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ABSTRACT 

This thesis is an investigation into various aspects of the 

scale-covariant formulation of quantum field theory pioneered by 

J.R.Klauder over the past decade {Kl). Because this subject is 

not widely known, we spend some time reviewing basic concepts in 

the Introduction. For simplicity, we restrict ourselves to the 

scale-covariant formulation of the X scalar theory. 

In Part 1 we consider the possibility of developing unique 

perturbation series for the Green functions of the theory, using 

only the scale-covariant coupled Green function equations. It 

is shown that this is not possible, and extra information is 

required, not present in these equations. A Renormalisation-

Group type of equation and an extra dynamical Green function 

equation are examined as possible candidates. Both are shown 

to remove the degeneracy, permitting unique perturbation series 

in principle. 

An alternative formulation of the scale-covariant theory, the 

Augmented theory , is considered in Part 2. The extra dynamical 

equation is shown to arise naturally. A Diagrammatic expansion 

is performed for the pseudofree (A = o) theory and a self-consistent 

additive mass renormalisation predicted. This is further reinforced 

by.an analysis of the extra dynamical equation, and the functional 

differential equations for the pseudofree generating functional. The 

retention of only leading singularity point insertion diagrams is 

shown to be equivalent to performing a n
- 1
 expansion and retaining 

the large-n limit. We consider the stability of scale-covariant 

theories in Part 3, where we show that two mechanisms exist giving 

stable ground states, i.e. the large-n limit of the n"
1
 expansion, 

and the strong coupling expansion. 

In Part 4, renormalisation of the scale-covariant theory is 

considered. We show that the ultraviolet singularities present in 

the n"
1
 expansion, due to the change of functional measure, are 

controllable in just those dimensions where the scale covariant forma-

lism is necessary. 

Some general conclusions are presented in Part 5. 



INTRODUCTION 

In this thesis we shall be examining various aspects of 

scale-covariant Quantum Field Theory. It is hoped in this 

introduction to provide the necessary motivation for so doing, 

besides giving an overview of our recent work. We shall 

therefore present here the philosophy behind the study of such 

theories. We make no apologies for drawing heavily from 

references (ki9 K8) since these are the pioneering works in 

the study of the scale-covariant formalism. 
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A - Introducing and Motivating the seale-covariant formalism 

(Al) Calculation-Independent Criteria for 

Non-Renormali sabi1i ty 

The study of seale-covariant Quantum Field Theory arose from the 

desire to obtain a generic understanding of ultraviolet non-

renormalisability of canonical (translation-covariant) field theories 

For these latter, it is argued that, for a given space-time 

dimension, their renormalisability (i.e. the controlling of ultra-

violet divergencies in Green functions) depends upon the scheme of 

calculation we choose. For example, the canonical self-interacting 

scalar field theory is renormalisable in the In expansion 

(Loop expansion) for d _< 4 dimensions, whilst in the n" 1 expansion, 
2. 

the large-N limit of is renormalisable for d < 6. We 

require a statement of non-renormalisability that depends only on the 

interaction chosen, not on the calculational scheme.adapted for solving 

the model. 

Such a criterion is at hand in the form of certain inequalities 

relating the kinetic and potential terms for a given model. We illus-

trate this as follows. 

Let us consider a self-interacting 

scalar field theory. 

The Euclidean Vacuum generating functional for this is given by 

s e k l = n f£>|j£je*p - ( ( i m v x ^ v a d ~ ( a 1 j 
J -

Here, the external source current ^ OcJ is a smooth function ( G ^ ) 

cf>(jc) is a random field, and the functional measure is 

given by 

$>C<JPl = T P d cf) (x) 
•(Al. 2 
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N is a normalisation constant, chosen such that 

S C ^ o j = I —(A1.3) 

If we now take the limit , it seems reasonable that we 

should obtain the free generating functional given by 

M e x p J c l x d o j k W ^ o U y M ^ j —(A1.4) 

where 

J Q o ^ / ^ ) = S O c - ^ j — (A1.5) 

The assumption that S O U J tends to s a w as X ^ r ^ o is the 

basis of all canonical perturbation theory. 

However, there are conditions under which S C K ] does not pass 

to as A 0—> o*" , and hence perturbation theory based on 

S QCln~J becomes invalid. 

Such behaviour occurs whenever random fields <j£Oc) are included 

for which the free term is finite, but the interaction term is 

infinite, i.e., the interaction is not bounded by the free part (k9). 

This is shown by the Sobolev-type inequality 

j i s m ' c T x j < K j f W j V n ^ K * _ ( A 1 - 6 ) 

provided 

? + ^ — (A1.7) 

where K is a finite constant. 



The condition (1.7) is just that of renormalisabi1ity of a 

canonical theory in ^ -dimensions in the expansion. 

However, the criterion (1.7) has been derived without mention of 

calculational schemes. 

Analogously, it can be shown that, provided r , the 

topology of the interacting fields is the same as in the free case, 

but is vastly different if p > , certain fields being excluded. 

These observations lead to the following notion of non-remormalisa-

bility as being responsible for discontinuous perturbation. 

We can perhaps see this more clearly by the following argument 

due to Klauder {K12). 

Let 7 6 L ^ F I denote a characteristic (indicator) function such 

that: 

o < ^ v = 00 

where , V are the free and interacting parts of the action, 

respectively. Then we can write for our Euclidean generating func-

tional 

s'cKl = f e x . p - ( < 3 C o C < £ l +AVLfil-ifl>i<f> ) 

As A-t> o 4" j this becomes 

S c f E I n ? = J F p L < p J T C C ^ J e x f - o r ^ l - h ^ f ^ 

Now if 

this is simply the free theory; but if 

there are configurations for which O (i.e. certain paths 

are projected out of the integration) then we have the pseudo-free 

theory, given by 
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sllul L$3e.K.r -OToI^-^'J^ 

(A2) Non-Renormalisability as a Discontinuous 

Perturbation 

For a given space-time d i m e n s i o n , , as we increase the 

interaction power we approach the point where 

P > ^ - ( A 2 . 1 ) 

When this condition is achieved, we have a topology of the fields 

differing from that of the free theory in that some fields have been 

excluded. These are not recovered as we take the limit A Q — o T " 

So the interacting theory for which (2.1) holds is not continuously 

connected to the free theory C A 0 - o ) but rather to a Pseudofree 

theory obtained in the limit o 

From the path integral point of view, it means that when (2.1) 

is fulfilled, certain paths are projected out of the integration and 

are not recovered as we take the A 0 — l i m i t . 

This shows us that when (2.1) is fulfilled, canonical "fe 

perturbation theory is in fact perturbation theory about a free theory 

that is not continuously connected to the interacting theory. This 

results in the inability to control the ultraviolet divergences. In 

this case, perturbation theory must utilise the Pseudofree 

limit) theory as its basis. 

We see that the interaction satisfying (2.1) acts as a 'hard-

core', projecting out certain paths that would otherwise be allowed by 

the free theory. 
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Fuller details giving examples of discontinuous perturbations 

in simple quantum mechanical examples may be found in reference {k9). 

Vie emphasise that, although condition (2.1) coincides with that 

of Non-renormalisability for canonical in -perturbation theory, it is 

independent of calculational schemes. When (2.1) is fulfilled, the 

theory is generically non-renormalisable and an alternative formulation 

must be sought. 

(A.3) The Scale-Covariant Quantum Field Theory 

In this Section we shall outline the reasons why the scale-

covariant theory, differing from the canonical theory in its use of a 

scale covaxiant functional measure for path integrals (as opposed to 

the more usual translation-invariant one) is the chosen candidate for 

supplementing the canonical theory where renormalisation of the latter 

breaks down. 

Essentially, this is the only alternative to the canonical theory 

in that it gives sensible equations of motion when field products are 

defined by the operator product expansion in a particular way that 

we shall now discuss. 

Its use is exemplified by the solution of a severely non-renormalisable 

model. We shall consider each of these in turn. 

(a) The Operator Product Expansion 

In a Lagrangian density there are local operator field products, 

e.g. ; . Now field operators are distributional in 

character, and so some prescription is required for defining such 

products. There are two common ways of making sense of such products 

namely, normal ordering where all creation operators are set to the left 
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of the annihilation operators, and the Operator Product Expansion, 

O.P.E. which takes the form 

£ ( x + - y ) S G c - y j . - p ( y ) C C x j + 

—(A3.1) 

where A, B and c are local operators and f is a c-number 

coefficient having the leading divergent behaviour as y->> o . 

When an expansion such as (3.1) holds and c is a non-trivial local 

operator, we suppose that it is consistent to say that the local 

product of A and B is C, written 

< £ C x ) , J - flCx)SCx) = CK AO</S6r ) —(A3.2) 
•PCo) 

where 0 A B has zero numerical value. Let us consider the equations 

of motion derived for the canonical theory where we use 

the ciboveto define local operator field products. 

The action is given by 

OT « J < i x A 0 < ^ 6 < J ] —(A3.3) 

and we derive the equations of motion from stationarity of the action 

under field translation. 

Now according to the a b o v e 4 (x) is defined by 

4 ? Cx)= O ^ <f>Gc)<f>Oc) —(A3.4) 

Under translation of the field, i.e. <£fx) > A(x) 

4 W = O C x ) cj) (x) ^ cf^Cx) 

Similarly ^ ( x ) ^ ( x ) and we obtain no equations of motion. 
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If then we wish to retain the above definition of field products 

we must seek an alternative form of quantisation. 

Consider now a formalism in which the equations of motion are 

derived due to invariance of themecusun&under field-scaling > 

i.e. > - S G O < £ G c } SCk) > o — (A3.5) 

where £(x) is a c-number field. 

Then ^ 

- 6 c j — > 

2 2 
S G O C*J —(A3. 6 ) 

Similarly, for higher-order products 

cfzh C*)-4> - S ^ G O <^> hCx) 

Stationarity of the action (A3.3) under the scale-transformation 

(A33) yields the operator equation of motion ("ino lu . c L i . n c j h ^ 

( • -f- J 4- 4 - A 0 ^ k = o —(A3. 8.) 

Now for a strictly c-number (classical) theory, we could remove a 

factor of to obtain the equation of motion of the canonical 

theory, i.e. 

( a A - m f ) 4> o — (A3. <J) 

Then this so-called scale-covariant formulation would be equivalent to 

—(A3. 7 ) 
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canonical quantum field theory. However, for operator fields as in 

the above, (A3.8 ) and (A3.9 ) are not equivalent. 

We have shown then how the scale-covariant formulation of 

quantum field theory yields sensible equations of motion, unlike its 

canonical counterpart, if we insist on the ctbove as a prescription 

for local operator products. 

We now ask the question: is there any other type of field 

transformation that gives sensible field equations, or is the scale-

covariant formulation unique? As an example, consider the transform-

ation 

< £ 0 0 — ^ GCk) < £ 3 C < ) <=>C*)>O —(A3.10) 

Th 6 n 3 
< £ z o 0 = o ^ £ G O <4 oo — > ( s w <£oo ) (-S0<) 

Now is only appropriate for cf^C^) . It kills lower order 

powers, but for<p(x)is unl'/kel^ -toyield a finite multiple. 

Hence scale-covariance assumes special importance, being the only 

transformation to yield sensible results in the presence of the a - b o V e . 

We note here that, in contrast to the above conclusion, when 

normal ordering is implemented then only the canonical formalism is 

appropriate. 

Consequences of scale-covariance arise for the form of commutation 

relations, and also for the path-integral formulation of quantum field 

theory. Equal-time commutation relations now are not the canonical 

ones 
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[ A C * ) , B C y ) ] - - L S C y , _ ( A 3 J 2 ) 

but are the so-called Affine commutation relations 

E f l C x ) , 0 C y ) J - - i S ( x - Y l — (a3.13) 

Further details of this can be found in references (Kl3 K8). 

For the Path-Integral description, scale-covariance implies that 

the functional measure be covariant under field scaling. The 

canonical measure, invariant under field translation, is formally 

given as 

© l ^ n = t r A cf>o<) 
— ( A 3 . 1 4 ) 

The scale-covariant measure, by contrast, is given by 

—(A3.15) 

* i^ocjlf 3 ~TT~| cpoof 

The measure (A3.15) is very singular, and one aspect of the scale-

covariant theory examined in this thesis is the stability of the 

ground state(s) of such theories. 

We shall now briefly mention how scale-covariance is exempli-

fied by an explicitly solvable model. 

(b) Solution of the Independent Value 

Model (I VM). 

The Independent Value Model differs from a conventional model in 

that it has no gradient terms, e.g. for a self-interacting 

theory, the IVM has action, 
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at 
—(A3.16) 

It is obviously an unphysical model because without gradients the 

field at one point cannot' influence any other point. However, 

it is a severely non-renormalisable model following the calculation-

independent criterion of non-renormalisability given in Section 1. 

The more general expression of this criterion is derived from the 

Sobolev inequality 

This allows us to treat spinor fields for which €, =• ^ , 

as well as boson fields ( e = i j . Further details of this generali-

sation can be found in reference (KI). 

Now the parameter is the power of the derivative in the 

relevant equation of motion. For the IVM, we therefore have €,=. o 

Non-renormalisability sets in for this model for p >2L , independent 

of the space-time dimension } n . 

It is known (Kl) that the IVM Euclidean generating functional, 

2/r 

provided that, 

F -
tn—ZZ e 

— ( A 3 . 1 8 ) 

S M = M f & C 4 > J (A3.1 <f) 

has the exact solution 
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S C U 3 = e x p - b f d * f (j- cos(uJnOcj))e 
•J J UJLl 

- b M\jl z- A LLT 

•(A3.2 

where 

and 

-2. -2 
p o £ < 0 ; (a) 
b 

^ = A ( b) "(A3-2 
b 3 

A conventional lattice-space approach, using the canonical 

measure, "IT , yields a trivial (free) result. However, 
k k 

a lattice-space regularisation utilising the measure 

T P A ^ k , converges to the resul t (A3.24) 

* l 4 > k r ~ * h A 

in the continuum limit o • We see that this latter measure is 

scale-invariant in the continuum limit, and is therefore a particular 

example of a scale covariant measure. 

So the use of the scale-invariant measure 

x I <£o<;| 

is crucial for the solution of the IVM, a severely non-renormalisable 

model. This suggests its wider use, and that for non-renormalisable 

theories in general, we should use the scale-covariant measure in 

their path integral quantisations. We also note here that in the 

Fock space derivation (Kl) of equation (A3.2o), the realisation of 

the field operator <f> C*) readily leads to the definition of local 

operator products via the operator product expansion discussed 

earl ier. 

Having outlined the reasons for using scale-covariant quantum 
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field theory, we now proceed to introduce the contents of this thesis. 

B - Further Investigation of Scale-covariant 

Quantum Field Theory - Introduction. 

In this thesis we shall examine some of the problems of the 

pseudofree and interacting scale-covariant theories. We restrict 

ourselves to scalar fields only. 

In Part 1 we take up the notion of non-renormalisability being 

viewed as a discontinuous perturbation. The possibility of devel-

oping A -perturbation series about the pseudofree theory, rather 

than the disconnected free theory, is considered. It has been 

argued (12) that the scale-covariant coupled Green function equations 

are so degenerate that a perturbation series cannot be developed from 

them alone, as it can be for the canonical theory. We examine this 

claim, finding that indeed the branching equations of the scale-

covariant field theory are degenerate. 

The question naturally arises as to whether there is an addi-

tional equation that is able to remove the degeneracy of the branching 

equations. Vie consider a renormalisation-group type of equation and 

show that this removes the degeneracy. Also an extra dynamical 

equation is studied, motivated by the augmented formulation of the 

scale-covariant theory. This equation also removes the degeneracy, 

allowing unique perturbation series in principle. The augmented 

formalism is taken up in Part 2. This consists of introducing a 

functional integration over an auxiliary field to replace the denomin-

ator of the scale-covariant functional measure, i.e. 

