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ABSTRACT

The growth of a hypersonic boundary layer
over both concave and convex surfaces is
described. Several theoretical predictions are
examined and compared.with the-experimental data.
The theories used include the exact numerical
solution of the laminar boundary layer equations
using the programme of Sells, Luxton and Youngs
approximate method and Cheng's fiscous inter-
action theory in both its original and modified
forms. The strong viscous interaction thsory
due\to Cheng is extended to cover curved surfaces.
The resulting equation is normalized and solved
asymptotically for small and large arguments.
Both the asymptotic solution (for large arguments)
and the numerical integration demonstrate'the
oscillatory behaviour of the equation for the
concave surfaces studied hers. The solution does
not oscillate if other pressure laws are used
instead of the Newton-Busemann pressure law

employed by Cheng. The solution obtained using



3.

alternative pressure laws are more realistic for
both convex and concave surfaces. Other methods
are also discussed and compared with experimental
data reported here and elsswhere. ExXperiments in
air, conducted in the hypersonic gun tunnel under
cold wall conditions at M = 8;2 and 12.25,

included measurement of surface pressure, surface
heat transfer distributions and schlieren studies

for concave and convex models.
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NOTATION
Symbols
a,b,c,d constants
Cc constant in viscosity-temperature
relation (defined by L_ . g 7))
o Ta)
Cp specific heat
D,E constants
oraer one variable
H shape factor = g%
k . thermal conductivity
¥/ scaling factor in Cheng's equation
. AZX®
) 4ya M
M Mach number
n _ " power in the body shape function
p pressure
P pressure ratio, pe/pa)
Pr Prandtl number
'é heat transfer rate
R

[rax



Re

Ste.

Xsy

1%

Reynolds number

g
paauaa(Ha>- Hﬁ)

Stanton number =

the thickness of the blunt leading
edge or nose

temperature

rectangular coordinates in
directions parallel and normal,
respectively, to the free stream

direction, with the origin at
the nose

(4%)2

scaled y coordinate
velocity in x-direction
velocity in y-direction
certain variable

scaleq body slope

the specific heat ratio CP/Cv

boundary layer thickness

displacement thickness

momentum thickness
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Subscripts

e

£.pe
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(v=1)/(y+1)

the viscosity of the gas
pressure gradient form factor
density

certain variable

order-one variable

scaled displacement thickness
5%

=_EZ

power index of the viscosity-

temperature relationship

ut‘va
viscous interaction parameter

1> \C/Rey

TW
664 (l+2.6T-)7
(o

at the edge of the boundary
layer

stagnation conditions
wall conditions

free stream conditions

flat plate
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initial conditions in barrel

initial driver conditions
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INTRODUCTION

The development of hypersonic laminar boundary
layer theory wés stimulated by the progress in
aeronautical engineering and in recent times by
the development of rockets and artificial satellites.
At high Mach numbers the effects of compression
and energy dissipation produce considerable in-
creases in temperature. Hypersonic flight is most
likely to occur at high altitudes where the den-
sity is very low, which accounts for low Reynolds
numbers. Under these conditions, high Mach number
and low Reynolds number, fhe boundary layer becomes
very thick. The interactions between boundary
layer growth and the e#ternal inviscid flow can
significantly modify the distribution of surface
pressure and heat transfer rate. A good example
is the leading edge region of a sharp flat plate,
where the pressure distribution is significantly
changed by the viscous interaction. Rapid changes

of boundary layer growth will also occur in regions
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of strong pressure gradient. It is necessary to
predict such mutual interaction before the correct
body shape can be designed to give the required per-
formance and to withstand severe pressure and heat-
ing loads.

The aim of this work is to enhance such pre-~
dictions by comparing theory and experiments for
hypersonic laminar flow over two-dimensional
curved surfaces with sharp leading edges.

The first part of this thesis contains a
survey of literature dealing with boundary layers
in incompressible, compressible and finally hyper-
sonic flow, both from a theoretical and experi-
mental viewpoint. It also contains a discussion
about the assumption of zero normal pressure gra-
dient in super- and hypersonic boundary layer
theories.

Part two deals with the present experimental
sfudy of hypersonic flow on concave and convex models.
The facilities and models are described and the

experimental results are interpreted.

Ry
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.Part three contains the theoretical investi-
gation made in this study. This part is divided
into two sections. In the first section two of
the compressiBle boundary layer theories are
described briefly. These methods are due to
Sells (éomputer programme) and to Luxton and Young
(momentum integral method). The second section
deals with viscous interaction theory. Cheng's
theory is analysed and solved for curved surfaces
including power-law-bodies. The asymptotic be-
baviour of Cheng equation is examined for small
and large arguments. Modifications of Cheng's
method due to Sullivan and Stollery are also
discuséed and applied to a variety of surfaces.

Part four contains the results and dis-
cussion of the present experimental and theoretical
investigations. Measurements of surface pressure
distribution, heat transfer rate, boundary layer
thickness, and shock shape are compared with the
viscous interac¢tion theories and with the fipst
order boundary layer theories.

-~
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1. REVIEW OF BOUNDARY LAYER THEORY

l.1. Incompressible and compressible boundary

layers

The concept of the boundary layer, one of

the corner-stones of modern fluid dynamics, was
introduced by Prandtl (1904) in an attempt to
account for the sometimes considerable discre-
pancies between the predictions of classical
inviscid incompressible fluid dynamics and the
‘results of experimental observations.

Boundary layer theory has contributed a
great deal to our understanding of incompressible
aerodynamics, and will no doubt prove equally
important for compressible and hypersonic flow
problems. Its application however in the cal-
culation of the flow round any given body is likely
to be much less straightforward if the fluid is
compressible, partly because then boundary layer
theory is itself more complex, and partly because

compressibility introduces new types of possible
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interaction between external and boundary layer flow.

As is well known, when an incompressible fluid
flows round a body of suitable (streamlined) shape
at a high enough Reynold's number, the important
effects of viscosity on the flow are confined to a
relatively small region consisting of a narrow wakse
behind thehbody and a thin layer, the boundary
layer, next to its surface. Two important con-
sequences follow from the thinness of the boundary
layer. PFirstly there can only be small pressure
changes through the boundary layer in a direction
normal to the body surface. Therefore the pressure
distribution is governed by the external flow,
which is unaffected by viscosity. Secondly, the
external flow is practically identical with the flow
of a theoretical inviscid incompressible fluid round
the body. This enables conditions in the boundary
layer to be calculated, providing there is no
separation, so that the flow round the body can in
theory be completely predicted.

In incompressible flow the momentum and.energy

equations are uncoupled, so that the momentum equation
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is independent of the temperature field. Blasius
(1908) was one of the first persons to solve the
boundary layer eqguations for flow parallel to a
semi-infinife flat plate and obtained.accurate
results. There are now a great number of well .
established theories dealing with incompressiblé
boundary layers.

With a compressible fluid, different kinds
of interactions between boundary layer and external
flow can occur. It remains true that in many cases
of interest the important viscous effects are con-
fined to a thin layer near the wall. But conditions
in the boundary layer cannot necessarily be cor-
rectl& predicted on the basis of the inviscid flow
pressure distribution even when this indicates
favourable pressure gradients everywhere so that
separation does not occur. For example the pressure
rise in a trailing edge shock, may be diffused up-
stream in the subsonic part of the boundary layer,
which may thicken, appreciably or possiblylseparate
as a consequence, so altering the local pressure

distribution. The alteration may be large even
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without separation, for in supersonic flow a very
local change in the direction of the external flow
can cause an important pressure change at the
point in quesﬁion. Often howaever the interactions
between external flow and boundary layer are minor
and the viscous region may then be considered as
thin and the displacement effect neglected as is
in subsonic flow.

The essential difficulty in dealing with
compressible laminar boundary layers is that the
momentum and thermal energy equations are coupled,
since,the temperature field influences the density,
which in turn influences the velocity field. Mathe-~
maticaily speaking we are faced with the task of
solving two simultaneous non-linear partial differ-
ential equations. For this reason the only flow
which has been considered in detail over a wide
range of conditions is that when there is zero pre-
ssure gradient. Even here suitable assumptions are
made concerning the value of the Prandtl number and
the variation of viscosity with temperature.'

E.R. Van Driest (1952) has used Crocco's method for
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solving the compressible boundary layer equations
on a flat plate and has presented the skin~friction
and heat transfer coefficients as functions of
Reynolds number, Mach number, and wall-to-free-
stream temperature ratio.
The case with both pressure gradient and
heat transfer is by far the most difficult to deal
with theoretically. The problem becomes even more
difficult if the wall temperature is not uniform,
- & situation which could arise in practice at very
high speeds. The mathematical and numerical dif-
ficulties encountered in solving these equations
are such that, even with the assistance of modern
high~-speed computing machines, very few precise
numerical solutioné for special cases have been
attempted, and some of these are of doubtful accuracy.
Numerical finite-~difference integration offers
the only 'exact' method of solution of the general
first order boundary layer problem; any other approach
utilizes approximations and assumptions of some kind.
"Firite~difference schemes have been subject to
much development in recent years. Sells (1966) has

recently published a very advanced programme, S0l-
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ving the equations in which no simplifications are
made beyond two-dimensional steady flow of a per-
fect gas in egquilibrium. The Prandtl number is
assumed to be constant but not neceéssarily unity.
We shall apply the programme to our model and will
examine how well it can predict experimental re-
sults for an adverse pressure gradient with wall
cooling. Fitzhugh (1968) has used the programme
to compute the boundary layer properties for a
variety of problems and the reader is referred to
his paper for details.

