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Abstract

The quantum simulation of quantum chemistry is often cited as one of the
most importantpotential uses for emergingquantumtechnology. Quantum
computing methods are expected to be able to perform full configuration
interaction level quantum chemistry calculations with tractable computa-
tional resource requirements. However, early quantum computers are likely
to be constrained in both the number of qubits available, and the number
of gates that can be performed. Implementing chemical algorithms on such
quantum devices will require algorithmic improvements.

In this thesis, two avenues for optimisation of the canonical method for the
simulationofquantumchemistry onquantumcomputers are discussed. The
Bravyi-Kitaev transformation is an alternative to the Jordan-Wigner trans-
formation, the canonical method ofmapping electronic states and operators
to states and operators of qubits. The resource implications of this trans-
formation scheme are assessed using a variety of chemical examples. Known
techniques for optimising quantum circuits for quantum chemistry are ap-
plied, and the implications for the use of the Bravyi-Kitaev transformation
are considered.

Trotterization– the use ofTrotter-Suzuki formulae to approximate the evol-
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ution operator for the molecular Hamiltonian – is discussed. In particu-
lar, ordering schemes designed to minimise the Trotter error are described.
Finally, the importance of Trotter ordering when using the Bravyi-Kitaev
transformation is considered.

The performance of either transformation scheme is found to be highly de-
pendent on the Trotter ordering and level of optimisation chosen. As such,
the relative merits of either transformation scheme are found to be not as
simple as previously thought, although inmost cases the Bravyi-Kitaev trans-
formation is found to be advantageous.

The relativemerits of bothmapping and ordering schemes are considered in
the context of performing quantum simulation of quantum chemistry on
real quantum devices. Particular focus is paid to molecular systems which
are intractable to classical computational simulation. The results emphasise
the need for thorough analysis of optimisation schemes, such that quantum
chemistry may indeed be a principal use of early quantum computation.
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1Introduction

1.1 Background

Computational chemistry is the use of computers to solve chemical prob-
lems. Numerical methods have long been used in chemistry to predict prop-
erties that may not be experimentally measurable, or validate theories which
aim to describe chemical systems. However, after the SecondWorldWar, the
rapid growth in the power of computing devices enabled such analysis on a
previously unprecedented scale. Modern computational chemistry is a vast
field, with myriad applications in both pure science and industry. To name
only a few: in pharmaceutical science, computational chemical methods are
used for the screening and optimisation of potential drugs.1 In petrochem-
istry and the chemical industry, computational methods are used for pro-
cess design.2 In environmental science, computational methods are used to
develop models of ecotoxicity and environmental processes.3 Several Nobel
prizes have been awarded in the discipline; of recent note is that of Karplus,
Levitt and Warshell in 2013, and that of Kohn and Pople in 1998.
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1. Introduction

Computational chemistry consists of a broad spectrum of methods. They
include the calculation of molecular geometric structure4,5, electronic struc-
ture and energetics6,7, spectroscopic data8–10, reactivity11,12, and chemical re-
action dynamics and kinetics13,14. As discussed below, there are a range of
approaches in the field, employing various degrees of abstraction away from
the quantum mechanical nature of chemistry. The focus here is on meth-
ods that do not involve the use of classical mechanics or empirical data. At
their core, these methods attempt to solve the Schrödinger equation for a
Hamiltonian describing a chemical system. In somemethods, this Hamilto-
nian only describes the state of the electrons in a molecule or system – these
methods fall under the scope of electronic structure theory. In other meth-
ods, further degrees of freedom may be considered. For instance, molecular
dynamical methods study the motion of atoms within molecules, typically
in order to simulate the dynamics of a chemical reaction.15

In all quantum chemical methods considered here, however, the initial start-
ing point is some form of electronic structure calculation.

1.1.1 Electronic structure theory

With the birth of quantum mechanics in the early 20th century, its applica-
tion to the study of chemistry was inevitable. In 1929, Paul Dirac wrote:

The underlying physical laws necessary for the mathematical
theory of a large part of physics and the whole of chemistry are
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1.1. Background

thus completely known, and the difficulty is only that the ex-
act application of these laws leads to equations much too com-
plicated to be soluble. It therefore becomes desirable that ap-
proximate practical methods of applying quantum mechanics
should be developed, which can lead to an explanation of the
main features of complex atomic systems without too much
computation. (Dirac 192916)

While this neglects a great deal of the complexity of applyingquantummech-
anical methods to chemistry, it astutely states that the details of all chemical
systems and reactions can – at least, provided one has access to a sufficiently
powerful computer – be determined from first principles. In other words,
suchdetails canbe ascertained through the solutionof the Schrödinger equa-
tion, given a Hamiltonian of interest. The class of methods which aim to
directly solve this equation are therefore referred to as ab initiomethods.

Provided sufficient computing power, these methods could theoretically be
used to study chemical systems of any size. However, in practice, the scaling
properties of most ab initio methods – the functional form of the increase
in computational difficulty associated with an increase in system size – can
make their application difficult for large systems. For example, the full con-
figuration interaction17 method – discussed below – incurs a computational
cost that scales exponentially with respect to the number of molecular or-
bitals considered, limiting its application to extremely small molecules. To
compensate for this, theoretical chemists have developed a vast array of al-
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1. Introduction

ternative methods.

Density functional theory (DFT) is often used to study larger systems18, due
to its comparatively low cost. Here, the expected energy of the system is de-
scribed using functionals of the electronic density, expressed as a function
of position. However, as there is no known analytic functional form for the
exchange interaction in terms of electronic density, approximation must be
involved, often using some form of semi-empirical approach.19,20

Similarly, other methods can be used to study even larger chemical systems.
Molecular mechanics can be used to simulate even proteins and other mac-
romolecules, consisting of potentially millions of atoms. In order to achieve
this, individual atomsor groups of atoms are treated as primitives. Quantum
mechanics is often neglected entirely, with interactions being described ac-
cording to purely Newtonian physics.

These methods have achieved a great deal of success in the simulation of
large chemical systems. However, they all involve some level of approxima-
tion away from the underlying quantummechanical nature of the electronic
structure problem, and often require the specification of some form of non-
fundamental empirical constants. Often, this makes ab initio methods bet-
ter suited to the study of systems where quantum mechanical phenomena
are important. Due to these constraints, there is no immediately intuitive
application of quantum computing to these classical or semiclassical tech-
niques.* Accordingly, this thesis instead focuses on ab initiomethods.

*Nonetheless, useful applications have been found, such as the use of quantum annealing
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1.1. Background

Ab initiomethods aim to ascertain the electronic wavefunctions of the mo-
lecular system, and their corresponding energies. Typically the ground state
is of most interest, but excited states can also be calculated. The properties
of the determined energetics and wavefunctions may provide useful chem-
ical information, and are often the first step in a more involved calculation.
For example, by varying molecular geometries and comparing ground state
energies, geometry optimisation can be performed to elucidate the structure
of molecules.

Themostbasic technique for tackling this problem is theHartree-Fockmethod.
As this is used in the work described in this thesis, the theory underpinning
it is discussed in Section 2.1.1. The original procedure was developed in 1927
byHartree.22 This procedure was later adapted by Fock23, and Slater24 to ac-
count for antisymmetrisation of electronicwavefunctions. In essence, the al-
gorithm uses an Ansatz molecular electronic wavefunction, represented by
a Slater determinant of single-particle wavefunctions, themselves represen-
ted by a linear combination of basis functions parametrised by real space.24

Electron-electron interactions are treated as interactions with a mean field,
and the variational principle is invoked. This allows the generation of a new
optimal set of coefficients for thebasis functions constituting the single-particle
wavefunctions, which in turn allows generation of new single-particle wave-
functions. This process is repeated until self-consistent.

This approach, whilst computationally inexpensive, is rarely considered to

to aid in the study of protein folding.21
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1. Introduction

yieldquantitatively accurate results in contrast toothermethodsofquantum
chemistry. The use of a single Slater determinant excludes a vast swathe of
the true state space, and electronic correlation is only taken into considera-
tion through antisymmetrisation - i.e. electrons are considered uncorrelated
other than to the extent required by the Pauli principle. This leads to con-
sistent overestimates of the ground state energy. The approach is particularly
weak when multiple Slater determinants are degenerate, or nearly degener-
ate. This is particularly troublesome when studying strongly correlated sys-
tems.

A variety of post Hartree-Fock methods exist in quantum chemistry to deal
with this problem. Perturbation theory, first applied in this context in 1934
byMøller and Plesset is often used25–27. Formore accurate results, the whole
electronic Hamiltonian is considered; but truncated so as to eliminate terms
which involvemultiple levels of excitation away fromtheHartree-Fock ground
state. This approach is the configuration interactionmethod. The inclusion
of higher levels of excitation terms (singles, doubles, triples and so on) de-
terministically results in better energy estimates, although with an increase
in computational cost that grows exponentially with the level of excitation
considered.

A key problem with this approach is that truncation of the configuration
interactionHamiltonian results in a loss of size consistency. For size consist-
ency to hold, the energy of particles at sufficiently large distance to be treated
as non-interacting should be the sumof the independent energies of the con-
stituent particles. As truncated configuration interaction inherently permits
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1.1. Background

terms which include the excitation of such individual particles but neglects
the excitation of all individual particles to the same level, this property is
not obeyed for truncated configuration interaction.28 This has obvious con-
sequences when studying systems of multiple molecules (for instance, when
generating the potential energy surface of a reaction), but also in the study of
large molecules, as coupling between highly spatially separated components
may be overestimated.

To compensate for this, a typical approach is the coupled cluster method,
wherein the initial wavefunction is acted upon by a truncation of the cluster
operator, being a weighted sum of excitation operators. This maintains size
consistency while still enabling truncation based on level of excitation. The
CCSD(T) level29 – including single and double excitations, with triples be-
ing treated peturbatively – is often considered to be the “gold standard” of
quantum chemistry.30

These methods have achieved ubiquity through their ability to generate ac-
curate results using existing classical computational resources. However, str-
ong limitations still exist, particularly when using electronic structure the-
ory as starting point for further calculations. Small relative errors in pre-
dicted ground state energy obtained by the above techniques can easily be-
come large relative errors when considering energy differences – for instance,
if calculating the barrier height of a reaction. When predicting rate constants
for reactions, such barrier heights are usually exponentiated, potentially res-
ulting in catastrophic error effects.15
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1. Introduction

The full configuration interaction17 method is the configuration interaction
method, but with no truncation applied. Conceptually, this technique is
extremely simple. One generates the full electronic Hamiltonian, and diag-
onalises it. As no terms are dropped from the Hamiltonian (and the space
on which it acts is not reduced) *, this technique is exact to within Born-
Oppenheimer and non-relativistic approximations, and to within the con-
straint of using a finite basis set to express electronic wavefunctions. How-
ever, the dimension of the Fock space on which the Hamiltonian acts grows
exponentially with respect to the number of orbitals considered. To describe
the full electronic Hamiltonian using this method requires storing matrices
of a size that scales exponentially. While this storage requirement can be cir-
cumvented – for instance, by generatingmatrix elements “on the fly” – there
is noway to avoid the exponential computational cost of this algorithm. This
makes the procedure intractable for all but the smallest systems, limiting its
main application to benchmarking other methods.

1.1.2 Quantum computing

While the use of computers to perform simulation of quantum mechanical
systems stretches back to the 1950s31, the idea of using quantum mechanical
systems to perform computation has a more recent history. Feynman, in his
1959 speech There’s Plenty of Room at the Bottom, referred (in a context of

*Asimple optimisation is to reduce theFock space to the subspacewith the correct number
of electrons. While this substantially reduces the overhead, it does not eliminate the
problematic scaling of the algorithm.
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miniaturisation) to the possibilities that the quantum mechanical nature of
small systems could present.32 However, it was not until 1979 that this was
made concrete by Beinoff, who developed a quantum mechanical model of
a Turing machine.33 In 1985, Deutsch described a framework for a univer-
sal quantum computer34, and demonstrated that such a device could solve a
toy classical problem faster than a classical computer. The demonstration of
quantum speed-up for useful tasks – prime factorisation of large numbers,
for example35, soon followed.

A quantum computer is a device which performs computations using qubits
– quantum mechanical analogues of classical bits.36 Whereas classical bits
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1. Introduction

can take state values of either 0 or 1, qubits can exist as superpositions of
|0〉 and |1〉 states, i.e. |ψ〉 = α |0〉 + β |1〉. These states can be represented
as points on the Bloch sphere, shown in Figure 1.1. A system of N qubits
can then exist in a superposition of 2N basis states, |n〉. Similar to classical
computation, operations whichmanipulate the state of qubits are described
as quantum gates and are analogous to classical logic gates. A sequence of
quantum gates, intended to perform a computational task, is referred to as a
quantum circuit.

Classical bits can be stored in a variety of ways – for instance, as two levels
of current in a circuit, or two different charge levels of a capacitor. Simil-
arly, in principle, any two-level quantum system can be used to store a qubit.
For example, the two spin states of a fermion or the horizontal and vertical
polarisation states of a single photon could be used. However, a number of
experimental difficulties make finding an appropriate system difficult. The
DiVincenzo criteria37 describe the properties which a quantum computing
architecture must obtain in order to be experimentally practical. Among
these are the requirement that thequbitsmust haveonly twoeasily-accessible
states, and that the decoherence of the system – the tendency of an arbitrary
superposition state to transform into a mixed state – must be appropriately
slow as to allow computation.

A plethora of experimental approaches have been proposed and implemen-
ted to this end. To name only a few, these include devices using trapped
ions38, photonics39, nuclear spin40, quantumdots41, andNVcentres42. Twenty
years of experimental progress has conclusively demonstrated that the de-
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1.1. Background

velopment of a device which scales to large numbers of qubits is a difficult
task. However, recently, it has been suggested that the creation of supercon-
ducting devices manipulating up to 50 qubits is plausible within even five
years.43,44 Such devices are rapidly approaching the realm where it may be
possible to solve problems that are classically intractable.44,45

With regards to establishing the value of quantum computing, two major
breakthroughs are necessary. The first, clearly, is the demonstration of a
quantum device performing some computational task of which a classical
computer is incapable. It has been argued46 that devices will demonstrate
this capacity in the near future. However, while such a demonstrationwould
show that quantum devices are capable of performing otherwise impossible
feats, itwouldnotdemonstrate that they couldperformuseful procedures.*

For this task, itwill be necessary to performauseful algorithm in awaywhich
is faster than any conceivable classical computer. This is inherently a more
difficult task, as it precludes the construction of algorithms specifically de-
signed to demonstrate a quantum improvement. In the near future, any
such demonstration will be constrained by extremely limited resources. As
such, any algorithm intended to serve such a task will require as low an over-
head as possible, thus necessitating the optimisation of algorithms and simu-
lationprocedures, such that the available resources canbeusedwithmaximal
efficiency in the near future. This fact motivates the work described in this
thesis.
*It could, of course, be argued that such a demonstration is useful in and of itself, but for

the sake of brevity we will ignore these philosophical quandaries here.
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1. Introduction

Quantum computing has garnered a great deal of media attention due to
Shor’s algorithm – that is, the ability to efficiently factorise, and the con-
sequent breaking of RSA cryptography. However, it is well known that the
quantum computational resources required for this task are colossal in com-
parison to other expected benefits.47 A perhaps less nihilistic example of the
use of quantum computing is in the simulation of quantum systems.

1.2 Quantum computing and chemistry

As quantum devices fundamentally rely on quantummechanics, it is intuit-
ive that they may not be constrained by difficulties that classical computers
face when simulating quantum systems. In a 1981 lecture, Richard Feynman
stated:

‘[...] nature isn’t classical, dammit, and if you want to make a simulation of
nature, you’d better make it quantum mechanical, and by golly it’s a won-
derful problem, because it doesn’t look so easy.’ (Feynman 198148)

This argumentwould later be proven correct by Lloyd49, who demonstrated
that quantum systems can be efficiently simulated by quantum computers
through what would later become known as the phase estimation algorithm.
In 1999, Abrams and Lloyd50 developed a scheme for the simulation of fer-
mions in a first-quantised representation, and generated a scheme to sim-
ulate the Hubbard model in a second-quantised representation. This led
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to the development of a quantum algorithm for the explicit simulation of
quantum chemistry in a second-quantised representation byAspuru-Guzik,
Dutoi, Love and Head-Gordon.51

In the full configuration interaction limit, these algorithms allow for an ex-
ponential speed-up over the simulation of quantum chemistry on classical
computers. Obtaining exact full configuration interaction electronic ground
state energies on a classical computer is intractable for large systems – on the
order of hundreds of molecular orbitals, the resources required exceed the
number of atoms in the observable universe. However, on a quantumdevice
this can be done at polynomial cost, provided a suitable approximation to
the ground state can be prepared on the quantum device.

The implications of this could have a dramatic impact on how quantum
chemistry is performed.52 It is extremelyunlikely that classical computerswill
become redundant for quantum chemistry in anything but the far future,
as classical computing methods will remain more practical in many circum-
stances. However, quantum devices are rapidly becoming larger and more
stable.43,44 Their use in performing extremely accurate electronic structure
calculations could becomepivotal in providing the last fewdigits of precision
required to enable computational studies of reaction properties, in systems
that are otherwise difficult to simulate. Reiher, Wiebe, Svore, Wecker and
Troyer45 estimate that a 142 logical qubit device performing one gate every
10 ns could determine the full configuration interaction energy of a FeMoco
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cofactor *in less than a month of runtime at a precision of ±0.1mH . This
may initially appear unexciting; however, to perform a full configuration
interaction calculation using direct diagonalisation on a classical computer,
would require the storage of matrices with a number of elements only a few
orders of magnitude shy of the number of atoms in the milky way. While
this example is somewhat contrived, andmore advanced alternatives todirect
diagonalisation approaches exist17,54, these inherently retain the same prob-
lematic scaling or introduce additional approximation. It is for these reas-
ons that the simulation of quantum chemistry is sometimes (perhaps over-
exuberantly) referred to as one of quantum computing’s “killer apps”.55

Althoughwedonotdwell on themhere, a cornucopia ofquantumalgorithms
to address various chemical tasks have been developed, including the determ-
ination of energy spectra51, reaction rates45,56,57, and reaction dynamics58.

1.2.1 Experimental demonstrations

While theoretical predictions regarding the capabilities of quantumcomput-
ing for quantumchemistry are useful to assess the practicality of the task, real
experimental demonstrationswouldbemore conclusive. Unfortunately, this

*Being the primary cofactor of the nitrogenaeses, the enzymes which are biologically re-
sponsible for the conversion of nitrogen into ammonia. A great deal of debate and un-
certainty exists as to much of the details regarding the mechanism of this process. Par-
ticularly, it would be desirable to understand how this process occurs at atmospheric
temperature and pressure, in contrast to the requirements of the Haber process. For
context, the Haber process consumes approximately 1-2% of the entirety of the world’s
energy production.53
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task requires the (extremely difficult, as discussed above) development of re-
liable quantum devices. To date, the experimental demonstration of a simu-
lation that could not be performed on a classical device has not been conduc-
ted. However, quantum chemistry is rapidly becoming an important choice
of example calculation for the testing of new quantum devices.59–63

The first experimental demonstrationof thequantumsimulationofquantum
chemistry was performed by Lanyon et al.59 in 2010. This used an optical
device to simulate the energy of the hydrogen molecule in a minimal basis,
achieving a precision of 20 bits of the full configuration interaction energy.
This was shortly followed by similar demonstrations usingNMR60 and dia-
mond NV centres61. These simulations represent important milestones of
experimental progress; however, they relied on the block diagonal nature
of the hydrogen Hamiltonian – thus assuming that the Hamiltonian in full
had already been described outside the quantum device. As this cannot be
assumed for large systems, these approaches were not algorithmically scal-
able.

The first algorithmically scalable demonstration of quantum simulation of
quantumchemistry– that is, involvingno classical computational stepswhich
scale intractably – was reported by O’Malley, Babbush et al. in 201662, to
which some of the work described in Chapter 6 contributed. This used a su-
perconducting device to again simulate the energetics of the hydrogen mo-
lecule in a minimal basis, and was the first algorithmically scalable demon-
stration of the entire procedure. Unfortunately, due to the difficulty of the
task, their attempts were limited to a relatively short circuit, and thus their
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implementation of the phase estimation algorithm did not achieve chemical
accuracy (±1 kcal/mol). Their implementation of the variational quantum
eigensolver (discussed in Section 1.2.2) did, however, achieve this, and in com-
bination these efforts represented another important step in the experimental
demonstration of the quantum simulation of quantum chemistry.

In light of thehigh computational requirements of thismethod, experimental
demonstrations have largely moved in favour of the use of hybrid quantum-
classical schemes such as the variational quantum eigensolver64, briefly dis-
cussed below. This was first experimentally implemented in a photonic sys-
tembyPeruzzo et al. in 2014.65 This algorithm,which is substantially cheaper
than the canonical scheme in terms of quantum resources, allowed for the re-
cent calculation of the ground state energy of beryllium hydride by Kandala
et al.63, the largest quantum simulation of quantum chemistry performed
to date. While these systems are very small in comparison to those typically
studied by quantum chemists on classical computers, the rapid rate of pro-
gress combined with the large-scale chips discussed above are extremely en-
couraging for the prospect of experimental quantumquantum chemistry.

1.2.2 Alternative schemes

Thework presented here focussed on assessing improvements to the second-
quantised, Trotterization based scheme of Aspuru-Guzik, Dutoi, Love and
Head-Gordon51, the theory of which is discussed in Chapter 2. However,
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other schemes for the quantum simulation of quantum chemistry have been
developed. We discuss some of these here for context.

Asmentioned above, the variational quantum eigensolver algorithm is an at-
tractive alternative to full phase-estimation based schemes.64–66 As in many
classical computational schemes, this involves the specification of a paramet-
rised Ansatz state. The expectation value of the Hamiltonian is measured,
and the state re-parametrised. This process is optimised variationally until
self-consistency is achieved. The final result is a variational estimate of the
true eigenvalue.

This procedure is one adopted by many schemes when using classical com-
puters. However, on a quantumdevice, it is possible to use a unitary form of
the coupled-cluster ansatz, as this can be prepared by standard unitary evol-
ution. This is known to yield strictly superior results to canonical coupled-
cluster theory, but is classically intractable, as unlike typical coupled-cluster
schemes it cannot be truncated based on level of excitation.67

In contrast to the gate-model paradigmdiscussedwithin this thesis, other ap-
proaches to quantum computing have been applied to chemistry. A native
algorithm for the electronic structure problemon adiabatic quantumdevices
has been developed68 and improved upon69. While these two paradigms are
mutually emulable in polynomial time70, it is nonetheless useful to have a
native algorithm so as to reduce overheads. Approaches removing the neces-
sity for Trotterization (the use of Trotter-Suzuki approximations to approx-
imate evolution operators, discussed in Chapter 2) have been proposed, for
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instance by using a truncated Taylor expansion.71 Similarly, methods which
exploit the sparsity of the configuration interactionmatrix (discussed in Sec-
tion 1.1.1) have been developed.72,73

Another alternative is the use of first-quantised schemes. Here, physical po-
sition space is discretised as a grid. The electronic wavefunction in the po-
sition representation is then stored in the state of the qubits. The effect of
this Hamiltonian can be simulated by unitarily evolving the qubits through
the propagator corresponding to themolecularHamiltonian, approximated
using the split operator method of Zalka74. This splits the first quantised
Hamiltonian into components diagonal in theposition andmomentumbases.
Each is simulated, and the quantum Fourier transform appropriately per-
formed such that the qubits hold the correct representation. This approach
has been extensively theoretically studied, although experimental demon-
strations have not taken this approach.58,75 In contrast to the canonical al-
gorithmdiscussed inChapter 2, an attractive aspect of this technique is its su-
perior asymptotic scaling with regards to the number of orbitals considered,
which is encouraging in the context of large quantum devices. However, the
qubit cost of discretising real space is extremely large, possibly limiting the
use of this technique in the immediate future.

1.2.3 Resource estimates and algorithmic improvements

Although the use of quantum computing for quantum chemistry shows a
great deal of promise, it is clear that algorithmic advances are necessary toper-
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form real simulations in the future. In 2013, Wecker, Bauer, Clark, Hastings
andTroyer76 concluded that despite the superior scaling properties, the large
overheads of the standard algorithms of the time would result in prohibit-
ively high runtimes for simulations involving approximately 100 qubits.

Later estimates by Poulin, Hastings, Wecker, Wiebe, Doherty and Troyer
were more optimistic. Here, real molecular data was used in comparison to
the random Hamiltonians generated in previous attempts. When using real
molecular Hamiltonians, the scaling of the resources required for a chemic-
ally accurate simulation was substantially more optimistic than when using
randomHamiltonians.77 This emphasised the importance of using real mo-
lecular data to characterise the efficiency of algorithms. Nonetheless, they
still concluded that algorithmic improvements will be necessary to perform
quantum chemistry algorithms on real devices.

Restricting attention toTrotterized phase estimation circuits, many schemes
for optimising circuits have been proposed. The Bravyi-Kitaev mapping is a
method ofmapping electronic states and operations to states and operations
of anduponqubits, which scales asymptotically superiorly to canonical tech-
niques.78–80 This was first studied in a chemical context by Seeley, Richard
and Love, who examined its resource implications for the simulation of the
hydrogen molecule in a minimal basis.79 However, prior to the work dis-
cussed in this thesis, no large-scale assessment of its resource implication on
optimised circuits had been performed. Such an assessment is reported in
Chapter 5.
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Hastings, Wecker, Bauer and Troyer report a scheme involving the cancel-
lation of duplicate gate sequences, and the use of ancillas to more easily de-
termine parities. We consider these schemes in interaction with the Bravyi-
Kitaev mapping in Chapter 5. Schemes have been developed for the use of
multi-resolution Trotterization, wherein terms are simulated with differing
numbers of Trotter steps, depending on the importance of the term.77,81

More recently, the Bravyi-Kitaev superfast mapping82 (not to be confused
with the ordinarily fast Bravyi-Kitaev mapping discussed in Chapter 4) has
obtained low Trotter error estimates in the simulation of molecular hydro-
gen.

Quantum simulation of quantum chemistry is a rapidly developing field,
with a great deal of both theoretical and experimental progress made in the
last decade. New quantum devices are rapidly approaching the realm where
classically intractable calculationsmay be possible. To reach these auspicious
heights, highly optimised algorithms will be necessary. In this thesis, two
avenues for optimisation are discussed. Chapters 2 and 3 discuss the the-
ory underpinning the quantum simulation of quantum chemistry and the
technical implementation of our code respectively. Chapter 4 discusses the
theory of the Bravyi-Kitaev mapping, with our work on quantifying its re-
source implications when studying a variety of molecular systems discussed
in Chapter 5. Finally, in Chapter 6, we discuss ordering schemes for Trotter-
Suzuki approximants, and the search for such a scheme that minimises the
error incurred in their use.
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2Theoretical Overview

The ultimate aim is to solve the electronic structure theory problem for a
specified molecule or chemical system – that is, to find the eigenstates and
energies of the electronicHamiltonian. As discussed above, we take a second
quantised approach, to avoid the large qubit requirements of maintaining a
real space representation of the wavefunction. In order to achieve this, we
require a set of basis single-particle spin-orbitals. The states in which these
are occupied according to a set of occupation numbers oi then form a Fock
space, which represents the space of possible electronic wavefunctions.

The electronic Hamiltonian can then be described using creation and anni-
hilation operators acting upon this space. Specifically, provided such a basis,
the electronic Hamiltonian is given by:

Ĥ =
∑
i,j
hija†i aj +

1
2

∑
i,j,k,l

hijkla†i a
†
j akal . (2.0.0.1)

Here, the first summation corresponds toone electron terms,with the second
summation corresponding to the two electron interaction terms. a†i and ai
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are creation and annihilation operators acting on the basis one particle spin-
orbitals. hij and hijlk are integrals over real space, discussed in Section 2.2.

The problem is thus to find the eigenstates and eigenvalues of this Hamilto-
nian. This task involves several steps, summarised by Figure 2.1. In both
quantum and classical computational methodologies, an appropriate basis
set must be chosen to describe the electronic states. We discuss this task in
Section 2.1.

Following this, the hij and hijkl integrals of eqn. (2.0.0.1) must be generated.
In principle, eqn. (2.0.0.1) suggests that the number of these scales quartic-
ally with the number of spin-orbitals. Although potentially expensive, this
scaling can be reduced by consideration of symmetry. Regardless, as it is
polynomial, this step is considered classically tractable and, in the current
scheme, treated as a classically computable preprocessing step. We remark
on a number of subtleties which must be considered in Section 2.2. Having
generated the required integrals, a full configuration interaction calculation
on a classical computer is a matter of forming a matrix representation of the
Hamiltonian and diagonalising it to find eigenstates and eigenvalues. While
this is conceptually simple, the exponential growth of the size of the Fock
space makes this intractable for systems of any reasonable size.