<B1 
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In particular, for I , 

using the formal identity 

[ T T c ^ C * ) ] ' = [ P L - f i l e x p - ^ J V ^ 

X 

where is a canonical (translation-invariant) measure, 

we have the result 

e x f --L^Ktf^clx —(B1.3) 

We examine the branching equations of this augmented formalism 

and, because of the now canonical functional measures, are able to 

perform diagrammatic expansions. 

The stability of scale-covariant theories is discussed in Part 3. 

This is prompted by the observation that the scale-covariant measure 

can also be re-expressed as 

£)'t:4>i - e * r ~ f^^f4* — ( b i . 4 ) 

The classical potential of the canonical theory then is changed, 

due to the use of this measure, from V C < £ ) to 

v'cf) = V(4>) + _ ( B L 5 ) 

As 4> o , V (<£>) becomes unbounded below, indicating instability. 

In Part 4 we look at the self-interacting scale-

covariant theory, having been preoccupied up till then with the 

pseudofree theory. Using the large-N limit of the N ~ ' expansion 

for its o(N) generalisation - A o ^ 2 " J w e examine the 
N 
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renormalisability of the theory for those dimensions where it becomes 

obligatory to use the scale-covariant formalism, according to the 

criterion laid down earlier in this introduction. 

In conclusion, we mention that the scale-covariant formalism 

may prove of great use in-quantum gravity, where renormalisation is 

not well understood (Kll3 II). 
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Part 1 - The Pseudoperturbation Expansion 

(1.1) Introduction 

In this part we will consider the possibility of developing 

the Interacting Theory as a perturbation about the Pseudofree Theory. 

This will involve us in the use of coupled Green function equations, 

derived from the formal Path Integral. We therefore need to explain 

how these equations are derived. 

Consider first of all the conventional theory of a self-inter-

acting scalar field theory, , described by the usual 

Euclidean Vacuum generating function 

- ( i . i . i ) 

This is the generator of unconnected Green functions via multiple 

functional differentiation, i.e. 

^n x-z.- • • • xv,) = S SChl - ( 1 . 1 . 2 ) 

Now, because the functional measure of (1.1) is invariant under 

field translation, i.e. 

&L4> +aD = ©[<!>] V AC*) • 

we have also 

S E U l = sLWl^ M 

—(1.1.3) 
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does riot really depend on A at all and so 

S / \ G O a = * 

Hence we obtain the functional differential equation for 
s n i - a . 

f ln(x) + K k _ 4 - A 0 _ S 7 ^ C L i J = O _ ( 1 , 4 ) 

1 su36cj j 
(where = - V ^ )• 

Further differentiation, on setting the source current to zero, 

yields the Schwinger-Dyson coupled Green function equations, i.e. 

£ Cx-<, ) - K * Cxx,) — C ^ ( x x x x j = o ^ 

(C) 

i 

(d) 

—(1.1.5) 
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For the scale-covariant theory, by contrast, the functional 

measure is invariant under field scaling transformations, i.e. 

£>t>£l =r ^>T:</>3 * SU) > 0 

Following through in the same way, we obtain the functional differen-

tial equation for S t l T ] , the Euclidean vacuum generating 

functional for the scale covariant theory 

U g c ) _ S + . - 1 K x : : T s t i l l - o 
I Shoe) S ^ x ) ShOcj i —(1.1.6) 

where : I denotes a subtraction defined by 

: j / : s'cwi s - J L P s ' c a i • ' S D O 
Sh rOc? SkpGc) sUfoo 'L=o 

—(1.1.6a) 

This subtraction is motivated by the lattice formulation of the 

Independent Value Model (IVM) in which 

is replaced by 

(as in Eq.(A3.23)), but is necessary, in general, for scale covariant 

measures for which i . 
So we find the subtracted scale covariant branching equations 

1 f / * \
 f 

[_S(*-xi) 4- STx-x^JJ Cisi (*,XzJ — K ^ C ^ C x x x.x-zj _ f 60cxxxx,x z) = o 

(a) 

— C-i & (xKxxx^x-zXq.) = O 
(b) 

f -I 

- 4 - A o Q ^ / ^ x x x x , . ..x z l M)=o —(I- 1-7) 

hn > I 
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where X—> x after the operation of . These are represented 

in Fig.(1.1). 

As can be seen, the significant difference between sets (1.5), 

(1.7) is the absence of an inhomogeneous equation analogous to (1.5a) 

for the scale-covariant theory. This is entirely due to the 

subtraction procedure. Also, because of the definition of operator 

products via the operator product expansion (as distinct from normal 

ordering) in scale covariant models, the branching equations (1.1.7), 

written for unconnected Green functions, are the same as for the 

connected functions. This is because the O.P.E. of Green functions 

with coincident points, will retain only the leading singularities, 

which are just the connected parts. 

Having derived both sets of branching equations for purposes of 

contrast, we now move on to examine the perturbation series. 

(1.2) Perturbation Theory 

First of all, we will examine the Schwinger-Dyson equations and 

develope a perturbation series, about the free theory, for the 

interacting -point Green functions, • 

Generally, we write 

— ( 1 . 2 . 1 ) 

where Q 
( H . 

where Q Z l 1 is the Z-ki -point Green function in r -order. 

Substituting this into set (1.5) we find 
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0 0 . p 
A 

P = o 

~~ p/ ^ p j - 4 - A o Z L A o C-i^^XXXXf-Xz**J =- o 

—(1.2.2) 

Equating powers of A 0 leads to the perturbation relations 

Znr-M (p) CfJ , x 

>r« | 
C p-« ) 

( Oj \j "2.j . . • • ) —(1.2.3) 

In particular ( Q ) 

§Cx-x,) - K x - c ^ Cxx,) = o 

Co; 
- KxCf^. C x x ^ X ^ ) » o 

Co) 
* (xrx'7 4- Ocxxx,) — o 

C/j 
So can be found in terms of h ^ . It is easy to see that, 

( F) r-

in general, can be expressed in terms of . This is just the 

statement that the Feynman perturbation expansion (in terms of the free 

2-point function) exists. 

Now, from the scale-covariant branching equations, we develope the 

perturbation equations 
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^ £ x * ' <f» K- V i * , * s 

v^r | r 

C m ^ | ) — ( 1 . 2 

i.e., on equating powers of , 

(P) Cp) 

r^i 

- *-Zm] - Q (1.2 

( im > i) 

From these equations, it is clear that ^ ^ cannot be 
o ) 

reduced to a knowledge of ^ ^ alone, because of the absence 

of an inhomogeneous equation. 

We have found, therefore, that for the canonical theory, the 

perturbation series for n-point functions is unique, order by order. 

This is not the case for the scale-covariant theory. Now on 

examining the exact (not perturbation) Schwinger-Dyson equations 

(1.1.5), we see that ^ ^ appears to be arbitrary, requiring speci-

fication before ^ 6 etc. can be determined. How, then, can 

the perturbation series be unique? We resolve this by the following 

argument: the requirement that the perturbation series exists, 

i.e. Ilm can be interpreted as a boundary condition. 

Also, since the perturbation series in A 0 is asymptotic, it does 

not uniquely determine ^ ^ unless extra information, outside the 

branching equations, is supplied. So we trade the boundary condition 

implicit in perturbation expansions, plus the ambiguity of resutnming 

asymptotic series, for the boundary condition Cj^ • 
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In a similar way, for the scale covariant equations (1.1.7) to 

be soluble, both <Hz and ^ ^ must be given. They are therefore 

more degenerate than the canonical (Schwinger-Dyson) equations. By 

imposing the existence of perturbation series for the 2n-point 

functions, this degeneracy cannot be entirely removed and so the 

perturbation series are not unique. 

In order to understand this combinatoric problem of determining 

higher order functions in terms of lower ones, it is sufficient for 

us to use simplified versions of the canonical and scale-covariant 

theories. 

(1.3) The Static Ultra Local (UL) and 

Independent Value (IV) Models 

(a) Static Ultra Local Model: 

The Ultra-Local Model is simply the canonical theory with the 

gradient term removed. The vacuum generating functional therefore 

satisfies an equation similar to (1.1.4) but with K ^ replaced by 

m 0 , i.e. 

2 3 
InCx) -4— no^ J E — h- ^ o J L ( S L H ^ ] = O (1.3.1) 

SlnCx) SHOO3 -I 

In order that 

ecui be non-trivial, the ULM (c + s 1) must be 
_ i 

regularised by putting it on a lattice of size M or by setting 

for d-spacetime dimensions. The parameter M cannot be 

eliminated from the theory. The general solution to (1.3.1) is then 
f d dL , . \ 
4 x M Im q C H go ) (1.3.2) 

S C H 3 = e x p 

where for constant argument U , satisfies the differential 

equation 
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- rf-

Here «*» -r H 

_ j = O 
•(1.3.3) 

, A = M A and / M - I . 

The connected Green functions, defined by 

ry 
L C*.- • • -XTr, ) « 5 

SJiCx.;..-- S h & n J 
are then given by 

In SLI^I 

WH Gcr • • Xn) = n"TT 

where 

A ' ^ o C M 

To establish correspondence with the exact equations (1.1.5) 

let us define 

• n J t- -cr — ^ Kl — C M 
d U 1 

As-

The oranching equations thus derived from (1.3.3) are then, assuming 

"T7L _ — o 

-cro — M 2 " - ^ — A -IT ̂  = o (a) 

— no"2" — 4-A "C^ = o (b) 

o (C) 

n -+-1 )-cr - r n S r — z+_A "Z-n-f-z. ' 
Q 

-(1.3.4) 

We can conveniently express these relations as a matrix equation to 

derive the results of the previous Section. 
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- 4 - A 

— 

Q 

- 4 A 

— nn 
I 

- 4 A i 

(1.3.5) 

i .e. — e. — ( 1 . 3 . 6 ) 

where l— is the Zower-semi matrix 

I— • • = +-iJS : • , 

is the upper-semi matrix I D - « • and C , is 
j 

the column matrix 

Now it is a general property 

of infinite matrices that upper-semi matrices do not have unique 

inverses. Because j D is an upper semi-matrix, this means that the 

matrix equation (I.3.5) is not invertible. This was the conclusion 

of the last Section, i.e. that the exact canonical branching equations 

are not uniquely solvable (we have freedom in specifying Cj ). 
We cannot find a unique inverse for (— m*'1. 4-L — 4-X £z) 

However, since ( - m^JL 4- L ) is a lower-semi-matrix, it does 

have a unique inverse, (r~rn't"l-4-L.) ' • We can re-express (1.3.5) 

as 

-i 
(^r) = - L J ( e , ) ( - m H - p l ) CD)(-C) 

•(1.3.7) 

Expanding "C as a power series in A , 

we ge-t unique perturbative solutions 
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with -c ( o ) _ _ C — - + - L - J " " ' f e . , ; 

This use of matrices demonstrates how a set of degenerate equations 

(1.3.4) that permit arbitrary , -have Unique perturbation series 

expansions. 

We could have reached the same conclusion by solving equation 

(1.3.3) directly. 

Imposing the boundary conditions, 

(1) z Q(o) = l (2) zo(h) = zo(-h) 

the solution of (1.3.3) takes the form 

cx(r^-A) A, oj p O * AjzSrf-rv^o) 

• C M ^ X j k ) 4- zr C ^ A j g r C - ^ A y ih) 
—(1.3.8) 

_4-oo 
where = d a e x p ^ u ^ - A u ^ - f - i A u J 

— OO 
and tfC^A) is an arbitrary function of m2) A . 

Once -C^ is specified, all the Green functions are fixed. 

This is equivalent to specifying "XCm 1,Aj . 

Now . > 
- ^ p = -

j u 2 * 

4-

-(1.3.9) 
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where 
-f-

J. - ' * y A,ll) •(1.3.10) 

e A 

and —(1.3.11) 

V3ZA r I -©A 

Here the L_1(cl.;x) are the usual parabolic cylinder functions 

We can write (1.3.8) as 

-zr 
2-f 

Now for small \ 

1 + $ 
—(1.3.12) 

c< 

o( + -

p 
o CA e ) —(1.3.13) 

For the existence of perturbation series we require that 

i rr) 
A—> o+-

^ I < —(1.3.14) 

This can only be satisfied from (1.3.12) if 

— CL-m 

3 - o or 

/1 (sA\ 
2f - O ( e , ) 

cl > i 
(1.3.15) 
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This is equivalent to requiring So( to have zero asymptotic 

series. So the condition that the perturbation series exists 

(1.3.14) guarantees that it is unique because (tf ) ̂  is determined. 

(b) Independent Value Model 

This is the analogous model in the scale covariant case where we 

eliminate the gradient term from the action. The functional differ-

ential equation for the generating functional s A k G is then 

hCx) S -f- rnq : j A : — 4-A « : ^ : 1 - S l U O = o (1.3.16) 

The general solution for this model has been given by Klauder (Kl)9 

SLUI « e x p C^Ll(^Oc)) 
r J —(1.3.17) 

where LJ (JnGcj)satisfies the linear subtracted equation 

h ( ^ U _ £ u i ) - 4-A ( A T u - ^ O , )—(1.3.18) 

= o 
where 

2 2 3 
^ sr 'SCjd) rvitj ; A = S"(o/ A Q 

We introduce renormalised mass m , and coupling A via 

L m 2 = r P , b 3 A = A —(1.3.19) 

Now the parameter b plays the same role as m in the ULM of the 

previous Section. The connected Green functions are obtained from 

U(h) by 

Cx, = T T S C x , - ^ ! _ { 1 3 20) 
r = -2. 
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where 
• n 

= u ( U ) | 
o •(1.3.21) 

This is analogous to our analysis of the ULM previously. 

Continuing the analogy, we write out the branching equations 

implied by (1.3.16) and put them into matrix form. 

The branching equations arising from (1.3.16) are 

IJO - U — o (a) 

- ™ - oOc? = O 
(b) 

/ - / 
-Z-Kl UJ — KVi tjJ — 

2. Z-H 

1 .e. 

'2 - —^ A o 

^ ivi - H 

o 

I 

This may be written as 

(A - rM* £ ) - 4-A = ( 0 ) 

—(1.3.22) 

—(1.3.24) 

where ±) ; • = . (as before), and A is the diagnonal matrix 

A i j = ^ J 

Because the matrix D is an upper semi-matrix, (1.3.23) cannot 

have a unique inverse. In order to more clearly contrast this case 

with the previous one, let us separate out <-O z from (1.3.23) and 

write instead 



i o . . 

4- — m 1 o 

6 — ryX 

34, 

(1.3.25) 

i.e. ( - » n * 1 4- l / - 4-A 1 ? ) ( c o ) = —(1.3.26) 

K \ 
where = <jj — 

* : / 
and L_ is the lower semi-matrix 

As before, because of the upper semi-matrix X ? } (— m^l-^-P— q-Ajp) 

is not invertible uniquely. So, in accordance with our previous 

conclusions, even if we are given » the branching equations 

(1.3.20) cannot be uniquely solved. 

However, (— 4- \J ) does have a unique inverse and we 

can write 

i.e. , 

CO ~~ ( C o ) = Z . C - ^ X . - t - u ' ) '(e,)4. 4-A ( - ^ 1 + J ) C d ] CO 

-(1.3.28) 

We can now expand the combination as a power series in 

A , i.e. 

f 
CO. = ZL, A 

00 r to —(1.3.29) 
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- CP) 
then ^ is uniquely determined from 

—(1.3.30) 

where Cj> (°} ^ - H ^ e , ) —(1.3.31) 

So we see that unlike the perturbation series of the canonical theory 

where the existence of perturbation series guaranteed their uniqueness, 

for the scale-covariant theory, we need to specify the perturbation 

series for ^ ^ in order that all other perturbation series be deter-

mined. 

As before, let us see how this result appears from the equation 

(1.3.17) directly. 

