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(ii)

ABSTRACT

Recently a new and powerful method known as dimen-

(1)

sional regularization _has been invented which has the merit
to regularizing all tﬁe divergences and preserving all the
symmetries(z) (like gauge invafiaﬁce) of field theories at
eve;y stage of the perturbation calculations, This method

of dimensional.continuation for theories containing scalar

and vecfor particles(l’a) has been appliedAby numerous people
for studying ultraviolet and infrared‘divergences(A) in
several contexts. However, they have evaded discussing
fheories containing spinor particles, chiefly because of the
complicated TF'-matrix algebra involved for arbitrary dimensions.
In this thesis we have studied the problems associated with

(5)

spinor fields in considerable detail and have applied our
work to the following cases.
77 Firstly, we have examined the properties of bilinear

currents J(r) = (E F(r) ) and their associated anomalies

with particular reference to the Thirring Model in the two

(6)

dimensional limit . By considering Lagrangians of the

type L J(r) J(r) we have extended weak interaction theory to
r .

arbitrary dimensions(7); oddly enough we find two kinds of

polar vector and also two kinds of axial vector among possible
set 6f currents. One of these weak polar vector currents is

not conserved except in four dimensions and undergoes a finite

renormalization from quantum loops. Further on,we consider
anomalous currents J(A) = w{?, P(4)}¢. The interactions of
' (4) (8)

the type J(4) ¢ which are naturally evanescent because



(iii)

they-disappear in four dimensions, but lead to dEVergences

on the basis of power counting, are proved to be non renor-
malizable. Finally, we have examined supersymmetry in the
two and four dimensionallindt§. In each instance we have

adopted a dimension independent definition of the super-

(9)

symmetric Lagrangian and shown the spinor Ward Identities

to be anomaly free.
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CHAPTER ONE

INTRODUCTION



The infinities appearing in higher order terms of the
perturbation approach to quantum field theory have always
presented a problem. The normal procedure has been first
to regularize the divergent integrals by somé means Or
another in order.to isolate the infinite part énd then to
rename this infiﬁity by the technique of renormalization.
Unfortunately, if tﬂis regularization is performed in the
most naive way one can violate the original symmetries of the
Lagrangian, e.g. one can get an infinite mass in the photon

self energy which conflicts with gauge invariance. Recently,

(1)

a new technique called dimensional regularization has been
invented which has the great merit of regularizing all the
divergences and preserving all the symmetries(z) (like gauge
invariance) of the field theories. Besides the practical
advantage of allowing us to manipulate our integrals with ease
till the very end, it ﬁas the physical consequence of pin-

(5,10) quantum corrections

pointing the source of anomalous

as we shall see in Chapter III.
This method of dimensional regularization consists in

setting up the theory in arbitrary dimensions (and if we wish

to accommodate electromagnetism it is necessary to work in

the even (22) dimensions from the very beginning) working out

the Feynman integrals and then calculating them appropriatel&.

The actual continuation to any dimension is a trivial affair

in cases where only scalar or vector particles are involved(1’3).

This has been applied by numerous people for studying ultra-

(4)

violet and infrared divergences in several contexts.



However, they have purposely evaded discussing theories when
épinors or abnormal parity objects arise because the
generalization requires considerable care. In this thesis
we have studied these problems which are all associated with

(6,7,8,9).: In Chapter II we shall give all

spinor fields
properties of the generalized I'-matrices, a brief resume of
the properties of the Fierz reshuffling matrix for arbitrary
41, Majorana conditions etc., i.e. we givé the "kinematical
framework on which the rest of the thesis is based.,. .

Chapter III is devoted first of all in studying the

bilinear currents in 22 dimensions, viz.
:]_CA) = YO leny Y (1.1)

where P( is the antisymmetric product of T-matrices
<

r)
(0 <1 22); then we go on to discuss the Thirring model
in arbitrary dimensions and evaluating its anomalies in two

dimensions. It is the simplest example of an interaction

Lagrangian formed out of these bilinear currents
= - (r) :
ot"[ E Z (\FCK) R‘“) \‘J(x))(\kcx) PR\P()‘) (1.2)
n .

In calculating higher order corrections to these four-Fermi
interactions one encounters fermion loops. By Fierz trans-

formation these can be recast in the form of meson self-energy

(s)

parts H(r) (x) which we evaluate in section (3.1) of this

chapter for later reference. Then in section (3.2) we dis-

-

cuss in detail the Thirring model and show how to recover

(12)

the Johnson-Hagen result in the limit & - 1 by using the



Fierz reshuffling matrix and the spinorial identities peculiar.

to two dimensions, In two dimensions we can define
Ysg = P(z). The correct approach to extract the two dimen-
(6,5)

sional axial anomaly is to associate chirality with the

set of dimension independent spinor transformations

: CoWwL)
¥ = ep($16 " Ry )Y e

under which the kinetic energy term is not invariant, Hence

L= FiFy e @ny)Chety)
Scﬁ, = L ?5&<q3FL:}\k
= —5— ¢ { 93, (EKL]}\ID + 3\}_)(‘-‘” ' rcl‘“‘J}‘\T’;r'ﬁf/(l.5)

(1.4)

The extra terms on the right hand side do not exist in two
dimensions. But it would be wrong to delete them for & = 1,
The rules of dimensional regularization (DR) say that we have
first to evaluate all the matrix elements and then take the
limit & -+ 1; specifically one discovers a transition from
vector current to axial divergence in a fermion loop. The

(13)

scaling anomaly is a similar affair which is also included
in section (iii) of this chapter for completeness.

We also recapitulate the procedure for extracting
axial anomalies in four dimensions at the end of this chapter.
Again the procedure which relies on a proper identification

(5)

of Yg as F(4),'is a dimension independent one.



In Chapter IV we apply DR to weak interacfions(7).

One of the‘ptdbléﬁ§ff§ to find the proper generalization of
V-A theory to 22 dimensions before the final descent to 2 = 2,
Those computations which have appeared in the 1iterature(14)

all assume that the only weak currents are of vector-pseudo-

vector type, viz.

?PM (1- ( F'.L)\t’ wWheve [ = BT o= T (1.6)

_the presumption being that there is.a weak vector current,
identical to the electfomagnetic current, plus a (22-1)
iﬁdex antisymmetric pseudovector weak current brought in by
‘the parity-violating lefthanded neutrinos. On the other

(5)

hand, from the work on anomalous PCAC identities . mentipned
before one has learnt that the hadronic axiai current consists
instead of three-index antisymmetric tensor (the pseudo scalar
mesons being associated by four-index tensors), a conclusion
which seems to be at variance with the form(l).

To reconcile these two view points we shall return to
first principles and try to make a respectable guess at the
st;ucture of the four-Fermi weak Lagrangians for arbitrary
integer %, without categorically tying ourselves mlely to
the currents (1). There are three useful guides for the
appropriate choice of leptonic Lagrangian:

(i)‘ interactions should invalue ((lefthanded)) neutrinos;
(ii) they must reduce to V-A form when £ = 2 and
(iii) the weak Lagrangian ought to be Fierz reshuffling

invariant in 22 dimensions, a property which we know

to be true for L = 2.



(The last criterion is perhaps not totally compelling and we
later discues the consequences of relaxing it.)

Now on the basis of the classification of massless
and massive particle states given in the 'kinematical'
Chapter II one sees that neutrinos ef the lefthanded variety
have associated the projector }(l-i r_l), the direct generali-
zatien of }(1- iys) in four dimensions. ~ The next steg is
to exploit the properties of the Fierz transformation matrix(ll)

in order to find the crossing-invariant generalization of

"V-A theory. This we do in section and prove that

-1
Lw K Ko() = K@) HK)= ot bR QUY

- - Mv-l )

Ke() = £ P femenq (UEM) YYD (imyy aoo

The result is perhaps not so obvious and it leads to some
unexpected consequences, the most important of which is the
emergence of a new current.ﬁ P(KLM) Ffl Yy which is not con-
served but which yet reduces to a vecﬁor current in four
dimensions! Naturally at the classical true level this
current behaves innocuously as a vector current but at the
next level of computing quantﬁm loops we meet some curious
renormalization effects,

Having listed the leptonic effective Lagrangians for
hadronic weak interactions in section (3.2) we elaborate on

the renormalization of weak currents by evaluating the one-

loop corrections of the axial-currents and the extraordinary



new vector currents, in a particular model of strong inter-
actions. We have the perplexing phenomenon of weak vector
current undergoing renormalization and there is.no natural
way of eliminating this: one could cancel it off but then
one is liable to destroy renormalizability of the initial
Lagrangian as we éhow in the next chapter,.

In Chapter V we examine anomalous currents such as

;-
I(Q) = \l)(.a{ s RMB \{/ (1.9)

in axial current Ward identities, currents which disappear

for £ = 2 but whose matrix elements.- yield the Adler-Bell-

Jackiw anomalies(lo). Interactions which fade away in four

dimensions (or, stronger still, can not even be written down')

have been coined "evanescent" by Bollini and Giambiagi(s)

It is the interplay of their vanishing and the divergence of

Feynman integrals for‘l + 2 which is respomsible for the

interesting finite corrections to classical Ward identities.
Here we shall investigate aktheory which has a primary

evanescent interaction (unlike Bollini and Giambiagi(s) we

shall adhere to purely local field couplings in the Lagrangian

itself), viz,

oc.'.[ = Q \T)(.(g’ RKLMN]}% (1.10)

where ¢ stands for the "pseudoscalar" field in 2% dimensions.
(Such an interaction could have been used as a counter term
to cancel off the Adler anomalies.) On the basis of power

counting £‘I is singular as X_S near & = 2, (signalled by



G having dimensions m ') and one would naturally argue that
the divergences get worse in higher orders of pgrturbation
theory. However, the interaction itself disappeérs at 2 = 2,
so the question arises whether the theory is really infinite
at all and if renormalizability is truly lost. We shall
prove that the model is indeed non-renormalizable, but to
arrive atvthis conclusion we need to go beyond the one loop
level, i.e., the bad effects are at least of order hz. This
means it is highly dangerous to cancel off anomalies in
Lagrangian models without incurring difficulties wi;hire—
normalizability. One has to accept the anomalies for what
they are and not remove them by hané.

By this time it should be clear that the continuation
of field theories away from four dimensions provides one of

41’3’5’6’7’8’9)and helps to

the clearest ways of regularizatio
clarify the role of anomalies in Ward identities. It is
therefore quite natural to pursue the idea of dimensional

(15)

continuation in connection with supersymmetries and to
compare the consequences with more traditional regularization
schemes, This will be the subject of Chapter VI. If we

want dimensional continuation of supersymmetry to resemble

the four dimensional version as set out in (6.1), we must

limit ourselves to 2,4,10,12, .. dimensions. Put differently,
we should replace n = 2% by n = 4(2k+1) and do a continuation
in k down to k = 0 in all kinematic quantities, This is
discussed in section (6.2) of this chapter. We set down"

the transformation laws for superfields in multispinor form.

Then comes the critical decision of having to assign the



Lagrangian to a supermultiplet. There are two viable
alternatives and we adopt the dimension independent definition.
As immediate consequence of this choice is that the action

is no longer supersymmetric (and the associated spinor current

Jue is not conserved) except for & = 2. That is

r‘. .
8£’ = a Jlue = anomalous looking terms. (1.11)

By contrast to the previous situations however, the anomalous

terms do disappear in four dimensions to all orders of h

showing the spinor Ward identity is anomaly free, and this

agrees with other methods of regularization16.



CHAPTER 1II

KINEMATICAL FRAMEWORK
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2.1 The Spinor Representation of S0(n)

Generalisation of T'-matrices to an arbitrary n-dimensional

vector space can be achieved without many difficultie45’6’1kl

We list some of the relevent properties beginning with the

Clifford algebra,

| {l"M . PNB = 2 MmN ' (2.1)

Where the indices M,N run from 0, 1, 2,...to n-1. The metric
of n is appropriate to the SO(n-1, 1) group, i.e. Moo = 1,
MTon = 0 and nMN = —-§MN.

When M : 1. This metric tensor Nyy €an be used in

the usual way of raising and lowering the indices, e.g.

M MN

' = n r There are some differences between even and odd

N°
dimensional spaces, but on the whole fhese are not very signi-
vficant to the later work:
(1) When n = 28 is evén, the T'-matrices are of dimension
22 X 22. There will be-a total of 222—1 = n2-1 matrices
obtained by multiplication and these form a complete set.

