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Abstract 

Existing high-fidelity kinetic plasma simulations, such as particle-in-cell (PIC) method, can provide 

valuable insights into the physics of the E × B discharges unachievable with other numerical methods. 

However, their enormous computational cost does not allow for extensive parametric investigations and 

prohibits fully kinetic 3-dimensional simulations needed to properly study the multi-dimensional, multi-

scale physics in real-size devices over real-world timescales. 

The reduced-order PIC (RO-PIC) scheme, developed in this work and extensively verified in various 

E × B plasma configurations, serves as a promising computational tool, realizing self-consistent multi-

dimensional kinetic modeling of plasma at a drastically reduced computational cost (up to several orders 

of magnitude) compared to the conventional PIC simulations.  

The verified RO-PIC is used for extensive parametric investigations in 2D radial-azimuthal and axial-

azimuthal Hall-thrusters-representative discharge settings. These studies demonstrated the RO-PIC’s 

utility for investigating plasma phenomena across a broad parameter space of both fundamental and 

applied significance. Also, they have provided unique aggregated insights into the variations in the 

plasma instabilities, the electrons’ cross-field transport, and the macroscopic plasma behavior with the 

changes in the system’s operational and physical parameters.  

In radial-azimuthal geometry, the studies reveal the dominance of various instabilities including 

Electron Cyclotron Instability (ECDI) and Modified Two Stream Instability (MTSI) with distinct 

consequences on plasma, under different electromagnetic field intensities and magnetic field 

curvatures.  Along axial-azimuthal coordinates, the variation trends in plasma behavior and instabilities 

including Ion Acoustic Instability (IAI) and Transit Time Instability (ITTI) across diverse operating 

conditions are observed. 

The application of RO-PIC as a predictive engineering tool is demonstrated through a first-of-its-kind 

attempt to self-consistently simulate an industrial 20-kW-class Hall thruster kinetically within practical 

timeframes, obtaining predictions of the experimental performance parameters with accuracies of 70 −

80% across three simulated operating conditions. 

Finally, future directions for further advancing the RO-PIC, including its extension to 3D, are outlined. 
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Chronicles  of  Reduced-order PIC 

(A rhyming abstract, in collaboration with ChatGPT) 

Plasmas pervade the cosmic stage, 

In stars they burn, in space engage. 

On Earth, in labs, its wonders we find, 

Applications are diverse, for humankind. 

In labs of science, minds aspire, 

To tame this force, to reach higher. 

Plasma's power, a cosmic art, 

Propels us forward to above and beyond. 

Plasma, a force that powers our quest, 

Igniting the engines, we give it our best. 

In labs, scientists work day and night, 

To harness its power, to make things right. 

Despite their presence vast and wide, 

Their secrets still within them hide. 

From space's thrust to fusion's dream, 

A world of dynamics, complex, supreme. 

Comprehensive insight, the keys we seek, 

To predict and control, solutions unique. 

Innovative pathways, technology's peak, 

Fusion's promise, sustainable and sleek. 

Fundamental questions yet to clear, 

In plasma's dance, our grasp not near. 

From stars to labs, a quest we face, 

To predict and harness their fiery grace. 

Prediction, control, the holy grail, 

Technological leaps, we set to trail. 

Yet hindered by models, fidelity high, 

Computational bounds, stretch to the sky. 

In plasma's realm, dimensions three, 

A dance of scales, both vast and free. 

Understanding sought, complex and steep, 

In models' absence, our progress may sleep. 

In pursuit of knowledge, we tirelessly strive, 

To unlock the secrets, and keep innovation alive. 

In plasma's realm, enigmatic and deep, 

Kinetic simulations, their secrets to keep. 

E×B discharges, mysteries unfold, 

But computational costs, a barrier so bold. 

In three dimensions, a vast expanse, 

Yet limitations hinder our eager advance. 

RO-PIC emerges, a beacon bright, 

Efficient and agile, reducing the plight. 

Parametric studies, once out of reach, 

Now RO-PIC reigns, with lessons to teach. 

RO-PIC, with efficiency's might, 

Unlocks simulations, once out of sight  

With unprecedented insights, it leads the way, 

Predicting behaviors, in the plasma's sway. 

So here we stand, on the brink of space, 

With plasma's grace, we claim our place. 

Plasma, the key, to our cosmic quest, 

Guiding us onward, to places yet blessed. 

Plasma thrusters whisper, gentle yet strong, 

Pushing spacecraft where they belong. 

With plasma thrusters, we reach afar, 

To distant skies, past the nearest star. 
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Chapter 1 Background and problem statement 

Plasmas are ubiquitous in the universe. From the intense nuclear fusion reactions powering 

stars to the vast expanses of interstellar space, plasma constitutes a significant portion of 

cosmic matter. Despite its prevalence, our understanding of plasma and its behavior has 

remained incomplete. The long-standing fundamental questions in plasma physics pose 

significant implications on our ability to predict and control plasmas for terrestrial 

applications. 

In many plasma applications of industrial relevance, from magnetrons for material processing 

and Hall thruster for space propulsion to magnetic confinement devices for fusion, the 

intricate plasma dynamics is three dimensional in nature and covers a vast range of temporal 

and spatial scales. Obtaining a comprehensive understanding of the muti-dimensional picture 

of kinetic plasma processes enables the prediction and control of plasmas, paving the way for 

more efficient technological solutions, novel plasma applications and harnessing fusion 

energy as the sustainable energy source for the future. Nonetheless, our efforts toward 

acquiring an all-round knowledge of the 3D plasma phenomena are often impeded by the 

unavailability of a computationally viable self-consistent, high-fidelity model.  

In this regard, development of a new modelling approach that can cut the computational 

burden of the traditional kinetic simulations while maintaining the fidelity in their prediction 

serves as making a leap towards unravelling questions in plasma physics that have remained 

unanswered for decades.  

Throughout this work, we primarily focus on 𝐸 × 𝐵 plasma discharges and applications as 

proving ground for the methods developed within this research. 

1.1.  Overview of the physics of cross-field plasma discharges 

Partially magnetized plasmas immersed in a perpendicular configuration of the electric and magnetic 

fields (which are referred to as E × B or cross-field configuration) found important applications across 

industries over the last decades. These applications range from magnetrons for plasma-assisted 

manufacturing to Hall thrusters for in-space plasma propulsion and plasma sources such as Penning 

discharge (Fig. 1.1). The operation of the E × B technologies mainly relies on effectively impeding the 

cross-magnetic-field electron current. E × B discharges are characterized by multi-dimensional 
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phenomena across a wide spectrum of spatiotemporal scales [1][2]. Moreover, their underlying plasma 

processes, such as instabilities and particles’ transport, exhibit a multifaceted and highly coupled 

nature. The rich physics and abundance of complex plasma phenomena made E × B plasmas the 

subject of broad fundamental research on various aspects including plasma instabilities and their 

induced electrons’ cross-field transport, as well as sheath physics and plasma-wall interactions. 

 
Fig. 1.1: Various applications of E × B plasmas: (a) A magnetron [Source], (b) A Hall thruster [3], (c) A 

Penning discharge [Source] 

1.1.1. Plasma-wall interactions 

At the interface of the plasma and a surface, electrons (due to their higher thermal mobility) tend to 

collide with the wall more frequently than ions. This results in a negative charge accumulation at the 

surface and establishment of an electric field directed towards the wall in its immediate vicinity. This 

electric field impedes the loss of more electrons to the wall while accelerating the ions so as to balance 

the flux of electrons towards the wall.  At steady state, an equal flux of ions and electrons reaches the 

wall, hence, maintaining the surface potential at a constant value (sheath potential) relative to the 

plasma bulk’s potential. In the vicinity of the wall’s surface, a non-neutral layer called plasma sheath [4] 

forms, separating plasma bulk from the wall. The sheath region typically has a higher number density 

of ions than electrons, a necessary condition to “shield” the quasi-neutral bulk plasma from the negative 

wall potential. It is noteworthy that plasmas exhibit collective behavior that confines the Coulomb 

interactions between charged particles to within Debye sphere [4][5] (a sphere with radius of a Debye 

length). Accordingly, formation of a sheath is the response of the plasma to limit the influence of wall’s 

negative potential to a distance in the order of a few Debye lengths (refer to Section 1.4.1). The sheath 

potential drop, i.e., the potential difference between the wall and bulk plasma, is a function of electron 

temperature.  

1.1.2. Secondary Electron Emission (SEE), sputtering and erosion 

Even though the sheath hinders most electrons from reaching the wall, those in the high-energy tail 

of the electrons’ energy distribution function [6] will have high enough energy to overcome the sheath 

potential barrier and impact on the wall. When an electron hits the surface, depending on its pre-impact 

energy, multiple scenarios are possible: that “primary” electron can get elastically reflected, inelastically 

backscattered or, if the energy is above the so-called “emission threshold energy”, it can cause a 

number of “secondary” electrons to be emitted out of the surface into the plasma. This last scenario is 

https://www.angstromsciences.com/
https://htx.pppl.gov/penning.html
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referred to as Secondary Electron Emission (SEE). Since these emitted electrons are colder than the 

plasma primary electrons, the overall effect of SEE is to cool down the plasma by lowering the 

temperature of electron population.  

The ratio between the flux of electrons from the wall entering the plasma and that of the primary 

impinging electrons is called total emission yield coefficient (𝛾). This coefficient depends on the primary 

electron energy and the angle of impact. The electron energy corresponding to 𝛾 = 1 is referred to as 

crossover energy (𝜖∗) which is a characteristic of the wall material. 

As the primary electron energy approaches 𝜖∗, 𝛾 increases due to a higher flux of electrons from the 

wall. Due to this increased flux, the potential profile in the immediate vicinity of the wall tends to flatten 

as a result of an accumulation of electrons, resulting eventually in a near-wall zero electric field. In this 

situation, the sheath is called to be in the Space-Charge Saturated (SCS) regime. The yield coefficient 

assumes a critical value (𝛾𝑆𝐶𝑆) which is proportional to the electron-ion mass ratio. It has been shown 

[7] that the SCS regime can be unstable, with certain instabilities developing so that the sheath returns 

to the unsaturated state.  

While the sheath acts to repel the electrons away from the wall, as mentioned above, its potential 

drop accelerates ions towards the wall. Because ions gain energy in the sheath electric field, their 

impact on the wall can induce surface sputtering. Similar to SEE case, a sputtering yield coefficient (𝛾𝑠) 

can be defined as the average number of neutral particles ejected from the surface per incident ion. 

Sputtering yield is also a function of the impacting ion energy and angle of incident.  

The surfaces in contact with plasma, e.g. the Hall thruster’s channel walls, are constantly bombarded 

by ions which can cause sputtering of these surfaces. In the Hall thruster's acceleration region, high-

energy ions accelerated by the strong electric field impact the ceramic channel, increasing sputtering 

rates near the exit plane and leading to gradual erosion of the channel material.  

1.1.3. Plasma oscillations and instabilities 

The plasma in E × B configuration is inherently non-quiescent, representing a variety of instabilities. 

This plasma is not in a thermodynamic equilibrium, and it tends to release its free energies through 

turbulence and radiation of electromagnetic waves to reach an equilibrium state. Instabilities in plasma 

can be caused by almost any kind of deviation from thermodynamic equilibrium which occurs in two 

general ways, based on which the instabilities can be divided into two main categories: macro-

instabilities and micro-instabilities [8]. 

Macro-instabilities can occur due to any inhomogeneity in the thermodynamic quantities, such as 

pressure and temperature. As these instabilities depend on the configuration space [8] properties of the 

plasma, they can be adequately described by the fluid equations. Micro-instabilities, on the other hand, 

are kinetic in nature which arise due to deviation from Maxwellian distribution function [8]. Therefore, in 

most cases, they can only be appropriately treated using kinetic simulations (refer to Section 1.3). These 

instabilities are commonly excited under two conditions. 
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A) In the presence of two streams of particles in contact, or the existence of a current due to a 

relative drift between ions and electrons, the resulting particles’ distribution functions have more 

than one peak (Fig. 1.2 (b)). The existence of multiple extrema in the unperturbed velocity 

distribution function provides the possibility for the distribution function to have a gradient which 

satisfies the following relation at the velocities near the phase velocity of the wave (𝜔/𝑘). 

𝜔

𝑘
 
𝜕𝑓0
𝜕𝑣
|
𝑣 = 

𝜔
𝑘

> 0  Eq. 1.1 

In the above relation, 𝑓0 is the unperturbed particles’ distribution function, and ω and k are waves 

frequency and wavenumber, respectively. This is the necessary condition for appearance of 

instabilities as in such case, a net energy will transfer from particles to the wave during the wave-

particles resonant interactions, which result in the growth of the waves. This process is opposite 

to the Landau damping [4][9], where the energy transfer occurs from wave to particles leading 

to damping of the waves. This condition (Eq. 1.1) is never met in a Maxwellian distribution 

function and, therefore, the waves propagating in a plasma with Maxwellian distributions are 

stabilized through Landau damping (Fig. 1.2 (a)) [8].  

As illustrated in Fig. 1.2 (b), as a result of the resonant interactions with waves, the particles 

undergo heating and diffusion in the velocity space so as to eliminate the positive gradient and 

flattening the bump on the tail of the distribution function, and finally to bring the system back to 

a more stable state. 

 
Fig. 1.2: (a) Stable (Maxwellian) and (b) unstable (non-Maxwellian) distribution function. 

B) When plasma is subject to anisotropy. Anisotropies in the distribution function can appear, for 

example, in the presence of a magnetic field strong enough such that particles cyclotron 

frequency is larger than collision frequency. Otherwise, the collisions would smooth out the 

anisotropy. 

In E × B discharges, both mentioned conditions exist which makes the plasma susceptible to a wide 

range of instabilities. In these configurations, the magnetic field is sufficient to create a substantial 

anisotropy in the electrons’ distribution function. Besides, the E × B electrons motion resembles a large 

drift relative to the axially moving ions, providing the possibility to make the azimuthally propagating 

waves unstable.  

In the following we provide a brief overview of the theoretical background of the important instabilities 

and oscillations in the cross-field plasma configuration. Regarding the notation of the coordinates’ axes 
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used for the description of the instabilities, 𝑥 represents the axial direction along the electric field (E), 𝑦 

denotes the radial direction parallel to the applied magnetic field (B), and 𝑧 indicates the azimuthal 

coordinate along E × B direction. 

1.1.3.1. Electron Cyclotron Drift Instability (ECDI) 

One of the most influential azimuthal instabilities in E × B discharges is Electron Cyclotron Drift 

Instability (ECDI). It is a kinetic (microscopic) instability of high frequency (1 − 10 𝑀𝐻𝑧) and wavelengths 

on the order of electron Larmor radius which propagate in the azimuthal (E × B) direction [2]. The waves’ 

phase velocity is smaller than the electrons azimuthal drift, therefore the waves grow by taking energy 

from the drifting electrons. The ECDI excites as a result of a coupling between Doppler-shifted 

electrostatic Bernstein modes and the ion acoustic waves [10][11]. The ECDI has been studied 

extensively using theoretical, numerical, and experimental means over the past few decades 

[2][10][12][13]. 

The kinetic dispersion relation of the ECDI in the presence of stationary and uniform perpendicular 

electromagnetic fields can be obtained from a linearized perturbation of Vlasov’s kinetic equation [4][6] 

for the electrons, fluid equations for the cold and unmagnetized ions, and Poisson’s equation [14]-[16]. 

The resulting 3D dispersion relation is 

1 + 𝑘2𝜆𝐷𝑒
2 + 𝑔 (

𝜔 − 𝑘𝑧𝑉𝑑𝑒
𝜔𝑐𝑒

, (𝑘𝑥
2 + 𝑘𝑦

2)𝜌𝑒 , 𝑘𝑦𝜌𝑒) −
𝑘2𝜆𝐷

2𝜔𝑝𝑖
2

(𝜔 − 𝑘𝑥𝑉𝑖)
2
= 0, 

𝑔(Ω, 𝑋, 𝑌) =
Ω

2𝑌
𝑒−𝑋∑𝑍(

Ω − 𝑛

√2𝑌
)

∞

𝑛=0

𝐼𝑛(𝑋). 

 Eq. 1.2 

In the above equation, 𝑔 is the Gordeev function, 𝑍 is the plasma dispersion function (𝑍(𝜂) =

 
1

√𝜋
∫

𝑒−𝑡
2

𝑡−𝜂
𝑑𝑡

+∞

−∞
), and 𝐼𝑛 is the modified Bessel function of order n. 𝑘𝑥, 𝑘𝑦, and  𝑘𝑧 are the axial, radial and 

azimuthal wavenumbers, respectively. 𝜔 is the frequency of the wave, 𝜔𝑝𝑒 = √
𝑛𝑒 𝑒

2

𝑚𝑒 𝜖0
 is the electron 

plasma frequency, 𝜔𝑝𝑖 = √
𝑛𝑖 𝑒

2

𝑀𝑖 𝜖0
 the ion plasma frequency, and 𝜔𝑐𝑒 =

𝑒𝐵

𝑚𝑒
 is the electron cyclotron 

frequency. 𝜆𝐷 = √
𝜖0𝑇𝑒

𝑒 𝑛𝑒
 is the Debye length, 𝑉𝑑𝑒 =

𝐸

𝐵
 is the electrons’ azimuthal E × B drift velocity, 𝑉𝑖 is 

the ions’ drift velocity, and 𝜌𝑒 =
𝑉𝑒𝑡ℎ,⊥

𝜔𝑐𝑒
 is the electron Larmor radius. In these relations, 𝜖0 is the 

permittivity of the free space, 𝑇𝑒 is the electron temperature, 𝑉𝑒𝑡ℎ,⊥ is the electron thermal velocity in the 

plane perpendicular to the magnetic field, 𝑒 is the unit charge, and 𝑛𝑒 and 𝑛𝑖 are the electron and ion 

number densities. Moreover, 𝑚𝑒 and 𝑀𝑖 denote the masses of the electron and ion particles, 

respectively.   

Fig. 1.3 presents the solution of the ECDI’s 3D dispersion relation for different values of 𝑘𝑦 [16]. 

The 2D approximation of the dispersion relation perpendicular to the applied magnetic field (in the 

𝑥 − 𝑧 plane) shows that the unstable modes of the ECDI develop near a resonance condition given by 

Eq. 1.3 [14][17].  
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𝑘𝑧 = 𝑘0 = 𝑁
𝜔𝑐𝑒
𝑉𝑑𝑒

= 𝑁
𝑒

𝑚𝑒

𝐵2

𝐸
  ;   𝑁 = 1, 2, …  Eq. 1.3 

The solution of the 3D dispersion relation [16] shows that, in the presence of a finite wavenumber 

along the magnetic field (i.e., 𝑘𝑦 ≠ 0), the sharp resonance-like behavior is smoothed out, and the 

dispersion relation given by Eq. 1.3 tends to an asymptotic curve representing the dispersion relation 

of the Ion Acoustic Instability (IAI) [18][19]. Furthermore, as demonstrated by Lampe et al. [20][21], the 

wave-particle interaction can result in resonance broadening, thereby smoothing out the cyclotron 

resonances. This will lead to transition to IAI, which occurs after a nonlinear growth stage when the 

ECDI’s waves reach a sufficiently large amplitude. 

 
Fig. 1.3: Solution of the ECDI’s 3D dispersion relation given by Eq. 1.2; (a) frequency and (b) growth rate 

versus azimuthal wavenumber (𝑘𝑧) for various radial wavenumbers (𝑘𝑦). Reproduced from Ref. [16], “Cavalier 

J et al, Phys. Plasmas 20, 082107 (2013),” with the permission of AIP Publishing. 

The significance of the ECDI roots in the multitude of consequences its presence has on the behavior 

of plasma. These include enhanced electron cross-field transport [22]-[25], considerable heating of the 

plasma [24][26], strong influence on and coupling to the SEE from the channel walls [7] in addition to 

an important role in exciting other plasma wave modes, specifically axial longitudinal ones [7]. In this 

regard, during the nonlinear growth of the instability, the wave-particle interactions result in heating of 

the bulk plasma. The increase in the electron temperature can modify the SEE regime that may lead to 

space-charge saturation of the near-wall sheath. It has been shown that the saturated sheath is 

unstable which causes the excitation of axially propagating electrostatic waves of high frequency [7]. 

1.1.3.2. Ion Acoustic Instability (IAI) 

After a rapid non-linear growth phase, the ECDI reaches a pseudo-saturated state which marks its 

transition to Ion Acoustic Instability (IAI) with a linear growth rate. The frequency (𝜔) and the growth 

rate (𝛾) of the IAI are given by the following relations [2][17][18][20][21] 

𝜔 ≈ 𝑘𝑥𝑉𝑑𝑖 ±
𝑘𝜆𝐷𝜔𝑝𝑖

√1 + 𝑘2𝜆𝐷𝑒
2
 ,  Eq. 1.4 

𝛾 ≈ ±√
𝜋𝑚𝑒

8𝑚𝑖

𝑘𝑧𝑉𝑑𝑒

(1 + 𝑘2𝜆𝐷𝑒
2 )

3
2

 ,  Eq. 1.5 

Note that in the above equations 𝜆𝐷𝜔𝑝𝑖 = 𝑐𝑠, where 𝑐𝑠 is sound speed. It is observed that the axial 

wavenumber of the instability is significantly smaller than the azimuthal wavenumber (𝑘𝑥 ≪ 𝑘𝑧) 

[19][27][28], thus, in Eq. 1.4 and Eq. 1.5, we can assume 𝑘 ≈ 𝑘𝑧.  
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The variation in IAI dispersion (𝜔 − 𝑘𝑧) with electron temperature (𝑇𝑒) and ion number density (𝑛𝑖) is 

illustrated in Fig. 1.4. In the limit of the azimuthal wavelength being much larger than the Debye length, 

i.e., 𝑘𝑧𝜆𝐷 ≪ 1, Eq. 1.4 is simplified into the linear dispersion relation of the ion sound wave 

𝜔 ≈ 𝑘𝑧𝑐𝑠 .   Eq. 1.6 

The dominant mode of the IAI corresponding to the mode with the maximum growth rate satisfies 

𝜕𝛾

𝜕𝑘𝑧
= 0 condition. Accordingly, the characteristics of the instability’s fastest growing mode, namely, the 

azimuthal wavenumber (𝑘𝑧,𝑚𝑎𝑥), the frequency (𝜔𝑚𝑎𝑥), and the phase velocity (𝑣𝑝ℎ,𝑚𝑎𝑥) are obtained as 

𝑘𝑧,𝑚𝑎𝑥 ≈
1

√2 𝜆𝐷𝑒
 ,    𝜔𝑚𝑎𝑥 ≈

𝜔𝑝𝑖

√3
  ,    𝑣𝑝ℎ,𝑚𝑎𝑥 ≈ √

2

3
𝑐𝑠 ,  Eq. 1.7 

where 𝑐𝑠 is the ion sound speed. Ion-trapping is proposed as the saturation mechanism for the IAI 

[20][29]. The instability grows quasi-linearly until it reaches a sufficiently large amplitude that can trap 

significant population of the ions. At the saturation state, the approximate RMS amplitudes of the 

azimuthal electric field (𝛿𝐸𝑅𝑀𝑆) and electron number density (𝛿𝑛𝑒, 𝑅𝑀𝑆) fluctuations corresponding to the 

fastest growing mode of IAI are given by the expressions in Eq. 1.8 [18][30][31]   

𝛿𝐸𝑅𝑀𝑆 ≈
𝑇𝑒

12𝜆𝐷𝑒
 , 𝛿𝑛𝑒, 𝑅𝑀𝑆 ≈

𝑛𝑒

6√2
 ,  Eq. 1.8 

where 𝑇𝑒 and 𝑛𝑒 represent the steady state electron temperature and number density, respectively.  

 
Fig. 1.4: Variation of IAI dispersion relation (Eq. 1.4) with (a) electron temperature (𝑇𝑒) at constant 𝑛𝑖 =

1018 𝑚−3 and (b) with ion number density (𝑛𝑖) at constant 𝑇𝑒 = 10 𝑒𝑉. These plots are generated with the 

assumption of 𝑘𝑥 = 0.  

1.1.3.3. Modified Two Stream Instability (MTSI) 

A theoretical investigation by McBride [32] showed that this mode is a fluid-like instability and is 

insensitive to the electron-to-ion temperature ratio (𝑇𝑒/𝑇𝑖). Janhunen et al. [12] and Taccogna et al. [28] 

numerically observed this instability as a relatively long-wavelength mode with a non-zero wavenumber 

along the radial directions (𝑘𝑦 ≠ 0), the presence of which in the studied systems amplified the inverse 

energy cascade phenomenon.  
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In the simulations, the MTSI is observed to heat up electrons mainly in the direction parallel to the 

applied magnetic field [12][28][32]. Moreover, according to Ref. [32], the MTSI can heat up the ions 

perpendicular to the magnetic field almost to the same extent as it heats up the electrons parallel to 

field lines.  

Boeuf and Smolyakov [2] derived the dispersion relation of the MTSI from the kinetic ECDI dispersion 

relation in the asymptotic case of cold electrons (𝑇𝑒 → 0) and with a finite wavenumber component along 

the direction parallel to the magnetic field. Petronio et al. [33][34] derived a simplified 2D (in radial-

azimuthal plane) fluid dispersion relation under the assumption of isothermal electrons with isotropic 

temperature and by treating ions to be cold and unmagnetized. The dispersion relation is obtained by 

linearizing a system of equations consisting of the continuity and momentum equations for both the 

electrons and the ions as well as Poisson’s equations. The following dispersion relation was, hence, 

achieved 

1 − (
𝜔𝑝𝑖

𝜔
)
2

−
𝑚𝑖

𝑚𝑒

𝜔𝑝𝑒
2  𝑘𝑦

2

(𝜔 − 𝑘𝑦
𝐸
𝐵
)
2

𝑘2
−
𝑚𝑖

𝑚𝑒

𝜔𝑝𝑒
2  𝑘𝑧

2

((𝜔 − 𝑘𝑧
𝐸
𝐵
)
2

−𝜔𝑐𝑒
2) 𝑘2

= 0. 
 Eq. 1.9 

Making certain simplifying assumptions, namely, 𝑘𝑦 ≪ 𝑘𝑧, 𝜔 ≪ 𝑘𝑧𝑉𝑑𝑒, and 𝑘𝑧𝑉𝑑𝑒 ≪ 𝜔𝑐𝑒/𝜔𝑝𝑖, the 

MTSI’s dispersion relation reduces to 

𝜔

𝜔𝑝𝑖
= (1 +

𝑚𝑖

𝑚𝑒

𝜔𝑝𝑖
2

𝜔𝑐𝑒
2
−
𝑚𝑖

𝑚𝑒

𝑘𝑦
2𝜔𝑝𝑖

2

𝑘𝑧
4𝑉𝑑𝑒

2  )

−1/2

.  Eq. 1.10 

The singularity of Eq. 1.10 characterizes the MTSI’s fastest growing mode. Considering that 
𝑚𝑒

𝑚𝑖
≪

𝜔𝑝𝑖

𝜔𝑐𝑒
, the relationship between the radial and the azimuthal wavevector components of the MTSI’s fastest 

growing mode is given by [34] 

𝑘𝑧 = √
𝑒

𝑚𝑒

𝐵2

𝐸
𝑘𝑦 .  Eq. 1.11 

Despite the simplifications made to derive the analytical relation in Eq. 1.11, it well agrees in 

predicting the location of the fastest growing mode in the 𝑘𝑦 − 𝑘𝑧 plane with that obtained from the 

kinetic dispersion relation as seen in  Fig. 1.5. This figure illustrates the solution of the MTSI’s dispersion 

relation (Eq. 1.9) for the plasma density and the field strength conditions of a radial-azimuthal 

community benchmark problem as an example [35]. Superimposed on these plots as dotted cyan 

curves are the loci of the (𝑘𝑦, 𝑘𝑧) pairs that satisfy Eq. 1.11, hence, correspond to the MTSI’s fastest 

growing mode.  

From Fig. 1.5 (b), it is noticed that the MTSI is unstable only when 𝑘𝑧 ≤ √
𝑒

𝑚𝑒

𝐵2

𝐸
𝑘𝑦. Accordingly, in 

line with the findings of Ref. [34], the relationship given by Eq. 1.11 can properly define the boundary 

between the stable and unstable regimes of the MTSI.  
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Fig. 1.5: Numerical solution of the MTSI’s dispersion relation given by Eq. 1.9 with the plasma and the applied 

fields conditions corresponding to a radial-azimuthal benchmark problem (see Section 3.2), namely, xenon 

propellant, 𝑛𝑖 = 1.5 × 10
17 𝑚−3, 𝐸 = 10 𝑘𝑉𝑚−1 and 𝐵 = 20 𝑚𝑇; (a) normalized real frequency (𝜔𝑟/𝜔𝑝𝑖), and (b) 

normalized growth rate (𝛾/𝜔𝑝𝑖) of the MTSI. The dotted cyan curves show the loci of the 𝑘𝑦 and 𝑘𝑧 pairs 

associated with the MTSI’s fastest growing mode as determined by Eq. 1.11. 

1.1.3.4. Ion Transit Time Instability 

The Ion Transit Time Instability (ITTI) sometimes referred to as resistive instability in literature, is a 

predominantly axial mid-frequency oscillation in Hall thrusters. The frequency of these oscillations is in 

line with the inverse of the ions’ transit time though the channel (0.1-1 MHz) and their phase velocity is 

close to the ion axial velocity [36]-[38]. 

Hagelaar [37] explained the dynamic of the transit-time oscillations. The acceleration region (defined 

by region of high electric field) oscillates towards the anode and away from it. When the acceleration 

zone moves towards the anode (upstream), ions in the process of acceleration do not experience the 

full accelerating voltage drop. Conversely, as the acceleration zone moves downstream, a phenomenon 

called "wave riding" causes the ions to undergo a larger voltage drop than that available for acceleration. 

Consequently, the resulting ion beam in the plume consists of two ion populations: (1) fast ions with 

energies exceeding the accelerating voltage, and (2) slow ions with lower energy than the voltage drop 

in the acceleration region. The flow of the low- and high-energy ion populations through the channel 

causes the ion current density profile to oscillate back and forth, which in turn translates into oscillations 

in the electric field profiles, and the cycle repeats. 

Fernandez et al. [38] derived a 1D axial fluid dispersion relation of the instability from the linearized 

perturbed system of equations comprising continuity and momentum equations for electrons and ions, 

assuming quasi-neutral plasma, electrostatic fluctuations, and neglecting electron pressure [38] 

𝜔 = 𝑘𝑥𝑉𝑖,𝑥 − 𝑖
𝜈

2
± √−(

𝜈

2
)
2

− 𝑖𝜈𝑘𝑥(𝑉𝑖,𝑥 − 𝑉𝑒,𝑥) . 
 Eq. 1.12 
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In the above relation, 𝜈 = 𝑒/𝑚𝑖𝜇𝑒  , where 𝜇𝑒 is the total axial electron mobility (representing all 

contributions to electrons’ cross-field transport). In the limit of 𝑘𝑥𝑉𝑖,𝑥~𝑘𝑥𝑉𝑒,𝑥 > 𝜈 which is often the case 

in Hall thrusters, Eq. 1.12 leads to one stable and one unstable solution with the frequencies and growth 

rates given by Eq. 1.13 and Eq. 1.14, respectively 

𝜔 ≈ 𝑘𝑥𝑉𝑖,𝑥 ∓√
(𝑘𝑥𝑉𝑖,𝑥 − 𝑘𝑥𝑉𝑒,𝑥)𝜈

2
 ,  Eq. 1.13 

𝛾 ≈ ±𝑖√
(𝑘𝑥𝑉𝑖,𝑥 − 𝑘𝑥𝑉𝑒,𝑥)𝜈

2
 .  Eq. 1.14 

According to Eq. 1.14, the growth rate is proportional to √𝜈, suggesting that the instability is 

particularly significant under conditions of low electron mobility. 

Introducing electron pressure, the dispersion relation is modified to the following form 

𝜔 = 𝑘𝑥𝑉𝑖,𝑥 − 𝑖
𝜈

2
± √𝑐𝑠

2𝑘𝑥
2 − (

𝜈

2
)
2

− 𝑖𝜈𝑘𝑥(𝑉𝑖,𝑥 − 𝑉𝑒,𝑥). 
 Eq. 1.15 

In the limit of 𝑘𝑥 𝑉𝑖,𝑥~𝑘𝑥  𝑉𝑒,𝑥~𝑘𝑥 𝑐𝑠 > 𝜈, the real frequency is approximated as 

𝜔 ≈ 𝑘𝑥(𝑉𝑖,𝑥 ± 𝑐𝑠) .  Eq. 1.16 

Although the frequency and the growth rate are modified in the presence of electron pressure, the 

overall behavior of the instability remains unchanged including the scaling of the growth rate with the 

inverse of electron mobility [38]. 

The axial-azimuthal dispersion relation of the ITTI is derived by Petronio [33]. It was observed that 

while the non-zero azimuthal wavenumber (𝑘𝑧) has a minor impact on the frequency of the instability, it 

can majorly affect the growth rate. 

1.1.3.5. Breathing Mode Oscillations 

In Hall thrusters, low-frequency (in the range of a few kHz) axial oscillations are known as breathing 

mode where the entire discharge oscillates in unison [39]-[42]. These oscillations are visible in the 

thruster’s discharge current signal. Being an ongoing topic of research, there is still no consensus on 

the origin and the exact mechanism deriving the breathing mode instability. However, it is often 

associated with ionization processes and cyclic depletion and replenishment of neutrals through 

ionization and consequent cyclic variation in plasma density. 

A simple 0D Predator-prey model is proposed by Fife et al. [43] explaining the breathing mode 

oscillation as a cyclic interaction between the electrons (predator) and neutrals (prey). The cycle begins 

with the electrons ionizing the neutrals, leading to increased plasma density, and reduction in neutral 

density. The rise in plasma density increases the ionization rate, which in turn depletes the neutrals. 

Consequently, with fewer neutral particles available, the ionization rate decreases, causing a decline in 

plasma density. As plasma density diminishes, so does the ionization rate, allowing neutral gas to 

accumulate, restarting the cycle. This simple model is described by the following equations 
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𝜕𝑛𝑖
𝜕𝑡

+
𝑛𝑖𝑉𝑖,𝑥
𝐿𝑖

= 𝜉𝑖(𝑇𝑒)𝑛𝑛𝑛 ,  Eq. 1.17 

𝜕𝑛𝑛
𝜕𝑡

−
𝑛𝑛𝑉𝑛,𝑥
𝐿𝑖

= −𝜉𝑖(𝑇𝑒)𝑛𝑛𝑛 ,  Eq. 1.18 

where 𝑛𝑖 and 𝑛𝑛 are ion and neutral number densities,  𝑉𝑖,𝑥 and 𝑉𝑛,𝑥 are the axial velocity of the ions and 

the neutrals, respectively, 𝐿𝑖 is the length of ionization region, and  𝜉𝑖 is the ionization rate coefficient.  

By applying a first-order linear perturbation analysis to Eq. 1.17 and Eq. 1.18, where the number 

densities are represented as 𝑛𝑖 = 𝑛𝑖,0 + 𝑛𝑖
′ exp (𝑖𝜔𝑡) and 𝑛𝑛 = 𝑛𝑛,0 + 𝑛𝑛

′  exp (𝑖𝜔𝑡),  and considering  the 

equilibrium which yields 𝑛𝑛,0𝜉𝑖 =
𝑉𝑖,𝑥

𝐿𝑖
  and  𝑛𝑖,0𝜉𝑖 =

𝑉𝑛,𝑥

𝐿𝑖
 and, a simple expression for breathing oscillations’ 

frequency is obtained as  

𝜔 =
√𝑉𝑖,𝑥𝑉𝑛,𝑥

𝐿𝑖
 .  Eq. 1.19 

It is noted that Eq. 1.19 provides an overly simplified representation of the breathing oscillations 

which fails to account for several important effects. As a result, more advanced 1D models are 

employed by different groups to describe the breathing mode mechanism and origin [42][44]-[47]. These 

studies showed that the role of the near-node region in the formation of this instability is important. In 

particular, Chapurin et al. [45] showed that the ion backflow towards the anode significantly impacts the 

breathing oscillations. Moreover, Lafleur et al. [47] observed that the breathing mode is linked to the 

time variation of the axial electric field and the nonlinearity in electron power absorption. Hara et al. [46] 

investigated the role of the perturbations in electron energy. They found that incorporating ion 

momentum and electron energy equations alongside ion and neutral continuity equations within a 0D 

model results in undamped ionization oscillations. Furthermore, a two-zone modified predator-prey 

model accounting for the coupling between the ionization instabilities in the near-anode and in the 

traditional ionization region is proposed by Dale et al. [48]. 

1.1.4. Electrons’ cross-field transport 

The efficient operation of E × B discharges, particularly Hall thrusters, typically relies on effective 

confinement of electrons’ cross-field motion. Various contributions to electron cross-field transport can 

be identified by looking at the electron azimuthal momentum equation. This equation is derived by taking 

velocity (𝑣𝑥) moment of the Boltzmann kinetic equation for electrons [6]. For simplicity, let us focus on 

a 2D axial-azimuthal (𝑥 − 𝑧) plane. Following the convention from Refs. [19][27][30], Eq. 1.20 represents 

the electrons’ azimuthal momentum equation integrated over the azimuthal direction  

−𝑒𝑛𝑒𝑣𝑒,𝑥𝐵𝑦 =
𝜕

𝜕𝑡
(𝑚𝑒𝑛𝑒𝑣𝑒,𝑧) +

𝜕

∂𝑥
(𝑚𝑒𝑛𝑒𝑣𝑒,𝑥𝑣𝑒,𝑧) +

𝜕

∂𝑥
(Π𝑒,𝑥𝑧)  − 𝑅𝑒𝑛 − 𝑒𝑛𝑒𝐸𝑧 .  Eq. 1.20 

In the above equation, the left-hand-side term is called the magnetic force (𝐹𝐵). On the right-hand 

side (RHS), the first term is the temporal inertia (𝐹𝑡), the second term is the convective inertia (𝐹𝐼), the 

third term represents the viscos effects (𝐹𝛱𝑥𝑧) corresponding to the off-diagonal component of the 

electron pressure tensor (Π𝑒,𝑥𝑧), and the fourth term represents the electron-neutral collision force. The 
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last term is the electric force term (𝐹𝐸) comprising both the steady (𝑛̅𝑒𝐸̅𝑧) component, which is typically 

zero, and the fluctuating (𝑛̃𝑒𝐸̃𝑧) component.  

Accordingly, the impact of the azimuthal instabilities on the electrons is due to the existence of a 

correlation between azimuthal oscillations in electron number density (𝑛𝑒) and the azimuthal electric 

field (𝐸𝑧) such that the spatiotemporal average of 𝑛̃𝑒𝐸̃𝑧 term is non-zero. This term is interpreted as 

instability-enhanced “friction” force between electrons and ions [30] acting on the electrons in the 

opposite direction of their azimuthal drift, which then leads to an increased electron flux in the axial 

direction. Furthermore, based on the experimental observation and numerous numerical investigations, 

the current consensus is that azimuthal instabilities play a major role in the electron transport across 

the magnetic field [1][2]. 

1.2.  Hall thrusters: proving ground for plasma physics studies and important 

technology for spacecraft propulsion 

Hall thrusters are electrostatic plasma propulsion technology that have an extensive heritage of in-

space application and are today prime candidates to access the next generation of near-Earth and 

interplanetary missions. Similar to other Electric Propulsion (EP) concepts, Hall thrusters provide 

specific impulse values of at least an order of magnitude higher than the chemical thrusters, thus 

offering huge propellant mass advantages at the satellite level. The great applied interest in the Hall 

thruster technology is mainly driven by the fact that, compared to other EP technologies on the market, 

Hall thrusters additionally feature a unique combination of high efficiency, high thrust-to-power ratio, 

ease of manufacturing and operational versatility. They are currently used for a variety of purposes 

such as attitude control, orbit maintenance and orbit raising. However, application of these devices and 

mission scenarios based on Hall propulsion systems are expanding. They are recently being considered 

for the emerging missions such as in-orbit servicing, transportation, and interplanetary exploration 

missions to farther destinations. 

Hall Thrusters exist in a wide range of power levels from a few hundred Watts to tens of Kilowatts. 

Accordingly, the propulsive force (thrust) they generate ranges from a few 𝑚𝑁 to 1 𝑁 depending on 

their operating power. Their specific impulse varies between 1000 to 3000𝑠. 

Hall thrusters not only hold significant industrial relevance but also serve as proving ground to 

represent the complex physics in E × B plasmas, particularly instabilities and their interactions. This is 

because of several reasons: first, the plasma configuration in this device represents a perpendicular 

orientation of the applied electric (E) and magnetic (B) fields, featuring rich underlying physics owing to 

the presence of instabilities and turbulence that extend across a broad spectrum of spatial and temporal 

scales [1][2][10][39]. Second, the Hall thruster’s E × B configuration closely matches many other 

industrially relevant low-temperature plasma sources. Third, Hall thrusters’ setup presents a relative 

convenient accessibility and affordability for numerical and experimental physics studies, the insights 

from which can inform the research across the different plasma regimes and applications. All these 

factors make the industrially important, laboratory-scale Hall thruster plasma technology a suitable test 
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bed to investigate unknowns in fundamental plasma physics surrounding plasma instabilities’ 

interactions with magnetic fields and their influence on charged particles’ motion. 

1.2.1. Overview of Hall thruster design concepts and operation principle 

Hall thrusters are designed to ionize a neutral gas injected into their discharge channel, typically via 

DC electron bombardment, and to accelerate the resulting ions in order to generate thrust [49]. The 

geometry of a Hall thruster is such that the centerline of its discharge channel along the thruster’s axis 

determines the axial coordinate. The wall-to-wall direction of the channel is the radial coordinate, and 

the direction along the channel circumference indicates the azimuthal coordinate, which completes a 

right-handed coordinate system. In an idealized case, the electric field is along the axial direction, 

whereas the magnetic field is radially oriented. The E-field is self-consistently generated and 

maintained, whereas the B-field is externally applied. The intensity of the B-field is such that the 

electrons are fully magnetized, but the ions are mostly non-magnetized and are accelerated under the 

influence of the electrostatic field. Fig. 1.6 shows a schematic representation of Hall thrusters. 

Typically, in Hall thrusters, the magnetic field features a strong gradient along the axial direction of 

the thruster’s discharge channel, and a moderate gradient along the radial direction [49][50]. In 

conventional Hall thrusters, the field has a concave curvature in the axial-radial plane upstream of the 

axial location of the magnetic field peak intensity, which typically occurs near the exit plane of the 

channel. Downstream of the magnetic field peak, the field lines have a convex curvature. About the 

location of the B-field peak, the field lines are mostly radial with no notable curvature. 

Hall thrusters typically have an annular axisymmetric channel made of dielectric materials like 

Alumina or Boron nitride. The channel is surrounded by a magnetic circuit consisting of a set of 

electromagnets to generate the field and a ferromagnetic body which is designed to provide a mainly 

radial magnetic field near the exit of the channel. At the back end of the channel, there is an annular 

anode which also serves as a gas distributor through which the propellant is injected. The cathode is 

placed in front of the channel (externally mounted) or at the center of the thruster (centrally mounted) 

to neutralize the ion beam exiting the thruster. The cathode has an emitter which emits electrons 

through thermionic emission [49]. The energy to overcome the work function of emitter material is 

provided by a heater during ignition phase, and by the plasma heat deposited on the surface of the 

emitter during steady operation. 

The propellant is injected into the channel from the anode side and a voltage is applied between the 

anode and the cathode. The electrons emitted from the cathode, on their way towards the anode, must 

pass though the radial magnetic field. The Lorentz force due to the radial magnetic field and axial electric 

field put electrons in an azimuthal E × B drift. The azimuthal drift of electrons serves two purposes. First, 

it hinders electrons from reaching quickly to the anode and hence increases the residence time of 

electrons inside the channel besides increasing the energy of the electrons. Thus, the drifting electrons 

have enough time and energy to collide with neutrals and ionize them. The newly born secondary 

electrons together with those primary ones form an ionization avalanche which sustains the discharge. 

Second, the barrier that the electrons feel against their axial movement due to the radial magnetic field 



   

Imperial College London, Department of Aeronautics 
38 

REDUCED-ORDER PARTICLE-IN-CELL SCHEME FOR 

COMPUTATIONALLY EFFICIENT KINETIC PLASMA MODELLING 

resembles a resistance enabling the establishment and sustainment of a strong electric field in the near 

channel exit region that would otherwise be short-circuited. Ions on the other hand, remain 

unmagnetized (as their Larmour radius is larger than channel dimensions) which are accelerated out 

axially in this axial electric field and create thrust. 

 
Fig. 1.6: Schematic of Hall thruster. Adapted version of the original artwork from Ref. [51], available in the 

public domain. 

1.2.1.1. Magnetically shielded Hall thrusters 

The erosion of thruster’s ceramic channel, especially near the channel exit, is a major life-limiting 

factor for Hall thrusters. In recent years, there have been some attempts to mitigate the channel erosion 

and extend the operating life of these thrusters among which the technique of “magnetic shielding” has 

demonstrated great promise [52]-[55]. Magnetic shielding is achieved by designing the topology of 

magnetic field in a way to detach the plasma from the channel wall and minimize the plasma-wall 

interaction and, as a result, extend thruster’s lifetime by at least one order of magnitude. 

The idea of magnetic shielding is based on two principles: isothermality and equipotentiality of the 

magnetic field lines [52]. In partially magnetized plasmas, there is a significant disparity in electrons’ 

mobility along and across the magnetic field directions. The substantial mobility of electrons along the 

magnetic field lines results in rapid achievement of their equilibrium along the field lines, thereby 

rendering them effectively isothermal in this direction (∇𝜇𝑇𝑒 ≈ 0, where 𝜇 denotes the direction parallel 

to the local magnetic field’s direction). Furthermore, the electrons’ momentum equation along the 

magnetic field at equilibrium and in the absence of resistive forces is written as  

∇𝜇𝑃𝑒 = ∇𝜇(𝑛𝑒𝐾𝑏𝑇𝑒) = 𝑒𝑛𝑒∇𝜇𝜙  Eq. 1.21 

Considering that ∇𝜇𝑇𝑒 ≈ 0, the above equation is simplified to  

𝐾𝑏𝑇𝑒∇𝜇(𝑛𝑒) = 𝑒𝑛𝑒∇𝜇𝜙 .  Eq. 1.22 

Integrating Eq. 1.22 along the magnetic field line from 𝜇 = 0 at which 𝑛𝑒 = 𝑛𝑒,0 and 𝜙 = 𝜙0 
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𝜙 −
𝐾𝑏𝑇𝑒
𝑒

ln (
𝑛𝑒
𝑛𝑒,0

) = 𝜙0 , 
 Eq. 1.23 

where 𝜙0 is referred to as the “thermalized potential” and was introduced by Morozov et al. [56] for the 

first time. Eq. 1.23 states that when the electron temperature and the variations in electron number 

density are sufficiently small, 𝜙 ≈ 𝜙0. In other words, magnetic field lines tend to become equipotential, 

and the electric field establishes mostly in perpendicular direction to the magnetic field lines.  

However, near the channel exit, plasma density, electron temperature and ion energy are high, 

resulting in maximum erosion in this region. Therefore, to be able to shield the channel walls especially 

near the channel exit, we need to manipulate the magnetic field topology to moderate the electron 

temperature in this region and, thereby allow the electric potential to be predominantly shaped by the 

magnetic field topology.  

This is achieved through having a field line (called “grazing line”) to be tangent to the channel 

chamfers at the exit region. The grazing line is required to penetrate deep into the channel and approach 

the anode surface where electron temperature is relatively low. As electrons freely move along the filed 

lines, the colder electrons in near anode region move along the grazing line towards the exit and 

moderate the electron temperature there. The lower electron temperature then provides the necessary 

condition for the equipotentiality along this line. Since the grazing line approaches the anode, the 

electric potential on this line is close to the anode potential, while the adjacent lines away from the wall 

are of lower potentials. This leads to the establishment of an electric field perpendicular to the wall in 

the exit region, where the line is almost tangent to the wall. This normal electric field retards ions from 

reaching the wall. Also, lower electron temperatures and large electric potential (close to that of the 

anode) cause lower potential drops perpendicular to the wall due to formation of a weaker sheath, thus, 

further reducing the ion flux to the wall. Additionally, the large curvature of magnetic field lines in this 

configuration gives rise to magnetic mirror effect which in turn impedes electrons’ movement towards 

the walls in the exit region. Fig. 1.7 schematically illustrates the magnetic shielding and the conventional 

magnetic field topologies.  

 
Fig. 1.7: Schematic of the magnetic field topology in (a) magnetically shielded and (b) conventional Hall thrusters. 

1.2.1.2. The 3D nature of plasma interactions in Hall thrusters 

Accurate prediction of plasma behavior in Hall thrusters requires a 3D kinetic model, as the 

underlying kinetic processes inherently involve all three dimensions. Regarding the significance of 

accounting for each dimension, firstly, the plasma properties have variation along the thruster’s axis 
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which needs to be resolved. Furthermore, resolution in the axial direction captures the convection of 

the azimuthal instability into the near-plume region. Secondly, the wall losses can have a significant 

impact on thruster’s performance and behavior which are captured in the radial direction. Besides, in 

magnetically shielded Hall thrusters due to the particular topology of the magnetic field, the radial 

gradients are significant which makes resolving this direction even more important than in conventional 

thrusters. Lastly, the resolution of azimuthal dimension in Hall thruster simulations is necessary in order 

to be able to self-consistently capture the azimuthal instabilities and their contribution to the electrons’ 

axial transport. 

In this regard, the ECDI, as one of the dominant role-players in the enhancement of the electrons’ 

cross-field transport has a 3D nature. Moreover, this instability is among the most influential instabilities 

in Hall thruster as it can modify the plasma properties significantly by its resonant interactions with 

particles and heating. However, to capture accurately the characteristics of this instability and in turn its 

consequence on plasma, we need to resolve all the three spatial dimensions. Recent works have shown 

that ECDI is connected to the behavior of the plasma along the magnetic field (mostly radial) and in the 

direction of electric field (mostly axial). In fact, although this instability is mostly azimuthal, it has been 

discovered that its wavevector components along the magnetic field and the axial direction might be 

non-negligible [57][58]. As mentioned in Section 1.1.3.1, the finite wavenumber along the magnetic field 

can smooth out the resonant “comb-like” features in the instability’s dispersion relation, facilitating its 

transition to the Ion Acoustic Instability [16][18]. Indeed, it has been recently discovered that, while the 

waves spectrum in 2D axial-azimuthal simulations exhibits discrete dominant modes (a possible artifact 

of not resolving the radial dimension), in reality, the instability’s dispersion is more continuous over a 

wider range of wave modes [16][18].  

Moreover, although it appears that Near-Wall Conductivity (NWC) phenomenon [59] plays a minor 

role in the electrons’ transport (especially in magnetically shielded configurations), Secondary Electron 

Emission (SEE) may contribute to the saturation of the ECDI [7]. Therefore, the kinetic simulations of 

lower dimensionality (1D or 2D) have certain limitations and shortcomings. The 2D axial-azimuthal 

simulations predict stronger instabilities than 3D models and the experimental observations due to not 

accounting for the nonlinear coupling of the waves with secondary electrons emitted from the walls. 

This leads to a substantial overestimation of the waves’ amplitude and electrons’ transport [1].  

Finally, another important instability, the MTSI, which has both azimuthal and radial wavevector 

components, cannot be captured in simulations that do not account for the radial dimension self-

consistently. This instability is also observed to have a significant impact on the plasma, particularly in 

terms of heating and particles’ transport [2][12][28], highlighting the importance of resolving it properly.  

1.3.  Review of the available numerical approaches to study plasmas 

To predict plasma behavior and study the involved physical processes, there are different 

computational tools and numerical simulations which may vary significantly in terms of complexity, 

computational cost and fidelity. In general, the plasma modelling techniques can be divided into three 

main categories: 
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A) Fully-fluid simulations, which solve a system of conservation equations consisting of a 

hierarchy of velocity moments of Boltzmann’s equation [60][61] for each species (electrons, ions 

and neutrals). The resulting system of equations is typically closed with the assumption of 

Maxwellian distribution functions for plasma species and neutrals. This assumption leads to 

simplifying approximations, such as assuming isotropic pressure and neglecting the off diagonal 

(viscus) terms in the pressure tensor in electron momentum equation. Sometimes the electron 

inertia terms are neglected as well, which reduces the equation to the “drift-diffusion” form [10]. 

The pressure term is normally ignored for ions as they are believed to remain cold throughout 

the thruster channel. This will then eliminate the need for solving the ion energy equation. For 

the case of assuming quasi-neutrality, the Poisson’s equation is no longer needed as the electric 

field can be obtained from electron momentum equation (generalized Ohm’s law [61]). Most of 

the available fluid models are 2D axisymmetric and used to simulate the distribution of plasma 

parameters in axial-radial dimensions.  

B) Kinetic simulations, which are carried out either using Direct Kinetic (DK) [62] or particle-in-

cell (PIC) approaches [63][64]. These models do not make any assumption on the particles’ 

distribution functions. Direct Kinetic simulations are Eulerian approaches which resolve the 

evolution of distribution function by solving the Boltzmann’s (or Vlasov’s equation for a 

collisionless case) on a computational grid which includes velocity and configuration space 

(phase-space). DK simulations typically involve some approximations to overcome the 

computational expense associated with the additional dimensions introduced by the need for 

resolution of velocity space.  

The PIC simulations provide a Lagrangian alternative. In these models, the velocity distribution 

function is sampled, and each sample is represented by a macroparticle. The collection of the 

macroparticles then resembles a discretized version of the distribution function. The simulation 

integrates the equation of motion to advance the trajectory (velocity and position) of charged 

macroparticles under the influence of electromagnetic forces. Maxwell’s equations are solved 

on a computational grid to compute the electromagnetic fields resulting from the motion and 

spatial distribution of the charged particles. The PIC models are usually combined with the 

Monte Carlo collision algorithm [65], leading to the PIC-MCC simulations that account for various 

types of elastic and inelastic collisions. A detailed description of PIC simulations is provided in 

Section 1.4.2. 

C) Hybrid fluid/PIC simulations, in which ions are considered as particles and electrons are 

treated as fluid [61]. The fluid approximation of the electrons relies on their significantly shorter 

timescales compared to the timescale of the simulation. This prompts the assumption of the 

electrons’ rapid thermalization and the achievement of an "equilibrium" state. 

1.4.  Particle-in-cell scheme for kinetic plasma modelling 

The PIC simulations are suitable for the study of the kinetic behavior of complex plasmas such as 

those in Hall thrusters, due to their first principles treatment of the particle dynamics, and in turn high-

fidelity and self-consistency of their prediction. The fluid and hybrid simulations, on the other hand, 
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involve approximations and assumptions, some of which are not appropriate to study dynamics of 

E × B plasmas and Hall thrusters. In particular, their underlying assumption of Maxwellian distribution 

function is not entirely valid for the plasma in Hall thrusters where the density and therefore interparticle 

collisions are not sufficient to “thermalize” the distribution function. Many phenomena in these devices 

are intrinsically due to deviations from Maxwellian distribution and kinetic interactions in velocity space 

such as micro-scale kinetic instabilities and their impact on plasma properties and electron transport. 

One of the major limitations of fluid-based simulations is their inability to capture the instability-

induced transport self-consistently. As a result, kinetic information that is not resolved with the fluid 

approximation needs to be incorporated in the simulation through ad-hoc empirical electrons’ transport 

parameters and implementation of proper closure models. There have been some efforts to develop 

transport closure models for fluid-based simulations, most of which either rely at least partially on 

experimental data for reliable prediction [66] or are not generalizable to the various operation conditions 

[67].  

Apart from the kinetic instabilities, there are other plasma processes for which fluid approximation is 

not suitable, such as plasma-wall interactions. The high energy tail of the particles’ distribution function 

plays a significant role in the erosion of the confining walls of the device (ceramic channel in case of 

Hall thrusters) [68]. Therefore, to study the sheath dynamics and the erosion induced by the particle 

interactions with the walls, appropriate treatment of the electron distribution function and resolving the 

high-energy tail are necessary. 

1.4.1. State-of-the-art and limitations of PIC modelling of technological plasmas 

Although the traditional fully kinetic PIC codes are essential for prediction of the operation and 

performance of the Hall thrusters and similar plasma technologies, their remarkable computational and 

memory demands make them impractical for real-world applications. To provide a quantitative sense to 

this computational cost, according to Ref. [69], simulating 150 𝜇𝑠 of discharge evolution in a medium-

power-class 5 𝑘𝑊 Hall thruster in the axial-azimuthal configuration would require more than a year on 

1500 CPUs. Furthermore, recently a 10 𝜇𝑠-long 3D simulation is performed by Villafana et al. [70] to 

study high-frequency instabilities in a geometry representative of a medium-sized Hall thruster with a 

computational cost of 1.4 × 106 CPU hours. The enormous computational demand of such a short-

duration 3D simulation evidences the unfeasibility of traditional PIC methods for practical purposes. 

The computational cost associated with the PIC simulations stems from the following factors.  

A) Strict requirements on the numerical parameters: These numerical parameters are 

computational grid’s cell size (Δ𝑥), time step (Δ𝑡) and number of macro-particles per cell (𝑁𝑝𝑝𝑐). 

The selection of the cell size and time step requires a knowledge of the involved spatial and 

temporal scales in plasma, namely the Debye length and the characteristic time corresponding 

to electrons oscillations [63][64]. Debye length is a typical distance over which charge 

perturbations can exist. In the face of an electric disturbance, plasma particles tend to 

collectively rearrange to mask the perturbations in a distance on the order of the Debye length 

[4]. This Debye shielding keeps the plasma quasi-neutral over length scales larger than the 
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Debye length. Therefore, in order to capture non-quasi-neutrality and the phenomena driven by 

it, the grid size needs to be less than the Debye length.  

The plasma frequency is the frequency by which electrons oscillate in response to a charge 

disturbance to restore the charge neutrality [4]. The simulation time step must be smaller than 

the time scale of these oscillations. Another important time scale in the magnetized plasmas is 

related to the cyclotron motion of the electrons about magnetic field lines. However, as for typical 

plasma conditions in Hall thrusters and other low temperature E × B discharges, the cyclotron 

frequency is smaller than the plasma frequency, the time step is mainly restricted by plasma 

oscillations time scale. The Debye length (𝜆𝐷), plasma frequency (𝜔𝑝𝑒) and cyclotron (𝜔𝑐𝑒) 

frequency are defined as 

𝜆𝐷 = √
𝜖0𝐾𝐵𝑇𝑒
𝑛𝑒𝑒

2
 ,                     𝜔𝑝𝑒 = √

𝑛𝑒𝑒
2

𝑚𝑒𝜖0
 ,                   𝜔𝑐𝑒 =

𝑒𝐵

𝑚𝑒

 . Eq. 1.24 

Accordingly, the stability of the PIC requires Δ𝑥 and Δ𝑡 to meet the following criteria [63][64] 

Δ𝑥 < 𝜆𝐷 , Δ𝑡 <
0.2

𝜔𝑝𝑒
 .  Eq. 1.25 

For the typical plasma conditions in Hall thrusters, the simulations require a cell size on the order 

of ten micrometers and a time step on the order of picoseconds. 

B) Large disparity in the scales of the involved phenomena: The time scale of the phenomena 

taking place in Hall thrusters ranges from 10−12 to 10−3 seconds. The fastest processes are 

mainly driven by electron dynamics like plasma oscillations and micro-instabilities, and the 

slowest ones are regulated by heavy species (ions and neutrals) such as the breathing 

oscillations. This means that the time step must be very small to resolve the electron dynamics 

(which are discussed above), while the total simulated time needs to be long enough to capture 

at least a few cycles of breathing mode. 

C) Numerical noise: Due to the discretized treatment of the particles’ distribution functions, PIC 

simulations are subject to non-physical and spurious behaviors such as statistical noise, non-

physical instabilities, non-conservations, and numerical heating. In general, the number of 

macroparticles per cell, which is a measure of the statistical quality of the sampled local 

distribution function in each computational cell, determines the noise level in PIC simulations. 

The PIC algorithm is composed of Lagrangian particles and an Eulerian grid-based model for 

the electromagnetic fields. The underlying particle distributions are basically continuous in space 

which needs to get deposited onto the grid to represent the charge and current densities required 

for the solution of the electromagnetic fields. This corresponds to sampling a continuous variable 

with a sampling rate that is inversely correlated with the cell size, which in turn leads to aliasing 

effects. These aliasing effects are major sources of numerical instabilities in PIC simulations. In 

fact, the typical solvers used for solving the Maxwell's equations are most often stable per se, 

provided the CFL stability condition is respected. However, when coupled to a Lagrangian 

particle model, the solver becomes susceptible to numerical instabilities [71]. 
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Furthermore, particles crossing the grid cells could cause high frequency noise which can be 

mitigated using higher order interpolation schemes for deposition of particles’ charge on the grid, 

though at the expense of heavier computations. Although, in most cases the numerical noise 

itself is distinguishable from the physical modes (as the high frequency tail in the frequency 

spectrum), their consequence on the plasma (such as heating) is not. 

Another main source of error in PIC simulations is numerical diffusion in velocity space and 

thermalization which distorts the particles’ energy distribution function, which can occur due to 

finite number of macroparticles. This diffusion can be manifested as self-heating (i.e., an 

increase in the random kinetic energy of the particles) or thermalization which relaxes the 

particles’ distribution functions towards a Maxwellian.  

These numerical effects can be alleviated by reducing the cell size (which reduces aliasing 

effects) and increasing the number of macroparticle per cell to improve the statistics (which 

reduces the numerical diffusion and thermalization [72]), both ultimately translating into heavier 

computations.   

1.4.1.1. Conventional speed-up techniques to tackle PIC’s computational cost 

There are some techniques commonly employed to tackle the enormous computational cost of the 

PIC simulations, the most popular of which are enumerated below. 

A) Scaling physical parameters: These techniques are based on artificially scaling some physical 

parameters to either relax the numerical requirements (cell size and time step) or bridging the 

gap between the time scales related to the fast and slow species. In particular, increasing the 

free-space permittivity allows us to adopt larger cell sizes and time steps [73]. Also, scaling down 

the ion to electron mass ratio speeds up the ion dynamics which reduces the total time needed 

to be simulated [73]. Opposite to this is an approach called “speed-limited PIC”, in which the 

electrons are slowed down, and their speed is restricted, allowing for larger time steps while 

maintaining the stability of the explicit PIC algorithm [74]. 

B) Geometrical downsizing: A smaller computational domain can be used as a representation of 

geometrically downscaled thruster. The downsizing is done according to the Hall thruster zeroth-

order scaling laws [75] to maintain the relevant non-dimensional parameters constant. The 

relative self-similarity of the down-scaled and full-scale simulations is valid for limited scaling 

factors, as beyond some point the volume to surface ratio of plasma changes significantly. In 

such a case, due to being in close vicinity of the walls, the bulk plasma is non-neutral, and the 

physics is dominated by the sheath dynamics. 

C) Merging-splitting algorithm for macroparticles: Usually, PIC simulations adopt a constant 

macroparticle weight for same species macroparticles. To ensure having enough number of 

macroparticles per cell throughout the domain, the macroparticles’ weight must be determined 

based on the minimum number density in the system. Given the significant variation in number 

density along the thruster axis, most cells end up with more macroparticles than needed, 

resulting in an unnecessarily large total count of macroparticles. Assuming variable 

macroparticle weights can address this issue. They can then “merge” or “split” depending on 
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whether the number of macroparticles in a cell that they reside in is larger or smaller than 

required. The implementation of this algorithm, however, is complicated especially in terms of 

satisfaction of mass, momentum, and energy conservations [76]. 

D) Particles sub-cycling: Due to the difference in the velocity of various species and therefore 

their characteristics timescales, it is possible to use different time steps to update each species 

particles. This means that faster species get updated more frequently than the slower ones.  

Application of some of these techniques, especially scaling of physical parameters and geometrical 

sizes, however, can alter physics quite substantially, and therefore needs a countermeasure to recover 

the true physics. The merging-splitting and particle sub-cycling are expected not to influence the results 

appreciably, but they do not offer remarkable computational advantage to make large scale simulations 

entirely affordable. 

1.4.1.2. Recent techniques to alleviate PIC’s numerical constraints 

A) Energy Conserving (EC) and Direct implicit (DI) PIC methods: It was pointed out in Section 

1.4.1 that the standard PIC algorithms, often referred to as “explicit momentum conserving 

(EM)”, are limited by stringent numerical stability criteria particularly concerning the cell size and 

the timestep of the PIC simulations. In certain plasma physics problems, the phenomena of 

interest occur over length and timescales that are larger than the numerical constraints imposed 

by the EM PIC code. For these scenarios, methods that can enable circumventing the EM PIC 

constraints on the cell size and timestep are desirable. 

The “explicit energy conserving (EC)” [77] and the “direct implicit (DI)” [78] PIC algorithms were 

proposed in the 1970s and 1980s as approaches to alleviate the strict cell size and timestep 

constraints of the EM PIC codes. Both methods involve rather straightforward implementations, 

although the DI PIC algorithm is relatively more complex than the EC PIC algorithm. A 

comprehensive explanation of these PIC methods along with their detailed assessment results 

for simulations of in a benchmark case can be found in Ref. [79]. 

As a brief overview, EC PIC [77] allows adopting cell sizes that are larger than the Debye length 

(𝛥𝑥 ≫ 𝜆𝐷). This PIC approach strictly conserves energy at the limit of 𝛥𝑡 → 0. At finite timesteps, 

the energy growth will still be diminishingly small as long as the plasma frequency is properly 

resolved, i.e., 𝜔𝑝𝑒  𝛥𝑡 ≤ 0.2. The downsides of this approach are that by opting for energy 

conservation, the momentum of plasma is no longer conserved. Moreover, EC PIC is not 

suitable for modelling plasma problems involving accelerated beams of particles where the 

velocity of the beam is larger than the thermal velocity of the particles [80]. 

The DI PIC [78][81] modifies the standard PIC algorithm via a single linear correction [79] so as 

to allow for cell sizes larger the Debye length (𝛥𝑥 ≫ 𝜆𝐷) and also timesteps somewhat larger 

than the plasma oscillations’ time scale (𝛥𝑡 > 0.2𝜔𝑝𝑒
−1). In practice, care must be taken when 

choosing the values of the cell size and the time step. In fact, the DI PIC approach is not 

necessarily energy conserving, but it is demonstrated in Ref. [79] to show good energy-

conserving properties for the optimal cell-size-to-timestep ratio (𝛥𝑥/𝛥𝑡) of 0.1𝑣𝑡ℎ,𝑒, with 𝑣𝑡ℎ,𝑒 

being the electrons’ thermal velocity. The approach can break down if the simulations timestep 
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and cell size are simultaneously chosen to be much larger than the plasma frequency and the 

Debye length [79]. To address this problem, one can opt for fully implicit PIC simulations (see, 

e.g., Ref. [82]). Fully implicit PICs can provide exact charge and energy conservation with 

arbitrary cell size and time step selections. However, the fully implicit PIC is highly complicated 

to implement and, additionally, requires a fully nonlinear global solvers [82]. Hence, fully implicit 

PICs entail the highest computational cost compared to the EC PIC and DI PIC methods. 

B) Sparse Grid (SG) method: The sparse grid (SG) method is a technique used in computational 

mathematics, particularly for addressing the computational burden of high-dimensional spaces. 

It aims to approximate functions or solve partial differential equations (PDEs) while keeping the 

involved computational costs to a minimum. The SG approach, which is based on a higher 

dimensional multiscale basis, was first introduced by Zenger in 1991 [83] and has since been 

extensively studied in the applied mathematics contexts [84]-[87]. 

The SG method involves constructing a sparse grid comprising a set of hierarchical sub-grids 

with different resolutions. Once the sparse grid is constructed, the solution to the problem is 

approximated by combining the solutions obtained from each sub-grid level, using a method 

known as the combination technique [84]. 

Resent works have implemented the SG method in electrostatic PIC simulations [88]-[91]. The 

SG discretization leads to a reduction in the number of grid cells from 𝑂(𝑁𝑑) of conventional 

approaches to  𝑂(𝑁. (𝑙𝑜𝑔𝑁)𝑑−1), where 𝑑 denotes the problem’s dimension, and 𝑁 is the number 

of cells along one dimension. The error of approximation can be reduced by using more sub-

grids but at the cost of reducing the computational gain. According to Refs. [89][90], the speed-

up factors achieved using SG PIC for a 2D problem ranges from 2 − 6.5 depending on the 

accuracy of the approximate solution. The speed-up factors could reach up to about 70 times in 

3D simulations. 

1.4.2. Overview of conventional electrostatic PIC algorithm  

As the applied magnetic field in Hall thrusters and similar E × B discharges is large compared to the 

current-induced field, the magnetostatic approximation is reasonably valid. Therefore, we focus on the 

electrostatic PIC simulation, where a temporally constant magnetic is externally imposed and only the 

electric field is allowed to vary as the simulation evolves. 

This section provides an overview of the electrostatic PIC mathematical basis and numerical 

algorithm as well as introducing the conventional branches of the IPPL code, namely IPPL-1D and 

IPPL-2D, developed within this work. All branches of the IPPL code treat the velocity space along all 

the three velocity dimensions (3V). 

1.4.2.1. Mathematical foundation of PIC 

The electrostatic PIC algorithm is a statistical numerical modelling technique whose solution satisfies 

the Vlasov-Poisson’s system of equations for plasma systems  

𝜕𝑓𝑠(𝑡, 𝒙, 𝒗) 

𝜕𝑡
+ 𝒗 ∙ ∇𝑥𝑓𝑠(𝑡, 𝒙, 𝒗) +

𝑞𝑠
𝑚𝑠

(𝑬 + 𝒗 × 𝑩) ∙ ∇𝑣𝑓𝑠(𝑡, 𝒙, 𝒗)  = 0,  Eq. 1.26 
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𝛁2𝜙(𝑡, 𝒙) = −
𝜌(𝑡, 𝒙)

𝜖0
= −

1

𝜖0
∑ 𝑞𝑠 𝑛𝑠

 

𝑠=𝑖,𝑒

(𝑡, 𝒙) ,  Eq. 1.27 

where, 

𝑛𝑠(𝑡, 𝒙) = ∫ 𝑓𝑠(𝑡, 𝒙, 𝒗)𝑑
3𝒗

+∞

−∞

 ,  Eq. 1.28 

and 

𝑬(𝑡, 𝒙) = −𝛁𝜙(𝑡, 𝒙) .  Eq. 1.29 

In the above equations, 𝑓𝑠(𝑡, 𝒙, 𝒗) is the distribution function of each plasma species (electrons or 

ions, 𝑠 ≡ 𝑒, 𝑖), 𝒗 is the velocity, 𝑞𝑠 is the species’ charge, 𝑚𝑠 is the species’ mass, 𝑬 is the electric field, 

𝜙 is the plasma electric potential, 𝜌 is the charge density, and 𝑛𝑠 is the species number density. 𝑩 is 

the magnetic field, which is imposed and constant in electrostatic problems. The bold quantities are 

vectors. It is computationally impractical to integrate Eq. 1.26 to directly obtain the several dimensional 

distribution function of each plasma species. Accordingly, the so-called “PIC ansatz” is that the 

distribution function can be approximated by a collection of statistical samples of the distribution function 

of the following form, which are called “macroparticles” [92] 

𝑓𝑠(𝑡, 𝒙, 𝒗) = ∑𝒲𝑝  𝑆(𝒙)𝛿 (𝒗 − 𝒗𝑝(𝑡))

𝑁

𝑝=1

 .  Eq. 1.30 

In Eq. 1.30, 𝒲𝑝 is the weight of each macroparticle (i.e., the number of real plasma particles it 

represents),𝒗𝑝 is the velocity of the macroparticle 𝑝, 𝑆 is the shape factor in the physical 3-dimensional 

space (configuration space), and 𝛿 is the Dirac’s delta function in the velocity space. For linear particle 

shapes, the shape factor in 1D, e.g., is 𝑆𝑝(𝑥) = 𝑆 (
𝑥−𝑥𝑝

Δ𝑥
) with  

𝑆(𝑥) = {
1 − |𝑥|, |𝑥| ≤ 1
0,                    |𝑥| > 1

  ,  Eq. 1.31 

and 𝒙𝑝 being the position of the macroparticle 𝑝 and Δ𝑥 is the computational cell size.  

Substituting Eq. 1.30 in Eq. 1.26, and taking first order moments in 𝑥 and 𝑣, separately we retrieve 

the equations of motion (Eq. 1.32 and Eq. 1.33, respectively) for each macroparticle of species 𝑠 [92] 

𝑑𝒙𝑝(𝑡)

𝑑𝑡
= 𝒗𝑝(𝑡), 

 Eq. 1.32 

𝑚𝑝

𝑑𝒗𝑝(𝑡)

𝑑𝑡
= 𝑞𝑠(𝑬(𝑡, 𝒙𝑝) + 𝒗𝒑(𝑡) × 𝑩(𝑡, 𝒙𝑝)) .  Eq. 1.33 

Thus, starting from an initial condition, by integrating the equation of motion (Eq. 1.32) for each 

macroparticle at every time step, the resulting distribution function (Eq. 1.30) will effectively satisfy the 

Vlasov equation (Eq. 1.26). 

1.4.2.2. Numerical implementation of PIC 

 In the following, the details of the explicit electrostatic PIC algorithm as implemented in IPPL-1D 

and IPPL-2D codes together with a brief description of the main functions and modules are presented.  

The IPPL codes are written entirely in Julia language [93]. All branches of the IPPL code are parallelized 

on CPU using domain decomposition technique. The results of rigorous benchmarking of the individual 
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modules as well as the entire code in 1D and 2D standard benchmark cases are provided in Appendix 

A.1.  

The PIC algorithm comprises a main loop which is executed at every time step (Δ𝑡) as illustrated in 

Fig. 1.8. The loop’s core functions include particle pusher, electric field (Poisson) solver, scatter and 

gather functions, particles boundary conditions, particles sampling and injection, and diagnostics. The 

PIC algorithm will then couple with Monte Carlo Collision (MCC) function for electron-neutral and ion-

neutral collisions, and neutral dynamics module based on either fluid Euler system of equations or Direct 

Simulation Monte Carlo Collision (DSMC) model.  

 
Fig. 1.8: Electrostatic PIC loop diagram including the MCC collisions and the neutral dynamics module.𝑡𝑠𝑖𝑚 

represents the total simulated time. 

A) Particle pusher: The particles’ position (𝒙𝑝) and velocity (𝒗𝑝) are updated by integrating the 

equation of motion under the influence of electromagnetic fields 

𝑚
𝑑𝒗𝑝

𝑑𝑡
= 𝑒(𝑬 + 𝒗𝑝 × 𝑩) ,                  

𝑑𝒙𝑝

𝑑𝑡
=  𝒗𝑝  Eq. 1.34 

The Boris method is applied for the integration of the velocity [94] of the electrons. According to 

the standard leapfrog method, the time grids for velocity and position are staggered by half a 

time step (Δ𝑡/2). This is achieved by rewinding all particles upon loading by Δ𝑡/2. In Hall 

thrusters, ions are often considered unmagnetized (due to their Larmor radius being larger than 

thruster’s dimensions). As a result, ions are typically pushed electrostatically to save 

computations. 

B) Field solver: The electric potential is obtained by solving Poisson’s equation (Eq. 1.27) on the 

computational grid. The solver takes as input the charge density obtained by depositing the 

particles’ charge on the grid. Representative boundary conditions for Hall thruster along different 

dimensions include: (I) along the axial direction, Dirichlet boundary conditions at both ends of 

the domain representing the anode and cathode potentials, (II) along the radial direction, either 
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Neumann condition to account for the dielectric ceramic walls or zero-Volt Dirichlet condition to 

represent grounded walls, and (III) along the azimuthal direction, a periodic boundary condition 

to mimic the periodicity. The electric field is then obtained per Eq. 1.29. IPPL code uses Julia’s 

built-in direct matrix solver based on the LU decomposition method to solve Poisson’s equation. 

C) Scatter and gather functions: These functions are responsible for exchanging data between 

particles (which are continuous in space) and the grid (which is spatially discretized) through a 

first order (linear) interpolation. Scatter function linearly interpolates particles data on the grid for 

calculation of charge density (input to Poisson’s equation) and calculation of macroscopic flow 

properties (diagnostics). The gather function evaluates the fields and other macroscopic 

properties on the particles positions by linearly interpolating the grid nodes’ values surrounding 

the particle. The interpolation coefficients in 2D, e.g., are the partial areas given by 

𝐴1, 𝐴2, 𝐴3 and 𝐴4, constructed by the particle location and the nodes of the cell in which the 

particle resides as illustrated in Fig. 1.9. Accordingly, particle’s data 𝛽𝑝 is scattered on the four 

surrounding nodes using Eq. 1.35, where Δ𝛽 represents the contribution of particle 𝑝 to the value 

of 𝛽 on the grid nodes. Moreover, Eq. 1.36 describes how the grid’s data 𝛽 is gathered at the 

particles’ location based on its values on the neighboring nodes. In this relation, 𝛽𝑝 is the 

collected data at the particle’s position.  

Δ𝛽(𝑖, 𝑗) = 𝐴4𝛽𝑝, Δ𝛽(𝑖 + 1, 𝑗) = 𝐴3𝛽𝑝, 

Δ𝛽(𝑖, 𝑗 + 1) = 𝐴2𝛽𝑝, Δ𝛽(𝑖 + 1, 𝑗 + 1) = 𝐴1𝛽𝑝. 

 Eq. 1.35 

𝛽𝑝(𝑥, 𝑦) = 𝐴4𝛽(𝑖, 𝑗) + 𝐴3𝛽(𝑖 + 1, 𝑗) + 𝐴2𝛽(𝑖, 𝑗 + 1) + 𝐴1𝛽(𝑖 + 1, 𝑗 + 1).  Eq. 1.36 

 

Fig. 1.9: Illustration of interpolation coefficients a in 2D cell. The blue dot represents the particle location, and 

the red dots are the particle’s surrounding grid nodes. 

D) Particle boundary conditions: The representative boundary conditions on charged particles 

for Hall thrusters along different directions are as follows. 

I) Azimuthal direction: Consistent with the periodic boundary condition applied on the 

electric potential along this direction, all particles reaching one azimuthal boundary will 

be reinjected into the domain from the opposite boundary while maintaining their 

velocities and positions along other dimensions. 
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II) Axial direction: On the anode side, electrons reaching the boundary are removed. Ions 

are recombined on the anode surface and will be reinjected into the domain as neutrals. 

Neutrals reaching the anode surface are specularly or diffusely reflected. Besides, at 

each time step, neutrals are injected from the anode surface with a constant rate 

corresponding to the thruster anode mass flow rate. 

On the cathode side of the domain, ions and neutrals are removed. Also, electrons are 

constantly reinjected from the cathode plane to sustain the discharge. To calculate the 

rate of electron injection from the cathode, two different models are incorporated based 

on either of the following conditions. 

II.I) Current continuity: In this model, we keep track of the number of electrons and ions 

reaching the anode or leaving the domain and inject electrons at a rate to satisfy the 

current continuity throughout the circuit. Different charged particle fluxes are illustrated 

in Fig. 1.10. In this figure, 𝛤𝑎𝑖 and 𝛤𝑎𝑒 are ion and electron fluxes to the anode, 𝛤𝑜𝑖 and 𝛤𝑜𝑒 

are ion and electron fluxes leaving the domain from the right boundary. Also, 𝛤𝑐𝑒1 and 𝛤𝑐2 

are cathode electron current proportions, the first one enters the channel to sustain the 

discharge and the second neutralizes the ion beam in the plume. The discharge current 

is the total current reaching the anode which at steady state is equal to the cathode 

current 

Γ𝑎𝑒 − Γ𝑎𝑖 = Γ𝑐𝑒1 + Γ𝑐𝑒2 .  Eq. 1.37 

Also, the current balance on the right boundary suggests 

Γ𝑜𝑖 = Γ𝑜𝑒 + Γ𝑐𝑒2 .  Eq. 1.38 

Therefore, the flux of electrons to be injected from the cathode plane is obtained as 

Γ𝑐𝑒1 = Γ𝑎𝑒 − Γ𝑎𝑖 − Γ𝑜𝑖 + Γ𝑜𝑒  .  Eq. 1.39 

Due to the electron removal at the right boundary, a large artificial sheath is formed near 

this boundary. A more appropriate treatment of cathode is proposed in Ref. [69] to avoid 

formation of the sheath. In this approach, instead of injecting cathode electrons exactly 

on the right boundary, the cathode emission plane is shifted slightly to the upstream (at 

a small distance about 1𝑚𝑚 away from the right boundary). As now the cathode is placed 

inside the domain, the flux of injected electrons from cathode plane is 

Γ𝑐𝑒 = Γ𝑐𝑒1 + Γ𝑐𝑒2 = Γ𝑎𝑒 − Γ𝑎𝑖  Eq. 1.40 

In addition, to have the zero-potential condition on the cathode plane, a linear function is 

then subtracted from the solution of Poisson’s equation (𝜙′(𝑥)) as below  

𝜙(𝑥) = 𝜙′(𝑥) −
𝑥

𝑥𝑐
𝜙′(𝑥𝑐) ,  Eq. 1.41 

where 𝑥𝑐 is the axial location of cathode injection plane. Notice that the new potential 

(𝜙(𝑥)) satisfies Poisson’s equation as well. 
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Fig. 1.10: Illustration of different charged particles current contributions; (a) cathode plane being on the right 

boundary, (b) cathode plane being inside the domain in the current continuity scheme. 

II.II) Quasi-neutrality: Alternatively, we can inject from the cathode as many electrons 

as necessary to keep the cathode plane quasi-neutral. The number of electrons to be 

injected (𝑁𝑒) corresponds to the difference between the ion and the electron number 

densities on the cathode plane which, in 2D, is obtained as 

𝑁𝑒 =∑(𝑛𝑖𝑗 − 𝑛𝑒𝑗) |𝑥=𝑥𝑐Δ𝑉

𝑁𝑗

𝑗=1

,  Eq. 1.42 

where 𝑛𝑖 and 𝑛𝑒 are ion and electron number densities, 𝑁𝑗 is the number of cells across 

the cathode plane, Δ𝑉 is the cell volume, and 𝑥𝑐 is the cathode axial location. According 

to this cathode boundary model, we only inject electrons if 𝑁𝑒 > 0.This method is shown 

to be less sensitive to the injection temperature [69], which is unknown without modelling 

the cathode plasma itself and its coupling with thruster main plume. Besides, it is more 

suitable for the transient phase before reaching a quasi-steady state. 

III) Radial direction: Ions impacting the radial walls are assumed to be recombined at the 

surface. Thus, the ions crossing the walls are removed, and neutral particles are 

introduced into the domain at the locations of the crossings. Neutrals are reflected at the 

walls’ surfaces. Regarding the electrons, two different models are implemented to 

represent the SEE as the electrons colliding with the walls. These models determine the 

number of secondary electrons to be emitted based on their estimation of the secondary 

electron emission yield coefficient. 

III.I) Linear model: The linear model assumes that the emission coefficient (𝛾) linearly 

increases with primary electron energy (𝜖) until reaching a maximum value (𝛾𝑚𝑎𝑥  ) 

beyond which 𝛾 remains constant and equal to 𝛾𝑚𝑎𝑥 regardless of the energy  

{
 𝛾(𝜖) = 𝛾0 +

𝜖

𝜖∗
(1 − 𝛾0) ,    𝜖 < 𝜖0 ,

 𝛾(𝜖) = 𝛾𝑚𝑎𝑥  ,                           𝜖 ≥ 𝜖0 .
   Eq. 1.43 

In the above equation, 𝛾0 is the probability of attachment, and 𝜖∗ is the crossover energy. 

