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Abstract 

Large and often complex simulations are usually employed in any 

serious industrial study. 	In the first stage of the study, the 

designer frequently needs to solve at least two important structure 

problems. The first is the selection of the smallest possible set 

 satisfactory 

design. 

controlled and measured variables necessary for a satisfactory 

design. In practice, a surprisingly small subset may suffice, and 

the inclusion of additional variables may represent a considerable 

installation investment, and maintenance liability. The second is 

the "pairing" of the input and output variables to obtain a satis- 

factory sequence of simple feedback/feedforward designs hopefully 

of a single input/single output nature. Once the "pairing" is 

decided, and provided only low dimensional subdesigns are involved, 

modern control theory provides powerful design tools whereas little 

aid seems available to solve the two structure problems. The use 

of variational methods in constructing practical design aids for the 

structures question represents the main theme of this thesis. 

A general form of the linear dynamic quadratic cost problem is 

utilized in obtaining a formal problem statement. This form is used 

in various ways to study structure questions and the detection of 

important control theoretic properties. Asymptotic properties of 

the cost function and a related characterization of the system pole-zero 

patterns turn out to be of central interest. 

Straightforward solution of the structures problem is easily shown 

to pose significant combinatorial and computational problems. There- 

fore considerable attention is devoted to the use of approximation 



procedures, in particular to the development of. cost bounds. 

Subsequently a viable algorithm is constructed for problems 

of non-trivial dimensionality, and an industrial example is used 

to illustrate the algorithm's capabilities. 

The structures problem is of interest in a far wider field than 

control dynamic design, and several of these areas are briefly 

discussed. 
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Notation 

General Symbols: 

approximately equal 

4 	equal by definition 

equivalent 

4 	implies 	<=1:> 	implies and is implied by 

for all 	:3 	there exists 

s.t. 	such that 

1.1 	modulus 	x+ j y 	complex number representation 

iteE.1 andim[.] 	real and imaginary parts of a complex number 

lim 	denotes deleted limit 

statistical expectation operator 

tot Landau symbol: Sequence X = {x211 is of lower order of magnitude 

than non-zero sequence Y = {yil} written 

).- X = 0 (Y) or xii  = o(yn) for which lim I x I - 0. 
n4-03 Fici  
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Set Theoretic Notation: 

xEX denotes that element x is a member of set X 

fi denotes set intersection 

C= denotes set containment 

4) 	denotes the null set 

Linear Space Notation: 

A transformation W, mapping the space X into space Y is written 

as W:X4Y. 

HenceS(W) and K(W) denote the range and nullity respectively of 

linear transformation W. 

The mapping of element x into element y by the transformation 

W is written y = Wx for which a 'frequent definition is given the 

form y(.) = (Wx)(.). 

W
* 

denotes the adjoint, a particular example is the matrix 

transpose denoted WT. 

The inner product of vectors x, and y on the Hilbert space Hn  

is denoted <x, y>Hn. 

De denotes the space of all ordered n-tuples of real numbers, 

an element of which is written 

• 
x = (x1, x2, ..., xn). 

E
n 

the Euclidean space of all ordered n-tuples of real numbers 

A  n 
with inner product <x, y>E  = E xi  yi  

n 	i=1  

and norm 11x11 = (<x, x>En)i 
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Lp  [0, Tf] the space of real Lebesque integrable functions on the 

interval 0 	4Tf  with norm 

Ilxilp 1  ( f Tf  lx(t)1 13  dt )1/P 
0 

Hn  the Hilbert space usually taken to be L2  [0,TO 

so that <x, y> Hn 	 frf  <x(t), y(t)>En  dt 
. o 

and 	 I 2Hn  = 11x112  t fTf <x(t), x(t)>En  dt. 2  

.t. G denotes direct sum 	 denotes orthogonal complement 

I denotes identity operator 	Ir denotes r x r unit matrix 

det [.] denotes determinant. 

Matrix A:re-Aikrl' is written in sub-script form as 

A = [aii] in 	in  , in column form as 
1=1 j=i 

A =[a'l,"•'a-m]  where a 	= 1,2, ... ,m 

0 

or in row form as A = r'a i.'" where aiT E. iP 	i=1,...,n. 

a2. 

an. 

20 



Other Symbols 

The state space system definition employs a system triple notation 

17. 

$(A,B,C) it 	X(t) = Ax(t) + Bu(t) 	xo = x(to) 

where A,B and C are real constant matrices of dimensions (n x n), 

(n xrn) and (r x n) respectively. The one-sided laplace transform 

is denoted fl [.] whilst the double sided transform is written 

£2  [. . In both cases the laplace transform variable is 

denoted by s, and frequencies on the imaginary axis s = jw 

are often of interest. 	{x(s)} 	defines a projection 

isolating that part of x(s) which is analytic in the closed 

right half plane. 

The two diagnoStics of the thesis are denoted 

00  A. optimal cost improvement and 

IESQ•uthe integral error squared value. Optimality of a vector is 

usually denoted by the 'A' notation and frequent use is made of 

subscripts 's' and 'f' where 's' denotes a subset of controls 

(a structure) and 'f' denotes the full or complete set of controls 

available. 	Dependence of the diagnostics on an asymptotic 

parameter p is usually written 00(p) or IESQ(p) whilst 

A 
dependence on a control structure us  may be written AJo(u

A  
s) or AJ0, 

similarly IESQ(us) or IESQs. 

y(t) = Cx(t) 	to  4 t 4 Tf  

21 
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I.1 Structures and Controller Design  

I.1.0 	Introduction 

The decision to adopt a particular control scheme for implementation 

on a complex process is almost always taken after a thorough investi-

gation of the economics of installation, and maintenance, and after 

quantifying the benefits which will accrue from its operation. The 

techniques used to model the physical aspects of the process usually 

involve advanced mathematical theory, and probably several types of 

computer simulations but ultimately the designer knows his control 

scheme should be simple and yet effective. Ideally only a few inputs 

and selected measurements will figure in the design, and frequently 

through a judicious choice such a small selection is found to 

suffice. This problem of choosing an input-output structure on 

which to base the control deSign is the theme of this thesis. 

The concept of structures as described here is not only relevant 

to the problems of controller design but find a much wider appli-

cation in quite diverse fields. To help clarify the concept, 

several of these applications are detailed further. 

In linear regression analysis, the problem arises of fitting a 

linear combination of n independent variables to a set of N 

given observations. 

The fit is usually described Yi = 	aiXii  + ei, i = 1,...,N 
j = 1 

N 
Where {Yi} 	form the given observations 

i = 1 

Ix1j1i =1j= I 
are the independent variables 



{aj}j = 1 and feji = 1 are the regression coefficients and residual 

errors respectively. 

These N equations may be succinctly written as: 

Y =wa+ e where Yee, ege, f3ETRII and w:rie-141. 

The optimal set of regression coefficients is chosen to minimize 

N 2 
the least squares cost function J = 	ei 

= i<e,e>
E 
 . 

i = 1 	ti 

The subsequent regression analysis determines which of the n regression 

coefficients 	shouldd be included in the linear relation to explain 

the given data. This represents a simple form of the class of 

structure problems discussed in this thesis. Namely to decide 

which of the aj's may be zeroed without appreciable degredation in 

"optimal cost". In regression analysis, the degredation is measured 

using F ratio tests in an ANOVA. table. Each of the structures 

may be written (Is  = 	(31.2, ..., Bisl , is.111, and the linear 

equation as Y = Ws(is  +e , where the matrix W 
S  

qk 	is obtained 

from the matrix W by deletion of those columns associated with the 

BA's considered to be zero. The least squares structures problem is 

then 	min J = < e, 2>EN  

asElks 

subject to Y = Ws  as  +eEARN. 
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To consider all the different regression structures, a total 

of (2n-1) candidates would have to be assessed. To overcome 

this combinatorial aspect of regression structure assessment various 

statistical techniques have been devised-:' Backward elimination is one. 

This begins from the full optimum where all the 13j, j = 1, ...,n 

have been fitted and utilizes an F-test to discard variables one 

by one until no further variables may be removed. In contrast 

forward selection operates in the opposite direction; building 

up the regression set from single• variables to pairs and so on 

until no further variables can-be included. Draper and Smith (1966) 

have given examples where these two techniques provide different 

regression structure for the same set of data. 

Even this simple problem exhibits all the essential ingredients ,  

of the structure problems of interest in this thesis: 

1) The problem has a combinatorial aspect, which for a large 

problem may well preclude the simple enumeration of all 

combinations. 

2) The selection of best coefficient subsets is not obtained 

by setting to zero those coefficients close to zero, unless the 

problem is well conditioned. 

3) If sequential techniques are used to isolate a best para-

meter structure the problem arises of ensuring no better 

structure exists. 

An application of the techniques of this thesis to .a linear least 

squares problem (Draper and Smith, 1966) is given in the 

sequel. 

Consider now a controller design problem. Taken from linear 

I-1-3 



systems theory and receiving considerable research attention 

is the design of post compensators to "square" a system 

prior to the application of a linear multivariable design 

procedure. Assuming a state space system description 0(A,B,C) 

where there are more outputs than inputs (r >m), a proposed solution 

to the "squaring" problem (KoUvaritakis, 1972) is the application 

of a matrix compensator CORT ±rie to give a new output set 

yscl  = C1y. Although such a proposal is mathematically tidy, 

i t is not necessarily good engineering design. An important 

concern here, as remarked earlier, is the minimization of the 

numbers of measured and manipulated physical variables. Since 

every measured, and manipulated variable represents a major cost 

in transducers, actuators, expensive cabling, and long term 

maintenance liability, and the minimization of these overheads 

is of dominant interest. Hence a seemingly innocuous matrix 

manipulation can sweep in a vast array of these overheads in the 

first stage of the design. It is instructive to note that all the 

multivariable design techniques (Inverse Nyquist Array, Sequential 

Return Difference, Characteristic Loci ) tend to ignore the 

basic engineering realities in this manner.. 

For examplet  the selection of diagonal dominance pre-compensators 

prior to the application of the Nyquist Array techniques is one area 

where structure assessment might be profitably performed. The 

definition of diagonal dominance provides the "cost function" from 

which optimal pre-compensators can be calculated, and through 

-1 -4 



which sub-optimal compensators can be compared. Assuming a constant 

precompensator matrix, and utilizing the technique of pseudo_ 

diagonalisation, it is shown in thiS thesis how a quadratic cost 

of precompensator gains can be utilized as the basis of a 

structural assessment. Subsequently a least squares type of 

optimization formulation is used to determine whether or not 

pre-compensator gains may be usefully zeroed. 

These introductory examples have demonstrated other salient 

features of structures assessment. The problems usually 

specify a cost function, or diagnostic from which to determine 

the optimal solution, and against which to measure the 

degredation caused by a sub-optimal structure. The combinatorial 

aspect of the assessment makes it imperative to avoid the direct 

evaluation of the many optimization problems; since for n inputs 

whether regression coefficients, compensator gains or control 

inputs there are*(2n-1) possible combinations or structure 

to be assessed. 

A recurrent theme in the literature of industrial control 

applications is the availability of only a few states for 

measurement and the use of 'simple' control loop structures 

to obtain satisfactory control. Such schemes are easily 

tuned and economical to install and maintain. Sometimes they 

are designed on the basis of known physical interactions within 

the process and occasionally not even on this basis but as a 

series of single loop designs for which the total interaction 

when all loops are closed simultaneously, is not too severe•. The 

main difficulty in bringing some rationale to this method of 

design for large scale processes is to provide answers of a 

I-1-5 



qualitative nature to fundamental questions such as: "Which 

input subset can be used to control a particular process 

variable or set of process variables satisfactorily?" or 

"Which measurement or set of measurements should be used to generate 

the necessary control action?" Although attention has previously 

been drawn to the problem of answering these questions 

(Rosenbrock, 1962; Foss,1973) the research response has been 

surprisingly disappointing so that the only methods available involve 

either the direct simulation of several controller structures, 

or the structural simplification of a complex but satisfactory 

controller. The difficulty with the first approach is that it 

represents a compromise answer to the brutal solution of 

simulating all possible structures. Clearly with this compro-

mise, it is possible for the designer to miss the "good" structure. 

The method of structural simplification unfortunately lacks reliable 

design aids to be considered as a viable technique. 

In this thesis, a diagnostic or variational index is utilized to 

provide the qualitative answers to some controller structure 

questions. An important ingredient of the theory, the diagnostic 

accommodates the relative costs of the control objectives, and 

indicates the control properties of the various structures. 

Asymptotic optimal control theory has been used to show how 

the index reflects the system control properties, and how the control 

properties of structures can also be inferred from this 

asymptotic behaviour. 
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The combinatorial problem of structures remains to be solved. 

Here bound estimates of the cost, which can be computed with 

far less work than direct evaluation of the optimal solution, 

are developed. 

It will be seen that the formulation of the structures problem 

using Hilbert space notation lends itself to re-interpretation 

as a finite dimensional structures problem. A feature which 

permits applications of the technique in such diverse areas as 

the choosing of constant precompensator matrices in diagonal 

dominance, or in some least squares parameter estimation 

problems. 



T.1.1 Controller Structures in the Literature of Linear Systems 

Begin with the state space description, and the associated optimal 

control synthesis technique (Kalman, 1964). The requirement of 

complete state feedback and the difficulties of its implementation 

led to the formulation of a specific structure problem, known as 

the optimal fixed structure problem. It is essentially a non-linear 

optimization problem, probably first formulated by Rekasius ( 1967 ) 

for which Jameson (1970) appears to give a comprehensive treatment. 

Extensions of this approach to controller structures have been 

attempted (Kosut, 1970 for example) but their subsequent develop- 

ment has been somewhat restricted by the nonlinearity of the 

formulation. 

A related idea, that of predicting or bounding the value of the 

performance index for a sub-optimal control without resort to full 

scale computation or simulation has also received some attention. 

The motivation for this is to compare a simple but suboptimal controller 

against a complex but optimal controller. However none of the 

available techniques have been designed for the automatic assess- 

- 	ment of the many controller structures which would exist for a large 

scale process. Invariably they are only suitable (and appear only 

to be used) for the comparison of one or two fixed structure feed-

back' matrices on low order state space models. (Mc Clamroch, 1969; 

Canales, 1970; Pritchard and Parker, 1974). The work in this 

thesis makes a major contribution to this area. The methodology for 

producing increasingly accurate bounds on the optimal cost value 



without direct simulation of the optimal solution is established. 

Further it is shown that these bounds are readily calculated 

from process simulation data and are easily automated to effect the 

structural assessment of a large scale process. 

A branch of linear systems theory which has undergone several 

advances recently is that of decoupling theory. Loosely a multi-

variable system is called decoupled if each system output can 

be independently controlled by a corresponding input (subset). 

These developments have occurred in parallel with the growth 

of geometric analysis pioneered by A.S. Morse and W.M.Wonham. 

On the face of it, it would appear that decoupling theory could 

give useful data on the controller structure problem. However 

the theory is based on precise algebraic relationships, for example 

identities between finite dimensional subspaces, and for the moment 

appears to lack any element of approximation. 

With a distinguished lineage from classical control is the 

linear transform system description. Rosenbrock, Mayne and 

MacFarlane have pioneered several multivariable controller 

design techniques using the complex frequency domain description. 

For these techniques, the system structure is an a-priori 

assumption for which the controller is designed en-bloc in an 

algorithmic fashion. They are basically quantative in nature 

and are therefore most usefully applied once the decomposition of 

the system structure into weakly interactive subsystems has 

been achieved. Furthermore, their use is restricted to this role 



by their inability to cope successfully with large scale 

systems. 

At this point, it is of interest to recall the concept of 

diagonal dominance, a prere quisite to the application of 

Rosenbrock's Inverse Nyquist Array technique. Very little has 

been written of the attainment of this quality, although there 

has been more interest shOwn recently (Hannah, 1975; Owen, 1976; 

Mee, 1976). In the sequel, the work of Hawkins(1972) is 

extended, and re-interpreted as a finite dimensional structures 

problem to which the techniques of this thesis may be 

applied. 

Recalling the notion of using an index, or diagnostic to compare 

the control properties of one structure with those of another. 

The question arises as to the nature of the changes in the 

control properties (poles and zeros, for example) of a system 

if only a subset of the available inputs or outputs are utilized. 

More fundamental are the changes caused by a radical re-selection 

of the system input and output variables. 

In a definitive treatise on non-minimum phase effects in multi- 

variable linear systems, Rosenbrock (1966) observed that for a state 

space system $ (A,B,C) "the structural design problem concerns 

the choice of B and C". Furthermore the possible control difficulties 

were shown to be directly dependent on this choice, so that once 

made any inherent control difficulty such as non-minimum phase 

is immutable by controller design. 
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Davison and Goldberg (1968) followed this work by devising a 

theory of structures designed to isolate the best measurement 

subset. For system $(A,B,C) the output matrix C was chosen 

to comprise of eigenvectors so that the dominant modes of the 

system could be eliminated by a diagonal constant feedback matrix. 

This measurement matrix was used with an"average steady state" 

estimate to assess the contribution from each state to each output. 

If a particular state was seen to contribute insignificantly 

to all the outputs, then it was deleted from set of states to be 

measured. The technique was applied with some success to the 

selection of a measurement subset for a boiler system and a 

nuclear reactor (ninth and eleventh order systems respectively). 

Although this paper is one of the very few attempts to provide 

qualitative answers to questions.of controller structures 

its application is limited by the state space formulation (which 

for example cannot accommodate time delay systems), and the 

assumption that the outputs will comprise of only linear combinations 

of accessible states. 

The earlier work of Rosenbrock was translated into the 

formalism of geometric analysis by Bengtsson (1973.) who 

defined the following extensions of control, and measurement. 

System $(A,B,Ce) was said to be an output extension of $(A,B,C) 

ifg(C
e
) C: hi(C). Similarly system $(A,Be'

C) was said to be 

an input extension of $(A,B,C) if IR(Be) 	la(B). 	Further 



analysis showed that suitable extensions might be chosen 

to avoid any non-minimum phase difficulty of the original 

system. These concepts of system structure were applied 

by Bengtsson (1973.) to the state space model of a drum 

boiler. Here it was shown that a particular choice of inputs, 

and outputs did not cause non-minimum phase behaviour and had 

a satisfactory left half plane zero pattern before proceeding 

with the controller design. 

Motivated by a desire to apply the Characteristic Loci 

controller design technique to non-square systems A.J. MacFarlane 

and B. Kouvaritakis researched the problem of "squaring" such 

systems. Without loss of generality (Kouvaritakis, 1972) 

attention was focused on a reduction in the number of outputs 

for a system description with more outputs than inputs (r ? m) 

colloquially known as "squaring down". For the state space 

system $(A,B,C) this was achieved using a post compensator 

real constant matrix L to obtain a new state-to-output matrix 

given by Csq = LC. The control consequences of this reduction 

was that the system's original zero pattern was preserved, and 

that new invariant zeros were introduced. An algorithm was 

developed to choose the compensator L so that as many of the 

new zeros as possible were placed in desirable positions. 	This 

work, and other related topics are reported in Kouvaritakis ( 1972 ; 

1974) and in Kouvaritakis and MacFarlane (1976 a,b). As remarked 

earlier, the choice of L which utilizes all the outputs may incur 

heavy installation and maintenance liabilities unnecessarily. 
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The afore-mentioned research of Rosenbrock through to 

Kouvaritakis and MacFarlane , appears to constitute the 

bulk of in depth research applied to the problem of 

choosing a suitable system structure. The important feature 

of this analysis is the relationship between the system 

structure and its associated control properties. However 

the basic motivation for their research is to produce a 

system structure with few inherent control difficulties prior to 

the design of a controller en bloc. 

In contrast, Industry has often found it desirable to employ 

single input-single output process control loops. Behind 

such industrial practice are the expediences of simplicity 

and economy. Single loops are simple to design and tune, 

and are economical to install. 	Unfortunately, for the more 

complex processes simultaneous application of all the control 

loops was frequently found to interact adversely. It is 

in this situation that the need for systematic procedures to 

isolate simple control networks, or structures arises. 

Bristol (1966) gave a static measure of non-interaction which 

is also exhibited in Rosenbrock (1974) as a measure of non-

minimum phase. The essentials of the measure can also be trans-

lated to an LQP setting although as yet no scheme has been 

developed to use the measure. 

Two differing non-interaction indices have been proposed by 

Davison (1969) and, Davison and Man (1970). They purport 

to measure the degredation caused by the simultaneous application 

of controllers each known to give satisfactory control over 



individual (groups of ) outputs. A more constructive approach 

of course, would be to indicate which inputs and outputs can 

be controlled non-interactively prior to the design of the 

controllers. 	(The reader is referred to Hannah (1975) 

for more comments on the use of these indices, especially 

with reference to the relationship between non-minimum phase 

behaviour and the index in Davison (1969)). Niederliaski (1971) 

adopts this approach by searching through all the possible 

paired structures of inputs and outputs, rejecting those structures 

which are unstable when integrating control (namely I, PI or PID) 

is applied and finally uses two heuristics to isolate the 'best' 

pair structure for control purposes. As the name "heuristics" implies 

the technique lacks a theoretical basis and the algorithm 

proposed is only suitable for transfers of low dimension (n 4 3). 

In the realm of stochastic analysis H. Kwakernaak, and R. Sivan 

(1972b) have proposed a controller design philosophy utilizing 

the Kalman filter and the deterministic LQP problem. Invoking 

the separation theorem, the Kalman filter uses measureable 

outputs to create a state estimate, and the optimal LQP 

gains form the feedback law. With this structure for the 

system-contrqller configuration, a non-linear optimization is posed 

to reduce the dynamic order of the controller. They remark that 

considerable simplifications result if structural constraints 

are placed on the controller. These may be specific in the sense of 

zeroing a local feedback coefficient or more general in the sense 

of deleting inputs, or outputs, however no guidance on this 
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choice was given. In the second part of this thesis, an 

output structures problem for stochastic systems is considered. 

In its present form it appears possible to determine which 

outputs are necessary for the satisfactory estimation of 

particular states. When all the states have been considered, 

it should be possible to determine which outputs are necessary for the 

satisfactory estimation of the state vector. This output 

structural information, when united with the input structure 

information obtained using the first part of this thesis could well 

provide the structural guidance Kwakernaak and Sivan•s design 

algorithm lacked. 

Of related interest is the so-called measurement structure problem 

(Athens, 1972; Herring and Melsa, - 1974; Mellefont and Sargent, 

1977). Again the control problem is set in a noisy environment 

for which the question under consideration is when to measure 

(as a function of time) to maintain satisfactory control. Whether 

this formulation can be extended to indicate what to measure 

remains as yet unreported. 

In a study of this nature it is desirable to include some 

examples of realistic industrial problems; in particular examples 

for which a structures problem was defined and resolved. Clearly 

this type of example is not found among the small problems 

which pervade much of the academic research literature. Th6 

two examples chosen are recent industrial applications of 

structures assessment. 



1.1.2 Two Industrial Examples 

Taken from the Steel Industry, the first example is the multivariable 

control of a five stand cold rolling steel mill. The main control 

objectives for a cold mill are to reduce deviations of strip 

thickness from a nominal schedule of values, and to constrain the 

interstand tensions to prevent looping or tearing. 

Utilizing a linearised rolling model having some 33 states, 

8 outputs and 9 inputs, Tanuma (1974) developed a multivariable 

control scheme of considerable complexity using the theory of 

the LQP problem. The complexity of the control techniques 

(impletiented by computer algorithms) permitted only the 

broadest of conclusions to be drawn on the physical mechanism 

at work in the control scheme. 

In a definitive study of the control of cold rolling mills, 

Bryant et al (1973, 1975) developed non-interactive networks 

for control baSed on an extensive and exhaustive research pro- 

gramme, the main thrust of which was directed at modelling 

the process physics. The structures obtained have their basis 

. in the theory of the process with their simplicity being an 

aesthetic bonus. The important role of simulations in this study 

(some 6000 runs in all) serves only to indicate the scarcity 

of design tools for isolating the significant controller 

structures that might exist to provide satisfactory control. 

The second example is the control of a fluidic catalytic cracker, 

,a process from the petroleum refining industry, reported by Schuldt 

and Smith (1971). 	The process was simulated in steady state 



conditions using a linearised model. Nine different controller 

structures were chosen for assessment, where the gains were 

calculated by minimizing a quadratic cost function. The 

effectiveness of each controller (simulated in the presence of 

large random disturbances) was measured using a quadratic 

loss index. The results of these trials isolated new controller 

structures showing that certain measurements could be discarded 

without serious degredation in control and under certain 

operating conditions a particular control input could be 

omitted. 



1.1.3 	Conclusion 

One aspect of the so-called 'gap' between main-stream linear 

systems theory (as reported in the control literature) and 

control practice arises directly from the constraints placed 

on the solution of the control problem. This is especially 

true of industry where economy of design and implementation 

have to be balanced against the possible increased benefit 

which might accrue from a more complex design. 

The reduction of a system structure to the smallest possible input/ 

output subsets and the subsequent decomposition into a series 

of weakly interacting control structures is therefore seen as an 

alternative design philosophy to that of en bloc controller 

design. It is felt that such a structural decomposition will 

depend strongly on the underlying physical nature of the system 

giving the procedure a satisfying intuitive appeal. 

As the survey of the literature of linear systems theory shows, 

the importance of the choice of system structure for control 

has long been recognized but there is a marked absence of 

systematic computational aids to decompose the structure into 

simple (weakly non-interactive) control networks. This is the 

basic structure problem in controller design. 

The sequel reports the development of such an aid; a diagnostic 

which can be used to identify simple controller structures 

having good control properties. The technique is shown to 

have a theoretical basis in terms of pole-zero patterns and the 

related non-minimum phase difficulty when applied to the state 

space system g(A,B,C). To assess the many possible structures 

arising from a large scale process, a set of bounds on the 
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diagnostic value are used to indicate the potentially good 

structures. For this purpose a computer algorithm has 

been developed and validated. The computation of bounds is 

many orders faster than a full optimization and although there 

is some imperfection in the estimate of optimal cost, many more 

combinations can be assessed. 

Utilizing a digital simulation of a five stand cold rolling 

mill (developed by the Industrial Automation Group), 

the diagnostic bounds have successfully isolated several of 

the simple controller structures proposed by the Industrial 

Automation Group as the basis for non-interactive control 

networks recently implemented on several_mills in this country. 



1.2 The Problem of Isolating Controller Structures 

1.2.0 Introduction: Structures in the Design Process  

There are two basic approaches to the design of controllers, 

depending very much on the nature of the process and its 

constraints. Given the most generous conditions it may be 

possible to synthesize a controller using a multivariable 

design package which could be followed by a search for structural 

simplifications (especially if the synthesis technique used is 

based on some costing which provides a ready made ranking). 

The second approach is the reverse of the above, namely simple 

control structures are found, and the controllers are designed using 

the framework of these structures. In practice, the practical 

constraints of realistic systems usually ensure the second 

approach is adopted. 

The selection of controller structure is therefore deciding 

which input, measured output subsets to use to attain specified 

control objectives. The indications are that these simple 

structures frequently exist but are obscured by the complexity 

of the large scale process under consideration. The benefits 

to be• obtained are simplicity in the subsequent controller design 

and economy in implementation. 

• 
To be useful, a diagnostic for the selection of external 

structures in large scale systems would have a sound 

theoretical basis for the comparison of the control 

properties of different structures. Following this it 

should be easily evaluated and readily assimulated so that 

even if the combinatorial aspect of structure comparison 

cannot be defeated it is still feasible to examine the 
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smaller sized structures. The diagnostics of this thesis 

and its associated bounds for comparison are thought to go a 

long way towards satisfying these stringent criteria. 
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1.2.1 Basic Problem Formulation 

Using Hilbert space notation the linear system description is 

y = Wu + d 	 1.2.1.1 

where the output vector ye Hr, the input vector ue Hm, the 

disturbance vector d€H
r and the system operator W satisfies 

W:Hm -9. Hr. Set in the time domain a causal weighting 

function description is assumed. 	This incorporates those 

processes with irrational transfer functions, although more 

important is the prospect of utilizing process simulation 

models (digital, analogue or hybrid) directly to provide the 

weighting function description. 

To facilitate a valid comparison of the different controller 

structure, a measure, diagnostic or index is required. It will 

be important for this index to accommodate the objectives of the 

design, factors like actuator cost, transducer costs as well as 

the rather broader control aims like "tight output" control. 

In the framework of these design objectives the index must also 

reflect the control properties of the various structures. 

The variational index chosen is the quadratic cost performance 

index 

j = < y, Qy > 
Hr 

+ < u, Ru > 	1.2.1.2 
Hm  

where the output weighting Q (assumed self adjoint and semi-

positive definite, Q > 0) and the input weighting R (assumed 

self adjoint and positive definite, FP 0) can be used to 

determine the relative merits of the individual outputs and 

inputs, while the balance between!' QIl andlIRIlcan be used to 

specify the overall control objectives. This ratio between 
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IIQII and IIRII is extended further when it become necessary to 

relate the value of the optimal cost to the control properties 

of the structure. An asymptotic analysis is developed by setting 

R =p Ro,p > 0 and examining in control terms the effect of 

p 	0. 

It is convenient at this point to introduce the concepts of 

"input structure" and "output structure". For given control 

objectives the former specifies the inputs required and the 

latter the outputs required. In an optimal control setting, it 

turns out that the input structure problem is naturally handled 

via the deterministic LQP formulation whilst the output 

structure problem has so far been most usefully exploited in 

the stochastic environment of the LQG Pioblem. However it - 

is instructive to note that the output structure problem 

has been recast as a deterministic input structure problem with 

an increased computational requirement. For this reason, the 

work on the output structure problem remains largely academic 

rather than practical and the part of the thesis devoted to this 

problem is mainly of an expository nature only. 
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1.2.2 The Input Structure Diagnostics 

By deleting some of the inputs of a given linear system 

description, one of the many different input structures is 

obtained as the structured system: 

y = Wsus  + d 	 1.2.2.1 

where y, and deHr, structured control input us e Hs  

(sE {1,2,...,m} ) and the structured system operator Ws  

is obtained from W, by deletion so that Ws:Hs+ Hm. (This 

notation simply relabels the situation where certain 

inputs/removed from the input set are constrained to be zero.) 

Assuming that the full input and output sets have been 

assigned suitable cost weights Q, and R, it is clear that 

input deletion will give the structure an associated cost func-

tional J
s
, where 

Js  = 	< y, Q y > Hr  + 	< us, Rsus  > Hs 	1.2.2.2. 

The comparison of the optimal values of the costs J, and 

Js  forms the ba'sis of the structures assessment technique. 

Since the lowest optimal cost will be achieved by the use 

of all inputs, 	the structures are examined to ascertain 

which structure has an optimal cost value sufficiently close 

to this overall optimum. 

The optimal cost value is obtained as follows: 

Using J = 	< y, Qy > + 	< u, Ru > 	(1.2.1.2) 

substituting for output y using the linear constraint 1.2.1.1 

J(u) = < u, (W*QW + R) u > + < u, W*Qd > + < d,Qd > 

where W
* 

is the operator adjoint of W. 
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A-gradient on Hm  may be defined as: 

g(u) aJ = Au + b 
au 

where A 6  W*QW + R and b W*Qd. 

Under suitable conditions (Riesz and Sz-Nagy, 1965) 

A-1  exists, and there is a, unique optimal control u = -A-lb 

for which g(u) = 0, and J(u) = 	< d, Qd > - < b ,A-lb >. 

The two costs for comparison are therefore the full optimal cost 

J(ti) = # < d, Qd > - < b, A-lb > H  and the structured 
Hr 

optimal cost Js(us) = < d, Qd > - < bs, As1  b s Hs  

These cost values motivate the introduction of two input 

structure diagnostics AJo, and IESQ. The first of these is based 

on the improvement in cost AJ(u) 
A 
= J(u) - J(u) for any uE Hm. 

Clearly this is a measure across constant cost contours of the 

available cost improvement from cost J(u) at u, to the optimal 

A 
cost J(u) at u. Of particular interest is the improvement in 

cost available in applying optimal control compared to applying 

no control at all, viz A.I0  = J(o) - J(t) = 	< b ,A-lb > 11,11  

or in structured terms AJs = < b A-1  b > 
s, 	s H

s
' 

The second of these is the integral error squared diagnostic 

A 
IESQ 

a 
= t < y(u), Qy(u) > H  (its name coming from the 

related quantity in the optimal servo problem: 

A 	 A 	 A 	 A 
< e(u), Qe(u) > Hr  where e(u) = r - y(u)) which measures 

" 

the success of output regulation through applying optimal control. 
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In structured terms this is written IBS% = < y(us), Q;(us) > Hr. 

Several important issues must be resolved the most basic being 

whether the proposed diagnostics can be related to the control 

characteristics of the structures. That this is the case is 

established using new results on the asymptotic behaviour 

of the pole-zero patterns of optimal control systems. These results 

are rederived using a linear space analysis to give a completely 

fresh "geometric" or "least squares" interpretation of the proposed 

structure assessment technique (Chapters 1 and 2). 

It is computationally inefficient to evaluate the diagnostic 

of each different structure by solving the related 

optimization problem. Consequently 

following the previous researches of G.F. Bryant (1973) additional 

information contained in a set of moment equations was utilized 

to obtain a set of diagnostic bounds. Here an infinite dimensional 

linear programming theorem was developed to reduce an infinite 

dimensional optimization problem to one of finite dimension. 

A set of four finite dimensional problems were solved to obtain 

a set of bounds with the possibility of using numerical techniques 

to obtain a further set. These bounds are thought to be original 

to this work. .  

Various properties of the bound formulae, and the moment sequences 

are developed and the computation for a simple finite time-domain 

example given. With this important computational problem surmounted, 

structure assessment is now a feasible proposition. 
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A new algorithm was developed to decompose the moment quantities, 

so that the moment sequences for the different structures may be 

readily reconstituted. Also required in the algorithm to perform 

structure assessment was an (low) upper bound for the maximum 

eigenvalue of the operator OWR-1WO and its structured 

relation OWs*Rs-1Ws0. The results of Bryant (1973) are recast 

in a Hilbert space setting, and several new extensions given. 

The problems are discussed in Chapter 4 where a set of bounds of 

varied accuracy and complexity are seen to be available. 

The validation of the algorithm, and a successful trial of the 

structures assessment package (written in FORTRAN IV) on the model 

of a five-stand cold rolling mill developed by the Industrial 

Automation Group is detailed in Chapter 5. 

Various extensions and consequences of the technique are explored 

in Chapter 6. Perhaps the most significant of these are a 

completely new re-appraisal of pseudo-diagonalisation 

(Hawkins, 1972) and an application of the structures procedure 

to a least squares problem (Draper and Smith, 1966). The 

notion of applying structure procedures to the constant pre- 

compensators of the pseudo-diagonaliSation technique is new, whilst the 

problem of least square parameter structures is well-known. 

The output structures problem is briefly discussed in Chapter 7 and 

8. In Chapter 7 is a discussion of the implication of output 

deletion in the quadratic (primal) cost ind‘x where it is 

shown that this deletion procedure does not appear to yield 

useful information on the output structures problem. Whilst in 

Chapter 8, the output problem is usefully set in a stochastic 

environment. 
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Finally the thesis concludes with a biief set of topics and 

recommendations for further research. 
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Chapter 1 Asymptotic Linear Systems Theory for Optimal Controllers 

1.0 Introduction 

1.1 The Problem Basics and the Optimal Return Difference 

Relation 

1.2 Generalization of a Result of Kalman 

1.3 The Infinite Zeros and their Butterworth Patterns 

1.4 Summary 
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1.0 Introduction 
••••mom.11.• 	 

A considerable amount of work has been expended on detailing 

the asymptotic behaviour of the closed loop poles of an 

optimal linear system. (Kalman, 1964; Tyler and Tuteur, 1966; 

Kwakernaak and Sivan, 1971; and Kwakernaak,1976.) Although 

the results for the finite zeros and the first order infinite 

zeros are available, the details for the higher order infinite 

zeros remain unknown. In this chapter Kalman's result for the 

single-input/I'll.AK output system is successfully given a 

multivariable treatment and several results relating to all 

orders' of infinite zeros given. 



1.1 The Problem Basics and the Optimal Return Difference Relation 

The performance index considered is the integral of a quadratic cost 

subject to a linear system constraint described by the time 

invariant system triple e(A,B,C), namely 

03 

= 	f { < y(t), Qy(t) > + < u(t), Ru(t) > Em  }dt 	' 1.1.1 
o 	Er  

with 0(A,B,C) 	X(t) = A x (t) + Bu (t) x (0) = xo. 

y(t) = C x (t) 	 1.1.2 

Two additional assumptions are made: 

i) Symmetric, constant matrices R and Q are positive and positive 

semi-definite respectively. (R > 0, Q 3 0.) 

ii) The matrix Q is capable of a factorization Q = DTD so that 

the system triple 0(A,B,DC) is completely controllable and observable. 

These assumptions ensure the optimal closed loop system is 

asymptotically stable. (Anderson and Moore, 1971.) They also 

ensure no pole-zero cancellations occur in forming the transfer matrix 

G(s) = Qk(sI-A)_ 1BR . 

The optimal return difference determinantal relation is obtained succinctl 
..... 

] using the properties of the matrix A = A 	-BR-1BT  

[ 
_cTor _AT 

These include: 

i) Matrix A has no purely imaginary eigenvalues. If A is an 

eigenvalue, then (-A) is also one. 

ii) For A with distinct eigenvalues, and associated eigenvector 

matrix V = Vil V12 , then V-  1  = V22T  -V12T  

"  
/7 	

T " T 
-v21 	v11 21 V22 
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1 
iii) The symmetric positive definite matrix Po,  = [V121 V22 

is a solution of the steady-state matrix Riccati equation with 

cost, equation 1.1.1 and system described by equation 

1.1.2. 

iv) The optimal control law is u(t) = - R -1 BT P x(t) 
CO 

so that the closed loop system matrix is ACL  = A-BR-1BTP1,  

and the optimal closed loop poles are (-A), R(A > 0). 

Introduce the closed loop characteristic polynomial as 

det EsI-Aci) = det rsI +A 3= ac(s) 

(using ACL  = A-BR-1BTP = v12 f-A 3 11i2 03 

and the open loop characteristic polynomial as 

det [sI-A) o(s). 

Matrix A has the canonical form 

X 

 =I

A 	-BR-1B] = V A 0 V-1  

_cTQc _AT 	 ID -A 

Hence det 	= det rsI-A det rsI + 

giving (-1)n  4c(s) A c(-s) = det sI-A BR-1BT  

CTi4C sI + AT 

Using Schur's Identity obtain: 

(-1)n  4 c(s) Li c(-s) = det (sI-A] det t sI + AT  - CTQC(sI-A)-1BR-1BT  3 

= det rsI-Al det C-(-sI-AT) { I - 

(sI + AT)-1CTQC(sI-A)-1BR-1BT} 

= (-1)n  det 	E-sI -ATIdet CI 

+ BT(-sI-AT)-1CTQC (sI-A) -1BR-1  

Recalling d o ls) = det rsI-A] and defining G(s) = C(sI-A)-1B 
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gives Ac(s) Ac(-s) = A o(s).60(-s) det rIm  + GT(-s)Q5(s)11-13 

A modification of notation is made: it is assumed that 

the input weighting matrix R is written R =p Ro, where 

scalar p satisfies p > 0, and R
o
> 0 enables R

o to be 

factorized as 	 .Ro,  Ri 	 f similarly the output weighting Ro.  

matrix is factorized as Q = DTD so that writing 

G(s) = DG(s)11.7,, the optimal return difference determinantal 

relation is obtained as: 

Ac(e) Ac(-s) = Ao(s) A0(-s) det [Im  +V GT(-s) G(s)] 	1.1.3 

where p = l/p and p > 0. 

The optimal closed loop pole positions have been specified 

through the canonical form of the matrix A, 

A= [A 

-CTQC 

1 T] -PIM
o 

B 

-AT 

= V A(p) 

0 

0 

-A(p) 

1T-1  

and through the zeros of the optimal return difference determinant 

Ac(s) Ac(-s) = R (s + Ai(P))(-s 	Ai(M)) 
i=1 

It(Ai  > 0) 

= Ao(s),60(-s) det Elm  + PGT(-s)G(s)] 

The asymptotic behaviour of the poles of the optimal closed 

loop system arises as the scalar p, which weights the input cost, 

tends to zero giving p = lip =. More formally if {vjlj=1  

is an unbounded sequence of positive real numbers,with X (11.1) 

and v(pj) as the corresponding sequence of eigenvalue/ 

vector pairs satisfying 
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I (ui) v(u3) = 4(13) v(11j) 	1R(A > 0) 

then a suitable subsequence may be extracted so that 

lim v(pi) = vw  and Ilvil m  = k > 0. 
j-4-00 

The related eigenvalue sequence has either a finite limit or is 

unbounded. The equivalence between the canonical form of 7, and 

the relation 1.1.3 enables the asymptotic properties 

of the optimal closed loop poles to be investigated as asymptotic 

properties of the zeros of the latter, that is through the 

asymptotic roots of 

n 	+ Ai(pj))(-s + Xi(pj)) = Ao(s)A0(-s)detrIm  -1.110
T(-s)G(s)1 = 0. 

i=1 

Anticipating the results, some of the closed loop poles attain 

finite positions in the open left half plane related to the system 

zeros whilst the remaining closed loop poles tend to infinity in 

Butterworth patterns of varying orders and radii. These latter 

poles are said to be attracted by infinite zeros whose 

order is that of the Butterworth pattern. 
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1.2 Generalization of a Result of Kalman's 

In an early paper on the LQP problem, Kalman detailed the 

asymptotic behaviour of the optimal closed loop poles for a 

single input/1'1101i. output system using a transfer function 

analysis. Here this approach is extended to specify the behaviour 

of those closed loop poles attaining finite positions for multi-

variable systems. 

The principal. ingredient of this extension is the relationship 

between the Smith-McMillan form of G(s) and GT(-s)G(s). It is 

shown in Appendix A, that if G(s) has the Smith-McMillan 

form P(s)r(s)Q(s) where both P(s) and Q(s) are unimodular matrices 

of appropriate dimension, then GT(-s)G(s) = Ti(s) rT(-s)r(s)T2(s) 

,where T1(s) and T2(s) are also appropriate unimodular 

matrices. The matrixr(s) has a leading diagonal whose 

rational elements in product yield the transmission zeros 

and the open loop system poles (all here assumed controllable and 

observable). 

In the optimal return difference determinantal relation 

det [Im  + pGT(-s)G(s).] = det Elm  + 1T1(s)FT(-s)r(s)T2(s)1 

= det [Im  + prT(_s)r(s)T21(s)  3 
where T21(s) = T2(s)Ti(s) is m x m unimodular. 

Hence the closed loop poles for the sequence{ Pj } 	are given 
j=1 

by the roots of Ao(s)A0(-s)det[Im  + pjr (_s)r(s)T2/(s)] = 0. 

Thus for all pj > 0, have that 

A0(s)A0(-s)det[Im/pj + rT(-s)r(s)T21(s)j= 0. 

so that as pj 400 	det [Im/pj +rT(-s)r(s)T21(s)]÷ det[rT(-s)r (s)T21 
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n 
giving 	A0(s)A0(-s) ini (s-2i)(-s-Zi) deti7T21(0.1 = 0 

Ao(s) Ao(-s) 

Hence n asymptotic roots or equivalently optimal closed loop 

poles limit at positions associated with the system transmission 

zeros. Noting that the optimal closed loop is always 

asymptotically stable, those closed loop poles limiting at finite 

positions do so at either the left half plane zero positions 

or at the left half plane mirror image position of right half plane 

zeros. 

The behaviour of the remaining closed loop poles is indicated 

by the analysis following, however a more detailed exposition 

is given in the next section. Consider here s = jw; hence 

matrix GT(-jw) G(jw) is real symmetric and positive semi-definite 

(real hermitian). In the optimal return difference determinantal relation 

Ac  (jw)Ac  (-jw) = IA (jw) 12 = IA (jw) 1 2 
 det[ Im  + uGT(-jw)G(jw)] 

Using Minkowski's Inequality 

{detrIm  + IIGT(-jw)G(jW)D
1/m 

> {det[Ill'321
l/m 

+ {detruGT(-jw)G(jw)plim  

hence detEIm 
+ 1.1GT(-jw)G(jw)] y um  detIGT(-jw)G(jw)3 

to give 	IA
c
(jw)I2  y 1A0(jw)12  um  det[GT(-jw)G(jw)2 

Using the theorem of Appendix A, namely that 

GT(_s)G(s) = T1  (s)r
T(-s)r(s)T2(s) 

obtain 	IA
c
(jw)I2  y IA

o
(jw)I2  um  detErT(-jw)r(jw)T2i(iw)] 

and subsequently 	IA
c
(jw) 12 ' IA 

o 
 (iw)I2 um IA 

Z 
 (iw)12 k21 

1 A0o10 12  

where A (s) = 
i
H (s-Z.) 	( a real coefficient polynomial ) 
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and k
21 

= detIT
21(s)] 

It has already been shown, that as p i  =, some of the closed loop 

poles tend to finite positions associated with the system zeros. 

Partition IA (jw)12  accordingly so that 

lAc (iw) 1 2  = 1Az (jw,11)12  IAR (;w,p)12  

where A
z
(jw,p) is that part of A

c
(jw) associated with the closed 

loop poles limiting at finite positions ( related to the system zeros) 

giving 	IA (jw)12  4- 1 as P 4- = ; and AR
(jw,p) is the 

IAz (iw,p)12  

remaining part of Ac(jw). 

Then 	IAR(jw,P)12  . k21 Pm  IA (jw)12  

IA (jw,P)12  

Clearly as p cc., the excess of closed loop poles over the number 

of system zeros tend to infinity, subject to the constraint of 

asymptotic stability which ensures that these loci are in the 

left half plane. In the following section a more comprehensive 

analysis is given to describe this asymptotic closed loop poles 

behaviour. 
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1.3 The Infinite Zeros and their Associated Butterworth Patterns  

Begin by recalling the concept of the Butterworth Pattern which 

arose in the early investigations of network theory (Butterworth, 

1930). They are simply the roots of the polynomial equation 

stn 
= (-1)

n+1  a where a > 0 and n = 1,2,... . 

For example: 

n = 1: 1st Order Pattern 	s = ± a1/2 

n = 2: 2nd Order Pattern 

sk= ak(cos + i sin) ((2k + 1) ff/4) k = 0,1,2,3 

n = 3: 3rd Order Pattern 
. 1/ 

sk= a 6  (cos +isin)(kw/6) k = 0,1,...,5 

Each pattern is seen to contain 2n roots. Those roots in the 

left half plane will play an important role when interpreted 

as closed loop system poles. For this purpose introducean 

nth order stable Butterworth polynomial which is formed from 

the left half plane roots. 	As an example consider n = 2, 

then the 2nd order stable Butterworth polynomial is given 

as f2(s) = (s - ak(-1+i)) (s - a1/4(-1-i)) 
V2 	V2 

f2  (s)= s2  + it2a s + all  

The 2nd order stable Butterworth pattern is given in the following 
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The unit step responses of a single input/single output 

system having no open loop zeros with a transfer function denominator 

of varying orders of Butterworth polynomials have been depicted 

in Kwakernaak and Sivan, 1972b. Their percentage overshoot 

increases from 0% for n = 1 to a limit of about 23% as 

n4-00 (Kalman, 1964). 

The linear system is assumed to be defined through the matrix 

triple 0(A,B,C) where the cost function weightings Q and R
o 
have 

been absorbed into the matrices C ; and B respectively in the 

manner of the previous section. The basic assumption on the 

system dimensions is that n >> max (r,m) where there are n 

states, r outputs and m inputs. The input/output dimensions 

r, and m give rise to three possible cases 

i) r > m, ii) r = m and iii) r < m for which three 

analogous treatments are possible. Here the details of the 

case i) are given, where m < r <<n. Kou varitakis and 

MacFarlane (1976b) have shown that the maximum number of 

zeros defined through the system matrix P(s) = sI-A B 
-C 	0 

is given by n - max (r,m). In the case above this will be 

(n r) consequently the behaviour of at least r infinite 

closed loop poles is sought. For this reason the optimal 

return difference determinantal relation is used in the form 

Ac(s)Ac(-s)=Ao
(s)Ao

(-s)det li
r 	

pG(s)GT(-s)3 

,n 
Let {n.r.=1 

 be the n open loop pole positions, and 
1 

nil} The behaviour of the zeros of 

Ac(s)Ac(-
s) is to be examined for Is! >> 71,  and asymptotically 

define 11 =max {1 
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as 	co. The open loop characteristic polynomial Ao(s) is 

defined A
o
(s) = _1(s-ni), therefore in the regionisl>>771 Ao(s)is  0. 

Hence, recalling Ac(s)Ac(-s) 	Ao(s)A0(-s)det rIr+uG(s)GT(sg 

the zeros of A
c
(s)A

c
(-s) in this region will be given by the 

roots of det [I
r 	

GT  + PG(s)(-s)] = 0. Thus the problem of the 

asymptotic behaviour of the optimal closed loop poles reduces 

to a study of the roots of det [I
r 

+ UG(s)G
T
(-s)1 = 0 under 

the conditions Is! >>7i and p  

Under such conditions the system resolvent (sI -A) 
-1 

is capable of 

a series expansion: 

-1  1 	1/ 	-1 1/ 	
A2 1/ 2 (sI-A)-1  = is (I - s A) 	= 	s (I

n 
+ A 

1 i
s + A 	s +...-) 

to give G(s) = C(sI-A)
- 1

121 = 1 is(M
o 
+ M1  tis + M2 11s2+...) 

where the kth Markov parameter is defined Mk  = CA
k 	

. 

Hence the asymptotic closed loop pole behaviour is given by the 

roots of detr,
r 
- Pis2  {M 

o  
MT  + (MX - MoMT)1/s + 	0 

	
1.3.1 

where Is' >> n and u ÷ co. Since the relationship between rank, and 

the number of non-zero eigenvalues for real definite hermitian 

matrices plays an important role in the sequel a minor 

digression is made to give several relevant results. 

Theorem (Lancaster, .1969 Pg 76) Every hermitian matrix is 

simple. 

Theorem (Lancaster, 1969, Pg 94) The nxn matrix A is a 

definite matrix of rank ren iff A is real, symmetric and has 

r positive eigenvalues and (n-r) eigenvalues equal to zero. 



Theorem (Noble, 1969, Pg 139) If A is a real matrix then A and 

ATA have the same rank. 

The behaviour of the asymptotic roots of 1.3.1 is given by an inductive 

- type of analysis. Based on the optimal return difference determinant 

introduce the jth order reduced optimal return difference relation 

RD, (s,p) 	cle-C 3: 	-1- (A ( s2S ) Av  Air  3_1 

+ (A AT  -A AT)1/S + 	AT  ' -A AT  +A AT 3 1/s24....)  :I 
j -1 	j -1 j 	j+1 .,..j  -1 	j j 	j -1 j+1 

whose relationship with the return difference expression (1.3.1) 

should become clear by setting j=1. The subscript 	defines 

the dimensions of the (square) matrix terms in the series. 

The rank of the leading term Ai...1  AT 
]-1 

 is defined as dj_1, which 

by the preliminary theorems is also the rank of Aj_1. These relations 

are used as the basis of an inductive type argument to detail 

the asymptotic roots of 1.3.1. 

i , 
If Isl -+00 and p400 such that p = o(Isl

k 
 then the asymptotic zeros.  

of the jth order reduced optimal return difference determinant 

RD.(s,p) = detrl 	+ (-1)]11/s2j{ A AT 	+ ( A.AT 	- A AT  )1/3  
qj-1 	

j-1 j-1 	j j-1 	j-1 j 

	

+ ( A. AT-1  - Aj j  
AT  + A

j-1 
 AT 	)1/s2 4. ...1] 

3+1 j 	j+1 

	

j= 1,2,..., 	1.3.2 

are i) non existent for the rate 	= o(Islk 	
k < 2j+1 

but ii) exist for the rate p = o(Isik) 	k = 2j+1 

and for all rates P = o(Islk) 	k > 2j+1 are given by the 
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(j+l)th reduced optimal return difference expression 
RDj+1 

 (s,p) 

whose terms are defined from those of Rys,p). 

In particular for the rate k = 2j+1, ifd 	is the rank of 3_1  

A
j-1 

, then the asymptotic zeros occupy d
j-1 

sets of jth order 

Butterworth patterns whose radii are related to the positive eigenvalues 

of A. AT . 
j-1 

t 
Proof 	i) 	For the rates P = o(isl

k 
 ) 	k < 2j+1 

1 	l 
Thus for all rates p = o(isi

k 
 ) 	k < 2j+1 have that 

	

P /Isi2j '1' 0 giving RD.(s,p) = 1 	and no asymptotic zeros exist. 

12j+1
) ii) 	For the rate 	p = 0 (

1 
 s 

clearly p/IsI2j 	constant, and p /Islk  0 k 	2j+1 

so that the zeros of 

RD.(s,p) = detri 	.+ (-10 A. 
	
Aj-1 p/s2j 

clj-1 
are required. 1.3.3 

Using the spectral properties of real hermitian matrices have 

r
IT
T 
 (1).  A 1 r . j LT. (1) T 	(2)] = A

di-1 j-1 	
i AT  _ j_i 3_1 3_1  

TT (2) 	 0 i_i  
qj 

a 
where . rank EA 	AT 3 = rank IA 	= d 

j-1 j-1 	j 	j -1  

ara 
q. = q

j 	3 

	

d. 	and 	T
T 

(2) A. 	AT 	T. (2) = 0 
-1 	-1 	j-1 	3-1 j-1 3-1 

qj 

gives AT T 	(2) = 0 
j-1 j-1 

Substituting into 1.3.3 gives on equating to zero 

di ,1 

RD.(s,p) = n 	1 + (-10 x(i) 	/ s21  ) 	0 
3 	i=1 

1.3.4 
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hence 	s2j  = (-1)"1  A(i) P 	i = 1,2,..., 	1.3.5 

d. 
where 	{A(i)} 3-"' are the positive eigenvalues of A 	AT  1 	 j -1 j -1 ' 

This proves the second part of the assertion since the above 1.3.5 

clearly define d 	different sets of jth order Butterworth Pattern. j-1 

t For any rate P = o(1s1k 
 ), k > 2j+1 So that 

the first term of RDj  (s,p) ( equation 1.3.2 ) becomes unbounded 

and obscures the zero behaviour of the remaining terms. This unbounded 

term associated with rate p  = o dsi2j4-1 
) is factored out using 

Schur's Identity to give the (j+l)th reduced expression. The 

first two properties i) and ii) may then be re-applied to isolate 

more asymptotic zero behaviour. Use the orthogonal matrix 

• [I,  	(1) T(2)1 	to produce 
j-1 	-1  

[ 

Trri_1(1) Rys,p)[Ti_1(1) Tj_1(2)] = det Bil(s) 	Bi2(s) 

TT(2) 	 BT (-s) B2,(s) 
J-L 	 12 	4 j 

where the relation 1.3.4.has been used to obtain simplifications 

to give 	B
11
(s) = I 	+ (-1)ill/s2j { A 	B

11
(1)1/s + B11(2)

1/s2 +...1 Id 	Ad  

with 	B
11
(1) = T

j-1(1)( A.A. 	- A. AT ) T. (1) 

	

3 3-1 	3-1 j 	3-1 

B (2) = T11.1  (1) ( A 	AT 	- A.AT + A. AT 	) T 	(1) 11 	3-1 	j+1 j-1 	J 3 	3-1 j+1 	j-1 

and 	B12(s) = (-1)
j+1 

P/s2j+1  { B12(0) + B12(1) 
1/s + B

12(2) 
1/s2 ++...1 

with 	B (0) = TT (1) A. 	A. T. (2) 
12 

	

j-1 	3-1 3 3-1 

B
12
(1) = T

j-1
(1)( AjA 	Aj-lA 41) Ti-1(2) 

B (2) = TT  (1) ( A. AT  - A.AT 	+ A. AT 	T. (2) 12 	j-1 	3+1 j 	3 j+1 	3-1 j+1 	3-1 
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(_10+1 p/s2j+2 and B22
(s) = I + [ B22(0) + B

22  (1)1/ + B
22(2)1/52+...1 

j 

with B22(0) = TT 	A. A. T. (2) 
3 J  3-1 

B22(1) = Tj-1
(2)( A. 	ATj 

 - A. AT +1 	3 ) T.-1  (2) 3+1 	3 j  

B22(2) = T
T (2)( A 	A. - A. 	AT +1 	A. AT 	) T.-1  (2) j-1 

	A. 	3 3+1 j+1 3 j+2 3 

B22(3) = TT  (2) ( A 	AT  - A. 	AT  +1 	A. 	AT  +2 	A. AT 	) T. 
1 
 (2) 

j-1 	j+3 j 3+2 j+1 3+1 j+2 	j+3 3- 

Consequently using Schur's Identity to factor out IB11(s)1 

• -1 
RD.(s,v) = IB11(s)I (B22(s) 	B

1
T 
 2
(-s) B

11
(s) B12(s)! 3 

and define RD
j+1

(s,V) 	det fB22
(s) 	BT 2 (-s) B

11
(s) B12(s)] 1  

Define B (s) B- s) (_/)js2j 
11 	11  

 ;11(0) + B11(1)1 
 +  j 

'where the details of this inversion are in Appendix A. 

