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bstrac t 

This thesis discusses several aspects of the prob-

lem of the mechanics of blood flow in narrow capillaries. 

In Chapter I an historical devolo)ment is presented, in-

cluding theoretical and experimental work on blood rheo-

logy, vessel morphology, red cell mechanics and floor prop-

erties of blood components. 
Chapter II contains a description of the mechanics 

of red cell motion, in terms of a lubrication concept. It 

is shown that enhanced resistances to motion arc expected, 

which depend non-linearly on the applied pressure gradient. 

The elastic properties of the red cell itself are examined, 

and included in the theory. 
In Chapter III, those theoretical results are ex-

pressed in more direct, physiologically-relevant forms, and 

their implication for capillary flow lbcnomenz:. arc explored. 

Topics discussed include vasomotion aLtd autoregulation, 

patchy filling of pulmonary networks, and the non-uniform 

viscosity of blood in narrow capillaries. 

An analysis of plasma flow in the spaces between 

red cells is given in Chapter IV. Analytic solutions for 

the velocity field arc obtained, and compared with orevious 

numerical results. The relevance of these flow patterns to 

mass transport phenomena is discussed. 



Finally, Chapter V briefly describes a, model e;--

periment desined to test the theory of Clipter II. Model 

red cells, consistinE of fluid—filled 1,:,tex membranes, were 

forced dorm perspex tube. The Drediction of enhanced, non--

linear resistances Vra confirmed, and observ,:,tion of some 

01 the plesma floiT pc...t-L,erns found in Chapter IV was also 

possible. 
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1. 
Chapter I 

'The Development of the Problem' 

Although the e:d.stance of capillaries in the 

circulation was discovered by Malpighi almost two hundred 

and fifty years ago, no serious study was made of them un—

til the work of August Krogh, in the early 1920's. He in—

vestigated capillary flow patterns, discussed the behaviour 

of blood in the capillaries (red cell deformation and plas—

ma 'skimming', for example), and extended Starling's (1896) 

concepts of the exchange of gases, water and metabolites, 

through the capillary wall, between_ blood and tissue. This 

latter work was clone in collaboration with his wife, Marie 

Krogh, and was influential, in particular, in establishing 

the physical diffusion concept of oxygen supply in the 

lungs, rather than the earlier, erroneous, 'secretion' 

theory. 

iirogh is work was chiefly qualitative and de sc rip t—

ive , and until the 1960's, little was done towards an 

understanding of the quantitative, mechanical aspects of 

capillary flow. A partial exception was the work of Fahreus 

and Lindquist (19 ) on the viscosity of blood in narrow 

tubes; they found that the viscosity ap?arently decreased 

as the diameter of the tube decreased. Although this 
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theory recognized that blood does not behave as a Newton-

ian fluid, and used the two-phase nature of blood to 

explain this qualitatively, it suggested that flows in 

narrow vessels may be explained using a concept of a non-

Newtonian system, whose viscosity depends in some way on 

the vessel diameter. 

It is now recognized that such a straightforward, 

theological approach is inadequate for an accurate des-

cription of the flow properties of vhole blood. In any 

detailed, dynamical discussion of flow phenomena, it is 

necessary to regard the blood as a suspension of 'formed 

elements', chiefly erythrocytes,  in the plasma; further-

more, it is essential to include as a cornerstone of any 

theory the ease of deformation of the red cells. Recent 

filmed studios, for exeJaple by Goldsmith and 'Jason (1968) 

and by lionro (1966), have demonstrated the importance of 

red cell deformnbility for blood flow in small vessels (say 

20-40 microns), and near the walls of larger ones. The in-

wardly-directed pressure on the culls caused by asymffletric 

distribution of 'flailing' collisions in space-dependent 

shearing flows (which, together with a resultant 'lift' 

on individual bodies, is thought to be responsible for the 

axial coy eentration phenomenon), is more effective for 

flexible than for rigid particles. 
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For flow in narrow capillaries, it is perhaps even 

more essential to include the flexibility of red cells as 

a central theme of any investigation of the mechanics. In 

some cases, the capillary diameter is smaller than that of 

the undistorted erythrocyte, which must be deformed (poss-

ibly accompanied by capillary deformation) even to allow 
it to fit inside. It must therefore be expected that the 
elastic properties of the cell play a siiificant role in 
determining the charactistics of the motion. Gabe and 
Zatz (1968) have demonstrated that plasma behaves as a 

Newtonian fluid to very good accuracy, so that the Naylor-

Stokes equations may be used to describe the flow of 

plasma around the erythrocytes. The Reynolds' number for 

plasma under caDillary flow conditions is very small, of 
-2 	-3 

the order of 10 or 10 ; the motion is therefore gov- 

erned by a balance between pressure gradient and viscous 

forces; inertial. terms in the equations of motion may be 

ignored. Theoretical attacks based on this concept of a 

two-phase system supoorted by a Newtonian fluid seem to 

offer the best hope for an adequate discussion of capill-

ary dynamics, and recent work on these lines will be dis-

cussed below. 

A well-knovin ex;  erimental study of the physics of 

narrow-capillary flow was made by 2rothero and Burton 
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(1961, 1962a and b), with two ,)rincipal techniques: meas-

urement of blood flow through artificial capillaries, and 

modelling of the flow on a larger scale usinL dimensional 

similarity. they also studied the ease of passage of red 

cells through millipore filters. These classical experi-

ments represented a substantial contribution to the under-

standing of the problems of ca)illary dynamite, and a 

significmt attempt to gain insight into the physical 

characteristics of a physiological phenomenon. 	work 

of ouch a pioneering nature, it was oerho,)s inevitable 

that the full significance of various parameters of the 

system should not have been realized, particularly since 

the magnitude of some of the effects are quite surprining 

in comparison with ?hat ',light be expected from more famil-

iar situations. The work is of suflicient importance to 

merit a fairly detlled discussion. 

The model experimento were intended principally to 

investigate mz..os transfer between blood end surrounding 

tissue, as influenced by the 'bolus' flow of plasma be-

tween successive red cells in narrow capillaries; they 

utilized heat transfer to water containing trains of 

bubbles to simulate such conditions, and core was taken to 

maintain the 2eclet number (which determines the relative 

importance of diffusion and convection) at the correct 
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value. Unfortunately, it was not possible to reproduce 

the in vivo value of the Reynolds' number, which was of 

order 10 in the experiments. This is some three orders of 

magnitude too large, and it might be inferred that arti-

facts may have been introduced into their results by ex,-

cesd_ve inertial effects in the bolus flow. Further, the 

hydrodynamic boundary conditions at an cir-water interface 

are different from those at a solid boundary. Direct 

application of the quantitative results to the capillaries, 

therefore, should perhaps be made with some caution. A 

more detLiled discussion of mass transfer ,)henomena in 

the capillaries is given in Chapter IV. 

It was also inferred from the model experiments 

that although the resistance of the fluid bolus was in-

creased by the toroidal motion, the overall resistances 

of cell-.)lasma trains in ca iillaries should be less than 

tut `riven by 2oiseuille's law, mainly because the visco-

city of plasma is much less than a typical viscosity for 

whole blood. These results were apparently confirmed by 

studies of blood flow in micropipettes of average diameter 

8.4 microns, but tapering at the ends to as little as 5 
microns. Resistances corresponding to effective viscos-

ities of the order of 30/u higher than that of plasma 

(considerably lower than typical values for blood) were 
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obtained, and it was inferred that the resistance offered 

by the red cells, even in a deformed, compressed state in 

narrow capillaries, was negligible; variation in resist-

ance was chiefly due to changes in the flow in the plasma 

'bolus' separating successive red cells. Studies using 

millipore filters showed that red cells would readily 

pass throll6h fine filters (5 microns effective pore dia-

meter) under very small pressure differences; this was 

interpreted as confirmation of the negligible red cell 

resistance (Burton 1966). 

Limitations in flow measuring technique (for 

these extremely small flow rates) meant that the smallest 

usable velocity was of the order of 30 ems/sec, rather 

than the 100-1000 microns/sec found in living ca)illaries 

of similar dimensions; this was a consequence of the nec-

essity for using tube diameters in the same size range as 

the red cell. Two possible sources of error are introduced 

into the interpretation of the results. Firstly, the Rey-

nolds' number is again some three orders of magnitude too 

large, so that inertial effects may produce artifacts, 

particularly in the development of the toroidal motion 

in the plasma bolus. Secondly, the relatively enormous 

shear rates in the blood at these velocities may well 

have so deformed the flexible red cello that their effect- 
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ive diameter was considerably less than that normally 

found; and the results could be interpreted as being typ-

ical of flow in somewhat larger capillaries. It is inter-

esting tLat Illitmore (1967) pointed out the agreement be-

tween the results of erothero and Burton and his theoret-

ical predictions for capillaries of diameter larger than 

the effective diameter of the red cell; Illitmore's theory 

is discussed below. Similar considerations ap.ply to the 

millipore filter exleriments, and these are considered in 

more detail in Chapter III. 

Subsequent wor] by Rand and Burton (1964) invest-

igated the mechanical properties of red cells, in partic-

ular of the cell membraaaes. They measured the flexibility, 

or tdoformability , , of cells in resoonse to distorting 

forces, and found that this was Cue to a combination of 

elasticity and bending moment. The experiments also Show-

ed that erythrocyte deformations involve principally a 

change of shape, and that surface area and volume do not 

change appreciably, indeed, an increase of only 10% in 

surfcce area was found to cause haemolysis (cell rupture). 

rung (19G6) made a theoretical study of possible modes of 

deformation available to red cells (isochotic and ap-plic-

able), and also pointed out that, in contrast, the walls 

of systemic capillaries, at least, are much less compli- 
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ant than are red cells. 

This question of capillary deformation is very 

interesting, and quite controversial. Dung's calculations 
are based on a 'tunnel in a gel' concept; however, in the 
pulmonary circulation at least, the capillaries are con—
tained in very thin membranes, and have relatively un—

supported walls. Glazier et al. (1963) have demonstrated 

that the mean diameter of such capillaries varies with 

the transmural pressure, and it is known that under zero 

flow conditions the walls of pulmonary capillaries may 

collapse, although the absence of smooth muscle in capill—

aries moans that this must be a passive rather than an 

active )henomenon. Kroji's work shored that under certain 

circumstances capillary elasticity may be of importance 

for pressure—flow relationships; on the other hand, Bur—

ton (1966) has found no observable deformation in system—

ic capillaries after the introduction of high—pressure 

air bubbles. The problem of rhether capillary deformation 

affects flow characteristics is further discussed in 

Chapter II. 

Another pl-, enomenon which must be considered in a 

discussion of dynamics in capillaries is that of loss or 

gain of fluid through the endothelium by filtration. Al—

though Starling's original model involving diffusion 
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under the combined notion of fluid and osmotic pressure 

differences has been shown to be only a crude approxim-

ation to the actual mechanism, it is still accepted that 

a proDortion of plasma, perhaps as much as 100 of the 

total, moves out of the capillary in the proximal region, 

and returns in the distal region; a a-Ian fraction, per-

haps 0.5%, is removed in the lym:)11 circulation. The effect 

of this fluid e:,:change might well be of significance for 

flow mechanics, and is considered in the final section of 

Chapter II. 

An important theoretical contribution was made by 

7:hitmore (1967), Who studied the flow of a two-phase sys-

tem in tubes of capillary dimensions. Two models were 

used: a 'shearing-core' model for large capillaries, and 

an jaxial train' model for capillaries sufficiently small 

that the red cells travel in single file along the axis of 

the lumen. The belviour of :)articles, both rigid and de-

formable, in sheared-core flows has been studied experi-

mentally and theoretically by Golds with and Eason (1964); 

they described the distribution of forces on the particles, 

and showed that a tendency towards axial concentration is 

to be expected. The results of the two theories were 

matched graphically in the intermediate region (capillar-

ies of diameter in the range 12-20 microns). laitmore 
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found that f:r 	.Jdol, the Fahreus-Lindquist viscosity-

reducing mechanism ceases to apply for capillaries smaller 

than about 15 microns, Where the effective viscosity was 

about half that of Whole blood. The viscosity then in-

creased, rapidly below about 10 microns, Where the value 

was about equal to that for Whole blood. The position of 
the (local) viscosity minimum depended on the velocity; the 

possibility of cells 'curling' in the sheared plasma is 

introduced, and an 'effective cell diameter' is used in the 

calculations, although no attempt is made to relate this to 

the unstressed cell diameter. No mention is made of local 

cell membrane deformation, but the importance of 'leak-

back' of plasma past the cells is brought out. The theory 
is considered not to apply to vessels Whose diameters 

approach that of the stressed red cells (below 3 microns, 

scy), because of e. failure of the assumptions beyond that 

point. 
It should Jerhaps be mentioned that cinematograph-

ic evidence does not, on the Whole, support the 'axial 

train' concept for vessels of diameter greater than about 

10 microns; cell deformation in larger vessels permits a 

'Sheared core' type of flow. Detailed aplic:tion of 

Vhitmore's results to in vivo phenomena is therefore in-

advisable; the overall concept, however, of a gradual 
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transition from sheared-core to axial-train behaviour in 

narrow capillaries is very valuable, and provides a link 

between theories based on the Fshreus-Lindquist effect 

and the present work on lubricated motion in very narrow 

capillaries. 

The notion of leakback, or relative movement of 

the plasma back past the cells, is connected with the 

difference in mean velocity between cells and plasma; 

cells travel faster in the capillary than does the olasma. 

Some of this effect may be due to a type of pericapillary 

flow, in Which plasma moves along an annular space out-

side the lumen, somov?nat more slowly than does the blood 

inside; such e theory is discussed, for e-,:ample, by Howe 

and Schaeffer (1967). Le.kback, however, must also play a 

part in creating the velocity difference, and in the case 

of very narrow'.apillaries, Li6hthill (1963) ha;; mentioned 

the possible importance of le,:.kback in promoting mass 

transfer to the endothelium. 

Iurther theoretical contributions have been made. 

':.-ang and Skalak (1968) considered the movement of rigid 

spherical particles along closely-fitting, fluid-filled 

tubes, for diameter ratios between about 0.2 and 0.3. 

Bloor (1968) treated the flow patterns in the motion of 

rigid cylindrical -articles in a tube, and although he 
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found resistances higher than those for the supporting 

fluid alone, no mention was made of the possible 
effects of red cell elasticity on the pressure-flow rel-

ationships. Bloor's work, however, was principally con-

cerned with fluid motions in the spaces between particles, 

discussed more fully in Chapter IV. 

Omission of elastic effects from a model of red 

cell motion in narrow capillaries introduces at least one 

severe defect: it ignores the necessity for a normal 
force to be sustained 	the rim of the erythrocyte to 

produce deformation, and the effect this will have on the 

mechanics. Thus in Bloor's work, for examole, simple 

Oeuette flow was assumed between tie rigid cylinders and 

the tube wall. A more realistic approach utilizes viscous 

forces to balance the required normal force; such a system 

J- s provided by modified form of hydrodyn':mic lubricat-

ion. The classical theory may be coupled. with an equation 

describing the distortion produced in the red cell mem-

brane (and possibly in the capillary wall) by the lubric-

ation pressures. The complete process is therefore envis-

aged as one of elastohydrodynamie lubrication. 

The necessity for such r treatment vw3 first real-

ized by LiL;hthill (1968, 1969), who gve an important 

theoretical discussion of the problem. In his paper on the 
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lubricated motion of elastic pellets in elastic tubes, he 

proposed a model Which, although employing some fairly 

crude ap)roximtions, retained all the essential physical 

features of red cell movement. The results of the discuss-

ion indicated the important characteristics of °lactic-

'pellet motion; perhaps the most significant concerned the 

compar[Itively large resistances offered, under certain 

circumstances, by the pellet-fluid nye.tem in narrow tubes. 

Predicted velocities were smaller, for a given pressure 

gradient, than those for a. hypothetical, corresponding 

homogeneous fluid having the e.e.me bulk viscosity as the 

two-phase system. These velocities deoended non-linearly 

on the pressure gradient, and lubrication film thickness 

w,JLs also found to depend on velocity. The possibility of 

'seize-up' due to lubrication failure at low film thick-

nesses (low velocity) was introduced. 

The potential itroortance of LiclIthill's results 

for problems of capillary flow suggested thet a dete.iled 

study, employing more sophisticated mathematical models, 

would be valuable. The second chapter Dresents a discussion 

of such a study, in the form of a pcper published in 

2roc. Roy. See, D. Ln analysis of the work of Lighthill 

is made, with a view to determining the most desir:ble 

features to include in the nevi model. A theory of lub- 
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rice 	motion of in axisymletric °lactic pellet is ere-

canted, and the elantic behcviour of a fairly realistic 

red cell model is discussed. The theoretical results arc 

then applied to the basic droblem of The form of the 

pressure-flow relationship for a capillriy, cyid tentative 

quantitative predictiono arc made. Luter section° extend 

the theory to cases Where non-axisym:detric pellet;, and 

porous tubes are included. 

The third chapter, comprising a pp:per accepted for 

publication by the Journ_l of _Applied 	 cocks to 

enlarge on the physioloica cspecto of the v'ork. A cumary 

of the mLthematical theory is given, emphasizing the fet-

ures vihich have particular significance for capillary flow 

)roblems. The theoretic;:1 rcli;u1t1:1 &re expressed in direct-

ly applicable forms', and sever,-1 flow phenomena arc dis-

cusned in the light of the predictions. In vim ,  of the 

paucity of observational (1:-.ta in some canon, the c_reo-

mont with in vivo experiment is quite natinfctory. The 

topics discussed comorise pressure-flow relationchi,p-1 

the capillrien, perfusion control, vasomotion :nd auto- 

re8ulation, pulonry capillcry networks, 	a22,_- rant 

viscosity; com)Lricon is made verever poosible pith 

recent experimental vio&.. 

iportL,nce of the thin lubrication layer for 
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the trLitsport of gases (0 cnd CO ), nutrients and ,deta- 
2 	2 

bolites between red cell, plasma and andothelium hrs been 

mentioned by Lighthill (1968). ITowever, a considerable 

portion of the red cell surfcce is exposed to plasms vd.ich 

is comp,Irtively distmt from the endothelium, and trans-

fer to and from these regions ,:loy be influenced to some 

extant by the patterns of flo,7 in the bolus scoarating 

caccessive rod cells. The effect de?ends on the, relLtive 

importance of convection and. diffusion, expressed by the 
• , 2eclet number Ua/K; this deter:lines the man:ler in '!1, ich 

the distribution of concentration occurs in the fluid. 

The significance of convection for mass-transport :lay be 

Quantified in terms of a 7usselt number, Ohich .easures 

the enhLncement by convection of trmF:fer to a surface. 

A discussion of the magnitudes of these parameters for 

various blood components is given in Chapter IV. 2rothero 

and 16urton (1961) have Shon, for example, th;t the 2Cc16t 

number for oxygen is of order unity, a:ild demonstra,ted in 

a mo601 experiment that convection could. considerably 

enhance transfer; the possible limitations of that c: per- 

iment have already been discussed. 

A complete tycatment of gee  u)tf-ke or relccse by 

the blood would be very complex, involving diffusion in 

the alveolus, in the clveolor wal, across the endothel- 
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ium, in the ,..)lasma, across the red cell membrane., in the 

red cell itself, \there non-linear second-order chemical 

reactions further complicate the EalLaYSiC:33 end then re-

lease involving these processes in reverse to the systemic 

endothelium, together with an et.:uation such as 

that of 1..(rogh-Erleng for oxygen [Al) _ay end c onswil) ti on in 

the tissues. An important step in the understanding of the 

process, however, is to investigate the effect of flow 

regimes in the plasma. 

?rather° end Burton's sua,;:er-tion of a circulating 

bolus florJ has prompted several numerical solutions of the 

equations of motion for flow between successive obst„cles 

in pipe flop:. Bugliv,rello et el. (1966) used a very simp-

lified , aodel with a jump singularity in the stream func-

tion at the point vhere the 'red cell' met the 'cooillary 

well'; and although their numerical technique used only 

a s,nall nulauer of Jacsh points, the streamlines 0 Aained 

ezreed well with the ..)ostuL tech flow of Prothero and Bur-

ton. t; elculati ono of a ;Alan ar nature, but is i tll much high-

er accuracy, were mode by Gross (1967); again the toroidal 

flow pattern wee obteined. 

Bloor exa,ined the case of ri,j.d cylind-3rs 

in a closely-fitting tube. Using the velocity profile of 

the known Collette flow in the narrow asp as a boundary 



17. 

condition for the flow in the fluid-filled spacer between 

the two cylinders, he found numerical solutions for var-

ious inter-cylinder distances. While his rosults agreed 

with those of BugliL,rello and Gross for soacings of the 

same order of size as the tube diameter, he found that 

the toroidal circulations broke up into two or .ore con-

centric toroido as the spacing decreased. It is interest-

ing thLt no evidence of such a phenomenon was obtained 

even from the accurate colioutations of Gross. 

An analytic solution was obtained oy Tang and 

Skalek (1969) for flow in fluid-filled tube containing 

a row of solid spheres. They used periodic solutions of 

the bihcricionic equations in combinations with certAn 

singular solutions to ford functions vihic satisfied 

the boundary conditions on the tube; linear coAbinations 

of these now functions were then usod to ri,:tisfy the 

boundary conditions on t;,e s)hcrca. Again the basic tor-

oidal motion in the fluid beteen the s)heres was obtained. 

Their method 	valid, however, only for spheres wore 

diameter was somewhat smeller than tut of the tube - con-

vergence became inconveniently slow for di _meter ratios 

greater thzIn about 0.8. Like Bloor, they did not include 

any mention of elastic effects in their ,Iodcl. 

The difficulty of obtaining a single, overall sol- 
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ution in the limiting case where pellet diameter is very 

nearly equal to tube di..5,meter ,,,7es overcome by Bloor CCS-

entielly by matching a solution Obtained analytically in 

the narrow, constricted region with a numerical one in the 

non-constricted section. In ChLpter IV, a similar technique 

is used to obtain en 	solution for the flow in the 

inter-erythrocyte 	These spaces arc assumed to be 

finite, fluid-filled cylinders; the ends represent tile 

red cell faces, exce2t for a narrow gap at the tube wLal, 

v3 ere the velocity profile is assumed known from the lub-

rication theory of Chapter II. 

A series of eigenfunctions, satisf.iing the bo ,And-

ary conditions on the tube wall, is ootL.ined for the stream 

function; these c.rc then sup erimi)osed on the basic 2oie-

euille solution to fit the boundary conditions Lt the red 

cell faces. Stregilincri are plotted for typical situations. 

Pm interesting feature of the solution obtained is the 

eAistence of a highly-sheared region ,-,djacent to the tube 

this effect is virtually independent of both cell 

;pacing n6 the this' s.a e sr, of the lubrication film. The 

high-shear zone extends 	5-L -11C 0 across the rod cell 

face; and come of the streailines of the flow intrude 

into the entry end exit )ortions of the lubrication layer. 

