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ẋi = Axi +
X

j

(xj)i(Qq)jxi,
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ĝ(r)

✓
r

r
0

◆jm�

exp (jm(✓
0

+ !⌧)),

! = (�I � �R
µ
I

µ
R

) r(⌧)

r(⌧) =

s
�R

µR + y(⌧)

y(⌧) =
⇣

�
R

r20
� µR

⌘
exp(�2�R⌧) y = 0 r(⌧)

q
�
R

µ
R

y = 0

g(A) =
1X

k

fk(y)y=0

yk =
1X

k

f ⇤
k (y)y=0

✓
�R
r2
0

� µR

◆k

exp(�2�Rk⌧ + jm(✓
0

+ !⌧)).

�R

k = 1

�2�R

�R µR

µR A|A|2

µR

µR �R



5 10 15 200

0.5

1

Np

ϵ
x

 

 

Linear
Quadratic
Cubic

Tfd

5 10 15 200

0.5

1

Np

ϵ
x

 

 

Linear
Quadratic
Cubic

Teq

5 10 15 200

0.5

1

Np

ϵ
x

 

 

Linear
Quadratic
Cubic

Tlc
✏x

Np Tfd Teq Tlc

Tfd Teq Tlc

p 2 RN
p 1  Np  21

�⇡/2  ✓  ⇡/2 y

✏x

✏x

Tfd Tlc Np

Np � 5

✏x

Np Tfd ✏x 1% Np > 10

Np

Tlc Np > 15



Teq ✏x Np

Np = 11 Np = 7 Np = 11

Teq Np

✏x

r = {2j � 1 : j 2 N, j < 50}
r

r

r

r

r

�

Tfd Nh = 10

y



5 10 15 20 25 30 35 40 45
0.017

0.018

0.019

0.02

0.021

0.022

0.023

0.024

r

ϵ
x

 

 

POD
OMD

10 15 20 25 30 35 40 45
0.02

0.025

0.03

0.035

0.04

0.045

r

ϵ
x

 

 
POD - LSE
OMD - LSE
POD - SE
OMD - SE

✏x r = {2j � 1|j 2 N, j < 50}
✏x

min
 

SE

X

i2T
fd

��xi � >
SEp̃i

��2
2

,

p̃ = [p
1

, . . . , pN
p

, p2
1

, . . . , p2N
p

]>  SE 2 R2N
p

⇥r yi =  >
SEp̃i ✏x

r

✏x

r = 15 r > 15

r



ff

fmax

k = bfmax/fshe 2 Z b·e k = 0

k = 1 K = (kj)rj=1

min
 

j

X

i2T
fd

��(xj)i � >
j (pj)i

��2
2

,

pj = [p
k
j

1

, . . . , p
k
j

N
p

]> k = 1 k = 2

✏x

 j  SE

y

y

Teq Tlc





Re

Re

Re ⇡ 2⇥ 105

2



u = (u, v) u v x y

D = 0.1965m L/D = 6.48

U1 = 15ms�1

Re = 1.88⇥ 105

✓ = ⇡/4

1.72D 1.5D

3.79s 720Hz



Re Re

L/D = 7

Re ⇡ 450

z = 0

Re ⇡ 590

Re ⇡ 690

Re ⇡ 750

Re ⇡ 900



Re = 1.88⇥ 105

St ⇡ 0.2 St =

fL
D

St ⇡ 0.002

St ⇡ 0.06

St ⇡ 0.002 St ⇡ 0.06 St ⇡ 0.2



St ⇡ 0.2

4.3 ⇥ 106

St ⇡ 0.002

✓

✓ ⇡ ⇡ ✓ ⇡ ⇡/2

✓ 2 [⇡ � ⇡/16, ⇡ + ⇡/16]

A⇡ 2 RN
u

⇥2125 B⇡ 2 RN
u

⇥2125 B⇡

ti A⇡ ti + �t



0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

1.5

2

t(s)

θ
/π

X⇡

0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

1.5

2

t(s)