On a quantum device, as a 2N dimensional Fock space can be represented
usingN qubits, we do not encounter this problem. Here, wemust first find
a representation of the states upon which the Hamiltonian acts in terms of
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Figure 2.1.:
Procedures involved in a elec-
tronic structure calculation.
The left hand side depicts
a calculation on a classical
computer, the right hand
side depicts a calculation
on a quantum device. Blue
ovals denote steps performed
on a classical computer.
Red rounded rectangles
denote preprocessing steps
in the quantum algorithm
performed on a classical
computer. Yellow rectangles
denote steps performed on
the quantum device.
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states of qubits. Similarly, wemust find a representationof the electronic cre-
ation and annihilationoperators, in termsof operators actingonqubits. The
canonical scheme for this mapping procedure is the Jordan-Wigner trans-
formation, whichwe review in Section 2.3. An alternative is theBravyi-Kitaev
transformation, which we discuss in Chapter 4. Having obtained a repres-
entation of electronic states and the component operators of the electronic
Hamiltonian in terms of states of and circuits acting upon qubits, a circuit
which simulates the action of the Hamiltonian can be generated.

In order to obtain ground state energies from this qubit Hamiltonian, a
phase estimation algorithm can be performed in order to determine the ei-
genvalue and thus the electronic energy. However, in order to do this, a cir-
cuit describing the unitary evolution operator of the Hamiltonian must be
found. In the canonical scheme, this involves the use of a Trotter-Suzuki
approximation. We discuss this in Section 2.4.

Thus far, the procedure has been entirely classical, intended to describe the
steps which must be taken on a quantum device. The ground state of the
system would now be prepared on a quantum computer, as described in
Section 2.5.1. While on a classical computer this would require knowledge
of the ground state itself (and thus be self-defeating), a number of methods
are available to circumvent this requirement on a quantum computer.

Finally, with a circuit that describes theTrotterized evolution operator of the
system, and the ground state prepared on the quantum device, we can im-
plement a phase estimation algorithm (considered in Section 2.5) to obtain
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the ground state energy of the system.

Each of these algorithmic stages contains potential for optimisation in terms
of the quantum resources required. Although this thesis focusses on map-
ping schemes andTrotterization, it is important to consider these stageswithin
the context of the entire algorithm. As such, we discuss each stage in this pro-
cess sequentially.

2.1 Basis sets

The initial process involved in the algorithm is the choice of basis of spin-
orbitals to describe the system. This is a problem very familiar to quantum
chemistry performed on classical devices, where the choice of basis set is cru-
cial to appropriately describe the system while minimising computational
cost. While the use of plane wave basis functions is common in condensed
matter physics and when using a density functional approach83, for ab ini-
tiomethods in chemistry thesemost commonly take the form of approxima-
tions to atomic orbitals, asmolecular orbitals canbewell describedby a linear
combination of such.

However, while an exact analytic form for such atomic orbitals can be ob-
tained forhydrogen-like atoms, finding adescriptionof themforother atoms
is non-trivial. One approach would be to numerically diagonalise the lone
atomic electronic Hamiltonian over a real space grid, and use a subset of the
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resulting numerical atomic orbitals to serve as a basis for further calculations.
However, while this approach is taken in some cases84, an approach which
maintains an analytic description is typically preferred, as this substantially
reduces computational cost.

Physically, it is intuitive to choose a basis set which replicates the structure of
analytic hydrogen-like atomic orbitals. The class of orbitals known as Slater-
type orbitals can be chosen for this task. The 1s orbital in this scheme is given
by

χ1s
(
ζ, r − RA

)
=

(
ζ3

π

) 1/2
exp

(
−ζ |r − RA |

)
, (2.1.0.1)

whereRA is the nuclear position and ζ is the Slater orbital exponent, related
to the effective post-screening charge of the nucleus. Functionally, this rep-
licates the form of the hydrogenic 1s orbital. Higher orbitals are a product of
radial functions of this form and the appropriate spherical harmonic. While
we do not consider examples of higher orbitals here, it should be noted that
these orbitals exhibit exponential decay at large distances from thenucleus, as
required. Being intended to replicate the form of the (analytically derivable)
hydrogenic orbitals, these orbitals arguably provide the most physical ana-
lytic choice of basis, and in an ideal world would be preferred in most cases.
However, the integrals that give the coefficients of the electronic Hamilto-
nian cannot be computed analytically for these hydrogenic orbitals.

As such, the most commonly encountered form of atomic orbitals are the
Gaussian-type orbitals. These use Gaussian functions as their primary form.
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Specifically, in contrast to eqn. (2.1.0.1), the Gaussian-type 1s orbital is given
by

χ1s (α, r − RA) =
(
2α
π

) 3/4
exp

(
−α |r − RA |2

)
, (2.1.0.2)

where α is the Gaussian orbital exponent, analogous to the Slater orbital ex-
ponent. Similar to Slater-type orbitals, angular components simply consist
of spherical harmonics. These differ from the Slater-type orbitals in two im-
portant ways. Firstly, they have zero slope at the nuclear centre, leading to a
poor description at low radial distances. Secondly, they decay substantially
more rapidly at large distance from the nuclear centre. These two factors res-
ult in a weaker description of the electronic wavefunction than through the
use of Slater-type orbitals. However, as they consist of Gaussian functions,
a variety of useful identities exist to simplify the calculation of the necessary
integrals. This dramatically reduces the computational cost of simulation.

Rather thanusing these orbitals directly, it is instead typical that a linear com-
bination ofGaussian-type orbitals are used. By tweaking the parameters and
coefficients of each orbital, a functional form can be generated which better
approximates the physical reality. Crucially, these parameters are fixed in ad-
vance of the desired electronic structure calculation. This allows for phys-
ically grounded atomic orbitals to be used without sacrificing the computa-
tional advantage of using Gaussian functions.

Assigning a certain number of these composite Gaussian functions to each
atom generates a set of basis functions, a linear combination of which will
describe themolecular orbitals of the system. Generally, themore basis func-
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tions that are used, the more accurate a simulation will be, as there is greater
flexibility for the optimisation procedure. However, this comes at a com-
mensurate cost that increases with the number of functions.

Many types of basis sets that include various types of contracted Gaussian-
type orbitals have been developed. A minimal example is the STO-nG fam-
ily, whereby n Gaussian primitives are used to approximate a single Slater-
type orbital. Each atom is assigned a number of these pseudo-Slater-type
orbitals corresponding to the number of occupied orbitals in the noble gas
atom corresponding to the period of the atom in question – one for H and
He, five for Li to Ne, nine for Na to Ar, and so on. These orbitals are purely
spatial, with no spin component, and thus can be doubly occupied. As an
example, the study of CH4 using an STO-3G basis involves nine pseudo-
Slater-type orbitals (five from the carbon atom and one from each hydrogen
atom), each comprised of a linear combination of three Gaussian primitives,
with fixed coefficients. Although these minimal basis sets are typically too
small to yield numerical results sufficiently accurate for chemical purposes,
we use them extensively in the course of this project. This is to minimise the
computational cost of the procedures, which would otherwise rapidly be-
come infeasible. As the focus here is on characterising the cost of quantum
algorithms, rather than obtaining novel quantitative computational chem-
istry predictions, this trade-off is not considered to be a substantial factor.

In molecular systems, core orbitals are typically expected to closely resemble
atomic orbitals – more so than valence orbitals. As such, when using lar-
ger basis sets, it is common to assign more emphasis to valence orbitals than
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to core orbitals. For example, Pople basis sets85 are designated according to
the code i − jkG. Each integer corresponds to one pseudo-Slater-type or-
bital, with the number of integers before the hyphen denoting the number
representing the core orbitals, with the number of integers after the hyphen
denoting the number representing the valence orbitals. The value of the in-
teger denotes the number ofGaussian primitives that comprise each pseudo-
Slater-type orbital. For example, the 3-21G basis assigns one pseudo-Slater-
type orbital to each core orbital, comprised of threeGaussian primitives, and
two pseudo-Slater-type orbitals to each valence orbital, with two Gaussian
primitives for the first, and only one Gaussian primitive for the second.

These classes of basis sets comprise the entirety of those used in this pro-
ject. Computational chemistry studies typically use larger basis sets such as
the correlation-consistent sets ofDunning86, wherein the orbital parameters
are optimised at a post-Hartree-Fock level of theory. However, due to their
greater computational expense of use we do not consider these here.

It should be noted that as the formed orbitals are atomic-centred, they are
non-orthogonal. This is not a problem for many quantum chemistry meth-
ods performed on classical computers, but it precludes the use of quantum
simulation. A variety of strategies can be used here. Löwdin symmetric or-
thogonalization87 yields the orthonormal set of functions that are closest
to (i.e. maximise the overlap with) the original set of basis atomic orbitals.
These have been consideredwithin the context of quantum simulationwith
impressive results, demonstrating a reduction in the number of significant
integrals necessary.88 Although one of the data sets used in this thesis in-
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cludes integrals calculated in this basis; as the exploration of basis set choices
was not the focus in this project, we do not consider this in detail here.

On a classical device, at this stage thehij andhijkl integrals of theHamiltonian
(eqn. (2.0.0.1)) could be calculated. Subsequently, the Hamiltonian could
be formed and diagonalised. However, it is typically more efficient to first
perform a calculation at an inexpensive level of theory. This has several ad-
vantages. Firstly, the set of molecular orbitals – or amanipulation of them –
can serve as a neworthonormal basis to describe the electronicwavefunction.
For systems where the true ground state is expected to have substantial over-
lap with theHartree-Fock ground state, this provides a simple initial “guess”
for the eigenstate. Additionally, performingpreliminary calculations at a low
level of theory allows for granular control of where computational resources
are spent. For example, it is common to optimise molecular geometries – a
relatively expensive process – at a Hartree-Fock level before using more ex-
pensive levels of theory for further calculations. Due to its relative compu-
tational ease, when performing a preliminary calculation, the Hartree-Fock
process is typically used. For context we briefly review this process in more
detail here.

2.1.1 Hartree-Fock process

The Hartree-Fock method is one of the least computationally expensive ab
initio quantum chemical methods available.89,90 Having specified a molecu-
lar geometry, a basis of atomic orbitals is generated to describe the system
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as discussed above. The overall electronic wavefunction is treated as a Slater
determinant of molecular spin-orbitals, themselves a linear combination

ψi(ri) =
∑
j
cijχJ (ri) (2.1.1.1)

of the atomic basis orbitals χj with expansion coefficients cij. Invoking the
variational principle, the (Hartree-Fock)molecular orbitals will be the linear
combination thatminimises the expectation value of the electronicHamilto-
nian. To solve this computationally, an initial Ansatz set of coefficients cij are
generated. These can be chosen through a wide range of strategies, but are
constrained such that the molecular orbitals are orthonormal.

Following this, themean-field approximation is invoked,with the two-electron
interactions treated as the interaction of each electron with a static electric
field. This allows for an effective Hamiltonian to be described for the sys-
tem, and thus the energy of the Ansatz state obtained. By variationally min-
imising this energy, we obtain the Hartree-Fock equations

F̂ϕi = εiϕi , (2.1.1.2)

where ϕi are a set of new linear combinations of the original atomic basis
orbitals (which form a set of one-electron molecular orbitals) and F is the
Fock operator, the matrix representation of which is efficiently generatable
and diagonalizable. Consequentially, diagonalizing the Fock matrix yields a
new set of molecular orbitals for the system.
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The initial Fockmatrix depends on the initial Ansatz state chosen. As such, a
new Fock matrix can be generated from the new molecular orbitals, and the
process repeated. This entire sequence is repeated until self-consistency is
achieved. For this reason, themethod is often referred to as the self-consistent
field method.

Once self-consistency is achieved, the final molecular orbitals – which diag-
onalise the final Fockmatrix – are theHartree-Fockmolecular orbitals, often
referred to as the canonical molecular orbitals. Chemically the eigenvalues
can be related to (for example) ionisation energies through Koopman’s the-
orem91, which states that the first ionisation energy of a system is (approxim-
ately) equal to the eigenvalue of the highest occupied molecular orbital.

As this technique neglects electron correlation other than to the extent re-
quired by the Pauli principle, it is rarely considered to yield quantitatively ac-
curate results. However, it is relatively computationally cheap, scaling some-
where betweenO(N 3) andO(N 4)92. As such, it is typically used as a starting
point for further, more accuratemethods. As discussed above, the quantum
algorithm – along with many classical computational methods – cannot use
a standard basis set of atomic orbitals to describe space, as these are typically
non-orthogonal. As such, theHartree-Fockmolecular orbitals are oftenused
as a basis inwhich to perform further calculations, as in the case with thema-
jority of the analysis described in this thesis. In addition to their orthonor-
mality, the true electronic ground state often displays significant overlapwith
the Hartree-Fock ground state. The advantage in this is twofold: firstly, in
these cases, there is an obvious physically relevant “first guess” for more ad-
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vanced approaches – the Hartree-Fock ground state. Additionally, in this
basis, said first guess will be a Fock state given by the occupation numbers of
theNe lowest energy orbitals being 1, whereNe is the number of electrons.
This aids in state preparation, as discussed in Section 2.5.1.

These are not the only possible choice of orthonormal basis set, although
they do form the principal choice in this thesis. As discussed above, Löwdin
orthogonalised atomic orbitals are an orthonormalised set of localised or-
bitals which maximise overlap with the original atomic orbitals. The sm-
all_data set (discussed in Chapter 3) also contains calculations performed
in abasis of natural orbitals. These are the orbitalswhichdiagonalise the one-
electron reduced density matrices calculated from a post-Hartree-Fock (al-
though still tractable) level of theory. Althoughotherwork has considered in
detail the use of these types of basis for the quantum simulation of quantum
chemistry88,93,this was not the focus of this project, and thus we do not per-
form such an analysis here.

It should be noted thatmany of the typical use cases for a quantumapproach
to quantum chemistry will be in systemswhich are not adequately described
by the Hartree-Fock process, or by more advanced classical computational
techniques. Muchwork has been performed to assess whether an alternative
basis would be desirable in these cases.88,93 Regardless, many systems exist
for which classical computational methods yield a reasonable accuracy, but
still with a clear benefit to be gained from the use of a full configuration in-
teraction level approach. It is in these cases that a quantum approach would
see the most value.
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2.2 Integrals

In order to represent the Hamiltonian, the hij and hijkl integrals present in
the molecular Hamiltonian (eqn. (2.0.0.1)) must first be determined. In this
thesis, we use the notation of Whitfield, Biamonte and Aspuru-Guzik94.
The one electron integrals are given by

hij =
∫
dxχ∗i (x)

(
−
1
2
∇2 −

∑
α

Zα
rα,x

)
χj(x) , (2.2.0.1)

with the two-electron integrals being given by

hijkl =
∫
dx1dx2

χ∗i (x1)χ
∗
j (x2)χk(x2)χl(x1)

r1,2
. (2.2.0.2)

Here,α indexes thenuclei,Zα is thenuclear charge, rα,x is thedistancebetween
the electron and nucleus, r1,2 is the distance between the two electrons and
χ(x) is the spin-orbit position representation wavefunction for a given basis
state.

Crucially, each integral can be classically computed efficiently, particularly
when using a spatial basis derived from Gaussian functions. They are, how-
ever, numerous. At first inspection, the number of terms in the electronic
Hamiltonian – and thus, the number of integrals – would appear to scale
quartically with the number of spin-orbitals considered. To an extent, this is
not a significant problem for a quantumalgorithm. While a quartic scaling is

52



2.2. Integrals

significant in comparison to linear cost methods, it is small in comparison to
high accuracy classical computational methods. As the goal of the quantum
algorithm is to obtain highly accurate (i.e. to the level of full configuration
interaction) results, it is presumed that sufficient classical computing capa-
city would be available for this task.

Furthermore, much symmetry is notable in the structure of these integrals.
If we assume that the basis orbitals are real (as is typically constructed for ease
of calculation), from inspection we have that

hijkl = hjilk ,

hijkl = hklji , (2.2.0.3)

and thus we have an eightfold symmetry

hijkl = hjilk = hlkji = hklij = hklji = hlkij = hijlk = hjikl , (2.2.0.4)

which cuts down the number of unique integrals required by a factor of 8.

Similarly, symmetries of themolecular geometry canbe invokedhere inorder
to reduce the number of integrals required. These methods are well-studied
and used in many traditional quantum chemistry packages to reduce com-
putational cost. The crucial point here is that there are no inherent scaling
difficulties with respect to the generation of integrals, and that they may es-
sentially be treated as classical input into the quantum algorithm.
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2.3 Mapping electrons to qubits

In generating a quantum circuit to simulate the electronic Hamiltonian, the
first task is to translate the electronic basis states into states of qubits. In do-
ing so, wemust also find an appropriate representation of the operators that
constitute the electronicHamiltonian - i.e. the creation and annihilation op-
erators acting on themolecular orbital spaces. The canonical method of per-
forming this task is the Jordan-Wigner transformation. Other constructions
have been examined.78–80,82,95 In particular, we consider the Bravyi-Kitaev
transformation in Chapter 4 and 5.

The initial premise of the Jordan-Wigner transformation is simple. For an
analysis ofN spin-orbitals, we use a systemofN qubits. The qubits are used
to store the occupation number of each spin-orbital. As electrons are fermi-
ons, each spin-orbital can only be singly occupied, thus occupation numbers
can only be zero or one. In this scheme, if spin-orbital j is unoccupied (i.e.
has an occupation number of 0), then its corresponding qubit is in the |0〉
state. If spin-orbital j is occupied (i.e. has an occupation number of 1), then
its corresponding qubit is in the |1〉 state. Collectively, this generates a basis
that spans the combined space of all qubits. For example, in a simulation
consisting of four spin-orbitals, the state where the first and third orbitals
are occupied is represented by the |1010〉 state. This basis is called the occu-
pation basis.96

From a chemistry perspective, it is important to note that the qubit Fock
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space represents all possible electronic configurations, with no consideration
given to antisymmetrisation or even fixed electron number. This is in con-
trast to classical computational approaches in quantum chemistry, where a
reduction in computational cost is often achieved by restricting the space to
only that with the physically appropriate number of electrons, and antisym-
metrisation is enforced through the use of Slater determinants. Here, anti-
symmetrisation is instead enforced through the anti-commutation relations
of the creation and annihilation operations, discussed below. Quantum ap-
proaches involving restricting the subspace of study have been examined,
although we do not consider these here.72,73 Note that as all terms in the
electronic Hamiltonian (eqn. (2.0.0.1)) commute with the number operator
(and thus the total electronic Hamiltonian commutes with the number op-
erator), conservationof electronnumber is implied, and thus eigenstates can-
notbe combinations of stateswith variable particle number. As theHamilto-
nian represents the actual physics of the molecule, the ground state will cor-
respond to the correct particle number, without the need for its explicit spe-
cification.*

For reasons that will become apparent in comparison to other mapping sch-
emes (in Chapter 4), it is instructive to consider the matrix that transforms a
vector of occupationnumbers f to a corresponding vector of states of qubits.
*It should, however, be noted that with small basis sets, the basis set error can lead to

unexpected results. For example, using anSTO-3Gbasis, the aluminium ion is predicted
to bemore stable than the aluminium atom, and thus the ground state of the aluminium
atom is predicted to have 12 electrons. For the purposes of morale, it is important to
bear this in mind prior to testing numerical results against reference full configuration
interaction calculations.
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In the case of eight qubits this matrix is given by



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1





f0
f1
f2
f3
f4
f5
f6
f7



=



f0
f1
f2
f3
f4
f5
f6
f7



. (2.3.0.1)

Here, the vector on the left hand side is a vector representing the occupa-
tion numbers of spin-orbitals (fj is the occupation number of the jth spin-
orbital), and the vector on the right hand side is a vector representing the
states of the qubits. The matrix that transforms the former to the latter is
then the identity matrix of dimensionN .

2.3.1 Jordan-Wigner operators

Having found a description of electronic states in terms of states of qubits,
the next task is to represent the electronic creation and annihilation oper-
ators as operators on the qubit space - i.e. the a†j and aj of eqn. (2.0.0.1).
As stated above, in contrast to traditional quantum chemistry approaches
where antisymmetrisation of the final electronic states is enforced through
restricting the available state space, here we instead enforce this requirement
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through the anti-commutation relations of the fermionic operators. Where
i and j are different, we note that aiaj = −ajai, a†i aj = −aja†i , and so on,
as necessary to introduce the required sign flip for anti-symmetrisation. Set-
ting i = j results in aiai = −aiai and thus aiai = a†i a

†
i = 0, recovering the

Pauli exclusion principle, requiring that the spin-orbitals can only be singly
occupied. It then follows that

(
aia†i + a

†
i ai

)
acting on a state will resolve to

the identity, as one term will be immediately resolve to 0 (due to either at-
tempting to create an already existing state or annihilate the vacuum), and
the other creates and immediately annihilates a state (or vice versa). These
relations can be more elegantly written as{

ai, aj
}
=

{
a†i , a

†
j

}
= 0 ,{

ai, a†j
}
= δijI . (2.3.1.1)

For the quantum simulation to accurately represent the physics of the fermi-
onic system, any representation of the fermionic creation and annihilation
operations must maintain these relations. In order to represent their actual
creation and annihilation operation, they must clearly also implement the
appropriate action

Q̂+ |0〉 = |1〉

Q̂− |0〉 = 0

Q̂+ |1〉 = 0

Q̂− |1〉 = |0〉
. (2.3.1.2)
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At first inspection, the standard Pauli plus and minus operators

Q̂+ = |1〉 〈0| =
1
2
(X − iY ) ,

Q̂− = |0〉 〈1| =
1
2
(X + iY ) (2.3.1.3)

should suffice. However, these only act on the specific qubit which is being
created or annihilated. As such, these operators corresponding to different
qubits must commute. As a consequence of this they do not fulfil the anti-
commutation relations, eqn. (2.3.1.1).

To resolve this, an example is instructive. In a six spin-orbital system, con-
sider the action of a3 on the state with orbitals 0,1, 3 and 4 occupied. The
operator a3 can be sequentially commuted through, introducing a sign flip
at each step according to the anti-commutation relations

a3
(
a†0a

†

1 a
†

3a
†

4 |vac〉
)
= −a†0a3a

†

1 a
†

3a
†

4 |vac〉

= a†0a
†

1 a3a
†

3a
†

4 |vac〉 = a
†

0a
†

1 a
†

4 |vac〉 , (2.3.1.4)

where the final line has implemented the required annihilation operation.
It is thus apparent that the practical impact of the imposition of the anti-
commutation relations is to impose a sign flip depending on whether the
sum of the occupation numbers of the orbitals with lower index is even (no
sign flip) or odd (sign flip). On a quantum device, this behaviour can be
emulated by adding a string of Pauli Z operations to all qubits with index
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lower than j. As such, we have

a†j →
1
2

(
Xj − iYj

)
⊗ Z⊗j ,

aj →
1
2

(
Xj + iYj

)
⊗ Z⊗j , (2.3.1.5)

the Jordan-Wigner transformation.97 By takingproducts of these, aHamilto-
nian acting on qubits can now be generated, which is equivalent to the elec-
tronicHamiltonian. After some algebra, the formof this qubitHamiltonian
can be reduced to a weighted sum of strings of Pauli operations. It is use-
ful here to consider an example. For molecular Hydrogen using an STO-3G
basis set, the above process yields the Hamiltonian

Ĥ = − 0.81261I + 0.17120σz0 + 0.17120σ
z
1 − 0.22280σz2

− 0.22280σz3 + 0.16862σ
z
1 σ
z
0 + 0.12055σ

z
2σ
z
0 + 0.16587σ

z
3σ
z
0

+ 0.16587σz2σ
z
1 + 0.12055σ

z
3σ
z
1 + 0.17435σ

z
3σ
z
2

− 0.04532σy3σ
y
2σ
x
1 σ
x
0 + 0.04532σ

x
3σ
y
2σ
y
1 σ
x
0

+ 0.04532σy3σ
x
2σ
x
1 σ
y
0 − 0.04532σx3σ

x
2σ
y
1 σ
y
0 (2.3.1.6)

with the exact values of the weighting constants being dependent on the
bond length chosen. Here, the superscript on each σ operator determines
the type of Pauli operation to be applied, and the numerical subscript indic-
ates which qubit the operation is applied to. The crucial fact here is that the
individual terms in this Hamiltonian are guaranteed to be strings of Pauli
operations.
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While this scheme allows for the simulation of anN spin-orbital system us-
ing only N qubits (before consideration of utility qubits for phase estim-
ation, error correction and so on), each annihilation or creation operator
applied to orbital i requires a gate being performed on all qubits of index
< i. As such, O(n) gates are required to simulate an operation on a single
orbital. While this linear scaling does not appear problematic, it must be re-
membered that this is true of every electronic operation in the Hamiltonian
– of which there are (at most)O(N 4). As such, it is desirable to reduce this.
We consider schemes aimed at this task in Chapter 4.

2.4 Trotterization

The above process has allowed us to generate a representation of themolecu-
lar Hamiltonian in terms of Pauli operators. As indicated by Figure 2.4, the
next stage is to find a quantum circuit that simulates evolution under the
Hamiltonian. In other words, we require a circuit that approximates

Û = e−iĤ t , (2.4.0.1)

the evolution operator for a given propagation time t. Recall that the qubit
Hamiltonian consists of aweighted sumof strings ofPauli operations. Stand-
ardquantumcircuits exist for the exponentiated formfor an individual string,
as considered in Section 2.4.1. However, it is clear that in general, the strings
do not mutually commute. As such, exponentiating the total Hamiltonian
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2.4. Trotterization

is non-trivial. The canonical method for this is through the use of a Trotter-
Suzuki approximation to find aTrotterized unitary. Intuitively, this method
can be thought of as applying the unitary corresponding to each term in se-
quence, rapidly switching between the terms. The overall evolution time
is broken into Trotter steps, thereby controlling the number of times each
term is simulated. With a sufficiently large number of Trotter steps (that is,
sufficiently rapid alternation between the simulation of terms), an approx-
imation to the true evolution operator of the system can be obtained.

In order to formalise this, we first consider the Lie-Trotter formula

eA+B = lim
NTS→∞

(
eA/NTSeB/NTS

)NTS
. (2.4.0.2)

By sequentially breaking down the Hamiltonian and applying this formula,
we can generalise to more than two terms

e−iĤ t = lim
NTS→∞

(
m∏
k=1

e−iĤ kt/NTS
)NTS

, (2.4.0.3)

where m is the number of terms in the Hamiltonian. Generalising this to
more than two terms and by sequentially breaking down the total Hamilto-
nian into doublets, for a high enough number of time steps n the following
approximation holds98:

e−iĤ t ≈

(
m∏
k=1

e−iĤ kt/NTS
)NTS

. (2.4.0.4)
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Where the Hamiltonian Ĥ is a sum of m terms Ĥ k. Intuitively, this states
that the Hamiltonian can be approximated by rapidly switching between
each term, across the desired evolution time. The exponential of a single
Hamiltonian term can be described easily, as discussed below. Increasing the
number of Trotter steps (NTS) deterministically reduces the error incurred
by this approximation, but with commensurate increase in circuit length.

A second order Trotter-Suzuki approximant

e−iĤ t ≈

(
m∏
k=1

e−iĤ kt/2NTS
1∏
k=m

e−iĤ kt/2NTS
)NTS

(2.4.0.5)

can be obtained by symmetrising the first order approximant. Higher or-
der terms can be built recursively98. By collecting constants into a generic
constant x, eqn. (2.4.0.5) can be written as

e−iĤ t ≈ S2(x)NTS , (2.4.0.6)

where

S2(x) =

(
m∏
k=1

eĤ kx
) (

1∏
k=m

eĤ kx
)
. (2.4.0.7)

Higher order approximants are then given by99

S4(x) = S2(z2x)2S2((1 − 4z2)x)S2(z2x)2 ,

S2k(x) = Sk(zkx)2Sk((1 − 4zk)x)S2(zkx)2 . (2.4.0.8)
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Increasing theTrotter order (2k) will yield reductions in error. However, the
overall number of gates needed to simulate higher order Trotter approxim-
ants increases substantially. The gate cost of the second order approximant
is double that of the first order approximant. An inspection of eqn. (2.4.0.8)
shows that the fourth order formula increases it tenfold. Choosing an appro-
priate strategy for simulation is then a three-way trade-off between the order
of Trotter-Suzuki approximant, the number of time steps, and the need to
minimise the overall circuit length.

