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Abstract

In the simulation of stiff problems, such as fluid flows at high Reynolds numbers,
the efficiency of explicit time integration is significantly limited by the need to use
very small time steps. To alleviate this limitation and to accelerate compressible
flow simulations based on high-order spectral/hp element methods, an implicit
time integration method is developed using singly diagonally implicit Runge-Kutta
temporal discretization schemes combined with a Jacobian-free Newton Krylov
(JENK) method. This thesis studies several topics influencing the efficiency, accuracy

and robustness of the solver.

Firstly, an efficient partially matrix-free block relaxed Jacobi (BRJ) preconditioner
is proposed, in which the Jacobian matrix and preconditioning matrices are properly
approximated based on studies of their influences on convergence. The preconditioner
only forms and stores the diagonal part of the Jacobian matrix while the off-diagonal
operators are calculated on the fly. Used together with techniques such as using single
precision data, the BRJ can largely reduce the memory consumption when compared
with matrix-based ones like incomplete LU factorization preconditioners (ILU). To
further accelerate the solver, influences of different parts of the flux Jacobian on the
preconditioning effects are studied and terms with minor influences are neglected.
This reduces the computational cost of the BRJ preconditioner by about 3 times

while maintaining similar preconditioning effects.

Secondly, adaptive strategies for a suitable choice of some free parameters are
designed to maintain temporal accuracy and relatively high efficiency. The several
free parameters in the implicit solver have significant influences on the accuracy,
efficiency and stability. Therefore, designing proper strategies in choosing them
is essential for developing a robust general purpose solver. Based on the idea of
constructing proper relations between the temporal, spatial and iterative errors,
adaptive strategies are designed for determining the time step and Newton tolerance.

These parameters maintain temporal accuracy of the solver in the sense that further



decreasing temporal and iterative errors will not obviously improve the efficiency.
Meanwhile, they maintain relatively efficient by avoiding excessively small time
step and Newton tolerance. The strategies are tested in different types of cases to

illustrate their performance and generality.

Finally, the implicit solver is studied in high-fidelity simulations of turbulent
flows based on a hierarchical implementation in the open-source spectral/hp element
framework Nektar+-+. The solver is applied to large-eddy simulations of Taylor-
Green vortex flow, turbulent channel flow and flow over a circular cylinder cases.
The efficiency of the solver and the prediction accuracy of these problems are studied.
The results show that the solver yields good predictions in turbulence simulations

whilst keeping good stability and high efficiency.
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Chapter 1

Introduction

Section 1.1 gives a brief discussion of the motivation for developing the implicit
time integration solver. Section 1.2 presents the state-of-the-art literature review
of major topics of the implicit solver including the development of DG methods
themselves, the development of DG (discontinuous Galerkin) methods as tools for
high-fidelity simulations, the development of implicit time integration methods and
the challenges encountered in unsteady simulations. After that, the objective and
main contributions of the thesis are summarized in Section 1.3 followed by the

outlines of the thesis in Section 1.4.

1.1 The need for implicit schemes

There is a growing need for a better understanding of complex flow phenomena in
areas such as turbo-machinery [67, 139], which includes noise generation mechanisms,
flow interactions between different compressor stages and shock boundary-layer

interactions. These phenomena are intrinsically unsteady, anisotropic and across
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multiple scales [139, 22]. The prediction accuracy of traditional models like Reynolds
averaged Navier-Stokes (RANS) models is generally not sufficient [71]. To fulfill
the demand for enhanced accuracy, high-fidelity methods are developing rapidly in
the computational fluid dynamics (CFD) community for the simulations of these
phenomena. High-fidelity methods directly resolve the flow structures that are
difficult to model [61]. This means more flow details need to be resolved directly,

which poses new challenges to the numerical methods.

High-order numerical methods are good candidates for high-fidelity simulations
because they are able to sustain smaller scale flow structures for longer [153, 67]. With
lower dispersion and dissipation errors, it has been shown that high-order methods
are more efficient that traditional low-order ones when very accurate simulations
are required [153, 126, 67]. This thesis will focus on high order spectral/hp element
discontinuous Galerkin methods. The compactness of the DG methods makes them
easy to extend to high-order and applicable to unstructured meshes [77]. After decades
of development, several DG methods with high-order accuracy, high resolution, and
good shock-capturing ability have been developed, which make them very promising

for industrial high-fidelity simulations [45, 67, 22].

However, further increasing the efficiency of high order DG methods is still highly
needed considering that there are still many challenging areas out of reach because of
high computational costs [154, 153, 22]. Therefore, improving efficiency is one of the
key issue to be addressed before the DG methods can be widely used in industrial
high-fidelity simulations [122, 6]. There are many challenging stiff problems involving
high Reynolds numbers, in which very large grids across multiple scales are needed for
their high-fidelity simulations [140]. One of the main obstacle limiting the efficiency
of high-order simulations with explicit time integration methods is the severe time

step restrictions imposed to maintain stability [123, 77]. In this case, developing
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implicit time integration methods, which are effective in relaxing the time step
restrictions, to accelerate the simulations has the potential to largely improve their

efficiency.

1.2 Literature review

Section 1.2.1 reviews the state-of-the-art of high-order DG methods and their appli-
cations in high-fidelity simulations. Section 1.2.2 then summarizes the development
of implicit time integration methods. Details about temporal discretization schemes,
nonlinear system solvers, preconditioning methods, parameter choice strategies, de-
velopments in the open-source community and new challenges encountered are also

discussed.

1.2.1 High-order DG methods

This section reviews the development of DG methods themselves and specifically the

attempts to adjust DG methods in high fidelity simulations in this section.

Basic development of the DG methods

Spectral element DG methods [134, 77| use simplex elements to divide the computa-
tion domain and place multiple degrees of freedom (DoFs) in each element. They
use the DoFs in each element to construct high-order polynomials and exchange
only the flow variables and their derivatives at the element interfaces, which means
that DG methods are very compact in design. This compactness gives the DG

methods advantages in extending them to higher-order, in large scale parallelization
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and in incorporating adaption based on mesh size (h) and spatial accuracy (p).
Ever since their inception in 1973 [130], DG methods have achieved a significant
degree of maturity. Cockburn et al. [34, 35] proposed a framework to use the DG
methods in hyperbolic equation systems. Based on this framework, detailed studies
of various aspects of DG methods have been performed, which include stability [119],
convergence rates [26, 32], influences of various basis functions [77] and quadrature
rules [8, 97], and applications to different mesh shapes [30, 77]. To capture dis-
continuities in hyperbolic systems, various limiting and artificial viscosity methods
have also been proposed [9, 124, 165], some of which enable DG methods to capture
strong shocks with good stability and sub-cell resolution [9, 124, 137]. To predict
the turbulent fluctuations in high-fidelity simulations, DG methods that preserve
the kinetic energy were proposed [54, 57], which effectively lower the dissipation in

turbulence simulations while maintaining stability.

Another important progress is the development of DG methods applicable to
parabolic systems. Reference [134] illustrated that a straight forward extension
of the DG methods to parabolic systems leads to in-consistencies . To fix this
problem, an interior penalty method (IP) was proposed to give consistent and stable
solutions [46, 5|. However, the IP method has free parameters and is still inconsistent
for first-order DG methods. Bassi and Rebay [12] proposed a way of exchanging
information between elements that leads to consistent, stable and parameter-free
schemes. Cockburn and Shu [33] generalized the idea of Bassi and Rebay and
proposed the local DG scheme. There were other similar attempts [87, 120, 141] to
further improve the DG methods for parabolic problems, most of which could be

formulated in a general framework [5].

The studies mentioned above and the references therein propose high-order

numerical schemes with good spectral properties, high resolution, applicable to
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complex unstructured meshes and to different governing equations for industrial

applications.

DG methods in high-fidelity simulations

These improved, mature DG methods have become good candidates for high-fidelity
simulations. Nevertheless, high-fidelity simulations such as LES are usually highly
under-resolved, and achieving stable simulations in such cases is challenging for
factors such as aliasing errors which are more significant in high-order methods
[80]. This topic has attracted numerous studies [147, 1, 72]. Various approaches
have been explored to further enhance the stability of the DG methods, such as
spectral vanishing viscosity [81, 103], consistent integration [98, 99|, skew-symmetric
or split methods [57, 119], and filtering methods [7, 128]. These attempts significantly
improve the stability of the schemes especially in highly under-resolved simulations.
Another challenge arises due to the complex coupling of numerical truncation terms
and physical models. Both of them take place near the Nyquist wavenumber [54, 51]
of the computational setting, which is the upper limit in wavenumber that the
numerical methods can capture. This is especially relevant for implicit LES because
the numerical truncation terms can significantly influence the physical modelling [61].
Studies have been conducted in understanding of the interplay between numerical
truncation terms and physical models based on numerical experiments and theoretical
analysis [105, 51, 106, 61, 101, 146, 164, 154]. The results have shown that the
numerical truncation terms of the DG methods are similar to a sub-grid scale module

and implicit LES modeling can give accurate predictions of turbulent flows.

Consider the studies of high-fidelity simulations on turbo-machinery as an example,

significant progress has been made both in developing suitable numerical methods
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and in studying the underlying flow physics. Bassi and his co-workers investigated
the accuracy and efficiency of the DG methods on turbine simulations [11, 13, 60].
However, most of their work is limited to steady or unsteady RANS simulations.
Jia et al. [74, 73] simulated high Reynolds turbine vanes to assess the efficiency,
accuracy and stability of high-fidelity simulations based on the flux reconstruction
method (FR), which has close similarities to nodal DG methods [100]. Lu et al.
[90, 89, 91] published a series of papers on developing a FR based high-fidelity
simulation software for turbo-machinery simulations. They emphasized the efficient
parallel implementations on many-core computational systems. Cassinelli et al.
[27] presented high-fidelity simulations of a high Reynolds number low-pressure
turbine blade using high-order p-adaptive DG-kernel methods. Hillewaert et al.
have been constantly focusing on applying the DG methods to turbine simulations
[56, 68, 67, 40]. Various aspects of turbine high-fidelity simulations, such as wall-
modeling [41], efficient data structures [67], and influences of mesh quality [22] have
been investigated. A summary of a systematic evaluation of different solvers (also
different methods) for high-fidelity turbo-machinery simulations can be consulted
in reference [22]. Besides problems on turbulence generation, laminar-to-turbulent
transition and grid generation, the authors emphasized the necessity to further
improve simulation efficiency. Overall, most published papers still focus on single
blade or single compressor stage simulations, while only a few high-fidelity simulation
results of multistage compressors are available because of their large simulation costs
[22]. As a result, further improving the efficiency is necessary for high-fidelity turbo-
machinery simulations and likewise for high-fidelity simulations in other research

areas .
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1.2.2 Implicit time integration methods

To improve the efficiency of high Reynolds number simulations, it is quite natural to
turn to implicit time integration methods, which can relax or even remove the serious
time step constraint of explicit time integration methods [78, 67, 121]. An implicit
time integration method for the nonlinear governing equations of compressible flows
mainly consists of a temporal scheme for discretizing the temporal derivative term

and a method for solving the nonlinear system arising from the spatial discretization.

Temporal discretization scheme

Instead of using full discretization scheme, the temporal and spatial discretization are
usually considered separately using the method of lines. In this case, the temporal
discretization scheme can be considered simply as an ODE (ordinary differential
equation) system solver. In the CFD community, both multi-step [154, 15, 109] and
multi-stage [15, 78, 18, 84, 117, 151] ODE solvers are widely adopted, which can be
expressed in general using Butcher tableau. Various of them have been implemented

in the Nektar++ framework using a general linear method framework [150].

For the multi-step schemes, the second order backward differentiation formulation
(BDF2) scheme is the most widely adopted one because of the difficulties in main-
taining good stability and in starting up for higher order BDF schemes [154, 15, 109].
The most attractive property of BDF schemes is that they can obtain high-order

approximations by solving only one nonlinear system.

Implicit Runge-Kutta schemes are one of the most popular choice for the multi-
stage time stepping schemes [15, 78, 18, 84, 117, 151]. Here, we mainly focus

on diagonally implicit Runge-Kutta (DIRK) schemes, which avoid solving much
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larger nonlinear systems coupling different implicit stages. We further limit our
attention to singly DIRK (SDIRK) schemes with constant diagonal coefficients. It
helps to reduce the complexity in freezing the preconditioning matrices as will be
shown in Section 3.2. DIRK schemes have attracted significant attention in topics
such as linear and nonlinear stability [36, 84|, order reduction in stiff problems
[79, 78, 84, 63], optimization on accuracy and efficiency [20, 108], step size control
[111, 18, 136], embedded scheme construction [84, 78, 111] and their applications
[110, 116]. Comprehensive reviews and comparisons of different DIRK methods are
available in references [78, 15, 79]. It is important to note that DIRK schemes with
an embedded paired scheme provide a good approach for estimating temporal errors
at a relatively low cost, which could be utilized for time step adaption. Recently,
fully implicit Runge-Kutta schemes [117] which solve implicit stages as a coupled
system, and Rosenbrock schemes [10, 18, 55|, which can be regarded as linearized
Runge-Kutta methods, have also shown some good properties in CFD simulations.
However, we will not go into details of these methods and interested readers can

refer to the literature on these topics [15, 78, 63] and references therein.

Development of nonlinear system solver

Although the temporal discretization schemes (BDF or SDIRK) have different
accuracy, stability and efficiency properties, they all lead to nonlinear systems when
applied to compressible flow simulation. The common choice in numerically solving
these nonlinear systems is to use Newton-like iterative methods. At each step of the
iterative process, a linear system is formed and solved. In Newton’s method, the
Jacobian matrix of the nonlinear residual vector with respect to the solution vector
is the coefficient matrix. For large-scale simulations of compressible flows, both

constructing and solving the linear system is costly. A way around this difficulty
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is to use instead an approximate coefficient matrix, which is easier to form and
solve. However, this approximation will introduce errors that could deteriorate the

super-linear convergence properties of the Newton’s method.

In low-order (below third order) CFD simulations, constructing an approximate
coefficient matrix was the most popular approach and implicit methods like the
LU-SGS (Lower-upper Symmetric-Gauss-Seidel) achieved great success [162]. For
instance, the renowned LU-SGS method uses the Jacobian matrix of a first-order
upwind scheme together with a spectral radius approximation for the viscous Jacobian,
which leads to a diagonalized system. The system is trivial to solve and has a cost
similar to the residual evaluation, but introduces a large linearization error compared
with the Newton’s method. The resulting implicit methods can successfully relax
the time step constraint whilst keeping the cost of each implicit iteration low and

have achieved great success in low-order simulations.

However, a different trend is clearly seen in the development of implicit methods
for high-order simulations. Linearization errors have a much larger influence on
high-order simulations than on low-order ones leading to much more implicit steps
for the high-order simulations to converge [152]. As a result, many efforts are being
made to reduce linearization errors, such as the development of Jacobian-free Newton
Krylov (JFNK) methods [82, 160], instead of reducing the cost of each implicit
step. The JFNK uses the Jacobian-free method (JF) to numerically calculate the
Jacobian matrix, which avoids the explicit storage of a very large matrix while
keeping the linearization error low [142, 49, 82]. Together with the Newton’s method
for solving the nonlinear system and the Krylov method for solving the linear system
in each Newton iteration, the JENK methods offer a general framework for solving
various kinds of nonlinear equation systems resulting from implicit time integrations.

Various aspects of the JFNK method have been studied, such as the influence of the
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Jacobian errors, parallelization of the solver and applications to different problems,
to name but a few [142, 49, 82]. Numerical results have shown that the solver
can obtain the super-linear convergence property of the Newton’s method with an
accurate Jacobian matrix and converge within tens of iterations even for some stiff
problems [159, 158]. Assuming one has reasonable preconditioners, the resulting
implicit schemes can largely speed up the simulations especially for steady-state
simulations both for high-order and low-order simulations [162, 159, 163, 82, 158].
In steady-state simulations, these implicit methods can speed up the simulations
by orders of magnitude and show notable advantages in efficiency compared with

explicit time integration methods [159, 163].

Challenges in unsteady simulations

However, it becomes controversial whether implicit time integration methods have
obvious advantages over explicit ones for unsteady simulations. Many researchers
turn to the explicit time integration methods for unsteady simulations. This can likely
be associated with the following challenges encountered by implicit time integration
methods: Ensuring temporal accuracy, improving efficiency and identifying robust

parameter choices:

1. Ensuring temporal accuracy. Achieving satisfactory temporal accuracy is a
key issue for unsteady simulations. Although temporal accuracy [53, 110] can
be confirmed by convergence, it can not be obtained before a very accurate
solution is obtained. Therefore, the users still face the uncertainty about
temporal accuracy when simulating a new problem. The uncertainty becomes
stronger facing the freedom to choose the specific temporal scheme and time

step size in implicit solvers especially when comparing the orders of magnitude
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larger time steps adopted by implicit methods with the corresponding very
small time steps of explicit time integration methods. Identifying the edge for
temporal accuracy is also important from the point view of efficiency since,
as will be discussed, the extra costs of maintaining temporal accuracy is one
important reason why implicit solvers cannot achieve as large speed up in

unsteady simulations as in steady-state simulations.

2. Improving efficiency. Implicit methods are reported to achieve smaller speed up
ratio in unsteady simulations [22, 159] relative to the overwhelming speed up
of the implicit schemes in steady-state simulations [158, 163]. This reduction
in efficiency is caused by the following reasons. Firstly, the need for temporal
accuracy limits the time step size and requires the convergence of Newton
iterations at each time step, which largely increases the costs of implicit solvers.
This requirement also makes the use of accelerating techniques such as the
local time stepping more difficult in implicit solvers. Secondly, when close to
convergence in steady-state simulations, the current solution naturally provide
a good initial guess to the next iteration and greatly help the convergence,
which is however not the case in unsteady simulations. Thirdly, it may be
more difficult for complex implicit solvers to benefit from some modern HPCs
(High Performance Computers) platforms such as GPUs, which may further
counterbalance the advantage of implicit methods in efficiency. The implicit
methods, required to solve coupled systems, are by design more difficult to
parallelize and consume a large amount of memory. Therefore, it is challenging
to achieve high performance in memory bandwidth bottle-necked modern HPCs

91, 148].

3. Identifying robust parameter choices. Since most of explicit time integration

methods are limited by the stability condition, users almost only need to
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properly choose a time step as large as possible for stability. However, in
implicit time integration methods, there are several parameters influencing the
accuracy, robustness and efficiency of the solver. A naive choice of the set of
parameters may significantly reduce the efficiency of unsteady simulations. Up
to now, a systematic and robust way to choose these parameters is still an
open problem, which makes the parameter choice not user friendly especially

for general purpose solvers with a wide range of application areas.

To overcome these challenges, we should identify the requirement of temporal
accuracy for the implicit time integration, which not only influences accuracy itself
but also efficiency. Low memory implicit time integration methods and more efficient
data movement techniques should be explored to adjust the implicit methods to
modern HPC platforms to achieve peak performances. Moreover, influences of
different parameters should be explored and strategies in identifying appropriate
parameter choices should be developed for the development of robust and user friendly
CFD solvers. Although new methods to accelerate unsteady simulations considering
these features have been explored [67, 16, 6], this research area is still relatively new

and there are still many open questions to explore.

Efficient low memory preconditioning

Since the convergence of Krylov methods is highly dependent on the distribution
of the eigenvalues of the system, adopting appropriate preconditioners to cluster
the eigenvalues is very important for improving the efficiency of implicit solvers.
A good preconditioner should be able to effectively cluster the eigenvalues at a
relatively low cost. Besides effectively clustering the eigenvalues, reducing the ratio

of computational cost between the assembly and calculation of the preconditioner
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and the residual evaluation is also important to the final efficiency. A good counter
example of this is using the inverse of the Jacobian matrix itself as the preconditioning

matrix.

Here we emphasize the importance of developing preconditioners with low memory
consumption because this is a key in solving the problems of implementation in
modern HPC and extending to higher order. In modern HPCs, efficiently loading
data becomes a bottleneck problem in most CFD simulations since computational
speed of HPCs has developed much faster than their memory and cache speed [149].
In these circumstances, using a preconditioner with large memory consumption will
inevitably cause more data loading and longer overall computation time. On the
other side, because the size of matrices in DG methods increases very fast with
the polynomial order, the costs of matrix-based preconditioners will also increase
much faster than those of residual evaluations. This means implicit methods with
matrix-based preconditioners will have difficulties extending to high order [14, 25].
Notable preconditioners are the approximate factorization of the Jacobian matrix
like LU-SGS [158, 93, 129] and ILU (incomplete lower-upper factorization) [121, 42],
iterative methods like the block Gauss-Seidel [121], multigrid methods [14, 67] and
preconditioner constructed based on the Jacobian of simplified of residual operators
[133, 17]. Among these preconditioners, ILU has proved to be very efficient in various
simulations [59, 82, 121, 28]. However, the ILU preconditioner needs to form and
store the Jacobian matrix to perform the factorization, which is expensive in memory
especially for large scale 3D simulations. Another widely used preconditioner is the
block-Jacobi preconditioner, which only keeps the diagonal part of the Jacobian
matrix and could be several times lower in memory consumption compared to the ILU
preconditioner. Because of its simplicity and relatively low memory consumption,

the block-Jacobi preconditioner is a common choice for comparison of different
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preconditioners [42, 121, 67] and in large-scale simulations [22, 37].

