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ABSTRACT

In recent years, effort has been put into following the ideas of M.
Ruzhansky and V. Turunen to construct a global pseudo-differential
calculus on Lie groups. By this, we mean a collection of operators con-
taining the left-invariant differential calculus with the additional re-
quirement that it be stable under composition and adjunction. More-
over, we would like these operators to have adequate boundedness
properties between Sobolev spaces. Our approach consists in using
the group Fourier transform to define a global, operator-valued sym-
bol, yielding pseudo-differential operators via an analogue of the Eu-
clidean Kohn-Nirenberg quantization.

The present document treats the case of the Euclidean motion group,
which is the smallest subset of Euclidean affine transformations con-
taining translations and rotations. As our representations are infinite-
dimensional, the proofs of the calculus properties are more naturally
carried out on the kernel side, which means that particular care is
required to treat the singularity at the origin. The key argument is
a density result which allows us to approximate singular kernels via
smooth ones and is proved herein via purely spectral arguments with-

out using classical estimates on the heat kernel.
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1 INTRODUCTION

Since their inception in the 1960s, pseudo-differential operators have
become standard and natural tools in the study of partial differen-
tial equations, particularly when elliptic or hypoelliptic operators are
concerned.

On R”, these operators are defined globally as arising from smooth
maps called symbols via the Euclidean Fourier Transform, the lat-
ter generalizing characteristic polynomials. Their usefulness arises
from the fact that they enjoy similar properties as their differential
counterparts, such as a notion of order that behaves well under com-
position and adjunction, as well as expected boundedness proper-
ties between the adequate Sobolev spaces. Crucially, the adjunction
and composition formulae claim that both these operations applied to
pseudo-differential operators can be approximately expressed on the
symbolic side via a formula that is formally virtually identical to the
corresponding rule for characteristic polynomials. In particular, this
means that elliptic pseudo-differential operators admit parametrices
which are contained in the pseudo-differential calculus. The litera-
ture on the subject is vast and overviews can be found, for example,
in [Shuo1; Horoy].

While pseudo-differential operators can be defined locally via local
charts on any connected manifold, two issues arise. Firstly, operators

are usually defined provided that a condition on the type such as
I-p<d<p

holds (see e.g. [Shuo1, Section 4]), while their Euclidean counterparts
make sense without restrictions on p and J other than p > 6. Sec-
ondly, a global notion of symbol cannot be invariantly defined, mak-
ing results which rely on a full symbol (such as Garding’s inequality)
difficult to establish.

The first successful attempt at defining a global pseudo-differential
calculus on a non-Euclidean manifold is due to M. Ruzhansky and
V. Turunen, and their treatment of compact Lie groups. They defined

the global symbol of an operator via the group Fourier transform of

11
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the right-convolution kernel, which in particular is matrix-valued due
to the non-commutativity of the group law. Particularly instrumen-
tal to their success was their definition of difference operators, which
generalize derivatives in Fourier variables from the Euclidean case.
It is worth remembering that, while good properties of left-invariant
pseudo-differential operators are ensured by the Plancherel theory,
it is the estimates on the derivatives of the symbol and thus also in
the Fourier variables, that extend the desired properties onto more
general pseudo-differential operators. More specifically, their con-
cepts of difference operators allowed them to firstly ensure pseudo-
differential operators have Calderén-Zygmund kernels, and secondly
control both the first terms and the remainders of asymptotic sums

which arise from the composition and adjunction of operators.

Since then, many results and applications have been obtained on
compact Lie groups by several authors including M. Ruzhansky, J.
Wirth, V. Turunen and J. Delgado. To cite a few, these applications in-
clude criteria for ellipticity and global hypoellipticity in terms of the
global symbols [RT10], a proof of a sharp Garding inequality [RT11],
a global functional calculus [RW14], a study of L”(G) Fourier multi-
pliers [RW15], and many others.

It is natural to wonder whether a global pseudo-differential calcu-
lus can be defined on other, more complicated, settings. To this end,
we observe that the Ruzhansky-Turunen theory relies on a Fourier-
Plancherel theory, while good properties of the operators rely on an
understanding of the theory of singular integrals. Therefore, the nat-
ural settings to investigate are Lie groups with polynomial growth of

the volume.

In 2013, V. Fischer and M. Ruzhansky treated the case of graded
nilpotent Lie groups. In particular, they dealt with the technical is-
sues which arise from working with infinite-dimensional represen-
tations, and more crucially, non-central sub-Laplacians or positive
Rockland operators. They also present a strategy to obtain the compo-
sition and adjunction formulae, which consists of proving symbolic
estimates on the functional calculus for the sub-Laplacian or the Rock-
land operator, and subsequently proving kernel estimates for general
symbols.

The aim of this thesis is to study the case of the Euclidean mo-

tion group, which is the smallest group of affine transformations on

a Euclidean space containing both translations and rotations. Our
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analysis will encounter difficulties due to the absence of properties
such as compactness and commutativity of the group law, and the
lack of a dilation structure. Furthermore, the infinite-dimensional
nature of the representations, and the fact that the Laplacian is not
central, also complicates matters. Nevertheless, our interest in this
group is justified for two reasons: firstly, it is one of the more ele-
mentary non-compact groups not yet studied in the context of global
pseudo-differential calculus; secondly, by its very definition, it natu-
rally describes rigid motions such as the position and orientation of
a robot arm or polymer chains like DNA. As a result, many partial
differential equations from engineering, biology and physics are nat-
urally expressed on the motion group. More detail on the different

applications can be found in [CWo4; CKoo; Chi13].

1.1 SURVEY OF THE COMPACT AND GRADED CASES

In this section, we informally discuss an overview of the theory on
compact and graded Lie groups. For more detail, the reader is in-
vited to consult [RT10] for the compact case’ and [FR16] for graded
Lie groups. To avoid repetition, we shall discuss both settings simul-
taneously.

Essentially, [Fis15; FR16] and the present document all follow the
following steps to develop a global pseudo-differential calculus.

STEP 1. Study the (sub-)Laplacian or positive Rockland operator, and

the corresponding Sobolev spaces.
sTEP 2. Study and generalize the group Fourier Transform.

sTep 3. Find a family of smooth functions which have a Leibniz-like

rule and can be used for a Taylor development.
sTEP 4. Define the symbol classes.

sTEP 5. Study the functional calculus of the (sub-)Laplacian or posi-

tive Rockland operator.

sTEP 6. Obtain kernel estimates.

The adjunction and composition formulae are stated therein, although their corre-
spending proofs contain a non-trivial gap which has since been filled but not pub-
lished.

13



14 [ INTRODUCTION
sTEP 7. Prove the composition and adjunction formulae.

We now present the above steps in more detail. Unless stated oth-
erwise, G will denote a compact or a graded Lie group until the end

of this outline.

Step 1 - Sobolev spaces

We start by fixing a (sub-)Laplacian or, in the graded case, a positive
Rockland operator. This allows us to define Sobolev spaces. We then
need to show their basic properties, the most important of which is
the Sobolev embedding theorem.

As our kernels and symbols will be linked via the Fourier trans-
form, the Plancherel theory will allow us to obtain L?(G) and more
generally L2(G) estimates on the kernel from symbolic estimates. We
shall therefore rely on the Sobolev embedding to obtain further reg-
ularity results (e.g. continuity). The role of the Sobolev embedding
theorem is thus pivotal in the study of the regularity and the singu-
larities of the kernel.

Moreover, as we require our pseudo-differential operators to be
bounded maps between suitable Sobolev spaces, we expect these
spaces to be somehow part of our symbol classes definition.

In the graded case, Sobolev spaces are studied in [FR16, Chapter
4], following the proofs of the stratified case (see [Foly5]).

In the case of compact groups, the Laplace-Beltrami operator associ-
ated with a normalized bi-invariant metric appears the natural can-
didate to define Sobolev spaces, since its eigenspaces arise naturally
from the group representations.

From this point onwards, £ will denote the operator with respect

to which we have defined our Sobolev spaces.

Step 2 - Fourier analysis

The main idea is to define an analogue of the Euclidean Kohn-Nirenberg
quantization, whereby the symbol of a pseudo-differential operator is
the Fourier transform of its convolution kernel. Our first step is thus to
extend the group Fourier transform to a suitable subset of tempered

distributions.
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On our settings, the Fourier transform is defined on L!(G, dg) via

Fof @)% [ F9)E(e)"ds,

where dg denotes a Haar measure, § € @, and G is the unitary dual
of G, i.e. the set of all equivalence classes of irreducible, strongly

continuous and unitary representations of G.

If f € LY(G) N L?(G), we have the following Plancherel formula

LIfP dg = [ e(Fef@Fof (@) dug @),

where dy@ denotes the so-called Plancherel measure, while any f €
S(G) may be recovered from its Fourier Transform via the following

inverse formula

fg) 2 L@@ Fef (@) dug(e), g€,

The problem of defining an extension of the Fourier Transform to
make sense of a Kohn-Nirenberg quantization procedure was solved
in [FR16, Subsection 5.1.1] for a very large class of groups, since their
solution relies exclusively on the Plancherel theorem and the definition

of Sobolev spaces.

Step 3 - Difference operators

In [RT10], M. Ruzhansky and V. Turunen introduce the following
notion of difference operator to generalize the derivatives in Fourier
variables which appear in the Euclidean definition of symbol classes.
If g € C*(G), they define

A Fof = Fofaf}

When G = IR", we recover the classical derivatives in frequency
with the collection A & {x1,..., x4, € C*°(R")}, where x; is the func-

tion that maps x onto its i-th coordinate.
We now need to find the properties that a family of functions

def

A=A41 G € C7(G)}

15
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must satisfy in order to develop a global pseudo-differential calculus.
We then let
g = gy -ﬂz’i%c/ AE = Aﬁ(.fl)-
Upon inspection of the different proofs in the Euclidean [Stegs],

compact [RT10; Fis15] and graded [FR16] cases, the main require-

ments appear to be the following.

o We can use a Taylor development at the origin. This is necessary
because the adjunction and the composition are difficult to ex-

press on the symbolic side without using a Taylor development.

e We have a reasonable Leibniz rule for the associated difference
operators. This ensures, for example, that the order of the com-
position of two left-invariant pseudo-differential operators is

the sum of the orders.

e We would like to ensure that our pseudo-differentials operators
of order at most 0 are Calderén-Zygmund. While we can reason-
ably expect the Plancherel theory to ensure L?(G) boundedness,
we rely on the theory of singular integrals to have the bounded-
ness on L7 (G).

The first couple of conditions naturally require that each g; van-
ish at eg and that {dg;j(e) : 1 < j < npc} span the tangent space
Te.G. Such a family is called admissible in [RTW14] and subsequent

literature.

Intuitively, our definition of symbol classes will ensure that the
regularity of the kernel will increase every time we multiply it by one
of the q; € A, exactly like in the Euclidean case. In particular, this

means that our kernels will be smooth outside of

N{g<cG:q(g) =0}, (1)

qeA
while the above set may contain singularities. However, the Calderén-

Zygmund theory requires that the singularity be confined to the iden-
tity. Therefore, [RTW14] defines A to be strongly admissible if (1) equals

{ec}
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The compact case

In [RTW14], the authors show that a well-chosen finite subfamily A

of
{(t—7(ec))mn:T€G,1<mn<d}

can be strongly admissible.

Importantly, this family yields the following Leibniz-like rule

At (FefiFcf) = Y. Coy 0o (DG Fef1)(AZ Fc f2),

|| < a1 |+ |az] <2[a]

which is good enough to establish the calculus, but slightly compli-

cates some proofs related to the construction of parametrices.

The compactness of the group allows us to show that the calculus
does not depend on the choice of strongly admissible difference oper-
ators [RTW14; Fis15]. Such a proof relies heavily on the finite volume
of our group, and it is important to note at this stage that the result

does not hold even on R".

The graded case

The behaviour of difference operators in the graded case is somehow
closer to the Euclidean setting. In [FR16], the authors consider the
difference operators associated with homogeneous polynomials. The di-
lation structure shows that we have a Leibniz rule if we consider a
sum on homogeneous degrees (see [FR16, Subsection 5.2.1]), while
the strong admissibility is easily obtained by choosing a suitable ba-

sis.

Step 4 - Symbol and operator classes

Very informally, we say that o(g,¢) is a symbol if there exists x €
C*(G,S'(G)) such that

0(8,6) = Foix(g )} (@)

is defined. The distribution « is called the kernel associated wih o.
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Moreover, given m € R, we shall say that o € S7'5(G) if

—mtpla|—d|B|+y

|e— o)™ xPato (g, 21 - Lo) 7

< 00
L(He)

uniformly in ¢ € G and essentially uniformly in ¢ € G (with respect
to the Plancherel measure). Note that if L is central, we can assume
v = 0. It should be clear that when G = IR", we obtain the classical

definition of symbol classes.
We also let

57(G) = [ Sps(G)

meR

denote the set of smoothing symbols.

We define a pseudo-differential operator to be an operator arising from
a symbol via an analogue of the Kohn-Nirenberg quantization. More

precisely, the operator

Opg(@)¢(3) = 7o' {g € G 2(g)o(g,0) Fop(@) } (3)

is the pseudo-differential operator associated with the symbol o. We
easily check that Opy, is the usual Kohn-Nirenberg quantization.

Naturally, the quantization allows us to define operator classes via

0s(G) = Op(5;5(G)),
¥7°(G) = Opg(S~(G)).

For more information, see [FR16, Section 5.1] for the graded case,

and [Fis15, Section 3.1] for the compact case.

Step 5 - Functional calculus

On R", the composition and adjunction formulae can be proved by
carrying out our computations on the frequency space R = R", ex-
ploiting the fact that the Euclidean space is abelian and we have ex-
plicit expressions of our difference operators. Since a group Fourier
transform is operator-valued in more complicated settings, it makes
sense to attempt to do our calculations on the kernel side, especially

since this is how difference operators were defined. Unfortunately,
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kernels may have a singularity at the origin, unlike symbols which

are smooth. Therefore, two questions naturally arise.

o What is the strength of the singularity of the kernel at the origin?

o Can we approximate a symbol ¢ by a sequence of smoothing
symbols (0, ),en so that the kernel can be approximated by the
associated sequence of smooth kernels?

Looking at pseudo-differential operators such as (I — £g)? sug-
gests that functional calculus is the natural framework to answer such
questions.

A crucial step in our analysis is to construct a family of smooth-
ing symbols approximating the identity symbol. Using the algebra
structure of our symbol classes, this will yield an important density
result, as we will be able to approximate any symbol with smoothing
symbols, and by extension any kernel with smooth kernels.

Ideally, we would like to create a family {7 = Fgpetec(o1) C
S7*(G) such that

H’?eHsgd(c), < Cev, m<0, (2)

11— ’78”5%(@),1\1 <Cev, m=>0, (3)

where v is the order of the operator £L;. Moreover, to prove the
Calderén-Zygmund property, we need very good estimates on the
kernels p,. Therefore, the natural candidate is the Fourier transform
of the heat kernel.

The family of symbols is used to prove the following results.

KERNEL ESTIMATES Given a symbol o € SZ“(S(G), we estimate the

singularity of its kernel at the origin via

‘Kg(h” < ‘Kg*ps(h)’ + |Kg* (Geq — pe)(h)

4

where we choose ¢ so that €” equals the distance between h and
eG.
The second term of the right-hand side is the one containing the

singularity, and we need (3) to control it.

CONSTRUCTION OF ASYMPTOTIC LIMITS One of the inherent charac-
teristics of symbolic calculus is that compositions and adjunc-

tions can only be expressed via infinite sums from which we

19
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cannot reasonably expect convergence. As certain applications,
such as the construction of parametrices, rely on constructing a
limit of these sums in a suitable sense, it is important that we

define a notion of asymptotic convergence.

The idea is the same as in the Euclidean case. We know that
cutting off “low frequencies” will not affect the result modulo
S~%(G). Therefore, given a sequence of symbols ¢; with strictly

decreasing order, we define
+o00 det —+o0
Y 0;~ Y oi(I—-n,) moduloS~*(G),
j=0 j=0

for a well chosen sequence (¢;) C (0, 1] decreasing to 0.

APPROXIMATION BY SMOOTHING SYMBOLS Letting

def
O = 0—778

allows us to approximate ¢ by smoothing symbols, while the

error term
c—0,=(I—1n)0o

can be controlled via our symbolic estimates on I — 7.

In particular, this allows us to show the composition and ad-
junction formulae only for smoothing symbols before taking the

limit ¢ — 0.

The compact case

Following the classical heat kernel methods (see e.g. [FMVo06; VSC92]),
V. Fischer shows symbolic estimates for the functional calculus of the
Laplace-Beltrami operator in [Fis15]. However, she proceeds slightly

differently by letting

7 = x(e6(L)),

where x : RT — R equals 1 on [0,1] and has compact support. To

estimate the remainder, she uses a Littlewood-Paley decomposition

—+o0
I—1e=Y 1)
j=1
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def . .
where 7, j = 15, — 1f,-j+1,, and the convergence is understood in the

strong operator topology.

The graded case

The existence of such a family 7, is ensured directly by the Hulanicki

Theorem (see [FR16, Theorem 4.5.1]). We can define

1e(€) £ Fole 56, }1(¢), €€G,

and the aforementioned theorem ensures that this defines a smooth-

ing symbol satisfying the appropriate symbolic estimates.

Steps 6 and 7 - Kernel estimates and calculus proofs

As soon as we have obtained a good approximation of the identity
symbol, whether it is via a family 7., ¢ € (0,1] or a Littlewood-Paley
decomposition, the proofs of the kernel estimates and subsequently
the composition and adjunction formulae do not depend so much on
the setting. Note that only the case p > 4 will be treated herein.

In order to better understand the importance of the kernel esti-
mates, let us sketch the proof of the adjunction formula while keeping
in mind that the arguments for the composition formula are very sim-
ilar.

Suppose that T = Op(c) € Y10(G).

1. As we intend to use a density argument, we assume first that o

is smoothing.

2. We perform an exact computation of the kernel % of T* in terms
of the kernel x of T.

More precisely, we show that T* has right-convolution kernel

fg(h) = Kgyr (h71).

3. In particular, its symbol is given by taking the Fourier transform

of the above

7(3,8) & Fere(d) = [

Gfgh,l(hfl)g(h)*dh.

21
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4. In the integral above, we take the Taylor development with respect
to the variable i appearing in the subscript of the kernel

7(8:8) = [ X PO + Ru()en)” db

=) i,A”éX“a*(g,CH /G Ry (h)&(h)* dh.

a|<N
5. Using the Taylor remainder formula, the integrand on the right

can be estimated by an expression such as

Ry(h)| < Cd(h,eq)NT sup sup | XPx, (h
p sup g
ABEB ﬁel"h

so that the integral can be controlled via good estimates on «,.

6. We now conclude the proof by density.

For the compact case, see [Fis15, Sections 6.3 and 7.3]; for the

graded case, see [FR16, Sections 5.4 and 5.5].

1.2 OVERVIEW

We essentially follow the strategy mentioned in the previous section,

and apply it for the motion group.

In Chapter 2, we introduce the necessary material to follow the
arguments developed in subsequent chapters. In particular, we recall

the definition of Fourier Transform on Lie groups of type L

In Chapter 3, we introduce the Euclidean motion groups, study
their representation theory and associated Fourier transform. We
also comment on the formal but deceptive resemblance between the
Fourier theory of the motion group R"” x SO(n) and the one of the
direct product R" x SO(n).

Chapter 4 will contain the main results of our analysis. We first
define a good family of Ruzhansky-Turunen difference operators, and

use them to define our symbol and operator classes.
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In Section 4.4, we define our symbol family which will allow the
crucial density argument mentioned in the previous section. Follow-
ing the ideas of [Shuo1; RW14], we define

g 1 2 -1 N
1@ 2 o [ @U-Lo)—z) " dz geC
with an appropriate contour I' C C. We also show the symbolic
estimates on 77, and I — 7, via the exponential decay on the contour
and elementary estimates on the resolvent, in particular without using
the classical estimates on the heat kernel.

This strategy generalizes verbatim to more general settings (pro-
vided that we have good properties for difference operators), but also
works on the compact group.

This approach has, however, at least two drawbacks.

e We only show symbolic estimates for the functional calculus
associated with the functions e’?, 1 — e’?, and z?, while [FR16]
and [Fis15] prove a much more general result in their respective

cases.

e The kernel estimates in the case p = 1, essential to show the
Calderén-Zygmund property, are trickier to obtain and will re-
quire better estimates on the kernel. As a result, we will have to

follow [Fis15] to prove the LP(G) boundedness.

It is nevertheless interesting to observe that this approach provides
a shorter and more elementary way to establish a global pseudo-
differential calculus if compared with [Fis15; FR16].

The rest of Chapter 4 is dedicated to showing the main result of
the thesis, i.e. the composition and adjunction formulae, but also the
L%(G) boundedness. We then conclude with the classical application

of pseudo-differential calculus to the construction of parametrices.
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NOTATION

SETS AND SYMBOLS

e R, R" and R~ denote the sets of: all, positive (including 0), and

negative (including 0) real numbers respectively.

o Z denotes the set of all integers, while IN contains all positive

integers including 0.
e 0;; is the Kronecker delta; it is equal to 1 if i = j, and 0 otherwise.
e Vy denotes the gradient on the vector space V.
* (g,[-,],) is the Lie algebra of G.
o L denotes the Laplace operator on G.
o T* denotes the adjoint of T.
e ¢ is the identity element of a group G.
® ¢1,...,64imv denotes an orthonormal basis of V.
o f x g represents the convolution of f and g.
* 0, is the delta-distribution at ¢ € G.
o S(G) is the set of Schwartz functions on G.
o S§'(G) is the set of tempered distributions on G.
e C®(G) denotes the set of smooth functions on G.

o LP(G) will denote the set of all y-measurable complex functions
f on G such that |f|" is u-integrable; here, y is a Haar measure

on G.
o L2(G) is the 2-Sobolev space of order s on G.
o LY(G) is the p-Sobolev space of order s on G.

o L(H1,H2) denotes a bounded linear map between the Hilbert

def

spaces H1 and Hj; also, we write L(H) = L(H, H).
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Sy(H) denotes the p-Schatten classes on the Hilbert space H.

G denotes the unitary dual of G.

F¢ denotes the (unitary) Fourier transform on G.

Fs ! denotes the inverse Fourier transform on G.

(-) denotes the Japanese bracket.

Sps(G) denotes the class of symbols with order m and type (p, 6)

on G.

o Y7 5(G) denotes the class of operators with order m and type
(p,d) on G.



2 PRELIMINARIES

This chapter aims to very briefly introduce key concepts which will
be used in subsequent chapters, and as a result we shall often omit
the proofs. For a more comprehensive treatment, the reader is invited

to consult the references given at the beginning of each section.

21 LIE GROUPS

For more details see e.g. [Knaoz; RT10].

To develop a pseudo-differential calculus on groups, a reasonable pre-
requisite is that the group be equipped with a differential structure.
This naturally leads us to the notion of Lie group.

Definition 2.1.1 (Lie group). Let G be a group. We say that G is a Lie
group if G is a smooth manifold and the map

GxG—G:(g,9) " 8 e

is smooth.