M H 2 d/A d W + ^— ( 1 . 3 . 1 7 ) 

Imposing the boundary conditions 

(i) U . ( o ) - ® 

. (11) = 

(iii) l o / = ^ —(1.3.32) 

Then L-L(UJ has the form 

U ( A ) = A) 2.33) 

where -f-oo 

J ,U.| —(1.3.34) 
— cO 1 

Specifying the arbitrary functions clC"2/A), ^C^Ajis equivalent 

to independently specifying and c_o / / 
4- ' 
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( 

Now, writing ^ z - p as 

= / u f t ) | 

« c 4 - —(1.3.35) 

where f 

it. ^ C ^ A ^ ) ! ^ o 

= - ( 1 . 3 . 3 6 ) we find 

= 0 ( A ' f
a 

4 
•(1.3.37) 

The existence of the perturbation series, i.e. 

forces c ^ ^ t 0 bave zero asymptotic series in A . So the 

asymptotic series for ^ z . p W z are now uniquely determined. 

(1.4) Renormalisation Group Equations 

•So far we have contrasted the scale covariant equations with the 

canonical (Schwinger-Dyson) ones to show that they are more degenerate, 

The perturbation series for the ULM are unique but for the scale 

covariant IVM we need to specify the 2-point function in all orders of 

perturbation theory for all other perturbation series to be uniquely 

determined. 

However, a Lattice calculation of the ULM (K3) shows that it is 
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completely determined, rather than just its perturbation series. 

Similarly for the IVM (K2), a Fock space calculation shows it to be 

completely determined up to a single overall scale parameter. 

Obviously then, in going from the formal path integral to the 

branching equations, we lose information. 

In this Section we consider the information supplied by para-

metric equations in ^ ; A . 

These are like renormalisation group equations, and they have 

been examined for the static ultra local and independent-value models 

in a different context (Ml). 

Consider the formal Euclidean path integral for the ULM, 

r 
5 C O = N exp - j d * ( 

—(1.4.1) 

Then, p p "z-z-z \ /\ 

•3 S D W =( N ) • - J clx P - H 

(1.4.2) 

-I 
where the normalisation factor, N , must be differentiated because 

z 
it contains rn a . 

N - - Ax + 

—(1.4.3) 

X l N M 2 f d x f ^ L ^ l Aft*) e x r — J^clx ( J ^ ^ V A ^ ) 
d J —(1.4.4) 

- N s £ 

EV^U) 

CW1 
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Hence 

S C W J x C SjzCL,3 _ J ^ s C M f . S W 

clx : : s L W 
-(1.4.5) 

Similarly 

^ A o 
O x - S C W 

-(1.4.6) 

Equations (1.4.5) and (1.4.6) hold equally well for canonical and 

scale covariant theories. Let us now see the constraints that they 

impose on ^ f b ) and U(ln) . Consider first of all the ULM. For 

we have 

SClnJ =r ^ p 
r ,<L d, 

<L X H In O c * / ) 
—(1.3.2) 

So 
d. x M 

^ o / z ) 

1 "a s c w 
" ^ O o Z , ) 

and ^ - j 

s o n = A J m - v ^ c o . s e w j 
S W G C ; S U C x j L ^ O a In ) 

= _ / T ^ C W 2 s / o ) . s e w 

4- M ^ J_ a f e o C k ) S<fo/ s E W 

a W 

M cL M ^ - L 
L, "^o 

But S C o ) — M ^ 
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i.e. ^ sChl ^ M ^ - i - . SLU1 

S P C * ; 

So our renormalisation group equation (1.4.5) for the ULM becomes, 

-z 1 J 
with the mass-renormalisation = ^ m , 

—(1.4.7) 

Similarly (1.4.6) becomes 

T ^ o C M » _ h) | 
—(1.4.8) 

These equations can be simplified if we define 

E- (o) - d . 4 . 9 ) 

Then we have ^ —(1.4.10) 
~2-

a n d - a j r c u ) = V ^ E C M -(1.4.11) 

Defining the derivatives of E(li) by 

= J S E W I —(1.4.12) 
n= o 

it follows that 

• h 

Sin* 
U 

• h ^ = u 17„ 

rvf 
= —(1.4.13) 

v̂J 
-rr. 

Now from (1.4.10) we can functionally differentiate w.r.t. k , 

^ r -z.p-t-'z. 
,- e- . E T < » = E G , ) " ( 1 ' 4 - 1 4 ) 
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On setting h = o we find, using (1.4.12) 

, = - ^ p - F - Z C p = ly • • • ) (1 .4.15) 

Similarly, 

— -nr 3 ~ ~ 
3 A —(1.4.16) 

Now from (1.3.9) and (1.4.13) we have 

^ = ^ 4- -(1-4.17) 

•h 
From the defining equations for > (1.3.10, 1.3.11), we see 

± 
that ^ ^ individually satisfy (1.4.15) and (1.4.16). So we must 

have 

^ 0 " % , ) —(1.4.18) 

This has as solution tf = constant. Whereas the Schwinger-Dyson 

branching equations (1.3.4) gave solutions in terms of the arbitrary 

function , imposing the extra conditions (1.4.5) and 

(1.4.6) gives a family of solutions that depend on the single 

constant, If . If we now invoke the existence of the perturbation 

series, then from (1.3.15) we require = 0. 

Let us now consider the IVM. It is straightforward to see that, 

given the generating functional 

/ r 
S = Ax U (t i (x)) 

—(1.4.19) 

and the renormalisation 

^ = b S C o j r v n * \ s L 3 § 3 ( o ) ) 0 —(1.4.20) 
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I 
the equations (1.4.5) and (1.4.6) for S L I T ] become for U(hCx)) , 

V 2 U C b J U C k ) - A 

ja. = ^ U C k J —(1.4.22) 

As for the ULM, substituting for L J O J explicitly as in (1.3.31) 

we find that both A , ̂  ) and ' (-"•T A , J , ) , satisfy 

(1.4.21) and (1.4.22) separately. So we find, 

Tb a _ ^ o ^ -o 
- - ( 1 - 4 - 2 3 ) 

CL 
= ° —(1.4.24) 

^ A & A 

i.e. both a, c are constant. 

Now if the perturbation series exists, we must have c = 0, 

as seen from (1.3.35). This leaves 

U C b ) = CL d.u_ C o S (1.4.25) 

J ILL| 

Since 

a . O i * A ) has been restricted to a constant, independent 

of t>n'/ A , due to the imposition of the renormal isation-type 

group equations (1.4.5) and (1.4.6), these equations have therefore 

given us extra information on the perturbation series for the IVM. 

Before the use of these equations, the existence of perturbation series 

for the IVM forced c = o, but gave no information on A ) 

Using these equations now shows us that a is independent of A 

Finally in this Section we briefly mention the consequence of 

imposing an equation of the Callan-Symanzik form. Whereas in the 
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canonical theory the inhomogeneous equation (1.1.5a) is success-

fully predicted by the Callan-Symanzik equation, this is not the 

case for the scale covariant theory. Details may be found in 

Appendix A. 

(1.5) Conclusion 

In this part we have examined the branching equations of both the 

canonical (Schwinger-Dyson) and scale covariant theories. We have 

seen that although the canonical equations are generate, the existence 

of perturbation series implies a boundary condition which, together 

with the ambiguity of resummation resolves the problem of how the exact 

equations are degenerate, but the perturbation series is unique. 

For the scale covariant theory, the degeneracy of the exact bran-

ching equations is reduced, but not eliminated by requiring the exis-

tence of pseudo perturbation series. In order to further reduce the 

degeneracy, we need to look for an additional dynamical equation, 

analogous to the inhomogenous equation (1.1.5a). This is the subject 

of the next part. 
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Part 2 - The Augmented Formalism 

(2.1) Introduction 

We will discuss here a different formulation of the scale covariant 

scalar field theory. For simplicity we will consider only scale-

invariant measure. The Augmented Formulation replaces the scale-

invariant measure by a functional integration over an auxiliary field by 

use of the formal relation 
2 -z 

4 a = oc & J z % 3 - i j l 
"TP I 4c*)( 

We shall work throughout using the pseudofree theory, i.e. A0-S> o 

limit of the fully interacting scale covariant theory. 

We can then write the pseudofree generating functional 

( / ^ 

- - ( 2 1 1 ) 

in its augmented form 

where 

are now translation invariant measures, 

normalised so that [oj— \ . The constant ^ is simply for 

generality. Integrating out the^-field in (2.1.2) reproduces 

(2.1.1). However, we may alternatively perform the 4 integration 

first. We shall discuss this later, as it forms the basis of a 

diagrammatic expansion for the pseudofree augmented theory. 

Firstly we shall examine the branching equations derived from 

the augmented generating functional (2.1.2). 
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(2.2) The Pseudofree Augmented 

Branching Equations 

For generality, we introduce an external source current,j , 

for the auxiliary field % . 

i.e. we use 

r xr z 
Z o D - z p = fec^Me'p ^ 

From the translation invariance and we obtain as 

functional differential equations for - s j c p j l I , 

- o —C2.2.1, 

[jcx) - ^ W D t ^ l = O 
L " C x J S A I G O J 

— ( 2 . 2 . 2 ) 

We see that (2.2.2) is a constraint equation. It is unchanged for the 

interacting theory. However, (2.2.1) is dynamical and becomes 

on including a self-interaction. The branching equations 

for the augmented Green functions, defined by 

^mj*'"*"' Xr-U s ^JL _ E 
"vj = o 

are easily found. 

The constraint equation (2.2.2) yields 
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lScx-yJ -t- ̂  ^ - z ^ x k ;xy) = ° (a) 

/ ' 
L S C x — y j C n ^ o (xr . . .Xrv1 ; x y j = a ( b) 

L ^ C x - x H O 

-F- O ^ —(2.2.5) 

' r 
where by symmetry we assume ° and ^ ^ •z.n-w = ° . 

These equations can be displayed in symbolic form (Fig.2.2). 

The dynamical equation (2.2.1) gives 

f t 

L 7 (a) 
< / 

/ 
I*1* i XX) O (b) 

( am ̂  2- / 

m f . 

+ (c) -(2.2.6) 

C am > 
These equations are displayed in (Fig.2.3). 

We now compare the augmented formalism with the scale covariant equations 

of Part 1. 

Remember that, motivated by the Lattice formulation of the IVM, 

the scale covariant equations included the subtractions (£4), i.e. 

where 

: — 1 = - 5 / 2 J M - ^ J W —(2.2.8) 
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We can derive the analogous equation for the augmented pseudo-

free theory by using equations (2.2.1) and (2.2.2) . Functionally 

differentiating (2.2.1) and (2.2.2) w.r.t. and j ( y ) respec-

tively and subracting gives 

I ' . S h C y j J d ^ j C y J ISlnCy) * ' iShC*; 

- b f - § x 

— ( 2 . 2 

We see that on setting x = y and j = o we reproduce (2.2.7) except 

without the subtraction procedure. From Part 1 we saw that the 

subtraction procedure was directly responsible for the absence of an 

inhomogeneous equation amongst the scale-covariant branching equations, 

a fact that led to the breakdown of scale covariant perturbation 

theory. 

The augmented formulation gives us cause to doubt the necessity of 

this subtraction procedure for the particular case of a scale-invariant 

measure. We resolve this contradiction by proposing that the IVM is a 

special case of a theory with scale-invariant measure, where the subtrac-

tion procedure must be implemented, but that for theories where the 

gradient term is restored such a procedure is absent. This proposal is 

backed up by the following observation, showing that we cannot accommo-

date the IVM in the augmented formalism. The general solution for the 

IVM generating functional 

s e w = H ~ ' J $ > Z < f > 1 * * p _ ( 2 2 

is given by (Kl) 
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or £ K k 4 - ̂  'J ̂ ^JxyJ ~ -LS (x- y j —(2.6 .8 ) 

where 

U ^ C x i ) = d L X ( j - e ^ J e —(2.2.12) 
j i cjlj • 

Here b is an arbitrary constant, and we have the infinite multi-

plicative renormalisations 

, -z , 
— 1=7 • a = k) a 

3 —(2.2.13) 

We can choose our system of units so that b = l for convenience. 

Now the obvious augmentation of (2.2.12) is given by 

C I At-L. — u - - A u i ^ a ^ , ^ 
U O i , j ) = J < L u _ c L v ( / - e.' * —(2.2.14) 

where we have coupled in a source j for the V variable. This 

can best be written as 

uCh.j) - SL t o , j ; — 
—(2.2.15) 

where S I ( h , j ) = J d u . <£v u u ^ ^ u f v — ( 2 . 2 . 1 6 ) 

4- r in OL 4-i V j 

r 

The augmented functional differential equations for 5 C A / j ] 

(in the Euclidean formalism now) 

l l j c x j - ^ S / Z s t l v j U = o -(2.2.17) 
c.^ S j OO 2> h 0 0 J 
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or £ K k 4- ̂  ' J ̂ ^ JxyJ ~ - LS(x - y j —(2.6.8) 

become differential equations f o r L J ( b ) o f (2.2.11) 

= ° -(2.2.19) 

l u - S ^ Q . 4 - 4 - A ^ f 4 - u j f f 7 u C h . ; ) = o —(2.2.20) 

where, in addition to the relations (2.2.13) we also have 

\ = "5(<=J £ ^ —(2.2.21) 

This latter renormalisation can be seen from the following consider-

ation: 

Since S Cti,j3 - e x p - J ^ d x cxj) follows that 

5 / SLU,Jj = C - 2 3 u . -f ?)<JL.g(o) 
s j Cx)^UZoc) L ^j-aW ^ 

4- A d r § Co) _ p g f ? S D y W 

^J a j aA J 

So defining = 3 w e obtain 

Cx) 

Obviously, (2.2.19) and (2.2.20) are not satisfied by (2.2.14). 

So we see that the IVM, whose solution depended crucially on the 

subtraction procedure, cannot be reconciled with the augmented formalism. 

We interpret this as peculiar to the IVM only, and will now go on to 

present further support for ignoring the subtraction procedure for gradient-
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restored theories. 

From (2.2.9), on setting x = y and j = o we find 

c , ; - - ° - ( 2 " 2 - 2 2 ) 

which is the analogue in the augmented formalism of (2.2.7), the 

subtracted scale-covariant equation. 

Setting h = 0, we obtain the new branching equation 

K* C^Jcxx*) = o —(2.2.22a) 

where we have used the simplified notation Q p S ^ ^ 0 and x —> x 

after the operation of K * . 

This is the new feature arising from the augmented formalism. 

As is easily seen, in the interacting case we have for the new 

equation 

( f 
4 - 4 - A o C, C x x x x ; = o 

—(2.2.23) 

This is represented diagrammatically in Fig.(2.1). In principle, 

perturbation theory is now possible since the inclusion of equation 

(2.2.23) allows all orders ^ ^ ^ to be expressed in terms of C f ^ . 

As we saw in Part 1, the subtracted scale-covariant equations forbade 

r 
this, requiring all orders of to be specified. 

(2.3) Mass Renormalisation 

We have seen that the augmented formulation of scale covariant 

field theory has provided us with greater information than before, at 
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the level of branching equations. This information is (2.2.22), 

not present for the subtracted case. Let us explore this equation 

in detail, since Klauder's analysis excluded it as being intrinsi-

cally inconsistent. 

/ ^ 
We. assume that Cy C x x ) has the spectral representation 

= i J&k '-kCx-x*) % Cc) 

(where J T k ) 

— J do- ^ ( x - x * crj f(cj) 

—(2.2.24) 

Here J'(^) is a normalised spectral density. 

Then 

—(2.2.25) 

where we have taken the limit X x after the operation of K x • 

We can write (2.2.25) as 

K * C ^ C x x * ) = - : f ^ f e dcr p C a K z 4- ( 1 
J J 1 C k * - * J J -(2.2.26) 

Now L. d & f C G j - ^ ^ s c 0 ) —(2.2.27) 

L J o j ^ C c ; = C ^ / o ) -(2.2.28) 
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Hence 

f ' f 
K o C x x * ) = + foj •z 

—(2.2.29) 

where we have defined 

yy? oj - U f ̂ H ? ^ C J ( a ) C 
J - ( 2 . 2 . 3 0 ) 

i .e. 

