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ABSTRACT

The work in this thesis is concerned with the stability of the
flow between two long eccentric rotating cylinders.

Part I of the thesis deals with the wavy vortices of the flow
between two eccentric cylinders where no Taylor vortex flow is present,
and where the eccentricity is small and the clearance ratio is very
small. An extension to Di Prima and Stuart's work (1 972b) is made by
the inclusion of the time variable T in the amplitude equation for R(#U.
The results are comparsd with the observed critical speeds of Vohr (1967)
for development of wave instability on Taylor vertices. The results
are qualitatively similar, but differ in magnitude from experiment due
to the absence of nonlinear effects, ]

In Part II we make an analysis of the influence exerted by a non=-
linear Taylor vortex mode with amplitude B on a linear wavy vortex

" mode with amplitude H(¥) . This problem can be seen as an extension of
the paper of Davey, Di Prima and Stuart (1968), where a similar prob-
lem has been treated for the concentric case. We take 7-=v"'+7V%, ,

whera 'ui—vis the Taylor vortex mode and V' is the wavy vortex mode, We

Ty +&* T _
define a.new parameter ¥ =T —T, —'52—3-1—7-*1 » which is the amount
1
above the critical Taylor number, e make the approximation 73-" €Ty, and
- _

expand Ty and the growth rate F:Ln powers of 7
The problem is solvad by using a double parameter expansion, first
the expansion inﬂ%from]oto the 7 order in the equations and afterwards
the expansion in € from £%0E%n certain integrals.,A A formula for the
critical Taylor number is obtained. For j><° (or A~> ), g-30,J>0
and” large we retrieve the Taylor critical for the concentric case,
Qualitative and consistent agreement is obtained with the experi-
mental data of Vohr for the occurrence of wavy instability though the
theoretical results are a little bit lower due to the absence of the

quintic terms in the expansions of the nonlinear Taylor vortex mode,
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INTRODUCTION

In Couette flow between concentric rotating cylinders ws are con-
fronted with two different kinds of transition. The first, the so=
called transition by spectral evolution, occurs when the inner cylin-
derchas a larger angular velocity than the outer one, while the sécond
kind of transition, the so-called catastrophic transition, is charac—
terised when the outer cylinder has a larger speed than the inner
one, We define a Taylor number propoftional to the square of the
angular velocity of the inner cylinder. The resulting laminar circu-
lar Couette flow becomes unstable when .the Taylor number exceeds a

.oritical value-T;CQ)=572 +» The laminar flow is then replaced by aw
toroidal or Taylor vortex system, superimposed on a modified circum-
ferential flow, the vortices beingaspaced regularly along the axis
with a definite periodicity, neighbours having opposite senses of
‘rotation. At still higher values of7‘, the Taylor vortices are modi~
fied by a waviness in the azimuth, and in fact become travelling waves
in the circumferential direction.

As far as the historical background is concerned, before the
beginnings of modern experiments in fiuid mechapics, the steady motion
of a viscous fluid between concentric rotating cylinders was thought
to be a simple linear combination of rotation like a solid body and
circulation like a potential vortex, the proportion of each component
being dependent on the anguler velocities of the two cylinders. The
purpose of these early experiments was to check the validity of the
Newtonian stress approximation in the Navier-Stokes equatiohs, and
this method was the first to verify the viscosity property of the
fluid. | .

Some early experiments, including work by Hagen, Reynolds and

Mallock, also brought evidence that elementary laminar flow was



always replaced at sufficiently high speeds by some more complicated
flow. Particularly, the experiments 'by Couette (1890) and Mallock
(1888) revealed that the critical speed was very much lower when the
inner cylinder was rotating and the outer cylinder fixed than vice
versa. The mechanism of instability for the Couette flow, that means
the transition from Couette flow to the vortex flow, is characterised
by a lack of equilibrium among the forces which act on any given
fluid element. In general for Couette flow, the radial pressure
gradient and the viscous shear forces are balanced by the inertial
forces of the rotating fluid.

Taylor's (1923) considerable contribution to the study of fluid
mechanics in including the viscosity in the stability analysis impro-
ved the stability criterion for Couette flow and gave an exact des—
cription of the secondary f£low which appears af'ter the fir;e.t onset
,of instability. Although Taylor's work had applicaﬁions in the
general field of inertial instabiiity, his analytical solution was
based on the so-called "narrow-gap" assumption, that means P,,»Rj‘f?//.
In 1961 Chandrasekhar was able to find a mathematical solution for
tﬁe eigenvalues in the Taylor vortex problem for the "wide-gap'; casé.
In his work Chandrasekhar solved the wide-gap problem theoretically
for RI/&‘-:D.S'O, and his results were confirmed experimentally by
Donnelly and Fultz (1960) for angular velocity ratios ranging from
—-FAF1L %é 0.2499. Roberts (1965) brought a contribution to
Chandrasekha.:'s research by solving the problem theoretically for
the eigenvalues for several values of R;/R, ranging from Q.20 to
0.975. After the completion of Robert's research, fhe theoretical
and experimental confirmation of the onset of Taylor vori:ex £low was
well established under a wide range of conditions. A brief mention

of the end effects or end boundary conditions is desirable. Most of



the theoretical research isimsed on the assumption of infinite
length cylinders. Obviously, as an infinite cylinder cannot be con-
structed and thus one has to rely on trends indicated by the data as
the infinite cylinder is approached. Let us define the "effectiva

wavelength as follows:

2 __Puid cotumn bength ~ GngthA - ez cells
b T (rambor of g (iEpm)

where the length of the end cells is the sﬁm of both top and bottom
cell lengths, In conclusion.24g§_is dependent on the end cell length.
Under certain end boundary conditions the end cell length can become
much larger than any other cell in the fluid column, and thus gives
the impression that the other cells are shrinking, or«2€%} seems to
decreasees

Burkhalter and Koschmieder (1972) found that the wavelength of
/singly periodic Taylor vortices in an infinitely long cylinder,
remains constant between 777; =”7 éndlr%@ &80  in experiments
with radius ratios % = 0.505 and % = 0,727, provided that proper
account was taken of the end effects,

Coles (1965) performed some interesting experiments, beside
showing that the wavelength of célls was nonuniqﬁe at soﬁe given
supercritical Taylor number, he was able to find that the Taylor
vortices became wavy _in the azimuthal direction provided that the
Taylor number was large enoughe In fact these vortices becanme
travelling‘waves in the ezimuthgl direction. From now on we call
these vortices as wavy vortices. When these azimuthal waves appear
the flow is said to bz “"doubly éeriodic". Coles feound that the tan-
gential waves have a nearly constant velocity of 0,34 times the angu-
lar velocity of the inner cylinder. Let a given flow between concen-

tric rotating cylinders be denoted hyqnﬁm, where 7 is the number of



Taylor vorticeé and 7 is the number of azimuthal waves., In the case
of length/g?p = 27,9 and gap/inner radius = 0,14k, Coles obtained at
a sequence of rising speeds of the inner cylinder the following dis-
crete spectrum of states 28/0 (Taylor vortices), 28/k (wavy vortices
about 15%), 24/5, 22/5, 22/6 o « . where 7L% O the boundary between
neighbouring cells were always wavye. Coles was also abie to illus-
trate the experimental fact, that in the range of speeds far which
doubly-periodic flows were possible, the steady Couette flow of a
given fluid in an apparatus was not uniquely determined by ths final
speed of roftation, but was dependent upon the manner in which the
final speed was attained.

A very brief mention could be made on the paper of Donnelly
and Simon (1959), where they determined an empirical torgue relation
C;==cx_£1;4ﬂkg—£¥?3é for supercritical flow between rotating cylin-
ders, where {2, is the angular velocity of the inner cylinder and &
and b are constants. This formula is valid to a rangé of values of.{1,
above the onset of instability extending to about ten times the crit-
ical angular velocity. The experiments also illustrate that the
finite amplitude analysis of Stuart (1958) gives the correct torque
variation over a shart range above the critical speed. Schwarz,
Springett and Donnelly (1964) distinguished tﬁree—modes of instability
in spiral flow between rctating concentric cylinders {the inner) with
2 narrow annulus:'the famiiiar axisymmetric meode, an azimuthal mode
with the predicteda&§05(8=40¢9angular dependence,  and a completely
non-symmetric instability'apparéntly dé?endent on the interaction of
the 71 = 1.and axisymmetric modéso

Cole was the first to start experiments on the flow between two

eccentric cylinders. One interesting conclusion supported by Cole

(1957) was that at high eccentricities the flow between eccentric



rotating cylinders should be more stable to disturbances of the Taylor
vortex type than is the flow between concentric cylinders. Cole

(1974 - Nature, December 20/27) discovered the crucial effect that the
cylinder (length/clearance) ratio L/C, has on the wavy vortex stabi=-
1lity for concentric cylinders. His visualisation observations as
well as his torque megsurements were in complate agreement in showing
little effect of annulus'length on the first critical speed but a
crucial effect on the second critical speed or speed for the onset of
wavy vortices, In conclusion the research based on the assumption of
"infinite length has not the same accuracy for the wave instability as
for .the Taylor vortex instability.

Vohr (1958) made a remarkable contribution ~to the experimental
study of Taylor vortices in flow between eccentric rotating cylinderse.
It is a known fact that the occurrence of Taylor vortices in the flow

.between rotating cylinders results in a discontinﬁity in the slope of
the torque versus rotational speed, and this discontinuity is a very
proper means of determining the critical speed for onset of vortices.
Up to a rotational speed of 2875 rps, the curve of Vohr is perfectly
linear with torque, indicative of laminar Couetta‘flow, and at 2,875 rps
the slope of the torque Gersus fotétional speed curveqchangés sharply
to a steeper valus, indicating the development.of Taylor vartices in
the flow, Other experdimental results of Vohr were that the change in
slope of the torque curve at the Taylor transition point becomes pro-
gressively less sharp as eccentricity increases, It would be sensible
to assume that the precision with which the critical Taylor speed cqu}d ‘
be determined from the torque curves will decrease as eccentricity is
increasing, Vohr found also that the transition speed for onset of
instability between nonconcentric rotating cylinders increases with

sccentricity ratios, and that this speed depends on the clearance
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ratio at higher eccentricity ratios. One difference between the cases
of rotating concentric and the rotating eccentric cylinders was that
for the latter case the end boundary vortices were non—existent; a
situation which may be explained by the axial flow induced by pressure
which occurs at the end of the nonconcentric rotating cylinders and
stabilizes the circumferential flow there against devzlopment of
vortices. |

An interesting observation of the visual studies of Taylor vortex
instability was;that-vcrtices would become weakly visible in the flow
at speeds substantially below the speed at which torque measurements
would indicate thair presence, This occurred in cases both of con-
centric and of eccentric cylinders; the discrepancy between the first
visuval sighting of vartices and the point at which torgue measurements
first indicated thsir presence increases with eccentricity ratios.
Vohr suggests that this discrepancy is due to extrangous disturbances
of marginally stable flow situations, the discontinuity on the torque
versus rotational speed iﬁdicating the true point of instability.

Devey, Di Prima and Stuart (1968) investigated the problem of
instability of ths Taylor vortex flow against perturbations which are
periodic both in the axial and azimuthal co-ordinates, where the per=—
turbations with the azimuthal co-ordinate periodicity travel with a
certain phase veiocity.

Based on some assumptions and approximations it was found that
the Taylor vortex flow is stable against perturbations with the same
axial wavelength and phase, bub unstable against perturbations diff-
ering in phase by %E o After instability the flow no longer is
characterised by planes separating adjoining vortices, but by trav-
elling waves in the azimuthal direction, a situation confirmed also

by much experimental evidence.
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In this work it is assumed that the wavelength of the vortices
in the axial direction is the same as in the case of the linear theory.
"Although it was found experimentally that the variation of wavelength
with increasing | is not large (Donnelly and Schwarz 1965), it was
suggested by Meyer (1966) that a suitable chosen variation of wave-
length would bring to a better agreement with experiment. Davey, Di
Prima and Sbusrt consider the interaction of two axisymmetric dise
turbances of different axial phases, with two non-axisymmetric distur-
bances of different axial phases. Their method involved expansion of
the velocity, in powers of an amplitude function of time, A(T) up to
93(tj, and in this way they derivea a system of four nonlinear 4diff-
erential equations for the amplitudes of the fundamental disturbances,
The coefficients in the amplitude equations are functions of the para=
meters appearing in the problem, namely:

(1) M= ALa  ana Y = %ﬂ— which represent . the laminar
2, 2
velocity and geometry;
(ii) the axial and circumferential wave-numbers of the dis-
turbance and finally,

(iii) +the Taylor number, where these coefficients can be
calculated by solving a system of linear-ordinary
difrerential equations.

Since this model includes (1) a stability analysis of the Taylor
vortex flow with reépect to non-axisymmetric disturbances and (2) the
possible states of motion that can result from an instability of the
Taylor vortex flow, this research work illustrates the concept of
successive instabilities of Landau (1944).

Beside the assumptions of truncation at cubic amplitude terms
and restriction of the number of basic modes to four, there are also

two other basic assumptions, namely: (3) the small-gap approximation
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and (4) infinitely long cylinders. Some additional conclusions of
this paper are that the azimuthal wave-number 771 is not properly deter-
mined by the theory, but there is a slight preference for’ﬁ'l— =1, in
accordance with experiments of Schwarz et al. (1964). However, this
result is not confirmed by the experiments of Coles (1965), which
found a preference for7”l = 4. Other conclusion reached is t hat the
critical Taylor number for the instability. of the Taylor vartex flow,
is about 8% above the critical value for the occurrence of these
Taylor vortices, Ic(0) , the experiments most closely related indi-
cating a value in the range of 5-20%. |

Eagles' (1971) analysis concentrates on the instability of
Taylor vortices for % = 0.951, and was undertaken to find the effect
of: (i) wusing fifth order terms in the amplitude; (ii) _avoiding
the small gap approximation and using the full equations instead. The
. expansion is rewritten in a matrix form, allowing more uniformity of
treatment of the appearing systems of ordinary differential equations,
A very carsful treatment of the method by which certain "coefficients
of nonlinear terms" and perturbations functions have to be evaluated,
is needed, in order- to include the fifth-order terms in the amplitude,
because the Stuart-Watson method does not uniquely dstermine the
amplitude function R(#*) . Since different choices of the “coefficients
. of nonlinear terms' ars possibly leading to different determinations of
A{E) and to different perturbation functions, which are asumptotically
equivalent as | > Jc , Eagles chose the constants in the same way as
'Reynolds and Potter (1 967) for the channel flow problem, By using an

expansion of a disturbance to a steady state solution in terms of a

smell parameter & , given by £*= T%T‘E— , the following equation in
<
the amplitude function (7 ) is obtained:

d By
C{,i‘

= 94 —C/%,g
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where /'f:!=52'7‘/' , and the fifth-order terms are avoided in this manner.
The conclusion reached is that the fifth ordgar terms would be important
as far as the matter of stability is concerned, but qualitatively
unimportant as far as the development of Taylor vortices is concerned.

