches to modelling, and the peril

of interpreting predictions from single models. It is suggested that assessing the impact of noise on

SPM predictions benefits from two considerations. First, utilising ensembles of models. Secondly,

assessment of the distributions of geometries including elevations, planforms, drainage divides, length-

area relationships, and metrics, e.g., concavity and steepness indices. Doing so provides insight into

the uncertainties that arise solely through the incorporation of noise, which can be considerable.

A general goal of geomorphology is to understand and quantify the vertical motions of continental

topography through geologic time. Inverse modelling provides an attractive approach to do so, in par-

ticular because it does not necessarily require assumptions around topographic steady state. However,

it is clear that variable landscape geometries arising due to noise, rather than tectonics, can pose prob-

lems for inverse methods that seek to compare landscapes using pixel-wise (Euclidean) approaches. It

is therefore likely that other techniques for comparing landscapes are required in order to identify their

tectonic histories. This topic is explored in the next chapter.



Chapter 3

Introducing the Wasserstein distance as a

tool for inverting landscapes

Abstract

Extricating histories of uplift and erosion from landscapes is crucial for many branches of the Earth sci-
ences. An objective way to calculate such histories is to identify calibrated models that minimise misfit
between observations (e.g., topography) and predictions (e.g., synthetic landscapes). In the presence
of natural or computational noise, widely used Euclidean measures of similarity can have complicated
objective functions, obscuring the search for optimal models. Instead, the Wasserstein distance is in-
troduced as a means to measure misfit between observed and theoretical landscapes. Results in this
chapter come in two parts. First, it is shown that this approach can generate much smoother objective
functions than Euclidean measures when realistic landscapes are compared, simplifying the search for
optimal models. Second, it is shown how locations and amplitudes of uplift can be accurately recovered
from synthetic landscapes even when seeded with different noisy initial conditions. Results suggest
that this approach holds promise for inverting real landscapes for their histories, which will be explored
in Chapter 4.

Publication Note

Part of the work presented in this chapter has been published as:

Morris, M. J., A. G. Lipp, and G. G. Roberts (2023). ‘Towards Inverse Modelling of Land-
scapes using the Wasserstein Distance’. Geophysical Research Letters 50, e2023GL103880,
DOI: 10.1029/2023GL103880

For reproducibility purposes, code and data relevant to this chapter can be found at

https://github.com/MatthewJMorris/landscape-wasserstein.
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3.1 Introduction

Planetary surface topography is shaped by geologic and geomorphic processes operating on a broad

range of spatial and temporal scales (e.g., Davis, 1899; Bishop, 2007; Anderson and Anderson, 2010;

Wapenhans et al., 2021). A general goal is to identify geologic and geomorphic models that can

accurately predict observed landscapes. For example, a suite of inverse models have been developed to

identify uplift rate histories that yield low residual misfits to longitudinal river profiles (e.g., Pritchard et

al., 2009; Roberts and White, 2010; Goren et al., 2014a; Gallen and Fernández-Blanco, 2021). Despite

increased computational expense, forward and inverse modelling of two dimensional landscapes can

incorporate geomorphic information that is not captured by river profiles (e.g., Croissant and Braun,

2014; Barnhart et al., 2020d; O’Malley et al., 2021). They can also be used to relax assumptions about

drainage planform stability and include other erosional processes (e.g., hillslope erosion).

An important development in this field has been the application of methodologies to efficiently search

the parameter space of landscape evolution models for those that yield low residual misfit, e.g., conju-

gate direction, linear least squares, neighbourhood algorithm and Bayesian minimisations (e.g., Roberts

and White, 2010; Croissant and Braun, 2014; Fox et al., 2014; Glotzbach, 2015; Rudge et al., 2015).

Fundamental to these approaches is deciding how observed and synthetic landscapes should be com-

pared. An obvious and commonly used approach is to measure similarities using Euclidean distances

such as root mean squared misfit (e.g., Roberts and White, 2010; Croissant and Braun, 2014). In spe-

cial cases the objective functions used to search for optimal models can vary smoothly and have single

minima when calculated using Euclidean distances. For example, if the landscapes being compared

vary smoothly (e.g., approximating Gaussian domes). However, most landscapes have complicated

shapes (e.g., ridges and valleys, drainage networks), which can produce complex objective functions

with many local minima. It is challenging to automate the search for optimal landscape evolution

models when objective functions are complex and contain local minima.

As is well known, a related and important issue is that, the location of drainage networks in landscape

evolution models are sensitive to inserted noise (see e.g., Perron and Fagherazzi, 2012; Kwang and

Parker, 2019; Lipp and Roberts, 2021, and Chapter 2). Noise is often inserted into the starting condi-

tions of landscape evolution models to promote realistic channelisation, but may also be considered as

representing a palaeotopographic surface, or local variations in elevation that arise from geomorphic

processes, as is discussed in Chapter 2. Models with slightly different distributions or arrangements of

noise can produce landscapes with ridges and valleys in different locations, even when inserted uplift
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histories and erosional parameters are the same (e.g., Kwang and Parker, 2019). Consequently, Eu-

clidean measures of misfit, which typically calculate pixel-wise differences in elevation, are sensitive to

noise. As such, automating the search for optimal (‘true’) uplift or erosional histories again becomes

challenging.

In this chapter I introduce a methodology using the Wasserstein distance, a metric from the field

of Optimal Transport, which resolves many of these issues due to its ability to consider both the

amplitude and location of mass. I first demonstrate the calculation of Wasserstein distances using one

dimensional topographic transects. I then demonstrate how it can be used to identify optimal two

dimensional synthetic landscapes even in the presence of added noise.

3.2 Euclidean statistics

As far as I am aware, all studies that have formally inverted landscapes have made use of Euclidean

statistics, e.g., root-mean-squared (RMS) or the l2-norm, to assess misfit (Croissant and Braun, 2014;

Barnhart et al., 2020d,e; O’Malley et al., 2021; Curry and van der Beek, 2025; Petit et al., 2025; van

der Meij, 2025). This approach compares elevations on a pixel by pixel basis, i.e., zo(x, y) vs. zc(x, y),

where zo and zc indicate observed and calculated elevations, and x and y are spatial co-ordinates. The

RMS and l2-norm can be defined as

[︄
1

N

N∑︂
i=1

(zoi − zci )
2

]︄1/2

and

[︄
N∑︂
i=1

(zoi − zci )
2

]︄1/2

, (3.1)

respectively, where zoi and zci are the respective elevations of the observed and calculated landscapes.

N is the number of measurements of elevation, e.g., along a transect.

It is acknowledged that some existing inverse models incorporate other observations into their assess-

ment of goodness of fit, which are not discussed further in this chapter (e.g., thermochronometric or

cosmogenic derived estimates of denudation, radiometric estimates of incision rates; Glotzbach, 2015;

Pedersen et al., 2018; Gallen et al., 2023; Curry and van der Beek, 2025).

The use of Euclidean statistics in inverse modelling of entire landscapes can introduce a serious prob-

lem for recovery of tectonics from topography. The central issue, akin to cycle-skipping problems in

seismology (see e.g., Sambridge et al., 2022), is that noise at small scales plays a considerable role

in determining landscape geometries at larger scales, leading to topographic valleys and ridges ‘mis-

aligning’ in landscapes with similar, or identical, tectonic histories. Consequently, maps of misfit have
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local minima, which can easily lead to undesirable outcomes (such as solutions with the incorrect up-

lift history) or too broad a suite of acceptable solutions to be useful. With regards to the real world,

spectral analyses of flow directions indicate that it is highly likely that the geometries of landscapes

(and consequently drainage planforms) at some scales is largely arbitrary with regards to tectonics

(e.g., Lipp and Roberts, 2021). Instead they are determined by the essentially unknown (and prob-

ably unknowable) history of processes introducing noise at smaller scales. These reasons mount to

why Euclidean measures of misfit, which are sensitive to local noise, are unlikely to be well suited for

identifying optimal models and for recovery of tectonics from topography. The Wasserstein distance is

introduced in the next section as an alternative method to compare landscapes.

3.3 Wasserstein statistics: theory

Also known as the Earth-mover’s distance, the Wasserstein distance is a statistical measure of the

work required to map or transform one probability distribution to another given a specified metric

space (e.g., Euclidean space). An intuitive understanding of the Wasserstein distance can come from

considering the movement of one pile of material (such as sand) into another pile, with no loss or

gain of material. The optimal transport plan is the one which transports material the least amount

of distance, where ‘distance’ can be arbitrarily defined. The Wasserstein distance is the total cost

associated with this optimal transport plan. Originating from the work of Monge (1781) on Optimal

Transport, calculation of Wasserstein distances have been developed by Kantorovich (1942) and Villani

(2003). The Wasserstein distance has been applied to a range of problems in computing (Arjovsky

et al., 2017), chemistry (Seifert et al., 2022), oceanography (Nooteboom et al., 2020; Hyun et al.,

2022), climate science (Chang et al., 2015; Vissio et al., 2020), geophysics (Engquist and Froese,

2014; Métivier et al., 2016a,b; Sambridge et al., 2022), sedimentology (Lipp and Vermeesch, 2023),

and hydrology (Magyar and Sambridge, 2023). As far as I am aware it has not been used to invert

landscapes for their properties (e.g., uplift histories, erosion rates, sedimentary fluxes).

For one dimensional distributions along the real line, the Wasserstein distance can be calculated an-

alytically. Consider two 1D distributions p and q where
∫︁∞
−∞ p(x)dx =

∫︁∞
−∞ q(y)dy = 1. The pth

Wasserstein distance between p and q is given by

Wp(p, q) =

[︃∫︂ 1

0
|P−1 −Q−1|pdt

]︃1/p
, (3.2)
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where P and Q represent cumulative density functions (CDFs) of p(x) and q(x); P (x) =
∫︁ x
−∞ p dx

and Q(y) =
∫︁ y
−∞ p dy. In one dimension, when p = 1, Equation 3.2 decomposes to represent the area

between the two inverse CDFs and is equivalent to the area between the two CDFs.

An illustrative example is shown in Figure 3.1. Two probability density functions p(x) and q(y) are

shown in the top left panel. In this case, p(x) and q(y) are normal distributions with different mean

values and standard deviations. In general, a variable X that exists in a metric space (e.g., distance,

time) m can be described with a probability density function fX(m). A quantified similarity between

p(x) and q(y) is sought by calculating a Wasserstein distance, representing the minimum ‘cost’ required

to transform p(x) to q(y). An efficient approach to do so, following Sambridge et al. (2022), represents

p(x) and q(y) as weighted sums of Dirac delta functions. These can be defined as

p(x) =

np∑︂
i=1

piδ(x− xi), and q(y) =

nq∑︂
j=1

qjδ(y − yj), (3.3)

where the delta function δ(x−xi) represents a unit point mass at position xi, weighted by the value of

p(x) at that position, pi. Eight example delta functions for both p(x) and q(y) are shown in Figure 3.1a,

represented by the vertical dotted lines that terminate at white circles. In general a larger number of

individual delta functions are required in order to adequately represent f(m). Note that the number or

location of delta functions does not have to be identical for the two probability densities (i.e., np ̸= nq,

xi ̸= yj), though in this example, both are. The probability density functions, and their delta function

representations, must both integrate to 1.

The delta function approximations of p(x) and q(y) are converted to cumulative density functions, P (x)

and Q(y). The delta function CDFs are piecewise functions that have the appearance of staircases when

the number of delta functions representing p(x) and q(y) is small, and closely approximate the true

CDFs when the number of delta functions is large. Note that Figure 3.1b shows CDFs of p(x) and

q(y) using a large number of delta functions and not using the eight delta function representations. In

general, an advantage of transforming f(m) to F (m) is to ensure both functions are defined on the

interval [0, 1]. P−1(t) and Q−1(t), the inverse cumulative density functions (also known as quantile

functions), are calculated from P (x) and Q(y) and are shown in the Figure 3.1c with the cumulative

density (i.e. in general terms, F (m)) represented by the variable t. The difference between the two

quantile functions is shown by the hashed region, and in Figure 3.1d as a function of cumulative

density. Integrating these differences (Equation 3.2) gives the Wasserstein distance. When p = 1, the

Wasserstein distance is the area between the two quantile functions.
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Figure 3.1: Schematic illustrating how a Wasserstein distance is calculated between two
probability density functions (a) Pink and yellow curves show two probability density functions,
p(x) and q(y), defined on an arbitrary metric space, Both p(x) and q(y) are normal distributions,
with q(y) having a standard deviation twice as large as p(x). Dotted vertical lines terminating at
white circles show examples of delta functions; see body text for details. Black arrow indicates the
transformation of p(x) to q(y). (b) P (x) and Q(y) are cumulative density functions calculated from
p(x) and q(y) respectively. (c) Inverse cumulative density functions, defined as a function of t, where
t represents cumulative probability. (d) Black line shows the absolute difference between Q−1(t) and
P−1(t).
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Whilst straightforward to visualise W1, there are two advantages of using a squared Wasserstein dis-

tance (p = 2,W 2
2 ). The first is that mathematical functions that use the Wasserstein distance as a

measure of (dis)similarity between two distributions, for instance objective functions that are developed

in this chapter, are more likely to have favourable structures (e.g., steeper gradients, see Sambridge

et al. (2022) Figures 1 & 7 for examples) which can benefit automated techniques in finding optimal

solutions. Additionally, as shown by Irpino and Romano (2007), under certain conditions the squared

2-Wasserstein distance between two density functions decomposes in terms of the differences between

the two distributions’ location, spread and shape. This result is useful because these terms could

intuitively describe how functions differ from each other.

3.4 Calculating Wasserstein distances in one dimension

A simple demonstration of how Wasserstein distances can be calculated and used to locate best-fitting

theoretical distributions is shown in Figure 3.2. A suite of normalised synthetic functions are shown in

black, termed here as ‘target’ distributions. An equivalent function, shown in red and termed as the

‘source’ distribution, has been translated in the negative x direction. The normalisation transforms

the functions into probability distributions; for a function f(x) evaluated on N pixels, the normalised

function f∗(x) is

f∗(x) =
fi(x)∑︁
i fi(x)

, (3.4)

where i ∈ {1, 2 . . . N}. Each source function is progressively translated across the abscissa, overlapping

with the target, and continuing until there is no overlap. The l2-norm (dark red; Equation 3.1) and

squared Wasserstein (light blue; Equation 3.2) misfit are shown in the right panels, calculated at each

translation step. In all cases, the Wasserstein misfit is quadratic, whereas the Euclidean misfit contains

local minima.

It is instructive to demonstrate the relevance of this experiment for geomorphology by extending it to

an observed landscape. Figure 3.3 shows how Wasserstein distances can be used to identify an optimal

topographic transect. This transect was chosen to demonstrate how an optimal source (e.g., theoretical

landscape) can be identified even for quasi-periodic topography, analogous to ‘cycle-skipping’ problems

in seismology. The transect was extracted from the SRTM 1 arc second dataset across the Appalachian

mountains, USA (Figure 3.3a: A—A′; horizontal resolution ∼ 30 m). The resultant target profile is

shown in Figure 3.3b (black polygon). Source transects (e.g., red polygon in Figure 3.3b) are generated

by translating the target transect in the same style as Figure 3.2. Initially the source transect does not
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Figure 3.2: Comparison of Euclidean and Wasserstein misfit for synthetic one-dimensional
functions (a) Black line (target) = y = 2π sin(x) + 1, normalised to unit mass and discretised to
range π

2 to 9π
2 . Red line (source) = same function, translated by -4.5π units. Red circle marks starting

position over which the source is translated across the target. (b) Euclidean (dark red) and Wasserstein
(light blue) calculated as source function is translated across target. Panels (c) to (l) show the same
process for different functions. (c) y = 2 sin(x2 )+

sin(2x)
2 , (e) y = sin(x+ π

2 )+2+µ, where µ is random
Gaussian noise with a standard deviation of 0.2. (g) Gaussian distribution with a mean = 0 and
variance = 0.5. (i) Noisy Gaussian. As per (g), except random Gaussian noise added with standard
deviation of 0.005, (k) Ricker wavelet with un-normalised amplitude of 8 and mean of 100.

overlap with the target, it is progressively shifted until it fully overlaps, before continuing translating

until, again, there is no overlap. Euclidean misfit and a Wasserstein distance are calculated for each

translated (source) transect. These transects have identical absolute elevations. Thus, in this scenario

I define the Wasserstein misfit simply as the squared one dimensional Wasserstein distance between

the two normalised elevation profiles (Equation 3.2).

