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Abstract

In recent times, the LES-PBE-PDF framework has been developed to couple large eddy simulation (LES) and
population balance models (PBE) for the description of soot formation in turbulent hydrocarbon flames. This ap-
proach is based on a modelled evolution equation for the LES-filtered probability density function (pdf) associated
with the instantaneous gas composition and soot particle size distribution. Here, the interaction of turbulence
with chemical reactions and soot formation can be represented without approximations on part of the chemical
and soot formation kinetics, while effects due to turbulent transport and molecular diffusion require closure. In
view of an efficient numerical solution scheme, we previously proposed to combine a statistically equivalent refor-
mulation of the joint scalar-number density pdf based on Eulerian stochastic fields with a time-explicit adaptive
grid discretization in particle size space and a fractional time stepping scheme.

In this article, we present algorithmic aspects and relay implementational details for a consistent semi-discrete
formulation of the PBE fractional step as well as an effective dynamic load balancing scheme for both the chemical
reaction and PBE fractional steps. Considering soot formation in the Delft III turbulent diffusion flame as a test
case, we show that the persisting load imbalance is almost negligible on average and give evidence of linear strong
scaling on a modern high performance computer for moderate numbers of compute nodes.
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1 Introduction

The emission of soot from hydrocarbon flames continues to remain a major concern. Soot constitutes
a particulate phase that is created from an ambient gas phase and interacts with precursor species as
particles grow, mature, aggregate and, possibly, oxidize. If the carrier flow is turbulent, then both
chemical reactions in the gas phase and soot formation processes can be strongly modulated by the
velocity fluctuations in the carrier flow. Since soot particles are polydisperse, for example, with respect
to a representative measure of size, they are commonly characterized by a particle size distribution. The
particle size distribution naturally mediates between a Lagrangian viewpoint in which particles are tracked
individually and a Eulerian perspective and may be instrumented to transition from a particle based
physical model to the so-called population balance equation (PBE) [13]. Formally, the PBE represents
an evolution equation for the distribution of particle number density over both physical and particle size
space.

In recent years, researchers have investigated incorporating the PBE into Reynolds averaged (RANS)
and large eddy simulation (LES) frameworks for the representation of turbulence effects with an objective
to predict soot particle size distributions at high Reynolds numbers. The closure problems that occur here
are very similar to the ones encountered in chemically reacting gaseous flows, for example, combustion,
and, physically, reflect the interaction of turbulence, chemical reactions and particle formation [5, 43, 44].
In the absence of soot formation, the turbulence-chemistry interaction is often resolved with the aid of
PDF methods which are based on the joint probability density function (pdf)! associated with the gas
phase composition at a particular spatial location and point in time. This joint scalar pdf can either
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be reconstructed from modelled evolution equations for its low order statistics (presumed pdf methods)
or may be obtained from a modelled evolution equation (transported pdf methods [14]). An important
characteristic of the second class of approaches is that the reaction source terms can be resolved without
approximation, while spatial two-point correlations and velocity-scalar statistics require closure.

Just about a decade ago, Rigopoulos [43] showed that the unclosed scalar-number density correlations
that occur in RANS reformulations of the PBE may be circumvented by incorporating the number density
in the transported PDF formalism. He argued that, upon discretization along the particle size coordinate,
the PBE reduces to a number of evolution equations for discrete number densities which are, conceptually,
akin to the reactive scalar transport equations that characterize the gas phase. By this rationale and
with the aid of established techniques [23, 35], an evolution equation for the joint scalar-discrete number
density pdf was obtained. The main advantage of this PBE-PDF approach is that the Reynolds averaged
fluid composition and particle size distribution can be resolved without any approximation on part of
the chemical reaction mechanism or particle formation kinetics. For spatially inhomogeneous turbulent
flows, the RANS-PBE-PDF equation seems to have first been deployed by Di Veroli and Rigopoulos
[5, 6, 7] who investigated crystal precipitation in a coaxial pipe mixer and droplet condensation in a
turbulent round jet. While the particle-laden flows in these applications were incompressible with a
constant density, the PBE-PDF framework may similarly be formulated for the variable density flows we
encounter in combustion. Akridis and Rigopoulos [2] and Akridis [1], for example, showed how the RANS-
PBE-PDF methodology can be adopted for the prediction of soot particle size distributions in turbulent
diffusion flames due to nucleation and growth/oxidation. Very recently, this approach was also adopted
by Schiener and Lindstedt [49] who incorporated soot particle coagulation and employed acetylene-based
nucleation/growth kinetics that were calibrated based on a comprehensive chemical reaction mechanism
and pyrene-based soot inception kinetics [48].

Conceptually, the PDF closures that were originally developed in the context of RANS can similarly
be developed for LES [9, 36]; here, the scalar one-point, one-time statistics rely on the LES-filtered pdf
associated with a single realization of the governing fields. Strictly, this pdf continues to remain a random
variable [32], but statistic consistency can be restored by conditioning on (a discrete representation of)
a particular LES-filtered realization [8, 37]. Although self-conditioning has important implications for
the physical rationalization of turbulent transport and micromixing closures, the PDF formalism may
be developed in a similar way for both the LES-filtered instantaneous pdf (which we consider in this
article) and the self-conditioned pdf [37, Appendix C]. For applications involving aerosol nucleation and
growth, the PBE-PDF approach appears to have first been incorporated into LES by Neuber et al. [28]
and Sewerin and Rigopoulos [51], albeit in slightly different ways. While Neuber et al. [28] based their
developments on a joint scalar-discrete number density pdf, Sewerin and Rigopoulos [51] found that the
PBE-PDF framework may also be developed independent of a particular a priori discretization of the
PBE in particle size space. This line of thought led to a transport equation for the joint scalar-number
density pdf which, upon reformulation in terms of statistically equivalent stochastic differential equations
(SDEs), allowed for the application of different fixed or adaptive grid discretization schemes in particle
size space. Shortly afterwards, the LES-PBE-PDF framework was generalized to combusting flows at
low Mach numbers by Sewerin and Rigopoulos [52] and applied to the prediction of soot particle size
distributions in a turbulent diffusion flame. Concurrently, Neuber et al. [27] applied an LES-PBE-PDF
formulation to the synthesis of silica particles in a turbulent jet flow configuration, comparing predictions
of laser diagnostic signals with measurements.

Many of the PBE-PDF references mentioned above invoked a stochastic particle-based scheme [12, 35]
in order to approximate and evolve statistics of the joint scalar-discrete number density pdf. Recently,
Neuber et al. [28] showed that a sparse particle variant of these schemes may be constructed in the context
of LES by combining a micromixing model with generalized multiple mapping conditioning (MMC)
[56]. The main idea was to deemphasize physical proximity of stochastic particles which are selected
for micromixing, while ensuring locality of the mixing operation in mixture fraction space. A very
positive consequence was that the overall computational expense could be reduced by about one order
of magnitude. Despite the dominance of stochastic particle methods, an alternative approach that has
recently attracted more attention and mainly emerged for LES of gas phase combustion [16] is the
method of Eulerian stochastic fields [46, 55]. Here, the statistical sampling error is spatially uniform and
the governing space-dependent SDEs are amenable to incorporation into existing Eulerian flow solvers. In
the context of the LES-PBE-PDF method, Sewerin and Rigopoulos [51, 52] reformulated the joint scalar-
number density pdf equation in terms of statistically equivalent Eulerian stochastic fields. They further
demonstrated that the computational expense stemming from the numerical solution of the stochastic field



Variable/Operator Explanation

N Number of gas phase scalars

ny Number of stochastic fields

np Number of finite volume cells in T-space, [I;, L]

Ne Number of spatial finite volume cells

Nompi Number of MPI processes

ng Number of parcels dispatched/sent by MPI process id
Ny Number of parcels received by MPI process id

LES-filter /Expectation with respect to f(y,n(-);x,t)

Favre-filter /Expectation with respect to f(y,n(:);x,t)
(-)nf Monte Carlo estimate based on ny stochastic fields

<->Qj Spatial average on

Table 1: Summary of the important number variables and operators that are employed in this article.

equation for the PBE can be significantly reduced with the aid of an explicit adaptive grid discretization
scheme in particle size space [50].

