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ABSTRACT

A unifying framework is proposed for the formulation
and solution of electromagnetic field problems, with
emphasis on numerical implementation. It is based on
a universally defined error that corresponds to the
constitutive relationship between fields in electromagnetic
media : the error is positive in general, and zero if,
and only if, the fields satisfy the relationship exactly.
Minimisation of the error provides a universal variational
principle which generates complementary and dual solution
formulations. The approach leads to a descriptive
structural framework that divides fields, potentials, and
governing equations between the two sides of the

constitutive relationship.

For well-posed static problems, the constitutive error
splits into complementary energy bounds. Complementary and
dual formulations are derived for a range of problem
specifications. Contributions are made to three areas of
interest : inaccuracies in magnetostatic scalar potential
formulations, limitations of mixed formulation, and

solvability of vector potential formulations.

Error-based derivations are presented for standard
finite difference, finite element, and boundary element
equations. The constitutive error is shown to be
a comprehensive measure of numerical errors in

consistently specified formulations.



Two-dimensional finite element computation results
are presented for linear and non-linear static problems,
highlighting the comparative computational behaviour of
complementary formulations. Error-guided mesh refinement
is demonstrated. Estimates of non-linear lumped circuit

parameters are shown to be non-bounding.

The approach is extended to the time-varying case.
The constitutive error does not, in general, split into
complementary functionals, but solution formulations can
always be extracted. Complementary formulations are
derived for the steady-state and transient eddy-current

problems, as well as the high frequency problem.
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NOTATTION

Symbols

Symbols will have the meanings listed below, unless defined
differently in the text. Where more than one meaning are
listed, the appropriate one may be inferred from the
context. SI units are used throughout.

A vector potential: (1) abstract, (2) magnetic;

B flux density: (1) abstract, (2) magnetic;

Br residual field: (1) abstract, (2) magnetic;

c capacitance;

c pre-defined component of flux density B;

D electric flux density;

E electric field intensity;

G pre-defined component of field intensity H;

H field intensity: (1) abstract, (2) magnetic;

He coercive force: (1) abstract, (2) magnetic;

I (1) identity operator, (2) electric current;

J (1) abstract vector source density, (2) electric
current density;

K (1) abstract surface vector source density,
(2) electric surface current density;

L (1) length of curve in space, (2) Lagrangian,
(3) inductance;

M magnetomotive forcej;

Q electric charge;

R (1) three-dimensional region in space, (2) electric
resistance, (3) magnetic reluctance;

S surface in space;

T electric current - describing vector potential;

\Y (1) abstract motive force, (2) voltage;

w (1) energy, (2) power .
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(1) unit vector in direction i, (2)n XA;
n -+ B;
n - D;
nxEg;
n xH;

imaginary unit v-1;

curve in space;

unit normal vector to a surface, outward if
well-defined; otherwise see conventions below;
time-differential operator 3/0t;

time-integral operator [( )dt, from tg to t;
position vector;

time;

Cartesian coordinate;

Cartesian coordinate;

Cartesian coordinate.

functional in both system variables;
functional, egns. 2.17;

functional in one-system variables: (1) H-system,
(2) E-system (static); (3) H-system (time-varying);
global constitutive error;

functional in one-system variables: (1) B-system,
(2) D-system, (3) J-system (static);

(4) E-system (time-varying);

flux: (1) abstract, (2) magnetic;

functional, egns. 2.17;

functional, egns. 2.17;

scalar potential: (1) abstract, (2) magnetic.

(1) electric permittivity, (2) general error;
product, see egn. 2.11;

constitutive error density;

(1) abstract constitutive operator,

(2) magnetic permeability;

(1) abstract constitutive operator,

(2) magnetic reluctivity;
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p (1) abstract scalar source density, (2) electric
charge density, (3) electric resistivity;
) (1) abstract surface scalar source density, (2) surface

charge density, (3) electric conductivity;

¢ electric scalar potential;

X see egn. 2.8aj;

U] see egn. 2.8b;

w angular frequency.

Conventions

U, U vector and its magnitude;

3] ‘ specified value of U;

§U = Uy -Uq ; subscripts refer to two estimates of U;

AU = Upy-Uq 7 subscripts refer to regions on two
sides of a surface;

n AU = nq1 (U -Uq) = ny(Uq -Up) ; subscripts refer to
regions on two sides of a surface; nj is the unit
normal to the surface, outward from region i;

pU = 3/3t (U);

p U =ft Udt;

o

Re {U} = real part of U;

Im {U} = imaginary part of U;

<u, v> = vV

U,Vv> =U-V;

<u ,v>R = <u, v>dR = uvdRr ;

V> dR

, v>ds

A
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CHAPTER ONE

Introduction

1.1 Preview

This thesis is concerned with the formulation and
solution of electromagnetic field problems. The emphasis
is on numerical application, a topic marked by numerous
developments since digital computers became widely available

some twenty-five years ago.

The thesis identifies an error that corresponds to the
constitutive relationship, and shows that many existing
approaches are simply alternative ways of minimising it.
The error-based approach thus provides a unifying frame-
work that offers perspective and insight. The error itself
can provide a common basis for comparison. The theory is
particularly suited to numerical analysis, the error being

identically zero in exact analysis.

This introductory chapter sets the background, and
outlines the thesis. Sec. 1.2 describes the steps involved
in computing the fields for a given problem. Sec. 1.3 is
a brief survey of existing implementations of these steps.
Sec. 1.4 reviews previous work on complementary variational
principles, a major contribution to the establishment of a
unifying framework. Finally, sec. 1.5 outlines the work

presented in the thesis.

1.2 Problem specification and solution formulation

The process of solving an electromagnetic field problem
is one of constraining the field variables to satisfy the

given problem specifications. 1If the latter are well-posed,
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the variables should acquire, everywhere in the region of
the problem, the values corresponding to the unique field

distributions.

A problem is uniquely specified by

(i) the constitutive relationship(s);
(il) Maxwell's equations;
(iii) continuity conditions; and

(iv) boundary conditions.

The geometry and topology of the region are implicit in

these position-dependent specifications.

As described, the process is analytic, and solution is
possible for only a limited range of problem specifications.
Numerical methods can handle a wider range by further
constraining the field variables to mathematically tractable
forms. 1In effect, the solution fields are numerically over-

specified, and can only approximate the true fields.

The main steps of the solution process are outlined in
the flow chart of fig. 1.1. It would be difficult to en-
visage a treatment that is not described by such a general

procedure.

The equations formulated in step 2 may be partial
differential equations, integral equations, or combinations.
One might include variational energy principles, although
these are often regarded as means of solving partial
differential equations. Integral equations are also
commonly presented as means of solving the corresponding
partial differential equations. Such emphasis on the
differential formulation is a carry-over from closed-form
analysis; it does not necessarily provide the most suitable

approach to numerical analysis.



Constrain the field variables
explicitly to satisfy some of
the physical specifications

2.

Formulate the remaining physical

specifications into a suitable

equation, or set of equations

Reduce the analytic equation(s)

3.
Constrain the field variables

% explicitly to satisfy the
2 chosen numerical specifications
@
E\ E
kS 4.
+)
>
—~
©
g
©

of step 2 to a set of simul-

taneous algebraic equations

Solve the equation(s) for
the field variables

Fig. 1.1 General solution procedure.

1.3 Existing techniques

A cursory look through the literature reveals the
variety of ways in which the general procedure of fig. 1.1
can be implemented. Choice is available, and has been

exercised, at each step.

In general, the constitutive relationship is imposed

explicitly in step 1. The main choice then is which of

16
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Maxwell's equations to enforce explicitly, and which to
base the solution formulation on. This may be viewed as

le1r2

a choice between potentials , or, more fundamentally,

le3sy
.

between complementary formulations Mixed formulations

have been developed recently!®. Variants include recasting

Maxwell's field equations in network forms®7,

The solution formulation of step 2 may be differen-
tial®?, integral’!, or a combination of the twol!"??3,
Alternatively, the variational principle, if one exists,

may be regarded as the solution formulation¥*.

Numerical methods, steps 3 and 4, are characterised
mainly by the analytic formulation from which they
originate, the process by which they are derived, and the
numerical constraints they employ. Choice, once again,
abounds. A short list of the more popular techniques would
include the finite difference, finite element, and boundary

integral methods ¥, The classification is not exhaustive,

nor, indeed, rigid; Zienkiewicz!’, for example, extends
the definition of the finite element method to encompass

the other two.

The above brief survey can only hint at the extensive
range of choice available. While abundance of choice is
always desirable, it needs to be rationalised, preferably
through some unifying theory or framework that allows
systematic assessment of alternatives. In the absence of
such a framework, the task of making a choice is more of
an art than a science, possibly influenced by personal
circumstance and bias. The magnitude of the difficulty
of the task may be appreciated by noting the protracted,
and apparently unresolved, debate on just one of its
aspects, namely the relative merits of first-order finite
difference and finite element implementations of two-
dimensional magnetostatic vector potential formula-

tions l.16 — 20
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1.4 The energy approach

Energy is a physical quantity associated with the
electromagnetic system in its entirety. It is stationary,
possibly extremal, at the unique solution to the problem.
The variational principle thus defined furnishes the
solution formulation required in step 2 of the general pro-
cedure, fig. 1.1. The variation is constrained by one of
Maxwell's equations, and enforces the other. Significantly,
the energy approach shifts emphasis away from the governing

partial differential equation.

Energy expressions are defined in pairs, giving rise

to complementary variational principles!¥#2r2,

Both prin-
ciples are extremal under static conditions, one being

a minimum, the other a maximum. The corresponding energy
estimates thus constitute upper and lower bounds on the
true system energy. Recognition of the interrelationship
between complementary formulations is the essence of the
contribution of the energy approach to a unifying frame-
work. It leads to a concise mathematical structure that

inter-links the various fields and potentials?!*.

The main limitation of the approach has been its
inability to generate well-defined functionals for certain
problems, particularly under time-varying conditions.
While it can often be extended to handle such cases!?¥¥,
the process robs it of much of its attractive simplicity.
The weighted residuals approach is generally considered
more convenient because it provides a straightforward pro-

cedure for deriving workable solution formulations?®.

In the context of computational electromagnetics over
the past fifteen years, the development of complementary
energy principles has proceeded mainly by adapting parallel

theory from other areas of mathematical physics.

Arthurs!? used the theory of linear operators and
functional analysis to generalise the principles of

analytical mechanics into an abstract theory of complemen-
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tary variational principles. He applied the theory to de-
termine upper and lower bounds in a number of problems of
mathematical physics, including electric capacitance and

resistance.

Cambrell®? used a similar approach to derive bounds
on inductance and capacitance. He established a mathemati-
cal structure for the variables involved, and applied the
complementary principles to numerical solution of electro-
magnetic field problems. He also considered the high

frequency problem.

lely 1e23

Fraser and Penman and Fraser used functional ana-
lysis to generalise the Hu-Washizu!? functionals of elas-
ticity into abstract expressions of complementary varia-
tional principles, and to describe the mathematical struc-
ture of the systems involved formally yet concisely.
Applications of the general theory, which is restricted to
static electromagnetics, emphasised numerical implementation
by the finite element method!'?, Solution formulations
were extended to the harmonic eddy-current problem®, and
the structural framework to the general time-varying

case lebr1lr23 .

Each of the above derivations was shown to be equi-
valent to the hypercircle!?®, an abstract treatment that is

conducive to intuitive geometrical interpretation.

In contrast to the abstract formalism of the above

14327 -29 amphasised the

treatments, Hammond and co-workers
underlying physical processes. The theory of analytical
mechanics was reinterpreted in electromagnetic terms to
derive complementary formulations from the principle of
virtual work. Physically based intuition was also used to
devise simple ways of calculating highly accurate estimates
of lumped circuit parameters; the finite element method was
applied for the same purpose®®, Hammond® and Hammond and

Penman "3

treated time-varying problems by viewing complex
conjugates of fields as belonging to an adjoint system

having a negative time-sequence.
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Thatcher I"*#

difference between the complementary numerical estimates of

defined a positive error in terms of the

the field distributions, and used it to assess mesh
adequacy in an electrostatic finite element solution.

Cendes et al.!®

used similar finite element errors, in
conjunction with Delaunay triangulation, to develop a self-

adaptive mesh refinement algorithm.

1.5 The proposed error-based approach

This thesis presents an alternative, error-based
derivation of solution formulations. Chapter 2 gives a
universal definition of the error in terms of the fields,
and shows that it is non-negative, being zero if, and only
if, the fields satisfy the constitutive relationship. 1In
effect, error minimisation imposes the constitutive
relationship on the fields. The universal variational
principle thus defined furnishes the solution formulation
required in step 2 of the general procedure of fig. 1.1.
In contrast to existing approaches, the fields are
constrained to satisfy both of Maxwell's equations
explicitly during the variation. Details of this implemen-
tation of the general procedure are described in Chapter 3
for the static case. It is shown that, for a well-posed
problem, the constitutive error separates into complementary
functionals, or energies, thus providing an alternative
derivation of complementary variational principles and
energy bounds. Chapter 4 compares with existing deri-
vations, and shows that the error is, in fact, the
difference between established energy bounds. Extracting
the bounds from the error, rather than the other way
around, results in a degree of generalisation since the

error has a standard, universal definition.

As a direct result of not enforcing the constitutive
relationship explicitly, the approach leads to a structural
framework that places each field on one side or the other
of the relationship. It follows that the remaining physical

specifications of sec. 1.2, namely Maxwell's equations,



21

continuity conditions, and boundary conditions, are
similarly polarised. Potentials are viewed as solution
tools that enforce Maxwell's equations on their

corresponding fields.

Chapter 5 introduces numerical constraints, step 3 in
fig. 1.1, and presents error-based derivations of standard
finite difference, finite element, and boundary integral
element equations, step 4. The constitutive error is a
comprehensive measure of the numerical error, provided the
trial fields satisfy the remaining physical specifications

exactly.

Chapter 6 derives complementary formulations for a
range of static problems. Linear two-dimensional finite
element results are presented, highlighting the comparative
computational behaviour of the complementary solutions.
Error-guided mesh refinement is demonstrated; the
constitutive error of the thesis is a generalisation of the
error defined in references 1.32 and 1.33. Non-linear
magnetostatic problems are solved in Chapter 7, where it is
shown that energy bounds yield non-bounding estimates of

non-linear lumped circuit parameters.

Chapters 8, 9, and 10 apply the proposed approach to
three areas of some interest in computational electro-
magnetics : 1inaccuracies in magnetostatic scalar potential
formulations, limitations of mixed formulation, and
solvability of vector potential formulations. The approach
is found to offer added perspective and insight, often
suggesting improvements; it also provides a practical means

for assessing alternatives.

Extension of the error-based approach to the time-
varying case, detailed in Chapter 11, is straightforward
because the error, unlike energy, has a standard, universal
definition. It is shown that although the error is not
guaranteed to separate as in the static case, complementary

and dual solution formulations can always be extracted.
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The presentation highlights the error-based numerical
significance of various formulations, and compares them to
existing treatments. Complementary formulations are
derived for the eddy-current problem under steady and

transient conditions, and for the high frequency problem.

Conclusions are summarised in Chapter 12, the
principal conclusion being that minimisation of the
constitutive error is, effectively, what many established
formulations do, or attempt to do. This is the essence of
the contribution of the proposed approach to a unifying
framework, the error being universally defined and
computable. The chapter goes on to suggest ways by which
such an error-based framework can be put to good use in

computational electromagnetics.
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CHAPTER T WO

The Constitutive Relationship

2.1 Preview

This chapter examines the constitutive relationship
between fields in material media with the purpose of casting
it in error form. Provided the relationship possesses two
properties, given in sec. 2.2, such a formulation is possible,
even for non-linear and anisotropic media. These properties
are not unduly restrictive; most materials of practical
interest can be accommodated. The error formulation is
constructed in sec. 2.3 where its relevant properties are
also investigated. A simple graphical interpretation of

the error is presented in sec. 2.4.

2.2 Definitions

We shall be concerned with two vector fields, H and B,
in a region R whose relevant material properties can be
represented, at any given point, by a constitutive

relationship of the general form

B = uy(H)H + B (2.1a)
or

H=v(B)B + H (2.1b)

where Er and gc are known constants. The constitutive
operators p(H) and v(B) are, in the general case, non-linear

and anisotropic tensors (or dyads).
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This work is restricted to constitutive relationships

that possess the following two properties :

1. If 31 and §1 are related to each other by egns. 2.1,
and so are H, and §2, then
<H,-H, , B,-B,> 2z 0 (2.2a)
with
<Hy-H; , By-By> = 0 <=> Hy = H; and B, = B4
(2.2b)
2. The derivatives 3(u(H)H)/9H and 3(v(B)B)/9B are
symmetric; i.e.
B(U(E)ﬂ)i/BHj = 3(u(§)§)j/3Hi (2.3a)
and
a(v(g)g)i/aBj = a(v(g)g)j/aBi (2.3b)

where the subscripts i and j refer to the space

components of the respective vectors.

Formally, property 1 states that the constitutive
operators are strictly monotone®l. It excludes negative
slopes, and implies single-valuedness, a one-to-one corres-
pondence between H and B. This, in turn, implies that
U(E)§+§r and v(§)§+gc are continuous functions of H and B
respectively, and that over no range of H (or B) is

u(§)§+§r (or v(§)§+gc) constant.

Appendix A shows that one implication of property 2
is that u(ﬂ)g+§r and v(g)B+§c are gradients of well-defined,
computable scalars x(H) and y(B) w.r.t. the components of

H and B respectively :

=

=
=
+
]

g a; ax(g)/aHi grady ¥ (2.4a)

and

<
o
w

+

1]

Z a, 8¢(§)/3Bi gradg ¥ (2.4b)
1
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where i ranges over the three component directions, and a;
is a unit vector in the direction of the ith component; the
subscripts H and B indicate that the partial derivatives, in
the gradients, are w.r.t. the components of H and B respec-
tively. Formally, egns. 2.4 state that the constitutive

operators are potential operators, with x(H) and Y (B) as

their potentials®! . Appendix A further shows that
H
x(H) = x(go) + J <p(h)h + B, dh> (2.5a)
=0
and
B
V(B) = W(B,) + J <v(b)b + H_ , db> (2.5b)

B, “
where Eo and go are arbitrary reference field values, and
x(go) and w(go) are arbitrary constants. Moreover, Appen-
dix B shows that, by virtue of prop. 1, these scalars, or

potentials, are strictly convex?!:
<H, - H, , gradex(§)> z x(Hy) - x(H;) (2.6a)
and

<§2 = §1 ’ gradB2¢(§)>

v

w(gz) - w(§1) (2.6b)

The practical implications of prop. 2 are somewhat
abstract. A given constitutive relationship must be examined,
using egns. 2.3, to establish whether or not it possesses
prop. 2. Materials of practical interest in numerical
electromagnetism generally do. A linear material property
tensor that is also symmetric possesses prop. 2. So does
isotropic iron whose permeability is a function of field

magnitude.

Egns. 2.1 express the constitutive relationship in the
most general form applicable to this work. In non-hysteretic

materials they reduce to

B = u(H)H and H = v(B)B (2.7)
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Moreover, in linear media, u and v are constant, although

possibly anisotropic.

The constitutive relationship, described above in terms
of abstract fields, applies to three distinct sets of fields
in electromagnetism : magnetic fields in magnetically
permeable regions, electrostatic fields in dielectrics,

and current flow in conductors.

2.3 An error formulation

The general definitions of the scalars x(H) and VY (B)
are given in eqns. 2.5. Since the reference fields Ho and
go are arbitrary, it is possible, without loss of generality,
to set them both to zero, so that

H
x(H) = J <p(h)h + Er , dh> + x(0) (2.8a)
0
and
B
V(B) = J <v(b)b + H, , db> + ¥(0) (2.8b)
0

x(0) and V(0) are arbitrary constants; we shall find it

useful to define them as follows :

0 0

X(0) + ¥(0) = [<u(h)n+B,,dh> = [<v(b)b+B_,aD>  (2.9)
H B
-C -

The actual manner with which the constant sum is apportioned

between X(0) and ¢¥(0) is immaterial.

Now for arbitrary field estimates H and B that are not
necessarily related by egns. 2.1, we can construct, and

evaluate, the scalar

A(H,B) x(H) + V(B) - ¢(H,B) (2.10)
where

t(H,B) = <H , B> (2.11)
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Appendix C shows that, due to the convexity of x(H)
and Y(B), egns. 2.6, the scalar A(H,B) has the following

fundamental property :

A(H,B) 2z O (2.12a)
with

AMH,B) =0 <=> B =u(HH+B_ and H = v(B)B + H_

(2.12b)
i.e. strict inequality for H and B field values that do

not satisfy the constitutive relationship, egns. 2.1.

It is obvious from 2.12 that A(H,B) is an error form
that corresponds to the constitutive relationship : it is
zero for H and B field estimates that satisfy the constit-
utive relationship, and positive otherwise. A is central to
this work, and will be referred to as the constitutive error
density. It is definable for constitutive relationships
that possess prop. 2 of sec. 2.2, and its error significance,

eqns. 2.12, arises from prop. 1.

It follows, from egns. 2.12, that A(H,B) is minimum for
field estimates that satisfy the constitutive relationship.

From egns. 2.8-11, the variation of A is given by

SA §x + S - 8¢ (2.13a)

<uH + B_ - B, SH> + <vB + H, - H, éB> (2.13b)
Clearly, if H and B are related by egns. 2.1, then
S =0 (2.14)

giving us the stationary point of A, which is a strict
minimum. It is noted in passing that the actual value of A
at its stationary minimum was made zero by a specific choice

of the arbitrary constants x(0) and ¥(0) in egn. 2.9.

It is instructive to note that for a linear, non-
hysteretic constitutive relationship, the integrations of

egns. 2.8 are simple to perform; substituting the results
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into egn. 2.10, the expression for ) simplifies to

A= 1i<pyH , H> + 3<vB , B> - <H , B> (2.15a)

= i<y - B, H> + i<vB - H , B> (2.15b)
2 H= = 2 =

and the error significance of )\ is obvious in this case.

Now consider a region in space, R, where arbitrary
estimates are made for the field distributions H(r) and B(x).
Clearly, A(H,B) is a point-defined error. Its volume
integral over R is the total constitutive error A

attributed to R for the given estimates of the field

distributions :
A= AXdR =X + ¥ - Z (2.16)
R
where

X=fxdR , ¥=[VvVAR , and Z = ¢z dR = <H , B>
R R R
(2.17)

The volume integral of a non-negative scalar cannot be
negative, and can be zero only if the scalar is zero every-
where (with the possible exception of singularity points, if

any). Thus, from egns. 2.12 and 2.16, we have

=
w
o

(2.18a)
with

AN=0 <=> g:u(g)g+§r and §=v(§)§+§c everywhere in R.
(2.18Db)

Strictly, the forward implication does not apply at points

where )\ is singular.

From egns. 2.13 and 2.16, the variation of the global

constitutive error A is given by

SA §X + 6Y - 62 (2.19a)

= <uH + B_ - B, 6§>R + <vB + H_ - H, 6§>R (2.19Db)
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Clearly, if the estimated distributions H(r) and B(r) satisfy
the constitutive relationship everywhere in R, then

A = 0 ' (2.20)

giving us the stationary point of A, which is a strict

minimum corresponding to egn. 2.18b.

2.4 A graphical interpretation

This section presents a graphical interpretation of the
constitutive error density A for the simple case of an
isotropic medium in which the constitutive relationship is
a function of the field magnitudes. Such a relationship
possesses prop. 2 of sec. 2.2. It is illustrated by the
B-H curve of fig. 2.1. 1In accordance with prop. 1, the curve

is continuous and has a strictly positive slope.

Independently made estimates of H and B define a point
(H,B) that may fall above, below, or on the B-H curve. Y(H)
and V(B) are, respectively, the shaded areas below and above
the curve, so that x+V is the total shaded area in either

figure. It is noted in passing that in magnetic

VB

{a) (H,B) above curve. (b) (H,B) below curve.

Fig. 2.1 Illustrating the constitutive relationship and

error density for different field estimates.
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applications, X corresponds to the energy, while V¢

corresponds to the co-energy.

The hatched rectangle represents the product of

magnitudes HB. From either figure
X+V 2 HB 2 HBcos o (2.21a)

where a is the space angle between H and B. But

r = HBcos o
by definition, egqn. 2.11. Thus
X+Vb 2 ¢ (2.21Db)
Subtracting ¢ from both sides, and noting eqgn. 2.10
A=x+y-73 20

as in ineqg. 2.12a. For A to be zero, both inequalities in
2.2%a must be reduced to equalities: H and B must be para-
llel so that a=0, and the point (H,B) must lie on the B-H
curve. Thus A is a comprehensive measure of the error in
the constitutive relationship, accounting for both mag-
nitude and direction. In either figure, the shaded but
unhatched triangular area corresponds to (x + ¢ -HB); it is
therefore generally smaller than A, becoming equal to it

at cosa=1,i.e. a=0.
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CHAPTER THREE

Specification and Solution of

Static Electromagnetic Problems

3.1 Preview

The purpose of this chapter is to present a compact
theory of static electromagnetic problems, based on the
error formulation of Chapter 2, and particularly suited

to numerical solution.

Under static conditions, Maxwell's equations reduce to
three sets of independent equations relating to magneto-
statics, electrostatics, and steady current flow. Recog-
nising a unifying pattern, a general model is defined in
sec. 3.3. The model can, of course, represent other

physical problems that adhere to the same pattern.

Sec. 3.4 presents a thorough study of physical unique-
ness of model fields through an extended development of the
Helmholtz theorem. The study also covers the implementation
and interpretation of physical uniqueness in terms of
potentials, as well as the uniqueness requirements of the

potentials themselves for problem solvability.

Sec. 3.5 applies the conditions of physical uniqueness
to the constitutive error formulation devised in Chapter 2,
resulting in a general, yet concise, theory for the solution
of the model problem. By way of demonstration, sec. 3.6
applies the proposed approach to a particular class
of problem where the specifications, being relatively

simple, are of some general interest.
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3.2 Maxwell's equations

Maxwell's equations in differential form are

3

curl H = J + T (3.1a)
div D = p (3.1b)
curl E = %E B (3.1c)
div B = 0 (3.1d)

Under static conditions, where all fields are constant in
time, egns. 3.1 reduce to three independent pairs of
equations corresponding to the three material properties

of interest in electromagnetics.

(i) In magnetically permeable regions, the relevant
variables are the magnetic field intensity H and the
magnetic flux density B, related by the constitutive
relationship

B =uH + B or H=vVB + H (3.2)
= = 7 =r = = =c

where y is the magnetic permeability, v is the reluctivity,
B, is the residual flux density, and H, is the coercive

force. Under static conditions, egns. 3.7a and 3.1d yield

curl H = J (3.3)
and
div B = 0 (3.4)

where J is the current density. A familiar treatment of
egn. 3.3 shows that, across any surface, the discontinuity

in the tangential component of H is given by

n x AH = K (3.5)

where K is the sheet current flowing over that surface.
The corresponding treatment of egn. 3.4 shows that the

normal component of B is continuous, so that

n * AB =0 (3.6)

across any surface.
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(ii) In dielectrics, the relevant variables are the electric
field intensity E and the electric flux density D, related

by the constitutive relationship

D=€¢E or E-= 5-1_12 (3.7)

where € is the permittivity. Under static conditions,

egns. 3.1c and 3.1b yield

curl E = 0 (3.8)
and
div D = p (3.9)

where p is the charge density. Across any surface, the

tangential component of E is continuous

n x AE = 0 (3.10)

while the discontinuity in the normal component of D is

given by

_l'l’AQ:O (3.11)

where o is the sheet charge density on that surface.

(iii) In electrical conductors, the relevant variables are
the electric field intensity E and the electric current

density J, related by the constitutive relationship
Jd =0E or E=pd (3.12)

where ¢ is the electric conductivity and p is the resis-

tivity. Under static conditions, egns. 3.71c and 3.7a yield

curl E = 0 (3.13)
and
divd =0 (3.14)

The tangential component of E and the normal component of

J are continuous across all surfaces, so that

X
>
=
]

o

n (3.15)
and

(3.16)

=}
oS
g
I
o
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3.3 A model

The static field equations of sec. 3.2 clearly adhere
to a pattern. For each type of material, there is a pair
of fields that are related by a constitutive relationship;
one is an intensity field whose curl and tangential dis-
continuities (vector sources) are specified, while the other
is a flux density whose divergence and normal discon-

tinuities (scalar sources) are specified.

In Chapter 2 we considered the constitutive relation-

ship between two abstract fields H and B :

B = u(H)H + B, or H = v(B)B + H, (3.17)

We now make these fields 1less abstract by requiring them

to be piecewise differentiable, and to satisfy the

canonical equations

curl H = J (3.18)
and
div B = p (3.19)

as well as the continuity equations

n x AH = K (3.20)
and

n + AB (3.21)

]
Q

Clearly, the abstract fields H and B now conform to the
pattern described earlier. They are a generalisation of the
physical pairs of fields identified in sec. 3.2. The
abstract pair, as defined by egqns. 3.18-21, can therefore
be used to model the physical pairs. Table 3.1 shows the
correspondence between physical and model systems, and

fig. 3.1 shows the structure of the model.

It will be helpful to think of the model as being
composed of two complementary systems : the H-system
comprising the left half of fig. 3.1, and the B-system
comprising the right half. Egns. 3.18 and 3.20, the
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Model Magneto- Electro- Steady
. . current
systems statics statics flow
H H E E
u u € o
=1
8 0 0
g -r =r
0
i J J 0 0
K K 0 0
B B D J
-1
v \V) p
=
5 0 0
2 —c —c
)]
o o 0 o 0
o 0 o 0

Table 3.1 Correspondence between physical and model systems.

B-system

H-system

Fig. 3.1 Model structure.
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variable H, and the vector sources J and K belong to the
H-system; egns. 3.19 and 3.21, the variable B, and the
scalar sources P and 0 belong to the B-system. Clearly,
the only link between the two systems is the constitutive

relationship, egns. 3.17.

3.4 Problem specification

For our purposes, a problem involves a region in space,
R, where the model fields of sec. 3.3, H and B, coexist.
Solving the problem is the process of determining the field

distributions.

We define R to be a simply-connected region in three-
dimensional space, bounded by surface S. In general, S is

composed of N simply-connected sub-sections, so that

U s (3.22a)
with

S. N SsS. =0 for i = j (3.22b)

Within R there are M surfaces across which the tangential
component H and/or the normal component of B are/is discon-
tinuous, i.e. where K and/or 0 are/is non-zero. Denote the

union of these discontinuities by SA :

A A A A
S = S1 U 82 ee. U SM (3.23)

Multiply-connected regions are converted into simply-
connected ones by the introduction of cuts as in fig. 3.2;
they can thus be accommodated into the above definition of
R by including the two facets of every such cut with the

N sub-sections of S as shown in the figure.

cut

Fig. 3.2 Converting a multiply-connected region into
a simply-connected one.
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3.4.1 Uniqueness of fields

To be able to solve a given problem, it must be well-
posed, i.e. there must exist unique field distributions for
the given problem specifications. The purpose of this
section is to determine what constitutes adequate specifi-

cation for the uniqueness of the model fields H(r) and B(r).
With the problem region R, bounding surface S, and
discontinuities SA as defined above, we start from the

following premises :

1. The constitutive relationship :

Everywhere in R, H and B are related by a known
constitutive relationship, eqns. 3.17, which

possesses property 1 of sec. 2.2.

2. Canonical equations :

Everywhere in R, H and B are piecewise differen-
tiable, with the curl of H and the divergence of B
specified by egns. 3.18 and 3.19 respectively; the

source densities J(r) and p(r) are known and finite.

3. Continuity conditions :

Across any surface within R, the discontinuities
in the tangential component of H and the normal
component of B are specified, respectively, by
egns. 3.20 and 3.21, with the source densities

K(r) and o(r) known and finite.

The above three specifications constitute a concise
description of the model we have developed so far. To
investigate the uniqueness of the fields thus specified, we
postulate two pairs of distributions, 51(5), §1(£) and
52(5), §2(£), with each pair satisfying all three specifi-
cations; the fields are unique if the two pairs coincide.

Next define

6H(r) = Hy(r) - H,(x) (3.24a)

6B(r) = By(r) - B,(x) (3.24b)
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and

W = <6H , 6B>R (3.25)

As each pair satisfies specification 1 above, we can
substitute egns. 3.24 and 3.25 into eqgns. 2.2 to get

W 0 (3.26a)

w

with
W=20 <=> 6H =0 and 6B =0 (3.26Db)

Clearly, uniqueness is ensured by any set of specifications

that forces the equality in 3.26. Appendix D imposes
specifications 2 and 3 on 6H and 8B reducing W to
N
W= ) w (3.27a)
n
n=1

where the summation is over all sub-sections of the boun-

dary S, the contribution of each sub-section being

r r
= =n

w, = [GJ Hed , 8(n*B)]lg + (GJ g-d&)(éjg-dg) (3.27b)
r n r S
=n o) n

r, defines an arbitrary global reference point in R;

I, defines an arbitrary local reference point on Sn'

As W is not universally zero in eqn. 3.27, it is
evident that specs. 1, 2, and 3 do not, in themselves,
suffice for uniqueness. A further specification is

needed :

4., Boundary conditions :

Over the entire boundary S, the fields H and B are

so constrained that

W= ) w_ =0 (3.28)
n=1

where wo is as defined in egn. 3.27b, and the

summation is over all sub-sections of S.

The apparent indefiniteness of spec. 4 reflects the
large, indeed infinite, variety of boundary specifications

that are consistent with a unigue solution. In the next
section we examine some of the more common cases.
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3.4.2 Boundary specifications

To investigate ways by which spec. 4 of sec. 3.4.1 can
be satisfied, we shall find it useful to make a few

definitions. First let

h=nxH (3.29)
and
b=n-¢**B (3.30)

at any point on the bounding surface S. Also let

r
-—n
vV = J H e dQ (3.31)
. H-ag
r
-0
and
o =JB°dS (3.32)
. B - ds
S
n

where the subscript n refers to a particular sub-section,
Sn’ of the bounding surface S, egns. 3.22. Vn may be regar-
ded as an abstract motive force at r, relative to Ioi
@n may be regarded as an abstract flux through Sn’

Substituting egns. 3.31 and 3.32 into 3.27, we can

write
W=wW + w" (3.33a)
and
w o= w' + w" (3.33b)
n n n
where
N
w''= ) w! (3.34a)
n
n=1
with r
oo ® .
wo o= [GJ H+df , 6(n B)]Sn (3.34Db)
=n
and
N
W= Ly (3.35a)
n=1 I
with
w' = §V_ §d (3.35b)
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Satisfaction of spec. 4 requires W to vanish. The
above definitions allow us to examine the contributions,

to W, from the individual sub-sections of S.

Consider first wﬁ, egqn. 3.34b. Clearly, it vanishes
if either éh or b is zero, i.e. either h or b is known
on Sn' This leads us to define Sh as the union of boundary
sub-sections over which h is pre-specified, and Sb as the
union of boundary sub-sections over which b is pre-specified;
thus

on S, « S : h is specified => ¢h = 0 (3.36)

and

1]
o

on § < § : b is specified => 6b (3.37)

h and b are defined in egns. 3.29 and 3.30 respectively.

w_ also vanishes if Sn is an open boundary section
where H and B approach zero at least as fast as the inverse
of r?. Denoting the union of open-boundary sub-sections

by S_, we must have

on S, © S : r’H and r?B are bounded (3.38)

If the conditions on two, or possibly more, boundary
sections are suitably related to each other, their wﬁ
contributions to W can cancel out. This happens with
certain recurrence relationships. It also happens on the
two facets of a cut since their outward normals are in

opposite directions.

Consider next w;. From egn. 3.35b, it is clear that
wg vanishes if either 5Vn or 6¢n is zero, i.e. if either Vn
or @n is known on Sn' According to the definition of Sb in
3.37 and of @n in egn. 3.32, @n is pre-specified on all Sb
sub-sections so that their w; contributions automatically

vanish. The same cannot be said for S. and S ; on such
(e o]

h
boundary sections, w; must be accounted for explicitly.

If the motive forces Vn and fluxes @n on two or more

boundary sections are suitably related, their w; contribu-
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tions to W can cancel out. Of particular interest is the
situation arising on the two facets of a cut. Obviously,
their outgoing fluxes are equal in magnitude and opposite

in sign; thus

%o = —®n1 =%

where the subscripts refer to the two facets; substituting
into 3.35b and adding the contributions of the two facets :

"oo_ " " — -
Yn = ¥n1 *t Y2 T 6®n(6vn2 6Vn1)

Substituting for Vn1 and Vn2 from egn. 3.31 :
L, I I,
n_ . - . = L4
Wy o= dd)n(éjg dag GJE ag) = 6<I>n(<SJg dg)

r r r
=0 =0 =1

where r., and r, are reference points on the two facets;

1
choosing these to coincide in space, and substituting for

glfrom egn. 3.32, we get

w' = (GJ _1_3_~d§)(5§ H.de) (3.39)
2!

where l; is a path in R that pierces the cut. It is thus
evident that w; vanishes if we specify either the flux
through the cut, or the motive force around a closed path

that pierces the cut once.

It is instructive to note that w; is implicitly
accounted for in problems with certain simple boundary
specifications. For example, consider the case where S is
composed of only two simply-connected sub-sections, Sh and
Sb’ which conform to the definitions 3.36 and 3.37; on Sb’
wg vanishes as explained earlier; it also vanishes on Sh by,
effectively, allowing the global reference point I, to
coincide with the reference point on Sh so that Vh becomes
zero. This implicit treatment is not possible when S
includes two or more unconnected Sh and/or S, sub-sections.
The motive forces between these sections, or the fluxes
through them, must be pre-specified if W" is to vanish.

The situation is, in fact, a generalisation of resistive

circuit analysis, with Vn and @n corresponding, respectively,
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to terminal voltages and currents, with one terminal acting

as a reference for voltages.

3.4.3 Potentials

Having determined the specifications necessary to
ensure well-posedness, we now address the question of how
to impose these specifications on the model fields. We
shall deal with spec. 1, covering the constitutive relation-
ship, in sec. 3.5, and consider only specs. 2, 3, and 4 in

this section.

A common method for imposing the canonical equations
of spec. 2 on the fields involves the definition of

potentials. Let

H=G - grad Q (3.40a)

where @ is a scalar potential, and G is any pre-defined
field that satisfies

curl G = J (3.40b)

everywhere in R. Substituting for H from egns. 3.40 into
3.18, the latter is satisfied. Also let

|

= C + curl A (3.41a)

where A is a vector potential, and C is any pre-defined
field that satisfies

div C = p (3.41Db)

everywhere in R. Substituting for B from egns. 3.41 into
3.19, the latter is satisfied.

With spec. 2 accounted for, the potentials must be so
constrained as to effectively impose specs. 3 and 4 on their
respective fields. We derive the necessary constraints

below.

Consider, first, the continuity conditions of spec.3.

Substituting for H from egn. 3.40a into 3.20, and
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rearranging, we get

n x grad AQ = n x AG - K (3.42)

over any surface within R. Similarly, substituting for B

from egn. 3.47a into 3.21, and rearranging, we get
n * curl AA =0 -n * AC (3.43)

over any surface within R.

Thus far, the potentials have been considered in
differential form only. While on the subject of continuity,
we need to examine the corresponding integral forms as they
may necessitate the definition of artificial discontinuities

in the potentials.

Integrating egn. 3.18 over any surface Si in R, and

applying Stokes' theorem, we get

% Hed2 = J J+ds + J Kxn-dg (3.44)
A

Zj. S5 Qi

where Ri is the contour of Si' and 2? refers to any discon-
tinuities in nxH along Sy Substituting for H from

egqn. 3.40a and rearranging, we get

] AQ = % G-dy - J J-ds - j Kxn-d2 (3.45)
%y 2. s, g8

where the summation covers the discontinuities in

encountered by the path ki.

Integrating, next, egn. 3.19 over any sub-region Ri

within R, and applying the divergence theorem, we get

jgg-dg = J p dR + J o ds (3.46)
S. R, sb
1 1 1

where Si is the surface that encloses Ri' and S?

refers to
any discontinuities in ne<B within Ri' Substituting for B
from egn. 3.41a, applying Stokes' theorem, and rearranging,

we get
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A

) J AA-dL = J p dR + J o ds - }g-dg (3.47)
2, Ry h cH

where QA refers to a slit, piercing Sy along which nxA is

discontinuous; the summation covers all such slits.

The right hand sides of egns. 3.45 and 3.47 are pre-
specified, and they are not necessarily zero, thus possibly
requiring the introduction of artificial discontinuities in
the respective potentials to balance the equations on their
left hand sides. Such cuts are in addition to any that may
be required to convert a multiply-connected region into a
simply-connected one, as explained earlier with reference
to fig. 3.2.

Consider, next, the boundary conditions of spec. 4.

This is best done using the definitions of sec. 3.4.2.

Substituting eqn. 3.40a into 3.29, and applying the
result to 3.36, we get

on S, : n xgrad  =nxG-h (3.48)

Substituting eqn. 3.41a into 3.30, and applying the
result to 3.37, we get

on S, : ne*-curl A=b-n-°C (3.49)

Substituting egn. 3.40a into 3.38, we get
onS_: r?|G - grad Q| bounded (3.50a)
which simplifies to
on S_ : r @ Dbounded (3.50Db)

if G is zero in the open boundary region. Substituting

egn. 3.417a into 3.38, we get

on S : r?|C + curl A| bounded (3.51a)

o

which simplifies to
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on S_ : r’A bounded (3.51b)
if C is zero in the open boundary region.

Substituting eqn. 3.40a into 3.31, performing the

integration in @, and rearranging, we get

=n
Q(;n) - Q(go) =) AQ + J Gedf - Vn (3.52)
r
=0
where the summation covers all discontinuities in @ encoun-

tered by the path from x, to r.- Substituting egn. 3.41a

into 3.32, applying Stokes' theorem, and rearranging, we get

%A-d&:fbn—ngis (3.53)
2

n n
where ln is the contour of Sn’ including any slits of the
form of QA, described in conjunction with eqn. 3.47, that

may pierce Sn’

This completes the interpretation of specs. 2, 3, and
4 in terms of potentials. The equations of this section
are to be viewed as constraints on the potentials; the
right hand sides are, in general, pre-specified. Forcing
these constraints on the potentials effectively imposes the

respective specifications on the corresponding fields.

3.4.4 Uniqueness of potentials - solvability

If the problem is to be posed, and eventually solved,
in terms of potentials, they must, naturally, be uniquely
specified. Imposing the specifications of sec. 3.4.1 on the
potentials, as was done in sec. 3.4.3, ensures the unique-
ness of the resulting H and B fields, but not that of the
potentials themselves. The potential specifications must
therefore be completed by introducing additional constraints
on them. A degree of flexibility is available in the choice
of such constraints, the main criterion being consistency
with the original, physical, specifications which may not

be violated, whether explicitly or implicitly.
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As potentials are, in essence, solution tools, the
additional sbecifications can be regarded as requirements
of solvability. In contrast, H and B model the physical
fields, sec. 3.2, and the specifications on them are

requirements of physical uniqueness.

3.4.4.1 The H-system scalar potential

Integrating eqn. 4.30a from a global reference point

r, to a general point r in R, we have

J H-d2 = I G-dg - J grad  «dl (3.54a)
Lo Io Io
Performing the integration in @, and rearranging :

r r r

AUr) = AUzo) + 180| + [ geap - [ mear  (3.50m)
Io Xo Io

where the summation covers discontinuities in § encountered
by the selected path from r, to r. The uniqueness of § is
contingent upon the uniqueness of the right hand side, and
we now examine the individual terms. The line integral in
G is known since G is pre-defined everywhere. The line
integral in H is unique if the requirements of physical

uniqueness are observed.

A discontinuity in Q across a cut necessitated by egn.
3.45 is known. A discontinuity in  arising from n X AH
and/or nx AG is given by integrating egn. 3.42 along

a curve lying in S,, the surface of discontinuity :

r r
ML) = AQ(zy) + zA'9| + f AG+dL - J Kxn-dl
= In In
(3.55)
r, is a reference point on S, : if S, divides R into two

sub-regions, AQ(r,) can be chosen arbitrarily; if S, has
a floating edge, r, is placed at the edge where AQ(r,) is

zero. The line integrals are known. The summation
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accounts for other surfaces of discontinuity intersecting
Sp ¢

of surfaces of discontinuity in nxH and/or n xG, similar

the contributions of cuts are known; the contributions

to S,, can be determined sequentially. 1In effect, AQ is

known, or pre-specified, however it may arise.
The right hand side of egn. 3.54b is thus unique to

within a single additive constant, Q(r,), which must be

specified, arbitrarily, to force a unique Q(r).