The Euclidean misfit function in Figure 3.3c is complicated and contains several local minima, high-

lighted by the arrows. However, the associated Wasserstein misfit function (Figure 3.3d) is smooth

and quadratic, with a single minimum located where the two transects are aligned. The simple one

dimensional examples presented in Figures 3.2 and 3.3 suggest that the Wasserstein distance holds

promise for comparing real topographic data. In particular, that automated techniques for efficient

locating of minima (e.g., Brent’s method) within misfit functions are more likely to be successful if

similarity between topography is measured using Wasserstein, rather than Euclidean, statistics.

3.5 Wasserstein distance in two dimensions

The Wasserstein distance is, in general, applicable to distributions of N dimensions. When N > 1 this

problem has no known analytical solution and can be solved via linear programming (e.g., Peyré and

Cuturi, 2019). This approach can be computationally expensive (calculation cost scales O(n3 + log n)

where n is the number of data (grid) points), which is undesirable for inverse problems. However

it is important to recognise the existence of such solutions, and an explanation of calculating the

Wasserstein distance using a linear programming approach is provided here for N = 2, as landscapes

have two dimensions in addition to their elevations.

For a pair of two dimensional density functions f(x, y) and g(x, y), a Wasserstein distance can be

calculated with the following approach: First, a cost matrix is calculated, representing the distance

from each coordinate point in the source function (f) to every coordinate point in the target function
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Figure 3.3: Wasserstein and Euclidean (RMS) misfit between observed (target) and the-
oretical (source) topographic transects. (a) Transect A—A′ across the Appalachian mountains,
USA. Red box on inset map indicates region shown in panel (a). Topography extracted from SRTM
1 arc second dataset. (b) Black polygon shows observed elevation along transect A—A′; dashed black
line = profile mid-point. Theoretical transects were generated by translating the observed transect left
and right (red arrows); red dashed line = mid-point of example theoretical transect (red translucent
polygon). (c) Euclidean (RMS) misfit between observed and theoretical transects. Distance = distance
between mid-points of observed and theoretical transects. Arrows = local minima. Black dashed line
= global minima; centre of observed transect. Red arrow and circle = misfit of theoretical transect
shown in panel (a). (d) Wasserstein misfit (Equation 3.2) between observed and translated transects.
Red circle = mid-point of theoretical transect shown in panel (b). Black dashed line = global minima
at mid-point of observed transect shown in (a).

(g). A choice must be made about the method used to transform these points, known as the cost

function. Several approaches exist including the squared Euclidean distance, Manhattan distance, and

Jaccard similarity. A squared Euclidean distance is an intuitive and very commonly used type of cost

function, and I therefore proceed with in this example. The cost cij to transport point i to point j

using a squared Euclidean distance is given by

cij = (xi − xj)
2 + (yi − yj)

2, (3.5)

where xi and yj are the x and y coordinates of the ith and jth discrete points in the distributions. A

map of transport cost, known as the cost matrix may be constructed by computing the cost function

for all pairs of coordinates.

There are a number of ways to transport f to g, however some are more efficient than others. Any

chosen method of transport is given by a transport plan, πij , defined as the mapping of the source

distribution onto the target distribution. i.e., entry i, j corresponds to how much of the source distri-

bution f is translated from point i onto point j. Thus the total cost, C, of any given transport plan

is

C =

nf ,ng∑︂
i=1,j=1

πijcij . (3.6)

The most efficient, or optimal, transport plan is sought, which results in the least cost to transport f

to g (i.e. minimises C). This transport plan can be given generally, as per Kantorovich (1942), by the

linear programming problem

W = min
πij

∑︂
i,j

πijcij . (3.7)

Equation 3.7 is subject to three constraints. First and second, the row and column sums of the
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transport plan are equal to the number of elements in f and g respectively, and third that the optimal

transport plan is greater than or equal to zero. I note that linear programs have unique and well

defined solutions, which are therefore always feasible to find (even if it may require a large number of

iterations to do so).

To illustrate, an example of calculating a Wasserstein distance using two dimensional density functions

is demonstrated in Figure 3.4. Two simplistic ‘landscapes’ are created. Figure 3.4a shows the target

landscape with concentric stepped uplift blocks of 25 m, 50 m, and 100 m elevation. Figure 3.4b shows

the source landscape. This landscape is identical except it has been translated five units horizontally

left (‘west’) and two vertically downwards (‘south’), resulting in the landscape being split across the

grid domain. The cost matrix is calculated following Equation 3.5 and is shown in Figure 3.4c . The

optimal transport matrix, representing the most efficient way to transport the source to the target, is

shown in the lower right panel, and corresponds to the arrows drawn on the upper right panel. The

white arrows illustrate the transport for a single example grid cell: cell 12 in the source is transported

to cell 34 in the target as part of the optimal transport plan. It is important to note that the linear

programming approach permits mass to be split and combined during transport, as demonstrated with

certain cells.

Methods for calculating Wasserstein distances between datasets with two or more dimensions are not

only limited to linear programming approaches. Engquist and Froese (2014) calculated Wasserstein

distances between synthetic examples of seismic waveforms using a numerical approach that is based

on solving the Monge-Ampère equation (i.e., a partial differential equation), building on previous

numerical approaches (e.g., Brenier, 1991; Benamou and Brenier, 2000; Benamou et al., 2014). Such

numerical techniques are reliant on a squared Euclidean distance being used as the cost function

(i.e., Equation 3.5). This may not always be the case, and the linear programming approach is more

generally applicable. Efforts within the medical and machine learning communities have generated a

family of computational methods alternative to linear programming that achieve greater computational

efficiency by relaxing the requirement for an exact solution (e.g., Solomon et al., 2015; Genevay et al.,

2016; Seguy et al., 2018). These stem from the entropic regularisation approach of Cuturi (2013),

which involves the incorporation of an additional term to Equation 3.7 that penalises transport plans

with low Shannon entropy. When this penalty term is high, the optimal transport plan becomes less

exact but the computational cost becomes increasingly linear with respect to the number of data points

(Altschuler et al., 2018).
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Figure 3.4: A simple example of calculating a Wasserstein distance for a 2D density function
(a) A target blocky pyramid ‘landscape’, with concentrically stepped uplifted blocks of 25 m, 50 m,
and 100 m. Red numbering identifies each grid cell; see body text. (b) A source landscape, identical
to the target landscape except that it has been translated five units horizontally left and two units
vertically downwards. Arrows illustrate the optimal transport of this source landscape to the target
landscape. (c) The cost matrix, illustrating the squared Euclidean distance between corresponding
points in the target and source. Grey dashed diagonal line marks equality, cost = 0. White arrow
shows the cost of transporting grid cell 12 in the source to cell 34 in the target. (d) Optimal transport
matrix, illustrating the most efficient transport plan for transforming the source to the target. White
arrow highlights the transport for the same grid cell as in (c), which corresponds to white arrow on
(b).
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3.5.1 Marginal distributions

Whilst algorithms to efficiently calculate approximate multidimensional Wasserstein distances have

been developed, such as those described above, an alternative approach is to decompose a two dimen-

sional problem such as a landscape into subsidiary one dimensional problems, such as that demonstrated

by Sambridge et al. (2022) and described as follows.

For each landscape, two marginal profiles, z(x) and z(y) are generated by summing elevations z along

the x and y axes. These are transformed into probability distributions z∗(x) and z∗(y) by normalisa-

tion as per Equation 3.4. A consequence of this normalisation that is relevant for landscapes is that

information about absolute elevation is lost. Fortunately, additional misfit term(s), which incorporate

information about absolute elevations, can be straightforwardly incorporated into the objective func-

tion. Choosing an appropriate term will likely depend on the specific problem, for example inverse

modelling of two dimensional landscapes may benefit from incorporating hypsometry, which has the

added benefit of also being a cumulative density function. In this chapter, a simple scheme is used in

which squared and scaled differences in mean elevation are incorporated, P (z1, z2) = z̄1− z̄2, where z̄1

and z̄2 are mean elevations of two landscapes (e.g., Figure 3.3). Combining the above steps a misfit

function, H, is defined, utilising the Wasserstein distance between a ‘target’ landscape, t, and a ‘source’

landscape s,

H(t, s) = W x
2 (t, s)

2 +W y
2 (t, s)

2 + µP (t, s)2, (3.8)

where W x
2 (t, s) and W y

2 (t, s) are the 2nd one dimensional Wasserstein distances (p = 2; Equation 3.2)

between the normalised elevation marginals calculated by summing along the x and y axes, respectively.

The scaling factor µ is a hyper-parameter which is adjusted systematically to test its impact on

calculated misfit values. A python script which implements Equation 3.8 is provided at github.com/

MatthewJMorris/landscape-wasserstein.

The above approach is demonstrated in the next section using two simple examples. The first example

undertakes a search for the optimal location of a two dimensional, noisy, theoretical landscape, z(x, y),

using the misfit function defined above (Equation 3.8). In the second example, this search is extended

to identify the optimal initial elevation of the landscape.

github.com/MatthewJMorris/landscape-wasserstein
github.com/MatthewJMorris/landscape-wasserstein
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3.6 Exploring Wasserstein statistics with synthetic landscapes

The use of Wasserstein distances is demonstrated for inverse modelling of two dimensional synthetic

landscapes. The calculated landscapes are produced using the surface process computing package

Landlab (Hobley et al., 2017). Landscape geometry is governed by the history of uplift, the erosional

model, inserted additional noise and time. An advective-diffusive formulation of erosion is assumed,

such that,
∂z

∂t
= −vAm∇zn + κ∇2z + U(x, y, t) + η(x, y, t), (3.9)

where z is elevation, t is time, v, m, n and κ are erosional constants. A is upstream drainage area,

x is distance upstream and U is uplift rate. The model is parametrised using a uniform grid with

dimensions of 300 × 100 km, and cell size of 1 × 1 km. Each starting condition is generated by the

following three steps. First, a central rectangular block is assigned an initial uniform elevation, u.

Secondly, uniform (white) noise, η, with amplitudes 0–4% of initial elevation is added. Finally, sink-

filling is performed once to permit continuous flowlines to the model boundaries (Barnes et al., 2014).

m and n are set to = 0.5 and 1, respectively, v = 10−3 kyr−1, erosional ‘diffusivity’ κ = 100 m2/kyr.

The FastScape erosion scheme is used to solve Equation 3.9 (Braun and Willett, 2013). Flow-routing

is performed with the ‘D8’ algorithm (O’Callaghan and Mark, 1984). The landscape model is run

forwards in time for 10 Myr, with flow-routing, and advective and diffusive erosion calculated at each

timestep. In all models U = 0, i.e., no uplift is added beyond the initial elevation. The timestep is set

to 8 kyr, such that the Courant-Friedrichs-Lewy condition for numerical stability is satisfied.

The marginal approach is now demonstrated in two dimensions. In this simple example first the

location of uplift that was used to generate a synthetic (target) landscape is sought. It is desirable to

identify optimal theoretical landscapes even in the presence of additional noise inserted into the model

(as is common in landscape evolution models when channelisation is required). Figure 3.5b shows the

target landscape generated following the procedure described above (Equation 3.9). The marginals are

shown in Figure 3.5a and 3.5c. A separate source landscape is generated by changing the arrangement

of added noise, η, by using a different random seed integer, all other parameters are held constant.

This source landscape is translated along the x axis of the model domain (midpoints from 50 to 250

km; 200 translations), illustrated by the red arrows in Figure 3.5d-e. An example of a translated

landscape and its marginals are shown in Figure 3.5d-f. Figure 3.5g shows the difference in cell

elevations between the target and source landscapes when fully aligned. This map shows the changes

in landscape geometry (including elevations and fluvial planform) that are governed by changing the
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Figure 3.5: Misfit between two dimensional, z(x, y), theoretical landscapes. (a) Marginal
elevations (z∗x) of the landscape shown in panel (b). (b) Synthetic, ‘target’, landscape (see body text
for construction). Filled black triangles point to centre of the domain. (c) Marginal elevations (z∗y) of
the landscape shown in panel (b). (d) Black profile is as per panel (a). Red dashed profile = marginal
generated from synthetic landscape that has different initial noise but same distribution of uplift used
to generate landscape shown in panel (b): red-dashed rectangle shown in panel (e). Red translucent
marginal was generated from the translated, ‘source’, landscape shown in panel (e). (e) Red arrows
indicate translation directions. Topography = example translated landscape. (f) As per panel (c);
red translucent profile = marginal from landscape shown in panel (e). (g) Elevation differences, ∆z,
between the target and source landscapes when all conditions bar initial noise are constant. (h) Grey
curve = RMS misfit (Equation 3.1) between synthetic landscape shown in panel (b) and translated
landscapes (e.g., panel e). Grey arrows = local minima. Red circle = misfit between target and source
landscapes shown in panels (b) and (e), respectively. Black solid curve = Wasserstein misfit (Equation
3.8, p = 2). Black dashed line = target and source landscapes with common mid-points indicated by
black triangles on panels (b), (e) and (g).

initial noise inserted into the landscapes at their inception. Figure 3.5h illustrates that despite different

initial noise conditions generating different drainage networks (Figure 3.5g), the Wasserstein distance

successfully identifies a global minimum misfit where the landscapes are fully aligned. In comparison,

the Euclidean misfit contains local minima and the position of the global minimum is offset from the

target. This marginal experiment took 0.1 seconds on an Intel i7-6700 desktop computer with 64

gigabytes of RAM. Calculating Euclidean distances took 0.03 seconds.

Examples of Wasserstein distances calculated using two dimensional density functions (i.e., Equation

3.7, not using the marginals approach) are shown in Figure 3.6. This figure shows the results of an

experiment similar to that shown in Figure 3.5. Due to the computational expense involved with this

approach, only 7 translations of the source landscape are presented, rather than the 200 translations

used for the marginals approach. Nonetheless, Figure 3.6c shows that the calculated misfit function

correctly identifies the optimal location of the source landscape. However, calculating Wasserstein

distances using two dimensional density functions for 7 translations of the source landscape took

approximately 45 minutes (Figure 3.6). This highlights the difference in computational efficiency

between the marginals approach and calculating Wasserstein distances using two dimension density

functions.

The marginals experiment is now extended by changing the amplitude of initial uplift, U , used to

generate the target landscape. Wasserstein and Euclidean statistics are calculated for each source

landscape. The amplitude of uplift was systematically varied by ∆U = 25 m between 25 to 250 m. For

each of these ten landscapes, 100 random distributions of white noise with amplitudes 0–4% of uplift

were added prior to the initial sink-filling and flow routing steps, generating the starting condition for
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Figure 3.6: Two-dimensional Wasserstein distances for synthetic landscapes. (a) Target land-
scape, as per Figure 3.5a. (b) Source landscape, as per Figure 3.5b. (c) Two dimensional Wasserstein
distance calculated between the target and the source landscapes for 7 translations (circles) of the
source landscape across the domain using the two dimensional approach (Equation 3.7).

each model. As in the previous example, these source landscapes are translated along the x axis. This

Monte Carlo style experiment is designed to test the impact of noisy initial conditions on identifying

optimal theoretical landscape evolution models. In short, 100 brute force inversions are performed

to identify two parameters: the location and magnitude of initial uplift, each with a different initial

distribution of noise in the starting condition.

Figure 3.7a shows Euclidean (RMS) misfit as a function of initial elevation (uplift) and position for

a more general and granular (∆U = 3 m) version of the test shown in Figure 3.5. The black curves

in Figure 3.7b-c show slices through the Euclidean misfit function centred on the target landscape
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Figure 3.7: Inverse modelling of noisy synthetic landscapes: Euclidean and Wasserstein
statistics. (a) Euclidean (RMS) misfit (Equation 3.1) between target landscape (Figure 2b) and
source landscapes as a function of noise and uplift. Uplift was translated as demonstrated in Figure
2; initial elevations (amplitude of uplift) were systematically varied between 25–250 m. Amplitudes of
initial added white noise were scaled to be 0–4% of initial elevation. White cross = minimum misfit;
error bars = range of misfit minima for 100 different parameterisations of noise. Outer white triangles
point to initial elevation and mid-point of target landscape (100 m, 150 km). (b-c) Black curves =
transects through misfit function between white triangles in panel (a). Shaded grey regions = minimum
and maximum misfit for the 100 different distributions of noise. Black arrows = local minima of the
1D transect; circles = global minimum. (d-f) Wasserstein (H) misfit (Equation 3.8). (e) Black curve
and grey envelope: µ = 104; dashed and dotted grey curves: µ = 2.5× 105 and 106, respectively. (g-h)
Loci of misfit minima for the 100 different distributions of initial noise; E/H = Euclidean/Wasserstein
misfit.

parameterisation (indicated by the white arrowheads in panel a). Local minima are indicated by the

black arrows in Figure 3.7c. The error bars in Figure 3.7a show the range of global minima for the

models examined. These results are summarised in the histograms shown in Figure 3.7g-h. The grey

envelope in Figure 3.7b-c indicates the range of misfit values for all initial noise conditions. The global

minima from all models is shown by the red circles. The Wasserstein-based misfit functions for the

same models are shown in Figure 3d-h. The shape of the objective function with respect to initial

elevation is governed by the value of the scaling parameter, µ. Increasing µ increases the contribution of

the penalty term, P . A value of µ = 104 was used to generate the results shown in Figure 3.7d-h (e.g.,

thin black curve and grey envelope in panel e). For comparison, the dashed and dotted grey curves in

panel e show the shape of the objective function as a function of initial elevation when µ = 2.5× 105

and 106, respectively.