Although equivalent to the solution of the original eigenvalue problem (and
thus intractable for large system sizes), for our analysis, we can gauge the
quality of a given Trotter-Suzuki approximation by comparing the effect on
an eigenstate. If a true evolution operator Û has the eigenvalue relation-
ship

Û |ψ〉 = e−iEψt |ψ〉 , (2.4.0.9)

then an approximate operator Û ′ will cause the evolution

Û ′ |ψ〉 = e−iE
′
ψt |ψ′〉 , (2.4.0.10)

and thus:
〈ψ| Û ′ |ψ〉 = e−iE

′
ψt 〈ψ|ψ′〉 , (2.4.0.11)

arg

(
〈ψ| Û ′ |ψ〉��〈ψ|ψ′〉

��
)
= −E′ψt . (2.4.0.12)

This gives us a Trotterized estimate of the eigenvalue, E′ψ. Comparing this
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against the true eigenvalue gives the Trotter error. Analysis of the factors
influencing this Trotter error forms a substantial part of the discussion of
Chapter 6.

The eigenvalue estimate is always yielded as a phase. Consequentially, to
avoid aliasing, care must be taken to ensure thatE′ψt is within the interval of
0 and 2π. The overall evolution time must be tailored such that this is the
case. This requires a rough estimate of the eigenvalue, forwhich theHartree-
Fock energy is typically sufficient.

The error introduced by the use of Trotter-Suzuki formulae is dependent on
the number of Trotter steps used, but also (perhaps unexpectedly) the order
in which terms are simulated. This fact motivates the search for ordering
schemes that reduce Trotter error, and is the subject of Chapter 6.

2.4.1 Circuit description

Having obtained an analytic formof an approximate evolution operator, the
next step is to describe it in terms of a quantum circuit. Fortunately, circuits
that perform this task are well known.36 Again, note that each individual
term in eqn. (2.4.0.5) consists of an exponentiated weighted string of Pauli
operations. First, consider the instance where the Pauli string consists of one
Pauli Z operation, with the rest of the string consistent of identity operators.
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Figure 2.2.:
A circuit to exponentiate a
string of Pauli Z operators.

Here, the exponentiated form of this

Rz(θ) = e
−iθZ
2 =

[
e
−iθ
2 0
0 e

iθ
2

]
(2.4.1.1)

is a rotation of an angle given by the weighting constant. As such, we can
effect such a term with one Rz gate applied to the qubit to which the Pauli
Z is applied to. This can be extended to a string of Pauli Z operations by
observing that in this case, there are only two possible outcomes. Where the
parity of states of the relevant qubits is even, the individual operations will
cancel out, whereas if the parity is odd, they will not.

The overall action can be performed in three steps: the overall parity is com-
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Figure 2.3.:
A circuit to exponentiate a
string of general Pauli operat-
ors – specifically, in this case,
Z0Y1Z2X3

puted using a chain of CNOT gates, the appropriate rotation gate is applied
to one qubit, and then the parity is decomputed. Figure 2.2 demonstrates
this overall circuit.

To extend this to an exponentiated string of arbitrary Pauli operators is relat-
ively simple. The overall procedure is the same, but each qubit is first trans-
formed into the appropriate basis, by the means of H and RX gates. After
performing the decomputation of the CNOT chain, the transformed qubits
must similarly be rotated back to the computational basis. A circuit to per-
form this is shown in Figure 2.3.

As the Trotterized unitary is a sequence of individual exp
(⊗N

n=0 Pn
)
oper-

ations, generating a circuit for the simulation of the whole unitary is simply
amatter of chaining these individual circuits together. Computationally, de-
termining the overall circuit length is then a matter of counting the number
of gates in this composite circuit. Overall, this procedure has allowed the
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generation of a circuit which simulates the action of the total unitary evolu-
tion operator of the electronic Hamiltonian, as required by quantum phase
estimation.

2.5 Phase estimation

The above theory has allowed for a description of the unitary evolution op-
erator of the electronicHamiltonian in terms of a quantum circuit, i.e.Û (t).
From this, we require an algorithm which obtains eigenvalues of the elec-
tronic Hamiltonian.

Thequantum phase estimation algorithm, constructed independentlybyKit-
aev100 and Abrams and Lloyd50 is a method of achieving this task. Most rel-
evant for the present task, the latter of thesewas in the context of simulating a
quantumsystem. Although considerationof thephase estimation algorithm
in and of itself was not a focus during this project, we briefly review it here
for context.

The quantum phase estimation algorithm is in essence a method for estim-
ating the eigenphase of a unitary operator. In turn, this method obtains the
eigenvalues of Hermitian operators. The algorithm requires a controllable
black box circuit that implements the correct unitary operator, a register to
encode the eigenstate |ψ〉, and an extra register of N qubits, where N is
the number of desired bits of precision. In the present case, the controllable
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Figure 2.4.:
The phase estimation circuit.
The upper register is the
phase estimation register,
initialised in the |0〉 state.
The lower register stores the
qubit representation of the
electronic ground state.

black box is provided by the procedures above. The register containing the
eigenstate (or a close approximation thereof)must be explicitly prepared. We
discuss this task in Section 2.5.1. Figure 2.4 illustrates the entire circuit for a
precision of three bits.* In addition to the eigenstate register, the phase es-
timation register is initially prepared in an equal superposition of all states

1
√
2N

2N−1∑
x=0

|x〉 ⊗ |ψ〉 , (2.5.0.1)

by applying Hadamard gates to allN qubits. Following this, the successive
powers of two of the controlled unitary black box are applied to the eigen-
state register, according to Figure 2.4. This applies the black box the number
of times givenby the binary representation of the index of the qubit in the es-

*In an actual experiment, a larger register – and thus a higher precision – would be used.
Three bits of precision are used here for the sake of clarity.
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timation register for each term. In other words, where we have an eigenvalue
relationship

Ĥ |ψ〉 = Eψ |ψ〉 (2.5.0.2)

for a Hamiltonian H , the unitary black box causes corresponding evolu-
tion

Û |ψ〉 = e−iEψt |ψ〉 , (2.5.0.3)

and thus we have the overall post black box state given by

1
√
2N

2N−1∑
x=0

|x〉 ⊗ Û x |ψ〉 =
1

√
2N

2N−1∑
x=0
e−iEψxt |x〉 ⊗ |ψ〉 . (2.5.0.4)

Finally, the inverse quantum Fourier transform

QFT † ©­« 1
√
2N

2N−1∑
x=0
e−iEψxt |x〉 ⊗ |ψ〉ª®¬

=
1
2N

2N−1∑
x=0

2N−1∑
y=0
e−

2πi
2N
x.ye−iEψxt |y〉 ⊗ |ψ〉 (2.5.0.5)

is applied. We note that:

2N−1∑
x=0
e−

2πi
2N
x.ye−iEψxt =

2N−1∑
x=0

(
e−

2πi
2N
y−iEψt

) x
. (2.5.0.6)
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This can be summed as a geometric series

2N−1∑
x=0

(
e−

2πi
2N
y−iEψt

) x
=

1 − e−2πiy−2
N iEψt

1 − e−
2πi
2N
y−iEψt

=
1 − e−2πiye−2

N iEψt

1 − e−
2πi
2N
y−iEψt

(2.5.0.7)

noting that y is an integer and thus e−2πiy = 1. Combiningwith eqn. (2.5.0.5),
the post-algorithm state is

1
2N

2N−1∑
y=0

1 − e−2
N iEψt

1 − e−
2πi
2N
y−iEψt

|y〉 ⊗ |ψ〉 . (2.5.0.8)

When the exponential in the denominator of eqn. (2.5.0.8) approaches 1

e−
2πi
2N
y−iEψt ≈ 1 , (2.5.0.9)

the amplitude of the corresponding state is maximised. For this approxima-
tion to become an exact equality (and thus yield a somewhat problematic in-
finite amplitude for a given state), the size of the phase estimation registerN
would have to be infinite. Thus, we have a maximised amplitude where:

Eψ ≈ −
2π
2N t

y . (2.5.0.10)

Finally, as indicated in Figure 2.4, the phase estimation register is measured.
Themost likely outcomeof this process yields a binary representation ofEψ.
The precision of this representation is limited only by the size of the phase
estimation register, although this itself is constrained by experimental diffi-
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culty. Due to the increasing powers of the controlled unitary black box, the
procedure scales exponentially in gate count with respect to the desired pre-
cision. This would be problematic if the required precision scaled with the
number of qubits. However, in chemical problems, the required accuracy is
fixed, removing this as an impediment.

2.5.1 State preparation

While the above discussion assumed that the exact ground state |ψ〉 is pre-
pared, it is easy to show that this is not a strict requirement. Expanding the
prepared state |Ψ〉 in the true eigenbasis

|Ψ〉 =

2N−1∑
i
ciψi (2.5.1.1)

and performing the above analysis, we note that the same result is prob-
abilistically obtained, with the probability of success being given by |ci |2.
Consequentially, the desired eigenvalue estimate can be efficiently obtained
provided that the prepared state |Ψ〉 has polynomial overlap with the true
eigenstate.

Unfortunately, it is not necessarily a given that such a state is preparable. Ef-
ficientmethods for state preparation are an ongoing subject of research. One
approach is to use the Hartree-Fock ground state as the guiding state. In a
basis of canonical molecular orbitals, theHartree-Fock ground state will be a
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Fock state. This makes it simple to prepare on most quantum architectures.
However, while this is likely to be an acceptable choice in many chemical
scenarios, it is known that in some cases (particularly in weakly bound sys-
tems where the quantum approach will likely be most useful), the overlap
of the Hartree-Fock ground state and the true ground state is exponentially
small.

One alternative is to prepare the state adiabatically, as initially proposed by
Aspuru-Guzik, Dutoi, Love and Head-Gordon.51,68,101 Here, the final self-
consistent Hartree-Fock Hamiltonian is mapped to quantum operations,
and the qubits are prepared in the Hartree-Fock ground state. Initially, the
Hartree-Fock Hamiltonian is applied. By linear interpolation, the applied
Hamiltonian is gradually adjusted into the full electronicHamiltonian given
by eqn. (2.0.0.1). This is performed sufficiently slowly so as to obey the adia-
batic theorem. This ensures that the qubits stay in the ground state of the
interpolatedHamiltonian at all times, such that the final state is given by the
ground state of the full Hamiltonian as required.

Other approaches have been developed to deal with state preparation. These
include those based on truncated configuration interaction performed on a
classical computer.93 Forbrevity, thedetails of state preparation is notdwelled
upon here.
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2.5.2 Iterative phase estimation

The canonical phase estimationprocedure requires a register ofN extra qub-
its in addition to those used to store the electronic state, where the desired
level of precision is 1/2N . While this would likely not be problematic for
large-scale quantum devices, it presents a difficulty for experimental demon-
strations of these techniques on currently available small devices. As such,
most experimental processes have used the iterative phase estimation algor-
ithm.51,94,102 Although was not the topic of the present investigation, we
(briefly and non-rigorously) review this here for context.

The iterative phase estimation algorithm is a modification of the canonical
phase estimation algorithm. If we expand the desired phase as a sum of in-
dividual bits

ϕ =
b0
2
+
b1
4
+
b2
8
+ ... (2.5.2.1)

then eachU 2i subcircuit in Figure 2.4 is considered to set register qubit |ei〉
into the appropriate value of bi for each bit in the expansion. Thus, whereas
the canonical phase estimation procedure stores all bits in their correspond-
ing qubits prior to readout, it would be desirable to instead sequentially read-
out bits, thus requiring only one qubit in the phase estimation register.

A scheme could be envisaged whereby the size of the phase estimation re-
gister is set to one, and the first controlledU 1 gate applied according to Fig-
ure 2.4. After readout, this would yield the first bit of the true phase, b0. Fol-
lowing this, the sameprocedure couldbe appliedusing theU 2 gate to achieve
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the second bit of precision, and so on. However, the terms in eqn. (2.5.2.1) of
less significance than the bit being studied (b>i for the ith bit) would result
in this process succeeding only probabilistically. As bits are sequentially read
out, the overall probability of success thus decays with the desired precision,
which is clearly undesirable.

Instead, one can start from the least significant bit. Unless the phase is ex-
actly represented by a binary expansion of up to this level of precision, this
will succeed only probabilistically, as before. However, on the assumption
that this procedure succeeds (which can be guaranteed by repeated trials),
the least significant bit of the phase is now known. Instead of performing
canonical phase estimation for the bits of higher significance, a phase shift
can be introduced so as to remove this bit from the binary expansion of the
true phase, before performing phase estimation to find second least signific-
ant bit. As the least significant bit has been removed from eqn. (2.5.2.1), the
probability of failure is now vanishingly small.

This sequence can thenbe repeated until themost significant bit of the phase
has been determined, yielding the phase accurate to the desired precision.
Crucially, the chance of failure is now independent of the desired precision,
thus not requiring an intractable number of repetitions of the procedure.

In this chapter, the theoretical methodology for performing the quantum
simulation of quantum chemistry has been discussed. Although all of the
steps necessary for this have been discussed, the focus has been on the aspects
most relevant for the optimisation schemes analysed in this thesis. For the
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sake of clarity, some detail regarding the specifics of these schemes will be
covered in Chapters 4 and 6.
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The analysis presented in this thesis required the development of a not in-
substantial library of code. This chapter attempts to catalogue the relev-
ant sections of this library. Here, the broad approaches and structures used
are discussed. The code is written to allow interface with relevant available
packages (in particular, electronic structure packages and the FermiLib pack-
age103). The bulk of the library was written specifically for this project, with
pre-existing code noted below. Similarly, the overwhelming majority of the
codewaswritten inPythonv2.7.8, with exceptions discussed in their relevant
sections.

There are a variety of ultimate intended outcomes when using the library.
For example, in many cases the intended goal of a simulation is to determine
the length of the quantum circuit necessary to simulate the energetics of a
particular molecule. Alternatively, the Trotter error incurred in simulation
may be required. Due to the wide range of possible endpoints for a process,
the library should be considered as a catalogue of modules, rather than as
a single linear process. Nonetheless, as the aim is typically to simulate or
characterise a quantum simulation, there is an inherent sequential nature to
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how each module is invoked. It is thus helpful to consider each stage of the
code in turn.

The modules roughly correlate to the theoretical picture of how quantum
simulation of quantum chemistry is performed. An overview of the code is
included as Figure 3.1. Firstly, a separate quantum chemistry package is used
to generate and store the integrals present in the molecular Hamiltonian. In
principle, any quantum chemistry package may be used for this step. Fol-
lowing this, the code translates these integrals into the form used internally,
before generating a symbolic representation of a fermionicHamiltonian (us-
ing either the Jordan-Wigner or Bravyi-Kitaev transformations). This can
be ordered according to various ordering algorithms. This symbolic rep-
resentation can then be transformed into a sparse or dense matrix repres-
entation and diagonalised to find eigenvectors and eigenvalues, using the
sparseFermions and denseFermions modules respectively. Al-
ternatively, thedirectFermionsmodule can be used to generate a sym-
bolicTrotterizedHamiltonian, and the evolution operator corresponding to
such. ThesparseFermions anddenseFermionsmodules can also
be used for this task, generating the Trotterized Hamiltonian and unitary in
matrix form; however, this is typically expensive and unnecessary. From a
symbolic Trotterized Hamiltonian, an object of the Circuit class (con-
taining a set of Gate objects) can be constructed. These objects have a vari-
ety of usefulmethods associatedwith them. These include self-optimisation
techniques and readout of various important properties, most notably the
length of the circuit (i.e. the amount of gates that it contains). Provided
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Figure 3.1.:
An overview of the library.
Red ovals denote input and
output data, whereas yel-
low ovals denote intermedi-
ary data that can be used for
testing or referencing. Blue
rectangles denote code mod-
ules, with blue trapeziums
denotingobjects that contain
both code and data.
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an input state as a vector (either in sparse or dense form), both Gate and
Circuitobjects can act on it, returning anoutput state. This effectively al-
lows for the simulation of generated quantum circuits, which is helpful both
when determining error implications of circuits, and for testing the validity
of circuits. Additionally, a variety of analysis modules provide rough code
to assist in performing batch trials, and testing modules provide debugging
functionality. We discuss these modules in sequence.

3.1 Overlap integrals

The firstmodules tobe considered arereadIntegrals andfermilib-
Interface, which deal with the input of molecular orbital integrals ne-
cessary for circuit generation and analysis. The form of these integrals is dis-
cussed in Section 2.2.

Although other choices of basis have been considered in other works,88,93

this project primarily involved the use of canonical molecular spin-orbitals.
These are the eigenvectors of the final Fockmatrix obtained self-consistently
through the Hartree-Fock process, as discussed above. Generation of these
integrals first requires generation of these eigenvectors, and thus implement-
ation of the Hartree-Fock process. Following this, the integrals themselves
must be generated.
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While the Hartree-Fock process is conceptually relatively simple in compar-
ison to other quantum chemical methods, there are a variety of subtleties to
consider in its implementation. For example, a method of obtaining an ini-
tial guess state must be considered, and symmetry can be invoked to reduce
the computational cost. As such, the implementation of even the Hartree-
Fock process in an optimally efficient and reliableway is non-trivial. Further-
more, a smorgasbord of well-tested quantum chemistry packages are avail-
able to implement this process. It was therefore desirable to avoid replicat-
ing these efforts, instead focusing on interfacing the code with existing pack-
ages.

Although the scripts to generate input for, run, andparse output fromchem-
istrypackages areunremarkable, caremust be takenwith regards to anumber
of subtleties. Firstly, standardquantumchemistrypackages typically provide
any integral data in a basis of atomic orbitals (for example, a STO-3G or 6-
31G basis set) as used in the initial stage of a Hartree-Fock calculation. While
these could be manually transformed into the final molecular orbital basis,
it is preferable to ensure that the chemistry package outputs integrals in the
molecular orbital basis, and that these are read in as appropriate.

To save on disk space and CPU time, these packages typically only provide
permutationally unique integrals. Our procedures typically involve small
basis sets and thus significantly lower numbers of integrals than a typical
quantum chemistry calculation. As such, in the readIntegralsmod-
ule, it is more convenient to store all integrals as a two dimensional (for the
one electron integrals) or a four dimensional (for the two electron integrals)
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array. For simplicity, the functions in readIntegrals do not take ad-
vantage of the symmetry, such that the arrays can be easily queried.

Quantum chemistry packages typically output integrals in “chemist’s nota-
tion”, a differing convention for the definition of the integrals wherein two
indices are switched. Specifically, the four-electron integrals in this notation
are given by

[pq|rs] =
∫
dx1dx2

χ∗p(x1)χq(x1)χ∗r (x2)χs(x2)
r1,2

, (3.1.0.1)

whereas the “physicist’s notation” of the integrals is given by:

〈pq|rs〉 =
∫
dx1dx2

χ∗p(x1)χ∗q(x2)χr(x1)χs(x2)
r1,2

. (3.1.0.2)

Furthermore, an inspection of eqns. (2.2.0.1), (2.2.0.2) and (3.1.0.2) reveals
that the convention used in the former, and widely in quantum simulation
of quantum chemistry literature,51 is additionally differing from the “physi-
cist’s notation” in that the r and s indices are flipped. Consequently, the three
conventions can be converted between according to the relationships

hpqrs = 〈pq|sr〉 =
[
ps|qr

]
. (3.1.0.3)

Whenwriting scripts to parse quantum chemistry package output, thismust
be taken into account.
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Finally, integrals are typically yielded from quantum chemistry packages in
a purely spatial basis (wherein occupation numbers can be 0, 1 or 2). The
readIntegralsmodule takes this into account by doubling the length
of each array, taking into consideration theorthogonality of the spin states.

While initial stages of this project used the presently discussed code for the
above tasks (in the readIntegralsmodule), in later sections it was de-
sirable to develop an interface to the FermiLib package and its FermiLibPsi4
plugin, due to its greater functionality and reliability.103 As such, the small
fermilibInterfacemodule was developed. This consisted of a Fer-
miLibMolecule class, which served as a wrapper to FermiLibMolecularData
objects. Various methods are present allowing extraction of the data used in
the code, most notably the molecular orbital integrals. Although in our case
this was used solely to extract integral data in a reliablemanner, this interface
code could be useful in future work, particularly with regards to verification
and testing.

3.1.1 Data sets

As the tests aimed to assess techniques when applied across a variety of mo-
lecular systems, sets of molecular orbital integrals were required as input to
the code. Our initial approaches used integrals provided by collaborators.93

In this thesis this set is referred to as the small_data set. This included sys-
tems from 2 − 28 spin-orbitals. Unlike later work, in addition to canonical
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Table 3.1.:A breakdown of the small_data set. A further breakdown is avail-
able as AppendixA. Formost of the systems counted here, circuits were
generated using canonicalHartree-Fockmolecular orbitals, Löwdin or-
thogonalised atomic orbitals and natural molecular orbitals. Numbers
in parenthesis indicate the number of systems where the impact on er-
ror ofTrotter orderingwas consideredwith regards to at least one choice
of molecular orbital basis, as discussed in Chapter 6. The polyatomic
category includes molecules, ions and radicals.

Qubits 1-5 6-10 11-15 16-20 21-25 26-30 Total

Polyatomic 2 (1) 0 (0) 5 (4) 0 (0) 0 (0) 0 (0) 7 (5)
Atoms 2 (2) 8 (6) 0 (0) 8 (4) 0 (0) 0 (0) 18 (12)
ECP bases 2 (1) 4 (2) 0 (0) 9 (1) 1 (1) 0 (0) 16 (5)
Other bases 2 (2) 7 (5) 4 (3) 4 (0) 3 (0) 3 (0) 23 (10)

Total 8 (6) 19 (13) 9 (7) 21 (5) 4 (1) 3 (0) 64 (32)

Hartree-Fock molecular orbitals, it included a choice of Löwdin orthogon-
alised, and natural molecular orbitals. A breakdown of the systems used in
this section is included as Table 3.1 and Appendix A.

After performing analyses using the small_data set, it became apparent
that a more comprehensive source of molecular orbital integrals would be
useful for comparing schemes in the classically intractable regime. For this
purpose, Hartree-Fockmolecular orbitals and their one and two electron in-
tegrals (hij and hijkl of eqns. (2.2.0.1) and (2.2.0.2)) were obtained using the
PSI4 electronic structure theory package104, the FermiLib PSI4 Plugin103,
and the fermilibInterface module. These form what is referred
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3.1. Overlap integrals

to in this thesis as the large_data set. Integral data was generated for
86 small molecules and atoms. Molecular structures were gathered from
theNISTCCCBDBdatabase105 geometrically optimised at theHartree-Fock
level. Most systems used a STO-3G basis; however, larger Pople basis sets
were used in 18 trials. Of these, four systems (CH2

2•, HF, LiH, H2O) using
a 3-21G basis set were examined, with the remainder studyingH2 andHeH+.
Clearly, this choice of basis is insufficient for an accurate solution of the elec-
tronic structure problem. When performing a simulation on a real quantum
device, a larger basis set would be chosen as in conventional quantum chem-
istry methods. Fortunately, the error introduced by the choice of basis is
fixed and independent of the choice of quantum methodology. The bench-
marking procedure described in this thesis is not directly concernedwith the
exact energies predicted. The choice of basis setwas therefore chosen to allow
for the simulation of a variety of systems with relatively low computational
overhead.

Details of the systems studied can be found in Table 3.2 and in Appendix A.
They contain a variety of different types of chemical systems, including both
organic and inorganic compounds, and several ions. The systems ranged in
size from 2 (the hydrogen atom) to 56 (the iodine atom) spin-orbitals. Cru-
cially, the larger end of this range exceeds the largest systems that can be sim-
ulated on a classical computer using direct diagonalisation of the full config-
uration interaction Hamiltonian.

This dataset is still relatively modest in contrast to simulations that would
be performed upon a real quantum device45; however, it allowed us tomain-
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Table 3.2.:A breakdown of the large_data set. Note that most of the sys-
tems involving a non-minimal basis set were H2 and HeH+ systems,
as specified in the appendices. Numbers in parenthesis indicate the
number of systems where Trotter error was considered, as discussed
in Chapter 6. The polyatomic category includes molecules, ions and
radicals.

Qubits 1-10 11-20 21-30 31-40 41-50 51-60 Total

Polyatomic 1 (1) 13 (13) 12 (3) 4 (0) 8 (0) 3 (0) 41 (17)
Atoms 10 (4) 7 (6) 1 (0) 1 (0) 0 (0) 1 (0) 20 (10)
Ions 2 (2) 4 (3) 0 (0) 2 (0) 1 (0) 1 (0) 10 (5)
Other bases 4 (4) 6 (5) 5 (2) 0 (0) 0 (0) 0 (0) 15 (11)

Total 17 (11) 30 (27) 18 (5) 7 (0) 9 (0) 5 (0) 86 (43)

tain relatively low computational expense – approximately oneweek ofCPU
time for the longest calculations on the largest examples.

3.2 Hamiltonians, unitaries and ordering

Having read in the integrals, the code requires some way of representing
qubit Hamiltonians, using either a Jordan-Wigner or Bravyi-Kitaev map-
ping scheme. As discussed in Chapter 2, the qubit Hamiltonian will be a
weighted sum of strings of Pauli X, Y, and Z operators (along with the iden-
tity) acting on each qubit. A logical structure here is to store a list of terms,
with each term storing both the coefficient of the term (as a complex num-
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ber) and a further list denotingwhich Pauli operator is applied to each qubit.
In keeping with the code of Seeley, Richard and Love79, therefore, Hamilto-
nians are stored as “oplists”. This format is as described above, with each
type of Pauli represented by a base 4 integer – 0 for the identity, 1 for an X,
2 for a Y and 3 for a Z. Listing 3.1 shows an example of this format.

Listing 3.1:The oplist describing the hydrogen molecular Hamiltonian
using the Jordan-Wigner transformation. The first item in
each element is the coefficient of the term (stored as a
standard python complex128, with the j denoting the
imaginary part), and the second being a list encoding which
Pauli operations act on which qubits.

[[(-0.81260998249999994+0j), [0, 0, 0, 0]],
[(0.17120109750000007+0j), [0, 0, 0, 3]],
[(0.17120109750000007+0j), [0, 0, 3, 0]],
[(0.1686232725+0j), [0, 0, 3, 3]],
[(-0.222796615+0j), [0, 3, 0, 0]],
[(0.12054612249999999+0j), [0, 3, 0, 3]],
[(0.1658680075+0j), [0, 3, 3, 0]],
[(-0.045321884999999999+0j), [1, 1, 2, 2]],
[(0.045321884999999999+0j), [1, 2, 2, 1]],
[(0.045321884999999999+0j), [2, 1, 1, 2]],
[(-0.045321884999999999+0j), [2, 2, 1, 1]],
[(-0.22279661499999995+0j), [3, 0, 0, 0]],
[(0.1658680075+0j), [3, 0, 0, 3]],
[(0.12054612249999999+0j), [3, 0, 3, 0]],
[(0.174349485+0j), [3, 3, 0, 0]]]

An advantage of the use of this format is that code was developed by Seeley,
Richard and Love79 for the generation of Jordan-Wigner and Bravyi-Kitaev
representations of two-fold and four-foldproducts of electronic creation and
annihilation operators in this format. They similarly developed code for
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the basic manipulation of oplists, particularly with regard to combination
and simplification of several.* Oplists are generated by theelectronic-
Hamiltonian function. This takes five parameters: the number of orbit-
als, the one and two electron integrals (as two and four dimensional nested
lists), a bool indicating whether the Jordan-Wigner or Bravyi-Kitaev map-
ping is to be used, and a bool indicating whether the two electron integrals
require a sign flip. To prevent rounding errors, a level of precision must be
specified under which terms are neglected. For the bulk of this project, this
level was set to 10−12, although this likely could be increased without sub-
stantial impact on error rates.

Our strategyheredoesnot retain knowledgeofwhich individual i, j, k, l term
in the electronicHamiltonian (eqn. (2.0.0.1)) generates each term in theoplist.
Instead, all terms are reduced to a list of weighted Pauli strings in the form
of an oplist. This is in contrast to other works, which have maintained the
i, j, k, l subterms and generated sequential quantum circuits simulating each
of these.106 Our approach somewhat abstracts away the physical significance
of individual terms, andmay introducedifficulty if a slightlymodifiedHamilto-
nian was required (for instance, if studying the importance of individual in-
teraction terms). However, performing this abstraction allows us to perform
optimisation and ordering at the level of individual Pauli strings. This allows
greater flexibility when designing circuits used in simulation. Terms in an

*During later stages of this project, when considering large system sizes of upwards 80
spin-orbitals, the computational effort involved in manipulating these oplists became
non-trivial. As such, an attemptwasmade to develop a new, dictionary-based structure,
but yielded only small efficiency gains. This could be considered in future work.
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oplist with non-unique Pauli strings are automatically combined.

