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abstract

Thig thesls discusses seversl agpects of the prob-
leim of the mechenics of blood flow in narrow copillarics.
In Chapter I an historical develosrment is presented, in-
cluding thcoretical ond experimental work on blood rhco-
logy, vessel morphology, red cell mechanics and flow prop-
ertics of blood components.

Chapter II contains a description of the mechenics
of red cell motion, in terms of & lubricagtion conccpte. It
is shown that enhsnced rescigtonces to motion are cxpected,
which depend non~lincarly on the apolicd pressure gradient.
The elastic propertics of the red cell itsclf arc cxamined,
and included in the thcory.

In Chiapter I1I, these theoretical results arce ox-
presscd in more dircet, physiologically-rclevent forms, and
their implication for cgpillary flow shenomene arc explored.
Topics digcugscd include vasomotion and autorcgulation,
patehy filling of pulmonary nctworks, and the non-uniforn
vigcogity of blood in narrow capillarica.

in analysis of placma flow in the spaces between
red cells is given in Chepter IV. snalytic solutions for
the velocity field arc obtained, end compared with previousg
numerical results. Te rclevemce of these flow pottems 0

mess transport shcnomcna is digcusscd.



Pinszlly, Chapter V briefly describer o model cis-
criment depigned to tegt the theory of Clhepter II. Model
red cells, congisting of fluid-filled lotex membrenes, were
forced dovn & perspex tve. The srediction of enhenced, non-
lincar resistances weas confirmed, and obscrvetion of =zome

of tho plesma flow potiems found in Chapter IV weg also

posgible.
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Chapter T

'The Tevelopment of the Problem!

Although the exigtance of cagpilleries in the
circulation was discovered by Malpighi olmost two hundred
and fifty years sgo, no serious study was made of them un-
til the work of August Krogh, in the esrly 1920's. He in-
vestigated copillary flow patterns, discussed the behaviour
of blood in the capilleries (red cell deformation and plas-
ma ‘'gkimuing!, for excmple), and extended Starling's (1896)
concepts of the exchange of gases, wecter and metabolitesg,
through the capillary wall, between. blood end tissue. This
latter work was done in collaboration with his wife, Marie
Krogh, and was influential, in particuler, in estsblishing
the physical diffusion concept of oxygen supply in the
lungs, rather than the carlier, erroneous, 'secretion'
theory.

Krogh's work was chiefly qualitative and descript-
ive, and until the 1960's, 1ittlec was done towards an
understending of the quantitative, mechanical aspects of
éapillar‘y flow. A partial exception was the work of Fehreus
and Lindquist (19 ) on the viscosity of blood in narrow
tubes; they found that the viscogity gpparently decreesed
ag the diameter of the tube decrecsed. Although this
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theory recognigzed that blood does not bchave as a Newbton~
izn fluid, and usced the two-pl.asc nature of blood to
cxplain this qualitatively, it suggested that flows in
narrow vesscels may be expleined using a concept of a non-
Newtonian systom, whose viscosity depends in some wey on
the vessel diamcter.

It is now reccognized that such a streightforward,
Yheological approach ig inedequate for wn accurate des-
cription of the flow propertics of vhole blood., In any
detailed, dynamical digcugsion of flow phenomcna, it is
necessary to regard the blood as a sugpension of 'formed
clements', chiefly erythrocytes, in the plasma; further-
morc, it is cesential to include as a cornerstone of any
theory the case of deformation of the red ceclls. Recent
filmed studics, for exauwple by Goldemith and ilason (1968)
and by sonro (1966), have demonstrated the importance of
rcd cell deformability for blood flow in small vegscls (say
20-40 nicrong), end ncar the walls of larger oncs. The in-
wardly~directcd presgure on the cells caused by asymmetric
digtribution of 'flziling' collisions in spacc-~dcpendent
shearing flows (which, together with a resultant 'Lift!
on individuzl bodies, is thought to be responsible for the
axial corcentration phenomcnon), ig more cfifecctive for

Iflexible then for rigid particlcs.
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For flow in narrow cepillaries, it is nerhaps even
more essential to include the flexibility of red cells as
a central theme of any investigation of the mechanics. In
some cases, the capillary diameter is smaller than that of
the undigtorted erythrocyte, which must be deformed (poss-
ibly accompanied by capillary deformation) even to allow
it to fit ingide, It must therefore be expected that the
elastic properties of the cell pley a significant role in
determining the charactistics of the motion. Gebe and
Zatz (1968) have demonstrated thet plasma behaves as a
Newtonian fluid to very good occurascy, so that the WNavier-
Stokes equationsg mey be used to describe the flow of
plasma around the erythrocytes. The Reynolds' number for
plasmez under capillary flow conditions is very small, of
the order of 10—2 or 10- ; the motion is therefore gov-
erned by a balance between pressure gradicnt and viscous
forces; inertial terms in the equations of motion may be
ignored, Theoreticel attacks based on this concent of a
two-phase system supsorted by a Newtonian fluid seem to
offer the best hope for an adequate discussion of capill-
ery Qynamics, end recent vork on these lines will be disg-
cussed below.

A well-knovm experimental study of the physics of

narrow=-capillcry flow was made by 2rothero and Burton
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(1961, 1962z cnd b), with two oprincipal techniques: meos—
urement of hlood flow through artificiel capillearics, and
modelling of the flow on a larger scale using dimensional
similarity. They clso studied the ease of pascage of red
cells through millipore filters. These clasgical experi-
ments represented o substential contribution to the under-
standing of the problems of ca)illary dynamics, and a
significent attempt to gain insight into the physical
chiaracteristics of o physiological shenomenon, Uith work
of guch a pioneering nature, it was perheps inevitable
that the full gignificcnce of various poremeters of the
system should not have been realized, partvicularly gince
the megnitude of some of the effects are quite surprising
in compurison with vhat aight be expected from more famil-
iar situations. Te work is of sufiicient impoxtonce to
merit a failrly deveiled discussion.

The model experiments were intended Hrincipally +to
investigate mess tremsfer between blood ¢nd surrounding
tissue, ag influenced by the 'bolus' flow of plasme be-
tween succescive red cellg in narrow capillaries; they
utilized heat trensfer to water containing treoing of
bubbleg to gimulcte such conditions, nd care wias tckon to
maintoin the feclet number (vhich determines the rclative

inportance of diffusion and convection) ot the correct



velue, Unfortunctely, it wvias not possible to reproduce

the in vivo value of the Reymolds' number, which was of
order 10 in the ecxperiments., This is some three orderg of
magnitude too large, and it might be inferred that zrti-
facts may have been introduced into their results by ex—
cescive inertial effects in the bolus flow. Purther, the
hydrodynemic boundary conditions at an cir-woter interface
are different from thoge at = so0lid boundory. Direct
application of the quentitative results to the cepillaries,
therefore, should perhaps be made with some caution. A
more det.iled discussion of mess transfer phenomena in

the capillerics is given in Cheapter IV,

It was algo inferred from tlie model experiments
thet clthough the resistonce of the fluid bolus wag in-
crecced by the toroidsl motion, the overall resigctances
of cell-ylesma trains in cepillaries should be less then
thit given by Poiscuille's law, mainly beccause the visco-
city of plasma is much less then o tyricel vigcosity for
whiole blood, These results were apsarently confirmed by
gtudics of blood flow in micropipettes of average diameter
8.4 microns, but tepering at the ends to as little as 5
microns., Resigtances corresponding to effective viscos-
ities of the order of 30¢% highecr then that of plasma

(congiderebly lower thecn typicel valucs for blood) were
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obtained, and it was inferred thaot the resistonce offered
by the red cells, even in a deformed, compresged state in
harrow Capillaries, wac negligibles vaoriation in resist-
ance was chiefly due to chenges in the flow in the plasma
'volus' separating successive red cells. Studies using
millipore filters showed that red cells would readily
pess throu h fine filters (5 microns effective pore dia-
meter) under very smcll pressure differences; this was
interpreted as confirmation of the negligible red cell
resistance (Burton 1956),

Limitations in flow measuring technique (for
these extremely small flow rates) meant that the smallest
usable velocity was of the order of 30 cms/sec, rcther
than the 100-1000 microng/sec found in living ce)illeries
of pimilar dimensions; this was o consequence of the nec-
esgity for using tube diameters in the gume size range as
the red cell. Two posgible sources of error are introduced
into the interpretction of the results, Firstly, the Rey-
nolds' number is egain some three orders of megnitude too
large, so thut inertial effects may produce artifacts,
particularly in the development of the toroidal motion
in the plagma bolus. Secondly, the relatively enormous
shear rotes in the blood at these velociticg may well

heve go deformed the flexible red ceils that their effect-
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ive diameter was considerebly less than that normally
found; and the results could be interpreted as being typ-
icel of flow in somevhat larger capillaries. It is inter
esting thot thitmore (1967) pointed out the agreement be-
tween the results of prothero snd Durton and his theoret-
ical predictions for cepillaries of diameter larger then
the effective diameter of the red cells Thituore's theory
is discussed below, Similar considerations apnly 4o the
millipore filter exsycriments, and these are considered in
more detail in Chapter III.

Subsequent work by Rend and “urton (1964) invest-
igeted the mechanicol properties of red cells, in partic-
ular of the cell membrones. They mecasured the flexibiiity,
or ’dcfofmability', of cells in responsc to digtorting
forces, and found that this wes due to o combination of
elagticity eand bending moment. The experimonts also show—
ed that erythrocyte deformations involve principally a
chiange of shape, wnd thet surface ares and volume do no0t
chenge apyrecisbly; indeed, an increcse of only 10% in
surfece crea was found to ccuse haemolysis (cell rupture).
Pung (19C6) made a theooreticsl study of possible modes of
deformation availcble to red cells (isochofic and applic-
cble), cnd also pointed out that, in contrast, the walls

of systemic cgpillcories, ot leest, cre much less compli-
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ant thon are red cells.

This question of copillary deformetion is vexry
infteresting, and quite controversial, Fung's calculations
are based on a 'tunncl in a gel' concept; however, in the
pulmonary circulation at least, the capillaries are con-
tained in very thin membrencs, «nd have relztively un-
supported wells. Glazier et al. (1963) hzve demonstrated
thet the mecn diameter of such capillaries varies with
the trensmurcl pressure, ené it ig knowm thet under zero
flow conditiong the walls of pulmonary cepillaries may
collapse; although the absence of smooth muscle in capill-
aries meons that this must be a pessive rother than on
active (henomenon. Krosiv's work showed thot under certain
circumstaonceg capillary eclasticity mey be of importance
for pressure-flow relationshipc; on the other hend, Bur-
ton (1L966) has found no obsecrvable deformution in gystom-
ic cgpilleries after the introduction of high-presscure
alr bubbles. The problem of vhether capillary deformation
affects flow characterictics ig further digcusced in
Chapter II,

Another plienomenon vitich mugt be considered in o
digcussion of dyncmics in capilleries is that of loss or
gain of fluid through the cndothelium by filtration., Al-

though Starling's origincl model involving diffusion
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under the combined cction of fluid end osmotic pressure
differences has been shown to be only a crude spproxim-—
ation to the actual mechanism, it is still accepted that
a proportion of plesma, perheps as much as 104 of the
total, moves out of the capillary in the proximal region,
end retumns in the distel region; e gmall fraction, per—
haps 0.5%, is removed in the lymph circulotion. The effect
of thig fluid exchange might well be of significonce for
flow mechanics, and is considered in the final section of
Chopter II.

An importont theoretical contribution was made by
Thitmore (1967), vho studied the flow of & two-)hase sys—
tem in tubes of copillary dimensions, Two models were

used: a 'shq

O

aring-core! model for larze capillaries, ond
an 'exicl trein' model for cepillaries sufficiently small
that the red cells trzvel in single file along thie axis of
the lumen., The beicviour of narticles, both rizid and de-
formeble, in shearcd-core flows has been studied experi-
nentally and theoretically by Goldganith ond Magon (1964);
they described the distribution of forces on the particles,
and showed that a tendency towerds oxisl concentration is
to be expected, The results of the two theorieg were
mgtched graphically in the intermedicte region (capillar—

ies of diamcter in the ronge 12-20 microns), vhitmore



10.

found that Z.r 1i. ..del, the Fahreus-Lindquist viscosity-
reducing mechanism ceascs to apply for capillaries smaller
ihan about 15 microns, wiere the effective viscosity wa
about half that of vhole blood. The viscosgity then in-
Creased, reapldly below gbout 10 microng, vhere the value
was about equal to that for whole blood., The position of
the (local) viscosity minimum depended on the velocity; the
Possibility of cells 'curling!' in the sheored plasme is
introduced, and an 'effective cell diameter' is used in the
calculations, although no sttemvt is made to relote this to
the unstrecsed cell dicmeter. No mention is made of local
cell meimbrane deformation, but the importance of 'leck-
back' of plasma past the cells is brought out, The theory
is considered not to apply to vessels vhose diameters

oroach thet of the stressed red cells (below 3 microns,
5cy), because of o fazilure of the assumptions beyond that
pointe

It should serhops be mentioned that cincmatograph-

ic evidence does not, on the whole, supoort the 'axial
trein' concept for vessels of diemeter greater than about
10 micronss cell deformation in larger vessels nermits a
'sheared core!' type of flow. Detailed cpolicotion of
thitmore's results to in vivo phenomens is therefore in-

advigable; the overcll concept, however, of o gradual



1l.

transition from sheared-core to axizl-trcin behaviour in
ngrrow capillarics is very valucble, and provides a link
between theories based on the Fohreus-Lindquist effect
and the present work on lubricated motion in very narrow
Cepillarics.

The notion of leckback, or rclative movement of
the placma back past the cells, is connccted with the
difference in mean velocity between cells and plasmas
cells travel faster in the capillary thon does the plasne.
Some of thig effect may be due to a type of pericopillary
flov, in vhich plasma moves glong an ennular space out-
gide the luaen, somewhsat wore slowly then does the blood
ingicde; such o theory ig diccussed, Tor ciample, by Howe
and Schaeffer (1967). Le.kback, however, must also play a
part in creating the velocity difference, end in the case
of very narrow:,apillaries, Lighthill (1968) has mentioned
the posgsible importance of leckback in promoting mess
transfer to the endothelium,

further theorctical contributions have becn made.
“eng ond Skalok (1968) considored the movemenl of rigid
spherical particles along clogely-fitting, fluid-filled
tubes, for diamcter ratios between about 0.2 and 0.8.
Bloor (1963) treated the flow pattems in the motion of

risgid eylindricel »exrticles in & tube, and clthough he
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found resistances higher then those for the sunporting
fluid alone, no mention wes made of the possible
cffects of red cell elasticity on the preossure-flow rel-
ationships. Bloor's work, however, wos principally con-
Cerned with fluid motions in the spaces between particles,
discussed more fully in Chapter IV.

Omission of clastic cficcts from a model of red
Cell wotion in narrow cepillaries introduces ot leagt one
severe defect: it ignoreg the necesgity for = nommcl
force to be sugtained ot the rim of the crythrocyte to
produce deformation, cnd the eflect this will have on the
mechanicg, Thug in Bloox's work, for examsle, simple
Couctte flow wag assumed between the rigid cylinders and
the tube well, 4 more reclistic spproach utilizes viscous
forces to belance the required normsl force; such a system
iz provided by ¢ modified form of hydrodyn-mic lubricat-
ion. The classical theory may be couyled vith an equation
describing the distortion produced in the red cell mem-
brene (end possibly in the capillery well) by the lubric-
ation pressurcs, The complete process is therefore envis-
eged cg one of elagtohydrodymanic lubrication.

he necessity Tor such ¢ trectment vwip first real-
ized by Lighthill (1968, 1969), o gove cn importont

theoretical discussion of the problem. In hiis paper on the
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lubricated motion of elagtic nelleto in clastic tubes, he
proposed & model vhich, zlthough employing some foirly
crude gporroximations, retained 211 the essential physicel
features of red cell movement, The results of the discusg—
ion indicated the importint characterictics of clastic-
pellet motion; perhens the mogt cignificant concerned the
comparntively large resistances offercd, under ccertain
circumgtonces, by the nellet-fluid syctem in narrow tubes.
Predicted velocitieg were sncller, for o given pressure
groadient, than those for a hypothetical, corrcgyonding
homogeneous fluid heving the come bulk vigcogity ac the
two-phase system. Thesc velocitiesn deponded non-lingorly
on the prescurce grodient, ond lubrication film thicknes:o
wes gloo found to depend on velocity., The pogeibility of
'seize--up' due to lubricatvion feilure ot lov film thick-
nesscs (low velocity) wos introducced,

The potential impjortance of Lighthill's results
for problems of capillary flow suggested thet o detoiled
study, employing more cophisvicated mothemetical modelgs,
would be veluszble., The cecond chapter presents o discussion
of guch z gtudy, in the forn of = peper publiched in
Proc, Roy. Soc, B. in cnglysis of the work of Lighthill
ig made, with o vicw to determining the most desircble

features to include in the new wodel, A theory of lub-
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ricsted motion of (n oxioymctric clagtic pellet ig nre~
scennted, ond the clastic bolicviour of o foirly reelictic
red cell model ig discusped. The theorcticol reculto are
then apolied to the bagic problem of the form of the
presoure~flow relationghip for a copillery, and tentative
guantitative predictiong arc made. Loter sections cxtond
the theory to comes where non~cxigyunctric pellets ond

porous tubes ere included.

\
The third chapter, comprising a paper acccoived for
publication by the Joum.l of Aonplicd Pysiology, sccks 1o

enlarge on the physiologicel copects of the work., A cummary
of the methematical theory ic given, ciphacizing the fort-
ures vhich have particular significunce for copillary flow
Jrobleng, The theorctic:l results cre cxpressed in dircct-
1y eppliceble formgs, and cevercl flow phenomen:n orc Gigs-—
cugred in the 1light of the predictions., In viev of the
paucity of obgecrvationsl d:-ts in goie capen, the o rco-
ment with in vivo experiment is gquitec natisfuetory. The
topico discussed comorige pressure-flow reletionghiys in
the capillaries, perfugion control, vasomobtion :(nd cuto-
regulation, sulimon.ry copillary netvorks, mmd nporcrent
viscositys coudiricon is mede vhorever poscible with
recent experiuwental vork,

the importence of the thin 1ub sication leyer for

A
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the trinmport of gau (0 mda G0 ), uutricents endé uweta-
bolitcn betweon red ce11,2glasma éld cncdotiiclium heo beon
acntioned by Lighthill (1968). Ilowever, a congiderable
Jortion of the red cell gurfece i exposed to plepic w.ich
io coupuretively digtent from the endothelium, and Trons—
fer to md from there regions aoy be influenced to godac
extent Ly the pattems of flow in the bolug scporating
succegsive red cellg. The effcect derends on the relotive
importcnce of convection =nd diffucion, cxpresced by the
2cclét nuaber Us/k; this deteraines the menner in «Aich
the dictribution of concantretion occurs in the fluid,
Me significance of convection for wass-trinsyort .oy be
quintificd in terns of o Fugeelt number, vhich acasures
the cnhencement by convection of trensfer to o surfacce.
A dirccugpion of the magnituder of thene paraacters for
vorioug blood components is given in Chapter IV. Prothero
and Burton (1961) have shown, for cxample, th:t the 2cclot
nunber for oxygen isc of order unity, wd ¢emonptroted in
o mocel experiment thot convection could conciderably
onhance treongfers the pomeible limitotions of thet ciper-
iment have olrecdy been discusoced.

A compleote treatment of goo ustele or relecse by
the blood would be very complex, involving difiusion in

the clveolus, in the ¢lveolar wall, acrosc the cndothel-



16.

ium, in the plasiia, across the red cell membrane, in the
red cell iteclf, where non~linecr second-order chemicel
recetions further complicate the snwelysis; ond then re-
lease involving these processes in reverse to the gyrntemic
capillury encothelium, togother with mm cquation such oo
that of rogh-Brlsng for oxysen su,,ly and conpwa)tion in
the tigoues. An importsnt otep in the unéerstending of the
procese, towever, ig to investigcte the cffect of flow
regimeg in the placma.

Prothero md Burton's sugzesrtion of o circulating
bolus flow heg prompted sever:l numericel solutions of tlie
equations of motion for flow betwcen succesnive obst.cles
in pipe flow. Buglisrcllo ot &«l. (1966) used o very simp-
lified wodel vith & jump singulerity in the gtream func-
tion at the point vhere the 'red cell! met the 'copillary
woll '; ond «lthough their numerical technique uc ~od only
a gacll nwiver of wmesk points, the streaddines orteined
cgreed well with the jogtulited flow of 2rothero «nd 3ur-
ton. Galeulstiong of a siwilor neturce, but with much high-
or cccurucy, wore mede by Grogcs (1967); cgein the toroidcl
flow pattern wos ohteined.

Bloor eXr.ined the case of rigid cylindcrs rwoving
in a clogsely-fitting tube. Using the velocity profile of

the kovm Coustte flow in the narrow gop an ¢ boundory
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condGition for the flow in the fluid-filled spcoces between
the two cylinders, he found numcericel golutions for var-
ioug inter-cylinder distanceg., ®hile higp recults agreed
with thoge of Bugli.rello ¢nd Grogs for goacings of the
seme order of sizec ag the tube diauveter, he found thot
the toroidal circulationg broke up into two or .iorec con-
centric toroids as the gpascing decreesed. It ip intereot-
ing thet no evidence of guch & phenomenon was obtoined
“even from thie accurate comutations of Gross,

A enolytic golution was obtoined oy Yong ond
SkaXck (1969) for flow in o fluié-filled tube conteining
¢ row of solid spheres. They uced periodic solutiong of
tlie bihcruonic cquationg in combingtions with certoin
singuleor nolutiong to fora functions vhicik: goatisficd
tlie boundcry conditions on the tube; lincecr coabinations
of these new functiong were then ugsed to sctiefy thc

bound:ry conditions on ti.e gphercs. Again the beasic tor-

oidal motion in the fluid betiecen the gpheres weg obtained.
Treir method wag velid, hiowever, only for gphores wiors
diamcter was somevhalt cmeller then th:t of the tube - con-
vergence become inconveniently sclow for di:seter rotiog
greater thsn cobout 0.8. Like Bloor, they did not include
oy mention of clcotic effects in their .1odel.,

Mhe difficulty of obtaining a single, overcll sol-
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ution in the limiting case vhere pellet diemeter is very
nearly cquel to tube ditumeter weg overcome by Bloor cos-
entiaclly by matching o solution obtainced analytically in
the nerrow, constricted region with o numericel ome in the
non-canstricted section., In Chipter IV, a cimilar tochnique
is used to obtoin n tnclytic golution for the flow in the
inter-crythrocyte spyoces. Thesc spaces arc assumcd o be
finite, fluid-filled cylindcrs; the ends represont the

red cell feces, cxte)t for o ncorrow gop at the tube voll,
where the velocity profile is assumcd knovm from the lub-
rication thceory of Cheopter 1I.

i serics of eigenfunctions, satisf;ing the bo.nd-
exy conditions on the tube well, is ootiined for the streum
function; these crc then superimpoced on the basic 2oig-
cuille golution to fit the boundary conditions ot the rod
ccll foces. Stresmlines cre ploticd for typical situationg,
M interceting featurc of the golution obtoinceé is the
ciioctence of a highily-cheored region adjocent to the tube
viell; this eofiect ig virtually independent of both cell
spocing cnd the thic'oicos of the lubricction film. The
high-ghecer zone cxtends goue distince ccross the red cell
face; ondé gone of the circaldineg of the flow intrude
into the entry ond exit )ortiong of the lubricotion luycx.

The significance of these flow characteristics is dincussed



19.

with relation to the mags trinnler problen,

PFinglly, in Chapter V, o degcription ig ziven of
o model experiment demioned to tegt the findings of the
lubrication thcory of pcllet motion. Fluid-filled, latex
modele of red cells axe foxced clong on oil-fillcd perspex
tube by @polied pressure diffcorences, and prescurc-flow
relationships ore obteined. 'The rosults confirn the on-
hanced, non~lincar resistances predicted for guchh ¢ syntom,
cnd observations of small perticles suspended in the fluid
also llow qualitctive confiraction of the flow pattems

npredicted for inter-pellet regionsg.