The significance of these flow characteristics is discussed 
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with relLtion to the 111C;E.1 S transfer problem. 

Finslly, in Chapter V, 	description is 3,i•en of 

a model experiment desijied to test the findings of the 

lubrication theory of pellet motion. Fluid—filled, letex 

models of red cells Lire forced along en oil—filled ;?erupex 

tube by apolied pressure differences, and dressure—flow 

relationships are obtained. The results confirt the en—

hanced, non—linear resistances predicted for such s system, 

and observations of smell particles suspended. in the fluid 

0150 allow qualitative confirmation of the flow patterns 

predicted for inter—pellet regions. 
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Chanter II 

tidech,nies of Red Cell I.;.otion throu',h Very  Narrow 

Abstract 

In a recent paper, Lighthill (1968) has formulated 

a model of compressible pellet movement through narrow, 

fluid-filled, elastic tubes; the model involves a thin 

lubricating layer of fluid between the pellet and the 

wall, and the results obtained arc expressed in the form 

of relationships between various velocity, resistance, 

clearance, and lubrication-film thickness parameters. An 

important biological motivation for this work was the 

problem of movement of red blood cells through narrow 

capillaries. Mc present paper examines in detail the 

approximations and assumptions of Lighthill's model, and 

extends the investigation in several directions. Firstly, 

the elastic behaviour of the 2ellet is discussed with 

particular relevance to the red cell, Which is considered 

to consist of a fluid-filled, flexible membrane. It is 

shown, in particular, that as the velocity of such a red 

cell in a capillary increases, the consequent increase in 

viscous drag on the rim tends to 'bow' the cell, and allow 

it to fit more cozily into a capillary of given diameter. 
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Further, the modulus of elastic response to the non-

uniform lubrication 1)ressures around the rim is shown to 

depend on the membrane's 'resistance to deformation' and 

the geometry of the cell. 

Next, a model of axisymmetric pellet flow through 

a tube is set up. Results are expressed in terms of clear-

ance and resistance experienced by the pellet, for various 

velocities and film thicknesses typical of capillary 

flows. such greater resistances than those estimated by 

Lie;hthill arc obtained; for normal flow in capillaries of 

5-7 microns diameter, these range from 4.5 to 7 times 

that expected for a corresponding Poiseuille fluid flow 

with whole-blood viscosity. It is not suggested that these 

results arc true of all capillaries, or of a capillary 

network, but only of those very narrow capillaries in the 

diameter range being considered. Of equal importance is 

the non-linear dependence of resistance on velocity. Bic 

rod cell velocity falls off very rapidly as the pressure 

gradient is reduced; this is discussed in detail with 

reference to the phenomenon of autoregulation. 

Finally, the effects of asymmetry and tube porosity 

arc considered. It is show that deviations from axisym-

metry tend to be reduced by pressures developed in the 

fluid; this is due to the compressible nature of the pall- 
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cts, and means that the results obtained for capillary 

flow are reasonably valid oven for configurations in 

which tho red cells may not be axisymmctric. icakagc of 

plasma through the walls of thu capillary is shown not to 

affect the flow characteristics of a capillary to any 

groat extent, or to significantly increase the possibility 

of seizing—up of the flow due to failure of lubrication 

at small film thicknesses. 
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Introduction 

In a recent paper (henceforth referred to as N), 

Lighthill (1968) has discussed the behaviour of tightly—

fitting pellets of solid matter, possibly elastic, being 

forced along possibly distensible tubes by pressure grad—

ients in the fluid with Which, in addition to the pellets, 

the tubes arc filled. The principal biological motivation 

for this investigation was the movement of blood through 

very narrow capillaries; considerations of the relative 

dimensions, and direct observations, show that the flow 

must involve the passage of individual rod cells along the 

capillary, separated by What Burton (1964) has called a 

'bolus' of viscous fluid (the plasma). In addition, it 

must be expected that some deformation of the cells, and 

possibly of the capillary, must occur to allow passage of 

the cells through the tube. 

Accordingly, a highly simplified model involving 

elasto—hydrodynamic lubrication of the cells by the plasma 

was set up; the model retained, however, certain features 

of the system considered essential for any realistic dis—

cussion of the problem. The purpose of this paper is to 

examine the problem in detail using more complex models, as 

suggested in the introduction to Lg . Results obtained in 

the present investigation fit into the same general qual— 
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itative pattern as Lighthill's, but produce substantial 

quantitative modification of certc_in of Lighthill's con-

clusions; in particular, under certain circumstances very 

high resistances, much greater than those experienced in 

purely fluid flow, are predicted; in addition, somc inter-

esting now phenomena arc brought to light. 

1. Discussion of the aproxima.tions 

We shall first set out the basic principles of the 

elasto-hydrodynamic lubrication theory; in this context, 

we shall then discuss the geometrical and elastic assump-

tions and approximations used in Eli , and the mathematical 

characteristics of the model so obtained; an assessment of 

the relative accuracy of the approximations made will be 

useful in determining the desirable features for a more 

refined physical model. The tube and pellet are initially 

supposed axisymmetrical (but see section 4, Where  effects 

of asymmetry are considered), with the maximum diameter of 

the pellet taking at the downstream pressure a value diff-

ering from that of the tube by a small fraction (positive 

or negative); it is assumed that only those regions Where 

the gap (between pellet and tube) is small significantly 

affect the elastic and hydrodynamic processes. In all of 

What follows, 'downstream' will refer to that portion of 
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the tube into Which the pellet is moving, regardless of the 

fluid behaviour in any coordinate system Which may be in-

troduced. Purthor, the shape of the pellet is taken to be 

that of some simple mathematical function (a parabola was 

used in [A), with curvature appropriate to the physiolog-

ical (or physical) system under discussion. The tube wall 

is assumed to be non-porous, While the elastic behaviour 

of both pellet and tube is expressed by some dependence 

of rdial displacement on the pressure distribution in the 

lubrication film. 

We shall be interested in determining expressions 

for the pressure, fluid velocity, and gap profile under 

various circumstances, and deriving from these expressions 

functional relationships between quantities Which govern 

the physical characteristics of the system. For exam)le, 

we shall want to know how the resistance of the pellets to 

the driving pressure grcdient depends on the velocity of 

the pellets, and on the relative sizes of pellet and tube. 

It would also be useful to obtain inforiaction on typical 

thicknesses found for the lubrication film, and how much 

fluid leeks back post the pellet during the motion. Such 

knowledge may then be used to gain insight into the mech-

anics of, say, red cell motion. in narrow capillaries; in 

this paper, we shall be particularly interested in any 
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special advantages which. the :licrocirculation morphology 

has in comparison with other possible systems. 

Under these assumptions, we may set up a contin-

uity equation for flow in the gap; then, making the usual 

assumption of lubrication theory, that inertial forces may 

be ignored, we obtain from the Navier-Stokes equations an 

expression for longitudinal velocity, assuming also that 

pressure is independent of position in any piano normal to 

the tube's axis. Introducing the leakback Q, defined as 

the nett flux backwards (par unit length of undistorted 

tube circumference) past any Diane normal to the axis in a 

coordinati) system where the pellet is stationary, we obtain 

a Reynolds' equation for the lubrication flow as 

f(u,,,R(x),,,x),r0) 	(Li) 

whore U is the velocity of the pellet along the tube, R(x) 

the pellet r,dius, h(x) the gap thickness, rb  the tube rad-

ius, At the viscosity, and x is the longitudinal coordinate; 

the function f is the resultant of two pressure gradients, 

one due to the relative motion of the tube and pellet, and 

the other to the presence of a nett flux of fluid through 

the gap. 

Sui nqr,, now, that a reference pressure po  exists, 

such that if this pressure were acting in the lubrication 

region, the radius of tube and pellet would be equal (due 
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to elastic distortion); this pressure will obviously be 

dependent on the initial clearance between pellet and tube, 

and will be discussed more fully later. Via may represent 

the pellet profile under the action of this pressure as 

r =c (x), and the tube radius as 	If the pellet is sym-

metric about x = 0, clearly c (3) = ro  by the above definition 

of reference pressure. In vihat follows, we shall define r, 

as the 'undistorted tube radius', so that 'distortion' 

will refer to elastic displacements caused by pressures 

generated in the lubrication film. Under the action of 

such a (non-uniforq orespure, we may ex,)ress the pellet 

radius as 

RN — c(x) - 1,  (p - p.) 
	

(1.2) 

where 1 ,.(p (x)) denotes the functional dependence on press-

ure mentioned above. Similarly, we may express the tube 

radius as 

r(x) = r e, 4- la  (p - p i, ) 

miler° 3 2  also denotes some functional dependence. Various 

authors, e.g. Dung;  (1966), have pointed out that, in the 

systemic ea:LAIL- ries, the compliance of the wall and sur-

rounding tissue is expected to be orders of magnitude less 

then that of the red cell; and in feet no distortion of the 

wall is observed even with the introduction of high-press- 
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ure bubbles into systemic capillaries (Burton 1966). In 

the analysis of section 4, we shall therefore ignore tube 

compliance, although retaining it in the present section 

to show b:-lefly how it could be included in the theory if 

necessary. It may be suggested - hat since most pulmonary 

capillaries arc not surrounded by relatively inelastic 

tissue (in the septa of the alveoli), capillary compliance 

may become important in this case. Glazier ct J. (1968) 

found, however, that a pressure of 50 cm of water (approx.) 

is needed to fully expand the capillaries; pressure in-

creases in the lubrication films arc much less than this, 

and although the figure was obtained on the basis of average 

measurements (so that it is not evident that the same press-

ure changes arc needed to expand any one capillary), it is 

still by no means certain that pulmonary capillary compli-

ance is sufficiently large to be significant for au pur-

poses. It will also be convenient to have defined the gap 

thickness, 

h(x) = r, - c(x) 4-11 (p - pa) 	1L(p - pa) (1.3) 

If ve arc now given, say, the downstream value of 

the pressure, then we may solve the coupled equations (1.1), 

(1.2) and (1.3) to find the pressure distribution and gap 

profile. Unfortunately, this solution involves the leak-

back Q, a priori unknovn; but, as Lighthill has pointed 
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out, a further condition, that of balance between driving 

forces and viscous resistance acting on the pellet, is 

available to determine the value of Q. The viscous drag 

per unit area, parallel to the tube axis, is given by 

au T=A4-37- 	 (1.4) 
where r is the radial coordinate; the viscous resistance 

on the pellet is therefore 

2rri R(x) .7-(y) dx 

where the integration is over the length of the pellet. If 

we now assume that a uniform pressure difference ap acts 

over a frontal area on the dellet equal to the cross-sect-

ional area of the tube, then the driving force on the pellet 

will be Ip.1Tro . The statement of equality of forces now 
become s 

6p .71-r04 	2trl R. 'C. dx 	(1.5) 
It may be argued, with justification, that the 1.h. s. is 

only an approximate expression for the driving force; Lip 

will actually vary over the pellet faces, and the area of 

application will not be exactly trro4 ; but it must be pointed 

out that since we expect most of the pressure variation to 

occur in the thin lubrication region, ,6p will be nearly 

constant over most of the frontal area; furthermore, in 

the application of the theory to actual physiological 
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problems (such as capillary flow), we shall be able to use 

only a fairly crude approximation to the undistorted pellet 

profile e(x), so that the use of a more exact, complex 

form for the driving force does not seem justified. This 

argument, based on the availability of only very approx-

imate data for the situations in which we shall be apply-

ing the theory, is a very pertinent one, and will be in-

volved later vinon discussions of the elastic behaviour are 

made. 

E,.i(4,-,-, tly, we may use directly the equations de-

rived above to fintnrmilin vnriOUS parameters of interest; 

such an analysis, however, would be cumbersome, in that a 

large number of calculations would need to be performed in 
oran, 	 of rinfinition for these para.- 

meters. It is convanicnt to outline at this point the fur-
ther a!)proximations and assumptions faade in Lighthill's 

preliminary study; we will also discuss the mathcniatical 

siAplicity introduced then non-dimensional variables arc 

used; this elegance does not depend to a great extent on 

the simplifying ae)roximations, and is clearly a desirable 

feature to retain in any more sophisticated model. In the 

case there ill() film flaielmess in the region of interest is 

very much smaller  than the tube radius, it is assumed in 

that to a first approximation, the wall may be con- 
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sidered to be locally plane; the corresponding equations 

are those obtained for two-dimensional Cartesian coordin-

ates, using a boundary-layer-type normal coordinate y. 
Lighthill in fact finds that equations 

reduce to 

  

dx 
112. 	 Ittir 	1 2/(1.q 

' 

and 

2z4U,  _4_ 

  

  

respectively. A further assumption is made about the elastic 

behaviour of tube and pellet: the radial displacement is 

supposed to depend linearly on the local pressure at any 

point, with elastic compliances a, and (3 respectively. 

Further, the gap profile under the reference pressure is 

assumed parabolic, with curvature K at the point of con-

tact; equation (1.3) then becomes 

h(x) = 	iitx.2 	( 	) (p 	p0) 	(1.8) 

It is shove in Da that a suitablQ scheme of non-

dimensionalization is: 

h 
H - 2Q7ly 2 

The quantity 2Q/V 

   

1,C X  
X T-2QATP 

 

2Q 

 

is a typical gap thickness, at the point 

.whore the pressure has a maximum. Lighthill now points out 

that since we expect almost all of the pressure fluct- 



32. 

uations to occur in the region of constriction, then we 

will probably not introduce too groat an error by replacing 

the ends of the pellet by u)streNu and downstream infinity, 

so that equations (1.6), (1.7) end (1.5) now become in non-

dimensional form 

,(14= L(H -3  - H-4 ) 	(1.9) 

P 
	 (1.10) 

0. - 2 (- co) 	P (00 ) = IC I 	z 	3Ii ) dX 	(1.11) 

Where L is the non--dimensional parameter 

6,,cA 
( c;?/9P. 

and C is the ratio of typical gap size to tube radius, 

2Q/Uro . The equation (1.9) is shown to have the extremely 

convenient proderty, that the value taken by tho solution 

at +00 is very insensitive to the value tskcn at - 	part- 

icularly for larger values of L; this moans that if (1.9) 

is into rated fr)1.1.1,Lft to right in tho usual sense, the 

dov,ils:6ream pressure obtained will be ahriost independent of 

the upstrea, pressure chosen. In vier! of this stability, 

arid also of the ex;)ectation that the net; pressure drop 

will be small compared with the size of the fluctuations in 

The gap (i.e. both sides of equation (1.11) will be small 

as well as positive), Lighthill assumes that the solution 
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determined by the computationally convenient criterion 

p ( 	p (— ) = b(L),say, 	(1.12) 

will be a useful zero order approximation to the true 

solution, for a given value of L; using this solution he 

then obtains a first order ap.)roximation to the pressure 

difference, from (1.11), as 

LC I (H-4-  - 	)dX = L0f(L) 	(1.13) 

These are the values used in Ell for the non-dimensional 

downstream pressure and pressure difference (although 

Lighthill points out that they may be used as the initial 

values of an iteration procedure based on (1.9) and (1.11). 

In particular, for small values of L (viaich are shown in 

[1] to correspond to positive clearances), b(L) and f(L) 

arc obtained by asymptotic methods to be of the form 

b(L) = 0.75 - 0.1313L 
as L-0 

f(L) 	0.0.6571:- 

It is important to realize that in the above 

analysis, three separate major am) roximati on s have been 

made: Ci) that the equation (1.9) is sufficiently accurate 

in the region of interest (that is, that the transverse 

curvatures of tube and pellet may be ignored); (ii) that 

the ends of the pellet may be replaced by upstreelia and 



34. 

dog stream infinity; (iii) that the condition (1.7) is a 

sufficiently accurate criterion to de-ben-line the down-

stream value of the presoure. For. small L the theory de-

rived from these assumptions gives the rather implausible 

result, that the frictional resistance is extremely small. 

This corresponds to conditions of relatively large posit-

ive clearance, there we Jaight expect the resistance to tend 

to that experienced by a simple Poiseuille flow alonL,  the 

tube. V,Te now show that the discrceency is chiefly due, in 

fact, to a breakdown of assumption (ii); although this is 

sufficiently accurate for determining the upstream or down-

stream pressure, the error introduced during the computat-

ion of the pressure difference is considerable. 

Suppose that the pellet actually extends to a point 

where, say, h = ro ; i.e. there H = 1/C. Assume for the mom- 

ent that past this point .1? = 	) = b(L) , end that this 

is true on both sides of the pellet. Men the drag, as 

given by (1.8) will bo in error by 

2LC  S (H-4 	)dX 
G 

there G is the value of X for which H —1/C, and is given 
by (1.10) as [2(1/C - 	. Integration gives this to be 

LC F- - 	 ci_2(//c_hw  
ID(L) bo,) 3 z 	b 	/ 	b0„) 

For small L we may use b(L) = 0.75 - 0.1313L4  si whence the 
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— 1.886Lez  4- 0.708LC 4-  — 0.124-L3 Ci  + 0.038Lr  C 

Since L anC C arc both small, we may ignore the latter 

terms, and consider only the first. Clearly, if vie denote 

the corrected pressure difference by 1Cf c (L), then 

	

f c  (L) = f(L) 	1. 336Ci  

'Thus even for C as siqall as 0.01 and L as large 02 1, the 

value of f (L) 7  computed as 0.06571,z , has an error of almost 

300%. Of course, P does not remain constant in the vhole of 

the interval [G,00] it actually decreases slowly. However, 

oven if we take P (c=z) = 0 for thc.,  whole of the region of 

integration, the leading term in the error expression, 

(-1.806LC1) 7  is not effected; this shows that the major 

error does in fact occur in assumption (ii) above. The 

corresponding correction to b(L) for the downstream value 

of the pressure is much smaller: an analysis similar to 

that given above shows that 

y- (G) = P(0-0) + 0.471LC34.  

	

en error of al13roximately 	even for the relatively ad— 

verse values L = 0.5, C = 0.05. re might expect, therefore, 

that the breakdown of assumption (ii) will not greatly 

affect the value of the domstrecm pressure obtained using 

(1.12). This does not guarantee the accuracy of this value, 

35. 
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however, since it depends on the validity of assum)tion 

(iii); and although the sE- me stability of solution is found 

in this paper for integration from loft to right, the 

greatly increased pressure differences found cast doubts 

u2on the accuracy of this assumption. 

In this paper, then, noting the error occasioned 

in the drag by the neglect of terms of small order in C, 

we give in section 3 a reforilulation of the mathemctical 

sttement in terms of cylindrical coordinates, taking into 

account the curvature of tube end pellet. The finite limitc. 

(-g, g) arc us-Jd for the extent of the ,Dellet, and c more 

realistic, elli:)tic profile is assumed for the pellet in 

the absence of the lubrication pressures. In the analysis, 

tube elasticity will be ignored, a simplification prompted 

by the situation which obtains in the systemic capillaries; 

it is recognized, however, that in other cases, particular-

ly in puLnonary ca,Allaries, the compliance of the tube 

wall may be comp arablewith that of the pellet; this ques-

tion will be more fully investigated later in this section 

In the discussion of the elastic assumotions. A. satisfying 

feature of the Reynolds' equation obtained is thct the 

pressure gradient tends to that yjrec1 icted for simple Pois-

euille flow, as X approaches the ends of 'ate pellet. In 

view of the discussion of the validity of assumption (iii), 
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we shall determine the boundary 

ues of L and C) on the pressure 

based on an equation similar to 

simpler condition (1.12). 

An caplicit dependence 

conditions (for given val-

by an iteration principle 

(1.11), rather than by the 

of the dornstream pressure 

on the value of C is found, in contrast to results of the 

earlier ap)roximate theory. 	striking feature of the results 

obtained is that the resistances experienced by the pellets 

are much higher than those found by Lighthill; in partic-

ular, even for small values of L (corresponding to positive 

clearance) and relatively large values of C (large film 

thickness), the resistance is still several times that for 

the same length of en equivalent Poiseuille flow. Otherwise, 

the results of individual calculations using particular 

values of L and C are qualitatively similar to those ob-

tained in [11; the same geometry of the lubrication film is 

found: a convergent entry region, a central elastically-

dominated region of slowly varying thickness culminating in 

a 'necking' Where the pressure reaches a minimum, and an 

exit region Where the gap rapidly widens and the pressure 

climbs quickly to the upstream value. The same increase of 

resistance with decreasing film thickness and decreasing 

clearance is found, although this increase is more rapid 

than that found in ro and rises to much higher levels. 
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The physical explanations for these phenomena are of course 

identical with those discussed in [il l  and the reader is 

referred to the extremely lucid exposition in that paper. 

2. The physical assumptions 

It must be realized that there is an essential 

difference between approximations end assumptions being uses. 

in any model. host of the previous discussion has been con-

cerned with the approximations made in pq, and the need for 

refinement of these in a more detailed study; on the other 

hand, the decision to use an elliptic rather than a para-

bolic profile for the pellet in the undistorted state con-

cerned a simplifying assuption made about the physical 

properties of the system we arc modelling. We shall now 

examine the physical assum.?tions more closely, in partic-

ular those concerning elastic behaviour, axisymmetry, and 

tube porosity; this will be done Where possible in the ligh 

of observational evidence from the microcirculation. 

In this now model, we shall take a more sophist-

icated view of the elastic behaviour of the red cells. It 

will be recalled that Lighthill's simplified model involved 

pellets Whose radius changed under the influence of an ex-

teinal pressure according to a linear stress-strain relat-

ionship: such a model is apelicable to a situation Where 
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purely compressible pellets pass down a possibly compress—

ible tube. In such cases, a convenient reference pressure 

may be defined, as that Which will cause sufficient com—

pression to make the radius of the pellet equal to the radius 

of the tube. We shall in this paper, however, use concepts 

of reference pressure and elastic behaviour more applicable 

to the red blood cell. According to Rand and Burton (1964)/ 

the erythrocyte consists of an incompressible fluid enclosed 

by a slightly elastic, very flexible membrane supporting a 

small surface tension, in the form of a biconcave disc. As 

Fung (1966) has shown, such a structure can easily support 

increases in external pressure without altering its shape; 

the pressure changes are transmitted directly to the fluid 

inside the membrane. Isochoric, applicable deformations arc 

pelmissiblc (essentially 'bending' without change of inter—

nal volume or surface urea) but the membrane cannot with—

stand a great deal of stretching without hacmolysis occur—

ing. It is apparent that we cannot define a uniform 'refer—

ence pressure' at Which the cell will be reduced to some 

requisite size, since such a. uniform apolication of press—

ure cannot produce any change in the shape. The mechanism 

of deformation of the cell to allow passage through narrow 

capillaries is therefore one of response to a non—uniform 

distribution of forces. 
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Let us examine in detail the forces acting on a 

deformable pellet in a tube. Firstly, there is a pressure 

gradient driving the motion, producing pressures p, end pz  

say, acting on the dowastream and upstream faces of the 

pellet; we ignore variations of pres•sure across the ends. 

