ASYMPTOTIC ANALYSIS OF THE 2D NARROW-CAPTURE
PROBLEM FOR PARTIALLY ACCESSIBLE TARGETS
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Abstract. In this paper we use singular perturbation theory to solve the 2D narrow capture
problem for a set of partially accessible targets Uy, k = 1,..., N, in a bounded domain Q C R2. In
contrast to previous models of narrow capture, we assume that when a searcher finds a target by
attaching to the partially adsorbing surface OUj; it does not have immediate access to the resources
within the target interior. Instead, the searcher remains attached to the surface for a random waiting
time 7, after which it either gains access to the resources within (surface absorption) or detaches
and continues its search process (surface desorption). We also consider two distinct desorption sce-
narios — either the particle continues its search from the point of desorption or rapidly returns to its
initial search position. In applications to animal foraging, the latter would correspond to an animal
returning to its home base whereas the resources within a target could represent food or shelter. We
formulate the narrow capture problem in terms of a set of renewal equations that relate the proba-
bility density and target flux densities for absorption to the corresponding quantities for irreversible
adsorption. The renewal equations, which effectively sew together successive rounds of adsorption
and desorption prior to the final absorption event, provide a general probabilistic framework for in-
corporating non-Markovian models of desorption/absorption and different search scenarios following
desorption. We solve the general renewal equations in two stages. First, we calculate the Laplace
transformed target fluxes for irreversible adsorption by solving a Robin boundary value problem
(BVP) in the small-target limit using matched asymptotic analysis. We then use the inner solution
of the BVP to solve the corresponding Laplace transformed renewal equations for non-Markovian
desorption/absorption, which leads to explicit Neumann series expansions of the corresponding tar-
get fluxes. Finally, the latter are used to determine the corresponding splitting probabilities and
conditional mean FPTs for absorption.

1. Introduction. A classical stochastic search problem is an animal foraging for
food or shelter located at some hidden target &/ within a bounded domain Q C R¢
[2, 1, 25]. The animal is said to find the target when it reaches the target boundary ol
for the first time. Similarly, in cell biology many biochemical reactions are triggered
by a signaling molecule binding to the surface of some subscellular compartment
U within the cellular interior Q [23, 3, 5]. Mathematically speaking, target search
is usually mapped to a first passage time (FPT) problem [19]. If the position of
the searcher or particle at time ¢ is denoted by X(¢), then the search process is
terminated at the stopping time or FPT defined by T = inf{t > 0,X(t) € oU}.
In many cases, there are multiple targets within the interior of the search domain,
which requires determining the splitting probability of being captured by a specific
target. Since this probability is less than unity, it follows that the corresponding FPT
density has infinite moments, unless it is conditioned on the set of events that find
the target. The classical narrow capture problem involves a diffusive search process
where the targets are much smaller than the size of the search domain. This then
allows matched asymptotic expansions and Green’s functions to be used to solve
the corresponding boundary value problems (BVPs) for the splitting probabilities
and moments of the conditional FPT density [4, 14, 13, 15, 20, 22]. These BVPs
can be derived from the backward evolution equation for the probability density of
particle position. Alternatively, one can determine statistical quantities of interest by
solving the corresponding forward evolution equation in Laplace space [21, 6, 7]. This
generates the Laplace transformed probability flux into each target surface, which acts
as the FPT moment generator. Narrow capture is one example of a general class of
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FIGURE 1.1. Diffusion of a searcher (particle) in a bounded domain Q with N partially accessible
targets Uj, j = 1,...,N. Each boundary surface OU; is taken to be partially adsorbing. However,
adsorption of the particle at a point on OU; does not give it immediate access to the resources within
Uj. After some random waiting time attached to the surface, the particle either succeeds in entering
the interior U; (absorption) or detaches from the target to continue its search (desorption).

singularly-perturbed diffusion problems with small interior traps, which have a wide
range of applications in cell biology and beyond [28, 10].

We have recently extended the classical single-target search problem for a Brow-
nian particle by taking into account what may happen once the particle reaches the
target surface [11, 12]. First, rather than instantaneously binding or attaching to the
surface, the particle may be reflected, resulting in an alternating sequence of bulk
diffusion interspersed with local surface interactions prior to binding. That is, dU
acts as a partially adsorbing surface. Second, once the particle is adsorbed it may
subsequently unbind and return to diffusion in the bulk (desorption) or be perma-
nently transferred to the interior U (absorption). We will refer to U as a partially
accessible target. Within the context of animal foraging, the inclusion of desorption
and absorption means that the resources within ¢/ are not immediately accessible and
the animal has to find some way to penetrate the surface [12]. Absorption and desorp-
tion are also a common feature of signal transduction in biological cells [7]. That is,
a signaling molecule (ligand) reversibly binds to the surface membrane. Moreover, in
order to trigger a downstream signalling cascade, the bound molecule (and possibly its
cognate receptor) has to be internalized via an active process known as endocytosis.
A final element of the search process is specifying what happens after desorption. One
possibility is that the particle continues diffusing from the point y € 0Uj, at which
it unbinds from the kth target. An alternative scenario is that the particle rapidly
returns to its initial location xg. In the case of a foraging animal, this could represent
its return to home base after failing to gather resources [12].

In this paper we analyze the 2D narrow capture problem in the case of NV partially
accessible targets as illustrated in Fig. 1.1. Generalizing our recent work on the search
for a single partially accessible target [11, 12], which itself builds upon a previous
renewal formulation of reversible adsorption in physical chemistry [18], we construct
a set of renewal equations that relate the probability density and target flux densities
for absorption to the corresponding quantities for irreversible adsorption. The renewal
equations effectively sew together successive rounds of adsorption and desorption prior
to the final absorption event. One advantage of the renewal approach is that it is
straightforward to incorporate non-Markovian models of absorption and desorption
by taking the waiting time density for the duration of an adsorbed state prior to
desorption/absorption to be non-exponential. The Markovian exponential case is
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equivalent to taking constant rates of desorption and absorption — the probability
density for particle position then satisfies a generalized Robin boundary-value problem
(BVP), which couples to a set of N local variables that represent the probabilities
that the particle is bound to one of the target surfaces. A second useful feature of the
renewal approach is that one can consider different desorption scenarios by modifying
the rule for sewing together successive rounds of search-and-capture. In particular,
rather than continuing the search process from the point of desorption, the particle
may rapidly return to its initial position following desorption.