To reduce memory consumption, Birken et al. [16] proposed a reduced off-
diagonal block order SGS (symmetric Gauss-Seidel) preconditioner. The proposed
preconditioner shares similar memory cost as the block-Jacobi but provides a better
preconditioning effect. The preconditioner can, at most, speed up the simulation by
30% in their tests. Diosady and Murman [43] developed block-Jacobi preconditioners
with the elemental blocks solved approximately by taking advantage of the tensor-
product formulation of their finite-element scheme for solving a scalar advection-
diffusion equation, which utilizes a diagonalized alternating-direction-implicit method
and a fast diagonalization method. The preconditioner was extended to compressible
Navier-Stokes equations with the diffusion Jacobian approximated by a diagonal
matrix with values of its spectral radius. The results show that the preconditioner
can speed up the simulation by an order of magnitude when compared to a simple
mass-matrix preconditioner. Pazner and Persson [118] proposed approximate tensor-
product preconditioners based on a shuffled singular-value decomposition of the
diagonal blocks of the Jacobian matrix. The preconditioner successively makes
computational complexity increase much slower as polynomial order increases, which
is verified up to P = 30 and achieved speed up at polynomial orders higher than 4.
However, the problem of treating the viscous terms and off-diagonal terms is still not
solved. This idea was further investigated by Diosady and Murman [44] to further
reduce the computational complexity by constructing a tensor-product approximation
of the elemental block-Jacobi preconditioner. However, the preconditioner is difficult
to extend to Euler and Navier-Stokes systems. Birken et al. [17] explored a different
strategy which divides the DG cells into subcells and constructs a preconditioner
based on the operator of first-order finite volume discretizations on the subcells.

Promising results have been achieved in 1D Euler systems. A similar idea was
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explored in reference [115] by constructing preconditioners based on anisotropic
subcells of low-order finite element schemes. Special subcell multigrid methods with
smoother were developed. Various examples with viscosity are tested to illustrate
the performance of the preconditioner. Bastian et al. [14] compared matrix-based,
partially matrix-based, and matrix-free implementations of their preconditioner. The
matrix-free is obtained by iteratively inverting the diagonal blocks of the Jacobian
matrix. A clear advantage is obtained for high-order polynomials, but developing an
efficient iterative solver for the diagonal blocks for various problems is still challenging.
Jourdan and Wang [53] completely removed the preconditioner in their JENK implicit

solver and achieved speed up of more than 10 for high Reynolds number simulations.

There have been other attempts in reducing the memory consumption of implicit
time integrations but not within the Krylov framework. Luo et al. [92] adopted
a p-multigrid method as a preconditioner, where a matrix-based smoother is only
utilized at the first-order level while explicit Runge-Kutta schemes are used as
smoother at higher order levels. This strategy successively reduces the storage by
avoiding matrix-based operations at high-order levels and achieves significant speed
up compared with explicit methods in steady-state simulations. Liang et al. [86]
proposed an implicit solver based on dual time stepping and a p-multigrid method
that uses an explicit scheme as smoother and achieves a speed up higher than 2
compared to the corresponding single-level method in unsteady simulations. This
method is further studied with adaptive local time stepping and optimized explicit
Runge-Kutta pseudo-time stepping schemes [88, 145], and achieves a speed up of
more than 10 compared to a global pseudo-time stepping with an RK4 scheme for

high Reynolds number unsteady simulations.

Although significant progress has been made in developing low memory precondi-

tioners, most of them are still based on the simple block-Jacobi preconditioner or
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are still limited to simple equation systems. Developing robust and more efficient
low-memory preconditioners is still highly needed for solving the bottleneck problems

faced by implicit time integrations methods.

Robust parameter choices

Implicit time integration schemes have the potential to increase the efficiency of high-
Reynolds number simulations by relaxing the challenging time step restriction, and
have been successfully adopted in a variety of steady-state and unsteady simulations
[10, 143, 110, 111, 159]. However, implicit time integration schemes are generally
more complex and introduce many parameters, which usually have large influences
on the performance of the solver. Consider the widely used implicit time integration
schemes based on Runge-Kutta (RK) temporal discretization scheme and Jacobian-
free Newton Krylov (JEFNK) method as an example, there are parameters such
as the order of the Runge-Kutta scheme, the time step size, the Newton iteration
convergence tolerance, the linear iteration convergence tolerance and possibly other
parameters introduced by preconditioners [78, 82, 159]. These parameters are usually
highly problem-dependent and have large influences on the accuracy, efficiency and
robustness in specific simulations, the choices of which actually become a complex
multi-objective optimization problem. Therefore, a reliable approach for determining
these parameters is essential especially for computational fluid dynamics (CFD)
softwares with a wide range of application areas and for the automatic simulations

of massive cases in a design pipeline.

The majority of studies on steady-state simulations mainly focus on accelerating
the convergence to steady-state. Reference [144] proposes an expert system for

choosing an efficient CFL, in which the convergence history is manually separated
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into three different stages and a different adaptive strategy is used in each stage.
Reference [85] develops a solution-limiting method to determine the CFL. Biicker
et al. compared some of the existing adaptive methods and concluded that there is
no clear winner [23|. Reference [75] develops an error based adaptive CFL method
to accelerate the late stage of convergence but still need to manually divide the
convergence history into different stages. Much fewer studies have focused on
robustness compared with the studies on efficiency. Lian et al. [85] addressed this
problem with the solution-limiting method and claimed that the robustness is largely
improved. Other attempts on this topic are techniques such as rolling back to the
previous time step and recomputing the solution with a smaller time step if the
solution is not satisfactory [161]. These studies have highlighted the importance
of these parameter choices on different aspects of the solver. Although significant

progress has been made, optimal CFL evolution is still an open problem [23].

Unsteady simulations require a larger number of parameters and the additional
complication of maintaining temporal accuracy. The idea of using adaptive time-
stepping in unsteady simulations dates back to step adaptation studies of ODEs
(ordinary differential equations) [135, 136, 3|. Various methods for choosing the step
size (or step size controllers) as well as other topics, such as the requirement of the
temporal error estimator and the stability properties in stiff problems, were proposed
and compared, comprehensive reviews of which can be found in references [135, 136].
Birken adopted a similar idea to those used in ODE systems and developed a time
step adaptation method for the simulation of compressible Navier-Stokes equations
using an embedded scheme to estimate the local temporal error. This method is
adopted in Rosenbrock methods and explicit first stage singly-diagonally implicit
Runge-Kutta (ESDIRK) time integration methods [18]. Noventa et al. developed

a similar time step adaptation strategy in unsteady incompressible turbulent flow
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simulations [110], which is further tested in compressible simulations focusing on the
comparison of different step size controllers [111]. The adaptive method based local
temporal error was further developed for goal oriented time step adaptation and
compared with a method based on global error estimate [96]. However most of studies
such as these in references [16, 18, 111, 110], consider the temporal discretization
methods separately, as an ODE solver using the method of lines, but did not take
into account specific physical properties of the problem and spatial discretization
employed. These methods rely on a user-defined temporal error tolerance, the
choice of which is highly problem-dependent and needs a deep understanding of the
simulation settings. However, a naive choice of temporal error tolerance may lead to
a large increase of CPU time without obviously improving the results as shown in

reference [110].

Open-source development

The development of implicit high-order spectral element compressible flow solvers
in open-source software is still quite limited especially for unsteady simulations. A
few exceptions are the following. Based on deal.Il, Hartmann and Houston [64]
developed a solver for the compressible NS equations using implicit time integration
and the DG scheme. However, their solver was only tested on steady-state problems
and only supports quadrilateral and hexahedral meshes. A fully implicit FR solver
for compressible NS equations has been developed in the CoolFluid framework [143].
This implicit solver was only tested in steady-state problems and only first and
second-order curved quadrilateral and hexahedral meshes are supported. Nek5000
provides an implicit solver based on Jacobian-free Newton Krylov method [31], but
it only supports weakly compressible simulations through some modifications of

the incompressible NS equations. An implicit solver based on MOOSE has been
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reported recently, but it currently only focuses on incompressible flow systems [125].
In summary, only a few implicit high-order solvers with limited capabilities are

available in the open-source community.

Nektar++ is a C++ based cross-platform open-source framework that aims
at making high-order spectral/hp element methods accessible to a wider range
of researchers and engineers [24, 107]. Similar to many packages, the Nektar++
framework is composed of libraries and solvers. The six core libraries provide basic
functions for different aspects of the implementation of the spectral/hp element
method, including elemental basis functions, extraction of geometric information,
and numerical schemes for specific types of equations. All these libraries provide
the basic building blocks for the numerical methods, which makes the construction
of new solvers easier and more transparent. The Nektar++ framework supports
various kinds of high-order curved meshes including hexahedral, prismatic, pyramidal,
tetrahedral, quadrilateral and triangular meshes. Continuous Galerkin (CG) [77],
discontinuous Galerkin (DG) [97], and flux reconstruction (FR) schemes (currently
only support hexahedral and quadrilateral meshes) [100] are supported for spatial
discretizations. Up to 12 built-in solvers have been developed to date and it provides
the capability of multi-solver coupling [107]. These solvers make the Nektar++

framework applicable to a wide range of simulations [24, 107].

The development of the implicit solver for the compressible Navier-Stokes (NS)
equations in Nektar4+-+ has been based on the explicit version of the solver. The
explicit solver has potentially significant limitations on the time step because of
the stability restrictions of high-order spectral/hp element schemes, see for instance
reference [66]. These time step restrictions can significantly reduce the convective
and diffusive time step near the boundaries, e.g. to resolve boundary layers with

stretched cells at increasing Reynolds numbers [77] or near badly shaped cells in
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complex meshes. The unconditional stability of implicit solvers can not only speed-up
the simulations by allowing much larger time steps but also reduce the risk of run
time blow-up resulting from local instability in the nonlinear evolution of the flow

field.

However, the development of the implicit solver presents some challenges both
in numerical algorithms and in software design. Firstly, the coupling of different
equations in the compressible NS equations means the equations cannot be solved
component by component as is the case for existing implicit solvers for decoupled
equation systems in Nektar4+-. This not only makes the coupled implicit system
much larger in size but also stiffer due to the scattering of eigenvalues for different
equations. Secondly, the problem naturally leads to a nonlinear system requiring
highly optimized set up operators since the implicit system of equations needs to be

updated along with the simulations.

1.3 Objectives

The objective of this thesis is to develop an efficient implicit in time solver for high
order simulations of compressible flows within the Nektar++ framework. In the
implicit solver, diagonally implicit Runge-Kutta methods and Jacobian-free Newton
Krylov methods are adopted. To accelerate the convergence, a partially matrix-free
iterative preconditioner is developed based on studies of the influences of different
parts of the Jacobian matrix on preconditioning performance. The solver is then
designed and implemented in the open-source framework with techniques such as
hybrid analytical and numerical Jacobian calculation to facilitate feasibility. As a
framework with different users and wide application areas, a proper strategy for

choosing parameters of the implicit solver is developed based on theoretical analysis
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of the error relations. Finally, the solver is applied to high-fidelity simulations to

show the performance of the solver.

1.4 Outline

The governing equations and numerical methods for spatial and temporal discretiza-
tion are described in Chapter 2. Chapter 3 discusses Jacobian and preconditioning
matrices approximation methods, which is vital for efficiency especially for the
nonlinear compressible flow system. Implementation related topics are discussed in
Chapter 4 where performance of the solver is profiled and verified using canonical
cases. A strategy for choosing simulation parameters in the solver, which significantly
influences the performance, is presented in Chapter 5. The solver is applied to
the simulations of turbulent flows in Chapter 6. Finally, conclusions are drawn in

Chapter 7.



Chapter 2

Governing equations and

numerical methods

The governing compressible Navier-Stokes equations are presented in Section 2.1.
Section 2.2 the spatial discretization methods in detail including the weak DG
method for the advection term, symmetric interior penalty Galerkin (SIPG) method
for the diffusion term, and the artificial diffusion method for shock-capturing. The
temporal discretization methods are presented in Section 2.3. Finally, the errors of

the discretization are estimated in Section 2.4.

2.1 Compressible Navier-Stokes equations

The non-dimensional governing compressible Navier-Stokes equations, representing

conservation of mass, momentum and energy, can be written in abridged form as

(?j =L(U)=-V-H; H;=F(U)-G(UVU),,i=12..d (21)

22
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where L is the analytical nonlinear spatial operator, U = [p, puy . .. pug, E]T is the
vector of conservative variables, d is the number of dimensions of the problem. The
inviscid flux, F = F(U), and the viscous flux, G = G(U, VU), in the ith direction

are given by

_ P u; _ - 0 _
p Uit + p oy Til
F, = , G, = (2.2)
P UgU; + D Oq; Tid
i u;(E + p) | UjTi; — i

Here, the summation convention is used for repeated indexes, d;; is the Kronecker
delta, p is the density, p is the pressure, T' is the temperature, u; is the ith velocity
component, F = p/ (v — 1) + pugui/2 is the total specific energy, v = C,/C, = 1.4
is the ratio of the specific heats with constant pressure (C,) and constant volume
(C,), and the stress tensor is

Tij = [ <8xj + a%) 5“67%’ (2.3)

where x; is the ith coordinate and p is the dynamic viscosity. Finally, the ¢th

component of heat flux is given by

i oT
R , 2.4
1 MaZ2 Pr(y — 1) dz; (2.4)

where Ma,, is the Mach number based on the reference flow state, and Pr is the
Prandt]l number. The Euler equations of inviscid compressible flow are recovered by
ignoring the diffusion flux vector G;. Together with appropriate initial and boundary

conditions, Eq. (2.1) is closed through the equation of state (EoS) for a perfect gas
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and the Sutherland’s law. The EoS is

p = pRT, (2.5)
where the R is
1
R= " _ 2.6
yMa? ’ (26)

after scaling by u? /T,.. Scaling the viscosity by pio, and the temperature by Ty,

leads to the non-dimensional Sutherland’s law

T3P 1+ T/
P = Rew T+ Ts/To

(2.7)

where Ty is the Sutherland temperature and a value Ts = 110K is used. In the
above equations, Re,, is the Reynolds number of the reference flow state referred to

a characteristic length and T, is the reference temperature in degrees Kelvin.

2.2 Spatial discretization

The spatial operator in Egs. (2.1) is discretized under the framework of spectral /hp
element method. To be specific, the DG method with an artificial diffusion shock

regulation is adopted.

2.2.1 Discontinuous Galerkin formulation

In the discontinuous Galerkin method, the computational domain 2 is divided into

N, non-overlapping elements, €2.. The space of test functions is defined as

VP ={¢:¢lo, € 2" (), e=1,--- N}, (2.8)
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where 2% (Q,) is the polynomial space of degree P in .. The weak form of Egs. (2.1)
is obtained by multiplying them by the test function ¢, and performing integration

by parts in €2,

U
/%ﬂwmz/v%imm—/gﬂmn7 (2.9)
Qe Fe

e

where [ is the element boundary, H* = F* — G", F* = F - n, and G" = G - n are

boundary fluxes on the elemental outward normal direction (n).

The vector of conservative variables U is approximated in the same polynomial

space as the test functions and it is expressed as

Ih@ﬂ:éw@%&% (2.10)

where u,, () is the gth coefficient of the basis (or trial) function ¢, (x) and Np is the
total degrees of freedom (DoFs) in the element. The flow variable values on some

quadrature points are calculated using the backward transformation

Np Np
U = Z u, (t) g (xi) = Z Biquy, (2.11)
q=1 q=1

where B is the backward transformation matrix. Here x; is the vector of coordinates
of the ith quadrature point. The fluxes are calculated at these quadrature points
and quadrature rules with N interior quadrature points and Ncg quadrature points

on element boundaries are adopted to calculate the integration. This leads to

Ng Np du Ng

Z > oy (%) wi Ji0g (%) ditq = Z w; iV, (x;) - H(Us;)

i=1¢g=1 z:lNF (212>
2
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where w; and J; are the quadrature weights and grid metric Jacobian on the ith
quadrature point respectively, IZI;1 = ]?‘? — G?, ]?‘? and G? are the numerical normal
fluxes on the ith quadrature point x!" of the element boundaries, and w!" and J! are
the quadrature weights and grid Jacobian of the lower dimensional integrations on
element boundaries, which are usually not equal to the w; and J; even if the element

and element boundary quadrature points are at the same position.

A semi-discrete equation for the vector Us can be written as

oUs
W = Ls (Ué) ) <2‘13)

where

Ls (Us (1)) = BLs (u). (2.14)

The spatial truncation error can be expressed as

E.(U;) = Ls (U;) — L(U) = C.D,(U)A"H + O(n"+?), (2.15)

where CY is a coefficient related to the discretization scheme but independent of U,
D(U) is a spatial derivative term dependent on U, and P is the polynomial order

of the basis functions in Eq. (2.11).

The weak DG scheme for the advection term is complete as long as a Riemann
numerical flux is used to calculate the normal flux, F" (QT,Q ", n), in which QT and
Q™ are variable values on the exterior and interior sides of the element boundaries,

respectively.
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2.2.2 Symmetric interior penalty Galerkin method

The interior penalty (IP) method is adopted to discretize the diffusion term. To
simplify the complexity of the expressions for the multi-dimensional matrix operations
in this section, all the indexes of matrices and vectors follow the summation convention.

The diffusion flux in the IP method is expressed in the equivalent form
G =K (Q)ijkl V,;Qu, (2.16)

where ¢ and j are indexes of different spatial directions, and k& and [ are indexes
of different flow variables. The expression of K (Q),;, can be found in [64]. For
clarity, only the diffusion terms are shown in the derivation. The IP method can be

expressed in the following primal form

oU,, Ne
[ %ot - Z 6, {K (1Q1),u V,Q b ar = 3 [ 16,Gan,

=1
) 1 T

mgz [Q: {K ({Q}), V6, } dT (2.17)

e

#325, [ 15,0 QD) [
Ie
with 8, =1, 5, = (P + 1)2 /hr for simulations with quadrilateral and hexahedral
meshes, [w]; = w™n; +w™n; and {w} = (w" + w™)/2, where the superscripts +
and — indicate values from the two sides of the element interface. Here, hy is a
characteristic length scale of the elements. We calculate it by an averaging of element
lengths on both sides of the trace, which are obtained by the grid derivatives in the
trace normal direction. Compared with the TP method proposed in reference [65],
K (Q),;1, 1s replaced here by K ({Q}),;, for implementation purposes. The choice

Bs = 1 makes the IP method symmetric and adjoint consistent. Values of /3, for
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other mesh types can be found in reference [67].

Using the relation between primal form and its flux form given in reference [5],
Eq. (2.17) can be expressed in its flux form. As a result, the whole discretization

can be written in the matrix form

C;ltl — zd: B"DTA (wJ)H; (Q)

=1

— (B"M.) A (w"J")H" (2.18)

d
~ > B"DJJTA (w"J") Sy,
j=1

where d is the spatial dimension, M = BT A (w.J) B is the mass matrix, A represents
a diagonal matrix, D; is the derivative matrix in the jth direction, B’ is the
backward transformation matrix of ¢!, M, is the mapping matrix between ¢! and
¢, J is the interpolation matrix from quadrature points of a element to quadrature
points of its element boundaries, H” = F* — G", F" is the Riemann flux, G? =
n; ({K({Q})yn V,Qif + 5K ({Q)) 50 [Ql;). and 87, = A,[Qu {K ({Q}),1)-
The GZ, which represents the flux integration of the first and last terms on the
right-hand side of Eq. (2.17), can be calculated together with the advection flux,
while the symmetric flux S?k cannot. Some approximations of the preconditioning
matrices are made based on these properties of G’,Z and S?k which will be discussed

in Section 3.2.

Both the IP and the local DG (LDG) methods were implemented in Nektar++ for
the compressible flow solver. Currently the preferred implicit solver is based on the
IP method since it is easier to derive its Jacobian matrix. Moreover, the IP method
leads to a more compact stencil than the LDG in general, which is beneficial not

only for lowering the memory consumption but also for simplifying the calculation of
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the Jacobian matrix needed when preconditioning (see Section 3.2).

2.2.3 Shock-capturing method

The ability to capture flow discontinuities (such as shocks) is an important asset of
the numerical simulation of compressible flows. Different approaches to deal with
Gibbs-type oscillations arising in the numerical approximation of discontinuities have
been proposed in literature in the context of DG methods, including limiters, filtering
procedures, h/p adaptation, and artificial viscosity (AV). Nektar++ implements a

sensor-based artificial viscosity [29].

This approach augments the right-hand side of the governing equations Eq. (2.1)
by a diffusion operator, V - (uayVU), and uses a sensor to detect discontinuities.
When the sensor detects a discontinuity, the diffusion operator is activated, which
adds an artificial viscosity in proximity to the discontinuity to smooth Gibbs-type
oscillations. In the diffusion operator, pay is a spatially variable but constant

element-wise term defined as

07 86 S Sk - k?
pav = Hoy 3 (1 + sin ﬂs;;’”) o |se — skl] < K, (2.19)
17 S(i Z Sk + k?

