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Abstract

In this thesis, modal decomposition algorithms are utilised to construct reduced-order models of
the fluid flows with applications to estimator design and extraction of the dynamical information

from the irregularly sampled data.

A particular implementation of such algorithms, the Optimal Mode Decomposition (OMD),
is used to construct the estimator frameworks for bluff body flows, more specifically past a cir-
cular cylinder and bullet-shaped object. Estimator design is motivated by feedback flow control
applications in which online knowledge of the system is paramount. Reduced order models are
constructed and combined with stochastic estimation techniques using Moving Horizon Estima-
tion (MHE) algorithm to achieve accurate representations of primary oscillatory and transient
features of the cylinder flow across all of its dynamically distinct regimes. The designed esti-
mator is subsequently extended to turbulent flow past a three-dimensional axisymmetric bluff
body by introducing rotation-dependent framework. This is able to approximate the main

oscillatory features of the flow despite the dynamical complexity of the system.

Furthermore, an extension to the OMD algorithm is introduced, referred to as the is-OMD
algorithm, which allows modal decomposition techniques to be applied to vector-valued sig-
nal, such as an ensemble of PIV snapshots, sampled at random time instances. A mapping
between underlying time-resolved snapshots and known measurements is defined and data is
projected onto a low-order subspace. Subsequently, dynamical characteristics, such as frequen-
cies and growth rates, are approximated by iteratively solving two optimisation sub-problems:
consecutively updating a reduced-order dynamical model, then subsequently approximating
the ‘missing’ data at intermediate snapshots between the known values. The methodology is
demonstrated on three dynamical systems: a synthetic sinusoid, the cylinder wake at Re =

60 and turbulent flow past an axisymmetric bullet-shaped body. In all cases the algorithm is



shown to correctly identify the characteristic frequencies and oscillatory structures present in

the flow from downsampled data ensemble.
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Chapter 1

Introduction

1.1 Introduction

Very often in the analysis of nonlinear dynamical systems, such as fluid flows, it is the
case that one is presented with an overabundance of data. In such cases it is common that
the underlying system has such complicated dynamics that it is difficult to identify key, or
practically useful, features even with a large numerical or experimental data set. Because of
these difficulties there is an increased interest in finding the best way to construct models which
are low order but at the same time retain information about the most important dynamical
features. Reduced order models are already used in a variety of applications, primarily to aid
controller design or to facilitate analysis of flow dynamics. In control applications, for example,
emphasis is placed upon balancing the desired accuracy of the model but at the same time
retaining its low-dimensionality to ensure computational efficiency of the control methodology.

Although most practical fluid flows have high-dimensional dynamics described by nonlinear
equations, in many examples it is possible to isolate certain coherent structures (alternatively
referred to as modes) which are associated with some important features of the underlying
dynamical system. Such modes will have the form of a time-independent scalar or vector field
consisting of, for example, pressure values or velocity vectors at different spatial locations. In
many canonical examples the existence of coherent structures is well established. For example,
vortex shedding modes in bluff body flows [1] or spatial streaks in wall-bounded flows [2]. In
order to provide an intuitive understanding of what a mode is and what criteria can be used

to identify them, let us first look more closely at these examples to see what type of analysis

25
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(b) Power spectrum.

c) Coherent structure corresponding to St ~ (d) Coherent structure corresponding to St ~
0.14. 0.14.

Figure 1.1: The instantaneous streamwise velocity distribution of the cylinder flow (a); the
power spectrum of the vertical velocity component at centreline of the flow 1D in the streamwise
direction (b); streamwise velocity components of two structures corresponding to a frequency
with maximum magnitude of the Fourier coefficient at St ~ 0.14 (c)-(d).

can be facilitated through an identification of coherent structures.

A canonical example of a bluff body flow is flow past a circular cylinder. At low Reynolds
number Re = (UD) /v for a flow with free-stream velocity U, cylinder diameter D and kinematic
viscosity v, this system is characterised by a periodic oscillation of the wake, clearly visible in
figure 1.1(a), which shows the streamwise velocity distribution at an arbitrary time instance.
A probe in the wake allows us to obtain the Fourier spectrum of a point velocity signal (figure
1.1(b)) which, for Re = 60, indicates the presence of a single primary Strouhal number St ~
0.14, where St = (fD)/U and f is the frequency. The fact that the frequency spectrum is
relatively simple suggests that the flow dynamics can be well approximated by a model of
relatively low-order. It is in fact possible to identify Fourier-like structures associated with this
frequency. Examples of methodologies which can be used for this purpose will be given in detail
in §2.1 and, for now, only the resulting structures are presented in figure 1.1(c)-(d). This pair
of modes appear to be offset by approximately one quarter of their lengthscale which allows us

to approximate the propagation of the main spatial flow features in the streamwise direction.
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In fact, using the mean flow and the presented structures, it is possible to reconstruct
the dominant shedding behaviour using a simple linear combination of modes with time-
varying coefficients. Let us define a time-discretised vector field u; = u(z,t;) € RY where
T = (xj)j-vz“l C R? is a set of N, co-ordinates in two-dimensional space. For now, let us assume
that t; = iAt where At is a constant time step and ¢ = 0,1,..., N. A coherent structure will
be denoted by ®;(z) € RM and is evaluated at exactly the same spatial locations as u;. Note
that @, is time-invariant. However, information about its dynamics can be incorporated by
associating ®; with a time-varying coefficient a;(¢;), which can be interpreted as the “impor-
tance” of each mode at each time ¢;. Consequently, assuming the chosen coherent structures
span the possible space of observed flow velocity fields, it is possible to decompose the original
vector field such that

o0
u(x,t) = Zaj(t)‘I)j(m). (1.1)
j=1
Due to the potentially complex dynamics of the underlying system, the decomposition (1.1) is

in general infinite. Nonetheless, in many practical flows it is reasonable to select finite number

of ®; and a; to obtain r-dimensional approximation i of the form

r

u(x,t) ~ a(x,t) = Zaj(t)ij(a:). (1.2)

J=1

For example in the cylinder flow, if ®; are set to structures seen in figure 1.1(c)-(d), the coeffi-
cients a;(t) can be chosen in such a way so that the main shedding behaviour is approximated

with a relatively small least-squares error

N ~
Sl — w3

N
2 im0 llwill3

04, (1.3)

where ||- || is l;-norm. It is reiterated that this accuracy is achieved only for r = 3 where spatial
structures consist of those shown in figure 1.1(c)-(d) and the mean flow field. For a given set
of a;(t), if it is possible to find f : R” — R" such that trajectories of the differential equation

da_

ar f(a), a = (aj);:l’ (1.4)

fit those of the coefficients a; in (1.2) then a model will be obtained which approximates the
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dynamics using a significantly smaller number of degrees of freedom.

The simple analysis above already provides us with an indication of why coherent struc-
tures can be useful in practical problems. The first immediately obvious application is data
compression. For a temporal series of N velocity fields u; with two components and spatial
resolution of N, points, 2N, N pieces of information have to be stored. However, the high
accuracy (1.3) was achieved through a linear composition of just three 2N,-dimensional modes.
In such a situation only the time-varying coefficients need to be stored at each instance of time,
implying that only data of dimension 6N, + 3N is required to be stored. For large N the corre-
sponding savings can grow drastically. Additionally, let us consider a criterion used to choose
the structures in figure 1.1(c)-(d). The presented modes correspond to a single frequency of
St ~ 0.14 and the corresponding time-varying coefficients a; in the decomposition (1.2) exhibit
sinusoidal-like behaviour. Consequently, although the fluid flow is modelled by a nonlinear
PDE, it is possible to isolate modes which could be modelled using linear, low-dimensional,
linear oscillator-like dynamical model. Such a radical simplification of dynamics and reduction
of degrees of freedom provides us with a dynamical model which is simple enough to be used
in online control and estimation applications.

Areas where the use of coherent structures are valuable extend further than data compres-
sion and control applications. Often the main purposes is to simply facilitate our dynamical
understanding of complicated fluid flows. One example is a turbulent boundary layer where,
for example, in [3] coherent structures were extracted to obtain an insight into how different
lengthscales change with varying wall roughness. The dynamics of the turbulent boundary layer
is known to be complicated [4] but through calculation of modes it is possible to separate struc-
tures exhibiting different spatial lengthscales. Based on these modes it is significantly easier to,
for example, examine the intensity of different lengthscales in the boundary layer or separate
different frequencies in the flow for different types of surfaces. A different objective of using
coherent structures in the analysis of boundary layers was presented in [5] where structures
with the dynamics characterised by a positive exponential growth rates were identified. Such
dynamics often govern the development of instabilities from certain desirable configurations.
For example, in [5] those modes were used to examine the transition from laminar to turbulent

regimes.
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The structures discussed so far are only two examples among a wide range of dynamical
systems where the calculation of modes is advantageous. Examples of fluid flows where coherent
structures facilitated an analysis of dynamical system include jets |6, 7|, turbulent cavity flow
|8], combustion instabilities |9], pipe flow |10] and wind turbine wakes [11]. We should also note
that the appropriate choice of structures will vary depending on the objective. For example,
looking for values of ®; which provide the most accurate linear decomposition in (1.2) may not
be the most optimal approach if the objective is to isolate structures of certain frequencies or
unstable modes (which can be of relatively low energy [12]). Often, especially for estimation
and control purposes, more sophisticated, albeit still low-dimensional, dynamical models are
required rather than elementary knowledge of frequencies and growth rates. In such cases,
selection of structures which would facilitate the construction of a dynamical model is essential,
but this task is often non trivial. For instance, in the example of the cylinder flow above an
oscillator-like approximation of the dynamical system was proposed, however, such a model
would be valid only when the shedding in the wake is fully developed and is not necessarily
appropriate to simulate the development of perturbations from a steady-state flow.

A typical systematic approach to construct a more general low-dimensional model would
be to attempt to obtain dynamics of coefficients a; in (1.2) using Galerkin projection [13]. In
this procedure, first, the decomposition (1.2) is substituted into Navier-Stokes equation

0 1
8—1: =—(u-V)u+ EAu — Vp, (1.5a)

V-u=0, (1.5b)

and inner products are taken between such modified equations and chosen structures ®; to
obtain a set of ordinary differential equations describing the form of temporal derivatives d;.
Since (1.5a) contains the quadratic term (w - V)u the resulting set of equations will have the
form

dj (t) = Ajkak(t) + Bjklak(t)al(t), (16)

where summation over repeated indices is implied. The coefficients Aj;, Bj; are functions of
®; with their exact form given in numerous references (for example in [14]). However, their

calculation, which requires first and second-order spatial derivatives of ®; to be computed, may
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often be sufficiently sensitive that significant dynamical inaccuracies could arise [14]. An alter-
native is to use historical values of a; and obtain the values of coefficients Aj, Bj;; numerically,
for example, by solving an optimisation problem related to (1.6). Even then, different choices
of structures ®; (and consequently a;) or of historical data may lead to dynamical models
providing a varied range of behaviours and accuracies. In most cases deciding a priori about

the most optimal ®; for accurate model construction is not straightforward.

1.2 Thesis Objectives

The overall objective of this thesis is to investigate different applications of the approx-
imation (1.2) and explore the suitability of different approaches for construction of coherent
structures to obtain appropriate dynamical information, whether with an objective of system
modelling or obtaining an insight into dynamics of the underlying systems. The analysis will be
performed on two different bluff body flows: cylinder flow at low Re and a turbulent flow past
a bullet-shaped object. Aside from applications in drag reduction, both systems are characte-
rised by features which make those test cases non-trivial. In particular, this thesis attempts to
answer the following questions:

Q1 : What is a systematic way to rank dynamical modes based on combined
energetic and dynamic considerations?

In §3.1 a criterion which can be used to identify coherent structures of importance is outli-
ned. Nonetheless, the modes in the presented examples were selected based on the information
available a-priori, for instance, in the example of the cylinder wake, structures in figure 1.1(c)-
(d) were chosen based on association with frequency known to exist in the flow. However,
in many situations a correct approach of identifying r» dynamically relevant structures out of
infinite series (1.1) is not so obvious. In §3.1 a methodology will be proposed which ranks
coherent structures by combining energetic and dynamical considerations which can then be
used to truncate the dimensionality of the problem accordingly.

Q2 : What is an appropriate form of the low-dimensional model of a flow
transitioning from unstable equilibrium to limit cycle and what approaches should
be used to design the robust and accurate estimator of the system’s most dominant
features?

One of the canonical examples of the dynamical system which undergoes such an intrin-
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sically nonlinear behaviour is the cylinder flow. Analysis of the associated Hopf bifurcation
implies that accurate description of such dynamics can be achieved using third-order model
(with details given in chapter 4). Nonetheless, it was observed previously that Galerkin pro-
jection of the Navier-Stokes equations shows that dynamical models of the form a = f(a)
approximating fluid flows should be quadratic (1.6). The visible inconsistency poses a ques-
tion about the appropriate modelling approach for such systems. In chapter 4 analysis will
be performed on the cylinder flow at low Re to establish which model complexity is the most
appropriate to describe dynamics of this system. Furthermore a framework is developed to
provide a mapping between different dynamical features and pressure measurements on the
base of the object. Since the cylinder flow is characterised by distinct regimes with different
dynamics, an analysis is conducted to assess what impact a choice of data used for modelling
has on the accuracy of the estimation.

Q3: Is it possible to extract meaningful coherent structures of a three-dimensional,
chaotic, noisy system using two-dimensional velocity fields and use such structures
to design an accurate velocity field estimator?

Despite its nonlinear behaviour, the cylinder flow at low Re is characterised by a relatively
simple dynamics compared to other fluid flows. Consequently, the estimation analysis is exten-
ded to the bluff-body wake with more complicated, three-dimensional behaviour. A suitable
example for such a study is the bullet flow at high Re, whose dynamics are chaotic due to the
nature of turbulence. The challenge of the accurate dynamical modelling is further increased by
the fact that the analysis of this three-dimensional system is performed using two-dimensional
experimental measurements. Those difficulties invoke the question of whether accurate dyna-
mical estimation of the flow field in such situations is even possible. In chapter 5, it will be
shown what known features of the flow can be extracted from 2D data and a framework will
be developed to estimate three dimensional dynamics of the flow in a non-intrusive manner.

Q4 : Can modes be extracted accurately from temporally downsampled data
ensembles?

In many applications, it is advantageous to identify coherent structures based on dynamical
considerations such as frequency or growth rate criteria. So far it was implicitly assumed that

underlying data w; is sampled at a constant timestep Atf, which is small enough to contain
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all dynamical information of interest. If the data used for the analysis does not meet those
requirements, e.g. if it is under-sampled or sampled at non-constant timestep, isolation of
modes associated with dynamical information becomes significantly more challenging. In order
to facilitate identification of coherent structures and dynamics under those circumstances a
framework is developed in chapter 6 which facilitates construction of modes corresponding to
single frequencies and growth rates from irregularly sampled datasets. The novel methodology
will be analysed on the bluff body systems outlined above. The work presented in chapter 6

was published in the Journal of Fluid Mechanics.

1.3 Dynamical Estimation of Bluff Bodies

Bluff body flows are prominent in a variety of applications, with examples including flow
past automobiles, submarines or even high-rise buildings. At low Reynolds numbers the primary
drag force is a result of skin friction. However, for higher values of Re commonly encountered
in practice, unsteady vortex shedding creates a significant pressure drop downstream of the
body. This phenomenon typically leads to an increase in drag, structural vibrations, acoustic
resonance or increases in lift fluctuations [1].

Due to these implications of the vortex shedding dynamics, significant effort has been made
to alter or even suppress them. Most notably, passive and active open loop control has been
used for this purpose, with examples including end plates, splitter plates, base bleed or rotary
oscillations. An extensive review of the open loop control strategies applied to bluff bodies can
be found for example in [1, 15, 16]. Despite open loop approaches being somewhat effective and
easily implementable, in recent years active feedback control methods have attracted increasing
attention due to the advancement of microelectromechanical systems, developments in control
theory and improvements in computer power. In addition to actuation, feedback methods
require sensing techniques in order to obtain instantaneous information about the state of the
wake. A schematic representation of how a control input v in such a case can be chosen is
shown in figure 1.2. Measurements y of the high-dimensional system, e.g. pressure values,
are fed into an estimator, which combines the observations with a dynamical model to give an
estimated state & of the flow. Subsequently, based on the obtained estimate, and in some cases
values of y, the controller determines an input to be applied to the dynamical system based on

a certain desirable objective such as suppression of wake unsteadiness. In chapters 4-5 emphasis
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Figure 1.2: A schematic representation of the feedback control methods.

will be put on designing accurate low-dimensional estimators for wake dynamics. An important
consideration concerns the number of sensors and the dimension of the state space system such
that it is low enough to obtain estimated state & and apply control input v in a timely manner
but high enough to capture sufficient dynamical information. One way to achieve this goal is
to construct reduced order models (ROMs) based on the decomposition (1.2), which can be
used to develop simpler and computationally more efficient control strategies than those based
on full flow field information.

A lot of research has focused on control strategies for bluff body flows in which ROMs were
constructed by setting coherent structures ®, to Proper Orthogonal Decomposition (POD) mo-
des, obtained by decomposing an ensemble of snapshots into orthogonal flow fields ranked by
their energetic content (a more detailed description of this methodology is given in §2.1.1). For
example, a POD-based ROM combined with a neural network controller was used in [17] to
suppress vortex shedding oscillations in a cylinder flow. In [18| a controller was designed to mo-
dify the cylinder wake at Re ~ 100, although it was shown that instabilities can be suppressed
the prediction errors of the ROM increased during control. Such dynamical inaccuracies may
cause controller actions which lead to undesirable system configurations. The same problem as
in [18] has been analysed in [19] who used only the first POD mode and a linear proportional
and differential feedback controller to stabilise the wake using traverse cylinder movements.
Despite these achievements, certain issues concerning construction of ROMs remain. Since the
described models are not mathematically equivalent to the Navier-Stokes equations, a ques-
tion remains as to whether the chosen structures and resulting dynamical models are able to
accurately and robustly predict the dynamics of the system. In particular, in all approaches
above ®; were chosen to be POD modes. This methodology is a statistical tool (as outlined in

§2.1.1) and dynamical considerations are not used in the selection of structures, meaning that
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POD modes are not necessarily guaranteed to provide the most optimal basis for dynamical
modelling.

If the data is sampled at a constant timestep, Dynamic Mode Decomposition (DMD)
[20] can be applied to incorporate temporal information when extracting modes. The DMD
algorithm constructs a linear model approximating the dynamics of the projection coefficients
a;(t) when ®; are chosen to represent the POD structures. Subsequently the new DMD modes
are obtained as a linear combination of POD structures where the scalars will be dependent on
eigenvectors of a particular linear operator in order to produce complex modes associated with a
single eigenvalue. A number of generalisations and extensions of the DMD algorithm have been
proposed recently and an outline of these different methodologies is presented in §2.1. In this
thesis, particular emphasis is placed on one generalisation of the DMD algorithm, the Optimal
Mode Decomposition (OMD) algorithm [21], which instead of fitting a linear operator to the
POD projection coefficients, looks for the low-dimensional projection space which facilitates
the construction of the linear operator.

In chapters 4-5 we construct low-order dynamical models using OMD modes which, when
combined with pressure measurements, can be used to obtain accurate estimates of the full
flow field. We demonstrate that the OMD modes due to their dynamical interpretation per-
form better than POD modes in a majority of cases. The analysis is performed on two types
of bluff bodies: a flow past a canonical cylinder flow at Re = 60 and the turbulent flow past
a bullet-shaped object at Re = 1.88 x 10°. The first case is a widely analysed flow with well
understood dynamics and the analysis is performed using numerical data allowing us to perform
a reliable assessment of different methodologies. The choice of the latter system is motivated
by the question of drag reduction for bluff-bodies at high Re such as road vehicles, where the
aerodynamic drag has a significant impact on fuel consumption and CO, emissions [22]. Con-
sequently, implementation of active control strategies in a non-intrusive manner to alleviate
those issues is particularly important. This dynamical system is turbulent and the dynamical
modelling is performed based on the experimental data making a dynamical estimation signi-
ficantly more challenging. For both systems an investigation is performed into the appropriate
choice of dynamical modes linking the low and high dimensional systems and an appropriate

modelling technique in the low dimensional space.
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We begin by discussing the fundamental features of the two flows before attempting to

answer these questions in subsequent chapters.

1.3.1 Cylinder flow at Re = 60

The flow past a circular cylinder at Re = 60 is characterised by three distinct dynamical
regimes as presented in figure 1.3; an unstable equilibrium, which, subject to a perturbation,
transitions into an oscillatory limit cycle corresponding to vortex shedding. In order to find a
corresponding ROM an obvious approach would be to construct a quadratic model based on
the form of the Galerkin projection of Navier-Stokes equations (1.6). However, the behaviour
visible in figure 1.3 is a result of a Hopf bifurcation which cylinder flow undergoes at the critical
Reynolds number Rec ~ 46 when the equilibrium point becomes unsteady and vortex shedding
develops [23]. This dynamical feature can be observed through an examination of the eigenvalue
spectrum of the linearised Navier-Stokes equations, where for Re < Re¢ all the eigenvalues are
found in the stable left-half-plane, whilst for Re > Res an unstable pair of complex conjugate
eigenvalues is observed.

This Hopf bifurcation can be described by a cubic Stuart-Landau equation

dA - ,
il — 1.
o =M = pAlAF, (1.7)

which is the normal form of a Hopf bifurcation. Here, A\, u € C, 7 = et is a long timescale
such that e = Re;' — Re™! < 1, whilst A(7) is the amplitude of the state corresponding to the
global mode. The global modes of the cylinder flow are coherent structures corresponding to the
most unstable eigenvalue pair of the Navier-Stokes operator linearised around the steady-state
solution and are known to be primarily responsible for the vortex shedding |24]. It is noted
that theoretically (1.7) is valid only when Re is close to Rec. Nonetheless, it will be shown in
chapter 4 that (1.7) can be used for modelling of the cylinder flow at Re = 60.

The structures approximating global modes were already presented in figure 1.1(c)-(d).
A(7) in essence governs the long term dynamics of the global modes. If those structures are
associated with the coefficient a; in (1.2) their dynamics will have a form a;(t) = A(7)e®!, where
A(r) satisfies (1.7) and 6 corresponds to the asymptotic eigenvalues of the linearised Navier-

Stokes operator. All the subsequent harmonics of the flow can be modelled using coupling
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Figure 1.3: The temporal evolution of vertical component of the velocity, v, on the cylinder’s
centerline at a location just downstream of the base.

between previous sub-harmonics and appropriate powers of A. Further analysis of (1.7) will be
given in chapter 4.

It is notable that (1.6) and (1.7) have different orders, i.e. (1.6) is quadratic while (1.7) is
cubic creating ambiguity in the construction of the appropriate ROM. It can also be the case
that a linear model combined with an appropriate estimation technique is sufficient to obtain
state estimates of acceptable accuracy. Consequently, in chapter 4 dynamic estimation based
on the ROMs of different orders of complexity is analysed. It will be shown that a cubic model
gives estimates of greater accuracy than equivalent results for linear and quadratic models,
where in the latter cases majority of the models of the form (1.6) are found to be unstable.
In addition, a qualitative comparison is performed between POD and OMD modes in terms of
suitability for dynamical modelling. If the dynamical models are obtained based on the limit
cycle the POD basis gives a smaller estimation error, whilst, if data sets contains other regimes,
OMD modes are more preferable. Additionally, the OMD basis proved to be more accurate for

modelling of low-energy dynamics.

1.3.2 Flow past a bullet-shaped object at high Re

The second flow considered in this thesis is the flow past a bullet shaped object at Re ~
1.88 x 10°. The analysis is performed based on two-dimensional PIV measurements in the
wake and pressure measurements at the base of the object, as shown in figure 1.4. For this
system extraction of the appropriate coherent structures is significantly more challenging than

for the low Re cylinder flow, since at Re > 1900 the bullet flow is turbulent [25] with three
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Figure 1.4: Schematic representation of the experimental model and PIV field of view (left)
and the location of the 64 pressure tappings on the base of the model (right). The velocity field
is defined as w = (u,v) where u and v are velocity components along x and y axis respectively.

dimensional dynamics. Despite the chaotic nature of the dynamics, it was shown in [26] that
the system retains key features which can be observed at a lower Re: more specifically, steady
symmetry breaking at Re =~ 450; vortex shedding developing at Re ~ 590; and a pulsation of
the vortex cores producing a second fundamental frequency peak at Re ~ 690. In particular,
at the Re analysed here, two fundamental frequencies can be observed: the shedding dynamics
at St ~ 0.2; and pulsation dynamics at St ~ 0.06 [26|. It is furthermore noted that the
structures corresponding to these dynamics are symmetric with respect to a certain reflectional
plane with a random azimuthal orientation. It was also observed that the reflectional symmetry
plane changes its reorientation at approximately St =~ 0.002, and all the other dynamics are
invariant with respect to this rotation.

In chapter 5 dynamical estimation is performed to estimate dynamics of the structures
corresponding to both St =~ 0.06 and St ~ 0.2 from pressure measurements. We show that it
is possible to identify three-dimensional features corresponding to those frequencies from two
dimensional data. A main challenge in dynamical estimation relates to the fact that shedding
frequency has a low imprint on the pressure dynamics [26], which is confirmed in chapter 5
where the estimation of the dynamics using linear stochastic estimation (LSE) shows that only
the low frequency dynamics are estimated accurately. Furthermore, dynamical estimation is
even more challenging due to a clear directional offset present in the base pressure structures
depending on the reorientations of the symmetry plane. Consequently, a single, time-constant
set of LSE coefficients is not necessarily suitable for all system configurations. In chapter 5
a framework is developed which allows us to accurately estimate key dynamics present in the
system by constructing an orientation-dependent method of selecting the measurements and

combining it with appropriate dynamical estimation technique.
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Due to the fact that estimation of cylinder and bullet flows will make use of similar types

of techniques, an outline of the methodologies applied to both systems will be given in §2.2.

1.4 Dynamic reconstruction from undersampled data

Modal decomposition algorithms can be used in a numerous non-obvious applications ex-
tending beyond low-order modelling for control, with one of them presented here. A key feature
of the approximation (1.2) is the assumption that it is close to equality for a truncated number
of modes. This assumption effectively implies that despite the high-dimensionality of the sy-
stem the underlying dynamics is in fact sparse with respect to the number of coherent structure
or states required to well describe its behaviour. Such sparsity of the system has interesting
applications and is the focus of the research field of compressive sampling [27, 28, 29] where it
has been demonstrated that if a signal is sparse then dynamical information can be extracted
even if the signal is significantly undersampled. This is especially important in situations where
the acquistion of measurements at a desired frequency is not possible, data is lost, or the cost
requirements of acquisition are prohibitive.

Extraction of dynamical information from undersampled data is also relevant to fluid flows.
The acquisition rate of a classical PIV system does not typically exceed 15 Hz implying an upper
limit upon the sampling rate which is not sufficient to investigate temporal characteristics of
turbulent flows. Time-resolved PIV (TRPIV) systems exist that are capable of producing a
sampling rate in the range of 1-10 kHz [30], nonetheless, they still may not be sufficient to
investigate frequencies of interest. Additionally, tomographic PIV (tomo-PIV) was introduced
recently [31], allowing the measurement of three velocity components. In such a case, the
number of measurements drastically increases, especially in a combination with TRPIV systems,
leading to a high computational cost of data processing and consequently establishing a need
to obtain dynamical information from potentially undersampled data.

The methodologies which decompose flow fields using a finite number of coherent structures
in essence assume that the dynamical systems are sparse in a certain basis. Consequently in
chapter 6 it is investigated whether those types of algorithms can be extended to applications
of extracting dynamical information from undersampled data. One of the attempts to extend
the DMD algorithm to regularly undersampled data sets is presented in [32] where a low-

dimensional state space is constructed using POD modes, missing snapshots are reconstructed
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using an Expectation-Maximisation algorithm and DMD modes are estimated as a solution to
a multiple regression problem. The most widely employed compressive sampling methodologies
are still relatively new in the fluid dynamics community primarily due to the fact they are most
effective in the situations where data snapshots are sampled randomly in time. An attempt
to combine modal decomposition algorithms with compressive sampling theory was presented
in [33] where compressive sampling is directly performed on a downsampled velocity field data
ensemble, then subsequently DMD is used to extract coherent structures.

In chapter 6 an alternative is proposed, the irregularly sampled Optimal Mode Decompo-
sition (is-OMD) algorithm. The motivation for our approach is to extend traditional modal
extraction methods so that they can be applied to data sampled at non-constant timesteps. In
chapter 6 we show that iss-OMD provides a flexible method for the analysis of high-dimensional
temporally subsampled data ensembles. Further on, the proposed method makes use of al-
ready existing DMD-like algorithms, making it readily and easily implementable. An outline
of the existing methodologies with an aim to perform dynamical reconstruction from unders-
ampled data is presented in §2.3.1, whilst the description and the performance assessment of
the is-OMD is presented in chapter 6. The analysis is performed on a synthetic sinusoidal
flow and on flow past a circular cylinder at a low Re, showing improvement over compressive
sampling based mode extraction methodologies. Furthermore, an analysis on turbulent bullet
flow demonstrates the potential of the is-OMD algorithm to be applicable to more complicated

dynamical systems.



Chapter 2

Literature Review

2.1 Modal Decomposition Algorithms

Since this thesis primarily aims to apply low-order modelling techniques to high dimen-
sional fluid flows, a brief description of various coherent structure extraction methodologies is
given here. It was mentioned before that for canonical flows, coherent structures ® such as
vortex shedding modes of bluff bodies flows [1] or spatial streaks in wall-bounded flows [2| are
well known. However, for less-studied flows, coherent structures may not be known a-priori
and must therefore be sought directly from the snapshot data, necessitating the development
of automatic, data-driven, structure extraction algorithms.

All of the algorithms considered below are data driven aimed to be applied to spatially
discrete vector fields without a knowledge of the underlying equations. Let us denote time-
dependent, discretised velocity vector field such that u; = u(x,t;) € RV where x = (xj)j-vzul -
R? and t; = iAt where At is a constant time step and ¢ = 0,1,...,N. For the ease of

presentation let us express the full data ensemble in matrix form as

T 1 T
U= |uy u --- uy| €RYV>ED (2.1)
A 3
Additionally, let us define a matrix where columns consist of first N snapshots B = [ug, ..., un_1] €

RM«*N and a matrix A containing snapshots a constant time step At later in time than the

data in B such that A = [uy, ..., uy] € RV,

40
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2.1.1 Proper Orthogonal Decomposition

First introduced in the context of fluid flows in [34]|, Proper Orthogonal Decomposition
(POD) has become perhaps the most widely used coherent structures extraction technique. An
extensive review of numerous examples and applications is found in [13]. The appeal of the
methodology is that it provides r structures ®; which give the optimal approximation of u; as
in (1.2) with respect to certain norm. For example, if the [s-norm is used on the velocity vectors
u; the approximation can be interpreted as being optimal with respect to kinetic energy. In
this thesis POD modes are always obtained based on an [y-norm criterion, however, it is noted
that in some cases, such as compressible flows, other norm choices may be more suitable |35].

For vectors v, w € RP the inner product is defined as

(v, w) ;== v'w, (2.2)
and a corresponding norm is ||v|| := \/(v,v). Subsequently, a correlation matrix, C €

RWADXINHD) of velocity snapshots is calculated
C = (Con) = (U, uy). (2.3)

The matrix C' is a symmetric, positive semi-definite Gramian matrix whose eigenvalues are real
and nonnegative. The eigenvalues can be sorted in decreasing order, such that \y > Xy > .- >
Ani1 > 0. Since C' is symmetric, there exists a set of orthonormal eigenvectors zy,--- , Zy11
which satisfy Cz; = \;z; and 2] z; = dj;, where dj;, is the Dirac delta function. The POD
modes are defined as a linear combination of the snapshots u; according to the eigenvectors

zj = (z)p " € RV*1 such that

1
PP — Uz, (2.4)
(N £ 1)

where U is given by (2.1). Alternatively, @;-D OP can be obtained through the singular value
decomposition of the underlying data U, such that U = UPEVT, where columns of U, are the
POD modes @fOD. Since the eigenvectors z; are themselves are orthogonal, the POD modes

@f OD possess the same property. Utilising this property, the projection coefficients at every
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time instance corresponding to a specific CIJfOD can be obtained as a;(t;) = (@fOD, u;).
The number of POD modes <I’}D OD can be truncated accordingly, retaining r modes cor-
responding to the largest singular values in 3. Defining a residual as a difference between the

velocity snapshots and the truncated expansion

T

r(t) = — Y a;(t) @57 (2.5)

Jj=1

it can be shown that the expansion using POD structures minimises, over the set of all possible
choices of 7 mode shapes, the time-averaged truncation error 1/(N + 1) 2N (= (t:)]|* [13].
This optimality of the POD modes provides an attractive methodology for low-order modelling
of high-dimensional systems. Nomnetheless, dynamical information is not directly used in the
calculation of @f ©P and often one <I>f OP will be associated with juxtaposition of different
frequencies and growth rates [6]. In order to provide a basis of structures where the fact
that snapshots come from time resolved data is taken into account, different dynamic modal

decomposition algorithms were proposed in [20, 21, 36, 37].

2.1.2 Dynamic Mode Decomposition

In order to obtain a set of coherent structures based on dynamical considerations, Schmid
[20] proposed a methodology referred to as Dynamic Mode Decomposition (DMD) where the
modes are selected as eigenmodes of the finite linear operator approximating the nonlinear
behaviour of some observable quantities such as velocity or pressure field. The algorithm has
received much recent interest in terms of its application to analysis of different classes of flows
(such as bluff body flows [24, 38, 39|, boundary layers [5, 40], cavity flows [8, 20, 41] or jet flows
[6, 20, 42, 43]). A brief description of the ideas behind the algorithm is presented here.

Recalling that B € RM*N consists of N velocity measurements at discrete temporal
instances u; = wu(x,iAt) in RV the adjacent columns of B show the evolution of data a
constant time step At later in time. Assuming that At is sufficiently small, the transformation
of data between u; and w; is approximately linear and it is justifiable to express the dynamics
with a linear operator X, such that

Uit = X’U,Z', (26)

where X € RN«*Nu_ A natural way of obtaining X would be to solve an associated optimisation
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problem
min >l — X, 27)

however, since in typical applications N, > N such a problem results in an overfit of data,
since the number of decision variables, N2, is orders of magnitude larger than the number of
data points, NN,. Consequently, additional constraints have to be imposed on X in order to
obtain a meaningful solution.

A fundamental assumption of the DMD methodology is that after a sufficient amount of
time B will capture all of the fundamental dynamical features of the system implying that any

subsequent measurement will be approximately contained in the span of the columns of B, i.e.

N-1
uy = Zciui+r:Bc+r, (2.8)

=0

T

where ¢ = [cg,...,cy-1]'. Recalling that the matrix A contains snapshots a constant time

step At later in time than the data in B, the following expression derives from (2.8)

A=XB=BS +rey, (2.9)
where S € RV*VN takes the form
0 Co
1 0 1
S=1 - - Lo (2.10)
1 0 CN—2

and ey is the Nth unit vector in the standard basis for RY. Notice that now the only unknowns
in (2.9) are the coefficients ¢, however, those can be easily obtained by solving a least-squares
problem such that  in (2.8) is minimised. The eigenvalues of the resulting matrix § = PAP ™"
allows us to approximate some of the eigenvalues of the high-dimensional operator X [20] and

a corresponding dynamical mode can be obtained as the lifting of the eigenvalues of S back to
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the high-dimensional space such that
o0MP .— BP. (2.11)

Although mathematically sound, the formulation outlined above is numerically unstable
and typically only the first or first two most dominant modes can be recovered [20]. Instead,
it was suggested in [20] that a linear approximation of temporal evolution between A and B
should have a form

A=BS +r, (2.12)

where

S:=UrAVE™, (2.13)

and B = UpEVT is the singular value decomposition of B.

