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ABSTRACT

This thesis is an investigation into various aspects of the
scale-covariant formulation of quantum field theory pioneered by
J.R.Klauder over the past decade (X1). Because this subject is
not widely known, we spend some time reviewing basic concepts in
the Introduction. For simplicity, we restrict ourselves to the
scale-covariant formulation of the A ¢P scalar theory.

In Part 1 we consider the possibility of developing unique
perturbation series for the Green functions of the theory, using
only the scale-covariant coupled Green function equations. It
is shown that this is not possible, and extra information is
required, not present in these equations. A Renormalisation-
Group type of equation and an extra dynamical Green function
equation are examined as possible candidates. Both are shown
to remove the degeneracy, permitting unique perturbation series
in principle.

An alternative formulation of the scale-covariant theory, the
Augmented theory, is considered in Part 2. The extra dynamical
equation is shown to arise naturally. A Diagrammatic expansion
is performed for the pseudofree (A =0) theory and a self-consistent
additive mass renormalisation predicted. This is further reinforced
by.an analysis of the extra dynamical equation, and the functional
differential equations for the pseudofree generating functional. The
retention of only leading singularity point insertion diagrams is
shown to be equivalent to performing a N ! expansion and retaining
the large-N limit. We consider the stability of scale-covariant
theories in Part 3, where we show that two mechanisms exist giving
stable ground states, i.e. the large-N limit of the N ! expansion,
and the strong coupling expansion.

In Part 4, renormalisation of the scale-covariant theory is
considered. We show that the ultraviolet singularities present in
the N™! expansion, due to the change of functional measure, are
controllable in just those dimensions where the scale covariant forma-
lism is necessary.

Some general conclusions are presented in Part 5.



INTRODUCTION

In this thesis we shall be examining various aspects of
scale-covariant Quantum Field Theory. It is hoped in this
introduction to provide the necessary motivation for so doing,
besides giving an overview of our recent work. We shall
therefore present here the philosophy behind the study of such
theories. We make no apologies for drawing heavily from
references (X1, Xk8) since these are the pioneering works in

the study of the scale-covariant formalism.
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A - Introducing and Motivating the scale-covariant formalism

(A1) Calculation-Independent Criteria for

Non-Renormalisability

The study of scale-covariant Quantum Field Theory arose from the
desire to obtain a generic understanding of ultraviolet non-

renormalisability of canonical (translation-covariant) field theories

For these latter, it is argued that, for a given space-time
dimension, their renormalisability (i.e. the controlling of ultra-
violet divergencies in Green functions) depends upon the scheme of
calculation we choose. For example, the canonical self-interacting
scalar field theory )~454'is renormalisable in the A  expansion
(Loop expansion) for d < u dimensions, whilst in the N ! expansion,
the Targe-N limit of )\(??z)zﬁs renormalisable for d < 6. We
require a statement of non-renormalisability that depends only on the
interaction chosen, not on the calculational scheme.adapted for solving

the model.

Such a criterion is at hand in the form of certain inequalities
relating the kinetic and potential terms for a given model. We il1lus-

trate this as follows.

P
Let us consider a self-interacting A~96 scalar field theory.

The Euclidean Vacuum generating functional for this is given by

SLh]= N J9£¢] exp -f(;z'—(V«#)zHimi $2A b = ihep) AT

. . &
Here, the external source current hi(x) is a smooth function ( T, ))
_ q5(x) is a random field, and the functional measure is

given by

PLIT = TT dob o —A-2)



N is a normalisation constant, chosen such that

SCh=0o] = | —(A1.3)

+—
[f we now take the Timit /\°—> O , it seems reasonable that we

should obtain the free generating functional giveh by

Salh] = Nf@tqiﬂ exr—f(é(v¢f'+ £mdd’ —ihd)dr

= N exp ——;zfdxdg h&) <o lnylhly) —(A1.4)

where

(= V2 +mZ ) Salay) = 8 G&—y) —(ALS)

+—
The assumption that SChJ  tends to SecLh] as A~—>© is the

basis of all canonical perturbation theory.

However, there are conditions under which SLChJ does not pass
to Solh] as /\°—> o' , and hence perturbation theory based on
S.Lhk]  becomes invalid.

Such behaviour occurs whenever random fields qSCx) are included
for which the free term is finite, but the <nteraction term is
infinite, i.e., the interaction is not bounded by the free part (x9).

This is shown by the Sobolev-type inequality

Z/p .
P z 2 2\ n
( j ] Sﬁ()()( d"x ) < Kf(@qu +mioP )d X —(A1.6)
provided
P 4 Zn —(A1.7)
n-=z

where K is a finite constant.



The condition (1.7) is just that of renormalisability of a
P . . . .
canonical /Xqﬁ theory in h -dimensions in the H expansion.
However, the criterion (1.7) has been derived without mention of

calculational schemes.

Analogously, it can be shown that, provided AF’EE Zhn , the

n—z
topology of the interacting fields is the same as in the free case,

but is vastly different if p > Zn ,» certain fields being excluded.
h—=

These observations lead to the following notion of non-remormalisa-

bility as being responsible for discontinuous perturbation.

We can perhaps see this more clearly by the following argument

due to Klauder (x12).

Let 76[;43] denote a characteristic (indicator) function such

that:
X LI = STl P < oo VIP] <o

%E<f->j= o GCQEqS] < o \/EC]S]-_—oo

where 9Co , YV  are the free and interacting parts of the action,
respectively. Then we can write for our Euclidean generating func-

tional

S = f@tqu x L7 exp —(0LdT +AVLET—i[h )
As )\-—> Q+ » this becomes

So Chd = f@ CHIXL[PT exp —JCQEqSiI-HfL‘;S

Now if X,LdJ=1 this is simply the free theory; but if
there are configurations for which 70[5#],= aQ (i.e. certain paths
are projected out of the integration) then we have the pseudo-free

theory, given by
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SiCh] = f@ccﬁz LT exp ~ Stal 11 [ b

(A2) Non-Renormalisability as a Discontinuous
Perturbation

For a given space-time dimension, , as we increase the

interaction power we approach the point where

P > Zn —(A2.1)
Nn—2Z

When this condition is achieved, we have a topology of the fields
differing from that of the free theory in that some fields have been
excluded. These are not recovered as we take the limit )\d—é-cfk
So the interacting theory for which (2.1) holds is not continuously
connected to the free theory (/\°= ©) but rather to a Pseudofree

theory obtained in the limit Ae=> o7

From the path integral point of view, it means that when (2.1)
is fulfilled, certain paths are projected out of the integration and

are not recovered as we take the )\Q-% o" Timit.

This shows us that when (2.1) is fulfilled, canonical
perturbation theory is in fact perturbation theory about a free theory
that is not continuously connected to the interacting theory. This
results in the inability to control the ultraviolet divergences. In
this case, perturbation theory must utilise the Pseudofree (,Xo—4>c§*)

Timit) theory as its basis.

We see that the interaction satisfying (2.1) acts as a 'hard-
core', projecting out certain paths that would otherwise be allowed by

the free theory.
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Fuller details giving examples of discontinuous perturbations

in simple quantum mechanical examples may be found in reference (X9).

We emphasise that, although condition (2.1) coincides with that
of Non-renormalisability for canonical -perturbation theory, it is
independent of calculational schemes. When (2.1) is fulfilled, the
theory is generically non-renormalisable and an alternative formulation

must be sought.

(A.3) The Scale-Covariant Quantum Field Theory

In this Section we shall outline the reasons why the scale-
covariant theory, differing from the canonical theory in its use of a
scale covariant functional measure for path integrals (as opposed to
the more usual translation~invariant one) is the chosen candidate for
supplementing the canonical theory where renormalisation of the latter

breaks down.

Essentially, this is the only alternative to the canonical theory
in that it gives sensible equations of motion when field products are
defined by the operator product expansion in a particular way that

we shall now discuss.

Its use is exemplified by the solution of a severely non-renormalisable

model. We shall consider each of these in turn.

(a) The Operator Product Expansion

In a Lagrangian density there are local operator field products,
e.g. qBZCx) J 45473<). Now field operators are distributional in
character, and so some prescription is required for defining such
products. There are two common ways of‘making sense of such products

namely, normal ordering where all creation operators are set to the left
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of the annihilation operators, and the Operator Product Expansion,

0.P.E. which takes the form

Alx+y) Bh-y)= Ly) cx) ... ..
—(M.1)

where A, B aﬁd Cc are local operators and f 1is a c-number
coefficient having the leading divergent behaviour as Y= o

When an expansion such as (3.1) holds and C 1is a non-trivial local
operator, we suppose that it is consistent to say that the Tlocal

product of A and B is C, written

cx)= L AWKIBK) = 0O, A Bk —(R3.2)
+(o)

where oAB has zero numerical value. Let us consider the equations

of motion derived for the canonical Aa qSl"(x) theory where we use

the aboveto define local operator field products.

The action is given by

ov = [de [ £ (3ud)=pmide—Ae b o] —(A3.3)

and we derive the equations of motion from stationarity of the action

under field translation.

z
Now according to the above qS (x)  is defined by

¢ (x)= Oyy P&) &) —(A3.4)
Under translation of the field, i.e. ?500 _— q#(X)4—/ﬂ(x)

F(x) = 0P GO ) —>  dex)
P GO

Similarly ¢"(x) > ¢"(x) and we obtain no equations of motion.
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If then we wish to retain the above definition of field products

we must seek an alternative form of quantisation.

Consider now a formalism in which the equations of motion are

derived due to invariance of thermeasureunder field-sealing,

i.e. Px) > 5) ) Sx) >0 —(A3.5)

where S(x) 1is a c~number field.

Then
CISZ(X) = O44 P ) by — o¢¢(5a)q§o<))(so<)qso<))

Oy ¢ Pxbes Cx)

&7 (x) ¢ (x) —(A3.6)

Similarly, for higher-order products

b "0— 8" P ) —(A3.7)

Stationarity of the action (A3.3) under the scale-transformation

(A3.5) yields the operator equation of motion (1rnc,LLLcLLr33 I )

p(O+ml)d +—_4—/\°q5‘*._lq<# = o —(A3.8.)

Now for a strictly c-number (classical) theory, we could remove a
factor of 45 to obtain the equation of motion of the canonical

theory, i.e.
(B +m2)d + 4347 h - o —(A3.9)

Then this so-called scale-covariant formulation would be equivalent to
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canonical quantum field theory. However, for operator fields as in

the above, (A3.8 ) and (A3.9 ) are not equivalent.

We have shown then how the scale-covariant formulation of
quantum field theory yields sensible equations of motion, unlike its
canonical counterpart, if we insist on the above as a prescription

for local operator products.

We now ask the question: is there any other type of field
transformation that gives sensible field equations, or is the scale-

covariant formulation unique? As an example, consider the transform-

ation

P ) —> S(x) 7530<) S(x) >0  —(A3.10)

Then, 432. (x) = 09695 #(x) <ﬁ0¢)__> C)qscﬁ(S(x) ¢3é<))(5<x)§63(ﬂ)

z ¢
= so<)o¢¢<f>cx)_(A3.m

’ 2z
Now Oc#qS is only appropriate for ¢ (x) . It kills lower order
6
powers, but for ¢ (x)is unlikely+toyield a finite multiple.

Hence scale-covariance assumes special importance, being the only

transformation to yield sensible results in the presence of the above.

We note here that, in contrast to the above conclusion, when
normal ordering is implemented then only the canonical formalism is

appropriate.

Consequences of scale-covariance arise for the form of commutation
relations, and also for the path-integral formulation of quantum field
theory. Equal-time commutation relations now are not the canonical

ones
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[A), Bly)] = —L8(xvy) (8.12)
but are the so-called Affine commutation relations
LA, B(y)] = —iSx—y)B(y) —(A3.13)

Further details of this can be found in references (X1, X8).

For the Path-Integral description, scale-covariance implies that
the functional measure be covariant under field scaling. The
canonical measure, invariant under field translation, is formally

given as

DLl = T dbp
y P —(A3.14)

The scale-covariant measure, by contrast, is given by

’
Prel = T dpog = PLED —(A3.15)
< — —_—
| peal P T I paol”
The measure (A3.15) is very singular, and one aspect of the scale-
covariant theory examined in this thesis is the stability of the

ground state(s) of such theories.

We shall now briefly mention how scale-covariance is exemnli-

field by an explicitly solvable model.

(b) Solution of the Independent Value

Model §IVM}.

The Independent Value Model differs from a conventional model in

that it has no gradient terms, e.g. for a self-interacting A OC#‘F

theory, the IVM has action,
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ot = —fdx[é moz“f—)z 4‘)‘09511 —(A3.16)

It is obviously an unphysical model because without gradients the
field at one point cannot influence any other point. However,

it is a-severely non-renormalisable model following the calculation-
independent criterion of non-renormalisability given in Section 1.
The more general expression of this criterion is derived from the

Sobolev inequality

2/p

( f“f""’lz"") = K f< K )1 1,

provided that,

b —(A3.18)

This allows us to treat spinor fields for which €= Y% R
as well as boson fields ( €=1). Further details of this generali-

sation can be found in reference (X1).

Now the parameter Ze& is the power of the derivative in the
relevant equation of motion. For the IVM, we therefore have €= ©
Non-renormalisability sets in for this model for g >z , independent

of the space-time dimension, #

It is known (X1) that the IVM Euclidean generating functional,

SLh] = Nfﬁtcb] exp—f[Jz—m;‘qsz-;-)\oM_u..g{;jdx (A3.19)

has the exact solution
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-
T I W A <

Z
5[“] = e,xp—bfclx _Ci’:"_ (I— c,os(u,hm))e

e

—(A3.20)
where
2 2
s = Mo &(o) (a)
b
and 3
A = A S (b) —(A3.21)
b3

A conventional lattice-space approach, using the canonical
measure, 11 C{'qsk , yields a trivial (free) result. However,
(B

a lattice-space regularisation utilising the measure

I ‘_‘_fék , converges to the result (A3.24)
k|| =RA
in the continuum limit A= o . We see that this latter measure is

scale-invariant in the continuum 1imit, and is therefore a particular

example of a scale covariant measure.

So the use of the scale-invariant measure

Pléy= T 49w
P w)

is crucial for the solution of the IVM, a severely non-renormalisable

—(A3.22)

model. This suggests its wider use, and that for non-renormalisable
theories in general, we should use the scale-covariant measure in
their path integral quantisations. We also note here that in the
Fock space derivation (X1) of equation (A3.20), the realisation of
the field operator qﬁ Cx) readily leads to the definition of local
operator products via the operator product expansion discussed

earlier.

Having outlined the reasons for using scale-covariant quantum
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field theory, we now proceed to introduce the contents of this thesis.

B - Further Investigation of Scale-covariant
Quantum Field Theory - Introduction.

In this thesis we shall examine some of the problems of the
pseudofree and interacting scale-covariant theories. We restrict

ourselves to scalar fields only.

In Part 1 we take up the notion of non-renormalisability being
viewed as a discontinuous perturbation. The possibility of devel-
oping >\ -perturbation series about the pseudofree theory, rather
than the disconnected free theory, is considered. It has been
argued (Y1) that the scale-covariant coupled Green function equations
are so degenerate that a perturbation series cannot be developed from
them alone, as it can be for the canonical theory. We examine this
claim, finding that indeed the branching equations of the scale-

covariant field theory are degenerate.

The question naturally arises as to whether there is an addi-
tional equation that is able to remove the degeneracy of the branching
equations. We consider a renormalisation-group type of equation and
show that this removes the degeneracy. Also an extra dynamical
vequation is studied, motivated by the augmented formulation of the
scale-covariant theory. This equation also removes the degéneracy,
allowing unique perturbation series in principle. The augmented
formalism is taken up in Part 2. This consists of introducing a
functional integration over an auxiliary field to replace the denomin-

ator of the scale-covariant functional measure, i.e.

9’[4:] = T ddw - Prél —(B1.1)
b |P T poa] P
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In particular, for B=| .

using the formal identity

[ Tmée] - [Prx exp-4 [X s

—(81.2)

where ~£9[:7$] is a canonical (translation-invariant) measure,

we have the result

fH@,EqS] = f@[¢]$[%]exf—-'ifxzqszdx —(B1.3)

We examine the branching equations of this augmented formalism
and, because of the now canonical functional measures, are able to

perform diagrammatic expansions.

The stability of scale-covariant theories is discussed in Part 3.
This is prompted by the observation that the scale-covariant measure

can also be re-expressed as

ﬁ(ﬂcﬁj _ ‘Etﬁbj exp _fs/zg(o)fdx Ihqu 814

The classical potential of the canonical theory then is changed,

due to the use of this measure, from \/(¢)) to
( . z
Vi(p) = V(P) + E o) lnp —(B1.5)

’
As ¢5—> o, V (45) becomes unbounded below, indicating instability.

In Part 4 we look at the self-interacting )\ ci)q' scale-
covariant theory, having been preoccupied up till then with the
=t .
pseudofree theory. Using the large-N 1limit of the N expansion

Z
for its O(N) generalisation _jﬁo(jéz ) we examine the
N
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renormalisability of the theory for those dimensions where it becomes
obligatory to use the scale-covariant formalism, according to the

criterion laid down earlier in this introduction.

In conclusion, we mention that the scale-covariant formalism
may prove of great use in-quantum gravity, where renormalisation is

not well understood (K11, I1).
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Part 1T - The Pseudoperturbation Expansion

(1.1)  Introduction

In this part we will consider the possibility of developing
the Interacting Theory as a perturbation about the Pseudofree Theory.
This will invoive us in fhe use of coupled Green function equations,
derived from the formal Path Integral. We therefore need to explain

how these equations are derived.