3.4.4.2 The B-system vector potential

The four specifications of sec. 3.4.1 can be viewed as
a general theorem of vector uniqueness. It is therefore
possible to investigate the unigueness of the vector
potential A by inserting it into a two system model of its

own, and applying the theoren.

We begin by introducing a complementary vector F, and

relating it to A by the constitutive relationship

F = (Xé (3.56)

Spec. 1 of sec. 3.4.1 requires that the constitutive
operator a should possess property 1 of sec. 2.2. o 1is
often made the unit operator, but other definitions are

sometimes preferable??,

The first canonical equation is obtained by

rearranging eqn. 3.41a :

curl A =B - C (3.57)
The second canonical equation must therefore be

div F = p' (3.58)

where p' is an arbitrary scalar distribution, often chosen
as zero. Egns. 3.57 and 3.58 correspond to egns. 3.18 and
3.19 of the model of sec. 3.3; A and F correspond to the

abstract H and B fields respectively.
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Egn. 3.57 satisfies spec. 2 of sec. 3.4.1 since C is
pre-defined, and B is implicitly specified in a well-posed
problem. However, nothing in the physical specifications
of the problem can force eqn. 3.58 which is often referred

to as the gauging of the vector potential.

The continuity conditions corresponding to egns. 3.20

and 3.21 can be written

n X AA = K' (3.59)

and

n e+ AF = o' (3.60)

Spec. 3 requires that K' and o' be specified over all sur-
faces within R. The physical specifications provide

a constraint on K' : applying a vector identity to the LHS

of egn. 3.43, and substituting from 3.59 into the result,

we find

divg K' =n -+« AC -0 (3.61)
The boundary conditions are best considered through
the definitions of sec. 3.4.2. The A-F equations corespon-
ding to 3.29-32 are

a=nx A (3.62)
f=n-+F (3.63)
-
V! = J A« dl (3.64)
n A *ax
r
—0O
' = J F - ds (3.65)
n Fe+as
S
n

Using egns. 3.62 and 3.63, the boundary specifications
3.36 and 3.37 can be expressed in the form

onS < S : a is specified (3.66)
and

on S & S : f is specified (3.67)
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The original, physically specified Sb provides a constraint
on a wherever it coincides with Sa : applying a vector
identity to 3.49, and substituting from 3.62 into the

result, we find

divs a=n+C-> (3.68)

In open boundary regions we must have
on S _c S : r?A and r’F bounded (3.69)

according to 3.38. The specification in 3.69 is stricter

than 3.51, which represents the physical requirement.

The motive force Vé and the flux @A must comply with
the corresponding requirements discussed in sec. 3.4.2.

Vg is partially constrained by egn. 3.53.

The physical specifications on the vector potential A,
derived in sec. 3.4.3, fully enforce egn. 3.57, partially
constrain egns. 3.59, 3.64, and 3.66, and leave entirely
free the specifications of egns. 3.58, 3.60, 3.65, 3.67,
and 3.68. Yet all these specifications must be enforced to
ensure a unique A. It is therefore necessary to complete
the specification of A by defining, and imposing, the indi-
cated additional constraints without, of course, violating

the original physical constraints, explicitly or implicitly.

3.4.5 Model structure

The structure of the model shown in fig. 3.1 accounts
for specs. 1, 2, and 3 of sec. 3.4.1. Fig. 3.3 extends it
to account for spec. 4 by including those boundary con-
ditions of sec. 3.4.2 that can be accommodated on such

a diagram. It also shows the potentials for completeness.

The constitutive relationship is the only link between
the H- and B-systems in the structure of fig. 3.3. But the
structure shown does not exhaust the possibilities of allow-

able boundary specifications; it excludes conditions
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related to recurrence boundaries, cuts, and abstract motive
forces and fluxes. In principle, allowable specifications
that link H and B on parts of the boundary can arise. In
most applications, however, boundary conditions are

specified independently for the H- and B-systems.

H-system B-system

Fig. 3.3 Model structure.

3.5 Solution

The process of solving a physical problem is one of
imposing the given specifications on the fields to force
them to acquire, everywhere in R, the values unique to those
specifications. A variety of approaches, differing in
philosophy and/or technique, can be used to implement the
process. In this section, we present a compact approach

that is particularly suited to numerical analysis.
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It is proposed that a well-posed problem can be
solved by minimising the constitutive error, with the
fields constrained to satisfy specifications 2, 3,
and 4 of sec 3.4.1.

The validity of the proposition is established simply
by recalling inequality 2.18, which was

A (3.70a)

w
o

with
AN=0 <=> B = MH+B and H = VB+H everywhere in R.
(3.70Db)

Clearly, then, spec. 1 is satisfied when A is minimum, thus
completing the requirements of uniqueness given in
sec. 3.4.1. Having defined A as a positive error, it is

logical to expect it to be zero at the correct solution.

The global constitutive error is defined in egn. 2.16

as

A(H,B) = X(H) + ¥(B) - Z(H,B) (3.71)

where it is evident that X(H) is strictly an H-system
functional, and Y(B) is strictly a B-system functional.

Only Z(H,B) spans both systems.

Let us now investigate the effect, on the constitutive
error, of constraining H(r) and B(r) as proposed, i.e. the
behaviour of A for the model problem defined in this
chapter. We first note that the means by which the fields
are constrained is inessential to the proposition and its
validity; any means can be used, provided it ensures strict
satisfaction of specs. 2, 3, and 4. The potentials of sec.
3.4.3 are the tools that we shall use for the purpose. In
particular, we introduce the scalar potential Q by substitu-
ting egn. 3.40a for H in Z(H,B). Imposing, moreover,
specs. 2 and 3 on the fields in Z, we get, after some

algebra given in Appendix E :

A(Q,H,B) = O, (2,H) + E_(B) - T_(H,B) (3.72)
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with
M M
0,(2,H) = X(H) - <Q,p> - )) [91,01 At Q(go)(deR + ) J ods)
m=1 S m=1 LA
m R
m
M r r
2o(B) = ¥(B) - <G,B>p - [ [82,n°B,] ,+ [180] + [G-az,nBl;
m=1 S
m r r
and o °
r
ro(@H,B) = [ [K-az , n-B g
r
-0

where x, is, as before, an arbitrary global reference point;
YJAQ covers all discontinuities in Q encountered by the
selected path from I, to r; the subscripts 1 and 2 refer to
the two sides of Sﬁ. GO is a functional in the H-system
variables @ and H since p and 0 are known according to
specs. 2 and 3 respectively. Eo is a functional in the
B-system variable B since G is pre-defined according to

egn. 3.40b, and A2 is known according to eqn. 3.55.

The development from egn. 3.71 to 3.72 is simply this :
the imposition of specs. 2 and 3 on the fields has caused
Z(H,B) to decompose partially into functionals of H-system
variables, and functionals of B-system variables; the former
are included with @O, and the latter are included with Eo.
The residue is Fo’ and it clearly relates to the conditions
on the boundary S. But the boundary conditions of spec. 4
have not been imposed yet. We shall now show that if the
constraints on the fields are completed by imposing spec. 4,
as required by our proposition, the decomposition of FO, and
hence that of Z, will be complete, allowing us to write

FO(Q,E,Q) = FH(Q,g) + TB(E) (3.73)
With an eye on W in egns. 3.27, 3.28, and 3.33, we proceed
by expressing FO in the form

N N

- - 1

TO = ) Y, = y {yn + YH} (3.74a)
n=1 n=1

where the summation is over all sub-sections of the
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boundary S, the contribution of each sub-section Sn being

r
- -n
Y, = [JH'G& » n°Blg + (Jg-d&l (J§~d§) (3.74b)
r n r S :
Also n o n
r
! — L] L ]
Yo = [J H+d2 , n E]Sn (3.74c)
r
-n
and
"oo_
Yn = Vn @n (3.744)

r, is, as before, an arbitrary local reference point on Sn;
the abstract motive force Vn and flux @n are defined in

egns. 3.31 and 3.32 repectively.

According to spec. 4, unique boundary specifications
are those which cause W to vanish, egn. 3.28. 1In sec. 3.4.2
we examined boundary conditions which caused W the
contribution of Sn to W, to vanish. Noting the kinship
between FO and W, we shall show that the same conditions
cause the corresponding Yn to either vanish, or become a
functional of only one system rather than both, as antici-

pated by egn. 3.73.

From its definition in eqn. 3.34b, wﬁ vanishes if
either the H-factor or the B-factor of the product is zero.
This implies that either the H-factor or the B-factor is
specified in the corresponding Yé product, egn. 3.74c. 1In
B’ and in the latter
it goes into FH‘ Similarly for w; and Y;, egns. 3.35b and
3.744d.

the former case, the term goes into T

wé also vanishes on open boundaries, S_ in 3.38. Under

these conditions, the corresponding Yg also vanishes, and

hence drops out entirely from FO.

The wé and/or w; contributions of two or more boundary
sections can cancel out if suitably related to each other,
as with recurrence relationships, or cuts. The correspon-
ding Yé and/or Y; contributions to Fo also cancel out under

the same conditions.
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Thus egn. 3.73 is established, at least for the boun-
dary specifications of interest. Later examples in this
work will demonstrate various applications of the above
reasoning. For now, we substitute egn. 3.73 back into
3.72 to get

A(Q,H,B)

(0,(2,H) - T (2,H)) + (E_(B) - Tg(B))

0(R,H) + Z(B) (3.75)

Thus, for a well-posed problem, the global constitutive
errcr AN can be expressed as the sum of two functionals :
O in H-system variables, and Z in B-system variables. These
functionals correspond to energies in magnetostatics and
electrostatics, and to power in conduction problems.

According to ineq. 3.70, they are related by
O + =0 (3.76)

at the exact solution. Moreover, since A is minimum, and
hence stationary, at the solution, it constitutes a valid

variational principle so that we can solve

0

SA {(3.77a)

80 + &= (3.77b)

]

to obtain the required fields.

According to the proposition, the minimisation of A
in egn. 3.77 is to be carried out with the fields H and B
constrained to satisfy specs. 2, 3, and 4. If the con-
straints leave H and B unrelated, which is often the case
as discussed in sec. 3.4.5, O and Z are themselves
stationary at the correct H and B distributions. This

conclusion, derived in Appendix F, leads to

§o = 0 (3.78)

at the correct H solution, and
6= =0 (3.79)

at the correct B solution. Solving egns. 3.78 and 3.732 is
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equivalent to solving 3.77; the solutions are independent
of each other. 1In an exact solution, the resultant fields
are related by the constitutive relationship, which is

imposed by egn. 3.77.

We close this section with a summary of its thesis :
(i) The model problem can be solved by minimising the
global constitutive error, egn. 3.77a, with the fields
constrained to satisfy the canonical equations, 3.18 and
3.19, the continuity conditions, 3.20 and 3.21, and the
boundary conditions, 3.28. (ii) In a well-posed problem,
the constitutive error separates into an H-system func-
tional and a B-system functional, egn. 3.75. (iil) If the
boundary conditions do not introduce links between the H-
and B-systems, the two functionals are themselves stationary
at the correct distributions of their respective fields,
which can thus be solved for independently of each other,
egqns. 3.78 and 3.79.

3.6 An application

The principles of the previous sections will now be
illustrated for a particular problem. So as not to mask
fundamental issues by too much detail, the problem speci-
fications are deliberately made simple; the proposition of

sec. 3.5 allows a considerably wider range.

3.6.1 The problem

The complete statement of the problem is as follows :

Given a simply connected region R throughout which the
fields H and B are required to satisfy the constitutive

relationship

(3.80a)

Jos)
i
=
Iz
=
+

and
H = v(B)B + H (3.80b)
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as in egns. 3.17. The constitutive relationship in 3.80

possesses properties 1 and 2 of sec. 2.2.

The fields H and B are also required to satisfy the

canonical equations

curl H = J (3.81a)
and
div B = 0 (3.81b)

as in egns. 3.18 and 3.19. J and p are known and finite

everywhere in R.

The components nXH and n * B are required to be con-

tinuous across all surfaces within R, so that

n x AH = 0 (3.82a)
and
n-+* AB =0 (3.82b)

Egns. 3.82 are a special case of egns. 3.20 and 3.21 for
which K = 0 and ¢ = 0.

R is bounded by a closed surface S which is composed

of two simply-connected sections Sh and Sb such that

S = Sh U Sb ' Sh n Sb =0 (3.83a)

as a special case of 3.22. Moreover

on S : nXH =h (3.83Db)
and

on S (3.83c)

=]

[os]
[]
o

b

as in 3.36 and 3.37; h is known and finite on Sh' and

b is known and finite on Sb’

This completes the statement of the problem, and we
now examine it for physical uniqueness. Specifications 1,
2, and 3 of sec. 3.4.1 are satisfied by egns. 3.80, 3.81,
and 3.82 respectively. Spec. 4 requires that

W = wy o+ wg + wg + wg =0 (3.84)

as in 3.33-35 and 3.28. wg and wg are both given by
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eqn. 3.34b, and they vanish by 3.83b and 3.83c, respectively.
@b, defined in eqn. 3.32, is known according to 3.83c, so

that wg also vanishes, egn. 3.35b. V, is defined in eqn.

3.31; it can be made zero by allowinghthe global reference
point r  to coincide with the local reference on S ; wﬂ,

given in egn. 3.35b, accordingly vanishes. But this treat-
ment of wﬂ is not essential; a more fundamental alternative
involves integrating egn. 3.81b over R, applying the diver-

gence theorem, and noting 3.82b and 3.83a, to get

/] B*ds + [ B*ds = [ p dR (3.85)
Sh Sb R

The volume integral over R and the surface integral over Sb
are known from eqns. 3.81b and 3.83c respectively. Thus

the integral over S which is ¢h by egn. 3.32, is implicitly

'
pre-specified; 6®h ?s thus zero, causing wﬁ to vanish,

egn. 3.35b. It is thus evident that each of the four con-
tributions to W in 3.84 is zero, so that W itself vanishes,
and the requirements of spec. 4 are satisfied. All four
specifications of sec. 3.4.1 are thus accounted for, and we
can conclude that the given problem does have a unique

solution.

Since the problem is well-posed, the constitutive error
of egn. 3.71 is guaranteed to separate into H- and B-system

functionals as in egn. 3.75 :

A

X(H) + ¥(B) - Z(H,B) (3.86a)

0(Q,H) + Z(A,B) (3.86b)

The H and B distributions can be obtained by minimising the

error as in eqn. 3.77
0 = A = 60 + 8= (3.87)

with the fields constrained to satisfy egns. 3.81-83, for
which purpose we shall use potentials in sections 3.6.2 and
3.6.3. Before doing that, we observe that the boundary
conditions in 3.83 are specified independently for the H-
and B-systems, which means that the separated functionals

are entirely independent of each other. They are, therefore,
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individually stationary in 3.87, allowing us to solve

60 0 (3.88a)

and
)

(9]

-0 (3.88b)

independently of each other to obtain the H(r) and B(r)

distributions respectively.

3.6.2 H-system potential

The field H can be constrained to satisfy the H-system
canonical equation 3.81a by defining a scalar potential, Q,

as follows :

H=G - grad Q (3.89)

as in eqgn. 3.40a. G is any pre-specified field that

satisfies
curl G = J (3.90a)

as in egn. 3.40b. The particular G distribution we choose

here has a continuous tangéntial component, so that
nxAG = 0 (3.90b)

across any surface within R. Substituting egns. 3.82a and
3.90b into 3.42, we find that AQ is constant over any sur-
face of discontinuity in R. We can, moreover, make  con-

tinuous by suitable choice of G in egn. 3.45 so that
A = 0 (3.91)

across any surface in R.

To enforce the boundary condition of 3.83b,  must
satisfy 3.48; using 3.54, and noting 3.91, we can write

() = a(z,) + [ cap - [ Hea (3.92a)

where r is any point on S, I, is the local reference point

on Sh’ and

=h
Q(Eh) = Q(Eo) + I G-d - Vi (3.92b)
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The pre-defined G distribution and 3.83b specify @(xr) in

3.92a to within a single unknown, Q(Eh).

Having expressed the H-system physical specifications
in terms of the scalar potential 2, we can proceed with the
decomposition of the constitutive error A. Substituting
eqn. 3.89 for H in Z(H,B), egn. 2.11, we get

Z:<§,§>-<grad9’§>

R R
Applying a vector identity to the second term :

Z = <G, B>, + <0 , div B>

B> - [ div(9B) &R

R R

Applying the divergence theorem, and noting 3.81b, 3.82b,

and 3.91 :

Z = <G , B> + <@ , p>

B>, - [, nB)

R

Substituting back into 3.86a, we can write

S

- ' ol | _ '
A = GO(Q,E) + _O(g) FO(Q,E) (3.93)
with
0.(2,H) = X(H) - <@ , o>
EL(B) = ¥(B) - <G , B>
and
' - _ .

Egn. 3.93 expresses the partial decomposition of A that
results from imposing the canonical equations, 3.81, and
the continuity conditions, 3.82; i.e. specs. 2 and 3 of
sec. 3.4.1. Fé, which relates to boundary conditions, is
a functional of both H- and B-systems. It decomposes by
substituting for S from 3.83a2, and for leh from 3.92a,

and using 3.32 to write
r

rlo= -z e, + [j(g—§>-d& , n*Bl. - [2 , b]

S S

h b

Lh
In the first term on the RHS, @h is known from eqn. 3.85;
in the second term, the line integral is known from 3.83b
and the pre-definition of G; in the third term, b is known
from 3.83c. Thus the decomposition of Té is complete, and

back substitution into 3.93 yields
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A= ©'(Q,H) + E'(B) : (3.94)
with

©
Q
s}
1}

X(H) - <@ , p>R + [Q , b]
and r

¥(B) - <G , B>, - [J(ﬂ—g)-d& , Nn*B]

s, * #En) %

(1)
[os]
]

Lh
Egn. 3.94 expresses the final decomposition of A that
results from constraining the fields to satisfy all the
physical specifications of the problem, including boundary

conditions, 3.83.

At this stage, we need to complete the requirements of
solvability. To perform the H-system solution in @, it is
necessary to specify its value at some point in R, sec.
3.4.4.1. An obvious choice is I - Pre-specification of
Q(£h) causes the last term in ©', namely Q(Eh)Qh, to drop
out from the extremisation process, 3.88a. In particular,

we can choose
Q(Eh) =0 (3.95)

to drop the term from O' itself, leaving

e'(QIE) = X(B_) - <0, p>R + [S-2 ’ b]S (3.96)
b

Egn. 3.96 expresses the H-system functional for a particular
implementation of the requirements of solvability on the
scalar potential Q. The B-system functional, E', remains

unchanged.

The H- and B-system functionals of this section were
derived using a scalar potential, @, to constrain H.
Although the derivation requires B also to be constrained,
the means by which this is achieved has been left

unspecified.

3.6.3 B-system potential

The field B can be constrained to satisfy the B-system

canonical equation, 3.81b, by defining a vector potential,
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A, as follows :
B =C + curl A (3.97)

as in egn. 3.4%a. C is any pre-specified field that
satisfies

div C = p (3.98a)

as in egn. 3.41b. The particular C distribution we choose

here has a continuous normal component, so that

n e« AC =20 (3.98b)

across any surface within R. Substituting egns. 3.82b and
3.98b into 3.61, and comparing with 3.59, we find that
divs(QXAA) is zero over any surface of discontinuity within
R. We can, moreover, make n X A continuous by suitable
choice of C in 3.47, so that

n X AA = 0 (3.99)

across any surface within R.

To enforce the boundary condition of 3.83c, A must
satisfy egn. 3.49 on Sb or, equivalently, a=nxA must satisfy
egn. 3.68. If we letggjrepresent any continuous tangential

vector on Sb' pre-defined to satisfy

divséb= nC - b (3.100a)

then eqn. 3.83c can be enforced by letting
a =a +nx grads B (3.100Db)

where B is a continuous scalar distribution on Sb' In this
way, the freedom available in the specification of a has

been assigned to RB.

Integrating egn. 3.97 on Sb' applying Stokes' theorem,
and noting 3.99, we get

[ BedS = § RA.dg + |
Sb Ly

where zb is the contour of Sb' Repeating the procedure

@]
Q
|

on Sh’ we get
J B*dS = § A-dL + [ C-ds
Sh 2
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where Qh is the contour of Sh’ which, according to 3.83a,
is 2b traversed in reverse. Thus the contour integrals are
equal in magnitude and opposite in sign. Eliminating them
between the two equations, and rearranging, we can write

[ Beds + [ B+dS = [ C+dS + [ C+dS = § C-ds

Sh Sh Sh Sp S
Applying the . divergence theorem to the RHS, and noting
egns. 3.98, we get egn. 3.85 again. This short exercise is
intended to show that the imposition of the boundary con-
ditions of Sb on A is sufficient, in this case, to
implicitly force the correct flux through Sh‘ For more
complex boundary specifications and different definitions
of the pre-specified field C, we may need to impose

additional explicit constraints on a.

Having expressed the B-system physical specifications
in terms of the vector potential A, we can proceed with the
decomposition of the constitutive error A. Substituting

egn. 3.97 for B in Z(H,B), egn. 2.11, we get

Z =<H, C>, + <H , curl A>

- R R

Applying a vector identity to the second term :

Z =<H, C> + <curl H , A>_ - [ div(HxA) 4R

R
Applying the divergence theorem, and noting 3.81a, 3.82a,
and 3.99 :

Z = <H , C>p + <J, A> - [nxH , A]

R R

S

Substituting back into 3.86a, we can write

A= og(g) + Eg(é,g) - F;(H,A,E) (3.101)
with
O4(H) = X(H) - <H , C>p
=0 (A,B) = ¥(B) - <J , A>p
and
" -
ro(H,A) = - [nxH , Alg

Egn. 3.101 expresses the partial decomposition of A that
results from imposing the canonical equations, 3.81, and

the continuity conditions, 3.82; i.e. specs. 2 and 3 of
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sec. 3.4.1. P;, which relates to boundary conditions, is

a functional of both H- and B-systems. Its decomposition
proceeds by substituting for S from 3.83a, and for g=gxélsb
from 3.100b

= -(h,alg +[H,als +[H, nxgraa 8l

h b b
Applying a vector identity and Stokes' theorem to the last

term, and substituting from 3.81a into the result, we get

"woo_ _ _ - - -
re = - [h,alg +[H,2.L - [n-3,8]lg - ¢ BH-AL
h b b 2h
where, in the last term, we have made use of the fact that
2. is &, traversed in reverse. In the first term on the

b h
RHS, h is known from 3.83b; in the second term,gb is pre-

defined; in the third term, J is known; in the fourth term,
the tangential component of H is known, from 3.83b, over Sh
and hence over &%, . Thus the decomposition of Fg is

h
complete, and back substitution into 3.101 yields

A = ©"(H) + ="(A,B,B) (3.102)
with
0"(H) = X(H) - <H , C>p - [H ’—a—b]Sb
and
E"(A,B,B) = ¥(B) - <J , A> + [h, Alg
+ [n*3, B]Sb + § BH*aL
2h

Egqn. 3.102 represents the final decomposition of A that
results from constraining the fields to satisfy all the
physical specifications of the problem, including boundary

conditions, 3.83.

At this stage we need to complete the requirements of
solvability. Sec. 3.4.4.2 presents these in terms of
a two-system model. We shall define the simplest such model
by making the constitutive operator of eqn. 3.56 the
identity operator so that F = A; we also set p' in 3.58 and
o' in 3.60 to zero, and divide the boundary S into at most
two simply-connected sub-sections, Sa and Sf. K' of 3.59
is already zero by 3.99. 1In such a model, A is unique if

we impose on it the following additional constraints :
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in R : div A =0 (3.103)
on S _ : a = a' (3.104a)
and
on Sf : n-* A-=+f¢f (3.104b)

where a' and f are to be pre-specified. The gauge on A,

egn. 3.103, does not affect the decomposition of A since
div A does not appear anywhere in A; means of imposing it
are discussed in Chapter 10. The auxiliary boundary con-

ditions, egns. 3.104, can be introduced by choosing

Sg =S and S, = 0 (3.105)

to specify the normal component of A, via 3.104b, over the
entire boundary. The tangential component is constrained
by 3.100 on Sb' but nowhere is it completely pre-specified.
B must be assigned some value at an arbitrary point on Sb’
and the decomposition of A in 3.102 remains unaltered.

Alternatively, we can choose

and S =8 (3.106a)
with

on S_ : a = a (3.106Db)
to specify the normal component on Sh and the tangential

b* Comparison of 3.106b with 3.100b shows

that B is constant on Sb. As B must be specified at some

component on S

point, it is completely pre-specified on Sb‘ In this case,
on

the last two terms in =" do not participate in the extremi-

sation process, 3.88b. In particular, we can choose
B =20 (3.106c)

to drop the terms from Z" itself, leaving

="(a,B) = ¥(B) - <J , A>

= _R+[b_lé]

(3.107)
Sn

Egqn. 3.107 expresses the B-system functional for a par-
ticular implementation of the requirements of solvability
on the vector potential A. The H-system functional, 0",

remains unchanged.

The H- and B-ystem functionals of this section were

derived using a vector potential, A, to constrain B.
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Although the derivation requires H also to be constrained,
the means by which this is achieved has been left

unspecified.

3.7 Conclusions

Main features of the proposed approach are :

(i) the various aspects of the problem are divided,
along clear-cut lines, between complementary

H- and B-systems;

(ii) minimisation of the constitutive error provides

a universal variational principle;

(iii) solution formulation is closely linked to the

requirements of physical uniqueness.

The constitutive error splits into H- and B-system func-
tionals, or energies, whose independent extremisations
provide the complementary solution formulations; complemen-

tarity of the functionals is further discussed in Chapter 4.

The procedure for extracting complementary functionals
from the constitutive error is detailed,in sec. 3.6, for
a particular set of problem specifications. Other specifi-
cations, especially boundary conditions, are considered in
Chapter 6.

The proposed approach appears to lend itself to a syste-
matic categorisation of the various aspects of computa-
tional electromagnetics : H- and B-systems; fields and
potentials; physical uniqueness and solvability; etc. 1In
particular, the physical significance of the fields is
emphasised : the constitutive error, as well as the physi-
cal specifications, are given in terms of fields; potentials
are viewed as solution tools. The presentation of the
approach proceeds from Maxwell's equations, via uniqueness
requirements, to solution formulation, with no explicit
reference, at any stage, to the associated partial

differential equations.
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CHAPTER F OUR

Complementary Variational Principles

4.1 Introduction

A functional is said to provide a variational principle
for a given problem if it is known to be stationary at the
correct solution to the problem. Two such functionals may
be found that represent the same physical quantity. If, at
their stationary points, one is a maximum and the other
a minimum, the two variational principles are said to be
complementary; the respective functionals define lower and
upper bounds on the quantity they represent. Sec. 4.2
presents complementary variational principles in static
electromagnetics in terms of the approach proposed in
Chapter 3.

“1=6 all essentially equivalent,

A number of approaches
have already been used to derive complementary variational
principles in electromagnetism. They have generally
followed the treatments used in other disciplines, notably
mechanics, elasticity, and structures. Two representative
derivations are outlined in sections 4.4 and 4.5. An over-
view of the subject is presented in sec. 4.6; it includes

a comparative review of the various derivations.

4.2 The constitutive error approach

The constitutive error provides a universal variational
principle for the model problem in H and B. This follows
directly from its fundamental property, ineqg. 3.70, and is

expressed in eqn. 3.77a, which was

SA(H,B) = 0 (4.1)
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at the correct H and B distributions, provided the fields
are constrained to satisfy specifications 2,3, and 4 of
sec. 3.4.1 during the variation. Recalling that these
constraints cause A to separate into H- and B-system

functionals

A = ©(H) + Z(B) (4.2)
we can rewrite 4.1

§O(H) + 62(B) = 0 (4.3)
If, moreover, the specifications for the two systems are

independent of each other, the functionals are individually

stationary at the solution, so that

SO (H)

L}
o

(4.4)
and
0Z(B)

1]
o

(4.5)

as in egns. 3.78 and 3.79. In the above equations, H and B,
between brackets, refer, respectively, to the H-system
variables, H and {, and the B-system variables, B and A.

The functionals ©(H) and Z(B) provide the complementary
variational principles although, strictly, they are not
themselves the complementary functionals : recalling that
the constitutive error is zero at the correct solution,

egqn. 4.2 yields

0 = O(Ho) + E(Bo) (4.6)

where H] and B, denote the correct distributions; either
functional, and the negative of the other, represent the

same quantity, and hence are complementary.

We elaborate by considering the upper and lower bounds.
Let H and B denote distributions that are constrained as
required by the proposition of sec. 3.5; i.e. they satisfy
the (Maxwell) canonical equations of spec. 2, the continuity
conditions of spec. 3, and the boundary conditions of
spec. 4. They do not necessarily satisfy the constitutive
relationship of spec. 1. Substituting from egn. 4.2 for

A in ineq. 3.70, we get
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O(H) + 2(B) z 0 (4.7a)
with

O(H) + 5(B) = 0 <=> H = Eo and B = §O (4.7b)
where the implication in 4.7b holds for a well-posed
problem having a unique solution, namely Eo and go.
A special case of 4.7a is given by

O(H) + :(Bo) z2 0
which, in conjunction with egn. 4.6, yields

O(H) 2 @(HO) = - :(BO) (4.8)
Similarly

E(B) 2 :(BO) = - G(HO) (4.9)

If, moreover, the specifications for the H- and B-systems

are independent of each other, 4.8 and 4.9 can be combined

to give

O(H) 2 O(HO) = - E(BO) 2 - Z(B) (4.10a)
or, equally well,

Z(B) = E(BO) = - O(Ho) z - O(H) (4.10b)

The upper and lower bounds on the decomposed functionals
©® and I are thus established. Any trial pair of distribu-
tions H and B that satisfies specifications 2, 3, and 4

will bracket the exact functionals as in 4.10.

If the problem specifications do relate the H- and
B-systems, inequalities 4.8-10 still hold, but with the added
qualification that the common variable, y in Appendix F,

is assigned its exact solution value in ©(H) and E(B).

Clearly, insofar as the abstract model and, indeed,
the solution are concerned, it is immaterial whether we
consider the complementary functionals to be © and -Z, or
-0 and 2. 1In electromagnetic applications, however, the
functionals are associated with a physically meaningful

energy, or power, which dictates the choice; inequalities
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4.10 provide the upper and lower bounds on the energy, or

power, for either combination of functionals.

Equations 4.4 and 4.5, and inequalities 4.10, establish
the complementary variational principles for our model, and
hence for the static electromagnetic systems it represents.
The principles are definable where the problem specifi-
cations allow the constitutive error A to separate into
independent H-system and B-system functionals, O(H) and
Z(B). According to sec. 3.5, such separation is guaranteed
if

(i) the problem is physically well-posed according

to the requirements of sec. 3.4.1;

(i) the constitutive relationship possesses
properties 1 and 2 of sec. 2.2; and

(iii) the boundary specifications for H and B are

independent of each other.

Regarding the composition of the functionals ©(H) and
Z(B), it is obvious, from egn. 3.71, that X(H) appears in
O(H), and Y(B) appears in Z(B). The remaining terms depend
on the manner with which Z(H,B) splits between the H- and
B-systems; which, in turn, depends on the potential used to
effect the decomposition ( as in sec. 3.6.2, or A as in
sec. 3.6.3), and on the particular boundary specifications
of the given problem. For either potential, the
decompositioﬁkgfrz, and hence that of A, is universal
insofar as it accounts for Maxwell's eqguations and continuity
conditions. As for boundary conditions, the wide range of
acceptable specifications, sec. 3.4.2, renders universal

expressions impracticable.
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4.3 Alternative derivations

In the published literature, two distinct methods have
been used to derive the complementary functionals for static
electromagnetic systems. The first*!~* is based on Hamil-
ton's principle of analytical mechanics, with Legendre
transformations leading, effectively, to Toupin's
principle *°. The second “¥® is based on a generalised
energy principle constructed by direct integration,

originally developed in the theory of elasticity “7.

Both methods address a static problem similar to that
of sec. 3.3. All fields and potentials are taken to be
continuous throughout the region R. The boundary S is
composed of two non-intersecting sections Sh and Sb' so
that

S = S, U Sb with Sh ns._ =20 (4.12)

Using the H-system potential ©, and the B-system field

B, the problem is described by the following, primal, set

of canonical equations :

grad @ = G - H (4.13) Q = Qh on Sh (4.14)
UH = B (4.15)

div B = p (4.16) n*'B=b onsS, (4.17)
with Qh’ p, b, and J known; G is any field pre-defined to
satisfy

curl G = J ' (4.18)

Alternatively, using the H-system field H, and the
B-system potential A, the problem is described by the

following, dual, set of canonical equations :

curl H = J (4.19) nxH = h on Sh (4.20)
VB = H (4.21)
curl A = B - C (4.22) nxA = a, on Sy, (4.23)
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with J, h, ayr and p known; C is any field pre-defined to
satisfy

div C = p (4.24)

The terms 'primal' and 'dual' above follow Fraser's™s®
usage for electrostatics; they are the reverse of his

usage for magnetostatics.

4.4 Analytical mechanics

4.4.1 Primal formulations

If @, H, and B are constrained to satisfy egns. 4.13,
4.14, and 4.15, then the correct solution to the primal set
must satisfy

0 = <divB - p , 82>, - [n*B - b, 8Qlg

for arbitrary infinitesimal variations 6. Applying

a vector identity and the divergence theorem :

0 = - <B, 6(grad$?ﬁ% - <p , GQ>R

Substituting for B from 4.15, for grad @ from 4.13, for S
from 4.12, and for Qkﬁlfrom 4.14 :

0 = <uH , 6§_>R - <p , GQ>R + [b, GQ]Sb
This is equivalent to

0 = §0'(Q,H) (4.25)
where

0'(Q,H) = X(H) - <p , Q>p + [b, Q]Sb (4.26)

@' is the standard primal functional corresponding to
Hamilton's variational principle in 4.25. The standard

primal Lagrangian is defined by
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Lep(@,H) = X(H) - <p , Q> (4.27)
so that
! —
0'(Q,H) = é Lgp GR + [b, Qlgy (4.28)

Alternatively, if H and B are constrained to satisfy
egqns. 4.15, 4.16, and 4.17, then the correct solution to
the primal set must satisfy

0 =<grad - G + H , 6B>, - [Q - Qh , g°6§]sh

R

for arbitrary infinitesimal variations §B. Applying

a vector identity and the divergence theorem :

0 = <H, B> - <G, 8B>; - <Q,8(divB)% + [2,8(n B)lg

Substituting for H from 4.15, for div B from 4.16, for S
from 4.12, and for Q'§|Sbfrom 4.17 =

0 = <vB , 0B>, - <G, 6B>p + [& , 5(2'2)]Sh

This is equivalent to

0 = §5'(B) (4.29)

E'(B) = ¥(B) - <G , B> + [, , n*Blgy (4.30)

Z' is the complementary primal functional corresponding to
Toupin's variational principle in 4.29. The complementary

primal Lagrangian is defined by
LCP(E) = - Y(B) + <G , B> (4.31)
so that

E'(B) = - [ L., 4R + [Q_ , n-Blg (4.32)
R CP h h
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4.4.2 Dual formulations

If A, B, and H are constrained to satisfy egns. 4.21,
4,22, and 4.23, then the correct solution to the dual set
must satisfy

0 = <curl H - 3, 6A>p - [nxH - h , 6Alg

for arbitrary infinitesimal variations 6A. Applying

a vector identity and the divergence theorem :

0 = <H , §(curl §)>R - <J , 6A>, +[nx

= R
+ [h , éé]sh‘[ﬂxﬂ ' éé]sh

I3
Iz

Substituting for H from 4.21, for curl A from 4.22, for S
from 4.12, and for nglsb from 4.23 :

0 = <V§ ’ 6§>R - <d 5A>R + [h 4 GA]Sh

This is equivalent to

0 = 82"(A,B) (4.33)

E"(A'B) = W(E) - <£ ’ A>R + [h ’ A]Sh (4-34)

-

E" is the standard dual functional corresponding to
Hamilton's variational principle in 4.33. The standard

dual Lagrangian is defined by

L_3(A,B) = V(B) - < , A> (4.35)
so that
E"(A,B) = [ L_; dR + [h , Alg (4.36)
R sd h

Alternatively, if B and H are constrained to satisfy
egqns. 4.19, 4.20, and 4.21, then the correct solution to
the dual set must satisfy

0 = <curl A + C - B, 6§>R' [Qxé—gb ' 6E]Sb

for arbitrary infinitesimal variations §H. Applying

a vector identity and the divergence theorem :
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0 =-<B, 8H>, +<C, 6H>p + <A, §(curl H)>, +[nxA, SH]g

R
+ [éb ’ GH]Sb - [Exé ’ SE]Sb

Substituting for B from 4.21, for curl H from 4.19, for S
from 4.12, and for nxH|g from 4.20 :

0 = - <uH , G.I_'I.>R + <C , 6§>R + [-a-b ' G.I:I.]Sb

This is equivalent to
0 = 60" (H) (4.37)
where

©"(H) = X(H) - <C , H>, - [gb , E]sb (4.38)

©" is the complementary dual functional corresponding to
Toupin's variational principle in 4.37. The complementary

dual Lagrangian is defined by

L_g(H) = - x(H) + <Cc , H> (4.39)
so that
0"(H) = - | L4 dR - [a, , Hlgy (4.40)
R

4.5 Direct integration

4.5.1 Primal formulations

Direct integration of the primal set of canonical

equations, 4.13-17, yields the Hu-Washizu functional®*% 7

N,(2,H,B) = -3<VQ,B% -5<H,B% +<G,B% +3[Q,n'Bk, -[%,,n'Bky
+3<uH-B,Hx
+%<V°§,Q>R -<p,Q>R -%[E°§,be+[b,ﬂbb (4.41)

Hp is stationary at the correct solution to the primal set:

I =0 (4.42)



If Q, H, and B are constrained to satisfy

4.14, and 4.15, Hp reduces

n=0'-=
P

_12‘<v'§rQ>R - <prQ>R
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eqns. 4.13,

to

W=

+ [b'be +%<§'§>R - [QIE'E%

Applying a vector identity and the divergence theorem, and

substituting from egns.

N

0'(Q,H) = %<uH , H>

R
o'

principle is given by eqn.

§0'(Q,H)

Alternatively, if H and B

egns. 4.15, 4.16, and 4.17,
IIp = -%' =—%<V-§,Q>R
- 3<VQ ,B} - 3<VB

Applying a vector identity

'(B) =

)

principle is given by eqgn.

82" (B)

4.5.2 Dual formulations

Direct integration of

equations, 4.19-23, yields

- <p .,

is the standard primal functional.

is the complementary primal functional.

4.13 and 4.15 into the result :

Q>R + [b, Q]Sb (4.43)

The variational

4.42, which now becomes

(4.44)

|
o

are constrained to satisfy

I reduces to
p

and the divergence theorem :

+ [9, + n*Blg,  (4.45)

The variational

4.42, which now becomes

= 0 (4.46)

the dual set of canonical

the Hu-Washizu functional®®7

Hd(élgrﬂ) = %<vx§réﬁz—<gréﬁz—%[Exﬂré]sh'F[Qré]sh
+ $<vB-H,Bx (4.47)
+ %<Vxérﬂ>R _%<§I_Ii>:R +<§,E>R —%[HXA,H]Sb + [ab'H]Sb
Hd is stationary at the correct solution to the dual set :

(4.48)
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If A, B, and H are constrained to satisfy egns. 4.21,

4,22, and 4.23, Hd reduces to

- 7[nxH,Alq

Applying a vector identity and the divergence theorem, and
substituting from egns. 4.21 and 4.22 into the result :

E"(A,B) = 3<VB , B>y - <J , B> + [h, Alg,  (4.49)

="

is the standard dual functional. The variational

principle is given by egn. 4.48, which now becomes

§Z"(A,B) = 0 (4.50)

Alternatively, if B and H are constrained to satisfy
egns. 4.19, 4.20, and 4.21, I, reduces to

d
Mg = -0" = - 3<VxH,A% +3[nxH,Alq

+ %<VXAI§ - %—<EI UE>R + <QI_H>R + [_a_er_]Sb

R
Applying a vector identity and the divergence theorem :
O"(H) = 3I<uH , H> - <C , H>p - [a, Hlg, (4.51)

@" is the complementary dual functional. The variational

principle is given by egn. 4.48, which now becomes

§0"(H) = 0 (4.52)

4.6 Overview

The derivation of complementary variational principles
in sec. 4.4 follows Hammond's approach**. He develops the
theory in mechanics, and transports it into electromagnetism,
always emphasising physical implications and highlighting
analogies. He allows non-linear constitutive relationships
for a restricted class of non-linearities“®; the restric-
tions are consistent with those of sec. 2.2. It is to be
noted that Hammond uses the term 'dual' in the sense that

'complementary' is used in this thesis.
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The derivation in sec. 4.5 is the electromagnetic
interpretation of Fraser's approach*®. He uses abstract
operators and functional analysis to develop a formal
theory that encompasses a number of engineering field
problems. He also constructs formal Tonti diagrams to
describe the primal and dual system structures and the
inter-relationships between them; the structures shown in
figures 3.1 and 3.3 are, in fact, informal versions of
these. Fraser does not allude to the restrictions on the
constitutive relationship in sec. 2.2; he does, however,

require the constitutive operator to be self-adjoint.

We shall compare the functionals derived by the
various approaches for a particular application of the

problem described in sec. 4.3 : we require each of S, and

Sb to be simply-connected, and thus obtain the problZm
described in sec. 3.6. The error-based derivations of
section 3.6 are then directly comparable with the deri-
vations of sections 4.4 and 4.5. We note that the primal
statement of the problem employs the H-system scalar poten-
tial Q@ as in sec. 3.6.2, while the dual statement employs
the B-system vector potential A as in sec. 3.6.3. The com-
parison reveals complete agreement between the respective
functionals of sections 3.6 and 4.4. However, agreement
with the functionals of sec. 4.5 are restricted to the
linear case where X(H) and Y(B) simplify to

X(H) = 3<uH , H>p, and ¥(B) = i<vB , B>

R (4.53)

R

This indicates that the Hu-Washizu functionals in eqgns.
4.47 and 4.47 are defined for linear constitutive relation-
ships. The integration can, in fact, be extended to allow
non-linearities that subscribe to property 2 of sec. 2.2;

agreement with the other approaches would then be complete.

Having established equivalence for the simple problem
of sec. 3.6, let us now examine the general problem of
sec. 4.3. Both primal and dual statements of the problem
satisfy the uniqueness requirements of sec. 3.4.1, but

neither statement exhausts their possibilities : the field
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discontinuities of spec. 3 are excluded, and boundary con-
ditions are restricted to a particular sub-set of those
allowed by spec. 4 (see sec. 3.4.2). Moreover, both state-
ments are given directly in terms of potentials, which
further restricts the physical specifications and geometry
of the problem, especially since potential discontinuities
are excluded. A careful reading of sections 3.4.3 and
3.4.4, which show how the physical specifications on the
fields partially constrain the potentials, reveals that the
reverse process of specifying the potentials, as in sec.
4.3, imposes a number of implicit restrictions on the
physical specifications. We illustrate by showing that the
primal and dual statements of sec. 4.3 are not, in general,
equivalent. This follows immediately from noting that
while egn. 4.714 can imply egn. 4.20, the reverse is not
true, i.e. egn. 4.20 does not imply 4.14. Similarly for
egns. 4.17 and 4.23. It is evident from egns. 3.52 and 3.53
that the primal and dual statements specify, respectively,
the motive force at, and the flux through, every simply-
connected sub-section of Sh' These specifications are not
generally equivalent, and hence describe physically
different problems. The distinction becomes trivial in
special cases, such as the problem of sec. 3.6 (see eqgn.
3.85 and related text).

We can therefore conclude that the problem statements
of sec. 4.3 describe a particular class of specification of
the static electromagnetic problem of sec. 3.4.1, and not
the general problem itself. It follows that the expressions
for the complementary functionals derived in sections 4.4
and 4.5 are not universally applicable : they are

restricted to that particular class.

The constitutive error approach extends the theory of
complementary variational principles to the general static
electromagnetic problem of sec. 3.4.1, establishing, in the
process, its limitations; sec. 4.2. Moreover, it starts
from a physical specification of the problem in terms of
fields, and views potentials as tools of implementation;
sections 3.4.3 and 3.4.4.
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While it does not attempt to derive universal
expressions for the complementary functionals, the proposed
approach does establish a universal expression for the
constitutive error, together with the conditions that allow
it to split into complementary functionals. The solution
process is viewed as one of minimising the constitutive
error, with both fields constrained to satisfy their
respective system specifications; the minimisation
effectively imposes the constitutive relationship, thus

completing the requirements of uniqueness.