The presence of the tube wall contributes to a viscous 

resistance, acting chiefly around the rim; further, the thin 

lubrication film between the pellet and tube nec,..ssitates 

an additional local pressure distribution along the rim. 

This may affect not only the local pellet profile, but also 

the mean pressure, which determines the pressure existing 

inside the pellet. We now consider the response of the pellet 

to these forces in a typical configuration in the tube. 

If the pellet adopts a 'bullet—shaped' or 'para—

chute' form, the driving pressure difference end the viscous 

resistance form a 'bowing—stress' which bends the pellet as 

described above. The exact nature of the elastic response 

to this stress will be discussed below, but suopose for the 

moment that the radius of the pellet is reduced to a value 

roll„ where r. is the radius of the tube. This will be a 

function of the pressure difference p (—g) 	p (g) , recalling 

that —g,g represent the ends of the pellet; the functional 

dependence is formulated later (e.g. equation (3.1)). Here 

R, is expressed in non—dimensional form, for later conven— 
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ience; it is a measure of the clearance the pellet would 

have in the tube without the action of the additional 

pressures generated in the lubricating film. If additional 

pressures are now applied around the rim of the pellet, 

further local deformations will take plate,  the curvature 

of the membrane will alter as a result of changes in the 

pressure difference across it. It is shown later that a 

linear dependence of local deformation on local pressure 

change may be used to a first approximation in certain 

cases. 71e may introduce the idea of a reference pressure 

as that Which will deform the pellet just sufficiently for 

it to fit the tube, When 

pressure will depend not 

the pellet. If we denote 

the change in radius consequent on a 

urc, then 

[13° 	2 -.P.K.)_1.217.11/1 = (R e. 1)ro 

is the equation detemining the reference pressure. Clearly, 

Po — 1-(P (g) 
	p(—g)) is the additional pressure Which must 

be applied to the rim, once 'bowing' has occurred, to allow 

the pellet to fit inside the tube. As mentioned above, 

shall discuss later tao form of V, and arguments for using 

such a local Hooke's Law elastic ap,)roximation. 

There seems to be no general aTreement as to whether 

applied to  

only on the 

the com'jlian 

the rim; clearly, this 

clearance, but also on 

ce by 	rep re sen ting 

unit change in press— 



42. 

in fact, this is the principal configuration observed during 

the flow of red cells in small caAllaries. Examination of 

freeze-dried lung tissue, prepared as slides containing 

sections 2jam thick (by Dr. Hughes, of the Postgraduate 

Hedical School, London) showed that the parachute configui 

ation is typical of red cells in capillaries of 5-7 microns 

diameter, but that the so-called 'crape-suzette' (or long-

itudinally rolled) shape, observed by Rand and Burton, seemed 

to predominate in smaller vessels. The analysis for such a 

case is much more difficult, and will not be attem)ted here. 

We merely )oint out that the equations governing the flow 

are the same in each COBO; the difficulty arises in the 

selection of suitable values for the clearance parameter 

under various conditions. 

To may sup2ose th,,, t the pellet profile is given by 

r 	When the reference pressure is ap,ilied to the rim; 

we require that c (0) = ra , say. Then under the action of a 

non-uniform pressure p(x) generated in the lubrication film, 

the film thickness will be 

h(x) = ro 	c(x) 	(p(x) - pa) 	(2.1) 

assuming the tube to be non-elastic. If the tube is also 

deformable (linearly) under the action of pressure changes, 

as may occur in other applications than capillary flows, the 

relation is 
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h(x) = ra  - c (x) 	( cc+ c3)(p(:‘c) - p .) 
Where cY is the elastic compliance of the tube. This, in 

conjunction with the Reynolds' equation for lubrication, 

enables us to find p(x) and h(x) in terms of various para-

meters. Clearly, the values of p(x) and h(x) corresponding, 

say, to a proscribed downstream pressure and a given vel-

ocity depend to a groat extent on the interpretation of the 

reference pressure pa . It is interesting that the equations 

for e. purely compressible pellet are the same as those above, 

the difference being only in the concept of the reference 

pressure (an absolute constant in that case). The signif-

icance of this will be discussed in section 3, Where a series 

of numerical solutions of the equations are obtained and 

analysed. 

The other major geometric assumption made in [l] 

was that of axisyminetry of the tube and pellet. In section 

4 the effect of relaxing this requirement is discussed; to 

make progress possible, attention is centred on systems 

there the departure from axisyndetry is small. Under these 

conditions, it is Shown that we may ignore the effect of 

transverse pressure gradients; to a first a}proximation, we 

need only consider the quantities in equation (2.1) to de-

pend parametrically on an azimuthal angle /, say. A feature 

of the equations is that the flow rate Q(/) must be deter- 
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mined from the condition that the pressure be independent of 

for large positive and negative X. An interesting result 

to appear is that the effect of the asymmetry decreases as 

L increases; i.e. as the cle;2..rance decreases, and eventually 

becomes negative, the pressure gradients tend to synnetrize 

the geometry of the pellet, rather than force fluid through 

the points of least resistance. 	.dilysical explanation for 

:this depends on the assumption that transverse pressure 

gradients may be ignored. From this, it is clear that no 

redistribution of fluid around the rim is possible once the 

flow has cofili;ienced to pass the pellet. Hence points of 

greatest constriction (i.e. where the,  parl-rimeter has en 

effective maximum) must demand the greatest -peak response 

to the pressure, in order to allow passage of the required 

amount of fluid; this reduces elastically the local peak 

constriction. It is sham in the numerical calculations of 

section 4 that the pellet tends to become more axisyn,ietrical 

ass L 	. The viscous resistances are increEsed 

and the pressure changes in the lubrication film are in-

creased at the point -  of greatest asymmetry; but these results 

axe relatively unimportant compared with that discussed 

above, which implies that any increased tendency towards 

seizing-up due to failure of lubrication at points of peak 

constriction is lessened at ne':ative clearances, when such 
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considerations arc likely to be of importance. 

It must be einphasized that the behaviour predicted 

on the basis of this analysis is principally a consequence, 

not of the charac teristic .small-clearanc e erythrocyte-

c a)illary relationship, but of the c onstrict ability of the 

rod cell. In fact, for the case of an asymcnetric, rigid 

particle in a closely-fitting tube, it has been shom 'that 

quite a difierent situation exists - the particle tends to 

oscillate from side to side, possibly,  enhancing the addit-

ional film attenuation due , to asymmetry. Related tendencies 

have been not:-,d for the case of a rigid sphere in o. cylind-

rical tube by Christooherson and Dowson (1964). 

1"c shall now e XE1,1i11C in more detail the elastic 

constants involved in the inodel. The elastic behaviour is 

extremely comilex, and we can give ct beat only a very 

approximate treatment of the various factors involved. 

Although the equations viaich follow scorn formally to give a 

reasonably exact description of the deformin.r processes, 

they must be considered to provide only order-of-magnitude 

information about the clearance and elastic compliance of 

L..n erythrocyte-like pellet, oarticul,,rly in view of the,  

paucity of relevant observational datz:, for the red cell. It 

should be pointed out that thy- actual elastic model used 

does not affect the solution of the equations of motion 
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(provided small local deformations are considered to depend 

linearly on the local pressure); the large-scale elastic 

effects must, however, be investigated if we are to obtain 

estimates of the values of the clearance and velocity 

parameters pertinent to red cell motion. 

Ilion the pellet is being deformed into the parachute 

shape described earlier, the forces acting, ignoring for the 

moment the lubrication pressures, are as shove in Fig. Ia, 

which is a longitudinal section cont(Lining the tube axis. 

Denote the radius of curvature of the left-hand membrane 

section by r+ , and that of the right-hand section by riln; 

we might expect n in typical circumstances to be of order 2 
or 3. There will be contributions from both faces to the 

'bending resistance'; on the basis of recent observations, 

Burton (1963) attributes this coupling to long-chain fibrous 

bonds across the concave portion of the red cell, although 

there is no general agreement about this. (Canham9  for ex-

ample, has shorn that the biconcavity may be explained in 

terms of an extremum principle for surface and bending 

energies.) Te shall use the Burton hypothesis, since it 

alloii7s a simple mathematical discussion. Suppose that these 

bonds exert a force f per unit ,rea on the interior of both 

faces. Then the ,,,,,011-imoval equation for the )ressure differ-

ence across a curved membrane gives for the domstream side 
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DJ  f p(g) = 

vLere p3  is the internal pressure, p(g) the downstream 

pressure, and S the 'resistance to bending' measured by 

Burton and Rand (1964). r;0 are z..ssut.iinif here that the sur-

face forms part of a sthere, so thct the two curvatures are 

the same. Similarly, for the right-hc:nd wall 

p 	- p3  -0- f = S(?11) 
4. 

and addition gives 

- P(g) = 2A(1 	11); 

or, if we consider a non-di .tensional pressure difference E., 

say, 

Oro  
based on the modulus of elastic response to the lubricatIon 

pressures, then we have 

Suppose the arc-lencsth of the left-hz2nd wall section is d 

(typically 7 . 5 microns in the case of the rod cell); teen 

the effective radius 	is given by 

= r÷sin 

i.e. 	P 	
_?S(L. 4- 	aro 

1., 2 	sin 4  a + 1 TsT 
(2.2) 
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Previously, we showed that 

	

O 

	 (2 . 3) 

The L.H.S. is a non-dimensional parameter, which may be 

	

denoted by -I', 	say. Both E Laid 	may be determined for any 

solution of the equations of motion discussed earlier; an( 

for given values of the pellet size, tube radius, and elastic 

parameters, the equations (2.2) end (2.3) give an approx-

imate value for the pressure dro) coim)atible vrith the pro-

scribed pellet velocity. I]vidently, r0 ] is the excess of 

tube radius over pellet radius before effects of lubricat-

ion )ressures are conL;idered. We shall define F as the 

clearance for this configuration: for the red cell we show 

in section 4 that values of 1' slightly loss than zero arc 

expected in narrow-capillary flof. 

It remins to discuss the ford of the parameter F 

and to examine the case for assuminr-7 a uniform, linear 

dependence of local deformation on ?res;::•ure changes. The 

assumption consists of two parts; firstly, the E.E; SUMO ti or 

of linearity moons essentially that ,,,To may express ame 11 

changes in the azimuthal radius r, of the lellet cis 

	

- 	(- p4)61) = 	JP 	 (2.4) 

(noting that an increase in the prosf:ure, cS), causes a (-le-

crease in r, ). We assert that we may ignore higher order 
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terms in this 1,1aclaurin expansion for dr, ; in so far as tile 

next term is concerned, this means that we ne6lect lon-

itudinal stresses generated by non-uniform pressure end 

pellet radius. Such stresses may become of importL:nce in 

any regions where the radius varies relatively raoidly, in 

pa.rticuli-Ir the 'necking' predicted in the lubricc-..tion zone, 

might, therefore, expect the linear theory to exagerate 

such phenomena.; the overall behaviour predicted should still 

be substantially correct. 

Secondly, the assumption of uniformity means that 

dp is taken to be constant over the whole of the lubric- 

ation zone. In the case of the membrane model currently 
d r, 

accepted for the red cell, d:p will depend in a quite comp- 

licated way on both r, and rz., the azimuthal and lonL,itud- 

inal radii of curvature. since detailed. information on the 
d r, 

behaviour of dp would require c much greater knowledge of 

rod cell mechanics than is supplied by the current form of 

the membrane model (which must be viewed as a general des-

cription only), it does not seem worthwhile to use a more 

complicated elastic model than a uniform linear one, al-

though admittedly this must form a fairly crude approxim-

ation to the truth. 

If we accept the elastic a sf-ump ti on , however, it as 

not too difficult to obtain a reasonable estimate of the 
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value of 	Denote by Ap the pressure difference across -air 

membrane of the (erythrocyte-like) pellet; then 

Lp = S( -I- 
1 

) 2 
Consider a small increase Sp in the external pressure, 

corresponding to an equal decrease -6p in the oressurc 

difference. Suppose this ?pushes in "Ghe rim membrane from 

:)osition (a) on Iig. Ib to position (b), without affecting 

the position of the remcdnder of the membrane. Su-91  ose for 

computational convenience these curves are circular arcs; 

then if e and n are as shown, the longitudinal radius r&  is 

given by 

217-  -4- e l 	f' r = 

since /1)> n. If the pressure inc. re  ;J se dp decreases r, by an 

amount Sr, 	as shom, then rL  becomes 

dr? =7 cri—L7Wil,7 

7e then have 

82 - dp = S 1  4 Lr, 	-6r 
2(n - dry )1 

i.e. 	-op dr, 

and this Dives, using (2.4), 

1or a red cell 2 microns thick, this would give values of 
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dr, 	 rz  
dp in the vicinity of 15S for capillaries of 5-7 microns 

diameter. In the ,:losence of other data, then, this is the 

value we shall use when applying the results of the later 

calculations. 

Finally, we turn to consideration of a model which 

allows leakage of fluid through the partially-permeable 

wals of the tube. The motivation for such a discussion come. 

from the observation that the walls of capillaries appear to 

allow transmigration of various components of plasma. The 

original hypothesis of Starling, that plasma diffused out 

near the proximal end, and returned near the distal end of 

capillaries, has recently been shown to be a very simplif-

ied approximation to the actual behaviour (e.g. 1yiedcrhoilm, 

1965). It may still be postulated, however, (Zweifach and 

Intaglietta, 1966) that fluid movement through the capill-

ary wall may be represented as 

= 	) [Pr/ 	- (Pt - Ti 	(2.) 
where is a diffusion coefficient (Which may depend on 

chemical and physioloijcal factors), p p, is the mechanical 

pressure in the cooillary lumen, 71-e, is the colloid osmotic 

pressure there, and p,,Tiq are similar pressures in the 0p--

rounding tissue space. All of these pressures are much high-

er than the transient pressure increases mediated by the 

passage of the red cell, according to the lubrication theory; 
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consequently, it seems realistic to postulate merely a 

unife_rin loss of fluid along the \thole extent of the lub—

rication film, rather than to introduce the needless com-

plications of a minor additional loss dependent on small 

changes in the local pressure. 

The amount of leakage experienced by the plasma 

Mai is uncertain; water loss is probably the, main con—

tributory factor to reduction of plasma volume in the lame: 

and absolute, qualitative studies of water filtration are 

difficult (7iederheilm, 1966). Some average values for 

filtration coefficients have been obtained for various 

tissues, for example by Landis (1927), Verney and Rushton 

(1950), and Verney (1951), ranging from 2.5,, 10 
r
:ril/secl 

cin2 wall area /cm H, 0 filtration .iressure (for maimaclian 
—G 

muscular .capillaries) to 3-6 10 ml/sec/cre/ei- 1 L., 0 (for 

mammalian glomerular capillaries). In the analysis of 

section 5, we shall use a value of 5.6 Y 10 7 al/sec/cmz  /cm 

H,0 (corresponding to .0056 ittin' /sec/iamt  /cm H 2 0) obtained by 

Landis for frog mesentery capillary, vinich represents a 

mean value for the range of coefficients found; we shall, 

of course, also investigate the effect of larger and smaller 

coefficients. On the basis of recent studies by G-uyton 

(1966) on interstitial fluid pressure in tissues, we find 

filtration pressures ranging from (approximately) 10 cm H2O 
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at the proximal end of capillaries to -5 cm at the distal 

end (filtration presEure is the bracketted term in cquatiel 

(2.6)). It appears that a,  depends on position in the capill-

ary, and that po  depends on time, due to the apparently 

random closing of the precapillary sphincters controlling 

perfusion. leasurements made by Zweifach and Intaglictta  

indicate thE.t filtration outwards is the main process occur 

ring during capillary perfusion; and that water tends to 

diffuse back in When the flow is interrupted. Furthermore, 

recent studies by Luft (1966) tend to support the hypothoc.4  

that egress of material from the capillaries occurs at the 

junctions between the endothelial cells, and is by no means 

evenly distributed over the capillary surface. To facilitate 

the formulation of a tractable mathematical model, however, 

we shall in section 5 postulate that a small amount of 

plasma is leaking out uniformly from the lubrication film 

so that the total flux of fluid past any cross-sectional 

plane in the capillary decreases towards the front (down-

stream) end of the red cell. 

This loss of fluid fro,' the plasma film appears 

potentially important because of the enhanced possibility 

of breakdom of lubrication it introduces. Lighthill point 

ed out that if the film thickness were reduced much below 

values characteristic of normal flow, the film might be 
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unable to sustain the high shears consequent on such a 

reduction, and 'seizing—up' might ensue. It seems likely 

that loss of fluid could contribute significantly to this 

effect: particularly, perhaps, in the region of the neck—

ing. In section 5 we examine the dependence of film thick—

ness and resistance on the leakage rate, clearance, and 

pressure gradient. These are the local effects of wall 

porosity; the large scale dynamic effect, that of 'bunching 

of red cells as fluid loss increases, has been considered 

elsewhere, for example by Zwcifach and Intaglictta (1966), 

and will not be treated here. As might loe expected, we fiLd 

that, with a positive filtration pressure, the resistance 

any given velocity is increased; or, more pertinently, for 

given pressure gradient in a given size of tube, velocity 

is decreased in a region where leakage is occurring. Fur-

thermore, film thicknesses are also reduced in such region.,. 

leading to increased possibility of seizing—up of the flow 

if lubrication fails. As might also be expected, the ()fleet 

is more apparent at lower velocities and smaller film thjr' 

nesses. It is interesting to note that these effects arc 

suprisingly small (as shorn by the computations of sectioL 

5); even the large filtration rates associated with glomex,-

ular capillaries, for example, do not appreciably interfr--

with the flow phenomena predicted for non—porous tube systel:, 
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3. Mathematical formulation of the :pellet motion 

Consider an axisymidetric pellet of radius R(x)2  

separated from a tube of radius ro  by a gap of thickness 

h(x). 	shall choose a coordinate system stationary rel-

ative to the pellet, and assume that the tube wall is mov-

ing relative to the pellet with a velocity -U; x is measured 

as positive downstream from the point where the unstressed 

pellet has its maximum diameter. 70 shall investigate the 

dependence of h(x) and R(x) on the pressure, once the Rey-

nolds' equation has been set up. As is usual in lubrication 

theories of this type, we assume the pressure to be indep-

endent of r in the region of interest, and that the flow is 

sufficiently slow for inertial terms to be ignored; the 

axial momentum equation becomes 

qa = 	03.1- dISN 
r 	gri 

Where u(r,x) is the axial velocity. Integrating twice with 

respect to r, we obtain 

dx 
	-4- A.1n(r) -f- 

Where A, B are functions of x determineC by the boundary 

conditions. If vie postulate the no-slip condition at the 

boundaries, and assume the walls to be non-porous, we find 

that u(r,x) becomes 
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2  
u  = 413fi. P(r2.-R2-11h 
	

113R) 	(3.1) 

If we now integrate the continuity equation, 

Fr
a  

(rv)  =0 

once with respect to r, we obtain, using a well-known result 

on differentiation of integrals; 

Cry] 	_ 	69)(  J u.r.dr. 	[r.u-]0.0, - (R -1h) 	(3.2) 

Clearly, if the tube wall has an axial velocity -U, it must 
d 

also 	any point have a radial velocity -U dx (R 4 h), 
d. 

where of course dx 	+ h) represents the slope of the tube 

wall with respect to the axis. Consequently, (3.2) simplif-

ies to 

R4-1, 

Te  1 u.   r. dr , 0 

and since the integral here represents the flux of fluid 

divided by 2r-r, we may integrate this to 

RtL 
u. r. dr = 	r„Q 

where ro is the undistorted tube radius, and Q is the back-

ward flux per unit circumferential length of undistorted 

tube - the 'leakback' defined in section 1. If we use this 

equation in conjunction with (3.1) we obtain 

R4-1, 

4-/(A dx 	Tn07-7--
h/R) In ] ,r 

	
U.1n(r.1.  

r. dr 
	roQ 

R4-1,  



Te finally obt(in the Reynolds' equation as 
2 	+ h2_ 	"ht.!: {R -F 21311 h 170: Th7Rd dx -47  
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24v1V1h:17R) (3.3) 

   

Not surprisinsly, in the limit ce h/R 	(very 

small gc.T thickness), the equation reduces to 

d:1). - .6.4/411 4 2-.2-A -dx 	11. 2- 	h' 

using; also the limit re /R -)1; this is the simplified 

boundary-layer equation used in [1]. On the other hand, as 

R 	0 snd h -*ro , vihich occur past the ends of the pellet, 

the asymptotic form is 

(3.4) 

(3.5) 
Thsi is the Poiseuille pressure gradient characteristic of 

simple pile flow with mean velocity (-1.1. 	2Q/r.); such a 

flow has a nett flux of - -rr:U f 2iTr0 Q, which is equal to 

the flux of pellet material past any )oint, less the leak-

back; there is thus a satisfying Ezrcement with the contin-

uity requirements of the large-scale motion. It ap,)care, 

therefore, that the Reynolds' equation (3.3) will provide a 

reasonably accurate descriotion of the flow over the Whole 

of the pellet; it ferns, in fact, a matching of the asym- 

totic forms (3.4) and (3.5) in the entry region for the 

lubrication flow, viacre the ga thickness is of intermediate 
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size. 

we shall consider a pellet .vith an elliptic profile 

at some reference pressure D. (discussed in section 1), at 

Thich the maximum radius of the pellet is just equal to the 

unstressed tube radius. If the compliance of the pellet is 

we mzy express R(x) in the form 

R(x) = r c,(1 - xl-k/r„) - (p 	p0) 
vihere K is a measure of the curvature of the Dellet at the 

point of constriction; the length of the pellet is given by 

(r„/k) . 	 if the compliance of the tuba is ct, its 

profile will be given by 

R(x) 	MX) = r. 4 0< (I) — Po) 

valence 

h(x) = re (1 - (1 - xZz  /2o ) ') 	(cx -/- (3) (p 	pa  ) 

ALs in Li8hthill is work, we notice that the dependence of 

film thicialesr, on presure depends only on the sum of the 

compliances; since, however, R(x) (in Ithich 	alone appefIrLf, 

occurs explicitly in the Reynolds' equation, we need to know 

CX end 	separately in this r.ltatement of the. problem. As 

mentioned in the :)revious section, however, we may take a 

to be zero in the application of the theory to the systemic 

ca)illary flow model; we shall, therefore, ignore a_ in the 

following analysis, noting that coil: )u -bations could well be 
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undertaken with a non-zero value of a. without further major 

c omolic ati on. 