Consider first of all the conventional theory of a self-inter-
acting scalar field theory, A d)* , described by the usual

Euclidean Vacuum generating function

S[h]= N f@ L] exp —fcl‘*x [é—quS)zuz-m:qs’ +Aed® ko]

—(1.1.1)
This is the generator of unconnected Green functions via multiple
functional differentiation, i.e.
. | ]
LH C—{,, (x.xz----x,,,) = S 5["'-_! _(].].2)

Shéc)Show).. . Shom) h= o

Now, because the functional measure of (1.1) is invariant under

field translation, i.e.
PLP+AT = PLPT = ¥ A&

we have also
SLhl=slhl, = Nf@f_cﬁ] e;cF—fc,q'x [é(V(‘?S*'/\)) + L mg (P+n)
" -:—/\Q(¢'+/\)q__.;1,,(q5_,_/\)]
—(1.1.3)
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sCh], does not really depend on A  at all and so
5 ST ) e
S/\(XJ A=t

Hence we obtain the functional differential equation for sl h] 5

3
he) + K, & — 4A3 }SELJ =o —(1.1.4)
sh ) §L‘30<)
(where K o= -7 —ma ).

Further differentiation, on setting the source current to zero,

yields the Schwinger-Dyson coupled Green function equations, i.e.

S (x-w) — K, Spxx) — 4As & (exxx) = © @)

[ S x—x) Gy xzxs) + Sle—xz) G (xixz) + S(x—<) Sz, xz)]

- Ky Cut_(xx,xzxg) = 4-As G (xxxx xzx5) = O ()

[ S (x—x,) q q_(xzxgx,.,_xg) + Slx=x2 )G q_(’(«xsxthx-s-) 4+ S (x—-x=) qu_(xlxzxq-xs-)

+ 8 (x—xy) Gy K Xz AsXs) 4+ S(x—xg) C«q.CX.xZXzXq-)]
(c)

= K G Ooxixgxaxoxe) — 4 Ag Qg (xxxx xzxsxexs) = O

Zrm+1
2L Slx=xv) Sip Cxp R xgmy) = K G

=
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For the scale-covariant theory, by contrast, the functional

measure is invariant under field scaling transformations, i.e.

Dls$1 = PLPH] ¥ 5) >0

Foﬁowing through in the same way, we obtain the functional differen-
. . ! . .
tial equation for S [h] , the Euclidean vacuum generating

functional for the scale covariant theory

{H(x)é + 28 K, S = —4.)\°:5 }S[’ﬂj_

§h) 8hed  She Sh —(1.1.6)

where * I denotes a subtraction defined by

. 87 sThTl = 876y - sPeTu]

, S E,"Ij
Shitx) S ) shi hao

—(1.1.6a)

This subtraction is motivated by the Tattice formulation of the
Independent Value Model (IVM) in which W is replaced by mc
(as in Eq.(A3.23)), but is necessary, in general, for scale covariant
measures for which B4 1 .

So we find the subtracted scale covariant branching equations

/ / - /
[ Ste—x) P8 0=xz)] Qg Gaixg) = K g (ixxixz) = 4:Ae g Gavoaz) = ©
(a)

/ _
[S(x-x,)-;—g(x—xzj -I-S(x—x;)+-S(x—-)<q.)]cqqi(x,xzx3x4_) - Kxcts(xx&.XszQ(.)

/
- 4‘AQ Cfe()(KXXXleX'gXQ.) =

[21 S Gexy ) ]c«zm cxzm) = K Sy Gk ) (C)

Zmi=z

[4
— 4-Ag Cig (R0 X1 3zm) = © —(1.1.7)
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.*(.
where X-—> x after the operation of K. . These are represented

in Fig.(1.1).

As can be seen, the significant difference between sets (1.5),
(1.7) is the absence of an inhomogeneous equation analogous to (1.5a)
for the scale-covariant theory. This is entirely due to the
subtraction procedure. Also, because of the definition of operator
products via the operator product expansion (as distinct from normal
ordering) in scale covariant models, the branching equations (1.1.7),
written for unconnected Green functions, are the same as for the
connected functions. This is because the 0.P.E. of Green functions
with coincident points, will retain only the leading singularities,

which are just the connected parts.

Having derived both sets of branching equations for purposes of

contrast, we now move on to examine the perturbation series.

(1.2) Perturbation Theory

First of all, we will examine the Schwinger-Dyson equations and
develope a perturbation series, about the free theory, for the

interacting 2+x -point Green functions, C‘zn

Generally, we write

ian = 2 A0S
2n = o Sz, —(
Vo

)
where <iz,, is the Zn -point Green function in rPoorder.

Substituting this into set (1.5) we find

2.1)
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2| el ® P (P)
g _(P) - .
Z" SCK—XV-) [ZJ /\Q C‘Z»—Fn (K""/}r- - X2+ )] KKZ‘ /\o C-’Zm-f-z(xx' xz"""")
P=o P=o
| g%

P )
_4—/\62/\: C,iq_(xxxx,...xzw = o

—(1.2.2)

Equating powers of Ao leads to the perturbation relations

Zri-| (e) (p)
E.‘ S(X—XV‘) Clz CXP...Q,# v e Xt ) — KX C’zm+z (XKV"XZM-J—l)

”m
Ve |

Cp—)
- 4 C"Zm-t—q. (KXRX(- o Xy ) = ©
C""= O)I)Z/....) _(]2.3)

In particular (o)

(o) (o)
) (’(—X‘) c‘fz (XZXZ) + & (X—xz) C-(CZQ)()(‘XB) 4_86(_)(_5)(_'; ()({Xz)
. (o)
- KXC“’_ (XX X2Xg) = ©

) (o)
Kx Sy xx) + 4G (xxxX,) = ©

(1) (o)
So Cizl can be found in terms of G, . It is easy to see that,
(o)
in general, sz(:) can be expressed in terms of on . This is just the
statement that the Feynman perturbation expansion (in terms of the free

2-point function) exists.

Now, from the scale-covariant branching equations, we develope the

perturbation equations
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Z N T w = ]\ P ip) o )
ZS(K—X"')ZJ ,\o U Ky %y ) — KZ. o C_,ZWH_2 XX Ky
Y| = P=<

oA
o !
— 4-Aqg Z, e sz'::_(xxxxx,..-xm) = O

F:—.—O

(m 21 —(1.2.4)

i.e., on equating powers of >‘o s

Zm /(P) /(?) "
Z_‘ S(x-—-x,.)C—gzm Cx‘.-.)cz"‘) - KKC’ZM-l——z ( xx x,...xzm)

Comr |

/
(r=)
= U Sy, (0K, g, ) = O —(1.2.5)
(m > 1)
e
From these equations, it is clear that <, ecannot be

(o)
reduced to a knowledge of Cégf alone, because of the absence

of an inhomogeneous equation.

We have found, therefore, that for the canonical theory, the
perturbation series for n-point functions is unique, order by order.
This is not the case for the scale-covariant theory. Now on
examining the exact (not perturbation) Schwinger-Dyson equations
(1.1.5), we see that <_ appears to be arbitrary, requiring speci-
fication before <44_/ G ¢ etc. can be determined. How, then, can
the perturbation series be unique? We resolve this by the following
argument: the requirement that the perturbation series exists,
i.e. lim . 'C%Zn‘<<°°)can be interpreted as a boundary condition.
A]so,>;§j22 the perturbation series in A, s asymptotic, it does
not uniquely determine <_ unless extra information, outside the
branching equations, is supplied. So we trade the boundary condition
implicit in perturbation expansions, plus the ambiguity of resumming

asymptotic series, for the boundary condition S
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In a similar way, for the scale covariant equations (1.1.7) to
be soluble, both &z and <4 must be given. They are therefore
more degenerate than the canonical (Schwinger-Dyson) equations. By
imposing the existence of perturbation series for the 2n-point
functions, this degeneracy cannot be entirely removed and so the

perturbation series are not unique.

In order to understand this combinatoric problem of determining
higher order functions in terms of Tower ones, it is sufficient for
us to use simplified versions of the canonical and scale-covariant

theories.

(1.3) The Static Ultra Local (UL) and
Independent Value (IV) Models

(a) Static Ultra Local Model:

The Ultra-Local Model is simply the canonical theory with the
gradient term removed. The vacuum generating functional therefore
satisfies an equation similar to (1.1.4) but with P<x replaced by

2 .
mes ., i.e.

3
{hcx) +mE 8 - 4 A3 3}5@] = o —(1.3.1)
Sh (x) Sh (x)

In order that ©LCh7 be non-trivial, the UM (¢ + S 1) must be
—1
regularised by putting it on a lattice of size ™M  or by setting
d . .
B(o) =M for d-spacetime dimensions. The parameter M cannot be

eliminated from thé theory. The general solution to (1.3.1) is then

d
SChl = exp chdx Mo I ZoChx)) 2

where for constant argument lh, Zo satisfies the differential

equation



<h+mz”é DN >Z°<h)=° 1.3.3
oh S — {33
Cl-z 38

Here m%= ™M mJ , A= M Ay and & .(o)= |

The connected Green functions, defined by

n n .
CW (%) = _8 I SChI
SLCX.)---- 5’4()0\)

h=o

are then given by

o]
\‘\/,,, (K" CoxXn) = u.:s,,,_IT' SCXI—XP')

e 2,
where
l‘_"wn = i lh%ccfﬂ)lh—o
dh" -

fo establish correspondence with the exact equations (1.1.5)
let us define
n
N NON
dh”

=Q

The oranching equations thus derived from (1.3.3) are then, assuming

2.
T, — m—:‘z—Lr-A'E'q_ = O (a)
2 b
BT, — m" T, —4ArT, = © (b)
5T, -— 'rﬁz1r Y = ©o (c)
l
I
I
X —(1.3.4)
2
(Zh+ )-1:7_h - m —:2’1_,_2 - L;—/\—r:ZrH_q_= o N= o1,z ...

We can conveniently express these relations as a matrix equation to

derive the results of the previous Section.
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- Mz -1
3 o
(=] Q
) — !
' i
| |
! 5

|
!

(1.3.5)
ie. (_mz_-;_ +L —4AD)(x) = -e, —(1.3.6)
where L- is the Zower-semi matrix

L. ;‘J — (ZJ +—‘)S‘:/J+l
Ny is the upper-semi matrix DCJ = 5.‘,_._,1J and €, is
the column matrix (&, )P =3, Now it is a general property
of infinite matrices that upper-semi matrices do not have unique
inverses. Because 1/ is an upper semi-matrix, this means that the

matrix equation (1.3.5) is not invertible. This was the conclusion
of the last Section, i.e. that the exact canonical branching equations

are not uniquely solvable (we have freedom in specifying qz ).
We cannot find a unique inverse for (- mzl L — 4 X _D)

However, since (—mZ.L -l-l_) is a lower-semi-matrix, it does
-1
have a wnique inverse, (—m® 1 4+ ) . lWe can re-express (1.3.6)

as
-1

() = -(=m?1+L) (&) 4"'—/\("“21""-)—'@)(‘)_(1.3.7)

Expanding T as a power series in A,

o p)
- - 5, T AT
F::Q

we gek wnique perturbative solutions
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LP))

(7)) = 4 (~mm 1) (D)

—|
with f(o) _(-—mzl-4-l__] (e!)

This use of matrices demonstrates how a set of degenerate equations
(1.3.4) that permit arbitrary T, , -have Unique perturbation series

expansions.

We could have reached the same conclusion by solving equation

(1.3.3) directly.
Imposing the boundary conditions,
(1) ZO(O) =1 (2) z (h) = z (~h)

the solution of (1.3.3) takes the form

Zolh) o «(m® X)E(mME X k) + B MR ECmE ), Lh)

«(A) E(wEA o) + Bl A) 2 A o)

Z A k) + T2 N)ZEmE N )

—(1.3.
-E(m";/\, o) + K(MZ‘,A) _‘-;__.,(__mz} )\/ 0) ( 3.8)
+-o0
where Z(m? A\ k) = f du e,xr(—-li me Pt ihy )
-0
and ¥(m* A) is an arbitrary function of mZ )
Once T, is specified, all the Green functions are fixed.
This is equivalent to specifying ¥ (m%))
zp
Now ZP
L, = ZoR)|,
dh=f
+ -
= T=p * V¥zp —(1.3.9)
c(: + 0 o
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zp
+
where X, = _C-L_ -ZCMZ//\;U —(1.3.10)
dn™F h=o
= (gL,\)F/z Zet L (p,+/m")
= F' .9/\
and - zp —(1.3.11
Cap = d2(Cath ) (310
dh=r

P/2 |
= (=) Fy ) 2R Li(e, -z )
3z 7! SA
Here the LJ(G-,x) are the usual parabolic cylinder functions.

We can write (1.3.8) as

|+ Ky [+
5 zr/a(zP

Zp =
d7 - —(1.3.12)
S/ + 4+ +
O(ZF Q/O(ZF
Now for small N\ ,
o« - ™%
2 - o (A Fe ) —(1.3.13)
+
Ao
For the existence of perturbation series we require that
Jim Top | < oo —(1.3.14)
/\—> ot

This can only be satisfied from (1.3.12) if

- C'-'"‘*//e,\')

J=o or J- o(e —(1.3.15)

a >
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This is equivalent to requiring 2fcx2_ to have zero asymptotic

P
series. So the condition that the perturbation series exists

(1.3.14) guarantees that it is unique because (K’)x is determined.

(b) Independent Value Model

This is the analogous model in the scale covariant case where we
eliminate the gradient term from the action. The functional differ-
. . . . / .
ential equation for the generating functional S [h] s then

/
hoS — +ms3 :_'S_z T — 4Xe: E’q— :}SEL‘] = 0o —(1.3.16)
Sl‘lq.()()

Shx) g],,z‘(,()

The general solution for this model has been given by Klauder (X1),

s'ThT - exp [dxU(he) )

where LJ (h()satisfies the Tinear subtracted equation

hdid «m? ( U — 450 ) e (CLL"__U—J;‘Z_JI J—(1.3.18)
dh lh? dh? lh=o dh* 4w ko o

= O
where

2 2 3
M7= 3(0) me ; A = S'(o)/\Q

We introduce renormalised mass m , and coupling 3 via
2 2 37
bm™ = m b A = A\ —(1.3.19)

Now the parameter b plays the same role as M in the ULM of the
previous Section. The connected Green functions are obtained from
U(h) by

/

/ n
WH (xv---~xn) = H S K — xv) Lo,

r="2

—(1.3.20)
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: ’ h
where oy = & w()] —(1.3.21)
du"
This is analogous to our analysis of the ULM previously.
Continuing the analogy, we write out the branching equations
implied by (1.3.16) and put them into matrix form.
The branching equations arising from (1.3.16) are
f / /
20, — m* W, - Ao, = © (a)
z / (b)
b, - M7 O, — 4\ u.)/e = O
1
I
' —(1.3.22)
C”‘:'/ z, )
o
Q
o
I
!
|
This may be written as
(A = m? D —aX D)(®) = (o)
= —(1.3.24)
where 1 L= SLPI' (as before), and A  is the diagnonal matrix
d

Ny = 253,

Because the matrix D 1is an upper semi-matrix, (1.3.23) cannot

have a unique inverse. In order to more clearly contrast this case
with the previous one, let us separate out <«J, from (1.3.23) and

write instead



Yy —m o
o 6 Ol
; : - I —(1.3.25)
o |
] ! I
' : t
!
/
je. (mm? 1 +L -4 ADN(E) = - (2Zeoz)(e)) —(1.3.26)
{
“Iy4
— / /
where WO e Dw = Wy
7
g
; i
and L. is the Zower semi-matrix
/ ] S
L—‘::j =Z(\'+') ;l\}"_‘

. . /
As before, because of the upper semi-matrix .17) (—an:L4—L.——q.)17)
is not invertible uniquely. So, in accordance with our previous
. . . / . .
conclusions, even if we are given <9, , the branching equations

(1.3.20) cannot be uniquely solved.

z / . .
However, (-—h1 1+~ ) does have a unique inverse and we

can write

S =~z (cmP1a/T (e,) + 4 (—~’21+'—’)—<D)@L(1.3.27)

i.e. w,*' (o) = _Z(——le-‘-l_/)—‘(e;) . “(_mzu,_/)‘@)u;z—l(w)
Z

—(1.3.28)

f
-, . .
We can now expand the combination 94 (u&>) as a power series in

)Y , 1.e.

r_, s o (7)
wl'(m) = Ao —(1.3.29)
V:O
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~ (P)
then &2 is uniquely determined from
~! ~ (P)
() o (e /)T (D)8 Y
—(1.3.30)
where S 2 (—m?1 +)(e) —(1.3.31)

So we see that unlike the perturbation series of thé canonical theory
where the existence of perturbation series guaranteed their uniqueness,
for the scale-covariant theory, we need to specify the perturbation
series for &2z 1in order that all other perturbation series be deter-

mined.

As before, let us see how this result appears from the equation

(1.3.17) directly.

4 4-
2 (2o 5 - da_duj)=09
h i_i_a + m (?ﬂz i 1h=°> H<dw e };@—(1.3.17)

Imposing the boundary conditions

(i) w(e) = =
S (i) W Ch) = W(=h)

/
(111) ol = w/ = vy = © —(1.3.32)

< !

Then LL(h) has the form

W(h) = atmz }) 0 (BN L) + (o N) w3 (o, h) —(1.3.33)

where : +co

(2 A = d — cos(ub)] exp FEmEaF AL Y)
w'(m* Ah) = j _'_::_‘ [l cos ( h)] % —(1.3.34)

-
Specifying the arbitrary functions <L(m%\) , €3 )\)is equivalent

to independently specifying u.bz/ and u.pq/_ .
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/
Now, writing ‘JJ;LF as

zp
2P = °
+ —
where zp /
+ 2z
""DLF = 'é'— e QM’)\’L‘”lmo
dh*f
- zf .
R e S
d W=
we find
mi,
- - fe A
w2 . O (ATTe )
+
Zp

The existence of the perturbation series, i.e.

/
i | Wy, (m2A)] < oo
Ao o*
forces C-&*égp to have zero asymptotic series in A . So the

, /- » -
asymptotic series for L*szv‘“%z ' are now uniquely determined.