In order to establish a link between (2.6) and (2.12), let us assume that A ~ X B.
Substituting the singular value decomposition B = U,XV" gives A ~ XU,XV". Noting
that VIV = I and ¥ is a diagonal matrix, this expression can be rearranged such that
U;XUP = U;FAVE_1 = 5’, demonstrating that S is a projection of the high-dimensional
linear operator X onto the POD modes of the data set B. Consequently, (2.6) can be rewritten
as

A=U,SUB +r. (2.14)

In this case, instead of providing a transformation forward in time of wu;, S approximates an
evolution of the POD projection coefficients a(t;) = U;ui. In order to get the dynamic modes,
~ ~ |

S is eigendecomposed as S = PAP and the DMD modes are defined as a lifting of the

eigenvectors back to the high-dimensional space,
e MD .— U, P, (2.15)

where P = [Dy,...,Px] € CV*N. Since each DMD mode i’fMD = U,p,, is associated with

the eigenvalue \(S);, where A = (/\(S')jj)j-\/:l, the DMD modes <I>]DMD have a certain dynamical
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significance. Defining the DMD eigenvalues as

APMD —logi(ts)j, (2.16)

Re(APMP) and Tm(APMP) describe respectively the growth rate and frequency of the DMD
mode CI']D MD.

Although the construction of the linear operator S through (2.13) is numerically more

stable than through the companion matrix formulation (2.10) [20] there are interesting mat-

hematical developments stemming from the latter approach. It is known that the companion

matrix can be decomposed such that § = V"'AV, where A = (A(S);;)).; contains the eigen-

values of S whilst V' is a Vandermonde matrix of the form

L AS)u A9 AS)
Vo 1 )\(5")22 )\(5")32 : A(S?%_l | (2.17)
1 AS)vw ASRy - AN

Since A consists of eigenvalues then S = V"'AV is in fact an eigendecompositon of S where
the eigenvectors are the columns of V™! and P = V!, Consequently, following the definition
(2.11) the DMD modes are given by ®5” = BV ~!. Substituting S = V"'AV into (2.9) the

following expression is obtained

A =BS trey =BV AV +rey = ®FVMPAV +rey, (2.18)

which in turn implies that

N
w =Y MY ®EMP), i=1... N-1 (2.19a)
j=1
N
uy =Y ANTH@EMP); + (2.19b)
j=1
where r L span(xg,...,xn_1) [6]-

In recent years an active effort developed to establish a link between the decomposition
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(2.19) and a particular mathematical object, the Koopman operator |6, 24, 44]. A Koopman
operator is an infinite-dimensional linear operator which can be used to exactly describe nonli-
near dynamics. If such a link is established it can provide additional theoretical motivation for
using modal decompositions in practical applications as they would not only provide a linear
approximation to the dynamical system but instead can be viewed as a finite subset of infinite
Koopman spectrum.

In order to provide formal definition consider a discrete dynamic system evolving between

different dynamical states, x; as

Liy1 = f(xi)v

where f describes the mapping between initial state x; and a state at later point in time ;4
where x; € @ for all 7 and @ is the underlying space containing all states of the system. The

Koopman operator K is a linear operator which acts on vector-valued observable functions

g : Q — R such that

Kyl(z) = g(f(z)), =z

For example, in fluid flows applications an observable function g can contain discretised velocity
field information at different spatial locations i.e. [u(x1),...,u(zy,)]T € RN or simply be
a function of the velocity wu(z;) at a given location. In simple terms a Koopman operator
describes the time evolution of such observable functions. It is a linear operator as it satisfies
the property K(ag) + Bg2)(x) = akgi(x) + g2(x) for any g;, g» and scalars «, .

Since K is linear, it is reasonable to obtain its eigenfunctions, ¢, and eigenvalues, A\,

Kej(x) = Ajpj(x).

Agsuming that the spectrum of I is purely discrete and that the components of g lie in the span
of the eigenfunctions of IC, the observable function can be expanded as the linear combination

of the eigenfunctions ¢; with v; as the vector coefficients of the expansion
o0
g(@) = p(@)v;. (2.20)
j=1

The vectors v; are referred to as Koopman modes of the dynamics system f corresponding to



2.1. Modal Decomposition Algorithms 47

the observable g.
As the eigenvalues of the Koopman operator characterize the temporal behaviour of each
of the Koopman modes it is possible to use the expansion (2.20) to define the value of an

observable at each point in time

ZICQp] x))v Z X (xo)v (2.21)

Note that this expansion is similar to the approximation (2.19) which was created using DMD
modes and eigenvalues. It is therefore argued in [6, 44| that the DMD method serves to ap-
proximate the Koopman modes. It is thought that if it is possible to design an algorithm which
reproduces the Koopman decomposition it would provide a well-motivated linear description of
the nonlinear dynamics. Nonetheless it must be noted that the Koopman expansion consists
of infinite number of terms and for practical problems using as few modes as possible is prefe-
rable. Additionally, the Koopman expansion does not possess any clear ordering of the modes
therefore there is no clear way of choosing the most important ones.

Following the description of DMD it is noted that a number of generalizations have recently
been proposed with each seeking to address various deficiencies of the algorithm. Examples
of the recent developments include: establishing an appropriate way of selecting the most
important DMD modes [36, 45|, improving the robustness of the method to observation noise
[21, 46], establishing a stronger link to Koopman operator [37] or accounting for input/output
systems [47]. A more detailed description of the methodologies outlined above will be presented
in §2.1.4. One modification to the DMD algorithm, Optimal Mode Decomposition (OMD), is
extensively used throughout this thesis and consequently the more detailed description of this

particular methodology is justifiable and is given in §2.1.3.

2.1.3 Optimal Mode Decomposition

Although the DMD decomposition is an adequate foundation for low-order modelling it is
not necessarily obvious whether a choice of the POD modes is most appropriate for construction
of the low-dimensional basis in (2.14). For instance, if there exists a certain structure which
is dynamically relevant but at the same time of low-energy, the truncated POD basis used to

calculate S will discard these dynamics. In order to introduce additional flexibility, instead of
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considering a linear operator of the form (2.13), it was proposed in [21] to solve an optimisation

problem of the form

min|A — LM L" B||r,
LM
st. LTL =1, (2.22)

M c ]RTXT7 L c RNuXr’

where columns of A, B are defined as in §2.1, above, and || - ||r is the Frobenius norm. A
comparison with (2.14) shows that L, M have an equivalent interpretation to U, S in (2.14).
Following the DMD formulation, the OMD modes and eigenvalues will be defined as ®°P =
LP); and XOMP = %, respectively, where M = Py Ay Pyl and Ay = (A(M) ;).
Notice that the DMD formulation based on the companion matrix in §2.1.2 implies a consecutive
sequence of measurements in adjacent columns of A or B. However, the objective function
(2.22) implies that this characteristic is not necessary. The only essential requirement is that
the timestep At between corresponding entries in A and B is constant.

The optimisation (2.22) is performed over two variables, L and M. It is noted that the
objective function in (2.22) is in fact quadratic with respect to M. Consequently, a derivative
with respect to M is calculated

9|A—LML"B|*
oM -

2[-L"AB"L + ML"BB"L], (2.23)

which can be subsequently set to zero, in order to obtain the expression for the optimal M as
a function of L

M*(L)=L"AB"L(L"BB"L)™". (2.24)

It is noted that by substituting B = U,XV 7 into an expression for M*(U,), that M*(U,) = S
is recovered, meaning that OMD reduces to DMD in the case L = U,,.

Hence, the only variable which has to be calculated to minimise (2.22) is L. Unfortunately,
due to nonlinearity of (2.22) with respect to L, an analytic solution is not available and iterative
algorithms have to be employed. It must be noted that we are not looking for the unique value
of L but instead for the space spanned by its columns. This is because (2.22) is invariant under

rotations of L. In particular, for any orthogonal matrix R such that RTR = I, the pairs [L, M|
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and [LR, RTM R] have equivalent costs. Consequently, the optimisation has to be performed
over the Grassmann manifold Gy, which is a collection of all r-dimensional linear subspaces
of a N,-dimensional vector space. Therefore, the optimisation process is equivalent to finding
an r-dimensional subspace of RP. Algorithms which implement different iterative methods for
a problem on Grassmanian manifolds are presented in [48]. The conjugate gradient method

which we use to solve OMD problem can be found in Appendix A.

2.1.4 Alternative DMD generalisations
Many recent generalisations of the DMD algorithm have been developed aiming to improve

the robustness and accuracy of the methodology. Some of the key examples are presented here.

Ranking of dynamic modes

One of the practical issues mentioned previously in the application of the DMD algorithm is an
ambiguity in selecting the most appropriate modes among the algorithm’s output. The most
straightforward application using a companion matrix (2.10) or calculation of S via (2.13)
using all available POD modes of B induces the same number of DMD modes as the number
of snapshots. In [21] it was proposed that a smaller number of DMD modes can be obtained
by truncating the POD basis. However, this approach may discard low-energy structures. A
few alternative methodologies of calculating small number of DMD-like modes were proposed
and are outlined below.

In [36] a new methodology referred to as optimised dynamical mode decomposition (opt-
DMD) was proposed, which utilities the observation that snapshots can be decomposed as in
(2.19). Due to the fact that the number of DMD modes <I>]DMD is equal to NV, the decomposition
of first NV snapshots is satisfied exactly and the residual is minimised only over the (N + 1)th
snapshot. Instead, it was proposed in |36] to constrain the number of modes to r and minimise

the following problem motivated by (2.19)

T

N
win 3™ fu; — 37018, (2.25)
=1

j=1

where \; and @, are the opt-DMD eigenvalues and eigenvectors. The opt-DMD algorithm was

analysed on the cylinder flow at Re = 60 and it was shown that the new method provides an
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improvement over DMD in calculating the dominant system frequencies. Unfortunately, the
optimisation problem (2.25) is highly-nonlinear and a numerical algorithm allowing to obtain
a solution in an efficient and elegant manner is not known. The solution to (2.25) in |36] was
obtained using an algorithm combining simulated annealing and Nelder-Mead simplex method;
a methodology which is significantly more complex than the one used to compute either the
DMD or OMD algorithms.

An alternative way of reducing the number of DMD modes was proposed in [45] through
sparsity-promoting DMD. Note that the decomposition in (2.19a) can be expressed with respect

to the matrix S such that for i =1, ... , N
w,=U,8 'Ulu, =U,PA" ' P U u, = ""°A" ' (2.26)

where U,, contains all POD modes of B and a = ﬁilU;ul € CV is a projection of the
first snapshot onto available modes with entries signifying the amplitudes of the DMD modes
(noting that columns of ®”M? are normalised when ®°MP = U, P). The equation (2.26) is
true only if N DMD modes are used. In order to choose a subset of the most important modes

it was proposed in [45] to solve the following optimisation problem

N

min Y [[u; — @PMPR a3 + 1l (2.27)

i=1

The purpose of the additional term ||a||; is to induce sparsity of e and the DMD eigenva-
lues/modes corresponding to a; &~ 0 can be neglected. The benefit of solving (2.27) over (2.25)
is the knowledge of the eigenvalues (which are obtained using the standard DMD algorithm)
allowing (2.27) to be solved using standard convex optimisation methodologies. Nonetheless,
this approach in essence requires solving an additional optimisation problem in addition to
DMD. For example, in [45] the optimisation problem (2.27) was solved using alternative di-
rection method of multipliers (ADMM) [49]; a first order method which can converge slowly in
certain situations. In §3.1 a different methodology is introduced which provides a compromise,
i.e. dynamically relevant modes are selected based on a certain energetic criterion involving
lo-norm but without the need for solving an additional optimisation problem, hence improving

computational efficiency.
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Robustness to noise

One of the disadvantages of the DMD algorithm is its lack of noise robustness which was
recognised for example in [46, 50, 51] and several methodologies were developed to suppress
the effect of noise. A contribution of |[50] was the demonstration that the in presence of process

noise the DMD eigenvalues \,, where Re(\,) = 0 can be approximated as

S
An & Jmw — e%meQ (2.28)

where A, corresponds to mth subharmonic of the fundamental frequency w, € is a noise magni-
tude, T is a timescale required for a system to approach the oscillatory state in the absence of
noise and S is the sensitivity to white noise. Interestingly, the same pattern can be observed
in the presence of measurement noise [50, 51|.

In order to improve the robustness of the DMD algorithm to noise, a methodology referred
to as total DMD (TDMD) was developed in [46] . Noting that the DMD output is obtained
based on the operator U;XUp where B = UpEVT, it is implicitly assumed that B is noise
free. In order to eliminate this assumption it is proposed to perform a decomposition of the
augmented matrix [BT, AT}T = ﬁprVT and retaining only n columns of V. Subsequently, B
and A are preconditioned such that B= Bffnf/z and A = AVnV,TL , where V,, is truncated
f/', and the DMD algorithm is applied to A, B instead. This approach is most effective if the
snapshots are assembled in a non-sequential manner, i.e. elements of B are not necessarily
included in A, however, the choice of n is not necessarily obvious.

Multiple modifications to the DMD methodologies aimed at removing observation noise
from data were proposed in [51]. A methodology called noise-corrected DMD (ncDMD) provides
a modification to matrix S constructed based on the noise covariance matrix. Unfortunately,
knowledge of noise-covariance is usually not available, especially in the analysis of experimental
data. A second methodology is forward-backward DMD (fbDMD) which relies on the assump-
tion that the dynamics of the original system are invertible. In addition to a standard DMD
implementation, the DMD problem is solved backwards in time, i.e. snapshots in B and A
are swapped, to obtain a matrix Sace. For the ideal, noise-free, system S = S';alck Based

on the observation in [50|, noise decreases the value of Re(\) obtained by DMD relative to
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the true eigenvalues for both S and S'back, which implies that S;;Ck will have corresponding
Re(A) artificially increased. Consequently, the detrimental effect of noise can be averaged out
through calculation of the S~ such that (5'*)2 = g;llckg’ This methodology showed a great
promise in [51], and can be easily implemented in the OMD algorithms to obtain further noise
reduction. The last methodology is total least-squares DMD (tlsDMD) which is a modification
to TDMD described above, where for [BT, AT]T = USV' instead of truncating V' data is
preconditioned using truncated POD modes U. The comparison of noise sensitivity between

some of the methodologies introduced in [51] and OMD is performed in §3.2.

Link to the Koopman operator

An alternative approach to further developing the DMD methodology is to establish a sig-
nificantly stronger link to the Koopman operator. One of the most prominent examples
was proposed in [37] by introducing extended DMD (EDMD). The new algorithm relies on
the observation that eigenfunctions of the Koopman operator ¢; do not have to be linear
function of the state and can have a nonlinear form. For this purpose, a dictionary of functions
V() = [1(x), Ya(x), ... Yr(x)]" € CK is defined and it is assumed that ¢; € span(¥). In
order to find an appropriate form of ¢ first a finite-dimensional approximation K of Koopman

operator I is required which can be obtained as a solution to
mlénH\Il(A) — K¥(B)|. (2.29)

where A and B contain state measurements, ¥(A), ¥(B) € CKX*¥ are dictionaries of functions
evaluated at each time instance, and K € CX*X_ The eigenpairs of the Koopman operator are
then approximated through the eigendecomposition of K, i.e. for a pair of eigenvalues A;, A}

and eigenvectors z;, 2z} the first are the approximations of the Koopman eigenvalues whilst
w; = \II(QZ)Z]', (230)

is the Koopman eigenfunction. The remaining terms in the Koopman decomposition (2.21)
which have to be computed are Koopman modes v;, which provide a link back to the high-

dimensional state x. In [37] it was assumed that the matrix W € RY**X containing weights
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necessary to reconstruct state & from elements of function dictionary ¥(x) is known. In such

case the Koopman modes are expressed as
v; = WE; (2.31)

where &; are left eigenvectors of K. If the matrix W is not known, the Koopman modes can
be calculated using past data by solving an appropriate least-squares problem.

It was demonstrated in 37| that this methodology successfully approximates Koopman
eigenfunctions for some examples of nonlinear systems. Perhaps the biggest difficulty of this
methodology is the fact that the dictionary of functions ¥(x) has to be specified by the user,
which either necessitates some knowledge of the analysed system’s dynamics or constructing
W(x) to be sufficiently “rich” so that assumption ¢; € span(¥) is close to being true. In the
latter case this can lead to a numerically cumbersome algorithm or dimensional reduction which

is not sufficiently large. Some approaches addressing those problems are outlined in [52, 53].

DMD with control

One of the applications where the linearity and low-dimensionality of the DMD-like operator
is particularly enticing is system control. Nonetheless, those algorithms only construct the
matrices approximating the dynamics of the states without assuming any information about the
link between control input and the state. In a situation where this relationship is not known,
a methodology called DMD with control (DMDc) was proposed in [47] where the following
optimisation is solved

win | Ay — (8, BBl Y] (2:32)

The matrix YT contains the time-series of inputs applied to the system and B is the matrix
providing the relationship between inputs and the state. The matrices Ay, By are low di-
mensional projections of the full flow fields A, B, i.e. Ajy= L' A and B;; = L' B, where L
can contain POD modes or can be incorporated as an unknown into the optimisation problem
(2.32) to obtain OMD-like procedure. The main benefit of the DMDc¢ methodology is that
it allows us to separately construct B, whose form is usually not known. Unfortunately, the

methodology does not give any indication about an input that should be chosen for a specific
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objective and values of Y need to be specified by the user based on knowledge of the system.

It is noted that in chapters 4-5 dynamical estimation problems are considered where Y = 0.

2.2 Dynamical Estimation Techniques

It was previously mentioned in §1.3 that active fluid flow control requires knowledge of the
system’s dynamics, which when combined with online measurements may lead to the successful
implementation of a given control strategy. Most often the dynamical system is approximated

using the state-space form

T =Alx)+w, (2.33a)

y=C(z) + v, (2.33b)

Ny are the measurable

where € R” denotes a low-dimensional state of the system and y € R
quantities of the system. By w and v, we denote state disturbances and measurement noise.
Subsequently, we define functions A(-) and C(-) which, respectively, describe the dynamics of
the system and a relationship between the state & and measurable quantity y. The overall
objective is, given measurements y and dynamical models governed by A(x) and C(x), to
solve a certain optimisation problem associated with (2.33) and obtain state estimate & which
approximates a true state @ as closely as possible.

In order to employ control strategies in an efficient manner it is required that the dimensi-
ons of & and y are not large, necessitating dimensional reduction of systems with large number
of states, which is typically necessary for accurate modelling of fluid flows. This procedure is not
obvious. One possible choice is the projection coefficients a;(t), as defined in (1.2), correspon-
ding to spatial structures which represent key dynamical features facilitating a construction of
of A(-) and C(-). Methodologies which can be used to obtain spatial structures necessary for
the computation of & were outlined in §2.1. The construction of associated dynamical models
A(-) and C(-) can be performed either by solving an optimisation problem or making use of the
underlying structure of the Navier-Stokes equations as described in §1.1. The methodologies
which are employed to construct dynamical models for the cylinder and bullet flows will be
described in the relevant sections of chapters 4-5. Subsequently, a methodology needs to be

established which uses the knowledge of the dynamical system and combines it with online
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measurements y to solve for the state estimates &. The methodologies which will be used for

this purpose in the analysis of both fluid flows are outlined in §2.2.1 - §2.2.2.

2.2.1 Stochastic estimation

A straightforward approach in the calculation of & is to ignore the dynamical model and
obtain a state estimate directly from the measurement quantities, i.e. &; = C~'(y,). Note that
by C~1(y,) we denote the reverse mapping from y to the state estimate and not necessarily an
inverse of y = C(x) which may not exist in the strictest sense. The corresponding question
concerns the construction of the appropriate form of C~1(y;). One of the widely used approaches
is stochastic estimation, first proposed in the fluid dynamics community by [54] and since then
successfully used to describe a range of turbulent flows such as shear layers [55], cavity flows
[56], wake flows [57] or jet flows [58, 59].

Stochastic estimation is an approach to estimate a value of one quantity given a set of
measurements via the means of conditional average. Let us assume that past knowledge of
certain dependent variables x; and some independent variables c¢; is known. It was proposed

in [60] that the conditional average can be approximated with a Taylor expansion

(zjle) ~ Ajper + Bjmerer + . . . (2.34)

where ¢ consists of the independent variables c; and coefficients A;; and Bjj; are calculated
using past data. In (2.34), summation over repeated indices is implied. Subsequently, based
on future measurements of ¢ it is possible to find an estimate ; of z;. Stochastic estimation
can be used to construct different orders of approximation. In chapter 4 an analysis is perfor-
med using approximations of two different orders, Linear Stochastic Estimation (LSE) where
only coefficients A;;, corresponding to the linear part are retained and Quadratic Stochastic
Estimation (QSE) where both Aj; and Bjy are used. LSE has proved successful in numerous
fluid flows applications (an extensive review can be found in [61]). However, it was demonstra-
ted in [62] that QSE provides a significant improvement when the velocity field in a turbulent
boundary layer is estimated from pressure measurements and this improvement is linked to the
generation of wall-pressure by a nonlinear mechanism of the velocity field. This situation is

in a sense analogous to the test case in chapter 5 where velocity is estimated from pressure
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measurements making QSE potentially a viable choice for the estimation.
The values of Aj;, and Bj;; can be directly obtained using a least-squares minimisation on

the training set 7. For example in the LSE estimation a following problem is solved

€T
where & € R+ contains N, conditional variables of interest, ¢ € R« is a vector of N, uncondi-
tional variables and A € RYe*"N= consists of LSE coefficients, A;;. For all entries in (2.35), (+);
denotes a temporal measurement at certain instance in time. In an analogous manner, QSE
estimates can be obtained via
min > [lz; — A'e; — B ¢]|f3, (2.36)

AB 4
€T

where ¢* represents a matrix of appended unconditional variables, i.e.

* T
c’ =lccy, ..., c1eN,, CoCl, . . . CNCN,]

and B € RVONe are By coefficients corresponding to quadratic terms in (2.34). It is noted
that if N, is not small then an overfit can occur, i.e. the minimised objective function (2.36)
is small for ¢ € T but drastically increases for ¢ ¢ 7. In order to prevent this behaviour it is

possible to add a sparsity-inducing /'-norm penalty in (2.36), such that

: L T, T * 2
min 3 |z~ A'ei— BT e[+ (1Al + |BI) (237)
€T
and setting an appropriate value of a weighting coefficient v > 0. Consequently, given a solution

to (2.35)-(2.37), the LSE and QSE estimates are obtained as &; = A'¢; and &; = A'¢;+B'c}.

2.2.2 Moving Horizon Estimation

It is noted that the stochastic estimation technique outlined in §2.2.1 is purely a pointwise-
in-time statistical estimate which relies heavily on the accuracy of the measurements, i.e. given
a measurement with significant statistical noise at a certain time instance, the corresponding

estimate will contain significant error [63]. However, if the dynamics of the conditional variable
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x is known, it can be used to improve the accuracy of the estimate &;. One of the approaches
which combines the dynamics of x together with real time measurement is Moving Horizon
Estimation (MHE). First introduced in numerical weather prediction as 4D-Var |65, 66|, this
methodology is still relatively new in the fluid dynamics community. However, its application
has had much success in the process control community when used for state estimation [67],
data reconciliation [68, 69] or fault detection [70] and promises potential benefits when applied
to fluid flows. Additionally, methodologies based on similar ideas, such as Kalman filtering,
were successfully applied to fluid flows for estimation in atmospheric forecasting [71], flat plate
flows [63, 72| or channel flows |73]|; and model predictive control (MPC) has been employed to
control turbulent channel flow [74, 75].

MHE is based on solving an optimisation problem of the form

i—1 i
i Tp-1 TAH-1
B w; B w; + v; Q vy, 2.38a
{wi—ny s wiz1} '—ZN J J A_z;\[ J Q J ( )
Vi Ny, »e-sVi } J= AR J=t=Nn
TN,
st @i = Al®) +wi,  i=k—Ny... k-1, (2.38b)
Y, = C(l‘l) + v;, 1= I{Z—Nh,...,l{?, (238(3)

at each timestep ¢ using a finite number of past measurements collected over N, previous time
instances, where N, € N is known as the horizon length. It is noted that constraints (2.38b)-
(2.38¢) follow a state space formulation (2.33), where (2.38b) models the dynamics of @ whilst
(2.38¢) provides an output model between & and some measurements y. Noting that models
A(x), C(x) are often inaccurate and y contains noise, the objective function (2.38a) attempts
to balance two types of information to get an improved estimate. The weighting matrices
R,Q > 0 are introduced providing the measure of confidence in the dynamical and output
models. The flexibility of (2.38) allows for introduction of additional constraints on the state
estimates, for example bounds on x through inequality constraints. It can be demonstrated
that MHE reduces to Kalman filter for linear forms of A(x) and C'(x), and unconstrained state
variables [76].

In this thesis both linear and nonlinear forms of A(x), C(x) will be used. In cases where

A(zx), C(x) will be replaced with linear matrices A € R™" C € Rv*" (2.38) can rewritten
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as the least-squares problem
2

Ap 0
min £ — (2.39)
¢ \llcs b
2
where
A -1 0 C 0 0
0 0 -
AB — G R(N}Lfl)’l‘XNh’r" CB — 6 RNhTXNhN’y’
0 0
o ... A I o ... 0 C
T T
and b = <yZT_Nh sz) € RV and ¢ = (ﬁ:iT_Nh :i:j) € RM" . Consequently,

(2.39) admits the solution provided the block matrix [Aj, Cj]" is full rank. In order to vary
the weighting between dynamical and observation optimisation functions, analogous to (2.38)
each row of A and Cp is pre-multiplied by R™Y/% and Q~'/? respectively. Problem (2.39) is
solved at each discrete time ¢ and only the last element of €, @; is retained as a state estimate
at that instance.

When A(zx), C(x) have nonlinear form, the MHE optimisation problem (2.38) will be
solved using a methodology similar to the one presented in [77] where a one-step Gauss-Newton
procedure is used. At each time-step i an iterative mapping Z; is defined based on Gauss-Newton
algorithm which acts on dummy state variables n* = [nf_ ,...,n¥] such that Z;(n¥) = o™
A sequence of vectors is generated which converges to an optimal solution at time i, n¥ — n}.
However, in the algorithm, Z; is applied only once. Instead, an initial condition at a next
timestep is defined based on a solution at time i through a shift map Sk, n%,, = Sk(n}).
In this way the dynamical information is passed between a successive time-steps through Sy,
compensating for one iteration used in the Gauss-Newton implementation, and allowing for a
fast converging algorithm which can be implemented in online applications. For more details

about the implementation of the MHE algorithm, the reader is referred to |78].

2.3 Reconstruction Algorithms from undersampled data
In chapter 6 the is-OMD algorithm is introduced which provides a viable way of extracting

dynamical information from undersampled data. Currently, perhaps the most widely used
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Figure 2.1: Downsampled and regularly sampled data.
methodology in such applications is Compressive Sampling. A brief summary of this algorithm
is given here together with existing attempts to extend the DMD algorithm to undersampled
data.

Both methodologies rely on the information being randomly sampled in time, conse-
quently requiring us to introduce a new particular problem setup. Consider the snapshots
W = (w;)Y, C R? sampled with constant timestep 0t, which can be viewed as a minimal
timestep representing the highest possible frequency of data collection. It is assumed that only
a subset U C W of snapshots may be used for analysis. We refer to U as the analysis data
ensemble and define it by choosing a subset J C {0,1,..., N}, re-labelling u; := w; for each
index i € J, and setting U = {u; : € J}. Finally, let At; be the sample times between succes-
sive snapshots in & which are, possibly non-constant, integer multiples of d¢. The schematic
representation of such a sampling strategy is presented in figure 2.1.

It will be assumed that W is sampled at a sufficiently high rate that it contains all dyn-
amical information of interest concerning the state trajectory f(a,t). The question which we
aim to address is to what extent ¥V can be reconstructed from knowledge of the analysis data

set U only. Compressive sampling presents a standard method of answering such a problem.

2.3.1 Compressive Sampling

Extracting coherent dynamical information from a downsampled data ensemble &/ may
be possible if the underlying system is sparse, or compressible, when expressed in particular
temporal basis. To describe this, first collect the high-frequency sampled snapshots W into a

matrix

T T

W .= wy - Wy ERNHX(NJFI).

3 3
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The state trajectory W is said to be compressible if there exists a matrix & = () €

RWADX(N+1) gych that it can be approximately represented in the form

W ~WE, (2.40)

where W € RN ig sparse in the sense that it has only k nonzero columns, with k < N.

Letting w; denote the columns of w, and rewriting the decomposition (2.40) as

N
wi%Z'Evjﬁji, Z':O,...,]V7
§=0
it is clear that the each column w; € R™* represents a spatial structure, while the respective
row (£;;)Y, of E describes its temporal evolution. For this discussion we make the assumption
that a temporal basis = is known for which a column-wise sparse solution W to (2.40) exists.

Next, write the analysis data ensemble ¢/ in matrix form

) )
U=|u, - u,|=W86, (2.41)
1 {

N+Dxm = | 7|, which encodes the particular

by defining an appropriate binary matrix © € R(
timesteps at which data are available. The aim of compressive sampling is to determine W
from knowledge of U only. In view of (2.40) and (2.41), one way to achieve this is to seek a

column-wise sparse solution W to

U=WE®, (2.42)

which would then provide an approximation to the full signal via W ~ WE.

Note that, since m < N, (2.42) is overdetermined meaning that the imposition of sparsity
is necessary to obtain a well-posed problem. The most widely used approach to sparsity-
promotion is to penalize the /!-norm of 1% subject to the constraint (2.42). However, apart
from in the scalar valued case N, = 1, this will impose entrywise sparsity rather than the desired
columnwise sparsity of W. Methods to avoid this problem typically use greedy algorithms

such as Orthogonal Matching Pursuit (OMP) [79] or Compressive Sampling Matching Pursuit
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(CoSaMP) [80]. Rather than minimising the ¢*-norm of W such methodologies analyse the
correlation of the matrix 2@ with the downsampled data ensemble U. They are iterative
algorithms in which, upon each iteration, one sparse vector (a column of Z) is added to the
solution. Hence, the outputs of the algorithms are sparse, with the sparsity of the solution
equal to the number of iterations.

An important fact is that the sampling strategy, encoded by ©, plays a significant role
in determining the performance of compressive sampling algorithms. In particular, a known
requirement is that the chosen temporal basis Z has a low correlation (in compressive sampling
terminology referred to as coherence) with the sampling strategy © (where coherence is defined
max (0510, (Cr)o)|) [81]. A common way to ensure low correlation is to use Bernoulli and
Gaussian random measurements, since it is highly probable that random matrices will have a
low correlation with any basis, including the canonical Fourier basis [81|. That is, if periodic
structures are sought in time, then an aperiodic sampling strategy is beneficial for extracting
them from downsampled data. We reiterate that DMD-type modal extraction methods do not
currently support sampling where the time intervals between corresponding entries in A and
B are non-constant, meaning that any potential benefits of such a strategy may not be realised
using current technique.

A viable technique allowing the use of compressive sampling and at the same time obtain
DMD-like output was proposed in [33]. The compressive sampling to U to form an approxi-
mation W to the fully-resolved data ensemble W. This is achieved by choosing and fixing a
temporal basis 2 and then successively adding a k£ number of elements of this basis which best
correlate with the available data. Motivated by the fact that many fluid flows are sparse in the
Fourier basis, it was proposed in [33| to set = to the inverse Fourier Transform and obtain ap-
proximations Wi, ~ W. DMD is then applied to each Wi, to determine the coherent structures
corresponding to the identified eigenvalue information. In chapter 6 the methodology proposed

by [33] will be compared against the newly introduced is-OMD technique.



Chapter 3

On some benefits of OMD over

established techniques

The metholdogies used in this thesis will incorporate the OMD technique to obtain structures
of dynamical significance. The algorithm is chosen over the DMD approach due to benefits
resulting from the additional flexibilities in choosing projection space L. Some of the advantages
are presented here on a synthetic system consisting of three structures (figure 3.1) similar to

the most energetic structures present in the cylinder flow. The system is constructed such that
u(a,t) = a;(t)®;(x)

where the structure in figure 3.1(a) is used to represent a mean mode with a time-independent
dynamics of a1(¢) = 10, ¢ > 0 whilst two other structures 3.1(b)-(c) will be associated with

dynamics as(t), as(t) which follow a third-order Stuart-Landau equation

% = \"A — urA|AP (3.1)

where A = as + jag and \*, p* are set to A* = 0.006 + j0.25 and p* = 0.0004 4+ j0.001. The
equation (3.1) admits solutions, A = 0 and |A|?> = \*/u*, where the latter solution corresponds
to the limit cycle. The values A\*, ;* were chosen here in such a way to achieve the slow transition
between two steady states. Equation (3.1) is solved using a 4th-order Runge Kutta method with

randomly generated complex initial condition A(ty) ~ 1073 to obtain the temporal evolution

62
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Figure 3.2: The temporal evolution of vertical component of the velocity, v, at the base of a
cylinder in the three dimensional synthetic model.

shown in figure 3.2. The synthetic flow fields are reconstructed as in (1.2) to obtain N = 1050
snapshots. Applying the OMD or DMD algorithms and constraining the rank to » = 30, the
structures presented in figure 3.1 are recovered with eigenvalues of A = 0 corresponding to ®,
and A = £50.27 with real and imaginary parts of the associated modes consisting of ®, and
b,

Two benefits of the OMD algorithm will be presented based on this system: the ability
of the OMD algorithm to approximate the system with fewer structures; and a decreased

sensitivity of the eigenvalue information to measurement noise.

3.1 A new method of mode ranking

Noting that the information about the number of structures present in the system is not
available in practical situations, both the OMD and the DMD algorithms are applied to the
synthetic system to obtain an approximation of rank r = 1049, equivalent to r = N — 1.
Because the synthetic system consists only of three structures, for r» > 3 both OMD and DMD
are likely to become numerically unstable. For example, in the OMD algorithm the term
L"BB”L in (2.24) will be of rank three while for DMD the majority of diagonal entries of 3
in (2.13) will be close to zero. Since the inverse of both terms is required to obtain the output,
the algorithms will be ill-conditioned. In order to prevent this behaviour a white noise with

standard deviation o = 10~ is added to the snapshots. Such noise magnitude is equivalent to
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0.026% of the average amplitude of the velocity oscillations when system is in the limit cycle
regime and does not affect significantly the OMD or DMD output.

Despite the full rank of A and B after noise addition, the system is still effectively low-
dimensional and it is expected that the output of the OMD and DMD for r» = 1049 will contain
numerous redundant modes. In order to identify coherent structures, a criterion indicating
the importance of structures and eigenvalues among the output of the modal decomposition
algorithms is required. In [36] the DMD modes are ranked based on their energetic content, £ =
V'N||®;||2/||Al|r Where || - || denotes the Frobenius norm, estimating the relative contribution
of each ®; into the overall energy of all snapshots. This approach assumes that ®; are not
normalised which is the case for the DMD methodology if an interpretation as in (2.19) is used.