In contrast, the derivations of sections 4.4 and 4.5
restrict the range of problem specifications, and derive
the expressions for the corresponding complementary
functionals directly. The solution for either field is
viewed as a process of extremising the corresponding
functional, with the field constrained to satisfy its own
system canonical equations as well as the constitutive
relationship; the extremisation effectively imposes the
canonical equations of the complementary system, thus

completing the requirements of uniqueness.

In exact analysis that enforces the constitutive
relationship, for example sections 4.4 and 4.5, the
constitutive error is identically zero, and hence invisible
to the analysis. But according to egn. 4.2, the error is

the difference between the complementary functionals
N=0-(-E) = E-(-0) (4.54)

In retrospect, it is possible to state that irrespective of
the approach actually used to derive the complementary
functionals, the difference between them is, in effect, the

constitutive error as defined in Chapter two.

For completeness, Appendix G determines the relation-
ship between the constitutive error A and the Lagrangians
of analytical mechanics, sec. 4.4, and between A and the

Hu-Washizu functionals of elasticity, sec. 4.5.
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CHAPTER FIVE

Numerical Solution

5.1 Introduction

The practical solution of a given physical problem
generally involves two distinct sets of assumptions : the
first set approximates the actual problem by a simplified
model, and the second set restricts the solution fields to
mathematically manageable forms. Analytic solutions attempt
simple models, and do without restrictions. Numerical
solutions can treat highly accurate models by introducing
a variety of restrictions. The constitutive error approach
is especially suited to numerical solution because it
acknowledges, at the outset, numerical errors; the solution
is then viewed as a process of minimising a global estimate

of error.

The numerical restrictions on the solution fields are
not part of the essential physical specifications of the
problem. They are, therefore, an over-specification.
Section 5.2 examines them, together with other inessential
constraints, from the viewpoint of the constitutive error

approach.

Sec. 5.3 presents three established, and widely used,
numerical techniques as alternative implementations of the
variational error-based approach. The presentation
attempts to highlight common characteristics, as well as

distinguishing features.
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5.2 Over-specification

The solution of a physical problem is the process of
imposing the unique problem specifications on the fields.
In the error-based approach, the fields are constrained to
satisfy Maxwell's equations, continuity conditions, and
boundary conditions; minimising the constitutive error then

imposes the constitutive relationship.

It is always possible to impose additional constraints
on the fields during minimisation; such constraints
effectively over-specify the fields, the essential,
physical, constraints being sufficient to determine the
unique solution. The following sub-sections examine, and
attempt to classify, over-specifications that are commonly

used, often implicitly, in numerical analysis.

5.2.1 Numerical over-specification

Analytic solutions that do not restrict the space
variation of the trial fields are mathematically intractable
for problems whose physical specifications, geometries in
particular, are not essentially simple. The alternative is
to restrict the field and potential distributions to forms
that can be handled with relative ease, and acknowledge the
resulting error. This is the essence of numerical

techniques, as well as methods involving truncated series.

The error arises from the fact that the true field
distributions are not, in general, describable by the chosen
trial functions. The minimisation process cannot be guaran-
teed to yield zero constitutive error as in egn. 2.12b (or
3.70b). However, according to ineq. 2.12a (or 3.70a), the
error is universally positive, i.e. for any estimate of the
solution fields. As the solution is actually an error
minimising process, its outcome is the particular distribu-
tion, in the chosen restricted class, having the minimum

constitutive error.
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5.2.2 Redundant over-specification

Explicit imposition of the constitutive relationship
on the fields, in all or part of the problem region, prior
to the minimisation of the error, constitutes a redundant
over-specification. The redundancy arises from the fact
that the minimisation seeks to impose the same relationship
on the fields. If the fields are constrained in this way
everywhere, minimisation becomes meaningless because the

error is zero to begin with.

In closed-form analysis, this type of over-specification
can be introduced at any stage, in the knowledge that the
solution fields satisfy the constitutive relationship
exactly; this results in alternative, but entirely equiva-
lent, formulations. In numerical analysis, on the other
hand, redundant'over—specification has a distinct, possibly
adverse, effect on accuracy. We illustrate by means of

boundary conditions, natural and forced.

In sec. 3.4.2, eqns. 3.36 and 3.37, we defined

boundary sub-sections S} and Sp thus

nxH = h on Sy and n*B =Db on Sp (5.1)

where h and b are given in the physical specifications of
the problem. Exact minimisation of the constitutive error

yields field distributions that satisfy, among other things,
nxvB = h on Shp and n+*ud = b on Sy (5.2)

The fields resulting from a numerical solution, on the

other hand, satisfy 5.2 only approximately, so that

nxvB=h onSy, and ne+uHd b on Sp (5.3)

Egns. 5.1 describe forced boundary conditions on ﬂlsh and
glsb; egns. 5.2 and 5.3 describe natural boundary conditions
on Elsh and glsb. Forcing 5.2 a priori amounts to

a redundant over-specification as described above. Clearly,
it does not alter the results, but only anticipates them,

in an exact solution. It does, however, alter the outcome
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of a numerical solution which, otherwise, would produce
5.3. But the unconstrained solution also produces the
minimum global constitutive error for the chosen numerical
over-specifications, sec. 5.2.1; constraining the fields as
in egns. 5.2 will certainly increase the global error. We
can thus conclude that forcing natural boundary conditions
a priori in a numerical solution trades global accuracy, in
terms of the constitutive error, for local accuracy on
boundary sections Sy and Sp. This conclusion can be gene-

ralised to all forms of redundant over-specification.

5.2.3 Inconsistent specification

In general, any additional constraints and specifica-
tions that are introduced must be consistent with the
essential physical specifications; otherwise, the problem
actually solved will be different from the one originally
posed, and the solution will diverge from the correct,
unique one. The distinction between consistent over-
specifications (eg. numerical) and inconsistent specifica-
tions of any form is of particular significance to the
present error-based approach : all effects of the former
are accounted for in the constitutive error, while the
latter are entirely invisible to it. We illustrate by an
extreme, if trivial, example. Inspection of egns. 2.8-11
immediately reveals that the constitutive error is iden-
tically zero if the medium is non-hysteretic, and the H and
B field distributions are identically zero everywhere. The
fact that the error is zero means that the fields satisfy
the constitutive relationship which, in fact, they do. But
such null distributions violate the essential specifications
| of any non-trivial problem; they are therefore inconsis-
tently specified, and the constitutive error cannot provide

an estimate of the inaccuracy involved.

Inconsistent specifications do arise in practice. 1In
all the various forms they can take, they are, in general,
justified by the need to simplify the solution process. In

fact, the simplified approximate model mentioned in sec. 5.1
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involves inconsistent specification because it is different
from the actual physical problem. The inaccuracy incurred
by the approximation is not included in the constitutive
error. The latter provides a comprehensive measure of
inaccuracies resulting from consistent over-specifications
only; alternatively, it can be viewed as a measure of the
error in the approximate model, rather than the original

physical problem.

5.3 Numerical techniques

Numerical solution methods represent the trial fields
as prescribed space functions of a finite number of unknown
parameters u; s i=1,..,n. Substituting such numerically
over-specified fields into the constitutive error A(H,B),

we can write

>\ = )\(u.], u2, es e g un) (5-4)

According to sec. 3.5, the correct solution minimises the

global constitutive error, so that
0 = S8A (5.5)

Recalling egn. 2.16, we can substitute from 5.4 into 5.5 :

oA
§ Bui

0 = Gui (5.6)

If a particular u; is unconstrained, its variation duj; is
free, and we must have

oh

0 = Fu;

(5.7)

Clearly, there are as many equations of the form of 5.7 as
there are free variables. Solving these simultaneously
determines the unknown parameters u;, and solves eqns. 5.6
and 5.5. The numerical procedure thus replaces the original
infinite degrees of freedom by a finite number of unknown
parameters®!, The universal variational principle of eqn.
5.5 can then be used to determine the values of the para-

meters for which the constitutive error is minimum.
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The decomposition of A into H- and B-system functionals,
© and £ in sections 3.5 and 4.2, allows us to write

M= 0(R, 0,0 s Q) + (A3 By ...,By) (5.8)

where Qi and A, are the unknown parameters of the H- and
B-systems, respectively; in this work, they are the
potentials at preselected points, or nodes, in space. The

split functionals are extremised as in egns. 3.78 and 3.79 :

Q. i

0 =60 =17 %— 59, (5.9)
i i

and

(1]

o
1]
(o]
(1]
L}

SA. .10
g (5-10)

o
hg

)
Il 7,
Jq Jja
where the subscript g refers to a particular space component
of éj‘ Thus, for nodal potentials having free variations,

we must have

(5.11)

o
il
Qﬂ@
DO

and

o

]
Q
(1]

(5.12)

@
>

jq
As before, there are as many equations as there are free
variables. 5.11 and 5.12 define two sets of simultaneous
equations, one for each system. The two sets can be solved
independently of each other to determine the H-system para-
meters, Qi, and thg B-system parameters, qu.

It is usual, although not strictly necessary, to
associate the unknown parameters, and the corresponding
prescribed space functions, with some form of discretisation
of the region of the problem R. In the following sub-
sections we shall consider three common forms of discreti-
sation. 1In all three cases, R is divided into a number,

say m, of non-overlapping sub-regions

R=R1UR2U ...URm with Rifle=O for i*j

(5.13)
which allows global integrations to be obtained as sums of

sub-region contributions.
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5.3.1 The finite difference method

The finite difference method superimposes a
grid over the region of the problem. The unknown parameters
are the potentials at grid intersections, or nodes. We
shall illustrate the derivations for a two-dimensional
region using a rectangular grid; extension to three dimen-
sions and/or other types of grid is straightforward, if

cumbersome.

Fig. 5.1 shows the grid in the region surrounding
node 0. We stipulate that boundaries, cuts, discontinuities,
and material interfaces coincide with grid lines, so that,
within each mesh, potentials and fields are continuous, and

source densities and material properties are uniform.

Along grid lines, the potentials are taken to vary
linearly between their nodal values. Thus, along the

x-directed segment 0-1

X - Xp

= = ﬁ —_ 1_ -
2= Qo+t (- 8) > gy = f (817 R)  (5.14a)
and
X~ *o _, dA _1
B = Ao+ (A1 -2Ro) > 3% = hyP1-Bo)  (5.14D)
6 2 5 y
mesh 3 mesh 2 h
2
3 0 11 4
;| X
Ta | 1b z
: |
mesh 4 L — —mesh 1- — — — — hy4
|
1c | 1d
7 4 1 8 Y

Fig. 5.1 Finite difference grid module.
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Similarly, along the y-directed segment 4-0

- Y~ Yo — 32 _1 .
Q= Qg - ha (R4 - So) > 3y = b, (%6 -2)  (5.140)
and
- Y- Yo - 3A _ 1
A = Ao~y (Ra-2o) > 3y = hy(Bo-R4)  (5.14d)

It is noted that A =Aa the analysis being two-dimensional.

z’
No specific definition is given to the space variation

of the potentials within the meshes. However, the space

derivatives along each grid line are attributed also to

the two adjoining half-mesh strips.

The fields H and B, and hence the pre-specified fields
G and C, have only x- and y-components in two-dimensional
analysis. We shall take G and C to vary linearly within

meshes; thus, for mesh 1 of fig. 5.1, we define

g (G48"Go1’]§-x ¥ [G4o+ I (G81‘G4o’]§y

and (5.15)

€ = [C4o+ hq ‘C81“C4o’]éx * [Co1 Y (C48‘Co1’]9y

G = [ _Y‘Yo
= ol

gij and Cijy are pre-defined constant vectors associated with
grid segment ij; they are, respectively, parallel and normal
to the segment ij, always in the sense of the positive x-
and y-axis diféctions. Recalling egns. 3.40b and 3.41b,

these vectors must satisfy, in mesh 1,

J1 = VxG = ((Gg1 -G4o)/hq + (Gag -Go1)/hy)a,

and (5.16)
Pp =V-.C (Cg1 - Cq0)/h1 - (Cyg -Co1)/hy

or, equivalently,

h1Gyg + hyGg1 ~hqGgyq — hyGyq

(5.17)
h4Cgq + h1Cqo1 ~ hyCypo ~ h1Cyg

1
hihgPq = §9'd§
1

and 0, are, respectively, the vector and scalar source

Q
1
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densities in mesh 1. With reference to the surface integral
in 5.17, it is noted that unit length has been assumed in

the z direction.

Having defined the potential derivatives and pre-
specified fields within the individual meshes, we can
obtain the fields from eqns. 3.40a and 3.41a, which are

H =G - grad & (5.18a)
and
B =C + curl A (5.18Db)

The resulting components of H and B are listed in table 5.1

for the four quadrants of mesh 1, shown in fig. 5.1.

Mesh quadrants

1a 1b 1c 14

Hy [Gx=(29-S6) /Ny | Gx= (9 -05) /hq |G- (Rg-04) /hq | Gx-(Rg-04) /hy
Hy |Gy~ (20-04) /ha|Gy-(21-R8) /hg |Gy (Qp-04) /hg |Gy-(21-2g) /hyg
By |Cx+(Ag-Ag) /hyg|Cx+(A1-Ag)/hg|Cx+(RAg-Ag) /hyg|{Cx+(A1-Ag)/hy

By|Cy-(A1-Ag)/hq |Cy~(A1-A5) /hq [Cy-(RAg-Ag) /hq|Cy-(Ag-Ag)/hq

Table 5.1 Field components in mesh 1, fig. 5.1; G G

Cyx, and Cy as defined in egns. 5.15.

X’ yr

The constitutive error in mesh 1, A1, can now be
defined by substituting the fields of table 5.1 into
egn. 2.16

hy o= J (x(H) + v(B) - ¢(H,B)) dR (5.19)

mesh 1

In a similar fashion, the fields and constitutive errors
can be defined in all meshes of the discretisation. The
meshes correspond to the sub-regions of eqn. 5.13, and the
global constitutive error A can be obtained as the sum

of the individual mesh errors

A= T Ak (5.20)
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According to egn. 5.7, if Qo is unconstrained, we must have

3 ¢ 9hg
0 = 30 ) EIoN (5.21a)
and if Ao is unconstrained
3 CISN
0o=2L _y_k (5.21b)
-l

Egns. 5.21 provide the rule for constructing the solution
equations : the derivatives are determined for each mesh,
and summed for all meshes to yield the solution equations
corresponding to node 0. However, it is only in the four
meshes immediately adjoining node 0 that the fields are
functions of the potentials at 0, making the derivatives of
5.21 identically zero for other meshes. Therefore, only
the contributions of meshes 1, 2, 3, and 4 of fig. 5.1 need
be considered for the solution equations corresponding to
node 0. As a sample, let us determine the contribution
from mesh 1. Assuming isotropic and non-hysteretic material

properties, and noting eqn. 5.19, we can write

oM oH oH

-aTO = <u_Ii ’ mo>1 - <§ ' m0>1 (5.223)
and

oA oB 0B

38, = VB v 3a>1 T B 3ag™ (5.22b)

Substituting for the fields from table 5.1, and performing

the algebra, we eventually find

3h4 M1

_ 2 1.2 2 2 1 -
3%, " 2h1h4[‘h1*h4’90“h491"h1Q4J - 2[A1 A4]

u
v 5 [h4(3Go1 + Ggg) - hq(3Ggg + G81)]

+ % [h1(CO1 + C48) - h4(C40 + C81)] (5.23a)
and
oA Vq
1 _ 1 2 1.2 2 2 21 -
3A, -~ 2hjhg ‘h1+h4)Ao"h4A1"h1A4] 2[94 91]
v1 [
+ B h‘|(3C4O + C81) + h4(3Co1 + C48)]
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Similar expressions can be derived for the contributions of
the remaining meshes in fig. 5.1. Adding the contributions
in accordance with egns. 5.21, simplifying, and substituting
from egn. 5.17 (and its counterparts for other meshes) into
the result, we finally get the finite difference equations :

HqBgq + HaBi2 + u3B23 + HgB34) 9

Hia41 + u2021) 07 - 3 (upaq2 +u3032)9)

1

(
(
- 2(n3023 + ug043) Q3 - 3 (Hq034 + H10q4) 94
(@1 + Q2 + Q3 + Qq)

(

|
@ [

H1h1(3G4o+Ggq) ~ H1hg(3Go1+Gyg) ~ uphp(3Go1+Gas)

- u2h1(3Go2+G15) - 3h3(3Go2+G36) + H3h2(3G35+Gg2)

+ Ughg(3G35+G74) + ugh3(3G40+G73)) (5.24a)
and
0 = 3(vyBgq + vaBq2 + v3B23 + v4B34)2,
- 2(viag1 +v2021)A1 - 3 (vaaq2 + v3a32)An
- 3 (v3023 + vq043)A3 - Z(vga34 + via14)ag
-%(I7 + I3 + I3 + Iy4)
~ §(-v1h1(3C4o+Cg1) - V1hg(3Co1+Cyg) - V2h2(3Co71+C35)
+Vv2hq (3C524Cq15) + v3h3(3Co2+C3g4) + V3h(3C345+Cq2)
+v4hg(3C30+C74) - v4h3(3Cy5+Cy3)) (5.24b)
where
aij =’hi/hj and Bij = aij + uji

Egns. 5.24 are the standard five-point finite

>23 with pre-specified fields included.

difference equations
Similar equations can be written for all nodes to set up the
solution matrices. Boundary conditions and discontinuities
are forced explicitly on their own system variables, and
naturally, via ¢(H,B) in egn. 5.19, on the complementary

system solution.

A characteristic feature of the finite difference
method is the absence of a specific definition for the space

variation of the potentials within the volume of the mesh.
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One consequence is that the derivation resorted to the error
equation 5.7, rather than the split functional equations
5.11 and 5.12; the latter would involve the volume integrals
<Q, P>, and <g,,§?1, eg. egns. 3.96 and 3.107. (It is noted
that the decomposition is complete in egns. 5.24; the
complementary potentials, Ai in 5.23a and Qi in 5.23b,
cancel out upon adding the contributions of the four
meshes.) A more serious consequence is the rather arbitrary
definition of fields within meshes, table 5.1 : while the
continuity of nxH and n *B is forced across grid lines,
unspecified discontinuities arise on the interfaces between
mesh quadrants, shown dotted in fig. 5.1. Such discontinui-
ties amount to sheet sources, egns. 3.20 and 3.21, and
violate spec. 3 of sec. 3.4.1, which requires sheet sources
to be pre-specified. However, it can be easily verified
that the vertical and horizontal sources cancel out within
the individual meshes, and are thus invisible to the global
formulation. The sheet sources can be eliminated entirely
by allowing the potential derivatives to vary linearly,
across the mesh, between their values at opposing edges;
this would introduce the corner potentials at nodes 5, 6,

7, and 8 into the equations for node 0, resulting in nine-

point finite difference equations.

5.3.2 The finite element method

The finite eiement process involves (i) replacement of
the infinite degrees of freedom by a finite number of para-
meters, egns. 5.4-12, and (i) division of the problem region
into sub-regions, egn. 5.13, called finite elements>¥"*. We
shall find it advantageous to begin by considering item (i)

alone at first.

The numerical over-specification is effected by
restricting the potential trial distributions to product

sums of the form

Q(r) = I 90,(r) (5.25a)



92

and

A(xr) = Y a A, B.(x) (5.25b)

1 g 93973

I~

J

where N nodes have been defined for the H-system, and M
nodes for the B-system; Q; and éj are the nodal potentials;
a; and Bj are the corresponding prescribed space functions;
g indicates the components of A;, and aqg is a unit vector.
As defined, a and B are dimensionless, with ai(£1)=5j(£j)=17
in conjunction with their corresponding nodal potentials in
eqns. 5.25, they must ensure that Q(r) and A(r) satisfy the
physical specifications of the problem. This implies,

among other things, that o and B are piecewise differen-
tiable in R, so that substitution from egns. 5.25 into

egns. 3.40a and 3.41a yields

H(r)

I
[n)

(x) -} Q3 Voj(x) (5.26a)
and 1
B(r)

Clr) -} 1 Ajq ag*VB5(x) (5.26b)
J a

for the numerically over-specified fields.

We shall now use the constrained potentials and fields
to formulate the complementary solutions for the problem of
sec. 3.6. H- and B-system functionals are given in egns.
3.96 and 3.107 :

Q'(Q,H) X(H) - <@ , p>R + [Q , b]sb (5.27a)
and .

E"(AIE)

¥(B) - <3 , A> + [h , Alg, (5.27b)

In general, the functionals 0' and =" are not strictly
complementary : they do not necessarily satisfy eqgns. 4.2
and 4.6 because they represent dual formulations. The
strict complements of ' and =" are =' and 0", given, res-
pectively, in egns. 3.94 and 3.102. However, if the problem
is well-posed, and the same solvability specifications are
imposed on the corresponding potentials in primal (Q-based)

and dual (A-based) formulations, we must have

§o' = so" and §=' = =" (5.28)
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so that

0" + 85" = SO0" + 8E" = 60" + =" (5.29)

Egns. 5.28 and 5.29 arise from the uniqueness of solutions;
they imply that any differences between dual functionals,
@' and 0", or Z' and ", are pre-specified and therefore
have zero variations. The validity of 5.28 and 5.29 can be
demonstrated by substitution of the expressions for the
various functionals. 1In any case, the constitutive error
is computable for any pair of estimates, H(r) and B(r),
irrespective of the manner by which they are obtained, egn.
3.71. Moreover, the variational principles of egns. 5.9

and 5.10 remain valid; to apply them, we need the variations

of ©' and =" in eqgns. 5.27 :

§0' = <u(H)H+B_, SH> - <p, 82>, + [b, 82]g,  (5.30a)
and

SE" = <v(B)B+H_, B>, - <J, 6A>, + [h, GA]Sh (5.30b)

The variations of fields and potentials are obtainable from
egns. 5.25 and 5.26 where, with the exception of the nodal
potentials, all terms are pre-specified and hence have zero
variations. Substituting, moreover, for the fields from
5.26, and taking the spatially invariant nodal potentials

out from the volume and surface integrals, we find

v o H _ H
50" = g 5e, { % sy, - T} (5.31a)
where
SH = <u(H) Va Va. >
ij - j ! iR
H
Ti = <U(E)§+§r ’ Vai>R + <p ., ai>R - [b ’ ai]sb
and
- B B
sz =y Y éa, { Y )ys: .aA._ -T. } (5.31b)
ig iq i p 1gqlp JP igq
where
s . - <u(B)(a_x7B.) < VB, >
B
Tiq = <V(§)9+HC IQqXV81>R + <g~’§q8i>R - [h,réqﬁi]sh
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Recalling egns. 5.9-12, the solution equation for each
unconstrained potential Qi is

90"

0.
i 3

H H
X sij Qj -T; =0 (5.32a)

and for each unconstrained potential components Aiq it is

aEII

BAiq

=] Is;. a_-To =0 (5.32b)
&5 Tigip Tix iq

The forms of egns. 5.32 are general for the trial
functions of egns. 5.25; the definitions of their terms in
5.31 apply to the particular problem where the functionals
are as given in 5.27. The definitions for problems with
different specifications can be obtained by the same pro-
cedure, once the H- and B-system functionals have been
extracted from the universal constitutive error. 1In
general, the decomposition introduces complementary

boundary and continuity conditions naturally.

The finite element method is a computationally
convenient implementation of the above procedure. The
overall region R is divided into sub-regions, called
elements, as in 5.13; moreover, the space functions ai(g)
and Bi(E) in egns. 5.25, now called element shape functions,
are defined in a piecewise manner over the individual

elements. Thus

ai(r) = af(x) for ra re (5.33a)

and

By (x) B?(;) for ra re (5.33b)

where r, refers to points lying in element e. 1In

particular, the method stipulates that
0 = aﬁ(;) = Bﬁ(;) for Iy ¢ re (5.34)

so that the trial potential distribution within a given
element is independent of nodal potentials that do not
themselves lie in the element. Thus, within each element,
the summations in eqns. 5.25 need not cover all nodes in R,

N and M, but only those lying in that element.
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The discretisation of R into finite elements means
that the volume and surface integrals in 5.31 can be
obtained by summing element contributions; moreover,
according to egns. 5.33 and 5.34, the contributions are
zero for elements that do not include node i of egns. 5.31.
This further implies that the coefficient S;: is zero if

1j
nodes i and j share no elements.

The shape functions must allow the trial potential and
field distributions, egns. 3.25 and 3.26, to satisfy, as
far as possible, the required problem specifications. It
is generally possible to impose boundary and continuity
conditions on nxH and n * B exactly, provided the trial
potential distributions on planar element facets are
independent of nodal potentials not lying on that facet?";
the established families of shape functions can cater for

most practical requirements?®" 5.

5.3.3 The boundary integral method

Similar to the finite element method, the boundary
integral method is an implementation of the general
procedure that led to egns. 5.11 and 5.12. The method is
characterised by its treatment of linear sourceless sub-

regions which avoids discretisation of their interiors.

Let ﬁk”denote a linear sub-region of R that is free of
internal volume and sheet source densities. It follows that
the fields are continuous within Ry, egns. 3.20 and 3.21,
and that we can set the pre-specified fields G and C to
zero, egns. 3.40b and 3.41b; Maxwell's egns. 3.18 and 3.19
take the forms

I

o
Il

v

VxH

H = -V (5.353)
and

VeB=0 => B=VxA (5.35b)

For any twice differentiable scalar wH(E) and vector
ﬂB(E), vector identities and the divergence theorem yield

Green's theorem
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<R VeuVw SR, —<wy, VeuV>g, = [Q,n-uVwylg -lwy, E(x )]s,
and (5.36)
<élVXVVXEB>Rk—<EBIVx\)VxA>Rk = [A,EXVVX_V_VB]Sk-F [EB IE(ES) ]Sk

where . refers to points on Sk' the surface enclosing Rk’
and

g(ry) = n-uva , E(rg) = nxvixa (5.37)

The method over-specifies the fields in Rk to the extent
that each satisfies the complementary system Maxwell

equation; thus, noting egns. 5.35,

0

VxvB = VxVV XA (5.38a)
and

0 =VepH = - V+pvQ (5.38b)

The over-specification is imposed by substituting 5.38 into

and w.

5.36 to drop the corresponding terms. Moreover, w B

H
are substituted for by suitable singularity functions for

which we can write

Q(c') ) >Ry (5.39a)

' [ ]
nH(r )<Q(x) , z: u%:wH(g,g
and

Aq(g')

na(r')<A(z) , Y

I x v x wi(r,r ) >Ry (5.39Db)

where r' refers to any point in Ry, Aq is a particular

space component of A, and Ny and ng are known functions
associated with W and ﬂg

5.38 and 5.39 into 5.36, we get

respectively. Substituting from

Q') = nH(g')[[Q(;),g'uver(g,g')]Sk- [wH(£,£'),€(£)]sk]
and (5.40)
Aglr') = ng@' ) [[A(g) .axvixwa(z,zr') g, + [wg(z,z'),E(x) ]sk]

The numerical over-specification in Ry is restricted
to the surface S; where a number of nodes are defined and
trial functions of the form of 5.25 are used for all four
surface variables :

Q(rg) = § Qi0l(rg)
i

™

Lo

)
!

= ] gijai(zrg) (5.41a)
i

and

A(rg) = ] B3B3(rg) »  Elrg) = | EyBY(rg)  (5.41b)
J 3
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where 3, £&;, Ay, and F: are the values of the variables at

J
node i; af, af, Bj, and By are the corresponding prescribed
space functions; as before, rg refers to points on Sg.
Substituting the trial functions of egns. 5.41 into 5.40,

and rearranging, we get

g {2i0i(xg) - nu(xs)[Qef(xg) » nnu wylrg,rs) g}

= - % nu(rs)[E5ef(zrs) » walrs,rg)lsy
and (5.42)

) {RigBL(xd) - nd(zd) (2581 (zs) » nXVTxup(zs,z8) ], }

= [ np(zd)[F48Y(rs) . walzrs,zd) g,
J
Applying egns. 5.42 at a sufficient number of test points
rs on Sy, the following matrix relationships can be

constructed to link the nodal variables

(M'1{Q} [M"]{¢&} (5.43a)

and

[N"]{Aa} [N"]{F} (5.43b)

where {Q}, {&}, {A}, and {F} are column vectors listing,

[M'], [M"], [N'], and [N"] are coefficient matrices whose

respectively, the nodal parameters Q;, &5,

elements are computed using edqns. 5.42; singularities arise
where the integration point rg coincides with the test
point rg , but these are treatable®*. By choosing as many
test points as there are nodes, the coefficient matrices
can be made square, providing an invertible relationship
between the nodal potentials and the nodal values of their
surface derivatives. It is important to note, however,
that these relationships incorporate an inherent inconsis-
tency resulting from treating the nodal derivatives £ and F
as being independent of their respective potentials,  and
A, in the definition of the trial functions, egns. 5.413%% :
with the variables in 5.40 represented by the trial func-
tions of 5.41, the left hand sides cannot, in general,
model the exact outcome of the computations on the right
hand sides continuously over S;. However, equality can be

forced at a finite number of test points to produce 5.43.
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Now the contribution of sub-region Rk to the global
constitutive error is given by

Ay = X (H) + ¥, (B) - Z, (H,B) (5.44)

Substituting from eqns. 5.35 for the fields in Zk’ eqgn.
2.11, we get

Z, = - <VQ » B>Ry = <H, VXA>p, (5.45)

Applying vector identities, recalling the absence of
volume and sheet source densities, and using the divergence
theorem, we get

Zk =- [ IE'E]SK ="[EX§.IAJSk (5.46)

In either form, the decomposition produces surface terms
only; these are matched with similar terms contributed by
adjacent sub-regions sharing Sy, or with specified boundary
conditions if Sy is part of S. The absence of volume terms

in 5.46 is a direct consequence of the sourcelessness of Ry.

Consider, next, Xy and ¥y. Substituting for the fields
from egns. 5.35 into the linear forms of egn. 4.53 :

X, = I<uH, H>g, = 3<uvQ, VQ>g, (5.47a)
and

Y, = 3<VB , B>Ry = 3<vVxA , VXA>p, (5.47Db)

Applying vector identities and the divergence theorem, and

substituting from egns. 5.37 and 5.38 into the result :

X, = z[€,Qlg, and ¥ =-

=

[E, Algy (5.48)

As only surface terms remain, we can substitute for all

variables their numerically constrained forms in 5.41 :

X = 3} }[Qgoai(r]), £50l(zg) Isy ‘ (5.49a)
and ]
OREE D CHER DS N IERE (5.49b)

Using the column vectors defined with relation to egns.

5.43, we can rewrite egns. 5.49 in the form
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X, = ¥} ID,1(g) (5.50a)
and
v

= HayT D 1{F} (5.50b)

where the superscript T indicates transposition. Using

egns. 5.43 to eliminate {&} and {F}, we finally get

1}

Xy %{Q}T[DH][M"]_1[M']{Q} (5.51a)
and

y %{A}T[DB][N"]—1[N']{A} (5.51b)

k

Xx and Yy, expressed here in terms of nodal potentials on
Sk, go into the global system functionals © and £ , respec-
tively; the solution equations are then obtained using
egns. 5.11 and 5.12. The interior of Ry is not discretised
because the entire contribution of Ry to A is in terms of
the variables on Sy, egns. 5.46 and 5.51. Exact boundary
and continuity conditions can be imposed by matching the
trial functions on Sy, egns. 5.41, to the boundary con-
ditions and/or the discretisation used in the regions

surrounding Rg.

5.4 Conclusions

The error-based variational procedure of sec. 5.3
applies to a number of established numerical methods. The
various methods, characterised essentially by the numerical
over-specifications they impose, result in solution equa-

tions which can be put in a general, matrix, form

o = (sf1ta) - () (5.52a)

and

0o = [sB1{a) - (%) (5.52b)

{Q} and {A} are column vectors listing the nodal potentials.
[SH] and [SB] are square coefficient matrices; they evolve
from X(H) and ¥(B), respectively, and thus have standard
forms in the various numerical methods. {TH} and {TB} are
forcing vectors; their composition depends on the specifi-

cations of the particular problem being considered; see,
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for examplé, egns. 5.31. The two vectors reflect the
decomposition of Z(H,B) between the H- and B-systems, and
thus are the mechanism by which the sources, continuity
conditions, and boundary conditions of one system are
imposed on the solution of the complementary system; sec.
5.2.2 argues for the natural imposition of continuity and
boundary conditions in this way, as opposed to explicit
imposition at the outset. {TH} and {TB} also force own

system sources in terms of the pre-specified fields G and C.

Solution of egns. 5.52 yields the values of the nodal
potentials, {9} and {A}, which correspond to the minimum
constitutive error for the numerical over-specifications
used. Once the potentials have been determined, the corres-
ponding field distributions can be estimated, and the
constitutive error computed, locally as the error density A,
and globally as the total error A. 1In fact, the error is
computable for any pair of estimated field distributions,
H(r) and B(r), irrespective of the means used to make the
estimates. There is no fundamental requirement that the
solution methods used for the two systems should correspond
to each other in any way; for example, the space functions
and node numbers in egns. 5.25 are not necessarily the same

for the H- and B-systems.

The constitutive error, which is zero in an exact solu-
tion, is attributable to the totality cf over-specifications
in a numerical solution. It is, moreover, a comprehensive
measure of numerical error if the speciiications are
entirely consistent, sec. 5.2.3; accordingly, it can be used
to assess the accuracy of the over-specifications, locally

5.6, 7

and globally The boundary integral method, sec. 5.3.3,
provides an example of inconsistent specification where
additional errors arise that are not accounted for by the

constitutive error.

Solving either of the two complementary systems alone
can be viewed as the minimisation of that system's contribu-

tion to the constitutive error; however, the solution does
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not produce an estimate of the contribution. As defined in
this work, the constitutive error resides in both systems
together, being the sum of their individual errors relative
to the true solution; both systems must therefore be solved
if the error is to be determined. Chapters 6 and 7 give
the errors resulting from complementary finite element

solutions of a number of static problems.

The error cannot be used directly to assess either of
the complementary solutions on its own, or to evaluate
their comparative merits. Indirect schemes can, however,
be devised. For example, the error may be viewed as an

approximate, pessimistic estimate of either system error
- relative to the true solution. Alternatively, one solution
may be retained as reference, with the error computed for
different implementations of the complementary solution;
the corresponding changes in the error then reflect the
effects of the various implementations. This latter scheme
is used in Chapter 8 to compare alternative definitions of
the pre-specified fields in the H-solution : the same

B-solution is used with different definitions.
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CHAPTER S IX

Linear Applications

6.1 Introduction

This chapter presents complementary solutions to
a number of static, linear, two-dimensional problems;
numerical results are obtained by the finite element method.
The selection of problems and the presentation of results
are intended to highlight the insight provided by the
constitutive error approach. Particular aspects are empha-
sised, including : generation of complementary functionals,
especially with regard to boundary specifications; compa-
rative behaviour of complementary solutions; distribution

of discretisation errors; bounds on circuit parameters; etc.

6.2 Two-dimensional simplification

According to section 3.4, the solution to a well-posed
problem imposes the following relationships on the fields
H and B :

B=yu(HH+B, ; H=v(B)B + He (6.1)
Jd = curl H s p = div B (6.2)
K=nxpH on S, ; 0 =n+AB on S, (6.3)
h =nxH on Sy ; b=n+B on Sy (6.4)

with, possibly, other boundary conditions, sec. 3.4.2. The
constitutive error approach imposes egns. 6.2-4 explicitly,

and egqn. 6.1 weakly by minimising the error

A(H,B) = X(H) + ¥(B) - Z(H,B) (6.5)
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Two-dimensional analysis is possible if sources,
fields, geometry, and material properties are invariant in
a particular direction, say the z-axis. The following

equations then describe a consistent set of restrictions :

H

Ha_ + Ha ; B

X=X y=y Beay+ B

a (6.6)

Y=Y

and
Jd

J ;i K=K.a i h=ha (6.7)

a
z=2z ’ z=2 ! z

Surfaces of discontinuity,'SA, are parallel to the z-axis,
so that

on S, : n=na + nyéy (6.8)
The bounding surface, S.., is composed of two main sections :

S = 50U So/ (6.9a)
where

on S; : n = nyay + Nyay (6.9b)
and

on Sy : n=1=*a, with n°*B =0 (6.9¢c)

# _—

In effect, the region R is a right cylinder; its length in
the z-direction is taken to be unity.

The above restrictions are sufficient, but not strictly
necessary, to extract a two-dimensional solution from the
general, three-dimensional constitutive error A. They

allow the potentials to be defined as follows

H = G(x,y) - grad Q(x,y) (6.10a)
with

G = Gyay + Gyay ; curl G = J (6.10b)
and

B = C(x,y) + curl A(x,y) ; A=A a, (6.11a)
with

C = Cxax + Cyay ; div C =p (6.11b)

The above definition of the vector potential A satisfies

the following solvability requirements from sec. 3.4.4.2 :

div A = 0

-e

n e« AA

0 on Sy (6.12a)
and

n+«+A=0 onsS n x A 0 on Sp (6.12b)
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The remaining requirement on Q><A§|S is problem-dependent.

On Sp sections of %,

in a consistent over-specification of A since n+*A 1is also

n xA may be specified, which results

specified on %, egns. 6.12b.

6.3 Linear problems

In linear media, the constitutive relationship
simplifies to
B=uH or H=VvB (6.13a)
with
VvV = U or H =V (6.13Db)

The constitutive operators can vary with position, but are
independent of the fields. They are, moreover, symmetric
according to property 2 of sec. 2.2. In the examples, we

shall consider isotropic media only.

Substituting from egns. 6.13 into 2.8, x(H) and y(B)

simplify to

[N

X(H) = 3<uyH, H> and ¢(B) = 3<vB, B> (6.14)

The exact solution fields, Ho and By, satisfy the constitu-
tive relationship 6.13a, so that substitution into 6.14

yields

X(Ho) = 2<Bo,/Ho> and W(By) = 3<Hy,Bp> (6.15)
Recalling the definition of ¢(H,B) in egn. 2.11, we find

X(Hg) = V(Bg) = 3C(Hg,Bg) = w (6.16a)
Integrating over the region R, we obtain the globals

X(Ho) = Y¥(Bg) = 3Z(Ho,Bg) = W (6.16Db)

W denotes the exact energy, or co-energy, in magnetostatic
and electrostatic applications, and half the exact power
dissipation in current flow applications; w is the

corresponding density distribution.
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6.4 Implementation

The examples are solved by the finite element method,
a general description of which is given in sec. 5.3.2. The
discretisation employs first-order triangular elements,
with the potentials at the vertices as the unknowns; these
elements are well-documented in the literature®¥?, and will
not be elaborated here. We only note that the shape
functions yield constant potential derivatives, and hence
fields, within the individual elements, and continuous n X H

and n - B across element interfaces.

Software was developed onan LSI 11/23 with facilities
for interactive colour graphics. The package is structured

in distinct stages, fig. 6.1, and uses files to store and

6e3s44

communicate data Mesh geometry

is defined manually using MAGMESH, MAGMESH
mesh generator

the interactive mesh-generating
program in MAGNET-11%%®. The 1

problem specifier assigns material Problem
properties, source distributions, specifier
boundary conditions, and ,
potential discontinuities. -
- - - R

The solution matrices L Ma“ﬁ;ﬁ

. Material assemb rer
are formed in the property T
matrix assembler, and update
inverted in the solver, L. I.C.C.G.
. -7 7 7 solver
independently for the two
complementary solutions. The b
solver employs the incomplete Open-ended
Choleski-conjugate gradient method postprocessor

with Manteuffel shifts®”®; the

program was made available by the Fig. 6.1 Program

structure.
electromagnetics group at the

Rutherford Appleton Laboratory. An auxiliary loop updates
permeabilities and re-forms matrices in non-linear applica-
tions. The geometry and solution files are finally fed into
a special-purpose postprocessor that computes a range of
relevant results, and produces colour graphic displays by

means of QUARTO subroutines?®?®,
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6.5 Magnetostatic examples

In magnetostatics, the equations for fields and

potentials are :

Jd = curl H ; 0 = div B (6.17)
k =n x AH on Sy i 0 = n+ AB (6.18)
H=G6-VQ ; B =V xA (6.19)

0 = nxAA (6.20)

Using the B-system vector potential A, Z(H,B) splits as

follows :
Z(H,B) = <H,B>p = <H, VX_A_>R = <VXE’A>R_J;QV°(EXA) dR
= <3, A>p+[nxH,Alg - [nxH, Alg + [H, nxalg,
= <"1'é>R+ [K 'A]Sk_ [I_-l,x.}_I.I_A_]SS

At this stage, we can rewrite egn. 6.5 in the form

A = OO(H) + EO(B) - FO(H,A) (6.21)
where
OO(H) = X(H)
EO(B) = l{’(B) - <£ré>R - [.K.IA]S].(
r (g,a) = - [nxH,Als, = [H,nxAlsg

Alternative definitions of the H-system pre-specified
field G are analysed at length in Chapter 8; the following
definition is shown to be consistent with linear shape

functions for

G(r) = 3dx(xr-xr ) =>  curl G=J (6.22)

Is
and will be used here. g is an arbitrary reference point
that can be chosen independently for each conductor. J is
constant in conductors, and zero in iron and air. Thus G
is zero outside conductors; the resulting discontinuity in
n xG at conductor surfaces is absorbed by a jump in €,
computed using egn. 3.55%% A cut is defined for each
totally enclosed conductor, eqn. 3.45, with AQ equal to the

conductor current.
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6.5.1 C-magnet

Fig. 6.2 shows a C-magnet similar to that of reference

6.11. From symmetry

on S, : nxH =0 => Q = ﬁh (= 0) (6.23a)

Moreover, the semi-closed nature of the magnetic circuit

allows us to approximate
onS : n*B=0 => A=3 (=0) (6.23b)

Substituting these boundary conditions into Po in egn. 6.21,

we find
I, =- [nxH,Als, + [H,nxAalg, =0
so that
A = O(H) + Z(B) (6.24a)
with
O(H) = X(H) and Z(B) = W(g)-<g.,A>R (6.24Dh)

From ineq. 4.10a and egn. 6.16, we have

O(H)

w

Wz - Z(B) (6.25)

where W is the exact energy in the half-section under
consideration. The average of numerically computed energy

bounds

= $(0(H) + (-2(B))) (6.26)

is generally a better estimate of W than either. On the

electric circuit side, W is given by
W=3L1I? (6.27)

where L and I are the inductance and current of the upper

coil.

Numerical results are based on a coil mmf of 7700
Ampere-turns, which corresponds to a current density of
1 A/mm?. The relative permeability of the iron core is
taken to be 500.
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. 6.2 C-magnet outline.
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Fig. 6.3 C-magnet convergence curves.
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Complementary solutions were performed on nine suc-
cessively refined meshes, starting with 38 elements and
27 nodes, and ending with 341 elements and 189 nodes.
Refinement was guided by the distribution of the constitu-
tive error density XA : regions of high error concentra-
tions were broken down into finer elements. The resulting
convergence curves are shown in fig. 6.3. The finest mesh
placed the exact energy W at 246.4 J t 1.6%; the corres-
ponding global constitutive error is 7.82 J, and the coil

inductance is 8.31 N? yH, N being the number of turns.

The average of the energy bounds, W, exhibits a general
downward trend, with occasional slight oscillation. The
bounds are therefore not strictly symmetric about the exact
enerqgy, the B-solution (lower bound) being marginally more
accurate than the H-solution (upper bound) in this problem.
However, by the third mesh refinement (66 elements, 41
nodes), W was already within 1% of the final value it
attained. The constitutive error, A, improved from 41% to
3.2% with mesh refinement. Beyond the initial coarse
meshes, roughly half the error may be associated with each
of the complementary energy estimates. It follows that
averaging complementary solutions at 66 elements and 41 nodes
vields a more accurate estimate of W, and hence L, than

either solution alone does at 341 elements and 189 nodes.

The above findings regarding global quantities corro-

6012

borate those reported by Penman and Fraser and by Hammond

and Tsiboukis®!, We now proceed to examine space

distributions.

Complementary estimates of energy distributions are
shown in fig. 6.4, where colour coding provides an indica-

tion of actual values*. Linear shape functions for the

* In general, density increases as colours shift from bright to dark.
More specifically, each colour indicates a density value greater than
the figure beneath it, and less than the figure above it, in the
colour-code key of the margin. At the bottom of the scale, white is
implicitly greater than zero since all energy densities are positive.
There is no upper limit at the top of the scale, so that black
provides a 'greater than' indication only.



Fig. 6.4

C-magnet energy and error density distributions
in 102-element mesh. Clockwise from top left
x(H), V(B), 3z(H,B), and A(H,B). Upper scale
corresponds to energies, lower scale to error.
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potentials result in constant fields, and hence constant
energy densities, within each current-free element. In a
conductor element, however, x(H) and ¢(H,B) are position-
dependent due to the space variation of G, and hence H; in

this case, colour coding is determined by average densities.