First there is the vector matrices Iy, and then we have

the <<spin>> matrices
= 1 3 = i
Mgy) = 14 (rgs rL) iT, T , K<L,
The <<axial>> matrices

P(KLM) = i TK FL PM s K<L<M

the <<pseudoscalar>> matrices

L rkimy = G0 M (2.2)



-4 ~
C Qn)c - Tln_r("‘)

11

-and in general, we define the antisymmetric product

réNlNa."'Hn,) E PN‘ PMQ--‘ FM"_ (2.3)

up to a factor of 1i. The procedure terminates with

*
rco‘z".zL-LJ : ‘; r: P s vty 20 PzL“i (2.4)
The analogue of Y5 inm four dimensions. This anti-

commutes with all the vector matrices:

- ‘Q L+l
{F.Twy =0 and (1) = (-1) 2.5

For short we shall denote all these matrices by P(r)’
where r refers to the number of antisymmetric indices
carried by T. Also there exists the generalization C

of the charge conjugation matrix:

CFMC.1 = -Im

(2.6)

and the generalized charge conjugation

Where n. = 1, -1, 1, -1, «... for v=0, 1, 2, 3, 4, 5

(ii) When n = 22+1 is odd the I''s still have dimension 22 x 2
+ . .
The vector set Pézz 1) consist of the vector matrices
£ (22) _ ,
M (M =0, 1, ..., 22-1) appropriate to the even
%

But we will see in next chapter that this choice of
appropriate for anomalies.

Ys is not

2
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. . L
dimensional case as well as F§§z+1) = FE% ).
We can realize these matrices as the direct product

of Pauli matrices. In the generalized Weyl representation,

with a Euclidean metric, we can write down a recurrence

relation between the matrices. Thus,
(20+2)
b = 1 X1%---X1Xx61
(2l+2) _
i = Lx1x---XGX6 G
[A
(2L+2) (20)

and ™M PH"’Z X 62 where 2 S-M ‘é 2L+d.-

(2l+2) (2¢) - (2L+d)
PM-Q X @, = P')-(-'l"l

Thus fli

(20)
and (:

6-2)(1)(6.2)(‘)("')(62 when 2 is odd
(2t-2)
C

X 6:3 whén 2 is even.

(2.9)
We can reagjly pass to the pseudo Euclidean metric by inserting
the necessary factors of i.
From now on we shall suppose that the vector space 1is
even—-dimensional n = 22, so that C exists. Dimensional
regularization will correspond to continuation in 2. Cléarly

the product of an odd number of I''s has vanishing trace, i.e.

odd

Q-L Tr,(ﬂpz---r'*) =0 for

and for the rest we have

7T (MR) = P
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L
2 R(r“ IABAR ) = "’IKLW]MN" Tem Men + 7w m

~etc., of the special significance is the fact

T, (F.‘\ (r)") E 0 unless Ly 2L, (2.10)

We define the normalization of other T'-matrices by

A (e PLMM) (5 5.-5. 8. ) 51\“3

2 Tr( r‘I:r < r.[LMNJ) S-LE;‘:;J

and in general

- [N NNy ) 153t
2 T\’.(EM,Na...MY] N ) )

2C-1) " S

(2.11)
3 T (Pw o) () )
" L unless S 2n
2 Tw ( rcnlMl..M{) e PLN N){D = (2.12)
L3y,
_(_‘) /'ﬂ | |
L& N Ne) (M Na (W)
5 T’\.[N.SM;'"SMJ - YLH’_M;S SMV]
[
“+ LI Ny )
‘qk\. SEM; gNl SNYJ
- (2.13)

and so on.

We also list some of the formulae for the multiplication
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rules,

Q)]
[y [y ©

.
= (“-Qn)k‘\) rz"') (2.14)

(This is also calculated in section 2.2 of Fierz metrix)

Lo myafbe e

e+ for v odd ©(2.15)

{_ RQ ) I?\') } - l?\‘i‘l) for r even
‘}Yd) for ¥y odd (2.16)

and the contraction formulae .
NN Nn, . N Nn
é;[h18?4|""5\4w3 = (‘7\—JL) E&:N“"'stﬂn]
z .
X FENMV--M..,] = (ﬂ-+\) (Ql-n-> FLM,M_.‘---W]
and

FCN M= Mu] FN #(_‘5‘ (n_-\-\) (2.1.-&) R.N\Mz“'“":\ (2.17)

2.2 The Fierz Matrix

The completeness of the I'-matrices in the spinor space

(a = 1,2,...22) means that we can write



15

B
5:5 = Z(Fw) (F@)

(2.18)
-distinct r

For general matrices F and G the reshuffling theorem follows

E\ r =2 Z.—(F E)G)J\ F"")x

(2.19)

Suppose now that we consider spinor-spinor interactions

expanded in terms of the 22+1 kinematic covariants K(r)

(r) ¥ p(r) defined explicitly as
rs P S
K(O) 8 - &( Sb’ ] 8
¢ e
() (7™

K(l)db, |
| k() B, LMN] (4
qu (r[MNj)oL(F )b’ ’

i

(2.20)

L1

> o e 0

where the summation is taken over distinct I'-matrices with
no repetition.

By reshuffling rule (2.19)we can equally well use the

crossed kinematics covariants

2]
K(u)d( = (P(u) )j (F(n\ )i

(2.21)

for the expansion. The linear relation between K and K is

'Z.L I (ﬂs) e r‘(s? )i( Fm )i

ot @d
Z C cs'“')K(n')dx-

~ )
KCS)SK =

1

(2.22)
\
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where.CZQ(s,r), the sy-element of the Fierz transformation

in 2% dimensions, is fixed through the equation

C CSin) r[_ M, “x"'Nn] =

TN N Ng )

i ‘-‘L N‘ N{- (1 st EHIHQ.' - MN-') r

dishincts (2.23)

By double reshuffling we may be sure that C2 = 1 and
already know the boundary elements C(0,y) = i_l;

In order to determine the general element sz(s,f)
it is sufficient to pick a particular matrix P(r), e.g.
fO Ty o Ty in (2.23). By summing over indices N which

are and which are not included in P(r) one can arrive at the

Cesmy = 20) )jc—o( )(‘;/)—_-

snt9,

:j ORISR
Csa)l (at-n-s+q)) gl (r-a)

Y

(2.24)

Hence the reflection rules

C (?L’S.n.) = (—-l)“' C (g,m)
C (s,2t-n) - | (_,)S C Csm) ' (2.25)
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We can construct the matrices for 2,4,6,8,... from a knowledge

of C(o,r) = 2_2, c(l,r) = 2-2(—1; (22-2r) and C(2,r) =
27 2 (e-n)? - 9

(2.26)
so we might as well note them.
2. : |
C:'zL oo C"_ LR
2 C -2 : = 4 -2 0 2-4
| -t | € o0 -2 06
4 2 0 -2-%
| T
£
C:= 1 /1 I N
8 A -4 L 0 -2 4 ¢
Ty § -1 =3 - 5 ¢
20 0 -y o 4 o -20

28 ¢ 4 -2 -4 -2 bk 4 28
$6 4y -4 € 0 -6 u 1 -6
70 o6 -0 0 & © -lo 0 70
s6 1o ¢ 60 & u - =56
28 -y 4 2 -4 2 Y _ 28

3 & 4 99 0 -2 ‘4 -6 -8
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So far as the Fierz transformation is concerned, inspection
of 02 reveals that a vector is‘reshuffled into a scaiar and a
tensor (which equals the pseudoscalar in two dimensions) -
in fact the Fierz invariants are K(0) - K(2), K(O0) + K(1) - K(2)
and K(0) - K(1) - K(2) with crossing eigenvalues 1, 1 and -1
respectively.

With no prior information about the origins of (2.24)
the square property C2 = 1 would be far from obvious. If
one wants to prove this from scratch the best avenue is first
to construct a generating for the Fierz matrix (which yields

other dividends besides). One readily checks that
2t -4
(l+z). |_w(\-z
1+Z =

L n
z ? Z(")s CQLC"'Q W 'ZS (2.27)
n.s . N

reproduces formula (2.24). Hence the representation

L SR
2 (1) 51 Cesny =

S CONRE S |

It becomes straightforward to verify now that

I

ZC Cs'"’)CC‘Lt) =

- i’f.s.'[_(_:\*_z)s RTINS }t

20
= g(y,-c) (2.29)

2:0

' s+t
e e
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The generating function (2.27) leads immediately to the re-
flection rules (2.25) and furthermore provides recurrence

relations such as

(2l+2)

2l n 2t 2 |
2C csin) = CCS"‘) + 2(") CCS-;,!L) + CLCS-'H"Q )

(2.30)

(2042)

2C csMra) (S-"D - 'l(-l) C (_s-\ n) +C (s 2

’"'),(2.30')

which, if desired, can be used to build up matrices of larger
dimension from those of smaller dimension.

In the text (Chapter V) we will meet numerators of
Feynman integrals of the type K P(4) P P(A) K P(A) where K
is an internal and p is an external momentum which are simpli- AN

fied as follows after symmetrical integration

/é [(.‘!) r(‘i) /« r ——) (2() K r|) Ea) %) r' P (Q)
"(tf() Kq' T Qﬁ) ([_ r(‘-'); P“] 1—{%),[’ S)r
«)
= 2 (“L) K> Ty (C (4.3) [Qtn ) Pm] C(q,s){_ﬂm > 3)

2 (ae) i G | CeomfCC-Ca 0)3
+ C (a5) [C(hﬂ) +CQ, 033

-

1

(2.31)
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e /w2
Ql) E.) }5 oy UM '= 2 [y Gy

' | 0)' ’ a) —W
{.{P, Qu).ﬁ,\-' 3 -\—[{.&'Qq)},r ]+
SRS RIS

—> 2‘-1[2‘)@ (4,2) (Ué, Ru)]_ ’ P“’} +C (_q, h)[\.};,r&u’,] ’rm])

2 : -
= 2 [AR]f Cln{cum oo+
+C (W) {c( V3) - C O, o)}

(2.31")

2.3 Majorana Conditions

On charge conjugation

In the Weyl representation for instance the charge

' S|
conjugation matrix is given by formula (2.9), i.e.,

1 .
C = &XIx6x1x- - X6

when £ is odd
18
and C: - S;XI XS;XI)(---X'6B

when £ is even

2L
= C X 63 (2.9)
For example when
L=“ C -‘-6\2__
L=2, C= Oaxey
(=3, C= Grix6
L.‘.Q ) C - G&X' X Elx 6:3 - etc.



21

we observe the following property

ol

. _
C = (—O{% ! C (2.32")

where (v) denotes the nearest integer equal to or above v.

Beginning with
..l ~
C PM C - FM
'l = -(t)

etc.
we establish the general formula
A n(n+l) ~
-\ 1
C Q.;)C = (-1) VM
(2.33)
which can be recast in the index form
| L] +La(n
CIOTETS
" (o (C QM)S(Q’ (2.34)

If y and 8 are Majorana Spinors, they are defined by the self

conjugacy relations
=¥
ep = Cﬂh’ © ’

‘?& (C")ds s

]

(2.35)
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(In the Majorana representation, this becomes a reality
property.)
_ L) sL]

Yty = (1) B lmY
= Eiu,éé FLJ \F

(2.36)
A little table will help to provide a picture of‘these
symmetry properties. Taking § =6 it follows that some of
the bilinears vanish identically.
0= =2 25 (=4 L=% L:=6
2. dims, | 4 dims |6 aine (R dims, | (0 dims,- | 12 ims,
r Ex | Y | & [T |E | ¥ |y | ¥ €| v | &y
0O ! jo | O |-t |0 [0 |1 0 I
| t B -1 | | ! U - I ~1
_2 -t 2 -1 2 ! 2 ] 2 - 2 -l
D0t 3 3 3 |3 ;
¢ (1 |4 [t ]e (=i s {y |
Sl S PrpS - )s |-
6l e [ ]C] -] |-
/2 Y I 2 R T I A
8 |-t &1 |8 |,
21t 19 |9
101 ~ | 1o .
noi)
1.
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It is clear that to have 66 # O we must work in
2,4,10,12,18,20 ... dimensions. - Put differently, we should
replace n = 2% by n = 4(2K+1) and do a continuation in K down
to K = 0 in all our kinematic quantities in order to deal
with Majorana Spinors. Having decided on these dimensions,
the ;urviving antisymmetric bilinears involve the scalars CaB’

the axials

(8 g = (o€ )

the pseudovectors
(r‘(h)c )o( (EKLMN]C )

f AP

and so on, similarly to four dimensions.

(2.37)

As far as quadrilinears are concerned, note that not
all of these are independent because of the Majorana re-

shuffling relation
- NE . — t
DO 0O y0 =-2 zef&) [, 06000
|V
ank s;,mm'd‘u’c (2.38)

Obviously one could amplify much more on these spinorial

expansions but that will not be necessary in our work.