T

For r = N — 1, the DMD modes ®°M” satisfy uz = > )\f_1<1>fMD exactly. In this case

j=1
B
s A Ao o Ay P,
ws | = 22 a2 ..o o, |- (3:2)
L unN ] _)\in1 A571 s )\%71_ L (DN |
is solved for [®/,®,,®,..., @L]T, which will be in the form of ®; = k;®”"" where k; > 0

and <I>]DMD = Upl3 (2.15) are normalised DMD modes. The value of k; corresponding to ®,
is a scaling which matches energetic content of ®”M” to data B. In the case of the OMD
methodology, an equivalent reasoning cannot be reproduced since the relationship between
subsequent snapshots is assumed to have a form u;, 1 = LM LTu;+e; allowing for discontinuous
data sets. Furthermore, columns of HOMD — LP,;, where M = PMAMP]Tj, are normalised.

Instead, consider the projection onto a data set LLY B, which can be expressed as
LL"B=LP,P,/L"B=9% [P;/}LTB] . (3.3)

The expression for P]T/}LTB in terms of the original matrix entries is complicated. Therefore,
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let us rewrite (3.3) as

Q1 Q2 - QN
T 1 )

T Qo1 Qg -+ Q9N
LL"B=|®, &, --- &y
VSN I

_arl (075 arN_

~
=P3/LTB

Consequently, LLT B can be expressed in terms of OMD modes as

T T T T T T
LLT’U,l LLT’LLQ cee LLT’U,N = Z;:l Oéjlq)j Z;:l 04]2(1)] e Z;:l OéJN(ﬁ]
3 3 3 ! ! \J

Note that coefficients multiplying the j* mode always come from the j* row of PELTB.
Hence, in order to estimate how much of the data is spanned by each mode, it is reasonable to
take the norm of the corresponding row of P,/ L' B, i.e k; = Zfil ag;.

It should be noted that this approach only takes into account the energetic contribu-
tion of the modes. In order to add the dynamic impact of each ®; note that LLTuiH R

LPy Ay P;} L u; which implies

T T T T
LLTUQ s LLT’U,N = Z;:l )\jaﬂ(I)j s Z;:l )\jOZjNQj
3 3 3 3

The importance of each mode which combines both the energetic and dynamic impact can be

estimated by computing the norms of corresponding rows in A MP]T/}LTB such that

N
e Mo
J N .
D et 2o [Ajanl?

(3.4)

Such a scaling incorporates the magnitude of each eigenvalue, implying, for example, that
fast-decaying modes will be penalised through a smaller scaling.

Using the output of the synthetic system for r = 1049, the values of E; signifying the
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importance of each mode are calculated using the methodologies associated with each algorithm,
i.e. for OMD using (3.4) and for DMD setting E; = k; where k; is obtained from the solution to
(3.2). The plots of E; against the |Im(X)| for both OMD and DMD are shown in figure 3.3. In
both results there is a clear region at [Im())| ~ 0.27 where Ej; is significantly larger than values
corresponding to spurious frequencies. However, for the OMD output this region contains only
two eigenvalues while in the DMD case it appears to be distributed over a greater number of
modes. An increased contribution of the redundant modes is also visible in figure 3.3. In the
case of the OMD, the dynamically significant modes are approximately 10'? times larger than
the spurious structures, while in the case of DMD this difference is only of 103.

It is noted that as the value of r approaches r = 3 the energetic contents of the OMD and
DMD outputs progressively become similar. For example, figure 3.3(c) presents the ranking
of the dynamical modes for the DMD output with » = 30, where the eigenvalues close to
|Im(\)| &~ 0.27 are retained and the number of spurious frequencies is reduced. Nonetheless, the
ranking methodology implies that all eigenvalues in the neighbourhood of |Im(\)| ~ 0.27 have
a similar energetic content. The analogous OMD result for » = 30 contain spurious frequencies,
however, their relative content is E; ~ 107'? and it is immediately obvious that they can be
discarded. When r = 3 both algorithms identify eigenvalues of importance, however, when the
underlying differential equations governing the flow are not explicitly known, it is preferable to

have an automatic indication of which values are dynamically relevant.

3.2 Sensitivity to noise

The sensitivity of eigenvalue information to measurement noise is analysed on a limit
cycle of the Stuart-Landau system (3.1) using a data set consisting of 350 snapshots covering
approximately 15 periods of oscillation. The comparison is performed between OMD, DMD,
tlsDMD and fbDMD, with the last two methods following the implementation in [51] outlined
in §2.1.4. When all algorithms are applied to noise-free data with an approximation rank of
r = 3, consistent reference eigenvalues, \,.; = £50.27, are obtained. Subsequently, white noise
is added to the data set for a range of standard deviations o varying between ¢ = 0.001 and
o = 0.9, which is equivalent to 0.26% and 230% of the average velocity oscillation amplitude,
and all four algorithms are applied to noisy data. The relative error is calculated such that

€ = |A = Aef|/|Ares|- In order to obtain a clearer statistical dependence on noise magnitude,
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Figure 3.3: Energetic contribution of the dynamic modes to the synthetic system for r = N — 1

(a)-(b) and for r = 30 (c)-(d).
the procedure was repeated 1000 times, at every standard deviation value o, and values of €
averaged accordingly.

The plot of the averaged error € corresponding to the different algorithms for varying
noise standard deviations o is presented in figure 3.4. It is interesting to note that different
methodologies provide most accurate eigenvalues at different levels of noise. For small values
of 0 ~ 1072 the accuracy of all algorithms is comparable. However, when o increases the
discrepancies become more prominent. For “intermediate” level of noise, o ~ 0.1, the fbDMD
algorithm outputs the most accurate eigenvalues whilst tlsDMD and OMD induce similar values
of e. When ¢ is increased even further, more specifically when ¢ =~ 0.4 which is equivalent to
signal-to-noise ratio SNR = 1, the error corresponding to fbDMD increases rapidly. It is
further noted that the standard deviation of € corresponding to fbDMD increases for SNR > 1
requiring a larger number of measurement to converge to expected value of ¢ within 0.01%
accuracy. At the same time, for SNR > 1, the accuracy of the OMD eigenvalues improves
relative to tIsDMD and figure 3.4 demonstrates that OMD gives most accurate results for
extreme levels of noise. In the analysed test case all methodologies “collapse” at the same level

of noise, ¢ = 1.5, where no algorithm is able to extract the frequencies in the neighbourhood
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Figure 3.4: The eigenvalue error € for noise with different standard deviation o.

of the reference values.

It is noted that the analysis was performed here on a very simple system which itself is of
low rank and the analysis domain encompassed only the limit cycle (a regime where the system
is almost linear). For more complicated systems typically encountered in practical applications
the discrepancies are expected to increase. Furthermore, even though for SNR < 1 fbhDMD
is the most accurate it is straightforward to extend this algorithm to implement the features
of OMD. In such case it is likely that the ¢ will decrease even further albeit at a greater

computational cost.



Chapter 4

Dynamical Estimation of the Cylinder
Flow

4.1 Introduction

One of the crucial requirements of active fluid flow control is a need to have online infor-
mation about the system’s state in order to decide upon an appropriate control input. Such
knowledge can be obtained by combining a dynamical model with online measurements. Some
examples where this approach has proved to be successful are in the dynamical estimation of
flat plate flow |63, 72| or channel flow [73|, as described in chapter 1. In this section, an analysis
of this type is performed on the canonical cylinder flow at the Reynold number Re = 60 with
the overall objective to construct an accurate low-dimensional model, which when combined
with certain estimation algorithms, allows us to accurately reconstruct the full flow field.

The cylinder flow is an example of a well-understood and relatively simple bluff-body flow
with an excellent summary of its major physical features presented in the review article [82].
Nonetheless, it is characterised by the evolution from unstable equilibrium to the limit cycle; a
behaviour which is intrinsically nonlinear making the construction of a dynamical model which
fully approximates its dynamics not trivial. Additionally, despite its relative simplicity, any
insights gained in the dynamical estimation of the cylinder flow may be valuable for the study
of more complicated bluff body flows.

A detailed description of cylinder flow is given in §4.2 where the main dynamics and

corresponding structures are outlined. Based on the observations in §4.2 the approaches used
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to obtain the dynamical models of the cylinder flow are given in §4.3. In order to assess the
long timescale accuracy of the dynamical models with different orders of complexity, initial
value problems are solved and the solutions are presented in §4.4. Subsequently, an estimator
is designed in §4.5 and robustness of the proposed estimation methodology is analysed in §4.6.
The impact on the accuracy of the estimates due to certain estimation parameters (such as

number of pressure measurements or rank of the state space) is analysed in §4.7.

4.2 Description of the dynamical system

For Re < Re. = 46.6 the cylinder flow is asymptotically stable, however, once Re increases
beyond this value the system undergoes a Hopf bifurcation. In dynamical system terminology
a Hopf bifurcation is a critical point at which a fixed point loses its stability and a periodic
limit cycle develops towards which the system approaches asymptotically. For cylinder flow,
the relevance of the Hopf bifurcation can be demonstrated analytically via spectral analysis of
the linearised Navier-Stokes operator around an equilibrium. For Re < Re, it can be observed
that all eigenvalues of the linearised operator are contained in the stable left-half plane while
for Re > Re. a pair of eigenvalues with positive real part is observed, signifying instability
of the steady equilibrium point of the Navier-Stokes equation. The eigenmodes corresponding
to these unstable eigenvalues are often referred to as global modes [23]. For Re > Re. the
consequence of the Hopf bifurcation is represented by three distinct regimes demonstrated in
figure 4.1(a) through the temporal evolution of the v velocity component close to the cylinder
base: the unstable equilibrium 4.1(b) which, subject to perturbation, converges onto the limit
cycle represented by von Karman vortex shedding 4.1(c).

It was shown in [23] using weakly nonlinear analysis that the dominant dynamics of the
cylinder flow at Re close to Re. can be approximated by a third-order Stuart-Landau equation
of the form

dA
— = M — pA|AP 4.1
- pAJAP, (1)

where A\, 4 € C, A represents the amplitude of the global mode and 7 = et is a long time scale,

where e quantifies the divergence away from Re. such that




4.2. Description of the dynamical system 71

7Equilibrium Transition Limit Cycle |

)

® 20+ O
AN
WA=
BT/DE " * b ° ’ ) 6.’I)/Ds * * b
T (b) Equilibrium (c) Limit Cycle

o 5 10 15 o 2 Y 3
t /2 tsh

(a) State evolution

Figure 4.1: The temporal evolution of v-component of the velocity, v, at the base of a cylinder
in its centerline plane (a); the u-component of the velocity field at an instance when the system
is close to the equilibrium (b) and when it converges onto a limit cycle (c).

The essence of the weakly nonlinear analysis is the assumption that the velocity field can be

expressed as summation of multiscale flow fields
w(t) = us + i (1,1) + eus(r,t) + € Pus(r,t) + ... (4.2)

where uy is a solution to steady Navier-Stokes equations. The decomposition (4.2) is substituted
into Navier-Stokes formulation and a system of equations is successively solved at each order €//2
to obtain structures and dynamics associated with each w;(7,t). The Stuart-Landau equation
emerges as a compatibility condition necessary to obtain a solution corresponding to €3/2.

Following |23] the leading order term of (4.2) is expressed as
wy(7,t) = A(T) exp(iwot)w + c.c (4.3)

where wy and @ are the global mode eigenvalue and eigenvector of the linearised Navier-Stokes
equations at Rec and ‘c.c’ signifies complex conjugate.
The dynamics of A(7) are governed by (4.1) which provides an approximation of the Hopf

bifurcation. In order to provide an intuitive understanding of this dynamical feature let us
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Figure 4.2: Schematic representation of the Hopf bifurcation.

consider a simple system consisting of three states © = [, 79, 73] € R? governed by

dA .

= = (b= w3)4, (4.4a)
dd

d -

—;3 = —I3+ A2 (44C)

where A := /2?2 + 23, ® = arctan (vo/z;) and p = 0.05. The system (4.4) also represents
a Hopf bifurcation and, in fact, by eliminating x3 it is possible to recover (4.1). The set of
ODEs (4.4) is solved using fourth order Runge-Kutta method with additive process noise with
standard deviation ¢ = 1 x 107%. The addition of process noise is to reproduce a typical
situation in practical applications in which a system is subject to random perturbations. The
solution to (4.4) with initial condition &y = 0 is showed in figure 4.2. It can be seen that = 0
corresponds to an equilibrium analogous to the one in the cylinder flow visible in figure 4.1(b).
Once subject to a perturbation the system spirals out and converges to an oscillatory attractor,
analogous to the vortex shedding in figure 4.1(c). It is possible to notice in figure 4.2 that there
is a certain variation in the value of x3 when system settles on the attractor, which is a result of
the additive process noise. Nonetheless, despite continuous perturbations, the system oscillates
around x3 = 0.05 demonstrating that the attractor is stable. The same behaviour is observed
in the vortex shedding of the bluff-body flows.

The Stuart-Landau equation has three equilibrium points: the trivial one A = 0 and
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|A]? = % For |A| < 1 the linear part is dominant and if Re(\) > 0 (as is the case in the cylinder
flow for Re > Re.) the equilibrium is unstable. In order to obtain further understanding of
(4.1) let us express A in terms of polar coordinates A(7) = r(7)e?’™). In this way (4.1) can be

reformulated as two separate ODEs describing the evolution of r and 6 respectively

dr

o= ART — pgr?, (4.5a)
df

— =X\ — . 4.5b
ar I — Hrr ( )

where A\ = Ag + jA; and p = pg + jp;. Assuming initial conditions of Ay = re’®, (4.5a) and

(4.5b) can be solved to obtain expressions for r(7) and (1)

)\RT(Q)
r(T) = , 4.6a
(7) \/uRrg + (Ar — prr3) exp(—2AgT) (4.62)
0(1) = by + wr + FIn @ (4.6b)
To

Here, w = (A; — Ag4L) and 8 = £L. Letting 7 — oo gives

A
r(r) = \/—R, T — 00, (4.72)
HR

—0(7—) — ()\] — )\RM—R), T — 00, (47b)
T K1

which leads to the full state equation

A(r) ~ J% exp(i(\r — Ael2)r), T = 00 (4.8)

Hr

Equation (4.8) clearly demonstrates that as 7 — oo the dominant dynamics of the system
approaches a limit cycle with a constant amplitude and phase. The corresponding values of
A, it can be obtained analytically via integrals involving eigenvectors and adjoint eigenvectors
of the linearised Navier-Stokes equations with forcing terms arising at order €2 (the detailed
procedure can be found in [23]) or through a numerical fit to the data. It must be noted that
the Stuart-Landau equation is valid only for the Reynolds number in the vicinity of the first

Hopf bifurcation (i.e. near critical value Re, = 46.6). Nonetheless, Re = 60 is sufficiently close
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for (4.1) to provide a viable approximation.
The objective here is to capture the key features of the dynamics using a low-dimensional

dynamic model in the state-space form

= Alx) +w, (4.9a)

y=C(z)+wv, (4.9b)

were  denotes a low-dimensional state of the system and y are some measurable quantities.
By w and v we denote state disturbances and measurement noise. Functions A(x) and C(x)
describe the dynamics of the system and a relationship between the state & and measurable
quantity y.

Two fundamental questions are: 1) the appropriate construction of the low-dimensional
state x; and 2) the choice of the dynamical model order. In order to address the first ques-
tion, the state will be constructed as a projection of temporal snapshots onto different coherent
structures. The analysis will be performed to assess suitability for this purpose of the output
from the established modal decomposition methodologies outlined in §2.1 such as the POD,
DMD and OMD algorithms. In order to establish an appropriate form of A(x), C'(x) the struc-
ture of the equations governing the cylinder flow will be taken into account. Even though the
Navier-Stokes equations are inherently quadratic the Stuart-Landau equation outlined above is
of the third order. Consequently, A(x), C(x) will be approximated using low-order models of
the linear, quadratic and cubic form.

An analysis is performed using numerical velocity and pressure values. Numerical data was
obtained using the in-house solver Pantarhei, which is validated for cylinder flow in |83, 84].
The code uses the finite volume method on an unstructured grid with C-grid topology and
collocated variable arrangement. The convective and viscous terms of Navier-Stokes equati-
ons are discretised using a second-order central scheme and the system is advanced in time
using a second-order, three-point backward scheme. The convective term is linearised using a
second order extrapolation of the vertical component of the velocity from the previous time
instants whilst the streamwise component is treated implicitly. Additionally, viscous terms are
also treated implicitly. In order to compute the velocities at the cell surfaces the momentum

interpolation method used in [85] is employed. Continuity is enforced via the Pressure Implicit
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with Splitting Operator (PISO) algorithm [86]. In order to obtain the solution of the pres-
sure equation, the GMRES method is used together with the BoomerAMG algebraic multigrid
preconditioner of the Hypre package [87].

The domain used for the simulations was 48D long and 32D wide, where D is the cylinder
diameter. The distance between cylinder location and upstream and downstream boundaries is
respectively 16D and 32D. The total number of cells is 62,791, with sizes locally refined in the
wake region and close to the cylinder boundary. The minimum grid spacing close to the cylinder
is set to h ~ D /60 and orientation modified such that cell faces are aligned with the cylinder
walls. Uniform inflow (U, = 1), convective outflow %} + UOO%Z = 0, where 7 is any variable
convected out of the domain, and symmetric boundary conditions on the lateral sides of the
domain are imposed. Additionally, the no-slip condition is imposed on the cylinder boundary.
Density and viscosity of the flow are modified accordingly to achieve the desired Reynolds
number. The velocities and spatial dimensions are non-dimensionalised using respectively U,
and D, whilst the advection time that is given by ¢t = tUs /D. For the subsequent analysis

every 25" timestep is retained giving on average 29 snapshots per shedding period.

4.2.1 Structures present in the system

In order to obtain insight into the structures present in the system POD, DMD and OMD
algorithms are applied to 1150 snapshots encompassing all three regimes presented in figure
4.1(a). The u-components of the mean flow and the first five POD modes, (U,);, are presented
in figure 4.3(a)-(f). The presentation of the analogous structures obtained using the DMD
and OMD algorithms is omitted for now due to lack of obviously significant visual differences.
Additionally, temporal evolution of the selected projection coefficients is shown in figure 4.3(g)-
(i). In this chapter we use a nondimensional time ¢/ty, where tg, is a timescale corresponding
to the shedding frequency obtained from velocity spectra at a downstream wake location.

Based on past literature, for example |12, 24, 36|, it is possible to identify the dynamical
meaning of the POD modes presented in figure 4.3. The mean flow represents the recirculation
zone with a varying length depending on the regime over which the mean was calculated [12].
For Re = 60, if the mean is calculated using data in the limit cycle regime the length of the
recirculation zone is approximately 2.6D whilst if data is averaged over an interval close to

the equilibrium, it is found to be approximately 4D. In [12] it was observed that in order to
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Figure 4.3: The mean flow (a) and first five POD modes (b)-(f) of the cylinder flow; examples

of the temporal evolution of the projection coefficients z; = (U,); u (g)-(i)

accurately predict the transition from unsteady equilibrium to the time averaged mean on the
limit cycle a structure corresponding to a mean-field correction referred to as shift mode should
be introduced. In particular, the shift mode is calculated by taking the difference between the
mean over the snapshots in the limit cycle and the steady-state solution. The name refers to
a fact that this structure represents a shift away from the POD vector space in the limit cycle
regime. The emergence of this structure is linked to the nonlinear term in the Navier-Stokes
equations [88|. More specifically, using a weakly nonlinear analysis it can be shown that the
shift mode is a result of the interaction between a global mode and its complex conjugate [23].
If POD modes or OMD modes are calculated using data covering all three regimes the shift
mode is in fact present among the extracted structures (figure 4.3(d)).

Among the outputs of the DMD and OMD algorithms, the dynamic modes which most
closely resemble the presented POD structures are identified based on a spatial correlation. The
OMD mode corresponding to the structure in 4.3(d) is real with eigenvalue of A = —0.0018.
This is consistent with the temporal evolution in figure 4.3(h) and the interpretation in [12].
At the equilibrium the shift mode is dominant, since it is required to describe the steady state
solution to the NSEs which is different to the time-averaged mean flow on the limit cycle and
its influence diminishes once the system approaches the limit cycle (with the magnitude of the

projection coefficient |x3| decreasing by approximately 35% as t — 00).
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The POD modes presented in figure 4.3(b)-(c), (e)-(f) represent oscillatory dynamics in the
system, where the modes in figure 4.3(b)-(c) are the global modes. It is noted that the nonlinear
term of the Navier-Stokes induces further subharmonics of the global mode. Figure 4.3(e)-(f)
represent the first subharmonic which emerges through the interaction of the global mode with
itself [23]. Further subharmonics will result from nonlinear interactions between subsequent
oscillatory structures and their presentation is omitted here. The oscillatory POD modes come
in pairs and represent the same structures offset downstream by approximately a quarter of their
lengthscale. It is possible to see further oscillatory POD modes whose lengthscale decreases as
they are progressively lower ranked energetically.

The structures seen in figures 4.3(b)-(c) and 4.3(d)-(e) correspond respectively to eigenva-
lues of A = 0.003 £ j0.855 (St = 0.136) and A = 0.003 £ 51.71 (St = 0.272). The OMD modes
corresponding to (U,)q, (U,)s are those with eigenvalues possessing the smallest frequencies
out of the spectrum corresponding to the OMD matrix M and are consistent with the shedding
frequency obtained from the velocity spectra downstream of the cylinder base. This confirms
that these structures correspond to the global mode. Since the frequency of modes correspon-
ding to (U,)s, (U,)s is its integer multiple it is clear that structures in figure 4.3(d)-(e) are
the first harmonic of the global mode. It is notable that the growth rates of all harmonics are
approximately the same suggesting that they transition to the limit cycle in a similar manner.

The difficulty of accurately extracting structures in figure 4.3 varies depending on the
regime contained in the data set chosen to which the modal decomposition algorithms are to
be applied. For example, the energetic content of the global mode subharmonics is low close to
the equilibrium and progressively increases as the system converges to the limit cycle. Close to
the equilibrium it was observed that if a sufficiently large amount of data is not available, such
oscillatory structures contain spatial inaccuracies. On the other hand, for the data set on the
limit cycle, the temporal range of one shedding period is sufficient to obtain accurate modes.

The opposite is true if the objective is to identify the shift mode. If one of the two
algorithms is applied to the data set close to equilibrium, this structure is relatively energetic
and is ranked as the third of the most importance, where the POD modes are ranked based on
the singular values o of the singular value decomposition U = U, XV’ where ¥ = (0;)

]‘:17

whilst ranking of the OMD modes follows the methodology outlined in §3.1. Based on the
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singular values o, the shift mode energy as a proportion of full snapshot energy has a value
of 0.6%. Nonetheless, the energy of the global mode subharmonics are at least an order of
magnitude smaller than that of the shift mode and consequently it is relatively easy to identify
this non-oscillatory mode.

If the analysis is performed on the limit cycle, or close to it, the extraction of the shift
mode is less trivial. In this case, instead of an energetic criterion, dynamic considerations
should be taken into account. The spectrum of the OMD matrix in figure 4.4(a) applied to
the full domain for » = 3 shows a non-oscillatory eigenvalue with negative growth rate which
corresponds to the shift mode. A similar eigenvalue is visible if the OMD algorithm is applied to
a data set close to and containing the limit cycle. For example figures 4.4(b)-(c) show the OMD
spectra for t/ty, > 18 and t/ty, > 23 obtained for r = 7 and r = 11 respectively. In the latter
case, as visible in figure 4.1(a), the system is characterised by a fully developed limit cycle,
whilst the first case resembles a situation encountered in an analysis of experimental data. In
practical applications, the systems would not solely evolve on the limit cycle but instead would
be continuously perturbed away from the attractor and converge back onto it. Successively
larger values of r were set in the OMD approximation because the shift mode is of relatively
lower energy relative to subharmonics of the global mode, such that for ¢/ty, > 18 it contains
0.22% energy whilst for ¢/tg, > 23 it corresponds to 0.0028%, and for smaller values of r the
real eigenvalue is not present. If r is increased even further, additional oscillatory structures are
obtained, including spurious complex values. Nonetheless, taking into account the knowledge
that the shift mode is non-oscillatory with a negative growth rate, figures 4.4(b)-(c) show that,
even on the limit cycle, it is possible to identify the approximation of the shift mode based on
these dynamic considerations. The shift mode structures corresponding to the OMD modes
obtained for t/ts, > 18 and t/ts, > 23 are presented in figures 4.4(b)-(c), which show that
due to its low-energy the extracted modes contain some spatial inaccuracies downstream in the
wake. Nonetheless, the main features of the reference shift mode in figure 4.3(d) are retained.

It is noted that although the DMD and OMD modes were not presented here due to
apparent lack of visual differences between the structures, the modes obtained from different

algorithms are not exactly equivalent. This can be demonstrated by investigating the spatial
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Figure 4.4: The OMD spectra when the algorithm is applied to data sets respectively consisting
of all time instances (a), for t/tg, > 18 (b) and for ¢/ty, > 23 (c). The dynamic mode
corresponding to non-oscillatory eigenvalue for ¢/ty, > 18 (d) and for ¢/ty, > 23 (e).

correlation statistic

pir = (@5 B1)/(1B5]]2]| ®r]l2) (4.10)

between different outputs. The correlation between DMD and POD modes in this case is
p = 0.999 for global modes and p = 0.995 for the subsequent harmonic which shows that even
though they are not equivalent the DMD structures are very similar to analogous POD modes.
On the other hand the correlation between OMD and POD modes is p = 0.937 for global
modes and p = 0.956 for the higher harmonic, signifying that the OMD algorithm outputs
modes subtly different from the POD methodology. Although, the correlation between OMD
and POD structures appears high it will be demonstrated in subsequent sections that those
differences are sufficiently significant to induce significant differences in the estimation of the

cylinder wake.

4.3 Dynamical modelling approach

The output of the mode extraction techniques will be used to project the high-dimensional
velocity field data into a low-dimensional subspace of R” via the mapping © — ®'u. We let
x = ®"u denote the vector in the low dimensional subspace corresponding to the velocity field

u. In cases when the OMD output is used, due to the complex form of the modes an augmented
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state space is used, i.e. = [Re(®)",Im(®) "] Tu. A five-dimensional formulation of the state,
x € RY> where N, = 5, is used, where velocity fields are projected onto two global modes, the
shift mode and two modes corresponding to the first subharmonic of the global mode. For POD
modes this is equivalent to a projection onto structures seen in figure 4.3(b)-(f). The OMD
modes are obtained by applying the OMD algorithm with the approximation rank of » = 10 to
velocity fields w; for ¢ € Tpq, where Tpq = {i € N : ¢;/ts, < 27.5} for t; = t(iAt) encompasses
all three cylinder regimes. The dynamical modes are ranked using the methodology outlined
in §3.1 to select the five most dominant modes. Furthermore, in order to confirm that those
structures correspond to the same dynamical features, spatial correlations pj, defined in (4.10),
between the selected POD and OMD modes are calculated and give values p;;, > 0.95. Although
pjr implies that both algorithms output very similar structures, nonetheless it will be shown
that those discrepancies are large enough to induce differences in the accuracy of the dynamical
models.

Taking into account the mathematical models of the cylinder flow (Navier-Stokes and
Stuart-Landau equations), numerical models will be created with progressively higher levels
of complexity, i.e. using linear, quadratic and cubic formulations. Since in the linear case, a
continuous model

can be readily and exactly converted into a discrete form

where A = exp (AAt), and At is the discretised timestep, linear modelling will be performed
using the formulation (4.12) which does not require the approximation of the temporal deriva-
tives. On the other hand, quadratic and cubic models will be expressed in a continuous time

via

@; = Am; + Z(xj)i(Qq)jmi, (4.13a)

&= Az + Y (2))i(2r)i(Q,) s (4.13b)

j7k



4.3. Dynamical modelling approach 81

where @; = [(z1):, (22)i,- .., (2,);] " and matrices Q, € R and Q, € R™" contain quadratic
and cubic coefficients respectively.

In order to take into account any model inaccuracies, the state prediction will combine the
considered dynamical model with online measurements by solving a moving horizon estimation

(MHE) problem

i—1 i
~ min 0 Z ijwj +(1—7) Z 'va'vj, (4.14a)
oy =i,
Ti—Ny,
s.t. i1 :A(mz)—i—wl, i:k—Nh,...,k—l, (414b)
Y, :C(CBZ')—F’Ui, 1= ]{Z—Nh,...,k‘, (414C)

at every time instance as outlined in §2.2.2. The major difference here is the substitution of
covariance matrices R and @ with the weighting factor 0 < v < 1, since it is assumed that all
entries of x are of comparable importance and v only balances the emphasis put between the
accuracy of the dynamical model and confidence in the measurements y. At each time instance,
&; is retained, which corresponds to optimal decision variable &;_y, integrated NNV} timesteps
forward in time based on the optimal decision variables w;_y, , ..., w;—1 of (4.14). If nonlinear
models are used, in order to improve the computational efficiency (4.14) is modified such that
w; instead of being decision variables are set to w; = 0 implying that dynamical model A(x;)
is imposed as an equality constraint.

In order to perform a quantitative comparison between different models let us define two
quantities: & which contains values retained from the estimation problem (4.14); and & which
is a solution to initial value problem satisfying @&; = A(x;) for A(x;) of the form (4.12)-(4.13)

and initial conditions xy. We define state error metrics

s — )3

(ea)s = T2
R

(4.15)

€x = Z(ex)iy (416)

with equivalent definitions for &. Additionally, one of the objectives in the subsequent analysis

will be to establish how data obtained from different dynamical regimes impacts state estimation
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outside of that region. For this purpose, different training sets T C Tzq will be defined such
that dynamical model calculation will be performed only based on x; for ¢ € 7. Unless
specified otherwise dynamical estimation will be performed on the domain encompassing all
three dynamical regimes as per figure 4.1(a).

In the linear case, models are obtained by solving a least-squares problem

i 4.17
R (417

HliIl Z HCUZ — Aa:i_l‘
A er

using only data set contained in 7. For the quadratic model of the form (4.13a), state space is

augmented with quadratic terms and model coefficients are obtained from the solution to

I 2 I
min x; — Ax; — Z(Ij)i(Qq)jiEi + Z 1@, > (4.18a)
AQ)i 7 =1 i—1
¢ J= 2 J=
where v > 0, ; = [(z1)4, (2), - - -, (ycT)i]T and x; are state derivatives calculated using fourth

order central finite difference. In order to improve the stability of the dynamical model, sparsity
is induced in the nonlinear terms by adding an /*-norm penalty. In order to select an appropriate
value of v the following preliminary analysis will be performed for every choice of T: Quadratic
models are calculated for a range of v and starting from known initial conditions x, i.e. the
first element of 7, a dynamical model is integrated forward in time using a 4th order Runge-
Kutta method to obtain & and corresponding state errors (€, );. The value of v which minimises
€, will be chosen for the subsequent analysis. It is possible to conduct a similar analysis by
performing an MHE analysis on 7, however, the initial value problem is chosen over MHE due
to an associated lower computational cost.

In order to obtain a cubic model a continuous time formulation (4.13b) is used where,
as previously, derivatives are approximated using a fourth order central finite difference. The

model is obtained by solving an augmented state space optimisation problem

2
Af(fgf;,k ol — Az =D (@)@ Qo) + 7> I1Qu)kll, - (4.19)

T gk 2 j
with v > 0 and @; = [(x1):, (2)i, ..., (2,);] . Furthermore, using weakly nonlinear analysis

and the form of the Stuart-Landau equation a certain structure can be imposed on the form of
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the cubic model. The long-term dynamics of the global modes is governed by (4.3). Continuing
the analysis to the subsequent orders until the expansion contains terms corresponding to all

of the structures presented in figure 4.3 gives
u(t) = ®g + A(1) exp(jwot)®ans + €| A(T)|*®sar + A(T)? exp(j2uwot ) Prm + . . . (4.20)

where by ®g, Paur, Psy and ®yy we respectively denote steady-state flow, global mode, shift
mode and first subharmonic of the global mode. In order to associate an appropriate term for
the shift mode, its known dynamical properties are considered. The two leading non-oscillatory
terms are identified as eU"' and e|A[2U|A‘2, where U™ denote structures associated with
dynamics f(A) in the weakly nonlinear decomposition [23]. The first one is time-invariant and
corresponds to the change of the steady-state flow when Re differs from Re.. Consequently,
Py = & + eU*', where ®; is a steady-state solution for Re.. On the other hand, ®gy
is associated with time varying modification to the mean flow through |A[>. The fact, that
®g) is associated with |A|? suggests that a fourth order model should accurately describe the
dynamics of the most dominant structures. In order to associate the subharmonic of the global
mode with long-term dynamics, the information that this flow evolves at twice the frequency of
the global mode was taken into account demonstrating that its dynamics is governed by A(7)2.

In order to incorporate this information into dynamical modelling, equality constraints are
imposed on (4.19) in order to provide a stronger link to the Stuart-Landau equation. Let us
assume that the first two projection coefficients correspond to the global mode, in which case
A = 1 + jxo. Denoting A = Ag + jA;, 4 = pgr + jur the expression from Stuart-Landau

equation (4.1) for the derivative A in matrix form can be written as

)

. Iy A=A | pr pr —pr —pr| | 2123
A= = + ? (4.21)

T A AR T2 B 1 MR MR Tox?

a3

Of course, exact values of A and p are not known. However, the Stuart-Landau form will be
imposed by applying the equality constraints implied by (4.21) to (4.19) in the entries of A

and (Q.);r corresponding to global modes. It will be demonstrated in latter sections that the
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cubic models structured in such a way are stable and consequently it is possible to set v = 0

in (4.21).

4.4 Initial value problem

Before conducting a performance analysis of the MHE algorithms, the accuracy of the
models of different complexities is assessed. The quadratic and cubic models will be obtained
for © € T4 and an initial value problem is solved on the same temporal domain, setting
to the first element of T¢4. An analogous analysis of the linear model is omitted here since,
depending on the eigenvalues, the linear dynamics will be characterised either by exponential
growth or decay. It is noted that the open loop accuracy is not necessary to obtain the dynamic
estimation with a small error. Nonetheless, for cubic and quadratic models, open loop accuracy
is instructive with respect to the significant challenge of nonlinear model fitting.

For clarity of presentation, only the magnitudes corresponding to different dynamical featu-
res will be shown, i.e. in the case of global modes and higher harmonics A, = /(21)? + (22)?
and App = /(x4)% + (x5)? are presented where 1, x5 are projections onto global mode struc-
tures and analogously x4, x5 correspond to subharmonic states. For the shift mode, whose
dynamics are non-oscillatory, A, := x3. Since solutions to initial value problems are likely to
induce a phase mismatch with the reference results, evaluating performance of different mo-
dels using state error €, is not appropriate. For example, if the model accurately predicts the
long-term dynamics but the solution to the initial value problem is out of phase, the correspon-
ding error ¢, will be large. Consequently, here, a comparison will be performed based on the

amplitude error defined as

il + ol + 5 el
! S A+ (A (A2

(4.22)

where (€gm)i = (Agm)i — (Agm)is (€am)i = (Aam)i — (Aam)i and (enn)i = (Ann)i — (Ann)i-

The temporal evolution of the key dynamical features corresponding to & obtained using
the quadratic model on the OMD projection space with v = 0.1 in (4.18) are presented in
figures 4.5(a),(c),(e). The solution to the initial value problem & closely follows the reference
trajectory of the oscillatory structures if the quadratic model is used. Nonetheless, there are

certain inaccuracies visible, primarily in the shift mode and in the fact that the system does not
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Figure 4.5: Temporal evolution of the amplitude of the main features of the solution to the
initial value problem & corresponding to the quadratic model (a),(c),(e) and to the cubic model

(b),(d),(f).

appear to converge to a limit cycle with the correct amplitude. Additionally, the linear growth
rate close to equilibrium is overestimated. For the quadratic model, results corresponding to
OMD and POD modes are visually very similar and presentation of the latter is omitted. The
amplitude errors €4 for different projection spaces and dynamical models are presented in table
4.1.