Moreover, if G is (locally) compact as a manifold, then we shall say that

G is a (locally) compact Lie group.

In the sequel, G and K will be used to denote Lie groups, with the
additional assumption that K is compact. Moreover, we shall denote
the identity element of G by e, or eg should an ambiguity arise.

Closed Lie subgroups consisting of invertible matrices form an im-
portant class of Lie groups called linear Lie groups, a non-exhaustive

list of which is now given.
Example 2.1.2 (Linear Lie groups). Let V be a Euclidean space.
1. The set GL(V) of invertible linear maps, equipped with the compo-

sition of functions, naturally forms a Lie group called the general

linear group of V.

27
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2. The set
SO(V)E{Aec L(V): AAT = ATA =TIy and detA =1}
is a compact Lie subgroup of GL(V) called the special orthogonal

group of V.

2.1.1  Lie algebra

Definition 2.1.3 (Lie algebra). A (real) Lie algebra is a (real) vector space

g equipped with a bilinear map
[ ]g: VXV =V,

called the Lie bracket or commutator, such that
1. [X,X], =0 forevery X € g;

2. Forevery X,Y,Z € g, we have the following Jacobi identity

X[, Z]) + (Y, [2,X]] + (2, [X, Y]] =0.

Given a Lie group G, let us denote by X(G) the set of all smooth
vector fields on G.

Definition 2.1.4 (Left-invariant vector fields). Let G be a Lie group. We
shall say that X € X(G) is left-invariant if for every g € G,

XolLs=dL;oX,
where
Li:G—G:hw—gh (4)

is the left translation on G by g. We shall denote the set of left-invariant
vector fields by X1.(G).

Example 2.1.5 (Left-invariant vector fields). Let G be a Lie group. Given
two left-invariant vector fields X,Y € X1(G), we define

X, Y]x, (o) f (x) £ XYf(x) = YXf(x), fe€C?(G)

and we can show that [X, Y] x,(G) i also a left-invariant vector field. There-
fore, X1.(G) is a Lie algebra.
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Let X,Y € T.G. Defining for each g € G

X(g) = dLg(X)z Y(g) = dLg(Y),
we check that X, Y € X(G).

The Lie algebra structure of X1 (G) allows us then to define

X, Y]p,¢ < [X, Y]g, (6)()- (5)

Definition 2.1.6 (Lie algebra of Lie group). Let G be a Lie group. The
Lie algebra of G, denoted by Lie(G), is the tangent space at the identity
TG with the Lie bracket [-, ] 1 ¢ defined in (5).

def

Example 2.1.7 (Lie algebra of GL(n)). Suppose G = GL(n). Its Lie

algebra is

def

g — IRI’!XH
equipped with the Lie bracket
[,-]g:9xg—g: (A B)— AB— BA.

Proposition 2.1.8 (Lie algebra of Lie subgroups). Let G be a Lie group
with Lie algebra g. If F C G is a closed Lie subgroup of G, then its
Lie algebra Lie(F) is a subset of g, and the Lie bracket on Lie(F) is the
restriction of that of g.

Example 2.1.9 (Lie algebra of SO(n)). Suppose K = SO(n). Its Lie
algebra is

def

t = Skew(n)
equipped with the Lie bracket
[,:]p:txt—¢: (A B)— AB — BA.

Lemma 2.1.10 (Orthonormal basis on €). Let K be a compact Lie group.
There exists an inner product on ¢ = Lie(K) such that any orthonormal
basis X1, -+ , Xgimk € € satisfies

dim K
Lx= Y X3,

j=1

29
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where L is the Laplace-Beltrami operator associated with the normalized

bi-invariant metric.

Suppose that G is a Lie group and that g is its Lie algebra. If
X1, -+, XdimG € ¢ is a given basis, and « € INGmMG e Jet

a del xruq yofdimG
X _Xl XdimG'

Exponential map

Definition 2.1.11 (Exponential map). Let G be a Lie group, and fix X € g.
We define the exponential of X via

expg(X) = 7x(1),

where yx : I C R — G is the unique solution to the following ordinary

differential equation

oyx(t) = dL, | (X)

e

7x(0) =e.

In the above, L designates the left-translation by g on G as defined in (4).

Example 2.1.12 (Exponential map on GL(n)). Suppose that G = GL(n),
so that g = R"*" by Example (2.1.7). The exponential map on G is

11
expgr(y) 1 R = GL(n) : A — ) EAk' (6)
k=0 """

The convergence of the series (6) can be shown using a submulti-
plicative norm on R"*" and the convergence of the exponential power

series for real numbers.

Example 2.1.13 (Exponential map on SO(n)). Suppose that K = SO(n).
By Example 2.1.9, its Lie algebra is ¢ = Skew(n). Given A € K, its
exponential is given by

+o00 1 ‘
expy(A) = ](Z(:)EA .

Proposition 2.1.14. Let G be a connected and simply connected Lie group.

The exponential map is a diffeomorphism from g = £ie(G) onto G.
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2.1.2 Haar measure

We need to choose a measure with respect to which we shall integrate.
On locally compact topological groups, there exist measures which
are invariant under the left or right group action. This property is

crucial for the Fourier analysis.

Remark 2.1.15. Every Lie group G is also a topological space. As a result,

all the topological definitions apply to Lie groups.

Definition 2.1.16 (Haar measure). Let G be a Lie group. A positive Radon
measure on G is called a Haar measure if it is in addition left-invariant,
i.e. for each § € G and each Borel set A C G, we have

n(gA) = pu(A).

Example 2.1.17 (Lebesgue measure). The Lebesgue measure on (R", +)

is a Haar measure.

Proposition 2.1.18 (Haar measure). If G is a locally compact Lie group,
then there exists a non-zero Haar measure y on G.

Moreover, if v is another left-invariant Radon measure on G, then we can
find ¢ > 0 such that v = cp.

Definition 2.1.19 (Unimodular group). Let G be a locally compact Lie
group. If a non-zero Haar measure on G is also right-invariant, or equiva-
lently if all Haar measures are right-invariant, we shall say that G is uni-

modular.
Proposition 2.1.20. Let G be a Lie group.
1. If G is compact, then G is unimodular.
2. If G is abelian and locally compact, then G is unimodular.

Definition 2.1.21 (Lebesgue measure). Let (V,(:,-),) be a Euclidean
space. If e1,- -+ ,eqimv € V, we call the Lebesgue measure the unique

Haar measure such that the set
{xeV:0<(x¢), <1lforeachi=1,---,dimV}

has measure 1.

From now on, everytime we integrate on a Euclidean space, we do

so with respect to the Lebesgue measure.
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Given a locally compact topological group G, we denote by M (G)
the set of all complex-valued functions that are measurable with re-

spect to a chosen Haar measure.

Definition 2.1.22 (Lebesgue spaces). Let G be a locally compact group
and assume that 1 < p < co.

o If p < +oo, we let

1) 2 {f e M©): [ |11 dg <o},

and the map

-

oo 2 (157 ds)" fer@©

defines a norm, provided we identify the elements which are equal

almost everywhere with respect to dg.
c fp=o,
L®(G) = {f € M(G) : esssup |f| < co}.

and the map

1fll~(c) = esssupfl,  f€L(G)

defines a norm, provided we identify the elements which are equal

almost everywhere with respect to dg.

When 1 < p < +o0o, the space LP(G) is well suited to functional
analysis because its norm is smooth and uniformly convex (see e.g. [Wil13,
Proposition 5.4.1 and Proposition 5.4.2]). In particular, its dual is de-
scribed by the James-Ghika representation theorem [Wil13, Theorem
5.2.6] to be

(LP(G)) = 19(G), ~+1-1
P q
In particular, L7 (G) is equal to its bidual so that the Banach-Alaoglu
theorem ([Rudg1, Theorem 3.15]) applies.

The most interesting case is of course when p = 2, since L?(G) is a
Hilbert space. Moreover, we can often expect a Plancherel formula (see
[FR16, Subsection 1.8.2]).
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2.2 REPRESENTATION THEORY

For a more detailed treatment, see e.g. [RT10].
To generalize the Fourier Transform to other Lie groups, we need
an adequate substitute for the complex exponentials. Many of the

properties of the Fourier Transform rely on the fact that the maps
x € R" s ¢27(E)y feR”

are group homomorphisms R” — U(1) for each fixed ¢ € R".
Definition 2.2.1 (Unitary representations). Let G be a group and H be a
Hilbert space. A map

¢:G+— Hom(H)

is called a unitary representation (on H) if

1. Foreach g € G, the map {(g) is unitary:

2. If g,h € G, then we have ¢(gh) = &(g)E(h).

The dimension of ¢ is that of H. If H is finite-dimensional, we let
dg = dim H denote the dimension of ¢.

Example 2.2.2 (Right-regular representation). Let G be a unimodular
topological group. The right-regular representation is the representation
R . 2
ng : G — Hom(L*(G))

defined via

i (h)f(g) = f(gh)

for every g,h € G.

Definition 2.2.3 (Invariant subspaces). Let G be a group and ¢ be a uni-
tary representation of G on a Hilbert space H. We shall say that a vec-
tor subspace W C H is invariant under ¢ if for each g € G, we have
c(gW CW.

Definition 2.2.4 (Irreducibility). Let G be a group and ¢ be a unitary
representation of G on a Hilbert space H.
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1. If the only invariant subspaces of & are {0} and H, then ¢ is said to
be irreducible.

2. Otherwise, if there exists a non-trivial invariant subspace, then ¢ is

reducible.

Definition 2.2.5 (Equivalent representations). Let G be a group and
H1, Ho be Hilbert spaces. Suppose C1, Go are representations of G on Hy
and H; respectively. We shall say that ¢ and ¢, are equivalent if there

exists an invertible linear map
A 7‘[1 — Hz

such that for each ¢ € G, we have

&2(g) =Aoli(g) oA

In this case, A is called an intertwining operator.

Definition 2.2.6 (Strongly continuous representations). Suppose that
G is a group and let H be a Hilbert space. Suppose further that ¢ is a
representation of G on H. We shall say that ¢ is strongly continuous if for
each x € H, the map

G—oH:g— (v

1s continuous.

Definition 2.2.7 (Unitary dual). Let G be a locally compact topological
group. The unitary dual of G, denoted by G, is the set of all equivalence
classes of strongly continuous, irreducible, unitary representations of
G.

Remark 2.2.8. Let G be a locally compact topological group. We shall
often abuse notation and use G to denote a set consisting of exactly one

representation in each equivalence class of the actual unitary dual.

Example 2.2.9 (\7). For each A € V, define
V= UQ):x s 2Ty, (7)
It can be shown that

V={&:1eV}
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Therefore, the map
A G ®)

is a group isomorphism which allows us to give V' a vector space structure.

2.3 DISTRIBUTIONS

For this section, we assume that V is a vector space and K is a compact
Lie group. Also, when we integrate on V, K or V x K, we always
mean with respect to a Haar measure.

We shall denote by £ the Lie algebra of K. We fix a basis Y, ...,

Yaimk Of € and write

YEEYP Y, pe N,

Definition 2.3.1 (Schwartz space). We shall say that f € C®(V x K) is
rapidly decreasing if for every N € IN,

. Nrl
IFlsweron & sup |1+ DY 52 f(x k)| < oo
lal,[B|<N

The set of all rapidly decaying functions will be denoted by S(V x K). The
family {||-| s(vxxyn : N € N} gives S(V x K) the structure of a Fréchet

space.
Definition 2.3.2 (Tempered distributions). We shall say that
k:S(VxK)—=C

is a tempered distribution if it is linear and continuous. The set of all
tempered distributions will be denoted by S'(V x K).

As usual, if « € §'(V x K) and ¢ € S(V x K), we let

def

{1, )y = x(¢)

We shall also write

[, KR kAR = 5,9y

35



36

| PRELIMINARIES

(which is motivated by the inclusion L!(V x K) C §'(V x K)) and we
shall say that the above integral is interpreted in the sense of distribu-
tions.

Theorem 2.3.3 (Schwartz Kernel Theorem [Tre67]). If the map
T:S(VxK)—S(VxK)

is a continuous linear operator, then there exists a unique distribution x €
S'(V x K x V x K) such that

To(x,k) = [ ke kiy, Dly,1) (1)

VxK

in the sense of distributions.

2.4 CONVOLUTIONS

As the notion of convolution depends on the group structure, we
introduce it in the abstract, general case of a locally compact unimod-
ular Lie group G. Naturally, every integration on G is performed

with respect to a Haar measure.

Definition 2.4.1 (Convolution). Let fi, f» € LY(G). We define the convo-
lution of f1 and f,, denoted by f1 x f,, via

fix o) 2 [ A L0g) dn ©
= [ A fan) d (10)

Proposition 2.4.2. Let f1, f € L1(G). The convolution of fi and fp, fi *
fa, belongs to LY(G). Moreover, we have

11 *f2||L1(G) < ||f1||L1(G) ||f2||L1(G)'

Proof. By the positivity of the integral, we get

Je

[ At dg < [ [ 1A |09 drds
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By the Fubini-Tonelli Theorem, we can change the order of integra-

tion above and therefore substitute ¢ for hg, which yields

I

ARGk dg < [ [ 1A ()] dgah
< WAlloe) el

concluding the proof. O

Lemma 2.4.3 (Young's inequality). Let f1, f € L*(G). The map

fEfA*f

is continuous.

Proof. Let ¢ € G. For each h € G, we have

00 =11 < | [ AGE) )
< fillize)lf2(8) = f2(8)l12(6)-
By [Wil13, Lemma 4.3.8],
pm [f201) = £(8)ll2e) = O
showing that f is continuous at g. We conclude the proof by observ-

ing that g is arbitrary. O

2.4.1  Convolutions of distributions

In this subsection, we assume that that G = V x K, where V is a
Euclidean space and K C SO(V).

Suppose that x, ¢ € S(G). It follows that (10) can be rewritten as
PprK = / ¢(gh V)x(h) dh
G

::/Qkih)ﬂﬁ(g’lﬁc¢(h)d8'
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def

where icp(h) = ¢(h~!) for each h € G. Similarly, we show that (9)
becomes

Kxp = /GK(h)fp((g*lh)_l)dh
_ /G K(h) k(g icp(h) dg.

Both of the above can be generalized for x € S'(G) provided that
we interpret the above in the sense of distributions, leading to the

following definition.

Definition 2.4.4 (Convolution). Let x € §'(G) and ¢ € S(G). For every
g € G, we let

pxr(g) = (k, TR (g Nich)g
Kxp(g) = (k, TR ()icP) ¢

where 1gp(h) = p(h~1) for each h € G.

Following [FR16, Section 5.1], we define the convolution between
two distributions associated with left-invariant operators that are bounded

between appropriate Sobolev spaces.

Definition 2.4.5 (Convolution of distributions). Let 1,k € S'(G) and
write

TiZ(PGS(G)}—)(P*Ki, i=1,2.

If there exists a,b,c € R such that Ty is bounded from L2(G) to L2(G) and
T, is bounded from L%(G) to L%(G), then we define k1 * «, to be the right
convolution kernel of

$ € S(G) =~ (T1oTo)(¢).

2.5 FOURIER TRANSFORM

If G is separable, locally compact, unimodular and of type I [FR16],

we have a Fourier-Plancherel theory.
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Definition 2.5.1 (Fourier coefficient). Let & € G. If f € LY(G), we define
the Fourier coefficient of f at §, F¢f(&), via

Fef(@) 2 [ f()2(s)" dg. (1)

The map

Fof:¢— Fof(S)

is called the Fourier transform of f.
The Fourier transform satisfies the following properties.

Proposition 2.5.2. Let f, f1, f» € LY(G) and ¢ € G. The Fourier Trans-

form satisfies the following properties.

1. For each g € G, we have

Folf(:8)} (&) = () Faf(8), Folf(8)}(E) = Faf(§)E(s)-

2. We have
Fe{fix f2}(§) = Fcf2(8) Fcfi(8).
5. IFf € S(G)NLY(G) and X € g,
FAXfHE) = ¢(X)Fcf(8), Fo{XfH(E) = Fof(8)E(X).

In the above,

Proof. Let us prove each claim separately.

1. Let ¢ € G. To obtain the first identity, let us observe that

Felf(9)}@) = [ fng)e(n)*dn
— [ fmatng™)" dn

where we use the invariance of the Haar measure under the

group action. Continuing the above calculation, we obtain

Folf(9)}@) = [ FME@ER)* dh = () Fef(2),
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which is what we intended to show.

Let us proceed similarly for the left-translation. Let us observe
that this time

Fel{f(g /f gh)¢

_/f (g h)"

where we again use the invariance of the Haar measure under
the group action. Continuing the above calculation, we now

obtain

Folf(g)}(@) = [ FEn’e(g) dh = Fof @2(g),

which is the desired result.

2. By Proposition 2.4.2, fi x f» € L1(G). Therefore, we can com-

pute its Fourier Transform, yielding

Folfir 21@) = [ [ Aa9E(e)* dg.

Using £(g)" = (£(0&(h1g)" = &(h~1g)"E(h)" in the above,

we obtain

Folfir f21€) = [ [ fa(h7'g)e(n'g)" dgfi(me(n)* dn
= Fcf(8) Fch(d)-

3. Let X € g. Using integration by parts, we have
FelXf}@) = [ Xf(g) = - [ re)xels
Now, we know that

E(expg(tX))"E(8)"

t=0

Xi(e) = S| elgepelx) = &

t=0

_ % Z(exps(tX))E(8)",

t=0

which implies that
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Substituing this into the Fourier transform above, we obtain

FolXf}@) = [ f(3 )" dg = §(X)Fef(@).

Let us now turn our attention to the case of the right-invariant

vector fields. Here,

8(8)" & (expg (tX))”

t=0

garoyk 4 « d
Xe(e)" = 54| _ Slewc(tX)g)” = 5

= —£(8)"C(X),

which allows us to conclude that

FolXf}@) = [ Xf(g) = - [ r9)%e(s
= [ F(9)e(9)"6(X) dg = Fof(@)e(X).

Proposition 2.5.3 (Plancherel formula). There exists a unique positive
o-finite measure pg on G such that the following property holds: for every
f € C(G) with compact support, the map

&€ G tr(Fof (&) Fof(E))

is integrable against y g and we have

L1fP dg = [t (Fof(©)Fef(@)") dug(@).

2.5.1  Fourier transform of distributions

It is not always possible to extend the Fourier Transform onto the
set of tempered distributions, nor is it necessary to have such a gen-
eral extension for the purpose of pseudo-differential calculus. Here,
we briefly present V. Fischer and M. Ruzhansky’s construction (see
[FR16, Subsection 5.1.2]), which works for a much more general class

of groups.
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The central idea is the following: the abstract Plancherel Theorem [FR16,
Subsection 1.8.2] implies that any left invariant operator T belongs to
L(L*(G)) if and only if

T9(3) = [ tr(&(8)0() Fog(€)) dng(2)
for some measurable field & € G — ¢(¢) € L(H¢) which satisfies

esssup |7(&) | ) < oo
e

Motivated by Proposition 2.5.2, we say that ¢ is then the Fourier

transform of the right-convolution kernel associated with T.

If k € §'(G) is the right-convolution kernel of a bounded operator
T:L3(G) — Ly(G),
we define
For(@) L1 — L&) Fe{(I— L&) (I - L) Tx}eh(I - Lo)k,

and check we would obtain the same result with different a,b € R
such that

T:L2(G) — L2(G)

is bounded. For more detail, see [FR16].

2.0 COMPACT LIE GROUPS

In the sequel, K will denote a compact Lie group, and dk the asso-
ciated normalized Haar measure. This section is devoted to recall-
ing elementary facts on compact Lie groups. For more detail, see

e.g. [RT10; Knaoz].

We equip K with a normalized bi-invariant Riemannian metric, and

denote by Lk the associated Laplace-Beltrami operator.
Given T € K, we let d denote the dimension of K.

The following result is fundamental on compact Lie groups.
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Theorem 2.6.1 (Peter-Weyl). The set
BE{dty:teK mn=1,...,d.} C L*(K)

forms an orthonormal basis of L*(K).

As the set

def

Ve=A{tum:mn=1,...,d:}

is invariant under the left- and the right-regular representation, they
are eigenspaces of the Casimir operator, which coincides with L.

The Plancherel formula takes the following form.
Proposition 2.6.2 (Plancherel formula on K). Let f € L*(K). The fol-

lowing formula holds

J P dk = ¥ dete(Fif (1) Fif (1)),

e

We shall sometimes use the following notation hereafter.

Definition 2.6.3 (Japanese bracket). Let T € K. We let

N|—

(T = (1+Ar)2,

where A is such that —LxT11 = T11.






3 MOTION GROUPS

From now on, V will denote a finite-dimensional vector space over
R, while K is a compact Lie subgroup of GL(V). We then define the
motion group as the semi-direct product between V and K.

In this chapter, we start by observing that the compactness of K is
a very rigid condition, as it implies that K C SO(V). Using the fact
that both Ly and the Lebesgue measure are invariant under SO(V),
we show that the motion group has the same Haar measure and same
Laplacian as V x K. Moreover, the representations of the motion group
seem formally very close to those of V x K, provided that they are
grouped on both sides.

All these observations lead to the conclusion that although the
Fourier theory on our group might seem identical to the one of V x K,

the resemblance is actually very deceptive.

3.1 MOTION GROUPS

Given x,y € V, let us denote by g, the affine transformation on V'
consisting in a rotation by k followed by a translation by x. Naturally,

such transformations compose in the following way

8xk © 8yl = Sx+kykls

where x,y € V and k,I € SO(V).

This motivates the following definition.

Definition 3.1.1 (Motion group). Let G be a group. We shall say that G is
a motion group if there exists a finite dimensional real vector space V and
a compact connected Lie group K C GL(V) such that G is the semi-direct
product V x K. More precisely, G =V x K as a set, and

(x, k) (y,1) = (x + ky, kI)

for every (x,k), (y,1) € G.
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Remark 3.1.2. Let x € V and k € K. We will never identify x with
(x,Iy) € V x K, or k with (0,k) € V x K. Therefore, when we write kx, it
will always mean the vector obtained by rotating x by k, i.e. k(x).

Example 3.1.3 (Vector spaces). Suppose that K = {Iy}. It follows that

def

G = V x K is isomorphic to V.

Example 3.1.4 (Euclidean Motion Groups). For each n € IN, let

def

SE(n) = {g € Affine(R") : g(x) = Ax+y, A €SO(n), x,y € R"}.

The elements of SE(n) are called rigid motions, while SE(n) is called the

Euclidean motion group.

It is easily shown that associating (x,k) € R" x SO(n) to the motion
S(xk) R" = R":y— x+ky

defines a group isomorphism between R" x SO(n) and SE(n). We shall
therefore identify SE(n) with R" x SO(n) from now on.

Example 3.1.5. Let n € IN. Consider the group
{g € Affine(C") : g(x) =Ux+y, U €SU(n), y € C"}

where the law is the composition of functions. Arguing as in Example 3.1.4,
the above group can be identified with C" x SU(n).

Remark 3.1.6. Since in our examples (e.g. Example 3.1.5) our vector space
might be C", we choose to use V to denote the vector space instead of simply

R" to avoid any confusion.

Up until now, the vector space V was not given a Euclidean structure.
The following Lemma shows that V' can be endowed with an inner

product that behaves well under the action of K.