(1.4) Renormalisation Group Equations

So far we have contrasted the scale covariant equations with

—(1.3.35)

—(1.3.36)

—(1.3.37)

—(1.3.38)

the

canonical (Schwinger-Dyson) ones to show that they are more degenerate.

The perturbation Series for the ULM are unique but for the scale

covariant IVM we need to specify the 2-point function in all orders of

perturbation theory for all other perturbation series to be uniquely

determined.

However, a Lattice calculation of the ULM (X3) shows that it

is
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completely determined, rather than just its perturbation series.
Similarly for the IVM (X2), a Fock space calculation shows it to be

-completely determined up to a single overall scale parameter.

Obviously then, in going from the formal path integral to the

branching equations, we lose information.

In this Section we consider the information supplied by para-

. . . z
metric equations in m A

These are like renormalisation group equations, and they have
been examined for the static ultra local and independent-value models

in a different context (M1).

Consider the formal Euclidean path integral for the ULM,

sChl = N"ff)(kﬁ] exp —fdx ( Lo A th )
—(1.4.1)

Then,
D
7

skl =(2 N7) .f®[¢j exp - [dx (£mSF A b ingd)

(mez,) 2(mEL,)

N fi—)&bj 432 ex,o—fclx (ém2951+/\ﬂ¢‘t;l—rﬂ(]'4.2)

. ) —1
where the normalisation factor, N ,» must be differentiated because

. . 2.
1t contains mg

N - f@[gs:j exF—de (Lzmc?qSZJ,)\qqg‘*)

—(1.4.3)

2 NT o NTE (A [(Pred oo exp - (dx (FmI T A )
¥(m3y,) fxf ¢ ‘( < —(1.4.4)
— — N—‘__S_Z sCh]

Shit)

L\:Q
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Hence

2 sChl - ‘(x{sstfd ENCION s[:ﬂ}

d(my,) Shi sh e h-

- f“" :5° : sCh] ~(1.4.5)
Shtx) -

Similarly

2 sChl - fax:_ﬂ; sChl

?Ae shoo —(1.4.6)

Equations (1.4.5) and (1.4.6) hold equally well for canonical and
scale covariant theories. Let us now see the constraints that they
impose on Z(h) and U(h). Consider first of all the ULM. For

we have

d d
d ™~ I Zs [‘)(x)
sthl = efo <M= lhe) —(1.3.2)
> 2 Slh] = fcf.xMCL__L D Z., . SCh]
d(mZ /) %o Moy, )
and 2 d
S skl - 3 {M LORECR) sm§
Sh'(x) Shx) Zs ah

- — H - (’azg,a‘) S(o) SLh7]

+ Md'_i_ EE_Z-QU«) 3(a) sLh]

Zo  yp>

e 4 @(L).Md; QZ&« . SLAT
= o a[,‘ Zo ah

But S(o) = M CL
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zd z
i.e. _éz SCLT - ML RTEL(W . SCh]

2Z (h) 2z
SL\ZCX) [ B‘q

So our renormalisation group equation (1.4.5) for the ULM becomes,

. ] ) Z 2
with the mass-renormalisation r = oM

2 Z (h) o BZlW) — G| Z R
) 2ah* dh* heo

Similarly (1.4.6) becomes

* 4
RZLh) = 2Za(h) 32 | 2 CH)

These equations can be simplified if we define

Z,(h) = ECh)
E (o)
z
Then we have PECh) _ R e(h)
'a(m'z/z_) DhLZ
_QAN L&

Defining the derivatives of E(h) by

. n'rv n
LT, = D E(h)]
— h=
2h" °
it follows that
. h g ) s R NV
t ’Ch = ’a_,___Z.QCL' l L = Lt T,
2" =° =
i.e. ~
T, = ﬂfr1
=

Now from (1.4.10) we can functionally differentiate w.r.t. h

i.e. =f zp+=
2 . 2 E(h = R ECh)

/B(rn?‘/z) _LZF zp+2

dh

—(1.4.7)

—(1.4.8)

—(1.4.9)

—(1.4.10)

—(1.4.11)

—(1.4.12)

—(1.4.13)

—(1.4.14)
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On setting h =0 we find, using (1.4.12)

2 - = -, =0,1,2,...) —(1.4.15
s,y = ez Cpmeuz) )
Similarly,
2 F = T
ax  F =P+ —(1.4.16)
Now from (1.3.9) and (1.4.13) we have
- - T A\ oty —(1.4.17)
'Eh = o(ZF + m~, O(ZF, b
*
From the defining equations for sz%, > (1.3.10, 1.3.11), we see
-+
that 6121, individually satisfy (1.4.15) and (1.4.16). So we must
have
RO (mix) = 2T™EX) - o
> (m?7,) DX —(1.4.18)
This has as solution § = constant. Whereas the Schwinger-Dyson

branching equations (1.3.4) gave solutions in terms of the arbitrary
function 1Tz(n5§)) » imposing the extra conditions (1.4.5) and
(1.4.6) gives a family of solutions that depend on the single
constant, § . If we now invoke the existence of the perturbation

series, then from (1.3.15) we require § = 0.

Let us now consider the IVM. It is straightforward to see that,

given the generating functional

x (lo4-l9)

and the renormalisation

2 3
m = b S(o) mi , X = 1935 (o) Ag —(1.4.20)
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/
the equations (1.4.5) and (1.4.6) for SCh] become for L (hea)

2
2 U - - 2 k)
,a?”g/z) > h? —(1.4.21)
4 _
2 lh) = 2 JCh) —(1.4.22)
A h%

As for the ULM, substituting for LJ(h) explicitly as in (1.3.31)

/ ‘ .
we find that both wr('"z; A, h) and 2 (—""—f A,:’n) , satisfy
(1.4.21) and (1.4.22) separately. So we find,

o = == = = (1.4.23)
DM, ) Am%, ) IR
.
2= - 2¢ = ©° —(1.4.24)
QAN SN
i.e. both a, ¢ are constant.
Now if the perturbation series exists, we must have ¢ = 0,
as seen from (1.3.35). This leaves
.3
LICh) = q_‘(d-U- (1= cos(uh))exp- Eiuf—(1.4.25)

fen ]
Since CLCh43,X) has been restricted to a constant, independent
of hﬂ%, X, due to the imposition of the renormalisation-type
group equations (1.4.5) and (1.4.6), these equations have therefore
given us extra information on the perturbation series for the IVM.
Before the use of these equations, the existence of perturbation series
for the IVM forced c = 0, but gave no information on ca,(n43 A )

Using these equations now shows us that a 1is independent of A

Finally in this Section we briefly mention the consequence of

imposing an equation of the Callan-Symanzik form. Whereas in the
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canonical theory the inhomogeneous equation (1.1.5a) is success-
fully predicted by the Callan-Symonzik equation, this is not the
case for the scale covariant theory. Details may be found in

Appendix A.

(1.5) Conclusion

In this part we have examined the branching equations of both the
canonical (Schwinger-Dyson) and scale covariant theories. We have
seen that although the canonical equations are generate, the existence
of perturbation series implies a boundary condition which, together
with the ambiguity of resummation resolves the problem of how the exact

equations are degenerate, but the perturbation series is unique.

For the scale covariant theory, the degeneracy of the exact bran-
ching equations is reduced, but not eliminated by requiring the exis-
tence of pseudo perturbation series. In order to further reduce the
degeneracy, we need to look for an additional dynamical equation,
analogous to the inhomogenous equation (1.1.5a). This is the subject

of the next part.
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Part 2 - The Augmented Formalism

(2.1) Introduction

We will discuss here a different formulation of the scale covariant
scalar field theony: For simplicity we will consider only scale-
invariant measbre. The Augmented Formulation replaces the scale-
invariant measure by a functional integration over an auxiliary field by

use of the formal relation
4
/ . 2z
Prd1= Pré1 < PLY] f@[')cjex‘a—ufd.x—é—%Cﬁ
| P
X
We shall work throughout using the pseudofree theory, i.e. A<;§<:

Timit of the fully interacting scale covariant theory.

We can then write the pseudofree generating functional

7‘_7-.;["\] = f@/l:qu exp uf&x{é('a/.gsﬁ)i-lém:qu-#HqSE

—(2.1.1)

in its augmented form

z:[h] = j@[qﬁ]@[yg exp Lchx{—’z-(a/_‘_qb)i_lém:éz—éiiq(s;#hz?s}
where Qﬂffﬂ , QE‘)G are now translation invariant measures,

normalised so that Z.a, [o]=1. The constant " is simply for
generality. Integrating out thejx-field in (2.1.2) reproduces

(2.1.1).  However, we may alternatively perform the qE integration

first. We shall discuss this later, as it forms the basis of a

diagrammatic expansion for the pseudofree augmented theory.

Firstly we shall examine the branching equations derived from

the augmented generating functional (2.1.2).
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(2.2)  The Pseudofree Augmented

Branching Equations

For generality, we introduce an external source current, 3 ,

for the auxiliary field X

i.e. we use

Z 2z

Z o [:"‘IJ] f@ﬂcﬁj@&?{]&? 2 —"< 95-'me:43 +L1<{)-{—J76 é'rl E

From the translation invariance of:igfﬁij andffsfbéj we obtain as

/
functional differential equations for Z,Lh, ;10 ,

3

/
{L\(X)—K S/Slq(x) )L 38]4()()8\, (x)}zal:l"/ij = © _"(2-2'])

%ch) — 1'5/ 3&0/1:1.,;,3 = © —(2.2.2)

Z
b2 3 (x)Sh )

We see that (2.2.2) is a constraint equation. It is unchanged for the

interacting theory. However, (2.2.1) is dynamical and becomes

hix) — K, S s2 — 4Ae S _
j “she” LGS 0 éghﬁf (2.2.3)

4 = O
on including a )\c)cb self-interaction. The branching equations
for the augmented Green functions, defined by

f M

(Koo Xom) S8,) = L _F Z Th;

J(Y 35 (¥n
IR

are easily found.

The constraint equation (2.2.2) yields
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/
LOk=7) 4= Gy Ok jxy) =0© (a)
/

/
QS(’(—Y) C'in’tjo ()<¢‘ : 'xm) 4—1<'(m+1/1<)()<)(|.. X KY):.Q (b)
Gt

LZ, 8()(-—7(.") Qm ,..(x “ X )" x‘_‘_')
=1 /
+ C"WH-ZJFH-'Z (%X - Xom § XY¥ =T = Q () —(2.2.5)
/ r
where by symmetry we assume Ciz,m_im=- o and C"M,2n+-{= o .
These equations can be displayed in symbolic form (Fig.2.2).
The dynamical equation (2.2.1) gives
. / ' /
LSQﬁU-+KxQ%°QU Sy gy (¥ Xx) = O (@)
a
L Z_, Sx—xy) Cfm__,/c,(’(r- X Xm) 4+ K Q2m+,/°(x;<,. -xm)

r=1

/
+1C"m-a—(’z(xxl“’<m}’<7<) = o (b)

(m22)

A ' /
L Z‘-IS (X—-)(V-) Cfm —-(,n (xl" Xy o - KM;Y,-:.-Yn) -+ K,(Clm‘,%xx,-'xm}\fl"'Yn)
Yiey

+y C., (c) —(2.2.6)

Mo, h4—zcxx""<'"i’<’<yr"'yn) =

o
: Cm,nyz)
These equations are displayed in (Fig.2.3).

We now compare the augmented formalism with the scale covariant equations

of Part 1.

Remember that, motivated by the Lattice formulation of the IVM,

the scale covariant equations included the subtractions (k4), i.e.

h —_ 8 K
{ (K)S/,.Sh(x) /Lgh&)x vSlﬂ(x)} = EL.] = Q —(2.2.7)
where
F !
>
St z L] = 3Pz - sfe =z _[L] —(2.2.8)
gﬁv(x) S"1)‘,6() SlnP(x) heo
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We can derive the analogous equation for the augmented pseudo-
free theory by using equations (2.2.1) and (2.2.2). Functionally
differentiating (2.2.1) and (2.2.2) w.r.t.h(y) and j(y) respec-

tively and subracting gives

%h(x)gf;ghcy)—Jc") S/LQJ(Y)— %/ Kxg/i

i8hy) 3h(x)

_ st ~ 8% !
’L( 8h 6yShey) S § %exy Sﬁxz&&/%(y)) %o = ©
—(2.2.9)

We see that on setting x =y and j = 0 we reproduce (2.2.7) except
without the subtraction procedure. From Part 1 we saw that the

. subtraction procedure was directly responsible for the absence of an
inhomogeneous equation amongst the scale-covariant branching equations,
a fact that led to the breakdown of scale covariant perturbation

theory.

The augmented formulation gives us cause to doubt the necessity of
this subtraction procedure for the particular case of a scale-invariant
measure. We resolve this contradiction by proposing that the IVM is a
special case of a theory with scale-invariant measure, where the subtrac-
tion procedure must be implemented, but that for theories where the
gradient term is restored such a procedure is absent. This proposal is
backed up by the following observation, showing that we cannot accommo-
date the IVM in the augmented formalism. The general solution for the

IVM generating functional

!
SChl = N"f@(:qu exp = [(EmEPZhab il @) de

(2.2.10)

is given by (X1)
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SIEh'J = exg —-bfu(hcx)d_x

where

;_l(h(x)) = fCLl;L (l—e/;hu) e

leLf

- 'Lzb Mzgl_z——bz/\ wq—

Here b 1is an arbitrary constant, and we have the infinite multi-

plicative renormalisations

Z 3

S (o) S 3¢o)

We can choose our system of units so that b = 1 for convenience.

Now the obvious augmentation of (2.2.12) is given by

tdCh,;) = chu_ch(l— e,;hu')e,

where we have coupled in a source j for the V

can best be written as

LICh,3) = (o, ) — (LCh,y3)

—(2.2.

2 2 & 2 . Z .
—Ltm u,—/\u.__évbu.V.;_.v\;

—(2.2.

variable. This

—(2.2.

where (2 (h,3) = f die dy explcbmPuA gy B (222,

Hih vy )

¢
The augmented functional differential equations for S E:h,Ji]

(in the Euclidean formalism now)

{ L ](x) s2
- S
Te 25 (K)Shz(x) }

/

.12)

15)

16)
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. 2 3
Jih®) = mZ 8 5160 =1 3 ay, 60870 A2 /?-3 }SD"JJ =

—(2.2.18)
become differential equations forJCh) of (2.2.11)
vy - % > }u hi) =
1 ook (hj) = o —(2.2.19)
3
%mi_@_ g A D7 -i—al 3,_1_@‘ )= o —(2.2.20)
i oh 3oL 3 2 ~
ohQ]
where, in addition to the relations (2.2.13) we also have
2
1= 3y —(2.2.21)
(=]

This latter renormalisation can be seen from the following consider-

ation:
/
Since sLh;id = eva—fo Wihoa, | exs) it follows that
/
5/ SEE,J'] = %-—_’_a_zl_L.Szce} +2&.@_L{-,8(01
Sq(x)ﬁh ) Vich A dh Dh

2
D] Dh? D)

So defining n,= S?‘Lo).lL we obtain
(-]

/
q3d SLhid - —a2% W . s
§q(x)sl'\ x)

Obviously, (2.2.19) and (2.2.20) are not satisfied by (2.2.14).

So we see that the IVM, whose solution depended crucially on the
subtraction procedure, cannot be reconciled with the augmented formalism.
We interpret this as peculiar to the IVM only, and will now go on to

present further support for ignoring the subtraction procedure for gradient-
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restored theories.

From (2.2.9), on setting x =y and j = 0 we find

0 ~

{ (x) &/ sy, (x) /)8L|Cx) * s (x) } (2.2.22)
which is the analogue in the augmented formalism of (2.2.7), the

subtracted scale-covariant equation.

Setting h = 0, we obtain the new branching equation

/
Ky Gy (xx™) = © —(2.2.22a)

. . o . 4
where we have used the simplified notation Cfp'ﬁ QPIQ and X — x

after the operation of K, .

This is the new feature arising from the augmented formalism.
As is easily seen, in the interacting case we have for the new

equation

f /
Ke Gz &xx¥) +4 Ao &, (xxxx) = © —(2.2.23)

This is represented diagrammatically in Fig.{(2.1). In principle,
perturbation theory is now possible since the inclusion of equation
(2.2.23) allows all orders Cq:;:” to be expressed in terms of C:;QJ.
As we saw in Part 1, the subtracted scale-covariant equations forbade

s
this, requiring all orders of <_, to be specified.

(2.3) Mass Renormalisation

We have seen that the augmented formulation of scale covariant

field theory has provided us with greater information than before, at



the level of branching equations.
not present for the subtracted case.

in detail, since Klauder's analysis excluded it as being intrinsi-

50.

cally inconsistent.

We. assume

/
S (xx*

(where &l =

/
that <y (xx™)

‘(Eﬂe exp R (Ox—x )fdcy

d’le )
(Z="

fclc A (x—

This information is (2.2.22),

has the spectral representation

x* o) )

Here hf(dﬁ is a normalised spectral density.

Then

/
K SGplxx®)

& .
where we have taken the Timit X —> x after the operation of

= (Og+m&) o (xex*)

Let us explore this equation

< (o)

Iez

fEHe(_lz—mn)fclc‘f(o‘)

rZ o

We can write (2.2.25) as

K Cop Gexc™

Now

-Lfc‘t‘lz dcrf(c){
Lf&l‘le J,crf(c) =

L ‘(a‘le do (o)

4
k-

Lf&He

/
<, (=)

| + (OC~mo

(k2_ U)) }

L

S(o)

—(2.2.24)

—(2.2.25)

—(2.2.26)

—(2.2.27)

—(2.2.28)
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Hence

’ ) ’ /
quz (xxF) = —L&(¢) + mi S, () —-mic,z(o)

where we have defined

mjc.,z/(o) = L Jc‘He clﬁf(c:)_c‘__
(RZo)

i.e.
e \Jnafk do plo)o
(k2 )
J.él( do f(cs)

(k2 5)

So (2.2.22a) implies

2

SHASS

This is a statement of mass renormalisation for the scale covariant

theory, where m is the renormalised mass.