19€L¢
Referenceg

Bloor, M.I.G. 1968 Prhys. :icé. Biol., 13, 443.
Bugligrello, G., H.J. Days; A. Brant, A.J. Bgcenburger &
G.C.C. Hgiao 1956 »2roc., Tirst Int., Conf, Haemo-
rheology, Reykjovik, p395 (Pergaimon, 1968),
Burton, A.C. 1956 TFcederation 2roc., 25, 1753.

Pehirecus, R. & T. Lindguigt 1931 Amer. J. Physiol.,

Fitz-Gerald, J.M. 19569 Proc. Roy. Soc. B (in the press).

Pitz—versld, J.M. 1S69 J. Aupl. 2hysiol. (in the press).

Iung, ¥=C. 1966 Federation pProc., 25, 1761.

Gabe, I.S. & L. Zate 1968 Jiorheolozy, 5, 86.

Glazier, J.3., J.M.DB. Tughes, J.B. Mcloney & J.3B. Vest
1963 CIBA Symposium on Circulestory und Regpliratory
Mess Trensport, London (Churchill, 1969).

Goldsmith, iI.L. & S.G. Magson 1966 Proc, First Int. Conf.
Ticcmorhicology, Reykjovik, p237 (fcrgamon, 1968).

Grosg, J.T. 1969 Furomech 12, Jabloana.

Howec, J.T, & Y.S. Schoeffer 1967 Circulation Res., Xil,
925,

Krogh, A. 'The anatomy emé physiolo.y of Capillaries'
(ilafner, 1930).

Tighthill, #.J. 1968 J. Fluid licchi., 34, 113.



19b,

Lighthill, M.d. 1968 CIB4 Sympogium on Circulatory end
Regpiratory Mass Trencport, London (Churchill, 1969).

uonro, 2.A.G. 1953 Biorheology, 1, 239.

Prothero, J. & A.C. Burton 1951 DBiophys. J., 1, 565.

Rand, R.P. & i.C. Burton 1964 Bioojhys., J., 4, 115.

Starling, E.H, 1396 J. pPhysiol., London, 19, 312.

Vang, He & R. Skolok 1969 J. Fluid Mech., 38, 75.

"hitimore, R.L. 1967 J. appl. vhyciol., 22, 767.



20.

hopier TT

9]
s At et

"llechenics of Red Ccll Hotion throush Very Harrow

Cepillarics!
Abstract

In & rcecent papcr, Lighthill (1968) hasg formulated
a modcl of compressible pellet movement through narrow,
fluid-fillcd, clastic tubes; the model involfcs a2 thin
lubricating layecr of fluid betwecon the pellet and the
wall, and thc results obtaincd arc cxpresseé in the form
of rclationships between various velocity, resistencec,
clcarance, and lubrication-film thickncss parasmctors. An
important biological motivation for this work was the
problem of movement of red blood cells through narrow
Capillarics. The present papcer cxamincs in dctall the
approximations and assumptions of Lighthill's modcl, and
cxtends the investigation in scverel dircctions. Firstly,
the clastic bchaviour of the »ellet is discussced with
particulor rclevance to the red ccll, which is considered
to consist of a fluid-filled, flcxible membrane. It is
shown, in particular, that as thc velocity of such a xed
ccll in a capillary incrcascs, the conscquent increasc in
viscous drag on the rim tends to 'bow! the ccll, and allow

g

it to fit morc casily into a capillary of given diamcter.
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Purther, the modulus of clastic rcsponsc to the non-
unifoym lubrication prossurcs around the rim is shown to
depend on the membrenc's 'resistence to deformation' and
the geometry of the cell,

Next, a model of gxigymmectric pcllct flow through
a tubc is sct up. Results arc cxpresscd in terms of clcar-
ance and rcsistancc coxXpcricnccd by the pellet, for various
velocitics and film thicknesscs typical of capillary
flows. :uch grecater rcsistances than thosc cstimated by
Lighthill arc obtaincd; for normal flow in capillarics of
5-7 microns diemcter, these range from 4.5 to 7 times
that cxpccted for a corrcsponding Poiscuille fluid flow
with wholc-blood viscosity. It is not suggdsted that thesc
results arc truce of all capillarics, or of a capillary
network, but only of thosc very narrow capillarics in the
diamcter rangce being considercd. Of cqual importance is
thce non-~lincar acpcendence of resistance on velocity. The
red cecll velocity fells off very rapidly as the pressurc
gradicnt is rcduccd; this is discusscd in dctail with
reference to the phenomecnon of sutorcgulation.

Finally, thce cffeccts of asymmctry and tube porosity
arc congidcred. It is shown that deviations from exisym-
metry tond to be reduced by pressures developed in the

fluid; this is duc to the compressible naturc of the pell-
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cts, and mcans that the rcsults obtained for capillary
flow arc recasonably valid cven for configurations in

which thoe red cclls may not be axisymmetric. Leukagce of
plasma through the walls of the capillarxy is shown not to
affect the flow charactcristics of a capillary to any
grecat cxtent, or to significently incrcasc the possibility
of scizing-up of the flow duc to failure of lubrication

at small f£ilm thiclmcsses.
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Introduction

In a recent papcr (henceforth roferred to as {1} ),
Lighthill (1968) has discusscd thce bchaviour of tightly—-
fitting pellets of solid matter, possibly clastic, being
forced along possibly distensible tubes by pressurc grad-—
ients in the fluid with which, in addition to the pellets,
the tubes arc filled. The principal biological motivation
for this investigation was the movement of blood through
very narrow cgplllarics; considerations of the relative
dimensions, and dircct obscrvations, show that the flow
must involve the passage of individual red cells along the
caoillaxry, scparated by what Burton (1964) has czlled a
'bolus! of viscous fluid (the plasma), In addition, it
must be cxpected that some deformation of the cells, and
possibly of the capillsary, must occur to allow passagc of
the ccells through the tube,

Accordingly, a highly simplificd modcl involving
clasto-hydrodynamic lubrication of thc cclls by the plasma
vias sct ups; the model rotainced, however, certain fcatures
of the system considcrced csscential for any rcolistic dis—
cussion of thc problem. The purposce of this paper is to
cxaminc the problem in detail using morc complex models, as
suggested in the introduction to Eﬂ o« Results obtained in

the pregent investigation fit into the same general qual-
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itative pattern as Lighthill's, but producec substantial
quantitative modification of ccrtain of Lighthill's con-
clusions; in particular, undcr ccrtain circumstanccs very
high recsistances, much greater than those cxpericnced in
purcly fluid flow, are precdicted; in addition, somec inter-

¢sting new phenomena arc brought to light,

1, Discussion of thec approximotions

We shall first sct out the basic principles of the
clasto=hydrodynamic lubrication thcory; in this context,
we shall then discuss the geomctrical and elastic assump-
tions and approximations usecd in Eﬂ , and the mathcmaticagl
characterigtics of the model so obtainced; zn asscssment of
the relative accuracy of the approximations madce will be
uscful in deteriining the desirable feetures for a more
rcefined physical model. Thie tube and nellet arc initially
supposed axisymmetrical (but sce scction 4, where cffccts
of asymmetry arc considercd), with thce maximum diemcter of
the pellet taking at the downstrcam pressurc a value diff-
ering from that of the tube by a small fraction (positive
or negative); it is assumed that only those recgions vhere
the gap (between pellet and tube) is small significantly
aficct the clastic and hydrodynamic proccsscs. In oll of

vhat follows, 'downstrecam' will recfer to that portion of
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the tube into which the pellet is moving, rezardlesg of the
fluid behaviour in any coordinate system which may be in-
troduccd. ¥urther, tho shape of the pellet is taken to be
that of some simple mathematical function (a parabola was
uscd in [i]), with curvaturce appropriate to the nhysiolog-
ical (or physical) system under discussion. The tube wall
is assumed to bc non-porous, while the clastic bchaviour
of both pollet ond tube is expressced by some dependencc

of redial displaccment on the pressurc distribution in the
lubrication film,

We shell be interestcd in determining cxpressions
for the pressure, fluid velocity, and gap profilc under
verious circumstances, and deriving from thesc cxpressions
functional reclationships betweon quantitics which govemn
the physical characteristics of the system., For cxembnle,
we shell went to know how the resistance of the vellets to
the driving pressurc grodiont depends on the velocity of
the pellevs, and on the relative sizes of pellet end tube.
It would also be uscful to obtain infoxuction on typical
thicknesscs found for the lubrication film, and how nuch
fluid leiks back past the pellet during the motion, Such
knovlcdge mey then be used to gain insight into the ncch-
anics of, say, recd ccll motion in narrow capillarics; in

this paper, we shall be particularly interested in any
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special advanteges whiich the microcirculsation morphology
has in comparison with other possibvle systcms,

Under thesc assumptions, we may sct up a contin-
uity cquation for flow in the gap; then, meking the usual
assumption of lubrication thcory, that incrtial forxces may
be ignorcd, we obtain from the Navier-Stokes cquations an
cxpression for longitudinsl velocity, assuming also that
pressurc is indepcndcent of position in any planc normal to
the tube's axis. Introducing the leakback Q, defincd as
the nett flux backwards (per unit length of undistorted
tube circumference) past eny plenc normal to the axis in ¢
coordinat: systom where the nellew is stationary, we obtain
a Reynolds' cquation for the lubrication flow as

1.d; N _ ,
/ZZ dx = f(U,Q,H(X) 9]1"\3{)9370) (1.1)

vherc U is the velocity of the pellet along the tube, R(x)
the pellct r-dius, h(x) the gap thickness, r, thc tube rad-
ius, 4 the viscosity, end x is the longitudinal coordinatc;
the function f is the resultent of two pressurc gradicnts,
onc duc to the relative motion of the tube and pncllct, and
the other to the vresence of a nett flux of fluid through
the gao.

Sug nen, now, that a refecrcnce pressurc p, cxists,
such that if this pressure were acting in the lubrication

region, the radius of tube and pellet would be cqual (due
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to clastic distortion); this pressurc will obviously be
dependent on the initial clcarance between pellet and tube,
and will bc discussced morce fully later. We msy rcprescent
the pellet profilc under the action of this pressure as
r=c(x), and the tube radius as z,. If thc pcllet is sym—
metric about x=0, clcarly c¢(J) =1, by the above definition
of refercence pressurc., In what follows, we shell definc r,
as the ‘undistortecd tubc radius', so thet 'distortion'

vill rcfer to clastic displeccements causcd by pressurces
genereted in the lubrication film, Undcexr the action of
such & (non-uniformm) pressure, we moy cxpress the pellet

radius as

R(x) = c(xz) - 1,(p = po) (1.2)
vhicre 1,(p(x)) dcnotes the functionesl dependence on press—
urc mentioned above. Similarly, we may cxpress the tube

radius as

r(x) = rv,+ L, - 0,)
where 1, also denotcs some functional dependence, Various
authors, c.g., Tung (1966), have pointed out that, in the
systemic copillirics, the compliance of the wall and sur-
rounding tissuc is cxpected to be orders of magnitudc less
then thet of the red cclls; and in fect no distortion of the

wall is obscrved even vith the inlroduction of high-prcss—
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ure bubbles into systemic capillarics (Durton 1966). In

the enalysis of section 4, we shall thercfore ignore tube
compliance, although rctaining it in the »resent section

to show briefly how it could be included in the theory if
necessary. It may be sugzested *that since most pulmonary
caspillarics arce not surrounded by reclatively inclastic
tissue (in the septa of the alveoli), capillary compliance
may becoume important in this case. Glagier ot al (1968)
found, however, that a pressure of 50 cm of water (approx.)
is nceded to fully cxpand the capillarics; pressure in-
crcases in the lubrication films arc much less than this,
and although the figurc was obtainced on the basis of average
measurcments (so that it is not cvident that thc same press—
urc chenges arc nceded 0 oxpand any one cgpillary), it is
still by nc mcens certain thet pulmonery capillary compli-
ancc is sufficiently largce to be significant for ou.r pur~
poscs, It will 2lso be convenient t0 have defined the gap

thickness,

h(x) = ro-c(x) +1,(p - po) + L (p - po) (1.3)
If we arc now given, say, the dowmstrecam value of
the pressure, then we mey solve the coupled equations (1.1),
(1.2) and (1.3) to find the pressurc distribution and gap
profile. Unfortunately, this solution involves the leak-

back Q, a priori unknovn; but, as Lighthill has pointed
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out, a furthcr condition, that of balance betwecen driving
forces end viscous resistance acting on the pellet, is
available to determine the value of Q. The viscous drag
per unit arca, parallel to the tube axis, is given by

T=/u,%'—‘f (1.4)

where r is the radial coordinate; the viscous resistance

on the pellet is therefore

ZTTJ R(x).7(x).dx
wiere the integration is over the length of the pellet, If
we now assume that a uniform pressure difference ap acts
over a frontal area on the pcllet equal to the cross-sect-
ional area of the tube, then the driving force on the pellcet
will be Ap.7rs. The statemont of cquality of forces now

becomes

dp.Tre = 2n:gR.f}dx (1.5)

It may be argucd, with justification, thet the l.h.s. is
only an approximatec expression for the driving force; 4p
will actually vary over the pellet faces, and the arca of
application will not be exactly mri; but it must be pointed
out that since we expect most of the sressurc veriation to
occur in the thin lubrication rcgion, Ap will be ncarly
constent over most of the frontal arca; furthermore, in

the epplication of the theory to actual physiological
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probleims (such as capillary flow), wc shall be able to usc
only a fairly crude gpproximation to the undistorted pellet
profile c(x), so that the use of a more exact, complex
form for the driving force does not secm justified. This
arguitent, bescd on the availability of only very approx-
imatc data for the situations in which we shall be apply-
ing the theory, is a very pertinent one, and will be in-
volved later whon discussions of the clastic bchaviour are
made.

Eviderntly, we may use dircctly the equations de-
rived gbove to Aetermine warious parameters of intcrest;
such an analysis, however, would be cumbersome, in that a
large number of calculations would nced to be performed in
ovrAnT Fn AhEadn manfnl rangea of dafinition for thesc para-
meters. It is conveniont to outline at this point the fur-
ther epproximations and assumptions wade in Lighthill's
preliminary study; we will also discuss the wathometical
si.plicity introduccd vhen non-dimensional varisbles arc
uscd; this elegance cdocs not depend +to a great extent on
the simplifying cp roximations, end is clearly a dcgirable
feature to retain in any more sophisticated model. In the
case vhere the film thieckness in the region of interest is
very much smalIer than the tube radius, it is assumed in

(1] that, to a fivst spproximation, the wall may be con-
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sidered to be locally plene; the corresponding ecquations
arc thosc obtained for two-dimensional Cartesian coordin-
ates, using a boundary-layer-type normal coordinate y.

Lighthill in fact finds that cquations (1.1) and (1.4)

reduce to

dp _ _ 5 1oug

ax e T Ths (1.6)
and

T o= -3 (1.7)
respectively, A further assumption is made about the elastic
behaviour of tube and pellet: the radial displacement is
supposed to depend linearly on the local pressurc at any
point, with clastic compliances o and @ respectively.
Further, the gap profilc under the rcferencc pressurc is
assumcd parabolic, with curvaturc « at the point of con-

tacts cquation (1.3) then becomes

h(x) = dwx’+ (x+g)(p - po) (1.8)
It is shown in [1] that a suitable scheme of non-

dimensionalization iss:

. _ {28 )G = po) o
H = 3570 P = 5Q/0 y X T/

The quantity 2Q/U is & typical gsp thickness, at the point
wherc the pressurc has a maximum. Lighthill now points out

that since we expect almost all of the pressure fluct-
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uations to occur in the rcgion of constriction, then we

will probgbly not introduce too great en crror by rcplacing
the cnds of the pellet by usstresm and downstrecam infinity,
so that cquations (1.6), (1.7) @nd (1.5) now become in non-

dimensional form

ap -3 -2
S = LT =) (1.9)
Ho= 3 o+ P (1.10)

P(~o) = P(oo) = IC J @ -%0 )ax  (1.11)
where L is the non--dimensionsl paramcier

bu U
(2Q/u)% Kb
end C is the ratio of typical gap sizc to tube radius,

2Q/Ur,. The equation (1.9) is showm {0 have the cxtreicly
convenient property, that the volue tcken by the solution

at +oo 1is very inscnsitive to the valuc tzken at - oo, part—
iculerly for larger valucs of L3 this meens that if (1.9)

is integreted fooia Lelt to right in the ususl sense, the
dovnghresm pressurc Obbtained will be alwmost indepondent of
the upstreaa pressurc chogen, In view ofi this stability,

@nd also of the cxpectation thot the nett pressure drop

will be small compared with the size of the fluctuations in
the gap (i.c. both sides of cquation (1.11) will be siall

as vicll as positive), Lighthill assumes thet the solution
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P(e0) = P(-=0) = b(T), say, (1.12)
will be a uscful zcro order approximation to the true
solution, for a given valuc of L; using this solution he
then obtains a first order aporoximation to the pressure

differcnce, from (1.11), as

G j @ -3 )dx = ICE(D) (1.13)
These are the valuecs used in [1] for the non-dimensional
dommstrcam pressurc ané pressurc difference (although
Lighthill points out that they may be used as the initial
valucs of zn itcration proccdure based on (1,9) and (1.11).
In particular, for small valucs of L (vhich are shown in
(1) +to corrcspond to positive clearances), b(L) and £(L)

arc obtoincd by asymptotic methods to be of the form

b (L) 0,75 - 0.13L3L

as L = O

£(L) = 0.06575
It is important to rcalize that in the above
analysis, threc scperatc major apsroximations have beon
madec: (1) that the couetion (1.9) is sufficiently cccurate
in the region of intercst (that is, that theo transverse
curveturcs of tube and pellet may be ignorcd); (ii) that

the ends of the pcllet may be replaccd by upstresm and
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dowstrcam infinity; (iii) that thc condition (1.7) is a
sufficiently accurate criterion to deteruminc the dowm-

pressure, For smaell L the thecory de-

v

strcam valuc of theo
rived from thesc assumptions gives the rather implausible
rogsult, that the frictionsl resistance is cxtremcly small.
This corresponds to conditions of relatively large posit-
ive clcerance, vhore we .ight cxpect the resistancce to tend
to that expericnced by a simple Poigcuille flow alony the
tube. We now show that the discrepeancy is chiefly duc, in
fact, to a brecakdown of assumption (ii); although this is
sufficicntly accurate for determining the upstrcam or down-—
strcam pressurce, the error introduced during the computat-
ion of the pressurc differcnce is considerable,

Supposce that the pellet actually cxtends to a point
where, say, h =r,; i.c. vherec H =1/, Assumec for the mom-
ent that past this point ? =F(ee) = b(L), and that this
is truc on both sides of the pellet. Then the drag, as
given by (1.8) will be in crror by

ob

-2 - —I
H =<tk d

where G is the veluc of X for which I =1/, and is given

by (1.10) as [2(1/@ - b(L)Xa, Integration gives this to be

el 5 (- 2) - ) - AT

Tor smell I we may usc b(L) = 0.75 - O.lBl}LZ, vhence the
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crror becomes

3 3 : £ s 3
- 10886IC + O' 7081]0 - 00124‘11 C + Oo 03811 C 6060 09
Since L anc¢ C arc both small, we may ignore the latter
terms, and consider only the first. Clearly, if we dcnote

the corrected pressure difference by ICL. (L), then

£.(L) = £(1) +1.886C"
Thus cven for C as small as 0.0l end L as large ws 1, the
value of f(L), computed as O.O657L2, has an crror of almost
3004, Of course, P does not remain congtent in the vwhole of
the interval [G,dﬂ ; 1t actually decreascs slowly. lHowever,
cven if we take P(o ) = 0 for the wholec of the region of
integration, the lcading term in the crror cxpression,
(—1.886LC£), is not offceted; this shows that the major
crror docs in fact occur in assumption (ii) above. The
corresponding corrcetion to b(L) for the dowvmstream value
of the pressure is much smaller: an analysis similar ©o

that given above shows that

3
P(G) = Ploo)+ O0.4TLIC
en error of ayproximctely 86 cven for the relatively ad-
verse values L = 0.5, C = 0.05. Ve might cxpect, therefore,
that the breckdovm of agssumption (ii) will not greatly
affcct the valuc of the downmstreom pressurc obteaincd using

(1.12). This docs not gusrentec the accuracy of this valuc,



bowever, since i1t deponds on the validity of assum)tion
(iii)s; =nd although the seme stobility of golution is found

in this paper for integration from left to right, th

0]

grecatly increascd pressurc diffcerences found cast doubts
uaon the accuracy of this assumption,

In this paper, then, noting the crror occasioncd
in the dreg by thc ncegleet of terms of small ordcr in C,

we zive in goction 3 a woformmlation of the mathemeticel

3

statement in terms of cylindricol coordinates, taking into
account the curveture of tube and pellet. The finite limite
(-g,£) arc uszd for the extent of the pcllot, and o more
realistic, cllintic profile is sssumed for the pellet in
the ebsonce of the lubrication pressurcs. In the analysis,
tube clesticity will be ignored, a simplification prompted
oy the situation which obtains in the systemic cepillarics;
it is »ccognizced, however, that in other ceses, particulsr-
1y in pulaonaery ceoillaries, the compliance of the tube
wall mey be cowparablc with thet of <the pcllet; this ques-—
tion will be more fully investigated later in this scciion
)

in the discugeion of the clastic asswiptions. A satisfying

feature of the Reynolds!' cquation obtained is thet the

thet predicted for sinwmle Pois—

pressure prediont ton
ouille flow, as X ap)rozchics the onds of the pclle

view of the Cdiscussion of the validity of essumption (iii),
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we shall determinc the boundary conditions (for given val-
ucs of L end C) on the pressurc by an iteration principle
based on an cquation similar to (1.11), rather than by the
simpler condition (1.12).

An cxplicit dependence of the dowmstream pressurc
on the value of ¢ is found, in contrast to recsults of the
carlier ap)roximatc theory. A striking foaturc of the results
obtained is thel the resistences expericnced by the pellets
arc much highcr then those found by Lighthills; in partic-
ular, even for small valucs of L (corrcsponding to positive
clecarancc) ané relatively large values of ¢ (large film
thickness), the resistance is still scveral times thet for
the samc length of an equivelent Poiscuille flow. Otherwisc,
the results of individual celculations using particular
valucs of L end C arc qualitetively similar to thosc ob-
tained in |Ll; the sanc geometry of the lubrication f£ilm is
Tound: & convexrgent cntry rcgion, a central clastically-
dominatcd rcgion of slowly varying thiclmcss culminating in
a 'mecling' where the pressurc rcaches a minimum, and an
cxit region vhere the gap rapidly widcns and the pressure
climbs quickly to thce upstream value. The same increase of
resistance with decreasing film thickness and decreasing
clcarsncc is found, although this increasc is morc rapid

then that found in [1J , end riscs %o much higher levels.
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The physical cxplenations for these phenomena arc of coursc
identical with those discussed in [1], and the rcader is

referred to the extremely lucid cxposition in thet paper.
2. _Ihg physical assumptions

It must be realized that therc is en cssential
difference betweon approximastions cnd assumptions being uses
in any modcl, l.ost of the previous discussion has been con-
cemed with the approximations made in [1}, and the nced for
refinemont of these in a mors detailed study; on the other
hand, the dccigion to usc an clliptic rather then & para-
bolic profile for the jellet in the undistorted state con-
cemed a simplifying assuiption made about the physical
propervtics of the system we arce modelling. We shall now
examine tho physicel assumptions more closcly, in pertic~
ular thosc concerming clastic behaviour, axisymmetry, and
tube porosity; this will be donc where possible in the ligh™
of obscrvational cvidence from the microcirculgztion.