= J V l e Jff JCQ-J CT —(2.2.31) 

<=Lcr 

So (2.2.22a) implies 

2 © S C o ) -(2.2.32) 

L e T c o) tZ 

This is a statement of mass renormalisation for the scale covariant 

theory, where m is the renormalised mass. 

Suppose the spectral density was of the form 

^pCc) = where N is for normalisation, 

m is the renormalised mass, and c (cr) represents the continuum contri-

"2. "2. 

bution. Then (2.2.32) can be written, m = -f- SCo) o —(2.2.33) 
• <=tl( o) 

where c represents the continuum. Similarly (2.2.28) can be 

wri tten as 

/ 
L _ L / l f o ; H- i C y 2 ( c ^ i m o o m ) (2<2 

With L nn
2
-) = , —(2.2.35) 
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So we see that (2.2.33) is of a self-consistent type since, because of 

(2.2.34) and (2.2.35),both sides of (2.2.33) involve m 2 . 

(2.4) The Diagrammatic Expansion of the 

Augmented Pseudofree Theory 

The Augmented Pseudofree Theory is described by the following 

generating functional 

(2.4.1) 

where $>Ccp3 and 

are now translation invariant measures, and 

we have coupled an external source j cx) to the auxiliary field X/^*) • 

Integrating over the cj> -field gives 

—(2.4.2) 

where 

aZ.Cx.hl = i j i x i y UCx) f i T r h ( o + ^ + , l ? t
t ) 4 3 ) 

and { a = - i ^ C x - j O —(2.4.4) 

Now let be the free-field Green function satisfying 

(nr-hm?)c1a<xY) = -iScx-y) —(2.4.5) 

We can then separate out from (2.4.2) the free-field functional 

—(2.4.6) 
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to obtain 

= ^ J T J - O i. GCEVjltJ -4- u f j % <l.* ^ 

where 

Now q U y ; X ) = -Cx| ! | / > —(2.4.9) u a 

= _ _ L - I r > -

-Q-f-nq^ 

d x , < x I J x . ^ i lx,X*,/ ! lyy^XsCx,) 

-h • 

Also, 

Im Z : x i d n 4 - m * l y > 

- H n ^ J j - f . ^ I | y > —(2.4.10) 

0 4 - m 2 

z 
= P < x | 0 + m 2 |/> - I | y > 
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Then we see that C 5 C C * % y W (2.4.8) can be written as 

2 2. - j - a 

C S l C ^ W = - -L ̂ C _ , o C o ] J k x ^ Cx) - C*; 

CO r^n) 

n= 2 -(2.4.11) 

In (2.4.11) we have written 

r i y zl (*y) hCf) 
—(2.4.12) 

and 
ten) 

V Cxt-• x n ) = V 
(fzLnj 

CX,- • X n ) V , Cx,.. .X„; UJ 

—(2.4.13) 

w i t h 
n-i-i 

— —(2.4.14) 

and 

Yz») h _ f __ 
V, Cx,..xn-,h) = (-L) l]j?Cx<) C^Oc,**;.. . 

(2«) -y-
We can see that V / Cxy ; l ) is h-dependent through < £ > 0 0 . 

) (iKl) 

Both V 0 and V, are described graphically in Figs.(2.4.). 

They are represented by a closed polygon and a chain, 

respectively. 

Now the generating functional for the connected Pseudofree 
( 

Green functionSj ^ 0 E l n 3 } is given by 
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l W Q L H / j ] = I n Z ^ C l i j ] 

or £ Kk 4- ^ 'J ^^JxyJ ~ -LS(x- yj —(2.6.8) 

and setting j = 0. 

From (2.4.7) we see, then, that 

W^Llrtd W o L A j + H j L U I —(2.4.17) 

where Z L M is the sum of all connected Vacuum-to-Vacuum diagrams 

constructed from a % -field theory with action of 

(2.4.11). This is a theory with propagator 

Atx y) - L S C x - y ) •(2.4.18) 

h -dependent mass insertion (2-point function) 

\ 
1 - T - 2 -

M U) = y, tx) 
—(2.4.19) 

and In -dependent non-local ^ ^ -point vertices 

(zn) 
" 2 \ V '*«'>U) •(2.4.19a) 

as in Figs. (2.4.14) and (2.4.15). 

Having set up the diagrammatic expansion of the pseudofree theory 

in its augmented formulation, let us consider the pseudofree two-point 

function C i J ^ x y ) 

This is defined by 
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f z ' 
C x y J = s ^ C b l 

L 2 Sin Cx) Sh(yJ or £ Kk 4- ̂  'J ^^JxyJ ~ -LS(x- yj —(2.6.8) 

= s % / 0 c w | 4- i 
I. —(2.4.21) 

using (2.4.17). Hence 

= CyoCx/) 4- S z 2 L I : W -(2.4.22) 

Here, y ) is the /ree-field 2-point function (satisfying 

(2.4.5)). 

Looking at the second term of (2.4.22), there are only two 

possible types of diagram of Z L C h l that can contribute, i.e. 

(i) Diagrams with no M 2 insertions. Then all of the full 
(2.H) Can) 

vertices V except one are replaced by V 0 . This one 
C iLn) 

vertex is replaced by V, and is then functionally differentiated 

twice to remove its h-dependence. This procedure is done in all 

possible ways. 

(ii) Diagrams with one M
2
 insertion. This insertion is twice 

differentiated to remove its h-dependence. All vertices V are 

replaced by V 0 

Diagrams corresponding to the pseudofree 2-point function are 

shown in Table 2.1. This table categorises the diagrams according 

to the number of loops each diagram has. For convenience we have 

taken 

—(2.4.23) 
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Then, from (2.4.18), the propagator ^ ( x y ) is simply a 

delta-function 

AUf) = - L S Cx- y) 
—(2.4 

and from (2.4.19a), the 2n-point vertices have the coupling 

v i h = J— associated with them now. 
1 

We shall briefly explain Table 2.1. The first column gives 

the loop order. The second column gives a particular connected 

vacuum-to-vacuum diagram, constructed from the above propagator and 

vertices. In the third column, the contribution of this diagram 

(after it has been differentiated) to the pseudofree 2-point function 

is given. Dashed lines represent the delta-function propagator 

A ( x y ) and solid lines represent the o . Contracting the 

AA 's gives the diagram of column four. The last column gives the 

formal singularity associated with this contribution to Cj^Cxy). 

This singularity is found as follows: 

From the uncontracted diagram of column three, each closed dashed loop 

gives a factor S C o ) and each point vertex a factor '/Cjfo)- Also, 

we must include the singularity produced on making the contraction, 

i.e. the singularity associated with the diagram of column four, e.g. 

consider 2(b) of Table 1. Because 2(b) has a mass insertion, M2, 

this must be differentiated, to give the uncontracted diagram shown. 

This has two dashed loops and three point vertices and so contributes 
z. 

singularity c • Also, on contracting, we gain the 

additional singularity of the closed solid line, denoted L 2 . 

Generally we denote 

U = ( cLx, d x * . . . < H o C * X , ) . - - . Q o O n - . x J 
J —(2.4 

i.e., an n-link loop fixed at x. 
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2 3 

So 2(b) has the overall singularity L 2
 5 ^ ^ / ^ J o ) . 

also be seen by calculating directly the 

diagram. 

This can 

uncontracted 

i .e. j -z 
cUcLpcLtf S(o)J_ S C/&-E) QJf^QoO'tfjQoOfyJ) 

q f c c ) -

= X o ) 

^tcoj 
L * J ^ c L p C 1 0 ( x . / 3 j c f o C p y j 

—(2.4.26) 

We see that each singularity occurs at many loop levels. Now if we 

pick out the most singular diagrams that correspond only to point mass 

insertions, we can write their sum generally as 

^ - + a-, S ^ / Q o C o J 4- ( S / o J / q ^ ) SCc) 

—(2.4.27) 

We will also have cross-terms, L ^ . L 3 etc., at higher loop levels. 

The coefficients ; etc. are uncalculable since each 

singularity occurs at many loop levels. However, we will show in the 

next section how this mass, comprising the most singular point mass 
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insertions of the pseudofree 2-point function, can be related to the 

renormalised mass of Section 3 that was the statement of the extra 

dynamical equation (2.2.22a). 

Concluding this section, we draw attention to Table 2.2. which is 

the analogous table for the connected pseudofree four-point function, 

W ^ C ^ x y ^ J . No study of this will be made here. 

(2.5) Mass Renormalisation Reconsidered 

In this Section we will show how the self-consistent mass renorma-

lisation (2.2.33) is related to the singular diagrammatic series 

(2.4.27). 

Now the series (2.4.27) corresponds to picking out the most 

singular part of the self mass, with no continuum contributions. This 

corresponds to taking 

S 
(cr) = S C c r - n ^ - ) 

-(2.5.1) 

Then from (2.2.28) we have 

C ^ C o ) i J d r b 

r -z) —(2.5.2) rfo C O j AYl J v ' 

with Q Q C x y ) rsE2-) as in (2.4.5) but with replaced by m 2 . 

Also (2.2.33) now becomes 

m " 2 = no o +- —(2.5.3) 

Now in (2.4.27) is short for Q o C 0 ) . In order to 

show the equivalence of the series (2.4.27) and the statement (2.5.3), 
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we need then to express ^ o ^ 0 ) frT
2
") in terms of ^ o ^ / ^ J J 

Let S i- C-

yy7 — no — no —(2.5.4) 

Then, for single point mass insertions ) l o no 

= C ^ 0 ( o j m l ) -f- J^cLx, q ' ^ x x j ^ J j I S n ^ C ^ C x , * , ̂  J 

-h cLx, clxa (-X-Kf j u S w ^ C / ^ C . 

= 4 i S V 2 : L - ^ 4- C ' '—3 4— - -

n—i 
4- Sr^-J 4— 

(2.5.5) 

where I—n is given in (2.4.25). 

Now we know from (2.5.3) that 

nn = 
•(2.5.6) 

Hence Q Q ( o ; 0 f (2.5.5) can be expanded as continued 

fractions, i.e. 

•z. 
q o C o ; ^ J > = S C o ) / C j ̂  0 . + L 3 (sio)/^ ^ 
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o } r W ) 4- SCo) L-2 ^ " q ^ o ' y m ^ J 4- S C o j / Q ^ o . ^ j 

4 SCo) L 3 ) 4- L^, &(o) /c, C j( 0 > m J-J 4 j 

- I 

} 
— ( 2 . 5 . 7 ) 

i .e. 

= ^ o ; 4- s c 5Co) L_ -2 f J 4- ££0) L 2 [,4.. . . J " 7 
1 J 

_/ - z 
•(£<f>7 L 2 [ 1 4 . . . ] 7 

S O L a [ l 4 . . . a 
-I 

—(2.5.8) 

For (2.5.6) we need the inverse of this expression. We assume this to 

be 

tr?) = C f ~ ' C o j ) j1 4- SCo) W j) 4. S(o) U 2 (l 4- • . • ) ] 

• S O L 
"2. \ 

JVIo J 

, - f 

4-
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o = q < — Sf o J , -f- SX^J L 

z 
_ sc©; L 

Hence 

h r P _ X f- s 2.1 

S c o ; _ / ^ ( o ; L 2T 

3 Z 
J -f-

3 
- f ) i— 

. r^ • rvt t- ) J 5 ] o ; rvj Q ) 

As we see, the singularities arising in (2.5.9) are just those 

arising from the most singular point mass-insertion diagrams in the 

straightforward diagrammatic expansion of the previous section. This 

means that the diagrammatic expansion has reinforced the statement 

(2.2.32) of mass renormalisation and hence, in turn, has given 

credence to the new dynamical equation (2.2.22a). 

We note that, in order to reproduce the more general statement 

(2.2.33), we would need, in the diagrammatic expansion, to consider 

non-leading diagrams. Also, since the diagrams of Table 1 corres-

pond to an effective non-normal ordered theory, and equation (2.2.22a) 

corresponds to a non-subtracted theory, it seems that the subtraction 

procedure (2.2.8) is equivalent to a normal ordering procedure. 

Finally in this section we can see how the IVM, which motivated 

the subtraction procedure in the first instance, is indeed a special 

case, and that we should not extrapolate from it in using the procedure 

generally. 
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For the IVM, ; m ^ J S(oj —(2.5.10) 

m 

There is no analogue of continuum contributions and hence from 

(2.5.3), 

-2L 2L Z 
ho = m Q PV, —(2.5.11) 

•z 

This implies that ^ 0 = 0 . Now a massless pseudofree IVM does 

not exist, and so once again we see that in the augmented theory 

we cannot accommodate the IVM. This we expect since the IVM 

depends upon the subtraction procedure, absent in the augmented 

formulation. 

(2.6) Solving the Augmented Branching 

Equations 

We shall provide even further evidence for taking seriously the 

constraint equation (2.2.22a) by examining the augmented pseudofree 

branching equations (2.2.5) and (2.2.6). We shall make assumptions 

concerning the leading singularities of the Green functions. 

First of all, let us consider the constraint equation (2.2.2) 

and its corresponding branching equations (2.2.5) 

( j c x ; - > i i f L } ^ [ ^ j ] = o . 
L 3 c . S L 2 / 1 J L Cxjci h Cx) 

/ , x 
L S C x - y J -P- ̂  C ^ ^ C x x : ; X / J = O 

/ f 
iSCx-y) <Z,Fj^(xl... xr) +- v^Qp^i-^rA/) (b) 
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L £ S C x - x ^ ) ^ x,. . x p ; y( -. y ^ . . . y ^ ) 

-<- = o (c) -(2.2.5) 

From (2.2.5a) we see that the singularity arising from making two 

pC -fields coincident is a delta-function, i.e. 

<=•«.,*.c*y; <=c S c x - y ; —(2.6.1) 

This is compatible with %> being a purely auxiliary field. 

Substituting (2.2.5a) into (2.2.5b) we find 

showing a high degree of factorisation. 

In seeking the simplest solution, we make the assumption that, as far 

as the leading singularities of the augmented Green functions are 

concerned, and guided by the observation (2.6.1), the % -field part 

of the Green function factorises off, i.e. 

' , ' ' r y 
^ ^ ( x x j x y ) ^ ^ z , ^ * * ) ^ y ) —(2.5.3) 

The relevance of treating only leading singularities is that the 

appropriate definition of local operator products is via the operator 

product expansion in scale-covariant theories (see Section A3 (a)). 

The symbol ^ indicates that this is an equation between the most 

singular parts of the respective functions. 

Our assumption indicates that 

/ / ( 
^p-f-i^z/***!' • • * y j ~ ^ p - f ^ o ^ x . - - • —(2.6.4) 
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Hence, from (2.6.2) we find 

o r ^ p - ^ o 0 * * * . - • ^ p , © ^ / - - ^ p J —(2.6.5) 

The leading singularity equations (2.6.1), (2.6.3), (2.6.4) and 

(2.6.5) are displayed diagrammatically in Fig.2.4. 

Now our assumption is, in fact, an assumption of separability for the 

augmented pseudofree generating function, i.e. 