For Boron Nitride (BN), which is the material typically used for Hall thruster’s channel, 

𝛾0 ≈ 0.578, 𝜖∗ ≈ 35.04 𝑒𝑉 and 𝛾𝑚𝑎𝑥 ≈ 2.9. Fig. 1.11 (a) plots the variation in 𝛾 versus 
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electron energy from the linear model. The linear model (Eq. 1.43) is obtained for each 

material by fitting a line to the experimentally measured total emission coefficient [95].  

III.II) Monte Carlo-based model: In this model, depending on the energy and the 

impinging angle (𝜃) of primary electrons, they can either undergo elastic reflection, 

inelastic scattering or be absorbed and cause emission of a true secondary electron from 

the wall. The probabilities of the three mentioned events are determined by their 

respective partial yield coefficients. We adopted Vaughan fits to determine these 

coefficients [96]. Another possible model for the yield coefficients is Furman-Pivi model 

[97]. According to Vaughan model, the total emission coefficient (𝛾𝑉) is written as 

𝛾𝑉(𝜖, 𝜃) = 𝛾𝑚𝑎𝑥(𝜃)[𝜈(𝜖, 𝜃) 𝑒𝑥𝑝(1 − 𝜈(𝜖, 𝜃))]
𝑘,  Eq. 1.44 

where, 

𝜈(𝜖, 𝜃) =
𝜖 − 𝜖0

𝜖𝑚𝑎𝑥(𝜃) − 𝜖0
,  Eq. 1.45 

𝜖𝑚𝑎𝑥(𝜃) = 𝜖𝑚𝑎𝑥,0 (1 +
𝑘𝑠
𝜋
𝜃2),  Eq. 1.46 

𝛾𝑚𝑎𝑥(𝜃) = 𝛾𝑚𝑎𝑥,0 (1 +
𝑘𝑠
2𝜋
𝜃2).  Eq. 1.47 

Following Vaughan approach, the coefficients for elastic reflection (𝛾𝑒), inelastic 

backscattering (𝛾𝑖), and the true SEE emission coefficient (𝛾𝑡)  are then defined as 

𝛾𝑒(𝜖, 𝜃) = 𝑟𝑒𝛾𝑉(𝜖, 𝜃) + 𝛾𝑒,𝑚𝑎𝑥 {
𝜈1(𝜖) exp(1 − 𝜈1(𝜖)),            𝜖𝑒,0 < 𝜖 < 𝜖𝑒,𝑚𝑎𝑥 ,

[1 + 𝜈2(𝜔)] exp(−𝜈2(𝜔)) ,              𝜖 >  𝜖𝑒,𝑚𝑎𝑥 ,
  Eq. 1.48 

𝛾𝑖(𝜖, 𝜃) = 𝑟𝑖𝛾𝑉(𝜖, 𝜃),  Eq. 1.49 

𝛾𝑡(𝜖, 𝜃) = (1 − 𝑟𝑒 − 𝑟𝑖)𝛾𝑉(𝜖, 𝜃),  Eq. 1.50 

with  

𝜈1(𝜖) =  
𝜖 − 𝜖𝑒,0

𝜖𝑒,𝑚𝑎𝑥 − 𝜖𝑒,0
,    and    𝜈2(𝜖) =  

𝜖 − 𝜖𝑒,𝑚𝑎𝑥
Δ𝑒

.  Eq. 1.51 

The definition of the parameters in the above equations together with their estimated 

values for Boron Nitride [95][98] are provided in Table 1.1. Fig. 1.11 (b) and (c) present, 

respectively, the variation of the total emission coefficient with the incident energy and 

incident angle and the variation in the partial emission coefficients with the incident 

energy for the normal incident angle. Once these coefficients are determined, the 

occurrence of each of the three scenarios will be decided using a Monte Carlo approach 

according to Ref. [98]. 
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Parameter Definition Value 

𝜖0  Emission threshold energy 13 [𝑒𝑉] 

𝜖𝑚𝑎𝑥,0  Primary electron energy at the maximum emission for normal incidence (𝜃 = 0) 500 [𝑒𝑉] 

𝛾𝑚𝑎𝑥, 0 Maximum electron emission coefficient for normal incidence (𝜃 = 0) 2.9 

𝜖𝑒,0  Threshold energy for the elastic reflection 2 [𝑒𝑉] 

𝜖𝑒, 𝑚𝑎𝑥  Primary electron energy at the maximum elastic reflection for normal incidence 10 [𝑒𝑉] 

𝛾𝑒,𝑚𝑎𝑥 Maximum elastic reflection for normal incidence 0.55 

𝑘𝑠 Surface smoothness factor (0: very rough, 2: polished) 1 

𝑟𝑒 Portion of the total emitted current consisting elastically reflected electrons 0.03 

𝑟𝑖 Portion of the total emitted current consisting of inelastically reflected electrons 0.07 

Δ𝑒 Parameter controlling the decay of the “bumping” part of 𝛾𝑒 12.0 

Table 1.1: Parameters in Vaughan model for partial coefficient yields and their values for Boron Nitride [95][98]. 

 
Fig. 1.11: (a) SEE yield coefficient versus incident electron energy according to the linear model. Vaughan 

model estimation of (b) total emission coefficient (𝛾𝑉) for various incident angles and (b) partial emission 

coefficients for normal incident angle versus electron incident energy. The plots are for Boron Nitride. 

E) Particle sampling and injection: The simulation initialization typically involves loading particles 

for each species with their respective initial densities. Throughout the simulation, neutrals are 

injected from the anode surface at a constant rate corresponding to the thruster anode mass 

flow rate. Additionally, electrons are continuously reinjected from the cathode plane to sustain 

the discharge. Finally, electron-ion pairs resulting from ionization events from the electron-

neutral Monte Carlo Collisions (refer to Section 1.4.2.3) are created and injected into the domain. 

For the initial loading of particles, we sample from a Maxwellian distribution function at a 

particular temperature using the Box-Muller sampling technique [99]. In cases of the anode and 

the cathode injections, the particles are sampled from drifting half-Maxwellian distribution 

functions. The random numbers for the sampling are generated using Julia’s built-in Random 

Number Generator (RNG) function, which follows Xoshiro256++ algorithm [100].  

F) Diagnostics: The output of the simulation is presented in terms of distributions of the 

macroscopic properties of the involved species including number density (𝑛𝑠), drift velocity (𝑽𝑠), 

pressure tensor (𝜋𝑖𝑗,𝑠) and temperature (𝑇𝑠), where 𝑠 denotes the species type which is either 

electrons, ions or neutrals. These properties are obtained by taking velocity moments (integrals) 
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of particles’ distribution functions per Eq. 1.52 to Eq. 1.55. In PIC simulations, where particles 

serve as a discretized representation of the distribution function, the integration of the distribution 

function is equivalent to scattering the relevant particles data on the grid. 

𝑛𝑠 = ∫ 𝑓𝑠(𝒗) 𝑑
3𝑣

∞

−∞

 ,  Eq. 1.52 

𝑽𝑠 =
1

𝑛𝑠
∫ 𝒗 𝑓𝑠(𝒗) 𝑑

3𝑣
∞

−∞

 ,  Eq. 1.53 

𝜋𝑖𝑗,𝑠 = 𝑚𝑠 (∫  𝑣𝑖  𝑣𝑗   𝑓𝑠(𝒗)𝑑
3𝑣

∞

−∞

− 𝑛𝑠𝑽𝑠,𝑖  𝑽𝑠,𝑗) ,  Eq. 1.54 

𝑇𝑠 =
𝑚𝑠

3𝐾𝐵  𝑛𝑠
(∫ 𝒗. 𝒗 𝑓𝑠(𝒗)𝑑

3𝑣
∞

−∞

− 𝑛𝑠 𝑽𝑠. 𝑽𝑠) ,  Eq. 1.55 

1.4.2.3. Monte Carlo Collision module 

Interparticle collisions need to be incorporated into simulations as another factor that influences the 

particles’ movement in addition to the electromagnetic fields. The collisions can be modelled through 

probabilistic approaches following either Monte Carlo Collison (MCC) [65] or Direct Simulation Monte 

Carlo (DSMC, see Section 1.4.2.4) [101] schemes. In the MCC, collisions occur between source 

particles and a target “cloud” while the DSMC treats both source and target as particles. Therefore, 

MCC is much faster than DSMC, but it does not strictly conserve the momentum and energy of the 

system as the energy and momentum transfer to the target species is not accounted for. However, the 

MCC is a valid approximation when the density of the target species is much higher than that of the 

source. As the neutral density in Hall thruster is typically an order of magnitude larger than the plasma 

density, the MCC can represent with reasonable accuracy the collisions between the electrons/ions 

with the neutrals in Hall thruster.  

The MCC is implemented for the electron-neutral and ion-neutral collisions. The electron-neutral 

collisions considered in this module are ionization, four levels of excitation and elastic momentum 

transfer scattering (doubly charged ionization is not taken into account) 

• Isotropic elastic scattering:      𝑒 + 𝑋𝑒 → 𝑒 + 𝑋𝑒 ,       

• Excitation:                               𝑒 + 𝑋𝑒 → 𝑒 + 𝑋𝑒∗ ,      

• Single ionization:                    𝑒 + 𝑋𝑒 → 2𝑒 + 𝑋𝑒+. 

The ion-neutral collisions include anisotropic scattering and charge exchange collision  

• Isotropic elastic scattering/ backscattering:      𝑋𝑒+ + 𝑋𝑒 → 𝑋𝑒+ + 𝑋𝑒 , 

• Charge exchange collision:                               𝑋𝑒𝑓𝑎𝑠𝑡
+ + 𝑋𝑒𝑠𝑙𝑜𝑤 → 𝑋𝑒𝑠𝑙𝑜𝑤

+ + 𝑋𝑒𝑓𝑎𝑠𝑡 . 

The energy threshold and collision cross sections as a function of the impact energy for xenon (Fig. 

1.12) are derived from Biagi 7.1 and Phelps datasets from LXCat database [102].  
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Fig. 1.12: Interpolated functions of (a) Biagi 7.1 electron-neutral and (b) Phelps ion-neutral collision cross 

sections for xenon taken from LXCat database [102]. 

The traditional implementation of MCC works by looping over all source particles where, for each 

particle, the collision probability is calculated based on the total collision cross section at the particle’s 

energy 

𝑃𝑖 = 1 − 𝑒𝑥𝑝(−𝑣𝑟,𝑖  𝑛𝑡  𝜎𝑡𝑜𝑡(𝜖𝑖) 𝛥𝑡)     for    1 ≤ 𝑖 ≤ 𝑁𝑝 ,  Eq. 1.56 

where 𝑁𝑝 is the number of particles, 𝑛𝑡 is the density of the target species at the location of the source 

particle, 𝜖 is the total kinetic energy of the particle, and 𝜎𝑡𝑜𝑡 is the sum of all involved collision cross 

sections. Also, 𝑣𝑟,𝑖 is the speed of the source particle relative to that of the target particle. The target 

velocity is randomly sampled from a drifting Maxwellian distribution with the target species’ drift velocity 

and temperature at the location of the source particle.  

Subsequently, this probability is compared against a uniformly distributed random number between 

0 and 1 (ℛ1 ∈ 𝑈[0,1)), and if the collision probability is greater than the random number, the collision 

takes place. To determine which type of collision gets executed, another random number (ℛ2 ∈ 𝑈[0,1)) 

is compared with the individual collision frequencies (𝜈𝑗) normalized by the total collision frequency 

(𝜈𝑡𝑜𝑡). The 𝑗𝑡ℎ type collision occurs, where 𝑗 ∈ [1, 𝐽]  is the index of the collision type for which the 

following condition is met 

ℛ2 ≤
𝜈𝑗

𝜈𝑡𝑜𝑡
                  for            𝑗 = 1 , 

∑ 𝜈𝑗
𝑗−1
1

𝜈𝑡𝑜𝑡
≤ ℛ2 ≤

∑ 𝜈𝑗
𝑗
1

𝜈𝑡𝑜𝑡
        for    2 ≤ 𝑗 ≤ 𝐽 . 

 Eq. 1.57 

The total collision frequency is obtained as 

𝜈𝑡𝑜𝑡 = 𝑣𝑟,𝑖 𝑛𝑡  𝜎𝑡𝑜𝑡(𝜖).   Eq. 1.58 

The standard implementation of MCC requires looping over all particles and computing the collision 

probability (𝑃𝑖) for all of them that makes this approach computationally heavy. In this regard, Vahedi 

and Surendra [65] proposed an approach called “Null collision” method to execute the collision function 

only on a subset of particles. This method is based on the addition of a hypothetical collision type known 

as “null” collision with a collision frequency profile that, when added to the sum of the other collision 

frequencies (𝜈𝑡𝑜𝑡) , will bring the total collision frequency to a constant value over the entire range of 

energies, i.e., corresponding to the maximum of total collision frequency 
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𝜈𝑡𝑜𝑡
′ = 𝑚𝑎𝑥

𝑥 ,   𝜖 
(𝜈𝑡𝑜𝑡) = 𝑚𝑎𝑥

𝑥 
(𝑛𝑡) 𝑚𝑎𝑥

 𝜖 
(𝑣𝑟  𝜎𝑡𝑜𝑡(𝜖)) ,  Eq. 1.59 

𝑣𝑛𝑢𝑙𝑙(𝑥, 𝜖) = 𝜈𝑡𝑜𝑡
′ − 𝜈𝑡𝑜𝑡(𝑥, 𝜖).  Eq. 1.60 

According to the new total collision frequency, the maximum fraction of particles that will undergo 

collision can be determined using 

𝑃𝑛𝑢𝑙𝑙 = 1 − 𝑒𝑥𝑝(−𝜈𝑡𝑜𝑡
′ 𝛥𝑡) .  Eq. 1.61 

The check to determine the collision type is done as before (Eq. 1.57), except that here we have 

𝐽 + 1 collision types, with the (𝐽 + 1)𝑡ℎ  being the null collision for which no collision happens. The details 

of the execution of each collision can be found in Ref. [65].  

1.4.2.4. Neutral dynamics 

A rigorous treatment of the neutral flow involves kinetic DSMC model which takes into account the 

neutral-neutral and neutral-ion collisions. Nonetheless, because resolving the dynamics of neutrals over 

extended periods using the DSMC model is computationally intensive, a 1D fluid approximation can be 

alternatively used. In any case, considering the slower time scale of the neutrals, it is customary to 

update neutrals with a larger time step than electrons and ions to save computation. In the following the 

neutrals’ fluid model based on 1D Euler system of equations and kinetic DSMC model are discussed. 

A)  Neutrals’ fluid model using 1D Euler system of equations: Assuming neutrals in a Hall 

thruster as an adiabatic inviscid flow which vary mostly along the axial direction, their 

spatiotemporal evolution can be described through a 1D Euler system of equations  

𝜕𝜌

𝜕𝑡
+
𝜕(𝜌𝑢)

𝜕𝑥
= 𝑆1,  Eq. 1.62 

𝜕(𝜌𝑢)

𝜕𝑡
+
𝜕(𝜌𝑢2)

𝜕𝑥
= −

𝜕𝑃

𝜕𝑥
+ 𝑆2,  Eq. 1.63 

𝜕𝜌𝐸

𝜕𝑡
+
𝜕(𝜌𝑢𝐸)

𝜕𝑥
= −

𝜕𝑃𝑢

𝜕𝑥
+ 𝑆3.  Eq. 1.64 

In the above equations, 𝜌 is the neutral density, 𝑢 is the axial drift velocity, 𝑃 is the pressure, 

and 𝐸 = 𝑒 +
1

2
𝑢2 is the specific total energy with 𝑒 being the specific internal energy (𝑒 =

𝑛𝑘𝐵𝑇

𝜌(𝛾−1)
). In the relation for 𝑒, 𝑛 is the number density, 𝑇 is the neutral temperature, 𝑘𝐵 is the 

Boltzmann constant, and 𝛾 is the heat capacity ratio. Using the ideal gas relation, 𝑃 = 𝑛𝑘𝐵𝑇, 

the specific internal energy can be expressed as 𝑒 =
𝑃

𝜌(𝛾−1)
. Moreover, in Eq. 1.62 to Eq. 1.64, 

𝑆1, 𝑆2, and 𝑆3 are the source terms for the continuity, momentum, and energy equations, 

respectively, which will be defined shortly. To numerically solve this system of equations, we 

write them in a general conservation form as 

𝜕𝑈

𝜕𝑡
+
𝜕Γ(𝑈)

𝜕𝑥
= 𝑆(𝑈),  Eq. 1.65 

which can be integrated using the first-order Euler scheme to march forward in time  

𝑈𝑖
𝑡+1 = 𝑈𝑖

𝑡 −
Δ𝑡

Δ𝑥
(Γ
𝑖+ 
1
2
− Γ

𝑖− 
1
2
) + 𝑆Δ𝑡 .  Eq. 1.66 
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In Eq. 1.66, 𝑈 is the state vector of the conserved quantities, Γ(𝑈) is the vector of the 

corresponding fluxes, and 𝑆(𝑈) is the vector of the source terms. These vectors are defined as 

𝑈 = (

𝜌

𝜌𝑢
𝜌𝐸
) ,     Γ = (

𝜌𝑢

𝜌𝑢2 + 𝑃
𝜌𝑢𝐸 + 𝑃𝑢

) ,    𝑆 = (

−𝑆𝑖
−𝑢𝑆𝑖
−𝑢2𝑆𝑖

).  Eq. 1.67 

Also, 𝑈𝑖
𝑡 is the state vector value at time 𝑡, Γ

𝑖− 
1

2

 and Γ
𝑖+ 

1

2

 are the flux vectors at the left and right 

boundaries of the 𝑖-th cell, Δ𝑡 is the timestep and Δ𝑥 is the cell size. Moreover, 𝑆𝑖 in Eq. 1.67 is 

the ionization source term defined as 𝜌𝜈𝑖𝑜𝑛, where 𝜈𝑖𝑜𝑛 is the ionization frequency. It is noted 

that the energy change in the neutral flow due to ionization is typically neglected. 

The described 1D Euler system of equations can be simplified by assuming the neutrals as an 

isothermal flow [61][69]. This assumption implies that the energy equation can be replaced with 

the equation of state, 𝑃 =
𝜌

𝑀
𝑘𝐵𝑇, in which 𝑀 is the atomic mass. 

To solve the system spatially, we adopted the Weighted Essentially Non-Oscillatory scheme 

with 5 grid points (i.e., WENO-5). To calculate the inter-cell fluxes, we used the HLLC Riemann 

solver [103]. The algorithms used for these schemes are implemented as described in Ref. 

[104]. The neutrals’ fluid model is also verified and benchmarked in Sod shock tube problem 

[105], and the results are provided in Appendix A.1.5. 

Concerning the boundary conditions, at the cathode side of the domain, Neumann boundary 

condition is applied  

𝜕𝑈

𝜕𝑥
|
𝑥=𝐿𝑥

=
𝑈𝑁𝑖 − 𝑈𝑁𝑖−1

Δ𝑥
= 0 ⟹ 𝑈𝑁𝑖 = 𝑈𝑁𝑖−1.  Eq. 1.68 

At the anode boundary, a constant mass flow rate (𝑚̇𝑎) of neutrals is injected into the domain 

together with an additional variable mass flow rate (𝑚̇𝑟) that corresponds to the flux of ions 

recombined on the anode surface. Hence, following the approach suggested in Ref. [69], the 

flow properties at the anode boundary (i.e., the first computation cell) at the time 𝑡 + 1 can be 

written as 

𝑢1
𝑡+1 = 𝑢1

𝑡 + Δ𝑢 ,  Eq. 1.69 

𝜌1
𝑡+1 =

𝑚̇𝑎 + 𝑚̇𝑎
𝑡

𝑢1
𝑡+1𝐴

 ,  Eq. 1.70 

𝑃1
𝑡+1 =

𝜌1
𝑡+1

𝑀
𝑘𝐵𝑇𝑛0 .  Eq. 1.71 

In Eq. 1.69, Δ𝑢 is defined as in Eq. 1.72 using the flow properties in the first (subscript 1) and 

the second (subscript 2) cells of the domain  

Δ𝑢 =
𝑢1
2(𝑢1 − 𝐶𝑠1)[𝑃2 − 𝑃1 − 𝜌1𝐶𝑠1(𝑢2 − 𝑢1)]

(
𝑚̇
𝐴
𝐾𝐵𝑁𝐴𝑇𝑛0 − 𝜌1𝐶𝑠1) (

Δ𝑥
Δ𝑡
− (𝑢1 − 𝐶𝑠1))

. 
 Eq. 1.72 

In above relations, 𝐴 is the cross-sectional area of the channel, 𝑁𝐴 is the Avogadro’s number, 

and 𝐶𝑠1 is the sound speed in cell 1, defined as√
𝛾𝑃1

𝜌1
 with 𝛾 being the heat capacity ratio.  
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Different variants of the neutrals’ fluid model described above with different levels of complexity 

are tested and compared in Ref. [106]. In the simplest case, assuming a temporally constant 

neutrals velocity profile, we only solve the continuity equation to obtain the temporal evolution 

of neutral density, considering their depletion due to ionization and replenishment from gas 

injection and ion recombination on the anode surface. This model is referred to as the 

“continuity only”.  

Increasing the complexity level by one step, the second neutrals’ fluid model is the simplified 

version of the 1D Euler system, which accounts for the time variation of the density and velocity 

profiles of isothermal neutrals. This model is termed “1D Euler”.  

Finally, the most complex fluid description of the neutrals considered implemented in IPPL code 

solves the full 1D Euler system (Eq. 1.62 to Eq. 1.64), and additionally takes into account the 

axial momentum transferred from the ions to the neutrals through the ion-neutral collisions. This 

model is referred to as the “full 1D Euler + ion momentum transfer”. The effect of the ion-neutral 

collisions on the momentum of the neutral atoms is introduced in the model as another source 

term (𝑆𝑚) added to the right-hand side of Eq. 1.63. The energy transfer associated with ion-

neutral collisions is also included as a source term in Eq. 1.64 in the form of 𝑢𝑆𝑚. 

The ion-neutral collisions, where considered, are simulated through the MCC method (Section 

1.4.2.3).The momentum source term 𝑆𝑚 can be either approximated as −𝜌𝑖(𝑣𝑖 − 𝑢)𝜈𝑖𝑛, where 

𝑣𝑖 is the ions’ axial drift velocity and 𝜈𝑖𝑛 is the total ion-neutral collision frequency, or to be 

explicitly computed as the difference between the total axial momentum of the ions’ population 

prior and after the collisions.  

B) Neutrals’ kinetic model with the DSMC collisions: DSMC module is implemented to simulate 

the collisions involving the heavy species particles including the elastic collisions between the 

neutrals (n-n) as well as the isotropic momentum exchange (MEX i-n) and the charge exchange 

(CEX i-n) collisions between the ion and neutral particles. The cross-section for the momentum 

exchange collisions between the neutrals is obtained according to Bird’s Variable Hard Sphere 

(VHS) model [107] 

𝜎 = 𝜋 (𝑑𝑟𝑒𝑓 (
𝑣𝑟,𝑟𝑒𝑓

𝑣𝑟
)
𝑎

)
2

  Eq. 1.73 

in which 𝑑𝑟𝑒𝑓 = 5.74 × 10
−10 𝑚,  𝑣𝑟,𝑟𝑒𝑓 = 209.8 𝑚/𝑠, and 𝑎 = −0.7. In the above equation, 𝑣𝑟 is 

the relative velocity between the colliding particle pair. The cross-sections for the MEX and CEX 

collisions are plotted in Fig. 1.12 (b). 

The DSMC algorithm starts with sorting the particles based on the cells in which they reside. In 

each cell, the maximum number of collision events (or collision pairs (𝑛𝑝)) for each collision type 

is calculated as per the “no-time-counter” method (NTC) [63] 

𝑛𝑝 = 𝑁1𝑁2 𝑊(𝑣𝑟𝜎)𝑚𝑎𝑥
Δ𝑡

𝑉𝑐𝑒𝑙𝑙
 .  Eq. 1.74 

In the above equation, 𝑁1 and 𝑁2 are the number of macroparticles of each species within the 

cell, 𝑉𝑐𝑒𝑙𝑙  is the cell volume, and 𝑊 is the macroparticle weight (number of particles represented 
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by a macroparticle) of the species with the larger macroparticle weight, which typically 

corresponds to the neutrals’ population. (𝑣𝑟𝜎)𝑚𝑎𝑥   is initialized with an estimation and gets 

updated when a larger value than the initial estimation is encountered during the simulation. The 

number of collision pairs from Eq. 1.74 must be halved if the collision happens between two 

particles of the same species. Therefore, the total number of collision pairs in each cell is 

obtained as 

𝑛𝑝 = (
1

2
𝑁𝑛
2 𝑊𝑛(𝑣𝑟𝜎)𝑚𝑎𝑥,𝑛 + 𝑁𝑛𝑁𝑖  𝑊𝑛(𝑣𝑟𝜎)𝑚𝑎𝑥,𝑀𝐸𝑋 + 𝑁𝑛𝑁𝑖  𝑊𝑛(𝑣𝑟𝜎)𝑚𝑎𝑥,𝐶𝐸𝑋)

Δ𝑡

𝑉𝑐𝑒𝑙𝑙
 ,  Eq. 1.75 

where the indices “𝑛” and “𝑖” represent the neutrals and the ion species, respectively. To pick a 

collision pair in each cell, two random numbers 𝑝1 ∈ [1, 𝑁𝑛] and 𝑝2 ∈ [1, 𝑁𝑛 + 2𝑁𝑖] are selected, 

the type of collision for this pair is determined using a Monte Carlo method as illustrated in Fig. 

1.13. The collision probability for each pair is defined as 

𝑃𝑖 =
𝑣𝑟𝜎

(𝑣𝑟𝜎)𝑚𝑎𝑥
 ,  Eq. 1.76 

where 𝜎 is the cross-section of the selected collision type. To check for collision occurrence, the 

probability 𝑃𝑖 from Eq. 1.76 is compared with a uniformly distributed random number. In case of 

the neutral-neutral or neutral-ion MEX collisions, the post-impact velocities of the involved 

particles are obtained based on the conservation of momentum and energy 

𝑣⃗𝑟1
′ =

𝑚1𝑣⃗1 +𝑚2𝑣⃗2
𝑚1 +𝑚2

+
𝑚2

𝑚1 +𝑚2

 𝑣𝑟 𝑅⃗⃗ ,  Eq. 1.77 

𝑣⃗𝑟2
′ =

𝑚1𝑣⃗1 +𝑚2𝑣⃗2
𝑚1 +𝑚2

−
𝑚1

𝑚1 +𝑚2

 𝑣𝑟 𝑅⃗⃗ ,  Eq. 1.78 

where 𝑅⃗⃗ is a unit vector of random direction. Assuming hard sphere interaction between the 

particles, the scattering will be isotropic. Thus, the scattering angles (𝜓 and 𝜙) are defined as 

𝜓 = cos−1(2ℛ1 − 1) ,     𝜙 = 2𝜋ℛ2 ,    where   ℛ1 and ℛ2 ∈ [0,1) .  Eq. 1.79 

In case of the neutral-ion CEX collision, the velocities of the two particles are simply swapped 

to update the colliding particles’ velocity. 

Eq. 1.77 and Eq. 1.78 are only true when the colliding particles are of equal macroparticle 

weights. However, to ensure the conservation of momentum and energy in case of unequal 

macroparticles weights over statistically large number of collision events, the velocity update is 

always performed for the particle with the smaller macroparticle weight (𝑊𝑝2), whereas the 

velocity of the particle with the larger macroparticle weight (𝑊𝑝1) is modified only if ℛ > 𝑊𝑝2/𝑊𝑝1, 

where ℛ is a uniformly distributed random number. 

Regarding the typical boundary condition for Hall thruster simulations, neutrals that reach the 

anode surface or lateral walls are reflected, while those reaching the plume boundaries are 

removed. Also, ions impacting the anode surface and channel walls are assumed to recombine 

and are then reinjected into the domain as neutrals. 
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Fig. 1.13: Flowchart of the DSMC collisions algorithm. 

1.5.  Problem statement: research motivations and objectives 

Motivation: Noting the predictive inadequacy and the lack of self-consistency of the less 

computationally demanding fluid-based plasma simulations on the one hand, and the kinetic nature of 

the of plasma processes in the E × B plasmas on the other, high-fidelity PIC simulations are the desired 

tools to study and predict the underlying plasma behavior. Nonetheless, the substantial computational 

cost of the traditional multi-dimensional PIC renders simulating real-size devices over timescales of 

real-world significance unfeasible without any physics-altering speed-up factors.   

Furthermore, as evidenced from the large body of previous research in the literature 

[1][2][61][108][109], plasma processes in the E × B discharges such as instabilities and particles’ 

transport exhibit a multifaceted and highly coupled nature. The characteristics of these phenomena and 

their impacts on the macroscopic plasma properties are remarkably dependent on the operating regime 

and the physical parameters of the plasma system.  Despite the need for understanding these 

parametric variabilities, the conventional PIC codes cannot be effectively used for extensive parametric 

studies due to their remarkable computational resource demand.  

Accordingly, from a scientific perspective, a computationally efficient high-fidelity model enables 

addressing long-standing questions in plasma physics and advances our understanding of the multi-

dimensional plasma phenomena and their parametric dependencies. From an engineering viewpoint, 

such a predictive model facilitates the design and development of more efficient and reliable plasma 

technologies as well as unlocking new innovative technological solutions.  
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Objectives: In view of these needs and challenges, the present research is defined to primarily 

address the issue of enormous computational cost associated with kinetic electrostatic PIC simulations. 

Indeed, the stability criteria of the conventional PIC schemes require the use of very small grid sizes on 

the order of the Debye length (𝛰(10−6 𝑚)) as well as a statistically significant number of macroparticles 

(𝛰(109 ) in a full-2D PIC for a typical 𝐸 × 𝐵 device). The reduced-order PIC (RO-PIC) scheme aims to 

remarkably (by up to orders of magnitude) lower the computational cost of the PIC simulations by 

drastically reducing the total number of computational cells and, thus, the total number of macroparticles 

without affecting the stability of the PIC scheme. Achieving this objective is expected to pave the way 

toward the realization of computationally affordable high-fidelity 3D kinetic simulations of plasma 

devices. Accordingly, the objectives of this research are as follows: 

Primary objective 

• To devise a reduced-order kinetic-based approach (called reduced-order PIC scheme) 

capable of approximating the solution of the conventional multi-dimensional PIC simulations 

at a fraction of computational cost. 

Secondary objectives  

• Extensive verification of the scheme in well-established 2D benchmark cases across various 

E×B plasma configurations.  

• Showcasing the capability of RO-PIC in enabling studies and simulations with scientific and 

applied significance that were previously impractical with conventional PIC codes.  

Following the development of the RO-PIC PIC scheme, the achievement of secondary objectives 

entails a detailed characterization of the RO-PIC’s prediction accuracy and computational advantage 

compared to the conventional full-2D PIC simulations. Furthermore, the demonstration of the RO-PIC 

capabilities is accomplished through (1) extensive high-fidelity parametric investigations of variations in 

plasma phenomena including instabilities and their impacts on global discharge characteristics across 

wide parameter spaces, and (2) self-consistent kinetic simulation of real-size Hall thrusters over 

sufficiently extended durations. Conducting the above studies with RO-PIC demonstrates its suitability 

for attaining a comprehensive understanding of plasma behavior as well as to its utility as a predictive 

tool.  
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Chapter 2 Reduced-Order PIC scheme: concept and 

formulation 

The reduced-order PIC (RO-PIC) scheme developed within this research is an innovative 

approach that provides an approximation of the conventional PIC solution, resulting in a 

quasi-multi-dimensional representation of the problem at hand. The scheme relies on a novel 

dimensionality-reduction treatment that reduces the computational cost of conventional PIC 

simulations by up to 3 orders of magnitude depending on the desired order of approximation 

and the number of involved dimensions. 

Broadly speaking, RO-PIC approximates a multi-dimensional problem by decomposing it into 

a number of coupled 1-dimensional problems along the involved simulation dimensions, 

which are much more computationally affordable. The number of these 1D problems 

determines the order of approximation of the RO-PIC. The formulation of the dimensionality-

reduction technique offers a unique flexibility to have a trade-off between fidelity and 

computational gain of the simulation depending on its specific purpose and use case. This 

notion of “quasi-multidimensionality” is a unique feature of this approach that enables a 

continuous spectrum of choices for solution dimensionality anywhere in between a 1D and a 

full-2D/3D solution, all while ensuring the stability of the solution. 

The proposed dimensionality reduction technique is a general concept enabling the reduced-

order representation of the problem. In this work, we focus on the 2D electrostatic 

implementation of this scheme in PIC which leads to the development of quasi-2D 

electrostatic PIC plasma simulation. Nevertheless, the dimensionality reduction technique is 

believed that it is extendible to 3D and potentially to other numerical modelling techniques 

as well. The potential avenues and pathways for extension of the dimensionality-reduction 

formulation to a broader range of applications are enumerated in Section 7.2.5. 

2.1.  Order-reduction in the context of PIC simulations: RO-PIC concept 

The traditional PIC simulations require the size of the computational grid cells to be smaller than the 

Debye length along the involved dimensions of the simulation. This is to capture non-quasi-neutralities 

that exist below the Debye scale as well as maintaining the stability of the simulation. The large number 
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of computational cells combined with the necessity of having a statistically large number of 

macroparticles per cell, makes the PIC simulations to be computationally expensive.   

The order-reduction (dimensionality-reduction) underlying the reduced-order PIC is enabled through 

definition of a new computational grid system, the “reduced-order” grid. The adoption of this grid system 

in PIC allows increasing the cell size beyond the Debye scale along one or two simulation dimension(s) 

at a time (in 2D and 3D simulation, respectively) by an arbitrary amount, while keeping the cell size 

along the other dimension(s) compatible with ordinary PIC’s requirements. Consequently, the number 

of computational cells and hence, the total number of macroparticles are reduced, resulting in reduced 

computations.  The schematic of the reduced-order grid in 2D, also known as reduced-dimension or 

quasi-2D grid is illustrated in Fig. 2.1. 

 

Fig. 2.1: Schematic of the domain decomposition corresponding to the reduced-order grid system for RO-PIC 

scheme; (left) decomposition into multiple “regions” using a coarse grid, (right) the 1D computational cells (fine 

grids) for discretization of each region along the 𝑥 and 𝑦 directions. 

In the reduced-order grid system, the computational domain is decomposed into multiple rectangular 

(in 2D)/cubic (in 3D) subdomains or “regions”, which can be thought of as the discretization of the 

domain using a “coarse” grid (Fig. 2.1 (left)). Within any specific region, denoted as Ω on the left-hand 

side of Fig. 2.1, we discretize each simulation dimension separately using 1D “elongated” cells (orange-

shaded elements in Fig. 2.1 (right)). The criterion for the fine grids’ cell sizes along the 𝑥 and 𝑦 

directions, Δ𝑥 and Δ𝑦, is the same as that in a conventional 1D PIC, i.e., smaller than the Debye length. 

This fine-discretization grids create a partial decoupling between the different coordinates within each 

region, resulting in remarkable reduction in the number of cells and, hence, the required total number 

of macroparticles. The vertical and horizontal fine grids in each region (Fig. 2.1 (right)) capture 

separately the variations of the plasma properties along the 𝑥 and 𝑦 directions, respectively. 

Such grid system establishes a new framework enabling quasi-multi-dimensional numerical 

simulations which provide an approximation of the full-multi-dimensional problem with arbitrary 

closeness to the corresponding full multi-dimensional solution. The order reduction technique, by 

construction, provides a flexibility for the user to determine the desired trade-off between level of 

predictions’ accuracy and computational cost without affecting the stability of the solution. Indeed, the 

degree of “order reduction” (or approximation order) with respect to full 2D/3D and, consequently, the 
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computational cost of a reduced-order simulation depends on the fineness of the coarse grid, i.e., the 

number of regions. In other words, the aspect ratios of the horizontal and the vertical cells, 𝑙𝑥/Δ𝑥 and 

𝑙𝑦/Δ𝑦 are directly proportional to the speedup factor achieved through this reduced-order scheme.  

In this regard, at “low” approximation orders of a multi-dimensional problem (with few number of 

regions), RO-PIC captures an “average effect” of multi-dimensional phenomena and interactions that 

cannot be represented in a 1D setup, with the computational cost on apar with a 1D PIC simulation. At 

“high” approximation order limits, the scheme faithfully reproduces the results of traditional PICs while 

still featuring several factors of speedup. These will be demonstrated in detail, in the next chapter. 

Moreover, the underlying formulation of the reduced-order PIC scheme is mathematically proven to 

converge to 2D in the limit where the regions’ extents are as small as the cell sizes in a 2D simulation 

(𝑙𝑥 = Δ𝑥 , 𝑙𝑦 = Δ𝑦). In this limit, the associated simulation cost is equivalent to a 2D simulation. However, 

in most cases, it is sufficient to choose the extents of the regions to be much larger than a 2D cell size.  

The convergence behavior of the reduced-order simulation towards the outcome of a traditional PIC 

approach is case-dependent. This is because, the degree of coupling between different dimensions is 

heavily influenced by the underlying physical phenomena and the interactions involved within the 

system. For instance, in certain scenarios where the interdimensional interactions and couplings are 

relatively weak, the problem is effectively decomposable along the involved dimensions. In such a case, 

very few number of regions, or in the limiting case, treating the entire simulation domain as a single 

region, can produce a sufficiently accurate representation of the problem. In the presence of intrinsically 

multi-dimensional phenomena, the coupling between various dimension occurs over smaller scales, 

which require a more comprehensive treatment through the use of higher number of regions to capture 

the physics with a reasonable accuracy. In general, the selection of a proper number of regions is made 

in consideration with the underlying physics as well as the specific needs and purpose of the study. 

2.2.  Quasi-multi-dimensional PIC: the dimensionality-reduction formulation 

underlying RO-PIC 

The incorporation of the reduced-order grid and the order-reduction formulation, which will be 

discussed shortly, into PIC leads to the development of reduced-order PIC (RO-PIC) scheme. The 

resulting PIC code based on RO-PIC scheme is a quasi-multi-dimensional PIC code which we referred 

to as quasi-2D (Q2D) when accounting for two dimensions and quasi-3D (Q3D) in the presence of three 

dimensions. The quasi-2D branch of IPPL code which is developed in this research is called IPPL-Q2D. 

Like IPPL-1D and IPPL-2D branches, IPPL-Q2D code is written entirely in Julia language [93]. Similar 

to the conventional branches of IPPL code, IPPL-Q2D is an electrostatic, explicit PIC simulation code 

which tracks all three components of the particles’ velocity (3V in velocity space).  

IPPL-Q2D, overall, follows the standard algorithm of the particle-in-cell method explained in detail in 

Section 1.4.2.2. The distinction between the reduced-order PIC code (IPPL-Q2D) and a conventional 

one (IPPL-2D) lies in the computational grid used for solving the electric potential and the electric field 

as well as for sampling the particle-based data (such as the electric charge) in space and gathering the 
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grid-based data (such as the electric field) from it onto the particles’ position. Therefore, the formulation 

and implementation of the functions and modules that use or interact with the grid must be adjusted, 

namely the scatter and the gather functions as well as the Poisson solver. 

2.2.1.  Scatter and gather functions 

The particles’ information (e.g. charge density) in the reduced-order PIC is scattered onto the 

reduced-order computation grid (quasi-2D grid) corresponding to the dimensionality-reduction 

approach. Similarly, the field information used to update the particles’ velocity and position are gathered 

from this computation grid. Fig. 2.2 illustrates a schematic of the reduced-dimension grid and an 

arbitrary particle used to describe the scatter and gather formulations in the following. 

 
Fig. 2.2: Schematic illustrating exchange of data between the particles and reduced-dimension grid in RO-PIC. 

The particles’ data, denoted by 𝛽𝑝, is deposited once onto the refined grid along 𝑥 (𝑥-grid) according 

to Eq. 2.1 and once onto the grid along 𝑦 (𝑦-grid) direction given by Eq. 2.2. In these relations, Δ𝛽𝑚
𝑥  and 

Δ𝛽𝑛
𝑦
 specifies the contribution of particle 𝑝 to the value of 𝛽 on the respective grids’ nodes. The average 

of the two grid values will then reconstruct the distribution of the data on the full-2D grid using Eq. 2.3.  

Δ𝛽𝑚
𝑥 (𝑖) =

Δ𝑥 − 𝑑𝑥

Δ𝑥
𝛽𝑝, Δ𝛽𝑚

𝑥 (𝑖 + 1) =
𝑑𝑥

Δ𝑥
𝛽𝑝  ,                       𝑖 ∈ Ω𝑛,𝑚,  Eq. 2.1 

Δ𝛽𝑛
𝑦(𝑗) =

Δy − 𝑑𝑦

Δy
𝛽𝑝, Δ𝛽𝑛

𝑦(𝑗 + 1) =
𝑑𝑦

Δy
𝛽𝑝 ,                         𝑗 ∈ Ω𝑛,𝑚.  Eq. 2.2 

Δ𝛽(𝑖, 𝑗) =
1

2
(Δ𝛽𝑚

𝑥 (𝑖) + Δ𝛽𝑛
𝑦(𝑗)) ,    𝑖, 𝑗 ∈ Ω𝑛,𝑚 .  Eq. 2.3 

Furthermore, we can gather the grid’ data 𝛽𝑥 and 𝛽𝑦 at the particle’s location using Eq. 2.4 in a 

similar manner, given by Eq. 1.36. In this relation, 𝛽𝑝 is the gathered data at the particle’s position 

𝛽𝑝(𝑥, 𝑦) =
1

2
(
Δ𝑥 − 𝑑𝑥

Δ𝑥
Δ𝛽𝑚

𝑥 (𝑖) +
𝑑𝑥

Δ𝑥
Δ𝛽𝑚

𝑥 (𝑖 + 1) +
Δy − 𝑑𝑦

Δy
Δ𝛽𝑛

𝑦(𝑗) +
𝑑𝑦

Δy
Δ𝛽𝑛

𝑦(𝑗 + 1)) , 𝑥, 𝑦 ∈ Ω𝑛,𝑚 . Eq. 2.4 

Notice that here, we employ 1D interpolation to exchange data independently between either of the 

grids (𝑥-grid and 𝑦-grid) and the particles, in contrast to the full-2D method which uses 2D interpolation. 

This is in line with the principle behind the reduced-dimension grid, where each of the 𝑥- and 𝑦-grids 

captures the gradients along its respective direction and assumes the information to be uniform across 

their regions' extents (perpendicular to the corresponding grid direction).  
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Fig. 2.3 presents two examples illustrating the visualization of the projection of 2D profiles onto the 

𝑥- and 𝑦-components (𝛽𝑥 and 𝛽𝑦) of the quasi-2D grid together with the reconstructed 2D profiles (𝛽) 

from the 𝑥- and 𝑦-grid values according to Eq. 2.4.  

 

 
Fig. 2.3: Visualization of sampling of 2D profiles (rightmost column) on the reduced-dimension 𝑥-grid (top row) 

and 𝑦-grid (middle row) with various numbers of regions as well as the reconstructed profiles on the full-2D 

grid (bottom row) using 𝑥- and 𝑦-grid values per Eq. 2.4. The numbers of regions (denoted by NumR) are 

equal along both dimensions (𝑀 = 𝑁). The number of cells along either direction is 100. Top panel 

corresponds to the profile defined by Eq. 2.5 and bottom panel represent the distribution given by Eq. 2.6. 
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The 2D profiles in these examples are given by Eq. 2.5 and Eq. 2.6 (corresponding to top and bottom 

panels in Fig. 2.5, respectively) 

𝛽(𝑥, 𝑦) = |𝑥 − 0.5| + |𝑦 − 0.5|, 𝑥, 𝑦 ∈ [0,1]  Eq. 2.5 

𝛽(𝑥, 𝑦) = cos (2𝜋𝑥)cos (2𝜋𝑦), 𝑥, 𝑦 ∈ [0,1]  Eq. 2.6 

These plots clearly demonstrate that the 𝑥-grid effectively captures the variation of 𝛽 in a refined 

manner along the 𝑥-direction. Meanwhile, the value of 𝛽 remains constant across the entire 𝑦-extents 

of the regions and varies abruptly from one region to another. Similarly, the 𝑦-grid represents the 

variations along the 𝑦-direction with no gradients across 𝑥-extents of the regions while accounting for 

variations along the 𝑥-direction coarsely with a resolution determined by the 𝑥-extents of the regions. 

In other words, the horizontal and vertical stripes decompose the domain into multiple 1D domains 

along the 𝑥- and 𝑦-coordinates, respectively, each spanning across the domain along one dimension 

and has a width equal to the extent of the regions. 

As the number of regions increases, the resolution of the coarse grid improves, leading to a 

convergence of the distributions on the 𝑥- and 𝑦-grids towards each other. Ultimately, both distributions 

approach the full-2D distribution. 

2.2.2. Reduced-dimension Poisson’s equation  

RO-PIC scheme uses the reduced-order grid system as its computational grid. As a result, the 

discretization of the differential equations used for solving the electromagnetic fields must be adjusted 

to become compatible with this new grid configuration. In this work we focus on electrostatic PIC which 

relies on Poisson’s equation to obtain electric potential. Accordingly, in the following, we derive the 

formulation of the reduced-dimension Poisson’s equation to be incorporated within electrostatic RO-

PIC. Without losing generality, from this point forward, we present the methodology for a two-

dimensional domain and, thus, the 2D Poisson’s equation.     

A) Single-region decomposition: To introduce the basic concepts behind the dimensionality-

reduction approach, we start with presenting the formulation for the limiting case in which we 

use only one region covering the entire computational domain. In this case, as illustrated in Fig. 

2.4, the 2D domain with the extents of 𝐿𝑥 and 𝐿𝑦 along the 𝑥 and 𝑦 directions, respectively, is 

represented by two perpendicular computation grids, one along 𝑥 and one along 𝑦. The 

computational cells along 𝑥 have the width 𝛥𝑥, and are extended over the entire 𝐿𝑦 extent of the 

domain. Similarly, the computational cells along 𝑦 have the width 𝛥𝑦 and a length equal to 𝐿𝑥. It 

must be noted that 𝛥𝑥 and 𝛥𝑦 are determined according to the numerical requirement of the 

traditional PIC.  We term this representation of the domain the “single-region” decomposition, 

since we have a single set of perpendicular grids representing the entire domain. 

Note that the purpose of the reduced-order grid is to achieve a decoupling between the involved 

dimensions. In this regard, each grid, along 𝑥- or 𝑦- axis, captures the variation of the electric 

potential (𝜙(𝑥, 𝑦)) along its respective direction. Thus, we need to define two potential functions 

𝜙𝑥(𝑥) and 𝜙𝑦(𝑦) representing the variables to be solved along their respective grids. We 
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emphasize that 𝜙𝑥 and 𝜙𝑦 are, by definition, only a function of the 𝑥- or 𝑦-coordinate, 

respectively, within this single region.  

We then approximate the 2D potential function 𝜙(𝑥, 𝑦) as the superposition of these two potential 

functions, i.e., 

𝜙(𝑥, 𝑦) ≈ 𝜙𝑥(𝑥) + 𝜙𝑦(𝑦).  Eq. 2.7 

Substituting Eq. 2.7 in the 2D Poisson’s equation (Eq. 1.27)  

𝛻2𝜙(𝑥, 𝑦) =
𝜕2𝜙(𝑥, 𝑦)

𝜕𝑥2
+
𝜕2𝜙(𝑥, 𝑦)

𝜕𝑦2
= −

𝜌(𝑥, 𝑦)

𝜖0
 ,  Eq. 2.8 

and integrating once along the horizontal (𝑥) and once along the vertical (𝑦) extents of the 

computational cells yields a coupled system of 1D Ordinary Differential Equations (ODEs) for 

𝜙𝑥 and 𝜙𝑦, respectively, which is compatible with the definition of the reduced-order grid, 

𝑑2𝜙𝑥(𝑥)

𝑑𝑥2
𝐿𝑦 +

𝑑𝜙𝑦(𝑦)

𝑑𝑦
|
𝑦𝑔+

𝐿𝑦
2

−
𝑑𝜙𝑦(𝑦)

𝑑𝑦
|
𝑦𝑔−

𝐿𝑦
2

= −
1

𝜖0
∫ 𝜌(𝑥, 𝑦)𝑑𝑦
𝑦𝑔+

𝐿𝑦
2

𝑦𝑔−
𝐿𝑦
2

,  Eq. 2.9 

𝑑2𝜙𝑦(𝑦)

𝑑𝑦2
𝐿𝑥 +

𝑑𝜙𝑥(𝑥)

𝑑𝑥
|
𝑥𝑔+

𝐿𝑥
2
−
𝑑𝜙𝑥(𝑥)

𝑑𝑥
|
𝑥𝑔−

𝐿𝑥
2
= −

1

𝜖0
∫ 𝜌(𝑥, 𝑦)𝑑𝑥
𝑥𝑔+

𝐿𝑥
2

𝑥𝑔−
𝐿𝑥
2

.  Eq. 2.10 

In the above equations, 𝑥𝑔 and 𝑦𝑔 are the 𝑦 and 𝑥 locations of the computation grid as shown in 

Fig. 2.4 , respectively, with respect to the origin, and 𝜌(𝑥, 𝑦) is the 2D charge density distribution. 

 
Fig. 2.4: Schematic of the computational grid in single-region domain decomposition for reduced-dimension 

Poisson’s equation. 

It is noted that, despite averaging out certain 2D variations in the potential profile with the single-

region approximation, the Gauss’s law (recovered by summing Eq. 2.9 and Eq. 2.10) is, on 

average, satisfied over the domain. This ensures the overall physical consistency of the solution. 

B) Multi-region decomposition: We then extend the single-region decomposition formulation 

described above to the multi-region decomposition, where the 2D domain is now decomposed 

into a grid of 𝑁 ×𝑀 regions, denoted by Ω𝑛,𝑚 (Fig. 2.5 (a)). The regions’ boundary is defined 

such that it is equidistant from the two computational nodes adjacent to it. Within each region, 

there is a set of perpendicular grids along which the 1D potential functions 𝜙𝑛
𝑥 and 𝜙𝑚

𝑦
 (𝑚 ∈

[1,𝑀] and 𝑛 ∈ [1, 𝑁]), are resolved. 𝜙𝑛
𝑥 is specific to the 𝑛-th horizontal stripe encompassing 

regions Ω𝑛,𝑗  where 𝑗 ∈ [1,𝑀], and only varies along 𝑥 and remain constant across the entire 𝑦-
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extent of the regions Ω𝑛,𝑗 (Fig. 2.5 (b)). Similarly, 𝜙𝑚
𝑦

 pertains to the 𝑚-th vertical stripe which 

includes regions Ω𝑖,𝑚 , 𝑖 ∈ [1, 𝑁], and only varies along 𝑦 while remaining constant across the 

𝑥-extent of the regions Ω𝑖,𝑚 (Fig. 2.5 (b)). Hence,  

𝜙𝑛
𝑥 = 𝜙𝑛

𝑥(𝑥) ,    ∀𝑥 ∈ [0, 𝐿𝑥] ,    𝑦 ∈ [𝑦𝑔,𝑛 −
𝐿𝑦,𝑛

2
, 𝑦𝑔,𝑛 +

𝐿𝑦,𝑛

2
],   Eq. 2.11 

𝜙𝑚
𝑦
= 𝜙𝑚

𝑦 (𝑦) ,    ∀𝑥 ∈ [𝑥𝑔,𝑚 −
𝐿𝑥,𝑚
2

, 𝑥𝑔,𝑚 +
𝐿𝑥,𝑚
2
] ,   𝑦 ∈ [0, 𝐿𝑦],  Eq. 2.12 

where, 𝐿𝑥,𝑚 and 𝐿𝑦,𝑛 are the horizontal and vertical extents of the region Ω𝑛,𝑚. Also, 𝑥𝑔,𝑚 and 

𝑦𝑔,𝑛 are the locations of the vertical and horizontal computation grids of the region Ω𝑛,𝑚, 

respectively, as depicted in Fig. 2.5 (a). 

Within the region Ω𝑛,𝑚, where 𝑚 = 1,2, …𝑀 and 𝑛 = 1,2, … , 𝑁, the 2D potential function is then 

approximated as 

𝜙(𝑥, 𝑦) ≈ 𝜙𝑛
𝑥(𝑥) + 𝜙𝑚

𝑦 (𝑦) ,        ∀𝑥, 𝑦 ∈ Ω𝑛,𝑚 .  Eq. 2.13 

Similar to the approach followed for single-region decomposition, we substitute Eq. 2.13 in the 

2D Poisson’s equation and integrate separately along the 𝑥 and 𝑦 directions within each region. 

Note that here the integration is performed over the extent of the individual regions as opposed 

to the entire domain’s length, as done in the single-region case. This leads to a general 

formulation for the reduced-dimension Poisson’s system of equations in the form of a system of 

coupled of ODEs  

(
𝑑2𝜙𝑛

𝑥

𝑑𝑥2
|𝑥=𝑥𝑖)𝐿𝑦,𝑛 + (∫ (

𝜕𝜙𝑚
𝑦

𝜕𝑥
|
𝑥=𝑥𝑖+

Δ𝑥
2

)𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

−∫ (
𝜕𝜙𝑚

𝑦

𝜕𝑥
|
𝑥=𝑥𝑖−

Δ𝑥
2

)𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

)
1

Δ𝑥

+ (
𝜕𝜙𝑚

𝑦

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

+
𝜕𝜙𝑛

𝑥

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

) − (
𝜕𝜙𝑚

𝑦

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛−

𝐿𝑦,𝑛
2

+
𝜕𝜙𝑛

𝑥

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛−

𝐿𝑦,𝑛
2

)

= −
1

𝜖0
∫ 𝜌(𝑥, 𝑦)𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

, 

Eq. 2.14 

(
𝑑2𝜙𝑚

𝑦

𝑑𝑦2
|𝑦=𝑦𝑗) 𝐿𝑥,𝑚 + (∫ (

𝜕𝜙𝑛
𝑥

𝜕𝑦
|
𝑦=𝑦𝑗+

Δ𝑦
2

) 𝑑𝑥
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

−∫ (
𝜕𝜙𝑛

𝑥

𝜕𝑦
|
𝑦=𝑦𝑗−

Δ𝑦
2

) 𝑑𝑥
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

)
1

Δ𝑦

+ (
𝜕𝜙𝑛

𝑥

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

+
𝜕𝜙𝑚

𝑦

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

) − (
𝜕𝜙𝑛

𝑥

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚−

𝐿𝑥,𝑚
2

+
𝜕𝜙𝑚

𝑦

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚−

𝐿𝑥,𝑚
2

)

= −
1

𝜖0
∫ 𝜌(𝑥, 𝑦)𝑑𝑥
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

. 

Eq. 2.15 

In Eq. 2.14 and Eq. 2.15, 𝑥𝑖 is the 𝑥-coordinate of computational node 𝑖 along a horizontal grid 

and 𝑦𝑗 is similarly the 𝑦-coordinate of node 𝑗 along a vertical grid.  

In Eq. 2.14 and Eq. 2.15, we note the appearance of the so-called “cross-derivative” terms, 

𝜕𝜙𝑛
𝑥/𝜕𝑦  and 𝜕𝜙𝑚

𝑦
/𝜕𝑥, that take into account the variations in 𝜙𝑛

𝑥 and 𝜙𝑚
𝑦

 when transiting from 

one region to another along the 𝑦 and 𝑥 directions, respectively.  
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Moreover, recalling that, inside each region Ω𝑛,𝑚, 𝜙𝑛
𝑥 is, by definition, constant along 𝑦, and 𝜙𝑚

𝑦
 

is likewise constant along 𝑥, the integral terms within the second parentheses on the left-hand 

side of Eq. 2.14 and Eq. 2.15 are zero for the computational cells that reside entirely inside 

each region. In other words, the integrand terms 
𝜕𝜙𝑚

𝑦

𝜕𝑥
|
𝑥=𝑥𝑖+

𝛥𝑥

2

 and 
𝜕𝜙𝑚

𝑦

𝜕𝑥
|
𝑥=𝑥𝑖−

𝛥𝑥

2

 in Eq. 2.14 and, 

similarly, 
𝜕𝜙𝑛

𝑥

𝜕𝑦
|
𝑦=𝑦𝑗+

𝛥𝑦

2

 and 
𝜕𝜙𝑛

𝑥

𝜕𝑦
|
𝑦=𝑦𝑗−

𝛥𝑦

2

 in Eq. 2.15 are non-zero only when one side of a 

computational cell lies on a region’s boundary. 

The extension of multi-region decomposition of Poisson’s equation to 3D is provided in 

Appendix A.2.  

Having solved the coupled system of equations given by Eq. 2.14 and Eq. 2.15 for 𝜙𝑛
𝑥 and 𝜙𝑚

𝑦
 

with the appropriate boundary conditions, which are described in the next section, the electric 

field is determined within each region using  𝐸⃗⃗ = − 𝛻⃗⃗𝜙(𝑥, 𝑦) = − 𝛻⃗⃗(𝜙𝑛
𝑥 (𝑥) +  𝜙𝑚

𝑦 (𝑦)). 

 
Fig. 2.5: Schematic of the multi-region domain decomposition for the reduced-dimension Poisson’s equation; 

(a) definition of the regions, (b) computation grid along 𝑥 for solution of 𝜙𝑥, and (c) computation grid along 𝑦 

for solution of 𝜙𝑦. 

2.2.2.1. Boundary conditions of reduced-dimension Poisson’s equation 

The boundary conditions must also be adapted to be compatible with the reduced-dimension 

formulation, to solve the system of equations given by either Eq. 2.14 and Eq. 2.15 for a general multi-

region decomposition or by Eq. 2.9 and Eq. 2.10 for special case of single-region application. In the 

following, we discuss the adaptation of three relevant boundary conditions, namely Dirichlet, periodic 

and Neumann boundary conditions consistent with the generalized multi-region equations. 

A) Dirichlet boundary condition: Assume fixed potential Dirichlet boundary conditions at 𝑥 = 𝑥𝑏 

and 𝑦 = 𝑦𝑏 boundaries such that  
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{
 𝜙(𝑥𝑏 , 𝑦) = 𝜉𝑏(𝑦), 𝑦 ∈ [0, 𝐿𝑦] ,

𝜙(𝑥, 𝑦𝑏) = 𝜂𝑏(𝑥), 𝑥 ∈ [0, 𝐿𝑥] .
  Eq. 2.16 

Substituting Eq. 2.16 in Eq. 2.13 and integrating over the extents of the regions along 𝑥 and 𝑦 

separately, yields the boundary conditions on 𝜙𝑛
𝑥 and 𝜙𝑚

𝑦
  

{
 
 

 
 
𝜙𝑛
𝑥(𝑥𝑏) + 𝜙𝑚

𝑦0
= 

1

 𝐿𝑦,𝑛
∫ 𝜉𝑏(𝑦)
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

 𝑑𝑦,      𝑛 ∈ [1, 𝑁], 𝑚 = 1, 𝑥𝑏 = 0  or  𝑚 = 𝑀, 𝑥𝑏 = 𝐿𝑥  

𝜙𝑚
𝑦 (𝑦𝑏) + 𝜙𝑛

𝑥0 = 
1

𝐿𝑥,𝑚
∫ 𝜂𝑏(𝑥)
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

 𝑑𝑥,     𝑚 ∈ [1,𝑀], 𝑛 = 1, 𝑦𝑏 = 0  or  𝑛 = 𝑁, 𝑦𝑏 = 𝐿𝑦 

 Eq. 2.17 

where, 

{
 
 

 
 
𝜙𝑚
𝑦0
= 

1

𝐿𝑦,𝑛
∫ 𝜙𝑚

𝑦 (𝑦)𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

,

𝜙𝑚
𝑦0
= 

1

𝐿𝑦,𝑛
∫ 𝜙𝑚

𝑦 (𝑦)𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

.

  Eq. 2.18 

B) Periodic boundary condition: The periodic boundary condition along the 𝑥-axis, can be 

represented by as a zero-volt reference potential applied to 𝜙𝑛
𝑥 at the domain boundaries in this 

direction (𝑥 = 𝑥𝑏), while leaving 𝜙𝑚
𝑦

 free. This approach of implementing periodicity follows the 

standard method employed in 1D simulations. Similarly, periodicity along the 𝑦-direction is 

achieved by imposing a zero-voltage reference potential on 𝜙𝑚
𝑦

 at the horizontal boundaries of 

the domain (𝑦 = 𝑦𝑏) and allowing 𝜙𝑛
𝑥 to remain unconstrained. 

{
𝜙𝑛
𝑥(𝑥𝑏) = 0,      𝑛 ∈ [1, 𝑁],    𝑥𝑏 = 0 , 𝐿𝑥 ,

𝜙𝑚
𝑦 (𝑦𝑏) = 0,     𝑚 ∈ [1,𝑀],   𝑦𝑏 = 0 , 𝐿𝑦 .

  Eq. 2.19 

C) Neumann boundary condition: Consider the following Neumann conditions at 𝑥 = 𝑥𝑏 and 𝑦 =

𝑦𝑏 boundaries 

{
 

 
𝜕𝜙(𝑦)

𝜕𝑥
|𝑥=𝑥𝑏  = 𝛿𝑏(𝑦), 𝑦 ∈ [0, 𝐿𝑦] ,

𝜕𝜙(𝑥)

𝜕𝑦
|𝑦=𝑦𝑏 = 𝜎𝑏(𝑥), 𝑥 ∈ [0, 𝐿𝑥] .

  Eq. 2.20 

Similar to the approach followed for periodic boundary condition, the Neumann boundary 

condition is imposed on either 𝜙𝑛
𝑥 or 𝜙𝑚

𝑦
 independently, which leads to 

{
 
 

 
 𝜕𝜙𝑛

𝑥(𝑥)

𝜕𝑥
|𝑥=𝑥𝑏  = 𝛿𝑏(𝑦),        𝑛 ∈ [1, 𝑁],    𝑥𝑏 = 0 , 𝐿𝑥  ,

𝜕𝜙𝑚
𝑦 (𝑦)

𝜕𝑦
|𝑦=𝑦𝑏 = 𝜎𝑏(𝑥), 𝑚 ∈ [1,𝑀],   𝑦𝑏 = 0 , 𝐿𝑦 .

  Eq. 2.21 

2.2.2.2. Proof of convergence to full-2D Poisson’s equation 

The purpose of this mathematical proof is to demonstrate that the reduced-dimension Poisson’s 

system of equations obtained from the application of the dimensionality-reduction technique converges 

to the 2D Poisson’s equation in the limit where the regions’ extents approach the 2D cells’ sizes, i.e. 
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𝐿𝑥,𝑚 = Δ𝑥,   ∀𝑚 ∈ [1,𝑀]   and   𝐿𝑦,𝑛 = Δy,   ∀𝑛 ∈ [1, 𝑁] .       Eq. 2.22 

Fig. 2.6, which depicts the schematic of the computational elements associated with dimensionality-

reduction approach, along the 𝑥 and 𝑦 directions within region Ω𝑚,𝑛. In this figure, the terms 𝐸𝑁, 𝐸𝑆, 𝐸𝐸  

and 𝐸𝑊 represent, respectively, the electric field components along the North, South, East, and West 

sides of a computational element. The electric field components, shown in Fig. 2.6, is consistent with 

the definition presented in Section 2.2.2, i.e., 𝐸⃗⃗ = −∇⃗⃗⃗ (𝜙𝑛
𝑥(𝑥) + 𝜙𝑚

𝑦 (𝑦)). The colored differential terms 

are the “cross-derivative” terms, with the blue ones being the terms that are always non-zero in Eq. 

2.14 and Eq. 2.15, whereas the terms in red are only non-zero when one side of the computational 

element falls on a region’s boundary.  

 
Fig. 2.6: Schematic of (a) the horizontal and the vertical computational elements associated with the 

dimensionality-reduction approach in region Ω𝑚,𝑛, (b) the electric field components across the sides of the 

vertical element for solving potential function 𝜙𝑛
𝑥 along the 𝑥-direction, (c) the electric field components across 

the sides of the horizontal element for solving potential function 𝜙𝑚
𝑦

 along the 𝑦-direction. 

At this point, we recall the integral form of Gauss’ law, as given by  

∫ 𝐸⃗⃗ ∙ 𝑑𝑆
 

𝛿𝑆

=
𝑄

𝜖0
 ,  Eq. 2.23 

in which 𝐸⃗⃗ is the electric field vector, 𝑆 is the vector representing the surface area of a computational 

element, and 𝑄 is the total charge enclosed within the computational volume. 𝛿𝑆 denotes the boundary 

of the computational cell. 

Gauss’s law can be written as in Eq. 2.24 and Eq. 2.25 for the vertical and the horizontal 

computational element in Fig. 2.6, respectively, 
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∫ (𝐸𝐸 − 𝐸𝑊)𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

+ (𝐸𝑁 − 𝐸𝑆)Δ𝑥 =
Δ𝑥

𝜖0
∫ 𝜌𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

,  Eq. 2.24 

(𝐸𝐸 − 𝐸𝑊)Δ𝑦 + ∫ (𝐸𝑁 − 𝐸𝑆)𝑑𝑥
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

=
Δ𝑦

𝜖0
∫ 𝜌𝑑𝑥
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

.  Eq. 2.25 

Replacing the definition of the electric field components into Eq. 2.24 and Eq. 2.25 and summing 

both equations yields  

(𝐿𝑦 + Δ𝑦) (
𝜕𝜙𝑛

𝑥

𝜕𝑥
|𝑥𝑊 −

𝜕𝜙𝑛
𝑥

𝜕𝑥
|𝑥𝐸) + (𝐿𝑥 + Δ𝑥) (

𝜕𝜙𝑚
𝑦

𝜕𝑦
|𝑦𝑆 −

𝜕𝜙𝑚
𝑦

𝜕𝑦
|𝑦𝑁) + Δ𝑥 (

𝜕𝜙𝑛
𝑥

𝜕𝑦
|𝑦𝑆 −

𝜕𝜙𝑛
𝑥

𝜕𝑦
|𝑦𝑁)

+ Δ𝑦 (
𝜕𝜙𝑚

𝑦

𝜕𝑥
|𝑥𝑊 −

𝜕𝜙𝑚
𝑦

𝜕𝑥
|𝑥𝐸 ) +∫ (

𝜕𝜙𝑛
𝑥

𝜕𝑦
|𝑦𝑆 −

𝜕𝜙𝑛
𝑥

𝜕𝑦
|𝑦𝑁) 𝑑𝑥

𝑥𝑔,𝑚+
𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

+∫ (
𝜕𝜙𝑚

𝑦

𝜕𝑥
|𝑥𝑊 −

𝜕𝜙𝑚
𝑦

𝜕𝑥
|𝑥𝐸)𝑑𝑦

𝑦𝑔,𝑛+
𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

=
Δ𝑥

𝜖0
∫ 𝜌𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

+
Δ𝑦

𝜖0
∫ 𝜌𝑑𝑥
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

 . 

Eq. 2.26 

As we increase the number of regions, the lengths of the regions, 𝐿𝑦,𝑛 and 𝐿𝑥,𝑚 decrease. In the limit 

of having as many regions as there are computational cells (𝑀 = 𝑁𝑖 , 𝑁 = 𝑁𝑗, where 𝑁𝑖 and 𝑁𝑗 are the 

number of cells along 𝑥 and 𝑦 directions in 2D), the length 𝐿𝑦,𝑛  approaches Δ𝑦 and the length 𝐿𝑥,𝑚 

approaches Δ𝑥. In this situation, the computational elements along 𝑥 and 𝑦 directions effectively 

collapse on each other, and both coincide with the 2D computational cells as illustrated in Fig. 2.7. In 

other words, the reduced-dimension computational grid becomes equivalent to the full-2D grid. 

 
Fig. 2.7: Schematic illustrating that at the limit where the regions are as small as the 2D cells, the 

computational elements along 𝑥 and y axes coincides the cells of a full-2D grid, making the reduced-

dimension computational grid equivalent to the full-2D grid. 

Consequently, in this limit we have 𝜙𝑛
𝑥(𝑥) = 𝜙𝑚

𝑦
(𝑦), since under this condition 𝑥𝑔 = 𝑥 and 𝑦𝑔 = 𝑦.  

Also, in this limit, Eq. 2.13 will no longer be an approximation and becomes exact. Given these, we find 

that 𝜙𝑛
𝑥(𝑥) = 𝜙𝑚

𝑦 (𝑦) =
1

2
𝜙(𝑥, 𝑦). Moreover, 𝐿𝑥,𝑚 = Δ𝑥 and 𝐿𝑦,𝑛 = Δ𝑦. Substituting these into Eq. 2.26 

yields 
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2Δ𝑦 ((
𝜕𝜙(𝑥, 𝑦)

𝜕𝑥
)
𝑥=𝑥𝑊

− (
𝜕𝜙(𝑥, 𝑦)

𝜕𝑥
)

𝑥=𝑥𝐸 

)

+ 2Δ𝑥 ((
𝜕𝜙(𝑥, 𝑦)

𝜕𝑦
)
𝑦=𝑦𝑆

− (
𝜕𝜙(𝑥, 𝑦)

𝜕𝑦
)
𝑦=𝑦𝑁

) =
2

𝜖0
𝜌(𝑥, 𝑦)Δ𝑥Δ𝑦. 

 Eq. 2.27 

Dividing both sides of Eq. 2.27 by 2 and by 𝛥𝑥𝛥𝑦, the 2D Poisson’s equation can be recovered. This 

proves the convergence of the dimensionality-reduction formulation towards the full-2D solution as 
𝐿𝑥,𝑚

Δ𝑥
 

and 
𝐿𝑦,𝑚

Δ𝑦
 approaching unity and thereby verifying the mathematical consistency of the dimensionality-

reduction formulation. 

2.2.2.3. Numerical implementation of Reduced-dimension Poisson’s equation in RO-PIC 

The IPPL-Q2D code, which is based on the reduced-order PIC scheme, features an electric potential 

field solver, which we have termed “Reduced-Dimension” Poisson Solver, or RDPS. The RDPS 

numerically solves the system of coupled equations given by Eq. 2.14 and Eq. 2.15 using Julia’s built-

in direct matrix solve algorithm based on the LU decomposition method. However, for the solver’s 

implementation in the PIC scheme, the terms corresponding to the gradients of the potential function 

𝜙𝑚
𝑦

 in Eq. 2.14 and, similarly, the terms representing the gradients of 𝜙𝑛
𝑥 in Eq. 2.15 are moved to the 

right-hand side and are, thus, calculated from the previous timestep of the simulation  

(
𝑑2𝜙𝑛

𝑥

𝑑𝑥2
|𝑥=𝑥𝑖) 𝐿𝑦,𝑛 +

𝜕𝜙𝑛
𝑥

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

−
𝜕𝜙𝑛

𝑥

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛−

𝐿𝑦,𝑛
2

= −
1

𝜖0
∫ 𝜌(𝑥, 𝑦)𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

−
𝜕𝜙𝑚

𝑦

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

+
𝜕𝜙𝑚

𝑦

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛−

𝐿𝑦,𝑛
2

− (∫ (
𝜕𝜙𝑚

𝑦

𝜕𝑥
|
𝑥=𝑥𝑖+

Δ𝑥
2

)𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

−∫ (
𝜕𝜙𝑚

𝑦

𝜕𝑥
|
𝑥=𝑥𝑖−

Δ𝑥
2

)𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

)
1

Δ𝑥
, 

Eq. 2.28 

(
𝑑2𝜙𝑚

𝑦

𝑑𝑦2
|𝑦=𝑦𝑗) 𝑙𝑥 +

𝜕𝜙𝑚
𝑦

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

−
𝜕𝜙𝑚

𝑦

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚−

𝐿𝑥,𝑚
2

= −
1

𝜖0
∫ 𝜌(𝑥, 𝑦)𝑑𝑥
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

−
𝜕𝜙𝑛

𝑥

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

+
𝜕𝜙𝑛

𝑥

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚−

𝐿𝑥,𝑚
2

− (∫ (
𝜕𝜙𝑛

𝑥

𝜕𝑦
|
𝑦=𝑦𝑗+

Δ𝑦
2

) 𝑑𝑥
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

−∫ (
𝜕𝜙𝑛

𝑥

𝜕𝑦
|
𝑦=𝑦𝑗−

Δ𝑦
2

) 𝑑𝑥
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

)
1

Δ𝑦
. 

Eq. 2.29 

In this way, the system of equation is kind of decoupled, which is computationally beneficial as the 

size of the matrix to be solved can be reduced by half, by solving Eq. 2.28 and Eq. 2.29 separately. 

Moreover, we observed an increased robustness and stability of the solver when following this approach 

without any noticeable issues concerning the numerical artifacts and/or instabilities.  

It is also important to mention that, before calculating the right-hand side derivative terms specified 

in the preceding paragraph and solely for the purpose of these calculations, a moving average filter with 
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a pre-fixed window size is applied to the solutions of the potential functions 𝜙𝑛
𝑥 and 𝜙𝑚

𝑦
 . This is done to 

reduce the effect of noise in the calculation of these derivatives. 

Eq. 2.28 and Eq. 2.29 are discretized on the reduced-dimension computational grid. In an arbitrary 

region Ωm,n within a 2D domain, the reduced-dimension computational grid comprises two 

perpendicular 1D grids along 𝑥 and 𝑦 directions. These grids, depicted by the dark blue color in Fig. 

2.8 (a), intersect at the center of the region. According to the definition of the reduced-dimension grid, 

the node (𝑖, 𝑗) on a 2D grid is reconstructed using independent contributions from the node 𝑖 along 𝑥-

grid (vertical cell in Fig. 2.8 (a)) and the node 𝑗 along 𝑦-grid (horizontal cell in Fig. 2.8 (a)). Note that 

the values on 𝑥-grid are constant across the 𝑦-extent of the region and similarly, the values on 𝑦-grid 

are constant across the 𝑥-extent of the region. In other words, 𝑥 and 𝑦 components of the grid can be 

displaced perpendicular to their direction to anywhere within the region. Thus, a perpendicular grid 

passing through the node (𝑖, 𝑗), shown in light blue in Fig. 2.8 (a), is a replica of the computational grid 

with equivalent nodal values.  We use this virtual grid just for illustrative purposes. The stencils used to 

discretize Eq. 2.28 and Eq. 2.29 are depicted in Fig. 2.8 (b) and Fig. 2.8 (c), respectively.  

 
Fig. 2.8: Schematic illustrating (a) the reduced-dimension computational grid in region Ω𝑚,𝑛, (b) and (c) 

stencils used for the discretization of the derivatives in Eq. 2.28 and Eq. 2.29, respectively.  

Accordingly, the discretization of the derivative terms in Eq. 2.28 and Eq. 2.29 are provided in the 

following. These include the second derivative in the first term in these equations which are discretized 

following the second-order accurate central finite difference scheme 

𝑑2𝜙𝑛
𝑥

𝑑𝑥2
|𝑥=𝑥𝑖 =

𝜙𝑛
𝑥(𝑖 + 1) − 2𝜙𝑛

𝑥(𝑖) + 𝜙𝑛
𝑥(𝑖 − 1)

𝛥𝑥2
 , 

𝑑2𝜙𝑚
𝑦

𝑑𝑦2
|𝑦=𝑦𝑗 =

𝜙𝑚
𝑦 (𝑗 + 1) − 2𝜙𝑚

𝑦 (𝑗) + 𝜙𝑚
𝑦 (𝑗 − 1)

𝛥𝑦2
. 

 Eq. 2.30 
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For the first derivatives, we use the first-order accurate forward difference. These include the 

derivatives in the second and the third terms in Eq. 2.28 and Eq. 2.29 

𝜕𝜙𝑛
𝑥

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

=
𝜙𝑛+1
𝑥 (𝑖) − 𝜙𝑛

𝑥(𝑖)  

𝛥𝑦
,

𝜕𝜙𝑛
𝑥

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛−

𝐿𝑦,𝑛
2

=
𝜙𝑛
𝑥(𝑖) − 𝜙𝑛−1

𝑥 (𝑖)

𝛥𝑦
 , 

Eq. 2.31 

𝜕𝜙𝑚
𝑦

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

=
𝜙𝑚+1
𝑦 (𝑗) − 𝜙𝑚

𝑦 (𝑗)

𝛥𝑥
,

𝜕𝜙𝑚
𝑦

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚−

𝐿𝑥,𝑚
2

=
𝜙𝑚
𝑦 (𝑗) − 𝜙𝑚−1

𝑦 (𝑗)

𝛥𝑥
, Eq. 2.32 

as well as the derivatives in the second and the third terms in the right-hand side of these equations 

𝜕𝜙𝑚
𝑦

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

=
𝜙𝑚
𝑦
(𝑗𝑔,𝑛 + 𝑞𝑢

𝑛 + 1) − 𝜙𝑚
𝑦
(𝑗𝑔,𝑛 + 𝑞𝑢

𝑛)

𝛥𝑦
,

𝜕𝜙𝑚
𝑦

𝜕𝑦
|
𝑦=𝑦𝑔,𝑛−

𝐿𝑦,𝑛
2

=
𝜙𝑚
𝑦
(𝑗𝑔,𝑛 − 𝑞𝑙

𝑛) − 𝜙𝑚
𝑦
(𝑗𝑔,𝑛 − 𝑞𝑙

𝑛 − 1)

𝛥𝑦
 , Eq. 2.33 

𝜕𝜙𝑛
𝑥

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

=
𝜙𝑛
𝑥(𝑖𝑔,𝑚 + 𝑝𝑢

𝑚 + 1) − 𝜙𝑛
𝑥(𝑖𝑔,𝑚 + 𝑝𝑢

𝑚)

𝛥𝑥
,

𝜕𝜙𝑛
𝑥

𝜕𝑥
|
𝑥=𝑥𝑔,𝑚−

𝐿𝑥,𝑚
2

=
𝜙𝑛
𝑥(𝑖𝑔,𝑚 − 𝑝𝑙

𝑚) − 𝜙𝑛
𝑥(𝑖𝑔,𝑚 − 𝑝𝑙

𝑚 − 1)

𝛥𝑥
 .  Eq. 2.34 

In the above relations, 𝑖𝑔,𝑚 and 𝑗𝑔,𝑛 specify the index of the node at the center of the region Ω𝑚,𝑛 

along the  𝑥-axis and the 𝑦-axis, respectively.  Also, 𝑝𝑙
𝑚 and 𝑝𝑢

𝑚 represent the number of nodes, 

respectively, on the left side and on the right side of 𝑖𝑔,𝑚 along the 𝑥-axis. Similarly, 𝑞𝑙
𝑛 and 𝑞𝑢

𝑛 denote 

the number of nodes on top and bottom of 𝑗𝑔,𝑛 along the 𝑦-axis, respectively.  

In the regions near the boundaries of the domain (where 𝑚 = 1,𝑀 or 𝑛 = 1,𝑁), these derivatives are 

computed as follows 

𝜕𝜙𝑚
𝑦

𝜕𝑦
|𝑦=0 =

𝜙𝑚
𝑦 (2) − 𝜙𝑚

𝑦 (1)

𝛥𝑦
;    𝑛 = 1,                 

𝜕𝜙𝑚
𝑦

𝜕𝑦
|𝑦=𝐿𝑦 =

𝜙𝑚
𝑦
(𝑁𝑗) − 𝜙𝑚

𝑦
(𝑁𝑗 − 1)

𝛥𝑦
;     𝑛 = 𝑁 ,  Eq. 2.35 

𝜕𝜙𝑛
𝑥

𝜕𝑥
|𝑥=0 =

𝜙𝑛
𝑥(2) − 𝜙𝑛

𝑥(1)

𝛥𝑥
;    𝑚 = 1,                   

𝜕𝜙𝑛
𝑥

𝜕𝑥
|𝑥=𝐿𝑥 =

𝜙𝑛
𝑥(𝑁𝑖) − 𝜙𝑛

𝑥(𝑁𝑖 − 1)

𝛥𝑥
;    𝑚 = 𝑀 .  Eq. 2.36 

Finally, Eq. 2.37 represents the discretized form of the last two integral terms on the right-hand side 

of Eq. 2.28. These terms are integrated over the long side (𝑦-extent) of the vertical cells and involve 

first order “cross-derivatives” of potential function (
𝜕𝜙𝑚

𝑦

𝜕𝑥
). It is important to note that, as depicted in Fig. 

2.9, these terms are non-zero exclusively when either of the long vertical sides of the 𝑥-grid’s cell 

coincides with the region’s vertical boundary (when 𝑖 = 𝑖𝑔,𝑚 − 𝑝𝑙
𝑚, 𝑖𝑔,𝑚 + 𝑝𝑢

𝑚). Additionally, within a given 

cell, only one of these two terms is non-zero — the one on the cell’s boundary which is shared between 

the cell and the region.   

∫ (
𝜕𝜙𝑚

𝑦

𝜕𝑥
|
𝑥=𝑥𝑖+

Δ𝑥
2

)𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

= ∑
𝛥𝑦

𝛥𝑥
(𝜙𝑚+1

𝑦 (𝑗𝑗) − 𝜙𝑚
𝑦 (𝑗𝑗)) 

𝑗𝑔,𝑛+𝑞𝑢
𝑛

𝑗𝑗=𝑗−𝑞𝑙
𝑛

, 𝑖 = 𝑖𝑔,𝑚 − 𝑝𝑙
𝑚 

∫ (
𝜕𝜙𝑚

𝑦

𝜕𝑥
|
𝑥=𝑥𝑖+

Δ𝑥
2

)𝑑𝑦
𝑦𝑔,𝑛+

𝐿𝑦,𝑛
2

𝑦𝑔,𝑛−
𝐿𝑦,𝑛
2

= ∑
𝛥𝑦

𝛥𝑥
(𝜙𝑚+1

𝑦 (𝑗𝑗) − 𝜙𝑚
𝑦 (𝑗𝑗)) 

𝑗𝑔,𝑛+𝑞𝑢
𝑛

𝑗𝑗=𝑗𝑔,𝑛−𝑞𝑙
𝑛

, 𝑖 = 𝑖𝑔,𝑚 + 𝑝𝑢
𝑚 

Eq. 2.37 

Likewise, the discretization of the corresponding terms in Eq. 2.29, which represents the integrals of 

cross-derivatives (
𝜕𝜙𝑚

𝑥

𝜕𝑦
) along the long side (𝑥-extent) of the horizontal cells, is provided in Eq. 2.38. 

Similar to Eq. 2.37, these terms are only non-zero on either of the long horizontal sides of the 𝑦-grid’s 
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cell when they align with the horizontal boundary of the region (when 𝑗 = 𝑗𝑔,𝑛 − 𝑞𝑙
𝑛, 𝑗

𝑔,𝑛
+ 𝑞

𝑢
𝑛) as shown 

in Fig. 2.9. 

∫ (
𝜕𝜙𝑛

𝑥

𝜕𝑦
|
𝑦=𝑦𝑗+

Δ𝑦
2

) 𝑑𝑥
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

= ∑
𝛥𝑥

𝛥𝑦
(𝜙𝑛+1

𝑥 (𝑖𝑖) − 𝜙𝑛
𝑥(𝑖𝑖)) 

𝑖𝑔,𝑚+𝑝𝑢
𝑚

𝑖𝑖=𝒊𝒈,𝒎−𝑝𝑙
𝑚

, 𝑗 = 𝑗𝑔,𝑛 − 𝑞𝑙
𝑛 

  ∫ (
𝜕𝜙𝑛

𝑥

𝜕𝑦
|
𝑦=𝑦𝑗−

Δ𝑦
2

) 𝑑𝑥
𝑥𝑔,𝑚+

𝐿𝑥,𝑚
2

𝑥𝑔,𝑚−
𝐿𝑥,𝑚
2

= ∑
𝛥𝑥

𝛥𝑦
(𝜙𝑛

𝑥(𝑖𝑖) − 𝜙𝑛−1
𝑥 (𝑖𝑖))

𝑖𝑔,𝑚+𝑝𝑢
𝑚

𝑖𝑖=𝒊𝒈,𝒎−𝑝𝑙
𝑚

 , 𝑗 = 𝑗𝑔,𝑛 + 𝑞𝑢
𝑛 

Eq. 2.38 

It is worth highlighting that even though mathematically, the region sizes could be chosen as small 

as the individual cells, the numerical implemnetation requires the regions to include at least two nodes 

along each dimension. This requirement ensures numerical consistency in the computaion of the  

descretized derivative terms on the opossing sides of the cells. As a result,  the largest numbers of 

regions that can be used in the quasi-2D simulations are 𝑀 =
𝑁𝑖

2
 and 𝑁 =

𝑁𝑗

2
. 