In this ncw model, wc shall teke a morc sophist-
icated view of the clastic beoheviour of the red cells. It
will be recalled that Lighthill's gimplifiecd model involved
pellets vhosc radius changed under the influcnce of an ox-
ternal prigsurc according to o lincar stress—-strain relat-

ionship; such a modcl is applicable to z situation whore
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purcly compressible pellets pass ¢own a possibly compress-—
ible tube, In such cascs, a convcnient reference pressure
may be defined, cg thet which will cause sufficicnt com-
oression to make the radius of the pellet equal to the radius
of the tube. We shall in this papor, however, usc concepts
of referencc pressurc and clastic bchaviour more applicable
to the red blood cell., According to Rand end Burton (1964),
the exrythrocyte consists of an incompressible fluid cnclosed
by a slightly elastic, very flexible membrane supporting a
small surface tension, in the form of a biconcave disc. As
Fung (1966) hes shovn, such a structurc can casily support
increases in extemal pressurc without aeltering its shape;
the pressure chonges are transmitted dircctly to the fluid
inside the mowmbranc. Isochoric, applicablc deformations arc
pexmissible (esscntially 'bonding'! without changc of intcr-
nal volume or surface area) but the membranc cannot with-—
stand & great deal of stretching without hacmolysis occur-
ing. It is spparcnt that we cannot define a uniform 'refer-
cnce pressurc! at which the cell will be rcduced to somc
requisite sige, sincc such a uniform application of press—
ure cannot producc any cusnge in the shapce. The mechanism
of deformation of thec cell to allow passage through narrow
Capilleries is thercfore onc of responsce to a non-uniform

distribution of forccs.,
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Let us examine in deteil the forces acting on a
deformable nellet in a tube. Firstly, therc is a pressure
gradiont driving the nmotion, producing pressures p, and p,,
say, acting on the downstrcam and upstresm faccs of the
pellet; we ignore variations of pressurc across the ends.
The presence of the tube wall contributes to a viscous
resistancce, acting chicfly around the rim; further, the thin
lubrication f£ilm between the pellet ané tube ncc.nositates
an additional locel pressurc distribution along the rim.
This may aflfcct not only the local pellet profile, but also
the meann pressure, which determincs the prcssurc existing
inside the pellcet. e now consider the responsc of the pellet
to these forces in o typical configuration in the tube.

If the pellet adonis & 'bullet-shapcd!' or 'paraw
chute' form, thc driving pressurc differcncc (nd the viscous
resistance form a 'bowing-stress' which bends the pellcet as
described above. The cxact noaturc oi the clastic responsc
to this stress will be discussed below, but suypnosc for the
moment that the radius of the pellet is reduced to a value
r,R., vhere r. is thc rudius of the tube. This will be a
function of the pressurc differonce n(-g) - p(g), recalling
that -g,8 ropresent the cnds of the pellet; the functional
dependence is formulated later (e.g. cauation (3.1)). Herc

R. is cxpresscd in non-dimensienal form, for later conven-
c -+ ]
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icnce; it is a measurc of the clcarance the pellcet would
have in the tube without the action of the additional
pressurcs generated in the lubricating film, If addéitional
pressures arc now applicd around the rim of the pellet,
further locel dcformations will take place: the curvature
of the membrene will altcr as a result of changces in the
pressurc diffcercence across it, It is shown later that a
linear dcpendence of locel dcformation on local pressure
chenge may bec used to a first approximotion in certain
Cascs. We may introduce the idea of a refcroncc pressure p,
as that wvhich will deform the pcllet just sufficicently for
it to fit the tube, vhen applicd to the rim; clearly, this
pressurc will depend not only on the clearance, but also on
the pellct. If we denotec the compliance by @8, repruscnting
the change in radius conscquont on a unit change in press—

urc, then

is the cquation determining the rcference pressurc. Clcarly,
Po = %(p(g) + p(-g)) is the additional precssure vhich must
be applicd to the rim, once 'howing' has occurrcd, to allow
the pellet to it inside the tube. As mentioned above, we
shall discuss latcr the form OIEB, and arguments for using
such & local [Tooke's Law eclestic ap)roximation.

There seems to be no goneral sgrcecnient as to whether
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in fact, this is the principal configuration obscrved during
the flow of red cells in small copillaries. Lxamination of
freeze~dried lung tissue, preparcd as slides containing
scctions 2 um thick (by Dr. Hughces, of the Postgraduate
tiedical School, London) showed that the parachute configur-
ation is typical of rcd cells in capillaries of 5-7 microns
diemeter, but tha’t the so-cellcd 'crepe-suzctte! (or long-
itudinally rolled) shepe, obscrved by Rand and Burton, scemed
to predominate in smaller vesscls. The anclysis for such a
Casc is much morce difficult, and will not be attempyted herc.

Pe mercly ooint out that the cquations governing the flow
are the same in cach casc; the difficulty arises in the
sclection of suitable velues for the clearance parcmeter
under various conditions.

Ve may supjrosce thet the pellet orofilc is given by
r =c(x) vhen the reference pressurc is apylicd to the rim;
we require that ¢(0) = r., say. Then under the action of a
non-uniform pressure p(x) gencrated in the lubricgtion film,

the £ilm thickness will be

h(X) = r, - C(X) + G (P(X) - po) (2'1)
assuming the tube to be non-eclastic. If the tube is also
deformable (lincarly) wnder the action of pressure changes,

as may occur in other applications than cepillery flows, the

relation is
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h(x) = r,=-c(x) + (a+e)(p(x) - p.)
where & is the clastic compliencce of the tube. This, in
conjunction with the Reynolds!' equation for lubrication,
cnables us to find p(x) end h(x) in tcrms of various para-
meters. Clearly, the values of p(x) and h(x) correcsponding,
say, to @ prescribed dowmstream pressure and a given vel-
ocity depend to a great cextent on the interpretation of the
reference pressure p,. It is interesting that the cquations
for = purely compressible pellet are the samc as those above,
the differcnce being only in the concept of the referecnce
pressure (an absolute constent in that casc). The signif-
icancc of this will bc discussed in section 3, whcre a scrics
of numcricel solutions of the cguations arce obtained and
analyscd.

The other major geomotric assumption made in [i]
was thel of axisymietry of the tube and pcllcet. In scction
4 the cffect of rclaxing this rcquircment is discusscd; to
make progress possiblc, attention is contred on systems
vhere the dcparture from axisymuctry is small. Under thesc
conditions, it is shovm thet we may ignorc the cficet of
traensversce pressure gradients; to a first ajsroximation, we
nced only congider the quentitics in equation (2.1) to do~
pend perametrically on an azimuthal onglce ¥, say. A feature

of thc cquations is that the flow rate Q(@) must be deter—
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mined from the condition thet the pressurc be independent of
7 for large positive ané ncgctive X. An intercsting rcosult
to apocer is that the cfiect of the asymietry decrcascs as
L increescss; i.c. as the cleeorance decrecases, and eventuslly
beeomes negative, the presgsurce gradients tond to symictrize
the geometry of the pellet, rathor then force fluid through
the points of least resistance. A physical explamation for
fhiis depends on the assumption thet tremsversc pressure
gradients may be ignored. IProwm this, it is clecar that no
redistribution of fluid around the rim is possible once the
flow heas conucnced to pass the pellet. Honce points of
greatest constriction (i.e. vherc the parsmeter has an
effective maximum) must demand the grooitest peak responsc
to the pressurc, in order to ollow passage of the required
amount of fluicd; this rcduccs eclastically the local peak
constriction. It is shiown in the numcricel calculations of
scetion 4 that thc pellet teondsg to becouc more axisymactrical
as L > o0, The viscous resistenccs are incrocscd slichtly,
and thc pressurc changes in the lubrication film are in-
creoged at the ooint of greatest asymaetry; but these resulte
cre reletively unimportant comparcd with that discussed
above, which implics that any increccscé tendcncy towerds

seizing~u) due to fuilurc of lubrication at points of peak

constriction is lecgsencd at nesstive clearances, whon such

[
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congideretions are likcly to be of importance.

It nust be cmphasized thot the behaviour predicted
on the basis of this ocnalysis is principelly a consequence,
not of the characteristic small-clearance orythrocyté-
cz)illary rolationship, but of the constrictebility of the
rcd cell. In fact, for thc casc of an asymamctric, rigidhl
perticle in a closcly-fitting tube, it has beon shovmi%ﬁut
quite a difierent situztion cxists - the pa'ticlﬁ tonds to
oscillote from gide to side, possibly cnhancing the addit-
ional film atichuation duc-to asymmctry. Reclated tendencics
have been notnd for thc casc of o rigid spherc in o cylind-
rical tube by Christopherson and Dowson (1964).

Yo shell now cexasdince in more detail the elastic
constents involvca in the model. Thc clastic bchaviour is
cxtromely comolex, end we car give ot best only a verxy

approximate treatment of the various fectors involved.
Althouzh the cquations vhich follow scem formally to give a
recesonably cxoct description of the deforminyg proccsecs,
they must be considercd to provide only ordcr—of-magnitude
information about the clcearsnce and elastic compliance of
«n crythrocyte-like pcllet, porticul.rly in vicw of tho
Jdaucity of rclcvent obsorvationel date for the red cell., It

should bc pointed out that the zctuzal elastic model uscd

docs not affcet the solution of the cquetions of motion
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(provided small local deformations are considered to depend
linearly on the local pressurc); the large-scalce elactic
effects must, however, be invectigated if we are to obtain
estimates of thc values of the clcarancc and velocity
parameters pertinent to red cell motion.

then the pellet is being deformed into the paraohutob
shape described carlier, the forces acting, ignoring for the

moment the lubrication pressurcs, are as shown in Fig. Ia,

y]

which is a longitudinsl scction contoining the tube axis.
Denote the radius of curvaturc of the left-hend membrane
secction by r;, and that of the right-hand scction by ry /Aj
we might cexpect n in typical circumstances to be of order 2
or 3, There will be contributions from both faces to the
'bending resigtance's on the basis of recent obscrvations,
Burton (1963) attributes this coupling to long-chain fibrous
bonds across the concave portion of the red cell, slthough
there 1s no gencral sgrecment sbout this., (Canham, for cx-
amplc, hag shown that the biconcavity mey be explaincd in
terms of an extreomum osrinciple for surface und bending
cnergles.) Ve shell usc the Burton hypothesis, since it
allows a simple methemstical discussion. Supposc that these
bonds cxert a force f per unit arca on the interior of both
faccs. Then the well-kmown cquation for the Hressure diffor-

¢nce &Cross a curved ucitbreme gives for ithe dovmstresm side



47

ps = T = p(e) = s(5)
vhierc ps; is the intemsal pressurc, p(g) the dowmstream
pressurc, and & thc 'resistance to bending ' measurcd by
Burton and Rend (1964). e sre csswuilng herc that the sur-
fece forms part of a s)herc, so thet the two curvaturcs are

the samc. Similarly, for the right-hond wall

p(-—g) - D + T = S(@)
Ty
end addition gives
p(=g) = plg) = 23(1 + n);
Tr
or, if we consider a non-di.ucnsional pressurce diffcrence E

s5ay,

M CICARIC))

bascd on the modulus of clastic response to the lubrication

pressures, then we have
v = 25(1 + ng
L r B

Supposc the arc-length of the left-hend well gection ig g
(typicelly 7.5 microns in thc casc of the rod cell); then

the effective radius r,2. is given by

mim

rORC = I‘_f,Si

pe = 20

32 (2.2)

leCoe

l’l.)—? ‘sin 4('1 - ﬁ)&_?
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Previously, wc showed thet

%(po_ RL&L%J,(,—_&Z) = Re-13 (o3

The L.H.S. is & non-dimensionsl parsmcter, which may bc
denotcd by -F, say. Both B znd ' may be determincd for any
golution of thc cquations of motion discussed cerlier; anc
for ziven valuecs of the pellet sizc, tube radius, snd clastic
paramcters, the cquations (2.2) and (2,3) zive ¢n apHrox~
imate vaelue for the pressure dro>y compatibl. with the pro-
scriboc pcllcet velocity. Zvidently, r,IF is the exccess of
tube radius over pellct redius belorc coffccts of lubricat-
ion pressurcs arc conzidcred. We shall defince TP cs the
clcarznce for this configuration; for the red cell we show
in section 4 thet valucs of F glightly leoss then zcero are
expected in narrov~cepillery flor.

It romeins to discuss the fora of the paramoter §
ené@ to eXaaine the cass for sssuming a wniform, line.r
¢ependence of local deformation on nressure chengcs. The
assumption consists of two ports: firsvly, the sssumption
of lincerity mouns cgsentielly thot we may express smell

chenges in the asimuthal rodius r, oi the )sellet as

- (- 4x -
-dr, = (- g = ¢ dp (2.4)
(noting that an incrcasc in the presrurc, d), causce a Ade-

crease in 1, ). We asscrt thut we mey ignorc higher order
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terms in this {facleurin cxpension for dr, ; in so fer as the
next term is concermed, this mcans that we negjlect long-
itudineal stresscs generated by non-uniform prcessurc znd
pellet radius. Such stresscs moy become of importence in
any regions where the rading varics relatively rcpidly, in
particular the 'necking' predicted in the lubricetion zonc,
e might, thercfore, expect the linear theory o cxagierate
such phenomcna; the overall behaviour predicted should still
be substentially corrcct,
3 Sccondly, the assumption of uniformity meens that
ks
3§|is teken to be constent over the whole of the lubric-
ation zonc, In the case of the meinbrane model currently
=]

eccepted for the red ccll, %§|mill depend in a quitc comp-
licated woy on both r, and r.,, the azimuthal and lonsitud-
inal radii ofdcurvaturo, cince detailced information on the
behaviour of Eg'would require o much greater knowledge of
rcd ccll mechanics then is supylicd by the current form cf
the mombrene model (vhich must be viewed as a gomeral des—
cription only), it does a0t seem worthwhile to usc a morc
complicated elastic wodel then a uniform lincar onc, al-
though admittecly this must form o feirly crude spproxim-
ation to the truth,.

IT we accept tho elastic sgrumption, however, it is

not too difficult to obtain a ressonablce cstimatc of the
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value of (B, Denotc by Ap the pressure difference scross thr
menbrane of the (crythrocyte-likce) pellets then

-+

1
)

K-

ap = s(
Consider a simall increase dp in the cxtemal pressure,
corrcsponding to an equal decreasc -dp in the proessure
difference. Supposc this 'pushes in' the rim membranc from
position (a) on Fig. Ib to yosition (b), without affccting
the pogition of the rcmeinder of the membrane., Supposc for
computational convenicnce these curves are circular arcs;
then if € end n are os shown, thc longitudinagl radius r, is
glven by
2

62

_ n* + ¢ £
T - n

2 T T

since ¢» n. If the pregoure increuse do decrcascs r, by &n

amount dr, as shown, then r, becomes

2

LTS T BMTIGEY
e then heve
_ 1 2(n - Jr_l}
AQ—JQ S[r‘ —dr,+ 7
P 1 -»
i.c. -6p = S[E%Adn

and this gives, using (2.4),

s _ 1 r —
g feron - g

Y

or & red cecll 2 microns thick, this would sive valucs of
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drx, I
dp in the vicinity of 158 for capillarics of 5-7 microns

diameter. In the abgonce of other data, then, this is the
valuc we shall usc when apolying the results of the later
calculations.

I'inglly, we turn to considersztion of a model which
@llows leakage of fluid through tho partislly-permeable
wells of the tube. The motivation for such a discussion come.
from the obscrvation that the walls of capillerics cppear o
allow transmigration of various components of plasma. The
original hypothesis of Starling, that plasma diffuscd out
near the proximal end, and returncd near the distal cend of
Capillarics, has recently becn shown to be a very simplif-
iled approximation to the actual bechaviour (e.g. Wiedcrheilm,
1965), It may still be postulated, however, (Zweifsch end
Intaglietta, 1966) that fluid movement through the capill-

ary wall mey be rcpresented as

P, = X[p,f —- T~ (pe --TE)] (2,6)
vherc ¥ is o diffusion cocfficicnt (whrich may depend on
chemical end physiological factors), ps is the mechaniceal
pressurc in the cepillary lumen, 7T, is the colloid osmotic
pressure therc, and p., T are similar prcssurcs in the s -
rounding tissue space. All of these pressures sre much high-
cr thun the transient pressure incrcases mediated by the

pessage of the red cell, according to the lubrication thcory;



consequently, it secms reslistic to postulate merely a
uniform logs of fluid along the vhole extent of the lub-
rication film, rathcer then to introduce the needless com;
plications of a minor additional loss dependent on small
changes in the local pressurc.

The emount of lecskegoe cxpericnced by the plosma
filu is uncertain; water loss is probably the main con-
tributary factor to reduction of plasma volume in the lumc:
and absolutc, quantative studies of watcer filtration axrc
difficult (¥iederheilm, 1966), Some average valucs for
filtration coefficicnts have been obtained for various
tissues, for cxamplc by Landis (1927), Vemey and Rushton
(1950), eand Vermcy (1951), renging from 2.5y]£frml/sec/
cm wall avea fecm H,0 filtration rressure (for mamizlian
muscular capillaries) to 3—6><10-6m1/boc/cm2/bm £.,0 (for
mamnalisn glomerular capillarices). In the analysis of
section 5, we shall usc a value of 5.6 » 10 ml/scc/em”/em
H,0 (corresponding to .0056/xm‘/éec/um‘/bm H,0) obtained by
Lendis for frog mesentary capillary, vhich rcpresents a
mean value for the renge of cocfficients found:; we shall,
of course, elso investigate the coffect of lexger and smallcr
cocfficicnts. On the basis of rccent studics by Guyton
(1966) on intecrstitial fluid pressure in +tissucs, we find

filtration pressurcs ranging from (approximately) 10 cm H,O
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at thc proximal end of capillarics to =5 cm at the distal
end (filtration pressure is the bracketted term in cquation
(2.6)). It appears that y depends on position in the capill-
ary, and that pp dcpends on time, due to the apparcntly
random closing of the precapillary sphinctcrs controlling
perfusion, ilcasurements made by Zweifach and Intaglictty
indicate that filtration outwards is the main process occur
ring during capillary perfusion; and that water tends to
diffusc back in when the flow is interruspted. Furthermore,
rccent studies by Luft (1966) tend to supoort the hypotheesi-
that egress of material from the capillarics occurs at the
Junctions between the endothelisl cells, and is by no mcans
evenly distributed over the capillary surface. To facilitete
the formulation of a tractable mathematical model, however,
we shall in section 5 postulatc that a small amount of
plasma is lcgking out uniformly from the lubrication film

so that the total flux of fluid past any cross-—-scctional
dlane in thc capillary decrezses towards the front (down-
stream) cnd of the red ccll.

This loss of fluid from the plasma film appears
potentially important because of the cnhanced possibility
of breakdown of lubrication it introduces. Lighthill point
ed out that if the film thickness werc reduced much below

values choracteristic of normal flow, the film might be
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unable to sustain the high shcars consequent on such a
reduction, end 'seilzing-up' might ensue. It seems likely
that loss of fluid could contribute significantly to this
effect: particularly, perhaps, in the region of thc necle
ing. In scction 5 we examine the dcpendence of film thick-
ness and resistance on the lcakage rete, clearancc, and
pressure gradicnt. These are the locel effeccts of wall
porositys; the large scale dynamic effcct, that of 'bunching:
of red cells as fluid loss increases, has been considered
elsevwhere, for examplc by Zwcifach and Intaglictta (1966),
end will not be treated here. Ais might be cxpected, we find
that, with a positive filtration pressure, the resistancc
any given velocity is incrcased; or, morc pertinently, for .
given pressurc gradient in a given size of tube, velocity
is decreased in a region where lcakage is occurring. Iur-
thermore, film thicknesses are also rcduced in such region..
lcading to increased possibility of scizing-up of the flovw
if lubrication fails. As might z2lso be expected, the cficct
is more apparent at lower velocities and smellcr film thic®
nesscs. 1t is intercsting to note that these effects arc
suprisingly smoll (as showm by the computations of sectiorn
5); even the large filtration rates associated with glomexn
ular capillaries, for example, do not appreciably interfe-

with the flow phenomens predicted for non-porous tube systai.
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3. Mathematical formulation of the pellct motion

Consider an axisymuctric pellet of radius R(x),
scparated from a tube of radius r, by a gap of thickness
h(x). Ve shall choose a coordinate system stationary recl-
ative to the pcellet, and assume that the tube wall is mov-
ing relative to the pellet with a velocity -U; x is measurcd
as positive downstream from the point where the unstressed
pcllet has its maximum diamcter. We shall investigeate the
dependence of h(x) and R(x) on the pressurc, oncc the Rey-
nolds' equation has becn set up, 4s is usual in lubrication
theorics of this type, we assume the pressure to be indep-
endent of r in the recgion of intercst, and that the flow is
sufficiently slow for incrtial terms to be ignored; the

aXial momentum cquation becomes

dp _ J Ju
@ = % e 53

where u(r,x) is the axial veloecity. Intograting twice with
respect to r, we obtain

LGBy g in(r) + B
% dX ® J,

where A, D are functions of x dectecrmined by the boundary

u 1

conditions, If we pogtulate the no-wlip condition at the
boundariecs, and assuwnc the wells to be non-porous, we find

that u(r,x) becomos
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- L dpee g 2 ._-:LZR
“S i ar T R~ 1n(1 +h/5:)1nfz> In(1+ 1/R) (3.1)

If we now integrate the continuity equation,
. o -
r(rV)'* 55(ru) 0

once with respect to r, wec obtain, using a well-known result
on differentistion of integrals,

R+h
[_rV]:*L= —53)—( Lu.r.dr. + [r.u]2+,\ = (R +h) (3.2)

Clearly, if the tube wall has an axial velocity -U, it must
"also «t any psoint have a radial velocity ~U %E (R+ h), |
where of course %ﬁ (R + h) represents the slope of the tube
wall with respect to the axis. Consequently, (3.2) simplif-
ies o
R+h

Q%Lu.r.dr = 0
end since the integral hcrc represents the flux of fluid
divided by 2, we may integrate this to

el
%Lmdr = = 1r.,Q

where v, is the undsstorted tube radius, and Q is thc back-
ward flux per unit circumferential length of undistorted
tube - the 'leakback'! dcfined in section 1. If we use this
cquation in conjunction with (3.1) wc obtain

R+
p*. 2Rh+h U.in( -~
f {4/u afr-r T Eyay ng |~ e +{ R) Tedr T.Q
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e finally obitcin the Reynolds' equation as

2 2
— L. Gp.2Bh+hi > > 28h+h
4 dx 4 @R t 2R b TR TRTRY

_ o [en) _ omnant _
U[’z’ T AR | < T T (3.3)

Not surprisingly, in the limit g h/R = 0 (very
gingll gop tlickness), the equation rcduces to

Sp. . . 6ul |, Louq
ix =hz h*

(3.4)
using also the limit r,/R - 1: thig is the simplified
boundary-layer cquation used in [1]. On the other hand, as
R->0 end h - r,, vhich occur pact the ends of the pcllct,

the asymptotic form is

dp _ _ 8dU 164U
dx = J;f L (3.5)

Thsi is the Poigouille pressurc gradient cherecteristic of
simple pije flow with meon velocity (-U + 2Q/r.); such a
flow has a nett flux of — 7r,U + 2rr,Q, which is cqual to
the flux of pellet matericl past any roint, lcsg the leak-
back; there is thus o satisfying sgrcement with the contin-~
uity requircments of the lerge-scele motion. It eppcarc,
thercfore, that the Reynolds' equation (3.3) will provide a
rcasomeably accurstc descrintion of the flow over the wholc
of thc¢ pellets; it forms, in fect, a matching of thc asym-
ntotic forms (3.4) end (3.5) in the c¢ntry rcgion for the

lubrication flow, whcre the gop thickness is of intermcdiatce
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size.,

¥e shall congsider a pellet with en clliptic profile
at some rofcereonce pressurce n, (discussed in section 1), at
vhich the moximum radius of the pellet is just equal to the
unstressed tube radius. IT the compliance of the peollet is

@, we muy express R(x) in the form
kX
> w3
R(x) = r,(1 - xx/r.) = @ - po)
where « is a measure of the curvaturce of the pellet at the
point of constriction; the longth of the pellet is given by
1
¥
(r,/«x) . Similarly, if theo complience of the tube is &, its

arofile will be given by

R(x) +h(x) = r,o+ o(p - v,)

vlience

A

n(x) = 2.(1 - (1 = kx’fr.)") + (o = )P - po)
<8 in Lighthill's work, we notice that the dependonce of
film thiclkmess on presiure deponds only on the sum of the
compliances; since, hovever, R{(x) (in vhich ¢ elone zppeary,
occurg cxplicitly in the Reynoldas' cquation, we necd to know
o end g scparctely in thig ctatcoment of the problcem, As
mcntioned in the yravioug scction, however, we may bteke o«
to be zero in the application of the theoxry to the systemic
Canillary flow models we shall, thcercfore, ignore oo in the

following aneglysis, noting that coputations could well be
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undertaken with a non-gzero value of @ without further major
comowlication,

The value of the leckback Q may be determined, once
the downstream pressure has been prescribed, by the condit—
ion of equilibrium of forces on the pecllet. The drcg oer

unit area on the pellet is

T = - dx] r=R

= .1 .8p oBh +h ° S
IR d"[ZR In(l +h7R) RIn (T +h/1§D] (3.8)
dp,

vhere dx is given by (3.3). The totsl drag is

2 ﬂJ - R. T.a8x

S
where g, ~g arc the cnds of the sellet. This must be balanc--
ed by thc resultant pressurc force; since we assume that ove.