Eagles found a qualitative confirmation for the Davey, Di Prima
and Stuart results for the instability of Taylor wrtices to non-axi-
symmetric disturbances, out of phase by 7—_%"'— in the axial direction with
the Taylor vertices, at about 10% above the first critical Taylor
number,

Consequently, the contribution of the fifth-order terms is
quite small, and it can be assumed that these calculations are quite
accurate for the theoretical case of infinitely long cylinders consgi-
c}ered in that paper.

Di Prima and Stuart (1972a) deal with the viscous, incompressible
/flow between eccentric rotating cylinders for very small clearance
ratios, a journal bearing. In lubrication pfoblems {;he mean gap bet-
ween the cylinders (6-a) is_very small (5"4«0‘), and the distance bet-
ween the axes(Aa€)can be a big part of that mean-gap. The eccentricity
parameter € is defined by a€ = &E(6-4) , so that 0SE<T ., They
used a modified bipolar co-drdinate system. T_heir analysis shows that
the Sommerfeld pressure distribution in a journal bearing can be
derived from the Navier-Stokes equations by a straightforward expan-
sion in the small parameter dr, the clearance ratio. First order
corrections for the effects of inertia (Rm) and curvature ®#23) are
calculated. There is no restriction on the z_accentricityo

Ancther problem whi_ch has been ‘treated by several reséarchers
is the problem of instability of the flow between eccentric cylinders,

A number of people have made experiments on the instability of the flow

between eccentric cylinders, including Cole (1957, 1965), Kamal (1966),
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Vohr (1967, 1968), Castle and Mobbs (1968), Fréné and Godet (1971) etc.
During the observations it was found that the critical Taylor number
for the occurrence of the instability varies with the eccentricity
parameter. In one of his experiments Vohr found (withbé-a = 0,099«
and & = 0.475) that the Taylor vortex secondary motion is greatest

at an azimuthal position of 50o downstream from the position of maxi-
mum gap, when the inner cylinder was rotating and the outer is at
rest, and not maximum at the position of widest gap, where the flow is
locally most unstable (Di Prima 1963). Di Prima and Stuart (1972v)
foﬁnd a possible mathematical explanation for this phenomenon, as
follows. As the basic flow between the cylinders depends strongly
upon the azimuthal angle, the linearized equations for the instability
of the flow are partial differential equations in the radial and azi-
muthal co-ordinates, rather than ordinary differential equations.
Single valuedness and boundary conditions of noéslip;are reguired.

The method of Di Prima and Stuart (1972b) tock into account that
the stability depends not only on the local flow et a given azimuthal
positicn, but on ths flow field as a whole: in conclusion tha problem
was global.

A similar problem has long been treated in the theory of boun=
dary-layer instability. In this case the basic flow depends also on
two co-ordinates, co that the accurate-stability equations are partial
differential equations, and here it was even usual to approximate the
partial differentigl equatiopé for stability by the Crr-Sommerf2ld
ordinary differentia} equatibdn, a thing known as the parallel floy
approximation.

Di Prima and Stuart (1972b) were the first to develop a self-
consistent thebry which took proper account of the global flow field

and which avoided the parallel-flow approximation.
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The research of Di Prima and Stuart was based on the linear stae
bility equations. The basic flow was calculated from the equations of
motion, written in the modified bipolar co-ordinate system, as ysed by
Wood (1957), in the paper of Di Prima and Stuart (1972a). There the
expansion was made in two small parameters, the modified Reynolds nume
ber'Rpg and the surface curvature which is small with respect to the
gap batween the cylinders.

The zero order approximation is given exactly by the solution of
the approximate "Reynolds" equation of classical lubrication theoary,
The terms of ordsr Rm give firgt-order inertial correction and the
terms of order ® give first-crder curvature correction. Di Prima and
Stuart (1972b) are showing that terms of higher order are not needed
for this problem.

In order to discuss the linecarized theory of instability of the

,basic flow, they wrote:
“f = 4o € (Py+ha) Ui P +(%}“[X/‘7’/}°}7f)
Mgo::(';%%)figkéx,7?§3/tj

| pe(EEPat) + (o) p x5

RArEaEy)

were 7 [ 2T% (W) y=[-2I% _J/2¥
’ “*[%’Z-f/u)](w)' v [ (1) J(‘fx—

P denotes the dimensionless basic flow,d ,7,% and A’ denote the

dimensionless perturbation,X , P, L and § are the radial, azimuthal
co-crdinates, the time and the axial co-ordinate respectively, ¥ is

the kinematic viscosity.
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Geometry and co-ordinate systems.

Three dimensionai Taylor vortex perturbations depend, in general, upon
X, P, ‘f and X . Sor convenience the velocity scals %—(?4+%a) is
chosen. 'The basic flow has-components in-the axial and azimuthal dir-
ections, and it can be sesen that the radial component %(%1‘-7@) is
much smaller than the azimuthal %(7\,, +%z) 5 because the ratio
XE =X 7‘52'63. | 7

The above scaiings reflect the known fact that, in the concentrie
problem, the radial and axial perturbation velocity components are
smaller than. the azimuthal component by a Reynod.ds number factor
(Stuart 1958), The appropriate Yelocity scales which area'f—},z-ra.dially
and axially, and %,,-7\2, azimuthally, are known from studies of the

nonlinear problem in the concentric case, (Stuart 1958, Davey 1962).
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The scales of the kinematic pressure follow from the lubrication theory
(I), and from the knowledge of the stability problem in the concentric
case. |

The dimensionless stream function ¥ of the basic flow is given
vy = Hoo (P €0 +RM Lo (Xe# £)4) #o0Yoq (e €9 +

+ R?q %o (X/9S/'8//“) + O(“z,O(/QM/ Ri)

As )l".,_o is in fact proportional to&, so that Ri} Yo is of order x&=2c4%E3
it has not been caicula.ted in detail.

Therefore, the assumption has. been made that

ws 77w tuteonnf (The Limearized Hovry precids o
'2)":@0,_77,,47 (X8 co-ﬂl'f" aé(/s;ﬁ'wpﬂ-aﬁ’tae. /WM /wzdzeaw%
’Io()"——-e/v-c’i"%/x/‘?b)@i”lﬂg e’q)mﬂﬁ% 2t Aione.)
pl=e” Cpttersaf
whereiﬂ and £ are defined as follows

:o(? a%d,'/?'::(—‘ﬁi't
;_— v

G~ and 2 representing a non-dimensional growth rate and wavenumber
respectively.

By using the basic flow known to order < and RmM , the partial differ-
ential equations of stabiliby againsit perturbations peric;dic along the
axis are formulated.

A model squation is considered as an asymptotic-approximation relating

&, R M, E  eand a Taylor number / as follows:

CD"—R?)E)’“—AE' ~T- RV 09 ( %,)Taf +T D/c (%) +E V(D eos ﬁfmo

In this modelrequation we are confronted with a similar situation as

in the reAa.lproblem in thatﬂit modeis how the basn;.c flow depends upon P
and how differentiation with respect to 4’ enters into the problem. It

is obvious that for&= 0 and 2 = 0, this model equation has the form

of the classical stability equation for the case of a small gap:
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(0% 72) (0P 22+ 22TV, () - =0

If the "parallel-flow" assumption is used, then the expression

[Vo ) +&Vi(ers] woula be regarded as a function of X only and with %
as a parameter, while 9% had to be neglected, In this case the eigen-
value T of the homogeneous differential system would depend upon ¢
implicitdy.

Di Prima (1963) and Ritchie (1968) made calculations of this
kind, and they obtained a value of T for each value of ¥, that means
A local criterion of instability. As R, is small in lubrication theory
(Raz/l_-% RM) it would appear that RaVo(X)% could be neglecked,
but exactly that approximation would bring in again the "parallel-flow
approximation”,

Di Prima and Stuart found a way out of this difficulty by
allowing % to take an adequate magnitude, relative to the P depen-

’ de-rica dicta’xted by th'eiterm Econ?. -

From the equations
Ra= 110 Roy = 1729 22
—_ / a\z,-\/?t 2,
and | = (f&iw X [//—/u_)

’ 7
— /T =
it can be seen that Ra = (L 'dé&f—)
The model equation indicatas that the response of the term proportional
. 7/
to QL. is proportional to the ¥ dependence dictated by Ecos?P (F RawExe 5
and as a result they set o "={ 9 3 where (2<) is put for
convenience and'é is a fixed parameter, By expanding bs,,'l);,’u)ﬁr/f/r and T

in powers of & as follows:

u,= Ugo (X1 )+ EUpy LX) #) +E g (P 4 - — - —
=y () FE g (o) + E ViRl )+ -
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W5, =AW, (K0 + €20 UG H) + Bl (X ) - — -

P = Pro s F) + E P o)+ E fun LX) + - - - —

T=To+eT +€ T2 +-----

and by taking the solution of the simplified perturbation equafions
of order é"/ E ana &

they obtained the following result:
o
g =~ R ol) + ELFrens® 450 (1) mﬂgﬁ o won 23]

vy =B §o00+EL 3109 4 e Freost Lo pomad]]]

2y = BN O§o ) +E[DRrcostt (=) 0pocost + Do (o) inag
*cpjocodﬂ}

and the Taylor number is given by

T =T, +&*(Taq +4%Taa)

where 124 is the eccentricity effect and Ty, the effoot of surface
curvature, and B(‘ﬁ =73°('é,)€, %%(m‘#ﬂ)
In all this analysiz-there are two small parameters J(s%2«) the clearw
ance ratio and £ , the eccentricity.
The problem was solved by considering an appropriate limit as f-ﬂ) and
£->0 for fixed | , in suchlr a manner as to take vroper account of
the P variation,
For the limit case & —y o0 y Which implies that & is very much smaller
than S%', , one retrisves the concentric case R =R, (<o)

Di Prima and Stuart (1975) dealt with the nonlinear caizulation of
Taylor-vortex flow between two long eccentric rotating cylinders. Re~

searchers are confronted with this problem in lubrication technology,
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and it represents an extonsion of Di Prima and Stuart's earlier work
(II) on the linear eccentric and of even earlier wark done ﬂ& Davey
and others on the nonlinear concentric research of Taylor-vortex
instability. In order to develop a consistent perturbation scheme,
relationships are specified between the four small parameters in the
analysis: the mean clearance ratio (5 the eccentricity &€ , the Taylor
vortex amplitude and the.amount by wnich the Taylor number exceeds

its critiéal value, and in this-way a global solution to the nonlinear
stability problem is obtained,

In the nonlinear analysis the authors were confronteé with an
additional difficulty, namely to take proper account for the large
pressure development due to Reynold's lubrication effect, It is known
from the lubrication theory that the requirement of»no-slip boundary
condition provides for the development of an additional and usually
strong pressure field, and Reynolds (1886) lubrication equation for
the pressure can be derived from that requirement, They found a way
out of this difficulty by solving the continuity squation to a higher
order than is necessary for the momentum equations. This difficulty
was also anticipated from previous papers on the concentric problem
(Stuart 1958; Davey-1962; Reynolds and Pobvter 19663 Kirchgissner and
Sorger 1959), that an additional component of the circumferential mean
flow is developed by the Reynold stresses of the Taylor wrtices.

The basic nonlinear equations in the paper of Di Prima and Stuart
(1975) follow the paper (1972b) but with some differences in notation.

As a model equation-they considered the steady equation

For_ 9’03’
VZ(V Rﬂg«@p)(v- TC4+ECO’S‘P)§_

/)2,
%k

where

V“r“’"



24

This model equation is different frop the model equation in (1972b),
since it includes a quadratic nonlinear term on the right-hand side
and the replacement of —A V" by r}__’l.." , while in (1972b) the linear

form of the model equation was solved by the following expansion in & @

I =5 ’?f'(o)(x,sﬁ) +g,v,(4)(x,4>)+o(5_’_')7co-:32;

and [ =T, TE, +82'7},+—' T

where ’UJD},’U'(") are functions and /o nr ;T2 are numbers to be
determined, in the nonlinear analysis it is necessary to determine A
and to allow for the generation of harmonics and mean sffects caused
by the nonlinear term.

While the fundamental 60‘02-; has small amplitude A , the mean
and first harmonic C{)’J-?:‘f appear with magnitudas )92' » the corrsction
£o the fundamental and correction will have magnitude A° . Since for
the linear problem the amplitude function B(¥) is dstermired with 2*”
at order £€A , and for the nonlinear effect on the fundamental, which
is of order A3 , there is need to make the identification EA=R> in
order to allow for a simultaneous correction due to eccentricity with
the nonlinear effect on the fundamental. Consequently, they wrote

the velocity field as follows:
w=s% Mo@(,gb, J+E%u, (x,se;c’)+au2(x,¢§)+s ‘a3ok,¢;{_=’)+
-+ 6”uylx/’r’>/,,é‘_]r0(g3)
= e[ Kl tE)+ ERvaLat )t av,,arﬁ;-)v“ég”“?fs()f/ #E)+
+&*vy (wg] J]+0(E3)
o= ET[ 0 )+ )+ EwR N FE)+ g3 i AE) +
+ &Ry (b E) [+0(E%)

Lubrication theory requires that f’ should be expanded as

=41/Z’2;_[f74 ($)d? +5f7«4(¢)a(¢+0[5j7+
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”z[}a () +s;'/é(x, % ;)+ &t §) +53/7>3 LahE)+EP &% mw;uo(a‘V}

By solving the equations of order % , order & and order 83&‘1:}13

following perturbation vzlocity field is obtained
=& BBDPLY 0 2E ~ 8B iz 0009 AL +0(E)

e SR B3 09) 0 A +ELBH B 10 ) +(3QTSTp, ) (6% )
+ 32 () a2 (%) €09 .u,gj +o(E%2)

W= P77 BIY) Do (Y aom AE + SR DPralt) 4omaRE + 0(%)

The above mentioned functions j— and ﬁ- are connected to those of

Davey's (1962) vaper (" >+/,71=0) as follows:

j"lx) 4,00) , (X) =%(0), 2”’2‘{){)— —%@CD)/;qzwz“%'z—é(D)/
Jrl)=-Z R -3Q,62 L) =% £ () -3a,0%F)

where D is a symbol for Davey's functions,

As far as the pressure perturbation is concerne

__3TRe™ T4 { (Ewo)~//)f A }
Frras &[ byt ECs%lq& °”3——’1——+o(‘ﬂ

-T2 B D) coo A + E[ BB L0 Y #LRETy po
+ BB e x)mwj +0(£%)

The linear theory is retrisved by letting ;>0 with# f‘lxed. The

constant Bo(/jé) of the linear theory is determined

%
T, coze
R(4T,) = = i@

If the alternative or second limit [,~><0 is considered, the nonlineapr

solutions of Stuart (1958) and Davey (1962) are retrieved, The para-

meter /4 lies in the range 0$T, <0 _, Ths lower limit yields a non-
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linear alteration to the results of linear theory for the eccentric
case, while the upper end represents an approach to the concentric
solution,

Like the works of Di Prima and Stuart (1972a), (1972b), (1974)
and (1975), Hall's Fhe Thesis (1973) is based on the assumption of
(the rate of change) small and (the magnitude deviation) small, Hall
in Part II of his Ph.D. Thesis (f973) investigates the stability of
the flow between concéntric cylinders, when the outer cylinder is at
rest and the inner one has angular speed-fl4(”’F5‘”°°dtL He obtains
solutions of the linear and non-linear stability problems in the limits
of cU tending to zero and infinity. Using the same methods as for the
cylinders problem, he deals with the related Benard convection problem.