Subsequently, an analogous analysis is performed using models of the third order (4.19)
obtained for 7 € T¢q. The accuracy is assessed by solving the corresponding initial value pro-
blems. The value of v in (4.19) is set to v = 0, indicating that any sparsity-promoting terms
are neglected. The solution to initial value problem for the cubic models are shown in figure
4.5(b),(d),(f). For the OMD basis, it can be seen that the amplitudes of the dynamical features
are reproduced very accurately, where the solution to initial value problem is visually indistin-
guishable from the reference states. In the case of the POD modes, the system reproduces the
initial transitional trajectory well, however, at ¢t &~ 150 the solution starts to diverge away from

the attractor. For the global modes this behaviour is characterised by increasing oscillation of
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Quadratic  Cubic
POD 0.0715 0.7316
OMD 0.0753 0.0206

Table 4.1: The amplitude errors €4 corresponding to solutions to initial value problems for
quadratic and cubic models.

Ay, whilst for the other states exponential divergence is observed. It is noted that if the equa-
lity constraints corresponding to Stuart-Landau equation are not imposed in (4.19) both OMD
and POD bases output unstable models and a tedious selection of 7 is required to obtain an
accurate solution to initial value problem. The values of €4 corresponding to results presented

in figure 4.5(b)-(f) are presented in table 4.1.

4.4.1 Fourth order modelling

A note is required about the robustness of the dynamical model corresponding to the OMD
modes presented in figure 4.5(b),(d),(f), where it can be seen that the shift mode is modelled
accurately despite the fact that it was established in (4.20) that its dynamics are of fourth-
order. However, if the subharmonic states are not included in the modelling, the accuracy of
the initial value problem deteriorates. An example is visible in figure 4.6, where exactly the
same methodology is followed but & € R? consists of two global mode and the shift mode states.
In particular, the obtained cubic model does not represent the shift mode dynamics accurately.
Not only does transition to limit cycle occur earlier in time but also the final amplitude of
the limit cycle is underestimated. Such inaccuracies have an adverse effect on the accuracy of
the global mode where, for example, when compared with figure 4.5(b), the linear growth rate
is underestimated and a small steady state error is induced on the limit cycle. These results
indicate that the accuracy of the shift mode in figure 4.5(d) is partially driven through coupling
with the higher harmonic of the global mode.

If the requirement is to obtain an accurate model for only the first three most dynamically

important states a fourth-order model can be used instead

2

@ — Az — Y (25)i(20)( Qo) — Y (23)i(20)i(00)i( Qe i

Jk Gkl

min
A Q) jk(Qqgt) skl zl: )

+y (Z H(th)jle1 + Z ||(Qc)Jk||1> (4-23)

gkl
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Figure 4.6: Temporal evolution of the dynamical features of the three-dimensional system
obtained by solving an initial value problem using cubic and quartic models obtained based on
data set Tyq.

where Q, € R3*3 are matrices containing coefficients corresponding to quartic terms and the
remaining terms retain previous interpretation. Here, sparsity of the model was induced by
setting v = 0.5.

The solution to the initial value problem obtained using a quartic model and known initial
condition xq is presented in figure 4.6. It can be seen that the amplitude of the dynamical
features are reproduced very accurately, where the solution to initial value problem is visually
indistinguishable from the reference values. The results in figure 4.6 give €4 = 0.0722 for the
cubic model and €4 = 0.0093 for the quartic. It is noted that in the case of OMD a small error
is obtained despite neglecting quadratic terms which appear in the dynamics of | A|2.

Although figure 4.6 demonstrates a high accuracy of the quartic model, the dimension of
such a model increases significantly with the dimension of . The number of repeated quartic
variables is 7%, which means that the dimension of the augmented state space in (4.23) for
x € R3 is 111. Such a complex model, although accurate, may only be viable for practical

estimation when the dimension of x is low.

4.5 Estimator design

Noting that the accurate value of the initial condition @x( is in most practical cases not
available the dynamical models obtained in §4.4 will be combined with observation y about the
state of the system via MHE algorithm. Initially, analysis is performed on the temporal domain
Tra encompassing all three cylinder regimes, whilst a robustness analysis of the dynamical
models with respect to the choice of the training domain will be given in §4.6.

In order to choose appropriate values of y a qualitative comparison between the dynamics

of the states and pressure measurements is required. The need for such an analysis stems not
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only from the different nature of the states and measurements, where the first is intrinsically
linked to velocity. The measurement vector y will be constructed based on point measurements
whilst & will represent global dynamics of the system where the projection onto corresponding
modes includes values at all of the spatial locations. Consequently, the dynamics close to the
cylinder base are not necessarily the same as the global behaviour.

First, let us assume that the dynamics of the global mode is well approximated with
a Stuart-Landau equation (4.1) and the values of the complex coefficients A, u are found by
fitting the Stuart-Landau model to the underlying data. It is assumed that A = x1+jx,, i.e. the
projection onto the OMD global mode, which, in order to facilitate an appropriate comparison
with pressure dynamics, is rescaled as A/|/Al|s such that on the limit cycle |A| = 1. The
derivatives dA/dr are approximated using a second-order finite difference and A, p are found

by solving a least squares problem

B (4.24)

dA
— ) = XA - A AP
(dt ) A A Ayl

min
A p*

i€Tfa

where \* = e\ and p* = ep, to give \* = 0.0108470.1858 and p* = —0.0109+ 50.0283 signifying
a linear growth rate ¢ = Re(\*) of approximately ¢ = 0.0108. It is noted that the third order
fit corresponding to (4.24) is accurate to 2.5%.

Subsequently, since pressure values follow a similar transition to the limit cycle, pressure
measurements at a polar position § = 0 are analysed to establish corresponding values of the
Stuart-Landau coefficients. Since pressure values are real, in order to solve a similar problem
to (4.24), a complex analytic signal p, is constructed using a Hilbert transform [89] and is
subsequently rescaled as p,/||pa|leo- The solution of (4.24) for such a modified signal gives
A" =0.00574+70.1973 and p* = —0.0062470.0195 indicating that the growth rate corresponding
to pressure is half of the one characterising the global mode dynamics. Similar observations can
be made for pressure values at other locations close to the cylinder boundary. Furthermore, it
is observed that there is a slight difference in the imaginary parts of \* obtained using pressure
and state values, indicating a small phase difference between point measurements close to the
cylinder and global projection of the snapshots. The amount of phase offset varies depending
on the location of the analysed pressure measurement. Consequently, due to such differences,

a simple linear mapping between a single pressure measurement and global mode state will
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introduce an error in the estimation.

In addition to the growth rate analysis, a spectral study of the pressure values is performed
to assess their suitability to approximate frequency characteristics of the oscillatory structures.
It is observed that all pressure values close to the cylinder boundary are primarily characterised
by a frequency in the neighbourhood of the shedding frequency, making those values suitable
for approximation of the spectral characteristics of the global mode. On the other hand, the
subharmonic oscillates at double the frequency of the global mode and, in order to facilitate
estimation of the corresponding state, y can be set to contain a certain quadratic function of
pressure signals. This choice stems from the fact that assuming pressure values follow dynamics
of the form A,(7)exp(jwot), where A,(7) satisfies Stuart-Landau equation (not necessarily
with the same coefficients \*,u* as global modes), squaring of the measurements will lead to
AZ(7) exp(j2uwot) which has the same frequency content as the higher harmonic.

Following the analysis above, the measurement vector y will be constructed based on pres-
sure values p € R equispaced on the cylinder boundary (X;,Y;) = (0.5cos(6;),0.5sin(6;)),
where § = —107/20, —97/20,...,107/20. A discussion of the robustness of the estimation
accuracy for smaller number of pressure measurements will be given in §4.7.1. The difference
in the values of the growth rates discussed above indicate that more refined methodologies for
setting y are required to accurately estimate long-time dynamics of the global modes. The
change in the growth rate values can be achieved, for example, through an appropriate summa-
tion of multiple pressure signals. Following the practical considerations, it is possible to acquire
multiple measurements at the base of the object, sometimes with a number of measurements
larger than the dimension of the estimated state. In such cases, a use of more sophisticated ap-
proaches, such as Linear Stochastic Estimation (LSE) outlined in §2.2.1, is justified to obtain an
accurate mapping between measurements and state, even at the cost of decreasing the dimen-
sion of y, as opposed to naive y = p. Consequently, LSE is used to obtain an approximation

of the global and shift mode states by solving

min Z H(.ccl,g)i - \IIISEpZH; , (4.25)

YisE .
ZE'de

where x,_3 = [11, 79, 23]" and Wgp € RM>3 are vectors containing LSE coefficients. Additio-

nally, in order to obtain observables corresponding to subharmonics the following QSE problem
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is solved

min > ||(@s5)i — Chsppi; (4.26)

YosE
Q iE'de

where LTy_5 = [IL'4,ZE5]T

, p* = [php3, ..., p,]T and Wosp € RYX? contains QSE coefficients.
The quadratic form of p* is used here to facilitate construction of the signal with double
the frequency of the pressure measurements. Note that quadratic coupling between pressure
measurements at different spatial locations was neglected in (4.26). However, it will be shown
that the choice of p* is sufficient to obtain accurate estimates. Consequently, in the subsequent
MHE analysis y is set to
Y, = YiseP R (4.27)
‘IJCT)SEpf

The MHE problem (4.14) is solved for Nj, = 10 and v = 0.5 where y, = ¥'p,, C = I
and dynamical models presented in §4.4 will be used. The state errors €, corresponding to
dynamical models constructed using both OMD and POD projection bases are given in table
4.2. In order to perform a comparison with stochastic estimation (SE), table 4.2 includes a
corresponding error defined as
ey — @il

€r = , (4.28)
it il

where y is given by (4.27).

Noting that values in table 4.2 are all small and of comparable magnitude, visual presenta-
tion analogous to figure 4.5 is omitted. Table 4.2 demonstrates that stochastic modelling of the
states outlined above provides an accurate approximation of the system. The primary benefit
of the dynamical models in the MHE algorithm is suppression of high-frequency noise present
in y which is an artefact of stochastic estimation. It is notable that the largest improvement
was achieved using a quadratic model despite the fact that it was demonstrated in §4.4 that the
cubic model provides the most accurate model of the dynamics. In order to obtain an insight
into the source of this discrepancy an analysis of the impact of the MHE parameters on the
state error is performed now.

In the analysis presented so far, values of v and N, were chosen arbitrarily. For linear
estimation it was observed that the value of v does not significantly influence the estimation

accuracy. For example, in the linear estimation corresponding to results in table 4.2, a variation
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SE Linear Quadratic Cubic
POD 0.0193 0.0182 0.0128 0.0145
OMD 0.0188 0.0177  0.0125 0.0144

Table 4.2: The state errors €, corresponding to stochastic estimates (SE) and MHE estimates
when dynamical modelling is performed using data in 7Tq.

between v = 0.01 and v = 0.99 induces a POD error of ¢, = 0.018242.6%. On the other hand,
the impact of N}, consists primarily of suppressing high-frequency noise when N}, is increased.
Nonetheless, an interesting impact of changing a value of N, can be observed when the MHE

problem is modified such that

min Z 'vavj, (4.29a)
{vz—Nh aaaaa vi} —i_ N,
Ti— N, J=t h

s.t. Litr1 :A(wz), 1= ]{,‘—Nh,...,k‘— 1, (429b)

y;, = C(x;) + vy, i=k—Np,... k. (4.29¢)

i.e. the dynamical model A(x) is imposed as an equality constraint, analogous to the situation
used to obtain estimates where A(x) is nonlinear. Figure 4.7 presents the state error €, when
(4.29) is solved for N, < 30 using dynamical models of different complexities. It can be
observed that: for a linear model, €, progressively increases with Ny ; for a quadratic model it is
minimised around N, = 7; whilst for a cubic model it monotonically decreases for the analysed
values. This observation can be linked to the accuracy of the models established in §4.7.1. In
(4.29) the state trajectory is forced to follow the dynamics of the model and since the cubic
model was most accurate it is beneficial in such cases to set a large value of N,. On the other
hand, the linear model does not provide an accurate approximation of the transition region and
consequently it is beneficial to ensure that in this case estimation is primarily driven by the
measurement y. The quadratic model, as visible in figure 4.5, provides a compromise between
two other models and the value of IV, can be tuned appropriately to minimise €,. It is expected
that for N, > 30 a similar minimum can be observed for the cubic model. Additionally, it is
noted that the value of ¢, obtained using the cubic model for N; = 30 is slightly lower than

the smallest value corresponding to the quadratic model at N, = 7.
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Figure 4.7: The state errors €, corresponding to the MHE estimates for a range of N, and
different dynamical models.

4.6 Robustness of the estimation strategy

Following the design of the estimator which gives accurate MHE estimates when the trai-
ning domain encompasses all three dynamical regimes an investigation is performed to as-
sess whether the accuracy of the estimate can be reproduced if the dynamical models are
obtained using only a subset of data in 7;4. For this reason the analysis from §4.5 will
be reproduced by constructing dynamical models and observables y close to equilibrium,

Teqg =1{i € Tpa : ti/tsn < 17} and close to the limit cycle, Tj. = {i € T;q : t;/ts, > 17}

4.6.1 Equilibrium

All three models of increasing complexity (4.17)-(4.19) are first solved using the data set
Teq- For nonlinear models, the variable  controlling the sparsity level must be selected. For this
purpose, initial value problems are solved on 7.,. For the cubic model it is observed that the
error €, increases rapidly once the /;-norm terms are added to the optimisation. Nonetheless,
the structure imposed on the nonlinear terms through the equality constraints is sufficient to
induce stability and accuracy of the model, therefore, in this case v = 0. On the other hand,
all of the quadratic models obtained for 0 < ~ < are unstable. In such cases the time indices
at which & — oo are recorded and the model which gives an unstable state trajectory at the
latest time is chosen, giving v = 0.8. It is noted that the stability of the estimation will be
induced by the MHE algorithm through ||y, — C@;|| in (4.14) which penalises a deviation from
the measurement y.

State error statistics ¢, for the MHE estimates based on the models trained close to equi-
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SE Linear Quadratic Cubic
POD 0.4191 0.4054 0.3744 0.3684
OMD 0.3530 0.3382 0.3386 0.2977

Table 4.3: The state errors €, corresponding to stochastic estimates (SE) and MHE estimates
when dynamical modelling is performed using data in 7,.
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Figure 4.8: Temporal evolution of the amplitude of the main dynamical features corresponding
to the MHE estimates when dynamical modelling is performed using data in 7e,.

librium are given in table 4.3. Additionally, temporal evolution of the averaged state errors
(€z); corresponding to each dynamical feature are shown in figure 4.8. In order to aid clarity

of presentation, state errors (e,); are averaged over the shedding times scale g, such that

Table 4.3 shows that the error progressively decreases when the complexity of the system
is increased and; in all cases, an OMD basis provides an improvement over the one constructed
using POD modes. Insight into how the error evolves depending on the particular estimated
mode can be found based on temporal evolution of errors presented in figure 4.8. For the
shift mode, the most accurate estimate is obtained when the quadratic model is used. This is
not surprising since as it is demonstrated in (4.20) the long-term dynamics of this structure
is governed by |A|?, which consists of quadratic and quartic term. The performance of the
quadratic model deteriorates in the estimation of the oscillatory structures. For both the

global mode and its subharmonic, the smallest error in the limit cycle regime, i.e. outside of
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SE Linear Quadratic Cubic
POD 0.0754 0.0789 0.0755 0.0686
OMD 0.0718 0.0674 0.0649 0.0789

Table 4.4: The state errors €, corresponding to stochastic estimates (SE) and MHE estimates
when dynamical modelling is performed using data in 7.

the training domain, are given when the cubic model is used. It is noteworthy that for the global
mode this accuracy is achieved despite the fact that cubic model provides the largest error in
the transitional section of the domain. Furthermore, we note that none of the dynamical models
is able to accurately model transition of the subharmonic dynamics when the estimators are

trained close to equilibrium, with errors outside of the training domain (e,), > 0.2.

4.6.2 Limit Cycle

Similarly, an analysis is performed to assess the robustness of the estimation technique
close to the limit cycle. The optimisation problems (4.17)-(4.19) corresponding to models of
different order are solved using data set in 7;.. For the quadratic model v = 0.08 was established
to give the most accurate and stable model based on the solutions to initial value problems.
The smaller value of ~ relative to the one obtained in the equilibrium analysis is due to the fact
that the dynamics close to the limit cycle is characterised by asymptotic convergence on to the
attractor. Consequently, dynamic models trained on such a domain are more likely to be stable
than around equilibrium, where the exponential growth of perturbations is prominent. The
state errors €, corresponding to MHE estimates obtained using different dynamical models on
the POD and OMD basis are given in table 4.4. It can be seen that all errors are significantly
smaller than equivalent values corresponding to training on 7,. Errors corresponding to the
designed stochastic estimation given by (4.27) show that construction of the measurements
close to limit cycle gives a robust measurement y and the dynamical models given here do not
provide significant improvement over such estimates. Nonetheless, state errors corresponding
to the analysed dynamical features are presented in figure 4.9. It can be seen that the main
sources of errors arise from steady states errors close to the equilibrium, predominantly in the
global mode subharmonic.

Figures 4.9(a)-(b) appear to indicate an error in the transitional part of the global mode.
However, it is noted that in that regime €, < 0.01 which means that the transition is estimated

accurately despite the corresponding data not being included in 7;.. This estimation characte-
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Figure 4.9: Temporal evolution of the amplitude of the main dynamical features corresponding
to the MHE estimates when dynamical modelling is performed using data in 7.

ristic is not necessarily intuitive and warrants a further explanation. A potential explanation
can be provided through a link to the Koopman analysis on the limit cycle performed in [50].

The Koopman operator is a linear operator acting on a space of observables ¢g(q), where g is
a dynamical state of the system. Note that q does not necessarily have the same interpretation
as x used here for dynamic estimation. In the subsequent analysis let us set ¢ = A and
functions of A contained in the weakly-nonlinear expansion (4.20) or Stuart Landau equation
(4.1) , e.g. A, |A]?, A|A|?, are chosen to be observables g(A) : C — C. Following the Koopman
formulation (2.21) , it is assumed that g(A) € span(p;) where ¢, are the eigenfunctions of the

Koopman operator and g(A) can be expanded as

g(A) =" ap;exp (A7) (4.30)

j=1

where oz? are Koopman modes corresponding to observables g(A) and \; are the eigenvalues of
the Koopman operator. The objective here is to find a similar analytic expression for g(A) but

deduced from Stuart-Landau formulation.
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Noting that A is a periodic function of 6, g(A) has the same property and can be conse-

quently expressed as a Fourier series

g(A) = > 4(r)exp (jmb). (4.31)

m=—0oQ

The expression for € is known to be (4.6b) and when substituted into (4.31) gives

r Jjmp
dA= 3 it (—) exp (jm(fo +wr)), (432)

To

where w = (A; — AgfL). Furthermore, the expression for r7(7) is given as (4.6a) and can be

[ Ar
r(r) = m (4.33)

where y(7) = (%’} — ,uR> exp(—2Ag7). Note that y = 0 maps r(7) onto / 2—2 which corresponds
0

rearranged to the form

to the limit cycle amplitude. Consequently, substituting (4.33) into (4.32) and performing a

Taylor expansion around y = 0 gives an expression of the form
[e’e] . [e%¢] . )\R k .
9(A) = Zk: fe(y)y=0y" = zk: Fi(Y)y=o T—(QJ — pr | exp(=2AgkT + jm(0 + wT)). (4.34)

Reiterating that (4.34) is obtained through a Taylor expansion around the limit cycle, it
can be seen that coefficient Ag governing a linear growth rate close to equilibrium has a strong
influence on the manner in which the dynamics relax onto the limit cycle. In fact, the first
order terms (k = 1) show that the system approaches the oscillatory attractor exponentially at
a rate —2Ag. This information provides us with a reasonable direction to pursue when trying
to establish why modelling the dynamics close to the limit cycle provides better accuracy. Two
predominant features of the estimates which were analysed here were the reproduction of the
linear growth rate and accuracy of the limit cycle amplitude. When dynamic modelling is
performed close to equilibrium, the first characteristic is well estimated. However, the latter
one always contained substantial error. Noting that the limit cycle is a function of Az and g,
close to the equilibrium the term multiplying pgr, i.e. A|A|? is of relatively low energy making
it possible that the approximation of g might contain significant error. On the other hand,

the information about g and Ag is strongly embedded in dynamics close to the limit cycle,
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Figure 4.10: The state errors €, corresponding to MHE using POD modes for different number
of pressure measurements NV, for the training domains of T4, Teq, Tie-

with the first constant governing the limit cycle amplitude (4.34) and the latter convergence
onto it. Consequently, the strong embedding is likely to carry into dynamical model obtained
based on the data in this regime. We note that this reasoning appears to be true not only for

the cubic models but also for the linear and quadratic ones as presented in figure 4.9.

4.7 Parameter Sensitivity

4.7.1 Number of pressure measurements
First, an assessment on how the accuracy of the estimation changes with the number of

measurements is performed. For this reason, the analyses on T4, Teq, Tjc outlined in §4.5-§4.6

@
are repeated by varying number of pressure measurements p € R between 1 < N, < 21.
The locations of pressure measurements are chosen such that their azimuthal positions are
equispaced between —7/2 < 6 < 7/2. The observable vector y is constructed as previously
using a combination of LSE and QSE as in (4.25)-(4.27) and the MHE set-up follows the one
used in §4.5-§4.6. State errors €, are calculated for all three different order models and values
of €, corresponding to different numbers of measurements are presented in figure 4.10. Figure
4.10 shows the results for the POD modes and a presentation of the results corresponding to
the OMD modes is omitted due to the lack of qualitative differences.

It is seen that estimation based on 774 and 7. has the same pattern with respect to N,,.
In both cases there is a decrease in error as N, > 5. The reasons behind this observation
were already discussed in §4.5 and are related to the fact that the growth rates of the pressure
values close to the equilibrium are approximately half of the ones corresponding to velocity-
based states. Additionally, it can be seen that €, stays approximately constant for large values
of N,. For T4 the value of ¢, changes by less than 1% when N, > 10, showing that similar

accuracy can be achieved using a smaller number of pressure values than NV, used in §4.5-§4.6.

For 7T such a change is observed when NN, > 15 suggesting a larger number of measurements
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is required to achieve a robust estimation.

Slightly more complex behaviour is observed in figure 4.10(b) which shows the analysis
performed on 7., It is seen that the state errors €, do not monotonically decrease as N,
increases. For example, the smallest errors are obtained at N, = 11, N, = 7 and N, = 11
respectively, for linear, quadratic and cubic models. This change of behaviour can be linked to
the fact that the analysed dynamical features are of low energy close to the equilibrium and
due to the fact that the stochastic estimation may be less robust with respect to the training
domain than, for example, approximation on the limit cycle. For 7., and large N, the stochastic
estimation methodologies in a sense ‘overfit’ the data, meaning that ¢, is small in the training

domain and substantially increases outside of it.

4.7.2 Higher state dimension

So far the state space was chosen to consist of five projection coefficients. Here, an analysis
is performed to assess how increasing the number of modes impacts the accuracy of the estima-
tion. For this purpose, state spaces of dimensions r = {25 — 1: j € N, j < 50} are considered.
Odd values of r are chosen based on the assumption that the dynamics of the cylinder flow
primarily consists of the single shift mode structure and pairs of the oscillatory subharmonics.
It is noted that in the cases where the system’s eigenvalue spectrum consists of complex conju-
gate eigenvalue pairs together with a single real eigenvalue, even values of r will give an OMD
output containing spurious eigenvalues. The r most dominant POD modes are used to con-
struct a low-dimensional state space while in the case of the OMD, the output of this algorithm
applied to the data set with approximation rank of r is used. For this analysis, only linear
models are considered. There are two reasons behind the omission of nonlinear models: 1. the
computational cost with increasing r grows exponentially making the MHE time-prohibitive;
2. once the dynamically less important modes are added, it is more difficult to induce stability
of the cubic model through equality constraints. A similar observation is made concerning
the quadratic model, and selecting an appropriate value of the sparsity-inducing constant + is
difficult.

The dynamical models are obtained by solving (4.17) on 774 and N, = 10 is used in (4.14).
A comment about the selection of y is required. In §4.5 a combination of LSE and QSE was

used with the latter approximating the subharmonic structure associated with a frequency twice
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Figure 4.11: The state errors €, corresponding to linear MHE for r = {2j — 1|7 € N, j < 50}
(a); The state errors €, corresponding to LSE and stochastic estimation outlined in (4.36) (b).

the value of the one dominant in the pressure signal. Here, in order to take into account both

complexities of the stochastic estimation the following problem is solved

I\IT’IS}E Z HZUZ - ‘I’gEf’sz ) (4.35)
=
where p = [p1,...,pn,, 0%, 0%,] s Psp € R*™ and y, = Ul p;. The values of e,
corresponding to MHE results are presented for a range of r in figure 4.11(a).

It can be seen that when lower-ranked structures are added to the estimation, the discre-
pancies between POD and OMD vector spaces become more visible and the latter algorithm
outputs structures which are more suitable for estimation using a linear model. Inclusion of
additional POD modes increases values of ¢,. Since POD modes are obtained based on an
energy criterion, the lower-ranked POD modes are obtained in such a way to ‘fit’ a finite linear
decomposition of snapshots as closely as possible and low energy modes are progressively less
likely to to incorporate dynamical information and might contain only statistical information.
For the OMD method the error is minimised for » = 15 while for » > 15 the inaccuracies in
modelling dynamics and stochastic estimates of low-ranked states induce inaccuracies in the
estimation of more dynamically relevant ones.

When the value of r is increased, it is expected that subsequent subharmonics of the global
mode will be added to the state space. Since corresponding frequencies will be integer multiples
of the fundamental frequency it is not necessarily obvious that LSE or QSE of pressure signals
would provide the most appropriate approximation of such dynamics. In fact, perhaps a more
appropriate approach would be to progressively increase the order of the stochastic estimation.
Nonetheless, in such cases the number of the conditional variables increases exponentially. In

order to decrease the rate at which this happens, an approach similar to the one used in §4.5
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can be used, i.e. based on spectral characteristics of the state only a certain subset of the
nonlinear variables in stochastic expansion (§2.2.1) will be retained.

Let us define the fundamental frequency of the pressure signal as fy. Subsequently, spectral
characteristics of each state are obtained using a training domain to give the frequency fiuz
associated with the highest magnitude Fourier peak. Subsequently let us define an exponent
k = | fmaz/fsn| € Z where |-] is the nearest integer function. If k& = 0, the value is set to
k = 1 instead. Consequently a set of exponents K = (k;)7_; is obtained and the following

optimisation is solved

min 3 |l(): - w7 ()], (4.36)

i€T}aq
where p; = [plfj, . ,plf\}p]T. For £k =1 and k£ = 2, LSE and QSE are recovered respectively.
Figure 4.11(b) presents a comparison of this approach with LSE where it can be observed that,
although the same patterns are visible, an improvement in €, is obtained. It is noted that
this approach was applied in an automatic fashion and potentially further reduction can be
achieved through a closer examination of the higher harmonic dynamics. Furthermore, it is
noted that here ¥; will have a twice smaller dimension than Wgg in (4.35) and can be treated

as a compromise between LSE and the approach given in (4.35).

4.8 Conclusions

In this chapter an estimator of the cylinder flow dynamics was constructed. The assessment
included appropriate construction of observables y where it was demonstrated that when using
a combination of LSE and QSE it is possible to obtain an accurate approximation of key dyn-
amical features from pressure measurements. Additionally, observables y were combined using
an MHE algorithm with dynamic models of progressive orders of complexity, i.e. linear, qua-
dratic and cubic models. All models showed an improvement over stochastic estimation, where
the structured cubic model proved to be the most accurate in the majority of the situations,
e.g. when dynamical models are obtained using 7., or 7;.. The dimension of the analysed state
space was sufficiently low that even a relatively complex cubic model can be used efficiently
with an MHE algorithm. However, if the dimension of state space is increased the stability of
the nonlinear models deteriorates unless the sparsity level of the model is carefully chosen. For

state estimates with dimension larger than five, a linear model can be chosen to balance model
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accuracy with model stability.

In addition to model complexity analysis concerning the robustness of the estimation appro-
ach with respect to training domain was performed. It was observed that the models obtained
close to the limit cycle are more robust compared to those based on data close to the equili-
brium, where the latter often induced considerable error in the amplitude of the limit cycle.
The likely justification of this behaviour was outlined in §4.6.2 which shows that information
about the linear growth rate is strongly embedded in the dynamics of the limit cycle.

An assessment was performed between suitability of the state spaces induced by POD
and OMD modes on the accuracy of the dynamical model and estimation. Based on the
analysed domains spanning different dynamical regimes of the flow, it appears that the OMD
low-dimensional space induces a more accurate dynamical model in almost all of the analysed
test cases. For example, §4.4 demonstrated that even slight differences in the shapes of the
modes are sufficient for the OMD to induce a more accurate cubic model. Additionally, as was
presented in figure 4.11, when a large number of modes are used to construct the state space

OMD modes provide a more suitable basis for estimation of low-energy structures.



Chapter 5

Dynamical Estimation of turbulent flow

past an axisymmetric bluff body

5.1 Introduction

It was demonstrated in chapter 4 that it is possible to accurately estimate the velocity
field of flow past a circular cylinder at low Reynolds number Re using only pressure data on
the cylinder boundary. Although the dynamics of this system are nonlinear, the analysis was
performed on a non-turbulent flow using numerical data. Additionally, the analysed Re was
low enough that the system was two-dimensional, i.e. the dynamics are invariant with respect
to translation in the direction perpendicular to the cylinder plane, which implies that all of
the information necessary for the modeling is contained in the spatial domain of the snapshots.
This provided a certain degree of robustness in dynamic estimation, ensuring that the extracted
modes and model were not significantly corrupted by noise and unmodelled dynamics. Here, a
significantly more complex system, but at the same time more practically relevant, is analysed;
flow past a bullet-shaped axisymmetric body at Re ~ 2 x 10°.

The choice of this system is motivated by the question of drag reduction for bluff-bodies
such as road vehicles, where aerodynamic drag has significant impact on fuel consumption
and COs emissions [22]. Drag reduction approaches are typically divided into passive and
active flow control strategies. Passive flow control techniques usually consist of modifications
to the flow geometry and, although proven effective for bluff-bodies [90], increased demand for

fuel efficiency has encouraged use of active control methodologies, such as closed-loop control.
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Figure 5.1: Schematic representation of the experimental model and PIV field of view (left)
and the location of the 64 pressure tappings on the base of the model (right). The velocity field
is defined as w = (u,v) where u and v are velocity components along x and y axis respectively.

Closed-loop control requires online knowledge of the system states from, typically, velocity or
pressure measurements and a dynamical model. In the following section insight into such an
estimation problem will be given.

The analysis will be performed using experimental measurements obtained by [91]. A
detailed description of the experimental set up is presented in |91, 92| and consists of a bullet-
shaped model with base diameter D = 0.1965m with a length-to-diameter ratio of L/D = 6.48.
The inflow velocity was set to Uy, = 15ms~!, which gives the Reynolds number based on the
body diameter of Re = 1.88 x 10°. Two types of measurements are acquired in the experiment,
pressure at the base and velocity fields downstream of the object. The base is mounted with
64 pressure sensors, located at an equal distance in the radial directions and separated by
an angle of § = 7/4, as presented in figure 5.1. In this way pressure is measured at eight
angular and eight radial locations. The wake velocity is measured inside a PIV field of view
extending 1.72D in the streamwise direction and being 1.5D wide. A schematic representation
of the experimental setup is shown in figure 5.1. Data was collected in a series of independent
experiments lasting 3.79s at a frequency of 720 Hz.

In this chapter the main oscillatory dynamics of the wake will be estimated using pressure
measurements at the base of the bullet-shaped object. Section 5.2 provides a detailed descrip-
tion of the system based on the existing literature and information obtained from the modal
decomposition algorithms applied to experimental data. In §5.3 a summary of the developed
estimation approaches is given. First, in order to obtain benchmark metrics for the estimation
accuracy, in §5.4 oscillatory dynamics are estimated using wake velocity measurements. Alt-
hough the estimates obtained in this way show high accuracy, it is difficult to implement such

an approach in a non-intrusive manner. Consequently, significantly more challenging estimation
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based on the pressure measurements on the base of the object is performed in §5.5. Following
certain inaccuracies of the estimates in §5.5, the used technique is altered in §5.6 in order to
take into account the azimuthal bias of the pressure measurements. In §5.6.1 an investigation
into viability of the methodology where pressure values are rotated into fixed configurations is
performed whilst in §5.6.2 different pressure modes are used depending on the azimuthal loca-
tion of the centre of pressure. It is demonstrated that the latter approach outputs estimates of

the greatest accuracy.

5.2 Description of the dynamical system

At low Re the wake of a bullet-shaped object is steady and axisymmetric but once Re is
increased the system undergoes a series of bifurcations leading to dynamics with fully three
dimensional effects [93]. The bifurcation sequence is extensively analysed numerically in [94]
for L/D = 7 (similar to the model ratio used in here) and a schematic representation of the
observed system states is presented through streamwise vorticity distribution sketches in figure
5.2. At Re = 450 the flow loses its axisymmetry and undergoes a steady bifurcation which
leads to double-threaded wake structure which is symmetric about a fixed reflectional plane
(figure 5.2(a)). The reflectional plane is not z = 0 but instead offset towards the edge of
the object as seen from the corresponding pressure distribution in figure 5.2(b). It is noted
that the azimuthal orientation of the reflectional plane is random. Beyond Re = 590 a Hopf
bifurcation induces an oscillatory state (figure 5.2(c)) where alternating hairpin structures are
periodically shed at a unique fundamental shedding frequency. Nonetheless, the reflectional
symmetry of the steady is still retained. At Re = 690 pulsating vorticity bursts appear, which
induce transient waving of hairpin structures in the reflectional symmetry plane at a frequency
an order of magnitude smaller than the shedding dynamics leading to the double frequency
state (figure 5.2(d)). Beyond Re = 750, broadband noise appears in the frequency spectrum
of the drag coefficient signifying a transition of the system into chaotic dynamics. Finally, at
Re ~ 900 the flow develops a mechanism that allows for random changes in the reorientation
of the symmetry plane. Similar dynamics were observed for a sphere [95, 96| and a disk [97]
indicating that the analogous sequence of bifurcations may be universal for all axisymmetric
bluff bodies.

In [26] an an analysis of pressure measurements taken at the model base for the same
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Figure 5.2: Schematic sequence of bifurcations characterising flow past the axisymmetric object,
as described in [94]. In all cases the top diagram represents a field of view orthogonal to the
reflectional symmetry plane while the bottom view shows the corresponding parallel view.
Steady state with reflectional symmetry (a) with a side view of the top diagram showing the
approximate pressure distribution on the base of the object (b); oscillatory state with hairpin
structures being shed in the wake of the body (c); double frequency state combining shedding
dynamics with low-frequency transient oscillations in the reflectional symmetry plane (d).