The structure of the paper is as follows. In §2, we formulate the generalized
Robin BVP for Markovian desorption/absorption whose solution directly determines
the target fluxes Ji(xo,t), k =1,..., N. We then construct the renewal equations for
the corresponding non-Markovian case. Each flux Jj(x0,t) now satisfies an integral
renewal equation involving the corresponding set of fluxes J;(xo,t), ¢ =1,..., N, for
irreversible adsorption — the latter are defined in terms of the solution to a classical
Robin BVP. If the particle returns to xq after desorption, then the Laplace trans-
formed renewal equations can be solved explicitly in the sense that Ji(xo,s) is an
explicit function of ji(xo, s), 4 =1,...,N. This no longer holds in the case of con-
tinuous search after desorption, since the corresponding renewal equations include
non-trivial spatial integrals over the target surfaces. _

In §3 we derive explicit expressions for the Laplace transformed fluxes Jx(xg, s)
in the small-target limit using methods from singular perturbation theory. First, we
use matched asymptotic analysis to solve the Laplace transformed Robin BVP for the
fluxes J;(x0,5), ¢ =1,..., N. Proceeding along similar lines to Ref. [6], we construct
an inner or local solution valid in an O(e) neighborhood of each target, and then match
to an outer or global solution that is valid away from each neighborhood. Here € is a
small dimensionless parameter that characterizes the size of each target relative to the
size of the search domain. Since the 2D Neumann Green’s function of the diffusion
equation has a logarithmic singularity, the resulting asymptotic expansion is in powers
of v = —1/Ine rather than € itself. As originally shown in Refs. [26, 27], it is possible
to sum over the logarithmic terms non-perturbatively by inverting a matrix with co-
efficients that are linear in v. This is equivalent to calculating the asymptotic solution
for all terms of O(v*) for any k. Second, we extend the asymptotic analysis to the
generalized Robin BVP for Markovian desorption/adsorption and derive an explicit
Neumann series expansion of Jj (%0, $) in terms of products of the fluxes ji(xo, s),
i=1,...,N. The nth term in the expansion represents the contribution from n — 1
rounds of desorption prior to absorption. Third, we use the inner solution of the Robin
BVP to solve the Laplace transformed integral renewal equations for non-Markovian
desorption/adsorption. This yields generalized Neumann series expansions for the
fluxes Ji (x0, 8), which reduce to the Markovian versions in the case of constant rates
of desorption and absorption. Moreover, the Neumann series can be formally summed
to yield expressions for Jj (X, s) that are non-perturbative with respect to v. Finally,
in §4, we apply the results of our asymptotic analysis to determine the splitting proba-
bilities 7 (xo) and conditional MFPTs Ty (x¢) for absorption. We use the well-known
identities m(x0) = limg_0 Jx(Xo0,s) and 7 (x0)Tp(x0) = — limy_o s Tr (X0, s). We
proceed by performing a small-s expansion of the Neumann series derived in §3, which
requires dealing with the singular nature of the Green’s function in the limit s — 0.
We illustrate the theory by considering the simple example of a a pair or targets in
the unit disc.



2. Search for partially accessible targets.

2.1. Markovian desorption. Consider a Brownian particle that is diffusing
in a bounded domain £ C R? containing a set of N partially accessible targets Uy,
k=1,...,N, with Uj.vzll/{j = U, C Q, see Fig. 1.1. Whenever the particle hits a
point y € 9U;, it either reflects or enters a bound state at a constant rate xq. (For
simplicity the adsorption rate is taken to be target-independent.) Suppose that the
bound particle then either unbinds from the point y € dl; at a rate y; and continues
diffusing or is permanently absorbed into the interior U; at a rate ;. Let p(x,t[xo)
be the probability density that at time ¢ a particle is at X(t) = x, having started at
position x. Similarly, let ¢;(y,t|xo) denote the probability that the particle is bound
to a point y € dU; at time t. Then

w = DV2p(x,t|x0), X € N\Us, Vp-n=0, x€0, (2.1a)
and

0q;(y, t|x _

qﬂ(i;ith) = rop(y, t|x0) — (vj +7;)a; (¥, tx0), ¥y € U;, (2.1c)

together with the initial condition p(x,t[xo) = d(x — X¢) and ¢;(y,0|x¢) = 0. Here n
and n; denote the outward normals on 9Q and dU;, respectively.

In the limit 7; — 0 (zero desorption), equation (2.1b) reduces to the classical
Robin boundary condition and adsorption is irreversible. On the other hand, if v; > 0
then either adsorption is reversible (3; = 0) or partially reversible (3; > 0). If the
latter holds, then the particle is ultimately absorbed into the interior of one of the
targets. The probability that the particle is absorbed by the k-th target after time ¢
is

XO7 / jk: X07 T, (22)
where

Ti(%0,7) Z%/ 2k (y, T|x0)dy (2.3)

U,

is the absorption flux across the surface 9U),. The corresponding splitting probability
is

Tr(xo) = Ik (x0,0 / Ti(x0, t)dt = Ji(%0,0), (2.4)

where Jj (%o, s = [57 e " Tu(x0, t)dt. In addition, the survival probability that the
particle has not yet been absorbed by any target (irrespective of whether it is freely
diffusing or bound to one of the target surfaces) is

Nt
Q(xp,t) =1— kz_lfo T (%0, 7)dT. (2.5)



Differentiating both sides with respect to time and using equations (2.1b,c) yields

dQ X07
Zw/ (¥, 7|%0)d

U,

N
0qr(y, t|xo0)
E;[;k[4m°‘—DVM%ﬂm»«ywﬂdy (26)

Integrating equation (2.1a) with respect to x € Q\U, and using the divergence theo-
rem shows that

dQ XO7 _
7]5 o [Z/@ & (y, t|xo0) dy+/sz\u p(x,txo)dx], (2.7)

a

If 7, = 0 for all k then dQ(xq,t)/dt = 0 for ¢t > 0 and we have conservation of total
probability:

N
S| abvtody+ [ pxtixoix =1, (2.8)
o o Q\U,

a

On the other hand, if 7; > 0 for at least one target j, then Q(xo,t) — 0 as t — o0
(assuming ? is bounded) and

N
ij(xo) =1. (2.9)

Finally, the unconditional FPT density for absorption by any of the targets is
dQ (x ,
F(xo,1) = s ij Xo,t (2.10)

We can also set Ji(xo,7) = 7 Fr(Xo, 7) with Fi(x0,7) the conditional FPT density
for the kth target. The Laplace transform of the FPT density, F(zo, $), is the moment
generating function with

T () 1= /OOO " F(xo, t)dt = <js>nf(zo,s)