2.4 Current Algebra

Let us now consider the current algebras following
from the generalization to 2% dimensions of the equal time

commutator
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{\y(t,x) ,\}'T(t,g) } =1 8%

(2.39)
Firstly, we define the currents for £ # 2:
Jo=Tu=YnY a true vector,
I(%) = ILMN] = q’ r\"_MNj\P
o= Jmwer= ¥V Randl¥ o i veceor
(2.40)

I(q) = ILKLMN') s ‘P PL&LMN'] \P

pseudoscalar,

. =N L : _
Iu.{,.g) = L\PQtLM‘]"'\{)Athe <<pseudoaxial>> vector say
Iu{-;) - L\P.rﬂ\"l\}’ the true pseudovector

and finally

Ty = RN ¢

are all distinet from one another.
We shall now work out the equal time commutation re-
lations for the currents. We know that the time component

+
of the vector current, V¥ Yo Y5 V,i equal to ¥ Yg 1/ Hence

it will be sufficient to consider the currents

f
Jo® =¥ [y Vo

(2.41)

in general, and the equal time commutation relations

o | ) |
[J"UU:'Z) v Jeo (L Q)J = WCx) [‘?m ) Hn ]W(Q)ézctz')
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To simplify this we need the commutation relatioms of T-

matrices which are obtained from
[AB . cd] = A(cR]D- Ac{D. 8]+
+ {ealdn-c{DA}B (2.4%)

Starting with y = s = 4 (the time compomnents of axial

vectors), we obtain therefore

[ '}[KLMNJ () ) jLP&RS] (_t,Q)]
. pale) . !
=t§ €x) C—lr_xﬂm’]MRJNs] +"'ILKPJLMN&RsJ>
(

44

leading us to new currents J(AB)’ \](LMNPQR) beyond the
vector and the axial vector set. In fact, commuting these
six~index currents produces new currents with eight and ten
indices, and so on until the procedure ends when the number
of indices exceeds 24%. Therefore we have to take r = g =
even in (2-42).

To generalize the classification of algebra in arbitrary
2% dimensions, we first work out the algebra in 2,4 and 6

dimensions.

2 dimensions
The only even T-matrices are F(O)_= 1° F(Z) = F(—l)

P M the spin matrix. Hence the trivial commutators
¢ ' ‘

(Feoys Teoy) = (Teoys Tay) = (Tiays Tyy)
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The projectors are (1 F_l) which are in the Weyl represen-

tation given by the (2 x 2) matrix of the form

(l'l‘P—\) (I 0 and
OI o |
(- ) (g_HD ) (2.43)

Since the spinor in 2-dimensions has two components, each

{1

11

projection operates on only one component and the complete
algebra is given by U(1l) x U(1).

4~dimensions

The even TI'-matrices are

fsty fo s Gos (B, RR.6R, TR BRGS
Ly 2

(2.46)

and EL) = rLl = [3 r} r;. F;
The commutators are

[Qa), EB) ] < [r(‘m, ‘:z;] = [Qo) ,QQ)] :l:l:”,\zm] s [I:u,. E,,] :O»

and [R‘):Eﬂ]i [r}‘m'rsrf]
= Mew (u fp - Lop r;* ls +7crrrn’nffr}r“ 2 e

Thus commuting two spin currents we get a spin current.

It is obvious that (2.46) can be generated by the

elements of the group

{":-G:° nl, §'l".c3 (2.47)
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The projectors are (1 + i P_l) which in the Weyl represen-

tations are given by the (4 x 4) matrix

(veim Yue) = (3;_1_\_2
(P00 - (B4)

where both 2 x 2 matrices are unitary, Hence (2.47) 1is

summarised by the generators (1 + i T 1), (1 + 17T

_1)g‘ and
(1 - 1 P_l), (1 - 1 F_l)g each forming a U(2) group separately;
hence the compiete algebra is U(2) x U(2)

In this particular example the U(l) x U(l) subalbegra

of 1, P_l is closed.

6-dimensions

Here the even T-matrices are

o=ty T = 6= (B0, 00)
(zg) r1.~H3Q E;)

and

z r"'l L'IZI:f;‘; f;l}—

The commutation relations for them are

(R f] = [f. 6] = (RG] (6T =0
L Mooy ] =[(f.r] =L0.]) =0

[fo, Gw] = T

[T, fw] = L, feun]

(np,, QLMN —r)QK rp)t.nw 4+ KLM Pevm. )4— r’-f

- [2'4) r( 1)
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Finally (F(A)’ F(A)) = F(Z) + F(6) as we've already seen.
Hence the set (2.48) can be gene?ated by the elements of the

group

C“ CNN ) P—l ) an nt)

Similarly to 2 & 4 dimensions, the projectors are (1 + F_l)
in 6-dimensions which can be written in the Weyl representation
as (8 x 8) matrices. It follows that the complete algebra
in this case is U(4) x UkA).

Thus the complicated current algebra for large £
certainly closes. The precise classification of this algebra

2-1 2-1

in 2% dimensions is U(2 ) x U(2 ). In any case it con-

tains the physically relevant current subalgebra U(N) x U(N)

generated by the space integrals

' - 2{-1 -
'y = fYun Gayundx |

with

A
F )

LFL P )= [F) F“]; [F“,‘F“] =0

Cfbennanayen L,

The crucial point is that even for massless fermions; although

L]
FA = 0, FA # 0, because the fermion kinetic energy is not

invariant under 'chiral transformation as we shall see.
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2.5 Classification of Particle States

We present here a resume of the classification of
particle states in 2% dimensions with particular attention
paid to the massless limit. We begin with the generalization
of the Poincare group S50(22-1, 1)A T(2%2) generated by the

linear momentum operators P_ and the angular-momentum operators

L

JMN which satisfy the usual commutation rules,

[;-Fi\, R":] =0 )

[JMN ,P;_] = L (.‘]NL P = ’"IMLPN)

[ . J?@-) = L (T,Np JMQ + T]MG(:INP—
= "me Ing - g JMP)

Because of the changed dimensionality we can define (&-1) sets

of Pauli-Lubanski <<spin>> operators W

(x)

Wca) or WL\(MN] = PLJ IMN:) )

N(g) or WLJFLMND = PLJJ-'LL JMN] y .. )

NQL’&‘ or w EM| Ml' . M’-L—l-) - PLM‘ IMLMJ' 'J-Mu.?-zl"]
(2.57)
all of which are translationally invariant

(PNs w(r)) = 0, T = 3,5, .., 22-1,

W(r)

and whose squares W(r) are casimir operators of the in-
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homogeneous group like P2.
To understand better the significance of the W, suppose

first that we are deéling with P2 > 0 vectors, In that case

we can induce all momenta from a frame where P is at rest:

P = (m,g). The little group is SO(2&-1) and is generated by

the W

all the spatial J have one index equal to zero

KL’ (r)

for rest states and are given by direct products of the spatial
J. In fact since an S0(2%-1) representation is described by
£-1 casimirs, these invariants are precisely related to the
W%r). The -remaining 12(2-1) labels needed to specif; the
‘" state veétor fully correspond to picking out particular ¥
components and subcasimirs.

Next we take P2 = 0. Here we only permitted to induce
our vectors from a frame in which the momentum has 0 and 3
components: p = (E,0,0,E,0,...,0) éay. Now the little group
is the Euclidean group.in 22-2 dimensions, S0(22-2) A T(2%-2);

the rotation generators are J k,2 =1,2,4,..., 22-1, and

ke’
the translation generators are Jko - Jk3’ Again these

Euclidean operators are just what the W reduce to on

(KLM)
such a momentum eigenvector, the higher W(r) being direct
products of P and J. In practice one is only interested in
the finite-dimensional basis wherein the translations are
trivially represented; in these circumstances the little

group is effectively S0(22-2) with its 2-1 casimirs and further
1(2-2)(2+1) labels for designating the weights. In particular
one has

\ Mag
WLM‘MQ_...M,_L_J pd >\ éN.M{--Mg_LP (2.58)
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where XA is the S0(22~2) casimir of degree 2-1. In four
dimensions, of course, A has the-significance of helicity.
The finite-dimensional spinor representation of 0(22-1,1)

holds special interest because it is the direct generalization

of the four-dimensional Dirac spinor. - For massive particles
the <<Dirac equation>> (T.p-m)u = O serves to cut down the
L -1

number of degrees of freedom from 2~ to 2 and these cor-
respond to the spinor representation of the little group
0(22-1). However for massless particles therefore is the P_1
invariance of the equation which breaks up u instead into left

~ and right-handed 2’1'_1 compnent spinors:

U= (1 - 1 F_l)u

and U

J(C1 + i F_l)u

corresponding here to the little group $0(22-2). In fact

. . +
when m = o the Hamiltonian u Fo P u can be re-expressed as

+

[p]l 2 u Iy u where A is the 0(22-2) casimir, represented

spinorially now by

ixix-.--xg.$x1
i R
i

with eigen values + 1, The other commuting W(r) operators

which serve to remove the degeneracy in the classification of

neutrino states have a similar structure, viz,

C.Phxtx....x4

| X 5‘.i; X - X i. etc.
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For p along the z-axis the Wtz) eigenvalues are given by

diagonal matrices like

6"3)([7(... |X6;)(

e.g. in 4 dimensions by

Ny = -1

Wey = \



CHAPTER III

ONE LOOP CALCULATIONS IN SPINOR THEORIES

33
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3.1 Generalized Self-Energies

In calculating higher-order corrections to four-Fermi
interactions one encounters fermion loops. By Fierz trans-
formation these can be recast in the form of meson self-

energy parts

'ﬂiz (x) = L <T[‘P(X) ey Yex) Yo Fm‘i-’w)_] )

~which we now proceed to evaluate for later reference.- For
the moment let us be as general as possible by supposing the
fermion is massive. Fixing v > s for definiteness we have

to evaluate the momentum-space integral

Ny+-+Ns]

L
TT[M;' ~M¢] (K) -

= (€0 AP T (Rrng Bem) B " hekem) )
GO (P m) e = ]

Introducing a Feynman parameter o in the usual way and utilizing

(2.23) one arrives at

[\(S)

- Sun S .qw

[
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Mmooy () = [0,

1 /ol -
dk (-0 (2L-n-y EN\ ] PO
o0 [mi-k()]i-t 55"" “Ma] T (zx)‘- J \'_m"-— x"xcw)]z‘ )

( ( -(-1) S NSJ k[N'g M- _ ”‘] ~ 2k (i) Kr_MlkLN‘ :%

(3. 1)

(1,5)

The results for y = 1 and v = 3 have been given previously

In particular, we observe that when the fermion mass is zero

T is diagonal in the number of indices:

|
EN\"‘N
TN () = Lo L)'e, J’ .
SR ) . [~k ]t

| (25"
' ("')m(u-n-l) SEN'. M) 1t 21 Ko K ‘“‘g:; N;)_J

d

(3.2)

The vector self-energy complies with the gauge in-

variance

ey o 2r0d J "L
T[. CKD - Q )L [Kq'el(l .L)]l L @ Kt

(.,\MN KM N) T CKY)

and its x-space transform can be usefully expressed in the

(3.3)

form
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. MN t -
(00 = 2090 (89175 Py
' (3.3")

corresponding to the Fourier transform
‘: : y ! 2t 2 2L
QXP[-Lkx] k) R/ 2x)

—_ QL(L-I)C?.L-I)-l :Dz(x) - | ' (3.3M

y

where the massless causal propagator is (see Appendix)
. 2 . I~¢ L
L)) = ML) ie) /tnr
(3.4)

K KN/KZ)/H is

In the two-dimensional limit HMN > (nMN - Ky

finite! For future reference we also remark that near £ =1

(L-1) Dex) —> Lh(”‘t"".e)/g?‘z = -t 2% (3.47)

Two dimensional accidents

From the Fierz transformation in two dimensions it is
clear that a Feynman diagram like Figure 2b will vanish in
two dimensions; this intuitive guess is substantiated by a
careful passage to & =1 only beéause the vector self-energy

happens to be finite in this limit and multiplies a fading



37

Fierz matrix factor C(1l,1) = 21_2(1-2). We can anticipate

many happy simplications for the'Thirring model therefore.
In any other dimension but two the argument could\not be
pushed through. There exist a number of purely spinorial
identities peculiar to two dimensions which are vital for

summing the % - l'perturbation series. The general identity

[L ([ = [N E‘Q = -.2(: ELNN] (3.5)

reduces in two dimensions to

TAF&Y\: — YvY}Y,\ | | (3.5")

providing we do not close the fermion lines between which
this matrix acts (or if we do so, providing the fermion loop
integral converges). Letting S(p) =(p.F)_1 stand for the

massless fermion propagator, another general identity is

S¢ed B Scp-ky = (ki + LK Ry )(SCP-1) - SCr) ) /Kz__
— 20PN Rung SEVSG-0)/pr

(3.6)
. and it collapses into the two dimensional form
y o
S S(p+) = K- €0 J(SE-4) -SCP))/K"
(3.6")

Y5 = i e Yo Y1 In view of 1(3.5"),

uv

because P(UV) 1 € e

an equivalent way to express (3.6') is
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S Mo S(p-k) = Sty RS-0 = ST, SCK)
(3.6")

Rules (3.5'), (3.6") and (3.6") are absolutely. crucial in

(

summing the perturbation graphs 12) for the Thirring model

and in proving that J:—_\IDT\% behaves like a free field(17).