211 o

Fh

the frontal arce of the jellet the downstream press—
ure is p(g), nd sinilarly for the upstroam pressure p(-g),

we mey takc the pressure force to be

)’ [o(-2) - p(e))
(This approximetion has been discussed in scetion 1.)
here decfine the downstrcam and upstreain prossurcs to be
those acting at the respective onds of the pellet. The

cquality of forces may be stated as

o
" [p(-8) - p(e)] = 2le R.T.dx  (3.9)

Ve shezll tcke the valuc of (-z) to be thet vhich makes Ri{x)
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venish ¢t the upstream pressurce; since we cxpecet relatively
slow variation of pressurc wnd gup width in the region arount
the ends of the pellet, such a choice of g should not intro.-
duce significant crrors at the dowmstrcam cnd, even though

R(g) will not be zero, e obtain

4.01)-‘

- [m/k- @08 - p) S

We ghall now non-dimensionalize the equations, using

the samc scaling factors as in scction 1; the cquationg be-
come, on menijulation

ap 1 (2= o Cii(2~CH
& = Fweden { - S5, )X | 2-ot (2-ci) GrffE c%}
(3.10)
> 3 |
H(X) = p +[1 - (1 -cx) )L (3.11)
Jx) = »X)/r, = (1 - CXZ)? - CP (3.12)

(recelling thet since. we are ignoring elastic cxpansion of
the tubc, J(X) = 1 - Cli(X) in non-dimensionsal form).
cqguilibriuim of force cquation is
G 2
P(-G) - £(G) = S_G{l-‘!-@[?(l o) %1((12 '8‘1'3] 3, 11;(-;-51-1-)% ax
(3.13)
vhere G is the non-dimensional ccuivalent of the distance

&, and is given by
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¢ =1L -¢ [P(—G)]Z—]H
Numecrical solutions have becn obtained for this set of
cquations for various values of I :nd C, using the condit-
ion (3.13) to dctermine the valuc of P(G) end the prossurc
difference ICF(L,C) for esch sct of valucs. This procedurc
differs from thet advocated in the carlicr discussion
(vhere essentially L and P(G) were assumcd know, andlr3.13)
used to deteraine C); as pointed out in scction 1, however,
it will_be morg'convcnient to obtain the results in tﬁis
foria, andfintcﬁpret them in terms of more uscful physical
parameters later., Sincc we expecct the nost significant
pheonomena tBlbccur near the middle point of the pellet, the
numcriqal analysis was performed using the trensformation
X = ten@, giving mcch points for = Runge-Kutta procedurc
which cluster around X = 0.

In view of the argument édﬁanded in section-1
(regerding possible sources of crror in the drag computatioc
using infinite limits), wc cxpect the rocults obtzined to
deviate markedly from thosc of [I] for smell valucs of Lj;
for larger L, they should egrec recasonobly well. Purther,
the diffecrcnces should tend to be accentuated by incrcasing
C, and sapproach Lighthill 's rcsults more closely for C — 0,
This aspect of the solutions, tyoificd by the non-dimension-

al velue of the downstreem pressure (denoted by b(L,C)) is
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b(L,0)

=10

-15
Figure 2. Plots of non-dimensional downstream pressure, b(L, C) as a function of L, for
various values of film thickness C. The broken line indicates the corresponding curve

for Lighthill’s approximate calculation.
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shown graphicelly in Fig., 2. The corresponding curve for
b(L) obtained in thc ecpproximste theory of [1L] is showm as
a broken linc. As well as the cxpected deviotions for diff..
crent velues of C frow the approximate curve, we find =
marked divergencc as L apyroaches vary large values, due to
he effect of the very laxéo resistances found under thesc
conditions. Clcarly, negative valucs of b(L,C) correspond
to conditiong where the downstrecom pressurc is lower then
the refcrence pressurc elthough s pointed out carlier
this does not neccssarily corresiond to ncgative clearance
conditions.

It has not been thought nccessary to includce
diagrams showing thc variction of pressure snd gop width in
the lubrication film; a qualitative description was given in
section 1, end it wos noted there that such verictions arc
very similor to those shown by Dighthill in (1] .

- As discusscd carlicr, it will be wore uscful for
&polication of thesc vesults to actual physiological (cnd
physical) problems to cxorcsu the verious cusntitics in
terins of more realistic percmeters of the wotion, partic-—
ulzxly since L encé C involve quentitics such es typlcel gep
width end leckback, wbout vhiich we wish ©to obtain inform-
ation, Accordingly, wec will now introduce #dditional vel-

ocity, clecarance, wn¢ resistence pecramet.rs in o fom
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applicable to the rclationships we wish to considcr. These
will be non-dimecnsional, but related to physicclly relevent
sceles.

PMirstly, we introducc thc parameter

kN
<
A= puUB/T, (k1)
vhich measures pellcet velocity on & scole deoending only on
the fluid viscosity endé the geometry and elastic propertics

of the tube md pellet: next, o resistance porcmeter

kR
D = Ja(-e) - p(e)] m (k)" peu
is defined; this measures resistance on a scale of the
registance cxpericnced by ¢n equal length of tube containing
on equivalont Poiscuille flow. Iurther, ve shcll require the
Clzarence percmeter ¥, whosc derivation was foreshadovwed in

scetion 1

po £[liata) o)

i
wicre -F exprossces the decrcosc producad in the maximum
pellet radius vhen the oressure is increcased from the mean

o

driving pressurc to tho reference pressurc, as a fraction of

Iy

vl

the tube radius. Tact this is o reolistic measurc of cleor-
eance hogo been discussed in scetion 1. Pinclly 1t vill be
uscful, vwhon actuel cveluations cre boing mede, to have do-

finecd the puaremcter B, also derived in scetion 1:
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E = @/r.lp(-2) - p(g)]
This measurcs the radius chuenge vhich would be produced if

the pressure ot the rim were increcosed by an anount cqual

)

to tho pressure drop azcross the pellct; also as a fraction
of the tube rudius, For thoe clastic model assumed here for
the erythrocyte behaviour, E hes no indepondoent physical
significence; it ig mercly a convenicent non-dimensionsl

pressurce d¢ron, in terms of the clastic prop-

L

mcasurc of the
crtics of the pcllet, ond one vhich mey easily be derived
from the non-dimensioncl quentitics obtained in the numer-

ical tnealysis.

=

cse are the same peramcteors as those used in [I],
except for the clearcnces Lighthill uscd & further parometer

B o= @/n[p(e) - 2]

Ye mey casily show, however, that

F = B~ 38 ,
. -7
ané since-in Il] cascs vhere E was of order 10 or less:

only werc considered,: the two cloé.énbc-parametors arc

. o _
esscntially equivalcnt.“@ﬁe interpretation}fhowever, is not
the same (ané¢, of §6uréo, neither is the renge of values
found for. the .mgﬁétérs)g faf;althoughéinf%ﬁé éomprgg;iblr
modecl usca iﬂﬁTi] a valuec of B much in excoéé gfglo— ‘ﬁﬁs

embarrassingly high when flow over o considerable Iength of
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F1aure 3. Curves of constant velocity paramcter 4 and constaut film thickness parumeter '
on an F-E diagram. The broken lines vepresent compatibility cuives for a 7.5 pm red
cell in capillaries of various radii.
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tube wes considercd, the-present ﬁodel docs not have this
limitation. Ihq_ddﬁpafisbﬁfis further discussed bolow, in
the light of red cell and capillary srchitecturc.

A little algebraiCTManipulation easily shows that

the four parameters 4,D,3,F may bo oxpressed in terms of

L, C, b(L,0), £(I,0) as follows:

A = (LC?;) /6 E = iﬂzf(L,C) -

D = 60—'gf(L,o) I = Cb(L,C)+ iE
We may now plot the various relationships between A,C,D,E
end F3; essentially, we heave elininated I from the results,
and moy now calculate any of tho paraicters in terms of
two of the others, using thc values obtainecd for b(L,C) and
f(L,C) in tho numerical anelysis. For example, Fig. 3 shows
scts of curves of constant A end constent C in terms of T
and I's The broken curves indicate compatible valucs of I
and ¥ (for o @cformeblc crythrocyte-like pellet) for soveral
ratios of tubc to pellet radius (ascuming the latter to be
fixed); thesc erce obtained from cquation (2.2) using numer-—
ical data ayyropriate to the red cell., As in [1}, wc find
the typical gap width, expressed by the parameter C as a
fraction of the tube rodiueg, Gecrevges as the velocity
decroascs, for o given valuc of the clearsnce, This is

particul arly noticeablc under ncegetive clearance conditions, -
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F1oURE 4. Plot of resistance parameter D as a function of flgarance F for !
several values of the velocity parameter.




where the two sets of curvis tend to become parallel; herxe
we find thet C varies as A , whore k lics betweon about
45 and .55 (i.e. film thickness decroascs enproximately
as the square root of the velocity), along competibility
curveg of E and F for the red cell. Lighthill has pointed
out thzat such decrecascs in film thickness could leed to
scizing-up of the flow under low-vclocity conditions; this
has particular relevance to thc‘capillary flow Hroblem, and
will bec discussed later.

A sccond gignificent relationship ig the dependence
01 the resistancc porameter D on A for various clgrrancces,
e resistance coxpericnced by Poiscuille flow wvith viscosity
cqual to thet of the lubricoting fluid corregponds to D = 163
consequently, the value of D expected if the pcllcet suspon-
sion were a fluid hoving viscogity, say, twice that of the
lubricating fluid (o rotio applicablce to whole blood and
plasmc) would be 32. Using these figures, we uay usc the
D-A relationships to comparc predicted resistances for pellet
flow with t..0sc vhich would be found 1f the pellet-fluid sys-—
tom werc reploced by o single fluid with viscosity compareble
to that of the suspcension in bulk, Accordingly, in I'ig., 4 we
plot constant-A curves on a D-I' diagran., At rclatively low
velucs of i (as far as capillary flow is conccmed), for

“405 .

oxamplc 19 , the resigtances erc very much higher than
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those expected for Poiseuille flow (with the same viscosity),
particularly for ncgative clcarances and swmall positive
clecarances; thesc low velocities correspond to very small
film thicknesses, as shown in Fig. 3. Gven for larger valucs
of A, say 10— y end positive clearances, the resistences are
still significantly higher then those for purely fluid flow,
Turthermore, the pellet resistences do not increcasc as rap-
idly with velocity as do rPoiseuille resistonces; for a
clearance of ~Oé1, for cxXample, we find thet D varies apyrox—
imately cs A-..3 o This meang that if we define a 'resistiv--
ity for a given tube (esswaing for thc moment that the res-
istance ig thit of the pellets for the whole length of tube),
as flow rate divided by prossure difference, then this will
be & constant for fluid flow, but will be inversely prop-
ortional to gpproximately the cube root of the velocity for
negetive—~clecaresnce pellet flow. It is perheps more illumin-
ating, to express thosc results as follows: for a jiven
pressure drop across a lenzth of tube, the mean velocity

for pellet flow will be smaller then that for fluid flows;
morcover, the pellet velocity will be more sensitive 1o
chenges in the prossure gredient than a corrcegponding fluid
velocity, The importence of these non-lineer effectg pro~
duced by the presaice of the pelicts has beon indicated by

Lighthill in [I). T™e dependence of resistences and film
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thicknesses on velocity, under given clecarance conditions,
is duc to tie clagtic cffcects; it is interesting to note
that in Fig. 4 the curves converge ou cach other for pos-
itive cloarences, vwhere clastic control is expected to
becone progressively less important,

The relationshijps discussed sbove have considerable
significamce when interpreted in terms of capillary flow.
Typical velucen of the vavious paromcetbters will be neceossarys
we shell consider red cclls of about 7.5 ma diameter, and
corillarics of 5-8 microng diamcter (for which the assump-
tions medo about the mode of distortion of the red ccll arc
likely to hold good). fZend and Durton (1964) give = figure
of 0,0185 dync/eii for the 'resistence to deformetion' S,
and plasme vigcosity moy be taken as 1.9 contipoisc (Merrill
and ¥ells, 1961). In scction 2 wo obtained an estincte of
rf/158 for B where r, ig capillary radius. Ve might expect

glung of kr, to be of order unity, £1é their squ:re roots
to be cven closer to unity.

Congoguently, we find thet, for typical red cell
velocities oi the order of 100-200 pu/s:c, the veluc of A
is of thc order of 13— on substituting the above vilues;
similerly, th:o clearanco-rosistence compativility relation

(2.3), for o capillary of 6 microms diameter, is given by

1 =¥ = (.533/7).5in(2.344%),
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giving clecarances of the order of -0.1 for the normal vel-
ocitics mentioned above. (Ve have here taken the n of (2.3)
to be 3). Larger and smaller clearsnces may, of coursc, be
found for difiorent-~sized tubes (e.g. down to ~0.5 for a
Cayillary radius of 2.0 u, and low red ccll velocity). Under
normal flow conditions in capillaries 5-7 um in diameter,
clearances arc in the range -0.03 to -0.13. Compatibility
curves for various cepillory radii in this range zore shown
as broken lincs in I'ig. 3.

It must be pointed out that averege resistence of
a length of capillary will not be that found for individual
red cells, Supposc for simplicity thaet red cells ere inter-
sperscd with cquel lengsths of plasmas; ther we may teke D as
16 for the plesme-Tillod parts of the ceopillary, and en
average valuc of D (supnosing wc szsswite a particular value
D, for & red cell in somc situation) is then %(D, + 16).
Furthermore, if we wigh to compare thie registance with tThat
vhich would be oxpeeted 1f whole blood were a viscous fluid
being Torced 2lonz the cepillary, wc neced to teke into
accoun’t the viscosity of whole blood; this ig typicelly of
the order of twice that of plasima alone, so that a compar-
ative mean value of D ig more like (D, + 16). On this aru-
nent, our gpectocularly high rosistences become smaller in

prectice; gtilly o value of D of 150 pives a resistence 2.5
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times that calculated for viscous~fluid whole blood, whiic
valueyg of D of tho order of 1000 correspond similaxly to a

1

resistencc incrcascd by a factor of 15, Perhaps of greaie:
imporfance is the fact that thesc considerations do not
affect the non-lincar dependence of resistance on pressurc
gracient found &hove.

Let us now cxamine the characteristics of typical
normal capillary flow, In a 6 #m capillexy, for a cell vel-
ocity of 120 um/scc (ziving A ==lO—D waen kr, = 0.5) we
have scen that ¢ clearence of -0.1 would be cxpccted. From
Pig, 4, we scce that this corrcspondsg to ¢ film thicmess
peremeter of sbout 0,035; the lunrication film is thierefox.
anout 0,1 microns +thiclk, mmd the lcckbeck past the cell is
3.5 of the total flow. I'rom Fig., 5 we obtein a correspond -
ing viluc for D of 350, giving < mesn resigtance of about

5.5 times thit for vhole-blood Yoiscuilic flow, Similesrly,

)

o]

H4

2. 5 micxon cepillary, leakback is about 3.2 ond moen
resintance is sbout 7 times Poiscuille; filu thickness is
slightly less (.075 aicion). on the othor hané, 1or a 7
micron ceillary, lcckback is 4.5%, mcan resistonce 4.5
times Poiscuille, and film thickness is .16 microns. Clee™
ly, we would cxpect to find that for nerrower copillarics,
velocitics cre couwparctively much smellex then for corwves.-

ponding Poiscuille flow,
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Of course, thesc cnhanced resistances do not necess-—
arily mcan a grecat contribution to the oversll vascular
rcsistance from the casillaries, since there are such a
large number of them in parellel; it is thought, in fact,
that systemic capillarics, for example, account for only
about 20% of the resistonce of the vascular bed. That is
importent here is the cffect of the non-linearity of resist-
ance on flow in each capillary. Supnosc, for cxaple, that
in a cegpillary of 7 microns diameter, with a flow corres-
ponding to A = 10_ s, the pressurc drop across the ends is
reduced by half, either by vasoimotion or blockage., Then an
cxemination of l'ig. 3 shows that, if B is halved, the vel-
ocity parcmeter in this case falls to 10~3°5, which mecans
that the velocity is reduccd to one third of its original
value; the film thickness also falls, from .16 microns to

.1l microns. Thcse tendencies arc cven more marked in smealler
Capillariess for a lumen of 6 microns diamecter, holving the
pressure gradioent reduces the velocity by 2 factor of 6, and
the film thiclmess from .1 microns to .04 microns; while in
a 5 micron cepillarxy, the velocity is reduced by up to ten
times, end film thickness falls %o ¢ value corregponding to
C less than .0l, i.c. less than ,025 microns. The meon re--

sistences arc increascd to 7.5, 18, and 40 times thc Pois-

cuille valuc; thesc figures are obtained from I'ig. 4, or



2.

extrepolation from thosc curves, using the clcarance and
velocity data found from Fig. 3. (of course, thesc mean
resistances could have been obtained dircctly from the val-
ucs rcad off I'ig. 4; for we see from the definitions of the
various paremetcrs that AD = E.)

In connection with these non-linecar resistance
effcets, it is interesting Lo consider some recent work by
Djojosugito ct al. on blood viscogity; they found that the
apparent viscosity of whole blood during perfusion of muscle
incrcascd (roclative to thet of o dextra ~Tyrode solution) &
flow ratc decrecged. It might be suggested that this effect
is duc, in port, to a markedly increwsed resistance in the
capillery network of the musclc predicted for low flow vel-
ocities by the nrescnt thcory.

Lighthill hag mentioned the posgible application of
these results to control of perfusion by vesomotion in the
artcrioles =and pre-cepillerics. Constriction by the smooth
musclc therc reduccg the pressure gradient in the perfuscd
Capillaries; we see¢ that the sensitivity of +he velocity to
chenges in pressurc gradient rapidly reduces thce flow rate.
Iurther, the cytremcly thin lubrication films existing
geot that brecakdown of

under lov~velocity conditions su

i

lubrication may occur, causing comploic shutiting~off of the
cte occlusion of the

flow without the necessity for complc
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lumen of the pre-capillerics or arterioles., Such a proccess
could cxplain phonomena concemecd with other flow stoppages
observed by, e.g. Burton (1956), and more recently the rajid
Cessation of flovw at small positive vasculaer pressure difi-
erences observed in lung by Glsazier, Hughes, I.aloncy and
Fest (1968). HMoreover, in pulmonary cepillarics much less
control of flow by aricrioles occurss; the remsults of this
theory could well provide an cxplonotion for the resis” ince
cficcts produced in the capillary 'marsh' of the lung. The
perfusion process here, of course, may be further complic—
ated by capillary complisnce, and by the relation between
vescular and alveolear prossures; this has becn discussed in
secction 2,

The preceding discussion of scnsivtivity of control
for pcllet flow gysteis holds good whatever model of pellet
clasticity is assumed (elways providcd that locol small de-
formations decpend linezrly on precssuro chenges). It is interx
csting to consider differcnces in behaviour betweon sycstems
containing, say, nurcly compressible pellets, ond ones with
erythrocyte-like »ollews, Such o comparison may also throw
somec light on engincering applicsetions, in perticular the
cleening of jipes by forced passoge of compressible pellets.
The importent factor here is the depondence of cleareance on

nmeon driving pressurc ot sny point. ¥For the distortcble
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erythrocyte, we have shown that the cleerance depends only
on thce releative dimcensions and the pressure drop across the
nellcet; on the other hand, the clcarance for a compreszible
pellet depends dircetly on the absolute pressurc., This mcans
thet for such a pellet the clcarance decrezscs (and resist-
ance increesecs) rs the oellet moves along the tube, The
paramcter ¥ hag direcl rclecvance here: it mecasures the change
in clearencc as the pellct moves e distence equal to its own
length plus the length of the interspersing fluid (assuming
negligiblc pressure drop in thce fluid phasc). Although the
pellet could only expand until it recachod its natural dic-
meter if the lubrication prcssures cre removed, ncvertho-
less the clearance parameter can go on decreasing indefin--
itely — it is a measure of the digperity between the mean
driving pressure ¢nd the refercnce prossurc. Conscquently,
for thesc systomg the contribution to the icsistance is
greatecr from the downgtrcam end of the tube (or tubes).
Further, the josgibility of 'sticking' when the film thicl-
ncss becomes Ttoo small umecans that the dowmstreom pressure
mist be kopt above & certain level to avoid lubrication
Tailure; this introduces a severe limitation on the flow
rates which may be achieved for upstrcam pressures closc to
the lower limitv for downsirecm proscure,

On the other hand, flow involving the 'bondebloe!
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crythrocyte~like pellcts shows much more uniformity and flex-—
ibility. Firstly, since the flow ratc depends only on the
gradicnt, snd not on the absolute valuc, of the pressure, the
rzte of perfusion may be controlled with equal facility by
pressure cheanges at cither end of the system without intro-
aucing limitations on the flows that cen be achieved. For
the scme rcason, parts of a system having diffcrent tube
lengths may be controlled uniformly at the one upstream
pressurc. Purthermore, since clearancce, and hence resist-
ence, of éach pellet remains the seme (in o uniform--velocity
flow) &t 21l parts of & tube, the pellets will all contrib-
ute equally to the total resistence of any given system.
Consequently, control of the perfusion is cffected at all
points of o mesh by vasomotion at the upsitrezm end (clthough
the rosponsce depends on the local morphology). All of thesc
featurecs of red cell motion may have important applications

when the phcnomenon of autoregulution is being considcered.
—axisymactric case

tc now consider a model vherc the pressures, veloc-
ities, and film thicknesscs depend on two arguments: the
axicl coordinatc x :nd an azimuthal angle @. Ve make the
usual lubrication essumptions, nemely thot pressure is in-

dependent of the coordinate mecasurcd across the film, and



thet incrtiel forces may be ignored. The corresponding

51mpllf1ed Nevier-gtokes cquutions are

S €Y

g.% - +#£:(r§‘§) (4.1)

where u, w are the ocxial and awimuthal velocity components
respectively. Integration with resjyect to r, eand use of the

boundary conditions

u = 0 on r = R, u = =U on r = R+h
w = 0 on r = R, w = 0 on r = R+ h
now give
_  2Rhsh x| _ U.ln (Lﬂ;
u = 4—}1& [I' - R ) 111(1+11/R) ‘S In (+JL/
o 4 l.9p o h.n(z/R %
W= +/u o4 Y_r R T In(IFu/R 1 (4.2)
Integrating the continuity equation
3, Lou  dw
gr(xv) = -va% od

ccross the gap, we ohtain

R+h

5
r.u.dr - w.dr 4 [ru P+h)
57 )z S

R4 R+h
o
|‘_rv-lR = - 5% g

as in scction 3; snd we similarly simplify this to

3 I'F’H—h 5 [R-!—h

e. n . = 4,
i r.u,dr +5'Z w.dr 0 (4.3)
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Substituting (4.2) in this gives a Roynolds' cquation
o 3L . ?Rh+h ORh+h (ML oRh+h’
O3 |4 Efc [ER +2Rh - 111'(11'5/1{) CTn (/A

* 5‘9‘5{ agz[m*h - in(j.-r}x/h)]} (4.4)
Thig may be arproximated to any desired accuracy by
expansion of the logarithmic terms as Taylor sericss we ob-

tain, c.8.,

a‘%’z{%ﬁ 12 /*U"“} *a‘;zia% 123\ =0 (4.5)
as a first gporoximation corresponding to Lighthill fs
equation in the exisym.ictric case. For clarity and simplic-
ity of manipulection, we shall usc this form, together with

the simplificd parcbolic expression for the film thiclmess,

h = B(p ~ ) T
It hes becen shown that this should sive o rossonably good
aporoximation to the sctusl beheaviour, provided that finitc
limits (-~z,g) arc uscd for the onds of the sellets In any
casc, we gshell be interested only in the broad featurcs of
the flow (not in an exsct solution) sincce the spproximations
we have made in setting up the asymietric model must nec-
essarily be fairly crude, in view of the comments made in
section 1 on the paucity of obscrvational dota.