Lemma 3.1.7 (K-invariant inner product). Let V be a vector space, and
K be a compact Lie group acting on V. There exists an inner product (-, ), :
V x V. — R which is K-invariant, i.e. for each k € K and every x,y € V,

we have

(x,y)y = (kx,ky)y,.
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Proof. Let Q : V. xV — R be an arbitrary inner product. Given
x,y €V, we let

(ew)y = [ QU ky) dk

where dk is the normalized Haar measure on K.
It follows that if k € K, then using the right-invariance of the Haar
measure on compact groups (for this, see for example [RT10, Theorem

7.4.21]), we obtain

(kx, ky), = /K Q(hkx, hky) dh = /K Qx, hy) dh = (x,1)y,

ie. (-,-)y is K-invariant.

The fact that (-,-), is bilinear and non-negative definite follows
immediately from the fact that Q has those properties. Now, if x € V
are such that (x, x),, = 0, then it follows that Q(kx, kx) = 0 for almost
every k € K, hence for at least one such k. However, that means that

kx = 0, hence x = 0 as k is invertible. O

From now on, V will be given the structure of Euclidean space with

a K-invariant inner product whose existence is given by Lemma 3.1.7.

To obtain a unitary Fourier Transform, we normalise the Haar measure

on V as follows.

Definition 3.1.8 (Lebesgue measure). We call the Lebesgue measure

on V the unique Haar measure y on V such that

n.dim V/2

n({xeV:(xx), <1}) = m,

From now on, integration on V will always be performed with
respect to the above Lebesgue measure.

Lemma 3.1.7 easily implies the following.

Lemma 3.1.9. With the inner product defined in Lemma 3.1.7, K is a Lie
subgroup of SO(V). In particular, any Haar measure on V is also invariant
under the action of K.

From the invariance of the Lebesgue measure on V under the action
of K, we deduce that the Haar measure of G = V x K is that of the
direct product V x K.
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Lemma 3.1.10 (Haar measure). If dx is the Lebesgue measure on V and
dk is the normalized Haar measure on K, then the product measure dx dk

is a Haar measure on G = V x K, which is both left and right-invariant.

Proof. Let (x,k) € G and f € L1(G).
L AR d D = [ [ FGctky k) didy

Now, let us substitute y for k~!(y — x) and [ for k=!I in the above.
As the Lebesgue measure is invariant under SO(V) and under trans-

lations, and because the Haar measure d! is left-invariant, we obtain

LAGR @ dwn = [ [ fo.ndd
= [ fw.ndwD,

showing that dyd! is indeed a Haar measure on G.
Since by Proposition 2.1.20, dl is also right-invariant, arguing simi-

larly shows that dydl is also right-invariant. O

The following proposition summarizes how K affects key objects

onV.

Proposition 3.1.11. Let V be a finite dimensional vector space and K be a
subgroup of SO(V). The following properties hold.

1. The Lebesgue measure on 'V is invariant under K, i.e. for every k € K
and each Borel set A C 'V, we have

/ 1dx = 1dx.
A kA

2. The Laplacian on V is invariant under K, i.e. for every k € K and
every ¢ € C®(V), we have

Ly(¢ok)(x) = Ly (kx).

3. The action of K on V commutes with the dilation structure of V.

Proof. 1. This follows easily from the change of variables formula,

1dx:/(1ok)detkdx:/ 1dx,
kA A A

where we use the fact that detk = 1 since k € SO(V).
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2. First, observe that

d(¢ok)(x) = de(kx)k
which implies that Vy (¢ o k)(x) = k=1 Vy¢(kx).

From there, using the fact that Hess = dVy,

Hess(¢p ok)(x) = (dVy (¢ ok))(x) = k™ (Hess ¢(kx))k.

Therefore, we conclude by observing that

Ly(¢pok)(x)=tr(Hess(¢pok)(x)) = tr(Hess p(kx)) = Ly¢p(kx).

3. This is a direct consequence of the fact that the dilation structure

on V is scalar.
O

3-2 LIE ALGEBRA STRUCTURE

The difference between the semi-direct structure and its direct coun-
terpart appears naturally when we study the Lie algebra.

We shall henceforth denote by ¢ the Lie algebra of K.

Definition 3.2.1 (Lie algebra of G). We shall call the set

def

g=Vot

the Lie algebra of G. Given (X1,Y1),(Xa,Y2) € g, we define its Lie

bracket via

def

[(X1,11), (X2, Y2)l; = (Y1 X2 — Y2 Xy, [Y1, Y2ly) -

The Lie algebra g is characterized by the following commutation

relations.

Lemma 3.2.2 (Commutation relations). Suppose that X;, X5, X € V
and Y1, Yo, Y € €. We have the following commutation relations

X1, X2, =0, [Y,X],=(YX,0), [Y5,Ya], =¥, Y,
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On the motion group, the exponential map has the following expres-

sion.

Definition 3.2.3 (Exponential map). The exponential map on G is the

map

) k

Y
exp-:g—G: (X,Y) — ——X,exp, Y | .

Definitions 3.2.3 and 3.2.1 are motivated by the following proposi-

tion.

Proposition 3.2.4. Fix an orthonormal basis ey, - - - ,e, of V, and consider
the map

k x
P:G—-GL(n+1): (xk)— (0 1,)

where k € SO(n) and % € R" satisfy
f(i]' = (ke]-,ez-)v and X = (x,ei)v

foralli,je{1,--,n}.
The following properties hold.

1. @ is a faithful representation of G.

2. The map
d®| 1,y 0 g — Lie(P(G))
is an isomorphism of Lie algebras.

3. The exponential map exp, satisfies

(0 expy) (X) = |
for every X € g.

Proof. Assume without loss of generality that V = R" and that the

chosen basis is the canonical one so that k = k and x = %.
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1. Suppose (x,k), (y,1) € G. It follows that

®(x,K)D(y, 1) = (S ’;) ((l) f)
(K kytx)
_ (0 : )-cb((x,kxy,m,

so @ is indeed a group representation. The fact that & is faithful
is trivial.

2. Suppose X @Y € g. We can check that

d®| ) (X DY) = [(X+Y)P[(0v, Iy)

Then, we can check that

d®| 1, ([(X1,11), (X2, Y2)],)
= d®[ (g 1,y (N1X2 — Y2X1, V1Y2 — Vo)1)

(v iXe LY, YaX;

Lo 0 0 0

B Y1 Xi Y, Xp Yo, X5 Y1 Xi

~\o 0 0 0 0 0 0o 0/’
which means that we have

d®|, 1, ([(X1, Y1), (X2, Y2)l)

v

3. Suppose again that X @Y € g. We can easily check by induction
that

Yk yk-1x
do X, Y))k =
(d®( 1, (X,Y)) (0 0 )

for k > 1.
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Therefore, it follows that

Ry | Iy 0 1 [YF yk1x
2 k_ [V 2

k=1
_ exp, Y Y% ﬁY"X
0 1
= (Po expg)(X, Y),

which is what we wanted to show.
O

Naturally, we can define differential operators which are left- or

right-invariant via the exponential map.

Definition 3.2.5 (Left and right-invariant vector fields). Let X € g. We
define X, the left-invariant differential operator associated with X, via

0f(g exps(tX)),

for each f € C*(G).
Similarly, we define X, the right-invariant differential operator asso-

ciated with X, via

Xf(@)% g flewst)),

where f € C*(G).

Proposition 3.2.6. Let X € g. The differential operator X is the only
differential operator satisfying the following properties.

1. X is left-invariant, i.e. for every h € G, we have
(Xf(h-))(g) = (Xf)(hg).

2. The vector in T,G corresponding to the differentiation by X at e is
precisely X.

3. Given X,Y € g, we have

(XY — YX)|, = [X,Y],.
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We now describe explicitly the Lie algebra of Euclidean motion

groups.

Example 3.2.7 (2-dimensional Euclidean motion group). Assume G =

R? x T. The Lie algebra is the vector space
g = R? @ Skew(RR?).

The vectors

x1:(1,0>@<8 8) xzz(o,nea(g 8)

form a basis of g which satisfies the commutation relations

[X1,X], =0, [Xo,Xs],=X1, [X3Xi],=Xo.

Moreover, if f € C®(G), then the associated left-invariant operators act

via
Xif(x, ) = cos(27rt)§£(x, b+ sin(2nt)§){2(x, ),
Xaf(x,) = — sin(27tt)§£(x,t) 4 cos(znt)g’i(x,t),
X5 () = L),

where (x,t) € R? x T.

Example 3.2.8 (Euclidean motion groups). Assume G = R" x SO(n).
Its Lie algebra is the vector space

g = R" @ Skew(R").

For each pair of distinct i,j € {1,--- ,n}, we let Eij be the only matrix
satisfying

Ei]'ek = 51'/](6]' — 5]‘,](61'

foreachk € {1,--- ,n}.
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A basis of g can now be given by

def

Xl'zel'@OIRnxn, i:].,"',n

def

Xij:()]R"@Eij/ i,jE{l,"',Tl} Wlthl<],
and these vectors satisfy the following commutation relations

[X;, X)), =0

[Xij/ i
[Xij, Xua], = 61 Xix — 07, Xir

Xily = 01 Xj — 0 Xi

where in the above i < j, k < I and for the last commutation relation we

additionally assume i < k.

Let us compute the expression of a left-invariant derivative arising

from V C g.

Lemma 3.2.9. Let X € V C g. If ¢ € C®(G),

X¢(x, k) = (k’lvv(p(x,k),X) g

Proof. By a simple calculation,

Xp(x,k) = 2

Sl el )

t=0

=3 - ¢(x + tkX, k)
:(Vv¢<x,k),kX)V.

From there, it follows that:

X¢(x, k) = (k‘lvvqb(x,k),X)V.
O]

Let us choose a basis of g. Since K is compact, ¢ is reductive [Knaoz,

Corollary 4.25]. Therefore, it follows that
g=Vdads,

where a is abelian and s is semisimple. In particular, we can naturally
define an inner product (-,-), on g via the Killing form of ¢ [Knaoz,
Corollary 4.26].
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From now on, X1, - -, Xgim ¢ Will denote a basis such that
1. The collection is orthonormal with respect to (-, ).
2. If1 <j <dimV, then X; € V, otherwise X; € ¢.
Definition 3.2.10. Let & € NY™C. We define the left-invariant differential
operator X* via
X" =X" -+ Xdim g 4mC.
The following definition is a very important example of left-invariant

differential operator.

Definition 3.2.11 (Left-invariant Laplacian). The left-invariant Lapla-

cian L is the left-invariant differential operator

—_

=

Deceptively, the left-invariant Laplacian of G is identical to the one
of V x K. It is however important to keep in mind that this operator

is not right-invariant with the semidirect structure.
Proposition 3.2.12 (Left-invariant Laplacian). Let f € C*(G). If (x, k) €
G, we check that

Lof(x, k)= Lyf(x,k)+ Lxf(x,k).

Proof. Let (x,k) € G. By Lemma 3.2.9, we check that for each j €
1,---,dimVY},
XiXif (k) = X; (k' Vyf(x, k) ¢))
_ (k—l dVy f(x, k) [kej],ej)v
= (K" Hess f(x, k)kej ¢}) .
Summing with respect to j, we get that
dim V

Y XiXif(x,k) = trHess f(x,k) = Ly f(x,k).
=0

The sum over j = dimV +1,...,dim G is the Casimir element of
¢. By [RT10, Subsection 8.3.2], it corresponds to the Laplace-Beltrami
operator on K. O
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It will be important later to be able to establish a link between right-
and left-invariant differential operators.
Proposition 3.2.13. Let X € g.

o If X € V, then its associated right-invariant vector field acts on
C*(G) via

Xp(x, k) = (Vvo(x, k), X)y,

where (x,k) € G and ¢ € C®(G).

o IfY € ¢, then its associated right-invariant vector field acts on C*(G)

via
B dim V o) B
T k) = Y (Y052 (1K) + Vi, K)
=1 j

where (x,k) € G, ¢ € C°(G), and Yy is the right-invariant vector
field associated with Y on the manifold K acting exclusively on the
variable k € K.

Proof. Fix (x,k) € G, ¢ € C*(G) and let us check both of the claims

separately.

o Using the fact that exp(tX) = (X, Iy), we obtain

g k) = <

Sl s = S| gt ixn),

t=0 d t=0

from which the conclusion follows easily.
e Using the fact that exp (1Y) = (Oy, exp(tY), we obtain

d

Yo(x, k) = T

. ¢((Ov, expy (£Y))(x, k)

o P(expy (tY)x, expy (tY)k)

dt
dimV a¢ B

= Z (Yx)jg(x, k) 4+ Yip(x, k)
=1 j

as required.

Corollary 3.2.14. Let j € {1,...,dim G}.
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o If j < dim V, then we have

o Ifj >dimV,
B dim V B
Y = Z (Yx)]-(kei,e]-)VXi + Yk,
ij=1

where Yy is the right-invariant vector field associated with Y on the
manifold K acting exclusively on the variable k € K.

dim G

Corollary 3.2.15. For each f € IN , we can find smooth functions

pg € C®(G) such that
X = Y pl@)X;
la| <N

holds for each g € G.
Moreover, there exists Cg > 0 such that

sup
la| <N

Pl k)| < Co(L+ [xly)

for each (x,k) € G.

3-3 UNITARY REPRESENTATIONS

The unitary dual of G was first described in [Mac51; Macs2], but a
more explicit version, specifically for the generalized motion group,
was given in [It052].

The Fourier analysis on the motion group was studied in [KO73],
where the author observes that the Plancherel formula takes a more
elegant form if we group the unitary representations appropriately.
His subsequent papers (e.g. [Kumy6]) work exclusively with those

grouped representations as they are technically more convenient.

We shall therefore make the same choice as [Kum76], and introduce

the following unitary, albeit reducible, representations.
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Definition 3.3.1. Let A € V. We define a unitary representation g €
Hom (G, End(L?(K))) of G, via

EX(x, k) F(u) £ 27 A0y F(yk), (12)
where (x,k) € K, F € L*(K) and u € K.

At this stage, a few comments are necessary.

e If A = 0in (12), then our unitary representation takes the form

S k) = mg (k) ~ P o™,

ek

and is thus always reducible.

e If A # 0, then our representation defined in (12) is irreducible
if and only if K is abelian. This can be deduced easily from its

decomposition into irreducible representations (see [KO73]).

e For each k € K and each A € V, the representations Cé and

’g‘ are equivalent (see Lemma 3.3.3). Again, we choose to work
with them nevertheless because they will yield a more elegant
Plancherel formula, but will allow us to always be able to differ-

entiate with respect to A.

o In the literature (see [It052; KO73; Kumy6; VKog5]), the represen-

tations are usually defined via
EM(x, k) F(u) 2 &)y Pk 1y).

The choice was made consciously for technical reasons. Like for
the Euclidean case, the 27t factor will ensure that the Fourier
transform is unitary (see Proposition 3.4.5) while the choice to
put k on the right of u was made because right-regular represen-
tations are more convenient when working with the Peter-Weyl
basis of L2(K).

Example 3.3.2 (2-dimensional Euclidean motion group). Let A € R2.
Let (x,t) € G =R?>x SO(2). If A # 0, then &}, is irreducible.
Using the isomorphism SO(2) ~ T, (12) takes the form

EX(x, ) F(u) = 2" ) p(y 4 1),
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where F € L*(T), (x,t) € G,and u € T.

def

Defining £X(x,t), == (Cé(x,t)eizm‘,eiznm‘)pm for every m,n € Z,
it follows that

L5 )y = [ POy mls il gy
T

2 i i27u P
— eermt/ 6127'[()\,6 x)veﬁr[(nfm)u du.
T

Our representations satisfy the following invariance property.

Lemma 3.3.3 (Invariance property). Let A € V. For each k € K, we have
66 (v, 1) = m (k)G (y, D (k™).
Proof. Let F € L?>(K) and u € K. It follows that

ek (k)E& (v, Dk (k™) F(u) = ek (k)e > v F (kul)
= 2 (M) P (ul) = g2 (y, 1 F (u).

Representations on V x K

Provided that we also group the representations on V x K, the repre-
sentations of V x K and G can seem formally very similar.

Indeed, first observe that the unitary dual is given by
VxK= {eﬁ"“")v QT:AeV,T€E @}
which, if we group the representations of K, becomes

271y & (EB T@df) '

ek

Using the Peter-Weyl Theorem (Theorem 2.6.1), the representation

above is equivalent to the following.

Definition 3.3.4. Let A € V. We define a unitary representation &y €
Hom (G, End(L?(K))) of G, via

SV (k) F (1) £ 27NV E (uk),

where (x,k) € K, F € L*(K) and u € K.
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3.3.1 Infinitesimal representations

Infinitesimal representations are important because they characterize
the action of left- (respectively right-) invariant differential operators
on the Fourier Transform side. As such, they provide the most ele-
mentary example of Fourier transform of distributions that are not

integrable functions.

Definition 3.3.5 (Infinitesimal Representation). Let X € g. We define
the infinitesimal representation of X as the operator

CE(X) : C®(K) = C(K)

defined via

d

CE(X)F(u) = 5| Ge(exp(tX))F(u),
t=0

where F € C%(K).

Proposition 3.3.6 (Infinitesimal representations). Let A € V and let
j€A{l,---,dimG}. Fixalso F € C®(K) and u € K. The infinitesimal
representation of X; has the following expression.

1. If j < dimV, then

E&(X))F(u) = i27 (A, uej) , F(u).

2. If j > dimV, then

CE(X))F(u) = X;F(u),

where on the right-hand side X; is the left-invariant differential opera-
tor on K associated with X; € t.

Proof. Let F € C*(K) and u € K.
1. Fixj € {1,---,dim V}. Since exp(tX;) = (te;, Iy), it follows
that

d

a . eiZN(A,tMC/)VF(u) = i27-[(/\, ug]-)VF(u)

CE(X))F(u) =

which is what we wanted to show.
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2. If j > dimV, X; € £ so that
expg (X)) = (0, expy (£X;)).
From there, it immediately follows that

d
Co(X)Fu) = | Fluexp(tX;)),
t=0
which by definition is X;F(u).
O

Corollary 3.3.7 (Infinitesimal representation of L£g). Let A € V. The

infinitesimal representation of L is given by

E (L) = =) Ay L2k + Lk

3-4 FOURIER TRANSFORM

We have now introduced all the necessary tools to study the Fourier

analysis on G.

3.4.1  Definition and elementary properties
Before defining the Fourier Transform, let us adapt the classical defi-
nition of Schwartz space.

Definition 3.4.1 (Schwartz space). We let S(G) be the space of all f €
C®(G) which are rapidly decaying, i.e. such that for each N € N,

Ifllsen = sup |(1+ [x)NXf(x,k)| < co.

la| <N

The maps (||-|| S(G)'N)NG]N define a collection of semi-norms on S(G) and
give it a structure of a Fréchet space.

We now define a central tool in our analysis: the Fourier transform.

Definition 3.4.2 (Fourier transform). Let f € L1(G) and A € V. We

define its Fourier coefficient at A via

Fof 2 [ f9)2b(s)" dg
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Moreover, the map
Fof : V= End(L3(K)) : A — Fcf(A)

is called the Fourier Transform of f.

To establish the Plancherel and inverse formulae, we need to com-

pute some Schatten norms of our Fourier coefficients.

Lemma 3.4.3. Let A € V, and f € L'(G). The integral kernel of the
operator Ff(A) is given by

Ke(Au k) £ Fyf (kA kM), (13)
i.e. for every F € L?*(K) and every u € K, we have
Fef(AME(u) = / Ky (A; 1, k) E (k) dk.
K

In particular, the following properties hold.

1. If f € S(G), then K is smooth, Ff (M) is trace class and
tr(Fef(A)) = / FufkA,e) dk.
K

2. If f € LYG) N L2%(G), then for almost every A € V, Fgf(A) is
Hilbert-Schmidt and

1 Fef DI,z :/K/K|]-"Vf(k/\,u)|2 du dk.

Proof. Let F € L*(K) and u € K. By definition of the Fourier Trans-

form,
Fef(A)F(u) = /V /K Fx, ke 2 A%y k1) dk di
Recognizing the Fourier Transform on V in the above, we obtain
Fof(AN)E(u) :/I<]-"Vf(ku*1/\,k)F(uk*1)dk
- /K FyF(k A k) F(k) dk,
where we substituted k for k~!u to obtain the last line.

From there, it follows that the kernel is indeed given by (13). Let

us now prove the two remaining claims.
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1. If f € §(G), it follows that the integral kernel is smooth. Us-
ing [DR14, Corollary 4.1], it follows that Fcf(A) is trace-class,

and

tr(Fef(A /Kf/\kkdk_/]-"vfk/\e)k

2. Now, if f € LY(G) NL*(G), then K; € L*(K x K) for almost
every A € V. For such A, it follows by [RS80, Theorem VI.23]
that F;f(A) is Hilbert-Schmidt and

IFf M iy = [ [ KAk dicdu
://’]:Vf(k_l)t,k_ u)’ dkdu.
kK JK
Substituing k for k~! and then u for k~!u in the above, we obtain

||~7:Gf(/\)||%52(L2(1<)) = /K/K |]:Vf(k)\,u)|2 dkdu,

as required.

If a function is rotation-invariant in the Euclidean variable, apply-
ing the Fourier transform reduces to computing the Fourier transform
onV x K.

Lemma 3.4.4. Let A € V and f € LY(G). If for every | € K,
fllx,k) = f(x,k), (x,k) €G, (14)
then we have
Fof(A) = Frxf(A).

Proof. By Lemma 3.4.3 and (14), we know that

Fof(A /foAk W) E(k) dk

:/K]-"Vf A k) E(uk~") dk,

where the last line is obtained by substituing k for uk~!.
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Recognizing a Fourier transform on K with “grouped representa-
tions” (see Subsubsection 3.3) in the right-hand side of the above, we

obtain
Ff(MF(u) = Fyxxf(A)F(u),

which shows that both Fourier transforms are indeed equal. O

3.4.2 Plancherel formula

The following result is of crucial importance, for it establishes a rela-
tion between a function and its Fourier transform. Informally speak-
ing, it will later allow us to “translate” between kernels and symbols,

as those notions are linked via the Fourier transform.

Proposition 3.4.5 (Plancherel formula). Let f € L'(G) N L%*(G). The
following formula holds

LA dg = [ 1Ff M) usiazqry (15)

Proof. 1t follows from Lemma 3.4.3 that for almost every A € V,
Fcf(A) is trace class and

IFef M3,z = /K /K | Fy kA, )2 du dk.
Now, integrating with respect to A, we obtain

JIFF W sy dd = | [ IFv QB dkdpg ()

:/V/K|f(x,k)y2 dudk,

where the last line was obtained by applying the Plancherel formula
on V. O

The following result is equivalent to the Plancherel formula, in the

sense that proving one allows us to prove the other.

It says that for a very regular function, we can recover a function

from its Fourier transform.
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Proposition 3.4.6 (Inverse Fourier Transform). Let ¢ € S(G). For each
g € G, we have

P(g) = /V tr (C?;(g)fcqb(A)) dA.