Thus 	BT (-s)B(s)B12(s) = (-1) 
j+1 

 V { BT 12(0)B11
(0)B12(0) 12 	11 

s2j+2 

(0)B 

	

+ ( BT 
12 	11 

+ ( BT  
12
(0)B11 

B
T (1)B 

	

12 	11 

(1)B 
12 

(2)B12 

(1)B 12 

(0) 

(0) 

(0) 

+ BT 
12 

T + B
12 

- BT 
12 

(0)B 	(0)B 11 	12 

(0)B11(1)B12 

(1)B 	(0)B 
11 	12 

(1) 

(1) 

(1) 

- B 12 

T + B
12 

+ BT 
12 

(1)B 11 

" (0)B11

(2)B 11 

12  (0)B 

(0)B12 

(0)B 12 

(0) 	) 	1 

(2) 

1 
(0) 	)-2+...1 s 

Substituting this term into 	(s,11) and utilizing the equivalences 

for the terms of B12
(s), B

22
(s) 	and B11

(s) it is possible after 

much tedious manipulation ( given in Appendix A ) to produce the 

correct form for the first two terms of the (j+l)th reduced return 

difference determinant formula as: 
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r 	, 	" 	~ 
(s,P) = det I qj+ (-1)

j+1 
 P 
 { 

A. A. 
-T 

	( + AAT  
]
+1 j . 	- A

3 j
. A 	1 

+1 ) /s 

 s
20+1) 

+...) 1 	 1.3.6. 

-1 T 
where A. = T.-13 3 

(2) A. P.
-1 	Pj-1 	3 

= I - A.
-1 3 T.-1 	

3 

(1)  A
d.
-1 

T
j-1 

A
j-1 3  

A 	= T 3. 	
j 

(2) A 	A. A.
T 	

T. (1) A
-1 	

T.
T  

(1) A. ) P A. 
	-1 

	A. 
	3-1 3-1 	

dj-1 
3-1 	3 o 

This new reduced return difference relation may then be used to 

examine the asymptotic behaviour of the zeros for the rates 

p = o(Isi ) 	k > 2j+1. 

Beginning from j=1, where Rys,m) can be identified with the 

optimal return difference expression it can be seen that the above 

. analysis forms a recursive procedure for describing the behaviour of 

all the asymptotic zeros of expression 1.3.1. Using the constraint 

of asymptotic stability for the optimal closed loop, the asymptotic 

behaviour of the closed loop poles can then be identified with a 

stable Butterworth polynomial of asymptotic zeros. Such a recursive 

procedure would terminate at that order for which rank(A.) = q.. 

The above analysis would. also form the basis as an inductive proof 

for a theorem if all the terms of the series for RD
j+1

(s,u) could 

be identified. An examination of Appendix A will indicate that this 

does not appear feasible. In the absence of such a theorem the 

following corollary must suffice. 

Corollary 1.3.1 Setting j=1 in the above recursive procedure 

obtain for the case where r = m : 

i) d
o 
= 
A 	A 
rank( CB 

7 
M
o 

) 

If d
o 
= r , then there are r 1st order Butterworth Patterns 

and exactly ( n - r ) finite zeros. 
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ii) If d
o 

< r, define ql- r - do  

d1 
A = rank (T02

TCAB Po) where P = 	-m TT Po m oo d of  Mo 
0 

and ToT  l MoMO [Tol To21 = A  do 

T 

i 
T02 Oqi 

If d1 = q1  then there are d0 1st Order and d1  2nd Order stable 

Butterworth Patterns giving exactly n-(d0+2d1) finite zeros. 

iii) If d1 < qI then clearly a further step may be taken. 

The numbers of infinite zeros, and zeros for these cases can 

be shown to be equivalent to results presented in Kou varitakis 

and Shaked, 1976 where the asymptotic properties of a scalar 

feedback of the form kI, k-° were investigated. (Appendix A 

contains results demonstrating the correspondences for the 

corollary above.) 

In toto, a recursive procedure has been developed for describing 

the behaviour of those closed loop poles tending to infinity. 

Explicit results have been obtained for the 1st and 2nd order 

Stable Butterworth patterns. 

Footnote: Since this investigation was completed, the author's 

attention has be drawn to the report Kou varitakis, 1977 in which 

the asymptotic root locus theory developed in Kou varitakis and 

Shaked, 1976 is applied to the optimal linear system configuration 

to obtain the same results. 
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1,4 Summary of Asymptotic Optimal Control Theory  .t..‘.. 

The asymptotic behaviour of the optimal closed loop poles has 

been described for the quadratic cost functional 

'OD 

=
o 	

< y (t) , Qy(t) > 	p < u(t) Rou(t) > } dt 

with time invariant linear system 

f 

(A,B,C) 44 	31(t) = A x (t) + Bu(t) x(0) = x. 

y(t) = C x (t) 

where there are n states,r outputs and m inputs. 

As p40, the optimal closed loop poles behave according to the 

following general rules: 

1) The finite system zeros attract (according to their multiplicity) 

the same number of closed loop poles to various left half plane 

positions. The right half plane zeros attract to their mirror 

image position in the left half plane and the left half plane 

zeros attract to their actual left half plane locations. 

2) The remaining optimal closed loop poles tend to infinity 

in various orders of differing radii stable Butterworth patterns. 

A method of deriving the various patterns was presented in some 

detail in Section 1.3. 

The asymptotic theory is the framework in which the control 

properties of the input structure diagnostics is to be 

viewed. It relates directly how the closed loop poles are 

behaving as the cost parameter p is being modified. The 

next chapter relates (using two kinds of analyses) the value 
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of the optimal cost ( through which the diagnostic is defined ) 

to the limiting process p + 0 , and the underlying system pole-

zero configuration. With these relationships established the 

control-theoretic basis of structure assessment is complete. 
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Chapter 2 The Control Properties of Input Structure Diagnostics  

2.0 Introduction 

2.1 Asymptotic Properties for Input Structure Diagnostics 

2.2 Basic Relations for Input Structure Assessment 

2.3 Input Deletion and the Preservation of Controllability 

2..4 Input Deletion and the Loss of Controllability 

2.5 Summary of Control Properties of Input Structure Diagnostics 
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2.0 	Introduction  

The input structure diagnostics can be described in the following 

general notational scheme. The quadratic cost functional is 

J = 	of (< e(t),Qe(t)> +< u(t),Ru(t)> ) dt, 

with process equations e(t) = r(t) - y(t) 

and y(t) =7-  (Wu)(t) + d(t). 	p < t < T 
f.  

By setting d(t)E 0, and r(t) to the desired system response, the 

optimal servo problem is obtained. For the regulation of an initial 

condition disturbance, set r(t) E 0 and d(t) to the initial 

condition disturbance. 

To be consistent with the control interpretations obtained by 

specializing to the state space system description 0(A,B,C), this 

chapter is written in terms of the notation for the regulation of 

an initial condition disturbance. The diagnostics are then 

written as: 

i) AJ
o 
= J(u=0) - J(u=0) 

representing the total cost improvement "obtained by applying 

optimal control, and 

Tf 
ii) IESQ = oI  <9(t),Q2(t) > dt which is simply the output 

inner product term of the cost functional evaluated with the optimal 

output. This quantity is a measure of how well the desired system 

response is being achieved by the use of optimal control. 

2-1 



Further simplification is achieved by. ,  the formal use of Hilbert 

space notation, and by making some assumptions on the cost 

functional weighting operators which facilitate a resealing of the 

original problem statement. 

Assume, therefore that operators Q and R are self-adjoint and 

positive definite. The control weighting operator R is taken to 

be of the form R = pRo, where scalar p>o is utilized in the discussion 

of ttie. csymptotic behaviour and Ro  has a diagonal structure. 

This latter quality enables deletions of inputs to be related to 

the deletions of diagonal elements of Ro. 

Using square root factorizations for Ro, and Q, the following 

rescalings are obtained: 

J = i<YQY> H  < U, R0  u > H  
r* 

nni QTY,  n Y > n
r + 

p < R 0 u, R u > 
H 
m 

Redefine Qiy as y, and Ri  u as u to give 

y> H • +p<uu> 
r 

2- 	Hm 

Similarly the process equation y = Wu + d becomes 

Qiy = QWR
o  Ro

u + Qld 

to give y = Wu + d, where Qi W R i has been replaced by W, and 

Qi  d by d. The full problem may be stated in resealed form as: 

A 
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Min J=i<y,y>H +P  <u, 

ual 
m 

subject to y = Wu + d 	,p>0. 

In the context of this rescaled problem, the control properties of the 

diagnostics are to be investigated. In the early part of the chapter 

linear space concepts are used to describe the asymptotic behaviour of the 

diagnostics. Using the pole-zero results of the first chapter, control 

interpretations are given for the state space system description. 

Using the same linear space concepts the discussion moves onto the use 

_ 
of the diagnostics for structure assessment. In the process of proving 

consistency forAJo, and asymptotic consistency for IESQ much insight 

is gained as to the significance of structure assessment. 

Finally the consequences of deletion are related to the multivariable 

concepts of controllability and various types of pole-zero patterns. 

Later it will be shown how sets of bounds can be generated for the 

diagnostics enabling a rapid assessment of input structures. 

Notation Frequent use is made of the sub/super script 's', and 'f'; 

these indicate dependence on a control subset (a structure) or the 

full control set respectively. 
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2.1 Asymptotic Properties for Input Structure Diagnostics  

Recall the optimization problem as: 

Min J= 
	
+ 	u,u > 

u EHm 	
Hm  

Substituting for y obtain 

subject to y = Wu + d 

J = < u,(Tew + pI) u >Hm 	_ + <u,ed >Hm  + < d,d > 
Hr 

for which a gradient on Hm  may be defined 

g(u) = aJ = (W*W + pI) u + W*d 
au 

to give the optimal control as u = -(W
*
W + pI)

-1
W*d 

It follows from this that the optimal cost is 

J(p) = < d,d >H - < W
*
d, CeW + 	> 

r 
 

the optimal cost improvement is 

AJ
o(p) = < W*d, (W

*W + pI)1W*d >
Hm 

and the IESQ diagnostic is IESQ(p) = < y,y >Hr  where y = Wu + d 

The asymptotic behaviour of these three quantities is obtained 

using Householder's relation for operators (Chuang, 1970) and the 

eigen-structure of compact self adjoint operators on Hilbert spaces. 

Begin by recalling Householder's matrix equality which can be extended 

for use with suitably defined Hilbert space operators (Chuang, 1970), as 

( B + CDE )-1  = B-1  - 5-1CD( D + DEB-1CD )-1  DEB 1 
	

2.1.1 

where B, and D are assumed positive definite. This enables the following 

. commutativity to be obtained. 

Hm 
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Lemma 2.1.1 	If F:H H and G:Hm r r 

then (I+GF)-1G = G (I+FG)-1(assuming the inverses exist). 

Proof Using 2.1.1 on the left hand side: 

(I+GF)-1G=(I-G(I+FG)-1F)G 

=G ( I - (I+FG) 1FG) 

Using 2.1.1 with B=.1,C=I,D=I,E=FG to give 

(I+GF)-1  G=G(I+FG)-1 
	

4 

Define operator D:Hr .4-Hr  where D=WW*, then the assumption of 

compactness introduced on D enables the eigen-structures of compact 

self adjoint operators between Hilbett spaces to be used to further 

the analysis. Hsieh (1965) has justified the use of such an 

assumption for a large class of linear systems including those. 

described by a state space triple 	(A,B,C). 

Compact operator D=WW* is positive semi definite and self adjoint 

hence it has a denumerable set of positive eigen values 	{ A.}°3  
i=1 

and a corresponding set of orthonermal eigenfunctions { ei }i= 

Further one of the eigenvalues attains the value of the norm of 

operator D, and the only possible point of accumulation for {A }cc i s  
i i=i 

zero. 

Denote aM  = 1 DI 1=sup { 	Dm, /‹ X , IC> } 

X‘Hr  
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and xi e( 0,X1j. The space 	is therefore capable of a direct sum 

decomposition Hr  = H1  OH2  where Hi  = span {ei)7=1 

and H
2 is the null space of operator D ( denoted byK(D)X The 

* 
relationship between the nullities of D, and W is expressed in the 

following; 

Lemma 2.1.2  If D = WW* where W H 	H , and D. H 	H D: r 

then • gm) E N(V* ) 

Proof 	(i) Suppose xe.N(D) 	implies Dx = OE Ht, 

then < x,Dx > = < 	W*x > = 0 	( by assumption ) Hp. 	 Hrq 
so that 	= 0 and x E.Ww* ) . 	D) 4'"; We) 

(ii) Suppose xar(W*) then W*x = OCHrn  

consequently WW*x = Dx = 0 'giving K(W*) 50((D) 

(i) and (ii) together yield the result: 

I, 
Since H is the orthogonal complement to H2 =  N(D), have through the 

identification in Lemma 2.1.2 and Luenberger, (1969) that 

kp .L Hi  =/-11(W*  ) = S(W) 	which is a closed linear subspace of a complete 

Hilbert space, consequently ( Naylor and Sell, 1971 ) it too is 

complete and may therefore be treated as a complete Hilbert space. 

Finally since Hi  =1R(w), this implies by definition ( Naylor and 

Sell, 1971 ) that R(W) is dense in H1. Intuitively then, the 

elements of the range of the system operator can approach arbitrary 

.close to any element in H1 = sp { ei  

With this characterization decompose the disturbance d, as 

d = d
1  d

2  where die; 111, 	and 	d2EH2. 

co 
Then 3 scalars { ai}m1=1 such that d1  =Z ai ei  ,  and further 

i=1 
Dd = Dd = E ai Ai ei where {A }w 	are the eigenvalues of D. 

1=1 
1 	 i i=1 
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Theorem 2.1.1 Asymptotic Dia nostic Values 

If the disturbance d is decomposed as d = d1 + d2 where 

di  E. Hl = gt (W) 	and d2E H2  = ti(W*) 	then 

(i) lim J(P) = 	< d2,d2 
p+o 

(ii) lim AJo(P)  = 	< dlidl 
p4-o 

and (iii) lim IESQ(p) = < d2,d2  >Hr  

P40 

Proof 	(i) Recall J(p) = t<d,d>
Hr 

 - t<W*d, (W*W + pI) w'd >Hm 

Use Lemma 2.1.1 with G = W and F = W*  to give 

3(P) = t< d,d >„ - < d,rpI + WW*  )-1Wed > 
Hr 	 _ _ Hr  

• 

Substituting for D = WW*, d = di  + d2  and using orthogonality 

( dii,d2  ) , and d2EN(D) obtain 

J(p) = 	< di,d, > 	+ k < d2,d2 >u  - 	< d,( pI + D ) 1Ddi  >H  
Hr 	"r 	

r 
 

Using the eigenstructure of D, have Dd = faXe 1 	_ i 	P 
i=1 

also 	( pI + D ) ei  =p ei  + Dei  = ( p + Xi  ) ei  

( p + Xi  )-lei = ( pI + D )
-1 
 ei  

hence 	( pI + D ) 1Ddi  = E

• 

a(p+ ai )-1  Xiei 
• 1=1 

co 

J(p) =i<dd> 	+t< d2,d >H 	ai  A. / 1p+Ai ) 1' 1 Hr 	2 Hr 
i=1 

2 
'Then 	lim J(p) = < di,di > 	+ 	< d2,d2 >

Hr 
- 	E ai  

p÷o 	Hr 	i=1 

Giving 
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03 2 	 ^ * 
But 

	

	ai 
= < d1,d1 

> q> lim J(p) = < d2,d2  > , d2e(W ) 

1=1 P41/ 

N 

(ii) The improvement in cost obtained by applying optimal control is 

given as 	AJo(p) = J( u=0 ) - J(p) 

lim AJo(p) = J( u=0 ) - lim J(p) 
' 	P4"0 

	

= 	< d,d > 	- < d2,d2  > 
Hr 	Hr  

4>lim AJo(p) = 	< d1,  dl> 	
, dig 41(W) 

p-o-o 

(iii) IESQ(P) = 	< Y(P),Y(P) r 
= < W u(p) + d, Wu(p) + d 

ar 

where u(p) = -( ley/ + pI )-1  led 6 Hm 

Expanding obtain 

IESQ(p) = < d,d > - < d,W( W*W + pI )-1 	>Hr 

+ < W(W*W + pI)-1 W
*d , W(W

*W + pI)
-1 	>Hr 

Using Lemma 2.1.1 rearrange to obtain: 

IESQ(P) = 	< d,d- < d, ( pi + D )-1Dd >Hr  
"r 

+ < ( pI + D )-1Dd ,( pI + D )
-1 

 Dd >Hr 

Using the eigenstructure for D, obtain 

c° 	2 	, 

IESQ(P) = 	+ 	< d2,d2  > - 	y aixi( Ai+2p ) 

i=1 (X.+p)2  

lim IESQ(p) = < d1,d1  > + < d2,d2  > 	a2 

P4'0 	
3=1 i 
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Using 	< di,di  > = 	E ai 
i=1 

gives the result 

lira IESQ(p) = < d2,d2  > , 	d
2 
E.H

m 	
which concludes the proof. 

p-ro 

An immediate consequence of this theorem is the asymptotic behaviour 

of the difference 

J(p) - IESQ(p) = P < u(p), u(P)  >H  
2 

which is given in the following corollary. 

Corollary  2.1.1 	lira P < 	a(p)
nm 
 = 0 

p+o 2 

Proof 	Recall J(p) = < i(P);Y(P) >Hr  + P < u(p), u(p)  >Hm  

that is 	J(p) = IESQ(p) + 2 < 	u(p) >„ 
2 

A 
From theorem 2.1.1 	lira J(p) = lira IESQ(p) 

p+o 	p+o 

but 	lira J(p) = lira IESQ(p) + lira P < u(p), u(P) >
Hm 

P40 	p4.o 	p 

Hence the result lira P < 	>
Hm p÷o 

If d is typical of a class of disturbances, the asymptotic value 

of the optimal cost, or the IESQ diagnostic isolates that part of 

the disturbance which the optimal control cannot remove. This 

motivates the concept of systems of maximal accuracy (Kwakernaak 

and Sivan, 1972a ).These are systems for which the optimal cost can 

.always be reduced to zero as input amplitudes are permitted to , 

increase indefinitely. The conditions under which this occurs for 

state space systems were formulated by Davison and Chow,(1974) 

as the Control Inequality Principle. It states that if a linear system 

has more outputs than inputs (namely r>m) it is not possible to achieve 

maximal accuracy. Two necessary conditions for maximal accuracy are: 
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1) more or the same number of inputs to outputs, and 

2) no right half plane zeros. ( The conditions are also sufficient 

for the case of square systems, r = m ). 

Formally, a system is maximally accurate with respect to a class 

of disturbances..SHr if VdErSHr 

lim IESQ(p) = 0 
p4-0  

To obtain necessary and sufficient conditions for maximal accuracy 

partition the disturbance d, as d = d1  + d2 where d1  64R(W) = H1 

and d2  E nj(W*) = H2 . From theorem 2.1.1 

lim IESQ(p) = 	< d2;d2 >1-1r  
p+o 

hence 	< d2, d2  > = 0 Nd de. c Hr  

requires d2  = 0 li(dCZ: giving the necessary and sufficient 

condition for maximal accuracy as de,41(W) 	Nide 7p .S Hr 

Consider a stable state space system description 0(A,B,C), for 

A t  
which 	(Wu)(t) = C eA(t-T)Bu(T) dT, subject to a class of initial 

condition disturbances Z: 	{ d:d(t) = C eAtxo  , 0 . t < co , xosTie } 

The- conditions for maximal accuracy are those for which dell(W). 

If d6.411(W), then de.E(W) and if d is a limit point of 11(w1), 

then for any given n > 0 , 3d1611(w) such that Ild-dill < n 

Examine therefore the conditions for the simpler case dell(w). 

On the infinite time interval 0 . t < co : d(t) = (Wu) (t). 

Taking laplace transforms 	C( sI - A )-1 xo = C( sI - A )-1  Bu. 

Assume (i) complete controllability and observability, 

(ii) n » max(r,m) 	(iii) rank(C) = r , rank(B) = m and 

rank( C( sI -A)-1 B ) = min(r,m). 
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Case (i) 	r m clearly rank C( sI - A ) B= r 

The rank decomposition for 

G(s) = C( sI - A )
-1 
 B = P(s)E r(s) 	 0 ! 	

t) I r x m-r3 q)  

where P(s) and Q(s) are (r x r) and (m x m) unimodular matrices 

and I(s) is a (r x r) diagonal matrix whose diagonal entries 

expose the system transmission zeros and open loop poles. 

Then C( sI - A )-1  xo  = P(s)[r(s) 	Or x m-r Q(s) u 

implying P(s)-1 C ( sI -A )-1 xo = r(s) Zr 

where 	r Zr 	= Q(s)  
m-r 

Hence Zr = r(s)
-1 

P(s)-1. C( sI - A )-1 xo 

giving u = Q(s)-1 [r(s)-1  P(s)-1. C( sI - A )
-1 

 xo  
-1 ] 

where Zm _r  is arbitrary ( subject to uellm ). 

Therefore under the assumption r m, the control 11 has been 

exhibited for which dE.41(W) , VdEV. Note that Zm_r  is 

arbitrary and does not appear in the argument for the case r = m. 

Further it is also necessary to restrict the original system to have 

no right half plane zeros otherwise u is not a stable control. 

( see Kwakernaak and Sivan, 1972a). 

Case (ii) r > m rank C( sI - A )
-1 

B = m. 

Here . C(*  sI - A 1 xo  = P(s) I r(s) 	1 Q(s) 
°r-m x 

Giving P(s)-1  L.r  C( sI - A )-1 
 xo  j = Ir(s) Q(s) ul 

0 

Where the equality is to hold for all xotflel• 

mr 

r-m ' 
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But P(s) and ( sI - A ) 	are non-singular and C (by assumption ) 

-1 	-1 
has rank r where m < r << n hence P(s) C ( sI - A ) 

provides r linearly independent columns for which xo can be chosen 

to contradict the zero y ector 0_ 	of the left hand side. 
r-m 

The necessary conditions for maximal accuracy have therefore been 

demonstrated, namely the need for more or the same number of inputs 

to outputs and for a minimum phase system. That these conditions are 

also sufficient in the case of square systems is easily seen since 

the only the analysis of case(i) would be required and the required 

control would simplify to 

- -1 -1 -1 	-1 
u = Q (s) r (s) P (s).C( sI - A ) 	xo  

hence the necessary and sufficient condition of a minimum phase 

system results. 

Using the pole-zero concepts obtained previously in the first 

chapter the implications of attaining maximal accuracy are explored 

further. Recall, for the system triple $(A,B,C) and the usual 

quadratic cost functional, the optimal closed loop system as 

440  = ACL x(t) 
	

x(to) = xo  where ACL 
=A-BR-1 BT P co 

and P is the solution to the associated steady state matrix 

Riceati equation.. It has been shown that A
CL = TE-A)T-1 where [741 

is a matrix of stable eigenvalues and T is a 	, matrix 

of the corresponding eigenvectors. 

Hence Z(t) = e-A(t-t°)Zo 
where Z(t) = T-1 x(t) and Zo 

= T
-1xo. 

The optimal output is y(t) = Cx(t) which may be written as 

;(t) = C T e-A(t-to)z 	. This gives 
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CO - 
IESQ =if<e 

At 
Zo  , (CT)T  QCT e-At Zo  >

E 
dt . 

n 
 

The asymptotic analysis of Chapter 1 has shown that those left half 

plane closed loop poles tending to infinity do so in a Butterworth 

pattern, whilst the remainder of the closed loop poles are attracted 

by the finite zeros. In the case where maximal accuracy is achievable 

the following theorem is relevant. 

Theorem 2.1.2 If lim IESQ(p) = 0 , then the following must hold: 
p-*o 

i) those closed loop poles attracted to the left half plane poles 

become ( as p+0 ) unobservable, 

ii) there are no right half plane zeros, and 

iii) the remaining closed loop poles become arbitrary fast. 

Proof Recall the steady-state matrix Riccati equation as 

P A + A
T 
P - P B R-1 B

T 
 P + C

T 
 QC=  0 

then lim IESQ(p) = lim J(p) = lim < xo  , P xo> = 0 
P.4-0 	p+o 

giving lim P = O
n x n 

since xo 0 is arbitrary. 
P4-o 

2.1.2 

i) Rearrange 2.1.2 to give 

P A
CL 

 + A
T 
P = -C Q C 	 2.1.3 

./ -1 
Using A

CL 
 = Tr7-AJT 	, the above 2.1.3 becomes 

P TP1T-1  + AT  P = -CT  Q C 	 2.1.4 

Suppose .columns tk and t
k 

are associated with a pair of complex 
1 	2 

 

conjugate closed loop poles which are attracted by a pair of complex 

conjugate zeros as p4-c. Denote Tk k  = Etk  tk]
n x 2 

1 2 	1 2 

.then pre-multiplying 2.1.4 by Tk k  , post-multiplying by Tk k  
1 2 	 1 2 

and using the 1)4,01r,kse , of T obtain 
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T 

Tk
T
k 	

r "I 	AT r, m 	
T Q  CTP P TL...A.1 

k
1
k
2 

4. 
	AT 

 4.4  4- 4k1k2 
= -CC Tk  k  j n%., 11. 1,. 

1 2 	
12 
	11.a.2 

where [-A)k k  is a ( n x 2 ) matrix containing two columns of 
1 2  

Al associated with the limiting positions of those closed loop 

poles attracted to the left half plane zeros. 

Then as p-3.o 

a) P ÷ 0 

b) Enhak  k + finite left hand plane zero positions 
1 2 

c) T remains finite since it is an eigenvector matrix. 

Hence Woi Tkik2  P T[..A1kik2  + TkTi  k2  AT  P Tkik2 = 0 

implying lim [ C Tk 
1  k  2 

IT QC T,
A.JA  

u
2 
 = 0 	( Q > 0 ) 

hence C Tkik2 = 0 and the closed loop poles attracted by the left 

half plane zeros become unobservable in the output as p 0. 

ii) Assume that there are a pair of complex conjugate right half 

plane zeros, and associate with them an eigenvector matrix 

T 	= Ci 	t j ( as with the pair of left half plane zeros ). 
klk2 ki-  k2  

Using the same analysis as above conclude that if 

lim IESQ(p) = 0 then lim P = 0 ( \i x()  ) and C Tu u  = 0 
p-*o 	 p+o 	 '1'141'2 

That is.the modes which tend to the limiting positions associated 

with the right half plane zeros become decoupled from the output in 

the limiting position. This however would imply the existence of 

a pair of zeros in the limiting left half plane position. If such 

a pair did exist, they themselves would attract two closed loop 

poles which would still leave the closed loop poles attracted by the 

right half plane zeros undecoupled giving a contradiction, so there 

are no right half plane zeros. 

iii) For the remaining part, knowledge of the effects of the zeros 

is used. Assuming no right half plane zeros partitionthe output 

y(t) = y1(t) + y2(t) where y1(t) = C T1  Ee-At Z0:1 1  
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contains the modes of the Butterworth patterns and 

tp-0 = C T2  [ 

contains the modes associated with the left half plane zeros. For the 

latter, as p 	0 the decoupling effect of the zero implies 

lim y2(t) = 0 	VtE [0,m) , hence the quantity IESQ(p) is wholly 
P4.o 

explained by the responses of the modes attracted by the infinite zeros: 

that is 	lim IESQ(p) = lim i < y , Q y > . Under maximal accuracy 
P4-0 	P4-o 	1 Hr 

lim i < yl  , Q y1  > = 0 consequently the Butterworth pattern modes 
ur 

become arbitrary fast. 

If maximal accuracy is not achieved then the limiting value of IESQ(p) 

may be interpreted as quantifying the control difficulties not overcome. 

For those systems with more or the same number of inputs as outputs, 

the degrees of freedom available for control lie most favourably with 

the inputs consequently the loss Of maximal accuracyis very likely to 

be due to the presence of a right half, plane zero. In the case of 

systems with more outputs than inputs the loss may be attributed to 

the following factors:.  

a) Right half plane zeros: A right half plane zero will attract (asp+0) 

a closed loop pole to a finite position in the left half plane. The 

response of this mode will (given a suitable excitation) appear in the 

output since complete observability is assumed. However the actual 

magnitude of this type of term will depend on the numbers and positions 

of the right half plane zeros (since a far-away zero will give rise to 

a mode response which decays quickly and a zero close to the origin 

will generate a slowly decaying mode response) and the size of the 

initial condition excitation. 

b) Left half plane zeros: The loss of maximal accuracy reflects the 

loss of asymptotic unobservability associated with those poles attracted 

by the left half plane zeros. Hence in the limit these modes will 

generate a non-zero output term whose magnitude will depend on the 

numbers and positions of the left half plane zeros and upon the size 

of the excitation. 
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c) The Butterworth pattern poles. If the system has no zeros then the 

loss of maximal accuracy implies that the Butterworth pattern poles do 

not become arbitrary fast ( otherwise a contradiction with 

lim IESQ(p) > 0 follows ). Although not arbitrary fast these modes 
p- -o 

attracted by infinite zeros tend to decay rapidly and unless excited 

by an unusually large initial condition are thoughtto form a less 

significant part of the limiting value of IESQ(p). 

So far maximal accuracy has been discussed in terms of the diagnostic 

IESQ(P). However maximal accuracy is also quantified by the 

optimal control improvement diagnostic 630(p). Here the asymptotic 

optimal control improvement is 

Iim AJo(p) = i<di,di> u  i<d,d>H , 
" (3+0 	r  

which is clearly maximized when di=deR(W). The difference between the 

asymptotic value of AJo(p) and the possible maximal value, mo=i<d, d>H 

is naturally interpreted as a measure of the control difficulties 

which the application of optimal control has failed to remove. These 

are the inherent system difficulties like right half plane zeros or 

insufficient numbers of inputs. 

The use of the diagnostics for structure assessment is based on their 

quantification of system control difficulties. Input deletion used to 

create structures may cause control difficulties such as the loss of 

degrees of freedom to cope with left half plane zeros, or the intro-

duction of new zeros. Since the system excitation has been related 

to the physical environment of the process, these new difficulties 

will be reflected in the value of the diagnostic in a manner which 

enables a valid comparison to be made between the control properties 

of a structure and those of the full optimal system. 
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2.2 Basic Relations for the Input Structure Assessment  

It is intuitively felt that the full control set should be as effective 

as, if not more effective than, a control structure comprising of a • 

subset of the available inputs. This intuitive notion is formalised 

as the property of consistency, which is investigated in this section. 

The optimal cost improvement diagnostic is shown to have consistency what-

ever the value of p, whilst diagnostic IESQ(p) is shown to have asymp-

totic consistency. In the course of the investigation further insight 

is obtained into the composition of the two diagnostics. 

As structures created by the deletion of inputs are produced, the 

assumption of complete observability remains unchanged. This ensures 

all the possible effects of deletion (for example an uncontrolled 

subsystem) are monitored by the diagnostics. The property of 

consistency for diagnostic AJ0  is shown next. 

Consider the primal problem: 

Min 
uf E Hm  

= 	Yf s Yf ›H 	P  < of  
r 2 

subject to yf  = Wuf + d. 	; 	yfeHr. 

and a problem obtained from this by input deletion: 

uin 	Js  = i < ys  , ys  >H r 
2 	" 

+ P < us  , us  >u  ...._ s  e Hm 	 s 
i 

subject to ys  = Wsus  + d 	; y e Hr  r 

A  
Set of = (u + u where uf,u Hm 

and u 
A 
s  is the optimal control for 

 O
S 

the structures problem above. 

Then A y
f 

= Wuf + d = Wsus + Wu + d = ys  + Wu. 
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Substituting in the full cost, Jf  gives 

Jf( yf,uf  ) = Js( ys,us  ) + i< u,( W*W + pI )u >Hm  +< u,gs  > m  

4, At 	A 
where gs  = V-  ys  + p us). 

0 

Performing the minimization gives u = -( W*W + pI )-1  gs  and 

A A 	 * 
Jf = - Js  -a < u,(W W + pI) u 

- 

> 
Hm 

2.2.1 

or AJ
o 
- AJ

s
o  = < u, ( W*W + pI u 

• 

>Hm 	 2.2.2 

This basic relation for AJo shows the consistency to be independent 

of scalar p, and shows that the difference ao  -pJ0 comprises of a 

term measuring (in the same control metric) the extra control energy 

required to reduce the optimal structure cost to the full optimal cost. 

Further, the positive-definiteness of this term ensures it is only zero 

if u = o, as for example will occur if the structure is exactly optimal. 

The investigation of the expression 2.2.2 is pursued further. Initially 

A 	 A 
the effectiveness of u

s
(p) and uf(p) are compared by decomposing the 

disturbance, and eventually asymptotic considerations of the expression 

2.2.2 are discussed. 

Partition the system operator W as EWs,Wm_dwhere operators Ws  and 

Wm_s  are associated with the structured and deleted systems 

respectively. In the previous section, the output. space Hr  was given 

the orthogonal decomposition Hr  = R(W) (:)N(w*) which was also 

related to the eigenstructure of the compact self adjoint operator 

D = WW*. The linear subspaceIRW is a closed subspace in a complete 
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metric space, hence ( Naylor and Sell, 1971 ) it too may be treated 

as an individual Hilbert space. Clearly the closed linear subspace 

associated with S(ws), satisfies the following inclusion : 

4t(ws ) 5- R(w). Using an orthogonal decomposition ( Naylor and Se11,1971) 

obtain : 4R(W) = `R(Ws ) e X , where X is the orthogonal complement 

to 4R(Ws ) restricted to the subspace 41(w). Thus the output space now 

has the orthogonal decomposition Hr  = (R(w) (1) X CON(W* ) 

where R(W) = 411(Ws ) C) X 	( X is closed ) 

and 	k(14) = X C)/1(W* ) 	( by observation ) 

With such a decomposition for Hr , partition deHr  as 

d = d1 + d2  + d3  where d16„. S(Ws), d2  EX and d3E../Vw ) 

A 
Lemma 2.2.1 	Define Zs (p) = Wsus(p) 'R(Ws ) S.: (ws ) 

and with d = d1  + d2  + d3  ( as specified in 2.2.6 ) then 
A 

lim Zs(p) 	—d1  , giving lim ys  (p) = d2 + d3  
p+o 	 p4.o 

A 	 A * 	1 * Proo f Zs (p) = Wsus (p) = -Ws ( Ws  Ws + pI )_ Ws  d 

= -( pI + WsW: )- 1  WsWs*  d 	( lemma 2.1_1 ) 

2.2.3 

2.2.4 

2.2.5 

2.2.6 

Recall d = d1 + d2 + d3 where di  6, eft(w s) and d2 + d3E isr(ws ) 

Zs (p) = -( pI + WsW: )-1  WsW: 

Using the eigenstructure of the compact self adjoint operator 

D = W W* 	R(W s) has an ortho-normal eigen basis fe s s s 	 1=1 
co 

and associated positive eigenvaluesX • }.1=1 • Write d1 as 

eo  eo 

d1 = 	ei  , then Zs(P) 	
X i 	

ei 1 i=1 	 =1  

giving 	lira Zs(p) = 	ei  = -d1  
p÷o 	1=1 

co 
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A 
Further Ys  (P) = WSUS(P ) 	d  

A 
= Zs  (p)+ d1  +d2 + d3 

Hence lim y(p) = lim ( Zs(p) + d1  ) + d2  + d3  = d2  + d2  . 
P+o 	P-)-o 

This lemma indicates that the structure optimal control asymptotically 

removes from the full disturbance that part in the range of the 

structure operator. Similarly for the full structure, the full 

optimal control will remove from disturbance d, that part in the range 

of the full operator W. For the full structure, an equivalent lemma 

would be : 

	

A 	A 
Lemma 2.2.2 Define Z(p) = Wu(p) e...1R(W) c  it (a) 	and 

d = d1  + d2  + d3  ( as specified in 2.2.6 ) 	then 

lim Z(p) = -( d1  + d2  ) 	giving 	lim ;(p) = d3. 
p÷o 

Proof As for Lemma 2.2.1. 

A comparison of the two limiting outputs, namely 

A 	 A 
lim y(p) = d2 + d3 and lim y(p) = d

3 	
show that the structure 

W*0  
optimal control to be less efficient in reducing the disturbance. 

The portion of the disturbance d2, unreached by the structure optimal 

control, is solely related to the imposition of structure. It is an 

additional portion of the disturbance that the structure optimal control 

cannot remove, over and above that part d3  which cannot be removed 

by the full optimal control. 

The assessment of structures through AJo
f 
- AJo is now shown 

asymptotically to quantify this structure dependent part of the 

disturbance. The most direct route ( as taken here ) to this result 

is to apply the asymptotic value theorem ( 2.1.1 ) of the previous 

section, however in Appendix 2 an alternative proof is given 
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* 	. 
beginning from AJo AJo = < u,( WW + pI ) u > . 

Theorem 2.2.1 Asymptotic Structure Assessment with AJ0  

If the output space Hr, is orthogonally decomposed as 

H
r = `H(Ws)

x GAN*) with 	Si(w) =`H (W5) 

and the disturbance d. partitioned as d = di  + d2  + d3  

where di.  E 'R(Ws) 	d2  E. X 	and d3  E K(ia*) 

then 	lim AJo(p) - ALT0(p) = < d2,d2  >H  
p÷o 

Proof 	(i) Full problem :define d1  = d1  + d2  61100 

and d2  = d3 eTf(W
*
) 

Apply theorem 2.1.1, part (ii) to obtain 

lira AJo(p) = < (71,71  >
H 
 = < di,di  >H  + 	d2,d2 >H

r
p÷o 	 r  

(ii) Structure problem : define 	d
1 
 = d

1 
 II(14s) 

... 4  
and 	d2 = d2 + d3€ IN-(W s

) 

Apply theorem 2.1.1, part (ii) to obtain 

lim AJo(p) = < di,d, >
Hr 
 = < di,d1  >Hr  

P40  

(iii) lim ( A4(P) - AJ:(P) ) = 
p+o 

lim AJo(p) 
p-oo 

< di, di.> 

- lim AJ,(P) 
P41:1  

+ < d2,d2> - < di ,di> 

Hence 	lim ( AJo(p) - AJ:,(p) ) = i<d2,d2> 
p±o 

The assessment of structures is therefore based on the comparison 

of the magnitude of this term which may be associated with the extra 

control difficulties introduced by the deletion of inputs. The 

effect of deletion in terms of control properties is discussed later 

in the chapter. 
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The conditions for which a structure is asymptotically as accurate as 

the full system may be investigated. The necessary condition for this 

is d2=0, which may occur for a particular disturbance choice. However, 

a sufficient condition is 53.(W
S
)=R(W)since this implies X= f01 giving 

d2=0 ltdeHr. Although neither of these cases cause any difficulties 

in interpretation they would probably merit further investigation in 

physical terms, for example linearly dependent inputs. 

In contrast to the optimal cost improvement diagnostic, consistency 

for the IESQ diagnostic is an asymptotic property. 

Theorem 2.2.2 Asymptotic Structure Assessment with IESQ  

If the output space Hr, is orthogonally decomposed as 

H
r 

= 11(Ws) CI) X C)Ar(W*) 	with S.(w) = 'R(Ws) G X 

and the disturbance ci, partitioned as 	d = dl + d2 + (13 

where di  e. 'II (Ws  ) , d2e. X , and d3e, g(W*) 

then lim (pSQs  (p ) - IESQ1  (p)) = < d2, d2>Hr  

Proof 	(i) Full problem : define d1  = d1 + d2 E 4R(W) and d2  = d3e)M*) 

Apply theorem 2.1.1, part (iii) to obtain 

lim IESQl (p) = < d2,52>ii 	<d30:13>Hr 
p4-o 	 r  

* - 
(ii) Structure problem : define di  = di  e ¶(ws) and d2  = d2  + d3 E Pt(W s ) 

Apply theorem 2.1.1, part (iii) to obtain 

lim IESQs(p) = i< 52,C12>Hr  = < d2,d2>Hr  + 	d3,d3>Hr  

P4'0  

(iii) lim ( IESQf(p) - IESQf(p) ) = lim IESQs (p) - lim IESQf(p) 
p4-o 	 P14'0 	p÷o 

Hence lim ( IESQf(p) - IESQf(p) ) = <d2,d2>Hr  
p4.o 4 
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Immediately observe that asymptotically, structure assessment by either 

diagnostic is based on the same quantity, namely 	<d d > 	Also 2' 2 Hr  

that the situation of a structure being asymptotically as accurate as 

the full system either through disturbance choice, or more fundamentally 

through the sufficiency condition SW = 11(as) will be indicated. 

For those structures where d2  0 asymptotic consistency is shown 

as follows : 

If 	lim IESQs(P) - IESQf(p) 	< d2,d2>H  > 0 
p÷0 	 r 

then by definition for any given 7-1 > 0 it is possible to find 

Pmax(1) 0 such that whenever ° < P  4  Pmax 

< d2,d2> 	- ri< ( IESQs(p) - IESQf(p) ) < 	< 	+ 11 
"r 	 Hr  

Choose n = < (12,112>Hr  then 3 Pmax") such that • 

IESQs(p) - IESQf(p) > 0 whenever P  < Pmax.  

One of the appealing features of the Hilbert space formalism used here 

is the geometrical analogy which can be drawn for the results. The 

salient features of this geometry are the orthogonal decomposition of 

the output space Hr, recalled as 

Hr  = SCAls) e X K(W*) where 11(W) = %Ws) X , 

which enables a disturbance d to be represented as d = d1 + d2 + d3 

with diE it(Ws) , d2EX and d3eNr(w
*) , and the two limits 

describing the effect of applying optimal control, namely 

A 
lim Z(p) = -( di  + d2  ) 	and lim 1s(p) = -di  

P÷a 	 P4-0  

A 	 A 	 A 
where Z(p) 

• 
= W u(p) 	and Zs(p) = Ws  us(p). 	Using the linear 

space E3 to represent the Hilbert space of output Hr  , the mutually 

orthogonal axes x,y, and z may be associated with the orthogonal 
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subspaces aft(Ws), X, and r■ (W * ) respectively. So that 

il(a) = 't(Ws) O X is' represented by the entire (x,y) plane and the 

disturbance decomposition is represented by the three vectors di,d2,d3  

as shown in Figure 2.2.1. The trajectories of Z(p) and Zs(p) as 

A 
functions of p are also depicted : Z(p) e 11(w) hence its trajectory 

is seen as lying in the (x,y) plane limiting, as p 	0, at 

MID 

-d1  = -( d1  + d2 ) and Zs(p) E s(Ws) so that it is seen as lying 

in the x axis limiting, as p + 0, at -dl. The relationship between 

the control action 2(p) and the resulting output y(p) = Z(p) + d 

is shown in Figure 2.2.2. In Figure 2.2.3 a similar relationship 

A 
for a structure control effect Zs(p) and the resulting output 

A 	A 
ys(P) = Zs(P) 	d is shown. Also on this figure is the limiting value 

of the full - _ optimal output, namely 	lim y(p) = d3  , which 
p+o 

is the best output vector obtainable. It is clear, for sufficiently 

A 	A 
small p , that the limiting values of y(p) and ys(p) will only be 

close if the component d2  is small. This then is the basis of the 

strutures assessment , a structure is soughtfor which the introduced 

structure dependent component is small so that the optimal structure 

output compares favourably with the full optimal output. 
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d2+.11;3 = lim s
(p) 

P40 

y axi 

(x,y) plane represents R(w) 

Z-axis 

2 
Zs  (p) 6  S (W) -•■ 

S k 
-d1 	Zs(p) 

)(401 	1 X 

s ) 

.Z (p 
*-w-_ -- 

Fig 2.'2.1 A Geometric Analogy for the Decomposition Hr 	s = 4R(W )  et,XEDbr(W)  ----   
with 11(W) = 	(Ws) 4:;1) X  

lim i‘r(p) = d3  
114-o 

a 

p 
lim Z (p) 

Z axis At(w*) 

y(p) Jim 
po d3 

‘IPP-) 
3 A  

''f  '.X(C)  22- SSP*.  
e 'w  

e°' 

y axis 

...--- it 
 .---_,..----,. ....--- / 

v-u, % 

	

1.1. 4-
-  -- -- 
	.....- - 	...- ..;- 	..... 

	

/--- -... 	..0* 
../ 	/ Z (P 4.------  .....„.„--3 ....qr. 461L.,.  d....  t 

2) 
Z (p l) 1  

x axis 

st(ws) 

p1 > p2> P
3  > 0 

(x,y) plane reprsents RM. 

Fig 2.2.2 Relation between Optimal Control Action 2(P) and  

^ , 
Optimal Output y(P)  
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Z-axis 

Nr(w) 

lim Y(p) = d3  
P4*0 

Zs(p1) 	Z
s
(p
3 

-dl  

<p
1 

< p
2 

< p
3 

(P ) 

lim y (P) 	A 	
Y 

S 
A 

A 

	

(PO 	(p3) p÷o s 	 Y  
lAftrf-.410- 41-J-it) 

y axis 
X 

1 	x-axis 

( ws)  

Fig 2.2.3 The Geometric Relationship between the Structure Optimal 
A 	 A 

Control Action, Zs(p) and the Optimal Structure Output,  ys(al:  
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Having shown in this section that the diagnostics satisfy aconsistency 

property and in the previous section that their values are indicative' 

of the control properties of the system, it remains therefore to give 

some control interpretation to the quantity isolated by the assessment 

of structures. This is the quantity arising from the two limits : 

limP(p) - .6.10(p))= lim(IESQs(p) - IERf(p) = i<d2,d2>Hr  where 
cr*o 	 4o 

d2 € X, and 91(W) = s(Ws) lox. Its relationship with R(Ws) , X and S(a) 

indicates that it represents an additional part of the disturbance 

vector which cannot be removed by the structure optimal control and 

is therefore a newly introduced obstacle to good control. (Its size 

giving some indication of its importance.)--What then are the new 

control difficulties introduced by input deletion ? To answer this 

question a state space system description is utilized which is initially 

assumed completely controllable and observable. 	Input deletion is 

shown to effect the complete controllability of the system and to 

change the system zero pattern, both giving rise to features which 

are reflected in the diagnostics as new control difficulties. 
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2.3 Input Deletion and the Preservation of Controllability.. 

For a given system triple $(A,B,C) representing the time-invariant 

state space system, input deletions effectively nullify the columns 

of the input matrix B. Consequently if the full system is assumed 

completely controllable, the process of nullifying the columns of • 

B USA. reach a point at which complete controllability is lost. 

(Trivially the complete observability of the system remains unchanged.) 

Input structures arise quite naturally since there are many differing 

combinationsof columns which can be nulled. Dressler and Larson (1968) 

called systems which are not completely controllable, partially con-

trollable systems. This situation is discussed at length in the next 

section, whilst here concern is focused on the conditionsS4i4CAQA. 

for the preservation of complete controllability and their interpretation 

in terms of the pole-zero concepts and the diagnostic values. 

The first results concerning the conditionssu 	ve_vitfor the 

preservation of complete controllability are established in the more 

general setting of "squaring" a rectangular system as a pre- 

requisite for controller design using the techniques of Rosenbrock or 

MacFarlane. 

Kouvaritakis (1972) has dis.cuss•ed this problem and using a rank 

argument has prescribed that i) in the case of more outputs than 

inputs (r=no.of outputs >m=no.of inputs) an output compensator should 
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be used to give tight control over the m new outputs by the m inputs, 

and ii) in the case of more inputs than outputs (m>r) an input 

precompensator should be used. In later work (Kouvaritakis and 

MacFarlane, 1976b) it was recognized that the process of squaring 

was effecting the system zero pattern to the extent of introducing 

new system zeros, and so alg6rithms were devised to place as many 

of the new zeros as possible. 	In the case of reduction of inputs (squaring 

down) this was achieved through a modifying matrix B, so that Bs=Bii is 

the new input matrix of dimensions (n, s ) . Input deletion is a special 

case of squaring down with a deletion matrix B=fe. ,e: ,...,e. ] where 
31 32 	3s 

j
1
<j
2
<...<j

s 
and e i  ele. Consequently the first theorem, and its 

corollary use a general structure matrix Bs  which could have been 

obtained by either process. 

Theorem 2.3.1 If (A,B) form a completely controllable pair, then 

(A,B 
s
) are completely controllable if 1R(Bs)511(B). 

Proof 	) Show 1R(Bs),ER(B)=0-(A,Bs) completely controllable. 

Denote p=B(B) and Vs=12(Bs) 

then S(B):1213(B s)44=Vs, Aid= Alps 1=1, ...,n-1 

(A,B)completely controllable 4. rank [B,AB,...,An-1 	=n. 

Hence V ZEJRn  3;1'07 such that 

Z = By 0+AByl+. . +An- 1B yn_i Yi Earl  i=0 , 1 , . ,n-1 

But 41(B)=R(Bg) 0.344EW s.t. Byi=Bs  (Si 

Vyli, and i=0,1,...,n-1 

Z=Bs  do  +ABs  Si+ . . . + An-1B$  6n-1 

Since this is true Vz 	rank 	= n 
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e.0.(A,Bs) completely controllable. 
	 4 

' Squaring down or input deletion always leads to the condition 1(130.7.. RN) 

As already seen, complete controllability is preserved under equality 

of the range spaces olim CONAk q?iv 	. However, the alternative 

condition 	ill) 	TA)does not always imply a loss of complete 

controllability. For the case of input deletion this can be more 

readily appreciated by rewriting the controllability matrix to 

emphasize the cyclic subspaces generated by the columns of the input 

matrix: 

IA At.%). • • Al" 	[Al e) 	3 RAI 4)  • • • ) 4"1 1b 

izn3.'pk6a ,  Poo a 	• • • ) 	‘02- )•••• 

Loss of controllability (for deletion) is therefore dependant on whether 

the columns of the structure input matrix Bs 
can generate a set of 

cyclic subspaces which span the whole space, IR,r4  

The following corollary details the changes to the zero pattern 

under the assumption CR, t.1%) j . — 	T1 \ 

- 

Corollary 2.3.1  If a system's.input matrix B is modified to Bs  whilst 

preserving - kANT 9110,41i0- ) 	then no new system zeros are 

introduced. 

if 	Is- Al.),R. 	,Exioz_zvavLy14.4z11,5  

• IN  4cslir,45,kAkg) (Rcle35) ) then the input matrices B and Bs  have 

the following rank decompositions : 
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B = P 	IE 
o  
i Om x m_ii 

[ 0 	s 	0 

Qm  =3›. 	Bs  = P Im 

0 

' 
i  Oi x  (s_1) 

e 	 
: 	C) 

Qs  

where P, Qm  and Qs  are the usual non-singular matrices, andli.5 m 

is the common rank. This result enables the statement on the system 

zeros to be proved. 

i) Matrix B is given the rank decomposition 

B = P Ii5  I Oi x 011_5o 	Qm. Write Bs  = BB where matrix  B is 

[ 

_ .../ .. o 
0 1 	0 

(m x s) and has rank 	s 3 m. Give it the rank decomposition 
_ 

B = Qm  Is  Ps  and form Bs  : 
... 

[ 0 

Bs  = BB = P Im : Oi x (m-m)  Qm4m  Is  Ps  

[ 0 ! 	0 	0 

Under the assumption of preservation of -tcwirlsiqs"m, 

rank(Bs) = rank(B) = M., and since P, and Ps  are non-singular 

.Im : OE x m  _ E 

[ 0 	' 	0 

Multiplying out obtain 

where 	R 	is 	(Mxs) 

Qm  kil 	Is  

0 

: 	Offi 
•• 

[ o 	: 

and is 

has rank 

x  (m_a) 
- • 

o 

of rank E. 

M. 

— 
Qm  Qm  

Since 

[Is] 	= 

s,3E, 

R 

j' — 
0 

column 

[ 

	

manipulations on A 	can be used to produce R = R11 R12 Rs 

	

0 	 0 0 0 

where R
11 

is non-singular and R
s 

is the non-singular matrix 

manipulating columns. 

' Finally [R] = Rll R12 Rs = Im Om x  (s_m) 	R11 R12 Rs 

0 	0 	0 	0 	q 
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gives Bs = P Im Og x  (s.21)  Qs  where P and Qs  are non-singular. 

0 I 0 

ii) The rank decompositions for B and Bs  can be used to prove the 

result on system zeros. 

-1 
Recall G(s) = C ( sI - A ) 	B as the system transfer matrix and 

G(s) .= G(s) 73.  = C( sI _ A )-1  B 73 = C ( sI - A )-1  Bs 

as the structured system transfer function matrix. Writing the kernel 

E.: 

of rank decompositions as r t I- m 	m I o- rax(m-E) ....7 _--- --- 
0 1 0 

then B = P ri  Q and Bs  = P FE  Qs. Substituting into the 

respective system transfers obtain 

G(s) = C (sI - A)-1  P rE  Q and C (sI - A)-1 P rE  Qs  

Writing T1(s) IP(s) T2(s) = C (sI - A)-1  P rm  , where 4y(s) is the 

usual Smith McMillan kernel, and T1(s) and T2(s) are unimodular matrices. 

Noting that matrices Q and Qs  are both nonsingular and that complete 

controllability haS been preserved, 	G(s) = T1(s) i(s) T2(s) Q and 

G(s) = T1(s) Ty(s) T2(s) Qs  have the same system zeros, that is the 

original system zeros. This proves the theorem. 

The above treatment deals with modifications to the input matrix B, 

although duality ensures a similar result holds for modifications of 

the output matrix C. The immediate consequence for the problem of 

squaring a rectangular system is that 4a rank preserving compensators 
%aat not 

are used decoupling zeros / appear, a fact which does not appear to 

have been stated in the literature of the squaring problem. 

Returning to the consideration of input deletion, if complete 

controllability has been preserved, and consequently no new zeros 

appear it is expected asymptotically that control sets us  and of 

will be equally efficient, since no new control difficulties have been 

introduced by the structure. 
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In fact it is quite staightforward to Justify this since 

oft(Bs) = R(B) implies for the state space system operator 

(Wu)(t) g 	ek(t-T)  B u(T) dT 	that R(W) E 'R(Ws) 

which has already been noted as a sufficient condition for 

lim AJg(p) - A..1f)(p) = 0 	and 	lim IESQs (p) - IESQf(p) = 0. 
p+o 	 p÷o 
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2.4 Input Deletion and the Loss of Controllability  

In the previous section, the general results (Theorem 2.3.1, and 

Corollary 2.3.1) indicated that if the process of squaring down 

a system was achieved through the use of a reduced rank input 

matrix (that is rank(Bs=BE)<rank (B)), then complete controllability 
Max\ be. 

'' 
of the system 	, lost. (A dual of this result holds for 

squaring up a system using an output compensator of the form Cs=CC.) 

This section is concerned with the effect of this loss of complete 

controllability. The initial discussion deals with the more general 

case of squaring down a rectangular system. It is then shown how 

input deletion is a far more radical procedure, and finally Kalman's 

Canonical form is used to demonstrate the registering of these 

effects in the structure diagnostics. 

The assumption is made that system (A,B,C) has the following 

qualities. 	The numbers of outputs, inputs and states satisfy 

r<m<<n. The output matrix is assumed to attain its row rank r, 

and the input matrix its column rank, m. Input matrix B is then 

squared down using an input precompensator B such that rank (Bs=611)= 

where r*r<mc Using the Smith-McMillan form of the original 

system, the corresponding form is to be produced for the squared 

down system. Such a procedure demonstrates the modifications 

being made on the original zero pattern. 
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Syste$(A,B,C), assumed completely controllable and observable, 

may be written in transfer function form as G(s)=C(sI-A) 113=N(s)/d(s). 

where N(s) is a polynomial matrix. The corresponding Smith form for 

N(s) is given as N(s)=P(s)r(s)Q(s) where_P(s) and Q(s) are unimodular 

matrices. From this G(s) may be written in Smith-McMillan 

form as G(s) = P(s)r(s)Q(s) = p(s)7(s)Q(s) 

d (s ) 

where r(s) = 	a
1
(s)/

1
(s) 

0 a2(s)/ 2(s) 

1 Or x (m-r) 

ar(S)/*r  (S) 
/.■ 

Since complete controllability and observability are assumed, the 

system zeros are given by ildri(s)=0, and the system poles by 
i=1 

r 
II *i(s)=0. (MacFarlane and Karcaniag 1976). 

