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P REFACE

The material in this thesis has been organised as
follows. Chapters are divided into numbered sections and
equations are numbered consecutively through each chapter.

In the text reference is made both to sections and particular
equations. References to published work are collected at
the end of each chapter.

Most of the terms used in the thesis are fully
explained in the text. The exceptions to this rule are terms
which require some detail to explain fully, e.g., Kuratowski
graph, or are merely descriptive, e.g., Regular graph.

A good general book on Graph Theory is:

F. Harary, 'Graph Theory'; Addison-Wesley (Mass.),
1971. | o

Explanations of terms used in Network Theory can
be found in: ' -

H. Frank and I.T,. Frisch, 'Communication, Trans-
mission and Transportation Networks', Addison-Wesley (Mass.),

1971.
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A BSTRACT

The thesis is concerned with computexr algorithms
for problems in Graph Theory. It is divided into four
chapters.

Chaptér I is a brief summary of the concepts of
Graph Theory plus an examinafion of algorithms which will be
used as building blocks for the more complicated methods to
be described.

In Chapter II we consider the problem of parti-
tioning a link-weighted graph in two parts, each of which is
constrained in size by the (given) number of vertices that
the part cén contain. This is a special case of the general
problem of partitioning a graph into k parts with sizelcons-
traints and which éppears in a number of very diverse problem
areas. .

" We present a tree search method for solving the
'partition in two' problem, with the objective of minimising
the sum of the costé of the cut links. The method employs
a maximum-flow subalgorithm for establishing bounds during
the search, and uses the concept of the longest spanning tree
of a graph to direct the forward branching steps. The size
of the search is reduced further by a test (based on the |
solution of a special 'knapsack' type problem) énd which is
designed to detect potential size~infeasibility early oﬁ in
the search.

Chapter III is concerned with the optimal expansion
of a given network. Given an existing network, a list of
links which could be added to the network, the link costs

and capacities and an availablé budget, the problem corsidered
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is one of choosing which links to add to the network in order
to maximise thé maximum flow from a source s to a sink t,
subject to the budgetary constraint. This problem appears

in a large number of practical situations which arise in
connection with the expansion of electricity or gas supply.,
telephone, road or rail networks. The methbd ﬁsed is an
efficient tree search algorithm using bounds calculated by

a dynamic programming procedure which are very effective in
limitihg the solution space explicitly'searched.

In Chapter IV, we examine the p-median problem -
this is concerned with the location of facilities on a graph,
so that facilities are placed in such a way as to minimise
the sum of the shortést distances from the vertices of the
graph to the neares£ facility.

The problem arises in fhe location of switching
centres, electric power network substations and other con-
texts. We survey the litefature and describe a direct tree
search algorithm with an effective 'penalty' bound.

We discuss computing reéults for the problems
described above. In an Appendix, we list a computer program
for the p-median problem, and discuss the general nature Qf
computer programs in Graph Theory - with special reference

to implicit enumeration technigques.
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CHAPTER I

AN INTRODUCTION TO CONCEPTS OF GRAPH

AND NETWORK THEORY

1.1 Some Definitions

The following chapters are concerned with some
problems of graphband network theory. 1In this chapter we
will give basic definitions for the framework éf our dis-
cussions and sketch some simple algorithms we shall use in
the following work. |

A graph G is defined as a collection of links and

vertices, so that G = (X,A) for a set of vertices xisx and
a set of links eij = (xi,xj)sA joining some, or all, of these
vertices. We will make a distinction between 'graph theory'

and 'network theory' as follows: a graph defines the purely

structural relationships between the vertices, while a net-

work bears also the quantitative characteristics of the vertices

and links. Most of our interest is in the latter theory.

An arc is another name for a link, while vertices
are also known as nodes or points. A link with its two end
vertices is usually called a branch, in the present work we
exclude the possibility of self-loops, i.e., branches with
non-distinct vertices. A graph in which it is possible to
reach any vertex from any other vertex along branches iﬂ the

graph is said to be connected; otherwise it is unconnected.

We define a chain between vertices X, and xj as being a
connected sequence of branches that iead from X, to x_.| such

that each vertex in the sequence is encountered only once.

A link may have an orientation, and then it is known as a



directed link. A directed cha

leading from X, to xj. 'If som
in the opposite direction the
whose ‘terminal vertices coinci

A subgraph H (xX',A

graph whose x'_;:_x and A'cA. A
subgraph of all vertices which
obvious that ever, connected g
spanning tree. For a graph wi

exactly n-1 links, although a

trees. The links of G that ar
chords.
1.2 Maximum Flows and Minimum

in has all branch orientations
e of the branches are traversed
term path is used.

A chain

de is called a loop or cycle.

'Y of a graph G (X,a) is a

spanning tree is a connected

coqtains no lbops; it is
raph must have at least one
th n vertices thé tree contains
graph may have several spanning

e not in the tree are known as

cuts {1}

Let us associate a s

each link (xi,xj) of the graph

The maximum flow problem is as

to
-v
Z X,. - z x., = 0
i ij x jk
v
0 < £

X,.. < C,.
ij - .13
for a maximum flow from vertex
vertices are known as the sour
The network can be considered
links representing pipelines,
the water, the sink being the
the other vertices just being

The capacity of each link can

cross-sectional area of the pi

(the
G, with the c,
ij

calar cij ‘capacity') with

all positive.
follows. Maximise v subﬁect
if Jj=s
if j#s,t (1)
if 9=t
or all i,j (2)

xS to vertex xt. These two
ce and the sink respectively.
as a pipeline system with the
the source being the inlet of
outlet of the water, and all
junctions between pipelines.
be supposed to indicate the

Peline. * With such a pipeline



system we are interested in the maximum flow that can be put
through it from the source to the sink. The flow in link
eij is xij which is bounded above by cij and is always non-
negative. Our analogy with a water pipeline system is not
cbmplete as stated because we need valves at every vertex to
prevent liquid seeping back at every vertex down incident
links.

It is clear that thévmaximum flow value in any
network can be found by solving a linear program with the
objective function v = Z. xsj with the constraints (1) and
(2). As this is a very ;pecial case of a linear program,
however, more efficient algorithms than the simplex method
can be used. The ?gfhod we will describe.is due to Ford and
Fulkerson and is known as the.'Max—Fiow Min-Cut' theorem.

If the network ;onsists of a single chain goiﬁg
from source to sink, then the maximum amount of flow that
can be put through the networklis clearly 1limited by the link
with the minimum capacity cij of all the links in the chain.
Thus the link with the minimum capacity is the bottleneck of
the network, this can be generalised for an arbitrary network
using the concept of a network cut. A cut K = (Y,?), that

is a partitioning of the network into two disjoint subsets

of vertices Y and Y. The capacity or value of the cut is the

sum of the capacities of the links which have one vertex in
Y and the other in Y, in the case of a directed network only
those capacities of links which lead from Y to Y are counted
in this sum. Thus we have:-

capacity of cut K = ) ¢ (3)

A."‘;D



From constraints (1) and (2), it is clear that the
maximum flow value v is less than or equal to the capacity

of any cut separating xs from x In fact Ford and Fulkerson

£
have proved that the maximum fl§w value is always equal to
the minimum capacity of all of the cuts separating xé and
Xy - This is the central théorem of network flow theory. 1In
the next section we present the labelling algorithm for con-

structing such a maximum flow.

1.3 The Labelling Algorithm for Maximum Flow

In this section vertex Xy if referred to by the
index i for convenience.

Labelling Routine:

. Step 1l: Label s by (s, +, w(s) = =), s is now
>labelled and unscanned and all other vertices
. are unlabelied and unscanned.
Step 2: Select any labelled and unscanned vertex, 1i.
a) For all j such that ejieA, and xji'> 0,
where xji is the flow in line (3, 1),
label j by (i, -, w(j)) where w(j) is
the minimum of w(i) and xji' Then 3j
is labelled and unscanned.

b) For all j such that eijeA, j is un-

labelled, and c, > xij label j by

i)
(i, +, W(j)) where w(j) is the mini-
mum of w(i) and (c.,, - x..). Then j
1j i]j
is labelled and unscanned.
Change the label on i by circling the + or - entry. Then

i is now labelled and scanned.

Step 3: Repeat step 2 until t is labelled or until



no more labels can be assigned. In the
latter case the algorithm terminates. 1In
the former case proceed to the augmentation
routine,

Augmentation Routine:

Step 1: Let z = t and go to step 2 of the augmen-

| tation routine.. |

Step 2$ If the label on z is (g, +, w), increase
xqé by w(t). 1If the label on z is (gq, -,
w), decrease xzq by w(t).

Step 3: If @ = s, erase all labels and return to
step 1 of the labelling routine. Other-
wise, let z = q and return to step 2 of
the augmentation routine.

The labelling algorithm as described above con-

verges to the correct limit if the link capacities are .
integers. If some or all of the c,

ij

algorithm may not be a finite one or may converge to a wrong

are fractional, the

limit. All the work in this thesis assumes integer capacities,
although there are modifications which can deal with irrational
numbers.

For the sake of clarity we have described the
algorithm over the diagram of the network. 1In the following
chapters the labelling and flow augmentation cycles are
‘carried out over the matrix representation of a network in

a digital computer.

1.4 The Shortest Spanning Tree of an Undirected Graph

In Chapter II we use the calculation of the longest

spanning tree of a graph in our algorithm. There are several



methods for determining such a tree, that is, one whose sum
of link weights is a maximum. These algorithms are usually
fraﬁed in terms of the complementary problem - that of the
shortest spanning tree (8ST). All that is required to find
the longest spanning tree 1s to change the sign §f the 1link
weilghts of the graph.

| The algorithm we use is due to Prim (2). It uses
the concept of a subtree, which is a tree defined on a subset
of the vertices of the graph, with the associated links.
This algorithm produces an SST by'growing only one subtree
T (say) containing more than a single vertex and considering
the remaining single vertices to form one subtree each.
Subtree Ts.is then grown continuous%y by adjoining that 1link
(x5, %,), x;eT, xj¢Ts with the minimum cost ¢, until (n - 1)
links are added and Ts becomes the required SST.

The algorithm proceeds by labelling each vertex

xji:Ts with (o Bj) where, at any step, aé is the vertex of

jl
Ts nearest to vertex xj and Bj is the length of this link

(aj, x.). At any one step during the algorithm that vertex

3
- say xj* - with the smallest Bj is appended to Ts by the

addition of link (a X.,). Since Ts has now acquired a

j*

new vertex xj*, the labels (o

j*’
37 Bj) for:those'vertices
xjiTs may now need updating (if, for example, c(xj; xj*) is
less than the existing label Bj), and the process continued.
This labelling procedure can be seen to be very similar to
that used for the shortest path problem using the Dijkstfa
algorithm (3).

The algorithm is as follows:-

Step 1: Let T, = (xs), where X is any arbitrarily

chosen vertex, and As = ¢. (As will be the



set of links forming the SST).
Step 2: For all szi:Ts find a vertex ajeTs so that:
)) = B

c(a,, xj) = min (c(x
3 X.eT
i s

10 %y 3

and set the label of xj as (aj, B.,).

J
If no such vertex gj can be found, i.e.,
| +

if I‘(xj)nTS = ¢, set the label of xj as
(0, =).
Step 3: Choose that vertex xj* so that

B., = min (B)
] x.éT
i"s
Update T_ = T U(xy,), A = A Ul(a ,, x;,)).
! : If lTs'*? n, stop. The links in As form
: the SST.
If ]TSI # n, go to step 4.
Step 4: For all szi:Ts and xjeF(xj*) update labels
as follows:
If Bj‘> c(xj*, xj), set Bj = c(X, . xj),

J

o, = and return to step 3.

X,
] J*
If B, < c(x. x.) go to step 3.
j - R R P

1.5 Branch and Bound Methods

The algorithms described in the following chaptérs
are all Branch and Bound algorithms. Branch and Bound methods
use both implicit and explicit enumeration, as distinct~frbm
methods such a Dynamic Programming which basically is an
efficient way of performing explicit enumeration.

In general the method involves searching the space

Here, T(x.,) is the set of vertices which are directly con-
nected to vértex x, by a link. Thus if a graph contains a
link (x,., xj), xj will be a member of the set P(xi) and vice
versa. :



of feasible solutions by partitioning into smaller and smaller
subsets - a lower bound (in the case of minimization) being
célculated for the cost of the solutions within each subset.
Following each partition the subsets with bounds that exceed
the cost of a known feasible solution are excluded from all
the succeeding partitions. The process is continued until a
feasible solution is found such thdt its cost is no greater
than the bound for any subset.

To illustrate the method we will describe the
algorithm for the Travelling Salesman proﬁlem due to Little
et al. (4). The problem arises as follows; consider a trav-
elling salesman who has to visit n cities'or customers.
Initially he is at city 1 (say) and must go to all the other
cities once only and then return to his base city 1, The
‘cost' of travelling from city i to city j is given as dij'
this could be distance, time, money, etc.; the problem is to
minimize the total distance of the journeying.

For n cities there are (n - 1)! possible tours for
a general cost matrix, and half this number for a symmetric
one (each trip may be reversed in direction). From Stirling's
formula we know that n! -behaves as /E?H(h/e)n for large
values of n, so that enumerating all tours to find the optimal
solution becomeé increasingly less satisfactory in terms of
computer time and storage capacity.

What we have called a tour above is more technically
known as a Hamiltonian circuit (cycle) - a chain which passes
through all the vertices of the system and which is elementary
in that no vertex occurs twice on the chain apart from the

first and last vertices.

There are two useful theorems which are basic to



the construction of the Branch and Bound algorithm - the
Reduction Theorem and the Penalty Theorem.