While our focus lies on the treatment of population balance models within the scope of LES-transported
pdf methods, we mention that presumed pdf approaches for LES have been developed concurrently [26, 34]
and were, recently, also extended to the prediction of soot particle size distributions [45]. Here, the gas
phase composition is commonly expressed in terms of a small number of tracking scalars [31], for example,
the mixture fraction or a reaction progress variable, and the joint pdf of the tracking scalars and the
scalars parameterizing the particle size distribution (moments [26] or discrete number densities [45]) is
assumed to conform to a prescribed functional form. Mueller and Pitsch [25] argued that soot evolves
on much larger time scales than the gas phase composition and, hence, suggested to model the tracking
scalars as random fields that are independent of the soot describing scalars. The resulting marginal pdfs
are typically parameterized by a few low order statistics such as the mixture fraction mean and variance
or the mean discrete number densities which can be obtained from modelled evolution equations. The
main advantages of presumed pdf formulations are linked to their computational economy as only a small
number of scalar statistics are transported. Within the course of the past few years, this has allowed
researchers to incorporate sophisticated chemical and soot formation kinetics, accounting, for example,
for the action of polycyclic aromatic hydrocarbons. On the other hand, we mention that presumed pdf
methods involve several levels of physical approximation and that the scheme for relating the gas phase
composition to tracking scalars often relies on a particular flame structure [42].

In this article, we reconsider the LES-PBE-PDF methodology of Sewerin and Rigopoulos [52] and
present the pertinent algorithmic aspects along with implementational details. Our intention is to render
the LES-PBE-PDF approach combined with a stochastic field solution scheme, a fractional time stepping
and PBE-grid adaptivity more transparent and accessible. To this end, we first discuss in detail the finite
volume discretization of the resulting PBE fractional step. Second, a dynamic load balancing scheme is
presented and its efficacy and performance for both the reaction and PBE fractional steps are quantified
on a modern high performance computing system.

This article is organized as follows: First, the equations governing the evolution of the gas and
particulate phases in low Mach number, variable density flows are summarized and the LES-PBE-PDF
modelling framework is briefly revisited. Subsequently, we summarize a statistically equivalent stochastic
field reformulation with an emphasis on the incorporation of resolution adaptivity in particle size space
and the separation of physical processes into distinct fractional steps. In the following section, the finite
volume based semi-discrete formulation of the PBE fractional step is presented in detail. This links in
with the penultimate section, where we introduce and quantitatively assess a dynamic load balancing
scheme for the reaction and PBE fractional steps. Finally, we conclude with a brief summary.

As reference, Table 1 summarizes the important number variables and operators we employ throughout
this article.



2 LES-PBE-PDF framework

In this section, we succinctly review the equations governing the evolution of a turbulent reacting flow
at low Mach number in which a polydisperse particulate phase is immersed and summarize key aspects
of the LES-PBE-PDF formulation. The flow domain is denoted by 2 C R? and we employ Cartesian
coordinates x = (x1,x2,x3) throughout. In the presence of chemical reactions, the fluid phase is com-
monly characterized in terms of reactive scalars Y = (Y1,...,Y,,.), for example, species mass fractions
and enthalpy, obeying the transport equations
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where p(x,t) denotes the mixture density, u(x,t) is the velocity field of the carrier flow and w;(Y(x,t),

N(-,x,t)) represents the kinetic rate of change of scalar i due to chemical reactions, radiation or par-

ticle formation. For simplicity and as our focus lies on high Reynolds number flows, the diffusion flux

Ji; (Y (x,t)) of scalar i along the jth coordinate direction is expressed in terms of a unique scalar diffusivity

D(x,t),
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If we consider, at a specific instant in time ¢ > 0, a group of particles immersed in the flow, then these
may be described in terms of their current locations x € Q as well as a particle property | € [I;, L], for
example, a measure of size. All remaining properties such as the particle temperature or its velocity are
inherited from the ambient fluid or the carrier flow. This reflects the rationale that soot particles are very
small, exhibiting a short momentum response time and a Stokes number much less than unity (non-inertial
particles) [44]. Adopting a Eulerian perspective, the particulate phase may then be described in terms of
the distribution of particles both in physical space and in particle property space. Following Hulburt and
Katz [13], this leads to the concept of a particle number density N(I,x,t); if [ indicates particle size, then
N(-,x,t) is often referred to as the particle size distribution. Starting from the Lagrangian equations of
motion of a single particle (possibly augmented by effects of Brownian motion), it is possible to show
that N(I,x,t) evolves according to the population balance equation (PBE)

Jij (x,t) = —p(x,t)D(x,1)
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Here, G(1,Y) and $(I,Y(x,t), N(-,x,t)) represent the kinetic rates for particle growth and particle cre-
ation/deletion, respectively, and K;(I,x,t) denotes the diffusion flux of number density along the jth
coordinate direction,

ON(l,x,1)
— e (4)

For soot particles in turbulent flames, it has been argued that diffusive transport is almost negligible
as compared to convective transport [4, 22, 33] and, in line with these arguments, we take the particle
diffusion coefficient as D, = 0 identically.

If the fluid phase corresponds to a multicomponent ideal gas and the Mach number is low, then both
the mixture temperature T'(x,t) and density p(x,t) can be expressed in terms of the reactive scalars
Y (x,t) and an ambient reference pressure po(t) such that [12, Section 3.6]

K;(l,x,t) = —D,(x,1t)

T(x,t) =T(Y(x,t)), (5)
p(x,t) = p(Y (x,1), po(t))- (6)

In turbulent jet flow configurations such as the Delft III flame considered below, the reference pressure
remains constant in time, po(t) = po. To slightly abridge subsequent expressions, we therefore omit the
explicit pressure dependence in Eq. (6), taking p(x,t) = p(Y(x,1)).

For future reference, we further introduce the mass-based number density N,(l,x,t),

N(l,x,t)

N,(l,x,t) = )



The LES-PBE-PDF modelling framework is based on an evolution equation for the LES-filtered one-
point, one-time probability density function (pdf) associated with a single realization of the instantaneous
reactive scalar fields Y (x,t) and the mass-based number density N,(-,x,t) [52],

fly,n()ix,t) =0 (y =Y (x,4) 6 (n(-) = Np(-%,1)). (8)

Physically, f is an LES-specific measure of the likelihood for the fluid composition Y (x,t) at (x,t) to
coincide with the sample space vector y and for the mass-based particle size distribution N,(-,x,t) to
coincide with the sample function n(-) on [[;, L]. The overbar in Eq. (8) indicates the LES-operator; recall
that the LES-operator is linear and that application of the LES-operator and space/time differentiation
commute [47]. Compared with the standard joint scalar LES-PDF formulation, the pdf f(y,n(-);x,t) in
Eq. (8) is augmented by a functional dependence on the sample space size distribution n(+). If the Gateaux
variation 0,y f(y,n(-);x,t) of f(y,n(-);x,t) in the direction of v(-) exists for all test distributions v(-)
and is linear in v(+), then we have the unique Géateau differential df(y,n(-);x,t)/0n(-) with

0 (i) = Lm0 +eohinn)| = LEHIED o) v, )

e=0

Here, ¢ is a scalar coefficient akin to a perturbation parameter and v(-) represents an admissible test
particle size distribution that satisfies the Dirichlet boundary conditions on N, (-,x,t) homogeneously.
By standard techniques [23, 35], it is possible to show that the density weighted counterpart
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Here, a superimposed tilde indicates Favre filtering [10] and the vertical bars refer to conditional filtering
based on the events Y (x,t) = y and N,(-,x,t) = n(-). Physically, the first term on the left hand side
of Eq. (11) represents local accumulation of likelihood, while the second term indicates transport by the
Favre-filtered velocity field. The first term on the right hand side, moreover, encompasses effects due to
turbulent transport in physical space. The final two terms cause transport in the joint (y,n(-))-sample
space on account of chemical reactions, radiation, gas phase molecular mixing and particle formation.