 
Fig. 2.9: Illustration of the stencil for the cells reaching the region’s boundary along their long sides, used for 

discretization of the last two terms on the right-hand side of Eq. 2.28 and Eq. 2.29. These terms represent the 

integrals of “cross-derivatives” which are only non-zero on the sides of the cells which align with the region’s 

boundary. (left) 𝑖 = 𝑖𝑔,𝑚 + 𝑝𝑢
𝑚, (right) 𝑖 = 𝑖𝑔,𝑚 − 𝑝𝑙

𝑚, (bottom),  𝑗 = 𝑗𝑔,𝑛 − 𝑞𝑙
𝑛, and (top) 𝑗 = 𝑗𝑔,𝑛 + 𝑞𝑢

𝑛.  

2.3.  Computational advantage of RO-PIC  

The computational advantage of RO-PIC over the conventional PIC stems from the reduced total 

number of cells, thereby lower total number of macroparticles for the same number of macroparticles 

per cell. This reduction alleviates the computational and memory requirements of the PIC simulation. 

In addition to easing the computational burden on particle-based computations, the reduced number of 
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cells can also decrease the size of the matrix to be solved in the Poisson solver, which often represents 

a computational bottleneck in 3D problems.  

Accordingly, the computational gain achieved with a quasi-2D simulation compared to a traditional 

PIC scales linearly with the ratio of the regions’ extent to the cell size (𝑙𝑥/Δ𝑥 or 𝑙𝑦/Δ𝑦, see Fig. 2.1). In 

fact, in a quasi-2D simulation, using 𝑀 and 𝑁 regions along the 𝑥 and 𝑦 directions with 𝑁𝑖 and 𝑁𝑗 

numbers of cells along the 𝑥 and 𝑦 grids, respectively, we will have a set of two grids; the 𝑥-grid consists 

of 𝑁𝑐𝑒𝑙𝑙,𝑥 = 𝑁 × 𝑁𝑖 total cells and the 𝑦-grid comprises 𝑁𝑐𝑒𝑙𝑙,𝑦 = 𝑀 × 𝑁𝑗 cells. Therefore, the total number 

of unknowns in the reduced-dimension Poisson’s equation to be solved is 𝑁𝜙 = 𝑁 × 𝑁𝑖 +𝑀 × 𝑁𝑗 instead 

of 𝑁𝜙 = 𝑁𝑖 × 𝑁𝑗 in the full-2D Poisson’s equation. Moreover, considering that the particles are shared 

between the two grids, the total number of particles (𝑁𝑝) in the simulation is determined by the larger 

number of cells between the two grids, i.e. 𝑁𝑝 = 𝑁𝑝𝑝𝑐 ×𝑚𝑎𝑥(𝑁 × 𝑁𝑖 , 𝑀 × 𝑁𝑗), where 𝑁𝑝𝑝𝑐 is the number 

of microparticles per cell. 

Extending the RO-PIC approach to 3D (refer to Appendix A.2) brings about even greater 

computational gain. Specifically, the speedup factor scales quadratically with the ratio of the regions’ 

extents to the cell sizes (𝑙𝑥𝑙𝑦/Δ𝑥Δ𝑦 or 𝑙𝑦𝑙𝑧/Δ𝑦Δ𝑧 or 𝑙𝑥𝑙𝑧/Δ𝑥Δ𝑧). In this regard, in a quasi-3D simulation 

with 𝑀, 𝑁 and 𝑃 regions and 𝑁𝑖 , 𝑁𝑗 and 𝑁𝑘 cells along each simulation dimension, the reduced-

dimension computational grid consists of three fine grids; The 𝑥-grid is defined by 𝑁𝑐𝑒𝑙𝑙,𝑥 = 𝑁 × 𝑃 × 𝑁𝑖 

the 𝑦-grid by 𝑁𝑐𝑒𝑙𝑙,𝑦 = 𝑀 × 𝑃 × 𝑁𝑗 and the 𝑧-grid by 𝑁𝑐𝑒𝑙𝑙,𝑦 = 𝑀 × 𝑁 × 𝑁𝑘 number of cells. This leads to 

an unknown matrix with a size of 𝑁𝜙 = 𝑁 × 𝑃 × 𝑁𝑖 +𝑀 × 𝑁𝑗+ 𝑀 ×𝑁 × 𝑁𝑘 in the RDPS in contrast to 

𝑁𝜙 = 𝑁𝑖𝑁𝑗𝑁𝑘 in a full-3D Poisson solver. Also, the total number of macroparticles in the simulation is 

𝑁𝑝 = 𝑁𝑝𝑝𝑐 ×𝑚𝑎𝑥(𝑁 × 𝑃 × 𝑁𝑖 , 𝑀 × 𝑃 × 𝑁𝑗 , 𝑀 × 𝑁 × 𝑁𝑘).  

The low-order approximations of the reduced-order scheme correspond to the limit where  
𝑙𝑥

Δ𝑥
≫

1 and  
𝑙𝑦

Δy
≫ 1  (or equivalently, 𝑀 ≪ 𝑁𝑖 and 𝑁 ≪ 𝑁𝑗) in quasi-2D, and 

𝑙𝑥𝑙𝑦

Δ𝑥Δ𝑦
≫ 1, 

𝑙𝑦𝑙𝑧

ΔyΔ𝑧
≫ 1 and 

𝑙𝑥𝑙𝑧

Δ𝑥Δ𝑧
≫ 1 

(or 𝑀 ≪ 𝑁𝑖 , 𝑁 ≪ 𝑁𝑗 and 𝑃 ≪ 𝑁𝑘) in quasi-3D simulation. In this limit, the computational cost decreases 

from 𝑂(𝑛2) for a full-2D simulation and 𝑂(𝑛3) for a full-3D simulation to 𝑂(𝑛) for quasi-2D and quasi-3D 

simulations, where 𝑛 represents the cell count along a single coordinate. 

With higher approximation orders we still gain several factors of speedup. This is because sufficiently 

accurate predictions can be achieved with the regions’ extents being several factors larger than the cell 

sizes, as will be demonstrated in the next section in standalone Poisson’s problem and in the 

subsequent chapter for the plasma cases. 

Fig. 2.10 shows the scaling of the computational cost in a quasi-2D and a quasi-3D simulation with 

various number of regions compared to the respective full-2D and full-3D PIC simulations. This example 

assumes a domain with 500 cells along each direction and equal number of regions along the involved 

dimensions.  

It is worth noting that the same scaling is valid for the memory requirements of the RO-PIC relative 

to conventional PIC simulations. 
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Fig. 2.10: Variation of the computational cost ratio (versus the number of regions) in quasi-2D and quasi-3D 

simulations compared to the corresponding full-2D and full-3D simulations. These values are calculated 

assuming 500 number of cells along each dimension and an equal number of regions along all directions. 

Note that the plot is in log-log scale. 

2.4.  Standalone verifications of Reduced-Dimension Poisson Solver (RDPS)  

In this section we compare the qausi-2D approximations provided by RDPS (which numerically 

solves Eq. 2.14 and Eq. 2.15) across various numbers of regions with the corresponding full-2D 

solution. We conducted this comparison across several test cases featuring different source terms and 

boundary conditions to assess the convergence behavior of RDPS across a wide range of scenarios.  

In Section 2.2.2.2 we mathematically proved that the formulation developed for the dimensionality 

reduction of Poisson’s equation, converges to the 2D Poisson’s equation in the limit where the number 

of regions is the same as the number of 2D computational cells, i.e., 𝑁 = 𝑁𝑗 and 𝑀 = 𝑁𝑖. Here, we 

intend to numerically demonstrate that by increasing the number of regions or, equivalently, the 

approximation order, the approximate solution from the RDPS converges to the full-2D solution. 

Furthermore, these examples show to what extent the low-number-of-region quasi-2D approximations 

of a 2D Poisson problem are representative of the full-2D solution. 

To this end, nine different two-dimensional Poisson test cases are considered. The definition of 

these problems including their source terms (𝑆(𝑥, 𝑦)) and the boundary conditions are presented in 

Table 2.1. These definitions refer to the 2D Poisson’s equation in the following form 

𝜕2𝜙(𝑥, 𝑦)

𝜕𝑥2
+
𝜕2𝜙(𝑥, 𝑦)

𝜕𝑦2
= 𝑆(𝑥, 𝑦),          𝑥 ∈ [0, 𝐿𝑥] , 𝑦 ∈ [0, 𝐿𝑦].  Eq. 2.39 

In all cases, the domain is a Cartesian (𝑥 − 𝑦) plane of unit length (of arbitrary unit, e.g. millimeters) 

along the 𝑥 and 𝑦 directions. For simplicity, the permittivity of free space (𝜖0) is assumed to be one for 

all problems. The number of computational cells in both 𝑥 and 𝑦 directions are 𝑁𝑖 = 𝑁𝑗 = 100 for all 

cases. Hence, according to discussion in Section 2.2.2.3 regarding the numerical implementation of 

RDPS, the maximum number of regions allowed along either direction is 𝑁 = 𝑀 = 50. The boundary 

conditions in the first eight cases (cases 1-8) are the Dirichlet condition along both 𝑥 and 𝑦 dimensions, 

whereas the last case (case 9) features the periodic boundary condition along 𝑥 and the Dirichlet 

condition along 𝑦 direction.   
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Case No. Source terms (𝑺(𝒙, 𝒚)) Boundary Conditions 

1 𝑆 = 0 

𝜙(0, 𝑦) =
𝑦

1 + 𝑦2
;  𝜙(𝐿𝑥 , 𝑦) =

𝑦

4 + 𝑦2
 

𝜙(𝑥, 0) = 0;  𝜙(𝑥, 𝐿𝑦) =
1

(1 + 𝑥)2 + 1
 

2 𝑆 = 𝑥2 + 𝑦2 

𝜙(0, 𝑦) = sin(𝜋𝑦) 

𝜙(𝐿𝑥 , 𝑦) = exp(𝜋𝐿𝑥) sin(𝜋𝑦) + 0.5𝑦
2 

𝜙(𝑥, 0) = 0 ;  𝜙(𝑥, 𝐿𝑦) = 0.5𝑥
2 

3 𝑆 = exp (𝑥𝑦) 
𝜙(0, 𝑦) = 5(𝑦2 − 𝑦);  𝜙(𝐿𝑥 , 𝑦) = −𝑦(𝑦 − 1)

4 

𝜙(𝑥, 0) = 0.5 sin(6𝜋𝑥) ;  𝜙(𝑥, 𝐿𝑦) = sin(2𝜋𝑥) 

4 𝑆 = 100(𝑥 − 0.5)3 
𝜙(0, 𝑦) = 0;  𝜙(𝐿𝑥 , 𝑦) = 0 

𝜙(𝑥, 0) = −(0.5)3;  𝜙(𝑥, 𝐿𝑦) = (0.5)
3 

5 𝑆 = 0 
𝜙(0, 𝑦) = 0;  𝜙(𝐿𝑥 , 𝑦) = 0 

𝜙(𝑥, 0) = 1;  𝜙(𝑥, 𝐿𝑦) = 0 

6 𝑆 =
1

((𝑥 − 0.5)(𝑦 − 0.5))
2 

𝜙(0, 𝑦) = 0;  𝜙(𝐿𝑥 , 𝑦) = 0 

𝜙(𝑥, 0) = 0;  𝜙(𝑥, 𝐿𝑦) = 0 

7 𝑆 = {
−1      if     𝑥 = 𝑦 = 0.4
1         if     𝑥 = 𝑦 = 0.6
0         if         otherwise

 
𝜙(0, 𝑦) = 0;  𝜙(𝐿𝑥 , 𝑦) = 0 

𝜙(𝑥, 0) = 0;  𝜙(𝑥, 𝐿𝑦) = 0 

8 𝑆 = 0 

𝜙(0, 𝑦) =
1

𝑦 − 0.5
;  𝜙(𝐿𝑥 , 𝑦) =

1

𝑦 − 0.5
 

𝜙(𝑥, 0) =
1

𝑥 − 0.5
;  𝜙(𝑥, 𝐿𝑦) =

1

𝑥 − 0.5
 

9 𝑆 =  𝑦𝑠𝑖𝑛(5𝜋𝑥) + 𝑒𝑥𝑝(−50((𝑥 − 0.5)2 + (𝑦 − 0.5)2)) 
𝜙(0, 𝑦) = 0;  𝜙(𝐿𝑥 , 𝑦) = 0 

𝜙(𝑥, 0), 𝜙(𝑥, 𝐿𝑦): Periodic B.C. 

Table 2.1: Definition of the 2D Poisson problems for standalone verification of the reduced-dimension Poisson’s solver. 

This selection of problems encompasses different levels of complexity regarding source terms and 

boundary conditions, leading to solutions with distinct characteristics. For instance, the potential 

distributions in cases 3-5 feature strong gradients. Case 6 and 7 are characterized by singularities in 

their charge distributions which are reflected in their resulting potential profiles. Also, case 8 represents 

discontinuous variation in the boundary conditions which creates abrupt jumps in the solution. The 

demonstration of the ability of the RDPS to provide representative approximations of the 2D solution in 

a diverse set of scenarios is necessary to establish the versatility of the approach. 

Fig. 2.11 and Fig. 2.12 show, respectively, the approximate solutions of the Poisson problems in 

cases 1-4 and cases 5-8 from the RDPS for various number of regions 𝑁 and 𝑀. These plots correspond 

to the evolution of the RDPS approximate solution when 𝑁 and 𝑀 are increased simultaneously from 3 

to 50 regions. The plots represent the reconstructed 2D potential distributions from the solutions of the 

potential functions 𝜙𝑛
𝑥 and 𝜙𝑚

𝑦
 as per Eq. 2.13. Although, these 3D figures provide a good visual 

representation of the solution, for a closer comparison between various quasi-2D approximation orders 

and the full-2D solution, we can look at the corresponding contour plots in Fig. 2.13 and Fig. 2.14. 
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Fig. 2.11: Comparison of the approximate Q2D solutions from the Reduced-Dimension Poisson Solver (RDPS) 

with various number of regions against the corresponding full-2D solution (bottom row) for cases 1-4 defined in 

Table 2.1. The numbers of regions are equal along both dimensions (𝑀 = 𝑁), which are denoted by NumR.  
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Fig. 2.12: Comparison of the approximate Q2D solutions from the Reduced-Dimension Poisson Solver (RDPS) 

with various number of regions against the corresponding full-2D solution (bottom row) for cases 5-8 defined in 

Table 2.1. The numbers of regions are equal along both dimensions (𝑀 = 𝑁), which are denoted by NumR. 
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Fig. 2.13: Contour map representation of plots in Fig. 2.11; comparison of the RDPS’ solutions with various 

number of regions against the corresponding full-2D solution (bottom row) for cases 1-4 defined in Table 2.1. 

The numbers of regions are equal along both dimensions (𝑀 = 𝑁), which are denoted by NumR. 
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Fig. 2.14: Contour map representation of plots in Fig. 2.12; comparison of the RDPS’ solutions with various 

number of regions against the corresponding full-2D solution (bottom row) for cases 5-8 defined in Table 2.1. 

The numbers of regions are equal along both dimensions (𝑀 = 𝑁), which are denoted by NumR. 
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It is noticed from these figures that first all, at low-number-of-region limit (𝑀,𝑁 ≤ 10), the quasi-2D 

successfully provides a coarse approximation to the full-2D solution. At this low-order approximation 

limit, the quality of the solution in terms of smoothness and in general, the degree of closeness to 2D 

solution is case-dependent. Second, with increasing number of regions, the quasi-2D solution becomes 

smoother, ultimately converging to the 2D solution with 50 regions. This converging behavior is 

observed in all test cases which verifies the broad applicability of the underlying formulation. 

The error convergence characteristics of the RDPS solutions for the studied cases is provided in 

Fig. 2.15. The error is defined as the normalized L2 norm of the difference between the quasi-2D 

approximation (𝜙𝑄2𝐷) from RDPS with different number of regions and the full-2D solution (𝜙2𝐷) 

𝐸𝑟𝑟𝑜𝑟 =
√∑ ∑ (𝜙2𝐷(𝑖, 𝑗) − 𝜙𝑄2𝐷(𝑖, 𝑗))

2𝑁𝑗
𝑗=1

𝑁𝑖
𝑖=1

√∑ ∑ (𝜙2𝐷(𝑖, 𝑗))
2

𝑁𝑗
𝑗=1

𝑁𝑖
𝑖=1

 .   Eq. 2.40 

 
Fig. 2.15: Error convergence of the RDPS’ solution; variation of the normalized L2 error (Eq. 2.40) between 

the full-2D solution and the approximate Q2D solution from the RDPS when increasing number of regions for 

cases 1-4 (left), and cases 5-8 (right). The 𝑦-axis in both plots is in logarithmic scale. 

It is observed that the convergence behavior varies depending on the specific case. In case 1, which 

is characterized by smoothly varying solutions, the error remains consistently smaller compared to other 

cases across all approximation orders. For instance, with 𝑁 = 𝑀 = 6, the error is approximately 1 %. 

Cases 4, 5 and 8 share similar convergence characteristics, with the error rapidly dropping. At the knee 

of their convergence curves (𝑁 = 𝑀 = 12), the error drops below 2.5 % and remain relatively constant 

around the 1.5 − 2 % thereafter.  

Case 2 and 3 exhibit a steady reduction in error with an increasing number of regions. Although, in 

case 3, the error is slightly larger than case 4 for 𝑀,𝑁 < 17, it continues to decrease below 0.5% at 

higher number of regions. This consistently decreasing trend is also observed in the convergence 

curves of cases 6 and 7, albeit with higher values of error. In case 6, for  𝑀,𝑁 < 20,  the error surpasses 

other cases except for case 7. However, it decreases to 2.5 % for  𝑀 = 𝑁 = 20 and falls below 0.5% 

beyond 40 regions. Case 7 shows the largest error among all cases across the entire range of number-

of-regions. At 𝑀 = 𝑁 = 20, the error is approximately 7 %, reducing to 2.5 % at the highest 

approximation order.  
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It's worth noting that Case 6 and Case 7, which exhibit the largest errors at low-number-of-regions 

approximations, represent extreme scenarios. Case 6 involves a charge distribution with a singularity, 

while case 7 includes discontinuities created by point charges. These peculiar characteristics contribute 

to the challenges in accurately approximating the solutions, particularly at lower approximation orders. 

Additional test problems featuring oscillatory charge distribution or oscillatory boundary conditions with 

various wavelengths are provided in Appendix A.3, presenting the convergence behavior of RDPS in 

these examples.  

Next, we present the quasi-2D approximate solution for case 9 with periodic boundary condition 

along the 𝑦-direction, which is a typical condition applied along the azimuth in Hall thruster simulations 

that involve this coordinate. As a result, it is necessary to verify the correctness of the implementation 

of the periodic boundary condition in the reduced-dimension solver.  

Fig. 2.16 and Fig. 2.17 illustrate, respectively, the 3D plots and contour maps demonstrating the 

various approximate solutions for this problem from RDPS corresponding to the same numbers of 

regions in previous cases. While the potential is computed over 
𝑦

𝐿𝑦
∈ [0,1], in Fig. 2.17, the potential 

solution is duplicated along the 𝑦 direction to visually inspect the fulfilment of periodic condition along 

this direction. Looking at these figures, the approximate solution obtained using only a few regions 

(𝑀,𝑁 = 3, 5) is seen to qualitatively resemble the full-2D solution. Moreover, as evident in the contour 

plots, the solutions exhibit seamless periodicity along the 𝑦-axis.  

 

 
Fig. 2.16: Comparison of the RDPS’ solution with various number of regions against the corresponding full-2D 

solution for case 9 (with periodic boundary condition along the 𝑦-axis) defined in Table 2.1. The numbers of 

regions are equal along both dimensions (𝑀 = 𝑁), which are denoted by NumR. 
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Fig. 2.17: Contour map representation of plots in Fig. 2.16; comparison of the RDPS’s solutions with various 

number of regions against the corresponding full-2D solution (rightmost column) for case 9 defined in Table 2.1. 

The numbers of regions are equal along both dimensions (𝑀 = 𝑁) which are denoted by NumR. Potential is solved 

only for 
𝑦

𝐿𝑦
∈ [0,1] and is duplicated twice along the 𝑦-direction to illustrate the satisfaction of periodicity condition.  

Finally, the variation in error (calculated per Eq. 2.40), presented in Fig. 2.18, demonstrates a 

consistent decrease over the range of 𝑀,𝑁 = 3 − 50. In particular, the error measures about 4% at 𝑀 =

𝑁 = 10, drops below 1% when 𝑀 = 𝑁 = 25 and steadily decreases to less than 0.5% for 𝑀,𝑁 > 30. 

 
Fig. 2.18: Error convergence of the RDPS’ solution for case 9; variation of the normalized L2 error (Eq. 2.40) 

between the full-2D solution and the approximate solution from the RDPS when increasing number of regions. 

2.5.  Conclusion 

A novel dimensionality-reduction technique, based on a reduced-dimension computational grid, is 

introduced. This technique establishes a new framework for reduced-order modeling and development 

of quasi-multi-dimensional simulations with remarkably reduced computational cost. In particular, we 

developed an explicit electrostatic reduced-order PIC (RO-PIC) scheme by adopting the reduced-

dimension grid and the adaptation of the grid-based functions. These include reformulation of the 
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Poisson’s equation (and hence, development of the Reduced-Dimension Poisson Solver, RDPS) to be 

compatible with the reduced-dimension computational grid and adjustment of the scatter/gather 

functions to accommodate the new grid.  The developed reduced-dimension Poisson’s equation is 

presented for the limiting case of single-region as well as for a general multi-region domain 

decomposition. The degree of approximation achieved in the resulting quasi-2D/quasi-3D PIC will then 

be dependent on the number of regions used in the simulation. 

In general, the approximate problem treatment at the “low” approximation order limit (low number of 

regions) implies that some accuracy is traded off for computational gain, which is inherent to any 

reduced-order model. We highlight that the approximation of the 2D potential function associated with 

the single-region domain decomposition has a limited applicability in terms of the solutions it can 

reproduce. However, the approximation given by Eq. 2.9 and Eq. 2.10 enables the lowest order quasi-

multi-dimensional simulations (i.e., the single-region) that offer the maximum computational advantage 

over traditional PIC codes. Indeed, it’s worth noting that at this approximate limit, the reduced-dimension 

Poisson's formulation comprises a system of equations integrated over the entire extents of the domain 

along each of the involved dimensions separately. Consequently, the interactions between the 

dimensions in single-region approximation are represented in an "average" sense. This approximation 

may be adequate for specific plasma configurations where there is a degree of decoupling between the 

physics along different dimensions, or when the detailed small-scale couplings are not critical for 

estimating the average effects of interest within the desired level of accuracy, depending on the specific 

objectives of the study. 

On the other hand, a single-region simulation may not provide reasonable predictions for highly 

multi-dimensional geometries and/or plasma processes. Nonetheless, generalization of the single-

region formulation to the “multi-region” domain decomposition provides the flexibility to choose an 

approximation order suitable for the physics of the problem and meets the required level of accuracy. 

In any case, it is important to recognize that a certain degree of approximation is inherent in any 

reduced-order representations. 

We mathematically verified the convergence of the formulation of the reduced-dimension Poisson’s 

equation to the full 2D Poisson’s equation in the limit where the lengths of regions become as small as 

2D cells’ sizes. In addition, we numerically demonstrated in several standalone Poisson test cases, the 

consistency of the quasi-2D approximate solution corresponding to the reduced-dimension Poisson’s 

equation and its convergence to full-2D solution as the number of regions increases. We observed 

different convergence behaviors in various cases, indicating the case-specificity of the required number 

of regions to achieve a certain accuracy.  

In the next chapter, we will test the integration of the RDPS within PIC simulation and verify the 

entire RO-PIC (quasi-2D) code in various plasma configurations and characterize the convergence 

behavior of RO-PIC with number of regions across the studied plasma test cases. Additionally, we will 

present examples demonstrating instances where the single-region approximation yields remarkably 

accurate predictions, as well as cases where this approximation limit proves inadequate in representing 

the involved physical effects. 
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Chapter 3 Verifications of the RO-PIC scheme against 

benchmark plasma problems 

Following the verification of the reduced-dimension Poisson’s equation and the underpinning 

dimensionality-reduction approach in standalone Poisson test problems, the next step 

involves verifying the entire RO-PIC scheme.  

Extensive verification of the IPPL-Q2D (quasi-2D) code, which is based on the RO-PIC scheme, 

is conducted across several well-established 2D plasma benchmark cases in different 

configurations. These include (a) axial-azimuthal Hall thruster-representative problem, (b) 

radial-azimuthal E×B discharge problem, and (c) Penning discharge case. Additionally, the 

dimensionality-reduction concept has been extended to the Direct Simulation Monte Carlo 

(DSMC) technique, resulting in a Q2D DSMC treatment of the neutrals’ dynamics and 

collisional interactions, which is then integrated into the PIC loop leading to the Q2D PIC-

DSMC code. The Q2D DSMC model is verified in a canonical problem of neutrals’ plume 

expansion. 

The IPPL-Q2D is tested extensively across various approximation orders including “low-order” 

and “high-order” approximations of the 2D problem achieved using different numbers of 

regions. To rigorously assess the prediction fidelity of the RO-PIC, comprehensive comparisons 

are conducted in terms of the plasma properties’ profiles, the instabilities’ spectra and their 

induced electrons’ transport, where relevant.  

In each case, the convergence of the Q2D predictions to the corresponding full-2D simulation 

results is verified. As pointed out for the standalone Poisson’s problems, prediction accuracies 

and the convergence behavior are observed to be dependent on the specific case and the 

involved physics. In the axial-azimuthal coordinates, even a single-region decomposition can 

be sufficient to capture an average effect of the azimuthal instabilities on electrons’ mobility, 

hence, self-consistently resolving the axial profiles of the plasma properties at computational 

costs equivalent to those of a 1D PIC problem. Whereas in Penning discharge problem, only 

“high-order” Q2D approximations can indistinguishably reproduce the full-2D results, in 

which case the Q2D simulations still provide several factors of speed-ups over full-2D.  
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These verifications demonstrate the versatility and generalizability of the RO-PIC and its 

enabling dimensionality-reduction technique. 

3.1.  Axial-azimuthal Hall-thruster-representative benchmark problem 

As pointed out in Section 1.1.4, azimuthal instabilities are observed to have a significant role in 

enhancing the electrons’ cross-field transport in Hall thrusters [10]. As a result, in a PIC simulation, 

achieving self-consistency with respect to the electron transport necessitates resolving the azimuthal 

coordinate. In this regard, demonstrating the capability of the RO-PIC scheme in reproducing the full-

2D predictions in the axial-azimuthal coordinates is an important step toward achieving self-consistent 

predictions with a remarkable computational efficiency.  

In this section, we present the results of verification of the quasi-2D (Q2D) simulations in the axial-

azimuthal coordinates against the full-2D results for the benchmark problem in Ref. [58]. The 

verifications are performed using both “low-order” and “high-order” approximation limits of RO-PIC.  

3.1.1. Setup and conditions of the problem 

The simulations represent a 2D Cartesian plane of a Hall thruster along the axial-azimuthal 

coordinates with the setup adopted from the well-established benchmarking effort in Ref. [58]. The 

schematic representation of the simulation domain and the coordinate system is illustrated in Fig. 3.1 

(a), where 𝑥 and 𝑧 denote the axial and the azimuthal direction, respectively. The left boundary of the 

domain represents the anode, whereas the cathode boundary is located at the right-hand side of the 

domain. The domain’s axial extent (𝐿𝑥) is 2.5 𝑐𝑚, corresponding to 0.75 𝑐𝑚 of a Hall thruster’s discharge 

channel and 1.75 𝑐𝑚 of the near-plume. The near-anode region is not included in these simulations. 

The azimuthal length of the domain (𝐿𝑧) is 1.28 𝑐𝑚. Consistent with the benchmark settings in Ref. [58], 

the sizes of the computational cell along both axial and azimuthal directions are 𝛥𝑥 = 𝛥𝑧 =  50 𝜇𝑚. This 

corresponds to the number of nodes of 𝑁𝑖 = 512 along the 𝑥-axis and 𝑁𝑘 = 250 cells along the 𝑧-axis. 

The timestep of the simulations is Δ𝑡 = 5 × 10−12𝑠.  

 
Fig. 3.1: (a) Schematic of the computational domain and setup, (b) axial profiles of the imposed magnetic field 

and the ionization source in the axial-azimuthal simulations.  
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The applied magnetic field (𝐵) is purely radial and has a 1D Gaussian profile along the axial direction 

given by Eq. 3.1 [58], with its peak intensity of 10 𝑚𝑇 occurring at the channel exit plane (𝑥𝑝 = 0.75 𝑐𝑚). 

The magnetic field profile is plotted in Fig. 3.1 (b). 

𝐵(𝑥) = 𝐴𝑘 exp (−
(𝑥 − 𝑥𝑝)

2
 

2𝜎2
) + 𝐶𝑘  , 𝑘 = 1,2  Eq. 3.1 

In Eq. 3.1, 𝑘 = 1 for 𝑥 ≤ 𝑥𝑝, 𝑘 = 2 for 𝑥 > 𝑥𝑝 and 𝜎 = 0.625 𝑐𝑚. 𝐴𝑘 and 𝐶𝑘 are constant values which 

are obtained given 𝐵(0) = 6 𝑚𝑇, 𝐵(𝐿𝑥) = 1 𝑚𝑇, 𝐵(𝑥𝑝) = 10𝑚𝑇. 

The collisional processes are neglected. To maintain a quasi-steady state in the system, a 

temporally invariant ionization source (𝑆𝑖) is imposed according to the benchmark’s definition in Ref. 

[58]. The axial distribution of the ionization source, presented in Fig. 3.1 (b), is a cosine function 

spanning over 𝑥 = 0.25 𝑐𝑚 to 𝑥 = 1 𝑐𝑚 within the channel. In the nominal benchmark condition, the 

peak value of 𝑆𝑖 is 5.23 × 1023 𝑚−3𝑠−1 which establishes an average ion current density of  𝐽𝑀 =

400 𝐴𝑚−2.  Moreover, under the benchmark operating conditions, the discharge voltage applied 

between the anode and the cathode is 200 𝑉. Therefore, as the boundary condition of the potential 

solver (RDPS), a 200 𝑉 and 0 𝑉 Dirichlet conditions are applied at the anode and the cathode 

boundaries, respectively. A periodic boundary condition is imposed along the 𝑧-coordinate. The 

application of the potential boundary conditions follows the description provided in Section 2.2.2.1. 

The simulation is initialized by loading electrons and the ions uniformly throughout the simulation 

domain as electron-ion pairs with the initial density of 𝑛0 = 5 × 1016 𝑚−3. The particles are randomly 

sampled from Maxwellian distribution functions at the temperatures of 10 𝑒𝑉 for the electrons and 0.5 𝑒𝑉 

for the ions. The initial macroparticle per cell for each species is 𝑁𝑝𝑝𝑐 = 150. 

Regarding the particles’ boundary conditions, both the ions and the electrons crossing either the 

anode or the cathode boundaries are removed from the simulation. To maintain the discharge, at each 

timestep electrons are injected into the domain from the cathode side. We used two different cathode 

boundary conditions as described in Section 1.4.2.2. Accordingly, the number of injected electrons 

obtained following either current continuity scheme (for the low-number-of-region simulations presented 

in Section 3.1.2) or quasi-neutrality condition (for the high-number-of-region simulations discussed 

Section 3.1.3) at the cathode plane. The re-injected electrons are sampled from a Maxwellian 

distribution at 10 𝑒𝑉. Moreover, along the azimuthal direction, the periodic boundary condition is 

implemented such that the particles leaving the domain at one end are injected back from the other end 

while maintaining their axial positions and their velocities. 

The total simulated time for the simulations with low numbers of regions is 20 𝜇𝑠, and the results are 

averaged over the interval of 16 − 20 𝜇𝑠, which is in line with the benchmark’s definition. However, for 

the simulations with high numbers of regions, the total simulated time is 30 𝜇𝑠, and the results are 

averaged over the interval of 20 − 30 𝜇𝑠 to be consistent with the results presented in Ref. [69], with 

which we have compared our simulation results. A summary of the simulation parameters and 

conditions is provided in Table 3.1. 
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Parameter Value [unit] 

Physical Parameters 

Initial plasma density (𝑛0) 5 × 1016 [m-3] 

Electron injection temperature (𝑇𝑒,0) 10 [eV] 

Ion injection temperature (𝑇𝑖 , 0) 0.5 [eV] 

Discharge Voltage (𝑉𝑑) 200 [V] 

Magnetic field’s peak (𝐵𝑦,𝑝𝑒𝑎𝑘) 10 [mT] 

Ionization source’s peak (𝑆𝑖,𝑝𝑒𝑎𝑘) 5.23 × 1023 m−3s−1 

Initial plasma density (𝑛𝑝,𝑖𝑛𝑖𝑡) 5 × 1016 [m-3] 

Computational Parameters 

Time step (Δ𝑡) 5 × 10−12 [s] 

Axial domain length (𝐿𝑥) 2.5 [cm] 

Azimuthal domain length (𝐿𝑧) 1.28 [cm] 

Cell size (Δx = Δz) 50 [μm] 

Number of computational nodes along 𝑥 (𝑁𝑖) 512 

Number of computational nodes along 𝑧 (𝑁𝑘) 256 
 Low-number-of-region High-number-of-region 

Initial number of macroparticles per cells (𝑁𝑝𝑝𝑐) 300 100 

Total simulation time (𝑡𝑠𝑖𝑚) 20 [μs] 30 [μs] 

Final averaging time window (𝑡𝑎𝑣𝑔) 16 − 20 [μs] 20 − 30 [μs] 

Number of regions along 𝑥 (𝑀) 1, 2, 3 10, 20, 40, 80 

Number of regions along 𝑧 (𝑁) 1 5, 10, 20, 40 

Cathode boundary condition (𝐶𝐵𝐶) Current continuity model Quasi-neutrality model 

Table 3.1: Summary of the main computational and physical parameters used for the Q2D axial-

azimuthal simulations. 

3.1.2. Verification results with low-number-of-region RO-PIC simulations  

The results are provided for Q2D simulations with single, double, and triple regions along the axial 

coordinate (𝑀 = 1, 2, 3). In general, the boundary between regions and, hence, the relative extents of 

the regions in double- and triple-region simulations can be adjusted arbitrarily based on the axial 

variations in the azimuthal physics and the characteristics of the azimuthal instabilities. For instance, 

one regions’ boundary can be set at the location of the maximum magnetic field intensity, which is 

shown in this setup to be coinciding with the axial location of the ion sonic point. This is because recent 

evidence [58][69] suggests that around the axial location of the ion sonic point, the characteristics of 

the azimuthal instabilities undergo a transition. The sensitivity of the results to the location of the 

boundary between the regions in the double-region Q2D simulation for this test case is investigated in 

Ref. [19]. Given the minimal sensitivity observed in this test case, we opted for equal extents among all 

regions for the present verification. Moreover, in these simulations, a single region is considered along 

the azimuthal direction (𝑁 = 1). 

Fig. 3.2 presents the comparison between the time-averaged plasma properties from the Q2D 

simulations and the full-2D benchmark results reported in Ref. [58]. It is observed that all Q2D 

simulations provide a remarkably similar prediction of the time-averaged profiles across all plasma 

properties compared with the results of the full-2D reference simulation. 
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 In Fig. 3.2 (d), we have additionally shown the axial profile of the electric potential from a full-1D 

PIC simulation performed using IPPL-1D without any ad-hoc collisionality (the dashed cyan curve). This 

demonstrates that in the absence of the azimuthal instabilities, the axial electron transport in the 

simulation is insufficient, and the electric potential cannot be sustained at the expected level near the 

anode side of the domain. However, observing the plasma potential profiles from the Q2D simulations, 

it is clear that even “low-order” approximation limit of the RO-PIC scheme is able to self-consistently 

incorporate the necessary instability-induced electron transport for the sustainment of the plasma 

potential. Note that RO-PIC achieved this with the computational cost equivalent to a 1D PIC simulation. 

The predictive capability of the low-number-of-region Q2D simulations are verified across a wide 

range of operating conditions in the axial-azimuthal coordinates. The results of these verifications are 

provided in Appendix A.4.1. 

 
Fig. 3.2: Time-averaged (over 16 − 20 𝜇𝑠) axial profiles of plasma properties from low-number-of-region Q2D 

simulations; (a) ion number density (𝑛𝑖), (b) axial electric field (𝐸𝑥), (c) electron temperature (𝑇𝑒) and (d) 

electric potential (𝜙). In plot (d), the dashed cyan curve represents the plasma potential profile from the 1D 

axial simulation without any ad-hoc electron transport. Dashed black lines show the location of magnetic field’s 

peak. The benchmark results are from Ref. [58]. 

To assess the simulations predictions of the characteristics of the azimuthal instabilities we 

compared the numerical dispersion maps (𝑘𝑧 − 𝜔) of the azimuthal waves with the theoretical 

dispersion relation of the Ion Acoustic Instability (IAI) in Fig. 3.3. The comparison is made with the IAI 

dispersion relation since, it is shown in literature [10][18] that, at the quasi-steady state of the simulation, 

the excited waves are in the pseudo-saturated state, accompanied by a transition to the ion acoustic 

waves.  

In each region, the numerical dispersion maps are obtained by applying 2D Fast Fourier Transform 

(FFT) to the spatiotemporal signal of the azimuthal electric field (𝐸𝑧) on the azimuthal grid within the 

respective region. The theoretical dispersion relation of the ion acoustic instability is calculated using 

Eq. 1.4 in the ions’ reference frame (𝑘𝑥𝑉𝑑𝑖 = 0). In the plots of Fig. 3.3, the yellow curves are the local 

dispersion relations, calculated using the averaged plasma properties in each region, whereas the 

green curves are the ion acoustic dispersion relation corresponding to the plasma properties in Region 
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I. In the dispersion plots, the frequencies and wavenumbers are normalized with respect to the ion 

plasma frequency (𝜔𝑝𝑖) and the Debye length (𝜆𝐷), respectively. 

In Fig. 3.3, it is evident that the predicted dispersion characteristics in Region I are in very close 

agreement with the theoretical dispersion relation of the ion acoustic waves. Furthermore, it is seen 

that, going from Region I to II (in double- and triple-region simulations) and from Region II to III (triple-

region simulations), the waves’ dispersion plots increasingly deviate from the local ion acoustic 

dispersion relation (yellow curves). However, they remain closely consistent with the ion acoustic 

dispersion relation of Region I (green curves). This demonstrates that RO-PIC captures the downstream 

convection by the ion beam of the waves excited in Region I, an important feature regarding the 

dynamics of the azimuthal instabilities that has been also reported in Refs. [68][69]. This difference 

between the upstream (yellow) and downstream (green) dispersion relations is related to the 

instabilities’ convection with the ion flow represented by 𝑘𝑥𝑉𝑑𝑖 term in Eq. 1.4.  

 

Fig. 3.3: Numerical dispersion plots of azimuthal instabilities obtained from 2D FFT of the spatiotemporal 

signal of the azimuthal electric field fluctuations (in different regions) from the low-number-of-region Q2D 

simulations. Yellow curves are the local dispersion relations (in the corresponding region), and the green 

curves are the dispersion relation of the ion acoustic waves in Region I obtained from Eq. 1.4. 

The sensitivity of the results to the simulated azimuthal length is evaluated for the triple-region Q2D 

simulation as an example in Appendix A.4.1. This analysis verifies that, consistent with the minor 

sensitivity observed in the full-2D simulations reported in Ref. [69], the Q2D simulations exhibit a 

minimal sensitivity to the domain’s azimuthal extent.  

Finally, we examine various contributions to the electrons’ axial transport in terms of the axial profiles 

of the momentum terms in the electron azimuthal momentum equation (averaged over the azimuthal 
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direction) given by Eq. 1.20. These include the magnetic force (𝐹𝐵), on the left-hand side of Eq. 1.20, 

the viscous effects (𝐹Π), the convective inertia force (𝐹𝐼), and the electric force term (𝐹𝐸) representing 

the contribution of the azimuthal instabilities to cross-field transport. The RHS terms indicates the sum 

of all terms on the left-hand side of Eq. 1.20, i.e. 𝑅𝐻𝑆 = 𝐹Π + 𝐹𝐼 + 𝐹𝐸 ≈ 𝐹𝐵.  

Fig. 3.4 shows the axial distributions of the electron transport terms in the Q2D simulations. These 

profiles exhibit a high degree of similarity with the full-2D results reported in Ref. [69]. In this regard, the 

magnetic force term distribution and hence, the profile of the overall electron transport from the Q2D 

simulations, is found to be in line with the 2D profiles [58][69], with the results from the triple-region 

simulation demonstrating closest agreement. In addition, the dominant contribution of the electric force 

term (𝐹𝐸), especially in the near-plume where the transport is primarily is driven by the instabilities [1][2], 

is captured in all three simulations. 

Another important observation is that the RHS term perfectly matches the magnetic force term 

everywhere, evidencing the satisfaction of the momentum equation. This underlines the absence of any 

notable numerical effects that could have otherwise influenced the obtained results. 

 

Fig. 3.4: Axial profiles of the transport terms in Eq. 1.20 from low-number-of-region Q2D simulations. The force 

terms are averaged over 16 − 20 𝜇𝑠. 𝐹𝐵 is the magnetic force, 𝐹Π is the viscous effects, 𝐹𝐼 is the convective inertia 

force, 𝐹𝐸 is the electric force term, and RHS represents the sum of 𝐹Π, 𝐹𝐼 and 𝐹𝐸 . 𝐹𝑡 (temporal inertia) contribution 

was almost zero, and it is thus not displayed. Dashed black lines show the location of magnetic field’s peak. 

3.1.2.1. Sensitivity to number of macroparticles per cell 

To assess the impact of the initial number of macroparticles per cell (𝑁𝑝𝑝𝑐) on the Q2D simulations 

in the low-number-of-region limit, the single-region simulation is performed with different 𝑁𝑝𝑝𝑐 ranging 

from 75 to 2400. It is observed from the axial profiles of the time-averaged plasma properties in Fig. 

3.5, that like the full-2D PIC simulations, the Q2D simulations are indeed sensitive to the value of 𝑁𝑝𝑝𝑐. 

However, from 300 to 2400 macroparticles per cell, the sensitivity is rather moderate. In addition, the 

simulations with 1200 and 2400 macroparticles per cell have almost identical predictions indicating a 

converging behavior with respect to 𝑁𝑝𝑝𝑐.  
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Fig. 3.5: Comparison between the axial profiles of the time-averaged (over 16 − 20 𝜇𝑠) plasma properties from the 

single-region Q2D simulations with various initial number of particles per cell (𝑁𝑝𝑝𝑐); (a) ion number density (𝑛𝑖), 

(b) axial electric field (𝐸𝑥), and (c) electron temperature (𝑇𝑒). 

3.1.3. Verification results with high-number-of-region RO-PIC simulations  

In this section, we present the verification of the RO-PIC simulation using “high-order” 

approximations of the 2D problem. The verification involves Q2D simulations with relatively high 

numbers of regions including the following cases: case 𝒊: 𝑁 = 5, 𝑀 = 10, case 𝒊𝒊: 𝑁 = 10, 𝑀 = 20, 

case 𝒊𝒊𝒊: 𝑁 = 20, 𝑀 = 40, and case 𝒊𝒗: 𝑁 = 40, 𝑀 = 80. Even though the number of regions along 

either direction can be chosen independently, we used twice as many regions along the 𝑥-coordinate 

compared to the 𝑧-coordinate (𝑀 = 2𝑁), proportional to the domain’s length along respective direction. 

In this way the regions’ extents along both directions are almost equal (𝐿𝑥,𝑚 = 𝐿𝑦,𝑛). The regions’ extents 

are also uniform across all regions in each direction (𝐿𝑥,1 = 𝐿𝑥,2 = ⋯ = 𝐿𝑥,𝑀  ,     𝐿𝑦,1 = 𝐿𝑦,2 = ⋯ = 𝐿𝑦,𝑁).  

Note that the cathode boundary condition in the 2D reference case adopted for the high-number-of-

region simulations is different from the benchmark case used for the low-number-of-region simulations. 

Accordingly, the reference 2D results are slightly different than those in Section 3.1.2.  

The comparison of the obtained time-averaged axial distributions of the plasma properties from 

these Q2D simulations against the reference results from the full-2D simulation in Ref. [69] is shown in 

Fig. 3.6. In these plots, the species’ axial (𝑇𝑠,𝑥) and azimuthal (𝑇𝑠,𝑧) components of the temperature are 

defined as 

𝑇𝑠,𝑥 =
𝑚𝑠

𝐾𝐵  𝑛𝑠
(∫ 𝑣𝑥

2 𝑓𝑠(𝒗)𝑑
3𝑣

∞

−∞

− 𝑛𝑠 𝑽𝑠,𝑥
2 ) ,  Eq. 3.2 

𝑇𝑠,𝑧 =
𝑚𝑠

𝐾𝐵  𝑛𝑠
(∫ 𝑣𝑧

2 𝑓𝑠(𝒗)𝑑
3𝑣

∞

−∞

− 𝑛𝑠 𝑽𝑠,𝑧
2 ) ,  Eq. 3.3 

where 𝑠 represents either electrons or ions, 𝑣𝑥 and 𝑣𝑧 are the axial and azimuthal velocities, 𝑽𝑠,𝑥 and 

𝑽𝑠,𝑧  are the axial and azimuthal drift velocities, 𝑓𝑠(𝒗) is the particles’ distribution function, 𝑛𝑠 is and 𝑚𝑠 

is the particle’s mass. 

The plots in Fig. 3.6 clearly indicate that increasing the number of regions leads to the convergence 

of the plasma profiles to those from the 2D simulation. The predicted profiles in case 𝑖𝑖 (𝑁 = 10, 𝑀 =

20) are very close to the profiles obtained from case 𝑖𝑖𝑖 (𝑁 = 20, 𝑀 = 40) and case 𝑖𝑣 (𝑁 = 40, 𝑀 =

80). Moreover, the axial profiles of case 𝑖𝑣 (𝑁 = 40, 𝑀 = 80) are in perfect agreement with the 2D 
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results. These observations suggest that, in terms of the axial plasma distributions, increasing 𝑀 and 

𝑁 beyond their values in case 𝑖𝑖 (𝑁 = 10, 𝑀 = 20) does not majorly affect the accuracy of the Q2D 

simulation, since case 𝑖𝑖 has already replicated the full-2D results with sufficient fidelity. 

 

Fig. 3.6: Time-averaged (over 20 − 30 𝜇s) axial profiles of plasma properties from high-number-of-region Q2D 

simulations; (a) ion number density (𝑛𝑖), (b) axial electric field (𝐸𝑥), (c) & (d) axial and azimuthal electron 

temperature (𝑇𝑒,𝑥  &  𝑇𝑒,𝑧) , and (e) & (f) axial and azimuthal ion temperature (𝑇𝑖,𝑥   &  𝑇𝑖,𝑧). Dashed black lines 

show the location of magnetic field’s peak. The 2D reference results are from Ref. [69]. 

To provide quantitative accuracy metrics for the “high-order” Q2D simulations, we refer to Fig. 3.7, 

which shows the variation of the L2 errors in predictions of various plasma properties versus the number 

of regions used along the axial direction (𝑀). The L2 error represents an average of the normalized 

node-by-node difference between the time-averaged axial profiles from the Q2D (𝑃𝑄2𝐷) and the full-2D 

(𝑃2𝐷) simulations given by   

𝐸𝑟𝑟𝑜𝑟 =
√∑ (𝑃2𝐷(𝑖) − 𝑃𝑄2𝐷(𝑖))

2𝑁𝑖
𝑖=1

√∑ 𝑃2𝐷(𝑖, 𝑗)
2𝑁𝑖

𝑖=1

  Eq. 3.4 

Superimposed on the plot in Fig. 3.7, we plotted the computational time ratio between the Q2D and 

full-2D PIC simulations. Although, in general, this ratio represents the number of CPU-hours consumed 

by a Q2D simulation relative to a corresponding full-2D PIC simulation, with the assumption of an 

identical number of CPUs used for both the Q2D and the full-2D simulations, this ratio translates into 

the ratio between the time it takes for the respective simulations to complete. The ratio is calculated in 

accordance with the discussion in Section 2.3 regarding the computational benefit of the RO-PIC 

scheme. 
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We observe from Fig. 3.7 that the error in the predictions of all plasma properties decreases from 

case 𝑖 to case 𝑖𝑣. The error values for case 𝑖𝑣 are almost within the margin of error (5 %) observed 

among various 2D codes participated in the Hall thruster axial-azimuthal benchmarking activity [58]. 

Meanwhile, the Q2D simulation of case 𝑖𝑣 takes only 15 % of the computational time required for a full-

2D simulation. Furthermore, it is noteworthy that the Q2D simulation of case 𝑖𝑖 (𝑁 = 10, 𝑀 = 20) only 

consumes 5 % of the 2D simulation’s time to complete in spite of its fairly acceptable error figures, which 

are approximately 10 − 20 % across all properties.  

To contextualize these speed-up and error figures in comparison with the previous accelerated PIC 

algorithms, it is noted that, according to Ref. [90], the predictions of Sparse Grid (SG) PIC (refer to 

Section 1.4.1.2) for the same problem involve 20 % error compared to the standard PIC method, while 

yielding only 3 times speed-up. The error is reduced to 7 % at the limit where the SG PIC provides no 

computational advantage over conventional PICs. 

 
Fig. 3.7: Variation of L2 error in the prediction of plasma properties from the axial-azimuthal Q2D simulations 

compared to the full-2D results in Ref. [69], alongside the computational time ratio between the Q2D and full-2D 

PIC simulations plotted against the number of regions in the Q2D simulations (𝑀). The L2 error is calculated 

using Eq. 3.4 for the time-averaged axial profiles. 𝑀 denotes the number of regions along the axial direction 

which in these simulations are twice the number regions along the azimuthal direction (𝑁). 

 We then look at the 2D maps of fluctuations as seen from the snapshots of the of plasma properties 

shown in Fig. 3.8. It is noticed that, in cases 𝑖 (𝑁 = 5, 𝑀 = 10) and 𝑖𝑖 (𝑁 = 10, 𝑀 = 20), the fluctuations 

have primarily an azimuthal wavevector component upstream of the location of the magnetic field’s 

peak. However, in cases 𝑖𝑖𝑖 and 𝑖𝑣 (i.e., 𝑁 = 20, 𝑀 = 40 and 𝑁 = 40, 𝑀 = 80, respectively), the 𝑛𝑖 and 

𝐸𝑧 maps clearly exhibit inclined fluctuations near the anode. This serves as evidence that, in these 

cases, the RO-PIC is able to resolve the axial wavevector component (𝑘𝑥) of the azimuthal instabilities.  

In this regard, it is underlined that, should the regions’ axial extent (𝐿𝑥,𝑚) be smaller than the waves’ 

axial wavelength (𝜆𝑥), i.e., 𝐿𝑥,𝑚 ≪ 𝜆𝑥, the Q2D simulations are indeed expected to be able to capture 

the axial component of the wavevector. This criterion is met in both cases 𝑖𝑖𝑖 and 𝑖𝑣. For instance, 

focusing on case 𝑖𝑖𝑖, as it can be noticed from the 𝑥 − 𝑧 map of the azimuthal electric field fluctuations 

in Fig. 3.8, the azimuthal wavelength (𝜆𝑧) of the waves is about 1 𝑚𝑚. Now, we recall that, typically, 

the instabilities’ wavelength along the axial direction is much larger than that along the azimuthal 

direction (𝜆𝑥 ≫ 𝜆𝑧) [27]. Therefore, noting that the axial length of the vertical regions in case 𝑖𝑖𝑖 is 𝐿𝑥,𝑚 =

0.625 𝑚𝑚, we have 𝐿𝑥,𝑚 < 𝜆𝑧 and 𝜆𝑧 ≪ 𝜆𝑥  , thus, 𝐿𝑥,𝑚 ≪ 𝜆𝑥. This same analysis is valid for case 𝑖𝑣, 
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where the length of the vertical regions is even smaller than that in case 𝑖𝑖𝑖 while the waves’ azimuthal 

wavelength is almost the same. 

Furthermore, the 2D fluctuation maps for cases 𝑖𝑖𝑖 and 𝑖𝑣  in Fig. 3.9 are found to be in remarkable 

agreement with the similar maps from the 2D simulation in Ref. [69] in terms of the azimuthal wavelength 

and the tilt in the waves before the channel exit plane. Moreover, in the 2D simulation, the instabilities 

were observed to become almost purely azimuthal downstream of the channel exit plane, which is also 

seen in the fluctuation maps of cases 𝑖𝑖𝑖 and 𝑖𝑣. 

These observations, together with the remarkable accuracy in predicting the axial plasma profiles 

as well the computational cost figures presented in Fig. 3.7, points to the capability of the RO-PIC 

scheme in the “high-order” approximation limit in successfully capturing the underlying physics in the 

same manner as a full-2D simulation, albeit at a notably reduced computational cost.  

 
Fig. 3.8: 2D maps of the ion number density (left column), the azimuthal electric field (middle column), and the 

electric potential (right column) from high-number-of-region Q2D simulations at the time 𝑡 = 30 𝜇𝑠. The dashed 

lines and grey planes show the location of the peak magnetic field intensity. 

Fig. 3.9 illustrates the numerical dispersion maps of the azimuthal electric field fluctuations at three 

axial locations from the “high-order” Q2D simulations in comparison with the theoretical IAI dispersion 

relation (Eq. 1.4). These are plotted in the same way as the plots in Fig. 3.3. Looking at the dispersion 
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plots, we notice that there is only a minor variation in the frequencies and wavenumbers of the dominant 

waves across different “high-order” simulation cases.  

All cases show a change in the dominant wavenumbers from larger to smaller values when moving 

from inside the channel (𝑥 = 0.4 𝑐𝑚) toward the near-plume (𝑥 = 2 𝑐𝑚). In addition, the waves show a 

broader dispersion in the near-plume region. The predicted waves’ characteristics agree with the 

theoretical IAI dispersion relation calculated for the upstream location corresponding to 𝑥 = 0.4 𝑐𝑚 

(green curves in Fig. 3.9) across all cases and axial locations. Also, as pointed out in Section 3.1.2, 

from 𝑥 = 0.4 𝑐𝑚 to 𝑥 = 2 𝑐𝑚, the increasing deviation seen in the waves’ local dispersion and the 

upstream IAI’s dispersion relation is the evidence of the downstream convection of the azimuthal waves 

by the ion beam.     

 

Fig. 3.9: Numerical dispersion plots of azimuthal instabilities obtained from 2D FFT of the spatiotemporal 

signal of azimuthal electric field fluctuations in three axial locations from high-number-of-region Q2D 

simulations. Yellow curves are the local dispersion relations (in the corresponding region), and the green 

curves are the upstream dispersion relation of the ion acoustic waves (at 𝑥 = 0.4 𝑐𝑚) obtained from Eq. 1.4. 

Finally, Fig. 3.10 provides the axial profiles of the force terms in the electrons’ azimuthal momentum 

equation (Eq. 1.20) from the “high-order” Q2D simulations. Apart from case 𝑖 (𝑁 = 5, 𝑀 = 10), the 

profiles in the other cases exhibit a high degree of similarity among themselves, confirming convergence 

of the simulations beyond case 𝑖𝑖 (𝑁 = 10, 𝑀 = 20) in terms of the predictions of the individual 

contributions to the electrons’ axial transport as well. 
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Fig. 3.10: Axial profiles of the transport terms in Eq. 1.20 from high-number-of-region Q2D simulations. The force 

terms are averaged over 16 − 20 𝜇𝑠. 𝐹𝐵 is the magnetic force, 𝐹Π is the viscous effects, 𝐹𝐼 is the convective inertia 

force, 𝐹𝐸 is the electric force term, and RHS represents the sum of 𝐹Π, 𝐹𝐼 and 𝐹𝐸 . 𝐹𝑡 (temporal inertia) contribution 

was almost zero, and it is thus not displayed. Dashed black lines show the location of magnetic field’s peak 

3.1.3.1. Sensitivity to the number of regions along the azimuthal direction 

The current understanding of the plasma behavior in the axial-azimuthal coordinates of Hall thrusters 

indicates that the axial electric field does not have a notable gradient along the azimuthal direction. As 

a result, one may wonder if it might be actually necessary to divide the azimuthal coordinate into multiple 

regions in the Q2D axial-azimuthal simulations, since such a division would be essentially intended to 

resolve the azimuthal gradients of the axial electric field. The results and analysis here are aimed at 

answering this question. To this end, we have carried out “high-order” Q2D simulations with only a 

single horizontal region along the azimuth. These new simulation cases have domain decompositions 

with 𝑁 = 1,𝑀 = 20 and 𝑁 = 1,𝑀 = 40, and their results are compared against the corresponding 

simulations with 𝑁 = 10, 𝑀 = 20 and 𝑁 = 20,𝑀 = 40. 

It is noticed from Fig. 3.11 that the time-averaged axial plasma profiles from the simulations with 

𝑁 = 1 exhibit only minor deviations compared to the corresponding profiles from the simulations with 

multiple regions along the azimuthal coordinate.  

 

Fig. 3.11: Comparison between the time-averaged axial profiles of plasma properties from the high-number-of-region 

Q2D simulations with single (𝑁 = 1) and multiple (𝑁 = 10, 20) horizontal regions along the azimuthal coordinate. 

In addition, in Fig. 3.12, we have compared the 2D maps of plasma fluctuations from the simulations 

with 𝑁 = 1, 𝑀 = 40 and 𝑁 = 20, 𝑀 = 40. We observe that also in terms of the overall characteristics 
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of the instabilities, the results from the two simulations do not show any significant difference. The 

simulation with 𝑁 = 1 effectively captures all main features of the 2D plasma distributions captured in 

the simulation with 𝑁 = 20.  

These results show that, in general, having a priori understanding of the physics of a specific 

problem, can inform the decision regarding the optimum domain decomposition (i.e., the number of 

regions) such that the computational gain from the RO-PIC scheme could be maximized while 

maintaining the fidelity of the predications. 

 
Fig. 3.12: Comparison of the 2D maps of the ion number density (left column), the azimuthal electric field 

(middle column), and the electric potential (right column) from the high-number-of-region Q2D simulations with 

single (𝑁 = 1) and multiple (𝑁 = 10, 20) horizontal regions along the azimuthal coordinate at 𝑡 = 30 𝜇𝑠. The 

dashed lines and grey planes show the location of the peak magnetic field intensity. 

3.1.3.1. Sensitivity to number of macroparticles per cell 

The sensitivity of the “high-order” Q2D simulations to the initial number of macroparticles per cell 

(𝑁𝑝𝑝𝑐) is analyzed by comparing the results from case 𝑖𝑖𝑖 (𝑁 = 20 and 𝑀 = 40) with various 𝑁𝑝𝑝𝑐 

including 50, 100, 200 and 400. Looking at the resulting time-averaged axial plasma profiles in Fig. 3.13, 

it is noticed that the results are only marginally sensitive to the value of the 𝑁𝑝𝑝𝑐. The observed 

sensitivity of the Q2D simulations to 𝑁𝑝𝑝𝑐 value is in the same level as the sensitivity noted in the 2D 

simulations [58][69]. 

 
Fig. 3.13: Comparison of the axial profiles of the time-averaged (over 20 − 30 𝜇𝑠) plasma properties from the Q2D 

simulations (with 𝑁 = 20,𝑀 = 40) with various initial number of particles per cell (𝑁𝑝𝑝𝑐); (a) ion number density (𝑛𝑖), (b) 

axial electric field (𝐸𝑥), and (c) electron temperature (𝑇𝑒). 
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3.2.  Radial-azimuthal E×B discharge benchmark problem 

Prior research into the physics of plasma in a radial-azimuthal E × B configuration has revealed the 

development of important plasma instabilities [12][110] and intricate interactions between them, which 

can be affected by the inclusion of the physics along the radial dimension [7]. Thus, verifying the Q2D 

PIC in the radial-azimuthal configuration ascertains the ability of the RO-PIC scheme in resolving closely 

coupled, highly two-dimensional phenomena, hence, gaining additional confidence in the general 

applicability of the scheme.  

In this section, the results of the verification of the Q2D simulations in the radial-azimuthal 

coordinates using the benchmark case in Ref. [35] are presented. The Q2D simulations are performed 

across a wide range of approximation orders from single-region to near full-2D limit of RO-PIC.  

3.2.1. Setup and conditions of the problem 

The simulation configuration resembles the radial-azimuthal cross-section of a Hall thruster with the 

setup and conditions exactly following that of the community-wide radial-azimuthal benchmark activity 

[35]. The computational domain represents a 2D Cartesian (𝑥 − 𝑧) plane with equal lengths of 1.28 𝑐𝑚 

along both simulation directions (𝐿𝑥 = 𝐿𝑧 = 1.28 𝑐𝑚). In terms of the axes notation, 𝑥, 𝑦, and 𝑧 denote, 

respectively, the radial, axial, and azimuthal directions. A stationary axial electric field (𝐸𝑦) of magnitude 

10 𝑘𝑉𝑚−1 and an external radial magnetic field (𝐵𝑥) of intensity is 20 𝑚𝑇 are applied. The schematic of 

the simulation domain and the directions of the imposed electric and magnetic fields relative to the 

coordinate system are illustrated in Fig. 3.14. The cell sizes are Δ𝑥 = Δ𝑧 = 50 𝜇𝑚 which correspond to 

𝑁𝑖 = 𝑁𝑘 = 256 cells along either dimension. The time step is Δ𝑡 = 1.5 × 10−11 𝑠. 

 

Fig. 3.14: Schematic of the computational domain and setup of the radial-azimuthal simulations. 

Initially, electrons and ions are sampled from Maxwellian distribution functions at the temperatures 

of 10 𝑒𝑉 and 0.5 𝑒𝑉 for electrons and ions, respectively, and are loaded as electron-ion pairs over the 

(𝑥 − 𝑧) simulation plane with a uniform density of 𝑛0 = 5 × 10
16 𝑚−3. The initial number of 

macroparticles per cell is 𝑛𝑝𝑝𝑐 = 100. The simulations are collisionless.  To compensate for the fluxes 

of particles to the wall and establishment of a quasi-steady state density in the simulations, a temporally 

fixed particle injection source is imposed. The injection source is azimuthally uniform and follows a 
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cosine profile along the radial direction, spanning from 𝑥 = 0.09 𝑐𝑚 to 𝑥 = 1.19 𝑐𝑚 with the peak value 

of  8.9 × 1022 𝑚−3𝑠−1. This leads to establishment of an average ion axial current density of 100 𝐴𝑚−2. 

At each time step, electron-ion pairs are injected according to the profile of the injection source with 

velocities sampled from Maxwellian distributions at the initial temperatures of the respective species.  

As the simulations do not resolve the axial (𝑦) direction, to represent the downstream convection of 

the azimuthal waves and to limit the growth of the particles’ energy in the simulations [17], a finite virtual 

axial extent of 𝐿𝑦 = 1 𝑐𝑚 is considered for the domain. Along the axial direction, we do not solve the 

Poisson’s equation. Rather, the particles crossing the domain’s boundaries along the 𝑦-direction are 

resampled from a Maxwellian at their respective initial temperatures and reloaded onto the simulation 

plane at the same radial and azimuthal positions. 

As for the boundary conditions for the electric potential, a zero-volt Dirichlet condition mimics the 

grounded walls along the radial direction. A periodic condition is applied along the azimuthal direction.  

All particles reaching the walls are removed with no secondary electron emission (SEE) considered. To 

reflect periodicity condition along the azimuthal coordinate, particles crossing the azimuthal boundaries 

are reinjected from the opposing boundary while retaining their velocities and radial positions. 

The total simulation duration is 30𝜇𝑠, with the averaging and data post-processing window spanning 

over 25 − 30 𝜇𝑠 which corresponds to when the simulation has reached a quasi-steady state. Table 3.2 

presents a summary of the numerical and physical parameters. 

Parameter Value [unit] 

Physical Parameters 

Initial plasma density (𝑛0) 5 × 1016 [m-3] 

Electron injection temperature (𝑇𝑒,0) 10 [eV] 

Ion injection temperature (𝑇𝑖 , 0) 0.5 [eV] 

Axial electric field (𝐸𝑦) 10 [kVm−1] 

Radial magnetic field (𝐵𝑥) 20 [mT] 

Ionization source’s peak (𝑆𝑖,𝑝𝑒𝑎𝑘) 5.23 × 1023 m−3s−1 

Initial plasma density (𝑛𝑝,𝑖𝑛𝑖𝑡) 5 × 1016 [m-3] 

Potential at walls (𝜙𝑤) 0 [V] 

Computational Parameters 

Time step (Δ𝑡) 1.5 × 10−11 [s] 

Total simulation time (𝑡𝑠𝑖𝑚) 30 [μs] 

Final averaging time window (𝑡𝑎𝑣𝑔) 25 − 30 [μs] 

Domain length (𝐿𝑥 = 𝐿𝑧) 1.28 [cm] 

Virtual axial length (𝐿𝑦) 1 [cm] 

Cell size (Δx = Δz) 50 [μm] 

Number of computational nodes along each direction (𝑁𝑖 = 𝑁𝑘) 256 

Initial number of macroparticles per cells (𝑁𝑝𝑝𝑐) 100 

Number of regions in Q2D simulations, NumR (𝑀 = 𝑁) 1, 3, 5, 10, 25, 50, 100 

Table 3.2: Summary of the main computational and physical parameters used for the Q2D and the full-2D 

radial-azimuthal simulations. 
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3.2.2. Verification results 

The Q2D simulations are performed using different number of regions (NumR) as listed in Table 

3.2. In the Q2D simulations discussed in this section, an equal number of regions are used along the 

radial and the azimuthal directions with uniform extents. The reference full-2D results against which the 

outcomes of the Q2D simulations are compared are obtained from the IPPL-2D code. The results of 

the benchmarking of the IPPL-2D code are provided in Appendix A.1.7. 

For reference, we also report the results from a 1D radial and a 1D azimuthal PIC simulations that 

we carried out using the same conditions and setup of the full-2D/Q2D simulations but adapted 

accordingly for the 1D simulations. In the 1D radial case, the same ionization source as that described 

in Section 3.2.1 is used. However, for the 1D azimuthal simulation, noting that the average plasma 

density remains constant throughout the simulation, the initial plasma density (𝑛𝑖,0 ) is increased to 

1 × 1017 𝑚−3, which corresponds to the average steady state density value in the 2D simulation. 

Fig. 3.15 presents the time-averaged radial distributions of the ion number density (𝑛𝑖) and the 

electron temperature (𝑇𝑒) from the 1D radial simulation, from the Q2D simulations at “low” and “high” 

approximation orders, and from the full-2D simulation. 

 
Fig. 3.15: Time-averaged (over 25 − 30 𝜇𝑠) radial profiles of the ion number density (first row) and the electron 

temperature (second row). Plots (a) and (d) are from the 1D radial simulation, (b) and (e) from “low-order” Q2D 

simulations, and (c) and (f) from “high-order” Q2D simulations. The reference 2D profiles are shown in plots (c) 

and (f) are from IPPL-2D. In plots (c) and (f), the  ± 2.5 % error band superimposed at the peak values 

corresponds to the observed difference among the 2D codes participated in benchmark activity [35]). Note the 

difference in the 𝑦-axis scale among plots (a) to (c) and (d) to (f). 𝑁𝑢𝑚𝑅 denotes the number of regions used 

in Q2D simulations (𝑁𝑢𝑚𝑅 = 𝑀 = 𝑁). 

Looking at the radial profiles of the plasma properties from the “high-order” Q2D simulations (Fig. 

3.15) (c) & (f)), it is evident that, by increasing the number of regions, the Q2D results converge to the 

full-2D ones at the 100 number-of-regions limit. The results from 100-region Q2D simulation indicate 
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an error of about 2.5% in the peak value of both the ion number density and the electron temperature 

compared to the 2D results. This is deemed a reasonably small error considering that it is consistent 

with the error observed among various 2D codes that participated in the radial-azimuthal benchmark 

activity [35]. 

Now, referring to the plot (b) in Fig. 3.15, it is observed that, by increasing the number of regions 

from 1 to 5, the ion number density profile consistently approaches the 2D one. Regarding the profiles 

of the electron temperature in the “low-order” simulations (plot (e) in Fig. 3.15), it is interesting to note 

that value of the electron temperature at the mid radial location (𝑥/𝐿𝑥  = 0.5) predicted by “single-region” 

simulation is very close to the corresponding value from the 2D simulation.  

Moreover, despite the discrepancy observed in the predicted ion density from the single-region 

simulation compared to that from the 2D simulation, upon comparing the single-region profiles against 

those from the 1D radial simulation (Fig. 3.15 (a) and (d)), it is evident that the single-region simulation 

provides a substantial improvement over the 1D radial results. In particular, the average mutual effects 

of the physical mechanisms along the azimuthal and radial directions are captured by the single-region 

simulation. This is evident in the elevated electron temperature in the single-region simulation (relative 

to the 1D radial simulation) due to particles’ heating by the azimuthal waves, and a corresponding 

decrease in the ion number density. Additionally, the shape of the ion number density profile from the 

single-region simulation closely resembles that from the 2D simulation as a result of capturing an 

average effect of the interactions between the radial and azimuthal processes. 

Fig. 3.16 shows the convergence of the L2 error in the Q2D predictions with increasing number of 

regions together with the computational speedup achieved in each Q2D simulation compared to a full-

2D PIC. The L2 error is computed based on the difference in the time-averaged radial profiles of 𝑛𝑖 and 

𝑇𝑒 from the Q2D and full-2D simulations as per Eq. 3.4. It is noticed that in 10-region simulations the 

errors in both plasma properties are below 25 % with the computation time being only 4 % of that of the 

full-2D simulation. The 50-region Q2D simulation yields an L2 error of 12 % in 𝑛𝑖 and 5 % in 𝑇𝑒 while 

offering a 5-fold computational speedup compared to a full-2D simulation.  

 

Fig. 3.16: Variation of the L2 error in the prediction of ion number density (𝑛𝑖) and electron temperature (𝑇𝑒) 

from the radial-azimuthal Q2D simulations compared to full-2D results from IPPL-2D code, alongside the 

computational time ratio between the Q2D and full-2D IPPL codes plotted against the number of regions in the 

Q2D simulations. The L2 error is calculated using Eq. 3.4 for the time-averaged radial profiles. Note that the 𝑥-

axis is in logarithmic scale. 
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A prominent aspect of this E × B discharge test case is the development of two particular azimuthal 

instability modes, namely, the Electron Cyclotron Drift Instability (ECDI) and the Modified Two Stream 

Instability (MTSI), which were introduced in Sections 1.1.3.1 and 1.1.3.3. Thus, plasma discharge in 

this case is primarily characterized by the two instabilities and their interactions.  

The predictions of the azimuthal wavenumber (𝑘𝑧) spectrum of the instabilities are presented in Fig. 

3.18. These spectra are derived using the time-averaged (over three different time intervals) Fast 

Fourier Transforms (FFT) of the azimuthal electric field signal from the 1D azimuthal simulation, the 

Q2D simulations in low- and high-order approximation limits, and from the 2D simulation. The 𝑥-axis in 

the plots of Fig. 3.18 represents the normalized azimuthal wavenumber (𝑘𝑧/𝑘0), with the normalization 

factor (𝑘0) being the fundamental resonance wavenumber of the ECDI defined as 𝑘0 =
𝜔𝑐𝑒

𝑉𝑑𝑒
, where 𝜔𝑐𝑒 

is the electron cyclotron frequency, and 𝑉𝑑𝑒 is the electrons’ E × B drift velocity (see Section 1.1.3.1).  

 
Fig. 3.17: Azimuthal wavenumber spectrum of instabilities obtained from spatial FFT of the azimuthal electric 

field signal averaged over all radial positions and over three time intervals; (a) & (d) 5 − 10 𝜇𝑠, (b) & (e) 15 −

20 𝜇𝑠, and (c) & (f) 25 − 30 𝜇𝑠. The top row is related to the “high-order” Q2D simulations and the full-2D 

simulation; the bottom row is related to the “low-order” Q2D simulations and the 1D azimuthal simulation.  

Referring to the top-row plots in Fig. 3.17, we notice that the 𝑘𝑧 spectrum captured by all “high-order” 

Q2D simulations are very similar to the that in full-2D. In particular, all “high-order” Q2D simulations 

perfectly agree with the 2D simulation regarding the prediction of the 𝑘𝑧 values for the two dominant 

peaks in the instabilities’ spectrum. The peak in the FFT plots at 
𝑘𝑧

𝑘0
 ≈  0.2 is associated with the 

azimuthal component of the MTSI [35], whereas the peak at 
𝑘𝑧

𝑘0
 ≈  1 corresponds to the first harmonic 

of the ECDI mode [35]. Also, a lower peak at 
𝑘𝑧

𝑘0
≈ 2, representing the second harmonic of the ECDI, is 

observed in the FFT plots of all “high-order” Q2D simulations, which is in line with the 2D simulation’s 

FFT result. 

In terms of the distribution of the absolute magnitudes of FFT spectrum across the azimuthal 

wavenumbers, the plots from the 50- and 100-region simulations are basically converged to the FFTs 
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from the 2D simulation within the three shown time intervals.  The convergence of the Q2D results in 

these simulations is also evident from the frequency spectrum of the instabilities shown in Fig. 3.18.  

Concerning the FFT plots from the “low-order” Q2D and the 1D azimuthal simulations (Fig. 3.17, 

bottom row), we see that the fundamental ECDI mode is present in all simulations. The 3-region and 5-

region simulations also resolve the second harmonic of the ECDI. The MTSI is noticed to be absent in 

the “low-order” quasi-2D (and 1D azimuthal) simulations, most likely because, in these simulations, the 

radial wavenumber component of the MTSI is not properly captured so as to allow for the formation of 

the corresponding wave modes. 

Comparing the FFT plot from the 1D azimuthal simulation with those from “low-order” Q2D 

simulations, we notice that accounting for the radial dimension even in the lowest approximation limit 

(single-region) substantially modifies the magnitude of the ECDI mode and the overall FFT spectrum 

towards the reference spectrum from the 2D simulation.  

 
Fig. 3.18: Frequency spectrum of instabilities obtained from temporal FFT of the azimuthal electric field signal 

from “high-order” Q2D simulations in comparison with those from full-2D simulation. The FFTs are averaged 

over all radial and azimuthal positions. 

The Q2D simulations, particularly with higher number of regions (𝑁𝑢𝑚𝑅 ≥ 10) are also observed to 

properly capture the interactions between the dominant modes in the system. In fact, in this plasma 

configuration, the existing ECDI and MTSI modes exhibit a nonlinear coupling throughout the 

simulation, leading to a cyclic discharge behavior. Accordingly, the discharge oscillates between two 

distinct states corresponding to the local maxima and the local minima of the average radial electron 

temperature. When the radial electron temperature is at its local maximum, the MTSI is dominant, 

whereas the ECDI becomes more dominant when the radial electron temperature reaches a local 

minimum.  

In this regard, Fig. 3.19 illustrates the 2D snapshots of several plasma properties at a time instance 

corresponding to a local maximum (top panel), and a local minimum (bottom panel) of the spatially 

averaged radial electron temperature. It is evident from these plots that even with as few as 10 regions, 

the characteristic patterns of the fluctuations are faithfully represented. In particular, in all cases, both 

the azimuthal and radial wavenumber components of the MTSI are resolved, which is best visible from 

the 2D snapshots of the axial electron current density (𝐽𝑒𝑦) on the third row of top panel in Fig. 3.19.  

Moreover, the 50- and 100-region simulations provide predictions of the 2D distributions of the plasma 

properties which are almost indistinguishable from the full-2D results.  
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Fig. 3.19: 2D snapshots of the plasma properties from “high-order” Q2D simulations and the 2D simulation at 

the time of local maximum (top panel) and local minimum (bottom panel) of the spatially averaged radial 

electron temperature (𝑇𝑒𝑥). In each panel, the rows, from top to bottom, represent the azimuthal electric field 

(𝐸𝑧), the radial electron temperature (𝑇𝑒𝑥), and the axial and radial electron current densities (𝐽𝑒𝑦 & 𝐽𝑒𝑥). 
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3.2.2.1. Sensitivity to number of macroparticles per cell 

To evaluate the influence of the initial number of macroparticles per cell (𝑁𝑝𝑝𝑐) on the Q2D results, 

we used the 50-region Q2D simulation with the of initial 𝑁𝑝𝑝𝑐 ranging from 10 to 1024. The results in 

terms of the normalized, time-averaged, radial distributions of the ion number density and total electron 

temperature are shown in Fig. 3.20. Referring to plot (a) in this figure, the ion number density profiles 

are seen to have converged at a peak density ratio of about 2.45 for 𝑁𝑝𝑝𝑐 ≥ 100. Looking at plot (b) of 

Fig. 3.20, even though the convergence trend is not monotonic, the temperature profiles does not show 

any noticeable variation beyond 𝑁𝑝𝑝𝑐 = 200. The simulation case with  𝑁𝑝𝑝𝑐 = 100 has a maximum 

discrepancy of less than 10 % in normalized 𝑇𝑒 compared to the simulations with higher 𝑁𝑃𝑃𝐶  counts. 

As a result, the Q2D simulations show a clear statistical convergence behavior when increasing the 

initial 𝑁𝑝𝑝𝑐, and an initial macroparticle per cell in the range of 100 to 200 can be sufficient to ensure 

statistically converged results. This convergence behavior of the Q2D simulation is consistent with the 

convergence trend observed for full-2D PICs in Ref. [35]. 

 
Fig. 3.20: Comparison of time-averaged radial profiles of (a) normalized ion number density, and (b) 

normalized electron temperature obtained from the 50-region Q2D simulation with various initial number of 

macroparticles per cell. 𝑛0 = 5 × 10
16 𝑚−3 and 𝑇𝑒0 = 10 𝑒𝑉 denote the initial ion number density and electron 

temperature during initial particles’ load. 

3.3.  Penning discharge benchmark problem 

This test case intends to assess the ability of RO-PIC to resolve the underlying physics in a setup 

where the principal direction of the involved physical phenomena is constantly changing with respect to 

the coordinate system due to the formation of a large coherent structures called the spoke mode 

[111][112]. As described in Ref. [111], this problem is characterized by a “vastly multi-scale physics” 

and has a “highly non-linear, turbulent, and global nature”. The occurrence of spoke leads to 

inefficiencies in an E × B device due to significant electron cross-field transport it induces [112][113]. 

In this verification case, we aim to assess the accuracy and the convergence characteristics of RO-

PIC versus the degree of order-reduction (number of regions), and to further demonstrate the 

functionality and general applicability of RO-PIC for problems of complex physics.  
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3.3.1. Setup and conditions of the problem 

The setup of the Penning discharge Q2D simulations is adopted from a newly defined benchmark 

problem within the E × B plasma community [114]. The benchmark problem is based on recent 

numerical research into the physics of the plasma within the Penning trap configuration, e.g., in Ref. 

[111], in order to investigate the formation and the characteristics of rotating spoke-like structures.  

The simulation domain corresponds to a 2D Cartesian plane in the 𝑥 − 𝑦 coordinates as depicted in 

Fig. 3.21. The length of the simulation domain is the same along the 𝑥 and 𝑦 directions and equal to 

5 𝑐𝑚 (𝐿𝑥 = 𝐿𝑦 = 5 𝑐𝑚). The number of cells along either dimension is 𝑁𝑖 = 𝑁𝑗 = 256. The simulation 

time step is Δ𝑡 = 4 × 10−11 𝑠 and the total simulation time is 500 𝜇𝑠. A uniform, constant magnetic field 

(𝐵𝑧) is externally applied along the 𝑧-direction with an intensity of 10 𝑚𝑇. The ion species is Helium-4, 

and the ion particles are pushed electromagnetically using the Boris pusher [94] similar to the electrons. 

All four boundaries of the domain are electrically grounded and perfectly absorbing. Thus, a zero-

Volt Dirichlet potential boundary condition is applied to all sides of the domain. All particles crossing 

any of the four domain boundaries are removed from the simulation. 

The simulation is collisionless. The domain is initially empty. A cylindrical particle injection source 

over a radius of 5 𝑚𝑚 is envisaged in the center of the domain [114]. This source injects the total 

number of macroparticles at each time step of 𝑆𝑒 = 49.932 for electrons and 𝑆𝑖 = 19.973 for ions. The 

injected electrons and ions are sampled from Maxwellian distribution functions at the temperature of 

15 𝑒𝑉 and 0.025 𝑒𝑉, respectively. The macroparticle weight is 𝑊𝑚𝑝 = 10
5 for both electron and ion 

species.  The time-averaging window for the plasma profiles is 200 − 500 𝜇𝑠. 

A virtual ion density probe is placed within the simulation domain at the coordinates of 𝑥 = 1.25 𝑐𝑚 

and 𝑦 = 0, recording the local ion density throughout the simulation at this position.  

 
Fig. 3.21: Schematic of the computational domain and setup of the Penning discharge simulations. 
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3.3.2. Verification results 

The Q2D simulations are performed with 15, 45 and 100 regions along both dimensions of the 

domain. The extents of the regions are equal.  

Fig. 3.22 shows the time-averaged profiles of the main output plasma properties along the 𝑥-

direction. We have compared the obtained profiles from the Q2D simulations with various number-of-

region domain decompositions against the full-2D results from IPPL-2D.  

Looking at the three plots in Fig. 3.22, the convergence of the predicted profiles from the Q2D 

simulation to those of the full-2D is evident as the number-of-region increases from 15 to 100. The 100-

region simulation is almost perfectly reproducing the 2D profiles, whereas the 45-region Q2D simulation 

provides a great approximation of the 𝑛𝑖 and the 𝜙 properties, in particular. The profiles from the 15-

region Q2D simulation show a higher level of discrepancy with respect to the 2D results, compared to 

the 45- and 100-region simulations.  

 

Fig. 3.22: Time-averaged (over 200 − 500 𝜇𝑠) profiles of plasma properties at the mid-plane (𝑦 = 0) of the domain 

along the 𝑥-direction, from the Q2D simulations with various number of regions, and from the full-2D IPPL PIC 

simulation; (a) ion number density (𝑛𝑖), (b) electron temperature (𝑇𝑒), and (c) plasma potential (𝜙). 

We have also provided in Fig. 3.23, the time evolution of the local ion number density as measured 

by the virtual density probe as well as the temporal FFT of the corresponding density probe’s signal 

from the Q2D and full-2D simulations. 

We notice that the FFTs from all simulations feature three dominant peaks, with the highest peak 

representing the frequency of the rotating spoke. Interestingly, the spoke frequency from all the Q2D 

simulations is observed to be quite close to the full-2D’s prediction. The highest discrepancy in the 

predicted frequency is about 20% for the 15-region simulation. The 100-region simulation shows a 

difference of only about 1.5 % in the predicted spoke frequency with respect to the full-2D simulation. 

The frequencies of the second and the third dominant peaks in the FFT spectrum of 100-region Q2D 

simulation also closely match those in the full-2D’s spectrum. These frequencies from the 45-region 

simulation are in reasonably good agreement with the corresponding frequencies from the full-2D 

simulation.  
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Fig. 3.23: Time evolutions of the local ion number density at the location of the virtual density probe (left 

column) and temporal FFT spectra of the probe’s signal (computed over 50 − 500 𝜇𝑠 duration) from the Q2D 

and the full-2D simulations. The highest peak in the FFTs corresponds to the spoke frequency. 