Reduction Theorem:

If we subtract a constant e, from all entries in

row 1, and a constant fj from all entries in
column j of the 'cost' matrix (dij) then the optimal
tour under the final matrix

: . 4 e, - £,
ij - ij i 3
is the same as that for the original matrix c,

while the total cost Z'(t) is given by

Z'(t) = 2(t) - Je, - }E£,
it o5

where t represents a tour and Z(t) is the sum of
éhe link coéts oﬁ the tour. Th; theorem is obvious
- as every city has to be 'gone to' and 'come

from' in thé tour. The numbers e, and fj are

known as 'reducing constants’'.

Penalty Theorem:

"If a certain tour does not contain the link
(xa, xb), then the cost of that tour is c?rtainly
not less than the sum of the minimum elements in
row a and column b of the cost matrix. Again the
theorem is obvious when we consider the necessary
alternative costs. We denote the sum of minimum

elements by P.p ~ it is known as the 'penalty cost'.

b

The method of Little et al. uses both of these
theorems. For a given cost matrix the set of tours is split
up into subsets, the subset size being decreased at each

stage and a lower bound being calculated for the tour cost

at each split. The bounds guide the partitioning of the



subsets so that eventually we arrive at a tour whose cost
is less than the lower bounds. The subsets of tours can be
ren-esented as the nodes of a tree,Awhich state whether or
not a certain journey is included in that subset, and the
branches of the tree indicate the partitioning.

Operations at each branching are identical. To
highlight those links between cities which we would parti-
cularly like to choose (for instance those with low cost) the
cost matrix is reduced by row and column until there ié a
zero in each row and column, with a total reduction cost of
h. It is clear that the zeroes correspond to the cheapest
links and it is likely that at least some of them may be in
the optimal 'solution.

Iﬁitially, h is a lower bound for the tour cost,
while in later stages it is added on to the lower bound
zb(t). .

We now split the tours into two subsets, one of
which includes the link (x,, x;), the other labelled (x_i",Tj)
not containing it. There are many ways of picking (xi, xj)

- Little et al. choose it to be the link with greatest

penalty cost. Thus for branching from vertex X to vertex

pairs Y((xi, xj)) and ?((xi, xj)) we know that a lower bound
on the Y vertex is Zb(§) = Zb(t) + Pij' Initially, however,

we do not go to Y, but follow positive vertices such as Y,
until a tour is completed so that we have a tour cost for
comparison purposes.

Consider the vertex Y in the tree search, we must
cancel out row i and column j to prevent two journeys from
x, or to xj. To avoid a subtour the elemeﬁt cji must'be_put

i

equal to infinify, similarly if (xi, xj) joins onto a chkain
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the link between the two end cities must be excluded. The
process of splitting begins again, and continues until the
cost matrix is 2 x 2 when the link to be chosen is obvious.

It is possible that the solution is optiﬁal. If
it is not we must go back up the tree and branch from ver-

tices with bounds less than Z_, (the cost of the feasible

0
solution just found). There are three main Qays of seafching
the tree:-
(1) Branch from first vert = in the tree with bound less
than ZO.
(2) Branch from ver.ex with lowest bound.
(3) Branch from nearest vertex to the best solution so far
with bound less than ZO'

Note thét the cost matrix has to be reset at this
branching, all the operations on the positive side (for want
of a better phrase) of the tree being 'undone'. Little et
al. adopt the second method while the third choice is the only
one satisfactory for a large problem as the tree (or at leas£
the branches between the 'free' aﬁd terminal positive vertices)
can be thrown away. Thus there is always enough computer
storage space aé the same core space can be used over and
over again.

There are several variations of this method, for
instance lower bounds can be found by considering the shortest

spanning tree of the city network - details of these and

computational aspects are given by Eilon et al. (5).
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CHAPTER I1I

THE OPTIMAL PARTITIONING OF A GRAPH

2.1 Introduction

A graph G may, for example, represent an elect-
ronic circuit, with the graph vertices corresponding to
circuit components and the links corresponding to wires
(or other connections) between these components. In the
physical implementation of the electronic circuit, one may
- if the circuit contains many components - require their
pPlacement on two or more circuit boards because of the
limitations on the number of components per board. An
important problem is then to allocate components to boards
so as to minimiselthe total cost of the links (wires)
between b?ards. Very often connections between boards
must be made externally (and often manually) whereas
connections of components within a board are 'printed'
-onto the board itself. Hence, if the cogt of every link
of the graph corresponding to the electronic circuit is
taken as unity, the placement corresponding to the minimum
number of interboard wires represents a least cost parti-
tion of the graph. This minimises a major part of the.
production cost of the electronic circuit.

The problem of finding the least cost partition
of a general graph into a number of Qubgraphs of restric-
ted size appears in many other diverse fields. For
exampie, in clustering analysis one usually tries to find
clusters of objects (vertices in our terminology) where

the total sum of the intervertex costs within the clusters
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is minimised. This is 6bviously a maximisation version
of our present problem. In the general areé of numerical
taxonomy as applied to biology the "clusters" represent
groupings of objects and the additional condition often
exists that any two objects in a cluster must be related,
either directly or indirectly through a third object also
in the cluster. In terms of the graph structure this
implies that the partition must be such that each of the
parts forms a connected graph.

A similar connectivity condition of the sub-
graphs formed by the partition appears in the general
problem of "districting". 1In this problem, an area isv
composed 6f a large number of elementary regions, and what
is required is to form clusters of regions each clustér
representing a suﬁdivision (district) of the original area.
Such problems appear in dividing an area amongst salesmen,
political districting (17), vehicle scheduling (18) etec.
The problem can be represented as a graph with the elemen-
tary regions as vertices and with links between vertices
corresponding to neighbouring regions. Link "costs" are
measures of similarity between regions, the nature of the
measure depending on the type of problem. In these
problems, what is always required is to have districts-of

limited size which are contiguous i.e. to partition the

corresponding graph into subgraphs each of which is of-
limited size and is connected.

The method described in this chapter deals with
the problem of partitioning a graph into two subgrapbs with
size constraints and with the connectivity constraints

mentioned above.



The basic problem of graph partitioning with
size constraints has been investigated by Kernighan and
Lin (5), who gafe an heuristic method of solution to the
problem. Their procedure is based on the following fact.
Given an arbitrary partition into subgraphs 2 and B,.where
A = {ai} and B = {bi}, the a, and b, being general nodes
of the graph G, there exists A"s_:. A and B' € B such that
interchanging the nodes A' and B' will createvan optimal
partition. Their algorithm thus starts with an arbitrary
partition A, B and attempts to improve upon it.

The first step is to find elements a;eA and b,;eB
such that interchanging a} and b] will decrease the total
link cost Z (see section 2.2) by an amount g,. This inter-
change ié then téntatively made. The procedure is repeated,
where now any node which has been interéhanged is not
considered again for further interchange. For a graph’with
2m node;, this process is repeated m times from which a},

1

Az ¢ -4 aé and b;, b}, .., bé and g,, gy, <., 9, are

determined. Note that the g may be positive, zero, or

i
negative - we chose the g, so that they are monotonically

decreasing as i increases. It is obvious that

m
li-g 95 =0

since after the last interchange A and B have swopped over.

Let k be the index for which

X
Iiay 95 = 2

is maximum. Let
L]
X = {a!, aJ, .., ai} and ¥ = {b!,. b}, .., bi}.

Starting with the original »~ and B, interchanging the sets

of nodes X € A and Y € B results in a decrease in Z of

)



value G. If G is greater than zéro, the interchange is
carried out( thereby producing a new A and B. If Z is
zero, the procedﬁre.terminates with a local optimal
partition. The authors also discuss the extension of‘this
procedure to the problem with A and B of different sizes.

Computing times are s§id to increase as m?log m.
Nofe that this method does not guarantee a global optimum,
though the answers are said to be close in 2 value to one.

An optimal method of partitioning for graphs
with unit link costs was given by Gorirshteyn (6), under
the name of 'ordered sorting', which is.essentially a
branch and bound algorithm. Although no computational
results are mentioned in this réference,,it is highly un-
likely that the method would be sugtable for graphs tﬁat
are not trivially smqll.( Another optimal p;rtitioning
method for a restricted class of partitions was given by
Kernighan (7). His method déals with grdphs where the
vertices are in -a sequence and partitioning is meant to be
the splitting into subsequences without affecting the
relative position of the vertices. Such problems appear
in partitioning computer programs to be assigned onto
pages for operatioﬁ in a paging machine. The method is
fast, but does not generalise to our problem.

The algorithm presented herxe is a tree search
procedure which produces an optimal general partitioning
cf a link-weighted graph. The efficiency of such an al-
gorithm (like any other tree search method) is based on
the effectiveness of bounds and infeasibility tests in
limiting the size of the search tree, and also on the

choice of the tree branching strategy. Moreover, the
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effectiveness of the calculated bounds or infeasibility
tests may itself depend on the nature of the search. 1In
the algorithm, the branching principle is chosen so as to
increase the efficiency of the bound, which is derivea from
a maximum flow/minimum cut calculation. Infeasibility
tests, designed to indicate early on that no size-feasible
partition exists (given the decisions already made) are
also used during the search. The branching strategy is
chosen so as to produce "backtracking" as early as poséi—
ble in the same spirit as the branching strategies used by
Little et al for the travelling salesman problem (15).
Test results are given in the final section of
this chapéer for approximately 300 graéhs from which it
can be seen that the algorithm is quite efficient for-
medium sized (up to about 40 vertices), sparse graphs,
but that és the density is increased, the efficiency is
adversely affected. However, the graphs encountered in
ﬁhe majority of practical cases are sparse, and for these
cases the proposed élgorithm offers a means of solving
(optimally) partitioning problems on graphs of up to 40

or so vertices.

2.2 The Problem

Consider the graph G = (X, A) with the link cost
matrix (cij). It is required to partition the set of
vertices X into two sets:- Y and Y = X - Y, so that the

cost z, where

z = 2";:1. , (1)



is a minimum, and where

L <yl <u,n-u<|¥| <n-1 (2)

We use |S| to mean the number of elements - the cardinality
- of a set S, L and U to be the lower and upper limit ;izes
of subset Y, and n = |x[ to be the number of vertices of
the o:%iginal graph G. 1In addition, it is required that the

two subgraphs G (Y, Ay), where A_ = {eij|xi' x.€Y}, and

Y J

Gy = (Y, A3), where Ag'= {eijlxi' xjaY}, which are defined

Y

by the sets Y and Y respectively, should both be connected
In other words, there should be a chain of links from
every vertex in G

to every other vertex in G and simi-

Y Y’

larly for G§' This rquirement ensures that each subgraph
represents, inAreality, a single entity and not merely a
collection of diéjoint parts. The connectivity and size
constraints on GY and G§ may not always be compatible and
it is possible that no feasible partition of G satisfying
both these constraints exists. |

The partitioning problem defined by egquations

and G- be connected,

(1), (2) and the reguirement that GY 7

can be formulated as a 0-1 programming problem. However,
the problem cannot be solved efficiently in this way for
any reasonably sized graphs, given the current state of

0-1 programming algorithms.

2.3 The Algorithm

The algorithm described in this section is
essentially a tree search method with bounds on the value
of the optimal solution (z* say) derived from maximum
flow calculations. The relationship between the present

problem and the maximum flow problem is quite obvious.
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Thus, suppose that the present problem contained no size
restrictions on Y and ¥, and that maximum flows ¢ij are
computed between'every pair of vertices X, and x, - taking
the costs cij as the link ‘capacities'. This could be
done efficiently by the method of Gomory and Hu (8). From
the maximum-flow/minimum-cut theorem (9), we know that the
cut of least cost (capacity) separating a vertex X, from a
vertex xj, i.e. partitioning G in two, is egual to the‘
maximum possible flow in G from X, to.xj. Hence ¢ij =

min, .
1,)

(¢ij) would then be the value of z* and the cut
corresponding to ¢;j would indicate the minimum partition
of G.

However, when the sizes of Y and Y are restric-
ted, what is required is a differeﬂt cut that has minimum
cost and satisfies these conditions. It is'well known (;oi
ﬁhat this simple restriction alone makes the problem a
very difficult one. ' -

In the present method, we will build up the
required minimum cut during a tree search. Now, at some
stage of the search the decisions made so far will be
stored in a vector S, which will sometimes be treated as
an orderea list of signed elements (these elements will be
links) and sometimes as an unordered set, the meaning
‘being obvious from the usage. The search itself is a
'depth-first' procedure similar to that described by
Geoffrion (11). Thus, if the 1link eij = (xi, xj)eS, this
is interpreted to mean that link eij has been chosen to be
"in the cut, or equivalently, that vertices X, and xj are

one in Y and the other in Y. Let —eijes be taken to mean

that eij is specifically excluded from the cut,'i.e. that



X, and xj are both.in Y or both in §. If ieij4s no
decision about the link has as yet been made. Thus, given
an initial graph G = (X, A), a given set of decisions as'
represented by the set S then defines thé subgraph G_ =

S
(x, AS), where

AS = {eij|eijeA and ¢S}
and the link costs: c>, = c.. if e, .eA_ and —e..*S
1] 1) ij s ij
s (3)
otherwise c = o if e,.eA_ and -e, .eS
ij ij s ij

The costs of the links in the cut so far will be

denoted by

and z* will be the cost of the best feasible cut to date. .
.The basic features of the algorithm will now be

described and some of the techniques used to execute the

various sﬁeps are given in greater detail in later sections

" followed by a description of the algorithm.