Suppose the spectral density was of the form

—(2.2.29)

—(2.2.30)

—(2.2.31)

—(2.2.32)

plo) = N{S‘(o‘-n—?-) + c,(cr)} where N is for normalisation,
m is the renormalised mass, and c (o) represents the continuum contri-
. . 2 2 ~

bution. Then (2.2.32) can be written, m =m + () + < —(2.2.33)
where ¢ represents the continuum. Similarly (2.2.28) can be
written as

. / . ’

L C-"ZCQ) = L A (Q} """z) + ¢ sz (Conmimnoum) —(2.2.34)
with L Alo; mz) = e | —(2.2.35)

(k% m?)
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So we see that (2.2.33) is of a self-consistent type since, because of

(2.2.34) and (2.2.35),both sides of (2.2.33) involve m?.

(2.4) The Diagrammatic Expansion of the
Augmented Pseudofree Theory

The Augmented Pseudofree Theory is described by the following

generating functional

2Z.Ch ] = f@cqu PrxT exp Lfél.x{—é(aj.,.cﬁ)z— Lmid?o Ly x P>

+h %] —(2.4.1)

where 9&{:] and $C7¢] are now translation invariant measures, and
we have coupled an external source _j(x) to the auxiliary field X, (<) .

Integrating over the 36 -field gives

/
Zolh,j] = ‘(._@E’X'j exp i @QE’X/,L\] 4—L‘erx)7(/(x)dx —(2.4.2)

where

_ | L el
L, h] = _Z‘fcl.xd.y Lv(x)ﬁ(x,”')(/))"()') "‘_E_T;’H(D’*""o"‘fxl )_(2.4_3)

2
and {D,‘—!-mi-;—-»L?O(x)}a(X,y}'X/) = —i3(x—yp) —(2.4.4)
Now let <§<,(X'y} be the free-field Green function satisfying
(Dx+mf‘>q°(xy) = __.',S(x_.),) —(2.4.5)

We can then separate out from (2.4.2) the free-field functional

z L] = exp — —éfd.xd_ﬂ-'(x) Golxy)hiy) —(2.4.6)
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to obtain

Z Ch T = =W J@Exjwf L O,k 4+ fi%6 de

(2.4.7)
where :
CSCE%JLlj _ GCQEwJLlj — _l_oz_fd_x C{-YL'CK)QQ(XY)L‘(Y) —(2.4.8)
X,Y; %) = <x ! [y —(2.4.9
Now gy %) “j TrE 4 ( )
O+mZ
—fclx,<><l ! Ix><x ! |y>;L'X,z(x,)
D+mZ O4+m2

z
= G _(xy) - éfix,ix(x,)qo(xx,) o (Xiy)

+ ..
Also,

llh <x 10 +m34—17o7‘ly> = lh<<|O+mZ|y>+

+~|H<)<II+1’)LZ, L y> —(2-4.00)
O+mg
2
= 'V\<X‘D+MZ|7>——£'>L7C(K)4><[ Ly>

O+mZ

! 762 { 4 |

31 X + .

( T+m?) (O+mZ)
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Then we see that oC[%¢,h] of (2.4.8) can be written as

Z z 2
otly,h] - — JZ»LQQCO}fCLx % (x) - éifcix L) b
= (zn) 2 2
+5 0 " fclx,.--c{.x,, V(x.x n3h) % () - K (xn)
n== —(2.4.17)
In (2.4.11) we have written
P = Lfc{_y A (x¥) h(y)
—(2.4.12)
and ) (zn) (zn)
V (X--xXn) = Yo (X-.x,) +~V| C)(,-~-><.-,/~Lr)
—(2.4.13)
with (zn) "
Vo - ixn) = (—¢) C,ocxlxz.)cia(xzxaj--_-Cf—oc""xf)
n ~(2.4.14)
and
(zn)

. h-
\/l (X,..-%xn Y l’l) = (-~ L) ii-cxt) C‘LQCXIX'Z)" ' C"Q(xn—lx")E(x")—(z.A:.]S)

(zn) -
We can see that V|, (x-.xn;h) is h-dependent through _qé(x;).
(zn) (zn)
Both Vo  and V, are described graphically in Figs.(2.4.).
They are represented by a closed polygon and a chain,

respectively.

Now the generating functional for the connected Pseudofree

/
Green functions WoLh1, is given by
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! /
Lt Wolh,;J = ln2.ChL,;]
—(2.4.16)
and setting j = o.
From (2.4.7) we see, then, that
/ .

Wiolhl = Welhl + 2LLh] —(2.4.17)
where Z:JEH:]iS the sum of all comnected Vacuum-to-Vacuum diagrams
constructed from a X» -field theory with action ijfizlvj of
(2.4.11). This is a theory with propagator

Alxy) = —i SC—y) —(2.4.18)
’ M Siolo)
h -dependent mass insertion (2-point function)
2
2
M6 = _Z‘E—CX)
—(2.4.19)
and h -dependent non-local Zn -point vertices
Y (zn)
- L . - h
5y YV Gk —(2.4.19a)

as in Figs. (2.4.14) and (2.4.15).

Having set up the diagrammatic expansion of the pseudofree theory
in its augmented formulation, let us consider the pseudofree two-point

/
function &, (xvy)

This is defined by
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cliey) = 3 WeLk] [
L% Sh(x) Shiy) h=o —(2.4.20)

I

SZWQCLJ l),, -+ SZZ,ELJ l

2 =o __—(2.4.27)
1= 8h ) Shy) 12 Sh (x)Sh(y) =°
using (2.4.17). Hence
/
T (2Y) = Golxy) + SZZ,E!J —(2.4.22)

L% Shx) Shey) h=o

Here, Ty o(xy) 1is the free-field 2-point function (satisfying
(2.4.5)).

Looking at the second term of (2.4.22), there are only two

possible types of diagram of 2LCRT that can contribute, i.e.

(i) Diagrams with no M2 insertions. Then all of the full
(zn) (zn)
vertices V except one are replaced by Vo . This one
(zn)

vertex is replaced by \G and is then functionally differentiated
twice to remove its h-dependence. This procedure is done in all

possible ways.

(ii) Diagrams with one M2 insertion. This insertion is twice
(zn)
differentiated to remove its h-dependence. A1l vertices Y are

(2n)

replaced by Ve

Diagrams corresponding to the pseudofree 2-point function are
shown in Table 2.1. This table categorises the diagrams according
to the number of loops each diagram has. For convenience we have

taken

N Golo) = —(2.4.23)
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Then, from (2.4.18), the propagator A(xy) s simply a

detta-function

Alxy) = —=138x—vy)
—(2.4.24)

and from (2.4.19a), the 2n-point vertices have the coupling

ﬂf1=’ L associated with them now.
(o)

We shall briefly explain Table 2.1. The first column gives
the Toop order. The second column gives a particular connected
vacuum-to-vacuum diagram, constructed from the above propagator and
vertices. In the third column, the contribution of this diagram
(after it has been differentiated) to the pseudofree 2-point function
is given. Dashed Tines represent the delta-function propagator
Alxy) and solid lines represent the <o . Contracting the
A g gives the diagram of column four. The last column gives the
formal singularity associated with this contribution to ngnyq.
This singularity is found as follows:

From the uncontracted diagram of column three, each closed dashed loop
gives a factor §<70) and each point vertex a factor ’/quoy Also,
we must include the singularity produced on making the contraction,
i.e. the singularity associated with the diagram of column four, e.g.
consider 2(b) of Table 1. Because 2(b) has a mass insertion, M?,
this must be differentiated, to give the uncontracted diagram shown.
This has two dashed Toops and three point vertices and so contributes
singularity SCZO)/QZ;(Q) . Also, on contracting, we gain the
addifiona] singularity of the closed solid line, denoted L_Z

Generally we denote

L, = fc(.x, dxg. .. chn_'C,oCxx,)._ . G (X x) —(2.0.25)

i.e., an n-link loop fixed at x.
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Z 2
So 2(b) has the overall singularity L,80a)/q 0). This can
also be seen by calculating directly the uncontracted

diagram.

2
i.e. Jcl.o( ch 4.y S(o)_is_ S (p-%) Qo lap) Golpe) Co(xY ) Golyy)
SHE . |

4
= 86 (dudp Qo) So(@x) Cialxp) ol
S50t e SR S St )

- 5%) [ C1olpa) Gotapdl dp Cralep) Ciatay)

szCoJ

Z

= 8 (o) L.
< zC.o)

f‘LP Selxp) G (py)

—(2.4.26)

We see that each singularity occurs at many loop levels. Now if we
pick out the most singular diagrams that correspond only to point mass

insertions, we can write their sum generally as

m = mZ + a,8)/c o) + Ly (S(O)/C’O(o))z{b,.;_bzz_z SCe) _‘_}
Galo) ool CTQ—CO)
3
+ abs (39)/que) + diba (3 cw) -
Ciolos) ;:C—o)
—(2.4.27)

We will also have cross-terms, Lo L.z etc., at higher Toop levels.
The coefficients e, b, L, etc. are uncalculable since each
singularity occurs at many loop levels. However, we will show in the

next section how this mass, comprising the most singular point mass
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insertions of the pseudofree 2-point function, can be related to the
renormalised mass of Section 3 that was the statement of the extra

dynamical equation (2.2.22a).

Concluding this section, we draw attention to Table 2.2. which is
the analogous table for the connected pseudofree four-point function,

/
w[f_(w xy2) . No study of this will be made here.

(2.5) Mass Renormalisation Reconsidered

In this Section we will show how the self-consistent mass renorma-
lisation (2.2.33) is related to the singular diagrammatic series

(2.4.27).

Now the series (2.4.27) corresponds to picking out the most
singular part of the self mass, with no continuum contributions. This

corresponds to taking

—(2.5.1)
Then from (2.2.28) we have
Ciale) = LJEHQ !
(k% w?)
_ Cio (O m2) —(2.5.2)

2
with Golxy m?) as in (2.4.5) but with mo replaced by m2.

Also (2.2.33) now becomes

2z Z
Mmo=me 4+ 3R/ (o) ) —(2.5.3)
Now in (2.4.27) Cio(®) is short for Cel=; mE) . 1In order to

show the equivalence of the series (2.4.27) and the statement (2.5.3),
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we need then to express CHo(©; M%)  in terms of Tolo;ms)

Let S’ = m—mZ2 —(2.5.4)

. . . . . z
Then, for single point mass insertions , Sm ,

Colo; m*) = G olo;md) + fd-x,c.,'ocxx;)mz)LSm"C,Q(x,xjmoz)

+ fix, dxg Cuo Oox ;M) LEm* G (g mE) 1S m .
-C-ic,CXszmoz)

+

C‘Q(°}M3)+’ISM1L—2 -I—C;SM’Z)ZL_B-L—..

n—1t
-FCLSML) Ly +~--..

—(2.5.5)
where L—, is given in (2.4.25).
Now we know from (2.5.3) that
Em= = SCo)/, S olo; m?)
—(2.5.6)

Hence Gy ol ©; m?) of (2.5.5) can be expanded as continued

fractions, i.e.

z
Colo; m?) = So(oimd) + L2303/ (o) m2) +L3<8(°)/C1°(ojmz))

+ - -
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— 1
= C‘IQ(O',M:J -+ 8(°)ngclcs(°'/mo1j +~ L, 8(°)/C,°(o;m7')4__.,}

2 2 —2.
+ 8o Ly § Solojmd) + Lo 800 /e, o, mE) +- - B!
—(2.5.7)
+
i.e.
S (2 m?) - Qo(o;mcz,) + 3(=) L_:,{l-;_ S(o) L ]___1.;_ ] }
c’°(°;m°2) C‘IOCQJ""Q )
=z P
+_<S(o) )L_ %14_8(@) Lo [l-{-...] }
3 - =3
+<§£3) )L"_%I-*-S(Q) L, l:|4.....j %
<t (o;mZ) YolojmZ)
—(2.5.8)

For (2.5.6) we need the inverse of this expression. We assume this to

be

-1 -t -~
So(oimt) = Sa (o mZ) )i+ 59 Lo [ie86) L, (1+0-) ]
oD SEtoimt)

-Z

z -1
+ S (o) L._,,E,_,_gco)L. Ge) ]
Cf:(o/'mz) Ce (OIMO)
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—_1 z S
L Gleim?) -2 L, 4 39 Ly -
SioeimS) So(o;m?)  iloimI) qZ(omE)
z
—_— S () L'z + ..
2 CojmZ) Ualo;mZ)
Hence
2
1 oo mE) Qfojmd) i G lo;mZE)
3 2
+( S L= +e
CalojmZ) LC{ZCO;MZ') —(2.5.9)

3
S(9) [
b . . — —=
ngmmgd)igaowﬁﬂ
As we see, the singularities arising in (2.5.9) are just those

arising from the most singular point mass-insertion diagrams in the
straightforward diagrammatic expansion of the previous section. This
means that the diagrammatic expansion has reinforced the statement
(2.2.32) of mass renormalisation and hence, in turn, has given

credence to the new dynamical equation (2.2.22a).

We note that, in order to reproduce the more general statement
(2.2.33), we wou]d need, in the diagrammatic expansion, to consider
non-leading diagrams. Also, since the diagrams of Table 1 corres-
pond to an effective non-normal ordered theory, and equation (2.2.22a)
corresponds to a non-subtracted theory, it seems that the subfraction

procedure (2.2.8) is equivalent to a normal ordering procedure.

Finally in this section we can see how the IVM, which motivated
the subtraction procedure in the first instance, is indeed a special
case, and that we should not extrapolate from it in using the procedure

generally. ‘
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. / z
For the IVH, LSz (o, m%) = &) —(2.5.10)

m2

There is no analogue of continuum contributions and hence from

(2.5.3),
z z >
mM = Meg “+—m —(2.5.11)
4
This implies that me = o. Now a massless pseudofree IVM does

not exist, and so once again we see that in the augmented theory
we cannot accommodate the IVM. This we expect since the IVM
depends upon the subtraction procedure, absent in the augmented

formulation.

(2.6) Solving the Augmented Branching

Equations

We shall provide even further evidence for taking seriously the
constraint equation (2.2.22a) by examining the augmented pseudofree
branching equations (2.2.5) and (2.2.6). We shall make assumptions

concerning the leading singularities of the Green functions.

First of all, let us consider the constraint equation (2.2.2)

and its corresponding branching equations (2.2.5)

. 3 /
{J(K) — vLS ~ }%Q[LI,J] = o
L35J(X)§HC)<)

—(2.2.2)

LS(x=vy) + C*/z,z(’“‘)"?’) —_ o (a)

/ /
L S(x—v) C;PJQ(X,-.-XF) + ’LC'P+(zx,éx"‘xP"xY) (b)

= 0O



S /
LZ!_,SCX—X"')C’VJQV(X' PV Y Ve
r=t
/
M Tz, gz (XK Xp XY Yq) = O (¢)  —(2.2.5)
From (2.2.5a) we see that the singularity arising from making two

X, -fields coincident is a delta-function, i.e.

/

Clo)2( XY) ec S Cx— Y)

—(2.6.1)
This is compatible with 20 being a purely auxiliary field.
Substituting (2.2.5a) into (2.2.5b) we find
/ / (xx
Hprz,z XX xp s xy) = Sap, o Kp)S2,200G5XY) 5 6 o)
showing a high degree of factorisation.

In seeking the simplest solution, we make the assumption that, as far

as the leading singularities of the augmented Green functions are

concerned

, and guided by the observation (2.6.1), the X -field part

of the Green function factorises off, i.e.

/

/ /
Cz,2(XXjXY) X Gy lix) Sez(xy) —(2.6.3)

The relevance of treating only leading singularities is that the

appropriate definition of local operator products is via the operator

product expansion in scale-covariant theories (see Section A3 (a)).

The symbol == indicates that this is an equation between the most

singular parts of the respective functions.

Our assumption indicates that

/

/

/
C1P+_2J7_(xxx,--~><?;xy) a~ C4p+1/°Cxxx,..-x?)<40)2<"7’) —(2.6.4)
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Hence, from (2.6.2) we find

/ / r / !
CfP+2’Q (XXX, - - 'XP)C'o,z(KY) =~ C‘P’/Q(X"'"‘F)C'z.)o("xjc*ca,z("‘/)

/ ; ;
or C'p.;_z)o(""x"‘ Xp) X p o Cxi-xp) c.,z,o(xx) —(2.6.5)

The leading singularity equations (2.6.1), (2.6.3), (2.6.4) and

(2.6.5) are displayed diagrammatically in Fig.2.4.

Now our assumption is, in fact, an assumption of separability for the

augmented pseudofree generating function, i.e.
/
Z.Lh,j] = HChI=TL,3 —(2.6.6)

~J

where A indicates an equality only between the most singular
contributions. Let us now turn to the dynamical equations (2.2.6)
and see how our assumptions (2.6.1), (2.6.3), (2.6.4) and (2.6.5)

work for these — if, indeed, they work at all.