θ
/π

X⇡/2

X⇡

X⇡/2

✓ 2 [⇡/2� ⇡/16, ⇡/2 + ⇡/16] A⇡/2 2 RN
u

⇥2882 B⇡/2 2 RN
u

⇥2882

X⇡ X⇡/2 ✓

X⇡ X⇡/2 ⇡ ⇡/2 ✓

X⇡ X⇡/2 X
i 2 X⇡

X⇡

X⇡/2 ✓

✓ = ⇡/2 0.53⇡

0.20⇡ X⇡

t ⇡ 2.5 ✓ 1.1⇡

0.7⇡ X⇡

t 2 [0, 2.5]

�POD
j A⇡

�POD
1

�POD
3

u

u

�POD
2

y = 0



x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
1

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
2

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
3

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
5

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
1

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
2

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
3

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
5

A⇡ u
v

v �POD
1

�POD
3

�POD
2

u v

�POD
1

�POD
3

⇡

u

�POD
2

A⇡ B⇡

A⇡

B⇡ r = 50

�POD
1

�POD
2

�OMD
j



x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
sh )

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
pm )

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
sh )

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
pm )

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
sh )

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
pm )

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
sh )

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
pm )

�POD
1

�POD
3

u v
�POD

2

�POD
5

�POD
1

�POD
2

�OMD
sh �OMD

pm

�OMD
sh �POD

1

St = D
2⇡U1

(�) = 0.167 �

�OMD
pm �POD

2

St = 0.069

St ⇡ 0.2

St ⇡ 0.06

(�OMD
sh ) �POD

3

�POD
1

�POD
3

�POD
5

(�OMD
pm )

�POD
5

(�OMD
pm )



i

5 10 15 20 25 30 35 40 45 50

σ

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

5500

POD � ⇡

i

5 10 15 20 25 30 35 40 45 50

σ

1000

2000

3000

4000

5000

6000

7000

POD � ⇡/2

St

0.2 0.4 0.6 0.8 1

E

×10
6

0

0.5

1

1.5

2

2.5

3

OMD � ⇡

St

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

E

×10
6

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

OMD � ⇡/2

St

u v

A⇡ B⇡

St

r

St



St

A⇡/2 B⇡/2

A⇡/2

St = 0.24

�OMD
sh �OMD

sh �POD
1

�POD
2

y = 0 St = 0.052

�OMD
pm

(�OMD
pm ) (�OMD

pm ) �POD
5

�POD
6

(�OMD
pm )

✓ = ⇡/2

�POD
1

�POD
2

A⇡ y � 0

y  0 u v

y = 0

y ⇡ 0.4 y ⇡ 0.2

✓ = ⇡

✓ = ⇡

✓ = ⇡/2



x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
1

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
2

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
5

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
6

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
1

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
2

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
5

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

�POD
6

A⇡/2

u v

y

✓ = ⇡/2

r = 50 r

r

r



x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
sh )

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
sh )

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
pm )

x/D

y
/D

u

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
pm )

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
sh )

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
sh )

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
pm )

x/D

y
/D

v

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(�OMD
pm )

�POD
1

�POD
2

u v
�POD

5

�POD
6

xsh xpm

X⇡ X⇡/2

✓ = ⇡ ✓ = ⇡/2

A⇡ B⇡ �pm

�sh X⇡ xsh = �>
shX⇡ xpm = �>

pmX⇡

A⇡/2 B⇡/2

X⇡/2



✓ = ⇡

✓ = ⇡/2

�pm

A⇡ B⇡

✓ = ⇡

✓ = ⇡/2

xj = (�OMD
j )>X⇡/2



0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

St

P
S

 

 

POD
OMD

�pm ✓ = ⇡

0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

St

P
S

 

 

POD
OMD

�sh ✓ = ⇡

0 0.2 0.4 0.6 0.8 1
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

St

P
S

 

 

POD
OMD

�pm ✓ = ⇡/2

0 0.2 0.4 0.6 0.8 1
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

St

P
S

 

 

POD
OMD

�sh ✓ = ⇡/2

✓ = ⇡ ✓ = ⇡/2
✓ = ⇡ X⇡

✓ = ⇡/2 X⇡/2

X⇡/2

v

0.47 �OMD
pm



x/D

y/
D

 

 

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.1

0.2

0.3

0.4

0.5

(�OMD
sh )

x/D

y/
D

 

 

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.1

0.2

0.3

0.4

0.5

(�OMD
sh )

x/D

y/
D

 

 

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.1

0.2

0.3

0.4

(�OMD
pm )

x/D

y/
D

 

 

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.1

0.2

0.3

0.4

(�OMD
pm )

xj = �
>
j u

v

X⇡

✓ = ⇡ ✓ = ⇡/2

✓ = ⇡

✓ = ⇡/2

✓

⇡/2

✓

L>u L

p 2 R64

min
A

p

X

i

kpi+1

�Appik2
2

.