Euclidean minima are broadly distributed around a point offset from the expected parameter values

(Figure 3.7a). In contrast, minima calculated using Wasserstein distances have a smaller spread around

the expected value (Figure 3.7d). These results indicate that Wasserstein distances provide means to

identify optimal landscape evolution models even in the presence of noisy initial conditions that hinder

Euclidean-based approaches.

3.7 Conclusions

Histories of uplift and erosion can be extracted from features within a landscape, such as longitudinal

river profiles, relationships between their slopes and upstream drainage areas, or data extracted from

eroded sediment. It is desirable to use the entire geometry of landscapes to do so, but widely used

existing Euclidean measures of misfit struggle to consistently and reliably identify best-fitting param-
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eters (e.g., uplift rates) due to the presence of local minima in objective functions. The Wasserstein

distance offers a promising alternative measure of misfit to quantify similarity between observed and

theoretical landscapes. This promise is due to the smoothly varying objective functions produced,

which contain a single, global, minimum. Even in the presence of noise (which could be computational

or real) Wasserstein statistics identify optimal landscape evolution models when equivalent Euclidean

statistics (RMS, l2-norm) are complex, with global minima offset from the expected value. A logical

next step to build on this result is to explore whether the Wasserstein distance can reliably reproduce

uplift histories that vary over space and time, and incorporate this into a formalised inverse modelling

framework. This next step is investigated in the following chapter.



Chapter 4

Seeing through geomorphic complexity to

recover tectonics from topography:

Inverting landscapes for uplift histories

using the Wasserstein distance

Publication Note

Part of the work presented in this chapter has been published as:

Morris, M. J., G. G. Roberts, F. D. Richards, A. G. Lipp, E. R. Siddle. ‘Seeing through
geomorphic complexity to recover tectonics from topography: Inverting landscapes for uplift
histories using the Wasserstein distance’. Journal of Geophysical Research: Earth Surface
131, e2025JF008966, DOI: 10.1029/2025JF008966

For reproducibility purposes, code and data can be found at 10.5281/zenodo.17454726.

Abstract

An important problem in the Earth sciences is extracting information about tectonic and other pro-
cesses from topography. A general challenge is that geomorphic activity that we typically have little
information about during the lifetime of a landscape can introduce geomorphic ‘noise’. Such noise,
producing changes in elevation at scales typically ≪ 100 m, could be introduced by variations in lithol-
ogy, biology, climate, and sedimentology, for instance. It can dramatically impact the way in which
landscapes evolve and their form, including shapes and positions of drainage networks. I seek to es-
tablish how information about uplift rate histories can be extracted from entire landscapes despite the
presence of noise. The sensitivity of single landscape simulations to noise suggests that statistical and
inverse modeling approaches utilizing model ensembles may be required. I establish the use of Wasser-

120
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stein distances in an inverse modeling framework to recover uplift rate histories. I test optimization
techniques that automate the search for optimal models (i.e., uplift rate histories) including direction-
based and amoeba-simplex algorithms, confirming that the Neighbourhood algorithm is well suited to
the task. This approach works even when noise demonstrably plays an important role in determining
landscape form but is poorly constrained. I develop and test the approach using synthetic landscapes
generated with the stream power erosional model and increasingly complex uplift and noise scenarios.
The results indicate that it is possible to recover the history of uplift from natural landscapes in which
the origin of the specific arrangements of channels, valleys, interfluves, etc. are poorly understood.

4.1 Introduction

Recovering ‘tectonics from topography’ remains an important problem in geomorphology partly be-

cause of the information that topography and its evolution provide to understand diverse geological,

environmental and biological processes. For instance, histories of topographic evolution play a role

in understanding mantle convection and lithospheric evolution including mountain building and basin

formation, glacio-eustasy and climate, natural resources and hazards, sedimentary and biogeochemical

fluxes, and speciation (e.g., Kirby et al., 2008; Cawood and Hawkesworth, 2015; Antonelli et al., 2018;

Garefalakis and Schlunegger, 2018; Hoggard et al., 2020; Mitrovica et al., 2020; Igea and Tanentzap,

2021). It also remains an important problem because of the ongoing lack of understanding of how

landscapes are generated and evolve across the scales of interest, e.g., metres to continents, seconds

to millions of years. Some direct observations exist that provide information about histories of topo-

graphic evolution. For instance, stratigraphy, in particular the elevations of rock formed in shallow

marine conditions, provides perhaps the most robust direct constraints on net vertical motions (e.g.,

Ziegler et al., 1985; Sahagian, 1988; Rowley et al., 2013; Fernandes and Roberts, 2020). Radiometri-

cally dated fluvial terraces and palaeo-thalwegs can be used to estimate rates of erosion (e.g., Wellman

and McDougall, 1974; Stock and Montgomery, 1999; Karlstrom et al., 2008; Stucky de Quay et al.,

2019), and other chemical measurements such as U-Th/He thermochronology provide indirect infor-

mation about exhumation (e.g., Braun, 2002; Stockli et al., 2002; Reiners et al., 2005; Flowers et al.,

2008; Kent-Corson et al., 2009). A general challenge, which geomorphology can help to address, is

‘filling in’ the spatio-temporal gaps between such observational constraints.

The approach to extracting tectonics from topography presented in this chapter focuses on developing a

methodology to calculate histories of uplift using quantitative information about landscape geometries

that are likely to be sensitive to uplift. Such information could include observations of elevation, for

instance, SRTM, TanDEM-X, MOLA or lidar data, and predictions from analytical, numerical, or flume

tank experiments (Bonnet and Crave, 2003; Farr et al., 2007; Krieger et al., 2013; Zink et al., 2014;



122 Chapter 4. Seeing through geomorphic complexity to recover tectonics from topography

Salles, 2016; Hobley et al., 2017). Central to this approach is the concept that landscapes respond to

changes in uplift by eroding, which takes time, producing a record of past uplift in the geometry of

landscapes (e.g., in the shape of longitudinal river profiles, hill slopes and hypsometry; e.g. Davis, 1899;

King, 1953; Penck, 1953; Hack, 1960; Howard, 1994; Rosenbloom and Anderson, 1994). Unfortunately

recovering tectonics from topography is hampered by the sculpting of uplifted landscapes by diverse

physical, chemical and biological modification. These processes, which can operate across a very large

range of scales (seconds to millions of years, < 1 m to continents), introduce complexity and ‘noise’

obscuring the link between tectonics and resultant topography (e.g., Anderson and Anderson, 2010;

Roberts and Wani, 2024). All of which makes the extraction of uplift histories from the geometries of

landscapes using existing approaches fraught. In this chapter a new approach is demonstrated that

makes use of statistical methodologies arising from the theory of optimal transport to demonstrate

how uplift histories can be recovered from landscapes that contain such noise (Figure 4.2).

Geomorphic ‘noise’ is considered in two forms. These have been introduced in Chapter 2, and I

briefly revisit them here. First, noise introduced by processes in the real world is considered, which

could take the form of changes in elevation generated by, for instance, lithologic, climatic, or biotic

variability. Typically, these sources of variability shape topography across scales that are smaller

(e.g., amplitudes ≪ 100 m) than the tectonic signals (amplitudes > 100 m) that are of interest when

recovering on geological timescales (O(104 − 107 years); see e.g., Willgoose et al., 2003; Anderson

and Anderson, 2010; Willgoose, 2018; Wapenhans et al., 2021; Morris and Roberts, 2025). Such

geomorphic ‘noise’ may have no direct, obvious or measurable relationship to uplift or tectonic processes

actively generating topography. Nonetheless it may play an important role in determining landscape

geometries, e.g., shapes and positions of valleys, channels, interfluves and drainage divides. Obtaining

information about the arrangement of such ‘noise’ during the lifetime of a landscape is likely to be

impossible for most landscapes because erosion has removed the information needed, e.g., spacing of

joints and fractures, lithologic strength and heterogeneity, vegetation. Additionally, information about

the specific processes (such as precipitation and its contributions to discharge, temperature, small scale

geometries) that govern the physics of erosion is unlikely to be available for the majority of a landscape’s

lifetime (see Lamb et al. (2015) and Stucky de Quay et al. (2019) for examples of physics-based models

parameterised when specific information required was available). It seems reasonable then to consider

how uplift rate histories might be recovered from landscapes when processes that are (or at least appear

to be) deterministic at small scales must be treated as being random at larger temporal, and perhaps

spatial, scales. Despite the unknowability of precise contributions of erosional processes to landscape
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evolution across the scales of interest, it is likely that their (spectral or probabilistic) characteristics of

such features and processes can be at least bracketed from, for instance, modern observations and and

physics-based insights operating in systems and at scales that we can measure (see e.g., Perron et al.,

2008; Perron and Fagherazzi, 2012; Lague, 2014; Campforts et al., 2020b; Roberts and Wani, 2024).

Noise attributed to measurement or observational uncertainties is also included in this category.

The second type of noise considered is computational, which usually takes the form of small-amplitude

random elevations or flow directions introduced into the starting conditions of numerical simulations

of landscape evolution to facilitate the development of realistic topography and drainage patterns (see

e.g. Tucker et al., 2001; Salles, 2016; Hobley et al., 2017). As established in Chapters 2 and 3, it

is well known that the locations of drainage networks within landscape simulations can be extremely

sensitive to the choice of starting condition (Ijjász-Vásquez et al., 1992; Willgoose et al., 2003; Per-

ron and Fagherazzi, 2012; Kwang and Parker, 2019). A variety of landscape simulator studies have

demonstrated that incorporation of small-amplitude noise, introduced arbitrarily or caused by, for in-

stance, changes in erodibility related to lithology, biological or chemical processes, can have dramatic

and long-lasting impacts on the geometries of theoretical landscapes (e.g., Kwang and Parker, 2019;

Kwang et al., 2021; Morris and Roberts, 2025). Treating the addition of computational noise as a

proxy for natural noise can be thought of as a way to replicate processes that alter topography that

we typically have little information about during the lifetime of a landscape, e.g., climate or lithologic

variation and its impact on erosion.

By far the most popular approach to extracting tectonics from topography makes use of topographic

metrics, which tend not to explicitly consider the role of noise in generating landscape geometries

(e.g., ‘slope-area’, ‘χ’ analyses; see Anderson and Anderson (2010) and Morris and Roberts (2025)

for summaries of these approaches). One issue with such approaches from a geological perspective is

that they require questionable (certainly largely untested) assumptions about the form of uplift and

the relationship between erosion and uplift (e.g., topographic steady state; where uplift is inserted

into a landscape). A second, technical, issue is that they rely on differentiation of discrete and often

noisy information (e.g., channel slopes and areas, elevation-chi profiles), which can lead to considerable

uncertainty in calculated uplift rates—even when landscapes are demonstrably at steady state (e.g.,

Roberts et al., 2012a; Smith et al., 2022, Chapter 2).

An advance in the last 15 years with regards to extraction of tectonics from topography, addressing

some of the shortcomings of metrics-based approaches, has been the introduction of inverse method-
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ologies to geomorphology. The inverse methodology seeks to objectively identify uplift histories that

minimise misfit between observed and theoretical landscape geometries (e.g., longitudinal river profiles;

Pritchard et al., 2009; Roberts and White, 2010; Roberts et al., 2012a; Fox et al., 2014; Glotzbach,

2015). They do not require steady state assumptions and can solve for spatio-temporal histories of

uplift without differentiation of noisy or discrete data. Inverse modelling studies of drainage patterns

in most continents have indicated that commonalities in the geometries of landscapes, for instance

longitudinal river profiles at scales > 102 km, exist and that they were likely generated by tectonic

processes with recoverable histories (see e.g. Roberts et al., 2019; O’Malley et al., 2021; Wapenhans

et al., 2021). Parameter values in erosional models have also been recovered from inverse modelling

of entire landscapes (e.g., Croissant and Braun, 2014; Barnhart et al., 2020d). A crucial component

of this approach is the quantitative assessment of misfit between observed and theoretical landscape

geometries. As far as I am aware, all studies that have formally inverted landscapes have made use

of Euclidean statistics, e.g., root-mean-squared (RMS) or the l2-norm, to assess misfit. This approach

compares elevations on a pixel by pixel basis, i.e., zo(x, y) vs. zc(x, y), where zo and zc indicate ob-

served and calculated elevations, and x and y are spatial co-ordinates. It is acknowledged that some

existing inverse models incorporate other observations into their assessment of goodness of fit, which

are not discussed further in this chapter (e.g., thermochronometric or cosmogenic derived estimates

of denudation, radiometric estimates of incision rates; Glotzbach, 2015; Pedersen et al., 2018; Gallen

et al., 2023; Curry and van der Beek, 2025).

As demonstrated in Chapter 3, the use of Euclidean statistics in inverse modelling of entire landscapes

can introduce a serious problem for recovery of tectonics from topography. The central issue, akin to

cycle-skipping problems in seismology (see e.g., Sambridge et al., 2022), is that noise at small scales

plays a considerable role in determining landscape geometries at larger scales. Consequently, maps

of misfit have local minima, which can easily lead to undesirable outcomes (e.g., solutions with the

incorrect uplift history) or too broad a suite of acceptable solutions to be useful. Consider the example

shown in Figure 4.1 in which landscapes generated with different arrangements of the same distribution

of noise in the initial condition but otherwise identically parameterised (same uplift history, erosional

model and boundary conditions) have very different topographies at the scale of drainage basins.

With regards to the real world, spectral analyses of flow directions indicate that it is highly likely

that the geometries of landscapes (and consequently drainage planforms) at some scales is largely

arbitrary with regards to tectonics (e.g., Lipp and Roberts, 2021). Instead they are determined by

the essentially unknown (and probably unknowable) history of processes introducing noise at smaller
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Figure 4.1: Noisy starting conditions and their impact on landscape geometries: Generation
of target ‘observed’ landscapes. (a) An example of initial random uniform (white) noise used as
a starting condition in a simulation of landscape evolution—used to generate the landscape shown
in panel (d). (b) A different arrangement of the same white noise distribution, used to generate the
landscape in panel (e). (c) Uplift history used to generate the landscapes shown in panels (d) and
(e). Black line = uplift rate as a function of time; red line shows cumulative uplift. Dashed grey
lines labelled Un = free parameters (times at which uplift rates can vary) in the inverse models. (d–e)
Target ‘observed’ landscapes generated using the noisy initial conditions shown in panels (a) and (b),
the uplift history shown in panel (c) and the stream power erosional model (see body text for details).
These ‘observed’ landscapes will be inverted in attempts to recover their uplift rate history, which from
now is assumed as unknown. (f) Pixel-wise difference in elevation between the landscapes shown in
panels (e) and (d).

scales. A consequence is that Euclidean measures of misfit, which are sensitive to local noise, are

unlikely to be well suited for identifying optimal models and for recovery of tectonics from topography.

In this chapter a new approach is presented that makes use of methodologies arising from the theory

of optimal transport to demonstrate how uplift histories can be recovered from landscapes with ge-

ometries impacted by noise. I adapt the Wasserstein marginals-based approach recently introduced

for seismological problems by Sambridge et al. (2022), building on work presented in Chapter 3. The

approach is developed using synthetic landscapes, in which there is complete control and knowledge

of their uplift, erosion and noise properties. The methodology explicitly incorporates the reality that

many landscape geometries are possible for a given uplift rate history because noise exists.

A variety of approaches exist to generate synthetic landscapes, including landscape evolution models
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(LEMs; Tucker et al., 2001; Salles, 2016; Yuan et al., 2019a). An advantage of using LEMs that

incorporate landscape evolution in three-dimensions (two spatial and one temporal) is that assump-

tions regarding temporal stability of drainage planforms, implicit in approaches that invert suites of

longitudinal river profiles, can be relaxed. LEMs require parameterisation of initial and boundary

conditions, which are often not especially well constrained by observations in the real world. The

specific arrangement and the distribution of noise in the initial condition inserted into LEMs is of-

ten arbitrary—more often than not they are determined using convenient random number generators,

which tend to produce noisy initial conditions with a uniform (white) noise distribution by default

(Ijjász-Vásquez et al., 1992; Perron and Fagherazzi, 2012). In the absence of independent constraints,

which are scant, there is no obvious scientific justification for using a specific arrangement of noise.