Proof. Let us assume that ¢ = e. By Lemma 3.4.3, we know that
Fe¢(A) is trace class and

tr(Fop(A)) = /K Fvo(kA, ) dk.

Integrating with respect to A, we obtain

/V tr(Fop(A)) dA = /V /K Fop(kA, ) dkdA

- /V Fro(Me)da,

where the last line is obtained by a change of variables after permut-

ing the integrals.

Recognizing an inverse Fourier Transform on the right-hand side

of the above, we obtain

/V tr(Fep(A))dA = ¢(0,¢),

concluding the case g = e.

The general case follows immediately, since

#(8) = 9leg) = [ w(Fo{o(:)} (M) dr = [ w(Ed(e)Fep(h)da,

where the last equality is obained by Proposition 2.5.2. O

The direct product case

In view of Subsubsection 3.3, let us compare the Plancherel formulae.

Given f € L}(V x K) and A € V, we let

Fraf@) 2 [ Fehih (o k) dix k),

Foxxf(A,T) = ’ Kf(x,k)eizm’x)vf(k)*d(x,k)-

65
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Note that d(x, k) is also the Haar measure of G. Moreover, it is clear
that

Frxkf(A) ~ B (Fraxf(A, 1)) . (16)
ek

The Plancherel formula therefore takes the following form.

Proposition 3.4.7 (Plancherel formula on V x K). Let f € L1(V x K)N
L%(V x K). The following formula holds

[ AP dg = [ 1Fvacf ) ez A (17)

Proof. Using the “classical” Plancherel Theorem on V x K, we obtain

|, WP g = [ 3 delFvacf O o)l 42

TeK

Using (16), it is clear that

1Fv e f M sz = L el Fvskf (A D 5530,

ek

and we conclude easily. O

Naturally, with an identical proof, this means that the inverse for-

mula takes the form

F§) = [ (@@ Fvacf (1) dA,

where f € S(V xK)and g € V x K.

We have thus shown that the Fourier theory and the Plancherel
theory are formally very similar on G and V' x K provided we group
the representations on either side.

Note that the resemblance is extremely deceptive. To illustrate that

last assertion, we observe that

Ee(Lg) = &Yk (Lvxk)

when we group the representations on both sides. However, the
term appearing on the right-hand side decomposes as a direct sum
of scalar operators on the irreducible representations, unlike the term
appearing on the left. This is a direct consequence of the fact that
L = Lyxk is right-invariant on V x K but not on G.
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3.4.3 Fourier Transform of distributions

Although Subsection 2.5.1 already treated the problem of generaliz-
ing the Fourier Transform for the purposes of pseudo-differential cal-
culus, let us mention some results that have been obtained explicitly
for the motion group.

For a complete proof of the results stated in this subsection, the

reader is invited to consult [EKMS8o].

Definition 3.4.8 (Image of the Schwartz space). We shall denote by
S(G) the set of all functions F € C®(V, L(L2(K))) satisfying the following

properties.

1. For each « € NU™V 94 Jeaves C™(K) stable.
2. For each N € IN, the quantity

def N
HPHS(@),N = sup sup (1 + ’/\D
lac|,|Bl.IB'|<N AcV

3. Foreveryk € Kand each A € V,

|| ,
A TN ()

L(L2(K))

is finite.

F(kA) = g (k)F (k) i (k™).

One easily checks the following result.

~

Lemma 3.4.9. The space S(G) is a Fréchet space whose topology is given
by the seminorms H‘Hs(é) v NeN.

Theorem 3.4.10 ((EKMS8o0]). The Fourier Transform is a topological isomor-
phism

Fs:S8(G) — S(G).
It then follows by classical arguments that we may extend the
Fourier Transform onto S'(G).

Proposition 3.4.11 (Fourier transform and duality). Let f € S(G), and
H e S(G). We have the identities

(Fof H)g = (f,t o f(;lH) y <]—"51H,f)c — (H,Fo(io f))a
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where (10 f)(3) = f(g7™).

Definition 3.4.12 (Fourier Transform on S§'(G)). Let f € S'(G). We
define the Fourier Transform of f, Ff, an element of S'(G), via

(Fof H)g = (f/lofélH>G/

forany H € S(G).
Similarly, let H € S'(G). We define the tempered distribution F;'H e
S'(G), called the inverse Fourier Transform of H, via

(F&'H.f) = (H Felio ),

forany f € S§'(G).

Proposition 3.4.13. The Fourier Transform is a topological linear isomor-

~

phism of §'(G) onto S'(G).

3.5 SOBOLEV SPACES

The notion of order of a pseudo-differential operator is mainly mo-
tivated by boundedness properties between Sobolev spaces. As we
wish to define pseudo-differential operators with non-integer orders,

we need a notion of Sobolev spaces with general orders.

Definition 3.5.1 (Sobolev norm). Let s € R. If ¢ € S(G), we let

2 1/2
def AT — 3
1#ll2c) = (/V HgG(I 'CG)Z]:G(P(A)H (L2(K)) dA) '

HS

Definition 3.5.2 (Sobolev spaces). Let s € IR. We define the Sobolev
space of order s to be the completion of S(G) with the norm ||| ;2(c)-

The Sobolev spaces satisfy the following properties.

Proposition 3.5.3 (Properties of the Sobolev spaces). Let s € R. The
Sobolev space of order s, L2(G), satisfies the following properties.

o Ifs =0, then L2(G) = L*(G).

o Ifs' <s, then L2(G) C L2(G), and the inclusion is continuous.
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o Ifa € NU™C, then X*f € L} |,(G) for each f € LZ(G), and the

map
X*:13(G) = L*_ ,(G)

is continuous.
Proof. Let us show all three properties separately.

e Suppose s = 0. It is straightforward to check that

26y = Iz

by applying the Plancherel formula (Proposition 3.4.5). Since
S(G) is dense in L?*(G) and L?*(G) is complete, we then con-
clude that L3(G) = L?(G).

e Suppose that s’ <s. If ¢ € S(G), it should be clear that

s/ —s

Il 6) < ||Ga 0= £6) 72

< Héé(f —Lc)¢

AT s
L’(LZ(K))H(:G(I Le)¢ 12(8)

Q) = 19ll12(6)-

By a classical density argument (see e.g. [Wil13, Proposition

3.2.3]), it follows that the map
1 (8(G) [ las) = LE(G) 1 ¢ — ¢

can be continuously extended onto its closure, yielding the re-

quired inclusion.

o Leta € N¥™G If ¢ € S(G),

7

HX“GDHLf_W(G) < HIS,IXHﬂ(LZ(K))HCé(I_ﬁc)%qb Lz(é)

where

s—]af

Lo = E6(1— Lg) 7 EE(X)"E8(I— L) 7.

One easily checks that [[Isa||z(12(k)) < oo, so that a density ar-
gument yields the existence of a unique continuous extension

of

X" L3(G) = L ,(G).

S
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Naturally, because the canonical inclusion
L3 (G) = S'(G)
is continuous, the above extended map X* is the same as the

corresponding distributional derivative.

O

A classical strategy to show that a distribution is a continuous func-
tion is to show that it belongs to a Sobolev space L2(G) for a suffi-
ciently large s € IR. This strategy can only be successful provided we
can prove Sobolev embeddings.

Lemma 3.5.4. Let s > dim G. The map

AGV»—)H(:G (I-Lg)?

$1(12(K))
is finite almost everywhere and integrable over V.

Proof. For each s € R, we let
1(5) 2 [ w(@d(1—Lo)7)dn.

Now, fix s > dim G, and let us show that I(s) is finite.
It is clear that

)= [ X delllAlly +(x)0) " dA,

T€K

which, after integrating via polar coordinates, yields
/ Z d 7’ + —s dlmV 1 dr.
R+

Now, substituting r for r — (7)z, we obtain

Z der > (r — )‘jﬁmv’1 dr
K 1ek
+oo dim V-1 .
= / Z dTr_s+k<T>%lmV_k_l dr.
)& zek k=0

Since s > dim G, we can check that

00
/<T>A r dr =~ (1) ,
K
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which would imply that

I(S) - Z d-L-<T>I%S+dimV.

ek

However, [Fis15, Lemma 6.3] implies that the above converges if and

only if
—s+dimV < —dimK,

or more simply if and only if s > dim G. O

Proposition 3.5.5 (Sobolev embedding). If s > dim G/2, then we have

the following continuous inclusion
L2(G) C C(G) N L®(G).

More precisely, there exists C > 0 such that the following property holds:
for every f € L2(G), there exists a continuous function f € C(G) such that

f = f almost everywhere and
IFlee) < Cllf iz

Proof. Let s > dim G/2. By Lemma 3.5.4 and Proposition 3.4.5, the
Bessel potential BS € L?(G). Therefore,

f=(0—Le) f B,

can be written as the convolution of two functions in L?(G). The

conclusion now follows from Proposition 2.4.2. O

The Sobolev embedding theorem allows us to extend the Fourier
inversion formula onto Sobolev spaces. To show this, we first show

the following technical result.

Lemma 3.5.6. Let f € L2(G) for s > dim G /2. For almost every A € V,

the operator Ff(A) is trace class and we have the estimate

J, 176 FNls gz 4 < Uiz

71
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In particular, if a sequence (fj)jen C L2(G) converges to f in L2(G), then
we have

lim | t(E8(9)Fefi(1) dr = [ tr(E(g)Fof (1) dA

j—oo

for every g € G.

Proof. Suppose that f € L2(G). By definition, the distribution

foE (- Le)if

belongs to L?(G). By the Cauchy-Schwarz inequality for Schatten

classes, we have

IFef Mllsyizqiy < |60 = L)

o o N 02000 G8)

The first Hilbert-Schmidt norm on the left-hand side is finite by Propo-
sition 3.5.5, whilst the second one is finite for almost every A € V by
the Plancherel formula (Proposition 3.4.5). Therefore, we have so far

shown that
1 Fef(Mlls, r2x)y < o0
ie. Fgf(A) is trace class for almost every A € V.

Integrating both sides of (18) with respect to A, we obtain

JIFafWlls 2y 4
S/VHCé(I—ﬁG)%S

< |ect-£o)?

S2(I2(K0) 1 F6fs(Mllsy(12(k)) dA
|

12(8) |fSHL2(G)’ (19)

where the last line was obtained via the Cauchy-Schwarz inequality
on L2(V) and the Plancherel formula. By the Sobolev embeddings
(Proposition 3.5.5), the right-hand side of (19) is finite, so that the

equation becomes

S IFF O, 20y 4 < Cl ey (20)
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Now, fix a sequence (fj)jen C L2(G) converging to f. By apply-
ing (20) to f; — f, we obtain

\ [ ek @)Fetf - f}) dr
g/VHFG{f—fj}(MHsl(mK))d)‘

< Cllf = fill zoy-

Letting j — oo in the above, we obtain the desired conclusion. [

We are now ready to prove the following generalization of Propo-

sition 3.4.6.

Proposition 3.5.7 (Fourier inverse formula). Let f € L%(G) for s >
dim G/2. For almost every A € V, the operator F¢f(A) is trace class and
the map

A eV = [|Fof(Mls, 2y

is integrable on V. Moreover, f is continuous on G and for every § € G,

the map

GC:gm /Vtr (c4(9)Faf (V) dA

is continuous and equal to f almost-everywhere.

Proof. The first claim follows immediately from Lemma 3.5.6.

Now, select a sequence ( f])] on C S(G) such that

Jim, 1fi = fll 2y = ©

By the inverse formula on S(G) (Proposition 3.4.6), we have

fi®) = [ o (E8(e)Fahn) da,

for each j € IN.
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By the Sobolev embedding theorem (Proposition 3.5.5), f; converges
uniformly to a continuous function f which is equal to f almost ev-
erywhere. In particular, this means that we have

f(g) = lim f;(g)
]

= lim [ tr (gg (9)Fc f]-(A)) dA

j—oo JV

— A
= [t (gh@Fof) dn,
concluding the proof. O

Corollary 3.5.8. Let s > dim G/2 + k, where k € N. If f € L%(G), then
f € CKG).
Proof. Let « € INY™C be such that |¢| < k. By Proposition 3.5.3,
X4f € L?_W(G).

Applying Proposition 3.5.7, we obtain that X*f is continuous.

We conclude that f € C¥(G) by observing that a is arbitrary. O

3.6 TAYLOR FORMULA

As in the Euclidean case, the composition and adjunction formulae
rely on a Taylor expansion.
Intuitively, we shall say a collection of smooth functions is admissi-

ble if they can be used to perform a Taylor expansion.

Definition 3.6.1. A finite collection g1, ..., qu € C®(G) of smooth func-
tions is said to be admissible if dq;(e) # 0 for each j € {1,---, M} and
if

rank(dgi(e), -+, dgm(e)) = dim G.

Moreover, if

M
({a; =0} = {e},

j=1

we shall say that the collection is strongly admissible.

The notion of strong admissibility was introduced in [RTW14] to en-
sure the kernels of pseudo-differential operators would only have sin-
gularities at the origin (see Chapter 4).
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From now on, we let g1, ...,44imc € C*(G) be a strongly admissi-
ble family.
Moreover, we fix a basis X3, ..., Xgimg € g such that

Xjqe(- ) (ec) = O
for each j, k € {1,...,dim G}. To insist upon the fact that the basis is

adapted to our family of smooth functions, we shall write

X@ & xm o xee,

el

Definition 3.6.2 (Distance to the origin). Let g = (x,k) € G. We define
the distance of g to the identity eg via

2 del

Ig11E = Nl + dc(k, ex)?,

where di (-, -) is a left-invariant Riemannian distance.

We now define an analogue of the Euclidean Taylor development

and the associated remainder.

Definition 3.6.3 (Taylor development and remainder). Let f € C®(G)
and g € G. For each N € Z, we define the Taylor development of f at g
of order N to be

pf (& | Disn " ()XOf() N 20
B | ifN <0,
where h € G.

Moreover, we define the Taylor remainder of f of order N at g € G via

RS\ (h) & f(gh) — P! (h).

The Taylor polynomial was defined so that the following property
holds.

Lemma 3.6.4. Let N € N, B € IN4™G | For each f € C®(G), we have

X () x(B)
X(ﬁ)PéN(eG) = Pg,Nf|ﬁ|(eG)/ X('B)Rj;,N(eG) = Rg,Nf\’B‘(eG)'

By using local charts on K and then subsequently extending onto
all of K via a partition of unity, we can show the following estimate

on the remainder.



76 | MOTION GROUPS

Proposition 3.6.5 (Taylor’s theorem). Let f € C*(G) and g € G. There

exists § > 1 satisfying the following property: for every N € G, there exists
C > 0 such that

Rl ym| <Cln|E™ sup  sup  |X@f(gz)]
|a| SN+ ||zl g <7l|hll

for every h € G.



4. SYMBOLIC CALCULUS

4.1 DIFFERENCE OPERATORS

The Euclidean case uses estimates on the derivatives in Fourier vari-
ables of the symbol to ensure crucial properties of the convolution ker-
nels, such as the smoothness and Schwartz decay away from the ori-
gin, but also the Calderén-Zygmund property of pseudo-differential
operators of order 0.

In [RT10], M. Ruzhansky and V. Turunen introduce the concept
of difference operator to generalize the aforementioned derivatives in
Fourier variables and obtain a pseudo-differential calculus on com-

pact Lie groups.

Definition 4.1.1 (Difference operators). Let g € C®(G). The difference
operator associated with g, A,? is defined via

ASFof = Folaf},

where f € S(G).
Moreover, if q vanishes up to order k € IN, we shall say that A? is a

difference operator of order k.

In our definition of symbol classes, we shall require that the order
of our symbols decrease every time we apply difference operators
from a well-chosen family of smooth functions.

It is thus important to show that this condition is not too restrictive,
which is the aim of the next statement. As we intend for our symbol
classes to contain characteristic polynomials, we show that applying

difference operators reduces their order.

Lemma 4.1.2 (Difference operators on characteristic polynomials). Let
q € C®(G). For every a € NY™C we have the formula

ASEA(XY) = T (5) (—1) 1 XPg(ec)EA(X*P).

p<a

77
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In particular, if A{? is a difference operator of order k, then AECQ(X"‘) is

the characteristic polynomial of a differential operator with order |a| —

Proof. By definition of difference operator, we have
AFEG(X") = (=1)"Fo{gX"dec }
Let H € S(G) and write
h=i0oF; H.

Using the definition of Fourier transform on distributions, we know
that

(FelaX*ée}, H) g = (aX 0ec, 1) g = (—1)1(0e, X*(gh)) 6. (21)

Using the Leibniz rule, we know that

oo X)) = Y (ﬁ) (B, XPX*Ph)

B<a

=Y ( >Xﬁq ec)(0ec, X" Ph) .,

pa

which, after using the definition of distributional derivative, becomes

(0u, X*(qh)) = Y (ﬁ) (=1)/5B X (ec ) (X, ) .

pa

Recognizing the definition of distributional Fourier transform again,

we obtain

(Bee, X (qh)) g = Y (ﬁ) (—1)*FIXPy (o) (Fe{X* o}, H)e

B<a

= © () -0 xtatea b xe#), He,

B

Combining the above with (21), we obtain that

(ASEA(X™), H) . = ¥ (5) (—1) P XPq(ec ) (EA(XP), H) o

p<a
Since H is arbitrary, we obtain the desired formula. O

With our approach, we will not be able to write the composition

or adjunction of operators directly in terms of our symbols, hence it
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is important to consider a family with respect to which we can use a

Taylor development.

Definition 4.1.3. A collection of difference operators is called (strongly)
admissible if the associated smooth functions form a (strongly) admissible

collection in the sense of Definition 3.6.1.

The existence of a Taylor expansion and the estimates on the re-
mainder are then given by Proposition 3.6.5. We shall see later that
the strong admissibility will ensure that the singularity of our kernels
is confined to the identity eg.

Another technical requirement is that our collection of smooth func-
tions satsify a Leibniz-like rule. This, amongst other things, ensures
that our collection of symbols forms an algebra with respect to point-

wise composition.

Definition 4.1.4. We shall say that an admissible collection

qi,- " Gnag S COO(K)

satisfies the Leibniz-like property if for each j =1, -- ,na g,

g;(gh) = () +qi() + Y cfae(g)mi(h)

1<k,I<npg

holds for every g, h € G.

It is a routine check to show that the Leibniz-like property for
smooth functions becomes the following Leibniz-like rule for difference

operators.

Lemma 4.1.5 (Leibniz-like rule). Assume that

def

A= {ql"“’an,G S COO(G)}

is a collection of admissible smooth functions satisfying the Leibniz-like prop-
erty. Writing

a def aq “np,G a def A G
q - ql e q”A,G AG - Aqa(_—l)

for each « € IN"26, we have

AE(FchiFcf) = ) Ca DG FGfi AZFcf2

o] <o [+ a2 <2a

for each f1, f, € S'(G).

79
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We can easily adapt [RTW14, Lemma 4.4] or [Fis15, Corollay 5.13],
to show the following result.

Lemma 4.1.6. There exists a strongly admissible family q1, ..., qu €
C*®(G) on G which satisfies the Leibniz-like property and such that

qj(x, k) = X;

foreachje {1,...,dimV}.

Proof. Denote by F the set of all fundamental representations of K [Fis15,

P- 3416], i.e. a finite collection such that for any 7 € K, there exists
T, -, T, € Fsuch that

T=TXR: Ty

We also assume F contains the identity representation.

Now, let us define the following smooth functions

g;(x, k) = (x,¢)),, j=1,-,dimV

G5 (,5) = (T —In,) 0 TeF 1<mn<d,.
Now, we let
A={g;:1<j<dimV}U{qh,:T€F, 1<mn<d}

STRONG ADMIssIBILITY Clearly, every g € A satisfies q;(0) = 0.

By [Fis15, Lemma 5.11], we know that
rank{dq;,,(e): T € F, 1 <m,n <d.;} =dimK,
so we easily check that

rank A = dim G.

By [Fis15, Lemma 5.11], if all g},,(x,k) vanish, then k = Iy,
while if all q]-(x, k) vanish, this means x = Oy. Therefore,

(N {g =0} = (Ov, Iv).

qeA
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LEIBNIZ-LIKE FORMULA Using [Fis15, Corollary 5.13], we only need
to show that the g;, j = 1,---,dimV satisfy the Leibniz-like
preperty. For each j € IN,

qi((x, k) (y, 1)) = (x+ky,ej),,

= qi(x, k) +4;(y, 1) + (k= Iv)y, ¢)),
= qi(x, k) + a0, D) + (v, (k= 1) ")) .

Observing that

(k — Iv)Tej = (k — Iv)gei = (k — Iv)]-iei,
we obtain that
dimV
qi((x, k) (v, 1) = q;(x, k) +q;(, D)+ Y, (k= Iv)i(y ey
i=1
dimV

Defining

we observe that T € F and so the above becomes
dim V
9;((x, K) (v, 1)) = q;(x, k) +q;(w, 1) + ) a(x,K)ai(y, ).

i=1

We have thus shown that each q € A satisfies the Leibniz-like

formula.

Remark 4.1.7. From now on, we fix an admissible family q1,-- - ,qn,; on
G which satisfies the assumptions of Lemma 4.1.6.

Given « € IN"AG, we let

j=1

Such maps q* will be called polynomials.

81
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Moreover, we let A be the difference operator associated with the smooth

function

G—-C:9— q“(g_l).

4.2 SYMBOL CLASSES

Following [RT10] or [FR16], we can now introduce our main defini-

tion.

Definition 4.2.1 (Symbol classes). Let m € R and fix p,é € R such that
0 <p,d <1. We shall say that a map

71 G x Vs End(C®(K))

is a symbol of order m and of type (p,d) if the following conditions are
satisfied.

1. For each F € C®(K) and each k € K, the map
(8, A) = (8, A)F(k)
is smooth.

2. For each B € N4™C, XPy(g,.) € S'(G) for each ¢ € G and the

map
g€ G XPo(g,-) € S'(G)
1s continuous.

3. For each a« € N9™G, B ¢ IN™, and each v € R, the operator

pla|=m—d|p|+y

Gel—Le) 7 XPAgo(g,M)Eg(I— Lo)

=
is bounded in L*(K) by a finite constant that does not depend on
ge€GorAeV.

The set S7';(G) will be used to denote the set of all symbols of order m
and type (p,0).

Let us make a few comments on Definition 4.2.1.
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o If & = B = 0, the Plancherel theory (e.g. [FR16, Theorem 1.8.11])
implies that if o € S:’:&(G) does not depend on g € G, then the

map
¢ €S(G)— pxFolo
extends to a bounded map
L3(G) = L2,,(G)

for each s € R.

It is hoped that the estimates for non-zero « € IN"A¢ and B €
NG will imply a similar result for a general ¢ € Sps(G).
When p > 4, this is proved later in Theorem 4.8.4.

o In the compact or Euclidean case (see [RT10]), we need only
check the case v = 0. This is due to the fact that in those
cases the Laplacian is central. The above definition for non-zero
v was introduced for the first time in [FR14, Section 3.4] and

subsequently in [FR16, Section 5.2].

We shall see later, again using the ideas of [FR16], that we also
only need to check for v = 0 in our case. It is worth keeping in
mind that the fact that our Laplacian is not central is due to the

semi-direct structure.