For the closure of the turbulent transport and molecular mixing terms in Eq. (12), we adopt the
gradient diffusion hypothesis as well as an extension of the interaction by exchange with the mean (IEM)
micromixing model [24], respectively,
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The closure schemes in Egs. (13) and (14) rely on two additional kinetic variables, a scaled eddy viscosity
I'(x,t) and a micromixing frequency x(x,t) [52]. Introducing Eqs. (13) and (14) into Eq. (11) yields the



following modelled joint scalar-number density pdf transport equation,
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Eq. (15) forms the basis of the LES-PBE-PDF framework. Since, in many practical applications, the
soot volume fraction remains low (on the order of ~ 1ppb [20, 39] up to ~ 10 ppm [19]) and since soot
particles behave non-inertially, the governing flow field is computed from the LES-filtered continuity and
momentum equations associated with the gas phase only [12, Section 5.3]; in particular, any mass or
momentum source/sink terms related to the presence of a disperse particulate phase are omitted. In
order to model the residual stress tensor in the LES-filtered momentum equation, we adopt the standard
Smagorinsky model [10, Section 4.2.2] with length scale CgA and Cs = 0.1, where A is evaluated as the
cubic root of the local cell volume. Although the governing flow is thus computed for a single gaseous
phase, the formation of soot particles may indirectly affect the ambient flow via modification of the gas
phase composition and mixture density (Eq. (6)), for example, due to scavenging of gas phase species or
radiation.
In the following three sections, our emphasis lies on the numerical solution of Eq. (15) in a Eulerian
fashion.

3 Method of Eulerian stochastic fields

Instead of resolving the pdf f (y,n(-);x,t) in Eq. (15) directly, many common solution schemes for high-
dimensional convection-diffusion-reaction equations involve the construction of a stochastic process whose
associated transition pdf coincides with (or can be related to [53]) f(y,n(-);x,t) in Q for all times t > 0
and are based on the approximation of statistics via Monte Carlo estimates. The method of Eulerian
stochastic fields [46, 55] is based on a stochastic process 0(t;1,x) = (01(t;%),..., 0, (t;x),0n,(t;1,%))
which is driven by Brownian motion W (¢) in time and smoothly parameterized by the spatial coordinates
[52],2
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Since the transition pdf h(y,n(-),t;x) associated with 6(¢;-,x) evolves according to Eq. (15) [52, Ap-
pendix A], statistics of f(y,n(-);x,t) can be approximated by Monte Carlo estimates based on sample
realizations of 6(¢; -, x). For example, the Favre-filtered value of an observable ®(Y (x,t), N,(-,x,t)) may
be estimated from

B(Y (x, 1), N, (-, 1)) = LY DRV D, Ny (o x,1) [ @) v nlix tayan)
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where the superscript ), i = 1,... ,ny, refers to one out of ny realizations of 8(¢;-,x) and the angled
brackets <>nf indicate a Monte Carlo estimate based on ns stochastic fields of an expectation with respect

2With a slight abuse of notation, we write, for brevity, G(I,0) and $(I,0) instead of G(I,01(t;%),...,0n,(t;x)) and
3(1,01(t;%), - .., O, (£ %), p(8)0N,, (; -, X)), respectively, and similarly for 5(0), w(@) and m(x,t,0).



to h(y,n(-),t;x). One consequence of Eq. (18) is that the LES-filtered density can be estimated from
the stochastic fields according to [12, Section 4.1]
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In engineering applications, the moments My (x,t) of the particle size distribution N (-, x,t) often play an
important role; My(x,t), for example, corresponds to the total number density of particles and M (x,t),
Ms3(x,t) represent the mean particle size and a measure of particle volume fraction, respectively. In
view of Egs. (6), (7), (10) and (18), we obtain the following Monte Carlo estimate for the LES-filtered
moments (per unit of volume in )

L
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where the long vertical bar indicates “evaluation at”.

Except for the dependence of the reaction source/sink terms on 6y, (;-,x), Eq. (16) coincides with
the stochastic field formulation of the joint scalar pdf transport equation [15, 16]; in the presence of
a polydisperse particulate phase and for a formulation based on the joint scalar-number density pdf
transport equation, Eq. (16) is augmented by the stochastic field process for the mass-based particle
number density in Eq. (17). Since the numerical solution of Eq. (16) has been addressed previously
[38], we confine the attention to Eq. (17) in the following section and detail, in continuous terms, the
application of a coordinate transformation on particle size space as well as the derivation of a fractional
steps scheme. Conceptually, this provides the basis for the adaptive [-grid discretization scheme proposed
by Sewerin and Rigopoulos [50].

Redefining 0 (t;1,x) = p(x,t)0n, (t; 1, x) and taking into account the LES-filtered continuity equation
reveals that Eq. (17) is very similar to the original PBE in Eq. (3) apart from the driving Brownian
motion,
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4 An adaptive [-resolution formulation and fractional time step-
ping

In view of an adaptive [-grid discretization [50], we introduce a time and space dependent coordinate
transformation [(7,x,t) on particle size space [l;, L] with inverse 7(/,x,t) and Jacobian w(7,x,t) =
Ol(1,%,t)/01 and define a transformed stochastic number density ¢y (t;7,%) by®

On(t;1,x) = on(t;7(1, x,1),%). (23)

The main idea for time-explicit resolution adaptivity in [-space is to change the coordinate transformation
I(1,x,t) commensurate with past solutions for (0 (t; l,x))nf. This leads to a time marching scheme in
which the coordinate transformation I(7,x,-) over the upcoming time step t € [t,,t,41] is constructed
explicitly based on the current coordinate transformation I(7,x,t,) and the current number density

3For clarity, we employ the short overbar - to distinguish between the coordinate transformation (I and 7) and particular
values of physical or transformed size (I and 7). The long overbar -, on the other hand, indicates the LES-operator.



<9N(tn;l,x)>nf (or, by Eq. (23), (¢pn(tn; T, x)>nf). By introducing Eq. (23) into Eq. (21), applying the
chain rule and evaluating at /(7,x,t), we obtain the following stochastic field equation for the transformed
number density ¢y (¢; 7, %),
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Note that, apart from the contribution of the Wiener term and density variability, Eqs. (25) and (26)
slightly differ from Eqs. (21) and (16) of Sewerin and Rigopoulos [50] since the mixed derivatives term
on the far right of Eq. (24) has been formulated in a different way than in Eq. (15) of Sewerin and
Rigopoulos [50].

If Egs. (16) and (24) are decomposed using a fractional time stepping method, then dedicated solution
schemes can be applied, targeting, in turn, the physical characteristics of convection/diffusion, reaction
and particle formation. In particular, we obtain for a first order accurate fractional steps method [35,
Section 6.3] and on taking ¢ (t;7,%x) = p(x,t)dn, (t; 7,x) (with the aid of Eq. (22) and the LES-filtered
continuity equation) the following joint scalar-transformed number density convection-diffusion step
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The micromixing and chemical reaction fractional steps, moreover, read
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For the PBE fractional step we found it advantageous to retain the volume-based description using
on(t;7,x). Slightly reformulating the terms involving I- and 7-derivatives in Eq. (24) yields
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While Egs. (27), (29) and (30) are well-established, Eqs. (28) and (31) are particular to the stochastic
field reformulation of the joint scalar-number density pdf transport equation in the presence of resolution
adaptivity along the particle size coordinate. Eq. (28) can be solved in the same way as Eq. (27); by




contrast, a direct discretization of Eq. (31) is more intricate owing to the occurrence of temporal and
spatial derivatives of the coordinate transformation [(7,x,t). In order to enhance the accessibility of
our numerical solution scheme, we present the requisite details for a finite volume discretization in [-
and x-space leading to a complete semi-discrete formulation of Eq. (31) in the following section. For
clarity, the attention is confined to the spatially one-dimensional counterpart of Eq. (31), but we indicate

extensions to three spatial dimensions.