Thus, the consequences of using different arrangements of noise are examined, by generating ensembles

of models building on forward modelling work presented in Chapter 2 (Morris and Roberts, 2025). It

is noted that a subset of previous studies seeking to understand the evolution of topography also make

use of ensemble approaches (see e.g., Willgoose et al., 2003; Chandra et al., 2019a,b; Barnhart et al.,

2020c; Gallen and Fernández-Blanco, 2021).

In the following section each component of the methodology, including the inversion strategy is de-

scribed. The framework is summarised in Figure 4.2. I first describe the forward model used to predict

landscape evolution once initial conditions, the erosional model, and uplift histories have been param-

eterised. The inversion strategy is then described, including the creation of objective functions used

in the search for optimal models. The challenge of ‘valley-skipping’ is addressed by making use of

Wasserstein distances, extending the approach developed in Chapter 3. Finally the methodology for

searching for adequately fitting models and recovery of uplift rate histories is described. The recovery

of tectonic information from synthetic landscapes with Euclidean and Wasserstein measures of misfit

are compared and the efficacy of a variety of optimisation algorithms is assessed. Such algorithms

aim to efficiently search parameter space in order to reduce computational burden. Uncertainties are

quantified using model ensembles and probabilistic techniques.

4.2 Methodology

4.2.1 Forward model

The forward model in this chapter simulates the evolution of topography by implementing a widely

used partial differential equation (PDE) within the open-source Python package Landlab (Hobley et al.,
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Figure 4.2: Schematic summarising approach to inverting landscapes for uplift histories in
the presence of noise. In a single inverse model (top row), a forward model is first initialised with a
given arrangement of noisy elevations, the landscape then evolves forward in time with erosion governed
by the stream power model and a prescribed uplift rate history. Model output (a theoretical landscape)
at a predefined time, T , is compared to observed topography using Euclidean or Wasserstein-based
metrics. The forward model is then re-run with an uplift rate history adjusted to provide a better fit to
the observed landscape. This loop continues until misfit between observed and calculated landscapes is
below a defined threshold. The entire process is repeated for N different initial topographies (middle to
bottom rows) producing an ensemble of best-fitting models. The ensemble of corresponding calculated
uplift rate histories can then be examined.
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2017; Barnhart et al., 2020d). Elevations, z, evolve as a function of time, t, determined by uplift rate,

U , and a stream power erosional model, plus noise, η:

∂z

∂t
= −vAm∇zn + U + η. (4.1)

Here v, m, and n are erosional constants that are fixed to values of v = 10−3 /kyr, m = 0.5, n = 1.

This model is again consistent with those introduced and applied in previous chapters, and presented

again here for clarity. The erosional parameter values are chosen to be within the range of those used

within many existing studies of observed and numerically modelled landscapes, and are considered

to be representative of fluvial systems in which erosion rate is controlled by the ability to detach

substrate material (see e.g., Howard, 1994; Whipple and Tucker, 1999; Kirby and Whipple, 2001;

Pritchard et al., 2009; Lague, 2014; Kwang and Parker, 2019; Barnhart et al., 2020d; Thompson Jobe

and Reitman, 2025). In essence the erosional model advects (moves) slopes upstream at a rate that

depends on upstream drainage area (i.e., they slow down as they move because A decreases upstream)

and the values of the erosional parameters. Other mathematical formulations of erosion exist, for

example hillslope and transport-limited processes are often predicted using diffusive models, other

more complex erosional models including erosional thresholds and stochastic discharge have also been

developed (e.g., Culling, 1960; DiBiase and Whipple, 2011; Scherler et al., 2017; Shobe et al., 2017;

Campforts et al., 2020b; Forte and Rossi, 2024a,b; Roberts and Wani, 2024; Wang et al., 2024).

It is recognised that some debate exists surrounding parameterisation of n in stream power models

(see e.g., Lague, 2014). The simple (linear, n = 1) stream power model is adopted because it is widely

used to understand landscape evolution at a variety of spatio-temporal scales, it is relatively simple

to solve numerically, straightforward to reproduce results with, and can generate realistic landscapes

(e.g., Fernandes et al., 2019; Roberts et al., 2019; O’Malley et al., 2021; Wapenhans et al., 2021).

In this chapter synthetic landscapes are generated using a Cartesian grid with dimensions 100 × 100

km, with each grid pixel having dimensions 1 × 1 km. All four sides of the model domain are fixed

at zero elevation and permit flux of material, i.e ‘open’ boundary conditions of the Dirichlet type. An

initial noisy surface with elevations 0 to 10 m is inserted. This initial noise is constructed following the

approach described in Chapter 2 (Morris and Roberts, 2025). Examples of two different arrangements

of white noise initial conditions are shown in Figure 4.1. Topographic depressions are filled to permit

continuous flowlines and minimise the chance of internally draining regions forming (Barnes et al.,

2014). The synthetic landscape is evolved forwards in time for T million years. Uplift, flow-routing,
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and erosion occur at each time step of the model, ∆t = 10 kyr, which ensures that the models always

satisfy the Courant-Friedrichs-Lewy condition for numerical stability, and are large enough to permit

a reasonable computational runtime. Advection of slopes is calculated using the FastScape erosional

scheme, and flow routing is performed with the ‘D8’ algorithm (O’Callaghan and Mark, 1984; Braun

and Willett, 2013). Each forward model takes ∼ 5 seconds of computational time using an Intel Xeon

Platinum 8358 processor with 16 GB of RAM.

In this chapter, three categories of synthetic landscape are generated by implementing three simple

uplift functions. In the first category, a single phase of uplift is inserted at all non-boundary (core)

grid nodes in order to generate a ‘block-style’ landscape, i.e., uplift is spatially invariant. In the second

category, staged spatially-invariant uplift is applied. In the third category, uplift varies spatially as a

two-dimensional Gaussian function with the form

U(x, y) = Umax exp

{︃
−
[︃
(x− x0)

2

2σ2
x

+
(y − y0)

2

2σ2
y

]︃}︃
, (4.2)

where U(x, y) is uplift rate, x0 = y0 = 50 km are the central coordinates of the dome, and σx =

σy = 20 km are the standard deviations (spreads) in the x and y directions. The function is scaled

by maximum uplift rate, Umax. This category produces ‘domal’ landscapes. All three categories

of synthetic landscape are designed to represent natural systems, such as the evolution of orogenic

plateaux, domal swells, or volcanic regions (e.g., Pritchard et al., 2009; O’Hara et al., 2024, 2025). The

uplift rate histories that are solved for in this chapter are shown in Figures 4.3b and 4.4h .

It is useful to consider the amount of information about uplift a landscape might contain. To avoid

designing experiments where tectonic information has been completely removed from topography, the

choice of uplift history is guided by the erosional response time. The response time determines how

long an erosional signal will take to propagate from the boundary of the map upstream. For the linear

(n = 1) stream power model, the erosional response time, τ can be expressed as

τ =

∫︂ x∗

0

dx∗

vA(x∗)m
(4.3)

(Roberts et al., 2012a). Here, x∗ is distance in the upstream direction. A map of response time is

shown in Figure 4.3c, illustrating that the time taken for a knickzone to propagate from base level (i.e.,

0 m, the lower bound of the integral) to the headwater regions of the longest rivers exceeds 6 Myr.

These results are also illustrated with the longitudinal profiles shown in Figure 4.3d. The associated
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model coverage, i.e., number of grid cells in the landscape sensitive to uplift at a given time, is shown

by the histogram in Figure 4.3b.

Figure 4.1 shows landscapes generated in two simulations initialised with different arrangements of the

same distribution of white (uniform) noise with the uplift rate history shown in panel (c). The resulting

topographies have broadly similar characteristics (e.g., distributions of elevations), however, differences

in the locations of river valleys and interfluves can be substantial resulting in pixelwise differences in

elevation > 600 m. This figure demonstrates the first of two key necessities for the inverse model.

First, the need to develop quantitative methods that can objectively compare observed and calculated

topographies whilst ‘seeing through’ local complexity. The second is a strategy to efficiently explore

model parameter space and find better-fitting calculated topographies.

4.2.2 Inversion strategy

The inverse modelling framework developed in this chapter is shown in Figure 4.2. The goal of a

single inversion is to determine the unknown uplift rate history (i.e., the values of uplift rate) used

to generate an ‘observed’ target landscape. An automated and objective (quantitative) optimisation

approach is used to perform the search for the unknown history. The search seeks the minimum

value of an objective function that quantifies misfit between the ‘observed’ and theoretical landscapes.

This strategy closely follows that of existing inverse modelling approaches stemming from Roberts

and White (2010). However, in contrast with previous studies, I construct objective functions using

Wasserstein-based metrics, which, having been introduced in Chapter 3, are described again below.

For clarity, I also note that the maximum uplift rate is sought for the domal landscapes (Umax in

Equation 4.2).

The theoretical landscapes are generated using a landscape evolution model incorporating stream

power erosion, uplift and noise (Equation 4.1). The inverse models start with either a raster grid

of uplift rates supplied by the user (e.g., an initial guess of appropriate values or zero) or random

values chosen by the optimisation algorithm. In subsequent iterations of the model new theoretical

landscapes are generated by adjusting the uplift rate history, with each iteration seeking to identify an

uplift rate history that produces an updated theoretical landscape that better matches the ‘observed’

one. The model terminates when the misfit between the ‘observed’ and theoretical landscape is less

than a predetermined threshold or a predefined number of forward models have been run. Termination

criteria for the experiments in this chapter are provided in Section 4.2.2. The presence of multiple
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Figure 4.3: Tectonic information—landscape response times—within a fluvial landscape.
(a) An ‘observed’ landscape (see Figure 4.1). Turquoise lines = positions of main channels in the
four largest drainage basins. (b) Black and red lines = uplift rate and cumulative uplift history used
to generate the landscape in panel (a). Filled histogram shows proportion of grid cells sensitive to
uplift at that time, governed by response time: τ =

∫︁
1/vA(x∗)mdx∗ (see body text for details). Red

line shows the cumulative histogram. (c) Map of landscape response times—note erosional signals
propagate from the map boundary. (d) Longitudinal profiles of four rivers shown in panels (a) and (c).
colours correspond to the response times shown in panel (c).
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misfit minima, due to the role of noise, means that the model may terminate when the uplift history

between the best-fitting landscape does not resemble that used to produce the ‘observed’ landscape.

However, if the inverse model is working well, the uplift rate history used to produce that optimal

theoretical landscape should closely resemble the history of uplift used to produce the ‘observed’

landscape. Here, the ‘observed’ landscape is a synthetic one generated with a known uplift rate

history, which means that one has the information needed to assess the accuracy of calculated uplift

rates. I use the nomenclature ‘observed’ throughout this chapter to refer to the target landscapes that

theoretical landscapes, generated during inverse modelling, are compared to. Of course, the inversions

are done blindly without any priors related to the actual uplift parameters used to generate the real

topography. In other words, it is pretended that the true uplift history used to generate the ‘observed’

landscapes is unknown when they are inverted.

An ensemble of inverse models is produced in which an ‘observed’ landscape, generated with a specific

arrangement of noise, uplift history and stream power model, is compared to a series of theoretical

landscapes each generated with a different noisy starting topography.

Constructing Euclidean-based objective functions

The first objective function that is tested is generated using ‘standard’ Euclidean statistics (see e.g.,

Roberts and White, 2010; Croissant and Braun, 2014; Barnhart et al., 2020d; O’Malley et al., 2021;

Petit et al., 2025; van der Meij, 2025). The objective function to be minimised includes only root mean

squared (RMS) misfit, He, which is calculated such that

He =

[︄
1

N

N∑︂
i=1

(zoi − zci )
2

]︄1/2

(4.4)

where zoi and zci are the respective elevations of the ‘observed’ and calculated theoretical landscapes. i

is the index of cells on the grid, and N is the number of measurements of elevation, i.e., total number

of cells on the grid.

Constructing Wasserstein-based objective functions

The second objective function that is constructed extends the approach in Chapter 3, where Wasserstein

(sometimes called ‘Earth-mover’) distances are calculated between pairs of topographic marginals, by

making use of landscape hypsometries and maximum elevations. The approach stems from Optimal

Transport theory (Monge, 1781; Kantorovich, 1942; Sambridge et al., 2022). Examples of topographic
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marginals are shown in Figure 4.4. In this chapter, as in Chapter 3, they are constructed for each

cardinal direction (i.e. along the x and y axes) such that

z∗x,y(x, y) =
zi(x, y)

∆
∑︁

i zi(x, y)
, (4.5)

where z∗ is elevation normalised by the sum of elevations in the landscape and i refers to the index of

grid cells. ∆ is the grid resolution.

Here, the Wasserstein distance, W2, is defined as a measure of the minimum cost associated with

transforming a topographic marginal from a theoretical landscape to its associated marginal from the

‘observed’ landscape. Conversion to cumulative density functions makes it straightforward to compare

marginals (Sambridge et al., 2022; Morris et al., 2023). Pairs of cumulative density functions generated

from the topographic marginals of the ‘observed’ and calculated landscapes (indicated by the suffixes

‘o’ and ‘c’, respectively) are compared, such that

W x,y
2 (o, c) =

[︃∫︂ 1

0
|O−1

x,y − C−1
x,y|

]︃1/2
(4.6)

where Ox,y and Cx,y represent the cumulative density functions of the ‘observed’ and calculated

elevation marginals in the x or y directions normalised such that
∫︁∞
−∞ zo(x)dx =

∫︁∞
−∞ zo(y)dy =∫︁∞

−∞ zc(x)dx =
∫︁∞
−∞ zc(y)dy = 1. The cumulative density functions for the ‘observed’ topogra-

phy in, for instance, the x direction is Ox(x) =
∫︁ x
−∞ zo(x)dx. Similarly, Oy(y) =

∫︁ y
−∞ zo(y)dy,

Cy(y) =
∫︁ y
−∞ zc(y)dy, and Cx(x) =

∫︁ x
−∞ zc(x)dx. It is noted that it is possible to choose other

(e.g., non-orthogonal) directions to calculate and compare marginals. Wasserstein distances can also

be calculated in two dimensions, rather than using a marginals approach, however, doing so tends to

be very computationally expensive (see Figure 3.6 for an example).

The methodology used to compare landscapes is adapted from the Wasserstein-based ‘fingerprint’

approach introduced by Sambridge et al. (2022) for seismological problems. Here, misfit between

‘observed’ and calculated landscapes, Hw, with units of square kilometres, is calculated such that

Hw(o, c) = W x
2 (o, c)

2 +W y
2 (o, c)

2 + µ1W
h
2 (o, c) + µ2 [zmax(o)− zmax(c)]

2 , (4.7)

where W x
2 (o, c) and W y

2 (o, c) are the 2nd one dimensional Wasserstein distances between the normalised

elevation marginals of the ‘observed’ and theoretical (calculated) landscapes.
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W h
2 is the Wasserstein distance between the hypsometries of the two landscapes (which are also cu-

mulative density functions), and zmax is the maximum elevation of a landscape (in kilometres). These

two terms are incorporated into the objective function to improve its sensitivity to uplift timing and

rate. For instance, Strahler (1952) demonstrated that landscapes of different maturities have different

hypsometries. Incorporating information about maximum elevation differences can be diagnostic of

total (cumulative) uplift. It also provides information about absolute elevations lost when topographic

marginals are made dimensionless. The two dimensionless weighting terms, µ1 and µ2, control the

influence of hypsometric and maximum elevation differences within the objective function. By system-

atically varying 10−6 ≤ µ1 ≤ 102 and 100 ≤ µ2 ≤ 108, values that produce objective functions with

well defined global minima were identified (Figures 4.8 and 4.10). In this chapter, µ1 = 1 and µ2 =

106.

Searching for true uplift rate histories

It is usually impractical from the perspective of computational burden to search the parameter space by

brute force, e.g., by systematically changing values of uplift rate parameters with sufficient resolution

that true or sufficiently accurate uplift rate histories can be identified. Instead, I seek to reduce

computational burden by minimising the number of forward models run and iterations of the inverse

model required to yield a desirable solution. A variety of optimisation algorithms exist that aim

to efficiently search parameter space and are suitable for tackling non-linear problems without the

need for calculation of derivatives of the objective function, which can be a time-consuming step.