We can naturally define a collection of seminorms on our symbol
classes, and check they endow each 5, 5(G) with a structure of Fréchet

space.

Definition 4.2.2 (Symbol semi-norms). Let m € R and fix p,5 € R such
that 0 < p,0 < 1. Ifo € SZ%(G), then for each N € IN, we let

def
oM lss o £ sup
’ |al,|BlIv|<N
plal—m—slp|-+1

et (1= L)~ XAk (3, MEE (L~ L)

L(L2(K))’

Moreover, we also let

o] = supsup [|o(g; Al
Sy (G)N gegAe\B & M)llsmi(G)N

for each N € IN.
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Similarly, we let

lo(g: Mlsnan £ sup || XPago(s, MES(I - Lo)

plal m*é‘lﬁ\ H
|af,|BI<N

L(L(K))

and
def
lollgmac)n = Sup sup lo (& M lgme ey n

foreach N € IN.

Using Lemma 4.1.2, we show that our symbol classes contain the

left-invariant differential calculus.

Example 4.2.3 (Characteristic polynomials). Given m € IN, the map

M) E Y al@EE(X), wecd(G)

|a|<m
defines a symbol in ST (G).
Naturally, the requirement that the support be compact in the ex-
ample above can be relaxed provided that we assume the the coeffi-
cients have bounded derivatives for all orders.

Equipped with the topology of seminorms defined in Definition 4.2.2,

we can easily show the following continuous inclusions.

Lemma 4.2.4 (Inclusion of symbol classes). Suppose that mi,m; € R
and p1, p2, 01,62 € [0,1]. If the following inequalities hold

my <mp, 0 <6, p12>p2
then SZT, 5 (G) C SZZ 5,(G), and the inclusion is continuous.

Proof. Let o € S5 (G), and fix & € N"¢, g € N9™C and 7 € R.
It is clear that

pala|— ’"z SlBl+

&SI - Lg) XPALo(g, A)EL(I — L) 7 = L,
where
def CG(I B EG)"‘1*"12+(P2*P12)\“\+(‘51*f52)\ﬁ\
o || —m 1B+ -
“ccu—zc)"il T XPAL (g, \)EA(T — L) 7
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Because of our assumption, it is clear that
my —my + (p2 — p1) [a| + (61 — 62) [B] <0,

so that I; satisfies

1Ll 2oy < 1-

By our assumption on o, it is clear that I, is bounded on L?(G)
uniformly in ¢ € G and A € G, so that the same holds for I; I,. O

One cannot expect to be able to perform exact symbolic compu-
tations. Therefore, we shall often attempt to obtain results up to
symbols which belong to symbolic classes of “arbitrarily low orders”.

Such symbols will be called smoothing symbols.

Definition 4.2.5 (Smoothing symbols). We let

S™(G) = () SIH(G).

meR
The elements of S~ (G) will be called smoothing symbols.

It is a routine check that we can replace (1,0) in the above definition

by any (p,8) € [0,1]? without affecting the resulting set.

4.3 KERNELS, QUANTIZATION AND OPERATOR CLASSES

We have so far defined a notion of symbol which is similar to the Eu-
clidean case in spirit. Parts of Definition 4.2.1 are directly motivated
by the desire to define an analogue of the Kohn-Nirenberg quantization.

The process of quantization is the association of a symbol with an

operator.
Definition 4.3.1 (Quantization). Let o € 57 5(G). We define the operator
Op (o) via

Opa(0)9(s) 2 [ tr (eb()o(. M) Fop(r)) dA,

where ¢ € S(G), and g € G.

Now that we can associate a symbol to an operator, the latter can

inherit properties such as the order or the type from the former.
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Definition 4.3.2 (Operator classes). If T = Op (o) for a certain o €
S, 5(G), we shall say that T is an (pseudo-differential) operator of order
m and of type (p,9).

The set of all such operators will be denoted by

0s(G) = Opg(S}5(G)).
Naturally, an operator in
¥7(G) £ 0pe(5(G))
is called smoothing.

To compute adjoints or compose pseudo-differential operators, it
is useful to know their right convolution kernel. Such kernels can be
defined directly in terms of the symbols, and we shall subsequently
check that they are indeed the right-convolution kernel associated

with the pseudo-differential operator.

Definition 4.3.3 (Kernel of a symbol). Let o € S;%(G). For each g € G,
we let

kg = Fg'{o(s,)} € S'(G).
The map
k:G—S8'(G): g K
is called the kernel of o.

The symbol classes were defined partly so that the following result
holds.

Lemma 4.3.4. Let 0 € SZ}(G), and denote by x its associated kernel. For
each g € G, kg is a tempered distribution and

g€ G—ix,eS(G)
is smooth, i.e. k € C*(G,S'(G)).

Proof. Let g € G and B € NY™C. By Proposition 3.4.13, k; =
Fo'{XPo(g,-)} is a tempered distribution.
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Since the inverse Fourier transform is also continuous, the continu-

ity of ¢ in g implies that
g g = T {XPo(g,)}
is continuous. This concludes the proof. O

We are now ready to show that the kernel associated with a symbol
is in fact the right-convolution kernel of its associated pseudo-differential

operator.

Proposition 4.3.5 (Quantization). Let ¢ € Szé(G), and denote by « its
associated kernel. If ¢ € S(G), then for each g € G, we have

Opg(0)¢(g) = (¢ xxg)(8)-
In other words, x is the right convolution kernel associated with Op(0).

Proof. Let g € G and fix s > maxdim G/2. By definition, we know
that ¢ x k, € L2(G) if and only if

—m—s+s—m

A 81— L6)io(g, ) (I—Lg) ™ 2 Foo

belongs to LZ(CA}). To show this, observe that the above implies

2

S>(L2(K))’

2

s

< G 2 Fod

AT _
S5 (L) Zo(I—Lg)

HCC(I — L) Fe{p»xg}

which, since the right-hand side is integrable on V, means that ¢ x x,

belongs to L2(G). By Proposition 3.5.7, we get that
pers(@) = [ b (E(e)Felprrg}) A
= [t (@ (e:0)Fop(1) da,

which concludes the proof, as the right-hand side is exactly Op (o) ¢(g).
O

4.3.1  First properties of symbol classes

We now state elementary properties of our symbol classes and their
associated pseudo-differential operators. In particular, we claim that

applying difference operators or left-invariant differential operators is
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a continuous operation between symbol classes, as well as operations
such as pointwise composition and adjunction.
The proof is a routine check and is left to the reader. For the point-

wise composition, we use the Leibniz-like rule of Lemma 4.1.5.

Proposition 4.3.6. Suppose that p,6 € R satisfy 0 < p,d < 1. Given
m,my,my € R, choose three symbols o & SZ}(G), o] € SZ}S(G), o €
Szfs(G). The kernels of the aforementioned symbols will be denoted by x, x;
and x; respectively.

The following properties hold.

1. For each & € N™6 and each B € N4™C,

(§A) eGXVi— XﬁAfU(g,)\)

m—pla|+3|p|

belongs to S 0,8

(G), and its kernel is given by
g €A q"XPrq.

2. The pointwise adjunction of o,
*(g,A) = (g, M),

defines a symbol in SZf 5(G) whose kernel is given by

where the above is interpreted in the sense of distributions.

3. The pointwise composition

(& A) = a1(g,A)oa(g,A)

mi-+my

defines a symbol in S 00

(G), whose symbol is given by
ge G+ Kp,g * K1,
All the above operations are continuous with respect to the topology of

their respective symbol classes.

To show that the composition of two pseudo-differential operators
is well-defined, we shall need the following result. Its proof is a
simple adaptation of that of [FR16, Theorem 5.2.15].
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Proposition 4.3.7. Let m € R and assume that 1 > p > 6 > 0. If T €
¥"(G) and ¢ € S(G), then Tp € S(G). Moreover, T acts continuously
on S(G).

4.4 HOLOMORPHIC FUNCTIONAL CALCULUS

The aim of this section is to show two results concerning functions of
symbols which will be essential hereafter.

First, we wish to show that for a well-behaved symbol o € S7 5(G),
its powers ¢°, s € R, define symbols in S;’;}(G).

Secondly, we would like to show that S™®(G) is dense in s, 5(G)
in a suitable sense (see Proposition 4.5.1), a result whose importance
can be compared to that of other density results in analysis. To this
end, we want to create a family of smoothing symbols 7., ¢ € (0,1],
in the hope that o7, converges to ¢ as € goes to 0 in a suitable symbol
class.

The results presented herein would be significantly more general
with the calculus at our disposal. However, the proof of the compo-
sition and adjunction formulae rely on the fact that &} (I — Lc)iisa
symbol of order v and on the aforementioned density of S™*(G) in
the symbol classes S}! 5(G).

The main idea of this section is to follow [RW14], which uses the

following version of the Cauchy integral formula

1
F(0) = o= /r F(z)(0 — 2l2g) ' dz. (22)

This allows us to carry out our symbolic estimates on the resolvent.
In order to successfully apply (22), we need to identify a class of
symbols whose resolvent might give us appropriate bounds. We are

thus led to the following definition.

Definition 4.4.1 (Parameter-dependent ellipticity, [RW14]). Let o €
SZ%(G) with m > 0. Given a subset A C C, we shall say that o is
parameter-elliptic with respect to A if the following properties holds.

1. For each z € A and each (g,A) € G x V, the operator

U(g, )\) - ZILZ(K)

is invertible.

89
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2. For each 1,72 € R, the operator

Li(m,m + 1) L(72) (0(8,A) — zli2()) " L(—2) i (m, —71)

is bounded on L*(K) uniformly in g € G, A € V and z € A, where

I(m,y) & (|27 + 21— L6)*)T, (23)
L(y) &8 (1— Le)?. (24)

If m = 0, we shall say that o is parameter-elliptic with respect to A if

o(g,A) =zl

is invertible and satisfies

|eb 1= £o)} (o8, 1) — 2lay) T'ER (T = L) 7

<C(1+1z))7!

L(L2(K))

uniformly inz € A and (g,A) € G x V.

The definition above had to be adapted from the compact case
to take into account that our left-invariant Laplacian is not right-
invariant. It makes it somehow difficult to check parameter-ellipticity,
but as we shall mainly be concerned with diagonal symbols, this is a

price we are willing to pay.

Example 4.4.2. The symbol ¢}(I — Lg) is parameter-elliptic of order 2

with respect to
e 1 1
Ag{rele:rZOandszQﬁﬁ}U{zeCMSE}
with0 < a < B < 271

Lemma 4.4.3 ((RW14], Theorem 3.1. (1)). Let 0 € SZ%(G) be a symbol
which does not depend on § € G, with m > 0 and p > 0.

If m > 0 and o is parameter-elliptic with respect to A, then for each
x € N™¢, B € NY™G and 41, v, € R, the operator

Li(m,m+y1)L(v2+pa| =8 B])
XPAE(o(A) - ZILZ(K))7112(_'Y2)11(”1/ —71)
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is bounded in L*(K) uniformly in g € G, A € V and z € A. In the above,
I and I, are defined like in (24).
If m = 0, the resolvent (¢ — zlj2(x)) " is a symbol in S) ;(G). Moreover,

we have the symbolic estimate

< -1,
0 oy = OV 2D

H(U’ —zlp2(k))

Moreover, when we have proved the composition formula, the requirement

that the symbol not depend on g can be lifted.

Sketch proof. The proof in the compact case (cf [RW14, Theorem 3.1.
(1)]) relies mainly on the Leibniz-like rule for difference operators and
the Leibniz rule for left-invariant differential operators.

To prove the result, we apply difference operators and differential

operators to

I = (0(A) = zlpa)) (0(A) = 2lp2()) ™

and use the respective Leibniz rules on the right hand side.

The proof in [RW14] holds because a similar Leibniz-like rule holds
on the motion group. Moreover, our definition of parameter-ellipticity
ensures that for the purposes of evaluating a norm ||-|| £(;2(¢)), we can
reorder a product of I1(11,71), I(2) and the resolvent (¢ — I;2(x)) ™'

however we like, exactly like on the compact group. O

We introduce the following notion of sector, whose boundary will

provide a good contour for (22).
Definition 4.4.4 (Sector). Let A C C. We shall say that A is a sector if
A=A0,60) = {r® cC:r>0,0<0<6,)

for some 61 < 6s.

It follows from elementary complex analysis that there exists a de-
termination of log on the complement of a sector. As a result, we can

define
2 Zexp(slogz), ze€C\A

for each s € C.

We are now ready to state our main result.
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Theorem 4.4.5 ([RW14]). Assume 0 < 6 < p < 1. Let 0 € SZT(S(G)
be a symbol of strictly positive order, which is self-adjoint and parameter-
elliptic with respect to a sector A C C. If F is analytic in C\ A, with
Ay = (AU{z € C:|z| < n}) for some 1y > 0 and satisfies

def

[F(z)| < Clz]°, zeT =0A,

for some s < 0, then F(0)(g, A) defines a symbol in S;’;}(G).

Moreover, for each N € IN, there exists C > 0 which does not depend on
F such that
F(z
HF(U)HS;‘@(G),N < Csup | ‘i|s)" (25)

zel

If we have not shown the composition formula, we can only show the
result for a symbol o which does not depend on g € G.

Proof. Let us first assume that —1 < s < 0 and fix « € IN"26, B €
IN4™G and 4 € R. We shall show that

—smApla| 0|l +y

CeI-Le)™ = Flo)(gM)Ee(I— L)

-
2

is bounded on £(L?(K)) uniformly in (¢,A) € G x V. For technical
convenience, we shall check the boundedness in the Peter-Weyl basis
of L2(K). Therefore, we also fix v e K, and integers m,n,p,q € N
such that 1 <m,n <d,, 1 <p,q <d,.

By elementary functional calculus, we have
‘ X‘BAD(?F(O—) (g’ )\)Hmnﬂ/pq

< C 4 IFE)| [XPAS (0 (8 A) = iz

| dz|.

Using parameter-ellipticity and Lemma 4.4.3, we obtain

1 —m
XEA ({8, A) = L) | < CUZIF + ANy + (1)) " L, B,7)

Hmn,Vpq

where

Luw(a, B,7) = (1Al + () ) PPl + (v)g)



4.4 HOLOMORPHIC FUNCTIONAL CALCULUS |

Therefore,

‘X‘BASFOT) (g’ A)anﬂ/pq

S 1 —m
= Cﬁ 21" [zl + Ay + () g) ™" Ly, B, v) | 2]

It is clear that the above can be estimated by

| e Il + g dr < [ (Ml + (0g)"r) (L4 r%) " dr

< (IAMly + )™,

where the inequality on the first line was obtained by substituting
r for (||A|ly, + (@)g)"r, and the integrability of ° is guaranteed by
-1<s<0.

Going back to our original calculation, we then obtain that

XPAZE(0)(g,A)

F
< Coup FE)
zel |Z|

Hmn,Vpq

(ALl + ) )™ Ly (2, B, 7).
which by definition means that F(c) € S;(G) and that 25 holds.

Suppose now that s < —1. Note that we have a determination of

the logarithm on our contour, so we can define

1

G(z) £ F(z) =7

and observe that

s S
GR)|<Clz|"F, —-1<—" <0.
@) < Cl:| e

ms

By the first part of the proof, G(¢) € S pt;fm (G) and

G e, < Csup 2L,
SpL,oTS TGN zel |Z| [Ss]+1

We can now conclude by observing that
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and

[F(2)|
F(o)|| gms < Csu ,
| HSM(G),N ZEF ER

where the inclusion in the symbol class above can only be obtained if
the symbol does not depend on g. When we have obtained the com-
position formula, note that this will hold for any symbol ¢ satisfying

the assumptions of the proof. O

Corollary 4.4.6. Let v € R. The map
AeV s (- Lg)?
defines a symbol in S{ \(G).
Proof. Since F(z) = z°, with s < 0, is holomorphic in C \ A, where

2 4

A ACEE
(3 3)

and (I — L) is parameter elliptic with respect to A, we know that
(I-Le)* € $T5(G),

concluding the proof for ¢ < 0.
If ¥ > 0, we let N € IN be sufficiently large so that

sd:Ef'y—ZN<O,

and conclude that

X
2

(I-Le)? = (I-Le) (I - Le)N € 51,(G).

O]

The following result is central in our analysis. We show that the
Fourier transform of the heat kernel can be used to define a good

approximation of the symbol Fgde,.

Theorem 4.4.7. For each ¢ € (0,1], we let

e(A) & e~ el

for each A € V. This defines a smoothing symbol in S~ (G). Moreover, we
have the following symbol class estimates.
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e Foreach m < 0 and each N € N, there exists C > 0 such that

||’78Hs;;j5(c),N < Cez
foreach e € (0,1].

o If0 < m < 4, then for each N € IN there exists C > 0 such that

< Ce?
Sps(G)N

HILZ(K) — e

foreach e € (0,1].
In particular, for each m > 0, 1 converges to I;> gy in SZ;(G) as e — 0.

Proof. In this proof, we consider the following sector

Q1

Eﬂ)
3”3

and observe that ¢} (I — L¢) is parameter elliptic with respect to A.
We also let T be the boundary of AU{z € C: |z| < 3}.
Let m < 0 and write F,(z) = e~ %. We observe that since F, decays

faster than any polynomial and does not have a pole at 0,
IF.(z)] < Clez|?, z€T,
where C does not depend on €. Theorem 4.4.5, with (25), implies that

H’7eHsgfé(G),N < Cpse?.

Now let 0 < m < 4 and let us check the second symbolic estimate.

To this end, we let

m

Ge(z) = (e2) 2 (1—e7%)

and observe that since G; vanishes at order 1 at the origin, |G,(z)| <
C|ez| ™* on T where C does not depend on ¢ € (0,1], because

. Gi(z) o 1—e2
lim =
z50 z—m/4 20 zMm/4

exists and is finite by our condition on m. Using Theorem 4.4.5

with (25), we obtain

HGg(C?;(EG))HS,,_,,/Z(G) LS Ce—m/4
,52(6),

95
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We can now conclude by Corollary 4.4.6 that

HILZ(K) e S1(G)N

<| (e —£6))"”

)\ J—
Ge(E6(1 = £6)) | .

(G N’

< Ce i5 = (Cer.
Now, assume that m = 0. Defining
Ge(z) = (e2) (1 —e™%),
it is clear that
|Ge(z)| < Clez| ™",

where C does not depend on e. Using Theorem 4.4.5 with (25), we

We can now conclude like before that

obtain

A < -1
Ge(e8(£e)) 5 gy < €7

HILZ(K) — e S0,(G)N

< |lGeebr - L)) €8 (1 = Lo)

5-2(G),N'

1%; S55(G)N'

< ce M =

4.5, APPROXIMATION OF SYMBOLS

One of the first applications of Theorem 4.4.7 is that we can approx-
imate any symbol ¢ € S7';(G) with smoothing symbols, and control

the convergence in all symbol classes of order m; > m.

Proposition 4.5.1. Assume that1 > p > 6> 0. Let 0 € S;’f(S(G). We can
construct a family (0e)ec(01] C S™%(G) satisfying the following properties.
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1. For each ¢ € (0,1], 0¢(g,A) has compact support in ¢ € G. More

precisely, its associated kernel
GxG:(gh)— xeq(h)

belongs to S(G x G) and is also compactly supported in g € G.

2. If my < m, then for each N € IN there exists C > 0and N’ € N
such that

my—m
2

||U€Hs;'%(c),1\] < CH‘THS:;;S(G),N’E
for each e € (0,1].

3. If my > m, then for each N € IN there exists C > 0 and N €N
such that

max{mq —mA}
o — USHSK}(G),N < CHUHSQ{J(G),N'8 :

foreach e € (0,1].
In particular, if m; > m, o, converges to o in ngls(G) as e — 0.

Proof. Let x € C*(R",[0,1]) be a function with compact support
which satisfies x(r) = 1 for |r| < 1. Let e € (0,1]. We let

def

0e(g,A) = x(ellglie)o (g, Ame(A),
where 77, was defined in Theorem 4.4.7. It should be clear that the first
property holds by our definition of x. and the fact that the symbols
1 are smoothing (Theorem 4.4.7).

Similarly, the second and third point hold by Theorem 4.4.7 and
Part 3 of Proposition 4.3.6. O]

These estimates are crucial in the rest of our analysis. We present a

short overview of how they will be used.

o If we wish to estimate the singularity of the kernel at the origin,
we approximate the kernel x, with ¢ « F;loe(g,+) and use
the bounds provided by Proposition 4.5.1. For more details, see
the proof of Theorem 4.6.1.

e We can prove results such as the composition and adjunction

formulae first on ¢, a smoothing symbol which has a kernel
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which is compactly supported in ¢ € G. For more details, see

Section 4.7.

e By Proposition 4.5.1,

N N
Y ;=) (0;—0j) modulo5~%(G).
=1 =1

If, for example, the order of 0; decreases as j — oo and we
choose ¢; carefully, the right-hand side could define a conver-
gent series in SZ;(G) using the estimates provided by Proposi-
tion 4.5.1.

The convergence of the so-called asymptotic sums is studied in
Proposition 4.7.15 and is crucial to the construction of paramet-

rices (Theorem 4.9.4).

46 KERNEL ESTIMATES

Of particular importance is the study of the kernel. Firstly, we want
our pseudo-differential operators in T(l),O(G) to be Calderén-Zygmund,
which requires that the singularity only appear at the origin and be of
a certain strength. Moreover, we shall compute the composition and
adjunction on the kernel side and rely on precise estimates to prove
the celebrated composition and adjunction formulae.

It is important to note that all the results in this section rely on the
reduction of the order through the application of difference operators.
Therefore, we shall henceforth assume that p > 0 and every result
concerning or using kernel estimates will have that assumption.

We shall see that the regularity of the kernel increases as the order
of the symbol decreases. Since p > 0, applying difference operators
decreases the order of the symbol, which can be reformulated equiv-
alently by saying that multiplying kernels by some suitable polyno-
mial increases its regularity. However, this can only happen if at each
g € G, either the kernel is smooth around that point or the poly-
nomial vanishes at g. The reader should therefore expect smooth-
ness and Schwartz decay away from the origin, as the latter is the
only point where we allow all our polynomials to vanish (see Defini-
tion 3.6.1).
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Before stating the main result of this section, let us define the quan-

tity
I(x, Ol = lIx[ly +dx(k Iv), (x,k) €G,

where dg is a left-invariant Riemannian distance on K. The above is
of course an abuse of notation, as ||-||; is not a norm.

The aim of this section is to prove the following result.

Theorem 4.6.1 (Kernel estimates). Let p,6 € R be such that 1 > p >
6 > 0 and assume further that p > 0. Suppose that o € S7'5(G), and
k € C®(G,S'(G)) is its associated kernel.