The spoke structure forms within the simulation, following the initial transient, that exhibits a 

counterclockwise rotation, leading to a quasi-periodic behavior of the discharge during the system’s 

quasi-steady state. All Q2D simulations capture the formation of spoke and its counterclockwise rotation 

as seen in the 2D snapshots of the ion number density in the top panel of Fig. 3.24. This particularly 

demonstrates that all Q2D simulations have successfully resolved the essential underlying physics of 

the problem. Increasing the approximation order from 15 to 100 regions, the spatial details of snapshots 

from the Q2D simulations become increasingly more similar to the full-2D results. At the 100-region 

approximation limit, the spatial resolution of the Q2D PIC is indistinguishably close to that of the full-2D.  

The 100-region simulation is used to simulate the discharge over an extended timeframe, up to 

1200 𝜇𝑠, in order to assess possible variability of the discharge over the long terms. This study 

demonstrated that the discharge exhibits a minimal variation throughout the entire simulated time period 

(refer to Appendix A.4.3). 



   

Imperial College London, Department of Aeronautics 
114 

REDUCED-ORDER PARTICLE-IN-CELL SCHEME FOR 

COMPUTATIONALLY EFFICIENT KINETIC PLASMA MODELLING 

 
Fig. 3.24: 2D snapshots of the ion number density (top panel) and 𝑥-component of the electric field (bottom 

panel) at 5 different instances over one evolution cycle (with period 𝑇) of the spoke mode from the Q2D and 

the full-2D simulations. 
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Finally, the L2 error in the time-averaged plasma profiles, and the computational time ratio between 

the Q2D and the 2D simulation are presented in Fig. 3.25. In the lowest number-of-region simulation 

(15-region), the error in the predicted electron temperature is notably high, whereas the errors in the 

predictions of the ion number density and electric potential, which are about  20 − 30%, are deemed 

reasonable. This is achieved with a simulation that has less than 5 % of the computational time of a full-

2D simulation. This indicates that this approximation order is less suited for the Penning discharge case 

if the aim would be to recover the 2D profiles with high accuracy. However, as seen earlier, even at this 

“low-order” approximation limit, the main behavior of the discharge and the characteristics of the spoke 

are adequately captured. 

Moving to the “high-order” end of the problem approximation, the 100-region simulation is observed 

from Fig. 3.25 to have an error of less than 3 − 4% across all the relevant plasma properties while 

featuring a computational cost of about 40 % of the full-2D simulation.  

 
Fig. 3.25: Variation of the L2 error in prediction of plasma properties from the Q2D simulations compared to full-

2D results from IPPL-2D code in the Penning discharge case, alongside the computational time ratio between 

the Q2D and full-2D IPPL codes plotted against the number of regions in the Q2D simulations. The L2 error is 

calculated using Eq. 3.4 for the time-averaged radial profiles. Note that the 𝑥-axis is in logarithmic scale. 

The verification results presented so far were for the domain decompositions featuring uniform 

extents across all regions along a given dimension of the simulation domain. However, RO-PIC does 

not impose any restriction on choosing an arbitrarily non-uniform distribution of the regions’ extents. A 

non-uniform domain decomposition can be informed by a very rough knowledge of the behavior of the 

macroscopic gradients in the system, particularly the gradients in the electric field. Accordingly, the 

extents of the regions can be locally refined to be compatible with the rapid local gradients or to meet a 

particular requirement on the solution’s resolution in particular areas of the simulation domain. The 

adoption of non-uniform regions’ extents is assessed in Appendix A.4.4 in both the radial-azimuthal 

E × B discharge benchmark problem and the Penning discharge benchmark case. The results 

presented in Appendix A.4.4 demonstrate the flexibility of the RO-PIC scheme to accommodate non-

uniform regions’ extent. They additionally show that an informed selection of the regions’ extent based 

on the physics of the problem can lead to higher accuracy in the predictions with fewer regions. In other 

words, with a non-uniform distribution of the regions, it is possible to reduce the number of regions more 

readily without notably impacting the fidelity of the results, or to improve the accuracy of the results 

while maintaining the overall number of regions used in the simulation. 
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3.4.  Neutrals’ plume expansion (DSMC) test case 

This test case serves as an example to demonstrate the generalizability of the dimensionality-

reduction technique beyond the PIC simulation by applying the order-reduction technique to the DSMC 

method [101]. Moreover, in multi-dimensional partially ionized plasmas, the kinetic DSMC method is 

the de-facto approach to model the dynamics of the neutrals and to account for their collisional 

interactions. For instance, for Hall thruster simulations particularly in the axial-radial coordinates, which 

resolve the radial expansion of the neutrals, DSMC treatment of the neutrals is essential. However, like 

the conventional PIC simulation, the DSMC approach is computationally expensive. Moreover, if the 

DSMC module is to be used within the Q2D PIC simulation, the DSMC algorithm shall be adjusted to 

be compatible with the reduced-dimension grid and the overall Q2D description of the problem. 

Accordingly, the purpose of this test case is to verify the Q2D adaptation of the DSMC method in a 

standalone manner before its integration as a Q2D neutral dynamics module into the IPPL-Q2D. The 

standalone verification of the Q2D DSMC is a precursor to the testing of the IPPL-Q2D in the axial-

radial Hall thruster configuration whose results are presented in Appendix A.4.2. 

3.4.1. Reduced-order adaptation of the DSMC (RO-DSMC) 

As described in detail in Section 1.4.2.4, in a conventional DSMC algorithm, at each time step, 

particles are sorted based on the cells in which they reside. The maximum number of collision events 

(or collision pairs, 𝑛𝑔) in each cell is calculated according to the “no-time-counter” (NTC) method. 

Therefore, in each cell, 𝑛𝑔 pairs of neutral particles are randomly selected, and if the collision occurs 

(based on the probability of collision between the selected pair), their velocities are updated following 

the conservation of momentum and energy before and after collision.  

Here, the focus is on the Q2D adaptation of the DSMC algorithm to make it compatible with the Q2D 

computational grid associated with the RO-PIC scheme. This is achieved through modifying the 

conventional 2D DSMC method according to the algorithm illustrated in Fig. 3.26. The algorithm starts 

by initializing (𝜎𝑣𝑟)𝑚𝑎𝑥 with an estimated value. We recall that, as illustrated in Fig. 2.1, the Q2D 

computational grid comprises two separate fine grids along the generic 𝑥 and 𝑦 directions of a 2D 

simulation domain. Accordingly, the Q2D modification of the DSMC method involves executing the main 

loop of the DSMC on both fine grids, separately. The DSMC’s main loop on either grid is similar to the 

conventional DSMC’s loop. It involves particle sorting within the corresponding cells of each 𝑥- and 𝑦-

aligned grid, the calculation of the maximum number of collision events (𝑛𝑔,𝑥  within vertical cells of the 

𝑥-grid, and 𝑛𝑔,𝑦 within horizontal cells of the 𝑦-grid), the random selection of collision partners, checking 

for the collision occurrence, and the execution of the collision in case the collision happens. Hence, the 

only difference is that, in the Q2D DSMC scheme, the maximum number of collision events calculated 

for either 𝑥- or 𝑦-grid (𝑛𝑔,𝑥  and 𝑛𝑔,𝑦, respectively) is halved. This is because the particles are shared 

between the two grids while the DSMC is being performed twice on the particles (once on each grid). 

As a result, halving the obtained 𝑛𝑔,𝑥  and 𝑛𝑔,𝑦 ensures the statistical consistency of the total collision 

events occurring in the DMSC-Q2D scheme with those in a corresponding full-2D DSMC.  
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Finally, in case of encountering a value for (𝜎𝑣𝑟)𝑚𝑎𝑥 larger than the initial estimate during the 

collisions in either loop, the value of the parameter is updated accordingly. 

 

Fig. 3.26: Flowchart of the Q2D DSMC algorithm. The fine grids along the 𝑥 and 𝑦 directions refer to the Q2D 

grids illustrated in Fig. 2.1. 𝑛𝑐𝑒𝑙𝑙,𝑥 and 𝑛𝑐𝑒𝑙𝑙,𝑦 are the number of cells corresponding to the 𝑥-grid and the 𝑦-grid, 

respectively, 𝜎 is the collision cross section, 𝑣𝑟 is the relative velocity of the colliding particles, and 𝑅 is a 

random number selected from a uniform distribution between 0 and 1. 

3.4.2. Setup and conditions of the problem 

The test case resembles a miniaturized version of the expansion of a neutral flow in the plume of a 

Hall thruster. The computational domain is a Cartesian plane in 𝑥 − 𝑦 coordinates with the dimensions 

𝐿𝑥 = 13 𝑚𝑚 and 𝐿𝑦 = 8 𝑚𝑚 as depicted in Fig. 3.27. The neutrals are oxygen molecules and are 

injected at each time step with a constant mass flow rate that corresponds to the 𝑛𝑛,𝑖𝑛𝑗 = 5 × 10
24 𝑚−3 

and with the axial drift velocity of 𝑉𝑑𝑛,𝑖𝑛𝑗 = 100
𝑚

𝑠
. The injection takes place on an injection plane that 

spans from 𝑦𝑖𝑛𝑗,1 = 2 𝑚𝑚 to 𝑦𝑖𝑛𝑗,2 = 4 𝑚𝑚. The neutrals are randomly sampled from a drifted half-

Maxwellian distribution function with the temperature of 𝑇𝑛,𝑖𝑛𝑗 = 300 𝐾. The number of computational 

cells along the axial (𝑥) and the radial (𝑦) directions are 𝑁𝑖 = 500 and 𝑁𝑗 = 300, respectively, to maintain 

the cell size below the minimum mean free path in the system. Also, the time step of 8 × 10−8𝑠 is 

adopted in accordance with the CFL (Courant-Friedrich-Lewy) criterion. 

The neutral-neutral collisions are modeled through the Q2D DSMC algorithm. Regarding the 

boundary conditions on the neutral particles, we note that the bottom boundary of the domain 

corresponds to the axis of symmetry of a Hall thruster with an annular channel. Therefore, the particles 
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crossing the bottom boundary are specularly reflected to mimic the axisymmetric condition in an 

otherwise axisymmetric coordinate system. Neutrals reaching the rest of the boundaries of the domain 

are removed from the simulation. 

 
Fig. 3.27: Schematic of the computational domain and setup of the neutrals’ plume expansion test case. 

3.4.3. Verification results 

Before assessing the Q2D DSMC scheme in the test case introduced above, we verify that the 

collisions in the defined case have indeed a significant impact on the neutrals’ expansion profile so that 

the case can be considered as “collisional”. This in turn ensures the suitability of the adopted case for 

our verification purposes. To this end, Fig. 3.28 presents a comparison between the steady state 

distributions of the neutrals’ properties from a collisionless and a collisional full-2D DSMC simulation. 

We highlight that the conditions in both simulations are kept exactly the same, except that, in the 

collisionless simulation, the DSMC collision function is inactivated, and the particles move along their 

trajectories with their initial load velocities.  

 
Fig. 3.28: Steady-state 2D distribution of the neutrals’ properties from the full-2D DSMC simulation with  

collisionless (top row), and collisional (bottom row) neutral’s expansion; the panels from left to right represent the 

number density (𝑛𝑛), axial drift velocity (𝑉𝑑𝑛,𝑥), radial drift velocity (𝑉𝑑𝑛,𝑦), and temperature (𝑇𝑛) of the neutrals. 
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It is evident from Fig. 3.28 that the collisions remarkably changed the neutrals’ profiles. In particular, 

in the presence of collisions, the axial drift velocity of the neutrals in the core region of the plume has 

increased significantly, while the neutral’s temperature drops almost everywhere. This change in 

neutrals’ profiles under collisional conditions is speculated to result from scattering and displacement 

of neutrals from the plume's central region caused by collisions. As the density decreases, the particles 

experience an increase in axial drift velocity, while their temperature decreases to conserve total energy 

of the neutral flow. Additionally, the formation of a diverging flow in front of the main plume is observed 

in the collisional case. This is because the collisions increase the neutrals’ flux reaching the bottom 

boundary of the domain from where the particles are reflected towards the domain’s center. 

 
Fig. 3.29: Steady-state 2D distribution of the neutrals’ properties from the Q2D and full-2D DSMC simulations 

of the collisional neutrals plume expansion test case; The panels from left to right represent the number 

density (𝑛𝑛), axial drift velocity (𝑉𝑑𝑛,𝑥), radial drift velocity (𝑉𝑑𝑛,𝑦), and temperature (𝑇𝑛) of the neutrals. 𝑀 and 

𝑁 are the number of regions along the axial and the radial directions, respectively. 
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Following the above check, we proceed with the verification of the Q2D DSMC in the collisional 

neutrals’ plume expansion test case. We performed the simulations using various number of regions 

including, case 𝒊: 𝑁 = 15, 𝑀 = 25, case 𝒊𝒊: 𝑁 = 30, 𝑀 = 50, case 𝒊𝒊𝒊: 𝑁 = 60, 𝑀 = 100, and case 

𝒊𝒗: 𝑁 = 150, 𝑀 = 250, where 𝑀 and 𝑁 represent the numbers of regions along 𝑥 and 𝑦 directions, 

respectively. The results are then compared against full-2D DSMC simulation.  

Fig. 3.29 shows the resulting steady state 2D distributions of various neutrals’ properties from these 

simulations. The plots in this figure visually illustrate the convergence of the Q2D DSMC solution to the 

full-2D profiles as the number of regions increases. In particular, at the low number of regions (case 𝒊 

and case 𝒊𝒊), the essential expansion behavior of the neutral flow is captured. At higher number of 

regions (case 𝒊𝒊𝒊 and 𝒊𝒗) the neutrals’ distributions closely resemble the full-2D results.  

For a quantitative comparison, the axial profiles of the neutrals’ properties along the plume centerline 

(𝑦 = 3 𝑚𝑚) from the Q2D simulations are plotted against the corresponding profiles from the full-2D 

simulation in Fig. 3.30. According to these plots, it is evident that the Q2D simulation corresponding to 

case 𝒊𝒊𝒊 (𝑀 = 100,𝑁 = 60) provides a reasonably well approximation of the full-2D profiles. Also, the 

axial profiles from case 𝒊𝒗 (𝑁 = 150, 𝑀 = 250) perfectly coincide with those from the full-2D simulation.  

 
Fig. 3.30: Steady-state axial profiles of the neutrals’ properties from the Q2D DSMC simulations with various 

number of regions and from the full-2D DSMC simulation of the collisional neutrals plume expansion test case; 

(a) neutral number density (𝑛𝑛),  (b) neutral temperature (𝑇𝑛), (c) neutrals’ axial drift velocity (𝑉𝑑𝑛,𝑥), and (d) 

neutrals’ radial drift velocity (𝑉𝑑𝑛,𝑥). 

Finally, to conclude the Q2D DSMC verification results, Fig. 3.31 presents the variation of the error 

in the Q2D predictions of various neutrals’ properties distributions with respect to the full-2D results, as 

well as the ratio of the computational time of the Q2D simulations to that of the full-2D, plotted against 

the number of regions (𝑀). The error is calculated based on the L2 norm across the entire 2D 

distributions at steady state.  

This convergence plot in Fig. 3.31 exhibits a monotonic decrease in the Q2D simulations’ error 

across various properties as the number of regions is increased. In particular, these results show that 
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a Q2D simulation with low number of regions (𝑀 = 25,𝑁 = 15, e.g.) can be well suited for parametric 

studies and order-of-magnitude approximations. Furthermore, a higher-order approximation of the 

problem with 𝑀 = 100,𝑁 = 60 results in the reduction of the errors to below 50% in all predicted 

properties while yielding a five-fold speedup compared to a full-2D DSMC simulation. 

 

Fig. 3.31: Variation of the L2 error in the prediction of neutrals’ properties from the axial-radial Q2D DSMC 

simulations compared to full-2D DSMC results in collisional neutrals’ expansion case, alongside the 

computational time ratio between the Q2D and full-2D DSMC simulations plotted against the number of 

regions in the Q2D simulations (𝑀). The L2 error is calculated using Eq. 3.4 over the entire 2D distributions at 

steady state. 𝑀 denotes the number of regions along the axial direction which in these simulations are 5/3 

times the number regions along the axial direction (𝑁). Note that the 𝑥-axis is in logarithmic scale. 

3.5. Conclusion 

The RO-PIC scheme (and the resulting Q2D PIC simulation) is tested and verified extensively 

against the full-2D results from conventional PIC in various plasma configurations and across wide 

range of approximation orders, which is determined by the number of regions used in the simulation. 

Rigorous assessment of the prediction fidelity of RO-PIC is conducted through comprehensive 

comparisons of the simulation results including the distribution of macroscopic plasma properties, 

instabilities’ spectra and their induced electrons’ transport, where relevant. 

In a well-established 2D axial-azimuthal benchmark problem, we demonstrated that the “low-order” 

Q2D simulations, which offer about two orders of magnitude reduction in the computational cost 

compared to full-2D simulation counterpart, can self-consistently resolve the instability-induced 

electrons’ cross-field transport in Hall thrusters. In particular, we showed that the single-region 

simulation provides a reasonably accurate, average representation of the azimuthal instabilities, and 

captures their overall effect on electron transport in a manner similar to 2D simulations. Also, “low-order” 

multi-region (double- and triple-region) simulations resolve several additional waves-related 

phenomena, the capture of which was previously believed achievable only through full-2D PIC 

simulations. These include the transition in waves’ properties around the ion sonic point [58][115] and 

downstream convection of the waves excited upstream of the domain’s exit plane by the accelerating 

ion beam [115]. We additionally demonstrated that, by increasing the number of regions, the predictions 

of “high-order” Q2D simulations converge to those from the 2D reference simulation. At an 

approximation limit that still offers about a factor of 6.5 reduction in computational cost, the Q2D 
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simulations are shown to reproduce the time-averaged plasma properties with less than 2% error, and 

accurately recover the features and characteristics of the azimuthal waves and their 2D distribution. 

In a radial-azimuthal benchmark configuration, we verified that the Q2D simulation properly captures 

the involved intricate coupling and interactions between phenomena along the two dimensions. At the 

lowest-order end of the approximations, the single-region simulation, with the computational cost 

equivalent to that of a 1D PIC simulation, was shown to provide results that are notably improved with 

respect to the corresponding 1D radial and 1D azimuthal simulations. This improvement in the 

predictions was underlined to be due to the average mutual effects of the radial and azimuthal physical 

processes that are resolved by the single-region simulation. In addition, other low-order approximations, 

such as the 3- and 5-region simulations, lead to further improvement in the predictions particularly in 

terms of the instabilities’ spectra. At the high-order end of the approximations, the simulations with 10 

to 100 regions that yield about 25 − 2.5 times speed-up compared to the full-2D simulation provide 

results that compare reasonably well with the full-2D ones. In all these cases, the characteristics of the 

instabilities are accurately captured. The predicted time-averaged plasma profiles involve less than 25% 

error in 25-region simulation and consistently convergence to full-2D toward 100-region simulation. 

Recalling the principal idea behind the order-reduction of PIC simulations, it involves enabling 

approximation of a multi-dimensional problem with an arbitrary resolution. For many purposes where a 

very accurate prediction is not necessary, a simplified representation of the problem would be sufficient. 

The conventional approach is to simply reduce the problem to a lower dimension by neglecting the 

variation along one/two dimensions altogether, thereby reducing computational costs. Accordingly, a 

3D or 2D problem will be treated as a 2D or 1D problem.  However, it is important to recognize that 

most problems cannot be captured at all in lower dimensions, regardless of the extent of sacrifice we 

are willing to make regarding the accuracy of the predictions.  

The Penning discharge test case is an example of such a scenario due to the 2D rotating nature of 

the spoke. Indeed, we observed that a “low-order” 15-region simulation captures a physics that a 1D 

simulation cannot resolve. Moreover, it provides an overall qualitative understanding of the behaviors 

and the processes to be expected, in particular a rather accurate estimation of the spoke’s 

characteristics with only 5% error compared to the prediction of the full-2D simulation. Furthermore, the 

verification in the 2D Penning discharge problem demonstrates that the RO-PIC can successfully 

capture multi-dimensional phenomena, even when the principal direction of the system is variable. 

We also extended the dimensionality reduction idea behind RO-PIC to the DSMC method. The 

resulting Q2D DSMC is tested in a problem of neutrals’ plume expansion. This case is another example 

where the involved physics cannot be reduced to a 1D problem, regardless of the extents of the 

simplifications we make to the analysis of the problem. Nevertheless, the “low-order” approximation of 

Q2D DSMC is able to capture the overall behavior of the flow and provide reasonable estimates of the 

variations in the neutrals’ properties. We verified that by increasing the number of regions, the Q2D 

DSMC solution converges to the full-2D DSMC solution. The verified Q2D DSMC then integrated within 

Q2D PIC simulations to develop Q2D PIC-DSMC model. 
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The verification results presented in this chapter verify the RO-PIC scheme as a viable, low-

computational-cost alternative to the conventional multi-dimensional PIC simulations. Additionally, the 

Q2D DSMC model serves as an example demonstrating the applicability of the underlying 

dimensionality reduction approach to numerical models beyond PIC and indicating the promise of this 

approach to stand as a novel computational framework for reduced order approximation of any system 

of differential equations.  
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Chapter 4 Investigation of the parametric variability of 

plasma instabilities and turbulence using RO-

PIC in a radial-azimuthal plasma configuration  

RO-PIC, the cost-efficiency and accuracy of which have been verified in previous chapter, can 

change the current notion regarding the applicability and the utility of a PIC code toward 

extensive parametric investigations of plasma discharges. Throughout this chapter, we 

demonstrate the capability of the RO-PIC to enable exploring variation of the underlying 

plasma phenomena across a broad parameters space that is of significance from both 

fundamental and applied perspectives.  

As demonstrated in Chapter 3, simulations with 50 regions achieve an optimal balance 

between accuracy and computational gain in the radial-azimuthal plasma configuration. At 

this level of approximation, the Q2D code offers a 5-fold speedup compared to a full 2D 

simulation, while faithfully reproducing the full-2D results, particularly, in terms of resolving 

the instabilities’ characteristics. As a result, 50-region Q2D simulations are appropriate for 

the parametric studies presented in this chapter. 

The parametric simulations in this chapter assess the influence of the intensity of the applied 

electromagnetic fields and the curvature of the magnetic field on the collisionless 𝐸 × 𝐵 

plasma discharges in a radial-azimuthal configuration representative of a Hall thruster. Our 

investigations additionally look into how these variations are affected by the ion mass 

corresponding to different propellants, namely, xenon, krypton, and argon. The analyses are 

complemented by additional studies on the impact of the SEE and plasma number density. 

It is underlined that the axial electric field intensity can be thought of as an operational 

parameter of a Hall thruster. However, in a given operating condition, the strength of the 

axial electric field also changes spatially along the thruster’s axis [10][49][116], as well as 

dynamically in time within the thruster’s breathing cycles [10][115][116]. Furthermore, in the 

context of 𝐸 × 𝐵 plasma technologies, the magnetic field intensity represents a design 

parameter. Particularly in the case of Hall thrusters, the topology of the applied magnetic 

field and its magnitude within the domain remains invariant over time. Despite this temporal 

constancy, the magnetic field typically features notable spatial variations by design. 
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Additionally, in modern Hall thrusters, the magnetic field topology most often features curved 

lines with a concave (negative) curvature upstream of the field’s peak and a convex (positive) 

curvature downstream. Additionally, the advent of the magnetic shielding technique has led 

to Hall thruster designs with non-conventional field topologies that exhibit high degrees of 

concavity upstream of the field’s peak.   

Thus, the results of these parametric studies can represent the variation of the underlying 

phenomena in various cross sections of the Hall thruster’s channel and at various instances 

throughout the discharges’ breathing cycle.  

The derived aggregate insights from 70 high-fidelity Q2D PIC simulations, discussed in this 

chapter, majorly advance our understanding of the parametric dependency of the physics of 

Hall-thruster-like cross-field plasma discharges. The results show that the factors studied 

induce notable variations in the spectra of the azimuthal instabilities. These variations 

consequently affect the macroscopic distribution of the plasma properties, the electrons’ 

mobility, particles’ distribution function and the divergence of the ion beam. 

4.1.  Description of setup and conditions 

The setup of the 2D radial-azimuthal E × B benchmark problem (described in Section 3.1.1) is 

adopted as a proving ground to demonstrate the RO-PIC utility for extensive parametric investigation 

and to provide an unprecedented collective insight regarding the parametric variability of the E × B 

across a wide parameter space. 

The RO-PIC simulations are carried out using the IPPL-Q2D code, which is extensively verified in 

Chapter 3, employing the “high-order” approximation of the 2D problem corresponding to the domain 

decomposition of 50 regions along the radial and the azimuthal directions. As demonstrated in Section 

3.2.2, Q2D simulations with 50 number-of-regions can reproduce the 2D results with sufficient accuracy, 

while offering a significant computational speedup (5 times) over the conventional 2D simulations. With 

50 regions, the Q2D approximation involves an error of about 5 − 10 % in the plasma profiles, with the 

characteristics of the resolved instabilities being almost identical to those captured by the full-2D 

simulation. Accordingly, 50 number-of-regions represents an appropriate choice for parametric 

analyses and the study of physics in the present effort.  

The parameters varied across simulations include magnitude of the imposed axial electric field (𝐸𝑦), 

intensity of the applied radial magnetic field (𝐵𝑦), and the curvature degree of the magnetic field 

topology, represented by incident angle of the magnetic field liens with the radial direction (𝜃). The 

values of the studied parameters are listed in Table 4.1.  
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Case No. 𝑬𝒚 [𝒌𝑽𝒎−𝟏] 𝑬𝒚/𝑬𝒚,𝟎 𝑩𝒙 [𝒎𝑻] 𝑩𝒙/𝑩𝒙,𝟎 𝜽 [°] 𝑺/𝑺𝟎[𝒎
−𝟑] SEE/ 𝝐∗ [𝒆𝑽]  Propellant 

1 5 0.5 20 1 0 1 No Xe, Kr 

2 20 2 20 1 0 1 No Xe, Kr, Ar 

3 30 3 20 1 0 1 No Xe, Kr, Ar 

4 40 4 20 1 0 1 No Xe, Kr, Ar 

5 50 5 20 1 0 1 No Xe, Kr, Ar 

6 10 1 5 0.25 0 1 No Xe, Kr, Ar 

7 10 1 10 0.5 0 1 No Xe, Kr, Ar 

8 10 1 15 0.75 0 1 No Xe, Kr, Ar 

9 10 1 25 1.25 0 1 No Xe, Kr, Ar 

10 10 1 30 1.5 0 1 No Xe, Kr 

11 10 1 20 1 -60 1 No Xe, Kr, Ar 

12 10 1 20 1 -45 1 No Xe, Kr, Ar 

13 10 1 20 1 -30 1 No Xe, Kr, Ar 

14 10 1 20 1 -15 1 No Xe, Kr, Ar 

15 10 1 20 1 +15 1 No Xe, Kr, Ar 

16 10 1 20 1 +30 1 No Xe, Kr, Ar 

17 10 1 20 1 +45 1 No Xe, Kr, Ar 

18 10 1 20 1 +60 1 No Xe, Kr, Ar 

19 10 1 Config 1 (Fig. 4.32)  1 No Xe 

20 10 1 Config 2 (Fig. 4.32) 1 No Xe 

21 10 1 20 1 10 1 35 Xe 

22 10 1 20 1 10 1 30 Xe 

23 10 1 20 1 10 1 25 Xe 

24 10 1 20 1 10 1 20 Xe 

25 10 1 20 1 10 1 15 Xe 

26 10 1 20 1 10 1 5 Xe 

27 10 1 20 1 10 𝟏/𝟑𝟐 No Xe 

28 10 1 20 1 10 𝟏/𝟏𝟔 No Xe 

29 10 1 20 1 10 𝟏/𝟖 No Xe 

30 10 1 20 1 10 𝟏/𝟒 No Xe 

31 10 1 20 1 10 𝟏/𝟐 No Xe 

32 10 1 20 1 10 𝟑 No Xe 

34 10 1 20 1 10 𝟔 No Xe 

Table 4.1: List of all the simulation cases performed in the radial-azimuthal coordinates; 𝐸𝑦, 𝐵𝑥 and 𝑆 are the applied 

axial electric field, radial magnetic field and the ionization source’s peak. 𝐸𝑦,0 = 10 𝑘𝑉𝑚
−1 , 𝐵𝑥,0 = 20 𝑚𝑇 and 𝑆0 =

5.23 × 1023 m−3s−1 corresponding to the baseline conditions. 𝜃 is the incident angle of the magnetic field lines at the 

walls (refer to Fig. 4.17 and Eq. 4.5) and 𝜖∗ is the crossover energy in the linear SEE model (refer to Eq. 1.43).  



   

Imperial College London, Department of Aeronautics 
127 

DOCTORAL THESIS – MARYAM REZA 

The results are presented for three industrially relevant propellants for E × B plasma technologies, 

namely, xenon, krypton, and argon. It is important to highlight that, as the simulations are collisionless, 

any observed variations among the propellants are solely attributed to the difference in the ions’ mass. 

This enables us to isolate the effect of ion mass and to understand the extent to which the ion mass 

can change the variations in plasma behavior in response to the varying electric and magnetic fields.  

Additionally, the impact of the (radial) gradient of the radial magnetic field (𝐵𝑥) are assessed in 

curved magnetic field topologies, representative of magnetic shielding configuration in Hall thrusters 

(Config 1 and Config 2 in Table 4.1). We also, assessed the influence of various SEE rates (in separate 

set of simulations), determined by the value of crossover energy (𝜖∗), indicated in Table 4.1. In these 

simulations, the electrons’ radial boundary condition is modified with respect to the baseline setup to 

account for the secondary electrons emitted from the walls.  

Finally, since varying any of the above parameters alters the density that is established within the 

system, it is important to isolate the effect of plasma number density. Therefore, we studied the effect 

of density by varying the peak of the ionization source (𝑆) which determines the steady-state plasma 

density. For these simulations, the cells’ size (Δ𝑥 and Δ𝑧) and the timestep (Δ𝑡) are adjusted accordingly 

to meet the numerical requirement of the simulation. 

The variations in the plasma behavior are analyzed from several aspects, namely, the distribution 

of time-averaged plasma properties, dominant azimuthal instabilities and their characteristics, the 

electrons’ cross-field transport, the particles’ distribution functions and the divergence (expansion) of 

the ion beam.  

Prior to analyzing the results, we made sure that all simulations had reached a quasi-steady state 

before the time window (20 − 30 𝜇𝑠) used for the analyses. 

4.2.  Variations with the intensity of the applied fields 

The results presented in this section build up on the work reported in Ref. [34], where the author 

carried out limited parametric studies on the MTSI and the ECDI in a radial-azimuthal setup that did not 

resolve the plasma sheath. In Ref. [34], the instabilities’ characteristics for two values of the axial electric 

field were studied for the xenon propellant. Another recent research was carried out by Croes et al. 

[119]. In that work, for a single value pair of electric and magnetic field intensities, the authors assessed 

the characteristics of the ECDI and the electron transport due to this instability. Croes et al. adopted a 

collisional radial-azimuthal simulation setup that featured secondary electron emission [119]. They 

performed their studies using xenon, krypton, argon, and helium gases [119]. Most notably, the authors 

observed that, in line with the existing theories [14][16], the frequency of the ECDI depends on the ion 

mass [120]. However, they did not notice a notable variation in the electron transport with the choice of 

the gas type [119], an observation in line with the findings of Ref. [17]. 

The simulations in this section encompass a range of intensities for the applied axial electric field 

(𝐸𝑥) from 5 to 50 𝑘𝑉𝑚−1, and various magnitudes for the applied radial magnetic field (𝐵𝑥) ranging from 

of 5 to 30 𝑚𝑇. 
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4.2.1.  Variations in the distribution of the plasma properties 

We start by presenting the variation in the spatiotemporal average properties, specifically the ion 

number density and electron temperatures (Fig. 4.1). Additionally, Fig. 4.2 provides the radial profile of 

the ion number densities. Several noteworthy trend can be observed from the plots in Fig. 4.1: first, 

from plot (a) and Fig. 4.2, the ion density (𝑛𝑖) is the lowest for argon and the highest for xenon across 

various 𝐸𝑦 and 𝐵𝑥 values. However, 𝑛𝑖 follows a similar general trend for the three propellants. In fact, 

𝑛𝑖 decreases as 𝐸𝑦 increases from 5 − 20 𝑘𝑉𝑚−1, then, after experiencing a jump in values between 

20 − 30 𝑘𝑉𝑚−1, it continues its decreasing trend beyond 𝐸𝑦 = 30 𝑘𝑉𝑚−1.  Moreover, 𝑛𝑖 exhibits a 

consistent trend of decrease with 𝐵𝑥. Beyond 𝐵𝑥 = 15 𝑚𝑇, the variation in the density becomes minimal, 

indicating an asymptotic trend. 

Second, the general behavior observed in 𝑛𝑖, i.e. the non-monotonic behavior with 𝐸𝑦 as well as the 

asymptotic trend with 𝐵𝑥, is also reflected in the variations of the radial electron temperature (𝑇𝑒𝑥) in plot 

(b). In this regard, 𝑇𝑒𝑥 is seen to be plateaued for 𝐸𝑦 values within the range of 20 − 30 𝑘𝑉𝑚−1. It also 

increases with 𝐵𝑥  up to 15 𝑚𝑇 after which it remains nearly constant. The inverse correlation that exists 

between 𝑇𝑒𝑥 and 𝑛𝑖 is, in part, due to the temporal constancy of the imposed particle injection source in 

the simulations. It is noted that prescribing a fixed injection source creates a coupling between 𝑇𝑒𝑥 and 

𝑛𝑖 within the simulation [35]. If 𝑇𝑒𝑥 increases, the flux of particles to the wall increases and, since the 

rate of particles’ injection is not dependent on the electron temperature (as opposed to a self-consistent 

ionization case, for example), the source cannot fully compensate for the particle losses to the wall. 

This leads to a reduction in the number density. Similarly, in case 𝑇𝑒𝑥 drops, the source 

overcompensates the particles loss to the wall and, hence, the density increases. Nevertheless, it is 

emphasized that the extent to which the observed correlation may hold in more realistic scenarios needs 

to be investigated in a setup with self-consistently resolved ionization process as well as the axial fluxes 

of the particles (hence, a 3D PIC simulation). 

Third, from plot (c), the azimuthal electron temperature (𝑇𝑒𝑧) is observed to monotonically increases 

with 𝐸𝑦 for all the propellants. Also, 𝑇𝑒𝑧 exhibits a slight increase with 𝐵𝑥 up to 15 𝑚𝑇 for xenon and 

krypton, while it remains almost constant for argon. It then notably drops beyond 𝐵𝑥 = 15 − 20 𝑚𝑇.  

Finally, the combined trends of 𝑇𝑒𝑥 and 𝑇𝑒𝑧 are aggregated in the total electron temperature (𝑇𝑒) in 

plots (d), where it demonstrates a monotonic increase with 𝐸𝑦. Whereas with 𝐵𝑥, it initially increases 

and then drops with the peak values occurring for 𝐵𝑥 in the range of 15 − 20 𝑚𝑇. 
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Fig. 4.1: Variation of spatiotemporally averaged (across entire domain and over 20 − 30 𝜇𝑠) plasma properties 

vs 𝐸𝑦 (top row) and vs 𝐵𝑥 (bottom row) for the three propellants; (a) ion number density (𝑛𝑖), (b) & (c) radial 

and azimuthal electron temperature (𝑇𝑒𝑥 & 𝑇𝑒𝑧), and (d) total electron temperature  (𝑇𝑒). 

 
Fig. 4.2: Radial profiles of the ion number density (𝑛𝑖) averaged over all azimuthal locations and over the time 

interval of 20 − 30 𝜇𝑠 for the three propellants with various 𝐸𝑦 (top row) and various 𝐵𝑥 (bottom row). 

The observed trends in the electrons’ temperatures (and hence the variation in the ion number 

density), are explained by the dominance of different underlying instability modes and variation of their 

amplitudes with the applied electromagnetic fields’ intensity. As observed in the baseline simulation 

(with 𝐸𝑦 = 10 𝑘𝑉𝑚
−1 and 𝐵𝑥 = 20 𝑚𝑇), the two dominant instabilities in this plasma configuration are 

the ECDI and the MTSI. Therefore, we can exploit our understanding of the different impacts that the 

MTSI and the ECDI modes have on plasma, particularly on the electrons’ heating and the electrons’ 

cross-field transport, to distinguish the relative dominance between the ECDI and the MTSI across 

various simulation cases prior to analyzing the FFT spectra of the plasma fluctuations.  
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Regarding the electron heating effects of the instabilities, it has been demonstrated that the ECDI 

has a significant role in the azimuthal heating of the electrons through particle-wave interactions along 

the azimuthal direction [24][26], whereas the MTSI is observed to heat up the electrons mainly in the 

radial direction parallel to magnetic field [12][28][32]. As a result, the ratio of the radial-to-azimuthal 

electron temperature (𝑇𝑒𝑥/𝑇𝑒𝑧), which is a measure of anisotropy, can be the first indirect indicator of 

the relative significance of these two instability modes. The radial profiles of the electron temperature 

ratio together with variation of its mean value throughout the domain vs 𝐸𝑦 and 𝐵𝑥 are presented in Fig. 

4.3 and Fig. 4.4 for the three simulated propellants. 

The  𝑇𝑒𝑥/𝑇𝑒𝑧 data points vs 𝐸𝑦 in Fig. 4.3 (left) are separated into two distinct clusters, which 

distinguishes two different “operating regimes": regime I, where 𝑇𝑒𝑥/𝑇𝑒𝑧 ≈ 1 for 𝐸𝑦 between 5 −

20 𝑘𝑉𝑚−1, and, regime II, where 𝑇𝑒𝑥/𝑇𝑒𝑧 < 1 for 𝐸𝑦 between 30 − 50 𝑉𝑚−1 . As the 𝑇𝑒𝑥/𝑇𝑒𝑧 ratio can 

serve as a measure of the relative strength of the MTSI and the ECDI, regime I should, hence, be 

characterized by the presence of strong MTSI modes with a radial heating that is almost comparable 

with or larger than the azimuthal heating caused by the ECDI. Whereas, in regime II, the MTSI should 

be mitigated leaving the ECDI as the dominant instability mode, thus, leading to a larger 𝑇𝑒𝑧 than 𝑇𝑒𝑥. 

Furthermore, the temperature ratios are, overall, seen to be the highest for argon and the lowest for 

xenon in regime I, whereas the opposite is true in regime II. This means that argon exhibits a larger 

anisotropy in the electron temperature compared to the other two propellants.  

Regarding the variation of the 𝑇𝑒𝑥/𝑇𝑒𝑧 ratio with 𝐵𝑥 in Fig. 4.3 (right), we see that, for the high values 

of 𝐵𝑥 (25 and 30 𝑚𝑇), 𝑇𝑒𝑥/𝑇𝑒𝑧 > 1, suggesting that the MTSI shall be stronger than the ECDI (regime I). 

For low values of 𝐵𝑥 (5 and 10 𝑚𝑇), 𝑇𝑒𝑥/𝑇𝑒𝑧 < 1, which indicates that the ECDI must be the dominant 

mode under these magnetic field conditions (regime II). At the intermediate magnetic field values 

(15 and 20 𝑚𝑇), particularly for xenon and krypton, 𝑇𝑒𝑥/𝑇𝑒𝑧 ≈ 1. This implies that both the MTSI and the 

ECDI develop with comparable intensities in these cases. Nevertheless, for the argon simulation case 

with 𝐵𝑥 =  20 𝑚𝑇, the MTSI seems to be slightly stronger than the ECDI as the 𝑇𝑒𝑥/𝑇𝑒𝑧 ratio is 

moderately above unity. 

 
Fig. 4.3: Variation of spatiotemporally averaged (across entire domain and over 20 − 30 𝜇𝑠) radial-to-

azimuthal electron temperature ratio (𝑇𝑒𝑥/𝑇𝑒𝑧) vs 𝐸𝑦 (left) and vs 𝐵𝑥 (right) for the three propellants. 
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As for the radial distribution of 𝑇𝑒𝑥/𝑇𝑒𝑧 (Fig. 4.4), various cases exhibit different profiles. For low 

values of 𝐸𝑦 (𝐸𝑦 = 0.5𝐸0, 1𝐸0 and 2𝐸0 ) as well as  high values of 𝐵𝑥 (𝐵𝑥 = 1.25𝐵0 and 1.5𝐵0), 𝑇𝑒𝑥/𝑇𝑒𝑧 is 

large in the center of the domain and becomes smaller away from the centerline. On the other hand, 

cases with high 𝐸𝑦 values (𝐸𝑦 = 4𝐸0 and 5𝐸0), along with those with low 𝐵𝑥 intensities (𝐵𝑥 = 0.25𝐵0 

and 0.5𝐵0) display a more uniform distribution of 𝑇𝑒𝑥/𝑇𝑒𝑧 across the radial extent of the domain. At  𝐸𝑦 =

3𝐸0, 𝑇𝑒𝑥/𝑇𝑒𝑧 demonstrates greater values near the boundary compared to the central region. 

 
Fig. 4.4: Radial profiles of the radial-to-azimuthal electron temperature ratio (𝑇𝑒𝑥/𝑇𝑒𝑧) averaged over all 

azimuthal locations and over the time interval of 20 − 30 𝜇𝑠 for the three propellants with various 𝐸𝑦 (top row) 

and various 𝐵𝑥 (bottom row). 

Looking at the plots in Fig. 4.5, which compares the radial distribution of the normalized axial 

electron current density (𝐽𝑒𝑦/𝐽𝑒𝑦,𝑚𝑒𝑎𝑛) for different simulation cases, we notice the correlation between 

the ECDI and the MTSI instabilities and the characteristic shape of the 𝐽𝑒𝑦/𝐽𝑒𝑦,𝑚𝑒𝑎𝑛 profile. In fact, the 

dominance of either of the two instabilities is reflected in the radial distribution of 𝐽𝑒𝑦/𝐽𝑒𝑦,𝑚𝑒𝑎𝑛. 

In this regard, we observe in Fig. 4.5 that, for the cases where the MTSI is the dominant mode, 

including cases with 𝐸𝑦 = 0.5𝐸0, 2𝐸0 and 𝐵𝑥 = 1.25𝐵0, 1.5𝐵0, 𝐽𝑒𝑦 exhibits peaks away from the center. 

In fact, the existence of two peaks on both sides of the centerline defines the characteristic profile of 

the electron transport induced by the MTSI. However, it is highlighted that a slightly different shape 

observed in the high-𝐵𝑥 simulations is attributed to the contribution of the viscosity (𝐹Π) to the transport, 

rather than the instabilities themselves. Indeed, as will be shown in Section 4.2.3 (Fig. 4.12), the 

isolated contributions of the instabilities exhibit the same characteristic shape of the MTSI-induced 

transport at high-𝐵𝑥 cases, while the additional set of peaks adjacent to the walls arise from the 

viscosity-induced transport. 

 In contrast, for the cases with larger axial electric field, 𝐸𝑦 = 3𝐸0, 4𝐸0, 5𝐸0 and 𝐵𝑥 = 0.25𝐵0 , 0.5𝐵0, 

in which the ECDI is dominant, 𝐽𝑒𝑦 is mostly concentrated toward the center with a peak occurring at 
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the centerline. Such a profile characterizes the electron transport driven by the ECDI. It is also noticed 

that in the 𝐸𝑦 = 4𝐸0 and 5𝐸0 cases, 𝐽𝑒𝑦 reverses its direction close to the walls.  

Near the baseline condition of 𝐸𝑦  =  1𝐸0 (𝐵𝑥 = 1𝐵0) and 𝐵𝑥 = 0.75𝐵0, for xenon and krypton, the 

ECDI and the MTSI are of comparable amplitudes and their combined contributions to the electron 

transport has led to a rather uniform distribution of 𝐽𝑒𝑦 across the domain’s radial extent. The same 

conditions for argon, nonetheless, results in the MTSI to develop with a rather larger amplitude relative 

to the ECDI (see also Fig. 4.3). This causes 𝐽𝑒𝑦 to be less uniform, having peaks toward the walls. 

As a result, the overall distribution of the electrons’ axial current density (𝐽𝑒𝑦) is strongly influenced 

by the instabilities established within plasma, thereby serving as the second indicator of the relative 

dominance of the ECDI and the MTSI.  

The observations made in this section regarding the presence of the ECDI and the MTSI and their 

relative strength in the presence of various applied electromagnetic fields will be verified in the next 

section through a detailed examination of the instabilities’ spectra.  

 
Fig. 4.5: Radial profiles of the normalized axial electron current density (𝐽𝑒𝑦/𝐽𝑒𝑦,𝑚𝑒𝑎𝑛) averaged over all 

azimuthal locations and over the time interval of 20 − 30 𝜇𝑠 for the three propellants with various 𝐸𝑦 (top row) 

and various 𝐵𝑥 (bottom row). 

Before presenting a quantitative assessment of the resolved ECDI and MTSI modes, looking at the 

snapshots of the plasma properties provides a qualitative comparison of the dominant instabilities and 

the variations in their characteristics. In this regard, Fig. 4.6 presents a sample of 2D snapshots of 

various plasma properties for xenon at an instant of time when the spatial averaged (over the entire 

domain) of 𝑇𝑒𝑥  is at its local maximum. This corresponds to the moments along the discharge evolution 

when the MTSI, if present in the simulation with a comparatively high amplitude, is fully developed.  

On the left panel, the MTSI patterns (which are characterized by both azimuthal and radial 

wavevector components) are easily recognizable in the snapshots of the cases with 𝐸𝑦 = 0.5𝐸0, 1𝐸0, 
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and 2𝐸0. The 0.5𝐸0 case also shows the formation of long wavelength azimuthal wave. In the remaining 

cases, the MTSI pattern gets distorted in the 𝐽𝑒𝑦 snapshots. However, the fluctuations still show a finite 

wavenumber in the radial direction except for the 5𝐸0 case, in which the fluctuations become mostly 

azimuthal. The azimuthal wavelength of the waves becomes larger with increasing 𝐸𝑦, which we will 

demonstrate, later in this section, to be consistent with the relevant theory. 

On the right panel, for the 0.5𝐵0 case, MTSI-like patterns are not observed, and only azimuthal 

waves are visible. The simulation cases with 𝐵𝑥 = 0.75𝐵0 and 1𝐵0 feature both the ECDI-representative 

waves with short azimuthal wavelengths and the radial-azimuthal MTSI-like structures of longer 

azimuthal wavelengths. The ECDI waves become less distinct in the 1.25𝐵0 case and are not observed 

in the 1.5𝐵0 case. Furthermore, at the high magnetic field intensities (1.25𝐵0 and 1.5𝐵0), a wave 

structure with a long azimuthal wavelength is developed as well. 

 
Fig. 4.6: 2D snapshots of the normalized plasma properties at a time of local maximum of the spatially averaged 𝑇𝑒𝑥 for xenon 

propellant with various 𝐸𝑦 (left) and various 𝐵𝑥 (right). The columns, from left to right, represent the axial and radial electron current 

densities (𝐽𝑒𝑦 and 𝐽𝑒𝑥), the azimuthal electric field (𝐸𝑧), the radial electron temperature (𝑇𝑒𝑥), and electron number density (𝑛𝑒). 

4.2.2. Variations in the characteristics of the azimuthal instabilities 

To assess the wavenumber and the frequency of the wave modes, we start by presenting the 

spatiotemporally averaged spatial FFTs of the azimuthal electric field (𝐸𝑧) in Fig. 4.7. In these plots, the 

horizontal axis is normalized by the fundamental resonance wavenumber of the ECDI (given by Eq. 

1.3) in each respective case.  
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We first focus on the variation of the 𝑘𝑧 spectrum of the instabilities with 𝐸𝑦 (top panel in Fig. 4.7). 

We observe that the cases with lower E-fields (0.5𝐸0, 1𝐸0, and 2𝐸0) contain distinct peaks at 𝑘𝑧/𝑘0 ≈

0.1 − 0.3 that coincide with the theoretical azimuthal wavenumber of the MTSI as estimated from Eq. 

1.11. The MTSI’s theoretical 𝑘𝑧 is obtained by substituting the value of the radial wavenumber (𝑘𝑥) of 

the MTSI mode in Eq. 1.11. The MTSI’s 𝑘𝑥 value from our simulations is about 245.5 𝑚−1, because the 

captured MTSI waves have a radial wavelength twice the radial size of the domain. The theoretical 

range of the MTSI’s 𝑘𝑧 is highlighted in the plots of Fig. 4.7 by grey-shaded areas. In the 0.5𝐸0 case, a 

long-wavelength mode has additionally appeared with a wavelength almost the same as the domain’s 

azimuthal extent. We refer to this mode as the long-𝜆 mode. The exact origin of this instability is not yet 

fully understood; however, it is conjectured to be the result of an inverse energy cascade of shorter 

wavelength instabilities, which happens in certain conditions. This can be observed from dispersion 

plots and the time evolutions of the 𝑘𝑧 spectra of the instabilities which are provided in Appendix A.5.3 

and Appendix A.5.4, respectively. In most cases where the long-𝜆 instability appears, these plots exhibit 

a spectral cascade of energy from shorter wavelength instabilities (primarily the MTSI’s harmonics) 

towards this long wavelength mode. 

 All FFT spectra additionally show the presence of the first harmonic of the ECDI (𝑘𝑧/𝑘0 ≈ 1) except 

for the 0.5𝐸0 case with krypton. For the 0.5𝐸0 case with krypton, the ECDI, even if might have been 

present in the simulations, has such a small amplitude that it is not evident in the average FFT plot. In 

most cases, the second harmonic of the ECDI (𝑘𝑧/𝑘0 ≈ 2) is also visible. The FFT spectrum of 5𝐸0 case 

has a peak at the third ECDI harmonic as well for all the propellants (not specified in the figure).  

  Now, we look at the variation of the instabilities’ 𝑘𝑧 spectrum with 𝐵𝑥 (bottom panel in Fig. 4.7).  For 

the low 𝐵𝑥 values (0.25𝐵0 and 0.5𝐵0 cases) and for all the propellants, only the ECDI mode is dominantly 

visible at 𝑘𝑧/𝑘0 ≈ 1.  For the cases with the B-field intensity between 0.75𝐵0 and 1𝐵0, the theoretical 

estimation of the MTSI’s azimuthal wavenumber is around 𝑘𝑧/𝑘0 ≈ 0.1 – 0.25.  

From 𝐵𝑥 = 0.75𝐵0 case towards higher B-fields, the FFT spectra for all the propellants start to show 

peaks near the normalized theoretical azimuthal wavenumber of the MTSI at 𝑘𝑧/𝑘0 ≈ 0.25 . For the 

0.75𝐵0 case, the ECDI mode’s magnitude is comparatively lower in krypton than in xenon, and it reaches 

its lowest value for argon. At 𝐵𝑥 = 1𝐵0, the FFTs for all the propellants include both the ECDI and the 

MTSI peaks. For the case of argon, the intensity of the ECDI is nearly equal to that of the MTSI in 

contrast to the cases with xenon and krypton for which the ECDI is stronger than the MTSI.     

In the high B-field range (1.25𝐵0 and 1.5𝐵0), the MTSI is clearly present with high amplitude. The 

long-𝜆 mode with a strength comparable to the MTSI’s, is also visible in the spectra of these cases. At 

the highest B-field condition (𝐵𝑥 = 1.5𝐵0 for xenon and krypton, and 𝐵𝑥 = 1.25𝐵0 for argon), the ECDI 

is not visible in the spatial FFT spectra.  

The main observations from the instabilities’ 𝑘𝑧 spectra are summarized below: 

• At low electric fields (𝐸 ≤ 2𝐸0), both the MTSI and the ECDI exist at comparable amplitudes. 

• At high electric fields (𝐸 ≥ 3𝐸0), the MTSI is mitigated, and the ECDI dominates.  

• At low magnetic fields (𝐵 ≤ 0.5𝐵0), the MTSI is absent, and the ECDI is the dominant mode.  
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• At high magnetic fields (𝐵 ≥ 1.25𝐵0), the MTSI and the long-𝜆 mode are the dominant 

instabilities, and the ECDI is suppressed.  

• At moderate magnetic fields (0.75𝐵0 ≤ 𝐵 ≤ 1𝐵0), both ECDI and MTSI are present with 

comparable strengths.  

These findings are consistent with the arguments made in Section 4.2.1 regarding the relative 

importance of the ECDI and the MTSI modes based on the temperature anisotropy (𝑇𝑒𝑥/𝑇𝑒𝑧 ratio) in the 

system and the radial profile of the axial current density (𝐽𝑒𝑦). 

 
Fig. 4.7: Azimuthal wavenumber spectra of instabilities obtained from average spatial FFTs (over all radial 

positions and over the time interval of 20 − 30 𝜇𝑠) of the azimuthal electric field signal from simulations with various 

𝐸𝑦 (top panel) and various 𝐵𝑥 (bottom panel) for the three propellants. 𝑘0 represents the ECDI’s fundamental 

wavenumber (𝑘0 =
ω𝑐𝑒

𝑉𝑑𝑒
). 
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To determine the frequency spectra of the instabilities, we look at the spatially averaged temporal 

FFT plots of the 𝐸𝑧 signal as is shown in Fig. 4.8. Complementary spectral analyses using the Dynamic 

Mode Decomposition (DMD) method [117][118][134] can assist with distinguishing the individual 

instability modes present in the system and to derive unambiguously their spatial structure together with 

their frequencies [135][136]. 

 

Fig. 4.8: Frequency spectra of instabilities obtained from average temporal FFTs (over all radial and azimuthal 

positions) of the azimuthal electric field signal from simulations with various 𝐸𝑦 (top row) and various 𝐵𝑥 

(bottom row) for the three propellants. 

The combined insights from the FFT spectral analysis are summarized in Fig. 4.9, where we plotted 

the numerically observed characteristics of the resolved ECDI and MTSI modes against the 𝐸𝑦 and 𝐵𝑥 

values. Additionally, the theoretical estimations of the ECDI’s and the MTSI’s characteristics obtained 

from the corresponding theories (reviewed in Section 1.1.3.1 and 1.1.3.3, respectively) are 

superimposed on these plots. The characteristics of interest are the nondimensional azimuthal 

wavenumber (𝑘̃𝑧 = 𝑘𝑧𝜆𝐷), the nondimensional frequency (𝜔̃ = 𝜔/𝜔𝑝𝑖), and the nondimensional 

azimuthal phase velocity (𝑉̃𝑝ℎ = 𝑉𝑝ℎ/𝑐𝑠, where 𝑉𝑝ℎ is the waves’ phase velocity and 𝑐𝑠 is the ion sound 

speed). It is also pointed out that, for the simulation cases in which the MTSI or the ECDI mode was 

not distinctly detected from the FFT analyses (the modes were strongly mitigated), the plots in Fig. 4.9 

only present the theoretical data points. 

With regard to the theoretical comparisons, the 𝑘̃𝑧 values for the ECDI from the simulations are seen 

to be largely consistent with the theory across the simulated 𝐸𝑦 and 𝐵𝑥 ranges. 

It is of interest to also investigate whether the ECDI modes share characteristics with the ion acoustic 

instability (IAI) modes, the transition to which are reported following the nonlinear growth and the 

pseudo-saturation of the instability [10][18]. In this regard, the characteristics of the fastest growing 

mode of the IAI from Eq. 1.7 are additionally superimposed on the ECDI’s plot as horizontal black lines. 
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However, there is not sufficient agreement between the simulated characteristics of the ECDI and the 

theoretical characteristics of the IAI’s fastest growing mode to provide evidence for the transition of the 

ECDI’s waves to the IAI.   

To evaluate this more closely, we have also provided in Appendix A.5.3, the comparison between 

the 2D dispersion maps of the azimuthal fluctuations with the IAI’s theoretical dispersion relation (Eq. 

1.4) for various 𝐸𝑦 and 𝐵𝑥 conditions with the xenon. Even though the dispersion map analyses are not 

entirely conclusive, some cases especially the baseline and those with 𝐸𝑦 =  30, 40 𝑘𝑚
−1 and 𝐵𝑥 =

15 𝑚𝑇, exhibit a certain extent of resonance broadening around the dominant mode, which is a 

characteristic feature of the transition of the ECDI modes to the IAI [18]. 

Regarding the comparison of the MTSI’s characteristics with theory, the theoretical and the 

simulated 𝑘̃𝑧 values show only minor discrepancies for the low 𝐸𝑦 intensities where the MTSI appeared. 

For various 𝐵𝑥, the MTSI’s simulated 𝑘̃𝑧 values show a good agreement with theory up to the 𝐵𝑥 =

15 𝑚𝑇. At the higher 𝐵𝑥 values, the simulated wavenumbers show some deviation from the theory with 

a major discrepancy at 𝐵𝑥 = 30 𝑚𝑇.  

Concerning the large discrepancy at 𝐵𝑥 = 30 𝑚𝑇, it is pointed out that we have taken the highest 

peak within the MTSI wavenumber range (𝑘𝑧/𝑘0  = 0.188), as was highlighted in plots of the spatial FFT 

in Fig. 4.7, to represent the azimuthal wavenumber of the MTSI from the simulations. However, there 

also exists another nearby peak at 𝑘𝑧/𝑘0  = 0.125 with a slightly lower amplitude. This second, lower-

amplitude peak coincides with the theoretical wavenumber of the MTSI from Eq. 1.11 for the 30 𝑚𝑇 

case. Because it cannot be determined with full certainty which one of the two peaks corresponds to 

the MTSI in the simulation, we have added an error bar in the MTSI’s  𝑘̃𝑧 plot (bottom panel in Fig. 4.9) 

for the 30 𝑚𝑇 case. The error bar covers the wavenumber interval between the two identified peaks.  

To ensure that this special double-peak feature in the FFT spectrum is not due to the Q2D 

approximation, we verified the Q2D simulation of the 30 𝑚𝑇 case with the xenon propellant against a 

full-2D simulation of the same case in terms of the spatial and temporal FFT spectra of the instabilities. 

The results are provided in Appendix A.5.1. The 2D simulation also shows a broadening of the 𝑘𝑧/𝑘0 

spectrum near the MTSI’s azimuthal wavenumber (within 𝑘𝑧/𝑘0  = 0.125 − 0.188).  

The theoretical MTSI’s frequencies are obtained by solving the dispersion relation given by Eq. 1.9. 

To solve this equation, we substituted once the theoretical 𝑘𝑧 from Eq. 1.11 and once the 𝑘𝑧 as obtained 

from our simulations (in the 𝐸𝑦 range where MTSI modes were observed in the spatial FFTs). The two 

resulting sets of theoretical frequencies are compared against the simulated 𝜔̃ values in Fig. 4.9.  
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Fig. 4.9: Variation of the normalized characteristics of the dominant ECDI and the MTSI modes vs 𝐸𝑦 (top panel) and vs 𝐵𝑥 

(bottom panel) for the three propellants. In each panel, (top row) normalized azimuthal wavenumber (𝑘̃𝑧 = 𝑘𝑧𝜆𝐷𝑒) 

compared against the theoretical wavenumber of the ECDI’s first harmonic and the MTSI’s fastest growing mode from Eq. 

1.3 and Eq. 1.11, respectively; (middle row) normalized real frequency (𝜔̃ = 𝜔/𝜔𝑝𝑖); (bottom row) normalized azimuthal 

phase velocity (𝑉̃𝑝ℎ = 𝑉𝑝ℎ/𝑐𝑠). Superimposed on the ECDI plots, the horizontal black lines indicate the characteristics of the 

IAI’s fastest growing mode of the from Eq. 1.7. The hollow markers on the MTSI frequency plot correspond to the solution to 

the instability’s dispersion relation (Eq. 1.9); the theoretical data points on the middle-column frequency plot are from 

solving Eq. 1.9 with the 𝑘𝑧 from Eq. 1.11, whereas the theoretical points on the right-column frequency plot are from solving 

Eq. 1.9 using the simulated 𝑘𝑧. The same is true for the phase velocity (bottom row, middle and right-most columns). 
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Focusing on the 𝐸𝑦 range of 5 − 20 𝑘𝑉𝑚−1 and 𝐵𝑥 range of 15 − 30 𝑚𝑇, for which both the simulated 

and the theoretical 𝑘𝑧 values are available, we notice that the minor discrepancies observed between 

the normalized 𝑘𝑧 values from the theory (Eq. 1.11) and the simulations in Fig. 4.9 (top row in each 

panel, middle column) translate in a major variation in the theoretical values of the MTSI frequency from 

the dispersion relation in Eq. 1.9. This strong sensitivity of the frequency to the 𝑘𝑧 value is expected, 

because Eq. 1.11 describes the wavenumber at the resonance condition for the MTSI where the 𝜔 − 𝑘𝑧 

dispersion relation has a very steep slope. Hence, a small variation in 𝑘𝑧 can drastically change the 

theoretically predicted frequency and, in turn, the theoretical phase velocity. Accordingly, we observe 

that if we instead use the MTSI’s simulated wavenumber to solve the dispersion relation in Eq. 1.9 to 

obtain the theoretical frequency and subsequently the theoretical phase velocity, the theoretical values 

become quite comparable with simulations’ predictions of these two characteristics as seen in Fig. 4.9 

(second and third rows in each panel, right column). 

Comparing the variation trends of the ECDI’s and the MTSI’s frequency with the E-field intensity 

from Fig. 4.9, it is seen that overall, the ECDI’s frequency decreases with 𝐸𝑦 whereas the MTSI exhibits 

the opposite trend. As a result, the frequencies of the ECDI and the MTSI are getting closer to each 

other as the electric field increases, which can facilitate the interactions of the two instabilities and the 

energy transfer between their associated waves. The enhanced interactions between the ECDI and the 

MTSI is a possible explanation for the mitigation of the MTSI under the elevated electric field conditions 

(i.e., for 𝐸𝑦 ≥ 30 𝑘𝑉𝑚−1), and the growth of the ECDI as the single dominating mode at the high electric 

field values.  

Furthermore, to explain why the MTSI is mitigated in the cases with low B-field intensities (i.e., for 

𝐵𝑥 ≤ 10 𝑚𝑇), we have plotted in Fig. 4.10 the variation of the normalized MTSI’s growth rate (𝛾̃ = 𝛾/𝜔𝑝𝑖) 

against the normalized azimuthal wavenumber (𝑘̃𝑧 = 𝑘𝑧𝜆𝐷) and 𝐵𝑥. The growth rate is obtained by 

solving the MTSI’s dispersion relation (Eq. 1.9) at two fixed values of the normalized radial wavenumber 

(𝑘̃𝑥 = 𝑘𝑥𝜆𝐷) of 0.02 and 0.035. These specific 𝑘̃𝑥 values are selected because they indicate the two 

bounds of 𝑘̃𝑥 for the MTSI modes that were developed in the simulations across the various magnetic 

field intensities. The MTSI’s theoretical 𝑘̃𝑧 is varied from about 0.02 to 0.25 as the 𝐵𝑥 increases from 

5 𝑚𝑇 to 30 𝑚𝑇. From the plots in Fig. 4.10, we observe that in the low magnetic field range, the growth 

rate of the MTSI’s fastest growing mode is small, but it increases significantly as the magnetic field 

becomes stronger. This is consistent with our numerical observations that stronger MTSI modes occur 

at higher magnetic field magnitudes. 
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Fig. 4.10: Variation of the normalized MTSI’s growth rate (𝛾̃ = 𝛾/𝜔𝑝𝑖) vs the normalized azimuthal 

wavenumber (𝑘̃𝑧 = 𝑘𝑧𝜆𝐷) and the 𝐵𝑥 obtained from the solution of the MTSI’s dispersion relation in Eq. 1.9 for 

the xenon propellant. To solve the dispersion relation, we have used 𝑛𝑖 = 1.5 × 10
17𝑚−3, 𝑇𝑒 = 30 𝑒𝑉, and 𝐸𝑦 =

10 𝑘𝑉𝑚−1. The dispersion relation is solved for two constant normalized radial wavenumber values (𝑘̃𝑥 =

𝑘𝑥𝜆𝐷) of (a) 𝑘 ̃_𝑥 = 0.02, and (b) 𝑘̃𝑥 = 0.035. The cyan curves in plots (a) and (b) indicate the azimuthal 

wavenumber of the MTSI’s fastest growing mode as is determined from Eq. 1.11. Plot (c) shows the variation 

of 𝛾̃ vs 𝐵𝑥  for the MTSI’s fastest growing mode with the two selected values of 𝑘̃𝑥.   

Before proceeding with the rest of the discussion, we highlight that in order to gain confidence in the 

insights provided from these Q2D simulations, we verified the Q2D predictions of the instability’s spectra 

for the cases with extreme fields, i.e.,  𝐸𝑦 = 5𝐸0 and 𝐵𝑥 = 1.5 𝐵0, with xenon propellant, against the full-

2D simulations. The results of these verifications are presented in Appendix A.5.1. 

In the Q2D simulation for 1.5 𝐵0 case we observed that the ECDI was absent in the 𝑘𝑧 spectrum of 

the instabilities (Fig. 4.7). However, the 𝑘𝑧 spectrum from the full-2D simulation exhibits a very small 

peak near the ECDI’s first harmonic. Accordingly, we conclude that the ECDI is not entirely absent in 

the 1.5𝐵0 condition. Rather, the ECDI mode is strongly suppressed to a very low amplitude. At such a 

low amplitude, the ECDI is likely falling close to the noise level of the Q2D simulations, which makes it 

undetectable from the spatial FFT of the Q2D results.  

For the 𝐸 = 5𝐸0 case, the full-2D and Q2D results are very similar. The full-2D results confirm that 

the occurrence of the multiple peaks in the temporal FFT (Fig. 4.8) in this case is not due to any 

numerical issues potentially caused by the Q2D simulation; rather, the multiple peaks are indeed 

present in the 2D simulation as well. 

Furthermore, the outcomes of an analysis of the sensitivity of the instabilities’ spectra to the radial 

and azimuthal lengths of the domain are presented in Appendix A.5.2 for the case of 𝐸𝑦 =  5𝐸0 case. 

The results confirm that the mitigation of the MTSI in the high E-field cases, particularly at the extreme 

of E-field of 5𝐸0, was not due to limited extent of the domain. This study additionally demonstrates that 

enlarging the domain size along the radial direction or along both the radial and azimuthal directions 

leads to the development of the long-𝜆 wave mode.     

As a concluding remark concerning the instabilities, we turn our attention to the saturation of the 

azimuthal instabilities. In this regard, the interaction of the ion particles with the azimuthal waves and 
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their tapping in the wave’s potential wells − a phenomenon known as ion-wave trapping − is proposed 

as a saturation mechanism for the azimuthal instabilities including the ECDI [29]. This ion-wave trapping 

phenomenon is evident from the azimuthal ions’ phase-space (𝑧 − 𝑣𝑧) plots, which are presented as a 

sample for xenon in Fig. 4.11. The characteristic “loops” in these plots indicate the ions being trapped 

in the waves’ potential. The size of the loops along the azimuthal direction (𝑧) is indicative of the 

wavelength of the azimuthal instabilities, and along the azimuthal velocity direction (𝑣𝑧) is correlated 

with the combined effect of the amplitude and the phase velocity of the instability’s waves. 

The interactions of the ion particles with the azimuthal waves result in progressively increasing 

broadening of the ion velocity distribution functions (IVDF) in the azimuthal direction with increasing E-

field. Moreover, the ions phase-space plot shows a turbulent distortion of ion flow in the phase-space 

for the 0.25𝐵0 case. The significance of the ion-wave trapping diminishes with the increasing 𝐵𝑥 values 

which result in the reduced azimuthal broadening of the IVDF at high B-fields intensities. 

 
Fig. 4.11: Ions’ azimuthal phase-space (𝑧 − 𝑣𝑧) plots for xenon with various 𝐸𝑦 (left column) and various 𝐵𝑥 (right column). 
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4.2.3. Variation in the electrons’ cross-field transport 

In this section, we examine the contribution of various terms in the electrons’ azimuthal momentum 

equation (Eq. 1.20) to the electrons’ cross-field transport in the presence of different 𝐸𝑦 and 𝐵𝑥.  Eq. 

1.20 is rewritten below with the notations adapted according to the coordinate system convention in the 

radial-azimuthal case  

−𝑒𝑛𝑒𝑣𝑒,𝑦𝐵𝑥 =
𝜕

𝜕𝑡
(𝑚𝑒𝑛𝑒𝑣𝑒,𝑧) +

𝜕

∂𝑥
(𝑚𝑒𝑛𝑒𝑣𝑒,𝑥𝑣𝑒,𝑧) +

𝜕

∂𝑥
(Π𝑒,𝑥𝑧) − 𝑒𝑛𝑒𝐸𝑧 . 

 Eq. 4.1 

This analysis is performed as an example for the xenon propellant. The resulting time-averaged 

radial profiles of different force terms in Eq. 4.1, along with their average values over the radial extent 

of the domain are shown, respectively, in Fig. 4.12 and Fig. 4.13. 

From these figures, it is evident that the 𝐹𝐸 term, which represents the contribution of the azimuthal 

instabilities, distinctly plays the dominant role among other terms in all simulation cases. Therefore, the 

𝐹𝐸 profile determines the overall distribution of the cross-field transport across the domain indicated by 

the 𝐹𝐵 term. The radial distribution of the 𝐹𝐸 (and 𝐹𝐵) term in each case resembles the respective profile 

of the 𝐽𝑒𝑦 in  Fig. 4.5 for xenon. In fact, across all field intensities, the average value of the 𝐹𝐸 term is 

1 − 2 orders of magnitude larger than the value of the second important term, i.e., 𝐹Π which indicates 

the viscous effects (off-diagonal entry of the pressure tensor).  

At lower E-field (𝐸𝑦 ≤ 2𝐸0), the 𝐹Π term exhibits an oscillatory profile around zero along radial 

direction, resulting in a mean value that is close to zero. At higher E-fields (𝐸𝑦 ≥ 3𝐸0), the 𝐹Π term 

remains positive over a more extended portion of the domain around the center and becomes negative 

near the walls, leading to larger mean values. Among various 𝐵𝑥 cases, the relative role of 𝐹Π is most 

significant at high B-field intensities (𝐵𝑥 ≥ 1.25𝐵0). In this respect, although the mean value of the 𝐹Π 

term is still small compared to the 𝐹𝐸 (Fig. 4.13), the local value of this term near the walls has a 

noticeable effect on the total momentum distribution (𝐹𝐵 term) near the walls for 1.5𝐵0 case, and across 

the domain for 1.25𝐵0 condition.  In addition, these results show that the convective inertia term (𝐹𝐼) has 

a negligible role in cross-field transport across all 𝐸𝑦 and 𝐵𝑥 conditions.   

As one last point concerning the plots in Fig. 4.12 and Fig. 4.13, the discrepancy noticed between 

the left-hand side of Eq. 4.1 (𝐹𝐵 term) and the sum of the force terms on the right-hand side of this 

equation (RHS) is attributed to the momentum loss induced in the system by the application of the 

artificial boundary condition on the particles’ motion along the axial direction. In this regard, as explained 

in Section 3.1.1, particles crossing the artificial boundaries of the domain along the axial direction are 

reloaded on the simulation plane with new velocities sampled from their initial distribution functions. 

This resampling of the particles amounts to a momentum loss (not accounted for in Eq. 4.1), which 

manifests as the discrepancy between the 𝐹𝐵 and the RHS terms. 

The imbalance between 𝐹𝐵 and the RHS terms is particularly pronounced for the cases exhibiting 

relatively large axial electron fluxes, namely those with 𝐸𝑦 ≥ 3𝐸0 and 𝐵𝑥 < 1𝐵0,  due to the higher 

particle resampling rates in these cases.  
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Fig. 4.12: Radial profiles of the transport terms in Eq. 4.1 for xenon propellant with various 𝐸𝑦 (top panel) and 

various 𝐵𝑥 (bottom panel). The force terms are averaged over 20 − 30 𝜇𝑠. 𝐹𝐵 is the magnetic force, 𝐹Π is the 

viscous effects, 𝐹𝐼 is the convective inertia force, 𝐹𝐸 is the electric force term, and RHS represents the sum of 

𝐹Π, 𝐹𝐼 and 𝐹𝐸 . 𝐹𝑡 (temporal inertia) contribution was almost zero, and it is thus not displayed. 

 
Fig. 4.13: Variation of spatiotemporally averaged (across entire domain and over 20 − 30 𝜇𝑠) force terms in 

the electrons’ azimuthal momentum equation (Eq. 4.1) vs 𝐸𝑦 (left) and various 𝐵𝑥 (right) for xenon propellant.  



   

Imperial College London, Department of Aeronautics 
144 

REDUCED-ORDER PARTICLE-IN-CELL SCHEME FOR 

COMPUTATIONALLY EFFICIENT KINETIC PLASMA MODELLING 

4.2.4. Variations in the divergence of the ion beam  

To quantify the level of beam divergence from the simulations, we defined an average divergence 

angle of the ion beam (𝛼𝑎𝑣𝑔) as  

𝛼𝑎𝑣𝑔(𝑥) = max(−
∫  𝛼 𝛾(𝛼, 𝑥)𝑑𝛼
0

−
𝜋
2

∫  𝛾(𝛼, 𝑥)𝑑𝛼
0

−
𝜋
2

,   
∫  𝛼 𝛾(𝛼, 𝑥)𝑑𝛼
𝜋
2
0

∫  𝛾(𝛼, 𝑥)𝑑𝛼
𝜋
2
0

) .   Eq. 4.2 

In the above equation, 𝛼 represents the angle between the ion particles’ trajectory and the axial (𝑦) 

axis. Also, the function 𝛾(𝛼, 𝑥) introduces a novel concept that we term the “divergence-angle 

distribution function” or 𝐼𝛼𝐷𝐹 (in analogy with the 𝐼𝑉𝐷𝐹 which denotes ion velocity distribution function).  

We define 𝛼𝑥 and 𝛼𝑧 as the projections of 𝛼 on the axial-radial and axial-azimuthal planes, 

respectively, i.e.,  

𝛼𝑥 = tan−1 (
𝑣𝑖,𝑥
𝑣𝑖,𝑦

),       𝛼𝑧 = tan
−1 (

𝑣𝑖,𝑧
𝑣𝑖,𝑦

)   Eq. 4.3 

where, 𝑣𝑖,𝑥, 𝑣𝑖,𝑦, and 𝑣𝑖,𝑧 are, respectively, the ion particles’ velocity along the radial, axial, and 

azimuthal directions. Accordingly, we can define ions’ radial and azimuthal divergence-angle 

distribution function by 𝛾𝑥(𝛼𝑥 , 𝑥) and 𝛾𝑧(𝛼𝑧 , 𝑥), respectively. Substituting 𝛾𝑥(𝛼𝑥, 𝑥) and 𝛾𝑧(𝛼𝑧, 𝑥) in Eq. 

4.2, we obtain the radial distribution of the average ion beam divergence due to the radial and the 

azimuthal ions’ velocity components, 𝛼𝑥,𝑎𝑣𝑔(𝑥) and 𝛼𝑧,𝑎𝑣𝑔(𝑥). While 𝛼𝑥,𝑎𝑣𝑔 characterizes the ions radial 

expansion and 𝛼𝑧,𝑎𝑣𝑔 represents the ions azimuthal swirl, both angles measure the deviations of the ion 

flow from an axially directed beam.  

Moreover, integrating these distribution functions along the domains’ 𝑥-extent yields the integral 

distributions of ion particles over 𝛼𝑥 and 𝛼𝑧, represented by Γ𝑥 and Γ𝑧 

Γ𝑥(𝛼𝑥) = ∫ 𝛾𝑥(𝛼𝑥 , 𝑥)𝑑𝑥
𝐿𝑥

0

,        Γ𝑧(𝛼𝑧) = ∫ 𝛾𝑧(𝛼𝑧 , 𝑥)𝑑𝑥
𝐿𝑥

0

 .  Eq. 4.4 

The radial (Γ𝑥) and azimuthal (Γ𝑧) divergence-angle distribution functions of the ions, as per Eq. 4.4 

are illustrated in Fig. 4.14 for different 𝐸𝑦 and 𝐵𝑥 values. Regarding the variations of Γ𝑥 with the field 

intensities, we notice that cases where the MTSI is strong, i.e., for 𝐸𝑦 ≤ 1𝐸0 and 𝐵𝑥 ≥ 1𝐵0, the ions are 

distributed over broader radial velocity angles, than in the cases where the ECDI is the dominant 

instabilities (𝐸𝑦 ≥ 2𝐸0 and 𝐵𝑥 ≤ 0.75𝐵0). In fact, in these cases, Γ𝑥 manifests two peaks at velocity 

angles 𝛼𝑥 ≈ ±45 degrees, in contrast to the latter cases where the peak of Γ𝑥 occurs at  𝛼𝑥 = 0. 

Different behaviors are also observed for Γ𝑧 distributions among these two sets of cases. In the 

cases where the ECDI is dominant (𝐸𝑦 ≥ 2𝐸0 and 𝐵𝑥 ≤ 0.75𝐵0), Γ𝑧 indicates an ion population with 

negative 𝛼𝑧 angles, which represents the tapped ions drifting with the azimuthal phase velocity of the 

ECDI’s azimuthal waves. Whereas in the presence of the MTSI, Γ𝑧 exhibits a monotonic drop towards 

larger positive and negative 𝛼𝑧 angles with a more symmetric distribution over negative and positive 𝛼𝑧 

angles. 
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Fig. 4.14: Spatially averaged (over entire domain) divergence-angle distribution functions due to the radial 

velocity component (Γ𝑥, top panel) and due to the azimuthal velocity component of the ions (Γ𝑧, bottom panel) 

for the three propellants with various 𝐸𝑦 (top row in each panel) and various 𝐵𝑥 (bottom row in each panel). 

The distribution of the average divergence angles due to the radial and azimuthal ion velocities, 

𝛼𝑥,𝑎𝑣𝑔 and 𝛼𝑧,𝑎𝑣𝑔, are obtained using Eq. 4.2 and presented in Fig. 3.15.  As expected from Γ𝑥 distribution 

functions in Fig. 4.14, the cases with 𝐸𝑦 ≤ 1𝐸0 or 𝐵𝑥 ≥ 1𝐵0 (MTSI dominant) show significantly larger 

𝛼𝑥,𝑎𝑣𝑔 angles in the central region of domain compared to the cases with 𝐸𝑦 ≥ 2𝐸0 or 𝐵𝑥 ≤ 0.75𝐵0 (ECDI 

dominant). Contrarily, the conditions with the ECDI (or the long-𝜆 mode in case of 𝐸𝑦 = 0.5𝐸0) as the 

prevailing instability result in smaller 𝛼𝑥,𝑎𝑣𝑔 angles. 

These trends are summarized in Fig. 4.16 in term of the mean values of 𝛼𝑥,𝑎𝑣𝑔 and 𝛼𝑧,𝑎𝑣𝑔 

distributions across the radial extent of the domain, 𝛼𝑥,𝑚𝑒𝑎𝑛 and 𝛼𝑧,𝑚𝑒𝑎𝑛, as indicative quantities 

representing the overall ion beam divergence due to the radial and azimuthal velocity components of 

the ions, respectively. 
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Fig. 4.15: Radial distribution of the azimuthally averaged ion beam divergence angle (𝛼𝑥,𝑎𝑣𝑔 & 𝛼𝑧,𝑎𝑣𝑔, Eq. 4.2) 

due to the radial and azimuthal velocity components of the ions for the three propellants with various 𝐸𝑦 (top 

row in each panel) and various 𝐵𝑥 (bottom row in each panel). 

These results reveal that the ion beam divergence caused by the MTSI (thus in conditions where 

the MTSI is strong), is mainly through affecting the radial component of the ion particles’ velocities, and 

thus increasing 𝛼𝑥. This happens due to the radial wavenumber component of the MTSI’s wave which 

scatters ions radially. On the other hand, the purely azimuthal ECDI’s waves contribute to the 

divergence of the ion beam mainly by increasing the ions velocity component along the azimuthal 

direction, hence elevating 𝛼𝑧. Indeed, as seen in Fig. 4.16, in the low E-field and high B-field conditions, 

𝛼𝑥,𝑚𝑒𝑎𝑛 > 𝛼𝑧,𝑚𝑒𝑎𝑛, indicating that the ion beam divergence is dominated by the MTSI’s contribution to 

𝛼𝑥,𝑚𝑒𝑎𝑛. Whereas in the high E-field and low B-field conditions, 𝛼𝑥,𝑚𝑒𝑎𝑛 and 𝛼𝑧,𝑚𝑒𝑎𝑛 are of comparable 

magnitudes, which means that the ECDI’s contribution to 𝛼𝑧,𝑚𝑒𝑎𝑛 is as large as the ions’ radial 

expansion. 
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Fig. 4.16: Variation of spatiotemporally averaged (across entire domain and over 20 − 30 𝜇𝑠) divergence angle 

vs 𝐸𝑦 (top row) and 𝐵𝑥 (bottom row) for the three propellants; (left column) divergence angle due to the ions’ 

radial velocity component, (right column) divergence angle due to the ions’ azimuthal velocity component.  

4.3.  Influence of the curvature of the magnetic field 

The effects of the axial gradients of the magnetic field on the plasma behavior in Hall thrusters have 

been the subject of several studies in the past years [121]-[125]. However, there has not been as much 

attention to the effects that the magnetic field curvature (radial gradients) has on the underlying plasma 

processes, particularly on the azimuthal instabilities and the resulting electron transport. Most high-

fidelity studies of these two phenomena, which have been carried out in the setups resolving the radial 

coordinate, had assumed perfectly radial magnetic field lines [12][33][35].  

Concerning the impacts of the B-field curvature on the plasma-wall interactions, there have been, 

nonetheless, a number of previous efforts. These activities were in part motivated by the emergence of 

the magnetically shielded Hall thrusters and their non-conventional magnetic field topologies. Refs. 

[52][126][127] carried out hybrid fluid-PIC simulations in the axial-radial coordinates to investigate the 

physics underlying the magnetic shielding concept as well as to analyze the variation in the distribution 

of the plasma properties, the sheath characteristics, and the plasma-wall interactions due to the 

consequent changes in the B-field topology. Authors in Refs. [128][129] also performed studies of 

similar scope on two specific industrial magnetically shielded Hall thrusters using axial-radial hybrid 

simulations. The focus of these works was on the 2D spatial distribution of the plasma properties, global 

power and current balances, and the interactions of the plasma with the radial walls [128][129]. 

The effects of the magnetic field curvature have also been assessed using fully kinetic PIC 

simulations. In this regard, Liu et al. [130] and Quan et al. [131] studied the influence of various degrees 
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of B-field’s curvature on the plasma-wall interactions and the erosion phenomenon using 2D axial-radial 

and limited-domain radial-azimuthal simulations, respectively. They demonstrated that increasing the 

concavity of the field lines reduces the energy of the ions reaching the wall and, hence, lowers the 

erosion rate [131]. On the contrary, in the case of convex field lines, the erosion rate becomes highly 

significant at large degrees of positive curvature [131] . Marin-Cebrián et al. in Ref. [132] carried out 1D 

radial PIC simulations with various magnetic field curvatures and showed that, for negative curvatures, 

the electrons’ distribution function becomes more isotropic, and the tail of the distribution function is 

greatly replenished. A concentrating effect in cases with concave field curvatures was observed, with 

the plasma density in the center of the domain becoming higher than the case with a constant radial 

magnetic field [132]. Taccogna et al. assessed, in a 1D radial setup, the effects of the magnetic field’s 

inclination on the plasma sheath’s characteristics in the presence of the secondary electron emission 

and with the plasma properties representative of different axial locations within the discharge channel 

of a Hall thruster [133]. 