Later we shall summarize some works based on the assumption of
(the rate of change) smali and (the magnitude deviation), defined by

,& =0{(1)s In all these warks, known better as the "slowly-varying"
problems, the WKB method was useds In the following thesis there is
an analysis for linear and non-linear stability problems in the flow
between two rotating eccentric cylinders. In the linear problem thers
is an analysis of the wavy vortices between two eccentric cylinders.
This mathematical -anaiysis can be seen as a contribution to the pre-
vious papers of Roberts (1965), Di Prima (1963), Davey, Di Prima and
Stuart (1968) ana thé paper of Di Prima and Stuart (1972b). The
results are compared with the sxperimental results of Vohr (1968) for
eccentric éylinders and a qualitative similarity has been found.
Nevertheless, a difference in magnitude from experiment is obtained
due mainly to the absence of nonlinear effects. The analysis of the
wavy vortices of the f£low between two eccentiric cylinders where the
Taylor vortex is absent, is based on the aséumption of £ , the eccen-

tricity, small anng; the clearance ratio, very small. The method of
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Di Prima and Stuart's paper (1972b) has been extended by the inclusion
of the time variableTin the amplitude equation for /3(%,T) o By
defining a new time variable T, as follows:

—C/’ =R¢\-C

the mathematical relation # = 1774 is obtained,

z({2+0)
ﬁhere g%(.ﬁ]~4—k_£ln) is the mean angular velocity. |
By defining also the growth rate T—> ~Ra 5257 , the new time variable
T, is included in the amplitude equation, giving the following linear

partial differential equation in the azimuthal and new time variables:

47 [ BB g QRO (1B

g

These new definitions are connected with travelling wave considerations,
while the definitions of Di Prima and Stuart (1972b) follow from per-
turbation growth considerations. The nsutral case of this problem is

considered and the final result obtained is as follows:

=T + £2(Tay +47 Toz) + 24> T, ? ST ATy M T Ty
@04%9a2’£o-¢4 Ao 7aaﬁkzﬂn£22t q%m2¥4%%$ éaaQH%y 49L697;qna(aczuzéaﬁabwtggay
ggzgﬁﬁéngﬁuiigcan be“sean as7Z§e§§§filon of time depdigygca g wavfit

ness to Di Prima and Stuart's problem (1972), cr-as-an addition of
eccentricity and surface curvature effects to Davey, Di Prima and
Stuart's problem (1948}, that means as an unification of Di Prima and
Stuart and Davey, Di Prima and Stuart's papers, where the various effects
are linearly additive in Iz .

The nonlinear part of the thesis deals with an interaction bet-
ween a nonlinear Taylor vortex mode, with amplitude B(# and a linear
wavy vortex mode, with amplitudel9(¢9, in the flow betwesn t wo eccan=
tric rotating cyiinders. It can be looked upon this problem as an
extension of the paper of Davey, Di Prima and Stuart (1968) where a
similar problem has been treated in the concentric case,

-1f==77'4-1ﬁfvf is defined, where Yy is the Taylor vortex mode and
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U’ is the wavy vortex mode.
I K
Talo) =T-T,- 3Ry
Y
which is the amount above the critical Taylor number, is also introduced.

A new parameter D’ = T~To~—

The mathematical analysis is based on the approximation 7':"873, S

where the Taylor vortex mode is expanded in powers of] as follows:

Vry = Zfi?: B(%) 3. (x)mzi? + %— [13"(75);40—!- %(x&%ﬁmu%#(#;«}...
=Z%V +JVva oo

The wavy vortex mode and growth rate T are also expanded -in powers of a’

as follows:

’U’/:‘— ,l/,JM)_{_ Z’//z 7}-/&‘)_}_77)-”3) I

where’lf'lha.s a € ' dependence on the time ‘C,'

Since some inconsistencies appeared by expanding directly in the
eccentricity £, we found that a possible way to solve this problesm
was to use a double parameter expansion; first by expanding in Z’ﬁfrom
7°to 2’ order in the squations, and later from & to&~ in certain
integrals, -th& parameter ;" having a dual role, in-ths sense of being
a paramster, and secondly, being connected with € as well.

Thez momentum and continuity squations will give us a nonhomo-
gensous sixth order system of differential equations, in ths radial
and azimuthal co-ordinates, In order to assure a solution of this
problem, an orthogonality condition involving the suitably chosen par-

tial dlf‘rernntn.al equations ad,]o:Lnt has to be satisfied as follows:
aic

_ff“ qr dx b = ijr“‘saxxdsﬁ- 0

o—.....
/w—/gmL%;-S and L mz‘ﬁemgmm‘aﬁmmﬁ%am
The final result obtained by us:.ng the condition of stability M‘-‘ﬂ=0 is
ah fotlows: Tl am) =T, +s*Latfely | £y Teq
n) ¥4 "Fgg +2 E;s (‘é nl)
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where the second term Elle;—@i":represents Di Prima and Stuart's
(1972b) _linea.r Taylor vortexd effect and the last term represents a
nonlinear Taylor vortex effect, ch(fﬂ;) being a complicated numerical
function of 4 ana Tie

For the limit cass T;-» O one retrieves the fofmula of Di Prima and

Stuart (1972b), while for the simultaneous limitsT;?<°,&?>0and rm.&vz;e

(connected by €T; =7 ), one retrieves the formula

T'(/)?L) =_ro —f-—r_% =T, —f-//25-

of Davey, Di Prima and Stunart's (1968) paper,

A differe;lt kind of approach to the concentric case could be found by
letting 4 - o, )

It can easily bs seen, that the 7°term appearing in the formula for

the critical Taylor number of Davey, >Di Prima and Stuart (5.22) does
not appear in the present one, ami to get the correction term in 7t®
there is need to go to a higher order expansion, namely in 74/"‘ from
7’ to 2‘2’;'11 the equations, and later in & from £°to E%in certain inte=-
grals.

Before bringing a short review on the slowly varying problems, there

is a need tc mention the wavy vortex geometry. Cole {1974 - Naturs Dec.
20/27) illustrated the crucial effect that the cylinder (length/
clearance) ratio (I/C), has on the wavy vortex stability, for concen-
trip cylinders.

He brought some important revelations in this field, especially that

no stability analysas seem to exist for an annulus of finite length

and most experimenta.l researchers preferred to work with long cyl_inders
although short cylinders are more likely to be met in engineering

applications. Ceole concentrated on two kinds of experiments to find

out the effect of annulus length L on critical spesd N, namely (i)
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visual observations and (ii) torque measurements, His visualisation
results were for a rotor of diameter 91.42 mm concentrically positioned
inside a stator of bore 10302 mm, effective length 250 mm and thickness
19 mm, so that R1/g, = 0.89%4. The test fluid was a silicome oil of
kinematic viscosity 9 = 19.3 centistoke, and the vortices were made
visible by adding some small aluminium particles., In the case of the
visualisation technigue #=ha critical speeds wers determined with an
accurate precision of 0.5%, the annulus length being varied by changing
the depth of the test fluid, where the lower end is a stationary solid
surface and the upper end a free liquid surface.

Figure I illustrates that the cylinder length has a small influ=-
ence on the speed at which Taylar vortices appear but a crucial effect
on the speed at which wavy vortices appear: at L/C = 25 the second
critical speed is about 10% higher than the calculated value and at

,L/C =10 it is about 40% higher.

~0 410 20 30 © 40
2 Fo
Q 2.5
w \ a, V T
e \
w 60
S 1o S
E SYe—— 150
> e e
4
= b
LU """" 4
g;-%S 40
o 100 200 (R'i/;zz= O.89‘/>

Fige I Effect of the cylinder length L on critical speeds determined
| from visual observations (a) wavy vorticas
(b) Taylor vartices
The results in the case of torque measurements (R;/R; = 0,954)
are generally similar to those in Fig. I, with the only marked differ=
ence that the very small variation in the Taylor critical speed with

length is of opposite sign to that in Fig, I.
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The visualisation observations as well as the torgque measurements
are in complete agreement in illustrating little effect of annulus
length on the first critical speed but a crucial effect on the second
eritical speed or spesad for the onset of wavy vortices. Consequently

, the theoretical research based on the assumption of infinite length is
far less accurate for the wave instability than for thes Taylor insta-
bility.

Some mention is needed about the slowly varying rroblems, where
generally the rate of change is small and the magnitude deviation = 0(1),
the usual method of analysis is the WKBJ method. In general, the
determination of the stability of a given flow to a perturbation requires
the evaluation of a system of partial differential equations. It is
understood that any general perturbation can be split into normal modes,
the stability or instability of the flow depending on the behaviour of

,the least stable mode.

In the czse that the mean flow field is defined as a function of
only one spatial variable, the system of partial differential equations
defining the perturbation can be separated, and the problem is reduced
to that of solving a system of ordinary diffarential equations, Plane
Poiseuiiis £low can—ba taksn as an example of such a flow.

Rosenblat and Herbert (1970) consider thermal convection in which
the temperature of one boundafy is slowly oscillating iE.time, or mors.
explicitly they deal with a Boussinesq fluid heated from below, where
the applied temperaturs gradient consists of a steady and a low=
frequency sinusoidal component,

Their analysis was undertaken to achieve two objectives: (i) to
find an asymptotic solution of the problem which describes the behaviour
of infinitessimal disturbances to this configuration in the case of wery
small frequency, with arbitrary amplitude ratio; (ii) to find an inter=

pretation of this solution from the point of view of the stability,.
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They compared their results with some experimental results.

In practice we are often confronted with cases where the depen-
dence on a second variable is weak and the approximation is made that
the stability characteristics are in some sense related to those of
the equivalent one-dimensional system. As an example of this type can
be sited boundary layers, where the mean flows are almost one-dimen-
sional and their stability characteristics are based on the approxima=
tion that the flow is parallel over some region. The ordinary differ-
ential equation obtained after the separation is known as the Orr-
Sommerfeld equation.

The difficulty which has to be overcome in corresctly formulating
the stability problem for admost parallel flows has led to a serious
research effort being dirscted towards genuine parallel flows. For a
parallel mean flow defined by Z(.(c‘;-) the adsquate perturbation stream

,function is given by
\V(X/y//f) = "7’3()‘) €JC/9 ¢(ax —-ﬁ;f)

where the wavenumber & is in general real and ﬁ =ﬂ/z,+ﬁé , the fra-
quency parameter, is complaxs. A positive value of/q:will dencts
instability -to the perturbation. Schlichting obtained the eigenvalues
o and /3 and the-sigenfunction ‘75((7-) for a range of Reynolds number R,
by using the parallel mean flow approximation for the flat-plate boun-
dary layer. In the Orr-3ommerfeld equation the Reynolds number is con-
sidered as a parameter., Schlichting's suggestion based on the local
growth-rate information was that the overall amplification of a dis-
turbigce of a fixed frequency was given by the following integral

whé;e thg factor%%%& relates the spatial growth in the physical situa-

tion to the temporal growth employed in the theory. A better descrip=
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tion of the behaviour of regular periodic waves is given by the spatial
modes, for which X is treated as complex and/3 33 real (see Gaster
1965)s The growth of these waves is given by-}fQOOJX o Gaster (1962)
has shown that the two formulae for the growth rate are equivalent in
the case of weakly amplified or damped waves, Schubauer and Skramstad

related the measured growth with theory by obtaining the amplification

faorm f /a/i;,"k(/:) dx , where ﬂi/q’ is the phase velocity. The differences
between all these relations are less significant than errors introduced
by using eigenvalues obtained from the asymptotic solutions of the Orr-
Sommerfeld equatione

In the analysis on wave packets (Gaster and Grant 197L) it was
necessary to obtain a theoretical estimate of th; rhase as well as ths

amplitude far each travelling wave mode. The stream function chosen to

define these waves was given by

Y = A9 PLy,x) exp e{ St elx - 3t

where X andﬁ# were functions of X svaluated locally from the Orr=
Sommerfeld eguation, The factor A has been included to take some
account of the variations of the wavenumber and sigenfunction with

A conservation rslation such as wave action could enabls the determi-
nation of 7/, This is the kind of technique commonly used to reduce
a partial differential squation with a weak dependence on one variable
to an ordinary differential equation, Bouthier {1972) deals with the
stability of almost parallel flows by using the WKB method, He obtains
perturbation waves which can be locally identified as Tollmien=
Schlichting waves, but the characteristics of the waves such as phase,
amplitude and propagation speed are slowly varying in the flow., A
special analysis is done for the case of the Blasius boundary layer,

Finally the asymptotic behaviour of a wave packet in an almost parallsl
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flow is given. In the second paper (1973) Bouthiér applies the slowly
varying approximation to the stability of the boundary layer on a flat
plate, The numerical results show that the rate of amplification is
maximum at the wall; consequently the instability regions‘are two-
dimensional and do not longer spread to infinity in the potential flow,
moreover these results indicate increased destabiligation of the inner
boundary layer and fit better with the experimental data than those

of previous theories. Bouthier chose to define the amplification rate
using the growth of the local kinetic energy & +%°°, He obtained the
lowest Reynolds number where the amplific;tion first reached zero gnd
an upper limit where the growth was positive at every point through
the boundary layer.