Reynolds number as analysed here, Re = 1.88 x 10° was performed. Although this flow is fully
turbulent it was demonstrated that large-scale structures associated with the aforementioned
instabilities persist in the fully developed turbulent flow. In particular, there exist large-scale
anti-symmetric oscillations with an associated vortex shedding frequency St ~ 0.2, where St =
%, which are linked to the asymmetric mean pressure distribution. This pressure distribution
randomly switches its angular reorientation around the axis of the body at frequency St =~ 0.002.
Due to random nature of this change, when an increasing number of data samples is acquired the
axisymmetry of the mean flow is recovered. Additionally, a peak in the spectrum at St ~ 0.06
was observed which can be linked to an axisymmetric pressure structure and the pulsation
dynamics observed in double frequency oscillatory state [94]. Since the analysis in [26] was
performed based on pressure measurements an initial insight on the observability of the pressure

structures can be obtained. In the analysis of the power spectrum of the pressure measurements,

three spectral peaks were observed at St ~ 0.002, St =~ 0.06 and St =~ 0.2. The magnitude of
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the power spectra at the first of the two low-frequencies was orders of magnitude larger than
the magnitude corresponding to St =~ 0.2, signifying only a low-energy imprint of the shedding
dynamics on the base pressure measurements. Noting that a large number (approximately
4.3 x 10°%) of temporal measurements were needed to recover the shedding spectral peak, this
suggests an intrinsic difficulty of recovering shedding dynamics from data covering orders of
magnitude shorter time intervals, as we will attempt here. On the other hand, the dominant
nature of the low-frequency dynamics in the pressure signals suggest that those dynamical

features should be relatively simpler to estimate from the base measurements.

5.2.1 Structures present in system

This section aims to address the question of whether it is possible to identify velocity struc-
tures associated with the frequencies described in [26] using modal decomposition techniques
applied to wake PIV data. One of the major features of the system, which is likely to make
the dynamical estimation significantly more difficult relative to the cylinder flow, is the three-
dimensionality of the dynamics. In [26] it was demonstrated that the shedding reflectional plane
rotates randomly around the axis of the body with St =~ 0.002. Since the PIV field of view
presented in figure 5.1 is only two-dimensional, the observed view of the shedding structure will
change depending on the orientation of the reflectional symmetry plane. In order to verify this
hypothesis, mode extraction algorithms will be applied separately to two different data sets:
one for which the point of view is parallel to the symmetry plane, and one for which the point
of view is perpendicular to it.

To do this, an indication of the system configuration can be determined from the base
pressure measurements; more specifically the azimuthal component, 8, of the centre of pressure
as defined in figure 5.1. Two sets of data are constructed which will be used to identify shedding
and pulsation modes for system configurations where 6 ~ 7 and 6 ~ 7/2. The first orientation
corresponds to a PIV field of view parallel to the reflectional symmetry plane, i.e. the bottom
diagrams in figure 5.2, whilst the latter data set shows a PIV field of view perpendicular to
the symmetry plane. The azimuthal component of the centre of pressure is calculated for
every available snapshot, and velocity snapshots are selected when 6 € [7 — 7/16, 7 + 7/16].
These snapshots are then split into two subsets A, € RV«*2125 and B, € RN«*2125 where B,

contains data sets at t; and A, at t; + 0t. Such data, although discontinuous, can be easily
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Figure 5.3: Evolution of the azimuthal coordinate of the centre of pressure in X, (a) and in
X2 (b).

used as the input to the POD and OMD algorithms [21]. An analogous procedure is repeated
for § € [7/2 — 7/16,7/2 + m/16] to obtain datasets A,/ € RN+*2852 and B, j, € RN«*2882,

The dynamical information associated with identified structures can be inferred based on
the OMD eigenvalues. However, in order to gain an additional insight into the dynamics of the
identified structures, it is desirable to analyse the dynamics of their projection coefficients. Since
continuous data sets are required for this purpose, two additional sets of data are introduced,
X, and X /5, which were selected based on how close the mean values of 6 corresponding to
X and X/, are to m and /2 respectively. The temporal evolution of # corresponding to the
data sets X and X/, are presented in figure 5.3. Additionally, X denotes a set of temporal
indices corresponding to defined data sets, e.g. if ¢ € X then the corresponding snapshot is
included in X .

The data set X /5, whose azimuthal component 6 is shown in figure 5.3(b) contains velocity
fields where the system reorientation is close to § = 7/2, with a mean value of 0.537 and
standard deviation of 0.207. The dynamics associated with X (figure 5.3(a)) is more complex.
Until ¢ = 2.5, 6 evolves about a mean value of 1.17, upon which, it switches its reorientation
to approximately 0.77. The analysis presented in this section is performed on X, truncated to

t € [0,2.5], noting that estimation in §5.4-§5.5 will be carried out on a full domain.

5.2.1.1 Velocity Modes

The first three and the fifth POD modes, @fOD, obtained from the dataset A, are pre-

sented in figure 5.4. Modes ®9P and ®°P both contain anti-symmetric features in the

u-component of their velocities and both of them appear to be spatially out of phase by ap-
proximately a quarter of their streamwise lengthscale. On the other hand the u-component of

<I’§OD is symmetric about the plane y = 0. It is noted that the opposite features are visible
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Figure 5.4: The first three and the fifth POD modes obtained from dataset A,. The u-
components of the velocities are presented in (a)-(d), whilst their v-components are shown in

(€)-(h).

in their v-components, i.e. values corresponding to <I>f oD and <I>§ OD are symmetric whilst
those corresponding to <I>§ OD are anti-symmetric. A combination of the u and v components of
<I>{D oD <I>§ OD would result in the anti-symmetric vorticity plots which are consistent with the
shedding structure which appears in the single frequency oscillatory state in figure 5.2(c) and
persists in a double frequency oscillatory state (figure 5.2(d)) indicating that these two modes
are likely to be associated with the shedding dynamics. It is noted that the pulsation dynamics
developing in the second oscillatory bifurcation seen in figure 5.2(d) for the 7 configuration
is characterised by a movement of the wake in and out of PIV field of view, resulting in the
oscillatory change in the magnitude of the u-component. Such dynamics could theoretically be
captured using a symmetric mode of a similar shape as <I>§ oD,

Since the POD methodology does not directly provide dynamical information associated
with each mode, and datasets A, and B, are discontinuous making it impossible to analyse
the dynamics of the corresponding projection coefficients, the OMD algorithm is applied to A,
and B, with » = 50 to assign dynamical meaning to the structures shown in figure 5.4. In
order to identify the dynamical modes which most closely resemble the structures presented in

figures 5.4(a)-(b), spatial correlations between ®7°", ®7°” and the OMD modes ®*'" are

analysed.
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Figure 5.5: The OMD modes which have similar spatial characteristics to ®°” and ®L°P in

w and v components is shown in (a)-(c) and (e)-(g) respectively, whilst the OMD mode which
most closely resembles ®)°" and ®°” is shown in (b)-(d) and (f)-(h).

It is in fact possible to identify two modes shown in figure 5.5 which have real parts closely
correlated with ®"°" and ®2'°" and will be denoted as 97 and <1>ng respectively. The
reason behind such notation stems from the associated eigenvalue information which further
confirms that the first of the structures is associated with shedding dynamics whilst the second
one is the pulsation mode. The OMD mode, ®9M” | most closely correlated with ®F”
corresponds to an OMD eigenvalue satisfying St = -2—Im()\) = 0.167, where \ is defined

20U

as in §2.1.3, whilst @gmM D \which has a high spatial correlation with &2 OP is associated with
frequency St = 0.069. Referring to [26], wake structures are known to possess frequency content
at approximately these values, specifically a shedding frequency (St =~ 0.2) and pulsation of
vortex cores (St ~ 0.06). Additionally, in |26] it is indicated that shedding and pulsation
frequencies are associated with antisymmetric and symmetric features respectively, which are
clearly seen in figure 5.4.

It is also noted that Im(®9M”) closely resembles the second antisymmetric mode &7,
confirming that ®7'°P and &7 represent the same structure. On the other hand, ®5°"
was identified to correspond to Im(@gg[’j) based on the spatial correlations. Although the

spatial differences between ®°” and Im(q>§n¥D ) are significantly larger than those of the

other analysed structures it is nonetheless possible to identify similar spatial features in their
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Figure 5.6: Singular values of the POD modes for two sytem orientations ((a)-(b)) and OMD
energies obtained using a technique presented in §3.1 for different values of St ((c)-(d)).

u and v components (figures 5.4(d), 5.5(d) and 5.4(h), 5.5(h) respectively).

Additionally, the energies of the structures obtained by applying POD and OMD algorithms
to Ar, Br are respectively showed in figures 5.6(a), 5.6(c). In the case of POD modes the
representation of energies is given through a plot of the singular values, whilst in the case of
the OMD structures the plot represents energies obtained using the technique outlined in §3.1
and the values of St are retrieved using the imaginary part of the OMD eigenvalues. It is
noted that for POD modes the magnitudes of the singular values corresponding to the 10 most
dominant modes change on average only by 0.01 % with the inclusion of an additional snapshot.
For the OMD algorithm the corresponding change is approximately 0.7 %. It is furthermore
noted that in the case of the OMD the energetic values are not only sensitive to the number
of snapshots but also to the choice of r which induces variation not only in the mode shapes

but also in the value of St. Nonetheless, it will be discussed later that greater difficulties in
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the convergence of the OMD mode shapes relative to POD structures are counterbalanced by
obtaining a structure which better isolates the desired St and reduces ‘frequency-mixing’ in the
projection coefficients.

Subsequently, an investigation is conducted to see how a rotation of the symmetry plane
around the axis of the body affects our view of the structures present in the flow by performing
the same analysis as above on data sets A/, and By /. The first two, fifth and sixth POD
modes of A/, are presented in figure 5.7 whilst the OMD modes associated with frequencies
of interest are shown in figure 5.8. The reason behind the presentation of these particular
POD modes are their visible spatial symmetries and the similarities with the presented OMD
modes. The OMD mode shown in figure 5.8(a)-(b),(e)-(f) was identified to be associated with
frequency of St = 0.24 indicating that this mode corresponds to shedding dynamics and will
be analogously denoted as ®9M”. The POD modes most closely resembling ®9M” are &P,

®79P and are shown in figure 5.7(a)-(b),(e)-(f). The OMD mode presented in figure 5.8(c)-

(d),(g)-(h) is approximately symmetric about y = 0 and associated with St = 0.052, indicating

OMD
pm

that it represents the pulsation mode ® . Based on spatial correlation, the POD modes
which most closely resemble Re(@%‘f Py and Im(@?ny Dy are ®LOP ®LOP | respectively and are
presented in figure 5.7(c)-(d),(g)-(h). It is noted that the spatial correlation in this case is only
0.4 and large differences are visible in their shapes, especially for Im(@gnﬁ/‘m), indicating that
the POD methodology does not necessarily approximate this structure well for 6 = 7 /2.

For &7 oD and <I>§ OD " although similar antisymmetries are visible as in the POD modes
obtained from A, it is possible to see that the structures for y > 0 have greater magnitudes
than the analogous structures at y < 0 for both u and v components. This feature is linked
to an offset in the symmetry plane away from y = 0 towards the edge of the model seen in
figure 5.2. Since now the point of view corresponds to the top diagrams in figure 5.2 it is
expected that those asymmetries are captured in the shape of the coherent structures. For
the pulsation modes, in both OMD and POD modes (figure 5.7(c) and 5.8(c)) there are two
coherent structures of the opposite signs visible at ¥ ~ 0.4 and y ~ 0.2; a feature which was
not as prominent in the equivalent modes for the # = 7 orientation. It is reiterated that for
the # = 7 orientation the pulsation dynamics primarily consist of motion in and out of plane

of view, whilst here, for the § = 7/2 orientation, such dynamics will be viewed as oscillations
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Figure 5.7: The first two, fifth and sixth POD modes obtained from the dataset A;. The
u-components of the velocities are presented in (a)-(d), whilst the v-components are shown in

(€)-(h).

along the y-axis. This is consistent with the dynamical mode in figure 5.7(c) where the presence
of two structures with the opposite sign adjacent to each other in the vertical direction signifies
the ability of the mode to describe transient oscillations.

The energies of the POD and OMD structures corresponding to § = /2 are presented in
figures 5.6(b) and 5.6(d) respectively. The percentage changes of those values with respect to
inclusion of an additional snapshot are 0.01% for POD modes and 0.2% for OMD structures.

A comment has to be made about different rates of convergence and the visible differences
in the coherency of the analogous POD and OMD structures, where in all cases the OMD
modes appear to be possess finer-scale structures. Here, the OMD results were obtained for
the approximation rank r = 50 and it is noted that if the value of r is decreased the OMD
modes will retain a coherency similar to the POD structures. Nonetheless, it will be shown in
§5.2.1.2 that the OMD modes as presented here perform relatively better in terms of isolating
the frequencies of interest. If the value of r is decreased the corresponding dynamics of the
projection coefficients will be more similar to the POD values. Consequently, when OMD is
applied to experimental data it is necessary to take into account the compromise between the
spatial coherency of the modes and accuracy of the associated dynamical features through an

appropriate choice of 7.
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Figure 5.8: The OMD modes which have similar spatial characteristics to ®7°? and ®2°" in

w and v components is shown in (a)-(b) and (e)-(f) respectively, whilst the OMD mode which
most closely resembles &9 and ®.°” is shown in (c)-(d) and (g)-(h).

5.2.1.2 Dynamics of the coherent structures

The spatial similarities between the OMD and POD modes in the results presented in
§5.2.1.1 indicate that modes with potential dynamic significance can be identified using either
of the algorithms. In order to assess the suitability of both types of modes for dynamical
estimation, the power spectra of the projection coefficients, x, and x,,,, corresponding to
continuous datasets introduced earlier, X and X 5, are analysed. It is noted that two separate
structures with different dynamical characteristics were identified for § = 7 and 6 = /2 using
both POD and OMD algorithms, giving in total eight different modes. A dynamical comparison
for the same system configuration is performed, i.e. structures obtained from A, and B, ®,,,
and ®,,, are projected onto X, such that x,, = ‘I’:th and x,, = 'I’ZmX,r. Likewise
similar projection coefficients are obtained using structures corresponding to A/, and B/,
and projecting them onto X .

The power spectra of the real part of the OMD projection coefficients and the equivalent
POD mode projections are calculated using the multitaper method [98]. As opposed to the
Fourier transform, a multitaper method obtains multiple estimates of the power spectra from
the same sample using data tapers — mutually orthogonal vectors containing desirable spectral

concentrations — resulting in an output less sensitive to noise. Each data taper is used to re-
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trieve a windowed trial from which a power spectrum of each frequency component is estimated
and the final power spectrum is obtained as an average of windowed spectra. For a noisy sig-
nal, like the one analysed here, the multitaper method provides a significantly smoother power
spectrum than the Fourier transform, giving a better indication on the range of frequencies
dominant in the system.

The power spectra corresponding to the orientation 8§ = 7 for structures associated with
pulsation and shedding dynamics are presented in figures 5.9(a)-(b) while the equivalent results
for § = 7/2 are shown in figures 5.9(c)-(d). It is noted that power spectra corresponding to the
OMD results are obtained using real parts of the projection coefficients and all power spectra
presented in figure 5.9 are normalised in order to assess only the relative magnitudes associated
with frequencies of interest.

Figure 5.9(a) shows that the modes ®,,,, identified using both the OMD and POD algo-
rithms from A,, B,, have very similar spectra. This is not surprising, since the overall spatial
features visible in figures 5.4(c),(g) and 5.5(b),(f) are broadly similar. For the structures where
differences in spatial features are more significant the disparities in spectra are also clearer, as
seen in figures 5.9(b)-(d). For example, figure 5.9(b) shows that the shedding mode obtained
using the OMD algorithm from data at 6 = « clearly isolates the shedding frequency, while
the equivalent POD structure produces a low-frequency peak of significant amplitude. Similar
features are visible for § = /2 in figure 5.9(c)-(d). In both cases the modes obtained using the
OMD algorithm clearly isolate the frequencies of interest, while POD modes provide the dyn-
amics where both values corresponding to shedding and pulsation dynamics are of comparable
magnitude. It is noted that a similar observation was made before for other fluid flows, for ex-
ample in [6] for the POD modes of a jet in crossflow. Due to the “frequency-mixing” associated
with POD modes the OMD structures provide a better approximation of the most dynamically
important structures in the flow and are more appropriate for the state construction in the
estimation problem to be pursued subsequently in §5.4-§5.6.

For estimation purposes, at each instance in time, a measurement has to be acquired which
will provide sufficient information to obtain accurate estimated state values. In order to provide
insight into observability of the OMD modes presented in figure 5.8, point correlations were

computed between the temporal evolution of the projection coefficients, x; = (<I>J-OMD)TXW/2,



5.2. Description of the dynamical system 115

035; 0.35¢
—POD —POD
03l ---OMD 0.3t ---OMD

0.25 \

0 0.2 0.4 0.6 0.8 1

St 1
(a) ®ppm, corresponding to 6 = . (b) ®gp, corresponding to 6 = .
0.18 0.2
. —POD —POD
) ---OMD ---OMD
0.14{u ‘.
012 l:
0.1 .:
n 1
A,
0.08
0.06f
0.041
0.02-
0 .\ ------- B ol B
0 0.2 0.4 0.6 0.8 1 0.8 1
St
(c) ®pm corresponding to O = /2. (d) @, corresponding to 6 = /2.

Figure 5.9: Power spectra of the projection coefficients corresponding to the POD modes and
real parts of the OMD modes obtained from datasets where § = 7 and 6 = 7/2. Projection
of structures identified as pulsation and shedding modes at # = 7 onto X, are shown in (a)
and (b) respectively. Projection of structures identified as pulsation and shedding modes at
§ = m/2 onto X /5 are shown in (c) and (d) respectively.

and of the velocity values at every spatial location in X /. In particular, correlations with the
v-components of the velocity are presented in figure 5.10. The correlations corresponding to the
shedding structure in figure 5.10(a)-(b) show that shedding dynamics are primarily visible in the
regions far downstream from the object and are close to negligible near the object base. On the
other hand, for the low-frequency mode (5.10(c)-(d)), there is a region by the base of the model
where the correlation is approximately 0.47 suggesting that @z?nij has more imprint on the
base-pressure dynamics. Although velocity probes located far-downstream might be necessary
to estimate shedding dynamics, it should be possible to estimate the value of low-frequency
dynamics purely form pressure measurements.

It is noted that the same conclusions can be reached based on the analysis of the correlations

with streamwise velocity components, between corresponding power spectra and analysing the
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Figure 5.10: Point correlations between projection coefficients of the OMD modes x; = <I>J-Tu
and v-components of the velocity at every spatial location.

OMD modes obtained from X, therefore, the presentation of these results is omitted.

5.2.1.3 Pressure Structures

An analysis is performed to obtain insight into the shape of the pressure structures at the
base of the object. Recalling that base pressure measurements were taken simultaneously with
the velocity fields, two discontinuous pressure datasets are constructed for 6 = 7 and 6 = 7/2
using the same approach as in §5.2.1 and POD modes are calculated for both orientations. The
mean pressure and the first three POD modes corresponding to 8 = 7 are presented in figure
5.11(a)-(d). Among the POD modes corresponding to the § = 7/2 orientation, structures are
selected which most closely resemble those in figure 5.11(a)-(d) and are shown in figure 5.11(e)-
(h). The main structures show a clear directional preference: for both values of 8 they consist
of the same spatial features but offset by an azimuthal angle of approximately 7/2. Noticeable
is the lack of the axisymmetric POD mode presented in [26]. However, this is not surprising
since the system recovers axisymmetry only in the statistical sense for a long time domain and
a whole range of 6.

In order to establish the dynamic significance associated with the structures in figure 5.11,
an OMD-like procedure is used. The DMD and OMD algorithms are designed to be applied to
datasets for which the spatial resolution is significantly greater than the number of temporal
measurements, with the dimensional reduction L' onto the low order subspace basis, L,
being a key feature of both algorithms. Since p € R%, the spatial resolution is already low and
this step can be omitted. Consequently, a dynamics matrix is calculated through least-squares
minimisation

Hj‘ipn Z 1Piy1 — A,pil3. (5.1)

In this way the matrix A, approximates the temporal evolution of the actual pressure mea-
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Figure 5.11: The mean pressure (a) and first three pressure POD modes (b)-(d) corresponding
to & = m. The mean pressure (e) and the analogous POD modes (f)-(h) corresponding to
0=m/2.

surements instead of certain projection coefficients. Once the dynamic matrix is known, in
the same way as in the modal decomposition algorithms, dynamical information is obtained
from the eigendecomposition A, = VAV ! where the eigenvalues A indicate frequencies pre-
sent in the system and the associated dynamic structures are represented by the corresponding
eigenvectors V.

The eigenvalue spectra of dynamic matrices obtained for § = 7 and 6 = 7/2 are presented
in figure 5.12. The eigenvalues in figure 5.12 are shaded to represent the energetic contribution
of each eigenvalue following a similar methodology to the one in §3.1. First a projection onto
the eigenvectors of A, is obtained such that A = (a;;,) ;== V" 'p and it is observed that the
coefficients multiplying j** eigenvector correspond to the ;' row of \A. Consequently, a relative

energetic contribution of each eigenvector is defined as

2
E; .= M_ (5.2)

ij ||
Figure 5.12 shows that in both cases the maximum imaginary values are bounded by St =
0.2 and the majority of frequencies are smaller than St = 0.1. Using spatial correlation,
the eigenvectors most closely resembling the structures in figure 5.11 are identified and their

corresponding frequencies are obtained. For the modes presented in figure 5.11(b)-(d), the
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Figure 5.12: Eigenvalues of the least-squares matrix describing the dynamics of the pressure
measurements for 6 = 7 (a) and § = 7/2 (b).

corresponding frequencies are St = 0.018,0.048,0.045, whilst for the structures presented in
figure 5.11(f)-(h), the corresponding frequencies are St = 0.048,0.031,0.128. Both of those sets
of values indicate that the most energetic POD modes represent structures with low-frequency
dynamics.

Both eigenvalue plots in figures 5.12(a) and 5.12(b) show only one pair of eigenvalues
with imaginary part in the neighbourhood of the shedding value St ~ 0.2. The corresponding
eigenvectors are presented in figure 5.13. The two “shedding” structures corresponding to both
orientations are considerably different, most likely a result of the susceptibility of the low-energy
shedding structure to noise. Nonetheless, in all of the structures it is possible to see that the
values of the highest magnitude are concentrated close to the centre of the object. Moreover,
the main structures in the dynamic modes shown in figure 5.13(a)-(b) are elongated in the
vertical direction whilst those visible in figure 5.13(c)-(d) have a larger horizontal lengthscale.
This spatial characteristics might indicate that directional preferences for different 6 also exist

in high frequency structures.

5.3 Summary of the estimation methodologies
Section 5.2.1.1 demonstrated the existence of two coherent structures with corresponding
frequencies St ~ 0.07 and St =~ 0.2. The objective of dynamic estimation will be to approxi-

mate the temporal evolution of both of these features using a small number of measurements.
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Figure 5.13: The eigenvectors corresponding to eigenvalues in figure 5.12 where St ~ 0.2. The
real and imaginary parts of the structure corresponding to 6 = 7 are respectively shown in
(a) and (b), whilst the real and imaginary parts of the one corresponding to § = m/2 are
respectively presented in (c) and (d)

Following a state space formulation of the system

z=Alx)+w (5.3a)

y=C(z)+wv, (5.3b)

the state space vector, @, will be defined as coefficients corresponding to the projection of the
velocity field onto the dynamic modes representing pulsation and shedding structures. The
overall objective is to construct a measurement vector y and dynamic matrices, A, C, such
that it is possible to solve an optimisation problem associated with (5.3) to obtain & which
approximates x accurately. The key aspects of the approaches used in the following sections
are outlined first.

Since, the state space is defined as the projection of the velocity fields onto the selected
structures, the choice of an appropriate mode calculation technique is especially important. Two
options which were previously analysed in §5.2.1.1 are POD and OMD algorithms. Although the
widely used POD methodology identifies structures which are statistically the most energetic,
the associated power spectra presented in figure 5.9 show that the OMD modes isolate specific
frequencies significantly better, where similar POD structures are associated with a mixture of
low and high frequencies. Additionally, the OMD algorithm produces an output where each
mode is associated with a growth rate and frequency and since we will choose the dynamics
in (5.3) to be governed by linear finite dimensional operators such information will be helpful
in the design of the dynamic matrices. Furthermore, it is noted that the reason the OMD

algorithm is used over the DMD methodology is the additional flexibility of the first method in
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selection of the low-dimensional subspace L over the latter algorithm where L = POD(u) [21].

The estimation of the state vector @ is performed based on y consisting of a finite number
of signals, which can be based on either velocity or pressure measurements. Due to low imprint
of the shedding dynamics on base pressure measurements demonstrated in [26] and the lack
of a robust shedding pressure structure confirmed in §5.2.1.3, an estimation problem based
on velocity measurements is presented in §5.4 where it is shown that accurate estimates can
be obtained in a straightforward manner. The results presented in §5.4 will be used as the
accuracy benchmark.

Nonetheless, in real applications, acquiring velocity measurements in a non-intrusive man-
ner is challenging, especially at the optimal locations identified in §5.4.2. Therefore, the more
practically viable approach is to perform the estimation based on pressure measurements only.
The construction of the measurement signal will be performed based on the 64 base pressure
measurements and the objective is to construct a signal which will most closely resemble the
evolution of the projection coefficients. A standard technique used for this purpose is LSE.
However, it will be demonstrated in §5.5.1 that this methodology does not reconstruct well the
frequencies in the neighbourhood of St =~ 0.2. Nonetheless, a test case from §5.5.1 will be used
in §5.5.2 to obtain an insight into an appropriate construction of the dynamical model which
puts the stronger emphasis on the features of interest. This step is vital to obtain a model
which will provide accurate estimation results in the following sections where alternative forms
of y are used.

The differences between pressure structures for different orientations of the shedding re-
flectional plane in figure 5.11, namely an azimuthal offset of 7 /2, show a clear three dimensio-
nality of pressure dynamics and a hypothesis is put forward that not taking into account this
directional bias in the construction of y significantly hinders the accuracy of the estimation.
Two different approaches are subsequently analysed in §5.6, namely a rotation of the pressure
measurements and construction of y as a function of azimuthal centre of pressure §. In §5.6.1
a certain beneficial impact of pressure measurement rotation is presented. However, it is de-
monstrated that key aspects of the dynamics are eliminated through this approach. Finally, in
§5.6.2 multiple pressure structures are calculated for different values of # and the measurement

signal y is obtained based on an indicator function. It is demonstrated that through a combi-
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Figure 5.14: Evolution of the azimuthal coordinate of the centre of pressure in X.

nation of new y with the dynamical model constructed in §5.5.2, a reasonably accurate state

estimate can be achieved.

5.4 Estimation using velocity probes

In this section dynamical estimation is performed using velocity measurements in order to
obtain a benchmark for further comparisons. An analysis will be performed on the continuous
data set X, described in §5.2.1. Noting that an experimental run is 3.79s with data sampled at
a frequency of 720 Hz, the data will be split into two equal sets, X4 and X;eq, as per figure
5.14. The set X4 will be used as a training set to extract dynamic modes and construct
dynamical models, while the set X ., will be used to assess the robustness of the estimation
technique. It can be seen that in X4, the azimuthal centre of pressure oscillates around 1.17
and switches its configuration to approximately 0.77 in X;.s; at t &= 2.5. The main objectives
of this analysis are to use a training data set, X.4n, to extract dynamical modes, construct
a measurement vector y and dynamical models which will allow us to robustly estimate the

switch in the state dynamics occurring at ¢ ~ 2.5.

5.4.1 Dynamical modes

The first objective is to select structures of dynamical importance. For this reason the
OMD algorithm is applied to X .4n and based on the eigenvalue information and ranking of
the OMD modes (§3.1) shedding and pulsation modes, ®,, and ®,,,, are identified. The u-
components of both dynamical modes are presented in figure 5.15(a)-(d). The same spatial
features are visible as for the dynamical modes corresponding to 6 = 7 in figure 5.5, albeit with
slight symmetry distortions in ®,,, (figure 5.15(c)-(d)), where structures for y > 0 have reduced
intensity relative to those for y < 0. This is most likely related to the fact that on average
for the data ensemble X4, # = 1.17, leading to a slight divergence away from symmetries

visible for § = 7 in figure 5.4(b).
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Figure 5.15: The velocity u-components of ®, and @, are shown in (a)-(d). The power spectra
of the corresponding projection coefficients are presented in (e)-(f), whilst their temporal evo-
lutions are shown in (g)-(h). The locations, where the point correlations between projection
coefficients and velocity measurements is maximised, is marked in (a)-(d) with the correspon-
ding temporal evolutions shown in (i)-(1). The absolute values of the temporal correlations
between state and velocity evolutions in (i)-(1) are correspondingly |p| = 0.59,0.64, 0.66, 0.61.

Additionally, the power spectra and temporal evolution of the corresponding projection
coefficients are presented in figure 5.15(e)-(h). The frequencies associated with both modes are
confirmed based on the power spectra, where both real and imaginary part of ®,, show clear
peaks around St ~ 0.2. On the other hands the analogous plots for ®,,, confirm that this
mode is primarily responsible for the dynamics dominated by frequencies an order of magni-
tude smaller. The temporal dynamics induced by ®, in figure 5.15(g) shows a clear period
of approximately 0.06s (which corresponds to St = 0.22), whilst the projection coefficients

corresponding to ®,,, oscillate at much a lower frequency.

5.4.2 Location of the velocity probes
Since the objective is to perform flow estimation using a small number of velocity mea-

surements, it is crucial to select appropriate spatial locations at which the measurements are
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acquired. The leading criterion is a similarity between the dynamics of the velocity at the
chosen location and the dynamics of the corresponding states. One of the possible approaches
is to analyse the point correlation of the velocities and state values throughout the domain
(similar to figure 5.10) and to select the location based on the maximum correlation. The
positions which maximise point correlations for each mode are shown in figure 5.15(a)-(d) and
the temporal evolutions of the corresponding values of the velocities are presented in figure
5.15(1)-(1).

For all structures identified in §5.4.1, the optimal locations approximately coincide with
the the positions where the values of the modes have the highest magnitudes. In each case,
temporal evolution of the velocity measurements contains high-frequency oscillations, therefore,
for visualisation purposes, the filtered velocity signal is also included in figure 5.15(i)-(1). The
filtered velocity was obtained by taking an average of ten measurements at time instances
centered around the plotted point. It is noted that despite a noisy signal, high-frequency
oscillations can be suppressed by setting a large horizon window N, in the MHE algorithm.

For the shedding dynamics, figure 5.15(i)-(j) shows that the chosen velocity signal accura-
tely follows the dynamics of the projection coefficients in frequency; albeit with amplitude and
phase mismatch at certain time instances. The accuracy of the velocity signal corresponding
to low-frequency modes (figure 5.15(k)-(1)) is comparable to the shedding dynamic. However,
both signals are m out of phase. Nonetheless, those phase and amplitude differences will be

fixed through a construction of the appropriate dynamical model in §5.4.3.

5.4.3 Dynamical model
Analogous to the estimation of the cylinder flow the following form of the MHE optimisa-

tion is solved at every time instant

: T T
min w, w; + (1 — vV, 5.4a
{wi—ny wi1} 7 ,_z;v 7 ( ’Y) ._z;v 7 ( )
{'Ui—Nh 77777 v} I J=m
Ti—Ny,
s.t. L1 :A(xl) + w;, 1= k—Nh,...,]{I— ]., (54b)

y;, = C(x;) + vy, i=k—Np,... k. (5.4¢)
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where 0 < v < 1 is a weighting factor between the two components of the objective function.
The accuracy of the estimation techniques will be assessed through the analysis of the following

three errors

e — &l
g = 1 T2 5.5
el (5:5)
| X — X|s
ex = 12— 22 5.6
X =T, (5.6)
|Arg(&.) — Arg(@a)s
€g = , 2.7
; TArgt@a) s (5.1

Here,  contains “true” state values, X contains power spectra associated with & and x, is the
analytical signal defined as x, := & + jHx, where Hx denotes the Hilbert transform [89] of
a signal x, and Arg(z,) represents the information about the instantaneous phase of x. It is
noted that phase discontinuities close to Arg(x,) = 27 may lead to artificially large values of
€9 at certain time instances. In order to prevent this behaviour continuous unwrapped phase
was obtained, by adding multiples of +27 when the absolute difference between consecutive
values of Arg(zx,) is greater than 7. The states &, X and &, have equivalent interpretations
but correspond instead to the state estimates. The error statistics (5.5)-(5.7) will be referred to
as point, spectral and phase errors respectively. The reason for the inclusion of all three types
of statistics is due to the fact that each of them reflects different features of the estimation
problem.

The most widely used, €., for example, strongly penalises any phase mismatch between
reference and estimated values, i.e. if the frequency and amplitude of the oscillation is estimated
correctly but the estimate is out of phase, the statistic €, will be large, and estimates with a
suppressed amplitude will, according to this measure, appear to approximate the dynamics more
accurately. On the other hand, the spectral error ex will not cost any phase mismatch between
the estimates and reference signals, while the value of ¢, is not affected by any discrepancies in
the energetic content of both signals.

In the following analysis the state space is defined as a projection onto the OMD mo-
des. However, since those structures are complex, an extended a four-dimensional state space

formulation is used, i.e.

x; = [Re(®y,), Im(P,,), Re(®,), Im(P,,)] " u; € R (5.8)
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The dynamical constraints (5.4b)-(5.4c) take a linear finite dimensional form and are represen-

ted using matrices A € R™" and C € R *" such that

Tit1 = AZBl + w;, (59&)

Yy, =Cx; + v, (5.9b)

where &; € R”, y, € R and r is the dimension of state space while N, represents the number
of measurements. Since it was established that both ®g, and ®,,, correspond to oscillatory
dynamics at certain frequencies, an oscillator-like form of the dynamic system (5.9a) can be
used. The approximate values of the frequencies can be established from the corresponding
OMD eigenvalues or from the power spectra of the projection coefficients on X4, shown
in figure 5.15(e)-(f), however since the spectral peaks are relatively broad both the frequency

and growth rates of the oscillations are implemented in the least-squares optimisation problem.

A A
The dynamic matrix takes the form A = b , where each A; € R**2. The matrix A is
A; Ay
obtained as a solution to
2
A A
min Z Tir1 — b x; (5.10a)
A17A2’A3,A4 Z‘e/’vt'r'a.in A3 A4
2
st. Al = A, (5.10b)
A] = —A, (5.10¢c)

In this way both A; and A, will represent oscillatory matrices with frequencies and growth
rates determined from the optimisation procedure, whilst A, and Ajs describe the coupling
between shedding and low-frequency dynamics.

The measurement vector y consists of four velocity measurements at the locations visi-
ble in figure 5.15(a)-(d). In order to estimate a linear relationship between the state @ and

measurements y, a least-squares problem is solved

min Y7 [l - Cail, (5.11)

c
1€ Xt rain
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where C' € R**, since each entry in the state vector a; is associated with independent me-
asurement signal. It is noted that there are no constraints imposed in (5.11) allowing for a
coupling between different dynamics, e.g. some information about the low-frequency state can
be obtained from signals corresponding to high-frequency dynamics and vice versa.