Fig. 6.4 shows substantially similar distributions for
the three energy estimates, x(H), ¥(B), and 3Z(H,B). Energy
density is greatest in the air-gap, which accounts for some
70% of the total energy. 1In fact, for all meshes attempted,
X(H) and Y(B) in the air-gap fell within 69.59-70.56 % of
the final value of W; neither exhibited a discernible

pattern with mesh refinement.

Fig. 6.4 also includes the constitutive error density
distribution. It is noted that the colour scale for A indi-
cates smaller density values than the energy scale. In this
way, the A-distribution highlights the discrepancies between
the complementary solutions. Clearly, errors tend to con-
centrate around corners; A thus quantises this well-known
feature of numerical analysis. Despite the large energy
stored in the air-gap, errors are seen to be small due to

field uniformity.

The influence of the mesh on the numerical results is
highlighted by the wide variation of error concentration
over the region of the problem. It is recalled from sec.
5.2.3 that the constitutive error is a comprehensive measure
of the numerical inaccuracy. It is therefore natural to
base mesh refinement on A. Fig. 6.5 shows A-distributions
at three other stages of the refinement process. Error
concentrations are seen to recede in the general direction
of their sources, namely corners. The process may be ter-
minated when the global error becomes sufficiently small,
with acceptable levels of local error in regions of inte-
rest. The constitutive error thus provides a useful indi-

cation of solution accuracy locally and globally.

Strictly, the constitutive error density A only indi-

cates how closely the complementary field estimates, H and
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Fig. 6.5 C-magnet constitutive error density distributions
at three stages of mesh refinement . Clockwise
from top left : 50-, 90-, and 277-element meshes.
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B, satisfy the constitutive relationship. A vanishingly
small A, at a given point, does not guarantee that the two
fields are approaching the true wvalues at that point; the
true solution requires A to vanish everywhere simultaneously,
egqn. 2.12b. It is therefore important to keep track of the
global error A during the refinement process. Moreover, the
actual value of A has significance only in relation to the
energy level; to give a practical indication of overall

accuracy, N must be normalised, preferably with respect to W.

Thatcher®!" and Cendes et al.®*'® base mesh refinement on

errors of the form

e' = <yH-B, uH - B> (6.28a)
and
e" = <vB-H, vB - H> (6.28Db)

For linear material properties, these can be related to the
constitutive error density A. Recalling egn. 2.15b, we have

A= y<uH-B, H> + 3<VB-H, B>

N

As the constitutive operators are symmetric by property 2
of sec. 2.2, we can modify the second product, and collect

terms, as follows

>
]
=

os}

<u

|

P H> + %<.§—Uﬂr V§>

[

<p

|

-B,H-vB> (6.29)

The similarity with €' and €" is now evident. In particular,

for isotropic media we have
€' = 2u A and e" = 2vA (6.30)

While the error forms €' and e€" are entirely valid, X is
more symmetric, and has the advantage of a clear link, via
A, to the bounding physical energies.

As demonstrated in sec. 2.4, the constitutive error
accounts for discrepancies in both magnitude and space
orientation of the complementary field estimates H and B.

Fig. 6.6 attempts to show these two aspects separately.
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The B-H plots highlight discrepancies between comple-
mentary field magnitudes, H and B. Each plotted point
corresponds to one of the elements in the mesh detail shown;
the horizontal coordinate is the value of H, in the element,
as obtained from the H-solution; the vertical coordinate is
the value of B from the B-solution. The constitutive rela-
tionship is represented by the straight line, on which all
points should fall in an analytic solution. As the mesh is
refined, the number of points increases simply because the
ﬁumber of elements increases. Clearly, complementary esti-
mates of the fields can differ considerably. There is,

however, a definite migration towards the line as the mesh
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(a) 50-element, 33-node mesh; A/W=24.5%.

Fig. 6.6 C-magnet sub-region at three stages of mesh
refinement. Clockwise from top left : finite
element mesh; B-H plot in air; B-H plot in
iron; and equipotential contours. NB Steps
between scalar potential () contours in iron
are 80 times smaller than in air.
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is refined. Moreover, finer meshes provide field estimates
closer to corners, where fields tend to be high; plotted
points thus appear to climb up the line. One conclusion is
that the average of complementary field estimates is not,
in general, more accurate than the fields, as has been
suggested® : averages from coarser meshes do not approach
these higher fields.

Discrepancies between space orientations of complemen-
tary field estimates are highlighted by superposition of
their equipotential contours. Outside conductors, the -
and A-contours should be perpendicular to each other, which
is seen to be largely true inside the air-gap, less so at
the edges. Clearly, the two sets of contours approach
orthogonality as the mesh is refined; note, in particu-
lar, the upper right corner of the iron core. The
B-system A-contours represent flux lines, while the
H-system {l-contours represent the drop in magnetomotive
force around the magnetic circuit. Most of the available
mmf is consumed in driving flux across the air-gap. The
drop in the iron core is negligibly small. It is therefore
necessary to use smaller  steps in the iron to display the
contours; the iron/air step ratioin fig. 6.6 is 1/80.
Inside conductors, V@ is augmented by G to yield H, egn.
6.19; thus, no physically meaningful significance can be
associated with {l-contours there. Note, also, the discon-
tinuity in © at copper/air interfaces, egn. 3.55; the
discontinuity also arises at copper/iron interfaces, but is
masked in fig. 6.6 by the different potential steps used in

the two regions.

The various points discussed above are further illus-

trated by the examples of the following sections.

6.5.2 D.C. machine

Fig. 6.7 shows a half-pole section of a 4-pole d.c.
machine having a square frame. The closed magnetic circuit

allows us to approximate
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on Spyq ¢ n *B =20
Symmetry at no-load yields

on sz

1=
L]
|
"
o

and

|}
X

i
"
o

on S
h
Summarising, we may write

on S (6.31a)

fs]
X
f<]
I
o
Il
A\
o)
1]
9
o 2l
i
o

h
and

=> é=§

o)
L]
Jos)
I
o

on Sb = 0) (6.31b)

Egns. 6.31 are identical to eqns. 6.23 for the C-magnet, so
that Fo vanishes as before to yield egns. 6.24 and 6.25
again. The problem was solved for an iron relative permea-
bility of 500, and a field excitation of 2000 Ampere-turns.
A 457-element, 251-node mesh was used, resulting in a
constitutive error of 1.247 Joules, with the exact energy
estimated at 38.11 Joules + 1.65%. Fig. 6.7 shows equi-
potential contours and B-H plots separately for iron and
air. Locations of the apparently large discrepancies
between complementary field magnitudes in iron may be
deduced from the constitutive error density distribution of
fig. 6.8. Once again, errors are seen to concentrate
around corners. The air elements inside the gap and in the
vicinity of the pole tip, inset to fig. 6.8, account for
approximately 35% of the global error; the black elements

alone account for 27.6%.

On load, symmetry that led to egqns. 6.31 can no longer
be assumed. A full pole pitch must therefore be analysed,
fig. 6.9. On the external periphery of the yoke, we
assume, as before,

on S,, : n+B = 0 => A = Ay = constant (6.32)

Periodicity conditions on SO1 and 302 yield, for correspon-

ding points,



Fig,

6.8

119

D.C. machine constitutive error density
distribution. Inset shows enlarged air
elements inside gap and near pole tip,
with iron elements masked.
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St
e

Fic. 6.9 Equipotential contours in d.c. machine with
periodic boundary conditions. Scalar potential
steps in iron 20 times smaller than in air.

n x H| = nxH| => Qle -9, = Q, - 2]
S01 S02 Sp1 0 0 502
and
n - B] = n - B => Al - A, =13, - 3|
So1 So2 Sp7 O 0 S02
(6.33)

where @, and A, are the potential values at point 0. At

corner points 1 and 2, we must have

Ab - AO = AO - Ab => Ab = AO
so that
O:@ = 0

02
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where ¢, the flux through the indicated section, is defined
in egn. 3.32. Choosing, arbitrarily,

Q. =0 and A, =A, =0
the boundary conditions simplify to

on S,, ¢ n*B =0 => A=23a_ =0 (6.34a)
and

Q| = - le and Al =-AIS (6.34b)

S 02

501 02 01

The null values of QO and AO are implicit in 6.34b. Sub-
stituting into egn. 6.21

r = - [EXEIA]S(” - [EXE'A]SOZ + [EIEXA]S‘]z
=0

Po thus vanishes to yield egns. 6.24 and 6.25 again.
Complementary equipotential contours illustrating such
periodic boundary conditions are shown in fig. 6.9. The
solution was based on an interpole excitation of 1500
Ampere-turns. Limitations of the computer program
prevented inclusion of armature currents for a true

on-load solution.

6.5.3 Lamination

Fig. 6.10 shows an iron lamination permeated by
magnetic flux. Because of symmetry, it is sufficient to

consider the indicated trapezoidal region, with

on S 0 => Q=0 (6.35a)

o]
X

fes
i

h1
and

on S : M (6.35b)

h2

=i
X
Jes
"
o
I
\V4
2D
[}

The zero potential in 6.35a is chosen arbitrarily; M is

the magnetomotive force

I2
M=
I ®h2

H-.d2 = Q (6.35c)

r, is any point on Sh1' and r, is any point on Sh2'

1
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Fig. 6.10 Square iron lamination.
T Z(B)
rood W N——
™ - O(H)
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Q
—
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0
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A
1
0 A —— - .
0 20 40

Mesh refinement (number of elements)

Fig. 6.11 Lamination convergence curves (specified flux).



123

Assuming the flux to be confined to the high permeability
iron, we have

on Sb1 : n*B =20 => A =0 (6.36a)
and -

on Sb2 : n*B =20 => A=29 (6.36Db)

The zero potential in 6.36a is chosen arbitrarily; ¢ is
the magnetic flux

'y

(6.36c)

S S

h1 b2

We now substitute the boundary conditions of egns. 6.35 and
6.36 into Po in egn. 6.21 :

I, = - [oxH,Alg, = - [nxH, Alg,, = -J H-axds
. sz
=_J §°(A§z)x(§2x§z)d2dz
Sp2
2

= - AIS J E.d&

b2 r1
= M (6.37)

Clearly, Po does not vanish in this case. But M and ¢
correspond to the abstract motive force and flux of egns.
3.21 and 3.22 of sec. 3.4.2, where it was shown that
physical uniqueness would require one of them to be
specified. Two physically distinct possibilities arise
as we substitute FO back into egn. 6.21 :

(i) Specified mmf (M = M) :
Oy(H) = X(H) Z (B) = ¥Y(B) -M?® (6.38)

The term M ¢ forces the specified mmf on the B-solution

which then estimates the flux accordingly.

(ii) Specified flux (%= 9)

(H) = X(H) -M9d, Z (B) = ¥(B) (6.39)

%6
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The term M® now forces the specified flux on the

H-solution, which then estimates the mmf accordingly.

The above demonstrates how the constitutive error A
splits to yield complementary functionals for both types of
specification. This type of boundary specification also
demonstrates the inequivalence of the primal and dual
statements of sec. 4.3 on alternative derivations of com-
plementary variational principles. The primal statement
corresponds to an assigned mmf specification, while the
dual statement corresponds to an assigned flux specifica-

&% attempts to solve the assigned flux

tion. Fraser
problem, and is led to conclude that the H-solution requires
the exact energy to be known in advance; he employs a
-highly refined B-solution for the purpose. The present
derivation shows that this is not necessary. This type of
specification is more common in electrostatic and current
flow problems, and will come up again in later sections.
Hammond®*®¥% -1 yses the same geometry of the present lami-
nation problem to pose an electrostatic one, using Sp1 and

Sp2 to denote capacitor plates.

The energy bounds are obtained by applying ineq. 4.10
and egn. 6.16 to egns. 6.38 and 6.39 :

v

- EM(B) (6.40a)

1\

OM(H) 2 WM
and

nw

W

[\

E®(B) - Og(H) (6.40Db)

)

where WM and W¢ are the exact magnetic energies in the
trapezoidal section for the specified mmf and specified
flux problems respectively. They are related to the

magnetic reluctance R by

92 R

[N

M2 /R and W, = (6.41)

Wy = M )

M

=

®

Substituting into inegs. 6.40, and rearranging, we get

—ZEM(B) / M2 (6.42a)

1\

1
R

20,,(H) / 1?2
M M

1\

and

Iv
=~
O
[

28, (B) ] ©2 -20,4 (H) ] 2 (6.42b)
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In both cases, ©(H) and hence the H-solution are associated
with the lower bound on reluctance; Z(B) and the B-solution
are associated with the upper bound. This is in basic
agreement with Hammond's description of the physical
processes underlying his treatment in terms of slices and

tubes®®®, yhich he attributes to Maxwell.

The lamination problem was solved for a specified flux
of 10 mWb and an iron relative permeability of 500. Com-
plementary solutions were performed for a number of suc-
cessively refined meshes, starting with 4 elements and 6
nodes. Fig. 6.11 shows convergence curves up to 54 elements
and 38 nodes, at which stage the energy in the trapezoid is
estimated at 101.9 mJ * 0.88%, the constitutive error being
1.83 mJ. The corresponding reluctance is 2038 Amp-turn/%Wb.
Solutions were actually performed for further error-guided
refinements; at 213 elements and 128 nodes the energy was
101.9 mJ + 0.25%, the error being 0.49 mJ. This is slightly
more accurate than a reqgular mesh of 768 elements and 425

nodes.

The convergence curves of fig. 6.11 exhibit some sharp
changes initially. This may be attributed to the fact that
at the extremely coarse meshes in question, the actual
location of an added node can have significant influence on

computed results.

Figures 6.12-14 show energy distributions, error dis-
tributions, equipotential contours, and B-H plots at certain
stages of the refinement process. These conform to the
findings discussed in sec. 6.5.1. Note in
particular the concentration of energy and error at the
inside corner of the lamination, where the highest fields

arise.

The dual problem of specified mmf was solved using the
same meshes. As expected, the only differences were in
scaling due to the use of different forcing values. While
the actual energies differ, reluctance estimates, and,

indeed, all normalised distributions etc. are identical.
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Fig. 6.12 Lamination energy density distributions in
SOelement mesh.- Freom Jefts .y (H) D(EY;
and ZC(H:B)»
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Fig. 6.13 Lamination constitutive error density-
distributions at three stages of mesh
refinement : 12, 24, and 39 elements.
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specified flux.
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The reluctance may be expressed by
R=M/09d (6.43)

Given @ = 10 mWb, the H-solution in egn. 6.39 acts on the
lower bound of R to yield M=20.13 Ampere-turns for a mesh
of 39 elements. Forcing this M on the B-solution of the
dual problem, egn. 6.38, results in ¢ =9.758 mWb since it
acts on the upper bound of R.

6.5.4 Slot conductor

Fig. 6.15 shows a T-shaped conductor embedded in a
slot. Because of high iron permeability, we may assume

on S : nxXH =20

h1

Symmetry allows the analysis to be confined to the half-
slot indicated on the figure, with

on S nxH =0

h2 °

Combining these two conditions, we may write

r
on S : nXxH = 0 => Q= Qzr )-+J G+dg (6.44)

where

S, =S

h U S

h1 h2

I, is an arbitrary reference point on Sy 5(50) is set to
zero arbitrarily. The top surface of the conductor is

exposed to air in the slot neck where we assume
on S : n+B-= 0 => A=Ay (= 0) (6.45)

The boundary conditions of egns. 6.44 and 6.45 cause Fo to
vanish as in the case of the C-magnet, sec. 6.5.1, so that
egns. 6.24-27 apply once again. L in egn. 6.27 now
represents the d.c. inductance of the half-slot.

This problem has been examined by Hammond®¥¥177® and by

616

Fraser for the following dimensions
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a———
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Sh2 Shi

Fig. 6.15 T-conductor in iron.

O(H)
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- Z(B)
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A
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Fig. 6.16

Mesh refinement (number of elements)

Slot conductor convergence curves.



131
a=d-= 2 cm, b=c=1oc¢cm (6.46)

and a current density of 1 A/cm?, so that the half-slot

current is 5 A.

Using the above dimensions and current, complementary
solutions were performed for a number of successively
refined meshes, starting with 5 elements and 7 nodes. Fig.
6.16 shows convergence curves up to 62 elements and 42
nodes, at which stage the half-slot energy is estimated at
18.63 micro-Joules * 1.83%, the constitutive error being
0.68 unJ. The corresponding inductance is 1.49 uH.
Solutions were actually performed for further error-guided
mesh refinements; at 158 elements and 97 nodes, the energy
was 18.64 uJ * 0.7%, the error being 0.263 uJ. This is
slightly more accurate than a regular mesh of 500 elements
and 276 nodes.

Fig. 6.17 shows energy and error distributions. Energy
is seen to concentrate in the neck, while errors, as usual,
are highest at the re-entrant corner. 1In the 40-element
mesh, black triangles account for 33.6% of the global error.
Fig. 6.18 shows equipotential contours and B-H plots. It
is recalled that Q-contours have no physically meaningful
significance since VQ is augmented by G to yield H in the
conductor, egn. 6.19. Figures 6.17 and 6.18 illustrate,
once again, various points discussed in sec. 6.5.1.

Fraser®?®

attempted complementary solutions of the slot
problem with part of the surrounding iron (ur==2000)

included in the region of analysis. The H-solution was
found to be unsatisfactory, resulting in too much energy in
the iron part; the error, which was emphasised by juxta-
position of upper and lower bounds, is attributable to the
use of a Biot-Savart defined G in both copper and iron; see
Chapter 8. The present treatment, which confines G to the
conducting sub-region, gave satisfactory bounds : for

a mesh of 640 elements and 357 nodes, the over-all energy
was estimated at 18.59 pJ * 1.56%, the constitutive error

being 0.58 puJd. The conducting sub-region had 80 of the
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Slot conductor density distributions.
Top : energies in 40-element mesh,
(B, (B, and 2T(H,B) Afmem lcft).
Bottom : constitutive error in 10-,
16-, and 40-element meshes.
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Fig. 6.18 Slot conductor finite element mesh, equipotential

contours, and B-H plot at three stages of mesh
refinement :

(a) 10 elements and 11 nodes; A/W=18.7%;
(b) 40 elements and 29 nodes; A/W= 5.2%;
(c) 106 elements and 66 nodes; A/W= 2.0%.
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elements, 18.55 uJ of the
energy, and 0.57 uJ of the

error; the figures are

very close, although not
identical, to those guoted
earlier for the conductor-

only solution. Bounds, it

is noted, are defined for

the over-all energy only.

Fig. 6.19 shows equi-

potential contours and

boundary specifications

for the problem including

iron. Of course, the

examples of sections 6.5.1

Fig. 6.19 Slot conductor in
iron : boundary

- more general illustrations specification and

potential contours.

fl-contours not

complementary principles shown in conducting

sub-region.

and 6.5.2 provide even
of the applicability of
to multi-material regions.

One reason why the slot problem has figured so much in
the literature on complementary energy bounds®!¥¥-18 js the

availability of an analytic solution®?%; it yields

' o
L' = 0.57 Mg (6.47)

for the d.c. inductance of the over-all T-shaped conductor

13717,18 The most

having the dimensions given in 6.46°%
accurate solution attempted here (348 elements, 199 nodes)
estimated the half-slot energy at 18.64 uJ * 0.43%; the
corresponding half-slot inductance is 1.4912 yH. Noting
that the two half-slot conductors are in parallel, the
present estimate of the T-conductor inductance may be

written

L" = 0.5933 Mo *0.43% (6.48)

Clearly, the present formulation does not converge to the
analytic one of egn. 6.47. It is instructive to examine
the cause of the apparent anomaly, which is the boundary

specification on Sb’ fig. 6.15 and egn. 6.45. The analytic
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solution is based on the somewhat different boundary
condition

on S gxg=g=(1/c)gz (6.49)

where I is the half-slot current, and ¢ is the half-width
of the slot mouth, fig. 6.15. With h assumed constant, its
value in 6.49 is obtainable from Ampere's circuital law,

. o - .
with n E|sh 0 as in 6.44.

Now both boundary specifications, 6.45 and 6.49, are
adequate descriptions of actual physical conditions on an
Sb lying well inside a long and narrow slot neck; a crucial
parameter is the ratio

@ = b/ 2c (6.50)
which must be large. Reference 6.20 lists inductance

values for four sets of slot dimensions; the smallest a

attempted corresponds to the following set (in cm)
a=1.5, b=1.3, ¢=0.2, d=0.75 => a=3.25 (6.51)
The resulting d.c. inductance, using 6.49, is
L' = 3.097 Mo (6.52)

Complementary numerical solutions of this slot, at 575
elements and 316 nodes, and using the boundary specification
of 6.45, yielded

L" = 3.098 My +0.21% (6.53)

Clearly, the two boundary conditions are practically equi-
valent for the slot dimensions in 6.51. Evidently, equi-

valence is not retained for the dimensions in 6.46, where
o = 0.5 (6.54)

giving rise to the discrepancy between L' and L" in egns.
6.47 and 6.48.

By way of experiment, the slot dimensions of 6.46 were
solved once more, this time with a 6 cm column of air
introduced between the conductor top surface and S

b fig.
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Sp

(a) (b)

Fig. 6.20 Slot conductor problem including long,
current-free neck.
(a) Region of analysis.
(b) Equipotential contours in the vicinity
of the conductor top surface.

6.20a. In this way, Sb is pushed well into the neck, with
a@a=3.5. For a mesh of 704 elements and 398 nodes, the
over-all half-energy, in conductor and neck, was estimated
at 112.86 uJ * 0.186%, the error being 0.3624 pJ. The
conducting sub-region accounted for 18.64 uJ of the energy,
and 0.3623 uJ of the error. The corresponding full-slot
inductance is 0.5932 uwH, which is much closer to L" in 6.48
than to L' in 6.47. This suggests that the boundary speci-
fication of 6.45 is to be preferred over that of 6.49 when
a is small. The divergence of both specifications from
actual conditions at the conductor top surface is just
discernible in fig. 6.20b : the one-pixel kink in the
horizontal A-contours indicates that n+*B is not quite zero
as in egn. 6.45, while the slight compaction of the vertical
fi-contours from left to right indicates that h is not quite

constant as in egn. 6.49.
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6.6 Electrostatic examples

In electrostatics, the equations for fields and
potentials are :

0 = curl E : p = div D (6.55)
0 = n x AE ; 0 =n-+<AD on §; (6.56)
E=-Yo ; D =c® + vxa® (6.57)
0 =44¢ (6.58)

¢ is the familiar electric scalar potential; Ae is an
electric flux-describing vector potentialj; ge is the
D-system pre-specified field that accounts for charge

distributions :

div c® = p : (6.59)

Egns. 6.55-59 describe the electrostatic interpretation of
the abstract model of sections 3.3 and 3.4.5; the poten-
tials ¢ and ée correspond to the abstract potentials {2 and
A of sections 3.4.3 and 3.4.4. The electrostatic con-

stitutive error may be written
ME,D) = X(E) + ¥(D) - Z(E,D) (6.60)

Minimisation of A(E,D) enforces the constitutive relation-
ship on the fields E and D.

Using the E-system scalar potential ¢, Z(E,D) splits

as follows

Z(E,D) = <E ,D>p = -<V¢ ,D>p = <¢, V*D>, - L{V-(¢Q)dR

< 7 p>R+ [d) [} E'AQ]SO‘ [d) r E'Q]Ss - [Cb [ n'P_]SO

<6, p>p+[0,0lg -0 ,£°2]ss

At this stage, we can rewrite egn. 6.60 in the form

1

A = 0,(E) + E (D) - T_(E,D) (6.61)

where
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0o(E) = X(E) - <¢,p>g - [0, 0]g4
SO(D) = Y(D)
r,(E,D) = - [¢,n-Dlgg

Clearly, further decomposition depends on the boundary con-
ditions of the given problem.

To satisfy eqn. 6.59, the definition of Q? may be
based on Coulomb's law

- | = dR(r') (6.62a)

A numerically simpler definition is available for uniform

charge distributions

c®(

W=

r) = 3(xr-xr ) pl(r) (6.62b)

o
where T, is an arbitrary reference point. Comparison bet-
ween the two definitions is similar to that between gs and
T in Chapter 8 on the magnetic pre-specified field. Eqgn.
6.62b sets g? to zero in charge-free regions, resulting in
a discontinuity on the interface between charged and un-
charged regions. The discontinuity is absorbed by a jump
in Ae, eqn. 3.43. A cut is defined for each totally
enclosed charge distribution, egn. 3.47.

6.6.1 Remote parallel conductors

The textbook problem of parallel cylinders, fig. 6.21,
will be used to illustrate some points of interest. Because
of symmetry, only the indicated quadrant need be analysed :

on Se1 : nxE =0 => o =0 (6.63a)

where the constant potential is set to zero arbitrarily.
The tangential component of the electric field at the con-

ductor surface vanishes under static conditions :

on Se2 : nxE =0 => o =V (6.63b)

V is the voltage
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(6.63c) \\

= ¢|S
e2
Se1 \\Sf
I, is any point on Se1 , and \
r, is any point on S_,. The \

voltage between conductors

se2 \
T S S

Symmetry about the

Fig. 6.21 Remote parallel

horizontal plane allows cylinders : region

us to write outline.

on Sg4 ¢ n+D = 0 => A% = 0 (6.64a)
and

on Sy, : n+D =0 => A® = ¢ (6.64b)

where Q is the charge on the upper half of the conductor

Q = _‘L D.ds = A%| (6.64c)

e2 Sa2

The zero potential in 6.64a is chosen arbitrarily.

The open boundary region is terminated artificially by

Sf, which can be specified as an equipotential

on S : nXxE =0 => ¢ =0lg =0 (6.65a)
el
or as a flux line
onS., : ne+D=0 = A® = A% =0 (6.65b)
£ - - Sa1

We now substitute the boundary conditions of egns.
6.63-65 into Fo in egqn. 6.61; for either specification

on Sf, we have

I =-[6,nDls. =-[6,nDla, = -0 jp_-dg
o Ss Se2 Se2 S

Vo (6.66)

V and Q correspond to the abstract motive force and flux of
egqns. 3.21 and 3.22 of sec. 3.4.2. Physical uniqueness

requires one of them to be specified. Two physically
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distinct possibilities arise as we substitute Fo back into

egn. 6.61 :

(i) Specified voltage (V=V) :
0,(E) = X(E) , Z.(D) = ¥(D) -VOQ (6.67)

The term VQ forces the specified voltage on the

D-solution, which then estimates the charge accordingly.

(ii) Specified charge (Q=0Q) :
©04(E) = X(E) -VQ , 24(D) = ¥(D) (6.68)

The term VQ forces the specified charge on the

E-solution, which then estimates the voltage accordingly.

The energy bounds are obtained by applying ineq. 4.10
and eqn. 6.16 to egns. 6.67 and 6.68 :

Wy

v
|

GV(E) EV(D) (6.69a)

w

and

v
|

EQ(D) z W GQ(E) (6.69b)

Q

where WV and WQ are the exact energies in the quadrant
analysed for the specified voltage and specified charge
problems respectively. On the electric circuit side, they
are given by

W, = (3Vcy)/4  and W, = (30%c,)/4 (6.70)

where C denotes total line capacitance. Substituting into

inegs. 6.69, and rearranging, we get

v

v

T2
89V(E) /v C

v —BEV(D) ] V? (6.71a)

and

w
v

a1 _ A2
CQ BOQ(E) / Q (6.71b)

In both cases, the E-system is associated with the upper

= ~2
B-Q(D) /Q

bound on capacitance, while the D-system is associated with

the lower bound.

The dual problems of specified voltage and specified
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charge are analogous to the dual problems of specified mmf
and specified flux in the magnetostatic lamination example
of sec. 6.5.3. The relevant discussion in that section is

therefore applicable, and will not be repeated here.

Alternative specifications on the artificial boundary
Sf, egns. 6.65, give rise to another type of duality.
Numerical estimates of the dual energies are shown in fig.
6.22, where O'(E) and ='(D) are the complementary energies
with Sf specified as an equipotential, egn. 6.65a, while
©@"(E) and Z"(D) are the complementary energies with S¢
specified as a flux line, egn. 6.65b. These results corres-
pond to a specified voltage V =2 volts, a conductor diameter
of 10 cm, and a centre-to-centre conductor separation of one
metre. The figure also shows the exact quarter-space energy
of the open boundary problem, W. It was obtained using eqn.

6.70 with

C=meg / 1lna (6.72)

where a is the ratio of conductor separation to radius.

@'(M
5 =

+
el
0 O"(E/
2 W
=}
(0]
"'3 o
_=n
o - E'(D) +=
-
o} ——
_ E"(D)
4 A ’ L] l ] l
0 5 10

Radial distance to Sg, metres

Fig. 6.22 Parallel conductors with specified voltage :
effect of specification and distance at Sf on
complementary energy estimates. W is the exact
energy for the open boundary problem. Crosses
indicate energy estimates from a refined mesh
solution.
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In practice, it is usual to perform only one of the
four solutions of fig. 6.22; the figure shows how they
relate to each other and to the exact solution. It suggests
that, having opted for the present crude treatment of the
open boundary region, there is little to choose from between
the two specifications on Sf : with Sf too close, they are
equally invalid; with Sf sufficiently far, they are prac-
tically indistinguishable. For S_. at 5.5 m, 9' and 0"

£
differ by 1.17%; the difference decreases to 0.33% at
10.5 m. The differences between Z' and Z" are slightly

smaller. The potential contours of fig. 6.23 and the D-E
plots of fig. 6.24 confirm the above conclusion : at 10.5m

they are practically identical for the two specifications.

Sf at 1.5 m.

Sf at 10.5 m.

=0 on S¢ (equipotential) A® -0 on S¢ (flux line)

Fig. 6.23 Remote parallel conductors : potential contours.



143

It might appear that the E-solution has an advantage
over the D-solution, the 0's being closer to W than the EZ's.
However, this is probably problem-dependent, and certainly
mesh-dependent. The curves of fig. 6.22 were obtained using
rather coarse meshes (151 elements and 95 nodes at 10.5 m),
with errors (A /W) in the region of 14%. A slight mesh
refinement near the conductor (171 elements and 106 nodes)
reduced the error to around 10%. The resulting energies are
shown in the figure, where Z is seen to have improved more
than 0. Mesh dependence is highlighted in the D-E plots of
fig. 6.24 : the apparent banding of points corresponds to
circular layers of elements surrounding the conductor; it

has, of course, no physical basis.
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Fig. 6.24 Remote parallel conductors : D-E plots.
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The boundary specifications of eqns. 6.65 describe
problems that are physically different from the true, open
boundary one. Egn. 6.65a describes a problem where the
conductors are surrounded by a cylinderical conducting
plate at Sf, while egn. 6.65b describes a problem where
the electric permittivity is negligible beyond Sf.
Strictly, the complementary energies 0', £' and 0", ="
bound, respectively, the exact energies of the two
approximate problems. When Sf is sufficiently far, how-
ever, the two problems become indistinguishable from each
other, and hence from the true open boundary one; it is
then possible to assume that the complementary energy esti-
mates bound the true energy of the open boundary problem.
Even then, in fact, the computed energies bound the exact
energy for the polygonal conductor representing the actual
circular one. This modelling approximation is necessitated
by the finite element diséretisation; the present solutions

are for a 20-sided polygon.

We mention in passing that specified charge solutions
yielded the same potential contours of fig. 6.23, and
scaled versions of the D-E plots of fig. 6.24.

6.6.2 Parallel conductors near conducting plane

Fig. 6.25 shows parallel conductors situated
asymmetrically near an infinite conducting plane. The cuts

and S1g are introduced to convert the region with holes

S
12
into a simply-connected region, as explained in sec. 3.4
and fig. 3.2. According to eqns. 6.56, and in the absence
of surface charge, both fields are continuous across the

cuts; thus

on S,, and 8 : nxAE = 0, ne+<AD =0 (6.73a)

1g = =

Moreover, continuity of the scalar potential ¢ in egn. 6.58

ensures that

&g-d&: 0 (6.73b)
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i \

_t 0.1 ™51

0.5 I ﬁ1g
Sg

Fig. 6.25 Parallel conductors near infinite conducting
plane : region outline. All dimensions in
metres. Sg¢ is at a radius of 10 m, and is
not shown to scale.

for any closed path in the multiply-connected region.
Enforcing eqns. 6.73 on the solution variables ensures that
the cuts are correctly specified as required in sec. 3.4.2,
particularly egn. 3.39.

The same cuts are used for the constant discontinuities

in a® required by the non-zero charges on the conductors :

Q, = -[ D+ds = AAS + 0AS (6.74a)
1 s I512 IS1g

Q, = -J D-ds = - AAS (6.74b)
2 SZ_ = '812

Q_ = -[ D+dsS = - AAeIS (6.74c)
9 Sq g

where AAe==A§-A§ with Ag following Az clockwise around S1.

Adding egqns. 6.74, we get
Q1 + Q2 + Qg = 0 (6.744)

as physically required.

The boundary conditions on the conductor surfaces are
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on S1 : nxE =0 => o = V1 (6.75a)
on S, : nxE =0 => b = v, (6.75b)
and
: XE = => = 6.7
on Sg nxE =0 0 Vg ( 5¢)

Sf approximates open boundary conditions by an equipotential

on S; : nxE =0 => ¢ = olg = Vg (6.76a)
g
or by a flux line
on S : n+D=0 => a® = 0 (6.76b)

The zero potential in 6.76b is chosen arbitrarily, there

being no other reference value for A® in the region.

We now substitute the boundary conditions of egns.
6.73-76 into Fo in egqn. 6.61; for either specification
on Sf, we have

FO = - [d) IQ'Q]SS

= —[¢IE'2]S1 - [d)IE.Q]SZ = [¢r§'2]sg = [(br_rl.g]Sf

= V1Q1 + V2Q2 + ngg (6.77a)

The integral on Sf vanishes if egn. 6.76b is used, and com-
bines with the integral on Sg if egn. 6.76a is used; in the
latter case, the surface integral on Sg in egn. 6.74c, and
hence Qg, relate to the true infinite extent of Sg. Sub-

stituting from egn. 6.74d into 6.77a, we can write

To = V-V Q + (V,-V )0, (6.77b)

It is recalled that the conductor voltages and charges
correspond to the abstract motive force and flux of sec.
3.4.2, egns. 3.21 and 3.22. As described in that section,
they should be adequately specified for uniqueness. The
most obvious way is to ensure that, for each conductor,
either voltage or charge is specified. Voltage values can
be imposed explicitly on the scalar potential ¢ in accordance
with egns. 6.75, while charge values can be imposed on the
vector potential discontinuities AA® in accordance with

egns. 6.74. Adequate specification for uniqueness causes
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Fo in egns. 6.77 to split between the E- and D-systems. In
this way, the constitutive error, A in egn. 6.61, generates
complementary functionals for the various possible specifi-

cations of this problem.

According to egn. 6.77b, the following are examples of
physically sufficient specification : 6? and 6;; (V1-Vg)
and (V2-Vg); Q1 and (V2-—Vg); Q2 and (V1-Vg). Comple-
mentary solutions were actually performed for the following
specifications :

V1 = V1 = 1 volt, V2 = V2 = -1 volt (6.78)

According to egn. 6.77a, this leaves the term VgQg, giving
rise to the dual problems :

(i) Specified voltage on plane (Vg::V;) :

0, (E) = X(E) (6.79a)

EV(D) = ¥(D) - V1Q1 - V2Q2 - VgQg (6.79Db)

The D-solution yields estimates of the conductor
charges Q1, Q2, and Qg.

(ii) Specified charge on plane (Qg:=6;) :

X(E) - Vg9 (6.80a)

OQ(E)

¥(R) - V40 - V0,

(D) (6.80Db)

0
The E-solution yields an estimate of the plane voltage
Vg, while the D-solution yields estimates of the con-
ductor charges Q1 and Q2. This specification includes
the special case where the plane is floating relative

to the electric circuit of the conductors, i.e. Q_=0.

Applying ineg. 4.10 and egn. 6.16 to egns. 6.79,

OV(E) z wV z - EV(D) (6.81)

where WV is the exact energy in the specified voltage

problem (assuming Sf is sufficiently far; see sec. 6.6.1).
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are not generally avai-

Q:rX and

in the special case of a floating ground

- X(E) (6.82a)

(6.82b)

6.26 shows equipotential contours for various

were performed on

errors (A /W) were

in the region of 10.5-13.5 %, being lowest for the rela-

tively smooth V

G

=2 v solution.
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6.7 Conduction examples

The relevant equations in electric conduction are

0 = curl E ; 0 = div J (6.83)
0 = n x AE ; 0 =n-AJ (6.84)
E=-Vd ; J=VxT (6.85)
0=A0d (6.86)

¢ is the electric scalar potential, and T is the electric
current-describing vector potential; they correspond,
respectively, to the abstract potentials @ and A of
sections 3.4.3 and 3.4.4. Egns. 6.83-86 describe the
conduction problem interpretation of the abstract model of
sections 3.3 and 3.4.5. The corresponding constitutive

error is
AME,J) = X(E) + ¥(J) - Z(E,J) (6.87)
Minimisation of A(E,J) enforces the constitutive

relationship on E and J. Using the E-system scalar
potential ¢, Z(E,J) splits as follows

Z(E,J) = <E,J>p = -<Vé, I>p = <b ,V'Q>R-LQV'(¢g)dR

- [d) ’ E'Q]SS - [d) [ n'J]SO

At this stage, we can rewrite eqn. 6.87 in the form

A = @O(E) + EO(J) - FO(E,J) (6.88)
where
O (E) = X(E) .
E(T) = ¥(2) =
r (E,J) = e J] Se2
o J) = - [d) r DL J SS

A common type of problem is the

general two-terminal conductor, 5,
e
fig. 6.27. S and S 5 are the
, el e Fig. 6.27 Two-terminal
terminals connected to the conductor.

external circuit, while Sj1

and sz are the insulated sides.
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The boundary conditions are

on Se1:

on Sez:

on SjT:

on Sj2:

where V and I

nXE=0 => ¢ =20 (6.89a)
I2

nxE=0 => ¢ =V=-- E-d (6.89b)
I

n*Jd =20 => T =0 (6.90a)

n*J=0 => T=1I-= J e+ ds (6.90b)
Se1

are the voltage across and the current

through the conductor, respectively. The specifications

are entirely a

tion sub-regio

Once again, we

(i) Specified
OV(E) =

C]

(ii) Specified

01 (E)

2WV and 2WI ar
in the two pro
are related to
WV =
so that
2
and
2

In both cases,

nalogous to those of the trapezoidal lamina-
n analysed in sec. 6.5.3, so that

FO = VI (6.91)
get the dual problems :
voltage (V=V) :

X(E) , E,(J) = ¥(3) - VI (6.92)

v(E) 2 W,z - E(J) (6.93)

current (I=f) :
(J) = ¥(J) (6.94)

I(J) 2 W, 2 - G)I(E) (6.95)

e the exact values of the power dissipation
blems; on the electric circuit side, they

the resistance R by

1532 _ 172
lv /RV , WI =311 RI (6.96)
72 _1_. iy Xl X7 2
OV(E)/V > Ry > Z_V(J)/V (6.97a)
EI(J)/T2 2 Ry 2 -ZOI(E)/T2 (6.97b)

the E-system is associated with the lower

bound on resistance, while the J-system is associated with

the upper bound®®?®,
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With appropriate scaling and interpretation of the
various parameters, the trapezoidal lamination of sec.
6.5.3 provides an example of this common type of problem.
In the following sections, we consider two less common,

but possibly more interesting, types of problem.

6.7.1 Conductor with skewed terminals

Fig. 6.28 shows a cylindrical . conductor with radially
1 and S

sides. S12 is a cut that converts the region with a hole

skewed terminals Se e’ Sj1 and sz are the insulated

into a simply-connected one, sec. 3.4 and fig. 3.2; it can
be placed along any curve joining inner and outer cylindri-
cal shells. Both E and J are continuous across the cut,

eqn. 6.84; moreover, ¢ is continuous, egn. 6.86, so that
%E-d&: 0 (6.98)

for any closed path in the multiply-connected region. The

10

Fig. 6.28 Cylindrical conductor with radially skewed
terminals : outline (not to scale). All
dimensions in metres.
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cut is therefore correctly specified according to sec.
3.4.2, particularly egn. 3.39. The same cut is used for
the constant discontinuity in T required by the terminal

current

1=Jg-d§=-Jg-a§=m (6.99)
Se1 Se2

I is the current flowing from Se to S inside the conduc-

2 el
tor; AT::TB-TQ with TB following Ta in a clockwise sense.

The external boundary conditions are

on S : nxE =0 => ¢ =0 (6.100a)
e o Le2
on S : nxE =0 => o =V =-—I E-dg (6.100b)
e2 == o
Lel
on Sj1 : n+J =20 => T =0 (6.101a)
on sz : n-J=0 => T=1I'-= J Jeds (6.101b)
1)

V is the voltage across the conductor, and I' is the current

through any section S' that extends from Sj1 to sz without
being cut by S12. There are in
fact two parallel paths of
"
current flow through the con- 1 E:::]
ductor, fig. 6.29. The I v
currents are related to the Se2~—+j < qe1
J-system potentials by
1
I = AT T
' = TISj2 (6.102) Fig. 6.29 Circuit model.
"no_ - T1' = _
I" = I-1I AT T|Sj2

Substituting the boundary conditions into Fo in egn. 6.88,

we get

ro = - [6,0:d]s, = ~[6, 0315, = -V [ Jeas
Se2
= VI (6.103)

Egn. 6.103 is identical to 6.91, so that egns. 6.92-97 are
applicable again, with specified voltage and specified
current alternatives. In both cases, the J-solution yields
direct estimates of the branch currents, I' and I", that

correspond to the upper bound on resistance.
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Complementary solutions were performed on a mesh of
695 elements and 382 nodes. the

resistance was estimated at 1.89 ohms # 6.30

For unit conductivity,
5.4%.
shows potential contours and the J-E plot; the cut S

Fig.
12 18
T-contours are in fact current flow
6.29
6.30a,
and traced to the lower edge of Se1’ I' circles beneath

the hole, while I" flows above it;

included in the former.
lines; separation between the parallel paths of fig.

can be discerned near the left edge of Se2 in fig.

the J-solution placed
The
6.30b occur

the transi-

their values at 0.227I and 0.773 I respectively.
sharpest discrepancies in the J-E pliot of fig.

near the edges of the terminals Se and Se :

1 2
tion from an insulating boundary Sj to an adjacent Se is

6.28; yet the fields, E and J,
are required to be tangential to the former and normal to

the latter.

geometrically smooth, fig.
As would be expected, this results in severe
numerical errors at insulator/terminal meeting points,

6.31.

just over 1.2 %

fig. The detail in the vicinity of Sez shown covers
of the total

half the global constitutive

area, yet contains more than
the black elements

the global error.

error;

alone account for a third of

1.65 A/m%
S . - E
- >
i5e °
S K
E
(a) potential contours (b) J-E plot

Fig. 6.30

Cylindricel

conductor with radially
skewed terminals.
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Cylindrical conductor with radially skewed
terminals : constitutive error density and
equipotential contours in the vicinity of
inner terminal Sgy (top), and outer terminal
8.1 (bottom). Dimensional seales different
in the two parts. Cut shown by black broken
line.
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6.7.2 Interlinked boundary specifications

Complementary functionals for the general two-terminal
conductor are given in egns. 6.92 for the specified voltage
case, and in egns. 6.94 for the specified current case.
Both were derived by appropriate splitting of the constitu-

tive error

AME,J) = X(E) + ¥(J) - VI (6.104)

This general expression for the constitutive error in a
two-terminal conductor is obtained by substituting egn. 6.91
for FO in egqn. 6.88. There is a third way of specifying
boundary conditions, namely

V+R I =V or I+GV =1I (6.105)
s S S S

The parameters Vs' I, Rs’ and Gs are known; they refer to

s
the simple circuits of fig. 6.32, where

G, = 1/Rg I_=GV_, V. =RI (6.106)

Clearly, egns. 6.105 interrelate V and I, but specify
neither. In effect, they introduce an additional link,
besides the constitutive relationship, between the E- and
J-systems. Substitution for V or I in egn. 6.104 from

egqn. 6.105 results in only an incomplete splitting of A :
the resulting E- and J-system functionals will have a common
variable, and must therefore be extremised simultaneously to
minimise A. Indeed, proper splitting of A is guaranteed
only if boundary constraints are specified independently

I I
R
s
R \ IS<1E> [ Ry R \
\Y
'[ S
(a) voltage source (b) current source

Fig. 6.32 Conductor in circuit.
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for the two systems, sec. 3.5. However, a treatment is
available for the particular interlinked boundary conditions
of egns. 6.105.