Ap



−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡/2

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡/2

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡/2

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡/2

✓ = ⇡
✓ = ⇡/2

Ap = V ⇤V �1 ⇤

V

✓ = ⇡ ✓ = ⇡/2

Ap A = (↵jk) := V �1p

j j A

Ej :=

P
k |↵jk|2P
jk |↵jk|2 .

St =

0.2 St = 0.1



−0.2 −0.15 −0.1 −0.05 0 0.05 0.1 0.15 0.2
−0.22

−0.2

−0.18

−0.16

−0.14

−0.12

−0.1

−0.08

−0.06

−0.04

−0.02

St

R
e(
λ
)

 

 
Ei

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

0.055

0.06

⇡

−0.2 −0.15 −0.1 −0.05 0 0.05 0.1 0.15 0.2
−0.16

−0.14

−0.12

−0.1

−0.08

−0.06

−0.04

−0.02

St

R
e(
λ
)

 

 
Ei

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

0.055

⇡/2

✓ = ⇡ ✓ = ⇡/2

St = 0.018, 0.048, 0.045

St = 0.048, 0.031, 0.128

St ⇡ 0.2

✓

St ⇡ 0.07 St ⇡ 0.2



−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡/2

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z/D

y
/
D

⇡/2

St ⇡ 0.2
✓ = ⇡

✓ = ⇡/2
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Ŵ W

⌅ k

⌅
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f ū ⌦

ẋ(t) = Ax(t)+Bũ(t)
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ẋ(t) = (M �BK)x(t)

�BK M

�M = k

2

66664

�
11

(X, Y )

�
1r(X, Y )

3

77775


�

11

(X, Y ) . . . �
1r(X, Y )

�
= k(�

1i(X, Y )�
1j(X, Y ))ni,j=1



��
1

= �⇠T �Mw

⇠Tw

�M ⇠ w M

�
1

Re = 50 Re = 60

Re

Re

Re = 50 Re = 60

r = 40

�M

L

Re

Re

x ⇡ 2.5D Re = 50 x ⇡ 2.75D Re = 60

x ⇡ 3.3D Re = 50 x ⇡ 3.5D Re = 60



��
1



��
1

Re = 50 Re = 60























L kB � LMLTAk2 M ⇤(L)

kB �LM ⇤(L)LTAk2 = kAk2 � kL>AQ(L)k2

Q(L) := B>L(L>BB>L)�1L>B

g(L) = kL>AQ(L)k2

L>L = I

g
L

:= @g
@L(L)

g
L

= �2BL(L>BL)�1(L>A>L)(L>AL)(L>BL)�1

+ 2[AL(L>BL)�1(L>A>L) +A>L(L>AL)(L>BL)�1]



A := AA> B := BB> �
k+1

�
k+1 :=

hGk+1

� ⌧ (Gk),Gk+1

i
kGk+1

k2 ⌧ (Hk),

⌧ (Gk) := Gk � (LkV sin(⌃tk) +U (I � cos(⌃tk)))U
>Gk

⌧ (Hk) := (�LkV sin(⌃tk) +U cos(⌃tk))⌃V
>

Hk = U⌃V > Gk tk 2 [0, 1]

L
0

LT
0

L
0

= I
G

0

= (I �LT
0

L
0

)gL0 H
0

= �G
0

tmin 2 [0, 1] g(Lk(t))

Lk(t) = LkV cos(⌃t)V T +U sin(⌃t)V T , t 2 [0, 1]

Hk = U⌃V T

Lk+1

= Lk(tmin)

Gk+1

= (I �Lk+1

LT
k+1

)g
Lk+1

.

Hk+1

= Gk+1

�k+1

.

g(Lk+1

)� g(Lk) <
Lk+1

M (Lk+1

)