Gaster (f974) describes the stability of small travelling wave
disturbances ip the flow over a flat plane. A direct perturbation
expansion in the small parameter-Efﬂbcharacterising_the mean flow diver=
gence is used., The Orr—Sommexrfeld parallel flow solution has been used
as a zero-corder approximation to the full equations of motion and a
correction in the form of an amplitude scaling function has been obtained
together with an inhomogensous equation for the fiwst correction to the
eigenfunction., Thas sauation has no§ been solved and consequently the
overall motion has -only heen obtained to zero order, nevertheless, the
determination of the amplification rate and wavelength, which is based
on the knowledge of the disturbance to lowest order, is made to order R .
The amplitude equation to this order is identical to that obtained by
Bouthier,

Gaster obtained the neutral stability boundaries given by the
first two terms of the asymptotic series solution and compares them

with experimental data. He shows that by using the parallel flow

approximation a valid solution is obtained at very large Reynolds numbers,
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Eegles and Weissman (1975) deal with the linear stability of a
slowly varying flow in a divergent channel by using a modification of
the WKB ray or multiple scaling method.

Althocugh the guasi-parallel approach has had great gualitative
success (for example Schlichting) recent experiments (Ross et al. 1970:
Sco#ti and Corcos 1972) have shown important differences from the quasi=
parallel theory. From the theoretical viewpoint the quasi-~parallsl
approach is deficient in two respects. First, the determination of
wave growth or wave decay is made only at a particular point, and the
solution cannot be determined as a function of the downstweam co-ordinats.
Second, it is impossible to estimate the effect of the variation of the
basic state on the local growth. The WKB or multiple scaling method
enables Eagles and Welissman to remove these deficiencies, and provides
a good method of approximation in which the quasi-parallel theory givas
. the formally correct lowest-order growth rate. Howaver, a @Weasure of
caution is needed because the growth rate can be substantially in error
if its magnitude has a comparable size to that of the rate of change
of the basic state. The method shows that the growth rate, neutral
curves, wavenumber dapend oﬁ the crossstream variable and on the flow
quantity under ccasideration i.e. the stream funciicn, velocity compo-
nentcs, kinetic energy etc.

By following Shen's suggestion Eagles and Weissman use a growth
rate based on the ratio of disturbance kinetic energy to basic flow
kinetic energy. The higher-order corrections in the WKB or ray method
which is applied to the divergent channel, show that, in general, the
unstable region is substantially widened and the corresponding critical
Reynolds number is much lower, than those predicted by quasi-parallel
theory.

BEagles and Yeissman found that waves of all frequencies eventually
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decay as they travel downstream, However, in ths unstable region,

waves may become large enough for nonlinear effects to be important.
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PART 1

WAVY VORTICES IN THE FLOW BETWEEN TWO LONG

ECCENTRIC ROTATING CYLINDERS : LINEAR TEEORY

>
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1.1 The Basic Laminar Flow

\Ild) =constant
, N\

\

=constant

R
a!
l 9'0,¢'O

Fig.1 Geometry and co-ordinate systems.

Following Di Prima and Stuart (1972b) one considers two cylin-
ders of radii a and b and linear speeds %and ﬁ'?/\g, measured in the anti-

clockwise direction. The centres of the cylinders are set a distance

ae apart, where €= cf J-— ;a

and 0£&<A

Here & denotes the eccentrivity andfis tha-mean clearance ratio,
Instead of (f, &) polar so~ordinates, the modified bipolar co-ordi-
nates (J’-’,?” ) of Wood (1957} is used in this analysis. The curves
f = constant are circles, the inner and outer cylinders being given
b =1 an =

v f =iemap=fi.

One follows Wood and uses the conformal transformation

z=a(lr)) , z=re" T,fe

7= —(4#{3’) Y3433
:e,s/s

— d+d+s8—F
1-(1+d)y-8y
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The ray P = 0 coincides with® = 0, In the limit case £~>0 an
identity is obf.a.ined' between the f, ? co-ordinates and /%, % co=-
ordinates, which is a clear advantage of this co-ordinate system com-
pared with the usual bi-polar co-ordinate system. The Jacobian / of

the transformation is given by

2

J= A+ 2 et 7Y (1.1.5)
(1~ 3>

and the two-dimensional length element is given by

dst= dppppd® = S dpiy SLAF (g g

Following Di Prima and Stuart (19722) one has the definitions for the

basic flow

Yo %
dp=2pa ] — UL, up=-g,7%5F

These definitions are based on the continuity equation

/V\;_L‘- \+ 9 / =0 (1.1.8)

the bounda.ry conditions are

’ u?:'?\.,, /cfsz aff::/f
d ,
- u‘f’:?\z/“f‘:o dj—JPZﬂJ

It is clear that the stream funchsion \IU can be introduced with
u, =\ ¥ ugy - \
f JO /)75 ¢ V_f (1 .1.92)

Assuming that the flow is stead and eliminating the pressure by cross

(1.147)

(1.1.9)

differentiation of the first two momentum equations, we get the foll-

owing equation for ths vorticiiy < in the axial direction:

_’/_/_d_tQ‘_U_d_*”.é'_'__p_/9 42,1 2%
(3757 58 " (3m* P Fim

where (1 -1°10)

In order to use the fact that the clearance ratio is extremely small
in lubrication problems and also to make easier the algebraic calcu-

lations it is convenient to choose X = ~1 as the length scale

(858 =4 =3 Vi- gz [~ 4 (1-V7== 9] + 0(53) (1.1.11)
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for J/small.
We lot f = 4+°((X+%) (1.1.12)

and introduce 2 dimsnsimless stream function _\I.Da.nd a dimsnsionless

vorticity by
V= o<7‘,,}7) w:%-& (1.1.13)

The dsfinition y,=°(f\1f/ leads to (1.1.7)

The squation for the dimensionless axial vorticity.ﬂ. is given by

R 2
MI?? L gjj 2‘3‘) W J’ N "'[') 7)"*)_0_ (1:1:82)
where __Q_ - “]('Bj(_z—/—‘%%-{-(f 99—?299_7 : (1.1.8b)

The parameter fn the modified Reynolds number, is given by
_ a\ o2
Ru=(BD) = G
with the boundary conditions

=7 ROy
/bt]— ,jgfr;— an':

In accordance with the scallngf //+“'(X+.2) the prcssure/a takes the

form P-—#ﬁ%ﬁ, (1.1.11)

(1.1.10)

where/u-= 7TV (1.1:11a2) is the viscosity and P is t he dimension-

less pressurs,

One purpose of ths papsr of Di Prima and Stuart (4 972a.) was to
derive the Sommerfeld pressure distributiom and associated flow as a
solution of the Navisr-3tokes dquations in the limit 0(“>O/I?M">0 whils
the second purpose is to calculate ths higher ordsr carractions((®)and
0( /\-’M) of the limiting solution, While in any lubrication problem it
is possible to expect °(<.<4) this is not necsssarily trues foar RM in
modern technology despite the factar & 2 which appears in the defini-

tion, DBeside the practical interest to determine the effect of the
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inertia termsO(RM)on the load and torque, there is also a need to cal-
culate the correction terms 0[0() andO[I?M)for the stability analysis of
flow between eccentric rotating cylinders for d&7 , Prom the stabi-
1lity problem for flow between concentric rotating cylinders (4:5_ fﬂs:o)

it is known that the Taylor number is

T:(%’?Z:%Rﬂ (1.1.12)

For the stability problem for eccentric cylinders it would be approp=—
riate for the case of small gap to study the limiting cased>(Qwith T
fixed, and this limiting process would require E'M:O(q%) o Conssquen=-
tly there is an argument for calculating the basic velocity through
torms O(%) and C(RM). Fortunately, sinceRﬁ'd%o is of orderx& , it
turns out that this term does not contribute in the stability analysis,

\7’ is expanded in powers of X as £ollows:
T # %) =T (Fr &)+ (X Fs &) +0o(xY 445
where \7"(<F E)= L/Z 80044’) (1.1.14)

)= ﬂ':Sco’ASf’ —E(E-co5?P) | f-EcnPVI~EF _[(1.1.15)
ns J10X, F78)= 205 [ 2(1-€9 Vi-g2 .

The expansions for fz:}ard Pare of the form

D= P 0t &)t RmFio (0P &2 )+« B (0 E €70+ 0(CR R

(1.1.16)
P =Poo (/P75 €D HRr Bo (4 7 &, ) +x Ry (% €740(%, /?M/"(/if;f)1 .

The expansion o_f_Q. obtained from equation (1 o1.8b) is
() =10, (xtie)+Ry Ll & )+l lo, i 8¢

ol R xR = o Lde R, T ?;gio

_‘Q([—\T 9"}{) +J,9 f’o +]/>—\§9_ g _ (1.1.18)

DX*"
Substituting thesa expansions into the differential equation (1.1 «8a)

and the boundary conditions (1.1.10) and making use of the expansion



39

of ], we obtain the three problems for EPO,, ,)T_J,,o » and YM given in
the following. Acutally all these problems are derived from the momen—
tum equations., It is also necessary to take into accc;unt that the
pressure P is single valued in ? . |

(1) The Reynolds approximation: ¥=0,Rm=

The general solution which satisfies the differential equation
4.
LA
Xt

and boundary conditions

teo_ ?_Yi-.—_ VI=& ot x=0

__—_O ! (1.1.19)

PP I—Ecor?
(1.1.20)
Qﬂo_o,’h”w A= ai-x —
22X I-EcaP

The gensral solution which satisfied the boundary conditions

- 1€ /1 3 —&~ Ex+ FX (U)X )

Poo is periodic and single valued., This later condition requires

f[op/#,)c(?’s O (1.1.21a)

g/ utp(2-EcosP-E)pin®
oo () = ==t v

+ Goo  (1.1.22)

2 ~
fTooo and Ooo are arbitrary constants, where Goo arises from the
integration of 230 withrespect to P,
gr gloe P P
(i1) 'l‘he inertial or R correction

4
(59 _S——_ ) (Ex" - 2 (4~E"9/nm,¢ ! Bion (PX” (1.1.23)

(1-&cn®)* &=  (nt4)!

where the functions /9//0’77. (r/}) are determined so tlat the boundary con-

AL

710

ditions are satisfied.

B, (%) =- 3E (1+)* cm¢+%(//—_5i/u7w)%¢(//—émq@_

I5(2+EY

_RF[ I, 2
S e (17 €

(1.1.24)

_\E,o is antisymmetric and the pressure /90 is symmetric about the 1ine¢‘=0
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(iii) The curvabture or & correction:

2,100 =5 oy (P4 B (D67 0:1:2)

_J_&E — < LE(2~EY
PO/] C#J/ E/) "{ 2 +EZ +(/H-/M-)L //——82‘—+ (’2"’_8?9‘.[/7—5-_ AinP +
H et E ] at 01)

The same as %o and Eo s the stream funculonPM is symmetric and the
pressure /%4 is antisymmetric about the line ?5= c .

We consider now the momentum equations and continuity equation
of wviscous flow in the dimensionless co-ordinate system(f/ 5’% So ) s Whers

;" is different from the complex number used in the conformal transfor-

( )W f’%f’( TESCE e

A ] A RDA B

R BT 4 o
t% Wpr P (r-1-20)

i (BB (5 )‘5" T

mation (1.2)

e (R [ D/ pas Q /u 1_9“u1~
SPlF o)t N &J-%E'{-J—%grz
”‘VE'Q(PQT ) {1.1.28)
d[" ﬁé) Vete
___.;CL]{"" i. 0,0 1 717 /\—ﬁ__g_ o U ] ?Q‘u"" __)(_9 U
At A ,g—"!" Q‘i\j; JP(J (5}_}0‘ sz_g? N 9}‘;i (1.1.29
9 / e _
(af( ) f}'$ )+g =0 (1.1.30)
whera
Ty Qo % +“‘°’ 9—— (1.1.31)
aH: =0 g F3p T az *5F s O

Travelling wave considerations require the following change in the
definition cf the time variable and of the non-dimensional growth -

rate " : T = 2 and v—> /\34 Q (1.1.32) (See Introduction)

A
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In order to discuss the linearised theory of instability for the wavy

vortices, we shall write:

- %‘E-(%,,—WQ)U(X#) +(22) g O, HT4) o8 E
Up = Foat5a V(0 #) +(Jua= ) Va0 #e) cod AL
“‘f =(39—)W’[X/9",T,,)/){ﬁ1/'t§

(—ﬂ)P(X ‘F)—r— ————-—f (X, P Ta) Cd’é;?-é

e L] (38t V(SN

The following linearised stability equatlons result:

&Ra]&(l]%t_,,_ U )+&T (\/9“1—% pa’; )
—Ra%)( ft/a4+ec/?aUm)+f§J—.;(d——), V’t§=
e T (ARG e
+Cp“ff°(§'(f‘)9¢ 9¢/f QXJ )
j%(i9vu +ER U%)+ TERa(V ”M@Z %)-
—wf,;—(%)(%\/w ER Ufz)-j-{—’?"' C,\sb( ﬁ)wU-

7&

— e

= 9’—’1{7/ - Rar) i - “2'7’”“*

‘/)U.,f 9 /

“H;TE'{ ’af(f)%b 'EF[J’)?;T
£R J/QUQW’-FDJ'& V%w;’;/t (J A RZ) W
T G- “f’f(‘l—)“ +eRa [ J5 /z% 9¢[ )_7*/1""\ o,

Here wea have usnd ths deflnltAons
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J*= ;9; +;£{+[}?{-)2?—;-,, (1.1.42)

HapT e Bt 3 ATl (22
Ro=(H49Ry = (12) (1) (114

T= ( 71‘-4—“—)2%3(4— «) (14145)
o :2”//72“_7"*I and (1.1-446)
=E5 (1.1.47)

7 The ‘boundary conditions are thati,,V; andjare zaro at X=%tZ- , and
that the solution has period 27Cin P . In this linearized theary we

are dealing with the neutral case,
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1.2 Parturbation equations

We expand the perturbation velocity and pressure field as follows:
Uy =Uyo (3 FIT;) +E Uy CX/¢/T4)+52'¢L1.2 KETY)4-- - -

V5 = Vgp (0 BTy +EV5 (0BT +E VR KT+~ - - -
' (1.241)
Wy, =W (X% T)+EW, XBTy) F-E%UWgy Ko PrTY+- - - -

P = fo10 (G BT+ forg (4P, To) HE Pralls Tt -

For the Taylor number we have also an expansion in the eccentricity & :

T=T, +&T;+%T5 +- -~ (t.2.2)

a,
~ BT =BT fs*Th__ D = - (1.2.3)

Since we shallrcalculateTonly to order 52', we keepA fixed. This
) assumption is based on a short analysis showing thaii the variation of
A from its critical value at E=((1)does not affect 7 through terms of
the order of g%, (See Chandrasekhar (1961) and Di Prima and Stuart