^ o C ^ j U « —(2.6.6) 

where ~ indicates an equality only between the most singular 

contributions. Let us now turn to the dynamical equations (2.2.6) 

and see how our assumptions (2.6.1), (2.6.3), (2.6.4) and (2.6.5) 

work for these - if, indeed, they work at all. 

o 1 / 
(a) 

^ ' A ' U ^ r ^ - . ^ C x , . . X,. • Km) -b C X * r - X « J 

7 , 

(b) 

(c) —(2.2.6) 

Now substituting (2.6.3) into (2.2.6a) we have 

+ ^ C ^ C x x J ~ O —(2.6.7) 
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or £ K k 4- ^ 'J ^ ^ J x y J ~ -LS(x- yj —(2.6.8) 

Using our assumptions in (2.2.5a) we have 

iS(oJ 4- ^ Cxxi^'^Cxjc) X o —(2.6.9) 

and substituting this into (2.6.8) gives 

j X - H S C o y ^ ^ j C ^ C x y j - _ ; S C * - y ) -(2.6.10) 

Vie can now see how the mass renormalisation (2.5.3) of Section 5 (also 

(2.2.32) of Section 2) appears. Equation (2.6.10) is a statement 

about the -field generating function of (2.6.6), H L b l . It 

says that M L W 1 is the generating functional of a free field theory 

in our leading singularity approximation, and that the mass of the 

-field is given by the relation 

K x = K „ + S C O J / l c ' ( o ) 
/ O —(2.6.11) 

or n K 4- m = U + ml S<°?/L q M —(2.6.12) 

i . e . no 2" = no I 4 - S C o J / i C ^ ' c 0 \ —(2.6.13) 

For completeness, let us make sure that the other dynamical equations 

of (2.2.6) can be consistently satisfied by our assumptions. 
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Consider (2.2.6b) for m = 3. This is 

r t / 
L S C X - X , ) -4- i - 5 C x - X 2 J C f 2 j o C x , ) C 3 ) 4- C f ^ c x , * ^ 

i [ 

—(2.6.14) 

Using (2.2.5a) and the assumption (2.6.3) we have 

/ / 
L S c * - y ) ~ - ^ XX) ^o^Cxy) 

—(2.6.15) 

Also f , 

f 
^^xxtX***) SC^l _ ( 2 . 6 . 1 6 ) 

0 C X X ) 

Hence (2.6.14) becomes 

—(2.6.17) 

From (2.6.10) we saw that H C In3 described a free-field theory. 

Hence in (2.6.17) we must have 

/ 

4-; 

+ - C , c * * 3 ; ^ C x , ^ ; —(2.6.18) 
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and so (2.6.17) becomes 

4- 5 k p i^oCxx) 

Equation (2.6.19) is satisfied as a consequence of (2.6.10). 

So, in a similar manner, we can show that the assumptions (2.6.1), 

(2.6.3), (2.6.4), (2.6.5) giving a consistent leading singularity 

solution of the constraint equations (2.2.5) also satisfy the dynamical 

branching equations (2.2.6) in a consistent way. 

We can clarify these conclusions by substituting our separability 

assumption (2.6.6) into the augmented functional differential equations 

(2.2.1) and (2.2.2) 

Consider first of all (2.2.2). Substituting for (2.6.6) gives 

j u * ) - kk S/.^ - x s 3 / = 
L i P < S h o ; o j ex;J —(2.2.1) 

— ( 2 . 2 . 2 ) 

J t * ) H C W o - C j l - • S x C j ] 
L S ln(*) ; S j G O 

—(2.6.20) 
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Setting In =• o with H C b = = [ , we have 

/ 

j c o T r T j U x 3 s 

L SJ Cxj 
or £ Kk 4- ̂  'J ̂ ^JxyJ ~ -LS(x- yj —(2.6.8) 

where Q =r S H C U | —(2.6.22) 

t^swoo 

On putting (2.6.21) back into (2.6.20) we obtain 

S * H C W - H E W 

£ k x J 
—(2.6.23) 

Since is an arbitrary factor, we choose it for convenience to 

satisfy 

( 

\ C x x 7 _ | —(2.6.24) 

Then I T C j 1 describes a free-field theory with two-point function 
/ 

~ - L ^ C x - y J —(2.6.25) 

since from (2.6.21) we have 

j C x ) T Q j ] « —(2.6.26) 

U S j C x ) 

Now substituting (2.6.6) into (2.2.1) we find 

[ k Cx) — K * < S / ; S h 6 , ; j H L W : r [ : J j —(2.6.27) 

_ ^ S _ h c w s ^ r c i j J 

i S U C x ) 'l2 S j Z C x ; 
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From (2.6.21) we find, on functionally differentiating w.r.t. LJ (K) 

f 2. 
-7, S C o j z r C j J 4- j cx) S j r C j F l ~ l ^ z . ^ x x ) S a T j l l 

tSjCx) ^ Sj^cx/ 
—(2.6.28) 

i.e. - L S C o / r r C j l 4- j Cx/ ( j O O j C j l ) ^ s V t j l i 

X^rS**) ^ S j O c J 

So with Q 2 ^ 0 C x x J = f , equation (2.6.27) becomes 

[ k c x ) - K * , ]• H Q A l ^ S M O . 1 O cx) sc«) 7 

iSACx) i q ^ o C x x J 3 

or ^ c x ) - ( k ^ s c o ) ) 7 H C A 1 S H O T 

^ ^ J ' . S A CxJ 

—(2.6.29) 

Now we assume that the R.H.S. of (2.6.29) is zero because of the 
f 

infinite ^-iz o^**.) . This gives us the result 

U C x ) - 4- SC^) ) H C f c l * O -(2.6.30) 

This is just the functional differential equation for the generating 

functional H Q A " ] of a free field with the self-consistent, additive 

mass renormalisation 

Hn - m 0 4 - ^ Co/ —(2.6.31) 

' o CxxJ 

This was just the conclusion reached by examining the branching 

equations earlier. 
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(2.7) The Large N Limit of the 

o(N) Pseudofree Theory 

So far the equation (2.2.32) has played a very important rdle. 

It has served several purposes by 

(i) describing the nature of mass renormalisation 

(ii) Implying the existence of the extra dynamical 

equation (2.2.22a) 

(iii) Reflecting the separability assumption for the 

most singular contributions of the branching 

equations. 

But it is only an approximate equation. Derived from (2.2.22a), it 

is approximate because we took the spectral density to be of the form 

Derived from the diagrammatic expansion, it is approximate because we 

only took the point mass insertions, and derived from the branching 

equations it is approximate because of our leading singularity approxi-

mation, characterised by (2.6.6). 

We shall now show that these approximations correspond to taking 

the large n limit of the o(n) invariant pseudofree theory. This 

is because the equation (2.2.32) becomes exact in this limit. Since 

we are going to consider the o(N) invariant scale covariant field 

theory in detail later, we shall be brief here. 

The model has n scalar fields C * - h 2 y • ar|d generating 

functional 

(2.7.1) 

' z 

zLcjall = —(2.7.2) 
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where the measure is o(N) invariant and also invariant under scale 

transformations, i.e. 

$ j c \ 4 > l V A 0 0 > q 
—(2.7.3) 

In the augmented formalism, (2.7.2) becomes 

• i c j a ^ j l = j A ^ C ^ n ^ C X J e x p L J d * ^ jf 

-t Z / -z , I 
% <p -bil.o 

-Ki.TS 
} -(2.7.4) 

where we are really only interested in j = o . In (2.7.4) the 

measures and are now translation invariant. 

We assume that the functional Integral is dominated by those 

X 2 2 
configurations for which <p and % a r e of order N. Hence 

-1 2 / z 

the N-dependence of the cross-term ^ ^ n X T • Making 

the N-dependence more explicit we write 

^•LCb.1 - r&t^J&LTCj&Ccs? S ( X - N g ) e.xp 

2 / "Z 

—(2.7.5) 

/" z \ z, 

where § ( X — Ncrj is a functional delta-function expressing X of 

order N in terms of a new field cr of order 1. In turn, this 

functional delta-function can be re-expressed as 
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and so (2.7.4) can be written 
( t 
i ^ C U a = e x p -

—(2.7.7) 

Performing the 4 , 76 integrations gives 

^ i c i n l - 1 N R E°)c< ; h i 

—(2.7.8) 

where 

fl U0*,*; =• -L <Ly h Cy) - i A* z-N J J 
— i 

-h -±- In oC ^ C c y ) 

—(2.7.9) 

and (C[<~i- rnl + ^ c r ( x ) ) ^ C x y ) « —(2.7.10) 

We can now find L in the large n limit by looking for 

the extremum of A h 3 . If this extremum occurs at 

then, in the large N limit 

( 

^ • a 0 t>J = e x p L ; JnJ 

Generally, 

—(2.7.11) 

L h 3 = e x p u w o 
—(2.7.12) 

and so in this limit 

W - M f\ L Cojrto j 
—(2.7.13) 
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The Effective action, H , is the generator of one 4 -particle 

irreducible Green functions. If we define the semi-classical fields 

(4c)' = S W e C W 
— -(2.7.14) 

1/ 

then P C 4<d3 is defined as the Legendre transform of b/ 0Ch*J 

via 

H C 43 = W 0 C h d - hCx) . 4c(x) <L* 
—(2.7.15) 

According to (2.7.13) and (2.7.9), (2.7.14) gives that 

C ax-<- ^ o 4- ^ C ^ O d ) < £ c O ) = in C x ) —(2.7.16) 

Defining a generalised effective action from Pi £g} ; jnj of 

(2.7.9) as 

PL4c.j°<jVl = j^d-X 4 c - (u-t-m^ 4-^cr) <£ c - N. f < T X J 

N "TV In (>) 4-nn^^y. c ) 
2. L 

—(2.7.17) 

we then see that p c 4 o i of (2.7.15) is obtained from 

P C ^ c T y 4 3
 b

y extremising it w.r.t. o< , cr . This is 

exactly analogous to obtaining Jnl from fl II Ji"] • 

Hence ^ E j><,3 = P C ; < > , c o £ —(2.7.18) 

where and 0" 0[</> c£ satisfy 

= o —(2.7.19) 

°< = o< o 
C = CT0 
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and 

So" 

= o —(2.7.20) 

a" - a ^ 

Equation (2.7.19). gives 

T c r o +- S T o ) = o —(2.7.21) 

<*o 

and (2.7.20) gives 

z 
^x I ! /<*"> — JL - ^ J> 

- k * -(2.7.22) 

To find the one -particle irreducible Green Functions, we 

functionally differentiate (2.7.17) w.r.t. and then evaluate 

at c*0 , cro , and = o . 

Li 

The two-point function ^h ^ C x y ) i s thus found as the 

inverse of the one particle irreducible 2-point function, i.e. 

q \ x y ) = ( B 2 P 1 
^ S <f>icx)Z<&cr) —(2.7.23) 

<s= Oo 
£ 0 = ^ 

c y ^ c x y ) = s ^ 1 c , c x r ; 

From (2.7.17) we see that (2.7.23) implies 

—(2.7.24) 

where -i-m* ) C ^ O e y J = —(2.7.25) 

We see that the two-point function is that of a free theory with 

mass satisfying 

-2- ^ _ —(2.7.26) 

' T ^ = nn Q -f- y, <j (*) 
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Now (2.7.21) and ( 2.7.22) give for ^ = o as in the case here 
L J . 

when evaluating C x / J 

cr0 =- u S ( o ) 

| X > 
—(2.7.27) 

or l ^ o = S C o 7 —(2.7.28) 

where ( n x ^ J = - L S C x - y J —(2.7.29) 

with m 2 defined as in (2.7.26). 

Hence (2.7.26) becomes 

^ = -4- S / o ) —(2.7.30) 

o Cyo( o nrf- ) 

This is just the familiar mass renormalisation equation and is 

now exactly satisfied to leading order in n" 1. 

(2.8) Conclusions 

We have seen that from three different lines of attack, each with 

their own assumptions, we have arrived at the equation of mass renormali-

sation (2.7.30). 

These methods were 

(i) the extra dynamical equation, 

Li K „ C _ , 2 ( x x * J = o —(2.2.22a) 
* X —^ X 

where we assumed a spectral density without a continuum, i.e. 

J?(<3-) = ^(CT-ry^) 

(ii) the diagrammatic expansion of the augmented generating 

functional (2.4.1) where we considered only diagrams with single point mass 

insertions, 
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(iii) examining the augmented branching equations for a consistent 

solution where we used an assumption of separability of Green functions 

to leading singularity. 

All of these assumptions are related and, through the analysis of 

Section 7, have been shown to correspond to taking the large n-limit 

of the o(n) pseudofree theory. So the n"
1
 expansion provides a 

natural way to separate out the most singular part of the hardcore 

(non-polynomial) interactions due to the scale-invariant measure. 
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Part 3 - Stability 

(3.1) Introduction 

In Parts 1 and 2 we have worked either with branching equations 

for the Green functions of the scale-covariant theory, or we have 

used the augmented formalism in which the scale-invariant measure, 

5 > t 4 > l . is replaced by translation-invariant measures via the 

formal relation 

£> C = to L <j>J &>C%.3 e < p - J - fax -h </>6<)%%) 
J 2 L —(3.1.1) 

Note that for simplicity we special isecLfrom a covariant to invariant 

measure when discussing the Augmented theory. 

In both approaches we have not considered the fact that the 

scale-covariant measure is very singular. We can see this by writing 

[ <£Cx) 
x 

so when O O — o the scale-covariant measure diverges. 

Now we can formally write 

= Q ex|7 - p^Co) C<Lx 
•z 

To deduce this, we note that on discretising space time 

—(3.1.2) 

—(3.1;3) 

-(3.1.5) 
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Using the relation 

C 
Pa* = 

—(3.1.6) 

we see that 

f3/ ' ' ' d>*Cxn)) 
-(3.1.7) 

In preparation for taking the continuum limit of (3.1.7) we need 

to introduce the increment A which becomes the integral measure, 

i.e. 

-£ Z, In = exp - p. 
•(3.1.8) 

Now taking the limit o , in which case -!—^ S£o) we obtain 

A 

£ L i — > e x p - p S c o / p . * In Cx) — ( 3.1 . 9 ) 
z. 

Hence the result (3.1.3) follows. 

Consider the Euclidean generating functional for the scale-

covariant theory 

s t l n l = ^ O C 0 4 > 3 -f<±xlotx)foxJ? ( 3 1 10) 

where O I l C ^ G is the classical acti on 

= f i x ^ C ^ ) 4-VCcfy)^ —(3.1.11) 
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f 

We can see that writing explicitly, as in (3.1.3) 

has the effect of changing the potential V(</>) toV($J given by 

V '(</>) - S ( o ) l n ^ x ' ) _ ( 3 1 

2: 

As fi(x) 

o , this addition causes the potential to become 

unbounded below and signals an intrinsic instability. 

This observation casts doubt on the usefulness of scale-

covariant theories. However, we must realise that in quantum field 

theory it is the effective potential, not the classical potential, 

that is of interest. The latter observation for the classical 

potential need not be true for the effective potential. Indeed, 

in this part we shall examine two methods of expansion of the 

pseudofree generating functional ((3.1.10) for VC<£)~ o ) that 

avoid instability. The first of these is the large-N limit of the 

o(N) invariant pseudofree theory. This was mentioned briefly in 

Section 7 of Part 2. Secondly, we evaluate the strong-coupling 1i m-ft 

»f the pseudofree theory, as a basis for a strong coupling expan-

sion. We are encouraged by the lower boundedness of the effective 

potential in each case. 

Now the interpretation of the effective potential as an energy 

density is only strictly true for a Minkowski theory. We shall 

discuss this later. 

(3.2) The Large-Nlimit of the Pseudofree 

Effective Potential 

Here we consider the o(N)-invariant, scale-covariant pseudofree 

Euclidean theory of scalar fields <£>. ( L=r z. . . nJ . This 

has the generating functional 
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slui = j \ £ > t ^ a ^ f - ^ f ^ j i ^ ) -h-4^ 

—(3.2.1) 

where is -invariant under 0(n) rotations, and covart<xnt ĉ .r-.-t 

Sccxle. transformations, i.e. 

$ ) C A = F C A 1 y a 0 0 > o _ ( 3 2 2 ) 

Such a measure has the form 

, u 

c = ~ r r - r r <=<• ^ c o 

= t t 

i - . it-I $00/^1 p ~ ( 3 - 2 ' 3 ) 
X 

where is 

a canonical translation-invariant measure. 

Using an analogous equation to (3.1.3) we can write 

I = { z 

So (3.2.1) can be written 

s t P ] = ( T T -J] <z.x p -

' —(3.2.5) 

We assume that the path integral is dominated by configurations 

for which <4 (*) is of order n. This n-dependence can be made 

explicit by introducing the functional delta function 
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J — 7 J ^ —(3.2.6) 

where fields 0" , are of order 1. 