1=1 

( note that ai(s)1a2(s)1... lar(s) and tPr(s) l*r-1(s)i-

The transfer of the squared down system triple e(A,Bs,C) is 

G(s) = C (sI - A)"  BB = N(s) B / d(s) = N(s) / d(s). 

tpl(s). 

To be able to exhibit the new zeros, the Smith form for the numerator 

N(s) is found : 

i)' The invariants of ii(s)=P(s)r(s)Q(s)i are the same as those of 

Ni(s)=T(s)Q(s)B. (P(s) is unimodular) 

ii) Assume the full rank decomposition for B, 

[ 

B=L If M where matrices L, and M are nonsingular. 
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[ 

Hence ii(s)=r(s)Q(s)L II. M, and the invariants of N1(s) 

0 

[ 

are the same as those of 242(s)=r(s)Q(s)L II, . 

0-  

iii) Write Q(s)=Q(s)L, and partition Q(s) to obtain 

i2(s)=r(s)T1 II. = rr(s): 0 	Q11(s) i512(s) If. = rr(s)411(s) 

0 	1521(s) (522(8) 0 

iv) The invariants of N2(s) are found using the determinantal 

.11.1.11 

divisors, and by exploiting the structures of N2(s), namely 

[112(s).] ii = ri(s)/C111(s)) ij 	i=1, 	r 

i=l, 

kth order determinantal divisors are then given for k=1, 	r as 

2.4.1 

Al A = greatest common divisor of all minors of order 1 

= ri(s).fi(s), since ri(s)1r2(s)l...Irr(s) (property of invariants) 

and all the elements of 	may have a common factor. 

A2=greatest common divisor of all minors of order 2 

= ri(s)r2(s)fi
2  
(s)f2(s), where f2(s) is a common factor to all second 

order minors of N2(s) after r i(s)r2(s)fi(s) has been removed 

Continuing up to Ar: 

A 
Ar= greatest common divisor of all minors of order /15/7. 

= r1(s)r2(s)...rr(s)fI(s)f2r-1(s)...ir(s), where fr(s) 

is a common factor to all rth order minors of N2(s) after 

ri(s)...rr(s)fI(s)...4_1(s) has been removed. 

The invariants are therefore found as: 

Fl(s) = Al(s)=r1(s)fl(s) 

F2(s) = A2(s)/A1(s) = r2(s)fl(s)f2(s) 

rp) = Ar(s)/A r-1(s)= rr(s)fi(s)....fr(s) 
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[

G(s) = P(s) 	al(s)fl(s)/ h(s) 

••• 

• 

ar(a)f l(s)...f r (e)/ 11,1.(s) 1  

The new Smith form is therefore 

i(s)= P(s) 

• r

1(s)f1(s) 
	

Q(s) 

• 

• 1 0 
• 

Fr(S)fi(S)...fr(S) 
1111111. 

from which the squared down Smith McMillan form is 

Clearly three observations may be made : 

1) The initial assumption of rank(B 5) < rank(B) 	lce,a4 

controllability. Hence some of the factors fi(s),...,fr(s) t...)Qukek 

- supply input decoupling zeros to cancel with some of the system 

poles contained in the 14(s) , i = 1,...,r. 

2) The original system zeros contained in the terms al(s),1=1, 

r are preserved 

and 3) Terms fi( ), 	fr(s) may well supply new transmission 

zeros, although the analysis given does not provide explicit proof 

Whether or not such new zeros appear. 

The deletion of inputs to form structures is a more radical process 

than squaring down a rectangular system, since eventually the normal 

rank of the transfer will be reduced. The effect is to remove 

whole terms from the kernel of Smith McMillan form of the deleted 

system. This is illustrated by the previous analysis, for if s is 

the size of the structure index set, determinantal divisors (2.4.1) 

will then be obtained for k=1,...,r when s>,r and for k=1,2,...,s 

where scr. This latter case is where G(s) has lost normal rank 

.07 



(from r down to s). Giving a transfer of the form 

6(s)=5(s ) -ai(s)fi(s)/11,i(s) 

os(s)fi(s). ..fs (s )/Ips (s) 

Q(s) 

(scr) 
0 
(r-s)) 

from which it can be seen that some system zeros and poles have been 

completely removed. The details are encapsuled in the following 

Theorem 2.4.1 Zeros of a Deleted System. 

For completely controllable and observable system tripleil(A,B,C) 

• assume r,r, and m (the number of outputs, the rank of the input 

matrix B and the number of inputs respectively) satisfy re.i(m. 

If s is the structure index size then: 
fso .‘14.e 

i) r..4s<; .10.a)i Loss of controllability and introduction of 

decoupling zeros. 

b) The transmission zeros of the system are preserved 

c) New transmission zeros are possibly introduced 
103 blE 

ii) scr 4  a)/ Loss of controllability and introduction of 

decoupling zeros. 

b) Loss of normal rank of transfer *.loss of some 

original and new transmission zeros. 

Proof Recall that the zeros of the original system (A,B,C) 

are defined as the zeros of 4(s), the monic greatest divisor of all 

minors: m(ii, ..., ir) = sI-A Br  

-C 	0 

for all Br= [b.
1 
 ,bi  ,...,bi]C:B=I[bi,b2,...,b1103 
1 2  

(read:the columns of Br  are a subset of those in matrix B). 

1 

'?c:i--I\AQ. 
i) resc; 7;> a) S(Bs)f IR(B):1>,(poss of controllability (by Theorem 2.3.1). 

-----_ , 
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Appeal to Rosenbrock, 1970 for the number of decoupling zeros intro-

duced as the rank defect of the controllability matrix, EBs,ABs,..., 

An-1B). 

The zeros of the structured system 	(A,B,C) are defined as the 

zeros of Os(s), the monic greatest divisor of all minors of 

[
Ps(s) = sI-A Bs(ii,...,ir) 	for all 

[bi 	bj 	bj I 
°I.' 	2 	3' 

a) Let s=Z 	be a transmission zero of the original system 

4>(s-Z)Idet [C(sI-A)-1B;NBieB in particular 

(s-Z)'det [C(sI-A)-1BJNIBr  c: Bs 

s=Z is a transmission zero of $!(A,Bs,C). 

b) Let s=Z be a transmission zero of a structured system 

(A,Bs,C) 4)(s-Z) I det [C(sI-A)-1Br] VBIL.c. Bs  

Since BseB, this does not necessarily imply 

det&(sI-A)-1  Br] VB15-13; 

consequently new transmission zeros may appear. 
pcsybla 

ii) s<r. a) The loss of controllability occurs as before because 

la(Bs) cvR(B) but R(Bs)lboR(B), consequently input decoupling zeros oriolDe. 

introduced. 

b) The transfer function matrix is given as G(s)=C(sI-A)-1B, for 

which the normal rank was assumed to be the row rank, r. When input 

deletion occurs so that s<r4normal rank=s. This reduction in normal 

rank, removes transmission zeros of the original system, and new 

transmission zeros depending on their order. 

-c 

2-39 



The zeros of the reduced rank system are given am the zeros of (p s(s) 

the monic greatest divisor of all the minors of Ps(s)= sI-A Bs  

C
s 0 

for all 

C 	= 
S 

C4 
'1.  

• 

[ 
Cis  , 

C= C1. 

Cr. 

(s(r) 	• 

Let (s-Z) be a divisor of all system matrices 

Ps(s) = sI-A Bs  IiiBscTi. and Csc=C 

Cs 	0 [ 

then, (s-Z)Idet [Cs  (sI-A)-1Es] kiCsc:C and s=Z'is a transmission zero 

of the reduced rank structure. 

Also (s-Z)Idet Fb(sI-A)-1Br] for a given B" hence (s-Z) is a 

transmission zero of the system $(A,Bi., C). 

Suppose (s-Zp is a divisor of all system matrices 

Ps+1(s)  = si-A  Bs+1 VBsi.icBr  and Cs+ic:C 

Cs+1 

but not a divisor of Ps(s), then (s-Z1) is not a transmission 

zero of (A,Bs,C) and yet (s-Z1)Idet [C(sI-A)-1Bdgiving that 

s=Zi is a transmission zero of (A,Br,C). The situation is there-

fore, when s=r, and the system is square it will have a set of trans-

mission zeros comprising of the original system zeros and new zeros 

introduced by the squaring down. 	But as the systems normal rank is reduced 

s(r, some of these zeros are deleted depending on their order. This 

concluded the proof of the theorem. 
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A fundamental feature of both squaring a rectangular system, or 

deletion whilst preserving the normal rank of the transfer function 

is the preservation of the original system transmission zeros. 

Consequently if the initial zero distribution is poor ( containing 

a right half plane zero for example ) this will remain unaffected by 

squaring or deletion. The only cure is, therefore, the selection 

of new input, output connections having a better zero pattern 

(Rosenbrock, 1966). 

The appearance of input decoupling zeros or equivalently the loss of 

complete controllability enables recourse to the Kalman Canonical 

Form to give an interpretation of the - effect caused in the input 

structure diagnostics IESQ and /J0 . Using a suitable transformation 

the loss of complete controllability (but the preservation of complete 

observability) may be exhibited in the structured system as: 

[Zi  (t)] = [An 12] Z1(t) +111 us  ; 	[Z1(0)] given 

[ 

Y(t) = Pi Ca Zi(t) = E1Z1(t)+E2Z2(t) = y1(t) +3i2(t) 

- z2(t) 

where Z1  (t)E rR 
1  and Z2(0 E ER

n2  , n
1 
+ n

2 
= n. 

Z2 (t) 	0 A22 Z2(t) 	0 	Z2(0) 
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>y(t) 

y2(t) 

Z
2 
 (t) 

A11 

z1  (t) 	y1  (t) us 

Z2  (t) 

Z
2
(0) 

22 

Fig 2.4.1 Open Loop Structured System  
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The infinite time interval optimal cloSed loop is specified in the 

usual manner through the steady state matrix Riccati equation, details 

of which follow:. 

The optimal feedback law is us  = -Rs-1  [iiT ,C3 P Zi(t) 

Z2(t) 

where P is the symmetric, positive definite solution of the equation 

ATP+Pi -PBsRs-lBsTP-oTQE=0. 

[

Partition P as P= P11 P2 to give the optimal 

[

Zi(t) 	Ei [11s-1.1 DTI 0] Pi P2 Z1(t) 

[
namely, ZI(t) = 111-i1Rs-1111 TP1 712-1Rs-1/1T1P2 Zi(t) 

The closed loop poles are given by 

det&I:411 = det rsI- (111-731Rs-liT  .131)1 det[sI-22] 

= det fs I-Acijdet[sI7A22] 

where Amcontains the closed loop pole positions associated with 

• 
the closed loop matrix (A11-iiRs-1B1 TPI) and I22contains the pole 

positions of the uncontrolled subsystem.. 

Furthermore, it can be shown that P1 satisfies a steady state 

m 	 '- matrix Riccati equation: A 11131+PiAll-P 1  Rs  Bl  Pi+CiT  QCI  = 0 

T D 
'2 '3 

closed loop system as; 

Z2(t) 	0 A22 Z2(t) 	0 	P2TP2 Z2(t) 

0 
Z2(t) 	0 	A22 	Z2(t) 
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This has the important implication that the behaviour of the closed 

looppoles contained in Am,  is determined by the asymptotic optimal 

control theory developed in Chapter 1. Presuppose for the closed loop 

a decomposition of the form 

T-ACLT =ACL(P) 0 

[ 	

, then Z1(t) = 

0 
122 	

Z2(t) 

becomes 

ACL 
 r

l(t)] 

Z2(t) 

rl(t)]..-1AcL(p) 0  ri(t)];[/1(0)] = T-1[1(0) 

w2(t) 	0 	1122 w2(t) 	w2(0) 	Z2(0)] 
0 

and y(t) = [E1 621Z1(t) 	= {C..i.e2] wl(t)1 = Y1(t) + 52(t) [ 

where yl(t) = 61w1(t) and 72(t) = C2w2(t). Substitute into the 

diagnostic IESQs(p) to obtain 

IESQs(P) = 41‘);›H 1---WilOggi'llt.+<71,42>Ht+i<i2,QY2>Hr• 

Clearly the three terms may be related to three system features: 

< Y1, (271 
	to the response of the controlled optimal subsystem, 

< y
1 
 Qy > gt,  to the interaction between the optimal subsystem 

and the uncontrolled subsystem, 

and < y2, Qy2  > 	to the uncontrolled subsystem. The relationship 

A 

in corollary 2.1.1 between Js(p) and IESQs(p), namely 

A 	 w 	 A 
Js(p) = IESQs(p) + 	

p<
s
(p), us(p) > Hm  

A 
and the lim 1/2 p< us(p), u(p) > Hm 

 = 0 shows asymptotically that 

P4-0 

Z2(t) 	 w2(t) 
• 
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A 

these system features also dominate the value of Js(p). 

In section 2.2, it was shown that for sufficiently small p>o, 

structure assessment based on the quantities A4 - AJg or 

IESQs  _ IESQf isolated the additional part of the disturbance that 

the structure optimal control was unable to remove. (Over and above 

that part of the disturbance which the full optimal control failed 

to remove.) In this and the previous section it has been detailed 

how such additional obstacles to control arise. They result from 

the introduction of new zeros: decoupling zeros signifying uncontrol-

lable subsystems and possibly new transmission zeros which can 

restrict the effectiveness of the control action. The breakdown 

of the diagnostic IESQs(p) (using Kalman's Canonical form) has also 

been seen to reflect these new control difficulties. 
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2.5 Summary of the Control Properties of Input Structure 

Diagnostics  

This chapter has been concerned with the asymptotic properties 

of the input structure diagnostics and the notion of consistency. 

Linear space concepts have been utilized to provide direct proofs 

and a geometrical insight to the results. Equivalent inter-

pretation of these properties have been obtained through the use of a 

state space system description and an initial condition disturbance. 

The later parts of the chapter contain a detailed investigation of 

the effects of input deletion using the familar concepts of 

controllability and the system zeros. 	A summary of the various 

results follow: 

Asymptotic Diagnostic Values 

By partitioning the output space as Hr  ='R(W) Woe) and the 

disturbance as d = d1  + d2  where diecR(W) and d2eNfor*), the 

following limits were obtained: 

lim J(p) = lim IESQ(p) = 	< d2,d2  > Hr , lim AJo(p) = 
	< di,di  > nr , 

p÷o 	p4-0 	 nr p.±0  

for which it can also be shown lim (Wu (p) +.d ) = 0. 

p4.o 

Asymptotically, the optimal control removed from the disturbance 

that part associated with R(W), so that the diagnostic IESQ(p) 

represents (in the limit) that part of the cost J(u = o) that the 

optimal control cannot remove, whilst AJo(p) represents that 

part of the cost J(u = o) that the optimal control has removed. 

— 
Clearly d2EiT(W

*
) = R(W) represents an obstacle to perfect 

control, or maximal accuracy. 
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A system was described as being maximally accurate with respect 

to a class of disturbances to if 

lira IESQ(p) = 0 VdE 	C Hr  
p+o 

Using a state space description and the class of initial condition 

disturbances, conditions for maximal accuracy were pursued. 

These were found to be 	i) fewer outputs than controls and 

ii) no right half plane zeros. Finally the asymptotic theory of 

optimal control developed in Chapter 1 was used to give a control 

interpretation of this condition, namely that maximal accuracy 

implies i) asymptotic unobservability for those closed loop 

poles attracted by the left half plane zeros, 	ii) no right 

half plane zeros and iii) the remaining closed loop poles 

(over and above those attracted by zeros) become arbitrary fast. 

Basic Relations for Input Structure Assessment  

For the optimal cost improvement index, the notion of 

consistency was proved: A.4 - 	= < u, (tew pI) u > Hm , 

and asymptotically for the IESQ diagnostic as 3 Amax such that 

< p 	: IESQs (p) - IESQr(p) 3  0. 
max 

Again using the linear space concepts partition the output space 

as Hr  = 1/(Ws) ED X m  mw*  ) where R(W) = 4R(Ws ) ED X and the 

disturbance as d = dl  + d2  + d3 with diE tR(Ws ), d2 E X and 

d3EVW )• 

Then 	lim (A.Tof  (p ) - 	(p )) = i< d2, d2  > = lim(IESQs  (P) - IESQf  (p)) 
p.+o 	 • p4-o 

and lim (Wsii(p) + d1) = 0. 	The component of the disturbance 
p-+o 
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(d2"+ d3) represents the obstacles to control for the deleted 

system Ws  (since (d2  + d3) e g(Ws*)) but component d3  e *) 

and may therefore be associated with the inherent control 

difficulties of the full system to leave the component d2  to 

represent the additional control difficulties introduced by the 

deletion procedure. This then is the basis for input structure 

assessment: the comparison of additional control restrictions 

quantified by the diagnostic differences 	(A4 - AJ:) or 

(IESQs(p) - IESQf(p) ) and the choosing of a satisfactory 

compromise between simplicity (few inputs) and suboptimality 

(small diagnostic difference). 

Using a state space system description the remaining parts of the 

chapter were devoted to the control difficulties introduced by 

deletion. 

Input Deletion and the Preservation of Controllability.  
a•■••••-• 	 —■ 

sufficient condition for the preservation of 

controllability was shown to be 4B(Bs) ES(B). It was also 

shown that if squaring down occurred so that R(Bs  = BB) ala(B) 

then the original system zeros were preserved, and no new transmission 

zeros appeared. These quite general results were then specialized 

to the case 9f input deletion where it was shown 

lim(A4(p) - An(P))= lim(Jg(p) - J:,(p))= 0. From which it is 

P40 	p+o 
obvious that under such conditions, asymptotically no new control 

difficulties arise. 

Input Deletion and the Loss of Controllability  

The discussion of deletion and the loss of complete controllability 

introduced a new feature, namely the loss of the normal rank of 
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4-Output from 
Uncontrolled Subsystem 

Uncontrolled 
Subsystem 

Output from 
Controlled 
Subsystem 

Controlled 
Subsystem 

. (Control 
Structure) 

y(t) 

i.e. 

the system matrix transfer function. This was caused by 

the consideration of two cases a) r s < r in which there 

is a ro5S0WQL -- loss of complete controllability and 

b) s<r in which there is an additional loss of normal rank. 

The full details are: 

a) 	s<r 	i) loss of complete controllability TrolavOcik.a 

ii) preservation of the original system zeros 

iii) introduction of new transmission zeros 

possible 

and b) s <r i) loss of normal rank causing the loss of 

original system zeros and new transmission 

zeros originating from minors of order >s. 

ii) loss of complete controllability or 

equivalently the appearance of input 

decoupling zeros 	Ob■.%\Okilt 

The Kalman canonical form was utilized to demonstrate how the 

system structure was reflected in the diagnostic IESQ(p). In 

the presence of an uncontrolled subsystem, the diagnostic comprised 

of three terms quantifying the parameters of the controlled sub-

system (by appeal to the asymptotic optimal control theory), the 

parameters of the uncontrolled subsystem and their interaction. 

The .decomposed system structure is shown in the figure below. 

Fig. 2.5.1 Decomposed Structured System 
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Finally, two general observations made in the chapter. The first 

concerns the preservation of the original system zeros in the 

process of squaring down the number of input m to r. Here a poor 

initial system zero distribution (say right half plane zero) can 

only be modified by the radical move of taking new input/output sets, 

namely rechoosing matrices B , and C. Secondly if a system is 

squared down and the input matrix rank is reduced then an uncontrolled 

subsystem appears. 
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Chapter 3 Bounds for the Input Structure Diagnostics  

3.0 Introduction 

3.1 A Hilbert Space Canonical Form for Diagnostic, A.J0  and the 

Formulation of a Reduced Order Optimization Problem. 

3.2 Analytical Bound Formulae for the Diagnostic, AJ0  

. 	t Cases r=0,1,...,4 ) 

3.3 Analytical Bound Formulae for the Diagnostics, IESQ 

(Cases r=0,1,...,4). 

3.4 Properties of the Moments and Bounds. 

3.5 Asymptotic Properties of the Botifid Formulae 

3.6 A Finite Time Domain Example 

3.7 Summary 
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Chapter 3 Bounds for the Input Structure Diajnostics  

3.0 Introduction  

The preceding two chapters have detailed the theoretical basis for the 

utility of the quantities A Jo, and IESQ as diagnostics of control 

structures obtained by input deletion. For the many possible structures 

it is clearly not possible to calculate all the corresponding diagnostic 

values (each one resulting from a Hilbert space optimization problem) so 

some form of simplified procedure is required. Following the work of 

Bryant (1973), the emphasis will be entirely on the calculation of 

bounds on the diagnostic values. 

Using finite dimenslepal approximations for infinite dimensional 

operators, and linear programming theory, Bryant reduced the bound 

problem to that of solving a set of finite dimensional optimization 

problems. Here the spectral expansions for the diagnostics, and 

the moment constraints are interpreted as an infinite dimensional 

linear program. The reduction in dimensionality is obtained by a 

result similar to the fundamental theorem of linear programming 

(Luenberger, 1973). The subsequent development is concerned with 

providing explicit solutions to the resulting set of finite 

dimensional optimization problems. These are obtained using a 

technique of Hadley's(1970). Because of the similarities of the 

lengthy bound derivation for both diagnostics, only one is given 

in detail. Section 3.1 contains the theory for reduction in dimension-

ality of diagnostic AJ0, and the following section (3.2) the 

detailed derivation of its bounds for the finite dimensional problems 

of order r=0,1,2,3 and 4. 
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The important features of a similar analysis for the IESQ 

diagnostic are examined in Section 3.3, where the formulae for the low 

order cases (r=0, and 1) are given. Various properties of the bounds, 

and the moments are considered in Section 3.4 Permissible moment 

sequences are established, the behaviour of the moment ratio sequence 

examined and as far as possible the nesting of the bound formulae 

ascertained. 

A discussion of the asymptotic properties of the bound formulae 

(Section 3.5) and some numerical examples (Section 3.6) for a 

single input, single state system conclude the chapter. 
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3.1 A Hilbert Space Canonical Form for AJ,, and the 

Formulation of a Reduced Order Optimization Problem. 

The time-domain optimal control problem is posed as 

Tip 
Min J=i f 	{ <y(t),Qy(t) >E + < u(t), Ru(t) >Em dt 
ue Hm 	 r  

t 
with system equation y(t)=f W(t-T)u(T)dT+d(t), 

As before this may be written (using Hilbert space formalism) as 

Min J=i<y.Qy>R  + i<u,Ru>„ 

m 	
.111 

with system equation y=Wu+d 

where y, and deHr; ueHm;W:HeHr, R:Hm+Hm  

and Q:HeHr. Assume operators Q, and R are both self adjoint 

and semi-positive and positive definite respectively, namely 

Q*=-Q,Q:0 and R*=R,R>0. 

Then the input structure diagnostic &To  is given as 

AJo=J(u=o)-J(u=i1) 

J(o)-(J(o)-i<b,A-lb>Hm) 

=i<b,A-lb>Hm  

where blW*Qd, and AgW*QW+R. 

Householder's matrix equality can be extended for use with suitably 

defined Hilbert space operators (Chuang, 1970) so that if B>0 and 

IAO then 
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(B+COE)-1=B-1-B-1CD(D+OEB-1CD)-1DEB. 

Consequently AJ0  may be expanded as: 

AJ
o
=i<b,A-lb> =4<b,(114-W*Q1.019-1b>1.411  Hm  

=i<b, R-1-R-1W*Q1(I+QIWR-1W*0)-1QiWR-1 b>Hm 

Recall b = W*Qd, write Z=Qid, and D=OWR-1W*Qi 

to .obtain AJ0=i<Z, [D-D(I+D)-1D3 Z>Hr .  3.1.1 

Compact operator D=OWR-1W*0 is positive semi-definite and self 

adjoint hence it has a denumerable set of positive eigenvalues 

{A1.} 	and a corresponding set of ortho-normal eigen-functions 
1=1 

{ i}c°  . Further one of the eigenvalues attains the value of the 
1=1 

norm of -operator D, and their only possible point of accumulation is 

{0}. 

Denote AM = II Dlig sup {<x,Dx>u 	'x>ur} X 	 AAr  Hr  

then X i e(0,X1.1) 	. The space Hr  is complete (being 	Lr2  [0,TO ) 

and decomposes as Hr=111 Q)H2  where H1  is spanned by {w1}i=1, and 

H2  is the null space of operator D(denoted MD)). Any yellr, has 

therefore the unique decomposition y = F aiwi+yo, where aierkl, 
1=1 

A i=1,2,... and yo6112.7.N(D). In particular for Z=Qd obtain the 

decomposition Z=aow0+7 aiwi, where aowo  denotes the null space 
i=1 

component of Z. 

The various eigenvalue/vector properties include: 

Dwi=Xiwi, (I+D)-1wf=(1+4)-1wi  i=1,2,3,... 

where {O<A.O.m }m1=1' and further 

<wiolij>=6ij i,j=0,1,2,...(ortho-normality) 

DZ = t aiAiri 	(I+D)-1DZ=7 
1=1 - 	i=1 
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Utilizing these relationships in 3.1.1 obtain 

co 

AJ = < / ai  wi / 	a i( Xi  - Xi / ( 1 + Ai  ) ) wi 
1=0 	i=1 

CO 

so that 	AJ
o 

= 	al Xi  / ( 1+X1  ) 	{ 0 < Al < AM  le°  
1=1 	 i=1 

co 
This series clearly converges since 	ai = m

o 
, and 

1=0 

0 4 Ai  / ( 1-0t1) < 1. 

The expression 3.1.1 for AJ0  may be further expanded to give 

AJ0  = <Z,DZ> - < Z,D2Z> + < Z,D
3/2

( I+D )-1 D
3/0

Z > 

j+1 	j+1 
Defining mj  = 	Z> , and Ri.o.  = j <Z,D 2 	( I+D 	D 	Z > 

a more general expansion for Ajo  is 

r 
AJo = 	(4)

j+1 mj  + Rr.o.  , r = 
j=1 

The terms mj =  
Z, Di Z>Hr  = 	ai

2  
 (Xi) 

1=0 
( j = 	) 

where A t 0  and { 
0, 

0< X4  4 A } 
M 1=1 

are given the interpretation 

" jth order moments " ( Bryant, 1973 ) since they have the same 

CO 

formulae as the jth ordef moments for masses { ai }i.0  set at 

co 
distances f Xi  li=o 	from the origin. The term Rj4.1  is taken to 

be the remainder term of the expansion. In general the series cannot 

be used to calculate AJo since it diverges if for any i, Xi  > 1 

and ai  V 0. However the moments mj, j = 0,1,2,... give indirect 

information about the distribution of the numbers { Xi  }T=1  and 
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ai2  }7=0  . Furthermore the first few moments are readily obtained by 

system simulation since 

mo  = <Z,Z>Hr  = j<d,Q d>Hr  

mi = < Z,D Z>Hr  = <W*  Q d, R 1  W*  Q d>Hm  = 1<b,R 1  b>Hm  

and m2 = <Z,D2  Z>Hr  = <W R-1  b,Q W R 1  b>Hr  

The problem arises therefore of bounding the Hilbert space canonical 

CO 

form A.J0  = 	y ai2  Xi / ( 1+Xi ) 	given the additional constraints 
1=1 

ai2  = mo 	ai2 otoi = m 	. j = 1,2,...,r 
' i=0 	i=1 

co 	 co 
with 	ai2  01i=0  and Co < 	Am li  

, co 
Using the definition 	al -4'. i 	}

1=1 , 
the following relabelled 

problem is obtained. 

Extremise Mc) = 	ai2Ai 

i=1 (1+Xi) 

3.1.2 

CO 

subject to 	a02+. / ai
2 
= mo 

i=1 ' 
3.1.3 

	

ai2 (Xi) = mj 	j = 1,2,...,r 

• 

with 	ai2 	017=0  and 	0 < ai AM 17=1 	3.1.4 

To obtain the reduction in dimensionality, these equations 3.1.2 

to 3.1.4 can be re-written in the form of an infinite dimensional 

linear program 

CO 

AJo = < c(X),x > 
	 Lcx 

i=0 

subject to A(A) x = b E Ve+1  and x > 0 

where the following identifications are made : 

i=1 
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co = o 

with 

( 	o < 

A(X) = 

ci g Ai  / ( 

	

— 1 	1 	1 

	

0 	Al 	A2  

A 2 	2 
1 	X2 

	

0 	X
1
' 	X r  

2 - 

1+Xi ) < 
co 

1 ) 
i=1 

and 

, 

b = 

{ 

mo 

xi A  ail 

irtr+1 

co 
}i.0 

Define as any feasible solution any pair (X,x) such that 

co 	 co 
(i) A(A) x = b (ii) ( xi  0 } . 	and UM( 0 < Ai Am} 

i=0 	 i=1 

The desired reduction in dimensionality is given as : 

Theorem 3.1.1 For a linear program of the above form (i) if there is 

a feasible solution, there is a basic feasible solution and 

(ii) if there is an optimal feasible solution there is an optimal basic 

feasible solution. 

Proof (a) If x has only a finite number of non-zero elements, then 

the linear program may be written as one on (RN. Consequently results 

(i) and (ii) follow from the fundamental theorem of linear programming 

( Lueuberger, 1973 ). 

(b) If x has a denumerable number of elements, then to prove 

(i) Pair (A,x) are feasible, hence A(X) x = b , so that for any p > 0, 

3 N(p) for which the constraints may be partitioned as 

co 	 co 

xi = mo 	xi and 	1 xi  (Xi)i  = mj  - 	xi  (Xdi  
/  

i=0 	i=N+1 	i=1 	i=N+1 

j = 1,2,...,r. Or in vector form as A(N) x(N) = b(N) 	satisfies 

II A(N) x(N) 	b 11;5, p 

3-7 



Choose p = 1/n , n = 1,2,... 	and applying the fundamental 

theorem of linear programming obtain a denumerable sequence of matrices 

A(n) e pt 
r+1 x r+1 and basic feasible solutions x(n) E ne+1 such that 

A(n) x(n) = A(N(n)) x(N(n)) = b(N(n)). 

1.44  r+1,r+1 
The elements of A(n) satisfy f 0E A(n)ii E X 	} 

i=1,J=1 

whilst the mo constraint implies that the elements of x(n) satisfy 
r+1 

{ OE x(n)i E mo  } 	. Consequently ( Heine-Borel Theorem ) a 
i=1 

subsequence may be selected so that A(nk), x(nk) converge element-wise 

to A Emr+1 x r+1 and R
eatr+1

. 

Hence 	OE II A(nk) x(nk) - b II E link  

as nk  -* co 	OE II A 	- b IIE 0 

So that the feasible solution is basic. 
A A 

To prove (ii) 	partition the optimal feasible solution (X,x) as before 

so that I I A(N) ;Z(N) 	b IIE p 

Choosing WIl  to be the sup norm on MI"'
1
, have that the mo 

CO 

constraint implies 	X xi  p . Recalling that ci E [0,1) E 
i=N+1 

co 

= N+i,N+2,... 	gives 	n 

	

E 	ci xi  p 
i=N+1 

Partition the optimal cost at N(p) to obtain 

co 
A 	 4 

AJo = AJo(N) + y 	ci  xi 	AJo(N) = 
	ci  xi  ) 

i=N+1 	 i=0 

A . A 
giving 	0 E AJ0  - Ajo(N) p 

For the given p > 0, 3 N(p) such that 

(i) 	A(N) x(N) = b(N) 	(ii) 	IIA(N) ;(N) 	13 11 	P 
A , A 

and (iii) 	0 EAJ0  - AJo(N)E p 
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A 
Noting that x(N) is optimal for the truncated cost AJ0(N) ( otherwise 

A 
the optimality of AJ0  could be contradicted ) , choose p = 1/n, 

n = 1,2,... 	and apply the fundamental theorem of linear programming 

to obtain a denumerable sequence of matrices A(n) (r+1)x(r+1) 

A 
and optimal basic feasible solutions x(n) E TRr+1 such that 

A 
(i) A(n) x(n) = A(N(n)) x(N-(n)) = b(N(n)) 	and 

(ii) Xj0(;(n)) = Lo( x(N(n))) 

As before a subsequence may be selected so that A(nk), and x(nk) 

F(r+1)x(r+1) and 
A 	r+1 

converge elementwise to A E 	 and 
r+1 

A A 	 A A 
also that AJ(x(nk)) converges to AJ(x14.1). 

Consequently as nk  ÷ co 	Ax1.4.1  = b 

and 0; A Jo  — AJ0(x(nk)).; 1/nk  

A A A 

implies AJo = AJ (x  r+1)  o r+1 

so that to every optimal feasible solution there is an optimal basic 

feasible solution. 

Corollary 3.1.1 The infinite dimensional optimization of 3.1.2 to 

3.1.4 can be replaced by an equivalent finite dimensional problem in 

IR
2(r+1) 

Proof From theorem 3.1.1, optimization over all feasible solutions 

may be reduced to optimizing over all basic feasible solutions of 

A(A) x = b. That is optimizing over a compact set in 11(2(r + 1) 

on which the constraints are satisfied and for which the extrema 

are attained. Finally the optimal feasible solutions are the 

optimal basic feasible solutions. 

The constraints 3.1.3 and 3.1.4 suggest that the infinite dimensional 

optimization will be basic'in two ways depending on whether or not 

a2 = 0; namely 
0 
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a) Extremise Cr  (a,e) = y ai ei/(1 + ei), subject to 

r 	r 
a
o 
+ 	y ai  = mo, 	y ai  (ei)i = raj; j = 1,2,...,r 
i = 1 	1=1 

{ai 	0 }r 	and f < e• 1 ■ 
= 0 i =1 

r + 1 
or b) Extremise Cr  (a,e) = I 	aiej/(1 + ei) 

i = 

r + 1 	r + 1 

E ai = mo, 	E 	6i  (e.) = m ' • 3 = 1,2,...,r i = 1 	i = 1 

r+1 	r+1 
{ ai  0 } 	and { 0 < ei 	Am} 

1=1 	1=1 

It is readily seen that using the second type of formulation in 

conjunction with a new "eigenvalue" constraint 

{ 0 	ei 0/J 
< lr+1 

subsumes both cases above. (Since if ei activates ,1 
1=1 

the zero constraint, then the effect on problem ,type b) is to give 

it the structure of problem type a)). The solutions to this new 

finite dimensional problem are obtained in the next section. 
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3.2 	Analytical Bound Formulae for the Diagnostic, A Jo(r=0,1,2,...,4) 

The problem of bounding AJ0  reduces to finding solutions to they 

'following type of non-linear optimization problem: 
r+1 

rth Order Problem Extremise Cr (a,e) = / ai  ei  / ( 1 + ei  ) 
i=1 

r+1 
subject to 	ai  = mo  

1=1 

r+1 

i=1 a
i  (ei) 3 = mj 	j = 1,2,...,r 

with a 3 0 	and 0 ei 	AM 	i = 1,2, . ,r+1 

Bryant (1973) considered some low order bounds namely the cases 

r = 0,1 and produced a univariate optimization problem for the 

case r = 2. A point estimator was also constructed for this case. 

Here a technique of Hadley (1970) is used to find analytical 

solutions to the above problem. The procedure is described as 

follows: 

i) Compute the free optima ignoring the inequality constraints. 

If the point (or points) so obtained also satisfy the inequality 

constraints, then the global optima to the problem which includes 

the inequality constraints have been found. 

ii) If one or more of the inequality constraints are not 

satisfied select one ( not necessarily a constraint -that was not 

satisfied at the first stage) and treat it as though active. 

Repeat the process of finding the free optima with this con- - 

straint active. If the point (or points) yielding the global 

optima to this problem satisfy the inequality constraints not 

included then the global optima to the problem which includes 

all the inequality constraints has been found. If not, the 

process is continued until all combinations of including just 
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one inequality constraint is exhausted. 

iii) If the optima are not obtained after stage ii) then the 

whole process is repeated activating combinations of two of 

the inequality constraints, and so on. 

This procedure, although laborious, was successful in producing 

results for all the cases r = 0,1,...,4; the case r = 5 not 

appearing to be tractable. The details follow. 

Case r = o 0 < AJo  4 moAm/(1 + Am) 	 3.2.1 

Proof Extremise C°(a ye) = a1e1/(1 + el) 

subject to al  = mo, al ?..• 0, 0 < el  < Am  

The inequality 0; e1/(1 + e1) < AM/(I+ AM) gives the result. 

Case r = 1 0,1 m1/(1 + AM).. M.o .; mom]./(mo  + m1) 	3.2.2 

Proof 	Extremise C1  (a,e) = aiei  + a2e2  

(1+e1  ) 	(1+e2) 

subject to al  + a2  = mo  and ale].  + a2e2  = ml  

with ai 0 and 0; ei; Am i = 1,2. 

1) Adjoin equality constraints and search for free optima: 

1 C (a,e,;;) = ctiei  + a2e2  + u1(a1+a2  - mo) + p2(alei+a2e2 - m1) 

      

(1+e1L C1+e21 

The condition of optimality VC = 0 E m 6  gives 

el P2 	1 	+ u1 = 0  3.2.3 

(1 + el) 

   

3-12 



u2+ 	
1 	

P1 = ° 

0 

0 

3.2.4 

3.2.5 

3.2.6 

3.2.7 

3.2.8 

+ e2) 

1 
= al 	(P2 + 

(1 + el)?) 

1 	
= (112 a2 

(1 + e2) 124) 

al 	a2 = mo 

and alai + a2e2 = ml 

Equations 3.2.5 and 3.2.6 have three possible types of 

solution 

i) a symmetric pair of the form 

al = 0; p2 = - (1 + e2)-2  

a 	= 0; p2  = - (1 
+ el)-2 

2 
ii) al = a2 = 0 

iii)p2  = 	(1 + el)-2  = -(1 + e2)
_2 

The first two cases activate an inequality constraint, whilst 

the third produces a problem insufficiently determined in 

al' 
and a2. Conclude there are no optima without activating  , 	 • 

an inequality constraint. 

2) Activate one inequality constraint at a time 

Ignoring the symmetries which arise, three types of problems are 

possible 

i) al  = 0, ii) el  = 0 and iii) el  = 

In detail i) al  = 0: C1(0,a2,el,e2) = a2e2/(1+e2) 

subject to a.2  = mo  anda 2e2  = ml. This problem is independent 

of el,therefore setting el( LO, M1 have 
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A 	A 	 A 

a2 = mo , e2 
= m

l
/m
o 

<
M and C = moral/  (mo+m1) 

ii) e1 
= 0 : C1( al'a2'0,e2 ) = a2e2 / ( 1+e2 ) 

subject to a
l + a2 

= mo and a2e2 = m1. 

Eliminating a2  and e2 : a2 = mo - al 
, and e2  = ml  / ( mo  al  ) 

Obtain C
1(a1

) = m
l
( m

o 
- a ) / ( m

o 
+ m

l 
- a

l 
) 

hence dC
1 = 	-m

1
2 

	

0 0 	a1  e [o ) 
dal 	( mo + ml - al )

2 

a1M + a2e2 iii) el = AM C1( a11 a2' XM' e2  ) = (14m) 	(1+e2) 

subject to al  + a2 = mo and alAm  + a2e2  = m1 

Using Lagrange multipliers form an unconstrained cost 

1 
Cad = a1M 

 

a2e2 4. P1( al+a2-mo ) 	V2( alAe2e2-ml ) 

     

(1+Am) 	(1+e2) 

The condition of optimality 

1 
VCa
1  
d = O E 1R

5 

+ P 	= 
1 

= 0 

provides the equations 

3.2.9 

3.2.10 .  

3.2.11 

3.2.12 

3.2.13 

AMtu2 + 
 

 (1 + Am) 

1  e 	+ 
2 	2 	(1 + e2) 

1 
a
2 
(p

2 
+ 
(1 + e2.)2,) 

al 	a 	= mo 

alAM 	a2e2 = ml 

Equation 3.2.11 has two types of solution 

a) a2 
= 0 gives a contradiction between equations 3.2.12 and 3.2..13. 

b) v2 = -( 1+e2 )
-2 Substitution in equation 3.2.10 gives 

p1 = -e2
2 / ( 1+e2 )

2 and subsequently in 3.2.9 to obtain e2  = Am. 
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Obtain from equations 3.3.12 and 3.3.13 the contradiction 

al  + a2  = mo  and al  + a2 = ml/AM. No new optima have been 

found, so a further step in the Hadley procedure is taken. 

3)  Activate two inequality constraints at a time  

Ignoring symmetries eight types of cases arise: 

i) a1 = 0 	a2 = 0 	v) a
l = 0 e2 = AM 

ii) a
l 
= 0 	el = 0 	vi) e1 = 0 e2 = 0 

iii)a1 = 0 	e2 = 0 	vii)e, = 0 e2  = Am  

iv) a1 = 0el  = AM 
	vtii)el  = 

AM e2  = Am  

In detail i) al  = a2  = 0: Contradicts al  + a2  = m0  > 0. 

ii) a
1 = 0,'e1 = 0: Cost obtained in (2)(i). 

iii)a
1 
 = 0, e2  = 0: C

1(0,a2' el'  0) = 0 

subject to a2  = mo  and ml  = 0: Contradiction for mi. 

iv) al  = 0, el  = AM: Coit obtained in (2) (i). 

v) al 7  0, e2  = AM: In the equality constraints 

obtain a
2 
= m0, a2Am = ml : Contradiction for a2. 

vi) el  = e2  = 0: C1  (al,a2, 0;0) = 0, 

subject to al + a2 = m0 and 0 = m1' - Contradiction for m1' 

vii)el  = 0, e2  = AM  : CI(al, a2, 0, AM) = a2  Am/(1+Am) 

subject to al + a2 = mo and a2 AM = ml. Consequently. 

1 It 	A C (al f a2, 0,X 
A 

= ml/  (1-FX ) where al  mo (AM - m1 > 0 
37- m6  

A 

and a2 = ml/AM 
> 0 

viii)el  = e2  = Am:C1(al,a2,Amdtm) = (al+a2)Am  

(1-14m) 

subject to al  + a2  = mo  and (al  + a2)Am  = mi. The problem 

is insufficiently determined in the pair al, and a2' 
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The process of Hadley is terminated here since further 

activation of inequality constraints produces either the 

results obtained so far, or inconsistent cases. The two 

optima obtained are: 

C1(O,ct2, eve2) = momi/(mo  ml) 

with a2  = m0, e2  = ml/m0  < X14  and iele rOdimi 
^ A and C1 (al,a20,X1.1) = ml/(1+ AM) where al  = mo AM-ml > 0 

AM 	mo 

A 
and a2 = ml/AM  > 0. (The property AM  > m1 

 /m
0 
 is proved 

in Section 3.4.) 

This concludes the analysis for the pair of bounds to be 

derived from the optimization problem of order r = 1. As can 

be seen the procedure is straightforward but tedious and will 

be more so for the higher order cases r = 2,3,4 and 5. 

A re-examination of the analysis for the above case indicates 

how much of the process can be ignored. The following points 

are noted: 

i) Expect no free optima to the problem when all the inequality 

constraints are disregarded. (The solutions to the optimality 

equations 3.2.? to 3.2.8 required the activation of an inequality 

in aif the only other solutions producing an insufficiently 

determined problems ) 

ii) Sufficient inquality constraints must be activated to produce 

a feasible solution from the equality constraints that is the 

moment equations. Activating too few or too many inequality 

constraints produces insufficiently determined or over-determined 

problems respectively. 
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In the remaining cases these guidelines are used to avoid much 

tedious analysis: 

Case r = 2 0 < m1
2 < A Jo < - m0  m1 A

2 + (m
2
-m
1
)rn
0m

.1111
1
2 

	

(ni4m2 ) 	 (1 + Am)(m2+m1 	(ml+mO)AM) 

3 
Proof Extremise C2(a

1  ,a2 	- 	
a. 

,a , e e2,e3) = L 	1 1 L 
	e. 

i=1(1+e.) 

subject to al  + a2  + a3  = mo  

a
lel 

+ a
2e2 

+ a33  e' = m1 

2 	2 + 	2  a e + a2e2  + 
a3e32 = 

- m -2 1 1 

with a. 	0 and 0ei  < 	, i=1,2,3. 

The three equality constraints forma set of equations in six variables 

a, a2' a3' e1, 
 e2'e3' consequently three variables are to be  

removed by activating constraints. (The various symmetries 

will be ignored.).  

Set al  = 0, eie [0, cilto obtain 

a2  + a3  = m0, a2e2+a3e3  = ml  and a2e22 + a3e3
2 
= m2. 

A further variable is to be removed. This can be achieved in one 

of three ways: 

i) a
2 
 = 0 
	

ii) 	e
2 
= 0 	iii) 	e

2 
=

M 

In detail i) a2 
= 0 requires the additional specification of 

2 
e2  [0,xM  1 and leads to the contradiction a3  = mo' and a3 = m1/m2 

ii) e
2 
= 0 yields the following set of equations 

a2 + a3 
= mo 	a3e3 = m1 

and 	a3e32 = m2. 

A 	A 	 A 
hence e3 = m2/m1  , a3 = m1

2 
/ m2  and a2  = mo  - ml 

2 m
2 
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Using the properties 0 < m
1 
< m

2 
< AM 	3.2.14 

mo 
m
1 

( these are proved in Section 3.4 ) gives e 
A 
3 [O,AMI 

, 

A 
a
3 
 > 0 

A 
and an  = m, 

m
o - 

m
1 > 0. The value of the cost is 

m
1 

m
2 	• 

A A 	2 

	

2 A  A 	A 
3 C ( 0,a2,a3, ,e 0 0 	) = 

a
3
e
3 	= 	

m
1 

iii) 	e
2 
=

m 
yields the following equations : 

a2 a3 mo 
+ 	= 	a2XM 

 + a
3
e
3 
= m

l 
and a

2
A
M

2 
+ a

3
e
3

2 
= m

2. 
- 

A 	A 

3 
The first equation gives a

2 
 = m - a , substitute into the remaining 

two equations to obtain 

2 1  

• m2 - mo''M e
3• 
+

M 

in 	moats 
 

consequently 

e3 =  ( m
2 
- m

1
X
M 
) / ( m

l 
- m

o
X
M 
) 

(143) 	(m
1 
 + m

2 
 ) 

A 
a3 = 

moXM ) 2 / ( moXM2 2m1XM m2 ) 
and 

a
2 
= ( m

o
m
2 
- m

1

2 
) / ( m

o
A
M

2 
- 
2m1AM 

+ m
2 
). 

A A 
The moment properties 3.3.14 are again used to show that a

2 
, a

3 

A 
and e

3 
are feasible. Namely that 3.3.14 giving ( 

m2/m1 
- 
m1/mo 

) > 0 

hence 

2 

mom2 - 2m
l
A
m 
+ m

2 
= m [(Am mi) 	mi 

0 

 (m2 - mi)] > 0 

m
o 	

ml 
 

A 	A 
to give a

2 
> 0 and a

3 
> 0 	and 

A - 
m
2/m, 

m
2 
- m

1
X
M - 

m
1
( m m  

ml moXM 	
m
0 

X
m 
- l/m

o 

to give 0 < e
3 
 < A M. 
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It remains therefore to calculate the cost 

A 
2 	A 4  
C ( 0,a2' a3'' 0  XM'  e3  ) = 

a2XM 

(1+Am) 

A 

+ a3e3  

(1+e3) 

C2( optimal ) = moAM 

(1+AM1 
 

a3  e3  Am  

A 
(1+e

3
1 (1+Am) 

= moXM 	+  a3(e3-A1,1) 	= 	1 	molts + (ml -  moAm)  

	

(1+X
m
) 	(1+e3)(1+Am) 	(1+X M) 	(1+e3) 

- 1 moA

M 

+- (321 - moAM
)2 

	

(1+X ) 	( m1 + m2 - (mo+m1)XM ) 

2 	2 
A A 

C2( 0,a 	0,X e ).= mo
m
l
A
M + mo(m2-m1)Am + m1  

2'a  3' 	M' 3 
(1.4

M
)( 	 aM  ) 

	

2 	A 	 2 

	

This value is to be ordered with C2 	
A( Ola2'a3,0,0,e3 ) = m1  / (m1+m2). 

	

Set XM = m2 / ml  + 	6 > 0 then 

C
2(6) = 

-mora1( m2/m1  +6 )
2 
- m2(m2-mi)(m2/m1  +6 ) + mi

2  

(l+m2/m1 
 +6 )( m1 + m2 - (n1+mo)( m2/m1 

 +6 ) 

where C2(0) = m1
2 / ( m

1
+ra
2
) 	and after much manipulation 

ac2(6)  = a162  + a26 + a3  > 0 , 6 	0 

as ( 1 + 
m2/m

1 
 + 6 )2( m1 + m2 - (mo+mI)(m2/m1+6) )

2 

where al = moil ( m2 - ml > O a2 = 2mo
2 
 m1 (m2 - mI 

2  
) > 0 

• 

2 
a3  = mo  2m2 

(m2 
 - m

1  > 	O. — — m1 m
o 

Hence the result as given at the beginning of this case is obtained. 

m1  mo 	 ml o 
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Before continuing with the cases r = 3, and 4, introduce some new 

notation and summarise the bounds obtained so far. Denote the 

rth order upper and lower bounds as 
Cr 
 
max (.,....) and Cr 	( 

	

max 	min """-) 

where the argument list contains the moments, and possibly 

AM  upon which the bound is dependent. Then the formulae obtained 

so far are: 

, 
Corin  = 0 	 C

o 
max 

On o AM) = oro  AM 

(1 + AM) 

2 m1  
C. On m ) 	 C 	m m AM) Corin 	l' 2 	Oni  + m2) 	max 	o' l' 2' M 

2 
= mo ml XM 4- (m2 - ml) mo AM m12  

(1 	AM)  (m2  + ml  - (ml  + m0) AM) 

The finding of the optimal costs for the cases r =. 3, and r = 4 is 

straightforward but the complexity of the formulae obtained prohibits 

further analysis to determine the ordering of the bounds. 

Instead numerical tests and the observation that the bound formulae 

alternate in being a function of AM  is relied upon to settle the 

question of ordering. 

3  Case r = 3 	C3 fin m2' m3' Amin -  l' 2' 3' M) 130 < (" -max 'mo'ml'm2'm3)  

Where for the minimum the optimal values are: 

A

4 	

A 	A 	A' 
•e =m2  AM  - m3' 	a3 = ml e4 - m2,  a4 = m2 - ml AM 

m 	m 1 AM m2 AM
A  

- AM) 	e4 (e4 
	A

M
) M 4  

3 
to give Corin 

 (ni,  m2,  m3, AM) = a3  AM 	+ 

+ AM) 

A A 
a4 e4 

 

(1 + e4) 

1 	1  
Corin (ori, AM

) = 	+ A  ) 	Cl 	Om m ) = moml max o' 1 
(1Bo + m1) 
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These optimal values are shown to be feasible in the sequel but 

numerical trials were used to show the associated cost to be a 

minimum. 

For the maximum: Set k1  = (111
/mo

)2 - 
2Imo 

k2  = (mi/m0)3  - m3/mo and k3 = m1/mo 

Solve the associated quadratic: 

x2 + (3k3 - k2/k1) x + k1 = 0 

for the roots x and 

A 	 A A 
y Compute e3  = x + mi/mo, e4  =  + mi/mo  

A 	A A 	 A 	A A 

a3 = moy/(y x) and a4  = mox/(x - 

Obtaining the cost as 

3 	AA . A 

Cmax (mo' ml' m2, m3) = a3e3  + a4  e4  

(143) (14'41 

Numerical tests should be included to check feasibility. 
4 

Proof Extremise C3  (6,e) = X 	ai  ei 	a and e EL IR4 

i=1 (2.4- .el  ) 

subject to al + a2 
+ a

3 
+ a 	m  
4- o 

a
l
e
l 
+ a2e2 + a3e3 + a4e4 

= ml 

1 
2 ae + a2e2

2 + a3e3
2 
+a4 4 e2 = m2  

2 

a1e1
3 + a2e2

3 + a
33  
e 2 + a4e4

2 
= m3 

with a. 3 0 and 0 < e. < M  i = 1,...,4. 

The four equality constraints form a set of equations in eight 

.variables, consequent four are to be determined by activating 

the inequality constraints. 

Set al  = 0, elE[O, Xml to obtain 
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a
2 
+ a

3 
+ a

4 
= m

o 

t2  e2  + a3e3  + a4e4  = ml  

a2e2
2 + 

a3e3
2 + a

4
e
4
2 = m

2 

3 , 	3 „ 	m  
a2e2 	a3e3 	a4e4 - -3 

Symmetries aside seven cases arise:- 

i) a2  = 0; e26(0, aMl 	 v) e2  = e3  = 0 

ii) a2  = a3  = 0 	 vi) e2  = 0; e3  = AM  

iii)a2 = 0; e3 = 0 	
vii)e2  = e3  = Am  

iv) a2  = 0; e3  = XM 

In detail i) a2 
= 0; e

2 
 6E0, A

m 
 lthe constraints reduce to 

a3 
+ a4 

= m 	a3e3
2 
 + a4e4

2 m = -2 

a3e3  + a4e4  = ml 	a3e3
3 + a4e4

3 = m3 

Assume e3 e4 then [1 1 I ra3i= rol 

e3  e4  a4 	mi  

gives a3  = moe4  - ml 	and 	a4  = ml  - moe3  

e
4 
- e3 	(e4  - e4) 

Substitution in the remaining constraints gives 

moe3e4  - mi(e3+e4) + m2  = 0 

moe3e4(e3+e4
) - m1(e3

2  + e3e4+e42)  +m3= 0 

.These equations may be factorized as 

- 
m
l/ 
	ml 	2 

(e3 	 mo)(e4 	/mo)  = (ml/mo) 	m2/rno 

and (e3- ml/m  )(e4-ml/m  )(e3  + e4  + ml/m  )=(mi/m0)3-m3/mo  

Set x = e3  - miimo; y = e4  - mi/mo  
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iv) a2  = 0, e3  = AM. The constraints reduce to 

a3 a4 = mo' 

a3 AM a4e4 = ml 

2 	2 

	

a3AM 	a4e4 = m2 

a X 

 

3 
	3 -  

	

3 M 	a 4e 4 	m3 

• 

k
1  = 1/mo )

2 - m2  /m 	k2  = lo /a )
3 
- maim°  o  

and k3 = m1/mo 

Solve xy = kl  with xy (x+y+3k3) = k2  

to obtain y = k1/x with x satisfying quadratic 

x2 + (3k3 - k2/k1) x + k1  = 0 • 
A 	A A 

The roots of this quadratic are x, and k
1/x = y which give directly 

A 	A 	A 	A 
e3 = m1 + x and e4  - m1  + y, then -  

mo 
	mo 

A 	A 
using a3  = m0e4  - mi  = moy and 

(e4-e3)  

 

A 	„„ 
y - x 

A 	 A 
similarly a 

A 
 4  = ml-moe3  = ox to obtain 

 

A A 	A A 
(e4-e3) 	x-y 

 

3 	A A 	 A A 
Cox (1110'm1'm2'm3)  = a3e3 + M4e4 

(143) (144) 

ii) a2  = a3  = 0. The equality constraints reduce to 

a4 = mo' a4e4 = ml' a4e42 = m2  and a4e4
3
=m3 

with e2, and e3 

e3d210, AO and 

undetermined. Pathological case requiring e2  and 

: 	111, ml/m0 = m 2/m
1 = -vm2_ 

iii) a2 = 0 and e3 = 0. The equality constraints reduce to 

a3 a4 = mo' a4e4 = ml' a4e42 . -2' a4e4
3 
 - 
= 
 -3 . 

which again is a pathological case requiring specification of e2, 

and m2/m1  = m3/m2. 
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The cost is independent of e
2 
 which has to be assumed feasible. 

A 
If it is assumed that e4  AM 

 it can be shown ( by elimination 

A 
of a3 and a4 ) that e4 

is a zero of 

e4
2 + (AM - 

m3/m2 )e4 + Am( M 
m
3/m2 	This  has This has only imaginary 

zeros ( use 0 < 
m
3/m

2 
<

M 
which is proved in Section 3.4 ) 

consequently the case is dismissed. 

v) e2 
= e3 

= 0. The equality constraints reduce to 

a2 + a3 
+ a4 = mo 

, a4e4  = ml  , a4e4
2 
= m2 and a4e4

3 
= m

3
. 