(1972b)). We found that

Tonirn =T ﬂo)j-~ZT(2)v—s*ﬁ(2)—f7$9 °(x_)] - (1a2.)

where

A= 2y +EXHE Ag - - - -
(1.2.5)
A, =A3 =0

and /?.2,//”17 are specified as follows:

T ()
A, = A (1.2.6)
TR ()

9712‘
BV Ty
‘/17 o Aa ’}/T" (1)“" 2 A5 [2°)+ (;Z) (1.2.7)

T
S (1)




Ll—-l%‘»

We expand also the basic flow in pgwers of & since U and Vdepend
uponq/&amlg « We then have

V=V, )+, B+ Vo (O+BT L, 66 ) ui)oﬂ;o(s%
1024

(J= U, &) +o(e) (1.2.9)

In these formulae Vo, V4 N qu and_U; come from the ﬂa component of
the stream function Y 5 while \,41comes from fg,oa.nd. V-?ﬂffrom ijorr ° Vo/ \4/,

? T
\os Voss Vogand Us have been calculated by Di Prima and Stuart (1972a)

as follcws,

V, = 1-cx (1.2.10)
\, = (X% —Z—)Coo'?” (1.2.11)
N, =304  (1.2.12)

\4/,*()(" i\[i // CQ' ( 2,\ Q(i—)(lﬂ/nmsﬁ (1.2013)

\/22 — X2 4 (1.2414)
L =a(x 91— (X~ &) aim P (1.2.15)

By taking into account all the previous expensicns in & , we obtain
sets of simplified differsntial equations, for order £°, order& and
order 52’ . 'These equations are solved in such a way as to take account
of the no-~slip conditions at the boundaries and the requirement of
single~valuedness in ‘;b , moreover we study the neutral case, for which

no growth or decay is present,

ORDER &°

By elimination of /b4a and o we have:



L5

TV, v, = Mty (1.2.16)
— U, = M, (1.2.17)
where M = D*-2* (1+2.18)

with the boundary conditions

Wio =3, = D=0 at x=%*Z (1.2.19)

This differential system yields an eigenralation between 4 and 7, o

We write the solution in the following form:

W, =~ B(HFT)FL) v = BIAHT) Jo () (1.2.20)

4

where 7 and jo together provide the eigenfunction of the system of

J

ordinary differential equations:
M'z}a +2* T, ijo =0

(1.2.21)

- . . - - .
Here /3(56/ v1/ is an integration "constant®™ for the concentric Taylor
~ ®! ,
vortex problem since,;zqr and ,f;ﬁz—:’- do not occur, and ¥ and T, are thus
parameters here, The determination of‘/3(‘i"ﬂ£r)reqm’res the consideration
of higher order terms in the expansion, as we shall see. Di Prima and

Stuart's paper (1972b) has been enlarged by the inclusion of the time

variable Tsin the amplitude egquation for B(‘f’,?,,),

ADJOINT EQUATION : ORDER &

In order to find a solution to the systems of differential equa=
tions, an orthogonality condition involving- the adjoint of the system

has to be satisfied, namely:
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The differential system adjoint to our previous system is given by:

(szzj_'f‘;j‘_‘o

_flz’i; \/agj—ijEO (1.2.23)
Zb+=03-0+=;°+= Odi'x=i42—’

\

The eigenvalues A; 7o andC are identical to those of the previous sys-

tem, but the adjoint eigenfunction (i;"/ %) is different from(fo %) as

the form of the equations indicates.

ORDER &

By elimination of/?M and #z; use of some previocus relations of the

O(£°) system, and with the definition & =—Uss, one obtains:

M2, +22 T, Nygs = BTy cos B Fgs I+ AT 9/3(56,-5 .. 00+

’ T BLPT) Fus )+ 4T é’/B(sﬁt £l
(1.2 21(:;

U, My, = BETy)cosb Guuat)+AT| AL 5""' %) 6102 oo+9/3 “e, @
(1.2. 25)

Ry =DTy= 2y =0 ot X=% L (1.2.26)

where

11109 P12 09, Fra3 09,644 09, G 4060

are given in the paper of Di Prima
and Stuart (1972b) as

Frag 00 =Mp) (1.2.27)

GCpry (X)= = (1.2.28)

Figs (X) = =622, (X’:-Z‘—);m'-?MD??D (1.2.29)

G 9 =[(:/Ec& "‘//)jio - 'ZDZjo (1.2.30)
Fraz 00 =V, Mp (1.2.31)
Gga (X) = ~Fo (1.2.32)
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Once the system to O¢Jhas been solved, the right-hand sides of
(1.2024) and (1.2.25) are kxnown, except for the values of 17 » as yet
unknown, and for the amplitude function R(#Ts) which is still undeter-
mined, The two operators on the left-hand sides of (1.2.24) and
(1.2.25) have no differentials with respect to P and Ty s consaguantly
% and Ty may be considered as parameters as far as (1.2.2%4) and
(142.25) are concerned. At this point we have to use the adjoint
function pair (i-j', 1) . Since the homogenaous system (1.2024) =
(1.2426) has a non-trivial solution, it is known that the non-homo-
gensous problem will have a solution only if a certain orthogenality
condition involving the sclution of the adjoint problsm is satisfiad.
That orthogonality condition requires that when we multiply the right-
hand sides of (1.2.24) and {1.2.25) by fn_" andjj respectively, add

and integrate over ("i —/L) the result must be zero, This gives a re-

lation between [2(7 /_-’:4)/9/?35[‘#’—6’ ?}Bﬁb’tJ cod P, /QQ%CZ

Let us divide it by f (}f ,Mz—l—;o 6,142)5{,\/

we obtain the following pa[‘tlal differential equation
Y/ . —_
4T SB& 2) 4 —————“((’6’ ”J (Meosb+TT)B(FT) (1.2.53)
£
where __ f 20 F/,,,,q f{-jj_,(:;{/jq)cLY

o = {1.2,34}

/ P S o u/z//.?,)c/X

To check that ( —L) is the wave velocity, we did the numerical calcula-

7

tions and we obtained that the wave velocity is approximately 1.05,

which is a similar result to Davey, Di Prima and Stuars’s (1968), (See

Table 3). J‘_ and /:’/; are definad as follows:
z
Jf (Zb{-EM/ -(-ﬁ, 6/144)C{X
[= Z o (1.2.35)
LQ_/ (7> Fr12 * %o 6,,//2)5&
4
_ ,Z if Frra () dx
{z:d_ (1.2.36)

i:J,:__._

o

K a3 G raz) el

25
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" is the same as [’ used by Di Prima and Stuart (1975) while % co-
rresponds to '3 used by them. Their numerical values arel =23 09 and
M, == 0007356  (1.2,37)

We have 5 first-order linear partial differential equation far /3[9@_5/':)0
The coefficients can be evaluated in terms of the O(€)solution and of

the adjoint equation. By solving the differential equation with charac-

teristics:
B(%T,)=B(¥ 1) (1.2.38)
/ba)la'mai@:,
where =<~ 22 (1.2.39)

and by taking into account the periodicity condition in ‘P 2
B(=Tc, 27t - )= B(o, - ) (1.2.00)
[ - [

we obtain the following soluticn for the amplituds B3(®T;)

. 9 Pog) 4 BT febs
i7 /= Yoo € 9(42) (1.2.41)

returning to "che—C variable we haves

o (Pinb—y)+ 2_7—/}’-&—

Bl¢T:)= B.e ® AT (1.2.42)

where F)[ P %L) is a unit X/ periodic function

AlP~"B)= a, +, o3t B) Hy aim (P B - o cmm (PG
+£),m/.)wzfm(’7’ ~ ) (1.2.43)

In order to simplify the calculations we shall restrict ocurselves to
three terms in the unit 2/Uperiodic function which appears in the

amplitude formula.

- ¢— -

A+ Ao Cos T (F-T)Fhyprim (-2
(1.2.44)

A neutral solution which is neither growing nor decaying in time is

5(‘?5/—54)7—‘]3006

obtained by seeking a solution which is periodic in T;, which implies[;=(
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In this case the amplitude will take the form:

(gin=) .
o E" + O COBIM (¢~'%)+émmm(¢’%ﬂ

(1.2.45)

BC‘F/_Q) =[Bo0 €

For =0 we retrieve the formula of the Taylor vortex amplitude (Di
Prima and Stuart (1972b)).

Our differential system can be solvéd as follaws:
Uy = Tyy = B#T) a0 st mmB T2 BB oo cnm (#-2)-
—a simn (P ~2) | )13051,.,31 (# 7)o )

Vi = BT 24 )03 +an T BB o covm (P22

= Gy MM r/ﬁb" %L)]jsw + 1% (4”7:”);" %) (1.2.46)

where (jh/jh) and (23/;3) have to satisfy the following systems of

s

differential eguaticns:

M 2277; +*T,V, 2= Ery )4+ Fz 09

3_4 —_ M?/I — 6/[44 ,/)C} +F6/14-2 k)
Vi =0 =j=0 Al x=t4

(1e2.47)

/sz% + 3T, \v{,j—:g = (/V'f’ —%)Mj’
. AL
33~ Mgs =-go (Vo= &) (1.2.18)
Jo = Dfs=ge =0 HX=EZ

The solution is determined up to an additive multiple of the corres-
ponding homogeneous system, and this is illustrated by the inclusion
of the terms B,[%‘C})i»()g and B4(¢l?4);owin or expressions respectively,

where it is understood that /3,(%7Tz)is an integration "constant™, The
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determination of the function B,, [ ‘35/—‘74) requires consideration of the 52'

order.
B(®) is aerinea by

LR ?5~//)
— BT~
RB(H) =B (1.2.442)

orpER E°
By elimination of the /:/’/:a. and W72 and use of some previous re-

Jations obtained from the E order and € order systems, together with

the definition U=~z , we find:

M* B+ 22TV Vi = BT g GOHAT | 2T g,
J%‘ﬁ@ B O |-+ BLE,) s (O AR BT HB(T, st Frs 6
F AT BT pin b Fag () +Ta BIHT) Bz 0O+

AT et o cos (D) et Hin 6B Frng 60 Bl
\ton T [P C) = Blt)| Fraa 09 ()

T oB, (FT
T M=y (£ esst Gua ) +ET ] 7;——’——1 G102 69+

1 2B (%) Gyl [+ BT Graz i) + 2 BET) Cray () +
| Z,

L RlB/r) a2 Gas R+ BT BT 45n-Grag () +

Y T/ i e AN - ? T =
+on b T b carn (= B)~ A 4om T (F —E)] G0 BB

+ /)719“’,52“7: E5(</>,*C4) _a, 3 (c@ GCq32(%) (1.2.50)

The boundary conditions are:

— — 4
Uyp, = DUy, =V, =0 At X=2 L (1.2.51)

snove Figs (9 = L [60C )Mo =Vo (SDEA)Jo= 12 e DFL

2 Ve
(503 e =3 2T (=P pum T Mg =3 T, ) g+ M

-(1+2.52)
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Fray ()= ~4cMDp +2 223 Toc (x+E)V,g0 - HToc*Voz go ,(1.2.53)

Fiast)= L [66x4)Mp -V, (30527 ~ 125 +2eDE]-(5D%AY90%-
=L MDga +2 MD*P, + %VLM/”L,, SBAVT, (K2 g)g,,  (e258)
Fag (9= 206% 2) (=) MDJ + (6x % cxt~2) Mg +V, (D% A0 +
+/1:7(}D +)<DZ») 22T, (ke :L)[_‘z o~ cz)(a_o_ x2)— cx %‘Xﬂ _
=3cMDgo Ve MPr, (12,55
Froe () =-2*Vog.,  (1.2.56)
Frag (= 3MD¥5+ Ve M +(Vem L)[M$1~20%- [L D]+
+[ G D)=V | Mo + 42 Do~ X Te (- )35 +eD(Ma,-2)+
+c D(M;3 —jg)-i—c (= Dfo+2 Fego~I"V, Dg. ~2 D3a), (1.2.57)
Fiz2 C‘/‘2(\/ ~Z£)M* 5, (1.2.58)

6//23()0—‘-‘ -+ 1,9;0 +E_l—\/ 6(x% i‘jjo A ”"é (327—02;4"8—%6?:'7
(1.2.59)
6,,24 X) = Q(;U +CDg.), (1.2.60)

n a Y o, [2XY_ne
Guasl)= ~ S Jot 505 +L [\ - c 02 )]0+ i (14 7B) D, -

n\/ X
— LYot . (1,2.60)

: =2

| 6426 () =2 [:L/f_ )( yx3+3%) J éL(X w-l-%_o. -

— (X3 D) (X-5) Do +E 9. %) Ve Jr ) (1.2.62)

Grag ) = (C& +i)Fs +(-ox Xt %)j"“‘wz 3=Vl 33, (102063)

6/13:2 )= Cvo B %) 3 (.2.8)

Again, by multiplying the right-~hand side with the adjoint and
respectively, adding and integrating over( 2/ ,2 we see that the

results must be zero. In this way we obtain the following first-order

differential equation for /3/; (?:/_C:I) :
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{7% 4&[9/34 (¢ 1) +~9/34[75_54] lesa - /3,(7%@)}_{5?1:,1 6{43)"&

5(¢/Tl)j (5;!- F/IQ3 +jc 6 /,7_3)6[)( ‘f‘% BKQS/-C/I)IQ?‘D Eiy +;q 6//,’24 ) dx+
+ BC?[ ;) cod ac?{)i(ijF,%- ‘1‘;0 64,25‘);{,(7‘- éT 2’/3(75/77)M‘73/\2v Fné”jv 6/26)::1,\’
B4T) f 02:"/72? ()X 2B T [ 1B (#5)-a.BH) ﬁ(ﬁi—;szqnjo Grag)élk

+mfe—z/m¢ B(P) [ cmzzss Gt) - ein o B-GJ].
f (}D F/:za+ F Gag)dx = 9 (1.2. 65)

4‘7" +
By d1v1d1ng now this equation with L ‘_—[1_ g° E’”Z+;” 644_2) olx

and by using the following notations:

A
Z ot o)
My = %_L_ (g” Fra g7 Grag)elx (1.2.66)

4
=4 pz/"+Fe -+ +6—125‘ el x
la=-F1, (fr Faas 7 )X (4.2.67)
i
= e T+ f
fy= 4 [ (F Fas +7 ©294X  (1.0.8)
2
L, G
m =L f F;lgt,l"‘qﬁ' Grag)edX
[y TJ, (3“ (1.2.69)
2
L, =
P.S‘:jfjgﬁ Fraz dx = =14 (1.2.70}
Z
A 2
Mo = —f-{-;g (2,1., Frag +3 FGoizg) dx (1.2.71)
i7 -2 r\'J""“ +
120 =—%L (fe BrzaT Bo \913—»)01)( (1.2.72)
It is pogszibl to add tnat the notations conform with Di Prima and