Fromhere, threemodules can be used to generate further data. The simplest
of these is denseFermions. This contains functions that generate mat-
rix representations of theHamiltonians stored as oplists. Thismodulemakes
extensive use of the NumPy and SciPy107 libraries for efficiency. Addition-
ally, the unitary evolution operator corresponding to a Hamiltonian can be
generated in matrix form. Trotterization can be performed prior to the gen-
eration of a matrix representation, with the optimal total evolution time
automatically generated provided a reference energy (typically the Hartree-
Fock energy).

Most importantly for this project, thegetTrueEigensystem function
(essentially awrapper for SciPy’sHermitianmatrix diagonalisation function)
yields ground state eigenvalues and eigenvectorswhenprovidedwith anoplist.
This technique is clearly not scalable to large systems, as it is equivalent to the
(factorially difficult) full configuration interaction problem. However, it is
a requirement for the analysis of Trotter errors, as discussed in Chapter 6.

In addition to diagonalisation for the elucidation of eigenvalues and eigen-
vectors, basicmanipulationusing this approach is trivial. For example, provi-
ded states as vectors, the determination of expectation values is a simplemat-
ter of multiplying the yieldedmatrices. Specific functions exist to determine
Trotter errors, by comparing the expectation value of a generated Trotter-
ized evolution operator with the eigenstate against the calculated exact ei-
genvalue.
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While this approach is convenient for small systems, thesematrix representa-
tions rapidly grow inmemory for larger than approximately 15 spin-orbitals,
prohibiting their use. For example, the Hamiltonian for the Methane mo-
lecule in an STO-3G basis would have contained 236 128 bit complex num-
bers – requiring approximately one terabyte of RAM to store the Hamilto-
nian alone. While computational resources of this scale are available, analysis
of substantially larger systems would have been impossible, and a bulk ana-
lysis of many molecules of this size infeasible. Some attempts were made to
mitigate this by using memory mapped files; however, these resulted in crit-
ical performance reductions.

For systems of intermediate size (approximately 15 to 30 spin-orbitals), the
sparseFermions module is preferable. While largely similar in terms
of functionality, this instead utilises SciPy’s sparse matrix tools to store the
Hamiltonians and evolutionoperators asCompressedSparseColumnmatrices.
As the electronic Hamiltonian is sparse, this greatly reduces the memory
costs incurred. With regards to the determination of energies and corres-
ponding eigenvectors, this is the most efficient option available.*

While this is undoubtedlymore efficient than thedenseFermionsmod-
ule, it should be noted that generating the evolution operator results in a loss
of sparsity. Consequentially, little benefit is observed here when attempting

*Atechnical aside: caremust be taken to use the correct version of the SciPy libraries. Prior
to version 0.14.0, the variable containing the number of non-zero elements was stored
in a 32 bit integer, limiting the number of non-zero elements in a sparse matrix to 231.
This is problematic for larger systems.
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to consider evolution under the generated Hamiltonians.

The third option – the directFermions module – operates in a dif-
ferent manner. Here, the symbolic oplist representation is maintained at all
stages. The action of an oplist (i.e. a Hamiltonian) on a state vector can
be simulated in a multi-stage process. The oplist is first broken into indi-
vidual terms. For each term, the impact of every Pauli operation on the given
state is simulated in sequence, with the coefficient applied as a final scalar
multiplication. The functions which implement an individual Pauli opera-
tion – oneXOnState and oneZOnState – are compiled into C using
Cython. This reduces runtime by several orders of magnitude. While the
state vector does lose sparsity, the overall reduction in the number of stored
values required (a factor of 2N ) reduces the importance of this fact. These
are the only compiled or platform dependent components of the code, and
this mode can be disabled and (dramatically slower) standard Python func-
tions used. Y operations are performed by running X and Z sequentially,
with the appropriate phase shift. The resultant states are summed to yield a
final state acted upon by the oplist.

The result of this procedure is codewhich allows for the simulationof the ac-
tion of an oplist upon a state which circumvents the generation of a full mat-
rix representation of the oplist. This avoids the dramatic memory costs asso-
ciated with this process. Runtimes are reduced commensurately. However,
this does not allow for the determination of eigenvalues and eigenvectors – a
statewhich is to be acteduponmust be provided, for instance fromdiagonal-
isation using the sparseFermions or denseFermionsmodule. In
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Listing 3.2:A function to implement one X gate on a state vector
def oneXOnState(numpy.ndarray[INDEXTYPE_t, ndim=1]

indices,xIndex):
cdef unsigned int xIndexStatic = xIndex
cdef unsigned int qubitMask = 1<<xIndexStatic
cdef unsigned int maxIndex = len(indices)
cdef unsigned int i
for i in range(maxIndex):

indices[i] = indices[i] ^ qubitMask
return(indices)

a sense, this can be considered to be a more faithful simulation of how an
actual quantum simulation would be performed, in that the initial state to
be studied must be explicitly prepared.

Trotterization here requires three steps: firstly, the terms are ordered and
multiplied by factors so as to yield the appropriate Trotter-Suzuki approx-
imant, given by eqn. (2.4.0.8). Following this, each term is exponentiated.
Finally, terms are multiplied together to give the overall Trotterized evolu-
tion operator. The code allows for calculation of Trotter approximants of
any order of form 2N , where N is any positive integer. As the cost of the
use of Trotter-Suzuki approximants scales exponentially with theTrotter or-
der, this remains untested for Trotter orders greater than 4. Prior work has
suggested that there is little to be gained from extending analysis beyond the
fourthorderTrotter-Suzuki approximant.79 It shouldbenoted that anoplist
generated through this technique corresponds not to a direct Pauli string,
but rather to the exponent of each individual unitary within the Trotter se-
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quence.

Some attempts at determining the action of Trotterized unitaries – and thus
Trotter errors, when compared to exact eigenvalues – resorted at this stage to
the use of matrix methods. However, unlike prior attempts, if a state vector
to be acted upon is specified, there is no need to generate the entire unitary
in this form. Each individual Trotter term can be generated in matrix form,
exponentiated, and allowed to act upon the state vector specified. This pro-
cedure can be iterated through the entire unitary, discarding each term after
it is applied. This cuts down storage requirements, as only one exponen-
tiated term and one state vector must be stored at any time. Each term is
subject to the loss of relatively little sparsity. It should be stressed that this
technique requires the explicit specification of the starting state, thereby lim-
iting anyHamiltonians to be studied to thosewhere eigenvectors can feasibly
be found through diagonalisation. This is to be expected, as tractably avoid-
ing this problem would be tantamount to solving the electronic structure
problem itself, thereby entirely nullifying the advantage of using an actual
quantum device.

However, later efforts revealed that even this method required an infeasible
amount of computational resources. Even the simulation of methane (18
spin-orbitals) was impossible when including all terms in the Hamiltonian,
provided 16GB of RAM and several days of CPU time. Instead, it was desir-
able to remove any necessity of the determination of matrix representations
for anything other than the state vector itself. For this, note that the oplist
can be further manipulated to provide an oplist corresponding to the evol-
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ution operator in terms of direct strings of Pauli operations. If we define a
Pauli string operator

P̂ =
N⊗
j=0
σp(j)j , (3.2.0.1)

whereN is the number of qubits and p(j) is some map which shows which
type of Pauli operation (or identity) is to be applied to qubit j, and σp(j)j is
the Pauli operation of type p(j) applied to qubit j, then by simple Taylor
expansion we have:

eiαP̂ = cos (α)I + i sin (α)P̂ . (3.2.0.2)

Performing this yields anoplist corresponding to theoverallTrotterizedunit-
ary in terms of weighted Pauli strings. This can be manipulated in the same
way as oplist-formHamiltonians, as discussed above. Maintaining this sym-
bolic representation relieves us of the extreme computational cost of expo-
nentiating large matrices. In addition to the ability to generate quantum
circuit representations (discussed below), this is the principal advantage to
this symbolic approach. While eigenstates must be found through direct di-
agonalisation of thematrix representation of theHamiltonian, the action of
a Trotterized unitary on such an eigenstate can be determined with relative
efficiency. This is useful for testing, and for the determination of Trotter
errors.

At the symbolic oplist representation level, Hamiltonians can be ordered
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prior toTrotterization, for the analysis of theorderingdependenceofTrotter
error. This is performedusing thedirectOrderingmodule. Themod-
ule contains helper functions required to determine useful properties while
ordering. For example, thegenerateAdjacencyMatrix() function
generates the commutativity adjacencymatrix, which is usefulwhen employ-
ing ordering strategies based on the commutativity of terms. Here, each
ordering strategy has its own function (for example, lexiographic or
magnitude) taking an unordered oplist, and returning an ordered oplist.
These can then be fed to theTrotterization code in order to generate ordered
Trotterized unitaries.

3.3 Circuit simulation

The code also allows for the generation of circuit objects from a specified
symbolic Jordan-Wigner or Bravyi-Kitaev Hamiltonian. The oplistTo-
Circuit(oplist) function takes an oplist as input, returning a Cir-
cuit object. This object contains a list ofGate objects. These classes form
the backbone of the circuit simulation code. The Gate class describes a
quantumgate. Internally, this is accomplishedby storing the typeof gate, the
index or a list of indices of the qubit that it is to be applied to, and the angle of
rotation in the case of single qubit rotations. For our purposes, it suffices to
restrict our consideration toCNOT,Hadamard, Y-Hadamard (and inverse),
identity, controlled-Z and arbitrary Z rotation gates. Gate objects can gen-
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Table 3.3.:A simplified overview of the Circuit and Gate classes.

Circuit
Methods Properties

__init__(listGates,numQubits) listGates
update() numQubits
addRight(gate)
addLeft(gate)
getReverse()
getInverse()
readable()
act()
expectationValue(state)
parallelDepth()
qasm()
removeGate(index)
numGates()
cancelDuplicates()
fullCancelDuplicates()
find(gate)
dump(filePath)

Gate
Methods Properties

__init__(gateType,qubits) qubits
readable() angle
qasm() type
getInverse()
act(state)
sparseMatrixForm()
sparseUnitary(circuitDepth)
checkCommute(otherGate)
canCancel(otherGate)
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erate inverses and matrix representations of themselves, with the latter case
requiring specification of the total number of qubits within the overall cir-
cuit. Importantly for optimisation considerations, when provided with an-
other gate, they can check for commutativity, combinability and cancellab-
ility. Finally – and importantly for verification purposes – if a state vector
is provided, a gate can simulate its action on that state, returning a new vec-
tor. This action is performed directly, without recourse to the generation of
amatrix representation of the gate, cutting on computational cost. The code
to perform this is included in Appendix B.

The Circuit class is somewhat more complex, incorporating a variety of at-
tributes and methods. Table 3.3 summarises the most important of these.
Themost important element here is thelistGates attribute, which con-
sists of a list of Gate objects which constitute the circuit. Consequentially,
the number of elements in this list is equivalent to the circuit length. This
structure allows for easy iteration over all gates in the circuit, to provide func-
tionality that is not otherwise baked into the Circuit code. Some relat-
ively self-explanatory functionality exists. For example, theaddRight and
addLeft add Gates to the right and left hand sides of the circuit, and
getReverse yields the reversed circuit. The actmethod loops through
the entire circuit, performing eachGate.act on a provided state for every
gate in the circuit, thereby simulating the action of the circuit on such a state.
Methods relating to the parallel depth of the circuit exist, although these are
somewhat untested, andwere not used to generate real data in this project.

Most importantly for the purposes of Chapter 5, the cancelDuplica-
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tesmethod iterates through the circuit, searching for gate pairs that resolve
to unity and removes them. In this process, individual gates can be checked
against gates that follow it for commutativity. If a gate does indeed commute
with its successor, it is checked against gates further in sequence until it hits
a gate that it does not commute with. In other words, the code commutes
each gate as far through the circuit as is possible, searching for and removing
pairs that resolve to the identity (typically self-inverse duplicate pairs). This
commutation is performed according to a set of rules – gates acting on dif-
ferent qubits always commute, CNOTgates commute unless one targets the
other’s control, and so on – thus avoiding the generation of matrix repres-
entations of the gates.

The somewhat cryptically named fullCancelDuplicates method
performs thecancelDuplicatesmethod iteratively, repeating thepro-
cess until self-consistency is reached, thereby ensuring that all possible cancel-
lations are performed. This procedure is not optimised and relatively slow,
in contrast to other codes intended to develop circuits that would run on
actual quantum devices. However, for our purposes, this stage was not con-
sidered performance critical, as other procedures (particularly generating ei-
genvectors and eigenvalues of the electronicHamiltonians) dominated com-
putational cost.

Circuit andGate objects can provide several alternative representations
of themselves. As discussed above,matrix representations of individual gates
can be determined. More usefully, a human-readable representation is avail-
able for debugging purposes. Finally, a QASM108 representation of gates
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and circuits can be generated.* While this can be used to “translate” circuits
generated by the code into other packages, some gates are defined as simple
text strings, with no reference to their true action. As such, the primary use
of this functionality is for visualisation of circuits using the qasm2circ pack-
age.109 This is mostly useful for debugging, and demonstration purposes.

When performing a full analysis using the code (generating a quantum cir-
cuit for the simulation of amolecular system at a specified geometry), it is ne-
cessary to convert the obtained Trotterized electronic Hamiltonian in oplist
form to a Circuit object. This is performed through the oplistTo-
Circuit function, which loops through the oplist, generatingCircuit
objects corresponding to the simulation of each term and combining them.
Subcircuits, corresponding to individual terms in the oplist, can be tracked;
however, as this structure is inherently destroyed when performing cancella-
tion of duplicate gates, this functionality is rarely of major use.

This chapter has been intended as a reference for the functionality of the
code used to generate the results of Chapters 5 and 6. Although to aid re-
production we have discussed a variety of technical details, the main focus
here is on the output data that can be generated –most importantly, Trotter
error estimates and circuit gate counts.

*This implementation of QASM is relatively simple in contrast to more sophisticated
treatments, such as Open QASM108.
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Transformation

In Chapter 2, the discussion of the Jordan-Wigner transformation (which
maps fermionic states and operators to states of and operations uponqubits)
noted that it requires a number of gates that scales linearly with the number
of electronic operations. Ideally – as the number of electronic operations
scales in the worst case quartically with the number of spin-orbitals con-
sidered – this would be reduced. In this chapter, the Bravyi-Kitaev trans-
formation, an alternativemapping schemewith asymptotically superior scal-
ing properties, is discussed. Firstly, the theory underpinning the mapping is
described, so as to contextualise the discussion of Chapters 5 and 6, where a
numerical assessment of the efficacy of the mapping is reported.

Firstly, we consider a simple alternative to the occupation basis discussed in
Chapter 2. This is the parity basis. Limitations of this basis are considered,
before the Bravyi-Kitaev transformation itself is discussed in Section 4.2.
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4.1 The parity basis

As discussed in Chapter 2, the Jordan-Wigner transformation relies on us-
ing states of qubits to represent the occupation numbers of spin-orbitals.
If a spin-orbital is unoccupied, its corresponding qubit is in the |0〉 state,
whereas if it is occupied, its corresponding qubit is in the |1〉 state. Themain
cost of the use of the Jordan-Wigner transformation is the required chain
of Pauli Z operations which apply the correct phase shift depending on the
parity of preceding qubits. To avoid this difficulty, a scheme was envisaged
by Bravyi and Kitaev78 whereby the parity information – rather than occu-
pation numbers – is encoded within the qubits. In this scheme, the mat-
rix transforming orbital occupation numbers to qubit states (in contrast to
eqn. (2.3.0.1) for the occupation basis) is given by:



1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 1 1 0 0 0 0 0
1 1 1 1 0 0 0 0
1 1 1 1 1 0 0 0
1 1 1 1 1 1 0 0
1 1 1 1 1 1 1 0
1 1 1 1 1 1 1 1





f0
f1
f2
f3
f4
f5
f6
f7



=



f0
f0 + f1

f0 + f1 + f2
f0 + f1 + f2 + f3

f0 + f1 + f2 + f3 + f4
f0 + f1 + f2 + f3 + f4 + f5

f0 + f1 + f2 + f3 + f4 + f5 + f6
f0 + f1 + f2 + f3 + f4 + f5 + f6 + f7



.

(4.1.0.1)
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In other words, the state of qubit j is given by the sum
∑
k≤j ok, where oj is

the occupation number of the jth spin-orbital. An initial assessment proves
promising. If a parity-dependent phase shift is required, this can be intro-
duced in one Z gate. However, updating the qubit states is no longer as
simple as applying a σ+ or σ− gate. Here, there are two cases. If the pre-
ceding qubit is in the |0〉 state (indicating that the sum of the occupation
numbers of orbitals < j is 0), then the jth qubit stores the occupation num-
ber of the jth orbital. If the preceding qubit is in the |1〉 state (indicating that
the sum of the occupation numbers of orbitals < j is 1), then the jth qubit
stores the complement of occupation number of the jth orbital. Thus, in
the latter case, the opposite σ± operation must be applied. We also apply a
Zj−1 gate to introduce the necessary phase shift. In other words,

P̂±j =
(
|0〉j−1 〈0|j−1 σ±j + |1〉j−1 〈1|j−1 σ∓j

)
Zj−1 , (4.1.0.2)

and thus:

P̂±j =
(
|0〉j−1 〈0|j−1 σ±j − |1〉j−1 〈1|j−1 σ∓j

)
=

1
2

(
|0〉j−1 〈0|j−1

(
Xj ∓ iYj

)
− |1〉j−1 〈1|j−1

(
Xj ± iYj

) )
=

1
2

( (
|0〉j−1 〈0|j−1 − |1〉j−1 〈1|j−1

)
Xj ∓ iYj

)
=

1
2

(
Zj−1Xj ∓ iYj

)
. (4.1.0.3)

This updates qubit j and introduces the necessary phase shift. However,
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in this basis, information about the occupation number of spin-orbital j is
stored in all qubits with index ≥ j. For example, note that f2 appears in
six rows of the right hand vector of eqn. (2.3.0.1), as opposed to only one in
eqn. (4.1.0.1). As such, any one fermionic creation or annihilation operation
requires the update of the states of all qubits with index ≥ j, and thus:

a†j →
1
2
©­«
⊗
k>j

Xk
ª®¬
(
Zj−1Xj − iYj

)
,

aj →
1
2
©­«
⊗
k>j

Xk
ª®¬
(
Zj−1Xj + iYj

)
. (4.1.0.4)

Unfortunately, it is clear from this that the use of the parity basis also results
in a number of gates that is linear with respect to j. Non-locality in the cal-
culation and update of parity information has been reduced; however, non-
locality in the calculation and update of occupation information has been
increased. However, this approach does yield benefit when combined with
the occupation basis, as discussed below. Prior to discussion of the Bravyi-
Kitaev transformation, it is useful to consider the sets of qubits that are used
when employing the parity basis.

Firstly, the update set of qubits is, eponymously, the set of qubits whose state
must be updated when an operation is performed, other than the qubit cor-
responding to the spin-orbital acted upon. For example, using the parity
basis, the update set of qubit j consists of all qubits with index > j. In other
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4.1. The parity basis

Table 4.1.:The update, parity and flip sets for the occupation and parity bases.

Basis

Set Occupation Parity

U (j) ∅ {k|k > j}
P(j) {k|k < j} {j − 1}
F (j) ∅ {j − 1}

words, for the parity basis, we have thatU (j) = {k|k > j}.

The parity set is the set of qubits whose sum determines the parity such that
the correct phase shift is implemented. Using the parity basis, this simply
consists of the qubit with index j − 1, i.e. P(j) = {j − 1}.

Finally, as discussed above, in the case where qubit j − 1 was in the |1〉 state,
the creation or annihilation operation to be performed had to be flipped.
We can thus define a flip set, being the set of qubits whose parity determines
whether or not this flipping is to be performed. In the case of the parity basis,
this set is identical to the parity set (F (j) = {j − 1}).

Table 4.1 summarises these sets for both the occupation and parity bases.
Note that these sets do not include qubit j, as this is handled independently,
as above.
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4.2 The Bravyi-Kitaev transformation

The Bravyi-Kitaev basis78 is, in essence, a combination of both the occupa-
tion basis and the parity basis. An analogy can be made with the Fenwick
trees of classical computer science95,110, which are an efficient way to balance
the update of elements and the determination of prefix sums of a table. As
with the other constructions, we initially describe the mapping of electronic
states to qubit states.

In this scheme, even indexed qubits are used to store the occupation of the
electronic states, as in the Jordan-Wigner mapping. Similarly to the parity
basis, qubits with indices that are powers of 2 are used to store the parity of
qubitswith index≤ j. However, qubitswith odd indices that are not powers
of two are used to store partial sums of sets of qubits. This is in contrast to
the straightforward parity basis, where qubits were used to store the sum of
all preceding qubits.

The qubit with the highest index is used to store the parity of all electronic
occupations. The middle qubit stores that sum of the first half of the elec-
tronic occupations. This procedure is repeated, splitting the qubits in bin-
ary fashion until all qubits are allocated states. To illustrate this process, it
is instructive to consider the transformation matrix taking a vector of spin-
orbital occupationnumbers to states of qubits, in comparison to eqns. (2.3.0.1)
and (4.1.0.1). Here, for clarity, we use a basis of 16 spin-orbitals, such that the
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transformation matrix is given by



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1





f0
f1
f2
f3
f4
f5
f6
f7
f8
f9
f10
f11
f12
f13
f14
f15



=



f0
f0 + f1
f2∑3
n=0 fn
f4

f4 + f5
f6∑7
n=0 fn
f8

f8 + f9
f10∑11
n=8 fn
f12

f12 + f13
f14∑15
n=0 fn



.

(4.2.0.1)

The binary branching structure of this matrix is notable from inspection.
Consider, for example, the calculation of the occupation number of the fi-
nal electronic basis state – that is, f15. Here, we require the state of the final
Bravyi-Kitaev qubit - containing the sumof all occupationnumbers. We also
require the state of qubit 7, which stores the occupation numbers of the first
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half of the orbitals. This allows us to calculate the sum of the occupation
numbers of the second half of the orbitals. Then, we examine the state of
qubit 11, which stores f8 + f9 + f10 + f11. This allows us to determine the
sum f12 + f13 + f14 + f15. We take the state of qubit 13 to determine f14 + f15
and finally this can be compared against the state of qubit 14 to yield f15, as
required. In total, we have required the manipulation of five qubits.

Assuming that a similar number of queries is required for the even indexed
qubits (to determine the parity of the appropriate subset of orbitals), a sim-
ilar analysis shows that the manipulation of five qubits is required for the
determination of the occupation of the first eight states, four qubits for the
preceding four states, three qubits for the preceding two states, two qubits
for the second state and only one qubit for the first state.

This suggests that the number of qubits required increases by one every time
the number of electronic states is doubled, implying that O(logN ) queries
are required to determine the occupation of a single state. Similarly, only
O(logN ) qubits - the qubits containing the partial sums of relevance - must
be updated for any creation or annihilation operation.

This perhaps provides an intuitive explanation as to the key result of Bravyi
and Kitaev – that this mapping results in a quantum simulative cost that
scales logarithmically with the number of electronic basis states. This is an
improvement on the linear scaling of both the occupation (as used in the
Jordan-Wigner transformation) and parity bases.78–80
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In order to put this on firmer footing, we must consider explicitly the trans-
formation of electronic creation and annihilation operators when using the
Bravyi-Kitaev transformation. In order to achieve this (and to demonstrate
the process used to determine these operators computationally), we note
that the matrix which converts Jordan-Wigner states to Bravyi-Kitaev states
can be generated recursively. As the matrix taking electronic basis occupa-
tion numbers to Jordan-Wigner qubit states is just the identity matrix, this
is equivalent to the development ofmatrices that convert electronic basis oc-
cupation numbers to Bravyi-Kitaev states, as in eqn. (4.2.0.1). We first define
a matrix βx with β1 = [1]. We then have, in block matrix format,

β2x+1 =

[
β2x 0
T2x β2x

]
(4.2.0.2)

with Ty simply being the y × y zero matrix, but with the bottom row con-
sisting entirely of ones. For example:

T2 =

[
0 0
1 1

]
. (4.2.0.3)

This can be observed to generate the transformation in eqn. (4.2.0.1) as T16.
It should be noted that this process will only generate matrices for systems
with numbers of orbitals that are powers of two. Fortuitously, to generate
transformationmatrices for other system sizes is a simplematter of cropping
a larger matrix to the appropriate size.
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In the following discussion, it will also be useful to define the inverse re-
lations to eqns. (4.2.0.2) and (4.2.0.3) – i.e. the relations that generate the
matrices that transform vectors of Bravyi-Kitaev states into spin-orbital oc-
cupation numbers. With β−11 = [1], these are given by

β−12x+1 =

[
β−12x 0
O2x β−12x

]
, (4.2.0.4)

with Oy being the y × y zero matrix with a one in the bottom right hand
corner, such as:

Oy =

[
0 0
0 1

]
. (4.2.0.5)

It should be remembered that all operations here are performed modulo 2.
These relations allow the generation of transformation matrices from the
occupation basis to the Bravyi-Kitaev basis.

4.2.1 Sets of qubits in the Bravyi-Kitaev mapping

Inorder to generate themappingof electronic operations tooperationsupon
qubits, it is instructive to consider the equivalent sets of qubits to those de-
rived for the occupation andparity bases. Before constructing explicit repres-
entations of operators, we describe these in sequence. In order to determine
these sets, we shall in general transform the Bravyi-Kitaev vectors into the
basis most appropriate where the set is known. We first consider the eight
qubit case, whereN = 8, before considering the general case.
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Firstly, the parity set, being the set of qubits whose states determine whether
a phase shift is necessary. This will consist of the qubits that contain the par-
tial sums which, when summed, yield the parity of the electronic states with
index less than j. For thiswe consider themappingwhich takes Bravyi-Kitaev
vectors to the parity basis. The matrix converting Jordan-Wigner states to
the parity basis for eight qubits is given by

π8 =



1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 1 1 0 0 0 0 0
1 1 1 1 0 0 0 0
1 1 1 1 1 0 0 0
1 1 1 1 1 1 0 0
1 1 1 1 1 1 1 0
1 1 1 1 1 1 1 1



. (4.2.1.1)

Similarly, the inverseBravyi-Kitaev transformationmatrix (which takesBravyi-
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Kitaev vectors to Jordan-Wigner vectors)

β−18 =



1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 1 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 0
0 0 0 1 0 1 1 1



(4.2.1.2)

is obtained through eqns. (4.2.0.4) and (4.2.0.5). Consequentially, multiply-
ing these matrices yields a matrix

π8β−18 =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 1 1 0 0 0
0 0 0 1 0 1 0 0
0 0 0 1 0 1 1 0
0 0 0 0 0 0 0 1



(4.2.1.3)

which converts Bravyi-Kitaev vectors to parity basis vectors.