Y

The modal resolution-based shock sensor proposed in reference [124] and Ducros
sensor [47] are implemented. Here s, is a shock indicator based on the one introduced
in [124]

Np_1

se = logyg <<(]—<Z:Z>—(i>> ’ q(z) = g@'@, q(z) = ; Gidi, (2.20)
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where (-,-) represents the L? inner product, ¢ and ¢ are the full and truncated
expansions of a state variable, ¢; is the associated coefficients, and Np is the size
of the expansion of order P. In Nektar++-, the state variable ¢ is chosen to be the
density p. In Eq. (2.19), we note that consistency of the numerical method requires
€0 ~ h/P; further dimensional considerations suggest that ¢y ~ h/P Vg4 where Vg
is a characteristic velocity of the system. By analogy with the decay rate of Fourier
coefficients for smooth functions (1/P?) [124], sp ~ log,(1/P*). Finally, k needs to
be sufficiently large to obtain a smooth shock profile. Following the work of Barter

and Darmofal [9], we define

h 1
€ = pof/\max, sp = — |4+ 4.251og, (P)] , k=0.5, (2.21)

where \,,q. is the local maximum wave speed of the system, and the cell characteristics
length h is chosen as the minimum edge length and typically pg = 1. This method
gives a simple and consistent shock-capturing method for which the parameters are

relatively not problem-dependent.

2.3 Implicit time discretization schemes

Section 2.3.1 presents the singly diagoanlly implicit Runge-Kutta schemes (SDIRK)
to approximate the temporal derivatives. Combining the spatial discretization in
Section 2.2 and the temporal discretization in Section 2.3.1, the discrete formulation
of the governing equations is given in Section 2.3.2, which leads to nonlinear systems
for implicit Runge-Kutta (RK) stages. Section 2.3.3 presents the Newton-Krylov

method for solving the nonlinear system.
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2.3.1 Diagonally implicit Runge-Kutta schemes

Stating with an initial guess

U =un, (2.22)

the ith stage of the Runge-Kutta is calculated by

i—1
j=1
U® =80 4 Ata; L (UD) i =1,2,...,8 (2.24)

Finally, the solution at the new time step (n + 1) is calculated by

S
U = U+ Aty bl (UD), (2.25)

i=1

To estimate temporal errors, some Runge-Kutta schemes provide an extra embedded

scheme,
i S+1 '
U =uUt+ Ay biL(UD), (2.26)
i=1
and the temporal error is given by the difference between U™ and 0" I

Eqs. (2.22)-(2.26), a;;, b; and b; are coefficients of the Butcher tableaus on the ith

Runge-Kutta (RK) stage.

Various temporal discretization schemes have been implemented and tested in
our study. The coefficients of these SDIRK schemes are summarized in Appendix
A. We adopt the embedded version of the explicit first stage SDIRK schemes from
reference [84] that provides an approximation U™ which is an order higher than

U™ at the cost of an extra implicit stage. Thus the leading term of the temporal
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error of U™ can be accurately estimated as

~ n+1
E;H*l :UTL+1 . U

S+1
=At Y (b~ b)L (U9) (2.27)

:CtDt (U)AtNJrl —+ O(AtNJrQ) 5

where bsy 1 is always zero in the ESDIRK schemes adopted, C; is a coefficient related
to the ESDIRK scheme adopted but independent of U, D,(U) is a problem-dependent
temporal derivative term, N is the order of accuracy of the ESDIRK scheme. In
the derivation of Eq. (2.27), the analytical Egs. (2.1) have been adopted to replace
the spatial with temporal derivatives, thus the spatial error is not included. The
estimation also excludes the temporal errors from previous time steps and will be

referred to as the local temporal error here.

The selection of a proper time step is vital for both of the explicit and implicit
schemes. An commonly adopted method is based on the Courant-Friedrichs-Lewy
(CFL) number, of which we consider two different definitions. A standard CFL

number is defined as

et (e + /urtix) P2

CFL =
dC’FLAx ’

(2.28)

where ¢y, = 0.2 and c is the speed of sound. The parameter deopy, is designed to reflect
the stability property of a specific time discretization scheme so that the stable CFL
number has similar value for different time discretization schemes [77]. However, we
choose to use the same value dop;, = 2 for different time discretization schemes to
ensure that their CFL number ratios directly reflect the corresponding ratios in time
steps. The time step of the explicit solver will be chosen based on Eq. (2.28), which
ensures the maximum stable CFL is almost constant for polynomial order P [77].

For implicit time discretization schemes, we define a different CFL number to help
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determine the time step, which is

CFL, = A“‘Z Vil (2.29)
X

A value CFL, = 1 means the flow field convects a distance Az /P in one time step,
where the distance Az /P in Eq. (2.29) is an estimate of the average length between

two DoFs in the element.

For explicit time integration schemes, the stability limitation determines that the
CFL number could not be large, which highly limits the size of the time steps especially
for simulations with large differences in Axz. Implicit methods can successfully relax

this limitation thus potentially improving efficiency.

2.3.2 Discrete formulation

The discrete formulation of the governing equations is obtained by replacing U and
L in Egs. (2.22)-(2.26) with their discrete counterparts, Us and Ls. To reduce the
size of the nonlinear system for implicit stages (a;; # 0), we choose to rewrite the

discrete counterparts of Egs. (2.23)-(2.24) as

i—1
s =u" + ALY aiLs (u(‘j)),i =1,2,..,5 (2.30)
j=1

where Uf;i) = Bu® and S = Bs, since the vector length of u is usually smaller than
that of Us. However, for implicit stages, Eq. (2.31) becomes a nonlinear system,

which requires an efficient solver for time integration.
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2.3.3 Newton-Krylov method

Eq. (2.31) of the implicit stages (a; # 0) can be written as the nonlinear system
N(u®¥) =u" —s® — Ata;Ls (u(i)) = 0. (2.32)

This system is iteratively solved by Newton’s method [82] with the Newton step,

Av = vkl — vk updated through the solution of the linear system
N k
0 a(: )Av = —N("). (2.33)

0

where v0 = s is adopted as an initial guess. When the Newton residual is smaller

than a convergence tolerance of the Newton iterations 7, i.e.

INGH)I = RV < 7, (2.34)

ug) = v is regarded as the approximate solution of the nonlinear system, where R is

the remaining Newton residual vector N(ug)) after convergence. A proper choice of
7 is important because it determines the magnitude of the iterative error introduced
by the iterative solver, which may degrade the overall error and the convergence
order of accuracy [111]. Assuming u®® is the exact solution of the nonlinear system

and u? is the iterative approximation, we can get N(u®) =0 and N(ugz)) =RY.

Therefore,
N(uy) - N?) = (uf —u?) = Ata;; (£5 (uf) = £ (u@)) =RD.  (2.35)

The contribution of the iterative error to the total discretization error will be discussed

in Chapter 5.
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The linear problem (2.33) is solved using a restarted generalized minimal residual
method (GMRES) [132], which is restarted when the number of GMRES iterations
exceeds 30 unless otherwise specified. Currently, a standard version of GMRES
proposed in [132] is used. Other optimized linear system solvers, such as the
SNESANDERSON and SNESNGMRES solvers [21] in PETSc, can also be adopted
to further improve the performance of the linear system solver. The GMRES iteration
is terminated after the residual drops by 5 x 1072 unless otherwise specified. This

choice will be further discussed in Section 3.1.

The system of Eq. (2.33) can be very stiff simulations with multiscale structures.
The use of good preconditioners in GMRES is very important for efficiently solving
stiff linear systems. Instead of solving the system of Eq. (2.33) directly, one can solve

instead the preconditioned linear system

@fp—l) (Paw)=-N(u), (2.36)

where P is the preconditioning matrix. A good preconditioner should be able
to effectively cluster the distribution of eigenvalues of the linear system. The
preconditioner P is usually an approximate matrix of the Jacobian matrix ON/0Ou.
It should be relatively easy to invert since it has to be used repeatedly in every
GMRES iteration. Usually it is not necessary to calculate ON/GuP~! explicitly.
Only the inner product of the matrix P~! with some vectors is required in a practical
implementation. The approximations of the Jacobian matrix, JN/du, and the

preconditioning matrix P will be discussed separately in Chapter 3.
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2.4 Discretization error estimate

In this section, the local discretization errors introduced at time step n + 1 are
estimated, which mainly consists of the spatial error, temporal error and iterative
error. The accumulation of these errors, which we refer to as global errors, is more
difficult to estimate and will not be considered in this paper. Studies considering the

global errors can be found in reference [96].

Following Sections 2.2 and 2.3 the numerical solution at the time step n + 1 is
calculated by
S .
UL =U"+ ALY biLs (UY), (2.37)
i=1
and the exact solution at n + 1, U(t"™!), based on U" can be expressed as

n+1

U@ =07 +0o(atN*?)

S+1 R ) (238)
=U"+ ALY b (UD) + O(AtN2),
i=1
where O(At"V*2) represents all the high-order truncation terms and is not detailed
here. Subtracting Eq. (2.37) by Eq. (2.38) and ignoring the high-order truncation
terms of O(At"V+2), the leading terms of the local discretization error can be expressed
as
s , S+l '
UL — Ut =AY bils (UY) — At Y b (UD). (2.39)
i=1 i=1

If we now add and subtract At 75 b; L (U(i)) and At Y7 b Ls (Uf;i)) to the right-
hand side of Eq. (2.39), we obtain

- e =t 0,800 (00) 10 1 08 - ()
- - (2.40)

+ At zsj b |Ls (UR)) = Ls (U)].

=1
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where b, is always zero in the ESDIRK schemes adopted. The expression Ls (Ug)) —
Ls (Ugi)) in the last term of Eq. (2.40) is related to Eq. (2.35) and can be considered
as the iterative error EZ(;) Using Egs. (2.15) and (2.27) and ignoring high-order

terms of O(h*?), we can now rewrite each term as

ULt — U™ =C,D(U) (AN + AtC,D,(U)AT T + ALE,,
—E/*! + AtE, + AtE, (2.41)

-B (e?*1 + Ate, + Atéit> ,

where we have used the overbar to denote summations of the form ¢ = 3% | b;ep®,

which is a weighted average of ¢ because Zle b; = 1.

Eq. (2.41) suggests that the error generated in one time step is the sum of the
local temporal error, the averaged spatial error and the averaged iterative error.
This indicates that to decrease the total error one should decrease these three errors
simultaneously since the error will be dominated by the largest value of the three

terms.



Chapter 3

Approximating Jacobian and

preconditioning matrices

This Chapter mainly discusses two closely related topics: the approximation of the
Jacobian and preconditioning matrices. In Section 3.1, the Jacobian-free approxi-
mation of the Jacobian matrix is presented with theoretical and numerical analysis
of the errors introduced by the Jacobian-free approximation. In Section 3.2, an
iterative preconditioner is constructed based on the Jacobian matrix. Moreover,
proper approximations of the preconditioning matrices are explored to achieve an

efficient implementation of the preconditioner.

3.1 Matrix-free Jacobian matrix approximations

The Jacobian matrix, ON/0Ou, in Eq. (2.33) is a large sparse matrix, the calculation
and storage of which is usually excessively expensive compared with those of the

explicit solver. What makes the problem worse is that 9N /0Ou is dependent on the

38
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flow solution u, and needs to be updated along with the simulations. Since JN/0u
is only used to calculate its inner product with a vector (ON/du - q) in the GMRES,
the Jacobian-free method [82] is widely adopted to avoid explicitly calculating and
storing the Jacobian matrix. The Jacobian-free approximation is of the Jacobian
matrix are presented in Section 3.1.1. Numerical experiments are conducted to study

the influences of the errors of Jacobian matrix on the implicit solver in Section 3.1.2.

3.1.1 Jacobian-free method

The construction of the Krylov space in Krylov methods is achieved by successively
multiplying the Jacobian matrix to vectors. As a result, the Jacobian matrix itself
does not need to be formed explicitly but only the operator of matrix-vector inner
product (ON/Ou - q) is required. This operator can be approximated by the finite
difference formula

ON N(u + eq) — N(u)

o (u) - q ~ ; , (3.1)

where € is the step size of the finite difference approximation. By storing N(u), only
one evaluation of the nonlinear residual N (u + eq) is required for each matrix-vector

inner product operation in Eq. (3.1).

The step size € in Eq. (3.1) has a large influence on the approximation error of
the matrix-vector inner product operator. The first-order finite difference operation
leads to an error of O(e), therefore € should be as small as possible from the point
view of minimizing the finite difference truncation error. Another error to consider
is the rounding error. Since the vector eq is added to u, too small a € would lead to
large errors caused by rounding errors. As a result, the whole approximation error in

Eq. (3.1) will decrease first but increase afterward as € becomes smaller and smaller
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as shown in reference [49]. As suggested in reference [82], we adopt
e=|ull, Vé/lal,. (3.2)

where é = 2.22 x 10710 is the machine epsilon for our computation system. Note
that since the vector q is always normalized first in GMRES, ||q||, is always one in

Eq. (3.2).

3.1.2 Jacobian approximation errors

The Jacobian approximation errors associated with Eq. (3.1) is analyzed here to
study their influence on the convergence properties. Define the exact Jacobian matrix
as A and its numerical approximation implicitly defined in Eq. (3.1) as A. In the
following, all the subscript indexes of matrices and vectors follow the summation
convention in Eq. (3.3) and Eq. (3.4). Expanding the finite difference approximation
(3.2), we get

where

ArgAt . 0°Ls;
A7F = A5 (e.q) = CARKD g 20 -+ 0(e%), (3.4)

is the error matrix associated with the Jacobian approximation in Eq. (3.1) and Agx

is the constant diagonal coefficient of singly RK methods. Note that the error matrix
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depends not only on € but also on q*. This means even within the GMRES process,
the approximate Jacobian matrix is different in generating each basis vector in the

Krylov space because of the change of q”.

The choice of € is important because it determines the approximation error and
then influences convergence rate of the inexact Newton’s method. This has been
discussed in detail in references [82, 142, 49]. Here, we keep the relative good choice
of Eq. (3.2) and studies the influences of Jacobian error to highlight the importance of
using preconditioner and in guiding the choice of linear system convergence tolerance.
To study this, a model linear system with symmetric coefficient matrix C and an
error matrix C¢ Eq. (3.3) is constructed. The linear system is solved using GMRES
with the coefficient matrix vector inner product calculated as

%

At + Gy + GQf ?ij ql'g7 (3.5)

J

for the kth GMRES iteration. As a model system of Eq. (3.3), Eq. (3.5) is constructed
to obtain a desired condition number of C. Here the condition number is the ratio
between the largest and smallest eigenvalues of the symmetric system. The exact
solution of the linear system is set to be a vector with ones on every entity with
the corresponding right hand side vector calculated simply by matrix-vector inner

product with € = 0.

In constructing the symmetric coefficient matrix C;; with a specific condition
number (, the eigenvalues of the system Ay, are firstly generated with random numbers
of (0, 1], with maximum and minimum eigenvalues Ay and A, respectively. The

eigenvalues are then scaled as

S, = j\Log(C)/log(/\M/x\m))7 (3.6)
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to maintain that the ratio between the maximum and minimum values of \; is C.
Then, the eigenvalues M\ are normalized to make sure their multiplication product
is one. At last, the symmetric coefficient matrix C;; is constructed by multiplying
orthonormal eigenvectors generated using random numbers and the Gram-Schmidt
orthogonalization. The three dimensional tensor C¢ is constructed by random
numbers that belong to (0, 1] and divided by the vector size of q*. The Ly norm of
the error vectors normalized by the solution vector norm is calculated as the metric

of the influences of errors.

Fig. 3.1 presents the error norms of GMRES solutions with system size of 100
and different condition numbers. A time step At = 10'% is adopted to rule out
the the influences of the term of ¢;;/At first, which mimics the case of steady-state
simulations with very large time steps. The GMRES is adopted to solve the linear
system with a convergence tolerance of 107!% and a maximum GMRES iteration

number equal to the system size.

To reduce specificity of the system caused by a specific combination of random
numbers, 200 different linear systems generated by random numbers are solved
and their algebraic averaged, maximum and minimum error norms are presented.
This clearly illustrates that the solution error norms increase as the condition
number increases. For one hand, this highlights the necessity for developing good
preconditioners, which not only accelerate the convergence of GMRES but also
decrease the error caused by the finite difference approximation of Jacobian matrix.
For another, the conclusion that the influence of the finite difference approximation is
minor [142, 49] may need to be reevaluated in very stiff problems. There are possible
ways to minimize this influence such as using an exact Jacobian matrix [158, 121] or

using a complex-step derivative approximation [95].
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Figure 3.1: Influence of finite difference Jacobian approximation errors with different
condition numbers. The system is generated using random numbers. The Averaged,
Mazimum, Minimum indicate the algebraic, maximum and minimum errors of 200
different random linear systems to reduce the specificity of the system.
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Figure 3.2: Influence of finite difference Jacobian approximation errors with different
time steps. The Averaged, Mazimum, Minimum indicate the algebraic, maximum
and minimum errors of 200 different random linear systems to reduce the specificity
of the system.
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Fig. 3.2 shows the influence of At on the solution errors obtained with a condition
number of 10% for the C. When the At is larger than 10° the influence of the
At becomes negligible. The solution error norm will decrease as the time step At
becomes smaller. These results illustrate that the influence of the finite difference
error become smaller and smaller as the time step At decreases. Therefore, it is
unlikely that the finite difference approximation of the Jacobian matrix seriously

degrades the convergence in unsteady simulations with small time step.

The tests on Jacobian error also suggest that using a very small GMRES conver-
gence tolerance may not be reasonable, especially in stiff and steady-state simulations
since it makes no sense to require the GMRES to converge to a level smaller than
the error caused by approximation. Based on this observation and numerical tests
on efficiency, we choose to terminate the GMRES iteration after the residual drops

by 5 x 1072,

3.2 Constructing efficient preconditioners

Here we choose to decouple the Jacobian matrix into diagonal and off-diagonal
parts and use a simple relaxed Jacobi iteration to apply the preconditioning, which
is named the block relaxed Jacobi iterative (BRJ) preconditioner. We choose to
use an iterative preconditioner mainly because it is easier to achieve a low memory
implementation. Jacobi iteration is adopted because the corresponding subroutines in
Nektar—++ are not implemented element by element, which makes the implementation

of Gauss-Seidel like iterations not easy.

The BRJ preconditioner is presented in Section 3.2.1. The influences of the

advection and diffusion Jacobian contributions on the BRJ preconditioner are studied
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in Section 3.2.2 using eigenspectra analysis and numerical experiments.

3.2.1 Block relaxed Jacobi iterative (BRJ) preconditioner

The whole Jacobian matrix JN/0u can be divided into N, x N, small blocks, where

N, is the number of elements. The matrix ON/du can be decoupled into

ON A .

where L, D and U correspond to the lower (e1 < ey), diagonal (e; = e3) and upper
(€1 > es) block parts of 9N /Ou, respectively. Then the product P~!q is implicitly

calculated through the relaxed (or weighted) Jacobi iteration,

0 07

L
Il

(3.8)

(=

& =D fa- (4 0) @ (1 -)a = 12

and g’ is the preconditioned vector with J the number of iterations for the BRJ

preconditioner. Currently the only case with w = 1 is studied.

The e;-th row and es-th column block is 0N, /Ju,, where N, is the nonlinear
system residual of the e;-th element and u., is the independent variables of the es-th

element. The matrix 0N,, /Ju,, can be derived from Eqs (2.18) and (2.32) as

ON,,
Ju,,

OLs e,

Jdu,

=160, — Ata™"M ™! : (3.9)
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ou, =P 0Q, ) vq
giBT Do A | we, e, ( aav}f g;)q D, Beydeyeat
R N S
jzi(Bepl M) A [w! " (wafi/—) %DMB@
+jz:BTDJTJTA wh J" (GZS;)] a(%;— B.,,

where 8Q+/ ~/0Q., is the interpolation matrix from Q., to QH ~ which is indepen-
dent of Q itself, the superscript 4+/— indicates that only one of them is a non-zero
matrix for a specific e5. The term 8VjQ+/ ~/0V;Q., is similarly an interpolation ma-
trix. The first two terms on the right-hand side of Eq. (3.10) are element integration
evaluations, and the remaining three terms are element boundary terms. Owning
to the compact properties of the DG scheme, the off-diagonal blocks (d¢,e, = 0)
only come from the element boundary terms, while both the element and element
boundary terms have contributions to the diagonal blocks (de,e, = 1). Another good
property is that only the terms of fluxes Jacobian, which are related to H and H, are
nonlinear. In addition, these nonlinear flux Jacobian terms are decoupled from each
other. We will utilize these properties in Section 3.2.2 to design the implementation

to reduce the memory and computational costs.

3.2.2 Approximations of matrices in preconditioning

Although it may lead to fewer number of iterations to converge if using a precondi-
tioning matrix closer to the Jacobian matrix, it may not be the most efficient choice

in terms of computational time considering the overhead of computational costs in
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performing the preconditioning operations. Since the real metric in approximating
of the preconditioning matrices is to find the balance between decreasing the cost of

preconditioner and decreasing the number of iteration to converge.

The preconditioning matrix of the BRJ preconditioner is actually implicitly
constructed by the iteration in Eq. (3.8). As the preconditioning iteration number .J
tends to oo the preconditioning matrix becomes closer and closer to the Jacobian
matrix and the eigenvalues of the preconditioned system will become closer and
closer to one. However, this does not necessarily lead to a good preconditioner
because of the large costs in preconditioning. To reduce the preconditioning costs,
two approximations could be introduced by using a limited iteration number .J
and using inexact matrices of D, L and U. We will explore efficient ways in these
approximations to reduce the computational costs without obviously degrading the

preconditioning effect.