The value of the leakback Q may be determined, once 

the downstreal-,1 pres,.-ure b,I.s been ;prescribed, by the condit-

ion of equilibrium of forces on the pellet. The dr,:g per 

unit area on the pellet is 

r R 

dp 
viler° dx is given by (3.3). The tot;-;l drag is 

12_11V74%2714.) Iiiiirl'u-:}i/E1):3 ( 3. 8) 

v•bere g, -g are the ends of the pellet. This must be 

ed by the re sul tont pressure force; since we assume that ovc. 

all of the frontal ri.roL of the Joliet the downstream press- 

ure is p (g) and similarly for the upstream pressure p (—g) 

we may take the preE.;',11rc force to be 

irr f,2  [p(-g)  - p (g)-1 

(This approximatio-n has been discussed in section 1.) 7e 

here define the doimstrcam and upstroa -prc:ssures to be 

those acting at the re:4pecti-ve ends of the pellet. The 

equality of forces may be stated as 

7rr„2" 	(-g) 	p(U)3 = 	2-ri I 	R. T. dx 	( 3. 9) 

shall take the value of (-g) to be that thich makes 11(x) 
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vanish L.t the u,Dstreain pressure; since we expect relatively 

slow variation of pressure and. L;z...p width in the region arounf 

the ends of the pellet, such a choice of g should not intro-

duce significant errors at the downstream end, even though 

R(g) will not be zero. 17c obtain 

g = 	[rc, /K 
	

2(p(-g) - p.)2/(kr.)-1 
:Ye shall now non-dimensionalizo the equations, using 

the seine scaling factors as in section 1; the equations be-

come, on mani julati on 

g =, 

= 

 Ill 

p 

?1(X) 

-1 
{c -1- P-)-a..3"1271:10-cli)  1\  • 12-CH(2-CH) -C1-(;:R.--gsj 

(3.10) 

2 
[1 - (1 - CX ) 	 j/C 	 (3.11) 

2 
/r,, 	= 	(1 	CX ) 	- CP 	 (3.12) 

23C  

H (X) 

J(X) 

(reccalin,7 that sine,. rte are ignoring elastic expansion of 

the tube, J(X) =-- 1 - C1-. (X) in non-dimensional form). The 

equilibrium of force c:quation is 

2(-G) -P(G) = - {)--dil-F(1-C11)24- 
G  

2 
Ci..;. (2-CI:) 	LC 	cr nT11:-.C10.1-  3..1.n.T11,ai-f) 'L  

( 3.13) 

where G is the non-dilaensional equivalent of the distance 

g, and is given by 
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G 	= 	 1/.0 - C E2(-G)1 2'1 

Numerical solutions have been obtained for this set of 

equations for various values of L «nd C, using the condit-

ion (3.13) to determine the value of 2(G) Jnd the pressure 

difference ICf(L,C) for each set of values. This procedure 

differs from that advocated in the 0,-,rlier discussion 

(Where essentially L and. P(G) were assumed knom, and"(3.13) 

used to dcterdne C); as pointed out' i1 section 1, however, 

it will be more convenient to obtain the results in this 

form, aftd,interpret them' in terms of more useful physical 

parameters later. Since we expect the most significant 

phenomena to occur near the middle point of the pellet, the 

numerical analysis was performed using the transformation 

X ==tanpc giving mesh points for a Runge-Kutta procedure 

Which cluster around X —00. 

In view of the argument advanded in section:1 

(regarding possible sources of error in the drag computatie-

using infinite limits), we expect the results obtained to 

deviate markedly from those of [i for small values of L; 

for larger L, they should agree reasanH)ly well. Iurthcr, 

the differences should tend to be accentuated by increasing 

C, and approach Lighthill's results more closely for C 20. 

This aspect of the solutions, typified by the non-dimension-

al value of the downstream pressure (denoted by b(L,C)) is 



FIGURE 2. Plots of non-dimensional downstream pressure, b(L, C) as a function of L, for 
various values of film thickness C. The broken line indicates the corresponding curve 
for Lighthill's approximate calculation. 
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shown graphically in Fig. 2. The corres)onding curve for 

b(L) obtained in the approximate theory of DLI is sham as 

a broken line. As well as the expected deviations for diff-

erent values of C froL1t the aodroximate curve, we find a 

marked divergence as L approaches very large values, due to 

the effect of the very large resistances found under these 

conditions. Clearly, negative values of b(L,C) correspond 

to conditions Where the downstroa:a pressure is lower than 

the reference pressure although as pointed out earlier 

this does not necessarily corros)ond to negative clearance 

conditions. 

It has not boon thouOt necessary to include 

diagrams showing the variation of pressure and gap width in 

the lubrication film; a qualitative description was given in 

section 1, and it was noted there that such vaxiL- tions are 

very similar to those shown by Lighthill in [l]. 
As discussed earlier, it will be ;Moro useful for 

ap)lication of these results to actual physiological (and 

physical) problems to ex2ross the various quantities in 

terms of more realistic parclmeters of the motion, partic-

ularly since L and C involve quantities such as typical gap 

width and leakback, about which we wish to obtain inform- 

ation. 	 2 Accordin,v1 , 1,,e will now , 	• introduce udditional vol- 

°city, clearance, L..ad resistance -torametrs in a form 
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ap:)licable to the relationships we wish to consider. Giese 

will be non-dimensional, but related to physically relevant 

sc ales. 

Firstly, we introduce the parameter 

A - 	At IT Vro  (Kr.) 
vhich measures pellet velocity on a scale deoending only on 

the fluid viscosity anC, the geometry and elastic properties 

of the tube :.nd pellet; next, a. resistance parometer 

2 
D 	(-0 - P 	r. (Kr.) //AU 

is defined; this measures resistance on a scale of the 

resistance experienced by en equal length of tube containinL 

an equivalent Poiseuille flow. rurther, we shall require the 

clearance parameter V, rJhose derivation was foreshadowed in 

section 1: 

F 	L 2 
	libl 

where -F expresses the decrecze produced in the maximum 

pellet radius viler' the ores sure is increased from the mean 

driving pressure to the reference pressure, as a fraction of 

the tube radius. flit this is s: realistic measure of clear-

ance has been discussed in section 1. Fthally it fill be 

useful, dim actual evaluations are being made, to have de-

fined the pcxEmeter I], also derived in section 1: 
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E - V/rjp(-g) - p(g)-1 

This measures the radius change vhich would be produced if 

the pressure at the rim were increased by on amount equal 

to the pressure drop across the pellet, also as a fraction 

of the tube radius. For the elastic model assumed here for 

the erythrocyte behaviour, E has no independent physical 

significance; it is merely a convenient non-dimensional 

measure of the pressure drop, in terms of the elastic prop-

erties of the pellet, and one Thich may easily be derived 

from the non-dimensional quantities obtained in the numer-

ical analysis. 

These are the same para,aeters as those used in Ill, 

except for the clearance; Lighthill used a further parametc7 

	

B 	(8.) - 

170 may easily show, however, that 

B 

and since ,in El] cases where E was of order 10 or less 

only were considered, :.the two clearance parameters arc 

essentially equivalent. -Tae interpretation, however, is not 

the same (and, of course, neither is the range of values 
. 	• 

	

found for, the 	,raineters); for although'in..t e 

model used in' [i a value of E much in exceSS'', 

embarrassingly high qhcn flow over a considerable length of 
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FIGURE 3. Curves of constant velocity parameter A and constant film thickness parameter 
on an F-E diagram. The broken lines represent compatibility curves for a 7..5 tint red 
cell in capillaries of various radii. 
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tube was considered,,:the.•present model does not have this 

limitation. Thedomparisenis further discussed below, in 

the light of red cell and capillary =Irchitecture. 

A little algebraic .Manipulation easily shows that 

the four parameters A,D,E,F may be expressed in terms of 

L, C, b(L,C), f(L,C) as followS: 

. 2 
A = (Ld) /6 	E = LC f(L,C) 

= 6C f(L,C) 	P 	Cb(L,C) 4 1E 

To may now plot the various relationships between 11.C ) D,E 

and F; essentially, we have eliminated L from the results, 

and may now calculate any of the parameters in terms of 

two of the others, using the values obtained for b(L,C) and 

f(L,C) in the numerical analysis. For example, Pig. 3 dhows 
sets of curves of constant A and constant 0 in terms of E 

and P. The broken curves indicate compatible values of E 

and 1.  (for a deformable erythrocyte-like pellet) for several 

ratios of tube to L)ellet radius (assuming the latter to be 

fixed); these are obtained from equation (2.2) using numer-

ical data a),)ro?riate to the red cell. As in ril, we find 

the typical gap width, expressed by the parameter C as a 

fraction of the tube radius, decreL'ses as the velocity 

decreases, for a. given value of the clearance. This is 

particularly noticeable under negative clearance conditions, 
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where the two sets of curves tend to become oarallel; here 
k 

we find that C varies as A whore k lies between about 

.45 and .55 (i.e. film thickness decreases aoproximately 

as the square root of the velocity), along compatibility 

curves of E and F for the red cell. Lighthill has pointed 

out that such decreases in film thickness could lead to 

seizing-up of the flow under love-velocity conditions; this 

has particular relevance to the capillary flow problem, and 

will be discussed loter. 

A second significant relationship is the dependence 

of the resistance parameter D on A for various clerances. 

Tfte resistance experienced by Poiseuille flow with viscosity 

equal to th,::t of the lubricatin- fluid corresponds to D = 16; 

consequently, the value of D expected if the pellet suspen-

sion wore a fluid hL.vinu viscosity, say, twice that of the 

lubricating fluid (a ratio apolicable to whole blood and 

plasma) would be 32. Using these figures, Itie 1day use the 

D-A relationships to compare predicted resistances for _pellet 

flow with t,ose which would be found if the pellet-fluid sys-

tem were replaced by single fluid with viscosity comparable 

to that of the suspension in bulk. Accordingly, in Fig. 4 we 

plot constant-A curves on a D-F diagram. At relatively low 

values of Y. (as far [is capillary flow is concerned), for 
-4.5 

example 10 
	

the resistances arc very much higher than 
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those expected for Poiseuille flow (with the same viscosity), 

particularly for negative clearances and small positive 

clearances; these low velocities correspond to very small 

film thicknesses, as Show!. in Fig. 3. Even for larger values 
-3 

of A, say 10 , and positive clearances, the resistances are 

still significantly higher than those for purely fluid flow. 

Furthermore, the oellet resistances do not increase as rap-

idly with velocity as do _Poiseuille resistances; for a 

clearance of -0.1, for example, we find that D varies approx 
-.36 

imately as A 	. This means that if we define a 'resistive-  

ity for a given tube (assuming for the moment that the res-

istance is thJA of the pellets for the Whole length of tube), 

as flow rate divided by pressure difference, then this will 

be a constant for fluid flow, but will be inversely prop-

ortional to approximately the cube root of the velocity for 

negative-clearance pellet flow. It is perhaps more illumin-

ating to express those results as follows: for a liven 

pressure drop across a length of tube, the mean velocity 

for pellet flow will be smaller than that for fluid flow; 

moreover, the pellet velocity will be more sensitive to 

changes in the oressure gradient than a. corresponding fluid 

velocity. The i-mportance of these non-linear effects pro-

duced by the presence of the pellets has been indicated by 

Lighthill in [A. The dependence of resistances and film 
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thicknesses on velocity, under given clearance conditions, 

is due to the elastic effects; it is interesting to note 

tact in Pig. 4 the curves converge on each other for pos-

itive cleaxLnces, Where elastic control is expected to 

become progressively less important. 

The relationships discussed above have considerable 

significance When interpreted in terms of capillary flow. 

Typical vcIue-: of the various parameters will be necessary; 

we Shall consider red cells of about 7.5)!AJI diameter, and 

c„.,)illarics of 5-8 microns diameter (for Which the assump-

tions made about the mode of distortion of the rod cell arc 

likely to hold good). and and Lorton (1964) give a figure 

of 0.0185 dyne/C,:i for the 'resistance to deformation' S, 

and olasme viscosity Triy be taken as 1.9 centipoise (1Thrrill 

and Tells, 1961). In section 2 we obtained an esticte of 

for e, vyhere r, is caillry radius. r'e might expect 

values of Kr, to be of order unity, and their squLre roots 

to be even closer to unity. 

Consequently, we find that, for typical red cell 

velocities of the order of 100-200/Am/sr,c, the value of A 
-3 

is of the order of 10 on substituting the above v:_luos; 

similarly, tho clearance-resistchce comJatibility relation 

(2.3), for a capillary of 6 microns diameter, is given by 

= ( • 533/-7) • sin (2. 344E) 
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giving clearances of the order of -0.1 for the normal vel-

ocities mentioned above. (re have here taken the n of (2.3) 

to be 3). Larger and smaller clearances may, of course, be 

found for different-sized tubes (e.g. down to -0.6 for a 

caAllary radius of 2.01u, and low red cell velocity). Under 

normal flow conditions in capillaries 5-7ium in diameter, 

clearances arc in the range -0.03 to -0.13. Compatibility 

curves for various caoillary radii in this range are shown 

as broken lines in rig. 3. 
It must be pointed out that average resistance of 

a. length of capillary will not be that found for individual 

red cells. Suppose for simplicity that red cells are inter-

spersed with equal lerr,ths of )1asmal they. we may take D as 

16 for the plasma-filled parts of the capillary, and an 

average value of D (supposing we asui.le a. particular value 

D, for a red cell in some situation) is then ED, 	16). 

Purthermore, if we wish to com)are this resistance with that 

Which would be expected if Whole blood were a viscous fluid 

being forced along the capillary, Svc nee( to take into 

account the viscosity oS Whole blood; this is typically of 

the order of twice that of plasma alone, so that a comp,ar- 

ative mean value of D is more like 	-I-  16). On this aru- 

malt, our spectacularly high resistances become smaller in 

practice; still,. a value of D of 150 Lives a resistance 2.5 
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times that calculated for viscous-fluid whole blood, While 

values of D of the order of 1000 correspond similarly to a 

resistance increased by a. factor of 15. Perhaps of groae -: 

importance is the fact that these considerations do not 

affect the non-linear dependence of resistanco on pressuro 

gradient found ebove. 

Let us now ex seine the characteristics of typical 

normal capillary flow. In a 6/Am capillary, for a cell vel- 
-3 

ocity of 120pri/sec (giving A -10 Ilnan xr, = 0.5) we 

have soon that clearance of -0.1 would be expected. From 

Fig. 4, we see that this corrosoonds to a film thickness 

pprametor of .-bout 0.035; tho lubrication film is thorefoi_ 

about 0.1 microns thick, and the le0kbck past the cell is 

3.5 of tho total flow. From Fig;. 5 we obtain a correspond 

ing vLlue for D of 350, giving a mean resistance of about 

5.5 times 	for Whole-blood 20iseuil1.e flow. Similarly, 

fox a. 5 micron cap illary, lcaj:back is about 	0nd me011 

resistance is about 7 times Poiseuille; filci thickness is 

sliL;htly less (.075 mieion). 311. Me other hand, 'or a 7 

micron ca 	lockback is 4.5%, mean resistance 4.5 

times Poiseuille, and film thicknoss is .16 microns. Clea-

ly, we would expect to find that for narrower 

velocities Jro comp,-,rativ:ay much smaller than for corres-

ponding Poiseuille flow. 
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Of course, these enhanced resistances do not necess-

arily mean a great contribution to the overall vascular 

resistance from the caoillaries, since there are such a 

large number of Them in parallel; it is thought, in fact, 

that systemic capillaries, for example, account for only 

about 20/0 of the resistance of the vascular bed. ','hat is 

important here is the effect of the non-linearity of resist-

ance on flow in each capillary. Suppose, for exa.1.11)1e, that 

in a capillary of 7 microns diameter, with a flow corres- 
-3 

pending to A = 10 , the pressure drop across the ends is 

reduced by half, either by vasomotion or blockage. Then an 

examination of Fig. 3 shows that, if D is halved, the vel- 
-3. 5 

ocity pareneter in this case falls to 10 	, which means 

that the velocity is reduced to one third of its original 

value; the film thickness also falls, from .16 microns to 

.1 microns. Mese tendencies are even more marked in smaller 

capillaries; for a. lumen of 6 microns diameter, halving the 

pressurn gradient reduces the velocity by a factor of 6, and 

the film thickness from .1 microns to .04 microns; While in 

a 5 micron capillary, the velocity is reduced by up to ten 

times, End film thickness falls to r. value corresponding to 

C less than .01, i.e. less than .025 microns. The moan re-

sistances are increased to 7.5, 18, and 43 times thc Pois-

euille value; these fiures are obtained from Fig. 4, or 
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extrapolation from those curves, using the clearance and 

velocity data found from Fig. 3. (of course, these mean 

resistances could have been obtained directly from the val-

ues read off Fig. 4; for vie see from the definitions of the 

various parameters that AD - E.) 

In connection with these non-linear resistance 

effects, it is interesting to consider some recent work by 

Djojosugito et al. on blood viscosity; they found that the 

apparent viscosity of Whole blood during perfusion of muscle 

increased (relative to that of a dextren-Tyrode solution) as 

flow rate decreased. It might be suggested that this effect 

is due, in part, to a markedly incre6sed resistance in the 

capillary network of the muscle predicted for low flow vel-

ocities by the present thcory. 

Lighthill has mentioned the possible application of 

these results to control of perfusion by vasomotion in the 

arterioles and pre-capillaries. Constriction by the smooth 

muscle there 7:educes the pressure gradient in the perfused 

capillaries; 1;le see that the sensitivity of the velocity to 

changes in pressure gradient rapidly reduces the flow rate. 

Further, the extremely thin lubrication films existing 

under lot,-velocity conditions sni_,gest that breakdown of 

lubrication may occur, causing comple-Le shutting-off of the 

flow without the necessity for complete occlusion of the 
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lumen of the pre—capillaries or arterioles. Such a process 

could explain phenomena concerned with other flow stoppages 

observed by, e.g. Burton (1966), and more recently the rapie 

cessation of flow at small positive vl,scular pressure diff—

erences observed in lung by Glazier, Hughes, Ealoney and 

West (1968). Noreover, in pulmonary capillaries much less 

control of flow by arterioles occurs; the results of this 

theory could well provide an explon,Ition for tho resia'mce 

effects produced in the ca3illary 'marsh' of the lung. The 

perfusion process here, of cour;:e, may be further compile—

ated by capillary compliance, and by the relation between 

vascular and alveolar pressures; this has been discussed in 

section 2. 

The preceding discussion of sensitivity of control 

for pellet flow systems holds good 17,hatever model of pellet 

elasticity is assumed (always provided that local small de—

formations deoend linearly on pressure changes). It is inter 

°sting to consider differences in behaviour between systems 

containing, say, purely compresf-dble pellets, and ones with 

erythrocyte—like pellets. Such a comparison may also throw 

some light on engineering applications, in ?articular the 

cleaning of pipes by forced passage of compressible pellets. 

The important factor here is the dependence of clearance on 

moon driving pressure at any point. -2or the distortable 
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erythrocyte, we have shorn that the clearance depends only 

on the relative dimensions and the pressure drop across the 

pellet; on the other hand, the clearance for a compresEiblc 

pellet depends directly on the absolute pressure. This means 

that for such a pellet the clearance decreases (and resist-

ante incro&ses) FS the ()allot moves along the tube. The 

parameter E has direct relevance here; it measures the change 

in clearance as the pellet moves a distance equal to its own 

length plus the length of the interspersing fluid (assuming 

negligible pressure drop in the fluid phase). Although the 

pellet could only expand until it reached its natural dia-

meter if the lubrication pressures ,Aere removed, neverthe-

less the clearance parameter can go on decreasing indefin-

itely - it is a measure of the disparity between the mean 

driving pressure And the reference pressure. Consequently, 

for these systems the contribution to the xesistance is 

greater froia the downstream end of the tube (or tubes). 

Further, the )ossibility of 'sticking' when the film thick-

ness becomes too small moans that the dowustreem pressure 

must be kept above a certain level to avoid lubrication 

failure; this introduces a severe limitation on the flow 

rates 	may be achieved for upstream pressures close to 

the lower limit for downstream pressure. 

On the other hand, flow involving the 'bendeble' 
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erythrocyte-like pellets shows much more uniformity and flex-

ibility. Firstly, since the flow rate depends only on the 

gradient, and not on the absolute value, of the pressure, the 

rate of perfusion m)y be controlled with equal facility by 

pressure changes at either end of the system without intro-

ducing limitations on the flows that can be achieved. Per 

the same reason, parts of a system having different tube 

lengths may be controlled uniformly at the one upstream 

pressure. Furthermore, since clearance, and hence resist-

ance, of each pellet remains the same (in a uniform-velocity 

flow) at all parts of a tube, the pellets will all contrib-

ute equally to the total resistance of any given system. 

Consequently, control of the perfusion is effected at all 

points of a mesh by vasomotion at the upstreEm end (although 

the response depends on the local morphology). All of these 

features of red cell motion may have important ap,)lications 

when the phenomenon of autoregulution is being considered. 

4. The non-axis imetric case 

To now consider a model where the pressures, veloc-

ities, and film thicknesses depend on two are uments: the 

axial coordinate x 	an azimuthal angle I. 1e make the 

usual lubrication assumptions, namely that pressure is in-

de,dendent of the coordinate measured across the film, and 



that inertial forces may be ignored. The corresponding 

simplified Navier-Stokes equations are 
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+11.A (41) 

ap ( aw\ 
LrD.r) 

where u, w arc the axial and aLiimu th al 

respectively. Integration with resoect 

boundary conditions 

(4.1) 

velocity components 

to r, and use of the 

now 

u 

w = 

0 on r = R 9  

w = 0 on r = R, 

give 

;• ....L[rL._ e 413. x 

(- + )1r 	R 

-U on r = R h 

= 0 	on r = R h 

(4.2) 

2- 2Rh4-11 	r-1 	IT. in (1-.../t1 
In 	 ) 	1 - 	(f+Iiii 

h. 
1.n:(14- /13) 

Integrating the continuity equation 

a 	 du 	(91.6./ 
(iv) = 711 	a*/ 

across the ap , we obtain 

q411 	R4 h 
[rv-1  - 	c 	r. u. dr -  

R+h 
w. d r -4 CluIR  - (R+1.1. ) • R" 

as in section 3; and we similarly simplify ti,is to 
m  ffith 

o 	r.u.dr * 
R-4-h 

vr. d r = 0 

 

(4.3) 
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Substituting (4..2) in this gives a Reynolds' equation 
2 

. 
± 

	 2Rh+h.. [2 R2-4- 213h4-hz  - In 	---] 	' 	icf+ fr 

, 	
dcg [2F,h+hz 	-Th 2.4.112171:61} o 	(4. 4) 

This may bo a3oroximatod to any desired accuracy by 

expansion of the logarithmic terms as Taylor series; 1,-re ob-

tain., e.g., 

a f.Rh3 	Rh .11 •/ 
(4.5) 

as a first ap.)ro:dmation corresponding to Lighthill's 

equation in the axisym.iietric case. or clarity and simplic-

ity of manipuL„tion, we shall use this form, together with 

the simplified parabolic expression for the film thickness, 

2 
h = (3(9 - p6) 4  1Vex 

It has boon shovai that this should Live a reasonably good 

ap)ro-ximation to the actual behaviour, provided that fi-nitc 

limits (-8,g) arc used for the ends of the )ollet. In any 

case, we shall be interested only in the broad features of 

the flow (not in an exact solution) since the approximations.  

we have made in setting up the asym.,Ietric model must nec-

essarily be fairly crude, in view of the comments made in 

section 1 on the paucity of observational data. 