{Similar solutions for compressible laminar
boundary layers with pressure gradient and heat
transfer were calculated by Cohen and Reshotko
(1956a) and these-solutions were sﬁbsequently used
(1956b) as the basis of an approximate method for
general use.

In many cases the assumption of unit Prandtl
number and linear viscosity-temperature variation
are made to simplify the egquations. TYoung (;949)
employs a generalized Pohlhausen method to study the
effects of changing Pr and « where Pr is Prandtl
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number and «® 1is the index in the temperature-
viscosity law u = KT . This method which for
adiabatic wall, was later extended by Luxton &nd
Young (1960) fﬁr use when there is hsat transfer.

In all these cases the assumption is made
that there is no normal pressure gradient. Kepler
and 0'Brien (1962), McLafferty and Barber (1959),
and Michel (1961) have measured static pressure in
turbulent boundary layers on concave walls and
Myring and Young (1968) have compared the isobars
in those three experiments to the external Mach
line extrapolated into the boundary layer. Myring
and Young have shown that static pressure is con-
stant aiong Mach lines, and nbt along normals to
the surface. Therefore, strong nofmal pressure
gradients may exist on surface normals.

The above considerations leave no doubt that
normal pressure gradients are important. The ab-
gsence of normal pressure gradients removes the y-
momentum equation, and makes it possible to transfer

the compressible boundary layer equations to the
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incompressible plane. No-one has yet transformed
the compressible boundary layer equations, with
normal pressure gradient terms included, to the

corresponding incompressible squations.

1.2. Hypersonic boundary layers

At low speeds the processes of viscous
dissipation and heat conduction are restricted to
a relatively thin boundary layer near the surface
of the body. This layer may be considered as a
region distinct from the external inviscid flow,

At hypersonic.speeds decelleration of the
freestream by shock waves or by éiscous processes
in the boundary layer can produce.very high tem-
peratures. As a result of this the boundary layer
thickness is sufficiently big to change the effective
body shape. This, in turn, alters the external
pressure distribution which governs the growth of
the boundary layer. This mutual influence is termed
viscous interaction.

Another type of interaction associated with
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large boundary layer thickness is vorticity inter-
action. This kind of interaction is significant
if the shock wave is highly curved, i.s. flow
round blunt bodies. The effect of vorticity
interaction can often be neglected for surfaces
with sharp leading edgss.

The most important practical question in-
volving viscous effects at hypersonic speeds is
usually the magnitude of the heat transfer to the
beodye. -

Lees (1956) observed that the thermal boun-
dary iayer aﬁ hypersonic speeds is rather insensi-
tive to pressure gradient, particularly if the
boundar& layer is cooled. He then reduced the
equations of motion to those for an equivalent
flat plate flow, for which a self similar solution
exists if the wall-to-stagnation temperature ratio
is constant along the plate. Making use of this
solution, boundary layer thickness and heat trans-
fer coefficient can be expressed in terms of the
external pressure distribution. ILees' method is

usually called ''local flat plate similarity ',
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For more details the reader is also referred to
ﬁayes and Probstein (195%9a) and Cheng (1960).

Cheng (1960) used Lees' local flat plate
similarity solution in combination with the
Newtonian-Busemann pressure law based on the
effective body shape, and developéd a theory
which considered interaction between different
parts of the flow. In his viscous interaction
theory he considered the effects of incidence,

- bluntness and displacement, both separately and in
combination.

Cheng applied the method to flat plates and
compared the results with experimental data. The
compariéon between the viscous interaction theory
and experimental data appear to be very good in the
strong viscous interaction regions.

The simplicity of Cheng's viscous interaction
theory and its good prediction of heat transfer and
surface pressure distribution near the leading edge
of a flat plate - strong viscous interaction region -,
encouraged us to modify and apply this method to con-

cave and convex surfaces.



33.

2. EXPERIMENTAL WORK

2.l. The hypersonic Gun Tunnel

The measurements were made using the
hypersonic No. 1 gun tunnel in the Aeronautics
Department of Imperial College. .Stollery et al
(1960) and Needham (1963) describe this facility
and its capabilities. Essentially, it is a
blow-down tunnel with a piston drive shock com-
pression heater. Cold compressed air is used to
accelerate an aluminium piston down the length of
the barrel. The piston acceleration generates a
shock which compressed and heats the working gas.
Multiple shock reflections off the barrel end,
further compress and heat the working gas. The
heated high pressure gas then passes through a
convergent divergent nozzle which accelerates the
gas to the required Mach number. By varying the
ratio of the barrel pressure to the driver pressure
the unit Reynolds number of the mainstream flow
"could be changed. '

The Gun Tunnel can be fitted with a conical
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nozzle with variable throat size for Mach numbers
7, 9 and 15.1. The nozzles for M = 8.2 and 12.25
ware contoured. The Mach 8.2 nozzle was calibrated
by Opatowski (1967) and the Mach 12.25 by the present
author. Details of the calibration of the Mach 12.25
nozzle are included below.

The useful running time of the tunnel was about
20 milli-seconds, during which time the model surface

temperature rose a few degrees.

2.2. Calibration of the Mach 12 contoured nozzle

2.2.1. Introduction

The nozzle was manufactured by the electro-
forming‘process using a two-piece aluminium alloy
mandrel split at the throat. The electroform com-
prised a deposit of nickel .030' thick on the
ipner surface followed by a copper layer nominally
.25 " thick, built up locally in the throat region
to .75 " thick. The overall dimension of the nozzle

are approximately 36 ' long by 9 ' exit diameter.



The nozzle profile was designed using the
method of Hall (196D, (ARC 23,347), to determine
the transonic flow characteristics of the throat
of given radius to a Mach number of between 1.05
and 1.1, thus giving a starting line for the
characteristics solution. For this, the Mach
number distribution down the centre line was
specified in the form of a cubic fitted to the
Mach number and first and second derivatives at
the starting line and Mach number and zero gradient
at the exit.

" The resulting inviscid contour was corrected

. for viscous effects by the additioﬁ of an estimated
displacement thickness. The boundary layer calcul-
ation was based on Stratford and Beavers (1961)
assuming a fully developed turbulent boundary layer
with zero heat transfer, originating at a point one
throat diameter upstream of the throat.

A contraction profile was then fitted mathe-
matically ensuring that the first, second and third

derivatives of the profile ordinates were sﬁooth
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through the region of the throat.

2.2.2. Testsmade

A pitot-pressure survey was made with a
rake placed on the vertical diameter in the Jjet.
Readings were taken at x = 0, 2.5, 4.0, 5.5 and
8, where x 1is the distance downstream of nozzle
exit in inches. Readings on the horizontal dia~
meter were made at x = 0 and 4 inches.

The above survey was for the normal run-
ning condition of p, = 2000 psig and p,y = 14.7 psia.
Readings were also taken for p, = 2000 psig; '

P = 25 psia and p, = 1000 psig; Py = 14.7 psia .

The accuracy of the Mach number derived from

the measured pitot pressure is about X 0.596 .

2.2.3, Results and discussion

Results of pitot pressure measurements and
the derived Mach number have been plotted for dif-
ferent driver to barrel pressure ratios. Figure (1)
represents the pitot pressure distribution across
the vertical diameter of the nozzle at different

distances from the nozzle exit plana. Figure (2)



37,

shows the corresponding Mach number distributions.
The pressure distribution across the horizontal
diameter at nozzle exit is plotted in figure (3).
Figure (4) shéws the axial Mach number distribution.
The Mach numbers plotted are average values taken
from the uniform core regions indicated by the ver-
tical distributions, e.g. figure (2).

From the pressure distribution in figure (1)
and (3) it can be seen that the usable test region
is not quite symmetric about the centre line of the
nozzle. The useful test core is sbout 4.5 to 5.0"
in diameter. It may be noted here that the flow
was quite steady in the central core but there was
some unéteadiness at the sdge of the nozzls boundary
layer, particularly at the high Reynolds numbers.

Within the accuracy of the test, the flow was
steady at a Mach number of about 12.25. This was
taken from the Mach number distribution in figure (2).
The Mach number gradient along the central line in
test section is 0.015 per inch. In contrast to the
Mach 8.2 nozzle, there was no focusing effect on the

centre lins. The results obtained at the off design
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stagnation conditions, indicated a slight reduction
in Mach number.

| A typical trace of pitot pressure distribution
is shown in figure (5). The traces of all running
conditions are of the same form. The running time
for constant stagnation condition is about 20 msec.

Schlieren photographs taken of the flow past

the rake were perfectly normal. The nozzle was
found to function perfectly satisfactorily with a
relatively large flat plate-wedge model in the test
section. The fact that the test Mach number 4id not
change was checked by measuring the pitot pressure

with the model in position, as in figure (6).

2.3. Pressure measurements

Surface pressure measurements were made using
strain gauge transducers. The calibration of the
transducers was carried out by putting them in the
wbrking section of the tunnel and sucking down to a
vacuum (about .1 mm Hg) and monitoring the output of
the transducers with a digital voltmeter as the

vacuum was relieved. The pressure was measured on
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a McCleod gauge with a cold trap between it and
the working section. In this manner, the individual

calibration of each transducer was established.

2.4, Heat transfer measurement

The heat transfer gauges are used essentially
as thin film platinum resistance thermometers to
measure the surface temperature during the run.