It is noted that since the measurement vector y € R* is of exactly the same dimension as x,
it is necessary to explain why & cannot be simply approximated through an inversion of matrix
C, such that & = C~'y. Indeed, such a procedure is equivalent to LSE in which the velocity
measurements chosen in figure 5.15 are used as variables. Examples of state estimation results
where & = C™ 'y are presented for Re(z,) and Re(z,,,) in figure 5.16. The temporal evolution
of the state estimates & in figure 5.16(a)-(b) show a high magnitude of noise. Additionally,
the corresponding power spectra in figure 5.16(c)-(d) are broad and the spectral amplitudes
associated with frequencies of interest are significantly suppressed. It is observed that the power
spectrum for the reference shedding projection coefficient Re(xg,) contains a low-frequency peak
not visible in the previous analysis (figure 5.9). For the particular data set used for estimation,
X iest, this feature is a result of the change in the value of § around ¢ = 2.5 (figure 5.14) which
is reflected in the offset of the mean value of the shedding coefficients necessarily inducing a
low-frequency peak in the power spectrum.

Since the results in figure 5.16 demonstrate that the measurements y contain inaccuracies
which prevent direct calculation of & through inversion of matrix C', we consider application
of MHE. A suitable configuration of the MHE problem (5.4) is needed through an appropriate
selection of the MHE horizon window N}, and the weighting coefficient . For this purpose, the
MHE estimation is performed on X4, for v € [0.01,0.02,...,0.99] and N,, € [1,2,...,30] and
the errors (5.5)-(5.6) are analysed. The presentation of the phase error ¢ is omitted because
for analysed v and N}, its value stays approximately constant. The contour plots of those values
for a range of v and N} are shown in figure 5.17.

Both error measures decrease for small values of v, since if a large y is set in (5.4) the esti-
mate is constrained to follow the prescribed linear dynamics, not allowing for nonlinear changes
in amplitude and phase of x visible in figure 5.16(a)-(b) or response to observed measurements.
It is noted that despite the fact that both ¢, and ex are minimised for small values of ~, if this

quantity is set to zero, the LSE estimates shown in figure 5.16 are retained. Additionally, figure
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Figure 5.16: Temporal evolution of the reference states, x;, and the state estimates & = C™ 'y
((a)-(b)) together with the corresponding power spectra ((c)-(d)).

5.17(a) demonstrates that €, decreases at large values of N}, for which high-frequency noise is
suppressed. It is noted that there is a large area in figure 5.17(a) where €, is small and does
not change significantly for slight variations in v and NV}, and since it coincides with the values
at which ex is minimised (N, = 30, v = 0.04) these parameters will be used in the following

analysis.

5.4.4 Dynamical estimation results

The model outlined in §5.4.3 is used to perform dynamical estimation on dataset Xy.s,
which does not contain any snapshots used for construction of the model. The temporal evo-
lution of both x; and &; are shown in figure 5.18 while the corresponding power spectra are
presented in figure 5.19. Additionally, the comparison between the error statistics of the MHE
estimation and LSE results in figure 5.16 is shown in table 5.1. It can be seen that the utilisation
of the velocity measurements provides accurate estimations of both shedding and low-frequency
dynamics. Figure 5.18(a)-(d) shows that the phase of both shedding and pulsation oscillations
is, on average, predicted accurately. An accurate estimation of the dominant frequencies is

confirmed in the corresponding power spectra in figure 5.19 where the values of the highest
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Figure 5.17: Values of ¢, (a) and ex (b) estimated for v € [0.01,0.02,...,0.99] and N,, €
1,2,...,30].

magnitudes coincide. It is noted that for the estimated shedding spectra the most prominent
magnitudes are smaller due to the suppressed amplitude of the shedding oscillations in 2.

The observations above are reflected in the error statistics in table 5.1 which shows that
the MHE algorithm improves the accuracy of the spectral estimation by suppressing the values
corresponding to high-frequency oscillations and making the shedding magnitude more pro-
minent. At the same time the point statistics remain comparable to the LSE estimates and
improve for Im(&,,) and Re(@,,,).

It is noted that there is a visible offset in the mean values of « at around ¢ = 2.6 apparent in
both x,, and x,,, in figure 5.14 related to the change in the orientation of the shedding reflecti-
onal plane. In all cases apart from Im(z,,,) this offset is underestimated by the MHE, as visible
in the temporal evolution and further confirmed in figure 5.19(a)-(c) where low-frequency peaks
corresponding to state estimates have lower magnitude compared to the reference values. This
mismatch between velocity measurements and reference states suggests that the measurement
locations estimated on X .., do not capture the corresponding dynamics as accurately for

different values of the azimuthal centre of pressure 6.

5.5 Estimation using pressure measurements

5.5.1 LSE of pressure
The MHE results presented in §5.4.4 demonstrate that state values corresponding to key
dynamics can be estimated accurately using velocity measurements. It is, however, reiterated

that the acquisition of such measurements is not practically viable, instead motivating the use
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Point Error, €,

Re(zs,) Im(zs,) Re(@p,) Im(z,m,)
LSE (fig. 5.16) 0.73 0.89 0.30 0.62
MHE (fig. 5.18)  0.76  0.83 0.23 0.66

Spectral Error, ex

Re(zs,) Im(zs,) Re(@p,) Im(z,m,)
LSE (fig. 5.16)  0.80  0.97 0.44 0.72
MHE (fig. 5.19) 071 0.80 0.31 0.47

Phase Error, ¢

Re(zs,) Im(zs,) Re(@p,) Im(z,m,)
LSE (ﬁg. 5.16) 0.69 0.69 0.08 0.76
MHE (fig. 5.18)  0.67  0.70 0.08 0.69

Table 5.1: Error statistics for all entries in the state estimate for the LSE estimate when y
consists of the velocity measurement, & = C 'y, and when & was obtained via the MHE
algorithm using four velocity measurements.

of base pressure measurements. Here, LSE (outlined in §2.2.1) of all entries in the state vector
x; from pressure measurements is attempted first.

Recall that the base of the bullet model is mounted with 64 pressure sensors, equally spaced
radially, and separated by an angle of # = w/4. The pressure dynamics at each location exhibit
primary oscillations at frequencies an order of magnitude lower than that of the shedding. In
order to isolate differing dynamical features, LSE estimation is performed on the projection
coefficients ¢ = (®7)"p of pressure POD modes ®7 = POD(p). This approach separates
pressure into structures which have different frequency content. It is observed that the first 10
pressure coefficients have primarily low-frequency content similar to the dynamics associated
with ®,,,,, whilst only the relatively low-ranked pressure modes, i.e. <I>§-’ where j > 20, contain
power spectrum in which the most dominant frequencies are close to Sty, ~ 0.2. The power
spectra corresponding to a subset of pressure POD modes demonstrating this behaviour are
presented in figure 5.20. Note the order of magnitude change in the value at the most dominant
frequencies in the spectrum corresponding to @5, further confirming a low-energy imprint of
the shedding dynamics on the base pressure.

An important consideration concerns the robustness of the LSE estimates outside of the
training domain. In this case, we can either underfit or overfit our data, i.e. if not enough
POD coefficients cﬁ’ are used, the constructed model may not fit the data well enough, but if

too many cf are used, we can obtain a perfect fit in the training domain but may get large
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Figure 5.18: Temporal evolutions of the reference states, x;, and the state estimates &; obtained
through MHE using four velocity measurements.
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Figure 5.19: The power spectra corresponding to results presented in figure 5.18.

estimation error outside of it. In order to prevent the latter behaviour the number of variables
will be reduced by retaining only a certain subset of c’; based on the similarity of power spectra
of each cg to the power spectra of the state x. For this purpose, a power spectrum of each x;,
(X.);, and of each ¢, (X.);, is computed using the multitaper method [98] and the following

correlations are analysed
o (XJT(Xo
T )5l (X ekl

A threshold, 5 < 1, is set and LSE minimisation will be solved only using coefficients corre-

(5.12)

sponding to pressure POD modes, ¢, where [ € {k € N : p;; > S}. It is reiterated that ¢}
retained in this way will have similar frequency content to at least one of the states, i.e. contain
either low frequencies or frequencies in the neighbourhood of the shedding value and all other
pressure modes are consequently discarded. In the following analysis = 0.75 retains 27 out

of 64 pressure POD coefficients.
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Figure 5.20: Power spectra corresponding to a subset of pressure POD modes ®”.

Subsequently all of the retained pressure projection coefficients are assembled into a single
matrix ¢, where each row corresponds to the temporal evolution of the retained ¢}. In order to
obtain LSE coefficients which estimate entries in the state x the following optimisation problem

is solved

min ; () — ¥ (cp)ill3, (5.13)
1EX¢rain

for each z; € @, where ¥; € R and N, is the number of retained POD coefficients. The
solution contains the LSE coefficients approximating different state entries, giving in total four
different vectors ¥;. Subsequently, ¥, is mapped to the space R such that P, = <i>p\Ilj where
®, € RO*Ne consists of the retained POD modes, i.e. ® € &, if | € {k € N: p;z > 3} where
pjr defined as in (5.12). Due to the four-dimensional state space formulation, four different
structures ¢; are obtained, which can be assembled to form ®.55 = [¢;, ..., ¢,] € R%**. The

final LSE estimate &sr is then defined as
Zrsp = P gpp. (5.14)

The LSE coefficients between pressure measurements and state vectors were calculated
using data corresponding X 4..;, and the result was subsequently applied to X s to assess the
robustness of the methodology. Figure 5.21 presents the estimates & of  on X.s, when & is
obtained using LSE. Additionally, the corresponding power spectra are shown in figure 5.22.

Both of the figures show that only Re(x,,,) is estimated with any degree of accuracy. Both
values corresponding to the shedding state show a clear mismatch in frequency and amplitude
of the oscillations in &g, when compared to @,. This is especially visible in figure 5.22(a) — (b)
where the power spectrum of the estimate around the shedding value is significantly suppressed.

Another important dynamical feature visible in the evolution of & on X, is the change of
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Point Error, €,

Re(zs,) Im(zs,) Re(xpn) Im(zpm)
LSE (fig.5.21) 096  0.93 0.25 3.08

Spectral Error, ex

Re(Zs,) Im(zs,) Re(@pn) Im(zpm)
LSE (fig.5.22)  0.78 0.93 0.25 3.08

Phase Error, ¢

Re(:i:sh) Im(:i:sh) Re(ﬁ:pm) Im(ﬁ:pm)
LSE (fig.5.21)  0.80 0.78 0.09 0.98

Table 5.2: Error statistics for all entries in the state estimate & when & = ®] 4 p.
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Figure 5.21: Temporal evolutions of the reference states, x;, and the state estimates &; obtained
through LSE between state and pressure values.

the mean value for ¢ > 2.5 due to different reorientation of the shedding plane, which was
only predicted for Re(2,,,) and underestimated for all the other state entries. This behaviour
is reflected in the power spectra in figure 5.22, where low-frequency values associated with
this change are substantially smaller for &. The error statistics corresponding to the results
presented in figures 5.21-5.22 are shown in table 5.2. A comparison against the error metrics
corresponding to the MHE estimation using four velocity measurements in table 5.1 shows a
decrease in the estimation accuracy for almost all error values.

Furthermore, analogous estimates were also obtained using quadratic stochastic estimation
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Figure 5.22: The power spectra corresponding to results presented in figure 5.21.

(QSE) with an ['-norm penalty in the corresponding optimisation problems

J{'k B'kl
IR .
ZEXt'rain

min > (@) — Ar(d)i = By ()i )illa + (Z Al + |Bjkl\> , o (5.15)

where ~v is a weighting coefficient. Nonetheless, the analysis demonstrated a difficulty in se-
lecting an appropriate value of ~. If v is set too low, the estimated state has a large error
due to overfit on the training domain, while if -y is set too large the algorithm outputs a state
estimate & which is primarily characterised by low frequencies. For the analysed range, v = 60
provided the results minimising the error metrics, but even then those values were larger than

for the LSE results and we do not report them here.

5.5.2 Moving Horizon Estimation

The MHE estimation methodology is used to investigate if the LSE approximation presen-
ted in §5.5.1 can be improved through the inclusion of the dynamical model similar to the one
used in §5.4.3. The difference from the approach in §5.4.4 is that the measurement signal y
will take now the form of the LSE estimates demonstrated in §5.5.1, i.e. y = @ISEp. Noting
that here pressure measurements are used instead of velocity values, the appropriate choice of
the MHE parameters, v and NV, must be re-evaluated. Analysis of the spectral characteristics
of the LSE approximations in figure 5.22(a)-(b) shows that the power spectra corresponding
to &4, do not exhibit a characteristic shedding frequency peak at St ~ 0.23 and that the hig-
hest magnitudes are contained in low-frequencies. In order to prevent this behaviour in the
MHE estimation, v = 0.9 is set to place greater emphasis on the oscillatory dynamical model.
Furthermore, although of relatively low magnitude, the temporal evolution of &,,, in figure
5.21(c)-(d) contains visible high frequency oscillations not present in the reference state .

This dynamical feature can be suppressed by setting a relatively large value of the moving



134 Chapter 5. Dynamical Estimation of turbulent flow past an axisymmetric bluff body

horizon window, e.g. N, = 50.

Initially, the MHE analysis was performed using the same dynamical model as in §5.4.4,
i.e. matrices A and C were set to the solutions of (5.10) and (5.11) on X 4. However, it was
observed that the dominant frequency in the power spectra corresponding to shedding estimate
T, was lower than that of the reference value and lower than the value corresponding to the
eigenvalues of the shedding oscillator A; in (5.10). The most likely reason for this behaviour
is the coupling between shedding and low-frequency dynamics in the model and the smoothing
effects of the horizon window N,. Consequently, the optimisation problem (5.10) is modified

such that matrix A is instead obtained as a solution to

2

A A
min Z iyl — ' ? €Z; s (516&)
Azdsds As Ay
2
st A} = —Ay, (5.16b)
0 =X
Ay =exp " , - (5.16¢)
Ash 0

where Ay, = 27T‘5%(51%]&—A5’t) such that St,.; = 0.23 is a target shedding frequency and ASt
is a parameter introduced to compensate for the low-frequency bias in the shedding estimates.
The diagonal terms of A; in (5.16¢) are set to zero which corresponds to non-decaying dynamics.

In order to investigate the appropriate choice of ASt, the MHE estimation results are
obtained using N, € [5,75] for a range of ASt € [0,0.002,...,0.4]. Subsequently the spectral
error, e€x, of Re(zg,) and Im(zg,) is investigated in the neighbourhood of the shedding value,
St € [0.045,0.45], selected based on the width of the spectral peaks in figure 5.22 to check
what value of parameter ASt minimises this error for a given N,. The corresponding plot for a
range of values of V,, is presented in figure 5.23. It can be seen that the value of ASt decreases
steadily with the increasing N,,. Furthermore, it is noted that ex corresponding to &, for the
optimal ASt also decreases with increasing Nj,.

MHE estimation is performed for N, = 50, v = 0.9, where A is a solution to (5.16) for
ASt = 0.038 based on the results presented in figure 5.23. Additionally, y = (I)—LFSEp and C is
a solution to (5.11). The temporal evolution of the MHE estimates are presented in figure 5.24

and the associated power spectra are shown in figure 5.25. The error statistics associated with
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Figure 5.23: The value of ASt used to modify A at which ex corresponding to Re(Zg,) is
minimised for a given Nj.

those results are presented in table 5.3.

The presented results show an improved accuracy in the spectral characteristics of the
estimates. The power spectra corresponding to shedding estimates in figure 5.25(a)-(b) show
visible peaks in the region of the shedding frequency; a feature which was not visible in the LSE
estimates in figure 5.22(a)-(b). Even though table 5.3 indicates an increase in the value of ex
corresponding to Im(axy,), this is due to differences seen in the estimation of the low-frequency
spectral peak, while shedding frequencies are estimated more accurately. It is also noted that
the MHE results induce a larger point error, €,, than corresponding LSE results, because of the
suppressed amplitude of the shedding estimates in the latter case (as can be seen in figures 5.21
and 5.24). Since table 5.3 shows that in both LSE and MHE estimation the phase mismatch is
comparably high, a lower amplitude of the estimate gives a preferential value of ¢,.

Furthermore, the inclusion of the dynamical model improves the accuracy of the estimate
Z,m in the region where the the system orientation is converged onto the values of 6, i.e. where
0 ~ 1.1m for t < 2.5 and § ~ 0.7 for t > 2.8, by suppressing high frequency oscillations
and following the mean value of the reference results more closely. Unfortunately, there is a
considerably larger error in the MHE estimation at ¢ =~ 2.6 when 6 changes its value, which is
reflected in the larger values of €, in table 5.3.

Although results presented in figure 5.24 show that it is possible to improve the accuracy
of the dynamic estimates based on the pressure measurements through an appropriate choice
of the model, there are certain problems which must be addressed. First is the fact that the
change in 0 in X4, visible in figure 5.14 is not large and the estimation accuracy is likely

to deteriorate for larger disparities from 6 = m. Additionally, despite high accuracy in the
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Figure 5.24: Temporal evolutions of the reference states, x;, and the state estimates &; obtained
through MHE estimation where y is constructed based on the pressure measurements and
dynamic matrix A is a solution to (5.16).
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Figure 5.25: The power spectra corresponding to results presented in figure 5.24.
estimation of the power spectrum there exists a persistent non-constant phase mismatch in
the shedding dynamics visible in figure 5.24(a)-(b). In the following sections an analysis is

performed to assess whether it is possible to construct a measurement vector y which will allow

for more accurate estimation in terms of phase of the oscillations.

5.6 Directional bias of the pressure measurements

5.6.1 Pressure rotation analysis

Figure 5.11 in §5.2.1.3 showed that the major structures in the base pressure measurements
exhibit a clear directional bias which depends on a system orientation. Here, it is demonstrated
that this feature of the system needs to be taken into account in the dynamical estimation. For
this purpose, the dynamical model and LSE coefficients ® 55 constructed for 6 ~ 7 and used to

obtain MHE estimates in figure 5.24 are applied to X ./, shown in figure 5.3(b) where 6 ~ 7 /2.
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Point Error, €,

Re(zs,) Im(zs,) Re(zpn) Im(zpm)
LSE (fig.5.21)  0.96 0.93 0.26 1.29
MHE (fig.5.24)  1.12 1.29 0.30 1.87

Spectral Error, ex

Re(zs,) Im(@s,) Re(@pn) Im(zpm)
LSE (fig.5.22) 078 093  0.25 3.08
MHE (fig.5.25) 039 096 0.7 5.33

Phase Error, ¢

Re(zs,) Im(zs,) Re(@pn) Im(z,m)
LSE (fig.5.21)  0.80  0.76 0.09 0.98
MHE (fig.5.24)  0.73 0.80 0.12 0.86

Table 5.3: Error statistics for all entries in the state estimate & corresponding to different
estimation methodologies.

Additionally, the results are compared against the MHE estimation which used y = @ZSEi)
where p corresponds to pressure measurements rotated by 7/2 so that azimuthal centre of
pressure of p is consistent with the data used for the model construction.

Pressure measurements are rotated in the following manner. The matrix denoting the
location of each pressure measurement in Cartesian coordinates, Y, and a reference azimuthal
direction, 6,y = 7, are defined. The rotation angle, 60, is set to d6 = 7/2 and a corresponding

rotation matrix R(66) is constructed such that

R(50) - cos(d0) —sin(d0) . (5.17)
sin(60)  cos(d6)

A new set of coordinates corresponding to the rotated pressure measurements is obtained as
Y " = Y R. Since the measurement signal y is calculated by projection of p, onto a single static
structure where each entry corresponds to a specific coordinate, it is necessary to map pressure
values at Y onto Y. This is achieved using a biharmonic spline interpolation [99]| providing
a set of rotated pressure values p,. The temporal evolution of state estimates Re(Zg,) and
Re(&,,,) obtained using the MHE algorithm for both y = ®/ . p and y = ®; ¢,P are presented
in figure 5.26 whilst the corresponding power spectra are shown in figure 5.27. Additionally,

the error statistics corresponding to both methodologies are presented in table 5.4.

Figure 5.26 shows an improvement in accuracy of the estimation for both Re(z,) and
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Figure 5.27: The power spectra corresponding to results presented in figure 5.26. The results
corresponding to y = ® ¢, are shown in (a)-(b), whilst those where y = ®;¢,p was used
are shown in (c)-(d).

Re(&,m,) when rotated pressure values p; are used. In both state estimates in figure 5.26(a)-(b)
there is a steady state error which is eliminated for results in figure 5.26(c)-(d). Additionally,
new estimates now contain a similar energy content to the reference states as demonstrated in
the corresponding power spectra where the magnitude of the dominant peaks in figure 5.27(c)-
(d) have values which are more comparable. Further investigation into spectra of Re(&,,) shows
that the value of the shedding frequency is approximated more accurately in figure 5.27(c), by
suppressing the high-frequency oscillations at St ~ 0.3 visible in figure 5.27(a). It is reiterated
that no modifications to the dynamical model or the MHE optimisation problem were performed
here and different shedding frequencies are solely a result of changing the reorientation of the
pressure measurements. Those observations are confirmed in error statistics in table 5.4 with

an exception of Im(Zg,) where the corresponding errors do not decrease.
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Point Error, €,

Re(zs,) Im(zs,) Re(@p,) Im(zpm)
MHE (fig. 5.26(a)-(b))  1.61 1.30 0.51 4.27
MHE (fig. 5.26(c)-(d))  1.38 1.47 0.31 2.47

Spectral Error, ex

Re(zs,) Im(zs,) Re(@pn) Im(zpm)
MHE (fig. 5.27(a)-(b))  0.80 096  0.61  34.28
MHE (fig. 5.27(c)-(d)) 062 0.96 0.29 9.29

Phase Error, ¢

Re(Zs,) Im(zs,) Re(@pn) Im(zpm)
MHE (fig. 5.26(a)-(b))  0.71  0.78 0.19 0.94
MHE (fig. 5.26(c)-(d))  0.80  0.79 0.10 0.85

Table 5.4: Error comparison for all entries in the state estimate & between the MHE results
corresponding to y = ®; ¢pp and y = B ¢ P

The improvement in the estimation of the results presented in figure 5.26 shows that
it is necessary to take into account the directional bias of pressure structures in dynamic
estimation. The approaches presented above used the pressure rotation when the azimuthal
offset between data used for model construction and dynamical estimation was known a priori.
In practical applications such knowledge is not available and it is preferable to rotate the
pressure values using online measurements, for example by setting a target configuration 0,y
and using 00 = 6(t;) — 6, to construct the appropriate rotation matrix (5.17), where 6(t;) is
the instantaneous azimuthal component of the centre of pressure. It is noted that in such an
approach when 6 is constrained to be constant, any dynamical information corresponding to
oscillations in azimuthal direction is lost. One way to facilitate this is by setting 66 = 0(t;)—0,.. I

where

é::% Z ot), (5.18)

i+1-n
and n is a number of past measurements. For n = 1, 0(t;) = 0(t;) is retained. Furthermore, if
the assumption is true that system dynamics are identical for different wake orientations it is
justifiable to use p also in the calculation of the ® ;s and observation matrix C.

In order to assess the applicability of this approach, model construction is performed using
both data sets X,/ and X, and, subsequently, the obtained model is tested on a data set
X3./2 with temporal evolution of ¢ presented in figure 5.28. It is noted that such a test

case is especially challenging since two datasets taken independently in time corresponding to
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Figure 5.28: Evolution of the azimuthal coordinate of the centre of pressure in X3, /.
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Figure 5.29: The values of ¢, and ex obtained for a range of moving average windows n.

different system reorientations are combined in order to construct the dynamical model which
is subsequently tested on data corresponding to # outside of the range used for the dynamic
modeling.

The construction of the dynamical model will follow the methodologies presented in the
previous sections. The four-dimensional state formulation (5.8) is used and the matrix A is
obtained as a solution to (5.16) where Ay, = 0.185. Subsequently, the measurement vector y
is defined as y = ®, ¢P;, where P, are the rotated pressure measurements based on a certain
number n of past measurements of § and ®,gp is calculated using (5.12)-(5.14). Finally, a
matrix C is obtained by solving (5.11). This model is subsequently used to solve the MHE
estimation problem (5.4) for v = 0.9 and NN}, = 50 at every time instance in X3, /5. The analysis
is repeated for different values of n (used to calculate (5.18) to compute an azimuthal offset 66
for a calculation of rotated pressure measurements p). The values of €, and ex corresponding
to a range of values of n are demonstrated separately for each state entry in figure 5.29.

Figure 5.29 demonstrates that €, is minimised for n ~ 150 for both Re(x,,) and Im(xp,). It
is noted that ndt where n =~ 150 corresponds to St ~ 0.067, which is the frequency characterising

the pulsation dynamics ,,, [26]. Additionally, further local minima are visible at n ~ 300 and
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Point Error, €,

Re(zs,) Im(zs,) Re(@p,) Im(z,m,)
MHE (fig. 5.30) 1.32 1.31 1.22 0.85
MHE (fig. 5.32) 1.04  0.84 0.44 0.88

Spectral Error, ex

Re(zs,) Im(zs,) Re(@p,) Im(z,m,)
MHE (fig. 5.31) 043 038 3.7 0.22
MHE (fig. 5.32) 0.56 0.32 0.41 2.22

Phase Error, ¢

Re(zs,) Im(zs,) Re(@p,) Im(z,m,)
MHE (fig. 5.30)  0.70  0.67 0.29 0.87
MHE (fig. 5.32)  0.51 0.51 0.27 0.87

Table 5.5: Error statistics for all entries in the state estimate @ corresponding to the MHE
where both model construction and the dynamical estimation utilised p and to the MHE where
multiple values of @55 are used based on different system orientations and y takes the form
as in (5.20).

n = 450 corresponding to multiples of St ~ 0.067, signifying that the most accurate results
for the shedding dynamics are recovered when p is obtained using a moving average with a
timescale corresponding to pulsation dynamics. On the other hand, it is noted that a different
trend is visible in the values of ¢, corresponding to x,, where the error decreases for large
values of n. Similar trends are visible in the spectral error statistics ex.

In order to obtain an additional insight the dynamic estimation results corresponding to
n =~ 150 are presented in figures 5.30-5.31. Additionally, the corresponding error metrics are
shown in table 5.5. The power spectra of the shedding estimates in figure 5.31(a)-(b) show
that the value of the shedding frequency is estimated accurately. However, there are differences
visible in the magnitude of the shedding peaks and the mismatch in the low frequencies. The
corresponding temporal evolution in figures 5.30(a)-(b) shows good phase agreement between
Zsp and T, in certain subsets of the temporal domain, for instance when ¢ € [0.2,0.5] or when
t ~ 1. A greater error is visible when the pulsation state estimates &,,, are analysed. For both
Re(x,n,) and Im(x,,) there is a considerable steady state error leading to a large point error
€. The high magnitude of the error is reflected in the corresponding power spectrum in figure
5.30(c) where large differences in the magnitude of low-frequency peaks are visible.

The dynamic estimation of ,,, in figure 5.30(c)-(d) is significantly less accurate when

compared with the results presented in the previous sections. The deterioration in the estima-
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Figure 5.30: Temporal evolution of the reference states, x;, and the state estimates &; obtained
through MHE where both model construction and the dynamical estimation are using p.

tion of the pulsation dynamics can be linked to the rotation of pressure measurements. Since
the timescale used to compute a mean of n past values of 6 is comparable to timescale of @,
the estimation results imply that the pulsation dynamics are effectively “averaged out” through
the pressure rotation. Such behaviour would occur if the imprint of this state on the pressure
measurements takes the form of variations in the azimuthal direction, which appears to be the
case based on the deteriorating accuracy of the estimation. On the other hand the minimisation
of error corresponding to x, at n ~ 150 implies that the imprint of this state is characterised
by the changes of magnitude at positions determined through ®;¢5. Consequently, reducing
azimuthal variation of pressure measurements is beneficial for the estimation of the shedding
dynamics. It is noted that since the dynamic model matrices A and C contain a strong coupling
between xy, and x,,,, the reduced accuracy of &,,, introduces a larger error in &,,. Taking
into account this observation an analysis will be performed where instead of rotated pressure
values p, a separate matrix ®;qg will be calculated for different values of € and the subsequent
estimation will be performed using measurements y obtained via a projection onto p based on

an appropriate indicator function.

5.6.2 Multiple pressure modes
The dynamic estimation based on multiple pressure structures corresponding to a range of

discrete 6; values will be performed here. For this purpose, out of the available data, velocity
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Figure 5.31: The power spectra corresponding to results presented in figure 5.30.

snapshots and corresponding base pressure measurements at different system orientations will
be allocated to appropriate data bins which, subsequently, will be used in the calculation of
the LSE coefficients. The 16 data bins are constructed based on the azimuthal coordinates
and each will contain data close to one of #; such that 6; € 0,7/8,...,15m/8. That is, if an
instantaneous value 0(¢;) € [0; —7/16,0; +7/16], the corresponding pressure p(t;) and velocity
measurements wu(t;) are allocated to the j* data bin.

Previously, the link between pressure measurements and the state entries was established
using the LSE methodology on the POD coefficients and in order to prevent overfit, only the
POD coefficients which had the same frequency content as at least one of the state entries were
retained. Here, the data is discontinuous and it is not possible to perform a similar analysis.
Therefore, LSE estimation will be performed using all 64 pressure point measurements. In
order to prevent the overfit, it is ensured that a large number of measurements (varied between
1480 and 2679) is included in each data bin for the calculation of the LSE coefficients.

The LSE coefficients are obtained as a solution to

PrsE

min Y ||l2; — @ [5ppil2, (5.19)

where x; is defined as in (5.8). It is noted that each @55 € R** and 16 different values of

® ;s are available. The MHE estimation is performed using measurements y defined as

Z 1,( ‘I’LSE p(t;) (5.20)

where

0 otherwise.
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and (®sp); is the solution to (5.19) corresponding to the ;% value of 6; € [0,7/8,...,157/8].

Matrices A and C are estimated using data merged from both datasets X, and X /5 by
solving (5.16) and (5.11) respectively. The model constructed in this way is subsequently used
to solve the MHE estimation problem (5.4) for v = 0.9 and N, = 50 at every time instance
in X3:/2 and the temporal evolution of state estimates @ and corresponding power spectra
are presented in figure 5.32. It is stressed that data contained in X3,/ was not used for the
minimisation (5.19). Additionally, a statistical error comparison between results in figure 5.30
and figure 5.32 is presented in table 5.5.

The presented results demonstrate the visible improvement in estimation accuracy if mul-
tiple @ sr matrices are used compared with the methodology of using rotated pressure measu-
rements p; most visibly in Re(x,,). Figure 5.32 shows that state estimate & more accurately
follows the reference state values, which is also reflected in the point error statistics €, in table
5.5. Most noticeable is the low value of the phase error ¢, corresponding to the results in figure
5.32. For the shedding state xgy,, this value is approximately equal to 0.5 for both real and
imaginary parts, signifying that the correct phase is estimated accurately throughout approx-
imately half of the analysed temporal domain. It is noted that ¢4 = 0.5 is significantly lower
than for any of the results presented previously and is due to the choice of measurement vector
y (5.20). It is noted that there is an increase in the spectral error ex for Re(xg,) which reflects
the high magnitude peak at a low frequency visible in figure 5.32(e). Nonetheless, spectral
characteristics of the frequencies in the neighbourhood of the shedding value are estimated

accurately.

5.7 Conclusions

Using experimental two-dimensional velocity fields, the structures corresponding to key
three-dimensional features of the dynamics were identified, more specifically those correspon-
ding to shedding and pulsation frequencies, St =~ 0.2 and St = 0.06 respectively. It was additio-
nally observed that the shedding dynamics has a low energy imprint on the base pressure values
making the estimation in a non-intrusive manner challenging. The difficulty in constructing an
accurate estimator is further increased by the fact that the system does not possess a single fixed
symmetry plane. Instead the reflectional plane randomly changes orientation at St =~ 0.002.

This change of the system reorientation is reflected in the non-axisymmetric pressure structu-



5.7.  Conclusions

145

200

! AUYN " W \\/‘\ A\t 1\/"“' LRSI N \ 1
) \! " \ W WAy \ \1‘\1‘ I.‘r\l“"l
-Re(@pm) 0~ - -Im(zpm) ; ! ]
Re(Zym) Im(Zym) ‘ ‘ ‘ ‘ ‘
100 0.2 0.4 0.6 0.8 1 12

(e) Re(xspn)

(f) Im(azsh)

(&) Re(zpm)

Figure 5.32: Temporal evolution of the reference states, x;, and the state estimates &; obtained
through MHE using measurements defined based on indicator functions as per (5.20) (a)-(d);
the corresponding power spectra (e)-(h)
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res which are rotated based on the value of the azimuthal centre of pressure. Consequently
utilisation of time-constant pressure structures was deemed not suitable for estimation.
Taking into account those observations an estimation framework is designed which allows
us to approximate the pulsation and shedding dynamics. Based on the azimuthal location
0 of the centre of pressure, the training domain was split into a number of segments and
separate sets of the LSE coefficients were constructed for different values of 6. Subsequently,
the measurement vectors y were constructed based on an indicator function specifying which
set of LSE coefficients should be used at each time instance. When the measurement vector y

was combined with the linear dynamic model using the MHE algorithm we were able to obtain

state estimates which, on average, reproduced key dynamical features of the system.



Chapter 6

Dynamic reconstruction for sub-sampled

or irregularly sampled data

6.1 Introduction

A fundamental requirement of modal decomposition algorithms used so far in this thesis
is that they must be be applied to a data set of flow snapshots sampled at a constant timestep
ot. However, once 0t has been chosen, the Nyquist sampling criterion [100]| indicates that an
inherent limitation is placed upon the maximum frequency that can be extracted from a data
set. In order to demonstrate inherent limitations of the DMD algorithm, figure 6.1 shows the

5

error between the true frequencies (w;)7_; = (j7107%)_; and those identified by DMD from

snapshots sampled from the one-dimensional sinusoidal system

5
fl@,t) =) sin(@+wt), O0<@<2m, t>0,

i=1

for varying snapshot spacings 10 < 6t < 120. It can be seen that the error in each of the five
system frequencies is zero until, respectively, dt exceeds 100, 50, 33, 25 and 20. This corresponds
exactly to the Nyquist condition that the sampling rate must be at least twice the frequency to
be identified, that is, ot < WLJ = %. This presents the natural question of whether it is possible
to reduce this error and correctly identify a system’s dynamical information in the case of
undersampling. Some established methods in signal processing were already outlined in §2.3.1.
In §6.2 an extension of the DMD and OMD algorithms is proposed to enable its application to a

general irregularly-sampled data ensemble. For clarity, we recall notation specific to describing
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Figure 6.1: The error in frequency estimation for a range of uniform timesteps between conse-
cutive snapshots.
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Figure 6.2: Downsampled and regularly sampled data.
irregularly sampled data.

Consider snapshots W = (w,,)"_, C R? sampled with constant timestep dt. An alternative
to varying dt, as discussed above, is to instead view Jt as a minimal timestep representing
the highest possible frequency of data collection, but assume that only a subset 4 C W of
snapshots may be used for analysis. We refer to U as the analysis data ensemble and define it
by choosing a subset J C {0, 1,..., N}, re-labelling u; := w; for each index i € J, and setting
U ={u; : i € J}. Finally, let At; be the sample times between successive snapshots in U
which are, possibly non-constant, integer multiples of §t. The schematic representation of such
a sampling strategy is presented in figure 6.2.