I test algorithms commonly used in geophysics and other disciplines: Powell’s method of conjugate

directions, the Nelder-Mead ‘amoeba’/simplex approach, and the Neighbourhood Algorithm (Powell,

1964; Nelder and Mead, 1965; Press et al., 1992; Sambridge, 1999a,b).

Powell’s algorithm is a direction-based method used to find the minimum (or maximum) of a func-

tion. The algorithm operates by searching for the minimum misfit in conjugate directions within the

parameter spaces He(Un) or Hw(Un). Multiple iterations of this process are performed with potential

new conjugate directions being constructed at each iteration. The algorithm continues until successive

iterations yield no significant improvement in misfit reduction. Powell’s algorithm has previously been

used in studies of landscape evolution (e.g., Roberts and White, 2010; Roberts et al., 2012a; Rudge

et al., 2015). In this chapter I use a version of Powell’s algorithm implemented within the SciPy python

package, modified to return additional information about intermediate stages of the inversion (Press

et al., 1992).
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The Nelder-Mead algorithm is also implemented using the SciPy package (Gao and Han, 2012). This

algorithm makes use of a simplex, that can be described as a shape with N dimensions and N + 1

points where each point is connected by a line segment. For instance in two dimensions, the simplex is

a triangle, and is a tetrahedron in three dimensions. The number of dimensions of the simplex is equal

to the number of parameters. The algorithm iteratively proceeds ‘downhill’ through the parameter

space (towards a minimum) by evaluating the objective function at each vertex of the simplex and

adjusting the simplex shape to move away from this point by making use of geometric transformations

(extending or contracting a side length, for instance). As the algorithm progresses, the simplex should,

in theory, move towards and contract upon the minimum of the objective function. As with Powell’s

algorithm, the Nelder-Mead algorithm terminates when function evaluations at successive iterations

yield no significant improvement.

For Powell’s and the Nelder-Mead algorithms, the Euclidean-based inverse models were terminated

when the absolute difference between He in adjacent iterations was less than the predefined tolerance,

Te = 10−4 m. The Wasserstein-based models were terminated when relative differences between values

of Hw ≤ Tw = 10−4 km2, respectively (see Figure 4.2). The values of the tolerances were chosen to

ensure that there is a balance between computational efficiency and the convergence of solutions. It is

found that tolerances < 10−4 make little difference to the accuracy of solutions.

The Neighbourhood Algorithm (NA) is a derivative-free method used to explore parameter space,

and has been applied across various geophysical and geological non-linear problems (e.g., Sambridge,

1999a,b; Moschetti et al., 2010; Ariyanto et al., 2017; Attanayake et al., 2017; Berbellini et al., 2017;

Yudistira et al., 2017; Pedersen et al., 2018; Yuan et al., 2019b; Ferreira et al., 2020; Jones et al., 2021;

Stanley et al., 2021; Stephenson et al., 2021a; Gallen et al., 2023; Sturgeon et al., 2023; Curry and

van der Beek, 2025). Croissant and Braun (2014) used the algorithm to invert for values of erosional

parameters in the stream power model. The algorithm consists of two phases. In the first phase,

the algorithm searches the parameter space by running a number of forward models and evaluating

misfit for each model. A Voronoi cell is constructed in the parameter space around each model, and

assigned the corresponding value of misfit. A Voronoi cell is defined as a region in the parameter space

surrounding a point (representing parameter values of a specific model), where every location inside

that region is closer to the point than any other point (model). The searching phase is guided by four

user-supplied variables: the initial number of models (Ni), the number of models generated at each

iteration (Ns), the number of Voronoi cells to be resampled during each iteration (Nr), and the number
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of iterations (N). The total number of forward models evaluated during the search phase is defined by

Ntotal = Ni +Ns ×N. (4.8)

In this respect, the NA has two advantages over Powell’s algorithm. First, the total time for a single

inversion can be estimated with reasonable accuracy, assuming the time for one forward model to run

is known, simplifying the allocation of computational resources. Secondly, by varying the values of

Ni and Nr, a user can control the style in which the algorithm explores the parameter space. High

values of Ni and Nr result in a wide exploration of parameter space, which may be useful when several

minima exist or little is known about the expected values of best-fitting parameters. Lower values of

Ni and Nr lead to a more focused search in fewer regions of the parameter space. I note that the initial

sampling Ni, represents the model prior, which is drawn from a uniform probability distribution.

The output of the search phase is an ensemble of models that have varying degrees of fit to the

‘observed’ landscape. Whilst this ensemble could be interrogated for its statistical properties, or used

to identify a best-fitting model, doing so can be misleading because ensemble results can be irregularly

distributed. Instead, greater statistical insight can be gained by completing an additional appraisal

phase (Sambridge, 1999b). The appraisal phase, which operates within a Bayesian framework, is

designed to resample the model ensemble generated by the search phase. It can be used to construct

posterior probability distributions (PPDs) for each parameter via Monte Carlo integration techniques.

The PPDs can be used to quantify uncertainties in parameters (in this case, calculated uplift rates) and

their covariance. In this chapter I use the neighpy implementation of the Neighbourhood Algorithm

within Python.

4.2.3 Experimentation strategy

In order to test whether two dimensional noisy topography, z(x, y), can be inverted for its uplift rate

history, four experiments that have increasing complexity are conducted.

In Experiment 1 I explore whether the timing of a single phase of uplift can be recovered from a

landscape when noise is present (Figure 4.4). To do so, only the timing of uplift is permitted to vary—

all other model parameters are fixed. The landscapes are generated with a single, symmetric phase

of uniform uplift lasting 2 Myr with a peak uplift rate of 1 mm/yr. Several examples are shown in

Figure 4.4a-c; the example with late uplift (peak rate at 8 Myr) is treated as the ‘observed’ topography.

A suite of theoretical landscapes are generated by initialising each landscape evolution model with a
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different arrangement of the same white noise distribution as the ‘observed’ landscape, and shifting

the timing of peak uplift rate systematically every 0.01 Ma between 1 and 9 Myr. Misfit between the

‘observed’ and each of the 8× 104 (800 periods of uplift × 100 initial noise configurations) theoretical

landscapes is calculated. The experiment is repeated for a domal uplift scenario and for when the

initial noise applied to theoretical landscapes is 0 – 400 m, i.e., of a much greater amplitude than in

the ‘observed’ topography. The results of all three experiments are used to assess sensitivity of misfit

statistics to uplift timing when noise is present in landscapes.

In Experiment 2 a more complex ‘observed’ landscape generated with two phases of uplift is inverted

to recover its uplift history (Figures 4.3a-b). The two-stage uplift history was chosen for three reasons.

First, uplift within 6 Myr ensures that tectonic information from the first phase of uplift is still

contained within the landscape, for the chosen erosional parameter values. Secondly, a two-peaked

uplift history is obviously more complex than one containing a single phase of uplift. Thirdly, uplift

rates of up to 0.5 mm/yr are comparable to those calculated from observational constraints (e.g.,

uplifted marine rock) and previous inverse modelling (Wellman and McDougall, 1974; Karlstrom et

al., 2007; Czarnota et al., 2013, 2014; Adams et al., 2015; Fernandes et al., 2019; Fernandes and

Roberts, 2020; Racano et al., 2020; O’Malley et al., 2021).

The theoretical landscapes are generated with starting conditions identical to the ‘observed’ landscape—

the same arrangement of white noise. In the inverse model, uplift rate is permitted to vary at three

times: 1, 3, and 5 Myr between 0–1 mm/yr. Theoretical landscapes are compared to the ‘observed’

landscape using Euclidean and Wasserstein-based objective functions. The parameterisation of the

Neighbourhood Algorithm search phase is shown in Table 4.1. During the appraisal phase, the best

50% of models in the ensemble are resampled 50,000 times. An advantage of a three parameter inver-

sion is that it remains computationally tractable to perform a systematic search of parameter space and

generate maps of misfit space that can be compared to the trajectories and results of the optimisation

algorithms. Results of the brute force searches and optimisation algorithms are presented in Figures

4.8 and 4.13.

In Experiment 3 I again invert the topography shown in Figure 4.3a for its uplift history. In this

experiment, however, each of the 100 inverse models have theoretical landscapes that are initialised

with an arrangement of white (uniform) noise that is different to that used to generate the ‘observed’

landscape and to each other. This model is designed to mimic the procedures that are likely to be

necessary when inverting real landscapes for which one usually has no information about the specific
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Experiment Ni Ns Nr N

2 50 50 5 5
3 128 256 64 16

Table 4.1: Parameter values for Neighbourhood Algorithm. Ni = number of initial models, Ns

= number of models generated at each iteration, Nr = number of Voronoi cells resampled during each
iteration, N = number of iterations (see body text for details).

arrangement of noise. The inverse model in this experiment uses the Neighbourhood Algorithm.

Results are presented in Figures 4.16–4.19.

Finally, in Experiment 4 I demonstrate how uplift rate histories can be recovered from landscapes

in which uplift rates vary as a function of space as well as time. As with Experiment 3, ‘observed’

and theoretical landscapes are generated with different arrangements of white noise in their initial

conditions. Results are presented in Figure 4.21.

4.2.4 Comparisons with existing approaches

The uplift rate histories calculated by inverting entire landscapes using Wasserstein-based objective

functions are compared with solutions from established methods that invert single or multiple longi-

tudinal river profiles for a history of uplift. To do so I extract the longitudinal profiles, z(x∗) and

upstream areas, A(x∗), of the longest river in five landscapes chosen randomly from the 100 optimal

landscapes generated in Experiment 3. They are then inverted using the optimisation techniques in-

troduced in Roberts and White (2010). The erosional model in this case is the one-dimensional version

of the stream power model:
∂z

∂t
= −vA(x∗)m

∂z

∂x∗
+ U(t). (4.9)

Note that no additional noise is included. x∗ is the streamwise distance. Erosional parameter values

within Equation 4.9 are the same as those used to produce the synthetic landscapes in this chapter.

The optimisation uses Powell’s algorithm to search for the uplift rate parameter values that minimise

misfit between the ‘observed’ longitudinal river profile(s) and those predicted by Equation 4.9, whilst

also minimising penalty functions that penalise roughness of the solution (calculated uplift rate history)

and negative uplift rates. Misfit is calculated using Euclidean (RMS) statistics (Equation 4.4). Two

types of experiment are run. In the first, each river is inverted individually with the objective function

given by Equation 3 in Roberts and White (2010) with weightings to penalise the first and second

derivative of the uplift rate history W1 = W2 = 10−5 and the positivity penalty W3 = 10. In practice,

setting these values to zero has little impact on solutions obtained. As is typical in previous studies,
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uplift rates are permitted to vary every 1 Myr between 0–6 Myr, i.e., there are seven free parameters

in total (four more than in Experiment 3), which is a useful test of the impact of different approaches

to solving the inverse problem. The second experiment follows the same strategy but jointly inverts

the five river profiles to identify the single optimal uplift rate history. In this experiment the objective

function is simply generated by summing the misfit calculated for each river individually and keeping

the same penalty function parameterisation used in the inversion of single profiles.

4.3 Results

4.3.1 Experiment 1: Recovering timing of a single uplift event from landscapes

with different noisy starting conditions

Figure 4.4 demonstrates the sensitivity of both Euclidean and Wasserstein misfit metrics to the tim-

ing of a single phase of uplift when ‘observed’ and theoretical landscapes have different noisy initial

conditions. Euclidean misfit (Figure 4.4i; Equation 4.4) is highest when timing of uplift differs con-

siderably from the true history (peak at 8 Myr) because the geometries of the associated theoretical

landscapes differ considerably from the ‘observed’ landscape (compare the landscapes, uplift rates and

misfit function in Figure 4.4a-h). Misfit decreases as the timing of peak uplift approaches the true

value (e.g., Figure 4.4e). A summary of results is shown in Table 4.2. The timing of mean minimum

misfit (i.e., the mean of the best-fitting results from the different initial noises) is shown by the black

arrow, and occurs at 8.21 Myr. The 0.21 Myr discrepancy is attributed to noise and the role it has

in producing theoretical landscapes that are extremely unlikely to match to the ‘observed’ landscapes

with high accuracy.

A similar pattern is observed when comparing landscapes using only the Wasserstein marginals W x
2 (o, c)

2+

W y
2 (o, c)

2 in Equation 4.7 (µ1 = µ2 = 0; Figure 4.4i). Mean misfit decreases as the timing of uplift

peak becomes more similar to that of the true landscape. The timing of mean minimum misfit occurs

at 8.02 Myr. This improved accuracy is attributed to the way in which the Wasserstein marginals

‘see through’ local variability in landscape geometries introduced by noise (consider the comparison of

the marginals shown in Figure 4.4 panels a–f). The variability of the absolute values of misfit across

the ensemble of models is greater for more mature landscapes (i.e., those with early uplift), shown by

the shaded region in Figure 4.4i. This result is attributed to two factors. First, the oldest landscapes

(earliest uplift) are almost entirely eroded, which has removed the signal of uplift from nearly all parts

of the ‘present-day’ landscape (i.e., T > τ , Equation 4.3). Secondly, removing more topography results
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in landscapes with marginals that increasingly differ from those of the ‘observed’ landscape. In such

cases the Wasserstein metric, in particular the marginals, are increasingly sensitive to noise at small

scales and the different arrangements of drainage planforms caused by the noise.

Figure 4.5 shows values of the three components that contribute to the full Wasserstein metric in this

experiment (Equation 4.7: µ1 = 1, µ2 = 106). It demonstrates the sensitivity of hypsometry and

∆zmax to uplift timing. However, ∆zmax is largely insensitive to youthful uplift occurring at times

> 6 Myr. In such juvenile landscapes erosion has not yet had time to erode the highest elevations

determined by cumulative uplift. Figure 4.5d shows the objective function used to search for the true

uplift history, combining the three components. It illustrates the sensitivity of the objective function

to uplift timing, and the precision with which the timing of peak uplift can be recovered using a

Wasserstein-based metric.

Figures 4.6 and 4.7 demonstrates that Euclidean and Wasserstein misfit are also sensitive to the timing

of a single peak of uplift when the uplift style is domal and when the amplitude of the initial noise

added to theoretical landscapes is different to that of the ‘observed’ landscape. The global minima of

Euclidean and Wasserstein misfit are 8.13 and 7.97 Myr respectively in the domal uplift experiment

(black arrows in Figure 4.6i), and 8.16 and 8.04 Myr when the amplitude of initial noise is 0–400 m

(Figure 4.7i).

4.3.2 Experiment 2: Recovering a more complex uplift history when noise is

known

Having established that Euclidean and Wasserstein-based objective functions are sensitive to uplift

timing, Figure 4.8 presents the results of Experiment 2, a three-parameter inversion where uplift rate

can vary at three time intervals. In this experiment each theoretical landscape is initialised with a

specific arrangement of white noise identical to that used to generate the ‘observed’ landscape (shown

in Figure 4.1a).

Figure 4.8a-c shows maps of Euclidean (RMS) misfit for a systematic sweep of parameter combinations.