The gauges are coupled into a Wheatstone bridge
circuit and the out-of-balance voltage due to the
change in resistance of the gauges with temperature
is anmplified and fed into an electronic analogus
circuit which, in fact, solves the thermal diffusion
equatioh to give the heat transfer rates as a func-
tion of time. Full details of the theory and develop-
ment of the electronic apparatus have been reported

by Hunter (1969) and Holden (1964).

2.5. Flow visualization

Flow visualization was obtained using a con-
ventional single pass schlieren system. The concave
spherical mirrors were arranged to give an amplifica-

tion factor of 0.8. Either Ilford fast blue sensitive
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plates or a normal pqlaroid camera could be used to
record the resulting image.

| The knife edge was set parallel to the flow
for all cases studied.

The spark source utilized a 1 uf. electrolytic
capacitdr charged up to 12 kv which discharged over a
gap of 1.2 inches in an argon atmosphere of approxi-
mately 10 psl gauge pressure.. By suitable settings
on the time delay unit, the spark was initiated once

steady flow conditions were achieved over the model.

2.6, Model construction

2.6.1l. Concave model

The model contour chosen for the experiments
obeys the following equation in axes originating

at the leading edge:

y = x2/150 for x < 5.1"
(o] "
dy = 28 for x > 5.1 o
/ax =
The overall dimensions are shown in figure (7),
which also contains a layout of heat transfer gauges

and pressure tappings.
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The pressure model was originally built for
Sulliven (1963) and is described by him. The model
was subsequently used by Fitzhugh for a series of
experiments at Mach 15.1 using the conical nozzle.
It was then decided to use this model as compression
surface for our experiments. The pressure and heat

transfer models are shown in figure (8).

2.6,2, Convex model

The convex model was an 18° wedge followed
by a convex fairing to flat plate. The equation of

the fairing was
g = 0.00269st - 0.0211s

g and s are shown in figure (9).
The first and second derivatives are therefore
matched at the joins with the straight sections.
The model had a span of 4 ' and a leading thickness
of ¢ = .001 inches. The overall dimensions of the
model and a layout of the pressure tappings and heat
transfer gauges are shown in figure (9).

The pressure model consisted of 56 tappings

with a tapping spacing of .3'" . By fitting the
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transducers into cylindrical mountings made in the
support of the model, it was possible to keep the
communicating‘volume as small as possible., The

transducers were linked to the model pressure tap-

"

pings by means of l/16 bore plastic tubing, the
typical pipe length being 3 to 4 inches. When not
in use, the stub~pipes of the pressure tappings
underneath the model were sealed with small caps
made from heat-sealed plastic tubing. The sting
mounting of the pressure transducers is shown in
figure (10).

The heat transfer model is shown in figure (12).

" thick served as the backing material

Pyrex glass l/16
in preparation of thin film gauges. Pyrex glass was
cut to the requiréd size and dipped into the melted
wax, so that the plate was covered with a somewhat
uniform layer of wax. A metal template was made with
gauge locations marked on it and then holes with a size
of.l/is" were drilled at the end of locations. Sub-
sequently the template was put on top of the .pyréx

and removed the wax by pushing a hypodermic tube

through the holes. The resulting plate was then
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immersed into a 40% solution of hydrofluoride
acid for 2% hours. After the etching process the
pyréx wasgthoroughly washed and the wax was care-
fully removed from the surfaces. With the Mullard
Ultrasonic Drill .020'" holes were drilled in the
etched holes. The reason for the\etching was to
achieve a smooth transition from the surface of the
pyrex to the holes.

Prior to the painting of the gauges on ths
pyrex between the holes, the pyrex glass was heated
to its plastic temperature (680°C) and annealed for
three hours. In doing this any stresses present in
the pyrex plate were relieved. The gauges were pain-
ted between the holes using acetone diluted Hanovia
X-05 platinum paint. The subsequent dried pyrex was
heated to 680°C and annealed at 55000 for a few hours.
At this temperature pyrex becomes soft, so that
platinum can partially sink into the glass. In order
to make the gauges more abrasion-resistant the pain-
ting and baking cycles were repeated &4 or 5 times

until a resistance of around 50 ohms was obfained.
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A total of 71 film gauges were put on the
pyrex plate using the technique outlined above.
For further information see also Holden (1%64)
and Hunter (1968).

Silver connecting leads were baked into
the holes at the end of each gauge, thus enabling
the connecting leads to be installed on the under-
side of the pyrex plate.

Prior to the connection of the leads the
plate was bent, by heating and letting it sag into
a mold®. The original pressure model served as a
template to make the mold for the bending process.
Several ''Pyrex ' plates were prepared and bent,
from which the best one was chosen which conformed
very accurately to the desired contour, with no

bumps or discontinuities in slope.

*
The Bending was carried out by the firm of

. John Bowton ILtd., Glass benders, 79-8l1 Highgate
Hill, London, N.19. Tel. ARCway 5586.
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Finally a support for the pyrex plate was
made which had a steel leading edge back to x = 3",
The support had deep slots éut into it to take
wires out the‘rear, and after the plate was nmounted
onto this support, melted wax was poured into the
slots to hold the plate firmly and give it-uniform
support. The two convex models, pressure and heat
transfer, are identical in shape, contour, etc.
Thus one can be substitutéd for the other without
changing flow patterns in the tunnel working section.
‘The resistance~-temperature coefficient of each
gauge G was calibrated by measuring resistances
at different temperatures in a bath. The factor pck
was taken constant for pyrex, assuming that there is
no diffusion of silver or platinum into the substrate.
In fact any insulator with known properties can be

taken as substrate.

2.7. The test conditions

The flow over the cubic concave model separated
at Mach 8.2, even at the lowest Reynolds number

attainable. Therefore measurements on the cubic model
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wers restricted to M = 12.25 with the following

test conditions:

p, = 1600 P/

0
8 1300 °x
Re/" = 0.8 x 107

The convex model was tested at both Mach nun-
bers 8.2 and 12.25. The test conditions are sum-

marized below.

At M = 12.25 p, = 1600 *P/in?
- (o}
T = 1300 °K
Re/" = .86 x 10°

p, = 800 1°/in?

P 1037 °k

(o)

Re/ " = .644 x 10°
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At M= 8.2 p, = 1600 1°/in?
- Q
T, = 1300 %K
Re/ " = 2.4 x 10°
p, = 1200 '°/in?
= 0
T, = 1185 °K
_Re/f’ - 2.07 x 10°

Mach numbers behind the leading edge oblique shock
were theoretically 4.8 and 4,25 at Mach 12.25 and
Macﬁ 8.2 respectively.

The heat transfer and pressure transducer
output voltages were displayed on Tektromix type
502 oscilloscopes and recorded using Land Polaroid

camerase.

2.8. Experimental Results

The flow over the models at both Mach numbers
was attached and laminar as judged from the schlieren
photographs and heat transfer traces. Schiieren

pictures of the flow over both models at different
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Mach numbers are shown in figures 13-16.

The pressure and heat transfer results for
the cubic concave model at M = 12.2 are shown in
figures 17, 18 and 19 and in tables 1-3. The
pressure tappings in the model were extended to
within .5" of the leading edgs.

Side plates were used to test the two-
dimensionality of the flow. It was found that side
plates caused the boundary layer to separate, which
was observed in schlieren photographs, when using
small side plates. However, spanwise heat transfer
measurement shown in figure (19) indicates that the
flow two-dimensionality over the cubic surface was
reasonébly good. Further discussion and comparison
of pressure and heat transfer results for the cubic
model is given in chapter 4.

We shall also make use of the measurements
taken by Fitzhugh (1968) at Mach 15.1l. Since these
measurements were obtained in a conical nozzle which
had a Mach number gradient, (M(x) = 15.1 + 0.215x, X
in inches) the static pressure was taken as that in

the undisturbed local conical flow, and thus the
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static pressure p 1is a function of x .

The pressure and heat transfer results to the
convex surface are shown in figures 40, 41, 4%, 44
and 45. Typical pressure and heat transfer traces.
are shown in figure 1l. The surveys were made &t
Mach 8.2 and 12.25 with different stagnation con-
ditions. Surface pressure measurements were made to
within .3 " of the leading edge. As mentioned be-
fore the Mach 8.2 nozzle focussed the discontinuities
on the centre line, therefore the scatter in the
experimental data near the leading edge at this Mach
number is due to the focussing effect of the 8.2
nozzle. The model was set in the test section above
the centre line in order to avoid the focussing
region, but that caused blockage in the test section,
because of the relatively large size of the model.

Spanwise heat transfer measurements at stations
2, 5 and 8 inch from the leading edge, presented in
figure (20), indicate that the heat transfer is al-
most constant across the convex.model indicating

that the flow is reasonably two-dimensional.
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For further discussion of the experimental
data obtained for the convex model, the reader is

referred to part 4 of this study.



3. THEORY

3.1, Introduction

5l.

Following there are the equations governing

the steady two-dimensional motion of a compressible

fluid in a thin boundary layer on a curved surface.

(L

(ii)

(iii)

S(iv)

(v)

Continuity equation

alpu) . 3alpv) _
X oy

x-momentum equation

du, uy _ _2p, 2,20
pluzz + V33 * 37 ey

X

y-momentum equation

- 9b
0 = 33

Equation of state

p = pRT

Energy equation

aT . 3Ty . ,dp , 32T
POR(Wg3 + V53 = ugE * 33(k5y)

+ u(

(3.1.1)

(3.1.2)

(3.1.3)

(3.1.4)

.' a
u
guy

9y
(341:3)
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In arriving at these equations it is assumed
that the viscous region of the flow is confined to

a thin layer, i.e. the Reynolds number is large.