3.2 Perturbation Theory for the Thirring Model

We shall now focus on the lowest-order quantum loop

corrections to thg Thirring model in 2% dimensions:
&L= \F(5%~m)\}1+ifj(‘?‘m‘{’)(:? FM“V)
(3.7)

in an effort to understand the miracles which make the per-
turbation graphs summable in the limit ¢ - 1. We will
essentially be repeating the calculations of Mueller and

(12)

Trueman ‘except that instead of introducing regulator fields
and nonlocal interactions we shall be relying on f-continuation.
The simplest calculation, that of HMN(X) = i<T(J M(x) J N(o))>,
has already been done in lowest order and is stated in (3.3).
Higher-order corrections to Huv amount to summing the bubble

graphs because other diagrams give zero at & =41 after Fier:z

reshuffling; it is not hard to see that the complete sum is

T3 = (o b))

For our second task let us evaluate the second-order fermion
self-energy: the two graphs depicted in Fig. 1(a) and (b)

(the latter being zero at 2=1). For general & they add up to
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Z(p) - L3 (zx) [GL K Rl) §LP+K)[“U, F -’-ZC(l,n) U) rz]

. ) . . -
since N is diagonal and vectorial and since C(1,1) = 2 1(1-2,)
we get

T = (i d 0] (Ll RO b

@ (k)

(3.8)

Pk

Fig. 1 - Fermion self-energy graphs in order g2

Now one of the important consequence of DR is that jdzz
q2%

K,
and f K
K

(Appendix A) can be consistently set equal to zero

(which incidentally explains why I vanishes to order g)

Therefore,

~L SCP) TCP) SCP) =

= 9t [1+9 cw-)] (ar) CUL‘CE(:))
+-

If we put £ = 1 at once, H(Kz) > T and we recognize the Fourier

transform of g2 D(x) S(x)/m, the free massless scalar and spin

propagators being
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L DO —» Ln(-x"+te>/m< ,
Stx) = L T. P Dx) = Y. X/p_x(x’-{e) |

However if we reserve % -+ 1 till the very end and make use of

(3.3") we deduce that )
LSx) = (TL‘V("D‘V(OD) s

= L8 [:|+9‘{2L+20-L)}(_LE‘) bt‘)"J o],
2 -

(3.9)

(12)

~ The Johnson Hagen answer is recovered by recalling the

limit formula (3.4') so that

LSt — CSchD-EQ;MJ,...]

Summing over higher-order graphs in the manner of Mueller
and Trueman (which simply corresponds to dressing internal

vector lines with bubbles) one ends up with
LS'tx) = € Sex) exP[-3‘bcx>/(;;+9)] ‘
(3.10)
Consider next the vector Green's function

LYoo 3 oy

which also receives two first order contributions (Fig. 2(a)
and (b). Following the same line of reasoning which led to

eq. (3.8) we obtain the momentum-space amplitude
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T bk) = 9 +20-0] S KRk ) Ry SG0)

= ¢ [1+270- T Ran KN 500 - 50 ]

~ (3.11)
J\P
+ . ?
A
@) prx b) T
Fig. 2 - Vertex corrections in order of gz

Taking its Fourier transform We_get the x-space Green's function
-l L N
ety [2+20-0]0) Tany 3 [Bean - ﬁ(z-y)'] SOe9).

and as % =+ 1 we can recognize this as the first-order term

"in the complete answer

[‘1,,\,4- €.+ 2 )"3’ [Dez-x) - Dez-y) J sy
(3.12)

which comes by summing the bubble graphs and dressing the
fermions. To close this section let us sketch how one may

work out the four-point Green's function

QIR RONICSY Y.

Up to order g2 we have to contend with six diagrams as well

as their crossed versions (Fig. 3(a) to (f)). The main thing
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to expose is how vector exchange can be replaced by scalar

and pseudoscalar

Fig. 3 - Fermion-fermion scattering in order g2

exchange through a judicious use of (3.6'). For instance,

in lowest order
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3 ST Sk ® ST/ 5 (F4x)
=9 K" C‘]/w + E’NTQ) [S(P'K) -s(p) ] ®
® kb (P4 e [t - st ] [kt

= I[St-K)- :(m] (1®| +‘Tg ®r.;) [_S(!*)-S(qu)]/(z

_(3.13)

. Together with its crossed version amplitude (3.13) has the x-

transform

JU® - 1.om). -
! '
(Do) Do) - Dex-v) +D03-¥) | Seend Soy)
In order g2 diagrams 3(b), (c) and (d) have already been dis- |
cussed and 1t is easy to see that 3(c) and (f) have cancelling

ultraviolet characterics as & - 1; both lead to the amputed

amplitude.

24
Q&) T(REK) | |
= [(dg s ME (P"s Cre =) Pt

4+ PN SWmprrag) P )

=i A9, i st@) I @ PY(s(pb-a) +Su’—\>+t<+q,)) N

’

if we drop all T terms. By persistently applying (3.6),

(MLN)
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the Green's function can be expressed as linear combinations

of integrals like

®1-T. T
( ®1-T ®Ts )JCM)zL T (-2
Lose-x) - Scp-%)] ® (S-S ]

which are in turn recognizable as Fourier transforms of mixed

(\ ®1 - Tgm,-) Dix-x) D(x3") SC¥-v)

All this is just to indicate how the general sum of eikonal

(4)

graphs can be performed. With dressed fermions, the

complete Green's function is

. -\
[ 1B1- 60T 0+%) |-
{Dcx-x') - Dy - D(¥-3)+DL3-~J')} ]
vt S'(x-y). LS (x'-y') ,
. (3.14)
a result which otherwise appéars rather mysterious.

3.3 Anomalies
In two dimensions one identifies Ys with the spin
tensor FO Pl (although its charge parity is negative). The

correct approach to extract the two dimensional axial anomaly

(1

7)
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is to associate chirality with the set of spin transformations
p - exp(% iGKL r(KL;w and to take the 2 » 1 limit of the
axial Ward Identity. Thus, under an infinitesimal <<chiral>>

transformation, the charge in JL , expressed in the two ways

S= L 80" (V{4 F ) )Y +
+ 9P [ kaaJ¥Y Iy,
= ""J_F SQKLBM(V; [_PM 3 .PLKLj] \P )

yields the PCAC relation

C kYR ‘f’ = {FS f’m-,}‘{’ + 9P, T J WYy
(3.15)

The anomalous terms on the right-hand side of (3.15) are
non existent in two dimensions. But it would be wrong to

(5)

delete them for # = 1 owing to fermion loop corrections.

v

Specifically, there is a transition from vector current to

axial d1vergence

<L atk\{}ﬁ-]\i) \\UFM\P> 1-4‘1 {5, rEm} \IVPM(P7

where the (@ f¢)2 anomalous term can be disregarded because
tadpole graphs are necessarily involved. In momentum space
the calculation devolves to the product of an integral which

diverges as & > 1 and a trace which disappears as % ~» 1.
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Kieliom = (L% 'l?.[[ﬂfﬁ%.ﬁn},{!mc/ﬁhai

(2’{)1!. ( P+ K)'J. PQ_
|

209 Ak (-0
Lt @“M _m‘" kM) 5 [k'lok(o&—l)]l-t

I

_ _ -
=1 (‘O]KN K"-qu”>/7(' ' (3.17)

If we were to introduce electromagnetism eaF.Aw into the Thirring

-model, one would interpret (3.17) as an anomalous PCAC

equation
o A

in lowest order. Summing‘the higher-order bubble graphs,
the effect, as usual, is to replace m by 7 + g. It is per-
haps imporfant to stress that no other anomalous amplitudes
such as <L )\{ T Iy, lp>survive the limit & > 1
because the fermlon loop integrals are finite and multlply
zero kinematic traces. As we are discussing the Thirring
ﬁodel in the context of dimensional continuation we might as
well show how the scaling anomaly too can be consistently

determined from the trace of the stress tensor

O = =D ICTmY)(PMY)

= 2 (=Y L1nr (3.15)



47

which. does not vanish except when % = 1. The anomalous

scale dimension of ¢ can be obtained from pair of relation
. ¢ -
L (‘FC*Dj 9&“(2) 'z Yo 7 -
= 20 (VO [Liw &2 oy ) sy

which 1s written in perturbation theory as

(.ff-x L%
20t-1)¢ (Wﬂfﬁ; Mz . 2 P (0) >

| 2
~ L9 27
2(t-1) ¢ LY ) 3’{2 Lz e, f \P(o) 7

é'i I[ r %

[

[

QL) LYo 9 2 Jeo )

2(t=1) 9 3 §¢x)
| £X)
Now we define the dilation current

and the divergence of the dilation current is

where
i[D,w] = (x.9 - 24d)¢

With the help of this relation we can write (3.18') as
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- ' _ ) !
2((. |) 3% S(x) = (X a_z-‘ld) S (x)

(3.19)

Having already seen that near & =1

! : - LY 2
Sex) = ST 1+29°(¢-1) Do) +- - -
we can proceed to the two-dimensional limit

i - ,E_S'C)::Li .zl-?gx x
,LLB;: 2 (L-1) %33 X L—::q R ( \)_Dc)S(v)

1
= - 9. S |
2AY (3.20)

giving the anomalous scale corrections of gzléﬂz, to this
order. If we sum the higher-order bubble graphs, the

total scale dimension is amended to

L + 91/47(1'

d =
2 | + 9/'7&" (3.21)

which could in fact have been immediately deduced from the
nonperturbative answer (3.10) as did Wilsonls. Since a
change of gauge alters the scale dimension without affecting
S-matrix elements, Mueller and Trueman have questioned the
physical significance of d.

Now we sketch briefly the method of extracting anomalies
in four dimensions. There are in fact many anomalous matrix

elements which can be obtained by the same principle, but we
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discuss 1in detail the cases of the <AVV> and <AAA> anomalies
like the previous case of anomaly in two dimensions. We

(5)

start with the dimension independent definition of

Yg = P(A)' This has been tested by several authors as the
correct way to extracting anomaly. Once the question of Yg

has been settled we can write down (see Section 2.4), the

axial current as

v Tegmy ¥

and pseudoscalar as

¥ P(KLMN) v

As our previous two dimensional anomaly, we again associate

chirality with the set of transformations

(KLMN) T

¢ + exp(i 6" (KLMN))¢'

Thus under this infinitesimal <<chiral>> transformation, the
change in the Lagrangian can be expressed in two ways which

gives the PCAC relation

BLK\P [Lan] L{/ = ami Y Feeang +
+ 0 @(c%ﬂ 2e AJ) (Eyeum Y

where the extra term on righthand does not exist in 4 dimensions.
It should be noted that even for m = 0 the kinetic energy is

not invariant under these chiral transformations. In fact
because of tﬁis we meet a new overall-pseudoscalar current

which is precisely the axial vector anomaly and can be obtained
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by calculating the closed fermion loops coupling to other
two vector currents. That is if we calculate a triangle
Feynman graph with two vertex coupling to two vectors and

the third one with (2P+K)J we

P[JKLMN) (<AVV> anomaly)
obtain the same Adler anomaly in the limit 2 -» 2. The

contribution from the new current is

TITkL]

MN (v K) =

!

L]

: ¢ ; -
S L G | B |t (SR
4_! (?-K)L (2;‘ >1L

. Ty. {9.,15.,_/&_/{2/’ HI'J’MJ} [(A‘- Ai’) + M] T (,6 +w‘) (N [(/ﬁ—wk) +w])

This integral can be very much simplified in this case
because we are only interested in anomalies. We drop all
{K-¥"', P(4)} terms (we will see why in Chapter V), and consider
the fermion to be massless. In fact, we can also drop all
K's in the denominator because we are only interested in the

divergent part of the integrand. We find

[TTxL . '

Y@t (P ™)

(2.23)

Using the symmetrical integration and Fierz transformation
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formula, the above trace can be further reduced to

Iye

.__a;' _ LE;IC:(I,ZJ Ci?lr> FFLT}(I“ [ﬁ«vru]i:rﬁfk)\)
4' ' ('2 K)D'L ( P‘L_ m™ )3

because the anticommutator of K's and T''s does not survive

the trace. After integration (see appendix) and taking the

limit £ - 2 with C(1,2) - }(&-2), then

[ITkL) | Q CIJKL) R 1g
\ 2¢ g K ¥

K;K ‘> riRS

MN ( ) aen)t L MNRS)

s t
T ()= 2, KTKS
In 4-dimensions this corresponds to rﬂ;(- ! )— ux /“"Gf

which is the famous axial anomaly. This calculation amply
confirms the interpretation we have given to axial vectors
and pseudoscalars in the context of DR. It means that one
can now study interactions involving O and 1" currents with
some degree of confidence and compute overall abnormal ampli-

(5)

tudes. Now we shall examine the triple axial anomaly

<T(J;[TI< (-'K_"K') JLMN(k) I’M'N'(k') )>

due to the spinor loop which is éhe only other anoﬁaly peculiar
to this simple model, (no intermal SU(n) indices involved 1in
the current).