When using the parity basis, each qubit k stores the partial sum of the occu-
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pation numbers of all orbitals with index less than or equal to k. As such, in
order to determine the partial sum of the occupation numbers of the orbit-
als with index less than j, we examine row j − 1 of eqn. (4.2.1.3). Where the
entries in this row are nonzero, the Bravyi-Kitaev state with corresponding
index will contribute to the partial sum of the occupation numbers of orbit-
als with index less than j. Consequentially, we can ascertain the parity set of
qubit j by taking the indices of the nonzero values of row j−1of eqn. (4.2.1.3).
As such: 

P(0) = ∅

P(1) = { 0 }
P(2) = { 1 }
P(3) = { 1, 2 }
P(4) = { 3 }
P(5) = { 3, 4 }
P(6) = { 3, 5 }
P(7) = { 3, 5, 6 }



. (4.2.1.4)

Wenext consider theupdate set. To recap, this is the set of qubitswhichmust
be updated upon a change in the occupation of themolecular state indexed j.
These will be any qubits that store the occupation number fj. We can obtain
this by examining thematrix which transforms from the occupation basis to
the Bravyi-Kitaev basis, given by eqns. (4.2.0.2) and (4.2.0.3). The update
set for qubit j will be any nonzero entries in column j, excluding row j. For
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4. Theory of the Bravyi-Kitaev Transformation

example, the transformation matrix for eight qubits

β8 =



1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
1 1 1 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 0
1 1 1 1 1 1 1 1



(4.2.1.5)

suggests the following set of update sets:

U (0) = { 1, 3, 7 }
U (1) = { 3, 7 }
U (2) = { 3, 7 }
U (3) = { 7 }
U (4) = { 5, 7 }
U (5) = { 7 }
U (6) = { 7 }
U (7) = ∅



. (4.2.1.6)

The final set to be found is the flip set, which determines whether qubit j
stores the occupationnumber fj or its complement. For even indexedqubits,
this set is empty, as these store only the occupation number fj and thus will
never need to be flipped. For odd indices, the set will contain the indices that
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4.2. The Bravyi-Kitaev transformation

are in the partial sum of occupation numbers stored in qubit j, excluding j
itself. To ascertain this, we take the inverse transformationmatrix generated
by eqns. (4.2.0.4) and (4.2.0.5)

β−18 =



1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 1 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 0
0 0 0 1 0 1 1 1



(4.2.1.7)

and examine the nonzero entries in the row corresponding to each qubit,
yielding: 

F (0) = ∅

F (1) = { 0 }
F (2) = ∅

F (3) = { 1, 2 }
F (4) = ∅

F (5) = { 4 }
F (6) = ∅

F (7) = { 3, 5, 6 }



. (4.2.1.8)

Eqn. (4.2.1.8) shows the flip set for the Bravyi-Kitaevmapping, yielding all of
the sets that were generated for both occupation and parity bases.
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4. Theory of the Bravyi-Kitaev Transformation

4.2.2 Bravyi-Kitaev operators

Wehavenowdetermined all the sets necessary for thedeterminationofBravyi-
Kitaev transformed electronic creation and annihilation operators. For even
indexed qubits, this is a relatively simple task. As noted at the start of this sec-
tion, even indexed qubits are used to store only the occupation numbers of
their corresponding orbitals. As such, their flip set is empty, and thus there
is no need to introduce variable behaviour depending on the state of the flip
set qubits. Thus, all that is required is the actual creation or annihilation op-
eration (Q̂±), the updating of the update set of qubits with a bit flip (via a
PauliX gate) and the introduction of a phase shift depending on the parity of
the parity set (by applying a Pauli Z gate to each member). For even indexed
qubits, the mapped creation and annihilation operators are then given by

a†j = XU (j) ⊗ Q̂+j ⊗ ZP(j) =
1
2

(
XU (j) ⊗ Xj ⊗ ZP(j) − iXU (j) ⊗ Yj ⊗ ZP(j)

)
,

aj = XU (j) ⊗ Q̂−
j ⊗ ZP(j) =

1
2

(
XU (j) ⊗ Xj ⊗ ZP(j) + iXU (j) ⊗ Yj ⊗ ZP(j)

)
.

(4.2.2.1)

Note that here we have introduced the notationOS(j), being the operationO
applied to each qubit with index in the set S(j), i.e. OS(j) =

⊗
k∈S(j)Ok.

The operators for qubits with odd index are dependent on the parity of the
flip set. When the flip set has odd parity, the occupation of the qubit is
flipped from that of the electronic state. Thus, when the flip set has odd
parity, the creation operator must be applied to the qubit when the anni-
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4.2. The Bravyi-Kitaev transformation

hilation operator is applied to the electronic state, and vice versa. Defining
projectors onto the even and odd states of a set, S, of qubits:

ÊS =
1
2
(I + ZS) , ÔS =

1
2
(I − ZS) , (4.2.2.2)

we then have new creation and annihilation operators

Π̂
±
j = Q̂

±
j ⊗ ÊF (j) − Q̂

∓
j ⊗ ÔF (j) =

1
2

(
Xj ⊗ ZF (j) ∓ iYj

)
(4.2.2.3)

which express this behaviour. While in the derivation of the parity basis op-
erators, the parity dependent phase shift was yielded by applying a Pauli Z
to every member of the parity set, here a further correction must be made.
The correct Z gates have already been applied to the flip set. As such, we
must only apply Z gates to the members of the parity set that are not also
members of the flip set. We define the remainder set

R(j) = P(j) \ F (j) (4.2.2.4)

to address this. Combining these, we have a mapping for the creation and
annihilation operators for odd indexed qubits

a†j = XU (j) ⊗ Π̂
+
j ⊗ ZR(j) =

1
2

(
XU (j) ⊗ Xj ⊗ ZP(j) − iXU (j) ⊗ Yj ⊗ ZR(j)

)
,

aj = XU (j) ⊗ Π̂
−
j ⊗ ZP(j) =

1
2

(
XU (j) ⊗ Xj ⊗ ZP(j) + iXU (j) ⊗ Yj ⊗ ZR(j)

)
.

(4.2.2.5)
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4. Theory of the Bravyi-Kitaev Transformation

The only difference between eqns. (4.2.2.5) and (4.2.2.1) is the application of
the final Z operation to the remainder set, instead of the parity set. We define
a final set

ρ(j) =

P(j), j even

R(j), j odd
(4.2.2.6)

such that the Bravyi-Kitaevmapped electronic creation and annihilation op-
erators are given by:

a†j =
1
2

(
XU (j) ⊗ Xj ⊗ ZP(j) − iXU (j) ⊗ Yj ⊗ Zρ(j)

)
,

aj =
1
2

(
XU (j) ⊗ Xj ⊗ ZP(j) + iXU (j) ⊗ Yj ⊗ Zρ(j)

)
. (4.2.2.7)

As for the occupation and parity bases, general operators can be construc-
ted through taking products of these qubit operators, allowing for the con-
struction of the mapped electronic Hamiltonian. Specific terms within the
electronic Hamiltonian can be explicitly mapped79, however these yield no
obvious physical insight, and as such are not considered here.

The Bravyi-Kitaev operators (eqn. (4.2.2.7)) consist of operations on the up-
date, parity and remainder sets. An examination of eqns. (4.2.1.4), (4.2.1.6)
and (4.2.1.8) shows that these sets contain at most 23 qubits for a given in-
dex. A similar construction can be performed for larger systems78,79. Recur-
sion relations can be generated to simplify the determination of these sets
for arbitrary numbers of qubits.80 Either approach shows that the size of the
update, parity and flip sets (and thus, the remainder set) grows logarithmic-
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4.2. The Bravyi-Kitaev transformation

ally with the number of qubits in the overall system. As the size of these
sets determines the number of operations in the Bravyi-Kitaev mapped op-
erators, it is thus apparent that the number of gates required to simulate one
electronic operation grows logarithmically with the number of spin-orbitals.
This is a significant improvement on the linear scaling of the Jordan-Wigner
transformation, strongly suggesting that the use of the Bravyi-Kitaev map-
ping would result in shorter circuits when performing a quantum simula-
tion. This fact motivates the work discussed in Chapter 5, which aimed to
quantify this advantage for real chemical systems.

In this chapter, the established theory of the Bravyi-Kitaev transformation
has been discussed. The use of the Bravyi-Kitaev transformation results in
a number of gates required to simulate one electronic operation that scales
logarithmically with the number of qubits, in contrast to the linear scaling
of the Jordan-Wigner transformation. However, this asymptotic superior
scaling says little about the computational overhead, which could harm the
potential of the scheme when performing real quantum simulations. For an
assessment of this, numerical analysis is required.
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5Assessing the Bravyi-Kitaev

Transformation

In Chapter 4, the established theory of the Bravyi-Kitaev mapping was dis-
cussed. However, it was noted that it would be desirable to numerically as-
sess the efficacy of the scheme for practical quantum computation. Such an
assessment was the goal of this section of this project. The results of this
assessment are reported in this chapter.

We begin with consideration of a case study – the methane molecule in an
STO-3G basis. The analysis of this section has previously been published as
reference [80]. We then examine the transformationusing the small_data
set described in Chapter 3. Finally, we consider the large_data set in the
context of the Bravyi-Kitaev mapping, an analysis which is also reported in
reference [111].
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5. Assessing the Bravyi-Kitaev Transformation

5.1 Methane – a case study

Theabove sectiondescribed the established theory regarding theBravyi-Kitaev
mapping. The principle goal of this branch of the present project was the
determination of the efficacy of this scheme for practical quantum compu-
tation.

The first examination of the use of the Bravyi-Kitaev mapping in a chemical
context was performed by Seeley, Richard and Love.79 In this, themapping’s
impact on the determination of the ground state of molecular hydrogen in a
minimal basis was examined. A reduction of approximately 32% of the total
gate count was observed. Notably, this system is the smallest chemically in-
teresting example. It was thus argued that this serves as a limiting case, and
that the Bravyi-Kitaev mapping is likely to be similarly efficient in other sys-
tems. Greater increases in efficiency were expected to be observed in larger
systems, due to the asymptotically superior scaling properties. The aim of
this branch of the present project was to validate and characterise this effi-
ciency gain.

In order to achieve this goal, our initial investigations focussed on a case
study: the methane molecule in a minimal basis. This process catalysed the
development of much of the code described in Chapter 3, which was later
expanded for the analysis presented in the rest of this chapter. Our initial
attempts used the sparseFermions module to generate a matrix rep-
resentation of the electronicHamiltonian, Trotterizing and determining the
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5.1. Methane – a case study

Trotter error. However, the computational cost of this process required the
neglect of a large number of terms in the electronic Hamiltonian. Initial
attempts112 took this approach, studying the length of Jordan-Wigner and
Bravyi-Kitaev circuits for aHamiltonian comprising of only the 100 terms in
the methane Hamiltonian with the highest magnitude.

In order to expand upon this, later efforts involved the development of the
directFermionsmodule, which allowed for the simulation of the full
Hamiltonian in acceptable time. The results of this were first reported in
reference [80]. Here, we discuss data yielded from the methane molecule
in the large_data set, in contrast to that of reference [80], where integ-
ral data from collaborators was used. Other than the integral data (derived
from a different quantum chemistry package, using an STO-3G rather than
STO-5G basis and amarginally different bond length), our procedures (and,
mercifully, our conclusions) remain the same.

The analysis of methane was conducted using the methane data in the lar-
ge_data set. Integrals were generated using the PSI4 quantum chemistry
package, using a STO-3Gbasis and abond lengthof 1.08301Å. Jordan-Wigner
and Bravyi-Kitaev Hamiltonians were generated according to the procedure
discussed in Chapter 3, and were ordered lexicographically (i.e. in ascending
order in terms of the base 4 integer lists in the oplists). ThesparseFerm-
ionsmodule was used to determine the ground eigenstate and exact eigen-
value. ATrotterized oplist corresponding to the evolution operatorwas gen-
erated, and then its actionon the ground state assessed through thedirect-
Fermionsmodule, allowing calculation of the Trotter error. As extensive
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5. Assessing the Bravyi-Kitaev Transformation

analysis of the performance of the mapping under circuit optimisation was
not required in this analysis, such optimisations were not considered, and
instead the raw gate counts using each transformation were found.

These simulations were performed repeatedly, varying the number of Trot-
ter steps used in the approximation. The results in terms of total gates are
shown as Figure 5.1. Curiously, in terms of total gates, the Bravyi-Kitaev cir-
cuits yield only a very small reduction in overall gate count. This was in con-
trast to the argument of Seely, Richard and Love.79 1.4% of the gates in the
first order Jordan-Wigner circuit with one Trotter step were saved when us-
ing the Bravyi-Kitaev mapping. Our later work – discussed in Section 5.3 –
considers this in more detail.

Observing Figure 5.1, it is notable that the error incurred through the use of
a Trotter-Suzuki approximation is extremely low, even with the use of only
one Trotter step. Indeed, all of the simulations performed resulted in an
error less than chemical accuracy (1 kcal/mol). This is encouraging for the
prospects of quantum simulation, as it suggests – at least in this instance –
that the number of Trotter steps (which increase the gate count linearly) will
be relatively low compared to previous estimates. It should be noted that in
a quantum simulation, this errorwould only be obtainedwhen determining
the first bit of the phase estimated energy.

Of interest to the discussion of the Bravyi-Kitaev mapping is the fact that
the use of this scheme consistently results in lower errors than the Jordan-
Wigner mapping. To an extent, it is impossible to discuss this without con-
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Figure 5.1.:
Trotterization error as a
function of total gate count
for methane using Bravyi-
Kitaev and Jordan-Wigner
circuits, with a first and
second order Trotter-Suzuki
approximant. Trotter error
is calculated against a refer-
ence value of -53.32722732
a.u. The Bravyi-Kitaev
mapping has a marginally
lower gate count, and results
in an approximately halved
Trotter error. For entangling
gates, the difference in gate
count is more substantial.
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5. Assessing the Bravyi-Kitaev Transformation

sideration of the ordering scheme employed when performing Trotteriza-
tion. Finally, note that the second order Trotter-Suzuki appears to provide
almost identical results to the first order approximant. This fact informed
our focus on the use of first-order Trotter approximants in later sections of
this project.

The lower plot of Figure 5.1 demonstrates the same plot, but only consid-
ering CNOT gates. Here, we observe a more pronounced difference. The
Bravyi-Kitaev mapping is markedly more efficient in terms of these gates,
reducing the amount by 14% for one Trotter step. The effect is more pro-
nounced at higher numbers of Trotter steps. This is important, as it is ex-
pected that onmost architectures, CNOTgates will bemarkedly less reliable
than single qubit gates. This result is somewhat to be expected, as the Bravyi-
Kitaev transformation distributes the locality of both occupation and parity
information. The increase in total gate count is due to the large number of
necessary basis change operations required to incorporate the increased com-
plexity of the Bravyi-Kitaev mapping. We return to this fact the following
section.

5.2 Preliminary bulk studies

The analysis of methane highlighted the need for a large-scale assessment
of the merits of the Bravyi-Kitaev mapping. In order to assess the validity
of this, the code used to count gates for the methane analysis was used to
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Figure 5.2.:
Preliminary analysis of the
gate savings associated with
the Bravyi-Kitaev mapping
over the Jordan-Wignermap-
ping using the small_data
set. The superior scaling of
the Bravyi-Kitaev mapping
does seem apparent at bey-
ond approximately 20 spin-
orbitals, although not be-
fore. The entangling gate
savings are more substantial.

roughly count gates required to simulate oneTrotter step for a large number
ofmolecular systems. The initial analysiswasperformed for the small_data
data set described in Chapter 3.

Our initial assessment was limited, using the process described above to gen-
erate gate counts without generating entire circuit objects. It furthermore
did not consider the error incurred in the use of Trotter-Suzuki formulae,
nor did it consider the impact of ordering choice. Nonetheless, this approach
gave us a simple and indicative comparison of the two strategies.

Figure 5.2 shows thenumberof gate savings associatedwith theBravyi-Kitaev
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5. Assessing the Bravyi-Kitaev Transformation

mapping in contrast to the Jordan-Wigner mapping, as a function of the
numberof orbitals involved in the chemical system(i.e. thenumberofqubits).
Note that there appears to be a clear gate saving associated with the Bravyi-
Kitaev mapping, particularly with larger systems. In light of the analysis on
methane, this was reassuring. This saving is only consistent beyond approx-
imately N = 20 qubits, which explains the lack of improvement demon-
strated for methane, whereN = 18.

Recall that the number of gates scales linearly with respect to the size of the
molecular system in the Jordan-Wignermapping, but logarithmically for the
Bravyi-Kitaevmapping. Consequentially, we expect to see a sub-exponential
scaling in the Bravyi-Kitaev gate count improvement. This roughly appears
to be obtained. An even more positive picture is painted when examining
the estimates for CNOT count.

5.2.1 Optimised circuits

In light of the previous results, it should be emphasised that this approach
was extremely basic. For a full analysis, it was necessary to consider optim-
ised circuits. This necessitated thedevelopment of theCircuit andGate
code described in Chapter 3.

In addition to optimisation performed through combination of duplicate
Pauli strings, the code implements the gate cancellation scheme of Hastings,
Wecker, Bauer and Troyer.77,106 Examining two circuits for the simulation
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of a Pauli string, it is notable that the total sequence may involve chains of
duplicate self-inverse gates. These can be removed from the circuit with no
impact upon the overall action of the circuit itself. Savings from this pro-
cedure arise from two factors. Firstly, redundancy in parity determination
is eliminated, as this information is not decomputed after every term in the
Hamiltonian. This results in savings in the CNOT string used to determine
parities. Additionally, basis changes are not decomputed when unnecessary.
This saves on the single qubitH andY gates necessary to set these bases.106

As discussed above, the fullCancelDuplicatesmethod allowed us
perform this cancellation. This allowed us to yield a more nuanced under-
standing of the relationship between the Bravyi-Kitaev mapping and circuit
optimisations. A reasonable argument would be that such gate cancellation
absorbs the benefits yielded by the use of the Bravyi-Kitaev transformation.
Our analysis enabled us to test this argument.

We first consider the Jordan-Wigner and Bravyi-Kitaev circuits both with
andwithout cancellationofduplicate self-inverse gates. Initially, theHamilto-
nianswere ordered by themagnitude of their coefficients. This somewhat ar-
bitrary orderingwas chosen in order to assess the pre-optimisation efficacy of
the Bravyi-Kitaevmapping, and is in contrast to optimised ordering schemes
used in other work and discussed both later, and in Chapter 6.79,106

Figure 5.3 demonstrates gate counts for a single Trotter step of the determ-
ined circuits with respect to the length of the corresponding unoptimised
circuit. As with the preliminary analysis, for the bulk of the systems studied
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Figure 5.3.:
Gate count estimates of
optimised circuits using the
Jordan-Wigner and Bravyi-
Kitaev mappings using the
small_data set with a
magnitude ordering. Upper:
total gates. The optimised
Bravyi-Kitaev mapping sub-
stantially outperforms the
optimised Jordan-Wigner
mapping and the unoptim-
ised Bravyi-Kitaev mapping.
Lower: entangling gates.
The Bravyi-Kitaev map-
ping displays significant
improvement, although
little is gained from gate can-
cellation, showing that the
majority of gates cancelled
are single qubit gates.
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we do see a small benefit from the use of the Bravyi-Kitaev mapping with
unoptimised circuits, which is non-trivial at larger system sizes. With optim-
ised circuits, a dramatically different picture arises. Here, although very short
circuits show no noticeable difference, the Bravyi-Kitaev mapping demon-
strates a clear superiority from even circuits of only 10000 gates in the unop-
timised Jordan-Wigner circuit. With the largest circuits, the Bravyi-Kitaev
mapping results in savings of about25%of theunoptimised total. These sav-
ings scale upwith increasing circuit length, as is to be expected. In the longest
circuits, the gate savings obtained by the use of the Bravyi-Kitaev mapping
substantially exceed that of the use of gate cancellation alone. This is attrib-
utable to the fact that gate cancellation results in dramatically less savings
than should be expected. In turn, this is due to the choice of a magnitude
ordering scheme, discussed below.

One curiosity of the data here is that in larger circuits, the savings obtainedby
performing gate cancellation on Jordan-Wigner circuits are almost identical
to those obtained by using the unoptimised Bravyi-Kitaev mapping. Al-
though it could be speculated that the gates cancelledwhenusing the Jordan-
Wignermapping are same gates as theCNOTs saved by the use of the Bravyi-
Kitaev mapping, caution should be used here, as our later results contradict
this observation.

Figure 5.3 also shows the number of entangling gates saved by each optim-
isation scheme. The first important observation here is that very little en-
tangling gate savings are obtained through the use of gate cancellation while
using the Jordan-Wigner transformation. This suggests that the bulk of the
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gate savings obtained using this scheme are single-qubit basis change opera-
tions. Given that the Bravyi-Kitaev mapping results in an increased number
of these (in favour of reduced CNOT count), this provides an explanation
for the increased level of gate cancellation associated with the Bravyi-Kitaev
mapping.

More generally, the entangling gate savings observed are dramatic when us-
ing the Bravyi-Kitaev mapping, using both unoptimised and optimised cir-
cuits. In the unoptimised case, this is to be expected, according to the dis-
cussion above. As entangling gates are typically considered more difficult to
implement, this could be a principle advantage of the Bravyi-Kitaev map-
ping.

From a fault-tolerance perspective, it is important to note that the majority
of the circuit consists of Clifford gates.36 The central arbitrary rotation gates
in Figure 2.3 are the only non-Clifford gates present. The number of these
remains the same when using either mapping, as this is equal to the number
of terms in the qubit Hamiltonian. Consequentially, if error correction is
to be considered, the T count (an important measure of difficulty for error
correction) remains constant for both Bravyi-Kitaev and Jordan-Wigner cir-
cuits. This implies that the use of the Bravyi-Kitaev mapping or the Jordan-
Wigner mapping does not have substantial implications for the cost of error
correcting the quantum circuits. The observed CNOT savings are yielded
from an increase in single qubit Clifford gates. In most cases, this is likely to
be a worthwhile trade-off.
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Examining the impact of gate cancellation on entangling gate count in the
Bravyi-Kitaev circuits, weobserve the same lackof savings obtained for Jordan-
Wigner. This is in keeping with the above discussion.

5.2.2 Impact of Trotter ordering

The observed lack of gate cancellation on the CNOT chains is troubling,
given that gate cancellation is known to reduce gate counts substantially.106 It
is likely thatmanyCNOT strings are being trapped behind non-commuting
gates earlier in their respective CNOT strings. This contradiction is attrib-
utable to the choice of ordering scheme.

Asdiscussed above, the overall goal is to find aminimal length circuit that can
implement the unitary evolution operator of the quantumHamiltonian. As
no standard circuit for the simulation of the exponentiated total Hamilto-
nian exists, a Trotter-Suzuki approximation (introduced in eqn. (2.4.0.8))
must be used.

Theorderingof terms in this approximation is important. It has beendemon-
strated93 that the error due to theutilisationofTrotter-Suzuki formulae strongly
dependson the termordering chosen. Additionally, thenumberof duplicate
gates depends strongly on the ordering chosen. Both of these factors influ-
ence the length of the overall quantum circuit.

The previous sections utilised a magnitude ordering of Trotter terms. This
ordering is significantly physically meaningful, as terms with higher mag-
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nitude are likely to correspond to stronger physical interactions. However, it
is also known tobe suboptimal in termsof gate cancellationprocedures.106

As the number of potential orderings grows factorially, the problem of find-
ing anoptimal ordering scheme is a difficult one. However, ordering schemes
that are superior for the process of gate cancellation can be found, as the sim-
ilarity of sequential Pauli strings - and thus the savings fromcancellation - can
be determined when specifying the Hamiltonian.

A lexicographic ordering is expected to maximise the gate savings obtained
through cancellation, as the similarity of adjacent terms is maximised.106 As
the code optimises on the level of Pauli strings rather than fermionic operat-
ors, we also order on this level, with no ordering performed on the fermionic
level. As discussed in Chapter 3, the code stores Pauli strings as lists of base 4
integers. A lexicographic ordering in this scheme is then essentially a bitwise
numerical ordering.

The results using the small_data set and a lexicographic ordering are in-
cluded as Figure 5.4. We observe a markedly different trend to that observed
using a magnitude ordering. Firstly, note that gate cancellation has now res-
ulted in a dramatically reduced overall gate count. Whereas using a mag-
nitudeordering the longest optimised circuits involved around500000 gates,
they now involve around 200000. This is a reassuring endorsement of gate
cancellation.

Here, in terms of total gate count, the optimised Bravyi-Kitaev and Jordan-
Wigner circuits are roughly equivalent. Indeed, in larger circuits the Bravyi-
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Figure 5.4.:
Gate count estimates of
optimised circuits using
the Jordan-Wigner and
Bravyi-Kitaev mappings
using the small_data
set with a lexicographic
ordering. Upper: total gates.
The trend is dramatically
reversed from the magnitude
ordering, with optimised
Jordan-Wigner circuits
marginally outperforming
the optimised Bravyi-Kitaev
circuits. Lower: entangling
gates. The Jordan-Wigner
mapping is marginally
superior. In contrast to
the magnitude ordering,
large entangling gate savings
are observed from gate
cancellation.

135



5. Assessing the Bravyi-Kitaev Transformation

Kitaev transformation ismarginally outperformedby the Jordan-Wigner trans-
formation. This is a remarkable inversion of the previous situation. As this
ordering scheme is optimal for gate cancellation, we can assume that this ad-
ditional cost is due to the increased complexity of the Bravyi-Kitaevmapping
preventing the cancellation of gates.

Inspection of the entangling gate count verifies that the bulk of the newly
cancelled gates are CNOTs. This is in contrast to the magnitude ordering,
where very few CNOT gates could be cancelled.

At this stage, it is tempting to conclude that the Jordan-Wigner transform-
ation in a lexicographic ordering should be preferred in all cases. However,
this conclusion cannot be drawn without consideration of the impact of or-
dering choice on the Trotter error obtained.

5.3 Larger Bulk Studies

While the analysis in Section 5.2 was useful for determining the direction of
our future efforts, it suffered from several limitations. While some of the
systems studied (included in Appendix A) involved several atoms, the over-
whelming bulk of the data was from lone atoms. This is arguably not rep-
resentative of examples that are chemically interesting. It was thus desirable
to use a set of molecular systems involving a wider range of types of mo-
lecules.
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5.3. Larger Bulk Studies

Moreworryingly, the largest system size considered involved28 spin-orbitals.
This is within the range of systems that can be studied using conventional
full configuration interaction approaches. As such, the analysis arguably
couldnot claim to represent systemswhichwouldbe studied in ameaningful
way on actual quantum devices. A further problem of this lies in the expec-
ted crossover point of the Bravyi-Kitaev’s superior scaling properties.

Ifwe examine theBravyi-Kitaev creation andannihilationoperators (for even
j, although an analysis of eqn. (4.2.2.7) reveals the following to also hold in
the case of odd j):

a†j =
1
2

(
XU (i) ⊗ Xi ⊗ ZP(i) − iXU (i) ⊗ Xi ⊗ ZP(j)

)
, (5.3.0.1)

a†j =
1
2

(
XU (i) ⊗ Xi ⊗ ZP(i) + iXU (i) ⊗ Xi ⊗ ZP(j)

)
. (5.3.0.2)

Here, it is evident that atmost4 log2 j+2 gates are required for the simulation
of one fermionic operation. This quantity is smaller than the simple j gates
of the Jordan-Wigner mapping when j ≥ 19. Thus, noting that the Bravyi-
Kitaev mapping is most efficient whenN approaches a power of 2 (as it can
take increased advantage of its binary tree structure), we conservatively es-
timate that this point should be atN ≈ 32. We thus would expect quantum
computational cost to be reduced when using the Bravyi-Kitaev transforma-
tion for systemswithmore thanN ≈ 32 spin-orbitals. This analysis perhaps
yields some insight as to the limited improvement observed with methane
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5. Assessing the Bravyi-Kitaev Transformation

and some of the molecules in the small_data set, as they involved fewer
spin-orbitals than 32.

Consequentially, it was useful to generate a wealth of larger and more di-
verse examples. Thelarge_data setwasused for this purpose, as described
in Chapter 3. The directFermions was then used to generate Jordan-
Wigner and Bravyi-Kitaev Hamiltonians as oplists. From here, Circuit
objects can be generated, optimised and their length determined.

Here, we restricted our attention to circuits simulating a Trotterized unitary
with a first-order Trotter-Suzuki approximation and only one Trotter step.*

Neglecting any benefits from optimisation at the interfaces of Trotter steps
(which would save at mostO(Ntrotter) gates), the number of gates necessary
for larger numbers of Trotter steps is a simple multiple of the number of
gates necessary for one Trotter step. Consequently, extending the analysis to
higher Trotter numbers was not considered necessary.

A full treatment of the entire phase estimation algorithm (including error
correction) was not performed. This is in contrast to other work that has
attempted to characterise the resource implications of performing the full
procedure.45,77 For the analysis of the raw gate counts of Bravyi-Kitaev cir-
cuits, this was not considered important for the above reasons. Note that at
present, the largest simulations conductedhavebeenof around45qubits.43,113,114

*Data was also generated for second-order approximants and with higher numbers of
Trotter steps. However, the analysis of Trotter error in Chapter 6 shows that this was
largely unnecessary for our purposes. For clarity, we do not consider these additional
fifth and sixth degrees of freedom here.
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5.3. Larger Bulk Studies

These required extensive specialised computing resources. Performing sim-
ulations at this level would havemade it impossible to perform a large,multi-
system survey. In particular, assessing the point at which Bravyi-Kitaev scal-
ing is expected to dominate (around 32 qubits, as discussed above) would
have been problematic. Despite this, a full consideration of the phase estim-
ation algorithm could yield useful results in regard to the Trotter error of
simulation.