Stuart (1972b). One obtains:

_{%——H’/ﬁ.[jgi_n),f.—;%ﬁz: 7 C) [7%95[3 (‘?5,‘6,,)} +

£ Bl#Ty)] T+ BTy ~T; Tz + F T e b Ity — [ cosasp-+mMA7T, r'j+
BB Lo s (3 ) —am e - B AT s .
—a, MRT; fsz = (1.2.73)

By using again the characteristics method with the parameter /)Z= 75~

oqg
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and also the periodicity condition in ﬁb H

B, (27,27 ~&)= RB,(0,~ &)  (1.2.71)

one obtains the following value for /3,(%/T1)

13 ( ®/Tr) = —L‘L{ [P AT, %‘coﬂ?s—!— ngiﬁ][aa+%mm@b-2)+@nmvzm(¢-]
L BT in# [ b o (7 ) = A 2 (#-2)

+ L {[F3+é -1, /{{a +£a(mcoﬂfm(¢—- Tt) -y pin L :]
[Fg,'f‘éz[’s‘ Px ’é Tpl]} (102.75)

For the neutral case, ws obtain for wavy vortices

a, =0 (1.2.76)
- = . 42, =
ﬁ3 +£°’T’c,¢ "'EIT_; —f—m’“&a’ﬁf}o‘—'(?——;“’ E___ F3+*;é F;‘fﬂ?t /é T, o
4
(1.2.77)

#

Lat us denote

Vs
T I3
24~ "‘"
[P
ff
T = ;:— (1.2.77a)
23 = *""ﬁo
Consequentiy, 73, is given by
gz £z
T, =Ty +2° Ton +*R¥T, Tas (1.2.770)

From Davey, Di Prima and Stuart (1968), page 37, we have a furmula for

the critical Taylor number for wavy vortices

7; (Oﬂ) (O) _’L ’/c/] """ (1.2.78

we have the known expansion

T (1.2.79)

Moreover,
T =T, +&T; +E*T; +

and using the relation a(l-‘—'é"?éz'&z (1.2.80)5 we have
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T=—T-°+E—L-1+EZ7;+ ,,,,, :T;—f—& +’£— +—"’ (1.2.81)

Wie teke into account Davey, Di Prima and Stuart's relation

m = 24, (T5)" 7% (1.2.82)
and we obtain o, =Tzz (1.2.83)

We can sze our final result as an addition of time—darendence and
waviness to Di Prima and Stuart's problem (1 972) or as an addition
of eccentricity and surface curvature effects to Davey, Di Prima and
Stuart's problem. In conclusion we can see owr result in Tz as a
unification of Davey, Di Prima and Stuart, Di Prima and Stuart's
paperses The various effects are linearly additive in 7z in this

linear problem.

—[:2/1 = .__‘:'_;2..= eCCan-:l—- c'? £W (1 .2-&) x%m‘es : :(43?36)
‘él—/:'z:z = éz%— = guiface cervature ef}jea; é’fcewm,/d-eacg‘
! (1.2.85

/)?127527;753 = oA R* T, % o@“’”‘%’-{jlﬂ?&mﬂ and S'?;fz:éw‘li
qrlrme, Uz A
(1.2.86) CancesiLree, uniteadly

noN ——ax:y.ﬁcym?neéz«:
In the neutral case we get tha following result for B(HT4:

ﬂ(/' Py}
= ‘i[_ﬁooﬂ‘f"/‘ L2y [a,mmﬂn(‘f’—-%l)%mm(‘?-—%‘)}+

Adcidion

/34[/#’./?4) = /300 e "2“57_1/2'
Loy o i by coson (P -2 -a 45%07!"?—?3)77
N 7_/)1,5“.?‘[__3’??1 L e m - Z/J{' (1o2.87)

In our calculations we have seen that Tzg3 =/os= ./%9— (1.2.88)
/1

and we shall justify this result,
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1.3  Justification of 123 = oy

We shall now show that 724 which has a numerical value of

is also given as a ratio of these two integrals in the paper of Davey,

Di Prima and Stuart (1948).

The linearized disturbance squations of Davey, Di Prima and

Stuart (1968) for the conceniric, unsteady and non-axisymmetric casa

are as follows:

LML’D‘ T_Qg (X)/y;* (1.3.1)

Lq)-_.__. U (1 03.2)

Q__q%—k}’”’ (1.3.3)]

> T oF T
where _Q.& X)=A-aX= Vo (x) (1.3.4)

— A .,

P qzﬂ? '/,—Lu—c (|.3-5)
v

— 2

II\V'I’ —:"—‘Xz"f-hz;l, (1 .3.6)

[ = /—\2“ 9 ~2, 6 Q (1.3.7)
‘7’

Equations for velocities t, U aztd 2y

thy (P-E2)

U= U.C,T{T(X),(’/O/lﬂlgo.p D( </

CAa 0’ e bﬁg ((P__i)

Y= Veqq x) e oy (1.3.8)
—_— __/L
kw* 11 0‘04"712\'0 Salia
where

< (_'2,)
uc,,,,_uc,,o-f—éu ) by .

A ¢
q)C-/M = Ve 'f“%l) ‘)-M/"/‘%p v 2)—/~- - -

Wy = Wegp +g 0 Vg
arnd T =T, + 2y Tty T . -

(1¢3.9)

(1.3.10)
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We have L/\—//—(«{:-Tﬂé (X):%i}i% (1.3.11)

o
’é_) ORDER EQUATION

CDZ—‘XQ)L[/(Q4O (X) + 7(,2'7-9 —Qﬁ OO /'-)540 (X) =0 (1 31 2)
(D=2 V545 (%) = e g0 (O (1.3413)

Ueso ()Q=D“c«/0 (X) =7)E40 ()()’-: 0 “i—){—’-‘-i'—% (1.3.14)

where Aegp and VerpsatisPy the relation

u‘O’fD [X) = 2—0 [X)

Veso0 (X :;’U(X)

(1.3.15)

since the equations and boundary conditions of(ac,(o,”lfg.,o) are identical
to those of ((?u,da—o)

o
In conclusion, the %D order eguation may be written as follows:

//\4221,,‘#7&2’7;_(2_609“//%:0 (1.3.16)

]20 *M/" =0 (1.3.17)

2},) = D}Dzé%z 0 at X=%L (4 3.48)
where M = DA%

If we assume a disturbance on & (-/15' the wave velocity) with respect to

’lép we have the folicwing perturbation expansion

a :é—o +’£DE:" ""-‘ o -
A=A A4 4 S
T4k & G (1.3:19)

We get the differential system

MU 2T, Q9P = [L(L, (¥ '%]Mf"“ﬂ ST, g (1.3.20)
w9 = M= — e[ )= Z] (1.3.21)
w_ put g ot x=x% (1.3.22)
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+
¥e multiply the right hand side of (1.3.20) and (1 03.21) by j‘n and;j
. . _% 4
respectively, add and integrate over ( /' Z) 5 and the result must be
zero for a solution of the differential system to exist. This ortho-

gonality condif.ion yields:

;L —r"’)f 70, 0309 =

"‘b[f (5—,, FMZ—F;O 6/142)C/X i—f (%—f?:/,,,g‘l‘;o 644694)(] (1.3. 23)

From our previous calculations (see equa.tlon (1.2,34)) we can see that
the right hand side of this equation is esqual to zero.

That implies T(v O (1.3.24)

Since we deal with the linearized problem, it follows that (1.3.,20) -

(1+3+22) can be solved in the form

L(,pl) = CZ}-B (X:}
” ‘ {1.3.25)

where53 and jz satisfy the differential system:

M Dl F AT SLo (925 -—_/_—_QﬁOc)—-;_l_;j,A;{

ERS Mj /—-Q/@(X) _/ (1.3.26)

j?—[\jfﬁ' 00}(,")/ =14

We can easily see that the definition of«is and ;3in {1.3,26) is
identical with the definition of 53 and ;5 , @5 given by the equations

(1.2.48)

ORDzR ’:‘é‘:
ML T, QA0 F =i [0 )= MU+ G Mu - 25T58,09 909
WMo = [ D000 - LvD - g,

w® = Doy @= 0 ot x=%4

(1.3.27)

gl
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We multiply this pair of equations by the adjoint pair (j‘j / +)

respectlvely, add and obtv:m°

T(“)f %F Fryg (x)elx +f (&7., Freg+ 3 Grog)dx +

A%
+ f(} Fas 4 6472)0/){ 1%, (1+3.28)
whnere we defins

Frgq &) 2“[~D—£ ) —%—j MG ==V ‘%)M}ff (1.3.29)
6//9:,/ (x)= E_Q—g ) ‘%—j F1= ( V,— %);/; (1.3.30)

Prga () = M}q“(X) (1.3.31)
6//6‘20() = ";" &) (1.3.32)

If we dsnote the first integral by I, , the second by I, and the

third by L3, one obtains:

T(Q)I,, +I +£é__9%_1‘3=0 (1.3.33)

I,’ s Iz,and I3 ars real guantities, andT is also a real quantity,
it follows then that & =0  (1.3.34)

Finally, one obtains

J (jlp I‘/c/,,—{—f-? GAVI)JX f(gn /33_4'/@ \9,/3%}4)(

(@)_ _ I
T - = "F_g"o" (1 03.35)
!
f 3v.f:,,,,3(x)dx f P Fastodx 7
&) 4
i is the Rp term in the pﬂrturba.tlon expansion of Tas defined by

(1.3.10). Jo7 is the '4; term in the expansion of (™) ag illustrated
by (1.2.78). It is obvious that this result for T&)as given by
(1.3.35), is identical to the result for I23=/c7 as given by (1.2.772)5
The results are compared with the obsesrved critical speeds of Vohr

(1 967) for development of wave instability on Taylor vortices. As szen

by the figure there is qualitative similarity, but they differ in magni-
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tude from experiment dus to the absznce of nonlinear effects of the

Taylor vortex.
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PART II

WAVY VORTICES IN THE FLOW BETWEEN TWO LONG

ECCENTRIC ROTATING CYLINDE : NONLINEAR THEQRY
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2.1 Introduction

Col;s (1965).in§estigated the occurrence of wavy vortice; in the
flow betwesen two rotating concentric cylinders. Vohr and Cole did
some crucial experiments in connzction with the flow between two rota-
" ting eccentric cylinders. Cole {1957) investigated the effect of the
» eccentricity on the stability of the flow between two rotating eccen-
tric cylinders. Vohr (1967, 1968) reported that the critical Taylor
number for the occurrancs of the instability varies with the eccen-
tricity parameter. Second, he found at least in one experiment (with
s = O.#?S,é—cl = 0.,09%a) that the Taylor-vortex secondary motion
appeared to have its maximum activity at an azimuthal angle 500 dowﬁ-
stream from the position of maximum gap when the inner cylinder was
rotating and the outer was at rest. It was a serious discrepancy bet-
ween this result and the result obtained by Di Prima (1963), where the
- most unstable zona appearad Lo be that where the gap between the cylin-
ders is greatest, This discrepancy was explained by the paper of Di
Prima and Stuart {1972b) where their research took account of the non-
local effects in the stability of flow between eccentric rotating cyl~
inders, in such a way that the flow fields at all points must affect
the stability charactsristlics and show, in some way, the observed posi-
tion of maximum Taylor-vortax activity. All the previous papers were
based on the local stability, where it has been customary to approxi-
mate the pgftial diffgrential gquatiqn; for stability by an ordinary
differential equation, namely the Orr~Sommerfeld squation with the
local boundary-layer velocity profile, known as the parallel-flow
approximation.

Davey, Di Prima and Stuart (19588) dealt with the theory for wavy
vortices in the case of the rotating concentric ¢ylinders. They intro-

duced a method of investigating the interaction of certain axisymmetriec
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and nonaxisymmetric medes of disturbance of the basic Coustte flow,
which enables an ana;ysis of possible flows consequent upon an insta=-
bitity, For % = 0,951 and a Taylor number of about 1.07TF they found
that the Taylor-vortex flow becomes unstable to a disturbance with one
complete wave in the azimuth, although the preference for one wave is
not strong. The validity of this method is restricted to Taylor num-
bers near the first critical vélue‘72, so that Cole's axperiments were
not considered, since they were probably outside this range of validity.
This method used an expansion of the velocity in powers of an amplitude
function of time,tqﬁiﬂ up tof9%ﬁ3. Davey and Di Prima and Stuart also
made the "small-gap approximation.