Clearly of the type (iii) above with additional indeterminacy in a2. 

vi) e2  = 0 , and e3  = AM. This gives 

a2 + a3 + a4 
= mo 	

a
3
A
M
2 + a4

e4
2 = m2 

 

a3AM (14e4 = ml 
a
3
A
M
3 + a

4
e
4
3 = m

3 

with cost C3(a,e) = a3AM + a4e4 

(1+A M) 	(1+e4) 

The cost. is independent of a2  ,and a
2 

does not appear in last 

three constraints hence solve 

remaining equations to solve 

Assume 	e4 	
AM 	

solve 

for 

for 

A 
2 
M 

A 
a 

A 
a3 

e4' 

e4
2 

^. 	A 

2  = m
o  - a3 -a4 

A 	A 
, a4 	and 	e3. 

a3 	m1  

a4 	m2 

[1 = [] 

and use 

A  
to obtain a3 

= m1e4 - m2   and a4 = 
m2 - ml  AM 

XM  (e4  -XM  ) 	
e4  (e4-AM 
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Substitution in the remaining constraint gives 

m 	, ^ 
0 < e4  = (m2AM  m3 3  1 = m2(  AM --l -'/

i 
 M2 I  < AM  

( M
i
X
M 
- m

2 
) 	m

1
(

m 
- m2/m ) 1 

A 
A 	M ( 

m
2/1111 	e4  ) 	0  and 

i(tx
4 = 

m
1
(

M - m2/m ) implies a3 =  1 	 1  > 0 
A 

Am( AM  e4  1 	t4( AM - e4  ) 

vii) 	e
2 
= e

3 
= A

M
. This yields a problem insufficiently 

determined in a
2 

and a
3
. 

This concludes the analysis for the case r = 3 . 

Case r = 4 C4 ( m ..,m ) < AJ < C4 ( m m 	) min 1' . 4 	o 	max o' 1 	4' M 

For the minimum : set k1 = m2/m1 , .k2.,=_(m2/m1) 2  - m3/1111- 

and k3  = (m2/m1)3 m4/ml. Solve the quadratic equation 

	

A 	A 
y x2 + ( 3k1 - k3/k2 ) x + k2 

= 0 for the roots x, and . 

A 	A 	 A 	A 
Set e4 = x m2/m1  and e5 = y + m2/m1  

A 

	

a4 = e5m1 - m2 = 	mlY 
A A 	A A  

y 
A 
x e4(e5-e4) e4( -  ) 

	

A 	A 

	

a5 = m2 mle4 = 	mlx  
A A A 	A 	A  

x - 
A  
y e (e 	) 	e5( 	) 5 5-e  4 

A A 	A A 

Calculate Cmin4 ( m14 ) = a4e4 + a5e5 

For the maximum : 

	

Define M
o 

= m
o
XM - m1 	M1 = MlAM - M2 

	

M
2 
= m2AM - m3 	M3 = m3AM - m4 

Also 	K1 = M1/Mo , 	K2  = ( M1/Mo )
2 - M2/Mo  

(1+:4 ) 	(1+:5) 

3-25 



5 a,e. 
Proof Extremise C4( a,e = 

i=1 (1+e.) 

K
3 
= (M

1
/m
o
)
3 
- M3/Mo 

Solve the quadratic x2 + 3K1 - K3 x + K2 = 0 

K2 

A A 	A A 	A A 
for x , and y ; form e4 

= x + M1/mo and e5 
= y + M1/Mo  

Compute the ats from 

	

A A 	01 A 	A 	A 

a3 = ( moe4e5 - ml( e4+e5 ) +-m2 ) / ( e4 -AM )( e5 - M
) 

A 	A 	A 	 A 	A 
a
4 

= ( 
-moe5AM 

+ ml( e5 + AM ) 	m2) / ( e$ - e4 )( e 
A,  
4 - AM ) 

	

A 	 A 	 A 	A 	A 
a5 = ( mo

AMe4 
- ml

( e
4 +.AM ) + m2 ) / (e5 -e4 )( e5 

- AM ) 

Compute the optimal cost as 

A A 	 A A 

C4 ( mo4  ,Am  ) = 
a3AM + a4

e4  + a5
e
5 

max  
(1+A M) 	(1+e

4
) 	(1+e5

) 

a and e EAR 
5 

subject to al + a2 
+ a3 + a4 

+ a
5 
= m

O 

a
l
e
l 
+ a2

e2 + a3
e3 + a4e4 + a5

e5 = ml 

2 	2 	2 	2 	2 
alel + a2e2  a3e3 + a4e4 + a5e5 = m2 

3 4. 	3 4. 	3 4. 	3 4. 	3 
alel a2e2 a3e3 • a4e4 a5e5 = m3 

alel
4 + a2

e2
4 
 + a3 3 

e4 + a44 
e4 + a5e5 e = m

4 5 

with 	ai  >. 0 	and 
	e. 	AM 

	
i = 1,2,...5 

The five constraints form a set of equations in ten variables. Four 

variables are removed by ( ignoring symmetries ) setting 

al  = 0 , elE C o,Am  1 and a2  = 0 , e26  E 0,Am  ] 

to leave 
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a
3 
 +a

4 
+ a

5 
= mo 

a3e3 + a4e4 + a5e5 = ml 

a e2 + a e2  a e2 = m 

	

3 3 	4 4 	5 5 	2 

	

3 	3 	3 a3e3 + a4e4 + a5e5 - m3 

a e4 + a e
4 + a e4 = m 

	

3 3 	4 4 	5 5 	4 

Three cases arise in removing one more variable 

i) a
3 
= 0 	ii) e

3 
= 0 iii) e = X 

3 M 

In detail i) a3  = 0 causes the cost to be independent of e3 

which must be assumed to be feasible, and also leaves five equations 

in four variables. Under the assumption e
4  e5, the equations 

can be reduced to the system : 

-m
oe4e5 

+ m
l
( e

4 + e5 
) = m

2 

-m
l
e
4
e
5 
+ m

2( e4 + e5 ) = m3 

-m
2
e
4
e
5 + m3( e4 + e5 ) = m4 

thus for a unique solution of pair ( e4,e5  require a degeneracy in 

the moments mo,...,m4. 

ii) e3 = 0. The equations reduce to 

a31 a4 

	

+ 	+ a
5 
= mo 

a4e4  + a5e5  = ml  

a e2 + a e2  m 

	

4 4 	5 5 	2 

	

3 	3 
a4e4 a5e5 = m3 

44 
a4e4  + a5e5  = m4  

Solve for a4 and a5 
using second and third equations, assuming 

IT 

e4  ¢ e5. That is solve 	e4  e5  r4 ml  

2 	2 
a 	

= { 

e4 e
55 	m2 
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to obtain a4 =  e41°1 - m2 	and a
5 
=  m - 

2 . m 1e 4  Substitution in the 

e4( e5-e4 
) 	e5  ( e5-e4  ) 

remaining equations yields the pair m1e4e5  - m2(e4+e5) + m3  = 0 

and m1  e4  d5  ( e4 
 +d5  ) - m2( e4

2 
+ e4e5 + e5

2 
) + m

4 
= 0 

Factorize into ( e4 - 
m
2/m1  )( e5 

- m2/m1) 
	( m

2
/m
1 
)2 - m3

/m1 

and ( e4  m2/mi  )( e5  - m2/mi 	)( e4  + e5  + m2/mi  ) = ( m2/mi )2 m4/m1 

Let kl  = m2/ml  , k2  = 	ml ) 
2 
 m3/m1 , k3 = ( m2/m1 ) 3 m4/m1 

with x = e4  m2/ml  and y = e5  - m2/mi  

Form the equations xy = k
2 

and xy( x y 3k1  ) = k3  

Eliminate y to obtain the quadratic 

A 	A A 
x2 + ( 3k

1 
- 
k3/k2 

)x + k
2 
= 0 	whose roots are x and k

2
/x = y. 

A 
From here the process is reversed to find the optimal values a4 , a  

A 	 A e4 and e5 , consequently the optimal cost C:in( mi,...,m4  ). 

iii) e3  = AM. The equality constraints become 

a3 + a4 + a5 = mo 

aX + a4e + a5e = m 

	

a3  AM 
	4 4 	5 5 	1 

2 + a3AM a4e4 a5e5
2  
 = m2 

	

,3 	3 
a3AM + a4e4  a5

e
5
3   = m

3 

a A4  + a e4  + a e - 

	

3 M 	4 4 	5 54  - m4 

Solve the first three equations as 

1 	a3  = mo  

a4 	1 

a5 	m2 AO. 

e4  ql 	2  e5  

1 

[ 1 

	1 

AM e4 e5 

=5  
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to obtain a3 
= moe4e5 ml(e4 e5) 	m2  

(e4  - AM) (e5 - AM) 

a4 	 
-mo  Xm  e5  + m1  (e, + A

M) - m2  

a = moAMe4  - ml(e4 + AM
) - m2 

5 
(e5 - e4) (e5 - AM) 

Substitute these results for a3'a4 and a5 in the remaining two 

equality constraints to obtain the pair 

e4e5Xmmo  mi(e4e5  + (e4  + e5) AIM+ m2 (e4  + e5  + AM) = m3. 

e4e5 XM(e4 + e5 + AM) 	ml(e4  + e5) (e4 + AM) (e5 + AM) 

+ m2  (e
2 + e25 	M + X2 + e4 e5 	X (e4 + e5) )= m4. 4 	•  

The first of these may be written 

(moAM ml)e4e5 	(miAM - m2) (e4 + e5) +°I-2m-m3) = 0 

Define Mo 
m X -m M 	m 
o M 1 '2 	2 AM 'r'3 

M
1 
= m1Xm-m2 M4 = m3  AM  m4 

Clearly Moe4e5  M1(e4+e5) + M2  = 0 

or (e4 - Ml/Mo)(e5 - M
l/Mo

) = (Ml/Mo)2  - M
2
/Mo 

and after some manipulation the second may be written as 

(e4  - Ml/m0)(e5_Ml  71010)(e4  + e5  + Ml/M0) 	(Ml/M )3  - M3/Mo. 

Define K1 
Ml/Mor K2 = (Ml/m0)2 - 	 a M241 K3  011h 

o' 3 - 	/ L.10) 	fmo 

with x = e4  - Ml/Mo and y = e5  Ml/Mo 

As before form the quadratic x
2 + (3K1 - K3/K2) x + K2 

= 0 

y
A 

whose roots are x, and K2
/x = , from here the process of back 

4 
substitution proceeds to find Cmax 	Am). 

(e5-e4) (le4 - AM) 

3-29 



This concludes the analysis for all the cases r = 0, ...,4, 

the case r = 5 has been attempted but does not appear tractable. 

It will also be shown later that the computation involved in 

decomposing the moment m5  is formidable for a large system 

The only result which has been used but not proved here is one 

concerning the behaviour of the sequence of moment ratios namely 

0 < ml  < m —1 < m2 < . • - < m4 < xm- 

mo mo ml 
	m3 

The proof of this result is to be found in section 3.4, along with 

other moment and bound formulae properties. 
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3.3 Analytical Bound Formulae for the Diagnostic IESQ  

The development for the analysis of the IESQ diagnostic follows that 

of AJ
o Hilbert space canonical forms are derived for  IESQ - 

from which a finite dimensional optimization problem is deduced. 

The solution of this is found to be closely related that of the 

same order problem for AJ0, thus enabling the calculation of IESQ 

bounds at almost no extra computational expense. 

. 	A 	A 
Recall IESQ = t < y, Y H  

r 

A 
where y = W u + d, u -A lb, A = W QW + R 

and b = W Qd. 

Hence IESQ = < WA-lb, QWA lb > - < WA-lb, Qd > + < d,Qd > 
Hr 	Hr 	H

r 

Using Householder's equality write 

A 1  = (w*gla + R) -1  = R 1/2(1 + R-Y421/20wR-1/2)-1  R-12  

Define V = (212WR-1/2 

then A 1  = R-1/2(I + V*V)-1R-12  = R-11(I-V*(I+VV*)-1V)R-12  

As in section 3.1, define D = VV*= Q1/2WR-1W*Q12  

and Z = eld. Obtain then for the terms of IESQ, 

i) < A-lb, W*Qd > = < Q1/2d, Q1/2WA-1W*Oeld Hm 	 r  
= < Z,V(I-V*(I+vV*)-1v)v*z > 

= < Z,(D-D(I+D) 1D)Z > Hr 

and ii) < WA-1b, QWA lb > = < Q1/2d, Q1/2WA-1W*QWA 1W*eleld > 

Hr 	 Hr 

z,v(I-V*(I+VV*)-1V)V*V(I-17*(I+VV*)-1V)V*Z > 

= < Z,(D -D(I+D) -1D) 2Z > 

H r 
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Recall from section 3.1 the various eigenvalue/vector properties 

of compact, self-adjoint, semipositive definite Hilbert space 

operator D = QI1WR-1W*Q1/2. Using these properties and with the 

same notation write: 
99 

Z = Q1/2d =aw +Ia.w. = Xet.w. 
o o 	1 1 	1 1 i=1 	i=o 

} ico1 where { w.1 	form a complete set of orthonormal eigenfunctions = 

and ao  wo  denotes the possible null space component of Z. 

(1+ Ai) 

and ED-D(I+D)-1D 12z = a 	A.2  w./(1.+A)2  i 1 1 i  
i=1 

m 	m 	co 
Hence IESQ = 12 X a1.2 	r 	2 	4. 	L r 

1
2 

	

i 	L _. 	ail  Ai 	1/2 	a. 

i=1  (1+A.)2 	i=1 	
AI (1+ . ) 	

i=0 

co 
= 12 ao

2 	11 	si 2  

i=1 (1+Ai)2  

Therelatedmomentexpansionsarallla.2 = mo 
i=0 

co 

' 
arld 12/ai2Oti.0= 131-j=1,2,...,r with a 2  
7i 

 >, 0 r 
i = 0 

and {0 < A
i 
4 AM 	. The problem of bounding IESQ subject to the 

i=1 

above moment constraints is considered. A reduction in dimensionality 

is obtained using reasoning completely analogous to that used for 

Theorem 3.1.1. 	(In particular it is noted that the cost IESQ has 

asimilarlihearformiftilecoefficientc.are defined as 1 

9, = 1 and ci.(A) = 1/(1+Ai)2 i=1,2,...,c0.) 

Thu+ - D(I+D)-1DIZ = X ai 
1  
A, w.  1, 

i=1 

OD 
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As before the finite dimensional problem can be basic in one of two ways 

r 
ei.thex.a)Rrox,0=ao +aip 1+ei )2 iL.   

subject to 	X a
i 
= m

o
, 	X a

i
(e
i
) = m

j , j=1,2,...,r i=o 	i=1 

r 	 r 
witli{otio}i=o' arld{0<e. 4A }. 

1=1 

r+1 	 r+1 
or 	b) Rr(a,e) 	I a./ (i+e')2 

	
subject to 	y a. = m 

i=1 	 i=1 	o 

r+1 	 r+1 
and 	X a.(e.) = m 

	
j=1,2,...,r 	with { a ), 0 }

i=1 i=1 

r+1 
and {0 <e4A1 

i=1
. Again with the modified constraint 

i . M  

r+1 
{ 0 . e. 	A }i-1 

 the case b) subsumes that of a) to 
M  

give the finite dimensional optimization problems associated 

with IESQ as : 
r+1 

rth Order Problem Extremise Rr(a,e) = X a./(1+e
i
)2 

i=1 i 

r+1.. 
subject to 	/ a. = m  

i=1 

r+1 
a.(e.)3  = m. 

3 ; 
	j=1,2,...,r 

i=1 

r+1 
with { a. ;. 0 and 0 . e. < XM 

}
i=1 

The optimal solutions of this set of problems are intimately related to 

those of the corresponding finite dimensional problems posed for AJo, 

since order for order the optimal feasible solutions are identical. This 

is a consequence of both problems having the same constraints, hence for 

the higher order problems there will be considerable saving in 
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computation time. For the low order cases, r=0, and 1 explicit 

bound formulae are given, but for the higher order cases application 

of the feasible optimal points from the analysis given for AJ
o 

( Section 3.2 ) is assumed. 

Case r = 0 Extremise R
o
(a,e) =  a1 

(1+e1 )2 

subject to a
l 
= m

o 
, and 0 e

1M 

, Clearly 0 < Ro (m ,A ) = m
o 	< IESQ< R

Max 
(m ) 

max 	 m• " min o M 	 o 	0  

(1+A
m
)
2 

Case r = 1 R
1 
	,m ) < IESQ < R1 (m ,m ,A ) min 0 1 ` 	' max 0 1 M 

, 
where R1. kmo  ,m1  ) = mo 

3 
/ ( mo+In1 )

2 
min  

and 	Ri ax  (mo  ,m1 M) = mo 
- m

l
( A

M + 2 ) / (1 + )
2 

m  

It has been shown how'a similar analysis to that used for the AJ
o 

diagnostic, also produces explicit bound formulae for the diagnostic 

IESQ. A most important feature being the use of identical feasible 

optimal solutions, the consequence being a formidable saving in 

computation. 

3-34 



3.4 Properties of the Moments and Bounds  

The moment sequences, and bounds have some interesting theoretical 

features which may be used to ensure the consistency of their numerical 

values obtained by approximation techniques. First the moment sequences 

are shown to appear in only four possible variants. 

Recall the moment definitions as : 

m = 	< Z, Dk  z >H 	k = 0,1,..., 

where 	Z= Q1/2  deHr 	and 	D= Q1/2WR-1W*Q1/2. 

The compactness of D enables a direct sum decomposition for H
r as 

H
r 
= H

1 
EDH2 , where H

1 
 is spanned by the complete set of 

ortho-normal eigenfunctions { w.}i=1 , and H2  is the nullity of 

operator D. A spectral expansion for Z = 	deHr 
is obtained as 

Z =aow0 + X aiwi  , where ao
w
o 
 is the null space component 

i=1 

(aowo EH
2 
 ) of Z. The moments have the canonical forms : 

co 
2 	2 A r 	2 

m
o 
=
,
o 

+ 	X a. 	L a. 

	

1 	1 
i=1 	i=o 

co 
and 	m.

3  =
11 / a.

2 
 ( A. )J = L a.2( X. )5 	5 = 1,2,... 

i=1 	i=1 

Assume the eigenvalues are ordered so that 

AM 
	 Al
. 

	
>X

2 
 >X

3 
 >X

4  > 
	. >X N >XN+1 > ... >0= Ao  • 

then these may be partitioned to form three sets : 

{ Xi  : ?t ie (1,X
m
:, associated indices i = 1,2,...,N-1 } 

{ X. : X.1  = 1, associated index i = N 
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and 	{ A.
1 
 : A

i 
 6.(0,1) , associated indices i = N+1,N+2,... } 

Using these sets, moments mk  , and mk+1 are written as 

a.2 A.k ÷a 2 A k i_ 	a.20..)k 
mk = L 	1. 	N N 	1 1 i=1 	i =N+1 

N-1 

mk+1 - 	a.
2 

A. 
k+1 

+ aN
2 

AN 
k+1 

+ / 	a.
2
(A.)

k+1 
k = 1,2,... 

the moment m
o 

may be adjoined as : 

N-1 
m = a02  + y a.2  + a

2 
+ / 	a.

2
. 1 1=1 	N i=N+1 1  

Theorem 3.4.1 The moment sequence { m
o 
 ,m1 	

has only four 

behavioural variants : 

(i) m1 > m2 > m3 
> ....> m

k 
 .> k

+11 
>:-.: 

(ii) ... 
mo ml = m2 = m3 ... = mk =' mk+1 

(iii) <... ml < m2 < 	m4 ...< m
k < mk+l 

(iv) < 	<... mi.  > m2 > m3 > ... > mk 	mk..1.1 	mk+2 

Proof 

(i) Consider a = 0; i = 1,2,...,N-1 hence the moments reduce to 

. 	.  
2 

G  a.
2(A.)k+1 mo = ao

2 
+ / a 	

' mk = Y 
a.
2
(A.)

k 
and m. 

1 	1 1 	x+1 	1 1 
i=N 	i=N 	i=N 

where ao
2 
> 0,

N 
= 1, A. 6 (0,1) i=N+1,N+2,... and k=1,2,3,... 

Hence 	A
k+1 

 < A. 
i 
, 	k = 1,2,... 	and 	i = N+1,N+2,... 

1 

implying 
mk > m

k+1 ' k = 1,2,... 

For k = 0, and k = 1 m
o 
= a

o
2 
+ I a.

2 
and m1 = I a.

2 
A. 

i=N 1 	i=N 

from which no ordering conclusion can be drawn. 

N-1 

i=1 	 i=N+1 

CO 
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(ii) Consider a. = 0, i = 1,2,3,...,N-1,N+1,... 

so that 
2 	• 	2 m1  = a = ao

2 + 4N
2 , 

1 	N ' mk = aN 	mk 	k="2"—  +1 

to give m
o  m1 

 = m
2  = 
	as required. 

(iii)Considera.=0, i = N+1,N+2,... 	Here the moments are 

N 
mo = ao

2 
+ 
i 

 y a
i
2 	

mk i 
= I

1 
 a.

2
(X.)

k, and mk+1 
	i 
= X 

1 
a.
2
(A.)

k+1 
, = ==1 

where 	a
o
2 ?, 0 , 	X E (1,Xm

], i = 1,2,...,N-1 ; XN  = 1 

and k = 1,2,... 

Hence(At)k  < (Ai)
k+1 	

i = 1,2,...,N-1 	k = 1,2,. 

so that mk  < m k+1 	k = 1,2,... 	( as required ) 

For k = 0, and k = 1 no conclusion may be drawn as to the ordering 

of moments m
o 

and ml. 

(iv) The remaining case to be considered is that where Xi 
takes 

values in all three sets. Let I
1 
 °_ { i : 	} , and 

IN+1 
= { i : 	} , then assuming a. 	0 for some 

iEI
1 	

=N , and some J.EI 
N+1 

 , the moments take the form 

m0 =Ia.2 , mk  = y 	a.
2
(A.)

k 
+ aN

2 A
N
k + 	X a i2 (X . )k , 

i=o 	i E I1 	1 N+1 

where k = 1,2,... 

For the moments m
o 

and m
1 
 , no ordering conclusion may be drawn. 

First show that mk  < mk+1 
implies m +1 < m k+2 k = 1,2,3,... k  

Inductively assume m
k+l 

> m
k 

00 
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then m
k+1 

m
k 
= 	a.2A 

i  k
(A -1) + X 	a.

2
X 
k
(X -1) > 0 

	

i 	 1 i G. Il 	 iElN+1 

L 2 k 
hence 	L a.X (X.-1) > 	YaN(1.--X.)> 0 i 1 	 1 

i E. IN+1 
• i 

Using the properties of X
i 

according to whether index i6I1 

or I 
	obtain 

x 	a  2A .k+11, 	> 	a.2x.k(x._1)  

i I 
i 	

`Ai 	
i 6I i 1 1 	1 1 	1 

1 	1 	 'ELI N+1 

2- k1 
1 > a1. Xi (1-X.) 0 

i IN+1 . 

	

2 k+1 	2 k+1 so that 
mk+2 mk+1 = 	ai  Xi  (Ai  -1) + 	ai  Xi  (Xi-1) > 0 

ie.I 	 i E I 1 	N+1  

The converse is not necessarily true. In fact for the distribution of 

linear coefficients assumed for this case if m
k 

> m
k+1 

for the first 

few values of k ( = 1,2,... ) the sequence will eventually reverse to 

become monotonic increasing. This can be seen from the expression 

mk+1 	k X 	a.2 A.
1
k
(A.-1) + 	ail  X

i
k 
 (X.-1). 

=  
iEE IN+1 

iC 1  

If the right hand side is initially negative ( so that mk  > mk+1 ) 

this implies the second of the two terms dominates, but as k increases 

this second tern can only become smaller in magnitude ( since 

X
i 

(0,1) Yi 6 IN+1 ) until an index is reached at which the first 

term dominates giving ak+1  > m
k 

and consequently from the inductive 

argument all subsequent moments obey this type of inequality. This 

concludes the proof. 

That the moment sequences have only four behavioural configurations 

can be used to ensure a sufficiently accurate numerical approximation 

to the convolution operators has been obtained. 
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The second result of interest concerns the limit of the sequence of 

moment ratios which is shown to be the largest eigenvalue AM. 

Theorem 3.4.2 	Consecutive moment ratios satisfy 

0 < m
1 
 < m

2 
 .5. .... '< m

k+1 
 <,.. < X 

M 
mo  m1 	

mk 

and lim mk.41/mk  = AM  
k+ co 

00 
Proof Recall 	Z = X a.w. , where it is assumed that a

1 
0 

i=o 

( in all numerical implementations of the scheme rounding error 

usually ensures this is the case ). 

OD 

Then M
k 
 = 

	

L a (A.)
k 	

and m. 	X a 2(X )k+1 , k = 1,2,... 
i=1 

 
i2 1 	k+1 i-1 i i 

03 
2 xk+1 	7 a2,x )k+1 

so that mk+1  = a _1 1 	11  i 

mk 	a 1 
	1 
2 xi( 	y a2(x.1)k 

 i=2 

X [ 1+ X (a./a1)
2(Xi/Xm)k+1 1 . M 

 i=2 I  
00 

[1 + X (a.a./a1 )
2(X./X 

M
)k  

i=2 

Define e.1  = a.1
/a
1  , 
	and 	

vi 	1 
= X./X

M 
 i = 2,3,... 

i co  to write dk 	e.
2 
 v.

k 
 1 1 i=2 

Hencem
k+1,/mk = A

M ( 1 + dk+1  )/( 1.  + dk  ) 

so that A = mk+1  - mk = AM (14-dk+1) - (l+d
k) 

mk 	mk-1 	(l+dk) 	(l+ k-1) 

2 
= AM( dk+l -  

2dk  + dk_i  + dk.adk_i  - dk  ) 

	

(1+d )(1+d 	) 
k 	k-1 

3-39 



In detail for the numerator 
03 

2 
dk+1 

- 2d
k 
 + d

k-1 
 + d

k-ldk+1 
 - d

k 2 
	

X e
i  vi

k-1 (v
i
-1)2 + 

i=2 

co 	 co 	 co 
C  2 k+1 	r 2 k-1 

	

( L e  v. 	)( L e. v. 	) - ( X e 	)2  

	

i=2 1 1 	i=2 1 1 	i=2 1 1 

Which on collating the terms of the series gives : 

= 
co co 	co 
r e vk-i(v.-1)2  + 

r 

	vk-1 	
e2 vk-1(v.-v.)2 0  

i=2 	i=2 	j=i+1 1 1 1 	1 	j 1 3 

Noting that the above analysis is also valid for k = 1, using 

k=2,3, 

mo = mo - a2 o 
= 	a.

2 
enables the result to be extended to include m

o 1=1 1 

Thus m_K+1 - mk 
 > 0 	k = 1,2,... 

mk 	mk-1 

The limit is obtained directly from v
1
.E.(0,1) so that as k m, 

v.k  +.O , and consequently d
k 
+ 0 hence 

lim mk+1  = lim Am( 1 + ,dk.4.1  ) = Am  
k+ co 	 

mk 	
k+co 

( 1 + dk ) 
4 

The behaviour of successive moment ratios was frequently used in the 

proofs of the bound formulae, not only to obtain the bounds but to 

verify their ordering. The limit property of the sequence was also 

investigated when' the problem of obtaining an upper bound to the largest 

eigenvalue was considered. 

Finally some properties of the bound formulae are demonstrated for the 

input diagnostic M. Naturally only the low order formulae are 

amenable to manipulation, but the properties have been shown numerically 

in the high order bound formulae. Such numerical examples appear in 

the Section 3.6. Although the details have been omitted, similar 

properties are exhibited by the bound formulae of the IESQ diagnostic. 
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The two properties are (i) the bounds nested according to 

increasing order, and (ii) the rth order bound which is a function 

of AM  , limits as AM  -4- m at the respective (r-1)th order bound 

which will be independent of AM. Examining the cases in order : 

Case r = 0 	Cmi
o
n = 0 < AJo <max(mo

,A
M
) = moAM 

1+X
m 

Set A > Am  , then C
o
max 

 On
o 
 ,A) 	cmax

o 
(m0  ,XM  ) 

lim C
o 

(m ,A) = m max o 	o  
A-co 

Hence 0 < AJo 
< m

O 
A
M 	

m
o
A 	< mo 

(11-AM) 	(1-0) 

1 , 
Case r = 1 	C1. tm

1  ,AM 
 ) < AJo < C1 	o ,m1 

 ) 
min 	max  

C
1
. (m ,A ) = 	

1 
where 	 and Cmax(m,m1

) = mm
1 min 1 m 	1 

(i+Am) 	 (M041111) 

Thus 	A A. Am  0 < Cmi
1

n (m1 
 ,A) 	C1. (m1 M

) 

lim C1  (m ,A) = 0 = C
o
. 

min 1 	- Dun 
X 

Also C
max

(m
o
,Am) = moats 	and 0 < m1 < AM 

 

in 
 

Thus co > 1/(mi/m0) > 1/Am  > 0 20-> 0 < m1 	< m  < 1 

(Mo-I'M ) 	(1-0t) 

Hence C
1 ax ( no 

,m1 ) < C
o 
max 

(m
o 
,
M
) 

m  

Thus between cases r = 0, and r = 1 exist the following relationship: 

C1  < Cmin(m
1
,X
M
) < AJ < C1 On ,m ) < C

o (m ,A ) < m 0 = Cmin o max o 1 	max 0 M 	o  

with lim C1  (m ,A ) = C 	
X+m 

lim C
o (m ,A ) = m 

A 4' 
min 1 M 	min 	

M  
max o M 	o 

M 
m  
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Case r = 2 	C2. 011 
1 
 ,m 
2 
 ) < AJ

o 
 < C2 
	

o 
,m
1 
,m
2M

)  m 	max  

= For the minimum recall c
l 
min(n  1 M) 	1 

(l+AM) 

also that 0 < m
2
/m
1 

< AM. Using an argument similar to that used for 

1 and Cmax o 
it is straightforward to show max  

1 	2 
Cmin(m1,AM) < Cmin(m1,m2)  

For the maximum recall C
2 
Max 

2  
Cmax(mo 	2 M ) = -m

o
m
l
A
M
2 + (m -m

1
)m
o
A
M 
+ m12 

(1+XM
)( m

2 
+ m

1 
- (m1 

o  
+m )A

m 
 ) 

.  

=(

rmo 	( A 
m
2 
 + (1-m

2
/m
1
)),
M 
- 
m1/mo 

) 

mo+ml (1+AM)  ( -Am - (m24-m1)/(ml+mo)  ) 

2 
Cmax (1110 • • • “n2' X14 )  = mo m1  ( 1 	f (ni0 	"m2 XM )) 

m +m 
o 1 

where (f,  f(m0, - -- ,m2 ,Am )  = m2 - (mi+m2) Am 4" ml - mi.-1-m2  
M 	M +M 
1 	o 1 	

m
o 

m +m
1 

(1+XM  ) 
(

AM  - (mltm2))  
m +m 
o 1 

Rationalize the numerator to obtain 

f(m,...,m
2
,A) = 	

MO 	(I112 - 	(A  - 1111) 

(m
o
+m
1
) k ml mo 	mo 

(1+A) A - (m1+m2)  

Using the identity 0 < m1 < m1+m2 < m2 
< A

M 
 < A 

m M +M M 
o 0 1 1 

to give 	f(mo2'Xm) ; f(mo''
m
2
,A) ?, 0 

and 	lim f(mo,...,m2,A) = o A-4. co 

M +M 
0 1 
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Hence 
2 	 1 , 
cmax‘mo'—'m2'AMI  < moral = Cmax°110,m1)  

(mo+m1) 

2 	1 
and lira Cmax

(m
o 	2' XM  ) = Cmax(mo,m1

) 
A -440 
M 

Consequently between the cases r = 1 and r = 2 exist the 

following relationships between the bounds : 

2 	•  
0 < C

1
. (m  1,X ) < C

2 (m
1 
 ,m ) < AJ

o 
< C

max
(m
o
,...,m2' X

M 
 ) < C1 	

0 ,m1 
 ) min 	M 	min 	 max  

with 	lira C2 (m
o 
 ,...,m

2
,X
M
) = C1 	,m

1 
 ) 

max 	max  
X 

Using the explicit bound formulae for the higher.order cases to 

demonstrate these properties proves too complicated. As already 

mentioned Section 3.6 contains numerical examples for these higher 

order cases. Clearly it should be feasible to isolate these properties 

from the general problem statement; this should provide a fruitful 

topic for further research. The importance'of these properties should 

not be underestimated since the first guarantees that a closer set of 

bounds will result from a higher order problem, whilst the second 

quantifies the worst possible degredation obtainable by using a poor 

upper bound on the largest eigenvalue AM. 
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3.5 Asymptotic Properties of the Bound Formulae  

The properties of the asymptotic optimal control problem, 

described in Chapter 1, were used to relate various multivariable 

control concepts to the values of the input diagnostics. This 

quantification is particularly important if the diagnostics are 

to be indicative of system control restrictions (for example, 

non-minimum phase). 

In the proposed structure assessment procedure, the diagnostic values 

will be indicated by a set of bounds consequently the asymptotic 

behaviour of the bounds under the same limiting process (namely 

input cost reduced to zero) used to expose the control restrictions 

is of importance. 

The limiting behaviour of the bound formulae derived for /go, and 

IESQ from the finite dimensional optimization problems can be 

ascertained using two different analyses. 

The first is to incorporate the asymptotic cost parameter into the 

moments mo,mi,...., and the maximum eigenvalue 
AM 

and use bound 

formulae directly to obtain their asymptotic behaviour. Since 

only low order cases can be examined (cases r = 0, 1, and 2) 

the results can be intrepreted geometrically using the concepts of 

Bryant (1973). 

A more fundamental approach, also detailed here, is to return 

to the Hilbert space formalism and obtain the asymptotic form.  of 

the infinite dimensional canonical form. As a consequence the results 

of the low order cases can then be identified in a more general 

setting. 
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For the initial analysis, recall the moment formulae as: 

mk = 	
< Z, D

k Z > 
r 
	k = 0, 1, ..., 

where Z = Q1/2d and D = Q1214R-1W*Q1/2  

The asymptotic behaviour is given by setting 

R = pR
o 

and letting p40. 

Hence mk  = p
-k 
	where 	

k 
= < Z, Dk

o 
 Z > H

r 

-* and D
o 

= Q WR
o
1W Q1/2. The limiting behaviour of the maximum 

eigenvalue is therefore obtained as 

A
M 
 = lim mk+1 = lim P-(k+1) 

mk+1 - 
P-1  
 Am 

k4.00 	10'00 N 	p-k 	
mic

..... 

where A = lim m
k+1

/171
k 

k.4.°° 

Dealing first with the low order bounds, that is r = 0,1, and 2, 

for the optimal cost improvement diagnostic, M. 

Case r = 0 	C 	= 0 and C° 
(m 

 ,A ) = m A Cin 
	max o M 	o M 

N 
Clearly Cmax

o 
(m
o 
 ,A ) = m

o
A
M 	

mo as p 	0 
m 

Hence 	0 < AJ (p) .5.111A 	m o 	o m 	o 
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Case r = 1  C .1 	
1 

; min(n A 1 M) , 	= m
1 	Cmax

(m,m
1
) moil  

(1+A M) 	(m+m1) 

1 
Clearly C .n  (m1 M 

 ) = 	m
1 	1

1 as p o mi  

(Am+p) 

, and Cm
1 
 axtmo,m1) = m

oilm  as p o 

(m
1 
 +pm

o 
 ) 
r 	' 

Hence 0 < m
1 
< m

1 < AJo(p) < m
oi
l < M

o  

AM 	(c+  P)  (m+ 0110
) 

2 , 
Case r = 2 C min (m1' m ) = m1 

2 
2 

(m 
1 
 +m
2 
 ) 

and 

c2 On0 ,m
l' 	

) = -mom1X 
M2 
 + 

2 
 -m
1 
 )moA 

M 
 + m

1
2 

max  

(1+AM
)( m

2 
+ m

1 
- (m +m Pt ) 

1 o m 

2 	, 	A. 2 	„• 2 
Here Cmin(m1,m2) = m1 	m1 as p o 

+ p11) 	m
2 

( p > 0 ) 

and C2  (mo im1'M) = - mollAM2  + a
2
- p1

1
)mA

M 
+ p;

1
2  max  

+p)( 1
2 
+

1  - (11
+)1

M 
) 

m
o 

as p o 

0 < m 1 < m 
1
2 < 
 

I'
M 

1
2 

2 
m
1
2 
	

< AJ (p) < Cmax (111
01

, • • • r ,p) < m 0 

2+) 

 

On the basis of these first few cases the finding is therefore that 

the lower bounds for AJ
o
(p) tend to a set of nested limit values 

whilst the upper bounds collapse into the upper bound m
o
. The 

graphical interpretation of Bryant ( 1973 ) shows succintly this 

collapse. Consider then the case for r = 1 after normalization 

with respect to m
o 

has occurred. 
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2 	. 	2 
Extremise AJ

o 
= 1 Ft

i
e
i 	subject to 	X a. = 1 

i=1 	i=1 1  m
o 	(1+e.) j 

2 
and the linear constraint 	a

1
ei  = m

1 	i
/m
o 

where a > 0 
i=1 

and 0 e < 	< A m. The points ■  ( e.
1
/(1+e.), e

i  ) 
	lie on the concave 

curve y = x/(1+x), and AJ /m is a linear combination of the 
o o 

abscissa of these points whilst 
m1/mo 

is the same convex combination 

of the ordinates. It therefore follows that the point ( AJ
o/mo m1/mo) 

lies in the convex hull of the curve y = x/(1+x), xe [0, Xm] , 

as shown in Figure 3.6.1. Clearly the bounds are given by x/(1+x) 

evaluated :at m 
1 
 /m
o 
 , namely m

1 
 /(m

o 
 +m 
1
) 	and ( using ratios ) by 

m1/mo(1+Xm). Introducing the asymptotic parameter, p then : 

-1 -4.• 
X
M
(p) = p  AM 	1 	= P m1  

	

m
o 	-m

o 

and (J 
o (p ) 	

m 
. 0 (p

2
) 	AJo < 	p

1 
> p

2 
> 	0 

	

m 1
o 	0 	m

o 

The upper bound Bu  = 	m
1 	becomes Bu(p) = 	

1  

+ m
1
) ( m

o 	
(1+ Pm0/11) 

and the lower bound BL 
= M 

m (1+XM  ) 0  

becomes B (p) = 	
m1 

 

  

m
o
(X

m
+ p) 

The figure 3.6.1 shows the trajectories of Bu(p) and BL(p) and 

the collapse of Bu(p) into the normalized valUe of unity. 

Iwo= 
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B 	) 
I 

* A • •  • * ., Bu 	. 4  ' 42.  ' -:--- B (P ) J 	-" 	I L.-3! .- 

.. - 

4- 

m
1 i(  AM  =p X 

) 	M 	1 
AM 

m 1 
m1 

2
) 

mo  

m
1 

m
o 0 

-14* X p 
M 2 AM 

lim B
u(p) 

p40 

mo 	 .- 	1 ..." 	I 
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Figure 3.6.1 The Asymptotic Behaviour of the Diagnostic Bounds for AJo 

As might be expected the bounds for the diagnostic, IESQ(p) also 

exhibit a similar behaviour under the limiting operation p 0, here, 

the lower bound is seen to collapse into zero. The two low order 

cases r = 0, and r = 1 are examined in detail : 

Case r = 0 Rmin (m ,X M  
	max 

) = m 	and ( no ) = mo o 	m 

(1+X )2 

Clearly R
o On

o 
 ) = m

o 	
= p

2  m 
min 	M 

(1 + p-1AM)2 	(Am+ P) 
2 

then Ro. (mo  ,XM  ) 	0 as p 0 min  

Hence 0 	P2 mo < IESQ(p) < mo  
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1  
Case r = 1  R in,o ,m

1 
 ) = 	

3 
m  

, 2 
(m +m ) 
o 1 

and R
1 

(m
o 
 ,m
1
,X ) = m - m

l(AM
+2)/(1+AM  )2 max 	M 

1 , 	2 3 
Then R . 01 ,m ) = m

o
3 

= o m min 0 1 	' o  

(m
0 
 +m 
1
)
2 

(m
1+ pmo) 

0 as p 0 

and R1  (m ,m ,A ) = m - m (A +2) = m - m(A+2p) 
max 0 1 M 	o 	1 M 	o 	1 M 

A,  
(1+A )2 (Xm+p) 

2 
M 

R
max
i 	

o ,m1 
 ,A ) 	mo - 1711114  M 

as p o 

Hence 0 p2m
o
3 < IESQ(p) < m

o 
- m

l 
< m 

(A
m
+p)2

m 

A similar analysis can be presented for the case r = 2, which exhibits 

similar features. 

The asymptotic behaviour of the bounds is now pursued in the more 

general setting of the Hilbert space canonical form. In the notation 

of Section 3.1, the input diagnostic &JO is given by 

- 	 * pj9 
	

1 
< b,A b >

H 
..12< W

*
0,(w QW + R)

-1 
 W Qd >H  

m 

Incorporate the'asymptotic parameter p > o through R ± pRo  

*  
and set Z = Q1/2d and D

o 
= Q W Ro

-1 
 wQ

12 
 to obtain 

AJo(p) = 1/2 < Z,CD
o 
 - D

o 
 pI + D

o 
)-1D 3Z >

Hr 

Operator Do 
is positive semi-definite, self adjoint and compact so 

that as before a spectral decomposition may be utilized to give 
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AJo(p) = 	1 a.
2
X./(X.+p) 

i=1 1 1  
and similarly for IESQ to give 

IESQ(p) = a
o  + 
	a

i 
 p 

2 	2 2
/(X+p) 

2 
for which the moment 11 	X  

i=1 

co 	co 
equationsarella02 + 12Ia.

1
2 = m

o 	and 11 I a.
2
(A.)3 = m. 

i=1 	i=1 

j = 1,2,...,r 	where {A 17  
i i=1 

are the denumerable eigenvalues 

of operator D
o and {ai 

 }7 	are the co-ordinate scalars of 
 1=0 

co 

=1 

 , 
Z = eld with respect to 	{ w

o
,{ w

i 
 }.
1 	

where w (1(' (D) 

and 
{wii=1 

 are the ortho-normal eigenfunctions of Do 
; hence 

	

2
l 	0 I, 

1 
,= 

{ 	. a=0 and  
< 	A 1 

M i=1 

The limiting values of the diagnostics are therefore 

CO 

lim AJ (p) = 	a 2  
(34.0 ° 	i=1 

and lim IESQ(p) = ao2  
P4-0 

so that the two diagnostics complement each other as determined 

co 

in Chapter 2. Define 	AJ
o
(0) =A  lim AJ

o
(p) = 	I a.

2 

p.-)1) 	i=1 

After relabelling to remove the factor 12 , the bounding of AJ (0) 

may be summarised as: 

CO 

Extremise AJ(0) = 	a 2 
o 

 
i=1 

subject to a
o
2 + G  a.

2 = m
o 

i=1 

3.5.1 

3.5.2 

	

X a.
2
(A.0 = m. 	; j = 1,2,...,r 	3.5.3 

i=1 1  1 	3 

r 
 al 2 
	 co 

where 	t. ,)0 	and 	{0 <A 	
AM} i=1 M i=1 

3.5.4 

m 
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The asymptotic cost AJ 0(0) and the constraints 3.5.2 to 3.5.4 

can be written as an infinite dimensional linear program so that 

reasoning analogous to that in Theorem 3.1.1 and the subsequent 

Corollary 3.1.1 can be used to obtain a reduction to finite 

dimensionality. Again the moment constraints suggest that the 

finite dimensional problems are basic in two forms: 
r 

a) Extremise Cr(a) = X a, subject to a + X a. = m0  o 
i=1 1 	i=1 

r 	 r 
andla.(e.)3 =m

7
.-
' 
 j=1,2,..,r'with {a. 	0} 

i=1 	 i=1 

and{
r  

 <e <A } i " M i=1 1=1 

r+1 	r+1 

andb)ExtremiseCr(c)= / -.  al  subject to X 	a. = m0  
i=1 	i=1 

r+1 	 r+1 
and X 	ai  (e.)3  = m7' 	1 j=1,2,...,r with Ca.> 0 } 

i=1 

	

	 i=1 
r+1 

and { 0 < ei  < Am  } 	. 
1=1 

Clearly all feasible solutions to the constraints of the form 
+1 

b) will satisfy the m0  constraint, hence the cost Cr(a) = I 'a. 1 i=1 

takes the constant value m
o 
over all feasible solutions. Any 

feasible solution to the constraints of the form a) will satisfy 

the mo constraint whence 

Cr(a) = X a.1  = m0 - a < mo. 
i=1 

` o" 
i=1 

A  Then if ao = 0, the maximum value C
r  = mo is obtained and if 

a0 >0, a lower bound for Cr(a) is found, so that the form a) will 

provide a minimum. In summary the extrema are obtained as 

Max Cr et  E mr+1)  = m0  

and 
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Min Cr(a) 	= 	ai 	r=1,2,.... 
i=1 

subjecttc"o +la1 .=rao 
i=1 

a.1 	(A.1)/  = m • 
3  

3.5.5. 

3.5.6. 

3.5.7. 

1=1 

with ac)  > 0, eald{a" 	10, 0 < Xi 	Xm}r  3.5.8. 
1=1 

The collapse of the upper bounds on AJ0  (P) and the lower 

bounds on IESQ(p) as P-} 0 has therefore been demonstrated 

in the more general setting of the infinite dimensional 

Canonical form. Although an unfortunate theoretical property 

it is redeemed to some extent by the facts that the hounds - 

retain their nesting, with the highest order bounds being the 

most accurate. By choosing p>0 only sufficiently small enough 

to be satisfied that the desired output is achieved and that the 

consistency of IESQs  - IESQf  is obtained for all structures, the 

more accurate higher order bounds are usually sufficiently 

disjoint to be able to eliminate the poorer structures and 

isolate candidates for further detailed investigation. In some 

cases the dispersion of the bounds is quite remarkable 

as will be seen in the case of a tension control scheme for a 

cold rolling steel mill exhibited in Chapter 5. 

An alternative treatment to the optimizing of the infinite 

dimensional Hilbert space canonical forms subject to the given 

constraints is possible by permitting randomized solutions 

and then noting that the problem structure is almost identical 
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to that of calculating Tchebichev bounds (Whittle, 1973). 

In fact, virtually all the results given in this chapter 

concerned with the bound formulae can be rederived using the 

schema of the Tchebichev problem. To the present, this new approach 

has yielded no new results apart from re-interpretation of 

existing results. One topic for future research is to discover 

whether there exists any relationship between the minimum of 

the asymptotic problem 3.5.5 to 3.5.8 as a function of its order 

(namely r) and the limiting value AJ
o 

= lim AJ
o
(p). For 

p-►O 

example it has been noted for the linear least squares problem, 

that if the input dimension is two, and four moment equations 

are used then the lower bound is identical to the actual 

optimal improvement. 
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"3.6 	A Finite Time Domain Example  

The example discussed is a single input-single state system for 

which it is trivial enough to obtain analytical results for the 

moment values. Having compared analytical values, some results 

of a numerical trial are given; these raise several problems 

which will become more pertinent in the multivariable context. 
t 

The system is x(t) = 	f W(t-T ) u (T ) dT d(t) ; tE[0, Tf] 

where the weighting function, impulse response or operator kernel 

is W(t) = et 0< t < Tf  and the initial condition disturbance 

d(t) = et  x(0) 	0 t 	T. 

Choose Tf (final time) = 1.0 and initial condition x (0) = 1.0. 
T, 

The quadratic cost function is J = 	1 	(x2  (t) + u2  (t)) dt. 

The optimal improvement in control Jo  = 1.505029658 and the 

output regulation IESQ = 0.93467058. 

The actual moment and moment ratio sequences are.  

m
o = 3.194528049 

m1 = 3.005240705 

m
2 = 3.000220675 

m3 = 3.000010077 

m4 = 3.000000471 

r1 	I = m /mo  = 0.9407463820 

r2  = m2/m1  = 0.9983295747 

r3  = m3/m2  = 0.9999298060 

r4  = m4/m3  = 0.9999967978 

The maximum eigenvalue A m  is the limit of the moment ratio 

sequence so clearly 1 M  = 1.0. Using this value of X m  the 

following table was obtained: 

Table 3.6.1 Table of Bounds: Using Analytical Moment Values  

r AJo = 1.505029658 IESQ = 0.93467058 

0 0.0 1.597264025* 0.7986320124 3.194528049 
1 1.502620352* 1.548497389 0.8481431041 0.940597521* 
2 1.503876409 1.505065520* 0.934547774* 0.938084883 
3 1.505029308* 1.505047134 0.9346019891 0.9346721215* 
4 1.505029486 1.505029660* 0.934670569* 0.9346714247 

'*' indicates that the bound formula is a function of X m. 
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The bounds for the quantity AJ0  were subjected to variations 

in A M  to obtain the following tables: 

Table 3.6.2 Variation of the Upper Boundson AJ0  with respect to A  
M* 

r A
M 

= 1.0 AM  = 2.0 AM = 6.0 AM  = 10.0 

0 1.597264025* 2.129685366 2.7381669 2.904116409 
1 1.548497389 - - 1.548497389 
2 1.505065520* 1.532767928 1.541897417 1.544307669 
3 1.505047134 - - 1.505047135 
4 1.505029660* 1.505041160 1.505044574 1.505045505 

Table 3.6.3 Variation of the Lower Bounds on A Jo with respect to NM 

r AM = 1.0 AM  = 2.0 AM  = 6.0 A
M 
 = 10.0 

0 0.0 - - - 

1 1.502620352* 1.001746902 0.4293201007 0.2732037004 
2 1.503876409 - - 	-- 1.503876409 
3 1.505029308* 1.504277485 1.504048189 1.503985716 
4 1.505029486 - - 1.505029486 

• 
'-' indicates no change in the bound value. 

These two tables clearly demonstrate the limiting behaviour .  

of the bounds with respect to the value of parameter AM. The 

practical significance being that even if the least upper bound 

of AM  is greatly in error, the r th order bound produced as a 

function AM  cannot be any poorer than the (r-1)th order bound 

which is independent of Am. 

The question arises as to how well these results will be emulated 

when they are produced using numerical approximations. In this 

context it is reasonable to suppose that a system impulse response 

will be obtained numerically from a measured system step response. 

For the following results the system step response was provided 

analytically as 

W
step 

(t) = et - 1.0 0 t < T
f 
= 1.0, and this was 

numerically differentiated to provide an impulse response matrix. 

The convolutions that are required were performed using the 

trapezoidal rule of integration. The size of the integration 
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interval (denoted- as T) used in the approximations enters as a 

parameter chosen to obtain a sensible balance between the accuracy 

of the approximation and the cost of work involved in computational 

manipulations. (This cost involves quantities like computing 

time, and computer storage requirements.) The moment and ratio 

values for this system using the above numerical procedure are 

given next. 

Table 3.6.4 Moment and Moment Ratio Sequences for Different  
Approximation Interval Sizes  

Moments Moment Ratios 

r T=0.1 T=0.05 T=0.01 T=0.1 T=0.05 T=0.01 

0 3.2052 3.1972 3.1946 - 
1 2.8471 2.9626 3.0034 0.8883 0.9266 0.9401 
2 2.6869 2.9118 2.9963 0.9437 0.9829 0.9976 
3 2.5386 2.8663 2.9940 0.9448 0.9844 0.9992 
4 2.3986 2.8217 2.9919 0.9449 0.9845 0.9993 

Before the calculation of the bounds can proceed an upper bound 

for AM  must be chosen. In the case of the analytical operator 

the value of AM  was seen to be unity, but when using a numerical 

approximation the value of the maximum eigenvalue or an upper 

bound on it has to be determined (in the absence of any a-priori 

formula) from the first few terms of the moment ratio sequence. 

The problem of finding a-priori bounds on AM  assumes a greater 

importance in the multivariable context, since here the maximum 

eigenvalue AM  becomes structure dependent. To return to the 

above numerical example: unity appears to be an upper bound on 

A M  and was used to calculate the bounds. The fourth order 

bounds are given for the three approximation intervals along with 

the values for AJ and IESQ obtained from equivalent numerical 

optimization solutions (; the posed optimization problems were 

solved using a conjugate gradient algorithm). 
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Table 3.6.5 Fourth Order Bounds for AJ obtained for  
Different Approximation Inarval Sizes  

T Aj
o (Anal.) = 1.505029658 

A J
o 
 (Numerical) 

0.1 1.465441 1.465455 1.458883 
0.05 1.495157 1.495169 1.493274 
0.01 1.504646 1.5046549 1.504564 

Table 3.6.6 Fourth Order Bounds for IESQ obtained for  
Different Approximation Interval Sizes  

T IESQ (Anal.) = 0.93467058 IESQ (Numerical) 

0.1 0.984700 0.984764 0.991318 
0.05 0.946376 0.946427 0.948311 
0.01 0.935053 0.935091 0.935173 

The two features of importance are that as T decreases in size, 

the results more closely resemble the analytical values and 

the bounds indicate optimal values of the same order as those 

obtained by solving the optimization problem numerically. 

In this simple single-input, single output problem no structure 

complications occur; the application of the bound formulae was 

straightforward. The assessment of structures implies structure 

dependent moments, a maximum eigenvalue which is structure dependent 

and the computation of structure bounds, these are the problems 

to be solved for a successful implementation of the bound formulae. 
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3.7 	Summary 

The infeasibility of calculating the values of the diagnostics 

A J
o
, and IESQ for all the input structure possibilities demands. 

the development of a schema for displaying in some approximate 

form their respective values. Following the work of Bryant (1973) 

the emphasis was entirely on finding bounds for the diagnostic value.. 

These were to be sufficiently disjoint to enable a structural 

assessment to be made. 

Utilizing a Hilbert space canonical form for AJ0  and IESQ, the 

bounds were constructed as the extrema of an infinite dimensional 

linear programming type problem. To assert the existence of basic 

feasible solutions a theorem similar to the Fundamental Theorem of . 

Linear Programming was required. The-resulting finite-dimensional 

optimization problems were subsequently solved using a technique 

of Hadley's (1970). 

Following the derivation of explicit bound formulae various 

properties of the moment sequences, and the bounds were investigated. 

Perhaps the most significant of these was the.  asymptotic behaviour 

of the bounds which was seen to be theoretically detrimental to the 

structure assessment procedure. This area of work should provide 

several fruitful research topics and is at present the subject of 

onrgoing research. 

Finally a simple finite time domain problem was used to demonstrate 

several of the properties isolated, and motivate several new 

problems particularly related to the algorithmic procedure of 

structures assessment to be discussed in the sequel. 
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Chapter 4 Aspects of Bound Computation for Structures  

4.0 Introduction  

Two problems arise when the diagnostic bound formulae are to be used for 

the assessment of structures. The first is to produce the moment sequence 

corresponding to each structure, and the second is to find either an upper 

bound or the actual value of the now structurally dependent maximum 

eigenvalue, X m. 

The first of these is largely a matter of methodology, and with some not 

unreasonable problem size restrictions a moment decomposing algorithm is 

developed. 

Finding an upper-bound or the value of the structurally dependent maximum 

eigenvalue; X m  presents a formidable task. Discussion of the use of 

the moment ratio sequence is presented. The results of Bryant (1973) 

are re-derived in a function space setting and some useful extensions 

are given. Computer implementation of these results is considered. 

The chapter concludes with the complete input structure assessment 

algorithm. 

Notation  

It is assumed that there are m controls, and r outputs. As far as possible 

the letters 'i' and 'j' are reserved as indices for outputs and controls 

respectively. (Examples i,i•• 
 " 

j, j1,and so on). The controls 

{u1, u2, 	uj, 	um
}are associated with the integer set 

I = { 1, 2, ..., j, 	m } and a control structure {u. , U. , 	u 	1 
m 	 31 J2 	Js  

associated with Qs = {j 	j
s 
 } SE I

m
. Finally operators W, V all 

assumed to be the stationary convolution operators (whose adjoint is denoted 

W*) typically given by: 
t 

Wu n (Wu) (t) = 	I W(t-T ) u 	W: Hm 	
H
r 

0 
and the adjoint by 

a Tf T  
W*y 	(W*y) (.t) = 	I 	W (T 	t) y (T ) dT)

W*  : H r t 
0 t Tf 
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Related to these are the column and row operators 
t 

W . u = Oa 
.3 	o . u) (t) = 	f 	W13  . (t.- T )u(T )d T,... .3  

Y
Wry 

 
= 

 (t-T )u(T)d] 

and W. u 
1. 

A 	M 

	

(WI LL) (t) = E 	f
t 

W
ij 	3 

(t- T)u.(T )dT 
j=1 o 

hence W
.j 

: H
1 

H
r 

and W. : H
m 	H

1 1. 

The following adjoint operations hold for these operators 

(W.  (W*) •3 	 .3  . written as W. 

and (W. )* E (W*) 	written W* 
1. 	.1 

when R is assumed diagonal 'r ' denotes the (j,j)th element of the 

operator. 