When we take the divergence at one of the aiial vertices,

the Ward identity,
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[ #+4)-m] " Kewlisig [h-m]""

- [(é-&—k)—w\]{fz_ﬁ ‘?HIJ‘K) - (1P1-K)§-
. ﬂaankj}f_/ﬁ-w‘]-\ ‘-1-'

- -
T [("é”i)""] ‘Fcunw + Tturgen (f-m)

means that we shall have to cater for (i) the usual pseudo-
scalar-axial-axial (PAA) vertex; (ii) two self-energy like
graphs due to contraction of propagators* plus (iii) the
anomalous term involving the antisymmetric product of five
matrices. It is not too difficult to carry out the per-
turbation calculation in spite of the profusion of indices

if we recognize that the four dimensional limit 2 - 2 is to

be taken at the end and that the anomaly emergés as the product
of an integral which diverges in this limit multiplied by a

kinematic term carrying a tracing factor (2-2) which vanishes

. . . . . . (PQRST) .
in this limit. Kinematic factors like G(JKLMN) which have
no place in four dimensions can be disregarded. These im-

portant technical aspects of DR are well substantiated by
detail computation. For sake of simplicity we shall set
K2 = K'2 = 0 to demonstrate the workings:

(i) The <PAA> vertex is described by the tensor element,

These graphs also occur in the <VVA> anomaly but happen to
give a zero answer for arbitrary 2. This is not true in the
triple axial case.
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LHITK] ,
LMN (\('K ) -

_ A S A dxdy OC--Y)
() (P + 2k ¥y m2)?

. T;r [{fﬁ-xéx— K’(l'ﬁ) -HM} E,_'.M'Nf]{ﬁ,kx +/k'j +m}.

THITK)

: ELW){AH K (1-%) + K’y _w} r

and the trace gives rise to the typical kinematic

terms v [HI]‘ k7 and
’
-7ELL SNN M'N'j .
K K tHITK) . The former factor
CL®Y Otmn mint) '

does not exist in four dimensions and multiplies a

finite integral

2l L g ! ~ -3
(L-2) { P PPk xy =i ) dxdy O(1-xy)
while the latter factor multiplies the integral |

m(3-¢) (?-/")-{jdxdy(m +zy-|)(2\<. K xy —m‘—)t.-3
. Ol1=x%-y)

which supplies the traditional answer when 2 - 2.
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(ii) The self-energy infegrals boils down to
I HITR)
_‘—[:_LMN)[_L'M'N’] -
= -4 Ty [EILMFU EL'M'N'J PEHLJKD] '

CC e (30 Pl +m?
(‘LR)“ Q P1- Yh\'>2

and must be added to the

(iii) Anomalous integral associated with the new vertex

{L?’ EHITKj S

In fact the sum of (ii) and (iii) yields the <AAA>

anomaly

Ko K,:' SE:IS':?T) (3-0) 5 dx dy (2x + 2y -I) @(l-x-‘l),

which is one third of the <VVA> anomaly.
Following work of Akyeampong and Delbourgolg, Kee has
worked out all the anomalies and these include the overall

normal anomalies, where normal objects are defined to be

(letting P stand for parity).
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The definition of normal amplitudes is

EJ; ,
(-1) “.mp, =1

and that of abnormal amplitudes is

These extra normal anomalies contribute a term in the
divergence of axial vector current, in addition to the abnormal

9 .
Bardeen1 term, 1.e.,

_ B '/‘"' —_— Qm ) + Abnormal + Normal.
pIs = s _

This means that even for normal amplitudes like <AU Av>

(BﬂA‘u. Av>—<2m P, PN7 71:,0 but is given by
(P', Ap > = L K/A (Eg "m'b)/"x»

Other anomalous normal terms are

(PP m (¥7¢- m‘)/x"

(P’PS > = (K% 2K K™ gm") fe

! . 4
<PAT‘S> - tm K,./,ra.

(P,PV,«> = W‘(K'K')/,/U'-L '
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<P'Ar.Vv Y o= U (kekot2 Kok +3 K K)-
- el k6] o

where K refers to the momemtum carried by the pseudoscalar
field P' having the anomalous kinetic interaction and K'

refers to the other unnatural leg of the three-point vertex.



CHAPTER 1IV

WEAK INTERACTIONS
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4.1 The Weak Leptonic Lagrangian

The two basic properties enjoyed by the usual four-

Fermi current-current interaction

L < 0= Y, BT (i) ¥y

(4.1)

are
(i) 1left-handedness of the 2-component lepton spinors;
(ii) Fierz-transformation invariance of the Lagrangian,

R BT G- YT (-0 % ) ¢,

Since we have no prior knowledge abéut the structure of weak
interactions in arbitrary dimensions (2%) let us for the
present assume that characteristics (i) and (ii) are retained
for all 2. Property (i) means (see section 2.5) that the
lepton fields have 2’2'-1 components and are represented by the
spinors i(l1-i F_l)w, where, according to eq. (1.6), r_y is
the obvious generalization of Y5 to 2% dimensions. To
investigate requirement (ii) we have to know something about

(6)

which we have shown in section (2.2).

X F(Mloqur)

Fierz reshuffling

From eq. (2.21) R(r) =T stand for

(Ml"'Mr)

the 28+1 parity-conserving kinematic covariants pertaining to
one channel, the covariants in the crossed channel E(r) are

from (2.22) is

Kesd = DClsakin) 22
ey
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wheré C(s,r) is defined by eq. (2.23) and (2.24).

In the case of weak interactions there is the minor
modifications that we should be dealing with the parity-
violating left-handed covariants K_(r) as defined by eq. (1.8).

By crossing, for s odd, we obtain

K_(s) = 2"2{T Ry (1-¢ ) Ty F“’(l—ir’..)@r‘“’
R

2—;7 Cesn) By (- R)® PO

dd

ch,n) K-(“') \ (4.3)

n odd

Thus Fierz reshuffling for these particular covariants involves
just the odd-odd entries in C (up to r, s = 2-1 by reflection
symmetry) . We now are in a position to prove that the sum

(4.7) is crossing invariant. We make use of the represen-

tation (2.27), then, from (4.3) and (2.27).
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1

-1 2 (s s
L0 R = Y (e g enled, ).

R odd

_ {(\-2)q(l+v)2{-h'} \ =0 k_(’l)
_; -%Lﬂfﬁ) |
= (-\)* 2 () Ko (n)

n ode .
Showing that the sum (1.7) is a crossing eigenvector with

eigenvalue (—1)%2.
Finally taking note of the anticommutativity of spinor
fields we conclude that the appropriate weak four-Fermi inter-—

action in 22 dimemnsions 1is

&

0(w =4 2 {P. s ("Ia MIRA CP'.; PwO -t n")\{)‘*
n Odd
{Lfﬁ. - ‘ —
=(-1) 2 Y Gy Q-0 R M % P e

n odel (4.5)

In particular the leptonic Lagrangian, with correct

normalization, written in current-current form, is

2(- + "
o£w= \rae/" Z I@, J /

N odet (4.6)

with

Jay = JiTV P[-'”\"'N-:] (\— i r") \‘U '

(4.7)
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At the tree graph level, which may be the only sensible
way to look upon the four-Fermi f.w, we observe that in the
limit 2 = 2 there occur two currents which are replicas of

one another, namely

J:) :Ji"Prv(('LYS')"{/ and
:kak - é;i @ Yth;W}j ("Fﬁ}Nf
(The same ;urrents arise in |

Lwl = QZCJ'J] Wm—i- K. C ) : (4.8)

r odd
the weak-intermediate-boson variant of weak interactions.)
Such repetitions of V-A in J(l) and J(B) for 2 = 2 are un-
interesting in themselves if we stick to the Born diagrams.
However as soon as we calculate higher-order quantum loops

differences begin to*show up. Indeed for % # 2 the currents

= YR
J]Q - \F N V/ ! a true vector,
l: ‘]-U-PN r:! "l) . ‘ a true pseudovector,

. an <<axial>> vector and
‘Prcm,m\(’ |

L‘ \{} [ELLM-J \-‘_' \71/ The <<pseudoaxia1 '>> vector, say,
(4.9)
are all distinct from one another. In fact JN is the only

truly conserved current; the pseudovector current is conserved

in the zero-mass fermion limit when chiral transformations
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¥ - eip(e F_l)w become an exact symmetry of the theory;

but the axial and pseudoaxial currents are not at all conserved
as one knows from our.work'on anomaliess’6 in Chapter III.

We shall retrun to the consequences of this extraordinary

fact shortly.

4.2 Effective Hadronic Weak Lagrangian

It is a good 1idea té list of all the 22-dimensional
forms of the Lagrangians responsible for the weak semileptonic
decays before we come to the question of quantum loops. The
baryons are represented by 22 component spinors and we have
to bear in mind that pseudoscalar mesons are 4-index tensors.
ﬁegipning with the semi-leptonic baryon decays B - B' %v, the
straight generalization of (4.6) and (4.8) is indicated, and

we should include in (4.7) the hadronic-current contribution

bavyov\ — o~
I(n) - -% B R"L)(I-LI-I) B
4 (4.10)
before renormalization. Naturally one expects radiative

corrections due to current nonconservation to be significant,

so one should modify the effective hadroniec currents to

T(»)""?-L R TML?).‘ let-lr")B»

L

I(%) - J;_ E EKLMJ<33 - L 314_.3 r-v> B,

p B

I(U "9“‘@ rEII“UﬂLtaS' -t ?u-gr")rs;

etc.,
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Where-gr are coupling constant renormalizationms. The vector
current is of course conserved so g1 = l; one would also be
inclined to suppose tﬁat gé2_3 is unrenormalized at unity
since the associated pseudoaxial current looks vectorial in
four dimensions and is conserved in that limit. That however
is contrary to the rules of DR which stipulate that all
perturbation calculations have to be performed before going
to the four dimensional limit. In fact we shall prove later
that 80-3 differs from 1 by a finite amqunt, calculable in
any given model of the strong interactions. Thus we have
the bizarre fact that the weak vectof current is reno;malized

and

Ny L= ' (4.12)

We shall enlarge upon this curiosity in the next section,

. but for the present let us carry on writing effective Lagrangian
for purely leptonic and semileptonic decays, P - &v and

P > 2“2 VvV respectively. The effective weak currents J(r)

Whiéh_couple the mesons to the lepton currents turn out to be

T KLM

: | |
Cfe Prewm on P
: T o TKLM
L {. DN (.PTKLH P )
£ 2" Preuw

pseudovector,

/

kA axial vector,

(4.13)
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4.3 One Loop Renormalizations

Let us suppose that strong interactions are renormaliz-

able in four dimensions. = The Yukawa meson-baryon coupling

- E“ﬂ"'”ﬁ]
Lﬁhong - vj Ry [‘(:,Nl'--M;j PJ CF (4.17)

can serve as a suitable model for the purpose of the following

discussions. Using the propagators

EN!"‘NQ

(?CM‘_,_MN.J (k) batu'”fz_"jm = gt”""”"j(ki/&;")

(BN Bw ) = L/}(_M)

we can enquire about the nmature of one-loop renormalizations

of the weak currents. Before we piunge into an analysis of

the vertex parts let us treat the wave function renormalization.
The fermion loop contribution to the meson self-energy parts
(see Fig. g) is given in e.g. (3.2) for massless fermions.

To determine the associated wave function renormalizafion
constants Z,(r) we note that in the vector sector (r = 1)

¢
according to (3.3),

1
T - 2€" [(2-¢) dol ("2 K”x“/;o)
(25)* -~ Kot (1) )1"¢
) / ( | )

(3.3)

whereas in the pseudovector sector (r = 22-1) we meet the

dual
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e MN oM VR Ny
M. (W)= e™™ ™ I ) (k)

Ny DR f )

MN

= M (k)

b'ecause.I'_1 chirality is a good symmetry for m = o. On the

other hand the axial vector sector is obtained by putting

r =3 in eq. (3.2), that is

'ITELMN)(K) - 2 e.t [ (1-4) i -

‘ J' {(L ) S-ELMN]

: L N
UKol oy /K } /

(4.18)

and dual pseudoaxial self-energy (r = 28-3) is its image:

-1 CI7x7 LMNSG - Sag _ pg-Rug

Mot 8) = Ergergre € M o

4 Sie
Tr[ LMND
= C17ey CF)

Thus for m = o, Z¢(1) = Z¢(22—1)
i.e. vector = pseudovector renormalization -
and z (3) =z (22-3
| ¢ p 2t
axial = pseudoaxial renormalization



66

However the difference between vector and axial renormalizations

Z?(u-s) - Zp() = ,

Liw  2€U00-Y f s
;L

L2 L~ -
(2r)* K KVl (-2 ) ‘Jl L
1
- _ %
(2 * (4.19)
is finite and non vanishing! The explanation for the

difference between vector and pseudoaxial renormalizations

is the same one that is offered when one meets anomalous Ward
identities, viz. because the pseudoaxial current is only con-
served in four dimensions, we have the product of a kinematic
1

factor which vanishes as & »+ 2 and a singular factor (2-2)"

due to the divergent quantum loop. The same discrepancyb)

between axial and pseudovector renormalizations was observed
some time ago, but is not so striking because the axial
current will not in general be comnserved for m # o.