It is based on constructing a lumped-parameter
constitutive error for the source resistance Rs having the
properties

A
s

w
o

(6.107a)
with

A
s

[}
o

<=> I=I -GV and V=V -R I (6.107b)
S s s s
We now define the total error

At =N + A (6.108)

At 2 0 (6.109)

with equality occuring if, and only if, both the constitutive
relationship in R and the boundary conditions 6.105 are
satisfied. The solution may then be obtained by minimising
At rather than A; this has the advantage of not requiring

the boundary conditions 6.105 to be imposed explicitly :

they are enforced weakly by the solution.

For the procedure to achieve its goal, As must be
defined not only to satisfy egns. 6.107, but to ensure
proper splitting of At as well. As it happens, such a
definition is available provided RS is positive. It is, in
fact, the lumped-parameter version of the general definition
of the constitutive error in Chapter 2, eg. egn. 2.15a.

From fig. 6.32a we may write

_ 1 _ 2 1 2 _ -
AS = QGS(VS V)< + 2RSI (VS V) I (6.110a)

Or, from fig. 6.32b

- 1 2 1 _ 2 _ -
AS = 2GSV + 2RS(IS 1) V(Is I) (6.110b)

The two expressions are identical, as can be verified by

substitution from the relationships in 6.106.
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Substituting for A from eqn. 6.104, and for As from
egqn. 6.110, egn. 6.108 for the total error may be written
in the form

A (E,J) = O(E) + E(J) - T (6.111)
where
mE)=>u§)+%Gsv2-v15
E(J) = Y(J) + %RSI2 -V I
I = —%VSIS

I' is a known constant and has no effect on the solution
formulations. It may be attached to either O(E) or E(J)
to yield the independent complementary functionals. The

corresponding bounds are

O(E) -T

w

=

1%
!

Z(J) (6.112a)
or
E(J) -T

w

Wz - 0(E) (6.112b)

where 2W is the exact value of the power dissipation in
R and Rs together. On the electric circuit side, it is

given by

_ 1l 2 _ 1.2
W = 2Vs /(R+RS) or W = QIS /( +GS) (6.113)

1
R

Substituting into 6.112, we get, after some manipulation,

1\

R

w

- %vsz /5(J) - R %vsz /(O(E)-T) - R (6.114a)

s
and

11 2
- QIS /O(E) - GS

1\

|-

[\%

1lr 2 =
I /(E(J)-T) - G (6.114b)

The above derivations can be extended to non-linear
resistors R and RS provided the latter is strictly positive
statically and dynamically. Uniqueness of the boundary
specification 6.105 can be established in accordance with
egn. 3.28. The procedure used in the derivations of this
section is instructive : complementary formulations may be
derived in cases where the two systems are interlinked by
additional constraints that can be cast in an appropriate
error form, egn. 6.107, so that the total error may be

split.
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6.8 Conclusions

The previous sections demonstrate the systematic manner
with which the constitutive error approach generates comple-
mentary solution formulations for various problem specifica-
tions : the error splits, as a matter of course, into
complementary functionals, provided the problem specifica-
tions are well-posed and do not interrelate the H- and B-
systems on the boundary; indeed, sec. 6.7.2 shows that the
second restriction is not rigid. In this way, the approach
achieves a degree of generality over alternative derivations
of complementary variational principles, since these are
based on the primal and dual statements of sec. 4.3. The
two statements are not in general equivalent. In the lami-
nation problem of sec. 6.5.3, for example, the primal state-
ment applies to the specified mmf case, while the dual
statement applies to the specified flux case; attempting
to use either statement with the wrong problem specification
results in imperfect formulation®!®. Moreover, both state-
ments fail to describe certain physically unique, and hence
allowable, specifications of the electrostatic problem of
sec. 6.6.2.

The potentials used to split the constitutive errors
correspond to Fraser's primal formulations®®: the vector
potential in magnetostatic applications, sec. 6.5, and the
scalar potential in electrostatic and electric conduction
applications, sections 6.6 and 6.7. The choice is one of
convenience : in each case, the potential used is continuous
and free of a pre-specified field. Entirely valid dual
formulations may be derived using the complementary poten-
tials, but the derivations tend to be more cumbersome.

Dual formulations are, in fact, equivalent to primal ones,
since they differ only by constant terms that cannot affect

the minimisation process.

Combined presentation of computational results for the
two complementary systems yields a substantial amount of

information on the adequacy of the numerical solution.



159

Acknowledging that true distributions cannot be predicted
exactly, the next best thing, from a practical engineering
point of view, is the ability to ascribe a realistic level
of confidence to the numerically derived results. Useful
indications are provided by energy distributions, equi-
potential contours, and B-H plots, but most comprehensively
by constitutive error distributions. Use of the latter in
intelligent mesh refinement®? is demonstrated. The global
constitutive error quantises confidence assessment, being

a comprehensive measure of numerical error that can be
meaningfully normalised with respect to the bounded energy.
Moreover, computed results corroborate previous assertions
that complementary solutions, in combination, can lead to
substantial economy in the estimation of such global quan-

tities as energies and lumped circuit parameters®!13

From a more theoretical, research, point of view, com-
bined presentation of results sheds much light on the com-
parative numerical behaviour of complementary systems. One
example of this aspect is provided by the investigation of
the crude treatment of open boundaries in sec. 6.6.1;

a similar study of more accurate treatments may prove
beneficial.

Except for very coarse finite element meshes, the rate
of convergence of complementary solutions with mesh refine-
ment was found to be largely similar. Moreover, neither
enmerged as a clear favourite from the viewpoint of ICCG
convergence : their comparative behaviour depended very
much on the particular problem and mesh. As would be
expected, the potential with the firmer reference converged
faster; this was particularly obvious in problems where
alternative boundary specifications are possible, for

example the lamination of sec. 6.5.3.
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CHAPTER S EVEN

Non-linear Applications

7.1 Introduction

The theory of Chapters 2 and 3 is applicable to non-
linear and anisotropic materials, provided the constitutive
relationships possess properties 1 and 2 of sec, 2.2. 1In
this chapter, some of the magnetostatic solutions of
Chapter 6 are repeated for non-linear, but still isotropic,
iron. The presentation highlights deviations from the
linear case. We also present, briefly in sec. 7.4, a con-
stitutive error interpretation of the iterative process in

non-linear solution.

7.2 Energy bounds

The theory of complementary variational principles, as
presented in Chapter 4, is applicable to non-linear
problems. In particular, the functional bounds of ineq.
4,10 still hold :

O(H) =z @(HO) - E(B) (7.1a)

I\
w

- E(Bo)

or

(A%

- 0(H) (7.1b)

[\Y

Z(B) E(BO) -@(Ho)

where Eo and go denote exact fields, i.e.
0 = A(H_,B_) = X(H_) + ¥(B,) - Z(H_,B_) (7.2)

However, for non-linear constitutive relationships, eqns.
2.8 for x(H) and V(B) do not simplify to egns. 6.14 as in
the linear case, so that, in general
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X(HJ) = ¥(B ) * 3 Z(H_,B) (7.3)

The linear definition of energy, W in egns. 6.16, is thus
inapplicable. It is necessary to distinguish between
energy and co-energy, whose exact values, w€ and w° respec-

tively, are defined as follows :

We = ¥(B,) and We = X(H,) (7.4a)

Substituting into egn. 7.2, and rearranging, we can write

we+w® = z(u_,B
—o'=o

) = 2° (7.4b)
The bounds in ineq. 7.1 may thus relate to energy or
co-energy, or possibly neither. It all depends on the
manner with which Z decomposes between H- and B-systems,
and the resulting composition of the complementary func-
tionals © and Z; this, in turn, depends on problem speci-
fications as demonstrated in the examples of Chapter 6.

The examples of this chapter will show that it is not
generally possible to define bounds on non-linear circuit

parameters.

7.3 Magnetostatic examples

Previous complementary treatments of non-linearity
are limited to problems having simple geometries, with
simple representation of the B-H characteristic”?2. Here,
we shall consider the geometries of sec. 6.5, with the
B-H characteristic represented as in fig. 7.1. The latter
has the typical form of ferromagnetic materials, where the

constitutive operators are functions of field magnitudes :
B = u(H)H and H = v(B)B (7.5)

Such a constitutive relationship possesses property 1 of
sec. 2.2 if the B-H curve is continuous, and has a positive
slope everywhere. To verify that it possesses property 2
as well, we test by means of egns. 2.3

9
ﬁj (U(E)E]l = aHj i H 9H
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B, Tesla

0.6 -

L J v ] d

0 5000 10000

H, Ampere-turns/metre

Fig. 7.1 Non-linear B-H characteristic : piecewise
linear representation used in numerical

solution. The slope is uy beyond the
point 10 KA-t/m, 0.6 T.

where it is noted that

H = H, 2 => oH/9H. = H./H 7.6b
[E Kk ) / 3 J/ ( )
Similarly
9_ _ 1 (9
aHi(u(H)H)j = 5 (aH] HiHj (7.6¢)

Equality of the derivatives in 7.6a and 7.6c means that the
constitutive relationship satisfies eqn. 2.3a, and hence

possesses property 2.

The B-H characteristic shown in fig. 7.1 is a discrete
approximation of the actual smooth one. It is the rep-
resentation used in the computer solution, and may be
viewed as part of the modelling approximation of physical
problems. Such a piecewise linear characteristic is
sufficient for well-posedness since only Co—continuity is
required, as discussed in Appendix B. The initial segment
has a slope of 500 Uo,the same as the linear permeability
used in the solutions of sec. 6.5. The last segment, which
extends to infinity, has a slope of U,r the free space per-

meability; it corresponds to a fully saturated state.
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For all three problems that will be considered, the
equations of sec. 6.5 remain unchanged up to, and including,
the definition of complementary functionals; examination of
the derivations should reveal that they involve no
assumption of linearity. Deviations emerge only when we
come to define energies and their bounds, and attempt to
relate them to lumped circuit parameters; at that stage,
it is necessary to distinguish between energy and co-energy,
sec. 7.2, since they are no longer equal as in the linear

case, sec. 6.3.

7.3.1 C-magnet

The C-magnet problem is defined in sec. 6.5.1. The
constitutive error and complementary functionals are given
in egns. 6.24 :

A = O(H) + Z(B) (7.7a)
with

O(H) = X(H) and Z(B) = ¥(B) - <J , A> (7.7b)

R

Comparing with egqns. 7.4 and ineqg. 7.1, it is evident that

bounds are defined for the co-energy w® :

O(H) =z W€ = <g,§O>R-we 2 - Z(B) (7.8)

The H-solution thus yields an upper bound estimate of the
co-energy, while the B-solution yields a lower bound
estimate. The complementary solutions also yield estimates
of the energy w€ and the product Zo, egns. 7.4.

From the H-solution :

Wy = <uH, H> - X(H), zg = <uH, B> (7.9)
From the B-solution :

e _ o _

wg = ¥(B), Zg = <g,§>R (7.10)

And from the two solutions together :

W = <J,A> - X(H), Zon = X(H) + ¥(B) (7.11)
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The energy estimates in egns. 7.9-11 do not necessarily
bound the exact values W° and z°. However, from the
universal positivity of A and its definition in egns. 7.7,
we can deduce that

(@]
B HB and Zup

[\

(o]
zB (7.12)

On the electric circuit side, the linear relationship
between inductance and energy in eqgn. 6.27 is now
generalised to

IL(I)
W€ = J ida(iL(i)) (7.13a)

0
wC = JIiL(i) di => g_¥c = IL(I) (7.13b)

and 0
z° = 12L(I) (7.13¢)

Complementary solutions thus yield various estimates of
inductance, using egns. 7.13 in conjunction with egns.
7.8-11. Bounds cannot be defined for L since its relation-

ship to Wc, egn. 7.13b, is not a direct algebraic one.

Complementary solutions were performed on the nine
successively refined meshes described in sec. 6.5. The
finest mesh placed the exact co-energy at 238.1J1.66%;
The corresponding global constitutive error is 7.90J.
Convergence curves are shown in fig. 7.2. The curve for
the constitutve error A is almost identical to that of the
linear case in fig. 6.3. So are the curves for the bounds
©® and Z, but with a downward shift of some 6 J. The w€- and
z°-curves conform to the inequalities in 7.12. The figure
e

B and W;B do not bound the exact wvalue

of energy we which, therefore, cannot be estimated with the

shows clearly that W

same confidence as the co-energy WwS. Less evident, from the

figure, is the fact that ZEB and Zg do not bound the exact
o

Z”; however, it is clear that ZEB does not improve mono-
tonically with mesh refinement. It is noted that the curve
for the constitutive error A represents the difference

between each pair of corresponding curves in fig. 7.2.
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Energy distributions in fig. 7.3 are seen to be largely
unchanged from the linear case, fig. 6.4 : while there is
a definite redistribution of energies, it is too small to
be prominent at the discrete scale of the display. For
example, at the 102-element mesh shown, X and ¥ in iron
were almost equal, at 10.1J, in the linear case; in the
present, non-linear, case they go up to 33.0J and 15.2J
respectively, still small fractions of the global estimates,
254.9J and 209.0J. The air-gap contributions, on the other
hand, are 152.3J and 150.9 J respectively; as in the linear
case, these remained substantially unchanged through mesh

refinement.

Fig. 7.3 also includes the constitutive error density
distribution. It highlights discrepancies not only between
complementary energy estimates, but also between linear and
non-linear distributions. The iron-part contribution to
the largely unchanged global error is more than doubled,
from 7.8 % in the linear case to 18.3 % in the non-linear
case. The most significant increases are at corners, where
iron is driven more deeply into saturation. This is also
evident in fig. 7.4 which shows A-distributions for three
other meshes. Note in particular the iron pole-face corners
at the 277-element mesh.

The increase of iron-part contribution to substantially
unchanged global errors implies, naturally, a corresponding
decrease in the contributions of linear air and copper
parts. This results from the reduction of permeability in
non-linear iron : at air/iron and copper/iron interfaces,
the permeability jump is less pronounced than in the linear
case., For the same reason, error appears to spill into the
air region above the magnet : as more flux leaks into that
region, its artificial termination at the top becomes less
justifiable. Clearly, the boundary needs to be placed

further away from the iron.

Fig. 7.5 shows B-H plots and equipotential contours at
three stages of mesh refinement. Comparison with the linear

case, fig. 6.6, reveals that B-H plots in air are only
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C-magnet with non-linear iron : energy and
error density distributions in 102-element
meishl. | Clockwise frem top-Left @ wiE);

W(E); %C(EIB)I and A(E;E). Upper scale
corresponds to energies, lower scale to

(Sligh #(6)1a8N




Fig.
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C-magnet with non-linear iron : constitutive
error density distributions at three stages
of mesh refinement. Clockwise from top left :
50-, 90, and 277-element meshes.
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slightly modified, the tendency beingone of a general
reduction in field magnitudes. B-H plots in iron, on the
other hand, undergo a drastic, if expected, change,
necessitating a more than four-fold expansion of the hori-
zontal H-scale. While there is a general reduction in
flux density magnitudes, B, there is a far more prominent
increase in field intensity, H. Migration to the B-H
characteristic with mesh refinement, as well as the climbing
effect noted in sec. 6.5.1, are still in evidence. The
present, non-linear results highlight, rather more
emphatically, the discrepancies between complementary
estimates of the fields. Partly because of the downward

concavity of the B-H curve, the B-soliution tends to under-
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(a) 50-element, 33-node mesh; A/WE = 24.5%.

Fig. 7.5 C-magnet with non-linear iron : sub-region at
three stages of mesh refinement. Clockwise from
top left : finite element mesh; B-H plot in
air; B-H plot in iron; and equipotential con-
tours. NB Steps between Q-contours in iron are
80 times smaller than in air.
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estimate field intensities, as suggested by the larger pro-
portion of points below the curve; by the same token, the
H-solution tends to over-estimate flux densities. Although
B-H plots fail to predict exact values, they do indicate
the degree of confidence with which to regard numerical

estimates of complementary fields.

Comparison with fig. 6.6 also shows that equipotential
contours in air are only slightly modified. 1In iron, there
is a significant increase of Q-contours, reflecting the
increase of mmf required to drive flux through saturated
parts. Both @ and A are more uniformly distributed in
iron, particularly near the pole-face; corner saturation
effects are noted. The degree of mutual orthogonality of
complementary contours does not appear to change signifi-
cantly from the linear case, suggesting that the increase
in iron error noted earlier is attributable, in the main,
to discrepancies in field magnitudes rather than space

orientations.

Comparison of B-H plots in fig. 7.5 with the B-H
characteristic of fig. 7.1 indicates that the excitation
used in the solution (1 A/mm? = 7700 Ampere-turns) drives
the magnet just beyond the knee of the curve. Fig. 7.6
shows the variation of energies with excitation, up to
twice nominal; the curves are seen to lose linearity as
excitation increases. The curves for - Z(B) and Wg coincide
in the linear, low excitation range, where energy and
co-energy converge to a single W, sec. 6.3. Corresponding
pairs of energy curves differ by A, and conform to inequa-
lities 7.8 and 7.12. Fig. 7.7 shows the resulting induc-
tance estimates, derived using egns. 7.8, 10, 11, and 13. It
is recalled that these estimates are not guaranteed to
bound the exact values of inductance in the non-linear
case. The figure shows that, at the linear limit, induc-
tance estimates derived from the co-energy are almost

symmetric about the exact value estimated in sec. 6.5.1.
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7.3.2 D.C. machine

The d.c. machine problem is defined in sec. 6.5.2.
Boundary specifications are similar to those of the
C-magnet, so that egns. 7.2-12 apply.

Equipotential contours and B-H plots, shown in fig.
7.8, indicate that the machine is driven well into satura-
tion, particularly in the constricted pole base. Scalar
potential contours are stacked so closely there that clarity
of the display necessitated a change of scale from that of
fig. 6.7; note also the altered scales of the B-H plots.
The global constitutive error is 0.800 Joules, down from
1.247 3 in the linear case; the co-energy is estimated at
19.05J *£2.1%, down by half. The energies are Wg=6.35J and
W§B==5.55.J, down to around just a sixth.

The reduction in global error is attributable to the
smoother change in permeability at material interfaces.
Fig. 7.9, which shows error density distributions, supports
this conclusion. For example, the air elements inside the
gap and in the vicinity of the pole tip, inset to fig. 7.9,
account for only 8.2% of the global error; this is to be
compared with 35% of the larger linear error, sec. 6.5.2.
Much of the error is now concentrated in the constricted
pole base mentioned earlier; the high magnetisation points
in fig. 7.8d4 correspond to the elements of that region.

The mesh, designed to cater for errors in the linear case,
is not quite suitable for the present non-linear one : it
is too coarse in the pole base, and unnecessarily fine in

the vicinity of the pole tip.

7.3.3 Lamination

The lamination problem is described in sec. 6.5.3,
where it is shown that two definitions are possible :

specified mmf, or specified flux.
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D.C. machine with non-linear iron : constitutive
error density distribution. 1Inset shows enlarged
air elements inside gap and near pole tip, with
iron elements masked.
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(i) Specified mmf (M = M)

B) (7.14a)

(1

A = OM(H) + M(

with

OM(H) = X(H) , EM(B) = ¥Y(B) -M¢d (7.14Db)

Comparing with egns. 7.4 and ineq. 7.1, we can write

0y (H) 2 W = Mo -w® = - £, (B) (7.15)
WS = <uH,H>_-X(H) 2° = <uH,H> (7.16)
H 2 Z7R7AE) g = “HELg .
e _ O _ ™
Wy = Y(B), zg = Mo (7.17)
we_ = M - X(H) 28 = X(H) + ¥(B) (7.18)
HB ~ =7 HB a B .
Also
e e (@] (@]
WS oz Wop Zos 2 Zp (7.19)

Fig. 7.10 shows convergence curves for a series of suc-
cessively refined meshes; it confirms that bounds are
defined for the co-energy Wc, ineg. 7.15, but not for the

energy We, ineq. 7.19.

(ii) Specified flux (¢ = o) :

A= 0,(H) + 5,(B) (7.20a)
with

0, (H) = X(H) -M¢ , E,(B) = ¥(B) (7.20b)

Comparing with egns. 7.4 and ineqg. 7.1, we can write

E,(B) z we = Mp-wC = - 04 (H) (7.21)
C _ (@] _ -
Wy = X(H), Zy = Mo (7.22)
wS = <uB,B>_-¥(B) z® = <vB,B> (7.23)
B =r1= R =’ B - 212 R -
WS = Mo - Y(B) 7z = X(H) + ¥(B) (7.24)
gp - Mo - ¥(B), up - A= T FIE :
Also
C C o]
Wg oz Wog, Zos % Z0p (7.25)

Fig. 7.11 shows convergence curves for the same, suc-

cessively refined, meshes of fig. 7.10; it confirms that,
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Fig. 7.10 Non-linear lamination convergence curves :
specified mmf, M =26 Ampere-turns.

in the present specified flux case, bounds are defined for
the energy We, ineqg. 7.21, but not for the co-energy Wc,
ineq. 7.25.

The A-curves in figures 7.10 and 11 are almost identi-
cal, the specified mmf error being marginally smaller (just
under 2%) than the specified flux error. Both are greater
than in the linear case by 11 -36 % : error improvement at
air/iron interfaces, discussed in sections 7.3.1 and 2, does
not arise in the lamination problem, leaving only error

increasing effects in the iron.
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The chosen values of mmf, fig. 7.10, and flux, fig.
7.11, correspond closely, but not exactly, to each other.
At the finest mesh attempted (213 elements and 128 nodes),
the specified mmf B-solution, EM(B) in egn. 7.14b, estimated
the flux at 9.95 mWb; the specified flux H-solution, O¢(H)
in egn. 7.20b, estimated the mmf at 26.05 A-T. Recalling
egn. 7.17, the curve for Zg in fig. 7.10 may be viewed as
a scaled representation of ¢; similarly, recalling eqn.
7.22, the curve for Zg in fig. 7.11 may be viewed as a
scaled representation of M. Both were found to increase

monotonically with mesh refinement. This suggests that



179

? 204 G>¢(H)
o

Q

]

5

-

—

—

o= N
=

<

5

3

—

R 10 =

T ? T
0 50 100

Magnetomotive force, M (Ampere-turns)
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the exact magnetisation curve for the lamination may well
lie between the two numerically derived curves of fig. 7.12,

although bounds are not formally established.

The static reluctance of the trapezoidal lamination is

given by
R=M4/¢ (7.26)

Thus each of the magnetisation curves of fig. 7.12 yields

a corresponding reluctance curve; these are shown dotted in
fig. 7.13. The figure also shows alternative numerical
estimates of the reluctance. These are based on the non-
linear generalisation of the linear relationship between

energy and reluctance in egns. 6.41 :
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we = L J OR(d) dp  => 35 = OR(0) (7.27a)
(o] dWC

W~ = J ¢ dM = J => -d—M' = M/R(M) (7.27b)
z° = M2/R(M) = 62R(¢) (7.27¢)

Bounds cannot be defined for the reluctance R since its
relationships to the energy w€ and co-enerqgy W€ are not
direct algebraic ones. Reluctance calculations based on
other energy estimates were found to be practically indis-
tinguishable from those shown in fig. 7.13 at the scale
used. In all cases they coincide with the linear reluctance
bounds of sec. 6.5.3 at low excitation.

Figures 7.14-16 show energy distributions, error dis-
tributions, equipotential contours, and B-H plots at certain
stages of mesh refinement; they are to be compared with
figures 6.12-14 of the linear case. As a result of the
characteristic concavity of the B-H curve, the B-scale in
the B-H plots has been halved, whereas the H-scale has been
more than doubled; corresponding changes are made in the
sizes of steps between equipotential contours. Rather
significantly, the energy and error scales remain unaltered.
As might be expected, there is a more marked redistribution
of x(H) than there is of ¢(B); global increases are of the
order of 45% for X(H), and 9% for Y(B). It is noted that
fig. 6.12 includes the distribution %z(H,B) which, in the
linear case, is an estimate of energy density, egn. 6.16a;
as this is no longer true in the present non-linear case,
fig. 7.14 includes the distribution ¢(H,B), rather than the
physically insignificant 3¢(H,B).

While the tendency of error to concentrate at the
inner corner is still very much in evidence, there is
a clear spill of error into the rest of the lamination :
in the linear case of fig. 6.13, the permeability is uni-
form over the entire region, whereas in the non-linear case
of fig. 7.15 each element boundary is, in fact, an inter-

face between sub-regions of differing permeabilities. As
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Fig. 7.174 Non-linear lamination energy density
distributions in 39-element mesh.
From left : x(H), V(B), and ¢(H,B).
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Fig. 7.15 Non-linear laminatioh constitutive error
density distributions at three stages of
mesh refinement : 12, 24, and 39 elements.
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a result, there is an overall increase in the global
constitutive error A, as already noted with reference to
figures 7.10 and 11.

Of particular interest is the region in the vicinity
of the outer corner. The distributions of fig. 7.14 and
the potential contours of fig. 7.16 indicate that energies
and fields are very small there. The error density, fig.
7.15, might therefore appear to be disproportionately high,
especially in comparison with the base region of the lami-
nation. A probable explanation is that, near that corner,
discrepancies in direction are far more significant than
discrepancies in magnitude : the fields are required to be
parallel to sz and normal to Sh2’ yvet the two surfaces are
angled at 45 degrees rather than 90. Nature handles the
specification by setting the fields to zero at the tip of
the corner; finite elements, on the other hand, concede
a relatively high level of error. At the inner corner, of
course, both types of discrepancy are significant. These
remarks apply equally well to the linear case, although the

error level, fig. 6.13, is generally lower.

7.3.4 Conclusions

The solutions of the previous sections demonstrate the
application of complementary variational principles to non-
linear problems. The presentation emphasises peculiarities
of the non-linear case, general aspects having already been

covered in Chapter 6.

The constitutive error density was found to decrease,
compared to the linear case, at air/iron interfaces; this
is attributed to the decrease in iron permeability, resul-
ting from the characteristic concavity of the B-H curve.
Inside iron, error tends to increase because of the
previously non-existent jumps in permeability across inter-
element boundaries; this effect is particularly marked in,

and around, heavily saturated regions.
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Non-linear B-H plots highlight the vast discrepancies
possible betWeen complementary estimates of the fields,
even for what may be regarded as generally adequate meshes.
A tangible level of confidence, in the numerical results,
may be inferred from the degree of scatter in such plots.
Of course, the constitutive error density distribution
provides a more comprehensive assessment, accounting for
discrepancies in both magnitude and direction. In non-
linear iron, it is usually the former that are more

significant.

The computed results support the theory of sec. 7.2
regarding the existence, or otherwise, of bounds :
depending on problem specification, bounds may be defined
either for the energy or for the co-energy, as demonstrated
by the dual specifications of the lamination problem in
sec. 7.3.3. In the more common magnetostatic boundary
specifications of the C-magnet, sec. 7.3.1, bounds are
defined for the co-energy. 1In practice, complementary
numerical estimates of bounded quantities are roughly
symmetric about the exact value, and approach it mono-
tonically with mesh refinement. The same is not generally
true of unbounded quantities, such as the product z° and
circuit parameters, even when the numerical estimates appear

to fall consistently above and below the exact values.

Although the presentation was restricted to magnetic
non-linearity, the lamination problem can be reinterpreted
as a resistance problem, as explained in sec. 6.7.1. The
availability of independently solvable complementary for-
mulations for both possible specifications of such a prob-
lem is particularly important in the present, non-linear,
case, since linear scaling cannot be employed to extract

one solution from the other.
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7.4 Mon-linear iteration

The solution of non-linear finite element matrices is

essentially an iterated two-step process :

(i) Given an estimate of the field distribution, pro-
jection on the B-H characteristic yields a corres-

ponding permeability distribution.

(ii) Given an estimate of the permeability distribu-
tion, linear equations are formed and solved to
yield a corresponding field distribution.

Starting with some initial field estimate, the process is
repeated until consecutive estimates agree to within a
prescribed tolerance. Such a broad description of the pro-
cedure covers both simple non-linear iteration, as well as
the more efficient Newton iteration’?®. It also leads to an
interesting interpretation in terms of a modified conception
of the constitutive error. The modification is this :
whereas everywhere else in the thesis we associate the error
with the discrepancies between complementary H- and
B-solutions, in this section we shall define an H-solution

error AH' and a B-solution error AB.

Consider a non-linear B-solution. Let 23 denote the
estimated reluctivity at some point in the iron, at some
stage of the iterative process described above. Let B
denote the resulting field estimate, step (il). Unless the
non-linear solution has converged, the situation would be
as shown in fig. 7.17a or 7.17b. The non-linear B-solution
constitutive error may then be defined as follows :

A\g = Ag(V B,B) = X(v B) +¥(B) - (v B,B) (7.28)

Upon convergence, the situation will be as depicted in

fig. 7.17c, where
AB =0 (7.29)

Integrating over the iron, and recalling the properties of

the constitutive error, egns. 2.18, we can write
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Va2 V3 Vi

uH

H
(c) uH = up H.
Fig. 7.17 Non-linear B- Fig. 7.18 Non-linear H-
solution field solution field
estimates and estimates and

reluctivities. permeabilities.
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0 = A
with

5 = X(v B) + ¥(B) - 2(vB,B) (7.30a)

0 = A <=> vB=VB everywhere in iron (7.30Db)

That is to say, the global error is zero if and only if
total convergence has been achieved. Moreover, as the error
is strictly non-negative, non-linear iteration may be viewed
as a process of minimising the modified constitutive error.
The H-solution constitutive error is entirely analogous.
Referring to fig. 7.18, we can write

0

IA

My = X(H) + Y(upH) - 2(H, u H) (7.31a)

with

H uL§==u§ everywhere in iron (7.31b)

The error may be computed to provide a reliable indi-
cation of convergence at any stage of the iterative process.
General convergence criteria can be established fcx the
normalised error, for example with respect to (X+V¥) or Z.
Fig. 7.19 presents a graphic illustration of the relation-

ship between normalised error and non-linear convergence.

The concept of separate H- and B-solution constitutive
errors may be pursued further. Returning to fig. 7.17, let
us address the question : what value of reluctivity to use
in forming the matrix for the following iteration ? The
figure shows three possibilities, Vir Vor and Vg

v, results from direct projection of the current estimate B

1
onto the B-H characteristic; from an energy point of view,

replacing v. by v, effectively leaves the value of ((B)

L 1
unchanged, but modifies x(v; B) and g(ng,g) to set the

error AB to zero. The second alternative, Vo results from

direct projection of v.B onto the B-H characteristic; from

L

an energy point of view, replacing v. by Vo effectively

leaves the value of X(VLB) unchanged% but modifies y(B) and
g(ng,g) to set the error AB to zero. Finally, replacing
VL, by V3 effectively retains the value of c(ng,g), and
modifies (v, B) and U(B) to set Ag to zero. All three

schemes change the reluctivity in the same direction,
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0.477%

0.0071%

0.00076%

(a) B-solution.

4.05%

0.011%

0.0014%

7.19

(b) H-solution.

Field plots at consecutive non-linear iterations
of C-magnet solution (7700 Ampere-turns; 102
elements), using simple iteration in conjunction
with v; and vu; (see text). Scale for each frame
determined by current field maxima; percentages
refer to global constitutive errors.
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increasing it in fig. 7.17a, and decreasing it in fig. 7.17b.
Because of the characteristic concavity of the B-H curve,

Vv, represents the greatest jump, and Vo the smallest; Va3
falls in between, and may be regarded as an under-correction
of the oscillation-prone V,r Or as an over-correction of the
relatively slow Vs Analogous choices arise in the case of

the H-solution, fig. 7.18.

Non-linear solutions were performed by simple iteration
using the three schemes described above, together with
variants. V3 emerged as the clear favourite : it is more
9t The plots
of fig. 7.19 are based on Vg and M3j they are typical in

reliable than Vi and generally faster than v

that convergence is initially fast, but slows down con-
siderably as errors become small. Oscillations do set in

as the iron is driven more deeply into saturation, but the
choice of under-correction factors is far less critical than
is common with Vi Variants that merit consideration may
possibly involve dynamic choice of schemes and/or relaxation
factors in individual iron elements, with the choice guided
by local error and/or position on the B-H curve. One treat-
ment that was found effective proceeded as follows : start
with v, for fast initial convergence, shift to the slow but

3

sure v2 when oscillation sets in, and return to v, after

3
a couple of iterations.

7.5 Conclusions

The theory of non-linear complementary variational
principles involves no fundamental change from the linear
case, with the possible exception of the problem-dependent
definition of energy bounds, and the absence of bounds on
circuit parameters. Tangible differences are, however,
evident in the numerical behaviour of complementary solu-
tions, especially constitutive error distributions; these

are illustrated and discussed in sec. 7.3

The constitutive error approach also provides an

interesting interpretation of non-linear iteration : the
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process may be viewed as one of minimising separate H- and
B-system constitutive errors defined in sec. 7.4. The
errors provide reliable indication of non-linear
convergence, and open up a variety of possibilities for
what may prove to be efficient non-linear iteration

algorithms.
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CHAPTER EIGHT

Pre-specified Fields in Magnetostatics

8.1 Introduction

The use of potentials to describe the physical fields
necessitates the introduction of pre-specified fields to

account for source distributions; from sec. 3.4.3, we have

H=G - grad Q ; B

C + curl A (8.7a)

¢ and A are the potentials; G and C are pre-specified to

satisfy

curl G = J div C = p (8.1b)

~e

where J and p are the H- and B-system source distributions,

respectively.

In magnetostatics, the absence of magnetic charge p
allows C to be set to zero. The H-system pre-specified
field G is often defined by the Biot-Savart law®?. This
chapter examines the limitations of the definition in
numerical applications, and proposes a simpler, and more

accurate alternative; numerical results are compared.

8.2 The H-system solution formulation

A typical magnetostatic problem, in a given region R,

may be specified as follows :

B = u(H)H+ By ; H = v(B)B + H¢ (8.2)
Jd = curl H ; 0 = div B (8.3)
0 = n x AH ; 0 =n * AB (8.4)
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The bounding surface S is composed of two simply-connected

sub-sections

S

n
[%7]
o
c
n
o

Sh n Sb = 0 (8.5&)
with
0 =nxH on Sy , 0 =n-B on Sy (8.5b)

Consider the H-formulation. The scalar potential

is introduced to impose H-system specifications on H
H=G - grad @ (8.6)

where G accounts for the current density J; it is pre-

specified to satisfy
curl G = J (8.7)

so that H satisfies egn. 8.3. From egns. 8.4, 8.6, and

3.55, on a surface of discontinuity Sy

nxgrad AQ = n X AG (8.8a)

r r
AQ(r) = AQ(xy) + AQ| + f AG-dg (8.8b)
Ik Ik
where ry is an arbitrary reference point on Sx. From eaqns.

8.5, 8.6, and 3.54, on the boundary section Sp

nxgrad € = nxG (8.9a)

r r
@(x) = Q) + o0 J G-dg (8.9b)
Ity

where ry is an arbitrary reference point on Sy.

From sec. 6.5, or sec. 3.6.2, the H-system functional

is given by
©(H) = X(H) (8.10)

The solution formulation is thus given by

0 = 80 = 6X = <u(H)H+B,. , SH>g

Substituting for H from 8.6, and noting that G is

pre-specified
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0 = 80 = <uVQ -By , VOQ>g - <pG , V6Q>R

Applying a vector identity and the divergence theorem to
the second term :

0 = 80 = <uvQ -B, , 6VQ>p + <Ve(uG) , 6Q>g

+ (o (uG) , 88lg - [n- (WG), 6Qlg,,  (8.17)

where Sy denotes material interfaces; it is noted that

(SQ'Sh is zero from egn. 8.9b.

The H-formulation solves egn. 8.11, with G pre-speci-
fied to satisfy egn. 8.7 in R, and 2 constrained to satisfy

egns. 8.8 and 8.9.

8.3 The Biot-Savart definition in numerical analysis

The Biot-Savart law expresses the magnetic field of
current distributions in free space

Zlr) x (£ - f ) ar(r') (8.12)

Ho(x) = J

1
R 47 |z - '

Thus

curl Hg = J (8.13)

Clearly, Hg provides the required definition of the
pre-specified field G in egn. 8.7. In numerical appli-
cations, however, the actual G imposed on the H-formulation

can only approximate Hg, so that
+ € (8.14)

The discrepancy, £, is due to the smoothness of Hg, and

arises in two ways :

(i) Although Hg can be computed exactly at individual points,
integrating it presents a formidable task that must be
handled numerically, often by means of Gaussian quad-
rature. Therefore there is an effective error in all
integrals involving G in the formulation. Such

integrals arise in : pre-processing to force H-system
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continuity and boundary conditions on §, egns. 8.8 and
8.9; assembly of solution matrices that will force

the constitutive relationship, or B-system specifica-
tions, weakly on £, egn. 8.11; and post-processing
operations involving integration of H, egn. 8.6. The
treatment for this source of error is to improve the
accuracy of numerical integration, for example by
increasing the number of integration points in Gaussian

quadrature.

(i) The numerically over-specified space variation of Q is
generally incapable of depicting smooth integrals in G
in egns. 8.8 and 8.9. The exact values can he forced
on £ and AQ at individual points, usually nodes; else-
where on Sy and Sy, integrals in g and Ag arise,
implicitly, to balance the equality. The error is due
to incompatibility between the trial functions for ,
and the smooth G. The treatment is to relax the numeri-
cal over-specification, for example by refining the
discretisation, or by resorting to higher order trial

functions.

As a result, the current density distribution perceived
by the H-formulation differs from the true one. Alterna-
tively, the error can be interpreted in terms of physically
non-existent current-sheets in eqns. 8.9 and 8.10, and

magnetic charges in egn. 8.11.

Initial experience with this definition of G indicated
large errors in the computed values of H in high permeabi-
lity iron®?. The errors were attributed to near-
cancellation effects : Hg and VQ tend to be of similar
magnitude and direction in iron parts, so that estimating H
by egn. 8.6 amplifies essentially proportionate errors in (.
However, the error analysis presented here suggests that
there is a fundamental cause for the inaccuracy, namely
inexact formulation. The prominence of the inaccuracy in
iron parts can be explained with reference to eqn. 8.11 :
e, the implicit error in G, is amplified through multipli-
cation by the high iron permeability u.
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The source of the error is substantially reduced®*
in linear isotropic iron parts whose contribution to the
second integral in egn. 8.11 is excluded from the formula-

tion on the grounds that Hg is solenoidal, so that

div (uHg) = u div Hg = 0 (8.15)

A greater, and more general, improvement is achieved
by setting G to zero outside conductors®®. Referring to
conducting and current-free sub-regions of R by R, and Rg¢

respectively, we write

in Rg G = Hg => curl G = J = 0 (8.16a)

(X3

and
inRg ¢ G =20 => curl G =J =0 (8.16Db)

The discontinuity in G at the interface between R, and Rg¢

is imposed on § through eqn. 8.9b. Depending on the topo-
logy, it may be necessary to introduce cuts that allow & to
be discontinuous in Rgf. Egns. 8.16 define the two-potential
formulation, where § is called a reduced potential in Re,

%6 Eqns. 8.8 and 8.9 are

and a total potential in R¢
unchanged in form, but are now restricted to the conductor

surface So. Egn. 8.11 simplifies to
0 = 60 = <uvQ - By, SVO>R - [n*(pG) ,GQ]SC (8.17)

where the permeability of conductors is taken to be that of
free space, U5, so that egn. 8.15 applies. Inexact formu-
lation is now restricted to conductor surfaces, both in pre-
processing, eqns. 8.8 and 8.2, and in matrix assembly,

eqn. 8.17; the latter effect is relatively harmless due to
multiplication by ug, the smallest possible permeability.
The size, location, and discretisation of the conductor
surface determines the degree of inaccuracy retained in two-
potential formulation. The postprocessing error is restric-
ted to conductors, Ro, since G is set to zero in Rf,

egqns. 8.6 and 8.16. In this way, two-potential formulation
limits the error inherent in the numerical application

of Hg.
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Although the volume integral for Hg in egn. 8.12 can
usually be transformed into a somewhat simpler surface
integral, the calculation of Hg at individual points is
a demanding operation in terms of computer time. Therefore,
error reduction by refinement of discretisation and/or
numerical integration can lead to a substantial increase

in run-time.

8.4 An alternative definition

The magnetostatic problem in R includes an implicit
current flow problem in R,, the conducting sub-region. In
simple cases, such as two-dimensional analysis, the solution
to the problem, J(r), is known exactly. However, the
solution can always be performed in terms of T, the current-
describing vector potential of sec. 6.7 :

curl T = J (8.18)

The two-potential formulation of egns. 8.16 can be

generalised to

in Rg G=T => curl G =J = 0 (8.19a)

and

L}
o

inRfg ¢t G =0 => curl G = J (8.19Db)

The definition of G is then a matter of performing the
current flow solution prior to the magnetostatic solution.
In principle, the solution for T can always be performed
numerically using the discretisation of R, intended for the
magnetostatic solution. This may be unavoidable with
irregular conductor geometry. In many practical applica-

tions, however, a general solution may be found.

Solution formulations of the current flow problem were
considered in sec. 6.7. As discussed in sec. 3.4.4.2, the
physical specifications alone do not force a unique vector
potential T; additional conditions, arbitrary but consistent
with the physical specifications, are still to be introduced.

Hg in egn. 8.12 corresponds to a particular set of solvabi-
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lity conditions. Alternative conditions may yield a T

distribution that is better suited to numerical applications.

In the two-potential formulation of sec. 8.3, the
sources of error were found to reside on the conductor sur-

face So. Let us therefore examine conditions on Sy where
on Sy o S ¢ n«J =20 (8.20)

Clearly, Sk includes the interface between R, and Rgf.
Substituting for J from eqgn. 8.18, introducing surface co-

ordinates, and applying a vector identity, we £find
0O =necurl T = g°curlsg =div, (nxT)
It is thus possible to define T on Sk by
nxT = - g><gradsn (8.21)

where n is a scalar distribution defined on Sy. Integrating

along a path in Sy
r r
n(r) = n(xg) + Anl - f T + dg (8.22)
Ik

Iy
where ry is an arbitrary reference point on Sk. An is

a discontinuity given by

Jeds = I (8.23)

An = § T-dl = J curl T-dS = J
2 Sg Sg
where £ is any path, in Sy, that surrounds the conductor;
Sy is any surface, in Rg, that is bounded by 2. The
discontinuity An is thus defined across a curve, {1, in Sy,
running like a seam along the length of the conductor.
An appears in egn. 8.22 if the integration path from ry to

r crosses ). I is the current through the conductor.

Comparing eqn. 8.22 with egn. 8.8b, and noting that

G is zero in Rg, it is evident that we can set
on Sy ¢ AQ = Qf - Qg =n (8.24)

so that Aﬂkh<in the magnetostatic problem is represented
by n in the current flow problem. Enforcing eqn. 8.24
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exactly ensures compatibility between the definition of T
and the trial functions for  on Sk - If, moreover, the
definition of T is simple enough to allow exact integration,
the two sources of error associated with Hg will have been

avoided.

Such a definition is available in the special case of
a straight conductor where the current density J is
constant, being parallel to the conductor surface,

eqn. 8.20. The definition is
T(r) = 3J %X (£ - rg) (8.25)

where r, is an arbitrary reference point in space. Taking
the curl of both sides and applying a vector identity :

VxT

3(Vx(Ixr) - ¥x (Ixry))

T ((reV)I - x(VeJ) - (J*V)r +J(Ver))

The first two terms vanish because J is constant in space.
The differential vector operations in the third and fourth

terms yield

VXxT =3(-J3+33)=23 (8.26)

as required in egn. 8.18. Taking the divergence of both

sides in eqgn. 8.25 :

VeT = 3(Ve(Ixr) - Ve (Ixzry))

(
=2(£+VxJ - J+Vxr)

The first term vanishes because J is constant, the

second because r is irrotational. Thus
VeT =0 (8.27)

which is convenient but not essential. Crossing both sides
of egn. 8.25 with the unit outward normal n on Sk, and

applying a vector identity :

Ex (g;x (£_£o))

[N

EX_T_ =

I
=

(n+(x-xy))Jd - 3(n-J)(x-xy)
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The second term vanishes by egn. 8.20. Substituting for
nxT from egn. 8.21, we get

nxgrad_n = -3%J (n- (r-xy)) (8.28)

In numerical applications, Sy is usually discretised into
pianar sections. 1In each section, n -+ r, and hence gradslq,
are constant. Constancy of the gradient implies linear
variation of n on the section. Thus egn. 8.24 can be en-
forced exactly provided A is at least linear over the

individual sections of Sk.