Eagles (1971) extended the research of the concentric cylinders
problem by using fifth—order terms in the amplitude and using the full
equations rather than the "small-gap" equations. IHe used a matrix form
expansion procedure; which enables more wniformity of itreatment of the

various appearing ordinary differential equations. Di Prima and Stuart
{1572b) deal with the linear stability of the flow between two long
eccentric rotating circular cylinders. The problem, which is connected
with lubrication technology, can be seen as an extension of the class—
ical Taylor problem for concentric cylinders. Since the basic flow
has components in the.radial and azimuthal directions and depends on
both of these co-ordinates, the linearized stability equaﬁions are con=
sequentiy partial difreréntialiequations rather than ordinary differsn-
tial equations. By letting the two small parameters appearing in the
problem, namelycf; the clearance ratio, and £ , the eccentricity, tend
to zero in such a way that JZéis proportional to &€ , a global solution
to the stability problem is obtained withcut the need of the "local
instability" or "parallel-flow" approximation, which is used commonly

in boundary-layer stability theory.
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The purposs of this work is to unite the theory for the stability
of the flow betwesn two long concentric rotating circulsar cylinders,
which haé been developed by Davey, Di Prima and Stuart (1968) and Eagles
(1971) with Di Prima and Stuart (1572b) linear theory for the eccentric
rotating cylinders into a single theory. The second object of this
work will bz to find the critical Taylor numbar for the wavy vortices

_E,(WV) 2s a function of & ,



2.2 DNon-linear analysis of the Taylor vortex mods

Tha object of the Iinear theory. g:';ven in the first part of this
thesis was to investigate the wavy vortices when the Taylor voartex
mode was absent, In the non-linsar part of this work we make an
analysis of the influence exerted by a non-linear Taylor vortsx mode
with amplitude B(#, on a linear wavy vortex mode with amplitudes /9[79
The non-linear analysis of the Taylor vortex flow between eccentric
cylinders has been done by Di Prima and Stuart {1975). The velocity

field is given by:

4/”‘" 717 3/2' &/’ﬁ -.l-
= 7 [ty B E)+ & tk0 LOBEYFE anlirBE)+ ET s O )

+&* Hdz,CXf*P,‘c"_{—;- 0(&3) (2.2.1) .
A= e%L (x,ck,f,Tg &n44(x,%§)+2q);2(x/%§)+5 zfu;gcxxf:{),b

+e%Uy 0t E) |08 (a.2.2) .
= 72 [0z, Kt )€ P G ) gm“@m}f’)fa Bedis G )

+e%a0 LB E) [ 008D (2.2
THe et /;mMﬁm;’ ActeaZion avad 20hen

T-Te eccem)?ucdg,

In owr analysis we restrict the expansion of the Taylor vortex mode

to the 53/2' order. By nsing the non-dimesnsional form of the time x
~ X

which is given by T E

on2 cbtains the follewing esquations of
motion andthe continuity squation in the modified bi polar co-ordinate

system:

—féz,
7 9(4. o .2V _
2 e, 7 RS B+ L V3 + ek, 2]

?
2 (VZJ;’-/—-’)(\/H&RN»U) fgf( Z)T Vvt

Y, 7 s Pu /
+ET u%ﬁi 4—}_’:(;/3“1/9 +wfr}; JZ%L/ 7) Rouv=+<lg Q(Jj—)pj

7£+(] ; ““QH“‘*CRﬂ{ ?f(f)%;: 99?( 2)&

(2.2.4)
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]4/2[_4 oV sn U@qr + 4/1& D/%_q_r ﬂ)_‘;l/j‘

—«fq—("f/)ﬂ—//— \/u'f-c?@\(/fi)' +2°‘:&,§b( ) uV+

+,]_% 97}-{-«7—/3’- @;1)-9—?;—#7{}'% f?/o("f_‘)"‘“ %c( }

%o{zg

\jv cRy P
K BB s

9’”+ g7k, U9W+ 4’&/@“\/ +£7 e S c;R et

_ ol
+¢o“%(‘§}' = *8—,‘?1‘-[\//2""9;4')4’”-

T2 1 Qr_ 2 (TE)] ) dur,
J ‘ﬁ_of/o@g(f “o CR“‘;_ 9?(f)+9 =0 (2.2.7)

We are now in a position to write dosn the systems of steady state

—
—

+UL2 )v_o@ v+

(2.2.6)

eguations which are solved at successive orders,
¥/
_ORDER E™*

By elimination of 7@.-'0 and “pwe obtain a sat of equations:

—“40"‘(0’/'—)/’};0 (2 0 8)

2 2
/h.?, .LQ) ("»10—2’ T\/O q/-m_:o

subject to the boundary conditions u,,D:'Z},;D:Du,,G :Oai‘X:i'g_-
Davey, Di Prima and Stuart (1953) investigated the interaction between
a nonlinear Taylor vortex mode with a cos RF dependences in the axial
co~crdinate and a linear wavy vortex mode with a s._n?,}::’ dependence in
the axial co-~ordinate, We assume the same here, and we take a‘cos)lf
dependence for the nonlinear Taylor vortex mode,

Consegquently we choose the solution given by:
Upg (X/ﬁf}—‘- ~/3[¢)joé‘<)cod,’2§
0 (% E)= (%) ;ot’x)mﬁ’zrz" (2.2.9)

Wy, &ﬁég): E’_(f/%%_/m)_;
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where}oand;p provide the eigenfunction of a differential system:
2 2T\, 4.="0
M9+ 22TV o=

jb— Mjm =0 (2.2.10)
— DL =g = 1
}’zb.,pgn Fo O at x=14

In the nonlinear theory of the Taylor-vortex mode preper account has

to be taken of' the lubr:r.cat;.on prgssure, which is defined as follows:

e Jﬁ“_[f %(=f>)ci<#+£f ($db+-— |+

+27/.z[7'a4 & :/f)—f—87/"’/°/4%9(’/§)+ € Pra (Xﬂb’;ﬁ" "_j (2.2.1)

" ORDER £

- ’Qag, ‘ = ‘P CASENZhd
—elo ity —‘ﬁﬂ—x + &g Wi~ T, \/ﬂ‘ar %&‘""‘(925"}'9 z) o (2.2412)

F
?9)7{/0 Wy + 6(";);;2_2{/ — Uy, -——-7~.a (¥) "/‘/QX.L 3 n;;-'b' Vi (2-2015)
wWro o
— 72&4+[9X,, ) 74 “”%xd + %0 97%); (2.2.14)
2;44 - a;gm —0 (2.2.15)

By ellmination of 7 / Y end Wy, one obtains:
&L,y =-/3 C‘f" 3—7/2[,(} cod AL
/U/_//; = VUrt1 [X{‘?‘J) f‘B:"{@ a-’!a‘zk)&p"ﬂ-é/lg

= £330} a5 AT
/~\,1,7 = f%/// [X/ 7 BQZ(P) ’C////-?. (X)w 22’;

1(‘/,/4

In these formulae 2"‘////:. ancljf.f,m are defined by the non-homoganeous

ordinary differential system

2’4//:2 ~(D —V}’Q)jw.c = (}vﬁjo‘;ﬁoﬂjv)

(D% é‘/’??)z’jf/m + 4T, %;4¢z:~j‘003/‘° +D¢%"lev ~e A To g2
i//m. = 0;:7'472 = J112=0 at Xx=t4 (2.2,17)
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and the harmonic pressure function e/ﬂ,@ (x) is defined by

bz = 9,‘2[(0})“‘ jvpz 5 CDa‘fé‘/'ZgﬂDjw‘zj (2.2.18)

In order to calculate the mean field, that means ’1)344[4”/9*)/7.,,[‘#)40:4/3444&’/79

we heve to turn our attention to equation (2.2.13):
Ome obtacns:
=4 BHUL) Do o) =~ polH)+D%070,  (2.2419)

where 7.0(‘?) is yet unknown.

By taking into account the boundary conditions at Xzig— » We obtain:

/V244= Lag ( (A:')’-:L &?‘é—?)g“} (2-2°20)

.2

7‘9(75) is a pressure gradient which contributes a "lubrication" or

"plane Poiseuille" effect in the second O(§)momentum equation (2.2.13).

X %
F;(x);;[gh;oc{x—{)ﬁ%)fifojoq’k (2.2.21)
Z o

From the £¥order continuity equation we get

X
L p—a DUy,
Yo =—cBT QUi dx  (2.2.22)
{130 ° L
oy 9P
subject to the boundary condition Uyzpo=0 at X=%% (2.2 .23)

Vle determine ?,(5‘5} by satisfaction of the boundary condition on &3, :
7, ’ FXVieR ‘}l)‘ qB ) v

U =-chT /z( Ei{;\ _,L)q’%o( ) _F ReB 224 oy (2.2.2)

From the boundary condition (2,2,23) it follows that

%o(?s)‘—‘ 7, - 68, BHP) (2.2.25)

while from the pericdicity condition involving the prassure, follows
2
g, = %QQIBQOP)CI‘#’ (2.2.26)
fa]

In conclusion, one obtains

Uiy =BG ) +F024) (22
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where F1o &)= ~3Q, (X* f‘—’;—) - Eo_gcl (2.2.272)

From (2.2.12) we get /3444 (X P) = /32(525)’2444('9’/'0— L1000 (202.27b)

ahore Ly -f[T V, 000 ~ oD fo +5 T g5 el + conastarnits (2.2.270)

and /gdoo = f\/ 00 (X~ i)CLY‘TL constanid (2.2.274)

Consaquently,

Y (X/‘ﬁ='i32(95)F(X):¥-[1V~3&°/32’ﬂ{x3 Z) (2.2.27¢)

where the first term F;Q’)represents the contribution to”-l;'ﬂf‘rom the
Reynolds stress of the Taylor vortex, and the second term is the plane-
Poisseuille coniribution and its origin can be detected from the
Reynolds or lubrication effect., From (2.2.9), (2.2.16) and (2.2:.27)
we are able to calculate the nonlinear terms which arise in the order
momentum and continuity equations. It is obvious, from the interac=-
" tions between O(E ™) ana 0(E) terms,. that the fundamental wave-number A
and the second harmonic 31 are generated by the nonlinesarities,.
It is convenient to separate these different harmonics by
writing:
LL 4;2_// (/013/’}—; +liymn m‘ﬁﬂ}:&
(2.2.27¢)
Vyn = Vjaq c0? 2% + Viaz cod 32;“
( Zizs = Y1)
with similar expressions for %z and /A2 :
The momentum and continuity equations at order E% are as follows:
LT N s +ET2V, Q{-F— TV V0 =Ty Vo 4o+a4%f‘ﬂ+u %?A,,_

+ Wio -—%ﬂ'f“%«ff/%?@— CloVi0Y71= "%‘L‘ + %/—ji(gc’ﬂ?s’*

2’ 2 f\i’c‘a/
12 _,_9 )qﬂﬂ,e” 210 )P (2.2.28)

2 oX* '
Iz o .L_”f.'_?l;/i U7 Dy
—Uya Uy, cm<;>+/é7“ \/?_?r;L L 2L tyo +idao Xf sy S0 4
7450 0% ety G e o Ch

cosP (2.2.29)

il SC s DR
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/IéTy/zv ,{_% 9%4 _[..“1 9%)}D+ %?4_[_1{]— 9'7}),;,
%/342«——1- (,2(,“—/—9 ,) - 292__’“__’29 cnp (2. 2.30)

F

together with

9(«( e &g'?)"a 9’24),73,
9): udo ced P ‘f‘C%T ??5 _'ng =0 (2.2.31)

For the fundamental component, the system (2.2.28) - (2.2.31) will
yield:

sog— (D2 V2, = /3(?9/0:175 Gornr () +ATdBLY G CH-
{ Ty B(HKJo I+ @ Buasbd  (2.2.2)

(O g #7752y =Bl 00 Fory 0) +ATE 933—@54204 "
+ 133D Fy20 )+T, B(ﬁi:;sw_
L2 AT, g0 09 (XA B(F)

Upag = Dlyag =Vin, =0 ot ertgz (242.33)

The functions me and 6,v_27' are given by
Fyar = =& o (0%2422) 0 frara =D fo (D4 Frrat 2 jvm R
2 D12 (0423 Jo ~ e g0 F {Gr0 +% Fr12) (2.2.34)
6/1/'»,- ‘/‘v 07//0 '/‘—L ?v D} 2 +,Z_ 4_20219 ““‘Z//j_z 04?, 74—%;0 Df,,ﬁz
(/

(2.2.35)

subject to the boundary ccnditions
as o Term 5 x 0(6"2’2) . . .
The eigenvalue problem at , Whose solution is (2.2,9) is the

homogeneous problem corresponding to (2.2.32), (2.2.33) and (2.2.35).

Consequently, in order for the differential system (202,32-33) and
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(2.2.36) to have a solution it is necessary for the orthogonality con-
dition involving the adjoint to be satisfied, namely, that by multi-
plying the right hand sides of (2,2.32) and (2.2.33),.adding and inte-
grating over (~%, 1) the result must be zero. The same situation as
in the paper of Di Prima and Stuart (1972b), P derivatives do not
occur on the left-hand sides of (2.2.32) end (2,2.33) and P is consi-
dered merely as a parameter in the integration, so that the orthogo=-
nality condition yields a nonlinear differential equation for/3(#§,
which represents a generalisation of the linsar émplitude equation of

Di Prima and Stuart (1972b), and may be written as:
£T7.7 %%ﬁ [ B(Hcos b+ (T T+ ) BE) =T B (2,0.57)

oy !
where[7f1,lﬁq andl%'are defined as follows:

T’o -':f (E”_Q;;LD Of/’leO/dX

4
2
~1{ At -
M=~ [l J (F544;}o + G114 -f/
-4 2.2.38)
a
7 -+
Go=-1" ] 3 Fus 09dx
A
ra Z
/ -1 / ot
T4 =lo Jy kﬁ/”/ Yo + 6/\/,’2/1/4 )c[)(
4
- :Ll'—//”]:; -1 /. AR ij‘
e =17 _JQ | HeTogefe (X ) =X ] el

The Bernoulli type amplitude equation is integrated to yileld
Tr=r5=) 11
2(75) é LE(,-ZTC, _,_Jl
294
P fEede+[EED- _'] (b
E(sé) £x b[',g TS ﬂ‘;-(:,,auz,,—{-v‘ 005)?7 (2.2.40)

and (W, W3, Wy, W) = (F Ty, s I (2.2.41)

(2.2.39)

where

In order to ensure that the velociity and velocity fislds (2.%.1.),

(2:2.2), (2.2.3), (2.2.11) and (2.2.16) are single valued in ¢, the
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integration constant has to be chosen so that BA?) s periodic
with pericd 27 in P.

From (2.2.26) one obtains

— LR T, cus
T = 2o lg 773 24 2a
o w#/—é@owa- (2 2 42&)
or ¢ = é_@%u—"_:Lﬂs_ (2.2.42b)
y

where Wg:wz; ~6Q, ws (2.2.43)
—,
and vy =27, % (2.24)

Therefore, we have

!
Ty ws +95cus =T, Loy (2.2.45)
In this way the function E(?@ could be defined by

' v ZAYNY ch/ e
EC?)—‘—&‘\/@L &) st m@f“ ‘f] (2.2.48)

With known numerical values of the constants & , 7 , /7, ,/5 , /79, s
/:;,', FL/ and solution of the associated differential systems, ths velo=-
city field can be given to order & , This velccity fleld can be seen
as a nonlinear sextension of the zsroth-order resul%s of the linear
theory of Di Prima and Stuart {1972b), which correspond %o O(e™) here,
As far as the pressure is concerned, ths dominant Ofs-zjlubrication
pressure has been calculatad and alsc the "Taylor-vortex" pressure to
0(& ) which is less important relative to the previcus cne,

It is important also to give the numerical value of the above=
mentioned comstants, Most of the information has been cbtained frem
the paper of Di Prima and Stuart (1975),

T. =44695,2=3.73 , Q =-0.1365, «w3=0,0003573
r= 23.09,I%=46.90 , I = 0.007356

=38.27 %5 =-2,38, 4= 40.22
/
w= 17122, CU?::: 4859 /w9 =4 95¥%

(2.2.47)
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Firally, we now have the perturbation velocity field of (202.1),
(2.2.2) and (2.2.3) to 0(&):
. . ) : <7
w = _g”/—%mqs)jv(x)mz; "aBQ'C?’)}MQ(X)CMQZ}g +0(E¥)  (5,2.48)

W= €T F)go ()0 AF TE [BHB) 10 69+ (3QSET /) (X2 )+

+BY) gu1a(9eos 23 [+ 0(E¥)  (5.5,9)
W= €I D o () aim AL +
+ £ B el win 22 +O(EH) 54 50)

The functions jand &"/ are connected to certain functvions of Davaey's

1962) paper{”7 > 71=0)as follows:
( pag

i’o (X)= ‘74(0)4% [X)E’?)/?(D)/}//’/Q = “% 7)) /;4725~g-’95 (D) oty
;ﬂzo X)=- %EM)~3@&%%)=_% E (D) 38, 24

where the symbol in parenthesas denotes Davey!s functiond. The

pressure perturbation is given as follows: fé c{¢
Yy e y —71J E(P)
p==Ta [ £otn LECD1], / -zs_}ha@-
4 JE(D4? #
7 BB (DA ()3 AE+E[BHS) Lo06) + 85T G oy (94

2

)

N

+ B E iz 0 09 "22;:3_]1 + 0™ (2.2.52) -

The O{f—%)pressurs- perturbation is the dominant lubrication terme The
next important term after the O tern is the Ofég’gterm, involving
7\4[?5) ’ aﬁd which is not g:ive‘ni here. 777 def'ines fhé amount by ﬁhiéﬁ
the Taylor number exceeds the critical value, which is/» when the term
E¥T2 of the Taylor number expansion is neglected. In the case that
7;—9 0 it is possible to retrieve the results of the linear theory
(Di Prima and Stuart (1972b)).