2.3.1 The basic method

The algorithm proceeds by adding links into S as
positive entries, in an attempt to form a feasible cut.
After each addition into_S, a lower bound B on the cost of
the optimal solution (given the deciéions already made; is
calculated from a number of maximum flow-minimum cut
computations on the gfaph GS defined in (3) above. 1If
this bound B > z*, the algorithm backtracks. If not, it
proceeds to test for possible size-infeasibility that may
have become inevitable given the decisions already made.

If the infeasibility test also fails, then a new link is
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chosen to augment S and the algorithm continues by calcu-
.lating a new lower bound and so on.

What distinguishes the current algorithm are thé
bound calculations, the size infeasibility tests, which
are effective and involve the solution of "knapsack
problems" using a dynamic programming sub—algoritﬁm, and
the augmentation which is iterative and uses a longest
spanning tree calculation to choose that link which is

most likely to lead to an early backtracking.v

2.3.1.1% Calculation of the bound Let eij =

(xi, xj) be a link entered positively in S. This implies
that in aﬁy solution derived from S, we must have xisY and
xje§ or vice versa. Hence by treating the link costs cij

of GS as capacities - see eqguation (3) - the maximum flow

Qij from X, to xj in GS would (by the maximum flow/minimum

cut theorem) be a lower bound on the extra cost required

for partitioning G Another value for the bound can be

s*
derived by performing a maximum flow calculation between
the end vertices of another link of S. Thus a valid lower

bound B is given by:

B = max {%,.|e, . .eS} ' (4)
13" 1)

However, one need not perform as many flow cal-
culations as there are positive entries in S in order to
obtain the maximum in equation (4). If Qij is the cut

corresponding to Qij and if a link e = (xa, x,) €S spans

aB B

(i.e. X, is in one subgraph and Xg in the other sub-

Qij
graph formed by the cutting of GS by Qij)' then the maxi-

mum flow @a need not be calculated, since in terms of

B

‘s <
capacities QaB Qij.and hence @a

8 < Qij' Thus, in



general, only a few flow calculations will be needed to
establishfa strong'bound, since more and more possibilities
are_ﬁgiﬁé;éxcluéed‘aé the flow calculations continue.

s ﬁo?eover, if at some stage (before the final
value of B, as given by equation (4), is establishea) a
value for B is reached so that zg + B > z*, one need not
continue the calculation further_and backtrécking can
occur. At an even more detailed level, since the final
value'<I>ij of the maximum flow from X to xj is derived by
improving (monotonically) a feasible flow, further calcu-
lation of any Qij is again unnecessary if at some stage

z, + ¢,, > z*,

S ij —

2.3.1.2 1Infeasibility tests If the bound is

successful in pruning the tree search, backtracking occurs
i.e. the last link entered in S as a positive entry now

has its sign reversed, i.e. it is specified as not being

in the cut. Thus, at a general stage, some links in S will'
be negative entries and a graph_Gé = (X, Aé) can then be
defined by these links so that:

By = {e, Ieing, —eijss} | (5)

Gé consists of one or more connected components
and all the vertices within a certain component must, by

definition of G!

Y be wholly in Y or wholly in Y. Thus, if

the largest component, say Go' has ng vertices with po>-U
then no feasible solution can result from any forward
branchings in the tree search from S. Backtracking can
then take place.

A stronger size-infeasibility teétAis possible

at ‘'this stage. Let n, n,, .. nP be the number of
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vertices of the p connected components forming Gé. Then,
although n_ = max {nrlr =1, .., p} may not be greater

than U, the numbérs n_ may still not be arrangeable into
two size feasible sets Y and Y. Supéose} for example,

that G is a 20-vertex graph and that it is to be partition-
ed into two parts, each of which must contain between 9 and
11'vertices (inclusive). If at some stage the graph Gé
has four connected components containing 7, 5, 7 and 1_
vertices, then it can be easily shown that no cambination
of these can lead to a size-infeasible partition.

Thus, let Er = 1 if the vertices of component r

lie in set Y and Er = 0 otherwise. A 0-1 valued vector §

must now exist (where & B S Ep)) so that

P
L<) &n
r=1 r r

|A

u N (6)

These two ineqﬁalities can be transformed into
the following problem
Maximise A= ZP En ,
(7)
subject to ZP En_<uU
r=1
Problem (7) defines a special case of the well-known knap-
sack probiem, where the coefficients of the objective
function and the constraint are the same. If A*, the
optimum value of A, is less than L, then no feasible
solution to constraints (6) exists and backtracking can
occur. If A* > L, then infeasibility cannot be proved and
the algorithm can continue. Since problem (7) is a very

easy one to solve, (12), (13), this test is not computa-

tionally expensive as regards time or storage.



2.3.1.3 Augmentation When neither the bonding

nor the infeasibility tests are successful in pruning the
search, a forward branch will be necessary and some‘new
link has to be chosen to be in the cut, i.e. entered into
S. The choice of the next link to enter into S obviously
affects the performance of the algorithm, and we want that
link whose addition will cause a backtracking step to be
taken as early as possible. This rule is'analogous to the
heuristic augmentation rule used by Little et al (15) ‘in
the case of the travelling salesman problem.

Considering the graph Gs defined by (3), let T
be its maximum cost spanning tree,t+ Such a tree can be
‘calculated very easily by one of many well-known algorithms
(14). A property of every spanning tree of a graph is
that there is only one path between any two vertices of
the graph using only links in the spanning tree. fhus let
Tij be that subset of the links of T on the‘unique path

from xi to x..

3

(i) Since our final objective is to obtain an optimal

partition of G into sets Y and Y and since a link eijes

implies xieY and xje§ (or vice versa), it is quite
apparent that at least one link erteTij must be in the
final solution, otherwise a path from Y to Y would exist.

which is a contradiction. Hence,

Gij = . min {crtlertETij for a link eijes} (8)

is the least additional cost required to separate X, from
x_, and
J .
§ =max {68, |e. . es} (9)
ij’vij

is therefore the least additional cost required. Let i*,

t Recall that a spanning tree of a graph G with n vertices
is composed of (n - 1) links of G, so that there is a path

from every vertex to every other vertex of G using only
the links in the tree.
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j* be the values for i and j corresponding to the value of
§ of equation (9) and let r* and t* be the values of r and

t producing Gi*'

g in equation (8). The 1link e is then

*t*

chosen to augment S on the basis that its cost c_,,, =.§
produces the largest necessary increase to the objective
function and the search can now be limited more effective-
ly as we will see below.

It should be noted that equations (8) and (9)
only apply when S is not equal to the null set é. If § =
¢ then a similar augmenting rule can be used, so that the
lnik € g is, chosen where

c = min {c |erteT} ' (10)

rxt* rt

(ii) Now with e entered into S, if there exists a

rkxt*

link eij of G, with ieijes, such that z_ + z*, we

s ¥ %32
can immediately eliminate +eij from inclusion. We can then
augment S by -eij and mark it (to indicate that at a future
backtracking step the alternative of entering +eij into §
need not be considered for the given S}. This can be done
for all other similar links. If any negative links are
introduced into S in this way, the sizes of the connected
components of the corresponding graph Gé are checked again
for infeasibility as was done in section 2 above.

(iii) Consider the graph Gé and a link eijeA, where
vertex Xy is in connected component v and vertex x. is in
component w(# V) of Gé. If 1link eij is excluded from the
solution cut, i.e. if -eij is entered into S, and if

(nv + nw) > U, then obviously a size infeasibility would
occur and we can,.therefore, augment S with +eij and mark
it. This can be done with all links ®i5 for which ieijes

and for which (n_ + n ) > U.
v w
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If for the new set S we have Zg > z*, we can
backtrack, otherwise continue as follows: the addition of
the (positive) links in S would have increased zS so that
repetition of step (ii) above may now lead to further
augmentation of S, which in turn may lead to further
augmentation at (iii). This continues until no more links
can be specified by iterating these procedures. Thus, it
should be noted that the entry of a single link € i into
S at (i) above, can lead to many other forced augmentations
of 8. This is a very desirable feature indeed, since these
forced augmentations are all marked, so that at the next

backtracking step they are all eliminated, thus saving a

great deal of tree searching.

2.3.2 Description of the algorithm

Initialisation: Step 0. Set S8 « ¢, z* « o,

Investigation: Step 1 (a). Form the graph G_, according

S
to eq. (3).

Step 1 (b). If GS is disconnected into

two subgraphs G, and G§' and L < |Y| < U

Y
go to Step 2, otherwise.'go to:Step.4.

Step 2. If zg < z*, go-to Step 3, other-

wise go to Step 7.
Step 3. Replace z* <« zS, store S* =

. N .
{eijl eijeS} and go to Step 7

Step 4. Calculate a lower bound B on the

least possible cost of partitioning GS'

and let Q be the cut corresponding to B.

If Z g + B > z*,'go to Step 7. 1If z g + B

< z* and the cut Q separates the set of
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FIG1. GRAPH FOR THE PARTITION EXAMPLE

}
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vertices Y from the set ¥ with L < |y| < u,
set z* &+ z, + B, S* = {eij|+eijeS}UQ, and
go to Step 7. Otherwise go to Step 5.

Step 5. Form the graph Gé_= (x, Aé)
according to egquation (5) and apply the
size feasibility test by solving problem
(7). If infeasibility is proven, go to‘

Step 7, otherwise go to Step 6.

Augmentation: Step 6. Augment S by a link © _xps+ Calcu-

lated according to equation (10). Ite-vate
through stages (ii) and (iii) of Section
2.3.1.3 until no further forced augment-
ation of S is possible. Return to Step 1.

Backtracking: Step 7. Find the last element of S which

is unmarked. If the element is of the
form +e, ., change it to -e,. and vice

i) 1] '
versa. Mark the element and remove from
S all elements following it. Return to
Step 1.
If no unmarked element exists in S, stop.
The links in S* are the optimum partition

of G, and the optimum value is z*,

2.4 Example

Consider the graph shown in Fig. 1, where the
link costs are shown next to the links, and suppose it is
required to find the minimal partition of the graph into
two connected subgraphs of 4 vertices each.

The algorithm developed in the previous section

will be followed and in addition the tree search will be



shown pictorially as the tree of Fig. 2 is evolved. The
node numbers mentioned in what follows refer to the node
numbering of Fig.'2.

In Fig. 2 the following information is given:
within each circle, representing a tree node, the augmen-
ting link is shown. Forced augmentations are shown in
rectangles. At the top right hand of each node is the
node number and at the bottom right hand is shown the
calculated lower bound - whenever this is less than z*.
At each terminal node an explanation is given as to which
step of the algorithm was responsible for the abandonment
of any further search from that node.
Node O. Initialisation. § <« ¢, z* <« ®.

Node 1. The graph G_. is formed in Step 1(a). The first

S
active step 1s .the augmentation-of.Step 6. Thisvis
rerformed by the method outlined in section |
2.3.1.3, i.e. the shortest link in the longest
spanning tree is chosen to augment S. The long-
est spanning tree is shown in Fig. 3 and its
shortest link is (1, 3).

Return to Step 1. The next active step is Step
.4, where the flow calculation gives a size in-
feasible cut of cost 160 (= 100 + 60), by cutting
vertex‘l from all the others.

Node 2. The next active step is 6, where S is augmented
by link (4, 5), this being the shortest link in
the longest spanning tree - updated following
the exclusion of link (1, 3). Return to Step 1

and through to Step 4, where the flow calculation

results in a feasible solution of cost z* = 230,
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OPTIMAL
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this becoming the new.“best answer so far".
Backtracking occurs at Step 7 by changing (4, 5)
to ~-(4, 5) in S.

Node 3. Step 4 is the next active step which produces a
bound < z*. The tests of Step 5 are also un-
successful so we continue to the augmentation of
Step 6.

Node 4. The smallest arc in the updated longest spanning
tree is now (3, 4), (link (4, 5) having been set
to infinite cost). After augmentation with
(3, 4), the forced augmentations by Step 6 of
-(2, 5), -(4, 8) and -(2, 6) occur. Gé is now
of size greater than faur so backtrécking occurs
at Step 7 by setting (3, 4) to -(3, 4) in S. i

" (Note that -(2, 5), -(4, 8) and +(2, 6) were all
marked) .

Node 5. ' Proceeding to Step 4, thé calculated bound is
still 160 < z* (= 230), and in Step 5 the tests
were unsuccessful. | |

Node 6. Step 6 chooses link (1, 2) for the new augmen-

tation, which forces further augmentations of S
by -(2, 5) and -(4, 8). The graph Gé is now
size infeasible so backtracking can occur.
Continuing in the same way, we obtain the com-
Plete solution tree shown in Fig. 2, with the optimal
partition being given by the vertex sets Y = {1, 2, 5, 6}

~and ¥ = {3, 4, 7, 8}. The corresponding cut is shown

dotted in Fig. 1.



2.5 Computational Results

The algorithm was tested on a total of about 300
graphs, including planar, non-planar and regular graphs
with varying degrees: -of density and varying types of 1link
cost structures. For each given éize and type of graph,
10 graphs were tested with link costs randomly generated
from the same cost distribution and computihg times are
given for the maximum, minimum and average solution time.

From the tables which follow, it can be seen
that, in general:

(i) Planarity does not affect solution times in

any significant way.

(ii) Regular graphs are only slightly harder to
soive than irregular ones.

(iii) Graphs whose link costs are all the same are
solved in about the same time as those with
uniform link cost distribution.

(iv) Solution times increase rapidly with in-
creasing graph density, and the density is
by far the most critical parameter as far
as computation times are concerned.