5 Finite volume discretization of the PBE fractional step

In one spatial dimension, the PBE fractional step in Eq. (31) simplifies to
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In view of a finite volume discretization in (7, z) € [I;, L] x , Q = [2;, 2], we introduce a uniform grid
of cell face values in T-space,

. L—1 .
Tipr =L +iAr, AT = L i=0,...,np, (33)
Ny
along with a possibly non-uniform grid on €2,
rp=wy <ws <. <y 1<z <. <@ 1 <Tp 1=, j=1...,nc (34)
where integer indices are used to indicate cell midpoints,
Tl + T 1
= — 22 Z+2, i=1,...,np, (35)
T, 14X 1
:CJ: - 22 J+25 jzla"'vnca (36)

and z; and x, represent, respectively, the left and right boundary values of Q. For brevity, the width of
a spatial finite volume cell is denoted by Az; = Tipr— a1

Within the scope of a finite volume approach, the (7, z)-discrete representation of ¢n (¢; 7, x) is based
on cell averages {®; ;(¢);i=1,...,np,5 =1,...,n.} with

1 Tivd
Bis(0) = (@ultial)e, = 5 [ Wultia) do (37)
JJx,. 1
I72
and
By (t: )—i/m% (b7, ) dr (38)
i\, X)) = A’T . N\Uy T, .
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In Eq. (37), we have introduced subscripted angled brackets <'>Qj to indicate spatial averages on 2; =
[xj;% ¥ +%] as this notation aids our description of an extension of the semi-discrete formulation to three
spatial dimensions. A key assumption we frequently invoke in the following is that ¢y (¢; 7, 2) takes on the
value ®;(t;x) on [r;_1,7;, 1] and, similarly, that ®;(t;x) equals ®; ;(¢) identically on €2;. Furthermore,
the coordinate transformation {(7, x,t) is constructed progressively according to the algorithm proposed
by Sewerin and Rigopoulos [50, Section 5]; its main properties which we also refer to below are that

(1, x,t) varies piecewise linearly on the 7-grid in Eq. (33) such that
ol(r,x,t
w(T, x,t) = M = w;(x,t) on [TF%,TH%], i=1,...,np, (39)

or

and that [(7, z, -) changes linearly in time over a time step [t,, tnt1]. This second property relates to the
time marching progression; here, the future coordinate transformation {(7,x;,t,+1) at a cell midpoint



z; is constructed from the current coordinate transformation I(7,z;,t,) at x; and the semi-discrete
representation of the cell-averaged transformed particle size distribution {<<I>i,j(tn)>nf }ior, on ;.

For a consistent evaluation of the fluxes that originate from the mixed-derivatives term (see Egs.
(63) and (64) below), we require the spatial derivatives of I(7,x,t) to be continuous at the spatial cell

faces. Since, in spatially discrete terms, the coordinate transformation associated with the semi-discrete
transformed particle size distribution {(®;, j(t)>nf b, in cell ; is prescribed at the cell midpoint x;, the

continuity of 9l(t,z,t)/0z at Tjp1 can be guaranteed by letting I(7, z,t) vary quadratically in = on €,

_ _ ol

l(r,z(§),t) =U(1,x,t) + o Az; ol

iz €+ - _ a_z
e ox 4 ox or|,

i=3 it3 it3 i—%

She o)

where 2(§) = 2;_1 + (1 + §)Ax;/2 with £ € [-1,1] refers to a reparameterization of £2; and the spatial
derivatives of I(7, z,t) at the cell faces are expressed in terms of the coordinate transformations at adjacent
cell midpoints, -
ol
oz |,

Ut zji1,t) — U1 2.t
— (T,$]+1, ) (T,l'], ), jZO,...,TLc. (41)
i+i REARE

5.1 Convection, diffusion and reaction in transformed particle size space

In order to slightly simplify the exposition, we defer the treatment of the Wiener and mixed-derivatives
terms in Eq. (32) to the two subsequent sections and first address the semi-discrete formulation of Eq.
(32) in the absence of these terms. Averaging Eq. (32) over [r,_1,7;, 1] and taking into account Eq. (39)
(while omitting the Wiener and mixed-derivatives terms) leads to

09; 1 Tl P,
7 G o / - ? — _ T / _ /
ot * w AT (o5 (Gl = 9)] i3 w; AT (g |Ti+% g |Ti§)

r ol |? ol |?
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l _ T l l
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On the right hand side of Eq. (42), the cell face values of d¢n (¢; 7, 2)/OT were approximated by linear
interpolation between the cell averaged values at adjacent cell midpoints. For the convection term, a high
resolution formulation is commonly applied [40, 41]; here, the cell face values ¢y (¢; 7, x) are represented
as a linear combination of the cell averages in the neighbouring cells, for example [21],

r(7; +1,T, t)

(bN |‘ri+% = q)u(7i+l) + 2 (q)u(‘rZJr 1) q)uu(T%+ 1 )) (44)
where u(7;, 1) and wu(7;; 1) are the indices of the two cells upstream of cell face 7, 1 and r(7;, 1, 2,t) €
[0, 2] denotes a flux limiter.

Multiplying Eq. (42) by w;(x,t) and spatially averaging over ;, we arrive at the following semi-
discrete formulation

dq)iyj 1 ' Tivd (I)iﬁj ’ Tit ]

(widg, g + 3 [0 (CUDg, - 09) ~ 0, )] 7H =~ 52 [t9)q,]

PR PR EAT
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with ¢;(;7) = (¢n (57, 2))q,, 05(t) = (B(;2))q,, p;(1) = (P(x,1))q, and

<G(l_(7',z,t),0(t;z))>gj ~ G(<Z(T,:E,t)>gj ,0;(t)), (46)
<wi /TH% 5(1,0,6n) d7> ~ <wZ>QJ /TH% $(<Z>(2j ,0;,0;)dr. (47)
i-1 Q, Ti-g

The [-dependent coefficients in Eq. (45)

(e, {9, <5(%)>zﬁ<r(§)> (a9

are influenced by the way in which (7, z,t) is prescribed to vary in 7,  and {. From Eq. (40), for
example, the cell-averaged coordinate transformation <l (1, z, t)> . on §2; is obtained as
J

_ _ ol ol Az
<l(7-7x7t)>gj = Z(Tv Ly, t) + E - E 24J (49)
Tit Ti-1
and, by Eq. (39), the Jacobian (w(7,x,t)>ﬂj reads
<l(Ti+%,x,t)>Q” - <Z(Ti7%,x,t)>ﬂf
<wi(z,t)>9j = JAT L,oi=1,...,np. (50)

Note that <l_(7,x,t)> . does not, in general, coincide with the cell midpoint coordinate transformation
J

I(r,z;,t) (that is constructed based on {(®; ; (t))nf }7, in the course of the explicit time marching scheme
[50, Section 5]).