To investigate the impact of the magnetic field’s curvature on the dynamics of the plasma in the 

adopted simulation configuration, the applied magnetic field comprises a radially varying axial 

component (𝐵𝑦) in addition to a uniform radial component (𝐵𝑥 = 20 𝑚𝑇). We chose the same relation 

adopted in Ref. [132] to prescribe the variation of the 𝐵𝑦 along the radial direction    

𝐵𝑦 = 𝐵𝑥 tan 𝜃(𝑟) ;       tan 𝜃 =
𝐿𝑥 − 𝑥

𝐿𝑥
tan 𝜃1 +

𝑥

𝐿𝑥
tan 𝜃2  Eq. 4.5 

where, 𝜃1 and 𝜃2 are, respectively, the incident angles of the magnetic field lines at the inner and 

the outer walls, as illustrated in Fig. 4.17 (a). The magnetic field is assumed to be symmetric with 

respect to the channel centerline, hence, 𝜃1 = −𝜃2. We highlight that, because simulations occur on a 

plane and do not resolve the variations along the axial dimension, the magnetic field does not have an 

axial gradient.  

The Q2D simulations are performed with various degrees of magnetic field curvature, as 

parametrized by 𝜃 = 𝜃1. The field curvature parameter, 𝜃, ranges from −60 to 60 degrees with a 15-

degree increment. The case with 𝜃 = 0 corresponds to the purely radial magnetic field topology of the 

baseline benchmark setup.  

The concave field topology with negative curvature (𝜃 < 0) refers to the field lines curving toward 

the anode (−𝑦 direction), which is representative of a typical magnetic field topology upstream of the 

axial location of the magnetic field peak (𝑥𝐵,𝑝𝑒𝑎𝑘) within a Hall thruster’s channel. Conversely, the convex 

field topology with positive curvature (𝜃 > 0) signifies the field lines curving toward the cathode (+𝑦 

direction), hence, resembling the conditions downstream of the 𝑥𝐵,𝑝𝑒𝑎𝑘 location. About the location of 

the B-field peak, which typically occurs near the channel’s exit plane, the field lines are mostly radial 

with no notable curvature. Due to the general expected effect the curvature of the B-field has on the ion 

beam, the concaves (negative) curvature is often referred to as “ion focusing” in literature, while the 

field lines with convex (positive) curvatures are known as “ion diverging” or “ion expanding” [49]. 
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The streamlines of the magnetic field and the radial variation of 𝐵𝑦 in the simulated cases are 

illustrated, respectively, in Fig. 4.17 (b) and (c). 

 

Fig. 4.17: (a) Schematic of the magnetic field lines, with the lines’ incidence angle at the inner wall (𝜃1) and at 

the outer wall (𝜃2) as used in Eq. 4.5 illustrated, (b) 2D shape of the magnetic field lines in the axial-radial (𝑦 – 

𝑥) plane for various 𝜃, and (c) radial profile of the axial component of the magnetic field (𝐵𝑦) for various 𝜃. 

Before discussing the results, it is noted that the same setup and conditions as those of Q2D 

simulations are simulated for xenon using the 1D radial PIC (IPPL-1D) in Appendix A.5.6, excluding the 

azimuthal direction and all the associated conditions. The comparison between the 1D results against 

the Q2D ones (provided in Appendix A.5.6) helps isolate and evaluate the contributions of azimuthal 

physics from the radial dynamics. These results highlight the significance of resolving azimuthal 

processes in such studies.  

4.3.1. Variations in the distribution of the plasma properties 

Fig. 4.18 presents the change in the spatiotemporal average of several plasma properties with 

respect to 𝜃. Referring to Fig. 4.18 (a), the number density (𝑛𝑖) increases notably as 𝜃 approaches 

large negative values (𝜃 = −60,−45 degrees). However, it remains nearly identical for cases with 𝜃 =

−30,−15, and 0 degrees. In contrast, across the range of 𝜃 ≥ −30, 𝑛𝑖 exhibits a more moderate 

variation. The time-averaged radial profiles of 𝑛𝑖 are also shown in Fig. 4.19. 

The general trend of 𝑛𝑖 vs 𝜃 is consistent across all propellants, with xenon exhibiting the highest 

density, argon displaying the lowest, and krypton falling in between. However, there is an exception in 

the scenario with 𝜃 = −60 degrees, where krypton demonstrates the highest density among the three 

propellants. We will see shortly that this exception is due to a slightly weaker MTSI mode for krypton at 

𝜃 = −60 degrees compared to the other two propellants.  Apart from the direct effect of B-field curvature 

on the ion flux lost to the walls, the observed trends in 𝑛𝑖 are in part the consequence of the variations 

in the radial electron temperature (𝑇𝑒𝑥). As discussed in Section 4.2.1, the setup of the problem creates 

a certain degree of coupling between 𝑛𝑖 and 𝑇𝑒𝑥 due to imposing a temporally invariant ionization source 

and the absence of a self-consistent (𝑇𝑒- dependent) ionization. Thus, the particle losses which are 

proportional to 𝑇𝑒𝑥 establish the observed inverse correlation between 𝑛𝑖 and 𝑇𝑒𝑥.  
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𝑇𝑒𝑥 decreases almost monotonically from 𝜃 = −30 to 45 degrees, and it increases slightly at 𝜃 = 60 

degrees. Across this range of B-field curvatures, argon consistently demonstrates the lowest 𝑇𝑒𝑥, 

whereas xenon exhibits the highest values. 

Looking at Fig. 4.18 (c), 𝑇𝑒𝑧 has an overall increasing-decreasing trend with the magnetic field 

curvature, with the mean values of the azimuthal electron temperature being the highest at 𝜃 = 0 for 

xenon and krypton and within the range of 𝜃 = 0 to 30 degrees for argon.  Finally, the combined 

behavior of 𝑇𝑒𝑥 and 𝑇𝑒𝑧 is represented by the total electron temperature (𝑇𝑒) in  Fig. 4.18 (d). 

 
Fig. 4.18: Variation of spatiotemporally averaged (across entire domain and over 20 − 30 𝜇𝑠) plasma 

properties vs 𝜃 for the three propellants; (a) ion number density (𝑛𝑖), (b) & (c) radial and azimuthal electron 

temperature (𝑇𝑒𝑥 & 𝑇𝑒𝑧), and total electron temperature  (𝑇𝑒). 

 
Fig. 4.19: Radial profiles of the ion number density (𝑛𝑖) averaged over all azimuthal locations and over the 

time interval of 20 − 30 𝜇𝑠 for the three propellants with various negative (top row) and positive (bottom row) 

curvatures of magnetic field. 

It is recalled from discussions in Section 4.2.1 that the established plasma profiles within the system, 

in particular, 𝑇𝑒𝑥 and 𝑇𝑒𝑧 and their comparative magnitudes are the outcome of the interplay between 

the instabilities and the relative strength of the developed modes. In this regard, based on the 

contributions of the ECDI and the MTSI to the electrons’ heating along the azimuthal and the radial 
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directions, respectively, we identified the electron temperature anisotropy, represented by 𝑇𝑒𝑥/𝑇𝑒𝑧 ratio, 

as an indicative measure of the relative dominance of these two instability modes.  

The variation in the spatiotemporally averaged 𝑇𝑒𝑥/𝑇𝑒𝑧 ratio across different curvature angles is 

plotted in Fig. 4.20. In this plot, we can distinctly identify the two regimes introduced in Section 4.2.1 

(which were also observed among various field intensities in Fig. 4.3). Indeed, the presence of negative 

B-field curvatures results in 𝑇𝑒𝑥/𝑇𝑒𝑧 > 1, indicating the prevalence of the MTSI which is the characteristic 

of regime I. It is also noticed that for large negative curvatures, i.e., 𝜃 = −60 and−45 degrees, the 

𝑇𝑒𝑥/𝑇𝑒𝑧 is smaller compared to the lower negative curvatures (𝜃 = −30 and−15 degrees). We will show 

in Section 4.3.2 that, this is due to the appearance of the long-𝜆 mode with a strong amplitude.  This 

mode is seen in our simulations to heat up electrons mostly in the azimuthal direction.  

 

Fig. 4.20: Variation of spatiotemporally averaged (across entire domain and over 20 − 30 𝜇𝑠) radial-to-

azimuthal electron temperature ratio (𝑇𝑒𝑥/𝑇𝑒𝑧) vs 𝜃 for the three propellants. 

Contrarily, the positive curvatures lead, in general, to 𝑇𝑒𝑥/𝑇𝑒𝑧 < 1, which is attributed to the ECDI 

modes being the dominant instability, signifying regime II. A particular exception to this general 

observation is noticed for the case of 𝜃 = 60 degrees, where the 𝑇𝑒𝑥/𝑇𝑒𝑧 ratio is slightly higher than 1 

for all propellants. This implies that at 𝜃 = 60 degrees, the MTSI mode must become relatively strong 

again.  We will verify the variation of the dominant instability modes under various 𝜃 conditions in further 

detail in Section 4.3.2. 

Additionally, the time-averaged radial profiles of the 𝑇𝑒𝑥/𝑇𝑒𝑧 ratio, provided in Fig. 4.21, demonstrate 

that, in general, the positive curvature of the B-field creates a more uniformly distributed temperature 

anisotropy across the domain compared to the B-fields with the negative or no curvatures. 

Furthermore, it is demonstrated in Section 4.2.1 that the radial profile of the axial electron current 

density (𝐽𝑒𝑦) induced by different azimuthal instabilities exhibits distinct characteristics. We showed that, 

in the cases where the ECDI is the dominant instability, 𝐽𝑒𝑦 peaks at the centerline, whereas the MTSI’s 

dominance leads to the concentration of 𝐽𝑒𝑦 away from the center and in some cases near the walls.  
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Fig. 4.21: Radial profiles of the of the radial-to-azimuthal electron temperature ratio (𝑇𝑒𝑥/𝑇𝑒𝑧)  averaged over 

all azimuthal locations and over the time interval of 20 − 30 𝜇𝑠 for the three propellants with various magnetic 

field curvatures. 

The radial distributions of the normalized axial electron current density (𝐽𝑒𝑦/𝐽𝑒𝑦,𝑚𝑒𝑎𝑛) are presented 

in Fig. 4.22. Consistent with the observations made in Section 4.2.1, we can see from Fig. 4.22 that, 

for 𝜃 = −30 and −15 degrees, where the MTSI is the dominant mode, 𝐽𝑒𝑦 is larger near the walls and 

reduces toward the center of the domain. Moreover, at 𝜃 = −60 and -45 degrees, the 𝐽𝑒𝑦 profiles exhibit 

two peaks away from the centerline; however, the current density is primarily concentrated in the central 

portion of the domain rather than near the walls. This profile represents the combined electron current 

induced by both the MTSI and the long-𝜆 mode. The presence of two peaks on both sides of the 

centerline is the characteristic shape of the MTSI-induced electron current, while the central 

concentration of the electron axial current density is due to the long-𝜆 mode (the 𝐽𝑒𝑦 induced by long-𝜆 

mode has a centrally-concentrated characteristic shape similar to the ECDI).  

 
Fig. 4.22: Radial profiles of the of the normalized axial electron current density (𝐽𝑒𝑦/𝐽𝑒𝑦,𝑚𝑒𝑎𝑛) averaged over all 

azimuthal locations and over the time interval of 20 − 30 𝜇𝑠 for the three propellants with various negative (top 

row) and positive (bottom row) curvatures of magnetic field. 

However, in cases with positive curvature, the contributions other than the azimuthal instabilities in 

particular the viscus effects are significant enough to substantially influence the 𝐽𝑒𝑦 profiles. Therefore, 

the discussion regarding the correlation between the observed characteristics of the electrons’ axial 
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transport profile and the dominant instability in the system is deferred to Section 4.3.3, where we isolate 

the contribution of the instabilities from other factors. 

Before moving on to the detailed evaluation of the instabilities’ spectra, we refer to the 2D snapshots 

of the plasma properties in Fig. 4.23, which serve as a visual inspection of the dominant underlying 

instabilities across various 𝜃 values.  

 
Fig. 4.23: 2D snapshots of the normalized plasma properties at a time of local maximum of the spatially 

averaged 𝑇𝑒𝑥 for xenon propellant with various 𝜃. The columns, from left to right, represent the axial and radial 

electron current densities (𝐽𝑒𝑦 and 𝐽𝑒𝑥), the azimuthal electric field (𝐸𝑧), the radial electron temperature (𝑇𝑒𝑥), 

and electron number density (𝑛𝑒). 
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The snapshots are captured at a time instant corresponding to a local peak of the spatially averaged 

radial electron temperature (𝑇𝑒𝑥), during which the MTSI, if present, is strongest. It is evident from this 

figure that the negative- and the positive-curvature cases display distinctively different behaviors in 

terms of the spatial structures of the involved fluctuations. 

In general, the negative curvature of the B-field tends to reinforce the development of the MTSI-

representative patterns across the plasma properties, whereas the positive curvatures seem to 

suppress the MTSI, leaving the azimuthal waves of the ECDI as the primary instability modes in the 

system. The absence of the B-field curvature (𝜃 = 0) represents an intermediate scenario, where the 

snapshots exhibit patterns resembling both the ECDI and the MTSI. Moreover, traces of relatively long-

wavelength structures associated with the long-𝜆 mode is noticed in the negative curvature cases.  

4.3.2. Variations in the characteristics of the azimuthal instabilities 

The results of the FFT spectral analyses of the azimuthal fluctuations are used to investigate the 

variation in the instabilities’ characteristics, including the wavenumber and the frequency across 

different 𝜃 values and various propellants. The average spatial and the temporal FFT spectra of the 

azimuthal electric field fluctuations are presented, respectively, in Fig. 4.24 and Fig. 4.25.  

Starting with the negative B-field curvature cases, we notice from the instabilities’ 𝑘𝑧 spectra in Fig. 

4.24, that the ECDI (first harmonic) is developed only at 𝜃 = −15 degrees. In this case, the ECDI’s 

amplitude is lower for argon compared to xenon and krypton. Higher negative curvatures suppress the 

development of the ECDI. Accordingly, in the cases with 𝜃 ≤ −30 degrees, the ECDI is absent.  

For, 𝜃 ≤ −30, the MTSI and the long-𝜆 instability are the dominant instabilities, with the amplitudes 

that are nearly the same across all propellants. The long-𝜆 instability also exits at 𝜃 = −15 degrees, but 

with an intensity much lower than that of the MTSI. Furthermore, long-𝜆  mode is significantly damped 

at 𝜃 = 0 for xenon and krypton, whereas in the case of argon, its intensity is comparable with the mode’s 

intensity at 𝜃 = −15 degrees. Additionally, the temporal evolution of the instabilities’ 𝑘𝑧 spectrum for 

𝜃 = −60 and−45 degrees, provided in Appendix A.5.4, indicates an alternating energy transfer between 

the MTSI and the long-𝜆 mode leading to a cyclic growth and damping of these modes throughout the 

discharge. For 𝜃 = −30 degrees, however, the evolution plot of the 𝑘𝑧 spectrum indicates the early 

establishment of the long-𝜆 mode within the first few microseconds of the simulation through the energy 

cascade from shorter wavelength modes. In this case, the established long-𝜆 mode persists throughout 

the simulation with relatively constant energy. 

Looking at Fig. 4.25, a noteworthy observation is that, at 𝜃 = −30 degrees, the frequency spectrum 

of the instabilities reveals the presence of instability modes with frequencies in the range of 20 −

25 𝑀𝐻𝑧. The amplitudes of these modes decrease from xenon to krypton, and they are nearly 

suppressed in the case of argon. The DMD analyses in Ref. [137] enables discovering the spatial 

structure of these high-frequency modes. It is noticed that, at least for xenon, this mode with the 
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frequency of ~20 𝑀𝐻𝑧 shares the same wavelength and spatial structure as the MTSI mode with the 

frequency of about 1 𝑀𝐻𝑧. 

 
Fig. 4.24: Azimuthal wavenumber spectra of instabilities obtained from average spatial FFTs (over all radial 

positions and over the time interval of 20 − 30 𝜇𝑠) of the azimuthal electric field signal from simulations with 

various negative (top panel) and positive (bottom panel) curvatures of magnetic field for the three propellants. 

𝑘0 represents the ECDI’s fundamental wavenumber (𝑘0 =
ω𝑐𝑒

𝑉𝑑𝑒
). 

Proceeding with the cases with positive B-field curvatures, it is evident from Fig. 4.24, that the 

positive curvatures in general contribute to the suppression of the MTSI, especially for xenon and 

krypton. In particular, the peaks associated with the MTSI in the 𝑘𝑧 spectra of xenon and krypton at 𝜃 =

15 and 30 degrees exhibit notably reduced amplitudes in comparison to the baseline case (𝜃 = 0). 

Whereas the MTSI’s intensity for argon at these curvature values is comparable to the baseline 

simulation. The first harmonic of the ECDI is the dominant mode in the cases of 𝜃 = 15 and 30 degrees. 

Additionally, the second harmonic of the ECDI is present in the cases of 𝜃 = 15 and 30 degrees for all 

the propellants as well as for xenon in the case of 𝜃 = 45 degrees.  

The 𝑘𝑧 spectra of the cases with 𝜃 = 45 and 60 degrees for all propellants contain peaks at 𝑘𝑧/𝑘0 ≈

0.42 and 𝑘𝑧/𝑘0 ≈ 0.35, respectively. However, it is not readily evident if these peaks could correspond 

to the MTSI since they represent larger azimuthal wavenumbers than those expected for the MTSI from 
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the baseline case (where 𝑘𝑧/𝑘0 ≈ 0.2). In this respect, the DMD analysis results in Ref. [137] provided 

further insights into the nature of these modes by characterizing their spatial structures. We particularly 

understood that, at least for xenon at 𝜃 = 60 degrees, the peak at 𝑘𝑧/𝑘0 ≈  0.35 is possibly linked to the 

MTSI as it presents a radial-azimuthal structure reminiscent of this instability. 

Furthermore, the 𝜃 = 45 degrees condition shows the largest discrepancy among different 

propellants in terms of the intensity of the ECDI. At this curvature level, the ECDI manifests its highest 

intensity for xenon, while it is mitigated for krypton and is absent for argon. In the case of 𝜃 = 60 

degrees, the nearest peak to the theoretical normalized wavenumber of ECDI’s first harmonic (𝑘𝑧/𝑘0  =

1) is shifted toward lower wavenumbers (𝑘𝑧/𝑘0 ≈ 0.92).  

Referring to Fig. 4.25, it is noteworthy that, in the case of 𝜃 = 60 degrees, the FFT spectrum exhibits 

numerous peaks across a wide range of frequencies. The DMD results [137] showed that these peaks 

with frequencies above 1.5 𝑀𝐻𝑧 correspond to the modes with almost purely azimuthal spatial 

structures that resemble the ECDI. 

 
Fig. 4.25: Frequency spectra of instabilities obtained from average temporal FFTs (over all radial and azimuthal 

positions) of the azimuthal electric field signal with various negative (top panel) and positive (bottom panel) 

curvatures of magnetic field for the three propellants. 

A summary of the salient findings observed from the spectra of the instabilities under various B-field 

curvatures is as follows: 

• The negative curvature of the B-field (𝜃 < 0) tends to suppress the ECDI and the purely 

azimuthal instabilities (except for the azimuthal long-𝜆 mode) while promoting the 

development of MTSI-like instabilities with both radial and azimuthal wavenumbers. 
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• The long-𝜆 mode is progressively amplified with increasing negative curvature of the B-field. 

• The positive curvature of the B-field (𝜃 > 0) hinders the formation of the MTSI and the 

instabilities with the radial-azimuthal structures in general. 

• Under positive curvature conditions, the modes primarily consist of purely azimuthal 

instabilities, such as the ECDI across a range of frequencies and wavenumbers. 

These findings indicate that under negative curvatures, the modes are dominated by radial-

azimuthal MTSI-like patterns, and in the presence of the positive curvature, the modes almost entirely 

comprise purely azimuthal fluctuations. 

Finally, Fig. 4.26 provides a summary of the normalized characteristics of the ECDI and the MTSI 

modes (where present) across various 𝜃 for different propellants.  

 

Fig. 4.26: Variation of the normalized characteristics of the dominant ECDI and the MTSI modes vs 𝜃 for the 

three propellants; (a) normalized azimuthal wavenumber (𝑘̃𝑧 = 𝑘𝑧𝜆𝐷𝑒), (b) normalized real frequency (𝜔̃ =

𝜔/𝜔𝑝𝑖), and (c) normalized azimuthal phase velocity (𝑉̃𝑝ℎ = 𝑉𝑝ℎ/𝐶𝑠). 

Noting that, the negative curvatures typically occur upstream of the magnetic field peak (𝐵𝑝𝑒𝑎𝑘) along 

the centerline of the Hall thruster channel, while the positive curvature are present downstream of the 

axial location of 𝐵𝑝𝑒𝑎𝑘 , there is an inevitable correlation that between the direction of the axial gradient 

of magnetic field and concavity and convexity of magnetic field lines (i.e., 𝜃 < 0 for  
𝜕𝐵𝑥

𝜕𝑦
> 0   and  𝜃 > 0 

for  
𝜕𝐵𝑥

𝜕𝑦
< 0). As a result, the distinct physical processes and behaviors observed for the cases with the 

negative and the positive curvatures, suggest, by the way of conjecture, that, besides the role of the 

axial gradients of the B-field, the field’s curvature can be an additional significant factor contributing to 

the experimentally-observed differences in Hall thrusters’ plasma dynamics before and after the B-

field’s peak. These differences include the experimental observations of the ECDI’s waves in the near 

plume region [16][140][141] (after B-field’s peak, where 𝜃 > 0), while the ECDI is largely absent inside 

the channel (where 𝜃 < 0). This is consistent with our simulation results which suggest ECDI is mostly 

present where the field’s curvature is positive. 
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4.3.3. Variations in the electrons’ cross-field transport 

The time-averaged radial distributions of each of the force terms in Eq. 4.1 for various 𝜃 values with 

xenon propellant are compared in Fig. 4.30. In the presence of an axial component of the magnetic 

field, Eq. 4.1 includes an additional force term on the right-hand side, namely the axial magnetic field 

term given by 𝐹𝐵,𝑦 = −𝑞𝑛𝑒𝑣𝑒,𝑥𝐵𝑦. In this case, the left-hand side term is the radial magnetic force term 

denoted by 𝐹𝐵. The variation of the spatiotemporal average of these terms with 𝜃 is plotted in Fig. 4.28. 

 

Fig. 4.27: Radial profiles of the transport terms in Eq. 4.1 for xenon propellant with various negative (top row) 

and positive (bottom panel) curvatures of magnetic field. The force terms are averaged over 20 − 30 𝜇𝑠. 𝐹𝐵 is 

the radial magnetic force, 𝐹Π is the viscous effects, 𝐹𝐼 is the convective inertia force, 𝐹𝐸 is the electric force, 

𝐹𝐵,𝑦 is the axial magnetic force term, and RHS represents the sum of 𝐹Π, 𝐹𝐼 and 𝐹𝐸 . 𝐹𝑡 (temporal inertia) 

contribution was almost zero, and it is thus not displayed. 

It is observed in Fig. 4.30, that overall profiles of the electron transport (𝐹𝐵 or equivalently RHS) are 

primarily determined by the contributions of the azimuthal instabilities (𝐹E) and viscous pressure term 

(𝐹Π). Although as seen in  Fig. 4.28, the average contribution of instabilities over entire domain is 1-2 

orders of magnitude larger that of the average viscos effects (due to the oscillatory nature of 𝐹Π around 

zero), the local values of 𝐹Π term are large enough to significantly change the transports’ profile. 

In the cases with negative B-field curvatures, the 𝐹𝐸 profile show the MTSI’s transport profile, 

featuring two peaks on both sides of the centerline. Additionally, at 𝜃 = −45 and −60 degrees, the 

significant increase in the 𝐹𝐸 profiles with concentration toward the center is induced by the long-𝜆 

mode. 

In the cases with positive 𝜃 values of 15 to 45 degrees, where the ECDI is the dominant instability 

the distribution of 𝐹𝐸 is mostly concentrated in the center of the domain. However, in the case of 𝜃 = 60 

degrees as well as in the baseline case, the 𝐹𝐸 distribution becomes more uniform in line with the 

coexistence of the ECDI and the MTSI. 

The axial magnetic field force (𝐹𝐵,𝑦) is expected to become non-negligible toward the walls for large 

positive and negative curvatures, due to the notable the axial component of the magnetic in the regions 

adjacent to the walls at elevated 𝜃 values (refer to Fig. 4.17). Indeed, for 𝜃 = 60 degrees, Fig. 4.28 
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shows that the radial average of the 𝐹𝐵,𝑦 term is more significant than the pressure term (𝐹Π). Finally, 

the inertia force term (𝐹𝐼) plays the least significant role in the axial electron transport in most cases. 

 

Fig. 4.28: Variation of spatiotemporally averaged (across entire domain and over 20 − 30 𝜇𝑠) force terms in 

the electrons’ azimuthal momentum equation (Eq. 4.1) vs 𝜃 for xenon propellant. 

4.3.4. Variations in the divergence of the ion beam 

The ions’ radial and azimuthal divergence-angle distribution functions, Γ𝑥 and Γ𝑧, as defined in 

Section 4.2.4, under various B-field curvatures are presented in Fig. 4.29.  

Regarding the variation in Γ𝑥 (top panel in Fig. 4.29), for the negative-curvature cases, as 𝜃 varies 

from 0 to −60 degrees, the two peaks in the Γ𝑥 around 𝛼𝑥 = ±(30 − 45) degrees merge and form one 

peak at 𝛼𝑥 = 0 degree, leading to significant reduction in the dispersion of Γ𝑥 over the radial velocity 

angles. For the positive curvatures, as 𝜃 increases from 15 to 45 degrees, the flattened top of the 

Γ𝑥  extends over a wider range of radial velocity angles. At 𝜃 =  60 degrees, the Γ𝑥 develops two peaks 

at about 𝛼𝑥 = ±45 degrees. 

 As for the trend of Γ𝑧 (bottom panel in Fig. 4.29), the negative curvature of the field increases the 

population of the ions with non-zero azimuthal velocity angles. Specifically, at 𝜃 = −60 and −45 

degrees, where a strong long-𝜆 mode had been observed, a notable ion population with the velocity 

angles of about 𝛼𝑧 = −55 to −70 degrees is noticed. In contrast, the impact of the positive curvature 

on Γ𝑧 is minimal. 
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Fig. 4.29: Spatially averaged (over entire domain) divergence-angle distribution functions due to the radial 

velocity component (Γ𝑥, top panel) and due to the azimuthal velocity component of the ions (Γ𝑧, bottom panel) 

for the three propellants with various negative (top row in each panel) and positive (bottom row in each panel) 

curvatures of magnetic field. 

Now, using our definition of the average divergence angles, 𝛼𝑥,𝑎𝑣𝑔 and 𝛼𝑧,𝑎𝑣𝑔, provided by Eq. 4.2, 

we obtain the radial profiles of the average ion beam divergence due to the radial and the azimuthal 

ions’ velocity components. The resulting profiles are presented in Fig. 4.30. 

Starting with the ion divergence angle (𝛼𝑥,𝑎𝑣𝑔) caused by their radial velocity (top panel in Fig. 4.30), 

the negative curvature of the magnetic field, in general, tends to reduce 𝛼𝑥,𝑎𝑣𝑔 in the central part of the 

domain. This effect becomes consistently more significant toward higher negative curvatures. It is also 

observed that the case with 𝜃 = −45 degrees displays a notable disparity in the 𝛼𝑥,𝑎𝑣𝑔 profiles among 

the different propellants. Specifically, the central ion beam, characterized by the low radial divergence 

angles, extends over a substantially larger radial portion of the domain going from xenon to argon. On 

the other hand, the positive curvatures slightly enhance the ions’ radial divergence angle.  

Concerning the ion beam divergence (𝛼𝑧,𝑎𝑣𝑔) caused by the azimuthal component of the ions’ 

velocity (bottom panel in Fig. 4.30), it is observed that, large negative curvatures (𝜃 ≤ −30) substantially 

increase 𝛼𝑧,𝑎𝑣𝑔. Furthermore, in the cases of 𝜃 = −60 and −45 degrees, there is a consistent rise in 
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𝛼𝑧,𝑎𝑣𝑔 from xenon to argon. On the contrary, the positive curvature of the magnetic field moderately 

impacts the radial profile of 𝛼𝑧,𝑎𝑣𝑔. In particular, the relationship between 𝛼𝑧,𝑎𝑣𝑔 and the field’s curvature 

displays a non-monotonic trend and exhibits distinct behaviors across various propellants. 

 
Fig. 4.30: Radial distribution of the azimuthally averaged ion beam divergence angle (𝛼𝑥,𝑎𝑣𝑔 & 𝛼𝑧,𝑎𝑣𝑔, Eq. 4.2) 

due to the radial and azimuthal velocity components of the ions for the three propellants with various negative 

(top row in each panel) and positive (bottom row in each panel) curvatures of magnetic field. 

To summarize the observed trends, we have plotted the variations of the mean (over the entire 

domain’s extent) radial (𝛼𝑥,𝑚𝑒𝑎𝑛) and azimuthal (𝛼𝑧,𝑚𝑒𝑎𝑛) divergence angles against 𝜃 in Fig. 4.31. 

Similarly to Section 4.2.4, 𝛼𝑥,𝑚𝑒𝑎𝑛 and 𝛼𝑧,𝑚𝑒𝑎𝑛 serve as representative measures quantifying overall ion 

beam divergence.  

In terms of the radial velocity angle (𝛼𝑥,𝑚𝑒𝑎𝑛), the negative curvature of the field has generally a 

confining effect, while the positive curvature tends to expand the ion beam. However, the main finding 

to emphasize is that, at high negative B-field’s curvatures (𝜃 ≤ −45 degrees), the beam divergence is 

primarily driven by the azimuthal ion velocity (𝛼𝑥,𝑚𝑒𝑎𝑛 < 𝛼𝑧,𝑚𝑒𝑎𝑛). This observation highlights another 

significance of resolving the azimuthal direction in the Hall thruster simulations, in addition to the well-

known impact of the azimuthal instabilities on particles’ transport. Specifically, in the absence of 

azimuthal physics, there is a risk of underestimating the ion beam divergence in the situations of a 

concave field topology with large degrees of curvature. 
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Nevertheless, across moderate negative curvatures as well as the entire positive curvature range 

(𝜃 ≥ −30 degrees), the radial ion velocity is noticed to have the dominant influence on the ion beam 

divergence (𝛼𝑥,𝑚𝑒𝑎𝑛 > 𝛼𝑧,𝑚𝑒𝑎𝑛). 

Finally, in terms of the correlation between our numerical results above and the experimental 

observations in the literature, we highlight that the observations of notably increased ion beam 

divergence for the magnetically shielded Hall thrusters [142][143], which feature rather large positive 

magnetic field curvatures in their near-plume region, are in line with our findings.  

 
Fig. 4.31: Variation of spatiotemporally averaged (across entire domain and over 20 − 30 𝜇𝑠) divergence 

angle vs 𝜃 for the three propellants; (left column) divergence angle due to the ions’ radial velocity component, 

(right column) divergence angle due to the ions’ azimuthal velocity component. 

4.3.5. Magnetic field curvatures representative of magnetically shielded Hall thruster 

configuration 

So far, we have discussed the impact of the B-field curvature, considering an analytical form with a 

radially uniform radial component (𝐵𝑥) and a linearly varying axial component (𝐵𝑦) as given by Eq. 4.5. 

In this section, we focus on the curved magnetic field configurations representative of “magnetic-

shielding” topology. Fig. 4.32 (a) presents a 2D schematic of the adopted magnetic field topology and 

the channel cross-sections for which the simulations are performed. Plots (b) to (e) in Fig. 4.32 show 

the radial profiles of the radial and axial components of the magnetic field, as well as the radial 

distributions of the magnetic field intensity (𝐵) and the angle (𝜃) between the magnetic field lines and 

the radial coordinate (𝑥) for the two studied magnetic field configurations. Note that in these 

configurations, the 𝐵𝑥 component is not constat across the radial extent of the domain. 

Config. 1 features a convex radial profile of 𝐵𝑥, with a magnitude increasing from 𝐵𝑥 = 0 at the walls 

to the maximum value of 𝐵𝑥 = 20 𝑚𝑇 at the mid radial location. Config. 2 has instead has a concave 𝐵𝑥 

radial profile, with the maximum 𝐵𝑥 occurring at walls and the minimum value of 𝐵𝑥 = 20 𝑚𝑇 being at 

the channel centerline. Config. 1 resembles the cross-sections of magnetically shielded Hall thrusters 

inside the discharge channel, whereas Config. 2 corresponds to the shielding topology slightly outside 

the channel and within the “magnetic lens” [50]. From plot (d) in Fig. 4.32, it is seen that the gradient in 

the magnetic field intensity is larger for Config. 2, which is expected to result in a more pronounced 

magnetic mirror effect due to a larger ∇𝐵 force, i.e., the force due to the gradient in the magnetic field 

pushing electrons away from the walls. In addition, plot (e) shows that, in Config. 1, the magnetic field 
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lines are parallel to the walls at the radial extremes of the domain, which is expected to result in a 

notably reduced flux of particles to the walls. Note that the magnetic field in both Config. 1 and Config. 

2 has negative curvatures.  

All other simulation conditions are kept identical to the baseline case described in Section 3.2.1. The 

simulations are performed only for xenon propellant as an example. 

 

Fig. 4.32: (a) A schematic of the adopted field topology and the cross-sections corresponding to Configs. 1 & 2. 

(b) to (e) Radial profiles of the studied magnetic field configurations; (b) radial component (𝐵𝑥), (c) axial 

component (𝐵𝑦), (d) field intensity (𝐵), and (e) angle between the tangent to the magnetic field lines and 𝑥-axis. 

4.3.5.1. Variations in the distribution of the plasma properties 

The time-averaged plasma profiles are presented in  Fig. 4.33. Looking at plot (a) in this figure, it is 

observed that, for Configs. 1 and 2, 𝑛𝑖 is much higher in the center of the domain compared to the 

baseline. This is expected outcome of the confining effect of the negative curvature of the B-field and 

is consistent with the trends observed in Section 4.3.1 (Fig. 4.19). The significant concentration of 

plasma density towards the center in Config. 2 is the result of effective confinement of the plasma due 

to the large ∇𝐵 force in this case.  

Referring to plot (b), we notice that 𝑇𝑒 in Config. 1 is relatively high similar to the baseline 

configuration, while in Config. 2, 𝑇𝑒  is notably lower compared to the baseline. As will be shown later, 

the notably lower 𝑇𝑒 for Config. 2 is due to the severe mitigation of the ECDI in this magnetic field 

configuration, which would have otherwise caused significant electron heating particularly in the 

azimuthal direction.   

Moreover, from plots (d) and (e), it is evident that in Config. 1, 𝑇𝑒𝑥/𝑇𝑒𝑧 > 1 and 𝐽𝑒𝑦 displays the 

double-peak profile with the peaks occurring away from the centerline. These two characteristics 

suggest the dominance of the MTSI in this configuration. In Config. 2, however, 𝑇𝑒𝑥/𝑇𝑒𝑧 ≈ 1 and the 

profile of 𝐽𝑒𝑦 is concentrated near the center, indicating that the MTSI is suppressed in this case. As the 
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ECDI is mitigated in Config. 2, the convex shape of the 𝐽𝑒𝑦 profile is due to the presence of the long-𝜆 

mode (refer to Section 4.3.5.2).  

 
Fig. 4.33: Radial profiles of plasma properties averaged over all azimuthal locations and over the time interval 

of 20 − 30 𝜇𝑠 for xenon propellant with various magnetic field configurations; (a) ion number density (𝑛𝑖), (b) 

electron temperature (𝑇𝑒), (c) radial-to-azimuthal electron temperature ratio (𝑇𝑒𝑥/𝑇𝑒𝑧), and (d) normalized axial 

electron current density (𝐽𝑒𝑦/𝐽𝑒𝑦,𝑚𝑒𝑎𝑛).  

Fig. 4.34 (left panel) illustrates the evolution of the 2D distribution of the electron axial current density 

(𝐽𝑒𝑦) at four different instants over one period of the discharge cycle (𝑇).  

 
Fig. 4.34: (Left panel) 2D snapshots of the normalized axial electron current density (𝐽𝑒𝑦) at four different 

moments through the discharge evolution cycle for different magnetic field Configs. 𝑇 represents the period of 

the cycle, which is different for each Config. (Right panel) 2D snapshots of the normalized plasma properties 

at a time of local maximum of the spatially averaged 𝑇𝑒𝑥 for xenon propellant with various magnetic field 

Configs. The columns, from left to right, represent the axial and radial electron current densities (𝐽𝑒𝑦 and 𝐽𝑒𝑥), 

the azimuthal electric field (𝐸𝑧), the radial electron temperature (𝑇𝑒𝑥), and electron number density (𝑛𝑒). 
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At 𝑡 = 𝑡0, the MTSI-like structures are dominant in all field configurations. This instability gradually 

mitigates at 𝑡0 + 𝑇/4, until at 𝑡0 + 𝑇/2, in Configs.1 and 2, the long-wavelength structure becomes 

eventually dominant, while in the baseline case, the ECDI takes over. Finally, the MTSI becomes fully 

formed and dominant again at 𝑡 = 𝑡0 + 𝑇, and the cycle repeats.  

Moreover, Fig. 4.34 (right panel) presents the 2D snapshots of various plasma properties at an 

instance of time when the MTSI-like structures are fully formed (corresponding to the local maximum of 

spatially averaged 𝑇𝑒𝑥). The 2D snapshots for Configs. 1 and 2 show notably different structures with 

respect to each other and also compared to baseline configuration. 

4.3.5.2. Variations in the characteristics of the azimuthal instabilities and the electrons’ mobility 

The azimuthal wavenumber (𝑘𝑧) and the frequency spectra of the azimuthal instabilities are 

presented in Fig. 4.35 for various B-Config simulations. Referring to this figure, we first notice that the 

ECDI mode is strongly suppressed in Configs. 1 and 2. For Config. 1, the first and second harmonics 

of the MTSI are observed, with the first harmonic occurring at the same 𝑘𝑧/𝑘0 and frequency as those 

for baseline case. For Config. 2, the first MTSI’s harmonic is observed with a small amplitude, but it is 

slightly shifted to shorter wavelengths compared to the baseline and Config. 1. The frequency of the 

first MTSI’s harmonic for Config. 2 is the same as that for the baseline and Config. 1, i.e., 1.2 𝑀𝐻𝑧.  

Additionally, in Fig. 4.35 (a), we notice that for Config. 1 and 2, the long-𝜆 mode at 𝑘𝑧/𝑘0 ≈ 0.07 

appears which constitutes the dominant mode in Config. 2. The long-𝜆 mode is easily distinguished also 

in the frequency spectrum of Config. 2 in Fig. 4.35 (c), at the frequency of 0.9 𝑀𝐻𝑧. It is worth 

highlighting that the dominance of the MTSI and long-𝜆 mode in Config. 1 and Config. 2 is in line with 

our observed trends in the instabilities’ spectrum in the presence of large negative B-filed curvatures 

(𝜃 ≤ −45 degrees) from Fig. 4.24 and Fig. 4.25. 

 
Fig. 4.35: (a) Azimuthal wavenumber spectra of instabilities obtained from average spatial FFTs, (b) frequency 

spectra of instabilities obtained from average temporal FFTs of the azimuthal electric field signal from simulations with 

various magnetic field configurations for xenon propellants. Plot (c) displays a zoom-in view of plot (b) over 0 −

10𝑀𝐻𝑧 frequency rage. In plot (a), 𝑘0 represents the ECDI’s fundamental wavenumber (𝑘0 =
ω𝑐𝑒

𝑉𝑑𝑒
). 

Moreover, as seen in the evolution plots in Appendix A.5.4, the MTSI and the long-𝜆 mode in Config. 

2 periodically exchange energy, which results in a cyclic and growth and damping of these two 

instabilities similar to what is observed for case with 𝜃 = −60 degrees. 
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In Appendix A.5.3, the numerical 𝜔 − 𝑘𝑧 dispersion maps of the azimuthal instabilities are provided. 

Although the 𝜔 − 𝑘𝑧 spectrum in Config 2 is concentrated near the long-𝜆 mode, the spectrum in  Config. 

1 is spread over wider ranges of 𝜔 and 𝑘𝑧.  

We now assess the axial and cross-field mobility of the electrons. It should be noted that, in the 

baseline configuration, the magnetic field is purely radial and, thus, the axial and cross-field mobilities 

are equivalent. This is not the case in Configs. 1 and 2 due to the curvature of the field lines. The time-

averaged electrons’ axial mobility (𝜇𝑦), whose radial distribution for the three magnetic configurations 

is shown in Fig. 4.36 (b), is obtained using the time-averaged axial electrons’ velocity (𝑣𝑒𝑦) and the 

(constant) axial electric field (𝐸𝑦) as given by Eq. 4.6. The time-averaged electrons’ cross-field mobility 

(𝜇⊥), whose radial profile is seen in Fig. 4.36 (c), is calculated using Eq. 4.7 to Eq. 4.9 and according 

to the schematic illustrated in Fig. 4.36 (a). 

𝜇𝑦 = |
𝑣𝑒𝑦

𝐸𝑒𝑦
| ,  Eq. 4.6 

𝑣𝑒⊥ = |𝑣𝑒𝑦 cos 𝜃| + |𝑣𝑒𝑥 sin 𝜃| ,  Eq. 4.7 

𝐸⊥ = |𝐸𝑦 cos 𝜃| + |𝐸𝑥 sin 𝜃| ,  Eq. 4.8 

𝜇⊥ =
𝑣𝑒⊥
𝐸𝑒⊥

 .  Eq. 4.9 

In the above equations, 𝑣𝑒⊥ is the electrons’ cross-field velocity, 𝑣𝑒𝑥 is the electrons’ radial velocity, 

𝐸⊥ is the magnitude of the electric field vector perpendicular to the magnetic field line at each radial 

location, 𝐸𝑥 is the radial electric field component, and  𝜃 is the angle between the 𝑥-axis and the tangent 

to the magnetic field line.  

 

Fig. 4.36: (a) Schematic associated with the calculation of the cross-field velocity, where the blue curve 

represents the magnetic field line. Radial profiles of (b) average electrons’ axial mobility, and (c) average 

electrons’ cross-field mobility over all azimuthal locations and over the time interval of 20 − 30 𝜇𝑠 for xenon 

propellant with various magnetic field configurations. In plots (b) & (c), the dotted lines represent the radially 

averaged mobilities in the respective case. 

It is observed in Fig. 4.36 (b) that the radially averaged electrons’ axial mobility is the highest for 

Config. 2, followed by that for Config. 1, which are both much higher than the that in the baseline case. 

The radial profile of 𝜇𝑦 for Config. 1 shows sharp increases toward the walls, which is due to the fact 

that the magnetic field lines in this configuration are parallel to axial direction near the walls (Fig. 4.32 

(e)). Hence, it is also of interest to look at the electrons’ cross-field mobility (𝜇⊥) in Fig. 4.36 (c). As it 
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was expected, the rise in the mobility profile near the walls for Config. 2 is now less significant, and the 

mean 𝜇⊥ for Config. 2 is more distinctly higher than that for Config. 1.  

4.3.5.3. Variations in particles’ distribution functions and the ion beam divergence 

To conclude the discussions in this section, we look at the normalized radial and azimuthal velocity 

distribution functions (VDFs) for the electrons and the ions shown in Fig. 4.37. It is observed from plot 

(a) that, unlike the baseline configuration, where the tail of the electrons’ radial velocity distribution 

function is lost, the confinement of the plasma in Configs. 1 and 2 has led to the retainment of the tail 

of the EVDFs. Moreover, the EVDFs for Config. 1 span across broader ranges of velocities, which is 

consistent with the higher electron temperature observed for this configuration in Fig. 4.33.  

Concerning the ions’ velocity distribution functions, we notice, from the radial IVDF (plot (c)), that 

the distributions increasingly deviate from a Maxwellian from baseline to Config. 1 and Config. 2. 

Indeed, for Configs. 1 and 2, the IVDFs are depleted in the mid-velocity range, with the depletion being 

more significant for Config. 2. The azimuthal IVDFs for Configs. 1 and 2 (plot (d)) show a considerable 

broadening, which is again more pronounced for Config. 2. The broadening of the IVDFs, particularly 

for Config. 2, suggest a strong interaction between the ions and the long-𝜆 waves, which seems to have 

caused a redistribution of the ions’ energy from the radial direction to the azimuthal one. 

 
Fig. 4.37: Normalized radial and azimuthal particles’ velocity distribution functions (VDF) for xenon propellant 

with various magnetic field configurations at 𝑡 = 30 𝜇𝑠. Top row: electrons’ VDF along (a) the radial (x) and (b) 

the azimuthal (y) direction; Bottom row: ions’ VDF function along (a) the radial and (b) the azimuthal direction. 

Finally, the divergence-angle distribution functions, 𝛤𝑥 and 𝛤𝑧, as well the radial distribution of the ion 

beam divergence angles, 𝛼𝑥,𝑎𝑣𝑔 and 𝛼𝑧,𝑎𝑣𝑔, are presented in Fig. 4.38. The negative curvatures of the 

B-field in Config 1 and 2 has significantly reduced the radial expansion of the ion beam (𝛼𝑥), as seen 

in plots (a) and (c). This indicates the confining effect of these configurations on the ions. Nevertheless, 

plots (b) and (d) show that in Config 2, the presence of the long-𝜆 mode remarkably increased ions’ 

azimuthal swirling angle (𝛼𝑧), thereby, leading to large divergence of the ion beam. Config 1, however, 
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does not exhibit significant change in 𝛼𝑧 angle of the ions compared to the baseline configuration, thus 

yielding an overall reduction in the divergence of ion flow. 

 

Fig. 4.38: Top row: spatially averaged (over entire domain) divergence-angle distribution functions due to (a) 

the radial and (b) the azimuthal velocity components of the ions; Bottom row: Radial distribution of the 

azimuthally averaged ion beam divergence angles due to (a) the radial and (b) the azimuthal velocity 

components of the ions for xenon propellant with various magnetic field configurations. The dotted lines in 

plots (b) & (c) represents the radially averaged values of divergence angles, 𝛼𝑥,𝑚𝑒𝑎𝑛 & 𝛼𝑧,𝑚𝑒𝑎𝑛. 

4.4.  Effects of the presence of secondary electron emission 

The interactions between the ECDI and the secondary electrons emitted from the walls, together 

with their combined roles in “anomalous” cross-field transport of electrons, have been studied in Ref 

[7]. From their kinetic PIC simulations, the authors showed that, in the presence of high Secondary 

Electron Emission (SEE) rates, the “beam-plasma” instability is excited which induces very large axial 

electron currents. In Ref. [144], the effects of SEE on the sheath characteristics and the electrons’ 

transport was investigated by performing a wide-range parametric study. The authors observed that 

increasing the SEE yield coefficient from 0 to 1 enhances the near-wall cross-field mobility of the 

electrons by a factor of 2 while decreasing the mobility in the bulk due to the cooling effect of secondary 

emitted electrons [144]. The results of Ref. [144] complemented prior investigations of the role of SEE 

in the electrons’ dynamics and mobility in E × B configurations [145]-[148] by extending the analyses to 

a 2D radial-azimuthal configuration. In addition, in Ref. [149] the authors used a cylindrical 2D radial-

azimuthal simulation and showed that an enhancement of the electron cross-field mobility can occur 

due the presence of a high-frequency sheath instability in the Space-Charge-Saturated (SCS) regime.  

All the simulations results presented so far were with the assumption of neglecting the secondary 

electron emission (SEE) from the walls. In this section, we discuss the impact of the SEE on the main 

plasma properties and the instabilities in the radial-azimuthal simulations. Accordingly, for the 

simulations in this section, the electrons’ radial boundary condition is different from the baseline setup. 
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Here the SEE from the walls is accounted for using a linear model described in Section 1.4.2.2. A linear 

SEE model provides a rather simple estimate of the SEE yield coefficient (𝛾) according to Eq. 1.43 

which is rewritten below for convenience 

𝛾(𝜖) = min (𝛾𝑚𝑎𝑥 , 𝛾0  +
𝜖

𝜖∗
(1 − 𝛾0)) .  Eq. 4.10 

In the above equation, 𝜖 is the primary electron energy, 𝛾𝑚𝑎𝑥 is the maximum electron emission 

coefficient, 𝛾0 is the probability of attachment, and 𝜖∗ is the crossover energy, i.e., the energy at which 

the SEE yield coefficient is equal to 1. For these studies, we have kept the values of 𝛾𝑚𝑎𝑥 and 𝛾0 

constant and equal to their corresponding values for Boron Nitride, which are 𝛾𝑚𝑎𝑥 = 2.9 and 𝛾0 = 0.578. 

However, the value of 𝜖∗ is varied over a broad range, from 5 𝑒𝑉 to 35 𝑒𝑉. Modifying the crossover 

energy values corresponds to changing the slope of the linear part of the 𝛾(𝜖) as illustrated in Fig. 4.39.  

The secondary emitted electrons are sampled from a Maxwellian at the assumed temperature of 

2 𝑒𝑉. The simulations are conducted with xenon as propellant. 

 
Fig. 4.39: Variation of the secondary electron emission yield (𝛾) vs the electron energy (𝜖) for various 𝜖∗ 

values according to the linear SEE model (Eq. 4.10). 

4.4.1. Variations in the distribution of the plasma properties 

From plots (a) and (b) in Fig. 4.40, it is noticed that decreasing the value of 𝜖∗ results in a consistent 

increase in the time-averaged ion number density and a decrease in the time-averaged electron 

temperature. In this regard, the higher emission rate of relatively cold secondary electrons reduces the 

𝑇𝑒. This, in turn, reduces the radial flux of the particles lost to the wall, hence, increasing the ion number 

density in the bulk. Furthermore, plot (c) indicates that the presence of secondary electrons significantly 

increases the temperature anisotropy (relative to case with No SEE). Variation of the 𝑇𝑒𝑥/𝑇𝑒𝑧 ratio with 

𝜖∗ is non-monotonic. The 𝑇𝑒𝑥/𝑇𝑒𝑧 ratio is higher in the presence of higher SEE rates (𝜖∗ ≤ 15 𝑒𝑉) 

compared to cases with lower SEE rates (𝜖∗ ≥ 20 𝑒𝑉). 

The presence of SEE also substantially changes the profile of electrons’ axial current density (plot 

(d)). In cases with low SEE rates (𝜖∗ ≥ 25 𝑒𝑉), 𝐽𝑒𝑦 is mainly concentrated near the center as opposed 

to the case with no SEE, where current density is spread across a more extended portion of the domain. 

Whereas the cases with high SEE rates (𝜖∗ ≤ 20 𝑒𝑉), the strong near-wall conductivity induces 

significant axial electron current, leading to the peaks in the 𝐽𝑒𝑦 profiles adjacent to the walls. 
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Fig. 4.40: Radial profiles of plasma properties averaged over all azimuthal locations and over the time interval 

of 20 − 30 𝜇𝑠 for xenon propellant with various SEE’s 𝜖∗ values; (a) ion number density (𝑛𝑖), (b) electron 

temperature (𝑇𝑒), (c) radial-to-azimuthal electron temperature ratio (𝑇𝑒𝑥/𝑇𝑒𝑧), and (d) normalized axial electron 

current density (𝐽𝑒𝑦/𝐽𝑒𝑦,𝑚𝑒𝑎𝑛) . 

Fig. 4.41 presents the 2D snapshots of plasma properties for various 𝜖∗ values at a time of the local 

maximum of the spatially averaged 𝑇𝑒𝑥, coinciding with the peak strength of the MTSI-like patterns.  

 
Fig. 4.41: 2D snapshots of the normalized plasma properties at a time of local maximum of the spatially 

averaged 𝑇𝑒𝑥 for xenon propellant with various SEE’s 𝜖∗ values. The columns, from top to bottom, represent 

the azimuthal electric field (𝐸𝑧), the radial electron temperature (𝑇𝑒𝑥) and the axial and radial electron current 

densities (𝐽𝑒𝑦 and 𝐽𝑒𝑥). 
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It is evident that when the SEE is taken into account and as the value of 𝜖∗ is reduced from 25 𝑒𝑉 to 

5 𝑒𝑉, the 2D plasma distributions become increasingly different. In particular, an increasing cooling 

effect is clearly visible in the 2D snapshots of 𝑇𝑒𝑥 when the SEE rate becomes more and more 

significant. Furthermore, the long-wavelength instability mode is seen to become dominant for 𝜖∗ values 

of 5 and 15 𝑒𝑉. In this respect, we observe especially from the plots of 𝐸𝑧 and 𝐽𝑒𝑦  in Fig. 4.41  that, by 

decreasing 𝜖∗, the 2D distributions change from those of the No-SEE case with dominant MTSI modes 

to those of the 𝜖∗ = 5 eV where the coherent structures corresponding to the long-𝜆 mode appeared.  

4.4.2. Variations in of the characteristics of the azimuthal instabilities and the 

electrons’ mobility 

To analyze more closely the characteristics of the observed wave modes in Fig. 4.41, we refer to 

Fig. 4.42 which represent, the average spatial and temporal FFTs of the azimuthal electric field 

fluctuations. From these figures, it is evident that for 𝜖∗ values of 20 to 35 𝑒𝑉, the first harmonics of the 

ECDI and MTSI are clearly present with the ECDI being strongest. However, at 𝜖∗ = 15 and 5 𝑒𝑉, the 

long-𝜆 wave is the dominant mode with a frequency of about 1 − 1.3 𝑀𝐻𝑧. This instability maintains an 

almost constant amplitude throughout the discharge as observed in the 𝑘𝑧 evolution plots provided in 

Appendix A.5.4. In addition, in the case with 𝜖∗  =  5 𝑒𝑉,  the MTSI is strongly damped, and the ECDI 

mode is not distinctly visible in the FFT spectra. In this case, the ECDI does not appear as a single 

dominant mode but seems to be present as a spectrum of modes around 𝑘𝑧/𝑘0 ≈ 1 in plot (a) and 𝜔 ≈

5 𝑀𝐻𝑧 in plot (c).  

 

Fig. 4.42: (a) Azimuthal wavenumber spectra of instabilities obtained from average spatial FFTs, and (b) & (c) 

frequency spectra of instabilities obtained from average temporal FFTs of the azimuthal electric field signal from 

simulations with various SEE’s 𝜖∗ values for xenon propellants. In plot (a), 𝑘0 represents the ECDI’s 

fundamental wavenumber (𝑘0 =
ω𝑐𝑒

𝑉𝑑𝑒
). 

The comparison between the 𝜔 − 𝑘𝑧 dispersion plots of the azimuthal waves from various 𝜖∗ 

simulations and the theoretical dispersion relations of the Ion Acoustic Instability (IAI) in Appendix A.5.3 

revealed that, for 𝜖∗ ≥ 25, the linear dispersion of the ion sound waves can be well fitted to the instability’ 

dispersion maps. However, for 𝜖∗ ≤ 20, the numerical dispersions increasingly deviate from the IAI’s 

dispersion relation. In particular, for the case of 𝜖∗ = 5 𝑒𝑉, the dispersion plot is characterized by a 

broadband spectrum around the frequency and wavenumber of the ECDI with a few distinct modes 

aligned at an angle with respect to the linear IAI’s dispersion.    
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The spatiotemporal average values of the electrons’ axial mobility over the entire domain (𝜇𝑦) and 

over the central portion of the domain away from the walls (𝜇𝑦,𝑐𝑒𝑛𝑡𝑒𝑟) for various 𝜖∗ cases are presented 

Fig. 4.43 (a). The absence of the MTSI and the smeared ECDI modes at  𝜖∗ = 5 𝑒𝑉 are seen to have 

resulted in a reduction in the electrons’ axial mobility, contrary to the overall trend of the 𝜇 with 𝜖∗ beyond 

this point. In fact, as 𝜖∗ is reduced, the total mobility and the mobility in the center of the domain increase.  

It is also noticed in Fig. 4.43 (a) that as 𝜖∗ is reduced, the difference between 𝜇𝑦 and 𝜇𝑦,𝑐𝑒𝑛𝑡𝑒𝑟 becomes 

larger, indicating the enhanced role of the near-wall conductivity due to the increasingly higher SEE 

rate, as presented in Fig. 4.43 (b). 

It is also interesting to note from Fig. 4.43 (b) that, at 𝜖∗ = 5 𝑒𝑉, the time-averaged SEE rate (𝛾) is 

only slightly below 1, meaning that on average for every primary electron impacting the walls, one 

secondary electron is emitted. As the 𝜖∗ is increased to 15 𝑒𝑉, 𝛾 is stabilized at about the critical SEE 

yield value for xenon (𝛾𝑐𝑟 = 0.985), which corresponds to a space-charge saturated sheath (refer to 

Section 1.1.2). Increasing 𝜖∗ further leads to a monotonic decrease in 𝛾. 

 
Fig. 4.43: Variation of (a) spatiotemporally averaged electrons’ axial mobility (over 20 − 30 𝜇𝑠 and over entire 

domain (𝜇𝑦) and over the central portion of the domain with 
𝑥

𝐿𝑥
∈ [0.2, 0.8] (𝜇𝑦,𝑐𝑒𝑛𝑡𝑒𝑟)), and (b) average SEE 

yield 𝛾 (across entire extents of both inner and outer walls and over 20 − 30 𝜇𝑠) vs SEE’s 𝜖∗ values. 

4.5. Effects of plasma number density  

We have observed from the simulation results discussed so far that variation in virtually any 

discharge parameter will change the steady-state plasma density established within the system. Thus, 

it is of interest to isolate the impact of plasma number density (𝑛𝑖), by varying 𝑛𝑖 or, equivalently, the 

axial ion current density, as a separate parameter. Since the simulations feature a fixed imposed 

ionization source, as described in Section 3.2.1, the plasma density is controlled by the peak value (𝑆) 

of this source profile. Accordingly, we performed several simulations for xenon propellant, varying the 

nominal peak of the ionization source, 𝑆0, by a factor 𝛽 ranging from 
1

32
 to 6. In each simulation case, 

the initial plasma number density (𝑛𝑖,0 ) is scaled by the respective factor 𝛽, while the computational cell 

sizes (Δ𝑥 and Δ𝑧) and the timestep are adjusted by scaling them with a factor of 1/√𝛽. 

4.5.1. Variations in the distribution of the plasma properties 

The time-averaged radial distributions of the plasma properties are provided in Fig. 4.44.  Plot (a) in 

this figure shows that, as the peak of the ionization source (𝑆) is increased, the peak of 𝑛𝑖 increases 
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from approximately 6 × 1015 to 8 × 1017𝑚−3. The elevation of the ion (plasma) density results in 

development of higher intensity waves and consequently stronger wave-particle interactions.  This will 

in turn cause more significant heating of the plasma by instability and, thus, increasingly higher electron 

temperatures. This trend is clearly observed in 𝑇𝑒  profiles in plot (b). 

The temperature ratio (𝑇𝑒𝑥/𝑇𝑒𝑧), shown in plot (c), demonstrates a non-monotonic behavior with 𝑆0. 

𝑇𝑒𝑥/𝑇𝑒𝑧 is highest in the cases with 𝑆0/32 < 𝑆 ≤ 𝑆0/4, while it is closer to unity for 𝑆 ≥ 𝑆0/2 and 𝑆 =

𝑆0/32.  Additionally, the 𝐽𝑒𝑦 profile exhibit notable concentration near the walls for 𝑆 < 𝑆0, whereas it is 

more uniformly distributed across the domain for 𝑆 ≥ 𝑆0. In line with our previous observations, the 

trends in 𝑇𝑒𝑥/𝑇𝑒𝑧 and the 𝐽𝑒𝑦 profile are corelated with the dominant instability modes in each density 

condition, as will be discussed in Section 4.5.2 through the analysis of the instabilities’ spectra. 

 

Fig. 4.44: Radial profiles of plasma properties averaged over all azimuthal locations and over the time interval 

of 20 − 30 𝜇𝑠 for xenon propellant with various ionization source peak intensities (𝑆); (a) ion number density 

(𝑛𝑖), (b) electron temperature (𝑇𝑒), (c) radial-to-azimuthal electron temperature ratio (𝑇𝑒𝑥/𝑇𝑒𝑧), and (d) 

normalized axial electron current density (𝐽𝑒𝑦/𝐽𝑒𝑦,𝑚𝑒𝑎𝑛). 

In Fig. 4.45, we have compared the 2D snapshots of various plasma properties through one 

evolution cycle of the discharge from the simulations corresponding to low and high plasma-number-

density limits, namely, 𝑆 = 𝑆0/16  and 𝑆 = 𝑆0/8 vs 𝑆 = 3𝑆0 and 𝑆 =  6𝑆0. We notice that, in the low 

number density cases (𝑆 = 𝑆0/16 & 𝑆0/8), only MTSI-like structures are present. As the discharge 

evolves in one cycle, the first harmonic of the MTSI becomes dominant at 𝑡 = 𝑡0 + 𝑇/4, followed by the 

dominance of the second harmonic at 𝑡 = 𝑡0 + 𝑇/2.  

In the high number density limit (𝑆 = 3𝑆0 & 6𝑆0), the 2D plasma distributions are dominated by the 

long-wavelength mode superimposed on a spectrum of shorter wavelength ECDI and MTSI waves with 

lower amplitudes. The long-𝜆 mode is seen to be always dominantly present, but its amplitude slightly 

varies over the discharge’s evolution cycle.  

The development of the long-𝜆 mode at 𝑆 = 3𝑆0 case, where the plasma number density is in the 

same range of plasma density established in other simulation conditions featuring this instability (such 
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SEE level corresponding to 𝜖∗ = 5 𝑒𝑉 (Section 4.4), presence of high degree of B-field curvature with 

𝜃 = −45 and−60 degrees, and also at very low magnetic field intensity of 𝐵𝑥 = 5 𝑚𝑇), suggests that the 

formation of the long-𝜆 mode mode is primarily driven by high plasma number density. Nevertheless, it 

is pointed out that the exact azimuthal wave content is case-dependent and varies depending on all 

plasma conditions. 

 
Fig. 4.45: 2D snapshots of the normalized plasma properties at four different moments through the discharge evolution 

cycle for xenon propellant with four different ionization source peak intensities (𝑆). The columns, from left to right, 

represent the axial and radial electron current densities (𝐽𝑒𝑦 and 𝐽𝑒𝑥), the azimuthal electric field (𝐸𝑧), the radial electron 

temperature (𝑇𝑒𝑥), and electron number density (𝑛𝑒). 
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4.5.2. Variations in of the characteristics of the azimuthal instabilities and the 

electrons’ cross field transport 

The azimuthal wavenumber and the frequency spectra of the instabilities presented in Fig. 4.46 

clearly show that the azimuthal wave contents, and the overall magnitudes of the excited wave modes 

are remarkably affected by the plasma number density. From the instabilities’ spectra, we can 

distinguish three distinct plasma regimes depending on the plasma number density, or the value of 𝑆. 

In the first regime (𝑆0/32 < 𝑆 ≤ 𝑆0/4), the ECDI is suppressed whereas the first and second 

harmonics of the MTSI establish as the dominant modes. At 𝑆 = 𝑆0/4, the ECDI exist but at much 

smaller amplitude compared to the MTSI. 

In the second regime (𝑆0/2 ≤ 𝑆 ≤ 𝑆0), the MTSI’s first harmonic along with the ECDI exist with 

comparable amplitudes. At 𝑆 = 𝑆0/2, the second harmonic of the MTSI is present with a notable 

intensity.  

In the third regime (𝑆 ≥ 3𝑆0), the ECDI mode is not observed as a single mode but rather as a 

continuous spectrum over a broad range of wavenumbers. Moreover, the long-𝜆 mode and the first 

harmonic of the MTSI are distinctly visible with strong intensities.  

Finally, at 𝑆 = 𝑆0/32, the long-𝜆 mode together with the MTSI develop within the simulation with 

similar amplitude. 

 

Fig. 4.46: (a) Azimuthal wavenumber spectra of instabilities obtained from average spatial FFTs, (b) & (c) 

frequency spectra of instabilities obtained from average temporal FFTs of the azimuthal electric field signal 

from simulations with various ionization source peak intensities (𝑆) for xenon propellants. In plot (a), 𝑘0 

represents the ECDI’s fundamental wavenumber (𝑘0 =
ω𝑐𝑒

𝑉𝑑𝑒
). 

These different regimes are also reflected in the relative values of the spatiotemporal average of the 

𝑇𝑒𝑥/𝑇𝑒𝑧 ratio across simulated range of densities. Indeed, as depicted in Fig. 4.47 (a), the temperature 

anisotropy ratios for different operating densities show a separation into three distinct clusters 

corresponding to the three mentioned regimes. 

As a separate note regarding the instabilities’ dispersion, it is highlighted that the plots provided in 

Appendix A.5.3 demonstrate that the numerical dispersion maps of the azimuthal waves for 𝑆 ≥ 𝑆0/4 

are somewhat in line with the linear projection of the IAI’s dispersion relation.  
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Moving on to the effect of the plasma number density on the electrons’ axial mobility, it is observed 

in Fig. 4.47 (b), that the electrons’ mobility rises monotonically with the plasma density. This is an 

expected behavior as the FFT plots in Fig. 4.46 already indicated that the overall intensity of the excited 

wave modes increases with the plasma number density and so does their induced electron mobility. 

 
Fig. 4.47: Variation of spatiotemporally averaged (across entire domain and over 20 − 30 𝜇𝑠) values of (a) 

radial-to-azimuthal electron temperature ratio (𝑇𝑒𝑥/𝑇𝑒𝑧), and (b) electrons’ axial mobility (𝜇𝑦) vs ionization 

source peak intensity (𝑆). 

Finally, to isolate the contribution of the instabilities to the electrons’ axial transport, we plotted the 

radial distribution of the time-average force terms in the electrons’ azimuthal momentum equation (Eq. 

4.1) in Fig. 4.48. Consistent with our observation from the 𝐽𝑒𝑦 profiles in Fig. 4.44 (d), the profile of the 

𝐹𝐸 term, representing the instabilities’ transport contribution, exhibits peak values near the walls for 𝑆 ≤

𝑆0/2,  indicative of the MTSI’s transport pattern. 

 
Fig. 4.48: Radial profiles of the transport terms in Eq. 4.1 for xenon propellant with various ionization source 

peak intensity (𝑆). The force terms are averaged over 20 − 30 𝜇𝑠. 𝐹𝐵 is the magnetic force, 𝐹Π is the viscous 

effects, 𝐹𝐼 is the convective inertia force, 𝐹𝐸 is the electric force term, and RHS represents the sum 𝐹Π, 𝐹𝐼 and 

𝐹𝐸 . 𝐹𝑡 (temporal inertia) contribution was almost zero, and it is thus not displayed. 
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Additionally, for 𝑆 > 1, the more uniform 𝐹𝐸 profile results from the combined effects of the MTSI and 

the long-𝜆 mode as well as the broadband azimuthal waves. Indeed, the transport induced by the long-

𝜆 mode and the azimuthal waves is predominantly focused around the center. This, along with the high 

concentration of the MTSI’s transport away from the center, leads to a more evenly distributed 𝐹𝐸 profile.   

Another interesting point to note is that, at low densities (𝑆 ≤ 𝑆0/2), the relative magnitudes of the 

viscus pressure term (𝐹Π) is large enough to tangibly influence the overall transport profile (𝐹𝐵 or RHS 

term). At higher densities, despite the larger absolute values of 𝐹Π term, 𝐹𝐸 term dominates the overall 

transport due to the presence of stronger waves.  

4.5.3. Variations in particles’ distribution functions 

The normalized particles’ velocity distribution functions along the radial and azimuthal directions are 

provided in Fig. 4.49. From the plot (a), we observe that, as the plasma density increases, the radial 

EVDF is increasingly broadened and progressively transitions toward a Maxwellian. The azimuthal 

EVDFs (plot (b)) show an increase in heating of the electrons along the azimuth for higher densities. 

Furthermore, the broadening of the radial and azimuthal IVDFs, in plots (c) and (d), indicate the 

heating of the ion population along both directions. This heating is most significant along the azimuthal 

direction for the cases with 𝑆 = 3𝑆0 and 6𝑆0, where the long-𝜆 mode develops and becomes dominant. 

 

Fig. 4.49: Normalized radial and azimuthal particles’ velocity distribution functions (VDF) for xenon propellant with 

various ionization source peak intensities (𝑆) at 𝑡 = 30 𝜇𝑠. Top row: electrons’ VDF along (a) the radial (x) and (b) 

the azimuthal (y) direction; Bottom row: ions’ VDF along (a) the radial and (b) the azimuthal direction. 

4.6.  Conclusion 

The global dynamics of plasma discharge and, hence, the performance of the E × B devices are 

driven by the intricate interactions among the underlying plasma phenomena including instabilities and 

turbulent mechanisms. Nonetheless, as evidenced throughout this chapter, the underlying plasma 

processes in the E × B discharges, including instabilities and their consequent impacts, exhibit a 
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multifaceted and highly coupled nature whose exact characteristics are very dependent on the operating 

condition and physical parameters of the system. Additionally, it is important to note that, in a Hall 

thruster, the magnetic field intensity varies along the axial direction. Moreover, during the thruster 

operation, the plasma discharge undergoes a back-and-forth motion over a beathing cycle, causing 

variation in the electric field at a given radial-azimuthal cross section of the channel [10][116]. The 

findings from this chapter indicate that these variations notably alter the underlying instability 

mechanisms at each axial location, influencing in turn the significance and/or the characteristics of the 

instability-induced heating and transport of the plasma species. Consequently, these changes can 

impact the device's performance, global stability, and operational lifespan. 

Therefore, extensive parametric studies over a broad parameter space of plasma conditions are 

necessary to untangle the role of each individual physical factor and/or mechanism on path to gain a 

comprehensive understanding of the plasma phenomena, and thereby the global response of the 

plasma discharge. However, comprehensive characterization of these parametric dependencies, are, 

on one hand, hindered by the significant computational cost of conventional high-fidelity particle-in-cell 

(PIC) codes. On the other hand, experimental efforts have been limited by aspects such as probes’ 

accessibility within often constrained geometries of E × B devices, the spatial and temporal resolution 

of the measurements as well as noise, the sensitivity of the sensors to plasma conditions and 

environmental interactions and potentially intrusive nature of the diagnostics, and often inability to 

independently control individual discharge parameters.  

In this regard, we demonstrated in this chapter that the RO-PIC scheme, due to its computational 

efficiency and its ability of faithfully reproducing the results of conventional multi-dimensional PIC codes, 

serves as a viable tool enabling extended high-fidelity studies of plasma configurations over wide sets 

of plasma parameters. To this end we presented numerical insights from the total 70 parameter 

variations, including various applied electromagnetic field intensities, magnetic field curvatures, SEE 

rates and plasma densities. Through this parametric investigation we found out that the overall behavior 

of the discharge is determined by the dominant instabilities in the system.  

The effects of each parameter studied in changing the dominant instabilities are summarized below: 

A) Effects of the axial electric field intensity (𝑬𝒚): we observed that the intensity of 𝐸𝑦 delimits 

two distinct regimes of the plasma behavior for the three studied propellants, characterized by 

the relative dominance of either the ECDI or the MTSI. In regime I which occurs for relatively low 

E-fields (5 ≤ 𝐸𝑦 ≤ 20 𝑘𝑉𝑚−1), the MTSI is the dominant instability mode. Regime II is associated 

with relatively high E-fields (30 ≤ 𝐸𝑦 ≤ 50 𝑘𝑉𝑚
−1), where the MTSI becomes mitigated, giving 

room to the dominance of the ECDI. The intermediate E-fields (20 < 𝐸𝑦 < 30 𝑘𝑉𝑚
−1) indicate the 

range of 𝐸𝑦 values, at which the transition in the plasma regime occurs.  

B) Effects of the radial magnetic field intensity (𝑩𝒙): we showed that the variation in the 

magnitude can also lead to establishment of the two observed regimes across all the studied 

propellants. In regime I which happens for relatively low B-fields (5 ≤ 𝐵𝑥 ≤ 10 𝑚𝑇), the MTSI 

mode is absent, and only the ECDI exists. For relatively high B-field values (25 ≤ 𝐵𝑥 ≤ 30 𝑚𝑇) 

corresponding to regime II, the ECDI was overall observed to be largely mitigated, with the 
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instabilities’ spectra dominated by the MTSI and a long-wavelength wave mode. At moderate 

values of B-field (15 ≤ 𝐵𝑥 ≤ 20 𝑚𝑇), the MTSI and the ECDI coexist with comparable strengths. 

C) Effects of the magnetic field curvature (𝜽): we demonstrated that curvature (concavity or 

convexity) of the B-field is another parameter that can separate plasma behavior into the two 

identified regimes. In general, concave field topologies (with negative curvatures, 𝜃 < 0) are seen 

to suppress the ECDI and purely azimuthal instabilities, except for the azimuthal long-𝜆 mode, 

while promoting the development of the MTSI-like instabilities as the dominant modes.  

In contrast, the presence of convex fields (with positive curvatures, 𝜃 > 0), generally, impedes 

the formation the radial-azimuthal instabilities like the MTSI, leaving primarily azimuthal 

instabilities such as the ECDI as the dominant instabilities. Therefore, concave field conditions 

correspond to regime I, whereas convex fields are associated with regime II. 

Moreover, for a configuration representative of a cross-section of magnetically shielded Hall 

thrusters inside the discharge channel, we observed that the MTSI plays a dominant role. 

However, in a configuration indicative of the near-plume of the shielded thrusters, the long-𝜆 

mode is seen to grow as the strongest mode. 

D) Effect of the SEE rate (𝝐∗): we showed that variation in the strength of the SEE phenomenon 

(determined by the value of crossover energy 𝜖∗) changes the azimuthal wave content and the 

dominant instability modes. The ECDI is progressively suppressed with increasing SEE rate. For 

relatively low SEE rates (𝜖∗ ≥ 20 𝑒𝑉), the ECDI remains the dominant instability. However, in the 

presence of high SEE rates (𝜖∗ ≤ 15 𝑒𝑉), the ECDI is weakened and the long-𝜆 mode becomes 

the dominant wave mode.  

E) Effect of plasma density (𝑺): changing the plasma number density (by adjusting the peak of 

ionization source 𝑆) was shown to modify the azimuthal wave content. At low plasma densities 

(𝑆0/32 < 𝑆 ≤ 𝑆0/4), the ECDI is suppressed and the first and second harmonics of the MTSI were 

observed to be most prominent.  At intermediate density range (𝑆0/2 ≤ 𝑆 ≤ 𝑆0), both the ECDI 

and the MTSI coexist with comparable amplitudes. At high plasma densities (𝑆 ≥ 3𝑆0), the long-

𝜆 mode was noticed to coexist with a broadband spectrum of shorter-wavelength azimuthal wave 

modes. Additionally, elevated plasma density was seen to translate into stronger azimuthal 

waves overall, thereby causing more pronounced impacts on plasma including enhanced heating 

and electrons’ cross-field transport. 

We observed that each of these instabilities has distinct impacts on plasma, particularly on particles 

heating and the electrons’ cross-field transport. In this regard, the ECDI contributes to the electrons’ 

heating primarily along the azimuthal direction (which leads to 𝑇𝑒𝑥 < 𝑇𝑒𝑧 in cases where the ECDI is 

dominant), whereas the MTSI heats up the electrons mostly in the radial direction (resulting in 𝑇𝑒𝑥 > 𝑇𝑒𝑧 

when the MTSI is dominant). In addition, the axial electron current induced by the ECDI is mostly 

focused around the central region of the domain as opposed to that carried by the MTSI, which is mainly 

concentrated near the walls. As such, we introduced two parameters, namely, the temperature 

anisotropy, which is defined as spatially average 𝑇𝑒𝑥/𝑇𝑒𝑧 ratio, and the radial profile of the normalized 

axial electron current density (𝐽𝑒𝑦/𝐽𝑒𝑦,𝑚𝑒𝑎𝑛), as two indicators for assessing the comparative strength of 
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the ECDI and the MTSI modes. We verified the consistency of the correlation between these two 

parameters with the dominance of the ECDI and the MTSI across the investigated parameter space. 

Regarding the effect of these instabilities on the ions beam, it is noted that the MTSI primarily 

increases the ion beam divergence along the radial direction, while the ECDI enhances the spread of 

ions velocities mainly along the azimuthal direction. As a result, in conditions where the MTSI is strong, 

the ion beam divergence is attributed to the ions’ radial velocity. Conversely, in the presence of the 

ECDI as the strongest mode, the ion beam divergence is dominated by the ions’ azimuthal velocity. The 

distinct consequences of the MTSI and the ECDI are conjectured to be due to the fact that the MTSI 

has a radial wavenumber component while the ECDI is purely azimuthal. 

The azimuthal long-𝜆 wave mode characterized by an azimuthal wavelength in the range of the 

domains’ azimuthal size and with the frequency of about 1 MHz develops due to an inverse energy 

cascade from the shorter wavelength instabilities in certain conditions. The long-𝜆 instability found to 

have remarkable impacts on the plasma including notable electron’s cross-field transport and strong 

interaction with the ions, leading to large ions’ azimuthal drift and heating. 

In studying the influence of ion mass under varying applied electric and magnetic field intensities 

and magnetic field curvatures, we found certain changes in the spectra of azimuthal instabilities. As 

most notable examples, simulation with krypton at 0.5𝐸0, where the ECDI was weakened to the extent 

of being indistinguishable in time-averaged FFT plots. This was not the case for xenon in similar 

conditions. Also, at 𝜃 = −15 degrees, the ECDI is significantly weakened in case of argon, and at 𝜃 =

−15 degrees, the amplitude of the ECDI gradually mitigates, changing to lighter propellants from xenon 

to argon. These variations in instabilities’ spectra were reflected in the time-averaged plasma properties, 

such as electron temperature anisotropy and axial current density. The nondimensional characteristics 

(𝑘̃𝑧 = 𝑘𝑧𝜆𝐷𝑒 , 𝜔̃ = 𝜔/𝜔𝑝𝑖 and 𝑉̃𝑝ℎ = 𝑉𝑝ℎ/𝐶𝑠) of the MTSI and ECDI showed only minor variations among 

propellants, since the variations due to the difference in ion mass are being captured within normalizing 

factors (𝜆𝐷𝑒 , 𝜔𝑝𝑖 and 𝐶𝑠). 

Finally, it is essential to underscore the significance of experimental works in bolstering confidence 

in the insights provided. These experiments not only validate numerical observations but also offer 

additional insights derived from real-world devices and settings. However, recognizing the limitations of 

experiments, a synergistic approach integrating both numerical and experimental works is imperative 

to provide complementary insights. 
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Chapter 5 Investigation of the parametric variability of 

plasma instabilities and turbulence using RO-

PIC in an axial-azimuthal plasma configuration 

In 𝐸 × 𝐵 plasmas and, in particular, in electric plasma propulsion technologies like Hall 

thrusters, the global performance and stability of operation vary significantly across their 

operational envelope. The variability in operation of these devices stems from the inherent 

dependency of the underlying plasma phenomena and their interactions on the operating 

conditions. Establishing clear links between the involved plasma processes and the global 

operation of Hall thrusters requires a comprehensive characterization of these phenomena 

across the operating parameter space. 

The utility of RO-PIC in wide-ranging parametric investigations is further demonstrated in this 

chapter by providing insights from nearly 50 high-fidelity Q2D PIC simulations, exploring the 

variation of an 𝐸 × 𝐵 plasma discharge in a Hall-thruster-representative axial-azimuthal 

configuration across various operating conditions. These include different voltages, current 

densities, magnetic field intensities and axial profiles, and propellant’s ion masses. 

For these studies we used the Q2D simulation with an approximation order corresponding to 

40 azimuthal regions and 20 axial regions (𝑁 = 20, 𝑀 = 40), which we showed in Chapter 3 

has a computational cost of only about 8 % of a full-2D simulation while capturing faithfully 

the underlying physics and providing an accurate prediction of plasma profiles.  

Numerical parametric studies provide an effective pathway to isolate the effect of different 

operating parameters on plasma behavior in a more controlled environment of simulation. 

Additionally, comparison of the results of such parametric sweeps with the theoretical 

descriptions serve as a viable approach to stress-test the available theories and assess the 

extent of their validity under broad spectrum of 𝐸 × 𝐵 discharge conditions. 

5.1.  Description of setup and conditions 

The simulations are performed in a setup that largely resembles that of the benchmarking effort in 

Ref. [58], which was described in detail in Section 3.1.1. The RO-PIC simulations with the domain 

decomposition corresponding to 40 azimuthal regions (𝑀) and 20 axial regions (𝑁) are used for these 
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simulations. As verified in Section 3.1.3, IPPL-Q2D code at this specific approximation level of the 2D 

axial-azimuthal problem, demonstrates a great agreement with the full-2D results (with only 5 − 10 % 

error in the prediction of the plasma profiles), while yielding about 13-fold speedup compared to the full-

2D PIC simulation.  

Regarding the setup of the problem, we emphasize that it represents a simplification to a real-world 

Hall thruster in several aspects.  First, the ionization is imposed through a fixed injection source rather 

than being captured self-consistently. As a result, the low frequency discharge oscillations associated 

with breathing mode (see Section 1.1.3.5) are not represented nor are the focus of this study. Moreover, 

it is noted that in a real setting, the strength of the ionization and the relative positioning of the ionization 

zone with respect to the acceleration region changes over a breathing cycle. These variations influence 

the instantaneous plasma conditions and the high frequency instabilities. Although these effects are not 

captured within individual simulations, variations across simulations with different operating conditions 

can cast light on some of these effects. In other words, various conditions established within each 

simulation can represent the plasma state at different stages during the discharges’ breathing cycle. 

Moreover, the quasi-static nature of the present setup enables effective isolation of various effects. 

 Second, the collisions are not accounted for; thus, the electrons’ classic collisional scattering is 

absent in the simulations. Additionally, neglecting collisions means that any difference observed in the 

behavior of various propellants is due to the difference in the ion mass. This is in fact desired in this 

case since our intention has been to distinguish the direct potential effects of the ion mass from the 

effects of collision processes (due to the difference in the collision cross sections of different 

propellants).  

Third, because of the absence of some energy loss mechanisms such as ionization and excitation 

as well as wall losses, the predicted temperatures are expected to be overestimated.  Also, given that 

the simulations do not account for radial direction and wall interactions, the term “exit plane” which is 

referenced throughout the text and in the captions of the figures merely represents the location of the 

peak of the magnetic field profile and does not have any physical significance in terms of altering the 

boundary conditions. Subsequently, the terms inside the “channel” and in the “plume” refer to the axial 

locations before and after the B-field’s peak, respectively. Finally, the near-anode region is not 

simulated, hence, the magnetic field values are relatively high near the left (anode-side) boundary of 

the domain.   

Through this parametric study we assessed the variations in plasma behavior due to the changes in 

the operating conditions including the discharge voltage (𝑉), the ion current density (𝐽, which is 

indicative of mass flow rate), magnetic field intensity (𝐵) with three different propellants namely xenon, 

krypton, and argon. The effect of axial profile of the magnetic field is additionally investigated. The 

studied operating parameters are listed in Table 5.1. The profiles of ionization sources used for various 

𝐽 simulations and the profiles of magnetic fields for various 𝐵 intensity simulations are presented in Fig. 