5.3.1 Magnitude ordering

As before, we first consider circuits without any form of gate cancellation
using a magnitude ordering. As is expected,77 the circuit length increases
for larger systems, requiring of order 107 gates for the simulation of systems
involving around 50 spin-orbitals. While not as ruinous as the exponen-
tial difficulty of full configuration interaction on a classical device, this large
circuit length illustrates the need for compiler optimisations. An initial as-
sessment of circuits for the implementation of Jordan-Wigner and Bravyi-
Kitaev Hamiltonians suggests that the use of the Bravyi-Kitaev mapping is
associated with a substantial improvement for the larger systems. Figure 5.5
demonstrates this. From roughly 30 spin-orbitals, this improvement is con-
sistent, and constitutes approximately 25% of the overall circuit length for
the largest of the systems examined. However, many systems smaller than
this see no improvement, or even demonstrate larger circuit lengths. This is
in line with the earlier rough estimate that the superior scaling of the Bravyi-
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5. Assessing the Bravyi-Kitaev Transformation

Figure 5.5.:
Unoptimised gate counts.
Upper: Total number of
gates in Jordan-Wigner
circuits, before optimisa-
tion. Lower: Gate savings
through use of Bravyi-Kitaev
mapping as a fraction of
Jordan-Wigner gate count.
Squares indicate instances
where the Jordan-Wigner
transformation outper-
formed the Bravyi-Kitaev
transformation. In this
scheme, the Bravyi-Kitaev
transformation reliably res-
ults in shorter circuits from
around 30 spin-orbitals,
with up to around 25% gate
savings in the examples with
50 spin-orbitals.
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5.3. Larger Bulk Studies

Kitaevmappingdominates the increasedoverhead at around 32 spin-orbitals.
Full configuration interaction calculations have been performed on classical
computersmarginally larger than this (36molecular orbitals).115 Consequently,
for simulations aiming to achieve results which are classically intractable, a
naive approach involving no circuit optimisations would be substantially
eased through the use of the Bravyi-Kitaev mapping.

Whenduplicate gates in the circuit are removed, the superiority of theBravyi-
Kitaev mapping is even more pronounced while still using a magnitude or-
dering, in agreement with the previous results. This relative improvement
appears to increase with larger circuits, as demonstrated by Figure 5.6. In
circuits involving more than about 107 gates, the reduction in gate count as-
sociated with the use of the Bravyi-Kitaevmapping is larger than that of gate
cancellation. In these cases, the use of the Bravyi-Kitaev mapping results in
circuits that are approximately 30-40% shorter. Additionally, the number of
gates cancelled using the Bravyi-Kitaev mapping is several times greater than
the number of gates cancelled using Jordan-Wigner mapping. In some cases
the advantage associated with the Bravyi-Kitaev mapping reduces the circuit
length to that observed for systems involving fewer orbitals. For example, the
Bravyi-Kitaev circuit for the simulation of the iodine atom (54 spin-orbitals)
requires 5204912 gates per Trotter step, whereas the Jordan-Wigner circuit
for the simulation of acetone (52 spin-orbitals) requires 8954933 gates per
Trotter step.

With systems requiring more than 106 gates to simulate, there are no ex-
amples where the optimised Jordan-Wigner technique outperforms the op-
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5. Assessing the Bravyi-Kitaev Transformation

Figure 5.6.:
Number of gates in Bravyi-
Kitaev and Jordan-Wigner
circuits, before and after
gate cancellation, versus
the number of gates in
Jordan-Wigner circuit be-
fore optimisation, using a
magnitude ordering. Up-
per: Total gate count. The
same pattern as Figure 5.3
is observed, however here
the use of unoptimised
Bravyi-Kitaev substan-
tially outperforms even
optimised Jordan-Wigner.
Lower: entangling gate
count. The same dramatic
saving associated with the
Bravyi-Kitaev mapping as
for the small_data set is
observed.
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5.3. Larger Bulk Studies

timised Bravyi-Kitaev technique. Thus, using this magnitude ordering, it
is clear that the Bravyi-Kitaev mapping should be preferred to the Jordan-
Wigner mapping in the general case.

The above discussion on the methane molecule and with smaller molecules
indicated that the Bravyi-Kitaev mapping may be advantageous with partic-
ular regard to the number of entangling gates required. The findings here
confirm that this advantage holds in general, as shown in Figure 5.6. In addi-
tion to the general gate savings associated with the Bravyi-Kitaev mapping,
we observe a substantial decrease in the number of CNOT gates required.
As before, this advantage is typically offset by a small increase in the num-
ber of single qubit gates required (as the total savings are smaller than the
entangling gate savings).

As before, the results of this initial section use amagnitude ordering for both
the Jordan-Wigner mapping and the Bravyi-Kitaev mapping. Further ana-
lysis of the performance of the Bravyi-Kitaevmapping is impossible without
considerationof theTrotterizationordering chosen. Asdiscussed above,ma-
nipulation of the Trotter ordering can also cause variation in the Trotter er-
ror, which could result in an increased number of Trotter steps necessary
for constant precision. This increased difficulty could undermine the sav-
ings gained from the use of a particular ordering in terms of cancellation,
and is examined in Chapter 6. The fact that the Bravyi-Kitaevmapping only
saw significant benefit beyond approximately 30 spin-orbitals confirms the
necessity of analysis beyond this region, instead of focussing on only small
examples.
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5. Assessing the Bravyi-Kitaev Transformation

5.3.2 Impact of Trotter ordering

As before, the results based on a lexicographic ordering are presented in Fig-
ure 5.7. Despite the use of the larger integral set, the conclusions to be drawn
from this are strikingly similar to those of Section 5.2. Whereas using a mag-
nitude ordering, the Bravyi-Kitaev mapping provided the bulk of the gate
savings once gate cancellation had been performed, now the impact of the
Bravyi-Kitaev mapping is relatively minor. The savings associated with the
use of a lexicographic ordering far outweigh the savings associated with the
use of the Bravyi-Kitaev mapping with a magnitude ordering: in the longer
circuits included in the analysis, the former are approximately thrice that of
the latter.

In these circumstances, the Jordan-Wigner and Bravyi-Kitaev mappings ap-
pear roughly equivalent for the smaller circuits. The Jordan-Wigner map-
ping outperforms the Bravyi-Kitaev mapping in some of the longer circuits,
considering both total and entangling gate counts. In the longest circuits
considered (propanol in a STO-3Gbasis), the use of the Jordan-Wignermap-
ping resulted in circuits that were approximately 25% shorter. We again at-
tribute this to the relative complexity of the Bravyi-Kitaevmapping resulting
in a reduction of linearity in the CNOT chains, which hampers gate cancel-
lation.

Before considering other ordering schemes, it should be emphasised here
that their error implications are difficult to predict. Bounds exist on the error
yielded fromTrotterization77, although these are often loose93. A qualitative
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Figure 5.7.:
Number of gates in Bravyi-
Kitaev and Jordan-Wigner
circuits, before and after
gate cancellation, versus
the number of gates in
Jordan-Wigner circuit before
optimisation, using a lexico-
graphic ordering. Upper:
Total gate count. As with
the small_data set, the
Jordan-Wigner mapping
is marginally superior for
long circuits. Lower: en-
tangling gates. Again, the
Jordan-Wigner mapping is
marginally superior.
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5. Assessing the Bravyi-Kitaev Transformation

estimate can be obtained through determination of the norm of the Trotter
error operator; however, the quantitative behaviour of this still often overes-
timates the error in real chemical examples.93

Before considering the Trotter error itself (necessitating the study of only a
subset of the data), it is useful to compare the implications of the Bravyi-
Kitaev mapping when using several ordering schemes. To this end, the cal-
culations were repeated using four ordering schemes. In addition to a single
randomised ordering, a lexicographic ordering and an ordering of terms by
magnitude, an additional ordering generatedby regularly interspersing terms
from the lexicographic and magnitude orderings is included. This ordering
is relatively arbitrary and is intended for comparison purposes.

Across these orderings, the findings – shown in Figure 5.8 – are remark-
ably consistent, with the Bravyi-Kitaev mapping outperforming the Jordan-
Wigner mapping in all cases apart from the lexicographic ordering. This ad-
vantage increases with the number of spin-orbitals used. BeyondN = 10 in
all non-lexicographic cases, the advantage associated with the Bravyi-Kitaev
mapping exceeds that of just using gate cancellation. This advantage is in-
creased when considering CNOT count, and can be dramatic: when using a
magnitude ordering, the savings associated with the Bravyi-Kitaev mapping
are approximately an order of magnitude greater than those obtained by us-
ing gate cancellation alone.

For large systems, searching even a statistically significant subset of the space
of possible orderings is clearly intractable, owing to the factorial growth of
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Figure 5.8.:
Gate savings associated with
the Bravyi-Kitaev mapping;
normalised by the gate
savings acquired by using
the same optimisation with
the Jordan-Wigner mapping
(GatesOpt.BK−GatesOpt.JWGatesJW−GatesOpt.JW ) for
various ordering schemes.
A value of 0 indicates that
the optimised Bravyi-Kitaev
and optimised Jordan-
Wigner circuits have equal
number of gates. A value
of 1 indicates that the
optimised Bravyi-Kitaev
mapping outperforms the
optimised Jordan-Wigner
mapping by a number of
gates equal to that saved by
performing optimisation
on the raw Jordan-Wigner
circuit. Upper: total gates.
The Bravyi-Kitaev map-
ping is significantly, and
increasingly, superior for all
orderings other than lexico-
graphic. Lower: entangling
gates. The same trend is
observed as for total, but
with substantially larger
savings.

147



5. Assessing the Bravyi-Kitaev Transformation

the number of possibilities. For each system, the random ordering is only
one of these myriad choices. Consequentially, it does not represent a statist-
ically meaningful representation of the bulk of the possible orderings. Non-
etheless, it is interesting that this random choice qualitatively manifests the
same trend as the other ordering schemes to a very large extent. Quantitat-
ively, the advantage associated with the Bravyi-Kitaev mapping when using
these random orderings is dramatic - for the largest example, the reduction
in CNOT count using the Bravyi-Kitaev mapping was 40 times the reduc-
tion using gate cancellation alone. In the results, the use of a tailored order-
ing scheme (whether it be ordering lexicographically, by magnitude or oth-
erwise) results in a reduction of advantage for the Bravyi-Kitaevmapping.

Although these figures suggest that the use of the Bravyi-Kitaev mapping
results in shorter circuits when using most possible orderings, it should be
emphasised that the lexicographic ordering dramatically decreases gate count
through cancellation irrespective of mapping strategy. It should be restated
that using this strategy, Figure 5.7 shows that employing the Jordan-Wigner
mapping results in marginally shorter circuits than the Bravyi-Kitaev map-
ping.

The choice ofTrotter orderingmaybedictatedbyother factors - for instance,
architecture constraints. In these circumstances, calculations will be dramat-
ically shortened by the use of the Bravyi-Kitaev mapping, as this mapping
results in reduced circuit length for all of the non-lexicographic orderings
considered.
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However, more importantly, and as discussed above and in Chapter 6, the
choice of Trotter ordering has significant impact on the Trotter error.77,79

Potentially, minimisation of Trotter error may therefore require an ordering
being chosen which is suboptimal in terms of single Trotter step gate count,
where the Bravyi-Kitaev holds a significant advantage.

As such, consideration of the Bravyi-Kitaev mapping within the context of
different ordering schemes requires an estimation of the associated Trotter
error. Studies on the hydrogen andmethanemolecules, described above and
in79,80, indicate that in these systems the use of the Bravyi-Kitaev mapping
can result in a reduced Trotter error – although, for methane, insufficiently
to decrease the number of Trotter steps required for accurate simulation.
This motivates the analysis of Chapter 6, regarding Trotter error.

In general, we conclude here that the use of the Bravyi-Kitaev mapping does
not result in a predictable improvement in gate count when using an order-
ing optimised for gate cancellation, ignoringTrotter error implications. This
is in contrast with the substantial and predictable improvement observed
with other orderings, particularly when a random ordering is used.

The fact that the Bravyi-Kitaev mapping is superior in all ordering schemes
other than the lexicographic ordering reinforces the necessity for an analysis
of Trotter error. While it could be argued that the Bravyi-Kitaev mapping
should be the “default” choice (as even in a lexicographic ordering scheme,
theoverhead incurred ismarginal), it could alsobe suggested that there is typ-
ically no reason to prefer any other ordering scheme due to the substantial
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5. Assessing the Bravyi-Kitaev Transformation

reduction in gate count observed; thus negating any benefit of the Bravyi-
Kitaev mapping. However, for this argument to hold, it is necessary to en-
sure that theTrotter error of the lexicographic ordering scheme is not system-
aticallyworse, as thiswould increase the number ofTrotter steps required for
chemical precision, thereby increasing the overall gate count and potentially
nullifying the benefit of gate cancellation. Such an analysis of Trotter error
is presented in the next chapter.
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6Trotterization Ordering

Schemes

In Chapter 2, we discussed the canonical method for the transformation of
the evolutionoperator Û (t) into individual, circuit-describableunitaries Û i(t)
by the invocation of a Trotter-Suzuki approximation. This incurs an error –
the Trotter error – which decreases with increasing Trotter number, i.e. the
number of steps the overall evolution is divided into.

The error incurred in this approximation can be quantified by using the ex-
pectation value of the Trotter error operator with the ground state. For ex-
ample, for the secondorderTrotter-Suzuki approximant (givenby eqn. (2.4.0.7)),
this expectation value is given by93:

∆Ei = −
∆2t
12

∑
α≤β

∑
β

∑
γ<β

〈ψi |
[
Ĥα

(
1 −
δα,β
2

)
,
[
Ĥβ, Ĥγ

] ]
|ψi〉 ,

(6.0.0.1)

151



6. Trotterization Ordering Schemes

where∆Ei is the expected error (ignoring higher order terms),∆2t is theTrot-
ter step size, |ψi〉 is the ground state , δ is the Kronecker delta function and
Ĥ are Hamiltonian terms.93

Examining this, it is evident that two factors primarily affect the degree of
error introduced by the use of Trotter’s approximation. Firstly, the error
will decrease with the number of time steps used. The use of higher order
Trotter-Suzuki approximants improves the polynomial degree of the error,
but with increased overhead. Additionally, as the sums in eqn. (6.0.0.1) are
ordered - being sums over conditional indices, rather than the whole range -
the order in which terms are applied will impact the error incurred.

The overall number of gates required for implementation increases linearly
with the number of time steps, Ntrotter. Consequently, given a quantum
computer capable of implementing an extremely large number of gates co-
herently, a large number of time steps could be used in order to guarantee
an accurate result. However, devices of the near- to medium- term future
are likely to be constrained significantly by the number of gates that can be
performed while maintaining coherence. In order to perform practical cal-
culations in this time-frame, it is thus desirable to consider practicalmethods
of reducing the number of time steps required to reach a desired precision.

The results in Chapter 5 suggest that – at least for systems of less than 100
spin-orbitals – only a single-digit number of Trotter steps would be required
for the first bit of precision in the ground state energy. However, the num-
ber of Trotter steps required for the reliable determination of higher bits of

152



precision for larger systems is unknown. While analytic bounds on the Trot-
ter error exist77, Babbush, McClean, Wecker, Aspuru-Guzik and Wiebe93,
by computing the expectation value of the error operator in an exact ground
state, demonstrated that these can overestimate the Trotter error by up to
sixteen orders of magnitude. Indeed, as numerically computing the exact
Trotter error requires solving the full configuration interaction problem, it
is likely that such a task could only be tractably performedon a scalable quan-
tum computer itself.

Previous work has suggested that the Trotter ordering can dramatically im-
pact the number of Trotter steps required for constant precision.79,106 As
such, the focus here was to consider Trotter ordering schemes, in an attempt
to find a method which minimises the overall quantum computational cost
of simulation.

Babbush, McClean, Wecker, Aspuru-Guzik and Wiebe93 used the norm of
the error operator to study its dependence on the underlying chemistry of
the system, noting a remarkable correlationbetween the error operator norm
and themaximumnuclear charge of the atoms of the system. The error oper-
ator norm can be determined tractably on a classical device. However, they
show that while the error operator norm accurately reproduces the qualit-
ative behaviour of the Trotter error, it quantitatively overestimates the er-
ror.

As such, we instead consider the Trotter error through explicit calculation.
As discussed in Chapter 3, the code can use the sparseFermionsmod-
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ule to generate a sparse matrix representation of the Hamiltonian, which
can be diagonalised to find an exact ground-state eigenvector and eigenvalue.
The directFermionsmodule can simulate the action of a Trotterized
operator (at a given Trotter order and number of steps), and compare this
against the exact eigenvalue to estimate the Trotter error.

It should be emphasised that this can only be performed (with reasonable
computational cost) for relatively small systems. Using themethodsdescribed
here, the largest practical calculations can be performed on systems of ap-
proximately 30 qubits. The eigenvalues generated here can be compared
against traditional full configuration interaction calculations obtained through
direct diagonalisation of the Hamiltonian for verification purposes. This
eliminates the problem of requiring an explicit matrix representation of the
unitary evolutionoperator. Nonetheless, the initial determinationof ground
state eigenvectors remains exponentially difficult, requiring on the order of
hundreds of gigabytes ofRAMfor exampleswithmore than20 spin-orbitals.

This approach is, however, still appropriate for smaller systems. Ourmethod
here, then, is to analyse such small systems, look for patterns, anduse these to
inform development of algorithmic approaches to Trotter ordering. In this
chapter, we first discuss such an analysis in an attempt to derive an optimal
strategy forTrotter order. We then return to theBravyi-Kitaevmapping, and
discuss how this mapping performs with regard to Trotter ordering.
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6.1. Molecular hydrogen

6.1 Molecular hydrogen

Molecular hydrogen is the smallest and simplest chemically interesting elec-
tronic structureproblem–barring its cationic form,which lacks two-electron
interactions. Notably, quantum simulation of its electronic structure has
been experimentally demonstrated, as discussed in Chapter 1. In its most na-
ive form, using the Jordan-Wigner transformation, it consists of 15 terms:

Ĥ = − 0.81261I + 0.17120σz0 + 0.17120σ
z
1 − 0.22280σz2

− 0.22280σz3 + 0.16862σ
z
1 σ
z
0 + 0.12055σ

z
2σ
z
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z
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0 . (6.1.0.1)

Unfortunately, even aHamiltonian of 15 terms provides on the order of 1012

possible orderings. It is thus infeasible to consider all orderings for the full
Hamiltonian, even for thehydrogenmolecule in aminimal basis. The second
order Trotter error operator (eqn. (6.0.0.1)) consists of a sum of many triple
commutators betweenHamiltonian terms. As such, it is prudent to examine
the commutativity structure of the hydrogen Hamiltonian.

Figure 6.1 demonstrates this structure graphically. Here, nodes correspond
to Hamiltonian terms, with edges drawn between terms that do not com-
mute. It is immediately apparent that seven terms commute with all other
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6. Trotterization Ordering Schemes

Figure 6.1.:
The commutativity graph
of both the Jordan-Wigner
and Bravyi-Kitaev Hamilto-
nians. Nodes correspond
to Hamiltonian terms,
edges correspond to non-
commutativity between
terms. Note the set of isol-
ated nodes on the right-hand
side, containing the terms
that commute with all other
terms.

156



6.1. Molecular hydrogen

terms, forming a totally commuting set. Because they commutewith all terms,
their exponentials commute with the exponentials of all other terms, and
consequentially they can be freelymoved around aTrotterized evolution op-
erator. As such, all terms in this set canbemoved to the front of the operator,
combined, and simulated as an entirely independent operator

e
−iĤ t
~ = e

−iĤC
~ T

(
ĤNC

)
, (6.1.0.2)

where ĤC is the sumof all totally commuting terms, andT
(
ĤNC

)
is aTrot-

terization of the other terms. In other words, we do not need to Trotterize
the operators within this set, and thus only need to Trotterize the terms that
do not commute with all terms.

This analysis has two principal advantages. Firstly, as the totally commut-
ing set does not require a Trotter-Suzuki approximation, these terms can be
simulated in one time step. This dramatically cuts down on the number of
gates required for implementation on a quantum simulator. It should be
noted here that for larger systems the size of the totally commuting set rap-
idly drops to one term (the identity operator). As such, this advantage is not
scalable, and therefore this technique cannot be used directly in the analysis
of larger systems.

More importantly for the purposes of this discussion, as we do not need to
Trotterize the terms in the totally commuting set, the space of possible or-
derings is dramatically reduced to 40320. As the simulation of each ordering
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6. Trotterization Ordering Schemes

takes less than half a second on an average laptop computer, it is thus feas-
ible to simply brute force the entire space of orderings in order to study the
distribution of errors.

In the simulations, integral data was generated using the Psi4104 quantum
chemistry package, with a standard Hartree-Fock basis used to express the
molecular Hamiltonian. The bond length was set at 0.74Å and a STO-3G
basis used. According to the methodology described in Chapter 3, the code
was used to generate both Jordan-Wigner and Bravyi-Kitaev Hamiltonians
in oplist format. The sparseFermions module was then used to find
the exact ground state and its corresponding energy. Similarly, the Trotter
error for every possible ordering was determined, with the overall evolution
time and the number of Trotter steps set to unity.

Figure 6.2 is a cumulative density plot showing the distribution of Trot-
terization errors which are obtained as a result of ordering variations. Er-
rors are given relative to the true eigenvalue of the Hamiltonian with totally
commuting terms removed. The same distribution is obtained regardless
of whether the Jordan-Wigner or Bravyi-Kitaev Hamiltonian is simulated.
This is unsurprising, given the direct relationship between the twomapping
schemes. The distribution is heavily weighted towards the low error region.
This is promising, as it implies that a random choice of ordering is likely to
introduce a low amount of ordering-dependent error. There is, however,
over an order of magnitude difference between the optimal and poorest or-
derings. In this case, the difference is such that only three Trotter steps are
required to reach an accuracy of 0.0001a.u. for the optimal ordering, whereas
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Figure 6.2.:
Cumulative density plot of
hydrogen ordering errors for
one Trotter step. The ver-
tical line denotes an error of
1 kcal/mol. Approximately
20% of the orderings achieve
this error or lower for the
first-order Trotter-Suzuki
approximation. Around
80% of orderings achieve
an error of 0.005 Hartree,
approximately half that of
the worst possible ordering.

seven Trotter steps are required for the worst ordering. This implies that –
at least for the hydrogen molecule – picking a bad ordering could result in
a dramatically increased gate count in actual quantum simulations. This is
important despite the high likelihood of random orderings being accurate,
as if a systematic approach to ordering is taken, it must be ensured that this
does not result in bad orderings being selected.

Using a second order Trotter-Suzuki approximation yields a similar trend as
the first order approach, although the curve “peaks” at a lower error. In a
sense, this is indicative of the second order approach being more robust to
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6. Trotterization Ordering Schemes

ordering choice. While this is encouraging, it should be remembered that the
second order approximant doubles the cost of simulation per Trotter step.

We now consider the optimal ordering strategy for the hydrogen molecule.
For this, we re-examine the commutativity structure graph discussed above.
Figure 6.3 shows this with totally commuting terms removed. With this, it is
apparent that the commutativity graph is bipartite – it can be easily coloured
into two independent sets. As such, theHamiltonian can be subdivided into
two sets of terms. Within each set, all termsmutually commute. No term in
a given set commutes with any term in the other set. One set consists of all
of the terms with Pauli Z operators, whereas the other set consists of terms
with Pauli X and Y operators. Using the Jordan-Wigner transformation, the
optimal ordering is given by

Ĥ 1 =+0.04532σx3σ
y
2σ
y
1 σ
x
0−0.22280σ

z
2 − 0.04532σy3σ

y
2σ
x
1 σ
x
0

−0.22280σz3 − 0.04532σx3σ
x
2σ
y
1 σ
y
0 + 0.17120σ

z
1

+0.17120σz0+0.04532σ
y
3σ
x
2σ
x
1 σ
y
0 , (6.1.0.3)

where the leftmost term is simulated first, the second term is simulated second,
and so on. Here, the blue terms aremembers of theXY set, and the red terms
are members of the Z set. Examining this, it is evident that the optimal or-
dering strategy is given by alternating between sets in order of descending
coefficient magnitude. Although instinct may suggest to group commuting
terms together, an examination of the error operator (eqn. (6.0.0.1)) suggests
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6.1. Molecular hydrogen

Figure 6.3.:
Two representations of
the commutativity graph
of the Jordan-Wigner and
Bravyi-Kitaev Hamiltonians,
with the totally commuting
set removed. Nodes cor-
respond to Hamiltonian
terms, edges correspond to
non-commutativity between
terms. The lower diagram
clearly reveals the two inde-
pendent sets, with the XY
set coloured blue and the Z
set coloured red.
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6. Trotterization Ordering Schemes

an intuitive explanation for why this is incorrect. As the non-commutativity
is “spread out” through the Hamiltonian, earlier terms will feed less terms
into the error operator. This strategy is optimal for both Jordan-Wigner and
Bravyi-Kitaev Hamiltonians. However, other systematic approaches to or-
dering strategies for this Hamiltonian produce differing results for the two
mapping techniques. This emphasises the importance of ordering analysis,
and thedifficulty of comparing the techniqueswithout such considerations.

Our explicit discussion of the commutativity structure of the hydrogenmo-
lecule Hamiltonian is, of course, only possible due to its extremely small size
and low complexity. Nonetheless, it is an important system, particularly in
the context of experimental demonstrations of quantum simulation. The
Bravyi-Kitaev Hamiltonian for the hydrogen molecule
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0 (6.1.0.4)

can be examined. The above analysis showed that the distribution of Trot-
ter errors with respect to ordering is the same here as for the Jordan-Wigner
Hamiltonian. However, in subsequent collaborative work62 it was noted
that, due to the specific structure of the hydrogen Hamiltonian, the Bravyi-
Kitaev Hamiltonian acts off-diagonally on only the 0 and 2 qubits. This al-
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lows for theHamiltonian to be scalably reformulated as a twoqubit, six term
Hamiltonian. This strategy of reducing the number of qubits was later gen-
eralisedbyBravyi,Gambetta,Mezzacapo andTemme116, which subsequently
enabled the simulationof theberyilliumhydridemolecule byKandala,Mezza-
capo, Temme, Takita, Brink, Chow and Gambetta.63

Following the above method, the totally commuting terms can be removed
from the two qubit hydrogen Hamiltonian, to reduce the size of the two
qubitHamiltonian to four terms. Inkeepingwith the full hydrogenHamilto-
nian, the number of possible orderings for the four term Hamiltonian can
then be brute forced to find the optimal ordering scheme with regards to
Trotter error. This enabled the simulation of the hydrogen molecule in ref-
erence [62].

6.2 Generalised ordering strategies

While analysis of the hydrogen molecule yielded interesting results regard-
ing the spread of ordering strategies, it would be desirable to find an or-
dering strategy that is effective in the general case. For this, we require an
analysis of a variety of systems, and ideally those of a chemically interesting
size. While the hydrogen study does not provide this, the optimal ordering
strategy observed does provide us with a potential starting point for our in-
vestigation.
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6. Trotterization Ordering Schemes

We observed in the previous section that the optimal ordering strategy for
molecular hydrogen was to divide the Hamiltonian into twomutually com-
muting subsets, and intersperse themso as tominimise thenumberofnonzero
terms in the error operator. This procedure is not viable for larger systems,
as there is no guarantee as to the number of mutually commuting sets. Al-
though a graph describing the commutativity structure of the Hamiltonian
terms can be generated tractably (if slowly), finding mutually commuting
sets is essentially a process of graph colouring. This introduces a host of com-
putational problems, well studied in graph theory. Finding the chromatic
number of a graph (in our case, the minimal number of mutually commut-
ing sets) is known to be NP-hard.117

Graph colouring schemes could be used to divide theHamiltonian intomu-
tually commuting sets, for example through a greedy colouring algorithm.
It remains an open question as to the efficacy of this with regards to Trotter
error. A variety of factors could be considered here. For example, it is not
immediately obvious whether it would be preferable to split the graph into
few large independent sets, or many smaller ones. Future work would be in-
teresting in this regard; however, an alternative strategy is instead discussed
here.