By introducing Eq. (40) into Eq. (48)2, assuming I'(x,¢) and o(z,t) to change linearly on €, and
analytically evaluating the spatial integral, we obtain with the aid of Eq. (43)

4 Az [ ol ol
/ — l J " _
{9 >Qj x; 24 | Oz Ox
Tivd Tj-1
U|Ij+% + ’Ulzj7% F|Ij+1 *F|I]7% 1 al_ al_ (51)
+ + | = —
2 Az 2\ Oz, , or|, .
i3 it3
Moy "My Ty TN (o) o
6 Az 2\ Oz, , or|, .
it3 i—3

To slightly abridge the previous expression, we have used a superimposed dot to indicate partial time

differentiation, (7, x,t) = Ol(,x,t)/0t. In a similar way, the term in Eq. (48)3 evaluates to

- a_l— 2 - F|z].7% +F|Z]‘+% iiQ . F|wj,% +I‘|mj+% a_l— 2
ox) [ 4 12 ) ox|, | 12 4 x|, |
3 i3 it+3
(52)
Pl + Ty o1 o
6 Ox Ox
Ti-% Tit+d

Since the coordinate transformation I(7, z;, ) that is prescribed at the cell midpoints z; varies linearly
over a time interval [t,,t,11], the spatial cell averages (I(7,z,t)),, and (¢'(7,2,1))q, in Eqs. (49) and
J

(51) also vary linearly in time ¢, whereas <F(z,t) (81_(7',:E,15)/8x)2>Q in Eq. (52) is quadratic in ¢.

Consequently, we may compute the values of these terms at intermediate times ¢ € [t,,, t,+1] by linear
or quadratic interpolation, respectively, based on support values at times ¢,, t,41 and, for Eq. (52),
tnys = (tn + tny1) /2 (also see rows 7, 8 and 10 in Table 2).
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5.2 Wiener term

One term that we had omitted in the derivations of the previous section is the driving Wiener term

dn _ V2IW(t) Ol dpn

ot w dr or (53)
Strictly, Eq. (53) is only formally valid and holds in a time integral sense,
tnt1 JoT(x,t) Ol(T, z,t) Odn (t; T, x
ON(tnt1: 7, @) = On (tns 7, ) + (@,0) Ollr,z,t) 99w (ti7, z) AW (t)
b w(T, x,t) ox or (54)
20 (z,t,) OU(T, , ) OPN (tn; T,
= ¢n(tn;T @) + (&, tn) OU(T, 2, ) O Eni T x)AWnH,

w(T, x,ty) ox or

where the stochastic integral on the right hand side is interpreted in Itd’s sense [30, Section 3.1] and
AW,i11 = W (tp+1)—W (t,) indicates an increment of a continuous-time Wiener process. Within the scope
of the Euler-Maruyama integration method [30, Section 5.2], AW, 11 is approximated by &,4+11/Atpn+1,
where {&, }n=1,2,... are independent Gaussian random variables and At,, 11 = t,+1 —1, denotes the current
time step. This method is weakly first order accurate in time; the weak order of accuracy is maintained
if we adopt the slightly simpler approximation AW, 11 = n,4+1+4/At,4+1 based on dichotomic random
variables {1, }n=1,2, . that take on the values {—1,1} with equal probability [55].

For conciseness, we return to the notation of Eq. (53) for the remaining part of this section, keeping,
however, the time integral interpretation and the Euler-Maruyama approximation in mind. Averaging
Eq. (53) over a 7-cell [r;_1, 7, 1] and replacing cell face values ¢y (¢;7;, 1, ) by (Pi(z,t) + Pit1 (2, 1)) /2
yields

o,  V2UW(t ! b, —D; ! b, — P,
0, 0% _ V2IW(®) (0L Dipa =@ Ol D= Biy (55)
ot AT ox . 2 oz - 2
it3 -3

Upon spatial averaging, we arrive at the semi-discrete representation

<wi>g 0%i; = —W(t) <\/ﬁ ﬂ > Li“’j = Piy + <\/f ﬂ
Tipl

> D; ;i — D1, (56)

iodt AT ox 2 ox| 2
Q]‘ T2 Qj
where, by Eq. (40) and taking I';(t) = (I'(z, 1)),
! l NG l I
Vor 9 ~ /2L (t) o = 73() o9 9 (57)
ox ox 2 Ox ox
Tivd Q, Tit Zi-1 iy ) |,

itd
In order to avoid spurious negative values of the transformed stochastic number densities ®; ;(tn11),

the right hand side (rhs) of Eq. (56) is limited by

(I)i i(tn
Rhs of Eq. (56) «— max (Rhs of Eq. (56), — (w;)q. # — Rbs of Eq. (63) below) ’ (58)
7 n+1

where the left pointing arrow indicates a substitution operation and the flux terms on the right hand side
of Eq. (63) are modified according to Eq. (66) below.
5.3 Mixed-derivatives term

In this section, we consider separately the finite volume discretization of the mixed-derivatives term on
the right hand side of Eq. (32),

don 20 (.01 don
ot wox (Fax or > ' (59)
or, equivalently, _ _
opn 7] 7] ol 0?1
W22 (rg (m%) - rqu—aTax) | (60)
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Integrating Eq. (60) over a finite volume cell in 7-space, [7;_ 1, Tiq 1 |, and dividing by the uniform cell
width A7 yields

ol
+(®; — Pi—1) 7

0P; o (T ol
= — | (@iv1 —®) =

Wi e = " an | Aar oz ! (61)

T 1

it+3
where cell face values of ¢y (¢;7,2) were approximated by linear interpolation of the cell averages at
adjacent cell mid-points and we have also made use of the fact that the coordinate transformation

(1, x,t) varies piece-wise linearly in 7, whence

ol

ox
‘ri+% Ti7%

o1 (o
orox At \ oz

for T€ [Ti,%,ﬂqr%]. (62)

If Eq. (61) is averaged in turn over a spatial finite volume cell ;, then we obtain the semi-discrete
representation

ad;; 1 (mix) (mix)
wide, =g ~ ATAg; (hm% hm'f%)’ (63)

where the Jacobian (w;(z, 1)), is evaluated according to Eq. (50) and ’%(?fz correspond to the fluxes

(in [1 /m? — s]) entering cell [T 1. 7ip 1] % Q2 across the left and right boundaries, respectively,

(mix) r ai a_i
h | + B

.1 — -
wits Tivd \ Oz
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(P; — D;—q) . (64)

T
T

T.
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The spatial cell face values ®;(t;2;, 1) in Eq. (64) can be computed in terms of the cell averages ®; ;(t)
of adjacent cells by standard linear interpolation. Note that the stencil on the right hand side of Eq.
(63) encompasses cells that are adjacent to cell (4,7) both in the 7- and a-directions and, thus, results
in a coupling of the discrete transformed particle size distributions {®; ;(¢)}.%, in all spatial grid cells.
In order to circumvent this coupling and restore spatial independence of grid cells in the PBE fractional
step, we apply a forward Euler approximation in time to Eq. (63), evaluating the cell averages ®; ;(¢) on
its right hand side at the current time instant. Concomitantly, the spatial derivatives of the coordinate
transformation I(7, x,t) are also evaluated at the current point in time.

In order for the discrete particle size distributions to remain non-negative, the cumulative flux out
of cell (i,7) on the right hand side of Eq. (63) is limited in magnitude by the maximum admissible
outflux — (wi)q @i ;(tn)/Atny1 over the time interval [tn, tn11]. In practice, we found the following ad
hoc limiting procedure to work reliably. Those cell face fluxes h(-iux) which contribute a sink term on the

right hand side of Eq. (63),

0>
— ATAz;

(min (o, h“jﬁ) — max (o, h(‘j_"i)) , (65)

are scaled by a factor « if the right hand side of Eq. (65) is negative

) . (widq, D; ;(tn)
h(_mlx) h(.mlx) .th _ . 1. — 3j 2, \"n ) 66
e AR W aE I L G R of Eq. (65) (%)

Here, x refers to an index set that encompasses the indices of those cell face fluxes which are directed out
of cell €;; for example, x = {j + 3} if hz(.r?r) <Oand »={j£1}if hz(.r?f) < 0 and hz(.r?lx) > 0.