4-2 



4.1 Calculation of the Structure Moment Sequences  

An input structure is imposed on a system by the deletion of a 

subset of the inputs, to form a structured system, W. in the 

associated quadratic cost optimization problem, the effect is 

to produce a new input cost matrix R
s 
which is part of the full 

input cost matrix R. The calculation of A J
o
s 
or IESQ

s 
follows 

in the usual manner in which the operators are structurally dependent. 

Consequently the moment sequence, and the maximum eigenvalue are 

structurally dependent. In particular the structure moment 

sequence will be: 

ms . m = <d, Q d >ii  
0 o 	r 

s 
, R ms = <W* Qd, Rs-1 Ws  * Qd >.

H s 
= < g 

1 	s 	 o 	s
-1 gs 

o 
> 
Hs 

ms = <14  R-1 go, Q w R71.. 	s.... -;=-<zs, Q zs > 
g 2 	s s o 	s s 	o?  Er 	o 	o 

ms =<14* Qzs R-1 1,7* 

Q  z
s >_ ..=  4,0s, R  -1 'I's 

3 	s o 	s s 	o ns 	s go >Hs 
s = <W R  -1 q, 	-I A,  s 	1.6 	"is m4 s ,QWR 	g

o 
> 	=<Z

o, Q Zo 
> 

s 	g 	s s. 	Hr 	Hr o 

(Remark: The normalizing factor of 12 has been omitted for notational 

simplicity), which,when given some value fot A I: , can be used 

to calculate bounds for A J
o
s 
and IESQ

s. For any given 

multivariable system assessmentof all the input structure will 

require the generation of all the corresponding structure moment 

sequences. 

Hence the method of generation should minimize the repetition 

of computation common to the various moment sequences. Three 

methods are considered: 

1. The first involves the formation of the system operator for 

rbs 
each structure, producing the responses gs

o
, 	Z and 

o 

directly calculating the moment sequence m
s
, 	m4' Such 
1  

a method has the advantages of simplicity and low computer 

storage requirements. If the input weight operator R is not 
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restricted to diagonal form this may be the only method 

available to obtain the moment sequences. However given 

the restrictions that Q be self-adjoint and R be of diagonal 

form then the method is grossly inefficient. The remaining 

two methods require these restrictions to apply, namely 

(i) Q is self adjoint 	(ii) R is of diagonal form. 

2. The repetition of calculating structured system responses 

can be removed by decomposing the full system vectors go  = W*Qd, 

ft, 	-1n,  Z
o 
= W R g

o 
into a number of basic responses from 

which the structure responses can be reconstituted. This does 

not eliminate the repetition of certain inner product calcula-

tions, furthermore the storage requirements may be prohibitive 

since the basic responses would be stored in sampled form. 

3. The storage of basic responses can be eliminated by evaluating 

the inner products of these responses to form moment parts 

which sum to form the moments. This leads to the successful 

technique of decomposing the full system moments into a 

number of moment parts from which the structure moments can 

be reconstituted. This technique is ideal for both hybrid 

and digital computing facilities although experience to date 

is limited to digital computing. Computer storage require-

ments can present a problem as will be seen later but first 

the decomposition of the moments is detailed. 
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4.2 The Decomposition of the Moments  

The full system moments are decomposed in order: 

4.2.0 Decomposition of Moment, mo  

Moment mo = <d, Qd >H 
is independent of input structures, 

r 
 

hence it can be calculated, and stored for use. 

4.2.1 Decomposition of Moment, m1 

Moment m
1 

 <g
o 

R 1 go> 	where g
o 

= W*Qd 
Hm 

whence m, = 11  <3 .,r 71  g 	= j!1  ml  

J=1 	

(j) 
o] 	03 

H1 

where m, (j), , r 	> ; 03 3 -03 H1  

and g. = '! Qd ; w* : 	4. H 	j = 1, 2, ..., m. 
03 3. 	3. r 1 

The complete decomposition of moment, m
1 
is into m inner 

product parts. For a given structure specified by the index 

set a , the structure moment ms
1 jen 
= E 	m (j). 

4.2.2 Decomposition of Moment, m
2 

A 
Moment m

2  
' = < Z Q Z

o 
>
H 

where Z
o 

= WR 
1
go 

r  

   

then R 1 g
o 

= r-1 W* Qd 1 1. 

r-1 W*2• 
Qd 

2 	. 

   

Recall = 

'0 W*
1•

Qd 
. 

w*
2•

Qd 
. 

     

     

-1 
Then Z = WR go = W. r 	.w* Qd + 	+ W r w* 

o 1 1 	. 1* 	• In m 	M • 

Defining Z = W r
-1  W* Qd E H j= 1, 2, .., m 

of Ij j j. 

gives m
2 
 = < 

E 
z
oj 

Q 
 E 

Z
oj 

	

j=1 	j=1 	Hr  

m-1 m 
<Z ,QZ > 	+2 EE <Z ,QZ > 

oj 	oj Hr 	.j=1 j1 	l  oj 	oj H 

	

j=1 	 1 	1 r 

writing m (j,j ) = <Z 	Q 	, 	(j,j )€ 	XI. 

	

2 1 	of 	031  Hr 	1 	m m 

and using the symmetry of Q: m2(j,ji) = m2(ji,  j) 

• 

w* Qd 
_ m• 

-1 r W* Qd m m. -1 
Qd 
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m 	m-1 m 
Obtain m

2 
= y m

2
(j,j) + 2 y 	

I 	m2(i'j1) 
J=1 	J=1 j1=j+1 

Hence a complete decomposition of moment, m2  produces Ilm(m+1) parts 

for storage, and the following formula for the generation of a 

2nd order structure moment associated with index set 

Rs 	2 : ms  y 	m2  (j,j ) 

(id') 6 "s x "s 

4.2.3 Decomposition of Moment, m3  

Moment m
3 

= < g ,R g
o 

>
H 	

with g = W*QZ0 m 

Recall from the decomposition of moment m2  Z = X Z . 
o 	03 j=1 

* where 	Z 	= W . r-1 W. Q d E H 	j=1,2,...,m. 
of 	.3 	J. 	r  

m 	m 

Then g
o 

= W QZo 
= W1.

QZ
o 

• 
• 

* 
W QZ m. o - 

1 * 
m3 = < go

,R go >Hm 
= X < w. QZ ,r. W. QZo  

1 
J. 0 J 3 • 

j= 

-1 * 
= X < W. Q X 	,r. W. Q 	y 	. > 
j=i 	J.  J1=1 -j1 3 	3' j2 1 °32 H1 

-1 = 	{ 	y < w. QZ. ,r. W. QZ . > 
j=1 	j1  =1 

	]* 071  J 3. 031  Hi  

m-1 m 
+ 	X 	X 	< W. QZ . 	QZ 	> 	} 

J. 031 
 3 W. 	oj2  H1  

j1=1 j2=j1+1  

Define 
* 

m3
(j,j

1
,j2) = < w. Z 	,r w. QZ 	>H  

1 
3. oj 	j-1 3. oj

2 	1 

as the decomposed parts of m then may write 
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m m -1 *  
Z
o 
=E EWrWQZ 

3=1 j1 1 .j j 	oh  
m m 

m-1 m 
m= E { E(j ,j1, 4" 	E 	m3(j,31,32) 
3 j=1 j

1
=1 	j

1
=1 j

2
=j1+1 

Hence m3  decomposes into m x (m(m+i)) = im2(m+1) parts and a 

structure moment may be reconstituted as 

m; = /EEm3(j,ii,i2) 

(3,31,32)EQsxilsxQs  

using the symmetry m3
(j,j1

,j2) = m(j,j2,ji)
2>i1 

4.2.4 Decomposition of Moment, m
4 

Moment m
4 

= < Z
o 

, Q i
°  > 
	with io  = WR-lio  

 Hr 

[ 

Using the decomposition of go  namely go  = W
*  
i.  Q Zo  

may write Zo  = E W.3  r31  V. Q Z 
3' j=1 

Using the expansion for-Zo  , namely Zo  = E Zo j 
	

obtain 

3=1   

* 
giving Zo  = E E Z 	where Z 	= W r-1 W Q Z03• 

1 
j=1 j =1 °Jil 	

0331 	.3 j 	j• 	0.3 
1 

•%0 	 2 Clearly Zo  decomposes into m distinct responses, thus forming 

the moment m
4 
= < Zo , Q o 

> produces a quadratic form in these 

2 o  
responses. Consequently m4  decomposes into im (e" +1)•  parts if • 

the inner product symmetry is exploited, namely 

<Z. 	, 	 Q Z.. 
ojji QZ 
	 JJ oj j_ > = < Zoj

2
j
3 	1

> 

2 3  

Zo  Define m4(it31,32,j3) = < Zojji , Q 	j 
2j 
	H 
3 	Hr 

as 

** 
Wm- Q Zo  

• 
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the decomposed moment part then a structure moment may be 

reconstituted as: m4 = EEEE m4  (j, j1, j2, j3) 

( i ' jvj2'i3)  c c's x Sts 
	Sts 	x s 

where the symmetry m4(j,j
1
,j2,j3) = m4

(j
2,j3,j,j1) 

is used to reduce the storage requirements. 

The two important features of the decomposition of the 

moments are the use of inner product symmetries to reduce 

the number of constituent parts of a given moment (hence 

reducing the computer storage requirdments) and the fact: 

that the number of parts to be stored depends only on the 

number of controls or inputs. The following table serves 

to illustrate this dependency. 

Table 4.2.1 Computer Storage Requirements for Moment Decomposition  

No of 
Controls 

. 	No of Parts into Which Moment Decomposes 

m
o ml m2 2 

m
3 

 m4  
4 

3 1 3 6 18 45 
5 1 5 15 75 325 
10 1 10 55 550 5,050 
20 1 20 210 4,100 80,200 
50 1 ' 50 1,275 63,750 3,126,250- 
m 1 m lim(m+1) 1012(m+1) 11m2 	(m2+1) 
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4.3 The Formation of Structure Moment Sequences  

The reconstitution of decomposed moment parts to form a structure 

moment sequence simply requires the identification of an input structure 

with the subset Os  and the use of the structure moment formulae 

given in the previous section. The association between the input 

set Cul, u2, ...,u
m
} and the integer set I

m 
= { 1, 2, ... m }enables 

the input structure { u , u , 	u. }to be associated with the 

j2 s 

integer subset gs -{ j1, j2, ...,j s  }EI m. To effect a complete 

assessment of all input structure obtainable by input deletion these 

integer subsets (or their logical equivalent) must all be created 

a-priori or produced sequentially to enable the generation of the 

structure moment sequences. The expression for the total number of 

structures which can be generated is given as 

Total = E 	

i
Cm 	where 	-Cm  = m! / i! ( m-i )! 

j=1 
and s is the maximum size of the input subsets forming a structure. 

Some typical values are given in the table below: 

Table 4.3.1 Total Number of Structures for some values of m  

Total No of Inputs, m 3 5 10 20 50 

Total No of Structures 7 31 1023 10485 69757 

In the cases where m is large, it is nrobable that interest will 

be centred on low order structure causing a corresponding reduction 

in the number of structures to be examined. For example in the 

case where m = 50, if structures of up to 10 inputs are examined 

then there would be 13, 421 structures, a reduction of more than 

56,000 combinations. 

For each of the structures designated through Qs, the moment sequence 

m I m
24 

is calculated using the following formulae: 
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m1 
= Em 

10) 
j6Qs  

ms
2 
 = E m2(j,i) +  . JeQ 

2 E m20,J1) 
(Lipas  x Os  

j < ii  

Ms = 
3 

E 	{ m3(j,j,j) + 2 E m3(j,J1,J2) 1 
jEOs 	(jiii2)E0s  x 12s  

j jl# 22 

ms  = E 	2 E 
4 	(i,j1)ERs x  Qs 	(J'il)ECIs x SZS 

01,J2w's x Sts 

(J,J1) < (j2,j3) 

The moment, m
o, is produced only once and can be adjoined to 

give the structure moment sequence as mo, ml, ..., m4. 

The properties exhibited in Section 3.5 will apply to this 

sequence and so can be used as a check of consistency. A structure 

moment ratio sequence can be formed to aid in the calculation of 

	

a bound on the maximum eigenvalue,Am 	This remains the only 

uncertain quantity in the process of calculating bounds for 

the structure diagnostics AJos  and IESQs. 
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4.4 	The Problem of an Upper Bound for the Maximum Eigenvalue,Am  

Introduction  

The preceding theory of bound calculation relied on the 

assumption that either the value or an upper bound was available 

for the maximum eigenvalue (AM  ) of the operator 

D = VV* = Q1/214R-1W*Q12. -The consideration of structures implies 

that the operators V, and D become structure dependent, viz 

D
s
=vsvs*= Q1/214 

s
R 1W*Q1/2 , so-t9 does the maximum eigenvalue 
 2 s 

denoted Am
s 

In Section 3.4 it was shown that the moment 

ratios form a sequence of lower bounds for Am, hence if this 

sequence is sufficiently well converged an upper bound for 

AN might be obtained almost by inspection. This also applies 

to the sequences formed for the structures. However experience 

has shown that while the sequences have converged sufficiently 

for some structures this is not necessarily the case for others. 

Furthermore, it is not impossible that many more moments would 

have to be generated before any semblance of convergence 

' appears. To illustrate this Fig.4.4.1 shows the convergence 

of the moment ratio sequences for several structures taken 

from the industrial example presented in Chapter 5, whereas 

Table 4.4.1 shows the development of the moment ratio 

sequence for another structure from the same example. 

Table 4.4.1 Convergence of a Structure Moment Ratio Sequence  

A Five Stand Cold Rolling Mill : Run from Series IV 

,o 

rl r2 r4 r8 r12 r16 r20 r40 

0.1738 0.6968 0.8259 2.494 2.613 2.641 2.662 2.722 

The conclusion to be drawn from these examples is that 

applying extrapolation techniques or other convergence 

= M. 

mi-1 
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accelerating techniques will not be successful because of the 

inherent poor conditioning of (possibly) some of the moment 

ratio sequences. The moment ratio sequence is used as an 

iterative technique, known as the "power" method to find the 

maximum eigenvalue of a self adjoint operator. The extensive 

literature on this topic (see, for example, Noble 1969 or 

Faddeev and Faddeeva, 1963) has been searched for references 

on the problem of finding or bounding the limit of the moment 

ratio sequence given the restricted information of the first 

few moments but to no avail. 

Bryant (1973) addressed this problem through the use of 

operator norms.• Using finite dimensional approximations for 

infinite dimensional operators, applying the properties of 

matrix norms and observing that the various limiting operations 

then taken are. valid under a set of very general conditions, 

Bryant was able to produce a set of upperbounds for the 

maximum eigenvalue, X . The new bounds subsumed the isolated 

result of Freeman (1969) and were capable of some extensions. 

The approach taken here is to rederive all the results in a 

function space setting, beginning with one of the'important 

propertiesiof the induced norms. This concerns the norm of 

a product of linear operators. (An elementary preamble on the 

topic of norms along with most of the proofs for the lemmas 

and theorems of this section are to be found in Appendix C). 

Suppose X, Y and Z are normed linear spaces, and the linear 

operators T1, and T2  are such that 

	

T1: X 	Y, 	I IT1 x 11:Y  4  I IT1I IX 11 11 x  
 •• 

	

and T
2
: Z 	X, 	11T2 	2 Z z 11 	4  11T 11 	114 11z 

• 
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For the operator product T
1 
T
2 
obtain 

IIT
1  T2  II Y =  sup IIT1T2  z I 1

y 
45 1 IT

1
1 I
x 

sup 1 IT
2 z I i x 

11z11== 1 

	

I IT, Il x. IIT2  H . 	4.4.1 

This relationship between the norms shows the operator product 

is also continuous. A compatible norm on a space of linear 

transformations 17 : {11 g "t 40, 	T:x} x } satisfies the 

axioms of the norm (Appendix c) together with : 

a) 	IIT x Il x  <IIT x Il 	E 	T Er Ilc(x) 	x 

and b) 	1111172  Ile(x) 	411T1  11c(x)IIT2  Ilc(x)  VT1, T2  CY 

4.4.2 - 

The notation 	I I c(x)  denotes that the norm is compatible 

with the vector norm 	II- II x 	. The relationship between 

the induced operator norm, and a norm compatible with the 

same vector norm is given as IIT II 
X 
 4IIT II c(x) 	

T e 

4.4.3 

Proof 	Suppose not, then HT x II x 	d IT IIc(x) Ilx 11 	IIx
lIx11 

sup I IT x  
x 	o 	

I 	
411T11c(X) 	< IITII X 

X 
Contradictg the definition of the induced operator norm II.11v  

The discussion of the bounds on the maximum eigenvalue of the 

1/2 operator D = Q1/2WR 116*Q1/2  = VV* where V = Q1/2WR-  begins by making 

several assumptions on the component operators , W, Q and R, 

and then specializes to the single-input single output case. 

The results for this case are then utilized in extensions to 

the multivariable situation. 

Assume operators Q, R and W are such that 1) Q*=Q, Q 30 
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2) R* = R, R > 0 and diagonal and 3) W is a time-invariant 

Causal. convolution operator. 

Define a weighted impulse response 

v (t) 	(T. (t) W 	(t) 	(t) 0 <t <T 1] 	is 	s3 	f 
s=1 

where i, s = 1, 2, ..., r and j = 1, 2 ..., m 

where.s  (.) are the elements of el  ql 

W
. 
(.) are the elements of the system impulse response 

matrix W(.). 

and r (o) are the diagonal elements of operator R. 

4.4.1 Eigenvalue Bounds for Single Input-Single Output Systems  

The operator D = Q12  WR. 1W*Q1/2  = VV* comprises of the 

two convolution operators: 

(Vu)(t) 	ftv(t-T) u(T) dT 	0 	t 4.Tf  
o 	T.F  

and 	(V*y)(t) = I '17(T-t) y(T) dT 	0 - t < Tf  

Two lemmas (proofs given in Appendix C) are introduced, these 

form the basis for the eigenvalue bounds. 

1 r- Lemma 4.4.1 If vel, LO, T 
fj , then Vu 6 LP  [0, TfJ  

whenever uCLP  [0, Tf] . Similarly VC:LP [0, T;] whenever 

y 6 LP  [0 , Tf] . 1.4pt 00  . 

Lemma 4.4.2 If x E L2  [0, Tfl 	x E L1  [0, Tf] 

The bounds on the maximum eigenvalue are produced first in the 

form of norm relationships, and then the particular norm 

formulae are evaluated. 

If the kernel of operator V belongs 

domain of V* is L2 r 0, Tf  ] , Lemma 
r V*  : L2  EO,Tf] 	L2  [O,  Tf) and V : 

Co,to L1 o TO and the 

4.4.1 gives 

L2  fs3 PTA 4. L2  [131Tfl 
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r 	n 
further VV :L

2 
 LO Tfj 	L2  CO,T

f 

IIVV*11 = SUP IIVV*X112 	= sup1 <VV*x , VV
*
x > 

2 x0 	x0 	<x , 

H2.c112  

Since VV*  is self-adjoint and compact (Hsieh, 1965) on the Hilbert 

space H=L2[0,Tfl , the theory utilized in Chapter 3 gives , 

1 1VV*112  = AM, where A is the maximum eigenvalue of VV*. (For 

this reason this norm is known as the spectral norm.) Invoking the 

results for compatible norms, (namely inequalities 4.4.2 and 4.4.3) 

obtain 	Am  = 11VV*11 241VV*11c(2)  .11V11c(2).11V*11 C(2) 

where suffix 'C(2)' denotes an operator norm compatible with the 

r 
• vector norm 	11x112, xeL

2 
 LO,TO. 

Using the Hilbert space theory, the eigenvector corresponding to Am, 

denoted by em, satisfies VV*eM  = Amem  whereXm>0 and (Lemma 4.4.2) 

tylEL2[0,Tf3=L1[0,Tf]. 

Hence 11AmemI11  = Am I14111  = 11VV*em 11 1,111VV*11 111em 111  

Xm .* IIVV*111 - . 11\7111 IIV*1(1- 

The formulae for these operator norms are given by the following 

Theorem 4.4.1 If the operator kernel v is s.t. veL lr  

then 

a) 	11V1(1  = 11V*111  = If  117(s)1 ds 
0 

and b) 11VV 	
fTf 	fmin(t 

11 1 	max 	
,r)v(t-s)v(r-s) ds I di- 

0,5t..af  0 0 

• I Iv! 11  I iv*H1  

r 
If the operator kernel v is such that.vEL

2 
 LO,TO 

then 

c) 11V11
*
11
E 

f
Tf  I  min(t,$) 
=f 	

12 v(t-r)v(s-r)dr dsdt 
0 0 0 
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Tf t 
where 	11VV*1 1EIIVIIE 	and 	IIVI1E  = 11011: = f f v2(t- T) dT dt 

0 0 

and 11.11E  is a norm compatible to the normI1.112. 

The proof of this theorem is found in Appendix C. 

These formulae were applied to the unstable single input - single 

output system used in Section 3.6. The following  details are 

pertinent: .v(t) = q  W(t) / rl = et 	0 t0.0 	and A M  = 1.0. 

The bound formulae gave : 
1.0 

i) IIVII
1 
 = I Iv(s)1 ds = e-1 ei• (11VII1 )2 = 2.9525 

1.0 	 2 
ii) IIVII2  = f 	j v (t-T) dT dt = (e

2
-3)/4 = 1.09726 

0 	0 

iii) IIVV*IIE  = 1.0072, using  numerical methods. 

Tf 	min(tiT) • 
iv) IIVV*11 1  = max f I  f 	v(t-s) v(T-s) dsidT 

t o 0 

The details of this calculation for 11VV*111 are given here to 

illustrate the complexity. Proceed by setting 
min(t,T) 

f(t,T) = f 	v(t-s) v(T-s) ds where (t,T)E [0,Tf] x [0,T] 

Advantage is taken of the symmetry of f(t, T ) about the 

line t = T to obtain the lower triangular half of an array 

representing the function f(t, T ). The full function is 

obtained by reflection about the diagonal. This is followed 

by numerical integration along the T axis to obtain the 
T 

function sl (t) = f Lf (t, T)Idt, of which the maximum is 

obtained by inspection. Table 4.4.2 contains the values for 

this example. 
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Norm Bounds 	0 < AM 	IIVV*II 	IIVII 
1 	1 

T Axis-} 

4 

cC 

41 

0.0 
0.25 
0.50 
0.75 
1.00 

Tf 	min(t,i) 
Generation of rt(t) = r 	I 	r 	v(t-s) v(T-s) ds di 

0.0 0.25 0.50 0.75 1.00 S2(t) 

0.0 Reflect Array to 
0.0 0.3244 Obtain f(t,T) 
0.0 0.4165 0.8591 
0.0 0.5348 1.1032 1.7408 
0.0 0.6867 1.4165 2.2353 3.1945 

Table 4.4.2 

Integrate Across to Obtain 0(t) 	0(t) 

The column for Q(t) obtained by integrating across the T axis will 

clearly show a maximum at t = 1.0. This enables an analytical 

expression to be deduced for IIVV*11 

	

1 	T  
II 	*II 

namely 	IOW 111 = 	f (el-s eT-s ) ds = e(cosh 1 - 1) , 
0 

subsequently 	IIVV
*
11 = 1.4762. 

In summary the four bounds found on AM  = 1.0 are 
2 

i) Am 	11\711
1 
 = 2.9525 

ii) AM  45, IIVV*111  = 1.4762 ,5 

iii) AM 
	E 
< I1V112  = 1.0973 

iv) AM 	IIVV*II = 1.0072 	IIVIIE 

It should be mentioned that the ordering of theII-Il l and  

bounds differs from problem to problem. The results for a single 

input, single output systems are summarized in the table below. 

Table 4.4.3 Summary of Eigenvalue Bounds for Single Input- 

	

Single Output Systems 	
2 

(1Iv*111 = Ilv111) 

. 0 < AM  = IIVV*II2 	IIVV*IIE 	IIVI
2 

fl 
Bound Formulae 	IIVII

1 
 = 1111411

1 
 = f Iv(s)Ids 

0 
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T min(t-T) 
IIVV*11 < max

f
I f 	v(t-s) v(t-s) ds I di 

1 t o 0 

* 	Tf  Tf 	min(t,$) 	2 
IIVVII

E 
= If ( f 	v(t-T) v(s-T) di ) ds dt 
o o 

IIVII = IIV*II = If 
,t
v`(t-T) dtdt 

0 o 

4.4.2 Eigenvalue Bounds for Multivariable Systems  

The theory for the bounds on Am  unfolds in much the same fashion as that 

for the single input, single output systems except that there is an 

- added complexity arising from the -operator kernel being a matrix 

valued function. However trivial extensions of the previous work are 

not proved. The operators under consideration-are : 

 T 
 (Vu)(t) _- f tV(t-T) u(t) di , and 	(V*y)(t) = If VT  i-t) y(i) di 

	

0 	 0 
r x m 

where V(.) E. TR 
	

and -t E. [0 ,Tfl.  

	

Lemma 4.4.3 
	

If v(t)e 	x m te[0,TO and the elements 

vii(t)ELl  LO,Tf] i = 1,2,...,r; j = 1,2,...,m 

	

r 	 then 

Vu 6 Lr L
Pr 

O,Tf 

* 	10 
Vy L; LO,Tf  

whenever u E I,: [0, Tfi similarly 

whdnever y E L
P 
 LO, T 
r 	f • 

• 

Lemma 4.4.4 If xELn LO,Tfj then xELnL
lr  O,Tf]' 

The eigenvalue bound derivations follows as before using the above 

lemmas, norm axioms, norm property 4.4.1 and the definition of norm 

compatibility 4.4.2 to give 
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Am < IIVV*11 1 	IIVII 1 IIV*111 	
and 

Am  = IIVV*11
2 	IIVV*11c(2) ■ IIVIIC(2) IIV*11C(2) 

The norm formulae for multivariable systems follow as: 

Theorem 4.4.2 Under the conditions of Lemma 4.4.3 obtain 

Tf 
a) IIVII = max E 	f 	dt 	( max. column sum ) 

1 	j i=1 0 

* m Tf 
b) IIV 11 = max E 	j lv

ij 	
dt 	( max. row sum ) 

1 	i j=1 0  

r Tf m  min(t,$) 
and c) IIVV*11 < max 	Ef1Ef 	vij(t-r) vij(s-r) dr 1 dt 

	

1 icos  1=1 0 j=1 o 	
o 

 

11v11, Ilv*Il l  

Restricting further the kernel of operator V so that vij  6 L
2  [ ,Tf] 

r m  
then d) 11\7112  = liv*I1 2

E 
 =ff it 
	

-ijE 	r2  (t-T) dT dt 
II  " 6 	

v 
o i=1 j=1 

r 	r Tf  Tf 	m min(t,$) 	2 
and e) IIVVIIr  = E 	E f dt 	ds I E f 	vij  .0;,-.11, v. 0 	I -T) dT   

i=1 i0=1 o 	b 	j=1 o 

This theorem is proved in Appendix C, and the implementation of the 

formulae is considered in the following sub-section. 
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4.4.3 Implementation of the Bounds on the Maximum Eigenvalue of the  

Multivariable Operator, vV*= OVIR 1  W*1212  for the Assessment of  

Input Structure. 

The implementation of the bound formulae is discussed individually for 

the expressions in Theorem 4.4.2. Account must be taken of the method 

of computation, that is whether digital or hybrid, since some of the 

formulae are not suited to one of the forms of computation. Ease of 

calculation of the bounds for structure assessment is the remaining 

factor to be considered. 

r T 
BoundsWr=maxljrf lv.(s)I ds , and 

1 	ij j  1=1 o 

m T 
Ilv*I1 = max 	f f  lv (s)I ds 

1 	ij i j=1 o 
are easily calculable by either 

digital or hybrid means, since the term 	ffIvi.(s)1 ds 
o 3  

i = 1,2,...,r ; j=1,2,...m 	is the area under the absolute value of 

the (i,j)th impulse response. For structure assessment : 

r T 
define S = 	ff  Iv

ij
(s)1 ds 	( column sums ) 	then 

i=1 o 

IIVs111 = ma 	'Sj 
j 6  0 

	

* 	0 f 

	

similarly define
ij 	

j 	lv:.(s)1 ds • 
0 

1] 

*II  
then 	IIV

s
II
1 
= max 	

Sij 
. Clearly storage for m(r+1) variables 

i j2
s  

is required, and each bound calculation comprises of one summation, 

two searches for a maximum and one multiplication. 

r T m min(t,T) 
The bound IIVV*11 	max 	f f l 	f v.j  (t-s)v.1 o 

j (T-s) ds1 dT 
i,t i

o
=1 o 	j=1 0 	

i 
 

does not have the simplicity of the previous two formulae. 
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The inner summation with respect to index j will become structure 

dependent requiring  an impossible amount of storage connected with the 

min(t,T) 
T-s) ds. By making a slight modification terms f 	v

ij
(t-s) v

ioi 

r T m 	mln(t,T) 
obtain: 	IIVV*11 < max 	if 	X I f v (t-s) v 	(T-s) ds I dT 

1 	 i 

	

i,t io=lo 	j=1 o 	
ij 	oj  

1 1 v11, Ilv*II, 
Note that compatibility is still preserved, and equality with the previous 

form is attained for wholly positive impulse responses. This modification 

permits the re-ordering of the two summations ( with respect to i 
0
, and j) 

and the integration with respect to T. 

	

n 	 min(t,T) 
Define S (t) = 	If Si 
	v. . 1j 	i j 

	

(t-s) v 	(T-s) ds I 
i
o
=1 o 

m - < max  y s..(t) 
i,t j=1 1] 

This circumvents the storage problems since S 
i
(t) for i=1,2,...,r; 
j 

j=1,2,...,m and N sample points for tE[O,Tf] will require only 

r x m x N locations. A formula of this type also facilitates the 

computation of bounds for structures since if ns  is a structure index 

* 
set then 	IIV

s
V
s 

II
1 

max 
X S1-3(t).Thecomputationoftile "t  ) 1j i,t je.0 

can be reduced by the exploitation of several symmetries : 

min(t,T) 
i) that of f

iij
(t,T) = 	1j 	

ds with respect to 
0 

 

t, and T , which can be used to reduce the computation of the integral 

Tc  
f 	If

ii 
 .(t,T)I dT 
3 0 , 0 

and ii) that of fii  .(t,T) with respect to i, and i
o 

which reduces 
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the repetition of calculations when summing over, i
o
. Digital or hybrid 

techniques may be used to produce the sampled data form of S..(t) from 
1) 

which the structure bounds may be generated using only one summation and 

simple search for each structure. 

The simple Euclidean bound has a form which is easily evaluated and 

amenable for structures assessment : 

✓ m T= 	, , 
IIVII2 	

If-Lf
t 
 v ikt-T) dT 

• i=1 j=1 o 0 

Reversing the summations, and defining 

T ▪ t r 
S. = f 	f X v2.(t-T) di 	obtain 13 

o o i=1 

IIVII2  = 	S 	and for structures 	IIV sE II2  = y 	s. . 
E j  j=1 	 j e 

The more complex IIVV*11 2  bound poses formidable computational problems 

even though its form can be suitably decomposed for structure assessment. 

r r T T m min(t,T) 	2 
Recall IIVV*11 2  = 	f -dt f 	dT X f 	v (ts)v. (T-s) ds 

i=1 i
o
=1 0 	j=1 0 	

ij 	10j 

min(t,T) 
Define 	f. 	.(t,T) = f' 	v.

1
.(t-s)v

i 
 .(T-s) ds 

O 0 	 o
3  

(f. 	

... ,T.  2 = T 	.t,T. 
+ 2 
	

C
m 	f  

then 	7 fii j,-, , 	L li j( 	) 	2 / 	1 	ii i(t,T)fii j(t,T) 
j=1 	o 	j=1 o 	j=1 ji=j+1 o'l 	o 1 

r rr
f ,Tf 

m 	2 
y fii j(t,T) 	di thus 	1 	dt 

o j=1 0 i=1 io
=1-o 

m 	r T 
=1/ 	 fii  (t,T) di 	+

j  j=1 '=1 i
o
=1 o o 

m-1 m 	r r rf rf 
2 

	

	f 	dt f 	f 	(t,T) f.. 	(t,T) di 
j=1 ji=j+1 1=1 i0=1 o oj oj1 

S 
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r r Tf  T 
 Define Q. 	= 	y f 	dt 	f. 	(tit) f 	(t,T) dT 

Ji1 i=1 i =1 o o
j
1 

0 
o 

m-1 m 

then IIVV*11E  2  = I Q. + 2 I 	Qii  
j=1 

3j 
j=1 j

1
=j+1 

and for the structure index set Q
s 

11VsVs*11 = 	I Q.. 	2 X I 	Q. 

	

J6 as " 	j,j1  Qs  jil 

The problems arise in computing  the components of the sum,Q . 
JJ1 

j=1,2,...,m ; j1=j,j+1,...,m. Even after exploiting  all the symmetries 

and interchanging  summations and integrations it does not seem to be a 

feasible computation. 

Consideration of the details of computing  the bounds on the maximum 

eigenvalue reveals that the two more complicated bounds 

I Ivel I 1 and IIVV*112  are not realistic computational tasks for 

structures assessment. However a modified formula for 1 IVV*1 I 1 

has been introduced which is computationally realistic, and compatible 

with 	IIVII 	IIV*11 . The simpler bounds 	IIVII 	IIV*11 	and 
1 	1 	 l' 	1 , 

2 
IIVIIE are easily evaluated either digitally or by hybrid techniques 

and are readily amenable for structure assessment. 
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4.5 An Algorithm for Input Structures Assessment  

The various parts of an algorithm for input structure assessment have 

been considered separately in order to give an adequate depth to their 

theory. This also reflects the off-line nature of certain parts, so 

that moment decomposition, or the generation of the structure dependent 

maximum eigenvalue bounds can be performed by separate computer programs, 

sometimes to a level of detail which is not necessary for the main 

purpose of producing bounds on the structure optima. 

The algorithm is given in Fig. 4.5.1; its steps are discussed in detail 

here. 

Initialization: There are four parts to this section: a) A system 

impulse response matrix or equivalent hybrid simulation must be 

obtained. b) The system disturbance must be determined. (Usually 

comparable in form to those the plant actually experiences). c) The 

choice of weight matrices Q (symmetric, semi positive definite) and 

R (diagonal, positive definite) must be made, reflecting the appropriate 

cost of system input and output variables; and d) The values of 

auxiliary variables should be settled. 
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Fig. 4.5.1 An Algorithm for Input Structure Assessment  

    

INITIALIZATION 

     

   

a) System Impulse Response Matrix 

b) System Disturbance Function 

c) Cost Function Weighting Matrices 

Q 0 and R > 0 (diagonal) 

d) Initialize Auxiliary Variables 

    

            

 

Moment Decomposition  

Decompose moments 

mo 
- 1 part 

ml  - m parts 

Up to 

   

Max Eigenvalue Bounds  

Use 11 V 111, 11 V* 
 2
111,  

11VV*111  and 11V 11E  

s. 
to bound Ale 	Os  

 

 

m
4

2(m2 -I- 1) part 

       

          

          

            

   

STRUCTURE BOUND LOOP 

i) Create Os  (Structure Index Set) 

ii)Formm.i= 1, 2, ...,r 

iii) Adjoin mo  and A174  

(Examine ms / ms 	for tighter 
1-1 	bounds) 

    

   

iv) Calculate Diagnostic Bounds 

(Ensure feasible solutions) 

v) Output Relevant Information 

vi) Go to i) to update Qs  if necessary 
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These will include the maximum size of structure subsets, the order 

to which the moments should be formed, the interval size of system 

responses in sampled data form, and others. 

Moment Decomposition: In accordance with the data provided by 

the above initialization, and the theory of Section 4.2, the moments 

are decomposed up to the appropriate order. This process may be 

performed on-line or off line depending chiefly on the number of inputs, 

and the order to which moments are to be created. If, as is usual 

for a large problem, this is an off line process then the decomposed 

moments must be stored in a form convenient for input to a program 

computing structure bounds. 

Maximum Eigenvalue Bounds: This again is a process which may be performed 

on or off line. Using the process impulse response, the chosen weight 

matrices, and some of the auxiliary variables the bounds on 	are 

calculated using the theory of Section 4.4. If these bounds for the 

structures are created off-line, convenient data storage forms must be 

used for input to a program computing structure bounds. 

Structure Bounds: This part of the algorithm requires as input only the 

decomposed moments, the maximum eigenvalue bounds, and those auxiliary 

variables necessary to be able to set up the structure index set Os  ,(or 

its logical equivalent). The operation is.a simple loop: create the 

structure index set, 2s'  - form (using the theory of Section 4.3) the 

structure moment sequence; adjoin the maximum eigenvalue bound, X174  

(examining the moment ratio sequence for a possible tighter bound); 

calculate the bounds on the desired diagnostic (AJo
s
, or IESQs, using 

the theory of Chapter 3) ensuring that the optimal solution is feasible; 

output the relevant information and return to create a new structure 

index. 
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These are the four parts of the input structures assessment algorithm, 

they have been implemented as a Fortran Library known as DECOMP. This 

library is a suite of subroutines which perform all the operations 

necessary for the above algorithm. The next Chapter contains details 

of the performance of the algorithm on a significant industrial example. 

4-28 



Chapter 5 - An Industrial Example  

	

5.0 	Introduction 

	

5.1 	Plant, Disturbance and Problem Description. 

	

5.2 	The Logistics of the Calculation Input Structure Diagnostic 

Bounds. 

	

5.3 	Control Structure Interpretation of the Calculated Bounds. 

5.3.1 Bounds for a 10% Step Disturbance on Exit Gauge of Stand 2 

and their Structural Implications . 

5.3.2 Bounds for a 10% Step Disturbance on Interstand Tension, 

T
2 
and their Structural Implications. 

	

5.4 	Conclusions. 
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5.0 Introduction 

The automation of cold rolling steel mills has been a major subject 

of research for the Industrial Automation Group, Imperial College 

since April, 1968. This research generated large scale digital 

and hybrid mill simulations which were used to verify and test control 

structures devised using algebraic methods and physical reasoning for 

specific types of disturbance control. (Bryant et al, 1973). The 

control structures obtained were highly successful; their performance 

comparing favourably with a full treatment of the mill as a formal 

optimal control problem. (Tanuma, 1974). 

Here the techniques of input structure analysis are applied to two 

specific disturbances, one gauge and one tension, on a four stand 

tandem mill having hydraulic actuators. For this medium size plant 

(seven input and seven outputs) it is known (Bryant et al, 1973, 1975) 

that these two disturbance types are controlled effectively by two 

particular input structures. Consequently this provides an ideal 

example to assess the feasibility of the computation involved and the 

clarity with which the input analysis indicates the known structures. 
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5.1 	Plant, Disturbance and Problem Description  

The modelling of a tandem cold rolling mill with hydraulic actuators 

(Edwards, 1968, Edwards et al, 1969, Caley and Spooner, 1972) resulted 

in a digital simulation (Bryant et al, 1969, Caley and Spooner, 1973) 

known by the Fortran name HYDMIL. This simulation provided a set of 

plant step responses and consequently the plant impulse responses for 

the system convolution operator, W. The simulation was run as a four 

stand mill giving seven output variables; namely four exit gauges h1, 

h4  and three interstand tensions T1, ..., T3  and seven input 

variables; namely four actuator reference positions sl, 	s4  and 

three motor speed reference positions w1,...,w3. The plant, and the 

plant variables are shown diagrammatically in Fig. 5.1.1 and the 

associated normalized step responses in Fig. 5.1.2. 

From the many types of disturbances which effect the rolling process 

(Bryant et al, 1973) two were chosen for which non-trivial control 

action is required. These were a 10% step disturbance to the exit 

gauge of Stand 2 (h2
) and a similar step disturbance to the tension 

between Stands 2 and 3 (T
2
). 
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The problem in both cases is to find out whether any input structure 

can remove the disturbances without upsetting the other mill outputs 

and with near optimal performance. 

In the case of the disturbance to exit gauge h2, the Group have 

deduced (using algebraic methods and physical reasoning) that an 

effective decoupling network would utilize the inputs s2, wl, and 

s
2 

to remove such a disturbance. 

Further analysis and simulation runs have shown that the connection 

to motor 2 is of less importance so that in practical terms the 

structure should contain inputs s2, and wl. (Bryant et al, 1975). 

This network is shown along with the redundant arm (in dotted lines) 

in Fig. 5.1.3. The control of interstand tension was originally 

. 	_ 
obtained on many mills wholly by the use of motor structures, however 

the Groups early analysis and simulation trials (Bryant et al, 1973) 

established the decoupling network of Fig. 5.1.4 which used the four 

inputs {s2, s3, w2, w3}. More recently an examination of the contribu-

tion from the arms of such a network has shown the forward screw 

arm to be dominant. (Bryant et al, 1975). Consequently tension is 

controlled by the forward screw alone, s3 with little deterioration 

in performance when compared with the full network. The use of these 

two input structures formed a major advance in the automatic control 

of cold rdlling tandem mills, and were used as the basis for control 

schemes on several mills in this country. 
• 

The input structure analysis was performed for the disturbances with 

two sets of cost weightings. One set assumed a blanket weight on 

all outputs such that in comparison with the input weight 	111211. 

This reflects the notion that control is cheap but output deviations 

from nominal are not tolerable. The second set, whilst adhering to 

this principle, costs the tension deviations less than the gauge chahges 

to reflect the engineering consideration that a 1% tension change is 
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' not so disastrous as a 1% gauge change. In detail the weight matrices 

were time-invariant and diagonal such that 

Set I 	Q1  = 	= Q7  = 100.0 	R
1 
= 	= R7 = 1.0 

Set II 	Qi  = 	= Q4  = 100.0 	R1 
= 	= R

7 
= 1.0 

	

= 	= Q7  = 10.0 

The logistics of producing the input structure diagnostics for these 

two disturbances are detailed next. 
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5.2 	The Logistics of the Calculation of Input Structure 

Diagnostic Bounds  

The programs used to obtain the diagnostic bounds for all the structures' 

were written in FORTRAN IV and run on the CDC 6400/CYBER 7314 machines 

installed at the Imperial College Computer Centre. A modifiable card 

image library (UPDATE) of programs was written to reflect the structure 

of the algorithm previously outlined in section 4.5. Hence the 

individual programs of the library are (in general) concerned with one 

distinct feature of the algorithm and data transfers between programs 

are achieved by the use of file stores. 

The first group of programs are concerned with the production of an 

array of structure index sets, and the creation of the impulse response 

matrix. The step responses are read in card form (since this is the 

output medium used by the digital mill.simulation) and a three point 

numerical differentiation formula is used to obtain the impulse response 

matrix for the plant convolution operator. In the case of the mill 

problem this resulted in a (7 x 7) input/output matrix sampled at 51 time 

instances hence an array of (7 x 7 x 51) is required to store the mill 

responses. The array of. structure index sets is a logical array 

(127 x 7) whose rows specify individual input structures, of which there 

are 127 for the mill problem. 

The production of the bounds requires data specifying bounds on the 

-1 
maximum eigenvalue of the structured operators D = V V*= Q1/2  W R W *1212

s 	
12  

s s 	s s s 

and to decomposition of the moments. 

FOur formulae are available for the computation of the bounds on the 

maximum eigenvalue of the structured operators, D
s
. These are given 

as: 
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1 r Trrf I 	
Tf B

s = { max E j vi„ (t) 	I 

	

dt } xf max E f 	vij(s) Ids} jets i=lo 	 ic-2 0 
S 

Tf min(t,T) 
• B2 = max E / 	vij  f 	I 	(t-s)I E Ivi 3(T-s)Ids di 

i,t jells 	o 	i0 =1 	0 

Tf  r min(t,T) 
= 	r f Bs3  max E 	1 r 	ct_o V . 

	
(T-s)ds I di 

li t j6S-2
s 
0 i0=1 0 

4 	Tf t r 
and Bs =EffEv?j(t-i) dTdt 

jca
s 0 0 i=1 

	

where B
1 

- B
2 	

B
3 

are the 1-norms and Bs
4  is a 

s 	s 

Euclidean norm, (Section 4.4). The choice of which of the bounds 

1 	3 
Bs,  

2 
and B

s 
should be computed is largely. dictated by computer _ 

B s  

storage requirements and computing time. For the mill problem it 

was possible to compute the four bounds for all the structures 

enabling a comparison to be made between the bound formulae, and 

against the exact value of the maximum eigenvalues. The following 

tables document such a comparison for the two sets.of cost functional 

weightings. 

Table 5.2.1 The Computing Time used to Calculate each Bound for a 

Complete Set of Structures (127). 

Weight 
Sets- 

Computing Time (secs) for 127 Structures 
1 
B
s 

B2 
s 

3 
B
s 

4 
B
s 

I 

II 

0.103 

0.098 

44.34 

47.03 

336.0.  

354.8 

0.133 

0.142 
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Table 5.2.2 The Percentage Error in the Four Bounds for Twelve  

Selected Structures, and Details of the Power Method for these  

Structures. (Cost Functional Weights Set II) 

Struc- 
ture 
Subset 

Percentage Error in Bound Formulae No. of Moments Required 
to achieve 'Est2

-Est
1
I 40.1 

B1 
s 

B2  
s B3  

s 
B4  
s 

s1 
153.88 78.68 52.49 1788.61 9 6.4 Computing 

s2 166.23 120.73 107.17 3666.28 9 6.3 Time in 

s3 97.52 101.01 92.35 3469.52 12 8.8 Secs. to 

s4 56.01 68.71 63.37 3226.47 13 8.8 achieve this 

w1 114.40 45.57 44.52 942.50 25 15.8 accuracy 

w2 113.48 80.33 75.70 1207.57 >50 >30.0 

w3  101.88 79.81 69.94 802.71 25 16.3 

s1  ,s2  242.45 157.31 135.92 3879.79 23 26.6 

s1's3 188.47 153.26 133.58 3920.17 31 34.0 

s2,w1 178.45 61.93 59.00 1375.19 31 34.2 

s2,w6 200.05 103.00 96.46 1761.17 44 46.9 

. sl, 	.. 

..s4 w 284.16 139.91 122.43 2588.95 39 135.0 
l'''' 
w 3 

These two tables indicate that the relatively minor increase in accuracy 

obtained through using bound formula B3 does not warrant the almost 

eightfold increase in computing time. Notice that the theoretical 

inequalities relating to formulae B1, B2, and B
3 
are not always observed 

s s 

when working with discrete operator approximation (structures s3, and s
4
). 

The infeasibility of using the power method to obtain eigenvalue 

estimates for all structure is also demonstrated. 

The decomposition of the first four moments for the mill problem was 

undertaken using the algorithms outlined in Sections 4.2 and 4.3. Such 

a decomposition was produced for each distrubance and each set of cost 

functional weights. For seven inputs, the moments were decomposed as 

follows: m
1 

into 7 parts, m
2 
 into 28 parts, m

3 
into 196 parts and 

m
4 
into 1225 parts. Trapezoidal numerical integration was used to 
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produce the required plant, and adjoint plant responses and the integral 

inner products which constitute the decomposed moment parts. About 

3500 seconds of computing time was used to produce the data file 

corresponding to one set of cost functional weights and one particular 

disturbance. 

Subsequent to the production of the eigenvalue bounds for all the 

structures, and the decomposition of the moments the diagnostic bounds 

may be calculated. Since moments up to m4  have been decomposed, five 

levels of bound formulae are available. For the mill problem about 

930 seconds of computing time are required to produce the highest 

level bounds (that is using m0, ..., m4) for all 127 possible structures, 

with the bulk of this time being used to produce structure moment 

sequences. For example, the caldulation of the moment sequence m0, 

ml 1 	
..*, 

m4 associated with the full'structure (s
1 	

s4, wl, 

w3) uses 53 seconds of computing time whereas calculating the related 

diagnostic bounds uses less than 0.005 seconds. 

The diagnostic bounds for the posed mill problem, and a discussion of 

their control interpretation are given in the next section. 
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5.3 	Control Structure Interpretation of the Calculated Bounds  

The bounds are tabulated to show the diagnostic bounds for all the single 

input structures, and then the three highest Aj 0(min) bounds, the three 

highest AJ 0(max) bounds, the three lowest IESQ (min) and the three 

lowest IESQ (max) bounds for differing sizes of input structure subset. 

In this way the 127 structures of the mill problem are reduced to about 

20 for closer scrutiny. The dispersion of the bounds is examined to 

isolate those structures which have bounds clearly separated from those 

of the other structures. Often secondary features must be assessed to 

obtain a conclusion on the ranking of structures. Perhaps the most 

important of these is the relationship between the bounds obtained for 

the complete input set and the bounds obtained for an input structure 

set of a specified size. In other words if an input subset is near 

optimal in performance, the bounds for the subset and the full set 

should be consistent. 

5.3.1 Bounds for 10% Step Distrubance on Exit Gauge of Stand 2  

and their Structural Implications  

The results for cost functional weights sets I and II are contained in 

Table 5.3.1 and Table 5.3.2 respectively. 

Table 5.3.1 An immediate conclusion is that among the single inputs 

screw, s
4 
is a useless control. It may also be noted that screw, s1 

is more effective than screws s
3 
and s4, and probably better than motor, 

w3, although over-all no single control has bounds close to the full 

optimal bounds. Motor, w3  is also probably better than screw s3, although 

. this is not conclusive. Examining the pairs of inputs, the potential to 

produce a well controlled output resides with structure {s2, w1}, further 

the four bounds for this structure lie closest to those of the full 

input set. This pair also occurs in the larger subsets which have bounds 

close to the full input set, for example {sl, S2, w1}, fS2, wl, W211  

{s1, s2F wi, w2} and {s2, wl, w2, w3}. These higher order structures 
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appear to be the most significant, suitable for further examination by 

direct simulation . The bounds for the low order structure were 

recalculated using the exact values for the maximum eigenvalues of the 

structure operators. These new bounds, which are given in Table-5.3.3, 

simply confirm the earlier conclusion drawn above. 

Table 5.3.2 The second set of cost functional weights were chosen 

to penalize tension deviations much less, but maintain tight control 

over gauge errors. The resulting bounds give conclusions similar to 

those deduced for the previous table, except that they appear more 

distinctive. Among the single inputs, screw s
4 

is useless, screw s
1 

is impressive being better than screws s2, s3, s4, and motor, w3. 

Motor, w
1 
 is also powerful being rated above screws, stand s

4 
and motor, 

w3 although again no single control has bounds close to those of the 

full input set. In the pairs of inputs, {s2, w1} is prominent in having 

the potential to give the best output control and having bounds closest 

to the full structure bounds. This pair also feature among the signifi- 

cant larger input subsets, namely {s2, wl, w2} {s1, p2, w1}, {sl,  s2, wl, w2}, 

02, w1, w2, w3} and {s2, s3, wl, w2}. Again the use of exact eigenvalues 

in the bound calculations do not alter these conclusions significantly. 

For the case of a step disturbance to exit gauge, stand 2, the input 

pair {s2, w1} were,identified as being a near optimal structure. Among 

the larger sized subsets isolated for further investigation were the 

structures {s2, wl, w2} and {si, s2, wl, w2} which have been shown to be 

important by other techniques. 

5.3.2 Bounds for a 10% Step Disturbance Interstand Tension, T2  and 

Their Structural Implications  

The results for cost functional weights sets I and II are contained in 

Table 5.3.4 and Table 5.3.6 respectively. 

Table 5.3.4 	The immediate conclusion to be drawn here is that screw, 

s
3 above has near optimal bounds, and is unquestionably better than the 5-11 



remaining screws sl, s2, and s4  and the motor wl. Refinement of the 

bounds obtained by using the actual eigenvalues of the structures 

(Table 5.3.5) shows further that motor w
2 
may also be added to this list. 

Examining the pairs ofinputs when all those containing screw, s
3 

have been eliminated the best of the remaining structures is a pair of 

motors {wl, w2}. Since the single input, s3  is so outstandingly good 

no larger sized subsets were considered above the pairs of inputs. 

Table 5.3.6 	With the second set of cost functional weights the 

results are even more distinct. The single input screw, s
3 is alone 

better than all the other input except motor w
3
. Refinement of these 

bounds (Table 5.3.7) removes this exception. As with the pairs in 

Table 5.3.4 once those containing the input s3  have been removed the 

structures containing motor inputs become significant. 

In conclusion, for the control of interstand tension, T
2 
screw, s

3 
is 

advocated unequivocally as the near optimal input structure. When 

considering pairs of inputs and after eliminating those containing the 

input s
3 
the motor based input structures become significant. These 

findings compare most favourably with those obtained previously. 
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5.4 Conclusions  

This example, a four stand tandem mill presented an ideal opportunity 

to assess the practicality of the input structure calculation and the 

accuracy of the conclusions drawn from the diagnostic bounds. 

The computation of the bounds on the largest eigenvalue of the structure 

operators was not a formidable computing problem, and the indistinctness 

introduced into the diagnostic bounds was not enough to destroy the 

accuracy of the important structural conclusions to be drawn. Moment 

decomposition, and reconstitution would probably be the first areas to 

cause computing difficulties when the technique is applied to plants 

with larger numbers of inputs. This Is because moment decomposition 

is a direct• function of the number of inputs whilst moment reconstitution 

is a function of the maximum size of input structure subsets which means 

that the more inputs there are, the more subsets there are of maximum 

size. The reconstitution of moment sequences for larger input subset 

sizes requires proportionately more computing time. The actual calcula-

tion of the diagnostic bounds is not likely to give rise to computing 

problems but for large numbers of structures some form of ordering 

algorithm is required to facilitate assimilation of the results. 

The conclusions drawn from the diagnostic bounds show very favourable 

agreement with established results for the disturbances considered. The 

place of the technique in the design process is also highlighted, since 

some of the indistinctness can only be'removed by direct simulation. 

But then this is the purpose of the technique to isolate the most 

profitable structures for further investigation. It does not preclude 

the need for physical reasoning to justify the effectiveness of 

isolated structures. In fact this very justification should produce 

a better understanding of the system physics and behaviour which in turn 

may cause a modification of the cost functional weights and so on 	the 

innovative process of design. 
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Table 5.3.1  10% Step Disturbance to Exit Gauge, Stand 2 
Cost Functional Weights: Set I 
Q == Q7  100.0; R1  = 	= R = 1.0 
Minimum Structure Eigenvaiue Bounds 7Used. 

Structure A Jo (min) A Jo (max) IESQ(min) IESQ(max)'  

sl  680.43 5641.77 39852.46 49317.97 

s2  96.11 1139.41 47836.78 49903.85 

s3  18.40 210.48 49597.67 49981.59 

s4  0.05 0.58 49998.89 49999.95 

wl 190.31 11058.07 30441.71 49809.67 

w2 
69.08 '5159.97 40266.16 49930.91 

w3  18.27 . 	981.19 48073.70 49981.73 

sl, s2  2923.73 43873.75 752.47 47057.61 

si, 	s3 	. 830.16 37584.67 3091.03 49167.28 

52' w1  
3445.23 47331.87 142.70 46542.77 

s2, w2  i- 	547.03 44228.45 666.89 49452.42 

sl; s2' 	s3 5768.69 43886.28 749.22 44147.84 

s2, s3, w3  4169.62 45851.13 344.48 45800.13 

s2, s4, w2  3940.22 47353.59 140.38 46043.98 

51' s2' w1  
3566.54 47658.58 109.92 46422.33 

s2, w1, w2  3154.73 47605.11 114.97 46836.28 

sl' 52f 	s3, 	s4  7002.23 44002.53 720.87 42874.50 

sl, 	s2, s3, w2  9348.05 47141.40 163.53 40548.15 

s2, s3, s4, wl  4468.89 47337.96 142.05 45510.39 

Si, s2, s4, wl  4038.34 47677.47 108.15 45947.30  

Si, s2, wl, w2  3274.48 47891.87 89.10 46717.09 

s2, wl, w2, w3  1879.69 47682.50 107.67 48117.49 

s 
1"...s4'w1"-,  

w3  2162.29 47935.44 85.47 47833.76 
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Table 5.3.3 	Bounds Above Recalculated using Exact Eigen Values 

.-- 
Structure AJo (min) AJo (max) IESQ(min) IESQ(max) 

s1 680.43 1891.00 46912.72 49317.97 

s2 96.11 651.59 48797.64 49903.85 

s3 18.40 136.07 49746.18 49981.59 

s4 0.05 0.32 49999.41 49999.95 

w1 190.31 3774.47 42897.51 49809.67 

w2 69.08 2314.50 45539.93 49930.91 

w3 18.27 385.48 49249.66 49981.73 

sl, s2  2923.73 42071.02 1269.20 47057.61 

s1, s3  830.16 18230.40 20446.84 49167.28 

s2, w1 3445.23 47156.48 162.17 46542.77 

s2,w2 547.03 40829.11 1687.71 49452.42 
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Table 5.3.2 	10% Step Disturbance on Exit Gauge, Stand 2 
Cost Functional Weights: Set II 
Q1  = 	= Q4 = 100.0 

	Q5 = 	= Q7 = 10.0 • R = 	= R = 10.0 
Minimum Structure Eigenvalue Bounds Used. 