1. For every d > 0 and every N € IN, there exists C > 0 and P € N
such that for every g,h = (y,1) € G with ||y||,, > d, we have

x5 ()] < Cllellsm ) plyllv"-

2. Ifm> —dimG and p <1, there exists C > 0 and P € N such that
for every g,h € G with h # 0, we have

dim G+m

T
g ()] < C\|‘7Hsgj5(c),p’|h”c

3. Ifm > —dim G or p = 1, then for every v < —(m + dimG)/p,
there exists C > 0 and P € IN such that for every g,h € G with
h # 0, we have

kg ()| < CH‘TH%(G),PH}ZHE-

4. If m < —dimG, Kg 18 continuous on G and there exists C > 0 and
P € NN such that

sup [ig(h)] < C||U||sm5(c),P < .
gheG P

Remark 4.6.2 (Right semi-norms). By inspecting the proof of all estimates
in Theorem 4.6.1, we check it is possible to replace the symbol semi-norms
by HO—HS%R(G),P"

The estimates at the origin in Theorem 4.6.1 are sufficient to obtain
the pseudo-differential calculus but not the Calderén-Zygmund prop-
erty. This is due to the fact that our proof will rely exclusively on the

Sobolev inequality.
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The following example illustrates very well the relationship be-
tween the estimates around the origin of Theorem 4.6.1 and the Sobolev
inequality. Moreover, it shows that the estimates at the origin in The-

orem 4.6.1 are not optimal.

Example 4.6.3 (Bessel potential). Suppose that
(M) E G~ L6)E, (k) = (Fglom)(h)

for each m € R. The Bessel potential is smooth away from the origin and

satisfies

()] < Cllh|L ifm> —dimG and v < —(m + dim G)
Km =
C ifm < —dimG.

By carrying direct estimates on the heat kernel (see Subsection 4.8.2), we

can show

()] < CllB) g™ ifm > — dim G, (26)

Remark 4.6.4. Example 4.6.3 illustrates well why the case p = 1 needs
to be distinguished. As our proof of the kernel estimates at the origin relies

exclusively on the Sobolev inequality, we will not be able to prove (26).

4.6.1  L? estimates for the kernel

A classical strategy in analysis is to show regularity via the Sobolev
embeddings (Proposition 3.5.5). Moreover, the Fourier-Plancherel the-
ory allows to link the L2(G)-norm of the kernel to the L2(G)-norm of
the symbol, and the latter can be easily derived directly from the

symbolic estimates.

Proposition 4.6.5. Let 0 € SZf(S(G) with 1 > p > 6 > 0, and denote
by x € C®(G,S'(G)) its associated kernel. If m < —dim G/2, then
kg € L2(G) for every g € G, and there exists C > 0 and P € N which do
not depend on ¢ such that

sup gl 2y < Cllollsn,c,p-
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Proof. Let g € Gand A € V. Clearly,

(8, A 1%, (1200

_ler (1= co)ier (- £o) ’
leba—co)tet- o) Folg )

S2(L2(K))
A = 2
< et o)

2 " —m
SZ(LZ(K))HCG(I —La)” U<g’A)Hc(L2(K))'

Using 0 € S7' 5(G), the above becomes

2 A 2|
o8 M s, 2y < CHCG(I_EG) " lsaez)

Integrating both sides of the above with respect to A € V and using
the Plancherel formula (Proposition 3.4.5) on either sides, we get

2
HKgHi2(1<) < CH%?m 2K’

We conclude the proof by observing that the right-hand side is
finite by assumption on m and Proposition 3.5.5, but also that the
right-hand side does not depend on g. O

Corollary 4.6.6. Let 0 € SZ%(G) with 1 > p > 6 > 0, and denote by
k € C®°(G,S'(G)) its associated kernel.

For every s € R satisfying

< _dimG o
2 4

the kernel kg belongs to L2(G) for every g§ € G. Moreover, for such s € R,
there exists C > 0 and P € IN which do not depend on o such that

zlelg HKgHLg(G) < CHUHS/')';S(G),P'

Proof. The symbol

Ca(I—Lo)2a(g,A)

m;—s
[
Therefore, applying Proposition 4.6.5, we know that for every g €

G,

belongs to S7'7°(G), with m + s < — dim G/2 by our assumption.

(I— Lc)ix, € LX(G),
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or in other words, x; € L2(G), and

< oo,
L%(G)

sup H"gHLg(c) = sup H(I — Lg)xg
geG ’ geG

concluding the proof. O

We can now prove Part 4 of Theorem 4.6.1. As announced before,

we need only apply Corollary 4.6.6 and the Sobolev embeddings.

Corollary 4.6.7. Let 0 € SZT(S(G) withl > p > 6 > 0, and denote by
k € C®(G,S'(G)) its associated kernel.

If m < —dim G, then xy € C(G) is continuous for every g € G. More-
over, there exists C > 0 and P € IN which do not depend on o such that

sup [[reg | o) < oo
geG

Proof. Choose s € R such that

dim G cs< _dimG o
2 2 !

which is possible since m < —dim G.

Since m < —dim G/2 — s, Corollary 4.6.6 implies that k, € L2(G)
for every g € G,

sup [|1cg|| 5 < -
gcG

However, since s > dim G/2, the Sobolev inequality (Proposition 3.5.5)
implies that

sup [|Kg | () < Csup [Ke | 12 (g) < -
g€G 8€G

This concludes the proof. O
4.6.2 Estimates at infinity
We start by proving Part 1 of Theorem 4.6.1. In the previous sub-

section, we have shown the continuity and boundedness of kernels

associated with symbols with sufficiently low order.
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Applying difference operators to symbols, or equivalenty multiply-
ing the associated kernel by a polynomial, reduces the order, thereby
improving our chances for the kernel to be bounded.

Sufficiently far from the origin, this is only possible if our kernels
have Schwartz decay, which we prove below.

Proof of 1 of Theorem 4.6.1. Let M € R and choose p € 2IN sufficiently
large so that

g>M and m—pp+(dimG/2]<—dlr;G.

Fixd > 0, and let x € C®(G) be a smooth radial function satisfying

U GO P
Lt yly =

From now on, we shall write h = (y,1).

By the Sobolev inequality (Proposition 3.5.5), we have

sup [yl ()|

lylly=d
M
< sup |y x5 (W) x (1)
heG
=C X Iy l1y g (m)x ()} . @)
ﬁ<(c§n:16/2} H " VR 12(G,dh)

Let us do some calculations on the right-hand side of the above. By

the Leibniz formula, we have

|XE (g () ()}

< 3 |XE x|

< (ﬁiﬁ}xhﬁ/{|ry||¥"x(h>}\2> (;ﬁ\xﬁ{||y||z;xg<h>}f) , @8)

where the last line was obtained by applying the Cauchy-Schwartz
inequality to the sum. Since p > M and x vanishes around {0y} x K,
it follows that

— ’ M— 2
sup Y- X {IyIy x| < oo,
heG g<p
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which means that (28) becomes

Xf g (mx(n}| < (ﬁ;ﬁ ]Xf’{HyH%(h)}»f) .

Therefore, if we square both sides of the above and integrate with

respect to /1, we obtain

[ [ X txemxmy | an

p— / 2
<C [ ¥ [XECIreny ] dn
B'<p

<CL T [ [xFren| an

B'<B |a|=p

where the last line was obtained by using the strong admissibility of

our difference operators. Continuing the above calculation, we get

L [xXf s tmamy|” an

[dim G/2]

2
SCHE/G](I—.CG) S | dn
al=p

Combinig the above with (27), this yields

[dim G/2]
sup |Iylykg(n)| < C X [[(1=Lo) ™5 {a*xe}
ylly=d la|=p

(29)

L2(G)

[dim G/2

In the above, each symbol ¢ (I — EG)%AD&U( g, A) is of order

dim G

m—pp+ [dimG/2] < —
so that its kernel (I — £G)M{q“1cg} belongs to L?(G) uniformly
in ¢ € G by Proposition 4.6.5. This implies that (29) becomes

M
sup sup ||y['xs ()] < oo
8€G |lylly=d

concluding the proof. O
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4.6.3 Estimates at the origin

We have shown so far that the regularity of the kernel is linked to the
order of its corresponding symbol in the following way: the lower
the order, the more regular the kernel is. As applying difference

operators strictly reduces the order when p > 0, the distribution

g'xg = T {AG0(g,)}

becomes more regular as || increases. This means that x¢ can only

have singularities at the common zeros

nAG

({9 =0} = (Ov, I),

=1

105

which happens to simply be the origin as the family {g;:j =1,--- ,nac}

was chosen to be strongly admissible.

The aim of this subsection is therefore to study the strength of the
only singularity that a kernel can have, which will lead to the proof
of parts 2 and 3 of Theorem 4.6.1.

The ideas are relatively simple. Multiplying the kernels by a poly-
nomial of a sufficiently high order removes the singularity at the
origin since it causes the order to decrease. The strong admissibility
means that polynomials can constitute a good approximation of the

distance to the origin.

Theorem 4.6.8 (Kernel estimates at the origin). Let p, 6 € R be such that
1> p > 6 > 0and assume further that p > 0. Suppose that o € SZZS(G),
and x € C®(G, S'(G)) denotes its associated kernel.

1. If p < 1land m > — dim G, there exists C > 0 and P € IN such that
for every g,h € G with h # 0, we have

dim G+m

‘Kg(h”SCH‘THSQ(S(G),IJH}ZH; b

where C > 0 and P € IN do not depend on o.

2. Ifp=1orifm = —dimG, then for every v < —(dim G +m)/p,
there exists C > 0 and P € IN such that for every g,h € G with
h # 0, we have

kg (h)] < CHO.HS::J(G),PHhH,Y/
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where C > 0 and P € IN do not depend on ¢.

Proof. Fix h € G\ {(0,Iy)} such that ¢ £ ||h]|Z < 1. Define the
symbol

(g A) Z (g, Mme(A), g€GAEV,

where 7. is given by Theorem 4.4.7, and denote by « e Fe Ho( 2}
its associated kernel.

Using

7

[ ()] < [xeg ()] + |rg (1) — e (h)

the idea of the proof is to estimate both terms of the right-hand side
above separately.

As we have shown earlier in Corollary 4.6.6, we can get a bound
on the kernel provided the order of its associated symbol is strictly
less than — dim G. For «¢, this will be easy since ¢, is smoothing; for
K¢ — Kq,e, we will have to use difference operators to lower the order.

Note that the case m = —dim G is a simple consequence of the
other estimates, and the inclusion S7';(G) C SZT;(G) when m < m/.

We can therefore assume without loss of generality that m > — dim G.
ESTIMATES ON k. We observe that for each y € R, we have

Lc)?

- mty

L6)7E5(I—Lg)

0:(8,A) = o8, A6 (1 -
7e(A)Ge (I —
since 7, is diagonal.

Using the Holder inequality on Schatten classes, together with

Theorem 4.4.7, we obtain

m+y

Es(I—Lg) 2

loe(g, Mls, (12 < Ce? (30)

S1(L2(K))
for every v < 0.

The idea is now to pick v < min{0, —(dim G + m)}, so that

ke < [ loe(g Ml ey <€, 1)

where the last inequality was obtained by the Sobolev inequality
(Proposition 3.5.5).
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The idea is now to pick a suitable y < 0 and obtain an estimate
on the kernel via (31). Keeping in mind that €* = ||i|, let us

now treat the different cases separately.

p = 1. We pick ¥ < —(dim G + m) to obtain

k()] < ClIRIIE.

p < 1. We pick
def dim G +m
p ’
and check that ¢y < 0 by the condition on m and ¢ <
—(dim G 4 m) by our condition on p.

Therefore, (31) yields

_ dimG+m

[keg()] < Clikllg*

Note that we could get a better estimate here, but we choose
not to do so, because in this setting our choice of ¢ will

turn out to be appropriate when estimating kg — #g .

ESTIMATE ON k¢ — K¢ . . The strategy of the proof is the same, but
slightly more delicate. As oy needs to be positive to apply The-
orem 4.4.7, we will need to apply difference operators so that
m would be replaced by m — p |«|, thus making it possible for
¥+ m — p |a| to be small enough.

By the Leibniz rule, we have

G G _AG
AS (0 —0p) = Y. AV OAG
|ay |+]aa | =«

= Z D ay 12,000,713,
ey |+ |z |=|ac]
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where

=l |

11,061 = AzU'(g,/\)Cé(I - £G) 2,

o m—p‘al‘ P
by = 66(I— L) 2 A (k) — 1:(A)),

éé;(l o) —1+p|ag| —mplay |)

yrm—pla

L, £ Ee(I—Lg) ™

Since o € SZ%(G), HILMHE(LZ(K)) is bounded uniformly in a4,

while

e
HIZ,DQ,’YHL(LZ(K)) < Ce?

holds for every v > 0 by Theorem 4.4.7. Therefore, for every
v > 0, we have

G
A0 =)@ e
Y+m—pla|

< Ce?||Et(I—Lg) 2

S1(L2(K))

where the Schatten norm on the right hand side is not necessar-

ily finite.
Integrating the above with respect to A € V, we obtain
[ (4 (g = xge)) ()| < Ce?,

provided that y > 0 and v +m — p |a| < — dim G. Observe that

these two conditions can be summarized by the inequality

0<9y<pl|a|— (dimG + m).

Since for every r € 2N, we have

HhHE; ’(Kg - Kg,s)(h)l <C Z |q"‘(h)(1cg —Kge)(h)

|a|=r

7

we have so far shown, keeping in mind that e = ||k ||é, that
(kg = Kg.e) ()| < ClIHlIg™, (32)

provided 0 < 7y < pr — (dim G + m).
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We observe that the best estimate is achieved when

rd:efmin{nEZ]N:n> 7d1mG+m}

P

because it should be as small as possible, but also the condition
on 7y must be possible.

Let us now treat the different cases.

o =1. Choose § £ 4 —r so that —r < § < —(dim G + m).
Clearly, we have

| (kg = xg.e) ()] < [T

p < 1. Pick v as follows

vy = _dimG+m
7{) .
We check that
dim G +m
Y=r— 0,
Y
and similarly,
dim G +m
y—pr=r(l—-p)— ———
Y
= —pr(1— 1) — (dim G —|—m)1
Y 4
< —(dimG+m)(1— 1 + 1)
o p”

which can be rewritten as v < pr — (dim G + m). Note
that we could not have obtained the strict inequality above

had we not assumed that p < 1. We can thus apply (32) to

obtain
_ dimG+m
| (kg = x0ge) ()] < [IHllg
The kernel estimates now follow from the triangle inequality. O

Remark 4.6.9. The statement of Theorem 4.6.8 is different than its counter-
part in [Fis15; FR16; FR16]. A closer inspection of the cited proofs shows
that there are issues for the case p = 1 and when m = —dim G (or the
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homogenous dimension in the graded case), which we tried to emphasize

herein.

Before we are able to describe smoothing operators, we need to
recall a property of convolution by tempered distributions. For a
proof, see e.g. [FR16, Lemma 3.1.55], which can be easily adapted to

our case.

Lemma 4.6.10. Let f € S'(G). There exists N € N and C > 0 such that

[(@x£) ()] < Cllflscn@+ gl Ielsio)n

We are now able to show that ¥~°(G) are worthy of the name.

Proposition 4.6.11. Let T € ¥~°(G). Its convolution kernel

(g 1) = xg(h)

is smooth on G x G and given a fixed g € G, x4(-) € S(G).

As a result, the operator T extends to a continuous mapping from S'(G)
to C*(G).

Proof. The smoothness of the kernel and Schwartz decay in the sec-
ond variable follow directly from the kernel estimates (Theorem 4.6.1).
In particular, for each § € N4™C and each N € IN, we have

ZIEJEHX KgH SN SCHO—HS%(G),N/ (33)

for some N € IN.

Fix B € IN". Using the Leibniz rule for left-invariant differential

operators, we check that

XP(Tf)(g) = Z Xb—g(f % XEghe,) (31).
B=B1+p2

Passing from left-invariant vector fields to their right-invariant coun-

terpart, we obtain

Kan@lse T a+islo™ |(Xof » Xess) )
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Using Lemma 4.6.10 and the continuity of Xf1 on §’'(G), we have

[XP(Tf)(9)|

<C ¥+l Rt x|
B=P1+p2 H ' ‘S(G)/NH g S'(G),N

<C ¥ Il I s | XEers .
B=PB1+p> S(G),N

Using the above, together with (33), we conclude easily that T is
continuous from §’(G) to C*(G). O

4.7 ADJOINT AND COMPOSITION FORMULAE

We are now ready to prove our two main results, the composition and
adjunction formulae.

The former ensures it is possible to create parametrices for elliptic
operators, while the latter allows to extend our pseudo-differential
operators (and in particular our paramatrices) to tempered distribu-
tions.

We shall show the following results.

e Provided p > J, each operator class ‘I’Zfé(G) is stable under

adjunction.

o Provided p > J, the composition of Ty € ‘YZTS(G) and T, €
¥,5(G) is in ¥, 7" (G).

Both of these results are often proved by doing calculations on the
Fourier Transform side, exploiting the fact that R" = R". As our sym-
bols are operator-valued, a more suitable strategy would be to carry
out our calculations on the kernel side, exploiting our previously ob-
tained kernel estimates (Theorem 4.6.1). Fortunately, the fact that
kernels might be singular is not an issue, since we have the density
of smoothing symbols (Proposition 4.5.1).

For technical simplicity, we shall perform symbolic estimates only
with right symbol seminorms. We then show in Subsection 4.7.3 that
the symbol classes can be defined in an equivalent way by only con-
sidering the action of the right-invariant Laplacian, which will allow
us to conclude in Subsection 4.7.4 that both the composition and the

adjunction formulae hold.
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Remark 4.7.1. Our family A of difference operators shall henceforth be num-
bered in such a way that

q1,---,9dim G
orms a strongly admissible family. Given o € NUMG  qpe [et
gly Y
qzx def q(zx,O) A% def A(“,O).

7 G — G

Before we start, let us state a result that will be used in the proof of
both results.

Lemma 4.7.2. Let 0 € S%(G) with1 > p > 6 > 0 with p # 0, and
denote by « its associated kernel. If v € R satisfies

v > max {nHiM,O} —dim G,
then we can find C > 0 and N € IN such that
JL I g ()] < Cllolgy v
In the above, we may replace |‘U”S;fO-(G),N by HUHS%(G),N,.
Proof. We split the above integral like this

/ dh = / dh+ / dn.
G <1 il >1

INTEGRAL ON ||h][o >1

By Part (1) of Theorem 4.6.1, for each M € IN we can find N €
IN such that

sup g (h)| < Cllollgn (6 nlIlIc™:
[hllg=1 o

Taking M sufficiently large, it implies that
g
g VI [ 0] < Cllsy )
as required.

INTEGRAL ON ||h]|; <1
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If m > —dimK, then Part (2) of Theorem 4.6.1 implies that if
we pick ¥ satisfying

¥4+ dimG > § > #HdimG ity > dim G
P ;o (34)
4=0 ifm < —dimG
then there exists N € IN such that
sup [ig(h)] < Cllollgp. ) AL
0<||nflg<1 o
From there, it follows that
1| o (1)] dh < Clle||en / h|| T
Sy VI )] < Cll gy [ IHIE

We conclude the proof by observing that (34) implies
Y+9 > —dimgG,

which means that the above integral is finite.

The conclusion for right semi-norms is deduced by checking the

claim in Remark 4.6.2. O]

4.7.1  Composition formula

The first step to obtain the composition formula is to understand the

composition of two smoothing operators on the kernel side.

Lemma 4.7.3. Let 01,05 € S™%°(G) and denote by x1 and x their respective
associated kernels. We also set

o (1) /G Kpgrt (H )y (1) dl
foreach g, h € G, and subsequently define the map
o(g,A) = Forg(A), §€GAEV.
The map o defined above is a smoothing symbol for which

o8 M) = [ mgOE D) g™ A)dl 65)

holds forall g € Gand A € V.
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Proof. It should be clear that x is smooth on G x G. To show that
the Fourier transform of x, is well defined, check that x, € L!(K).
Indeed,

/y;cg ‘dh<//‘7c2gll (1) dl

< r;gg/c |x2,e ()| A /G |x1,6(1)] dl.

Let us check that «, is the kernel of Op(c1)Opg(02). Applying

the quantization formula twice (Proposition 4.3.5), we obtain

OpG(1)0pG(02)¢(8) = [ Ope(o2)p()ri(g,h™'g)

:/G/G¢(Z)K2(h,l’1h)xl(g,h’1g) di dh.

In the right hand side of the above, we can let m = h™!g to obtain

Op;(01)Opg(02) ¢ /gb /K2 gm ™, 1 em ™ Vi (g, m) dm dl

:/G¢ Ko (I71g) dl = P x g (g),

which means that Op(01)Op(02) = Op(0).
From there, let us try to obtain a more explicit formula describing

o. Taking the Fourier Transform, we get

olgA) = [ k(e dn
:/ / Ko (gm =, hm V) iy (x, m)ES (m) &L (hm™)" dh dm
—/K1 g, m)Ex(m) o (gm™", A) dm,
concluding the proof. O

Definition 4.7.4. Let 01,02 € S~%°(G). We let

1 003(g,A) = /G k1o (W)EL () oa(gh™, A) dh
for each (g,A) € G x V.

The following lemma shows that provided some technical condi-
tions are met, we obtain an estimate on the remainder in terms of
certain seminorms in the correct symbol classes. Note that if p > J,
the condition (36) below is always possible by choosing N sufficiently

large. This is the reason why we shall always assume p > ¢ hereafter.
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Lemma 4.7.5. Let my, my € R and suppose p,é € R are chosen such that
1> p > 6 > 0. Suppose further that By € N49™C, and N € N,

If there exists M € IN such that

m Pl < 2M < N —dim G — m; — 6|Bo| + p(dim G)
my+6(N+1+|Bo]) <2M < —dim G —mq — 6 |Bo| + p(dim G + N + 1),
(36)

then there exists C > 0 and P € IN such that for any 01,0, € S~°(G) and
any (g,A) € G x V, we have

1
X§ ((71002(8,7\)— ) MAéUl(gf/\)X(“)Uz(g//\)>

la| <N

L(L2(K))

< CH(TlHSZE'R(G)IPHO-ZHSZ%(G),P'

Proof. For each N € N, let us define

e 1 4 4
(g A) Zo(gA) = ) —AGoi(s, )X Waa(g, M),

la|<N

def .
where ¢ = 77 0 0. We want to estimate

TN(gr/\)

= /G"Lg(h)ifé(h)* <02(8h11/\) - |Z ;%(hl)x(”@(g//\)> dh
a|<N 7

—/mg )ed () RZEM (1) dh. (37)

Let Bo € N4™G. Applying the Leibniz-like rule for difference oper-
ators and the Leibniz rule for left-invariant differential operators, we

obtain
XﬁOTN(g )L) =

Z /Xﬁ(]lKlg CG( )* 52221\]?‘72(32 A)(h 1)dh
Bo1+Bo2=Po



116 | SYMBOLIC CALCULUS

Now, we would like to introduce powers of gé([ — L) near oy,
which will allow us to estimate the above in terms of the symbol

semi-norms of ¢>. To this end, observe that if M € IN,

e (h)" = éé(h)*aé(f — Lo)MES(I—Lo)™
= Y ) EX)PEA(I - Lo) ™M,

\‘B\<2M

which, after using ¢ (h )V EM(X)P = (—1 )|ﬂ|(Xﬁ§)‘( ))*, becomes

G = Y (XPeg(m)es(1—Lo)™

|Bl<2M

Therefore, injecting the above into (37) and using integration by

parts yields
XF OTN(g/A) =
LR (e )z )
,501+,502 Bo
|B1l+[B2| <2M
M ﬁoz
X,Bz ng(]\lj Lg)~ X gUZ(XZ A) (hzl)dh

Now, using Lemma 3.6.4, the above becomes

X‘BOTN(g, /\) =
LR (Xm0 (e )
/501+/502 Bo
|B1]+|B2| <2M
EM(I—L) MXP2 XP20y(g5,0)
eg,N—\/BZ\ 2T (1) dh

Therefore, if we take the operator norm, we obtain

HXﬁUTMg’A)Hz(LZ(K)) =

Y[R g o)

Bo1+Bo2=Po
|B1]+]B21<2M

X’ EA(I-L6) MXER2 XP205 (g5-,1)

. -1
R h (1) dh.  (38)
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Suppose first that N — |B2| < 0. It follows by Lemma 4.7.2 that (38)
is bounded by C||oq HSZ%,R(G),N, |\(72||S:§(G)’N, provided that

m —|—5(|ﬁ01‘ + ‘ﬁ1|) +dimG < p(dlmG+ |,302|)
—2M +6(|Po2| + |2]) < —ma.