Theo clastic and geometric paramceters of the model
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are now functions of ¢; accordingly, we may write
= @’F ! (SZ)

K = &I (%)
where F, (@), F,(J) arc both unity; and thc expression for

film thickness ig now

hx,#) = g(p - po(?)) ¥,(F) +%/€°F‘z(¢)3c2 (4.6)
Clearly, T ,(@)and F (@)arc non-dimensional; notice also
thet the reference pressurc p, may now be & function of ¢,
Te may now express the flux q(@) in terms of some rcfercnce

value at g =

a(f) = q.Q(9)
end non-dimensionelizc as in scction 1, using the reference

values Qo, eo, & ond pz(ﬁ). To obtain
4
h = ,C.%H , X =i%%og X , R= rJ) ,

P =000 = Fs 208 4 pol0) - 0o(A) = Ek2.(9)

Here P (4) is o non-dimensional cxpression for the variation
in reference pressure,

Bquations (4.5) ond (4.6) become

5 (T () H g 9L < + LJH) + mgﬂ <§é} 5{;) = 0 (4.7)

o= 2 (B +2.0)] +0.(0)% (4.8)
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‘fiere L is defined as befors, and M = C/kr. 3 C is as before
the ratio of a typical gap size 2q./U to the tube radius ..
V'e have alrcady shown thet we expect kr, to be of order

unity and C to be very smell:; vic mzsy therefore write

M < 1

Mis implics that we may neglecet azimuthel pressure grad—
ients in thce Reynolds' equation (4.7) as a first ap)roxim-
ation, Incidentally, this argument justifics a similar
approximation made by Christooherson and Dowson (1959) for
a model ol a sphierc moving through a closely-fitting tube:
and thc succesgs of that model encourages us o make the
simplification discussed above. Ve may now integrote (4.7)

to obtain

S = T %‘3}%@ - %3 (4.9)

where we have put J(X) =1 as in the derivetion of cquation
(3.4); this eliwminet~s the sinzgulsr beh-oviour which would
otherwisc occur at the cnds of the pellet, where J(X) = O
in the morc exact model,

The flux function Q(JF) lhias not yect been prescribed;
but if we usc as a boundery condition P(G)=Db(L), say,
independent of ¢, then Q(@) will be determincd as that
fur.ction which produces o value of P(-4) also independent

of #. (Clesxrly, thc upstream and éownstream pressurcs cannot
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depend on the szimuthsl coordinate.) In foct, we shell deot—
ermine b(L), for any L, as that value of P(G) which yieclds
P(-G) = p(a) (an-approxiﬁation discussed previously), at
the reference point g = Q, say, vhierc we definc 3(0) = 1.

The principal rcason for exaumiuning the non-axisym-
metric case is to decternine vhethor the asymictrics cause
any cdditional local constriction of the lubrication layer;
we shall, therofore, he intercstod in & local film thick-
ness paramcter C(¢), say. Ve may write

o = A

and since q,, U, r., crc all indeoondent of ¢, we may usc

the leckback function G(@) as a measure of C. This will be

o

done in the computotions which follow; the remarks made
about the behaviour of 7 may equally well be taken to refer
to C.

3ince we shell be interecsted in smell deviations
from cxisymmetry, it 1s of intercst to consider the relative
magnituces of the offects produced vy the various possible
asymietries in the peragdcters. Thile smell variations in «
and ® mey be expected to produce variations in ¢ of the samc
order of masnitude, smell variations in the radias of the
ncllet can produce significant alterations in the clcearanca,
gsince this is cssumed to be smell in any case. It might be

expected, therefore, that such clesrance variationg will
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produco largo varlatlons ln tho roforenco pro surc nooded

to.produce ZeX0 clearance; we shall in’ the compubatlons

‘r

congider only a modification in the pellet radius, 30'51mp—

1ify the discussion of the results. 4 simple sinuspidal

variation in the undistorted pellet radius is assﬁ%ﬁd, S0
that P, (@) is of the form £D(cos2d - 1), where T is”tho
'degrec of asymmotry', and represcnts the dlfferen0p be-
tween the refercnce pressures ( pressurc roqulrocifo‘dlstort
the pellet just suffioiently'for it to fit the tube) at the
points of smellest end largest clearance. Since Po(f) is
neg- tive at ¢= :Z; we are decreasing the cffective: pEOSdurc

1({

avallaole to produCG clasgtic dlstortlon' this is due, of
coursc, %0 en increase in the refercnce level fromuéﬁich
these 'distorition pressurcs' arc measured, It might be
cxpected thet this risc in the refercace pressure might
cqually be interpreted as o fall in the downstream pressure
nceded to sctisfy thc condltlon (1.7), consuqubnt on an eff-
cetive increasc in thc V'luo of the parampter L if the leak-
back were asstmed t0 remein constant (i.c. I is kept con-
shmtqﬁybyaﬂ&ﬂngﬂmlﬁdmmktodmrmmﬂ:bm:da.
though this.zives qn.indicqtion of how vwec expect the lesk-
back to vury, it canﬂot be used cs a comgutatipg_techniquo,
since tha scalin;, factors for thcfgon—dimcnsiqﬁglization all

depend on the usc of some constant lcekBack refcrence level
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(vhich would not in this casc cxist).

48 we eXpect, the lecakback decreasces as the rofor-
ence pressure incrcascs around the circumfcrence of the
pellet, and the maximum leakback defect is very ncarly
oroportional to the degree of asyminetry for the values of T
used; Fig. 5 shows some typical plots of the leakback
function @ against @ for various degrees of asymmetry. ‘Che
form of the reference pressure variztion is also shown for
comparison. Perhaps the most interesting featurc of the
results is that the maximum lezkback defect decreases as L
increasce. As 9ointed out in scction 2, this mcens that under
conditions of negative clearance, when film constriction may
possibly bring about failure of lubrication, eny increased
tendency in this regard ccused by local asymmetrices is re-
duced, If we define " as 1 - QG?)/Q(O), then v represents
the anount of asymmesry induced in the leoeckback (and henco
in the film thickness) by the asymictry in the pellet shape;
it will depend on T snd L.In Iig. & we show how ¥ decreascs
from a value of the order of T (fow smell-L flow), as L
increaqes to values charscteristic of nowwisl blood flow; the
tendency of the flov to symietrize for largcer valucs of L is
clecarly shown. .
It was pointed out in scetion 2 that onc of thce most

important conscquonces of these results (es far as this
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theory is concecmced), is thet non-axisymmetric pellets may
be treated with reasonably accuracy by an axisymactric
model, since the departures from axisymmctry are reduced

by the flow. This, of course, extends the utility of the
theory of seetion 3 for discussing capillery flow phenomeng,

where the pellets (red cells) are not alwsys axisymnctric.

2e._Tubc porosity

In this final section we analyse a model in which
leekage through the well of the tube may occur. As discusscd
in the introductory outlince of scction 2, we shzll consider
that a local uniform loss of fluid occurs, the amount dop-
ending on the filtration coefficient A and the mcan filt-
ration prosrurc, 2y sey. For a tube of radius r,, the fluid
loss per unit longth of tube is AP, .27wr, . If at any point
the velocity of the pellets is U and the lcoakback is Q, thon
the total flux past that point is 7irsU - 2nr, Qs conscquently,
the frzctional reduction in flux is 2P /(r.U - 2Q) pcr unit
length of tube, in the downstrecan direction. Further, since
this result is also true of a coordinate systein in which the
pellets are stationeary, the fractional reduction in leakback
(which hes been defincd as the negative of the flux in such
a system) is - BA/Q, in the downstrcam dircction. "¢ shall

denotc this constent by -k.
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If we congidcr & reference value of the leskback,

Qo s to be that which occurs at the midpoint of the pellet

(x = 0), then tho leakback at any noint is Q. (1 +kx); we
nay definc the parsmetcr L in the non~dimensionszl form of

the equextions in terms of Q. Altemagtively, we may define Q
as the valuc at the upstream cnd of the pellet (x = -2),

vhon the 1001"]3"01( is O_o [1 + k(x 4—[;)] -wlthough thlé ‘defin-
ition glvos nominally different recults in texrms of the
perameters L and C,' the toletions betweon the vgldcity,
rcsistance and clecorance peramcters are found to"b"ofidentical
for tho-i;y«o;fqnnulations (es, indccd, we might oxoem:) e
shell, thorefors, use the fommer definition in tho ‘following

o

analysis,

L.a.\-w ’

If we write: the leoakback expresscion in terms of”
our non—dluu.nmonal verichles, it becomes Qo(1 + XX), whore
K is the paremcter

L = k(2Q;/1<U)?= 2, /[U(cxr.) ]

..IH

In section 3 we showed that U = 15(r<rb) Ay, end A = LC%/6;
further, it wag found theat ¥r. is of the order of uanity
for crythrocyte-like pcllets. We ghcll therefors usc the
formala

K= 2B

as our deofinition of the 'lecakback rcduction coceffiicient!',
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" Figure 7. Effect of tube porosity on the curves of figure 3; the broken lines show the modi-

fication for a filtration constant A of 0.0056,53 s“‘,b;g(cm H,0)™! pressure, and a trans-
capillary pressure 10 em H,0.
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If wc now substitute the above form of the leakback into
equation (3.3), we obtain & modifis¢ non-dimonsional Rey-
nolds' cquation

. . ~1
@ _2 oy _2CH(2-CH e

- |
°[2—CH(2-CH) + % f_g%ﬁ (5.1)
witile the cquations (3.11), (3.12) and (3.13) rcmain un-
changcd, 4 similar serics of computations to those of cction
3 magy now bc performed for this modificd cequation, using the
same techniques as titosc employed carlier. It is convenient
to discuss the regultg in terms of the paramcters 4, C, I,
end F defined in scetion 3.

As was forcghadowed in the discussion of scction 2,
we find thet for a given clearance and jressure gradicnt,
film thiclmess and velocity are both reduced. These offcets
arc illustrated in the curves showm in Pig. 7. The brokon
lincs represcent curves of congtent film thickness and vel-
ocity (using s conrdinates clecarance and resistance) in the
cbsence of fluid lcakagc; the continuous linces represcnt the
sane curves vith o filtretion constent A of ,0056 fs/scoéu7
cm H,0 pressurc (obtained for frog mcrentcry by Lendis,
1927), end a tramscayillary pressurc of 19 cm H,0. Thesc
volues are merely rcprescntative of the ronge of conditions

vhhich obtain in various microcirculatory sysgtcemg; the mag-
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nitude of the cffect naturally depends on the filtration
congtent, which mey renge in memmalian cajyillearvics from
. 00025 (muscle) to .03 (glomerulus)'/;Vbecz/ﬂ7bm [, 0, luar-
thermore, the transcgpillary pressurc mey become negative
(at the distel cnd of capillavries); computations madc with
a value of =5 cm H,0 indicate that the reverne offcct occurs
under thesc inflow conditions, with magnitude zporoximgtely
helf that obltaincd above for outfiow at 10 cm.

It io noticcable that, undcr conditions typical of

normal flow in cajillarics (L =10 , C = .035) the cffect

-

of fluid loss is relavively smell; the filw thickness is re-
duced by less thon 3., andé the velocity oven less (for the
filtration constant quoted). It is only for reduccd velocity,
fiim thicknesg, and oressure gradient that the offects be-

coue noticcable; we mizht exjyect the leakage to c.

use 2
rathicr more rapid cessation of flow on reoduction of press—
nre than would be cxpected for a non-porous cepillary, but
not to affcet normal flow to sny groct cntent (unless, of
course, abiormelly high filtration r.tecs occur, as in tho
cage of capillary damsge). Copputations nexfoxicd using a
much larger filtr:tion coefficiont, such s is found in
glomeruler capillaries (.03 /3/3004/;7bh H,0) show that cven
for this fivefold increese in filtration, the film thick-

negs reductvion is omly doublaed. Perhaps thig is the most
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remarkable feature of this theory of porous capillary flow;
the system ig able to produce movement of metabolites by

transport through the capillary walls, without interfering
unduly with the pressure-flow characteristics of the micro-

circulation.
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Chapter III

'Implications of a Teory of Erythroeyte ..otion in

Narrow Capillarics'

Abgtract

A theory of lubricated motion of deformable
erythrocytes in very narrow capillarics is discussed, and
applicd to physiological phcnomens. Velocities are smaller
than cxpected if the pellet-fluid character of the motion
is ignorced; resistances arc enhanced, and depend non-lin-
carly on the velocity and capillary diamcter. Film thick-
ness decreases with decreasing velocity, and 'seize--up'
may occur due to lubricagtion failurc. The rcsults are
applied to phenomena such as perfusion control by vaso-
motion in arterioles, uneven filling of pulmonary capill-
ary beds, non-linear apparcnt blood viscosity, end press—
ure-flow relationships in the capillaries. A)rproximate
numerical values arc obtained, and shown t0 be in reasone

able agreement with obscervation.
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Introduction

In a recent paper (6), the author presented a
theoretical discussion of a model for red cell wotion in
harrow capillaries, and indicated possgible ap,lications
of the theory. The aim of the oresent work is to review
bricfly, in as non-mathematical a manner as possible, the
results of that theory; to convert these results to phys-—
iologically significant forms; and to explorc the implic-
ations for various mechanical phenomena of the microcirc-
ulation, in the light of recent expcrimental findings. The
numcrical results given herc are principelly for illust=-
rative purposes. Some necessarily crude approximations in
the model make the gquantitative predictions of perhaps
uncertain accuracy; and it ig the qualitative bchaviour
thet is to be emphasized,

It is now generally acce,ted that blood in the
capillaries cannot be regarded as a praotica}ly nomogoen-—
cous fluid, but must in any dynaanical consideration be
treated as a suspengion of solid bodies (the arythrocytes)
in the Hlesms (9). Gabe end Zatz (11) have demonstrated
that plagmea behaves as a Newtonian fluid to good accuracy;
furthermore, the leynolds' nunber for plasma in capillar-
icg is very small (10_2 or 10*3), so that the plasma flow

is governed by a balance betwein nressure gradicent eand
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viscous forces - inertial contributions (dynamic hezd)
may be ignored. An influential feature of the geometxry is
that the red cell diameters are comparsble with those of
the capillaries, as emphasized in the axial train concept
of *hitmorc (25). In somec cascs, the red cells are larger
than the capillaries, and must deform in order to pass
through, Other authors (1, 29, 23) have also discussecd
the theoretical behaviour of a series of fairly tightly-
fitting solid bodics in fluid-filled tubes. These gtudies
considerecd only rigid pellets, except for the comuents of
thitmore on cell deformation in highly-sheared flows.

the currently-accepted erythrocytc model is that
of a very flexible, slightly clastic membrane, supporting
& smell surfzce tension, in the form of a biconcave éisc,
8 mm 1in diameter, =nd 2pm thick ot the rim, and contain- |
ing an Litcompressible medium. (onc hesiteates to say 'lig-
uld medium' until detailcd information is available on
erythrocyte intemal structure.) Fung (10) has shown that
suchh & structurc cen casily support cheanges in uniform
pressurc without deforming. An important consequence 1is
that only non-uniform force digtributions can causc de-
formation. There are two principal modes of deformation
(15): ‘bowing' produced by a combination of pressure grad-

ient =nd viscous drag et the rim, and 'squaching' vhen
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the rim is subject to local increased pressure (in a nar-
row capillary). In éontrast, the walls of gystemic capill-
aries are much less compliant (2, 10).

Lighthill (16) pointed out that, in narrow capill-
aries (vwhosc diameters are equal to or less than rcd cell
diameter), a lubricating film of plasma must be present
between the cell rim and the cndothelium, to permit free
sliding of thc cells. The relatively large pressures dev-
eloped in the lubrication rcgion vill distort the cell
meubrane, snd thesc elastic effects must be included in
any dynaaical treatment of narrow-cajyillary flow. Light-
hill's investigations indicated that the rcsistance would
be higher then for a corresponding homogencous-fluid flow,
and vwould depend non-lincarxly on velocity. Thitmorc's con-
cept of plasma 'leskback' (25) was extonded to very narrow
Caplllaries, and shovm to be velocity dependent; it was
20stulated thet this nigh+t heve important consequonces for
the mass transport of gases. The thickness of the lubric-
ation il dcoréases as vclocity decrecascs, and this may
lead, at very small fila thicknesscs, t0 & brecskdown of
the lubricsting propertics of the fluid, znd a conscquent
sharp rise in resisteonce due to the developrient of frict-
ional forces - a process referred to by Lighthill as

'solze-up ',
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It is perhaps not immecdiently ajnarent that lub-
rication by plasma film: is o ncceswury feature of red
cell movement in narrow capillaries. There is, of course,
Justificetion for ap)lying the well-known principles of
lubrication theoxy to biological systeis; such a treat-
ment is a comerstone of rccent work on bone joints, for
examole (17): but i3 is not obvious that frictional forces
would present a scrious obstacle to the motion of erythro—
cytes in the absence of lubrication, since the cells are
believed to be coated with layers of 'slipoery' phospho-
lipids. However, under normal circumstances there is prob-
ably no such thing as a dry mcmbranc in vivo, end the
aresence of a fluid layer, presumably plasma, on the red
ccll membrane would constitute =z lubricetion fil.x in the
thin gap between cell and endothelium. lioreover, it may
be argued that the phosphiolijids depend for their 'slip-
perinces' on the presence of fluid -~ Lighthill (15) has
cited the snalogy of the large frictional forces sssociat-
ed with a dry cake of soap. It is not cnvisaged that the
mechanism of posciblce scize-up is onc of completc romoval
of filuid from the gap, but rather of a breckdown of the
lubricating properties of the film vhen some limiting
thiclness is recached; such Lchaviour has been observed,

in a morc clasgical context for thin-film sliding 1lubric-
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ation (3), end more recently for low pressure gradient

studies on blond (4), discussed in a latcr section.
Lubricated motion of an clastic pellet in-a rigid tube

The cquation gbverniﬁé{thg flow of fluid in a
lubrication zone (the;Reynolds' equatidn) ig derived from
the Navier-Stokes equafions.and the continuity condition
(see (6)). Esgentially, the_pressﬁre gradient along the
zone (assuineé constaent for any cfoss section) is expresscd
in terms of the thickness of the lubrication film at any
point. Mec cquation also depends on the polief velocity
and on the volume flux of fluid past any cross-section
(the 'leskback')., Tis is a priori unknown, but is unique-
ly dctermined by = sccond dynamical condition; the viscous
drag on the pellct imust just balance the 'driving force!
of the apolicd pressure gradient., A third equation for the
threc wnknowms (pressurc, lecakback and gap width) is the
law of clastic compliance for thc pellet. (In (6) a linear
rclationship was used, and shown to bec a reasonable app-
roximation for the red cell.) Thc gap width is expressed
in teris of the undistorted geometry of tube and nellet,
and the local deformation produced by the lubrication
pressure.

The fluid pressurcs at the rim depend also on the



PRESSURE

[ \

MAR} T T T T — =

- RADIUS
2 e

Fc. 1. Ilustrating the concept of clearance. Ar is the radius in-
crease caused by pressure reduction Ap from the reference level p to
_ the mean ambient pressure IMAP.  —-—- - . TTTT

DRECTION  OF
| MOTION

FIG. 2, Typical low-clearance pressure profile. Vertical lines mark
the edges of the lubrication zone. Broken line indicates the mean !
_ Pressure gradient in the zone. T



95.

witount of defor.gltion necessary for the pellct to fit in-
side the tube., This 'is measured by the 'clcarsnce' P of
the pellet, defined ag follows: supoosc the rim nressure
at the middle of the pcllet is allowed to cl.ange from a
refercnce level p, (at vhich the pellet jugt fits inside
the tube) o the 'mean ambient pressurc', due to the ap)r-
lied pressurc gradicnt (in the absence of any extra lub-
rication pressurcs). This will causc a change of pcllet
radiug; the clearance is the negsative of this radius
chenge, cexpressed as a ratio of the tube radius. The con-
Ccept is illustrated in Fig. 1; if Ap and Ar are the press-
ure and radius changes shomn, an&.?; isAthe tube diameter,

then

P = - ar/r,

Clearly, positive valucs of I refer to pellets vhich fit
without nccegsarily requiring deformation in the lubricat-
ing gone, while ncgative-F pollets nced such deformationg
for these pellets, we cxpect clagtic propertics to slay a
large pert in determining the mechanics of motion. Ve
shall show thet negetive or very small positive velues of
Ir are cxpected for xed cells in nerrow capillarics.

¥ig., 2 shows a typicel pressurc profile for a.ﬂegm
ative-clearance lubrication zone. The nlhysical signific-

anCe of the profile has been fully discussed clsowhcre



96,

(6, 16), Notice perticularly that the mean pressure grad—
ient across the lubricetion region is much greater than
that in the plasma 'bolus' separating ncighbouring cells.
This sugyuests that the red cells play o dominant role in
determining resistence (and hence velocity) in narrow
Cgpillarics.

The three equations described above may be solved
to give relationships between velocity, pressure gradient,
filwm thickness end clearance. It is also interesting to
discuss thco fes'stance at various velocities, exproessed as
a ratio of the (constant) resistence of a corresponding
homogeneous Newtonian fluid (..h.N.f,) ) 'corresponding'
in the sonse of having a viscogity typical of wholc blood
in the bull, and a mecan velocity a little lesg than red
cell velocity. Te call this ratio De(a slightly different
definition was used in (6)). inother useful parameter is
the 'velocity rcduction factor' R,, which cxpresses the
retio of pellet velocity for a given pressure gradiont to
the expected velocity for c.h.N.f, All important symbols
arc listed for convenience in the table opposite. Several
interesting results cmerges
(1) Vclocitics are much smeller than those expccted if
the pellet-fluid character of the flow were ignorcd. Val-

ucs of R, range from 3,4 for gero and small ,ositive-
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clearencc conditions (corresponding to capillaries of 7.5
-9 um diemeter) to 0.15 for F = -0.1 (6/Am capillary).
Tese values are for normgl flow conditions; thoy become
much lower at reduced veclocitics.