Tables 1, 2 apd 3 show, respectively, the
performance of the algorithm on randomly generated ix-
regular graphs with average vertex degrees of 3, 4 and for
complete graphs. The graphs are produced by first random-
ly generating a spanning tree on n vertices, and then
adding links to the tree at random, until the required
average graph density is reached. The link costs for the
graphs of tables 1, 2 and 3 are generated from a random

uniform distribution between ihe values 1 and 10. It is



TABLE 1

COMPUTATIONAL RESULTS FOR GRAPHS WITH

AVERAGE VERTEX ‘DEGREE 3

Computing times (CDC 6600 sec.) Average

number

Number of | Shortest | Average of | Longest of fl?“

. X . calculations.
vertices time ten graphs time
12 0.08 0.27 0.71 462
16 0.73 1.36 3.24 - 275
20 0.38 3.86 15.48 429
24 2.15 - 11.69 20.33 970
30 12.21 26.42 © 35.92 1093
36 27.12 50.82 201.61 1946
40 60.12 108.30 300.00 3809
+

46 - 274.1 - 5321

One try only




TABLE
COMPUTATIONAL RESULTS FOR GRAPHS WITH
AVERAGE VERTEX DEGREE
Computing times (CDC 6600 sec.) Average
number
of flow
Number of] Shortest | Average of | Longest .
. . \ cakculations
vertices time ten graphs time
12 0.93 1.73 4,28 250
16 2.30 6.53 51.03 1760
20 9.31 19.61 127.40 1182
24 15.07 40.81 175.90 2091
.].
30 - 233.5 - 12504
; 1
36 - 311.1 - B241

T One try only




TABLE 3

COMPUTATIONAL RESULTS FOR COMPLETE GRAPHS
Computing times (CDC 6600 sec.) Average
number
Number of| Shortest | Averagde of | Longest of flow
. L . calculations
vertices time ten graphs time
8 1.19 1.91 3.74 388
10 3.68 5.41 8.89 1327
12 6.14 40.18 291.1 3171
.'..
14 - 79.72 - 4372
.'..
16 - 293.1 - 6845
.'..

One try only




TABLE 4
COMPUTATIONAL RESULTS FOR GRAPHS AVERAGE
VERTEX DEGREE 3 AND CONSTANT LINK COSTS
Computing times (CDC 6600 sec.) Average
number
of flow
Number of| Shortest | Average of | Longest
. . A calculations
vertices time ten graphs time
12 0.23 0.36 1.17 34
16 0.37 2.13 5.74 227
20 1.15 4.12 29.01 364
24 2.01 10.41 34.97 - 1060
30 4.76 28.74 75.48 1900
36 10.00 77.60 250.80 2564
1.
40 - 146.1 - 4614
- t
46 - 301.1 - 8113

One try only
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seen from these tables that the algorithm is efficient for
partitioning sparse graphs, but that its performance
deteriorated very rapidly for average vertex degrees
greater than 4. For such dense graphs, a better tree
search algorithm would have beén one in which the branchings would
correspond to decisions as to whether a vertex of the

graph is on one side of the partition or the other, rather
than correspond to decisions about the links lying on the
cut. However, graphs found in practice are sparse - for
example, in the problem of area-delineation, discussed at
the beginning of this chapter, all vertex degrees are 3 -
and it is for such sparse graphs that the present algorithm
has been developed.

Correlation tests between computing times T.and
number of verticeé n in the graphs were performed for the
results shown in Tables 1 and 2 and the following cﬁrves
were fitted to the data.

-€ 4-93

For average degree 3: T = 1.45 x 10 X n
CDC 6600 seconds with correlation coeffiéient of 0.997,

-6 h-96 '
and for average degree 4: T = 7.31 x 10 X n CDC 6600
seconds with correlation coefficient df 0.993. The
dependence of computing times on number of vertices being
very nearly according to a Sth power for both cases.

A comparison of planar and non—-planar graphs with
average vertex degrees 3 and 4 was made. Planar graphs
were generated as mentioned earlier (with their planarity
tested manually affer generation), and non-planar graphs
were generated by starting with a K3r3 Kuratowski graph as

a subgraph. No computational difference between these two

types of graphs was found, although computing times for



planar graphs could be reduced further, had a séecial maxi-
mum flow algorithm applicable to such graphs been used
(16) .

Tests between regular and random graphs were .
also performed on a set of 10 problems, and regular graphs
were found to require on average approximately 20% more
computing time than random ones. One 40—veitex regular
graph - with two sets of cost structures ~ which was used
in the tests is given in Fig. 4 and Table 5. This test
graph was optimally partitioned into two egqual parts by
the present algorithm (as shown in Fig. 4) iﬂ approximately
120 secs.

Tests were also performed on the graphs used to
derive Table 1, 5ut with all link costs set to 1, rather
than being randomly generated. The results are shown in
Table 4 from which it is apparent that there is no signi-
ficant difference between the average computing times for
these graphs and for those with uniformly distributed link
costs. However, the spread of computing times about the
average is seen to be greater for the constant link cost
case. The correlation test on the results of Table 4 gave
the fit as:

, - 4.90
T =1.79 x 10 X n secs.

with correlation coefficient of 0.980.
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TABLE 5
LINK COSTS FOR TEST GRAPH
Cost Cost
Link Link
graph a | graph b graph a | graph b
(1,2) 10 7 (19,20) 1 1
(1,3) 4 8 (20,21) 4 8
(1,5) 2 7 (20,27) 8 2
(2,7) 6 5 (21,22) 9 4
(2,9) 8 1 (22,23) 9 1
(3,4) 5 2 (22,29) 9 7
(3,10) 2 8 (23,30) 3 7
(4,5) 9 7 (24,25) 8 8
(4,11) 8 6 (24,31) 2 8
(5,6) 1 8 (25,26) 7 10
(6,7) 4 10 (26,27) 3 10
(6,13) 10 8 (26,33) 8 6
(7,8) 3 9 (27,28) 9 5
(8,9) 5 4 (28, 29) 2 4
(8,15) 2 6 (28,35) 7 5
(9,16) 4 5 (29,30) 4 9
(10,11) 8 1 (30,37) 9 8
(10,17) 6 3 (31,32) 5 5
(11,12) 3 3 (31,38) 3 10
(12,13) 2 7 (32,33) 9 4
(12,19) 3 4 (32,38) 3 2
(13,14) 7 10 (33,34) 9 2
(14,15) 5 5 (34,35) 1 2
(14,21) 3 3 (34,39) 5 2
(15,16) 4 10 (35,36) 3 8
(16,23) 3 6 (36,37) 3 3
(17,18) 4 5 (36,40) 9 10
(17,24) 6 5 (37,40) 8 9
(18,19) 6 2 (38,39) 6 4
(18,25) 2 3 (39,40) 5 9
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CHAPTER I TITTI

OPTIMAL EXPANSION OF AN EXISTING NETWORK

3.1 The Reasons for Augmenting Networks

Physical distribution systems, such as electric-
ity or gas supply, and road or rgil networks etc., can be
naturally considered és networks of flow. A common feature
of these systems is-that expansion or contraction may be
necessary with the elapse of t;me, as supply and demand
requirements change. 1In the case of an electricity power’
network (1), (2), let us consider the power flow from a
specific source vertex s to a sink vertex t and assume
that the power fequirement of the sink is increased ffom
some value P1 to another value P2. The existing network
may not be able to accommodate this increased power f;ow
from s to t and what may be required is to add extra links
to the network to make such a flow possible. Links can be
added to the network at a specific cost and capacity, and
the problem is then one of choosing which links to add so
as to increase the maxémum flow capacity (from s to t) to
a value at least as large as P2 and at the same time incur
the least cost. Alternatively, the problem may be one of
choosing a set of links to add, whose total cost is less
than a given budget and which causes the largest increase
in the s to t flow capacity of the network.

The problem considered in this chapter can be

&
stated as follows.

A network Go = (X, A) is given where X is a set

of, vertices and A a set of links of known capacity. Also



- 45 -

~given is a set E of ordered vertex pairs (xi, xj) between
which vertices - X and xj - a link (xi, xj) can be added

to G0 at one of m possible levels of capacity, say

k
qij

(k =1, 2, ..., m) and with corresponding levels of
cost given by ctj' The problem is then one of choosing
(from E) the set of links (and their level) to be added to
G& so as to maximise the largest flow possible between the
two given vertices s and t, subject to a restriction that
the total cost of the added links must be less than a |
given budget B.

A continuous version'of this problem was cbn-
sidered by Fulkerson (4) and Hu (5), in which the
assumptioq is made that the cost of inc;easing the exist-
ing link capacities is a linear fuﬂction and that the
increases can be made in arbitrarily small émounté. This
assumption means that thé problem can be formulated as a
linear program. Fulkexsog's paper shows -that there is an
algorithm which produces solutions to the problem - not
only for a fixed budget, but for all budgets, i.e. the
problem is solved parametrically. The algorithm is a
variant of the labelling procedure due to Ford and
Fulkerson.(3) for the solution of maximal network flow
problems and minimal cost transportation problems.

A point of interxest is that, although this budget
problem is not of the usual transportation form, it can be
solved by a labelling procedure. Fulkerson explains that
this is because, for a given budget problem, a pair of
transportation-type linear programs exist such that an
optimal solution to the budget problem is giyen by a con-

vex combination of certain optimal solutions to the two
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auxiliary problems. Thus the algorithm is designed to
solve, in an efficient fashion, a sequence of related
transportation-type problems - the sequence having the
property that adjacent pairs of solutions produced by the
algorithm can be used to generate a solution of this
parametric budget problem.

In contrast, we are dealiné with a combinatorial
problem, in which néw links can be added at one of m
discrete levels of capacity and cost, §r nqt added at all.
It should also be noted that ‘the restriction to linear cost
functions is not a requirement in the present model, nor
need there be any specific functional relation between

link costs and capacities.

3.2 fThe Method-

The problem as defined in the previous section
could, in principle, be solved by choosing - subject to the
budgetary constraint - every combinétion of possible links
that can be added (and at what level), and for each such
combination performing a maximum flow calculation from s
to t. That combination of links and levels for which this
maximum flow is largest would then be the solution to the
problem. Needless to say, this is not an approach that
could be>applied to any but the smallest problem. For
example, a problem in which links could be added in 10
possible places at one of three different levels of
capacity would require of the order of 106 (= 410) flow
calculations, the exXact number depending on the value of

the available budget and on the link costs.

The basic method described in this section is a
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tree search technique Ila which combinations are implicitly
excluded from consideration by the use of tight upper
bounds and necessary conditions that these combinations
have to sétisfy in order to be candidates for the optimal

solution.

3.2.1 Some necessary conditions for improved

solutions
Let us examine the maximum flow/minimum cut
theorem which states that for a network G the maximum flow
from- source s to sink t is equal to the minimum cut capaci-
ty of all cuts sepa;éting s and t - where by va cut K is
meant a partitioning of the vertices of G into two dis-

joint sets (Y, §), such that scY, te¥Y and YUY = X the

total set of vertices. The capacity of this cut is denoted
by
a(k, G = )} _ 94
xiEY' xjeY

where qij is the capacity of the 1link (xi, xj) in G. It

is an obvious corollary of the above that an increased
flow between 5 and t can only be achieved by the addition
of a link or links which span the minimum cut between s
and £. A link (xi, xj) is said to span a cut K = (Y, Y)
if xieY and xjei. This however is a necessary, but not a

sufficient condition for an increased flow. In particular,

| kg k)
suppose that links (x, ,.x. ) ~, (x. , x.

k 1o 2 32

'(xi Xy ) ¥ have been chosen (in that sequence), from the

r r

set of vertex pairs E with correSponding capacity levels

) T e,

kl' k2, .o kt. Let these links represent the best combi-

nation found so far, (this will be referred to as a



solution), and define the graphs:

1
* = . =
6% (X, A,) where A, AU{(xil, le) },
k2
* = =
G2 (x, A2) vhere A, ,AIU{(xi ’ xj ) 1,
2 2
n " " n n [1] [1]
and
kr
* = = -
G¥ (X, A ) where A Ar-IU{(xir' xjr) }

If now the set of links AS were added to Go' an improve-
ment to the value of the currently best solution - obtain-
ed by the addition of {(xi ; X2 )

o o
would only be possible if each one of the minimal cuts Ko'

ala =1, .., r} to G° -
Kl’ .oy Kr of the corresponding graphs Go' G*, .., G; wgre--
spanned by at least one 1link of As. However, an arbitra-
rily choSen-set of links Aé which spans the set of cuts

Ko' Kl' .oy Kr need not cause an improved flow from s to

t, since the spanning of these cuts does not imply that all
other cuts of capacity iess than that of Kr are also span-
ned. Thus, the necessary condition, which As must satisfy
for an improvemtnt to the currently best solution to be
possible, can be made stricter by requiring As to span

extra cuts, say, K ceeey Kf of value less than that of

r+1’
Kr' The algorithm described in a later section gives one
possible procedure for choosing such extra cuts.

As mentioned earlier, this algorithm is a tree-
search method during which the current state of the search
is represented by an ordered seguence S of links.on which
a definite decision for inclusion or exclusion fron Go has

already been made. A link (xi, xjfk is added positively

into S if 1link (xi, xk) at capacity level k is included
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: k
into Go' and added negatively into S (i.e. - (xi, xj) €S)

Jif (x,, xj) at level k is excluded from G_. All links not
in 5 are "free" in the sense that no decision about them

had yet been made, except that if (xi, xj)kes then

(x,, xj)k  for k' # k, cannot be in S, since link (xi, x.)

i J
has already been chosen to be at capacity level k. We will
use S+ and S to mean the (unordered) set of links entered
into S as positive and negative entries respectively. The

structure of the search itself follows that given by

Goeffrion (6).