We conclude that the splitting probabilities and FPT densities can be obtained by
solving the BVP (2.1) in Laplace space. The Laplace transformed probability density
p is the solution of the Robin-like BVP

, (2.11)
s=0

DV?25(x, s|x0) — sp(x, s|x0) = —0(x — X0), X € QN\U, (2.12a)
DVﬁ(y, S|X0) : n](Y) = '%Ogj(s)ﬁ(y7 S|X0), NAIS au]7 (212b)
~ Ko ~
(y, =—— 75y, , Yy € 0U;, 2.12
(3 sh0) = S Plysho), v € Uy (2120)
with
(s+7,)
gi(s) = ———. 2.13
6= Tt (213
Moreover,
=~ KoY ~
Jj(x0,T :737/ oy, s|xo)dy. 2.14
o) = o [ slo) (214
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2.2. Non-Markovian desorption. Following Refs. [18, 11, 12], we now con-
sider a more general non-Markovian model of desorption namely, when the particle
is adsorbed by the jth surface 0l;, it remains bound for a random time 7 generated
from a waiting time density ¢;(7). The particle then either desorbs with a splitting
probability o; or is permanently absorbed with probability 1 —o;. In the exponential
case

¢;(1) = (v +7;)e” 97T, (2.15)

with the associated desorption probability o; = v;/(v; + ﬁj)7 we recover the Marko-
vian kinetic scheme of constant rates of absorption and desorption as in equations
(2.1b,c). A general probabilistic framework for analyzing the diffusive search for a
single partially accessible target has recently been developed using renewal theory
[11, 12]. (The corresponding renewal equations for reversible desorption were devel-
oped in Ref. [18].) The renewal equations relate the densities p(x, t|x¢) and F(xo,t)
in the presence of desorption and absorption (partially reversible adsorption) to the
corresponding quantities without desorption (irreversible adsorption). We begin by
writing down the analogous renewal equations for multiple targets:

p(x,t|xo) = p(x,t|x0) (2.16a)
t t N
o[ [Lar Seon = [t ety o]

giant) = [ art= ooy —n)| [yt (2.160)

t t N
+ / dr’/ dr ZGMk(T -7 [/ Tyt — T)Jk(Y’T/XO)dy} .
0 ™ k=1 ol

Here p(x, t|xo) is the probability density for irreversible adsorption and J;(y, t|xo) is
the corresponding adsorption flux density at a point y € dUf;. The density p(x,t|xo)
satisfies the Robin BVP

Op(x, t|xo)
ot
Jj(y, tlxo) = DVp(y, tlxo) - n;(y) = kop(y, t/xo), y € oU;. (2.17b)

= DV?p(x,tx¢), x € Q\U,, Vp-n=0, x €I, (2.17a)

Also note that the total adsorption flux into the jth target satisfies
Ti0.t) = [y txa)dy (218)

and f(xo,t) = Z;V:1 J;(x0,t) is the unconditional FPT density for adsorption by any
one of the targets. The first term on the right-hand side of the renewal equation
(2.16a) represents the contribution from all sample paths that start at xo and have
not been adsorbed over the interval [0,¢]. The kth contribution on the second line
represents all sample paths starting from xg that are first adsorbed at some point
y € OUy, with flux density Ji(y,7’|xp), remain in the bound state until desorbing in
the time interval [7,7 + d7] with probability op¢ (7 — 7')dr, after which the particle
may bind an arbitrary number of times to various targets before reaching x at time
t. Turning to the renewal equation (2.16b) for the absorption flux Jj(xo,t), the jth
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term on the first line represents all sample paths that are first adsorbed by the jth
target in the time interval [7, 7+ d7] and are subsequently absorbed at time ¢ without
desorbing, which occurs with probability (1 — o;)¢;(t — T)[fauj Ji(y,7|x0)dyldr. In
a complementary fashion, the second term sums over all sample paths that are first
adsorbed in the time interval [7/, 7' +d7’] at an arbitrary target k, desorb in the time
interval [7,7 4 d7] and are ultimately absorbed by the jth target at time t following
an arbitrary number of additional adsorption events.

Laplace transforming the renewal equations and using the convolution theorem
yields

N
Bl sixo) = . sixo) + 3 0u0n(s) [ Fulxsly)Iiyshro)dy. (219
k=1 O

F(x0,8) = (1 — 0,)35(s) /8 Ji(, sixo)dy

J

N
+ 2_ouou(s) [ Ti(y:5)Iuly slxo)dy (2.19b)
k=1 Us

In order to solve these equations we still need to deal with the spatial surface integrals.
In the case of a single target one could use a well known result from the classical
theory of partial differential equations, namely, the solution of a general Robin BVP
on a compact surface OU can be computed in terms of the spectrum of a D-to-N
(Dirichlet-to-Neumann) operator [16, 18, 11]. However, the extension to multiple
targets is generally not analytically tractable without some additional assumptions.

2.3. Non-Markovian desorption and return to home base. One scenario
where we can eliminate the spatial integrals in the renewal equations is to assume that
whenever the particle desorbs it immediately returns to its initial position xq before
continuing the diffusive search process. In the case of a foraging animal, this could
represent returning to its home base after failing to gather resources. For simplicity,
we assume that the return time is much smaller than other characteristic times of the
process so we can treat it as instantaneous. We can then exploit the fact that the
renewal equations sew together successive rounds of adsorption/desorption. That is,
we obtain the modified renewal equations

p(x,t|x0) = p(x,t[x0) (2.20a)

¢ ¢ N
+ / dT// dr p(x,t — 7|x0) Zak@c(T =7k (x0,7) |,
0 ™

k=1

Fi(x0ut) =(1 =) [ droy(t =77, (x0.7) (2.200)

t ¢ N
+/ dT// drjj(xo,t—T)Zokq’)k(T—T’)Jk(xo,T').
0 e k=1
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Laplace transforming equations (2.20) gives

N

p(x, s|x0) = B(x, s|x0) + p(x, 5[x0) > oxn(s)Jx(x0. 5), (2.21a)
k=1

N
J;i(x0,8) = (1 —0;)¢;(s)Jj(%0,5) + T; (%0, 5) Z okdk(s)Jk (X0, 5). (2.21Db)
k=1
In particular, rearranging equation (2.21b), shows that
(1= 04)4(5)J; (%0, 5)

. (5)J; 3 . 2.92
Jj(xo,5) 1= 50 oxdr(s)Jk(xo0, ) o

Hence, in this example, the absorption flux jj(xo, s) can be explicitly related to the
corresponding adsorption fluxes