%2.2. Sell's computer programme

Sell's (1966) computer programme solves the
first order boundary layer equations, mentioned
above, assuming only a perfect diatomic gas of
constant Prandtl number, not necessarily unity.
The inviscid solution over the body in question
is specified before calculation begins. Sells
emplo&s an implicit finite~difference scheme and
an estimation of the non-linear terms for the solu-
tion of the two coupled non-linear partial differ-
ential equations. The resulting non-homogeneous
linear equations are solved by matrix inversion,
the non~linear terms are re-evaluated and the pro-
cess is repeated until the solution converges to
within some pre-set limit. The programme then
marches downstream utilising the parabolic nature

of the equations. Typically two hundred points are
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taken across the boundary layer. The programme is
capable of integrating close to separation and
usually fails to converge at some point less than
one step lenéth from the extrapolated separation
point. Occasionally the programme integrates one
step length beyond separation, but errors in cal-
culation using a reversed flow velocity profils
are thought to be so great that convergence cannot
be obtained any further downstream. Other methods

are needed to march past this point.

3.3, ILuxton and Youne's Method (1962)

This method is essentially a generalization
of the\Pohlhausen procedure. It was originally
developed by Young (1949) for the case of zero heat
transfer, but was later generalized and developed by
Luxton and Young (1962) for use when there is heat
transfer. The method is applicable for arbitrary
values of Pr and & , where Pr is Prandtl num-
ber and w 1is power index of the viscosity.tempera~

ture relationship p -~ ™ , The method assumes
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that the velocity profile is of the form
u = aY + b¥> + c¥> + av”

S A
where Y = J'El dy
i
o

and a, b, ¢ and 4 are chosen to satisfy the
boundary condition and are all functions of the
pressure gradient form-factor A . The form
parameter H(= 61/'82) and the ratio of total
boundary-layer thickness to momentum thickness
f(=86 /6 2} are not chosen from the assumed
velocity profile but are taken to be functions of
. » wall temperature T_ and of the flow pro-
pertieé at the edge of the boundary layer. They
then infegrate the momentum equation for the skin
friction coefficient from which heat transfer rate

can be calculated using ILuxton (1967).

3,4, Viscous Interaction

So far we have considered the classical first

order theories which are valid for thin boundary
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layers. Laminar boundary layer growth at hyper-
sonic speeds can severely distort the externsal
flow field, which in turn reacts to modify the
boundary layer growth. A good example of such
viscous interaction is the flow near the leading
edge of a flat plate where the boundary layer
growth gives rise to a strong, curved obliquse
shock-wave followed by an expansion fan. The sur-
face pressure distribution is then entirely d4if-
ferent to the inviscid prediction. Rapid changes
of boundary layer growth will also occur in regions
of strong pressure gradient and thus the effective
body spape is no longer the surface of the body,
but surface of the body plus displacement thickness.
Therefore the viscous interaction effects must be
considered as important as the first order effects
in any boundary layer calculation involving a
thick layer.

' Three sets of equations are required to
represent this type of flow: Boundary layer equa-

tions, inviscid flow equations and a coupling



56-

equation. These equations can be summarized in

the following 3 functions

* ’

8 = £(pg) | (3ete1)
P = T(J,) (3.4.2)
Yo = (89 (3.4.3)

Hence a complete solution for the flow over a

given shape (yw,~ff(x)) is possible once methods

of estimating boundary layer growth, external pres-
sure distribution and effective body stream line have

been found.

(i) Boundary layer equations

A method is needed to predict the boundary
layer growth over a body. There are many methods
predicting the boundary layer growth §* , but one
very simple and useful method is Lees (1956) local
flét plate similarity which is given by Cheng (1960) as

p's % -1

Il S -1
M= % . x| *| g (3.8.4)
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where
‘1 ~ TW
y A ,664(¥:I) (1+2.65)% (3.4.5)
0
~and T =M \’C/Rex (3.4.6)
X is the viscous interaction parameter, T  and

w
To are wall- and total temperature respectively.

C 1is the constant of proportionality in the linear
viscosity-temperature relation. Cheng (1960) gives

the following expression for C .

C = [W(T)M(T (T, /T) (3.4.7)

where T, = 7, (1+3(T,/7,)1/6 (3.4.8)

An alternative method of predicting boundary
layer growth, is the method due to Sells (1966)}

. . . I3
which was described earlier.

(ii) Inviscid equations

There are many _approximate methods for
hypersonic inviscid calculation which relate the

surface pressure to the body slope, i.e. to the
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slope of the effective body shape (body plus dis-

placement thickness). Three such methods are
a) Newton-Bussemann

) 2
= 2 ' "
Pe/p M (5e *+ Tg ¥g ) (3.4.9)

b) Newtonian approximation

- 2, e, 2
Pe/p,, = 1+ yM (5 (3.4.10)

¢) Tangent-wedge approximation

Po/p, = 1+ k212 + {(%%)3 * ;1-}% ]
| (3.4.11)

k it
where = MCD 3=

An alternative to these approximations, other
methods such as the method of characteristics may

be used for the inviscid pressure calculation.

(iii) Coupling seguation

The coupling equation accounts for the

interaction between the two flow regions. A simple
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method of coupling these types of flows is

¥
g = 8+ ¥y (3.4.12)

which states %hat the effective body shape is the
body's coordinate Yy DPlus the displacement thick-
ness. Here the assumption is made that Ve is the
solid body surface.

A more precise and complex coupling équation
is used by Lees and Reeves (1964) in the calculation
of the viscous interaction of supersonic separatedv
boundary layers.

Any of the suggested expressions for the
boundary layer, inviscid and coupling equations can
be combined to yield solutions to viscous interaction

problems.

2.4,1. Cheng's method

Combining Lees local flat plate similarity
solution for the boundary layer growth with the
Newton-Busemann inviscid egquation and the simple

coupling equation (3%.4.12), gives:

XN
2 ¥ M°

(3.4.13)

(7 = 707, 74 ] -
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This equation agrees with Cheng's equation except
for \¥' replacing unity in the denominator.
Equation (3.4.13) can be solved numerically
from the origin for any given shape yWA. Since
the right hand side of the egquation (3.4.13) is a
constant, it can be reduced to unity by appropriate
n

scaling., For a family of shapes Yy~ X We may

write

yW X n
az = (@ (3.4.14)
or z. = ED (3.4.15)

Replacing y and x in the eguation (3.4.13) by
afz and E¢ respectively we obtain the following

scaled equation

(z=e™)( Jzz" ') =1 (3.4.16)
2
i th --—E—E-Xe (3.4.17)
6 = [ ] *
i Uya M

From the scaling factor ¢ , it 1s immediately
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apparent that the importent parameter which con-
trols the relative importance of the effects of

incidence and viscous interaction, is

MPa?/Xe (3.4.18)

The joint-effects of incidence and displacement
thickness M2%a?/Xc are of particular interest
to our investigation. The physical significance
of this parameter can also be seen from a com-
parison between the pressure distribution due to

strong viscous interaction
= BNTCrL e (3.4.19)
© .

and that due to incidence

= +1 2. 2
75 prd) g (3.4.20)

On regions of the body where ¥, >> M?a? viscous
interaction will dominate, but in regions where
M2a2 >> ¥, the incidence effect will be the more

important and the inviscid pressure distribution
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rnay be a sufficiently accurate estimate of the
real situation.
For a flat plate at zero incidence, equation

(3.4.16) reduces to a simpler form of

2(J7mM =1 (3.4.21)
with ¢ = Lo | (3.4.22)
T byM ' ‘

Equation (3.4.21) can be solved analytically to

give the strong viscous interaction solution

z = (2 J§731/u) 53/4 ' (3.4.23)
Equation (3%.4.16) reveals a singular be-
haviour at the origin and admits the solution
Z"'53/4 as £ -> 0 . This is the behaviour to
be expected when the displacement effect pre-
dominates, Iees (1953), Stewartson (1955). With
the asymptotic solution for & —> 0 , solution to
the equation (3.4.16) can be obtained by a forward

integration from the origin using Runge-Kutta. or

Predictor-Corrector methods.
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Asymptotic solution to the equation (3.4.16)
for g —> 0 gives

z = iI%;M * EJ%:EE R+ o.. (3.4.28)
the derivation of this equation can be found in
appendix A. The first term in the above solution
is the flat plate solution at zero incidence and
is the predominant term for ¥ ~> 0 . For n > 1
the second term in the solution can be neglected
without introducing much error, firstly because
as g’—a o, 5“ becomes much smaller than 53/4

and secondly the coefficient of gn decreases

with iﬁcreasing n. For n=1 ¢the equation

(3.4.24) becomes

' 3
z=§I7%-E/4 +1%E + e (5'4’25)

this egquation is identical to Cheng's equation
(é.22) for small argument of the variable. For

E = .00l the second term in (3.4.25) is 10%0 of

the first term and for £ = .0001 , it is only 1.5%.
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Therefore for a sufficiently small argument the
flat plate solution may be taken as the starting
values with reasonable accuracy.

With the asymptotic solution as the star-
ting value equation (%.4.16) can be integrated to
yield z and its derivatives z', z'" . In terms
of the new variables =z and g the required
physical quantities are

P/ '
-—-—E-q?-_ = (ZZ') (304026)

|

= = (z-£" (3.4.27)

A St. 1
hya?,0.322  z-gR

(3.4.28)

where §$St. is the Stanton number,

Following we shall examine the asymptotic
behaviour of Cheng's equation (3%.4.16) for the
péwer—law bodies Zy = e as ¥ approaches
infinity.