In three-dimensional analysis, conductors are unlikely
to be straight throughout the region of the problem.
Often, however, they are

discretised into straight I Rg S:
sections. Eqgn. 8.25 is appli- —_ Reo
cable to the individual sec- \\LI

tions. At the junction Fig. 8.1 Straight conductor
between two consecutive sections.

sections, fig. 8.1, we have

nxAT = 2z nx (I2%(£-ro2) -d1*(x-zo1))  (8.29)

where the subscripts 1 and 2 refer to the two sections Rgq
and R.p, and n=nq = -np at the interface Sj. Rearranging,
and applying a vector identity :

n

(S

n x AT (nx (AT xr) - nxA(I*xry))

( (n*x)AJ - (n*AJ)r - nxA(JIXry) )

|
=

The continuity of n+J at S; causes the second term to

vanish, leaving

nxAT = 3 ((n+x) AJ - nxA(Ixxrg) ) (8.30)

On the plane S;, n-*xr, and hence nx AT, are constant. In
fact, nxT can be made continuous at S; by setting n x AT to
zero in egn. 8.30, and solving for r,5, given Jq, J2, and
Xoq1. Continuity of nXT allows @ to be continuous at Sj,
egn. 8.8b. However, n*T is discontinuous, and introduces
the product [n « poAT , GQ]Si into egn. 8.17.
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We conclude that T in eqn. 8.25 satisfies the various
requirements set for it. It is compatible with linear, and
hence higher order, trial functions for . It allows exact
integration with practically negligible demands on computer
time : the integrals of G in egns. 8.8b, 8.9b, and 8.17
can be expanded analytically, and involve simple multipli-
cation and addition operations at the individual nodes.
Moreover, it can be shown that the defihition of T in
egqn. 8.25 also applies to axi-symmetric current density

distributions.

8.5 Numerical performance

This section compares the numerical performance of the

definitions of G in sections 8.3 and 8.4, i.e. Hg and T.

In the two-dimensional magnetostatic examples of Chap-
ters 6 and 7, all conductors have polygonal cross-sections,
as in fig. 8.2, either by physical specification, or through

finite element discretisation.

In either case, the definition
of G in terms of T, egns. 8.19
and 8.25, is applicable; the
results quoted in Chapters 6

and 7 are based on T.

Fig. 8.2 Polygonal conduc-
tor contour. t; and nj are
unit vectors, tangential
and normal to segment i.

For such conductors, Hg

in egqn. 8.12 simplifies to 8’

J
Hs(x) = 57 Llogj(z-x4q) - o5(2-x50) 1y
with * , (8.31)
u-r
a;(r') = t;+r' log r' + |nj-r'| tan 1= —
Inj-x |

where the summation covers all segments of the contour
polygon. The computational advantage of egn. 8.25 over

egn. 8.31 is obvious; it is compounded by the need to com-
pute Hg at all quadrature points, not only nodes, to perform

the integrations of egns. 8.8b, 8.9b, and 8.17 numerically.
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The incompatibility of gs with numerically over-speci-
fied trial functions, item (ii) of sec. 8.3, is illustrated
in fig. 8.3 for some reqular conductor sections. The curve
of [fHg*d% along one edge of a square, fig. 8.3a, is seen to
differ, albeit slightly, from a straight line. The discre-
pancies are highlighted in fig. 8.3k, which also includes
the triangle and hexagon. The curves approach zero as con-
ductor sections approach circularity. The linear finite
element shape functions used in this work to discretise
cannot absorb these curves exactly as required in egns. 8.8
and 8.9. The approximation can be improved by refining the
discretisation of conductor edges, or resorting to higher
order shape functions. The corresponding integrals in T,
on the other hand, are exact straight lines; their slopes
and intercepts are determined by the positions of the indi-
vidual edges relative to the reference point r,, eqn. 8.25.
Fig. 8.4 shows Hg and T line integrals for the half-slct

of sec. 6.5.4. With I at corner a, the tangential compo-
nent of T is zero along edges ab and fa; several solutions,
of this and other examples, confirmed that the location of
x, has no perceptible effect on results. Note the enhanced
curvature of the ﬁs integral in the vicinity of the re-

entrant corner £ in fig. 8.4.

The contour integral
%g-d&: 1 (8.32)

provides a gross indication of one type of numerical integ-
ration error associated with ﬁs' item (i) in sec. 8.3.
I is the current enclosed by the contour. It is given at
7700 A for the C-magnet of sec. 6.5.1. Columns 4 and 5 of
table 8.1 illustrate the error for two meshes and different
values of M, where
M = number of Gaussian points on element

sides lying along conductor contours (8.33)
The error can be reduced by increasing M, or refining edge
discretisation. Table 8.1 illustrates another aspect of
the error : because the two conductor sections are discre-

tised differently in the finer mesh, the contour integrals
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Curvature of JHg" d% along edges of regular
polygons : equilateral triangle (t), sgquare
(s), and hexagon (h). L is the edge length.
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Y A
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a
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G=Hs
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31 T
G=T
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0 $ + -t $ 2
a b c d e f a

JG.d2 along contour of half-slot for two defi-
nitions of G. 2 measured counter-clockwise
from corner a. The reference point r_, for T

. o)
is also at a. I is the current.
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yield different %G * dl
values for what Mesh| G | M . (A) <H, B>y
should be the same left right
section|section (J)
current. The T '
. - 1 2 3 4 5 6
integrals yield
the correct current 1 8183 8188 501.5
2 7753 7753 474 .4
for both meshes. a 3| 7712 7712 | 471.9
5 4 7704 7704 471 .4
) E | Hg 5 7702 7702 471.2
Having demon- 9 6 7701 7701 | 471.2
strated quantita_ o 7 7701 7701 471.2
. N 8 7700 7700 471.2
tively the errors o 9 | 7700 7700 | 471.1
associated with Hg
. . - T - 7700 7700 471.2
in formulating the —
solution' let us ﬂ 1 7823 7871 492.7
. o 2 7708 7712 485.4
now consider the $ |Hg | 3 7702 7703 | 484.9
errors in its out- 2 4 7701 7701 484.9
L 0 5 7700 7700 484.8
come. This is -
best done in con- - T - 7700 7700 484.9

junction with the Table 8.1 Inconsistencies in Hg
complementary solutions of C-magnet.

B-solution.

Column 6 of tabhle 8.1 lists the values of the product
<H , B>R for the different M's used. But standard vector
transformations, with the given boundary conditions, should

vield

<H, B>y = <J, A> (8.34)

R

where the right hand side is unaffected by changes in M;
its value is 471.2 J for the coarse mesh, and 484.9 J for
the fine one. The T solutions yield the correct answer for
both meshes. The Es solutions approach the correct answers
as M is increased. Where <H, B>gr differs from the expected

value, we can conclude that

VXH = J (8.35)

in violation of the H-system physical specifications, egn.
8.3. According to the definitions in sec. 5.2.3, we have

an inconsistent specification here.
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The inconsistency is highlighted in fig. 8.5 which
shows the constitutive errors of the two C-magnet meshes for
different values of M and N, where

N = number of Gaussian points within the

individual conductor elements (8.36)
N arises in postprocessing area integrations involving Es'
The values N=1, 3, 4, and 7 correspond to symmetric tri-
angle integration formulae of orders 1, 2, 3, and 5 respec-
tively®®. The accuracy of the numerical integration improves
as N is increased. Fig. 8.5 shows that, contrary to expec-
tations, the constitutive error actually increases as the
number of sampling points is increased from N=1. The same
trend is evident in the half-slot conductor solutions, fig.
8.6. As explained in sec. 5.2.3, the constitutive error is
a comprehensive measure of the numerical errors only in
consistently specified formulations; inconsistencies involve
errors that are invisible to it. Highly accurate estimates
of the energies are given with figures 8.5 and 8.6 for
perspective. The consistent T solution error is at least
comparable to, and generally marginally less than, the

corresponding ES solution error.

The Es solutions were performed for M up to 9, and N
up to 7. In general, there were no perceptible improvements
bevond M=5 and N=4 for the problems and meshes attempted;
in certain cases, lower values were found to be sufficient,
as can be seen in figures 8.5 and 8.6. Clearly, the 'best'
values, from a practical point of view, depend on the par-
ticular problem and mesh, as well as the requirements of

the analyst.

It is interesting to observe that for a given M in
table 8.1, the value of <H, B>y is practically independent
of N; the same was found to be true for the slot solutions.
This suggests that the associated inconsistency is inherent
in the over-all solution, and not local to the approximate
postprocessing integration. In fact, the contribution from
the C-magnet conductor sub-regions to the over-all integral
is quite small, and it is only this contribution that is
affected by N.
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Figures 8.3-6 and table 8.1 indicate that the errors
and inconsistencies associated with H, can be made small by
sufficiently refined meshing and a choice of M>1. They
are thus reduced to second order effects in the present two-
potential formulation, but not without cost. Moreover, they
affect solution accuracy in a generally indeterminate,
problem- and mesh-dependent, manner. The computational
effort to overcome them is rendered unnecessary in problems
where T can be used since it is strictly consistent, of at
least comparable accuracy to Es' and far less demanding
computationally.

8.6 Conclusions

Biot-Savart pre-defined fields give rise to physically
non-existent volume and sheet sources in numerical reduced
scalar potential magnetostatic formulations. It is
suggested that the resulting inconsistency is the true
cause of errors associated with the formulation®3®; near-
cancellation effects magnify, rather than cause, the errors.
Two-potential formulations restrict the inconsistency to
physically non-existent source sheets on conductor sur-
faces, thus reducing the error considerably; retention of
a limited degree of inconsistency is demonstrated by the
increase of constitutive error with improvement of the

numerical volume integration.

An entirely consistent definition is proposed for
conductors composed of straight longitudenal sections, and
having polygonal cross-sections. The resulting constitutive
error is shown to be comparable to that of the Biot-Savart
based formulation. More importantly, the proposed defintion
is mathematically simpler, resulting in reductions of

computing time that can run into orders of magnitude.
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CHAPTER NINE

Mixed Formulation

9.1 Introduction

A mixed formulation is one where the solution variable
is the H-system potential in part of the region, and the
B-system potential in the remainder. There has been recent
interest in this type of formulation as it appears to be
an economical way of tackling three-dimensional problems,
particularly in eddy current applications®!—®. Derivations
have been based on the Galerkin method of weighted
residuals. This chapter uses the constitutive error
approach to derive, and examine, mixed formulation under

static conditions.

9.2 Mixed complementary systems

Consider an abstract problem in a region R where the

specifications on the fields H and B are

B = p(H)H + By 7 H = v(B)B +H, (9.1)
Jd = curl H ; = div B (9.2)
O:EXAE H

0 = n-AB (9.3)

The boundary surface S is composed of two simply-connected

sub-sections ShH and Sy :

S

Sh U Sb ’ Sh n Sb =0 (9.4a)
with
h = nxH on S ; b=n-+B on S (9.4Db)

The problem specified above is that of sec. 3.6. Conven-
tional H- and B-formulations are derived in sections 3.6.2

and 3.6.3 respectively.
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To derive mixed formulations, the over-all region R is
divided into two sub-regions Rq and Ry as in fig. 9.1 :

R = Rq U Ry ' Ry N Ry = 0 (9.5)

With the exception of the interface surface S,, all para-
meters are associated with either Rq or Ry, and will be
subscripted accordingly. For ease of reference, the

variables are grouped into two systems :

a-system : 2 ,Hy 7 Ay, By
and (9.6)
B-system : A1 ,B1 7 Oy, H

For a given problem, two mixed formulations can be defined
a primal formulation based on c-system potentials, {7 and
A, , and a dual formulation based on B-system potentials,
A; and Q3. 1In practice, the choice between dual formula-
tions is critical to solution economy. Without loss of
generality, we shall consider the primal formulation based

on the a-system potentials, §i4 and Ajy; they are defined by

Hi = G1 -V &y ; By = S+ VXA (9.7)
with

VxG1 = J1 ; Ve.Cy =p2 (9.8a)
and

nxAGy =0 ; ne*ACy =0 (9.8Db)

Fig. 9.1 Region subdivision.

el e m———
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We can choose the following continuity and boundary con-
ditions on the potentials

AQq = 0 ; nxAAy =0 (9.9a)
and
91 = Qh“ on Sh1 H nXxAy = ap2 on Sb2 (9.9b)

as in sec. 3.6; p1 and apy are known.

9.3 Incomplete decomposition of the constitutive error

The constitutive error is a global integral with distinct

contributions from Rq and Ry; thus

A(H,B) = X(H) + ¥(B) - Z(H,B) (9.10a)
= Xq(Hy) + ¥9(Bq) - 2Z9(Hq,Bq)
+ X2(Hp) + ¥2(By) - Z2(H2,B3y) (9.10b)

The decomposition of Z(H,B) proceeds by substitution of
a-system potentials, and the usual application of vector

identities and the divergence theorem :

[}

Z(H,B) = 29(Hq,Bq) + 23(Hp,Bp) = <Hy , By>gy + <Hp , Bp>g,

1

<G1,B1>Rq - <V8q,B1>Rrq + <H2,C2>R, + <H2,VXA2>R,

<G1 4 B1>Rry + <1, P1>Ry - [91,101°B1lsqus,

+ <Hp , C2>R, + <J2 , A2>R, - [n2xH2, Azls,us,

= <G1 , B1>rq + <1 4 P1>Rq + <H2 , C2>R, + <J2 ; A2°R,

- [81 4 b1lsyy - [8n1 s n1°Brlsyy - [99 ,01°Brlgy

- [hp réZ]Shz + [Hp I§b2]Sb2 - [noxH> IAZ]SO
Substituting back into egn. 9.10, we can write

AMa,B) = 0(a) + E(B) - T'(a,B) (9.11)
with
0(a) = O(Hy,Bp) = Xq(Hy) - <@g, p1>gy + [21, bylgy,

+¥5(By) - <J5 , Ax>g, + [hy , Ajlg
2 2 h2
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E(B) = E(Bq,H2) = Y¥q(B1) -<G1 s B1>Rq * [®n1 + n1°B1lgy,
+X2(H2) - <Hz , C2>R, -~ [H2 s ap2]s,,,
and
I'(e,B) = [nxHy , A2lg, - [29 , n*Bilsy
where n=nq =-ny on S5, as in fig. 9.1.

The partial decomposition of A between the a- and
B-systems accounts for all problem specifications with the
exception of field continuity across S, and, of course, the
constitutive relationship. Explicit imposition of field

continuity in accordance with egn. 9.3 yields

nXHq1 = nXHy = nxXHq and n*B1 =n*By =n*By (9.12)

on Sy. The fields nXHy and n * B, are then common to both
a- and B-systems, so that the constitutive relationship is
not the only link between the complementary systems as was
the case in conventional formulations. nXHs and n * By
correspond to Yy in Appendix F, and hence forbid the
decomposition of A into complementary o- and B-system
functionals that can be extremised independently of each
other. This, incidentally, does not contradict the theory
of sec. 3.5 which guaranteed the decomposition of A into

complementary H- and B-system functionals.

9.4 Field continuity in error form

Mixed complementary functionals may possibly be derived

from an extended error form
he = A+ Ap = 0p(a) + E(B) (9.13)

where A, is a positive error expression of field continuity

across So

(9.14a)

1\
o

hp

with

AA =0 <=> and on Sy (9.14b)
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From 9.13 and 9.14, and the fundamental property of A in 2.18

A 2 0 (9.15a)
with

A =0 <=> A=0 and Ap =0 (9.15b)
The total error is then minimised by solving

SAy = O => 60t(a) =0 , &8E¢(B) =0 (9.16)

which imposes both outstanding physical specifications :
the constitutive relationship, and field continuity

across So'

The definition of A, must be related to field con-
tinuity as in 9.14, and ensure the splitting of Ay into O(a)
and Z4(B) as in egn. 9.13. Such a definition, if it exists,
does not present itself readily.

9.5 Mixed complementary solution formulations

The absence of mixed complementary functionals does

not invalidate the proposition that the solution to
0 = SA (9.17)

minimises the constitutive error A, and thus imposes the
constitutive relationship on the fields. Substituting for
A from egn. 9.11, and allowing o- and B-variables free

variations, egn. 9.17 yields

0 = 601(H1) + [_Il‘_B_" ’ 691]80 (9.18a)
0 = 6@2(B2) - [EXEZ ’ 5&2]30 (9.18b)
and
0 = 859(B1) + [Q9 , G(Q_'EJ)]SO (9.19a)
0 = 8Z(Hp) - [Ay , 6(g><§2)]so (9.19Db)
where
6049 (Hq) = <uq (Hq)Hq+By :6§1>R1"<p1 rdQ1>R1'*[b1 '691]Sb1

§05(By) = <vy(By)Ba+He s 8Ba>R, - <J2 s 8A2>R, + [h2 4 SB21sp;
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629 (B1) = <Vq(B7)By+Hc s 8B1>Rq - <Gq , 8B1>rq *+ [@h1 s 8(n°B1) Igy;

622 (H2) = <uz(H2)H2+Br , 8H2>R, - <C2 , SH2>R, - [2p2 , 6H21g ,

The varied parameters in egns. 9.18 are the a-system varia-

bles, and in egns. 9.19 the B-system variables.

To qualify as a valid solution formulation, egn. 9.17
must be augmented, somehow, by the imposition of field con-
tinuity across S, ; otherwise, the conditions of physical
uniqueness will be incomplete. Moreover, the resulting
formulation is of practical use only if egns. 9.18 and 9.19
are made independent of each other; otherwise, a- and B-

systems must be solved simultaneously.

Both requirements relate to the interface S,; therefore
the surface integrals on S5, in egns. 9.18 and 9.19, are of
particular significance. Their role in the solution of

egns. 9.18 is to enforce, on Sg,

neuiy -n*By =0 , nxvyBy -nxHy =0 (9.20)
In the solution of 9.19 they enforce, also on S,

nxviBy - nxHy =0 , n-upHy -n-By =0 (9.21)

The symbol = is used to denote weak equality through the
minimisation process. For simplicity, H, and B, are assumed
zero in egns. 9.20 and 9.21. The equations can then be
verified by standard manipulation of the volume integrals

in egns. 9.18 and 9.19.

Egns. 9.20 and 9.21 show that the integrals on Sg
enforce the constitutive relationship between a- and B-
fields , which is consistent with egn. 9.17. However, it
is possible to use the integrals to enforce continuity
weakly. This may be achieved by constraining the q-fields
explicitly as follows

n-uly = n-B and nxvyBy = nx Hy (9.22)

or by constraining the B-fields explicitly as follows
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nxvyBy = nxXHp and n - upsHy; = n * By (9.23)

Either constraint, or both, can be used. Substitution of
egqns. 9.22 into 9.20, or egns. 9.23 into 9.21, yields

nxAH 2 0 and ne+AB 2 0 (9.24)

so that field continuity across So 1s imposed weakly by the

solution of egn. 9.17, i.e. egns. 9.18 and 9.19.

But egns. 9.18 and 9.19 are still coupled, via the S,
integrals, and must therefore be solved simultaneously. To

show how this may be avoided, we rewrite egns. 9.18 as

follows
0 = 609(Hy) + [n*By, 691]50 - [n<AB, 691]30 (9.25a)
0 = 802(B2) - [nxHq, 6A2lg, - [nxAH, 6Azls (9.25Db)

These are a-system equations; they are coupled to the
B-system variables through the terms n -+ AB and n X AH. But
in exact analysis, weak equalities are exact equalities.
In particular, eqns. 9.24 can be enforced prior to the
solution as a redundant over-specification, sec. 5.2.2.

Egns. 9.25 then simplify to

0

§01(Hq) + [n By , 5521]80 (9.26a)

0 = 802(B2) - [nxHy , SAz2]s (9.26b)

irrespective of whether the o-system constraints of egns.
9.22, or the B-system constraints of egns. 9.23, are used.
Eqns. 9.26 are entirely in terms of a-system variables, and
can therefore be solved independently of egns. 9.19 to

yield the exact fields.

Egns. 9.26 can, of course, be formulated numerically,
and solved to yield approximate estimates of the fields.
In fact they are equivalent to the mixed formulation obtained
by the Galerkin method of weighted residuals®%3®; see
Appendix H . But the present derivation verifies the
validity of egns. 9.26 in exact analysis; justification

in numerical analysis is still to be examined.
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According to the constitutive error approach, a proper
numerical formulation would solve egns. 9.25 simultaneously
with egns. 9.19 to minimise the error as in eqgn. 9.17. The
fields are constrained by eqns. 9.22 or 9.23 to enforce
continuity weakly as in egns. 9.24. But in numerical ana-
lysis, weakly enforced conditions are only approximated by
the solution. Thus, replacing eqns. 9.25 by 9.26 involves
an approximation that is additional to the standard numeri-
cal approximation of the proper formulation. The severity
of the additional approximation can be gauged by the wvalues
the solution of egns. 9.25 attributes to the discontinui-
ties, nx AH and n * AB, on S,; these are given by rewriting
eqns. 9.20 as follows

n+*AB = n+By -n-uqHy -, nxAH = nxvyB) - nxHy (9.27)

Clearly, the smaller the discontinuities, the more justifi-
able egns. 9.26 become. It would thus appear that the
a-system formulation of egns. 9.26 requires finer discreti-
sation, especially in the vicinity of the interface S,
than conventional H- or B-formulations of comparable over-
all accuracy; the mixed formulation is fully justified
only with infinitely refined discretisation, i.e. exact
analysis. It would also appear that constraining the
a-fields by egns. 9.22 is preferable, from the viewpoint of
accuracy, to constraining the B-fields by egns. 9.23 :
substitution of egns. 9.22 into 9.27 causes the right hand
sides in the latter to vanish, so that the field discon-
tinuities are approximated directly to zero as in

egns. 9.24. The same cannot be said of the B-system
constraints of eqgns. 9.23 : the desired egns. 9.24 follow
from 9.23 only after the simultaneous solution of o- and
B-systems in a proper formulation; replacing the a-system
solution of eqgns. 9.25 by that of eqns. 9.26 effectively
accepts an approximate, first iteration estimate of the
discontinuities without modification by egns. 9.19. It can
thus be concluded that the a-system constraint of egns. 9.22
has the distinct advantage of relaxing the demands on dis-
cretisation refinement. However, it also has the distinct

practical disadvantage of requiring actual implementation;
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in contrast, the B-system constraint of egns. 9.23 need
only be envisaged conceptually when solving the a-system

by egns. 9.26.

Egns. 9.26 were derived from egns. 9.25 by applying
a redundant over-specification which, in numerical ana-
lysis, amounts to an approximation. An alternative deriva-
tion is possible : noting that egns. 9.25 were extracted
from A in egn. 9.17, it follows that egns. 9.26 are

extracted from
0 = 60 + [n-*AB ,591]80 + [nxAH, 552]80 (9.28)

Formally, then, the mixed formulation of egns. 9.26 does
not minimise the constitutive error, nor impose field

continuity across the interface S,.

A complementary B-formulation is given by egns. 9.19;
its solution is dependent on the a-solution due to the
presence of {4 and A;. An independent, but approximate,

B-formulation can also be extracted.

9.6 Conclusions

The continuity of fields across the interface Sor
which is a requirement of physical uniqueness, forbids the

definition of mixed complementary functionals, or energies.

Independently solvable mixed formulations can be
extracted, but involve a degree of approximation in
numerical application; in effect, they are not associated
with true minimum principles. Moreover, the formulations
require additional constraints to be imposed explicitly on
the fields; the constraints can be chosen to improve
accuracy, or to simplify numerical implementation, but
not both together.

The mixed formulation derived here by the constitutive

error approach is equivalent to that derived by the
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Galerkin method of weighted residuals®?®. The question of
justification, discussed at length in sec. 9.5, can be
stated in terms of the Galerkin derivation as follows : to
what extent does the mixed formulation, eqns. H.8 in Appen-
dix H, enforce the individual residual equations H.3-6 ?
Egn. H.5, it is noted, relates to field continuity across

Sor and does not arise in conventional Galerkin derivations.

Mixed dual and (pseudo-) complementary formulations
are available, and can be solved simultaneously, or
independently of each other. Relative accuracy of the
various options can be assessed quantitatively by
computing the resulting constitutive error and field dis-

continuities at the interface So-
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CHAPTER T EN

Solvability of Vector Potential Formulations

10.1 Introduction

In order that the solution of a given formulation may
be performed, the variables must be uniquely specified.
Section 3.4 distinguishes between the physical uniqueness of
fields, and the solvability of potentials. The solvability
requirements on the H-system scalar potential 2, sec.
3.4.4.1, are simple to implement : arbitrary values are
assigned to the potential, and possibly potential discon-
tinuities, at certain reference points. The solvability
requirements on the B-system vector potential A, sec.
3.4.4.2, are equally simple in two-dimensional and axi-
symmetric applications.

In three dimensions, however, enforcing solvability on
numerical vector potential formulations is not as straight-
forward. Over the past few years, several treatments have
been proposed, often backed by satisfactory computational
results. Yet there appears to be lingering confusion regar-
ding the requirements of solvability and their implementa-
tion'®™¥°_ This chapter presents an overview of the subject
in terms of the constitutive error approach. The various
methods are examined for validity, accuracy, and possible

extension and improvement.

The constitutive error approach regards potentials as
mere solution tools of no fundamental physical significance.
Therefore, a given treatment is considered valid if it
enforces the physical specifications correctly, and results
in solvable, i.e. non-singular, solution matrices, irrespec-
tive of the manner with which potential solvability is

secured. Sec. 10.3 considers methods that approximate,
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numerically, an analytically unique vector potential. Sec.
10.4 considers methods that enforce solvability directly on

the numerically over-specified trial functions.

The presentation attempts to predict the relative accu-
racy of the various methods. Accuracy relates to the physi-
cal specifications, given in sec. 10.2, of which only the
constitutive relationship is not satisfied exactly. There-
fore, the degree to which the constitutive error is mini-
mised by a given formulation is indicative of the accuracy
to be expected from the corresponding solution. Moreover,
burdening the trial functions with inessential constraints,
or over-specifications, predictably restricts their ability

to represent the true solution fields.

10.2 Physical uniqueness

A general magnetostatic problem, in a given region R,

may be physically specified as follows :

B = p(H)H + B. i H=vVv(B)B + H_ (10.1)
Jd = curl H ? 0 = div B (10.2)
K=nx AH on Sy i 0 =n + AB (10.3)

According to sec. 3.4.2, boundary conditions that result in
a physically unique solution can be specified in a variety

of ways. We recall, in particular, the specifications

h =nxH on Sh ; b=n-¢+B on S (10.4)
=i
vV, = J H + dR ; b, = j B - ds (10.5)
i = = i = =
r S, .
=0 hi

where Sh and S, are non-overlapping sections of the bounding

surface S

sh cs , sb a s, sh ns, =0 (10.6)

Shi denotes simply-connected sub-sections of S

arbitrary reference point on S

ni X is an
hi’ Lo is a global reference
point in R. Vi is the magnetomotive force at Iy and o, is
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the magnetic flux through Sh In many practical applica-

i.
tions, the boundary specifications take the simpler form

h=0, b=20, . =0 (10.7a)
with
(10.7b)

Sec. 3.4.3 applies physical specifications to poten-
tials in the general case. In the present problem, the B-
system physical specifications in egns. 10.2 -5 define and
constrain the vector potential A as follows

B=VXxA (10.8)
0 =n -+ (VX AA) = - Vs * (n X AA) (10.9)
b=n-¢+*(VxA34a) = - Vs * (n X A) on Sb (10.10)

and
@i = ; A - dg (10.11)

where lhi is the boundary contour of Shi' Egns. 10.8, 9,
10, and 11 correspond to egns. 3.41a, 43, 49, and 53 res-
pectively; the pre-specified field C is set to zero due to

the absence of B-system sources.

Physical uniqueness requires egns. 10.8 - 11 to be
imposed on A; in numerical applications, this is usually
done explicitly. 1In particular, the curl condition of
egn. 10.8 is enforced by substituting curl A for B in the

constitutive error.

The numerical trial functions are commonly defined to

make A continuous
AA = 0 => nxAA =0 and n+«AA =0 (10.12)

so that the continuity condition of egn. 10.9 is satisfied.

Recalling egn. 3.100b of sec. 3.6.3, the boundary con-
dition of egn. 10.10 can be enforced through the definition

nxA=a +nxV_§8 on S (10.13a)



223

where ay is any tangential vector distribution on Sb pre-

defined to satisfy
Vs *a, = -Db (10.13b)

B is a scalar distribution on Sb. The topology of the

various sub-sections of S, and the particular way in which
egns. 10.5 are specified, determine the form B takes : it
may be pre-defined or unknown, continuous or discontinuous.

The contour £ in egn 10.11 may also be a contour of Sb

sub-sections.thhus a non-zero flux ¢i may force a discon-
tinuous B in an adjacent Sb sub-section; if, moreover, Qi
is not known, the discontinuity cannot be pre-defined. The
B-system conditions in the common boundary specification of

egqns. 10.7 can be enforced by choosing

a, = 0 , B =0 (10.14a)

(10.14b)

o)
o]
D_U)
Ja]
X
o
n
(@]

The constitutive error is given by
AN(H,B) = X(H) + ¥(B) - Z(H,B) (10.15)

Decomposition of Z proceeds by substituting curl A for B,
eqn. 10.8, applying, as usual, vector identities and the
divergence theorem, and substituting from egns. 10.2 - 13
into the result. The theory of sec. 3.5 assures us that if
the physical specifications are well-posed, A will split

completely between the H- and B-systems :
A(H,B) = O(H) + Z(B) (10.16)

For example, the common boundary specifications of eqgns.
10.7 and 10.14 yield

O(H)

X(E) (10.17a)
and
Z(B)

¥(B) - <& , A>p - [K, Algy (10.17b)

’R

Minimisation of the constitutive error in egn. 10.16

produces the B-system solution formulation :
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0 = 6%(B) (10.18)

This equation is not, as yet, solvable since the vector
potential A has not been uniquely specified. The following
sections describe methods of enforcing solvability on
numerical formulations of egn. 10.18.

10.3 Analvtic solvability

An analytically unique vector potential can be defined
in terms of a two-system model as in sec. 3.4.4.2 :

F=oaA ; A=a F (10.19)

B=VxA ; p' =V « F (10.20)

K' = nxAA on S\ ; o' = ne+<AF on S\ (10.21)

a =nXxA on S, ; f=n-+*F on S¢ (10.22a)
where

S =5, U S¢ and S, n Sg = 0 (10.22Db)

and S\ denotes surfaces of discontinuity in nXA and n°F.

a, p', o', and f can be chosen arbitrarily provided they do
not violate the physical specifications. XK' is forced by
the continuity of the numerically over-specified trial

functions in egns. 10.12; thus
K' =0 (10.23)
Moreover, the following choices

a = Q =1 and o' =0 (10.24)

are consistent with the continuity of n<A in egns. 10.12.
The values of p' and f are not constrained in any way; for

simplicity, we choose
p' =0 and £f =0 (10.25)

It is emphasised that the values in egns. 10.24 and 25 are
chosen for convenience, and can be altered if desired. As

they stand, they simplify egns. 10.19-22 to
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F=2A (10.26)
B=VxaA ; 0=V -+A2a (10.27)
0 = nXxAA ; 0 =n-AA (10.28)
a=nxA onsS, ; 0=n-+A onSg (10.29)

It is noted that the general divergence condition of eqn.
10.20 has bheen reduced to the familiar Coulomb gauge in
eqn. 10.27. Enforcing egns. 10.27-29 on the solution for-
mulation renders it solvable. The curl condition in eqgn.
10.27 is enforced by substitution into Z. The continuity
conditions of eqns. 10.28 are inherent in the numerical
trial functions, egns. 10.12. This leaves the divergence
and boundary conditions, eqns. 10.27 and 29, which will be

considered in the following sections.

10.3.1 Boundary conditions

Physical specifications divide the boundary S into Sh

and Sb sections, egns. 10.6, while solvability conditions
divide it into Sa and Sf. Obviously, the two divisions

must correspond to each other in some suitable manner.

Consider first Sh’ where there are no physical speci-
fications on A or B. No constraint on nxA is allowed
because that would effectively constrain B via

V.or(nxA) = -n-(VxA) = -n-B (10.30)

and hence violate physical specifications. By elimination,

then, Sh is an Sf boundary :

on Sh a Sg ¢ n-+«A-=20 (10.31)

Imposition of egns. 10.31 on the trial functions must avoid
interaction between components so as not to constrain,

implicitly, nxA, and hence n -+ B.

Consider next Sb' Comparison of egns. 10.13 and 10.29
indicates that Sb sections on which VSB can be pre-defined
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belong to Sa; Sb sections on which VSB cannot be pre-

defined can only belong to Sf. Sb is thus divided into

two parts

Sy = Spa U Spf ¢ Spa B Spg = 0 (10.32)
where
on S =S, : nXxXA-= Qb-+VsB = a , B pre-defined
(10.33a)
and
nxAa = éb-fvss , B unknown
on S, . GSc : (10.33b)
n*A =0

From egns. 10.31-33, the divisions of S in egns. 10.6 and
10.22 are related by

(10.34)

Egns. 10.31-34 apply to the general case. 1In the common
case of egns. 10.7 they reduce to

on S =S n+*A-=0 (10.35a)

f
and

S
a

on Sy nxA-=20 (10.35b)

Specification of n+*A on Sa can occur implicitly due
to component interaction on discretised curved boundaries,
or explicitly by prescribing

on Sb = Sa : A =0 (10.36)

instead of egn. 10.35b. This choice does not violate physi-
cal specifications as does the prescription of n XA on Sy
boundaries; it does, however, introduce an additional,

inessential constraint. In two-dimensional analysis, for

example, n+ A is automatically zero on the boundary.

10.3.2 The divergence condition

The definition of analytic solvability adopted here

requires the 3Jivergence condition of egns. 10.27, i.e. the
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Coulomb gauge, to be enforced. This can be achieved in
a weak sense by defining a 'gauge error' as follows :

A= ¥<n(x) V.A, V.a>

g A>p (10.37)

where n(r) is a positive scalar distribution having the

units of reluctivity
n(r) >0 (10.38)
Clearly, then

A
9

w
o

(10.39a)
with

A
g

1
(@]

<=> VeA =0 (10.39Db)

The total error is now the sum of the physically-based
constitutive error A, and the computationally required
gauge error Ag :

At = N + Ag (10.40)

From the fundamental property of A in ineq. 2.18, and that

of Aq in ineq. 10.39, we have

e

v

0 (10.41a)
with

Ay

0 <=> A= 0 and Ag =0 (10.41b)

Thus both the constitutive relationship and the gauge condi-
tion are enforced weakly by minimising the total error :

0 = 6At = 6N + GAg (10.42)

The B-system functional can be extracted from eqn.
10.40 by substituting for A from eqn. 10.16; we can then

write

At(H,B) O(H) + Et(B) (10.43)

where

28]

(B) + Ag(B) (10.44)
Substituting from egn. 10.43 into 10.42, we get

0 = §O(H) + GEt(B) (10.45)
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As the H- and B-system variables are independent of each
other, O(H) and Et(B) can be extremised independently. The
B-system solution can thus be obtained by extremising Et(B)
B) (10.46)

instead of Z(B) as in egn. 10.18. Numerical formulation of
egn. 10.46 yields a non-singular, and hence solvable,
solution matrix. The outcome of the solution is a numerical
approximation to the analytically unique vector potential
defined in egns. 10.27-29.

Et is essentially similar to the functionals derived
by Coulomb'™* and by Kotiuga and Silvester!®™? . Coulomb's
definition of an analytically unique vector potential is
restricted to the boundary specifications of egns. 10.7 and
10.35 which, in fact, cover the majority of practical appli-
cations. Kotiuga and Silvester extend the definition to
allow multiply-connected regions; they consider a slightly
restricted version of the boundary conditions 10.34 : Sbf
is taken to bhe zero, which implies that all fluxes @i are

pre-specified; see text following eqns. 10.13.

The present error-based derivation extends the defini-
tion and applicability of Et to all problem specifications
that cause the constitutive error A to split into H- and
B-system functionals, O(H) and Z(B) in egn. 10.16. This is
guaranteed for all physically well-posed problems whose
specifications do not inter-relate H and B on the boundaries.
Although only Sh— and Sb-type boundaries were considered in
this chapter, Z in Et can accommodate all boundary conditions
that satisfy specification 4 of sec. 3.4.1; according to
sec. 3.4.2 they include cuts to account for multiply-
connected regions, as well as open boundaries, recurrence
relationships, etc. 1In all cases, the requirements of
spec. 4 must be observed not only in the physical specifica-
tion of the problem, but also in the definition of a unique

vector potential.
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10.3.3 Implementing the weak formulation

As yet, the multiplier n(r) in the gauge error, eqgn.
10.37, has not been defined beyond the requirement that it
should be positive as in ineg. 10.38. Various weak gauging
schemes in the literature can, in fact, be viewed as alter-

native definitions of n(r).

In principle, n(xr) can be treated as an unknown dis-
tribution to be discretised and solved for. This is the
method of Lagrangian multipliers!®¥® ; it results in a non-
linear solution with an increased number of unknowns. The
solution gan be linearised by replacing Ag in eqn. 10.44
with (Ag)2 ; this, however, invalidates ineqg. 10.41a, so

that the extremum principle is replaced by mere stationarity.

As A has been introduced for solvability, rather than
physical uniqueness, it can be argued that optimisation of
n(r) is not essential. The practical difficulties associated
with Lagrangian multipliers can then be avoided by pre-
assigning n(r). Clearly, some criterion must be established
to assess suitability of n(r) distributions. The present
approach views the solution as an error minimising process,
ineqg. 10.41 and eqn. 10.42. The solution performance and
outcome are therefore expected to reflect the relative mag-
nitudes of the two errors involved : the constitutive error
A, and the gauge error Ag. In effect, the multiplier n(r)
acts as a weighting factor; to ensure both physical accuracy
and solvability, n(r) must be so chosen that neither error
dominates, locally or globally, to an extent that renders
the other error negligible, and hence invisible to the

solution process.

Now, of the various terms in A, the one most directly
comparable to Ag is ¥Y(B); in linear isotropic media, egn.
2.8b for ¥ and egn. 10.8 for B yield

¥y = 3$<v VxA , VxA> (10.47)

R

There is, of course, a fundamental difference between ¥ and
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Ag ¢ the former is an energy, while the latter is an error
that tends to zero as the exact solution is approached. 1In
a numerical context, however, the comparison suggests that
the choice of a suitable multiplier n can be guided by the

corresponding reluctivity v
n(r) « v(r) (10.48)

In anisotropic media, the determinant . of the reluctivity

tensor may be used!®™* .

Increasing the factor of proportionality in 10.48
causes the gauge condition to dominate the solution;
decreasing it causes physical accuracy to dominate, which,
of course, is preferable. At both extremes, the solution
equations become ill-conditioned and, ultimately, unsolvable
as one requirement or the other is totally lost. This
provides the error approach interpretation of the ill-
conditioning associated with the method of penalty

functions 10-5®

, which assigns a constant value to n through-
out the region R : according to the present argument, the
same n cannot be a suitable choice for regions of widely
differing reluctivities, such as iron and air. A better

choice, according to 10.48, is to set
n{r) = v(r) (10.49)

as proposed by Coulomb!™ and Chari et al.®’ . It is noted
that Et(B) reduces to the vector Poisson formulation of
reference 10.7 for isotropic, piecewise linear regions.
Both references 10.4 and 10.7 report satisfaction with the
resulting formulation, which supports the above justifica-

tion of proportionality 10.48.

But the present error-based argument goes somewhat
further. It suggests that accuracy can be improved by
choosing a smaller value for n(xr) to increase the weight of
the constitutive error A relative to the gauge error Ag.

The best course is to make 1n the smallest fraction of v that
retains well-conditioned solvability. Test runs to estab-

lish a suitable range for the fraction can start from the
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equality in 10.49. It is noted that any definition of n
that differs from 10.49 introduces an integral of the form
<(n-v)VeA , VeA>p into the functional proposed by Chari

et al.!™” , and hence modifies the corresponding vector

Poisson formulation.

10.4 Numerical solvability

The weak formulation of sec. 10.3 is based on Et(B)
which extends the physically derived B-system functional
Z(B) to include the gauge error Ag; solvability of the
numerical extremisation of Z_(B), eqn. 10.46, is guaranteed
by the uniqueness of the analytic vector potential that the
solution approximates. There is an alternative, explicit,
approach : Z(B) itself is extremised, egn. 10.18, with
solvability enforced through numerical over-specification
of the trial functions. This section discusses three

treatments that adopt this second approach.

Csendes at al.'™ enforce the unique vector potential
defined in egqns. 10.27-29. In particular, the numerically
over-specified trial functions for A are constructed to
have zero divergence, eqn. 10.27, by using projection
operators to filter out divergent behaviour from standard
finite element shape functions. In effect, the method
over-constrains the trial functions, and minimises the
constitutive error; in contrast, the weak formulation of
sec. 10.3.2 allows freer trial functions, but minimises the
total error At rather than the physically based constitutive
error A. Relative accuracy of the two methods may be
assessed by extrapolating the argument following propor-
tionality 10.48 : by enforcing the divergence condition
exactly, the explicit method effectively gives the gauge
error Ag infinite weight relative to the constitutive error
A : the latter is minimised only after the former has been
set to zero exactly. This viewpoint suggests that the
accuracy of the explicit approach is generally inferior to
that of the weak formulation.
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Demerdash et al.!”® - enforce a unigue vector potential
whose definition differs from the general analytic one of
egns. 10.27-29. The definition applies to the numerically
over-specified distribution : the region is discretised
into finite elements having planar facets, with A constrained
to vary linearly in space within the individual elements.
Moreover, A is continuous across element interfaces, so that
the continuity conditions of eqgns. 10.28 are retained.
Lastly, the boundary S includes a section SA composed of at
least two non-coplanar sub-sections sharing an edge, on
which A is pre-defined completely :

on 5, G S, A=A, (10.50)

where A, is known, usually zero. SA must belong to Sba'
egn. 10.33a, since pre-definition of A implies pre-defini-

tion of n XA.

The proof of uniqueness of the discrete vector poten-
tial thus defined!®™¥ is valid, although not general :
firstly, it requires the physically-defined boundary section

Sba to include a suitably angled sub-section S secondly,

7
the mechanism of the proof places rather subtlg restrictions
on the topolegy of the finite element discretisation.
Provided these minor restrictions are observed, the resul-
ting numerical formulation is solvable. The absence of
a divergence condition is of no consequence; computed
results indicate that div A has no fixed pattern'®“. It
thus appears that eqns. 10.27-29 are not strictly necessary,
although certainly sufficient, to define a vector distribu-
tion wuniquely. Indeed, the first three specifications of

vector uniqueness in sec. 3.4.1 were assumed and not derived.

Clearly, this treatment lacks the generality of the
weak formulation of sec. 10.3.2, the main restriction being
its limitation to first order finite elements. Within this
restriction, however, the explicit method appears to bhe the
more accurate one since it corresponds to a minimisation of
the physically-based constitutive error A, rather than the

total error At as in the weak formulation. The comparison
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is not quite straightforward : although both solutions use
the same trial functions and impose the same essential
boundary condition on g><§|sb  they are constrained by
different inessential boundary conditions. The explicit

method imposes

c . i =
on S, S, : n*A =0 (10.51)
leaving A completely unconstrained on Sh‘ The weak formu-
lation, on the other hand, imposes
on S, - US, ¢ n+A =20 (10.52)

ba’ which includes SA'

The influence of the differing constraints on accuracy is

and leaves n * A unconstrained on S

not obvious, although probably small.

The third treatment circumvents the question of unique-
ness altogether by addressing solvability directly : a non-
singular, and hence solvable, matrix is extracted from the
singular one generated by the minimisation of Z(B) in

egqn. 10.18. Davidson and Balchin!®!?

implement this method
using network theory techniques, which are directly appli-
cable to the discrete network representation they have

developed. The method minimises the constitutive error A,

rather than the total error A without explicitly over-

'
constraining the trial functigns; its accuracy would there-
fore be expected to compare favourably with that of the
weak formulation of sec. 10.3.2. It is noted, however,
that accuracy is not necessarily the same for all possible
sets of linearly independent equations that can be extrac-

ted from the original singular matrix.

10.5 Conclusions

The present error-based approach 1leads to a general
framework which accommodates most of the methods used to
implement vector potential solvability. The constitutive

error A, and its extension into a total error A provide

tl
a useful criterion for comparing alternative treatments.
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All the treatments considered are valid, i.e. consis-
tent with physical specifications and solvable.
Analytically-based solvability, sec. 10.3, has the advantage
of generality, as it does not presuppose a particular method
of numerical implementation. Numerically-based solvability
is, by nature, more restrictive, but tends to be more

accurate.

The error-based interpretation of formulations that
enforce the divergence condition weakly, sec. 10.3.3, leads
to a degree of generalisation, a natural assessment of

accuracy, and a suggestion for improvement.