3.2.2 Bounding procedures for limiting the

search

Let ¢ be the current set of all cuts which an
improved solution is required ﬁo span. (This complete set
is not available, but it is updated by the algorithm as
and when it is required). Let us éuppose that the set of
links s& - spanning all cuts in k = {Ko, K, «ur K, Kf} -
has already been chosen and added into the.network Go to
produce the network G(S+). The cost of the links already

chosen is

+
c(shy = ) k.
(x x )keS+ 1J
i’ 75
. + + s s
and there is a budget of B(S ) = B -~ C(S ) remaining. The

capacity q{KA, G(S+)} of a cut K,ex of the network c(s™
may be below the value z* of the best flow so far, i.e.
_below z* = q(Kr, G;), this being the capacity of cut Kr
for the network G; defined earlier. The remaining budget
must be spent adding further links - into G(S+) - which

' +
span K,, until q{KA, G(S )} is greater than z*, If this



is not possible then no completion of the set S (i.e. no
completion of decisions already made about links) could
cause an improvement to Lhe value of the best answer so
far. Let E(S) be the vertex pairs of Go across which a
link can be placed given the decisions implied by S. Thus:

k

+
E(S) = E - {(xi, xj)l(xi, xj) €S

for some k = 1, ... m}.
Then let:
Ry = {(xi, xj)ixi, xj € E(8) and spanning Kl}'
. +.
Now suppose that the whole of the available budget B(S )

is to be spent choosing from R, those links and their

A
capacity levels which when added to G(S+) will maximise
the capacity across cut Kl' If this maximum possible
capacity is not greater than z*, the present solution can-
not be improved. The same woula hold true if the available
budget were spent maximising the capacity across any‘otper
cut KHEK,and the capacity of Ku was.still less than z*.

A procedure for choosing - for a given budget
B(S+) - that combination of links which maximises the
capacity across a cut KX could then be used to provide an
upper bound on the value of the maximum s-to-t flow
achievable - given the set S of ‘decisions that have already

been made.

3.2.3 A bounding testf

The general maximisation problem mentioned above
can be solved very éffectively using a dynamic programming
algorithm. For a given cut Kleg let thé elements of Rl be
numbered from-l to p, where a link across a vertex pair

. can be chosen at one of m levels. (It will be assumed

+ See the Appendix to this chapter for a detailed example.



here that the costs ctj for all links (xi, xj)kes- have

been set to infinity which implies that link (x xj) can

il

never be chosen at level k).
Now let fz(b) be the maximum total capacity of
links that can be chosen given a budget b and using only

links from the first & vertex pairs of R The functions

X
fz(b) (¢ =1, ..., p) can then be calculated iteratively

from the equation

k '
= i + -
fl(b) Maximum {an f (b c

-1

(k|cy, < )

where (xa, xB) is the Zth vertex pair of RA'
can be initialised by fo(b) = 0 for all b such that

Equation (1)

+
0 <b < B(S+). The value of the function fp{B(S Y} is

then the maximum possible increase to the capacity of cut

KA' and if .
' + +

ql{k,, G(s )} + fP{B(S )} < zx (2)
for any cut.Kx, then a backtracking step an the set S can
be taken. (See description of the algorithm in section
3.3).

The bound;ng test of equation (2) investigates
each cut KAEK_individually and determines whether the
capacity of this cut could conceivably become greater than
z*, when the total remaining budget B(S+) was spent on
spanning it. However, a better solution could only result
when the capacities of all cuts in K becomg gregter than
z* simultanecusly. Thus a better bounding test can be
derived as fpllOWS. Because a dynamic programming algorithm

.-
has been used to calculate fP{B(S )} from equation (1), the

values of all fp(b) for 0 < b i_B(S+) are available at the



- 52 -

end of the computations. Let bl be the smallest value‘of

b such that

alk,, a(sH} + £ (b)> z* (3)

+
Such a value for b, {0 < b, < B(Ss )} would always exist

A A

otherwise the test of equation (2) would not have failed.

The value of bl is the smallest budget that must be spent

for the capacity across cut K, to become greater than the

A
value of the best flow so far.
Now. suppose that another cut KueK is "disjoint"
with respect to KA in the sense that Ranu.= ¢, (i.e. no
links spgn both cuts)‘and suppose that bu is defined in

+
the same way as b We must now have b, + bu < B(s )

AC A

otherwise the capacities across cuts K, and Ku cannot both

A
be made more than q(Kr, G;) and a backtracking step on the
set S can be taken.

In general, if there 'are h "disjoint" cuts KpEK,

(p = p1 to ph), we must have

e~

b < B(s™) (4)
1 Pi

i
A tighter test than (4), which also considers cuts which
are not disjoint in'the above mentioned sense, is possible

at a considerable increase in computational cost.

3.2.4 An augmentation rule

During the tree-search, the situation arises
that a new link is to be chosen for addition into the net-
work (at some level), in which case the set S, defined
earlier as the set of links.-about which a decision has
already been made, must be augmented by the newly chosen

link.



Consider two nodes in the tree, one represented

by N, = su{(xi, xj)k} and the other by N, = sul-(x,, xj)k}

r

i.e. node N1 corresponds to adding link (xi, xj)k into the
~network (in addition to the links already in S§) and node
N2 corresponds to excluding (xi, xj)k from the network.

In general, the complete subtree following node N2 is

larger than the subtree following N because there is more

1'

budget available at N, and hence a greater choice of

2
branching from that node. Thus, the policy was adopted of

choosing that augmenting link (x xj)k which would tend to

il

minimise the size of the subtree following node N rather

97
than produce the best possible flow corresponding to node
Nl' This éugmenting policy of choosing the link with the
highest "apparent opportunity cost" is similar in spirit
to that used by Little et ;l (9) for the travelling sales-
man problem. t |

The method used for choosing an augmenting link
is then as follows. Let us suppose that the set S already
spans all the cuts in k as required and that a budget B(S+)
remains for spending. The minimum cut, Kv say of the graph
G(S+) is now calculated. (As mentioned earlier, the next
link to be chosen must span this cut if the maximum flow
value is to increase). The maximum increase in the value
of the flow achievable by spending the budget B(S+) can
now be calculated by the itérative procedure of expression
(1), as was done previously for the cuts in k. 1In fact,
it should be noted that for the majority of augmentations
it so happens that KvEK. Moreover, since an augmentation

of 5 will only take place, if the bounding tests of

expressions (2) and (3) have failed for all cuts in K,

T See section 1.5 for a brief diswcussion of this.
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then at the time when an augmenéation is required, the
_résults of the computation of expression (1) already
exist for all cuts in k, and hence in these cases a new
calculation for cut Kv will not be required.

Now suppose that A is the set of links - with
total cost C(A) - in the optimal dynamic programming

solution corresponding to cut Kv’ and that (xi r X, ) ehA.
ko o JQ
Had link (xi ’ xj ) not been in the solution, the best
o °
way it could have been replaced would be by another 1link

k' i
(xi., xj,) where:

k

| §

qk = Maximum {qg. k < B(S+) - Cc(A) + c.%. 1} (5)
ij i3

iljl IC

i3 =

k
(xif xj) ER v ¢ A

The assumption made in equation (5) is that only link

k
(xi ’ jo) © is being replaced and that the rest of the
o , .

links in the optimal solution A remain the same. The
k C

(non-negative) difference § = (q.o; - q%,.,) is taken as
1] 177

oo ko
a measure of the importance of link (xi ' xj ) . This is
o o

because the omission of that link in A with the largest
value of § would lead to a node in the tree from which an
early backtracking can be expected due to the subsequent
forward branchings failing the bounding tests. Ties in

the values of § can be broken arbitrarily.

3.3 A Description of the Algorithm

The basic algorithm will now be described, and
together with the comments given in the last section the
algorithm should be self-explanatory.

Initialisation

Step 0 Set § « &, k < &, B(S') = B, S* (the



Step 1

Step 2

Bounding Test on K

MAX

Step 3(i)

Bounding Test on K

Step 3(ii)

Backtracking

Step 4

vest solution so far) = ¢ and z*
{value of S* maximum flow) = O.
Perform an s to t flow calculation
+
on the network G(Ss ). Let z be the
i lo

value of the maximum flow and KMAx
the corresponding cut.

= i > *
Set k KU(KMAX), if z > z* set

S* « 5, z* « =z

Calculate the vector fp(q),
0 < g < B(S+), for the cut KMAx
using expression (1) and perform

the bounding tests (2) and (3).

(The vector fp(q) may already héve
been calculated at a previous pass).

If the tests are successful go to

step 4, else go to step 7.

Calculate the vectors fp(q),

0 <qg < B(S+) for each cut in k from
equation (1), and perform the bound-
ing tests (2) and (3). If either
test is successful, go to step 4,‘

else go to step 1.

Negate the last positive entry - say
k .

(xi, xj) - in S and remove all

entries following it. Reset the

costs cij for all 2 =1, ..,'m back

to their original values. Go to



Block Augmentation to

stép 5.

If there are no positive entries
left, stop. The set S* is the
optimal solution and z* is its value.

Satisfy Necessary Conditions

Step 5

Step 6

Augmentation of §

Step 7

If all cuts in kx are spanned by
links in S+, go to step 3(ii), else
to step 6.

Add links (xi, xj)k¢§+ and *S— into
set S in ascending order of their
magnitude of cost c?j until either
all cuts in x are spanned, or an
unspanned cut in Kk is fouﬁd which,

(given the remaining budget), cannot

"be spanned by any link. In the

former case S satisfies all the

necessary spanning conditions and
one proceeds to steﬁ 3(ii). In the

latter case, go to step 4.

Choose that link (xi, xj)k with the

greatest value of & calculated

according to expression (5). Append

(x

i xj)k as the last entry of s.

Go to step 3(ii).

3.4 An Example

The algorithm described in the last section will

now be used to work out the first part of the tree search

for the example given

in Fig. 1. 1In this figure, vertex 1
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FIG1. NETWORK FOR THE EXAMPLE
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is taken as the source and vertex 12 as the sink.. The
heavy lines represent the (undirected) links in the
original network and the attached nuﬁbers represent the
link capacities. The dotted lines represent vertex pairs
across which new links can be added at one of two possible
levels of capacity, i.e. 10 or 20 units. The cost of
these possible additional links is given in Table 1 below.
The available budget is 10 units.

Table 1. Cost Matrix (ctj)

Vertex Pairs | (4,7) | (5,9) (9,12) (1,3) (6,7)

k=1, Link at .
capacity 10 2 2 3 1 , 5

k=2, Link at
capacity 20 8 .9 6 3 7

The search tree is shown in Fig. 2 and the

algorithm proceeds as follows:

Node O0: Step O: Initialise variables § = 8* = ¢ = 9,
+
B(sS ) = 10, z* = 0,
Step 1: s to t flow calculation is perform-
i i = = K =
ed giving =z 60 and KMAx °

{(1,2,3,4,5,6),(7,8,9,10,11,12)}.

Step 2: z* get to 60, K = KU{KO} = {Ko}.

Step :(i): The vector fp(q)'{in this case p=3
vertex pairs, i.e. (5,9), (6,7), and
(4,7)} for 0 < g < 10 is calculated.
The bounaing test (2) fails. The
maximum increase in the capacity of
cut Ko which is possible for a bud-

get of 10 units is f3(10) = 30, and



» ’ 2* =60
Ko = [{1,2,3,4,5.6),....]

18 1

2* =80
Ky = 101,2,3,4,5,8,9,11),....]

20 19 ' 5 2

) ) . . Z* =70
: (4,7) (9,12)4 9,12)9 K5 = [(1,3,4,8),....]

' R =z 6 a 3.

! - ©7" ‘(e.vﬂ} e ‘4,1)1’ (u,-M} Z"BO
3 -
I, :

8

(9,12)1

10 9
<(e.n1> : @
A
. .

*

FIG2. THE COMPLETE TREE SEARCH FOR THE EXAMPLE
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this is ;chieved by the choice of
links (4,7)? and (5,9)', where the
superscript refers to the level K at
which the link is added. +

Node 1: Step 7: Link (5,9)' is chosen for augmen-

tation of the set S by the §
criterion {§ = 10 for this link,
3 = 0 for (4,7)*}. S is now
{(5,9)"}.

Step 3(ii): Boﬁnding test on ¢ = (Ko) fails.

Step 1: s to t flow calculation is performed
once more giving z = 60, but KMAX =
K1 = {(,2,3,4,5,6,9,11), (7,8,10,12)}.
Step 2: K = KU(Kl) = (Ko'Kl)'

Step 3(i): The vector fp(q) (in this case
0 <q < B(S+) = 8, and p = 3 i.e.
the vertex bairs (4,7), (9,12) and
(6,7) spanning KMAX? is calculated
and test (2) fails ; links in the
optimal dynamic programming solution
are (4,7)' and (9,12)2.

Node 2: Step 7 Link (9,12)? is chosen for augment-

ing s, both (9,12)? and (4,7)' having
§ equal to 10. B(S+) is now 2, and
S = {(5,9)', (9,12)2%}.

Step 3(ii): Bounding test on ¢ = (Ko,Kl) fails.

Step 1: Flow calculation gives z = 70 and

KMAx = K2 = {(1,3,4,6),(2,5,7,8,9{

10,11,12) }.

. ' - = * =
Step 2: K KUK2 (Ko’Kl’KZ) and z 70.

t This capacity could be achieved using other links -
e.g. (5,9)', (6,7)', (4,7)' with cost 9.



Step 3(i): The test on KMAX fails with the
optimal dynamic programming solution

being (4,7)°'.