Consider next the fermion self-energy due to the inter-
action (4.17), as depicted in Fig. 4. Again, the fermion
wave function renormalization constant Zchan for simplicity

be determined by setting the fermion mass equal to zero.

-
- * .

.'r"-‘\\ L) .7 \‘_\ (‘)
. 0 [0y o pe T

[ \ 7/ N
L4

P
>
[t (4

Rig. 4 Fig. 5
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Thus
' — (S )

: o M(p-k) 1
IU’) = -t 93 Ak [
('LK)»C (P"‘ )2 ( K‘L* r‘\,)

By standard procedures outlined in Appendix A this can be

reduced to the parametric integral

(= f FCED Py [ _db e
: TSI

(4.20)

Near four dimensions,

2 C.(s))
Zy-l = ) l6 7™ (L-2)

Finally we can turn to the vertex part of Fig. 5 which we

shall evaluate at zero momentum transfer

A(v] (p) = Cam dzeK. N, (f-£) [0 (%) [
(l;()'l-e (_P' K)Q (LL_I_‘-\,)

(4.21)

The f\r) are logarithmically infinite at & = 2 and have each
to be renormalized by a vertex factor, say Zg(r). Clearly,

since the vector vertex satisfies Ward identity
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Ay = XM
2 p™

the vector renormalization constant equals the fermion wave

"function renormalization
() = Z¢
Zq

but there is no reason in general to expect similar equalities
for the remaining constants; in our zero-fermion mass model

however it happens that

Zy(2-1) = (1)

Of all the other vertex parts the pseudoaxial is the most
intriguing and it can be deduced from the parametric integral

representation of eq (4 21)

N (F) = et [ (3-0) Rof ln ff 09 _
®) (QR)L J E(,u"'.. P‘g\)(:-x)js-é

LOMesin) Ty (2-¢)
LCAm-p) (1) >+

Thus

3(94 3)-4 = =k C(Lu-)C(320-3)

L2 l
. 3 P{-4) S ok el 2-4
Can)® ST prYCI=) ] o2
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The anomalous finite difference between vector and pseudo-

axial vertex renormalizations 1is

‘7:3 L|) - 713 (:14 3)

_ Mw (CCH)C(.SID C(lu 3)Q(s 2{- 3) )
L2 32 R* (4-2)

(4.23)

and for values up to s = 4 equal to

[ 50 + O, - gsg'é-gsr*” 3:4]

12

3Lx”

(4.23")

A similar difference arises between pseudovector and axial:

vertex renormalizations:

Z [3) - (24- t)
g (Cc» 3) Cls,3) - Ui ')CCs,u-'))

'l-72 32 A (L)

(4.23")

Altogether the one-loop current coupling renmormalizations in

(4.11) follow from the formula

L -
Zo (n‘)' Zj () Z7u
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since all bare couplings are normalized to unity. If the
renormalized couplings g, truly refer to weak interactions

we can disregard differences between Z,(r) as being of order

¢

Qz and therefore small (remember however that Z, is not f-

¢
independent and we need only concern ourselves with the
strong corrections to Zg and Z¢' Besides the expected

result gy = 1 connoting absence of vector current renorma-

lization, we have the unexpected result

3‘11 -3 = 1 + [—- SSo-e- ds) — gs;-—‘é-&3 +-:-’;_gs<:

as the one-loop renormalization of the other weak vector

current, The axial and pseudovector renormalizations are
infinite if s is even because (4.17) violates r_4 chirélity,
but finite if s is odd. For instance a vector model {s = 1)
gives

| 1
Jaga= B =l 33-'-7;4-3"* : !

while an axial vector strong interaction (s = 3) gives

‘

: : : 9
32{~1 - 3[ - 1 ! 33 - 311'3 = l- 96 A '

In each of these cases

| _ 3, + 91[-3 _ L
Ya,

aat;l -+ ‘33
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because of T chiral symmetry. In more general circumstances

1
wvhen every current (with the exception of the pure vector) 1is
nonconserved we anticipate that 899-3 # 1 and Bog-1 # g3+

However the previous discussion shows how and why g22_3-1

and 847847 2Te finitg and cg;culable to any order in per-
turbation ﬁheory - when the strong interactions are renormaliz-
able the differences depend only on the magnitude g and charac-
ter of the strong coupling.

Apart from certain conformal anomalieszo in quantum
gra&ity,Athe renormalization of this weak vector current is
the first unconventional result to come out of DR and one may
wonder how it can be avoided. One possibility is to contrive
a cancellation of g22_3-1 with a counter-Lagrangian, but this
can surely be dismissed as being too értificial, rather ugly,
and possibly dangerous in view of the conclusions to come in
Chapter V. A second possibility is to reject the Fierz
invariance requirement and to return to the vector and pseudo-
vector currents, @ FN ¢ and 1 ¢ PN F—l Y3 this too seems
fraught with difficulties for the simple reason that hadronic
contribuﬁions to axial currents must satisfy aﬁomalous PCAC
identities (even if the anomaly cancels in toto); the pseudo-
vector i PN P-l ¥ is potentially incapable of yielding any
anomaly (since r., - invariance is an exact symmetry of zero

mass fermions) is contrast to the axial i @ r ) P and its

(XKLM
partner i ¥ P(KLM) F_l Y; therefore even if we abandon the
notion of Fierz symmetry of ;ﬁ we are obliged to consider at_

least these four kinds of vector current and their attendant

renormalizations. One final possibility is to cancel off



72

the anomalous renormalizations altogether (by increasing the

number of fermion fields, including V+A interactions, etc.)

in the accustomed manner which ensures the renormalizability

of unified gauge theories.



CHAPTER V

THE NONRENORMALIZABILITY OF EVANESCENT COUPLINGS

73
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In this chapter we shall investigate a theory which
has a primary evanescent interaction which is given in (1.10),
and we shall prove that fhe model is non-renormalizable.
To arrive at this conclusion we will need to go beyond one-
loop level. The basic reason is as follows: at ome-loop
level the divergent Feynman integrals contain a pole term
(SZ,-Z)_1 and these multiply a factor (2-2) which must be present
for all form factors associated with kinematic terms that
survive the 4-dimensional limit (because ﬁ'l > 0 as £ - 2).
- The product ;f these yieldé'a polynomial in external momenta
and masses at four dimensions. At-the next, two loop level
we may encounter double integrals which contain second order

2 but only a single factor (2-2) in the numerator,

poles (2—2)_
signifying a divergence. (Another way of stating this is to
note that the 1l-loop pdlynomial suffers a further divergent
integration with no further cbmpensating zero from [ I). As
these divergences get progressively worse in higher orders of
G there is no hope of renormalizing the theory. The final
result, that evanescent couplings with bad powercounting
characteristics, are non-renormalizable after all, is useful
in restricting the class of Lagrangian models that are viable
in the context of DR. Let us substantiate these statements

by giving a few details of our investigation. For our free

Lagrangian we shall take a massive § and a massless boson ¢:

,(‘o = - +kLMNBg_ CFKLMN -+ @(fﬁ-w\)\f]

(5.1)
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in order to simplify some of the Feynman integrals without
affecting the ultraviolet behavious in question. We also
once again write down our interaction Lagrangian I;I from

(1.10)
«—>

L‘_L = Gq’{_% , PKLHN}CFKLMN

(1.10)

The.fact that [-O can lead to ghosﬁ mesons in some of the )
components will not concern us unduly, since none arise when
Lo 2, The classical tree graphs evidently give zero identi-
cally in the 4-dimensional limit, so the first interesting
results occur at the one-loop level. In momentum space the

vertex factor arising from CLI in a perturbation development

is {2¢ + ¥, PKLMN} where p and p and p+k stand for the incoming
and outgoing fermion momenta. These have to be combined with
N, ...N N....N
- the propagators s(p) = i(§ - m) 1 and D 1 b ié 1 4 k2
Ml...M4 Ml...M4
by the standard Feynman rules. As we shall be interested

in kinematic terms produced from Feynman graphs which survive
the passage to 4-dimensions one can set external momenta equal
to zero at each vertex,

We may now determine some simple one-loop diagrams.

Boson self energy

2 . s . .
To order G~ retaining the part which survives four

dimensions



76

T[-(N\ +Ny) (k) =

My - M'-!)

C4i (% T Brena) e Y orem)

(1“) P—m‘){(mk) m J

Introducing a Feynman parameter o, shifting the integral,

and dropping all {¥, F(a)} terms, the usual manipulations

lead us to

oo™ (ky = & P O Sy L6t
(M, - o) @) "

' f{mﬁ_ K‘du-x)}Lo{oL

LNy -Ny)
— <3 <}< ~ lom* k-ﬂ'3C7W\ ;) { Y
L2 g[-”\ RLIVEY

(5.2)

As promised the quartic divergence has disappeared owing to
the vanishing trace.

Fermion self energy

Since we shall presently take this graph to be part

of a larger graph the integral to be evaluated is

——
-
.

i(b> - - Jd}l B,{s-(-((, Eﬁl..ﬂ“j}(/{s_i_%( '*'W>{?-/§+/<,FH"} )

(2./\') [(Q-P‘*‘ k)l- mz] K‘L

The calculation of the numerator here (as well as that of the
vertex part to follow) is greatly facilitated by the methods

set out in section (2.2). Using (2.31) and (2.31') the final

answer is a polynomial in §¥:
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L(P)~ G P(a ) (2t-1)(2-3) j dok
([/ﬁ{a(c ) - x(m)}-vm:]{p&(‘-@ m‘a}_
- (-9 F"(‘L-*) G- g m Y {Pa(im) - o(*m"’}

_? G\ L(/é-f-w")LP-t—.L m™) -\---‘—/fS P ]

Vertex part

) . Y Ci?(
VHI"'Mq (P’P) = -LGI ..___...E.._..

, ik, Do M)} (Brbam) (2, T M,v,cmm){« Al “"’}

[CFar)- m] K [(m) m}

If we are only interested in kinematic terms which survive
£ + 2, - Combining denominators with feynman parameters and
using simplification methods outlined in the eq. (2.31) and

(2.31') we end up with

Voo vt (58) = X R gy Y AZE B ]
(5.4)

where the form factors X and Y tend to
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X — Y/qagm o & (Pm-r b tm")

(5.4")
for four dimensions.
Other one-loop graphs
The systematics should by now be obvious. Every one-

loop graph is divergent due to the momentum factor in the
vertex, but this is cancelled by a zero caused by the dis-
appearance of J:I' Always we are left with a polynomial in
external momenta whose degree increases with G - as it must
from simple dimensional analysis.

We may now wonder if this phenomenon carries over to
higher loops and if all Feynman diagrams are finite, The
answer is "no" and is most simply illustrated by examination
of the vacuum graphs. . The simplest two loop graph (convenient-
ly treated in x-space) does indeed happen to be finite, but
this is only an accident due to the masslessness bf our boson.

2 = & [EYTE Ryvig) S0 F, 7))
« Doy

Retaining the most singular terms in the integrand and dropping

all 32 D terms upon rotation to Euclidean space,
2 L |
Z~6 [Lx2DdF o p2. %D ey
= Q" [lx 2 gCa-0 (0" (e DY
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2 , -6
~ (L-").)G (TL'L) dn?
o
Wwhich is ultraviolet finite as & - 2. Another way of seeing
this is to work in momentum space, carry out the fermion
loop integral, obtaining 7 (a polynomial at & = 2), and then
working out the integral
My My "
L T (x) [k* .
.H‘UICH“ ’
In DR this is zero for polynomial I. However had we chosen
to give the mesons a mass p we would instead have obtained
the divergent answer Gz(u2)22—1/(2—2).
The problem is much clearer at the three loop level.
Consider first the vacuum diagram of figure 6. If we carry

out the meson loop integrations first we are left with

‘ 2 | | - -1
Z~ G [Llp T (WA Tt () )
and since I(p) is finite near & = 2 (see eq. (5.3)) this final

integral is bound to diverge near four dimensions. A more

relevant example is the meson-meson scattering diagram of

\
. \
figure 7. N B
,f‘“‘~-\ \ rd
’ \ 5- e
’ N \ _—— - e
> P =~
v \ /f \\ ’/ 3
l\Pb N
£
\ ~ ’I \
. . N / .
\\--4’ /I \‘——,, N
e 6 4G
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Carrying out the fermion loop integration first
2l 24
M = [ d7Kg ke S (ks +Kg=K,- K">'

My (K ke ks k‘) My (ks kg K3 k“) 208
kg kC

But M, is a finite polynomial in K near & = 2. Hence the
final integration produces a pole term (2—2)—1.