5.1 (a) and (b), respectively.  
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Case No. 𝑽 [𝑽] 𝑽/𝑽𝟎  𝑱 [𝑨𝒎
−𝟐] 𝑱/𝑱𝟎 𝑩 [𝒎𝑻] 𝑩/𝑩𝟎 𝝈/𝝈𝟎 𝒙𝒑 [𝒄𝒎] Propellant 

1 100 0.5 400 1 10 1 1 0.75 Xe, Kr, Ar 

2 300 1.5 400 1 10 1 1 0.75 Xe, Kr, Ar 

3 400 2 400 1 10 1 1 0.75 Xe, Kr, Ar 

4 600 3 400 1 10 1 1 0.75 Xe, Kr, Ar 

5 200 1 50 0.125 10 1 1 0.75 Xe, Kr, Ar 

6 200 1 100 0.25 10 1 1 0.75 Xe, Kr, Ar 

7 200 1 200 0.5 10 1 1 0.75 Xe, Kr, Ar 

8 200 1 800 2 10 1 1 0.75 Xe, Kr, Ar 

9 200 1 400 1 5 0.5 1 0.75 Xe, Kr, Ar 

10 200 1 400 1 15 1.5 1 0.75 Xe, Kr, Ar 

11 200 1 400 1 20 2 1 0.75 Xe, Kr, Ar 

12 200 1 400 1 30 3 1 0.75 Xe, Kr, Ar 

13 200 1 400 1 10 1 0.25 0.75 Xe 

14 200 1 400 1 10 1 0.5 0.75 Xe 

15 200 1 400 1 10 1 2 0.75 Xe 

16 200 1 400 1 10 1 Inf 0.75 Xe 

17 200 1 400 1 10 1 1 0.5 Xe 

18 200 1 400 1 10 1 1 1 Xe 

19 200 1 400 1 10 1 1 1.25 Xe 

20 200 1 400 1 10 1 1 1.5 Xe 

Table 5.1: List of all the simulation cases performed in the axial-azimuthal coordinates; 𝑉, 𝐽 and 𝐵 are the applied voltage, 

total ion current density and the radial magnetic field’s peak, respectively. Also, 𝜎 denotes the standard deviation of the 

magnetic field’s Gaussian profile, and 𝑥𝑝 represents the axial location of the magnetic field’s peak. 𝑉0 = 200 𝑉,  𝐽0 =

400 𝐴𝑚−2, 𝐵0 = 10 𝑚𝑇, 𝜎0 = 0.625 × 10
−2 and 𝑥𝑝,0 = 0.75 𝑐𝑚 corresponding to the baseline conditions. 

The presented parametric studies are aimed to understand: (1) the variations in the macroscopic 

plasma properties, (2) the changes in the characteristics of the plasma fluctuations, particularly the ion 

acoustic and the ion transit time instabilities (where present), and the extent to which the available 

theories in the literature can describe the observed changes, (3) the variations in the electrons’ cross-

field transport and the significance of the contribution of various momentum terms to this phenomenon, 

and (4) the changes in the distribution function of the ion species.  Even though a direct comparison 

between the simulations and the available experimental data in the literature is not possible due to the 

differences in the setup and the operating conditions, we compared instead the observed overall trends 

of the plasma profiles with the experimental results wherever possible. 

All results discussed in the following sections correspond to the quasi-steady state of the system. 

The simulations reach a quasi-steady state (characterized by almost periodic oscillations) within less 

than 10 𝜇𝑠, and the time interval of 20 − 30 𝜇𝑠 is taken as the window for analysis of the data.   
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Fig. 5.1: Axial profiles of (a) the imposed ionization source for simulations with various ion current densities (𝐽), (b) the 

applied radial magnetic field for simulations with various magnetic field peak intensities (𝐵). The baseline magnetic field 

and ionization source profiles superimposed, respectively, on plots (a) and (b). Dashed black lines represent the 

location of the magnetic field peak that coincides with the channel exit plane. 

5.2.  Variations with operating conditions: discharge voltage, ion current 

density and magnetic field intensity 

The studies in this chapter build upon and expand the insights provided by a number of prior works 

from literature. The physics of the instabilities and the instability-induced electrons’ transport has been 

numerically investigated in 2D Hall-thruster-representative axial-azimuthal configuration in Refs. 

[18][24][27][28][30][34][58][69][150]- [152]. Among these works, Boeuf and Garrigues [18] and Charoy 

[27] studied the effects of the peak ion current density on the plasma discharge for xenon propellant in 

a similar simplified setup, in the presence of the imposed fixed ionization source. Boeuf and Garrigues 

[18] presented a detailed numerical-theoretical analysis of the Electron Cyclotron Drift Instability (ECDI) 

and its transition to the Ion Acoustic Instability (IAI). They also observed the development of the Ion 

Transit Time Instability (ITTI) at the low current densities and argued that this is correlated with the 

reduced electron transport at these conditions. Charoy [27] expanded the parametric investigation by 

exploring various magnetic field intensities in addition to different ion current densities in the same 

problem setup as Ref. [18]. The authors also analyzed the contribution of the force terms in the 

electrons’ azimuthal momentum equation to the electrons’ transport across the studied conditions and 

compared the contribution of the instabilities against the theoretical relation of the enhanced transport 

via electron-ion friction force proposed by Lafleur et al. in Ref. [120].  

Building upon these prior efforts, we have expanded the parametric exploration to encompass a 

broader parameter space, which also includes variations in ion mass. We have additionally tested the 

relevant theories of plasma fluctuations, particularly related to IAI, with the numerical observations of 

the resolved instabilities across the studied parameter space.  We highlight that compared to the works 

by Boeuf and Garrigues [18] and Charoy [27], which have used a cathode boundary condition based 

on the current-continuity approach, our parametric studies are carried out with a quasi-neutrality 

cathode condition [refer to Section 1.4.2.2]. This is an important distinction given the reported effects of 

cathode boundary conditions on axial-azimuthal PIC simulation results [27]. 
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5.2.1. Variations in plasma profiles and currents 

Fig. 5.2, Fig. 5.3 and Fig. 5.4 show the axial profiles of the time-averaged ion number density (𝑛𝑖), 

axial electric field (𝐸𝑥) and electron temperature (𝑇𝑒), respectively. We observe that the typical features 

of an E × B discharge are represented across all operating conditions. These include the occurrence of 

the maximum number density around the center of the ionization zone (which is defined by the axial 

extent of the ionization source and highlighted by the grey area in the figures) upstream of the location 

of the magnetic field’s peak (Fig. 5.2). Fig. 5.3 demonstrates that in all operating conditions, the peak 

of the axial electric field occurs slightly downstream of the magnetic field’s peak and the acceleration 

region (which corresponds to the region of high 𝐸𝑥 values) and has an overlap with the ionization zone. 

A significant portion of the acceleration occurs after the B-field’s peak (outside the channel). 

Additionally, it is noticed from Fig. 5.4 that the peak of the electron temperature nearly aligns with the 

peak of the applied magnetic field in all cases.  

 

Fig. 5.2: Time-averaged (over 20 − 30 𝜇𝑠) axial profiles of ion number density (𝑛𝑖) for the three propellants 

with various 𝑉 (top row), various 𝐽 (middle row), and various 𝐵 (bottom row). Dashed black lines represent the 

location of the channel exit plane and grey boxes delimit the position of the ionization source. 
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Fig. 5.3: Time-averaged (over 20 − 30 𝜇𝑠) axial profiles of electric field (𝐸𝑥) for the three propellants with 

various 𝑉 (top row), various 𝐽 (middle row), and various 𝐵 (bottom row). Dashed black lines represent the 

location of the channel exit plane and grey boxes delimit the position of the ionization source. 

 
Fig. 5.4: Time-averaged (over 20 − 30 𝜇𝑠) axial profiles of electron temperature (𝑇𝑒) for the three propellants 

with various 𝑉 (top row), various 𝐽 (middle row), and various 𝐵 (bottom row). Dashed black lines represent the 

location of the channel exit plane and grey boxes delimit the position of the ionization source. 
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Starting with the variation of the plasma properties with the discharge voltage (𝑉), increasing 𝑉 from 

100 𝑉 to 600 𝑉 expectedly leads to a consistent increase in the 𝐸𝑥 profile, which accelerates ions to 

higher velocities, thereby causing a monotonic decrease in the overall 𝑛𝑖 profile. The rate of the increase 

of the peak 𝐸𝑥 with voltage seems to decrease at high voltages (from 𝑉 = 400 to 600 𝑉). This implies 

the reduced effectiveness of the magnetic barrier in confining the axial motion of the electrons, possibly 

due to higher electron temperatures (increased electron Larmor radius) at high voltages. In particular, 

at 𝑉 = 600 𝑉, the reduced electron confinement is also evidenced by the sudden increase in the electron 

axial current reaching anode, as will be seen in Fig. 5.7. In practice, the magnetic field intensity is 

typically increased for operation at higher voltages to ensure effective electron confinement.  

Moreover, as 𝑉 increases, the width of acceleration zone (the region of high 𝐸𝑥 magnitude) 

progressively expands and the location the peak of 𝐸𝑥 profile shifts downstream. The elevated axial 

electric fields associated with higher voltages generate a more pronounced Joule heating [4][69], which 

leads to higher electron temperatures. These trends are similar among various propellants. 

Experimental measurements have shown that increasing voltage leads to broadening and upstream 

shift of the acceleration zone [153]-[155]. Gawron et al. [156], on the other hand, observed that the 

spatial extent of the electric field decreases when 𝑉 is increased. In Ref. [155] the authors emphasized 

that the obtained 𝐸𝑥 profile from LIF measurement of ions’ axial velocity is quite sensitive to the data 

postprocessing procedure. Additionally, Ref. [157] argued that the extent of acceleration layer is subject 

to misinterpretation as it depends on chosen definition of such extent, leading to previous data being 

erroneously interpreted as broadening of the acceleration region. Accordingly, they observed that in 

PPSX000 thruster, the width of the acceleration layer remains unchanged with increasing 𝑉, while in 

PPS100 thruster, the acceleration region narrows down when 𝑉 increases. They, however, observed 

that the peak of the 𝐸𝑥 profile shifts upstream toward the anode, consistent with other measurements 

[153]-[156]. It is speculated that the upstream movement of the acceleration layer is linked to the 

increased electron temperatures at higher voltages [157]. At higher temperatures, electrons have a 

larger Larmor radius, leading to less confinement by the magnetic field. As a result, they penetrate 

deeper into the magnetic barrier, causing the electric field to shift towards the anode. Ref. [153], on the 

other hand, hypothesized that the upstream shift of the acceleration zone is because of the narrowing 

down of the ionization zone due to higher electron temperature at higher voltages. 

However, we observed in our simulations that, except for the voltage range between 100 to 200 𝑉, 

the peak of the 𝐸𝑥 profile shifts slightly downstream as voltage increases. The variation of the peak 𝐸𝑥 

with operating conditions can be seen from Fig. 5.3, which are also plotted in Fig. 5.15 (note that here 

we consider the variation in the axial location of the peak 𝐸𝑥 as a measure of upstream/downstream 

movement of the acceleration region). The opposite trend is most likely due to considering a fixed 

ionization source. Given that in these simulations the electrons’ transport is self-consistently resolved, 

observing an opposite trend compared to the experiments undermines the less efficient electrons 

confinement as a plausible explanation for the upstream shift of the peak 𝐸𝑥. Instead, this upstream 

shift must be attributed to the ionization-related processes.  
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As for the variations with respect to the imposed ion current density (𝐽), it is noticed that the profiles 

of 𝑛𝑖 and 𝑇𝑒 and the peak 𝐸𝑥 rise monotonically with increasing 𝐽, although at much lower rates at low 

𝐽s (𝐽 = 50 to 200 𝐴𝑚−2). The increase in 𝐸𝑥 peak is the consequence of Generalized Ohm’s law [4][49], 

which suggests a direct relationship between current density and the established electric field. Later in 

this section, we will show that the axial electron current density consistently increases with 𝐽. As will be 

demonstrated in Sections 5.2.2 and 5.2.4, higher plasma density leads to the development of stronger 

azimuthal plasma fluctuations, thereby inducing larger axial electron transport. Although the enhanced 

axial electron mobility (equivalently, larger plasma conductivity and weaker electron confinement by the 

magnetic field) contributes to the reduction of the established electric field, this reduction does not 

compensate for the increase in the electrons axial current. Accordingly, the net result of these two 

opposing factors is the rise in 𝐸𝑥. Furthermore, it is noted that the acceleration region gets narrower as 

𝐽 increases, reducing the overlap between the acceleration and the ionization regions. The variation in 

the peak 𝐸𝑥 across the simulated 𝐽s progressively decreases from heavier to lighter propellants (from 

xenon to argon). The elevated electron temperature at higher 𝐽𝑠 is attributed to the increased Joule 

heating as well as enhanced waves particle heating caused by stronger waves.  

Most of these observations are consistent with the LIF measurements of Hall thruster plasma which 

showed that the intensity of 𝐸𝑥 increases and the width of the high electric field region tends to become 

narrower when the anode mass flow rate increases [154][157]. However, Ref. [155] observed no 

modification of the shape of 𝐸𝑥 with the mass flow rate. Regarding the location of the high 𝐸𝑥 region, 

Hargus et al. and Mazouffre et al. [154][157] noticed an upstream movement, while in Ref. [155] a 

downstream shift of the 𝐸𝑥 profile is observed with increasing mass flow rate. Such a non-unique trend 

might be due to differences in the tested operating conditions. In fact, our simulations show a non-

monotonic behavior as well. At lower 𝐽s (𝐽 = 50 to 200 𝐴𝑚−2), the peak 𝐸𝑥 moves upstream, whereas 

at higher 𝐽s (𝐽 = 200 𝑡𝑜 800 𝐴𝑚−2), the peak 𝐸𝑥 shifts downstream (Fig. 5.15, third column). 

Across magnetic field peak intensities (𝐵) in the range of 10 to 20 𝑚𝑇, the plasma profiles exhibit 

minor variations. However, the cases with the lowest and the highest magnetic field peak values show 

different behaviors. At 𝐵 = 5 𝑚𝑇, the density peak is much higher compared to the other cases. Also, 

the acceleration region is widened and shifted further downstream resulting in a lower overlap with the 

ionization region. This, in turn, causes the ions introduced into the domain in the ionization region to 

experience a larger portion of the potential drop, leading to their acceleration to higher velocities on 

average and consequently lower ion densities in the plume. The observed behavior in this case is most 

likely due to weaker azimuthal instabilities (hence, lower induced electrons’ axial transport) upstream 

of the exit channel. The downstream shift of the acceleration region is also observed experimentally 

[153]-[155] at low magnetic field intensities. In Ref. [155], it is seen that at low B-field intensities, the 

high 𝐸𝑥  region occurs entirely outside the channel, and it shifts upstream as 𝐵 increases. Hargus et al. 

[154] also observed that most of the potential drop happens outside the channel. These experimental 

observations are in line with our numerical results.  

At 𝐵 = 30 𝑚𝑇 (and to a lower extent at 𝐵 = 20 𝑚𝑇), the discharge becomes turbulent (as will be 

seen in Sections 5.2.2 and 5.2.4). In this condition, the magnetic field barrier is very strong and, thus, 
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severely limits the electrons’ axial transport. As was also observed by Boeuf and Garrigues [18], the 

conditions where the electron conductivity is insufficient (such as at 𝐽 = 50 𝐴𝑚−2), axial oscillations 

corresponding to the Ion Transit Time Instability (ITTI) are developed to balance the ion beam current. 

This is consistent with the theoretical dispersion relation of the ITTI presented in Section 1.1.3.4, which 

predicts an unstable mode when the electron conductivity is low. Moreover, Hagelaar et al. [37] noted 

that the intensity of the ITTI is strongest when 𝐼𝑖/𝐼0 ratio is closer to one. This is the case in our 

simulations for low current density and high B-field conditions. 

In the 30 𝑚𝑇 case, the turbulent nature of the discharge affects the acceleration of the ions, which 

is reflected in the density profiles in the plume (Fig. 5.2). From the 𝐸𝑥 and 𝑛𝑖 profiles in Fig. 5.3 and 

Fig. 5.4, it appears that these effects are stronger for argon than xenon and krypton. These effects 

significantly impacted the electric potential including appearance of a small bump in the potential profile 

downstream of the exit plane, which is observed as a dip in the 𝐸𝑥 profiles (Fig. 5.3). The turbulence 

and a long-wavelength azimuthal instability (will be demonstrated in Section 5.2.2) seems to be causing 

substantial electron heating, leading to higher electron temperatures.   

The peak 𝐸𝑥 is generally lower at higher B-field intensities (𝐵 ≥ 15 𝑚𝑇) compared to that at 𝐵 =

10 𝑚𝑇 (except for argon at 𝐵 = 20 𝑚𝑇).  Additionally, the width of the high 𝐸𝑥 region increases from 

𝐵 = 10 𝑚𝑇 to 𝐵 = 30 𝑚𝑇. These behaviors are consistent the experimental observations. In this regard, 

Hargus et al. [154] observed that the peak of the electric field is higher for the reduced B-field condition. 

Gawron et al. [156] noticed that the acceleration region expands with increasing B-field intensity. They 

explained that expansion of the acceleration region is due to the enlargement of the zone over which 

B-field is strong enough to effectively confine electrons [156]. However, in Section 5.3, we will show 

that increasing the extent of the magnetized region does not appreciably alter the width of the 

acceleration region. 

As a summary of the observed trends, the variations of the peak values of the plasma profiles are 

presented in Fig. 5.5 against the respective operating conditions. 
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Fig. 5.5: Variation of the peak values of the axial profiles of ion number density (𝑛𝑖), axial electric field (𝐸𝑥) and 

electron temperature (𝑇𝑒) vs 𝑉 (top row), vs 𝐽 (middle row) and vs 𝐵 (bottom row) for the three propellants. 

In addition, Fig. 5.6 provides the variations of the spatiotemporal average of the ion number density 

and ions’ axial drift velocity (𝑉𝑖𝑥) in the plume (1.5 𝑐𝑚 < 𝑥 <  2.5 𝑐𝑚), where ions are fully accelerated 

and their profiles are almost flat. The ideal exhaust velocity (𝑣𝑒𝑥ℎ𝑎𝑢𝑠𝑡) of ions calculated using Eq. 5.1, 

are superimposed on the 𝑉𝑖𝑥 plots 

𝑣𝑒𝑥ℎ𝑎𝑢𝑠𝑡 = √
2𝑒𝑉𝑑
𝑚𝑖

 .  Eq. 5.1 

As seen in the right column of Fig. 5.6, the 𝑉𝑖𝑥 values from simulation deviate from the ideal 

theoretical trends. This discrepancy is due to the fact that Eq. 5.1 does not account for energy losses. 

In reality, the voltage in Eq. 5.1 shall be the effective voltage available for the acceleration of ions (beam 

voltage, 𝑉𝑏), 𝑉𝑏 = 𝜂𝑒𝑉𝑑, with 𝜂𝑒 being the energy efficiency [49]. The main energy loss mechanisms 

which can subtract from the beam voltage include ionization (and excitation), wall losses and voltage 

losses at the cathode (non-zero cathode coupling voltage). However, considering the absence of these 

loss mechanisms in this problem, the main source of acceleration inefficiency is due to the overlap 

between the acceleration and the ionization zones. This overlap causes the ions that are injected within 

the acceleration region to accelerate through only a partial potential drop, occurring downstream of their 
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injection location, which leads to velocities below their nominal velocity estimated by Eq. 5.1. However, 

there is a counter effect related to the sheath formed at the anode side of the domain which increases 

the bulk plasma potential and the potential drop through which ions are accelerated. This appears as a 

sharp decline near the left boundary in the 𝐸𝑥 profiles in Fig. 5.3. The interplay of these two opposing 

factors explains the discrepancy between the ion axial velocities from the simulations and from Eq. 5.1.  

 
Fig. 5.6: Variation of spatiotemporally averaged (across axial extent of 1.5 𝑐𝑚 < 𝑥 < 2.5 𝑐𝑚 and over 20 −

30 𝜇𝑠) ion number density (𝑛𝑖) and ions’ axial drift velocity (𝑉𝑖𝑥) in the plume vs 𝑉 (top row), vs 𝐽 (middle row), 

and vs 𝐵 (bottom row) for the three propellants. The dashed lines in the right-hand side plots represent the 

ideal exhaust velocity for ions from Eq. 5.1. 

In particular, the deviation of the ion velocities from the ideal values (𝑣𝑒𝑥ℎ𝑎𝑢𝑠𝑡) is consistently 

increased at higher discharge voltages. This is because at lower voltages the potential rise within the 

plasma bulk due to the anode sheath can almost compensate for (or exceed at 𝑉 = 100 𝑉 with xenon) 

the acceleration inefficiency caused by the overlap of ionization and acceleration zones. However, as 

𝑉 increase, the effect of the anode sheath becomes less significant compared to the discharge potential 

drop, failing to balance the losses due to the acceleration inefficiencies. For the same reason, the 

deviation of the 𝑉𝑖𝑥 from 𝑣𝑒𝑥ℎ𝑎𝑢𝑠𝑡 becomes more substantial from xenon to argon due to the consistent 

decrease in the sheath potential drop from xenon to argon, as seen in Fig. 5.3. Nevertheless, 

experimental measurements [154][157] indicated a constant voltage loss (about 60 − 75 𝑉) across all 
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tested voltages, suggesting the independence of the voltage losses of the operating voltage. The 

discrepancy between our numerical results and experimental observations in the trend of voltage loss 

is most likely due to not accounting for all loss mechanisms in the simulation including ionization and 

wall losses as well as cathode coupling voltage. 

Concerning the variations of 𝑉𝑖𝑥  with 𝐽, the discrepancy from ideal values diminishes from 𝐽 =

50 𝐴𝑚−2 to 𝐽 = 400 𝐴𝑚−2 because of the narrowing of the acceleration region, thereby a reduced 

overlap with the ionization zone, as well as increased anode sheath potential drop which compensates 

for increasingly larger portion of the acceleration non-idealities. Similar to the cases with various 

voltages, the discrepancy between the simulated and the ideal ion velocities becomes larger from xenon 

to argon which is attributed to the progressive decrease in the sheath potential from xenon to argon 

(Fig. 5.3). At 𝐽 = 800 𝐴𝑚−2 with xenon and krypton, however, the anode sheath potential is large 

enough to overcompensate the acceleration inefficiencies, leading to ion velocities beyond the ideal 

values. In this condition with argon, the two effects are almost balanced and the 𝑉𝑖𝑥 is close to 𝑣𝑒𝑥ℎ𝑎𝑢𝑠𝑡. 

Regarding various 𝐵 cases, we observe that, for xenon and krypton and for the 𝐵 intensities of 5 

and 10 𝑚𝑇, the simulated 𝑉𝑖𝑥 is quite consistent with the theoretical 𝑣𝑒𝑥ℎ𝑎𝑢𝑠𝑡. At 5 𝑚𝑇, the shift in the 

peak of the 𝐸𝑥 profile results in a reduced overlap between the acceleration and the ionization regions. 

At 10 𝑚𝑇, this overlap is still smaller compared to the cases with higher 𝐵 intensities due to a narrower 

high-𝐸𝑥 zone in this condition.  As 𝐵 increases to 15 and 20 𝑚𝑇, the deviation between 𝑉𝑖𝑥 and 𝑣𝑒𝑥ℎ𝑎𝑢𝑠𝑡 

grows. A major discrepancy between 𝑉𝑖𝑥 and 𝑣𝑒𝑥ℎ𝑎𝑢𝑠𝑡 occurs at 30 𝑚𝑇, with the deviation increasing 

substantially from xenon to argon. This disparity is believed to be due to the turbulent nature of the 

discharge under this extreme condition which has distorted the electric potential profile and led to an 

incomplete acceleration of ions. Nevertheless, in practice, operating at higher magnetic field intensities 

often corresponds to higher operating voltages. In any case, these results illustrate the consequences 

of not increasing the voltage when operating at higher magnetic fields. 

In Fig. 5.7, we have illustrated the variation trends of several current ratios against the operating 

conditions, namely the  normalized electron current (𝐼𝑒/𝐼0), the normalized ion beam current (𝐼𝑖/𝐼0), and 

the ratio of the electron current to the ion current (𝐼𝑒/𝐼𝑖). Note that the 𝐼𝑒/𝐼𝑖 ratio is a measure of inefficacy 

of the magnetic field barrier in confining electrons, which in turn impacts the total efficiency of the 

thruster. 

The ion current is obtained from the simulation as the flux of ions crossing the cathode boundary of 

the domain (Γci). The electron current is calculated by subtracting the ion current from the discharge 

current, 𝐼𝑑 (𝐼𝑒 = 𝐼𝑑 − 𝐼𝑖), where 𝐼𝑑 is determined as the difference between the fluxes of electrons and 

ions reaching the anode boundary (Γ𝑎𝑒 − Γai).  

The first row of Fig. 5.7 shows that while 𝐼𝑒 remains almost constant for xenon across voltages of 

200 to 400 𝑉, krypton and argon exhibit greater variability within this voltage range. From 400 to 600 𝑉, 

𝐼𝑒 jumps by a factor of about 1.5 which, as mentioned before, is due to the weaker electron confinement 

by the fixed magnetic field. 𝐼𝑖 appears to reach a plateau beyond 𝑉 = 300 𝑉, indicating the maximum 

ion beam current that can be extracted with the imposed injection source intensity. 
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From the second row of Fig. 5.7, it is observed that as 𝐽 increases, 𝐼𝑒/𝐼0 and 𝐼𝑒/𝐼𝑖 ratios become 

larger. This is mainly due to the enhanced electrons’ axial transport induced by stronger azimuthal 

instabilities at higher 𝐽 values. It is highlighted though that the unrealistically high electron currents at 

high 𝐽 conditions are due to the fact that the baseline magnetic field of the setup does not necessarily 

correspond to an optimal Hall thruster condition. Note that the slopes of the 𝐼𝑒 plots are different among 

various propellants. Another noteworthy observation is that at low 𝐽 values of 50 and 100 𝐴𝑚−2, the 𝐼𝑖/𝐼0 

is near unity, meaning that most of the ions introduced into the domain by the injection source are 

accelerated downstream toward the cathode and are extracted at the cathode side. However, toward 

larger 𝐽s, the ratio of 𝐼𝑖/𝐼0 becomes increasingly less than 1 for all the studied propellants, implying that 

an increasing fraction of the ions drift toward the anode. A similar observation has also been reported 

in Ref. [18] from the xenon-propellant axial-azimuthal simulations.  

 
Fig. 5.7: Variation of temporally averaged (over 20 − 30 𝜇𝑠) normalized electron current (𝐼𝑒/𝐼0), normalized ion 

current (𝐼𝑖/𝐼0) and electron-to-ion current ratio (𝐼𝑒/𝐼𝑖) vs 𝑉 (top row), vs 𝐽 (middle row) and vs 𝐵 (bottom row) 

for the three propellants. 𝐼0 is the nominal total ion current imposed by the ionization source in each case. 

With regard to the variation of currents with 𝐵 in the third row of Fig. 5.7,  we expectedly see that 

the electron current decreases with 𝐵 for all the propellants due to stronger electron confinement. It is 

also noticed that, most notable changes in 𝐼𝑒 occur between 5 and 10 𝑚𝑇, and between 15 and 20 𝑚𝑇. 

𝐼𝑒 seems to have reached an asymptotic value between 20 and 30 𝑚𝑇 for xenon and krypton. However, 

it shows a slight increase from 20 to 30 𝑚𝑇 in case of argon. The largest disparity in 𝐼𝑒 among 

propellants occurs at 𝐵 = 5 𝑚𝑇. On the contrary, 𝐼𝑖 has an increasing trend with the 𝐵 intensity until it 
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almost reaches a plateau around 15 𝑚𝑇, indicating a threshold level for the fraction of ions that can be 

extracted at the cathode boundary. 

5.2.2. Variations in the characteristics of the azimuthal instabilities 

As was discussed in Section 1.1.3.1, one of the important instabilities developing along the azimuthal 

direction of a Hall thruster is known to be the ECDI. Previous studies in literature [19][27][58][158] have 

shown that in the adopted axial-azimuthal setup of the simulations in this work, the rapid non-linear 

growth of the ECDI cannot be captured. Instead, the simulations resolve the pseudo-saturated state of 

the ECDI, associated with a transition to relatively longer-wavelength Ion Acoustic Instability (IAI) modes 

of lower growth rates [20][21][23]. Hence, the dominant wave modes from our simulations are expected 

to represent ion-acoustic-like characteristics.  

To assess the validity of this across various operating conditions, we have compared the numerical 

dispersion maps of the azimuthal instabilities (obtained from the simulations) with the theoretical linear 

and nonlinear dispersion relation of the IAI (given by Eq. 1.4 and Eq. 1.6). These comparisons are 

provided for xenon propellant as an example in Appendix A.6. In most cases, the numerical dispersion 

of the instabilities within the channel (at 𝑥 = 0.375 𝑐𝑚) aligns with the IAI’s nonlinear dispersion relation. 

However, in the plume (at 𝑥 = 1.625 𝑐𝑚), the instabilities’ dispersion matches the linear dispersion 

relation of ion sound waves, while exhibiting dispersion across a broader range of frequencies and 

azimuthal wavenumbers compared to inside the channel. Nonetheless, there are some exceptions to 

this behavior. In particular, at very low current density (𝐽 = 50 𝐴𝑚−2) as well as at high magnetic field 

intensities (𝐵 = 20 and 30 𝑚𝑇), the instabilities inside the channel display significant deviations from the 

IAI’s dispersion relation. Moreover, at 𝐵 = 5 𝑚𝑇, the instabilities’ dispersion in the plume is close to the 

nonlinear dispersion relation of the IAI. 

Having observed an overall agreement between the instabilities’ dispersion plots and the IAI’s 

dispersion relation in most cases, we now aim to test the efficacy of the existing theories on the IAI 

(presented in Section 1.1.3.2) in estimating the characteristics of the numerically observed dominant 

wave modes across the studied operating conditions. To this end, we have compared the predicted 

characteristics of the azimuthal instabilities from simulations with their theoretical estimations at two 

axial locations: (1) at 𝑥 = 0.375 𝑐𝑚 which corresponds to the middle point of the discharge channel 

along the axis, and (2) at 𝑥 = 1.625 𝑐𝑚, situated midway within the plume region.   

 We first refer to Fig. 5.8, in which the azimuthal wavenumber (𝑘𝑧) and the frequency (𝜔) of the 

dominant IAI wave mode from the simulations and the theory at the two axial locations are plotted.  The 

numerical 𝑘𝑧 and 𝜔 of the dominant mode are determined by identifying the highest peaks in the spatial 

and the temporal FFTs of the azimuthal electric field signal. These FFT plots are provided in Appendix 

A.6. Theoretical values, which are associated with the IAI‘s fastest-growing mode, are calculated from 

Eq. 1.7, with 𝜆𝐷𝑒 and the 𝜔𝑝𝑖 being obtained using the time-averaged plasma properties at the 

respective axial locations from the simulations.   

From Fig. 5.8, it is evident that, in general, the characteristics of instabilities vary from inside the 

channel toward the plume. A possible explanation for this variation is the downstream convection (with 
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the ion beam) of the waves excited in the near-anode region. Given the significant variation in plasma 

conditions from the anode to the plume region, the instabilities’ dispersion relation changes as the 

waves are convected out with the ion beam [27][68][115] in accordance with the local plasma conditions.  

 
Fig. 5.8: Variation of the azimuthal wavenumber 𝑘𝑧 (left panel) and the frequency 𝜔 (right panel) of the dominant 

instability mode at two axial locations (inside the channel at 𝑥 = 0.375 and in the plume at 1.625 𝑐𝑚) vs 𝑉 (top row), 

vs 𝐽 (middle row) and vs 𝐵 (bottom row) for the three propellants. The numerical predictions are compared against 

the corresponding theoretical values for the IAI’s fastest-growing mode (Eq. 1.7). The dominant instability mode is 

identified as the mode with the largest amplitude in the spatial and temporal FFTs of the azimuthal electric field 

signal (presented in Appendix A.6). 

Concerning the variations vs 𝑉, the theoretical relations predict a monotonic decrease in 𝑘𝑧 and 𝜔 

with 𝑉, which is a consequence of the trends of the time-averaged plasma properties versus 𝑉 in Fig. 

5.2 and Fig. 5.4. However, it is noticed that the simulated wavenumber and frequency of the dominant 

wave mode do not exhibit a similar trend with 𝑉. At low voltages, the simulated 𝑘𝑧 values are quite 

disparate with the theoretical ones both within the channel and in the near-plume. At higher voltages 

though, the agreement with the theory is seen to relatively improve. In the frequency plots, we notice 

that, within the channel, the agreement with the theory is rather acceptable. However, in the plume, the 

theoretically predicted frequency of the dominant IAI mode is consistently lower than the simulated 

value across the voltages and the propellants, except for the xenon at 200 𝑉 (the baseline case), where 

the theory and the simulation are in close agreement. 
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The theory and the simulations agree on the overall increasing trend of 𝑘𝑧 and 𝜔 with 𝐽 both within 

the channel and in the plume, however, their values do not always exactly match. The most agreement 

is observed between the frequency values inside the channel up to 𝐽 = 400 𝐴𝑚−2. Also, for xenon 

propellant in the plume, the theoretical frequencies are quite close to the simulated ones for 50 𝐴𝑚−2 ≤

𝐽 ≤ 400 𝐴𝑚−2.Interestingly, in the plume and within the ion current density range of 50 − 400 𝐴𝑚−2, the 

wavenumber of the dominant mode for almost all three propellants is rather constant with 𝐽. Additionally, 

for 𝐽 ≤ 400 𝐴𝑚−2, 𝑘𝑧 either increases or remains almost unchanged from channel to the plume. 

However, at 𝐽 = 800 𝐴𝑚−2 for xenon and krypton, 𝑘𝑧 is notably smaller in the plume compared to within 

the channel. 

Regarding cases with various 𝐵, we primarily observe that inside the channel, 𝑘𝑧 and 𝜔 of the 

dominant mode from the simulations show stronger variations with the 𝐵 intensity than what is predicted 

by the theory. The closeness of the simulated characteristic of the instabilities to theory varies 

significantly across various magnetic field values and different propellants. Interestingly, at 𝐵 = 30 𝑚𝑇, 

the wavenumber of the instabilities increases significantly from within the channel to the plume for 

xenon, while, in cases of krypton and argon, the wavenumber remains relatively constant in this 

condition. It is also noted from the FFT plots in Appendix A.6 that for cases with 𝐵 = 20 and 30 𝑚𝑇, the 

amplitude floors of the instability’s frequency and wavenumber spectra inside the channel, are higher 

than in other cases for which the spectra are seen to rapidly fall off in magnitude toward high frequencies 

and wavenumbers. The elevated magnitudes of the tail of the spectra for the 20 and 30 𝑚𝑇 cases point 

to a turbulent state of the plasma.   

Ion-wave trapping is proposed as a saturation mechanism for the azimuthal waves of the IAI. The 

saturated (RMS) amplitude of the IAI’s fastest growing mode is given by Eq. 1.8. The ions whose 

azimuthal velocity (𝑣𝑧) meets the following criterion [18][30][31] can be trapped within the waves’ 

potential of amplitude 𝛿𝜙𝑅𝑀𝑆 [30][120] 

(𝑣𝑧 −
𝜔

𝑘𝑧
)
2

≤ 4
𝑞𝛿𝜙𝑅𝑀𝑆
𝑚𝑖

   Eq. 5.2 

Trapping of significant population of ions leads to the saturation of the waves. This occurs when 
𝜔

𝑘𝑧
≈

4
𝑞𝛿𝜙𝑅𝑀𝑆

𝑚𝑖
 [30]. For the fastest growing mode of IAI (substituting 𝑘𝑧,𝑚𝑎𝑥 and 𝜔𝑚𝑎𝑥  from Eq. 1.7), the 

saturated amplitude of potential fluctuation is obtained as  𝛿𝜙𝑅𝑀𝑆 = 𝑇𝑒/6√2. This can be related to the 

amplitude of the electric field fluctuations through 𝛿𝐸𝑅𝑀𝑆 = 𝑘𝑚𝑎𝑥𝛿𝜙𝑅𝑀𝑆 relation, leading to Eq. 1.8.  

To verify that the trapping of ions in the waves’ potential have occurred in our simulations, we look 

at the ions’ azimuthal phase-space shown in Fig. 5.13. We observe that except for the conditions of low 

current density (𝐽 ≤ 100 𝐴𝑚2) and high 𝐵 intensity (𝐵 = 30 𝑚𝑇), the ions distribution is strongly affected 

by the azimuthal waves, featuring the characteristic loops in 𝑧 − 𝑣𝑧 phase-space indicative of the ion-

wave trapping. At 𝐽 = 50, 100 𝐴𝑚−2 and 𝐵 = 30 𝑚𝑇, the amplitude of the waves (Fig. 5.10) is not strong 

enough to substantially impact the ions’ azimuthal velocity distributions. 
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Fig. 5.9: Ions’ azimuthal phase-space (𝑧 − 𝑣𝑧) plots in the plume (1.25 𝑐𝑚 < 𝑥 < 2.25 𝑐𝑚) for xenon with various 𝑉 (left 

panel), various 𝐽 (middle panel), and various 𝐵 (right panel).  

Fig. 5.10 compares the RMS amplitudes of the azimuthal electric field (𝛿𝐸𝑅𝑀𝑆) and the electron 

number density (𝛿𝑛𝑒,𝑅𝑀𝑆) fluctuations in the plume (spatiotemporally averaged across 𝑥 =

1.25 to 2.25 𝑐𝑚 and over 20 − 30 𝜇𝑠) from the simulations against the theoretical predictions. This 

comparison casts light on how closely the rather simple theoretical relation based on the ion-wave 

trapping saturation mechanism can explain the numerical observations concerning the waves’ 

intensities across a broad range of operating conditions.  

The simulated RMS amplitude (𝛿𝐸𝑅𝑀𝑆) is calculated according to the following definition  

𝛿𝐸𝑅𝑀𝑆 =
1

(𝑡2 − 𝑡1)

1

(𝑥2 − 𝑥1)

1

𝐿𝑧
∫ ∫  √∫ 𝐸2(𝑥, 𝑧, 𝑡)𝑑𝑧

𝐿𝑧

0

− (∫ 𝐸(𝑥, 𝑧, 𝑡)𝑑𝑧
𝐿𝑧

0

)

2

𝑑𝑥
𝑥2

𝑥1

𝑡2

𝑡1

 . Eq. 5.3 

In the above relations, 𝐸(𝑥, 𝑧, 𝑡) is the spatiotemporal signal of the azimuthal electric field, 𝑥1 and 𝑥2 

represent the spatial averaging window, and 𝑡1 and 𝑡2 denote the time averaging interval. Similarly, 

𝛿𝑛𝑒,𝑅𝑀𝑆 is obtained using the spatiotemporal signal of electron number density (𝑛𝑒(𝑥, 𝑧, 𝑡)). 

Looking at Fig. 5.10, the theory predicts a constant value for the normalized amplitudes of the 

number density fluctuations, which overall falls within the mid-range of the values observed in 

simulations across various operating conditions. Furthermore, the amplitudes of electric field 

fluctuations show substantial discrepancy from the theoretical predictions in some conditions. It is 
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recalled that the theoretical relation assumes the theoretical characteristics of the IAI’s fastest growing 

mode. Therefore, the observed discrepancy between the simulated and theoretical saturation 

amplitudes can be in part attributed to the differences in the characteristics of modes between 

simulation and theory (as seen in Fig. 5.8). In general, the plots in Fig. 5.10 shows that, at high voltages 

(𝑉 ≥ 400), high current density (𝐽 = 800 𝐴𝑚−2), and low magnetic field (𝐵 = 5 𝑚𝑇), the waves’ 

amplitude grows beyond the theoretical ion-wave saturation value. 

 
Fig. 5.10: Variation of the RMS amplitude of the azimuthal electric field fluctuations 𝛿𝐸𝑅𝑀𝑆  (left column) and 

electron number density 𝛿𝑛𝑒𝑅𝑀𝑆 (right column) fluctuations in the plume vs 𝑉 (top row), vs 𝐽 (middle row) and 

vs 𝐵 (bottom row) for the three propellants. The RMS amplitudes represent the average across axial extent 

of 1.25 𝑐𝑚 < 𝑥 < 2.25 𝑐𝑚 and over 20 − 30 𝜇𝑠. 𝛿𝑛𝑒𝑅𝑀𝑆 values are normalized by the respective average steady 

state electron number density in the plume (𝑛𝑒). The numerical predictions are compared against the 

corresponding theoretical values for the fastest-growing ion acoustic mode (Eq. 1.8). Dashed black lines in the 

right column plots represent the theoretical values (
𝛿𝑛𝑒𝑅𝑀𝑆

𝑛𝑒
= 1/6√2).   

The simulated 𝛿𝐸𝑅𝑀𝑆 values progressively deviate from the theoretical predictions towards higher 

voltages. In particular at 𝑉 = 600 𝑉, there is a substantial difference between the 𝛿𝐸𝑅𝑀𝑆 from the 

simulations and the theory, with the deviation being more pronounced for xenon and krypton. 

Nevertheless, across different values of 𝐽, there is generally a good agreement between the numerical 

and theoretical values of 𝛿𝐸𝑅𝑀𝑆. Contrarily, the theoretical and the simulated 𝛿𝐸𝑅𝑀𝑆 values (for all 

propellants) exhibit different trends with 𝐵. While the theoretical values for each propellant show a slight 
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decrease from 5 to 10 𝑚𝑇, and then an increasing trend for the higher 𝐵 intensities, the simulated 𝛿𝐸𝑅𝑀𝑆 

values, exhibit an overall decreasing behavior with 𝐵. At high 𝐵 intensities (𝐵 = 20 , 30 𝑚𝑇) in particular, 

the substantial disparity could partly be due to the presence of a long wavelength instability, specially 

upstream the channel exit plane and the impacts of this instability on the downstream waves, which are 

more pronounced in cases of krypton and argon (will be seen in Fig. 5.12). 

To visualize the observed behavior in the characteristics of the instabilities, the 2D snapshots of the 

fluctuations in ion number density and the azimuthal electric field (at 𝑡 = 30 𝜇𝑠) for xenon are presented 

in Fig. 5.11. The variation of the instabilities’ wavelength with voltage is minor. However, the consistent 

decrease in the wavelengths (throughout the domain) with 𝐽 is evidently visible. Additionally, we can 

see the substantial increase of the instabilities’ wavelength with 𝐵 intensity inside the channel.  

The appearance of the instabilities of long wavelength (almost equal to the domains’ azimuthal size) 

is also observed in the snapshots of cases with 𝐵 = 20 and 30 𝑚𝑇 upstream of the domain. The 

snapshots of the 𝐸𝑧 fluctuations for various propellants illustrated in Fig. 5.12 show that the long-

wavelength instability is extended further downstream in cases of krypton and argon.  

DMD analysis [138][139] can help isolating the spatiotemporal structures of the dominant instability 

modes, reveal a non-zero axial component for this instability, in addition to the azimuthal wavenumber 

visible in these plots. The DMD results provided in Refs. [138][139] and FFT analyses show that the 

frequency of this mode is about 1 − 1.5 𝑀𝐻𝑧. Same long wavelength instability with both axial and 

azimuthal wavenumbers is also detected for the low current density limit, i.e., 𝐽 = 50 and 100 𝐴𝑚−2 

cases with the frequencies of about 1 𝑀𝐻𝑧 and 0.6 𝑀𝐻𝑧, respectively. The spatial structure and the 

frequency of this instability resembles that of the Ion Transit Time Instability (ITTI). This observation is 

consistent with the findings in Ref. [18] where the authors had also noted the presence of the ITTI at 

𝐽 = 50 𝐴𝑚−2 with a frequency on the order of 1𝑀𝐻𝑧. We will see in Section 5.2.4 that the ITTI has 

indeed influenced the ions’ distribution function in these conditions. 

Another noteworthy observation is that the instabilities involve non-zero axial wavenumbers inside 

the channel, whereas in the plume, the instabilities primarily constitute purely azimuthal oscillations. 

Also, as noticed in Fig. 5.8, the azimuthal wavenumber of the fluctuations undergoes a change from 

upstream to downstream of the exit plane in line with the variation in the local dispersion relation of the 

instabilities (determined by the local plasma properties). Eq. 1.7 suggests that the azimuthal 

wavenumber of the IAI’s fastest growing mode is proportionally correlated with 𝑛𝑒/𝑇𝑒 ratio. Accordingly, 

the most remarkable change in 𝑘𝑧 is observed at 𝐵 = 5 𝑚𝑇, which involves the largest variation in 𝑛𝑒/𝑇𝑒 

ratio between the channel and the plume regions. This is in line with the observation in Ref. [69].  

Finally, in cases with 𝐵 = 5 𝑚𝑇 and 𝑉 = 600 𝑉 (and to some extent 400 𝑉 case), the amplitude of 

oscillations is noticeably weaker inside the channel and stronger in the plume. For other operating 

conditions, the DMD analysis outcomes presented in Refs. [138][139] reveal that while a few instabilities 

modes display similar nonuniform amplitudes, the majority of the modes have a relatively uniform 

amplitude distribution across the domain in those conditions.  
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Fig. 5.11: 2D snapshots of the normalized ion number density 𝑛𝑖 (top panel) and normalized azimuthal electric 

field 𝐸𝑧 (bottom panel) at 𝑡 = 30𝜇𝑠 for xenon with various 𝑉 (left column), various 𝐽 (middle column) and 

various 𝐵 (right column). Dashed black lines represent the location of the channel exit plane. 
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Fig. 5.12: 2D snapshots of the normalized azimuthal electric field 𝐸𝑧 at 𝑡 = 30𝜇𝑠 for various propellants at 𝐵 =

20 and 30 𝑚𝑇. Dashed black lines represent the location of the channel exit plane. 

5.2.3. Variation in the electrons’ cross-field transport 

The time-averaged axial profiles of the different mechanisms contributing to the electrons’ cross-

field transport across various operating conditions are compared in Fig. 5.13. These mechanisms are 

the force terms in the azimuthal momentum equation of the electrons (Eq. 1.20) which are reiterated 

here for convenience: 𝐹𝑡 = 𝜕𝑡(𝑚𝑛𝑒𝑣𝑒,𝑧) is the temporal inertia, 𝐹𝐼 = 𝜕𝑥(𝑚𝑛𝑒𝑣𝑒,𝑥𝑣𝑒,𝑧) is the convective 

(spatial) inertia, 𝐹Π = 𝜕𝑥(Π𝑒,𝑥𝑧) is the viscous force term, and 𝐹𝐸 = 𝑒𝑛̃𝑒𝐸̃𝑧 is the electric force term due 

to azimuthal fluctuations. The aggregate effects of these mechanisms on the electrons’ azimuthal 

momentum are represented by the magnetic force term, 𝐹𝐵 = −𝑒𝑛𝑒𝑣𝑒,𝑥𝐵 on the left-hand side of the 

Eq. 1.20. The 𝐹𝑡 term is vanishingly small everywhere; therefore, it is discussed here. 

Referring to the plots in Fig. 5.13, a number of common behaviors can be noticed across most 

simulation cases: 

i) The 𝐹Π term (orange curve) becomes a dominant contributor to the electron transport near the 

anode side of the domain, whereas, near the location of the magnetic field peak almost 

immediately after the exit plane, the 𝐹Π values become negative. 

ii) The 𝐹𝐼 term exhibits almost symmetrical behavior with respect to the axial distribution of the 𝐹Π 

term. The 𝐹𝐼 profile peaks near the exit plane and becomes negative toward the anode side. 

Away from the near anode region, 𝐹𝐼 values are nearly the negative counterparts of 𝐹Π values, 

such that they almost cancel each other out.  

iii) Apart from the near-anode region, in most cases, the 𝐹𝐸 term has the dominant contribution to 

the electron transport, especially from near the magnetic field peak region into the plume.  

Regarding the variations across operating conditions, the average of 𝐹𝐵 and 𝐹𝐸 terms (over the entire 

domain) are plotted against the operating conditions in Fig. 5.14. Another noteworthy aspect is the 

variation in the axial locations of the peak values of  𝐹𝐵 and 𝐹𝐸 terms (𝑥𝐹𝐵,𝑚𝑎𝑥 and 𝑥𝐹𝐸,𝑚𝑎𝑥, respectively) 

which are presented in Fig. 5.14. As reference, the axial locations of the peak of the axial electric field 

(𝑥𝐸𝑥,𝑚𝑎𝑥) and electron temperature (𝑥𝑇𝑒,𝑚𝑎𝑥) are also provided in this figure.  
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The main observations from Fig. 5.13, Fig. 5.14 and Fig. 5.15 in terms of trends of variations of the 

force terms are summarized below. 

Across various voltages (𝑽): the values of the 𝐹𝐵 term remain almost constant in the 𝑉 range 

of 100 to 400 𝑉. However, for krypton, some variability in the peak of 𝐹𝐵 is noticed. At 𝑉 =

 600 𝑉, the 𝐹𝐵 values notably increase for all the propellants. The profile of the 𝐹Π term develops 

an additional peak near the exit plane with increasing 𝑉 which increases the extent over which 

the 𝐹Π is dominant. Furthermore, as 𝑉 increases, the contributions of 𝐹Π and 𝐹I terms become 

increasingly comparable with that of 𝐹𝐸 term. This observation can be traced to the generally 

larger electron drift and thermal velocities at higher voltages. Nevertheless, due to the 

symmetric behavior of  𝐹Π and 𝐹I terms, their contributions almost cancel out downstream the 

channel exit plane, leaving 𝐹𝐸 as a primary determining factor in electrons’ transport. In any 

case, looking at Fig. 5.14 (top row) the proportion of 𝐹𝐸 ’s role to the overall transport 

(represented by 𝐹𝐵) decreases with increasing 𝑉.  

While 𝑥𝐹𝐵,𝑚𝑎𝑥 remains relatively unchanged across various voltages, 𝑥𝐹𝐸,𝑚𝑎𝑥 consistently shifts 

toward downstream as 𝑉 increases for all propellants. 

Across various total ion current densities (𝑱): the behaviors of the different force terms are 

overall similar across 𝐽𝑠, and increasing 𝐽 mostly results in the magnitude of the terms to 

become almost proportionally larger. Moreover, the relative contribution of each term to the 

overall electrons’ transport at each axial location remains almost the same across various 𝐽s. 

Both 𝑥𝐹𝐵,𝑚𝑎𝑥 and 𝑥𝐹𝐸,𝑚𝑎𝑥 exhibit consistent downstream shifts with increasing 𝐽. 

Across various field intensities (𝑩): the profiles of the force terms show a large degree of 

variability across 𝐵 and do not follow a distinct trend. In particular, the cases with 𝐵 = 5 𝑚𝑇 and 

𝐵 = 20 −  30 𝑚𝑇 represent two extremes in terms of the characteristics of the momentum force 

terms. At 5 𝑚𝑇, all force terms - 𝐹𝐼, 𝐹𝛱, and 𝐹𝐸 - have comparable magnitudes. The 𝐹𝛱  term is 

dominant near the exit plane exhibiting a large peak, while the peak of 𝐹𝐸 occurs further 

downstream in the plume. The profiles of force terms in this case are nearly similar to those at 

𝑉 = 600 𝑉. This similarity is also reflected in the established 𝐸𝑥 profiles in the 5 𝑚𝑇 and 600 𝑉 

cases as seen in Fig. 5.3. The 𝐵 = 30 𝑚𝑇 condition exhibits the largest disparity in force terms 

among different propellants. In case of argon, the 𝐹𝐸 term has disproportionately large values. 

The 𝐹𝛱 term is less significant in this case at high B-fields (𝐵 = 20 − 30 𝑚𝑇). 

As the 𝐵 increases, the 𝑥𝐹𝐵,𝑚𝑎𝑥 and 𝑥𝐹𝐸,𝑚𝑎𝑥 gradually shift upstream for xenon, getting further 

away from the channel exit plane. For krypton and argon, the movement of 𝑥𝐹𝐸,𝑚𝑎𝑥 reverses 

towards downstream after 𝐵 = 15 𝑚𝑇. 

In addition to the above observations, a “wavy” axial distribution is noted for the 𝐹𝐸 and the 𝐹𝐼 profiles 

in the plume at 𝑉 = 100 𝑉 and 𝐽 = 800 𝐴𝑚−2 for the xenon propellant, the exact root cause of which is 

not yet known. 
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Fig. 5.13: Axial profiles of the transport terms in Eq. 1.20 for the three propellants with various 𝑉 (left column), various 

𝐽 (middle column) and various 𝐵 (right column). The force terms are averaged over 4 𝜇𝑠. 𝐹𝐵 is the magnetic force, 𝐹Π 

is the viscous effects, 𝐹𝐼 is the convective inertia force, and 𝐹𝐸 is the electric force term. 𝐹𝑡 (temporal inertia) 

contribution was almost zero, and it is thus not displayed. Dashed black lines represent the location of the channel exit 

plane. 

As a final remark, the relative “symmetry” between the viscous term (𝐹𝛱,) and the convective inertia 

(𝐹𝐼) is an interesting observation that merits further investigation. This can be important for fluid 

simulations because if only one of the effects (and not both) is considered within the simulation, its 

contribution to electrons’ transport may remain unbalanced, potentially leading to inaccuracies in the 

results. However, it is important to highlight that the assumption of a prescribed ionization source may 

alter the physics of the problem, and consequently, affect the transport terms. Hence, a deeper 

assessment needs to be performed in the presence of self-consistent ionization and collisional 

processes. 
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Fig. 5.14: Variation of spatiotemporally averaged (across entire domain and over 4 𝜇𝑠) magnetic force term 𝐹𝐵 

(left column) and electric force term 𝐹𝐸 (right column) in Eq. 1.20 vs 𝑉 (top row), vs 𝐽 (middle row), and vs 

𝐵 (bottom row) for the three propellants.  
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Fig. 5.15: Variation in the axial location of the peak values of different quantities vs 𝑉 (top row), vs 𝐽 (middle 

row), and vs 𝐵 (bottom row) for the three propellants. From left to right, the axial location are associated with 

the peaks of the magnetic force term (𝑥𝐹𝐵,𝑚𝑎𝑥), electric force term (𝑥𝐹𝐸,𝑚𝑎𝑥), axial electric field (𝑥𝐸𝑥,𝑚𝑎𝑥), and 

electron temperature (𝑥𝑇𝑒,𝑚𝑎𝑥). Dashed black lines represent the location of the channel exit plane. 

5.2.4. Variations in the ion distribution function 

Fig. 5.16 presents the velocity distribution functions (IVDF) for various operating conditions, 

integrated over the plume region (1.5 𝑐𝑚 < 𝑥 < 2.5 𝑐𝑚), downstream of the acceleration zone. 

Additionally, the 1D1V ion distribution functions along the axial direction and the axial velocity 

component, under different 𝐽 and 𝐵 conditions are illustrated in Fig. 5.17. In these plots, we have also 

shown the ions’ ideal exhaust velocity given by Eq. 5.1 for reference. 

The broadening of IVDFs toward lower energies in Fig. 5.16 is, in general, attributed to the overlap 

of the ionization and acceleration regions, and the degree of the broadening is corelated with the extent 

of this overlap. The spread of velocities is also evident in the plume region in the plots of Fig. 5.17. In 

particular, we notice that with increasing 𝐽, the spread of the velocities decreases and the ion population 

in the plume become increasingly closer to a beam-like distribution. At low 𝐽 values (𝐽 = 50 − 100𝐴𝑚−2), 

the IVDFs show a notable spread over an extended range of energies and feature an oscillatory 

distribution as well. These oscillations are visible in the ion population in the plume (Fig. 5.17) and can 

also be seen (though not as evidently) in Fig. 5.16 for 𝐽 = 50 − 100𝐴𝑚−2. These observations are 

signature evidence of the presence of the ITTI instability, consistent with what is inferred from the DMD 
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mode plots in Ref. [138] for the low 𝐽 values. Indeed, these perturbations root in the so-called “wave-

riding” of the ions [18][159] as they interact with the ITTI waves. In this regard, the electric field 

oscillations associated with the ITTI create a back-and-forth movement of the acceleration region. When 

the acceleration region moves upstream, the ions already generated further downstream of the channel 

experience a reduced portion of the potential drop. Contrarily, when the acceleration zone moves 

downstream, these ions encounter a larger portion of the potential drop along their path. Accordingly, 

these oscillations result in ions being accelerated to velocities below and above the nominal speed, 

causing the oscillations in the ions’ VDF in the plume and a larger velocity dispersion of the ion beam. 

 
Fig. 5.16: Normalized ion axial velocity distribution function (IVDF) in the plume (over 1.5 𝑐𝑚 < 𝑥 < 2.5 𝑐𝑚) at 

𝑡 = 30 𝜇𝑠 for the three propellants with various 𝑉 (top row),  various 𝐽 (middle row), and various 𝐵 (bottom row). 

Dotted lines show the ions’ ideal exhaust velocity given by Eq. 5.1. 

At very low B-field intensity (𝐵 = 5𝑚𝑇), the IVDFs are highly beam-like. This is due to significant 

downstream shift of the acceleration region which has reduced its overlap with the ionization zone. 

Hence, most of the ions have experienced the full potential drop and accelerated to the same velocities. 

The velocity spread increases towards higher 𝐵 inetnsities. 

As was anticipated from the analyses of the waves’ characteristics in Section 5.2.2, the rather 

turbulent state of plasma at the 𝐵 = 30 𝑚𝑇, in particular, have majorly affected the IVDFs of all 

propellants, especially those of the lighter mass gases, krypton and argon. Indeed, the peaks of IVDFs 

at 30 𝑚𝑇 have shifted toward lower velocities and the distributions feature strong broadening. 

Additionally, in this case, the ion beam is significantly perturbed (visible in Fig. 5.17). The notable 

spread in the ions’ axial velocities as well as strongly perturbed ion beam can be associated with the 
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presence of strong axial instability such as ITTI waves [36][115][159] and the “wave-riding” mechanism 

in this case. The substantial scattering of the ions at 30 𝑚𝑇 leads to a strong heating of the ion 

population, which is evident from the time-averaged axial distributions of the ion temperature (𝑇𝑖) at this 

𝐵 intensity (Fig. 5.18). These effects become more pronounced from xenon to argon. 

 

 
Fig. 5.17: Normalized 1D1V ions’ distribution functions (at 𝑡 = 30 𝜇𝑠) along axial direction and axial velocity component for 

the three propellants with various 𝐽 (top panel) and various 𝐵 (bottom panel). Vertical dotted lines represent the location of 

the channel exit plane, and horizontal dotted lines show the ions’ ideal exhaust velocity given by Eq. 5.1. 
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Fig. 5.18: Time-averaged (over 20 − 30 𝜇𝑠) axial profiles of ion temperature (𝑇𝑖) for the three propellants with 

various 𝐵. Dashed black lines represent the location of the channel exit plane. 

5.3.  Influence of the axial profile of the applied magnetic field 

To investigate the influence of the axial distribution of the applied radial magnetic field, we have 

systematically changed the B-field’s profile using two parameters: 1) standard deviations (𝜎) in the B-

field’s Gaussian profile (Eq. 3.1) which alters the width of high magnetic field region, 2) location of the 

field’s peak (𝑥𝑝) which affects the overlap between the ionization and the acceleration regions. Note 

that changing either of the parameters alters the axial gradients of the B-field profile throughout the 

domain. 

 Fig. 5.19 (a) and (b) depict the axial distributions of the considered B-field profiles, respectively, 

with different standard deviations (𝜎) and the location of the field’s peak (𝑥𝑝). In these profiles 𝐵(𝑥 = 0),  

𝐵(𝑥 = 𝐿𝑥) and 𝐵(𝑥 = 𝑥𝑝) are kept the same as in baseline condition (refer to Section 3.1.1). The axial 

profile of the imposed ionization source in the simulations is shown on the plots to highlight the relative 

position of the ionization source with respect to the region of highest magnetic field intensities across 

various simulation cases. Referring to Fig. 5.19 (a), by increasing the value of 𝜎, the B-field profiles 

gradually approach the shape given by the case with 𝜎 = 𝑖𝑛𝑓, which is associated with an arbitrarily 

large standard deviation value (set here to 100). The baseline value of 𝜎 (𝜎0) is 0.625 𝑐𝑚.   

 
Fig. 5.19: Axial profiles of the applied radial magnetic field for simulations with different B-field distribution; (a) 

various values of standard deviations (𝜎), and (b) various axial locations of the magnetic field peak (𝑥𝑝). The 

profile of the imposed ionization source is shown in both plots for reference. Dashed lines represent the 

location of the magnetic field peak in each case. 

Note that 𝐴𝑘 and 𝐶𝑘 coefficients in Eq. 3.1 are determined in such a way as to constrain the values 

of the 𝐵(𝑥) profile at two boundaries of the domain which are different from 𝐵(𝑥𝑝). As a result, even at 
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very large values of 𝜎 (resembling 𝜎 approaching to infinity), the 𝐵(𝑥) profile is not flattened. Also, while 

we refer to 𝜎 in this case as approaching to infinity, in practice, its value is not infinite but rather set to 

a relatively large value, such as 100. In fact, the shape of the profile does not change appreciably for 

values of 𝜎 beyond a sufficiently large value, e.g. 10. 

5.3.1. Variations in plasma profiles and currents 

Fig. 5.20 shows the changes in the time-averaged axial plasma profiles for different axial 

distributions of the radial magnetic field.  

Referring to these plots, a couple of interesting observations can be made. First, changing the 

standard deviation of the B-field’s profile over a rather large range is seen to minimally affect the axial 

profiles of the plasma properties. The case with 𝜎 = 0.25𝜎0 presents the most difference among all the 

cases, particularly in terms of the ion number density and the axial electric field. The plasma profiles 

are almost invariant with 𝜎 from 0.5𝜎0 to 𝑖𝑛𝑓. These observations are significant because they highlight 

that, when the ionization process is modelled through a temporally invariant source, the variations in 

the width of the region of the high magnetic field intensities, does not majorly affect the distributions of 

the plasma properties. This contradicts the explanation provided in Ref. [156] to justify the experimental 

observation that the acceleration zone expands with the increasing B-field intensity. 

 
Fig. 5.20: Time-averaged (over 20 − 30 𝜇𝑠) axial profiles of ion number density (𝑛𝑖), axial electric field (𝐸𝑥), 

electron temperature (𝑇𝑒) for xenon with various values of standard deviation of the magnetic field profile 𝜎 (top 

row), and various magnetic field’s peak locations 𝑥𝑝 (bottom row). Dashed lines represent the location of the 

channel exit plane in each case and grey boxes delimit the position of the ionization source. 

This implies that significant alteration in the plasma profiles and performance of a Hall thruster when 

varying the width of B-field’s profile in a real thruster setting [160]-[162] should primarily be attributed to 

the variations in the ionization process, including the efficiency of the ionization and the relative location 

of the ionization zone with respect to the acceleration region. Alternatively, variations in the axial 

gradient of the magnetic field can alter the curvature and radial gradient of the field topology. As 
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demonstrated in Section 4.3, the magnetic field’s curvature can significantly influence plasma 

processes and conditions. Hence, alteration of the curvature of the magnetic field could also be another 

contributing factor in the experimentally observed changes in the performance when varying the width 

of the high magnetic field region. 

Second, changes in the axial location of the peak B-field intensity are evident to have a more notable 

impact on the profiles of the plasma properties. In this respect, we see that, when 𝑥𝑝 is varied from 

0.5 𝑐𝑚 to 1.5 𝑐𝑚, the extent of overlap between the ionization zone and the acceleration zone is 

continuously reduced as the acceleration zone shifts progressively downstream toward the plume (as 

inferred from the 𝐸𝑥 plot in Fig. 5.20). This downstream movement of acceleration zone leads to 

consistently larger ion velocities in the plume (Fig. 5.21), as well as increase in the peak 𝑛𝑖, a gradual 

reduction in the peak 𝑇𝑒 values together with a downstream shift in the axial location of the peak 𝑇𝑒. 

Nevertheless, the extent of the downstream movement of the acceleration region does not match the 

extent of the shift in the location of the magnetic field peak. This is in part because the B-field value is 

fixed on the left boundary, thereby the B-field intensities are maintained at relatively high values 

upstream of the acceleration region (toward the anode side of the domain). As a result, the region of 

high B-field intensity, thus the acceleration zone does not move significantly with the change in 𝑥𝑝. 

 

Fig. 5.21: Variation of spatiotemporally averaged (across axial extent of 1.5 𝑐𝑚 < 𝑥 < 2.5 𝑐𝑚 and over 20 −

30 𝜇𝑠) ion number density (𝑛𝑖) and ions’ axial drift velocity in the plume vs 𝜎 (top row) and vs 𝑥𝑝 (bottom row) 

for xenon. The dashed lines in the right-hand side plots represent the theoretical ideal exhaust velocity for ions 

from Eq. 5.1. 

Despite the minor changes observed in the plasma profiles, the electron current (𝐼𝑒) and thus, the 

discharge current (𝐼𝑑) vary substantially with changes in the B-field’s profile, as shown in Fig. 5.22. 

While the ion current (𝐼𝑖) remains almost invariant with 𝜎 and 𝑥𝑝, the electron current decreases 

significantly as either 𝜎 or 𝑥𝑝 increases. Indeed, as will also be seen in Section 5.3.2, the consistent 
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increase in the width of the relatively high magnetic field region with increasing 𝜎 or 𝑥𝑝 leads to a 

continuous reduction in the overall electron transport. 

 

Fig. 5.22: Variation of the temporally averaged (over 20 − 30 𝜇𝑠) current terms vs 𝜎 (left), and vs 𝑥𝑝 (right) for 

xenon propellant; 𝐼0 is the nominal total ion current imposed by the ionization source. Note that the 𝑥-axis in 

the left hand-side plot is in logarithmic scale, and 𝜎0 = 0.625 𝑐𝑚 is the standard deviation of the baseline B-

field profile. 

5.3.2. Variation in the electrons’ cross-field transport 

The time-averaged axial profiles of the of the force terms in Eq. 1.20 contributing to the electrons’ 

axial transport in the presence of the studied magnetic field profiles are presented in Fig. 5.23. 

Looking at the left column plots, it is noticed that as the parameter 𝜎 is increased, the axial 

distribution of the 𝐹𝐵 (or equivalently the RHS term which is the sum of 𝐹𝐸, 𝐹Π and 𝐹𝐼 terms) tends to 

become more uniform. This behavior is related to the consistent reduction in the axial gradient of the 

B-field’s profile. Additionally, the peak magnitude of 𝐹𝐵, along with the peak of the individual 

contributions (𝐹𝐸, 𝐹Π and 𝐹𝐼), consistently decreases with increasing 𝜎.  

Referring to the plots in the right column, when the axial location of the peak magnetic field intensity 

moves from 0.5 𝑐𝑚 to 1.5 𝑐𝑚, the profile of 𝐹𝐵 is seen to become increasingly more flattened, with its 

upstream values dropping notably. At 𝑥𝑝 ≥ 1 𝑐𝑚, the 𝐹𝐵 profile begins to develop a peak at the 𝑥𝑝 

position, nearly as prominent as the upstream peak. For the large 𝑥𝑝 values (𝑥𝑝 ≥ 1.25  𝑐𝑚), 𝐹𝐸 and 𝐹𝐼 

terms demonstrate symmetrical oscillatory axial distributions across the domain. 
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Fig. 5.23:  Axial profiles of the transport terms in Eq. 1.20 for xenon propellant with various 𝜎 (left column), 

and various 𝑥𝑝 (right column). The force terms are averaged over 4 𝜇𝑠. 𝐹𝐵 is the magnetic force, 𝐹Π is the 

viscous effects, 𝐹𝐼 is the convective inertia force, 𝐹𝐸 is the electric force term, and RHS represents the sum of 

𝐹Π, 𝐹𝐼 and 𝐹𝐸 . 𝐹𝑡 (temporal inertia) contribution was almost zero, and it is thus not displayed. Dashed black 

lines represent the location of the peak B-field in the baseline case (𝑥𝑝 = 0.75 𝑐𝑚), while dashed magenta 

lines in right column plots indicate the location of the peak B-field in the respective cases (𝑥𝑝). 

5.4.  Conclusion 

The complex and highly coupled nature of the plasma processes in a Hall thruster poses a great 

challenge on isolating and distinguishing how the variations in different parameters may alter the 

underlying phenomena and the global behavior of the discharge. In this regard, high-fidelity parametric 

sweeps in reasonably simplified controlled simulation environments are necessary to set the 

foundational understanding on the parametric variability of the system.  Building upon the insights 

derived from the simplified parametric simulations, we can then methodically progress toward setups 
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that are increasingly more representative of the real world, and ultimately discover the parametric 

dependency of the plasma processes in realistic settings.  

To this end, leveraging the substantial computational cost reduction achieved with RO-PIC, and 

following the parametric investigation in the radial-azimuthal configuration conducted in the previous 

chapter, we proceeded with performing a parametric study in the axial-azimuthal configuration with a 

simplified representative setup in this chapter. The parameters investigated include discharge voltage, 

ion current density (or, equivalently, mass flow rate which is controlled by the intensity of the ionization 

source), magnetic field intensity and its profile’s shape. The most salient general findings in common 

among all operating conditions are: 

• The numerical dispersion of the instabilities inside the channel and in the plume, overall, matches 

the nonlinear and linear IAI’s theoretical dispersion relation, respectively across various operating 

conditions except for the very low current density (𝐽 = 50 and 100 𝐴𝑚−2) and high magnetic field 

intensities (𝑁 = 20 and 30 𝑚𝑇), where indications of the presence of ITTI were noted. The 

development of strong ITTI modes at these conditions can be correlated with the insufficient levels 

of electrons’ transport, which, according to Ref. [159], can trigger this instability mode. 

• Evidence of the presence of ITTI in these conditions includes detection of the modes with non-zero 

axial wavenumber components from the DMD analysis in Refs. [138][139] and observation of the 

“wave-riding” ions in the IVDFs as well as notable broadening of the axial IVDFs. The frequency 

of the ITTI in these cases varies between 0.6 − 1.5 𝑀𝐻𝑧. 

• Ion-wave trapping which acts as the saturation mechanism for the instabilities was evidently 

observed across all operating conditions except for very low current density (𝐽 = 50 𝐴𝑚−2) and 

very high magnetic field intensity (30 𝑚𝑇), where the instabilities were found to be weak. 

• Theoretical predictions of the azimuthal wavenumber and the frequency of the dominant IAI’s mode 

showed, respectively, up to 200% and up to 150 % error, in the respective simulated values across 

various operating conditions and propellants.  

• Theoretical prediction for the saturated amplitude of IAI-induced plasma density fluctuations in the 

plume, based on ion-wave trapping saturation, is about 12% of the steady state plume density, 

while the simulated values vary between 8 to 15% across operating conditions. 

• Regarding the distribution of individual contributions to the electrons’ axial transport, in most 

conditions, viscous effects (𝐹Π) are the dominant term near the anode. However, in the rest of the 

domain, 𝐹Π’s contribution is nearly offset by convective inertia (𝐹𝐼) term, leaving the instabilities’ 

contribution (𝐹𝐸) as the primary contributor to the transport. 

Furthermore, the specific trends of variations with each operating condition are summarized below: 

Effects of discharge voltage (𝑽):  

• The width of the acceleration zone progressively expands with increasing 𝑉 and the location of the 

peak of the 𝐸𝑥 profile shifts downstream.  
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• The deviation of the ion velocities in the plume (𝑉𝑖𝑥) from the ideal values (𝑣𝑒𝑥ℎ𝑎𝑢𝑠𝑡) is consistently 

increased at higher discharge voltages, with the deviation of the 𝑉𝑖𝑥 from 𝑣𝑒𝑥ℎ𝑎𝑢𝑠𝑡 becomes more 

substantial from xenon to argon. 

• The electron current (𝐼𝑒) exhibits small variability across the voltages of 200 to 400 𝑉 and jumps 

by a factor of about 1.5 from 400 to 600 𝑉, which is due to increased role of viscous effects. Ion 

current density ratio (𝐼𝑖/𝐼0) appears to reach a plateau beyond 𝑉 = 300 𝑉 indicating the maximum 

ion beam current fraction that can be extracted with the imposed injection source intensity. 

• The instabilities’ characteristics show minor variability across the simulated voltage range. 

• The 𝐹Π term became increasingly more significant within a larger segment of the channel region 

as 𝑉 increases, overtaking the instabilities’ contribution to transport particularly at 600 𝑉. 

Effects of current density (𝑱):  

• The overlap between the acceleration and the ionization zones increases for small values of the 

current density (𝐽)  which reduces the ions’ axial drift velocity in the plume. 

• The fraction of the ion current collected at the cathode (𝐼𝑖/𝐼0) became increasingly smaller than 1 

as the 𝐽 increased.  

• The azimuthal wavenumber, frequency and amplitude of the instabilities increase with 𝐽 and so 

does their induced electron transport. 

• The ions’ velocity distribution functions (IVDF) at low 𝐽 values of 50 and 100 𝐴𝑚−2 show the distinct 

features of the ions’ interactions with the ITTI including oscillatory behavior and enhanced 

dispersion. 

Effect of B-field intensity: 

• Increasing 𝐵 results in a continuous decrease in 𝐼𝑒 until it reaches an asymptotic value between 

20 and 30 𝑚𝑇. 𝐼𝑖, however, increases with 𝐵 until it nearly plateaus around 15 𝑚𝑇. 

• At the low B-field extreme (𝐵 = 5 𝑚𝑇), the acceleration region is widened and shifts further 

downstream, reducing its overlap with the ionization region. Furthermore, at this field intensity, the 

electrons’ transport within the channel is primarily driven by the 𝐹Π term. Whereas, in the plume, 

the 𝐹Π, 𝐹𝐼 and 𝐹𝐸 terms are of comparable magnitudes. However, the balance between of 𝐹Π and 

𝐹𝐼 in the plume leaves 𝐹𝐸 as the dominant transport mechanism in this region. 

• At the high B-field extreme (𝐵 = 30 𝑚𝑇, and to a lower extent 𝐵 = 20 𝑚𝑇), the discharge becomes 

turbulent, leading to ions’ axial drift velocities much lower than the ideal 𝑣𝑒𝑥ℎ𝑎𝑢𝑠𝑡. The non-idealities 

in acceleration substantially increase from xenon to argon. The turbulent fluctuations cause 

significant heating of the electron and ion populations and remarkably high electrons’ transport in 

case of argon. The 30 𝑚𝑇 case indicates the most disparity in plasma behaviors among 

propellants. 

• Inside the channel, the instabilities’ wavenumber and frequency decrease with 𝐵, while they show 

no distinct trend in the plume. The most notable change in the wavenumber and amplitude of 

oscillations between the channel and the plume regions occurs at 𝐵 = 5 𝑚𝑇 . 
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• At low B-fields (𝐵 = 5 𝑚𝑇), the ions have a highly beam-like velocity distribution, whereas, at high 

B-fields (𝐵 = 30 𝑚𝑇) the IVDFs exhibit “swirling” features as a result of their interactions with the 

turbulent fluctuations. 

 

Effects of B-field profile:  

• The axial profiles of plasma properties are minimally affected by varying the standard deviation (𝜎) 

of the B-field’s Gaussian profile. This limited sensitivity of plasma behavior to 𝜎 is, in part, attributed 

to the prescription of a fixed ionization source. This observation suggests that the significant 

changes in the plasma profiles and performance of a Hall thruster with variation in the width of B-

field’s profile [160]-[162] is primarily due to the variations in the ionization process, and/ or the 

curvature of the magnetic field.  

• Shifting the axial location (𝑥𝑝) of the peak B-field intensity towards the downstream reduces the 

overlap between the ionization and acceleration zones, albeit to a lesser extent than downstream 

shift in 𝑥𝑝. The impact of shifting 𝑥𝑝 is less than expected, partly due to the fixed and relatively high 

intensity of the B-field in the near-anode region and the invariant imposed ionization source. 

• Despite minor changes in the plasma profiles and an almost invariant ion current (𝐼𝑖) with 𝜎 and 

𝑥𝑝, the electron current (𝐼𝑒) and thus, the discharge current (𝐼𝑑) decreases substantially with 

increasing 𝜎 and 𝑥𝑝. This is due to the consistent increase in the axial extent over which magnetic 

field is relatively high.  

• In addition to the reduction in the overall electrons’ transport (𝐹𝐵 term), the profile of 𝐹𝐵 tends to 

become more uniform as either 𝜎 or 𝑥𝑝 increases. 

As a final point, it is recognized that the imposed ionization source in the simulations may have to 

some extent affected the results. It is thus important to verify the outcomes from this work in an 

experimental setting or/and using 3D PIC simulations that self-consistently resolve the collisional 

processes (including the ionization) as well as the interactions with the radial walls.  
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Chapter 6 RO-PIC modelling of a high-power 20 kW-

class industrial Hall thruster  

High-power magnetically shielded Hall thrusters have emerged in recent years to meet the 

needs of the next-generation on-orbit servicing and exploration missions. Predictive models 

can significantly contribute to the design and development of these thrusters by reducing 

development costs and time to market, while enhancing their reliability for in-space 

operation. However, modeling such thrusters involves two main challenges. 

First, due to their large size, self-consistent simulations of these thrusters using conventional 

multi-dimensional PICs without any physics-altering speed-up factors is unfeasible. In this 

regard, within this chapter, we demonstrate the applicability of the RO-PIC as a cost-efficient, 

self-consistent tool for prediction of the behavior of an industrial 20 kW-class magnetically 

shielded Hall thruster.  To this end, the axial-azimuthal Q2D simulations are performed for 

three operating conditions. We have resolved self-consistently an unprecedented 650 µs of 

the discharge evolution without any ad-hoc electron mobility model, capturing several 

breathing cycles and approximating the experimental performance parameters with an 

accuracy of 70 to 80 % across the operating conditions. This has been made possible using 

single-region approximation of the RO-PIC which has provided a 400-fold speedup compared 

to a full-2D PIC, in these simulation cases.  

Second, magnetically shielded thrusters feature highly curved magnetic field topology with 

large radial and axial gradients. This implies that the plasma configuration in these thrusters 

exhibits a more pronounced 3D nature than the Hall thrusters with conventional magnetic 

topologies. Accordingly, a 2D axial-azimuthal simulation resembles a rather simplified 

representation of the thruster’s geometry. In any case, by performing the Q2D axial-azimuthal 

simulations using the single-region approximation, we intend to primarily investigate the 

level of accuracy at which such a self-consistent, low-computational-cost kinetic simulation 

can predict the experimental performance parameters and the global discharge dynamics.  

In addition, radial-azimuthal simulations (at high-order approximation limit of RO-PIC) are 

carried out to complement the axial-azimuthal simulation by underlining the significance of 

the radial physics, including the radial gradients in the magnetic field, in the radial distribution 



   

Imperial College London, Department of Aeronautics 
217 

DOCTORAL THESIS – MARYAM REZA 

of the plasma properties and the involved plasma processes, in general.  These simulations 

are performed for three radial-azimuthal cross-sections of the channel, at three different axial 

positions including near-anode, ionization and acceleration regions. The results of these 

studies are provided in Appendix A.7. However, the main insights gathered from the radial-

azimuthal simulations and their relationship with the axial-azimuthal simulations are 

summarized at the end of the chapter.  

6.1.  RO-PIC as a tool to aid industrial development of plasma technologies 

So far, we have showcased the efficacy of the RO-PIC in faithfully modeling plasma behavior in 

various plasma configurations within extensively large parameter spaces. In this chapter, we 

demonstrate the utility of RO-PIC as a tool to simulate full-size E × B devices, modeling which is 

currently unfeasible with the existing state-of-the-art numerical techniques in a self-consistent manner 

and within practical timeframes. To this end, we take a high-power magnetically shielded Hall thruster 

as an example of an industrially relevant device.  

Today, innovative near-Earth and interplanetary space missions are being planned with the aim of 

enabling sustainable and responsible utilization of space and to expand humanity’s exploration 

capabilities, from the Moon to Mars and beyond. High-power magnetically shielded Hall thrusters [52]-

[55] are currently viewed as one of the leading candidates among the electric propulsion concepts to 

realize these novel missions due to their high-throughput, long-lifetime capabilities, and operational 

versatility. 

Nevertheless, over the past decade, developing and testing this class of Hall thrusters has revealed 

the enormous cost and time required to mature this new technology to the qualified and flight-ready 

status. Simultaneously, extensive research into the Hall thrusters in the past years has highlighted the 

impact of the on-ground vacuum testing facilities on the performance and stability of Hall devices [163]-

[168], which notably affects the reliability of the characterization/qualification test results with respect to 

the on-orbit operation. Finally, it is becoming globally acknowledged that the current qualification 

strategies, centered around pre-determined operating scenario(s), lack sufficient statistical data for 

reliable quantification of the risks and devising proper safety margins from a statistical perspective [169]. 

The above realizations have once again underscored the necessity of predictive models that can aid 

the design, development, and testing of Hall thrusters, thus, mitigating the required cost and time from 

one side and augmenting the reliability of this technology from the other side.  

In this regard, although traditional PIC codes provide a high level of fidelity in predicting the behavior 

of thrusters, their computational cost (without any physics-altering speed-up scaling factors) are 

prohibitively high for real-size high-power Hall thrusters, rendering them impractical as a design and 

test-aiding tool. RO-PIC, however, can serve as a remarkably cost-efficient tool enabling self-consistent 

kinetic simulation of full-size E × B plasma devices, including high-power Hal thrusters. It can thus 



   

Imperial College London, Department of Aeronautics 
218 

REDUCED-ORDER PARTICLE-IN-CELL SCHEME FOR 

COMPUTATIONALLY EFFICIENT KINETIC PLASMA MODELLING 

enable the design of more efficient plasma technologies and facilitate their development by reducing 

the reliance on empirical, test-dependent practices. 

Recalling that the Q2D simulations based upon the RO-PIC scheme enable a wide spectrum of 

resolution choices between full-1D and full-2D, thereby providing the flexibility to choose the optimal 

trade-off between the predictions’ accuracy and the required computational resources. We have 

particularly demonstrated in Chapter 4 that, in the axial-azimuthal coordinates, the single-region Q2D 

simulation, which provides more than two orders of magnitude reduction in the computational cost, 

captures an average effect of the azimuthal instabilities on electrons’ cross-field transport, that results 

in a reasonably accurate self-consistent prediction of the dynamics of the discharge. Accordingly, the 

maximum computational advantage (400 times in this case) provided by the single-region 

approximation limit of RO-PIC has been the main enabler of the present effort of simulating the 

extended domain of a 20kW-class Hall thruster over a 650 𝜇𝑠 duration.  

We highlight that the single-region, as the lowest approximation limit of RO-PIC, is chosen to quantify 

the upper limit of the error in the prediction. Any approximation order above this limit is expected to 

improve the accuracy of the model. Moreover, due to the maximum computational gain, the single-

region approximation limit can be the most practical choice for industrial applications to provide 

estimates of thruster behavior across the operational envelope. 

6.2.  Simulations’ setup and conditions 

The simulations are performed in the axial-azimuthal coordinate using the single-region Q2D 

approximation for a development model of a 20 kW-class magnetically shielded Hall thruster, SITAEL’s 

HT20k, which is described in Refs. [168][170]. The computational domain is a Cartesian 𝑥 − 𝑧 plane, 

with the 𝑥-coordinate along the axial direction and the 𝑧-coordinate along the azimuth. The anode is 

located at the left-hand side of the domain whereas the cathode boundary is at the right-hand end. 

Along the axial direction, the channel exit plane is located at the middle of the domain, i.e., 𝑥/𝐿𝑥 = 1.0. 

Accordingly, a plume length equal to the channel’s axial extent is modelled. In the azimuthal direction, 

the computation domain is 2-cm-long.   

At the beginning of the simulation, the electrons and ions are sampled from a Maxwellian distribution 

at 10 𝑒𝑉 for the electrons and 0.5 𝑒𝑉 for the ions and injected uniformly throughout the domain. At the 

cathode boundary, electrons are sampled from a half-Maxwellian at 5 𝑒𝑉 and are injected into the 

domain at each timestep according to the quasi-neutrality approach (see Section 1.4.2.2). 

Dirichlet potential boundary conditions are applied at both axial ends of the domain, with the cathode 

side at 0 𝑉 and the anode side at 300 𝑉. In the azimuthal direction, a periodic boundary condition has 

been applied to either end. The axial and azimuthal potential boundary conditions are implemented in 

the RDPS as was described in Section 2.2.2.1. 