Tix0.5) = o [ 5y slxa)dy. (2.23)
au;
with
DV?p(x, s|x0) — sp(x, 8|x0) = —6(x —Xq), x € N\U,, (2.24a)
DVﬁ(Y7 S|X0) : nj(y) = HOﬁ(ya 5|X0)5 ye€ auj (224b)

3. Singular diffusion limit and matched asymptotics. In §2 we considered
three different models of the diffusive search for partially accessible targets and derived
corresponding equations for the Laplace transformed target fluxes. In the Markovian
case, the fluxes are given by equation (2.14) and the solution of the full Robin BVP
(2.12). On the other hand, for non-Markovian desorption/absorption and return to
home base, the fluxes are given by equation (2.22) and the solution of the Robin BVP
(2.12) for irreversible adsorption. The third model assumes non-Markovian desorption
in which the search process continues from the point of desorption. The target fluxes
now satisfy the non-trivial integral equations (2.19b). In this section we analyze the
Robin BVPs and the latter integral equations in the small target limit where € can
be treated as a singularly perturbed domain. For concreteness, suppose that each
compartment is circularly symmetric. Denoting the radius and centre of the j-th
compartment by 7; and x;, respectively, we have

Uy ={xeQ, |x—x;|<r;}, oU;={xeQ, |x—x;|=r;}. (3.1)

The main characteristic of a singularly perturbed domain is that the targets U; are
small compared to the size of the domain {2 and are well separated. More pre-
cisely, suppose that the domain €2 is inscribed by a rectangular area whose small-
est dimension is L, and introduce the dimensionless parameter € = rya.x/L where
Tmax = max{r;, j = 1,..., N}. We fix length scales by setting L = 1 and writing
r; = elj with £; = r;j/Tmax, and 0 < € < 1. We also assume that |x; — x;| = O(1) for
all j # i and ming{|x; —s|,s € 90} = O(1), j =1,..., N. (If Q@ were unbounded, then
we would identify L with the smallest distance between any pair of compartments,
that is, L = min{|x; — x;|, ¢ # j}.) In this section we first solve the Robin BVP
(2.24) for irreversible adsorption using matched asymptotic analysis along the lines of
Ref. [6]. We then indicate how to modify the analysis in the case of the Robin BVP
(2.12) with desorption/absorption. Finally, we use the small-target approximation to
solve equation (2.19b) by eliminating the surface integrals.
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3.1. Robin BVP for irreversible adsorption. Following along analogous
lines to previous studies of the Laplace transformed diffusion equation in 2D [21, 6]
and 3D [7, 8], we solve equations (2.24) in the small target limit using a combination
of matched asymptotic analysis and Green’s function methods. The basic idea is to
construct an inner or local solution of the diffusion equation in a small neighbourhood
of each compartment, which is then matched to an outer solution in the bulk domain,
as illustrated in Fig. 3.1. The matching is achieved by expressing the outer solution
in terms of the Green’s function of the Laplace transformed diffusion equation in the
absence of any targets. In the inner region around the j-th target, we introduce the
stretched coordinates z = (x — x;)/e and set p(x; + €z, s|xg) = P;(z, s|xo) with

DV2Pi(z,5x0) = €2sP}(z,s|x0), |z| > £;, VP -n;=eroP;, |z|=4¢;. (3.2)

Performing the rescaling ko = kf/e and dropping the O(e?) term yields an inner
equation whose solution takes the form

D

Pj(z, s|x0) ~ Aj(x0,5)| In(|z[/¢;) + YRk
0t;

(3.3)

Note that taking a large reactivity ko = O(1/€) is necessary for a small target to have
significant absorbance. Physically speaking, since k¢ has the dimensions of a velocity,
we require koL /D > 1 where D is the diffusivity and L specifies the size of the search
domain. It follows that our asymptotic analysis includes the classical limit kg — oo
of totally absorbing targets but does not cover weakly absorbing targets.

The outer solution is constructed by shrinking each target to a single point and
imposing a corresponding singularity condition as x — x;. Denoting the resulting
approximation of the outer solution by pg, we have

DV?po(x, 5|x0) — sPo(x, 8|%0) = —6(x —X¢), x € Q, Vpy-n=0, x €99,

(3.4a)
with " := Q\{x3,...,xy} and
Po(x, s|x0) ~ Aj(x0,s)In(|x —x;|/e) as x — x;. (3.4b)
D) ad

FIGURE 3.1. Formulation of the multi-target search process with irreversible adsorption as a
singularly perturbed narrow capture problem. (a) Original unscaled domain. (b) Construction of the
inner solution in terms of stretched coordinates z = e~ (x — x;), where x; is the centre of the j-th
target. The rescaled radius is £; and the region outside the compartment is taken to be R? rather
than the bounded domain Q. (c) Construction of the outer solution. The kth target is shrunk to a
single point xp. The outer solution is expressed in terms of the corresponding modified Neumann
Green’s function and then matched with the inner solution around each target.
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In other words, we have the following equation for py on :

N
DV (x, s[x0) — sPo(x, s|x0) = 27D Y _ A;(x0, 8)3(x — X;) — 6(x — Xo), X € Q,
j=1
(3.5a)
Vpo -n=0, x € 90. (3.5b)
Applying the divergence theorem to this equation implies that
N
2r D ZAj(xo, s)=1- s/ Do(x, $|xq)dx. (3.6)
j=1 @
The outer equation then has the solution
N
Do(x, s|xo) = G(x,s|x9) — 27D Z Aj(x0,s)G (%, 5]x;), (3.7)
j=1
where G(x, s|x¢) is the Green’s function of the modified Helmholtz equation:
DV?2G(x, 8]x¢) — sG(x, 5|x0) = —6(x — Xq), x € Q, (3.8a)
VG(x, slzg) -n=0, x € 09, (3.8b)
1
G(x, s|x9) = ~3D In |x — xo| + R(x, s|x0), (3.8¢)

and R is the regular part of G.