. / /
L8 xy) o+ K Saz o Cxy) o Sag o (xy jxx) = O

(a)
A ! A /
b ) SOemxr) Sy (X K xm )+ KKC_,M_HIQCXx,--xm)
=1}
p
+ PLC—'M-J-IJZ(XXI"KM}XX) = O (b)

- , e 3
L 2L S=xr) &, (X X K5 Yiro e ¥q ) K Sy (K X Y oY)
r=t / (c) —(2.2.6)

+ VL C‘lm-l-“q/_,_z(x"l"xm)XXY,..YW).eQ <%>Z)

Now substituting (2.6.3) into (2.2.6a) we have

/
S Ge—v) + Kxc‘;lo(xf} + N C’zloc")') chz(xx) =~ O —(2.6.7)
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/ /
or {KK 4_~,LCﬁ°)2C<x)3C12/°<xy) X =L 3(x—vy) —(2.6.8)

Using our assumptions in (2.2.5a) we have
-' S / / ~ 9
L o(o) + "Lsz/o(xx)QQI?_Cxx) =~ o —(2.6.9)

and substituting this into (2.6.8) gives

[ke+ S@ic) (o] Capelon) ® —i80oy)  —(2800)

We can now see how the mass renormalisation (2.5.3) of Section 5 (also
(2.2.32) of Section 2) appears. Equation (2.6.10) is a statement
about the qé -field generating function of (2.6.6), HLh] . It
says that HLCh] is the generating functional of a free field theory
in our leading singularity approximation, and that the mass of the

qﬁ ~-field is given by the relation

= K. + S/
K x S PR —(2.6.11)
0 = O Z . Sty | 2.6.12
or x +m = <t ms + °/szlg(o) —(2.6.12)
e, m® o ml o+ 5G0)/idl (o) —(2.6.13)

For completeness, let us make sure that the other dynamical equations

of (2.2.6) can be consistently satisfied by our assumptions.
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Consider (2.2.6b) for m = 3. This is

. / , / . /
L S()(_)(‘) C{ZIQ(sz’g) -+ ¢ S ()(—XZ) C'fz) Q<K|K3) 4 bé C’(—x3) C"ZJQ('(‘XZD

/ /
+- KXC(‘*_Jo(xx'xzxs) ~+ 1LC44_}ZC7(X,X2X3)'XX) = O

—(2.6.14)
Using (2.2.5a) and the assumption (2.6.3) we have
LS L« /
Lalx—y) = = v C'Z/Q xx) Q,sz(xy) —(2.6.15)
Also ; , /
"Lcdq_lz_(xx,xzxg)xx) = ‘1C14_J°(Xx;xzx3)c"c,2(xx)
- /
B Ha,olonxang) 8C0) —(2.6.16)

L Cf;)o(xx )

Hence (2.6.14) becomes

/ . s
{Kx + S(Q)/;,C,;lo(xx)}c'*@.le(’(xtxzx;) ~ —"‘S(""‘xt) C‘leg(xzx3)

. /
— L3 (X—xz ) C'Z/C’ (X X3 )

—(2.6.17)

From (2.6.10) we saw that HL h] described a free-field theory.

Hence in (2.6.17) we must have

/ / / 4 /
C'z(_,chx'xzx?") ] C—fzj(oxxl)clzl o(X2X3) + Ciz,0 (Xx2) Gz (X1X3)

4 /
+ Ciz oCxx3) g, (XiXz) —(2.6.18)
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and so (2.6.17) becomes

! /
!/
{KK 4 S(O)/Lc_,;/o(wx)} C—{z)o (XY|) C'izlo(xz)(s) +{K’<4—8(07/.' C{é ng)} Ciz,o(X’(z,

/
) Ci@igﬂé
S (o) / K ’
* % K+ 8¢/, C—lZ/QCXK)§ iz, o03) Crz Kixz)

. / e ’

~ - v S(""‘x:)c-fz,a(xzxs) - L &(x—x2) C(Z/QCx,xz)
/
— 1 3 (x=x3) Gz o (xx2) —(2.6.19)
Equation (2.6.19) 1is satisfied as a consequence of (2.6.10).

So, in a similar manner, we can show that the assumptions (2.6.1),
(2.6.3), (2.6.4), (2.6.5) giving a consistent leading singularity
solution of the constraint equations (2.2.5) also satisfy the dynamical
branching equations (2.2.6) in a consistent way.

We can clarify these conclusions by substituting our separability
assumption (2.6.6) into the augmented functional differential equations
(2.2.1) and (2.2.2)

%L‘(x) - K’( 8/ Sh(x) - "L 53/ 2 }E/Q[L‘,\J] = Q
i LBSH(X)SJ 1) | '—‘(2-2.])
§ 1e0 5% 2 [h;l (2.2.2)
4x) = (3¢., & § il = o —{c.c.
1 L% 83003 hex) °-
Consider first of all (2.2.2). Substituting for (2.6.6) gives
Z
1) HORJ 0] 2~ *L_SLD"_]. s TL, T —(2.6.20)

S Wooo i 85 (x)
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Setting h=o with HCh=oJ=1 , we have

/
2 TLC;] =~ Qz/o(xx)_s_f__[:_]]

e —(2
L&) x)
/ rA
where G, oUxx) = S HLChI —(2
/ —_— . B
LZS ko N=°
On putting (2.6.21) back into (2.6.20) we obtain
z /
SHLKW] &~ <y () HLK]
2 J —(2
L2 Shix)
Since 1 is an arbitrary factor, we choose it for convenience to
satisfy
/
}L C“lz/Q (XX) = { _(2
Then T[] describes a free-field theory with two-point function
/ .
C‘o,z("‘/) N - SC""?’) —(2
since from (2.6.21) we have
joo TL] o~ 8= Lid —(2
L& j(x)
Now substituting (2.6.6) into (2.2.1) we find
{L,(x) - Kxg/',Sh(x)}HU‘jTEJJ —(2

- S HLChI] gz':r[J'j
i 8h(x) 128 %w)

.6.21)

.6.22)

.6.23)

.6.24)

.§.25)

.6.26)

.6.27)
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From (2.6.21) we find, on functionally differentiating w.r.t. ©;(x)

/
LS T3] + 50 STLIT s v S olo) S T LT

& (x) L2 5J' Zex)
—(2.6.28)
Sy 2 .
ie. - i1S)TL T +40 (JwTLi] > aom Cigdax) 8 TLi
'Ly ) L%8 5 (x)

’
So with 1 sz,oc"")=’ , equation (2.6.27) becomes

.2
[heo = Ko 85y 0, JHEAT & BUDT (000 o 3 7
i Shix) C4/2/:,00«') LC,/Z,QCxx)

or %l«(x) —(Kx + 8(o) ) S/;,g;,(,()} HCh] = JZ(K) D HCh]

. 7
1< (xx) !
i 12,0 (xx) 1 Sh (x)
—(2.6.29)
Now we assume that the R.H.S. of (2.6.29) is zero because of the
/
infinite <G, oCxx) . This gives us the result
%l«(x) - (®x + 8(7) ) S/iah(X)}HEL'J X O —(2.6.30)
i <"2,(:(’()<)

This is just the functional differential equation for the generating
functional HLChJ of a free field with the self-consistent, additive

‘mass renormalisation

A
A —_ Mg -+ g(o) ——(2.631)

' C12/,°(Xx)
This was just the conclusion reached by examining the branching

equations earlier.
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(2.7) The Large N Limit of the
0(N) Pseudofree Theory

So far the equation (2.2.32) has played a very important réle.

It has served several purposes by
(i) describing the nature of mass renormalisation

(i1) Implying the existence of the extra dynamical
equation (2.2.22a)

(iii) Reflecting the separability assumption for the
most singular contributions of the branching
equations.
But it is only an approximate equation. Derived from (2.2.22a), it

is approximate because we took the spectral density to be of the form

—(2.7.7)
Derived from the diagrammatic expansion, it is approximate because we
only took the point mass insertions, and derived from the branching
equations it is approximate because of our leading singularity approxi-

mation, characterised by (2.6.6).

We shall now show that these approximations correspond to taking
the Targe N 1limit of the o(W) invariant pseudofree theory. This
is because the equation (2.2.32) becomes exact in this limit. Since
we are going to consider the 0(N) invariant scale covariant field

theory in detail later, we shall be brief here.

The model has N scalar fields qSL Cv=1,2...

,--+ N) and generating

functional

Z_lo[-b:, _ \r@/':fj exp -bfdxgé@#f)z_émzét B
+h.<_{>}

(2.7.2)
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where the measure is O(N) idnvariant and also invariant under scale

transformations, i.e.

/ /
PLad] =P ] v A() > o
- —(2.7.3)
In the augmented formalism, (2.7.2) becomes
!
Zaolh, d f@[qﬁj@[%jex? fa_x E_L(/_& —7'7_ q_g
A I
*+d- 16} —(2.7.4)
where we are really only interested in _;|_=o . In (2.7.4) the

measures $)C$HJand @Evg] are now translation invariant.

We assume that the functional Integral is dominated by those
2 2
configurations for which qS and X are of order N. Hence
-1 2
the N-dependence of the cross-term é"LN x C)SZ . Making

the N-dependence more explicit we write

2 0h] = (Pr$IPrxd Preds(xd ne)exp '“fdx{é@f)z

~ e 40P b 4]
—(2.7.5)

2 Z
where & (’)ﬁ - NG) is a functional delta-function expressing _79 of
order N in terms of a new field O  of order 1. In turn, this

functional delta-function can be re-expressed as

S(x*-ns) = fECd]exP 4 J'GLX(%Z)—”U>;(2.7.6)
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and so (2.7.4) can be written

z,Cb] - f@cfj PLrIPrelBrad exp i [dx {é(@ﬁé)z -
——(mQ-a—rLcS)qs 4-_4_o<(76 Nao) +h. qS]

—(2.7.7)

Performing the :}S , % integrations gives

N f@ccﬂ@uj exp iNALG; h]
—(2.7.8)

where

ALs«;h] = L faxa.Ybe)c,zm).lg ) — éféxcrcx) o(x)

-1
+ LTl x Sy Gey)

N

—(2.7.9)
z ' .
and (Oe+ M +7500) Sz(xy) = =8 Cx=y) —(2.7.10)

/
We can now find 2 .L h'l in the large N Tlimit by looking for
the extremum of AL[S,&; b . If this extremum occurs at
o.Lh |, &,Ch], then, in the Targe N Timit

/
Z,Lh] = exp LNALoe,«,;h]
—(2.7.11)

Generally,

!
Z,Lhl = exp i W,Lh] —(2.7.12)

and so in this limit

Welhl = N AL%,«; hl —(2.7.13)
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The Effective action, [

s 1s the generator of one 43 -particle
irreducible Green functions.

If we define the semi-classical fields
$b. by

B (b.).

= S W, Lh]
“ s_: —(2.7.14)
then ML <__/>c,] is defined as the Legendre transform of WoL h7]
via
r_'[:éc.j = Wc[_’:\j - fl:'(x) - Qéc(x) <L( _(2'7.]5)
According to (2.7.13) and (2.7.9), (2.7.14) gives that
(Be+ mE + 5 0.W) Petx) = hix) —(2.7.16)

Defining a generalised effective action from

Aoy, b1 of
(2.7.9) as

[_‘Efcjlxjcj = ——‘Z— fCL)( éc- (D-I—m: -}—»LO') qgo —_— _N_chxG(X)D((K)
- 2

4—.‘/ r" X P'Yloz
__Z_N-t— no(()(l:l—l—— -l—}LO’)

—(2.7.17)
we then see that 'L é.T of (2.7.15) is obtained from
M, c, 6, ] by extremising it w.r.t. < , © This is
exactly analogous to obtaining ALCe,; k7 from F\EC",o(,-_h_'_! .
Hence T'Lfd = MLge«,,0.] —(2.7.18)
where & _[ ¢ and o Léd satisfy
SF‘Efc,G,:x)‘ - o —(2.7.19)
50( K=K o

G =0,
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and f_f_’[fc,dj(x] = o —(2.7.20)

SO. d.:-o(o
O O

o

Equation (2.7.19) gives

L0, 4+ S(0) = o —(2.7.21)

o

Ko

and (2.7.20) gives

0] <L x| ! Ix> —

oo =
=z D+m§+15°

.
=z L 9_56 =© —(2.7.22)
2N

To find the one 15 -particle irreducible Green Functions, we

functionally differentiate (2.7.17) w.r.t. jDQ and then evaluate

at o« , T andqgc‘so

v
The two-point function <, (Xv) is thus found as the

inverse of the one particie irreducible 2-point function, i.e.

vy

<, (xy) = { 5 I Lo, 4’«]}
S<l> (x)Scpaq) o= ofa —(2.7.23)
5 GQ
From (2.7.17) we see that (2.7.23) implies
i L : '
Cip (x¥) = B G lxy) —(2.7.24)
where (Dx -J—-MZ- .4_-,LD'°(x))C.‘2<X7') = - bg(x..y) —(2.7.25)

We see that the two-point function is that of a free theory with

mass satisfying

2z 2z —(2.7.26)
Mm = Mg+ *LGJK)
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Now (2.7.21) and ( 2.7.22) give for 436 = o as in the case here

when evaluating C:; (xy)

Ty = L S(o)
X i —(2.7.27
.,»L<x( (D-F’fﬂ:.{—vLGQ) [ x> ( )
or 1 0s = S(o) —(2.7.28)
L C1°(c5)rn‘)
with m? defined as in (2.7.26).
Hence (2.7.26) becomes
2 4

Mm-S = mg 4 (o) —(2.7.30)

v C_,Q(o‘,mz)
This is just the familiar mass renormalisation equation and is

now exactly satisfied to leading order in N !.

(2.8) Conclusions

We have seen that from three different lines of attack, each with
their own assumptions, we have arrived at the equation of mass renormali-

sation (2.7.30).

These methods were
(i) the extra dynamical equation,
_ *
Lim WK, Golxx") = © —(2.2.22a)
xf;>><
where we assumed a spectral density without a continuum, i.e.
(i1) the diagrammatic expansion of the augmented generating

functional (2.4.1) where we considered only diagrams with single point mass

insertions,
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(i1i) examining the augmented branching equations for a consistent
solution where we used an assumption of separability of Green functions

to leading singularity.

A11 of these assumptions are related and, through the analysis of
Section 7, have been shown to correspond to taking the large N-limit
of the O(N) pseudofree theory. So the N ! expansion provides a
natural way to separate out the most singular part of the hardcore

(non-polynomial) interactions due to the scale-invariant measure.
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Part 3 - Stability

(3.1) Introduction

In Parts 1 and 2 we have worked either with branching equatiqns
for the Green functions of the scale-covariant theory, or we have
used the augmented formalism in which the scale-invariant measure,
3551: 45] , 1s replaced by translation-invariant measures via the
formal relation

/ zZ 0z
DLl - f@c:ﬁj@cxjexp—-éfix145&)x(x>(31])

Note that for simplicity we specialisedfrom a covariant to invariant

measure when discussing the Augmented theory.

In both approaches we have not considered the fact that the

scale-covariant measure is very singular. We can see this by writing

Pré1 = D4z

—(3.1.2)
T | qSCx)t P
b4
so when gﬁ (x) = © the scale-covariant measure diverges.
Now we can formally write
4 : .
Pl = 9::43:1 exF—_E_S(o)fc‘L)(," $ %)
To deduce this, we note that on discretising space time
L = ! ! I
P - = LT "“'j&;—-—'P" T —(3.1.4)
T ) poo| [ x| | D6\ P | )|
x
= : .. —(3.1.5)

(o) Z (P%0)Z (P2
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Using the relation

!

( <f32C>< L)) 7z

= exp—ﬁln <f)2Cx;,)

—(3.1.6)
we see that
t { z .
(qu(x,))p/Z. ' '(qsz(xh))/gfz = exf?_g ;lhc{)(xi)_(&].”

In preparation for taking the continuum Tlimit of (3.1.7) we need
to introduce the increment A which becomes the integral measure,

i.e.

2
. _ ] Y4
x P E’P ?_, In <}5 (xy) = exp —-_E_Z'_,’n b ). A —(3.1.8)

ZA L

Now taking the limit A -> o , in which case L —5 S(o) we obtain
A

exp—F 3l b (x;) — exp —ﬁ(o)fdxfn¢ix) —(3.1.9)

Z L

Hence the result (3.1.3) follows.

Consider the Euclidean generating functional for the scale-

covariant theory
/ /
sCLh] = f@[gs:] zxp -%—%O-CECID]ffA-XLI(X)?SOi?(&].]O)
where OCL ] is the classical action

scCéd = faxgé(v¢)z+chs)§ —(3.1.1)
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{
We can see that writing 91:95-:] explicitly, as in (3.1.3)
r
has the effect of changing the potential V(¢) to V() given by

v’<¢) = V(b)) + E_JF_ﬂ S(o) ln <f>2€x} —(3.1.12)
i

As 45(K)-> o, this addition causes the potential to become

unbounded below and signals an intrinsic instability.

This observation casts doubt on the usefulness of scale-
covariant theories. However, we must realise that in quantum field
theory it is the effective potential, not the classical potential,
that is of interest. The Tlatter observation for the classical
potentia1 need not be true for the effective potential. Indeed,
in this part we shall examine two methods of expansion of the
pseudofree generating functional ((3.1.10) for YC%&:: © ) that
avoid instability. The first of these is the large-N 1limit of the
0(N) invariant pseudofree theory. This was mentioned briefly in
Section 7 of Part 2. Secondly, we evaluate the strong-coupling 1imst

of the pseudofree theory, as a basis for a strong coupling expan-
sion. We are encouraged by the Tower boundedness of the effective

potential in each case.

Now the interpretation of the effective potential as an energy
density is only strictly true for a Minkowski theory. We shall

discuss this later.

(3.2) The Large-N 1imit of the Pseudofree
Effective Potential

Here we consider the o(N)-invariant, scale-covariant pseudofree
Euclidean theory of scalar fields 45;, (i=1,2,...n) . This

has the generating functional
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st o [ TPToxp-t (el 1) etk 9]

—(3.2.1)

r
where P Efﬁj is 2nvariant under O(N) rotations, and covariant o4,

Scale transformations, i.e.

Pra $1 = PTIFLA] ¥ Alx) >0

—(3.2.2)
Such a measure has the form
/ N
PPy = T déx)
b=g X li)(x)/N:,z]P
N
- T Pré.d
b= -n—lécx)/,\,”z]/s —(3.2.3)
X

where @Eqs .J is a canonical translation-invariant measure.

Using an analogous equation to (3.1.3) we can write

/ N |
DLl - TEre,1exp- E_NS“’_QX '”<”—iﬁ?”’)—(3.2.4)

b= {
So (3.2.1) can be written

SIE"‘] = f"FT @[qSLj ""‘F';;‘fd"‘{é_‘(vé)z*'é mi 4:2 .