Structure A Jo (min) A Jo (max) IESQ(min) IESQ(max) 

s
1  

3875.84 7718.03 38524.95 46073.28 

s
2 
s3 

933.00, 

181.30 

1983.09 

371.31 

46962.96 

49433.66 

49062.40 

49817.73 

s4 0.52 1.03 49998.43 49999.48 

w
1  

1743.29 , 	13236.20 27972.67 48255.28 

w
2 

670.96 6024.26 39182.48 49328.36 

w3 177.14 1156.47 47875.92 49822.56 

s1, s2 
9709.41 40222.13 2041.78 40093.02 

s2, w1 	- 16126.57 47163.06 164.60 33606.38 

s2, w2   4834.28 44242.94 669.34 45122.79 

s1, w
2  

3424.68 40441.36 1855.62 46545.25 

s2' s3, w2 20143.55 45809.82 353.36 29149.98 

s2,s4,w1 17095.99 47185.06 162.03 32602.10 

s2, wl, w2  16642.90 47514.04 126.40 33105.04 

sl, s2, w2  16030.22 47474.84 130.69 33740.51 

sl, 	s2, s3, w2  23927.18 47059.05 174.25 25391.43 

s2, 	53' s4,  w2 20671.10 45816.02 352.31 28584.39 

s2, s3, wl, w3  17647.94 47123.87 169.26 32019.40 

sl, s2, W1,  w2  16542.58 47780.41 100.93 33239.32 

s
2' 

w
1,  w2' w3  13015.94 47587.17 119.22 36844.92 

s
2' 	s3,  w1, 

w
2 	, 15205.51 47557.30 122.07 34592.60 

S
i
, 	s 	, 	w 	...,  ". ' 4 	1 w3  13823.55 47829.92 96.62 36036.08 
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Table 5.3.4 10% Step Disturbance to Interstand Tension, T2  
Cost Functional Weights: Set I 

Qi  = 	Q7  = 100.0; Ri  = 	R7  = 1.0 

Minimum Structure Eigenvalue Bounds Used 

Structure A Jo (min) A Jo (max) IESQ(min) IESQ(max) 

r-i  
CV

 01
 	

CV
 Cf) 

w  
N

  w
  
3
 3
 3 

8764.44 22620.83 18068.41 41217.17 

951.06 13227.85 27548.26 49048.43 

48890.95 49966.71 0.04 1082.39 

122.97 1428.81 47294.45 49876.92 

6363.20 46328.63 307.38 43636.23 

16207.62 - 	49094.38 23.82 33790.70 

37334.50 49902.12 0.60 12659.08 

s
1 - 
, 	5

3  48561.04 49967.49 0.040 1413.74 

s2, s3  48632.75 49969.68 0.025 1341.64 

$3, s4 48966.16 49972.16 0.016 1008.15 

53' w3 46754.60 49986.09 0.009 3237.08 

wl,  w2 43059.86 49986.07 0.005 6932.03 

s 	. w .. 49170.58 49995.23 0.00051 825.01 
l' 	' 	3 i_ 

Table 5.3.5 	Bounds of Table 5.3.4 Recalculated using 
Exact Eigenvalues 

Structure AJo (min) A Jo (max) IESQ(min) IESQ(max) 

s
1  

8764.44 16340.66 27380.18 41217.17 

s
2 

 ' 
	

951.06 7639.70 36569.22 49048.43 

s
3  

48890.95 49965.22 0.06 1082.39 

s
4 

122.97 859.48 48411.58 49876.92 

w
1  

6363.20 41680.31 1582.62 43636.23 

w
2 

16207.62 47527.48 179.56 33790.70 

w3  37334.50 49702.32 6.45 12659.08 

sl' 	0673  49170.58 49995.16 0.00054 825.01 
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Table 5.3.6  10% Step Disturbance to Interstand Tension, T2  
Cost Functional Weights: Set II 
Q1 = 	= Q4 = 100.0, Q5 = 	= Q7 = 10.0 

R1 = 	= R
7 
= 1.0 

Minimum Structure Eigenvalues Bounds Used. 

Structure A Jo (min) A Jo (max) IESQ (min) IESQ (max) 

s
1  

506.26 710.18 4077.08 4487.57 

s2 91.96 245.23 4602.79 4907.57 

s
3  4817.06 4963.38 0.67 157.04 

s
4  12.03 25.06 4961.35 4987.86 

w
1  

580.66 ,2871.43 1020.56 4418.86 

w2 1579.06 4303.45 139.06 3419.36 

w3 3627.22 4899.65 5.93 1366.72 

sl, s3  4790.78 4966.17 0.434 184.29 

s2, s3 
4791.92 4968.24 0.306 183.29 

s3, s4  4942.78 4971.15.-- 0.193 - 	29.53 

s3, w3  4642.46 4985.69 0.091 349.153 

w1,  w2 - 	3975.84 4983.54 0.074 1017.23 

W1,w3 3704.06 4982.24 0.092 1290.56 

sl, 	..., 	w3  4761.47 4994.60 0.008 234.37 

Table 5.3.7 	Bounds of Table 5.3.6 Recalculated using 
Exact Eigenvalues 

Structure A Jo (min) AJo (max) IESQ (min) IESQ (max) 

• s 506.26 620.22 4254.55 4487.57 
1 
s
2 

91.96 167.62 4755.65 4907.57 

s
3 4817.06 4960.72 0.99 157.04 

s
4 

12.03 19.12 4973.39 4987.86 

w1 580.66 1770.05 2356.03 4418.86 

w2 1579.06 3510.94 643.14 • 3419.36 

w3 
3627.22 4713.37 55.67 1366.72 

s
l' ---' w3 

4761.47 4994.26 0.01 234.37 
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6.0 	Introduction  

The application of the structures assessment technique to 

problems defined on the infinite time interval are discussed. 

In particular, specialization to a state space description is 

made and the possibility of using Parseval's Theorem to 

evaluate the moment sequence explored. It is demonstrated 

that in the absence of suitable recurrent formulae, the 

calculation in the Laplace s-domain is a complicated procedure 

to automate. However sufficiently accurate finite time domain 

approximations are found to be adequate. 

Next the problem of removing the initial condition dependence 

of the state-space regulator formulation is considered. The 

technique of Levine and Athans(1970)is shown to lead to the 

definition of an equivalent disturbance and also to an n-fold 

increase in the computational requirements. 

The conclusion drawn is that the initial condition dependence 

cannot be removed (practically) so the choice of initial 

conditions should be well justified. 

Some space is devoted to an application of structures concepts 

to a problem.arising.in the process of creating diagonal 

dominance as a pre-requisite to using the multivariable 

design techniques of Rosenbrock (1974). 

Finally the application of the structures procedure to the problem 

of least squares parameter estimation is discussed. An example 

taken from Draper and Smith (19661 is analysed in some detail. 
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6.1 Input Structures Assessment, and the Infinite Time Domain  

The Hilbert space formalism utilized in the earlier chapters of this 

thesis unified the problem statement and the subsequent analysis of 

the diagnostics. One of the appealing features of this operator 

• description is that it accommodates the idea of obtaining the kernel 

of the system convolution directly from a process simulation. 

Consequently simple finite time domain operations can be used to 

calculate the moment sequences. 

Here input structures for a problem posed in the infinite time domain 

are considered. The quadratic cost functional is 

J= 	<y,Qy>E  + <u,Ru>E  } dt 

subject to linear system constraint y(t) = ft  W(t-T) u(T) dT + d(t) 

where 0 t < c . Lemma 4.4.3 ( Chapter 4 ) may be extended to the 

infinite time-domain so that whenever the elements of the convolution 

r 
kernel satisfy wij

(')E. L1  10,00) and the input functions satisfy 

r uc L
m
2  L0,03) then Z = W u satisfies Z E Lr

2 r 
 ,03) , where 

Z(t) = 
A rt W(t-T) u(T) dT CHRr 

	
0. t < 03. 

0 

r-_ 
Assuming de L

r 
2 
 uo,co) 	gives y = Z +dE Lr 

[0,00) . Set therefore 

the basic problem in Hilbert space Hr 
 = L

r
2  [0,u) , with the permissible 

r 
set for inputs uEHm = Lm

2  10,00). In this manner the cost becomes 

J = <Y,W>H  + <u,Ru>H 	subject to y=Wu+dE Hr, and uE Hm. 
r 	 m 
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Clearly the asymptotic theory of Chapter 2, and the approximation 

procedures of Chapter 3 apply unchanged. 

If the system description is restricted to have compatible state space 

form O(A,B,C), the evaluation of the moments may be developed in terms 

of real rational transfer matrices. 

The usual assumption made to ensure an asymptotically stable control 

law is the complete observability of pair (A,DC), where DTD = Q. 

r 
The disturbance restriction d61,r

2 
 10,00) will , For any arbitrary choice 

of initial condition imply that the system matrix is asymptotically stable, 

namely A will have wholly negative eigenvalues. This in turn ensures 

that the elements of the operator kernel satisfy wij  (')E L150,c0) 

-aij (t) 
since W(t) = C eAt B= C T

-1 
e
At 

T B giving 	iwij (t)I < m..e 13 

3 
. r some m.. > 0 and a

1
.. > 0 hence w

1
..EIL1  Lp,). With these 

1j 	 3 

restrictions and forms consider the problem of computing the moment 

sequence m = <d,Qd>H 	m1 = < WQd,R
-
WQd >

Hm 

using Parseval's Theorem. The two operators to be transformed are the 

system convolution operator Wu, and the adjoint convolution operator W y. 

Operator 	(Wu)(t) 	ft  W(t-T) u(T) dr is causal so that its Laplace 

transform is given as : 1 	11' G(s) u(s) 	where 	G(s) g{W(.)}. 

Adjoint operator 	(W
*
y)(t) = f WT  (T-t) y(r) dr 	is not causal since 

t 

it is defined for -00 < t < co so that the bilateral Laplace transform 

is required to give 1.2{W*0 = GT(-s) y(s) which is analytic only 

on a strip which includes the imaginary axis. Take as an example the 
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calculation of the moments m1 
	

1 
= < W

*
Qd, R W

* 
 Qd >

Hm 

and m
2 
= < WR -1w*Qd, QWR -1WQd >H- . In the M.Dment m1, the function 

r 

W Qd )(t) is only required on the interval [0,m) similarly in 

moment m2, where W
*Qd serves as the input to l  system WR 1. For this 

reason it is important when inverting G
T(-s)y.:s) to be able-to obtain 

only that part of the function defined on [0,03]. Using the inverse 

Laplace transform this is 	(W y) (t) H(t) = 11 
few 

 GT(-s) y(s) est  ds 
27rjr -jw 

I 	• with the region of convergence being the closed right half plane. When 

real rational transfers are used, this can be achieved in the s-domain 

6 
using a piojection P = + 

to isolate the: open left half plane 

transfers ( analytic in the closed right half plane : hence the "+" 

notation ) by partial fraction expansions. Thus for the adjoint 

convolution : 	(W*y)(t).H(t) 1 = P+  £2{ W*y(t) 	= P+{ GT(-s)Y(s)} 

= { GT(-s)y(s) 

With this modification, Parseval's Theorem is used to evaluate the 

moment inner products. 

Parseval's Theorem  Let x(t) and y(t) have unilateral Laplace 

transforms x(s)' and y(s). If all the elements of x(s) are analytic 

in the closed right half plane ( that is the region of convergence 

includes the imaginary axis ) th 

-1 jw  
f < y(t),x(t) > dt = (27d) 	f 	< y(-s),x(s) > ds 

where equILity holds for all those pairs (x,y) for which the time 

domain integral exists. 

The restriction of the system to state space form (A,B,C) implies 

that G(s) and d(s) have real rational entries consequently the 
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 e 
above contour integral may be evaluated by appeal to Cauchy's Residue 

Theorem. The generation of the moment sequence takes the following 

pattern : 

-1 ic°  
i = 0 mo 

= (2uj) 	f < d(-s),Qd(s) >E  ds 
-j° 

i = 1 Form WT(-s)Qd(s) 	and subsequently 

fl(s) 	{ WT(-s)Qd(s) 

-1 Evaluate m
1 
 = (2uj) 	f < f

1 
 (-s),R-1f(s) >

Em 
ds 

-jo 

i = 2 	Form f
2
(s) = W(s)R

1
f1(s) 

Evaluate 	m2 = (2uj)
-1 

f
J°D 
 < f2(-s),Qf2(s) >E ds 

-jam 	r 

and so on. 

Clearly for diagonal R, the structure of the finite time domain moments 

has been preserved so that the decomposition algorithm of Chapter 4 

will still apply. However the actual evaluation of moments now requires 

the following operations 

1) manipulations of matrices, and vectors whose entries are now real 

rational transfers, 

2) a projection on these entries to isolate the part analytic in the 

closed right half plane, and 

3) residue evaluations to obtain the moment values. 

The consideration of even a simple example will show that the automation 

of such operations is not trivial and are frequently a practiCe 

unwarranted since a finite time domain approximation of sufficient 

accuracy can be used. For example, recall M
o 
= <d,Qd>

Hm 
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where d(t) = C eAt xo  , O t < 00 	and system matrix A has 

wholly negative eigenvalues. The latter condition ensures that 

T 
M(T) = f Tf e

A t 
C
T 

Q C e
At 

dt M(co) 	as Tf 
m 

and 	IIM(')II < 	. Hence for any p > 0 3 T
f 

such that 

Tf > Tf 	0 < I m
o
(T
f
) - mo  (03) I < P . 

Dependent therefore on the modes of $(A,B,C), a sufficiently accurate 

finite time domain approximation may often be utilized. To illustrate 

these assertations the pertinent details of an example are given : 

System 
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d (sI -=
1  Col 	

x2 Co) 

 

Q = 1, R = 12  

 

(s + a) 	(s 4- b) 

 

a = 1.618 	b = 0,618 	x
1  (o) = x2 Co) = 1 

m evert 
	

-4- 2(1 - e-  (a 	b) Tf
) 	4. (1 - eb

Ti
) o (T fl  f 	2a 	(a 4- bl 	2b 

The value of Tf required to obtain a predetermined 

percentage error in m0(03 ,) are given in Table 6.1.1 

Table 6.1.1  Error in m
o(c. ) versus Approximation Interval, Tf. 

% Error in 	 ) m
o

(.03  

Approximation Interval Tf 

20 

0.9 

10 

1.34 

5 

1.82 

1 

3.03 

0.1 

4.8 

10-4 

10.0 

Another comparison was made between the length of the approxima-

tion interval Tf, and the integration interval, T. These results 

are given' in Table 6.1.2. 

Table 6.1.2 Variation of Numerical Results for Different 
Approximation Intervals, Tf  and Integration 
Intervals, T. 

Analytical Results Calculated using mo  ml, m2, 	Xm  

s 
Structure AJo Lower Bound Upper Bound 

{u l} 
1 0.25314201 0.251607226 0.2723069 

{u2
} 

 0.427210505 0.422411386 0.628971447 

{uu
2} 0.5818624 0.519317 0763347 
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Numerical Results 

(*) (**) Lower Bound 

Structure 

cul} 

Tf=10.0 T=0.1, 

0.25527686 

Tf=10,0 T=0.02, 

0.25175216 

Tf=50.0 T=0.1,Tf=50.0 T=0.02 

0.25527816 	0.25175845 

11121 0.42597642 0.42262345 0.42590304 0.42255068 

ful,u21 0.52479320 0.51959885 0.52472639 0.51953270 

Upper Bound 

0.27576714 0.27244339 0.27576909 0.27244506 

P12 1  0.63259861 0.62908920 0.63262694 0.62911751 

tuvu2 0.76849358 0.76352980 0.76851769 0.76355393 

The two cases (*) and (**) required the same computer storage 

requirements and algorithms would have performed the same 

-number of operations but the increase in integration accuracy 

far outweighs the effect of extending the approximation interval, 

Tf. 

It is therefore concluded that a judicious choice of 

approximation interval, and integration step size, T, will 

enable infinite time domain problems (state space descriptions) 

to be replaced by a satisfactory finite time domain approxima-

tion. The main advantage here being the preservation of the 

moment calculated using straightforward system and adjoint 

system convolutions. Stiff systems with very lightly damped 

eigenvalues will (as usual) need careful treatment. 
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6.2 Removal of the Initial Condition Dependence of Input Structure  

Assessment for State Space Systems. 

The approach followed here is that of Levine and Athans ( 1970 ) 

who were concerned with the elimination of initial condition dependence 

when finding constant feedback gains. 

The system description is restricted to an asymptotically stable 

compatible matrix triple $(A,B,C). subject to an initial condition 

x(0) = xo. In terms of the state-space process write 

t. y(t) = f W(t-T) u(t) dT + d(t) 
0 

0 	t < co 

where W (t) = C eAt  B and d (t) = C eAt xo. xo E. jR
n 

The cost is J = 	<Y,Q37> L1 	11 <u,Ru>11  . 
r 	m 

Defining Tg{t: 0 .< t Tf }, 	let A : T + IRm x n 

and B : T 	TIRm x n , and define a matrix valued quantity 
Tf 

[A,B3 = f AT(t) B(t) dt where 	Etli,B3 : 11111 	11111 . Also extend 
0 

the definition of the convolution operator to accept matrix valued inputs 

namely 	(WU) (t) 	 f W(t-t) U(r) dt.. where 	U(t) : 	 tC EO,Tf 
o 

This enables expressions of the form Ok,WU1 to be defined as 

Tf 
EA,WUJ 	f AT(t) f w(t-T) u(T) dT dt 

0 	 0 

fTf aT.1(t) 
rft  W(t-T) U. (T) dT,... f t  W(t-T) u. (T) dtjdt 

0 	0 	 0 	 2,
2 

: a'
T  

k (t) 
1 
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<a Wu > 	, <a ,wu > ,. <a ,Wu > -1' 	-1 H
r 	

.1 	-2 	.. 	'1 	*Y.,
2 

<a 	,Wu >,. . . 	. . <a 	,Wu > 
*R,1 	*1 'Ll 	"!'2, 

• <W a
1.' u*1 

>   <W al.,u., 

	

H
m 	 4' >H 

s 	
2 In 

 

<W
*
a 

*
u
.1 > 	

▪ . <Wa 	,u 	> ' 	H
m
" 	1.1" 	./2 

>
H 1 	 m 

=I
Tf 
 -I

T
fwT(r-t) A(T)

T 
U(t) dt 

[  

Returning to the problem as given, recall 

AJ
o 
= <b,A lb>

H 	
where b = W*Qd and A = W QW + R. The 

m 
 

A  disturbance is given as d(t) = C e
At
x
o = D(t).x 	where D(t) = C eAt 

0 

Define operator D : TRI1  H
r 

such that 	(Dx
o
)(t) = D(t)x

o
. 

Then AJ
o 
= <ix

o
,L W*

QD,A
-
1W*

QD a xo >E 
 

-1 * • 	T = 12  trace{ Ew QD, A W QD1 x
0  x0  } 

Following Athans and Levine ( 1970 ) make the assumption that the initial 

condition x
o 

is a vector random variable distributed uniformly over 

the surface of an n-dimensional unit sphere, and that the cost is 

averaged over all such initial conditions. Hence EDE°  ,c07  = In/n 
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Recall that 	(D) (t) D (t) = [ di  (t) , do  (t)] 

AJ0  = 1g trace -k QWA 	W* r 

Eaco= L, trace <d 

<d, 

1 
QWA 	W

* 
Qd1> 	 

QWA-1W*Qd1>. . . 

,<d1, 

. .,<d
n 

 , 

11  [ 	dn 	(t) 

I 

QWA -1W*Qdn> 

QWA 1W*Qd
n 

 > 

/ 	
/4r1 
1 	r * 	-1 

giving HEMo = _ trace Lw QD, A W QD 

It is now shown how previously developed theory can be used to find 

bounds for this new problem. 

Let Mo 
= n x EDJo = 1

2 trace [ W*QD, A-1W*QD 

= 1/2 trace [ D, QWA-1W*QD 3 

n 
= 121.(d.,QWA

-1W*Qd. >H  'i=1 

Using the Householder equality of Chapter 3, and the subsequent 

eigen-analysis for the estimation of a term of the form 

< W*Qd, 	 W*Qd  >H  obtain m • 

co 	2 
C 	v.. A.' IT0.0.12 1„10.,A-1w*Qd. 	y 	L 

vii 
 j  

Hm 1=1 	 i=1 	j=1 (114  ) 

co 	 n 
x vj2  Ai  where v.

2 = LI / vij  2  . 
=1 	 3 	i=1 ( 1+A ) 

7 

Here A.E0D,A 1 are the denumerable eigenvalues of the compact, 

positive semi-definite, self adjoint operator 	(I) = Q1/2wil
1W*Q12 	and ' 

co 

the coefficients {v }, ij j=1 
are the eigenvector co-ordinates of the 

disturbance z.=Q12  di  with respect to the ortho-normal eigenbasis 
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] =X 	v1.2.) 
co 

i=1 (j=0 

{w }. 	of the operator Q1/2WR-1WQ1/2. As before introduce the jth j 3=1 	 i  

CO 

order moment A , 
m. - 	trace [ Q1/2D, (1)31Q1/2D 
1 

jl = 0,1,... 

where m = 12 trace [ Q1/2D, QED 

11  = 	< 	Q1/2d.> 
i=1 	

3. 
 

SettingZ.=Q1/2di  = / v..w. + v. w 1 	13 3 	10 
j=1 

where v.10 wo  is a possible component from 
N.( (I) = Q1/2WR-114*Q1/2  ) 

m= X v.2 
3 	

v,2 = 12Yvi2j ,j = 0,1,2,... 
j=o 	 i=1 

j1 
and

--- 
m. = 	trace [ Q1/2D, (I) Q1/2D 1 	jl  = 1,2,.. • 
 31  

= 12 X<Q1/2d1.,() 
1 Q12

1  d. >H  
i=1 	r 

CO 

Setting Z = Q d = 	v..w. + v. w 
1  j=1 " 3 	

10 o wo 	) 

	

n 	co 2 	11 

	

m.. X 	X v 	(A,) 	= 	X v.2(X.) 1 

3  i=1 ij=1 i" 	j=1 3 3  

In summary, the resulting problem is : 

j1 
 = 1,2,... 

Extremise 	AJ
o 
= / v.

3
2 

A. / ( 1+A. ) 	{vj
2 	

0}j=0 
j=1 

{ 0 < A. 	}. M 3=1 
CO 

with m = 	2 
0 j=0  vl  

2 
and m. = y v, (A.) 

1 j=1 3 3 
= 
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The immediate conclusion is that it is possible to remove the 

initial condition dependence using the device of Levine and Athans, 

and the new problem has the form of the one discussed and solved 

in Chapter 3. (See in particular equations 3.1.2 to 3.1.4.) The 

actual form of the cost improvement, that is 

__ n 
AJ0 =1<W

*
O.
1' 	1A 1W*0.>, 

i=1 
is the sum of n cost improvements resulting from the application 

of n individual initial conditions of the form x(o). = 

(0, 0, o.10, 1, 0, 0.0, 0) where the unit is in the ith position. 

Such a systematic set of initial conditions ensures that all 

the system modes are excited whether uncontrollable or not, 

so that any uncontrolled subsystem occurring with a particular 

input structure is not omitted from the structure assessment 

by efreak choice of initial condition. Although, the problem 

has the same form.as that given previously it will now be shown 

that an n fold increase in computational requirements has occurred 

to implement the decomposition algorithm. Consider the first 

three moments mo, m1  and m2: 

moment mo = tracer D,QD 

= <d., . Qd> 
H 

i=1 

This moment, although independent of control structures requires 

the summation of n inner product terms on H . 

Lmoment m
1 = trace L W

* QD, R
-1
W
*QD 

n 
. 	< w*Qd , R-1W*Qd

i 
>
H 

i=1 
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n 	.m 

L 	y < w* Qd , R.1  W. Qd. > 
i=1 =1 

-  
J. i J j- 1  Hm j 

ml  = 	• lj
m / = 	(G mti) 

i=1 j=1 	j=1 i=1 

Again each of the inner products < W*0., R-1W*Qd. >
H 	decomposes 
m 

into m parts ( as in the original scheme )'but now there are n 

different disturbances for which this decomposition is required. 

moment m
2 = trace [ WR

-*QD, QWR -1W*QD J 

n 
= X < WR-1W*Qd., QWR -1w*Qd. >H 

 i=1 

Following the previous pattern each of the n terms 

- 1 * < WR W Qd,, QWR-1W*Qd. >
H 

moment parts to give 

can be decomposed into m(m+l)/2 

m-1 in 
C i mi < WR-1W*12d., 02WR-1W*Qd. > = 	m2 + 2 y H

r j=1 	 2jk j=1 k=j+1 

Substituting into the expression for m2  to obtain : 

m-1 m 

m2 = 
C
n 

c
m 

 1 = m2 j1 2 	mtjk) i 	j1 	 1 k=j+1 

n 	m-1 m n
cc = 11 	mi  ) + 2 X 	X  ,)-I. 	m2jk j=1 i=1 7-'3 	j=1 k=j+1 i=1 - 

In total, for moment, m2, m(m+1)/2 control structure dependent 

parts are obtained but each of these parts requires inner product 

terms arising from n different disturbances. 

The usual assumption placed on n, the number of states is n >> max(r,m) 

which if satisfied would imply an impossibly large increase in the 

computational requirement for the decomposition technique. Note that 

the estimation of an upper bound for the maximum eigenvalue, XM  
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remains unaffected by this treatment, ( this is because the kernel 

1/2  operator Q WR -1 W* 	i Q 	is unchanged.) 

11 Using the eigenbasis of the operator Q WR -1 W* 	
. 

Q 	is possible to 

formally construct an equivalent disturbance and eliminate the n 

different disturbances, but such a technique is computationally 

infeasible. 

In conclusion this analysis has not been without value because it 

highlights the need for a sensible choice of initial condition and if 

n is small gives a technique for control structures in the regulator 

problem. 
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6.3 Diagonal Dominance and Structures 

6.3.0 Introduction  

The concept of diagonal. dominance (Rosenbrock, 1974) has arisen 

as a pre-requisite to the use of two multivariable design procedures, 

namely the Nyquist and Inverse Nyquist array techniques. Although 

much has been written of the multivariable design techniques very 

little guidance has been forthcoming on making a system transfer 

diagonally dominant. Hawkins (1972) developed the technique of 

pseudo-diagonalisation and Hannah (1975) extended this work as a 

non-linear optimization problem with some success. Hannah also 

gave some guidelines for choosing constant pre-compensators based 

on the systems impulse response matrix, but these results were 

given as observations and without theciretical justification. 

The treatment given here is a reappraisal of the concept of 

pseudo-diagonalisation which leads to an alternative problem state-

ment. A natural extension of this problem is proposed to achieve 

diagonal dominance, an extension which has a time domain inter- - 

pretation, and permits the assessment of precompensator structures. 

Dominance (Rosenbrock 1974) is defined as follows: 

Let gii(s) denote the (i,j)th element of the square system transfer 

matrix G(s) and let gii(s), i=1,2,...,m map the usual Nyquist 

contour D into r.(s) in the complex plane then 

if 	Igii(s)1 > 	/ Igii(s)1 i=1,2,...,m; Ys on D the system 
j=i 

is diagonally row dominant, 
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if Igii(s)1 > y Igji(s) I, i=1,2,...,m Vs on D the system 

j=1 
jOi 

is diagonally column dominant and if the system is diagonally 

row dominant Vs on D or is diagonally column dominant tfs 

on contour D it is termed as diagonally dominant. Pseudo-diagonal 

dominance (Hawkins, 1972) is dominance at a particular frequency, 

usually s = iwo. This concept was introduced as a method for • 

selecting  constant pre-compensators to create diagonal dominance. 

The motivation for such a technique was mainly empirical since a 

precompensator pseudo-diagonalising  at some frequency wo  was often found 

to pseudo-diagonalise over a range of frequencies and frequently to produce 

diagonal dominance per se. 

6.3.1 On Pseudo-Diagonalisation  

Pose the problem of choosing  a constant precompensator matrix K to 

make a given transfer G(s) dominant at the particular frequency 

s = iw. 

Hence Q(s) = G(s)K at s = iw giving  Q(iw) = G(iw)K 

This can be reduced to m independent subproblems by choosing  to 

examine column dominance (note that if a post compensator is used, 

namely Q(s) = KG(s), then the consideration of row dominance 

yields a similar decomposition), in which case q. = G(iw)k j=1,2,...,m 

and the associated dominance cost is 

JDj(k.j) = 	! 1 q..(iw) 1 	j=1,2,...,m 
i=1 
i7 

The jth subproblem is to choose constant precompensator column k*  

SO that JD 	> 0, or possibly improve the dominance which 

already exists at s = iw. 
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Write G(iw) = a + i0 where ite[G(iw) J = a and 

imEG(iw) 1 = 0. 	( Arrays a, and 0 are m x m ). 

Hence 	q•  .(iw) = G(iw)k.i  = [a + 1.0 	k, 

or expressing q •.(iw) in real and imaginary parts obtain 

1 
j 	ic/23 = ojc 	1.0k .3 	.i 

j 
ql q2 mm 

[ 

giving 	q Le.. 	q
1
j-  = 	a 	k,i  = W k ... . 

q2
3 

R 

where 
 q IR2m, 	k e iRm and W : 	-- VZ . 

The cost function for the jth dominance subproblem may be written 

m 
JD (4) = ( q

2
(j) 	q

2 
 (j+171) ) 	/ ( q2 (I) 	q2(i+m)  ) 

and the set of outputs q which are dominant for the jth column 

•  may be specified as QD 
A 

. 
= { qc:rR2m  ,7D  (q) > o } 

Observe that QD  has the following properties : 
J 

1) If qEQ
D. 	

AqE:QD. Y E 	{0} 

2) Let P. 	a projection P : IR
2m--pspanie ,e 	If for 

3 	, 	3 	3 3+1 11  

d e
j+m 

3 	
3 

are the jth and (j+m)th unit basis vectors for E
2m.) 

3) Simple counter-examples may be constructed to show that Q 134  is  

not a subspace nor is it convex. Similar properties are true of 

the complement of Q . 
D, 
7 

4) The maximum of JD  (q) over the set 11q11 2 = p, ciCQ
D. 

is attained by q6 sp(e.
3
,e34111 ) normalized so that II I1 2 = u . 

j 	 i=1 
i#j 
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Varied over this set 1 1q1 12  = u, q e QD  v JD  (q) satisfies 

the inequality 0 < JD  (q) < p 

Incorporating the linear constraint q = W k•3  observe that 

5) If 11Z(w) 
n 
Q
D 
 = cP, then there exists no koj  to make the jth 

column dominant at frequency s = iwo. This in turn implies that 

there is no constant precompensator column k 	to make the jth •3  

column dominant over any frequency range which contains w
o
. 

Observation 1) is important since it indicates that if any q is 

column dominant , then Aq = W(Ak,i) is also column dominant where 

the dominance costs are related by JD  (Aq)= AJD  (q), so that the 
-J 

dominance cost can be made arbitrary large by suitable scaling. By 

specifying a norm on the dominance output, observation 4) specifies 

the maximum value of the dominance cost over this set, and the 

form of output q to attain it. Observation 5) gives the necessary and 

sufficient condition for the existance of dominant output q, namely 

R(1d) n  QD  4 (1) . However conditions on W so that this is true 

have not to date been forthcoming. It is therefore assumed that 

this feasible set of dominant outputs for the subsequent minimizations 

is not empty. 

The square-root operator within the summand of the cost function 

D  (q) does not make it a very attractive function for further 
3 

analysis. Consideration of the geometric situation enables a 

new optimization problem to be posed. Impose a length constraint 

6-19 



on the output q, 11q112  = p, then Fig.6.i5.1.1 gives a geometric 

interpretation where q is depicted in relation to the subspace 

span (ej,ejim). This is the subspace of maximally dominant 

outputs q, in the sense that if q E. span (ej, ej+m) then 

JD  (q) attains its maximum value p. In pursuit of this ideal 
3 

11c1112 = P 

recalltheprojectionoperatorP.:11R.2m span (e.
3'3 
e.4-m) where 

P. = 	1 

0 0 1 0] 

is an ( 2m x 2m ) idempotent matrix with 

unity in the jth and (j+m)th diagonal entries. 

For any q
.2m 

, 

where ( I - P
i 
 )q.. 

3 	 7
LP.q , and 	P.qespa.n(e7 ,e

74
'm). On Fig. 6.3.1.1, 

56 represents q, OB represents PI and BQ represents length 

11(1-Pj  )q11 

Fig. 6.3.1.1 The Geometric Configuration of qEQD 	s.t. I1g11 =  

( I - 	+P , 	 q= 	q+ 13.q 
3 

e. 3+m 
Define a projection

2m  
P. : 	span(e.,e. ) - 

3 JA-m 
sphere Ilgll2 = 1-1  

Contours of increased e. 

max. dominance cost. 
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From the geometrical configuration several optimization problems may 

be proposed all related to reducing the size of angle QOB labelled 6, 

so that q is as close as possible to attaining maximal dominance, 41. 

rr 	
cm 

tan e = QB = 11(I-la)q11 	= 	q2(i) + q2(i+m) ]1/2  / ( q2(j) + q(j+m) ) 
1 	2 	i=1 

OB 
Ilyll 

m 
L Hence tan26 = L q2  (i) +i+m) 
i=1 2 	2 
joi q 	+ q (j+m) 

.; 

. 

X 	( q2(i) + q2(i+m) 
1,  
)' 

2 

i=1 	2 
.v. 	( 	q 	(j) 3 

2 
+ q (j+m) ) 

An equivalent expression for tan20 is obtained using a scale factor 

2 	2 	2,. 	2 	2 
k > 0 chosen so that k ( q t7) + q (j+m) ) = P then 

m 	 m 
tan

26 = 1 ( (kq(i))2 + (vq(i+m))2 )  = 	1 ( (vq(i))2 + (k1/(i+m))2 )  
i=1 

 (kq(j))
2 + (kq(j+m))2 	i=1  

p2 iVi 	 iVj 

Define q = kq where ciel(w) n QD.  so that ZIOUW)n QD. 
3 	 3 

to give the following problem equivalence : 

m 

Min 	tan2O = 	( q2(i) + q2(i+m) )  
'WI2=Pi

=1  q2(j) q2(i+m) 

q E R(w) 	ij 

Min 	( q2(i) + q2(i+m) )/ P2  
IIP 	 =P fi=1  2 

q  4t(w) 1T3 

In terms of the projection operator define 

T  T.(q) = L ( q2  (i) + q2(i+m) ) = II(I-13.)q112  
i=1 	 3 	2 

i0j 

6.3.1.1 

In the left hand side of the equivalence 6.3.1.1. there is no loss of 

generality in restating the minimization as : 
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11 
Min 	T. (q) 	= 11(I-P.)c111

2  

IIPjI1 2"1.11  3 	
2 

q69.(4) 

6.3.1.2. 

This can be given geometrical significance by isolating triangle 

Q070 from figure 6.3.1.1. as shown below in Fig 6.3.1.2. Clearly 

the scalar factor k, chosen to produce the equivalence relation 

6.3.1.1., magnifies vector OQ representing q, to OQ
1 
 representing 

circumstances IIP 	11 2  = p and the problem 6.3.1.2 
-3 

seen to be the minimization of length Q
1
D which incidently also 

minimizes tan
2
O. 

Fig 6.3.1.2. Geometric Configuration for Optimization, Problems  . 

• , 	Q1 
-... 

. 	;w1 
OQ.= q )* 

	-4b /".. I%  
Olt . kq 	42 	-."\.. 	1  N 	1  
1 	 .., 	\ I 	\ 	

I ' 	-sphereli
c111 2 = P  v-i---  

/ 	I  \ 11 
1 \ % 

, 

	

I 	\% 

 

	13. 	 

 

Contours of Increased 
D 

Dominance 

Two other related optimization problems may also be given directly 

from the geometrical configuration above : 

1) 	Min 	MI j)CIU 2 
2  and 2) Max  11P.q112 

'kill 2=11 	 'kill2=1-11 	
3 	2 

qE fa  (w) 000 	 cle S2 (w) 

6.3.1.3 

which are immediately seen to be the minimization of length QB and the 

maximization of length OB subject to norm, linear and dominance 

constraints. 

 

0 
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To return to the minimization of length Q 
1
D, as given in 6.3.1.2, 

this may be written in terms of the original problem as : 

m 
Min 	Ti(q) = X lqii(iw)1 2  

f 
i=1 
.1.J 

subjecttol 
q3J
_(iw)  I = p 	and q(iw) = G(iw)kei  

which clearly corresponds to the minimization of the off-diagonal terms 

of the jth column subject to a constraint preventing the modulus of the 

jth diagonal element from disappearing, and a linear system constraint. 

This is precisely the modified problem proposed by Rosenbrock( 1975 ) 

to overcome the deficiences of the Hawkins ( 1972 ) formulation. The 

solution to this constrained minimization problem is obtained as that 

of an equivalent eigenvalue problem of the.form Ax = ABx, where the 

eigenvector corresponding to the smallest non-negative eigenvalue is 

required. The related optimization problems of 6.3.1.3 can also be 

reduced to similar eigenvalue/vector problems. 

The relationship between minimizing a function of angle 0 

(Fig. 6.3.1.2) and maximizing JD  (q) both subject to the norm 

and linear constraints is very difficult to relate analytically 

even though intuitively it is thought that minimizing tan 

(or some similarifunction for example,T,(q)) encourages q4FIQ
D4 

and 
3 

further increases J
Dj
(q), that is encourages column dominance 

at s = iwo. The following theorem gives a sufficient condition 

for iterates in one of the above optimization procedures 

(6.3.1.1, 6.3.1.2 or 6.3.1.3 ) to give improved column dominanCe. 

Theorem 6.3.1.1 	Let ql, and q2  6. Qp  where 11q111 2  = 11q2112 = P. i   

Suppose tan 0(q1) < tan 0 (q2) where q1  and q2  E nR2m. 
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If for the jth column 	a 1 	2 > a2 j + p2 	1 - 1 1  
(m-1) 

(m-1) 

then J 	(q1) > J
D (q2);  where m >1 . 	. 	z 

JD 
	

J 

2 	2 and a
ki 

= 
A 
(q
k(i) + qk(i+m))

1.1  = 1,2,....; and i = 1,2,...,m. 

Proof (See Appendix D). 

In terms of the original optimization procedures, suppose the initial 

output q0EQD , where ao2  j  = (102  (j) + q02  (j+m) = 1/212 + 

then if Subsequent iterates satisfy 

ak 
2
j 	

p
2 
(1-0.5(m-1) 	u -k/2) 	(m_ -k/2 k = 1,2,3,.... 

the dominance cost is successively increased. For example 

- m = 4, a2. = 24E ' a
2 	.71 p2 + 0.58 c, oj 	lj 

a22  j  0.833 p3  + c/3 and so on. The problem description 

specifies CIE.V.(16) so that the theorem will now apply to 

iterates qk  produced in the range space of the operator W. 

Rence sufficient conditions have been exhibited to show that 

minimizing tan 8(q) (or its equivalent) can improve the 

dominance cost JD  (q), however it is expected that the 

process will terminate at some sub-optimal cost value. 

The geometrical situation of the modified Rosenbrock  formulation 

is. that of minimizing the length of a vector between the 

two subspaces WW), and span {e., e.3+m 1 . In particular the 

vector is assumed to be orthogonal to the latter. An alternative 

formulation is to assume the required vector is orthogonal 

to the subspaceS(W), a situation which is now pursued. 
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2 
as Min IIq-q

DII2 
6.5.1.4. 

Set qp  = ajej  +ajimeji.m  , where 	IIqn;II 2 = p ( shown by the vector 

,,2 
OD ) and pose the minimization problem 	Min 	

D
11
2 

q =Wk •i 

which is the minimization of the length of Q
2 
 D for a given qui. 

Considering all possible qr,  yields a least squares minimization problem 

qWk .j 

qD = ajej+aj+mej+m ' IIcID11 29/  

Perhaps the most interesting feature of this problem is its essential 

equivalence to the modified Rosenbrock problem 6.3.1.3(2) and the 

simplified computational problem which it yields. 

Theorem 6.3.1.2  The solution of Rosenbrock's modified problem (1975) 

namely Min II(I-P)q11
2 

lies on the same ray as the solution 
3 	2 

IIP.c111 =P 2 1  q Q A D. 

of the least squares formulation 

2 
Min I I q-qp  I I 2  

qD 3 	3+m3 
e. 
+m 
, 114 

D 
 11 
2
=11, q ER.(w) n QD  

Proof First some geometrical concepts which motivate the result are 

given : 	(1) If gRe fIR n  solves Rosenbrock's modified problem 

A 	 A 
then < PjqR, (I-Pj)qR  > = 0 where PjqR  = span(ej,ej+m) 

A 
and (ii) If 	solves the least squares formulation then 

' A A 

gLicIL 	
A 

= 0 where q
L 

= 14(4*  w) W*  q
D
. These orthogonality 

conditions form the basis of the intuitive geometric setting in 

Figure 6.3.1.2. 

The remainder of the proof is in two parts under the assumption that 
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a dominant output q = Wks , exists. ( That is 9,00A QD 	0- .3  

(a) Adjoin the constraints in Rosenbrock's modified formulation to 

obtainJ 	
112 

R 
= 	

j
)cill

2 
+ X( 11

2 
-1113.qii 112 ). Substitute for the 

2 

linear constraint q = Wk 63  

, J 
R 
 (k
' 
 .,A) = < k •J  •, W

*(I-P.)Wk 	> + Ak p2  - < k
'j 

 OR*P.Wk 	> ) 
3 	3  

oJ= W (I-P.)Wk
ai  - 
	P3  Wk. 

2  
akoi 

 

aJR = 1
12 - < k .,W

*
P.Wk . > 

.3 3 .3 

 

 

ax 

  

A 
The condition of optimality gives 3k  = X112  > 0 

smallest non-negative eigenvaluei Xan, satisfying 

seek therefore the 

 

* 	 A 	 * 
W (I-P.)Wk. = A 	W P.Wk 

°3 min j *j 
6.3.1.5 

from which the corresponding normalized eigenvector is the required 

pre-compensator column. 

The eigenvalue/vector relationship may be rewritten.as: 

* n 	* A 

W Wk = ( 1 + X
min 

) W P Wk pi 

A 	 * -1 * A 
P.Wk . or assuming W

*
W > 0 ask. .3 =(1+Ximin)(W W) W J 

.3 

A

R 

A 	 A 	 A

R  and using q = Wk'j as 	q
R 

= (1+X min )W(W
* 
 W)

-1 
W
* 
 P.q . 3  

(b) Recall the least squares formulation as : 

Min Ilq—q 
D 
II 2 subject to q = Wk oi, 	clp  = 

a3,e3 
. + a 	e 

j+m j+m 

and lig 11 
D 2 = P. 	

Write 	E = (e.,e. ) then q
D 
= E.a , at u 2. 

J 	3 

Adjoin the constraints to obtain : 

	

JL
2 	,.., 

	

= DII 2 	r-,■ 112 - < a,E 
*E.a > ) 

= < q -Eja,q Eja > + g( p2  - <a,a> ) 

6.3.1.6 
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Substitute for the linear constraint q = Wk,i, then 

J 
L

. (k 	= < k .,W Wk 	> - 2 < k ,W 
J  

E.a > + (1-E)<a.a> + EP2  

Giving 1 aJL 	w Wk - W Eta 
—  
2 

* 
1 aJL  = - E Wk.j + 

as 

aJ
L p

2 - < a,a > 

ag 

Under the condition of optimality VJL  = 0 obtain 

	

* A 	* A 	 * A 	A 

(i) W Wksi = W Esc, 	(ii) E Wk 	= (1-)a 	and 	(iii) p2  =< a,a > 

• 

with the optimal cost as J = cp2  0. 

Clearly (i) and (ii) together give 

	

W*Wk.3 	JJ 
. = (1-4)-1W*E.E.

*
Wk*3 	J 

. 	( E.E.
* = P. ) 

The minimum optimal cost is attained for the smallest non-negative 

number 	, denoted Amin. Assuming that W
*
W > 0 implies- 

min 

	

* 	* -1 * 

 

A 	' 
satisfies(1-ginin)a=E.W(WW)WE.a. 	Thus for the least squares 

A 

formulation 	satisfies 

-1 * 
W*Wk. = (1-E 	W P .Wk . 3 	min 	J 'D 

6.3.1.7 

A comparison of 6.3.1.6, and 6.3.1.7 shows the pre-compensator 

column ked to satisfy 

W*Wk vi = X14*P.3
W 

where in both cases A is the smallest eigenvalue satisfying the 

inequality A 1. Since k.3  is an eigenvector it can be scaled 

ak . •3  
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to satisfy the constraints of either problem, and also gives 

A. 
nqR for some scalar,n . 

The details of the proof also indicate the technique for the solution 

of the least squares problem. The relevant equations are ( assuming 

W W > 0 ) : 

A 	* -1 * 
k 	(W 	W q

D 
, 	q  = E .ct  ; e ER2 and si 	D 	3 

A* -1 * A 
(1-

min
)a = E

j W(W 	W E.
3
a. The latter can be rewritten as 

-1 
E_,*(1-W(W*10---W* )E.ad

min
a , which is a trivial (2 x 2) 

eigenvalue/vector problem. Consequently the main computing burden lies 

in the calculation of the inverse of W*W, the remaining operations 

being rather trivial. This compares favourably with the computing 

load associated with the eigenvalue problem of the modified Rosenbrock 

problem. 

The problem readily admits the incorporation of precompensator 

gain costs as a quadratic term in ktit vis: 

Min JQ(q,a1,a2) = 1/2 < q  - 0/10, q-q10  >E 	+ 	< k.jr R k.j  > E  
2m 

(Ira1fa2 
= aaej a2ej+m 

a2 + a2 = p2 q E'R(V1) 2 

The cost matrix R can be given the interpretation "control" 

'cost and the normalizing parameter p scales the solution to the maximal 

achievable dominance at frequency s = iw. However the incorporation 

A 
of a gain cost will require the verification qEQD . Clearly i  

in this form the structures procedure of Chapter 3 can be applied 

to find gain structures with almost optimal dominance. 
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In transferring from pseudo-diagonalisation to diagonal 

dominance proper, the important features of the above 

formulation are its frequency dependence and the simplicity 

of the eigenvalue/vector calculation. These enable, through 

a suitable choice for p(w), a desired dominance 

trajectory qp(w) to be found which becomes the basis of a 

least squares approach for choosing k.i. 

6.3.2 On Diagonal Dominance  

The precompensator is chosen to be a constant matrix. The 

technique of pseudo-diagonalisation as described above enables 

the constant precompensator to be calculated at a specific 

frequency by using the following optimization problem: 

At the frequency s = iw the desired dominance is 

2 grew) 6  QD 	cID  (w) = ai  (w) ej  + cti+m(W) e j+m  with 2 (w) + a j.i_m  (w) = p2  (w) 

where procedures for the selection of p(w) are given below. Choose 

q(w) = W(w)k (w) to minimize 

J(w) = 1/2  < cID(w) 	q(w) , 	(W) 	q (w) > E2m 

where W(w) :(Rm ÷ IR2m and k.jETRm  j = 1,2,...,m. 

For a sequence of frequencies representing the frequency range 

of interest, the solution of this problem is straightforward since 

only one (rya) inversion and m minimum eigenvalue/vector pairs for 

a 2x2 problem are required at each frequency point giving a desired 

dominance trajectory qp(w) and an optimal output q(w) obtained 

by the optimal gain k•3  .(w). It is this desired dominance disturbance 

which formsthe basis of the problem for dominance. 
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Restrict the precompensator gain to be constant over the 

frequency range (-(0,00) and write e(w) = q
D(w) - W(w)k.3 -

To seek to minimize an integral quadratic cost of error 

squared requires some restrictions to ensure the existance 

of such integrals defined on the infinite domain -co < w < co . 

It is sufficient to demand-i) Ile(w)I1
2 
is bounded everywhere 

and 	limile(w)112  = 0. The conditions on the error function 

W +co 

produce restrictions on the plant. G(s) and the disturbance 

D(s). Noting an equivalence between Ile(w)112, e E TR
2m and 

Ile(iw)I12, e Gel  use the form e (iw) = qD  (iw) - G (iw) k . •3  

Hence Ile(iw)112 	11c1D(iw)112 +. 1.1 G(i1"7) 1-12. 1.1 k.31 1 2 

Then if i) 11gD (iw)II2 

bounded everywhere 

Ile(iw)112 < °D* 11e(w)112 

and ii) lim 11q(iw)II2  = 0 
w4+0, 

I G(iw) I I 2 - are 

< W < —co . 

and 	lim IIG(iw)11
2 = 0 

±co 

lim Ile(iw)112  = lim Ile (w)11 = 0 
w4±co 	w+±co 

These conditions are sufficient to ensure 	(1e(w)II 	behaves as 

required. Those on the plant are, therefore 

i) 	LIG(iw)11 2  < 
w 6 (—.0,co) 

and 	ii) lim IIG(iw)II = 0 , and these 
w++0D 

are only satisfied by a plant whose transfer has elements of the type 

gij . (s) = aos
m 

+ a1 s
m-1 

+ 	+ am 	n > m and bn 0. 

sn + a
1 
s
n-1 

	

+ 	+ b
n 

Such a plant also has the property Se(G(-iw)) = Se(G(iw)) 	and 

	

JM(G(-iw)) = -.1m(G(iw)) 	so that W(-w) = [Wl(w) 
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The disturbance qp(iw) has to satisfy i) 11qp(iw)11 2  < co Yw 

and ii) lim 11q(iw)112  and to be physically meaningful 
w4-±00 

[ 

if q1(w) = 011(w) 	then set qp(-w) = ql(w) 	. Since 

q2 (w) 	
-012 (w) 

PM = IlqD
(iw)II2 

, the conditions (i) and (ii) are properties 

on i(w) , whereas the latter property can always be obtained from the 

eigenvector nature of qui  = a.e. + a e. . 
j+m 3+m 

The parameter 1.t(w) has already been represented as the maximum 

dominance obtainable at frequency w. Suppose, therefore such 

dominance could be achieved by quo(iw) = G(iw)k . , then .3  

u(w) 	Ic, .(iw)I 	I Gi,uw) kLi i 
DJ) 	t=1 

m 

IG2' 
(iw)I lkLjI 

i=1 j 

.1 max IG (iw)I 	I lk
Lj

I 
L=1 

since any km , producing  maximum dominance may be normalized so that 

Ilk . 43  111  = 1 suggesting  the constraint 

tit (w) 	max IGji (iw) I 
i 

—co < w < 

Choose as maximum achievable dominance P(w) = max IG (iw)I 

on w E(-03,03). Although this measure is simple computational and 

appealing  conceptually it does not preclude other choices for example 

I(iw)1 which is obtained as follows 
k=1 

II
In 

 
p(w) = Iq 	 E IG (iw)I lk .

2.71 JZ DJJ 	Z=1 
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m I G
jt 

 (iw) I max Ikkj I  1=1 

Either of these formulae for u (w) , 	< w < c° produce a disturbance 

whose general properties depend on those of the system hence under the 

restrictions already placed on the system qp  (w) will satisfy 

'kJ:1(10 11 2 
< W < CO and 	lim I IqD  (w) 11 2  = O. 

w÷±03 

[
The consistency property, that is if qD  (w) = q1(w) 

then qD (-w) = q
1 
(w) 	is shown to be obtained from the eigenvector 

-q2 (w) 

nature of qD  (w) . At each frequency w , qD  (w) is related to a 

vector v E IR2 where qD (w) = vle j + v2  e j+m  and v is an 

eigenvector of the matrix A (w) : tR2 4- TR2 where 

A(w)11 = W (w) [ WT (w) W (w) 1-1 WT (w)  
33
. . 

A(w)22 = N(w) E  WT (w)w (,7) 	WT 
(w) I 	 and 

1 
A(w) 12 = A (w) 21 = 	r W (w) WT  (w)W(w) 	W

T 
(w) j  

fi-lin• 

conditions already imposed on the system, have that 

if W (w) = [a (y) 	, then W (-w) = a (w) 

(w) 	 -(3 (w) 

Under the 

Hence 	WT (-w)W (w) = W
T 

(w)W (w) = cl)(w) 	and 

W(-w) r wT(-w)wc-wrwT (-w) = a cw) -1  (No a (No [ 	 -ct No 4)-1(w) aT(w) 

	

-(3 (w) 4)
-1 

(w) a
T 

(w) 	13(w) (I)
-1 

(w) RT (w) 

giving A (-w) 11 = A (w) 
11 	

A (-w) 22 = A (w) 22 

and A (-w) 12 = A (-w)= -A (w) 	= -A (w) 21 21 	12 

Consequently if A (w) v (w) = X (w) v (w) 	then 

q (w) 2 
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[ 

	

AC-w) v
1 
 (w) = A (w) v

1 
 (w) 	giving the correspondence 

-v
2 
(w) 	-v

2 
(w) 

[
v (-w) = 	v

1 
 (w) 	and X ( -w) = X (w) 

[ 

Hence the consistency property qp(-w) = ql(w) 	follows as required. 

-q2(w) 

Assuming that a desired dominance trajectory qp(w) is acquired 

having the above properties then an infinite frequency domain 

optimization problem is motivated by the desire to find a frequency 

independent precompensator gain. For the jth column have 

(w) = q
D(w) 	W • j = q1(w) - a (w) k.j 

(w) 	R (w) 	e
2 
(w) 

then eC-w) = [ ql(wl - [a(w)11k,i  = -e

2  (w)-c12 64) 	-3 (w) 	-e 
2 
(w) 

so that < e (w) ,e (w) > 	= < e (-w) ,Qe (w) > EE 2m 	2m 
= Im. 

-1m 
A least squares optimization is posed : 

Min 	J = 1/2 f <e (-w) ,Q (w) >E 	dw 
w.r.t. k 	-co 	2m 

such that e(w) = qD(w) - W(w)koi 

Such a problem formulation cannot guarantee dominance, since 

there are systems for which no constant precompensator can create 

dominance. It has however been posed to maximize dominance if it 

exists. From the problem as it stands it is possible to develop a com-

putational frequency domain version and a complex frequency domain 

version. This latter problem has the virtue that it is possible 

to apply Parseval's Theorem to obtain a time-domain interpretation. 

-v
2 
(w) 
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Utilizing the various system symmetries a computational frequency 

domain version is obtained as 

Min J(k 	= < k
•j1 

A k
.1 

>
E - 2 < b, k > 	+ c 

m 
.3 	 • j Em 

w.r.t. k . .3  

where A = f WT  (w)w(w) dw 6  Term  

co 
b = f W• T (w) qD (w) dw E iRrn and c= f < q

D (w) , qD (w) > dw 
o 

A 
Clearly the optimal pre-compensator column is k = A-1b. .3  

Observe that the matrix A requires inverting only once since the same 

matrix occurs in each of the j, j = 1, ..., m problems. If 

the matrix W(w) is retained - in sampled form from the pseudo-

diagonalisation it is relatively straight-forward to calculate 
00 

A. The vector b = f WT(w)q(w)dw will differ for each of the 

j subproblems since qp(w) is dependent on the particular k .j 

column of the pre-compensator being obtained. The fact that 

qp(w)=cc.(w). e3 +Iaj+m(w)ej+m can be exploited to give b as 

b = f (a () WT (w) + a (w) We 
	(w) ) dw 

	

iw .j 	j+m pj+m 
0  

Again utilizing various system symmetries an equivalent complex 

frequency domaip formulation may be obtained as: 

1- 
MinJ= 11<k A 

	>E - <b,

- 

k > 

	

k,1, 	.j Em 
w.r.t. k E min 

02 
where A = f G

• T

( -1w) G(iw) dw, b = f GT( -iw) qp(iw)dw 

C°. 
■ p 

and c = j <qp(-iw), qp(iw) >E  dw, for which the optimal 

solution is k•. = [5,1-1  11. The restrictions already placed on 

the plant enable Parseval's Theorem to be applied to obtain: 
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f 	. A = j GT  (-1w) G(iw) dw = 2 it f 47(t) (1)(t) dt 
-00 

co 	 co 
b = f GT(-iw) qp(iw) dw = 2w f cl,T(t) qp(t) dt 

co 
and C = f <q10(-iw), q(iw)> dw = 2 IT f < qp(t), cip(t)> E  dt 

-co 

where (1)(t) is the system impulse response defined on -be €6,c0) 

and q
D(t) is the time function associated with frequency response 

qD(jw). These results illuminate the naive examples given by 

Hannah (1975) and provide the correct function of the impulse 

response matrix to use. Further they indicate the need for a 

correct disturbance, q
D. At present, this disturbance is found 

from the pseudo-diagonalisation procedure as described in the 

previous section, and in practise has shown to be highly 

successful. The above link appears to indicate that a priori 

disturbance design in the time domain would be of great 

practical utility. 