(i1) R, duponds sensitively on the pressurc gradient,
indiceating that the velocity depends non-linearly on the
pressure grodiont. It is importont to distinguish this
charac cristic from the previous one - not only arc vel-
ocities much smaller then for c.h.W.f., they decrcesc more
repidly as the pressure gradient is reduccd. Curves of R,
against pressurc gradiont for red cells in cagpillaries arc
given later (Fig. 5). TFor 5-7um cepilleries, it is found
that, opproximately,

R, o¢ (prcssurc grzéicnt)

hvie

(iii) For positive clearences, film thickness is rather
insengitive to velocity, and takes larger and larger val-
ues as P incrcases. Hence little posgibility of 'gseigze-up!
occurs under thes: conditions (8—9/ﬁu ¢c.Hillorice wnd
above) unless pressure gradients are reduced virtusglly to
Zero,

(iv) Ior negative clezsrince, fila thickness decrcascs
marikedly with velocity (or pressurc ;redient); computat-

ions show thoet, gpproximcotely,
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i)

film thickness o< (Vc:ILocity)-;d
(v) TFor a given (negative) clearance, D increoascs as
velocity decrcises. Consequently, if presgure Zredicont is
reduced, the velocity must fsell more then would velocity
of c,h.N.f,, in order that the cquilibrium of forces is
maintained, and this effect is greater for smaller vel-
ocities, It is found that, ao)roximately,

L
D o< (vclocity) *

(vi) Tor a given velocity, D increaccs as clearance de-
Creescs. Consequently, there iu morc disyerity (in prcgc-
urc-velocity terms) between two tubes of slightly diffeor-

ent diamoter then for c.h.N.f.
Pollet agyumetry

The above theory was developed for an asxisymmetric
pellet. It ig possible (0) to discuss the effect of small
asyminetricgs; the reeults strongly indicate that the same
behaviour holds for larger oncs. It might be oxpected th..t
the fluid would tend o 'tcke the linc of least recistance!
and flow, as far s yosgible, through regions vhere the
gap tThickmess is greatest, This would cenhaonce the offect of
the asymactry, mnd csuse locsl 'high spote' in the lubric-
etion l:yer, producing greoter resistence end lesling to

more rapid seize-up. Rether surprisingly, this does not
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happen; the deformebility of thc membrane allows the fluid
pres-ures to reduce the cffect of the asymsetry, and
'flatten out' the gay profile around the circumference,
This ‘'symmetrigation' increcascs as clcarsnce - dccreasces,
i.e. under conditions wherc we might expect asymactrical
effects to scriously hamper lubrication, the large press-
ure peaks generated in the thin film are more able to
smooth the irrcgularitics. The arguments epply equally
well to asymietries in the tube cross—-sections we mcy
therefore confidently discuss, for examyle, flow in pul-
monary capillarics which have becn distorted from circ-

ularity by tension in the zlveolar well.,
Capillexy filtretion

Since the pregsure-flow relationshijys desend to

0

large omxtent on lubricavion film thickncess, it has becen
suzzested (16) thot fluid loss through the walls of the
capillary may enhencc the resistonce cffects, and increasc
the possibility of sicige-up, by causing rcductions in film
thicknesg, A study of & fairly si.ple model, involving
uniform filtretion per unit length of cepillary, has been
mede (6), taking tyyicel filtration cocfficients (14).
Although both filw thickness and velocity (for a given

clcoarance end pressure gradient) were reduccd by filtrat-
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ion, the cffect was very esmell., Even for glomerular cap-
illaries, with high rates of filtration (.03/um3/sccjumz/
cm II,0), film thicknesscs ot normal velocitics weore red-
uced by only about'6%, and velocitics cven less. The phys—
ical eiplanation for the beheviour is not clear, becausc
of the complexity of the system. Perturbations in lcak-
back »nroduccd by the filtration modify the equation of
continuity rether than the balence of forces, and it app-
cors that thce continuity cquation hes relatively less im-
portince in determining f{low characterigtics. -

Thc magnitude of the cffect incrcescs as the press-
ure gradicent is rcduced; we might cxpect cessation of flow
to occur at glightly higher pressure gradicnts. This is
likely to be the principal efféct of filtration, unlosg
abnormally high filtration rates occur, in pethological
conditiong such as tissuec damegc. In noxmal conditions,
howover, it is romarkasblc thet the systes is able to pro-
duce movcment of nctabolites by trengport through the cap-
illary walls, over ¢ wide renge of filtration rates, with-
out interfering unduly with jressure-flow characteristics

of the nerrow ca illavics.
hochanicg of the red cell

e st

W2 now obtain apsrroximate valucs for the clecrance
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and clasgtic ComOlchC“ of ho oryﬁhrgcyuc. Treating the
riin of the coll a° a flo 1blc mombrane7 Fitz-Gorald (6)
has shown that thﬂ clogtic comollnnce @ of the rim, de-
fined ag the local doformwblon uroduceo by wnit change of

local pressure, 1s aJJrox1matoly of the form

8= ri/(lSS)
vhere r, is the capiliary radius, and S ig the 'resistonce
to deformation' of the wmembrane, cpproximetely .0L85 dyncs
/em (22)., Values of.@_afo of the order of'GtS/km/bm H,0
computed for a 6 um capillary); this parsmeter determines
the amount of ‘fsquashing' produccd by the lubrication

DIreSsUTes,

Calculations of ihe clearcnce depends on the mode

of deformcobion ag vell as rclative diameters. Tor the

'arcchute ' configuration (Fig. 3), the cmount of 'bowing
sroduced by the pressurc difference cnd viscous drcg may
be theoretically durived for a geometrically cimplified

modcl, snd the cleurance perameter obtained ap,roximately

(6)

\
o

P o= 1- L,u/ro(cfp) [_C'ln(lxz_( /s)]

where (Jb) is thn pressuro dlffcrOﬂco acrogs the faces of
T -1:& «i» '

f‘oomotrlc constants, This rclat-

;

11 4rics vhosSidiameters arc

"“7

" .
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predominates.

Theorcticcl values of I for red cellsg in capill~
aries are shovn in Fig. 4. Under physiological condit-
ions, I deponds scnsitively on pressurc grsdient:; as this
(and velocity) incrcascs, the empunt of 'bowing' increases,
giving & larger cleirence (easicr fit). Converscly, we cx-
pect the decrewsing clearance for decrecasing pressure
gradient to meke the velocities fall cven faster than for
a pcellet whose clearance is indepcendent of pressure grad-
icnt, Pig. 5 shows curves of velocity {cduction factor R
for comparison, somec constent-clearance curves are also
shown. Plots of thé resist:mce enhencement paramcter arc
shown in Fig. 6. All of the numerical predictions of the
following scetions includc the ehove effects of the func-
tional dependence of cell bending on pressurc gradicnt,
and no spocific mention is made in the ap)lications of the
particulsr role pleycd by cell dcformation,

The cnhanced resistances prcdicteé here do not
secil to be in accord with the findings of 2rothcro and
Burton (20), who consider friction between carillaries
end crythrocytes to be negligible, and find the resistance

offered by whole blood in narrow capillaries to be perhaps
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only 304 greater than that of jlasme alonc., It is diffic-
ult to accept, however, that their experimental rcsults
arc indicative of flow in the narrow capillarics vhere
this friction migh+t be prescnt. Their crythrocyte veloc-—
ities arc of the order of 30.9m/boc;~ﬁho rclatively largce
pregssure gradients essoclated with fhésc extreme velocit-
iecs +nuld considerably recduce the offective radius of the
red cell (increasc its clearance); end although their cap-
illary diameters wveraged about 8.4/um, tapering to 5/Am,
we might expect their results to ayply to flow regimes
typical of somevhot larger capillarics, and not to con-
flict with the predictions of thc present theory. This is
confirmed by Thitmore (25), who points out that thecsc re-
sults of Prothero and Durton arc in good zsgrecement with
his theorctical calculstions for blood flow in capillar—
ics a little largex than red collz.

It is interesting that for larger cajillarics
(10—40/Am), "hitmore predicts red ccll velocities comsid—-
crebly in cxcess of meon velocitics crpected for c.h.N.f,,
and resictances less than for ¢ h,.i.f.; this cffect, to-
gether with that of recruitment, may help to exnlain the
large incrcascs in perfusion (up to 15 times) during

exerclsc,.
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Pressuro~flow rolationships in the cepillaries

-

e may now plot predicted velocities (in microns
por sccond) egainst pressurc gradient (in mm Hg/mn) for
red cell movement in capillaries of various diamcters
(Pig. 7). In a 7pm capillery, probably quite small by
systoemic standards, o typicel velocity of the order of
100-200 pum/sec (8) corresponds to a predicted pressure
gradient of 30-45 mm Hg/mm. Actual mcasuremonts of capill-
ary pressurc gradient ere extremcly difficults however, it
is thouszht th:t a pressure drop of 20-25 ma Hg occurs in
the systemic capillaries (19), over distances of the order
of 0.1-1.0 mm (9). A rough cstimate of pressurc gradiont
baged on thesg,figures ig in reasonablc sgrecment with the
sort of values.predictod by the thcory, providcd thet the
mecsured cstimate ig typical of individuai norrow-capill-
ary clcements,

In the pulmonary circulation, a larger proportion
of the pressurc drop occurs in %ho canillory neiworks (7),
even though the totsl drop is relatively smell (say 15 nm
Hg). Morc of the cepillerics fall in the renge of diamct.
ers trected by the lubrication theory (24), and more of
the pressure-flow cffccts (comrered with systemic capill-
aries) arc probably duc directly to the mechanical bchav-

iour of thc system. The theory is thercforce most relevant
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to the pulmonary microcirculation, although there are
apparcntly imporitant flow reguletion phenomena in narrow
systeimic capillarics to vhich it applies.

Fig., 7 illustrates the previously-mentioned depend-
ence of red cell wvelocity on pressurce gradicent, and the
greater sensitivity of flow in narrower capillarics. Film
thickness also depends on preogsure gradient; Pig. 8 plote
film thiclmesses for various capillary diamcters, Thesc
arc calculated for a 'mormal' red ccll of Q/Am diamecter.
Iubrication theory shows that for very thin films, a few
hundred K thick, the lubricant bchaves in a non-Newtonian
manner, and film breakdovm, with conscquent sudden increasc
in resistance, rgpidly occurs, The thin muco-polysaccharide
coating on the endothelium (18) probably forms such a lim-
iting layer, and 'scilze-up!' might be cxpected when this
coating fills most of the lubrication reogion. The broken
lincs In Fig. 7 show possible modification due to scize-.
up, if the criticuel thickness of the coating is assumed to
be 500 A, Thus the theory predicts, for cxam)le, that flow
in a 7um capillary eloment would ccasc at g pressurc
gradient of gbout 6 mm Hg /mm.

Critical pressurc gradients for smaller capillaru
ies arc much higher, and scem to conflict with the results

of Prothero and Burton (21), who find that red cells will
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pass readily through a 5fLm rnillipore filtcr under a press-
urc of less than 4 cm water. The blood uscd in the experi-
ments, however, was diluted about 1000 tiies; and calcul-
ation shows that the effective presiure difference avail-
ablc to act on cach red cell is scveral times greater than

the theoreticel minimum required to avoid scize-up.

Lrythrocyte structurc snd perfusion control

e Tene

If the RBC clcarance depended on absolute pressurc
rather than on pressurc gradient, its clcarsnce would de—
crease as it moved down the casillary. This could be caus—
cd by distcnsible cagpillery walls, s well as by a hypo-
thetical compressible naturce of the RBC. A criticel press—
urc would exist, below vhich motion would scize up., Con-~
scquently, downstream pressure would need to be maintained
above this critical valucs; seriousg limitations on perfus-—
ion control would cxist if upstream pressurc were closc to
the critical value. Iurthermore, the responsc of a capill-
ary segment to chmmges in jserfusing pressurc would be non-
uniform, sincc thc resistance of a cell would depend on
its position in the capillary.

The 'bendable! structurc of the crythrocytc and
rigidity of the capillary climinates thege difiiculties.

Control of velocity cen be achieved with equal facility,



107.

over wide ranges, by pressure changes at either end of
the capillary; this control is cffected uniformly over
the w.ole length, sincc resistance (and thercefore press—
ure gradient) will be rcasonably constant at all parts of
a capillaxy of given dismcter. Pregsure changes at some
point proximal to a capillary network will offcet control
at 211 scctions of the network (although the rcsponsc may
be different in differcnt scctions)., All of thesc state-
monts refer, of course, only to capillary segments in the
diemcter renge of the thicory.

The dependence of clearance (and hence flow) on
pressurc gredicnt may explain a phonomenon noted by Glaz-
icr et al (12) conccrning %he R counts in slveolar
socpte. They showed that cgyillary blood sccmed to ‘sce!
arterizal pressurc (in eny rezion vhere flow was occurring),
lrrespective of how far the pressure had drojpcc towards
venous level - the REC count per uhit length of scptum,
wiich wag found to be a good 'menometer!' of pressurc, dep-
ended only on vertical distence down the lung, and not on
position in thce capillexry network, The comuents above on
RL structure indicete that once flow has been initiated,
pressure gradient (end hance flow mnd RIC count) will re-
main fairly constent elong the capillary. The uniform dis-

tribution of RE ‘s therofore probelbly indicates thet the
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uniform blood flow at all jsoints at o given height is res-
2onding to a uniform prossurce gradient, rether than 'sco-
ing' a congtent (arterial pressurc. It also orovides con—
firmation that capillsry diemcters in the lung are sons-
ibly unaffccted, once flow hes Geveloped, by the relative
cly small pressurc chanZes nccéed for red cell movement

(see later).

Vasomotion and autoregulation

’e -

The concept of perfusion control by vasomotion or
congegtion involves resigtance changes principally in the
vessels at the site of the constriction, Ceapillary resist-
ancc, which is under normgl conditions of flow in thc sys-
temic circulation fairly smell comparcd with arteriolar ro-
sistancec, ig largely ignorcd., At the low Heynolds' numbers
characteristics of the microcitculation, however, local
congtriction is lcss officiont then wmight be supoosed in
reducin, Ilow velocity, parvicularly in the casc of pre-
Capillexy sphincters. Dynanic head is virtually non-oxist..
ant, so that the only velocity~rcducing mechanisin aveil-

2ble ig increeascd local viscous registancc. Since in some

ny

cascs this occurg over only a rcloatively smell longth of
the vegses, i perhans difficult to accountfor all

variations in nerfugion on this basgig alonc.

£L
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fhe non~lincer dependence of narrow-Ccapillary re—
sistence on pressurc gradlont, ond the possibility of
'seize~up 'y, mcy well provide the answer. Only e moderate
Change in erterioler presgsurc is required to cause & rel-
atively large chenge in capillary resistance, so that
under certain conditions the capillary mey act ags a scons-—
itive emplificr of resistonce changes in the muscular
sphincter or arteriole. Similar considcrations ap)ly to
Aressurce incrcasce in the veins medisted by exteinal con-
striction, clthough the situation may be complicated by
venous distension ané capillory recruitment. Autoregulat-
ion iavolving vasomotion in resoonsc to myogenic or chcin-
icgl action may well Dbe augwcnted by vhat may be ccllced a
'pasgive autoregnlation' cffect in the capillarics, al-
though this terit ig normally rescrved for effzcts of ven-
ous digtension tonding to maintain ncar-uniform cnd-cep-—
illery pressurc, This must also be the resson for the
'stick-slip ' mode of progress of R 's in narrow capillar-
ics, cuused by rendom contractions in pre-capillary sphinc-
ters; end there may well be zome conncetion with the cess-

ation of flow at snell tut positive serfusing sressures.
Uncven filling of tie pulmonary capillarics

L

e striking feoture of the morpholozy of the pul-
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monary circulstion is the mesh of very short, narrow
vessels which form the capillery 'marsh' of the alveolar
gepta., Tuis is thought to b2 responsible for the 'potchy!
filling of the vesscls in the septe; clearly, the flow
characteristics of rcd cells must pley an important role.
Transient cayillaxy deformetion due to passagc of recd
cells has been discussced in (6), gnd shown +o be neglig-
ible, If’; 
In such a complex notwak;'Somc pathways vill off-
er less roulotgnce to flow than obhcrm DOCdUQO of greatoer
diameter ﬁnd/br shoruor yath longth The S0 nrcfolrbd chan-
nels will Opon first in response to en increasing pressurce
differencc. Two mechanisms operates (i) for a shorter
channcl, pressure gradicents are greater for o givon press—
ure differences (ii) RIU clearance is highcer in larger
vessels, so that o smaller prossurce gredicent is nocded to
initiate lubrication and hence motion. As chenncls open
Up, pressurc changes arc transuitted to morc distant rarts
of the network, and less direct routes arc recruited es
the pressurc gradient in theom excoeds their 'threshold!
for comacncencnt of motion., Computer simulation using en
analogous clcctrical network, and a potential-current curve
very similar to RBC pressurc-flow rclationshiiss, scems to

1
predict the same characteristics

(1) Private communication on g preliminary study by Dr J.

re
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The flow pattern is highly dcpendent on the morph-~
0logy, and on intcractions betwcen the various scctions,
Since flows in smaller cepillarics are morc scnsitive to
changes in pressurc gradiont, we cxpcct the non-preforred
choamels to show the grecter varizgtions of flow. Any ob-
struction ox & 5.dl capillary may cause e critical re-
duction in pressurc gredicnt, boelow the level at which
lubrication ig just possible. This may olso occur because
of pressurc chenges, at cithcr cnd of the segment, duc to
flow variarions in othcer parts of the nctwork. e cxpect
to fina, therefore, that = flow irrogularity at somc point
could causc wholc patches of the mesh to scize up.

Apperent blood viscosity in capillarics

P R e P I S

The non-lincar resistancc cffect described above
ey be cupressed in terms of & variable apparcent viscosity
Tor the coll—piasma suspeﬁsion inié narrow cgpillary. Ye
define o, the 'apparent viscosity cocfiicient', to be the
ratio of aciual resistance to that expected for a Newbton-—
ian fluid heving énsimilar:bulk vigcosgity., Fig. 9 shows
as a function of Véiocity for}a_6/um_capillary. Tais def-~
inition may bc exténdcq to & network of such capillarics,
but the viscogity cannot be regarded as boing a property

of the blood alone, since it depends to o large extent on
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the morphology.

The dependence of viscosgity on caonillery diameter
may dc viewed as a velocity-dependent extension to Thit-
morc's results (25) for larger vescels, Fig. 10 coubines

\J

the two theorics, illustrating well the mich-enhanced vis~

08ity in narrow cagpillarics; viscosity « is plotted for

o

o

fixad prossure gradient (about 40 mm Hg/mm) against
teffecctive cell redius/capillary radius', mecasurcd in the
casc of the prescnt theory in terms of the film thickncess.
Ve might cxpect the Fahrcus-Lindquist effect to occur
dovn to capillary diemcters of chout 15 mumj viscosity
should then rise slightly fron 15—9/wm, and then incrcasec
rapidly for capillericg with diammctors cquel to or less
than thet of the red ccll.

Djojosugito ot al (5) find that sprarcnt viscos-
ity in vivo for blood perfusing the meximelly-vasodilated
celf muscle of the cat, mecasurcd by comparison with z Now-
tonian fluid of known viscosity, increcascs (end almost
doubles) as {flow ruitc docreescs. At hich perfusion rates,

in vivo apparent viscosity is about half the in vitro val-

ue (at high shear ratc); this ciffect is probably duc to
sxial concentration of red ccllg, with consequent lowering

of registance, in the larger vesscls of the microcircul-

ation. Althoush some of the viscosity incressc may be oxe
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plaincd in tcrme of a reduction of thig exizl concentrat-
ion, it is not unlikely that incresscd capillory rcsist-
ance plays a significant rolc.

Dintenfass (4) has studied the apozront viscosity
of blood in a porellel-sided glasns viscometer; he worked
with blood at @ haematocrit of very nccyly 50%, =nd a
pressurc gradicnt of 0,5~2,0 mm lig/mm., He found that the
viscogity decreesced with decreosing capillory width down
to about 12 um, as predicted by the IPzhrous-Lindquist
cffect, It thoen increased, gradually at first, morc ropid—
ly bclow about 10 mm, and reaching cnommous velucs (10 -
10 ) below about 8 mm, These exporiments confirm both
Thitmore's results and the presont work; end the cffective
'scize-up ' below 8 um at these low pressure gradicents is
algo very auch in line with the predictions of the lubric-

ation ‘thcory.
Conclusion

It is c¢gain stressed that the results ol the thcory
were derived in non-dimensional form., Scveral fairly crude
aporoximations (valucs of membrane complisnce, clecarance,
pressure drop in individual capillary cleicnts) arc nce-
cssary to cxpress thege rosults in physiologicsl torms;

therefore, thc numericel values for velocity, pressure
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drop, and film thickness prcdicted by the thecory should be
taken as being merel) indicative, rather than as cxact ro-
sults to be compared with obscrved physiological dato. It
is the qualitative bechaviour npredicted for weorious sit-
uztions that is most important at present.

It would be cxtremely intercsting if eoxperimentsl
results werc obtained for comparison with predictions. To
thc author's knowledge, no dircct measurements of red ccll
velocity at physiologicul nrossurce gradicnts in nerrow
borc cegpillarics (5—9/um) have becen made, nor hag the
cffect of altcred hacmatocrit and ccll clasgticity beoon
studicd, agein for individual narrow-capillary clc.ents.
Obrecrvation of a critical pyresgsurce gradicnt for flow cess-—
ation would be valuchblc, as would & study of apjarcnt vis-
cosity for o renge of velociticrn and (nerrow) cajyillary

dizsncters,.
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Cllaptexr IV

Plasme Tlow in Intcr-Brythrocyte Spzces
.. Introduction

The previous two chajters have beon principally
concernel vwith the .cchenics of red cell wmotion, ond how
these depond on foctors such ag capillory diamceter,
copliced pressure grodicnt, and erythrocyte structure. In
the presont choster, intercst will be centred on the flow
of plasme cround the cryrithirocytes. As wmentioned in the
introductory chrepter, the principcl motivetion for such «
nolysis lice in the necd to understond the relstive cfice
of conveetion wnd difingion on mans tronsport in the cap—
illaries. In the logt section of the chapter, therefore, ©
discusgion of trinoport wmechanisms for oxygen wnd protein,
in particilcr, will be given in some detail.

Previons numericsl golutions, described in Chap ter
I (Bugliarcllo ct cl., 1966: Gross, 1969; Bloor, 1968),
while cgrecing brocdly =—ith pProthero cnd Durton's (1.951)
sugegession of o circuloting bolug flow, differ cuaongst
themsclves in thelr dasceriptions of the detoils of the
flow. Since it aizht be expected thet trimoport vill dejer
siznificently on velocity gredicnts necr the interfeces,

particulsrly for slevly-diffusing ssceies such og proteli,
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it will be of congldcrcble impyortence to deturmine how
shicar roten «nd velocitico neeor the surfrces of crythro-
cytes and coplillarice depend, for exuwaple, on cell gpacing
and plogma 'leakbeck!' - vwhich is a meogure of the disparity
between the wean velocitics of red cells cnd plosme, Fur-
tlicr, the flow ncer the points whore the plos o emeriices
frow end cntcrs the lubricetion zones moy well be influcn-

{al

ccd hy the ciecrgent velocity profile; it ig of some limport-
ance, thercefore, to matclh the flow ovtoincd in the cell-
free gpoce vith thet found cexiier for the lubrication
l.ycer.
In capillerics, plasmo ig flowing ot very low Liwy-
2 3

nolds ' nuwaber (10 - 10" ): the dcteiled goometry of the
inter-crythrocyte sycce vill, thereforc, probibly not
groatly affect the tysc of flov occurring., This supposition
ig supported vy the similearity between tlie streciline patt-
cmg found by Teng cnd Skelok for suhiercs in a fluid-Tilled
tube, and thosc obtained in whe numerical onclyses using
plenc-cndced red cclls,

For the prerent anclysie, the red cells will be
aooumed to heove plene ends., The ellipsoidal alic)ye uced in
the ¢ilscussion of Chuapter IX will be termincted at some

convenicnt distance z, from the centre of the luvricetion

zonc, clionen po thot the rogion vhcre the importont elostic
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effects occur liocs well within the intervil (=z,, 2z,), but
go thet the cgoumptione made for the lubric.ation theory o
casoncbly velid in this intorvel; i.e. the tuiclmess of
the fluid leyer at z, chould still be smell compared with
tire red cell radius re(z).

At z_, the longitudin.l velocity srofile is Ziven

by the lubrication theory (ecquotion IT: 3.1) to be

. _l.dp|,2_ * 2r.h+h* Un(r/re)
U.(r) = 4/1' Ix [I‘ r— l"l(l‘*’h/I‘C)llT— ~ 1n T30 T
(.1)

thicre h(z) i the thiclmess of the lubricetion film, U is

tiic red cell veloeity, nd

_allzes n)* 2mhan®
aQ U[ 2 T In(T+ h/r )l

15
1

l.2r.h+h + h or-h+h®
Tu [?r t2rh = (T n/l (1.2)

terc a io the cerillcry rediug, ond Q the 'leckbaclk' (neg-

ctive flusx of plosmc. per unit length of cepillery cireun-
fercuce). It will be rocelled thiet these formuloag wiere ob--
tained for a coordincte cycten in vhich the red cell weo
ctotionory ocnd the copillery was moving hockwards with
velocity =U; the same framne of reference will be uscd
througli.out the precent discussion.