The presentation highlights the distinctions between
the essential requirements of physical uniqueness of fields,
and the inessential requirements of computational unique-
ness of potentials. In particular, the specification and
imposition of essential and inessential boundary conditions
were reviewed in some detail. Moreover, non-divergence of
the vector potential was found to be neither essential nor
physically significant as had been suggested!®¥? | Methods
that do not impose a gauge condition are equally valid
as , and possibly more accurate than, methods that do:;

section 10.4 .
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CHAPTER ELEVEN

Time-varying problems

11.1 Introduction

The process of solving a given electromagnetic problem
is one of imposing its various specifications on the fields.
The constitutive error approach enforces Maxwell, continuity,
and boundary conditions explicitly, and minimises the error
to enforce constitutive relationships weakly. This basic
concept, introduced in sec. 3.5 for static models, is equally
applicable to time-varying problems. Its implementation

involves two major extensions relative to the static case :

(i) As Maxwell's equations regain their general time-varying
forms, the specifications of sec. 3.4.1 become inadequate
to define physically unique fields. The extensions
involved are considered briefly in sec. 11.2 in conjunc-

tion with Appendix I.

(ii) A given static problem relates to one material property,
and is classified accordingly : magnetostatic, electro-
static, or d.c. conduction. A time-varying problem, on
the other hand, relates to two, or possibly all three,
material properties. The corresponding constitutive
relationships may be enforced simultaneously by mini-
mising a suitably weighted combination of the individual
errors. Sec. 11.2 constructs a general total error, and

relates it to the requirements of uniqueness.

The bulk of the present chapter, sec. 11.3, is devoted
to the extraction of complementary and dual eddy-current
formulations from the corresponding total constitutive
error. High frequency formulations are considered briefly

in sec. 11.4
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11.2 The general time-varyving problem

Maxwell's equations and the constitutive relationships

group the electromagnetic fields into H- and E-systems :

H-system :

fes]
[

, D (11.1a)

14

E-system : E, B (11.1b)

Associating Maxwell's equations with their respective sys-

tems, we have for the H-system

VxH=4J+ pD, Veph =~V +J=pp (11.2a)

nxAH = K ’ ne*ApD = -n°* AJ = po (11.2b)
and for the E-system

VX E = - pB ’ VeeB=20 (11.3a)

nxAE = 0 ’ n+AB =0 (11.3b)

The general structure is shown in fig. 11.1. The fields are
related in pairs by the constitutive relationships, egns.
3.2, 3.7, and 3.12 of sec. 3.2.

&)

H-system E-system

Fig. 11.1 General structure of time-varying systems.
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The conditions of physical uniqueness may be derived
by postulating two sets of fields as in sec. 3.4.1.
Provided that the constitutive relationships retain property

1 of sec. 2.2, we can write

0 = W' = <6H , 6B

with (11.4a)
0=W' <> 6SH=0 and 6B = 0
0 = W® = <6p , SE>,

with e (11.4b)
0 =W <=> 6D = 0 and JE =0

and
0= wh - <63 , SE>p

with £ (11.4c)
0 =W => 6 =0 and JE = 0

The required conditions are those which ensure that all
three W's vanish. As each of the W's is positive, we can

work with their weighted sum W :

wo= 8™ + gSwe + pfpTuf (11.5a)

(@]
IA

with

0=wW <> w'=0, w=0,and w =0 (11.5b)
where Bm, Be, and Bf are suitable positive coefficients.
The time integration of Wf is necessitated by the physical
units; if W" and W® are differentiated instead, positivity
of the resulting sum cannot be guaranteed. Appendix I

sketches a general derivation of uniqueness conditions.

If the constitutive relationships retain property 2 of
sec. 2.2 as well, instantaneous constitutive error

densities can be defined as follows :

0 = A" = ™) + v™(B) - ¢™(H,B) (11.6a)
with

0=2" <> B=uH+B_ and H = vB+H_ (11.6b)

0 = A% = x%(E) + v%(D) - ¢®(D,E) (11.7a)
with

0=2% <> E-=¢ D and D = ¢E (11.7b)

and
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0 = Af = xf(g) + wf(g) - gf(g,g) (11.8a)

with

0=2f <> E=-p7 and g = cE (11.8b)
Am, Ae, and Af are the magnetic, electric, and current flow
error densities, respectively. Their volume integrals over
R yield the global errors Am, Ae, and Af. The constitutive
relationships can be imposed on the fields by minimising the

errors
0=6\"(H,B), 0=6A%(D,E), anda 0=dr%(3,E) (11.9)

Under static conditions, the individual equations can be
solved independently of each other as in previous chapters.
Under general time-varying conditions, on the other hand,
Maxwell's equations interrelate the fields so that the
three equations must, in principle, be solved simul-
taneously. As each of the errors is positive, we can work

with their weighted sum A :

£f -1,f

0 = A = a™™ + a2 + atp 2 (11.10a)

A

with £
<=> AN"-0, A® =0, and AT =0 (11.10b)

1]
-

0

where am, ae, and af are arbitrary positive coefficients.
Simultaneous solution of the three equations in 11.9 can

thus be effected by minimising the total error :

0 =36A (11.11)

Substitution of egns. 11.6-8 into 11.10a yields the

initial composition of A

A(H,E) = ©(H) + E(E) - T(H,E) (11.12)
where
0(H) = o™™(H) + o®¥®(D) + ofp Tef(g)
2(®) = o™™(B) + o®x%(E) + ofp 'xf(E)
I(H,E) = o™2™(H,B) + o®2%(D,E) + o'p 'zt (3,B)

: f -1
= o™<H , B> + Ote<2 ’ §>R + 0 p <J, §>R

We note the kinship between W in eqn. 11.5a and I'. The
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former must be zero for uniqueness, while the latter must
be split between the H- and E-systems for separate , and
independent, solution formulations. In general, complete
decomposition of I', and hence A, is not guaranteed even for
well-posed problems with independent H- and E-system boun-
dary and continuity conditions. Such guarantees apply only
to the static case, sec. 3.5. Their absence from the
general time-varying case can be traced to the volume terms
of the time integral of egn. I.7 in Appendix I : there can
be no step in the decomposition of T' that corresponds to

their elimination from W as in egn. I.8.

The total constitutive error in its general form of
egn. 11.12 is of limited practical use. In most applica-
tions physical conditions and/or justifiable assumptions
simplify Maxwell's equations and the corresponding compo-
sition of A. In particular, Af does not arise in non-
conductors, and A€ can be negligible at sufficiently slow

time variation.

11.3 The eddy current problem

Under quasi-static conditions, the displacement
current pD can be neglected, which reduces the H-system

equations 11.2 to

VxH=J , VeeJd=0 (11.13a)

nxAH = K ' n*AJ =0 (11.13b)
The H-system potentials are defined by

H=T - VQ ’ J=VxT (11.14)

Discontinuities in T and ! are related as in sections 3.4.3
and 3.4.4.1 (with G replaced by T). The E-system equations
11.3 are unchanged

<
X

|t
1}

- PB ’ Ve B=0 (11.15a)

=]
X
>
tq
]
[}
o

0 , n e+ AB (11.15b)

The E-system potentials are defined by
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|t
1]

- PA - V¢ '

|
1

V x A (11.16a)

0 = Ad , 0 = nxAA (11.16b)

The two systems are related by the magnetic and conduction

constitutive relationships

o
[

UE“‘EI. '

Jss
]

VB + H (11.17)
= =c

E = pJ , J = COE (11.18)

Fig. 11.2 shows the structure of the eddy current problem.
Fig. 11.3 shows the general division of the over-all region
R into an eddy-current sub-region R1 and a specified-

current sub-region R2

R=R UR r R

1 2 NR, =0 (11.19)

Denoting the bounding surfaces of R, R and R, by S, S

1’ 2 17

and 82 respectively, we can write

511 =S N S1 ’ 822 =S N 82 (11.20a)

. S1 = S11 U S12 ’ 82 = 822 IJS12 (11.20b)
an

S = S11 U 822 ’ S12 = S1 n 82 (11.20c)

R1 refers to conductors where currents can be induced. R2
includes source conductors where currents are specified,
d=Jg and §==§S, as well as current-free parts, J=0. The
current-describing vector potential T is pre-defined in R2.
The presentation will be restricted to the following
set of common boundary specifications, although the analysis

can be extended to accommodate a wider range :

on S12 : n+Jd =20 (11.21a)
on S, : nxXxH=h=0 => n*Jd =20 (11.21Db)
on S, : n*XE=g => nXA=a, ¢ = constant (11.21c)
on Sh2 : nXH=nh (11.214)
on §,,: n°B = b => nxA = a (11.21e)

=3

e, b, and a are pre-defined, usually zero. Moreover
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—H

A
Iy

H-system

E-system

Fig. 11.2 Structure of the eddy-current problem, including
potentials. H. and B, omitted for clarity.

R2: specified
current

12

eddy-
current

Fig. 11.3 Region partitioning in the
eddy-current problem.
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S =S

11 h1 U S

el ! Sh1 n Se1 =0 (11.22a)

and

S

$32 h2

U s

s =0 (11.22b)

b2 h2 0 Sp

The boundary condition on S12, egqn. 11.21a, arises from the
continuity of n*J in eqns. 11.13b. If the eddy current

region R, is wholly enclosed by R we have

1 27

S, = 512 , S11 =0 (11.23)

and the conditions on S and S .,
h1 el

irrelevant. Otherwise, Se1 usually denotes conductor ter-

minals connected to the external circuit, with either vol-

egns. 11.217b and c, are

tage or current pre-defined, and S denotes a plane of

h1
symmetry parallel to current flow. The boundary conditions
on Sh2 and sz, egns. 11.214 and e, arise from symmetry, or

approximate far boundaries, as in the magnetostatic case.

The total constitutive error A includes a magnetic

error in R, Ag, and a current flow error in R1, A;1. Thus,
egns. 11.10 simplify to
_ -1,£
0 = A = AR + ap AR1 (11.24a)
with
0=h <= A"-0 ana AL -0 (11.24b)

R R1

No loss of generality is incurred by having set am=1.
Exclusion of the electric error AS may be based on the
assumption that the electric constitutive relationship bet-
ween D and E is satisfied exactly, or that, in an approximate
solution, 7S is negligible compared to the retained errors,
A™ and Af. The current flow error in R Agz,
zero. Physically, the electric field E is indeterminate in

is identically

non-conducting sub-regions of R computationally, E in R2

2;
is irrelevant to the solution.

The initial composition of A can be obtained by sub-
stituting the volume integrals of egns. 11.6a and 11.8a
into 11.24a; we can then write

A(H,E) = @O(H) + EO(E) - FO(H,E) (11.25)

where
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m 1 £
= _ g -1 £
S -1 £
FO(H,E) = ZR(E,E) + ap ZR1(J,E)

We now seek to split A between the H- and E-systems by
decomposing the coupling term Fo. Recalling the general

definition of Z in egn. 2.11, we can write

I (H,E) = <H,B>p + ap ' <J, E>

R (11.26)

R1

Substituting for B and E by the E-system potentials A and ¢
according to eqns. 11.16, and applying vector identities

and the divergence theorem :

-1
To = <H, VxA> - ap ' <J, pA+ Vo>,

<VxH,A>, + [EXAEIA]S]{" [nxH, Al

R S

-1
-ap  (<I,pA>Ry - <V-J,0¢>r, + [n-J, 0lg,)

Substituting from the H-system equations 11.13 for V xH,
VeeJ, and nx AH, and from the boundary conditions 11.21 into
the boundary integrals :

FO = <_‘ls 1A>R2 + <£I_A_>R1 + [KS'A]S}{ - [hlé]Sh

1<z, pa>g, + op”'] o1

+ [EIQ]Sb - ap
Sel  (11.27)
where

U s

U Sy v Sy, = Seq b2

b

and the summation is over the terminals of the conductor R,j
¢ and I denote the voltage and current inflow at the indivi-
dual terminals. The ¢I products account for external cir-
cuit connections; they decompose readily if either voltage
or current is specified. External connections through impe-
dance may possibly be treated by defining an extended error

as in sec. 6.7.2.

Substituting egn. 11.27 back into 11.25, and

rearranging, we can write
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A(H,E) = ©(H) + 2(E) - T(H,E) (11.28)
where

O(H) = X0 (1) +ap ¥, (I)-[H,als,-op” ' 11O

Z(E)

U}

m -1,f B e
‘PR(E)'<QS IA>R2+0‘p XR1 (E)'[ES 'A]Sk"’[glélsh‘ap zId)
'(H,E) =<J, A>R1 - p_1 <Jd pA>R1

® and I denote specified voltages and currents, respectively,
on the terminals of R1. Egn. 11.28 represents the final
stage of general decomposition of A; strictly, no further
decomposition is possible as explained following egn. 11.12.
However, solution formulations can be extracted, although
they do not correspond to a strict minimisation of the
constitutive error A. Harmonic and transient formulations
will be derived in sections 11.3.1 and 11.3.2 respectively.
The multiplying factor o and the limits of the time integral

will be shown to have prominent roles.

Having verified the separation of the boundary and
current-sheet integrals in 11.28, we shall ignore them for
simplicity. Further derivations will therefore be restric-

ted to the following versions of O, %, and T :

_ -1 £
O(H) = XD(H) + ap ' ¥i () (11.29a)
S(E) = Y™(B) - <J_, A>p, + ap ' XL (E)  (11.29b)
< R'Z s ' £7R2 P g2 :
T(H,E) = <3, B>, - ap | <J , pA>R, (11.29¢)

The coupling term I', which will be the focus of our atten-
tion in the following sections, is unchanged from 11.28.
The boundary integrals can always be reintroduced into the

resultant formulations.

Egns. 11.28 and 11.29 express A in what may be referred
to as a primal form. An equally valid dual form can be
derived by using the H-system potentials @ and T to decom-
pose FO in egn. 11.26. Potential discontinuities at con-
ductor surfaces and cuts make the dual form rather awkward
to work with in a treatment that aims at generality. We

shall therefore consider the primal form only.
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11.3.1 Steady a.c. conditions

Steady a.c. conditions, where all fields vary sinusoi-
dally at the supply frequency, can arise only if all material
proverties are linear. Therefore, the present treatment
assumes linear magnetic and conductive constitutive relation-
ships. According to property 2 of sec. 2.2, linear constitu-

tive operators are symmetric. Thus, for example

x(H) =3<pH , H> and <uH > =<uH > (11.30)

H, , H

2 2+ Hy

Components of harmonic fields and potentials are
represented by '

u(r,t) = 4(r) cos (wt +6(x)) (11.31)

where {i(r) is the amplitude, 6(r) the phase angle, and gy

the angular frequency. u(r,t) may also be expressed in

the form
u(r,t) = = (uc(r)ejwt + u*(r)e—jwt) (11.32a)
=1 ‘/5 = = .
= /2 Re { uS(x) eIWt (11.32b)
where
uC = 6%/ /2 ana u* = 6%/ 2 (11.32¢)

u€ is the complex phasor associated with the instan-
taneous u; u* is the complex conjugate of u®. The instan-
taneous value of the product of two sinusoidal variables u

and v is given by

ﬂ(£'t) = <u(£rt) IV(Ert)>
= () + nC(p)e?I0t 4 gpx(prem It
= nS(x) + Re{ nS(r) 230ty (11.33)
where
n° = 3( <u®, v¥> + <ur, v%)
= Re <u~ , v¥> = Re <u* , v >
nc = <u€ ,Vc> and n* = <u*, v¥*> = (nc)*

The product n has a time-invariant component ns, and a

double-frequency component whose associated phasor is nc.
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Ineqg. 11.24a and eqgn. 11.24b apply to the instantaneous
constitutive error A(t). As N and its components 0, Z, and
I'in egqns. 11.28 and 11.29 are sums of products essentially
similar to n in egns. 11.33, they will each have time-

invariant and double-frequency parts. In particular
P(t) = I'S + 3T%2I9 | 1rxe=230t (11.34)

Using egns. 11.32 to represent J(r,t) and A(r,t) in egn.
11.29c for I'(t), performing the algebra, and collecting

terms, we find

IS = Re { (1 +jowt)<I® ) A*>g, }

FC

(1 - ¢ sinwT (sin wT - Jj cos wT )]<QC ’ AC>R1
(11.35)

where T = t-—tO is the interval of the time integral of

Af in egn. 11.24a. No values have, as yet, been assigned

to a and 1; the choices are restricted by
a >0 and T >0 (11.36)

to ensure positivity of the instantaneous error A(t) as
in ineq. 11.24a. Clearly, TS cannot be eliminated, or split
between the H- and E-systems, for any combination of values
for @ and 1. TS on the other hand can be eliminated by
choosing

a = 1 and wt = m/2 (11.37)

Subject to ineq. 11.36, this is the only combination of
o and T that sets the coefficient in the expression for

I in 11.35 to zero.

As already noted, the total constitutive error A can

be expressed in the form

At) = AS + 32Ce2IWt , ypxem2d0t (11.38a)

S

7S 4 Re { A€ e2T0E, (11.38b)

Using egns. 11.32 to represent the fields and potentials in
egns. 11.29, performing the algebra, and collecting terms,

. . . S
we can express the real, time-invariant component A~ as
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AS = 0%¢(r) + =5(E) - I'S(4,E) (11.39)
where

0% - %WEC p H¥>p + %<OQC r I¥>R4

=S 1 c (3 c c

£7 = 5<VB", B*>p + 3<OE” , E*>g, - Re<d_, A*>p,

IS = Re{ (1 + jwg) <3%, A*>g. )
and

E = a1t (= 1m/2w)

With @ and T as in egns. 11.37, the complex phasor Ac,
corresponding to the double-frequency component of A, can

be expressed in the form

A = 0%(H) + =%(E) (11.40)
where

o] 1 c c 1 o] o]

- 4« > — < >

S ZUE + H R+2]w pd s d R4
and

~C 1 c c 1 c c C c

£ = VBT BTp + 3SOE S ETPRy - < s ATPR,

The above results can be expressed in two-part nota-
tion where the general harmonic variable of egn. 11.31 is

represented in the form

ulr,t) = /2 (u'(r) coswt - u(r) sinwt ) (11.41a)
where
u = GcosB/ V2 and ul = isin6/ /2 (11.41b)

u’ and u' are real variables. The product in eqn. 11.33

can also be expressed in two-part notation :

n(x,t) = ns(g) + nr(g)COSZwt - nl(g)sinZwt (11.42)
where
n® = <u’, v'> + <ut, vi>
nt = <uf, vh> - <ut, vi>
and . . .
oo T, vl o+ <ol oFs

Respective comparison of egns. 11.41 and 11.42 with egns.
11.32 and 11.33 leads to

u® = wF+3ut and  n€ = nf +9n (11.43)
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c r i
u , u, and u- correspond to the root mean square value of

the instantaneous variable u, while nc, nr, and n1 corres-
pond to the peak value of the instantaneous product n. The
complex functionals in egns. 11.38 and 11.40 can be ex-

pressed in two-part notation

A€ = AT 4 gt (11.44a)
o = oF + jol (11.44b)
=€ = g% 4 5z (11.44c)

Substituting for the variables and products in eqgns.
11.38-40 by their two-part forms of eqns. 11.43, and collec-

ting terms according to egns. 11.44, we can write

At) = AS + AT cos 2wt - A sin 2wt (11.45)
A°(H,E) = 05(H) + =S(E) - I'S(H,E) (11.46)
where
es _ 1< af ufs 1< Hi Hi> §< Jr 35> §< Jl Ji>
= Z<uHf ,H R"’EU__ 2 R+2 eJd ,J R1+20 < “R1
=S 1 r . r i i & r .r & i i
=° = §<v§ ,B >R.+_<v§ B >R.+2<o§ ,E >R1'*2<°§ E >R1
..<£§,Ar>R2..<g;,él>R2
S r . r i i r i i .r
I =<Jd,A >R1 +<J,A >R1 +wg<Jd ,A >R1 - wg<J ,A >R1
AT(H,E) = oT(H) + ET(E) (11.47)
where
r _1 r .r. _1 i 1 .r i
0" = §<U§ H >R §<u§ H >R-+w<pg Jd >R1
~r _ 1 r .r 1 i i 1 r i
ET = 5<vB7,B">p - 5<vB7,BT>p +E<OE 'E7 >Ry

AY(H,E) = 0% (H) + =1 (E) (11.48)
where
i r _.i 1 r i i
= < - — —_
© HED B> p - 5pPd g "Ry Y35 PL 1L PRy
=1 _ r i 1 r .r 1 iLi
EY = <VB",B >p - 55<0E ,E >R, +5-<0E ,E >g,
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Having derived the expressions for the constitutive
error A(t) and its various components, we are now ready to
consider solution formulations. It is emphasised that
although the derivations employed the theory of complex
numbers, A(t) itself is real, instantaneous, and, indeed,

non-negative. From egns. 11.38, 44a, and 45, we can write

i
A(t) = A% + |A®] cos (Zwt-rtan-1-%;) (11.49)
where
: 1
IACI - ((Ar)z + (/\1)2)2
According to ineq. 11.24a then
AEy 20 = A%z |A°] z o0 (11.50)

The above relationships are illustrated in fig. 11.4. From

0 Lé—————n/w-———*4

Fig. 11.4 The constitutive error as a function of time.

egqns. 11.24b and 11.38, we have at the exact solution

(o

A(t) =0 => AT =0 and A" =0 (11.51)

According to egns. 11.11 and 11.45, the constitutive error

is minimised by solving
0 = SA(t) = SA° + (8AT) cos 2wt - (6AY) sin 2wt (11.52)

orx
0 = §A° (11.53)

and 0 = oAt (11.54)
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Egns. 11.54 can be combined using eqn. 11.44a :

0 = AT + j AT

s§AC (11.55)

The constitutive error approach thus identifies two distinct
variational principles, one based on the time-invariant
component, egn. 11.53, and the other on the double-frequency
component, egns. 11.54 and 11.55. We shall now examine the

two principles and the solution formulations they generate.

As the time-invariant component A® is non-negative,
ineg. 11.50, its stationary point in egn. 11.53 is a strict
minimum. As it stands, however, egn. 11.53 does not yield
independent E- and E-system solution formulations because
A% does not split between the two systems, egns. 11.39 and
11.46. Such formulations can only be derived from an
approximate minimisation of AS. Appendix J outlines the
procedure involved, and, by way of example, extracts the

following E-system formulation :
0 = 6<vB®,B*>_ - Lin<oE®,8E*>R. - Re<aC,8A%> (11.56)
2 ='= "R w = r°=""Rq Ss'P=""R3 -

The right hand side, specifically the second term, cannot
be integrated to produce a functional. Egn. 11.56

corresponds to solving
0 = 60°% - Re<oE®-3%,6E%>R, - +Im<oE®-3%,6E%>r,  (11.57)

as an approximation to egn. 11.53. 1In exact analysis, the
additional term with A®in.11.57 is set to zero as a redun-
dant over-specification, sec. 5.2.2, since the solution is
expected to impose the conductive constitutive relationship,
egns. 11.18, exactly. In numerical analysis, on the other
hand, egn. 11.56 describes an approximate formulation that
lacks a minimum principle. Other formulations can be

derived from alternative approximations of egn. 11.53.

Alternatively, independent E- and E-system solution
formulations can bhe obtained from the variational principle
corresponding to the double-frequency component, egns.

11.54 and 11.55. No assumptions or approximations are
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needed because AS, AT, and At separate completely into H-
and E-system functionals, egns. 11.40, 47, and 48, resulting

in the following complementary solution formulations :

0 = 60F(H) , 0 = 82T (E) (11.58)
0 = sot(m) , 0 = 621 (k) (11.59)
0 = 60%(H) , 0 = 62°(E) (11.60)

Unlike AS, and indeed A(t), AF and A' can be either positive
or negative. It follows that variational principles based
on the double-frequency component of the constitutive error,
egns. 11.54, 55, and 58-60, represent mere stationarity and
are not extremal. The © and Z functionals correspond to the
double-frequency component of system energy. Each is

a convex-concave (or concave-convex) saddle functional*! ;
@r(H), for example, is convex with respect to gr and concave
with respect to gi, egn. 11.47. At the exact solution we

have, from egn. 11.51,

0 = AT = oF 4+ =T => ot = _=*f (11.61a)
0 =AY = 0t 4=t => ot - =t (11.61b)
0 = A€ = 0% 4 =€ => 0¢ = -=°€ (11.61¢c)

In the numerical formulation of static problems, it was
possible to state that the solution picks out the field
distributions corresponding to the minimum constitutive
error for the given numerical over-specifications or con-
straints. 1In the harmonic eddy-current problem, such a
statement would apply to the true minimisation of the time-
invariant error A° in egqn. 11.53, which requires simul-
taneous solution of H- and E-systems. The statement does
not hold for formulations based on approximate minimisation
of As, eg. egn. 11.56, or on the non-extremal double-
frequency component, egns. 11.58-60. Moreover, energy
bounds are not defined : A° does not split between the H-
and E-systems, while Ai and AT are not guaranteed to be
non-negative. The constitutive error, on the other hand,

is always defined and computable.
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The analysis and derivations presented in this section
indicate that the constitutive error approach is an effec-
tive tool for constructing complementary and dual formula-
tions of the harmonic eddy-current problem. Perhaps more
importantly, the approach provides an interpretive frame-
work, in terms of steady and double-frequency error compo-
nents, that can accommodate various formulations. Appendix
K, which outlines alternative derivations of complementary
formulations, shows that Hammond's approach!"? corresponds

to the steady error, while Fraser's!®

corresponds to the
double-frequency error. The Appendix further shows that
the present error-based approach is in agreement with their
respective solution formulations, but not with the complex

power and energy functionals they propose.

11.3.2 Transient conditions

The transient problem starts from known initial field
distributions; subsequent time-dependence of the fields is
not known. Egn. 11.28 expresses the instantaneous constitu-
tive error A(t) which does not split into independent H-
and E-system functionals : the coupling term, T in eqgn.
11.29¢c, cannot be split or eliminated. The solution can

still be obtained by minimising A(t) :

0 = SA

§O(H) + S6Z(E) - S8I'(H,E) (11.62a)

= GH + GE (11.62Db)

where, using eqgns. 11.29,

t
6y = <u§+§r,6§>R+aJ <pd,8J>g,dt
to
t
..<§,6g>R1-+aJ <pé,6£>R1dt (11.63a)
to
t t
GE = <v§+§c,6§>R-aJ <05,V6¢>R1dt-a[ <cE, SpA>R,
to to
t
-<J_,0A>j, - <J,0A>g. +a| <J,SpA>Rr.dt (11.63b)
=s! = R2 =r=" e T 1
o

All variables and products are at time t unless otherwise
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indicated. o and tO may be chosen arbitrarily provided

a >0 and tO < t (11.64)

to maintain the positivity of A(t), ineqg. 11.24a. The
notation GH and GE reflects the absence of corresponding
functionals. Only H-system parameters are varied in GH’
and only E-system parameters are varied in GE. As these
parameters are independent of each other, egn. 11.62b
generates the complementary formulations

0 = GH (11.65a)

and

0 = 6E (11.65b)

In principle, the two equations must be solved simultaneously
due to the presence of the E-system variable A in GH’ and the

H-system variable J in GE.

In exact analysis, the solutions can be uncoupled by
introducing redundant over-specifications, sec. 5.2.2, in
conjunction with suitable values of a and to. For example,

we may set
o =1 and t =0 (11.66)
where t =0 is the initial instant at which the fields are

known. Substituting into 11.63b, and performing standard

calculus operations, 6, can be rewritten in the form

E
GE = GEE + GEH (11.67)
where
Spp = <VB+H,OB>p - <Ig,OBR, - <OE, SRR,
t
- Jo <0E,V86>g,dt + <0E - J , 6A>Rq|(_,
and t
(SEH = JO <p(0’§— _J_) ’ 6A>R1dt
It is noted that GWE is free of H-system variables, J £=0
being known. Replacing egns. 11.62 by
0 = 6A - 6EH = 0, + 6EE (11.68)

we obtain the modified complementary formulations
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0 = GH (11.69a)

and

0 = GEE (11.69b)

Egn. 11.69b describes an E-formulation that can be solved
independently. The solution is not associated with a mini-
mum principle because it corresponds to the approximate
minimisation of A in 11.68 rather than its true minimisation
in 11.62. The approximation is justified by the fact that
exact solution enforces the conductive constitutive relation-

ship exactly, so that
GEH =0 (11.70)

can be viewed as a redundant over-specification. Other
formulations can be derived from alternative approximations
of egqn. 11.62. The treatment is similar to that described
in Appendix J for the harmonic case, with egns. 11.56 and 57

as a particular example.

Non-extremal formulations similar to egn. 11.69b can,
of course, be formulated numerically. However, it is more
practical to introduce the approximate minimisation after
A(t) has been discretised in time : the discrete time-
dependence cf the variables may suggest ¢ and to values that
differ from those of the corresponding exact formulation,

eg. eqns. 11.66, as we shall now illustrate.

Fig. 11.5 Time discretisation.
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With time divided into discrete intervals as in fig.
11.5, the solution starts at the first interval, with known
initial fields at t =0, and proceeds forward in steps.

During interval I, where

t. St s t, (11.71)
we choose

t = t. (11.72)

so that the constitutive error of eqgn. 11.24a is now defined
by

m t £
At) = AR(t) + a'[ AR1(t)dt (11.73)

ti-1

The solution may then be obtained by minimising the error
0 = SA(t) (11.74)

at one or more instants, depending on the number of degrees
of freedom associated with the discrete representation of
the variables during interval I. Fig. 11.5 illustrates

zero and first order time functions :

u(t) = ug (11.75)
and
1
vit) = gty -t)vy _;+(E-t; )v.) (11.76)
where
At = t, -t (11.77)

Each of the two functions has one degree of freedom within
interval I : ur in egn. 11.75, and vy in egn. 11.76. V4
in egn. 11.76 is known from the solution of the preceding
interval I-1; thus, during interval I,

§vi 4 =0 (11.78)

With the variables represented by either function, A can be
minimised at only one instant. Any instant other than

t.
i-1
that the choice is not, in general, trivial as it leads to

=to may be selected. We shall choose ti' but note

differing numerical formulations and hence computational

results.
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Let us now use egn. 11.75 to discretise the eddy-
current distribution J and its vector potential T, and use
egqn. 11.76 to discretise all other fields and potentials.
This choice is entirely consistent within the H- and E-
systems individually. The apparent inconsistency between
a constant J and a linear E is legitimate because the
constitutive relationship linking them is not enforced
rigidly, but weakly through error minimisation, egn. 11.74.
It is noted that the magnetic vector potential discretisa-
tion must be at least continuous in time due to the presence
of pA in the integrals of egns. 11.63; thus A, and hence B,
may not be represented by egn. 11.75. With the variables dis-
cretised in time as just described, egns. 11.63 and 11.65

yield the following interdependent complementary formula-
tions at ti :

= <
0 WH,+B_,6H, >, + adt<pd.,8J >R,

-<a§i_1+(1—a)§i,6QI>R1 (11.79%a)
and
0= <VB.+H ,0B.> - 2<0E. .+GE.,SA.>
SiT2erPELTR T2 PRI P21 R

oAt
6 “OBj_q+20E;,0V;>Ry - <I (t,;),0h;>R,

+

+(a—1)<QI,6§_i>R1 (11.79b)
The two equations are coupled through their respective last
terms. The natural choice for o appears to be

which simplifies egns. 11.79 to

0= <uH;+B_,8H,>p + 0t<pJ ,8J >R, - <B; .83 >r, (11.81a)
and
:
0= <VB;+H_,0B;>p - 5<0E; ,+0E;, 07, >R,
At
+85<op, +20E,,6V0 >, - <I_(t,), 62 >R, (11.81b)

Clearly, the choice of ¢ in egn. 11.80 has eliminated the
coupling term from the E-formulation of egn. 11.81b, which
can now be solved independently of eqn. 11.817a. The same
cannot be said of the H-formulation of eqn. 11.81a which
has retained the E-system potential A

j_17 true minimisation
of the constitutive error requires the E-solution of the



257

preceding interval I-1 to be available as input to the H-
solution of 11.81a. Approximate minimisation can be
achieved as follows. Integrating egn. 11.16a, and rearran-

ging, Ai may be expressed by

-1
ti-q

ti-1
A, =A(O)—J Vd)dt-J Edt (11.82)
i1 = 0 0

This is to be substituted for A in the last term of egn.

11.817a. Now A(0) is known from i;itial conditions. The
product involving the ¢ integral can be transformed into
surface integrals over S, where either ¢ or n - I is known.
Assuming A(0) and ¢ are zero for simplicity, egn. 11.81a
can be written in the form

-1
0= <u§i+§r,6§i>R + At<pg1,6gI>R1+ <JO pd dt , 6Q1>R1

G-1
+ <J (E - pJ)dt ,GQI>R1 (11.83)
0

Dropping the last term yields an independent H-formulation
which corresponds to the approximate minimisation

ti-1

0= 6A(ti)"<J (E - pJ)dt ,GQI>R1 (11.84)

0

rather than the true one of egn. 11.74.

Let us next derive the formulations with all variables,
including J and T, discretised linearly in time as in egn.
11.76. Egns. 11.63 and 11.65 then yield the following

complementary formulations at ti :

oAt

O = <uH; +B.,0H;>p + g <Pd; 4 +2pd;,00; >,
1
+ 2<a§i_1-+(2-a)§i ,Ggi>R1 (11.85a)
and
0= <VB, +H ,6B.>. - %<0E + OE.,0A.>
2i T 2c'P=iR T 27021 =j7°23 "Ry
alAt
+ ¢ <o§i_1-+20§i,év¢i>R1 - <gs(ti),6§i>R2
1
+ 5<ad; 4+ (¢ -2)J;, 6A, >R, (11.85b)

Once again, the two equations are coupled through their
respective last terms. In this case, however, no value of

a can make either formulation independent. Let us choose

a = 2 (1'.86)
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This choice assigns more weight to the conductive constitu-
tive error, egn. 11.73, causing a true minimum solution to
cater for the conductive constitutive relationship. Sub-

stitution into egns. 11.85 simplifies them to

At

0= <ull;+B,,0H,;>p +37<pd; _4+20d;,0d; Ry
- <'éi—1 ’ 6£i>R1 (11.87a)
and
_ at
0 = <VB;j+H,,OB;>p - <OE;,0R;>Rq + 3<OE; 4+20E;,0V0; >R,

- <3_(t,),8R, >R, + <J; , - OE, , , A, >R, (11.87b)

As expected, the coupling terms have not been eliminated
completely. Rather interestingly, the two equations can be
solved independently of each other during the current inter-
val I, but each requires the complementary solution of the
previous interval I-1 : the H-formulation of egn. 11.87a

requires the E-system potential éi while the E-formulation

-1
of egn. 11.87b requires the H-system current density gi

For true minimisation of A(ti), the two solutions must plo—
ceed together through time; they can be interleaved since
the equations need not be solved simultaneously at the
individual intervals. As on previous occasions, independent
formulations can be extracted from approximate minimisation.
The coupling term retained in egn. 11.87a is similar to that
of egn. 11.87a, and can be treated in the same way; the
corresponding approximation is that of egn. 11.84 with QI
replaced by gi. Similarly, dropping the last term in eqgn.
11.87b yields an independent E-formulation corresponding to
the approximate minimisation

- 0B

0 = 8A(t;) - <J, E. 4

1 §A. >R, (11.88)

The independent E-formulation extracted from egn.
11.87b is not identical to that of egn. 11.81b despite the
fact that the time discretisation of the E-system variables
is the same in both cases. This is due to the differing
values of o, egqns. 11.80 and 86, in conjunction with
differing time discretisations of the complementary, H-
system variables. 1Indeed, the presentation is intended to

illustrate the range of options available; clearly, these
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have not been exhausted, so that other formulations are
possible. One factor that was mentioned, but not explored,
is the choice of particular instant(s), within the interval,

at which the constitutive error is minimised.

The E-formulation of egn. 11.81b is of particular
interest as it corresponds to a true minimisation of the
constitutive error, yet employs the simplest allowable time
functions : piecewise constant in J, and linear in B.
Higher order polynomials are generally associated with
better accuracy; however, they lead to approximate, rather
than true, minimisation. The degree of divergence from a
true minimum principle is indicated by the variational
statement of the approximate minimisation, eg. egns. 11.68,
84, and 88.

The constitutive error cannot be split completely bet-
ween the H- and E-systems. This has led to the general
absence of minimum principles. It also implies that energy
bounds cannot be defined. The error itself is, as usual,

defined and computable, locally and globally.

The complementary formulations of this section may be
regarded as belonging to a primal set originating in eqn.
11.28, which was derived from the general expression for the
constitutive error using E-system potentials. Use of H-
system potentials for the purpose yields a dual set of

complementary formulations.

11.3.3 Conclusions

The physical specifications of the eddy-current problem
do not allow the constitutive error to split into indepen-
dent H- and EFsystem functionals. This results in the
absence of bounds on energy estimates. Moreover, with the
exception of egn. 11.81b, the solution formulations are not
associated with minimum principles. Minimisation of the
universally positive constitutive error can be regarded as

a reference point from which the formulations diverge by
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varying, and generally identifiable, degrees, eg. eqgns.
11.57, 68, 84, and 88. These equations describe the
approximate minimisations effected by their corresponding
formulations. Alternatively, the formulations may be con-
sidered to effect a true minimisation of the constitutive
error, but with certain complementary fields approximated
by own system estimates, say OE for J, or pd for E. This
simpler viewpoint has the disadvantage of masking the

processes involved in the solution.

The adverse effects on solution accuracy and economy
arising from the absence of a minimum principle may be
countered by refining time and space discretisations to
approach exact conditions where the formulations are totally
justified, egn. 11.70. However, this diminishes the
acknowledged advantage of independent complementary
solutions over simultaneous H- and E-system solutions :
although the latter solve for variables of both systems,
they can do with coarser discretisations because they truly
minimise the constitutive error. This is particularly
significant in cases where the simultaneous solutions are
only loosely interdependent; for example, egns. 11.87 are
solved independently in the individual intervals, as already

explained.

11.4 A high frequency problem

In the absence of conduction currents, Maxwell's

H-system eguations 11.2 reduce to

VxH=pD , V-D=0 (11.89a)

n x AB 0

1]

1]
o

, n e« AD (11.89b)
The E-system equations 11.3 are unchangad

VxE-=-pB ) VeB=0 (11.90a)

n x AE 0 , neAB = 0 (11.90b)

The two systems are related by linear magnetic and electric
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constitutive relationships :

B

uH , H=VB (11.91a)
and

§=E'1Q ' D =¢cE (11.91b)
The following conditions will be assumed on the bounding

surface S

|3

XH=h on S ’ nxE =¢e on S (11.92a)

where
S

1]
0
c
2]
o
1
2]
o
0n

(11.92b)

Fig. 11.6 shows the structure of the high frequency problem

specified by the above equations.

A<

€

'
|
|
|
I
|
|
I
l
I
|

H-system

E-system

Fig. 11.6 Structure of the high frequency problem.

The total constitutive error A(t) is composed of the
magnetic and electric errors Ag and Ag. Thus eans. 11.10

simplify to

(11.93a)
with
= 0 (11.93b)

The errors are instantaneous, and the weighting factor o
is positive
a >0 (11.94)

The two constitutive relationships can be imposed on the
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fields by minimising the total constitutive error
0 = SA(t) (11.95)

The initial composition of A can be obtained by substitu-
ting the volume integrals of egns. 11.6a and 11.7a into
11.93a; noting that the material properties are linear,

we can write

A(H,E) = GO(H) + :O(E) - FO(H,E) (11.96)
where
© (H) = +<un, m>. + %< 'p, D>
o 2 "=T!"="R 2 =r="R
Z (E) = 2<uB, B>. + Z<eE , E>
“o 2 ="'="R 2 " =7"=2"R
I (H,E) = <H,B>p + <D, B>

All fields are instantaneous; as they are sinusoidal func-
tions of time, they will be represented as in eqns. 11.32
of sec. 11.3.1. All products may then be represented as in
egqns. 11.33, being composed of time-invariant and double-

frequency terms.

We now seek to decompose Fo between the H- and E-
systems. From egn. 11.96, we can write

' =T,4+al

o 1 > (11.97)

where

Consider T', first. According to egns. 11.33 :

—
w0
]

(o
Re<H® , B*>_

©.B%

jar ]
Q
"

<
u R

Substituting for B from Maxwell's E-system eqns. 11.90a :

S
FT

Re { 35<H® , VX E*>, }
P? I v x g®>

Jjw R

Applying vector identities and the divergence theorem :

3
0]
n
el
(]
—~—
A
<
X
jas]
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11.89a :
s
I|1
rc
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for VxH from Maxwell's H-system equations

Re<p® , E*>

1
g~ RelsglnxH®, EX]g} (11.98a)

> + =-[nxH®, E®]

= - <
D R Jw =

, E (11.98b)

S

Consider F2 next. According to egns. 11.33 :

s
IS = Re<D® , E*> (11.99b)
c c
ry = <D ,g°>R (11.99b)
Comparing egns. 11.98 and 11.99, we find
S _ S _ 1 c *
ry = T3 Re{jw[g><g , E ]S} (11.100a)
c c 1 c c
F1 = - FZ + jw[g><§ , E ]S (11.100Db)
Substituting egns. 11.98 and 11.99 for F1 and P2 in 11.97,

we can write

s _ c 1 c *
rc = Re{ (¢+1)<D P E¥>p - splnxH P EX¥1g } (11.101a)
o c c 1 c c
ro = (0 -1)<D”, E™>p + g5lnxH", E7]g (11.101Db)

Substituting from egns. 11.101 for Fo in 11.96, and

enforcing the boundary conditions of eqgns. 11.92, the

instantaneous constitutive error may be expressed as

follows
A(t) = AS 4+ 3aCe2IWE | 142wt
. (11.102)
= AS + Re { Acezjwt}

where

S = 0%(H) + =5(E) - r°(H,E) (11.103)
with

S 1 o] a. -1_.c 1 c

S = 5<UE '§*>R+E<€ 2 ’2*>R_Re{j_w[g r_e_*]se}
-S 1 c [0} c 1 c
E7 = 5<vB ,§*>R-+§<€§ ,E*>R-+Re{§a[h ,E*]Sh}
I'S = (a+ 1) Re <D, E*>

and

R
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A€ = 0%(H) + =%(E) - rS(H,E) (11.104)
with
c c c a.  -1.cC o] 1 c c
O7 = Z<uH" , H™>p + 5<e D7, D7>p + 35[HT s 27 s,
=C 1 c c Q c c 1 c o]
= = §<\)§ ' E >R + 5<€§ 'E >R - .j_w[h IE ]Se

r° = (a-1)<p®, ES>

sl

Clearly, I'S cannot be split or eliminated for any
positive value of a, which means that the steady error AS
cannot be decomposed into independent H- and E-system func-
tionals, or energies. Fc, on the other hand, is readily

eliminated by choosing

a = 1 (11.105)

which splits AC, the complex phasor corresponding to the
double-frequency error. This value of a assigns equal
weight to the magnetic and electric errors in egn. 11.93a.
Using it in egn. 11.104, and substituting for D and B from

Maxwell's equations 11.8%9a and 11.90a respectively, we can

write
A€ = 0%H) + 2°(E) (11.106)
with
c 1 c ,.C 1 -1 c C c _C
O7 = B Ep - ggece VXETVxETp ¢ g5lHETe s,
~C 1 c _C 1 c C 1 c _.C
2T = <€EEp - p2VVXELVXED, - gi[hET sy

The real and imaginary parts of these complementary func-
tionals are stationary, but not extremal, at the required
solution, egn. 11.95. Solution formulations can also be
extracted from egn. 11.103, but these correspond to only
approximate minimisation of AS. The derivations will not

be given here because they are virtually identical to egns.
11.49-61 of sec. 11.3.1 on the harmonic eddy-current problem.

The complementary functionals of egn. 11.106 introduce
boundary integrals into those proposed by Ferraril'**. He
avoids boundary terms by associating the functionals with

dual problems having different inhomogeneous Dirichlet
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conditions. Inclusion of the boundary terms in egn. 11.106
allows such boundary conditions to be enforced naturally,

so that either functional can be used with either problem.

The only value of o that splits the steady error A is
a = -1 (11.107)

Using it in egn. 11.103, and substituting for D and B from

egns. 11.89a and 11.90a respectively, we can write

AT = 0T (H) + ET(E) (11.108)
with
05 = 2<puC,H*>_ - o, < 'yxH®,vxH*>_ - Re{s—[EC,e*]g }
2 "= 2R T 2w = rTT2TR Jwt= r="1Se
=5 = %<EEC,§*>R - 5162<W x EC,V X EX>. Re{;—w[gc,g*]sh}

©F and E¥ are real complementary functionals, similar to
those derived by Hammond? Now & in egn. 11.107 violates
the requirement of positivity in ineq. 11.94, causing

egns. 11.93 to degenerate to

02 Ay = Ag - Ag (11.109a)
with
0 = A, <=> Ag = Ag (11.109b)

Clearly, in this case we cannot conclude that A; is

stationary at the unique correct solution where
A" = A =0 (11.110)

Therefore, the constitutive error approach cannot verify

that 0F and E7 are stationary at the required solution.
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11.5 Conclusions

Extension of the constitutive error approach to the
time-varying case is based on summing the relevant errors.
Splitting of the total error depends, to a large extent, on
the relative weights assigned to the component errors, and
on the interval of the time integral of the current flow
error, if included. 1In general, solution formulations are
not associated with minimum principles, and energy bounds

cannot be established.