Concerning the boundary conditions for the plasma particles, the azimuthal direction is assumed as 

periodic. Therefore, the particles leaving the domain at one end are injected back from the other end. 

Along the axial direction, both ions and electrons reaching either the anode or the cathode side of the 
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domain are removed from the simulation. However, ion recombination on the anode and the consequent 

injection of the neutrals are considered in the simulations. 

The neutrals’ dynamics is resolved in terms of their density and velocity evolution by solving a 1D 

axial Euler system of fluid equations (refer to Section 1.4.2.4). The adoption of a fluid description for 

neutrals is in line with the current practices being pursued by the community for axial-azimuthal 

simulations [115][171]. The benchmark results of our 1D Euler neutrals solver are provided in Appendix 

A.1.5. Furthermore, the application of this neutral’s fluid solver (and its comparison with other neutral 

models) in 1D axial and quasi-2D axial-azimuthal simulations of a SPT100-type Hall thruster domain 

can be found in Ref. [106].  

The flow of the neutrals is assumed to be isothermal at the temperature of 650 𝐾. As the neutrals 

are treated as a fluid, to account for the neutrals created due to the ion recombination on the anode, 

the corresponding mass flow rate is calculated and added to the mass flow rate injected from the gas 

distributor [106]. The effects of the background pressure due to the residual neutrals in the vacuum 

chamber and the neutrals population in the cathode plume are not accounted for. Hence, no neutral 

injection is considered from the cathode boundary.  

The simulations’ physical and numerical parameters are summarized in Table 6.1. 

Parameter Value [unit] 

Physical Parameters 

Initial plasma density (𝑛0) 1 × 1017 [m-3] 

Electron temperature, initial load (𝑇𝑒,0) 10 [eV] 

Electron temperature, cathode injection (𝑇𝑒,𝑐) 5 [eV] 

Ion injection temperature (𝑇𝑖,0) 0.5 [eV] 

Neutral temperature (𝑇𝑛,0) 650 [𝐾] 

Computational Parameters 

Time step (Δ𝑡) 2 × 10−12 [s] 

Total simulation time (𝑡𝑠𝑖𝑚) 650 [μs] 

Cell size (Δx = Δz) 20 [μm] 

Initial number of macroparticles per cells along axial direction (𝑁𝑝𝑝𝑐,𝑥) 50 

Initial number of macroparticles per cells along axial direction (𝑁𝑝𝑝𝑐,𝑧) 600 

Number of regions in Q2D simulations, NumR (𝑀 = 𝑁) 1 (single-region approximation) 

Table 6.1: Summary of the main physical and numerical and parameters used for the Q2D axial-azimuthal 

simulations of HT20k. 

The simulations are performed for three operating conditions of the HT20k where the thruster was 

operated on xenon as the propellant. An overview of the operating parameters is provided in Table 6.2. 

The values of the peak magnetic field intensity for the different operating conditions are normalized with 

respect to the peak field intensity of Case II, which is denoted as 𝐵0. The axial profiles of the normalized 

radial magnetic field intensity for the three simulated operating conditions are shown in Fig. 6.1 (a).  
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 Simulation case 

Operating condition Case I Case II Case III 

Discharge Voltage [V] 300 300 300 

Anode Mass Flow Rate (AMFR) [mg/s] 25 30 35 

Magnetic field peak intensity [mT] 0.8𝐵0 𝐵0 1.5𝐵0 

Table 6.2: HT20k operating conditions used for the simulations. 

The initial profiles of the neutrals’ densities and axial velocities for the three cases are shown in Fig. 

6.1 (b). It is noted that the specific choice of the initial neutral density and velocity profile mostly affects 

the initial discharge transient, and simulations with different choices of these initial profiles shall 

eventually converge to a similar quasi-steady state. Accordingly, the initial profiles of Fig. 6.1 (b) are 

not expected to notably influence the plasma behavior beyond the initial transient phase of the 

discharge evolution. 

The electron-neutral collisions are resolved using the Monte Carlo Collisions (MCC) scheme (see 

Section 1.4.2.3). The collision events included in the MCC model include single ionization, four 

excitations and the elastic momentum-transfer collision. The cross-sections for these collisions are 

presented in Fig. 1.12.  

 
Fig. 6.1: Axial profiles of (a) the normalized radial magnetic field intensity (b) initial neutral density (left axis) 

and neutrals’ axial velocity (right axis) used for the three operating conditions; Case I, Case II and Case III. 

6.3.  Results and discussions 

In this section, we present the outcomes of the simulations in terms of global performance 

parameters, distribution of plasma properties and the azimuthal waves’ characteristics. The predicted 

performance parameters are compared against the experimental data for HT20k thruster. We 

emphasize that intensive measurements of the plasma properties are not available for the HT20k to be 

used for validation of the simulation results. Nonetheless, since the simulations are fully self-consistent 

and do not include any tunning coefficient to be matched against the test data, comparing the 

performance parameters could serve as a suitable measure to quantify the accuracy of the predictions. 
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6.3.1. Global performance parameters and discharge current oscillations 

We start discussing the results by comparing the predicted performance parameters from the Q2D 

axial-azimuthal simulations against the experimental data. Table 6.3 shows the simulated performance 

parameters for each operating condition. In addition, Fig. 6.2 compares the variation vs the anode mass 

flow rate (AMFR) of the simulated and measured performance parameters as was reported in Ref. 

[168]. The data are shown in a non-dimensional format in the figure at the request of SITAEL. In this 

regard, each simulated/measured performance parameter is normalized with respect to the 

corresponding measured value of that parameter for Case II.  

As mentioned in Section 6.2, the neutrals’ background pressure effects are not considered in the 

simulations and, as a result, our setup amounts to a thruster operating in space where the background 

pressure is indeed negligible. Accordingly, to gain insight into the extent of variation in performance 

parameters with background pressure, for the three simulated operating conditions, we have provided 

in Fig. 6.2 the experimental performance at two background pressure levels, differing by a factor of 2. 

The calculated performance values shown in Table 6.3 are averaged over several breathing cycles. 

In this respect, the instantaneous value of the discharge current (𝐼𝑑) is calculated in our simulations as 

the difference between the electron and ion flux reaching the anode at each time step. Furthermore, we 

have estimated the instantaneous values of thrust (𝑇) and specific impulse (𝐼𝑠𝑝) during the simulation 

using the following relations: 

𝑇 =  
𝐴𝑟𝑒𝑎𝑙

𝐴𝑠𝑖𝑚

1

Δ𝑡
∑ 𝒲𝑛𝑀𝑖𝑣𝑖𝑥,𝑛𝑛 ,    Eq. 6.1 

𝐼𝑠𝑝 =
∑ 𝒲𝑛𝑣𝑖𝑥,𝑛𝑛

𝑔0∑ 𝒲𝑛𝑛

.  Eq. 6.2 

In the above relations, the summation is taken over ion particles crossing the cathode boundary at 

each timestep. Also,  𝐴𝑟𝑒𝑎𝑙 and 𝐴𝑠𝑖𝑚 are the real and simulated thruster’s cross-sectional area, 

respectively, 𝒲𝑛 is the ion’s macroparticle weight, 𝑣𝑖𝑥,𝑛 is the axial velocity of each exiting ion, 𝑀𝑖 is the 

xenon ion mass, and 𝑔0 is the gravitational acceleration at the sea level. The thrust efficiency is 

calculated using the time-averaged values of thrust and discharge current as 

𝜂𝑇 =
𝑇2

2𝑚̇𝑛𝐼𝑑𝑉𝑎
,  Eq. 6.3 

in which, 𝑚̇𝑛 is the injected xenon mass flow rate from the anode. 

 Simulation case 

Performance Parameter Case I Case II Case III 

Discharge Current, 𝐼𝑑  [𝐴] 22.8 27.5 29.8 

Thrust, 𝑇 [𝑚𝑁] 350 456 510 

Specific Impulse 𝐼𝑠𝑝 [𝑠] 1906 1834 1773 

Thrust Efficiency 𝜂𝑇 [%] 35.8 42 41.6 

Table 6.3: Performance parameters from the Q2D simulations of the HT20k in the three operating conditions. 

From Fig. 6.2, we observe that, as the mass flow rate increases from Case I to Case III, the simulated 

time-averaged thrust and discharge current show an increasing trend that is consistent with the 
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experimental trend. However, thrust efficiency and specific impulse show relatively minor variations with 

the mass flow rate, similar to the experimental observations. 

 

Fig. 6.2: Comparison of the normalized global performance parameters from the simulations against 

experimental values for the three operating conditions [168]; (a) thrust, (b) specific impulse, (c), discharge 

current, (d) thrust efficiency. The lower-pressure (LP) data corresponds to the performance measurements at 

a background pressure lowered by a factor of 2 compared to the higher-pressure (HP) points. 

Referring to Fig. 6.2, the Q2D simulations across the simulated operating conditions, yield 

performance estimations that deviate from the experimental values at the reduced backpressure by the 

error ranges of 15 − 25 % in the discharge current, 20 − 25 % in the thrust, and 2 − 10 % in the specific 

impulse. The error in the thrust efficiency is also between 25 − 30 % for all cases compared to the 

experimental 𝜂𝑇.  

With regard to the above errors in the performance parameters, we identified below, in the order of 

significance, the main factors that we consider as the root causes of the discrepancies observed 

between the experimental and simulated performance. Subject to further verification and detailed 

experimental validation of the simulated results, it is hypothesized that incorporating some of the factors 

outlined below in the simulation will yield calculated performance parameters that compare more closely 

with the experimental ones. 

A) Lack of resolving radial physics: The inherently 3D nature of magnetically shielded Hall 

thrusters entails that radial processes and gradients play a crucial role in shaping plasma behavior 

and, consequently, device performance. In this regard, as demonstrated in Section 4.3, the 

curvature and the radial gradient of the magnetic field affects the plasma processes, regulating the 

electrons’ energy as well as concentrating the plasma density toward the center. Furthermore, the 

results of the simulations along the radial-azimuthal cross section of the HT20k thruster presented 

in Appendix A.7 further underscore the impacts of the radial dynamics unresolved in the present 

axial-azimuthal simulations. According to these results, the absence of the radial coordinate in the 

axial-azimuthal simulations seems to be among the most influential factors behind the lower 

predicted thrust and discharge current relative to the experimental values. Indeed, as will be shown 

in section 0 (Fig. 6.8), a notable population of slow ions exists in the plume, which has been most 
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likely absent in the plume of the real thruster. This is believed to be due to the absence of the 

confining effect of the radial magnetic field curvature inherent to the magnetic shielding topology. 

The slow ion population, which does not significantly contribute to the ion current and thrust, 

become more significant as mass flow rates increases (Fig. 6.8), leading to a greater deviation in 

thrust and discharge current at higher mass flow rates. 

As a result, in case the radial coordinate had been resolved, an enhancement of the ionization 

inside the channel could be expected which would have resulted in most of the ions to be created 

ahead of the region of maximum electric field intensity (the acceleration zone), thus, reducing 

notably the slow ion population. In this regard, it is highlighted that such a significant slow ion 

population has not been observed in the single region Q2D axial-azimuthal simulation of 

conventional SPT100-type thruster [106].  

B) Single-region approximation of the 2D problem: Although the single-region approximation of 

an axial-azimuthal simulation domain has been demonstrated in Section 3.1.2 to self-consistently 

capture an average effect of the azimuthal instabilities on the electrons’ transport, it is the simplest 

approximation that can be established for a 2D problem with the RO-PIC scheme. This implies 

that, because of the applied degree of order reduction, there can be an inherent error associated 

with the results of the single-region simulations.  

C) Absence of the background pressure and the additional neutrals’ flow from the cathode: 

The background neutrals in the testing facility and the cathode mass flow fraction, that determines 

the significance of the neutrals’ population in the cathode plume, are well known to affect the 

performance of Hall thrusters [168][172]. These two factors, which are shown to have a similar 

effect on the discharge dynamics [172], increase the number density of the neutrals in the near-

plume of Hall thrusters. The elevated neutral number density is, in part, ingested into the thruster’s 

discharge channel, artificially increasing the effective thruster’s mass flow rate [168]. The 

background and cathode neutrals also modify the global behavior of the thrusters by affecting the 

underlying processes such as the electrons’ cross-field mobility [164][166][168]. Accordingly, we 

observe from Fig. 6.2 that all measured performance parameters are lower at a reduced vacuum 

chamber pressure, and that the difference between the performance at higher and lower 

backpressures slightly increases with increasing mass flow rate.  

D) Neglecting the multiply charged ions: The simulated cases correspond to the operating 

conditions at a relatively low discharge voltage of 300 𝑉, which justifies the assumption of 

neglecting multiply charged ions in the simulations. However, in the real-world setting, a population 

of multiply charged ions, particularly doubly charged, is typically present and contributes to the 

discharge current, thrust, and specific impulse.  

E) Absence of ion-neutral charge-exchange (CEX) collisions: The CEX collisions are known to 

be significant in the near-plume of Hall thrusters. It is additionally noted that CEX collisions can be 

important upstream of the acceleration zone as well due to a relatively high neutral density in that 

region. Accounting for CEX upstream of the acceleration zone can lead to lower ion velocities in 

the channel, thus, larger plasma densities. In any case, in Ref. [106], it was demonstrated that 

including CEX collisions in the axial and axial-azimuthal simulations, which do not capture plume 
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expansion can lead to the underpredicted ions’ velocity and unrealistically high neutrals’ 

temperature and velocity in the plume. As a result, the CEX collisions are not accounted for in the 

simulations here since an accurate capturing of the CEX collisions and their effects in the absence 

of resolving the radial coordinate is not believed to be practical.   

Following the above remarks, we proceed with the presentation of the simulations’ results by 

referring to Fig. 6.3, which shows the time evolution of the discharge current signal for the three 

simulation cases. In addition, we have plotted in Fig. 6.4 the averaged temporal FFT of the respective 

ion number density signals to assess the frequency content of the axial discharge oscillations. 

 
Fig. 6.3: Time evolution of the discharge current for the three simulated operating conditions. The highlighted 

areas isolate one cycle of the periodic behavior in the discharge after reaching the quasi-steady state. 

 
Fig. 6.4: Average (over all axial positions) temporal FFT plots of the ion number density signal, for the three 

simulated conditions. The two most dominant frequencies in the FFT plots are specified. The frequency 

highlighted in red corresponds to the frequency of the periodic pattern observable in the respective discharge 

current evolution plot in Fig. 6.3. 
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It is noted from Fig. 6.3, that all simulations have reached a quasi-steady state and exhibit periodic 

oscillations reminiscent of the breathing mode. This underlines that the average instability-induced 

electrons’ axial transport is resolved adequately with the single-region Q2D simulations, enabling 

sustainment of the discharge and the development of the breathing mode oscillations. 

Across various operating conditions, it is seen in Fig. 6.3 that the amplitude and frequency of the 

discharge oscillations are different. However, all three cases exhibit both “low” and “high”-frequency 

global discharge oscillations, which are also distinctly evident from the corresponding FFT plots in Fig. 

6.4. Looking at Table 6.4, the peak frequencies from the simulations are rather consistent with those 

observed in the experimental discharge current of the HT20k thruster. Even though we cannot entirely 

eliminate the possibility that the high frequency peaks in the experiments are associated with the 

cathode operation, they are most likely related to the thruster itself since they were not visible at higher 

magnetic field intensities.   

 Current signal peak frequencies [kHz] 
 Case I Case II Case III 

Simulation 9.2, 16.9, 29 3, 10, 15.4 4.5, 10, 24.6 

Experiment ~9, 25 ~5, 20 ~5, 20 

Table 6.4: Comparison of the peak frequencies of the discharge current signal from the Q2D simulations of 

the HT20k in the three operating conditions with the corresponding experimental values.  

Regarding the trend of variation of the frequency of breathing oscillations, the experimental results 

of Ref. [173] had also interestingly showed a decrease in the main frequency of the global discharge 

oscillations with increasing magnetic field intensity at discharge voltages around 300 𝑉. 

6.3.2. Distribution of plasma properties 

Fig. 6.5 show the obtained spatiotemporal evolution of several macroscopic discharge properties 

for the three simulated operating conditions. It is noted that the point of ions’ zero velocity, whose 

location is traced by the white curves on plots (b) and (c), indicates the axial location from where the 

ions start to backflow toward the anode.  

It is seen in Fig. 6.5 (a) that the evolution of the ion number density (𝑛𝑖) is expectedly correlated with 

the discharge current. In fact, the peaks of the discharge current correspond to the maximum ion 

(plasma) number density near the anode. In addition, the acceleration and downstream propagation of 

the ions are observed from the ion axial velocity (𝑉𝑑𝑖) plots in Fig. 6.5 (b). In this regard, the ions created 

upstream the channel exit are accelerated to velocities of around 20 𝑘𝑚/𝑠 and propagate toward the 

plume. Accordingly, the location of the points of ions’ zero velocity and sonic speed oscillates in time. 

The axial distance between these two characteristic ion velocity points is also noticed to vary in time 

such that it becomes maximum when the ions propagate toward the plume and is minimized when the 

ion front is upstream.  

Looking at the evolution plots of 𝑛𝑖 and 𝑉𝑑𝑖 for each simulated case, the presence of a low-velocity 

ion population in the plume can be observed. It is evident from Fig. 6.5 (a), that the significance of this 

slow ion population increases with the increase in anode mass flow rate from Case I to Case III. The 
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slow ion population is believed to be created due to occurrence of ionization over a relatively extended 

length of the domain (as will be shown in Fig. 6.6 (c)), resulting in a large overlap between the ionization 

and acceleration regions. The ions born further downstream do not experience the entire plasma 

potential drop within the acceleration zone, hence they maintain relatively slow velocities in the plume. 

 
Fig. 6.5: Spatiotemporal maps of (a) ion number density (𝑛𝑖), (b) ions’ axial drift velocity (𝑉𝑑𝑖), (c) axial electric field (𝐸𝑥), (d) 

electron temperature (𝑇𝑒), (e) neutral number density (𝑛𝑛) and (f) neutrals’ axial drift velocity (𝑉𝑑𝑛) for the three simulated 

conditions. Black/yellow curves superimposed on (a), (c) and (e) plots are the normalized discharge current (𝐼𝑑) signals. The 

white and cyan curves in (b) and (c) plots trace the axial positions of ions’ zero velocity and ions’ sonic speed, respectively. 
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Concerning the evolution of the axial electric field (Fig. 6.5 (c)), we see that the typical back-and-

forth movement of the acceleration zone, represented by the region of maximum electric field intensity, 

is captured in all cases. In this respect, as is reported in literature [115], the axial electric field peak 

shifts toward downstream of the exit plane (𝑥/𝐿𝑥 = 1) during the current increase and retreats inside 

the channel when the current decreases. It is interesting to note that the extent of the acceleration zone 

is seen to change in time as well, which is reflected in the electric field plots as a broadening and 

narrowing of the region of maximum electric field with an associated variation in the peak field’s 

intensity. In line with the movement of the acceleration zone, the axial distance between the points of 

ions’ zero velocity and sonic speed shrinks when the acceleration zone moves upstream and expands 

when it shifts toward the plume.   

The evolution of the electron temperature shown in Fig. 6.5 (d) is noticed to be completely correlated 

with that of the electric field. This implies that, as could have been expected, the region of maximum 

electron temperature corresponds to the region of maximum electric field, i.e., the acceleration zone. 

Moreover, the electron temperature is seen to reach peak values of over 40 𝑒𝑉 in all Cases when the 

region of maximum electric field intensity is at its narrowest width. 

Referring to Fig. 6.5 (e), the neutral density profile is seen to be correlated with the discharge current 

evolution. Moreover, the neutral density at the anode location (𝑥 = 0) peaks for all cases almost 

immediately following the end of the discharge current drop. This can be due to an increase in the ion 

recombination on the anode when the discharge current decreases and the discharge moves toward 

the anode.  Looking at the neutrals’ axial velocity plots in Fig. 6.5 (f), we observe that the axial velocity 

of the neutral flow varies from about 200 𝑚/𝑠 near the anode to about 600 𝑚/𝑠 in the plume. This 

observed variation in the axial velocity is in line with the experimental observations reported in the 

literature, that suggest a factor of 2 to 3 increase in the axial velocity of the neutrals in Hall thrusters as 

they propagate downstream [174]. 

The predicted axial distributions of the discharge properties averaged over entire simulation 

duration, are presented in Fig. 6.6 for the three simulated cases. From these plots, it is first observed 

that, as the magnetic field peak intensity increases from Case I to Case III, so does the gradient of the 

plasma potential (plot (d)). However, the difference in the peak values of the electric field between 

Cases II and III is quite minimal (plot (b)). Second, it is noteworthy from the profiles in plots (b) and (h) 

that, in all cases, the ions are seen to reach the sound speed, i.e., Mach number of 1, slightly upstream 

of the electric field peak.  

Third, the increase in the anode mass flow rate from Case I to Case III yields an increase in the ion 

number density (plot (a)). Consistent with the rise in the neutral number density (plot (e)) near the anode 

from Case I to III, the ionization rate (plot (c)) also increases. Nevertheless, the difference between the 

profiles of Cases II and III is again interestingly quite small. However, it is emphasized that the small 

difference between the results of Cases II and III are only in terms of the time-averaged plasma profiles. 

Indeed, the time evolution of the discharge is distinctly different across all simulated Cases. In addition, 

we observe in plot (c) that the ionization rate profiles are rather extended. As a result, significant ion 

particles are created beyond the electric field’s peak. These ions, constituting the slow ion population 
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in the plume, contribute to increased plasma density within the plume, as is evident in plot (a). The 

density of the slow ion population in the plume increases from Case I to Case III. 

Finally, concerning the axial profiles of the electron temperature (plot (g)), the time-averaged peaks 

are consistent with the results reported in Refs. [175][176].  

 

Fig. 6.6: Time-averaged axial profiles of plasma properties for the three simulated operating condition; (a) ion 

number density (𝑛𝑖), (b) axial electric field (𝐸𝑥), (c) ionization rate (𝑅𝑖), (d) plasma potential (𝜙), (e) neutral 

number density (𝑛𝑛), (f) neutrals’ axial velocity (𝑉𝑑𝑛), (g) electron temperature (𝑇𝑒), and (h) ion Mach number 

(𝑀𝑖). In the ion Mach number plot, the shaded area indicates the positions of the ion sonic point. 

Fig. 6.7 compares the predicted profile of ions’ axial velocity with LIF measurements at various axial 

locations for operating condition II. The plot indicates that the predicted ion velocity aligns well with 

experimental data. 
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Fig. 6.7: Comparison of the predicted axial distribution of the ions’ axial drift velocity (𝑉𝑑𝑖) with the LIF 

measurements for operating condition II. The error bars on the test data represent one standard deviation of 

the measured distribution. 

6.3.3. Ion velocity distribution function 

Fig. 6.8 presents the 1D1V ion distribution functions (IVDFs) along the axial direction and axial 

velocity component at four time instances of the discharge evolution for the three operating conditions. 

The existence and evolution of the slow ion population in the plume can be more closely examined in 

these plots. Furthermore, the back-and-forth movement of the high 𝐸𝑥 region (observed in Fig. 6.5 (c)) 

during the discharge cycle, changes the overlap between ionization and acceleration regions. This will 

then manifest as the variation in the ions’ velocity dispersion.  

 

Fig. 6.8: 1D1V velocity distribution functions of the ions along the axial direction and axial velocity component 

for the three simulated operating conditions during different moments of the discharge evolution cycle. 
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It is noticed that, at the “current low” phase corresponding to minimum discharge current, two distinct 

nearly beam-like ion populations, one fast and one slow, exist in the plume (beyond 𝑥/𝐿𝑥 = 1). As the 

discharge current rises (“current rise” phase), the velocity dispersion of the two ion populations 

increases. The velocity dispersion is more pronounced for simulation Cases II and III. Ultimately, at the 

time of “current peak”, the IVDFs exhibit maximum dispersion in the ion axial velocity such that the ions 

occupy the entire velocity range delimited by the slow and fast ion populations’ velocities. During the 

“current drop”, the dispersion of the ions’ velocity in the plume reduces and the cycle repeats.  

6.3.4. Characteristics of the azimuthal instabilities 

The numerical dispersion maps of the azimuthal instabilities, obtained from the 2D FFT of the 

spatiotemporal azimuthal electric field signal over the time interval of 400 − 600 𝜇𝑠, are provided in Fig. 

6.9. Note that, in the single-region approximation, there is only a single 1D azimuthal grid which 

captures average characteristics of the waves across the entire axial extent of the domain (see Fig. 

2.4). Given the significant temporal and axial variation in plasma properties, the dispersion of the 

instabilities vary as the instabilities are convected downstream and throughout the discharge. 

Therefore, we superimposed the theoretical IAI’s dispersion relation (given by Eq. 1.4), using a range 

of 𝑛𝑒 and 𝑇𝑒 encountered in each simulation case during the time interval of 400 − 600 𝜇𝑠 across entire 

domain. In particular, the cyan, yellow and white curves in Fig. 6.9 indicate the theoretical IAI’s 

dispersion relation evaluated using, respectively, average, highest and lowest 𝑛𝑒 and 𝑇𝑒, over the time 

duration of 400 − 600 𝜇𝑠 across the domain for each simulated case.  

We noticed that the numerical dispersion of the waves for the three cases features a rather 

continuous spectrum over a range of azimuthal wavenumbers (𝑘𝑧) and a certain frequency (𝜔) 

bandwidth. This behavior is in part due to the average representation of the wave characteristics in the 

single-region approximation. In this regard, we see that the 𝑘𝑧 spans and the 𝜔 bandwidths are bounded 

by the yellow and white curves.  

In addition, as the discharge properties evolve in time, the numerical dispersion characteristics of 

the ion acoustic waves change between two rather distinct states, as evident from the bifurcated 

spectrum of the waves in the 2D FFT plots. The cyan lines delineate this bifurcation in the numerical 

dispersion plots, especially visible for 𝑘𝑧𝜆𝐷 values larger than 1. The two branches of the waves’ 

numerical dispersions are speculated to represent the downstream convection of the waves, hence the 

change in their dispersion relation as the plasma properties vary along the axial direction.  
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Fig. 6.9: Numerical dispersion plots of azimuthal instabilities for the three simulated conditions, obtained from 

2D FFT of the spatiotemporal signal of azimuthal electric field fluctuations over the time window of 400 −

600 𝜇𝑠. Cyan, yellow and white curves represent the theoretical IAI’s dispersion relation obtained from Eq. 1.4 

using, respectively, the average, the maximum and the minimum values of the plasma density and the 

electron temperature across the domain during 400 − 600 𝜇𝑠. 𝑘𝑧 and 𝜔 are normalized by the average 𝜆𝐷 and 

𝜔𝑝𝑖 across entire domain and over the considered time interval. 

To characterize the dominant mode, we look at the azimuthal wavenumber and the frequency 

spectra of the azimuthal instabilities in Fig. 6.10.  

 
Fig. 6.10: Azimuthal wavenumber spectra (top row) and frequency spectra (bottom row) of instabilities 

obtained, respectively, from average spatial and temporal FFT of the azimuthal electric field signal from three 

simulations cases.  

Assuming the axially averaged values of 𝑛𝑒 and 𝑇𝑒 to be about 1 × 1018 𝑚−3 and 10 𝑒𝑉 (from Fig. 

6.6), the azimuthal wavenumber and the frequency of the IAI’s fastest growing mode calculated from 

Eq. 1.7 are, respectively, 𝑘𝑧,𝑚𝑎𝑥 ≈ 30 𝑚𝑚
−1 and 𝜔𝑚𝑎𝑥 ≈ 10 𝑀𝐻𝑧. These theoretical values are quite 

consistent with the peak contents of the 𝑘𝑧 and 𝜔 spectra of the instabilities in the simulations. 

Furthermore, given the average values above, the estimated theoretical phase velocity of the IAI’s 

fastest growing mode from Eq. 1.7 is 𝑣𝑝ℎ,𝑚𝑎𝑥 ≈ 2 𝑘𝑚/𝑠. Referring to the time-averaged azimuthal 
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velocity distribution function (VDF) of the ions for the three simulated cases shown in Fig. 6.11, we 

observe a secondary peak in the VDF around the velocities of 2.5 to 4.5 𝑘𝑚/𝑠, which is rather close to 

the theoretical 𝑣𝑝ℎ,𝑚𝑎𝑥. The appearance of this secondary peak is due to the interactions with the 

azimuthal waves of the ions whose velocities are near the phase velocity of the wave.  

 

Fig. 6.11: Azimuthal VDF of the ions residing over the entire axial extent of the domain, averaged over 400 −

600 𝜇𝑠, for the three simulated cases. The shaded area indicates the secondary peak in the VDF associated 

with the ions interacting with the azimuthal waves.  

6.4.  Effects of radial dimension  

To assess the unresolved effects of the radial direction in the axial-azimuthal simulations, we 

simulated the channel cross-section of the HT20k thruster at three axial positions including 𝑥/𝐿𝑥 =

0.36, 0.68, and 0.88, which are representative of the radial-azimuthal dynamics at the near-anode 

(Section 3), ionization (Section 2), and acceleration (Section 1) regions, respectively. The radial-

azimuthal cross-sections are simulated using high-order multi-region Q2D approximation with the initial 

plasma conditions corresponding to those at the respective axial locations obtained from the axial-

azimuthal simulations of Case II. To distinguish the impact of magnetic shielding topology which 

involves substantial field’s curvature and in turn radial gradients, we performed the simulations with 

both uniform purely radial and non-uniform curved magnetic fields. The detailed description of the 

simulation setups and the results are presented in Appendix A.7. A summary of the important average 

plasma parameters from these radial-azimuthal simulations is provided in Table 6.5, along with the 

corresponding values from the axial-azimuthal simulation (Case II) at the respective axial locations.  

In the presence of the non-uniform curved magnetic field, particularly at Sections 1 and 2, the plasma 

becomes significantly concentrated near the center away from the radial walls. In particular, the plasma 

density at the centerline is larger than the average density in the domain by a factor of 1.5 − 1.8. 

Furthermore, the electron temperature (𝑇𝑒)  at all sections is significantly higher in the radial-azimuthal 

simulations, whether with uniform or non-uniform B-field, compared to the 𝑇𝑒 established in the axial-

azimuthal simulations. This is an interesting point, because despite inclusion of the wall energy losses 

in radial-azimuthal simulations, the interaction of particles with the instabilities along the azimuthal and 

radial directions caused significant heating, which has led to larger 𝑇𝑒  values. However, it is noted that 

the finite axial length considered in the radial-azimuthal simulations, as the typical measure to artificially 

introduce downstream convention of the waves and limit their growth, may have affected the energy 
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distribution of the particles to some extent. In any case, relying on the results we have so far, the 

elevated 𝑇𝑒 along with the increased density concentration in the central region observed in the radial-

azimuthal simulations (particularly in Section 2, which correspond to ionization region) can explain the 

less efficient ionization upstream of the acceleration region predicted by the axial-azimuthal simulations 

compared to reality.  This has led to a more extended ionization region with a large overlap with the 

acceleration region, thus, existence of the low energy population in the near-plume region of the axial-

azimuthal simulations.  

Furthermore, when resolving the radial dimension, the instabilities whose wavevector includes a 

radial component such as the MTSI can be excited in the simulation. As a result, the energy cascade 

and thereby the instabilities’ spectrum will be different from the instabilities developed in axial-azimuthal 

simulations. The instabilities developed in the radial-azimuthal simulation appear to induce a significant 

electrons’ axial mobility in addition to a notable heating of electron population. As seen from Table 6.5, 

the mean electrons’ axial current density and mobility in the radial-azimuthal configurations are about 

two orders of magnitude higher than the corresponding values in the axial-azimuthal simulations. The 

significant electrons’ axial transport observed in the radial-azimuthal simulations could, in part, be 

attributed to the lack of self-consistent resolution in the axial direction in these simulations. 

Finally, we observed that, in the radial-azimuthal simulations with non-uniform curved B-field 

associated with the shielded topology, the power deposition from the plasma species on the channel 

walls is reduced by several factors (see Appendix A.7) compared to that in the presence of a uniform 

B-field. This indicates that the magnetic shielding topology is effective in protecting the channel walls 

from erosion, especially at Sections 1 and 2.  

  Radial-Azimuthal 

 Axial-Azimuthal Uniform B-field Non-uniform B-field 

Parameter Unit 
Section 

1 

Section 

2 

Section 

3 

Section 

1 

Section 

2 

Section 

3 

Section 

1 

Section 

2 

Section 

3 

Mean ion number density × 1017𝑚−3 4.85 10.5 17.9 4.16 8.95 13.8 5.64 11.1 16.6 

Peak ion number density × 1017𝑚−3 − − − 5.27 11.7 17.8 8.56 19.8 18.6 

Mean electron temperature 𝑒𝑉 19.5 7.70 4.64 64.9 18.3 29.8 53.5 12.2 17.9 

Mean electrons’ axial current density 𝑘𝐴𝑚−2 0.79 0.48 0.21 18.7 27.6 37.2 67.6 36.9 25.6 

Mean electrons’ axial mobility 𝑚2𝑉−1𝑠−1 0.14 2.4 24.3 16 190 1690 40 270 830 

Table 6.5: Comparison of several plasma parameters in in axial-azimuthal and radial azimuthal configurations. The mean 

values correspond to spatiotemporal averages across the azimuthal extent of the domain for axial-azimuthal simulation, and 

across the radial and azimuthal extents of the domain for radial-azimuthal simulations and over entire simulation duration (0 −

650 𝜇𝑠 in axial-azimuthal and 0 − 7 𝜇𝑠 in radial-azimuthal simulations). Sections 1, 2 and 3, correspond to axial locations of 

𝑥/𝐿𝑥 = 0.88, 0.68, and 0.36, respectively, for operating condition of Case II. 

These findings highlight that the axial-azimuthal and radial-azimuthal simulations, each capture 

different plasma processes and interactions, which once again underline the 3D nature of plasma 

configurations in Hall thrusters, especially with magnetically shielded configuration. We emphasize that 

in the absence of computationally affordable 3D models, our best attempt to characterize such 3D 

plasmas is to simulate 2D sections of the system in different 2D coordinates. However, the resulting 

picture from these studies is incomplete as they still do not capture the interdependency and coupling 
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among all three dimensions. This underscores the necessity of extending the RO-PIC to 3D in order to 

develop a computationally efficient Q3D PIC model as the next step.     

6.5.  Conclusion 

We presented the results of the axial-azimuthal single-region Q2D PIC simulations of the HT20k Hall 

thruster in three operating conditions. These simulations are made possible by the cost-efficiency of the 

RO-PIC that enabled performing self-consistent and kinetic studies in an extended computational 

domain of HT20k thruster for an unprecedented duration of 650 𝜇𝑠, over a range of operating conditions. 

The axial-azimuthal simulations amount to a rather simplified representation of the real-world 

thruster. Not resolving radial direction, the axial-azimuthal simulations do not account for the radial 

gradients in the magnetic field and the plasma properties that are inherent to the magnetic shielding 

topology. Additionally, the single-region approximation represents the lowest order of approximation of 

the 2D problem, offering the maximum computational gain. The main purpose of these simulations was, 

hence, to evaluate the utility of the single-region Q2D simulation for estimation of the plasma dynamics 

and global performance parameters in Hall thrusters. In this respect, we observed that the average 

instability-induced electron mobility resolved by the single-region simulations enabled resolving the 

plasma discharge behavior, without the need to use any ad-hoc electron transport model.  

Moreover, keeping in mind the simplified problem description adopted and the approximation order 

used for the axial-azimuthal simulations, the calculated performance parameters were found to have a 

maximum error of 20 − 30 % across the three simulated operating conditions. It was highlighted that 

the main source of discrepancy between the simulated and the measured performance is the lack of 

resolving the important effects of the radial magnetic field gradient in the axial-azimuthal simulations. 

This justification was confirmed by the results of the HT20k radial-azimuthal simulations which showed 

that the radial gradients have a notable influence on the underlying plasma phenomena and regulating 

the macroscopic properties in magnetically shielded Hall thrusters. 

The presented results in this chapter underline the efficacy and the promise of the RO-PIC scheme 

to serve as a robust numerical tool for prediction of the thruster behavior. Furthermore, when extended 

to 3D and properly validated, the RO-PIC model can effectively and reliably support the design and 

development of Hall thrusters and other plasma devices.  

 
  



   

Imperial College London, Department of Aeronautics 
235 

DOCTORAL THESIS – MARYAM REZA 

 

Chapter 7 Conclusions and future work 

7.1.  Summary and conclusions 

The quest to unlock the mysteries of plasma and harness its potential in various technological 

applications demands computational tools capable of balancing accuracy with computational cost. 

However, on the one hand, the available conventional high-fidelity kinetic plasma models, such as PIC 

simulations, are prohibitively costly to simulate the multiscale, multi-dimensional plasma processes and 

interactions in real-size plasma devices such as Hall thrusters over realistic simulated timeframes. This 

enormous computational cost has rendered full-3D PIC simulations impractical if not unfeasible. On the 

other hand, less computationally demanding plasma codes, i.e., the fluid/hybrid models, inherently lack 

the ability to capture some important effects of the instabilities on plasma dynamics, such as wave-

particle interactions and their induced electrons transport. Moreover, these models are not predictive 

since in the absence of rigorous and generalizable closure models they mostly rely on empirical 

relations and experimentally-tunned ad-hoc coefficients to close the involved system of equations.  

In this work we introduced a novel reduced-order (RO) PIC scheme as a promising solution to this 

challenge. Based upon the invention of a reduced-dimension computational grid, the RO-PIC drastically 

reduces the computational complexity (by up to 1-2 orders of magnitude in 2D and 3-4 orders of 

magnitude in 3D) while preserving essential physics, serving as an alternative to the conventional PIC 

methods to simulate plasma dynamics with greater efficiency. The results from testing RO-PIC in 

diverse set of plasma configurations verifies the capability of RO-PIC in faithfully reproducing the 

behavior observed in full 2D simulations, thereby affirming its suitability for physics studies and 

engineering applications. The rigorous verification studies and detailed characterization of the 

convergence behavior of the RO-PIC scheme in various controlled benchmark cases lays a solid 

foundation for further exploration and application of RO-PIC in more complex plasma configurations. 

The order (dimensionality) reduction technique underlying the RO-PIC features a unique flexibility, 

offering a continuous spectrum of resolution and accuracy choices (the order of approximation) and, in 

turn, the required computational resources. This allows for choosing an optimum trade-off between 

fidelity and computational gain of the simulation, enables “fit-for-purpose” kinetic simulations – 

simulations that tailor to various modelling purposes and needs. 

RO-PIC has the potential to create a paradigm shift in computational plasma physics, offering a 

transformative tool to deepen our understanding of plasma phenomena and accelerate the 

development of plasma-based technologies. In this regard, the cost-efficiency, flexibility, and accuracy 

features of the RO-PIC have enabled conducting studies with both scientific and applied significance 

that were previously impractical with conventional PIC codes. These comprise (1) extensive high-fidelity 

parametric exploration of variations in the plasma phenomena and behaviors across vast parameter 
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spaces including plasma parameters and thrusters’ operating conditions, and (2) self-consistent kinetic 

simulation of a full-size high-power (20kW-class) Hall thruster over time durations of real-world 

relevance. 

The extensive parametric investigations performed in radial-azimuthal and axial-azimuthal E × B 

configurations unveiled intricate dependencies of plasma behavior on various operating parameters. 

These studies helped isolate the effects of various physical factors and mechanisms on the underlying 

microscopic processes as well as on the global macroscopic behavior of plasma. In particular, RO-PIC 

provided unprecedented aggregate insights into the impacts of the intensity of the applied 

electromagnetic field intensity and magnetic field curvature on plasma instabilities, electrons’ cross-field 

transport, and ion beam divergence.  

The presented parametric studies serve as demonstrative examples of the extent of insights that 

can be driven from such wide parametric assessment. Studies of this type can guide future research 

and/or development efforts by painting a comprehensive picture of the parametric variability of an E × B 

discharge configuration and identifying the critical conditions which require special attention.  

In addition, the self-consistent simulations of a high-power Hall thruster over several breathing cycles 

without scaling physical parameters (for simulation speed-up) and with no ad-hoc parameter marks a 

pioneering endeavor toward the achievement of predictive capability enabled by RO-PIC.  Such 

predictive models can be used to assess the influence of the design choices on the behavior of plasma 

and, in turn, on the global performance of the plasma thrusters within the practical timeframes. 

Integration of RO-PIC within the development cycle of plasma technologies enables methodical and 

cost-effective design, optimization, and testing of the devices by reducing the reliance on empirical, 

test-dependent practices. Additionally, it opens the door to the design of more efficient plasma 

technologies and can unlock new technological solutions.  

Finally, the importance of experimental validation of the models and the numerical observations 

should not be overlooked. Experimental activities exclusively designed for model validations are 

necessary to confirm the applicability of simulation results in real-world scenarios and to gain further 

confidence in the reliability and robustness of the computational models for scientific discoveries and 

practical purposes.  

7.2.  Future works and research directions 

This section outlines future avenues for further advancement of the RO-PIC scheme in order to 

expand its utility to broader scientific and engineering applications. In this regard, the proposed efforts 

include the extension of RO-PIC from 2D to 3D for achieving comprehensive kinetic modeling of real-

size plasma devices, with the emphasis on code optimization and scalability enhancement for large-

scale simulations. Potential pathways to utilize Machine Learning (ML) algorithms to enhance cost-

efficiency and accuracy are identified which involve integration of Deep-Learning (DL) architectures into 

RO-PIC main loop and development of DL-augmented RO-PIC. Another proposed research direction 

involves making necessary modifications to the approach to ensure its compatibility with different 
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numerical discretization techniques, such as unstructured grids and the Finite Element Method (FEM), 

and/or to accommodate curvilinear coordinate systems. 

Additionally, the chapter discusses extending the established reduced-order modelling framework 

to other PDEs systems and development of reduced-order Direct Numerical Simulation (RO-DNS) fluid 

solvers for fluid dynamics simulations and reduced-order Vlasov solvers. Lastly, we emphasize the 

importance of verifying the insights from 2D simulations in 3D configuration and experimental validation 

to gain a comprehensive understanding of plasma behavior and advance the computational tools. 

7.2.1.  3D extension of the RO-PIC scheme 

Following the successful verifications of the RO-PIC and demonstration of its capabilities in 2D, the 

next step is its extension to 3D to realize Q3D PIC simulations and enable the so far unachievable goal 

of 3D kinetic modeling of real-size plasm devices, e.g., the full-size 3D thruster plus its plasma plume 

over statistically representative number of breathing cycles. Additionally, this extension accounts for 

additional physics and effects (as enumerated in Chapter 6) that cannot be adequately captured in 2D 

settings. 

We highlight that the RO-PIC’s formulation is readily extensible to 3D. The extension of the RO-PIC 

formulation to 3D and derivation of the Q3D Poisson’s equation is provided in Appendix A.2. However, 

most of the effort when developing Q3D PIC goes to code optimization and further improving the cost-

efficiency of the approach so that it can provide highly accurate results with maximum computational 

gains (up to 3-4 orders of magnitudes) compared to a conventional 3D PIC simulation. If sufficiently 

optimized the Q2D/ Q3D PIC code can even be used to model entire vacuum test facility chamber within 

which thruster operates to account for the plume-facility interactions and the background pressures. 

Achieving maximum cost-efficiency of the RO-PIC for large-scale 3D simulations involves two 

aspects. The first aspect is related to the code optimization and maximizing its scalability. The code is 

currently parallelized on CPUs (Central Processing Units), employing domain decomposition technique 

through Message Passing Interface (MPI). However, for a 3D simulation, the parallelization scheme 

needs to be adapted and optimized so as to ensure its scalability and its efficient deployment on large 

computer clusters. Additionally, deployment of the code on GPUs (Graphics Processing Units) and 

leveraging their massive parallelization capabilities could be an interesting option to explore.  

The other aspect involves utilizing Machine-Learning (ML) algorithms to simultaneously achieve the 

maximum cost-efficiency and maximum accuracy characteristics of RO-PIC. One potential approach of 

integration of ML and PIC algorithms is briefly described in the following.  

7.2.2. Integration of “super-resolution” deep-learning (DL) techniques to develop 

DL-PIC 

As was demonstrated in Chapter 2 and Chapter 3, the accuracy and the computational cost of a 

RO-PIC simulation depends on the fineness of the coarse grid (Fig. 2.1), i.e., the number of regions to 

be used, which is problem-dependent. The RO-PIC approximations involving high number-of-regions 

are sufficiently accurate to provide speedup factors of about 5 − 10 in 2D and 25 − 100 in 3D.  
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Conversely, employing low number-of-regions sacrifices some accuracy but offers remarkable 

computational gains beyond 2 orders of magnitude in 2D and more than 4 orders of magnitude in 3D, 

compared to conventional PIC methods. 

To minimize the computational cost while maximizing the fidelity and resolution of the Q3D 

simulation, one potential way is to incorporate the “super-resolution” deep-learning (DL) architectures 

within the RO-PIC scheme and development of a DL-enhanced RO-PIC code (or DL-PIC in short).  

The super-resolution/sub-grid methods [177]-[182] have received substantial attention in recent 

years in computational fluid dynamics, particularly in turbulence modelling [177]. These multi-fidelity 

methods rely on a statistically representative high-resolution dataset to learn and infer the involved 

interactions in a flow [183]. These techniques can enhance the flow field obtained from a coarse-grid 

simulation, thus, enabling filling in the missing sub-grid scale details to account for the smaller-scale 

processes that are below the simulation’s resolution [183]. Introducing a customized DL super-

resolution architecture into the main loop of the RO-PIC enables using as few number-of-regions as 

possible while keeping the simulation resolution on a par with a full-2D/3D PIC simulation. 

The DL network will act as a separate module of the simulation, interacting with other functions of 

the PIC code within the main loop. The focus of the DL architecture will be, in the first instance, on the 

electric potential, or equivalently the electric field, which is the main temporally evolving driving force in 

many “electrostatic” EP technologies. By enhancing the resolution of the electric field, the particles 

under the influence of the enhanced field can essentially experience the full-2D/3D effects in the 

simulation.  A provisional schematic of the main loop of the DL-PIC is illustrated in Fig. 7.1.  

 

Fig. 7.1: Schematic of the main loop of the Q2D DL-PIC code. The same is valid for a Q3D case. Figure 

adopted from Ref. [183]. 

The integration of DL into RO-PIC establishes a framework for systematically coupling physics and 

data to develop a simulation tool for plasmas, which is both generalizable and computationally 

affordable. The physics part is covered through the solution of the RO-PIC simulation at each time step, 

and the data consists of a library of high-fidelity PIC simulation results based on which the DL network 

is trained to develop the data-driven sub-grid model. In contrast to pure DL-based models, the iteration 
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of the PIC and the DL model at each time step throughout the simulation can keep the error bounded 

since the field solver ensures strict satisfaction of Gauss's law at every time step. 

The DL-enhanced RO-PIC, by virtue of cost-efficiency and accuracy, could potentially enable 

physics studies unattainable with the existing plasma simulation approaches and provide access to 

sufficiently large high-fidelity datasets that realistically resemble the real world, which are currently 

lacking. These datasets are essential for training Machine-learning (ML) and Data-Driven (DD) 

architectures to develop very fast predictive models. A thorough discussion of the most promising 

ML/DD architectures for plasma modeling can be found in Ref. [180].   

7.2.3.  Extension of the RO-PIC’s dimensionality-reduction formulation to a 

magnetic-field-aligned mesh (MFAM) 

Another approach to reducing the number of regions used in the RO-PIC simulation while 

maintaining a desired level of accuracy and resolution in the simulation is by adjusting the reduced-

dimension grid according to the most suitable coordinate system for describing the dynamic in a plasma 

system. In general, we can adapt the definition of the course grid and the regions as well as the fine 

grids to be aligned with an arbitrary curvilinear coordinate system defined by natural features, 

geometrical/physical characteristics or dominant flow directions in the system. Since the gradients tend 

to occur mostly along these natural directions, adopting these coordinates can lead to a more natural 

representation of the physical phenomena, thereby minimizing the required number of regions without 

sacrificing accuracy. 

Indeed, in Appendix A.4.4 we demonstrated how the adoption of non-uniform coarse grid, where the 

spacing between regions varies according to the steepness of gradients within the system, can reduce 

the required number of regions for accurate predictions. While this study involves a Cartesian grid 

system, the key takeaway remains valid: when the definition of the course grid (regions boundaries) is 

informed by the gradients in the system, a certain level of accuracy can be achieved with fewer number 

of regions, thereby at lower computational cost.   

In partially magnetized plasmas, there exists a significant disparity in electrons’ mobility along and 

across the magnetic field direction, indicating the substantial influence of the magnetic field topology in 

shaping the gradients in the plasma properties. Recalling the concept of the thermalized potential and 

the equipotentiality of the magnetic field lines introduced in Section 1.2.1.1, the electric potential tends 

to vary mostly in perpendicular direction to the magnetic field lines. As a result, the topology of the 

magnetic field can serve as a physical curvilinear coordinate system with the local direction of the 

magnetic field defining the bases of the coordinate system called magnetic field-aligned-mesh (MFAM).  

In the presence of a stationary magnetic field (𝑩), which is irrotational (𝜵 × 𝑩 = 0) in addition to 

being solenoidal (𝜵.𝑩 = 0), we can define magnetic potential function 𝜇 whose gradient is along 𝑩 

everywhere, and a magnetic stream function 𝜆 whose gradient is orthogonal to 𝑩 such that 
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𝑩 = 𝜵𝜇 ,  Eq. 7.1 

𝑩 = 𝛁𝜁 × 𝛁𝜆 ,  Eq. 7.2 

where 𝜁 represent the third dimension. Note that  both 𝜇 and 𝜆 functions satisfy the Laplace equation 

(∇2𝜇 = ∇2𝜆 = 0). In case of cylindrical geometries such as in Hall thrusters, the cylindrical coordinate is 

the natural choice for the third direction (𝜁). Considering the cylindrical system represented by 𝑧 as the 

axial direction, 𝑟 as the radial direction and 𝜃 as the azimuthal direction, Eq. 7.1 and Eq. 7.2 can be 

rewritten as  

𝐵𝑟 =
𝜕𝜇

𝜕𝑟
, 𝐵𝑧 =

𝜕𝜇

𝜕𝑧
 ,  Eq. 7.3 

𝐵𝑟 =
1

𝑟

𝜕𝜆

𝜕𝑧
, 𝐵𝑧 = −

1

𝑟

𝜕𝜆

𝜕𝑟
 ,  Eq. 7.4 

where, 𝐵𝑟 and 𝐵𝑧 are, respectively, the radial and azimuthal components of the magnetic field.  

The local bases vectors (𝑒̂𝜇 and 𝑒̂𝜆) of the magnetic field-aligned coordinate system are obtained as  

𝑒̂𝜇 =
𝐵𝑧𝑒̂𝑧 + 𝐵𝑟 𝑒̂𝑟

𝐵
 , 𝑒̂𝜆 =

𝐵𝑟 𝑒̂𝑧 − 𝐵𝑧𝑒̂𝑟
𝐵

,   Eq. 7.5 

where 𝐵 is the local intensity of the magnetic field. The magnetic-field-aligned reduced-dimension grid 

is schematically illustrated in Fig. 7.2 for conventional and magnetically-shielded topologies in Hall 

thrusters. The boundaries of the regions and the computational grids in each region follow the 𝜇 and 𝜆 

directions. The reduced-dimension Poisson’s equation must be adapted in line with the definition of the 

coordinate system. 

Considering the partial alignment of the electric potential and magnetic field, it is anticipated that 

solving the Q2D/Q3D Poisson’s equation in magnetic-field-aligned reduced-dimension grid converges 

to the full-2D/full-3D solution with significantly fewer number-of-regions. However, this must be verified 

by a detailed comparison of the convergence characteristics of the magnetic-field-aligned RO-PIC 

against that of the Cartesian RO-PIC counterpart.  

 
Fig. 7.2: Schematic of the magnetic-field-aligned coarse grid underlying the reduced-order scheme for two different 

magnetic field topologies corresponding to (a) conventional (unshielded) Hall thrusters and (b) magnetically-shielded 

Hall thrusters (refer to Fig. 1.7).  Solid dark blue and red curves represent the regions’ boundaries parallel (𝜇-

direction) and perpendicular (𝜆-direction) to the magnetic field lines, respectively. Dashed light blue and pink curves 

represent the computational grids in each region along and across magnetic field, respectively.  
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7.2.4.  Refinement of the RO-PIC’s underlying formulation  

An additional promising advancement path involves revisiting the underlying formulation by 

improving the core RO-PIC ansatz. The original formulation of RO-PIC represents a “zeroth-order” 

approximation across regions’ extent. This approach can be extended by introducing, instead, a "first-

order" approximation within each region.  

The key distinction between the zeroth-order and the first-order formulations lies in how each 

approach treats the variation of grid-based data, within each region, perpendicular to the respective 𝑥-

grid and the 𝑦-grid directions. In the zeroth-order formulation, the data within each cell is assumed to 

remain constant across the entire elongated extent of the cell, i.e., over 𝑙𝑦 on the 𝑥-grid and over 𝑙𝑥 on 

the 𝑦-grid. In contrast, the first-order formulation assumes that the grid-based data vary linearly across 

the elongated extent of the cells. This means that, instead of being constant, the data changes smoothly 

from one side of the cells to the other, providing a higher level of accuracy compared to the zeroth-

order method. For the zeroth-order RO-PIC, these fine computational cells are placed in the middle of 

regions (see Fig. 2.1). Whereas, in the first-order version, the fine 1D computational cells are modified 

to coincide with the boundaries of the regions, as illustrated in Fig. 7.3. 

In particular, with regards to the modified reduced-dimension Poisson’s equation, the two-

dimensional distribution of the electric potential (𝜙) is approximated as the linear superposition of 

potential functions 𝜙𝑥 and 𝜙𝑦 

𝜙(𝑥, 𝑦) ≈ (1 − 𝑦̃)𝜙𝑛
𝑥(𝑥) + 𝑦̃𝜙𝑛+1

𝑥 (𝑥) + (1 − 𝑥̃)𝜙𝑚
𝑦 (𝑦) + 𝑥̃𝜙𝑚+1

𝑦 (𝑦),   ∀𝑥̃, 𝑦̃ ∈ 𝛺𝑛,𝑚 ,  Eq. 7.6 

where,  𝑥̃ =
𝑥−𝑥𝑚 

𝑙𝑥
 and 𝑦̃ =

𝑦−𝑦𝑛

𝑙𝑦
 are linear interpolation weights, which are normalized relative 

coordinates within the region. 

Following the procedure outlined in Section 2.2.2.2, substituting Eq. 7.6 into the 2D Poisson’s 

equation and performing integration along the 𝑥-axis and then along the 𝑦-axis, over the respective 

extents of the region, we derive the new quasi-2D Poisson system of equations 
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Eq. 7.8 

In the above equations, 𝑥𝑊 and 𝑥𝐸  are the 𝑥-coordinates of the left and right boundaries of the region 

𝛺𝑛,𝑚, while 𝑦𝑆 and 𝑦𝑁 represent the 𝑦-coordinates of the bottom and top boundaries of the region 𝛺𝑛,𝑚. 
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Fig. 7.3: Schematic of the domain decomposition corresponding to the reduced-dimension grid system for 

first-order RO-PIC; (left) decomposition into multiple “regions” using a coarse grid, (right) the 1D 

computational cells (fine grids) for the discretization of each region along the 𝑥 and 𝑦 directions. The red lines 

represent the boundaries between the regions which coincide with the computational grids.  

The revised formulation is expected to lead to substantial improvements in both computational cost-

efficiency and the overall accuracy characteristics of RO-PIC. As a result, the revisited RO-PIC can 

either achieve significantly greater computational speedups (beyond what was already offered by the 

original method) for the same accuracy level or deliver a significantly higher level of accuracy with the 

same computational resources.  

7.2.5.  Application of the RO-PIC’s dimensionality-reduction formulation to other 

PDE systems  

As mentioned in Chapter 2, the reduced-dimension grid underlying the RO-PIC provides a general 

framework for reduced-order modeling. In this regard, we demonstrated in Section 3.4, the applicability 

of the reduced-order scheme to DSMC simulations to provide a Q2D representation of the neutrals’ 

flow in the thruster’s plume.  As a result, this framework can extend its utility beyond electrostatic PIC 

simulations to tackle other systems of partial differential equations such as Maxwell’s equations for 

electromagnetic PIC, Vlasov equation for direct kinetic simulation of plasmas and even Navier-Stokes 

equations for fluid dynamics simulations. The extension of the reduced-order scheme to an arbitrary 

system of PDEs involves adopting the reduced-dimension grid and adjusting the system of equations 

of interest accordingly. This adjustment includes performing integrations over the extents of regions 

along the involved directions of the simulation separately, similar to the approach taken in for Poisson’s 

equation in RO-PIC describe in Section 2.2.2. This will then lead to the development of quasi-multi-

dimensional simulations which provide significant reduction of the number of computational cells in the 

same manner as in RO-PIC. However, the convergence characteristics of the reduced-order solution 

with the number-or-regions, used in the coarse grid, must be carefully examined for each of the system 

of equations. This can demonstrate the efficacy and versatility of the proposed reduced-order modeling 

framework across various simulation methods, verifying its applicability beyond PIC simulations and 

highlights its capacity to address computational challenges in various areas of scientific computation.  
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Exploring potential adjustments of the reduced-order scheme to accommodate different numerical 

discretization techniques, such as unstructured grids and the implementation of various computational 

methods like the Finite Element Method (FEM), can significantly expands the flexibility of the method in 

discretizing complex geometries and irregular domains. This makes the scheme well-suited for a wide 

range of engineering and scientific applications. 

In the case of Navier-Stokes equations, the adoption of the reduced-order scheme yields reduced-

order Direct Numerical Simulation (RO-DNS) fluid solver. It would be interesting to compare the 

performance of the RO-DNS, in terms of accuracy, resolution and cost-efficiency, with that of 

conventional computational schemes such as standard DNS, LES (Large Eddy Simulation) and RANS 

(Reynolds-Averaged Navier-Stokes). Such a comparison can establish the RO-DNS fluid solver as a 

potential alternative for these approaches. 

We highlight that for the application of the reduced-order scheme to Vlasov equation, the reduced-

dimension grid can be implemented along the configuration space or/ and the velocity space. For 

example, in a 2D2V setting, the distribution function, 𝑓(𝑥, 𝑦, 𝑣𝑥 , 𝑣𝑦 , 𝑡) in each 4-deimsional regions of the 

coarse grid can be approximated as  

𝑓(𝑥, 𝑦, 𝑣𝑥 , 𝑣𝑦 , 𝑡) ≈ 𝑓
𝑥(𝑥, 𝑡) + 𝑓𝑦(𝑦, 𝑡) + 𝑓𝑣𝑥(𝑣𝑥 , 𝑡) + 𝑓

𝑣𝑦(𝑣𝑦 , 𝑡),  Eq. 7.9 

where 𝑓𝑥 , 𝑓𝑦, 𝑓𝑣𝑥  and 𝑓𝑣𝑦 are the Q2DQ2V distribution components which are unique for each 4-

dimensional region, thus, are valid within the bounds of that region. Substituting Eq. 7.9 into the Vlasov 

equation (Eq. 1.26) and integrating over each group of three dimensions across the regions’ extents, 

separately, (along 𝑥 − 𝑣𝑥 − 𝑣𝑦, 𝑦 − 𝑣𝑥 − 𝑣𝑦, 𝑥 − 𝑦 − 𝑣𝑥  and 𝑥 − 𝑦 − 𝑣𝑦 subspaces) leads to Q2DQ2V 

description of the 2D2V Vlasov equation. 

7.2.6.  Verification of the 2D observations in 3D and validation with experiment 

It is important to compare the insights and observed trends from parametric investigations conducted 

in 2D radial-azimuthal and axial-azimuthal Hall-thruster-representative cross-field discharge 

configurations in Chapter 4 and Chapter 5, with their 3D counterpart studies. This comparison allows 

us to infer how accounting for the third dimension self-consistently may influence the underlying 

phenomena and their parametric variations. 

The 2D studies pointed to the variation in the dominant instability modes, and consequent behavior 

of plasma and performance of the device with the plasma/setup conditions (electric and magnetic field 

intensity, magnetic field curvature, ion mass, plasma density, etc.). Specifically, in 2D radial-azimuthal 

settings we observed distinct plasma regimes characterized by the dominance of different instabilities 

– ECDI, MTSI, longer-wavelength coherent structures – and consequently different plasma behaviors, 

including the nature of the anisotropy in and the spatial distributions of plasma properties. These 

insights need to be re-evaluated in a 3D setup and be validated experimentally. In particular, it is 

interesting to validate the nature of these regimes in reality and the ways by which they may possibly 

differ from the numerical observations. A worthwhile effort following a validation activity would be to 

explain the mechanisms that render this transition between the dominant instabilities with the plasma 
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conditions. In particular, it is essential to study more closely the energy transfer between various 

instability modes and the energy cascade in general, to explain the establishment of one or a set of 

dominant instabilities in the system under different plasma conditions. 
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Appendix 

A.1 Results of the tests and benchmarking of the conventional branch of IPPL PIC 

code, IPPL-1D and IPPL-2D  

A.1.1. Case 1: 1D simulation of two stream instability 

According to the linear analysis, the dispersion relation of the instability resulting from 𝑁 independent 

cold streams of species 𝑠 is [63] 

1 −∑
𝜔𝑝𝑠
2

(𝜔 − 𝒌. 𝒗𝑏𝑠)
2 

𝑁

𝑠=1

= 0 ,  Eq. A.1  

where, 𝜔 and 𝒌 are the frequency and the wave vector of the waves, and 𝜔𝑝𝑠 and 𝒗𝑏𝑠 are the plasma 

frequency and the beam velocity of species 𝑠. For two opposing cold streams of the same density and 

speed passing through an immobile ion background, Eq. A.1 after solving for 𝜔 is reduced to 

𝜔 = ±√𝑘2𝑣𝑏
2 + 𝜔𝑝

2 ± √𝜔𝑝(4𝑘
2𝑣𝑏

2 + 𝜔𝑝
2) .  Eq. A.2  

The criterion for instability of perturbations is 

𝑘𝑣𝑏
𝜔𝑝

< √2 .  Eq. A.3  

Under this condition, the frequency has two imaginary (unstable) and two real (stable) solutions. 

Otherwise, all solutions are real and, therefore, perturbations remain stable. The results of 1D 

simulations for both unstable and stable conditions are provided below. 

a) Unstable Case: The streams’ properties were chosen such that (𝑘𝑣𝑏)/𝜔𝑝  = 1 < √2. The 

evolution of particles in 1D1V phase-space in Fig. A.1.1 shows the diffusion of the beams’ 

electrons in the velocity space and the non-linear growth of the instability. The particles are 

then trapped in the potential troughs of the waves, resulting in the saturation of the instability. 

Fig. A.1.2 presents the evolution of particles’ different energies. In these plots, 𝐷𝐸, 𝑇𝐸 and 

𝑃𝐸 denote drift, thermal and potential energies, respectively. Moreover, 𝐾𝐸 represents the total 

kinetic energy of the particles which is the sum of drift and thermal energy. 𝐸_𝑡𝑜𝑡 represents 

the sum of the kinetic and potential energies. The particles drift energy turns quickly into thermal 

energy, indicating the thermalization of the beams which were initially cold. After this phase, 

the fluctuations saturate and remain at a constant amplitude. Additionally, the total energy plot 

confirms that the total energy of the system remains conserved. 
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Fig. A.1.1 Particles phase-space plot at different times. 

 

 
Fig. A.1.2: Time evolution of (a) total particles’ drift (DE), thermal (TE) and potential (PE) energies, and (b) 

total particles’ kinetic (KE), potential (PE) and total (E_tot) energies for unstable case. 

b) Stable Case: The streams properties were chosen such that (𝑘𝑣𝑏)/𝜔𝑝  > √2. The stability of 

the oscillations is visible in particles phase-space plots in Fig. A.1.3 (a) as well as in the energy 

plots in Fig. A.1.3 (b). Furthermore, the frequency of oscillations (Fig. A.3 (c)), predicted by the 

simulation, for various beam velocities perfectly agree with those obtained from the dispersion 

relation given by Eq. A.2.  

 
Fig. A.1.3: Plots for stable case of two stream instability; (a) particles phase-space plot, (b) time evolution of 

total particles’ energies, (c) comparison of instability’s frequency obtained from simulation with those from the 

dispersion relation given by Eq. A.2. 

A.1.2. Case 2: Instabilities and electrons’ axial transport in 1D azimuthal simulation 

This 1D simulation case represents the azimuthal (E × B) direction of Hall thrusters. Two distinct 

setups available in literature are used to test IPPL code’s prediction of the instabilities along this 

direction.  

a) Setup 1: The setup and conditions of this case are identical to those reported for the work 

in Ref. [17]. A uniform radial magnetic field with the intensity of 𝐵𝑦 = 20 𝑚𝑇 is applied. A 
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constant axial electric field of magnitude 𝐸𝑥 = 20 𝑘𝑉/𝑚 is imposed. Initialization is 

performed by sampling electrons and ions from Maxwellian distributions at temperatures of 

2 𝑒𝑉 and 0.1 𝑒𝑉, respectively, and loading them in the domain with a uniform density of 

1 × 1017𝑚−3. Neutrals are considered as a fixed background with a constant and uniform 

density of 3.2 × 1022𝑚−3 and the temperature of 300 𝐾. Electron-neutral collisions are 

included only to model the electrons energy loss and scattering. Thus, the plasma 

generation and neutral consumption in an ionization event are neglected to keep the density 

almost constant. A finite axial domain size (𝐿𝑥) of 1 𝑐𝑚 is assumed. A periodic boundary 

condition is applied on particles and on the Poisson’s equation along the azimuthal direction. 

Along the axial direction, electrons that leave the left boundary are resampled from their 

initial distribution and reloaded at the other end of the domain with a random azimuthal 

position. The same condition is applied to ions that leave the right boundary of the domain. 

The number of macroparticles per cell is 100. The domain azimuthal length (𝐿𝑧) is 0.5 𝑐𝑚 

with 100 number of grid nodes. The simulation is repeated with the same conditions but with 

h 𝐿𝑧 = 1 𝑐𝑚 and 200 grid nodes. The results are presented in Fig. A.1.4, which are in perfect 

agreement with the corresponding findings reported in Ref. [17], in particular in terms of the 

characteristics of the azimuthal instabilities established within the simulations.  

 

Fig. A.1.4: Spatiotemporal maps of normalized azimuthal electric fields in simulation with (a) 𝐿𝑧 = 0.5 𝑐𝑚 and 

(b) 𝐿𝑧 = 1𝑐𝑚. (c) ion particles phase-space distribution and (d) electrons and ions total kinetic energies in 

simulation with 𝐿𝑧 = 0.5 𝑐𝑚. 

Moreover, the ion-wave trapping, which is known as a saturation mechanism of azimuthal 

instabilities, is visible in the ions phase-space distribution in Fig. A.1.4 (c). The total electron kinetic 

energy after nonlinear saturation of the instability, which takes about 0.5 𝜇𝑠, is 70 𝑒𝑉 and is 

consistent with what was presented in Ref. [17]. 
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The instabilities developed in the simulation with an extended domain length (𝐿𝑧 = 1 𝑐𝑚) exhibit 

higher amplitude, larger wavelength, and lower frequency – observations that are consistent with 

the results reported in Ref. [17]. Such a significant variation of waves characteristics with the 

domain azimuthal length is believed to be an artifact of the 1D simulation and its inability to 

adequately account for axial convection of the waves. 

Additionally, the impact of instabilities on the electrons’ axial transport is seen from Fig. A.1.5 by 

comparing the electron mobilities in the absence and in the presence of the azimuthal fluctuations 

for a range of neutral number densities between 3 × 1018  and 3 × 1023 𝑚−3.    

As suggested in Ref. [30], to obtain the electron mobility in the absence of instabilities, the waves 

are suppressed by setting the macroparticle weights to a very small amount. This leads to a very 

small charge density scattered on the grid and, thus, the azimuthal electric field will be almost zero 

(𝐸𝑧 ≈ 0). In this case, at higher neutral densities, the classical mobility due to collisions of electrons 

with neutrals is the major transport mechanism. The relation for classical collisional mobility is 

derived from electrons’ azimuthal momentum equation. Accordingly, neglecting the inertia and 

pressure terms leads to 

𝜇𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙 =
𝑣𝑥
𝐸𝑥
= 

𝑞
𝑚𝑒𝜈𝑐

1 + (
𝜔𝑐𝑒
𝜈𝑐
)
2  ,  Eq. A.4  

where, 𝑣𝑐  is the electron-neutral momentum transfer collision frequency. In the case where we 

allow for the excitation of the instabilities, the enhanced mobility is obtained from the following 

equation [30] 

𝜇𝑒𝑛ℎ𝑎𝑛𝑐𝑒𝑑 =

𝑞
𝑚𝑒𝜈𝑐

1 + (
𝜔𝑐𝑒
𝜈𝑐
)
2 (1 −

𝜔𝑐𝑒
𝜈𝑐

〈𝑛𝑒𝐸𝑧〉

𝑛𝑒𝐸𝑥
) .  Eq. A.5  

In the above equation, 〈 〉 represents the average over the entire azimuthal domain and over a time 

interval (𝑡2 − 𝑡1) that is large compared to characteristic time of the instabilities 

〈𝑛𝑒𝐸𝑧〉 =
1

(𝑡2 − 𝑡1)

1

𝐿𝑧
∫ ∫ 𝑛𝑒(𝑧, 𝑡) 𝐸𝑧(𝑧, 𝑡)

𝐿𝑧

0

𝑡2

𝑡1

 𝑑𝑧𝑑𝑡.  Eq. A.6  

To calculate the mobility from simulation, we use 

𝜇𝑠𝑖𝑚 =
1

𝑁

∑ 𝑣𝑥,𝑖
𝑁
𝑖=1

𝐸𝑥
,  Eq. A.7  

where, 𝑁 is the total number of macroparticles and 𝑣𝑥,𝑖 is the electron particles’ axial velocity. 

Fig. A.1.5 (a) shows the electron mobility obtained from the simulation with the instabilities being 

suppressed (Eq. A.7) which, at higher neutral densities, aligns with the classical mobility calculated 

from Eq. A.4. The deviation at low neutral densities is due to the inertia and pressure effects which 

are neglected in the derivation of classical mobility. On the contrary, allowing for the instability to 

excite causes an enhanced transport across a wide range of neutral densities as displayed in Fig. 

A.1.5 (b). In this figure, the theoretical mobility is calculated from Eqs. A.5 and A.6, which agree 

very well with the simulation’s predictions. 
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Fig. A.1.5: Electrons’ axial mobility (a) in the absence of instabilities, (b) in the presence of instabilities. 

b) Setup 2: In order to be able to observe more clearly the transition of the ECDI to the ion 

acoustic instability, we performed simulations with conditions similar to those in Ref. [184]. 

The main differences of this setup with respect to the setup 1 are the extended domain’s 

azimuthal length (𝐿𝑧 = 5.3 𝑐𝑚) and more rigorous requirements on the numerical 

parameters. Regarding the axial boundary condition, in this case, the particles which are 

reloaded at the axial boundaries maintain the azimuthal position at which they had left the 

domain from the opposing axial boundary of the domain (instead of being loaded at a 

random azimuthal position in setup 1). As demonstrated in Fig. A.1.6, the spatiotemporal 

maps of the azimuthal instabilities underline the existence of short-wavelength instabilities 

during the initial 1 𝜇𝑠 of the simulation and their transition to longer-wavelength structures 

after the saturation of the instability. 

 

Fig. A.1.6: Spatiotemporal maps of (a) normalized azimuthal electric field and (c) normalized electron umber 

density. (b) and (d) are zoom-ins of (a) and (c), respectively over the initial 2𝜇𝑠.  

A.1.3. Case 3: Standalone test for the MCC collision rates 

This case serves to verify the implementation of the standalone MCC module (described in Section 

1.4.2.3) in  being able to sample different collision events in accordance with their expected rates [95].  
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The collision rate is defined as    

𝐾(𝑇) =
1

𝑛
∫ 𝜎(𝑣) 𝑣𝑓(𝑣) 
∞

0

=
𝜈𝑐
𝑛𝑡
,   Eq. A.8  

in which 𝜎 is the collision cross section, 𝜈𝑐 is collision frequency, and 𝑛 and 𝑛𝑡 are the densities of 

colliding and target species, respectively. For a Maxwellian distribution function we have 

𝐾(𝑇) = (
𝑚

2𝜋𝐾𝐵𝑇
)∫ 𝜎(𝑣) 𝑣 exp (−

𝑚𝑣2

2𝐾𝐵𝑇
)4𝜋𝑣2 𝑑𝑣 

∞

0

.  Eq. A.9  

The collision rates predicted by the MCC function are compared with their corresponding theoretical 

values. To obtain the theoretical collision rates, the integral in Eq. A.9 is numerically evaluated for a 

Maxwellian electron distribution with various temperatures across the range of 5 −  300 𝑒𝑉. The collision 

cross sections for electrons and xenon neutrals collisions (Fig. 1.12(a)) are used. 

To calculate the collision rates from the simulation, a Maxwellian distribution of 106 immobile 

electrons at the corresponding temperature is loaded. The frequency of each collision is obtained by 

counting the number of each collision event and dividing it by the simulated time. The rate constants 

are then calculated per the right-hand side of Eq. A.8. As seen in Fig. A.1.7, the agreement of the 

simulated and analytical rates, across the entire range of electron energies, confirms that the simulated 

collision events happen at the correct rates. 

 

Fig. A.1.7: Comparison between collision rates from MCC function (dots) and their corresponding analytical rates 

(solid line) for various electron-neutral (xenon) collision types.   

A.1.4. Case 4: 1D Capacitively Coupled Discharge (CCP) Benchmark     

The CCP benchmark [185] is one of the most rigorous in the low-temperature plasma community. It 

consists of a one-dimensional Cartesian domain enclosed between two planar, parallel electrodes 

driven by a sinusoidal AC voltage source, fluctuating at 13.56 MHz. The domain is filled with Helium gas 

at a given temperature and pressure (number density) that remains unvarying throughout the 

simulation. the same collision cross-section data as in Ref. [185] were used. All physical and numerical 

parameters of the simulation have been set exactly as described in Table I of Ref. [185]. The ion number 

density has been suggested as the main parameter to use for comparison against benchmark results. 
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As such, in Fig. A.1.8, we have compared the ion number density profiles with respect to the published 

results in two cases, corresponding to Case I and Case II of Ref. [185]. It is observed that IPPL code’s 

predictions are very closely aligned with the benchmark profiles in both cases. 

 
Fig. A.1.8: Comparison of ion number density distributions obtained from the IPPL code against those of the 

benchmark [185]: (a) Case I, (b) Case II. 

A.1.5. Case 5: 1D Sod shock tube problem as standalone test for neutrals’ fluid model 

A simulation of the famous Sod shock tube problem [105] was carried out to verify the basic 

implementation of the neutrals’ fluid model (Refer to Section 1.4.2.4). The problem is described by a 

source-free 1D Euler system of equations comprising the continuity, momentum, and energy 

conservation equations. 

The simulation domain, shown in Fig. A.1.9, consists of a tube with high- and low-pressure regions 

separated by a diaphragm in the middle. The properties of the gas are uniform in each region and are 

given as initial conditions. At 𝑡0, the diaphragm is removed and the gas from the high-pressure region 

quickly expands into the low-pressure region. This is accompanied by the occurrence of an expansion 

fan and a shock wave. In between, a contact discontinuity exists that separates the regions of different 

entropies (or total energy). Noting the presence of the discontinuities in the problem, the use of the 

HLLC Reimann solver for the inter-cell fluxes is warranted due to its ability to properly resolve the 

discontinuities in the solution.  

 

Fig. A.1.9: Simulation domain for the Sod shock tube benchmark. 

In order to perform the simulation, a domain length of 1 𝑚, a total simulation time of 0.2 𝑠, and two 

different values of cell size were chosen. A simulation with 200 number of cells (𝑁𝑐𝑒𝑙𝑙) is performed to 

verify the accuracy of the results against an excessively high-resolution solution given by a simulation 

with 𝑁𝑐𝑒𝑙𝑙 = 8000, which effectively amounts to the analytical solution. Dirichlet boundary conditions are 
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applied to both ends of the domain. The CFL criterion of 0.5 is considered, and the following initial 

conditions is used: 

(

𝜌𝐿
𝑝𝐿
𝑢𝐿
) = (

1.0
1.0
0.0
)    for 𝑥 < 0.5,    and    (

𝜌𝑅
𝑝𝑅
𝑢𝑅
) = (

0.125
0.1
0.0

)    for 𝑥 > 0.5.  Eq. A.10  

Fig. A.1.10 presents the results of the simulations with the two values of computational cells. It is 

observed that the approximate solution with 200 cells is in great agreement with the high-resolution 

solution with 8000 cells which is coincident with the exact steady-state solution of the problem. Only 

minor numerical oscillations can be noticed around the location of the discontinuities for the 200-cell 

simulation case. In addition, the variations in the gas properties due to the expansion fan and due to 

the contact and shock discontinuities are correctly captured.  

 

Fig. A.1.10: Profiles of the neutrals’ properties from the neutrals’ fluid model (1E Euler system of equations) at 

the end of the Sod test problem simulation; (a) density (𝜌), (b) velocity (𝑢), (c) pressure (𝑝), and (d) total 

energy (𝐸). 

A.1.6. Case 6: 1D axial Hall thruster benchmark problem (LANDMARK project)  

The setup of the simulation is, overall, based on a test case defined within the LANDMARK 

benchmarking project [186] for the verification of the 1D axial fluid and hybrid fluid/PIC codes. As a 

result, the simulations presented here extend the LANDMARK’s 1D benchmark case to comprise the 

kinetic 1D axial simulation. 

The domain is 5 cm-long in the 𝑥-direction which is discretized using 𝑁𝑖 = 2500 nodes. The cross-

sectional area of the channel 𝐴 = 40.035 [𝑐𝑚2]. The adopted time step is 2.5 × 10−12𝑠 and the total 

simulated time is 400 𝜇𝑠. A Bohm-type transport model of the form 𝜈𝐵𝑜ℎ𝑚 = 𝛼𝜔𝑐𝑒 is considered with 𝛼 =

0.1 and 1.0 for inside the discharge channel and for the near-plume as suggested in the LANDMARK 

case (Fig. A.1.11 (a)). A radial magnetic field with a Gaussian distribution and peak value of 15 𝑚𝑇, as 

presented in Fig. A.1.11 (a), is applied. 
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Fig. A.1.11: Axial profiles of (a) magnetic field intensity (𝐵) and the Bohm collision frequency (𝜈𝐵𝑜ℎ𝑚) and (b) 

initial number density and velocity of the neutrals. 

Initially, the ions and electrons are loaded uniformly throughout the domain at a density of 

5 × 1017 𝑚−3. The particles are sampled from a Maxwellian at a temperature of 0.5 𝑒𝑉 for the ions and 

10 𝑒𝑉 for the electrons. To remain consistent with the benchmark results in which the neutrals are 

resolved using continuity equation alone, we used a fluid model for the neutrals. The results from the 

simulations are provided for two different models of the neutrals, one based on “continuity only” model 

(model 1) and the other “1D Euler” model (model 2) (See Section 1.4.2.4 for descriptions). The initial 

profile of the neutrals’ number density and axial drift velocity are depicted in Fig. A.1.11 (b). 

Regarding the axial boundary conditions for the plasma potential, a Dirichlet boundary condition of 

𝑉𝑑 = 300 𝑉 is applied at the anode side of the domain (𝑥 = 0), whereas at the cathode side (𝑥 = 5 𝑐𝑚), 

the potential is set at 0 𝑉.  

The particles’ boundary conditions are implemented as follows: along the axial direction, electrons 

leaving the domain at the anode are removed from the simulation. The ion recombination on the anode 

surface is considered, by adding the flux of recombined neutrals to the anode particle flow rate (𝑚̇𝑎 =

5 𝑚𝑔/𝑠). The ions leaving the domain from the cathode side are removed from the simulation. On the 

cathode boundary, electrons are injected into the domain according to the quasi-neutrality condition at 

the cathode plane (see Section 1.4.2.2). The injected electrons are sampled from a half-Maxwellian at 

the initial electrons’ load temperature, i.e., 10 𝑒𝑉. 

The collisions between the electrons and neutrals are resolved following the Monte Carlo Collisions 

(MCC) algorithm (See Section 1.4.2.3). In this regard, to be consistent with the reference LANDMARK 

case, only the ionization and the elastic momentum exchange collision are considered with the 

corresponding cross-sections shown in Fig. 1.12 (a).  

Finally, the electron-wall collisions and the associated energy losses are represented in an empirical 

manner, following the approach explained in Ref. [187] and also adopted in the LANDMARK simulation 

case. The electron-wall collisions are implemented as a fictitious collision event in the MCC module 

with the ad-hoc frequency of 𝜈𝑤𝑎𝑙𝑙 = 1 × 10
7 𝑠−1. In case of electron-wall collision event, the electron 

particle is isotopically reflected and loses a part of of its energy, which is calculated from the relation 

𝒲 =  𝜖 exp (−
𝒰

𝜖
) ,  Eq. A.11  
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in which 𝜖 is the electron’s kinetic energy in 𝑒𝑉, and 𝒰 is a threshold electron energy that is set at 

20 𝑒𝑉 according to the LANDMARK case description [186]. 

The results of these simulations, along with their comparison to the LANDMRK data (where 

available), are presented below. From the time-averaged axial profiles of plasma properties in Fig.1. 

A.12, it is observed that the PIC simulations with neutral model 1 (continuity only) are in great agreement 

with the LANDMARK profiles. This is because, in the LANDMARK simulation, only the evolution of the 

neutrals’ density was resolved using continuity equation. The only major difference is noticed to be in 

the axial electric field profile (Fig. A.1.12 (e)) where the discontinuity in the LANDAMRK’s profile is 

absent in our result. This is associated with the kinetic treatment of the electrons in our simulations 

compared to the fluid description of the electron species in the LANDMARK.         

 

Fig. A.1.12: Time-averaged (over 400 𝜇𝑠) axial profiles of the plasma properties from 1D axial PIC simulations 

with different neutrals’ fluid models together with the LANDMARK results from Ref. [186]. (a) ion number 

density (𝑛𝑖), (b) electric potential (𝑝ℎ𝑖), (c) electron kinetic energy (𝐾𝑒), (d) ionization rate (𝑅𝑖), (e) axial electric 

field (𝐸𝑥), and (f) neutral number density (𝑛𝑛). Dashed black lines show the location of channel exit plane. 

Furthermore, from the time evolution plots in Fig. A.1.13, it is noticed that, in case of the “Continuity 

Only” model, the breathing oscillations are rather weak and are damped early in the simulation. The 

discharge in this case becomes almost steady after approximately 150 𝜇𝑠. However, resolving the 

variations in the neutrals’ velocity in the neutral model 2 (1D Euler equations) results in stronger 

breathing oscillations. 

The performance parameters, namely, thrust (𝑇), specific impulse (𝐼𝑠𝑝), and thrust efficiency (𝜂𝑇) are 

calculated using the Eqs. A.12 to A.14 and provided in Table A.1.1. 

𝑇 =
𝐴𝑚𝑖

𝑘𝑁𝑖
∑∑𝑛𝑖(𝑗, 𝑡)  𝑉𝑖,𝑥

2 (𝑗, 𝑡) ,

𝑁𝑖

𝑗=1

𝑘

𝑡𝑠=1

  Eq. A.12  
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𝐼𝑠𝑝 =
1

𝑔𝑘𝑁𝑖
∑∑𝑉𝑖,𝑥(𝑗, 𝑡)

𝑁𝑖

𝑗=1

𝑘

𝑡𝑠=1

  Eq. A.13  

𝜂𝑇 =
𝑇2

2 𝑚̇𝑎 𝐼𝑑𝑉𝑎
 .  Eq. A.14  

In the above equations, the summation Σ𝑡𝑠=1
𝑘  denotes the temporal average, which is taken over 

400 𝜇𝑠 of the simulation time. In addition, the summation Σ𝑗=1
𝑘  denotes the spatial average, which is 

taken over the last 100 cells of the domain (near cathode boundary). The thrust and the specific impulse 

due to the neutrals were found to be negligible and are, thus, neglected. 