Since z, has been clhiosen to ensure claostic cffeets
thers on h(z,) %o be negligible, the cell rodius 1, (z,) may

be obteinse from the geometrical formmla cipressing the
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"wmdistorted' red cell profile. This will here be cssumed

sphericad, i.e.

r, = a -2 ' (1.3)
Clecarly, wn clliptical profilce with ecruitrery curvature at
the midpoint of the lubricgtion zonce could cqually well be
chosén; in the non-dimengsional coordinates defined in
Chopter 1I, however, the valuc of r. obtcined will e in-
dependent of this curvaturc, provided z, ig congictontly

defined in some convenicnt voy. In this enelysis, z . will
J 9 &

be chiosen oo sa, a value which mey be showm to gcotisfy the

first reguirecment (by an cxwainction of the prescure profile
in the lubrication region); the corrcgponding fluid film
thickness ic .1l4a, oo thot the seccond condition is setic-
ficd clgo.

Equrtions (1.1), (L.2) nd (1.3) dofinc a longitud-
ingl velocity nrofile u(r) at z = z,, vhich will be used oo
part of the boundary conditions for the flow in the cylind-
ricel, inter-crythrocyte spece. The no-slip requircment
continucs the definition of the lon_itudingl velocity cond-
ition on the ceapillary well r= a, nd findly, u(r) uugst
be zero ot the solid boundury of thc coll, O=r<sr.(z,).
Mhe rediel velocity v(r,z) will be tokon to be zcro on the
boundarics; this is clesrly true at the copillery well nd

rcd cell surface, and cgrees in the lubricotion geop with a
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similcr cssumption mede for the lubricotion tlieoxry of Chep-
ter IL., If desired, an gpproximete rodizl velocity in the
goy could be computed from the continuity cquation, contain-
ing on crbitrery function £(z)g this could then be éefined
to ellow v(r,z) Yo take the corrcct values et r=r ond r= a.
Unfortunctely, the radial velocity go obtained docrn not
necessorily satisfy the Neovicr-Stokes cquation, beeccuse of
the gporoximations necded to obtain the longitudinal vel-
ocity ur,z); in any ccse, the radiul velocitics will be
ciell compered vith u(r,z) and will therefore heve little
influcnce on the intcr-crythrocytc flow.

If the origin of z is rcéefined to beo the midyoint
of tliec intocr~crythrocyte space, then the rcquired flow in
the space mey be obtained in terms of the usucl Stvokes!
ctream function ¢, oo the solutgon of the bilhcrmonic cquat-
ton, with prescribed wvalucg of ag:l_:, : z ot z=20(0 =r< a)
mé at v =a(-f<z <l); here 20 royresents the inter-

cryt: rocyte spacing

In the next section, en analytic solution of this

sroblea ig presented in thie form of o truncatcd gerieo of
clgenfunctiong cuperimposed o the begle Poigeuille strea
function. Results arc shovm in section 4 for scver:l veluos

of the various jaramcters involved, and these are discuscged

in section 4 vith refercnce to the wass transport problem.
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L.c cocfficients in tuc serices solution arc obtained using
a lcast squures technique for minimizing the crror in
natehing the boundary conditionss such cn aparoach scoms
proferable to tiie more naive collocation matching used, for
exemple, by zZidan (1969) in ' is solution (using cimilar
cigenfunctiong) for the slow cztrusion of a jet of fluid
from & nozrle in the spin-)rocess for the menufccture of
exrtificial fibres.

An intercsting feature of thie flows obtained is the
presence of a region of rclatively Ligh shear, cxtonding
along t:.e entire length of the cepillary well; tire cffcct
is virtually independcent of cell gypocing end lubrication
filin thiclkneng., Intere: ting olso ig the intrusion of peort
of the circuluting bolus flow into the entry end oxit
repiong of thie lubricetion zone, and tli:e continuction, in
some ceges, of o zone of rcletively liigl: shear for some

digtence up the red cell face.

2. Mathonatiosl Formuletion

A e

M onelytic solution for tlie slowv vigcous flow of
an incompressible fluid in the absence of body forces will
now be obtoined in & finite, circulcr tube, of radius a and
length 20, T:c usual aXigy uietric cylindrical coonrdinates

’ ’

r, z orc used, with orlgin ot the midpoint of the axis.
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- I3 s - 3 4
pince ti:c flow is axigyiuictric, a Stokes strcam function ¢

may be utilizeds it ig defined by the forumle
/

5—‘1@, = r’u’, -3%: = r'v’, ¢’(3,x/) = 0 (2.1)

YR

where U, v cre respectively the axial end redial coslpon-

ants of the fluid velocity. It may rcocdily be shovn thet
,

the cquations of motion cxpressed in terms of ¢, reduce to

the singlc cquetion (D,)z,(/),: 0, explicitly

2
¥ 1.9 O \wZ -
(éZI-’)—L Fme —f,-—é-f‘, -+ gl-z,):?’— 0 (2- C)

As digcugscd in pection 1, the tube will be con-
gidered t0 be moving vith velocity -U (witv the red cclls
' ] o . 4 -
stationcry); the bommdery conditions ot r' = o are thercfore
/
op
. -x — "b
or ¢ (2.3)

rd

4
md  J9 — 5 , Or ¢ =constont =4, sz
oz

g 4 > R} ~ LY s
flerz 2mA is thc net flux of fluid past any plene perpendi-
cular to the axis.

At the ends of the tube, geonerol boundary conditiongs

will be allowed, viz.

/

¢, = 1y’ ()

50’ btz =1 (2.4)
_..qi = +7r ’

ar/ FARNE (r )

Clearly, u'(r’ 2¢) = £ (r'), v/(x', T8 = Fg’'(xr'); the

sccond condition of (2.4) may be re-czpressed as
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I
w(r! 20) ztf (hyat = F(x)) |, sy (2.4a)

Mhe only restriction moade here is thet the boundary
conGitions be gymmetric at the two ends, i.c. that the flow
ig gymactric about x/= 0. This restriction ic nromptcd by
the application to capillary flow, to vhich particular
attention will be directed later; antisymmetric:l solutions
may, of coursc, be included in on exactly analogous manner,
but with a considercblce incresse in algcebraic and comput-
ational complexity.

It will bc conveitient to work in non-dimensional

varicbles; tliesce are defined, in en obvious wey, &ac

7 = z//a, r = r//a, @ = %;(Uaz).

e streom function satigfics

4
Dy = 0 ' (2.2a)
end the houndery conditions arc now
g%; = 1, @ = A on r =1
(2.3)
%:irg(r), @ = I(r) omz=%*X¢&
, 2 . i, 2
siere A= A /(Ua ), &(r) = (g (£))/U, ¥(r) = (P (r)/(oa),
€ = g/a.

Tre streesi function will be cxpresoed as

P=5% e

wiere %D iz & Poiscuilile solution heving the required vel-



1?8.

ocity ¢t r= 1 (nd the requirecd net flux, and Ya is en add-
itionsl solution sclected to match the boundery conditiong

et z= 2 €&, Clearly

ond ¢, muct satisfy
g%l = ¢ =0 onr=1 (2.6)

@, = F(r) - = T (r), cecy
end * fr ! ’ nz==+26& (2.7)

g8 =+ py(r) = o(r), sy
The cdditional: part ¢ymoy conveniontly be obbcined

5 @ serics of seperated.
P I

1

molutiong .of (2,22), vhich may be

Al

[
[

5

/.

writicon oo
Ergz) g = 0

vlicre the operetor o

_ J° 1.0

Ixplicitly, this is.
..‘.;;,’Z. 2 . e
2 x 2 ag; _
E'¢ + 20fF:)0 "53¢ = 0 (2.8)
Scocrated solutions sy be obtuined by requiring thet cither

3.;‘/; = & (2.9)

or g<P = ply (2.19)

Equation (2.9) gives rise to solutions of (2.8) of the

form
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w4

_“.‘ .
OOV IOV W = B

Table 4.1 ;~’

¢ .
. LI
. .
- s
v 0

e 4446639851858
C Vi 7.69410395105

10,87457448839 "

17.19556531553
20.34796817781
23;g9772381627
26.64571748890

. 26:79247539953
-+ 32,53833107994

14.03889131024

R

Ia{eto)

1.46747037233
- 1,72697153712

1.89494334623
2.02006279575
2.11994518794
2.20212418C32
2.27440623G30
2.33677882616
2.39222622061
2.44213486876




129.

t2 = xraz
he r J_(#r) + Be zJ,(ar) (2.13)

widile (2.19) gives solutiong

Ae "3, (gr) + Bze ! 13, (BT) (2.12)
Glecarly, o solution of the form (2.12) cennot sim-
ultcncously satisfy botl the conditions (2.6); (2.12) is
therefore irrclevent to the prosent problem and will be
ignored. .polication to (2.11) of tho boundary conditiong
(2.6), vhich arc to be seotisficd by cach separcted solution

inGependently, gives simwult.ncous line.r equations for 4

cna Bs
Jo @) g,(0) }fal [0
23 ,() - OF, (@) az, () )| B 0

vi.ieh Lave non-trivicl solutions only if

o([Joz(cx)+ J,2(0()J = 23 (a)J, (@) (2.14)

solutions of (2.14) form o :s'c.t. %Q’h}Of discrcfc

cigenvzlucs for the sceporction constont G, They erc oll
complex; those of large wodulus (large n) .-*ia-e;f be shown to

have the csymptotic form

o,= (en + L)m/2 + i.ln[(ﬁrn + 2)7\’] s
he firct few eigenvalucs (O, to o, ) arc tebulated (Table
4.1); the triviel solution o, = O corrcgponds to the z-

independent Poiccuille golution.
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Corresponding cigenfunctions (even in z), may be

written down, and are of the form

X6 - SFER[n 00 - STl (e

(ignoring the singular Bessel functions of the second kind),
where S, = J,(x,) /9, (&,), and )(n has been defined so that

at z = +¢,

2
Xn(,r,ie) = ¢ (r) = rJ (xx) - 82 (o) (2.15)
Since the ecigenfunctions arc now all even in z, the bound-
cxry condition only at z = +¢ ncced be satisfied,
e required additional solution Y, may be expresc-

ed as the real part of a sericg of these eigenfumctionss

Y, = Real <.;§ B, X,). (2.17)
Since the equation (2.2z) and the boundary conditions (2,6)
are lincar in v, both reel ond imsginary parts of 7,, will
separctely be solutions; at z=¢& , thercfore, (2,17) may be

written in the form

R R T
Y(re) = =B Y, - Z3, Y . (2.18)
vlicre
R
l/,n = —Wn + iy,
r T
B, = B, + 1B,

R T
It seems plsusiblc that both {y/}, {u/n} constitute complete
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scts over the function space satisfying (2.6). A1l relevant
cigenvalues have been obtained, so that no other cigen-
golution, having a different z-dependence, is possible.
Physically, it is posgible to specify arbitrary boundary
conditions at z=¢&, which must be expregssible in texms of
the above cigenfunctions.

The radiel velocity at z=€ corresponding to any

eigenfunction is given by

v(r,e) = -329»_/ = = o, benn (60) Py ;
az 7=&
writing
O(n‘tanh(éofn) = ﬂn + lbn (]

the radial velocity at z=€¢ for the solution (2.18) is

OYs

P = ZB:[EI”’W:— b,,,'V’f ]_ ZB:[bny/: + ah’y/i] (2'19)
Z=c

Truncated forms of the series (2.17) or (2.18) are

now used to match the prescribed functions in (2.7). A
simultencous least square crror fit will be obtained. De-

fine I to be the integral
71 N ea a2 N1 72 N r 3 T
[0 [, - 28,9+ + (o) -3, - 5 7)
0 1 1 1
N - Y
v 28G9, +nta)] Jar

where N ig the number of terms in the truncated series, and

R I
wW(R) is a convenient weighting function; then {an, iB }

n
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may be obtained as solutions of the 2N cquations

21 _ o

Bt

aI n=l, .a'.lt, N’ (2.20)
sm = O

n

which are derived explicitly in Appendi:: 1,
Examination of the form of the cigenfunctions
suggests that w(r)zr—' is a suitvable, convenient weighting

function; this mekes the integrals
1 2 R 1 r T L Ir T
Sow(r)w,, ¥ dr, goaJ(r) y ydr, ( g}(r) Y, %, 4T

decrease rapidly cs |n-m| incrcascs from zero, giving a
matrix for the cquations which is strongly diagonally dom-
inated (i.c. well-conditioned). This is of importsnce when
crror propagation in the numerical solution of (2.19) is
being considercd.

For the plasme flow case described in section 1, the
functions F(r), G(r) take the forms (derived from (1.1),
(1.2), (1.3)):

G(r) =0
F(r) = (0 (r = f]:?)
2.2 2

4[32%:7"’)‘ ‘:;:71’ h"rMC—l Y] N

2 S 2
z (2 - %+ _é_.._.il I St ) . X
0 ) T (1= 1— 2')‘ n(il— PIn(l-z") 2
( /1—zo <r=1).
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The constant A has the valuc iC (shown cither by substit-
ution of r-=1 into the zbove formulea, or by dircct compar—
ison of net flux in lubricetion and intecr-crythrocyte reg-
iong); end as discusged in section 1, z, may be taken ag %
in thisg non-dimonsiongzl form.

Finglly, it may be noted that although this golution
was developed primarily to examine the case of flow in nar-
row capillcories, cigenfunction expansions similar to thosc
dcveloped here may be used to solve problems such as viscous
entry flow in & pipe, and thce flow of gascs in a simplified
model of the terminal bronchioles =nd artcriolec of the

lung,

3. Numerical Details

Using the University of London CIC 6600 computor,
with gingle precision accuracy to 14 gsignificent figurcs,
the cigenvalucss &, werc obtained to 12 significant fig-
urcs; the rcoulting eigenfunctions 1%, computed with a
complex Begssel function routine accurcte to 13 significant
figures in thc gector of intercst, satisfiecd the boundary
conditions (2.6) also to 12 gignificant figurcs. The number
of operations required to computc the integral coefficicnts
defined in Appendix 1 (using a 10-point Gaussian quadraturc

with successive halving of the interval) to 10-figure accur-
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ecy weao of ordecr 103; accuracy to &t lcact 9 gignificant
figurcs mey thon be cxpocted for the matrix cntrics, and
right-hand-gide vector, in the cet of cquations (2.20).
Round--off crrorg here would lced t0 an crror of worst in
the 11th placc, and mey be ignorcd.

The cquations (2.20) were solved using Goaussian
climination with sceling, partial pivoting, end itcrative
improvement of the initial resulitc. For valucs of € grcater
then cbout 0.00L, precigion to ot lcast 12 significent fig-
urcs was obtaincd in the initial (unimproved) golution, The
condition of the matrix was thercfore epproximately of the
ordcr of 102; g0 that roletive crrorg of 10~9 in the mat-
rix cntrics ond right-hand-gsides would lced to rolative
c2rors in the solution of order 10 at mogt., Thesc arc
negligible comparcd with crrors introduccd by truncetion of
the scrico,

Sixty terms were used; as might be cxpeected, the
condition that the rcdial velocity be zcro ot z=& wao
satigficd to good accurscy, because of the abscnce of digs-
continnitics of any kimd in the function G(R). On the other
hard the strecem function boundary condition (F(R)) has o
discontinuity, ot the cdge of the red cell face, in the
sccond derivative. It might therefore be anticipated that

convergence of the sorics oxpamsion would be slow, and that
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considerable crrors would occur in matching the function
F(R). Howcver, calculatiomn showed that the cocfficionts pf
the dominant, clowly-dccaying torms werce obtaincd with ox-
ccllent accuracy, and were stable to variations in the
level of +truncation. Any crrors in motching the boundzxy
condition, thercfore, dccay cxtremely ropidly with decreas-—

ing z.

4., Rcsults

e s

It is of intcrest, before discussing particular
solutions of thc plasme flow problem, to cxaminc the prop-
crtics of the cigenfunctions. Accordingly, strcamlincs for
the real and imegincry partc of X, and X, arc chowa in
Figo. 1a end 1b, for &£-1. As cxpected, the functions tend
to decay from z = € to z=- 0, the ratc of decay increcasing
as the order of cigenfunction incrcasecs. However, the strcam-

R R .
lincs of the real parts, X, and X, erc inclincd to the exis,
For a given r, the func¢tions nced not exhibit a monotonc.
decay, end locel incrcages may occur. In the casc of X,R .
thig cffeet is co marked that the meximum valuc of the func-
tion occurs off the line z =<,

The bchaviour of X“e as € decreasces i illustraoted
in Fig, lc; similar plots for X,Iarc given for purposes of

. . . R . :
comparicson. The maximum vealuc achicved by X actually ine-






1360,

: €£€=L10

z L]

¢

Fig. ib

. €=/0

X
|

@




I36c,

T
172 ks

:8=02
Fig. 1c

¢

0.5

u
w

A




L37.

creages as &£ decreoses, and for £-=0,2, this maximum oce-
urs at =z =0; over most of the rcgion, thercforc, X.R in
Crecascs markedly, rather than dccrcages, from z=& to z= 0.
This somevhat uncxzpected featurc of the first cigenfunction
has important conscquences for the flow pattems in inter—
crythrocytc placma spacces,

Fig., 2 shows gtrcamlincs for flow corrcgponding to
a fairly smell valuc of the film thicEncsg paramecter,

C =0.025, and farce velucs of &, Thore arc scveral import-
ant footures. Firstly, there is a rogion of rclatively high
sheor near the capillery well, oxponding the leongth of the
plarma bolus, and continuing on dnto the lubrication zonc.
Tis region is comparatively unaffccted by variations in £
an@ gimilar calculetinr with C= 0,05 chow that f£ilm thick-
ness in the lubrication zone (or amount of leakbock) &l
hag 1ittle ihflucnco on the high-shear wall region.

There ic in some cagsces o scecond high-shecar reglon
on the outcr perts of the red ccll face, Unlike that on
the capillary wall, this is very dependent on €, incrcacing
in intencity as € decrcascs. The maximum veluc taken by the
strcom function clso incrcases as € decrcascs. This 1s duc
to the anomalous bohaviour of the reel port of the first
cigonfunction, vhich is the domincnt member of the scrio;

particularly for small €. Ultimately, of coursc, as & be~
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comecs very small, and the cigoenfunctions vary littlc in
the region of the flow, the checar and strcam function val-
ucs decrease agein, ond tond to zero with & (except ncar
the cepillary well). )

e uroxpected form of the streamlinces for €=1.0,
with a 'nock}ng' of the main circulation, and a sccondary
circulationiibar the middle of the red ccll facce, gscoms to
be dependent on the smount of lcekback through the lubric-
ﬁtion zonc. IFig. 3 chows the strcamlincs for €=1, C= 0,053
for this casc there is much less disfurbanéo from the simplc,
toroidel circulction found by Gross (1969) snd Bloor (1968)
for the fixed-lcckback, rigid red ccll modecl, with no in-
trucion of fluid from bolus to lubrication rcgion. For
complctoness, a schematic dicgram of the gtrecomlince patt-
cms cround the entry to the lubrication zonc is chowa in
Fig., 4; and in Pig. 5, strcamlincg for the inWS of TFig. 2
arc plotted in = coordinate system with the capillary stat-
ionary end red cclls in motion.

A finaljfbmark\goncorns th§<d0pondonco of the
preopure drop in tholﬁiésma bolug on &, th§ céllISPQBing.
Both Bugliarcllo and Bloor foumné the proséﬁro drop t0 in-
crecasc as &€ decrecascd, ropidly for &€ lcgss thon about 0.5;
similar cxperimentel findingo werc obtaincd by Prothcro

and Burton., Thesce results arc confirmed by the incrcasing

.
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shecar ratecs on the red cell face found in this analysis;
such an incrcese will lcad to on increcsced cnergy disgip-
ation and larger precourc drop., It igc pogosible to show,

in foct, that the pregsure drop on the cepillary wall from

Ap = =42B, o Jo(xn)ben(Ex6)



[

0.2

€=1.0
Tuse Axis - 0.0 '

o
o

-Face

CeLL’

—— et e el e a4

.© o
5 ¢
& g

o
o
o

0.-08

ReD

\\\

/
\

Al
\.

0.0 !
-0.02 ]
0.02
0.08
]

0.0 T " o0

CAarPILLARY WHLL —0.01% ~0.0125"

F79.2.




- — e e e v .

E= L0

14.1.

EYRSY



5, Implicationg for Mass Transport

The rclevance of thegse flow phcnomena to mass
transport arc now congidered. In cgpillaries, typicel cell
velocities arc of order 100-1000 «m/scc, end dismeters arc
of order 5-10xm, The kincmatic diffusivity for oxygen in
plasma may be estimated as 1.5x10—50m2/bcc, end for a large
molecule such as albumin sbout O.Q85X10_ ch/bec (Lendis &
Poppenheimer 1963),

For oxygen, therecfore, Péclét numbers zre of order
unity (0.35<Pe< 7 for values given), and convection may
be expected to be at leost as importemt as diffusion for
trangfer between red cells and cndothelium. This is only
true in the inter—crythrocyte space; in the lubrication
layer, meen diffusion distances zrc so small (of the order
of 0425,um) that convection will be relatively unimportent
for the trensfer procesg., The high-shear region necar the
cndothelium in the inter-crythroeyte spsce is a continuation
of the lubrication laycr, end will be well supplicd with
oxygen; diffusion paths in the plasma may thercfore be rel-
atively chort, evon to thosc parts of the capillary wall not
in closc proximity to a red cell, In the same context, the
high-shear region on the face of the red cell may also play
some part in increasing the oxygen tronsport to and from the

cell membranc. Similar considerations will apply to the
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trensport of other gascs such as CO .,

Péclét numbers forjproteinsgsuch as albunin lic in
the renge 10-100; convection will therefore be even more
important in controlling the supsly to tisgsuc of such a
high-molccular-weight, slowly-diffusing spccics than for
gases. Furtheimorec, the aveilsoble protein contained in
blood is stored principslly in the plasmaj; the rotation of
the inner 'bolus', bringing large portiong of the slasma
near the highly-shearcd leyer adjacent to the cndothelium,
will cnsurc that diffusion path lengths for protein arc
minimized., Such a mechenicom may be viewed as on anclogle
of the diffusion of oxygen across the lubrication layer
from the concentrated oxygen 'pool! in the hacmoglobin-
rich recd cells,

It might be thought that since protein transfer
occurs very slowly (for example, about 16 hours are requir-
ed for & semplc of lebelled protein introduced to the blood
to come to cquilibrium with the protein pool of the tissucs),
cffcets which cnhance or reterd the process will be of rcl-
atively little importance., However, since transfer process—
¢s gre lincar in the concentration terms, and depend only
On concentration gradicents, sbsolute concentretions arc un--
important when transfer is being considered. Thus cven

thougl: the relative concentrations of protein in diffcrent
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parts of cepillcry plaeme mey differ by insignificant
amounts during transfer, the Nuscelt number ot the surfacce,
which expresses the cnhanccment of tronsfer rate over that
expected golely for diffusion, may be considerably greater
then uwnity (Nu=1 for purcly diffusive transfer in the
usuzl definition),

In thig context, it ig interesting to note that re-
cent theorics (discussed, c.g. by Luft, 1966) of mccheanisms
of tramsport of lipid-insoluble molecules such as protein
through the cndothelium consider theat movement can occur
only through the narrow 'gaps' at the junctions of cundothel-
ium cells (elthough pinocytosis mey play some subsidiary
role), These gaps, approximately 100& wide, arc estimated
to occuoy only 0.1% of the total cndothelial arca. The notG—
coslty for the concentration of diffusion naths at these
videly-spaced exit points underlines still further the im-
portonce of convection for acsisting the trengfer of slowly-

diffusing nutrients =nd meteholites to and from the tissucs.
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Appendix 1

Introducc the notations

1 1 -

RRY. (1,2 Rl=g15‘1r

(i3 fo s e (Gy)s ) gy
1. 1 1

11, 1, L R _ 1 A

(ij)ﬂgO ‘I‘-"}’L’B’J'dr ’ ]?i —SO .f}'—“'/%dr ’
1 1

oL 1l To.. R - 1, R

Py = jo L A Gy go 269,497

1
I. L, T._ .
Gl - go ‘i‘,G"//Ldr F
then the cquations (2.20) may be represented cexplicitly in

matrix form as

§.X =D
vhere D F% +aG - b i =1, ...e., N)
T
Pyt 8, 6  —b G . (@=Nl, ...., 2N)
and (5% (I (R (1)
S = (1+ aL.aJ-) 137-gy b, 31 ~a“‘bJ ij’+ bch ij
RR RI RI, - II
=S5y jen = 8.0, (ij) =, b, (ji)+ (1+z*.;:j)(ij) —a. b (1)
R RI RI 1T
SL’*N,_j = a:JbL (ij)+ (1+Q£ELJ)(jl) _b‘:bJ (ij) —aibJ(lJ)
RR RT RI II
(PR By (R (X1
”Si+u,3+n= bitzj 137+ azbd' 31)1- ‘jb& 13) +(1+aia‘j) ij

o1l for i=1;, seeaey, N3 j=1, veces, Neo The solutions

B:, BnI axre rcloted to the solutions Xn by
Bnﬂ = XV) n =1, seosvvcoy N—

Bh = Xm,f_N 1—1219 Soow e ey 1I
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Chapter ¥V

A Model Cayillary IFlow Wimeriment

1, Introduction

The results obtainced from the lubrication thcory in

Chapters IT and III arc perhaps somewhat surprising, pertic-
ularly in view of cstablished concepts involving reclative
casc of movement of red cells cven in narrow capillerics.
It sccmed, thercfore, desircble to test thesce findings ex—
perimentally, osarticularly the cnhencemant and non-lincar—
ity of resistonce offerrcd by the deformcble crythroeytes
to an applicd pressurc gradicnt,

In vivo mcasurcments of capillery pressurcs and
pressure gradients are very difficult - no gsatigfactory
techniques have been develo,ed which do not interfere un-—
duly with the flow (although the null-flow, micropipetic
method of Wicderhielm (1966) scems to offer hope for the
futurc). Qualitative and in vitro obgervations have been
made vhich tond to confimm the theorctical predictions. The
work of Dintenfass (1966) has alrcady been mentioned; Krocger
(1969) investigated the offccets of incrcasc of plasma vis-
cosity (by lipid injcction) on capillery flows. He found
that on reduction of pressure gradient red ccll velocitics

decrcased gradlally ta o certain limit (for ony individual
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narrow capillary), when flow suddenly ccascd (scize-up);
the limiting velocity wes reisced by lipid injcction. Fur-
thermore, the velocitics of cells in wider capillarices,
where an gporeciable plasme gap cxisted between ccll and
cndothelium, werc affccted less thon those for deformed
cclls in narrow cepillarics. This work, however, docg not
provide convincing cvidence that the aporoximatc quentitat—
ive results arc rcesomable: neither do they give any indic-
ation of posgible flaws in the assumptiong of the thcory.