Influence of different parts on preconditioning effect

Firstly, the influence of different terms, the advection Jacobian and the diffusion
Jacobian in D, L and U, on the iteration number to converge are studied to identify
which part could be further approximated. This study is performed numerically
based on a flat plate boundary layer test case with Ma = 0.1, Re = 1.6 x 10° and
highly stretched meshes, which is detailed in Section 5.4.2. Both the eigenvalue

distributions and the number of iteration needed to converge are studied here.

Fig. 3.3 presents the eigenspectra distributions of the preconditioned system with
different approximations of the D, L and U in Eq. (3.8). The corresponding numbers
of iteration for the GMRES method to converge by 5 orders of magnitude with

these preconditioners are presented in Tab. 3.1. Although not proved in theory, the
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Figure 3.3: Eigenspectra distributions based on different approximations of the
preconditioning matrices. NoPrec represents the one without preconditioning, BRJ(3)
represents the one preconditioned by the BRJ with J = 3, the suffixes Diff and Adv
represents the matrix BRJ constructed using only the advection and diffusion flux
Jacobian.
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Time step | BRJ(3) | BRJ(3)-Adv | NoPrec
5.0x107° 26 37 216
1.0x1073 126 277 /

Table 3.1: The number of iteration for the GMRES method to converge by 5 orders
of magnitudes with different time steps and different preconditioners.

results in Fig. 3.3 and Tab. 3.1 indicate that more clustered eigenspectra distributions
indicate a better preconditioner in reducing the number of iterations. Therefore,
the clustering of eigenspectra is studied to reflect the effect of preconditioning. The
suffix Adv represents a BRJ preconditioner based on the time discretization and
advection terms (ignoring the diffusion term) and the suffix Diff represents the one
based on the time discretization and diffusion terms (ignoring the advection term).
Compared with the eigenspectra without preconditioning, the one with the BRJ(3)
preconditioner is largely clustered for the case of At = 5.0 x 1075, The corresponding
number of iteration for GMRES to converge is reduced from 216 to 26 because of
the preconditioner, as shown in Tab. 3.1. If the advection flux Jacobian is ignored,
the set of eigenvalues is only slightly clustered compared with the one without
preconditioning. A possible explanation is that advection dominates in most regions
of the problem. Thus, advection contributions should not be ignored since this would
lead to a very poor preconditioner. Further evidence of this is that the GMRES can
not converge within 300 iterations (not reported in Tab. 3.1) using a preconditioner
ignoring the advection Jacobian. As for the BRJ(3)-Adv, most eigenvalues are
well clustered without obvious difference from the BRJ(3) results but there are
still some of them obviously away from others. The iteration number becomes 37,
which is larger than the one with BRJ(3). This indicates that the contribution
from the diffusion flux is important at least for clustering some eigenvalues. This
is more clearly illustrated in the case with a large time step of At = 1.0 x 1073,

The eigenvalues not well clustered are further away and the corresponding iteration
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number is more than twice larger compared with BRJ(3) preconditioner (from 126
to 277). This indicates that both the advection and diffusion flux play important
roles especially for simulations with large At. Therefore, completely ignoring the
diffusion contribution could lead to a poor preconditioner especially for simulations

with large At.

We conduct further numerical studies of the contributions from different terms
on the right-hand side of Eq. (3.10). It was found that the last two terms on the
right-hand side of Eq. (3.10) have a small impact on the preconditioning performance.
In our test, neglecting the last two terms in the compressible Poiseuille flow test
case of Section 4.4.2 with P = 2 and 20? meshes only increases the total number of
required GMRES iterations in the first 10 time steps from 1136 to 1144. Similar
conclusion can also be drawn based from the tests in Fig. 3.4. One concludes that,
although completely ignoring the diffusion contributions degrades the performance
of the preconditioner, we can still simplify the Jacobian approximation by ignoring

other terms while keeping the preconditioning effect almost not influenced.

Efficient implementation of the preconditioner

Egs. (3.9) and (3.10) show that all the nonlinear parts of the Jacobian matrix involve
evaluation of the flux Jacobian at quadrature points inside the elements and on the
element interfaces. All other operations are linear and can be obtained analytically.
The analytical expressions of the flux Jacobian inside the elements, (OH, ., /0Qc,)vq
for example, are also available. However, the numerical flux Jacobian matrices on
element interfaces, such as 8ﬂ:1 / aQi, are much more complicated. The advection
terms are usually calculated by approximate Riemann fluxes, which are sometimes

not differentiable. In addition, on physical boundaries, there is a complex relation
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between QJF and Q~, which are implicitly defined by the physical boundary conditions.
Considering the significant amount of choices for numerical Riemann fluxes and
boundary conditions [159], it would be difficult and time consuming account for and

implement the corresponding Jacobian matrix for each of these choices.

To simplify the coding complexity, a hybrid analytical and numerical strategy is
adopted in calculating the D, L and U matrices. Numerical flux Jacobians on element

interfaces, such as 8?17; / 0Q*, are calculated using finite difference approximation

(3ﬂ:1) ~ I:IZ (Qi-FXej,Q?;VQ) _I:IZ (QiaQ$7VQ) (3 11)
vQ

OQ* X

where e; is the vector with one on the jth column but zeros on others. The parameter
y is the multiplication of V& with the geometric average of density, momentum
magnitude and energy for the corresponding variables. Specific physical boundary
conditions are imposed on physical boundaries in the ﬂ:l evaluation so that the
Jacobian matrices of the boundary conditions are already included in Eq. (3.11).
Because H' on each quadrature point only depends on the local independent variable
and independent of each other, the evaluation of Eq. (3.11) on each quadrature point
can be performed in parallel. In total of 2/N,,, numerical flux evaluations on all the
quadrature points of element boundaries and N,,,. boundary treatment operations
are required to calculate 8I:I:1 / dQF without the need for parallel communications.
The computational cost and storage consumption of the matrix OICI:1 / 0Q* is small

compared with those in other parts of the implicit solver, as discussed in Section 4.2.

In the following, a partially matrix-free implementation of the BRJ preconditioner
is adopted to reduce the computational cost and memory required. The diagonal
term, ]5, is explicitly formed, inverted and stored. Following the ideas described in

reference [67], single-precision data type, continuous memory operations and matrix
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padding are used to reduce the computational cost and optimize cache performance
in the implementation of these evaluations. The (I: + U) G!~! operator in Egs.
(3.8) is implemented in an (elemental) matrix-free fashion with only the 0ﬂ:1 /0Q*
calculated by Eq. (3.11). The matrices of 8ﬂ:1 /0Q* are stored for the evaluation of
the matrix-free operator (f, + ﬂ) G'~!. The remaining numerical flux Jacobians on
element interfaces, (6ﬂ:1/8VjQ+/*)Q and (83:1/8(3*/*) in Eq. (3.10) could also

be calculated in a similar way.

The performance of the BRJ preconditioner is numerically verified in the case of
a turbulent flow past a cylinder, which is detailed in Section 5.4.4. The number of
GMRES iterations and computational time are compared in Fig. 3.4 for two different
time steps: At = 0.001 and At = 0.01. The system will become stiffer with a larger
time step of At = 0.01. In this case, the number of GMRES iterations is decreased
by more than 5 times when using BRJ(5) or BRJ(7) compared with that using
BRJ(1). Please note that the BRJ(1) preconditioner is equivalent to the block-Jacobi
preconditioner [67]. The computational time for the simulation with BRJ(5) is about
2.9 times smaller than that with BRJ(1). Based on the above tests, J = 7 is used in

this paper unless otherwise specified.

The curves with VisPrec means the last two terms on the right-hand side of
Eq. (3.10) are included in the BRJ preconditioner. Compared with the one without
these two terms, the GMRES iteration number is almost identical, which means
neglecting these terms has very small impact on the preconditioning effect. However,
including the last two terms obviously increases the overall computational costs
by at most 2.7 times for BRJ(3) and BRJ(5), which almost counterbalances the
possible speedup by increasing the BRJ iteration number. This is mainly because in
considering the last two terms VQ has to be calculated, which significantly increases

the costs. Therefore, the last two terms on the right-hand side of Eq. (3.10) are by
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Figure 3.4: Performance comparison of the BRJ preconditioner with different iteration
numbers and implementations.

default neglected in the BRJ preconditioner unless otherwise specified.

In summary, a block relaxed Jacobi iterative preconditioner is proposed with a
hybrid numerical and analytical method in constructing the preconditioning matrices.
The memory consumption and computational costs of the preconditioner are opti-
mized by techniques including adopting a partially matrix-free implementation, using
single data precision and proper approximations of the preconditioning matrices.
The optimization significantly reduces the computational cost and enables using
more preconditioning iterations to effective clustering eigenspectra. The resulting
preconditioner is able increase the efficiency by about 3 times compared with a simple

diagonal preconditioner while keeping the memory consumption low.



Chapter 4

Implementation and verification

Section 4.1 describes the software design and an efficient implementation of the
implicit solver, which is based on an existing explicit in time solver with DG and
LDG spatial discretizations. Section 4.2 assesses the performance of the solver. The
memory requirements of the solver are then estimated in Section 4.3. At last, some

basic test cases are adopted to verify the implementation of the solver in Section 4.4.

4.1 Software design in Nektar4-

This section presents some details of the software implementation of the implicit
solver. The structure of the Nektar++ libraries and the general procedure followed
in constructing a flow solver are introduced in Section 4.1.1. Section 4.1.2 describes

the software design of the implicit solver in detail.

o4
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4.1.1 Introduction to Nektar+4-+

Nektar++ mainly consists of the libraries and several built-in solvers. The Nektar+-+
libraries provide a structured hierarchy of C++4 classes, which offers the major

functions needed for spectral/hp element methods. The six core libraries are:

o LibUtilities: polynomial basis functions, basic data classes such as array
and matrix, linear algebra functions, time integration schemes, parallel com-

munication and /0.

o StdRegions: standard (or reference) elements, polynomial approximation of
the solution using basis functions, operations on standard elements such as

derivation and integration operations.

e SpatialDomains: mapping from standard elements to physical elements, grid

metrics and grid Jacobian.

» LocalRegions: extension of operations on real space physical elements, inher-

iting from StdRegions and SpatialDomains.

e MultiRegions: collection of physical elements comprising €2, adjacent relations

between elements, elemental and global variable mapping.

e SolverUtils: high level building blocks of solvers, drivers controlling sim-
ulation procedures, general equation systems, specific numerical scheme for

different terms (WeakDG for advection terms for example).

In the latest version of Nektar++4-, four additional libraries have been included to
enrich the libraries with functionalities encompassing efficient operator evaluation,

quasi-3D simulations, high-order curved mesh generation and post-processing [107].
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The Nektar++ libraries provide main functions related to data storage (such as
matrix and array), linear/nonlinear algebra (such as GMRES), geometry related
calculations and numerical projection (such as DG), but nothing related to specific

equations.

The main procedures for building a solver are briefly introduced using the
explicit solver of the NS equations as an example. Besides the main solver class
(CompressibleFlowSolver) which controls the solving procedure, an equation system
class is required. The EquationSystem classes (EulerCFE or NavierStokesCFE) are
instantiated and initialized dynamically based on user inputs using a factory method
pattern [24], which is also extensively used for the dynamic object creation of classes
in the solver. The equation system class inherits instantiations of classes related
to geometry information, solution approximation, time integration and others from
EquationSystem classes in the libraries such as UnsteadySystem in SolverUtils.
Thus the main functionality of the EquationSystem class is to offer equation system
related functions and to form spatial discretization operators using numerical methods
from the libraries such as, AdvectionWeakDG. Fig. 4.1 illustrates the class structure of
the explicit and implicit solvers. The equation of state (Equation0fState), boundary
conditions (CFSBndCond), Riemann flux (RiemmanSolver), shock capturing method
(ArtificialDiffusion), forcing term (Forcing), advection flux (function pointer
F) and diffusion flux (function pointer G) are instantiated or implemented in the
equation system class. Specific numerical schemes like the weak DG scheme for
advection terms (AdvectionWeakDG) and the interior penalty method for diffusion
terms (DiffusionIP) are instantiated to calculate V- F and V - G in Eq. (2.1)
provided with all these equation system related functions (F and G). Finally the
spatial discretization operator Ls (u,t) is linked to the time integration class using

the pointer-to-function A and the explicit solver is complete.
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List of function pointers:
; Flux derivative evaluator
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: Nonlinear system residual evaluator
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Figure 4.1: Class structure of the explicit and implicit solvers. The equation system
classes (EulerCFE or NavierStokesCFE) contain access to the main functionalities
of the solver, such as time integration, and the solution fields. They make use of
numerical methods from the libraries, such as AdvectionWeakDG, and equations
system related functions, such as the advection flux (F) and diffusion flux (G), to form
the spatial discretization operator A. The spatial operator A and the time integration
method form the explicit solver using the method of lines. For the implicit solver,
additional classes like the Newton solver (NewtonSolver), GMRES solver (GMRES)
and linear algebra solver of preconditioners (e.g. PrecondBRJ) are instantiated.
Together with operators related to the nonlinear system (C), the Jacobian matrix (D)
and preconditioning matrix (E), an implicit system solver (B) is constructed, which
is linked to the implicit time integration scheme to form the implicit solver.
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4.1.2 Implicit solver architecture and implementation

In the following the analysis of different building blocks of the implicit solver and their
hierarchical structures are presented. Then, the implementation of the operations

related to the NS equations is discussed.

Analysis of the implicit solver architecture

We first analyze the different building blocks of the solver from the point of view of
library and software design and place these blocks into the right hierarchical levels
in the libraries and the solver. The Newton’s method, GMRES method and, in
general, any mathematical methods independent of the type of equations, are placed
in the LibUtilities as shown on the right upper corner of Fig. 4.1. Meanwhile
operations that depend on the equations and the numerical schemes, e.g. the implicit
system solver (function pointer B in Fig. 4.1), nonlinear system residual evaluator
(function pointer C in Fig. 4.1), Jacobian matrix operation (function pointer D in
Fig. 4.1) and preconditioning matrix operations (function pointer E in Fig. 4.1), are
coded at the solver level in the CompressibleFlowSystem class (or their children
classes) and they are linked to the corresponding classes from the libraries using

pointers to these functions.

This structure provides a general framework for developing implicit solvers for
different equation systems. Provided with equation system related functions, an
implicit solver can also be constructed for other equations systems using the classes

programmed in the libraries.
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Implementation of the NS equations related operations

The top level class structure of the implicit solver is illustrated in Fig. 4.1. Even
though only a nonlinear system solver is added to the Nektar++ libraries, the
nonlinearity and coupling of the NS equations makes the design of the Jacobian
matrix and preconditioning matrix related operations much more difficult than that
of the existing implicit solvers of linear decoupled equation systems for the following
reasons: a) the nonlinearity means the Jacobian and preconditioning matrices should
be updated along with the simulation, which makes the computational speed of these
operations vital for the overall efficiency; b) The coupling of eigenvalues of different
equations increases the stiffness of the system; ¢) The coupling of different equations
leads to a much larger Jacobian matrix, especially in large-scale 3D simulations. We

will discuss the design of equation related operations in the following.

Nonlinear system residual The nonlinear system residual, N(u), is easily avail-
able from an existing explicit solver. However, for the sake of efficiency it is important
to optimize its evaluation since the implicit solver requires repeated calculations
of the residual. Techniques such as sum-factorization [25, 113] and collections of
similar linear algebra operations [107], have been studied and adopted in Nektar++

to speed-up the evaluation of N(u).

Jacobian matrix calculation Explicitly calculating and storing the Jacobian
matrix ON/Ou accurately is expensive both in computational cost and memory

consumption, as will be discussed in Section 4.3.

As highlighted by in Eq. (3.1), a Jacobian-free technique is adopted to calculate

the inner product of the Jacobian matrix with a vector, which is the only Jacobian
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matrix related operation required in the Krylov methods. From the point of view of
software design, this replaces a numerical method and a set of operations that are
highly dependent of the type of equation solved by a more general finite difference
scheme and an existing residual evaluator N(u). The Jacobian-free code will be
generally applicable to other equations systems if provided with the corresponding

N(u).

Calculation of preconditioning matrix Constructing a good preconditioning
matrix P is highly dependent on appropriately approximating the Jacobian matrix
ON/0u. Although some explorations on completely matrix-free preconditioners have
been reported in the literature, the most efficient and most widely used preconditioners
still require explicitly evaluating at least part of 9N /du for low to medium order
simulations [55, 82]. Here a J step block relaxed Jacobi iterative preconditioner,
BRJ(J), is developed instead of the widely adopted incomplete LU factorization
method (ILU) mostly due to its lower memory requirements. The BRJ preconditioner
uses a simple relaxed Jacobi iteration to implicitly perform the preconditioning. It is
implemented in a partially matrix-free way, with only the diagonal block constructed
and stored, while the off-diagonal operations are calculated on the fly. As discussed
in Section 3.2, a hybrid analytical and numerical method is adopted to calculate the
Jacobian matrix, in which the Jacobian matrices of the numerical fluxes on element
boundaries are calculated numerically while the flux Jacobian matrices inside the
element and other linear operations are calculated analytically. This offers an efficient
and accurate way of calculating the preconditioning matrices. In addition, it greatly
reduces the complexity in programming. For simulations with shocks, the terms with
Optan/Ou and Okg, /Ou are neglected in the preconditioning matrices calculations. As
will be shown in Section 4.4.4, the implicit solver is able to stably and efficiently

simulate discontinuous flows neglecting these two terms.
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The main simulation flowchart of the implicit solver is given in Fig. 4.2, which

also shows the flow between different classes.

Initialization in CompressibleFlowSolver
Time step loop n in UnsteadySystem
Runge-Kutta loop m=1,--- . M in TimeIntegrationScheme
Calculate source term S, in TimeIntegrationScheme
Netwon iteration [ in NewtonSolver
Calculate residual N (1_1[) in CompressibleFlowSystem
GMRES iteration & in NekLinSysGMRES
Calculate search vector qx in NekLinSysGMRES
BRJ iteration j =1,---,J in PrecondBRJ
Calculate qj = D! (qk - (f; + fj) qj_l) in CompressibleFlowSystem
Calculate 8N/(‘)u . f]J in CompressibleFlowSystem
Calculate linear system residual in NekLinSysGMRES
Calculate u'*! by linear combination of q in NekLinSysGMRES
Calculate u™*! in TimeIntegrationScheme
Output and finalization in CompressibleFlowSolver

Figure 4.2: Nassi-Shneiderman diagram of the implicit solver with the corresponding
class names. Brown: library class ; cyan: solver class.

4.2 Performance analysis

The implicit solver can significantly relax the constraint on the time step. However,
it also requires much larger computational cost and memory consumption. The
computational performance of the implicit solver is analyzed in this section, in which
the performances based on different linear algebra libraries, for different the orders of
accuracy and for different parallel scales are studied. The evaluations are performed
on a CentOS 7.7.1908 using standard -O3 compiler optimizations with the gce 5.4.0
C++ compiler. The evaluations are run on the HPC cluster of Imperial College

London, with each node is equipped with two Intel Xeon E5-2620 CPUs and 120
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GB RAM. There are in total 12 physical cores on each node but are virtualized into
24 cores. The detailed computational time for some components of the solver is

obtained using Oracle Developer Studio 12.6 in Section 4.2.1 and Section 4.2.2.

4.2.1 Performance based on different linear algebra libraries

There are many matrix related operations in setting up and applying the precon-
ditioner, the efficient implementation of which is vital for the overall solver. Using
more preconditioning iterations may not be the most efficient choice since the pre-
conditioner may cause obvious overhead in computational costs. Therefore, reducing
the ratio of computational costs between a preconditioning iteration and the system
residual evaluation operation N(u) is a vital premise that enables more precondition-
ing iterations. These matrix related operations in preconditioning are implemented
with the BLAS operations. As discussed in [67], the specific implementation of the

BLAS libraries has large difference in performance, which is studied here.

It is shown that all the terms on the right-hand side of Eq. (3.10) have contri-
butions to the D=, The first two terms on the right-hand side of Eq. (3.10) are
contributions inside the elements, while the remaining three terms are contributions

from the element boundaries.

Using the following equality

d TNT d TN d afj
S B'D' — B DEJ_A[Z_:I ] (4.1

= = — 01,

the first term of Eq. (3.10) can be transformed into the standard elements, which
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has the following general form

Ng d
Z Z O-kJBZ; D1;761B61’ (42)
k=1j=1

where D¢, e, 18 the &; direction derivative matrix for the standard element of the e;th

element , Ny is the number of quadrature points. In Eq. (4.2),

4 9¢; OH, ...,
Ok = (Z o e ( 0. ) ) , (4.3)
m el vQ i

m=1

is the only term related to the flow and grid derivatives. On the contrary, the

matrices of BeT1 DT

¢;.erBey i Eq. (4.2) are linear matrices of the corresponding standard

elements, which only need to be formed once for elements with the same type, the
same number of polynomial order and the same number of quadrature points. Forming
the B! Dg;_mBe1 and oy ; in advance and storing them in arrays, the calculation
of Eq. (4.2) is implemented using the BLAS:Ger. To further reduce the memory
consumption and computational cost, single data precision is used with the arrays
padded following the idea in reference [67]. The second term of Eq. (3.10) can also

be implemented in a similar way.