We have N unknown coefficients A;(xg,s), j = 1,..., N, which are obtained by
solving N constraints. The latter are constructed by matching the far-field behavior
of the inner solutions P; with the near-field behavior of the outer solution py in a
neighborhood of U, for k =1,..., N:

1 D
G(xg, s|xo) = ZWDZAj(XO,s)G(xk,s|xj) + Ap(x0,8)|— — Infy + T
ik v Kotk
1

+ 27D Ag (%0, $) R(Xk, s|Xk), V=i (3.9)
€

Equation (3.9) can be rewritten more compactly as the matrix equation

N
Z[I +21vDG(s)]kjAj (%0, 5) = VG (xk, s|x0), (3.10)

j=1
where

lnﬁj 1

Gir(s) = G(xj,s|xy), for i # j;  Gj;(s) = R(xj,s]x;) — 27D 3l (3.11)
We thus have the formal solution
A(xg,8) = V[l + 27vDG(s)] "' G(x0, 5). (3.12)

We have introduced the vector G(xg, s) with components Gi(xo,s) = G(xg, s|xq).
The non-perturbative solution (3.12) for the coefficient A;(xo, s) effectively sums over
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all logarithmic terms, which is equivalent to calculating the asymptotic solution for all
terms of O(v*) for any k. This type of summation was originally obtained by Ward
and Keller [26], and is a common feature of strongly localized perturbations in 2D
domains. Finally, the corresponding adsorption fluxes are obtained by substituting the
inner solution into the Laplace transform of the flux equation (2.23): the adsorption
flux densities are

~ DA (xg, s
Tl ) = ko [ Pully — s/ o)y ~ wofout 2
U, ’fogk

= 2w DA (%0, $). (3.13)

Summing both sides of equation (3.13) with respect to k and using equation (3.6)
yields

WE

Je(x0,8) ~ 1 — s/ Po (%, s|xo)dx. (3.14)
k=1 Q

This is a classical result relating the unconditional FPT density for adsorption to the
survival probability in Laplace space.

3.2. Generalized Robin BVP for Markovian desorption. Comparison of
equations (2.12) and (2.24) shows that, in Laplace space, the only change needed to
implement the generalized Robin boundary condition on ol is to take ko — kogx(s)
with gx(s) given by equation (2.13). Otherwise the analysis is almost identical so we
simply quote the results. First, the inner solution becomes

P;(z, s|x0) ~ Aj(x0,s) {ln(|z|/€j) + ﬁbgﬁs)&} . (3.15)

Second the coefficients A;(xo, s) satisfy the modified matrix equation

1 D
G’(Xk-7 S|X0) = 27TD ZA]‘(X(), S)G’(Xk7 S|Xj) + Ak(Xo, S) |:V — lnék + ()ékil
ik

+ QWDAk(Xo,S)R(Xk,S|X/€). (316)

In order to highlight the effects of desorption, we rewrite (3.16) as the matrix equation

N
> [+ 27vDG(s)]k;A; (X0, 8) + V() Ak (%0, 5) = vG (%%, 5[%0), (3.17)
j=1
where
D V&
I = — . 3.18
K ﬂaékLﬂJ (19

Introducing the matrix ©(s),
O51(s) = [+ 2r0DG ()], (3.19)
equation (3.17) has the formal solution

A(xg, s) = [T+ vD(s)] " A(xq, ), (3.20)
11



where Ag(xq, s) is the corresponding amplitude for irreversible adsorption, see equa-
tion (3.12), and

Mi(s) = O(s) diag(T1(s),...,Tn(s)). (3.21)
We can then expand A; as the Neumann series

N
Aj(x0,5) = Aj(x0,5) — v Z 0,1 (8)'k(s) Ar(xo, 5) (3.22)

k=1

N
+2 ) 0()Tu(k)Ouk )Tk (5) Ak (%0, 5) .. -
k=1

The n-th term in the expansion represents the contribution from n — 1 rounds of
desorption and adsorption prior to absorption. Finally, the corresponding absorption
fluxes are obtained by substituting the inner solution into the Laplace transform of
the flux equation (2.3):

= KoYk
(X0,8) ~ ————— P - ) d
Tk (%0, 8) st + 7 Jou i ((y — xx)/€, s[x0)dy
5 D 2w D7
KoV | Ak(XQ,S) _am ’Yk.Ak-(Xo,S). (323)

S+ Ve T Vg g Kogk(8)E; 5+ 7k

3.3. Renewal equations for non-Markovian desorption and continuous

search. We end this section by showing how the small-target limit can be used to

eliminate the spatial integrals in the renewal equation (2.19b), and that this recovers

equation (3.22) in the Markovian case. First, we substitute the inner solution (3.13)
for irreversible adsorption into the right-hand side of (2.19b) to give

J;(x0,8) ~ 21 D(1 — 0;)¢;(s) A (%0, 5)
N

~ 1 ~
+ 27D ; ordr(s) A (xo, s)m » T;(y, s)dy. (3.24)

Second, we set xg =y’ € OU; and average with respect to y’. This yields the matrix
equation

N
@(il, s) ~2mD(1 — (Tj)(gj(s)Aj (X1, 8) + 27D Z qu?ﬁk(s)jj(ik, S)Ak(ih s), (325)
k=1
with
1

Ak(ilas) = |aul| ou

Ay, s)dy’ (3.26)

etc. Iterating equation (3.25) and substituting into (3.24), we obtain the Neumann
series expansion

J; (%o, 5) - N
% = (1= )¢5(s) {AJ‘(XOa s) + QWDkZ:lakm(S)Ak(Xo, $)A;(Xk, s)
N
+ (27TD)2 Z O'kgk(s)Ulal(S)Ak(Xo, S)Al(ik, S)Aj (il, S) + ... ] (327)
k=1

12



Next, from equation (3.12) we have

Xl, = I/Z@Jk Xk,8|§l), (328)

and
1

G(xk, 5/%1) = Ee
l

G(xk, sly")dy', y e ou. (3.29)

If k # I then we can take G(xg, s|X;) = G(xx, s|x;) since the targets are well-separated,
whereas

1
G 1 — R d
(o s30) = [ S nly — x| + Rl sly) | dy

lnﬁl 1

~ R(Xl, S|Xl) — ﬁ + m (330)

Hence, equation (3.28) implies that

vD

27'F.DAj(il7 S) = 5j,l — ,—@jl(s). (331)

Plugging the last result into the Neumann series (3.27) up to the cubic term in the
amplitudes Ay gives

T3 _ (1~ 0)d(s) [Axx(), )+ 03859045 (000,) + [0 ()2 Ay (x0,9) +
(1+O'J¢J Z@Jk (gkgk(S)f%Zc)Ak(xo’S)
N
~ 5 vD
+ Z O,k(s) ([akqbk(s)] %&)Ak(xm s)+... (3.32)
vD ~ vD
+k;1@jz <0’z¢l S)— P >@lk( )(%%(S)%gk)Ak(Xo,sﬂ'--l-

Including higher terms establishes a set of geometric series that can be summed to
yield the effective Neumann series

s.?j (X07 S)
2mD

NM (x Sny » Uk%k(s) D "
L—0;0;(s) [AJ( ") ;@M( )(1—U}gq§k(8) fif)fk)Ak( 0:9)