The elastic and Loomotric parameters of the model 
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are now functions of 0; accordingly, we may write 

K - e;F z(0) 

where F, (0), F2(0) arc both unity; and the expression for 

film thickness is now 

2 
h(x0) 	- P0(0)) I',U) 4- /4? 2( 1)x 	(4.6 ) 

Clearly, F,(0)and F 2(0)are non-dimensional; notice also 

that the reference pressure p a  may now be a function of 0. 

Te may noes: express the flux q(0) in terms of .  some reference 

value at - 0: 

cl(0) = q.Q(r/) 
c,ncl non.:-dimensionalize as in section l, using the reference 

values q0 , 	2  &'b cind p ce (0). re obtain 

h 	U 
	X 	V• CID  X 

	
R = ra J(2.) 

p 0(0) - c( 'A) 

Here .2„(/) is a non-dimensional oxiDression 

in reference pressure. 

Equations (4.5) and (4.6) become 

t?(J(X),I-I% 4- loco ÷ mix  (ca?.-;5.0 = 

H = F 1 (0) [P 

tt 20(95)  

for Lae variation 

(4.7) 

(4.8) 

P - P0( 0) (30 ?SI IJ . 2 ( 95) 2  
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.here L is defined as before, and M = 0/4,r„ ; 0 is as before 

the ratio of a typical gap size 2q./U to the tube radius 

Te have already shom that we expect Korn  to be of order 

unity and 0 to be very small; 1-0 may therefore write 

N « 1 

This implies that we may neglect azimuthal pressure grad-

ients in the Reynolds' equation (4.7) as a first aooroxim-

ation. Incidentally, this arument justifies a similar 

ap,_)roximation made by Christ.)pherson and Dowson (1959) for 

a model of a Eviler() moving through a closely-fitting tube; 

and the success of that model encourages us to make the 

simplification discussed above. Te may now integrate (4.7) 

to obtain 

L p( 
dx 	H 

1 
(4.9) 

Where we have put J(X) =1 as in the derivation of equation 

(3.4); this elif:Iinat-.s The singular beh:.viour vhich would 

otherwise occur at the ends of the pellet, where J(x) = 0 

in the more exact model. 

The flux function Q(/) has not yet been prescribed; 

but if we use as a boundary condition 2(G)==b(11), say, 

independent of 	then Q(0) will be determined as that 

fuL::tion which produces a value of p(-G) also independent 

of 	(Clearly, the upstream and domstream pressures cannot 
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depend on the azimuthal coordinate.) In fact, we shall det-

ermine b(L), for any 1,, as that value of P(G) which yields 

P(-G) = P(G) (an. approximation discussed previously) , at 

the reference point g = 0, say, IT.here we define Q(0) - 1. 

The principal reason for exalaining the non-axisyin-

metric case is to determine rhether the asymiletries cause 

any additional local constriction of the lubrication layer; 

we shall, therefore, i)e interested in a. local film thick-

ness .parEuncter C (9f), say. Te may 7:Trite 

(9) 

and since go , U, r., crc. all inde9endent of g, re may use 

the leckback function g(g) as a measure of C. This will be 

done in the computations which follow; the remarks made 

about the behaviour of Q may equally well be taken to refer 

to C. 

Since we shall be interested in small deviations 

from cxi,symmetry, it is of interest to consider the relative 

mzznitudes of the effects produced -L)y the various possible 

asymmetries in the parciaeters. ladle small variations in K 

and may be expected to produce variations in Q of the same 

order of masmitude, small variations in the radias of the 

pellet can produce significant alterations in the clearance, 

since this is s F3thrie d to be small in any case. It might be 

expected, therefore, that such clearance variations will 
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produce large variations 'in the reference pressure needed 

to ,produce zero clearance; we shall in the computations 

consider only a modification in the pellet radius, to' simp-
lify the discussion of -the results. A simple sinusoidal 

variation in the undistorted pellet radius is assumed, ao 

that P0(1) is of the form iT(cos29r- 1), /there T is the 

'degree of asymmetry', and represents the difference be-

tween the reference pressures ( pressure required "to distort 

the pellet just sufficiently for it to fit the tube) at the 

points of smallest and largest clearance. Since po(0),is 
7r negrtive at 	we are decreasing the effective fa;eSsure 

available to produce elastic distortion; this is Ohe, of 

course, to an increase in the reference level from vhich 

these 'distortion pressures' are measured. It might be 

expected tiat this rise in the reference pressure might 

equally be interpreted as a. fall in the domstream pressure 

needed to setisfy the condition (1.7), consequent on an eff-

ective increase in the value of the parameter L if the leak-

back were assumed to remcin constant (i.c. L is kept con-

stant oily by allowing the leakback to decrease); but 

though this,gives an indication of how we expect the leak-

back to vary, it cannot be used as a computation technique, 

since tha scalinL factors for the:non-dimensionalization all 

depend on the use of some constant leakback reference level 
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(which would not in this case exist). 

As WO expect, the leakback decreases as the refer-

ence pressure increases around the circumference of the 

pellet, and the maximum leakback defect is very nearly 

proportional to the degree of asymmetry for the values of T 

used, Pig. 5 shows some typical plots of the leakback 

function Q against y2r for various degrees of asymmetry. The 

form of the reference pressure variation is also shown for 

comparison. Perhaps the most interesting feature of the 

results is that the maximum leakback defect decreases as L 

increases. As pointed out in section 2, this means that under 

conditions of negative clearance, when film constriction may 

possibly bring about failure of lubrication, any increased 

tendency in this regard caused by local asymmetries is re-

duced. If we define 7  as 1 - Q0--)/Q(0), then 7 represents 

the amount of asymmery induced in the leckback (and hence 

in the film thickness) by the asymmetry in the pellet shape; 

it will depend on T and L.In Pig. 6 we show how r  decreases 

from a value of the order of T (foil smell--L flow), as L 

increases to valuer.; characteristic of normal blood flow; the 

tendency of the flow to symmetrize for larger values of L is 

clearly show. 

It was pointed out in section 2 the.t one of the most 

important consequences of these results (as far as this 
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theory is concerned), is that non-axisymmotric pellets may 

be treated with reasonably accuracy by an axisymiaotric 

model, since the departures from axisymmetry are reduced 

by the flow. This, of course, extends the utility of the 

theory of section 3 for discussing capillary flow phenomena, 

Where the pellets (red cells) are not always axisymmetric. 

5 	rik1109 

In this final section we analyse a model in which 

leakage through the wall of the tube may occur. As discussed 

in the introductory outline of section 2, we shall consider 

that a local tuliform loss of fluid occurs, the amount dep-

ending on the filtration coefficient and the mean filt-

ration presruro, 2f say. For a tube of radius r., the fluid 

loss per unit length of tube is 1P.271x. If at any point 

the velocity of the pellets is U and the leakback is Q, then 

the total flux past that point is vrfU 2Ar.Q; consequently, 

the fractional reduction in flux is 2XEF/(r0U - 2Q) per unit 

length of tube, in the downstream direction. Further, since 

this result is also true of a coordinate system in which  the 

pellets are stationary, the fractional reduction in loakback 

(which has been defined as the negative of the flux in such 

a system) is - /Q, in the downstream direction. 7o shall 

denote this constant by -h. 
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If we consider a reference value of the leakback, 

Q0 9  to be that which occurs at the midpoint of the pellet 

(x = 0), then the leak- back at any point is Qe  (1 -i-kx); we 

may define the parameter L in the non-dimensional form of 

the equations in terms of Q.. _Alternatively, we may define Qe  

as the value at the upstream end of the pellet 	-g), 

when the leakbsck is Q„ El 	k ( x -F-- g) -; al though thi's::defin-

ition gives nominally different results in terms of the 

parameters L and C, the fel&..tions between the velocity, 
- ; 

resistance and 'clearance parameters- are found to be identical 

for the -tvio.:formulations (as, indeed, we might ex3ect). 

shell, therefore, use the former-  definition in the following 

analysis. 

If we write the leakback ex;?ression in terms of 

our non-dimensional variables, it bee Orle E: Q 0(1 -I-- KX), IAhorc 

K is the parz-f.meter 
1 

-r k(2%/KU)
2 
 = 2A.1.)_fi[U(C•Kr.) 1 

In section 3 we shov-ed that U = 15 (Kr.) A, and A = LCI'2/6; 

further, it was found the.t Kr0  is of the order of unity 

for erythrocyte-like pellets. We shall therefore use the 

f orrnul a 

K W.  c.2 .  LC3  

as our definition of the 'lcakback reduction coefficient'. 
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If we now substitute the above form of the leakback into 

equation (3.3), we obtain a modified non-dimensional Rey-

nolds' eqution 

d2 	2 	 , -1 
. E2 	= --jc1-9(11-Kx) 	1]. (h- yd) 21n(1270W) 

-CH) [2-CFI(2-0H) -- 
CH(2 

(5.1) 
While the equations (3.11), (3.12) and (3.13) remain un-

changed. A similar series of computations to those of :;ection 

3 may now be oerformed for this modified equation, using the 

same techniques as those employed earlier. It is convenient 

to discuss the results in terms of the parameters A, 0, E, 

and F defined in section 3. 

As was foreshadowed in the discussion of section 2, 

we find that for a given clearance and )ressure gradient, 

film thickness and velocity are both reduced. These effects 

arc illustrated in the curves shown in Pig. 7. The broken 

lines represent curves of constant film thickness and vel-

ocity (using as coordinates clearance and resistance) in the 

absence of fluid leakage; the continuous linos represent the 

same curves with a filtration constant A of .0j56 itk/soc0 

cm 11,0 pressure (obtained for frog merentery by Landis, 

1927), End a transca)illary pressure of 13 cm Hz0. These 

vclues are merely representative of the range of conditions 

which obtain in various microcirculatory systems; the meg- 
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nitude of the effect naturally depends on the filtration 

constant, which may range in mammalian ca)illaries from 

.00025 (muscle) to .03 (glomerulus) ick,
3
/s e c /pile m 	O. Pur- 

thermore, the transcapillary pressure may become negative 

(at the distal end of capilla7cies); computations made with 

a value of -5 cm H, 0 indicate that the reverse effect occurs 

under these inflow conditions,/  with magnitude, approximately 

haf that obtained above for outflow at 10 cm. 

It is noticeable that, under conditions typical of 
3 

normal flow in caJilloxics 	—10 , C = .035) the effect 

of fluid loss is relatively small; the filTi thickness is re-

duced by less than 3r,;., and the velocity even loss (for the 

filtration constant quoted). It is only for reduced velocity, 

film thickness, and oressure gradient that the effects be-

come noticeable; we miLht ex,)ect the leakage to cuse a 

rather more rapid cessation of flow on reduction of press-

ure than would be expected for a non-porous capillary, but 

not to affect normal flow to any greet e:Acnt (unless, of 

course, abnormally high filtration rctes occur, as in the 

case of czwillary damage). Comdutations performed usinL; a 

much larger filtrction coefficient, such as is found in 

glomelulL'r capillaries ( . 03 " /s c% 	H 20) show that even 

for this fivefold incrc&.se in filtration, the film thick-

ness reduction is only doubled. i)erchaps this is the most 
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remarkable feature of this theory of porous capillary flow; 

the system is able to produce movement of metabolites by 

transport through the capillary walls, without interfering 

unduly with the presEaro-flow characteristics of the micro-

circulation. 
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Chapter III 

'ImAications of a Theory of Erythrocyte .totion in 

Na.TrowCa21)_laries' 

Abstract 

A theory of lubricated motion of deformable 

erythrocytes in very narrow capillaries is discussed, and 

applied to physiological phenomena. Velocities are smaller 

than expected if the pellet-fluid character of the motion 

is ignored; resistances are enhanced, and depend non-lin-

early on the velocity and capillary diameter. Film thick-

ness decreases with decreasing velocity, and 'seize-up' 

may occur duo to lubrication failure. The results are 

applied to phenomena such as perfusion control by vase-

motion in arterioles, uneven filling of pulmonary capill-

ary beds, non-linear apparent blood viscosity, and press-

ure-flow relationships in the capillaries. A)proximate 

numerical values are obtained, and shown to be in reason-

able agreement with observation. 
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In a. recent p8per (6), the author prcsontGd. a 

theoretical discussion of 8. model for rod cell motion in 

narrow ca9illaries~ 2nd indicated!?ossible a:L))licc:~tions 

of the theory. The aiilL of the :}rcson t work is to reviow 

bricflY9 in ao non-mathGmatical a man:nar as possib127 the 

results of that theory) to convert those rcsul ts to :phys-

iol agic ally- sie:nific an t forms; and to explore tho iraplic-

atiollS for various mechanical phenomena of the microcirc-

ulation, in the light of recent 0x)crirncntal findings. The 

numerical rosul ts gi vun hero are principally for illust-

tho 1.lodol IJ1ake tho quanti tative l)Tcdictions of perhaps 

uncertain accuracy~ 21TH} it is the qualitativo beb.aviour 

It is nay., gono:r.:ally accG)ted that blood in the 

c Clpillaries cannot be regarded f.].S a p rac ticaJ.ly l1omogcn-

cous fluid, but must in any dynaiilical considoration bo 

trGated as cl susponEJion of Dolia bodies (tho erythrocytes) 

in tho ) 1 Hsm£3, (9) 0 Gabe <:111d Zatz (11) hav~ demonstrated 

that .plaDmc'. behaves a E.: a },fovrtonian fluld to good CJ.ccur8.cy) 

furthermore ~ the :ncynolds' number for l,lasmn in c;::-V) i11ar-
-2 -3 

ics is very sm2~1 (10 or 10 '), 80 that the plasma floYl 

is gOVCTIlcc1 by a balc:U1CC bCtViTO:;l1 prGssuro gradient and 
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viscous forces - inertial contributions (dynamic head) 

may be ignored. An influential feature of the geometry is 

that the red cell diameters are com i)arable with those of 

the capillaries, as emphasized in the axial train concept 

of laitmore (25). In some cases, the red cells are larger 

than the capillaries, end must deform in order to pass 

through. Other authors (1, 20, 23) have also discussed 

the theoretical behaviour of a series of fairly tightly-

fitting solid bodies in fluid-filled tubes. These studies 

considered only rigid pellets, except for the com,dents of 

Thitmore on cell deformation in highly-sheared flows. 

The currently-accepted erythrocyte model is that 

of a very flexible, slijatly elastic membrane, supporting 

a small surface tension, in the form of a biconcave disc, 

8/am in diameter, and 2/Am thick at the rim, and contain-

ing en L7compressible medium. (one hesitates to say 'liq-

uid medium' until detailed information is available on 

erythrocyte internal structure.) Fung (10) has shown that 

such a structure can easily support changes in uniform 

pressure without deforming. An important consequence is 

that only non-uniform force distributions can cause de-

formation. There are two principal modes of deformation 

(15); 'bowing' produced by a combination of pressure grad-

ient and viscous drag at the rim, and 'squashing' then 
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the rim is subject to local increased pressure (in a nar-

row capillary). In contrast, the walls of systemic capill-

aries are much less compliant (2, 10). 

Lighthill (16) pointed out that, in narrow capill-

aries (whose diameters are equal to or less than red cell 

diameter), a lubricating film of plasma must be present 

between the cell rim and the endothelium, to permit free 

sliding of the cells. The relatively large pressures dev-

eloped in the lubrication region rill distort the cell 

meiabrane, and those elastic effects must be included in 

any dynaLaical treatment of narrow-capillary flow. Light-

hill's investigations indicated that the resistance would 

be higher than for a corresponding homogeneous-fluid flow, 

and would depend non-linearly on velocity. Ilitmore's con-

cept of plasma ileakback' (25) was extended to very narrow 

capillaries, and shorn to be velocity dependent; it was 

postulated that this :night hcve important consequences for 

the mass transport of gases. The thickness of the lubric- 

ation 	decreases as velocity decreases, and this may 

lead, at very small film thicknesses, to a breakdown of 

the lubricating properties of the fluid, and a consequent 

sharp rise in resistance due to the development of frict-

ional forces - a .)rocess referred to by Lighthill as 
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It is perhaps not immediently apparent that lub-

rication by plasma film; is L,,:docol3L.,,:xy feature of rod 
cell movement in narrow capillaries. There is, of course, 

justification for ap)lying the well-known principles of 

lubrication theory to biological systems; such a treat-

ment is a comnerstone of recent work on bone joints, for 
example (17); but 	is not obvious that frictional forces 

would present a serious obstacle to the motion of erythro-

cytes in the absence of lubrication, since the cells are 

believed to be coated with layers of 'slippery' lobo spho-

lipids. However, under normal circumstances there is prob-

ably no such thing as a dry membrane in vivo, end the 

presence of a fluid layer, presumably plasma, on the red 

cell membrane would constitute a lubricE,tion filia in the 

thin gap between cell and endothelium. Moreover, it may 

be argued that the phospliolipids depend for their 'slip-

periness' on the presence of fluid - Lighthill (15) has 

cited the analogy of the large frictional forces associat-

ed with a dry cake of soap. It is not envisaged that the 

mechanism of possible seize-up is one of complete removal 

of fluid from the goo, but rather of a breekdown of the 

lubricating properties of the film when some limiting 

thickness is reached; such lichaviour has been observed, 

in a more classical context for thin-film sliding lubric- 
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ation (3), and more recently for low pressure gradient 

studios on blood (4), discussed in a later section. 

Lubricated motion of an elastic pellet in• a rigid tube 

The equation governing the flow of fluid, in a 

lubrication zone (thelleynolds' equation) is derived from 

the Navier-Stokes equations and the continuity condition 

(see (6)). Essentially, the pressure gradient along the 

zone (assumed -constant for any cross section) is expressed 

in terms of the thickness of the lubrication film at any 

point. The eqUation also depends on the pellet velocity 

and on the volume flux of fluid oast any cross-section 

(the qoakback 1 ). ads is a priori unknown, but is unique-

ly drytermined. by a second dynamical condition; the viscous 

drag on the pellet must just balance the 'driving force' 

of the apolied pressure_ gradient. A third equation for the 

three unknowns (pressure, leakback and gap width) is the 

law of elastic compliance for the ?allot. (In (6) a linear 

relationship was used, 'and shova to be a reasonable app-

roximation for the red cell.) Th.e gap width is expressed 

in terms of the undistorted geometry of tube and pellet, 

and the local deformation produced by the lubrication 

pressure. 

The fluid pressures at the rim depend also on the 
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aiaount of defor,aa;I;ion necessary for the pellet to fit in-

side the tube. This 'is measured by the 'clearance' F of 

the pellet, defined as follows: sup.)ose the rim pressure 

at the middle of the pellet is allowed to cLange from a 

reference level pp (at ilhich the pellet just fits inside 

the tube) to the 'mean ambient pressure', due to the app-

lied pressure gradient (in the absence of any extra lub-

rication pressures). This dill cause a change of pellet 

radius; the clearance is the negative of this radius 

change, expressed as a ratio of the tube radius. The con-

cept is illustrated in Fig. 1; if Ap and or are the press-

ure and radius changes shown, and 'ro  is the tube diameter, 

then 

F = Ar/rD  

Clearly, positive values of F refer to pellets which fit 

without necessarily requiring deformation in the lubricat-

ing zone, While negative-F pellets need such deformation; 

for these pellets, we expect elastic properties to olay a 

large part in determining the mechanics of motion. 17e 

Shall dhow that negative or very small positive vJues of 

1' are expected for red cells in narrow capillaries. 

Fig. 2 shows a typical pressure profile for a. neg-

ative-clearance lubrication zone. the physical signific-

ance of the profile has been fully discussed elseWhore 
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(6, 16). Notice particularly that the mean pressure grad-

ient across the lubrication region is much greater than 

that in the plasma 'bolus' separating neighbouring cells. 

This suggests that the red cells play a dominant role in 

determining resistance (and hence velocity) in narrow 

cepillaries. 

The three equations described above may be solved 

to give relationships between velocity, pressure gradient, 

film thickness and clearance. It is also interesting to 

discuss the resistance at various velocities, expressed as 

a ratio of the (constant) resistence of a corresponding 

homogeneous Newtonian fluid (;.h.N.f.) ) 'corresponding' 

in the sense of having a viscosity typical of Whole blood 

in the bun:, and a mean velocity a little loss than red 

cell velocity. Te call this ratio D,(a slightly different 

definition was used in (6)). mother useful parameter is 

the 'velocity reduction factor' 13.,, which expresses the 

ratio of pellet velocity for a given pressure gradient to 

the expected velocity for c.h.N.f. All im2ortant symbols 

are listed for convenience in the table opposite. Several 

interesting results emerge: 

(i) Velocities are much smaller than those expected if 

the pellet--fluid character of the flow were ignored. Val-

ues of 11,/  range from 0.4 for zero and small ;ositive- 
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clearance conditions (corresponding to capillaries of 7.5 

-9,um diameter) to 0.15 for F = -0.1 (6pm capillary). 

These values are for normal floorconditions; they become 

much lower at reduced velocities. 
(ii) R, depends sensitively on the pressure gradient, 

indicating that the velocity depends non-linearly on the 

pressure gradient. It is important to distinguish this 

charac cristic from the previous one - not only arc vel-

ocities much smaller than for c.h.N.f., they decrec,..so more 

rapidly as the -pressure gradient is reduced. Curves-  of R, 

against pressure gradient for red cells in capillaries are 

given later (Fig. 5). For 5-7/Am c,epillEzies, it is found 

that, e:,.)proximately, 
3. 

R, oc (pressure gradient) 

(iii) For positive clearances, film thickness is rather 

insensitive to velocity, and takes larger and larger val-

ues as F increases. Hence little possibility of 'seize-upl 

occurs under these conditions (G-9/A-1.1 c, 	 -22.,d 

above) unless prossure gradients are reduced virtually to 

zero. 

(iv) l'or negative clea--,n..nce, 	thicloaess decreases 

markedly with velocity (or p re, ssurc ;.,redient); computat-

ions show that, ap,)roximat ely, 
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film thickness oc (velocity) 

(v) For a given (negative) clearance, D increases 

velocity decres=„ses. Consequently, if pressure iradiant is 

reduced, the velocity must fall more than would velocity 

of c.h.N.f., in order that the equilibrium of forces is 

maintained, and this ef-lect is greater for smaller vel-

ocities. It is found that, aooroximately, 

D 	goC (velocity) 71
- 

(vi) For a given velocity, D increases as clearance de-

creases. Consequently, there iu more dis)Erity (in presc-

ure-velocity terms) between two tubes of slightly differ-

ent diameter than for c.h.N.f. 