Z.,4,1.1., Asymptotic solution of Cheng's eguation
for large arguments

For a family of shapes 1z = gn we
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write the equation (3.4.16) again
(z-£2)( J2z7) =1 (3.4.16)

We now put

5% = z-gP (%.4.29)
where &° is the scaled displacement thickness

g 2 (3.4.30)

e/ 4¢3

By rewriting equation (3.4.16) in terms of o*

we obtain

B N e ey 21 (Gussl)

An aymbtotic solution for & as E —~> 0 can

be obtained if we assume that 5 —> 0 , wWhich
means that this analysis applies for concave sur-
faces only. TFor A e—> 0 y E —> o equation

(3.4.31) can be rewritten as

t

2n-l] 2n=-1

Ao & = 2\n & (3.4.32)

By differentiating the bracket and solving for

A we obtain
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% 2 3/2-11

B" = eeeTy E (3.4.33)
From the equation (3.4.33) it is obvious that
the assumption for 'y going to zero holds
only for cases where n > 3/2 . Therefore our
analysis will be restricted to cases where n > 3/2.
We might be able to find individual solutions for
n=2/2 and n < 2/2 , but this is not attempted
in the present work. Neverthelesé, even for
n s 22 asymptotic solution for large arguments
will give us a broad idea how equation (3.4.16)
behaves. '

Equation (3.4.%3) reveals another interes-
ting phenomena. Decaying solutions of displacement
thickness A® exist only for n > 5/2 as
E —> o, il.e. there are some compression sur-
faces where the displacement thickness increases
with increasing distance far from the leading edge.
We shall discuss this characteristic in detail
iﬁ the next chapter.

We now rewrite A as

3

3 /om0
_ n 2 /2
A =28 - {Wam-1) ©

(3.4.34)
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and put it into equation (3.4.16) and obtain

3 /=0 % /o—0 ' l,-n ,
%(A"wg /2 )[(A"+gn+bg /2 Y& +ne?Lemg /2 )] =

3 1 -n 1
[ A%z +DE / )(A +DE /2 n)] /2 (3.4.35)
b - 2
where n(2n-1)
> -
B = (3/2 n)
Jo(2n-1)

After differentiation we approximate the resulting
equation for A —> 0 and £ —> oo and end up
with following equation

3
2 2%F |, 2onl | off | n/%(zn1)? 20B/2

& o r S Rt >

=0
(3.4.36)

This is a second order ordinary differential
equation with variable coefficients, which is

identical with the generalized Bessel equation

xzy"+x(a+2bxr)y'+[c+dx28-b(l-a-r)xr+b2x2r]y = 0
(3.4.37)
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with the oscillatory solution

l-a ~bxT
7 = ;T .e T T (-é@ . x%) (3.4.38)
and Vo = Ay Jp + AZJ;p (3.4.39)
1 \l l-avz _ .
whers p = 3 (-z~) -c (3.4.40)

Comparing equation (3.4.%6) with (3.4.37) we
clearly find that

b=0 ; a = 2041
5/2 2
¢c =0 3 da = n ggn-]l)
s = n-2/4 and p = %ﬁ%%
Hence
, 1-2n
¥ _ 2| .
5" = g [AlJp(X)+A2J_p(X)] (3.4.41)
3/1; ~ n‘3
where X = 2 Jz 2 (en=1) £ /4 (3.4.42)

4n-%
and A, and A, are constant.

Equation (3.4.41) clearly demonstrates the
oscillatory behaviour of 5*  for large arguments.

For n < 3/4 equation (3.4.%6) reduces to the
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Cauchy differential equation which has & non-
oscillatory solution. For n > 3/h equation
(3.4,41) gives an oscillatory solution for A .
Although equation (3.4.41) gives an oscillatory
solution to A® for n > 5/# , it is valid only

for n > 5/2 , as discussed earlier.

34,2, Modified Cheng's method

Alternative pressure laws can be used
instread of the Newt6n~Busemann law employed by
Cheng. If we now combine Lees local flat plate
similarity solution for the boundary layer growth,
equation (3.4.4), with the tangent-wedge approxi-
mation (3.4.11) and the coupling equation (3.4.12)
we obtain the following two simultaneous differ-

ential equations, as shown by Stollery (1970).

d
ar . I {l+2R£ (1 3';1’ - LB 11 (3.8.43)
{152 (p-1) 13
Y
E=r (3.4.44)
where P = (3.4.45)

pe/pm
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and X = = (KX)-Z (3.4.,46)

el

AX aiffers slightly from the Xs given by Cheng,
by a factor of AX/Xe = (y+1)/2 .

With known initial conditions Xo, Ro and
PB , & solution to eguations (3.4.43) and (3.4.44),
for a given body shape, can be found using Runge-
Kutta or Predictor-Corrector techniques. In the
strong'interaction limit X —> o or X —> O,
P —> 00 . Therefore to start the integration we
must solve the equation (3.4.43) for strong inter-
action as X —> 0 . This can be done by simpli-
fying (3.4.43) with the approximation P >> 1 +to
obtain

ap _ P2, _ 4mied (3.4.47)

N~ ST5)

Now by assuming a solution of the forms P = kx"®

we find that
P o= 2 y(y+l) x~% (3.4,48)
or P = gy(wl) A% | (3.4.49)

Solution of equations (3.4.43) and (3.4.44)

leads to a pressure distribution P = P(X) .
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Using- Lees expression for boundary layer growth 5

and Stanton number St., give: .

5%
AMOSE, p B

: - k& (3.4.51)
For & family of shapes Y. = X® equation

w
pair (3.4.43%) and (3.4.44) can be modified to give

ay
4r - %’; {1+2R;2 (Mo —F - (P‘l'l) n )} (3.4.52)
Y=Ll o
Y{l" Sy (T l)}
8 .o (3.4.53)

For a given shape and given Ma the equation
pair can be solved for P . For a wedge body

dYﬁ

4% - 1l and a is the wedge angle. Many cases
have been studied and results are discussed in the
next chapter.

Sullivan (1968) used the tangent-wedge
approximation in his study of viscous interaction
for flows over convex corners and found the same

equation pair as above.
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4, RESULTS AND DISCUSSION

4,1, General discussion

The governing equations for both Cheng's
and modified Cheng's (Sullivan (1969), Stollery
(1970)) methods have been solved for a family of
concave and convex of the form ywnvxn . The
numerical computation was carried out using
either an IBM 7094 or CDC 6600 machine. The com~
puter programme due to Sells was run on the
University of London Atlas computer.

Figure (21) shows the theoretical pressure
and heat transfer predictions for a flat plate at
zero incidence using the modified Cheng's method.
This figure clearly demonstrates that by using the
tangent wedge approximation in the viscous inter-
action analysis the resulting pressure distribution
is applicable for both strong and weak interaction
regions, whereas Cheng's method is strictly for
strong interaction regions. The pressure curve
asymptotes to both, strong interaction near the
leading edge and weak interaction farther déwnstream.

Furthermore figure (21) demonstrates that
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for (AX)? > 10 , the flow field on a flat plate

is governed by strong viscous interaction, and for
(aX)® < 0.1 s Viscous interaction can be cbnsidered
weak,

The modified Cheng's method was also applied
to a flat plate at incidence and the results are
plotted in figure (22). This figure gives the
pressure prediction as a function L1/(AX)? with
varying parameter Ma , where M is the free stream
Mach number and o 1is the angle of attack. For
Mo = 0.0 we have the case of a flat plate at zero
incidence. As Ma increases, the strong interaction
region is pushed more towards the 1éading edge and
pressure ratio asymptotes more quickly to its wedge
value,

In the previous chapter we showed that the
Cheng equation oscillates for large arguments for
cases where we have adverse pressure gradient. This
is confirmed by the results of numerical integration
éf the Cheng equation for concave surfaces. Figure
(23) demonstrates clearly the oscillatory behaviour
of the Cheng equation. Here the normalized pressure

is plotted against the scaled length & for various
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shapes.

The Cheng equation does not oscillate for s
flat plate at zero incidence because its analytical
solution is a non-oscillatory one. Figure (23)

" shows that it does not oscillate for flat plates at
incidence (n=1) either. But it is shown that the
equation does oscillate for n > 1 , i.e., compression
surfaces. The boundary‘layer, dominated near the
leading edge by displacement effects grows initially
as though supported by a flat plate. Faced with the
adverse pressure gradient downstream, the boundary
layer and with it, pressure and heat transfer
develop oscillations. The stronger the concave
néture of a surface the higher is the frequency of
the oscillations. The oscillations damp quickly in
the downstream direction.

It appears that the Busemann centrifugal
correction is far too powerful in the assumed pres-
sure law. As the flow moves around the surface the
dominant influence changes from displacement %o
incidence. This is very nicely demonstrated in
figure (23). For small g or A%X? >> ot , the

boundary layer is governed by displacement effect,
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therefore the pressure drops despite concave nature
of the surface. For large E , (ab'M4 >> A®X?®) the
dominant effect is incidence and thus pressure

should approach the inviscid wvalue. Therefore

e (z.2,') (4.1.1)
= %2 7z * it
Do ya2H? wow '
and with Zw = gn we obtain
Pg 3 2n-2
— = (2n°-n)g (4.1.2)
Py Y M

Equation (4.1.2) is valid for large & . For n=1 ,

equation (4.1.2) reduces to

Pe

= 1 (4.105)
B2
Py, YoM
or 'p
pe = Taama (4—- loq')
o8]

The equation (4.1l.4) is the Newtonian approximation
for a flat plate at an incidence a . For _n>l ’
i.e. compression surfaces, the scaled preséure

ratio approaches to the expression found in equation

(4.1.2). This is in fact the equation of lines
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about which the pressure curves oscillate and
appear as straight lines in figure (2%). Similar
analyses can be carried out for the boundary layer
growth and hgét transfer rate, since these are
functions of pressure ratio.