Using |B1] < 2M — N, it is sufficient that

my+6|Bo| +2M — N +dim G < p(dim G)
—2M+(5(|‘50| +2M) < —myp,

which can be rewritten in one line as

my +5’,B()’

1= <2M < N —dim G —my — 6 |Bo| + p(dimG).  (39)

Applying the Taylor Remainder Theorem (Proposition 3.6.5), we

have
Ré’é(I*[,G)7MX§§)2:gXﬁ20'2(g2-,)\) (h—l)
&N—|p2| )
L(L2(K))
<C sup |u|g PS(h, M, Y, B, B2),
[7[SN—|B2|+1
where
S(h, M,7, Bo2, B2) = sup
lg1llg=<nllhllg
Héé(l — L6)MXG XE2  XB202 (3281, 4) H :

L(L*(K))

Observing that we can replace ngz by f(gﬁloz in the above (see Corol-
lary 3.2.15),

S(h, M, v, Boz, B2) < CHhﬂlc/;S(Jz'

B 2o
| Bt | <|Boz| §1€6
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We have thus shown so far that

o(gA)— Y ALoi(g,A)XWaa(g,A)

la|<N L(12(K))
< Z sup  S(M,7, B, B2)
|B1|+|B2|<2M |7|<N—|Ba|+1
LIRb omg o] I P G

Combining (40) and (41), we obtain that Lemma (4.7.2) implies
that (41) is bounded (up to a constant) by ||oy HS::},R(G)’N, HO_ZHSZ(%(G),N’
if both

my + 6 |Bo1| + |B1| + dim G < p(dim G + N — |B2| + 1+ |Boz|)
—2M +6(|7| + [Boal + [B2]) < —ma.

hold. For that it suffices that (using p > J)

my + 6 |Bo] +2M + dim G < p(dim G + N + 1)
—2M+3(N +1+|Bo|]) < —my,

which can be rewritten in one line as the following

my +6(N+1+|Bo]) <2M < —dim G —my — 6 |Bo| + p(dim G + N +1).
(42)

O

We now prove the main result of the subsection, i.e. an estimate on
the right symbol semi-norms of the remainder when composing two
smoothing symbols.

We will only be able to derive the composition formula once we have

obtained a similar result for the adjunction.

Proposition 4.7.6. Assume that 1 > p > 6 > 0. For each my,my € R,
and each Ny, P € IN, there exists C > 0 and P’ € IN such that

(rom)(gA)— Y, Atoi(gA)X (g, A)

|#[<No

S;rg +my—Ng(0—5),R (G),P

< Cllotllgrx ) pllo2ll sz ),

holds for every 01,02 € S™%(G).
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Proof. Let Ny, P € IN. Consider the symbols

def

71(g,A) = 01(g, A)

def 7ml—m2+(pﬂ5)N07(5‘/So|

2(g,A) = 02(8,A)ES (I — L) 2 ’

which are symbols of order

We will apply Lemma 4.7.5 to & and .

To this end, fix N € N satisfying N > Ny so that the conditions (36)
make sense. More precisely, select N so that the difference between
the right-hand side and the left-hand side is strictly greater than 2 for
both lines of (36), and note that this is possible because p > 4. In
particular, we can find M € IN such that (36) holds.

By Lemma 4.7.5, it follows that

0 ~ = 1 5
X§ (010(72(&/\)— Y, MR8 A)X ()02(8/)\)>

la|<N L(L2(K))
< CH&1 ’|5z}’R(G),P Ha'z HSZE(G)/P'
From there, we may deduce that
—mq —mp+(0—8)Ng—4| B |
j X (g, A)EL( - Lo)
L(L*(K))
< CH‘TIHS';;R(G),P’H@HS/TE;(G),P'
< C ||Ul || SZE’R(G),P” ||02 || SZ’% (G),p
where as usual
w(gA) = (qrom)(gA) = 1 Atei(g,A)X (g, A).

‘0[‘<No
Using the fact that

AR (07 0 02) Z AR Ty 0 AR,

X01,402
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where the coefficients are exactly the ones from the Leibniz-like rule
for differential operators for a pointwise multiplication, we can show
that

||TN||S;g+mz*No(Pfé)(G)lp < C||01||SZ}’R(G),I)//HO’ZHS;’%(G),P”'

We conclude by observing that

1 _ _
wWoTy = Y ALe(g )X Wa(g, ) € sitE (),
No<|a|<N **

where the right-hand side is dominated appropriately by the symbol

seminorms of o7 and o». O

4.7.2 Adjunction formula

We now follow the same steps as in the previous subsection, but this
time to study the adjunction of operators. As this involves only one

symbol, the proof is somehow slightly easier and less technical.

The first step consists of computing the kernel of the adjoint of a

smoothing operator.

Lemma 4.7.7. Let ¢ € S™%°(G) and denote by « its associated kernel. We
let

kg () & " (h71).
Then k*) is smooth on G x G and the map
geGrxl() e S(G)
is smooth. Moreover, the map
e (g, A) L Fexl(A), (g,A)eGxV,
defines a smoothing symbol which satisfies

Opg (‘7)* = Opg (‘7(*))-
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Proof. Let ¢, € S(G) and fix g € G.

(Oprc ()P, ¥) 12(c) = / / P(h)Kg( h’lg )p(g)dg
= [ Lomri g (079 )(e) dg

by definition of k(). Continuing our calculation, we get

(Oprs (@), ¥) 126 //cp (g7 'h)p(g) dg
—/ch (o)),

which shows that x(*) is the right-convolution kernel of the adjoint.

O]

Definition 4.7.8. Let 0 € S™°(G). We let

o(g,2) 2 [ Ty (HE ()" At

for each (g,A) € G x V.

Exactly like Lemma 4.7.5, we give an estimate on the right symbol

seminorm of the remainder provided some technical condition is met.

Again, this condition is not too restrictive if p > 4.

Lemma 4.7.9. Let m € R and assume that 1 > p > 6 > 0. Fix also
Bo € N4™GC and N € IN. If there exists M € IN such that N > 2M and

(p—06)(N+1)+p(dimG) > m+2M+6|Bo| + dim G,
then there exists C > 0 and P € N such that for any o € S~*(G),

X (™ (g,A) — Y ALX 0" (g,A))Ee(I - L) ?
|a| <N

L(L2(G))
< Clielisnc)p
holds for every (g,A) € G x V.

Proof. For each N € IN, we define

ef * 1 o [\ g
™w(gA) Lo A) = Y —AEX 0" (g, A)
la| <N ™°

_/RgN )& ()" dh. (43)
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Fix By € N4™C. Applying X on either side of (43), we obtain

XP (f) h _ *
XPoy(g,A) :/GRgJS"é W (h=1yek (h)* dh.

Multiplying both sides by & (I — £L5)™, and arguing like in Lemma 4.7.5,

we obtain

XPoty (g, M)EE(I = L)V

X2, XETXE0k() (1)

- L LRglhizz,N—lﬁlwggl (R )& (h)" dh.

|B1l+]B2|<2M

Taking the operator norm, we obtain
Bo AT M
|¥Pomn(e MERT LM )

7B B1 B0 ,.(*)
< Z RX;122=/1Xg11 X g (h2)
G

—1
T B+ IB<2m qmeoN—lpy| () dh.
1 2|

L(L2(K))

Using Proposition 3.6.5, we can estimate the remainder via

B B1 5Bo . (*)
Xy Xg1 Xg kg, (2)

-1
|Rgl—€GrN|ﬁ1 (™)
L(12(K))
< X TP sup xR XE X ()]
[y|=N—[B1|+1 lzle<nlitlg

Using Xgo = Xf ’ and passing from left to right-invariant derivatives

with Corollary 3.2.15,

e B1 3P0 ,.(*)
Xy Xg1 X Kggy (I2)

-1
| RglzecxN*\ﬁl\ (h)
L(L2(K))
N- 1 +B1+B0 %
< 2 [ |B1]+1+|Bol sup ‘Xgl B 50X5::thl(h2) )
[7[=N—|p:[+1 ;37gl<€|;(3;\
0|0

which is integrable, with the integral being bounded by C||c|sn () p
o\
provided

M+ |Ba| + (v + |Ba] + [Bo]) + dim G < p(N = |Br] + 1+ |Bo] + dim G).
Naturally, the above condition is satisfied when

m—+2M 4 6(N 41+ |Bo]) +dim G < p(N + 1+ dim G),
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which can be rewritten

(p—0)(N+1)+p(dimG) > m+2M+6|Bo| + dim G.

We are now ready to state and prove the main result of this subsec-

tion.

Proposition 4.7.10. Assume that1 > p > 6 > 0. For each m € R and
each P, Ny € N, there exists C > 0 and P’ € IN such that

* 1 ® 4 *
o (g A) = Y —AEXWor(g M)

< CHUHS’”‘S(G),P’
| <No & 0

m—Ng(p—9),R

sns

(G)p

holds for each o € S~®(G).

Proof. Let Ng € N, By € N4™C and ay € IN"™2¢. For each N € IN, we

write

ef * 1 o o) K
w(gA) Zal(gA) = Y SAEXWar(g,A).
jw=n &

We shall apply Lemma 4.7.9 to the symbol

—m+(p—8)Ng—9| B |
2

(g, A) = 0(8, NI — Le)

which is of order /it = (o — 6)Ng — 8 |Bo|. Let M € N be the smallest

natural number such that

—1it+ (p — 3)No + 0 | o]
2

> M.
We now choose N > max{Ny, 2M} such that
(p—90)(N+1)+p(dimG) > m+2M+ 6 |Bo| + dim G,

since it is possible by p > 6. By Lemma 4.7.9, we obtain that

—m+(p—8)Ng—9| By
I E—

X{ (8, A)EE (I — L)

L(1*(G))

< CH‘?Hsgf&(G),P = CHUHSZT‘;(G),P'
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Using the fact that difference operators A%c(*) can be written as a
linear combination of A"é which does not depend on o, we conclude
the proof. O

4.7.3 Simplification of the definition of symbol classes

We shall see in this subsection that it is possible to considerably sim-
plify our definition of symbol classes (Definition 4.2.1) by writing it
“without ", i.e. by considering the action of powers of &g (I — ,Cc;)%
only on the right (resp. only on the left) of ¢.

This will allow us to conclude the proof that our collection of op-
erators ‘I’Z%(G), m € R does behave well under composition and
adjunction.

Theorem 4.7.11. Assume that 1 > p > 6 > 0 and fix m € R. A symbol o
is in S7'5(G) if and only if

< ©0.

sup ess sup HX'BAI)(L;U(g/ /\)gé(l - ‘CG) L(L2(K))

*"’*P\;\*‘ﬂﬂ H
geG eV

Moreover, the semi-norms

o€ S55(G)— H‘THS;{&(G),N

oe S%(G) = H‘THSZ;SR(G),N

yield the same topology on Sy's(G).

Proof. Let N € N and ¢ € S~%(G).

It is clear by definition of Sg 5(G)-topology that there exists cy > 0
such that

EL(I—Lo)ie (44)

H‘THS;;S(G),N < ﬁ;’;

iGN

By Proposition 4.7.6 and Corollary 4.4.6, we know that

x
sup 2

[v|<en

g

(1 L)

Sps "GN

is finite.
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Since taking the adjoint is continuous in the SZT;SR (G)-topology (Propo-

sition 4.7.10), we have

(1 - Lo)?

lett—Le)ie

s;ﬁ;”fR(G),N s;’f;W'R(G),N'

S CHO—*HSZZR(G),N” = CHUHSZZSR(G),N””

which, if combined with (44), yields that for every N € IN, there exists
N’ € N such that

H‘7||sgj5(c),z\r < C||‘7||s;'f;sR(c),N"
Since it is very clear that
lollsmz gyn < Nlollsm; o)

It follows that the seminorms ||||S;10R )N € N, define the same
topology as H‘HS%(G)IN,N € N.
It remains thus to show that SZZ’SR(G) C S;”,(S(G) as the reverse in-
clusion is trivial. To this end, fix a symbol ¢ € SZ%R(G), and for each
€ (0,1], let

def
T =01,
where 7, was defined in Theorem 4.4.7.
Using the fact that the right seminorms yield the same topology,

we obtain

sup [|oe[|sm(c),n
e€(0,1]

< C sup Hcngst LA
e€(0,1]

< Cllellgnrgy e+ sup ||oe — 0 llgnr oy nr | < 00
( i (G) ec(0,1] ob (O
where the finiteness is obtained by Proposition 4.5.1.
From the above, since o; converges pointwise to o on C*(K), it
follows that

m+7 —m+y—0||

XPo(g, \)Ee(I—Lg)=

—m +7 —m+y=6|B|

Hffé;(l - Lq)

< hmmf HCG (I—Lg)

£(12(K)
XPoe(g, eI - Lo) 7

L(L2(K))
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which implies that the left-hand side of the above is indeed uniformly
boundeding € Gand A € V.

Assume now that « € IN"4¢ is non-zero. By the Leibniz-like rule,

we have
XPAL0:(8,A) = XPAL (8, A)ne(A) + Le(g, A),
where
Le(gA) = Y. XPAZ (8, A)AE (12 (k) — 1e(A)).
[oe| <Jouq |[+]aa | <2]ax]
le?éO

Using the estimates in Theorem 4.4.7, it follows that

—m+p\a =J|Bl+y

.. AT w AT — = =
hrgoan@c(I Lq) X*Le(8,2)Sc(I — L¢) 2 cazey
Therefore, we can conclude that
" B +7 —m+y—0|B| B A . i
HCG(I ﬁG) X AGU(g/ )CG(I /:'G) : L(L2(K))
m+7 1| A -
< hmlnf ch (I—-Lg) XﬁAG 0e(8,A)Ec(I— Lg) 2 L(L2(K))

is uniformly bounded in ¢ and A, concluding the proof that o €
SZT(S(G). O

Naturally, the following statement holds with an identical proof.

Theorem 4.7.12. Assume that 1 > p > > 0and fix m € R. A symbol o
is in S7'5(G) if and only if

m+pla\ d|B| XﬁA“ (g,/\)H < oo.

sup ess sup HéG (I-Lg) LK)

geG eV
Moreover, the semi-norms

o€ S55(G)— ||‘7||s;j§(c),N

7 € 5,5(G) = lleligni g)n

yield the same topology on S7's(G).
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4.7.4 Pseudo-differential calculus

Exactly like in [FR16], we can now use Theorem 4.7.11 and Propo-
sition 4.5.1 to derive the composition and adjunction formulae from

Propositions 4.7.6 and 4.7.10.

Theorem 4.7.13 (Composition formula). Assume that1 > p > 6§ > 0.
Given my,mz € R, we let 01 € S)5(G), 02 € S,5(G).

There exists o € SZ%J””Z (G) such that

Opg(0) = Opg(01) 0 Opg(02).

Moreover, o is given modulo S~%°(G) by the asymptotic sum

1
o~ ) — Ao X® gy,

a€IN"AG

More precisely, we have

1 ti—(0—
o — Z i'A"éo—l X(“)(Tz c Sp/é (P 5)(N+1)(G)

Ia|<N o.

foreach N € IN.
Proof. Let N € N and set m “ my + my. We write

o L at g x(@
N = 0100 — Z f'AGO'l X 0.
|a| <N 7

For each ¢ € (0,1], we let

def
O1,e = He01

def 1 o 4
TN, = 01002 — Z EAGUM X! )(72.
la| <N 7™

We check that
TN,e = NeTN — L,
where

def 1 14 14
L= ) Y —AgAg e XWoy.
& <N fa|<[as |-t oo <2]a]
151 0
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Arguing like in the proof of Theorem 4.7.11, we obtain that

=0

. . BAX A —
11m1anX AGLe(g,M)EG (I = Lg) L(L2(G))

fm+(pf(5)(N;1)+p\a\75\ﬁ\ H
e—0

and thus combining the above with Proposition 4.7.6, we obtain
TN || wm—(o—o = liminf ||t —(o- < 400
H NHSZ,5 (p 0)(N+1>(G),P es0 || N, HS;’;_ (p 5><N+1)(G),P s

which concludes the proof. ]

Theorem 4.7.14 (Adjunction formula). Assume that1 > p > § > 0. Let
e S%(G)for some m € R.

There exists & € Sg(s(G) such that

Op¢ (&) = Opg(0)".
Moreover, ¢ is given modulo S~ (G) by the asymptotic sum
s 1 AL X (@) g*
T~ ) AGX e,

ac€N"AG

More precisely, we have

r- ¥ Lapx®or e st eI )

a|<N ol

for each N € IN.

Proof. Let o € S7'5(G) and write

1
w=c" - Y —'A”C‘;X(“)U*
a=n ¥
Moreover, for each ¢ € (0,1], we let
def
O = 1Ne0,
del () 1 & (a)
TN=0 — ). —AEX Wy
a€N"AG a:

Using the fact that Ug(*) = 0y, and 0* = 07, it follows that

def
Te,N = TNNe — L,
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where
L=> T Yo ARXWorAg
€= G G e-
T aeN"AC |a| <|ag[+[an | <2
1% 0

Arguing like in the proof of Theorem 4.7.11, we obtain that

hmmeXﬁA”‘ (g N)ENT — Lo)

—m+(p—=8) (N+1)+p|a|=d|B| H
2 = 0
L(L*(G))

and thus combining the above with Proposition 4.7.10, we obtain
ey Hsgj;(f’*”')w“)(c),p - hfeglonf TN el 1 eI (G p < +oo,

which concludes the proof. O

4.7.5 Asymptotic sums of symbols

More complex operations on operators like composition and adjunc-
tion cannot be written in terms of symbols without using a Taylor
development on the kernel side. This shows that infinite sums ap-
pear naturally on the symbolic side, and we need to find out whether
it converges in a satisfactory sense for our purposes.

The construction of asymptotic limits is essential to construct para-

metrices.

Proposition 4.7.15 (Asymptotic sum). Given 1 > p > 6 > 0, let (0})jen
be a sequence of symbols such that o; € SZ{S(G), where (m;);en is a strictly
decreasing sequence of real numbers.

There exists a symbol o € Szg(G) such that

ZUJ €5,57(G) (45)

for each N € IN. Moreover, o is unique modulo S™(G).

129

Definition 4.7.16 (Asymptotic sum). With the notation of Proposition 4.7.15,

we shall write
—+o0
T~ ) 0]
j=0

when (45) holds for each N € IN.
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Proof of Proposition 4.7.15. Using Theorem 4.4.7, for each | € IN we
can find C; > 0 and N; € IN such that

max{m —mj,4}

& 2

< Gl

HUJ'(ILz(K) —1e) $M(G)! Sps (G),N]
for each 0 < &€ < 1 and each j € IN. Without loss of generality, we
assume that N; > L.

Choosing a decreasing sequence of sufficiently small ¢; > 0, j € IN,
so that the right-hand side of the above satisfies

max{mofmj/i}

€. 2 <27

Cjlloy MG, =<y

we now obtain that the symbols

0; = 0j(Iax) = 7e;)

satisfy the estimate

H&J'Hs;”g(c),j <27, (46)

Fix I € IN. We have

00 1 Too
];)H‘TJ SM(G) 1 SJ;)HUJ syl T :Z “Uj“sgg(c)

'”0 l+ Z 2- j < —|—OO (47)
j=l+1

!
< )19
j=0

where the last line was obtained by applying (46). As SZ%(G) is a

Fréchet space, it follows that the sum

converges to some 0 € Sffg(G).

For each N € IN, applying (47) to the sequence 5’]{ = 0j+N+1, We

have thus shown that

2 o € $,5 " (G). (48)
j=N+1
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Therefore, it follows that for each N € IN, we have

N
U—ZUJ ZUJ Liz) = 1le;) = 10
j=0

—+o0

== Z‘T]’WEJ‘ + ) 0
=0

j=N+1

which, if combined with (48) and Theorem 4.4.7, means that
o — Z(T] € SmN“ ),

as 17e; € S~*°(G). We have thus shown (45).

Let us now check the uniqueness of ¢ modulo S~*(G). To this end,
assume that 7 also satisfies (45) and fix N € IN. It is clear that

H:<o-_i >_<T_zaj>esmw 6)

j=0

As N is arbitrary and m 1 decreases to —oco as N — +09, it follows
that o — 7 € S~%(G). O

4.8 LP BOUNDEDNESS

Pseudo-differential operators partly owe their names to the fact that
they behave like their differential counterparts. Since Xf extends to a

bounded operator

XP:LI(G) —» LI 5(G),

we might wonder whether this is true for pseudo-differential opera-

tors.

We shall show in this section that if T € ¥};(G) with p > 4, then
T extends to a bounded operator

T:L%(G) — L2, (G).

The condition p > ¢ is due to the fact that we shall follow [RW14],
which provides a proof that depends on a composition formula with

asymptotic expansion.

131
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When (p,6) = (1,0), we show that the result is true for more gen-
eral Sobolev spaces by the Calderén-Zygmund theory.

4.8.1  L? boundedness

The aim of this subsection is to prove that symbols of order 0 induce
bounded operators in L?(G) when p > 6.

These results would naturally generalize to symbols of order m as
follows: if o € S;’fa(G), where p, ¢ satisfy either of the conditions
above, then Op () extends continuously to a continuous operator

Opg(7) : L3(G) = L2,,(G)

for every s € R.
Suppose that or € Sg/ 5(G) for 0 < § < p < 1. One way of showing
that T = Opg(or) is bounded would be to find S € ‘I’g, 5(G) such that

T*T = CIS(G) — S*S + R, (49)

where R € ¥7';(G) for some m < 0.
It would then follow that

ITPl32c) = (T* T, ) 12
= Cll9lI72(c) — IS¢l 726y + (R, 0) 12y
< Cllpl72i) + IRPl 26y 101l 12 )

reducing the boundedness of T to that of R, which is much easier to
prove.

A sufficient condition to have (49) would be to have
U'T*O'T = CILZ(K) - 0'5*0'5,

on the symbol side, with o5 = Op;'(S). A good candidate for o

would therefore be

og & \/CILZ(K) — oT*0T. (50)

The condition that S € ‘I’g/ s(G) is equivalent to showing that o5 €
Sg/ 5(G). The crucial part of the proof is therefore to show that (50) is

a symbol of order 0.
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Lemma 4.8.1. Let p,0 € Rbesuchthat1>p >8>0.Ifo € 52,5(G) is

positive definite, invertible, and its inverse satisfies

wer eV H(T(g’)‘)_l‘L(LZ(c)) =

then its square root

(x,k;A) € GX V= /o(x, kA)

also belongs to 52, 5(G).