Pellet _G ~ametr 

The above theory was developed for an a;:isymmetric 

pellet. It is possible (6) to discuss the effect of small 

asymmetries; the results strongly indicate that the same 

behaviour holds for larger ones. It might be expected th, t 

the fluid would tend to 'take the line of least resistance' 

and flow, as far as )ossible, through region; where the 

gap thickness is greatest. This would enhance the effect of 

the asymdetry, and cause local 'high spotn' in the lubric-

ation l_yer, producing greL-Aer resistance and leading to 

more rapid seize-up. Rather surprisingly, this does not 
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happen; the deformability of the membrane allows the fluid 

pres,ures to reduce the effect of the asym,;:otry, and 

'flatten out' the gap profile around the circumference. 

This 'symmetrization' increases as clearance.decreases, 

i.e. under conditions where we might expect asywetrical 

effects to seriously ham2cr lubrication, the large press-

ure peaks generated in the thin film are more able to 

smooth the irregularities. The arguments ap.ply equally 

well to a.s ri tries in the tube cross-section; we may 

therefore confidently discuss, for example, flow in pul-

monary capillaries which have been distorted :from circ-

ularity by tension in the alveolar wall. 

C i11axy~fiitration 

Since the ,)ressure-flow relationships depend to a 

large 0::ctent on lubrication filffl thickness, it has been 

suggested (16) thL- t fluid loss through the walls of the 

ca,Allary may enhance the resistance effects, and increase 

the possibility of seize-up, by causing reductions in film 

thickness. A study of a fairly si.iple model, involving 

uniform filtration per unit length of capillary, has been 

made (6), taking typical filtration coefficients (14). 

Although both film thickness and velocity (for a given 

clearance and pressure gradient) wore reduced by filtrat- 
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ion, the effect was very small. Even for glomerular cap- 
2 

illaries, with high rates of filtration (.03/  am /sec/am / 

cm H20), film thicknesses at normal velocities were red-

uced by only about 6c;;, and velocities even less. The ph.ys-

ical explanation for the behaviour is not clear, because 

of the complexity of the system. Perturbations in leak-

back produced by the filtration modify the equation of 

continuity rather than the balance of forces, and it app-

ears that the continuity equation has relatively less im-

portLnce in determining; flow characteristics. 

The magnitude of the effect increases as the press-

ure gradient is reduced; we might expect cessation of flow 

to occur at slightly higher pressure gradients. This is 

likely to be the principal effect of filtration, unless 

abnormally high filtration rates occur, in pathological 

conditions such as tissue damage. In normal conditions, 

however, it is remarkable that the system is able to pro-

duce movement of uctabolites by transport through the cap-

illary walls, over a wide range of filtration rates, with-

out interfering unduly with ,)ressure-flow characteristics 

of the narrow ca:Mexico. 

hech-lnic- of the red cell 

We now obtain approximate values for the clearance 
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and elastic c Othi;lianc 	the • erythrocyte.. Treating the 

rila of the cell a a flexible membrane, Fitz—Gerold (6) 

has shovvn that the ela,stic compliaaace 	of the rim, de— 

fined as the local deformation produced by unit change of 

local pressure, is approximately of the form 

2 
ro./(15S) 

vhere r 0  is the caoillary radius, and S is the 'resistance 

to deformation' of the membrane, approximatel:Ii .0185 dynes 

/cm (22). Values of. e  are of the order of 6.5&m/cm H 2 O 

computed for a 6 /am capillary); this• parameter determines 

the amount of 'squashing' produced by the lubrication 

p re satre s . 

Calculations of the clearance depends on the mode 

of doform,:_tion as viol]. c.s relative diameters. 'or the 

'parachute confiGuration (Pig. 3) , the amount of 'bowing'  

produced by the pressure difference L‘nd viscous draz may 

be theoretically d ,-3rived for a geometrically simplified 

modal, and the cleLirance parameter obtained. proximately 

(6) Ec; 

F = 1 — lt;S/r,,(O-. p) [=,, in(k2_(61))/S.)1 

vaiere (cip) is the prcssure difference across the faces of 

the cell, und-..1r, 	a..}goOnietric constants. This relat—

ionship is valid'-only,' for 'c hap 1Taries whoSe diameters are 
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greater than about 5ium, for smaller capillaries, the 

rolled-up 'c repo-suzette ' shape de so ri Pc..d. by Burton (2) 

predominates. 

Theoretical values of F for red cells in caoill-

a.ries are shown in Pig. 4. Under physiological condit-

ions, P depends sensitively on pressure gradient; as this 

(and velocity) increases, the ampunt of 'bowing' increases, 
_ . 

(dying a larger clearance (easier fit). Conversely, we ex- 

pect the decreasing clearance for decreasing pressure 

gradient to make the velocities fall even faster than for 

a pellet whose clearance is independent of pressure grad-

ient. Pig. 5 shows curves of velocity reduction factor R v; 

for comparison, some constant-clearance curves arc also 

shown. Plots of the resistance enhancement parameter arc 

shown in Pig. 6. All of the numerical predictions of the 

following sections include the above effects of the func-

tional dependence of cell bending on pressure gra.dient, 

and no specific mention is made in the applications of the 

particular role played by cell deformation. 

The enhanced resistances predicted here do not 

seem to be in accord with the findings of Prothero and 

Burton (20), who consider friction between 

and erythrocytes to be negligible, and find the resistance 

offered by whole blood in narrow capillaries to be perhaps 
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only 30% greater than that of plasma alone. It is diffic-

ult to accept, however, that their experimental results 

are indicative of flow in the narrow capillaries viler.° 

this friction might be present. Their erythrocyte veloc-

ities are of the order of 30cm/sec; the relatively large 

pressure gradients associated with those extreme velocit-
ies -ould considerably reduce the effective radius of the 

r,Id cell (increase its clearance); and although their cap-

illary diameters L.ireraged abOut 8.41um, tapering to 5/Am, 

we might expect their results to aooly to.  flow regimes 

typical of somevilat larger capillaries, and not to con-

flict with the predictions of the present theory. This is 

confirmed by Vhitmore (25), who points out that these re-

sults of 2rothero and Burton are in good agreement with 

his theoretical calculations for blood flow in capillar-

ies a little larger than red 

It is interesting that for larger caoillaries 

(10-40/xm), rhitmoro predicts red cell velocities consid-

erably in e-xcess of mc:n velocities e--:betted for c.h.N.f., 

and resistances loss than for c.h.-ff.f.; this effect, to-

gether with that of recruitment, may help to exolain the 

large increases in perfusion (up to 15 times) during 

exercise. 
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Pressure—flow relationships in the csoillaries 

'.'70 may now plot predicted velocities (in microns 

per second) E' geinst pressure gradient (in mm Hg/mm) for 

red cell movement in capillaries of various diameters 

(Fig. 7). In a 77-m capillary, probably quite small by 

systemic standards, a typical velocity of the order of 

100-200frcm/sec (8) corresponds to a predicted pressure 

gradient of 30-45 mm Itg/mm. Actual measurements of capill—

ary pressure gradient are extremely difficult; however, it 

is thought -1611.t a pressure drop of 20-25 mm Hg occurs in 

the systemic capillaries (19), over distances of the order 

of 0.1-1.0 mm (9). A rough. estimate of pressure gradient 

based on these, figures is in reasonable agreement with the 

sort of values predicted by the theory, provided that the 

measured estimate is typical of individual narrow—capill—

ary elements. 

In the pulmonary circulation, a larger proportion 

of the pressure drop occurs in the caoille.ry networks (7)7 

even though the total drop is relatively smell (say 15 mm 

Hg). More of the capillaries fall in the range of diamet—

ers treated by the lubrication theory (24), and more of 

the p re s su re—fl o effects (c omo ared with systemic capill—

aries) arc, probably due directly to the mechanical behav—

iour of the system. Th.e theory is therefore most relevant 
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FIG. 8. Lubrication film thickness against velocity for various 

capillary radii. Broken line denotes 500 A thickness, at which seize-up 
may,mccur. (Velocity scale is logarithmic.) 
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to the pulmonary microcirculation, although there arc 

apparently important flow regulation phenomena in narrow 

systemic capillaries to Which it applies. 

Fig. 7 illustrates the previously-mentioned depend-

ence of red cell velocity on pressure gradient, and the 

greater sensitivity of flow in narrower capillaries. film 

thickness also depends on pressure gradient; fig. 8 plots 

film thicknesses for various capillary diameters. These 

arc; calculated for a 'normal' red cell of 8/Lm diameter. 

Lubrication theory shows that for very thin films, a few 
0 

hundred A thick, the lubricant behaves in a non-Newtonian 

manner, and film breakdown, with consequent sudden increase 

in resistance, rapidly occurs. The thin muco-polysaccharide 

coating on the endothelium (18) probably forms such a lim-

iting layer, and 'seize-up' might be expected when this 

coating fills most of the lubrication region. The broken 

linos in Fig. 7 show possible modification due to seize-. 

up, if the critica thicknes:1 of the coating is assumed to 

be 500 1. Thus the theory predicts, for example, that flow 

in a 7 /um capillary element would cease at a  pressure 

gradient of about 6 mm Hg/Mm. 

Critical pressure gradients for smaller capillar-

ice are much higher, and seem to conflict with the results 

of Prothero and Burton (21), vile find that red cells will 
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pass readily through a 5/am nilliporc filter under a press-

ure of less than 4 cm water. The blood used in the experi-

ments, however, was diluted about 1030 times; and calcul-

ation shows that the effective pre5fure difference avail-

able to act on each red cell is several times greater than 

the theoretical minimum required to avoid seize-up. 

Erythrocyte structure and -perfuc'ion control 

If the PE' C clearance depended on absolute pressure 

rather than •on pressure gradient, its clearance would de-

crease as it moved down the ca)illary. This could be caus-

ed by distensible capillary walls, as well as by a hypo-

thetical compressible nature of the RBC. A critical press-

ure would exist, below Which motion would seize up. Con-

sequently, downstream pressure would need to be maintained 

above this critical value; serious limitations on perfus-

ion control would exist if upstream pressure were close to 

the critical value. Furthermore, the response of a capill-

ary segment to changes in 2erfusing pressure would be non-

uniform, since the resistance of a cell would depend on 

its position in the capillary. 

The 'bendable' structure of the erythrocyte and 

rigidity of the capillary eliminates these difficulties. 

Control of velocity can be achieved with equal facility, 
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over wide ranges, by pressure changes at either end of 

the capillary; this control is effected uniformly over 

the vLole length, since resistance (and therefore press-

ure gradient) will be reasonably constant at all parts of 

a capillary of given dinineter. Eressure changes at some 

point proximal to a capillary network will effect c.ontrol 

at all sections of the network (although the response may 

be different in different sections). All of these state-

ments refer, of course, only to capillary segments in the 

diameter range of the theory. 

The dependence of clearance (and hence flow) on 

pressure gradient may explain a phenomenon noted by Glaz-

ier et al (12) concerning the Rill counts in alveolar 

septa.. They showed that ca)illary blood scorned to °S00 1  

arterial pressure (in any region where flow was occurring), 

irrespective of how far the ,)ressure had dro2ped towards 

venous level - the RD:', count per unit length of septum, 

viaich was found to be a good 'manometer' of pressure, dep-

ended only on vertical distance down the lung, and not on 

position in the ca,)illa.ry network. The corni.lents above on 

R structure indicate that once flow has boon initiated, 

proscure gradient (and hence flow end MC count) will re-

main fairly constant along the caoillary. The uniform dis-

tribution of R] 'a therefore probably indicates that the 
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uniform blood flow at all points at c. given height is res-

ponding to a uniform pressure gradient, rather than 'see-

ing' a constant (arterial pressure. it also 9rovides con-

firmation that capillary diameters in the lung are sens-

ibly unaffected, once flow has developed, by the relativ., 

ely small pressure changes needed for red cell movement 

(sec later). 

Vasomotion  and iutoreG,ulation 

The concept of perfusion control by vasomotion or 

congestion involves resistance changes principally in the 

vessels at the sit; of the constriction. Capillary resist-

ance, which is under normal conditions of flow in the sys-

temic circulation fairly small compared with arteriolar re-

sistance, is largely ignored. At the low leynolds' numbers 

characteristics of the microcii"culation, however, local 

constriction is less efficient than Jaight be supposed in 

roducin, flow velocity, particularly in the case of prc-

capillexy sphincters. Dynamic head is virtually non-exist—

ant, so that the only velocity-reducing mechanism avail-

able is increased local viscous resistance. Since in some 

cases this occurs over only a relatively small length of 

the vesses, it is perhaps difficult to acco, tntfor all 

variations in perfusion on this basis alone. 
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The non-linear dependence of narrow-capillary re-

sistance on pressure gradient, and the possibility of 

'seize-up', may well .provide the answer. Only a moderate 

change in arteriolar pressure is required to cause a. rel-

atively large change in capillary resistance, so that 

under certain conditions the capillary mcy act as a sens-

itive amplifier of resist,,nce changes in the muscular 

sphincter or arteriole. Similar considerations ap)ly to 

pressure increasos in the veins mediated by external con-

striction, although the situation may be complicated by 

venous distension and capillary recruitment. Autoregulat-

ion involving vasornotion in res:Jonse to r!yogenic or chem-

ical action may well be augmented by vat may be called a 

'passive autoregulation' effect in the ca)illaries, al-

though this terra is normally reserved for effects of ven-

ous distension tending to maintain near--uniform end-cap-

illary presure. This must also be the reason for the 

'stick-slip' mode of progress of RBD's in na=ow capillar-

ics, causeC by random contractions in pre-capillary sphinc-

ters; and there may well be some connection with the cess-

ation of flow at small but positive perfusing pressures. 

Uneven filling of 'die .mlmonary capillarios 

The striking feature of the morphology of the pul- 
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monary circulation is the mesh of very short, narrow 

vessels which form the capillary 'marsh' of the alveolar 

septa. This is thought to be responsible for the 'peachy' 

filling; of the vessels in the septa; clearly, the flow 

characteristics of red cells must _day an important role. 

Transient capillary deformation due to passage of red 

cells has been discussed in (6), and shown to be neglig-
ible. 

In such a con.)lex network, some pathways will off-

er less resiiitance-to flow than others because of greater 
, 	, 	 • 

diameter and/or shorter Jath length. These preferred chan-

nels  will open first in response to an increasing pressure 

difference. Two mechanisms operate; (i) for a shorter 

channel, pressure gradients arc greater for a given press-

ure difference; (ii) PI; clearance is higher in larger 

vessels, so that a smaller pressure gradient is needed to 

initiate lubrication and hence motion. As channels open 

up, pressure changes arc transmitted to more distant )arts 

of the network, and less direct routes are recruited as 

the pressure gradient in their, emceeds their 'threshold' 

for commencement of motion. Computer simulation using en 

analogous electrical network, and a potential-current curve 

very similar to Rai ,aressure-flow relationshi)s, seems to 
1 

predict the same characteristics. 

(1) Private communication on a preliminary study by Dr J. T:est. 
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The flow pattern is highly dependent on the morph-

ology, and on interactions between the various sections. 

Since flows in smaller capillaries are more sensitive to 

changes in pressure gradient, we expect the non-profcrrcd 

channels to show the greater variations of flow. Any ob-

struction el a .sl,a1 caJillary may cause a. critical re-

duction in pressure gradient, below the level at Which 

lubrication is just possible. This may ,-.1so occur because 

of pressure changes, at either end of the segment, due to 

flow variarions in other darts of the network. re expect 

to find, therefore, that a flow irregularity at some point 

could cause Whole patches of the mesh to seize up. 

Ap)arent blood viscosity in cqpillaries 

The non-linear resistance effect described above 

may be e:vressed 4n terms of a. variable apparent viscosity 

for the cell-plasma suspension in a narrow capillary. To 

define o!, the 'apparent viscosity coefficient', to be the 

ratio of actual resistance to that expected for a Newton-

ian fluid having a, similar ..bulk viscosity. Fig. 9 shows 

as a function. of velocity fore 6/vm capillary. This def-

inition may be extended to a network of such capillaries, 

but the viscosity cannot be regarded as being a property 

of the blood alone, since it depends to a large extent on 
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10. Relative apparent viscosity as a function of capillary 
diameter, for a pressure gradient of about 40 mm Hg/inm. Curve a: 
Whitmore; curve b: Fitz-Gerald. (Both scales arc logarithmic.) 
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the morphology. 

The dependence of viscosity on capillary diameter 

may be viewed as a velocity-dependent extension to 

more's results (25) for larger vessels. Pig. 10 collbines 

the two theories, illustrating well the much-enhanced vis-

cosity in narrow capillaries; viscosity oc is olottod for 

a fixed pressure gradient (about 40 mnilig/Mm) against 

'effective cell radius/capillary radius', measured in the 

case of the present theory in terms of the film thickness. 

170 might expect the Pahrous-Lindquist effect to occur 

down to capillary diameters of about 15 pm; viscosity 

should then rise slightly fron 15-9pm, and then increase 

rapidly for capillaries with diameters equal to or less 

than tht of the red cell. 

Djojosugito et al (5) find that apparent viscos-

ity in vivo for blood perfusing the maximally-vasodilated 

calf muscle of the cat, measured by comparison with a. New-

tonian fluid of kno1 viscosity, increases (and almost 

doubles) as flow rLto decreases. At hiO3. perfusion rates, 

in :PIT apparent viscosity is about half the in vitro val-

ue (at high shear rate); this effect is probably due to 

axial concentration of red cello, with consequent lowering 

of resistance, in the larger vessels of the microci/cul-

ation. Although some of the viscosity increse may be ex- 
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plaincd in terns of a reduction of this axial concentrat-

ion, it is not unlikely that increased capillary resist-

ance plays a significant role. 

Dintanfass (4) has studied the ap.iarent viscosity 

of blood in a parallel-sided glasn viscometer; he worked 

with blood at a haematocrit of very nearly 505, and a 

pressure gradient of 0.5-2.0 mm Ug/Mm. Ho found that the 

viscosity decreased with decreasing capillary width down 

to about 12 /um, as predicted by the Fahraus-Lindquist 

effect. It then increased, gradually at first, more rapid- 
3 

ly below about 10 /am, and reaching enormous values (10 -
4 

10 ) below about 8/ m. These experiments confirm both 

Ttitmore's results and the present work; and the affective 

'seize-up' below 8/Am at these low pressure gradients is 

also very much in line with the predictions of the lubric-

ation theory. 

It is again stressed that 	results of the theory 

were derived in non-dimensional form. Several fairly crude 

approximations (values of membrane compliance, clearance, 

pressure drop in individual capillary elements) arc nec-

essary to express these results in p:iysiolorical terms; 

therefore, the numerical values for velocity, pressure 
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drop, and film thickness predicted by the theory Should be 

taken as being morel: indicative, rather than as exact re-

sults to bo compared with observed _physiological data. It 

is the qualitative behaviour predicted for various sit-

uations that is most important at present. 

It would be extremely interesting if experimental 

results wore obtained for comoarison with orcdictions. To 

the author's knowledge, no direct measurements of red cell 

velocity at ohysiological pressure gradients in narrow-

bore capillaries (5-9/am) have been made, nor has the 

effect of altered haematocrit and cell elasticity been 

studied, again for individual narrovr-capillary 

Observation, of a critical pressure gradient for flow cess-

ation would be valuable, as would a study of ap,)arent vis-

cosity for a range of velocitie and (narrow) caAllary 

diameters. 
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Ciiapter IV 

Plasmc. Flow in Inter—erythrocyte Socces 

1. Introduction 

The Drevious two cha)ters have boon principally 

concerned with the _lochcnics of red cell motion, and how 

these depend on factors such as ccpillry diameter, 

cj)lied pressure gr,...dient, and erythrocyte structure. In 

the present ca)ter, interest will be centred on the flow 

of i)lasma ..round the cr,:ti‘rocytes. As iacntioned in the 

introductory chapter, the orincip,21 motivation for such 

Jnalysio lies in tho need to understand the rol::tive effoe 

of convection amid diffusion on macs transport in Ito. car) — 

illurics. In the last section of the chanter, therefore, 

discussion of trcnsport idechaniszis for oxygen Lnd protein, 

in partic , 11cr, will be given in some detail. 
2reviozis numericl solutions, described in Chapter 

I (BuLliarelle et cl., 1966; Gross, 19693 Moor, 1968), 

vhile agreeing broi:.dly Tith 2rothero end 13urtan's (1961) 

sugkeEtion of a circulLtin2, bolus flow, differ c..aongst 

themselves in their dnscriptions of the details of the 

flow. Since it 	bo expected th[-t tiTnsport .ill dept' 

sinificantly on velocity grcdients near the interfaces, 

particularly for slouly—diffusing species such as !protein, 
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it will be of considerable im,)ortance. to detriaine 1)ovr 

ohear rates 110, velocities necr the surfces of erythro- 

cytes 	c,pillaries depend, for exaole, on cell spacing 

end plcoma 'leakbaok' - ,AAch is a measure of the dis.parity 

between the moan velocities of red cells and plasmu. tur-

thcr, the flow neer the points where the pia° la emerges 

from aid entcrr, the lubrication cone s may ,yell be influen-

ced by the emergent velocity orofilo; it is of some import-

ance, therefore, to match the fle o.,)t,:dned in the cell-

free space with th,:t found earlier for the lubrication 

In capillcxies, plasma is floiring at very low Roy- 
-c 	-3 

nolds' number (10 - 10 ); the detailed geometry of the 

inter-erythrocyte space v-ill, therefore, probc.hly not 

7.! -natly affect the tyoe of flow occurring. MAO supposition 

is su)ported oy the similarity between the streaaine patt-

erns found b,;.. 7an3 and Skalk for ;Jphercs in a fluid-filled 

tube, and those oh-Lined in the numerical :-.nclyses using 

plane-ended red cells. 

l'or the pror,ent analysis, the red cello, will be 

ocoumod to have plane end;;. The ellipsoidal cha)e Lir:ad in 

the (J_E,CULCF",i011 of Chapter II will be terminated at come 

convenient distance ze  from the centre of the lubrication 

zone, cl.,.osen so thct the region yihere the imoortent elastic 
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effects occur lies well ,Athin the interv::1 (-z„, z0 ), but 

co tact the Lscumptions made for the lubriction theory arc 

reasonably valid. in this interval; i.e. the tilickness of 

The fluid lcyer at ze  Should still be smA..1 compared with 

ti-le rod cell radius rc(z). 

At z., the lonL;itLdin,:1 velocitd profile is riven 

by the lubrication theory (equation III 3.1) to be 

= 1. 
	Z  2r.h 
dx 	r= In + 

112" vro 	1_11n ( r r 
ln 

(1.1) 

where h(z) is the tickness of the lubrication film, U is 

the red cell velocity, and 

1-17rG  aQ — U{(r, + h)2 	 
2 	In (1 4 

 

dx 
(1.2) 

Here a. is the capillary rL'diuo, end Q the ileakbac 1  (neg-

ative flux of plasm. per unit lenL;th of caoillary circum-

ference). It will be recalled that these formulae v7cre ob-

tained for a coordinate systeiq in 7i:doh the red cell was 

stationary end thc caJillary was moving backwards with 

velocity -U; the same frame of reference will be used 

throughout the present discussion. 