402 i@ﬂ(s)(‘”%@?>@lk(s>( owd(s) D )Ak(xms)—&-...].

k=1 1— oui(s) Folt 1 — or(s) Kolk

(3.33)

Analogous to equation (3.22), the nth term in the expansion represents the effective
contribution from n— 1 rounds of desorption and adsorption. Moreover, the Neumann
series can be formally summed to yield the non-perturbative result
J; (0, 5) = (1- gj)~¢j(s) [I + 1/9/)\1(5)} ' A(xg, s), (3.34)
2rD 1—0;¢;(s)
13




where

M(s) = O(s) diag(T1(s), ..., Tn(s)), (3.35)
and
Th(s) = oudn(s) D (3.36)

1= odi(s) Kol

Finally, we can check that equation (3.33) recovers equation (3.22) in the Markovian
case (2.15). More specifically,

Jk&kﬁs) _ Yk (1 - G'jl(gj(s) _ Wj . (337)
1—owdr(s) STV 1—o0,(s) s+7;

4. Splitting probabilities and MFPTs for absorption. We now use our
asymptotic results for the target fluxes Jj (%o, ) to calculate the splitting probabilities
and MFPTs for absorption. The first step is to perform a small-s expansion of the
amplitudes A;(xo, s) satisfying equation (3.9)'. The coefficients in this expansion
represent the splitting probabilities and FPT moments in the case of irreversible
adsorption. We then substitute the small-s expansion into equations (2.22) and (3.27)
to extract the corresponding results for absorption with and without a return to home
base, respectively.

4.1. Small-s expansion. Following along analogous lines to Ref. [6], we per-
form a small-s expansion of the coefficients Ag(xg,s) by expanding equation (3.9)
using the following s-dependence of the Green’s function G:

1
G(x, s|x¢) = S0 + Go(x,%0) + sG1(x,%x¢) + o(s), (4.1)

where G is the modified Neumann Green’s function of the steady-state diffusion
equation:

DV2Go(x, x0) = ﬁ S(x—x0), x € Q, (4.2a)
VGo(x,%0) -n =0, x €09, /QGO(X, Xg)dx = 0, (4.2b)
Colox, %0) = — 5 Inx — o] + Ro(x, x0), (4.2¢)
and
DV2G4(x,%0) — Go(x,%0) =0, x € Q, (4.3a)
VG (x,%0) -1 = 0, x € 90, /Q G (x, x0)dx = 0. (4.3D)

IFormally solving equation (3.9) to obtain the matrix solutions (3.12) and (3.28) is only valid
when s > 0 so we cannot apply the limit s — 0 directly to equations (3.12) and (3.28). This is due to
the fact that the Neumann Green’s function is singular in the limit s — 0 and care has to be taken
in cancelling these singularities.

14



Note that the solution of equation (4.3) is non-singular with

G1(x,%0) /Go ¥, X)Go(y,Xo)dy- (4.4)

Taking the limit s — 0 in equation (3.6) implies that

N
2nD li_r)r%)ZAj(xo, s)=1- li_%s/gﬁo(x, slxp)dx =1, (4.5)

J=1

since lim,_,0 spo(X, $|x0) = limy_y00 po(X,t|x0) = 0. Hence, the coefficient Ay (xo, s)
has a small-s expansion of the form

Ak (x0,8) = A](CO) (x0) + sxr(x0) + ()(32) (4.6)
with
N o 1
0 —_—
,;Zl AL (x0) = D (4.7

Substituting equations (4.1) and (4.6) into the matching equation (3.9) and keep-
ing terms up to O(s) yields

1
m + Go(Xk,Xo) =+ SGl(Xk, Xo) (48)
= 27TDZ [ (x0) + sxj(xo)} [ I9] + Go(xp, %) + sGl(xlﬁxJ)}
J#k

1 D
+{A§f’(x0)+m(xo)] [—lnék—F . }
174 Ek

+27D [Agn (x0) + sx:c(XO)} [ + Ro(xp, i) + sRy (x, Xk):|

il

The O(1/s) terms cancel due to the constraint (4.7). Collecting the O(1) terms gives

21D > AP (x0)Go (%, %;) + 2r DAY (x0) Ro (X, X1) (4.9)
i#k
(0) D 1_
+ A, (XO) — —Infy + —| = Go(xk, X0) — X(X0),
14 Hoek
where
27TD
XO ‘Q| Xk Xo (410)

Introducing the matrix G with elements

0 . 0 1 D
Q( ) = = Go(xk,x;), k # 7, g,ﬁ,j = Ro(xk,Xx) + 3D [ — %KJ, (4.11)
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we can write the solution as

N
AP (x0) = v Z[I +2rvDG] ! (Go(xj,xo) - X(x0)>. (4.12)

j=1
Finally, the unknown coefficient x(x¢) is determined by imposing the constraint in
(4.7):
1 N
2nvD Z [T+ QTWDQ(O)L:; (GO(va Xq) — X(XO))' (4.13)
G k=1

Equations (3.13), (4.6), (4.12) and (4.13) can now be used to determine the split-
ting probabilities and unconditional MFPT for irreversible adsorption:

i (x0) := lim Ji(zo,s) ~ 2r DAY (x0), (4.14)
and
N d ~ N
Txo) = 3 (—d) Telwos)|  ~—2mDY wilxo) = —|Qx(x0).  (415)
k=1 s=0 k=1

Note that these results are non-perturbative with respect to the small parameter v.
In addition, the conditional MFPTs are given by

70 (x0)Ti (x0) = (—j) Telwors)|  ~ —2mDxi(x0). (4.16)

s=0

However, in order to determine the individual coeflicients yj(xo), it is necessary to
collect the O(s) terms in the small-s expansion (4.8).

4.2. Return to home base after desorption. Equation (2.22) implies that
we can express the splitting probabilities and FPT moments for absorption in terms of
the corresponding quantities for irreversible adsorption. This was previously explored
in the case of a single target [11, 12]. First consider the splitting probabilities. Taking
the limit s — 0 in equation (2.22) shows that

o (1 —0y)m(x0)
Sohl1 (1= %) 7k (xo0)

with 7;(x¢) given by equations (4.12), (4.13) and (4.14). We have used the identity
Z;V:l 7; = 1. It immediately follows that Zjvzl m; = 1. Note the non-perturbative
expression on the right-hand side of equation (4.17) can be expanded as a power
series in v by using equation (4.24). The leading order contribution to the splitting
probability is 1/N weighted by the relative probability of absorption (1 —0;)(1 —7),
where 7 = Zfev:1 or/N.