Proof. It is clear that the spectrum of ¢ is contained in [c,c~!] C R for

some ¢ > 0. Therefore, for each z € R™,

B -1 -1 -1
[@(8,2) = 2ha10) | g, < 1D < COH DT

By Theorem 4.7.11, it follows that for each v € RR,

-r
2

a1 = £6)F (0(g,2) = 2lag) 'EE (T = Lo)

<C+1z))7,

L(L2(K))

which means that ¢ is parameter-elliptic with order 0.
Since ¢ is parameter-elliptic with respect to IR™, we can apply The-
orem 4.4.5 with F = z~2, which yields that F(c) € 52,5(G)- By the

calculus, we conclude that
Vo =F(o)or e 52,5((3)-

O

Before we can prove our main result, we need to show that for

some m < 0, operators in ¥ ;(G) are bounded on L?(G).

Proposition 4.8.2. Let 0 € SZ%(G), where m < —dimG/2 and p,6 €

[0,1]. The operator associated with o, Op(c), has a continuous extension
Op.(0) : L*(G) — L*(G).
Moreover,

HOPG(‘T)HL(LZ(G)) < CHUHSZT&(G),N‘
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Proof. First, let us observe that for each gy € G, we have
sup [Tf(gog)| = / £ (g08h ™ )xgog ()|
g€G G

< @+ 118 ™ (z0)

. 2 N
B [CRN ORI

where the last line was obtained by the Cauchy-Schwartz inequality.

Integrating the above with respect to g over B;(go, 1), we obtain

Jooion TP dg = [ 1Tf(208) dg

2\-N 2
scuausg;,m),pH(HH-HG> £80) g, 50

To conclude the proof, we shall integrate each side of the above
with respect to go € G.

For the left-hand side, a simple application of the Fubini-Tonnelli
Theorem yields

/G/Bc(go,l) ’Tf(g)\Z dgdgo = /C;/(;1|‘galg’|cﬁl ’Tf(g)‘z dgodg
- /G/G 1||galgHG§1 ITf(g))* dgodg,

so that the change of variable h = g, 1 g yields
Jo i ooy TF@F dgdgo = CITS o 52)

Now, integrating the right-hand side of (51), we obtain

L+ 1170 o
= [ 1+ 181 sos)] dg e

= flit) [ (1+11gliE) ™ dg

Choosing N sufficiently large, we therefore get that

2
L@+ 00 o 00 < ey ()

2(G)

Therefore, using (53) and (52) in (51), we obtain

2
ITf 20y < g, oel| 1+ 1) ™F (0o o
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which concludes the proof. O

We can now prove the main result of this section.

Proposition 4.8.3 (L? boundedness). Let p,5 € R be such that 1 > p >
0>0.Ifoe SBI s(G), then its associated operator T & Opg(0) is bounded
in L2(G), i.e. we have

1Tl 12(6) < Cll9ll12(c)
for every ¢ € S(G).
Proof. sTep 1. If 0 € S7'5(G) for m <0, then

10pG () £12(c)) < -

Suppose by contradiction that the claim does not hold. There-
fore, there exists m <0 and o € S/ 5(G) such that Op (o) is not
bounded. In particular, for each n € IN,

(Opg (‘T)OPG(‘T)*)n

is in ‘I’%fg”((}) and unbounded. When 7 is such that —2mn <
— dim G/2, this contradicts Proposition 4.8.2.

sTEP 2. Conclusion

Let C > 0 be such that

sup esssup [|(x,k;A) [ 12x) < C.
(xk)EG AeV

It follows that
4C21L2(K) — U*U

is an operator of order 0, and so by Lemma 4.8.1, the symbol

05 = \/4C21L2(1<) — 0o

is also in Sg’ 5(G). By definition, we have

oo = 4C21L2(1<) — 05”0s. (54)
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By the adjoint and composition formulae, we have

Opg(c*o) =TT+ Ry
OPG(US*US) = S*S + Ry,

with Ry, R, € ‘I’g;‘s(G). Therefore, applying Op on both sides
of (54) yields

T*T = 4C%Igc)— S*S+R, R=(Ra—Ry) € ‘I’,ﬁ,}‘s(G)-

Now, fix ¢ € L2(G). Since Step 2 implies that R is bounded, we
get

ITPlI72(c) = (T* TP, ) 12(c)
= 4C2|9lI72 () — 159]172(c) + (R, 0) 12
< (4C* + HRHL(LZ(G)))”‘PH%%G)'

concluding the proof.

From the previous result, we easily deduce the following corollary.

Theorem 4.8.4 (Boundedness on Sobolev spaces). Let p,d € R be such
that1 > p > 6 > 0. Ifo € SZ%(G), then its associated operator T il
Op (o) extends to a bounded map between L2(G) and L2_,,(G), i.e. there
exists C > 0 such that

IT¢ll2 ) < Cllellzc)

for every ¢ € S(G).

4.8.2 Kernel estimates when p = 1

In order to show LP(G) boundedness, we need to improve the esti-
mates in Theorem 4.6.1 when p = 1. In particular, we need to show

that if x is the kernel associated with a symbol in S%O(G), we have

kg ()| < CllR)|c¥™C, 1 # eq,
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which is problematic because — dim G is a critical exponent due to the
Sobolev inequality. We therefore need sharper estimates, which can be
provided by studying the heat kernel.

Remark 4.8.5. The discussion herein does not appear in [Fis15; FR14;
FR16] but the ideas presented are based upon Véronique Fischer’s privately

communicated proof in the compact and graded setting.

The following lemma is obtained by a very simple modification
of [Fis15, Lemma A.6], which relies mainly on classical heat kernel
estimates valid for Lie groups with polynomial growth of the volume,

and are thus valid on the motion group.
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The arguments in [Fis15, Lemma A.6] are themselves based on [FMVo06;

VSCo2].

Lemma 4.8.6. Let f € C*°(R") be such that f vanishes outside of [C~!, C]

for some C > 1. For each « € IN"¢ and each m € R, we have

«|—|8|— dimG
HX‘B{qaf(tEG)(SeG} SC\/E‘ |—1BI -

‘LZ(G)

From there, we can deduce the following corollary.

Corollary 4.8.7. Let f € C®(R") be such that f vanishes outside of
[C~1,C] for some C > 1. For each « € IN"26 and each m € R, we
have

dim G

u a]—m—
lg*F(££6)0ec Iz (o) < CVET 1

Proof. Clearly, the result is true when m € 2IN by Lemma 4.8.6. The

result on R™ can easily be deduced by interpolation.

Suppose that n € IN. We let

f(p) if 0
RIOERS HE peRT
0 otherwise,

Suppose now m < 0 and pick n € IN so that 2n — |a| +m > 0.
Clearly,

19" F(££6)decl 12,6y = 11" (L" Fr(ELG)dec )| 12, ()
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Applying the Leibniz rule, we obtain that the right-hand side is
bounded by

c ) thCIMEGnHaLgk .

(aq,02)€EA o |

@1t iltle)de) e ()

2;1—|a1|+m

|#g| —2n+[ay | -m—dim G/2 || —m— dim&
<C ) " 2 = CVi 2

(0(1,0(2)614

where in the above A = {(ay,a) : || < |ar| + |aa| < 2|al}.

This concludes the proof. O

We are now ready to improve upon our already established kernel

estimates.

Theorem 4.8.8 (Kernel estimates when p = 1). Let ¢ € S{;(G). If

m > — dim G, then its associated kernel x satisfies
—m—dim
[kg(h)] < Cllh||g" ¢
for every h € G\ {eg}.

Proof. Let xo0,x1,- - - € CP(R, [0,1]) be such that

—+00
Y xj=1 onR",
=0

supp x1 C [a,b] for some 0 < a < b, and
xi=xi27), j=1,...

Treating xo separately and using Corollary 4.8.7, we obtain that

— I (|a|—m— dimG
an\/)?j(tﬁc)‘sw 12,(G) =C2 2= (55)
where the above is understood to hold only for m = |a| = 0 when

j=0.

Now, let us write

def

0i(g,A) = 0(g, Mxj(E8Lc),  Kig(h) = F5'{oj(g,A)}(h)

and fix h € G\ {eg} such that ||h1]|; < 1. Let also I € N be such that
Il € (27,27,
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4

We check that

Y Jiys)| < Y- | ete mesa - £o) "+ x(etco)| d)
j=0

= S1(L2(K))

! i 2
<c) [ e Lo ymiEtea), .,
j=0 2

so that applying the Plancherel formula yields

! ! 2
Y lmie] < C X |[vaiea), o
]':() ]':() —m/2
1 : .
< CY 27 amO < " (s6)

j=0

The sum for j > [ is slightly more delicate and requires the use of
difference operators. Given a« € IN"4¢ and j € IN satisfying j > I, we

have
g ()] < | |

gc/
1%4

with the understanding that we sum over #; and &, according to the

s I

m=m|
2

Ee(l—Le)

AZ X (EELE)

dA,
$1(L2(K))

Leibniz-like rule.

After using the Leibniz-like rule again (and implying the summa-

tion again), we have

AZX = Yo AZX(CE(Le))AE /X (EE(La)),

X21,822

so that the above calculation becomes

9 )y ()|
m—|a ‘ w o
<c [ les—L£o) " A rELa)8E Hi(Es L) dA
4 $1(L2(K))
< clag yesca) |, & ViEce)|,,,

|

139
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Therefore, using the strong admissibility of our difference opera-

tors and (55), we have shown that for every a € 2IN,

IS i1 ()] < €2zl = Onlaa]) ~eim G/2)~ 4 (Jaze|~dim G /2
< Czé(mfa+dim G)‘

Choosing a € 2N in the above sufficiently large so that m —a +
dim G < 0, the above implies

Y [rig(h)] < Cllnll" 35 28m-edim®) (57)
< Cllnfg"2m- ) = Cllul|g ™. (s8)

Combining (56) and (58), we obtain that
- dim G
[rg()] < ClInIg" ™,

which concludes the proof. O

4.8.3 Calderén-Zygmund theory

Using the kernel estimates obtained in Theorem 4.8.8, we shall show
that the integral kernel of a pseudo-differential operator in ¥ (G)

satisfies the following property.

Definition 4.8.9 (Calderén-Zygmund kernel). We shall say that a mea-

surable map

k:(GxG)\{(g,8): g€ G} —=C

is a Calderén-Zygmund kernel if there exists v € (0,1], C > 0 and
A > 0 such that the estimates

—dim G
n(g, )| < A|lng]|
—1 717 -1
8§ 8 - h—g
M@ﬂ%%@WﬂSAWmMQEW fwlgch:Jk
G
el e e < 1Pl
[k(g,h) = (8, )| < A g @ i [ < e
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hold for every g,¢',h, ' € G satisfying
§#h §#h g#N.
If T is the operator given by

T9() = [L9hx(s,h), g€ G peS(O),

in the sense of distributions, we shall say that T is a Calderén-Zygmund

operator.
We give here a sufficient condition to be Calderén-Zygmund.

Lemma 4.8.10. If the map

k: (GxG)\{(g8):g€G} = C

is continuously differentiable on its domain and satisfies

—dim G
(g, Ml < A|n~Tg|
_1 —dimG-1
‘X]-g;c(g,h)’ < Alh'g .
—dimG-1

’X]-h;c(g,h)’ <A h_lg .

for some A > 0, then « is a Calderén-Zygmund.

Proof. Clearly, the first inequality is satisfied.

Using the second inequality in our assumption, we obtain

1 —dimG-1
sup  |(Xj)g=gzk(81, 1) <A sup ‘h gz‘

lzllc<lg~"¢lc Izllc<lg~'8"llc
Assume now that ZHgflg’HG < Hh*1g|]G. It follows that

Il < 5['s],

Since ||-||; satisfies a triangle inequality, it also satisfies a reverse tri-

angle inequality,

szl > sl = et = 5[]

141
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Using the second inequality in our assumption, we have
||~ dimG-1
sup |(X)g—ge(g1, )| < C|[n ]

i G
lzllc<lg™"¢'llc

By the Taylor Remainder theorem, we conclude that

—dimG-1

(') (] < cllss'| ]

G

The proof of the third inequality is proved similarly. O

We can now state and prove the main result of the section.

Proposition 4.8.11. Assume that T € ‘F(l),O(G)' The operator T is Calderon-
Zygmund. In particular, for each 1 < p < co the map T extends to a
bounded map

T:L(G) — LP(G).

Proof. Let ®(g,h) = xy(h~'g). It follows that for each ¢ € S(G), we

have

T9() = [ p(h)(g,h)dn

for each g € G, where the right-hand side is interpreted in the sense

of distributions.

By the kernel estimates for p = 1 (Theorem 4.8.8), we have

B 1 1 —dim G
®(2, )| < [rg(ng)| < cf|p e

Fix j € {1,...,dim G}. Using the kernel estimates (Theorem 4.6.1),
it follows that

|(X))g (g, 1)
< ’(Xj)gFgKgl(h_lg)) + }(Xj)gz=g"g(h_182)
S CHh*lgH_dimc_ll

G
and similarly

}(Xj)hﬁ(g,h” < ‘(Xj)gKg(h_lg)) < CHh_lgHgdimGﬂ
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We therefore obtain that T is Calderén-Zygmund by applying Lemma 4.8.10.
For the rest, we check easily (see for example [FR16, Proposition
3.2.17]) that being Calderon-Zygmund means & satisfies the assump-
tions of [FR16, Theorem A.4.4]. O

Naturally, this implies that T € ¥7%(G) is bounded between L{(G)
and L!_, (G) for each s € R. Since (I — Lg)? € Y1(G), it follows
that these L”(G) estimates are sharp.

4.9 CONSTRUCTION OF PARAMETRICES

In this section, we show that the composition formula (Theorem 4.7.13)
and the construction of asymptotic limits (Proposition 4.7.15) can be
used to construct parametrices of so-called elliptic pseudo-differential
operators.

Before defining the concept of ellipticity, we define the following

linear operator

def
E, (A) = ®<T>R+WZZA span{T;:i,j=1,...d-}
when A € Vand A > 0.

We shall say that a symbol is elliptic if it is pointwise invertible for

“high frequencies”.

Definition 4.9.1 (Ellipticity). Let o € S s(G). We shall say that that o is
elliptic and of elliptic order m if there exists A > 0 such that the following
property holds: for each v € R, there exists C > 0 such that

Hgé(l — EG)%U(g,)\)FHLQ(K) > CH@%(I Lo F

2 (59)

holds for every F € E5(A)C®(K) and every (g,A) € G x V.

From the definition of ellipticity, we can construct an “inverse for

high frequencies” which satisfy certain symbolic estimates.

Lemma 4.9.2 (Inverse of an elliptic symbol). Let ¢ € SZT(S(G) be an
elliptic symbol of elliptic order m, with A > 0 given by Definition 4.9.1.
Forany F € E)(A)C®(K), let

def

Ex(M)o(g,A)7 (o(g,A)F) = F,
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and consider the unique extension of Ey(A)o(g,A)~! onto C®(K) which

satisfies

Ex(A)o(g,A)~" =0.
AT g
The map Ex(A)o(g,A)~" is well-defined. Moreover, for each A € R, we
have

< oo0. (60)

A ety “1zA(7 -+
Jebr- 20" Exaoe, 1) b - £6) 7

Proof. Suppose that F;, F, € E)(A)C®(K) are such that
o(g, AN)FL =0(g,A)F,.
By definition of ellipticity with ¢ = —m, it follows that

IR = Bl 2 < C[|e8 (1 £Lo) Fole (B - R,

=0,

*(K)

so that the map is indeed well-defined.
Now, given v € R, we easily check by ellipticity that

|eb1 = £6)" " Ea(n)o(g, 1) 'F

L*(K)
< Cllaar - £a)tolg ME(AN(8,2) |,
Arr 1
< - co] .,
which shows (60). O

The previous lemma can be used to construct a symbol which in-

verts an elliptic symbol modulo S™*(G).

Proposition 4.9.3 (Inverse of an elliptic symbol). Assume that1 > p >
6 > 0. Suppose that o € S7'5(G) is a symbol which is (A, m)-elliptic.

Let x € C®(R™,[0,1]) be such that

1 l'fi" 2 A2
xa(r) = ,
0 lf?’ S A]/
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for some A < Ay < Ay, and define the symbol

lIJA(A) = Z XA(<A>X7 + <A>[Z)Ispan{ri]-:1§i,j§dT}~

ek
The map

def

7' (8:A) = YaEA(A1)e(g,A)7!
defines a symbol of S, *(G).

Proof. Let us first observe that

Pa =0, (8 M) (g M) (61)

Since 1 commutes with the powers of ¢ (I — Lg),

H%u—ﬁwﬁmgﬂrﬂapm)

< "¢A"£(L2(K))”§é(1 - ﬁG)%EA(A)a(g,A)—lHMZ(K)) < o,

where the finiteness is given by Lemma 4.9.2.
We have thus shown that

,,,,(5|/30|

Ce(I—Le) 2 XPoa(g,A)!

sup ess sup
geG  AeV

< oo,
L(L?(K))

for By = 0. Let us show it also holds for By of higher order.
By the Leibniz rule, we have

0=xXPyy = ¥ (XPoa(g )Xol ),
Bo=P1+B2

which implies that

XPoa(g,A)lo(g ) == X (XPoa(g ) xPo(g,)).
Bo=P1+p2
B1]<[Bol

Since 0(g, A) is invertible on E, (A1)C®(K), we obtain

XﬁOUA(g, A) -1
== ¥ (XPoale V) 'XPo(g, 1)) E(A)e g, A),

Bo=P1+p2

|B1]<Bol

which allows us to conclude by induction and Lemma 4.9.2.
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Let us now work with difference operators. The ideas are the same,
but the proof is slightly trickier because we have a Leibniz-like rule

instead of the classical Leibniz rule.

Applying the Leibniz-like rule to (61), we obtain

APPA(A) =AT0A(g,A) (g, A) +0a(8,A) AT (g, A)
+ ). c;-‘lA,?aA(g,)L)’lAlGa(g,A).

1<kl<nag
Reorganising the terms above, and using the fact that ¢ is invertible

on E,(A1)C®(K), we obtain

APoA(gA) T+ Y TARoA(g, A)TIAFa(g, A)Er(Ar)o (g, A)

1<k,I<n g

= ATPADEL(A)o " (8,A) — oa(g, )" ATo(g, A Er(Ar)r (g, ).
(62)

If R(g, A) is the second line of the above, we check easily that

|ebt—£o) " RgMEE I~ £o) T

< o0,
L(L*(K))

we can therefore deduce that

m+p+7

et (1= £6) ™5 Afon(g, M) Teb (I - Le) 7

< o0,
L(L?(K))

by considering the equations (62) for all j simultaneously. Applying

A% to (61), we can deduce inductively by arguing like above that

" mplalty 121 —y
|ee(r—£a)™ 7 Atoate VG- L) F | ) <o

The general case can be deduced similarly by applying XPA% to (61).
O

We are now able to prove that any elliptic pseudo-differential operator

admits a left parametrix.
Theorem 4.9.4 (Existence of left parametrices). Let A € ‘I’;”, 5(G) bean
m-elliptic operator of order m with 1 > p > & > 0. There exists an operator

B €Y, §(G) which satisfies

BA = IS(G) mod ‘Fioo(G)



4.9 CONSTRUCTION OF PARAMETRICES | 147

Proof. Since A = Op(0) is elliptic, we know that oa (g,A) 7! € S5 (G)
and

oa(gA) 1o(gA) = pa — oalg,A) 1o (g A) Tk — ¥a)
=9pp mod S %(G),
= ILZ(K) mod S_OO(G),

since I;2(x) — P is smoothing.
Therefore, letting By = Op(ca(g,A)~") yields
BoA = sy — Eo where Eg = Opg(eo) € ‘I’;gpﬂs)(G)

by the composition formula. Suppose by induction that we have de-
fined B; and E; = Opg/(e;) for j = 0,...,k such that

(Bo+ -+ Bx)A=1—E; where E, = Opg(ex) € T;(gkﬂ)(pié)(c)-

Letting By = Opc(Exoa(g, A)~1), we obtain

(Bo+--'+Bk+1)A =1—Ex+ Br1A=1—Epqq,

where Ejy 1 = Ex — Bpy1A is an operator in 1{,;_(1?2) (0=0) (G), again by

the composition formula.

Since the order of By strictly decreases as k strictly increases, it
follows that

+o00
B~ Y B
k=0
defines an operator in ‘I’;g”(G). Moreover, for each N € IN we have

N
BA—I+Ey=(B-) ByAc€ \I;;,é(N—H)(P—&)-‘rm(G),
k=0

with Ex € ‘F;(ENH)@_J)(G). Letting N — oo on both sides of the

above, we obtain that
BA—-1€Y %(G),

concluding the proof. O
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Combined with the L?(G) boundedness, the existence of paramet-

rices yields the following result.

Corollary 4.9.5 (A-priori estimates). Let m € Rand1 > p > 6 > 0. If
L € ¥7;(G) is an elliptic pseudo-differential operator and

Lu=f

for some f € L2(G), then u € L2, (G).

m+s

Moreover, we have the following a-priori estimate

] 2

m-+s

) = C(HfHLg(G) + HuHLZ_N(G))
foreach N € R.

Proof. By Theorem 4.9.4, there exists a left-parametrix P € ‘I’p_’;"(G)
such that

PL=1—-R, Re¥ ®(G).

In particular, by the triangular inequality and Theorem 4.8.4 ap-
plied to P and R,

[l 2

s+m

) S IPLullz )+ IRull2 (g

s+m

< C(l[Lull 26y + Null2 (6))s
concluding the proof. O

Remark 4.9.6. Let us make a few comments on the last results.

e In Corollary 4.9.5, when L € ¥7'5(G) is of type (1,0), then we may
replace 2 by any p € (1, +c0) thanks to the Calderén-Zygmund the-
ory (Proposition 4.8.11).

o The result Corollary 4.9.5 can be localized by following [FR16, Sub-
section 5.8.3].



5 CONCLUSION

Building upon the work of M. Ruzhansky, V. Turunen, V. Fischer and
others, we managed to define a global pseudo-differential calculus
on the motion group. The main contribution of this document is ar-
guably a shorter, less technical, and purely symbolic proof of the ker-
nel estimates, which is the key result in the strategy devised in [FR16].

Our analysis uses the specific structure of the motion group only
when we prove the existence of a finite, strongly admissible family of
polynomials satisying a Leibniz-like rule, and with adequate growth at
infinity to control the decay of the kernel away from the origin. Going
forward, it would be interesting to know which other Lie groups
possess such a family of polynomials, or whether the aforementioned
conditions can be relaxed in any way.

Unfortunately, the present document is rather academic in the sense
that applications of the developed calculus are left untreated. As an
example, we expect a sharp Garding inequality to hold on the mo-
tion group. Moreover, the study of the spectral and the propagation
of singularities of our pseudo-differential operators is also of interest.

This, along with other aspects, could be the object of future work.
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