The inescapable conclusion then is that the'highef
graphs diverge in general. Because these diagrams are
associated with higher powers of G they require ever increas-
ing numbers of subtractions and the theory is therefore non-
renormalizable. We can thus class all theories with evanes-—
cent interactions and coupling constants having dimensions of

inverse mass powers as undesirable in spite of appearances.

More importantly, this means that if we start with a re-

normalizable theory and happen to meet anomalous currents

in the context of Ward identities, we should never attempt

to cancel them off with evanescent counter Lagrangians.



CHAPTER VI

SUPERSYMMETRY
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6.1 The Four Dimensional Theory

The concept of the combination of fermions and bosons,
known as supersymmetry (possibly supergauged) has come into
existence very recently.. Thelorigin of this symmetry éan
be traced back to dual model; the fheory works in 2 dimensions
and takes the form of a local symmetry where it plays a vital
role in the elimination of ghosts. More. recently, Wess and
Zunmino took a decisive role in formulating a global Fermi-
Bose symmetry in 4-dimensional space time. Aftefwards, Salam
and Strathdee systematized this 4-dimensional supersymmetry.
They were led to consider a superfield ¢(x,0) defined on én
8-dimensional space which is the extension of ordinary space-
time Xu(u = 0,1,2,3), to include a 4-dimensional space whose
points are labelled by the anticommuting Majoraﬁa spinor
Ba(a = 1,2,3,4). The action of the Poincare' group on the

space X and 6 is given by

,‘ X = NoXo+ b

eag"'» O;f(’\> e,&

where -a(A) denotes the Dirac spinor representation of the homo-
geneous Lorentz transformation A, In particular, space

reflections are associated with the mapping

6‘* —_ L(;ro 8)0(

The action of a supertranslation on the space X and 6

is defined by



e*——? e&+€&

where the parametér €, must of course be an anticommuting
Majorana spinor. This larger group comprising the Poincare
group and supertranslations leaves invariant the interval
. :
(X~ x -~ 1870 )",

terminates at 6% and is given by

The expansion of the scalar superfield

Pex0) = A+ DYOI +

L
4
L0 INTspAv) + 4 O

S Fu) +L BV OGx) &
D % ¢ 1 661" 1
&6 Xtr) +bl(()®) Do)

where the coefficients A,F, G, Av and D are ordinary Bose
fields, and ¢ and ¥ are'Fermi fields. The behaviour of
these components under the action of the Poincare' group and
parts is clear: A,F apd D are scalars, G is a péeudoscalar,
Au is an axial vector, ¥ and ¥ are Dirac spinofs, all up to
an overall intrinsic parity factor. These components are
complex in general, However, 1t is possible to impose a

reality condition on the superfield,
7 *
¢xo)* = Fre

where the complex conjugation is understood to reverse the
order of anticommuting vectors. The important thing to
notice in the expansion of the superfield that the expansion
stops  at 8 which is due to anticommutivity of 6. This
sﬁperfield is reducible. In particular ome can project out

chiral irreducible fields for which



84

and the resulting superfields can be compactly expressed as

ﬁbttx,(.)) = ex[:l-_ LQTTseax :
- ”

| Ay OO +9‘{’tCXJ+J¢ Ly ¢ g)@l—+(x)
with the expansion now terminating at 62 because & are two
component spinors.

We shall not bother to spell out the fransformatioﬁ
properties and the rules for combining supermultiplets but
will immediately proceed to the generali;ation to 2%-dimensions
“which is obvious. Then we shall determine the transformation
rules for all dimensions.

In its simplest formulation, superspace can be charac-
terised by 2% space time parameters XM(M = 0,1,..., 22-1)
and 22 spinor parameters Ga(a - 1,2,..., 22). A Majorana
constraint Ga = CaB'gp is normally invoked to make the spinors
essentially real, and if we wish to6 do this for all % it is
sufficient to work in even dimensions (% integral) where in

the charge conjugation matrix C exists, The generalised

superfield expansion for 2 > 2 is then given by
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?Cx,e) = A(x) -,-—é’(\fi(x)-f-_li édéﬁ E;‘qj-i-
+ éd .@(9. éT 7‘[*[’73/3.{
-ol

"'JLT'.. 0 ofp p® -Dtxﬂrb'J—{.

-(3 0 z8 € - oL
+06p 6”6 7[#756_)/5’-‘— o1
. :

and terminates at 82 This superfield is reducible and by

projecting out the left or right handed components
0 -:( - . ~
+ 2= |_-e_~n._>e:.L(|+..Foﬂ---lu-.>6 ~

we can pick out the irreducible chiral fields,

N
[ R AR Nl F +]
+'é: ég é; Xeaprd 1000 = O

2=
with the expansion now terminating at 6% . An infinitesimal

supertransformation is given by

5 = €[ % *30iFe) )P 2 EDT

(6.3)
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where
D= g5 30,
and

= 2l 1(eB)

06y

=€ [ %+ 60 Fupy +0F BT Yeaprfoy *

- - :(3")’-8*@ ] ry € s e
+ 6FpT és Dcxf-ra")/gl fi_{o 66 0'7&ﬂ 3

(6.3")

B ) B 58 g

+ © 5{55?%«{;10 Y A ]

The component field changes are then as follows

SA = éd‘{g\

S% = é[g(@(g—] - (,éﬂ) L (6.4
(3

SDE'((ATS'J = ('?L(F?g‘ej J2: L (Iéc)iéi"x(p‘ﬂ)

for the reducible field components, and

a2 &t
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chi-m = (X[“("‘T’ (’g()t"%%j )

K = €0 (R -, M)

(6.5)

H

for the chiral field components. It is clear that n and ¥

vanish only in four dimensions.

6.2 Thg”Theory for Arbitrary Dimensions

The two dimensional model of Supersymmetry is rather
curious in the sense that we have to take the spinor super-
field to construct the Lagrangian because the scalar super-
field does not give us right type of Lagrangian. Let us-
examine the two dimensional case of the Supersymmetry:
similarly to (6.1) the expansion of the scalar superfield is

given by

Fxo)= A+6Y+L(66)F

(6.6)

where the coefficients A and F are Bose fields, and ¥ is the
Fermi field. The behaviour of the component fields under
the action of an infinitesimal supergauge transformation 1is

easily deduced from (6.3').

SF(re) = L‘% _.;_'C/B’e] F
(6.7)
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5A = €V
sy = (Feiiph)e
o F XY

The Lagrangian of the scalar superfield is given by -

-L(A\PF) :q

{

(6 .8)

[4+)

aa 26 200

aé e(A + 26V A +(60)FA- -L(eé (‘W))

[

1y
(6.9)

which is quite unacceptable since it contains no kinetic

energy terms.

To construct a sensible Lagrangian we have to take the

spinor superfield
% = A+0F %, +1 (Be) g
(6 .10)

and impose the covariant condition (see Appendix C

for the algebra).
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(DD & = (1B4),

(6.11)

which yields after comparison

B = L(F)
Cér\&r - C%L\KP (6.12)

(6.12')

We substitute (6.12) and (G.Pg) into (6.10) we obtain

‘/i = A+ 5(’ <(TrC)4P{/‘VBJ '\}/Cx) +(K}C),Y; \-}'S(x))
+ £ (56) (B

(6.13)

Thus the Lagrangian (6.9) is given by

~X -
L'—"— A&’i\'{/d{l'\ﬁ((s

= L f%FA + (N ‘K-L)

which has the proper form of a free Lagrangian,
In the four dimensional case however, it is well

known that the scalar superfield will do for constructing
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acceptable free Lagrangians and these read
+~ ) - s *
L=L(30) (k) +L 5D m(+ ")

—
———

L ea)+ @)+ ¥ iBYr e 6]

-+t [2aFA-268 +myPy ]

The question is how oné is to proceed in higher dimensions
using the scalar superfield (scalar because we shall be
interested in the 4-dimensional 1imit). Let us return to
(6.1) - (6.5). From section (2,3) we observe that in 6,8,
14,16,... dimensions the Majoraﬁa bilinear 60 (among others)
vanishes identically. Therefore if we want our theory té
resemble to four dimensional versional as far as possible
we must limit ourselves to 2,4,10,12,... dimensions. For

- such dimensions one could re-expand the multispinors appearing
in (6.1) to (6.5) in terms of F-mafrices but this is an
unimportant detail.

The discussion so far has been perfectly straight-

forward and required little ingenuity. But we now come to
the first (and only) critical decision: to what member of
the supermultiplet must one assign the Lagrangian? There

are two viable altermatives: (A) The Lagrangian is taken

as the last term in the relevant 6 expansion i.e. the term
L 22"1

of order 82 in (6.1) or the term of order 8 in (6.2).

(B) The Lagrangian is contained in the 64 term of expression

(6.1) and the 62 term of expansion (6.2), exactly as in four
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dimensions. If we adopt alternative (A) the action 1is

given by

| -
S =f[(1‘>nf k($) +(D D)

=2
v(4:) ] Ay
(6.14,

with the number of 6 derivatives varying with 2. Because of
this the Lagrangian alters its degree of polynomindity in the
component fields derivatives with £, so that in fact the
theory changes its character with the dimension, (In fact

the kinetic energy includes ¢(82)22—2

$.) This change of
theory is contrary to the spirit of DR, and in any case

conflicts with the dimension-independent procedure necessary

to extract the axial anomalys. Thus we advocate alternative

(B) whereby the action is

S = f(ﬁb)[f}b k(E) -+ \/(cﬁr) joUS(

and the kinetic energy properly contains 2 derivatives of

the scalar fields.

6.3 Ward Identities

An immediate consequence of this dimension-independent
.choice is that the action is no longer supersymmetric. In
particular if we extract the Lagrangian as the Lorentz

invariant part of superfield products,
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CALI

NG 4
L :( ) (c ) Dl’.-«prsj T "C«p + F,

(6'l¢"6})

vhere D' and F' (see appendix for detail) are composed of

the original superfield component products in the usual way,

then our finds from (6.3) and (6.4) that .

e e .
jSL L = (c”) dl(x((c")rgéeﬂ}gpweg_

=t ./ =T a/-
+ € YC&({"() + S /)Ct.g(wj

(6 .47)

(Again n' and X' refer to those particular component field
products which are generated for the super transformation.)
Therefore if Jua is a spinor current whose time-component
space-integral defines the spinor generator, we obtain the
spinor Ward'identity,
» Y Yo f~
.29 ;%ME: = (;C; )

(C-’) q)cx(wre) ’yW’f") C4p 6)

( 613)

It looks anomalous in so far the r.h.s. of (6.]4) contains

terms which are not present in 4 dimensions. For example

in the ¢3 supersymmetric model,



L : 2-L+|( ) (ﬁ?)—j{ib[m(%:ﬁ-%f);
to(d+e) ]

the offending terms on the right of (6.l7/) are

" +

’X‘-_-'*(w) z LMLH 'XC-((wJ + F t“(‘” “f‘«; E/;Yj "f’ F;,‘)‘{JP]

¥ - t, T T ) ¥
+J [3 ATQVE&P,3+6A*(F¢(. Yoo+ Ft(n‘)\!i +

iy + T, T
"'F,:;x) Lf}:)"é% ‘7?1 Yf ]

with an analogous but more complicated expression for

]
n(usyae)'

In the event, ones immediate reaction is to conclude
that Ward identity will lead to anomalous corrections.
However, the effect does not stand up to more éareful scrutiny.
It is-indeed true that a" Ju differs from zero, but the
difference (6./8) gives matrix elements with kinematiec factors

which vanish in 4-dimensions irrespective of the loop order

to which we work - in marked contrast to the axial and scaling
anomalies where the anomalous terms in the Ward identities
survive the four-dimension limit at the quantum level. The
final result is that the spinor current Ward identity is

anomaly-free, in spite of first appearances. Reassuringly,



94

agrees with the Pauli-Villars approach (Wess and Zuminol6)
and the kinetic regularization method (iliopolous and

Zuminol6)
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Conclusion

In this thesis we have seeked to provide an account of
the use of DR techniques to various problems in the spinor
field theories and gain some insight into the obstacles that
must be surmounted in the dimensional continuation. One of
the impor tant lessons we have learnt during the.course of our
work is that the limit to integer four dimensions must be left
to last. This remark is at its most powerful when we take
the divergence of the axial vector current in arbitrary
dimensions: this modifies the PCAC law by giving an anomalous
term on the right which does not exist in four dimensions,Abut
is precisely the axial vector anomaly when we descend to four
dimensions. We might be tempted to get rid of such anomalies
by adding local evanescent interactions (which disappear in
four dimensions). However the work of chapter V has shown
that to remove them in this way is liable to méke the theory
non renormalizable.: Another crucial point about the whole
analysis is that we have always stuck to dimension free
definitions of our Lagrangians and currents. This point
has been exemplified in chapter VI dealing with supersymmetry
where we have checked the absence of the spinor anomaly by
the dimensional continuation method. In all these aspects
we have verified the utility of DR by its success in provid-
ing a beautifully elegant regularization technique and in
bringing to light any possible anomalies in Ward identities.
Howevér, in weak interactions we are not totally satisfied

with the method, for we have seen that in generalizing the
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curreﬁt-current form of the weak Lagrangian to arbitrary
dimensions we get two kinds of polar vector énd two kinds

of axial vector among the possible set of currents, One

of these weak polar vector currents is not conserved except

in four dimensions and undergoes a finite renormalization

from quantum loops. The renormalization of this weak vector
current is the first unconventional result to come out of

DR and one may wonder how it can be avoided. One possibility
is to cancel it off with a counter Légrangian but fhis seems
very artificial and beset with renormalization difficulties.