Steady harmonic derivations are based on the instan-
taneous error to avoid the difficulty of interpreting complex
energies and their stationary points. Appendix K compares
formulations derived here with previously proposed ones :
there is agreement on the fundamental derivations of solu-
tion formulations, but not on the associated energies.

A degree of generalisation may be claimed for the present
approach as it leads to two possible treatments, one based
on the steady component of error, the other on the double-

frequency harmonic component.
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CHAPTEHR TWELVE

Conclusions

12.1 Preview

In this thesis, the solution of electromagnetic field
problems is regarded as a process of minimising the
constitutive error, with the fields constrained to satisfy
Maxwell's equations, continuity conditions, and boundary
conditions. The previous chapters show that the proposed
view provides a unifying framework which leads to systematic
derivation of complementary and dual solution formulations,
and sheds useful light on various aspects of computational
electromagnetics. The present chapter summarises main
findings arrived at in the various topics considered, and

suggests further areas that may benefit from the approach.

12.2 Complementary functionals and solution formulations

Under static conditions, the constitutive error splits
into complementary functionals for well-posed and consis-
tently specified problems. Chapter 6 derives the func-
tionals for a variety of problem specifications, including
certain boundary conditions that had previously been thought
to hinder truly complementary formulations. The only
restriction here is the requirement that boundary conditions
be specified independently for the complementary systems,
although sec. 6.7.2 extends the approach to handle
a particular set of interlinked boundary conditions.

Having split the error completely between the H- and
B-systems, its minimisation is achieved by extremising the

complementary functionals independently of each other,
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which thus provides the complementary solution formulations
sought.

In mixed-potential solutions, and in time-varying
problems, the error does not, in general, split completely
into complementary functionals. In such cases, error mini-
misation provides a reference formulation which, upon the
introduction of additional assumptions, generates
complementary solution formulations. The assumptions
constitute redundant over-specification in exact analysis,
and approximate error minimisation in numerical analysis.
In effect, the solution formulations have no corresponding
functionals, and are not associated with minimum principles.
The derivations of Chapters 9 and 11 reveal the alternative

assumptions available and their implications.

It is emphasised that decomposition of the constitutive
error is achieved by imposing the physical specifications of
the problem on the fields in the universal expression for
the error. 1If, upon exhaustion of the specifications, the
error still has not split completely between the complemen-
tary systems, it may be concluded that independent
complementary functionals cannot be defined for the given

problem.

12.3 Upper and lower bounds

In cases where the error does split into complementary
functionals, their numerical values constitute bounding
approximations to the same global quantity. The latter may
thus be estimated, to a high degree of accuracy, by
averaging the bounds. This can be done in conventional
static formulations where, depending on problem specifica-
tions, the bounded quantity may correspond to energy or
co-energy, or possibly neither. Bounds on lumped circuit
parameters are derived from energy bounds. Although
complementary estimates of circuit parameters are always

available, they do not necessarily bound the exact values
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in non-linear solutions, since their relationships to

energies are not direct algebraic ones.

In cases where the error does not split completely
into complementary functionals, such as mixed formulations
and time-varying problems, upper and lower bounds are not
defined for any quantity.

12.4 Numerical technigques

The proposed approach is particularly suited to
numerical analysis because it acknowledges, at the outset,
an error that has a standard positive form, and is totally
attributable to the numerical constraints on the variables.
Chapter 5 shows that finite difference, finite element, and
boundary integral scalar and vector potential formulations
can be derived as alternative implementations of
constitutive error minimisation. As the error is always
defined and computable, it can serve as a basis for

comparison.

12.5 Error computation

The constitutive error cannot be apportioned between
the complementary systems. It reflects, quantitatively,
the local and global adequacy of the numerical discretisa-
tion. The error tends to be dense in regions of sharp
field changes, be they material interfaces or severely
stepped boundary conditions. At air/iron interfaces, error
in non-linear solutions is less than in linear solutions
because of the reduction in iron permeability; within the
iron, error increases because of the discrete steps in

permeability.

Adaptive mesh refinement schemes may be based on the
constitutive error density distribution; the global error,
which must also be monitored, can be meaningfully normalised

with respect to energy.
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12.6 Complementary field estimates

The computations of Chapters 6 and 7 indicate that
discrepancies between complementary estimates of the field
distributions can be considerable, especially in non-linear
media; this was evident even with generally acceptable
discretisations. Unlike global energies, local distribu-
tions cannot be predicted, to a higher degree of accuracy,
from complementary estimates. However, the B-H plots do
serve to ascribe a realistic level of confidence to

numerically derived field estimates.

12.7 Magnetostatic scalar potential formulations

Chapter 8 suggests that errors associated with reduced
scalar potential formulations may be attributed to the
inconsistency of Biot-Savart pre-defined fields with
numerical discretisation; near-cancellation effects
magnify, rather than cause, the errors. Two-potential
formulations retain a limited degree of inconsistency on
conductor surfaces. An alternative, entirely consistent,
definition is proposed for conductors composed of straight
sections; it is computationally simpler than the Biot-
Savart definition, and results in comparable constitutive

errors for two-potential formulations.

12.8 Mixed formulations

Chapter 9 shows that existing mixed formulations are
based on approximate treatment of field continuity across
the interface separating scalar potential and vector poten-
tial sub-regions. Dual and pseudo-complementary formula-
tions, based on alternative treatments of continuity, are
developed, paving the way for quantitative assessment and

comparison.
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12.9 Vector potentijial solvability

Section 3.4.4.2 and Chapter 10 investigate vector
potential solvability, emphasising the distinctions between
the essential requirements of physically unique fields, and
the inessential requirements of computationally unique
potentials. It is concluded that the imposition of
a divergence condition on the vector potential is not
strictly necessary in numerical analysis, alternative

treatments being equally valid, and possibly more accurate.

Chapter 10 also interprets the weak imposition of
a divergence condition in terms of a gauge error to be
added to the constitutive error; minimisation of the
weighted sum provides the solution formulation. Experimen-
tation is needed to determine the most suitable relative
weights, which are shown to constitute a compromise between

accuracy and well-behaved solvability.

12.10 Time-varying problems

Chapter 11 extends the proposed approach to time-
varying problems by constructing suitably weighted sums
of the constitutive errors corresponding to the relevant
material properties; the weighting factors are shown to
play a prominent role in extracting workable solution
formulations. Complementary formulations are derived for
the eddy-current and high frequency problems. In general,
time-varying solution formulations are not associated with

minimum principles, and energy bounds cannot be established.

Under steady harmonic conditions, formulations can be
derived in two ways. (i) Minimisation of the time-invariant
component of the constitutive error; however, complementary
time-invariant functionals cannot be defined, so that
solution formulations correspond to approximate minimisation
of the constitutive error. (ii) Solving for the stationary

point of the double-frequency alternating component of the
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constitutive error; complementary functionals are defined,
but they are merely stationary, not extremal, at the
required solution. 1In both approaches, derivations are
based on the instantaneous error to avoid the difficulty of
interpreting complex energies and their stationary points.
Appendix K compares complementary eddy-current formulations

derived here with previously proposed ones.
Chapter 11 also derives complementary formulations for

the transient eddy-current problem with alternative time

discretisations.

12.11 Two solutions better than one ?

The argument for performing both complementary
solutions, rather than settling for only one, forces itself
on a number of occasions in the thesis. These are reviewed

briefly here.

Averaging bounds obtained from relatively coarse
discretisations can yield highly accurate estimates of the
bounded quantity, say energy. Such a procedure is more
economical than single-sided estimates, since these would
require highly refined discretisations to achieve

comparable accuracy.

The constitutive error is a comprehensive measure of
numerical inaccuracy, and thus provides a natural basis for
adaptive mesh refinement. Error computation requires both
solutions to be performed.

Combined presentation of complementary computational
results, such as equipotential contours, B-H plots, and
constitutive error density distributions, provides the
designer with a tangible and realistic appreciation of the
confidence level with which to regard distributions of

interest.
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For the purposes of research, where solution economy
is somewhat less critical than in industry, combined
presentation of results leads to deeper insight into the
numerical behaviour of complementary solutions, and aids

in assessing alternatives.

The absence of minimum principles from single-sided
time-varying solutions erodes their acknowledged economic
advantage over simultaneous complementary solutions which
actually minimise the constitutive error; this is
particularly significant in cases where the complementary
solutions are only loosely interlinked.

12.12 Further applications

The constitutive error approach is a powerful tool
that can provide insight into various topics of interest in
computational electromagnetics : solution formulations can
be derived systematically, and alternatives assessed
theoretically and practically. A number of topics that
have been considered theoretically in this thesis may be
further investigated by actually performing complementary
solutions and computing the corresponding errors. These
include anisotropic media, three-dimensional problems,
allernative numerical techniques, mixed formulations, vector
potential solvability, harmonic and transient eddy-current
problems, and high frequency applications. Other topics
that may benefit from the approach would include open
boundary problems, force computations, moving media,
permanent magnets, etc. It may also prove fruitful to
develop the non-linear iteration algorithms suggested in
sec. 7.4; convergence, it has been shown, may be reliably
monitored through the modified, separate system constitutive

errors.
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12.13 The Ligurian

It seems inappropriate to close this treatise without
mentioning that, within the electromagnetics CAD group at
Imperial College, the constitutive error is better known as
the 'Ligurian'. The name derives from the beautiful coast
on the Gulf of Genoa where, some two years ago, the author
began to appreciate the potential of the constitutive error
concept. The term 'Ligurian' has the advantage of
compactness over the more descriptive 'constitutive error'.
This may be quite relevant if the concept becomes accepted

and commonly used.
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APPENDTICES

A. -~ Potential operators and potentials

This Appendix seeks to establish a fundamental impli-
cation of prop. 2 of sec. 2.2, namely that u§+§r and v§+§c
are potential operators; it also derives their corresponding
potentials, X(H) and V(B).

The derivations will be made by analogy with some
familiar concepts from vector calculus. Consider a vector
field F(r), where r is the position vector in a Cartesian
coordinate system ( x, y, z)

r=xa +y Qy +za (A.1)

g gy, and a, are unit vectors in the three coordinate
directions. The line integral

%)
I = j F(r)-dr (A.2)

I,

is, in general, a function of the path between the two end-

points r, and ¢ However, if F(r) is the gradient of some

1 2°
scalar ¢(r), i.e.

F grad ¢ (A.3)

then

2
I = J grad ¢(x) +dr = ¢(r,) - o(r,)

L

and I depends on the end-points only. It is sufficient that

F(r) be irrotational for it to be a gradient; i.e.

curl F(r) = 0 <=> F(x) = grad ¢ (A.5)
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The above results will now be used as a basis for
-analogy. At any point in the given region R, it is possible
to postulate an orthogonal coordinate system ( Ha’ HB' HY)'
so that the field H, given by

H=H, a, + HB ag + HY a, (A.6)

is analogous to the position vector r in egn. A.1 ; a,r QB'

and a,, are unit vectors in the respective directions of the

Y
components H,» HB' and HY' The field u(ﬂ)§+§r is a function

of H, and hence is analogous to F(r). The integral

K,
J = J <u(h)h + B_ , dh> (A.7)
5,

is a function of the path between H, and H, unless u(§)§+§r

1
is a gradient of some scalar x(H), in which case we have

=3
3= | <graa, x , am> = x(#, - x(u,)
H,

J(H, ,Hy) (A.8)

and the integral J depends only on the end-points §1 and gz.
The condition for u(g)ﬂ+§r to be a gradient is given by

curlH(u(§)§+§r) =0 <= u(ﬁ)g+§r = gradH X (A.9)

as in A.5. To see the implications of A.9, the curl
operation is performed as in Cartesian coordinates, and the

result set to zero; this yields

9 ]
—aij(_H_)g)i = —aHi(u(g)g)j
(A.10a)

Noting that u(H) is a tensor (or dyad), A.10a expands to

a 9
How + ) H 2= M., = M., + ) H o= u. (k = a,B,Y)
ij K k aHj ik Jji K k aHi jk

(A.10Db)

Egns. A.10 simply state that 3(u(H)H)/3H is symmetric,
which is prop. 2 of sec. 2.2.
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We thus conclude that for a constitutive relationship

that possesses prop. 2 of sec. 2.2, we can write

u(H)H + B, = gradH X (A.11a)
with
Hy
X(Hy) = X(H,) + J <u(h)h + B_ , dh> (A.11b)
Hy
in accordance with egns. A.7 -9 Similarly
V(B)B + gc = gradB U] (A.12a)
with
B,
W(Ez) = ¢(§1) + f <v(b)b + HC » db> (A.12b)
B
B. Convexity

This Appendix seeks to show that the scalars x(H) and
V(B), derived in Appendix A , are strictly convex for a
constitutive relationship that is strictly monotone, i.e.

possesses prop. 1 of sec. 2.2.

Consider ineqg. 2.2a. Substituting for §1 and B, from

egn. 2.1a

with strict inequality for distinct §1 and gz. Substituting

from 2.4a, and rearranging

<H, - H, , gradH2x> z <H, - H, , gradH1x> (B.2)
where the subscripts H1 and H2 indicate the points, in the
H-coordinate system, at which the gradients are evaluated.
Prop. 1, or, equally well, egn. B.1, implies single-
valuedness, so that u§+§r = gradH)( is a continuous function
of H; this, in turn, implies that x(H) is smooth to at least

its first derivative (C!'-continuous w.r.t. H). The mean
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value theorem may therefore be applied to yield

X(H,) - X(H;) = <H, - H, , gradex> (B.3)
where

H =nH, + (1-n) H, ~with 0 < n <1 (B.4a)
so that

Ineq. B.2 can, of course, be applied to §2 and gm :

<§2 - Em ’ gradH2X> 2 <§2 - Em ' gradeX>

Substituting for (32 - gm) from B.4b :

(1'n)<ﬁz-ﬁ1 ’ gradH2X> z (1_n)<§2_ﬂ1 ’ gradeX>

As (1-n) is positive by definition, egn. B.4a , it is
cancelled out without altering the inequality. Substituting,
moreover, for the right hand side from egn. B.2 , we finally

get
<H, - Hy , grady x> z x(H;) - x(H;) (B.5a)
2

which formally defines x(H) to be convex?®!; it is, in fact,
strictly convex since we have strict inequality for distinct

and H, 2!, similarly, ¢(B) is strictly

field values H >

1
convex with

<§2 - §1 ' gradB2w> 2 w(Ez) - w(§1) (2.5b)

Prop. 1 of sec. 2.2 requires u(H)H+B_ to be a (c-)
continuous function of H; accordingly, the scalar x(H) is
smooth (C!-continuous). If, however, u(§)§+§r is itself
smooth, the mean value theorem can be applied to ineg. B.1
to yield

8_ 5
<H, - H; . 35(11(5)3) . (H, - Hy)> 2z 0 (B.6)

-m

with strict inequality for distinct field values H
As B.6 holds for all H, and H

1 and H

27 and hence for any gm, it

5°
1



279

formally defines the derivative 3(p(H)H)/9H to be positive-
definite. It is recalled that prop. 2 of sec. 2.2 requires

the same derivative to be symmetric.

Similarly, the derivative 3(v(B)B)/9B is positive-
definite if v(§)§+§c is a smooth function of B.

C. The fundamental property of A

This Appendix derives egns. 2.12 which constitute

a statement of the fundamental property of A.

A is defined in egn. 2.10 as
AH,B) = x(H) + W(B) - ¢(H,B) (C.1)

where H and B are estimates that are not necessarily related

by the constitutive relationship, egns. 2.1. Substituting

egqns. 2.8, 2.9, and 2.11 into C.1, and combining integrals :
H B

ME,B) = [ <unsB_,dh> + | <vbem,db> - <H,B>

EC 0 {C.2)

Let us first evaluate the density A(§1,§1) where H., and

1
§1 do satisfy the constitutive relationship, i.e. they are

related by egns. 2.1. In this case

A(H,/,B;) = J <uh+B_,dh> + f <vb+H_,db> - <H,B;>
H 0
=c
Substituting into the integrands from eqgns. 2.1 :
MH,By) = | <b(h),ah> + [ <h(b),db> - <H,B>
H 0
=c
According to Appendix A the integrals are independent of

the integration paths. Since, moreover, both the upper and
lower limits of the two integrals are related by eqns. 2.1,

it is possible to choose paths throughout which h and b are
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related by eqns. 2.1. This allows the two integrals to be
combined :
51 lg‘]
AH,,B;) = | (<, dh> + <h , db>) - <H

H_,0 \

<H,,B.>
d<h , b> - <H

<H_,0>
=—C

Performing the integration, we find

A(H,,B,) = <H, , B,> - <H_, 0> - <H

1

Clearly, then, A is zero for any pair of H- and B-field

estimates that satisfies the constitutive relationship.

Let us next postulate another pair of field estimates,
EZ and 22, that are also related to each other by egns. 2.1,
but with

H, = H (C.4a)
and hence, according to prop. 1 of sec. 2.2,
B, # B (C.4b)
To evaluate A(gz,§1) we apply egn. C.1
MHy,Bq) = X(Hy) + V(By) - C(Hy, B,) (c.5)
But from egns. C.1 and C.3 we have
so that substitution for ¢(§1) in C.5 vyields
MH,,B,) = X(H,) - C(H,,B)) - X(H ) + Z(H ,B)

Substituting for the two ¢'s from egn. 2.11, and combining
terms
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A(EZ,§1) = X(EZ) - X(E‘]) + <E1 - E.z ’ §1>
Substituting, finally, for 51 from eqn. 2.17a and rearranging
A(Hy,By) = <H; - H, , w(H;)H+B > - (X(H;)-X(H,))

(C.6)

Consider now ineq. 2.6a; making a trivial change in
subscripts, and substituting for the gradient from

egn. 2.4a, it becomes

<E1 - .Iiz ’ U(E-] )g1+.§r> z X(H‘]) - X(ﬂz) (C.7)

Comparing egn. C.6 with ineqg. C.7 , recalling that
X(H) is strictly convex, and noting inequalities .4 ,
we can conclude that

A(H,,B,) > 0 (C.8)

for any pair of field estimates, H, and By that does not

satisfy the constitutive relationship, egns. 2.1.

Combining ineq. C.8 with egn. C.3 , we can state that

A(H,B)

v
o

(C.9)

for any pair of estimates, H and B, with strict inequality

unless

|t
]}
=
I
=
+

(C.10a)

and

H=vVv(B)B + H (C.10b)

i.e. H and B satisfy the constitutive relationship.
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D. Unique boundary specification

In this Appendix we seek to impose specs. 2 and 3 of

sec. 3.4.1 on W in egqn. 3.25 to derive egns. 3.27.

Noting that both 31
application of the curl operation to both sides of 3.24a

and ﬁz satisfy egn. 3.18, spec. 2,

yields
curl 6H = 0 - (D.1a)

everywhere in R. Requiring, moreover, H, and H, to satisfy
=1 =2

egn. 3.20, spec. 3, we can write
nxA(SH) = 0 (D.1b)

across any surface in R. As R is simply-connected, egns.
D.1 imply that there exists a continuous scalar distribu-
tion ¢(r) such that

6H = grad ¢ (D.2a)

and o
d(z) = o(r,) + J SH - aL (D.2b)

Lo

where I, defines an arbitrary global reference point in R.

Noting that both §1 and §2 satisfy egn. 3.19, spec. 2,
application of the divergence operation to both sides of
3.24b yields

div 6B = 0 (D.3a)

everywhere in R. Requiring, moreover, §1 and §2 to satisfy

egqn. 3.21, spec. 3, we can write
n-*A(SB) =0 (D.3b)

across any surface in R.

Substituting fromegn. D.2a ° for §H in 3.25 :

W = <grad ¢ , 6§>R

Applying a vector identity :
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W= -<¢ , div 6§>R + J div(é 6B) dr
R
The first term on the RHS is zero by egqn. D.3a . Applying
the divergence theorem to the second term, and noting that
by egns. D.1 and D.3b ¢(r) and n°*dB are, respectively,

continuous, we find

W

[¢ 14 9_.65]8

Substituting for ¢ from D.2b :

W

¢(£o)><§ 6B+dS + [J dH*d2 , n°*6B]
S

The first term on the RHS is zero by a reverse application
of the divergence theorem and egn. D.3a -. Thus
r
W = [J SH*d% , n- Gg]s (D.4)
o
which represents the final reduction of W. We can, however,
express it in a more convenient form by using the sub-

division of S in 3.22 ; thus

N
W = z w (D.5a)ﬁ
n=1 *
with
r£
wn = [J ég- dt , n- 6§]Sn {D.5b)
r
=0

where Sn is the nth simply-connected sub-section of S. If,
moreover, we use r to define a local reference point on
each Sn, we can break the line integration of 'D.5b into

two stages
r

. L

wo o= [Jéﬂ°d& ' g'ég]s + [JGE-d& , n*38B]
Io In

But the line integral in the first term is independent of r,

and hence can be taken out of the surface integration, so

that

r
I, | r
W, = (djﬂ-d&)(dfa-dg) + lajﬂ-d& r 8(n+B)]g (D.6)
o n In n

where the following relationships, obtainable directly

from 3.24, were used :
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[éH-d2 = 6[H-dR, [6B*dS = §/B+dS, and n*6B = §(n*B)
(D.7)

Egqns. D.5a and D.6 express W in the final form
that we shall use. They clearly relate to boundary con-
ditions. 1In conjunction with ineq. 3.26, they constitute
a general statement on allowable boundary specifications

for well-posedness.

E. Partial decomposition of the constitutive error

In this Appendix we impose specs. 2 and 3 of sec.
3.4.1 on A in egn. 3.71 to decompose it partially.

From egn. 2.11, we have

Z(H,B) = <H , B>

Substituting for H from 3.40a :
zZ = <G, §>R - <grad § , §'>R
Applying a vector identity to the second term on the RHS :

- [ div(Q B) dr

Z = <G, B> + <Q , div B>
R

R
Substituting egn. 3.19 for div B in the second term, and
applying the divergence theorem to the third term :

Z = <G 4 §>R + <Q 14 p>R - [Q 4 Q.E]S

M
- 2 {[Q1 r r_1.1 °§1 ]SA + [92 r EZ.EZ]SA}
m=1 m m

where the summation is over surfaces of discontinuity; the
subscripts 1 and 2 refer to the two sides of Sﬁ. Substitu-
ting for Q in the third term from 3.54b, and manipulating

the variables in the summation term :

r r
L = <GB + <rp>p - R(L)§BeAS - []ae| +[g-dg,n-Blg
S Lo 1o
L M
+ [[H-ag,n-Blg + I {19,,0°8B]gs + [82,n-B,]ga}
£, m=1 m m

where r is an arbitrary global reference point, and the

(0]
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sum in the fourth term covers discontinuities in @ encoun-
tered by the path from I, to r. Applying the divergence
theorem to the third term, and substituting from egns. 3.19

and 3.21 into the result, we finally get

M
Z =<G, B> + <@, p>p - Q(Eo)[ l;)dR + ) J o ds ]

m=1 S%
r r z

- (10 + [crar , n-Blg + ([mar, nemig
o r ' r
(0] = =
M O O

+ L {09, , alga + [82 , n°B,1c} (E.1)

m=1 m m

Substituting the above for Z in 3.71, A decomposes

partially as in 3.72.

F. Minimisation of a decomposed functional

Consider a functional T which has decomposed into two

functionals, U and V, as follows
T(a,B,Y) = U(a,Y) + V(B,Y) (F.1)

where @, B, and Y are independent variables, all functions
of position. T has decomposed in a and 8, but not in v,
which appears in both component functionals so that they
are not quite independent of each other. From F.1

a free variation in T can be written

8T(a,B,Y) = 8U(a,Y) + SV(B,Y) (F.2)

Consider the case where T constitutes a valid varia-
tional principle for a well-posed problem which has a unique

solution at ( Ay BO, YO); then

0 = 6T(a,B,Y) ‘ at «,B,Y = aO,BO,YO (F.3)
and from F.2
0 = 8U(a,y) + &V(B,Y) at o,B,Yy =a_,B_,Y (F.4)

o O o]
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Now suppose we assign arbitrary values to B and Yy, say

B = 81 and Y = Y, ‘(F.5a)
then

6V(B1,Y1) =0 (F.5b)
and F.2 reduces to

6T(a,81,y1) = 6U(a,Y1) (F.5c)
If, in particular, we choose

81 = BO and Yy = Y, ‘(F.6a)
then

0 = 6T(a,BO,YO) = GU(a,Yo) at o = @ (F.6b) -

which results from substituting F.5c¢ and F.6a into
F.3 . Similarly, if o¢ and Y are assigned their unique

solution values, ao and Yo’ then

0 = 6T(ao,6,yo) = GV(B,YO) at B = BO (F.6c)

We can extract the following results from F.6b
and F.6c :

o
1

GU(a,YO) at a = O (F.7a)

and

o
1]

GV(B,YO) at B = Bo (F.7b)

Clearly, U(a,YO) and V(B,YO) are themselves stationary at,
respectively, the true solutions @ and Bo. Provided that
the true solution for Y, namely Yo' is known and inserted
into U and V, the functionals can be extremised indepen-
dently of each other, as in eqns. F.7 , to obtain the
solutions for a and B. 1In the absence of such knowledge,
the extremisation is performed as in F.3 . or, equivalently,

F.4 =~ which involves both functionals simultaneously.

Of particular interest is the special case where the
components U and V are functionals of completely independent

variables, i.e. y is absent from egn. F.1 , which becomes
T(a,B) = U(a) + V(B) -{F.8).

with o and B independent variables, as before. Applying
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egqns. F.7 to this special case, we find

0

sU(a) at o = 0g (F.%a)
and
0

§V(B) at B = Bg (F.9b)

U(a) and V(B) are themselves stationary at, respectively,
the true solutions ao and BO which can thus be determined

from the independent extremisation of the two functionals.

These conclusions can be applied to the constitutive
error and its component functionals in egn. 3.75. If the
problem specifications leave the H-system variables and the
B-system variables completely independent of each other, we
can extremise O and % as in 3.78 and 3.79, which correspond
to F.9. Otherwise, we resort to 3.77, which correspond to
F.3 and F.4.

G. The constitutive error in alternative derivations
of complementary variational principles

This Appendix determines the relationship between the
constitutive error A and the Lagrangians of analytical
mechanics, sec. 4.4, and between A and the Hu-Washizu

functionals of elasticity, sec. 4.5.

Consider the Lagrangians first. Substituting from
egns. 4.28 and 4.32 into 4.54, and noting 4.12, we find

A = L(LSP(Q:E) —LCP(E)) dR + [Q ’ _Q'E]S

for the primal Lagrangians of sec. 4.4.1. Similarly,
substituting from egns. 4.36 and 4.40 into 4.54, and
noting 4.12, we find

A = L(Lsd(é,_B_) -L.q(H)) R + [nxH, Alg
for the dual Lagrangians of sec. 4.4.2.
Consider the Hu-Washizu functionals next. Substituting

the primal equations 4.13, 14, 16, and 17 into egn. 4.41, and
multiplying by 2 for convenience :
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2 = <G,B>

p - <DIQ>R + <HE-EIE>R + [E’EIQ]Sb - [Q_'EIQ]Sh

R

Substituting the dual equations 4.19, 20, 22, and 23 into
eqgn. 4.47, and multiplying by 2 :

2Hd = <9'§->R - <J.'A>R + <V.§‘El§>R + [Exﬂrélsh = [Q"Erélsb
Adding :
201 +Tg) = (<UH-B, H>p + <VB-H, B>)
+ (<G,B>p - <p,2>p + <C,H>p - <J,A>]
+ [E‘EIQ]Sb - [E'B_IQ]Sh + [Exﬁlé]sh - [E’@:é]sb

The term inside the first pair of brackets is twice the
constitutive error for the linear case, egn. 2.15b. The
term inside the second pair of brackets can be simplified
by substituting for H and B from egns. 4.13 and 4.22
respectively, and applying vector identities and the

divergence theorem to the result; dividing by 2, we get

I_+0. =A+<C,G> + 3|[n*B,Qlg, - I

Iz
|o

¢ IQ’]Sh— [E‘Q,
+ [nxH,Alg, - [nxH,Alg, -

Is
e

b

Substituting for H and B on the boundary S from egns. 4.13
and 4.22, applying 4.12, and collecting terms :
Hp+ Hd = A+ <C, §>R - [n-C, Q]Sh - [nxG, A]Sb
+%J(VQXA4—QVX§)-d§ - %I(VQXQ4—QVX§)-d§
Sb Sh

We now substitute for © in the third term from 4.14, and
for nxA in the fourth term from egn. 4.20; we also apply
a vector identity and Stokes' theorem to the integrands in

the last two terms; upon rearranging, we get
A = Hp'+nd"<9'§>R'*[E'QrQh]Sh"[grib]Sb
-%§Q§°d& + %§Q§~d&
Lp Lh

where Rb and Rh are the contours of Sb and Sh respectively.
But according to 4.12, % is simply % traversed in

reverse, so that the two line integrals can be combined :
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A= Hp+nd - <Qr.§>R‘ [n-C, Qh]Sh"' [Qrﬁb]sb‘*ﬂgé' d.&]

This relationship between A and the functionals Hp and Hd
has been derived by enforcing the primal and dual specifi-
cations of sec. 4.3, with the exception of the constitutive
relationship, egns. 4.15 and 4.21. It is shown in sec.
4.6 that the primal and dual statements of the problem in
sec. 4.3 are not, in general, equivalent. For cases where
they are, with both Qh and 2y pre-specified, the entire
bracketed term is pre-specified; in such cases, the
variation is given by

6A = an + GHd

since the variation of the known term in brackets is zero.

H. Galerkin derivation of mixed formulation

The following derivation of mixed formulation is
essentially that of references 9.2 and 9.3, limited to
static problems. It focuses on physical specifications,
and assumes that vector potential solvability can be
imposed by suitable extension. As in the constitutive
error-based derivation, the mixed formulation sought here

is in terms of the o-system variables, defined in 9.6.

In contrast to the constitutive error approach, the
method of weighted residuals imposes the constitutive

relationship explicitly :

By = wy(H)HE, +Bp Hy = Vo(By)By +H,  (H.T)

The G-system specifications are imposed on the fields 51

and §2 by defining the potentials Q1 and 52 as in egns.
9.7 -9. Scalar weighting functions, u,, are defined in R1,
and vector weighting functions, Yo, are defined in R2. In

the Galerkin approach, the weighting functions u, and v,

1
are the basis functions for 91 and A2 respectively. As
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the a-system boundary conditions are enforced explicitly on
Sht1 and Spy, we set

uq | =0 , vo | =0 (H.2)

Sh1 Sb2
The B-system specifications are enforced weakly by
constructing weighted residual errors, and requiring them

to vanish :

0=<V:By - p1, us>g, r 0=<VxHy -Jp, V2>R, (H.3)

o
1
o

1}

[n - AB4 lu1]SA1 [n x AH2 ,lesAz (H.4)
0=[n*By-n*By ,u1lsy, , O0=[nxHp-nxH1,v2]g,  (H.5)
0=[n-B1-Dbq,uy ]Sb'l + 0=[nxHp -hy, _YZ]Shz (H.6)

The residuals in egns. H.3, 4, 5, and 6 correspond to

the physical specifications of egns. 9.2, 3, 3, and 4

respectively. Applying vector identities and the diver-

gence theorem to egns. H.3, they become

0 = - <By, Vuy>gy - <Pq . Uup>Rq - [B°8Bq , urlgyy

+ [n1°By s uglgy + [n°By s uglgy, + [0y ruqlgpy (H.73)
0 = <§.2 ’ VX_'\_/'2>R2 - <g_2 ’ 22>R2 = [_QXA_H_Z ’ X2]SA2
+ [npxHy IXQ]SO + [nxHy rXZ]Shz + [nxHp IXZ]sz (H.7b)

Adding egns. H.4, H.5, and H.6 to H.7, and substituting

from egns. H.1 and H.2 into the result, we get

0 = - <uq(Hy)H + By, Vur>ry - <P1 s U1>R,
+ [b1 ,urlgyy + [0+ B2, uylgy (H.8a)
and
0 = <v2(B2)B2 +Hc, VXV2>r, - <J2 / ¥2>R,
+ [h2 , v2ls,, - [nxH1 ., v2ls, (H.8b)
where n=nq = -n, on Sy as in fig. 9.17. Egns. H.8 represent

the a-system mixed formulation.
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I. Uniqueness of time-varying fields

Maxwell's equations interrelate time-varying electro-
magnetic fields, but do not define them uniquely. Further
specifications of physical unigueness may be derived by
seeking the conditions which cause the weighted product sum
W of egns. 11.5 to vanish. Choosing

8™ = 8% =1, gt = 2 (1.1)
egn. 11.5a for W becomes
wo=w™ s w® .2/t whoat (I.2)

to
where, according to egns. 11.4, the constituent products

are given by

Wt o= <8H , B> (I.3a)
w® = <6p , SE>p (I.3b)
wh = <63, 6E>p (I.3c)

All terms are at time t unless otherwise indicated. W' can

be expressed in terms of its value at the initial time t0 :

m

t
W' = <8H,6B> + I p<SH, B> At
l, * J ooy

t
- <0H,0B>|  + | (<poH B> + <6H,péB>)At  (I.4)

to  to

Similarly for w® :

o t
W= <6g,6§>R| + J (<p69,6g>R + <5Q,p6§>R)dt (1.5)

to to

Substituting for J in Wf from Maxwell's H-system eguation
11.2a, applying a vector identity and the divergence theo-
rem, enforcing the continuity conditions of egns. 11.2b and
11.3b, and substituting for curl E from Maxwell's E-system

equation 11.3a, we have

Wf

<VX6§_, 6§>R - <p<SQ, 6E>R

<6§'VXGE>R - [GKIGE]S]{ + [G(EXE) 'dg]s - <p62'6§>R

-<5E,p5§>R—<P52, 6E>R_[ 6K, 6§]8k+[6 (nxH), 6E]S (I.6)
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where Sy denotes surfaces across which nxH is discon-
tinuous. Substituting egns. I.4-6 back into I.2, cancelling

terms where appropriate, and rearranging, we obtain

W = <8§H , &6B> <ép , SE>
. = _R|to+ = —tho
+ [ [ 2ts@xm , smlg - 206k, sEIg
to k
+ (<pSH , 6B>; - <8H, P6B>L)
+ (<6Q ’ p6§>R - <P52 ’ GE>R) ] dt (1.7)

Uniqueness is ensured by any set of specifications that
causes W to vanish as in egn. 11.5b. The individual terms
in egn. I.7 can be made to vanish in a variety of ways;
typical sufficient specifications are given below. It is
noted that egn. I.7 already accounts for Maxwell's equations
and constitutive relationships possessing property 1 of

sec. 2.2.

The two terms at tO in egn. I.7 relate to initial con-
ditions; the first one vanishes if either g(;,to) or §(£,to)
is given, the second if either Q(E,to) or g(;,to). The
surface integral over S, in the time integrand, relates to
boundary conditions; it vanishes if, on each section of S,
either nXH or nXE is specified. The surface integral
over Sk relates to continuity conditions; it can be elimi-
K* The

volume integrals in the time integrand, bracketed in pairs,

nated by specification of either K or nXE on S

relate to the magnetic and electric constitutive relation-
ships; they vanish for linear symmetric constitutive

operators :

<p(5£1_ , 6B> - <8H , péB> <p6ﬁ , u6§> - <8H , upéH>

<pdH , uéH> - <udH , péH>
=0 (1.8)

Similarly for the second bracket. It is recalled that linear
operators that are symmetric possess prop. 2 of sec. 2.2.

The requirement of linearity can be relaxed by using infini-
tesimal time intervals and induction, provided the constitu-

tive operator is smooth and possesses property 2.
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J. Approximate minimisation of the eddy-current
error under steady a.c. conditions

Under steady a.c, conditions, the instantaneous
constitutive error is composed of a time-invariant compo-
nent and a harmonic, double-frequency component. According
to ineq. 11.50 and egns. 11.51, the time-invariant compo-

nent has the property

AS

v

0 (J.1a)
with
AS

0 <=> A(t) =0 (J.1b)
Minimisation of AS
0 = 6AS (J.2)

minimises A(t), and hence completes the imposition of the
problem specifications on the fields. As it stands, egn.
J.2 does not generate independent H- and E-system solution
formulations since A® does not split between the two sys-
tems, egns. 11.39 and 11.46. The coupling term is given by

rs - <£r,A

r i i
AT>R, + <I, AT>R,

+ we<g® , AT>R, - wE<T' , AT>R, (7.3)

This Appendix demonstrates a procedure for extracting
independent H- and E-system formulations from an approximate

... . s
minimisation of A~.

The electric field E is related to the E-system poten-
tials A and ¢ as in eqns. 11.16a; for harmonic variables

in two-part notation, we get

Er - wél__ vor El - - wér _ V¢l (7.4)
Substituting for Ar and 51 from J.4 into J.3, we get
S 1.1 i 1.1 r
'~ = - =<J3=, §1>R1 + '(I,'<_J_l r E >R1
+ £<J% ,§r>R1 + £<Jt ,§l>R1 (J.5)

where the <J, V¢>R,; products have been dropped by applying

a vector identity and the divergence theorem, using V*J =0
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and Q-Q|S12==O, and neglecting boundary terms, if any, since
they match terms already dropped from egns. 11.29. Perfor-
ming the variation of AS in egqn. 11.46 with TS as expressed

in egn. J.5, we get

s
SA° = GHH + GHE + GEE + GEH (J.6)
where
_ r r i i 1 i r 1 r i
Spp = SHH , SH > + <uH™, 8H >, + <pd™, 83 >Ry - 5<pI" , 817 >R,
_ r r 1 i i r
Spyg= <&(pd” -E") -(pd” -E7) , 8J >R,

+<c(pg” -E") + £(pg” - E") , 63>,

r r i i 1 i r 1 r i
§ggp = <VB" s6B > + <VB™,6B >, - <OE”,8E >R, + [ <OE ,6E >R,
r r i i
-< Sp, - < >
gsléé Ro lsraé Ro
r r 1 i i r
Spg= < E(OE -J°) +_(0E” -J7) , SE >r,
+ <-L(0E" - 3%) + (0BT - ') , SE'>g,

Or, in the more compact complex notation,

Sqg = 26<uH™ , H*> + 161‘“ <pg®, 8I*>g,

Syg = ERe <pI° - E7, 83%>p; - 161’“ <pg® - E°, 863%>g,

S = ¥6<VB® , B*> - %]m1<ogc , SE*>R, - Re<Js , SA*>g,

Spy = ERe <OE” - J° , SE*>R, + 1Enzm <oE® - 3%, 6E*>g,

The notation GHH etc. reflects the absence of corresponding

functionals. Close scrutiny reveals that only H-system

variables appear in ¢ and only E-system variables appear

HH'

in 6EE' 6HE and GEH’ on the other hand, depend on both

system variables.
Approximating egn. J.2 by

0 = 6A° = 8. = 6.0 + (O + &

HE HH EE (7.7)

EH)
generates an independent H-system solution formulation

0 =36 (J.8a)

as well as a dependent E-system formulation
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0 = GEE + GEH (J.8b)

Alternatively, eqn. J.2 is approximated by

— s —
0 = 6A° - GEH = (SHH + GHE) + 6EE (J.9)
to yield
0 = GEE (J.10a)
and
0 = GHH + GHE (J.10b)

It is noted that only E-system parameters are varied in
egqn. J.8b, and only H-system parameters are varied in

eqn. J.10b. Eqgns. J.8a and J.10a are the required H- and
E-system solution formulations; they can be solved indepen-
dently of each other. The approximations which generated
them are justified by the fact that in exact analysis, the
conductive constitutive relationship, egns. 11.18, is
satisfied exactly, so that

GHE =0 and GEH =0 (J.11)

Other formulations can be derived by basing the approximate
minimisation on exact satisfaction of the magnetic constitu-

tive relationship, egns. 11.17.
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K. Alternative derivations of complementary variational
formulations of the harmonic eddy-current problem

This Appendix outlines the approaches developed by

2 113

Hammond **? and Fraser

, and compares their formulations
with those derived by the constitutive error approach in

section 11.3.1.

Hammond devises a conceptual adjoint system, having
negative conductivity or time sequence, to generate the
power dissipated hy the actual system. He then derives
various dual principles of virtual power to maintain equi-

librium instantaneously. One such principle is

C o]

= 8% - 2 * - *
0 =8__, = w*<vB*, §B™>p jw <cE* , SE" >, (K.1)
where the surface term has been omitted, and
R =R , R, =0 (K.2)

Introducing two-part notation, egn. 11.43, we can rewrite
egn. K.1 in the form

0=6% = 6% 4+ 56t

(K.3)
ee ee ee
where
r _ 2 ,gE r 2 i o1 _ i r r i
Gee" w <vB~, 6B >R-+w <vB™~, 6B >R w<oE™, 6E >R-+w<0§ ,SE >R
i 2 i r 2 r i r r i i
= —w2< > < - w< > - w<
6ee w“<vB~, 6B Rrt W <VB , 0B >r ~ W<CE , OE R ~ W<OE ,OE >R

According to basic complex number theory, egn. K.3 generates

the simultaneous equations

0 = age (K.4a)
0 = 528 (K.4b)

Comparing the expression for 6Ze in egn. K.3 with the ex-
pression for 6EE in egn. J.6 of Appendix J, it is clear
that, subject to egns. K.2, the two are related by

r _ .2
6ee = w 6EE (K.5)

It imnediately follows that egn. K.4a is entirely equivalent

to egqn. J.10a, and hence to egn. 11.56, w being constant.



297

Thus Hammond's approach corresponds to, and is in basic
agreement with, the approximate minimisation of the time-
invariant error A° described in Appendix J and discussed in
sec. 11.3.1. This conclusion is quite general, although
established here for a particular case. For example, egn.
K.4b can also be derived by the basic procedure of Appen-
dix J, but with the redundant over-specification imposed on
the magnetic constitutive relationship instead of the con-
ductive one. Moreover, Hammond's H-system formulations can
be derived in a similar way. However, the two approaches
diverge as Hammond goes on to integrate egn. K.1 to obtain

the variational principle

0 =6 |-3jw<vB®, B¥>_ - 1<oE®, E*> (K.6)

R R

Justification of the varied functional, which does not arise
in the constitutive error derivation, is not obvious. For
example

C 1 (o} C
8§3<0E~ , E*>p = 3<0E , 8E*>; + 3<0E* , 8E >2

# <OE* , 6E>p (K.7)

Fraser™® also questions the validity of the functional in
egqn. K.6, and concludes that the complex function approach
is unacceptable for deriving complementary energy func-
tionals. 1Indeed, it is the difficulty of interpreting com-
plex energies and their stationary points that prompted the
instantaneous approach adopted in the harmonic derivations

of sec. 11.3.1.

Fraser's own treatment represents the variables as
ordered pairs of real functions corresponding to the real
and imaginary parts. He then extends his formal approach
of direct integration to construct the complementary func-
tionals @F(H) and EF(E). These turn out to be identical to
the real components associated with the double-frequency

error, 0F(H) and Z'(E) in eqn. 11.47; i.e.

Op(H) = 0" (H) and Ex(E) = E°(E) (K.8)

pl

Thus Fraser's approach corresponds to, and is in basic

agreement with, the variational principles of egns. 11.54
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which relate to the double-frequency component of the
constitutive error. However, the two approaches diverge as

Fraser goes on to map the real functionals OF and EF into
complex ones Og and Eg. His expression for the latter, with
g; taken to be zero, is

Ep = 3<vB",B">p + 3<vB',BT>, - <3 AR,
1 r i
-—X > .
39 <OE +E >Ry (K.9)

It is not clear how this functional, which does not arise
in the constitutive error derivation, is implied by = as

given in egn. 11.47.

It can thus be concluded that the constitutive error
approach may be used to generate the solution formulations
derived by both Hammond? and Fraser? , but not the

complex power and energy functionals they propose.

Hammond uses his complex power functionals to define
upper and lower bounds on circuit inductance and resistance.
Fraser uses his complex energy functionals to define
bounds on the inductance, and to conclude that there are
no bounds on resistance. The constitutive error approach

cannot verify any of the bounds.
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