Since ze  has been chosen to ensure elastic effects 

then :,; on h(ze ) to be ncL;ligible, the cell radius r(z o ) may 

be obtaind from the aeometrical formula e=;:i)reocin the 

	

4p- 	4 

	

2r}3 +1. 	 h  2  {2 1.2'  + 2reh 	2r1
11 +-I- ilh'2-7r;)] 
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'undistorted' red cell profile. This will here be (:.ssumed 

sphericcl, i.e. 

2 	z 	a 
a - z (1.3) 

Clearly, en elliptical profile with ar.Jitraxy curvature at 

the midpoint of the lubrication zone could equally well be 

chosen; in the non-dimensional coordinates defined in 

Chapter 1I, however, the value of rc  obtained will be in-

dependent of this curvature, provided zo  is consietantly 

defined in some convenient way. In this analysis, z. will 

be chosen as Isa, a value Which moy be shown to satisfy the 

first requirement (by en examine- j;ion of the pressure profile 

in the lubrication region); the corresponding fluid film 

thickness is .14a, GO that the second condition is satis-

fied also. 

Equations (1.1), (1.2) mil (1.3) define a longitud-

inal velocity profile u(r) at z = zo, which will be used as 

part of the boundary conditions for the flow in the cylind-

rical, inter-erythrocyte space. The no-slip requirement 

continues the definition of the lon„itudincl velocity cond-

ition on the capillary wall r= a, and finally, u(r) must 

be zero at thc solid boundary of the cell, 0.1gr45-r4(zo). 

The radial velocity v(r,z) 1-7j_11 be token to be zero on the 

boundaries; this is clearly true at the capillary wall r, nd 

red cell surface, ane L2,rees in the lubriction gap with a 
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similar assumption made for the lubrication theory of Chap- 

ter II. If desired, Liut approximate 	velocity in the 

could be computed from the continuity equation, contain-

ing en ii-.rbitrLry function f(z); this could then be defined 

to allow v(r, z) to take the correct values at r 

Unfortunately, the radial velocity no obtained does not 

necessarily satisfy the Tfavier-Stolcos equation, because of 

the ap)roximations needed to obtain the longitudinal vel-

ocity u(r,z); in my c ne, the radial velocities will be 

small compared with u(r,z) end will therefore have little 

influence on the inter-erythrocyte flow. 

If the origin of z is redefined to be the mid)oint 

of the inter-erythrocyte space, then the roquircd flow in 

the space may be obtained in terms of the usual Stokes' 

stream function SU, an the solution of the bihLrmollic equat- 

ion,
Ov 

 with prescribed values of ar, 	at zr--±eco -5r4 

and c t r 	z _se) ;  here 211 re)resents th , ) inter-

eryti rocyte spacing. 

In the next section, an analytic solution of this 

oroblela is presented in tiLe form. of a truncated series of 

eigenfLuictions superimposed el the basic 2oineuille streal] 

function. Results are shorn in section 4 for several values 

of the various ,)arcane ter; involved, end these are discussed 

in section 4 with reference to the ii-L2.ss transport problem. 
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IBLe coefficients in the series solution arc obtained using 

a least squires technique for minimizing the error in 

matching the boundary conditions such an approach seems 

preferable to the more naive collocation matching used, for 

example, by Zidan (1969) in : is solution (using similar 

cigenfunctions) for the slow e:Arusion of a jet of fluid 

from a noz!ac in the spin-)rocess for tic menufscture of 

artificial fibres. 

An interesting feature of tile flows obtained is the 

presence of a region of relatively high Shear, extending 

along te entire length of tle, ca7Allary wall; the effect 

is virtually independent of cell spacing and lubrication 

film Vliclaiess. Interering also is the intrusion of part 

of the circulating bolus flow into the entry and exit 

regions of the lubrication zone, and the continuction, in 

some cases, of e. zone of relatively high „hear for some 

dictEnce up the red col? face. 

2. 	Math ema..tic al Formulation 

An analytic solution for the slow viscous flow of 

an incompressible fluid in the absence of body forces will 

now be obtained in a finite, circular tube, of radius a and 

length 2e. Tic usual axisy.A.etric cylindrical coordinates 
, r , z arc used, with origin at the midpoint of the axis. 
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Since ti!_e flow is axisymactric, a Stokes stream function y) 

'nay be utilized; it is defined by t1).0 foridulac 

yr 
= ri ll/ aW, 	r v 	D, x ) 	0 

a z 
( 2 . 1 ) 

/ 
v,rhere u, v are respcctively the axial and radial colapon-

onto of the fluid velocity, It may roodily be shorn th,-t 

the equations of motion expressed inn terns of 5i) , reduce to 

the single equation (04v = 0, explicitly 

(Y- 	
2 

 az= 
"i? 	7)-P ar' yT 0 

As diocuosej in section 1, the tube will be con- 

siderod to be moving witl) velocity -U (ryiti the rod. cells 

statiomry); the boluldi-ry conditions at r'= a are therefore 

2: - tU 	 (2.3) 

Lnd 	o , or 	constant ----- A,/  SE 

a z ,  

27rA is tic net flux of fluid past any plane perpendi- 

cular to the 

At the ends of the tube, general boundary conditions 

will be allowed, viz. 

a z 
	r g (r 

q) /  
ar/  

Clearly, u /(r 	f i (r / ), v / (ri ,) -=-,-- + g'(r'); the 

second condition of (2.'l-) may be re-expressed as 

( 2 . 2 

Lt 	±- 	(2.4) 
r / f (r i  ) 



and the boundary conditions arc now 

dz

3r  

= 

where A = 

6 = 	a. 

1, 	SD=A 	on r =1 

rg(r), 	= F(r) 	on z = 

A //(Ua
2 
 ), g(r) = (g (r ))/U, 	I'(r) = (11/(//.)/(fia2 ) 

(2.3) 
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r  cp(r, 2t) 	tf (t)dt = 	P (r ) 9 OCT 	(2.4a) 
'The only restriction made hero is that the boundary 

conditions be symmetric at the two ends, i.e. that the flow 

is symmetric about x = 0. This restriction is prompted by 

the ap.Llication to capillary flow, to vhich particular 

attention will be directed later; antisymmetrica solutions 

may, of course, bo included in an exactly analogous manner, 

but with a considerable increase in algebraic and comout-

ationca c OR? 1 C xity. 

It will be convenient to work in non-dimensional 

variables; these are defined, in an obvious way, as 

/ 	 , z =-_  z /a, 	r 	/ r a, 

2.e stream function satisfies 
9= 1%(1L-22- ). 

4 
D 	0 	 (2. 2a) 

The strea.l function will be exproF2sed as 

= 	.7L 

there el) is a Poiseuille solution having the required vel-/ 

a 
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ocity at r= 1 aid the required net flux, and (Pa is an add.-

itional solution selected to match the boundary conditions 

at z 	Clearly 

2 	 4 
A)r -( - 2A)r 2 

sna (pa, must satisfy 

ar 
	Va.  = 0 on - 1 ( 2 . ) 

and 
	= P(r) - TF, = 	P, (r) , El 

cy onz = e (2.7) 

6 z = 4-  r(r) = G(r), 

The additionyi.)a'rt Cp3:.:•mc)y conveniently be obt„:ined 

as a series of sex)Erate.d..,:Solutiono .9f ,(2. 2a)., which ms.y be 

A.vri tt en 

	

(„..) 	2 

	

(C- 	—2 ) : 0 - az 

vlicre the oper,Ttor 

C -.c 	4 : a  r_,a7 

this is 

	

2'9) 4 	2(6-6-,E2-) (P Fop 51)  = 0 	 (2.8) 

Seoarated solutiono msy be obtLdned by requiring that either 

oe-cp 	 (2.9) 

or 	= 	 (2.10) 

Equation (2.9)gives rise to solutions of (2.8) of the 

fon.' 



' Re (o4 cej 
1„4.4662985.4858 1.46747037233 
2 7.69410395105 1.72697153719 
3 10.87457448839 1.89494334623 
4 '14103889131024 2.02006279675 
5 17.19556531553 2.11994613794 
6 20:34796817781 2.20312418002 
1 23.49772381627 2.27440623630 
E) 26.64571748690 2.33677882616 
9 29.79247539953 2.39222622061 
10 32.93833107994 2.44213486876 
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ta2 a „ 	Ica 
Ae 	r Jo  (Or) -t- Be 	rJ, (alr) 

(2.13) gives solutions 

(2.17) 

Ae ±132-rJi (pr) + Dzetilz  rJ, (gr) 	 (2.12) 

Clearly, a solution of the form (2.12) cannot sim-

ult,:ncously satisfy both the conditions (2.6); (2.12) is 

therefore irrelevant to the present problehi and will be 

ignored. ;;.p...)lication to (2.11) of the boundary conditions 

(2.6), vktich are to be satisfied by each separated solution 

independently, gives simult,'neous line,- r equations for A 

end B; 

/,10  (a ) 	 J (0) 

2,10 (a) - 04, (a) 	alo(a) 

vLich have non-trivil solutions 

o( {Jo  (a,) * J i
2  

)_7 = 	2J0  (a)J, (a) 	 (2.14) 

;301utions of (2.14) form a act ahl of discrete 

eigenvaucs for the separation constmt°0. They are all 

complex; those of large .:iodulus (large n) 	be shown to 

have the asymptotic form 

(2n 	1)7T/2 	.1n 1.(4n + 2)77 3 

the first few eigenvalues (, to 0110  ) arc tabulcted, (Table 

4.1); the trivial solution 0(0  = 0 corresponds to the z-

independent 20iccuille solution. 

I 

B 

	(:) 
only if 
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S 
Wn (2.18) 

Corresponding eigenfunctions (even in z), 

written down, and are of the form 

c osh 	{ r  2  70  ( 0,r) - cei r- 	(cr,i  X " I  (r; z ) 	Foirs ea) 
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may bo 

(2.15) 

(ignoring the singular Bessel functions of the second kind), 

where S,7 = Jc,(an)A-Ti (e(n), azid Xn  has been defined so that 

at z = 

2 
X r (r,:t 6 ) 	f ri(r) = r 	(oc;, r) 	Sn  rJ, (a n  r) 	(2.10) 

Since the eigenfunctions arc now all even in z, the bound-

ary condition only at z =4-6 need be satisfied. 

The required additional solution Via  may be express-

ed as the real part of a series of these eigenfunctions; 

///a  = Real 	. 	 (2.17) 

Since the equation (2.2a) and the boundary conditions (26) 

are, linear in 	both real and imaginary parts of X, will 

separately be solutions; at z= E , therefore, (2.17) may be 

written in the form 

where 

yr, 	 iipn  

B„ = 	Bn  -t• iB, 

{It seems plausible that both yin  2  constitute complete 
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sets over the function space satisfying (2.6). All relevant 

eigenvalues have been obtained, so that no other eigen-

solution, having a different z-dependence, is possible. 

Physically, it is possible to specify arbitrary boundary 

conditions at 	Which must be expressible in terms of 

the above eigenfunctions. 

The radial velocity at z=6 corresponding to any 

eigenfunction is given by 

v(r16) 

writing 

.-DXn 
DZ z,= 6 

- a,tcnh (6  04) "Yr) ; 

oc,i tanh(Gcen) == a, 	ibn  

the radial velocity at z=E for the solution (2.18) is 

A r 	 T 	i 

	

= 	Bo  Lan  — bn h  
7 	

[ b4 	+ a,,1;1 ] (2.19) 
71-  z. 6 

Truncated forms of the series (2.17) or (2.18) arc 

now used to match the prescribed functions in (2.7). A 

simultaneous least square error fit will be obtained. De-

fine I to be the integral 

NAA Nxri2 	 Ng g 

	

CJ(r) {cF (r) 	.13n 1Py7  +213,:yin 	4 G(r) -;EB (a 	- bO/i, ) 
0 	 1 	1 	 1 " 

Ni- 	g i2 

1 
+ 	

)1  (a'I /n 
 +13, 	) idr 

Where N is the number of terms in the truncated series, and 

GO (R) is a convenient weighting function; then 	131„1 
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may be obtained as solutions of the 2N equations 

3711,1 
	0 	

n = 1, 	 IT, 

	( 2 2 0 ) 

which are derived explicitly in Appendi:: 1. 

Examination of the form of the eigenfunctions 

suggests that co ( r) r 1  is a suitable, convenient weighting 

function; this makes the integrals 

, 	

r0 
60r) ( yifr, 	GiA r ryi I? dr 

)0(A) (r)1/1" 111'ndr' 	0 	n 

decrease rapidly as In-ml increases from zero, giving a 

matrix for the equations which is strongly diagonally dom-

inated (i.e. well-conditioned). This is of importance When 

error propagation in the numerical solution of (2.19) is 

being considered. 

For the plasma flow case described in section 1, the 

functions F(r) G (r) take the forms (derived from (1.1) , 

(1.2), (1.3)): 

G (r) = 0 

F(r) 	(r` Ji=? ) 
[rii. 	(1— za  )

2 
 r 	zo  

4 	
lnr.) 1.9=24 

2  

	

2 -1E7:4,0 	2 21n 
-1 

0 
	In ( 1- za2.  )J 	In (1-z [zo  (2 --z + 	+ 1-z z 2 2zL 	r2(1nr-1- 	r2 

( 	<r-1). 



133. 

The constant A has the value *C (shown either by substit-

ution of rr=1 into the above formula, or by direct compar-

ison of net flux in lubrication and inter-erythrocyte reg-

ions); and as discussed in section 1, zd  may be taken as i 

in this non-dimensional form. 

Finally, it may be noted that although this solution 
was developed primarily to examine the case of flow in nar-

row capillaries, cigcnfunction expansions similar to those 

developed here may be used to solve problems such as viscous 

entry flow in a pipe, and the flow of gases in a simplified 

model of the terminal bronchioles and arterioles of the 

lung. 

3. Numerical Details 

Using the University of London CDC 6600 computer, 

with single precision accuracy to 14 significant figures, 
the eigenvalueu etc, were obtained to 12 significant fig-
ures; the resulting eigenfunctionc %, computed with a 
complex Bessel function routine accurate to 13 significant 

figures in the sector of interest, satisfied the boundary 

conditions (2.6) also to 12 significant figures. The number 

of operations required to compute the integral coefficients 

defined in Appendix 1 (using a 10-point Gaussian quadrature 

with successive halving of the interval) to 10-figure accur- 
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3 

acy wac of order 10 ; accuracy to at loact 9 significant 

figurca may then be expoctcd for the matrix ontrico, and 

right-hand-aide vector, in the cot of equations (2.20). 

Round-off errors here would lead to on error at worst in 

the 11th place, and may be ignored. 

The equations (2.20) wore solved using Gaussian 

elimination with scaling, partial pivoting, and itorative 

improvoment of the initial results. For values of greater 

than about 0.001, precision to at least 12 significant fig-

uros was obtained in the initial (unimproved) solution. The 

condition of the matrix was therefore approximately of the 

order of 102; oo that relative errors of 10-9 in the mat-

rix entries' and right-hand-aides would load to relative 

n:2roro in the solution of order 10
-7 

at moot. These arc 

negligible compared with orrors introduced by truncation of 

the series. 

Sixty -box= wore used; as might bo expected, the 

condition that the 	velocity be zero at z= was 

satisfied to good accuracy, because of the absence of,dis-

continnities of any kind in the function G(R). On the other 

hard the stream function boundary condition (F(R)) has a 

discontinuity, at the edge of the rod cell face, in the 

second derivative. It might therefore be anticipated that 

convergence of the series expansion would be slow, and that 
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considerable errors would occur in matching the function 

F(R). However, calculation showed that the coefficients of 

the dominant, slowly-decaying terms wore obtained with ex-

cellent accuracy, and were stable to variations in the 

level of truncation. Any errors in matching the boundary 

condition, therefore, decay extremely rapidly with decreas-

ing z. 

4. Results 

It is of interest, before discussing particular 

solutions of the plasma flow problem, to examine the prop-

erties of the eigonfunctiono. Accordingly, streamlines for 

the real and imaginary parts of )(, and 'X, are shown in 

Figs. la and lb, for E- l. As expected, the functions tend 

to decay from z = E to z- 0, the rate of decay increasing 

as the order of eigenfunction increases. However, the stream-

lines of the real parts, X1  and )(, are inclined to the axis. 

For a given r, the functions need not exhibit a monotone. 
R 

decay, and local increases may occur. In the case of 

this effect is so marked that the maximum value of the func- 

tion occurs off the line z = 

The behaviour of :K, as E decreases is illustrated 

in Fig. lc; similar plots for X are given for purposes of 
R 	, comparison. The maximum value achieved by N, actually in- 
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creases as e decreases, and for 5 = 0.2, this maximum occ-
urs at z =0; over most of the region, therefore, X, ins 
creases markedly, rather than decreases, from z=E to z = 0. 
This somethat unexpected feature of the first eigenfunction 

has important consequences for the flow patterns in inter-

erythrocyte plasma spaces. 

Fig. 2 shows streamlines for flow corresponding to 
a fairly small value of the film thicliness parameter, 

C = 0.025, and Three values of 	Th!re arc several import-

ant features. Firstly, there is a region of relatively high 
shear near the capillary wall, exlsending the length of the 
plasma bolus, and continuing on olnto the lubrication zone. 

This region is comparatively unaffected by variations in E; 

and similar calculatinr with C = 0.05 show that film thick-

ness in the lubrication zone (or amount of leakback) also 
has little influence on the high-shear wall region. 

There is in some cases a second high-shear region 

on the outer parts of the red cell face. Unlike that on 

the capillary wall this is vary dependent on F , increasing 

in intensity as E decreases. The maximum value taken by the' 

stream function also increases as F decreases. This is due 
to the anomalous behaviour of the rec.l part of the first 

cigenfunction, vhich is the dominant member of the series 

particularly for small c . Ultimately, of course, as E. be- 
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comes very small, and the eigonfunctions vary little in 

the region of the flow, tho shear and stream function val-

ues decrease again, and tend to zero with E (except near 

the capillary wall). 

The uroxpcctod form of the streamlines for e=1.09  

with a 'necking' of the main circulation, and a secondary 

circulation near the middle of the red cell face, seems to 

be dependent on the amount of leakback through the lubric-

ation zone. Pig. 3 shows the streamlines for Ez,  1, C= 0.05; 

for this case there is much less disturbance from the simple, 

toroidal circulation found by Gross (1969) and Bloor (1968) 

for the fixed-lockbac, rigid red cell model, with no in-

trusion of fluid from bolus to lubrication region. For 

completeness, a schematic diagram of the streamline patt-

erns around the entry to the lubrication zone is shoe: n in 

Fig. 4; and in Pig. 5, streamlines for the flew.; of Fig. 2 

arc plotted in a coordinate system with the capillary stat-

ionary and rod cells in motion. 

A finaI:remark,concerns tho dependence of the 

pressure drop in the plasma bolus on e, the cell spacing. 

Both Bugliarollo and Bloor found the pressure drop to in-

crease as E decreased, rapidly for e less then about 0.5; 

similar experimental findings were obtained by Prothero 

and Burton. Those results arc confirmed by the increasing 



C= 0-05 

- 

Fig. 3. 
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shear rates on the red cell face found in this analysis; 

such an increase will load to an increased energy dissip-

ation and larger pressure drop. It is possible to show, 

in fact, that the pressure drop on the capillary wall from 

one cell face to the next is 

007 

AP 	-4 	 2.06,) 
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5, Implications for Mass Transport 

The relevance of these flow phenomena to mass 

transport are now considered. In capillaries, typical cell 

velocities are of order 10J-1000,am/sec, and diameters are 

of order 5-10A m. The kinematic diffusivity for oxygen in 
-5 2 

plasma may be estimated as 1.5x10 cm /sec, and for a large 
-5 2 

molecule such as albumin about 0.085x10 cm /sec (Landis 

P Epp enhe imc r 1963). 

For oxygen, therefore, Peclet numbers arc of order 

unity (0.35 <pe< 7 for values given), and convection may 

be expected to be at least as important as diffusion for 

transfer between rod cells and endothelium. This is only 

true in the inter-erythrocyte space; in the lubrication 

layer, mean diffusion distances are so small (of the order 

of 0.25/u.m) that convection will be relatively unimportant 

for the transfer process. The high-shear region near the 

endothelium in the inter-erythrocyte space is a continuation 

of the lubrication layer, and will be well sup _plied with 

oxygen; diffusion paths in the plasma may therefore be rel-

atively short, even to those parts of the capillary wall not 

in close proximity to a red cell. In the same context, the 

high-shear region on the face of the red cell may also play 

some part in increasing the oxygen transport to and. from the 

cell membrane. Similar considerations will apply to the 
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transport of other gases such as CO . 
2 

Peclet numbers for proteins such as albumin lie in 

the range 10-100; convection will therefore be even more 

important in controlling the supply to tissue of such a 

high-molecular-weight, slowly-diffusing species than for 

gases. Furthermore, the available protein contained in 

blood is stored principally in the plasma; the rotation of 

the inner 'bolus', bringing large portions of the plasma 

near the highly-sheared layer adjacent to the endothelium, 

will ensure that diffusion path lengths for protein are 

minimized. Such a mechanism may be viewed as an analogue 

of the diffusion of oxygen across the lubrication layer 

from the concentrated oxygen 'pool' in the haemoglobin-

rich red cells. 

It might be thought that since protein transfer 

occurs very slowly (for example, about 16 hours are requir-

ed for a sample of labelled protein introduced to the blood 

to come to equilibrium with the protein pool of the tissues) 

effects which enhance or retard the process will be of rel-

atively little importance. However, since transfer process-

es are linear in the concentration terms, and depend only 

on concentration gradients, absolute concentrations are un-

important When transfer is being considered. Anus even 

though the relative concentrations of protein in different 
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parts of capillary plasma may differ by insignificant 

amounts during transfer, the Nusselt number at the surface, 

which expresses the enhancement of transfer rate over that 

expected solely for diffusion, may be considerably greater 

than unity (Nu =1 for purely diffusive transfer in the 

usual definition). 