Node 3: Step 7: Link (4,7)' is chosen for augment-

ing s, B(s¥) =0, anda s = {(5,9)",
(9,12)2,(4,7)"'}.

Step 3(ii): Bounding test fails.

Step 1: s to t flow calculation gives z = 80
with KMAX the same as Ko.

Step 2: z* = 80, S is now {(5,9)',(9,12)2,
(4,7)'1}.

Step 3(i):. The remaining budget B(S+) = 0 and

test (2) is of course successful.

Node 4: Step 4: Backtrack, putting last positive
entry in S negative. S is now

{(5,9)',(9,12)%,-(4,7) '}, B(sT) = 2.

Step 5: K2 is not spanned.
Step 6: No link &s (of cost less than or
equal to 2) can be found to span K2.
Node 5: Step 4: Backtrack to § = {(5,9)', -(9,12)2%1}.
Step 5: K1 is not spanned.
Node 6: Step 6: Least cost link (4,7)' is added to
span K, s = {(5,9)',—(9,12)2,(4,7)'}.
Step 3(ii): Bounding test (2) succeeds on cut
Kl’ since with B(S+) = 6, we obtain

q{Kl,G(S)} = 70, fp(6) = 10 (i.e.
adding (5,7)'), whereas z* = 80.

Node 7: Step 4: Backtrack to 8§ = {(5,9)',-(9,12)?%,

-(4,7)"'}.

Step 5: K1 not spanned (nor is K2).



Node 8: Step 6:

Node 9: Step 6:

Step 3(ii):

Node 10: Step 4:

Link (9,12)' added to S to’'span K

S

Link (6,7)' added to S to span K

S

62 -
. 1'
= {(5,9)",-(9,12)2,-(4,7)",(9,12)'}.

2'
= {(5,9)',-(9,12)* ,-(4,7) ",

(9,12)*',(6,7)"'}.

Bounding test (2) succeeds on cut

K

Backtrack to § = {(5,9)',-(9,12)2%,

—(4,7)',(9i12)',—(6,7)q;

etc.

The complete tree search is shown in Fig. 2 and

the solution correspénding to node 3 is the optimal one.

It should be noted that by far the most time consuming

operation is a flow calculation and that this does not

occur

total

shown

coded

at every node of the tree, but only in 5 of the

of 27 nodes, shown in Fig. 2, these five nodes being

by heavy circles.

3.5 Computational Results

The previously described algorithm has been

and tested on a number of problems varying in size

from 20 vertices and 30 links to 60 vertices and 90 links.

Additional links could be added across 20 vertex pairs for

the larger problems.and a link could be chosen from one of

three possible levels for each vertex pair. The computer

code was written in FORTRAN IV for the CDC 6600 computer

and was run using the FUN compiler of that machine. The

total memory requirements of the code used for the solution

of each of the problems given in Table 2 was 25 K words.

In all, 10 test problems were generated as



follows: starting with the_required set of n verstices, a
spanning arborescence was randomly generated and link
capacities were allocated from a uniform distribution.
Each additional link was then randomly generated so as to
span the minimum cut of the network so far, until the re-
qguired number of links was added. The capacities of these
links were also randomly generated from the same uniform
distribution.

The vertex pairs across whichbnew links could be
added, were generated at random. For each ‘vertex pair a
link was allowed to be added at one of 3 different levgls
with the capacity of a link at level 3 being between 2 and
5 times that of a link at level 1. The cost-capacity
relation for links at different levels across a given
vertex palr was chosen to be monotonically increasing but
otherwise random. For each problem the budget was chosen
to be one quarter of the sum of the level 2 link costs
across all the allowablé vertex pairs.

Table 2 shows the results for the 10 test
pProblems and the computational times given in columns D
and E are in CDC 6600 seconds. Column G gives the number
‘0of cuts stored_in the set ¥ during the computation. This
is the number of distinct cuts (omitting replications),
which explains why this number is not necessarily equal to
or greater than the number of links in the final éolqtion
(which is given in column I).

Column H gives the number of flow calculations
performed during the course of the algorithm. It should
be noted that a flow calculation affer a backtracking step,

can be initialised by the maximum flow of the originalA



network. Moreover, after an auémentation, the labelling
~to find the new maximum flow can be initiated starting with
the flow in the pre#ious network and, therefore, only one
or two "breakthroughs"t are needed to obtain the final
answer in the new network.

The results shown in Table 2 indicate a compara-
tively ‘slow increase of computational time with problem
size. It is interesting to note that for a network with
20 vertex pairs across which links can be added at one of
3 levels, the total number of ways these links can be

20 12
chosen is 4 = 10 . This represents an enormous number
of flow calculations, even allowing for the fact that a
very large fraction of these ways are infeasible because
of the budget constraint.

The effectiveness of the dynamic programming
bounding tests can, to some extent, be judged by the fact
that a rerun of the program withouﬁ this test on problem 4

did not finish after 140 seconds and hence it is possible

that these tests reduce computing times by at least a

factor of 10 and possibly a great deal more.

t A "breakthrough" is a labelling of the sink node.



TABLE 2
{A) (B) (c) (D) (E) (F) (G) (H) (1)
Network Numbgr Num?er Niiziiufﬁ Toﬁa% Tizzcﬁo pééiénizge czzﬁbziogZd NZ??EEI::igiZW Nué?;:;;3f
of vertices| of links pairs* time. optimum of (D) in.K performed in solution

1 20 30 16 32.2 12.5 39 9 299 6
2 20 30 18 11.4 0.69 6 3 48 6
3 30 50 18 14.2 6.61 47 4 75 6
4 30 50 20 13.6 1.39 10 4 20 7
5 40 60 16 2.49 0.60 24 5 8 5
6 40 60 16 4.69 0.91 19 5 16 6
7 f;O 60 16 18.9 5.50 29 8 27 7
8 50 75 20 32.2 12.5 38 9 823 7
9 50 75 20 37.3 16.3 43 6 97 9
10 60 90 20 51.1 14.3 28 10 98 8

* Links can be added at one of three levels between each vertex pair
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APPENDIX

An Example of the Bounding Test

Suppose we have p vertex pairs, pair & having
.cost ct for capacity qt, Let fz(b) be the maximum total
capacity of the links that can be chosen given a budget b
and using only links chosen from the first & vertex pairs
- a vertex pair can be realised at only one capacity. The
functions fz(b) for 2 = 1,..,p can be calculated itera-
tively from the equation

fz(b) = Maximum {qt'+ f

(b - cf)}. (A1)
{k|ey < b}

2-1

(This is merely equation (1) of the main text, with slight-
iy different notation). The value of f0 for all arguments
is zerq, as is the value of fz(O) for all 2.

We illustrate this methoa by the set of vertex
pairs in table Al, in which there are three capacity levels
for each of the five vertex pairs - the cabacities being
10, 20 and 30. 1In table A2 we give the values of £, (b) for
all values of b less than or equal to 5 units. In the
bottom right-hand corners of the cells, we give the maxi-
mum values as determined by equation (Al) in the cases
where f£+1(b) # fz(b). Thus, for example, the highest
capacity possible with 3 budget units, using the first

two vertex pairs, is 50, this being

2 3 2
f1(2) + q2 —.q1 + 9, = 30 + 20 = 50.



TABLE Al

COST MATRIX cz FOR THE EXAMPLE

COST
vertex pair capacity capacity capacity

10 , 20 30
1 1 2 ) 2
2 1 1 2
3 1 2 2
4 1 1 5
5 1 2 2




TABLE A2
VALUE fl(b) FOR THE EXAMPLE
budget
b
function 2 3 4 5
£
10 30 30 30 30
£ 1 3 3 3 3
a4 9y qy 9y 9y
20 30 50 60 60
£
2 2
a; £,(2) + q; £,(2) + qg £,(2) + qg
20 30 50 60 80
£
£.,(3) +q3
2 - 93
20 40 50 70 80
£
2 2
(1) + a4, f3(3) + q4
20 40 50 70 80
£

69



CHAPTER IV

THE P-MEDIAN OF A GRAPH AND RELATED PROBLLEMS

4.1 Introduction

Suppose a manufacturer decides that his goods
should be stored in supply depots - his customeré being
supplied from thé depots, rather than from the main factory.
For a single depot and the customers associated with that
depot, it is necessary to consider the best method of
supplying the customers from the depof. The customers may
be grouped in neighbourhoods, so that.each group of custo-
mers will require an integral number of vehicle . loads.
Thus, a vehicle leaves the depot, supplies a group of
customers and returns to the depot.

The customer groups can be represented as
vertices 6f a graph and the road (or other mode of trans-
port) network as fhe links. In practice, each customer
group will be weighted by a number hj representing the
"importance" of that customer. Thus, for instance, hj may
be proportional to the total annual demand, or the frequency
with which a vehicle has to visit that customer group in
order to satisfy its demand.

A possible objective we might consider for the
depot location would be to minimise the weighted sﬁm of the
total distance travelled: this location is known as the
median for the graph specified by the customers. If there
are to be several depots in the distribution network then
we can set a similar objective of minimising total weighted

distance tb.the nearest depot - this is the p-median of the
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associated.graph.‘ These concepts will be quantified in
.latér sections of this chapter.

| The same problem appears in several forms: the
location of switching centres in telephone networks,
substations in electric power networks, and the location

of sorting offices for letters.

4.2 The Problem

The basic reference on the p-median problem is
that of Hakimi (1). Hakimi discusses the general problem
of locating facilities on a network, in particular, he
analyses the so-called "p-centre" p?oblem in which p
locations oh.the network are chosen so as to minimise the
maximum distance from any vertex to the nearest facility.
An algorithm for this problem is given by Christofides and.
Viola (2). It is, however, completely different in
character to the algorithms discussed here.

For a graph ¢ = (X,A) with link Weights gij
(= length) with a finite number of vertices n, the
(symmetric) shortest path dis#ance between X, and xj is
denoted by dij' this being the minimum sum of link weights
for paths joiﬁing X, and xj. Such a distance matrix can
be found using one of many efficient algorithms - for
instance, that of Floyd (3). Following the definition of
Hakimi, we say that a vertex X is a median of G if for

any x,

Ay i (1)

Il o~13
o~

a .
<
j=1 B = 421

the value of the LHS is the median length L of G. This

concept can be further generalised if the vertices of G
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are weighted with fixec non-negative numbers hi (i = 1,2,

.+.sn) then for xm to be a median we must have

n n .
Y h.a . < Y LY N ‘ (2)

for all xk.

This is in a sense the best vertex location.
One might suppose that (as in the case of centres, which
we will mention again) a location on a link might give an
even better location. In fact this is not the case, a
proof of this being due to Hakimi (1). We will reproduce
it here because of its importance and because it may give
some insight into poésible algorithms.

vSuppose that Y is an arbitrary point on G, so

that d(Y,xj) is the minimum distance to vertex xj. We

must show that there exists a vertex xmex satisfying

h.da . (3)

n
Y h.,a(y,x.) > .
. 3 37 = .2y i mi

j=1 j

It o~

Let Y be on the link (xp,xq) and renumber the vertices of

G so that for i = 1,2,...,r the distance d(Y,xj) is

measured relative to a path through x and for i = (r + 1),
' P

{(r + 2y, ;..,n relative to xq, so that

a(t,x ) +do, 123 <x

d(Y’xj) ) {d(Y x) + 4 J r+ 1 < 3§ < 4
'“q qj’ =3 =mn
Thus, we have
n r
j£1 h a(¥,x,) = jZ1 hj{d(Y,xp) + dpj}
- |
+ j=§+1 hj{d(Y,xq) + dqj}; (5)

We also have



n
h, > ] b
1 i=r+1

" (6)

N

i
this can always be achieved by reordering. From elementary
considerations it is true that

a(y, =4 - dl(y, '
( xq) pa { xp) (7)

a +d. >4 .. ‘ (8)
pq ai = “pj

Combining equations (5), (7) and (8), we get

n n r n
Y n.aty,x,) > ¥ na . +{) n, - h, Ja(Y,x ).
j=1 J j=1 I PJ j=1 j=§+1 J P

(9)

which, in conjunction with the inequality (6), shows that
if a point on a link is a median then so is at least one
of the vertices attached to the link.

The obvious extension of the median concept is
to the multimedian, which is also due to Hakimi (4). A p-

median of a graph is defined as follows. Given a set of p

vertices of a graph G (1 < p < n), that is ¥_ = X0 X
1 =2
e ooy xm', we define the distance of a vertex xi from Yp as
p
d(x,,Y ) = min {a, 1} (103
P k=1, .., p oy

Then a p-median is defined as the set Y; such that

n
%*
hydlx, Y% < 121 hyd(x,,2.) (11)

o~

i=1
where Zp is any set of p points in G; It can be shown
{see Hakimi (4)} that we need only consider vertex sets
brather than general points on the graph G. The method
used by Hakimi to determine the p-median of a graph is

complete enumeration. This, while being optimal as regards

the solution, is computationally very lengthy because of



fhe C; possible vertex sets. It is interesting to note
that Goldman (5) shows that the conclusions about optimal
vertex location remain true under more general conditions
about intervertex costs.

The problem of finding the p-median of a graph
is the centrai guestion in a general class studied in the
literature as "facility location and allocation" (6,7,8)
and "depot location"™ (9,10,11,12). These problems are
somevwhat more general than the p-median problem. in that
fixed costs fi are associated with the vertices X,r as
well as the variable costs we see in equation (11). Thus
if we define the left hand side of this equation as L(Y;)
the problém is to minimise the sum of L(Y;) and the sum
of those f's corresponding to vertices in the set ;;. In
practice, the fixed costs represent the cost involved in
setting up a facility at a vertex - thus the p-median
problem corresponds to the case when all fi are equal.?