As for remaining element boundaries terms, some of the inverse operators as those
in calculating the system residual N(u) have to be implemented since the calculation
now starts from the flux Jacobian matrix on the quadrature points on the element
boundaries. As discussed in Section 3.2, the last two terms in Eq. (3.10) are neglected
here in forming D!, which significantly reduce the cost of the BRJ preconditioner.
After forming the D in single precision data, it is inverted using the BLAS:Getrf
and the BLAS:Getri. The off-diagonal operations of the BRJ preconditioner is
implemented with a matrix-free strategy as discussed in Section 3.2. Therefore, most

of the matrix related operations are those in forming the D! and the D! vector
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inner-product operations. Three different BLAS libraries are considered:

o Naive local compiled Netlib BLAS library of version 3.7.0;
e OpenBlas library of version 0.3.7;

o Intel MKL library of version 2019.5.281.

The comparison of their difference in computational time using the 3D (in Sec-
tion 5.4.4) cylinder with 4 nodes on the HPC cluster of Imperial College London is
summarized in Tab. 4.1. The simulations were run for 20 time steps with At = 0.01.
There is not significant difference in computational costs for the GMRES related
precesses including the Jacobian-free operation and preconditioning process. However,
for calculating the f)_l, the computational cost implemented with the MKL library
is almost one order of magnitude smaller than those with the naive BLAS library.
The intel MKL library is not only implemented more efficiently, but can also benefit
more with the single precision data. Thus, the Intel MKL library will be adopted in
the following tests if not other wise specified. However, please keep in mind that the
performances of these libraries are highly related to the specific hardware adopted

and should be assessed case by case on specific hardware.

GMRES Matrix calculation
Operation || JF | PREC-DIAG | PREC-OFFDIAG || VOL | BND | INV

Naive 875.0 553.9 645.2 724.8 | 132.1 | 714
OpenBlas || 806.5 425.4 439.7 310.9 68.8 | 13.0
MKL 772.5 416.5 637.3 47.6 40.1 7.2

Table 4.1: Comparison of computational time with different BLAS libraries. JF
represents the Jacobian-free operation in the GMRES. PREC-DIAG represents the
D! vector inner product operation. PREC-OFFDIAG represents the L + U vector
inner product operator. VOL, BND and INV present the element volume, element
boundary and matrix inversion operations in calculating D!
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4.2.2 Performance for different orders of accuracy

In order to provide a deeper insight of the implicit solver implementation, the
computational costs of the different parts of the implicit solver are evaluated in the
following. One node and four nodes are adopted for the 2D and 3D cases, respectively.
The basic iteration information of the 3D (in Section 5.4.4) cylinder and 2D cylinder

(in Section 4.4.3) cases adopted in this section is summarized in Tab. 4.2.

Cases 3D 2D

Order P=2|P=3|P=4||P=2|P=3]|P=4

Time step (1072) 1.0 0.50 0.23 1.5 0.70 0.38
Newton iteration 3.0 3.0 5.0 2.1 2.3 2.0
GMRES iteration 3.0 3.3 3.9 3.5 3.9 4.0
Computational time (s) 42.0 100.3 198.2 0.18 0.34 0.68

Table 4.2: Interation information of 3D and 2D cylinder cases. The Newton iteration
is the averaged number per implicit stage. The GMRES iteration is the averaged
number per Newton iteration. The computational time is the average time per time
step.

3D case

The 3D cylinder test case described in more detail in Section 5.4.4 is adopted here
for the performance analysis. The simulations are carried out at polynomial orders
P =2, P =3and P = 4, using seven preconditioning iterations (J = 7) and a time
step corresponding to CFL=40. The Newton iteration tolerance is o = 1073. In
total 10 steps are simulated, with the preconditioning matrices calculated at the
beginning of the simulations and frozen in the following 10 time steps. Fig. 4.3
shows the computational time spent in different parts of the implicit solver, which
is normalized by the total computational time spent in evaluating N(u) the same
number of times as the total number of Newton iterations. Fig. 4.3a shows that the

GMRES procedure, which calls the Jacobian-free operation and the preconditioners,
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(b) Operations in GMRES: the JACOBIAN-FREE pro-
cedure corresponds to the operation of Eq. (3.1), the
PREC-OFFDIAG corresponds to the (L 4 U) vector inner
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(c) Operations in the calculations of preconditioning matri-
ces: VOLUME represents the volume integration in forming
the preconditioning matrices, BOUNDARY represents the
element boundary intergration, INVERT represents the
costs inverting D.

Figure 4.3: Performance analysis of the implicit solver in a 3D cylinder case with
polynomial orders of P = 2,3, 4.
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makes up the majority of computational time. The calculation of preconditioning
matrices is much cheaper because of the freezing of the matrices. However, if the
preconditioning matrices are updated every time step, their computational cost
will be similar to that of the GMRES procedure and the implicit solver will be
about twice as expensive as the current simulations. This observation leads to a
simple strategy in updating the preconditioning matrices using the ratio between the
cost of one GMRES iteration and the cost of preconditioning matrices calculation.
The preconditioning matrices could be updated after the total number of GMRES
iterations are larger than 200. Based on the data in Fig. 4.3 and Tab. 4.2, this will
maintain that the costs of preconditioning matrix calculation is within 10% for P = 2

and P = 3 and within 20% for P = 4.

Fig. 4.3b shows the three most expensive operations in the GMRES procedure:
the JACOBIAN-FREE, PREC-OFFDIAG and PREC-DIAG. The JACOBIAN-
FREE procedure corresponds to the operation of Eq. (3.1), in which the majority
of computational time is spent on one N(u) evaluation. As a result, the value of
the normalized computational time of the JACOBIAN-FREE correctly indicates
the averaged number of GMRES iterations in each Newton iteration, as seen from
Fig. 4.3b and Tab. 4.2. The PREC-OFFDIAG corresponds to the (L 4+ U) vector
inner product in Eq. (3.8), while the PREC-DIAG corresponds to the D! vector
inner product in Eq. (3.8). Since the BRJ(7) is used with zero initial guess, six
PREC-OFFDIAG and seven PREC-DIAG are needed for each JACOBIAN-FREE
operation. Although much more preconditioning operations are performed, their
costs are smaller than that of the JACOBIAN-FREE operations for P = 2 and P = 3.
Even though we have already adopted the single precision data type to reduce the
cost of the matrix-vector inner product operations, the D! vector inner product

still grows much faster than the other two parts when P increases. This is mainly
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because it uses a matrix-based implementation while most operations in the other
parts use a sum-factorization implementation. This also indicates that matrix-based
preconditioners will easily lose efficiency for high-order 3D simulations. Techniques
proposed in reference [14] may be used to implement a matrix-free version of the
BRJ preconditioner to avoid the fast growth of the D! vector inner product. As for
the off-diagonal operations, the simplifications and implementations make sure they

are relatively cheap compared with other parts.

Fig. 4.3c shows the most expensive parts in the calculations of the preconditioning
matrices. For the element volume part, techniques such as using single precision,
maintaining memory continuous and padding the matrices as discussed in reference
[67], have been adopted in our implementation to speed-up the calculation. However,
this is still the most expensive part. In our implementation, the most expensive
part of the volume term is implemented using BLAS::sger, but it still grows quite
fast as P increases. Inverting D, which is implemented using Lapack: :dgetrf and
Lapack: :dgetri, only makes up a small proportion in the test cases. However,
it grows the fastest, which indicates it will become the dominant part when the
polynomial order is high enough. In this case, techniques such as approximate matrix

inversion [14, 118, 44] may be adopted to reduce the cost related to matrix inversion.

Fig. 4.3 shows that a large proportion of computation costs in the implicit solver
is from operations shared with the explicit solver. Therefore, the implicit solver will

also greatly benefit from improvements in efficiency of the explicit solver.

2D case

The 2D cylinder test cases of Section 4.4.3 are adopted for the performance analysis

of the solver in 2D. The simulations are run at CFL=20 for 200 steps with precondi-
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Figure 4.4: Performance analysis of the implicit solver in a 2D cylinder case with
polynomial orders of P = 2,3,4. The meanings of different operations can be found
in Fig. 4.3.
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tioning matrices updated every 10 time steps. The other parameters are the same as
those of the 3D tests. Fig. 4.4 shows the computational time of different parts of the
implicit solver, which are normalized in the same way. Very similar trends as in the
3D case are observed. The D! vector inner product still grows much faster than
the other parts, which means matrix-based preconditioners may also lose efficiency
because of the large computational cost. However, the growth of computational
time in the calculations of the preconditioning matrices is much slower than that
in 3D case. The computational time in inverting the D matrix is not increasing
monotonously as that of the 3D case. A possible reason is that the functions in intel
MKL library are sensitive to the size of the matrix when the matrix size is small, as

discussed in reference [67].

4.2.3 Scalability performance

Parallel scalability is an important metric reflecting the efficiency in parallel com-
puting [62]. The strong parallel scalability of the implicit solver for P =1, P = 2
and P = 3 is tested based on the 3D cylinder case adopted in Section 4.2.2. The
simulations are run using 2 to 72 nodes, which corresponds to 2016 virtual cores at
most. At the largest parallel scale tested, there are about 61 elements on each core.
The relative speed-up are summarized in Fig. 4.5, in which the perfect speed-up
are also provided for comparison. The results indicate that very good scalability
properties are obtained by the implicit solver. It even achieves higher speed-up than
the perfect one. The reason is probably because of the better cache or memory
performance with smaller memory consumption per node. With more nodes adopted,
less memory are needed in each node, which seems maintain that less time is required
in loading the data. This also reflects that the solver is probably cache or memory

performance limited instead of CPU performance limited especially for simulations
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with large amount of meshes per node.

The scalability of the explicit solver is also provided. Fig. 4.5 shows that the
implicit solver has similar scalability to the explicit solver. This is because the
JFNK is highly dependent on the explicit solver in calculating the nonlinear system
residuals and in implicitly calculating the Jacobian matrix. In addition, the BRJ
preconditioner also uses the same subroutine as the explicit solver to exchange data
between different cores. The additional amount of communications from the GMRES
is small since only reductions of a few vectors are needed in each GMRES iteration.
These communications are relatively small compared with the communications of flow
variables at least for the parallel scales considered currently. As a result, the efficiency
and scalability of the explicit solver have large influence on both the efficiency and
parallel scalarbility of the implicit solver. It is of great importance to optimize the

explicit solver in improving efficiency and parallel scalability.

The performance of the implicit solver based on different linear algebra libraries,
for different orders of accuracy and for different parallel scales has been numerically
studied. The results show that the linear algebra libraries have a large influence of
the computation time especially for the operations in calculating the preconditioning
matrices. Among the libraries tested, the intel MKL library performs the best.
The performance for different orders of accuracy demonstrates the change trend of
different parts of the implicit solver when the polynomial order changes. The data
highlights the importance of reducing the costs of the preconditioner in maintaining
high efficiency. Moreover, the need for matrix-free preconditioner is highlighted
for very high order simulations since matrix-based ones grow too fast in cost as
polynomial order increases. The scalability tests shows that almost perfect parallel
scaling are obtained, which implies a good performance of the solver in large-scale

parallel computations.
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Figure 4.5: Strong parallel scalability performance of the implicit solver for polynomial

orders P =1,2,3.
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4.3 Memory consumption analysis

Tab. 4.3 compares the memory requirements of the preconditioning matrices and
Jacobian matrix ON/du using the 3D cylinder case of Section 4.2.2. The memory
consumption of Jacg is that of the Jacobian matrix considering the sparsity patterns
of the off diagonal blocks of ON/0u, which is calculated based on the estimation
in reference [120]. The memory consumption of Jacp is that storing the diagonal
and off diagonal blocks as dense matrices. Note that the ILU preconditioner with
zero fill-in should have the same memory consumption as Jacp since the matrices
will generally lose sparsity after the factorization. The memory consumption of
the Jacobian matrix becomes large in 3D. Only approximately 90 elements can be
afforded per Gbyte of memory for simulations with P = 4 and hexahedral meshes if
the Jacp matrix is stored or the ILU preconditioner is used. The element number
will become 45 if stored in double precision data. Moreover, frequently loading these
large matrices into the cache will seriously influence the computational speed since
most modern high-performance computers (HPCs) are memory bandwidth limited
[156]. The memory consumption can be further reduced if using other schemes like
the CDG [120] by exploring the sparsity patterns, but it is still of the same order of

magnitude as Jacg.

BRJp and BRJp represent memory consumptions required for storing D!
and OH" / aQi, both of which are stored in single precision to reduce memory and
computational costs. The storage of 8ﬂn/ 0Q* is small compared with that of
D! especially for high order approximations. The total storage of BRJ is much
smaller than that of the Jacobian matrix or the ILU preconditioner. The results
show that that the proposed BRJ preconditioner can largely reduce the memory

consumption. Moreover, it leaves the possibility to further develop completely
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matrix-free preconditioners by exploring techniques such as those in references

43, 118, 17, 14].
\ | BRI, [BRIG| BRIr|  JacB |  JacD | Jacp |  Jacs |
P=2| 72000 | 30000 | 102900 | 1020600 | 712800 | 510300 | 356 400
P=3 409 600 43 200 452 800 5 734 400 3 328 000 2 867 200 | 1 664 000

P=4 | 1562500 | 76800 | 1639300 | 21 875000 | 11 000 000 | 10 937 500 | 5 500 000
Table 4.3: Memory consumption of BRJ in bytes for each hexahedral mesh. BRJp,
BRJo and BRJt represent the storage for D!, 8IZIn/8Qi and their sum. Jacg
and Jacp represent the storage for the Jacobian matrix considering the sparsity
patterns and not. The superscript D represent the storage is for double precision
data while all others without the superscript represent the storage for single precision
data.

4.4 Verification of the implicit solver

In the following, the implementations of spatial discretization methods are verified
using accuracy tests described in Section 4.4.1 and Section 4.4.2. Section 4.4.3
discusses the temporal accuracy and efficiency of the solver in unsteady laminar
flows over a circular cylinder. Finally, a shock wave boundary layer interaction
case is studied in Section 4.4.4 to demonstrate the shock-capturing ability of the

compressible flow solver.

4.4.1 Isentropic vortex convection

Testing the convergence order of accuracy (OoA) of the solver is a very effective
way of code verification [131]. Here two different test cases are used to verify two
different aspects of the solver. An isentropic vortex convection problem is used to
verify the advection scheme in this section and the treatment of the diffusion terms

is verified by means of a manufactured compressible Poiseuille flow in Section 4.4.2.



4.4. Verification of the implicit solver 75

This test case is adopted because its analytical solution is available, which makes
it easier for spatial and temporal error estimates. In the computational domain
[0,10] x [—5,5], an inviscid isentropic vortex is convected down stream, the exact

solution of which at time ¢ is

e (1 Y- 1)62(1_7»2))”11 7

1672
e —yo—vot) (1-,2)
=t or < n (4.4)
o —uy 4+ F (x — @0 — uOt)e(HQ),
2
p=p"

where (ug,v9) = (1.0,0.5) is the velocity vector of the mean flow, (zg, o) = (5.0,0.0)
is the initial vortex center position, the vortex centre at time t is located at
(xo + ugt, yo + vot), r is the distance from the vortex centre, and ¢ = 0.5 is a
parameter that controls the strength of the vortex. Periodic boundary conditions
are applied to the boundaries in both directions. The uniform mesh and the density

distribution with (ug,vo) = (1.0,0.0) at t = 1.0 are illustrated in Fig. 4.6.

Mesh convergence is analyzed through the use of progressively refined quadrilateral
meshes. Periodic boundary conditions are applied to the boundaries in both directions.
A fourth-order explicit Runge-Kutta with CFL=0.01 is adopted to guarantee the
errors are dominated by the spatial discretization. The error distributions are
depicted in Fig. 4.7 with the order of accuracy (OoA) between the two finest mesh
levels given in the legend. All simulations with polynomial orders P from 1 to 5 reach
the designed order of accuracy, which verifies the implementation of the advection

discretizations.
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Figure 4.6: Isentropic vortex problem: Mesh and density distribution.
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Figure 4.7: Convergence order of accuracy (OoA) tests of the advection scheme with

polynomial orders P =1,2,...,5. The L2 error norms at t=0.01 are calculated using
the analytical solution as the reference. The OoA between the two finest mesh levels
is given in the legend.
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4.4.2 Manufactured compressible Poiseuille flow

The method of manufactured solution (MMS) permits us to design specific test cases
with analytical solutions for the study of different aspects of the solvers [131]. Using
the MMS, a test case similar to Poiseuille flow [112] is designed to verify the DG
methods for the diffusion terms. This problem is suitable for the verification of the
IP method since it is dominated by the diffusion term. By design, the analytical

solution is

p=1,
1 dp
=52 v (L—y)+0y7 (L —y)*],
a (4.5)
v =20,
1 dp
b= yMa? * da

where L = 1 is the height of the computational domain in the y direction. The
corresponding forcing terms are given in Eqs. (B.1) in the Appendix and this
corresponds to a free-stream flow with Ma = 0.1 and Re = 100 based on the
maximum velocity, which is normalized to 1. The corresponding pressure gradient
is dp/dx = —8u/L?. Compared to incompressible Poiseuille flow, an extra term
0y? (L — y)2 with 8 = 0.01 is added to the horizontal velocity so that the analytical
solution of the energy E, shown in Fig. 4.8, has a polynomial order of 8. This
ensures the polynomial order of the solution is higher than that of the basis functions
and thus avoids the high-order coefficients becoming excessively small. A series of
quadrilateral meshes with 32, 42, 82, 122, 162 and 20? elements are used with Dirichlet
boundary conditions based on the analytical solution. The Ly and L., norm error
distributions are shown in Fig. 4.9. The results show that the designed order of

accuracy is achieved for the IP method from P = 2 to P = 5. Simulations with
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triangular meshes can also achieve the designed order of accuracy but are not shown

here.

Figure 4.8: Non-dimensional total energy (F) distribution of the manufactured
compressible Poiseuille flow.
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Figure 4.9: Convergence order of accuracy (OoA) of the IP methods in compressible
Poiseuille flow where the OoA between the two finest mesh levels is given in the
legend.
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Figure 4.10: Residual distribution of implicit and explicit simulations in compressible
Poiseuille flow.

The efficiency of the explicit and implicit solvers is also compared in this steady
problem. The initial condition is similar to that used in Eqs. (4.5) but with uniform
velocity u = —(dp/dx)L*/(81). The time integration used by the implicit solver
is SDIRK2 whilst the explicit solver uses ERK2. The CFL number of the implicit
solver grows from 500 to 5000 within the first 10 steps. Here the preconditioning
matrices are updated in every other time step. The explicit solver uses its maximum
stable CFL numbers of 0.08, 0.06 and 0.06 for P =2, P = 3 and P = 4, respectively.
Fig. 4.10 shows the convergence history of the residual norm || Ls||,. All the implicit
simulations reach steady-state within 20 steps, and the explicit solver takes about
13000, 60000 and 170000 steps for P =2, P = 3 and P = 4 to converge, respectively.
Fig. 4.10 shows that even with no grid stretching the implicit solver is about 18.2,
33.1 and 53.4 times faster than the explicit solver for P = 2, P = 3 and P = 4,

respectively.

Following references [112, 131}, Dirichlet boundary conditions based on the

analytical solution are applied weakly in the DG methods in this subsonic problem.
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The difference between analytical solutions and numerical solutions will lead to large
errors near boundaries, which prevents the simulations from converging to machine
epsilon levels. However, the errors caused by boundary treatment does not invalidate
the O0A tests since the difference between the numerical and analytical solutions on

the boundaries tends to zero as the resolution increases.

Through this test case, the implementation of the diffusion discretization is
verified. Meanwhile, it is also demonstrated that the implicit solver can largely

accelerate the convergence of this steady-state case.

4.4.3 Laminar flow over a circular cylinder

The temporal accuracy and efficiency of the implicit solver is tested next using
unsteady simulations of flow over a circular cylinder. The parameters and meshes
employed are similar to those presented in reference [15]. The flow conditions
correspond to Ma = 0.3, Re = puD/u = 1200 and we use 64 x 60 quadrilateral
meshes. Starting from the same flow field, different time integration schemes and
time steps are used to get the solutions after approximately 1.7 vortex shedding
periods. The integrated lift and drag forces are the chosen metrics for the accuracy
test with reference solutions obtained by the SDIRK4 in Tab. 16 of reference [78§]
with a very small time step At =1 x 107°. A smaller Newton iteration tolerance
a = 1075 is used for SDIRK3 and SDIRK4. The convergence rates are presented in

Fig. 4.11, which shows that the implicit solver achieves the desired order of accuracy.

The efficiency of the implicit solver is compared with that of the explicit solver in
this test case. Starting from the same flow field, the solution is obtained after around
30 vortex shedding periods using both the explicit and implicit solver. The details of

the simulations are summarized in Tab. 4.4. The implicit solver can run with a time
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step 330 times larger than that of the explicit solver. The corresponding CFL, is
about 2.5 for this time step. The implicit solver is around 16.8 times quicker than
the explicit solver. The implicit solver is also ran with a larger time step (CFL,. ~ 5),
which achieves a speed-up of 26.4. By observing the evolution history of the flow field,
it can be observed that the temporal errors mainly lead to a dispersion in the vortex
shedding process. Thus the Strouhal number Sr = Df/u, where f is the vortex
shedding frequency, is a good metric to compare the temporal accuracy. Tab. 4.4
shows that all the simulations give almost the same prediction of Strouhal number
(0.2419). The results show that the implicit solver can largely improve efficiency

while keeping good temporal accuracy.