This gives 

f /i 2 

s e w = ^ [ i C v ^ J 

4- Lo<( —(3.2.7) 
z ^ N 

- k. 4 1 
Performing the Gaussian 4 -integration gives 

(3.2.8) 

where 

( K L a j * i W » fcLx dy In(x)<xl ! __ |y> . H(yJ 

4- _Njr T V I n V -4- 4 <x) 

4- J d JleLx £ p-fcr S O In <?(*) - i.«*<xJCYxjj —(3.2.9) 

We note that each term in (3.2.9) is of order N (since 

Jn = o C W ). In the limit N—^ oo (keeping ^ fixed) we 

assume that s t j n l is dominated by a single saddle-point, given 

by the minimum of ocfa^cx. h j w.r.t. o( . 

Let 0"oCiiI] and <?f0C.bI! be the configurations of o* 

and that minimise C K ill . Then we may write for the 

large-N limit 

S C k J = e x ^ - J - c r cOo , * / , ; h i (3.2.10) 
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Generally £ C k J = e x P T~ ^ ~ — ( 3 . 2 . 1 1 ) 

TT 
t 

where ^ C b U is the connected generating functional. So to this 

order of approximation we have 

( 
W C AH = - ; ii"] 

~ —(3.2.12) 

We now define the semi-classical fields by 

& ( * ) = £ W C A H -(3.2.13) 

From (3.2.12) and (3.2.9) this implies that ^ C x ) satisfies 

, / 
The Effective Action V Z c~] is obtained from W C A H by the 

Legendre transformation 

P C ^ J - W C J 2 1 - f A x In. tf>0 
J ~ - —(3.2.15) 

=• - ; hi — j ^ A x h - <£c 

•(3.2.14) 

Now from (3.2.14) 

r 2 
- V ^ +- m* L 1 = k(x) 

and hence 
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\r>-hCr) 

r 
•(3.2.16) 

and 

J c L x j n . ^ c = d x < £ c . C * / V ^ C - f - . i < x 0 U ) ) . j>< 

—(3.2.17) 

With these, we see that HE. can be written 

cLx CTJx) 4- J'cLxtf^CcjCr^CxJ -— N 

- M ^ T r ' " ( - S T V ^ + ^ J 

—(3.2.18) 

We can define the generalised effective action PCar * ; by 

- J^cLx S<To7 fh CJGcJ 4- In cXCx) <rCx) — 

- N± "TV In (- nnf 
(3.2.19) 

Then 

•(3.2.20) 

where 0"o and 0 are given by the extremal conditions 

ET C o-; —(3.2.21) 
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and 

s j t [ > , ~ ; < m 
S cr 

= o 
o( =r<*\ -(3.2.22) 

The condition (3.2.21) gives 

-h Ci-fe. = o —(3.2.23) 

and (3.2.22) gives 

= -o 
—(3.2.24) 

Note that in the last term of (3.2.23) we used the fact that 

in (- 2 4-i<x) « J T U In ( - V ^ A n ^ Y - ; rffc;) 3 g 25) 

and hence 

SoCCxJ 
In ( - V •Z -2. 

4—tri Q -f-i cX ) = i^xf 
— T-r 2 -Z 

V 4-M ^4-t of 

r 
— u ife i-k -ocl l e X k 

2- • 

( , / 
. [ i ? X > l x > 

= u r ex ). sck-kO 

I z z fe ^cs 4- 1* 
The effective potential is obtained from the effective action by 

considering only constant field configurations. This serves to remove 

the gradient contribution from the effective action, leaving only the 
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potential, i. e. the effective action has the form 

-(3.2.26) 

For constant (spacially independent) semi-classical field 

configurations 4 c. , 

P C 4 c P = = - v<4> 
-(3.2.27) 

From (3.2.18) we deduce 

2 / z 

z — 

- 4- Njl J i f c k C f c V ^ j ) 

-(3.2.28) 

where we have defined 

rv-i 
—(3.2.29) 

Note that in making independent of space x, and 

^ a r e a ^ s o independent of x. Also the constraints 

(3.2.23) and (3.2.24) are rederived from the following 

extremal conditions on the generalised effective potential V (o*, 4 0 

3 L Y O n V ; 

"c) 

=? o 

M = m 

Having derived the effective potential for the 

o =r c r ^ ^ J 
itial foi 

= o 

-(3.2.30) 

-(3.2.31) 
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o(N)-invariant pseudofree theory in the large-N limit, let us now 

examine its stability. To do this we must expand about 

the global extremum. This extremum 4 c = ^ is found from 

dV C 4c) 

H : 

— o 

X 
—(3.2.32a) 

Now 

dV ( 4c) 
c. 4-

a 

-(3.2.32b) 

But from (3.2.30) and (3.2.31) 

= O 
—(3.2.32c) 

Hence A Y J = = —(3.2.33) 

l. 
O 

so the global extremum occurs at . 

Then we have, from (3.2.23) and (3.2.24) with no2"- 4— o 

c r 0 ( 0 ; » -fe C ^ 
—(3.2.34) 

2L rv\ *2m 
to) - M o +• fSTb s c < ^ —(3.2.35) 

Notice that since 

* - -(3.2.36) 
K + M Co) 
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substituting (3.2.34) into (3.2.35) gives 

Co) =- rnQ p Scoj) 
2 En 

\ —(3.2.37) 
1 ^ o C ® ; C o ) ) 

This is just the mass-renormalisation equation discussed 

extensively in Part 2. 

Defining the quantities 

— rn C f J — rn^Co) 
~ -z 
nn 

and = C J ^ C t e ) - cr eCo) —(3.2.38) 

we now develop as an expansion in about the 

global extremum Substituting (3.2.38) into (3.2.28) 

gives 

2 2 i Z 

V (4>cj ) = p Mft o) In CTpCo; 
:z: 

z 
-f- p N-k §< 0; M (| t ) ) - ±L 4- % cffl - r r ^ ) . 

4" htb. J ' d r k 4- Krk J & k In 4- m ^ C f i f ) ) 

—(3.2.39) 

From (3.2.35), m Coj _ nn Q = pin §CgQ 

cr0CoJ 
and so 

( n ^ C o ) 4- J - h n T J ^ ^ / M 4- * J ) 

= S c ® / 4- nn c o ( 0 j p-fc SCo)Jr_0 

^ C o ) —(3.2.40) 
M CTQ 
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For small fluctuations m 2 , ffD we can expand the logarithms 

of (3.2.39). Also, since V C < £ 0 ) is a potential, we can subtract 

off constant (<£>c - independent) terms. After doing this we find 

V ( 4 J = Z m ^ o J ^ c 4- £ m C ^ ) . p N - t i SCo) G Q ( ) _ 

C>2Ca) 

Fn Cr _ n £ f cUr 

+ higher order terms 

—(3.2.41) 

Now 

ffoffd = ° 0 c f D -

= * - f c 

M 

_ "h f <fck 
N 

= ^ 
z 
c _ -fc rvi ±fc 

NJ ( feV-nn^CojJ ( I 4- £> * ) 

= / _ + /NJ • in 
N [ J " 

L ( 

di< ctk 

(k^j-ryfto)) —(3.2.42) 

C m J 
r 

ctfe 4-
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Similarly 

^ C ^ c J = ™ o +- p T , — M o — g b S ( o ) 

= pin £c®J 

^ - pin 5(o) S ^ ( ^ J 
z 

CT Co/ 

Now from (3.2.42) let us approximate <tq to 

N 

where we have defined 

C ctk 

(k*4-m*f 

On substituting (3.2.44) into (3.2.43) we have 

—(3.2.43) 

•(3.2.44) 

—(3.2.43) 

*n « —(3.2.45) 
c r * 

or 

km pfe^SCxo) ~ _ . p t SCyJ 

e r f Co) J e r f c e j 
and hence 

£ C - - • C , _ e ( „ * C o ) ) 7 ~ ' 
M L er«ro) f ] 
+ 0 ( ( f H 3 2 J + —(3.2.46) 
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Using (3.2.46) and (3.2.43) gives 

— ^ j 

—(3.2.47) 

In order to examine the singularity of m and , and 

ultimately , we introduce an ultra-violet cut-off A , 

in the respective integrals. For a d-dimensional Euclidean theory, 

s < o ) = ^ f a . o c a ^ j 
—(3.2.48) 

r cL 
csY o ) » 1? / cL fe 

(̂ •n-J 

cL fZ = n / a_-z. 
<L . ~ ^ J —(3.2.49) 

K -t~nn ( o ) 

S C ^ c o ) - -1- ]• i / k . 
C^-n-/ -I . 2 2 \ 7 

( I? 4 irTCo)) 
—(3.2.50) 

We see, then, that 

nj i "Z 
= f c 0 C 1 J 

NT (3.2.51) 

/ 2 'h-el, 
and nn = o ( A ) —(3.2.52) 

isj 

Turning to the effective potential (3.2.41) now, we can examine ' 

its singularity structure. Taking the terms in order 
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N 

= C A * -
1
) 

m 

c ^ j s ^ o ) ) = C ^ / J 

(a) 

(b) 

(c ) 

(d) 

—(3.2.53) 

It can be shown that when higher order terms are considered, these 

are down by additional powers of A 

We see that for dimensions, when we take the cut-off limit 

A—> oo , only the first term in of (3.2.41) survives, i.e. 

VC4> c ) = ± rrfco) 
~ J * I c —(3.2.54) 

where m Co) satisfies (3.2.37). So the large-N limit of the pseudo-

free theory is a stable free theory for cL>*f- dimensions. The 

dimensional dependence is encouraging since it shows that the scale-

covariant formalism does not work where it is not obligatory, i.e. for 

dimensions. 

The non-leading terms in the ' expansion may provide non-free 

connections. However, experience with M " ' expansions shows that any 

pathologies occur in leading order. So we do not expect non-leading 

orders to upset the stability of the theory. However, the can be 

pathological for non-asymptotically free theories. In Part 4 we shall 

examine the effect on the stability of introducing a self-interaction, 

but first let us consider a second method of maintaining a stable pseudo-

free theory by considering the strong coupling expansion. 
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(3.3) The Strong-Coupling Limit of the 

Pseudofree Theory 

We consider here the pseudofree theory of a single scalar field. 

The strong coupling expansion is an expansion where the kinetic terms 

serve as the perturbation, instead of the potential terms (more usual 

is the weak coupling expansion in which the potential terms serve as 

the perturbation). The basis of the strong coupling expansion of the 

pseudofree theory, i.e. the strong coupling limit, is the Euclidean 

generating functional 

This is simply the generating function for the Independent Value 

Model (IVM) discussed in Part 1. 

It is known that the IVM generating functional (3.3.1) is exactly 

and non-trivially solvable (Kl3 K2). The scheme of calculation forces 

the measure to be specifically scale invariant. 

An expansion in kinetic terms about (3.3.1) has been attempted 

(K5) and it is argued that it gives rise to a semi-classical theory 

of tree diagrams with the mass and vertices of the IVM. If this is 

true, it means^that the Euclidean effective potential for the 

theory is just that obtained from the IVM. This is because the 

restoration of kinetic terms has not given rise to loop contributions, 

as it usually does. We are therefore motivated to calculate the IVM 

effective potential. 

The IVM generating functional (3.3.1) is exactly solvable 

(Kl, K2) as 

/ / 
SQ[jJ = J - ^ o C j ^ O -

S0LJJ 
( 

Jn5>L<t>1 
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where 

- - A k J ^ A 
r COS A (cxj (xj) ) C.X p -_k hn cL2 

"¥ y 1 ^ 

-(3.3.3) 

and m = SCo/ m. —(3.3.4 

The semi-classical field is now defined 

Sj OO 
—(3.3.5) 

Let 
W o C j 3 = _ J ^ A x U ( j C * j ) —(3.3.6) 

Then 

L J ( j O O ) = A k f d-ii- ^ i — c o e A 
(3.3.7) 

so 
( j j = - - ^ y c j j 

k f A L X SLtjA ^ ci-j ) -p — Jkno^CL2/^ 
•J i. 

=, Z-r^Ur V e x ^ J y- a —(3.3.8) 
m/zbTr 

where s the error function. 

The effective action is defined as the Legendre transform of the 

connected functional via the semi-classical field, , i.e. 

j Cx) -(3.3.9) 
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For constant (x-independent) semi-classical field configurations, 

we obtain the effective potential 3 V (<f>0) , since then 

n ^ j n ( £ j = - v c ^ j f e U 
—(3.3.10) 

From (3.3.6), (3.3.9) and (3.3.10) we find 

V ^ J = U ( j ) + j < £ c C J ) 
—(3.3.11) 

so 

^ = -(3.3.12) 

Now from (3.3.8) D U _ _ ^ ^ 

and so 

whence 

= j ( < f > J -(3.3.13) 

A 
"(h) - J jai)<Lh -(3.3.14) 

Because ) is monotonic as a function of j (as is seen from 

(3.3.8)), it follows that V ( ^ < J i s bounded below by zero. So the 

Euclidean effective potential shows no sign of instability. 

From the asymptotic expressions for (3.3.8) for j - ^ o o and 

o (and hence and ^ ^ ° ) we discover that 

4>~° , *(<!><.) " - k ^ t f - * - ) (a) 
' ) /> (iZ v

 ' 

(b) 

•(3.3.15) 
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Consider Then from (3.3.15a) we recover the free 

theory, V(<£<J « • This means that on mass scales 

that are small compared to b ( b has the dimensions CmassJ ^ 

in cL -dimensions), the pseudofree theory is indistinguishable from 

the free theory. Scale covariant theories seem, then, to possess 

mass scales below which they behave like canonical theories. 

Now, of course, it has been our assumption all along that the 

IVM effective potential is the effective potential of the complete 

theory. This is supported in part by (K5). However, the analytic 

regularisation used in (K5) may have been too severe. But we believe 

that the IVM effective potential certainly describes part of the 

complete picture, and we have performed this calculation of the strong 

coupling limit to show that there exists more than one mechanism for 

preserving the stability of scale-covariant theories. 

(3.4) The Minkowski Theory 

So far we have only considered the Euclidean Pseudofree theory. 

Strictly, it is only for the Minkowski theory that the effective poten-

tial has the interpretation of an energy density (C2). 

Now for the large-N limit of o(N)-invariant pseudofree theory, 

the analytic continuation from the Minkowski to the Euclidean theory 

is trivial and, for , the Minkowski effective potential is still 

<f> j - k fi 2. -L w —(3.4.1) 

with hn^(o) as in (3.2.37). 

For the expansion about the IVM, the situation is different 

Consider the Minkowski generating functional for the IVM 
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J J ^ L ^ l e x p - - i - f C i ^ ^ - j ^ J i c 
—(3.4.2) 

This has the exact evaluation (Kl, X2) 

C j U = e x p W 0 [ 
-(3.4.3) 

where 

WQC J 3 = i. cLx p^zdi Q _ cos ĉxj )^exp - l b 
•z ,z m u. 

^ —(3.4.4) 

Writing W o ' L j J = JdxU(jCxj) •(3.4.5) 

Then 

L-iCjJ = LLrfc CcL<-l p — cos(vxj) - i ^ n ^ u J 2 

- i. . i -w- z-fc -(3.4.6) 

The semi-classical field is defined by 

G O = W o ^ C j L 

S j O O 
—(3.4.7) 

or 
<£ cCj ) = 2 _ u c j j ) 

e j <Lul <->- j/^ J e x p - z ^ z H ^ 
-2-4* 

This function is double valued and complex. We see that 

J—> ° , <4 —> o 

—(3.4.8) 

J —i> CO J O 

The complexity of implies that the Minkowski effective poten-

tial is also complex. This, it might be argued, is an indication of 

(3.4.9) 
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vacuum instability. 