Next, assuming that 5(3) has finite moments, we can substitute the following
expansions into equation (2.22):

7 (xo) (4.17)

~ 2
Tu(xo,8) = F(xo) |1 = sTh(xo) + ST (x0) + O(7) |, (4.18a)

(gk(s) =1—s(T)r+ §<7‘2>k +0(s%). (4.18b)
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Collecting O(s) terms generates the conditional MFPT relation
75(%0)T; (o) (4.19)
S Tkok(Tk(X0) + (7))
> pt Tk (%0) (1 — o)

Moreover, summing both sides with respect j implies that the relationship for the
unconditional MFPT is

Y T(x0) + Yy Tk (%0) ()i
x0) = ) mj(x0)%;(20) = = : :
0) = D mi(x0)T; (a0) SN =) (4.20)

since T'(xg) = Eszl Tr(x0)Tk(X0). Again this result is non-perturbative with respect
to v.

In practice, it is often useful to Taylor expand the non-perturbative solutions in
powers of v. Setting

X(x0) ~ — + Xx0(%0) + O(v) (4.21)

2rvDN
and substituting into (4.13) gives

N
Xo(xg) = NZ o(x4,%0) — — Z Q(O) (4.22)

j k=1
and
A (x0) = 5N T V{Go (xk,%0) ng — xo(%0) } + 0. (4.23)
We thus obtain the asymptotic expansions
1 N
fk(xo) ~ N + 27v D |:G0(Xk,xo) — E:lglgg) — XO(XO):| + O(}/Q), (424)
j=
and
219y 0
0
T'(x0) ~ SND N [;Go(x]-7X(]) - -;1 G ] + O(v). (4.25)
— k=

4.2.1. Pair of targets in the unit disc. As a simple illustration of the above
analysis, suppose that € is the unit disc containing a pair of identical targets placed
on the z-axis at x; = (a,0) and x3 = (—a,0), 0 < a < 1. The Neumann Green’s
function Go(x,£) in the unit disc is known explicitly:

3

Gox,§) = o |- tu(ix— €~ fulel - E[) + S 16 - 3] (a0

with the regular part obtained by dropping the first logarithmic term. Assuming that
6y =4y =1, D =1 and s{ > 1 (fast adsorption), the splitting probabilities and
17



FIGURE 4.1. A pair of identical targets of radii € are placed at the positions x1 = (a,0) and
x2 = (—a,0) in the unit disc with a = 0.5. The contour plot shows the splitting probability 7 (xq) for
irreversible adsorption, see equation (4.27a), as a function of xo = (rcosf,rsinf) with 0 < r < 1
and 0 < 0 < 2w. Other parameters are v = 0.1, D = 1 and kg — oco.

unconditional MFPT for irreversible adsorption have the leading-order asymptotic
expansions (see (4.24) and (4.25))

fl(XQ) ~ % + 27w |:G0(X1, X()) — Go(xl,Xg) - R()(Xl,xl) - Xo(Xo):| s (427&)
WQ(XO) ~ % + 27y |:G0(X2, Xo) - Go(Xz,Xl) — Ro(Xg,Xg) — Xo(Xo):| s (427b)

Q Q
T'(xq) ~ % - |—2|X0(X0), (4.27¢)

1 1
(c)
05 0.8
0.6
yo 0.0 o 7
0.4
0.2
1 —— — 0

05 00 05 1 4 o5 00 05 1-1 -05 00 05 1
X0 X0 X0

FIGURE 4.2. Contour plots of the splitting probability w1 (xo) for absorption, equation (4.17), as
a function of xo = (rcosf,rsinf): (a) o1 =0.25,02 =0.75, (b) 01 =02 =0.5, (c) 01 =0.75,02 =
0.25. Same target configuration and other parameters as Fig. 4.1.
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(a)

0.5

yo 0.0

-0.5

— — T T —

-1 -0.5 0.0 0.5 1 -1 -0.5 0.0 0.5 1 -1 -0.5 0.0 0.5 1
X0 X0 X0

FIGURE 4.3. Contour plots of the unconditional MFPT ¥ (xg) for absorption, equation (4.20), as
a function of xo = (rcos@,rsinb): (a) o1 = 0.25,02 = 0.75, (b) o1 = 02 = 0.5, (¢) o1 =0.75,02 =
0.25. We also set (1) = 0 for both targets.Same target configuration and other parameters as Fig.

4.1.
with |Q2] = 7 and
1
Xo(Xo) = 3 Go(x1,%0) + G(x2,%0) — G(x1,%2)
— G(X27X1) — Ro(xl,xl) — Ro(XQ,XQ) . (428)

In Fig. 4.1 we show a contour plot of 71 (Xg) in equation (4.27a)) as a function of the
initial position xg = (r cosf,rsin ). From the symmetry of the target configuration,
we have T (r,—0) = T1(r,0) and 71 (r,m — 0) = 1 — 71 (r,0). Given 71(r,0), the
corresponding splitting probability 71(xg) for absorption is obtained from equation
(4.17). The effect of the desorption probability o2 on m1(xg) for fixed o3 = 0.5
is illustrated in Fig. 4.2. The latter shows contour plots of m1(xg) for the three
cases 03 < 01, 09 = 01 and o9 > o01. Clearly, increasing the relative probability of
desorption for target 1 reduces 71 (xg) for all xg. Analogous plots of the unconditional
MFPT %(x0) are shown in Fig. 4.3. For the sake of illustration, we assume that the
mean waiting times between successive desorption/absorption events are negligible.
In this case, increasing the relative probability of desorption for target 1 biases the
region of smaller MFPTs to initial positions closer to target 2.

4.3. Continuous search after desorption. Extracting the splitting proba-
bilities and MFPTs for absorption by substituting the small-s expansions (4.18) into
equation (3.27) is considerably more involved, and require some form of diagrammatic
formulation to be effective. Therefore, here we restrict our analysis to the relatively
simple case of the splitting probabilities.