The assessment of precompensator structures can be introduced 

by the device of a compensator cost in the formulation of the 

least squares optimization problem, viz 

co 
Min J = 1/2 f <0 (-Td) , Q e (w)> E  dw + < k„„ R ksj >Em -co 	 2m 
w.r.t. k.i  

subject to e 	= qp(w) - W(w) k.j  

from which a computational frequency domain form may be 

developed as Min J = <k 	(A + R) 	E 
- 2< b, k .> 	+ c 

m 
oi, 	 DJ E  

w.r.t. k.j 

co 	co 
with A + R = f WT(w)W(w)dw + R, b = f WT(w) qp(w) dw 

and c = f 
<c1D(w)  qD (w) > dw. Perform a Cholesky Em 
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decomposition for A as A = LTL , then the effect of deleting 

aparticularelementofk.  can be obtained by deleting 

a column of L. Further write b = LTz where z = (LT )-1  b, then 

removal of an element of b corresponds to the deletion of a 

column of L. Consequently may write 

Min J = <e,e R k .> 	+ c 
E
m 

.3 	'3 Em  
w.r.t. k .j 

,, where e = L.k.  - z 	z = (L T-1 j 	) D  and LTL = A 

which is a suitable form for structures assessment. 

The overall algorithm has three parts, the first is 

to produce the desired dominance trajectory using the pseudo-

diagonalisation technique, the second is to find the complete 

least squares precompensator. At this point the normalized 

W 1  
dominance curves J

Dj = L lq(iw) 1/I 	(iw)1 should be 
Q=1 

examined to see if the progression to structures, the third 

and final part, is sensible. This latter check must be made in 

case a constant precompensator only marginally creates dominance. 

An example to illustrate the algorithm is that of an industrial 

boiler taken from Hawkins, 1972. 
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G(s) = 1.0/(1+4s) 

0.6/(1+5s) 

0.35/(1+5s) 

0.2/(1+5s) 

0.7/(1+5s) 

1.0/(1+4s) 

0.4/(1+5s) 

0.3/(1+5s) 

0.3/(1+5s) 

0.4/(1+5s) 

1.0/(1+4s) 

0.7/(1+5s) 

0.2/(1+5s) 

0.35/(1+5s) 

0.35/(1+5s) 

0.6/(1+4s) 

In producing column dominance, it can be seen that the 

plant has a symmetry which implies columns 1 and 4, and columns 

2 and 3 may be paired. The desired dominance trajectories 

obtained from the pseudo-diagonalisation procedure, and 

the dominance achieved by a constant precompensator are 

displayed in Figure 6.3.2.1. The dominance achieved is so 

good that structure assessment may prove profitable. 
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6.4 	Least Squares Parameter Estimation, and an Application of  

the Structures Procedure  

In the introductory parts of this thesis, the main features 

of the concept of structures were explained using  the problem 

of least squares parameter estimation. Here the least squares 

analysis is briefly restated, and the details of an application 

of the structures procedure to an example taken from Draper 

and Smith, 1966 presented. 

The problem arises of fitting  a linear combination of n (inde- 

pendent' variables to a set of N given observations. The 

linear model is usually written 
n 

170.1 = 	X a. x (i) 	e(i) 	i=1, 2, ..., N 
i=1 	7 	j - • 

where {y(i)} 	are the given observations 
i=1 

fx (i)1N 	n are the independent variables 
i=1 j=1 

n 	 N 
raj / j=1 and {e(i) 	i=1 are the regression coefficients, 

and residual errors respectively. 

In matrix form: y= W a t e, where y and e E JRN 

E: re and W: The rows of matrix W, comprise 

of the independent variables at the 	ith instance. The 

optimal set of regression coefficients is chosen to minimize 

the quadratic cost function J=1/2 <e, Q e>
E

, where Q is, some 
N 

 

positive-definite matrix. The complete problem statement is 

Min 	J=11 <'e, Q e>
EN 

subject to e = y - Wff E nRN  

The optimal solution (assuming  that WTQW>0) is given as 

CWTQw1 -1WTQy, for which the optimal cost is 

= 31(Y.QY> 	- /1<WTQy, (WT -1  QW) 	WT Qy> . E N 
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The associated structures problem is to determine which of 

the Bj can be zeroed without appreciable degredation in the 

optimal cost. Each structure may be written $7  . C$
i 
 $ 

Ss 	
1 
I i , 00 4, 

2 
a
i

), is 
	 s 
, 4 n and the related linear equation as y = W 13 + e, 

s 	 s 

where the matrix W
s
: 	re is obtained from matrix W by 

deletingthosecolumnsassociatedwiththea.'s constrained 

to zero. The least squares structures problem is 

Min J
s 

-= <e, Q e, 
E
N 

N 
subject toy=WS 

S 
 +eE1R . 

The computation required to assess all (2n  - 1) 

regression structures by direct evaluation is clearly prohibitive 

for all but small n. The structures diagnostic is shown by 

example to offer an alternative method of assessing the 

regression structures. 

This is achieved by the addition to the cost function of a 

quadratic term costing the regression coefficients, and 

the use of an asymptotic parameter P, to give a modified cost 

function JM < e, Q e>
E 

+ P/2 < R, R a > . 

The term costing regression coefficients, namely 

< 	R_> is inserted to give the least squares problem the u, 

same form as that used in the structures analysis of the 

earlier chapters, and the parameter P is used to ensure 

that this extra term does not upset the cost contours of the 

least squares problem unduly. The parameter P will clearly 

be utilized in an asymptotic sense, so that as P +0, JM  (B,P) 

replicates the behaviour of the least squares cost J(R). 

The interpretations of using an asymptotic parameter in the 

structure diagnostic has been fully discussed in second chapter 
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of this thesis, In particular, the descriptions and theorems 

using the linear space setting will be directly relevant. The 

effect of the asymptotic parameter p, on the bound calculation 

is also well documented in Chapter 3. It will be recalled 

from that particular chapter, that as p-+ o the lower bounds 

limit at a set of nested values whilst the upper bounds 

collapse into the value m
o 
= 1/2<y, Qy>. Consequently, the 

information regarding structures resides in the lower bound, 

and the full optimal cost (which is assumed to be known). 

The application of the structures procedure to the example 

from Draper and Smith (1966) is primarily made to demonstrate 

the features described above. 

Table 6.4.1 Data: Draper and Smith (1966) Example 

i y(i) x1(i) x2(i) x3(i) 
x4(i) 

1 78.5 7 26 6 60 

2 74.3 1 29 15 52 

3 104.3 11 56 8 20 

4 87.6 11 31 8 47 

5 95.9 7 52 6 33 

6 109.2 11 55 9 22 

7 102.7 3 71 17 6 

8 72.5 1 31 22 44 

9 93.1 2 54  18 22 

10 115.9 21 47 4 26 

11 83.8 1 40 23 34 

12 113.3 11 66 9 12 

13 109.4 10 68 8 12 

Error Weight 
'2'.13 
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Table 6.4.2 Details of Complete/Structure Least Squares 

Solutions (P = 0) • 

m
o 
= 60544.045 	AJ

o
f 
= 60520.113 

AT 
k (full set) = (62.405, 1.551, 0.51, 0.102, -0.144) 

Ranking Structures with Three Parameters Using AJos  (P = 0) 

Rank Parameter Values 47o(Structure) 

1 

2 

3 

4 

0o 
= 52.577 

0
o 
= 103.097 

ao  = 131.282 

- 
5
1 
 = 1.528 

a
1 
 = 1.468 

a
1 
 . 1.44 

a3  =-1.2 

a2  = 1.349 

0,
2  = 0.662 

0
4 
 = -0.614 

B4 = -0.725 

B4 = 0.631 

60515.093 

60506.664 

60456.176 

60451.654 

From the above table of structures with three parameters it can 

be seen that the optimal cost improvement AJ
o
s 

differs from 

the full optimal value AJ
o
f by at most .113%. Clearly very 

sensitive bounds will be required to isolate and order these 

top three parameter structures. 

Assessment 1 	Assuming a blanket coefficient cost of R=15. 

The full modified problem was solved for a range of p) o values 

to establish a suitable approximation. 

Table 6.4.3 Optimal Costs and Parameters for the Modified  

Cost where Q = I
13 

and R
o 
= I

5 	p 0.1) 

P  Bo B1  - P2  B3 
a
4 	

. AJo
f
(P) 

10-1  0.798 2.183 1.145 0.749 0.478 60517.425 

10-3 34.291 1.84 0.8 0.394 0.139 60519.042 

10-5 61.897 1.556 0.515 0.107 -0.139 60520.094 

0 62.405 1.551 0.51 0.102 -0.144 60520.113 

Noting that there is fair agreement between the elements of the 

optimal parameter vector B (P = 10-5) and those of the full 

least squares parameter vector B (P = o), and that the 

difference in the optimal cost improvements is minute, this 

value of P was chosen for the parameter structure assessment. 
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Table 6.4.4 Three Parameter Solutions obtained for 

J 	= 10-5) Ranked by kJ: (p) 

Rank Parameter Values Lower 
Bound 

' 	s 
bj

o (p) 

1 eb  = 52.577, 	01  = 1.468, 	a2  = 0.662 58995.12 60515.08 

2 eb  = 103.097,011.44, 	B4  = -0.614 51791.48 60506.61 

3 00  = 131.282,03= -1.2,84= - 0.724 46430.10 60456.09 

4 0
1 
 = 1.528, 82 = 1.349 	040.631 60170.11 60451.65 

Comparing tables 6.4.2, and 6.4.4 reveals only minor 

discrepancies, so that the ranking for three parameter structures 

obtained using the modified cost J = 1/2<e, Qe >4- p/2.4: 5, PO a > 

has not changed from that of the proper least squares approach. 

Table 6.4.5 Three Parameter Solutions Ranked by the 

Lower Bound Values on Diagnostic AJ05  (2) 

Rank Structure Lower Bound 6Jos(p) Rank by 	AJos(P) 

1 

2 

3 

4 

8
1 

0
o 

8
1 

5.2 

8
2 

0
2 

0
2 

63 

8
4 

0
4 

53 

04 

60170.11 

59989.56 

59910.28 

59900.73 

60451.65 

60109.56 

60114.61 

60108.24 

4 

) 	All below 
) 
) 	4th Position 
) 	. 

) 

Although the bounds isolate a structure whose optimal cost 

improvement is within .113% of the full improvement possible, 

the lower bound ranking does not follow that of the actual 

optimal cost improvements AJos  (P). 

One of a-priori assumptions made for this investigation was 

that the optimal least squares parameter vector (p=o) had 

been calculated. Further, a uniform weighting was chosen 

for all the least squares parameters. 
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This assumption meant that the least square parameters 

contributed unequally to the parameter cost < f3, Ro S > E  at 
M 

the full optimum, In a structure assessment the emphasis 

is on determining which parameters are important to producing 

a small error, e = yW13, given that any selection may be used. 

That is individual parameter costs at the optimum must be 

relatively equal. The actual solution of the least squares 

problem can be used to construct a new coefficient weight, 

so that at the full optimum all the parameter contributions 

are similar. Again the parameter p was used to ensure only 

a small perturbation to the original least squares problem. 

Assessment 2 	For p=0, the optimal parameter vector 

was evaluated as BTP=o)=(62.405, 1.551, 0,51, 0.102, 0.144). 

The coefficient weights were set at R
o 
(i
) 
= [ ciu-2 -  to 

give R = diag. (0.0003, 0.4157, 3.8447, 96.1146, 48.2252). 

Table 6,4.6 Optimal Cost and Parameters for the Modified Cost  

Problem where 9 = 113, using Ro   (modified)_ with 0.5p  1 

P B
o 1 62 63 134 

f 
ALTo 	(p )  

1.0 63.287 1.513 0.509 0.061 -0.146 60517.814 

10
-1 63.811 1.533 0.497 0.083 -0.157 60519.869 

103 62.441 1.551 0.510 0.101 -0.144 60520.111 

10-5 62.406 1.551 0.510 0.102 -0.144 60520.113 

0 62.405 1.551 0.510 0.102 -0.144 60520.113 

It is immediately clear how much more robust the paraMeter 

estimates are compared to the variation inP . This conclusion 

is re-inforced by the details of the three parameter structures 

obtained for p= 10-5. 
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Table 6.4.7 Three Parameter Solutions obtained for 

J (P=10-5), Ranked by AJos(P) 
--M ' 

Rank Parameter Values 
Lower 
Bo 

63  s 	, 
 " " 

1 00  = 52,577, 0.11,468,02 0,662 60500.7 60515.093 

2 0
o 
 =103.097, 0

1 
 =1.44, 0

4
=-0.614 59987.2 60506.664 

3 00  =131.282, 	0
3
=-1.2, 04=0.725 60153.51 60456.175 

4 0
1 
 =1.528, 0

2
=1.349, 040.631 60184.88 60451.653 

Comparing tables 6.4.2, 6.4.4 and the above table 6.4.7 indicate 

that the structures of this second assessment reflect more 

closely the actual least square structures both in parameter 

and optimal cost improvement values. 

Table 6.4.8 Three Parameter Structures Ranked by Lower Bound  

Values on the Diagnostic AJos(P) 

Rank Structure Lower Bound Mos(p) Rank by Pos(P) 

1 
' 	51' 	'52 

60500.722 60515.093 1 

2 131, 	132 , 	64  60184.877 60451.653 4 

3  60' 	63, 	64 60153.510 60456.175 3 

4  0, 	'6'2' 	/3'3 60094.490 60336.323 - 

The additional information incorporated through the coefficient 

weight matrix has produced results which reflect the actual 

structure ranking much more closely, especially when it is 

realized that three out of the top four least square structures 

of three parameters have been isolated. Further this top 

structure { a, a a, , 	} attains all but 0.008% of the full 
0 1 4  
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optimal cost improvement available. 

Another feature of the lower bound behaviour is also 

exhibited by the case p = 10-5. This is the property that 

as p o, the lower bounds attain a limiting value as is 

shown in the table below: 

Table 6.4.9 Variation of the Lower Bound Values for OJos  

(using the Modified Coefficient Weight) for 10-5  ..5p 

Structure p = 1.0 p = 10
-1  

p = 10
-3 

P = 10
-5 

.00 	
01 	

a
2 

60499.13 60500.56 60500.72 60500.72 

BI 	02 	04  60174.75 60183.86 60184.87 60184.88 

$0 	03 	04  60137.68 60151.91 60153.49 60153.51 

00 	a2 	04  60092.86 60094.33 60094.49 60094.49 

This behaviour is symptomatic of the information limit 

determined by the number of moments available, a barrier 

which can only be broken by the generation of additional 

moments to yield yet tighter bounds. However, the finer 

differentiation of more structure bounds has to be balanced 

against the additional computation expense which would be 

incurred,. 

In conclusion, this application of the structures procedure 

to the least squares parameter estimation problem has usefully 

demonstrated some of the asymptotic features of the diagnostic 

bound calculations. Although a more thorough theoretical 

investigation is required, it has been shown that, used with 

sensitivity, the structures procedure is capable of isolating 

the more profitable sub-optimal structures for further 

investigation. 
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II.0 Introduction  

When posing the input structure problem, the question being 

asked is whether system performance is appreciably diminished 

by imposing the constraints for u. 
	4-2 s 

some subset of the complete control set {u1, u2, 	um}. The 

assumed linearity of the system equations is exploited directly 

in the subsequent analysis of the problem. 

The output structures problem is best explained by assuming 

an output feedback control law, namely u = Fy. Output structures 

are then seen to be the imposition of the constraints 

y. = 0, y. = 0, 	y. = 0 (for some subset of the complete 
-2 	is 

output set {yl, 	yr})in the feedback law, and the subsequent 

monitoring of the degradation in system performance. 

. Since the input structure problem is set in the mathematical 

framework of a quadratic cost functional subject to a 

deterministic system constraint, it was initially thought that 

the Lagrange dual problem might provide the correct setting for 

the output structures analysis. The preliminary investigation 

Of Chapter 7 only serves to emphasise the fact that although 

y. is regarded as a zero input to the feedback law, any 
Is 

successful output structures diagnostic must also monitor the 

actual system output Yi  which may be significantly non-zero. is  

Attempts to implement this feature in the primal problem, 

using an operator formulation also failed, but this time the 

cause was the complexity and subsequent intractability of the 

expressions obtained. 



However, by setting the output structure problem in a stochastic 

environment an approach is developed which is both conceptually 

pleasing and computationally feasible. The resulting formula-

tion finds its affirmation in the design philosophy of 

Kwakernaak and Sivan,1972b for which it provides a powerful 

computational tool. 
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7.0 	'Introduction  

The motivation for the output structures problem is to assess 

which outputs can be removed from a feedback scheme with an 

acceptable degradation in the system performance. In the 

spirit of Part I, the system performance is measured by a 

quadratic cost functional and the system is considered to be 

linear. With this framework, a feedback description is 

sought which has the same mathematical structure of the input 

deletion problem so that the structures assessment technique 

can be applied. 

The method of Lagrange duality gives such a feedback description. 

It is unfortunate that a straightforward output deletion proce-

dure applied to this formulation does not have a very useful'  

structures interpretation. A reformulation utilizing a 

stochastic setting will be seen to have a more satisfying 

interpretation. 

The analysis in the following formally uses Hilbert space 

notation with specialization to a state space description 

(system triple $(A, B, Cnfor control interpretations. 
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7.1 Primal and Lagrange Dual Systems  

Introduce the primal problem as 

Min J = < Y.QY >H  + < u,Ru >H  
u m 

subject to y = Wu +
r 
, 	( Q > 0 and R > 0 ) 1.7.1 

Adjoining the constraint using a Lagrange multiplier, v obtain : 

j
a 
. < y,Qy >

H + < u,Ru >H  - < v,y - Wu - d >H  r m  

for which the equations of optimality are : 

Qy - v = 0 , Ru + W v = 0 , and y = Wu + d 	1.7.2 

Eliminating y and u from Ja  obtain 

J = -12 < v,Q
-1

v >H 	1/2 < v,Wg
-1W*v >

Hr 
+ < v,d >

Hr a 

* 	' 32J 	-1 	-1 * 
Define Z = W v , and noting that 	a = -( Q + WRW ) < 0 

av2 

the Lagrange dual optimization problem is 

Max   Ja = - < v,Q
1  v > - < Z,R

1 
 Z >H + < v,d >

Hr 

subject to 
* 

Z = Wv EHm 1.7.3 

Using state space representations for the Hilbert space operators 

enables'the optimality conditions 1.7.2 to be given a state space 

interpretation : 
Tf 

T AT(T-t) T 
Qy = v 4> Qy(t) = v (t) ; Z = w v 4 z (t) = f B-  e 	C v(T) &E. 

t 
T, 
L T 

Define Mt) A - f eA (T-t) CT v(T) dT and using Leibnil: 'rule 
t 

for differentiation of an integral obtain A(t) = - ATM(t) + C
T
v(t) 

for which A(Tf) = 0 gives the above solution. Finally Ru + W A = 0 

-1 
gives u(t) = R BTX(t). Consequently the complete Lagrange dual 

vEH  
r 
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system $(_riTxT,BT) 	;:(t)  = _ATA(t) 	cTv 	
X(T

f) =O 

.g(t) = BTX (t) 

Using the relations u(t) = R Z(t) , v = Q-1y(t) and choosing 

X(0) so that X(T
f) = 0 ( Euler-Lagrange Transversality condition ) 

the familiar primal/dual system configuration may be drawn, as in Fig 7.1.1 

Fiaure 7.1.1 Primal/Dual System Configuration  

If cost weighting matrices Q and R are assumed diagonal there is a 

direct relationship between the entries of Z and u, and the entries of v 

and y. Hence the Lagrange dual system has the primal system outputs 

as inputs, and the primal system inputs as outputs. Clearly if 

X(0) is chosen so that X(Tf) = 0 the Lagrange dual system may be 
••■■ 

written in weighting function form as Z = Wv + d where 

(Wv)(t) g 	BTe-/(t-T)cTv -Tbt 	 t )d-E. and a(t) g BTe-aTtX(0). 

This is the description of the ideal feedback operator, and output 

structure are considered by setting vs  = 0 .>ys=0 for different 

structures and assessing the degradation in the optimal cost. 

First, the effect of imposing such a constraint in the Lagrange Dual 
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optimization problem is considered. Suppose vs  is obtained from 

v by deletion, then the structured dual optimization problem is : 

- 
Max J

s = - < v
s
,Q
s
-1 

 vs 
>H - 	

1 
< Z,R Z >

Hm 
+ < v

s
,d
s 

>
H 

v ell 	 r  
s s 

subject to Z=W
*
v EH 

s s 1:11 

	

, 	* 
That is Max J

s = 	<vs,t Qs
1 
 + W

s
R
- 1
W
s 

) vs 
>
H + < v

s 
 ,d
s 
 > 

s  
V E. H 
s s 

v =  ( n-1 w  R-lw* 
)-l

d 4).  Ss = -2 < d  ( n-1 4 w R 1w* )-ld  
s 	s 	s 	d 	s' 	s 	s 

An application of Householder's inequality gives 

S 	
) 
-1 * 

J = < d s ,Qd  s > - /2 < W Q d ,( R + WsQWs 
) 	W

s
Q
s
d
s 
>H s s s 

which is clearly the optimal cost of the primal problem with ys  

obtained from y. by the same deletions as vs. This structured 

primal problem is stated as 

Min Js  = < ys,Qsys 	+ < u,Ru >H  
uEHm 

subject to ys = Ws
u + d E H 

s s 
A ^ 

Denoting the full optimal cost by J(y,u), and the structure optimal 

cost as Js( ys
,u ) the following analysis provides the interpretations 

A A  
which can be made by examining the quantity (5 = J(y,u) - 	(ys,u). 

Partition the output equation as ys 
= Ws

u + d
s 

=w u+ d 
yr-s r-s r-s 

A , A 	 A A 	 A A 
Then J(y,u) = < y,Qy >11  + < u,Ru >H  

A 	 A A 	 A 	 A 

= < ysIQsys >H 
+ h < u,Ru >

Hm 
+ < yr-s

,Q
r-s

y
r-s 

>
H r-s 

A 
= Js( ys,u ) + < y 	Y 	> 

r-s r-s r-s H r-s 
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A A A 

Hence 6 = J(y,u) 	JS  (ys,u) 

AA = JS (ys,u) - Js 	+ < Y 	> 
r-s r-s r-s H r-s 

A A Clearly i) 	J
S 

(Ys,u) - J
S 

(ys,u) > o 

A A 	 N 
Otherwise (ys,u) contradicts the optimality of (ys

,u ) 

and 

Implying 

	

A 	A 

ii) 	< Y 	0 since Qr-s'Qr-sYr-s  >H 	r-s > 0 r-s 

	

6 > 	Js(Ys,t1) 	s (17s,u) 7 0 7.1.4 

and 

	

A 	A 

	

6 3 < y 	,4 Y 	o 	7.1.5 
r-s r-s r-s r-s 

The interpretation of these inequalities depends on the smallness 

of the parameter 6. 	Given 6 sufficiently small relation 7.1.4 

A A  
shows that the pairs (y3,15) and (ys,u) produce similar cost 

values, and the second relation 7.1.5 gives the smallness of the 

A 
outputs yr-s. However for an unambiguous conclusion to be drawn the 

restrictions on the size of 6 would be quite severe. Furthermore the 

effect of the control u on the output yr-s is not monitored. 

These two reasons lead to the conclusion that output deletion 

in the primal problem or equivalently input deletion in the 

Lagrange dual problem does not answer the question of the 

importance of particular outputs in the feedback structure. 

Attempts to incorporate the monitoring of the effect 

of the sub-optimal control u, on the .outputs yr_s  using 

an operator formulation in the primal problem also failed. 

The cause here was the complexity and apparent intractability 

of the expressions obtained. 
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7.2 	Conclusions  

A preliminary discussion into the use of the Lagrange 

dual formulation as a setting for the output structures problem 

has been given. 

Although no useful computational procedures have been devised, 

the control interpretations of the dual system setting, and 

the output structures problem seem to have an affinity which 

must merit further investigation. 
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8.0 Introduction  

The first part of this chapter is concerned with an application 

in linear regression theory, in particular to the minimum 

variance estimator. The development initially follows that 

of Luenberger, 1969 until a useful identification between 

a minimum variance problem and optimization problem is made. 

The optimization problem is seen to have the mathematical 

form to which a structures procedure may be applied. 

This more general formulation is particularized to the problem 

of the construction of a Kalman-Bucy Filter where the applica-

tion of deletions is made physically meaningful as a type of 

output structure problem. It is shown (section 8.2.1) that the 

state estimation problem can be formulated as n independent 

optimization problems, each problem corresponding to the 

estimation of a specific state. In fact each state optimization 

problem fits the format assumed earlier in the thesis, and hence 

the structures procedures can be applied. Structures are here 

concerned with the removal of output measurements in constructing 

a state estimator. In this context the well-known separation 

theorem.  enables the input structure procedure for the deterministic 

description of the first part of the thesis to be united with this 

stochastic output structure problem to form an overall controller 

design philosophy; This philosophy has previously been formulated 

by Kwakernaak and Sivan,1972b but the computational tools developed 

here to determine the controller structure should greatly 

strengthen the design procedure. 

8-1 



8.1 Minimum Variance Estimators  

Consider the estimation of vector 0 from a set of measurements of 

the form y = W8 + e where both 8 and e are considered to be random 

vectors. The criterion for optimality is the minimization 

of E Dig - 01111 where 8 is a linear estimate for 0. In this general 

setting, have Theorem 8.1.1.: (Luenberger, 1969) Let y and (3 be 

random vectors (not necessarily of the same dimension). Assume 

IE ryyTI 1-1  exists. The linear,estimate fl of 8, based on Y. 

minimizing E)3 1$ -a II L.  is s = EPyT] lEryyTil-ly, with 

corresponding error covariance matrix 

E ((1-8) (s-8) TJ = E [13 f3T.1 - EUE3T1 

= E DOT] - E[Oil] E brIrl -1  E [17 (31 . 

(This is the minimum variance estimator, which is unbiased if 

both y and a have zero means.) The theorem is applied 

to a specific case to obtain the following corollary. 

Corollary 8.1.1 (Luenberger, 1969) Suppose y = WO + e 

where y is a known m dimensional data vector, s is an 

n-dimensional unknown random vector, e is an unknown 

m-dimensional random error vector, W is a known(mxn) constant 

r T 	r 	r matrix and E LeeT  j= Q, E00.1T7  = R, E[c 6T] omxn, 

Assuming that R and Q are positive-semidefinite matrices (of 

appropriate size) and that WRW + Q is non singular. Then 
'IA 

the linear estimate 8, of 0, minimizing ED 10 - Odin is 

a = RW*(WRW* + Q) -1y with error covariance 

E[(a -6)(8 -A) T] = R-RW (WRW + Q) -1WR. 

With the additional restriction that R and Q are positive 

definite and invertible, the Householder matrix equality may be 

used to give E [(13-8)(04)1 = (Q-1  + W*R-1W)-1. 
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The theorem and its corollary are used to motivate the following 

development which will conclude with an identification between a 

minimum variable problem and a finite dimensional optimization problem. 

Recall the cost to be minimized is 

a=E[I 	= E 	(Srai)21= 	Ji  
i=1 	i=1 

where Ji  = E [(Si-f3i)2.] Each of these subproblems is independent 

so that the ith problem may be isolted as: 

Min Ji  = E [(grai) 2 	i=1,2,...,n 

subject to y = Wa+5 E [eel  = Q E P371= 0 

E [013T  = R 

The corollary suggests a linear estimator of the form 61  = kTy 

Hence J. = E [(k TY - R.11= E [CkTy - eT 	] 

where :r  el  = (0,0,...,1,0,...,0), unity in the ith entry. 

Giving J.1  = E [k
TYYTk - 2kTyae 

wiT naTe 

Have, therefore yyT  = (Wa + 	+E)T  to obtain 

E[yTj= E  [4"TwT waeT eaTwT eeT]= WRWT  Q 

and E [y  0 = ] E[WaaT  + caT  1= WR 

MinEFi-y.I
1 	

1 =MinJ.=4  k,(WRW + Q) k > - 2 < k, WR e.1  >  
k E rRm 	 E  m 	

Em  

+ < 	 , e.1  Re.> 
ga 

Clearly the optimal value for k is k = (WRW*+Q)-1WRe
i 

which should 

be compared with the result in corollary 8.1.1. The finite dimensional 

optimization problem can be stated in a more familiar form as 

Min i  = < z,R z + < k,Qk > 

kE(Rm 	n 	
Ern 

 

subject to z = W k-e. 	i=1,2,...,n 
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An input deletion procedure applied to this problem is a method of 

determining which elements in the vector k E (Rin  can be zeroed 

without a large degredation in the optimal cost. On a more practical 

level such a structure analysis could indicate which measurements 

are not required for the estimation of a particular parameter. 

Furthermore by considering all n subproblems en bloc the effect of 

the removal of a measurement from all the parameters can be assessed. 

Finally a straightforward extension to theorem 8.1.1 is derived. 

Theorem 8.1.2 Let y , and 0 be random vectors ( not necessarily 

of the same dimension ) such that E[y] = y , EE 0j = 00  

and with-finite co-variance matrices. Then the minimum variance 
A 

estimate 11  3, of 	in the form a = K y + b is 

= 00  + EE (0-00) (Y-Yo)T 	{E[ (Y-yo) (y-yo) T  J )71  (y-yo) 

Proof Recall y = W + E 

then EE y 	y
o 
= WEE 0] + 	s = W 0  

	

Yo = W(°-S
o) 	c  

Define= y - y
o 

and g= S- 00  where y=W 	E 

[ J =O and E [13°  =O 

Apply theorem 8.1.1 to pair 	(37P ,r3) to obtain 
A A  

= -f3 	00  = Er 	E r Yir.111 

(3 = 00 	E [ (13-f30 ) (y-yo) 	E (y-y0) (y-y0) T  1-1  (Y-Y0) 
	4 

A 
It is easily seen that this estimator 0 is unbiased since 

E[ A = so. This more general result concludes the discussion on 

minimum variance estimators an application of which follows. 
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8.2 Output Structures for Linear Stochastic Systems  

8.2.0 Introduction  

The analysis to follow is of a formal nature which can be 

justified under more mathematically rigorous conditions. The 

tract of Bucy and Joseph, 1968, is cited as a source for a 

rigorous exposition of many of the operations performed in 

the sequel. 

For the problem of determining the optimal output feedback 

regulator for the control of a linear stochastic system, the 

separation principle states that the problem decouples into 

i) the determination of an estimate of the state (using a 

filter) and ii) using the optimal feedback law (operating 

on this state estimatel for the deterministic quadratic 

regulator. 'The estimate of the state is to be obtained from 

the system output which contains noise, and the known system 

input. An output structures problem is developed similar 

in outline to the structures problem for minimum variance 

estimators. In fact the same question is being asked, namely 

whether an output need be measured to estimate a particular 

state or more generally whether an output need be measured 

at all for the purposes of estimation. 
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8.2.1 Basic Theory  

The system is assumed to be a linear differential system subject to 

additive white noise disturbances on the input and output. The system 

configuration is shown in Fig 8.2.1.1 below. 

System Description X(t) = A x(t) 	B u(t) + w
1(t) 
	

8.2.1 

y(t) = C x(t) + w
2
(t) 
	

8.2.2 

Fig. 8.2.1.1 Linear Stochastic System Configuration  

   

  

(t) 

C 

 

y (t) 

The additive white noise disturbances have the following statistics : 

EE  wi(t)w2(T) 	= Q(t) d(t-T) 
	Er wict, 3 = 0 

	

E[lw (t)w2(T) 2 = R(t) o(t—T) 
	EL w2(t) I = 0 

	

and Er_wi(t)w2(T) I = On  x r 
	1S/ (t,T) pairs 
	

8. 2 . 3 

• The initial condition x is assumed to occur at t = t 0 	 0 

for which EC:xo = o and EE (x
o
-x)(x

o
-X)T 1 = Po 

and furthermore xo 
is independent of both white noise processes 

w
1
(t) 	and w

2
(t) 	V  t. 

8.2.4 
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Define t(t) = e
At , t > 0 for which t(t) = A t(t) 

Then from equation 8.2.1 obtain the state at time t
1 

as : 

.x(t
1
) = 11  t(t

1 
 -T) B u(T) dT + t(t

1
-t
o
)x 	f 	lt(t

1 
 -T) w

1
(T) 

to 	
to 

The control input u(T) is assumed known on E:to,t1
) , consequently 

t1  
under expectation EEx(t

1
) 	= t(t-t

o
)7c
o 
+ j 	ctl-T)Bu(T) dT. 8.2.5 
to 

Recall 8.2.2 and again take expectations to obtain 

EE y(t
1
) 1= C E[x(t ) 

1 
8.2.6 

Using  expressions 8.2.5, and 8.2.6 the system equations are to be 

transformed after the manner of Theorem 8.1.2. 

Define 	;(t1) = x(ti) - E[x(ti) ] 	 8.2.7  

then d ; (t1) = ;(t1) - d E[x(ti) 3 
d dt1 	ti  

= Ax(t1) + Bu(ti) + wi(ti) - { A t(ti-to)Ko  

▪ j 1  A (7)(t1-T)Bu(T)dT + Bu(t1) } 
to  

gives 	;(t].) = A ; (t1) + wi(ti) 

Define 3f(t1) = y(t1) - ELy(ti) J = C x (t1) + w2(ti) - C E[x(ti) 

* y(ti) 	 C Z(q) + w2(ti) 
	 8.2.8 

With this reformulation, consider the estimation of the ith element 

of 3E'.(t1  ) by a linear estimator of the form i  
t 

A  
xi(ti) = f 1 vT (T) y(T)di 

to 

, 
1 

to minimize J. = E (;.(t1  ) - ] 	
vT 
(T)y(T)d)2 

1  
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Introduce e.T   = (0,0,...,1,0,...,0) unity in the ith position 1 

and the differential equation A(t) = -AT A(t) + CT v(t) 

with final condition A(t1) = e.1. 

Observe that d AT(t);kt) = vT(t)ird(t) - vT(t)w2  (t) + XT(t)w1  (t) 

dt 

which may be integrated on[to  ,tlito obtain 

t1 T AT(ti)x(ti) - T  (to)x(to) = I 1  vT(t)7(t)dt - 	v (t)w2(t)dt 
t
o' 	

t
o 

ti  
+ f AT  

to 

Using the initial condition A(ti) = el  the above may be 

rearranged to give 

ti 	4, 	T 	-v 	ft, 	,t1 T 
;.1(t ) - 	v

T 
(t)y(t)dt = A (t )x(t ) - j 	v (t)w2(t)dt+j X (t)wi(t)dt 

1 	
j 	 0 	o 	J-  
to 	 t

o 	
t
o 

Squaring and taking expectations gives when all the independences 

are considered. 

f
l t 	 ... E 

[ 

(c(ti) - i v
T 
(t)y(t)dt =<A  (to), po  X(to)› E  

to 	 Q. 0 

ftl { v(t), R(t)v(t)> 	+ <A(t), Q(t) X(0> 	}dt 
t 	

Et- Eri  
o 

This enables tie following equivalence with respect to minimization 

to be stated. 

Min EE (;i(t1) 	Pc1(t1))21 = Min <A (to), P0A (to)› E  

v r 

It  -{< v(t), R(t) v(t) > 	+ <A(t), Q(t) A(t)> 	} dt 

0 	
E 	 E CS  

subject to A(t) = -AT A(t) + CT v(t) X(t
1
) = ei 	8.2.9 

for which the minimum variance estimator is 
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t 
T 

xi 
 (t
1
) = 	v (t) y(t) dt 

t  

8.2.10 

As is well known it is possible to realize the function v(-) as : 

v(t) = R
1
(t) C P(t) A(t) t< t( t 

0 	1 
8.2.11 

where PC.) satisfies a matrix riccati equation of the form 

dP = P(t)AT  + AP(t) - P(t)CTR(t)-1CP(t) + Q(t) 
	

P(t
o
) = Po 
	8.2.12 

. dt 

Substituting the expression for v(-) in to the adjoint system 

equation obtain A(t) = O(ti,t) ei 	t < t1  

where F(t1,t) is the transition matrix associated with 

Mt) = 	[A - P(t)C
T  R( 

-
t) 	A.(t) 

With this form for X(-) and v(-) substitute in to 8.2.10 to obtain 

A 	 A. 
X
i
(t1

) =
1 	

e
T 

(I)
F 
 (t ,t) P(t) CT -1 R (t) y(t) dt 

0 

Differentiate to give 

d3li(t1) = eT { F(t11 ) - K(t1  ) ;(t1  ) 1 
	21(t ) = 0 

dt1  

where F(t) = A + K(t)C and K(t) = - P(t) C
T 
R(t)

-1 

or equivalently 

A
i 	

A 
dX (t

1 
 ) = e .

T 
 { A x(t 	+ K(t

1 
 )EC ')1(t1  ) - Y(t1  ) 1 } 

dt 

For all the indices i = 1,2,...,n the optimal filter can be realized 

as i(t) = A X(t) + K(t) r C X(t) - 7(0 ] 	X(to) = 0 

where it should be recalled that K(t) = - P(t) C
T R(t)

-1 
and 

A x estimates X which along with cf are transformed variables. 
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dA (T) = A A(i) - C v(T) 	X(i
1 1 
) = e. 	T

1 
 < T

o 

• T A 	T A 

( See expressions 8.2.7 and 8.2.8 ) 

A final result to conclude this discussion of the basic theory is to 

obtain the actual value of the minimum of the deterministic problem 

described by equations 8.2.9. A reversal of the time variable 

establishes an equivalent minimization problem as ( Anderson and 

Moore, 1971 ) 

0 A A  A 	A 	A 
Min J

i 	< X(i)'PoA(To) > + 	{< v(i),R(i)v(T) > + < X(i),Q(i)A(T)>1 di 

v EH r 
T

1 

subject to 

dT 

for which the minimum is clearly 
A 

J
. 
= < ei  ,P(T1) 	1 

> 	= < e.,P(t1 
 ) e

i 
 > 

En. 	En. 

where P(-) is defined by the equation 8.2.12. An examination of 

the given analysis should indicate that A(t1) previously set to ei  

could be set to any arbitrary vector z G TR
n 

from which it is 

deduced that 	E[ ( 17(t1) - ;Z(t)..) )( 11(ti) - SIE(t1) )11I ] = P(t1) 

thus defining the role of P(t
1
) as the covariance of the error 

X(t1) 	 . 

4 	A 
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8.2.2 An Output Structures Problem for Linear Stochastic Systems  

The major result of the previous subsection was the equivalence 

between the estimation formulation and a deterministic minimization 

problem recalled here as 

;- 
Min E L ( x

i 
 (t1) - xi (t

1) )2:1 E Min <A(to 
 ),P o A(t o

) > 
En. 

ti  
' + 	f { < v(t),R(t) v(t) > 	+ < X(t).12(t) Mt) >E 

} dt 
t 	 Er 
0 

subject to 
	

A(t) = -
T 
 A(t) 	C

T 
v(t) 
	

A(t
1
) = e. 

A 
where x.

1 
 (t
1 
 ) = 

.  
T v (t) y(t) dt. 

It has already been assumed that the system is time-invariant ( although 

this was an unnecessary restriction on the preceeding analysis ) and 

now further restrictions on the noise statistics are imposed to enable 

the development of a time invariant optimal estimator. 

Assuming that matrices Q and R are constant consider limiting 

behaviour as to -00. The matrix riccati equation 8.2.12 will 

under mild restrictions converge to a steady state solution P which 

is independent of the initial value P . This steady state behaviour 
0 

may be arrived at by taking a limiting boundary condition of the form 

lim P(t
o
) = 0 , and evaluating P(t) for any t according to . 

equation 8.2.12. Effecting such a limit operation on the equivalent 

minimization the steady state estimation problem is given as 

t +--co 
0 
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lim EE 1) - )1cLi(t1) ) 2 	= Min 11{<A (t) ,QX (t) >,- + 	(t) ,Rv (t) >E- }dt 
to4.-03 	

V 	CR  

subject to ,X (t) = - ATX (t)+ C
T
v(t) 

A(t
1 
 ) = e

i 

which is realized by the form 

1) = ejT A x(t1) + KEC x(t1) - y(tl) ] 
dt1  

where K = -P(t
1
) CT R 1. 

The introduction of structures into this estimation problem is now 

straightforward since it has the mathematical form of the input 

structures problem. Introducing the constraint vs  = 0 for some 

subset of the inputs v has the effect of removing a subset of the 

output measurements on which estimation is based. 	Consequently 

the degradation on the optimal estimation cost can be assessed for 

the removal of these measurements. A situation may arise where 

the estimation of a particular state is of interest rather than the 

whole system state. The above structure procedure can be used 

to decide the minimum mumber of measurements required to estimate 

the individual state satisfactory. 

Performing a structures assessment for all the n states enables a 

decision to be taken on the minimum number of measurements required 

to estimate the whole state vector satisfactorily. This larger problem 

is considered to be the output structure problem for a linear stochastic 

system since recalling the estimator as: 

(t) = A Pc (t) + K(t) [ 	(t) - y(t) 3 
the resulting structured estimator has the form 

(t) = A (t) + Ks(t)E Cs (t) - ir*s(t) 
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where the number of measurements has been reduced from r 

(the dimension of the full output vector) to s the dimension 

of ys(t), and consequently ys(t). 

A number of observations are in order at this point. The 

first of which concerns the effect of input deletions in the 

adjoint state squation 

x(t) = -ATA(t) 	CTv(t) 	A(t 

and - co <t < 1 

Since the equation is being integrated backwards in time the 

process is numerically stable. Controllability of the pair 

(-AT, CT) corresponds to the observability of the pair (A.,C), hence 

the assessment of observability structure is under analysis here. 

Without persisting with unnecessary detail most of the controll- 

ability theorems of Chapter 2 have a counterpart here for the 

pair (-AT,CT). The same observation will apply to the 

asymptotic analysis of Chapter 1 except that the interpretation 

will in terms of the speed of reconstruction of the state since 

this will be determined by the balance of Q to R. Suppose 

R = pR
o, then as P+ 0 the speed of reconstruction becomes faster 

(associated with- faster closed loop estimator poles) unless 

of course the pair (-AT, CT) has either a right half plane zero 

or an.input decoupling zero in whiCh case the speed of recon- 

struction will be limited. In the absence of exact values for the 

noise statistics Q and R, Kwakernaak and Sivan(1972b) suggest 

the use of the parameter p to obtain a satisfactory design. 
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It is also clear that computational requirements for a complete 

output structure analysis will depend on the parameter r (as the number 

of inputs) and the fact that there are n subproblems of the form: 

Min J. 
1 A (t), Q A(t)> 	+ < v(t), Rv(t) > 	}dt 

En. 	Et- 

subject to A(t) = AT X(t) + CTv(t) A(ti) = ei  

J=1,2, ...,n. 

Under the usual assumption n >> r, the computational requirements 

are the same as those discussed for the removal of the initial 

condition in the deterministic problem (Chapter 6). ObvioUsly there 

will be cases for which the procedure is not feasible but for those 

cases for which it is;. a possible reduction in the number of 

measurements to be taken for estimation and control purposes 

seem such justifiable aims. 
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8.2.3 Controllers of Reduced Dimensions.  

Kwakernaak and Sivan(1972b) formulated a design philosophy 

motivated by the structure of the optimal output feedback 

regulator for a linear stochastic system. Here the separation 

principle decoupled the problem into a linear estimator to 

reconstruct the state and an optimal feedback law operating on 

this reconstruction. 

From this the problem of controllers of reduced dimension was 

defined for the system ; = Ax + Bu + wl  x(to
) = xo 

y = Cx + w2 

as choosing a controller of the form q = Fq + Gy q(t
o
) = go  

u= -Hq 

t1 
to minimize B[ f { < x, Q x > + < u, Ru > dt] 

The solution is obtained using a numerical non-linear minimization 

algorithm. However it is observed that the value of the'  

criterion is determined only by its external representation 

H(sI-F)-1G since it is well known that a given external representation 

has many internal representations. Kwakernaak and Sivan further 

remark that a considerable reduction in the number of free parameters 

can be achieved by the blocking of certain feedback paths of 

minor significance. 

This is the imposition of structural constraints, a process for which 

algorithms of the input structure problem of deterministic systems 

have been developed. Applied to the optimal control problem the 

to 
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number of system inputs can be reduced and applied to the linear stochastic 

system the number of measurements for estimation can be reduced. Using 

this reduced structure the order of the controller (that is dimension 

of q) can be obtained from the solution of the problem of controllers 

of reduced dimension to conclude the design process. 
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8.3 Conclusions 

The general analysis for minimum variance estimators has been 

applied to the problem of estimating the state of a linear 

stochastic system. As in the general case an identification 

between a statement for estimation and a minimization of a 

quadratic cost functional is obtained. It is for the latter 

that a physically meaningful structures problem is posed. This 

concerns the choice of measurements to be used as the input 

to a state estimator. The separation principle decouples the 

estimation and control problems in this formulation so that the 

input structures technique may be used to decide the optimal 

control structure, and the optimal measurement structure which 

may then be taken together to give the external structure for a 

dynamic controller. Finally the algorithm of Kwakernaak and 

Siven (1972b) may be used to decide the appropriate controller 

order. 
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111.0 Future Research  

A major aim of this thesis was to present a satisfactory theoretical 

setting for a new aid to be utilized in the design of linear 

system controllers. Some practical experience with a realistic 

problem was also presented. However, all projects of this 

nature usually conclude with a number of research avenues as yet 

unexplored, and this project is no exception. 

The asymptotic optimal control theory which opened this thesis still 

lacks a complete solution. One possibility here is that Geometric 

Analysis of Wonham and Morse may provide the necessary unifying 

framework for the known results. 

The technique of Hadley used to obtain the bound formulae of Chapter 

3 is certainly trustworthy but is very tedious especially for the 

higher order bounds. The investigation of alternative methodologies 

to obtain the bounds onuld bring dividends of even higher order bound 

formulae. 

The asymptotic behaviour of the bounds still requires some 

clarification, this appears to be a most promising area for 

future research. Experience with the finite dimensional 

examples indicates some form of relationship between the 

order of the limiting lower bound value, and the limit value of 

the optimal cost, J(p). What form this relation takes generally 

remains to be researched. The actual derivation of the asymptotic 

behaviour of the bounds is given in terms of particular examples 



for which the analysis is tractable. It is felt that a more 

unified theory should be possible based on the finite dimensional 

optimization problem from which all the bounds are derived. 

The application of the structures concept to other areas seems 

capable of considerable exploitation. The preliminary foray 

consisting of an example from the field of least squares fitting 

and some developments in pseudo-diagonalization serve to indicate 

the direction for future progress. 

Similar remarks apply to the exposition on the output structures pro-

blem (Part HY, although here further clarification of the problem 

statement is probably advisable before embarking on a prolonged 

research programme. 
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Appendix A A Theorem for the Smith Form of OT-s)0(s) and Other Results. 

Theorem 	If the polynomial matrix 0(s) is ( r x m ) with normal 

rank r < m and Smith canonical form 0(s) = P(s) r(s) Q(s) 

then the Smith 

( Matrices 

compatible 

Proof 	1) 

canonical form for 	0
T
(-s) 0(s) = P1 

 (s) 	rT(-s) 	r(s) Q1  (s). 

P(s),Q(s),P1(s) and Q1(s) are all unimodular with 

dimensions.) 

T(-s)0(s) 	= QT(-s)r
T
(-s)P

T
(-s)P(s)r(s)Q(s) 

2)  The invariants of 	0
T
(-s)0(s) 	are the same as those of 

rT (-s)P-T (-s)P(s)r(s) 	since 	Q(s) 	is unimodular. 

3)  Denote 	D(s) = P
T(-s)P(s) 	where 	P(s) 	is a (r x r) 

unimodular matrix then (a) 	D(s) 	is unimodular and 

4)  

(b)dij  (s) 	= d 

I'T(-s)D(s)r(s) 	= 

(-s) 	V(i,j) 

E(s) 	0 

i = 1,...,r; 	j = 1, r 

0 	0 

where 	Eij(s) 	= r.(-s)d.13 
	3 
(s)r.(s) 	i=1,...,r; 	j=1,...,r 

and 	T.(s) 	are the invariant polynomials of 	0(s) 

hence 	ri(s) 	/ ri41(s) 	i=1,...,r-1. 

The invariants of the block matrix E(s) are now constructed: 

5) Define Sk 
to be the greatest common divisor of all 

k rowed co-factors of E(s), k=1,2,... 	r 	r. The 

invariants are given by the ratios Sl, d /cS 	. 
l' 2 l' 	r r-1 

k = 1 	S1  = r1(-s)r1(s) 

Since a) r1(s) 1 r2(s) 1 ... 1 rr(s) 

b) r1(-s) 1 r2(-s) ( ... 1 rr(s) 

c) If there exists a common factor in all the elements 
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of D(s) 1> det[D(s): is-not independent of s 

and therefore is not unimodular, contradicting 

property 3). 

k = 2 	6
2 

= r
1
(s)r

2
(s)r

1
(-s)r

2
(s) 

Since a) as for a) and b) in k = 1 above 

1 

b) r2(s) I r3(s) I --- I rr  (s) for s and (-s) 

c) Each two rowed cofactor is of the form 

E 4  (s) E. . (s) 
1-'1 	

1132 

E.1 . (s) E. . (s) 
2
3
1, 

1
2
3
2 

r.1  (-s) di 	r (s) 	r (-s) d 	F. (s) 
1 	,1 1 1 	1 

	di 
	2  

ri2 	
1231  31  

(-s)d. 	(s) 	d. . r. (s)
12 	1272 32 

= r. (-s)r. (-s)r. (s)r. (s) I d. 	d. . 
1 	

1
2 	31 	32 	11311

J
2  

d . i231 

Hence if every two rowed co-factor contributes a common factor 

of s to 6
2- 
, this will contradict the unimodularity of D(s). 

The arguments for k=2,3,...,r follow similar lines giving the ith 
i 

determinantal divisor as:= 	r. 	I'. (s) . 1 j=1  

This enables the invariants of E(s) to be calculated as : 

I (s) = 61 = r1(-s) r (s) 

I
2
(s) = 6

2
/6
1 

= r
2
(-s) r2

(s) 

Ir(s) = 6r/8r-1 = r
r(-s) rr(s) 

Hence the rank of (I)
T(-s) 4)(s) is r, and its invariants are 

f r (-s)r (s) 	(-s)r (s) 	r (-s)r (s) } 
1 	' 2 	2 ' r 	r 

giving a Smith canonical form 	(I)T(-s) (1)(s) = P1(s) r
T
(-s) r(s) Q1 

 (s) 

This theorem finds application in the asymptotic optimal control theory 

of Chapter 1 where it is used in analysis based on the optimal return 
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difference relation. In particular it is used for the re-writing of 

GT(-s) G(s). Suppose the system transfer function has Smith form : 

	

G(s) = P(s) r(s) Q(s) = c(s) 	then 

d(s) 	d(s) 

GT(-s) G(s) =
T
(-s) 

(1)
(s) = P

1 
 (s) rT(-s) r(s) Q1  (s) 

d(-s)d(s) 	d(-s)d(s) 

= P1(s) *T  (-s) *(s) Q1  (s) 

where *(s) is the Smith McMillan kernel of G(s). 

For the case of square systems it is possible to,give a more general 

form of the theorem proved above. 

Theorem ( For Square Matrices ) If the polynomial matrix (1)(s) 

is ( r x r ), with normal rank r and Smith canonical form 

f(s) = P(s) r(s) Q(s), then 

47(-s) 1)(s) j = P1  (s)i. 
r 

r
T 	1Z (-s) r(s) 	Q

1 
 (s) , Z = 1,2,..., 

• 

Matrices P(s), Q(s), P1(s) and Qi(s) are all square and unimodular. 

The proof of this theorem uses an inductive argument for which the actual 

detail is very similar to that given in the theorem for the non-sauare 

matrices above. For this reason the proof is omitted. 

To facilitate the assimilation of the recursive procedure to describe 

the asymptotic behaviour of the optimal closed loop poles much of the 

detail was omitted from Section 1.3. The derivation of the (j+1)th 

reduced return difference determinantal relation. is given here in its 

entirety. 

Recall 	RD (s,p) 	det B
11(s) 	B12(s) 

B1Z/-s) B22
(s) 

2, 
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( 1-)jP where 	(i) B11(s) = Id 
j-1 + s 2j 	

{Ad. 	
+ B

11
(1)1/s + B

11
(2)1/s2 +...1 

3-1 

with 	B
11

(1) = TT -1 (1)( A.A.
-1 
 - A. A

j 
 ) T

j-1 
 (1) 

j 	3 3 	3-1  

and 	B
11

(2) = T
T 
 (1) ( A 	A. 	- .A.T  + A 	AT 

	
) T. (1) 

T 
j-1 	j+1 3-1 	3 3 	j-1 j+1 	3-1 

(ii) B12  (s)= (-1) j+1 11  { B12(0) + B12  (1) 1/s + B12(2)1/s
2 + ... 1 

2j+1 

with B(0) = 	(1) A 	A
T T. (2) 

12 TT 	
j-1 j j-1 

	

B12(1) = TT 
 (1)( A.A

T 
- A. 	A. 	) T. (2) 3-1 	3 	3-1 3+1 3-1 

	

and B12(2) = TT (1) (A A. - A.AT +1 	A. AT ) T. (2) 
3-1 	j+1 3 	j+1 	3-1 j+1 	3-1 

(iii) B
22
(s) = I 	+ (-1)

A+1 
 V {B (0) + B

22
(1)1/s + B (2)1/s

2 
+.../ 

q
j 	23+2 

with B22(o) = T.
3-133 

(2) A%A.TJ-1  (2) 

B
22
(1) = T

T 
 (2) ( A A

T 
- A A

T 	
) T 	(2) 

j-1 	j+1 j 	j 7+1 
	T. 

and 	B
22
(2) = T. 	(2)(A. A

T - A. A.. 	
1 + A.A. ) T. 	(2) 

3-1 	3+1 j 	3+1 3+1 	3 3+2 	3- 

Consequently using Schur's Identity to factor out I B11(s)1 

RDJ.4.1(s,P) 	detEB22(s) - B12(-s)B1l(s)B12(s) 

A 
Define 	B(  s) 1  B-1(s) = (-1)is2i 	8

11
(0) + 	(1)1 + 8 (2)1 + 

11 11 	 11 	11 -2 

Recall B11(s) = Id j_i  

Id. 	+ 
3-1 

-I- (-1°P  { Ad. 

= 

+ B11(1)1 - 
3 

(-1)juX(s) 

+ B 
11 

I Id 

(2)1 	+ 
 - 

s
2 

+ 	(-1)
j
s
2j 
x
-1
(s) 

• 

2j 

(-1)
j 	

X(s) 

s
2j 

s
2j 

 

where 	X(s) = Ad, + B11(1)1 +... 
3 	s 

is convergent since 1st -) co. 
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B.- (s) = (-109  X(s) 	+ (-10s2j  X-1(s) 	-1  11 • 2j 
	Id 
	

V ' 

= (-1) s2 3 	Id  + (-1)js2j  X- 	-1  1(s) 	. X- J1(s) 

k p = o( Is' ) 	k > 2j+1 Hence for all rates 	 a series expansion 

is valid to give 

-1 . 
11
(s) = (-1)js2j X(s)-1  - (-1)2js43 X(s)-2 + 

V2 

The inversion of X(s) = Ad. + B
4  (1)1 + B11 

 (2)1 + 
3-1 s2 

A 

is obtained next, to give the leading term of B11
(s). 

X(s) = Ad 	
I
d 	

+ A 	Z (s) vs 3 . 	. 3-1 	3-1 	d1 

 

j-1 

where 	Z(s) = B
11
(1) + B

11_  
(2)1/s + B

11 
 (3)1/s2 + ... 

( 	. 