A second possibility is to reject the Fierz invariance require-
ment and to return to the vector and pseudovector currents,

v 'y ¥ and iy Ty Toq s

this too confronts us with the same difficulty, for the simple

reason that hadronic contributions to axial currents must

satisfy anomalous PCAC identities so one cannot avoid intro-

KLM Yy and its curious companion ¢ T

“ducing ¥ T xry Toqp V-
Perhaps the best way to restore polar vector current conser-
vation is to double the fermions and reverse the sign of theif
abnormal current interactions with mesons.

Finally let us see what new problems suggest themselves
in spinor field theories. (i) First, one might repeat the
work done on Dynamical Rearrangement of symmetry as applied
say to the Nambu-Jona-—Lasinio25 model. In this model of
massless four fermi interaction, despite the invariance of
tbe Lagrangian under the Ys transforﬁation Yo Y exp(}a Ys)w

the chiral symmetry is dynamically broken and the physical
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fermion mass is non zero through the existence of a bound
nucleon antinucleon pair with pseudoscalar properties. Now
the same;problem could be tackled by DR. Here the Lagran-
gian is not in ;ny case invariant under the generalized chiral
fransformation Y - gxp@S(afiavw,once we adopt fhe dimensional
independent definition of Y5 = P(4). Also the invariant cut
off_A2 gharacteristic of the conventional approach is replaced
by pole terms 1Qn—4)in the amplitudes. (ii1) A second
interesting probleﬁ might be the nature of gauge the0£ies in
arbitrary dimensions. Pure vector gauge theories like quantum

electrodynamics, invariant under the gauge transformations
WU i
~ ey
generalize readily 'to arbitrary dimensions. But as soon as

we extend the gauges tc include chiral transformations we

should expect a set of bosons

W = W WG)EW

(3) LMN’ LMNOR® ** 2 Yp2e-1)

associated with the. gauge transformations

' iy P
Y= e
Winn — Winn — BK WkLmn

ede.

The Lagfangians for these models have to be constructed.
(iii) A third problem of interest might be an investigation
infinite dimensional unitary representations of the 0(n-1, 1)

group in the limit n - 4. Here we have to concentrate on
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those representations which are characterised by two Casimir
labels to obtain a correspondence with 0(3,1) limit.
(iv) Finally it would be interesting to generalize our work

from the Dirac representation

UM T } = 2jﬂ’lMN

to the Kemmer representation:

/QMPN FL"+ f; ﬂN/SM = ﬁm gm. +/3L SNM—.
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Appendix - A

On 2%-Dimensional Integrals

2L
S O‘.X ‘5‘(") = f}cx)r d Sw'eul A8y’

‘1\3

1\1

Ol@ CLel

(A.1)

wvith (£ & £ R » except O < @‘ < 2K

If f(x) depends only on = sz+
) - t -

one may perform

CA X

the integration over angles using

j Sin©ds = (A _[(m+/q) |
4] S P(m+yfy) (4.2)

leading to

YXfcx)-—'&m ($o0(a2) dn? (4.2

similarly

2{ N
(d fcw) = LR ﬁck)cm dk

(A.4)

In particular the volume element can also be written as

2\-3

, Ctop, ol-2
dp = 2 (k) c{K"'(SMT) AT (50)d0, oo

PiL-1
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where all other angles are integrated over
. a{ _ ‘. ﬁ‘°( _ . '
L[ d7K (k’)'a @) P Tpet)

(ay (K-wt ) T Gnt RO rEng 7

This gives us a very important result
2 : v
S"oL(K 0 | -
- . ' A,
(k,_)ok | . (A.6)

for all o < &, That meahs the total volume element and the

massless tadpole-graphs are to be interpreted as zero in DR

for & = 2.

We also list some the symmetric integration relations:

.dj(K Y N 1.(/ % "
“‘(Zﬁ)zt JC(K) kM KN = jﬁ_ § _& k :(—‘(K)

(zﬁ)u’
(A.7)
f‘wk £ (k) Keky, K, K
(2x)" N M BaRQ | (A.8)
_ qLqu&.—quP Mg + L& “Imep
20 (2L42)
2l
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These integrals catt be easily evaluated with the help of

(A.5).

The general Feynman parametrization of integrals is given

by

P(m) P('ﬂ;) . .[‘(;\N)
AR A
L]
= r(”ﬂ\-r'-n,_-r. -MN) THX.' g(g-w, Y3 - .,__¥N) X?.Ax:,-.‘ ' xn':, -1
Q [A.X, + AYgk e A“XN]W*"'&-\-“MN (A.9)

The Fourier transform of a function is defined by

F(x) = f

2(A -t K . ~
GL K {1 X F’(k)
s

n. | 2 T K.x |
Fle) = f £x e e

(A.10)
In particular
2( a -tK.¥ e L+24
S‘OL K‘ ) e - 12 [ (L49)
(2A) | (2ﬁ)t(—x‘)““ M(-2)
(A.11)

while the boson self-energy part in the Thirring model is

given by the invariant function
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Mkt = 2 I(2-¢) d.&
@)t ) [ecao ]
- (-\(1) 'll’(l-f)/(m)’”‘ C P TR

and thus its Fourier transform is [‘(u) (A.12)

d.’ck T (kY -C K.x Y
.(z-n)u; K* € - -2 (t-1) D'eo

. (Q.L-') (A.127")
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Appendix - B

The Propagators

The two point Green's can be expressed in terms of
one homogeneous and one inhomogeneous function which are

given by

OILP, 90 10) = & ALY
OITLYe) . Q)] Loy = APRSY

1

(B.1)

A few other propagators are given by
-L{0| @) Po) [0y = Acx) = 009 A +0(0)A 1y
+ 10 9(0) g | 0 S = A-00= e(x)A () + O-x) Aclx)

LO|RLGU) Boyloy = Agx) = B3 Ay
O x) A

-t L0 A[_Cftx) G)lo7 = Apx) =

(B.2)

The Green's functions e(x) A(x) and Ac(x) can be easily con-
tinued to arbitrary £, but those involving with 8(x) lose
their invariant significance in the continuation.

One can show that the propagators are biven by

: S L
L é;( - L.TKEQ(Xlﬂ ¥ “
) AOO (T%) Ji-e (mdx)

r)t

and
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L
m .
LA = (zx)" (J(—x’+u'e)> k‘_L(mJLw-&-te))

O(-x*) ( W )('i

(2m)t U

5

w N
' (mixt) 1
(Jx ) Lim|J, dmBe) LY Omict)
In the zero—masg limit (propagators are denoted by D)we have

2\ 1-€
(oo Dix) = - L06Y (x*)
Y N oY EXY

and

L‘Dc(x) = (¢- ')( 7‘+l€) wnit

(B.4)
which carry all the light cone singularities since as
generalized function(zl) with 2 integer 2 2

-4
{-2
6:¢) () [fpay —> Y (v
nd
(-X +\€) r'(l -1)
1-<
- (—x") ( 4)—!.7?5 (X) (B.5)

The four dimensional case(22) £ = 2 is familiar to everybody.

The generalized functions (B.3) and (B.4) can be continued
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to other %2-values giving us the Sonine-Gegenbauer - dispersion

integral 02 CL 'o

. (xp A(Xl) X

A&L(Y) = —L— : étl ) . !
Y. . X _ Xl-4_ [ €

o

which is initially defined in the region

Re y~x* 7 0 wa L LRe L <2

Let us then note the propagators in two dimensions (2 = 1)

(€0) A0 = -LIOCR) Jo(mi) =5 -Ligey

LA ) = Koy (=xt+ fe)) 2K

_ L ' |
-% (h (—X+ .é) -+ { Dc {O) (B.Q)
"
and the propagators in the vicinity of four dimensions (2 = 2),

(€a) Ax) = LB m [,TI[MJ)("“}(H("‘”%(M )}

lfﬂ\[x" LAY X2

4 AR (220 g | *O“'Lr}

m X~

Y ;_,1]-' [-S{X") + “_l){ O(xY) ,(T-{-(u N? g(y‘-)}-)—

M0 x*

+]
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. wm ' T
A = URY[(-¥"+iE) F(‘\““"‘ rie)

M
1K [-x"-’r\'e)

AL (1) lhk

b M) Ko (my(-¥raie)) T
M\](-YL-H'G)

(B.7)

It is these next to leading behaviours of propagators which
are partly responsible for the anomalies in quantum loop
corrections.

EquallTime Commutators

The continuation of time-ordered products to arbitrary -
dimensions is simple because we encouter just the invariant
(23)

functions of (x? - ig). We adopt the BJL definition of

the equal time commutator between two fields, viz.

[A(x,o). MO?]= ,J‘_:O+- Liw T[40 B(O)j

t - 0-

This may be used to calculate the matrix elements to

any order in perturbation theory from the products of causal
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Green's functions. For free scalar fields it gives the

same result as obtained by the definition of Gelfand-Shilov,

{o][4(x,0), §19) ]'\0> = L0\[ 9x.0), hGl]10)
| : =0

(Ol 1900 .G 710 = lm 2 [ o

150 3t LK((-)(“-I-I'E)

- lfm - [-‘:i(—ﬂ)!-(é_(‘.t){f}]

t =0 a-:t—

, 2(-)
= L g (x)
(B.8)

" These results rather clear in momentum space, In<2-
continuation method we. do not separate the points in field
products provided 2% is away from an.integer point, Hence
the Schwinteger terms can be calculated in the context of
DR. For example, the commutator of two e.m. currents to

2 .
order e 18

O[T [ Inte)] o) =

= ﬁl QL [Q' ouAc .BN Ac™ 7Mna¢c' aAC+ 'M'LAZ ]

s (rn)” 2 Lo (i) 7"”]
7\—“ (—XL + 1€ ) 2

(B.9)
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and by B.J.L. recipe it follows that

oLl Jgla]loy =0
we {olLi), Jie) ] 10> =0 o)

at equal times because the time ordered products are even in

t.

o[ [y (x0), dlol T

2
= lim ‘QL 149 2l t. Xy
N ]

(B.10)

by using the Gelfand-Shilov representation24 for spatial
§-function.

. . . . -
Thus the Schwinger term is lnterpreted as (32) 1

multiplying
the spatial derivative, rather than an infinite constant
multiplying it.

.o s . 2, 8-
In momentum space, it is proportiomnal to kr(h ) 1

- . . .
rather than kr(Az) 1, where A is a cut-off in the conventional
point separation method. In a way this conclusion is rather
obvious. DR does not tolerate. the occurrence of cut-off

terms Az which must therefore be replaced by m2 or external

momentum factors.
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Appendix - C

The Supersymmetry Algebra in 2-dimensions

The I'-matrices in two dimensions are defined to be

Yozo‘ = 6

‘ o - | |
e (C7L) L

3

and

The projectors are given by

| + T __'(0 OTOO
———fz"" — o 0 0 I

The charge conjugation matrix C is defined to be C = ‘6.1 :'-rl
which has the properties

| v
-

c'pes-k

. ~~
-
C LC =-T
The differential operators Da are defined in (5.3') satisfy

the anticommutation relation

{-Do( ' Dﬁ } - —(%C}&ﬁ | (c.1)

Hence from (C.1)

! O(/’ - -0
) {0 s TR
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°F D Ts D = ®) | (c.2)

and

(' )‘ﬁ{ hhj=- 2

or 5 (r D - - ;/‘)’ (c.2')

With the help of (C.2) and (C.2'), the product of two D's

can be expressed as

2

lll l%g = Ef ( /%(C QL(? + l' (;Ya Z>.Z) (C.3)
Products of three D's are comprised in the»formula
D (DD) :-f(.jb)bx”’:{ (/ﬁ)f DF

Finally the product of four D's is |
IBD) - 7 'b . (C.5)

Projectors can also be formed out of D's. -These are

(C.4)

nonlocal,
(l + ¢ :DD} = .E-f | (C.6)
And the ma:s term in supersymmetric LagrangianAis givén'by
=N : AT -
(B0 ) e 2[hel) TGn -2 ¥y,
+ A “")Frrc('vv -1 ¢f 1‘f’l’]

(c.7)
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