Misfit is low in regions proximal to the true solution, shown by the red cross. The red circle marks

the global minimum of the brute force search. Unsurprisingly it is located at the same parameter

values as the true solution; the ‘observed’ and theoretical landscapes are identical (within machine

precision). Each map is overlain by a white network of Voronoi cells that illustrate the search locations

of the Neighbourhood Algorithm. It is encouraging that the density of resampling is densest close to
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Figure 4.4: Comparing ‘observed’ and theoretical landscapes with Euclidean and Wasser-
stein metrics. (a–c) Examples of landscapes and topographic marginals generated with the same
white noise initial condition and the red/black/blue uplift histories shown in panel (h). Location of
maximum elevation, zmax, is marked with a white circle. Filled grey marginals correspond to ‘observed’
landscape shown in panel (a). coloured lines show marginals of adjacent landscapes. (d–f) As per (a–
c), generated with a different arrangement of white noise as the initial condition. (g) Hypsometries of
landscapes shown in (a–f), coloured by timing of peak uplift. Solid lines correspond to landscapes in
(a–c), dashed (d–f). (h) Uplift rate histories, coloured by timing that corresponds to landscapes shown
in panels (a–f). grey lines and arrow illustrate how timing of uplift peak is varied to generate statistics
shown in panel (i). (i) Euclidean (red) and Wasserstein (blue) metrics generated by comparing the
landscape in panel (a) to 8× 104 landscapes generated with different timings of peak uplift and initial
(white noise) conditions. Timing of peak uplift was systematically varied between 1–9 Myr (see panel
g), every 0.01 Myr; for each model (i.e., different peak uplift) 100 different initial conditions were
tested. Dark line = mean; shaded polygon encloses all results. Red/black/blue circles mark misfit
when uplift peak occurs at 2/5/8 Myr (see panel g). Black arrow = minimum misfit. Timing of peak
uplift rate for the ‘observed’ landscape = 8 Myr (panel a).
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Figure 4.5: Constructing a Wasserstein-based objective function in one dimension to sup-
port the search for true uplift histories. (a) Wasserstein misfit for the experiment illustrated
in Figure 4.4i. Dark blue line shows mean misfit; shaded light blue region encloses all results; note
that this example incorporates 8× 104 models with 800 different timings of peak uplift each with 100
individual simulations initialised with different arrangements of white noise. Open circle shows loca-
tion of global minimum misfit; note timing of peak uplift for ‘observed’ landscape = 8 Myr, which is
accurately recovered in this experiment. (b) As per (a), for hypsometric misfit scaled by a weighting of
µ1 = 1 (see body text for details). (c) As per (a), for squared difference in maximum elevation, scaled
by weighting of µ2 = 106. (d) The summed misfit of (a) + (b) + (c)—an example of an objective
function used to identify an optimal uplift rate history in this chapter.
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Figure 4.6: Comparing ‘observed’ and theoretical domal landscapes with Euclidean and
Wasserstein metrics. Panels as per Figure 4.4, where uplift is applied in a domal style, using
Equation 4.2 with Umax = 1 mm/yr.
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Figure 4.7: Comparing ‘observed’ and theoretical landscapes with Euclidean and Wasser-
stein metrics with different maximum amplitudes of initial noise. Panels as per Figure 4.4.
Here the amplitude of initial noise in the theoretical landscapes is 0–400 m. The dashed lines in (i)
show Euclidean (red) and Wasserstein (blue) misfit when the initial noise added to the ‘observed’ and
theoretical landscapes is identical in its arrangement (i.e., the same random seed is used); only its
amplitudes differ.
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the parameter values used to generate the true uplift history. The trajectory of Powell’s algorithm is

shown by the blue line. Proceeding from an initial guess of zero uplift rate (U1 = U2 = U3 = 0), the

algorithm converges towards the true values, however it terminates some distance away from the those

values (see small red circles in panels a–c). Note that equivalent misfit maps are shown in Figure 4.9

without results from Powell’s and Neighbourhood algorithms.

Scenarios in which Powell’s algorithm was initialised with different values of Un (not shown) were also

tested and it was found that they also did not reliably home in on the true solution with much accuracy.

These results are attributed to the presence of local minima caused by the ‘observed’ and theoretical

landscapes having different geometries introduced by the impact that even subtle changes in the history

of uplift can have on flow routing and landscape form. From the perspective of recovering tectonics

from topography, it is concerning that these differences, and local minima arise, even when ‘observed’

and theoretical landscapes have the same starting conditions and erosional model, and under conditions

of spatially invariant uplift. Such local minima hamper the search for optimal solutions when using

automated direction-based approaches, such as Powell’s algorithm.

Figure 4.8d-f show misfit maps for the Wasserstein-based objective function. The global minimum

is located at the same parameter values as the true solution. The parameter values clearly trade-off,

illustrated by the ‘valleys’ of low misfit values. It is noted that the exact shape of the misfit function can

be changed by adjusting the values of the scaling factors µ1 and µ2 in Equation 4.7 (Figure 4.10). The

Neighbourhood Algorithm densely samples regions of the parameter space close to the true solution.

Powell’s algorithm progresses towards the true solution but does not accurately locate it. These results

are attributed to the presence of local minima in the objective function, which Powell’s algorithm ‘gets

stuck in’.

Figure 4.13 shows the uplift histories associated with the best-fitting (minimum misfit) theoretical

landscapes from Powell’s (dashed) and the Neighbourhood (solid) algorithms, using Euclidean (red)

and Wasserstein-based (blue) approaches. The results from inverting with the Nelder-Mead algorithm

are indicated by the dotted lines. Powell’s and the Nelder-Mead algorithms parameterised with the

Wasserstein-based objective function ran 322 and 370 forward models, respectively, to converge on

their solutions. 388 and 49,582 forward model runs were required for Powell’s and the Nelder-Mead

algorithms to converge when the Euclidean objective function is used. The Neighbourhood Algorithm

ran 300 forward models (see Table 4.1 for model parameterisation). Convergence metrics for each

algorithm are shown in Figures 4.11 and 4.12. The uplift history calculated using Powell’s algorithm and
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Euclidean statistics overpredicts the first uplift phase, leading to an overall overprediction in cumulative

uplift. In comparison, the true uplift history is accurately recovered when using the Neighbourhood

Algorithm. The true history is also recovered when using a Wasserstein-based objective function

to search for solutions with Powell’s or the Neighbourhood algorithm. The Nelder-Mead algorithm

performs relatively poorly, underpredicting the first and overpredicting the second uplift phases.

I now extend this experiment to test whether the uplift history is recoverable in the presence of noise. I

do so using the Neighbourhood Algorithm, for two reasons. First, its success relative to Powell’s and the

Nelder-Mead algorithms in recovering uplift information when noise in starting conditions is identical,

and secondly the algorithm provides additional information beyond the single best-fitting result, such

as posterior distributions, which can be used to quantify uncertainties or parameter trade-off. Note

that posterior distributions are shown for Experiment 2 in Figures 4.14 and 4.15.

4.3.3 Experiment 3: Recovering a complex uplift history when noisy starting

conditions differ

Figure 4.16 shows examples of brute force parameter sweeps for two typical inversions generated with

Euclidean- (panels a-c and d-f) and Wasserstein-based objective functions (g-i, j-l). These maps of

misfit are overlain with the search phases of the Neighbourhood Algorithm. Each of the 100 inversions

run during Experiment 3 produced 4224 individual forward models (see Table 4.1). In each inversion,

the Neighbourhood Algorithm densely samples regions close to the global minimum of the brute force

parameter sweep, shown by the red circle. This result verifies that the algorithm can successfully

identify regions of low misfit. However, the misfit maps generated with Euclidean statistics demon-

strate that the global minimum of the parameter sweep in these scenarios can be located far from

the parameter values of the true solution (red cross). These results are attributed to the fact that

Euclidean misfit is sensitive to differences in drainage planform geometries that, in this case, originate

from differences in arrangements of starting topography.

In contrast, Wasserstein-based objective functions tend to have global minima that cluster tighter

around the true values. The success of the Wasserstein objective function in identifying the true uplift

history is illustrated for the full ensemble of 100 inversions in the histograms shown in Figure 4.16m-o.

These panels illustrate the parameter values at which the global minima occur for the 100 inversions.

Euclidean statistics consistently underpredict the true uplift rate of parameter U1, shown by the black

arrow. In comparison, these panels emphasise the ability of the Wasserstein-based approach to identify
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Figure 4.8: Examples of multi-dimensional Euclidean and Wasserstein-based search spaces
for models with same initial noise—objective functions when uplift rate is allowed to vary
in time. (a–c) Slices through Euclidean misfit space for three uplift rate parameters: U1, U2, U3 (see
Figure 4.1c for their timings). The ‘observed’ landscape is shown in Figures 4.1d and 4.3a, which was
generated with the uplift rates indicated by the red crosses in panels (a–c). Red-white colour scale =
Euclidean (RMS) misfit as a function of uplift rates generated by brute force, systematic, adjustment of
parameter values (∆U = 0.05 mm/yr). White lines = Voronoi cells showing Neighbourhood Algorithm
(NA) search; sampling frequency is inversely proportional to cell density. Large red circles = best-fitting
uplift rates identified by the brute force search. Blue line = trajectory of Powell’s algorithm—another
inversion methodology; black outlined circles = iterations of the algorithm, green/red = first/last
iteration. (d–f) Slices through Wasserstein-based objective function (see body text for details) for the
three uplift parameters (red-white colouring = results from brute force analysis) and associated NA
(white lines) and Powell’s algorithm search histories. Note trade-offs in the objective function.

true uplift rates for all three parameters, irrespective of the arrangement of noise.

Figure 4.17 compares examples of typical best-fitting landscapes generated using the Euclidean and

Wasserstein-based inverse approaches to the ‘observed’ landscape. The landscape generated using a

Euclidean approach has similar drainage patterns to the ‘observed’ landscape, such as a roughly north-

south ridge on the right hand side of the domain, but the topography tends to be lower. In contrast,

the landscape generated using a Wasserstein-based approach has a different planform structure, but

the topography characteristics (e.g., the distribution of elevations, marginals) are more similar to the

‘observed’ landscape.

Figure 4.17e shows the mean uplift rate history plus one standard deviation calculated using the 100
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Figure 4.9: Examples of multi-dimensional Euclidean and Wasserstein-based search spaces
for models with same initial noise—objective functions when uplift rate is allowed to
vary in time. This figure reproduces Figure 4.8 with contours of the objective functions. (a-c) Slices
through Euclidean misfit space for three parameters. Red cross shows location of true solution. Red
circle shows location of global minimum. (d-f) As above, for Wasserstein-based misfit.

best-fitting results of the ensemble of models with noisy starting conditions that are different to the

‘observed’ landscape and to each other. These results confirm that uplift rate histories recovered using

Euclidean statistics consistently underpredict the oldest phase of uplift and accurately recover the

second and third parameter values. A consequence is that the cumulative uplift is 30 to 45% less

than that of the true solution (e.g., Figure 4.17b). In contrast, the mean uplift history calculated

using a Wasserstein-based objective function accurately recovers the true solution. There is a small

overprediction in the uplift rate at 3 Myr that is attributed to the true solution of 0 mm/yr being at

the boundary of the parameter space.

Posterior probability distributions and sample density plots of the ensemble of Euclidean results are

shown in Figure 4.18. These are constructed by aggregating the posterior distributions from each

of the 100 inversions within the ensemble. It is noted that the posterior distributions of individual

inversions are broadly similar (see grey histograms in Figure 4.18). Convergence of individual posterior

distributions is assessed by calculating a potential scale reduction factor, which is explained below.

The ensemble of models produced from the search phase of the Neighbourhood Algorithm can produce
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Figure 4.10: Testing Wasserstein-based parameter spaces for models with same initial noise
by varying values of weighting parameters µ1 and µ2. This figure reproduces the experiments
shown in Figure 4.8 in the main manuscript and Figure 4.9 (with µ1 = 100 and µ2 = 106) for different
values µ1 and µ2. (a-c) Slices through Wasserstein-based misfit when µ1 = 10−4 and µ2 = 102. (d-f)
As above, for µ1 = 10−2 and µ2 = 104. (g-i) As above, for µ1 = 10−4 and µ2 = 108.
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Figure 4.11: Misfit convergence for Powell’s Algorithm. These results extend those shown
in Figure 4.8 (Experiment 2). (a) normalised misfit as a function of iteration for RMS (red) and
Wasserstein-based (blue) misfit. (b) As per (a), for linesearch.
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Figure 4.12: Misfit convergence for Neighbourhood Algorithm. Misfit as a function of forward
model number within the Neighbourhood Algorithm search phase for RMS (red) and Wasserstein-
based (blue) misfit extending the results shown in Figure 4.8 (Experiment 2). Misfit is normalised by
respective maximum misfit values. grey shaded region shows duration of initial random sampling stage.
grey dashed lines show positions at which new iterations begin (i.e., the best Nr subset of models are
selected for resampling).

results with sparsely sampled distributions. Therefore, the appraisal phase of the Neighbourhood

algorithm is often required in order to resample the search ensemble and produce posterior probability

distributions that are statistically robust (Sambridge, 1999b). The resampling strategy of the appraisal

phase makes use of Monte Carlo integration that involves a series of random walks through the sampled

parameter space. It is possible to test whether the random walks converge using various statistical

tests. A failure to converge may indicate that the information inferred from the posterior distributions

is unreliable. I verify convergence by calculating a potential scale reduction factor (PSRF, also known

as R̂ or the Gelman-Rubin statistic; Gelman and Rubin, 1992). The PSRF is a diagnostic measure of
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Figure 4.13: Best-fitting uplift histories recovered from inverse modelling of landscapes
with initial noise conditions identical to the ‘observed’ landscape, generated using differ-
ent optimisation techniques. (a) Black line = true uplift rate history used to generate the ‘observed’
landscape (i.e., what I aim to recover from inverse modelling; Figures 4.1d and 4.3a). Best-fitting calcu-
lated uplift rate histories: red = histories generated with Euclidean-based approaches; blue = solutions
from Wasserstein-based approaches; solid lines = Neighbourhood Algorithm; dashed lines = Powell’s
algorithm; dotted lines = Nelder-Mead algorithm. Figure 4.8 shows the trajectories of the associated
inverse models. (b) Associated cumulative uplift histories.

convergence and is calculated as a ratio of sample variance between-different and within-each random

walk. For a formal definition, see Gelman and Rubin (1992) or Sambridge (1999b). A PSRF greater

than 1.1 suggests further resampling is required to achieve convergence. As the number of samples

tends to infinity, the PSRF tends to 1. PSRF values calculated for each parameter from a typical

inversion chosen at random in Experiment 3 are all < 1.1, suggesting convergence.

The heat map and posterior distribution for U1 demonstrates how low values of this parameter are

preferentially sampled by the Neighbourhood Algorithm. The single best-fitting result, shown by the

green arrowhead, is close to the mean value, shown in blue, but both are far from the true value of

0.5 mm/yr. The posterior distributions for parameters U2 and U3 are closer to the true solution. In

contrast, posterior distributions and heat maps for the Wasserstein-based objective function, shown in

Figure 4.19, are tightly arranged close to the true solution for all three parameters.

Comparisons with results from inverting longitudinal river profiles

Results from inverse modelling of river profiles extracted from a random selection of the best-fitting

landscapes produced in this experiment are shown in Figure 4.20. The most youthful phase of uplift is
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Figure 4.14: Posterior distributions of RMS misfit for Experiment 2. Posterior sampling
density of each parameter combination, and respective marginal distributions extending the results
shown in Figure 4.13. Red/blue/green crosses and arrows show true/mean/best recovered solutions.

accurately recovered by inverting each river individually or by joint-inversion of the five rivers. That

the oldest (earliest) phase of uplift is not as accurately recovered is not surprising for two reasons.

First, the way in which I have extracted the river profiles follows standard procedures, which assumes

overland flow initiates at a defined upstream area (here 4 km2), and hence the upper few tens of meters

of cumulative uplift are ‘missing’ from the longitudinal profiles (see filled black circle and double-headed

arrows). Secondly, the number of measurements that constrain uplift at times < 4 Myr is small (see

e.g., response times and model coverage in Figures 4.3c and 4.20a). The inversion took < 1 minute to

complete.
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Figure 4.15: Posterior distributions of Wasserstein-based misfit for Experiment 2. The
results extend those shown in Figure 4.13. Annotations as per Figure 4.14.

4.3.4 Experiment 4: Recovering a complex uplift history from a landscape with

spatio-temporal changes in uplift

Posterior distributions and associated uplift histories calculated for a domal uplift style, shown in

Figure 4.21, are similar to those calculated from landscapes evolving with a block uplift style. The

calculated uplift rate for parameter U1 using Euclidean statistics is less than the true uplift rate of 0.5

mm/yr, generating calculated topographies with maximum elevations less than that of the ‘observed’

landscape. In comparison, posterior distributions of uplift rates calculated using Wasserstein metrics

are clustered close to the values of the true solution.
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Figure 4.16: Examples of misfit spaces (objective functions) and Neigh-
bourhood Algorithm search for uplift rate history for models with
initial conditions different to the ‘observed’ landscape. (a–c) Slices through a typical
Euclidean misfit space for a landscape generated with an arrangement of initial (white) noise that is
different to that used to generate the ‘observed’ landscape (see Figure 4.1d). Red crosses = values
of true uplift rates (used to generate the ‘observed’ landscape). Red-white colour scale = misfit
between ‘observed’ and theoretical landscapes generated by brute force, systematic, sweep of uplift
rates: ∆Un = 0.05 mm/yr; red circle = global minimum misfit from brute-force parameter sweep.
White lines = Voronoi cells of the Neighbourhood Algorithm (NA) search; note sampling density of
NA in proximity to global minimum. (d–f) As above, for a different arrangement of white noise in
the initial condition. (g–i) As (a–c), generated with Wasserstein-based metrics. (j–l) As (d–f), for
Wasserstein-based metrics. (m–o) Histograms of uplift rates at global minima for 100 brute force
searches of misfit space between landscapes initialised with different noisy starting conditions (see e.g.,
Figure 4.1a–b). Red = results from Euclidean-based approach; blue = Wasserstein-based approach.
Black arrows = values of true solution, i.e., uplift rates used to generate ‘observed’ landscape.