—(3.2.5)
+ _g__‘{"'_NSCﬂ‘)[n(qSZ/N)_L..qS}
2 - -
We assume that the path integral is dominated by configurations
z
for which qg (x) is of order N. This N-dependence can be made

explicit by introducing the functional delta function
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(A
g _ i (dxecca (b=
f@[cj S($-No) = f@[sj@c«j exp Z_;(:((;.)Z(.q:) No)

where fields O , X are of order 1.

This gives

/ z =z T
sthl - [T PréI1Pco1Prog exp -+ [ de§2(7E) +nZh:
+ it (BENe) +phN S m(E ) —(3.2.7)
2 =z N

— h. 4

Performing the Gaussian 4) -integration gives

SIEL\] - f@[cjgtd]exp—ir—cc[o}d}hj —(3.2.8)

where

Lo i hl = --'ifc(.xd_yb(x)<><l ! ly> . h(y)

-V iemetix

+ N - ln (= Vz-;-m: +;p<)
=z

+ %fd.x{!zﬁ S (o) ln o(x) = i.a<o<)cr(x)§ —(3.2.9)

We note that each term in (3.2.9) is of order N (since
2
b = o(nN) ). In the Timit N—> oo (keeping + fixed) we
/
assume that S LCh] 1is dominated by a single saddle-point, given

by the minimum of SC[o,e; b7 w.r.t. o, x

Let O6oLhT and «,Lh]  be the configurations of ©
and &«  that minimise SCLo «; h] . Then we may write for the

large-N limit

/
SLL] = exp -—1';- Gl o, o h] —(3.2.10)
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/
/
Generally SChl = expzétdtbj —(3.2.11)

/
where W L h1 is the connected generating functional. So to this

order of approximation we have

/
WChl = - OCLogag;h
= or¥ei 2] —(3.2.12)
L
We now define the semi-classical fields ng by
b Sw'
) = 2WLh] —(3.2.13)
Sh )

From (3.2.12) and (3.2.9) this implies that 75:_09 satisfies
z , L C
(_ - Ve +mg + '-O(o(x)> <256 (x) = h (x) —(3.2.14)

/
The Effective Action mC <_{>c,] is obtained from \'\/ij by the

Legendre transformation

FCeé.] - w?:bj-fdxu.qéc |
-z —(3.2.15)
= — GZEGdeOJ_Ej _ fd-)(b. ¢°

Now from (3.2.14)
4 2 .
{ -V, + mg + LO(QCX)} C]_SCCX) = l"..cx)

and hence
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féxd\/b&)éd—f ! |y> . h(y)

“VZmZ 4 ixo

_— —(3.2.16)
—_ fcfx 75,_,&) (—Vx +"1Q4-:o(°(x)>- 75J)<)

and

chx'b_.zﬁo = f«ix fc,(x) (—V;<2+-Moz+ ,io(,(x)>- j%,(x}

—(3.2.17)

With these, we see that 'L 159] can be written
r’tfoj = - -é fc{_x éc,(x) (— sz-l—-moz_;_,; de(")). fc(x) -
- %chx P‘hS(O)lh O (x) + ‘.‘—E-JCLX“Q(X/D’Q(U _

R CL AN

—(3.2.18)

We can define the generalised effective action l_'[cr/o(; 956] by

Noex; i:oj - —.szcl.x éc x) <_sz_,_m: -4—-?0(6(/)- j:ch) -

- ﬁfcl.x F:h Sta)lh ox) + l;_N_fJ._x K(x)olx) —
z 2

nb b (- R e i) —(3.2.19)
Then
mC isc.j = FEUQ/“QI' éo]
—(3.2.20)
where Qg and o« o are given by the extremal conditions
2 leo; ] [ = o —(3.2.21)
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and

-S_—C[GJ"(}‘#QJ{ = Q

S o - A= —(3.2.22)

The condition (3.2.21) gives

colbe) - Py, - *fzf‘?- ! =© _(3.2.23)

and (3.2.22) gives

‘5':,(2:) —(3.2.24)
Note that in the last term of (3.2.23) we used the fact that
z z =z
T In (" ‘74'+m2 -l—-ia() = chx fiq (—V +m°+io<(x)) —(3.2.25)

and hence

z .
_g. -T-r[h (““v 4——""): .4._,0() = L<x]/ i IX>
—_—Z 2 .
Satx) Vidme+ixX

I
o i (A K ex) >kl L [k><KixD
Jzz'4"”7:"4--}::(,

/ . /
- Lfile dhk exp ix(k—k) . SCe-k)
?ﬁ—mg-)—fo(
- Lf&tk S E—
: R+ mZ4ix
The effective potential is obtained from the effective action by
considering only constant field configurations. This serves to remove

the gradient contribution from the effective action, leaving only the
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potential, i. e. the effective action has the form

TCpd - (s { L (vd) - ve$e)]

—(3.2.26)
For constant (spacially independent) semi-classical field
configurations jéc >
MCpd = Mipe) = —v(cxac,)fax
- - —(3.2.27)

From (3.2.18) we deduce

2 2 z
V(d) = £ m (2 Po + BNH Sto)lno (4F)

- 8 (%)= mZ )0, ($I) + N fztle I (& 4m?($3)

—(3.2.28)

where we have defined

A 2 2
m (‘_#c.) = Mg +—lo(°(<f.>f] —(3.2.29)
Note that in making CISQ independent of space x, 0;(253) and
mz(qé,f) are also independent of x. Also the constraints
(3.2.23) and (3.2.24) are rederived from the following

extremal conditions on the generalised effective potential \/(ﬁ,haﬁ ék)

’.a_\f(mﬂ;cifo) = o
Gle ‘c= ca(igf) —(3.2.30)

mz_—_- M’z- (éoz)

1
0

:Q_\_/ (mz,c; ég)' —(3.2.31)

Ddm? ‘3_;-‘ GQZCES(;Z)_L
Having derived the effective pé%eﬁ%?31 or the
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O(N)-invariant pseudofree theory in the large-N limit, let us now
examine its stability. To do this we must expand V(’¢>o) about

the global extremum. This extremum Cﬁc = is found from

ﬂcéo) = O
v i . . —(3.2.32
CL¢0 écr’L ( a)
Now
i\_/'(éo) = ¥ 4+ 2V | am*$Z) + 2V | ac,
d b a‘ﬁc{‘ ’émz(f:) aqsoi. Ao, ’a‘#cl:
—(3.2.32b)
But from (3.2.30) and (3.2.31)
(=34 = RV _ 4
DmZ(E) Ao —(3.2.32¢)
Hence dV () = V() o mIPE) L —(3.2.33)
CL(#;: ’acﬁc‘:

so the global extremum occurs at q5c= o .

Then we have, from (3.2.23) and (3.2.24) with = Mo ol

Colo) = #:.f & ke

—(3.2.34)

+m (o)

z . z

M) = mg + ph 5 —(3.2.35)

T oCo)

Notice that since
f &l - v Qc(o; mz(o))

—(3.2.36)

le +m (o)
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substituting (3.2.34) into (3.2.35) gives

m2 (o) = m: + P S(o)
L < (o; mzfo))

—(3.2.37)

This is just the mass-renormalisation equation discussea
extensively in Part 2.

Defining the quantities

~ 2 2 2
M - mPE)— mico)
and Oo = 0Oo($Z)— T.Ca) —(3.2.38)

z
we now develop \/(cﬁ.;,) as an expansion in 435 about the
global extremum 4>,_=o. Substituting (3.2.38) into (3.2.28)

gives

>4 z z
V(éo)= émzco)éc. -I—-‘Z-F‘F'v Cfc)éb + P_g_i:'S(O),"UaCC’) 1

+ N Sco)ln (1 +5a($E) ) - N (o) 4 HEBZ) -m2)
> —_— =

O (o) . (cr°<o)+5"°<,75§))

+ &‘_ﬁ__fd:l?lh(kz-#mz(o)) + ﬁhf&‘.k!n C: + %'szf) )
=2 =2

kz-;- m=Co)

—(3.2.39)

' Z z
From (3.2.35), m) — m, = gh 56)

Os (o)

and so

o

<mzCo) + mz(écz) —_ m:){ﬁ'gfo) -F-EQCf:))

= gh Sw) + n"—“uzcncoj + ph Se) oo 4_%2&‘;

G Co) —(3.2.40)



89.

For small fluctuations rfv\"\z, S‘c we can expand the logarithms

of (3.2.39). Also, since Vf‘fo) is a potential, we can subtract

off constant (436 - independent) terms. After doing this we find

2 Zz ~Z
Vig,) = Lzmzco)qéc 4+ -;_r%Cfi)iDi —- pnh o) G°(<f>i) _
P ¥ - SBo (%

5'02(0)
~ 4
_ NS, - ona@mR) [de 2
Z
“ ('?z-}—mz(q))
+ higher order terms
—(3.2.41)
Now
S, ($2) - ©.($Z) — )

= _fé_i 4—‘ﬁf2ble§ ! _ [ }
N lzz-l—mz(q_é:) k* +m" (o)

2 Z
= P _h(dk___ @ ($)
(K m?(42)) (K% o))

2
= 795 — ‘h%z ik !

'~ (hz-;—mz(c))z(l-l- - )
h2+mzu)
2 A
- j; —hw { d& &7 4k +~
2 3
" (% —mTo)) (RZ o)) —(3.2.42)

3 _
+(m?) Jq’:h e
(kz-o-mz(o))q- }
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Similarly

2
M CPT) = o +ph e _ e - gh S(o)

~ fzda Sto) §3 (¢>§)

crﬁ'j
Q
° —(3.2.43)
Now from (3.2.42) let us approximate Eia to
~ =z ~ 2
N (3.2.44)
where we have defined
( —(3.2.43)
(k -I-m
On substituting (3.2.44) into (3.2.43) we have
- + S = o Z
o (o)
or
~Z 2
m {l— E‘h SCa) B(mz(oJ)g ~ - C#c Eﬁ 8(9)
cZco) N 2o
and hence
MmIChE) o — P mhSce) 2 35
Le/ = 7= B2 {r.— ghée) B(m*)
N o, (o) 0-02(0)

) + o —(3.2.46)
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Using (3.2.46) and (3.2.43) gives

~ 2
O’OCfi) = fc, { | — ?‘hzéfo) B (mz(OJ)
N

o Z (o)

~2

In order to examine the singularity of m and Co

, and

ultimately \/(ﬂbo) , we introduce an ultra-violet cut-off A ,

in the respective integrals.

3—,—{— O((ir)) + - -

—(3.2.47)

For a d-dimensional Euclidean theory,

d
SCO) = _ d k - d
(ZHr)i jp A )

sle) = K d_d'le _ o</\d.—z)
(2% 4 k2,2

5(**"2(6)) j 4 d 'k _ OCACL—I")
(211-) (b“n(o))

We see, then, that

~ 2
O-O = fc OC])

and m% 7920 o(/\‘rML)

N

—(3.2.48)

—(3.2.49)

—(3.2.50)

—(3.2.51)

—(3.2.52)

Turning to the effective potential (3.2.41) now, we can examine |

its singularity structure.

Taking the terms in order



-4
’é’mz‘#i = (953./:\1) SIGAN
= - (a)
N
~ 2 z 2 l;.'“cL
L
Wi = (ep) OATTT) (c)

—(3.2.53)

It can be shown that when higher order terms are considered, these

are down by additional powers of A

We see that for d > 4 dimensions, when we take the cut-off Tlimit

A= o» , only the first term in \/(éc,) of (3.2.41) survives, i.e.

2

| 2
Vige) = £ mco) fc —(3.2.54)

where mz(o) satisfies (3.2.37). So the large-N Timit of the pseudo-
free theory is a stable free theory for d>4 dimensions. The
dimensional dependence is encouraging since it shows that the scale-
covariant formalism does not work where it is not obligatory, i.e. for

d<4  dimensions.

The non-leading terms in the N—l expansion may provide non-free
connections. However, experience with N expansions shows that any
pathologies occur in leading order. So we do not expect non-leading
orders to upset the stability of the theory. However, the N_' can be
pathological for non-asymptotically free theories. In Part 4 we shall
examine the effect on the stability of introducing a self-interaction,
but first let us consider a second method of maintaining a stable pseudo-

free theory by considering the strong coupling expansion.
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(3.3) The Strong-Coupling Limit of the
Pseudofree Theory

We consider here the pseudofree theory of a single scalar field.
The strong coupling expansion is an expansion where the kinetic terms
serve as the perturbation, instead of the potential terms (more usual
is the weak coupling expansion in which the potential terms serve as
the perturbation). The basis of the strong coupling expansion of the
pseudofree theory, i.e. the strong coupling limit, is the Euclidean
generating functional

( / z ,2
SOEJ] = f@[qﬁj exp—ifd.x (-z’.-mc‘}é—J ‘#) .

(3.3.1)

This is simply the generating function for the Independent Value

Model (IVM) discussed in Part 1.

It is known that the IVM generating functional (3.3.1) is exactly
and non-trivially solvable (X1, X2). The scheme of calculation forces

the measure to be specifically scale invariant.

An expansion in kinetic terms about (3.3.1) has been attempted
(k5) and it is argued that it gives rise to a semi-classical theory
of tree diagrams with the mass and vertices of the IVM. If this is
true, it means that the Euclidean effective potential V(<]5<,) for the
theory is just that obtained from the IVM. This is because the
restoration of kinetic terms has not given rise to loop contributions,
as it usually does. We are therefore motivated to calculate the IVM

effective potential.

The IVM generating functional (3.3.1) is exactly solvable

(X1, K2) as

/ /
SQE .] = x L Vo[ '(x)j _
4 exp i < (3.3.2)
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where
/
WoLital = —-lal:fcl.x fd.u- <|—cosh(5(x))>cx'¢—bmu.
+ ZHh
RN
—(3.3.3)
and Mo = S m> —(3.3.4
b o
The semi-classical field qSG is now defined
b.x) = BW/L§]
<., —(3.3.5)
Sj 0
/ .
et Nelil = - fix (G ) —(3.3.6)
Then
U(j(x)) = hb fd.u- <{— cash (u.\,(x))>ex? L bm u}/Jr
S0
$.i) = - UG
EN

= bchu. s nh (c__x.:,_) exp .._Azbmzu.z/#
+

)

‘ﬂ‘b#) exr _J_ ) —(3.3.8
( 2 E-C r——-b ( )
where §5 is the error function.

The effective action is defined as the Legendre transform of the

/
connected functional W, via the semi-classical field, 7SC , 1.e.

/
F‘L'#,,_J = Wol ;7 - fcf-xjcx) §A°Cx) —(3.3.9)
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For constant (x-independent) semi-classical field configurations,

we obtain the effective potentia],V(ﬁo) , since then

PEéT = M) o - V() [ (3.3.10)
From (3.3.6), (3.3.9) and (3.3.70) we find
Vi) = w(i) + Jb.¢5) —(3.3.11)
S0
V. - U Ry L . GNP —(3.3.12)
¢, D _aqsc 'a—% ¢
Now from (3.3.8) DU _ -95 3)
a-J “
and so
CLAREYE D —(3.3.13)
2,

whence ?g
[

Vb = [ i g, —(3.3.14)

Because <p(j) is monotonic as a function of | (as is seen from
(3.3.8)), it follows that V($.)is bounded below by zero. So the

Euclidean effective potential shows no sign of instability.

From the asymptotic expressions for (3.3.8) for j—s.oo and

J~ O (and hence gS°-> oo and 56°~ © ) we discover that

4
~ Vi)~ Ll +mhd +O(E)
éc o ) z ,Z—f (b#)z (a)

N o obm) % Clfamt (b)
b~ V(p) (26 )9{%{\/?:# 953

—(3.3.15)
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Consider 4TL34&£ —> < Then from (3.3.15a) we recover the free
theory, \/(43,,) = -'imqui . This means that on mass scales
that are small compared to b  ( b has the dimensions [ mass] d
in < -dimensions), the pseudofree theory is indistinguishable from
the free theory. Scale covariant theories seem, then, to possess

mass scales below which they behave 1ike canonical ‘theories.

Now, of course, it has been our assumption all along that the
IVM effective potential is the effective pctential of the complete
theory. This is supported in part by (X5). However, the analytic
regularisation used in (X5) may have been too severe. But we believe
that the IVM effective potential certainly describes part of the
complete picture, and we have performed this calculation of the strong
coupling limit to show that there exists more than one mechanism for

preserving the stability of scale-covariant theories.

(3.4) The Minkowski Theory

So far we have only considered the Euclidean Pseudofree theory.
Strictly, it is only for the Minkowski theory that the effective poten-

tial has the interpretation of an energy density (C2).

Now for the large-N Timit of O(N)-invariant pseudofree theory,
the analytic continuation from the Minkowski to the Euclidean theory

is trivial and, for d >¢ , the Minkowski effective potential is still

= L mZo) P
V($) = L miCel gl —(3.4.1)

with m-(o) as in (3.2.37).

For the expansion about the IVM, the situation is different.

Consider the Minkowski generating functional for the IVM
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Z,L30 = J@Ec/bj exp —-_;_f(—z"ﬂ:(ﬁz_J #)d_x

This has the exact evaluation (X1, K2)

1" "
ZTolid = exp i1 W.L[;]
. 5

where
W:EJ] = Lb‘hfd-xfi-&_ (l—m:e(ﬂ))&xp - b
- . ,,
s WIET o (e D)
Then

L)) = ibh [dw (l—ces(ﬂ))%f?‘;imzwz
zZ

b r

The semi-classical field 45c_ is defined by

boo - 3Wlr;d
gJ (x)

or
<]5¢<J) = DuUy)
®J

= b fd.u_ 5in ('—".'l/.hJexF -ibm?
2

\h

This- function is double valued and complex. We see that

J 76 —> 9

) 95—50

11— o

Jd—> oo

—(3.

—(3.

The complexity of 9éc implies that the Minkowski effective poten-

tial is also complex. This, it might be argued, is an indication of

.4.2)

.4.3)

.4.4)

.4.5)

4.6)

.4.7)

.4.8)

4.9)
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yvacuum instability.