An alternative continuation would be to begin with the Euclidean 

IVM for which 

/ r^t 
S o C j 3 = 

r — ( 3 . 4 . 1 0 ) 

and continue afterwards. This differs from (3.3.1) because we have 

replaced jCxj by IJ Cx) . Evaluating (3.4.10) according to (KI, K2) 

we have 

Sicj3 = e x p - L W o C J 
4r — ( 3 . 4 . 1 1 ) 

where 

( 
W o C j J = P < U fcLcl 

J J | a l "h "ST" -(3.4.12) 

The semi-classical field is given by 

= M ( l J | ; - J _ 2 ) 
—(3.4.13) 

where M is the confluent hypergeometric function. Here 

is real, but is double valued. Consequently, the effective poten-

tial derived from (3.4.10) is double branched as a function of <j& . 

Considering the asymptotic expressions for large and small 

in (3.4.13), we find that for 

J o , ~ (a) 

U —^ OO Tp _ 
(b) —(3.4.14) 
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Using (3.3.14), for the upper branch (3.4.14a) we have 

V C 4 ) ~ — _ 
^ ' c/ ^ t o — 

as in the original Euclidean example, i.e. (3.3.15a). But on 

the lower branch (3.4.14b) we find 

V ( 4 ? ~ for 4c s m a 1 1 -

So the disturbing logarithmic singularity of (3.1.12) has reappeared 

on the lower branch, with S C o ) replaced by b . 

The two branches of V(<£ &)are shown in Fig. (3.1). 

As oa> , the two branches decouple, but for~fe b finite 

there is the possibility of communication via instantons. 

(3.5) Conclusions 

In this part we have presented two mechanisms for preserving 

the stability of scale covariant theories, despite the presence of 

the 'h term in the classical potential due to the scale-

invariant measure. First of all we considered the large-N limit 

of the o(N)-invariant pseudofree theory. It was shown that 

stability is obtained for d > 4 dimensions. This dimension 

specific result is very encouraging because it shows that the scale 

covariant theory makes sense just when it is obligatory. As men-

tioned in the introduction, the motivation for examining scale-

covariant theories is to provide a criterion for non-renormalisability 

that is independent of the calculational scheme adopted. Hence in 

the canonical theory of 

, non-renormalisability sets in for 

the ""k expansion for dimensions d > Even though renormalisa-

bility can be extended to higher dimensions using the N""' expansion, 

the philosophy of the scale covariant formalism states that 
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the canonical theory is inherently inadequate for d > 4 and must 

be replaced by the analogous scale-covariant theory. The argument 

for this relies on the classical Sobolev inequalities discussed in 

the introduction, relating potential and kinetic terms. 

The fact that the scale-covariant pseudofree theory makes sense, 

at least for one calculational scheme, for d > 4 dimensions but not 

for d < 4, is therefore encouraging. In the next part we shall be 

if the self-interacting scale-covariant theory also is sensible. 

In this section we also examined a strong coupling expansion 

about the IVM in an approximation scheme where only tree diagrams 

survived. This was seen to give a lower bound to the effective 

potential, although there is some ambiguity in the continuation 

from the Euclidean to the Minkowski theory. 

As far as scale covariant theories are concerned then, we see 

no problems for the existence of such stable theories,. 

examining the large-N limit of the theory for d > 4 to see 
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Part 4 - The Self-Interacting Scalar 

Theory 

(4.1) Introduction 

The problem that we wish to consider is how ultraviolet diver-

gences arise in scale-covariant theories and the circumstances under 

which they can be controlled. In Part 3 and Section 7 of Part 2 

we examined some aspects of the pseudofree theory using the Nf"' 

expansion. It was seen that the 'Hard core' ultraviolet effects 

due to the change of measure are controllable and renormalisation 

is possible for d > 4 dimensions, and not possible for d < 4 (we 

shall consider d= 4 in this section). As mentioned in concluding 
z z 

Part 3, scale-covariance becomes obligatory for A(<p Jin d > 4 and 

so the fact that we can at least renormalise the pseudofree theory 

for d > 4 in the large-N scheme is encouraging. We shall use 

the large-N method to examine the self-interacting scale-covariant 

theory with action 

C X L 4 > 1 = J d i c [ i ( V f f + - -(4.1.1) 

( 
and scale-covariant measure IPC 4?!, given by 

^ T P , , g —(4.1.2) 

It has been shown (K6) that all give rise to the same 

subtracted scale-covariant branching equations, as were studied in 

Part 1, i.e. (1.1.7). 
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Different values of p , a nori-classical degree of freedom, 

correspond to quantising the scale-covariant theory in different 

ways. 

In the following, we shall consider the o(N)-invariant generali-

sation of (4.1.1) and show how renormalisation can be performed in the 

large-N limit. We shall be particularly concerned for solutions in 

d > u dimensions where scale-covariance is obligatory due to the break-

down of the canonical theory. 

(4.2) The Large-N Limit 

2 

The A(cf>*) scale-covariant theory is characterised by the 

Euclidean generating functional d 
, . -J d 

\ 1 / 3 1 -fc u 

J ^ R &N 

. -h- 4* 

s t i l l = + 3 e * r - - L . J d > c C x * a 

— ( 4 . 2 . 1 ) 

Here, is both o(N)-invariant and seale-covariant. 

It must have the form 

= - f r - ) 

or equivalently, 

= ( T T ^ E ^ - J V ^ f - N ^ ^ f ^ U \ n ( 4 / 4 ) 
~ ? t = , ' z J —(4.2.3) 

This is the generalisation i of (3.2.4). 
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We now make use of the functional identities 

W e.xp> r ^ * ) = constant (a) 

/ ^ C W S ^ - M c t ) 

= constant (b) 

—(4.2.4) 

Inserting these into (4.2.1) gives 

c —(4.2.5) 

where 

OCC«r, j ; iiU = J d * ^ J . 4 - i>Mo<o-

^ J 

Performing the Gaussian -integration, we obtain 

t f> / 

—(4.2.7) 

where 

- - ^ [ ^ i / k ^ i ! l y > - h ( y ) -f-

T V |h (-V~VnW-f-icX4- ̂  -f Nfk^SCojJ 1dx lh O-^X) 

- J ^ j " < W o O < x o O -+- J±J°cUj> Z6c) —(4.2.8) 
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This is the generalisation of (3.2.9) for I and including 

self-interactions. Each term in (4.2.8) is o(N) since the fields 

0" , o( and y are of order 1. 

As before, we assume that for fixed, in the large-N 

limit, the path integral (4.2.7) is dominated by the single saddle 

point at cr 0 , <*o ; f 0 > satisfying 

_ Scrc'i = S a ' , = 0 

So- o So/ k,c* 0 /j= 0 —(4.2.9) 

Then, to leading order in the N"
1
 expansion, 

S C A J = e x p - L V / C W = e - x p - ^ C S c t ^ ^ k l 
^ ^ —(4.2.10) 

and hence 

w C h l = - ^ C ^ c X h ^ o ^ n b ^ j c T J i J ; hi 
—(4.2.11) 

The semi-classical field is given by 

t: = suLbi/ 

& = - E x * 1 l ^ j ^ f v - j k l (total derivative) 

— _ f § O C Z 4- E X ^ ' 4- • S o n ' Q 

I^cTc S k - S A : Sj'o s T : S A l 

= — ' (partial derivative) 

S A : 

« ! \*> k 

~~ i of0-f- i 

-(4.2.12) 
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or { -
w 2 ^ 

« <*oCxj 4- i ^ C x j j ^c'^J - In^Cx) —(4.2.13) 

where, in deriving (4.2.12), we made use of the constraints (4.2.9). 

The effective action is the Legendre transform of WCiil w.r.t. </>. . 

P C ^ o U = W C h 3 r 
to u 

- <3C O o ; If] -
-(4.2.14) 

Writing explicitly from (4.2.8) and using the result 

J d x . Jn = j t o ^ 2 2 
V 4- - H e * , 0 Z c — (4.2.15) 

we obtain 

n c + j = - j. to* ^ " t o ^ a o ^ t o £c6c) 

- LFb Jn ( - v t o f - ^ i ^ ^ ^ i - Irt £TC 

4-Jrfl J°cLx o-^cxj^cx; - ^ j d x ^ ( x ; —(4.2.16) 

We can define the generalised effective potential H C / ; 

in terms of the independent auxiliary fields cr, %,J ^ where 

we define 

% ^ 2 
4— t of 4 - 1 

—(4.2.17) 
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Then 

2 A 0 I 
—(4.2.18) 

We obtain P C ^ r o m imposing constraints 

analogous to (4.2.9), i.e. 

Sc-
« s n s- n = o 

—(4.2.19) 

The generalised effective potential is obtained from P 7 C c ) 76, j?; 
to 

by restricting to constant (x-independent) field configurations, 

<£>c . Then 

r t > , ^ ; = nfa = 2 0 ) 

From (4.2.18) we find 

4 - * / * + M+, f a t f c l ^ f c V * ) 
z A . 2 J L J 

-(4.2.21) 

The true effective potential V ( is found from (4.2.21) by 

imposing constraints analogous to (4.2.9) and (4.2.19), i.e. 

^ V 
'"be 

= =r O -(4.2.22) 
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These give the constraint equations 

- • fc — p4i Sc 0) = 0 

C o 

f c / M - cto -<-+ = o 

(a) 

(b) 

i.cr0 + 2 j o = o (c) —(4.2.23) 

X. 

(4.3) Renormalisation and the 

Mass-Gap Equation 

By experience, we know that if the effective potential, i C 4 c ) , 

can be renormalised, then so can the effective action, P D £ < . H and 

hence all Green functions. 

As a stepping stone to renormalising the effective potential, 

we derive the so-called 'mass-gap' equation, the equation determining 

the ground state of the theory. If this can be renormalised, there 

is a good chance that V C ^ o ) can also; if it cannot be renormal ised, 

then neither can . 

Using (4.2.23b) and (4.2.23c) we can write (4.2.23a) as 

T 6 ^ = rr\ 0 4 c 0 A 0 4 p-fc SCPJ 

^ 2 —(4.3.1) 

where 

no'2') = f i f e e x p - l k ( x - y ) 
—(4.3.2) 

-7 m 
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is the free Euclidean propagator for a scalar field of mass m . 

To interpret this equation, we first observe that the true 

vacuum of the large-N theory satisfies 

— = 1 Y C = - o 

- a ^ i "" -(4.3.3) 

If there is no symmetry breaking (the vacuum has o (N ) symmetry) 

then o and the -propagator is given by 

^ j c p 2 ) - l i L 
-(4. 3.4) 

where 

- X. 
^ O -b - h A © Cf ( o , 4- P S ( o J 

z 
CfCo/T^foj) 

•(4.3.5) 

If there is symmetry breaking, then = o for the Golds tone mode. 

For the unbroken degrees of freedom, 9 6 0 C o ) is still the common 

(mass)2. Equation (4.3.1) is called the 'mass-gap' equation. 

Now for the canonical theory, for which o , (4.3.5) 

becomes 

X Q C o ) = r n 2 .4. ^ X o C , ^ o , X Q C o j ) — ( 4 3 6) 

This is the conventional large-N mass gap equation (C3). On the 

other hand, for p i , o we have the self-consistent 

mass-renormalisation equation arising from the 'hard-core' effects 

of changing the measure 

9 C 0 C o J « n o * 4. S C o ) 

^(OjX^G)) 
—(4.3.7) 
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This was discussed in detail in Part 2. 

From (4.3.5) we see then, that for the self-interacting scale-

covariant theory, the singular contributions from (i) the self-

interaction, and (ii) the change of measure, are additive. We 

suppose this to be the case only if we organise the diagrams as in 

the large-N limit. We shall examine the -dependent mass-

gap equation (4.3.1) for renormalisability, but first let us look 

at the more simplified equation (4.3.5), for which <^> c = io . 

It is convenient to regularise the Euclidean theory by imposing 

the ultra-violet cut-off IJ? | < A . Defining the regularised 

quantities, 

S C o ) ^ = J ^ ^ r k 

/s 

lk/< A 

(a) 

k | < A 

(b) 
r 

-(4.3.8) 

we form the Table (4.1) of relevant quantities. 

The mass-gap equation (4.3.5) then takes the form 

o) = n o 2 4-fc A 0 o C A ^ " 2 ) -H p O ( A x ) —(4.3.9) 

Now for A theory, the scale-covariant formalism is 

obligatory for d > 4 dimensions. The argument for this is 

independent of the calculational scheme adopted, depending on the 

classical Sobolev inequalities between potential and kinetic terms 

of the action (Kl). This was discussed in the introduction. From 

(4.3.7 ) we see that it is just for d > 4 that the ultraviolet 

singularities due to the "hard-core" change of measure are less 

singular than those of the self-interaction. 
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If, therefore, we can control these latter singularities, there 

is a good chance that the 'hard-core' singularities can also be con-

trolled, and hence the scale-covariant theory can be renormalised. 

For the canonical theory, the expansion organises the ultra-

violet singularities for A f ^ 3 5 ) such that the theory is renorma-

lisable in d < 6 dimensions. So we expect the scale-covariant 

theory to be renormalised in the N ' expansion for 4- < d < 6 

dimensions. 

For d < 4, we see that from (4.3.9) the 'hard-core' singulari-

ties are more singular than those due to the self-interaction. From 

our analysis of the pseudofree theory ( A Q = o for the scale-

covariant formalism) Part 3, Section 2, we saw that renormalisation 

was not possible for d < 4 dimensions. For d < 4 and o 

we are not very interested because an acceptable canonical theory 

exists. 

We shall now study the -dependent mass-gap equation (4.3.1) 

and test its renormalisability for different dimensions. 

(a) d > 6 Dimensions 

Equation (4.3.1) can be written as 

* . A . - " . - / A . •. i f l / H 

C<L± o 
-(4.3.10) 

The presence of the divergent term A 76 0 makes it impossible to 

renormalise (4.3.10), This is because, although the can 

be combined with the other factors involving yc^ , and a suitable 
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renormalisation of X Q found, this cannot be done also for factors 

involving X & . Notice that this term arises from the self-

interaction and hence only for the pseudofree theory (Ao = o ) is 

d > 6 renormalisable. 

(b) d = 6 Dimensions 

We now have 

- - ( 4 . 3 . H ) 
A 0 

Again, the presence of the 7 C 0 U 2 k°
 t e r m m a k e s it impossible to 

A 2 

renormalise (4.3.11) when X ^ o . So far then, we have fulfilled 

our expectations of the scale-covariant theory not being renormalisable 

in the M""1 expansion for d >_ 6 dimensions. 

(c) d = 5 Dimensions 

^ = •»- £ K +- +> (l - O(A~*\ 

+ i - J . +. O ( V C * ) 
A „

U
 ^ ' O A " 
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i.e. 

0 6 o ( JL C I— ) = * l - i - ^ A 

1—2.1 (=>-?r^i 

7 — 2/ 4,-n-3^ -(4.3.13) 

Defining the renormalised mass, m, and coupling constant \ by 

Z^-ir 3 J A A 
; —(4.3.14 

_ / M * . A 3 . — = (' -f- Ti A 4 - 3 a A I ( , _ _ , 
A A ^ — 3 J V -(4.3.15) 

we then obtain the finite mass-gap equation 

f - f - ± £ - ( 4 . 3 . 1 6 ) 
M 4-S-n 

Note that A . ^ where is the 
Z F 

finite part of . Equation (4.3.16) has no explicit 

(3 -dependence and hence is just the form obtained had we not changed 

the measure (RI). 

(d) d = M- Dimensions 

Now we have 
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T^o -
" Z iz-^-Z V y ^ / A 0 A.. 2 ^A 

"Z 
^ C A - k(A?) 4-

- F^c* o(A^) ) +-£ ( ^ J 0(A~*) 

—(4.3.17) 

2 z 
We now introduce the subtraction point at p = M such that 

= I to TCp 4- U • Then 

M"2 Az 

-irAo 

Defining renormalised mass and coupling via 

A I A 0 Z 32-rr-^ > V P ' 
—(4.3.19a) 

2. m 

A . ffl^ ^ i ^ -(4.3.19b) 

This gives 

X2 # z 
o _ in f ^ + 1 t c j ^ c 

X A 2 N ^-rr 2 —(4.3.20) 

Once again, this is |3 -independent and hence is the same as for the 

canonical theory. Also, 
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i - I - % o - i q d o ^ j u r , / 0 ^ ) . .. 
3-z-rr'2 sT J where F is the 

finite part of 

From (4.3.19a) rearranging gives 

A - A o - I fc-n-^s 
• +1 I _____ 

z —(4.3.21) 

I - In ( A . ) +- AoTi 1 
^ M S ^ i r 2 H 

So, setting A Q = o implies A — o . This means that the pseudo-

free gap equation can be renormalised for d = 4 dimensions. 