This test case verifies the temporal discretization using accuracy test and illustrate

the advantage of the implicit solver in efficiency in unsteady simulations.
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Figure 4.11: Convergence order of accuracy (OoA) of BDF1, BDF2, DIRK2, DIRK3
and DIRK4 implicit time integration schemes in the laminar cylinder case.

4.4.4 Shock boundary layer interaction

Finally, the shock-capturing ability of the implicit solver is tested using the shock

wave boundary-layer interaction (SWBLI) problem [19]. The computational domain
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Method ERK?2 SDIRK?2
At 45x107% | 1.5x 1072 | 3.0 x 1072
CFL 0.06 20 40
CFL. 7.5 x 1073 2.5 5.0
CPU time (s) 9.1 x 1073 0.18 0.23
Strouhal number 0.2419 0.2419 0.2419
Newton iterations
\ 2.1 2.5
per RK stage
GMRES iterations
\ 3.5 5.0
per RK stage
Speed-up 1.0 16.8 26.4

Table 4.4: Efficiency comparison between explicit and implicit time integration
schemes in the laminar cylinder case. All simulations are conducted using one HPC
node as discussed in Section 4.2.

’ Polynomial order H ERK2 ‘ SDIRK2
CFL 0.08 2.5 5.0 100.0
At 1.3x107* | 40x1073 | 8.0x 1073 | 1.6 x 102
J in BRJ \ 3 5 7
Newton iterations
\ 2.0 2.0 3.0
per RK stage
GMRES iterations
\ 3.0 3.2 8.9
per Newton iteration
Speed-up 1.0 2.7 4.2 22.8

Table 4.5: Efficiency comparison between explicit and implicit time integration
schemes of shock wave boundary-layer interaction.
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Figure 4.12: Mach number and skin friction coefficient distributions in shock wave

boundary-layer interaction.
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and Mach number distribution are displayed in Fig. 4.12a. The viscous wall starts
from x = 0 and the shock impingement position is x,,. The computational domain
starts from = = 0.3x,, where the analytical compressible boundary layer solution
[155] is imposed. Rankine-Hugoniot relations are added to impose inflow boundary
conditions consistent with the shock. Flow conditions corresponding to Ma = 2.15,
Re,,, = 10° and shock impingement angle of 30.8 are used. The simulations run with
119 x 39 quadrilateral elements and P = 3. The skin friction coefficient distributions
are shown in Fig. 4.12b. The results of the explicit and implicit solvers coincide and
are in good agreement with the simulation results presented in reference [19]. The
efficiency of the solvers is compared in Tab. 4.5. Compared with the explicit solver,
larger speed-up can be achieved when the CFL number of the implicit solver increases
from 2.5 to 100. However, further increasing the CFL number to 1000, the implicit
solver will have difficulty converging. The optimal numbers of preconditioning
iterations are also given in Tab. 4.5. With a smaller time step, the system is less stiff
and the optimal preconditioning number is smaller. Since the test case is regarded
as a steady-state problem, a large CFL number can be used without influencing the

accuracy. A speed-up of 22.8 is achieved with CFL=100.
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Robust solver parameter choice

A robust parameter choice strategy, which can maintain basic stability, rational
accuracy and efficiency of the solver, is important for a software with a large number
of heterogenous users and that is employed in a wide variety of application areas.
This is especially true for the implicit solver since there are many free parameters
greatly influencing the accuracy, efficiency and stability of the simulations. For
the implicit solver, a naive parameter choice could make the simulations several
times slower compared with the best one. Tab. 5.1 summarizes the parameters,
their influences and their ranges of choice in the current implicit solver. These
parameters are nonlinearly coupled with each other and influence the accuracy,
efficiency and stability of the solver. In theory, the choice of these parameters
becomes a multi-objective optimization problem, which would be challenging for

users of the software.

In this Chapter, systematic ways of choosing these parameters are studied based
on the requirement of maintaining accuracy of the simulations. Section 5.1 develops

a balanced adaptive time stepping strategy, which also helps relax the difficulty in

85
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’ Parameter H Influence \ Range ‘
Order of accuracy in time AE,S {1,2,3,4}
Time step AE,S (0, 00)
Newton tolerance AE,S (0,1)
GMRES tolerance E.S (0,1)
Preconditioning iteration number E.S {0,1,2,---}
Frequency to update preconditioning matrices E,S {1,2,3,---}

Table 5.1: Parameters of the implicit solver. A, F and S represent that the pa-
rameter has influence on the accuracy, efficiency and stability of the implicit solver,
respectively.

choosing the order of accuracy of the temporal discretization scheme. In Section 5.2,
an adaptive Newton tolerance is developed to maintain convergence accuracy of the
temporal scheme. A suitable choice of adaptive time stepping and adaptive Newton
tolerance together would be able to maintain the temporal accuracy of the solver.
Together with the GMRES tolerance presented in Section 3.1, relative good choices
of the parameters are provided for the implicit solver, which will be summarized in

Section 5.3 and numerically tested in Section 5.4.

5.1 Balanced adaptive time-stepping

Recall that Eq. (2.41) suggests that the error generated in one time step is the sum
of the local temporal error, averaged spatial error and averaged iterative error. This
indicates that to decrease the total error one should decrease these three errors
simultaneously and it will not help much if one the them is decreased to a much
smaller value than the largest of the three terms. Based on this observation, an
adaptive time-stepping strategy and an adaptive Newton tolerance are developed in
this section and in Section 5.2, respectively. The basic idea is to choose a time step

and a Newton tolerance such that the temporal and iterative errors are smaller than
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the spatial error. The iterative error is assumed to be negligible compared with the
spatial and temporal errors. This can be achieved as long as Eq. (2.32) converges to
a sufficiently small level. The method to control the iterative error will be discussed

in Section 5.2.

Based on the error estimate of Eq. (2.41), a time step adaptation method is
proposed based on the idea that the time step should be as large as possible without
obviously influencing the total discretization error. If the spatial error is fixed in a

specific simulation, this implies that

B = BAL|E], (5.1)

with 8 < 1.0 and a properly defined norm. When ||E[*!|| is orders of magnitude
smaller than At||E,]|, the total error will be dominated by the spatial error and
further decreasing the time step (thus the temporal error) will not improve the

solution significantly.

To ensure Eq. (5.1) is satisfied, spatial and temporal errors need to be estimated.
The embedded ESDIRK scheme offers an accurate estimate of temporal error E ™
using Eq. (2.27). The spatial truncation error E, is estimated using a one order

higher approximation at the end of each time step, that is

B~ L] (UL = Lf (U = C.D,(U)R ! 4 O(hP ). (5.2)

The leading term of this equation is the same as that in Eq. (2.15). Eq. (5.1) implies

that the desired time step (Af) should satisfy that

IEF (A = [|CD, (U) AT | = BATE|. (5:3)
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Dividing Eq. (5.3) by Eq. (2.27), time step Af can be calculated as

— N
BAtIIEsH)”

At = At
( | E||

(5.4)
which can be used as the value of the next time step. The simplest elementary
controller [136] is adopted here in determining the time step, but other choices are
also possible [136]. In the derivation of Egs. (5.2), (5.3) and (5.4), the change of

Dy (u) is assumed to be small throughout the time step.

In the design of adaptive time-stepping methods presented in references [111, 18],
a Ly norm of the EI'™ for all the variables throughout the flow field is adopted as
the norm in their adaptive strategy. However, the norm of the error with this choice
may be dominated by a specific variable or by large-scale unsteady structures of
the unsteady flow. As a result, the adapted time step may be too large for small

unsteady structures of interest.

To avoid these problems, the norm is defined in each element here. The L, norm
of El'*! and E, are calculated in element e for variable m and the elemental time

step is calculated using

AtB, o + 1.5, \ /Y

A=A (
’ ||Et||e,m+€m

Here €, a very small value is added to the denominator to avoid division by zero, but
it also serves as a threshold of the error magnitude of interest. If the local temporal
error magnitudes are much smaller than €,,, the local unsteady structures are either
too weak to be of interest, or are already accurately captured, which indicates the
current time step choice is already excessively accurate in that element. Thus, a

term 1.5V¢,, is added to the numerator to ensure the elemental time step will at
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least grow by 1.5 times. The choice of 1.5, which is not optimized, ensures that the

time step will increase but not too fast.

The value of ¢,, adopted here is,

€m = 107 12U (5.6)

it,m>

where U}, denotes the root mean square value over the whole flow field of the mass,
momentum magnitude and energy variables. Such a threshold value is based on the
rounding error of the mth variable. One purpose of introducing this term is to avoid

a noisy elemental time step caused by rounding errors in uniform flow areas.

With elemental time steps At?#!, the time step for variable m can be calculated
using different strategies. For example, a minimum of At}t! would maintain that
Eq. (5.1) is satisfied in every element. Here we choose to calculate it using a weighted

average of A1l as

Ne Ne
Aty =3 B At D e (5.7)
e=1 e=1

The temporal error ||E,||;,, is used as the weights such that elements with larger
temporal error have larger contributions to the global time step. The value of
r € [0,00) can be chosen based on the smallest temporal structure of interest in
the simulations, a larger value of which would lead to a larger contribution from
elements with large temporal errors. Here » = 1 is used. This weighted averaging
helps maintain a relatively smooth change of the time step. Finally, the time step
At" ! is calculated by

At = min(AEH). (5.8)
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5.2 Adaptive convergence tolerances

A similar idea to that used in the time step adaptation can be adopted here in
choosing the Newton tolerance so that the iterative error is smaller than the temporal
error to avoid affecting the temporal accuracy. References [110, 18] propose a Newton
tolerance 7 in Eq. (2.34) by directly relating the Newton tolerance to the temporal
error of the form

T =1lled, (5.9)

with n = 0.1. However, the relation between the Newton residual vector, R, and
the iteration error, Ate;, introduced into Eq. (2.41) is not trivial. In the following
this relation is estimated to illustrate the assumptions made in choosing the Newton

tolerance of Eq. (5.9).

Considering that

S , S ,
Atlleq]] = At S bel | < AtS billeld |, (5.10)

i=1 i=1

with Ziszl b; = 1, a sufficient condition for
Atllen]| < nllel, (5.11)

is that

Atllel || < nlled, (5.12)

which ensures that the iterative error is smaller than the temporal error in Eq. (2.41)

with < 1.0.

The relation between Ateg) and R is estimated as follows. The R can
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expressed as
R = N(u) - Nu®) = N'(uf)) (uf) —u®) + 0 (Au?), (5.13)

where Au = ug) —ul. Therefore, the iterative error of the solution uz(f) can be

approximated as

1 (5.14)
— (- Atagly (u)) 7 (RY = 0 (au?))

Combining Egs. (5.14) and (2.35) and ignoring high-order terms of O (Au?), we can

further deduce a relation between Ate;; and R as

Atel) =At (ﬁa (UEZ)) —Ls (u(i)))

. (5.15)
=AtL) (uﬁ?) (N)'R.
Substituting Eq. (5.15) into Eq. (5.12), we get
1C5 (1) At — auLs) " RO < ey (5.16)

The presence of L5 (I/At — a;L£5)”" makes the relation between Ate; and R
problem-dependent and difficult to evaluate or to evaluate accurately. As At becomes
larger L} (I/At — a;L5)~" becomes closer and closer to a diagonal matrix with

diagonal values —1/a;;, and at the limit At — oo, Eq. (5.16) becomes
IR < naslleqll, (5.17)

with 0.25 < a; < 0.45 in the ESDIRK schemes adopted. When At — 0, the

entries of the matrix £iu'” (I/At — ai; L W) =1 will tend to zero. Therefore, a even
6 it 6 it
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larger Newton tolerance will ensure that Eq. (5.16) is satisfied. Overall, Eq. (5.17)
appears to provide a good estimate of the convergence upper bound at least at the
limiting cases At — oo and At — 0. Based on numerical experiments, we observe
that the Newton tolerance of Eq. (5.9) seems good enough to maintain temporal
convergence accuracy, as will be shown in Section 5.4. However, if the assumptions
made in deriving of the Newton tolerance are invalid, E'éug?(l JAt — ay; guz(f))*l can

be estimated using the Jacobian matrix or simply by a calibration for a specific

problem.

Eq. (5.9) is less problem dependent than other Newton tolerances commonly used

such as,

7 =0V’

(5.18)
7 =0,|IN (V)]

as is shown in references [110, 18, 111] and will be furhter shown in Section 5.4. It
will also vary in a more consistent manner with the temporal error when At changes.
In the following, a value f = 1073 in Eq. (5.18) is adopted unless otherwise specified

for simulations not using the adaptive Newton tolerance.

5.3 Summary of the adaptive strategy and discus-

sion

The basic idea behind the time step adaptation strategy proposed in Section 5.1 is
that the relation between temporal and spatial errors is sufficient for maintaining
temporal accuracy in unsteady simulations. Here we give a brief discussion to
illustrate that it is a rational choice because it shares a very similar logic to that

behind the convergence tests in CFD, which is also a key point in guaranteeing high
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efficiency implicit time integration methods.

The implicit time integration methods could be more efficient that the explicit
methods in some stiff flows such as problems with low Mach number, high Reynolds
number and highly stretched grids [10, 143, 110, 111, 159]. The assumption behind
this conclusion is that we can safely increase the time steps and temporal errors when
using implicit time integration methods without obviously degrading the accuracy
of the simulations. In other words, the comparison of implicit and explicit time
integration in efficiency is not based on the computation time of the same temporal
error level as is done in most studies of time integration methods [15, 69], but is
based on the computational time as long as the results are sufficiently accurate .
This implicitly defined sufficiently accurate condition is the maximum error level
without obviously degrading the target quantity of interest, which is the one we
are seeking when performing convergence tests in CFD simulations. However, this
condition usually depends on the unsteady properties of the problem (the magnitude
and frequency of the unsteady waves), the scale of interest, the acceptable error level,

etc, and it is not known before an accurate simulation result is obtained.

Similarly, the error condition behind the time adaptation strategy discussed in
Section 5.1, is to achieve the maximum value of At without obviously degrading the
numerical accuracy of the results of the discrete PDE (partial differential equation)
system. Although convergence tests are still needed to ensure the physical accuracy,
the strategy avoids unsuitable error relations, which may seriously lower the efficiency
without obviously improving the results. In a case presented in reference [110], the

unsuitable relations of the spatial and temporal errors can increase the CPU time by

IThese studies are still of great value because as long as the time step can be freely chosen
for the two methods in comparison, the results can always achieve the same (desired) error level.
However, there is a large difference between these two conditions when comparing explicit and
implicit methods, since the time step of explicit methods is restricted by the stability condition.
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about a factor of 20 without obviously improving the results.

In some adaptive time-stepping strategies, the adapted time step is limited to be
no larger than a user-defined time step Atymit, which is based on their understanding
of the physical time scale to be resolved as in reference [111]. However, Eqs. (2.41)
and (5.1) indicate that limiting the time step will not improve the results but possibly
will increase the computational costs. Instead, refining the spatial grid will be much
more efficient in improving the results. Therefore, it is advisable to refine the mesh
instead of limiting the time step to improve the computation accuracy in our time
adapting strategy when the adaptive time step is too large to capture the unsteady

flow.

As a by-product of this observation, the adapted time step can also serve as an
indicator of mesh refinement if the temporal scale of interest is well defined and
the properties of the ODE solver (ESDIRK in this paper) is well understood. For a
specific ODE solver, such as DIRK, we can assess it ability to predict a single wave
at a specific time interval with a given time step [69]. If the unsteady flow scale
(unsteady frequency) of interest is clearly defined in our simulations, this allows us to
determine if the unsteady flow scale is satisfactorily captured with the ODE solver
and the adapted At. If the temporal error is too large to be satisfactory, relation (5.1)
tells us that decreasing the time step cannot improve the results, and that a more
efficient way to increase accuracy is to refine the spatial mesh instead. Therefore, we

can use the adaptive time steps as a criteria for spatial mesh refinement.

In the adaptative strategy, extra computational costs are required to estimate
spatial and temporal errors. The embedded scheme of Eq. (2.26) requires an extra
implicit RK stage, which will approximately increase the computational cost by

1/(S — 1), where S is the number of stages of the main ESDIRK scheme, and
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has values of 3, 4 and 6 for the second, third and fourth order ESDIRK schemes
adopted, respectively. Similarly, the spatial error estimation in Eq. (5.2) requires the
calculation of a higher-order spatial discretization operator Lf + (ugfl). The extra
cost from this calculation is relatively lower than those in temporal error estimation
for stiff problems since up to an order of magnitude or more Ls operations are
needed in the extra implicit RK stage. For example, in simulations with P = 2 and

P = 3, the extra cost of evaluating L™ (uﬁ“) is only about 1.5 times the cost of

evaluating LY (uﬁ“), while the extra costs in temporal error estimating is more 10
times of that. Therefore, we can roughly estimate the extra cost to be approximately
100/(S — 1)%. For simulations with small time scale changes, a freezing of the
adapted time step can be adopted to reduce the additional costs. Currently the

adaptive time step is implemented to updated simultaneously with the updating of

preconditioning matrices as discussed in Section 4.2.2.

Compared to the adaptive time-stepping strategies discussed in references [110,

111, 18, 16], the current strategy is improved in the following ways:

e The adaptive time step is determined by the relation between the temporal
and spatial error instead of a user define temporal error level. Therefore, it

avoids problem-dependent user-defined tolerances.

e An embedded ESDIRK scheme with an order of N + 1 is employed instead of
schemes of (IV — 1)th order, which predicts the temporal error more accurately,
and also helps avoiding problem-dependent calibration parameters in the

estimation of errors.

o The adaptation is determined element by element first instead of using the

Lo norm of the temporal error in the whole flow field. Therefore, it has the
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potential to avoid the time step being determined primarily by the large-
scale unsteady structures and thus avoid small-scale unsteady structures being

under-resolved.

5.4 Numerical tests of the parameter choices

Numerical experiments are conducted in this section to demonstrate the performance
of the adaptive methods proposed. Section 5.4.1 presents the simulation of an
isentropic vortex to validate the Newton tolerance choice and illustrate some basic
properties of the adaptive time-stepping. A steady-state flow past a flat plate is
adopted in Section 5.4.2 to demonstrate the performance of the adaptive method
in steady-state simulations. Sections 5.4.3 and 5.4.4 study the Taylor-Green vortex
problem and the turbulent flow over a circular cylinder at Re = 3900 to illustrate
the performance of the methods in freely decaying and wall-bounded turbulent flow

simulations, respectively.

5.4.1 Isentropic vortex

The basic simulation settings for this test case have been given in Section 4.4.1. Here,
(uo,v9) = (1.0,0.0) is adopted. To evaluate errors, various solutions are adopted as
the reference in the error estimation. The total discretization error of a solution is
obtained by subtracting it from the analytical solution (4.4). As in reference [15],
the difference between the solution and a solution with a very small time step is
representive of the sum of temporal and iterative errors as the two solutions share
the same spatial discretization. The difference between the solution with a very small

time step and the analytical solution can be regarded as the spatial error, since the
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error here is dominated by the spatial error.

Analysis of the adaptive Newton tolerance

This section compares the performance of the proposed Newton tolerance, given by
Eq. (5.9) and n = 0.1, with commonly adopted tolerances given by Eq. (5.18) using
values 6; = (107%,1071°), and 6, = (1073,10~7). The main purpose is to show that
Eq. (5.9) can give a reasonable tolerance and still maintain temporal accuracy. In
this case, we employ P = 2 and N = 3 with h = 1/3 and three different time steps:
At = 0.05, 0.1, and 0.2.

Fig. 5.1 shows that large values of the parameters 6; and 6y in the Newton
tolerances (5.18) lead to a degradation of the order of temporal accuracy. Small
values of these parameters achieve the desired temporal order of accuracy but are
not necessarily the best or the most efficient choice. Furthermore, they need to be
calibrated for each test case and for each time step to obtain the best performance
because, in general, the term Ate; based on the tolerances of Eq. (5.18) does not
scale simultaneously with the temporal error. On the other hand and as shown in

Fig. 5.1, the adaptive Newton tolerance (5.9) achieves the optimal order of accuracy.

To verify that the Newton tolerance is not unnecessarily small, we numerically
seek the maximum Newton tolerance 7,,,, which ensures the difference between
|ef ™ 4+ Atey || and ||} Tt|| is within 1%. Compared with 7,,4,, the designed adaptive
Newton tolerance 7|/e;|| should be no larger to maintain temporal accuracy but not
too small to maintain efficiency. Tab. 5.2 shows that the ratios between the adaptive
Newton tolerance and the 7,,,, are of the same order of 0.1 for different time steps.

This indicates that the iterative error scales simultaneously with the temporal error

and 17 = 0.1 is close to the maximum value that can maintain temporal accuracy in
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this test.
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Figure 5.1: Isentropic vortex problem: Effect of Newton tolerances in Egs. (5.18)
and (5.9) on temporal accuracy.

LA 7w [ nlledl [ nlledll/Tmas |
0.05 ][ 1L.Ox10° [ 5.7 x10°° |  0.57
0.1 |[40x107° | 55x10° | 0.4
02 [[20x10 7| 63x10 T | 031

Table 5.2: Isentropic vortex problem: Comparison of the adaptive Newton tolerance
and the maximum Newton tolerance that maintains temporal accuracy.