Experiment ‘True’ uplift rate Euclidean single-
best

Wasserstein-
based single-best

Euclidean mean
+ 1σ

Wasserstein-
based mean + 1σ

1 8.00 Myr 8.18 Myr 8.00 Myr 8.21+0.31
−0.3 Myr 8.02+0.25

−0.2 Myr
2 (NM) [0.5, 0, 0.5] [0, 0.24, 0.45] [0.14, 0.29, 0.50] N/A N/A
2 (P) [0.5, 0, 0.5] [0.68, 0.01, 0.43] [0.66, 0, 0.41] N/A N/A
2 (NA) [0.5, 0, 0.5] [0.50, 0.02, 0.49] [0.47, 0.05, 0.48] [0.5±0.01,

0.±0.006,
0.49±0.008]

[0.49±0.02,
0.02±0.01,
0.49±0.02]

3 [0.5, 0, 0.5] [0.24, 0, 0.53] [0.47, 0.02, 0.49] [0.09±0.05,
0.016±0.025,
0.55±0.012]

[0.47±0.015,
0.04±0.016,
0.49±0.003]

4 [0.5, 0, 0.5] [0, 0.13, 0.52] [0.45, 0.05, 0.49] [0.12±0.07,
0.08±0.04,
0.53±0.02]

[0.45±0.045,
0.06±0.04,
0.48±0.01]

Table 4.2: Summary of results for Experiments 1–4. NM = Nelder-Mead, P = Powell’s, NA =
Neighbourhood Algorithm. [·, ·, ·] = [U1, U2, U3] uplift rates (mm/yr) being searched for in experiments
2–4 (see Figure 4.1c.)

4.4 Discussion

4.4.1 Recovering tectonic information from noisy landscapes

The approach to inverting landscapes for their uplift rate histories developed this chapter was first

demonstrated with simple models in which ‘observed’ and theoretical landscapes are parameterised to

be as similar as possible (e.g., same noisy initial conditions, erosional model, boundary conditions).

The results from Experiments 1 and 2 show that both Euclidean- and Wasserstein-based objective

functions can be used with the Neighbourhood Algorithm to accurately locate true uplift rate histories

in such scenarios (Figure 4.13). True uplift rate histories are more challenging to recover when using

Powell’s algorithm even under identical noise conditions due to the sensitivity of drainage planform
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Figure 4.17: Best-fitting landscapes extracted from ensemble of inverse models with initial
conditions different to ‘observed’ landscape: Comparison of Euclidean and Wasserstein-
based approaches. (a) ‘Observed’ landscape and its marginals (see Figure 4.1d). (b) The best-
fitting landscape from an ensemble of 100 inverse models with uplift rate histories determined by the
Neighbourhood Algorithm and Euclidean-based (RMS) statistics (see e.g., Figure 4.16a–f). (c) As per
(b), generated with Wasserstein-based metrics (see e.g., Figure 4.16g–l); blue = marginals of best-
fitting landscape; grey = marginals corresponding to ‘observed’ landscape in panel (a). (d) Black =
hypsometry of ‘observed’ ‘observed’ landscape (panel a). Green = hypsometry of best-fitting landscape
shown in panel (c). (e) Black = true uplift history used to generate ‘observed’ landscape in panel (a);
solid red line = mean of calculated uplift rate histories from the best-fitting (maximum likelihood)
models generated from 100 inversions with the Neighbourhood Algorithm and Euclidean (RMS) based
statistics; shaded region = one standard deviation. Blue = results for Wasserstein-based approach. (f)
As per (e), for cumulative uplift.

geometries to even minor variations in the uplift rate history. However, the scenario of identical noise

used in the initial conditions is unlikely to be appropriate for understanding origins of topography

in the real world where the specific arrangements of noise, and certainly their histories, are usually

unknown.

When the noisy starting conditions of ‘observed’ and theoretical landscapes are different (e.g., because

one or both are unknown), the results from this chapter show that Euclidean-based objective functions

are likely to be extremely complicated with many local minima. Consequently, they are not likely to

be well suited for use in automated optimisation, with searches for uplift rate histories likely to end far
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Figure 4.18: Distribution of calculated uplift rates from ensemble of inverse models gen-
erated with Euclidean statistics and different initial noise conditions compared to true
uplift rates. Heat maps = posterior sampling density for each combination of uplift rate parame-
ter values from the appraisal phase of 100 inverse models (see body text for details; Figure 4.1c for
timings of Un); note parameter trade-offs. Histograms = Marginal posterior probability distribution
for each uplift rate parameter labelled along abscissa. Red arrows/crosses = true uplift rates used to
generate the ‘observed’ landscape shown in Figure 4.1d. Green = best-fitting solutions obtained from
search phase of the Neighbourhood Algorithm, i.e., the uplift rate values that produce the theoretical
landscape with the lowest residual misfit to the ‘observed’ landscape. Blue = mean of the posterior
distributions.
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Figure 4.19: Distribution of calculated uplift rates from ensemble of inverse models gener-
ated with different initial conditions and Wasserstein-based objective functions compared
to true values. See Figure 4.18 for extended description.

from the truth. Fortunately, Wasserstein-based approaches outperform Euclidean-based ones and can

recover uplift rate histories with accuracy (Figure 4.16). The success of the Wasserstein-based approach

stems largely from the relative insensitivity of topographic marginals and landscape hypsometries to

local complexity.

The results indicate that inverse modelling of landscapes with Euclidean objective functions may

typically underestimate amplitudes of old events (Figures 4.13, 4.17c–e, 4.18, 4.21, 4.20a). Two reasons

are suggested for the under-prediction. The first is associated with the removal of tectonic information

from topography by erosion. A guide to the length of the record of tectonic events in the landscapes

examined is the erosional response time given by Equation 4.3 (see also Figure 4.3). Figure 4.3d

demonstrates that the fluvial response time of the longest river of the ‘observed’ landscape is ∼ 6

Myr, it is only ∼ 4 Myr for the second, third, and fourth longest rivers. This result is emphasised
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Figure 4.20: Recovered uplift histories from inverse modelling of river profiles. (a) Solid grey
lines = longitudinal profiles of the longest rivers extracted from five of the 100 best-fitting topographies
generated by inverting the ‘observed’ landscape; longest is overlain with circles coloured by landscape
response time (Equation 4.3). Dashed grey lines = upstream drainage area as a function of downstream
distance for these rivers. Purple lines show best-fitting profiles from joint-inversion of the observations
(grey lines); see Section 4.2.4 for details. Black circle and double-headed arrow indicate difference
between river heads and cumulative uplift. (b) Black solid line = true uplift rate. Thin purple lines
= calculated uplift rate histories from inverting each river (grey lines) in panel (a) individually. Thick
purple line = uplift rate and cumulative uplift history from joint inversion of the river profiles shown
in panel (a). Double-headed arrow = difference between cumulation uplift at 0 Myr. (c) As per (b),
for cumulative uplift history.

by the histogram of model coverage atop Figure 4.3b, which demonstrates that at least 80% of grid

cells within the domain have a response time of less than 5 Myr. In other words, calculated Euclidean

misfit is insensitive to changes in uplift rate at times > 5 Myr. The insensitivity can be seen in Figure

4.22a–c, which shows transects through Euclidean misfit functions (see Figures 4.16a–c and g–i). Each

figure shows misfit when only one of the uplift rate parameters is varied. This figure emphasises

the insensitivity of Euclidean misfit to changing the amplitude of the oldest phase of uplift (U1). It

is unsurprising that inverse modelling of longitudinal river profiles extracted from these landscapes,

which have very low model coverage at times > 5 Myr, also fails to accurately recover the earliest

uplift phase (Figure 4.20).

Second, Euclidean-based approaches may be unsuited to inverse modelling of noisy landscapes because

topography (e.g., valleys and ridges) is unlikely to be located in the same positions in ‘observed’

and theoretical landscapes. It can then be beneficial, in terms of minimising misfit, for a theoretical

landscape to have lower and more consistent elevations than the ‘observed’ one. Doing so can reduce

the differences in elevation between co-located (in the ‘observed’ and theoretical landscapes) ridges and

valleys, for instance (e.g., Figure 4.17b). Consequently, the uplift history used to generate the best-

fitting theoretical landscape with a Euclidean scheme will contain less uplift. Given the insensitivity to
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Figure 4.21: Inverse modelling of domal topography to recover uplift rate histories. Cal-
culated best-fitting domal topographies and posterior distributions for models with different initial
(white noise) conditions identified using the Neighbourhood Algorithm (NA). (a) ‘Observed’ domal
landscape and its topographic marginals, generated with the uplift history shown in Figure 4.1c scaled
by Equation 4.2. (b) Best-fitting landscape from NA-based inverse model that uses Euclidean (RMS)
statistics. (c) As per (b), using Wasserstein metrics; red = associated marginals; grey = marginals
for the ‘observed’ landscape in panel (a). (d–f) Aggregated posterior probability distributions gen-
erated from ensemble of 100 inverse models generated with different noisy starting conditions; red =
Euclidean, blue = Wasserstein; coloured dashed lines = calculated uplift rates of single best-fitting
model corresponding to the landscapes shown in panels (b–c). Black arrows = parameter values of
true solution, i.e., uplift rates used to generate the ‘observed’ landscape.

old uplift, it is probably generally beneficial for Euclidean-based inverse models to reduce uplift rates

at older times, as observed in the experiments in this chapter (e.g., Figure 4.17e–f).

In contrast, the Wasserstein-based methodology can accurately recover rates of uplift when tectonic

signals have been eroded from large parts of the landscape (Figures 4.17 & 4.21). Figure 4.22 shows

how Wasserstein-based misfit is relatively equally sensitive to changes in each uplift parameter. This

efficacy is attributed to the use of marginals, hypsometry and maximum elevations, which combine to

provide sufficient information to accurately recover the rate of the oldest uplift events recorded in a

landscape.
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Figure 4.22: Assessing sensitivity of calculated uplift rates recovered from noisy landscapes.
Euclidean and Wasserstein-based misfit between ‘observed’ landscape generated with U1 = U3 = 0.5
mm/yr and U2 = 0, and a theoretical landscape generated with different noise and systematic adjust-
ment of uplift rates. (a) Transects of Euclidean (red) and Wasserstein-based (blue) misfit generated
from the misfit maps shown in Figure 4.16a–c and g–i respectively. Here, 0 ≤ U1 ≤ 1 mm/yr every
0.05 mm/yr; U2 and U3 are fixed at the values used to generate the ‘observed’ landscape. White filled
circle = minimum misfit. Black arrow = true uplift rate of U1 used to generate ‘observed’ landscape.
(b) As per (a), varying U2 and fixing U1 = U3 = 0.5 mm/yr. (c) As per (a), varying U3 and fixing
U1 = 0.5 and U2 = 0 mm/yr.

4.4.2 Recommendations, implications and future work

The Neighbourhood Algorithm is well suited to searching for true uplift rate histories and performs

well even when direction- or simplex-based methods do not (Figures 4.8, 4.13 & 4.16). In contrast,

it is found that the Nelder-Mead algorithm is unable to recover the true uplift history with sufficient

accuracy to be generally useful, even when starting conditions are identical between the ‘observed’ and

calculated landscapes. This is also true for Powell’s algorithm when Euclidean statistics are used to

generate the objective function being searched.

An advantage of the Neighbourhood Algorithm is that uncertainties can be straightforwardly quantified

from the model ensemble. The calculated uplift rates in Figure 4.17 and the posterior distributions

shown in Figures 4.18–4.19 demonstrate that whilst uncertainties can be considerable when Euclidean

statistics are used in the inverse model, they may still not overlap with true rates of early uplift (i.e.,

U1 in these experiments). In contrast, uncertainties are considerably smaller when Wasserstein-based

metrics are used. Moreover, the best-fitting and mean solutions are similar to each other and the true

uplift history when Wasserstein-based metrics are used in the inverse model.

It is noted that even in scenarios when noise in the starting conditions of the ‘observed’ and best-fitting

theoretical landscapes are the same, very small amounts of residual misfit remain (Hw = 0.89 km2).

These residuals are attributed to the precision with which the optimisation algorithms sample and
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Figure 4.23: Residual misfit of best-fitting models initialised under different noisy starting
conditions. Histogram shows residual misfit of 100 best-fitting models from Experiment 3 of this
chapter, extending the results shown in Figures 4.16–4.17. Mean residual misfit = 28.97 km2. Orange
dashed line shows residual misfit of best-fitting model from Experiment 2: 0.89 km2.

update parameter values. In contrast, inverting with different initial noisy conditions (i.e., Experiment

3), results in considerably larger residual misfit (mean Hw = 28.97 km2). A histogram showing residual

misfits is shown in Figure 4.23.

The results in this chapter have two obvious implications for understanding landscape evolution in

general. First, many landscape geometries are plausible for a given history of uplift and erosional model

because of the sensitivity of landscape geometries (e.g., positions of drainage networks) to geomorphic

noise. This finding is straightforward to demonstrate with simulated landscapes in which different

arrangements of computational noise are incorporated as starting conditions. It is suggested that it

should also be expected for real landscapes where drainage geometries depend on geomorphic noise

and also on lithospheric and sublithospheric tectonic processes operating at larger scales (Castelltort

et al., 2012; Willett et al., 2014; Lipp et al., 2020; Kuhasubpasin et al., 2025). This result indicates

that attempting to understand the origins of the specific arrangements of valleys, interfluves, hillslopes

and rivers, likely requires detailed information about the arrangement of noise, which is unlikely to be

available for the majority of the lifetime of a landscape. A corollary is that probabilistic approaches

are likely to be necessary for understanding landscape evolution and the origins of topography at a

variety of scales.

Secondly, the use of inversion techniques that make use of Euclidean statistics to compare observed



4.4. Discussion 163

and theoretical landscapes can be unstable and are very sensitive to noise. In contrast, Wasserstein

distances, which come from the field of optimal transport, can ‘see through’ local complexities to more

accurately recover histories of uplift. The success of the approach largely stems from the fact that

even though landscapes generated with different noisy conditions can be dramatically different at the

scales of drainage basins, they contain similar large scale topographic characteristics (e.g., marginals

and hypsometries). It is that information that makes it possible to recover tectonics from topography

despite the important role that geomorphic noise arising from, for instance, the condition of substrate

or the climate can play in determining the precise details of a landscape’s evolution. The use of

optimisation algorithms within the inversion framework reduces computational burden, however given

that evolving entire landscapes is more expensive than inverting river profiles, both approaches remain

feasible options when seeking to recover tectonic information from topography.

The modelling in Experiments 3 and 4 used different arrangements of white noise added to theoretical

landscapes as initial conditions. In the real world ‘noise’ might arise as a consequence of, say, climatic,

lithologic, or biotic contributions, with different spectral characteristics that change and impact topog-

raphy as it is being shaped. Figures 4.24–4.26 show that Wasserstein-based inversion can recover uplift

rate histories in the presence of red (topography amplitudes increase with scale), pink (amplitudes in-

crease more slowly with scale), white or blue (amplitudes decrease with scale) noise inserted into initial

conditions, which perhaps brackets the range of spectral characteristics that landscapes contain (e.g.,

Pelletier, 1998; Perron et al., 2008; Wapenhans et al., 2021). Birnir et al. (2001) and Wapenhans et al.

(2021) showed that addition of quenched (frozen) noise to landscape evolution models can improve

their similarities to real landscapes. In future work it would be possible to explore the recoverability of

uplift rate histories in the presence of quenched noise by inserting identical arrangements of roughness

at every time step, for instance. Alternatively, spatio-temporal noise could be included by inserting

different arrangements of roughness, perhaps from different or the same distribution(s) of noise, at

every time step by altering the random seed (for instance, how noise is inserted into models produced

in Chapter 2).

An obvious direction of future work would be to apply this inverse method to natural topography.

Inverting real topography for its uplift rate history will likely require inversion for a substantially

increased number of parameters (i.e., Un). This highlights the need for experiments that explore

the efficacy of Wasserstein-based objective functions and optimisation algorithms where solutions are

known, such as those in this chapter. The approach could also be adapted to incorporate more complex
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Figure 4.24: Theoretical landscapes generated with blue and white noise initial conditions.
(a) An example of blue noise with elevations 0–10 m used as an initial condition within a landscape
model. (b) Resultant landscape and topographic marginals that evolve from the starting condition
in (a) with the model set up as described and the uplift history shown in Figure 2.1c of the main
manuscript. (c-d) As above, for white noise initial condition.

erosional models, for instance, transport-limited, glacial and other non-fluvial erosion.