5.4 Interim summary of the semi-discrete formulation and generalization to

three spatial dimensions

In summary, the (7, z)-discretization approach detailed above results in the following semi-discrete for-
mulation in terms of the cell-averaged transformed stochastic number density ®; ;(t), t € [tn, tnt1],

dd; ;
(wi)o, —* = Rhs of Eq. (45) + Rhs of Eq. (56) + Rhs of Eq. (63) (67)
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subject to the limiting operations detailed in Eqgs. (58), (65) and (66). Owing to the Euler-Maruyama
and explicit Euler integration schemes of the two preceding sections, the final two terms in Eq. (67) are
evaluated at the current time ¢,, constituting constant source terms on [t,,t,+1], and may, hence, be
evaluated in an initialization phase before a time integration subroutine is called on Eq. (67).

Since the evaluation of cell-averaged LES-filtered moments <Mk(x,t)> o, would evolve spatial cell

averages of powers of the coordinate transformation <i (1, z, t)k> we report, for simplicity and efficiency,

semi-discrete LES-filtered moments at the cell centers (as in References [51, 52]); by Eq. (20),

T .1
Mz t) = q) M] e . 68
k(2,1 ”fmzlz; [ R (68)
As above, the parenthesized superscript index (™) refers to the mth realization of the semi-discrete
transformed stochastic number densities {®; ;(¢t);i=1,...,np,5 =1,...,nc}.

For a structured rectilinear grid, the semi-discrete formulation we presented so far for a single spatial
dimension (z = z1) can be generalized to three spatial dimensions (z, y, z) by summing the flux con-
tributions on the right hand side of Eq. (67) for all spatial coordinate directions [29]. For example, the
semi-discrete counterpart of the transformed PBE only involving the mixed derivatives term in Eq. (63)
may be evaluated according to

= 3 [ () + g () i)

<wi>ﬂf’” dt AT | Az,

b o (n i)

(69)

where (j, k, 1) are triple indices of the spatial grid cell Q,;;; with midpoint x5, and a single subscript j,
k or [ indicates the direction of spatial derivatives (z; = @, 2 = y or x5 = z) in the flux computations
of Egs. (64) and (66).

In an extension of Eq. (40) to three spatial dimensions, we prescribe the coordinate transformation
I(1,x,t) to vary quadratically in each coordinate direction over Qjkt,

. T ol ol Ax; ol ol Ax;
l(T,X(é),t) = Z(Ta Xjkl7t) + % + % —jf —+ % — % #52
z].7% mj+% i+l mj7%
ol ol Ayy ol ol N
+| = + = —n+| - == 70
9y Yy 1 9y Ypyl ! 9y Ypyl 9y Yy L 8 o
ol ol Azl ol ol Az o
N azZ1+azZ1 ¢+ oz|, . 0z[, | 84’
=3 I+3 1+ -1

where € = (£,7,() € [~1,1]? are reparameterization coordinates with x(£) = Ti_1+ (14 &Ax;/2 and
similarly for y(n) and z(¢). The spatial derivatives of I(,x,t) at the cell faces in Eq. (70) are evaluated in
a similar way as in Eq. (41). Note that although the coordinate transformation I(7,x, ) reconstructed on
Qi in Eq. (70) is discontinuous across cell faces in general, its spatial derivatives are always continuous
across the cell faces in the coordinate direction along which the derivates are taken and, hence, the fluxes
on the right hand side of Eq. (69) are consistent across adjacent cells. Schematically, the spatial variation
of I(7,x,t) over four finite volume cells of a two-dimensional rectilinear grid is illustrated in Figure 1 for
a fixed value of 7 and a given time instant .
Spatially averaging Eq. (70) on Q;x; yields the following cell-averaged coordinate transformation

. . ol ol Ax; ol ol Ay,
I(1,x,t =1(7,X;p1, t — - — J — - — —
(I x, )>ijz (7 Xm0, ) + ox|, ~ Ox|, | 24 dyl, . 9yl, | 24
it3g i—3 k+3 5
(71)
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= -= iy
0z 0z|, | 24

Zipd -1

¥
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I(r, Tj+1; Yk t)

Figure 1: Illustration of the change in two spatial coordinates of the coordinate transformation (1,-,1)
(left panel) reconstructed from cell midpoint coordinate transformations I(7,%;x,t) and of its spatial

derivatives 9l(r, -, t)/0z, Ol(t,-,t) /Oy (center and right panels) for x = (z,y) at a specific time instant ¢
and a given value for 7 € [I;, L.

By a direct extension of Eqgs. (51) and (52), moreover, we obtain on account of Eq. (70) and supposing
that, in each term, v(x,t) and I'(x,t) vary linearly only in the coordinate direction along which the

spatial derivative of I(7,x,t) is taken

+ Z (Terms 2 — 4 on rhs of Eq. (51) for « = ;) (72)
i=1

3 6[ 2 3
<r; (&ci) >Q 3 (Rhs of Eq. (52) for z = ;). (73)

(g7, %, 0)q,, = 1

Xjkl

3

Similarly, the coefficients W (t) <\/2F 8l_/8:c|T ) > ,©=0,...,np, on the right hand side of Eq. (56)
it3

are replaced by ’
3

Z W;(t) (Rhs of Eq. (57) for = = z;). (74)

i=1

6 Dynamic load balancing

Both the reaction and PBE fractional steps can be solved independently for each spatial grid cell. Such
problems are sometimes referred to as embarrassingly parallel as no synchronization between results
obtained for different grid points is needed. Commonly, implementations of reactive flow solvers are
parallelized with the aid of a domain decomposition technique, whereby every computing process owns a
particular part of the physical flow domain and boundary values are communicated using halo cell layers.
In such an implementation, the workload associated with the solution of the reaction and PBE fractional
steps on each process can differ depending on the number of cells in each subdomain whose composition
is amenable to reaction or on the stiffness of the chemical reaction and PBE ODE (ordinary differential
equation) systems, for instance.

The expected workload on each process may be estimated either using heuristic techniques or based
on physical insight. In our current implementation, the reaction fractional step is limited to those cells
whose temperature exceeds a minimum temperature of 7' = 800 K; concomitantly, we take the number of
reacting cells within a process’ subdomain as an estimate for its expected workload. Implicit here is the
assumption that all reacting ODE systems require approximately the same amount of work or runtime
for integration. While this may not hold true in general, we obtain some justification from the use of
a first order backward Euler ODE integrator without step size refinement. The kinetic rate expressions
are obtained from the Chemkin library [17] and hard-coded. For efficiency, all temperature-dependent
coeflicients are evaluated only once at the beginning of the reaction fractional step and maintained over a
time step; at the end of the reaction step, the temperature is then updated based on the final composition
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(Eq. (5)). Lastly, we mention that, in order to avoid evaluating the Jacobian repeatedly, the backward
Euler non-linear system is solved using a modified Newton-Raphson scheme.

The PBE fractional step, on the other hand, is executed on all physical cells since changes in the
transformed stochastic number density may also result on account of spatial/temporal variability of the
coordinate transformation on particle size space even if the kinetic rates for particle formation vanish
(Eq. (31)). In this case, we estimate the expected workload on a process in terms of previous runtime
measurements on the integration of the ODE systems associated with all grid cells in the process’ sub-
domain. For the very first time step, the workload on each process is assumed to be identical. In order
to temporally integrate the PBE fractional step, we apply the explicit 5th order accurate Runge-Kutta
method DOPRI5 of Hairer et al. [11] with error control. Despite the simplicity of our approaches for
estimating the workloads on each process for the reaction and PBE fractional steps, we find that they
perform very well at reducing significantly the load imbalance (see Figure 4 below).

In a similar way as for the PBE fractional step, the prospective workload associated with the reaction
fractional step may also be estimated based on past runtime measurements if the composition in a cell
continues to be flammable. Although this does not have a bearing on our current approach, where the
workload associated with every chemical ODE system is similar, it may be attractive for more general
time integrators involving error control and step size refinement. However, considering a backward Euler
solver with step size refinement, we observed that, contrary to the PBE step, past runtimes are not
always indicative or representative of the current stiffness of a chemical reaction ODE system. One
possible reason for this is that the remaining fractional steps significantly affect the local gas composition
either due to convective/diffusive transport, molecular mixing or scavenging of gas phase species and
radicals by particle formation and depletion. In the case of soot formation, radiation can also exert a
large influence on the local gas enthalpy. The soot particle size distribution, by contrast, evolves on
much larger time scales and is not amenable to molecular diffusion; typically nucleation and oxidation
are reported as the fastest physical processes, while surface growth proceeds slower [3].