Taking the limit s — 0 of equation (3.27) yields the following series expansion of
the splitting probabilities:

N

mj(x0) = (1 — 0;) [@(XO) + > 0wk (x0)T; (Xn)
N k=1
+ > oo (x0) T ()T (R) + - .- (4.29)
k,l=1
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with
B 2w D

(%) = 27 DAP ) = o |

0)
A (y"dy' (4.30)

and A©)(y) given by equation (4.12). Formally summing equation (4.29) yields the
non-perturbative result

N

mj(x0) ~ (1= ;) Y 11— Q! 7u(x0), (4.31)

k=1

with Qjr = T;(Xk)ok. Setting xg =y’ € 9l in equations (4.12)—(4.13) and averaging
with respect to y’ shows that

N
A,ﬁO) (X)) =v Z[I + QWVDQ(O)]]:; (GO(Xj,Xl) - X(Xl)) , (4.32)

j=1

1 N

2rvD > [L+2mvDG )} <G0(Xjaxl) - X(Xl)>’ (4.33)

k=1

where
In¢, 1

Go(x;,%1) = Go(xj,x1), j #1,  Go(x1, %) = Ro(x1, %) — (4.34)

2w D * 2rvD’

We now obtain the leading asymptotic expansion of the splitting probabilities
with respect to v. Performing an expansion of equation (4.33) in powers of v, we have

1 In¥; 1 - N (0)
D ;GO(Xle) + Ro(x;,%x;) — D + 0D Nx(x;) — ;gkl
+ O(v), (4.35)

which can be rearranged to give x(X;) ~ xo(X;) + O(v) with

N
_ 1 In¥, (0) 1
== Go(x; R - = =———7F—. (4.36
) = 7| X ol + Rolxx) = 5 = S0 | = i (030
J#l k=1
We have used equations (3.11). It follows that
1\ vD
mx)~1—(1— =) —F— 4.37
mx)~1- (1- ) 27 (4.37)
vD
TR(Xy) ~ ——, k#L 4.37b
ﬂ-k(xl) NK/IOKI 7& ( )

Hence, if the particle continues diffusing from the point of desorption on the Ith
target surface OlUy, then the probability that it is subsequently re-adsorbed by the
same target is O(1), whereas the probability that it rebinds to a different target is
O(v). This is consistent with the assumption that the targets are well separated
compared to their sizes. Using equations (4.37) we have the following asymptotic
expansion of the matrix appearing in equation (4.31):

vDo; vDoy,
7 3.k T, "
kol Negly

1= Qljk ~ djk(1 —0j) + (4.38)

20



Hence, we can write

I-Q~D(-uE), (4.39)
where
D(Tl de
Dy =(1—-0;)d; Ep=—5——-0 —_ . 4.40
it = 7)1 lk kol (1 — oy) Lk + Nrgy(1 — o)l ( )
Equation (4.31) then has the asymptotic expansion
N
7Tj(X0) ~ (1 — O'j) Z Dj_ll[(sl,k + VElk]fk(XO)
1k=1
N
= (6.6 + vEk]7R(%0)
k=1
vDo vD N o (x0)
_ 1 KTk (X0
=T;(x0)|1— + . 4.41
i 0)[ '*?65;‘(1—07')} N%(l—%’); L, (44
In the homogeneous case with 0; = 0 and ¢; = {y for all j = 1,...,n we obtain the
simple result
_ vDoy vDoy
i ~ T 1-— . 4.42
o)~ o)1 = 2| (142)

That is, the leading order affect of desorption is to reduce (increase) all splitting
probabilities larger (smaller) than 1/N.

5. Discussion. In this paper we considered a major extension of the narrow
capture problem, in which finding a target & by binding (adsorbing to) its surface
OU is not sufficient. In the case of animal foraging this could represent the need to
access the resources within the interior of the target. Analogously, the binding of a
signaling molecule to a surface receptor cannot initiate downstream processes until
the receptor complex is internalized. Both examples require the important distinction
between adsorption and absorption. The former represents the process whereby a
diffusing particle succeeds in binding to the target surface, and is characterized by an
effective binding rate or reactivity xo. Absorption, on the other hand, is the process
of internalization which typically competes with unbinding or desorption from the
surface. We formulated the narrow capture problem for multiple partially accessible
targets in terms of a set of renewal equations that relate the probability density
and target fluxes in the presence of absorption to the corresponding quantities for
irreversible adsorption. This allowed us to incorporate non-Markovian models of
absorption and desorption, and to consider different desorption scenarios by modifying
the rule for sewing together successive rounds of search-and-capture. In particular,
rather than continuing the search process from the point of desorption, the particle
could rapidly return to its initial position following desorption. We solved the general
renewal equations in two stages. First, we calculated the Laplace transformed target
fluxes for irreversible adsorption by solving a Robin BVP in the small-target limit
using matched asymptotic analysis. Second, we used the inner solution of the BVP
to solve the corresponding Laplace transformed renewal equations for non-Markovian
desorption/absorption, see in particular equations (2.22) and (3.34). This yielded
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explicit Neumann series expansions of the corresponding target fluxes that could be
formally summed to yield expressions that are non-perturbative with respect to v.
Finally, we derived expressions for the splitting probabilities and conditional mean
FPTs for absorption by performing a small-s expansion of the Neumann series.

One obvious extension of this work would be to compare the results obtained
using singular perturbation theory to numerical solutions of the full time-dependent
equations. However, in the case of non-Markovian desorption/absorption, the prob-
ability densities satisfy non-trivial renewal integral equations. That is, one cannot
simply solve a corresponding parabolic PDE. An alternative approach would be to
perform Monte-Carlo simulations of individual Brownian particles in the presence of
partially accessible target boundaries (and possibly resets to home base) by extending
the numerical scheme of Ref. [24]. In addition to numerically extracting statistical
quantities such as splitting probabilities and FPT moments, and comparing with the
small-s limit of the asymptotic solutions in Laplace space, we could also compare
time-dependent solutions by inverting the asymptotic solutions with respect to s. We
hope to consider these various issues in future work

A number of other possible extensions include the following. (i) The incorpo-
ration of non-Markovian models of adsorption. In Refs. [18, 11] this is carried out
for a single target using an encounter-based approach. The latter assumes that the
probability of adsorption depends upon the amount of particle-surface contact time
prior to binding as specified by the Brownian local time [17, 9]. (iii) The inclusion of
non-circular target shapes, which means replacing the rescaled radii ¢; by so-called
shape capacitances, and the aanalysis of the nalogous 3D narrow capture problem.
The details of the asymptotic analysis differs significantly in the latter case due to
the 1/|x — x¢| singularity of the corresponding 3D Green’s function G(x, s|xg) in the
limit x — xg. (iii) Finally, one of the novel features of our analysis involves using the
inner solution of a Robin BVP in the small target limit to eliminate surface integrals
in a corresponding integral renewal equation. In general, dealing with such surface
integrals requires finding an appropriate spectral decomposition of the integral ker-
nels involving, for example, Dirichlet-to-Neumann operators defined on L?(dU) [16].
It would be interesting to explore other potential applications of our method.
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