It will be assumed that VW is sampled at a sufficiently high rate that it contains all dy-
namical information of interest. The question which we aim to address is to what extent W
can be reconstructed from knowledge of the analysis data set U only. The algorithm, is-OMD,
which achieves such an objective is outlined in §6.2 followed by a rigorous stability analysis

in §6.3. A robust extension to the algorithm in terms of estimation of mode shapes and in-
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stantaneous unknown snapshots is presented in §6.4. Section 6.5 demonstrates an example of
a synthetic system for which is-OMD provides an improvement over compressive sampling in
terms of frequency estimation, whilst §6.6 provides a practical discussion of implementation of
the algorithm to the canonical example of the cylinder wake. The demonstration of the appli-
cability of the is-OMD algorithm to the dynamically more complicated turbulent axisymmetric

wake is presented in §6.7.

6.2 Dynamic Decomposition of Irregularly Sampled Data
The application of OMD to the regularly-sampled data set W, as discussed above, can be
obtained by minimizing
N

> |lwipr — LML w]3. (6.1)

i=1
with respect to the dynamics matrix M and projection space L. Now, if one attempts to apply

a similar approach to the irregularly sampled data ensemble U/, a natural generalization of (6.1)

is to consider the modified cost function

N N
> lwiss = LM™L w3 = fJw;yn, — LM™ L w3, (6.2)
i=0 i=0
where n; := 6? € N is the number of minimal timesteps 6t between each sample point in ¢. In

other words, if there are n; minimal timesteps between available data vectors u;,; and u; we
seek to model the system evolution over an interval of length At; = n;6t by the iterated linear
mapping (LML")"% = LM™L".

Such a formulation encounters an immediate problem. Since in general n; > 1, the modified
cost (6.2) is at least of quartic order with respect to M meaning that an analytical solution

is no longer available. To attempt to avoid this problem, consider the related optimization
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Figure 6.3: Schematic representation of a single iteration of the is-OMD algorithm. Given an
initial guess for the dynamics LM L' —represented by solid lines—over each timestep and the
slack variables (step 1), the slack variables are first updated (step 2) before being fixed to allow
an update of L and M (step 3).

problem

N

Juin ZO: |@i1 — LML, (6.3a)
s.t. w; € RN, i=0,...,N, (6.3b)
w; = u;, 1€ J, (6.3¢)
L'L=1LeR™" MecR™. (6.3d)

Now, the variable space of (6.3) is considerably extended with respect to OMD, since
higher powers of the dynamics matrix M are avoided by introducing “slack” state variables
w; € R corresponding to each underlying minimal timestep jot. The analysis data ensemble
U is then employed by enforcing the constraint w; = w;,7 € J. Finally, again following the
OMD formulation, the user-defined parameter r < N — 1 specifies the rank of the sought
approximating dynamics LML'. For completeness, we note that (6.3) reduces to the DMD
algorithm in the case that W = U,r = N — 1 and L = POD(wy,...,wy_1). The OMD
algorithm is recovered in the case that W = U.

Despite the removal of higher orders of M from the cost function, (6.3) cannot be solved
directly. Indeed, the inclusion of slack state variables w; € RV makes the problem overdeter-
mined, while the products of decision variables—for example, in the LM L' &, term—indicate
that the problem is non-convex. To begin to address these difficulties, we propose a two-step
iterative solution method indicated schematically in figure 6.3: first, the model variables L
and M are fixed and the slack variables w; are updated by solving a least-squares problem;
second, the updated slack state variables are fixed, allowing M and L to be updated using the
standard OMD algorithm applied to the regularly temporally-sampled fields w;.

The first of these steps—minimizing (6.3a) with respect to w; only, subject to constraints
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(6.3b), (6.3c)—is simply a least-squares problem. However, since typically N, = O(10°79), the
problem is memory-intensive and likely to be ill-conditioned. Instead, we only seek to minimize
the model error over the subspace Im(L) C R™+, where L is fixed within the slack variable

update sub-iteration. This is achieved by considering the projected quadratic cost
|LL" (&is1 — LML'@;) |5 = ||L (L@, — ML'&,) |3 = [leis — Mei||?,  (6.4)

where ¢; := L'@; € R". Since r < N,,, minimizing (6.4) with respect to ¢; is advantageous to
minimizing (6.3a) with respect to w;. Consequently, the first step of the pairwise optimization

is to solve the constrained least-squares problem

N
min Z ||Ci+1 — MCZ'HQ, (65&)

ER——
st. ¢ =L"u;, ifieJ, (6.5b)
c, € R, (65C)

upon which the slack state variables are updated by lifting up via w; + Le¢;. After this update,
the w; are fixed and L, M are updated via the OMD algorithm [L, M| <- OMD((w;)Y,). Tt is
proved in §6.3.2 that this two-step procedure is guaranteed to decrease the cost (6.3a) which,
being bounded below, implies that it will converge asymptotically to a local minimum.

A subtle characteristic of the OMD algorithm (step 6 in algorithm 1) is that the cost
function of the minimisation problem (6.7) is invariant under rotations of L [21]. In particular,
for any orthogonal matrix R such that RR=1 , the pairs [L, M] and [LR, R'M R] have
equivalent costs. The explanation of this behaviour is that OMD identifies a subspace Im(L) C
R™ upon which a low-order representation of the system dynamics can be provided, and
that each LR is just a member of the same equivalence class describing this subspace. For
visualisation purposes, we therefore propose in steps 10-12 of algorithm 1 to choose a rotation
of L which ranks its columns by their energetic contribution to the known data.

The is-OMD procedure is summarised in algorithm 1 which outputs: (i) estimated inter-
mediate snapshots w;,i ¢ J; (ii) a projection matrix L and (iii) an approximate dynamics

matrix M. The appropriate choice of initial projection and dynamics matrices, Lq, M, will
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be discussed in detail in §6.6.1 where it is demonstrated that a sensible choice is to set the initial
dynamics matrix to be a small perturbation of the identity matrix with normal distribution of
standard deviation o, (My);; = N(0,0?) + d;;, and the projection space to be POD modes of
the analysis data ensemble U, Ly = POD(U). Additionally, the beneficial impact of choosing a

large value of r will be established in §6.6.2.

Algorithm 1 is-OMD
. inputs U = {u; : i € J}, Ly € RN*" satisfying LI Lo = I, My € R™" k=1, and € > 0.

—_

4

repeat

N
(ch) < arg minz le; — My_1ci1]|3,

(ci) i=1 (66)
sit.c; =L, ju; ifie J.
4 wh« L,k i¢J.
5 wh+wu, ieJ.
6:
N
[Ly, M ] < arg min Z |wk — LML w" |2,
LM i=1
(6.7)
st. L'L=1,
L e RNuXT, M € R
T
N
i=1
& k<« k+1

o

s until (Sy — Sk_1) <€

10: REV' « svd (L]U)

11: M + RTM,CR

122 L + LR

13: return (w;)¥,, M € R™" and L € RM*".

A natural variant of algorithm 1 is to use DMD in place of OMD in step 6, in which case
L. := POD((wk)X,,) would be fixed in step 6 within each iteration. Note that in this case, a
final rotation of L in steps 10 - 12 is unnecessary. Finally, it should be noted that the notion of
dynamic modes has not yet been defined in the context of algorithm 1. This will be discussed

subsequently in section 6.4.1.



152 Chapter 6. Dynamic reconstruction for sub-sampled or irregularly sampled data

6.3 Algorithmic considerations

We now discuss feasibility of the slack variable sub-problem (6.6) and computational com-
plexity of the algorithm 1. Since the model update sub-problem (6.7) is an application of
OMD or DMD, we refer to [21] for a discussion of this step’s performance. Furthermore a de-
tailed proof demonstrating that the cost (Sy) is monotone decreasing (and hence, convergent)

is presented in §6.3.2.

6.3.1 Convexity of the slack variable update

The equality constraint ¢; = LTu;,i € J of (6.6) represents timesteps at which data is
available.  Without loss of generality, we consider the problem in which J = {0, N}, since
the general optimization problem can be broken into a number of independent sub-problems
of this form. Now, it is not difficult to prove that (6.6) can be written as the unconstrained

least-squares problem

min|| A€ — bl

where

(M0 0] [ LTuy |

. 0

A=|o . . 0| er¥xW-Dr p_ : e RV,
M 0
0 ... 0 —I] | —-ML"u, |
T

and & = (CE—1 C1T> e RW-1r, Consequently, (6.6) is convex and admits the solution

&= (ATA)_lATb provided the matrix A is full rank. This is true, and follows from the easily
shown fact that A§ = 0 < & = 0. Finally, we note that solving a series of independent sub-
problems has significant advantages in terms of computational memory savings and improved
numerical stability due to a reduced condition number of (A" A) compared to the case where

€ and b contain L' u; and ¢; for all i € 7.

6.3.2 Monotonicity of (Sy)

To facilitate the analysis let Z = {0,1,..., N} denote all timesteps of interest, recall that

J C 7 denotes points of known data and introduce two new subsets: J~ contains timestep
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Figure 6.4: A representation of an allocation of indices to different sets in iss-OMD problem.
indices immediately preceding those in J; and J+ which contains indicies representing times-
teps immediately after those in J. This assignment is indicated in figure 6.4. It is assumed
for simplicity that 7~ N J" = 0 and we note that if | 7| = m then |7~ U JT| = 2(m — 1).
Recalling that 'wf = u;,1 € J and letting J° :=Z\ (JUJTUJ"), the residual S, can be
written

Se= Y [l = LMLl |+ Y ok — LML |
7 o (6.9)

+ Z H’U/H_l — LkMkL;crwaZ .
€T~

Theorem 1. Let Sy be the residual (6.8) from algorithm 1. Then Sy > Ski1 > 0 and there
exists S* > 0 such that S, — S*, k — oo.

Proof. For each k >0, L, L, : R” — R? is a projection. Estimating the first two terms of (6.9)
from below by their projections onto Im(Lj,) and decomposing the final term into contributions

from the image and kernel of Lj give

S > Z |Ly L), (wf — LyM L w} ) ||* + Z |LyL), (wf — LyM L, w; +) |?

ieJ0 ieJt
# 3 IR (s~ TMEf0) P41 (= T wi ),
i€J
Now, since L, L;, = I, it follows that || L;v|| = ||v||, for any v € R". Hence,

Sk = > |Lfwf — MyLiwf >+ ) | Liw! — MyLjuy|

b
ieJo ieJt

+ 3 (1B s~ MW+ (1 - BaL]) wi
ieJ

Recalling that cf = L] w" and writing d; = L, u;,
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Sez ) llef = Mict P+ ) llef = Midlf”

i€eJO ieJt

+ 3 |ldips — Mycf|” + || (T — Lp L)) wia ||,
1€J ™

(6.10)

Now, the first three terms of (6.10) are exactly of the form of the optimization problem (6.6)

of algorithm 1. Hence, by optimality,

Sp = Y et = My )P+ )l — Mydi |

i
i€J0 eJ+

b 2 (s = M 4 (1 - B wil.
1€J~
Note that values of d; do not change between subsequent iterations due to constraints imposed
in the optimisation problem (6.6).
The subsequent step 4 in the algorithm consists of approximating time resolved snaps-
hots w; with the “backwards” embedding using the columns of L;. Again, using the identity

|Zew]? = o2, for v € R,

Sk > Z |Lpch™ — LM e )2 + Z |Lyci™ — LM yd; |

i
i€ g0 €eJt

+ > | IIkdips — LMy P+ || (T — LeLy) wiga |-
(ISVAn

In step 4 of Algorithm 1, wf“ = chf“, and, hence, it is true that L;wf+1 = cf“,

which implies that the above expression is equivalent to

Sk > Y J[wtt — LM L{wi P+ ) wht — LML w, o |
ieJo eJt
+ Z Ly L wipy — LMLy wi ™ + || (I — Le Ly ) wia ||
ieT-

Again, using the fact that ||v||* = ||LyL, v|*+ || (I — LyL,, ) v|* for any v € RP, the final
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two terms in the above inequality can be combined to show that

S > Y [lwhtt — LML wi P+ ) wht — LML w o |

i€ Jo ieJ+

+ Z i1 — LM L wi .
€J

Finally, invoking optimality of the [L, M]-update optimization sub-problem (6.7) gives

Sk = Z lw} ™ — Ly a My Ly wl P + Z lw} ™ — L a My Ly yui |

i€Jo eJt
T k412
+ g |wip1 — L1 M1 Ly w7 ||
ieJ
= Sk+1-

Hence, (Sk)r>0 is a monotone decreasing sequence which is bounded below by 0. Therefore,

there exists S* > 0 such that S, — S*, k — oo. O

6.3.3 Computational complexity

The computational cost of the algorithm 1 consists of that associated with the two optimi-
sation sub-problems; the least squares problem (6.6) and the modal optimisation (6.7) where
the dynamic model is updated via OMD (or DMD). Solving the least squares problem using,
for example, the Moore-Penrose pseudoinverse of A € RN (N=1r has complexity O(N 3r3).
Moreover, as discussed in §6.3.1 the full least squares problem can be broken down into a num-
ber of smaller, independent, sub-problems corresponding to NN; intermediate timesteps, each
of which can be solved at a low computation burden. For example, (N; = 10,7 = 40) and
(N; = 20,7 = 60) can be solved in 0.01s and 0.3s on a standard desktop computer, respectively,
and each sub-problem could be parallelised, if required.

For the modal optimisation sub-problem (6.7), a discussion of the computational perfor-
mance of OMD and DMD can be found in [21]. Both the total number of slack variables N
and the approximation rank r affect computation time in addition to the underlying dynamic
characteristics of the specific system to which the each algorithm is applied. With respect to
the examples considered subsequently: for the cylinder flow in §6.6, the is-OMD algorithm

converges with a tolerance of 1072 after 80 iterations of algorithm 1, with each call of OMD in
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sub-problem (6.7) requiring 8.0s (N = 500, = 50), giving a total computation time for is-OMD
of 640s; for the application to PIV snapshots of turbulent flow past an axisymmetric bluff body
in §6.7, is=OMD converges to the same tolerance in only 10 iterations but with a higher cost of
13.8s (NN = 120,7 = 30) for each OMD sub-problem, resulting in a total computation time of
138s.

Finally, we note that since both OMD and algorithm 1 are iterative, a possible method to
improve algorithmic efficiency would be to apply a (small) fixed number of OMD iterates at
each sub-problem (6.7). Alternatively, one may apply DMD in place of OMD in sub-problem
(6.7) to reduce the computational cost. This will be explored in future work. All computations
were performed using MATLAB on a standard desktop PC with a 3.4 GHz quad-core Intel i7

processor and 16 GB RAM.

6.4 Mode extraction and approximation of intermediate

snapshots
In order to describe the performance of algorithm 1, consider first a one-dimensional synt-

hetic sinusoidal system

flx,t) = ZAj sin(k;x + w;t) exp(v;t), 0<xz<1,t>0, (6.11)

J

with exponential growth rates «y;, amplitudes A; > 0, frequencies w; > 0 and wavenumbers

k; > 0. A reference data set W = {wi}?gi is created where each snapshot

. Ny,
w; = (f <Niu,i5t>>j:0, i=1,...,900,

is sampled at N, = 10* equally spaced points.
Downsampled, analysis data sets U = {w; };c7 C W are created by defining a sub-sampling
strategy J C {1,..., N}, and associated with each downsampled set is an average sampling

timestep
1
Aty = — At;,
av |j| ; (2

where At; is the timestep between subsequent elements of U//. For each frequency wj, let



6.4. Mode extraction and approximation of intermediate snapshots 157

-0.04 O Reference Results
X is—-OMD

-0.3 -0.2 -0.1 0 0.1 0.2 03

Tm(X)

Figure 6.5: Dynamic matrix M obtained using is-OMD algorithm for the synthetic sinusoidal
system with exponential dynamics (left), structures present in the system represented by most
energetic columns of L and is-OMD modes ®*~9M? ohtained using algorithm 2 (right).

oty = m/w; denote the largest sampling timestep which satisfies the Nyquist criterion for
that particular frequency. Of interest will be the situations in which At,,/ ot; > 1, indicating

cases where, on average, downsampling may prevent accurate frequency identification.

2

We consider data sampled from (6.11) in the case of two frequencies wy = Jj,wy = 3%,

respective amplitudes A; = 1, Ay = 0.5, wavenumbers k; = 10, ky = 100, growth rates v, =
0.01,7v = 0.05 and minimal timestep 6t = 1. The analysis data ensemble U is selected with an

average sampling timestep satisfying

Aty T Aty 6

st 8 oty 5

meaning that we would expect, according to the Nyquist criterion, to accurately extract w;
but not ws. Such a selection of an average sampling timestep provides a downsampled data
ensemble U of cardinality |U| = 45, i.e. only 5% of the time-resolved ensemble W is retained.
Algorithm 1 is initialised with (Mp);; = N(0,0%) + 4,5, that is, a small perturbation of the
identity matrix with o = /0.3, and Ly = POD(U), where U is the analysis data ensemble in
a matrix form.

Figure 6.5 presents the eigenvalues of the matrix M obtained from the is-OMD algorithm
demonstrating that the is-OMD algorithm accurately identifies the oscillatory and exponential
parts of the dynamics corresponding to both resolved and undersampled frequencies. For re-
sults presented in figure 6.5 the proportional eigenvalue error is O(107%) for both \; and ).
Additionally, figure 6.5 presents the most energetic columns of L. These structures have the
shape of the sinusoids with an amplitude and wavenumber specified by A; and k;. Columns of

L retain the prescribed values of k;, albeit with a visible interaction between k; and k;.
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As discussed in section 6.2, the columns of L should be viewed as spanning a subspace of
RN appropriate to the system dynamics and, consequently, there is no a direct correspondence
between eigenvalues of M and columns of L. In the OMD algorithm, dynamic modes ®
are defined as the embedding of the eigenvectors of M into a high-dimensional vector space
using projection L, i.e. ® = LP) where M = PMAMP]TJI, indicating that each mode
corresponds directly to a particular eigenvalue. Now, despite the identification of accurate
spectral information and projection basis vectors indicated in Figure 6.5, it is the case that the
columns of L P, lack coherence. In particular, the lack of time resolved data manifests itself
in corrupting the eigenvectors of M. Although L and M may still be of sufficient quality to
construct an approximate low-order model of the system, if one would like to define dynamic

modes the following alternative mode extraction post-processing step is proposed.

6.4.1 Dynamic Mode Extraction
Given a data ensemble (w;)Y,, a typical description |6, 20, 36] of dynamic modes ®; and

eigenvalues )\; is that they describe the evolution of the first N — 1 snapshots according to

N
w; = \N®; =W =2V, (6.12)
j=1
where W = [wy, ..., wy_1],® = [®q, -+, Px]| and V is the Vandermonde matrix
1 A A2 . AN
1 X A2 ... AV
Vo= 2 > . (6.13)
1 Ay A o AN

In particular, for V' constructed using DMD eigenvalues, DMD modes can be interpreted as

arising from the solution to the minimisation problem

min [|[W — &°MPV||. (6.14)

@DMD

In view of the observation that accurate spectral information may be identified by algorithm

1, we seek to adapt this approach to calculate dynamic modes from the output of algorithm
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1. In particular, consider the output M with eigenvalues \; obtained from a data ensemble
with known data only at points J C {0,..., N}. From this, construct a reduced Vandermonde
matrix V' 7 containing r rows and only the columns whose indices are in 7. The dynamic modes
associated with algorithm 1 are given in terms of the solution to the reduced minimization
problem

rrgnHU -V 4| (6.15)

This is a least-squares problem with solution, ®, from which the dynamic is-OMD modes are

defined as

issOMD __ q)j
! @]l

It is noted that computation of the dynamic modes through an inversion of V' ; can be restrictive
in the sense that it is assumed that temporal evolution corresponding to coherent structures
is highly periodic. In applications where this is not the case an alternative approach may be
required: an example is presented in §6.7 where dynamic modes are obtained by introducing
rate constraints to the low-dimensional dynamics.

A technical consideration is that an accurate solution to the problem (6.15) requires V' to
be full rank. However, it is known that Vandermonde matrices are typically ill-conditioned [101].
For this reason, it is also desirable to remove rows of the Vandemonde matrix corresponding
to eigenvalues which are of comparative unimportance to the system dynamics. This can be
achieved by taking a QR decomposition with column pivoting V' |, = QRPT, where Q'Q =1,
R is an upper triangular matrix and P is a column permutation matrix such that absolute
diagonal values of R, |ry|, are decreasing. A tolerance, 0 < ¢ < 1, is chosen, and the number
or rows retained, n, is set to n = max{i : |ry| > #|r1;|}. The intention is that the condition
number of the reduced matrix is decreased since rows corresponding to dynamically unimportant
eigenvalues (which typically possess a large negative real part) are discarded. The number
of removed rows will depend on the tolerance ¢ which has to be set such that majority of
dynamically irrelevant eigenvalues are discarded but all of the dynamically relevant features
are retained. An appropriate way to select ¢ is outlined in §6.6.2, and the post-processing step
is summarised in algorithm 2.

Using the eigenvalues obtained previously, the is-OMD modes of the system (6.11) are

obtained from (6.15) for a Vandermonde matrix conditioned with £ = 0.01. Figure 6.5 shows
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Algorithm 2 Dynamic Mode Post-Processing

1: inputs U = {u; : i € T}, [\, ..., \] T = eig(Misomp ), 0 <t < 1.
2 V= (vg)ji < )\;’1, forere Jand j=1,...,r.
3 QRP" « qr(V'7), such that |r;| > |r| for j <.
4 m <+ max{i : |ry| > tlrul}.
5 P <« [py,...,D,], where p; are columns of P.
6: Vj — PTVJ.
7. ® + argmin||U — ®V 7|
@

is- ®;
8: q)?-s OMD m )
9: APOMP [\, AT
10: return ®SOMD ¢ Rpxn ABOMD =y o AT

modes corresponding to identified eigenvalues, which accurately match the prescribed spatial
wavenumbers k; and ky. Note the difference between the columns of L in figure 6.5 where
there is a visible interaction between both wavenumbers, a phenomenon which is not evident
in ®*°MP  Although L is not used in the calculation of ®*°MP its inclusion in the variable
space of algorithm 1 allows for greater freedom in the estimation, which may lead to more

accurate A\; and, hence, more accurate dynamical modes.

6.4.2 Intermediate snapshot reconstruction

Despite the fact that the intermediate snapshot variables w; in algorithm 1 provide the
freedom with which accurate spectral information can be obtained, these variables typically
contain high-frequency content not present in the reference data. However, using the eigenvalues
AFOMD — 1\, \,] and dynamic modes ®¥°MP = [®,,... &®,] obtained from algorithm
2, it is possible to obtain improved approximation of intermediate snapshots corresponding to
timesteps i ¢ J.

To do this, consider the interpretation of the modal decomposition output described
through (6.12). At each of the known analysis data snapshots (uy)res we consider the pro-
jection (@*OMP )T

u =: (a;)7_; € R" and subsequently extrapolate via

W=y Na;®;, k=101 (6.16)
j=1

where ny is the number of minimal timesteps dt between successive snapshots w; and wg, 1.
The above technique is applied to the system (6.11) with the same parameters as in §6.4.1,

with eigenvalues A; and dynamic modes ®; obtained with algorithm 2, to produce intermediate
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Figure 6.6: Temporal evolution of the snapshots reconstruction error ¢; = TSRIE where w;
is defined by (6.16). l
snapshots w;. Figure 6.6 presents the temporal evolution of the snapshot error ¢; = ||w; —

w!||2/||w;*/||2, where it can be seen that due to the linear nature of the system, the error
increases linearly when w;, is estimated further away from known snapshots u;. However, since

the eigenvalues \ are estimated accurately, snapshot extrapolation gives a small error ¢; < 107

6.5 A Comparison with Compressive Sampling
The statistical performance of both is-OMD and Compressive Sampling in terms of the
ability to extract frequency content from undersampled data will be analysed on the one-

dimensional synthetic sinusoidal flow

fla.t) =) Ajsin(kje+wit), 0<x<1, t>0, (6.17)

J

with amplitudes A; > 0, frequencies w; > 0 and wavenumbers k; > 0. Similarly to the system

in §6.4 reference data set W = {w;}}5 is generated where each snapshot

w, = f L, ist o 0=1,...,900,
N, i

is sampled at N, = 10* equally spaced points in 0 < & < 1. Algorithm 1 will be compared
with the compressive sampling approach developed in [33], which will be referred to here as
CS-DMD. CS-DMD is implemented by first obtaining an approximation of the fully-resolved

data set, W, from the analysis data set U using a CoSaMP algorithm [80]. Subsequently, the
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DMD eigenvalues corresponding to W are obtained. Accuracy is described by the proportional

error in extracted frequency
|w; —Im(A)|

S e —E
W

where A\ are the eigenvalues obtained by each of the two methods.

6.5.1 Robustness of CS-DMD and is-OMD

2

We consider data sampled from (6.17) in the case of two frequencies w; = 5

us J—
%7(’02 -

with respective amplitudes A; = 1, A, = 0.5, and minimal timestep 0t = 1. The analysis data

ensemble U/ is selected with an average sampling timestep satisfying

Aty T Aty 6

st 8 oty 5

as in §6.4.

The first step of CS-DMD is to apply compressive sampling to U/ to form an approximation
W to the fully-resolved data ensemble W. Recall from §2.3.1 that this achieved by (i) choosing
and fixing a temporal basis E, then (ii) successively adding a number, k say, of elements of this
basis which best correlate with the available data. Motivated by the fact that the underlying
data sampled from (6.17) is sparse in the Fourier basis, we set = to be the inverse Fourier
Transform and obtain approximations Wy ~ W corresponding to extracting k£ = 4,8 and 20
dominant basis vectors. DMD is then applied to each Wk to determine the identified eigenvalue
information.

Since we do not want to assume a-priori the number of dynamically important structures
present in a given data set, it is desirable that the accuracy of the frequency information
provided by CS-DMD behaves predictably with the requested number of basis elements k.
Figure 6.7 indicates that this is not the case. Indeed, the frequencies w; are accurately identified
only in the case k = 8, with k = 4 failing to identify the higher frequency ws while the choice
k = 20 results in an under-approximation of w;.

For k = 4, inaccuracy arises from the discrete Fourier frequencies implied by the chosen

basis E. Since the fully-resolved data ensemble contains 900 samples, the chosen basis contains

only discrete frequencies wrp = (29%8)2(1)0, k of which are used to express the data. For this

particular example, no single wr coincides with w; = 7/20. Instead there are multiple values of
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Figure 6.7: The DMD eigenvalue lattice obtained using snapshots reconstructed with CS-DMD
for different number of sparse structures (a)-(c), with A\js_onmp is given for r = 45. The Fourier
spectrum obtained by compressive sampling for k£ = 20 is shown (d)

wp in a small neighborhood of w; and, since A; > A,, the CoSamp algorithm applied with & = 4
(incorrectly) identifies a pair of frequencies wg close to wy. The result is improved for k£ = 8,
which is sufficiently large to resolve both w; and the higher frequency w,. However, for & = 20
it is shown in figure 6.7(d) that compressive sampling identifies Fourier frequencies wp not
present in the underlying system, in addition to those close to the true values w/7 = 0.05, 0.08.
Upon application of DMD to W,, these extra frequencies result in an incorrect identification
of wj.

Such a lack of robustness with respect to & is not evident in the application of algorithm 1 to
this example, which, as can be seen in figure 6.7 (a)-(c), correctly identifies the two underlying
frequencies in the data using a model of order r = 45. The is-OMD results in figure 6.7 (a)-(c)
present only four eigenvalues of interest. The eigenvalues of relevance were chosen based on the
energetic criterion similar to approaches in |6, 36, 45| where the magnitudes of the DMD modes
are examined. Here, the magnitude of a solution to (6.15), ||®x||2, is assessed and eigenvalues
with the largest magnitude of the associated modes are selected. Note that, if V' ; contains
dynamically unimportant eigenvalues with large decay rate, the associated modes will have an

excessively large magnitude in order to compensate for the low value of Aé’l at later timesteps.
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Figure 6.8: The relative contribution of the is-OMD modes.

Therefore, in order to obtain a meaningful ranking of modes based on the energy criterion, it
is important to remove dynamically unimportant rows of V' 7 using algorithm 2. Here, (6.15)
is solved using V' 7 conditioned with £ = 1073 retaining nine rows of Vandermonde matrix, and

consequently nine structures. Figure 6.8 shows a relative energetic contribution of each mode to

the system dynamics defined as |X;| = {222 demonstrating a clearly visible drop in |||

2 lekll2?
between dynamically important and unijmportant eigenvalues and allows the identification of
frequencies presented in figure 6.7(a)-(c).

Note that another variable prescribed a priori in the CS-DMD methodology is the rank r
of the DMD approximation, which is upper bounded by the number of extracted basis vectors
k. The CS-DMD results presented in figure 6.7 were obtained with DMD approximation of
rank 7 = 4 as opposed to r = 45 of the is-OMD results. The reason for selecting this rank for
the CS-DMD approximation can be explained if the maximal case r = k is instead considered.
With this choice, DMD eigenvalue information will replicate the Fourier frequencies which most
accurately correlate with the analysis data ensemble, U. Figure 6.9(a) presents the relative
contribution of each mode for r = k = 20. Although the frequencies corresponding to the most
dominant modes are close to the true values, it is nonetheless not clear from figure 6.9(a) how
to choose a threshold which will allow frequencies of dynamical importance to be retained. A
similar situation occurs in figure 6.9(c) for r = k = 8.

For r = k = 8 the eigenvalues coincide with wp which lie in a small neigbourhood of

wy and wy with a small error €, corresponding to those frequencies. However, it is shown in

figure 6.7(b) that if a combination k = 8,7 = 4 is used, €, decreases further. Based on these
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Figure 6.9: The output of the CS-DMD methodology for different values of k£ and r where
k = r. The importance of modes and corresponding eigenvalue spectrum for k = r = 20 is
shown in (a)-(b) while those corresponding to k = r = 8 are presented in (c)-(d).

observations, in §6.5.2 where a statistical sample of sinusoidal flows is investigated, for the

CS-DMD methodology a combination of £k = 8 and r = 4 is used.

6.5.2 Frequency estimation analysis: a statistical comparison bet-

ween Compressive Sampling and is-OMD
To study the differences in performance of is-OMD and Compressive Sampling, both met-

hodologies were applied to the system (6.17) for a range of frequencies and average sampling

U

rates. In particular, the lower frequency is fixed, as above, to w; = g5,

while the higher system

frequency takes one of values

nm

— =1,...,20.
1007 n ) )

wa(n) = wy +
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Subsequently, for each of value of wy(n) a number of downsampled analysis data ensembles U,

are constructed whose average sampling rates satisfy

At o (Unim) m
——— =1+ —, m=1,...,55,
ot; 20
that is, each exceeds the Nyquist criterion to differing degrees. This is achieved by constructing

fully-resolved data sets

14+ m/20 ,
= ——)):0<x< =1,...
Wim {f(w,2<1+n/5 )) 0<xz<l1,i=1, ,900}

and sampling non-uniform analysis data ensembles U,,,,, C Wy, each of cardinality |U,,,,| = 45.
Note that the fully resolved data set is varied for each pair (n,m) in order that analysis data
sets with different average downsampling rates (as a proportion of §t}) can be constructed to
possess the same proportion, 5%, of elements to the fully-resolved ensemble.

The CS-DMD and is-OMD algorithms are applied to each data set U,,,,,. Motivated by §6.5,
we apply the CoSamp algorithm with sparse basis matrix 2 as the inverse Fourier transform
and set the sparsity level to k = 8. Algorithm 1 is initialised with (My);; = N(0,0?) 4 d;;, that
is, a small perturbation of the identity matrix with o = 1/0.3, and Ly = POD(U,,), with the
modelling dimension set as r = |[Uy,,,| = 45.

Figures 6.10(a)-(b) show the proportional frequency error €, corresponding to wy,ws, re-
spectively, averaged over the different values of At,,(Unm)/d0t;. Note that since the data is
sampled in such a way to achieve a particular value of At,,/dt;, the corresponding downsam-
pling ratio for 6t} is At,,/dt] = (Ata/0t5) (w1 /we), meaning that At,,/dt; are not similarly
grouped. Consequently, a discrete set of values is defined, S = {1.02,1.04,---,1.92}, and for
each element S; results satisfying |At,,/dt] — S;| < 0.01 are grouped together and averaged
accordingly. It is clear from figures 6.10 (a)-(b) that the proportional frequency error is reduced
by application of algorithm 1 in comparison to CS-DMD.

Figure 6.10(c) shows the proportional frequency error €, corresponding to ws, as wq is
varied, each averaged over the 55 different values of the downsampling ratio At,,/ots. The
CS-DMD error is approximately constant, while to is-OMD error decays as |w; — ws| increases.

It should be noted that such a pattern can be observed if the OMD algorithm is applied to
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fully time-resolved snapshots VW which contain observation noise. This is, pairs of eigenvalues

satisfying |Im();) —Im(\;)] < 1 are sensitive to observation noise.

6.6 Numerical example: Cylinder Wake

Algorithms 1 and 2 are applied to the numerical results of the circular cylinder flow at
Re = 60 and their performance is analysed on the limit cycle regime. This dynamical system
exhibits a pair of vortices oscillating at a shedding frequency together with a series of higher
harmonics; each oscillating at an integer multiple of the shedding frequency. These values can
be extracted by applying the OMD algorithm to a time-resolved data ensemble.

The performance of is-OMD will assessed by comparing the eigenvalue information between
eigenvalues retained in the post-processing algorithm 2, A®°MP and \puyp from the OMD
algorithm applied to time-resolved data. Three aspects of algorithm initialisation and their
impact on the extraction of dynamic information are discussed here: the initialization of Ly and
M ; the projection rank r; and sampling strategy 7. A downsampled data set U is extracted
randomly from a reference data set YW uniformly sampled at ¢t = 0.25s containing 30 snapshots
per shedding period. Here, it is convenient to introduce the following quantities related to the
sampling strategy: At,, = Zi%ﬁti, Atpin = min{At; : i € J} and Atye, = max{At; :i € J}.
Unless stated otherwise U is sampled such that At,, = 100t without constraints on At,,;, and
Ataz- Applying a Nyquist criterion to data downsampled at a constant At = 106t, such

downsampling is sufficient to resolve the vortex shedding frequency but not satisfactory if the

objective is to identify higher frequency modes.
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6.6.1 Initial condition analysis
To assess the most appropriate properties of Ly and M to initialise is-OMD , three classes

of initial condition are considered:

1. Ly is set to POD modes of the known data, U, and an identity matrix chosen to approx-

imate M, i.e. Ly =POD(U), My =1,;

2. Ly = POD(U) and an identity matrix with entries perturbed by noise used for M:

(Mo)ij = N(0,0) + dij;

3. OMD is applied to data undersampled with a constant timestep At, U, to obtain L, and
MQ, i.e. [MQ,L(]] = OMD(U)

The motivation for [M, Ly] = OMD(U) is that in systems exhibiting limit cycle beha-
viour, their dynamics do not qualitatively change with time. In such a case two sets of data
can be acquired, one with non-uniform At which is used as an input to is-OMD , U, and a
second one which is uniformly subsampled, U. In such a case U is not sufficient to obtain all
the dynamics of interest, however, the output of OMD can still be used for Lg and M.