Accordingly, o model cxperiment was devisced, on a
large scale, bo investigate the behaviour of red cell cnal-
ogucs undcr spproximatc capillary flow conditions. The mat-
crialg and aéparstus were deolgned on the bagis of the non-
dimensional malyscs of Chapter IT; deteils of their sel-
ecction and construction arc deccribed in sections 2 and 3.
Results obtained verificd the predictions remarkably well;
in addition, obscrvations cncbled quealitstive confirmation
of the plasma flow pattems described in Chopter IV, ond

intcresting new phenomenea were brought to light.

2s _Depign of the Experiment

Two rather obvious considcrations nced to be bome
in mind here: the apparatus should allow cagy obscrvation
of the phenomena under discussion, end the Reynolds' numb-

crs involved should gimulatc actucl valucs as closcly ae
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possiblece Purthcrmore, thc red cell models should be scl-
ccted with some care; it is clcarly desirable to have, not
mercly 'flexible! red cclls, but modecls which quantitatively
mimic the clastic bohaviour of actual cells, in some suit-
able non~dimensional scnse. This consideration is discussed
later in some detail.

In view of the comments in Chapter IT on the relat-
ive lack of disteonsibility of the capillary wall, a pcrspeX
tube (onc inch in diamcter (intcrnal)) was uscd as a 'Cap-
illary's the diamctor was chosen to facilitatc manufacture
of 'red ceclls'; in addition, such a large diamctcer has the
attraction of onabling casy obscrvation of fluid flow
ficlds. A 1.25 mcter (aporoximatecly) length of tubing was
fixed between 3=litre aspirator bottles, attachcd to a
pressurc source and manomcter; the arrsngement allowed app-
lication of a variablc prossurc difference in cither dir-
cetion, Provision wag made for tilting the asscembly, to
allow smaller, accuratcly-measurcable hydrostatic pressurc
differcnces to be applicd. Im all, a range of stcedy preso-
urc differonces from 0.5 to 20 cms Hg was obtainablce.

The sclection of a suitablce 'plasma!'! was govemcd
by the availability of a compatible red ccll model. For
oxamplc, the usc of glyccrol (kincmatic viscosity about 103

contistoke) restricts the range of velocitics to below
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about 0.1 cms/scc, if Reynolds numbers are to be maintained
below 16-? As demonstrated later, this rcquires a cecll mod-
cl with a membranc having a resistance to deformation little
greater than the surfacce tonsion of water in air (about 70
dynes/em), if valucs of the non-dimensional velocity para-
meter A arc to be in the capillary-flow range. Such a model
would obviously be quite difficult to manufacturc; and
'hacmolysis' would be a scvere problem for any conceivable
mcembrance material,

A silicone fluid supplicd by ICI (FF 111 /10000) was
finally chosen; its kinematic viscosity was specifiecd as
104 centistoke. Accompanying data charts showed that the
viscosity varicd negligibly over a wide range of tomperat-
ure, and that, for shear ratecs in the range rcquired for
the experiment, variation of vigcosity was of thc order of
only onc or two pcrcent. For practical purposcs, then, the
fluid was virtually Newtonian,

The 'red cell!' congisted of o thin latex membranc
containing a mixturc of water end glycerol, the proportions
being sclected to give virtually neutral bouyancy in the
gilicone fluid. The relatively low viscogity of the cell
interior liquid was unimportant, sincc virtually no changcs
of shapc were obscerved during the cxperiments; motions of

the intracellular fluid must therefore have beeon minimol.
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Plasticine moulds were coated with prevulcanized
liquid latex; the moulds were of typical red cell ghape and
had a diameter of 3,5 cm. Variations in diamcter and thick-
ness were within the limitc obscrved (c.g. Rand and Burton
1964) for normal humen red cell populations. The coating
was achicved by dipping, followed by judicious rotation to
give a uniform final dcpogit. Any number of coats could be
applicd to avoid cxcossive fragility of the membranc. It
wag found that the intemal volume of the 'red cells' aver-
aged about 8 ccy this gives a gratifying sgrcement with the
'shape factor' (defincd by Burton, 1966) for human rcd ceclls.

In principle, thec resistance to deformation S (de-
fined in Chapter II) can be mecasurcd in cssentially the
game way a8 was uscd by Rand and Buxton for actual red
cclls, The pressure difference §p required to suck a hemi-
gphere of membranc inside a small tube of radius r is ob-

tained, and S is celculated from the formula

_ 25
Sp=

In practice, however, the relatively large pregsurc differ-
ences needed for this oneration mean that severe frictional
artifacte arc introduced into the mecasurcments - the mem-

brane tonds to stick to the cnd of the tube. Lubrication of
the surface is ineffective, gince the lubricating films are

rapidly cxtruded. Then frictional restraints are large, el-
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agtic resistence to the formation of a membremc hemisphere
will become disproportionatcly large, comparcd with the
bending moment contribution,

Conscquently, only a very approximate valuc of S
Can be obtained; this is perhaps most consistantly dounc by
obgcrving the pressurce differcnce when a curved ‘dome’ be-
ging to appear in the membranc ingide the tube, and cstim-
ating an effective radius of curvaturc for the dome, Small-
er pressure differences arc required, and crrors caouscd by
friction arc recduced.

Heasurements made in thisg wey indicate thet the
valuc of S characteristic of the red cclls uscd was of the
order of 10 dync/ecm; this valuc was for the most flexible
membranc attoinable which did not rupture during the coursc
of the cxperiment. A corresponding order-of-megnitude value
for 3, the red ccll compliance in the cepillary (computed
from E;: > /158, r, the capillary radius) is 10 ce /dyne,

or 10 cmg/ecm H O.
2

3. Sclection of Material Paramcters

The radius of the capillary has alrecedy becen spec-—
ificd; further, the choice of ccll docformability has beon
determined by fragility limitations. The red cell diameter

is, of course, constraincd by the nced to make the tube
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represent a capillary of some rcquired size; for the diam-
cter used here (3.5 cms), flow in a 6 um capillary (approx.)
is simulated. Two further paramcters (plasme viscosity/w
and cell velocity U) may be sclected to give accuratec model
gimilarity.

Two considcrations govern this sclectiony firstly,
the Reynolds!' number should be no grecter than about 10-2

for the maximum velocity (Upg,y) cnvisaged:

r, Unax
Yy

~ 10°, (3.1)

wvhere ¥V =,u/(>; here P =975 gm/cc. Secondly, the non-dim-

cnsioncl velocity paramcter A, defincd in Chgpter IT ac

1
A = uUg/ri(Kr )Z,
should takc a valuc appropriate to typicol capillary flow
-3 X
(say 10 °) for U = Upax; since (Kr,)® is approximately

unity, this rcecquircment becomes

U -
"fw@%x-—ﬁ ~ 1077 (32)

Essentially, A comparcs the viscous resistancce of the lubr-
icating fluid with the clastic resistance of the cell memb-
ranc, and is clecarly thc important paramcter to congider

when making a sclection of compatible values for u, U, and

Be

5

Substitution of g = 1077, r = 1,27 cms shows that
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should be approximately 100 poisc, and Umax of the Order
of 1 em/sce, It is intecresting that if a less viscous, but
still plausible, plasma simulctor such as glyccrol (4=
10 poise) is used, Upgx is of the order 0.1 cm/scc, and a
compatible valuc of § for the membranc is about 100 dync/
cm, littlec grecter than the surfacc tencion of water. The
absurdity of such a requirement underlincs the necessity
for carcful consideration of the deformability factors in
the design of a model experiment of this kind.

It wes found thot about 10 cells in the tube gave
good results with a minimum of cxperimental difficul ty;
mecasurcments were token in two scrics, one with 12 cells,
onc with 9. Thesc correspond to thacmatocrits' of 287 and
20% respeetively, Vith these numboers of cells, pressure
gradients nceded for velocitics in the degsired range were

within the available limits.

4.,  Qualitative Obscrvations

Before detailed quantitative results arc precscented,
a brief discussion will be given of several interesting
features of the model, obscrved in the coursc of the cxper—
iments,
(i) The predominant node of deformation of the cells wes

some variant of the rolled-up, 'crepe-suzette'! configuration;
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very few had oricentations cven approaching the ‘'parachute!
modc discusscd in Chapter II. The importance of this for
ccll cleerancce igs discusscd later. Purthcrmore, the gecom-
ctry of thc region of constriction was consideorably morc
complicatcd than the single cmooth nerrowing cnd widening
assumcd in the theory. This is not nccessarily a scvere
problem, sincc cech of the local lubrication zones could
bc considercd scparctely; however, the cxistence of rclat-
ively resistance-frece, 'dimpled' regions, in association
with constrictions, on thec cell rim introduccs some diff-
icultico in interpretation of the rcsults in texmg of the
paramcter E definced in Chapter II sce (Later).

Purthermore, in somc cascs there were gections of
the rim with no constricted lubrication zoncs; fluid could
be obscrved leaking forward in such rcgions, This forward
flow is duc to the rclatively high pressurc gradient acrogs
the red cell, determincd in the regions vherc lubrication
is occurring: in unconstricted regions this prcssurc/grad-
icnt must be balanced by the viscous dissipetion associated
with a reclatively large, forward, fluid flux, Undcr certain
conditions, this may give a net forward flux of plasma in-
stcad of the leckback nccessary for fully lubricated ccllo.
In vivo circumstances mey be cnvisaged where plasma from a

labecllcd bolus of blood emerges from a capillery before the
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labelled cells,

(ii) Successive apolication of pressure differences in
altometc dircctions produccd a gradual scparation of the
linc of cells; this became a problei during the cxperiments,
reducing the availablce traversc, and wos the principal
rcason for limiting thc hacmatocrit to below 30%. The phon-
omecnon may have some conncction with the obscrvation of
Monro (1966) that (actual) red cclls tend to become uni-
formly spaccd in narrow capillarics; it will be rccalled
that such capillarics arc subject to random fluctuations

in pressurc gradiont duc to vagomotion in arterioles or
closurc of precapillary sphincters.

(iii) Strcamlines in the plasma werce obscrved with the

aid of small bubbles (which proved to be gtable for some
hours) and impuritics (ectually tiny globules of water—
glyccrol from the accidental haemolysis of onc of the cells).
The concentration of these indicators was smell, end it was
assumcd that they had no apprcciable cffeet on the viscosity
of the plasma.

Toroidol motions in thc plasma boli were strikingly
apparcent, cven whon the inter-crythrocyte distencce was com-
paratively small. The intrusion of some strcamlinces into
the entry end exit rcgions of the lubrication zoncs was

also clecarly obscrveble., Bubbles in such strcamlincs re-
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mained in closc proximity to the cell mcembranc for consid-
crable periods of time, indicating that fluid velocitics
in these arcas were compyaratively small (as might be ox-
pected in view of their closc approach to the stagnation
point scparating the intruding flow from the leckback flow
of the lubrication), This feature of the flow may well be
of importance for the tramsport of oxygon.

Loakback of fluid through the lubrication zoncs was
cvident from the bchaviour of indicator particles very clogc
to the tube well. It is intcresting that when bubbles passcd
through a lubrication zonc, they frequently 'stuck' with
their trailing cdges just at the cnd of the constriction.
This may be interpreted as cvidence of the cxistence of a
mecking ', and a local pressurc minimum, at that point., Ior
e bubble to be able to pass through such a constriction, the
free oncrgy required for deformation of the bubble surface
is supplicd by the (positive) pressurc gradient in the
central part of the lubrication region deing work on the
bubble; this gradient runs from the pcek between cntry eand
central zoncs to the minimum at the boundary between central
and cxit zones. As the lcading cdge of the bubble cnters the
(adversec) pressurc gradicnt in the coxit zone, free cncrgy
is logt; when the last of the bubble approaches the neck,

there may not be cnough cncrgy left for the treiling cdge
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to dceform sufficicntly to pass through.

5. The Quantitative Expcriment

The principal motivation for the cxpcriment was to
test the pressurc-flow relationships for such a systoms The
cell velocity U was measurcd for a renge of applicd pressurc
differcnces Ap, using two techniquess firstly, tilting of
the assembly (sce Fige 1), cnebling hydrostatic pressure
differences up to about 50 cmg HyO (3.5 cmg Hg) to be att-
aincd; sccondly, by prcssurizoation of the gpparatus using
comprossed nitrogen, followed by rcleasc of pressurce at one
cnd. The pressurcs were recorded on a menometer; differences
of somec 20 cms Hg were obtainable.

thilec the first method provides an accuratc meansg
of mcasuring the applicd precsure diffcrence, the sccond
may be subject to crror, owing to the usc of a comprescible
fluid as the pressurizing medium, In practice, it was found
to be quite difficult to meinteain a stcady pressurc at the
pressurized cnd of the system whilce motion was occurring
in the capillary. Thc following nroccdurc vas adopteds for
any given scetting of the ncedle velve controlling the geas
flow, the limiting valuc to which the pressurc tended dur-
ing motion was obtained by trial and crror., The cntire sys-

tem was thon prescurized, the pressurce ot one end being re-
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lcascd as the limiting pressurc was rcoched at the mano-
meter. It was found that the pressurc, meosurcd =t the
menoncten subsequently remained stationary during flow,.
and did not do so for amny other initial pressurc. Although
this technique gave reosonably consistont results for var-
ious pressurcs and velocities, it is still not certain that
the prossurc measurcd at the manometer is cqual to that ot
the plasma surface. Conscquently, the recults obtained by
this mothod should perheps be viewed with some caution; the
region of greatest intercct, however, is that where pressure
differences arc obtained by tilting.

The results arc most conveniently displayed in
terms of thce non-dimensional paraméters defined in Chaopter
II. Pirestly, the rcocistance cnhancement parameter D compares
pcllcet resistence to that for Poigcuille flow in the sane
longth +f the fluid alonc, for which D=16., Thc valuc of D
corresponding to a mecasurcd pair of valucs of U end Ap may
be obtained as follows. Supposc the length of the tube is
£, end that the cells occupy a fraction y of the length
(hacmatocrit 100¥%). Then tic pressurc drop for flow of
plesma alone, ot the same memn veloclty U, is

4

0

the drop for the length occupicd by cells is yApe, and for
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the romainder (1“37AP;° Evidently, D may now bec celculated

from the formula

D = 16/dp - (1 - Z)quc]/ampqc ’ (5.2)
vhere the term in squarc brackets is the pressurce drop
acrogss the cells, If there arc N cells prescent, the press—

urc drop across cach is clcarly

Sp = Up - @ -9 )N . (5.3)
Deonote the length of cach cell by b; this is cqual to
2(KT,)—%ra for the model uscd in Chapter II; and clecerly a
calculation of D bascd on the formula

= -.Lé;g..'..r.:?.a = 2r02[AD — (1 — D/J)AD;G]
AU (KT, )’ U8

D

o

of Chapter IT (p63) is cquivalont to the definition (5.2).
Simmilarly, valucs for the non-dimensional velocity para-

meter A can be obtained from the formula

= 4l = 4Ughb |

It will be useful to compute valucs of E also; these are
mosgt foadily obtained by obscrving, from the formulac on
P65, thet
E = A.D . (5.5)
Experimental results arc prescnted in Fig. 2, as a

graph of D againsgt A; the dots show cxperimental points.
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The rapid incrcasc of D .with deccrcasing A ic very striking,
and cxtremely satisfying from the point of view of confirm-
ing the predictions of Chapter II. Accuratc measurcments of
smaller velocitics and pressurc gradicnts then thosc rccor-
ded weas very difficult; and ot a pressurc diffcercnce of
3,65 mm Hg, complctc scize-up was obscrved. (The pressurc
differonce corresponding to the lowest velocity measured is
4,04 mm Hg.)

Te somevhat surprising shape of the curve, with a
point of inflection mesr A = 10 ¥, may be duc to en arti-
fect introduced by crrors of measurcment of the higher
prcgssure differences. If not, however, the inflcetion mey
be cvidence of two separate resigstonce-incrcasing mechan-—
isms. Variations of large-scele deformation, affccting
clcarances, produce increcascs in D which would be morc app—
arent af high preosure gradients, and would account for the
steceper slope of the D=A curve ot larger valucs of A, At
the smaller velocitics, the incrcasing cficct of clastic
control over the lubrication process would again producc a
morc rgpid incrcesc of De

It ig inteorcoting that, duc o non-uniformity of
menufacturc, onc of thq cclls offcred less resigtence then
the others, and mowed ot a slightly higher velocity. This

cffect became more marked at low velocities, as would be
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cxpected from the non-lincority predictiong of the theory;
the disparity wos ncegligible for D< 200, while for D900
the voluc of A for the less resistant cell was about 1.7
times the mcon A.

Thc dependence of resigtence on capillary diamcter
wag dcmonstrated as the ceclls approached the cnds of the
capillary, where the diamcter decreescd, over a digtance of
about 1.2 cms, t0 1.6 cms. It was possible, by application
of o sufficicently high kigh pressurc difference, to force
onc or morc cclls through the narrow portion; the accompén~
ying incrcegc of rosistance, and rcduccd velocity, were
Clcarly apparcnt. Confirmeotion was obtained also of Bur-
ton's (1966) obscrvation that (actual) red ceclls hacmol-
¥scd vhen forced through capillarics of diometer smaller
than somec critical valuc. In this case, onc of three cells
accidentally forced into the rcservoir hecmolysced in the
1.6 cm diameter scctiom,

Although the main purpose of the cxperiment was to
demonstrate the applicability of the theoretical pressurc-
flow relationghips to blood-capillery systems, it is instr-
uctive to comparc the results obtained with the quantitative
predictions for actual red cellyg In a 6 unm capillary. Ths
comparigson is madc on the basis of the pressurc gradicent—

Clezrance 'compatibility curwes!' of Fig., 3, Chapter II. A
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gimilar curve may be plotted from the cxperimental results,
using (5.5) to computc valucs for E. Fig. 3 of this chepter
illustrates both thcorcticel and mcasurcd curves, on the
gsamec E-I' axcs as in Chapter II.

A otriking fecaturc of the comparison is that the
modcl apparcntly cxhibited clcarance charccteristics con=-
sidcrably morc positive thon the thceorctical gystem. Two
rcasons for this can be advenced; firstly, unccertaintics
in thc mcasurcment of the 'resistence to deformation' of
the modcel membranc will introducce crrors into the calcul-
ation of thc non-dimensional paramcters A end E from the
ncasurcd data. Although thce form of the important velocity-
resistance curve (Fig., 2) is not affccted, the position of
the origin for the A-scale is in somc doubt.

Of morc profound significancce arc the cffcets of
the crepe-suzette mode of deformation obscrved for the
modcls, as opposcd to the parachute deformation assumed in
Chepter II to facilitate analysis. In contrast to the above
crror in mcasurcments of S, thesc cffects arc likely to be
of importancc when the theory is being applicd to phenomena
of red cell movement in vivo, since it is cxpccted thet the
bchaviour of the modol closcly parallels that of actual recd
ccllse.

It was found guch casicr to ingcrt the red cell
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modcls into the tube in the crepe-suzette shape than to try
to forcc them in with a parachutec configuration; in fact,
onc ccll hacmolyscd vhen such forcing was ettempted. This
indicated that the clecarsnce of the cells in the capillary
was larger (i.c. cagicr fit) then for hypothetical cells in
the parachute mode. Morcover, it is rcasomable to cxpect a
constriction-frec scetion of the membranc to have a large,
poOsitive, local clcarance; this would producc a larger mean
valuc for the clcarence parcmeter F.

The complex geometry of the lubrication zones, with
'dimples' ond constricted necctions juxtoposcd, also ncods
consideration. Thc thecory of Chapter IT assumed that all of
the cell length wes involved in a single constrictod lub-
rication region, and calculaked valucs for the pressurc drop
across the ccll on this assumption. Herce, however, only pexrt
of the cell length is involved in the lubricating mechanigr
Computations of D for comparison with thc thecory should be
bascd, not on the hecmatocrit as in (5.2), but on the frac-
tion of the total tube length sctually occupicd by a region
of const:iction.,

Glcarly, bota of the cffects of cell deforxmation
geometry will tend tc shift the cxperimental curve of Fig.
3 away from the predicted onc in the mamncr shown; howcver,

it is significant thet the pressurc gradicnt-clcarancce com-
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patibility curves for cxperiment .and theory are similar ‘

in form, dcemonstrating the decrecasc of clcarance vith de-
crcasing pressurc gradicnt. The rapid levelling off of the
cxperimental cuxrve as E falls below 10“'2 ig an indication
of thc onsct of geize-up, although this may be duc partly
to the prescnce of surface asperitics.

The significancc of the cxperiment may be bricfly
summerized., It has been demonstratcd that the clasto-hydro-
dynamic lubrication thcory forms an exccllent bagsis for a
discussion of blood flow phcenomena in narrow capillarics.
However, for the dcteailced application of the numerical
rcoults to specific situations, the large—-scale ccformot-

ions of thc red cells need to he more closcly cxamincd,
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¥ig. 2. mxpcrimental velocity-resistance curve
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