In a methodology for dynamic load balancing, the cumulative workload is redistributed among all
processes in such a way that every process is assigned an approximately equal share. While, in some
applications, the exchange of work among processes is restricted by the connectivity of the processes’
physical subdomains [54], we do not encounter such restrictions here owing to the embarrassingly parallel
nature of the reaction and PBE fractional steps. Redistributing work relies on a bilateral communication
pattern among those processes whose workloads exceed or fall below the average workload across all
processes (plus/minus a preset tolerance). Figure 2 lists the algorithm we currently use on each process
in order to determine the recipients and corresponding workload sizes of parcels that a process sends (if
its initial workload exceeds the average workload) or the senders and equivalent workloads of parcels a
process receives (if its initial workload is smaller than the average workload). Here, a parcel encompasses
the input data necessary for the integration of as many ODE systems as amount to the workload that
is to be sent or received. On the reverse communication path after integration is complete, the parcels
contain the integration output data (along with runtime measurements for the PBE ODE systems). For
memory economy, a process employs the same buffer both for sending/receiving input data parcels and
receiving back/returning the output data parcels. As reference, the input/output data for an ODE system
of the spatially one-dimensional reaction or PBE fractional step that are sent and received via parcels
are summarized in Table 2.

The algorithm in Figure 2 proceeds iteratively; in each iteration, the main idea is to match a process
whose workload exceeds the average workload with a process whose workload deficit closely matches
the surplus workload of the overloaded process. The workload excess and deficit, respectively, are then
compensated, partly or completely, the matched sender-receiver pair is stored and the iteration continues
to the next remaining overloaded process. The algorithm terminates as soon as all workload excesses
have been distributed or do not differ from the average workload by more than a small tolerance.

Schematically, the main steps involved in a dynamic load balancing scheme based on the communica-
tion pattern of Figure 2 are illustrated in the flow chart in Figure 3. The boxes shifted to the left hand
side indicate the commands issued and tasks performed by receiving processes, while the boxes shifted to
the right hand side pertain to sending processes. For both receiving and sending processes, data transfers
are non-blocking and overlap with the integration of ODE systems that remain on the current process.
If a process receives multiple parcels from different senders, then the ODE systems within a parcel are
integrated concurrently with receipt operations for the subsequent parcels and the return delivery of the
previous parcels.

For realistic runtime measurements on the dynamic load balancing scheme for the reaction and PBE
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Reaction fractional step PBE fractional step

In-/output Variable Time Reference Variable(s) Time(s) Reference(s)
0;(t) tn 0;(t) tn
T(0;1) tn Eq. (5)  T(65(1)), p(0;(t)) tn Egs. (5), (6)
D, 5(t) tn Eq. (37)
Input 7
npu Kinetic coefficients tn
(g (7,2, ), {tn. b} Ea. (51)
= 2
<r (9l(r, z,t) /Ox) >Qj {tatys1,tas1}  Ea. (52)
Mixed/Wiener terms tn Rhs of Egs. (56), (63)
<l(7',a:,t)>ﬂj {tn,tnt1} Eq. (49)
6,(t) ot 0,(t) bnt1
Output D, 5(t) tn+1
Integration runtime Egs. (45), (56), (63)

Table 2: Summary of the variables per grid cell ; that are sent (rows 3 — 10) or returned (rows 11 —13)
in a data parcel as part of the dynamic load balancing scheme for the reaction (columns 2 — 4) and PBE
(columns 5 — 7) fractional steps in one spatial dimension. For brevity, we employ the shorthand notation
0;(t) = (6(x,t))q,. The variables listed in columns 2 and 5 are evaluated at the time instants indicated
in columns 3 and 6, respectively. Additionally, the 7-dependent variables in column 4 are computed at
the 7-cell faces 7,1 (Eq. (33)) and i =0,...,n,.

fractional steps, we return to the Delft III test case previously investigated by Sewerin and Rigopoulos
[52], implementing two slight amendments. First, molecular mixing of the particle number density is
omitted; by consequence, the micromixing fractional step in Eq. (29) does not extend to the stochastic
number density. Second, we retrieve inflow profiles for the LES-filtered velocity by applying the digital
filter-based procedure of Klein et al. [18] to power law mean profiles based on the nominal jet and co-
flow bulk velocities and to velocity covariances estimated from prescribed turbulence intensities. As in
the original simulation [52], the spatial grid encompasses n. = 672 x 70 x 36 = 1,693,440 cells and
transformed particle size space is discretized using n, = 30 finite volume cells.

In order to assess the extent to which our implementation achieves hiding data transfers behind
computation/integration, absolute and relative runtime measurements spent on ODE integration are
compared with idle and total runtimes in Table 3 for the Delft IIT test case. Here, relative measurements
indicate fractions of the total runtime for the complete reaction or PBE fractional step. The runtime
measurements were taken on four nodes (96 MPI processes) of a Cray XC30 Supercomputer (ARCHER
UK) and averaged over all MPI processes and 25 consecutive time steps of size At = 107%s. For the
PBE fractional step, we infer from Table 3 that processes remain idle for 1.4 % of the total runtime on
average. This observation is very positive; it also carries over to the reaction fractional step, for which
idle waiting times account for 1.9 % of the total runtime on average.

Although we reconsider, with slight amendments, the Delft III test case of Sewerin and Rigopoulos [52]
here, the time measurements in Table 3 differ from those reported in Table 2 of Sewerin and Rigopoulos
[52]. On the one hand, this is due to the fact that the present time measurements were obtained for
a slightly smaller time step of At = 107%s (compared to At = 1.2 x 107 %s in the original reference).
On the other hand, Sewerin and Rigopoulos [52] applied the dynamic load balancing scheme only to the
reaction fractional step. Furthermore, parcels were received in-order and, for sending processors, the
commands for receiving parcels back were only called after all parcels had been sent. In the current
implementation, we lift these restrictions and also adapt the dynamic load balancing scheme to the PBE
fractional step.

We can gain some insight into the efficacy of the dynamic load balancing scheme in either fractional
step by examining statistics of the relative load imbalance across all processes. Following Thévenin et al.
[54], the relative load imbalance I; of process i, i = 1,..., Ny, can be defined as the fraction of the
average runtime which a process’ requires in excess of or less than the average runtime,

Nmpi
1

T,. (75)



Input: w = (w1,...,Wn,,,;), P=(1,..., Nmpi), id

1. Compute deviation x = (z1,...,%n,,,,;) from mean workload w
Nmpi
. _ 1
Ti=w; —w, t=1,...,Nmpi, W= E w;
Nmpi j=1

2. Initialize number of parcels to be sent, ngy = 0, and to be received, n, = 0, and set a tolerance tol = 5%w
3. Repeatedly loop over all entries of x with x; > 0
3.1 If x; < tol, then set z; = 0 and skip to 3.8

3.2 Determine the value z; in x whose negative is closest to x;

v = arg 1min (zi + min(0, zx))
=L, Mmpi
(This indicates that process p; sends a parcel with corresponding workload min(x;, —x;) to process
p;-)
3.3 If z; > 0, then quit

3.4 If p; = id, then increment ng < nq + 1 and save M,(Lsde’r{d) = pj, Mflze’[;d) = min(z;, —x;)
3.5 If p; = id, then increment n, < n, + 1 and save Mflieiv) = pi, Mff:‘;’) = min(x;, —z;)

3.6 Update z; < max(0,x; + x;) and set z; = 0 if z; < tol
3.7 Update z; + min(0,z; + z;) and set x; = 0 if z; > — tol

3.8 If i < Nmpi, then increment 7 <— ¢+ 1 and continue at 3.1; if x possesses a positive entry and ¢ > nmpi,
then set ¢ = 1 and also continue at 3.1; otherwise quit

Output: Nd, Nr, ]_\/_[(Send)7 M(recv)

Figure 2: Algorithm for determining the communication schedule of process id, id € {1,..., Ny}, based
on the estimated workload w on all processes with identifiers p. The matrices M ") and M(reev)
contain the destinations/sources (first column) and corresponding workloads (second column) for parcels
tha(mt pr)ocess id sends or receives, respectively. For example, process id may send a parcel with workload
M send

s to process Mi(slend), i€ {l,...,nq}. For w;q < w, process id receives a parcel with workload

M;f;cv) from process M;rlecv), Je{l,....n}.