Analysis of errors in the adaptive time stepping

We have described in Section 5.4.1 how to chose the tolerances in Newton iteration to
ensure that the iterative error is smaller than the temporal error. This Section aims
at studying spatial, temporal, and total discretization errors characterized in terms
of parameters such as the CFL number and the mesh size, h. The adaptive time-

stepping strategy is evaluated at a polynomial order P = 6. The total discretization
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errors and temporal errors are calculated with respect to the analytical solution and

a reference solution computed at a CFL number of 0.01.

The total errors of the third-order ESDIRK (ESDIRK3) with the adaptive
time-stepping, and CFL numbers CFL=(10.0, 1.0, 0.2) using different mesh sizes
h = (0.2,0.1,0.067,0.005) are presented in Fig. 5.2. The corresponding temporal
errors are shown in Fig. 5.3. The spatial errors are also presented for comparison.
The temporal errors with the adaptive time steps are always smaller than the spatial
errors, as per design, and the total error converges at the same rate as the spatial
error. However, for simulations with CFL=10.0, the total errors are dominated by
the temporal errors and converge at a lower order of 3 instead. For simulations
with CFL=0.2, the total errors are dominated by spatial errors. However, the
temporal errors are much smaller than the spatial errors, which may lead to extra
computational costs without obviously improving the results. For simulations with
CFL=1.0, the temporal error is smaller than the spatial error for h = 0.2 but larger
than that for A = 0.05, which emphasizes the need for calibration for each time
step when using a time step based on a CFL number. Referring to the adaptive
time-stepping methods in references [111, 18], the temporal error curve should be a
horizontal line because the temporal error tolerance in these methods is user-defined

and independent of h.

The CPU time of the above simulations is compared in Fig. 5.4. The simulation
with the adaptive strategy is close to the most efficient ones at all the error levels. It
is slightly more expensive than the most efficient one at some error levels partly due
to the extra costs in estimating the errors. Fig. 5.4 also shows the corresponding
curves of GMRES iteration number and residual evaluation number. These numbers
are summed over all the time steps during the time interval. The GMRES iteration

number and the residual evaluation number of the adaptive method are also close to
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Figure 5.3: Isentropic vortex problem: Effect of time-stepping method on temporal
errors and spatial errors.
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Figure 5.4: Isentropic vortex problem: Effect of time-stepping method on efficiency.
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Figure 5.5: Isentropic vortex problem: Performance of adaptive time-stepping for
different ESDIRK schemes.

the smallest among different time stepping methods. For the parameters adopted in
this test, the efficiency of the adaptive stepping can be up to ten times higher at
the same error level than that of the simulations with a naive choice of CFL, which
highlights the importance of balancing the spatial and temporal error from the point

view of efficiency.

The errors of ESDIRK schemes with N = 2, 3,4 are compared in Fig. 5.5. All
temporal errors are smaller than the spatial errors and the total errors almost coincide
with each other for different values of N. Therefore, the simulation results are almost
independent of the ESDIRK scheme adopted in the adaptive time-stepping. This
property should also be achieved by the adaptive methods proposed in references

[111, 18], but it requires an additional calibrating process which is problem-dependent
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5.4.2 Flat plate boundary layer

The objective of this example is to illustrate how the adaptive time-stepping strategy
could be used to accelerate convergence towards steady-state in a practical case. The
case considered here is the boundary-layer flow past a flat plate at a Mach number
Ma = 0.1 and a Reynolds number Re = 1.6 x 10°. The geometry and boundary
conditions are depicted in Fig. 5.6. Details of these boundary conditions can be
found in references [159, 97]. The simulations are performed using P =2 and N = 3
with the highly stretched mesh shown in Fig. 5.7(a). The computed profile of the
horizontal velocity is shown in Fig. 5.7(b), which is in good agreement with the
analytical Blasius profile. In all the simulations below, the time step is set to be no
larger than that corresponding to a CFL number of 5 x 10% to ensure the stability of

the simulations.

For the steady-state problem we adopt the same adaptive time-stepping strategy
and parameters used for the unsteady simulations in order to show that the proposed
adaptive strategy can adjust itself based on the unsteadiness properties of the problem.
For comparison, a time-stepping strategy based on a growing CFL, which starts from
CFL=0.1 and grows by rates of 1.5 and 2.0 up to CFL=5 x 10%, is also presented.
A relative Newton tolerance 6, = 107% in Eq. (5.18) is adopted since the default
choice 6, = 1073 leads to blowing up at such a large CFL number. The growing CFL
number method is a commonly adopted strategy for steady-state simulations because
a small time step is needed to maintain stability in the initial transient phase, while
a large time step allows to accelerate the convergence when the flow field is close to

the steady-state solution [23, 144].

The convergence history of the normalized residual norm || Ls (U)|| is presented

in Fig. 5.8. The simulation with the adaptive time-stepping proposed in Section 5.1
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Figure 5.6: Boundary-layer flow past a flat plate: Geometry and boundary conditions.
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(b) Velocity profile, where ¢ is the boundary layer thickness.

Figure 5.7: Boundary-layer flow past a flat plate: mesh and velocity profile.
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converges almost as fast as the simulation with a CFL growth rate of 2.0. The
residual, At and CPU time at different steps are illustrated in Fig. 5.9. It shows that
the At of the adaptive method grows much slower during the first 100 time steps.
However, the extra computational cost due to the extra steps is low since it is cheap
to converge at a small At. Fig. 5.9 also demonstrates that the adaptive At is small at
the beginning of the simulation. This is because the transient flow is highly unsteady
leading to a large temporal derivative term D;(u) in Eq. (2.27) and consequently to
a smaller At. As the flow field becomes closer to the steady-state, the At increases
because the magnitude of the unsteady waves in the flow field becomes smaller, which
leads to a smaller term D,(u) and larger At based on the relation of Egs. (5.1) and
(2.27). The adaptive time-stepping adjusts the At based on unsteady properties of

the flow field and achieves fast convergence whilst maintaining stability.

Although the adaptive time-stepping may not be as efficient as methods specially
designed for steady-state simulations such as local time-stepping and multigrid, it is
general and is capable of efficiently simulating a wide range of steady and unsteady

flows with a fixed set of parameters.

5.4.3 Taylor-Green vortex

Here we apply the adaptive time-stepping strategy to the simulation of the Taylor-
Green vortex (TGV), which represents an unsteady flow of decaying vortices. The
evolution of the TGV includes the breakdown of the initially large vortices, transition
to turbulence and decay of turbulence. With a very simple set-up but a complex
flow evolution, it is a very good test case for transitional and turbulent simulations.

Initially, large vortices are placed in a cubic domain [—, 7]® with periodic boundary
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Figure 5.8: Boundary-layer flow past a flat plate: Residual convergence history. The
number in the parenthesis indicates the growth rate of the CFL number.

conditions. The expression of the initial flow field is [39]

= Vpsi ($> CcoS (y) CcoS (Z)
u = Vg sin ,
_ E : g i
v = Vocos<L>sm<L>cos(L),

w =0,

(5.19)

= 5 (oo () oo (7)) (s (5) 42
p=po+ 16 cos 7 + cos 7 cos i +2),

where Vy = 1.0, po = 1.0 and L = 1.0 in our non-dimensional computational setting
and pg is calculated based on the Ma = 0.1 and the equation of state (2.5). A
Re = 1600 is used to calculate the viscosity coefficient. The simulations are run on
a 32% uniformly distributed mesh with P = 4 and N = 4. Note that, in order to

simulate nearly incompressible conditions, the flow is taken to be compressible but

at a low Mach number of Ma = 0.1.
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Figure 5.9: Boundary-layer flow past a flat plate: residual, CPU time and time step
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Fig. 5.10 presents the evolution of 2ue/p, where € denotes the enstrophy. Accord-
ing to reference [39], this variable is a good estimate of the kinetic energy dissipation
rate in the incompressible limit. Fig. 5.11 presents the errors of the dissipation
rate as defined by Eq. (18) of reference [39]. The simulations are run with the set
of values = 0.1 and 8 = 0.01 for the adaptive time-stepping strategy and they
are also run with fixed time steps of At = 0.1 and At = 0.2 for comparison. The
decay curves of 2ue/p are in relatively good agreement with each other for all the
simulations. Their differences can be analyzed from the distributions of the errors
in Fig. 5.11. The error with adaptive time-stepping and g = 0.1 is sightly larger
than other errors. The error with 8 = 0.01 almost coincides with the error of with
At = 0.1. Both simulations with § = 0.1 and § = 0.01 have very good temporal
accuracy especially when compared with the spatial error, which can be roughly

estimated by the deviation from the DNS result [39].
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Figure 5.10: Taylor-Green vortex: Evolution of the enstrophy.
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Figure 5.11: Taylor-Green vortex: Error norms of the kinetic energy dissipation rate.

We enforce the local temporal error to be smaller than the spatial error by design,
but there is no reason to introduce a bias towards the spatial error if the main
consideration is simply to minimize the error magnitude. This consideration may be
of relevance for under-resolved turbulent simulations where the spatial truncation
error terms sometimes serves as an implicit modelling of the under-resolved scales,

which is referred to as the implicit large eddy simulation (LES) model [61].

To avoid the temporal error from influencing the modelling of the under-resolved
scales, a smaller temporal error compared with the spatial error, 5 = 0.01, is adopted
in implicit LES of turbulent flows in our study. This approach gives reasonable
results as shown in Fig. 5.11 and in Section 5.4.4. The computational CPU time
of the simulations with g = 0.01 is slightly larger than that of the simulation with

At = 0.1 (1.27 times) partly because of the additional costs required for the error
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estimation.

5.4.4 Turbulent flow over a circular cylinder at Re = 3 900

The flow over a circular cylinder at Re = 3900 is another widely used test case
for turbulence simulations. Various experimental and numerical results can be
found for this test case, e.g. [114, 83]. Compared with the TGV, there are extra
complexities because of grid stretching, the need for simulating boundary layers, and
the instability of shear layers. The computational domain boundaries are located
40D away down stream and 20D away on other directions. Riemann invariant based
boundary conditions are applied at the outer boundaries. The mesh near the cylinder
is shown in Fig. 5.12. The mesh consists of 123 360 curved unstructured hexahedral
elements in total, which corresponds to about 3.3M DokFs for P = 2. The smallest
mesh size is approximately 0.006D, which is located on the cylinder surface and
is chosen based on the estimate advocated by reference [83]. We use P = 2 with
consistent integration [100]. The computed Q-criteria iso-surface, which is a good
representation of vortex structures [70], using P = 2 is illustrated in Fig. 5.12, which
shows the complex turbulent flow structures in the wake of the cylinder. Reference
[159] adopted a second-order DIRK scheme (DIRK2) with a time step of 0.01, which
corresponds to a CFL number of about 40. The time step was determined based
on some numerical tests on its efficiency and accuracy in reference [159]. Here we
simulate the same case using the ESDIRK2, ESDIRK3 and ESDIRK4, together with

the adaptive time-stepping strategy to demonstrate their performance.

The adaptive time steps for a duration corresponding to approximately 19 vortex
shedding periods are shown in Fig. 5.13. Tab. 5.3 presents the corresponding averages,

At. The averaged time step of ESDIRK2 is approximately 0.027, which is 2.7 times
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Figure 5.12: Turbulent flow over a circular cylinder: Q-criteria iso-surface (Q = 5)
and mesh from reference [159].
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Figure 5.13: Turbulent flow over a circular cylinder: Adaptive time steps (At) of
ESDIRK2, ESDIRK3 and ESDIRKA4.

‘ Methods H At ‘ CPU time ‘ CPU time ratio ‘

DIRK?2 0.010 | 7.2x10? 1.00
ESDIRK2 || 0.027 | 7.9x10? 1.09
ESDIRK3 || 0.043 | 9.8x10? 1.36
ESDIRK4 || 0.127 | 1.1x10° 1.53

Table 5.3: Turbulent flow over a circular cylinder: Comparisons of averaged time
steps and CPU times for different DIRK schemes with the CPU time ratio defined
as the ratio of CPU time between the current method and the DIRK2 method.
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Figure 5.14: Turbulent flow over a circular cylinder: Comparison of time-averaged
velocity distribution. The velocity profiles at = 1.54 and « = 2.02 are shifted down
by increments of v = —1 and u = —2, respectively.

larger than the At = 0.01 of the DIRK2. The adapted time steps are larger for
the ESDIRK3 and ESDIRK4 with averaged values of 0.043 and 0.127, respectively,

because of the improved resolution of the higher-order ESDIRK schemes.

Tab. 5.3 summarizes the averaged time steps and CPU time of the simulations.
The results show that the simulations with adaptive time-stepping strategy achieve
good efficiency with only a small overhead in CPU time partly due to the extra
costs of error estimations. The time-averaged velocity distributions are presented in
Fig. 5.14. The result of ESDIRK2 with At = 0.027 almost coincides with the result
of DIRK2 with At = 0.01, and both are in a good agreement with experimental
results [114]. The simulations with adaptive time step give accurate predictions of

the time-averaged quantities.

Fig. 5.15 depicts the distribution of elemental At for the ESDIRK2 scheme
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corresponding to the variable pu on a slice of the flow field. To highlight the elements
with a smaller elemental time step than the global time step, the contour colouring
is cut below the global time step and these elements are presented in white. One
important observation is that the relation of Eq. (5.1) is satisfied in the majority
of elements because the elemental time step is smaller than the global time step in
fewer than 1% of the elements. The influence of €, in Eq. (5.5) is negligible in the
global time step in this test case, which is only effective in elements with very small

error magnitudes.

Figure 5.15: Turbulent flow over a circular cylinder: Spatial distributions of the
values of the elemental time steps.

5.4.5 Summary of parameters

The tunable parameters in the adaptive strategy are listed in Tab. 5.4. The parameter
B controls the relation between the temporal error and spatial error, which is set to
0.1 for general well-resolved simulations, but to 0.01 for implicit under-resolved LES

as discussed in Section 5.4.4. Similarly, 1 controls the relation between the temporal
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error and iterative error, which is set to 0.1. The value 7 in Eq. (5.7) determines the
contribution of elemental time steps to the global time step. For r = 0, a simple
algebraic average is used. A larger r leads to a larger contribution from elements
with larger temporal errors. The term ¢, in Eq. (5.5) avoids division by zero and
also serves as a threshold values for the error level of interest. The current choice
of Eq. (5.6) is motivated by the truncation error of the time integration process.
In determining S and 7, we assume the spatial error is dominating. However, no
optimization on the values of S and n is performed, since the optimal values are

usually problem-dependent.

’ Parameter H Position \ Range \ Current choice ‘
g Eq. (5.1) 0<p<1 B =0.1o0r g =0.01
n Eq. (5.9) 0<n<l1 n=0.1
r Eq. (5.7) r e [0,00) r=1
€m Eq. (5.5) | Small relative to U Eq. (5.6)

Table 5.4: Summary of tunable paramters in the adaptive strategy.

Test case H CFL \ Newton Tolerance \ CPU time ratio
Isentropic Vortex (h = 0.2) 1.0 0 =1073 0.96
Isentropic Vortex (h = 0.05) 0.2 0y =1077 1.01

Boundary layer 0.1 —5 x 10 0y =107° 1.21
Taylor-Green vortex ~ 29 0y = 1073 1.27
Circular cylinder ~ 40 0, =107 1.09

Table 5.5: Summary of parameters in different test cases and comparison of efficiency.
The CPU time ratio is defined as the ratio of CPU time using the adaptive strategy
and that using the parameters listed above.

On the other hand, in the simulations without the adaptive strategy, the choices
of At and Newton tolerance have to be changed case by case to achieve a good
performance as summarized in Tab. 5.5. These case by case choices are obtained
at the cost of repeated numerical experients a priori, which could be expensive

especially when starting the simulations of a new test case. The comparison of
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computational efficiency in Tab. 5.5 shows that the adaptive strategy is close to the
most efficient chioces in all the cases without case by case optimised parameters,

which demonstrates the remarkable generality of the adaptive strategy.



Chapter 6

Application to high-fidelity

simulations

Any high-fidelity CFD framework, especially if used in industry, should satisfy
minimum requirements in terms of numerical stability or robustness, and physical
accuracy. The first requirement guarantees that the simulation will not unexpectedly
crash, thereby undermining the computational pipeline. The second assures that the

results obtained represent the underlying physics faithfully.

In the following, we detail the stabilization techniques incorporated into the
Nektar++ library of the compressible flow solver (Section 6.1), and discuss the use
of the DG method as a means to construct an implicit LES (also referred to as
under-resolved DNS) setting, by tuning the size of the element and polynomial order
space, thus modifying the dispersion and diffusion properties of the discretization.
Application of the implicit solver to the Taylor-Green vortex, flow over a circular
cylinder at Re = 3900, and turbulent channel flow are presented in Sections 6.2,

6.3 and 6.4, respectively. The performance of the implicit solver is summarized in

116
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Section 6.5.

6.1 Stabilization techniques

SEMs are known to suffer from a lack of numerical stability in some situations, and
the associated simulations can fail without notice [80]. Several solutions have been
proposed in the literature to address this robustness issue, ranging from efficient
consistent-integration techniques [97], to entropy-stable split forms [58, 57], and
their interplay [157]. In Nektar++, we implement primarily consistent-integration
schemes that can address the aliasing-driven instabilities due to the under-integration
of the nonlinear terms that arise in both the compressible Euler and Navier-Stokes
equations. Although it is impossible to completely eliminate the aliasing error
in the polynomial functional space due to the existence of rational functions of
the polynomial approximations in the flux evaluations in Eq. (2.9), the consistent-
integration methods are able to effectively improve their robustness [97, 157]. Through

consistent-integration, both geometrically- and PDE-induced aliasing can be tackled.

In under-resolved simulations like implicit LES, a large proportion of energy is
distributed near or even beyond the Nyquist wavenumber [54, 51]. Thus, proper
dealiasing becomes crucial for stabilizing simulations. The consistent-integration is
tested in implicit LES simulations [157], which shows that it can maintain stable

simulations for DG of low-to-medium order (P < 5).

When simulating challenging compressible viscous flow configurations, especially
in the context of non-canonical problems typically found in industrial applications,
it is common to face under-resolution issues. In these cases, a portion of the

features characterizing the flow contains scales that are smaller than the grid Nyquist
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wavenumber [54, 51] and thus cannot be captured by the numerical methods. In
order to correctly reflect the physics without resolving all the scales, there are two
approaches to model the sub-grid scale (SGS) contributions: (i) explicit filtering and
SGS modelling and (ii) implicit LES SGS modelling approaches [4, 61]. The first
explicitly filters out the SGS waves and uses a SGS model to recover the physical
mechanisms of the under-resolved scales in turbulence simulations [76]. The second
relies on the numerical schemes to filter the under-resolved scales and to reflect the
influence of SGS to large scales [127], which is often referred to as under-resolved

DNS (uDNS) or implicit LES (iLES)(see e.g. [105, 104, 51]).

The use of the underlying numerics as an implicit sub-grid scale model offers
some advantages over more traditional explicit LES modelling techniques. Firstly,
it does not require complex SGS models [127]. Secondly, explicit LES models are
commonly expensive, thereby allowing a lower number of degrees of freedom per
given computational resources than implicit LES techniques. Therefore, by using
implicit LES techniques, the turbulence physics can be more accurately captured
for a broader range of scales by using a higher grid resolution. And finally, the
development of an explicit filter itself is not straightforward on complex unstructured
meshes, which also relies on the dissipation and dispersion properties of the numerics
just as the implicit modelling. In addition, the widths of the explicit filters are
usually larger than those of the implicit filter provided by the numerical schemes to
avoid the numerical errors from influencing the explicit SGS model. This in turn

makes the difference of effective resolution between implicit and explicit LES larger.

In the compressible flow solver, the implicit SGS modelling strategy is used
for under-resolved turbulence simulations. Three important aspects of numerical

methods have been studied to construct an effective implicit SGS modelling;:
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« Stability of under-resolved simulations. Ensuring stability is the prerequisite

for successive LES simulations. As stated above, using consistent-integration is
effective in solving the instability problems arising from aliasing error. It was
also revealed that using Roe-like numerical fluxes can prevent over-upwinding
and thus avoid energy pileups near Nyquist wavenumber [157, 98], which is a

sign of insufficient de-aliasing.

Equivalent filtering width of the numerical scheme. Accurately estimating the
equivalent filtering width of the numerical scheme is important in maintaining
the SGS cutoff is located in the inertial sub-range. In [105], a 1% threshold
(also referred to as 1% rule [105]) is a good estimate of the scale where the
dissipation in the energy spectral is significant. Thus, it is possible to define
equivalent Gaussian filters of different numerical schemes. Combining with the
hp-space tuning, desired dispersion and dissipation properties can be achieved

to filter out the SGS waves in the inertial sub-range.

Similarity to physics-based SGS models. The dispersion and dissipation prop-
erties of DG methods are shown to mimic some explicit SGS models [38]. This
is mainly because of the low dispersion error and the sharp dissipation concen-
trated near the Nyquist wavenumber [54, 51]. Although a non-modal analysis
shows that the dissipation may not be sufficient in highly under-resolved simu-
lations for the hybridized DG method with P > 4 [51], the DG methods based
iLES has been shown to give good predictions of turbulent flows [10, 38, 52],
which are no worse than those of the state-of-the-art explicit LES simulations

38, 52].