(e) d = 3 Dimensions 

For this 

" + £ + ± f / v - - * * ) . ^ a v ^ f a ^ i ) 
A * u ^ z . -Z 3 ^ 12 J 

<K far? A 4 - x j * ^ +. 
A o T~", 3 3 / 

* * —(4.3.22) 

i.e. 

s-U X^ zAgk2- m 
-•Z ^ / -2 - 4 

—(4.3.23) 

Defining the renormalised parameters by 

A - o - j ? r x x 1 — t ^ i f a)" - ( l - p-nrVi-z.) 

( X - ^ t ^ a ) 
3-h 

—(4.3.24) 
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to 4 - ^ t o ) ^ ' ) —(4.3.25) 
A v A o ^.-n-2 s A o 

From (4.3.24) we see that 

A o = ( t t o ) A - 4 - X 0 — T j ) —(4.3.26) 

jz 
On taking the limit oo > we see that the term % o in 

. / <2 N 2 ^ 

(4.3.23) vanishes as does the term -U- ( P o / ^ J • 

Thus we obtain the finite equation 

— ° = JT1? 4 - fit — "k —(4.3.27) 

From (4.3.26) we can see that setting o implies A=:0(aJ . 

Thus it is not possible to renormalise the pseudofree theory in d = 3 

dimensions, as we mentioned in Part 3, Section 2. It seems that the 

self-interaction softens the 'hard-core' due to the change of measure, 

and makes it controllable. 

(f) d = 2 Dimensions 

This gives 

t - to 
N A*.*.-"--frM -to —(4.3.28) 

It is not possible to renormalise this equation; so our analysis of 

the renormalisability of the -dependent mass-gap equation (4.3.1) 

has fulfilled our earlier expectations of being renormalisable for 

4 <_ d < 6 and is, in fact, renormalisable for 2 < d < 6. 

Our next step is to examine the renormalisability of the effective 

potential V ^ c ) of (4.2.21) (wi th ffw cr^ , and f = ) 

using the definitions of renormalised parameters km2 and A in 
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(c), (d) and (e) above. 

As a final note, consider the Independent Value Model (IVM) for 

which 

Cj (Oj X) = S C o ) 

X —(4.3.29) 

Equation (4.3.1) becomes for this 

— < * 4- £ 4 - . . . . ) 4- -4-in sr©; = 0 
v v ^ J ^ Z — - —(4.2.30) 

No sense can be made of this equation by using the multiplicative 

renormalisation applicable to the IVM, i.e. 

m"2 _ S(o) * 
- y - (a) 

v * 

A = S C ^ (b) —(4.2.31) 
b 3 

In order to get non-trivial behaviour for the 0(N)-invariant IVM 

in the large-N limit, we are thus obliged to adopt a different explicit 

N-dependence for A-© than is adopted here (K7). 

(4.4.) Renormalisation of the Effective Potential 

In this section we shall show how the effective potential can be 

renormalised in d = 3, 4 and 5 dimensions, following on from the 

renormalisation of the mass-gap equation (4.3.1) in these dimensions. 

From (4.2.21) for cr= , > a n d u s i n 9 t h e 

constraint equations (4.2.23), we can write V f solely in terms 

of and , i.e. 
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V ( < / > J = - 1 ? C Q k 4 - ^ A p S C o ) IK, 4 - k Q ( o / % j ) -

M 

- £ ( i ^ ) ( * - " « ? J + C 4>l/ + - 1 » C , C ° , * . * ) ) * + 
M 3 ~~ 

4- J ^ r k U C f e ' k X o j —(4.4.1) 

We can subtract off -independent quantities. 

For the relevant dimension, we use the cut-off forms of Table 4.1, 

the definitions of the renormalised parameters in the previous section, 

and the renormalised mass-gap equation common to all d, 

= r - ( 4 . , 2 ) 

where is the finite part of ^ C o ^ o ) . 

(a) d = 5 Dimensions 

From (4.2.35) and (4.2.36) we find 

irk A S zty.-rr'* ( a ) L <r-fc A j z, 3. 

z 
'o = rrY2 ('- - S p ^ ( A - 3 m 2 j A 

(b) 

0( A9) 
—(4.4.3) 

The next step is to insert (4.4.3) into (4.4.1) and use Table 4.1 for 

the cut-off forms. We also use the renormalised gap equation (4.4.2) 

We will not give the details of this simple, but lengthy, calculation. 

The end result is 
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V ( £ c ) 4 1 - N X . N r r T 
A 

+ Nil .5- x, 
2-4--TT-'* 

—(4 .4.4 

Note that ^ - U j 

where Q J denotes the finite part. This result is 

p -independent and is the conventional translation-covariant result 

(Rl). 

(b) d = 4 Dimensions 

Using (4.2.40) and (4.2.41) we find 

A, 

(a) 
i - A-fc 

M" 

2 m 
1 + In ) S A £ k , J A , - - A ' M T t ^ ^ (b) 

-(4.4.5) 

Repeating the procedure, we finally obtain once again, the result 

^ —(4.4.6) 

where 
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[ C z k k ^ ( ] = j c J __L 
J F 3^-rr-2 H 2 

— ( 4 . 4 . 7 ) 

(C) d. — 3 D i m e n s i o n s 

Using (4.2.46) and (4.2.47) gives 

A Q = A 0 - £ £ 7 * ) 4- 4- P ^ A = o C A ) 
(a) 

•z. 
T o = m 

1 * 6 - e ^ f * " ) - o 6 v * 0 (b) 
l-Z 3 

-(4.4.8) 

Substituting for , and using the gap-equation (4.4.2) 

yields 

- Mtt-" 

a \ 2. ~~' F 

1 A Z4--7T -t 3 p J 

—(4.4.9) 

where [_ f ±k = - J ^ T * " —(4.4.10) 
J J F ' 

We now have a p -dependent result. The large-N limit of 

the effective potential is therefore only p -dependent when the 

'hard-core' (due to the change of measure) is more singular than 

the self-interaction. 

Finally, we point out that, as we showed the pseudofree theory 

to be stable for d > 4- dimensions (Part 3, Section 2) so we have shown 
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here that the self-interacting theory is stable for d = 3, 4, 5 

dimensions in the large-N limit. 

(4.5) Conclusions 

We have seen, in our analysis of the large-N limit of the o(N) 

invariant scale-covariant theory that in this limit the 

ultra-violet singularities due to the 'hard-core' are additive to those 

of the self-interaction. This is shown by equation (4.2.28). This 

allows us to use orthodox renormalisation techniques. 

We also saw that, for the A(<£ J theory, the 'hard-core' 

singularities are less singular than those of the self-interaction 

just for those space-time dimensions, d > 4, for which the scale-

covariant formalism must be used. This can be shown to be a general 

/_ r? "2. P 

result, i.e. suppose we have a A 0 N C ff^j theory; the mass-

gap equation (4.2.28) becomes 

= o n t o A o t o t o c J + - ( 3 S C o ) 5 

p-< 

where the factor Of arises because we now use a different 

self-interaction. The factor /s SCoT/^a^corresponds to the 'hard-

core' and hence is the same as for the original theory. 

In d-dimensions with an ultra-violet cut-off, (4.5.1) becomes 

(p-i \(<L-zJ . 
= to q_A0 O ( a ) +- P OCA ) 

—(4.5.2) 

The 'hard'-core' is then less singular than the self-interaction 

provided that 
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A > A 2 

—(4.5 

i.e. > Z j . —(4.5 

<L-z 

This is just the condition, derived from classical Sobolev inequali-

ties, that the scale-covariant formalism is obligatory for 

\ I — / Z p 
AoN (<£ ) theory. 

Provided that the 'hard-core' is not more singular than the 

self-interaction, it can be absorbed into the self-interaction. 

Because for 
A ° C <jT ) the large-N limit is renormalisable 
N — 

for d < 6 dimensions, this means we have a region 4 <. d < 6 

in which we have a renormalisable scale-covariant theory. A 

particular consequence of the fact that the self-interaction 

absorbs the 'hard-core' for 4 _< d < 6 is that, using the measure, 

, there is no & -dependence in the large-N limit. 

However, for d < 4, the 'hard-core' is more singular and 

results become p -dependent. 
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Part 5 - General Conclusions 

We shall summarise briefly here the results of our investi-

gation of the scale-covariant quantum field theory. 

In agreement with reference (72), we found that the coupled 

Green function equations were too degenerate to permit perturba- . 

tion series solutions for the Green functions. This degeneracy 

was entirely due to a 'subtraction procedure' (1.1.6a), necessary 

when dealing with scale-covariant measures. Dropping this 

procedure yielded an extra dynamical equation (2.2.23) that 

removed the degeneracy of the branching equations allowing, in 

principle, unique perturbation series. 

The justification for ignoring the subtraction procedure for 

models other than the IVM came when we studied the augmented 

formalism. The extra dynamical equation (2.2.22a) arose naturally. 

Furthermore, we showed that the IVM could not be accommodated in 

this formalism. This shows that the IVM must be regarded as a 

special case where the subtraction procedure is crucial, but this 

is not the case in general. 

The augmented formalism, because of its use of canonical funct-

ional measures, permitted a diagrammatic expansion. We showed that 

retaining only the most singular single-point mass insertion diagrams 

was equivalent to performing a expansion of the analogous 

o(N) invariant theory, and taking the large-N limit. 

By studying separately the following three areas: 

(a) spectral analysis of the extra dynamical equation 

(2.2.22a) 

(b) diagrammatic expansion of the augmented theory, 

retaining only the most singular point mass-

insertions 
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(c) leading singularity approximation for the augmented 

functional differential equations, 

we showed that each yielded the same statement of mass renormalisation 

(2.2.32). This was also shown to be the 'hard-core
1
 (i.e., due to 

scale-invariant measure) contribution to the mass-gap equation in the 

large-N limit of the M ' expansion of the theory. 

The stability of the theory was established by showing that there 

are two mechanisms whereby the classical instability, suggested by the 

augmentation, -hSio) In 4 > could be avoided. These were 

the large-N limit of the expansion, and the strong-coupling 

limit (which is, in fact, the IVM). Both of these showed stable 

ground states. 

Finally, vie showed that scale-covariant theories are sensible, in 

the sense of being renormalisable, just for those dimensions where they 

are mandatory according to the calculation-independent criterion given 

in the introduction. Indeed, we showed that the ultra-violet 

singularities due to the self-interaction and the 'hard-core' change 

of measure are additive in the large-N limit. This allowed the use 

of orthodox renormalisation techniques. We found that the pseudofree 

theory made sense only for d >. 4 dimensions, where it must be used, 

and the self-interacting theory for 3 <. d < 6, in the large-N limit. 

As suggestions for further research, we note that although we have 

been able to remove the degeneracy of the scale-covariant branching 

equations by the inclusion of the extra dynamical equation (2.2.23), 

we have not actually proceded to establish the perturbation series for 

the Green functions. 

Also, there was some ambiguity over the continuation from 
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Euclidean to Minkowski space-time when examining the effective 

potential of the Independent Value Model. 

A further area warranting study is the calculation of the non-

leading terms in the N ' expansion of the theory, to see if, indeed, 

the conclusions deduced from the large-N limit about the stability of 

the model are still valid. 



126. 

Appendix A 

The difficulty in determining the perturbation series from the 

scale-covariant branching equations arises because of the absence of 

an inhomogeneous equation, i.e. whereas the set of canonical 

branching equations commences with 

SCx— xj _ K^ <hz(xx,) — Ao — o 

We will show that, if we were able to omit (1.1.5a), then 

imposing a Callan-Symanzik type equation restores it. Unfortunately, 

a similar situation does not occur for the scale covariant theory. 

For convenience, we use the ULM. 

We can write (1.1.5) as, on making points coincident 

S C o ) _ n n ^ f Q ( X X ) — 4 - A 0 C , C x x x < ) = O , . 

(a) 

SCo) Qz/x,*^; ^-Scx-xzjc^fxxj 

(1.1.5a) 

the scale covariant equations commences with 

C x x x x x ^ z j «= o 

-(1.1.7a) 

j = o (b) 

X,. • . x 2 „ ) - n n Z ^ ^ - ( " X X f • • 

- CxxxxX,. • 
(C) xxrxx*,. . - ) = o 

(1.4.26) 

( o, . . . J 
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Now 

_ T) nJ - ( r 

^(r^i/z.) 

PcqMf fax,)... fa*zn) S ^ + 

—(1.4.27) 

i 
- n " 2 e> m Xtl'faxzn) 

- M ' J A x J ^ C ^ I faw^CXt).. . faKzn). 

i.e. _2L - x-vn) r cLx CL^C**) C y ^ (*, - • • XL. ) - / < L . 

•(1.4.28) 

Similarly 
r 

Q A o 
^ k * ' * ' X z + J = d^c C ^ 6 c x x x J Gr,. . - f d x Q (xxxxxr x ^ ) 

J 

-(1.4.29) 

Integrating (1.4.26) gives 

= - SCojJ^: <Lx 
-(1.4.30) 

substituting for (1.4.28) and (1.4.29) 
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3- - ^ A ^ J ^ x C ^ x x x x / C ^ * , . .X^j = _Sr o j j i x 

e.. 

4- U o J . I CXzjn 
z . i ^ \ J 

= - J ^ * £ SC o) - m ? <Xz(xx.) -4-A-o C C ^ (x, • • x^n ) 

If we then hold to a constraint 

this implies 

S"(o) — noo C - ^ C x x ) - 4-.A o ( x x x x ) = o 

which is just (1.4.26A). So we can essentially swop the inhomo-

geneous branching equation (1.4.26A) for this Callan-Symanzik 

equation. 

This is not true for the scale covariant theory. 
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TABLE CAPTIONS 

Table (2.1) The zero, one, two and three loop contributions 

to the two-point pseudofree function, ^ H ^ C x y ) 

(2.2) Examples from the one, two and three loop contri-

butions to the connected four-point pseudofree 

function, W ^ C ^ x / s - ) 

(4-1) Regularised quantities needed for examining 

renormalisability of the mass-gap equation and 

effective potential. 
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FIGURE CAPTIONS 

Fig.(1.1) The diagrammatic representation of the scale-covariant 

branching equations (1.1.7). Solid lines represent the 

(}>-field, dashed lines represent 6-functions and blobs 

denote unconnected Green functions. 

Fig.(2.1) The diagrammatic representation of the extra dynamical 

equation (2.2.23). 

Fig.(2.2) The diagrammatic description of the augmented constraint 

equations (2.2.5). Solid lines denote the cf>-field, 

wavy lines the x - f i ^ d , dashed lines are 6-functions 

and blobs represent unconnected Green functions. 

Fig.(2.3) The diagrammatic representation of the augmented dynamical 

equations (2.2.6). 

Fig.(2.4) Polygons describing the non-local interaction vertices 

Y © and Y, of the effective action 

O C Q X ; k ] 0 f (2.4.11). 

Fig.(2.5) The approximate factorisation equations (2.6.1), (2.6.3), 

(2.6.4) and (2.6.5). Solid lines represent the cj)-field, 

wavy lines represent the x -field. Blobs denote 

unconnected Green functions. 

Fig.(3.1) The two branches of the Euclidean effective potential 

derived from the generating functional (3.4.10). 
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d = 2 Space-time dimensions 
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where a^, t>6, a^, Aj, etc. are constant coefficients. 