Figure (24) shows the theoretical pressure
prediction for convex surfaces y, = -ax® , when
using Cheng's method. Near the leading edge the
predictions asymptote to the flat plate value but
unlike the case of concave surfaces, do not oscil-
late far downstream.

~ If Cheng's method is modified by replacing
the Newton-Busemann pressure law by the more realis-
tic tangent wedge rule the calculated p, é and 0%
do not exhibit any oscillatory behaviour. This is
shown in figures (25) and (26), where the pressure
. rises steadily as the body slope increases. Regard-
less of values of n and Ma the boundary layer
at the leading edge is governed by the displacement
thickness. Further downstream where the body
slope &, > %?— the boundary layer calculation is
governed by the body slope.

In summary both methods describe broadly the
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main features of the flow. Near the leading edge
the displacement effect is dominant AX >> M2%a?
and the layer grows much as it would over a flat
plate. Then as the surface slope increases so the
incidence effect grows in importance, and the slope
of the outer edge of the layer approaches that of
the wall., It remains to look at the experimental
evidence for confirmation or for suggestions of
inadequacy. But before doing this we shall discuss
the behaviour of hypersonic boundary layers in

adverse pressure gradients.,

4,2. Behaviour of the hypersonic boundary layers
in & rising pressure gradient

In the previous chapter, in considering the
asymptotic behaviour of the Cheng equation for

large arguments we found that

Ax = -§-x-- ~ 63/2_11

a7 (4.2.1)

This equation reveals that a decaying solution
for the displacement thickness exists only if
n>J/2, i.e. NE goes to zero for those concave

surfaces of the form y, = 8 xP s 1f n > 3/2 .
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This means that fhere are some concave surfaces
over which the displacement thickness rises with in-
creasing distance.

The above relation for 4T can also be
found by considering Lees expression for o¥ in

the scaled coordinate ©* can be written as

PE = é[_[fi‘lil% (4.2.2)
P .

where
Pg

Py, Yo M?

P =

(4.2.3)

For large ¥ , pressure approaches the value of

the wa;l, namely
A
' _
P = (zwzw ) | | (4.2.4)
with z_ = gn we obtain

w

2n-2

P = (2n%-n)E (4.2.5)

The équation (4.2.5) reveals that for a flat plate
at incidence (n=1l) , pressure ratio approaches a
constant value and for n > 1 , i.e. compression

surfaces, pressure increases with increasing dis-

tance. Putting equation (4.2.5) into equation
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(4.2.2) we find

3 /~=12 '
B o- g2 (4.2.6)
where k = . 2
\(2n?%~n)(2n-1)

Equation (#.2.6) can be differentiated to give
an* = (3 X 3-n 4,2

This equation clearly demonstrates that for a
family of concave surfaces Vo = ax® with n > 1 ’
there are three distinctive behaviours of A*

With increasing distance & , the dlSplacement
thickness increases for 1 < n < 3/2 , Temains con-
stant for n = 2/2 and decreases for n > 2/2 .
Therefore, for some concave surfaces of the form
Jg~%" , the displacement thickness rises with in~
creasing pressure. In order to find an expression
which relates pressure to the displacement thickness,

we proceed as follows

QJ!Q-
rok

g"‘P‘ = .-d.é— . -’(40208)

With the egquations (4.2.5) and (4.2.7) we
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ant _ K(3/-n) 7/273m
= 4.2.
ar (2n%-n)(2n-2) s ( 9

A very imporfant conclusion can be drawn from
equation (4.2.9)., This is that for some concave
surfaces of the family of curve Ve = ax™ y the
displacement thickness rises with increasing
pressure. This phenomena disagrees with the usual
assumption of the supercritical condition of hyper-
sonic boundary layers. The condition of a boundary
layer is said to be supercritical when 4 Gx/dpe < 0,
and suberitical when a 6"/dpe >0 .

For n < 3/2 the boundary layer is sub-
critical and at n = 2/2 changes over to the
supercritical condition. This phenomena is con-
firmed by the figures (27), (28) and (29), in which
results of the numerical integration of both Cheng's
and modified Cheng's methods for concave power law

bodies are plotted.

4,3, A comparison between the theoretical results
and experimental data for the cublc surface -

The cubic model was tested at Mach numbers

8.2 and 12.25. At Mach 8.2 the boundary layer
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separated, therefore measurements were carried

out only at M = 12.25 . A comparison was also
made with the data obtained by Fitzhugh (1968) at
M= 15.1 wusing a conical nozzle. Typical schlieren
pictures of the flow over the cubic model are shown
in figures (13) and (14). These photographs show
the boundary layer growth over the cubic surface.
It can also be seen that the leading edge shock
wave lies close to the body, so that the inviscid
flow field is highly influenced by the presence of
thick boundary layer, which occupies a considerable
proportion of the space between the body and the

shock wavee.

4,3,1. Pressure distribution on the cubic surface

Pressure measurements at M = 12.25 , in
figure (17), clearly indicates that the flow field
near the leading edge is very much affected by the
displacement thickness. Therefore the inviscid
theories can not be expected to predict the pressure
distribution in these regions correctly. TFigures
(30) and (31) compare experimental data with theory
at M = 12.25 and 15.1 respectively. There is
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a large discrepancy between the inviscid flow
prediction, assuning Erandtl Meyer compression,
and the measured data. The divergence betwsen

the inviscid theory and measurement increases
with increasing boundary layer thickness. The
Newtonian approximation underestimates the sur-
face pressure at M = 12.25 and overestimates it
at M = 15.1 . If we take account for centrifugal
force then we obtain the Newtonian and Busemann
approximation, which compares favourably with the
experimental results downstream at M = 12.25 .
Generally, near the leading edge, where

M2a2/%. << 1 , displacement effect dominates.
Towards the rear of the surface, where M202/Xe >> 1,
incidence effect will be more important. Therefore
hypersonic approximation might be expected to ade-
quately predict the measured surface pressure in
regions, where MQAB/ZS >>1 . At M = 12.25
M2q2 = X at x = l.4'" , so that the dominating
effect of viscous interaction is restricted to
near the leading edge and the body slope dominates

the flow over most of the surface. Hence the good
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agreement between Newton-Busemann and the ex-
perimental data at M = 12.25 shown in figure
(30). At M = 15.1 +the displacement effect
dominates over most of the plate surface, and
incidence effect grows in importance only after
x = 4", Hence the large discrepancies between
data and theories shown in figure (31l). It is
noticeable that the measured pressure is still
rising in the region where the plate has constant
slope (x > 5.1") .

The above comparisons made it necessary to
consider the viscous interaction as a first order
effect, and so Cheng's equation was used for the
cubic surface. The modification to Cheng's
method suggested by Sullivan and extended by
Stollery is also applied to the cubic model.
Figure (32) and (33) contain comparisons between
experimental data and the viscous interaction
theories.

Cheng's theory predicts the pressure fairly
well near the leading edge at M = 12.25 , where
the flow field is dominated by the displacement



effect. The boundary layer grows in this region
as though supported by a flat plate. Faced with
adverse body slope it thins to a neck and starts

oscillating. The oscillation occurs about

P 4.4
_52 = 15YQZM2 (A:ZIG:ZM )4
® A%}

If the more realistic tangent-wedge

approximation is used then there is no oscillation,
the boundary layer thickness decreasing steadily
as the pressure rises.

The very good agreement between pressure
measurement and the viscous interaction theory
using‘the tangent-wedge approximation suggests
that the choice of pressure law is very important
in dealing with the joint effect of viscous inter-
action and incidence. It appears that the Busemann
centrifugal correction is far too powerful in the
Newton-Busemann pressure law.

4,%,2. Heat transfer distribution for the cubic
surface

Heat transfer measurements were made at
M= 12.25 . TFigure (34) shows a comparison be-

tween measurements and three theories. These
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theories are

(i) Momentum integral method due to Luxton
. and Young.
(ii) Sell's method.
(iii) The 'flat plate' method for calculating
the heat transfer rate, using the locel
invisecid values for the 'equivalent free

streanm’.

The results obtained when using ILuxton and
Young's method for the cubic surface; as shoﬁn in
figure (34), are even worse than the local flat
plate solution. Fitzhugh (1968) found that this
method is fairly accurate under a Mach number of
4, especially for adiabatic wall cases and for
cases where the wall heats the flow. But for cold
wall caseé, it becomes inaccurate with increasing
Mach number above a Mach number of four.

Sell's method which is an exact method of
solving the compressible boundary layer equatiouns,
is not much better than the local flat platé solu-
tion. Therefore we may conclude that the classical

boundary layer theories do not adequately predict
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the heat transfer rate at high Mach numbers and
strong pressure gradients without considering
the viscous interaction effects.

The viscous interaction theories, (Cheng
and modified Cheng) are compared with experimenfal
data in figures (35) and (%6). These figures
show that Cheng's theory compares favourably with
our measured heat transfer rate near the leading
edge, but later greatly overestimates or under-
estimates the heat transfer rates, because of ths
oscillatory behaviour of the solution.