-7-1 - 
Hence X(s)-1  = [ d 	+ A 	Z(s)1/s j 	

A1 
d -1-1 -1 

	

dj
-1  
	j  

= A-1
1 

- A
1 

Z(s)Ad. 1/s 

	

di_l 	3-1 

	

+ A-1 Z(s)Ad
1 
 Z(s)A 	1,s  2 - 1 i 
j-1 

= A
d1 
	1 
- A 1 B11(1)A 	1/s 

. 3-1 	dj-1 

- A 	(B11(2) - B11(1)Ad1  B11
(1) ) A 

1  1/s2 + 
d1 _i 	

j-1 

A 	A 
Comparing 	B11(s) = (-1) s

2j ,
11(0) + B11(1)1/s + B11(2)1/s

2 + ...) 

with 	B11 
 Cs) = (-1)1s2i  X(s)-1  - 

= (-1)js2j { A 1 	- A
d. 

B
11
(1)Ad

1 1/s + 	1 

	

di_l 	3-1 	3-1 

leads to the following identifications 
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B
11
(0) = A

d
-1 
	B11(1) = -Ad B11(1)A

1 

3-1 	j-1 	di_i 

A 	1 
and B11(2) = -Adj ( B11  (2) 	B11(1)Ad

-1 B11(1) ) Ad. 
1 
. 

-1 	
j-1 	

J-1 

With these terms identified, recall from section 1.3 the expression 

A 
for B12  (-s)B11

(s)B
12(s) to obtain 1 

A T 
B22(s) - B12(-s)B11(s)B12

(s) = I 	+ (-1)j+1  {B22(0) 	B
12
(0)B11

(0)B12(0) qj 	2j+2 
s 

( B (1) + B
T  (1)B (0)B (0) - BT  

12
(0)B

11
(0)B12(1) - B

T  (0)B (1)B (0))1 , 12 	11 	12 	 12 	11 	12 

	

A 	 A 	 A 
+ ( B

22
(2) - B1

T 
 2(o)B11(2)B12

(0) - BT 2 (0)B11  (1)B12  (1) 	B12(0)B11(0)B12
(2) 

1  

A 	 A.  
+ B1

T 	
B12  

(0) + B
1
T 

 2
(1)B

11
(0)B12

(1) - B
12
(2)B11(0)812(0) ) 1 +... 1 

• 
Using the equivalences for the terms of B12

(s), B
11
(s), B

11
(s) and 

B22
(s) this expression is simplified as follows : 

^ 	z  B22 (0) - B1
T 

 2(0)B11(0)B12(0) = T. 1
(2)A.A.T. 	(2) 

3- 	j j 	1- 

-  T
T 

(2)A A. T 

	

	(1)A-1  T.T  , (1)A. A.T. (2) 

	

dj_l 	3 j-1 	j 3-1 j-1 	3-1 	-1 J 3-1 

= T. (2)A 	I - A. T. (1)A
-1 
 T.

T  
(1)A. A.T. (2) .[ 3-1 	, 3-1 3-1 3-1 	3-1 	3-1 di_i  

Define 	- 	- A. T. (1)A
-1 
 T.

T  (1)A 
Pj-1 	3-1 3-1di_1 

 3-1 	j-1 

where clearly P j -1 is idempotent, and define 

	

A 	A.0I1  
= T. (2)A.P. 	then B (0) - B

T  
12(0)B12(0)B12

(0) = A.A.. 
j 	3-1 	3-1 	22 	 J J 

T A 
Taking the second term B22(1) + B12(1)B11

(0)B12(0) - 

T A 	T A  
B12(0)B11(0)B12

(1) - B12(0)B11(1)B12
(0) = 	(2) ( A. A. - A.A. ) T. (2) 

	

J+1 J 	j 3+1 	3-1 
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- + TT  (2) ( A.A. - A. A. 	) T 	(1)A 	T.
T  

(1)A. A.T. (2) 

	

j-1 	3 	3+1 3-1 	j-1 	d1  
j-1 3-1 
	3-1 3 3-1 

- T. (2)A.A. T 	(1)A
-1 
 T. 

T 
(1) ( A.A. - A 	A. 	) T 	(2) 

	

3-1 	3 3-1 j-1 	dj-1  3-1 	3 j 	j-1 3+1 	j-1 

T. 	(2)A.A.T. 	(1)A
-1 
 T.

T 
 (1)( A.A. 	- A. A. ) T. 	(1)A

-1 
 T.

T  
(1) 

	

3-1 	3 j 3-1 	d 	3-1 	3 3-1 	-1 j 	3-1 	d
j-1 

j-1 j-1 

A. A.T. (2) 3-1 3 j-1 

= (T. 1 (2)A 	
- TT (2)A A. T 	(1)A

-1  T. T (1)A ) P 	A.T. (2) 

	

3- 	j+1 	j-1 	j 3-1 j-1 	d
j-1 

3-1 	j 	j-1 3-1 

- T. 	„„- , T tziA.P. ( -ATT. tint. 	TT tl)A. A.T. (2) + A.T TT (z) ) 3-1 	3 j-1 	j 31 	d1j-1 j-1 	3-1 3 3-1 	3+1 j-1 

Define 	A. 	= ( TT (2)A 	- TT (2)A AT T. (1)A-1  TT  (1)A ) P,  . 

	

j+1 	3-1 	j+1 	3-1 	j j-1 j-1 	j-1 	j 	3-1 

then 2nd term = A. 1  A. - A.A. . 

	

3+ 3 	
d6T 
+1 

Simplification of the third and succeeding terms appears infeasible. 

Recalling once more the (j+l)th reduced optimal return difference d eterminantal 

expression the above simplifications may be introduced to give : 

-T RDj+1
(s,p) = det[ I 	+ (-1) 3+1p {A.A. + ( A A. - A A 	) 1 + 

qj 	2j+2 	3  3 	j+1 3 	j j+1  s 

It remains to discuss the particular results given by the Corollary 1.3 

which were obtained by setting j=1, and performing the first step of 

the recursive procedure. 

Kou varitakis and Shaked ( 1976 ) described the asymptotic root loci of 

square linear multivariable systems using a feedback of the form -kI, 

where k > 0 is a scalar parameter. The configuration is depicted below : 

A-6 



B 

	1 	ki  

Using the parameter k , the analysis is based on the asymptotic 

behaviour of the zeros of the closed loop characteristic polynomial, 

and the related return difference expression. In particular the 1st 

and 2nd order infinite zeros are given as follows : Assume the first 

Markov parameter Mo  = CB has simple structure, with rank deficiency 

q
1
. Then CB has a spectral decomposition 

CB = t U(1)  M(1)  3 A

do 

  

  

where U(1)  Ad  and V(1)  are the eigenvector, eigenvalue and 
0 

reciprocal eigenvector matrices associated with the non-zero eigenvalues 

of CB. Matrices M(1) and N
(1) 

complete the dual frames and satisfy 

CBM(1) = 0, and 'N(1)CB = 0. The first order patterns are given.by 

the determinantal identity det[ I
do 

k/s A
d 
 ] = 0, thus : 
o • 

i) If do 
= r ( =m ) , then there are r 1st order patterns and . 

exactly ( n-r ) finite zeros. 

ii) If d
o 

< r , then there are do 
1st order patterns and higher 

order patterns may be defined. Let ch = ( r-d ) and define 

d = rank L rN (1)CABM 	j 
1 (1) . Now if d

1 
= q

1 
then the 2nd order 

1 

patterns are defined via the zeros of det [I + k/s2N(1)CABM(1)  j 
d
1  
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If d
1 

< q
1 

then there will be d1 
2nd order patterns and 

further steps are required to isolate the 3rd and higher order 

patterns. 

The salient features of the above analysis are that 

(i) 	do  rank[CB 3 	and 	(ii) 	d1  rankEN(1)CABM(1)  

give the numbeks of the 1st and 2nd order infinite zeros. In the 

asymptotic optimal closed loop behaviour, the results were 

(i) do 
= rankEM

o 
t,  CB j 1st Order Stable Butterworth patterns and 

T 
 1 

	
M
1  (ii) d1 

 = rankEPo
m
1
T
o2 	

( where 	A = CAB ) 	2nd order stable 

Butterworth patterns. That the same number of infinite zeros 

are specified by both approaches results from the following 

equivalence. 
• 

Theorem Using the above notation for N(1) , M(1) , Po
, M1 

1 
and Po = I - Mo

T
ol

Ad T
ol

Mo o 

	

r (1) 	
M(1) 
	 T 

rank[ N 	CAB M 	E. rank L To2 M1 Po 3 

Proof For the case of square systems N
(1) 

is d1 
x r, and satisfies 

N(1)CB = 0 with rank [ N (1)  1 = dl  < r 

Define 
z  = E N(1) then E.  CB ]T  Z = 0 

Recall also M
T 
To2 = 0 where Mo 

= CB, and the columns of To2. o  

are ortho-normal. A column of Z, denoted Z(i), may be written in 

terms of the columns of T
o2 
 , denoted to2 (i), so that 

d
1 

	

Z(i) = / 	aij to2(7) = T a o2 -1 
j=1 

and Z = T
o2 a where To2 is r x d1  and a is d1 x d1. 
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Thus rank[ZJ = d
1 
 = rank[T

o2 
a] < min { 

rank[ 
 To2] rank: a 2 } 

hence rank[a ] = d
1 

and a is non singular. 

The columns of M(1)1EN( M
o 

= CB ) , and are also linearly independent 

by definition. Projection operator P
o 

= I
r 
- M

o 
T
ol Ad

1 
 Tol Mo 
0 

	

is such that 12(P
o
) =J1C(m ) 	so that P

o
m
o
(i) = m

o
(i) where i=1,...,d

1
. 

But Mr  = PaM
o
) elT(1) , consequently there exists 0i) i=1,...,r-d

1 

such that r M  (1) E 7  Lj is non-singular and Po  E(i) = 0, i=1,...,r-d1. 
• r 

Noting that the rank of a matrix remains unchanged if it is pre- or 

post-multiplied by a nonsingular matrix 

T 	
-1 

ran E 	(1) / 
k[ T 	P ] = rank[ 	

(1) M1 
 Po 

r M 	j 
o2 M 1 o 	

L T 	
N 

 

= rank N (1) M
1 

P
o 

M
(1) 
 ,0 

= rank [ N 
(1) 

m  M
(1) 

1 

r (1) 	(1) 1 

	

= rank N 	CAB M 

This concludes the proof. 

It is worth remarking that although for the same system parameters the 

number of infinite zeros are identicali the actual Butterworth patterns 

are not. The patterns associated with the use of an LQP problem are 

always stable, but those for the diagonal feedback [-kI ] exhibit the 

properties of the classical root locus technique of Evans, namely that 

unstable branches are possible. 
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Appendix B Some Linear Space Concepts Relevant to Chapter Two  

In this appendix several linear space concepts relevant to Chapter 

2 are discussed and an alternative derivation for the theorem 

on the asymptotic behaviour of AJg(p) - AJ:(p) is also given. 

The major assumption of the analysis of Chapter 2 is that the operator 

D = WW*, comprising of the system, and adjoint system operator is 

compact. This enables the eigenstructure of compact self adjoint 

operators between Hilbert spaces to be used to decompose the output 

space Hr, and relate part of a'disturbance, dEHr, to 	and part 

to the orthogonal complement AlKw
*
). 

Compactness for the linear operator L : X-'-Y where X, and Y are 

Banach (complete, normed) spaces is the condition that the sequence 

{Lxid, LxneY, where {x11},- x
n
EX is a bounded sequence, contains 

a convergent subsequence {Lxnk}.. Hsieh (1965) detailed the use 

of this assumption in his function space approach to the synthesis 

of adaptive control systems. The operator D = WW*  given by: 

(Dy)(t) = ftw(t - T) fTfir(s - T)y(s) dsdT 	0 t Tf  
0 

is recast as the integral operator 

rf 
(Dy)(:,) = f K(t,$) y(s) ds 

by suitably defining the operator kernel. Standard results in 

functional analysis (Liusternik and Sobolev, 1961) are then 

utilized to give compactness for the operator D if 

fTf  fTf  II K(t,$) 112 dtds < co. Consequently the system impulse 
o o 	Em 

response matrix W(.) may be used to infer the compactness' of the 

operator D. 
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After Hsieh (1965), the eigenstructure of compact self adjoint operators 

is used to partition the output space as 	Hr  = H1(3) H2  where 

H2 = 
A 
 K(D) and H1  = H21. It is then straightforward to use the 

identification At(D) =1ir(IN*) and the relationship g(W*)1  = R(W) 

(Luenberger, 1969) to obtain Hr  =IWO ef((W*); a decomposition which 

A 

forms the basis of the asymptotic analysis for J(p), AJo(p) and 

IESQ(p). 

The asymptotic analysis for the structure assessment procedure is based 

on a further decomposition of the output space, in particular ,R(W). 

This decomposition is underpinned by some fundamental concepts from 

Hilbert space theory.'  

Definition 2.1  (Luenberger, 1969) Let P be a subset of a normed 

space X, then a point xEX is said to be a closure point of the subset 

P if given n>0 there is a point pe.P satisfying ilx - pi! < n. 

The collection of all closure points of P is called the closure of 

P and the denoted P. It is clear Pc:P. 

Definition 2.2 (Luenberger, 1969) A set P is said to be dense in 

a normed space X if for each xEX and each n > o there exists pEP 

with Ilx 	PII < 

The relationship between closure, ane denseness is best expressed 

by the following alternative definition: 

Definition 2.3 (Naylor and Sell, 1971) A set P in normed space 

X is said to be dense in X if the closure of P is X, that is P = X. 

Finally the relationship between closure and completeness is given 

by:  

Lemma 2.1 (Naylor and Sell, 1971) Let (X,p) be a complete metric 
•••••■•■•■••■■••■•• 

space, and let (Y,p) be a subspace of (X,p). 	Then the subspace 

(Y,p) is.complete iff Y is a closed set in (X,p). 	This naturally 

implies that (Y,p) can then be treated as a complete metric space. 
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This lemma is applied to the closed linear subspace ¶(w) Si Hr  to be able 

to assert that it may be treated as an individual Hilbert space. 

Then applying definition 2.3 it is clear that 11(W) is dense in its 

closure, a fact used to prevent some of the analysis in part of 

section 2.1 from becoming unduly cumbersome. 

The partition of the system operator W, as W = [Ws, Wm_sl naturally arises 

in the discussion of structure assessment. An initial investigation 

for the decomposition of S(W) pursued the relationships between 'R(w), 

il(Ws) and it (Wm_s) . 	The following -were obtained: 

Theorem 2.1 S(W) E 'R(W
s
) + 4R(Wm  ) -s 

Theorem 2.2 R(W) ES(W
s
) + !R (W 	) 

m-s 

Although a decompositions for 41(w) in these terms is obtained, it is 

lacking in orthogonality, and is complicated by the effects of the 

concept of closeness. In particular by the fact that a sum of two 

closed linear subspaces of a Hilbert space is not necessarily closed 

(Naylor and Sell, 1971). A requirement which removed this drawback 

is that the two subspaces are orthogonal. 

Introduce three lemmas which establish an orthogonal decomposition 

for 11(1): 

Lemma 2.2 (Naylor and Sell, 1971) Let M be a set in an inner product 

space X. 	Then MI  is a closed linear subspace of X. 

Lemma 2.3 (Naylor and Sell, 1971) Let M be any closed linear sub- 

space of a Hilbert space H. Then H = M 	Moreover each xe.H 

can be expressed uniquely as x = m + n, where me M and n E M1; and 

ilx112  = 11m112 	11n112  

Lemma 2.4 41 (Ws  )(W ) 

Proof Let yE.St(ws) then yell,..l and for given n > 0 

3 pee (Ws) such that 11Y -P11 < n 

But peR(Ws ) implies p e 41(W) hence yE (W). 
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Thus S(Ws) is a closed linear subspace of R(W) where the latter 

may be regarded as a Hilbert space. By lemma 2.3, there is an 

orthogonal decomposition for R(w) of the form 'R(w) = 'R(w ) 0 X 

where X is interpreted as the orthogonal complement of °.3(Ws) restricted 

to 	Further, by lemma 2.2 linear subspace X is closed and 

_1. 
finally Hr  = 'H(W

s
) eX et((e) from whichIR(W

s
) may be identified 

as Ff(Ws*) = X49 N(W*). With this decomposition for Hr, the 

analysis for the structure assessment procedure is straightforward 

and has an appealing feature of a gedmetric analogy given in 

section 2.2 

The final part of this appendix is taken up by an alternative 

proof of the theorem for asymptotic structure assessment using 

AJo. Initially several properties and inequalities are recalled: 

A 
Lemma 2.5 If u(p) is the optimal control as a function of the 

asymptotic variable p > o, then lim p < u(p), u(p) > 	= 0. 
Hm P4-0 

Proof See Corollary 2.1.1 of Chapter 2, Section 2.1 

Lemma 2.6 If operator A is self adjoint and positive-semidefinite 

then g m, and M such that 0 .1 m . < x,A x > . M. 
<x,x> 

Proof Liusternik and Sobolev , 1961 

Lemma 2.7 If operator A = W(pI + W*W)-110 then 

<x, Ax > <M/(, p) < 1 with lim M1 (p) = 1 
<x, x> 	 p+o 

Proof Use Lemma 2.1.1 ChApter 2 Section 2.1 to obtain 

< x, W(pI ew)-lex 

 

< x,(pI + WW*)-1Wex > 

   

   

< x,x> 	 <x,x > 
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2 

= 1 

Assume WW
* 

is a compact self adjoint positive semi definite operator 

co 
so that { Ai}T=1  are its denumerable eigenvalues, 	eili=i  

are the associated ortho-normal eigenfunctions and the related 

co 
decomposition for Hr  is Hr  = H16)112 where H1  = span feili=1  

and H2  = H1 =tf(D). 

Then any xeHr  may be written x = r ai  ei  + 110  , hoe tt(D). 
1=1 

Giving  M1(p)  = sup < x, W(pI + W*W)
-1 W* x > 

xELHm  
<x , x> 

Ir

. co 
= sup 1 ai

2 
Xi  / ( p + Xi ) 

f ail i=1  

co 2( Xi 	
co 

Thus Icfp > 0 / A y 1 implying 	ai 	< / ai  
1=1 	p+Xi 	1=1 

p + A 

CO 

0 < Mi(p),<  1 and lim M1(p) = sup 	i=1 

p4-0 	 a } 	co 
ho 	

2 i 	+< hodlo 
i=1 

Schwarz Inequality 
	

1<xa>1 	11x11 2  113,11 2  

Lemma 2.8 If the output space Hr  , is decomposed as Hr  = S(R)  otoe) 
and disturbance d as d = d1  + d2  where d1 .(7) and d2 e CW*) . 

A 	 A 
With Z(p) = 

A 
W u(p) have that lim ( Z(p) + d1  ) = 0 

p+o . 
 

Proof See Lemma 2.2.2 of Chapter 2, Section 2.2. 

AJo(p) - AJo(p) = i< gs, ( W W + pI )
-1 

gs  > 

4 	 A 	A 

where gs  = W* ys(p) + P (us(p)) 	and 3,s  (p) = Ws  us  + d 

Proof See Chapter 2, Section 2.2 

2 
120 	ai  + < ho, ho  >- - 

11 

CO 

E a 2  i 	. 

Lemma 2.9 

0 
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Theorem 2.3 Asymptotic Structure Assessment with AJo  

If the output space Hr, is orthogonally decomposed as 

fir  = (s) (DX + 	with with R(w.  ) = R(Ws) (1) X 

and disturbance d partitioned accordingly as d = d1 + d2 + d3  

diE R(Ws) , d2 E X and d3  E 11[(w*) then 
A 	 * A 

lim Mof (p) - AJg(p) = lim < 	ys(p),( 	+ pI ) 	W ys(p) >llin  
P4-0 	 p+o 

< d23,d2> 

Proof 	AJ0(p) - AJ:(p) = < gs, ( W*W + pI )
-1 
 gs  >• 

A 
Substituting for gs = W

* 
 ys(p) + p us(p) 	gives 

( Lemma 2.9 ) 

0 

M 	
A 

o(P) 	) 	< W*  Ys  0) 	W*W + PI ) -1 ,k Ys  (P)> + ti(P) + t2(P) 

where. ti(p) = p < 
* 

ys(p),( ew pI )-1 (Z1s(P)) > 
0 

and 	t2(p) = p 2 fus (p)) ,( 	pI )-1  us(P) > 

	

0 	 0 

ti(p) = p < Cus(p)) ,( W*W + pI )-1  W*  ts(p)) + d 

0 	 0 

= tll (P) 	t12(P)  . 
_1 A A 

( where til(p) = ip < us(p)) , ( W*W + pI ) 	W W us(p) > 

and 	t12(P) = p < %(P), u(P) > 

0 

Using 	( I + GF )_1 G = G ( I + FG )-1 	( Lemma 2.1.1 Chapter 2, 

Section 2.1 ) 
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-1 
t11(P) = P <( 11s(P), W* ( pI + WW ) W(us(p)) >Hm  

A 	A 

Using Lemma 2.7 	0 < tii(p) < Mi(p).p < us (p),us (p) >Hm  

Hence Lemma 2.5, and 2.7 gives 	lim t11(p) = 0 
P4-0  

For t12(p) = p<C15(1,t1(0' > 	use Schwarz Inequality 
0  

It12(01: IIPI  il5(P)11.11Pi 11(P)11 

Using Lemma 2.5 	lim It1„.(p) I= 0, implies 	lim t12(p) = 0. 
P4.0 	4 	 p÷o 

**7 tl(P)  = t11(P) - t 12  (p ) 	implies 	lim t1  (p) = 0 
P+0 

For t2(p) = e ts(p) ,( w*W + pI )-1  us  (P) > 

0 	. 	0 / 

P1  us(P) , P( OW + PI ) 1  PI  us(P) > ( 

0 	 0 

M2 (P) P < us (P )  'us 	> 

M2(p) = sup <x, p( W*W + pI )_1 
x  > 

< x,x > 

Use Householder's Equality then 

M2(p) = sup 	<x,x> -<x,W*( pI + WW
* 

) W x> 
<x,x> 

= 1 - M1  (pi < 1 and 	lim M2(p) = 0 
p4o 

Hence 	lim t2(p) = 0 with lim t1(p) = 0. giving 
p-,-o 	p4o 

lim Ajf  (P) - AJ: (P) = lim < W*  ;s  (P) ( W*W + P I )-1  e y4  s  (P) > 
p4o 	p4o 

A 	 A 
where ys(p) = Ws  us(p) + d 
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Decompose the output space as Hr  = 11(Ws) e +tizw*) 	and the 

disturbance accordingly as 	d = d1  + d2  + d3  where d/ 6 qi.(ws) , 
A 

d2 6 X 	and d3  6 K(W*). 	Write 215  = Ws  us  (p) 	then Zs  (p) E 411(w5), 
A 

and further 	lim Zs(p) + d1  = 0 . 	( See Lemma 2.2.1, Chapter 2, 
P4'0  

Section 2.2 ). Then 

(i) lim  Hai 	< W*  Ys(P1)1( W*W + P21 )
-1 W* Y

s(P2) > 
p
I
-+() p 2-+Ir) 

lim 	< Z s (P 1) + di d2 	Z (p1) 	d1  + d2  > 
p1+0  

= 3 < d2  , d2> 

A 
and (ii) 	lim 	lim 	< W*  i'rs(P1),(W*W + p21 ) 	W* 3's(P1) 

. P24.° P 14.° 

-1 * 
= lim i< W* ( d2 + d3 ) P ( eiff p2I ) 	W ( d2 + d3  ) > 

P 24-o 

=< d dn> 2' ,a 

Hence (1) and (ii). imply 	lira 4 < W* 	(P), ( W *14 + 	)
-1 W* Y

s(P) > 
p÷o 	s  

= < d2  d2> . 
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Appendix C Norm Concepts, Lemmas and Theorems Relating to  

the Problem of Bounding the Maximum Eigenvalue of Operator VV  

The concepts of norm, and induced norm are introduced here. 

A norm on a linear space X over a field F is a real 

valued function whose value at x4IX is denoted 11x11. This 

function satisfies the following axioms: 

a) 11x11 > 0, the equality being attained iff x = O. 

b) Iletx11 = !al- 11x11 Vet 6F and x E X 

c) 11x1  + x2 I 1 	 + 11 x21 1 
	

pairs xl, x2  E. X 

A normed linear space is a linear space on which a norm is defined, 

this becomes a metric space if the metric is defined via d (x,y) 

= lix  Yll; x,y4.1-X. If X, and Y are two normed spaces, and T is a linear 

operator on X into Y, then T is continuous on X iff 3 a constant M such 
• 

that 

11Tx11, mIlxI l x  Yxex. 

The smallest admissible value of the constant M is called the norm 

of operator T denoted IITII
X
. The suffix 'X' denotes that the 

operator norm is "induced" by or "subordinate" to the vector norm 

on the linear space X. This inequality motivates the "sup" 

definition of the induced operator norm: 

IITIlx = sup 11Tx11 	s sup 11Tx11 

x#0 11x1l x 
	

11x11X = 1  

The two remain norm concepts used in Section 4.4 are the norm of 

a product of linear operators, and the concept of the compatible 

norm both explained in the main text. 
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The bounds on the maximum eigenvalue of VV depended on a number of 
• 

results from the theory of Lebesgue integration. Preceding 

the main theorem of subsection 4.4.1, which gave the bound formulae 

for the case of a single input, single output system, were two 

technical lemmas; these are proved first. Recall the 

convolution operators under consideration as 

rf 
(Vu) (t) = f

t 
 v(t-T)u(T)dT and (v

*
y)(t) = f v(T-t)y(T)dT 

0 < t < Tf  < co 

r Lemma 4.4.1 	If v LlLO,Tf  and u E LP:0,Tf  :then (Vu) e 	0,Tf  

 
ttpEr 1,0)  . Similarly V y 

p 
[ 0,Tf] whenever ye LPEO,Tf.j. 

Proof (Desoer and Vidyasagar, 1975) 

i) 1 < p < 	: Assume u e LP  [ 0,Tf  

1(Vu)(t) 1 = I ftv(t-r)u(r)dr1 < ft  Iv(t-T)Ilu(r) tdT 

Choose q so that 1/p + p + q = 1 then 

t 	1/ 	1/ 
1(Vu)(t) 1 = I IV(t—T)I PIU(T)I 	IV(t —T) I q  dT 

O 

1  Define 	z(t,T) ! 1v(t-T)1 /P 1u(T)1 	O ,c T < t < Tf  < 00 

then 11z111: = f
T, 
 arl

T, 
 lot-td lu(t)IP at 

0 	0 

z EL?[ 0,Tf 
j 

1/ 
Similarly x(s) Iv(s)1 q  

( By Tonelli's Theorem ) 

O< s< Tf 

11x117, = 
	

Iv(s)1 ds = IIvII1 	x6Lq[O,Tf J  
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Using Holder's Inequality 

t 	 1/ 	t 	 1/ 
I (Vu) ( t) I 	[ 	iv (t—r) I iu(t) 1 P  dil P i f Iv(t-T) I di 	q 

1/q  
The second term bounded by I IVI I1 	d t E [0,Tf 

Forming 11'11 	on both sides g ives

p  

p 

[ f 	(vu) (t) dt 	.1, I IV( I1
1/q 

 { T, dt f Iv (t-T) 	lu(r) 	di 
o 	o 

l/q 	lip 
Ilullp  

Hence 
	

I lvullp 	I IVI I1 	Ilul l p  < 

Pr 	 Pr Vu et, L  0,Tf 1. whenever uEL 0,Tf E , 1 < p < CO 

ii) Assume p=1 , hence uEL LO,Tf 

11V11111  = f f  dt I r f v(t-i ) u(i) di I 	fTf  dt f
T.F 	

(t-T) I lu(i) I di 

Tf = 	f  u(i) r iv(t-i) dt di 	 f 	111W I di fT f  Iv(s) I ds 

Ilvull i 	I Iv1.11  I lull i 	vueLl[0,Tf ] 

r. 
iii) Assume p=°°, hence u 

CO 
 L 0,Tf 

t 
IVul 	= ess sup I (Vu) (t) = ess sup I f v(t-i) u(T) di I 

0;t*Tf 	 0$.t■Tf 

t 
ess sup f lv (t-T) I lu(T) di 
0*tETf  o 

Tf ess sup u(T) f 	(s) I ds 
0.1i$,Tf  

r  
hence 	I 	10, . 11\7111  11u11. => vu6L

co
L 0,Tf 
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A f 
T, 
r E iv) The proof concerning 	(V y)(t) - 	v(i-t) y(i) di 	is a direct 
t 

analogy of the arguments used for the operator V. This concludes 

the proof of the Lemma 4.4.1. 

This lemma was important in the specification of the nature of the 

mapping of the composite operator VV*. The next lemma establishes 

2r 	ir 
the relationship between the spaces L 0,Tf 	

and L L  0,Tf 1 , 

this was used to find lid!1 bounds on the maximum eigenvalue of VV
*
. 

Lemma 4.4.2 If xe L2  10,T ] 	then x EL
1  [0,Tf 

r  Proof If x EL2L  0,Tf 	=> j 
f 
 lx(t)

12 dt = Bx < 

Partition the interval [0,Tf 	as P1 
 -4f{ t : lx(t.)1 4 1 } 

and P2  { t : tE LOSTf  ; t4P1  

Clearly [ 0,Tf 
= P

1 
+ P

2 

Then 	i) 	f lx(t)I dt < Tf < co 

P1 

ii) 	f lx(t)1 dt < f lx(t)I
2 dt < 	< 

• P2 	P. 

I 	
ir Ix(t) I dt < Tf + Bx < 03 	xeL LO T f  

This concludes the proof of Lemma 4.4.2. 

Together the lemmas enable the bounds on AM  to be obtained as 

AM = IIVV*112 	IIVV*11c(2) 	IIVIlc(2)  IIV*IIC(2) 

and 	Am 	IIVV*111 	I IVI 11  IIV*111  

The formulae for these bounds in the case of a single input, single 

output system formed the subject of the following theorem : 

P
1
+P
2 
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Theorem 4.4.1 If operator kernel vEL1[0,Tf] 

a) 11V111  = IIV*111  = f f  Iv(s)! ds 
0 

Tf 	min(t,T) 
< b) IIVV*11 	max f 	I f 	v(t-s) v(T-s) ds I di 1 ` 

f 
o 

IlVlli Ilv*Il l  

If operator kernel v E L
2 r 0,Tf  J ' 

then 
T T min(t,$) 

c) IIVV*IlE =f f f f 1 f 	v(t-T) v(s-T) di 12  ds dt 
0 0 

where 
T t 

IIVV*Il 	< I IVI 1
2 

E 	
* z f 	2  

and 11V11 = 11V 11 = f j v (t-T) drat. E 	E 0 0 

t 
Proof Recall 	(Vu) (t) = f v (t-T) u(T) di 

0 

For convenience an associated kernel is defined : 

v(s) = O 	s < 0 	s > Tf 
v(s) 	0 	s 45 Tf 

This is occasionally used in complicated iterated integrals. 

a) 	11Vull =f
Tf 

 1(Vu)(t)1 dt =f
Tf 
 If

t 
 v(t-T) u(T) di' dt 

1 a  o 	o 

T t 	 Tf  
$.f f f 1v(t-T)1 lu(T)1 dTdt

f
lu(T)I f 1;(t-T)1 dt dT 

0 0 	 0 	0 

f  1 v(s) ds . f
T
flu(T)I dT I  

Hence 	11V111  „.5f f  Iv(s)1 ds 

Introduce a one parameter function ea  which is an approximate 

identity ( see Krall, 1973 ) for L
1
(-01,03) 	where e

a 
satisfies 

then 

0 
0 
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i) e(t) 	0 	Va, and t 

00 

ii) f ea  (t) dt = Ile a  II 1  =1 

iii) VC > 0 Lt f ea  (t)dt = 0 
a+co t >e  

Theorem  ( Krall, 1973 ) If ea is an approximate identity for 
co 

L
1 

(--c°,c9 then 	Lt f ea (s) x(t-s) ds = x(t) a.e. \ixe Ll (-03,c0) . 

Using a zero extension V x eLl  L 0,T f  , the problem may be set in 

the extended interval (-03,c0) . Equality of the norm is shown in this 

extension since if XELlr  O,Tf  J and its extension in L1 (-co rm) is x  

x(t) = 10 	t < 0, t > Tf 

co 
Then 	11;111 = f 1(t)I dt = f f  lx(t)Idt= 1141 

Using the input u (T ) = ea  (T) where ea € LIE 0,Tf  

clearly Ilull1 = 1 ( by property ii) of the approximate identity.) 

03 
ft/ 

and 	(Vu) (t) = 1 ;(t-T) ea  (T) dT , Lt (Vu) (t) = v (t) 	t e(-m,c0) 

	

ma:0 	 Cr+W 

	

00 	m 
v t-T ea (T ) dT dt then IlVull 	) 	) 	I 	ivti 	f f  iv (t) 	dt 1 , 	 1 

Tf and 	a-)-co 	IIVII1 = f 	iv (t) I dt 

* 
A similar technique can be used to show 11V 111 =Inv (s) I ds 

r 
	

lr b) Choosing uELl  L 0,T j and with veL 0,T
f 

3 -  

*  Lemma 4.4.1 7----"› V : Llr  0,Tf  J 4- L: 0,Tf  

and V : L1  EOTf 	4. Li  [ 0,Tf  I . Forming the. composition VV 

ci+co -w 

x 	4 t Tf  
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have VV : L ir  0,T
f 3 	L 0,Tf  hence 

Elvv*ylli  = f V(T-S) (V*y) (s) ds I di 
0 

Tf  
=f - If v(i-s)f v(t-s)y(t) dt ds1 di 

o 	o 

In terms of v : IIVV*Y111  = ff 	
f N 	T

f vk 

	

lf 	, i-s, j . r 	, v (t-s)ytt, dt ds dT 
0 	0 	0 

= I f If f Y(t)f f;(t-a(i-s) ds ati di 
O 0 	0 

T T 
< i f f f 1 

r 
y(0 	j 

f  
1 1 	v(t-s)v(T-s) ds 1 dt di 

O 0 	 0 

f 
= 	

f
IY(t)I IT I f

T 
 v(t-s)v(T-s) ds l_dT dt 

O 0 	0 

Tf  Tf 	T.r  
max f 	I f 	v(t-s)v(i-s) ds.1 di . f 	ly(t)1 dt 

Otc.Tfo 

Tf 	min(t,T) 
Giving 11VV 	.1. 	max f • I f 	v(t-s)v(T-s) ds 1 di 

0;.tVP o 

In the absence of a proof of equality, it is shown that 

11VV*1! 	max 	f f  1 f
min(t,T)

v(t-s)v(T-s) ds 1 dT * 11A11 liv*I11 1 O.1t;Tf  o 

tin(t,T) 

	

maxf f lf 	v(t-s)v(i-s) ds 1 di 
Ot*Tf  o 

= max j 
T T 

	

r f 	f  
rf 

	

1 	v(t-s)v(T-s) ds 1 dT 
0:t.1Tf  o 

T T 
max ffff 117(t_01 iv(T-s) I dsdt 

0.1tTf  o 0 
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f 1" 17-* 	t r f i ' = max 	j 	1(t-s)1  j 	v(i-s)I di ds 
0.5.tVTf 

f 	
T
f max 	v(t-s) ds f 	IV(T)I dT 

o 

T 	min(t,i) 
.$ max 	f f lf 	v(t-s)v(i-s) ds I di 

o 

{ f
T
f Iv(s)1 ds }2  = IIVII/  IIV*Ill  

0 

2r- c) 	The norms compatible with 11x11
2 
, xeL L.0,Tf 	

satisfy the 

inequality 	X = IIVV112 	Ilvv*IIE  

	

IIVIIE IIV
*
II E. 	The 

derivation of the compatible bound formulae require an additional 

restriction on the operator kernel, namely v C-1,
2 [ 0,T

f 	
Jr f v (t ) 2  dt< co 

	

112 	t IIi 	2 Under this assumption first show I I V
I1E 

= V*11E = f
Tf 

 f
t 
v2 (t-i) dtdt 

0 o 

2 	 2 
IIVull

2 = 
I 	f

t 
(t-T) U (T) dT 	dt 

0 	o 

Since v , and u C L2[ 0,Tf J , have using  Schwarz Inequality 

11Vu112  4 

t 
{ f v2(t-i)  dT . j u2  (i) dT } dt 

o 

Tf  t 
1 112 

f 	v`
0  
(t-T) di . 111111 2 

0 0 

Identify IIVII2  =41' f
Te 

 ft v'
0
(t-i) dT dt. 

0 0 

2 
A similar analysis for V

* 
gives 	IIV*IIE  = 111711E  

* 	 112 
The derivation for IIVV11

E 
and its relation to I I V

IIE 
follows : 
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* T t 2 T 
I IVV YI 1 2  = f f( I v(t-T) f v(s-T)y(s) dsdT)2  dt 

O 0 

T Tf 
f f 

= f 
f 
 kf ;7(t-T) j 	V(s-T)y(s)dsdT )

2 
dt 

O 0 	0 

« 
= f

T 
 f (f

T 
 f  y(s) fTf v(t-T)v(s-t) dT ds )2 at 

O 0 

Again using Schwarz Inequality 

1 f IT

f 	T,( Tf  
v(t-T)v(s-T) dT)2 

	r ds. j  Tf 	, y ‘s) 	dt 

* 	
Tf  Tf( min(t,$) 	2 

and identify IIVVIIE  -ff 	v(t-T)v(s-T) at ) ds dt 
o o 

T T
i i 	

/ T 
f  11 	*II 	

f f( I Hence 	VV 	= 
f 	V(t-T)V(s-T) dT )

2 
ds dt 

O o 0 

Tf  Tf( Tf_2  
f 
T
f "-2 

	

..<ff 	fv(t-T dt. j 	v(s-T) dT ds dt 
O 0 0 

T, t 	T s 
f 'f v2(t-T) dT dt f f f v2(s-T) dT ds 
o o 	o o 

2 
IIVV

*
IIE 	IIVIIE 	as required. 

This concludes the results for the case of single input, single output . 

systems. The development for the multivariable situation follows 

much the same pattern. Multivariable versions of Lemmas 4.4.1 .and 

4.4.2 are presented to enable the norm bounds to be stated followed 

by the derivation of the norm bound formulae, namely : 

CTheorem 4.4.2 If elements of the operator kernel, v
ij 
 ELi  L  0,Tf then 

✓ T 
r f 

I IvII1 = max 	j 	iv
ij 
 (t)I dt 	( max. column sum ) 

j i=1 0 

m  
" 

b) 	IIV
*

1  

	

II = max 1 f
Tf  Iv..(t)I dt 	( max. row sum ) 

 . 	1] 
i J=1 0 

✓ Tf m min(t,$) 
c) I I VV*I I 	max If 	I 	f 	vii (t-T)vioj(s-T) dT I dt 

	

jos i=1 o 	j=1 o 

O 0 	0 	 0 
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CRestricting  further the kernel of operator V , so that v
ij

e L2 L  0,T
f 

 

r m 
then d) 	 I E  = 	 I E  = f

T
f f

t 
	I ij v? (t-T) dT at 

0 0 i=1 j=1 

r r T T 	m min(t,$) 
and e) 11VV*11E =y 	

yffdtf fdslyf vij  (t—ovi
o
ics—oar 1

2 

i=1 io=1 0 	 j=1 0 

t' m 
Proof 	a) Recall (Vu) 

1 
 (t)= ..Iv

ij 
 (t-T)u.(T) dT 

. o j=1 

r 	r 	mt 
rTf r 	r

T f
I  r f Then 11Vu1 l 1  = J 	L I(Vu)i(t)1 dt =1 J 	L J  vii(t-T)uj(T)dr1 dt  

o i=1 i=1 o j=1 o 

rt 
1 	1 

m 	
(t.-0(u.(.01 dT dt 

i=1 j=1 o o 

r m Tf  
1.y I 	lv

ij
(s)I ds f -  lu AT)1 dT 

i=1 j=1 o 

r T.r  

E { max 1 I 	Iv..(s)1 ds } . 
ij  

j i=1 0 

As in Theorem 4.4.1 equality is shown using  an approximate identity 

ea for L1(-03,0)). Let 
j1 

be the value of j  for which the above 

expression attains its maximum, and define 

 

CO 

ljl 	(1 
(t -11 ea(T) dTN 	and ti,;(n (Vu) (t) = 'v 

	(t) 4= 	1 • 
Then 	(Vu) (t) = 

v . (t-T) e
a 	 J,
(T) dT/ 	r . (t) 

-co r]1 

(
u(TY = 0 	where e

a
(T) appears in the jth entry, 

ea(T) 	and 	'lull
1 
 = 1 

O 

CO 
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co r 	co 
Hence 11Vul1

1  = I 
	YlfV.

lj 	a (t-T) e (r) dTlat 	IIVI ( 1 
 .1 

-c°  1=1 	- 	1 

r T 
and as 	a  4- co 	= max 	f f  1.1.7

ij
(s)1 ds. 

j i=1 o 

b) The analysis for IIV*111  is almost identical to that for 1111111  

except that the kernel matrix is transposed giving  

m T 
IIV II1  = max 

	f f 	
ij 

 (s)I ds. 
i j=1 o 

c) Recall (VVy)(t) = f v(t-T) f f VT(s-r)Y(s) ds dT 

1r 

	

where VV
* 
: L

ir  0,Tf 	Lrt.  0,T
f 

and 	V ( .) 	1Rril 	1Rr 	.0 	T 	- f 

	

t T 	r 
Then (vv*y) (t) =I f - 	y[ v(t7T)vT(s-.01ii  y. 

(s) ds dT dt 
o T =1 	0 0 

m 
where [IV(t-r)V

T
(s-r) ].. = X vi j 	j (t-T)v. (s-T) 

	

11
o j=1 	o  

	

T, r 	t T, r m 
Hence IIVV*Yll1 =P- 1 IIILI 	F. 	(t-T)v. (s-T) . (s)dsdTI dt 

	

lj 	loj 	
y
o o 1=1 o T io=1 j=1 

T r 	TT r m 
=I f  .. /1.  I.ff f //;1.j  (t.--0;ii(s-T).173. 

 (s) ds dT I dt 
o 1=1 	o io=1 j=1 	o  

r 
where' v (s) = 0 	if s < 0 or s > T vi 
	_ . f 

	

v. .(s) 	0.$ s _< Tr  
ij  

Tf  r 	T r 	m T 

	

1 r fv 	r t f - 
I 117174W=111.1L17.(s)Livir)v. 	(s-r) dT ds I dt 

1 	 I 	
vi 

o i=1 o io=1 o 	j=1 o 

T
f 
r T r 	m Tf 

j 	j I 	yf
f 
 yly. (s)Ilyf 	v. (t-Ilv .(s-T) dT I ds dt 

1 
o i=1 0 io=1 lo 	

j=1 o 	0  

	

T r m min(t,T) 	 T r 
E t 

	

$ max {f 	xlyf 	v. (t-o 	r f 	v(s-T) dT 	} ° 	L IY. (s)Ids lj 

	

io,s o 1=1 j=1 o 	o 	0 io=1 10 
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r T 	m min(t,$) 
(fence IIVV*11 < max 	ff I 	f v.4(t-T)V.

1 
.(s-i) di I dt 

o
,s i=1 o 	j=1 o 1) 	0

J 

In the absence of a proof for equality, compatibility with 

11 11111 IIV*111 
is shown : 

✓ Tf m min(t,$) 
IIVV II „1 maxIfIXf vi

. (s
-T) dTI dt 

io,si=1 o j=1 o o 

✓ Tf m T-
f 

max 	 f 	 I (t-.01 I 	(s-.01 di dt 
i
o
,s i=1 o j=1 o 

	IV 

✓ m T 
f f 	, 	,t , = max y 	y 	I v

ioi
ts-T,1 j 	I 	tt-T)I at dT Vii  

i is i=1 j=1 0 	0 

 Tc  
$. max / f 	Iv. (s)I ds y f 	Iv. 	dt 

o
j 	ij 

io j=1 o 	i=1 o 

	

m T 	r Tc  

	

max / f f 1 v. .(s)I ds . max X f 	Iv ..(t)1 dt 
io j=1 0 o 

	

j i=1 o 	13  

r T m min(t,$) 
>I1VV*II 	max/ f f l/f 	v. .(t-T)v, 	(s-T) di 1 dt 

io,s i=1 o 	j=1 0 	1.3 	o 

r- 
d) The norms compatible with 11x112 	2 LO,Tf  3 satisfy the 

inequality A
M 
= 11VV

*
II
2 
 < 11VV

*
11
E 	

IIVII
E 

11V
*
11
E" 

An additional ' 

restriction on the elements of the operator kernel is assumed, namely 

v (.) E L2  [ 0, T
f 
3 	i=1,2,...,r and j=1,2,...,m. 

ij 

t m 
(Vu) (t) = f 	v

ij
(t-T)u (T) dT 

o 	j=1 

	

2 T
f
r tm 	2 

EencellVul1=f11.1Xv(t-011.(T) dTI dt 2  
o 	i=1 o j=1 ij  

Trmt 

	

rfrirr 	12 dt 
0 i=1 j=1 o 3  

C-11 



T
I f 	f Ivij  (t-T)u.(T)I dT )2  dt 

r m t 

Tf  r (rm 
It 

2 	1/2 [ ft  2 	12)2 
/ 	j 	(t-T) dT 	j u. (T) dT 	dt vij 	

3 o i=1 j=1 0 

Trmt 	m 
r
t 
2 

lrfXX.f1/2(t—OcIT.X.111 	di dt 
1j o i=1 j=1 o 	 j=1 o 

Use of Schwarz Inequality for integrals and finite sums has been made 

to give : 

T tr m 

11Vu112 	I ff X 	Y ( 2 t-i) dT dt 11u112  
2 	

vij 	2
. 
 

o i=1 j=1 

2  
Tf  t r m r 2 Identify therefore IIVII t f -f 	, v. (t-T) d, dt, 

E  o o i=1 j=1 

A similar analysis for V
* 

yields 1111
*
11
2 	

I I
2 

E = VIIE • ( This result 

was obtained by Freeman, 1969.) 

e) Recall 
tT r m 

(VVI)CO=WX/17(t-0(s-0.(s) ds di V. 
	

v
io
j 	Y

1o o T =1 j=1 

T r 
Hence IIVV y 2  * 112  = - I f X 1(VVy) WI

2 
 at 

o 1=1 

	

T r 	Tf Tf C
r m 

	

,... .. 	.. 	2 = CX1.1* .rX1vct—Ov. .(s-0 . (s) ds dT 1 dt 
o i=1 0 o io=1 j=1 17 	1o3 	

Yi
0 

..., 

	

where v. (s) = 0 	s < 0 
1j 

(s) 0 s Tf  vij  

	

= 0 	s > Tf 

Rearrange the order of integration to obtain 

	

r 	r 	m 
* 11 	rT f 

i(s)L , 
 rTf 	

1 'Ivy 1711 2  = T -
f 

XI 	Liy 	v..(t-T)v. .(s-T) di ds 1
2 
dt 13 

0 i=1 i
o
=1 o 	0 j=1 o 	 0 

 

	

T
f 
r 	r 	T 	in T 

	

I 	
r ft ... ily.(5)Xiv..(t.-111.7.(s-i) di I ds)2  dt 

	

13 	1o
j 

o 1=1 10=1 0 	lo j=1 o 

o i=1 j=1 0 
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Use Schwarz Inequality for integrals 

Tr(rr T 

	

2 	h IT mT 
(s) ds . f f l f fY 	I 	f ly. 	 J 	(t-T)v 	(s-flaT 

1j 	ioj 0 i=1 i =1 0 	lo 	o 	j=1 0 o 

1/2) 2 
ds 	dt 

Using. Schwarz Inequality for finite sums 

r
rr 

	min(t,$) 	2 
(t -T) dT).. ilull2  2 

i=1 io=1 0 	0 	j=1 o 

r r T Tf 	

1 

m min(t,$) 	2 
Identify 1117114 -T)v. .(s-T) dT 

i=1 io=1 0 
	o 	j=1 o 	0 

t12 Finally compatibility with 10111E 
is shown. 

, 2  r r Tf  Tf m Tf 	2 

	

IIVV- IIE  =/ 	Ifdtf dsl 	
cf 	

v
ij
(t-T)v j(s-T) cit I i=1 i .1 0 	0 	p 	0 

0 

✓ r 

	

 
zs< I 	y 	fTf dti

Tf 
 ds G  f lvij(t-T)v. 	dr)2  

i=1 0=1 0 	o 	j=1 0 

✓ r 	T 	T 	(' m 	Tf 	11/2 

	

.151 	Iffdtf fdsIfi vii  (t-T) 1 dTj. 
i=1 io=1 o 

	o 	j=1 o 

fTf it;i j (s-T) dT .1
12) 2 

o 
 

✓ r T T in T 
X,If fatf fdsYfffl; (t-.01 dT. 

i=1 i0=1 o 	o 	j=1 o 

m T 
f fr;2  As-111 dT } 

j=1 0 	
J. 

✓ m T
f r

t 
2 	

rmTfs 2 

	

= lY jdtj 17 	j dsj v. (s-T) dt 
i=1 j=1 o 	0 13 	i

o
=1 j=1 0 	0 103  

. II IIE-Ilv*IIE. 

This concludes the proof of the theorem giving the bound formulae. The 

computational importance of the formulae obtained is given in the same 
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chapter and some discussion on implementation is also given in 

Chapter 5 which details a significant industrial example. 
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Appendix D. On the Modified Dominance Cost Function  

The cost function for dominance at the frequency s=iw for the jth 

	

column q5. = G(iw) k.3 	j=1,2,...,m 	is given as 

Jp (k.i) 	1.4..(iw)1 - 	lq. (iw)I . 
JJ 	i=1  

ij 

Writing the matrix G(iw) in real and imaginary parts as 

G(1-10=[(x -f- it3 ] ,andsirailarlyforthevectorci.,obtain .3  

j 
q  = q1 = 

c12 

a k
'j 

= W k 
'j 

A  j 	2m 
where q.

j 
- 	+ 	, 	qE. TR- , k.j  Min and W 	-*TR 2in  

The dominance cost may therefore be written as 

L 
	. JD  (q) = ( q2(j) + q(j+m) ) 	L - 	( q2  (1) + q2(i+m) ) 	j=1,2,...,m. 

j 
 

i=1 
ij 

The square root operator within the summand of the cost function 

D.
(q) does not make it a very attractive function for further 

J 

analysis. In Chapter 6 , the geometric configuration of dominance 

costs are used to motivate the use of modified cost functions. .The 

most useful of these is given as : 

tan
2
0(q) = 	

( q2(i) 	q2(ilin)  ) 	( q2(i) 	q2(i4431) )1/2 

i=1 	2 	2+m 	i=1 	2 	2 	1/2 i#jq (j) + q (j) 	( q (j) + q (j+m) ) 

It is necessary to ascertain, whether iterates from a minimization 

of tan26(q) are producing useful iterates when measured with the 

correct dominance cost. Sufficient conditions were obtained and are 

given in the following theorem. 

j=1,2,...,m. 
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Theorem D.1 	Let ql and q2EQD. 
where 	Ilq111 2 = Ilq211 2 = 1.1 

and tan 0(q1) < tan 0(q2) with qk E m2m k=1,2. 

2 m 
2 

Define { a_k = (q2k(i) + qk(i+m) ) k=1 1=1 

2 
j 	

a2. 	( 2j  
+ 2 

1 - 1 If for the jth column a
l 

 

(m-1) 

then JD (411) > JD (q2) 	where 	m > 1. 
3 

Proof In the notation of the theorem statement 

m 
J
p3 
(q1) - J,

1J 	4 3 
.(q,) =alj -a

2j +1(a2i 
-a. 11 ). Based on this 

i=1 
i, j 

expression the proof is in two parts. The first part shows how the 

conditions of the theorem imply ( a
lj 

- a
2j 

) > 0, and the.second 

part proves the sufficiency condition to ensure / ( a2i 
- ali ) > 0. 

i=1 
i!j 

The conditions of the theorem are : 

m 	 m 

	

q1cl2
D. 	

a 	> 1 a 	ca EQ
13 	a2j > / a . lj 	l . i 	2.2j 	21 

	

j 	1=1 	j 	. i=1 
i&j 	 JM 

m 

	

11(1111
2 	2 	2 	2 	2 	2 
2 = al4 	i / 1 	3 

ali = 11q2112 = a2. 	i
X
1 	1 

a2. = u2. 
J 	== 

i0j 

m 	 m 
tan20(q1 all. / = L ali / 2 	

< 
L 

7 
a221 . 

/ 2 = tan
2
8 q2) 

i=1 	a
lj 	1=1 	a2j 

i0j 	i0j 

6.3.1.4 

6.3.1.5 

6.3.1.6 

i) To show that 6.3.1.4, 6.3.1.5 and 6.3.1.6 implies a 	- a 	> 0. 
lj 	2j 

m 	m 
2 	

2 > ' 
. 	a2

k Relation 6.3.1.4 implies akj > 	1 aki 	L 	
i > 0 k=1,2 6.3.1.7  

i=1 	i=1 
iOi 	i#i 

Relations 6.3.1.7 and 6.3.1.6 give 

(m-1) 
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m 2 m 2 	 m 
ali  < y a2.l  < 1 and hence a2 < y a2 

	

_21 	2i / m i=1 2 	i=1 a2 	i=1 	r 2 
2 	L a11 . i0j 

a
lj 	1.0j 2j 	10i 

	

ali 	i=1 
1.0i 

2 < a2j  / m  

y a2  
i=1 

Using ( 6.3.1.5 ) obtain 

m 	m 

i 	
1 a2  

2 

a2j = 1 A- 1E1  ( a
2 - a2 ) li 	2i 	i=1.  2i / m = 

2 	1 a2  
alj 	alj 	

i iM 	i#j 	1 li 
= 

10i 

Cm 
	9 \ 

Rearrange as 	1 + 	1 	X ( a2. - a-2-. ) < 0 

41 	W 2 a.) t--01 
1  11 
1=1 

1/1  1.0j 

Therefore 	1 ( a2 li - a2 2i 
) < 0 giving a2 > a2 

lj 	2j i=1 
i#j 

A sufficient condition for J
D 
 (<1 ) - J

D. . 1 3  
> 0 is 

X ( a
21 

- a
li ) > 0 ; clearly such a condition is not necessary. i=1 

jOi 
i 	 m 

This condition is found by bounding 
fk = I ak 

i  subject to 
i=1 
1.0j 

m 

aki= p2 - kj 	k 
= a

2 
> 0 , k=1,2, and then using the bounds to 

i=1 
5.0j 

ensure f2 - f1 > 0. 

Without loss of generality assume j- , and write 
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akl = a
kcosel 	aki 0 Vi=1,2,...,m-1 

ak2 = a
ksinelcos0 2 

a
k3 

= a
k
sine

1
sine

2
cos6

3 
	hence 0 4 6 4 n/2 i=1,...,m-1. 

	

= aksin01sin02 	 sin0
m-2 

Thus f
k 

= ak  [cos°
1
+ sin0

1
cos6

2 
+ 	+ sine1

sin0
2
...sine

m-23 

m-1 
2 	2 

where 	.2.  aki  = ak 	and 0 45.  9. 	n/2 
1=1 

Search for unconstrained extrema 

afk  = akr:-sin01  + cosy cos62  + sine2cos03  + 	+ 	1] 

301  

afk = aksin01
[ -sin02 

+ cog)
2
{ cos6

3 	
+ sin0

3
...sine

m-2 
}] 

302 

af
k 

= a
k 	1 	2 	m-3 	m-2 
sinesine...sine[ -sin() 	+ cos0

m-2 
 

36 

The condition of optimality assuming 01  62  03  ... 	0m_2  # 0 

A 
giving sin0

m-2 
= cos()

m-2 
and hence 0

m-2 
= n/4 

Back substitution yields 
1/2 

sinOi  = 	cos°. 	hence 
1 

, 
tans, = ( m- 	i=m-2,m-3,...,1 

1 

Giving sinei 	m-l-i 	m-i ) 	and cos6. 	m-i )-11 
A 

so that.  f
k
( 6

l'
...,6m-1 ) = ( m-1 ) ak. 

An examination of the low order cases shows this to be a maximum. 

The minimum is obtained by activating the boundary constraints either 

0. = 0 or O. = n/2 , iE1,2,...,m-1. The minimum function value is 
1 	1 

f
k
(min) = ak

. Have therefore 
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a1 
2
. >

'  2
2
j 

a 	+ p
2(1 - 1 

 

(m-1) 
(m-1) 

a
k 

f
k 
= I a_

k i 
$ ( m-1 ) a

k 	
k=1,2. 

i=1 
i0j 

Consequently a sufficient condition to ensure f2  - fl  0 is 

2 
( m-1 ) al  < a

2
. Substituting for a

k 
= p

2 
 - a

kj 
, k=1,2 

obtain the sufficiency condition as : 

Hence sufficient conditions have been given to indicate when iterates 

from the minimization of tan
2
e(q) are maximizing the actual 

dominance cost. 
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