It should be pointed out that a better knowledge of the dispersion and dissipation

properties of the numerical discretization as well as their relation to the physical
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SGS models also allows better explicit LES modelling, as one can ensure that the
explicit filter width adopted is well separated from the Nyquist wavenumber [54, 51]

provided by the numerics.

6.2 Taylor-Green vortex

The detailed computational settings for this case have been provided in Section 5.4.3
and will not repeat here. The value 2ue/p, where € is the enstrophy, is a good estimate
of the energy dissipation rate at the incompressible limit [39]. Fig. 6.1a displays
evolution curves of 2ue/p obtained with 323 meshes and using resolutions at different
polynomial orders. Dealiasing via consistent integration with 3(P + 1)/2 quadrature
points in each spatial direction [157] is used in the under-resolved simulations of the
TGV. The curves gradually tend to the DNS result [39] as the resolution increases,
which shows the implicit solver can correctly resolve the main flow phenomena. All
these simulations are run using SDIRK2 with a CFL, smaller than 2.5. The details
of the implicit solver and their comparisons with ERK2 scheme are presented in
Tab. 6.1. Although there is no grid stretching in this test case, the implicit solver can
still be as efficient as, or more efficient than, the explicit solver. Fig. 6.1b compares
results calculated using SDIRK2 with different time steps with the result obtained
with ERK2, which is very accurate in time because of the very small time step
used (CFL = 0.08). Three different time steps corresponding to CFL values of 0.05,
0.1 and 0.2 are used for SDIRK2. Although the corresponding temporal errors of
SDIRK?2 could change by 16 times for different time steps, all these results agree
quite well with the results of ERK2. This means the temporal error is very small for
the implicit solver. Given the large differences for different spatial resolutions, the

implicit solver with the current parameter choice is accurate enough in the sense that
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the error of the solution is dominated by the spatial error as discussed in Section 5.3.
Finally, Fig. 6.2 shows instantaneous vorticity distributions obtained using ERK2
and SDIRK2. They are in good agreement with each other which further verifies the

accuracy of the implicit solver.

Polynomial order P=2 P=3
Method ERK2 SDIRK?2 ERK?2 SDIRK?2
At 1.1 x 1073 0.1 6.1 x 1074 0.046
CFL 0.08 7.5 0.10 7.5
CFL. 2.6 x 1072 2.5 1.8 x 1072 1.4
CPU time(s) 0.41 12.8 0.74 42.3

Newton iterations

\ 4 \ 5
per RK stage
GMRES iterations
\ 3.7 \ 4.6
per Newton iteration
Speed-up 1.0 2.94 1.0 1.3

Table 6.1: Efficiency comparison between explicit and implicit time integration
schemes of TGV. All simulations are conducted using four HPC nodes, the information
of which is discussed in Section 4.2.

6.3 Flow over a circular cylinder at Re = 3900

Details of the simulation settings for this test case have been presented in Section 5.4.4.
As shown in Tab. 6.2, a value CFL = 40 is employed in the simulations. The CFL,
value is around 2.5 at this CFL number, which ensures the temporal accuracy of the
simulations. The corresponding time step is about 270 times larger than the explicit
one with CFL = 0.15. On average, the implicit solver converges using 3 Newton
iterations per implicit RK stage and 3.0 GMRES iterations per Newton iteration.
The implicit solver is 14.3 times faster than the explicit one. The P = 3 case is
also run for efficiency comparison and, as shown in Tab. 6.2, a speed-up of 12.2 is

achieved compared with the explicit solver. The seven-stage third-order low-storage
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Figure 6.1: Evolution of the dissipation rate in Taylor-Green vortex.
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Figure 6.2: Taylor-Green vortex case: Comparison of contours of surface normal
vorticity on the plane y = m at t = 8 calculated using ERK2 (red dashed lines) and
SDIRK2 with At = 0.1 (blue solid lines).

ERK scheme (ERK3-7) of Tab. A.15 of reference [138] is also compared, which runs
at a much larger CFL number (CFL = 0.6). The implicit solver is 11.5 times faster
than the ERK3-7 for the simulation with P = 2.

The influence of the Newton iteration tolerance « is also studied here. With
a=10"% a=10"% a=10"%and o = 1077, the CPU time normalized by CPU
time with o = 1072 is 1.0, 1.3, 1.6 and 1.7, respectively. One can adopt a smaller o

if needed at a cost of more CPU time as shown above.

The instantaneous and mean flow field are illustrated in Fig. 5.12 and Fig. 6.3,
respectively. The instantaneous Q-criteria [70] distribution in Fig. 5.12 clearly
shows the complex turbulent flow structures in the wake of the cylinder. The mean
streamwise velocity contour is shown in Fig. 6.3. The statistics is first averaged
by 5000 samples during the non-dimensional time interval of 50 and then further

averaged using 40 evenly spaced slices in the homogenous direction. The length of
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Polynomial order P=2 P=3
Method ERK2 ‘ SDIRK2 ERK?2 ‘ SDIRK2
At 3.5x107% | 1.0x 1072 || 1.56 x 10™® | 5.0 x 1073
CPU time(s) 2.1 42.0 3.8 100.3
CFL 0.15 40 0.15 48
CFL. 9.0 x 1073 2.5 6.0 x 1073 1.7
Newton iterations
\ 3 \ 3
per RK stage
GMRES iterations
\ 3.0 \ 3.3
per Newton iteration
Speed-up 1.0 14.3 1.0 12.2

Table 6.2: Efficiency comparison between explicit and implicit time integration
schemes of turbulent circular cylinder at Re = 3900. All simulations are conducted
using four HPC nodes, the information of which is discussed in Section 4.2.

the recirculation bubble, which is sensitive to the prediction accuracy, is evaluated to
be 1.49 in our simulation, while the experimental result reported in reference [114]
is 1.51. The mean velocity and velocity fluctuation distributions are quantitatively
compared with other experimental and numerical results [83, 114, 94] in Figs. 6.4
and 6.5. The mean velocities in Fig. 6.4 are in good agreement with the experimental
results of reference [114] on the streamwise and crossflow directions at least in the
wake region x < 2.5. Beyond the position x = 2.5 a clear discrepancy is seen in
Fig. 6.4a which could be due to a too quick mesh coarsening. The mean fluctuations

however coincide well with previous experimental and numerical results as seen in

Fig. 6.5.

6.4 Turbulent channel flow

The turbulent channel flow is used to assess the solver accuracy in implicit LES of
fully-developed turbulent boundary layer. The test case has been extensively studied

using DNS and LES [38, 50, 2, 102], which makes it suitable for validation. Driven
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Figure 6.3: Non-dimensional mean u velocity of turbulent flow over a circular
cylinder at Re = 3900.

by a body force, the flow between two flat plates is simulated with periodic boundary
conditions in the streamwise (z) and spanwise (z) directions. At a high enough
Reynolds number, the boundary layers near these flat plates become fully developed
turbulent boundary layers. The computation domain is [0, 27d] x [0,26] x [0, 7]
in the z, y and z directions, respectively, where § = 1 is used. A forcing vector
f =[0,pu2/6,0,0,0]” is added to the Navier-Stokes equations to sustain the flow at
a friction Reynolds number Re, = pu,d/u = 550 where u, is the friction velocity. To
mimic incompressible flow, a Mach number based on the mean centre-line velocity
is set to 0.1. The centre-line mean velocity is 21.0 x u, for Re, = 550, which is
known from existing DNS results [2]. The coarse, baseline and fine meshes, which
are provided by the 5th International Workshop on High-Order CFD Methods
(HiIOCFD5) website, are adopted for the P = 3 simulations. Two other similar
meshes are generated for the simulations with P = 2. The mesh information is

summarized in Tab. 6.3.

Fig. 6.6a shows the complex vortex structures in the fully-developed turbulent
flow using the Q-criteria, which is a good indicator of vortices structures [70]. The
mean streamwise velocity and mean turbulent fluctuation distributions are given in

Figs. 6.6b, 6.6c and 6.6d. The simulation results on fine meshes are in good agreement
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Figure 6.4: Mean streamwise and crossflow velocity distributions in the wake of the
circular cylinder. Kravchenko-LES in [83], Ma-DNS in [94], and Parnaudeau-LES,
Parnaudeau-Exp and Lourenco-Exp in [114].
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’ Order \ Mesh H Number of DoFs \ Number of elements \ Axt x Ayt Azt ‘

Fine 256 x 96 x 128 64 x 24 x 32 14.5x ~ 0.7 x 14.5

P =3 | Baseline 192 x 96 x 96 48 x 24 x 24 19.3x ~ 0.7 x 19.3
Coarse 128 x 96 x 64 32 x 24 x 16 29.0x ~ 0.7 x 29.0

pP_o Baseline 240 x 120 x 120 80 x 40 x 40 15.4x ~ 0.7 x 154
Coarse 156 x 120 x 78 52 x 40 x 26 23.7x ~ 0.7 x 23.7

Table 6.3: Meshes of turbulent channel flow simulations.

with the DNS results [2]. For the simulation with a coarse mesh, the discrepancy
is larger and there are obvious differences in the mean turbulent fluctuations. The
results with the baseline mesh are very close to the results of the fine mesh in the
viscous sub-layer and the buffer layer, but are in between the results of fine and
coarse meshes in the logarithmic area of the boundary layer. Fig. 6.7 compares the
results of P = 2 and P = 3 simulations with different DoFs, which are presented in
the legend. The result with P = 2 and 240 x 120 x 120 DoFs is in a good agreement
with the result with P = 3 and 128 x 96 x 64 DoFs, which means about 4.39 times
more DoFs are needed for the P = 2 scheme to give similar results to the P = 3
scheme. The computational time of the simulations is given in Tab. 6.4, which shows
that the P = 3 method is much more efficient in computational time to give results

of similar accuracy.

6.5 Summary

An implicit time integration method has been developed to accelerate the above
simulations. The computational efficiency is summarized in Tab. 6.4. In the TGV
test case, the implicit solver can only accelerate the simulations by fewer than 3 times
since there is no grid stretching. However, a speed-up from 8.0 to 14.7 is obtained

compared with the explicit solver in the unsteady simulations of turbulent channel
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Figure 6.6: Flow field, mean velocity and turbulent fluctuation distributions of

turbulent channel flow.
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Figure 6.7: Comparison of turbulent channel flow simulation results at Re, = 550
for different polynomial orders and mesh resolutions.
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flow and flow over a circular cylinder. The simulations of TGV and turbulent channel
flow with P = 2 and P = 3, which give similar results with different mesh resolutions,
are compared in CPU time. The overall efficiency is higher for simulations with

P = 3 than those with P = 2.

| Cases | Order | Elements | At | CPU time (s) | Speed-up |
P=2 64 x 64 x 64 | 5.1 x 1072 163.2 3.0
Taylor-Green —
P=3 32x32x32 | 4.6x10 42.3 1.2
P=2 80 x 40 x 40 | 2.0 x 1072 95.6 9.9
Channel —
P=3 32x24x16 | 1.2 x 10 7.2 8.0
| Cylinder | P=2 | 123360 |1.0x1072 | 42.0 I

Table 6.4: Summary of computational efficiency. All tests are ran using 48 cores.
The CPU time is the averaged time for one time step. The speed-up in the last
column is relative to the explicit solver with second-order Runge-Kutta scheme.



Chapter 7

Conclusions and future work

Section 7.1 presents some conclusions and highlights the main contributions of this
thesis. Section 7.2 proposes possible future work. Finally, a list of publications and

conference presentations is provided in Section 7.3.

7.1 Concluding remarks

An implicit flow solver for the compressible Navier-Stokes equations has been devel-
oped in Nektar++4 to improve simulation efficiency using singly diagonally implicit
Runge-Kutta and Jacobian-free Newton Krylov methods. To improve the efficiency, a
block relaxed Jacobi (BRJ) iterative preconditioner is proposed with hybrid analytical
and numerical methods for calculating the flux Jacobian matrices and a partially
matrix-free implementation. The implicit solver is designed and implemented in the
open-source framework of Nektar++ with verification tests. Based on this imple-
mentation, the problem of parameter choice is studied to improve the robustness of

the solver in various kinds of problems. At last, the developed solver is applied to
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iLES of compressible turbulent flows.

The main contributions of the thesis can be summarized as follows:

o An efficient block relaxed Jacobi (BRJ) iterative preconditioner has been
developed which speeds up the solver by about 3 times in stiff problems when
compared with the block-Jacobi (or block diagonal) preconditioner. The BRJ
preconditioner is constructed using a Jacobi iteration based on the diagonal
and off-diagonal blocks of the Jacobian matrix. The influences of different parts
of the Jacobian matrix on the preconditioning performance have been analyzed
and this analysis has shown that the diffusion flux Jacobian play an important
role in clustering the eigenspectra especially in stiff problems. Further this
analysis has highlighted that some terms of the diffusion flux Jacobian can
be neglected without obviously influencing the preconditioning effect. By
neglecting these terms and implementing the off-diagonal terms in a matrix-
free way, the memory consumption of the preconditioner is reduced by about
one order of magnitude compared with matrix-based implementations. Finally,
it has shown that the proposed BRJ preconditioner is low in computational
cost at least for P = 2 and P = 3, which enables the solver to use more

preconditioning iterations and achieve a larger speedup.

o An efficient implicit compressible flow solver has been implemented in the
open-source framework Nektar++ based on an existing explicit solver with DG
and LDG spatial schemes. The implicit solver not only extends the capabilities
of the Nektar+-+ framework but also provides a good candidate for unsteady
and steady compressible flow simulations to the open-source community. The
software design and implementation details have been described with emphasis

on providing a general pattern for the development of implicit solvers in
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Nektar++, which will be used as a template for developing new solvers based

on Nektar-++.

We have proposed an adaptive strategy for choosing time steps and Newton
convergence tolerances based on the idea of balancing the discretization errors
generated within one time step. This has been implemented in an implicit
DG high-order spectral/hp element solver. It maintains temporal accuracy in
the sense that the total error is dominated by the spatial error and further
decreasing the temporal and iterative error will not obviously improve the
results of the discrete PDE system, which is verified by numerical simulations
of isentropic vortex, Taylor-Green vortex and turbulent flow over a circular
cylinder. Moreover, this adaptive time step is a relatively efficient choice
because it avoids excessively small time steps and too conservative Newton
tolerances. Its efficiency is tested in a variety of steady-state and unsteady
problems, including isentropic vortex, Taylor-Green vortex, flat plate boundary
layer and turbulent flow over a circular cylinder. The adaptive methods in all
these tests are close to the most efficient one possibly with only a small overhead
partly due to extra costs in error estimating. This adaptive strategy performs
well in a variety of problems without the need of tuning the parameters or
requiring a priori knowledge of the flow properties, thus reducing the necessity
for user intervention. This feature will facilitate the development of automatic
CFD simulation pipelines in a variety of application areas such as, for instance,

shape optimization.

The developed implicit solver is applied to high-fidelity implicit LES of turbulent
flows. The results show that the implicit solver can improve the efficiency in
these simulations by up to one order of magnitude. It is more efficient in these

simulations to use higher-order (P = 3) methods. The results also illustrate
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that accurate turbulent predictions can be obtained using the implicit LES

strategy based on high-order spectral/hp element methods.

7.2 Future work

Further studies will focus on the following aspects:

o Exploring complete matriz-free preconditioning techniques to further reduce
memory consumptions. The BRJ preconditioner is currently implemented
partially matrix-free, which significantly reduces memory consumption and
computational cost of the preconditioner. However, as shown in Section 4.2, the
matrix-related costs grow very fast as the polynomial order increases. Therefore,
exploring completely matrix-free versions of the BRJ implementation offers
the promise to improve the performance of the implicit solver for higher-order

simulations.

o Developing more efficient preconditioners. The current BRJ preconditioner
is based on a simple Jacobi iteration, which is known to be effective for
damping high-frequency error but not for the low-frequency ones. Thus, it
cannot maintain a scale independent performance as the scale of the simulation
increases. Multigrid methods is on the contrary proved to be effective in
damping the low-frequency waves. Thus, incorporating the multigrid methods
with the current methods is one way worth exploring especially for larger scale

simulations.

o FEaxtending the solver to higher value of Ma. Up to now, we have mainly focused

on simulations without shocks. Studies on developing an implicit solver for
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7.3

1

transonic and supersonic simulations are being undertaken considering the high

nonlinearity and highly anisotropic properties of shocks.

Applying the developed solver in more complex flow simulations. The solver
has not only been verified in spatial and temporal accuracy but it has also
proved to be efficient for high fidelity simulations. The solver will be adopted
to study compressible flow problems, such as stability of transonic flows and

shock/boundary-layer interactions.

List of publications and conference presenta-

tions

| Zhen-Guo Yan, Yu Pan, Giacomo Castiglioni, Joaquim Peir, and Spencer
Sherwin. Development of efficient preconditioners for Newton-Krylov method
in spectral/hp element, DG compressible flow simulation. In STAM Conference
on Computational Science and Engineering (CSE19), Spokane, Washington,
USA, March 2019.

| Yu Pan, Zhen-Guo Yan, Joaquim Peir6, and Spencer Sherwin. Analysis
of accuracy and efficiency of implicit time integration schemes. In European
workshop on high order numerical methods for evolutionary PDEs: Theory

and applications (HONOM 2019), Madrid, Spain, April 2019.

| Zhen-Guo Yan, Yu Pan, Joaquim Peird, and Spencer Sherwin. Accelerating
spectral /hp element DG simulations using implicit time integration methods.
In European workshop on high order numerical methods for evolutionary PDEs:

Theory and applications (HONOM 2019), Madrid, Spain, April 2019.
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| Zhen-Guo Yan, Yu Pan, Joaquim Peir6, and Spencer Sherwin. Development
of implicit compressible flow solver in Nektar+4. In Nektar++ Workshop
2019, Exeter, UK, June 2019.

| Zhen-Guo Yan, Hui Xu, Yu Pan, Giacomo Castiglioni, Joaquim Peird,
and Spencer Sherwin. Development of an efficient DG solver for high-fidelity
simulations of compressible flows. In International Symposium on High Fidelity
Computational Methods and Applications (HiFiCOMA), Shanghai, China,
December 2019.

| Zhen-Guo Yan, Yu Pan, Giacomo Castiglioni, Koen Hillewaert, Joaquim
Peir6, David Moxey, and Spencer Sherwin. Nektar++: Design and implemen-
tation of an implicit, spectral /hp element, compressible flow solver using a
Jacobian-free Newton Krylov approach. Computers Mathematics with Appli-

cations, 81:351-372, January 2021.

| Yu Pan, Zhen-Guo Yan, Joaquim Peir6, and Spencer Sherwin. Development
of a balanced adaptive time-stepping strategy based on an implicit JFNK-
DG compressible flow solver. Communications on Applied Mathematics and

Computation, DOI : 10.1007/s42967-021-00138-1, 2021.
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of a balanced adaptive time-stepping strategy based on an implicit JENK-
DG compressible flow solver. In 3rd PRISM Workshop on Application of
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| Zhen-Guo Yan, Yu Pan, Joaquim Peir6, and Spencer Sherwin. Design of
an adaptive time-stepping by balancing discretization errors in an implicit

compressible flow solver. In International Conference on Spectral and High
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Order Methods 2020 (ICOSAHOM 2020), Vienna, Austria, 12th-16th July
2021.

[10 | Spencer Sherwin, Zhen-Guo Yan, Yu Pan, Ganlin Lyu, and Joaquim Peir6.
Development and application of a spectral/hp element, implicit compressible
solver using the JFNK approach. In 7th International Conference on Numerical
Methods for Hyperbolic Problems (Dedicated to the 75th birthday of Prof.
Eleuterio F. Toro OBE), Trento, Italy, 26-30 July 2021.



Appendix A

Butcher Tableau of ESDIRK

schemes

The coefficients of ESDIRK schemes adopted in this paper can be expressed in the
form of the general Butcher tableau shown in Tab. A.1 [84], where S and R = S + 1
are the number of stages for the main scheme and the embedded scheme. The
coefficients of the matrix A are sufficient to define the whole Butcher tableau since
C = Zf:ll a;j, b; = ag;, and ZA)Z = ap;. The last two relations indicate that the main
and the embedded schemes are both stiffly accurate. The diagonal coefficients are
given by a;; = 0 and a;; = ;i = 2,...,5 + 1. The coefficients of the matrix A for
the ESDIRK2, ESDIRK3 and ESDIRK4 schemes are presented in Tab. A.2, Tab. A.3

and Tab. A .4, respectively.
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0 0 0 0

Cy | a1 @ O ... ... 0

ol A .03 atﬂ axp, o 0 ... 0
bT :2 :

T Cs | as1 ase a 0

Cp|ar1 ar2 ... ... ... «

by cee ... b 0

Table A.1: General form of the Butcher tableau of the embedded ESDIRK. Here R
is shorthand for R = S + 1.
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Appendix B

Forcing terms of manufactured

compressible Poiseuille flow

The analytical solution of the manufactured compressible Poiseuille flow has already

been given in Eq. (4.5). The corresponding forcing terms are given by

0
Py(12— 6yL + 61>
0
fa
where
1 dp2 2 2
fi=s-— (L —y) (1-0(L* = 6yL + 6y%) — /(v — 1))
2 dv (B.2)
1 dP2 2 2 2
— — (L —2y)%(20yL — 20 1)2.
i ( y)~(20y y-+1)
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