When the more realistic tangent-wedge
approximation is used, heat transfer prediction
appears better. The solution does not oscillate
and it certainly shows the right trend. But the
method does not predict heat transfer rate adsquately
in the région of strong adverse pressure gradient,
where the boundary layer profiles are markedly non
Similar.

It appears that the viscous interaction
theories used in this work, which are the same

except for the choice of the pressure law, are not
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adequate in predicting heat treansfer rates for
our type of problem, where we have strong adverss
pressure gradients as well as strong viscous
interaction. It is not too surprising that Lees'
assumption of local flat plate similarity fails

for cases with strong adverse pressure gradients.

4,%,%, Boundary layer growths on the cubic surfacs

The schlieren photographs presented in
figures (13) and (1l4) give some indication of the
boundary layer thickness at Mach numbers 1l2.25 and
15.1 for the cubic surface. The light line in the
schiieren photograph appears.because the schlieren
system is sensitive to %g and, in the hypersonic
boundéry laysrs, the maximum density gradient occurs
towards the outer edge. The outer edge of the dark
line in the schlieren picture is very close to the
outer edge of the boundary, such that it can be
teken as & measure of the boundary layer thickness.
Boundary layer pitot pressure profiles measured by
Needhem (1963) at a Mach number of M = 9.7 con-

firms the sbove argument. Values of boundary layer

thickness were measured as explained above from the
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schlieren photographs at Mach numbers 12.25 and
15.1 and are presented in figures (37) and (38).

Sell's programme was used to calculate the
boundary layer thickness at M = 12.25 and the
result can be seen in figure (37). Sells over-’
estimates the displacement thickness §* npear
the leading edge and underestimates it further
downstream, but shows the right trend.

The viscous interaction theories for
boundary layer growth over the cubic surface are
compared with the estimated'boundary layer thick-
ness from the schlieren pictures and are presented
in figures (37), (38) and (39). The oscillation
in displacement thickness predicted by Cheng's
method using the Newton-Busemann pressure law, is
clearly shown with the outer edge coming very close
to the wall at the first ''meck'". The prediction
uéing the tangent-wedge pressure law is more rea-
listic with the layer lying close to the measurement
over most of the surface and then thinning slowly

but continuously in the downstream region. .
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4.4, Comparisons between the theoretical resﬁlts
and experimental data for the convex model

The convex surface downstream of an 18° wedge
was tesfed at Mach numbers of 8.2 and 12.25. Tk
béundary layer remained attached and laminar as
judged from the schlieren photographs and heat
transfer records. Typical schlieren photographs
are presented in figures (15) and (16). Even at
the higher Mach number M2a?/X: >>1 on the wedge
and over much of the convex surface, so it was
expected that conventional hypersonic approxi-~
mations would adequately predict the pressure
distribution., The Mach numbers behind the shock
are theoretically 4.8 and 4.28 at freestream Mach
pumbers of 12.25 and 8.2 respectively. The vis-
cous interaction parameter Xe based on undisturbed
flow at one inch is 1.06 and .197 at Mach numbers

of 12.25 and 8.2 respectively.

4.4.1. Pressure distribution on the convex surface

Figures (40) and (41) show comparisons
betﬁeen measurements and various theoriss. " Because
of M3%a%/X. >> 1 , the pressure on the wedge is

sensibly constant to within 0.3 ' of the leading
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edge. The incideqce effect becomes of the same
order as the viscous interaction effect, i.e.
M?2a® =~ X , at a distance of 0.655'" at

M= 12.é5. This distance reduces to 0.393% ' at
M= 8.2, This suggesté that the strong viscous-
interaction region must be confined to a rsgion
very close to the leading edge and elsewhere the
flow field is strongly affected by the incidencs.
This is the reason for the good agreement between
the tangent-wedge approximation (no viscous
interaction) and the measurements.

. Cheng's method does not give an oscillatory
solution for convex surfaces in contrast to the
concave ones. Ths boundarj layer grows rapidly
but smoothly in the helpful pressure gradisnt.
The pressure prediction by Cheng for the convex
surface is undersestimated over the wedge but it is
in a fairly good agreement at the rear part of
the model. Although the modified Cheng's method
overestimates the pressure on the flat parts of
the model, it agress faifly well on the expansion
shoulder, _

Stollery (1970) measured surface pressure
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of a flow past én-expansion corner and applied
both theories. The results are plotted in

figure (42). Both theories give predictions
which are in reasonable agreement with the ex-
perimental data. The modified Cheng's predictiﬁn
is particularly good over the wedge surface ahead
of the corner.

4.4,2. Heat transfer distribution for the convex
surface

The two interaction theories, Cheng and
the modified Cheng were used to predict the heat
transfer rate on the convex surface. TFigure (43)
and (44) show comparisons between experimental
data and the two theories. Both give predictions
which are in reasonable agreement with the ex-
perimental data. The prediction of heat transfer
by Cheng.at M= 8.2 1is in very good agreement
with measurement over the wedge, but there is not
a good agreement over the expansion shoulder. The
reason for this is the rapid drop in pressure pre-
dicted over the first part of the expansion
shoulder at M = 8.2 .,

- On the whole the predictions made using
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Cheng's and modified Cheng's methods seem %o be
reasonably good. Therefore, it appears that the
assumption of local flat plate similarity is in
fact reasonable in cases involving helpful pres-
sure gradients. '

In contrast to the concave cubic model we
might expect to predict heat transfer rate on the
convex model reasonably well when using compressible
boundary layer approximate methods such as Luxton
and Young and the local flat plate formula. Theo-
retical estimates were made starting from a uniform
stream at M = 4,8 or 4.25 , i.e. from appropriate
local free stream conditions behind the obligue
shock. Such comparisons are shown in figures (46)
and (47). The good agreement between measursment
and Iuxton and Young's method suggests that heat
transfer prediction by this method is quite adequate
for cases involving expansion at lower hypersonic
Mach numbers. Even the local flat plate solution
which is the simplest method of calculating heat
transfer rate seems to be in a good agreement with -

experimental data.
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4.4,%, Boundary layer growth over the convex model

Schlieren photographs presented in figures

(15) and (16) exhibit the boundary layer growth
on the convex model. The boundary layer does not
grow rapidly as it would on a flat plate'with Zero
angle of attack, because of the strong incidence
effect. Faced with the favourable pressure gra-
dient around the shoulder the boundary layer
thickens .rapidly.

Figure (48) shows the displacement thickness
5% calculated by the two viscous interaction
theofies, compared to the measurements. The method
of measuring 6® was outlined in a previous section.
The prédictions are fairly good on the front part of
the model considering the errors involved in measuring
8* from photograph. It appears that both methods
although over-estimating the boundary layer growth

over the expansion region, demonstrate the correct

trend,
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5. CONCLUSIONS

The strong viscous interaction method due
to Cheng et al is extended to cover curved sur-
faces. It is shown numerically and analytically
that the resulting scaled equation has an os~
cillatory behaviour when applied to concave
power law bodies. The oscillation begins in the
region where the dominant effect turns from dis-
placement to incidence, i.e. M3%a® > X; .

The results obtained, by applying Cheng's
method to the cubic concave surface, are compared
with the experimental data at M = 12.25 and
15.1. It is shown that the surface pressurse and
the heat transfer rate are predicted very well in
the region of strong viscous interaction whers
the adverse pressure is weak. Further downstream,
where Cheng's equation oscillates the comparison
does not hold. It appears that the centrifugal
correction in the assumed Newton-Busemann pressure
iaw is too powerful. It is demonstrated that the
solution does not oscillate if other pressure laws

are used (i.e. modified Cheng).
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Good agreement is obtained when comparing
pressure measurements to the cubic surface with
the modified Cheng's method. Agreement between
heat transfér measurements and this theory is
somewhat less satisfactory in the regions of
strong pressure gradients where the boundary
layer profiles are markedly non-similar.

Although in the case of convex surfaces
Cheng's viscous interaction theory in its original
and modified versions may be used to predict sur-
face pressure and heat transfer rate, the modified
Cheng is preferable because it covers both strong
and weak interaction, whereas the original form is
strictly for strong viscous interaction regions.
In cases of adverse pressure gradients Cheng's
original form oscillates and therefore is not rea-
listic., |

It is demonstrated that approximate methods
such as Luxton and Young's method can predict heat
transfer on convex surfaces where the effect of vis-
cous interaction is negligible and M%a? >> %, .
These methods prove fruitless at high Mach numbers

for concave surfaces where the flow field is dominated
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- by strong viscous interaction and strong adverse
pressure gradients.

Aﬁ high speed, the first order finite-
difference computer programme of Sells does not
give satisfactory resuits in the case of concavs
surfaces. Good predictions may be obtained if
the viscous interaction is incorporated in this
method. Nevertheless, it can provide useful in-
formation such as effect of Mach -number, Prandtl
number and wall temperature én separation point

position.
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APPENDIX

Asymptotic solution of the Cherzequation for a
family of shape 4 = gn for z =—> O .
w

The Cheng's equation may be written as
1
(z=g™)(Vzz") =1 (1)

The above equation reveals a singular behaviour

at the origin. With £ = 0 , equation (1) admits

the solution =z n_§3/h which is the flat plate

solution., With the asymptotic solution for

£ —> 0, solution to the equation (1) may be

obtained by a forward integration from the origin.
We first introduce new variables of order

ong, F and n .