Once we allow the existence of these fixed costs,
it is also worthwhile considering the problem in which
|Y;| is not required to be exactly p, but any integer less
than or equal to p. We will comment in the'folléwing
sections on this and the fixed cost problem with regard
to the algorithmic procedures described.

There are many added restrictions which can be
placed on the problem, for example, a finite number of
customers for each depot, or forbidden vertices. The
.difficulties in solving practical depot location problems
are in fact a result of the combinatorial troubles in the
pure p-median'problem. In the following, we will concen-

trate on these aspects.

+ See the Appendix for a discussion on fixed costs.
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4.3 The p-Mcdian Problem as an Integer Program

Let (Eij)lbe an allocation matrix, so that:
Eij = 1 implies that vertex xj is allocated to vertex xi
= 0 otherwise.
Further, we will take gii = 1 to imply that
vertex xi is a median vertex and Eii = 0 otherwise. The

p-median problem can then be stated as follows:

n n
Minimise: z = -z 'X dij Eij (12)
i=j j=1
subject to:
n
.. =1 for 3 =1 e, N 13
121 f13 . or ' v
n
121 £, =P (14)
Eij < Eii for all i, 3 =1, ..., n (15)
and E.. =0 or 1 : (16)
1]

where (dij) is assumed to be the weighted distance matrix
of the graph, i.e. it is the distance matrix with every
column j multiplied by hj' Equation (13) ensures that any
given xj is allocated to one and only one median vertex X, -
Equation (14) ensures that there are exactly p median
vertices, and constraint (15) guarantees that Eij = 1 only
if gii = 1, i.e. allocations are made only to vertices

that are . in the median set. 1If {fij} is the optimal answer

to the problem defined by equations (12-16) above, then

the p-median is:
x = {x | E . =1}

If constraint (16) of the above problem is re-

placed by:
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E.. >0 ) (17)

. then the resulting problem is a linear program (LP), whose
solution can easily be obtained. {Note that an upper bound
of value 1 on gij is not needed since gij <1 is already
implied by constraint (15)}.

The solution to the LP is not necessarily all
integer and fractional values of gi. can occur. ReVelle
and Swain (13) report that such fractional values occur
rarely, and therefore one could use the LP formulation to
obtain the p-median for mqst problems. In any case, if
fractional values of some gij occur, then a resolution of
these uncertainties can be obtained by a tree-search
procedure (13) in which one branéh fixes some fractional
variable Eij to 0 and another fixes the same gi. to 1.

One can then proceed to resolve the LP's for each of the
two resulting subproblems and so on until all gi. become
either 0 or 1.

An alternative approach via linear programming

is givén by Marsten (14), who shows that the solution

(gij) corresponding to the p-median 6f a graph as described

-

by equations (12) to (16), is an extreme point 6f a certain
polyhedron H, and that all other p-medians for 1 < p < n

are also extreme points of H. By using Lagrange multi-
pliers and parametric linear programming, Marsten gives a
method of traversing a path among a few of the extreme
points of H. This path successively generates the p-medians
of the graph G in descending order of p, although cerxtain
p-medians (for some values of p) may be missed and never
generated, or, cqnversely, extreme points of H may be

~generated which do not correspond to p-medians of G i.e.



contain fractional values of Eij' Thus, alfhough this
mgthod is'both theoretically and computationally attractive,
it may fail to produce the p-median of a graph for the
sﬁecific value of p that may be required. Reference (14)
reports the case of a complete 33-vertex graph all of

whose p-medians have been successfully generated for p = 33,
32, .., 10, but whose 9-median and 8-median could not be

obtained by this method.

4.4 Direct Tree Search Algorithms for the p-Median
Problem

4.4.1 A direct tree search algorithm

In the previous section, we have examined the
formulation of the p-median problem as an integer program.
Clearly a direct tree search approach is better suited to
exploiting the problem structure. Let us consider a tree
search in which each subproblem generated by the branching
from a tree node is produced by settiﬁg (for a given vertex
xj) a variable Eij to uﬁity for some vertex X, . This
implies that vertex xj is allocated to vertex X, : clearly
xi_must be a median vertex.

The organisation of the tree search is very

th

simple. We set up an array M = (m,.) in which the j

kj
column contains the vertices of the graph G in ascending
order of distance from vertex xj. We illustrate this by

the graph of Fig. 1(a), in which the vertic=zs have unit

weights. Obviously, the nearest vertex to vertex xj is

itself, so that mlj = xj. Thus the array M of Fig. 1(b)

has xj as the first member of column j. If vertex xi is
th :

the k nearest vertex to xj, we have mkj = X, As an

example of this, it is clear that Xy is the most distant
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FIG 1(a). GRAPH FOR TREE SEARCH EXAMPLE
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vertex from x1 (3 units) and thus appears in the fourth
row of the array. The search is by sequential allocation
of all the vertices kj of the graph: we can start with Xy
and finish with x - the graph can always be relabelled

to permit this. Vertex xj is allocated to m, . (=xj),

13 m2j'

ceors mnj' in turp until all possibilities are implicitly
enumerated.

We can make several observations about the
nature of feasible solutions to the problem which are
applicable to this search - or indeed any type of search
using the same sort of information about the graph G.

(a) In the -optimal solution there are p median
vertices, thus each allocation of a vertex in this solution
is the best of the p possible median vertex allocations.
Hence, there are at least p-1 more costly wéys of allocat-
ing any vertex. Therefore, the last p-1 rows of the array

M may be permanently removed without any possibility of

the optimal solution's being affected.
Unfortunately, this conclusion is not correct
if the distance ordering of vertices is not unique, i.e.

if two or more vertices are exactly the same distance from

a third. For instance, in our example of Fig. 1, vertices
X4 and X, are both 4 units from x4. This means that

column 4 of M is not unique - so for a 2-median, that is,
a situation in which we can usually omit the last row of
M, we ﬁay only do this for the first three columns.

The same problem of non-uniqueness occurs in
the remarks of the following paragraphs. We shall assume
that by the use of the well-known degeneracy breaking

trickt of small artificial costs, the matrix M can be made

t See @ny book on Linear Programming. -



unique.

x, and that

(b) Let us suppose that mk'j' = x;

has been allocated to a median vertex X, . For

vertex x,.
J 1

column j of the M matrix, vertex xi occurs in position k

(say) - i.e. = X,. Clearly all the entries m with

Pxy i L3
2 > k can be neglected (marked), because the allocation of

xj, to X, implies that X, is a median vertex, so that it is

necessarily cheaper to use X, for allocating xj than any

of the vertices mzj (¢ > k). This marking is temporary -

if at some back tracking step in the search the allocation

of xj, to Xy is negated, then the mzj entries must be freed

for allocation, i.e. unmarked.

In our example, let us suppose that Xy is a
median vertex (g11 = 1). We may mark all the array M ele-
ments below the x, entry in each column. Thus in column 4

1

the x2 and X elements are marked, and similarly for the

other coiumns.

(¢) Suppose that vertex xj| is dllocated to
vertex mk'j' - this implies that all the vertices in
column j' above this entry are not median vertices - for
if they were, then an allocation to one of them would give
lower resultant cost. Therefore, we may mark these vertices
in all the columns which follow column j'. Thus, if in

our example, vertex x, is allocated to vertex x then

1 2"

clearly vertex x, is not a median vertex, so that it ﬁay

1
be marked in all of the columns of the array. Again, it
must be noted that this marking is purely temporary.

(d) 2 direct consequence of the statements about
marking is that if the top t, say, of the entries in a

column j are marked, and the next entry (m j) is a
1

t+1
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median vertex, then this vertex.is the one to which xj is
~allocated. No alternative need be considered until some
of the top t entries are again unmarked as a result of a
change in the previous allocations that produced some of
the markings. |

"The tree search proceeds in the customary dépth
first fashion. Thus if at some stage p median vertices
have been specified by the allocations already made, then
any remaining unallocated vertices may now be allocated
to their nearest median vertex neighbour. This is clearly
the optima%_completion of the partial solution as épecified
- the next step will be a backtracking step on the allo-

cation made.

4.4.2 A lower bound for the algorithm

An implicit enumeration search of the type just
described will not be very efficieht unless the tree cre-
ation is truncated by methods which probe feasible
solutions more deeply. The observations (é) - (d) made
above, will limit the size of the tree search by reducing
the number~of alternative possible allocations of the
vertices. As illustrated by the algorithms of the
previous chapters, a lower bound on the value of the final
optimal soluﬁion which could result from the allocations
already made, can be used to limit the search further.

Suppose that at some stage of the search the
last vertex to have been allocated is xj,, and that p'
vertices (p' < p) have been specified at this stage.
Therefore, any further allocations must imply a total of

an additional p-p' median vertices. Let J be the set of



indices of these as yet unalloc;ted vertices - in general
~this will be the set-of.indices j where j'< j < n, exclud-
ing the indices of those vertices whose allocations have
been forced by the allocations of the first j' vertices,
as suggested by the reﬁarks of the previous section. Let
mdjj and mBj. be the nearest and second nearest vertices
to xj still éllowed, i.e. the first and second entries in

column j which are unmarked. Clearly one would like to

allocate xj to my from the point of view of cost. 1If

3
the number of distinct vertices m, 5 for jeJ is k and
J

k = p - p', then all these best poséible allocations for
the, as yet, unallocated vertices are feasible in the
sense of producing a total of p median'vertices. Clearly
these allocations give the optimal completion of the
partial solution implied by the current allocations of

P SR The result is noted and back-

3 ]

tracking can occur from this partial solution.

the vertices xl,xz,.

In the case where k > p-p' then at the very least
(k-p+p') of the best assignments must be changed to second
best or worse in order to produce the required p vertices.

Suppose vertex X is not used in the solution then an

extra cost is incurred corresponding to each column j for

which x =m ., 1.e. a total cost D where
S .l S
J°
D = Z h. {d(x.,m, .,) - d(x,,m_ _)1}. (18)
s . B . o,
jed 3 J 33 J jJ
X_=m, 5
i

'~ For each vertex xseJ there will be a cost Ds: a necessary
consequence of finding a set of p vertices is that at

least the (k-p+p') smallest costs Ds are incurred in



addition to the necessary nearest neighbour costs. Hence
a lower bound on the cost of an optimal solution derived
by completion of the current partial solution is the sum
of the (k-p+p') smallest Ds’ as defined in equation (18),

plus the cost of allocations already made for xl,xz,..,xj,,

plus the sum of "best assignments", i.e.

z h.d(x,,m L) .
jed J J mj:J

As an illustratidn of the above, consider the
graph of Fig. 1(a) again. Let us suppose that we are

searching for the 2-median and that vertex Xy has been

allocated to median vertex Xy e Observation (a) means that

the first three elements in the bottom row are permanently
marked - we use a symbol "*" for this in Fig. 1(c). We

have circled x2 in column 1 to indicate that this is an

allocation. Clearly observation (d) implies that X, is

-

ailocated to vertex X,: SO we circle this array entry also.

From (c¢) we see that vertex x, is marked - we use + to

1

indicate a temporary marking. In columns 3 and 4 the

first entries are x., and x, respectively - the values D

3 4 3

and D, are seen to be 2 and 4. The value of p is 2, so

4
that p' = 1 (we have found x2 so far), while k, the number
of distinct ma 5 for jeJ is 2 (x3 and x4) so that k-p+p' =1,
J

i.e. it 1s necessary that the smallest difference D3 is
incurred. Hence a lower bound on a completion of the
present partial solution is: (1+0) (allocations) + (0+0)

(minimum entries) + 2 (smallest difference) = 3.°

4.5 An Alternative Direct Search Algorithm

The procedure of the previous section generates

sub-problems by considering alternative allocations, i.e.
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i.e. specifying values of the allocation Eij' A different
search procedure is to generate subproblems in a binary
tree search by specifyiny whether or not a given vertex is
to be a median vertex. This is a similar approach to that
adopted in the problems of the two previous chapters.
Thus the state of the search can be represented by sets
S+, s~ and F corresponding, respectively, to those wvertices
currently fixed as median vertices, those vertices fixed
as non-median vertices and those vertices about which no
decision has, as yet, been made.

The methods of the previous section enable us
to calculate a lower bound on the cost of the optimal
solution, given the decisions which have already been
made about the vertices invS+ and S . Hence, a vertex
ngs- must be allocated to a vertex in the set S+UF - for
the best allocation this will cost

ug = minifum {hjd(xi,xj)}f . (19)

XigS vF

Vertices in S+ will, of course, cost nothing, as they will
be allocated to themselves. A vertex xng that is not
going to become a median vertex will incur a cost of at
least

ug = migi@um {h,d(xi,xj)}. (20)

J
x.sSﬁJF
i

Now for a given partial solution, it is clear that not all
of the free vertices can become median vertices in an
optimal solution. 1In fact n-p-]s—l is the number of
vertices which, although free at present, cannot become

median vertices and hence must be reallocated to other

vertices. Equation (20) gives the minimum cost which
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would be incurred with a reallocation - thus a lower bound
on. any completion of the partial solution is
§oul o+ o
J

x eS_

3
where U" is the sum of the n-p-|S | smallest numbers u;.
This is entirely analogous to the bound of the previous
section.

The choice of the next vertex to be fixed open
may be made in several ways. In the Appendix at the end
of this chapter, we suggest one approach, in addition to
the changes required if there are fixed costs.