The values of the current components predicted by the IPPL code with neutral are in line with the 

corresponding values reported for the LANDMARK.  

 

Fig. A.1.13: Spatiotemporal evolutions of ion number density (a and c) and time evolutions of total discharge 

current (𝐼𝑑), and the electron (𝐼𝑒) and ion (𝐼𝑖) current components (b and d). Top row is for simulation with 

neutral model 1 and bottom row is for simulation with neutral model 2. 

 

 𝐈𝐝 [𝐀] 𝐈𝐢 [𝐀] 𝐈𝐞 [𝐀] 𝐓 [𝐦𝐍]  𝐈𝐬𝐩 [𝐬] 𝛈𝐓[%] 

IPPL Code (Neutral model 1) 8.11 3.44 4.67 94 2052 36.3 

IPPL Code (Neutral model 2) 7.99 3.70 4.29 93 1897 36 

Landmark 8.15 – 8.36 3.67 – 3.68 4.48 – 4.67 --- --- --- 

Table A.1.1: Comparison of the predicted performance parameters from IPPL-1D axial PIC simulations using 

two different neutral models and the LANDMARK results [186]. 

A.1.7. Case 7: 2D radial-azimuthal E × B discharge benchmark problem  

The setup and conditions of this test case follow exactly those of the benchmarking activity in Ref. 

[35] and described in Section 3.2.1. This problem was used in Section 3.2.2 to verify the IPPL-Q2D 

simulations in the radial-azimuthal configuration. Here we focus on benchmarking the IPPL-2D code.   



   

Imperial College London, Department of Aeronautics 
266 

REDUCED-ORDER PARTICLE-IN-CELL SCHEME FOR 

COMPUTATIONALLY EFFICIENT KINETIC PLASMA MODELLING 

Fig. A.1.14 shows the comparison between the radial distributions of the time-averaged ion number 

density and electron temperature from IPPL-2D and from the benchmark’s 2D code, CERFACS [35]. 

Referring to Ref. [35], the participating codes in the radial-azimuthal benchmarking activity had a 

prediction error withing a band of ± 2.5 % in their predictions with respect to the CERFACS code.  

 

Fig. A.1.14: Comparison between the time-averaged (over 25 − 30 𝜇𝑠) radial profiles of (a) ion number density 

(𝑛𝑖) and (b) electron temperature (𝑇𝑒), obtained from the IPPL-2D and the CERFACS code [35]. 

It is seen in Fig. A.1.14 that the time-averaged radial distributions from IPPL-2D are almost identical 

to those from CERFACS, with only a negligible difference of about 0.5 % visible in the zoomed-in view 

of the ion number density profile. 

Moreover, the time evolution of the spatially averaged ion number density and the radial component 

of the electron temperature (𝑇𝑒𝑥) from IPPL-2D are shown in Fig. A.1.15. Comparing these evolution 

plots with those published in Fig. 7 of the benchmarking article [35], we found that the resolved trends 

from IPPL-2D are very similar to those from the 2D codes that involved in the benchmark, both over the 

initial 3 𝜇𝑠 transient state (Fig. A.1.15 (a)) and as well as the quasi-steady state throughout the rest of 

simulation duration (Fig. A.1.15 (b)).  

 

Fig. A.1.15: Time evolution of the ion number density (𝑛𝑖) and the radial component of the electron temperature 

(𝑇𝑒𝑥) over (a) the initial 3 𝜇𝑠 of the simulation time and, (b) over the entire simulation duration. The left 𝑦-axis in both 

plots corresponds to the ion number density, whereas the right 𝑦-axis represents the radial electron temperature. 
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A.2 Extension of the underlying formulation of RO-PIC to 3D 

The underlying formulation of RO-PIC is readily extensible to 3D. In the following we derive the Q3D 

Poisson’s equation underpinning the electrostatic Q3D RO-PIC simulation. In 3D, the coarse grid 

comprises 𝑀 ×𝑁 × 𝑃 regions. The Q3D Poisson’s solution within each region Ω𝑛,𝑚,𝑝, where 𝑚 ∈ [1,𝑀], 

𝑛 ∈ [1, 𝑁] and 𝑝 ∈ [1, 𝑃] is approximated as the sum of three potential functions 𝜙𝑛,𝑝
𝑥 ,  𝜙𝑚,𝑝

𝑦
 and 𝜙𝑛.𝑚

𝑧   

𝜙(𝑥, 𝑦, 𝑧) ≈ 𝜙𝑛,𝑝
𝑥 (𝑥) + 𝜙𝑚,𝑝

𝑦 (𝑦) + 𝜙𝑛.𝑚
𝑧 (𝑧) ,        ∀𝑥, 𝑦, 𝑧 ∈ Ω𝑛,𝑚,𝑝,  Eq. A.15  

where, 

𝜙𝑛,𝑝
𝑥 = 𝜙𝑛,𝑝

𝑥 (𝑥);    ∀𝑥 ∈ [0, 𝐿𝑥] ,    𝑦 ∈ [𝑦𝑔,𝑛 −
𝐿𝑦,𝑛

2
, 𝑦𝑔,𝑛 +

𝐿𝑦,𝑛

2
] , 𝑧 ∈ [𝑧𝑔,𝑝 −

𝐿𝑧,𝑝

2
, 𝑧𝑔,𝑝 +

𝐿𝑧,𝑝

2
], Eq. A.16  

𝜙𝑚,𝑝
𝑦

= 𝜙𝑚,𝑝
𝑦 (𝑦);    ∀𝑥 ∈ [𝑥𝑔,𝑚 −

𝐿𝑥,𝑚
2
, 𝑥𝑔,𝑚 +

𝐿𝑥,𝑚
2
] ,   𝑦 ∈ [0, 𝐿𝑦], 𝑧 ∈ [𝑧𝑔,𝑝 −

𝐿𝑧,𝑝

2
, 𝑧𝑔,𝑝 +

𝐿𝑧,𝑝

2
], Eq. A.17  

𝜙𝑛.𝑚
𝑧 = 𝜙𝑛.𝑚

𝑧 (𝑧);     ∀𝑥 ∈ [𝑥𝑔,𝑚 −
𝐿𝑥,𝑚
2
, 𝑥𝑔,𝑚 +

𝐿𝑥,𝑚
2
] ,    𝑦 ∈ [𝑦𝑔,𝑛 −

𝐿𝑦,𝑛

2
, 𝑦𝑔,𝑛 +

𝐿𝑦,𝑛

2
] , 𝑧 ∈ [0, 𝐿𝑧]. Eq. A.18  

In the above equations, 𝐿𝑥,𝑚, 𝐿𝑦,𝑛 and 𝐿𝑧,𝑝 represent the regions’ extents along 𝑥, 𝑦 and 𝑧 directions, 

respectively, while 𝐿𝑥 , 𝐿𝑦 and 𝐿𝑧 are the domain’s lengths along the respective directions. Also, 𝑥𝑔,𝑚, 𝑦𝑔,𝑛 

and 𝑧𝑔,𝑝 denote, respectively, the 𝑥, 𝑦 and 𝑧 coordinated of the center of region Ω𝑛,𝑚,𝑝.The domain 

decomposition in 3D and the reduced-dimension computational grid are illustrated in Fig. A.2.1.  

For simplicity let us assume 𝑥𝑊 = 𝑥𝑔,𝑚 −
𝐿𝑥,𝑚

2
,  𝑥𝐸 = 𝑥𝑔,𝑚 +

𝐿𝑥,𝑚

2
 , 𝑦𝑆 = 𝑦𝑔,𝑛 −

𝐿𝑦,𝑛

2
, 𝑦𝑁 = 𝑦𝑔,𝑛 +

𝐿𝑦,𝑛

2
, 𝑧𝐵 =

𝑧𝑔,𝑝 −
𝐿𝑧,𝑝

2
 and 𝑧𝐹 = 𝑧𝑔,𝑝 +

𝐿𝑧,𝑝

2
. Similar to the procedure followed in 2D, we substitute Eq. A.15 in the 3D 

Poisson’s equation and integrate separately over 𝑥 − 𝑦, 𝑥 − 𝑧 and 𝑦 − 𝑧 planes within each region. Fig. 

A.2.2 illustrates the computational elements associated with the Q3D scheme along with the electric 

field components which are integrated over. The resulting coupled system of equations is given by Eqs. 

A.19 – A.21, which can be solved in the same manner as described in Chapter 2. 
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(
𝑑2𝜙𝑛,𝑝

𝑥

𝑑𝑥2
)𝐿𝑦,𝑛𝐿𝑧,𝑝 +

𝐿𝑧,𝑝

Δ𝑥
∫ (

𝜕𝜙𝑚,𝑝
𝑦

𝜕𝑥
|𝐸 −

𝜕𝜙𝑚,𝑝
𝑦

𝜕𝑥
|𝑊)𝑑𝑦

𝑦𝑁

𝑦𝑆

+
𝐿𝑦,𝑛

Δ𝑥
∫ (

𝜕𝜙𝑛,𝑚
𝑧

𝜕𝑥
|𝐸 −

𝜕𝜙𝑛,𝑚
𝑧

𝜕𝑥
|𝑊) 𝑑𝑧

𝑧𝐹

𝑧𝐵

 

+𝐿𝑧,𝑝 [(
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑦
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑦
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑦
)
𝑁

− (
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑦
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑦
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑦
)
𝑆

]

+ 𝐿𝑦,𝑛 [(
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑧
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑧
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑧
)
𝐹

− (
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑧
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑧
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑧
)
𝐵

] 

= −
1

𝜖0
∫ ∫ 𝜌(𝑥, 𝑦, 𝑧)𝑑𝑦𝑑𝑧

𝑦𝑁

𝑦𝑆

𝑧𝐹

𝑧𝐵

 , 

Eq. A.19  

 

(
𝑑2𝜙𝑚,𝑝

𝑦

𝑑𝑦2
) 𝐿𝑥,𝑚𝐿𝑧,𝑝 +

𝐿𝑧,𝑝

Δ𝑦
∫ (

𝜕𝜙𝑛,𝑝
𝑥

𝜕𝑦
|𝑁 −

𝜕𝜙𝑛,𝑝
𝑥

𝜕𝑦
|𝑆)𝑑𝑥

𝑥𝐸

𝑥𝑊

+
𝐿𝑥,𝑛
Δ𝑦

∫ (
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑦
|𝑁 −

𝜕𝜙𝑛,𝑚
𝑧

𝜕𝑦
|𝑆) 𝑑𝑧

𝑧𝐹

𝑧𝐵

 

+𝐿𝑧,𝑝 [(
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑥
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑥
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑥
)
𝐸

− (
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑥
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑥
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑥
)
𝑊

]

+ 𝐿𝑥,𝑚 [(
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑧
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑧
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑧
)
𝐹

− (
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑧
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑧
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑧
)
𝐵

] 

= −
1

𝜖0
∫ ∫ 𝜌(𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑧

𝑦𝐸

𝑥𝑊

 ,
𝑧𝐹

𝑧𝐵

 

Eq. A.20  

 

(
𝑑2𝜙𝑛,𝑚

𝑧

𝑑𝑧2
)𝐿𝑥,𝑚𝐿𝑦,𝑛 +

𝐿𝑥,𝑚
Δ𝑧

∫ (
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑧
|𝐹 −

𝜕𝜙𝑚,𝑝
𝑦

𝜕𝑧
|𝐵)𝑑𝑦

𝑦𝑁

𝑦𝑆

+
𝐿𝑦,𝑛

Δ𝑧
∫ (

𝜕𝜙𝑛,𝑝
𝑥

𝜕𝑧
|𝐹 −

𝜕𝜙𝑛,𝑝
𝑥

𝜕𝑧
|𝐵)𝑑𝑥

𝑥𝐸

𝑥𝑊

 

+𝐿𝑦,𝑛 [(
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑥
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑥
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑥
)
𝐸

− (
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑥
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑥
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑥
)
𝑊

]

+ 𝐿𝑥,𝑚 [(
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑦
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑦
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑦
)
𝑁

− (
𝜕𝜙𝑛,𝑝

𝑥

𝜕𝑦
+
𝜕𝜙𝑚,𝑝

𝑦

𝜕𝑦
+
𝜕𝜙𝑛,𝑚

𝑧

𝜕𝑦
)
𝑆

] 

= −
1

𝜖0
∫ ∫ 𝜌(𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦

𝑥𝐸

𝑥𝑊

𝑦𝑁

𝑦𝑆

 . 

 

Eq. A.21  
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Fig. A.2.1: Schematic of Q3D grid and the multi-region domain decomposition for the reduced-dimension Q3D 

Poisson’s equation. The illustrations on the left demonstrate the 3D view of domain decomposition (including the 

regions’ boundaries and computational grid) along 𝑥-axis (top panel), along 𝑦-axis (middle panel) and along 𝑧-axis 

(bottom panel). The illustrations on the right show the cross-sections of the domain along 𝑦 − 𝑧 plane (top panel), 

𝑥 − 𝑧 plane (middle panel), and 𝑥 − 𝑦 plane (bottom panel). 
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Fig. A.2.2: Schematic of the computational elements associated with the dimensionality-reduction approach in region Ω𝑚,𝑛,𝑝 

(left) and electric field components across sides of the element (right);  (top panel) computational element along 𝑥-axis for 

solving potential function 𝜙𝑛,𝑝
𝑥  from Eq. A.19, (middle panel) computational element along y-axis for solving potential function 

𝜙𝑚,𝑝
𝑦

 from Eq. A.20, (bottom panel) computational element along 𝑧-axis for solving potential function 𝜙𝑛,𝑚
𝑧  from Eq. A.21. 
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A.3 Additional standalone test cases for reduced-dimension Poisson solver (RDPS) 

In addition to the test cases presented in Section 2.4 for standalone verification of the RDPS, we 

provide two sets of additional cases here. The first set represents a problem with an oscillatory source 

term distribution (𝜌) across the domain with different wavenumbers and zero-value Dirichlet boundary 

condition along the four boundaries (Case No 1 to 4 in Table A.3.1). This is a common situation 

occurring in an E × B plasma discharge, especially along the azimuthal coordinate where small-

wavelength fluctuations in charge density develop. This test case verifies the ability of the approach to 

accurately resolve the potential distribution in the presence of small-scale density gradients. The second 

set involves oscillatory Dirichlet boundary conditions with various wavenumbers along the boundaries 

and no source term (Case No 5 to 8 in Table A.3.1). The number of computational cells along either 𝑥 

or 𝑦 direction is 100.  

Case No. Source terms (𝑺(𝒙, 𝒚)) Boundary Conditions 

1, 2, 3, 4 𝑆 = 𝑠𝑖𝑛(𝑛𝜋𝑦) 𝑠𝑖𝑛(𝑛𝜋𝑥);   𝑛 = 1, 3, 5, 10 
𝜙(0, 𝑦) = 𝜙(𝐿𝑥, 𝑦) = 0 

𝜙(𝑥, 0) =  𝜙(𝑥, 𝐿𝑦) = 0 

5, 6, 7, 8 𝑆 = 0 
𝜙(0, 𝑦) = 𝜙(𝐿𝑥, 𝑦) = 𝑠𝑖𝑛(𝑛𝜋𝑦) 𝑠𝑖𝑛(𝑛𝜋𝑥);   𝑛 = 1, 3, 5, 10 

𝜙(𝑥, 0) =  𝜙(𝑥, 𝐿𝑦) = 𝑠𝑖𝑛(𝑛𝜋𝑥) 𝑠𝑖𝑛(𝑛𝜋𝑥);   𝑛 = 1, 3, 5, 10 

Table A.3.1: Definition of the 2D Poisson problems for additional standalone verification of RDPS. 

The error convergence plots of the reduced-order solution for the defined problems using RDPS with 

various number of regions are provided in Fig. A.3.1. The error is computed according to Eq. 2.40 and 

with respect to the corresponding full-2D solution. Furthermore, the contour maps of the solutions with 

various number of regions are presented in Fig. A.3.2 and Fig. A.3.3, for cases 1-4 and 5-8, 

respectively. These figures clearly illustrate the convergence of solution accuracy and the enhancement 

of the smoothness of the Q2D potential profile as the number of regions increases. 

 
Fig. A.3.1: Error convergence of the RDPS’s solution; variation of the normalized L2 error (Eq. 2.40) between the 

full-2D solution and the approximate Q2D solution from the RDPS when increasing number of regions for (left) 

cases 1-4 defined, and (right) cases 5-8 defined in Table A.3.1. The 𝑦-axis in both plots is in logarithmic scale. 
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Fig. A.3.2: Contour map representation of the RDPS’s solutions with various number of regions against the 

corresponding full-2D solution (bottom row) for cases 1-4 defined by Table A.2.1. The numbers of regions are 

equal along both dimensions (𝑀 = 𝑁) which are denoted by NumR. 
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Fig. A.3.3: Contour map representation of the RDPS’s solutions with various number of regions against the 

corresponding full-2D solution (bottom row) for cases 5-8 defined by Table A.3.1. The numbers of regions are 

equal along both dimensions (𝑀 = 𝑁) which are denoted by NumR. 
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A.4 Additional tests on the reduced-order PIC code (IPPL-Q2D) 

A.4.1. Axial-azimuthal Hall thruster configuration   

A) Various operating conditions: The low-number-of-region Q2D simulations, which were 

verified for the nominal condition (𝐽 = 400 𝐴𝑚−2, 𝐵 = 10 𝑚𝑇) of the axial-azimuthal benchmark 

problem in Section 3.1.2, namely, single-region (𝑁 = 1, 𝑀 = 1), double-region (𝑁 = 1, 𝑀 = 2) 

and triple-region (𝑁 = 1, 𝑀 = 3). These simulations are now tested across various operating 

conditions. The simulations' setup and conditions follow those outlined in Section 3.1.2 except 

for the operating ion current density (𝐽) and the applied magnetic field peak (𝐵).  

The simulation conditions correspond to two sets of cases: the first set includes different current 

densities (i.e., 𝐽 =  50, 100, 200 and 400 𝐴/𝑚2) with the magnetic field peak intensity being 

fixed at 10 𝑚𝑇. The second set is related to various magnetic field peak intensities (i.e., 𝐵 =  5,

10, 15 and 20 𝑚𝑇), with the maximum current density maintained at 400 𝐴/𝑚2. These 

correspond to a subset of conditions for which the results of high-number-of-region simulations 

are discussed in Chapter 5. The profiles of the ionization source and the applied magnetic field 

are according to Fig. 5.1. 

The comparison of the outcomes of the Q2D simulations in terms of the time-averaged axial 

profiles of ion number density (𝑛𝑖) and axial electric field (𝐸𝑥) against the corresponding full-2D 

results reported in Ref. [69] are presented in Fig. A.4.1 and Fig. A.4.2, respectively.  

 
Fig. A.4.1: Time-averaged (over 16 − 20 𝜇𝑠) axial profiles of ion number density (𝑛𝑖) from low-number-of-

region Q2D simulations for various operating conditions. The dashed lines show the corresponding full-2D 

results from Ref. [69]. Dashed black lines show the location of magnetic field’s peak. 
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Referring to left column (various 𝐽) in Fig. A.4.1 and Fig. A.4.2, it is observed that the single-

region quasi-2D simulations provide a very consistent approximation of the results from the full-

2D simulations. Nevertheless, the double-region and triple-region simulations demonstrate an 

improvement in the prediction of the axial distribution of plasma properties. In this respect, the 

trend of 𝑛𝑖 and 𝐸𝑥 predicted by the triple-region simulations resemble very closely the reference 

profiles from the 2D simulations, with only a slight difference observed near the peak of the 

respective profiles.     

Looking at the right column (various 𝐵) in Fig. A.4.1 and Fig. A.4.2, it is seen that the single-

region simulations are unable to properly approximate the plasma properties in the 15 𝑚𝑇 and 

20 𝑚𝑇 cases. In fact, in these two cases, the resolved average instability-induced electron 

cross-field transport is not enough to allow for a sufficient electron current toward the anode. 

As a result, the electrons and, hence, the plasma generated in the ionization zone (defined by 

the extent over which the ionization source is imposed) do not fill the near-anode region. This 

is evident in 𝑛𝑖 plot which shows very low densities near the anode in the cases with high 

magnetic field peaks. Therefore, the high magnetic-field-peak simulation conditions represent 

the limiting cases for the single-region Q2D simulations. In any case, it is important to note that 

this limitation of the single-region approximation might be specific to the adopted simulation 

case and due to the disparity between the strength of the imposed ionization source (400 𝐴/𝑚2) 

and the magnetic field intensity, not reflecting realistic operating conditions of Hall thruster.  

The double-region and triple-region simulations are, nonetheless, able to properly predict the 

plasma profiles across the considered range of magnetic field intensities. In this regard, the 

plots show a reasonable consistency between the Q2D and full-2D simulation results. 

Furthermore, as it was the case for the simulations with various current densities, the triple-

region simulations for different magnetic field peaks provide results that are in closest 

agreement with the 2D profiles, especially in terms of the ion number density.  

However, concerning the case with the lowest magnetic field intensity (𝐵 =  5 𝑚𝑇), although all 

Q2D simulations provide an acceptable approximation of the plasma profiles, in none of the 

simulations, a perfect agreement with the reference 2D results is achieved. This is again 

conjectured to be as a consequence of the extreme condition in this case.  

We highlight that these predictions accuracies across the wide range of operating conditions 

are achieved with the computational costs equivalent to those of a 1D PIC simulation, i.e. only 

0.4 % of the computational cost of a full-2D simulation. 
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Fig. A.4.2: Time-averaged (over 16 − 20 𝜇𝑠) axial profiles of axial electric field (𝐸𝑥) from low-number-of-region 

Q2D simulations for various operating conditions. The bottom row plots show the corresponding full-2D results 

from Ref. [69]. Dashed black lines show the location of magnetic field’s peak.  

B) Sensitivity to the azimuthal extent of the domain: Due to computational impracticality of 

simulating the entire circumference of a Hall thruster has with conventional full-2D simulations, 

it is customary to instead simulate a limited portion of the circumferential extent and apply a 

periodic boundary condition on both ends of the domain along the azimuthal direction. Hence, 

it is necessary to analyze the sensitivity of the results to the simulated azimuthal length. In this 

regard, we present a comparison between the results from the triple-region simulations for 

azimuthal lengths of 𝐿𝑧 = 0.64, 1.28 and 2.56 𝑐𝑚.  

Concerning the axial distribution of the time-averaged plasma parameters, Fig. A.4.3 illustrates 

a very minor sensitivity of the predicted profiles to the azimuthal length of the domain. The 

observed sensitivity of the Q2D simulation is found to be very similar to the sensitivity to the 

azimuthal length reported for the full-2D simulations [69]. 

Furthermore, from the spatiotemporal maps of the azimuthal electric field fluctuations shown in 

Fig. A.4.4 in each region, we notice that the waves’ azimuthal wavenumber, frequency and 

amplitude in each region are almost identical for all simulated azimuthal domain lengths. 
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Fig. A.4.3: Comparison between the axial profiles of the time-averaged (over 16 − 20 𝜇𝑠) plasma properties from the 

triple-region simulations with various azimuthal extents; (a) ion number density (𝑛𝑖), (b) axial electric field (𝐸𝑥), and 

(c) electron temperature (𝑇𝑒). Dashed black lines show the location of magnetic field’s peak. 

 
Fig. A.4.4: Spatiotemporal maps of the azimuthal electric field fluctuations in different regions of the triple-

region simulations with various azimuthal lengths. 

A.4.2. Axial-radial Hall thruster configuration 

The setup of the axial-radial simulations is inspired from the one reported in Ref. [188]. The 

computation domain is a rectangular Cartesian 𝑥 − 𝑦 plane, resembling the channel and the near-plume 

a SPT100-type Hall thruster. The 𝑥-axis is parallel to the thruster’s channel axial centerline, and the 𝑦-

axis is directed along the radial direction. The axial extent of the domain is 4 𝑐𝑚, covering the 2.5 𝑐𝑚-

long channel of the thruster and 1.5 𝑐𝑚 of the near plume. The radial length of the domain is 1.5 𝑐𝑚. 

The number of cells along the axial and the radial direction is 2000 and 750, respectively. 

The simulated operating condition corresponds to a discharge voltage of 300 𝑉, an anode mass flow 

rate of 5 𝑚𝑔/𝑠, and a peak magnetic field intensity of 16 𝑚𝑇. The imposed magnetic field is purely radial 

with an axial profile being the same as that shown in Fig. 9 of Ref. [188]. 
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At the beginning of the simulation, the electrons and ions are sampled from a Maxwellian distribution 

at 10 𝑒𝑉 and 0.5 𝑒𝑉, respectively and loaded uniformly throughout the domain. Electrons are sampled 

from a half-Maxwellian at 4 𝑒𝑉 and are injected into the domain from the cathode boundary at each 

timestep according to the quasi-neutrality approach (refer to Section 1.4.2.2). 

An anode temperature of 750 𝐾 and a wall temperature of 850 𝐾 are assumed. The neutral particles 

are sampled from a Maxwellian at the anode temperature and are loaded into the domain according to 

an initial profile given in Ref. [106]. The neutral density at the anode in the beginning of the simulation 

is 1 × 1019 𝑚−3. The evolution of the neutrals is resolved kinetically using the Q2D DSMC module, which 

was verified in Section 3.4.  

The neutrals that are injected at the constant operating mass flow rate as well as those created due 

to ion recombination on the anode surface are sampled from a half-Maxwellian at the anode 

temperature. Ion recombination on the channel walls is also considered and the corresponding neutrals 

are sampled from a half-Maxwellian at the wall temperature. The secondary electron emission (SEE) 

from the channel walls is accounted for following the linear SEE model, described in Section 1.4.2.2.  

The electrons’ collisions with the neutrals are resolved through the Monte Carlo Collisions (MCC) 

scheme (See Section 1.4.2.3). The collision events that are considered include single ionization, four 

excitations, and elastic momentum-transfer collision. 

Finally, concerning the “anomalous” electrons’ axial mobility, noting that the axial-radial simulations 

do not resolve the effects of azimuthal instabilities on cross-field transport, an ad-hoc electron mobility 

model based on the Bohm collision frequency is implemented in the simulations. In this regard, following 

the approach pursued in Ref. [188], a “two-zone” mobility model of the general form 𝜈𝐵𝑜ℎ𝑚 = (
𝛼

16
)𝜔𝑐𝑒 is 

used, with the tuning coefficient  𝛼 = 0.035 inside the channel and 𝛼 = 5  in the near-plume.  

The axial-radial Q2D simulations are conducted using various numbers of regions along the axial 

and the radial directions denoted by 𝑀 and 𝑁, respectively. These configurations include case 𝒊: 𝑁 = 4,

𝑀 = 8, case 𝒊𝒊: 𝑁 = 8, 𝑀 = 16, case 𝒊𝒊𝒊: 𝑁 = 12, 𝑀 = 24. The Q2D implementation of the DSMC 

algorithm (Q2D DSMC) is integrated within the Q2D PIC resulting in a RO-PIC-DSMC scheme. The 

time step is 2 × 10 − 12 𝑠 and the total simulation duration is 20 𝜇𝑠.  

The comparison of the 2D distribution of various plasma properties predicted from Q2D PIC-DSMC 

simulations at 𝑡 = 20 𝜇s is presented in Fig. A.4.5. The plasma distributions demonstrate significant 

similarities across different numbers of regions. However, with an increase in the number of regions, 

the 2D profiles become smoother. The results presented in this figure are sufficient for the purposes of 

the testing of the IPPL-Q2D in the axial-radial coordinates, as they clearly demonstrate that the main 

expected axial-radial behaviors are indeed represented across the different approximation orders. 

Cases 𝒊,  𝒊𝒊 and 𝒊𝒊𝒊 result in 250-, 125- and 83-times speedup, respectively, compared to a full-2D 

simulation. The main observed behaviors from Fig. A.4.5 are the concentration of the plasma number 

density (𝑛𝑒) in the domain’s center, as well as the influence of the sheath’s potential drop near the radial 

walls of the discharge channel on the overall distribution of plasma potential (𝜙) within the domain. 
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Fig. A.4.5: Normalized 2D snapshots of plasma properties at 𝑡 = 20 𝜇s from the Q2D PIC-DSMC simulations of the axial-

radial Hall thruster test case with various numbers of regions along the axial (𝑀) and the radial (𝑁) directions; The rows 

from top to bottom represent the electric potential (𝜙), the axial electric field (𝐸𝑥), the electron temperature (𝑇𝑒), the 

ionization rate (𝑅𝑖), the electron number density (𝑛𝑒), the neutral number density (𝑛𝑛), the ions’ axial and radial drift 

velocities (𝑉𝑑𝑖,𝑥 & 𝑉𝑑𝑖,𝑦), and the neutrals’ axial and radial drift velocities (𝑉𝑑𝑛,𝑥 & 𝑉𝑑𝑛,𝑦). Dashed black /white lines show the 

location of the exit plane of the channel. 
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We also notice the consistency between the location of the maximum axial electric field intensity (𝐸𝑥) 

upstream of the channel exit plane, representing the so-called “acceleration zone”, with the region of 

the peak electron temperature (𝑇𝑒). The radial flow of the neutrals after the exit plane of the channel is 

evident from their radial velocity (𝑉𝑑𝑛,𝑦) plots. The ions have larger radial velocity components (𝑉𝑑𝑖,𝑦) 

inside the channel due to their fall through the radial plasma sheaths.  

A.4.3. Penning discharge benchmark problem: variability of the results over an extended run 

The 100-region Q2D simulation of the Penning discharge benchmark problem [114], whose results 

for 𝑡 = 0 − 500 𝜇𝑠  duration of the discharge evolution was verified in Section 3.3, is extended here to 

simulate a longer duration (up to 𝑡 = 1100 𝜇𝑠) of the discharge, and to investigate the variability of the 

results over various time spans.  

Fig. A.4.6 shows the comparison of the time-averaged plasma profiles over three consecutive 

300 𝜇𝑠-long time windows alongside a “long average” over the cumulative span of the three time 

windows (200 − 1100 𝜇𝑠). The maximum variability of the results relative to the “long average” profiles 

are as follows: ±1.7 % for the ion number density, ±1.5 % for the electron temperature and ±1 % for 

the electric potential profiles.  

 
Fig. A.4.6: Comparison of the profiles of plasma properties at the mid-plane of the domain along the 𝑦-

direction from the 100-region Q2D simulation, averaged over different timeframes, f; (a) ion number density 

(𝑛𝑖), (b) electron temperature (𝑇𝑒), and (c) plasma potential (𝜙). Top row shows the zoom-ins of the respective 

profiles within the grey box. 

The density probe’s signal which shows the time evolution of the local ion number density at the 

midpoint between the domain’s center and the wall along the 𝑥-axis is presented in Fig. A.4.7. The 

signal exhibits a regular quasi-periodic behavior throughout the entire shown time interval.  
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Furthermore, Fig. A.4.8 provides the comparison between the frequency spectra obtained from the 

temporal FFT of the signal taken separately over the three time windows and over the entire duration 

of the signal shown in Fig. A.4.7. The spoke’s frequency, indicated by the highest peak in the FFT 

spectra, exhibits a minor variation across different time windows, ranging from 41 to 42 𝑘𝐻𝑧. 

 
Fig. A.4.7: Time evolution of the local ion number density at the location of the virtual density probe from 100-region 

Q2D simulation over long simulated time. The dashed yellow lines divide the signal into the three equal time windows. 

 
Fig. A.4.8: Temporal FFT spectra of different time periods of the density probe’s signal from 100-region Q2D simulation. 

The highest peak corresponds to the spoke’s frequency. 

A.4.4. Q2D simulation with non-uniform regions’ extent 

The Q2D simulations results presented and discussed in Chapter 3, all featured uniform region 

extents along both directions of the simulation. Here, we verify the functionality of RO-PIC with non-

uniform region extent(s) along either one or two dimensions. We then compare the Q2D predictions 

with non-uniform vs uniform region extents. 

We will test the Q2D simulations with non-uniform region extents in the radial-azimuthal E × B 

discharge and the Penning discharge benchmark problems for which the Q2D simulations using uniform 

regions had been verified in Sections 3.2 and 3.3, respectively.  

A non-uniform distribution of region extents could be useful for the scenarios where the scale 

macroscopic gradients vary significantly across the domain. In such cases, instead of choosing a fixed 

length for all regions based on the smallest gradient scale throughout the domain, we can refine the 

distribution of the regions according to the local gradients. This would avoid unnecessarily large number 

of regions, thereby further optimizing computations. However, with the variable area of the 

computational cells, we must ensure that the initial number of macroparticles per cell (𝑁𝑝𝑝𝑐) remains 

consistent with the minimum necessary in the smallest cell. Note that, here by the cell size, we are 

referring to the length along the long side, which is equal to the regions’ extent along the coarse grid 
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(refer to Fig. 2.1). Along the fine 𝑥 and 𝑦 grids, the cell sizes are uniform and compatible with the 

“smaller than Debye length” criterion.  

A) Radial-azimuthal 𝐄 × 𝐁 discharge benchmark problem: In this problem, we aim to assess 

that, by using more refined regions near the walls, where the potential gradient is steep due to 

the plasma sheath, whether a Q2D simulation with an overall number of regions significantly 

lower than 100 can provide results close to those from the 100-region Q2D simulation. In this 

study, the regions along the azimuthal direction are spaced uniformly. Furthermore, it is 

emphasized that the extent of the regions and the cells’ size remain constant in time throughout 

the simulation duration. Fig. A.4.9 (a) illustrates the schematic of a 2D domain with a non-

uniform domain decomposition along the 𝑥-direction and uniform decomposition along 𝑦-

direction. Fig. A.4.9 (b) compares the normalized radial extent of the regions (
𝐿𝑥,𝑚

𝐿𝑥
) in the three 

cases investigated here against the three reference Q2D simulations with uniform region 

definition, namely, the 10-, 25-, and 100-region simulation.  

 
Fig. A.4.9: (a) Illustration of non-uniform regions’ extent along the radial direction for radial-azimuthal E × B 

discharge benchmark problem, (b) comparison of the variation in regions’ extent along the radial direction in the 

different cases investigated. Note that plot (a) shows the coarse grid, and the lines indicate the regions’ 

boundaries. The values on the 𝑥-axis of the plot (b) represent regions’ number (𝑚) normalized by total number of 

regions along 𝑥-direction (𝑀). 

Cases 1 and 2 have a total number-of-region count along the radial direction (𝑀) of 25, whereas, 

in cases 3 and 4, 𝑀 is equal to 30. Cases 1 and 2 differ only in terms of the number of initial 

numbers of macroparticles per cell. The difference in cases 3 and 4 is in their number of regions 

along the azimuthal direction (𝑁) which is 10 for case 3 and 100 for case 4. It is observed from 

Fig. A.4.9 (b) that, in all cases, the extent of the smallest radial region near the walls is equivalent 

to that of the 100-region simulation. Moving toward the center of the domain along the radial 

direction, cases 1 and 2 have a region in the middle of the domain whose radial length is larger 

than that in the 10-region simulation. In cases 3 and 4, several regions in the middle have radial 

lengths larger than that in the 25-region simulation but smaller than the 10-region. This 

information is summarized in Table A.4.1. 

The simulation setup and conditions are exactly the same as those described in Section 3.2. 
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𝑴  

(nonuniform) 

𝑵 

(uniform) 

𝑵𝑷𝑷𝑪 
(In smallest cell) 

𝑵𝑷𝑷𝑪  

(In largest cell) 

Case 1 25 10 100 1330 

Case 2 25 10 25 332 

Case 3 30 10 33 231 

Case 4 30 100 100 700 

Table A.4.1: Summary of the numerical parameters used for the Q2D simulations with non-uniform radial 

region extents. 

The results from the non-uniform Q2D simulations in terms of the time-averaged plasma profiles 

are compared in Fig. A.4.10 against the 10-region, 25-region, and 100-region Q2D simulations 

with uniform radial domain decomposition. It is observed that, overall, by refining the regions’ 

extent near the walls, the ion number density (𝑛𝑖) and the radial electron temperature (𝑇𝑒𝑥) 

distributions closely follow the 100-region profiles. In particular, case 3 with only 30 radial regions 

can almost exactly reproduce the 100-region results in terms of 𝑛𝑖 and 𝑇𝑒𝑥 profiles. 

Nevertheless, the 𝑇𝑒 and 𝑇𝑒𝑧 profiles are seen to only approach the 100-region results in case 4 

where the number of azimuthal regions is increased to 100.  Also, the 𝑇𝑒 and 𝑇𝑒𝑧 profiles for 

cases 1 to 3 (with 10 azimuthal regions) are similar to the 𝑇𝑒𝑧 profile from the 10-region Q2D 

simulation. Thus, it seems that the accuracy in the prediction of the 𝑇𝑒𝑧 profile is controlled 

through the regions’ resolution along the azimuthal direction.  

 
Fig. A.4.10: Comparison of time-averaged (over 25-30 𝜇𝑠) radial profiles of (a) ion number density (𝑛𝑖), (b) 

electron temperature (𝑇𝑒), and (c) & (d) radial and azimuthal electron temperatures (𝑇𝑒𝑥  & 𝑇𝑒𝑧) from Q2D 

simulations with the non-uniform and uniform regions’ extents. 

Having a fine regions’ resolution along the azimuth in case 4 yields improved predictions of 

𝑇𝑒  and 𝑇𝑒𝑧, whereas the 𝑛𝑖 and 𝑇𝑒𝑥 profiles are noticed to deviate to some extent from the 100-

region profiles. A plausible reason for this observation for such behavior is the disparate 

resolution of the plasma potential gradient along the radial and the azimuthal coordinates. 
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Moreover, comparing the profiles of the plasma properties from cases 1 and 2 in Fig. A.4.10, it 

is noticed that the distributions are almost similar. Noting that the difference between these two 

cases is only their initial number of macroparticles, we conclude that a lower 𝑁𝑝𝑝𝑐 in the smallest 

regions near the walls does not have a noticeable influence on the results.  

Finally, Fig. A.4.11 shows the 2D snapshots of the plasma properties for cases 2 to 4 as well 

as the uniform 25-region simulation and the full-2D (as reference) at a time instance 

corresponding to the local maximum of the spatially averaged 𝑇𝑒𝑥. Refinement of the regions 

near the walls is seen to have, overall, a minor effect on the 2D snapshots of plasma properties 

and waves’ characteristics. Nevertheless, it is interesting to note that, in case 4, the small-scale 

features and patterns visible in the snapshots of the full-2D simulation are more closely captured. 

 
Fig. A.4.11: 2D snapshots of the plasma properties at the time of local maximum of the radial electron 

temperature from the non-uniform Q2D simulations (cases 1 to 3) in comparison with those from the uniform 

25-region Q2D simulation and the full-2D simulations. The rows, from top to bottom, represent the azimuthal 

electric field (𝐸𝑧), the radial electron temperature (𝑇𝑒𝑥), and the axial electron current density (𝐽𝑒𝑦). 

B) Penning discharge benchmark problem: In this case, the regions’ extents are nonuniform 

along both simulation directions. We use 31 regions along each direction. As seen in Fig. 3.24, 

the scale of the processes becomes smaller towards the center of the domain. Accordingly, we 

chose the regions such that their lengths along both directions are coarser near the boundaries 

of the domain and become increasingly refined towards the domain’s center. The distribution of 

the regions’ extents across the domain is illustrated in Fig. A.4.12 (a) with their quantitative 

values being shown in Fig. A.4.12 (b). The two largest regions near domain’s boundaries have 

extents larger than the regions in the15-region Q2D simulation, while the smallest region in the 

middle is as small as the regions in 100-region Q2D with uniform regions.  
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Fig. A.4.12: (a) Illustration of non-uniform region extents along the 𝑥 and 𝑦 directions for Penning discharge 

benchmark problem, (b) the variation in region extents along both simulation directions. Note that plot (a) 

shows the coarse grid, and the lines indicate the regions’ boundaries. The values on the 𝑥-axis of the plot (b) 

represent regions’ number (𝑚 & 𝑛) normalized by total number of regions along respective direction (𝑀 & 𝑁). 

The simulation setup and conditions are kept the same as those introduced in Section 3.3. 

The resulting time-averaged profiles from the Q2D simulation with 31 non-uniformly distributed 

regions are compared against the Q2D simulations with uniforms regions in Fig. A.4.13.  

It is noticed that the ion number density and the electric potential profiles in the central area of 

the domain almost match the respective profiles from 100-region Q2D and the full-2D 

simulations. The electric potential profile exhibits slight deviations from the 2D simulation’s 

predictions, moving from the center towards the walls due to the progressively coarser regions. 

The accuracy of the predicted electron temperature also diminishes away from the center. 

However, in the central regions, the electron temperature closely aligns with the predictions of 

the 45-region simulation, while the deviation from the 2D values becomes more pronounced 

farther away from the center. Note that, besides the improvement of the plasma properties in 

the central regions, the plasma profiles near the walls show significant improvement over the 

results from the 15-regions simulation too, despite the larger size of regions near the walls 

compared to those in the 15-region simulation. 

 
Fig. A.4.13: Comparison of time-averaged (over 200 − 500 𝜇𝑠) profiles of (a) ion number density (𝑛𝑖), (b) electron 

temperature (𝑇𝑒), and (c) plasma potential (𝜙) from Q2D simulations with non-uniform and uniform region extents. 

These results are interesting as they demonstrate that by adjusting the sizes of the regions 

according to the physics of the problem, we can attain maximum speed up and accuracy beyond 

what is achieved with the uniformly distributed regions. Indeed, local refinement of the regions 

can improve the prediction of the properties not only in those localities but also in the whole 

simulation domain.  
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A.5 Supplementary analyses for parametric variability studies along the radial-

azimuthal coordinate  

A.5.1. Comparison of the instabilities’ spectra obtained from Q2D and 2D simulations for 𝐸 = 5𝐸0 

and 𝐵 = 1.5𝐵0 cases 

Fig. A.5.1 provides a comparison between the frequency and the azimuthal wavelength spectra of 

the instabilities as obtained from the Q2D and full-2D simulations of the cases with extreme electric and 

magnetic field intensities, namely, 𝐸 =  5𝐸0 and 𝐵 = 1.5𝐵0. The spectra are obtained from average 

spatial and temporal FFTs of the azimuthal electric field fluctuations. The results show that the Q2D 

predictions are in great agreement with the 2D results, providing further confidence in the reliability of 

the Q2D simulations and the insights derived from the simulations presented in Section 4.2.   

Moreover, for the 1.5𝐵0 case, the results additionally serve to verify the prediction of the Q2D 

concerning the azimuthal wavenumber of the MTSI in this case. It is recalled that, from Fig. 4.9 (bottom 

panel), there was some discrepancy between the simulated MTSI’s azimuthal wavenumber and its 

theoretical value from Eq. 1.11. In this regard, Fig. A.5.1 (bottom row), shows that the peaks associated 

with the MTSI mode in the spatial FFT spectra of the Q2D and the 2D simulations are coincident (at 

𝑘𝑧

𝑘0
= 0.188). However, in both simulations, the FFT spectrum around this peak is broadened over a finite 

wavenumber interval of 
𝑘𝑧

𝑘0
= 0.125 − 0.188. As a result, we can expect the MTSI’s azimuthal 

wavenumber to be somewhere within this interval. 

 
Fig. A.5.1: Comparison of the averaged spatial and temporal FFT spectra of the azimuthal electric field 

fluctuations for the 𝐸𝑦 = 5𝐸0 and 𝐵𝑥 = 1.5𝐵0 cases with xenon propellant as obtained from the Q2D and full-2D 

simulations. The averaging is consistent with the averaging performed for the FFT analyses in Section 4.2.2. 
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A.5.2. Impact of the domain’s extent on the instabilities’ spectra for the 𝐸 = 5𝐸0 case 

To evaluate the impact(s) of the domain’s size on the instabilities established in the simulations, we 

carried Q2D simulations of the case with the extreme electric field of 𝐸𝑦 = 5𝐸0 with various lengths of 

the domain. In this regard, the size of the domain was once doubled along the radial direction, once 

along the azimuth, and once along both directions. The resulting azimuthal wavenumber (𝑘𝑧) and the 

frequency (𝜔) spectra of the azimuthal fluctuations are compared in Fig. A.5.2.  

From the 𝑘𝑧 plot, it is evident that increasing the domain’s length along the azimuthal direction does 

not remarkably change the relative spectral amplitudes of the instabilities, and the ECDI remains the 

dominant mode. However, doubling the radial length of the domain (or both the radial and azimuthal 

lengths) leads to the formation of the long-𝜆 mode (with 
𝑘𝑧

𝑘0
≈ 0.35) with a larger amplitude compared to 

the ECDI. In these cases, an inverse energy cascade seems to have transferred energy toward larger 

structures and, hence, resulted in the growth of the long-𝜆 mode. The azimuthal wavelength of this 

mode is 1.28 𝑐𝑚, and it is the same mode that was observed to be dominant in the case of 𝐸 =  0.5𝐸0. 

The long-𝜆 mode has been also observed from the spatial FFT spectra in Section 4.2.2 to be present 

in the baseline condition as well (𝐸 =  1𝐸0), though with a small amplitude.  

The fact that the MTSI is not observed from the present simulations with various domain’s lengths 

ensures that the mitigation of this mode for the 5𝐸0 case (as an extreme studied value of the E-field) is 

not an artifact of the limited domain’s size. Rather, the MTSI’s mitigation is the aggregate consequence 

of the conditions of the plasma when subject to large axial electric fields. 

 
Fig. A.5.2: Comparison of the averaged spatial and temporal FFT spectra of the azimuthal electric field 

fluctuations for the 𝐸 = 5𝐸0 case with the xenon propellant as obtained from the Q2D simulations with different 

lengths of the domain along the radial and azimuthal directions.  

This analysis further evidences the validity of the arguments made in Section 4.2 regarding the 

relative dominance of the instabilities under different E-field conditions. In this regard, we underline that, 

whereas a low sensitivity of the results to the adopted azimuthal extent of the simulations is a crucial 

point to demonstrate, a larger dependence of the instabilities’ spectra to the simulations’ radial extent 

does not constitute a point of concern. This is because it is along the azimuthal direction that only a 

limited portion of the plasma discharge is simulated, and periodic behavior is assumed. However, the 

radial dimension of a simulation represents an actual (physical) characteristic length of the plasma 
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system under study. In this sense, altering the radial length of the simulation amounts to changing the 

plasma geometry, in which case some degree of change in the underlying plasma phenomena could 

be consequently expected. 

A.5.3. Comparison of instabilities’ numerical dispersion map with the IAI’s dispersion relation 

Comparing the dispersion maps of the azimuthal instabilities predicted by the simulations with the 

theoretical dispersion relation of the Ion Acoustic Instability (IAI), can provide insights into whether the 

ECDI in the simulations has transitioned to the IAI waves. These comparisons are provided in Fig. A.5.3 

and Fig. A.5.4 for various simulation cases discussed in Chapter 4. The numerical dispersion plots are 

obtained from the 2D spatiotemporal FFT of the azimuthal electric field signal at the mid-radial location 

of the domain over the duration of 𝑡 = 20 − 30 𝜇𝑠. The superimposed yellow curves are the IAI’s 

theoretical dispersion relation given by Eq. 1.4, calculated using the time-averaged (within 20 − 30 𝜇𝑠 

window) plasma properties at the mid-radial location. 

From these plots we observe that in some cases such as the baseline configuration (𝐸 = 𝐸0, 𝐵 =

𝐵0, 𝑆 = 𝑆0), the projection of the linear part of the IAI’s dispersion relation is fitted well on the dispersion 

plot of the wave modes. Whereas, in other cases, clear deviation from the linear and nonlinear IAI’s 

dispersion relation is apparent. Additionally, most cases exhibit some extent of resonance broadening 

around the mode(s) with the largest magnitude, which is a characteristic feature of the transition of the 

ECDI modes to the IAI.  

Besides, in some cases, particularly, 𝐵 = 0.5𝐵0 in Fig. A.5.3 and, 𝑆 = 3𝑆0 and 𝑆 = 6𝑆0 in Fig. A.5.4 

significantly turbulent nature of the fluctuations is evident from their dispersed 2D dispersion plots. 

Moreover, the concentration of the dispersion of the waves near the origin in cases of 𝐵 = 0.25𝐵0 in 

Fig. A.5.3 and 𝑐𝑜𝑛𝑓𝑖𝑔 2 in Fig. A.5.4 represent the formation of the larger structures corresponding to 

the long-𝜆 mode with low frequency. 

For the case of 𝐸 = 0.5𝐸0, 𝐵 = 1.25𝐵0 in Fig. A.5.3 and 𝜖∗ =  5 and 15 𝑒𝑉 in Fig. A.5.4, the 

dispersion plots are characterized by a broadband spectrum around the frequency and wavenumber of 

the ECDI with a few distinct modes aligned at an angle with respect to the linear IAI’s dispersion.  We 

can also notice the presence of numerous harmonic modes in the case of 𝐸 = 5𝐸0. 
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Fig. A.5.3: Comparisons of the numerical dispersion maps of the azimuthal electric field fluctuations and 

theoretical dispersion relation of IAI given by Eq. 1.4 (yellow curves), for xenon propellant with various 𝐸𝑦 (left 

column) and various 𝐵𝑥 (right column). The magenta lines represent the linear dispersion relation of the ion 

sound waves (Eq. 1.6). 
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Fig. A.5.4: Comparisons of the numerical dispersion maps of the azimuthal electric field fluctuations and theoretical 

dispersion relation of IAI given by Eq. 1.4 (yellow curves), for xenon propellant with various magnetic field configurations 

(top panel), various SEE’s 𝜖∗ values (middle panel), and various ionization source peak intensities (𝑆). The magenta lines 

represent the linear dispersion relation of the ion sound waves (Eq. 1.6). 

A.5.4. Spectral cascade of the azimuthal instabilities  

Fig. A.5.5 and Fig. A.5.6 illustrate the temporal evolution of the azimuthal wavenumber (𝑘𝑧) 

spectrum of the instabilities across various simulation cases discussed in Chapter 4. The 𝑘𝑧 spectra are 

obtained from averaged (over all radial locations) spatial FFT of the azimuthal electric field signal at 

each time. These plots demonstrate the energy transfer between various instability modes due to their 
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nonlinear interaction. These interactions lead to the cyclic behavior of the discharge characterized by 

growth and damping of the main instability modes within the system.  

Most notably, the growth and damping of the MTSI is seen in the presence of large negative 

magnetic curvatures (𝜃 = −60 and −45 degrees in Fig. A.5.5 and config.2 in Fig. A.5.6). In these 

cases, the damping of the MTSI modes is noticed to be associated with an inverse energy cascade 

toward longer wavelengths that leads to the formation of a long-𝜆 mode. Furthermore, in cases such as 

𝐸 = 0.5𝐸0, 𝐵 = 1.25𝐵0 and 1.5𝐵0, 𝜃 = −30 and −15 degrees, 𝜖∗ = 5 and 15 𝑒𝑉, and 𝑆 = 3𝑆0 and 6𝑆0, 

the long-𝜆 instability establishes in the first few microseconds of the simulation and persists throughout 

the discharge with relatively constant amplitudes. In particular, the energy cascade from the MTSI 

harmonics towards the long-𝜆 mode is clearly visible in cases of 𝜃 = −30 degrees and 𝐸 = 0.5𝐸0. 

 
Fig. A.5.5: Time evolution of the 𝑘𝑧 spectrum of the azimuthal fluctuation for xenon propellant with various 𝐸𝑦 (first column), 

various 𝐵𝑥 (second column), and various 𝜃 (third and fourth columns). 𝑘𝑧 spectra are normalized by 𝑘0 which is the ECDI’s 

fundamental wavenumber (𝑘0 =
ω𝑐𝑒

𝑉𝑑𝑒
). The red, blue and greens arrows indicate the wavenumbers associated with the ECDI, the 

MTSI and the long-𝜆 mode, repectively. Note the 𝑦-axis in some plots has different scales. 
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Fig. A.5.6: Time evolution of the 𝑘𝑧 spectrum of the azimuthal fluctuation for xenon propellant with various magnetic field 

configurations (top panel), various SEE’s 𝜖∗ values (middle panel), and various ionization source peak intensities (𝑆). 𝑘𝑧 

spectra are normalized by 𝑘0 which is the ECDI’s fundamental wavenumber (𝑘0 =
ω𝑐𝑒

𝑉𝑑𝑒
). The red, blue and greens arrows 

indicate the wavenumbers associated with the ECDI, the MTSI and the long-𝜆 mode, repectively. 

A.5.5. Correlation between instabilities and electrons’ cross-field mobility 

Fig. A.5.7 presents the temporal evolution of the amplitude of the dominant azimuthal instability 

modes (discussed in Section 4.2.2) in the simulations with various 𝐸𝑦 and 𝐵𝑥. The instability’s amplitude 

at each time instant is determined by averaging the spatial FFT spectra of the azimuthal electric field 

fluctuations across all radial positions at each time instant. The resulting instantaneous amplitude 
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corresponding to the wavenumber of each specific instability is then plotted over time. The plots also 

include the time evolution of electrons’ cross-field (axial) mobility.  

It is underlined that, from Fig. A.5.7, we can infer the instability that has the dominant contribution 

to the electrons’ mobility. This can be done by observing the correlation between the electrons’ mobility 

oscillations and the oscillations in the instabilities’ amplitude.  

 
Fig. A.5.7: Time evolution of the amplitude of the dominant azimuthal modes (left axes) and the spatially averaged electrons’ 

mobility (right axes) from the simulations with various 𝐸𝑦 (left column) and various 𝐵𝑥 (right column) for xenon propellant. 

A.5.6. Comparison between the results from the 1D and the Q2D simulations in the presence of 

magnetic field’s curvature 

In this section we aim to assess the differences between a 1D radial and a Q2D radial-azimuthal 

study in terms of the observed effects of the magnetic field curvature. The 𝐵-field curvature effects on 

plasma dynamics have been studied in the literature in a 1D radial Hall thruster case [132]. It is, 

therefore, highly important to investigate the significance of the roles likely to be played by the azimuthal 

physics and the changes that resolving azimuthal processes can induce in the reported insights from 

1D studies. 
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The 1D simulations are carried out in the radial direction of the thruster’s domain using IPPL-1D 

code for xenon propellant with various curvature levels of the magnetic field lines. The same setup and 

conditions as those of Q2D simulations described in Section 4.3, are adopted for the 1D simulations 

except for the exclusion of the azimuthal direction and all the associated conditions. Maintaining 

similarity between the 1D and the 2D setups is necessary to enable a direct comparison between the 

results from the Q2D and the 1D simulations. In addition, such comparison allows distinguishing the 

processes driven primarily by the azimuthal dynamics from the processes along the radial direction 

associated with the plasma-wall interactions and magnetic field curvature.  

The comparison of the 1D and Q2D simulation results are presented in Fig. A.5.8 and Fig. A.5.9 in 

terms of spatiotemporal average of the plasma parameters and the radial profiles of plasma properties, 

respectively. 

In particular, in the plots of the normalized ion density (𝑛𝑖/𝑛𝑖,𝑚𝑒𝑎𝑛) in Fig. A.5.8 (a) and Fig. A.5.9 (a), 

it is observed that the impact of the negative curvature of the 𝐵-field is more pronounced in the 1D 

simulations compared to the Q2D simulations. In the 1D simulations, the density becomes progressively 

more confined toward the center as the angle 𝜃 changes from 0 to −60 degrees. However, the 

concentration effect of the negative curvature of the 𝐵-field is mitigated in Q2D simulations due to 

presence of the azimuthal instabilities and their consequences on plasma properties, which will be 

discussed shortly. Contrarily, for the positive curvature values, the 𝑛𝑖/𝑛𝑖,𝑚𝑒𝑎𝑛 values are in good 

agreement with the Q2D simulations. 

Referring to the radial electron temperature (𝑇𝑒𝑥) in Fig. A.5.8 (c) and Fig. A.5.9 (c), it is noticed that 

𝑇𝑒𝑥 is much higher in the Q2D simulations compared to the 1D simulations. This is due to the electrons’ 

heating effect of the instabilities captured in the Q2D simulations. In contrast to the Q2D simulations, in 

the 1D simulations, 𝑇𝑒𝑥 exhibits a monotonic increase as the 𝜃 varies from zero toward more negative 

values. The positive curvatures of the 𝐵-field leads to more uniform profiles across the radial extent 

both in the 1D and the Q2D simulations. The dependency of 𝑇𝑒𝑥 on the field’s curvature is also minor 

across the positive values of 𝜃. 

Comparing the magnitudes of the electrons’ mobility from the Q2D and the 1D simulations Fig. A.5.8 

(d) and Fig. A.5.9 (d), it is evident that, across all curvature cases, the 𝜇 is consistently higher in the 1D 

simulations. The disparity in the values of 𝜇 is particularly significant in the cases of positive curvature. 

This is a noteworthy observation considering that the 1D simulations do not resolve the azimuthal 

instabilities and their induced electrons’ transport. Even though the Q2D simulations capture the 

additional contribution of the instabilities, the resulting electrons’ mobility in the Q2D simulations is lower 

compared to that observed from the 1D simulations. Moreover, in the 1D simulations, the electrons’ 

mobility shows a very small variation along the radial extent of the domain and across various curvature 

levels. In the negative-curvature cases, the mobility exhibits a slight increase near the walls, whereas, 

in the positive-curvature cases, it becomes slightly more pronounced toward the center.  
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Fig. A.5.8: Comparison of spatiotemporally averaged (across entire domain and over 20 − 30 𝜇𝑠) plasma 

properties vs 𝜃 for xenon propellants from 1D radial and Q2D radial-azimuthal simulations; (a) normalized ion 

number density (𝑛𝑖/𝑛𝑖,𝑚𝑒𝑎𝑛), (b) normalized radial location (𝑥/𝐿𝑥) of the sheath edge and ion sonic point, (c) radial 

electron temperature (𝑇𝑒𝑥), (d) electrons’ axial mobility (𝜇), (e) electron temperature anisotropy (parallel-to-

perpendicular electron temperature ratio in 1D (𝑇𝑒𝑥/𝑇𝑒⊥) and radial-to-azimuthal electron temperature ratio in Q2D 

(𝑇𝑒𝑥/𝑇𝑒𝑧)), and (f) ion beam divergence angle (𝛼𝑥,𝑚𝑒𝑎𝑛) due to the radial velocity component calculated per Eq. 4.2.  

Now, focusing on the electron temperature anisotropy from the 1D simulations in Fig. A.5.8 (e), we 

notice that, introducing any level of B-field curvature significantly enhances the temperature isotropy in 

the system, which is in line with the observed behavior in Ref. [132]. In fact, for a purely radial B-field 

(𝜃 = 0), 𝑇𝑒𝑥/𝑇𝑒⊥  ≈ 0.2. However, this ratio shifts to around 1 in the presence of the negative field 

curvature and stays almost constant across 𝜃 = −60 to −15 degrees. For the positive curvatures, the 

𝑇𝑒𝑥/𝑇𝑒⊥ ratio is slightly lower but still significantly higher compared to the scenario of purely radial B-

field. These trends are different from the temperature anisotropy behavior observed in the Q2D 

simulations, where even in the absence of field curvature the anisotropy level is not that high. 

Another interesting discrepancy between the 1D and the Q2D simulations relates to the radial 

location of the ion sonic point which is presented in Fig. A.5.8 (b). The time-averaged radial distribution 

of the ion Mach number (𝑀𝑖) from the Q2D and the 1D simulations are also provided in Fig. A.5.9 (b). 
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Interestingly, in the Q2D simulations, as 𝜃 increases from −60 to 60 degrees, the ion sonic point 

continuously progresses toward the bulk plasma away from the walls. Contrary to the Q2D results, in 

the 1D setting, the location of the sonic point slowly gets closer to the walls when 𝜃 varies from −60 

degrees to 0, whereas it moves rapidly away from the walls as 𝜃 increases for the positive curvatures. 

Note that the 𝑦-axis scales in Fig. A.5.8 (b) are different between the 1D and the Q2D plots. 

Our observation from the 1D simulations is consistent with the variation of the location of the ion 

sonic point with the field’s curvature, reported in Ref. [132]. The general behavior of the sonic point is, 

however, only in line with the Q2D simulations’ results for the positive B-field curvatures. Even in this 

case, though, the sensitivity of the position of the ion sonic point to the curvature of the magnetic field 

is more significant in a 1D setting.  

The occurrence of the sonic condition for ions within the plasma bulk, where the quasi-neutrality 

holds, renders the Bohm’s criterion inadequate in establishing the boundary (edge) of the sheath. Thus, 

as also suggested in Ref. [132], in these situations, the non-quasineutrality serves instead as the 

appropriate criterion to determine the sheath’s edge. According to this criterion [132], the sheath’s 

boundary is defined to coincide with the location where the non-quasineutrality exceeds a certain 

threshold, typically beyond 5% of the bulk ion density, i.e., 

|𝑛𝑖 − 𝑛𝑒|

𝑛𝑖
≈ 0.05 .  Eq. A.22  

Fig. A.5.8 (b) additionally compares the location of the sheath’ edge as described by the non-

quasineutrality condition (Eq.A.23) in the vicinity of the right-hand side wall of the domain in comparison 

to the position of the ion sonic point in the 1D and Q2D simulations. According to these plots, in the 1D 

simulations and across the negative curvatures, the Bohm’s criterion agrees with the non-

quasineutrality condition in determining the location of the sheath’s edge. However, in the cases of 

positive curvature, there is a notable disparity between the two criteria in the 1D cases. In the Q2D 

setting, apart from the positive-curvature cases, the disagreement of the two criteria extends to the 

negative curvatures as well including the cases with 𝜃 =  −15 and −30 degrees.  

The discrepancy between the criteria for the sheath’s edge from the Q2D simulations indeed bears 

a more significant implication for the negative curvatures. This is because, in a typical Hall thruster 

design, the magnetic field features negative curvatures within the discharge channel where the 

formation of a plasma sheath near the walls actually becomes relevant. Hence, the observation that the 

1D simulations falsely show a consistency between the sheath’s edge criteria for the negative field 

curvatures points to an important shortcoming of the 1D simulations.   

Finally, the divergence of the ion beam due to the radial component of the ions’ velocities are 

represented in Fig. A.5.8 (f), Fig. A.5.9 (e) and Fig. A.5.9 (f). From Fig. A.5.9 (e), it is observed that in 

the Q2D simulations across all curvature cases, the Γ𝑥 demonstrates a spread over a broader range of 

angles compared to the 1D simulations. Moreover, in the 1D simulations, the ion beam’s radial 

divergence angle (𝛼𝑥,𝑎𝑣𝑔) does not exhibit significant sensitivity to the degree of negative B-field 

curvature. On the contrary, the variation of the 𝛼𝑥,𝑎𝑣𝑔 with positive curvature is exaggerated in the 1D 
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setting relative to the smaller degrees of change observed in in the Q2D simulations. Also, in the 1D 

setting, in general, the divergence angle remains low over a larger extent of the plasma bulk, contrary 

to the Q2D simulations. Thus, a 1D radial analysis can misleadingly point to a low divergence-angle ion 

beam or, equivalently, an artificially elevated beam divergence efficiency.   

 
Fig. A.5.9: Comparison of  radial profiles of plasma properties averaged over 20 − 30 𝜇𝑠 (and over all azimuthal locations 

for Q2D results) for xenon propellant with various 𝜃 from 1D radial and Q2D radial-azimuthal simulations; (a) normalized 

ion number density (𝑛𝑖/𝑛𝑖,𝑚𝑒𝑎𝑛), (b) ion Mach number (𝑀𝑖), (c) radial electron temperature (𝑇𝑒𝑥), (d) electrons’ axial 

mobility (𝜇), (e) ion divergence-angle distribution function due to the ions’ radial velocity component (Γ𝑥), and (f) ion beam 

divergence angle (𝛼𝑥,𝑎𝑣𝑔) due to the ions’ radial velocity component calculated per Eq. 4.2.  
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A.6 Supplementary analyses for parametric variability studies in axial-azimuthal 

coordinates  

Fig. A.6.1 presents the numerical dispersion maps of the azimuthal instabilities in various operating 

conditions, at two axial positions, corresponding to the mid-location in the channel (𝑥 =  0.375 𝑐𝑚) and 

midway in the near-plume (𝑥 0.625 𝑐𝑚).  The theoretical nonlinear and linear dispersion relation of IAI 

(given by Eq. 1.4 and Eq. 1.6) are superimposed on these plots. These comparisons are provided for 

xenon propellant. It is seen that, overall, within the channel, the numerical dispersion of the instabilities 

is consistent with the IAI’s nonlinear dispersion at this location, while in the plume, the instabilities align 

with the local linear dispersion relation of ion sound waves. 

 
Fig. A.6.1: Numerical dispersion plots of azimuthal instabilities obtained from 2D FFT of the spatiotemporal signal of azimuthal 

electric field fluctuations at two axial locations (inside the channel at 𝑥 = 0.375 and in the plume at 1.625 𝑐𝑚) for xenon with various 

𝑉 (left panel), various 𝐽 (middle panel), and various 𝐵 (right panel). Yellow curves are the local IAI’s dispersion, and the green 

curves are the dispersion relation of the IAI at 𝑥 = 0.365 𝑐𝑚 obtained from Eq. 1.4, using the average local plasma properties at 

respective axial positions. The magenta lines represent the linear dispersion relation of the ion sound waves (Eq. 1.6). 

Fig. A.6.2 and Fig. A.6.3 show, respectively, the azimuthal wavenumber (𝑘𝑧) and frequency (𝜔) 

spectra of the azimuthal instabilities at 𝑥 = 0.375 𝑐𝑚 and 𝑥 = 1.625 𝑐𝑚. The instabilities’ 𝑘𝑧 and 𝜔 

spectra are derived from 1D spatial and the 1D temporal FFT of the azimuthal electric field fluctuation 

from the simulations with various propellants under various operating conditions. From these figures, 

we most notably observe that the case with the 𝐵 intensity of 5 𝑚𝑇 exhibits a distinctly different spatial 
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and temporal FFT spectrum compared to the other cases. The 𝑘𝑧 spectrum within the channel is 

dominated by two clear peaks across all the three propellants. These peaks have been smeared out in 

the 𝑘𝑧 spectrum within the plume. The corresponding frequency spectra inside the channel also show 

three distinct peaks, with the peaks at the higher frequencies being the harmonics of the mode at the 

frequency of about 7.5 𝑀𝐻𝑧. 

 
Fig. A.6.2: Azimuthal wavenumber spectra (𝑘𝑧) of instabilities obtained from average (over 20 − 30 𝜇𝑠) spatial FFTs of 

the azimuthal electric field signal at two axial locations (inside the channel at 𝑥 = 0.375 and in the plume at 1.625 𝑐𝑚) in 

simulations with various 𝑉 (top panel), various 𝐽 (middle panel), and various 𝐵 (bottom panel) for the three propellants. 
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Furthermore, we notice that at 20 and 30 𝑚𝑇, inside the channel, the amplitude floors of the 𝑘𝑧 and 

𝜔 spectra are much higher compared to the lower 𝐵 intensity cases, for which the spectra are seen to 

rapidly fall off in magnitude toward high frequencies and wavenumbers. The elevated magnitudes of 

the tail of the spectra for the 20 𝑚𝑇 and the 30 𝑚𝑇 cases point to a turbulent state of the plasma.  

 
Fig. A.6.3: Frequency spectra of instabilities obtained from average (over all azimuthal locations) temporal FFTs of the 

azimuthal electric field signal at two axial locations (inside the channel at 𝑥 = 0.375 and in the plume at 1.625 𝑐𝑚) in 

simulations with various 𝑉 (top panel), various 𝐽 (middle panel), and various 𝐵 (bottom panel) for the three propellants. 
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A.7 Simulation of radial-azimuthal channel cross-sections of high-power 20 kW-

class industrial Hall thruster  

Here we present the Q2D simulation results of the radial-azimuthal cross sections at three different 

axial locations of the HT20k’s thruster domain. The purpose of these simulations is to evaluate the 

effects that were not accounted for in the axial-azimuthal simulations discussed in Chapter 6 due to not 

resolving the radial direction. These include the impact that the radial magnetic field gradient and 

curvature in a magnetically shielded Hall thruster has on the radial distribution of the plasma properties 

and the underlying processes such as instabilities and the electrons’ transport.  

A.7.1. Simulations’ setup and conditions 

The Q2D radial-azimuthal simulations are carried out using a multi-region decomposition of the 

simulation domain, which is represented by a Cartesian 𝑦 − 𝑧 plane. The 𝑦-axis is along the radial 

coordinate and the 𝑧-axis is along the azimuth. We have simulated radial-azimuthal cross-sections of 

the HT20k at three different axial (𝑥) locations. These three sections and the distribution of the magnetic 

field along the radius in each section are illustrated in Fig. A.7.1. From the field topology plot shown in 

Fig. A.7.1 (a), it is seen that Section 1 corresponds to the beginning of the chamfered region of the 

discharge channel upstream the exit plane, Section 2 is inside the channel at a location where the 

magnetic field lines are almost axial adjacent to the walls, and Section 3 is located at a position within 

the channel where the magnetic flux is nearly zero in the center of the domain. 

 

Fig. A.7.1: (a) A schematic of the adopted field topology and the three simulated cross-sections. 

 (b) to (e) Radial profiles of the magnetic field properties at the three studied Sections; (b) normalized radial 

component (𝐵𝑦), (c) normalized axial component (𝐵𝑥), (d) normalized field intensity (𝐵), and (e) angle between 

the tangent to the magnetic field lines and the 𝑥-axis. The normalization factor, 𝐵0, is the peak magnetic field 

intensity for Case II of the axial-azimuthal simulations. 
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The operating condition of the HT20k, for which the radial-azimuthal simulations are performed, 

corresponds to that of Case II of the axial-azimuthal simulations in Chapter 6. Accordingly, the initial 

bulk plasma properties at each simulated cross-section are taken from the time-averaged axial 

distribution of the properties obtained from the axial-azimuthal simulation of Case II (Fig. 6.6) at the 

respective axial location. These values (physical parameters) along with the numerical parameters used 

in the simulations are provided in Table A.7.1.  

 Note that, referring to the Fig. 6.5 and Fig. 6.6, Section 1 falls within the acceleration zone, Section 

2 is inside the ionization zone, and Section 3 corresponds to the near-anode zone.  

As a reference, we have additionally performed, for each cross-section, a Q2D simulation with a 

purely radial and uniform magnetic field distribution whose intensity is equal to the value of the field at 

the centerline of the channel (given in Table A.7.1) at the respective cross-section. This set of 

simulations with uniform radial 𝐵-field profile also enables us to distinguish the influence of the near-

wall plasma sheath and its interactions with the bulk plasma processes. 

The axial electric field in all simulations is assumed to be radially constant.  

The neutrals are present in the radial-azimuthal simulations as a uniform background with the constant 

density values provided in Table A.7.1 for each simulated Section. The MCC model is used to resolve 

the collisions between the electrons and the xenon atoms. The types of collision events considered, 

and the collision cross-sections used are the same as those mentioned in Section 6.2 in order to remain 

consistent with the setup of the axial-azimuthal simulations. An electron undergoing any collision event 

is isotopically scattered. In the event of an inelastic collision, the particle will experience an energy loss. 

In the event of ionization collision, only the associated energy loss and scattering are considered for 

the incident electron and no new plasma particles are created.  

The Secondary Electron Emission from the channel walls is neglected so as to isolate the effect of 

the radial magnetic field gradient. We have followed the approach suggested in Ref. [95] to partially 

compensate for the radial flux of particles lost to the walls. Accordingly, we inject electron-ion pairs 

randomly in the domain at each timestep. The number of pairs to inject is estimated as the minimum 

between the number of electrons and the number of ions reaching the wall at every timestep [95]. This 

is necessary because the simulations do not self-consistently resolve the axial inflows and outflows of 

the particles. It is noteworthy that the adopted approach only partially compensates for the particle wall 

loses, which implies that the plasma density gradually decreases over time. Accordingly, we limited the 

duration of the radial-azimuthal simulations to 7 𝜇𝑠 to maintain the radially averaged plasma densities, 

on average (over time), close to those at the axial-azimuthal simulations at each cross-section. 

The simulation domain features a virtual axial length of 1 𝑐𝑚 in line with the common practices in the 

1D and 2D PIC simulations that do not resolve the axial flux of the particles self-consistently [17][35]. 

Particles crossing the boundary along the 𝑥-direction (at 𝐿𝑥 = ±1 𝑐𝑚) from the simulation plane are 

resampled from their initial Maxwellian distribution and are re-introduced onto the simulation plane, 

maintaining their azimuthal and radial positions.  
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The simulations are initialized by loading the electrons and ions uniformly throughout the simulation 

domain at an initial number density of 5 × 1017 m−3 for Section 1, 1.3 × 1018 m−3 for Section 2, and 

2.35 × 1018 m−3 for Section 3. These initial plasma densities are a factor of 1.2 higher than the plasma 

density obtained from the axial-azimuthal simulation of Case II at the location of each simulated Section, 

so that the average density of the plasma over the duration of the simulation for each cross-section 

remains close to the corresponding value from the axial-azimuthal simulation. The plasma species are 

sampled from a Maxwellian at the initial load temperatures reported in Table A.7.1 for each Section. 

The radial extent of the domain is twice its azimuthal length. The Q2D simulations are conducted 

using 50 regions along radial and 25 regions along the azimuthal direction, resulting in a 30-fold 

computational gain relative to a corresponding conventional full-2D PIC simulation. 

 Value [unit] 

Parameter Section 1 Section 2 Section 3 

Physical Parameters 

Axial position of the simulated Section (𝑥/𝐿𝑥) 0.88 0.68 0.36 

Initial plasma density (𝑛0) 6.5 × 1017 [m−3] 1.3 × 1018 [m−3] 2.35 × 1018 [m−3] 

Background neutral density (𝑛𝑛,0) 3.5 × 1017 [m−3] 7 × 1018 [m−3] 1.3 × 1019 [m−3] 

Axial electric field (𝐸𝑥) 1.8 × 104 [𝑉𝑚−1] 1 × 103 [𝑉𝑚−1] 1 × 102 [𝑉𝑚−1] 

Normalized magnetic field at the channel centerline (𝐵/𝐵0) 0.73 0.34 ≈ 0 

Initial electron temperature (𝑇𝑒,0) 20 [𝑒𝑉] 8 [𝑒𝑉] 5 [𝑒𝑉] 

Initial ion temperature (𝑇𝑖,0) 0.5 [𝑒𝑉] 

Neutral temperature (𝑇𝑛) 650 [K] 

Computational Parameters 

Time step (Δ𝑡) 2 × 10−12 [s] 

Total simulation time (𝑡𝑠𝑖𝑚) 7 [μs] 

Cell size (Δx = Δz) 20 [μm] 

Initial number of macroparticles per cell 100 

Number of regions along radial direction (𝑀) 50 

Number of regions along azimuthal direction (𝑁) 25 

Table A.7.1: Summary of physical and numerical parameters used in the Q2D radial-azimuthal simulations of HT20k. 

A.7.2. Results and discussion 

Fig. A.7.2 shows the time evolution of the spatially averaged ion number density (𝑛𝑖) from 

simulations. Overall, the 𝑛𝑖 decreases over time across all simulated Sections, albeit at varying rates 

influenced by the distribution and the intensity of the B-field. Section 3 resembles an electrostatic 

problem due to very low magnetic field intensities, where 𝑛𝑖 decreases quite rapidly. In simulations with 

non-uniform B-field distribution show, the rate of decrease in 𝑛𝑖 is reduced compared to the simulations 

with uniform purely radial B-fields. Indeed, the negative curvature of the B-field has a confining effect 

which lowers the flux of plasma particles toward the walls. 
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Fig. A.7.2: Time evolution of the ion number density (𝑛𝑖) for the three studied Sections with non-uniform (solid 

curves) and uniform (dotted curves) 𝐵-field profiles.  

The confinement of the plasma in the presence of non-uniform B-field can also be noticed from time-

averaged ion density (𝑛𝑖) profiles in Fig. A.7.3 (a). We observe that at Sections 1 and 2 with non-uniform 

B-field profiles, the density is concentrated toward the center of the domain compared to their 

counterpart simulations with uniform B-fields. In particular, at Section 2, situated within the ionization 

region, the peak of the 𝑛𝑖 profile is almost twice the average density (~1018𝑚−3) established within the 

axial-azimuthal simulation at the corresponding axial location in Case II (refer to Fig. 6.6). Furthermore, 

Fig. A.7.3 (b) shows that the electron temperatures (𝑇𝑒) in the radial-azimuthal simulations in all sections 

either with uniform or non-uniform B-field are higher compared to the average 𝑇𝑒 in the axial-azimuthal 

simulations at the respective axial locations. The elevated temperature is mainly due to interaction with 

the spectrum of instabilities captured in radial-azimuthal simulation, which are not accounted for in axial-

azimuthal simulations, particularly those involving radial wavenumber component. 

 

Fig. A.7.3: Time-averaged (over 0 − 7 𝜇𝑠) radial profiles of the plasma properties for the three simulated 

Sections; (a) ion number density (𝑛𝑖), (b) electron temperature (𝑇𝑒), (c) radial-to-azimuthal electron 

temperature ratio (𝑇𝑒𝑦/𝑇𝑒𝑧), and (d) normalized axial electron current density (𝐽𝑒𝑥/𝐽𝑒𝑥,𝑚𝑒𝑎𝑛). The solid curves 

correspond to the simulations with non-uniform 𝐵-field distribution and the dotted curves are from the 

simulations with uniform 𝐵-field profile. 
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In Fig. A.7.3 (c), it is observed that the nonuniform distribution of the magnetic field has significantly 

decreased the temperature anisotropy (represented by 𝑇𝑒𝑦/𝑇𝑒𝑧 ratio) for Section 2.  

The normalized electrons’ axial current density (𝐽𝑒𝑥/𝐽𝑒𝑥,𝑚𝑒𝑎𝑛) in Fig. A.7.3 (d) indicates different 

distribution among the simulated Sections in the presence of non-uniform B-field. 

The time-averaged radial profiles of the electrons’ axial (𝜇𝑥) and cross-field (𝜇⊥) mobilities are shown 

in Fig. A.7.4. 𝜇𝑥 and 𝜇⊥ are obtained according to  Eq. 4.6 − Eq. 4.9. Note that in cases with uniform 

B-field, the axial and cross-field electrons’ mobility are equivalent, due to the purely radial B-field. 

 At Section 3 with non-uniform B-field, it is observed that the electrons funnel out of the simulation 

plane from the central part of the domain where the magnetic flux is almost zero. In the case of uniform 

radial B-field, the electrons move along the axial electric field almost freely throughout the domain, 

resulting in a high and nearly uniform axial electrons’ mobility.  

The radially-averaged values of electrons’ axial mobilities in Section 2 and 3 increase, respectively, 

from 16 and 190 𝑚2𝑉−1𝑠−1 in case of uniform B-fields to 40 and 270 𝑚2𝑉−1𝑠−1 in the presence of non-

uniform B-fields. 

 

Fig. A.7.4: Time-averaged (over 0 − 7 𝜇𝑠) radial profiles of (a), (b) electrons’ axial mobility with uniform and 

nonuniform 𝐵-field profiles, respectively, and (c) cross-field electrons’ mobility for the three simulated Sections 

with nonuniform 𝐵-field distribution for the three simulated Sections. The dotted curves represent the radially-

averaged (mean) value of the respective profiles. 

The main purpose of the magnetic shielding topology is to mitigate the power deposition mainly from 

the ions on the channel walls, particularly around the exit plane, so as to lower the erosion rate of the 

ceramic channel and, hence, to extend the thruster’s lifetime [52]. Accordingly, we present, in Table 

A.7.2, the spatiotemporally averaged electron (𝑃𝑒) and ion (𝑃𝑖) power deposition on the channel walls 

for various simulated Sections. Comparing the values from the simulations with non-uniform and 

uniform radial 𝐵 profiles, we notice that the radial gradient of the magnetic field associated with the 

shielding topology has indeed reduced the ion power deposition at Sections 1 and 2 by a factor of about 

4 and 8, respectively. Moreover, 𝑃𝑖 at Section 3 is lowered by a factor of 1.5. Similarly, referring to Table 

A.7.2, the 𝑃𝑒 values are also lowered as a result of the magnetic shielding topology (by a factor of 2 and 

8 at Sections 1 and 2, respectively). 
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 Uniform B-field Non-uniform B-field 

Section 𝑃𝑖  [𝑊] 𝑃𝑒  [𝑊] 𝑃𝑖  [𝑊] 𝑃𝑒  [𝑊] 

Section 1 67 7 16 3 

Section 2 62 12 7.5 1.5 

Section 3 455 117 302 101 

Table A.7.2: Average (across internal and external wall’s extents and over time of 0 − 7 𝜇𝑠) ion (𝑃𝑖) and 

electron (𝑃𝑒) power deposition on the walls for the three simulated Sections with non-uniform and uniform B-

field distributions. 

To assess the characteristics of the azimuthal instabilities we look at the azimuthal wavenumber (𝑘𝑧) 

and frequency (𝜔) spectra of the instabilities shown in Fig. A.7.5. We observe that, at Section 1, the 

dominant frequency and wavenumber content of the azimuthal electric field fluctuations changes in the 

presence of the radial magnetic field gradient. Indeed, in the case of uniform B-field profile the dominant 

frequency content includes a distinct mode with 1.2 𝑀𝐻𝑧 and wavelength of about 18 𝑚𝑚 corresponding 

to MTSI, in addition to a broad spectrum of ECDI-like modes with frequency range of 4 − 10 𝑀𝐻𝑧 and 

wavelength of 1 − 2 𝑚𝑚. Whereas in the case of non-uniform radial 𝐵 profile, the dominant waves are 

concentrated around the frequencies of 1 − 1.5 𝑀𝐻𝑧 and wavelength of 9 𝑚𝑚 representing the MTSI’s 

waves. However, for Sections 2 and 3, it is seen that the radial magnetic field gradient does not 

significantly change the frequency and azimuthal wavenumber contents of instabilities.  

 
Fig. A.7.5: (a) temporal, and (b) spatial FFT plots of the azimuthal electric field signal, averaged over all radial 

positions, for the three simulated Sections. The spatial FFTs are also averaged over 7 𝜇𝑠 of the simulations’ 

time. The solid curves correspond to the simulations with non-uniform 𝐵-field distribution and the dotted curves 

are from the simulations with uniform 𝐵-field profile. 

The dynamics of the azimuthal waves at Section 1 in the presence and absence of the radial B-field 

gradient is shown in Fig. A.7.6 in terms of 2D snapshots of the electrons’ axial current density (𝐽𝑒𝑥) at 

six different time instances through the one cycle of the discharge evolution. Also, Fig. A.7.7 compares 

the 2D snapshots of various plasma properties from the simulations with non-uniform and uniform radial 

B-fields at a time corresponding to the beginning of the evolution cycles in Fig. A.7.6, i.e., the upper 

left-most subplots in each panel.       
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Fig. A.7.6: 2D snapshots of the axial electron current density (𝐽𝑒𝑦) at six different moments through the 

discharge evolution at Section 1 with non-uniform (left panel), and uniform (right panel) 𝐵-field. The time 

advances from left to right at each row. 

 

 

 
Fig. A.7.7: 2D snapshots of the plasma properties at Section 1 with non-uniform (top row), and uniform 

(bottom row) 𝐵-field profile. The columns, from left to right, represent the azimuthal electric field (𝐸𝑧), radial 

electron temperature (𝑇𝑒𝑦), and the axial and radial electron current densities (𝐽𝑒𝑥 and 𝐽𝑒𝑦). 

 