The present scheme is still inspired by the optimal hydrogen ordering. How-
ever, rather than attempting to find specific sets, it instead attempts to order
byminimising the amount of commutativity in the orderedHamiltonian at
each step.
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6.2. Generalised ordering strategies

We start by ordering theHamiltonian by coefficientmagnitude. The highest
magnitude term is then assigned to be the first term in the orderedHamilto-
nian. We then consider the terms that do not commute with this, and the
highest magnitude of these is appended to the ordered Hamiltonian. We
keep track of the number of terms in the ordered Hamiltonian with which
each term in the unordered Hamiltonian commutes, and we consider the
subset ofunorderedHamiltonian terms thatminimise this number. Of these,
the term with highest magnitude is chosen as the next term in the ordered
Hamiltonian. This process is repeated until the unordered Hamiltonian is
exhausted. The left-hand chart of Figure 6.4 demonstrates this process dia-
grammatically. We refer to this scheme as a commutator ordering.

It should be noted that this process does not reproduce the exact optimal
strategy for the molecular hydrogen test case, as in this instance the lower
magnitudeXY termgroup insteadbegins the ordering process. Nonetheless,
it does produce an ordering which performs almost equivalently.

In addition to this scheme, a slightly modified scheme was considered. In
this scheme – the reverseCommutator ordering – we again start with an un-
ordered Hamiltonian comprising of a list of terms. At each stage, instead of
counting the number of terms in the ordered Hamiltonian that the candid-
ate terms commute with, we count the number of terms in the unordered
Hamiltonian that the candidate terms commute with. We then pick the
terms that maximise this number, and append the highest magnitude of
these. This process is depicted in the right-hand chart of Figure 6.4.
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6. Trotterization Ordering Schemes

Figure 6.4.:
Flowcharts representing
the commutator (left) and
reverseCommutator (right)
ordering schemes.
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Both of these algorithms are essentially greedy. The commutator ordering
at each stage attempts to maximise the non-commutativity of the ordered
Hamiltonian,whereas the reverseCommutator ordering at each stage attempts
to minimise the non-commutativity of the unordered Hamiltonian.

6.2.1 Other ordering schemes

In order to contrast our ordering schemes against other possible alternat-
ives, it is necessary to briefly review the conventions we use to describe other
ordering schemes. A comparison of the Jordan-Wigner molecular hydro-
gen Hamiltonian in oplist format in each of these cases is included as Ap-
pendix C.

Perhaps themost immediately obvious ordering scheme is themagnitude or-
dering. Here, terms are ordered according to the magnitude of their coeffi-
cient, from largest to smallest – the term with the largest magnitude coeffi-
cient is simulated first, followed by the second largest magnitude coefficient,
and so on. This ordering scheme has the immediate appeal that high mag-
nitude terms are simulated first. As a result of this process, one could expect
a reduction in the number of high magnitude terms in the error operator.
However, this approach does not take into consideration the structure of
the error operator – high magnitude terms may not result in a meaningful
increase in error if, for example, they commute with many other terms.
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6. Trotterization Ordering Schemes

The lexicographic ordering is an ordering scheme which attempts to maxim-
ise the similarity of the Pauli strings of adjacent terms. In the oplist format,
this is essentially a numerical orderingwith respect to thePauli strings. While
this schememay seem arbitrary, it is known to result in a maximum amount
of gate cancellation, with commensurate reduction in overall quantum com-
putational cost.106 However, there is little reason to suspect that this ordering
would be beneficial for the purposes of Trotter error. Such an increase could
lead to the requirement for a greater number of Trotter steps, undermining
its advantages.

It should be noted that our strategy for ordering terms lexicographically is a
smallmodification fromthatused inotherwork.106 Asdiscussed inChapter 3,
whereas other approaches have grouped the qubit Hamiltonian terms by
their fermionic operator, our approach does notmaintain this structure, and
instead stores the qubit Hamiltonian as a list of individual weighted Pauli
string terms. As such, we do not treat any terms specially based on their
fermionic role. Similarly, our ordering is based purely on the structure of
the individual Pauli strings, rather than the fermionic terms they correspond
to.

Finally, while we do not use it in our comparison to the commutator and
reverseCommutator orderings for clarity, a lexoMag ordering can be made
by interleaving the magnitude and lexicographic orderings, as mentioned in
Chapter 5. We do not contend that this ordering should provide any im-
provement over the other ordering schemes discussed. Instead, it is used to
contrast the methods described, in an attempt to see if the behaviour of the
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6.2. Generalised ordering strategies

ordering schemes can be “mixed”. This ordering scheme is considered again
in the second half of this chapter, dealingwith the relationship of the Bravyi-
Kitaev mapping to ordering-dependent Trotter error.

6.2.2 Testing – random Hamiltonians

Asdetermining theTrotter error is classically computationally intractable for
Hamiltonians with large numbers of terms, testing the ordering strategies
proved non-trivial. Our initial approach was inspired by the brute force
strategywith respect tomolecular hydrogen, and focussedon systemswhereby
the error incurred by all possible orderings could be feasibly determined, for
the purpose of comparison.

The directOrderings module allows for the generation of random
Hamiltonians in the oplist format, as discussed in Chapter 3. These random
Hamiltonians are subject to almost no constraints with respect to their phys-
icality. They consist of oplistswith randomcoefficient (in the [0.0, 1.0) inter-
val) and randomchoice ofPauli operation (or identity) applied to eachqubit,
rejecting only oplists that are undiagonalisable. It should be emphasised that
these arbitrary Hamiltonians bear resemblance to real chemical electronic
Hamiltonians only in the sense that they are both weighted sums of strings
of Pauli operations. Their use here is due to the fact that the brute-force
approach is intractable for almost all real chemical systems. This approach
suffers from the fact that any unique behaviour of real electronic Hamilto-
nians will not be present in this analysis – it has been shown77 that this can
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Table 6.1.:The number of random Hamiltonians gener-
ated for each value ofN , the number of terms
in each Hamiltonian.

Terms # Systems

3 10000
4 10000
5 10000
6 10000
7 1000
8 500

producemisleading results. However, examining the error incurred across all
possible orderings allows for an examination of the distribution of ordering
errors, as studied for the hydrogen molecule in Section 6.1.

To this end, a number of six qubit Hamiltonians were generated, of num-
ber of termsN ∈ {3, 4, 5, 6, 7, 8}. The number of Hamiltonians generated
for each value ofN is summarised in Table 6.1. 10, 000 Hamitonians were
generated for every N ∈ {3, 4, 5, 6}, but for larger N , a reduced number
of Hamiltonians are generated due to the factorial growth in computational
cost. These numbers were tailored so as to reduce the overall runtime to less
than a day on a standard laptop computer. Clearly, a larger study would be
possible with more substantial computing resources, however the problem-
atic scaling would prohibit study of increased N , and as such the present
breadth of systems was considered sufficient for this preliminary analysis.

170



6.2. Generalised ordering strategies

In keeping with the analysis of the hydrogen molecule, the Trotter error in-
curred using every possible ordering scheme for each of these Hamiltonians
was calculated using the directFermions module. The Trotter error
incurred by using a commutator, reverseCommutator, magnitude or lexico-
graphic ordering was then picked out from this collection. Additionally, the
average Trotter error – the Trotter error for a given Hamiltonian, averaged
across the space of all possible orderings – was determined.

Inorder to account for variation in the averageordering errorbetweenHamilto-
nian, for each Hamiltonian and each ordering strategy we then define the
relative performance

P =
Eordering
Eaverage

(6.2.2.1)

of that ordering, where Eordering is the Trotter error of the ordering in ques-
tion, andEaverage is the averageTrotter error over all possible orderings for the
Hamiltonian. A P of less than 1 thus indicates that the ordering performed
better than average, whereas a P of greater than 1 indicates that the ordering
performed worse than average.

We consider the results of this analysis in Figure 6.5. The first consideration
is the average performance of each ordering scheme across each value ofN ,
shown in the upper plot of Figure 6.5. An inspection here initially seems
positive. ForN ∈ {3, 4, 5, 6}, all ordering schemes yield an error in worst
case less than 1% greater than the average Trotter error. In most cases, we
observe an error reduction of up to approximately 8%. The results forN ∈

{7, 8}, are less suggestive. We observe roughly consistent performance using
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Figure 6.5.:
A comparison of the per-
formance of each ordering,
being the Trotter error of
each ordering normalised by
the Trotter error averaged
over all possible orderings
for each Hamiltonian. Up-
per: performances averaged
across each value of the num-
ber of terms in eachHamilto-
nian. The reverseCommut-
ator ordering appears to per-
form well. Lower: a heat
map showing the cumulat-
ive density of performances
for each ordering scheme.
The reverseCommutator or-
dering appears to perform
well, although all schemes
result in significant variance
for higher numbers of terms.
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a lexicographic ordering, a pattern curiously reversed in the analysis of real
molecules below. A magnitude ordering yields remarkably increased error
forN = 7, in contrast to its roughly decreasing error trend for other values
ofN . To an extent, this could be an artefact of the reduction in sample size
forN ∈ {7, 8}.

Comparingordering schemes, the “reverseCommutator” schemedisplaysnot-
ably reducedTrotter error in contrast to amagnitude or lexicographic order-
ing in all cases other thanN = 8, where it performs roughly commensurately
with a magnitude ordering. Although this is encouraging, we do observe an
increase in average error with increasingN .

While for small values ofN , the commutator scheme yields remarkably good
performance in comparison to the other ordering schemes, for large values
of N this trend is not maintained. Comparing our two ordering schemes,
it is clear that in these results, the reverseCommutator ordering performed
significantly better. This could be due to the fact that, for early terms in
the ordering process, there is a greater ability to differentiate between terms.
This is because the reverse commutator ordering compares candidate terms
against the pool of unordered terms, rather than the ordered terms. In initial
stages of the ordering process, the pool of unordered terms is substantial,
whereas the pool of ordered terms is small.

Obscured by the upper plot of Figure 6.5 is the fact that there is an extremely
high degree of variancewithin the relative ordering performancewithin each
class of Hamiltonians. The lower plot of Figure 6.5 demonstrates this by
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plotting the cumulative density of theperformanceP for eachordering strategy.
Immediately apparent is that the variance increases substantially with the
number of terms N , due to the rapid growth of the space of possible or-
derings. An inspection of the lower plot of Figure 6.5 does, however, seem
to confirm that – for these small, random Hamiltonians – the reverse com-
mutator ordering results in marginally smaller errors than the other order-
ing schemes. A point of interest revealed by this analysis is the large spread
of performances yielded by the lexicographic ordering. This could be attrib-
uted to the fact that there is no inherent attempt at error-reduction in this
scheme, rather focusing on maximising the similarity of neighbouring Pauli
strings.

6.2.3 Testing – molecular Hamiltonians

It has been established that testing on random Hamiltonians does not real-
istically capture the behaviour of real molecular Hamiltonians when consid-
ering Trotter errors. As such, although the previous analysis was useful to
assess the ordering schemes in a context where every ordering can be ascer-
tained, a more rigorous analysis requires the use of real chemical Hamiltoni-
ans. As such, we initially repeated the analysis using the small_data data
set. Given that the task of exactly determining Trotter error is exponentially
hard,weuse a subset of the small_data set, as indicatedbyAppendixA.

Clearly, as this includes systemswithmore than8qubits, an exhaustive search
of all possible orderings is not possible for all but the smallest of the systems
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included. Instead, an approach of sampling the possible ordering space was
adopted, and averaging theTrotter error of the sample. It should be emphas-
ised that as the space of possible orderings grows factorially, the statistical sig-
nificance of this sample rapidly decays towards zero. As such, these sample
averages shouldnot be taken to represent ameaningful approximation to the
true average error across all orderings. Instead, they servemostly as a fixed ref-
erence point bywhich to compare the systematic ordering schemes described
above. It should be noted that if the analysis of the hydrogenmolecule holds
for larger systems, then the random orderings are likely to fall into the dom-
inating regionwhereby theTrotter error is relatively low. However, verifying
whether this is the case (at least by brute force methods) is intractable, even
on a quantum device.

We again consider the performanceP of each ordering, definedhere as the or-
dering for that error normalised by the error of the random sample of order-
ings. Instead, here, we consider the performance of each ordering in terms of
the number of spin-orbitals considered in the molecular system. Figure 6.6
shows this. It is somewhat difficult to draw conclusions from this data. Re-
assuringly, again the bulk of all of the performances calculated are superior
to those obtained by the random samples, although it should be emphasised
that these samples may not be representative.

Much like the analysis of randomHamiltonians, we observe reasonably con-
sistent better-than-average performance associated with the magnitude or-
dering. Additionally, we yield a similar disperse pattern for the lexicographic
ordering as seen in the random Hamiltonians. This is somewhat troubling,
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Figure 6.6.:
Performance of order-
ing schemes for the
small_data set, with
respect to number of qubits.
x-axis values are arbitrary
within each category of
number of qubits. The
commutator and rever-
seCommutator orderings do
not appear to consistently
reduce error. Themagnitude
ordering is consistently the
most effective ordering in
terms of Trotter error.
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as it indicates that the use of a lexicographic ordering could result in unpre-
dictable error rates, and consequent fixed-precision simulation gate counts.
The commutator and reverseCommutator orderings donot farewell in these
results. They donot appear to achieve consistent improvement versus amag-
nitude ordering, and are quite disperse (although arguably not as much as
the lexicographic ordering). In contrast to the analysis of random Hamilto-
nians, the reverseCommutator ordering does not appear to outperform the
commutator ordering.
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As these results were somewhat inconclusive, it was desirable to repeat the
analysis using the large_data set of systems. Due to computational cost,
we restricted the error analysis to these smaller systems, as indicatedbyTable 3.2
and Appendix A. The increased size of this data set resulted in commensur-
ately longer compute times for the determination of Trotter errors, on the
order of days for each ordering and system. As such, the random sampling
approach was abandoned in favour of directly comparing the Trotter error
of each ordering scheme.

Figure 6.7 demonstrates the results of this analysis. As before, we observe re-
latively consistent error performance associated with a magnitude ordering,
and relatively inconsistent performance with respect to the lexicographic or-
dering. Once again, the commutator and reverseCommutator orderings do
not appear to yield consistently improved error estimates. This suggests that
the commutator and reverseCommutator orderings in Section 6.2 do not
appear to consistently reduce Trotter error. The reliability of a magnitude
ordering scheme does strongly suggest the reason for this. Our schemes used
the magnitude of terms as only a tie-breaker in cases where candidate terms
yielded a common level of non-commutativitywith regards to the ordered or
unordered terms. The fact that the magnitude ordering yielded comparat-
ively low error in most cases emphasises the importance of the magnitude of
the resultant terms in the error operator, rather than their mere presence. As
such, future work in tailoring ordering schemes could integrate a weighting
factor based on each term’smagnitude. The efficacy of such schemes remains
an open question.
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6. Trotterization Ordering Schemes

Figure 6.7.:
Trotter error of the different
ordering schemes using
the large_data set. The
horizontal line denotes an
error of 1 kcal/mol. Upper:
by number of qubits. Again,
the magnitude ordering is
results in the most consist-
ently reduced Trotter error.
Lower: by gate count of the
unoptimised Jordan-Wigner
circuit. Note the instances
of worse-than-chemical-
accuracy Trotter errors are
clustered around very short
circuits.
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6.3. Trotter error and the Bravyi-Kitaev mapping

6.3 Trotter error and theBravyi-Kitaevmap-

ping

The discussion in Chapter 5 concluded by noting that a thorough discussion
of the efficacy of the Bravyi-Kitaevmapping is not possible without similarly
considering the Trotter error incurred by its use, particularly when differing
ordering strategies are applied.

The analysis of the hydrogen molecule in Section 6.1 showed that if all or-
derings are considered, there exists an ordering for the Bravyi-Kitaev map-
ping that yields the same error as every ordering for the Jordan-Wignermap-
ping. However, the analysis of the methane molecule in Section 5.1 and in
reference [80], alongwith other work79, observed lower Trotter error associ-
ated with the Bravyi-Kitaev mapping. This suggests that while the distribu-
tion of errors across possible orderings may be the same for both mapping
schemes, the error for a given ordering scheme (lexicographic, magnitude,
etc.) will vary. As no algorithm yet exists that will even approximately ob-
tain the optimal ordering scheme for either mapping, it is therefore neces-
sary to compare the errors yielded for each ordering scheme using both the
Jordan-Wigner and Bravyi-Kitaev mappings. An ordering which is good for
one mapping may be bad when applied to the other, and so on.

As such, using the directFermionsmodule as described previously in
this chapter, we determined the Trotter error for 34 for the systems in the
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6. Trotterization Ordering Schemes

large_data set. As for the methane molecule, the calculations were per-
formed for a variety of choices of Trotter order and step number. Nonethe-
less, it is remarkable that limiting our discussion to trials of one Trotter step
of first order suffices to yield chemical accuracy (i.e. to within 1 kcal/mol
of the FCI energy) for a single application of the evolution operator. For
simulation of the full phase estimation procedure, determination of the er-
ror incurred in the application of higher powers of this operator would be
necessary. However, this does not qualitatively affect the ordering compar-
ison.

Figure 6.8 demonstrates the results of these simulations. Encouragingly, in
the overwhelming majority of systems considered, the Trotter error is ex-
tremely small even with only one Trotter step: it is often less than 0.001
Hartree. It is possible that this is an artefact of the small number of spin or-
bitals in the systems considered in the error analysis. It is also worth noting
that these errors will be compounded when considering higher bits of preci-
sion in a full phase estimation procedure. Nonetheless, it does suggest that
the number of Trotter steps required for chemically accurate simulation of
larger systems will be relatively modest, potentially less than 10Trotter steps
for the first bit of precision.

Figure 6.8 additionally demonstrates the ordering dependence of theTrotter
error. We consider the Trotter error of each systematic (i.e. non-random)
ordering normalised by the Trotter error of the lexicographic ordering for
each system.
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Figure 6.8.:
Trotter error using the
Bravyi-Kitaev mapping as a
function of Jordan-Wigner
circuit length, for different
ordering schemes. Upper:
Absolute Trotter error.
Middle: Trotter error relat-
ive to error of lexicographic
ordering. Note this excludes
two instances where the
relative Trotter error was >
20. The red line indicates a
relative performance of 1 - i.e.
below the line, the ordering
results in a lower Trotter
error than a lexicographic
ordering. The magnitude
ordering usually results in
a substantially lower error,
however in most of these
cases the Trotter error was
already around 10−4.
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6. Trotterization Ordering Schemes

Inmost cases, themagnitudeordering appears to achieve a significantly lower
Trotter error than the lexicographic ordering. In some cases, this difference
exceeds an order of magnitude. It is important to note that this represents
a large variance on an exceptionally small error. Noting that one Trotter
step was sufficient for chemical accuracy inmost of the systems studied here,
we do not argue that this necessarily indicates that a magnitude ordering
achieves a useful reduction in error compared to a lexicographic ordering.
However, it is likely that this error would be magnified when determining
higher bits of precision in the full phase estimation procedure. Future work
is required to assess this, as in these circumstances this effect could become
sufficiently significant to determine ordering choice.

An examination of the relative performance of the Bravyi-Kitaev mapping
and the Jordan-Wigner mapping in the context of ordering strategies is in-
cluded as Figure 6.9. Again, the distinction between the two mappings is
in most cases not as substantial as the differences observed for single Trot-
ter step circuit length. In the majority of systems, the normalised difference
between the two errors is between 1 and -1 – that is, the error associated with
one mapping is very rarely more than double that of the other. Several sys-
tems display substantially increased error associated with the Bravyi-Kitaev
mapping (including two not shown on Figure 6.9 for scale clarity); however,
in the general case no such pattern emerges.

Using a lexicographic ordering, a preference for the Bravyi-Kitaev mapping
is observable inmost systems. In some cases, the error is almost halved by the
use of the Bravyi-Kitaev mapping. At larger system sizes this could become
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Figure 6.9.:
Relative Trotter error of
Jordan-Wigner and Bravyi-
Kitaev mappings. The
difference in error is norm-
alised by the Jordan-Wigner
error, such that a value
of 0 indicates equivalent
performance, with negative
values implying high Bravyi-
Kitaev error. Both schemes
display remarkably similar
errors for the magnitude
ordering. For a lexicographic
ordering, the Bravyi-Kitaev
mapping shows lower error
in most of the systems
studied.

a more substantial effect; however, we do not contend that the data provides
concrete evidence as to whether this is true. For a magnitude ordering the
Jordan-Wigner and Bravyi-Kitaevmappings yield nearly identical Trotter er-
ror in almost all cases. In a sense, this could be attributed to themore directly
physical nature of the magnitude ordering. Important terms will intrinsic-
ally be simulated earlier in sequence using bothmappings. As such, the error
of both is likely to be similar in this case. As to be expected, the “lexoMag”
ordering performs roughly as a combination of the magnitude and lexico-
graphic orderings.
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6. Trotterization Ordering Schemes

As above, the impact of this variation in error could prove substantial when
propagated through the entire phase estimation algorithm. Using a lexico-
graphic ordering – optimal for gate cancellation – the Bravyi-Kitaev map-
ping outperforms the Jordan-Wigner mapping in most cases. If this super-
ior error performance scales to above 30 qubit systems, this could result in
a reduction of the necessary Trotter steps for simulation. The consequent
reduction in circuit length could counterbalance the marginally increased
individual Trotter step cost of using the Bravyi-Kitaev mapping in a lexico-
graphic ordering. Further work examining the entire procedure should as-
sess this. Nonetheless, it should not be forgotten that an exact determination
of the Trotterization error is equivalent to the solution of the exponentially
hard eigenvalue problem itself. Consequentially, this approach may prove
intractable. Qualitatively, an examination of the norm of the Trotter error
operator may prove instructive.93

Overall, we conclude here that the Bravyi-Kitaevmapping does show a great
deal of promisewhenperforming thequantumsimulationof electronic struc-
ture. Chapter 5 concluded that improvement was observed using this map-
ping for all orderings other than the lexicographic ordering, which is optimal
for gate cancellation. Here, however, we observe consistently superior Trot-
ter error performance associated with the Bravyi-Kitaev mapping when us-
ing the lexicographic ordering, which is likely to result in shorter circuits,
even accounting for the aforementioned marginally increased overhead. Fu-
ture work is, however, required to assess this in the context of the full phase
estimation procedure.
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6.3. Trotter error and the Bravyi-Kitaev mapping

6.3.1 Commutator based orderings

In Section 6.2we discussed attempts to generate an optimised ordering strat-
egy with respect to Trotter error. While the orderings derived from this did
not achieve consistent reduction of Trotter error, it did yield information
which would be useful for future attempts.

As with the Jordan-Wigner mapping, for the hydrogen molecule in a min-
imal basis, our schemes reproduce the optimal ordering strategy when using
the Bravyi-Kitaev mapping. Following the logic of Section 6.2, an analysis
of the commutator and reverseCommutator ordering schemes when using
the Bravyi-Kitaev mapping could be instructive. As such, we again used the
directFermionsmodule to calculate the Trotter errors as a result of a
single Trotter step for a subset of the large_data set using a commutator
and reverseCommutator ordering, this time using a Bravyi-Kitaev mapping.

The results here are depicted in Figure 6.10. As with the Jordan-Wigner
transformation, we again donotwitness a reliable degree of improvement as-
sociated with the commutator and reverseCommutator orderings, in terms
of Trotter error. The reverseCommutator ordering is typically marginally
superior to the commutator ordering, and is likewise better than a lexico-
graphic ordering in most cases, although this is not consistent. In a few
cases, the reverseCommutator ordering does provide the lowest error (beat-
ing a magnitude ordering), although these are rare and should not be relied
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6. Trotterization Ordering Schemes

Figure 6.10.:
Error performance of the
Bravyi-Kitaev mapping
using a commutator and
reverseCommutator order-
ing. Upper: by number of
qubits. Lower: by length
of unoptimised circuit. In
both cases, a similar trend
to that observed using the
Jordan-Wigner mapping is
apparent.
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Figure 6.11.:
Relative performance of
Bravyi-Kitaev and Jordan-
Wigner mappings when
using the commutator or
reverseCommutator or-
derings. The commutator
and reverseCommutator
orderings display roughly
equivalent performance
for both mapping schemes,
similar to the magnitude
ordering rather than the
Bravyi-Kitaev-favouring
lexicographic ordering.

upon. The commutator ordering fares even worse, frequently resulting in
the highest error rates of each ordering scheme.

Examining the Bravyi-Kitaev error rates alone indicates a similar picture to
that observed when using the Jordan-Wigner mapping; however, a compar-
ison of the difference in error between the twomapping schemes for each or-
dering is important. This indicates which scheme would be preferred when
using a specific ordering, with respect to Trotter error. We present this in
Figure 6.11. Curiously, this shows that – especially for larger circuit lengths –
the Trotter error incurred when using the commutator or reverseCommut-
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6. Trotterization Ordering Schemes

ator orderings is inmost cases roughly independent of the choice ofmapping
scheme. This is in contrast to the results when using a lexicographic order-
ing, where the Bravyi-Kitaev mapping consistently results in reduced error.
In thismanner, it ismore akin to amagnitude ordering,where bothmapping
schemes perform roughly equivalently in terms of error.

Initially, thismay seemcounter-intuitive, as the commutator and reverseCom-
mutator ordering schemes employ the term magnitude only as tiebreakers.
However, they are based on the commutativity structure of the Hamilto-
nian. The commutativity of the terms within the Bravyi-Kitaev or Jordan-
Wigner Hamiltonian is directly related to the commutativity of the terms
within the electronic Hamiltonian from whence they arise. As such, we can
expect these orderings to result in amore consistent error ratewith respect to
choice ofmapping, in comparison to the arguably less physical lexicographic
ordering.

While the reverseCommutator ordering initially showedpromisewhen study-
ing random Hamiltonians, both it and the commutator ordering failed to
yield consistent improvement with regard to Trotter error using either the
Jordan-Wigner or Bravyi-Kitaev mapping. Nonetheless, important inform-
ation was yielded through this process.

Though care should be taken here, brute force analysis of the hydrogen mo-
lecule suggested that while there is a substantial difference in error perform-
ance between worst and best orderings, the distribution of errors with re-
spect to ordering is clustered towards the low error region – suggesting that
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6.3. Trotter error and the Bravyi-Kitaev mapping

ordering choice should focus on eliminating bad orderings, rather than find-
ing optimal ones. This analysis also aided in experimental demonstrations
of these techniques.

TheTrotter error superiority of themagnitudemapping emphasises that the
commutativity structure cannot be the only thing taken into account when
choosing a Trotter ordering, and that approaches need to weigh this against
the magnitude of each term. Finally, the results discussed here confirmed
previous results79,80 that the Bravyi-Kitaev mapping results in a reduction
in Trotter error. Future work is required to assess this within the context of
the full phase estimation algorithm, although this may involve substantial
computational efforts.
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7Conclusions and Outlook

In this thesis we have discussed attempts to characterise improvements to the
canonical method of performing electronic structure calculations on digital
quantum computers. The focus was particularly on two areas: the Bravyi-
Kitaev mapping, and ordering schemes when applying a Trotter-Suzuki ex-
pansion.

Analysis of the Bravyi-Kitaev mapping revealed a previously unknown vari-
ability to the impact of the technique with regard to simulation gate counts,
and thus the quantum computational cost. Previous work79 suggested that
there was a deterministic improvement associated with its use, which would
be expected to be maintained when using other forms of circuit optimisa-
tion. Initial analysis of themethanemolecule agreed with this, observing su-
perior performance from the Bravyi-Kitaev mapping in both circuit length
and Trotter error, although by a lower margin than previously expected.

However, more detailed analysis involving a large set of molecular systems
and optimised circuits revealed that the gate count advantage displayed by
theBravyi-Kitaevmapping strongly depends on the Trotter order that is chosen.

191



7. Conclusions andOutlook

For some orderings, substantial improvement was observed; however, when
an ordering optimal for gate cancellation is used, the advantage disappears,
and is (in terms of gate count) worse than the Jordan-Wigner mapping – al-
beit to within a very low margin. This emphasises the fact that these optim-
isation schemes are not independent, and that an inherently optimal choice
is perhaps impossible. Futurework should bear this inmindwhen designing
circuits to be performed on quantum devices.

Trotter error analysis did suggest that reducedTrotter error is associatedwith
the Bravyi-Kitaev mapping. This is encouraging, as a reduction in the num-
ber of Trotter steps required would potentially result in a large reduction in
cost for an overall simulation. While the Trotter error difference between
the Bravyi-Kitaev and Jordan-Wigner mappings was low for the first bit of
the ground state energy, this could result in a meaningful distinction when
propagated through the entire phase estimation procedure. Unfortunately,
it was not possible to calculate this, due to the substantial computational
difficulty.