An alternative continuation would be to begin with the Euclidean

IVM for which

Sél.‘._jj = f@&qs:[ exF—_thd.x (—é—mzqu_u\jcﬁ)

—(3.4.10)
and continue afterwards. This differs from (3.3.1) because we have
rep]aced.j(x) by {jcy) . Evaluating (3.4.10) according to (X1, K2)
we have

'c N
5° Jj = ex -1 o J
F +H - —(3.4.11)
where
/
W°EJ] = —b‘hfd.x dw (l—Cos(u_l-;}))exF—bmzuz
| et + 24 —(3.4.12)
The semi-classical field is given by
= -hlo 1 N T
Po= Eoi (i ERN —(3.4.13)
m= 2Zbirm?
where ™ is the confluent hypergeometric function. Here 455

is real, but is double valued. Consequently, the effective poten-

tial derived from (3.4.10) is double branched as a function of qSC .

Considering the asymptotic expressions for large and small

in (3.4.13), we find that for

i—> o, b, ~ /2 (a)

I e b~ b (b) —(3.4.14)

J

<
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Using (3.3.14), for the upper branch (3.4.14a) we have

Vib,) ~ i‘mz e —(3.4.15)

as in the original Euclidean example, i.e. (3.3.15a). But on

the lower branch (3.4.14b) we find
V(QSC,J ~ j’z—b‘h’n(cﬁf) for <,‘6° small.

So the disturbing Togarithmic singularity of (3.1.12) has reappeared

on the Tower branch, with &(o) replaced by b
The two branches of \/(qﬁc)are shown in Fig.(3.1).

As Fb_> oo, the two branches decouple, but fork b finite

there is the possibility of communication via instantons.

(3.5) Conclusions

In this part we have presented two mechanisms for preserving
the stability of scale covariant theories, despite the presence of
the In (¢§L) term in the classical potential due to the scale-
invariant measure. First of all we considered the large-N Timit
of the o(N)-invariant pseudofree theory. It was shown that
stability is obtained for d > u4 dimensions. This dimension
specific result is very encouraging because it shows that the scale
covariant theory makes sense just when it is obligatory. As men-
tioned in the introduction, the motivation for examining scale-
covariant theories is to provide a criterion for non-renormalisability
that is independent of the calculational scheme adopted. Hence in
the canonical theory of A qéq', non-renormalisability sets in for
the H expansion for dimensions d > u. Even though renormalisa-
bility can be extended to higher dimensions using the hf_' expansion,

the philosophy of the scale covariant formalism states that
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the canonical theory is inherently inadequate for d > 4 and must
be replaced by the analogous scale-covariant theory. The argument
for this relies on the classical Sobolev inequalities discussed in

the introduction, relating potential and kinetic terms.

The fact that the scale-covariant pseudofree theory makes sense,
at least for one calculational scheme, for d > 4 dimensions but not
for d < u4, is therefore encouraging. In the next part we shall be

nZ
examining the large-N limit of the >\Qé ) theory for d4d>u to see

if the self-interacting scale-covariant theory also is sensible.

In this section we also examined a strong coupling expansion
about the IVM in an approximation scheme where only tree diagrams
survived. This was seen to give a lower bound to the effective
potential, although there is some ambiguity in the continuation

from the Euclidean to the Minkowski theory.

As far as scale covariant theories are concerned then, we see

no problems for the existence of such stable theories.
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22
Part 4 - The Self-Interacting ,\Gf ) Scalar
Theory

(4.1) Introduction

The problem that we wish to consider is how ultraviolet diver-
gences arise in scale-covariant theéries and the circumstances under
which they can be controlled. In Part 3 and Section 7 of Part 2
we examined some aspects of the pseudofree theory using the hd"
expansion. It was seen that the 'Hard core' ultraviolet effects
due to the change of measure are controllable and renormalisation
is possible for d>u dimensions, and not possible for d<u (we
shall consider d= 4 in this section). As mentioned in concluding
Part 3, scale-covariance becomes obligatory for.AG#Fjin d >4 and
so the fact that we can at least renormalise the pseudofree theory
for d > 4 in the Targe-N scheme is encouraging. We shall use

the large-N method to examine the self-interacting scale-covariant

theory with action

s<[$] = fi&x i L (V4 e oot A TR
8

4
and scale-covariant measure $C<253, given by

Pré1, - e

T [ boo P —(4.1.2)

’
It has been shown (X6) that all SDE#Engve rise to the same
subtracted scale-covariant branching equations, as were studied in

Part 1, i.e. (1.1.7).
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Different values of g ,a non-classical degree of freedom,
correspond to quantising the scale-covariant theory in different

ways.

In the following, we shall consider the O(N)-invariant generali-
sation of (4.1.1) and show how renormalisation can be performed in the
large-N Timit. We shall be particularly concerned for solutions in
d > 4 dimensions where scale-covariance is obligatory due to the break-

down of the canonical theory.

(4.2) The Large-N Limit

z
The A@£z7 scale-covariant theory is characterised by the
Euclidean generating functional

sthl - f@'cc(_a:nﬁexr-;;_;fﬁ (4 (vh) s 1mZ %A ($7) -

SN

kg } —(4.2.1)

/
Here, @E#Dj)g is both O(N)-invariant and scale-covariant.

It must have the form

@'[:iS]P _ <@E<ﬁc] >

b= T j_s(XJ/N ,/z|P ——(42.2)

or equivalently,

/ N d .
‘@E?jp = <_z,‘9["6;.j>exr' E';ES‘Qfd-" ln($7n)

—(4.2.3)

This is the generalisation Fasé t of (3.2.4).
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We now make use of the functional identities

4

d . z
fg@l’.’f] ex F;; ﬁfd-x (‘-f—/_\_o_if? > = constant (a)
o 2N

f@[o'] S(éz_,\lc)

. d
= f@ch@CoCl exf?—_‘;fd-xd(fi NG)= constant (b)
z
—(4.2.4)

Inserting these into (4.2.1) gives

SChl = f TP 1 Pros PraaBrerexp-r o= fik]
v —(4.2.5)

where

d 2 2
GC[G')o(,f,‘ A = fd.x {Z-L 36(—\7 +m°4—}a<4—if).<f> -1___;1_3(0'

——

+§_—f1 _'_Tb‘_fl_g_s(o) ’hc'} —(4.2.6)
ZAq = -

Performing the Gaussian qS -integration, we obtain

5,1:1"_] = f@[cj'@f_dj @Efj exp --_L— O’CIEO‘,o(/fj h]
—(4.2.7)

where

_cyc'[:c‘la(,f)_(q] = --'Efcf.x cLy_ln_C:()<><l ! l7’>._11(>/)

— z 2 .
v ""ma+-10(+if

-

+ NbE T3 In (- mo i+ '_F) + N_‘_h_ES(o) dx b 5¢x)

=2
=4

— iN(dxat oo + N ((dx 6%
3t Z&f £ —(4.2.8)
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This is the generalisation of (3.2.9) for P#1 and including
self-interactions. Each term in (4.2.8) is O(N) since the fields

g , o and P are of order 1.

As before, we assume that for |  fixed, in the large-N
Hmif, the path integral (4.2.7) is dominated by the single saddle
point at Co | ao, fo » satisfying

§£‘I| 5 oz - s’ -

= = O
>0 Geﬂe)fo S e [U°l“°/fa af 6°/0(°/f° —(4 .2.9)

Then, to leading order in the N~! expansion,

/
SChd = exF—'kIEhj = ex ( y
- = p—— <S¢ Lg% th-]
ke h Ao~ 224.2.10)
and hence
/
wlhd = — SCLGelh], e [h], pelhl; L]
—(4.2.11)
The semi-classical field <_f>¢, is given by
L
h
: /
C/D: = -3¢ [cojdc/fa}b_j (total derivative)
Sh:

[%

!
= - [8/55. 4 Sox's«. +-Sot'sSe, 4 SOT

So, Sh; SKe Sh; 2ee Sh; Sh

= — sac’ (partial derivative)

2 h
—(4.2.12)

- £x | | x> Ly

— 2 2 . .
V ome- i Xt IPo
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2 2 . z.
or { - Vx M X (k) + ;fo(x)} C}Sc (x) = L’L(x) —(4.2.13)

where, in deriving (4.2.12), we made use of the constraints (4.2.9).

The effective action is the Legendre transform of WCAT w.r.t. & .

' /
= - XX EGQJO(Q) fg ’ h-] - fci)c .E _(4.2.]4)
/
Writing &  explicitly from (4.2.8) and using the result

J:Lx écﬁ = fci_x ﬁé‘» (— Vz-;—m: -+—io(°+if°)-fc —(4.2.15)

we obtain

F’Efej = -i— fc{-x fc(X} (.. sz.,_ M:+;d°Cx)+;f°(x)>, C_f-)c(x)

- % . C_V2+m:+;d°+;f°') _ N%ES(Q)PX In O Cx)
2

* 2
-|—_L_.Ehlchx Colder (x) — N [dx fa(x) —(4.2.16)
Z)\ o

We can define the generalised effective potential [—'[5; %,fi qéb]

in terms of the <ndependent auxiliary fields @, X, f where

we define

X = mi L
iy —(4.2.17)
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Then
d z
M [o, x,f,’f&j = - fA’X{LZCVEéC-)”"Iz'%éi 4_N‘heg(°)!nc3'(x)

_% &) (% —m2 )-{—_.f(x)}
- N ‘ 2
-{—T—V‘["’(‘V +’>O)

—(4.2.18)

We obtain [-'Eisc,___( from Lo, x,fa‘f’gj by imposing constraints

analogous to (4.2.9), i.e.

o = ST s P

2 - ] = > o

86 ‘eaxoee 5K 104,%,, e Se - —(4.2.19)

Co3%o0i1fo

The generalised effective potential is obtained from Lo 76.j’i i%gj]
by restricting to constant (x~independent) field configurations,

t{b(_ 3 Then

Mo, %, eibed = M5 %, i 5436) = ‘V(GiwffJisb)'_-(4.2.20)

Vi, %, ps fc) = 5% qS + ijsmnm,%c@_mz__;f)

From (4.2.18) we find
Ny —!—N*h( k I [ b2
—(4.2.21)

The true effective potential V ( jéc,) is found from (4.2.21) by

imposing constraints analogous to (4.2.9) and (4.2.19), i.e.

oy Y

il

2V - o —(.2.22)

a.e
J'x’cu_fq vX Golxq)fq Fbg Se, o fo
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These give the constraint equations

XJQ— MZ - 'fo — P;h_g(c’) = O

S
2
C_FC./N __0"0 -4—1:1 ‘(‘3:,2
kz.a_joo
LS, + 12.570 — o
Ao

(4.3) Renormalisation and the

Mass-Gap Equation

(a)

(b)

(c)

—(4.2.23)

By experience, we know that if the effective potential, Y(ﬁée.) s

can be renormalised, then so can the effective action, M[$.] and

hence all Green functions.

As a stepping stone to renormalising the effective potential,

we derive the so-called 'mass-gap' equation, the equation determining

the ground state of the theory.

If this can be renormalised, there

is a good chance that V{($.) can also; if it cannot be renormalised,

then neither can V(¢,.) .

Using (4.2.23b) and (4.2.23c) we can write (4.2.23a) as

where

a(xy; m%) = fik exF—Lk(x—-y)

2
k+ m?Z

2 —(4.3.1)
+ PR S(e) (iSa/N ++ Glo, )™

—(4.3.2)
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is the free Euclidean propagator for a scalar field of mass m .

To interpret this equation, we first observe that the true

vacuum of the large-N theory satisfies

VL) o AV (T W poy o) = X bl -

dpt Dt —(4.3.3)

If there is no symmetry breaking (the vacuum has O(N) symmetry)

then 55:_—_ o and the 43 -propagator is given by

pLJ (PZ) = g“.l
—(4. 3.4
Fz-l—’)éb(o) ( )
where
X (o) = Mg -4—“_*—}‘_)\_6@(0,‘)60(0)) + B (o)
= . —(4.3.5)

Cf ( 9, 7%(°))

If there is symmetry breaking, then 2 ,= © for the Goldstone mode.
For the unbroken degrees of freedom, X (o) is still the common

(mass)?. Equation (4.3.1) is called the 'mass-gap' equation.

Now for the canonical theory, for which B=9O: (4.3.5)

becomes
Xolo) = mZ 4 thac(o,%00) —(4.3.6)
2

This is the conventional large-N mass gap equation (¢3). On the
other hand, for p=1 s Ae= 0 we have the self-consistent
mass-renormalisation equation arising from the 'hard-core' effects

of changing the measure

X (o) = me 4 S(o)
C‘I(OJXIO(O))

—(4.3.7)
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This was discussed in detail in Part 2.

From (4.3.5) we see then, that for the self-interacting scale-
covariant theory, the singular contributions from (i) the self-
interaction, and (ii) the change of measure, are additive. MWe
suppose this to be the case only if we organise the diagrams as in
the large-N Tlimit. We shall examine the :fc -dependent mass-

gap equation (4.3.1) for renormalisability, but first let us look

at the more simplified equation (4.3.5), for which qE°==c>

It is convenient to regularise the Euclidean theory by imposing

the ultra-violet cut-off [R| < A . Defining the regularised
quantities,
/<A
A (a)
el
Slo,%) = f d+ o)
—(4.3.8
k2w ( )

we form the Table (4.1) of relevant quantities.

The mass-gap equation (4.3.5) then takes the form

Xo(o) = mI £, OA*E) & 5 o(A7) —(4.3.9)

Now for A (152)2 theory, the scale-covariant formalism is
obligatory for 4 > 4 dimensions. The argument for this is
independent of the calculational scheme adopted, depending on the
classical Sobolev inequalities between potential and kinetic terms
of the action (X1). This was discussed in the introduction. From
(4.3.9) we see that it is just for 4 > u that the ultraviolet
singularities due to the "hard-core" change of measure are less

singular than those of the self-interaction.
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I[f, therefore, we can control these Tatter singularities, there
is a good chance that the 'hard-core' singularities can also be con-
trolled, and hence the scale-covariant theory can be renormalised.

For the canonical theory, the N expansion organises the ultra-
zz

violet singularities for ;\(f? ) such that the theory is renorma-

lisable in d < 6 dimensions. So we expect the scale-covariant

theory to be renormalised in the N expansion for 4 <d < 6

dimensions.

For d <4, we see that from (4.3.9) the 'hard-core' singulari-
ties are more singular than those due to the self-interaction. From
our analysis of the pseudofree theory (,XQ== © for the scale-
covariant formalism) Part 3, Section 2, we saw that renormalisation
was not possible for d < u dimensions. For d <4 and Ag# O
we are not very interested because an acceptable canonical theory

exists.

We shall now study the <#c,—dependent mass-gap equation (4.3.1)

and test its renormalisability for different dimensions.

(a) 4 > 6 Dimensions

Equation (4.3.1) can be written as

= z ([ d- d— d-
Xo/Ae = Ms/Ao + £ Pe/N +h oy g/\ b AT, Sy é'76: +

- i}

+_.E’__7_qd—</\z"‘b<{_x° e —(4.3.10)

As €L # o

. d-6 - .
The presence of the divergent term A 76? makes it impossible to

. .. d-
renormalise (4.3.10). This is because, although the A 4'76

o Can

be combined with the other factors involving 9. , and a suitable
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renormalisation of >\° found, this cannot be done also for factors
involving )Ci . Notice that this term arises from the self-
interaction and hence only for the pseudofree theory (Ae= 0) is

d > 6 renormalisable.

(b) d = 6 Dimensions

We now have

Xo - ms 7_5 +H . %‘/\ + b, /\ X, + c@,x X+ -
*+ F"_/_\E (A—boXs ) —(4.3.11)

K4
Again, the presence of the X.ln %o term makes it impossible to
/\z
renormalise (4.3.11) when )\ # o . So far then, we have fulfilled
our expectations of the scale-covariant theory not being renormalisable

. -1 . . .
in the N expansion for d > 6 dimensions.

(c) d = 5 Dimensions

= 2 = 2
..7_6..<> = Mo += —;- _?_gc. +— -_E _/l (l— ?_260 -+ 3-rr‘x°/1.+o</\—+)>
Ao e R v
+ B (3/\2+3_'70°-_§.vr‘702/2 + O(/\'Z))
A - F s 1o A :
z
- £ P (1087 + O ))
Ao FN S A

—(4.3.12)
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- <:1Ib3 rE A% L 3553/\1a
A

+ P (- 21!&{7573)
Zn shlo A

+~h 76 (f,__ 2,_,43_“_:?.
4G S /\1;

Defining the renormalised mass, m, and coupling constant A

2
o

+F A

x
(T *+ &L

2 T

éFﬁ NAqg

A, w2 ) (- zep®)

TAs SHAA

we then obtain the finite mass-gap equation

Note

= m° 4

4
Z

~e\

2
<

z|

3%
+ %,
4-GmZ

—(4.3.13)

—(4.3.14)

—(4.3.15)

—(4.3.16)

3/2
that L y. ='_§ C,(O,?%)there (o, %s) is the

finite part of (o, %o) -

Equation (4.3.16) has no explicit

4 ~-dependence and hence is just the form obtained had we not changed

the m

(d)

easure (R1).

d = 4 Dimensions

Now we have



Pa

l

>

113.

o = “ lﬁﬁz z % -2z
L Pe/n + z(‘/\ +7o°hq(7\_:)+o(/\ ))

Nix+

L

| g

P (A~ xel(Fs) + o(A™%))
)\Q Z 2 AZ

2
-2

T PP (et o)+ B (8] 0T

AchN

>
0

—(4.3.17)

2
We now introduce the subtraction point at p = MZ such that

hn %o = lh %a + o M7 . Then
N M2 AZ
7(qu_l—('“Jf""("m)) +7R b A% z 2 z
= — A = (D +F AT AT )+
S BZr® M2 ‘g ( As 32wz fzx' J
z
+9.S°(I——Ié-n-f3) +
ZN HAs
4-_#_ (I—lﬂr‘zp)%ofn_xle —(4.3.18)
2" 4 ) MZ

Defining renormalised mass and coupling via

I z z -1
=§XK“§MA yi;ﬁ(%)}(hwbﬁp)

.
A

2
™ + M —(4.3.19a)
z Z -1
2 e L G )
As 22+ ) yy —(4.3.19b)
This gives
Ko o m* 4 pC 4+ THh Aol e
A A Zn 32m* ~2 —(4.3.20)

Once again, this is 3 -independent and hence is the same as for the

canonical theory. Also,
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h I ‘h
3_;“_1’)4 Z: =L Qo%a)r  yhere a0 %o) o is the

finite part of <1(0,%5)

From (4.3.19a) rearranging gives

)\: -_— Tz
A

- . —(4.3.21)
- b (A Aoh |n (A
! _E (M2) 4_32;}—2 [ (H'z)

So, setting Aoa= 0 implies A=o. This means that the pseudo-

free gap equation can be renormalised for 4 = 4 dimensions.