E= 1 (2)
z = F (%)

e and O are control parameters and we expect 9
to be a function of € . Now equation (1) may

be rewritten in terms of new variables F and 7 .
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(F-%En% %k (VFF) =1 (&)
e

In order to have just one parameter in.the

equation (4) we put

i i (5)

8 85/2
Solving equation (5) for we obtain

noy %/2 -

5 = 83 (6)

Thus
2/31'1—1/2 ,

(F- 8 A NFF) = 2 (7)
where

A= 2 1n—l (8)

8 /37 /2

where ( )' denotes differentiation with
respect to n .

The expansion can now be written in the
following form

“/zn-l

2 /on~1
PeB(m) ve /2 /4R (M) + ole ]

)
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We keep only the first two terms for F and
- 4 ,,n-1
neglect terms of the order of e /3 « The

result has to be examined for this negligence.
We now replace F of equation by the series

found in (9), make use of binomial theorem and
4 ,on-1
neglect terms of the order of e /3 « The re-

sulting expression would then be

2 n-1 ] ]
/37772 F F,'+F

' 'Fl —\'
Fo( (F B, ) + o [F,( 2@()_;’:_'_) +(Fy =D, F ) J=2

(10)

Equation (10) may now be split into order-one and

order-zero equations

"F( JFBFO') = A (11)
FF '"+F 'F. , '
R ¢ (P )(EF,) = 0
] 0 0 (12)

Equations (11) and (12) may now be solved as
follows.,

The solution for equation (1ll) is

F = |=.2 7 (13)
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This equatiop is the leading term in the ex-
pansion which we expected. Making now use of
the solution found for Fo in (1%), egquation (12)

may be rewritten as

Pt 2n iR -3 0 (14)

F,o= -—;é—f——- n® (15)
8n° + 2n

Transforming back into =2z~ coordinates we may
write

2 Nz 53/4 . 3 oy
31/ 8n% + 2n

.o

(16)

where n can be any number greater than oue.
A discussion of equation (16) can be found in

Chapter 3 of this thesis.
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Table 1

Pressure measurements in psia on cubic model

at M= 12,25 and Re/" = .86x10°, T_ = 1300°%k
Po = 1600 psia, x in inches
X = 45 .8 1.1 1.4 1.7 2.0 2.3

. 0180 . 0250

X = 2.6 30125 3.25 50:5‘75 505 5-625 5.75
p = . 042 . 098 . 148 «130 192 «190 . 245
« 079 « 137 «13%35 . 175

X = 3%.875 4.0 4,125 4.25 4.3%375 4.5 4.625
p= .255 .303 .358 .385 .455  .535 <555
.296 «520 547

X =- 4075 4.875 5.0 50125 5025 5-5‘75 5.5
p = 6326 638 o841 «63% .650 « 590 « 566
626 645

x = 5.625 5.75 5.875
D= ..58% .538 .510
.557  .490  .504



Measured heat transfer rate in BTU/ft2/sec
on centre line of cubic model at M = 12.25

Ra/"

X in inches

x
q

0o o

]

1.0

1.51
1.50
l.42

3.0

2.29
2.15
2.12

1025

1.%9
1.25

Table 2

1.75%
1.200

1.110
1.05

4,0
5.12
5.09
5.0

2.0

1.21
l.24
1.16

4,25
7485
747

.86x10° and T, = 1300°k{ P =

4.5

8.15
9.20
9.61

108.

2.50
l.64
1.49

4' 75
11.71

13.17

1600 psia,

2.75
1.97
1.82

5.0
14,86
1%3.06

12.5
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Table 3

Spanwise heat transfer measurements in BTU/ft%/sec

on cubic model at M = 12.25; T = 1300%k

1 inch from the leading edge
Y = 105 075 0.0 0‘75 1.5
Q= 1.37 1.51 1.51 1l.40 1,52
1.50
1,42

%2 inches from the leading edges

q= 2.20 2.0 2.29 2.08 2.29
2.15
2.12

5 inches from the leading edges

qQ = 12.0 12.0 14.86 15.3 14,1
12.6 14.0 13.06 14.8
12.0
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Table 4

Pressure measurements in psia on the centre
line of convex model at M = 12.25, Po = 1600 psia,
T, = 1300k, x in inches

X = 0’3 c6 09 102 1.

5 1.8 2.1
p= .250 .255 .25% .250 .262 .251 .250
.255 .250 .268 .263 .268 .253
.259 242 . 245

x = 2.4 2.7 3.0 3.3 2.6 3.9 4.2
p = .249 .251 .255 .263 .224 .200 .165
T .252 .264 .251 .262 .218 .189
242

x= 4,5 4,8 5.1 5.4 5.7 6.0 6.3
p= .151 .100 .075 .062 .045 .03%2 .025
.120 .105
.123  .110

X = 606 6-9 702 705 708 8.1 8-4‘ 8.7 ° 9.0
p = .023 ,017 .04 ,016 .013 .015 .015 .0l16 .015
« 013
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Table 5

Pressure measurements in psia on the centre

line of convex model at M = 8.2, Po = 1600 psia,

T, = 1300%k, x inches

.3 6 .9 1.2 1.5 1.8 2.1

p = 1.651 1.633 1.600 1.8%7 1,78 1.837 1.742

1.522 1.570 1.420 1.540 1.59 1.71 1.731
' 1.720

™
1

x = 2.4 2.7 3.0 3.3 3.6 3.9 4.2
p = 1.865 1,80 1.76 1l.725 1l.56 1l.40 1.20
1.80% 1.585 1.66 1.70
1,687

x=4.5 4.8 5.1 5.4 5.7 6.0 6.3
p= .897 .68 .537 .48l .378 .33 .242

x = 6.6 6.9 72 75 7.8 8.1 8.4 8.7
p= .21 .18 172 LW172  J174 170 L1740 .173
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Table 6

Measured heat transfer rate in BTU/ft?%/sec on
centre line of convex model at M = 12.2,

P, = 1600 psia, T, = 1300°k, x in inches

x = 1.0 1.25 1.5 1.75 2.0 2.25 2.50

Q= 6.41 5.23 4,57 4,40 4.0%3 3.8%  3.49
6.13 5.19 4:38 4,21  3.92 3,71  3.25
6.09 5.00 4.31 4.05 3.83 3.60
6.03 4,35 3.61 3.40
5.59 3.55

X = 2.75 3.0  3.25 3.50 4.25 4.50 4.75

Q= 4.20 3.11 4.02 2.71 2.53 2.10 1.79
3,70 3.03 3.97 2.69 2.51 2.04 1.70
3,61 2.92 3.55 2.64 2.47 2.00 1.63

2.83 2.30

X = 5.0 5.25 5.5 6.0 6.5 7.0 7.5 8.0

Q= 1.60 1.30 1.00 80 .57 .56 .41 .45
1.50 1.00 .93 .68 .53 .50 42
1.48 .60 40
1,43 |

x= 8.5 9.0

a= .40 .39

«37
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Measured heat transfer rate in BTU/ft?/sec on

the centre line of the convex model at M = 8.2,

%o

0 e ¥

1600 psia, T

1.0
14.08
13,78
12.60

2.75
8.98
8.20

7+30

5.0

3.40
3.11
2.90

1.25

10.95
10. 47

3.0

6.48
6.01
5.91
5.65

5.25
2.38
2.21

= 1300%k, x in inches

1.50
G.72
9.60
.42

1.75
8.60
8.28

8.5
.91

2.0

7.82
7.61
7.40

4.25
5.19
5.11
4.98
4.20

6.0
1.88
1.72

9.0
.80

.86

2.25
740
?.05
6.20
6.00

2.5

6.69
6.52
6.10

4.75
4,07

3.75
3.51

6.75
1018



Measured heat transfer made in BTU/ft2%/sec on

Table 8

114,

the centre line of the convex model at M = 12.2,

Po

800 psia, T

1.0

4,40
3.73
3.69
3.61

e o
E oo
~J

e

NN
()]

= 1057°k, X in inches

o

| 2t i \ S I \V]
O - O
\n

»
oY)
—

3.0
l.46
1.45

1.39

Tabls Q

Measured heat transfer rate in BTU/ft2/sec on

the centre line of the convex model at M = 8.2,

o

QoM

1200 psia,

1.0
11.0
10.65

9.81

)}

o=\
[ ]

-3 WO W
o

6.0
l.49
1.30

T =

o

2.0

6.13
5.69
5.40

6.5
1.08

3.0

3.5

5.02 4.28

4,84

7.0
1.00

75
.89

1185°k, x in inches

8.25
.80

5.0
2.54
5. 34
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- Table 10

Spanwise heat transfer measurements in BTU/ft%sec
on convex model at M = 12.25, P, = 1600 psia,

T, = 1300%, y in inches

2 inches from the leading edge

=15 .75 0.0 .75 1.5
q = 4.18 4.01 4.03 3.78 3.97
3,91 3.69 4.92 3.60 3.95
3,41  3.83 3.80

3.81

3.40 3.55

5 inches from the leading edge

1.5 .75 0.0 .75 1.5
= 1.51 1.60 1.53 1.45
1.43  1.50 1.33 1.34
1.33  1.48 1.24

1.43

0 ety
0

8 inches from the leading edge

= 1.5 175 0.0 075 105
JA42  J44 45 .40 .39
«38 .41 42 .40 «37

40 .38

o *g
f

it
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\weak interaction solution
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Fig. (21)  Theoretical prediction ot pressure and heat transter on a flat plate
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Fig, (24)

Theoretical prediction of pressure over convex surfaces
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 FIG.(46) HEAT TRANSFER RATE IN Btu/ft?s ON THE CONVEX MODEL
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