This is, to an extent, inherent within the task, as determining the exact Trot-
ter error is exponentially difficult. Nonetheless, the simulation of 49 and
(with some limitations) 56 qubit systems has been demonstrated on clas-
sical computers.43 It thus seems likely that, with specialised computing re-
sources, a thorough analysis of Trotter error in systems of perhaps 40 − 50
spin-orbitals could be performed. Although potentially expensive, such an
analysis could prove invaluable in determining theTrotter error implications
of the Bravyi-Kitaevmapping. Similarly, an analysis involving consideration
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of the norm of the Trotter error operator could prove instructive, as in other
work.93 As this quantitatively substantially overestimates the exact Trotter
error, thismay obscure the distinction between themapping schemes. How-
ever, if a qualitative relationshipbetween this and the exactTrotter error con-
sidering each mapping scheme can be ascertained, this could be a useful way
to generalise to much larger system sizes.

The analysis of Trotter ordering consisted of several aspects. A brute-force
search of Trotter orderings for the hydrogen molecule yielded some insight
that proved useful experimentally. As has been observed in other work79,
we confirmed that the choice of ordering can strongly influence the Trotter
error incurred in the study of the hydrogen molecule.

This section did, however, also suggest that the bulk of the orderings yield
a relatively low error, in comparison to the error obtained by the worst pos-
sible ordering. This is encouraging, as it does suggest that the emphasis should
perhaps not be on finding the optimal possible ordering, but rather an or-
dering scheme that is good enough. So long as the worst possible ordering
scheme is not systematically chosen, this allows for greater flexibility to tailor
the ordering scheme by other criteria (such as the efficacy of gate cancellation
or hardware constraints).

This argument should be tempered by the fact that although a brute-force
approach was effective for the hydrogen molecule, it is dangerous to gen-
eralise too strongly from this to larger systems. Unlike the analysis on the
Trotter error of the Bravyi-Kitaev mapping, it is unlikely that much further
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computational work will be possible utilising this technique. The factorial
scaling of the number of possible orderings with regards to the number of
terms in theHamiltonianwill necessitate another approach for anything but
trivial systems, regardless of the amount of computational effort thrown at
the problem.

Attempts to determine an optimal ordering scheme for Trotterization un-
fortunately did not appear to yield a consistently superior ordering strategy
in terms of Trotter error. However, useful information was gleaned with
regards to the emphasis that must be paid to both the commutativity rela-
tionships between the terms and the magnitude of those terms. The im-
pressive result of the magnitude ordering with regards to Trotter error em-
phasises the importance of the latter of these. Future attempts at develop-
ing optimal ordering strategies should take this into consideration. Other
work106 has examined the importance of a termwith respect to its impact on
theHartree-Fock ground state, as opposed to the rawmagnitude of the term.
The commutator-based strategies would likely be improved by an approach
similar to this, although this would need to be tempered by an increased de-
pendence of the ordering on importance, rather than commutativity.

The continued development of classical computing over the past century has
revolutionised not just science, but the entirety of human society, at a pace
which is historically unprecedented. Amajor driving force behind this is not
just the availability of devices, but their rapid growth in computing power.
This growth is frequently described with Moore’s law118, a statement of the
observed exponential growth in CPU transistor count.
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In chemistry, this explosion of computing power has resulted in profound
effects. Calculations which would have seemed preposterously impractical
at the birth of quantum mechanics – the generation of the integrals used
in this project, as a simple example – are now routine. The fundamental
quantum mechanical nature of chemistry is emphasised and studied, even
in fields relating to large molecules or complex reactions.

For quantum computing, the historical comparison to the development of
classical computing is difficult to avoid.119 At present, qubits are the domain
of teams of researchers specialised in the task ofmaking a scalable device exist,
and the software to run on it. This is not dissimilar to the state of classical
computing in the 1940s, and is a far cry from the ubiquity of – for instance
– computational chemical methods today.

However, the rapid increase of the pace of progress is striking, even on a
time-scale as short as thework described in this thesis. The first experimental
demonstrationof the simulationofquantumchemistry, on a twoqubit device,
was reported in 2010 – less than a decade prior to the time ofwriting. In 2017
and 2018, prototypes of 50 and 72 qubit devices were reported. It has been
argued that the first demonstration of a quantum device outperforming all
classical supercomputers will be possible with such technology.46

The largest molecular simulation on a quantum device was of beryllium hy-
dride in 2017.63 While this represents an impressive and major step forward
in the use of quantum computing for chemical problems, it remains trivial
in comparison to calculations that can be performed classically, even at a full
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configuration interaction level. It is clear that algorithmic improvements re-
main of crucial importance to the development of the practical quantum
simulation of quantum chemistry.

Such improvements continue tobemade. Somehavebeendiscussed indepth
in the bulk of this thesis, and others were briefly reviewed in Chapter 1. In
a limited sense, the array of quantum methodologies for the simulation of
quantum chemistry begins to resemble the myriad of classical methodolo-
gies. As in the development of computational chemistry on classical com-
puters, it is likely that each of these methodologies and optimisations will
find its own use case. Benchmarking and categorisation attempts – such as
those described in this thesis – will be required in this process.

Quantum computers are unlikely to ever fully replace classical computers
in the study of quantum chemistry. However, their fundamental promise
remains the possibility of performing calculations that could never be per-
formed on a classical device. We speculate that this could open entirely new
avenues to the study of theoretical chemistry, to complement those yielded
by classical devices. If quantum computing today is comparable to the state
of classical computing in the post-war era, then those avenues could stretch
far indeed.
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AData sets

This Appendix contains a detailed list of the systems in the small_data
and large_data sets, as discussed in Chapter 3.

Table A.1.: The systems included in the small_data set. Level corresponds to
whether or not our ordering analysis was performed for the system –
N indicates that this analysis was performed for the system, Y indic-
ates that it was not. MO basis gives the molecular orbital basis used –
CMOfor the canonicalHartree-Fockmolecular orbitals, OAOforLöd-
win Orthogonalised atomic orbitals, and NMO for natural molecular
orbitals.

Name Charge Mult. Basis MO Basis N. Qubits Level

Al 0 2 STO-6G CMO 18 Y
Al 0 2 STO-6G NMO 18 Y
Al 0 2 STO-6G OAO 18 Y
Ar 0 1 STO-6G NMO 18 Y
Ar 0 1 STO-6G OAO 18 Y
B 0 2 STO-6G CMO 10 Y
B 0 2 ECP CMO 16 N
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A. Data sets

B 0 2 ECP NMO 16 N
B 0 2 ECP OAO 16 N
B 0 2 STO-6G NMO 10 Y
B 0 2 STO-6G OAO 10 N
Be 0 1 STO-6G CMO 10 Y
Be 0 1 ECP CMO 16 Y
Be 0 1 ECP NMO 16 Y
Be 0 1 ECP OAO 16 Y
Be 0 1 STO-6G NMO 10 Y
Be 0 1 STO-6G OAO 10 Y
BeH2 0 1 STO-6G CMO 14 Y
BeH2 0 1 STO-6G NMO 14 Y
BeH2 0 1 STO-6G OAO 14 Y
C 0 3 STO-6G CMO 10 N
C 0 3 ECP CMO 16 N
C 0 3 ECP NMO 16 N
C 0 3 ECP OAO 16 N
C 0 3 STO-6G NMO 10 N
C 0 3 STO-6G OAO 10 N
CH2 0 3 321G CMO 26 N
CH2 0 3 321G NMO 26 N
CH2 0 3 321G OAO 26 N
CH2 0 3 STO-6G CMO 14 N
CH2 0 3 ECP CMO 24 N
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CH2 0 3 ECP NMO 24 N
CH2 0 3 ECP OAO 24 N
CH2 0 3 STO-6G NMO 14 N
CH2 0 3 STO-6G OAO 14 N
Cl 0 2 STO-6G CMO 18 N
Cl 0 2 STO-6G NMO 18 N
Cl 0 2 STO-6G OAO 18 N
F 0 2 STO-6G CMO 10 N
F 0 2 ECP CMO 16 N
F 0 2 ECP NMO 16 N
F 0 2 ECP OAO 16 N
F 0 2 STO-6G NMO 10 N
F 0 2 STO-6G OAO 10 Y
H 0 2 STO-6G CMO 2 Y
H 0 2 ECP CMO 4 N
H 0 2 ECP NMO 4 N
H 0 2 ECP OAO 4 N
H 0 2 STO-6G NMO 2 Y
H 0 2 STO-6G OAO 2 Y
H2 0 1 321G CMO 8 Y
H2 0 1 321G NMO 8 Y
H2 0 1 321G OAO 8 Y
H2 0 1 631++G CMO 12 Y
H2 0 1 631++G NMO 12 Y
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H2 0 1 631++G OAO 12 Y
H2 0 1 631++Gss CMO 24 N
H2 0 1 631++Gss NMO 24 N
H2 0 1 631++Gss OAO 24 N
H2 0 1 6311++Gss CMO 28 N
H2 0 1 6311++Gss NMO 28 N
H2 0 1 6311++Gss OAO 28 N
H2 0 1 6311G CMO 12 Y
H2 0 1 6311G NMO 12 Y
H2 0 1 6311G OAO 12 Y
H2 0 1 6311GU CMO 16 N
H2 0 1 6311GU NMO 16 N
H2 0 1 6311GU OAO 16 N
H2 0 1 631G CMO 8 Y
H2 0 1 631G NMO 8 Y
H2 0 1 631G OAO 8 Y
H2 0 1 631Gss CMO 20 N
H2 0 1 631Gss NMO 20 N
H2 0 1 631Gss OAO 20 N
H2 0 1 STO-6G CMO 4 Y
H2 0 1 ECP CMO 8 Y
H2 0 1 ECP NMO 8 Y
H2 0 1 ECP OAO 8 Y
H2 0 1 12 NMO 12 Y
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H2 0 1 2 NMO 4 Y
H2 0 1 20 NMO 20 N
H2 0 1 4 NMO 4 Y
H2 0 1 8 NMO 8 Y
H2 0 1 STO-6G NMO 4 Y
H2 0 1 STO-6G OAO 4 Y
H2 0 1 SBKJC-ECP CMO 8 Y
H2 0 1 SBKJC-ECP NMO 8 Y
H2 0 1 SBKJC-ECP OAO 8 Y
H2 0 1 STO-6G CMO 4 Y
H2 0 1 STO-6G NMO 4 Y
H2 0 1 STO-6G OAO 4 Y
H2O 0 1 321G CMO 26 N
H2O 0 1 321G NMO 26 N
H2O 0 1 321G OAO 26 N
H2O 0 1 STO-6G CMO 14 Y
H2O 0 1 STO-6G NMO 14 Y
H2O 0 1 STO-6G OAO 14 Y
HF 0 1 321G CMO 22 N
HF 0 1 321G NMO 22 N
HF 0 1 321G OAO 22 N
HF 0 1 STO-6G CMO 12 Y
HF 0 1 ECP CMO 20 N
HF 0 1 ECP NMO 20 N
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HF 0 1 ECP OAO 12 N
HF 0 1 STO-6G NMO 12 Y
HF 0 1 STO-6G OAO 12 Y
He 0 1 STO-6G CMO 2 Y
He 0 1 ECP CMO 4 Y
He 0 1 ECP NMO 4 Y
He 0 1 ECP OAO 4 Y
He 0 1 STO-6G NMO 2 Y
He 0 1 STO-6G OAO 2 Y
HeH+ 1 1 321G CMO 8 N
HeH+ 1 1 321G NMO 8 N
HeH+ 1 1 321G OAO 8 N
HeH+ 1 1 6311G CMO 12 N
HeH+ 1 1 6311G NMO 12 N
HeH+ 1 1 6311G OAO 12 N
HeH+ 1 1 6311GU CMO 16 N
HeH+ 1 1 6311GU NMO 16 N
HeH+ 1 1 6311GU OAO 16 N
HeH+ 1 1 631G CMO 8 N
HeH+ 1 1 631G NMO 8 N
HeH+ 1 1 631G OAO 8 N
HeH+ 1 1 STO-6G CMO 4 N
HeH+ 1 1 ECP CMO 8 N
HeH+ 1 1 ECP NMO 8 N
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HeH+ 1 1 ECP OAO 8 N
HeH+ 1 1 STO-6G NMO 4 Y
HeH+ 1 1 STO-6G OAO 4 N
HeH+ 1 1 SBKJC-ECP CMO 8 N
HeH+ 1 1 SBKJC-ECP NMO 8 N
HeH+ 1 1 SBKJC-ECP OAO 8 N
HeH+ 1 1 STO-6G CMO 4 N
HeH+ 1 1 STO-6G NMO 4 Y
HeH+ 1 1 STO-6G OAO 4 N
Li 0 2 STO-6G CMO 10 N
Li 0 2 ECP CMO 16 Y
Li 0 2 ECP NMO 16 Y
Li 0 2 ECP OAO 16 N
Li 0 2 STO-6G NMO 10 Y
Li 0 2 STO-6G OAO 10 Y
LiH 0 1 321G CMO 22 N
LiH 0 1 321G NMO 22 N
LiH 0 1 321G OAO 22 N
LiH 0 1 6 CMO 6 Y
LiH 0 1 STO-6G CMO 12 Y
LiH 0 1 STO-6G CMO6 12 Y
LiH 0 1 6 NMO 6 Y
LiH 0 1 8 NMO 8 Y
LiH 0 1 STO-6G NMO 12 Y
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LiH 0 1 STO-6G OAO 12 Y
Mg 0 1 STO-6G CMO 18 Y
Mg 0 1 STO-6G NMO 18 Y
Mg 0 1 STO-6G OAO 18 Y
N 0 4 STO-6G CMO 10 Y
N 0 4 ECP CMO 16 N
N 0 4 ECP NMO 16 N
N 0 4 ECP OAO 16 N
N 0 4 STO-6G NMO 10 N
N 0 4 STO-6G OAO 10 Y
Na 0 2 STO-6G CMO 18 Y
Na 0 2 STO-6G NMO 18 Y
Na 0 2 STO-6G OAO 18 Y
Ne 0 1 STO-6G CMO 10 Y
Ne 0 1 ECP CMO 16 N
Ne 0 1 ECP NMO 16 N
Ne 0 1 ECP OAO 16 N
Ne 0 1 STO-6G NMO 10 Y
Ne 0 1 STO-6G OAO 10 Y
O 0 3 STO-6G CMO 10 N
O 0 3 ECP CMO 16 N
O 0 3 ECP NMO 16 N
O 0 3 ECP OAO 16 N
O 0 3 STO-6G NMO 10 N
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O 0 3 STO-6G OAO 10 N
P 0 4 STO-6G CMO 18 N
P 0 4 STO-6G NMO 18 N
P 0 4 STO-6G OAO 18 N
S 0 3 STO-6G CMO 18 N
S 0 3 STO-6G NMO 18 N
S 0 3 STO-6G OAO 18 N
Si 0 3 STO-6G CMO 18 N
Si 0 3 STO-6G NMO 18 N
Si 0 3 STO-6G OAO 18 N
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A. Data sets

Table A.2.: The systems included in the large_data set. Level corresponds to
whether or not the error incurred in Trotterization was considered –N
indicates that this analysis was not performed for this system, Y indic-
ates that it was.

Name Charge Mult. Basis N. Qubits Level

Methane 0 1 STO-3G 18 Y
Ethane 0 1 STO-3G 32 N
Propane 0 1 STO-3G 46 N
Ethene 0 1 STO-3G 28 N
Propene 0 1 STO-3G 42 N
Ethyne 0 1 STO-3G 24 N
Methanol 0 1 STO-3G 28 N
Ethanol 0 1 STO-3G 42 N
Isopropanol 0 1 STO-3G 56 N
1-Propanol 0 1 STO-3G 56 N
Propanone 0 1 STO-3G 52 N
Methanal 0 1 STO-3G 24 N
Ethanal 0 1 STO-3G 38 N
Ethanoate Ion -1 1 STO-3G 46 N
Ethanoic Acid 0 1 STO-3G 48 N
Hydrogen Peroxide 0 1 STO-3G 24 N
Ethanamide 0 1 STO-3G 50 N
Methylamine 0 1 STO-3G 30 N
Dimethylamine 0 1 STO-3G 44 N

208



Ammonia 0 1 STO-3G 16 Y
Ammonium 1 1 STO-3G 18 Y
Nitrogen Dioxide 0 2 STO-3G 30 N
Lithium Hydroxide 0 1 STO-3G 22 Y
Sodium Hydroxide 0 1 STO-3G 30 N
H2 0 1 STO-3G 4 Y
Lithium Hydride 0 1 STO-3G 12 Y
Beryllium Hydride 0 1 STO-3G 14 Y
N2 0 1 STO-3G 20 Y
O2 0 3 STO-3G 20 Y
O2 0 1 STO-3G 20 Y
F2 0 1 STO-3G 20 Y
Sodium Hydride 0 1 STO-3G 20 Y
Magnesium Hydride 0 1 STO-3G 22 Y
Cl2 0 1 STO-3G 36 N
HCl 0 1 STO-3G 20 Y
HF 0 1 STO-3G 12 Y
Carbon Dioxide 0 1 STO-3G 30 N
Carbon Monoxide 0 1 STO-3G 20 Y
Water 0 1 STO-3G 14 Y
Methylene 0 3 STO-3G 14 Y
Hydroxide -1 1 STO-3G 12 Y
HNO3 0 1 STO-3G 42 N
Nitrate -1 1 STO-3G 40 N
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A. Data sets

H 0 2 STO-3G 2 N
He 0 1 STO-3G 2 N
Li 0 2 STO-3G 10 Y
Be 0 1 STO-3G 10 Y
B 0 2 STO-3G 10 Y
C 0 3 STO-3G 10 Y
N 0 4 STO-3G 10 N
O 0 3 STO-3G 10 N
F 0 2 STO-3G 10 N
Ne 0 1 STO-3G 10 N
Na 0 2 STO-3G 18 Y
Mg 0 1 STO-3G 18 Y
Si 0 3 STO-3G 18 Y
P 0 4 STO-3G 18 Y
S 0 3 STO-3G 18 Y
Cl 0 2 STO-3G 18 Y
Ar 0 1 STO-3G 18 N
K 0 2 STO-3G 26 N
I 0 2 STO-3G 54 N
Br 0 2 STO-3G 36 N
I- -1 1 STO-3G 54 N
Br- -1 1 STO-3G 36 N
Cl- -1 1 STO-3G 18 N
H2 0 1 3-21G 8 Y
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H2 0 1 6-31G 8 Y
H2 0 1 6-31G** 20 Y
H2 0 1 6-311G* 12 Y
H2 0 1 6-311G** 24 N
HeH+ 1 1 STO-3G 4 Y
HeH+ 1 1 3-21G 8 Y
HeH+ 1 1 6-31G 8 Y
HeH+ 1 1 6-31G** 20 Y
HeH+ 1 1 6-311G* 12 Y
HeH+ 1 1 6-311G** 24 N
Methylene 0 3 3-21G 14 N
HF 0 1 3-21G 22 Y
Lithium Hydride 0 1 3-21G 22 Y
H2O 0 1 3-21G 26 N
H3+ 1 1 STO-3G 6 Y
H3+ 1 1 3-21G 12 Y
CO3 0 1 STO-3G 40 N
Magnesium Hydroxide 0 1 STO-3G 42 N
H2S 0 1 STO-3G 22 Y
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BGate.act()

This appendix contains the code for theactmethodofGateobjects. When
provided a vector representing a state of a register of qubits, this returns a vec-
tor representing the state of the register after the gate has acted upon it.

Listing B.1: The actmethod of Gate

def act(self,state,debugOn=0):

'''act the gate on a state vector, return the

state vector.

args:

state -- a dense or sparse state vector to be

acted upon by the gate

debugOn -- print debug info?

'''

if debugOn:

initialNorm = state.conjugate().transpose()

* state

state = scipy.sparse.csr_matrix(state,dtype=

numpy.complex128)
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B. Gate.act()

numQubits = int(math.log(state.shape[0],2))

if self.type == 'i':

newState = state * numpy.exp(self.angle *

-2j * numpy.pi)

elif self.type == 'cnot':

controlQubit = self.qubits[0]

controlQubitDec = 2**controlQubit

targetQubit = self.qubits[1]

targetQubitDec = 2**targetQubit

wtf = [x for x in range(2**numQubits) if (

controlQubitDec & x != 0)]

unchangedIndices = [x for x in range(2**

numQubits) if (x not in wtf)]

newState2 = [state[x,0] if x in

unchangedIndices else state[x^

targetQubitDec, 0] for x in range(2**

numQubits)]

newState = scipy.sparse.csr_matrix(newState2

,dtype=numpy.complex128).transpose()

elif self.type in ['rz','rx','ry']:

realAngle = self.angle*2*numpy.pi

identityCoefficient = numpy.cos(realAngle/2)

pauliCoefficient = -1j * numpy.sin(realAngle

/2)

stateCopy = copy.deepcopy(state)
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firstComponent = identityCoefficient *

stateCopy

if self.type == 'rz':

secondComponent = pauliCoefficient *

directFermions.oneZOnState(state,self

.qubits)

newState = firstComponent + secondComponent

elif self.type == 'cz':

firstQubitMask = 2**self.qubits[0]

secondQubitMask = 2**self.qubits[1]

mask = firstQubitMask + secondQubitMask

indicesToPhase = [x for x in range(2**

numQubits) if x & mask == mask]

for index in indicesToPhase:

state[index,0] = state[index,0] * -1

newState = state

elif self.type == 'h':

state2 = copy.deepcopy(state)

xComponent = directFermions.oneXOnState(

state,self.qubits)

zComponent = directFermions.oneZOnState(

state2,self.qubits)

newState = (2.**-(1./2.)) * (xComponent +

zComponent)

elif self.type == 'hy':

'''hy = 1/sqrt(2) I + iX'''

firstTerm = copy.deepcopy(state)
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B. Gate.act()

zComponent = 1j * directFermions.oneXOnState

(state,self.qubits)

newState = (2.**-(1./2.)) * (firstTerm +

zComponent)

elif self.type == 'hyinv':

'''hy = 1/sqrt(") I - iX'''

firstTerm = copy.deepcopy(state)

zComponent = -1j * directFermions.

oneXOnState(state,self.qubits)

newState = (2.**-(1./2.)) * (firstTerm +

zComponent)

else:

print('error, no action for gate ' + self.

type + ' found')

if debugOn:

newNorm = newState.conjugate().transpose() *

newState

if newNorm - initialNorm >= 0.01:

print ('Error - gate ' + self.type + '

on qubit ' + str(self.qubits) + '

increasing norm')

print ('norm ' + str(newNorm -

initialNorm))

if initialNorm - newNorm >= 0.01:

print ('Error - gate ' + self.type + '

on qubit ' + str(self.qubits) + '

decreasing norm')
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print ('norm ' + str(newNorm -

initialNorm))

return newState
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CHydrogen Hamiltonian

orderings

This appendix shows the oplist format of molecular hydrogen in an STO-
3G basis, in a variety of ordering schemes. The oplist format is described in
Chapter 3.

Listing C.1: The oplist describing the Jordan-Wigner Hamiltonian for molecular
Hydrogen in an STO-3G basis, using a magnitude ordering.

[[(-0.8126099824999999+0j), [0, 0, 0, 0]],

[(-0.222796615+0j), [0, 3, 0, 0]],

[(-0.22279661499999995+0j), [3, 0, 0, 0]],

[(0.174349485+0j), [3, 3, 0, 0]],

[(0.17120109750000007+0j), [0, 0, 0, 3]],

[(0.17120109750000007+0j), [0, 0, 3, 0]],

[(0.1686232725+0j), [0, 0, 3, 3]],

[(0.1658680075+0j), [0, 3, 3, 0]],

[(0.1658680075+0j), [3, 0, 0, 3]],

[(0.12054612249999999+0j), [0, 3, 0, 3]],

[(0.12054612249999999+0j), [3, 0, 3, 0]],

[(-0.045321885+0j), [1, 1, 2, 2]],
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C. Hydrogen Hamiltonian orderings

[(0.045321885+0j), [1, 2, 2, 1]],

[(0.045321885+0j), [2, 1, 1, 2]],

[(-0.045321885+0j), [2, 2, 1, 1]]]

Listing C.2: The oplist describing the Jordan-Wigner Hamiltonian for molecular
Hydrogen in an STO-3G basis, using a lexicographic ordering.

[[(-0.8126099824999999+0j), [0, 0, 0, 0]],

[(-0.22279661499999995+0j), [3, 0, 0, 0]],

[(-0.222796615+0j), [0, 3, 0, 0]],

[(0.174349485+0j), [3, 3, 0, 0]],

[(0.17120109750000007+0j), [0, 0, 3, 0]],

[(0.12054612249999999+0j), [3, 0, 3, 0]],

[(0.1658680075+0j), [0, 3, 3, 0]],

[(-0.045321885+0j), [2, 2, 1, 1]],

[(0.045321885+0j), [1, 2, 2, 1]],

[(0.045321885+0j), [2, 1, 1, 2]],

[(-0.045321885+0j), [1, 1, 2, 2]],

[(0.17120109750000007+0j), [0, 0, 0, 3]],

[(0.1658680075+0j), [3, 0, 0, 3]],

[(0.12054612249999999+0j), [0, 3, 0, 3]],

[(0.1686232725+0j), [0, 0, 3, 3]]]

Listing C.3: The oplist describing the Jordan-Wigner Hamiltonian for molecular
Hydrogen in an STO-3G basis, using a lexoMag ordering.

[[(-0.8126099824999999+0j), [0, 0, 0, 0]],

[(-0.22279661499999995+0j), [3, 0, 0, 0]],

[(-0.222796615+0j), [0, 3, 0, 0]],
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[(0.174349485+0j), [3, 3, 0, 0]],

[(0.17120109750000007+0j), [0, 0, 3, 0]],

[(0.12054612249999999+0j), [3, 0, 3, 0]],

[(0.17120109750000007+0j), [0, 0, 0, 3]],

[(0.1658680075+0j), [0, 3, 3, 0]],

[(0.1686232725+0j), [0, 0, 3, 3]],

[(-0.045321885+0j), [2, 2, 1, 1]],

[(0.1658680075+0j), [3, 0, 0, 3]],

[(0.045321885+0j), [1, 2, 2, 1]],

[(0.12054612249999999+0j), [0, 3, 0, 3]],

[(0.045321885+0j), [2, 1, 1, 2]],

[(-0.045321885+0j), [1, 1, 2, 2]]]

Listing C.4: The oplist describing the Jordan-Wigner Hamiltonian for molecular
Hydrogen in an STO-3G basis, using a commutator ordering.

[[(-0.8126099824999999+0j), [0, 0, 0, 0]],

[(-0.222796615+0j), [0, 3, 0, 0]],

[(-0.045321885+0j), [2, 2, 1, 1]],

[(-0.22279661499999995+0j), [3, 0, 0, 0]],

[(0.045321885+0j), [1, 2, 2, 1]],

[(0.17120109750000007+0j), [0, 0, 3, 0]],

[(0.045321885+0j), [2, 1, 1, 2]],

[(0.17120109750000007+0j), [0, 0, 0, 3]],

[(-0.045321885+0j), [1, 1, 2, 2]],

[(0.174349485+0j), [3, 3, 0, 0]],

[(0.1686232725+0j), [0, 0, 3, 3]],

[(0.1658680075+0j), [0, 3, 3, 0]],

[(0.1658680075+0j), [3, 0, 0, 3]],

[(0.12054612249999999+0j), [3, 0, 3, 0]],
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C. HydrogenHamiltonian orderings

[(0.12054612249999999+0j), [0, 3, 0, 3]]]

Listing C.5: The oplist describing the Jordan-Wigner Hamiltonian for molecular
Hydrogen in an STO-3G basis, using a reverseCommutator ordering.

[[(-0.8126099824999999+0j), [0, 0, 0, 0]],

[(0.174349485+0j), [3, 3, 0, 0]],

[(0.1686232725+0j), [0, 0, 3, 3]],

[(0.1658680075+0j), [0, 3, 3, 0]],

[(0.1658680075+0j), [3, 0, 0, 3]],

[(0.12054612249999999+0j), [3, 0, 3, 0]],

[(0.12054612249999999+0j), [0, 3, 0, 3]],

[(-0.222796615+0j), [0, 3, 0, 0]],

[(-0.045321885+0j), [2, 2, 1, 1]],

[(-0.22279661499999995+0j), [3, 0, 0, 0]],

[(0.045321885+0j), [1, 2, 2, 1]],

[(0.17120109750000007+0j), [0, 0, 3, 0]],

[(0.045321885+0j), [2, 1, 1, 2]],

[(0.17120109750000007+0j), [0, 0, 0, 3]],

[(-0.045321885+0j), [1, 1, 2, 2]]]
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