(e) d = 3 Dimensions

For this
:\7(_’_0 = mc + fc, +1" (/\——n-‘)(/o ) +-'P<A 4—'71'—/\7("." -}-'""76:,4-0@-.)\
o )\b Z N 4___"_1 12 )
- B 740 (2‘"’ A -!-—Z-rr 28 Q-I-OC/\—')) +
Ao T
N . —(4.3.22)
£ (£, V(v oe)
1.e.
C'- ) = (s kA 4 pA" ) *‘.‘ff('—‘f‘_ﬁ_”rz/\)“
[2 )\Q z 3/\‘ Z\l ?fh’/\o
2
";h:r%cz(l— 4.?/\1'2) -+ 4:rr—4.l3 ( g{): z —_
3h )\ 3Ash% N
)
L YN
=P Wia
—(4.3.23)

Defining the renormalised parameters by

-
o= L= i—hpr?A) o (- pre)
Ao =z 3Hh e

Oam epr® ) —(4.3.24)
3-!a
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|
and m” ("“o +—F A 4—3{\ )(l— P ) —(4.3.25)
A 42 3% Ao

From (4.3.24) we see that

C% ) A 4—*(—1:9) —(4.3.26)
3 .

2 1z
On taking the limit A= oo , we see that the term Xq _éc in
. , 2 Z As N

(4.3.23) vanishes as does the term -/-\;(j?o/N)

Thus we obtain the finite equation

2

2 2
Xo o m2 4+ P2 _F x2 —(4.3.27)
A A =~ e |
From (4.3.26) we can see that setting A= o implies A:OC/\) .
Thus it is not possible to renormalise the pseudofree theory in d = 3
dimensions, as we mentioned in Part 3, Section 2. It seems that the

self-interaction softens the 'hard-core' due to the change of measure,

and makes it controllable.

(f) 4 = 2 Dimensions

This gives
XJQ — MQZ _'_ z z z * -
Xoo= B wp B b (ah) + AT (80 b))

N S A e #N 4 %' _(4.3.28)

It is not possible to renormalise this equation; so our analysis of
2

the renormalisability of the 45¢ -dependent mass-gap equation (4.3.1)

has fulfilled our earlier expectations of being renormalisable for

4 <d < 6 and is, in fact, renormalisable for 2 < d < 6.

Our next step is to examine the renormalisability of the effective
potential V(e ) of (4.2.21) (with6=0y ,%=%c , and p=ps )

' . 2 .
using the definitions of renormalised parameters m and ,X in
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(c), (d) and (e) above.

As a final note, consider the Independent Value Model (IVM) for

which
C(o,%x) = 8C0)
24 —(4.3.29)
Equation (4.3.1) becomes for this
z z
Mo 4 —2'—156 (:—z;oz .;_J -;—é_'ﬁﬁfd = O
P = =~ ” —(4.2.30)
N Aot SCo)
No sense can be made of this equation by using the multiplicative
renormalisation applicable to the IVM, i.e.
z z
m - E%gg) e (a)
3
A = 8w Al (b) —(4.2.31)
L3

In order to get non-trivial behaviour for the o(N)-invariant IVM
in the large-N 1imit, we are thus obliged to adopt a different explicit

N-dependence for )Lo than is adopted here (X7).

(4.4.) Renormalisation of the Effective Potential

In this section we shall show how the effective potential can be
renormalised in d = 3, 4 and 5 dimensions, following on from the

renormalisation of the mass-gap equation (4.3.1) in these dimensions.

From (4.2.21) for 6=8a , %=%, > P = @o and using the
constraint equations (4.2.23), we can write \/(<¢c) solely in terms

of %Q(éo) and q§° , i.e.
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V(Lﬁo) = —:2 %e écz +- N*Tég<°) ,” (g_é_: -J—.h C{(O/’Lo)) -
= N

- % Cf:b.i +H CICO/%Q))(—X’—’"GZ) + /\-—E—N (953/,4 +h C-I(O/X’Q))z +
N P -

+

g f&le b C®r %) —(4.4.1)

We can subtract off 45¢ -independent quantities.

For the relevant dimension, we use the cut-off forms of Table 4.1,
the definitions of the renormalised parameters in the previous section,

and the renormalised mass-gap equation common to all d,

P4
Z—° = 17 4 __i*_ib +h Ci;(O/x‘a)
where Sg is the finite part of <1 (9%.).
(a) d = 5 Dimensions
From (4.2.35) and (4.2.36) we find
—1
Mo = {/\('- 9p/s) 4—%’_@,51-3}(;—/\‘%/\)
sk A 24 (a)
= 0(/\")
2
Ma - m2(i— ?P/S) -—_%p/\z —‘L‘\__/\ (/\Z—Bn-.z))\o (b)
s F2 >
= o (A*
) —(4.4.3)

The next step is to insert (4.4.3) into (4.4.1) and use Table 4.1 for
the cut-off forms. We also use the renormalised gap equation (4.4.2).
We will not give the details of this simple, but Tengthy, calculation.

The end result is



2)\ A 242
“ —(4.4.4)
7z N 2
Note that NTHh.s % = N [fatle!h(k +7o°)]
Zq_-n-z 2 ~
where [_ ] denotes the finite part. This result is
F
B -independent and is the conventional translation-covariant result
(R1).
(b) 4d = 4 Dimensions
Using (4.2.40) and (4.2.41) we find
A I (AZ z
Ao = FACG=ph(A)) +'£=r,s}
.h
(a)
= Ah 2
% falla ln <A/Hz)§
B2+
= 16 +2 1
— + QO
‘h P <'fn_/_\.1 )
M=
mZ _ 2 A% At a2 -
@ = m 4—ln(—-z)§ oh m __Emz}_—h/\,\_“__ﬁi\z
= o( A%) —(4.4.5)

Repeating the procedure, we finally obtain once again, the result

A
V() = swabl - NXE b nm® % wh [ [kl (kR x,)]
3N BN z F
—(4.4.6)

where
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[ [#k i (KTema] = 27 (hze -4 )

2
sz —(4.4.7)
() d = 3 Dimensions
Using (4.2.46) and (4.2.47) gives
Ao = A(1= pm@ ) + 4B A - O(A)
) =+ (a)
Z
Mo = m*(iI-pm®) - Ach A - B AT = o) b
-2 4_."_1.’ =
—(4.4.8)
z
Substituting for Ac, , Mg and using the gap-equation (4.4.2)
yields
(6) = %ot - Nxd |
V{pe) = % c—_"f_o-;—f\_I_q_ﬂz'x,_;_N‘hJ z —_
i L %P o : . 7[ dkln(k 4.7(,())]':
O o 212\ oz 4, v
Tz P{’,\_ Fo—e I (35“/»1)”;‘;3%“/”)3
24 +
—(4.4.9)
3/2_
where [ [ dk b (kZex )] - - %o —(4.4.10)
F - -
We now have a g -dependent result. The large-N limit of

the effective potential is therefore only [ -dependent when the
'hard-core' (due to the change of measure) is more singular than

the self-interaction.

Finally, we point out that, as we showed the pseudofree theory

to be stable for 4 > 4 dimensions (Part 3, Section 2) so we have shown
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here that the self-interacting theory is stable for d = 3, u, 5

dimensions in the large-N limit.

(4.5) Conclusions

We have seen, in our analysis of the large-N limit of the 0O(N)
invariant scale-covariant f\(igz)z theory that in this limit the
ultra-violet singularities due to the 'hard-core' are additive to those
of the self-interaction. This is shown by equation (4.2.28). This

allows us to use orthodox renormalisation techniques.

We also saw that, for the X(ﬁéz) z theory, the 'hard-core'
singularities are Zess singular than those of the self-interaction
just for those space-time dimensions, d > 4, for which the scale-
covariant formalism must be used. This can be shown to be a general
result, i.e. suppose we have a Aa NHF{ cfj—") P theory; the mass-

gap equation (4.2.23) becomes

P-!
Kol®) = mI + A< (o,%d) +BSC) —(4.5.1)
C-l(°)7°°)
pP—i

where the factor < (o,% ) arises because we now use a different
self-interaction. The factor @ e)/opcorresponds to the 'hard-

core' and hence is the same as for the original theory.

In d-dimensions with an ultra-violet cut-off, (4.5.1) becomes

" = A AP (A®)
a = Mg @] /\
+Ar.0( TE —(4.5.2)

The 'hard'-core' is then Zess singular than the self-interaction

provided that
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(p-1)(d-2) z
A > A
—(4.5.3)
je. =z2zp > 2Zd —(4.5.4)
d.—_-z

This is just the condition, derived from classical Sobolev inequali-

ties, that the scale-covariant formalism is obligatory for

AN (9_52 ) P theory.

Provided that the 'hard-core' is not more singular than the

self-interaction, it can be absorbed into the self-interaction.
2z z
Because for Ao ( ‘75 ) the large-N 1imit is renormalisable
3 A

for 4 < 6 dimensions, this means we have a region 4 < d < 6
in which we have a renormalisable scale-covariant theory. A
particular consequence of the fact that the self-interaction
absorbs the 'hard-core' for 4 < d <6 is that, using the measure,

, .
@ C ij , there 1is no P -dependence in the large-N limit.

However, for d < 4, the 'hard-core' is more singular and

results become P -dependent.
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Part 5 - General Conclusions

We shall summarise briefly here the results of our investi-

gation of the scale-covariant quantum field theory.

In agreement with reference (Y1), we found that the coupled
Green function equations were foo degenerate to permit perturba-
tion series solutions for the Green functions. This degéneracy
was entirely due to a 'subtraction procedure' (1.1.6a), necessary
when dealing with scale-covariant measures. Dropping this
procedure yielded an extra dynamical equation (2.2.23) that
removed the degeneracy of the branching equations allowing, in

principle, unique perturbation series.

The justification for ignoring the subtraction procedure for
models other than the IVM came when we studied the augmented
formalism. The extra dynamical equation (2.2.22a) arose naturally.
Furthermore, we showed that the IVM could not be accommodated in
this formalism. This shows that the IVM must be regarded as a
special case where the subtraction procedure is crucial, but this

is not the case in general.

The augmented formalism, because of its use of canonical funct-
ional measures, permitted a diagrammatic expansion. We showed that
retaining only the most singular single-point mass insertion diagrams
was equivalent to performing a N expansion of the analogous

O(N) invariant theory, and taking the large-N Tlimit.
By studying separately the following three areas:

(a) spectral analysis of the extra dynamical equation
(2.2.22a)

(b) diagrammatic expansion of the augmented theory,
retaining only the most singular point mass-
insertions



(c) Tleading singularity approximation for the augmented
functional differential equations,
we showed that each yielded the same statement of mass renormalisation
(2.2.32). This was also shown to be the 'hard-core' (i.e., due to
scale-invariant measure) contribution to the mass-gap equation in the

large-N Timit of the N~ expansion of the theory.

The stability of the theory was established by showing that there
are two mechanisms whereby the classical instability, suggested by the
augmentation, :ZLS(O)chx I q{DZ(x) ,» could be avoided. These were
the large-N 1imit of the N expansion, and the strong-coupling
limit (which is, in fact, the IVM). Both of these showed stable

ground states.

Finally, we showed that scale-covariant theories are sensible, in
the sense of being renormalisable, just for those dimensions where they
are mandatory according to the calculation-independent criterion given
in the introduction. Indeed, we showed that the ultra-violet
singularities due to the self-interaction and the 'hard-core' change
of measure are additive in the large-n 1limit. This allowed the use
of orthodox renormalisation techniques. We found that the pseudofree
theory made sense only for d > u dimensions, where it must be used,

and the self-interacting theory for 3 < d < 6, in the large-N limit.

As suggestions for further research, we note that although we have
been able to remove the degeneracy of the scale-covariant branching
equations by the inclusion of the extra dynamical equation (2.2.23),

we have not actually proceded to establish the perturbation series for

the Green functions.

Also, there was some ambiguity over the continuation from
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Euclidean to Minkowski space-time when examining the effective

potential of the Independent Value Model.

A further area warranting study is the calculation of the non-
leading terms in the N expansion of the theory, to see if, indeed,
the conclusions deduced from the large-N 1imit about the stability of

the model are still valid.
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Appendix A

The difficulty in determining the perturbation series from the
scale-cavariant branching equations arises because of the absence of
an inhomogeneous equation, i.e. whereas the set of canonical

branching equations commences with

Slx—x) — K, Gr(xx) - 4 Ao Qq_Cxxxx.) = O

—(1.1.5a)
the scale covariant equations commences with
/ ‘ -
{S(x—-x‘) 4-S(X—Xz}} C—lz (xyxz) — KK C_,q_<xx X, x2) —
/
- Lf—)\g C‘ié (xxxxxlxz) = O
—(1.1.7a)

We will show that, if we were able to omit (1.1.5a), then
imposing a Callan-Symanzik type equation restores it. Unfortunately,
a similar situation does not occur for the scale covariant theory.

For convenience, we use the ULM.

We can write (1.1.5) as, on making points coincident

S(O) - Mcz CJZC"") - ‘F)‘o C{q_(XXX)() = QO (a)

S(0) Sz(xix2) +-8 (x—x)TUz (xxz) + S (x—x2) <y, (xx, )

— mdZ g (XX > %z ) — 4Aa G Ooxxxx, X ) = Q (b)

ZH_PZFXXX.' cXzn) —
(c)

2n
{Sco)+25<x_,<,.)} g (xy - - Xzp) = mZ &

Y= |
Ao Cug,, (RXXX1 ) = o

—(1.4.26)
(n=o,1,2,...)
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Now
A G e X)) = 2 %N"J@Equgé(x,)...qS(xzﬂ)exF—fJx(—é-m:qu_,,
B3(mE/z) (i) . L«ﬁ“")}

—(1.4.27)

} ( BT bx).  hlxzn) .
- exp [dx (£m3FA D)

{—-u&
'G(mc/z

_ M—fa_xf@::qu %) b 0). . . blran).
cexp - (dx (3m3 E Ao bT)

i.e. 1 C;{z,'(xl")%n) = fd.)(CIZC’(K) C‘Izh(x(“ '&n) '—fdx
’a('ﬂ:/z.)
—(1.4.28)

Similarly

f/—\'@ z,.,Cx‘--Xz.n) = fCLX C44_(XXXX) C"ZH (x,. . Xz2n) —fd_x( ' ()l:xxxx'_.&”)

—(1.4.29)

Integrating (1.4.26) gives
thfzh()(y.-xzn) — mf fd,x C“Zn_._—Z(xxx"’xZH)—‘l-/\ede C’z,ff_:_xxx" xzn)

= ~-3¢o) (d
fx —(1.4.30)

substituting for (1.4.28) and (1.4.29)
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Zn C"ih(x" Xzn) + ma 2 QZHCXI' ‘Xen) — mz\(d-)( C{z(xxjc-lzéxl"&n) -+
A(m3s,)

FhAe 2 Sy, (K n) —mof&x Crgloerenx )y Gy ) =_s(o)fd.x
CUW

i. e.

{z"'-f- m:_@_ + 4—/\9_@_ Cizp (%) xz1)
B(mg/z) PN

= - chx %Sco)-— m & g =t Aa i b ] Cog (- 2an)

If we then hold to a constraint

— 4. 31)

Zn +~ mZ D -4 A D c,
° o — CX,.. = O
U mFy, ) Do zn "2n

this impTlies
Sa) — mT G lxx) = hodo Sy (xxenx) = O
which is just (1.4.26A). So we can essentially swop the inhomo-

geneous branching equation (1.4.26A) for this Callan-Symanzik

equation.

This is not true for the scale covariant theory.
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TABLE CAPTIONS

The zero, one, two and three loop contributions
to the two-point pseudofree function, < (xy)

Examples from the one, two and three loop contri-
butions to the comnected four-point pseudofree
function, W, (woxyz)

Regularised quantities needed for examining
renormalisability of the mass-gap equation and
effective potential.
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Fig.(2.1)

Fig.(2.2)

Fig.(2.3)

Fig.(2.4)

Fig.(2.5)

Fig.(3.1)
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FIGURE CAPTIONS

The diagrammatic representation of the scale-covariant
branching equations (1.1.7). Solid lines represent the
¢-field, dashed Tines represent &-functions and blobs
denote unconnected Green functions.

The diagrammatic representation of the extra dynamical
equation (2.2.23).

The diagrammatic description of the augmented constraint
equations (2.2.5). Solid lines denote the ¢-field,
wavy lines the y-field, dashed 1lines are §-functions
and blobs represent unconnected Green functions.

The diagrammatic representation of the augmented dynamical
equations (2.2.6).

Polygons describing }he non-local interaction vertices
2
VEY  and Y, ") of the effective action

aclx, h]of (2.4.11).

The approximate factorisation equations (2.6.1), (2.6.3),
(2.6.4) and (2.6.5). Solid lines represent the ¢-field,
wavy lines represent the x-field. Blobs denote
unconnected Green functions.

The two branches of the Euclidean effective potential
derived from the generating functional (3.4.10).
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