In this context, it is interesting to note that re-

cent theories (discussed, e.g. by Luft, 1966) of mechanisms 

of transport of lipid-insoluble molecules such as protein 

through the endothelium consider that movement can occur 

only through the narrow 'gaps' at the junctions of endothel-

ium cells (although pinocytosis may play sonic subsidiary 
0 

role). These gaps, aoroximately 100A vide, are estimated 

to occupy only 0.1% of tic total endothelial area. The nec-

essity for the concentration of diffusion paths at these 

widely-spaced exit points underlines still further the im-

portance of convection for assisting the transfer of slowly-

diffusing nutrients and metabolites to and from the tissues. 
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Up ondix  1 

the notations 
.c 1 

r 
r 6  J 	2 	(R1  ) = 	1,1,' y.dr d  

0 	I  J 	
9 

ileAfil:dr t 	FR 7---• 51 .1 F lii.gd r 9 
i 	0 r I  L 

l  r e  i. i , 	GR  r:  c /  I 	 1" 6 1/14d r 7 
i 	0 r 

F Prd-' 

idr r  

then the equzltions (2.20) may be represented explicitly in 

matrix form as 

Int roduc 

1  
SO ij 

vhcro D 

S. X --- D =_- „...., 	-,./ a 	g 	:T.: Fn  1- an Gn - bet  Gn 	(n = 1 9 
T 	 r 	a 

IPh-N -t- a
il-N 

Gn-N - b n- G 
m n-N 

N) 

(n 	, 2N) 

and 	 (RR) 	(RI) 	(RI) 	(II) 
- , . • _ (1+ a. a- ) ij -a b. ji -0„b. ij -I- bsb• ‘f.j1  •ts 	L. j 	 'J ‘- 	/.. 	G 

	

RR 	RI 	 RI • 	II 

	

Sii.0,1 = a sb • ij 	-b.b• ji -t- (11-a.• c..,- ) ij 	-a. b• ij ,.. j 	' 	 I.. j 	J ' 
(.L1-.t\ 	RI 	R 	II 

( 	• ) 	(ii    ) 	( • • ) i = a b. `a.j/-+ (1+a •a-) ji -b ,b• 	-ai:bj• i.0 

	

C j 	C 
J*  `" 

b. b. (11)4_ a. b • (31D -k.. a. b • (11P -t— (1+ a . a. ) ( ID/  — Si 	= +n, j- fri 	t j 	 I, j 	J 	' 	 ,t, j 

all for i =_19 	 , N; j --=19  ..... , N. The solutions 
4 z B aro related to the solutions Xv) by ri 	n 

13.012- 

Xpi  

n 

    

N 

= 19 	 9 
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Chapter  V 

Aliall-12111LEY2low 3ixDorimont 

1. Introduction 

The results obtained from the lubrication theory in 

Chapters II and III are perhaps someWhat surlprisinz, partic-

ularly in view of established concepts involving relative 

ease of movement of red cells even in narrow capillaries. 

It seemed, therefore, desirable to test these findings ex,-

perimentally, articularly the enhancement and non-linear-

ity of resistance offerred by the deformable erythrocytes 

to an applied pressure gradient. 

In  vivo measurements of capillary pressures and 
pressure gradients arc very difficult - no satisfactory 

techniques have been develoied Which do not interfere un-

duly with the flow (although the null-flow, micropipette 

method of Tiederhielm (1966) seems to offer hope for the 

future). Qualitative and in vitro observations have boon 

made which tend to confirm the theoretical predictions. The 

work of Dintenfass (1966) has already been mentioned; Kroegor 

(1969) investigated the effects of increase of plasma vis-

cosity (by lipid injection) on capillary flows. He found 

that on reduction of pressure gradient red cell velocities 

decreased gradually to a certain limit (for any individual 
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narrow capillary), when flow suddenly ceased (seize-up); 

the limiting velocity was raised by lipid injection. Fur-

thermore, the velocities of cells in wider capillaries, 

where an al preciable plasma gap existed between cell and 

endothelium, were affected less then those for deformed 

cells in narrow capillaries. This work, however, does not 

provide convincing evidence that the approximate quantitat-

ive results are reasonable?, neither do they give any indic-

ation of possible flaws in the assumptions of the theory. 

Accordingly, a model experiment was devised, on a 

large scale, -to investigate the behaviour of red cell anal-

ogues under approximate capillary flow conditions. The mat-

erials and apparatus were designed on the basis of the non-

dimensional analyses of Chapter II; details of their sel-

ection and construction are described in sections 2 and 3. 
Results obtained verified the predictions remarkably well; 

in addition, observations enabled qualitative confirmation 

of the plasma flow patterns described in Chapter IV, and 

interesting new phenomena were brought to light. 

2. Desin of the Experiment 

Two rather obvious considerations need to be borne 

in mind here: the apparatus should allow easy observation 

of the phenomena under discussion, and the Reynolds' numb-

ers involved should simulate actual values as closely as 
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oossible. Furthermore, the red cell models should be sel-

ected with some care; it is clearly desirable to have, not 

merely 'flexible' red cells, but models Which quantitatively 

mimic the elastic behaviour of actual cells, in some suit-

able non-dimensional sense. This consideration is discussed 

later in some detail. 

In view of the comments in Chapter II on the relat-

ive lack of distensibility of the capillary wall, a perspex 

tube (one inch in diameter (internal)) was used as a 'cap-

illary'; the diameter was chosen to facilitate manufacture 

of 'red cells'; in addition, such a large diameter has the 

attraction of enabling easy observation of fluid flow 

fields. A 1.25 meter (approximately) length of tubing was 

fixed between 3-litre aspirator bottles, attached to a 

pressure source and manometer; the arrangement allowed app-

lication of a variable pressure difference in either dir-

action. Provision was made for tilting the assembly, to 

allow smaller, accurately-measureable hydrostatic pressure 

differences to be applied.. La all, a range of steady press-

ure differences from 0.5 to 20 ems Hg was obtainable. 

The selection of a suitable 'plasma' was governed 

by the availability of a compatible red cell model. For 
3 

example, the use of glycerol (kinematic viscosity about 10 

centiotoke) restricts the range of velocities to below 
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about 0.1 ems/sec, if Reynolds numbers are to be maintained 
-2 

below 10 . As demonstrated later, this requires a cell mod- 

el with a membrane having a resistance to deformation little 

greater than the surface tension of water in air (about 70 

dynes/cm), if values of the non-dimensional velocity para-

meter A are to be in the capillary-flow range. Such a model 

would obviously be quite difficult to manufacture; and 

thaomolysis' would be a severe problem for any conceivable 

membrane material. 

A silicone fluid supplied by ICI (FF 111/10000) was 

finally chosen; its kinematic viscosity was specified as 
4 

10 centistoke. Accompanying data charts showed that the 

viscosity varied negligibly over a wide range of temperat-

ure, and that, for shear rates in the range required for 

the experiment, variation of viscosity was of the order of 

only one or two percent. For practical Du/poses, then, the 

fluid was virtually Newtonian. 

The 'red cell' consisted of a thin latex membrane 

containing a mixture of water and glycerol, the proportions 

being selected to give virtually neutral bouyancy in the 

silicone fluid. The relatively low viscosity of the cell 

interior liquid was unimportant, since virtually no changes 

of shape were observed during the experiments; motions of 

the intracellular fluid must therefore have been minimal. 
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Plasticine moulds were coated with prevulcanized 

liquid latex; the moulds were of typical red cell shape and 

had a diameter of 3.3 cm. Variations in diameter and thick-

ness were within the limits observed (e.g. Rand and Burton 

1964) for normal human red cell populations. The coating 

was achieved by dipping, followed by judicious rotation to 

give a uniform final deposit. Any number of coats could be 

applied to avoid excessive fragility of the membrane. It 

was found that the internal volume of the 'red cells' aver-

aged about 8 cc; this gives a gratifying agreement with the 

'shape factor' (defined by Burton, 1966) for human red cells. 

In principle, the resistance to deformation S (de-

fined in Chapter 11) can be measured in essentially the 

same way as was used by Rand and Burton for actual red 

cells. The pressure difference SP required to suck a hemi-

sphere of membrane inside a small tube of radius r is ob-

tained, and S is calculated from the formula 

S r . 
In practice, however, the relatively large pressure differ-

ences needed for this operation mean that severe frictional 

artifacts are introduced into the measurements - the mem-

brane tends to stick to the end of the tube. Lubrication of 

the surface is ineffective, since the lubricating films arc 

rapidly extruded. then frictional restraints are large, el- 
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astic resistance to the formation of a membrane hemisphere 

will become disproportionately large, compared with the 

bending moment contribution. 

Consequently, only a very approximate value of S 

can be obtained; this is perhaps most consistantly done by 

observing the pressure difference when a curved 'dome' be-

gins to appear in the membrane inside the tube, and estim-

ating an effective radius of curvature for the dome. Small-

er pressure differences are required, and errors caused by 

friction are reduced. 

Leasurements made in this way indicate thLt the 

value of S characteristic of the red cells used was of the 
4 

order of 10 dyne/cm; this value was for the most flexible 

membrane attainable which did not rupture during the course 

of the experiment. A corresponding order-of-magnitude value 

for 	the red cell compliance in the capillary (computed 
-5 

from 6 r  = r: /15S9  r, the capillary radius) is 10 cc/dyne, 
-2 

or 10 cms/bm H 0. 
2 

Selection of Material Parameters 

The radius of the capillary has already been spec-

ified; further, the choice of cell deformability has been 

determined by fragility limitations. The red cell diameter 

is, of course, constrained by the need to make the tube 
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represent a capillary of some required size; for the diam-

eter used here (3.5 ems) , flow in a 6,um capillary (a:pprox.) 

is simulated. Two further parameters (plasma viscosity/a 

and cell velocity U) may be selected to give accurate model 

similarity. 

Two considerations govern this selection; firstly, 
-2 

the Reynolds' number should be no greater than about 10 

for the maximum velocity (Umax) envisaged: 

reUmax 	-2 
10 

V 	
9 

 
( 3. 1 ) 

whore V = ,u/P; hero e = . 9 75 gm/cc. Secondly, the non-dim-- 

cnsioncl velocity parameter A, defined in Chapter II as 

1 
A = /aUts/r:(Kr 

should take a value appropriate to typical capillary flow 

(say 10 3) for U = Umax; since (Kr, ) 2  is approximately 

unity, this requirement becomes 

ALUmax p 
10-3 	 (3.2) r: 

Essentially, A. compares the viscous resistanco of the lubr-

icating fluid with the elastic resistance of the cell memb-

rane, and is clearly the important parameter to consider 

when making a selection of compatible values for ia, U, and 

Substitution of p= l05, r 	1.27 ems shows that 
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should be approximately 100 poise, and Umax  of the order 

of 1 cm/sec. It is interesting that if a less viscous, but 

still plausible, plasma simulator such as glycerol (At' 

10 poise) is used, Umax  is of the order 0.1 cm/sec, and a 

compatible value of S for the membrane is about 100 dyne/ 

cm, little greater than the surface tension of water. The 

absurdity of such a requirement underlines the necessity 

for careful consideration of the deformability factors in 

the design of a model experiment of this kind. 

It was found that about 10 cells in the tube gave 

good results with a minimum of expetimental difficulty; 

measurements wore taken in two series, one with 12 cells, 

one with 9. These correspond to 'hacmatocrits' of 280 and 
20% respectively. With these numbers of cells, pressure 

gradients needed for velocities in the desired range were 

within the available limits. 

4. Qualitative Observations 

Before detailed quantitative results are presented, 

a brief discussion will be given of several interesting 

features of the model, observed in the course of the exper-

iments. 

(i) 
	

The predominant mode of deformation of the cells was 

some variant of the rolled-up, 'crepe-suzette' configuration; 
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very few had orientations even approaching the 'parachute' 

mode discussed in Chapter II. The importance of this for 

cell clearances is discussed later. Furthermore, the geom-

etry of the region of constriction was considerably more 

complicated thal the single smooth narrowing and widening 

assumed in the theory. This is not necessarily a severe 

problem, since each of the local lubrication zones could 

be considered separately; however, the existence of relat-

ively resistance-free, 'dimpled' regions, in association 

with constrictions, an the cell rim introduces some diff-

iculties in interpretation of the results in terms of the 

parameter E defined in Chapter II see (later). 

Furthermore, in some cases there were sections of 

the rim with no constricted lubrication zone; fluid could 

be observed leaking forward in such regions. This forward 

flow is due to the relatively high pressure gradient across 

the red cell, determined in the regions inhere lubrication 

is occurring; in unconstricted regions this pressure grad-

ient must be balanced by the viscous dissipation associated 

with a relatively large, forward, fluid flux. Under certain 

conditions, this may give a net forward flux of plasma in-

stead of the leakback necessary for fully lubricated cells. 

In vivo circumstances mcly be envisaged where plasma from a 

labelled bolus of blood emerges from a capillary before the 
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labelled cells. 

(ii) Successive ao2lication of pressure differences in 

alternate directions produced a gradual separation of the 

line of cells; this became a problem during the experiments, 

reducing the available traverse, and was the principal 

reason for limiting the hacmatocrit to below 30%. The phen-

omenon may have some connection with the obscrvation of 

Llonro (1966) that (actual) red cells tend to become uni-

formly spaced in narrow capillaries; it will be recalled 

that such capillaries arc subject to random fluctuations 

in pressure gradient due to vasomotion in arterioles or 

closure of precapillary sphincters. 

(iii) Streamlines in the plasma were observed with the 

aid of small bubbles (Which proved to be stable for some 

hours) and impurities (actually tiny globules of water-

glycerol from the accidental haemolysis of one of the cells). 

The concentration of these indicators was small, and it was 

assumed that they had no appreciable effect on the viscosity 

of the plasma. 

Toroidal motions in the ;plasma boli were strikingly 

apparent, even When the inter-erythrocyte distance was com-

paratively small. The intrusion of some streamlines into 

the entry and exit regions of the lubrication zones was 

also clearly observable. Bubbles in such streamlines rc- 
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mained in close proximity to the cell membrane for consid-

erable periods of time, indicating that fluid velocities 

in these areas were comoarctively small (as might be ex-

pected in view of their close approach to the stagnation 

point separating the intruding flow from the leckback flow 

of the lubrication). This feature of the flow may well be 

of importance for the transport of oxygen. 

Leakback of fluid through the lubrication zones was 

evident from the behaviour of indicator particles very close 

to the tube wall. It is interesting that when bubbles passed 

through a lubrication zone, they frequently 'stuck' with 

their trailing edges just at the and of the constriction. 

This may be interpreted as evidence of the existence of a 

'necking', and a local pressure minimum, at that point. Per 

a bubble to be able to pass through such a constriction, the 

free energy required for deformation of the bubble surface 

is supplied by the (positive) pressure gradient in the 

central part of the lubrication region doing work on the 

bubble; this gradient runs from the peak between entry and 

central zones to the minimum at the boundary between central 

and exit zones. Ac the leading edge of the bubble enters the 

(adverse) pressure gradient in the exit zone, free energy 

is lost; when the last of the bubble approaches the neck, 

there may not be enough energy left for the trailing edge 
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to deform sufficiently to pass through. 

5. The Quantitative  Experiment 

The principal motivation for the experiment was to 

test the pressure-flow relationships for such a system. The 

cell velocity U was measured for a range of applied pressure 

differences Ap , using two techniques: firstly, tilting of 

the assembly (see Fig. 1) , enabling hydrostatic pressure 

differences up to about 50 cms H2O (3.5 ems Hg) to be att-

ained; secondly, by pressurization of the apparatus using 

compressed nitrogen, followed by release of pressure at ono 

end. The pressures were recorded on a manometer; differences 

of some 20 cms Hg were obtainable. 

the first method provides en accurate means  

of measuring the applied pressure difference, the second 

may be subject to error, owing to the use of a compressible 

fluid as the pressurizing medium. In practice, it was found 

to be quite difficult to maintain a steady pressure at the 

pressurized end of the system While motion was occurring 

in the capillary. The following procedure was adopted: for 

any given setting of the needle valve controlling the gas 

flow, the limiting value to Which the pressure tended dur-

ing motion was obtained by trial and error. The entire sys-

tem was then pressurized, the pressure at one end being re- 
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leased as the limiting pressurc.) was reached at the mano-

meter. It VMS found that the pressure, measured at the 

manometer subsequently remained stationary during flow, 

and did not do so for any other initial pressure. Although 

this technique gave reasonably consistent results for var-

ious pressures and velocities, it is still not certain that 

the pressure measured at the manometer is equal to that at 

the plasma surface. Consequently, the results obtained by 

this method should perhaps be viewed with some caution; The 

region of greatest interest, however, is that diere pressure 

differences arc obtained by tilting. 

The results are most conveniently displayed in 

terms of the non-dimensional parameters defined in Chapter 

II. Firstly, the rosi steno e enhancement parameter D compares 

pellet resistance to that for Poiseuille flow in the Sane 

length ,)f the fluid alone, for which D=16. The value of D 

corresponding to a measured pair of values of U andpp may 

be obtained as follows. Suppose the length of the tube is 

t", and that the cells occupy a fraction r of the length 

(haematocrit 100Wo). Then -Lae pressure drop for flow of 

plasma alone, at the same mo.:n. velocity U, is 

4 	 ; 	 ( 5 .1) 

the drop for the length occupied by cells is o'Apf  2 and for 
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the remainder (1-Y)6pf  . Evidently, D may now be calculated 
from the formula 

D = 	161:4p - (1 - )4410 &p4  9 	(5.2) 

where the term in square brackets is the pressure drop 

across the cells. If there are N cells present, the press-
ure drop across each is clearly 

(5.3) Sp - (4p - 	- nAlpf)/11  • 
Denote the length of each cell by b; this is equal to 
2(gr,)-pr o  for the model used in Chapter II; and clearly a 
calculation of D based on the formula 

2r 
Sp .r. 	_ 2rolAp - (1 - ?1.)1\p4]  , --r 	 iadbg /aU (gro  ) 2  

of Chapter II (p63) is equivalent to the definition (5.2). 

Similarly, values for the non-dimensional velocity para-
meter A can be obtained from the formula 

 

(5.4) 2r: 

It will be useful to compute values of E also; these arc 

most readily obtained by observing, from the formulae on 
p6 I f that 

E = A.D 	 (5.5) 
Experimental results are presented in Fig. 2, as a 

graph of D against A; the dots show experimental]. points. 
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The rapid increase of D with decreasing A is very striking, 

and extremely satisfying from the point of view of confirm-

ing the predictions of Chapter II. Accurate measurements of 

smaller velocities and pressure gradients than those recor-

ded was very difficult; and at a pressure difference of 

3.65 mm Hg, complete seize-up was observed. (The pressure 

difference corresponding to the lowest velocity measured is 

4.04 nun Hg.) 

The somevhat surprising shape of the curve, with a 

point of inflection near A -= 10 4, may be due to an arti-

fact introduced by errors of measurement of the higher 

pressure differences. If not, however, the inflection may 

be evidence of two separate resistance-increasing mechan-

isms. Variations of large-scale deformation, affecting 

clearances, produce increases in D vhich 1,7ould be more ao p—

arent at' high pressure gradients, and would account for the 

steeper slope of the D-A curve at larger values of A. At 

the smaller velocities, the increasing effect of elastic 

control over the lubrication process would again produce 

more rapid increase of D. 

It is interesting, that, duo to non-uniformity of 

manufacture, one oS tho cells offered less resistance than 

the others, and moved at a slightly higher velocity. This 

effect became more marked at low velocities, as would be 
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expected from the non-linearity predictions of the theory; 

the disparity was negligible for D< 200, While for D/v900 

the value of A for the less resistant cell was about 1.7 

times the mean A. 

The dependence of resistance on capillary diameter 

was demonstrated as the cells approached the ends of the 

capillary, Where the diameter decreased, over a distance of 

about 1.2 cms, to 1.6 ems. It was possible, by application 

of a sufficiently high 14E04 pressure difference, to force 
one or more cells through the narrow portion; the accompan-

ying increase of resistance, and reduced velocity, were 

clearly apparant. Confixmation was obtained also of Bur-

tan's (1966) observation that (actual) red cells haemol-

ysed When forced through capillaries of diameter smaller 

than some critical value. In this case, one of three cells 
accidentally forced into the reservoir haemolysed in the 

1.6 cm diameter section. 

Although the main purpoca of the experiment was to 

demonstrate the applicability of the theoretical pressure-

flow relationships to blood-capillary systems, it is instr- 

uctive to compare the results obtained with the quantitative 

predictions for actual red collo in a 6Am capillary. Ths 

comparison is made on the basis of the pressure gradient-

clearance 'compatibility curves' of Fig. 3, Chapter II. A 
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similar curve may be plotted from the experimental results, 

using (5.5) to compute values for E. Fig. 3 of this chapter 

illustrates both theoretical and measured curves, on the 

same E-F axes as in Chapter II. 

A striking feature of the comparison is that the 

model apparently exhibited clearance characteristics con-

siderably more positive than the theoretical system. Two 

reasons for this can be advanced; firstly, uncertainties 

in the measurement of the 'resistance to deformation' of 

the model membrane will introduce errors into the calcul-

ation of the non-dimensional parameters A and F from the 

measured data. Although the form of the important velocity-

resistance curve (Fig. 2) is not affected, the position of 

the origin for the A-scale is in some doubt. 

Of more profound significance arc the effects of 

the crepe-suzette mode of deformation observed for the 

models, as opposed to the parachute deformation assumed in 

Chapter II to facilitate analysis. In contrast to the above 

error in measurements of S, these effects arc likely to be 

of importance when the theory is being applied to phenomena 

of red cell movement in vivo, since it is expected that the 

behaviour of the model closely parallels that of actual red 

cells. 

It was found sach easier to insert the red cell 
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models into the tube in the crepe-suzette shape than to try 

to force them in with a parachute configuration; in fact, 

one cell haemolysed when such forcing was attempted. This 

indicated that the clearance of the cells in the capillary 

was larger (i.e. easier fit) than, for hypothetical calls in 

the parachute mode. Moreover, it is reasonable to expect a 

constriction-free section of the membrane to have a large, 

positive, local clearance; this would produce a larger mean 

value for the clearance parameter F. 

The complex geometry of the lubrication zones, with 

'dimples' and constricted sections juxtaposed, also needs 

consideration. The theory of Chapter II assumed that all of 

the cell length was involved in a single constricted lub-

rication region, and calculated values for the pressure drop 

across the cell on this assumption. Here, however, only pa.rt; 

of the cell length is involved in the lubricating mechanisr,  

Computations of D for comparison with the theory should be 

based, not on the haematocrit ,as in (5.2), but on the frac-

tion of the total tube length actually occupied by a region 

of const:?ic ti on. 

Clearly, bota of the effects of cell deformation 

goometry will tend to shift the experimental curve of Fig. 

3 away from the predicted one in the manner shown; however, 

it is si&iificant that the pressure gradient-clearance com- 
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patibility curves for experiment .and theory arc similar 

in form, demonstrating the decrease of clearance with de- 

creasing pressure gradient. The rapid levelling off of the 
- 

experimental curve as E falls below 10 
2 
 is an indication 

of the onset of seize-up, although this may be due partly 

to the presence of surface asperities. 

The significance of the experiment may be briefly 

summarized. It has been demonstrated that the ciao-to-hydro-

dynamic lubrication theory forms an excellent basis for a 

discussion of blood flow phenomena in narrow capillaries. 

However, for the detailed application of the numerical 

results to specific situations, the large-scale deformat-

ions of the red cells need to be more closely examined. 
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