4.5 Conclusions

The form and evolution of landscapes result from a complex interplay of tectonic and geomorphic pro-

cesses. Establishing contributions of tectonic processes to topography is complicated by the presence

of geomorphic noise playing a significant role in determining landscape form. I demonstrate how a

probabilistic inverse modelling framework can be used to recover uplift rate histories from landscapes
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Figure 4.25: Theoretical landscapes generated with pink and red noise initial conditions.
(a-b) As above in Figure 4.24, for pink noise initial condition. (c-d) As above, for red noise initial
condition.

even when the specific arrangement of geomorphic noise is poorly understood. This approach could be

useful for recovering tectonics from real landscapes for which one typically has no information about

the history of processes contributing to geomorphic noise, such as discharge, changes in substrate,

biota, or climate. In this chapter, following procedures widely used in simulations of fluvial land-

scapes, randomness is applied to models in the form of different noisy initial conditions. The local

complexity introduced by noise makes ‘standard’ Euclidean-based approaches to assess goodness of fit

unsuitable for comparing observed and theoretical topography. Instead, it is shown that Wasserstein

distances generated using topographic marginals, and the hypsometries and maximum elevation of
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Figure 4.26: Uplift histories recovered from landscapes with different colours (distributions)
of initial noise. (a-c) Distributions of best-fitting uplift rates calculated using a Wasserstein-based
objective function from 100 inversions using the Neighbourhood Algorithm when the ‘observed’ and
theoretical landscapes are generated with different arrangements of blue noise initial conditions. Note
that Neighbourhood Algorithm is parameterised with Ni = 10, Ns = 50, Nr = 5, N = 5 — i.e., a
coarser search than that used for Experiment 3. Black triangle points to value of ‘true’ solution used
to generate ‘observed’ landscape. (d) Black line shows uplift rate history used to generate ‘observed’
landscape. Blue line shows the mean of the 100 best-fitting uplift rate histories (mean maximum
likelihood) recovered using a Wasserstein-based objective function and the Neighbourhood Algorithm.
Dashed grey lines = times at which uplift rates can vary in the inverse models. (e-h) As above, for
‘observed’ and theoretical landscapes initialised with white noise. (i-l) As above, for pink noise. (m-p)
As above, for red noise.

landscapes provides the information needed to recover true histories of uplift. Wasserstein distances

are sensitive to the timing of tectonic signals inserted into a landscape. The approach makes it possible
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to invert the topography of landscapes generated by block- and domal uplift to recover their true uplift

rate histories. The probabilistic nature of the framework enables quantification of uncertainties in

recovered uplift rates using posterior probability distributions. I anticipate the approach being useful

where knowledge of uplift histories can provide constraints on the geosphere (e.g., natural resource

distributions), biosphere (e.g., species evolution), and atmosphere (e.g., palaeoclimate) through time

but information available to understand the details of landscape evolution is scant.



Chapter 5

Discussion

5.1 Summary of key findings

The work presented in this dissertation demonstrates how, in spite of geomorphic variability and

noise, tectonic information can be recovered from topography using a probabilistic inverse modelling

framework. It is demonstrated how landscape evolution models can be used to characterise and quantify

variability in geomorphic properties that occurs during the lifetime of a landscape. The importance of

such quantification lies not only in its scientific rigour, but crucially in how it permits the respective

contributions to topography from tectonic signals and other processes (noise) to be split. Disentangling

the roles of climatic and tectonic processes to the shaping of landscapes has been a goal within the

geosciences for several decades. Recovering uplift rate histories from topography, as the inverse method

developed in this dissertation does, is an important development that enhances the ability to make

such distinctions.

In Chapter 2, I set out to describe and characterise sources of geomorphic noise that are present during

landscape evolution, develop a method for representing noise within landscape evolution models, and

assess its impact on the properties of synthetic landscapes. I first considered how naturally occurring

noise can be represented by its spectral properties, and thus conducted a series of experiments in

which red, white, and blue noise was added to landscape models. Noise was added in four scenar-

ios: exclusively as an initial condition (as is typical in most landscape evolution models), the same

arrangement added as the initial condition and at every subsequent time step, different arrangements

added as the initial condition and at every subsequent time step, or as the initial condition and to the

final topography. Results of these experiments showed that the geometries and geomorphic properties

168



5.1. Summary of key findings 169

of landscapes generated under the same tectonic and erosional conditions can vary substantially due

to noise alone. A consequence of this finding is that assumptions underpinning many approaches to

assessing landscape evolution, widely applied in studies of real topography, become difficult to justify,

at least without acknowledgement and quantification of uncertainties that are present. It emphasises

that adding noise to landscape simulators is not an arbitrary choice. Interpreting outputs from single

models can be perilous, and should be avoided because they are not representative of underlying mech-

anisms driving geomorphic processes. Instead, the results imply that probabilistic or ensemble-based

approaches to landscape modelling are likely to be required to account for uncertainties that arise from

a lack of information about specific arrangements of noise in landscape models and natural landscapes.

A key implication of landscape geometries being variable as a result of noise, either in computational

models (as shown in Chapter 2 and previously by Ijjász-Vásquez et al. (1992), for example) or natural

systems (e.g., Lipp and Roberts, 2021), is that inverse models comparing topographic observations

with modelled predictions using Euclidean statistics can have high misfits even when uplift histories

are identical. This impact is highlighted in Chapter 3, where I sought to show how topography can

be quantitatively compared in a way that is less sensitive to local complexity than to larger scale

structure. I introduced the Wasserstein distance, from the mathematical field of optimal transport, in

this chapter as a method to do so. I showed how widely-used Euclidean measures of misfit struggle to

consistently and reliably identify best-fitting rates and locations of uplift due to the presence of local

minima in objective functions. The Wasserstein distance offers an alternative measure of misfit to

quantify similarity between observed and theoretical landscapes, identifying more accurate parameter

values even in the presence of noise.

In Chapter 4 I tested whether it is possible to invert noisy topography for its history of uplift us-

ing Euclidean or Wasserstein-based objective functions. In a series of experiments that built in their

complexity, I showed how Wasserstein-based objective functions that also incorporate calibrated in-

formation about landscape hypsometries and maximum elevations can recover the timing and rate

of uplift from synthetic topography, even in the presence of noise. In comparison, Euclidean-based

objective functions can identify optimal uplift rate histories when the initial noise within observed

and predicted topography is identical, but with high uncertainty (in some cases so high that it makes

predictions essentially meaningless) when the noise is different, which is a more realistic assumption in

the context of real landscapes. Uncertainties in uplift rates are incorporated through a probabilistic

optimisation algorithm. The success of this inverse modelling framework indicates that, under certain
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conditions (though importantly with no assumptions about a topographic steady state), it is possible

to recover tectonic information from real topography. The results from the inverse modelling frame-

work were compared with those produced by inverting longitudinal river profiles. It was shown that

river profile inversion failed to recover the oldest uplift, attributed to the absence of sufficient mea-

surements within fluvial networks to constrain tectonic information from that time. It is promising

that inverting entire landscapes appears to extend the temporal record on which uplift histories can

be determined. Nonetheless, the reduced computational expense involved with inverting longitudinal

river profiles compared to simulating the evolution of entire landscapes means it remains a valuable

tool.

5.2 Returning to the research questions

In Chapter 1 I laid out four research questions that I sought to answer in this dissertation. I revisit

these here to critically reflect on the extent to which they have been answered.

1. How can naturally occurring, geomorphic noise be described, characterised, and represented in

landscape evolution modelling strategies?

2. What are the consequences of adding noise to landscape evolution models?

In Chapter 2, I described sources of geomorphic noise that are present during the lifetime of a landscape,

and showed that by characterising these sources in terms of their spectral properties, they can be

straightforwardly represented in landscape evolution modelling strategies. I demonstrated through

a series of experiments that addressed three broad categories of topography (see section 2.2.3) that

noise within landscape models generates variability in a range of geomorphic properties derived from

topographically stable (∂z/∂t = 0) landscapes. I concluded from this study that probabilistic or

ensemble-based modelling approaches are preferable to analysis of single models because they are more

robust to, and can quantify, uncertainties that arise from noise.

3. How can topography be quantitatively compared in a way that ‘sees through’ local variability?

In Chapter 3, I extended the results of Chapter 2 to highlight how variable landscape geometries that

are a consequence of noisy starting conditions are problematic for inverse models that use Euclidean

statistics to compare topography. I demonstrated that local complexity generates solutions to Eu-

clidean objective functions that contain local minima, making it challenging for inverse methods to

reliably recover uplift parameters. The Wasserstein distance was introduced as an alternative method
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to quantitatively compare landscapes, and I showed several examples in which Wasserstein-based ob-

jective functions are better suited to seeing through local complexity to recover uplift information from

topography (see Figures 3.3, 3.5, and 3.7).

4. Can Euclidean or Wasserstein-based objective functions recover uplift histories from transient

topography?

In Chapter 4 I presented an inverse framework that successfully recovers uplift rates from topography.

I showed that this was possible using Euclidean- and Wasserstein-based objective functions when the

initial conditions in ‘observed’ and predicted topographies are identical (see Figure 4.13), and that

Wasserstein-based objective functions alone are successful when initial conditions differ (see Figures

4.17 and 4.21). Importantly, the probabilistic framework that was advocated for in Chapter 2 was

incorporated, permitting uncertainties that arise from noise to be quantified.

5.3 Future work

5.3.1 Application to observed topography

The work presented in this dissertation shows how uplift histories can be recovered from synthetic

topography. An obvious next step is to apply the inverse framework to real topography. There are a

few considerations when choosing a location to do so. First, it is sensible to identify locations where

there exist independent constraints on uplift (e.g., from stratigraphy or thermochronology). These

are desirable in order to verify best-fitting solutions obtained from the inverse model. Second, it is

desirable to possess information about parameters in the forward model that are not inverted for in this

work. For example, knowledge of the parameter v in the stream power model that could be obtained

from radiometric dating of basalt channels (e.g., Karlstrom et al., 2007). Two exemplar locations that

fulfil these criteria are the African continent, which contains regions of domal topography (such as the

Bié and Tibesti domes), and Madagascar.

The African continent has been considered as tectonically stable from the perspective of orogene-

sis throughout the Cenozoic, notwithstanding the East African Rift. However, its ‘basin and swell’

topography, characterised by domal topographic highs between sedimentary basins (Figure 5.1a), is

long believed to have been generated as a result of convection within the upper mantle (Nyblade and

Robinson, 1994; Burke, 1996; McKenzie and Fairhead, 1997; Gurnis et al., 2000; Holdt et al., 2022).

Figure 5.1b shows long wavelength (≥ 800 km) free-air gravity anomalies, often used as a proxy for
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dynamic support. Positive anomalies are generally correlated with positive residual topography, in-

cluding at the Hoggar, Tibesti, and Bié domes. Youthful (< 10 Ma) volcanic rocks are also present

at these locations, which are located atop seismic shear velocities (at 120 km depth) and thinner

lithosphere than surrounding regions (Figure 5.1c-d). Previous studies have made use of stratigraphic

constraints, volcanism, sediment flux histories, longitudinal river profiles, combined forward and in-

verse landscape evolution modelling, and thermochronometry to characterise surface uplift and mantle

convection through the Cenozoic (e.g., Bond, 1979; Sahagian, 1988; Rust and Summerfield, 1990; Paul

et al., 2014; Deniel et al., 2015; Rudge et al., 2015; Lodhia et al., 2018; Ball et al., 2019; O’Malley

et al., 2021). Applying the method developed here to either individual portions of (e.g., single domal

swells) or entire African topography would be an attractive starting location in order to assess the

method’s efficacy in determining uplift histories of real topography, given the diversity of constraints

provided by previous studies.

Similarly, debate surrounds the topographic evolution of Madagascar, particularly during the Cenozoic

(e.g., de Wit, 2003). As with the African continent, a suite of geological and geophysical observations

indicate that surface uplift has occurred during the past 50 Ma and is probably related to upper

mantle convection, though its importance is still debated (e.g., Emmel et al., 2012; Roberts et al.,

2012b; Stephenson et al., 2019; Stephenson et al., 2021b; Brosens et al., 2023; Clementucci et al.,

2025). For instance, it is argued by Clementucci et al. (2025) that knickzones present in modern-day

longitudinal river profiles in north Madagascar may have been created by changes in the positions of

drainage divides, and that the cause of these changes is unrelated to mantle-driven uplift but instead a

consequence of previous rifting and late Cenozoic tilting. Inverting the topography of Madagascar using

the approach detailed in this dissertation for its temporally-varying uplift history has the potential to

augment previous work and additionally may highlight areas where a spatially-invariant uplift history

is inappropriate for explaining present-day Madagascan topography.

Finally, whilst portions of Earth’s topography have previously been inverted for their uplift histories on

regional to continental scales using information contained within longitudinal river profiles, assumptions

around planform fixity have limited its application to regions believed to have longstanding drainage

networks (e.g., Roberts et al., 2012b; Paul et al., 2014; Fernandes et al., 2019; O’Malley et al., 2021).

The ability to invert entire (two-dimensional) landscapes in the presence of noise explicitly incorporates

the ability of drainage planforms to migrate, thus potentially providing opportunity to invert portions

of Earth’s surface for its uplift history where topography has been advected (e.g., Himalayas, South
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Figure 5.1: Topographic, geological, and geophysical constraints on the African continent.
(a) Topographic map of Africa (Shuttle Radar Topographic Mission; Tozer et al., 2019). Topography is
overlain with drainage networks, from HydroSHEDS database (Lehner and Grill, 2013) and marine fossil
data (circles) of Fernandes and Roberts (2020), coloured by mean stratigraphic age. Three topographic
swells are labelled: H = Hoggar; T = Tibesti; B = Bié. (b) Long wavelength (≥ 800 km) free-air gravity
anomaly field (EGM2008 Pavlis et al., 2012). Overlain with residual topography/bathymetry data of
Holdt et al. (2022). (c) Shear-wave velocity at 120 km depth in the CSEM2 tomographic model (Noe
et al., 2024). Pink triangles show intraplate magmatic rocks < 10 Ma and located < 400 km from locus
of eruption based upon present-day plate speeds, as per Ball et al. (2021). (d) Lithospheric thickness
of Africa, Arabia, and Madagascar (Afonso et al., 2019).
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American Andes, California).

5.3.2 Further exploration of forward model parameters

In Chapters 3 and 4 I inverted topography for uplift parameters whilst keeping parameter values

within the erosional model (Equation 4.9) fixed. Justification for doing so was twofold. First, for

simplicity. Second, because it is not clear that other values, or temporally-changing values are any

more appropriate on spatial scales of hundreds of kilometres. For example, minimising misfit between

observed and predicted longitudinal river profiles indicates that best fits are obtained for n = 1 (e.g.,

Roberts et al., 2012a; Czarnota et al., 2014). Values of n > 1 are also likely to create shockwave

behaviour, where steeper slopes advect upstream faster than shallower slopes and thus can erase prior

signals (Pritchard et al., 2009). Finally, whilst local changes in erodibility can control erosion at small

scales, it is unclear that this translates to landscape evolution at large spatial scales and long timescales

(e.g., Baynes et al., 2018; Scheingross et al., 2020). Nonetheless, relaxing this constraint could still

prove useful for extending the versatility of the inverse modelling framework, and has been addressed

in previous work, where trade-offs were observed between erosional parameters and between erosional

and uplift parameters (Roberts and White, 2010; Roberts et al., 2012a; Croissant and Braun, 2014).

5.3.3 Extending Optimal Transport-based objective functions

The inverse model presented in this dissertation makes use of the Wasserstein distance, calculated via

the marginals approach of Sambridge et al. (2022). Topography is represented by two perpendicular

marginal distributions. However, as discussed in Chapter 3, there are alternative ways in which topog-

raphy could be represented and it may be of interest to explore these. I expand here on two examples.

First, making use of more than two marginal distributions may better characterise topography and

reduce non-uniqueness in solutions to the inverse model. Doing so could utilise the sliced Wasserstein

approach, where a N -dimensional distribution is represented by one-dimensional projections calculated

from a hypersphere (Rabin et al., 2012; Bonneel et al., 2015). This approach would add computational

cost depending on the number of projections calculated, but is not expected to be prohibitively slow.

Second, it may be of interest to explore regularised approaches to the two-dimensional optimal trans-

port problem, such as entropic regularisation (Cuturi, 2013). Where exact solutions to two-dimensional

Optimal Transport calculations are computationally expensive (see Figure 3.6), regularised approaches

reduce computational burden at the expense of approximating the exact solution. It would be inter-

esting to first test whether a 2-D Optimal Transport problem can be regularised such that the time to
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evaluate an objective function is similar to that of the marginals approach, and then to assess whether

an uplift history can be accurately recovered, for instance by recreating experiments 2, 3, and 4 of

Chapter 4.
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