Jarvinen et al (15) use a wvery similar bound to
the above, in an isocost tree search, where branching
always takes place from the tree vertex having the small-
‘est lower bound. The méin.difference in the bound is that
no vertices are fixed as median vertices. The use of such
bounas, Qith modificatiqns to deal with the generalised
type of-p—median broblem encountered in practical depot
location studies, can also be found in the literature

(12,16) .

4.6 Heuristic Methods with an Example

4.6.1 Some heuristic methods for the p-median

In this section we will briefly describe some
heuristic methods which have been used to give 'approximate'
sets of vertices for the p-median, i.e. sets of vertices
with a small value for the total length L.

The ﬁethod of Maranzana (17) has much in common
with an iterétive procedure for the continuous location

problem due to Cooper (6). Essentially it is a partition-
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ing method, in which the p—medién is approached by finding
the single vertex meaians of p subsets of vertices each
associated with one vertex, and then adjusting the subsets
before repeating the process. There is no guarantee of
optimality in this method which we will briefly describe
here.

A subset Vo of p vertices is chosen from the
vertex set X of the graph G. For each vertex xjeV0 we

find associated vertices Poj such that

< d all x sVo}. (22)

ik’ k

Hence the collection P_ =A{Poj|xjevo} of vertex subsets
is a partition of X. Next the total weighted 'distance'’
(= 'cost') of the system for Vo as a p-median set is

computed, i.e.

r = Y n ) a.. ' (23)°

X_.EV x.ep . 3
J (o] 1 o]

For each Poj we now find the single vertex median of the
associated subgraph of G. This vertex median may be any
vertex of Poj inecluding xj - the set of medians now form a

new subset V1 of X. Now for each vertex xjev1 we can find

-

a similarly associated set P and compute r, - which may

15 1

be shown to be less than r,- We can see this by noting
that the labelling of the vertex median for the partitioned
sets Poj as its new 'source' must either reduce or leave
unchanged the weighted distance sum. Also, if a vertex is
put into a new subset for the Plj's then its contribution
" to the total sum is reduced - hence no increase in the
total distange sum can occur.

The process continues until after an iteration

xj is also the vertex median of the associated Ptj’(for
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equais )4 : this being true

th | .
the t iteration) and P t=1,5°

t]
for all the xj. In this case the system has reached an
equilibrium with the set Vt’ an estimate of the p-median
set.

Maranzana, while noting that there is no
guarantee of optimality, claims that given several initial
choices for Vo a solution very close in value to the p-
median, or the actual p-median, will result. Generalis-
ation to the situation with fixed costs is straightforward.

A heuristic method, based on vertex substitution,
is described by Teitz and Bart (18), this method bearing
a strong resemblance to a heuristic algorithm for the
travelling salesman problem (19). The method proceeds by
choosing any p vertices at random to form the initial set
S which is assumed to be an approximation to the p-median
set Y;. The method then tests if any vertex xjsx - S could

replace a vertex x.,eS as a median vertex and so produce a

i
new set S' =Su{xj} - % whose length L(S') is less than
L(S). 1If so, the substitution of vertex xi by xj is
performed, thus obtaining a set S8' which is a better
approximatibn to the p-median set Y;. The same tests are
now performed on the new set S' and so on, until a set §
is finally obtained for which no substituion of a vertex
in 8 by another vertex in X - S produces a set with length

less than L(§). This final set S is then taken to be thé

required approximation to Y;.

4.6.2 Description of the algorithm

Step 1. Select a set S of p vertices to form

the initial approximation to the p-
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median. Call all vertices xj¢S "untried"”.
Step 2. Select some "untried" vertex xj¢S and

for e=ch vertex xieS, compute the

"reduction" Aij in the set length L(8)

if xj is substituted for Xi i.e. compute:

’Aij = L(s) - L(SU{xj} - {xi}) (24)
Step 3. Find Ai . = max (A,.).
o] xieS 13

(i) If A, ., <-0 call x, "tried" and go
i = j
to Step 2.

(ii) If A > 0 set § « SU{xj}-{xi}

oJ
;éll xj "triedq" and go to Step 2.

Step 4. Repeat Steps 2 and 3 until all vertices
in X-5 have been tried. This is refer-
red to as a cycle. 1If, during the last
cycle no vertex substitution at all has
been made at Step 3(i), go to‘Step 5.
Otherwise, if some vertex substitution
has been made, call all vertices
"untried" and return to Step 2.

Step 5.  S8Stop. The current set S is the esti-

mated p-median set YE.

It is clear that this algorithm will not produce
an optimal answer ih all cases (15). An example of this
is provided by the non-directed graph of Fig. 2, where
~link costs are shown next to the links and vertex weights
are taken to be all unity. If the 2-median is required
and the initial choice of the set S is {x3,x6} with length
L(s) = 8, thenbno substitution of a single vertex can lead
to a set with lower length. However, the set {x

3,x6} is
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not the 2-median of the graph and there are two 2-median
sets {x,,x,} and {x,,x.} both with length L(iz) = 7.

The algorithm described in this section is in
fact only one of a family of algorithms based on local
optimisation and on the idea of %-optimality first intro-
duced by Lin (19) for the travelling salesman problem,
subsequently extended and used by others (9,20) for a
variety of combinatorial problenms.

In the current problem, a set S of p vertices is
called f-optimal (& < p) - if the substitution of any &
vertices of S by other % vertices not in S cannot produce
a new set with length less than that of §. Obviously, if
S is the p-median set YE of a graph, then S is p-optimal.
It is also quite obvious that if S' is a R&'-optimal set
and s" is a "-optimal set, then, if 2" > &', L(S") < L(8').

According to the above definitions, the answer
prbduced by the algorithm of this section could be called
1—optima1, and similar algorithms producing 2-optimal,
3-optimal etc. answers could be described. 1In order to

D
ensure that a given set S is f-optimal, a total of:

() x( ) " (25)

potential substitutions (and hence calculations of lengths
L) must be performed. This number increases rapidly with
2 and hence practical algorithms cannot use values of %

much above 2 or 3.



10.

REFERENCES

S.L. HAKIMI. "Optimum distribution of switching
centres in a communications network and some
related graph theoretical problems". Ops. Res.,
13, pp. 462-475, 1965;

N. CHRISTOFIDES and P. VIOLA. "The optimum locatién
of multicentres on-a graph". Opl. Res. Quart.,
22, pp. 145-154, 1971.

R.W. FLOYD. "Algorithm 97: shortest path". Comn.
Ass. Com. Mach., 5, p. 345, 1962.

S.L. HAKIMI. "Optimum locations of switching centres
arid the absolute centres -and medians of a graph".
Ops. Res., 12, pp. 450-459, 1964.

A.J. GOLDMAN. "Optimal locations for-centres in a
network". Transp. Sci., 3, pp. 352-360, 1969,

L. COOPER. “Location-allocation problems". Ops.
Res., 11, pp. 331-343, 1963.

G.L. CURRY and R.W. SKEITH. "a dynamic programming
algorithm for facility location and allocation".
A}IE Trans., 1, pp. 133-138, 1969.

L.B. ELLWEIN and P. GRAY. "Solving fixed charge
location-allocation problems with capacity and
configuration constraints". AIIE Trans., 3,
pp. 290-298.

S. EILON, C.D.T. WATSON-GANDY and N. CHRISTOFIDES.
"Distribution management: mathematical modelling
and practical analysis". Griffin, London, 1971.

D.G. ELSON. "site location via mixed-integer
programming". Opl. Res. Quart., 23, pp. 31-44,

1972.



11.

12.

13.

14.

15,

16.

17.

18.

19.

20.

E. EFROYMSON and T.L. RAY. "A branch and bound
algorithm for plant location". Ops. Res., 14,
pp. 361-368, 1966.

K. SPIELBERG. "An algorithm for the simple plant
location problem with some side conditions".
Ops. Res., 17, pp. 85-111, 1969,

C.S. REVELLE and R.W. SWAIN. "Central facilities
locatien". Geographical Analysis, 2, pp. 30-42,
1970.

R.E. MARSTON. "An algorithm for finding almost all
the p-medians of a network". North Western
University, Illinois, Discussion Paper 23, 1972,

P. JARVINEN, J. RAJALA and H. SINERVO. "A branch and..
bound algorithm for seeking the p-median”. Ops.
Res., 20, pp. 173-178, 1972,

K. SPIELBERG. "Plant locdtion with generalised search
origin". Man. Sci., 16, pp. 165-178, 1969. |

F.E. MARANZANA. "On the location of 'supply peints to
minimise transport costs". Opl. Res. Quart.,
15, pp. 261-270, 1964.

M.B. TEITZ and P. BART. "Heuristic methods for
estimating the generalised vertex median of a
weighted graph”. Ops. Res., 16, pp. 995-961,
1968. |

S. LIN. "Computer solutions of the travelling sales-
man problem”. Bell Syst. Tech. Journal, 44,
pé. 2245-2269, 1965.

B.W. KERNINGHAN and S. LIN. "An efficient heuristic
procedure for partitionigg graphs”. Bell Syst.

Tech. Journal, 49, pp. 296-307, 1970.



- 93 -

APPENDIX I

Fixed Costs and the p-Median Problem

When there are fixed costs the p-median problem is
considerably altered. The existence of these costs enables
extra possibilitiés for a tree search of the type we have
described. Let us keep our notation of S+, S~ and F for
fi#ed open, fixed closed and free respectively - it helps to
consider the problem from the point of view of depot locatioﬁ.

We will refer to the weighted distance matrix as (di ) and

3

the fixed costs as fi'

Consider the calculation of a lower bound on a coﬁ;

‘pletion of a partial solution - to begin we rephrase the
content of equation (18). For each column j of the cost
matrix we find the smallest and -second smallest costs - o

3

and Bj reépectively, the depot corresponding to aj we call
ij' Thus if.depof i is not used to supply .customers (i.e,
xi is not a median vertex) an additional cost pi is incurred,

at the very least, compared with the situation when it is

used, where

o, = ) (B, - a.) (A1)
oAl 3 s.t o= i ] ]

The costs pi can be thogght of as penalty costs
on not using a depot. 1In the case where there are fixed
costs it is apparent that a saving in cost of fi will result
if depot i is not used; Thus the total penalty cgst for
depot i1 is given by

o, = - £, + 0y ) (a2)

For a given partial solution the fixed costs
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corresponding to open dcpots must be incurred, while closed
depots have been removed from consideration. We order the

penalties o, for free depots in increasing order of magnitude,

i

some of the Gi may of course be negative. Now we can consider

the ordered ci from the point of view of reducing the number

of free depots in_order to reach the best possible completion.
There are |S+| depots fixed open and IFI depots free - hence

at least (|F| - p + |S+|) must be eliminated of the free depots.
Thus the penalty costs oy for the (|F| - p + |S+]) smallest

ci must be incurred. If there are any more negative ci's

in the ascending sequence these too must be added on - in

this case the implication is that it may not pay to have p
vertices in the median set because of heavy fixed costs.

Thus the fixed costs can be dealt with guite simply,
without much change to the original algorithm. Clearly it
is important to know which of the alternative solutions, best
set of p vertices, or best set of k vertices (k < p), is
desired.

Fixed costs are also important in deciding which
depot to keep 6pen in the tree searzch - we give a simple
example of how the direction of the search can be decided
upon. It would seem sensible to open depots where the bene-
fit in variable cost reduction outweighs the added fixed.cost.
Conversely, an even étronger statement, a depot which does
'pay for itself' in this way must be fixed closed - the
variable cost benefit being calculated with réspect to open
depots only.

Suppose Xy is a free depot, then define

wij = M:n:gim (Maximum (dkj - dij' 0)), (a3)
k



¢, = 1 W
oar g 13

If ¢i < 0 then
while the depot with the
didate for fixing open.

fixed open depots we can

the largest penalty cost

- fi : (nr4)

depot i should be fixed closeqd,
largest value of ¢i is é good can-
In the cases where there are no
heuristically choose the depot with

- or the lowest value of this times

the number of customers for which the depot is nearest.

For zero fixed

costs it is still possible to use

this test to decide upon which depot to fix open.



APPENDIX 1II

In Section 4.5 we discussed a Direct Search Algor-
ithm for the p-median problem. In this Appendix, we gi&e
some idea of the computing efficiency of this method. The
criterion of efficiency we adopt is the central procéssing
time (cp time) taken by the algorithm for randomly genexated
. problems. Table Al shows the computer cp times for a sel-
ection of raﬁdomly generated graphs (both directed and
undirected links in all the graphs =- average vertex in-degree
of about 3). The number of vertices (N) is 10, 20 and 30,
while the value of p ranges from 2 to 28. The c¢cp times should
be compared with those resulting from other methods - see
Khumawala et al. (Management Science vol. 21, no. 2, October

1974, pp. 230-234) for example. :



COMPUTING TIMES FOR

TABLE Al

A DIRECT SEARCH ALGORITHM

FOR THE p—MEDIAN PROBLEM
CPU TIMES: CDC 6400 SECONDS

10 20 30
2 0.117(3,9) 2.48(3,85) 5.44(3,39)
4 0.165(11,15) 1.67(5,67) 40.21(33,669)
6 0.137(7,13) 1.01(7,49) 41.05(7,919)
'8 0.159(9,17) 1.24(9,63) 24.03(9,673)
10 0.76(11,35) 15.65(69,513)
12 1.34(75,87) 16.70(223,681)
14 1.85(69,83) 9.99(217,425)
16 0.52(17,33) '8.45(125,397)
18 0.53(19,37) 3.32(63,123)
20 3.67(75,163)
22 3.31(23,131)
24 1.82(25,49)
26 1.88(27,53)
28 1.87(29,57)

The bracketed figures are the number of bound calculations

to the optimum solution and to the end of the search.