In order to consider the role of the initial conditions, the same downsampling strategy and
approximation rank r are used for all three cases. In particular, ¢/ is sampled non-uniformly,
with At,, = 106t and without constraints on At,,;, and At,,.., while the projection rank is
set to r = 75. The dimensions of both data sets W, U are W & RN«x™0 [ ¢ RNeXT5 je,
|Z| = 750 and | J| = 75. The U € RY«*™ was sampled such that At,, = 105¢ which is sufficient
to resolve a timescale of %T, where T' is a shedding frequency. Note, that cylinder flow contains
harmonics with timescales of % for n € Z*, meaning that %T is not sufficient to resolve the
subharmonic with a timescale of %

The extracted dynamical information for My = I,, [M, Ly] = OMD(U) and (M);; =
N(0,0) 4+ 6;; with ¢ = 1072107 are presented in figure 6.11. In all of the analysed cases, only
the eigenvalues retained in algorithm 2 for = 0.3 are presented. The Strouhal number is defined
as St = fD /Uy, where D is the cylinder diameter and U, is the inflow velocity. Assuming that
flow field was nondimensionalised using a cylinder diameter and an inflow velocity, the Strouhal
number can be extracted from the phase information of each eigenvalue, St = Im(\)/(27). The

magnitude of the eigenvalue provides the information about the growth rate, which is expressed



6.6. Numerical example: Cylinder Wake 169

000000 Q00@®@@0OO0 02/

] ]

¢ 9

0.951- 0.15r

(o)

2 el Co00000 01]

Reference Results
Noise Matrix (o = 0.01)
Noise Matrix (o = 0.001)
OMD based Matrix
Identity Matrix 0
-08 -06 -04 -02 02 04 06 08

0.85- 0.051

x & 0 @ O

. . .
6 —4 2

10 10 10
logyy()

0.8
0
St
Figure 6.11: Eigenvalues of the dynamic matrix M obtained using the is-OMD algorithm for

different initial conditions (left). The error in eigenvalue magnitude for identity matrices with
o € [107?,107%] (right), obtained for the projection rank r = 75.

in such a way so that growth rate, 3, follows /', i.e. 8 = exp(Re())). The reference eigenvalues
in figure 6.11 were obtained by applying the OMD algorithm to W for » = 30 and consist of
the asymptotic eigenvalues representing the limit cycle behaviour and eigenvalues at § = 0.9
characterising relaxation of the flow onto its limit cycle |24]. The primary objective is to assess
the accuracy at which the is-OMD algorithm approximates the asymptotic eigenvalues since
the values at 5 = 0.9 correspond to dynamics at extremely low energy for the chosen data set
W.

In the case where M, = I,, a majority of the eigenvalues of M are characterised by
Re(\) < 0 and are discarded in algorithm 2 due to the choice of £. None of the frequencies
present in the system are recovered. For [M, Lo] = OMD(U) only frequencies within timescale
range of U are correctly estimated (i.e. St € [~0.2,0.2]). Figure 6.11 demonstrates that noise
must be added to M in order to extract high frequency harmonics. It is interesting to note
that as the standard deviation increases, more frequency information is recovered. In particular,
for an order of magniture increase in o, an additional conjugate pair of eigenvalues is correctly
identified and the growth rate of all eigenvalues, 3, is more accurate.

In order to further demonstrate a beneficial influence of noise addition a repeated analysis
was performed for (Mp);; = N(0,0) + &;; with o € [107%,107%]. Accuracy in the estimation

of seven most dominant eigenvalues is analysed and the proportional error is defined as € :=

Zi?:l |)\§rue7)\i_s—OMD I

i) . Figure 6.11 demonstrates that e decreases as o increases. It is clear that
i=1 17

in order for the is-OMD algorithm to successfully recover dynamical information a certain
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degree of flexibility has to be included in M. For My = I, and [My, Ly) = OMD(U) the
dynamics corresponding to dominant structures present in the system, i.e. constant mean
mode and shedding vortices, are strongly embedded in the initial matrix structure. In such
cases the objective function can be significantly reduced in few iterations, indicating that such
a M predetermines a local minimum of (6.3). This problem appears to be avoided simply by
randomly perturbing the initial matrices. Note that it is possible to adjust a frequency range of
the eigenvalue spectrum of (M);; = N(0,0) + 6;; by adjusting a value of o, where larger value
of ¢ will cover a larger range of frequencies. If the system exhibits primarily low-frequency
dynamics it is desirable to set ¢ to a lower value such that an eigenvalue spectrum of M| is in

a neighbourhood of the expected range of the frequencies of interest.

6.6.2 Rank size analysis

It was demonstrated in §6.5.1 that setting a high value of k£ in the CS-DMD approach
induces Fourier modes corresponding to high frequency oscillations not present in the time-
resolved data. It is therefore important to consider the impact of the equivalent parameter
in the is-OMD algorithm, that is, the dimension r of Im(L). It will be demonstrated here
that larger r improves accuracy in the recovered eigenvalues, which consequently leads to an

& OMD i algorithm 2. An analysis in terms of the eigenvalue

improved accuracy of the modes
and mode estimation is performed for r = [25,50, 75] using the same sampling strategy as in
§6.6.1 and setting (My);; = N(0,0.3) + 0,5, Ly = POD(U).

Figure 6.12 presents eigenvalue lattices for different values of  and demonstrates a positive
impact of increasing r on the accuracy of the dynamic estimation. When r increases, a progres-
sively greater number of asymptotic eigenvalues is recovered and their growth rates 5 converge
towards the correct value of 1. The number of modes which can be calculated is proportional
to the number of recovered eigenvalues. For r of 25, 50 and 75 there are respectively one, three,
and four conjugate pairs of eigenvalues that are estimated with small error, and with growth
rate § > 0.95. The dynamic modes are estimated as a solution to (6.15) which in turn depends
upon V 7 being constructed using accurate eigenvalues. Figure 6.14 shows dynamic modes
corresponding to eigenvalues with 5 > 0.95 obtained for » = 75 and it demonstrates that the

mode shapes closely resemble the coherent structures obtained from time-resolved data (figure

6.13). The dynamic modes of similar precision can be obtained for other eigenvalues presented
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Figure 6.13: Modes @ = LP,; obtained by applying the OMD algorithm to a time-resolved
cylinder flow data.

in 6.12 where 8 > 0.95 therefore mode shapes for r = 25 and r = 50 are omitted here.

Note that for r = 25 and r = 75 a pair of eigenvalues is recovered which contains an error
in 8. Figure 6.15 shows the corresponding dynamic modes. Although, these structures are
not as coherent as for eigenvalues where 8 > 0.95, there is nonetheless a resemblance to the
structures present in the flow (figure 6.13). It is expected that when r is increased even further
the eigenvalue accuracy improves leading to better precision in the estimation of the dynamic
modes. In practice when Ly = POD(U) and (My);; = N(0,0) + 6;; are used, r is only limited
by |J|. This quantity is usually much higher than for the results presented here and the choice
of r would be limited only by the processing cost.

When unknown data sets are reconstructed using (6.16), the value of r impacts the accuracy

of estimated snapshots, W = [y, ,wy] for i ¢ J, through the precision and number of
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Figure 6.14: Modes ®~9MP corresponding to eigenvalues with § > 0.95 obtained using the
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Figure 6.15: Modes ®*~°MP corresponding to eigenvalues presented in figure 6.12 with 8 <
0.95; St = 0.28, = 0.91 for r = 25 (left) and St = 0.69, 5 = 0.81 for r = 75 (right)

reconstructed eigenvalues \; and dynamic modes ®; and is expected to improve when r is
increased. This fact is confirmed in figure 6.12 which presents the evolution of the error norm,
€& = II\ Yoier ”V‘TW‘Z;ESHQ for r € [10,70]. There is a visible decay in the value of ¢,, where
€, is less than 5% for r > 30. Note that despite being governed by nonlinear Navier-Stokes
equations, cylinder flow in the limit cycle is known to be well approximated by a linear model
consisting of oscillating structures. For more dynamically complex systems, the value of ¢, is
expected to have a larger magnitude than values presented in figure 6.12.

Finally, we note that the accuracy of w depends upon the value of A; used in (6.16). The
number and choice of A; is determined based on the number of retained rows in V' 7, which is
conditioned with an appropriate value of £. When # is small, a majority of Aj in V 7 are retained
including dynamically unimportant values, introducing an error in W. On the other hand, if
t is large, dynamically relevant A; are removed. In order to find an appropriate value of t and

consequently the number of retained \; let us compare snapshots estimated using (6.16) with

reference measurements. Starting an extrapolation at each i € J a snapshot is estimated at the

At;
ot

timestep when the next measurements is acquired, i.e. w;y,, where n; := is the number of

minimal timesteps df between the next element of /. Performing a comparison with all of the



6.6. Numerical example: Cylinder Wake 173

10 < 0.2
L 0000EeE®E®®®®QO000
on, ; o 000 H
107 o -0.2
O‘-‘O”O‘OOO(?
' g = | B =
o @ 1 w-arpQ O | | O o
oa - © (mm OO
° :
10 o002 o6 O o - o o =
T S— O Reference Results
o8 O Initial is—-OMD eigenvalues
. ‘ ‘ x Retained eigenvalues
1010“‘ 107° N 107 10° B i =2 0 2 s 6

Im(\)

Figure 6.16: The error ¢; = ﬁ Dies [in —uiinill o Qifferent, 7 (left) and retained is-OMD

llesitn, l

eigenvalue spectrum for ¢ = 0.21 (right).

available measurements, a proportional error metric ¢; = ‘—% Y ic 7 W is defined, and
t is estimated such that the resulting ;,,, minimises ¢;.

An example for the cylinder flow is-OMD results with » = 70 is presented in figure 6.16
which shows ¢; for w;,,,, estimated with £ € [107%,1]. For this particular case ¢; is minimised at
f = 0.21 where W is calculated using nine most dominant eigenvalues (figure 6.16). Although
t = 0.21 gives the smallest values of ¢; there is a clear trough visible for £ € [0.01,0.75] and

setting  to any value in that range will give a good estimation of snapshots at i ¢ J. In figure

6.12, each value of ¢, was obtained for W estimated with the smallest value of £.

6.6.3 The importance of random sampling

One of the key properties of the compressive sampling methodology, described in §2.3.1,
is its reliance on non-uniform sampling [28]. Here, it is demonstrated that is-OMD can also
be improved by random sampling. Three different sampling strategies are analysed, with ap-
proximately the same | 7| and At,, for different At,,;,, and At,,... Depending on At,,;,, it is
possible to use the Nyquist sampling criterion to estimate the range of different timescales that
can be recovered as a multiple of the shedding timescale 7. Setting (M);; = N(0,0.3) + &5,

Ly = POD(U) and r = 70, is-OMD is applied to the following sampling strategies:

1. Uniform sampling: U is sampled uniformly with At = 10§t. Such a sampling strategy
corresponds to three snapshots per shedding period and is sufficient to resolve timescales

greater than 7. In particular | 7| = 79 and |Z| = 781.
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2. Random sampling (large variance): U is sampled non-uniformly such that At,,;, = 30t
(0.27) and Ate, = 176t (1.157), which results in |J| = 80 and |Z| = 783. Together

At pin and Aty,,, encompass 3% of | 7.

3. Random sampling (small variance): U is sampled non-uniformly such that At,,;,, = 60t
(0.4T) and Atye, = 146t (0.957), which results in |J| = 79 and |Z| = 783. Together

At pmin and Aty encompass 5% of | 7.

Figure 6.17 shows the eigenvalues retained using the algorithm 2 with ¢ = 0.1 for all three
cases. Recall that the limit cycle dynamics of the cylinder flow are characterised by structures

oscillating with frequency where n € Z*, and having corresponding timescales of % For

T
the cylinder data used at in the analysis, a uniform timestep At = 104t is high enough to
recover T' but not sufficient to extract higher frequency dynamics. Figure 6.17 shows that
when the is-OMD algorithm is applied to uniformly sampled data, high frequency dynamics
are not recovered. When non-uniform sampling strategies are used, although At,, = 100,
there is enough phase variation due to changes in At to extract further frequencies. Both
random strategies recover the dynamics within ranges determined by the Nyquist sampling
criterion corresponding to At,,;, which are indicated in figure 6.17 with dotted lines. In both
cases an additional pair of eigenvalues corresponding to frequency beyond recoverable bounds is
identified. Additionally, it can be observed that higher deviation from At,, positively impacts

the accuracy of the recovered dynamics, not only in terms of number of recovered frequencies

but also in the estimation of 5.



6.7. Application to the turbulent wake of an axisymmetric bluff body 175

6.7 Application to the turbulent wake of an axisymmetric

bluff body

The ability of the is-OMD algorithm to recover frequency information from sub-sampled
data was demonstrated in §6.5 and §6.6 for systems with dominant periodicity. For a more
challenging test-case, we consider the application of issOMD to PIV snapshots of the turbulent
wake of an axisymmetric bluff body. The descriptions of the experimental setup and major
dynamical features of the bullet flow were outlined in chapter 4.

It is known |25, 26, 102] that a large-scale anti-symmetric structure coresponding to vortex-
shedding is present in the wake and oscillates at the approximate vortex shedding frequency
Stg, ~ 0.22. This is confirmed by examining the power spectrum in figure 6.18(h) of the
streamwise-velocity, averaged over the region D < o < 1.72D,—-0.375D < y < 0.375D in
which the shedding is expected to be observed. It is possible to identify this frequency and
its associated structure by applying the OMD algorithm to the time-resolved data. Indeed,

applying OMD to a data ensemble of N = 1000 snapshots, sampled at 720 Hz and setting

r = 30 produces an OMD mode with frequency Zoo Im(A) = 0.21 whose real and imaginary

2m

parts are shown in figure 6.18(a),(d).
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Figure 6.18: The OMD mode ®°M? corresponding to Stp ~ 0.22 obtained from time-resolved
data is shown in (a), (d); the corresponding is-OMD mode ®,, in (b), (e); and its projection
®7, onto first 30 POD modes of U in (c), (f). Eigenvalues of the corresponding dynamic matrix
M OMP are shown in (g) with the pair of shedding eigenvalues highlighted; (h) shows the mean
power spectrum of streamwise velocities in a selected wake region.

It should be noted that, even when applied to the highly-resolved data ensemble, the fre-
quency content is somewhat sensitive to the particular implementation of the OMD algorithm.
For example, varying the length of the data ensemble 100 < N < 1000 and the model rank
20 < r < 200 provides OMD eigenvalues A satisfying 0.18 < ﬁlm()\) < 0.26. Such behaviour
is not unexpected due to the relatively broad peak in the spectrum observed in figure 6.18(h)
and we note that similar sensitivity was observed when applying the more widely employed

DMD algorithm.
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We now undersample the data to determine if is-OMD is able to extract the dominant
vortex shedding frequency at Stg, ~ 0.22. In particular, it is assumed that only every 12'"
snapshot is available, resulting in a data ensemble sampled at 60 Hz. Following section 6.6.3 we
apply the is-OMD algorithm to an analysis ensemble U formed by taking a random sample of
the 60 Hz data. Specifically, we let the timestep snapshots in U be one of the values At = j /60,
where j € {1,2,3}, with a uniform probability of choosing any of the three possible values of
At. This approach provides an undersampled data ensemble satisfying At,,/dtn,, ~ 1.12,
that is, the average timestep At,, is greater than the one specified by the Nyquist criterion
corresponding to the Stg.

Frequency Identification: The spectrum A(M) obtained by is-OMD is shown in figure
6.18(g) and contains an eigenvalue pair corresponding to the shedding frequency at St = 0.23.
This eigenvalue pair was selected based upon the proportion of data spanned by each of the
modes (see §3.1) and, in this case, the shedding eigenvalue pair is ranked as the third most
important. Two other dynamically significant eigenvalue pairs correspond to low frequency
structures with St = 0.006 and St = 0.07, an order of magnitude smaller than Stg,. It
was discussed in chapter 5 that wake structures are known to possess frequency content at
approximately these values [26], specifically a random reorientation of the shedding reflectional
plane (St ~ 0.002) and an axisymmetric pulsation of the vortex cores (St ~ 0.06).

Mode Extraction: For this example, the contribution of the shedding mode to the total
energy of the wake is approximately 75% lower than that of the cylinder wake studied in section
6.6. Furthermore, although a (relatively wide) spectral peak at Sty &~ 0.22 is visible in figure
6.18(h) a projection of the shedding structure onto the underlying data will not produce a
purely periodic signal. For this reason, obtaining dynamic modes through an inversion of the
Vandermonde matrix, which essentially assumes periodic evolution of the temporal coefficients
between known snapshots, is overly restrictive. Instead, it is more appropriate to impose a

looser rate constraint upon the unknown mode coefficients ¢; appearing in the least squares
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problem of the is-OMD algorithm. Specifically, by replacing step 3 of Algorithm 1 by

N
k . 2

¢, = argmin ci— Mc; 4|7, 6.18a

i) ! (6.182)

st.¢; = LT, ifie J, (6.18b)

|(Ci1)n — (¢i)n| < ymax|(¢j)nl, n=1,...,r, (6.18c¢)

JET

th element of ¢; € R” and v > 1 is a parameter. In other words,

where (¢;), denotes the n
a restriction is placed upon the coefficients ¢; to ensure that between each minimal timestep,
each of its elements does not vary by more than a proportion «y of its largest observed value on
the known data. Subsequently, we let ® = LP,; where M = PK}APM.

The real and imaginary parts of the mode ®g;, associated with St = 0.23 are presented
in figure 6.18(b),(e) and were obtained by setting v = 3.75. Although less coherent than
the OMD modes obtained from time-resolved data, both Re(®,) and Im(®,;,) possess anti-
symmetric and spatially out-of-phase structures present in the modes obtained from time-
resolved data. For comparison, the spatial locations of the anti-symmetric structures visible
in figures 6.18(a),(d) are overlaid and indicate reasonable agreement between the OMD and
is-OMD modes. Furthermore, coherency of the mode can be improved through a projection

o = UpU;<I>5h, where U, C POD(U), suppressing the spatial noise present in the structure.
An example of ®, obtained through a projection using the first 30 POD modes of U is
presented in figure 6.18(c),(f). We emphasise that the constraint (6.18¢c) is significantly less
restrictive than the one imposed in the Vandemonde-based post-processing Algorithm 2. An
interesting direction of future research will be to determine the optimal form of constraint

required for effective spectral and mode information, dependent upon the intermittancy of the

underlying data ensemble.
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obtained for 6t/dty,, < 1 where the x-axis represents St = %Im(A).

Statistical Analysis: To quantify the improvement of is-OMD over OMD applied to do-
wnsampled data, a statistical analysis akin to that presented in §6.5.2 is performed. The
experimental data is undersampled using a range of uniform timesteps &t to obtain datasets
sampled at frequencies in the range 18 Hz — 240 Hz, which in terms of dty,, is equivalent to
0.141 < 6t/6tnyg < 1.875. Subsequently, randomly-sampled data ensembles U are created in
an analogous manner to the one used to obtain results in figure 6.18(b),(g), i.e. the timestep
between known snapshots is At = jdt where j € {1,2,3}, which gives the average time step
Aty = 26t. The is-OMD algorithm is applied to U and the eigenvalue corresponding to the
shedding structure is identified using the methodology described in §3.1. Note that due to
the chosen sampling strategy U contains 50% of data used to obtain the OMD approximation.
Finally, the error €y = |Asp — A|/|Asn| is computed, where A corresponds to the eigenvalues obtai-
ned using either OMD algorithm applied to the uniformly downsampled data or the is-OMD
algorithm applied to U. The reference shedding eigenvalue Ay, is defined as Ay, = j%Stsh.

The eigenvalues obtained for 0t/0tyn,, < 1 and the values of €y for the considered range of
0t/dt Nyq are presented in figure 6.19. Due to the identified sensitivity of the OMD algorithm to
the approximation rank r and of the is-OMD algorithm to the analysis data ensemble, figure
6.19(a) presents an average value of €y corresponding to results obtained for r € [20, 30, ..., 60]
in the case of the OMD algorithm and, in the case of the is-OMD algorithm, for five different
values of U each satisfying At,, ~ 2t. Figure 6.19(a) demonstrates that the is-OMD algorithm

provides a visible improvement for all values of 0t except when 6t/6tn,, ~ 1, where both
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methods are similarly accurate. Further insight into the differences between both results can be
obtained from figure 6.19(b), where the OMD output gives eigenvalues which are concentrated
around a lower frequency than Im(As,) and have more negative growth rate than is-OMD
results. It is reiterated that the is-OMD results were obtained using only half of the data
used to obtain the OMD approximation with At,, > dt, implying a beneficial impact of the

randomness in the data acquisition on the accuracy of the eigenvalue estimation.

6.8 Conclusions

Here, a methodology is presented to extract dynamical information from data sampled
at irregular timesteps, below the Nyquist-Shannon criterion. Information concerning temporal
dynamics is obtained using the proposed is-OMD algorithm, which can be interpreted as solving
an OMD optimisation problem where the majority of snapshots are treated as unknowns. It
is assumed that no a priori information about the dynamics is available and at each iteration
two problems are solved in a pairwise manner; modal decomposition (using DMD or OMD)
to update an estimate of the dynamics and reconstruction of intermediate snapshot with a
least squares technique. Further, mode recovery is improved by assuming that the system can
be approximated using a Vandermonde matrix and by solving an appropriate minimisation
problem. The is-OMD methodology’s performance is analysed on synthetic sinusoidal flow
and on flow past a circular cylinder at a low Reynolds number, showing improvement over
compressive sampling based mode extraction methodologies. Furthermore, the analysis on the
turbulent flow demonstrated a potential of the is-OMD algorithm to be applicable to more

complicated dynamical systems.



Chapter 7

Conclusions and Future Work

7.1 Conclusions

In this thesis the suitability of modal decomposition algorithms to construct reduced-order
models of fluid flows, with applications to estimator design and extraction of modal dynamical
information from the irregularly sampled data, was investigated. A particular decomposition,
OMD, was used throughout the thesis primarily because the modes it outputs are guaranteed to
be associated with dynamical information (contrary to POD) and due to its additional flexibility
in the selection of the projection vector space relative to DMD. It was demonstrated in §3.2
that the latter feature provides increased robustness in the accuracy of eigenvalue information
when applied to noisy data ensembles. Additionally, a metric was developed which facilitates
sorting of OMD modes based on energetic and dynamical considerations, providing a systematic
criterion with which to truncate the number of extracted modes.

Subsequently, the output of the OMD algorithm was used to develop estimators for bluff
body flows. One of the analysed systems, the cylinder wake, where coherent structures were
identified which correspond to three dynamically important features were identified: the global
mode driving the shedding oscillations; shift mode responsible for change in the recirculation
length and the first sub-harmonic of the global mode. Stochastic estimation was used to
approximate the main dynamical features of the flow and was combined with a MHE algorithm
with three dynamical models of different orders of complexity (linear, quadratic and cubic) to
give an accurate estimation of the flow dynamics.

Using these established estimation techniques, analysis of a more practically relevant dy-

181
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namical system, turbulent flow past a bullet-shaped bluff body, was subsequently conducted.
This system, despite its complex behaviour, possesses two dominant oscillatory features with
known associated frequencies. It was demonstrated that it is possible to extract dynamic modes
associated with these frequencies using the OMD algorithm. For this flow, estimator design
was significantly more challenging not only due to the turbulence present in the system but also
due to rotational dynamics and the significantly lower imprint of the shedding dynamics on the
available base pressure measurements. Nonetheless, it was shown that if the rotational features
are taken into account then it is possible to obtain estimates which, on average, reproduce main
characteristics of the analysed system. One of the important features of the new approach was
to establish separate sets of LSE coefficients for different azimuthal orientations of the system
and use an indicator function to construct an appropriate output vector y. Such measurable
values were implemented in an MHE algorithm to give an estimate of the system reproducing
its main dynamical features.

A final significant application considered in this thesis was to provide an extension to modal
decomposition algorithms so that they can be applied to the irregularly sampled and potentially
sub-sampled data. The main foundation of the new algorithm, is-OMD, is that, in addition to a
lack of knowledge about the dynamics, the majority of the underlying snapshots are treated as
unknowns. The resulting optimisation problem is split into two sub-problems which are solved
in the pairwise manner: first fixing the dynamics and solving for the unknown snapshots; and,
subsequently, using the reconstructed data from the previous iteration to update the dynamics.
The analysis was performed on the two bluff body flows studied in earlier chapters and it was
demonstrated that the is-OMD algorithm is able to extract the main frequencies of the cylinder
and bullet flow even from sub-sampled data. Remarkably, it was shown that in certain cases the
new algorithm provided an improvement over application of the compressive sampling, as was
the case in the analysis of a simple sinusoidal system, and outputs more accurate eigenvalues

than OMD applied to regularly undersampled data sets.

7.2 Future Work

In chapter 4, an estimation methodology was constructed which accurately approximates
the dynamics of the cylinder flow. The natural direction extending the estimator design is to

further analyse the robustness of the established approach. Such an assessment can be perfor-
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med on the same system for larger Re, when the validity of the Stuart-Landau approximation
diminishes, or in the presence of the forcing inputs. Major areas of the analysis will concern if
spatial characteristics and dynamics of the most important coherent structures change subject
to an input, determine whether the created mapping between pressure and states retains its
accuracy and establish which dynamical model is the most robust with respect to control in-
put. Additionally, application of DMDc-like methodologies introduced in [47] can be explored
in such a scenario.

In chapter 5, where the bullet flow was analysed, it was established that there exist spatial
asymmetries in pressure structures. In §5.2.1 it was suggested that the two-dimensional view
of the velocity structures also varies depending on the reorientation of the system. Nonethe-
less, only the estimates obtained using a time-constant mode were presented. An attempted
extension of the indicator function approach into velocity structures results in a discontinuous
signals with numerous and rapid changes in the state values (most importantly in the signal
corresponding to low-frequency mode). In such cases the MHE algorithm has to be repeatedly
restarted at each instance when the discontinuity occurs.

This situation can be perhaps prevented if three-dimensional modes can be obtained, which
may consequently provide a more robust way of estimating the dynamics of the system. There
are two potential approaches which can be used for this purpose. The experimental set-up can
be extended to obtain third velocity component, for example using tomographic PIV [31]. This
approach will not only allow us to obtain three dimensional modes but also provide more insight
into the dynamics of the system. A second potential approach is more ambitious and would rely
on establishing a framework which extrapolates three dimensional modes from two-dimensional
snapshots. Such a method would rely on a mapping between the available field of view and
certain three dimensional domain and corresponding optimisation problem will consist of larger
number of unknowns. The investigation would consist of establishing such a mapping given
available data and constructing an optimisation problem which is computationally feasible to
solve.

The is-OMD methodology presented in chapter 6 performs well when the objective is to
extract appropriate eigenvalues of the system and the only major inaccuracies occur when

approximating the dynamic modes and their projection coefficients. These imprecisions are
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predominant when is-OMD is applied to dynamically complicated systems and a framework
to improve the structure of dynamic modes and reconstruction of the projection coefficients is
desirable.

One approach was already presented in §6.7 in the shape of inequality constraints imposed
on the rate of change of the projection coefficients onto columns of L. Additionally, it is possible
to impose inequality constraints on the magnitude of the coefficients. Analogous constraints
can be imposed not only using projection onto columns of L but also on the coefficients of the
POD modes preventing the excessive growth of the low-energy structures. Ideally, inequalities
corresponding to POD and L would be applied at the same time providing significantly more
information concerning the analysed system into the optimisation problem. There are two
challenges associated with this approach: 1) construction of a mapping between projection
coefficients of L and POD; 2) ensuring that an optimisation problem is not overconstrained such
that it converges onto the boundary of the feasible set. For the latter problem, the algorithm
can be potentially modified such that it starts with lax constraints which are progressively

tightened in the subsequent iterations.

7.2.1 Sensitivity to Forcing

One of the potential extension of modal decomposition algorithms is to use them for the
assessment of a system’s sensitivity to the forcing input. The most widely used approaches
often rely on computation of the adjoint modes of the linearised Navier-Stokes operator [103].
Such calculations are performed numerically and cannot be easily extended to the analysis of
the experimental data. The OMD approach outputs a certain linear operator which, in a sense,
has a similar interpretation to the linearised Navier-Stokes operator, suggesting that the OMD
algorithm could perhaps be used to obtain a similar adjoint structure. Investigation into the
applicability of such approach and potential ways of modifying modal decomposition algorithms
to accommodate discussed objective would be advantageous.

An alternative method is now proposed which is briefly analysed on the cylinder flow.
However, more extensive analysis on different examples (including analytic test cases) will be
required to confirm its suitability. The main idea behind this method is to project the forcing
input onto POD modes and construct modifications § M to the OMD matrix M. Separate ma-

trices 0 M are computed for forcing at every spatial location. Using left and right eigenvectors
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of M, & and w, the modification to the eigenvalues can be calculated as

e Mw

¢ w

S\ = — (7.1)

giving an indication on how the linear dynamics of the system changes when forcing is app-
lied at different positions [104]. A more detailed explanation of this methodology with some

preliminary results is presented below in §7.2.1.1.

7.2.1.1 Mathematical Formulation
Assume the velocity field decomposition is u(z,t) = »_7_, a;(t)®;(x) where, here, D P, =

§jr and ¢ C R? . Using such a decomposition to perform a Galerkin projection onto the

linearised Naveier Stokes equations with a forcing term f will give

r 1
a; = Zak/gq,j (@ V)® — (®r - V)i + Ecpk}dx — /Q(I)j - Vpdx +/Q(I)j - fdx (7.2)
k=1

where f is a forcing, u is time-averaged flow, and €2 is the domain of the flow. For the state
space representation #(t) = Ax(t) + Bu(t), (7.2) shows that the terms corresponding to input

matrix B are given by

by
B=|:], where bj = /<I>jfd:1:. (7.3)
b,
and & = [a1,...,a,]". Let us assume, for example, that the forcing term has a form of a solely

horizontal velocity applied at a point (X,Y’) which corresponds to

r—X,y—-Y
fo | Oy )| (7.4)



186 Chapter 7. Conclusions and Future Work

Evaluating the entries of matrix B using (7.3), the following expression is obtained for this

type of forcing
bj = /f . del'

:/f ®5(.y) dx
(I)Zj(xzy) (75)

- /(5(1’ =X,y = Y)®y(z, y)dz

- (ﬁl](Xv Y)7

which shows that the input matrix depends explicitly on the forcing location (X, Y"). Assuming,
again arbitrarily, that the forcing is controlled using a feedback loop where input is proportional
to the streamwise velocity at the chosen location (X,Y), i.e. u(t) = —ku(X,Y,t), we want to
find the gain matrix K such that w = —Ka. In order to do so the decomposition of the flow

into a sum of modes shapes is used to obtain

al(t)
u(X,Y,t):[%(XJ) im(X,Y)] P (7.6)

a,(t)

which suggests that
K=k [@H(X, Y) ... ®,(X, Y)] (7.7)

Based on those assumptions the expression for the state evolution of the system will have the

following form

z(t) = (M — BK)x(t) (7.8)
and the term —BK can be interpreted as the perturbation to matrix M in the form
P, (X,Y)

M =k : B, (X,Y) ... &, (X,Y)| = k@u(X,YV)P,(X,Y))], (7.9)

P, (X,Y)
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The expression (7.9) provides the term necessary to perform an eigenvalue sensitivity analysis.
In order to provide a summary of the necessary terms, it is reminded that the expression for
this analysis has the form

T Mw
£T

S\ = — (7.10)

w
where 0 M has a form (7.9) whilst £ and w are the left and right eigenvectors of M correspon-
ding to A;.

The results presented in this section show an eigenvalue sensitivity analysis for the cylinder
flow at Re = 50 and Re = 60. The comparison is performed against reference results from
[105] where the adjoint and global modes were obtained by finding left and right eigenvectors of
the linearised Navier-Stokes operators using classical inverse-iteration algorithm [104]. Figure
7.1 presents sensitivity of the eigenvalues corresponding to global modes for cylinder flow at
different low Reynolds numbers. Characteristic elliptical features visible for each Re signify the
area where the system is the most receptive to the considered control input. It is noted that
the elliptical regions are elongated and their centres move further downstream as Re increases.
We are looking to reproduce those two features with the outlined methodology.

Figure 7.2 presents the eigenvalue sensitivity of the cylinder flows at Re = 50 and Re = 60
obtained using (7.9)-(7.10), based on the linear operator constructed with the OMD algorithm
applied to a data ensemble drawn from the limit cycle regime of the respective cylinder flow.
Each ensemble consists of 250 snapshots encompassing seven shedding periods. The rank of
both approximations was set to r = 40. The analysis is performed on global modes to obtain a
comparison with figure 7.1. In order to obtain the perturbation matrix ) M it is assumed that
the flow perturbation is decomposed using columns of L and, subsequently, the point forcing
is projected on the vector space spanned by those vectors according to (7.9). Although the
methodology used to obtain figure 7.2 relies on significant approximations the two main features
visible in figure 7.1 are reproduced. Both contour plots show the characteristic ellipsoidal peaks
in the forcing sensitivity and there is visible shift downstream for greater Re. Additionally, when
Re increases the peaks are elongated. The major discrepancy concerns the location where the
flow is most sensitive to forcing. Based on the results from [105] this location should be at
x =~ 2.5D for Re = 50 and = ~ 2.75D for Re = 60. In the results from figure 7.2 those peaks
are located at z =~ 3.3D for Re = 50 and = = 3.5D for Re = 60.
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Figure 7.1: The contours of §\; for cylinder flow at various Reynolds numbers obtained from
[105]

The presented results demonstrate a potential of the outlined method nonetheless discre-
pancies between figures 7.1 and 7.2 suggest more analysis is required, including tests on other

systems, to assess its applicability.
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Figure 7.2: The contours of d)\; for cylinder flow at Re = 50 (left) and Re = 60 (right)
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Appendix A

Conjugate gradient method for solving

OMD optimisation problem

This Appendix gives a list of steps to find the low-dimensional subspace spanned by columns
of L which minimises ||B — LM L" A||>. Using the expression for the optimal M*(L) (2.23),

the OMD optimisation problem can be rewritten as
|B—LM*(L)L"A|* = | A|* - |[LTAQ(L)|? (A.1)

where Q(L) := B'L(L"BB'L)"'L"B. The expression (A.1) demonstrates that the OMD

problem is equivalent to the single-variable maximisation of
g(L) = | L"AQ(L)|] (A.2)

under conditions L'L = TI.
The conjugate-gradient implementation which can be used to maximise (A.2) is given in

algorithm 3. For clarity of exposition two terms are defined first: 1) g, := g—i(L) is equal to

gr = —2BL(L"BL)"(L"A"L)(L"AL)(L"BL)™*

+2[AL(L"BL) " (L"A'L)+ ATL(L"AL)(L"BL)™"] (A.3)

200



201

where A:= AAT, B:= BB' and 2) conjugate-gradient correction term Agyq given by

(Gry1 — T(Gr), Gipa)

s = g T (H), A

where
T(Gr) = Gy — (L, V sin(Zty) + U (I — cos(Tty,)) ) U ' Gy, (A.5a)
T(H},) = (— LV sin(Sty,) + U cos(Et)) BV ' (A.5b)

and H, = UXV" is a search direction whilst G}, is a gradient (A.6). The constant t; € [0, 1]

is a minimiser in the step 4 of algorithm 3.

Algorithm 3 OMD

. Set initial conditions Ly such that LI Ly =T .
: Compute initial gradient Gy = (I — L§L0)9L0 and search direction Hy = -G .
repeat

Find ¢,,;, € [0, 1] which minimises g(L(t)) along the geodesic curve

= W N =

Li(t) = L,V cos(E)VT + Usin(Z)VT, ¢t €]0,1]

along the search direction H, = ULV " |
5. Update subspace L1 = Ly(tmin) -
:  Update gradient

Gy = (I - Lk+1L£+1)ng+1- (A.6)
7:  Update search direction

Hy = G A

*®

until g(Ly.1) — g(Lg) < tolerance
: return Optimal low order subspace basis Ly and dynamics M (L. 1)
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