P

Here, T; denotes the runtime of a fractional step on process i and T refers to the average runtime
on all processes. Figure 4(a) depicts the temporal change of the mean load imbalance (lines) across
all processes as well as the corresponding standard deviation (shaded areas) for the reaction and PBE
fractional steps, while Figure 4(b) shows the maximum relative load imbalance. For reference, we also
include measurements of the maximum relative load imbalance that remains if the dynamic load balancing
is deactivated. As above, the runtime measurements were performed on the Delft ITI test case using the
same computing configuration and settings. For the PBE fractional step, we observe that the mean
relative load imbalance remains below 2.5 % and attains maximum values of 15 % on average. The mean
relative load imbalance of the reaction fractional step is slightly smaller, not exceeding 2.0 %, and the
maximum imbalance reaches 4 % on average. Figure 4(b) also indicates that the dynamic load balancing
scheme is effective at reducing the maximum relative load imbalance from about 190 % and 170 % for the
PBE and reaction fractional steps, respectively, by more than an order of magnitude on average.

The strong scaling of a parallel implementation on a multi-processor hardware is often analyzed by
comparing runtime measurements on an increasing number of processors for a fixed problem size. In
view of a strong scaling analysis for the Delft III test case, Figure 5 depicts the change in runtime per
time step (averaged over 100 consecutive time steps) for each fractional step over different numbers of
processors or, equivalently, nodes on a Cray XC30 Supercomputer (ARCHER UK). Here, the convection-
diffusion, gas phase reaction and PBE fractional steps consume approximately equal shares of the total
runtime, while solution of the micromixing fractional step is about one order of magnitude faster. In
slight amelioration, we mention that the similarity of absolute runtimes for the former three steps may
be coincidental; depending on the intensity of particle nucleation and growth and on the vigorousness
of spatial and temporal PBE grid variability, an implicit integration scheme can, possibly, be necessary
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Estimate workload

!

(MPI_Allgather) Communicate workload to all processors

!

Determine number /size of parcels to be sent/received

Receiving Sending

(MPI.Irecv) Issue receive commands

(MPILIsend) Package and send parcels

Solve ODE systems remaining on this processor

'

Loop over all parcels to be received

1. (MPI-Waitany) Wait for parcel to arrive
2. Solve received ODE systems

3. (MPLlIsend) Return results to sender

(MPLIrecv/Waitany) Receive parcels back and unpack

(MPI_Waitall) Wait for parcel sending to complete

Figure 3: Schematic flow chart illustrating the solution (gray shaded) and communication (MPI-standard
commands) steps for processes receiving (left hand side) or sending (right hand side) parcels as part of a
dynamic load balancing scheme for the reaction and PBE fractional steps.

Time m rement Reaction fractional step PBE fractional step

¢ measureme Absolute [s] Relative [%)] Absolute [s] Relative [%)]
Integration 4.0+8.7x1072 975+ 1.9 4.0+84 %1072 98.6 +1.4
Idle 77 x1072£7.8 x 1072 19419 55x1072 457 x 1072 14414
Total 41479 x1072 100 40498 x 1072 100

Table 3: Runtime measurements (averaged over 25 consecutive time steps and 96 MPI processes on a Cray
XC30 Supercomputer, ARCHER UK) of the dynamically load balanced reaction and PBE fractional steps
for the Delft IIT test case (time step At = 107%s). Relative values correspond to fractions of the total
runtime. Idle times indicate time periods over which processes wait for memory transfers to complete.
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Figure 4: (a) Mean relative load imbalance computed across 96 MPI processes for the reaction and
PBE fractional steps of the Delft III test case including a dynamic load balancing scheme. Here, the
shaded areas (light/dark gray for the reaction/PBE fractional step) indicate plus/minus one standard
deviation. (b) Maximum relative load imbalance across all processes both with and without the dynamic
load balancing scheme.

for the solution of the PBE fractional step [51]. Additionally, integration of the chemical kinetics ODE
systems has been simplified by evaluating the rate coefficients at the initial temperature and by omitting
step size refinement; as a consequence, the workload per ODE system remains approximately constant
(safe for variations in the number of modified Newton-Raphson steps for the solution of the backward
Euler linear systems) across all reacting grid cells. If we were to employ a more accurate chemical kinetics
integrator with error control and step size refinement, then an improved a priori estimate of the workload
per chemical reaction ODE system would be required; possibly, such an estimate could be based on kinetic
criteria, for example, the maximum time scale ratio or, equivalently, a measure of the conditioning of the
ODE system. Importantly, however, Figure 5 demonstrates a linear strong scaling (compare with the
thick solid line in the top right corner) of the four fractional steps, thus evidencing the effectiveness of
our dynamic load balancing scheme.

7 Conclusions

Recently, the LES-PBE-PDF approach has emerged as a viable predictive framework for modelling soot
particle size distributions in turbulent hydrocarbon flames. Here, correlations of gas phase composition
and soot particle number density are resolved without any approximation on part of the chemical or
particle formation kinetics. This is reflected in the modelled evolution equation for the LES-filtered joint
scalar-number density pdf. In order to estimate LES-related statistics of the composition and particle size
distribution, we employed a numerical solution approach based on a statistically equivalent reformulation
in terms of Eulerian stochastic fields and invoked an explicit adaptive grid method for discretizing the
stochastic field counterpart of the PBE in particle size space.

In this article, we revisited the LES-PBE-PDF framework combined with a Eulerian stochastic field
reformulation and provided details on the semi-discrete formulation of the PBE fractional step featuring
particle size grid adaptivity. Our emphasis lay on the consistent spatial and temporal evaluation of terms
that originate from the adaptive grid discretization in particle size space. Since most of the computational
expense persists in the chemical reaction and PBE fractional steps, we further proposed a dynamic load
balancing scheme that involves a dedicated bilateral communication pattern for deployment on massively
parallel computing systems. The performance of the dynamic load balancing scheme was quantified for a
test case of soot formation in the turbulent diffusion flame Delft III; we found the remnant load imbalance
in either fractional step to not exceed 2.5 % on average and gave evidence of linear strong scaling on a
high performance computer for up to 192 processors.

Apart from our solution approach combining a stochastic field formulation with particle size grid
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Figure 5: Average runtimes for solving the convection-diffusion (Egs. (27) and (28)), molecular mixing
(Eq. (29)), gas phase reaction (Eq. (30)) and PBE fractional steps (Eq. (31)) on a Cray XC30 Super-
computer (ARCHER UK, 24 processors per node) over the number of processors used for the Delft III
test case (time step At = 107%s). Here, the problem size remains constant (strong scaling analysis).

adaptivity, an alternative solution strategy based on an MMC/sparse stochastic particle method has
been advocated by Neuber et al. [27, 28]. The test cases examined by these authors and in our work
[51, 52] corroborate the practical viability of the PBE-PDF extension to LES, but also show that its power
is mainly contingent upon the development of efficient numerical solution and parallelization strategies.
Potentially, a combination of the MMC/sparse stochastic particle method with an adaptive particle size
discretization may enable further runtime reductions without incurring a loss in accuracy — an idea we
intend to explore in future times.
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