In order to analyse the interaction betwsen 2 nonlinear Taylor

vortex mode and a linear wavy vortex mode, we define a new parameter
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=T-T1, (0,&) (2.2,53)

and we meke the approximation

f= ET =T-T (0,8 (2.2.5)
J

AT
where o (O/?«) T, +& fﬁ_ﬁ"__‘f. (2.2.55)

X is the amount above the critical and is usually different from zero,

because 1,7 O in the non-linear theory.

We also define vV = ’U'TV +v’ (2.2.56)

where U/ is the Taylor vortex mode, whose perturbation expansion is
- Il .
given above by (2.2.49) and V' is the wavy vortex mode.

A method to solve this problem is a double expansion in para-
meters, first to expand in 2/ in the momentum and continuity equations,
and afterwards in € (the eccentricity) in certain integrals. Ve

4 - Va2
-expand the wavy vortsx mods 77 and the growth rats & 3In powers of‘] S

as follows:
,lr/:@,l{d)+2/4/24)/(:\’) +y7r’fz)"(3)+ ———— . (2.2.57)

?26‘;+y4&€+}%+,, - — - {2-2058)

W 4o mym)a‘amf Ao mnerition ARt U5y 4h %”"{’*2’%
and V'« Vry

We assume the same axial phase shift as in the conceniric cass inves—
tigated by Davsy, Di Prima and Stuart (1948)., There, a sin?l’;‘ term

in the wavy vortex mods corresponds to a cos/AY term in the Taylor
/

) ’b"’M} W/(fr) 1(4))

vortex mode, Thus #s assume the following form for (“—

11 C(_’%—C (1
W= e W' aim

2%
2 I(d) N m b
Ve As L (2.2.59)
1) (T 13}

W:e w;

l
4 AE
) _ 9T i) g
p—— /%'71 (S
prome AR

‘1‘(\";-

=
2 ¢
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We shall consider Ka as a constant in the j expansion for the equations,
and expand it iater in powers of € in certain integrals. Byv using the
approximation j=87:; , it is possible to expand [ETV/"‘)'TV/’L‘#‘V//"TV) in

powers of j

gL/_Js )20 () cod A + e B Jrraa CORAL + - === - (202.60)
o ROt 1 f
H B gol) 092 E + T [ ) o+ 5 64) +
1
+cm;>2)}§-/326# Jaal+ - - - - (202.61)
Wy = -iif;“' B[@“)QD[XJ Mft’.}g' -f-% ——%“?2021‘44.14”5719)’?‘{‘"” (2.2.62)

1

An alternative way to torumlate (L7y, V5, ’lf%-v) would be:

Wy = 3/4/2 Ay TF “Tva "’73/2 “gyz +---- (2.2.63)
e, = F Vg 4+ Viva P Py (2.2.64)

.. » Bl v e .
Wy =5 iy + f W2 +f A wryz F (2.2.65)

?73 w!, v w' are ﬁ- zeler ", Aoy, wve aviume Y Ao-be 2 gomall
Ahat a%%,/'ée}cm 2w-hich are Lineatr vn ’Zmeeﬁg,fa;ﬂezzz_éen
Aty account
We fave Ly Fernn ger atfsrdion snce Again Lo thie afoz%m
%W,Wm]miﬁeaﬁ?wa:&ww 4%0[&1}&%%%& E o
WW ﬂ%cgﬁ%el‘%ﬁmwmgawém
conructed by Ao rzelatim = ETy, ey are o a Leereent gl
W,WWWMwo% e elevation abore Afie critid
@Zo’l b and e gecand e eccené‘ro
Sonce ape Aad vme cncosiotnciss @%QW a!u‘zea%m«;
}Jﬁ?’b«éﬁé’ O’Lecwﬁa)%;& Antlrzpdecce an ajmé/ommwﬂ
7, @0 Aha we abtnin a Fawrtages expanim g A Anfoes
pr%étcoanwf‘%)%e feate, 3y A Aot paleametey
é;mrrwm wyo%@%qmm;#ejmﬁm&rw
At ape gt a cwneitan c/n’ Ay At woed /@,a&w&%
o@b P/wma amd Stuwart //:%2)
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2.3 Equations of stability

In this chapter we deal with the successive equations of stabi-

lity for the flow, obtained by the expansion in the pa.rametera/ o

;1 °0RDER

The momentum and continuity equations for the 3/ ®order will be
identical to the linearised equations of motion and continuity, for

the wavy vortices, as given by the first part of this thesis,

Yaf () oult) ’9(/ i _&!1/2_’ \/2ul) U 1
8&\:[' UDY + 55U )'1" f (/ t+E&c R )

—Ra )(Vf""b—e R U2®) +f@0[ ‘(T+ 7 (o) V2

()

/E—— + L] [ 2T ) oV et H

*Cpaf Zf"( = ?;e: a To¢ ( V& %‘m ;

i ) MJ 7, 1
\7—4/2 _z...r: ,Ié +e &Ugf +f]&[e“( ﬂ,, +?D$V /,/()_
— 1o ZL’ AN ) ) . RE Q —//2,‘ L) =
dfgf(\/—-——)( M FER, V) 4 RXE. gﬁb/f/ U=

c

(2.3.1)

7 JL ) : P
= -—-‘FJ;/Q—’- 9 (’ -+ 2’—&‘1—56‘—\4;”, a2 M v () -+

CE&\
Q) / (2.3.2)

e - 9f “/9«%; ""%G’g %)

1) ~ it
Ul g W5 L oy
ER&‘J T JO +?'{7‘<,’ “Ra 2_’4"‘:"/1’ 4 'T'UL- ——(,G‘)’M}’/m (243.3)

’ — )
’/[2,9 1Y 9 / /i3 I(/r) [—JL_/_?L______
\7‘ _/5_/_(_4_,_. X Ef‘(kf/) +CI?aL £ 2P
Z//A /() l.‘)
"%/ ’U—/IJ A Y=0 (2.304)

This system of partial differential equations can be written as a
system involving differential opsarators:

)
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[L w4 L L, /°'U o (2.3.5)

LQ/; DL,M)'{'L 7}_/(4) L/ 9/»21@“0 (2.3.6)
o< [_33 ’W/?/M)Jrisé/ ﬁfm):O (2.3.7)
\Z"M ULy Ly P< 0 (2.5.8)

where L44/ Lyailas, Lo, Las,Las, L33,L34, Lyz, Lyzana L%’

are differential operators:

23 o, ] /23
= SR Ve ) L VR (T -
~(JL2E-iF) +oCH (us)

cRY %
bom SBTE U 2D (TBecv s (22 7y

~cRap [ 2 (s 9;&/"1)9)(] (2:5.10)

L . T% /V,)
Fay=d A (2.3.41)

Loy = Jl/— a4 —"3‘3\/? ) 4 2atev 2 (L”i)

w 7
2
+vc&[ o(o ﬁ/&ﬁﬁ_} (2.3.12)
Tﬁ,
[ 2o = R, Uy, ;_h*/\/ 9»)mqfé,ga(/9( }
+ CH- (T2 =027 T (2. 3012a.)
[ g =22 % D
2% T & f (}}7 (243.12b)

L= 8/2@] A2 Lj%&v% ~(J122i) (25.13)

Lstz/:f&?%—gf% 2) (2.3.15)
Ly, = Cﬁ“ //2’9 &976 (J’—"“—) (2.3.152)

Lyz=-A  (2.3.150)
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In order to find a solutitn of all the partial differential equations
systems appearing in our nonlinear work, an orthogonality condition
involving the partial differential equations has to be satisfiesd. Let
us assume a partial diff'erential' equations system defined by th-e

equation

L‘“'/f “; = Se (2.3.16)

where i‘g is a differential operator.
We multiply by the adjoint 7% +and pefform a double integration over

(0,270) in P and {~%, &) in X , as follows:
2C 4L .2/(, Z

ff?ﬂ- Lejty)dd? = /f VTS dedp (2.3.47)

o021 g
If the adjoint and the boundary conditions are properly defined then

tha orthogonality condition is given by
A L /L £

_ff L o d,xfcisbj ch/xd¢~o (2.3.18)

—(4

wnere/_% is the adjoint differential operator.

+
/_% =0 (2,3419)

together with boundary conditions forms adjoint system, It is at
this point, that we introduces the partial differential equations

:\

adjoint to our partial diffesrsntizl system, for our momentum and con-
Qi /
tinuity equations. Lef us dencte the adjoint oi‘-z o, 7), v;”’,w;”f%’”jZ
ot ag?, ptd
by Uy ) W //J i
By multiplying the differential equations (2.3.5) to (2.3.8) with
[ —_—
(“—_f./ "7'—’,-’1/.)"/ pvrespectively, and integrating over (©/27C)in % and

-5 2) in X , one obtains:

2
‘( [M 0(/?) (L//’/ 1(7/ { //:z"‘)"M)T Ik, 7/[4)/‘7'

o)
U B Lag WL Pt Lo ) 1 e L f o )
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+ +(x,43)(l_9z4 ’—i—LL,_zqr"’)—.LL 3w"”))_70(xd4> f[:I (x,?)_f % Ay
2ic i

+j [Lgéxl (I'bj ch + ff Ezm)[,\',ﬁ([_,,, “_’_’/“Z.,m’l)'_)-*f-z./,y/:‘ )+

+ *u:"’” (608 (Lag wF +Lan v ¥t Loy 7%) +
/;UF/M}/.X/?J)} ( Z-g'/x'-(f—{'—/- Zsu/o+)+
/54/(4}//(/ ?) /Aél//“- + Z-;lz,'”' Z‘/S W—I) dicd ¢ (2.3.20)
whers L//// / L//g_ ; /—//9,» ‘LQ/// L—’?-?- ’ [—.29/ L33/ L35’/ Lé‘/// Lé‘l and L93

are diffeerential oparators as follows:

N /23 + 772, A
L, _—_5&’[:T¢/9(/J //Za ?Q)?(J—z:z({/ &/ [T V)+J—7/9J

—- Q 7&/ o> -2
Re (M L e *%?7»5 72 -

QX(\F J’"’\/’B/’*—M ¢9¢+—39~l’“ ‘ﬂ (2.3.21)

] — --i"/
Lo-F2d O{f‘Vg (V) + Jm T+ (et

*ife‘;%/f_— (f”J F‘ng’(f)a? g ?f’“"(fi) (222
L, - _Jfé% ?\%}’/ﬁz, g ;gf(\/——) (2.3.23)
L, - 2RI W g ua%(ﬂ%m (FFJEeaV-

1._2_ = o
J
R, f [?ﬂ f“‘j?x ,—-/ f b / ‘%:*')/" ‘F ““X’aﬁ*f‘ ( "t_]
(2.3.24)

(O/E)is defin2d by (2.2.55)
L_ = —&RQEUJW%Q_ (uj"é,) TZZR /}V

S Ve (F) +c<w _e.[ﬂz Mj

”[f WE +2’2‘3€ N 5‘2 J% oX (?L)

( / ’\,?z ?UZ:%"‘ 9‘% — -Wj (203025)
5o, 1
Z—,.ZS‘ =-cC ’Q"‘E‘T “% % 2’%( 227 (2.3.26)

where
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Lo g g S0
T % j []T +2%‘-9x "‘Lg;z ?f?x X(g.(y'])—{‘
‘l"j;f’i (j95b2+ e 'B';b gg‘lz)-—/?. -—(,U‘J (203.27)

ZB‘/ =- (2.3.28)
. 7Y _
Lé"l QOZ__"Z: j_ 29 (2.3.29)

Z.—Z}Q_ = /‘]_/Z?'——; + 2\’:—%') (2.3.30)

- cR f
qu =A (2.3.31)

and where
-~ )
/[4) ;/,2 b’_’ ’

(mﬁ) {ew%u 4 ]9“ -4,

I/
C4)+ ER, U T4/2‘7)‘ ke j— (4)
f’ ’)#’ K “gﬁb 7y
- 1615 _L - Q”")” ij'wmnw “ ]70 *
_J_D_j'qr v J %P ]

1) -
\+u”’!)9;m*\7}+’”4w%(’” 7) % Q(JJ—) (2.3.32)

W 2 () 2_,_,_ 1(4)7+
T = RaFp! /4 Tf 5 C'Q“p"‘@fé‘g)” «

49 /' T\ [/1) + o( L/i— l4)+ T‘/- V(Z}“IM) 29’”'/{)
HEm (Y T 7 oz [V

'r"/a,p ) TG /(4)7 - )
,,{); [ Uy ’h’)‘+ _{_i— cia o) 1] it
+ / Uf)., /2,7.5 J L ‘JP 7 —)‘ ﬁ +

% /(/, ) + /4 2 Wl
4 L Sb(u )+ (T T) + 9—?;(””7] (203.33)

The orthogonality condition involving the partial differential equa-

tion adjoin will be f‘ulf‘:.lled if
2

j [T,0#]] =t f Efl(x,ﬂ% “dk=0 (330

N }.\

These two conditions will generate the boundary conditions far the

adjoint system as follows:
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ut=wteapt =0 at x=t% (2.3434a)
u*'qr /70' and their derivatives with respect to #’ are periodiec in
with period 27 ,

The boundary conditions for /°+ are the same, and thej follow automati-

cally from the previous ones,

The adjoint partial differential equations system will be given by
Z/M w’ +Z—_,,Q > Z,;c, /b+:0 (243.35)
Lm wt+ Lo +Lay /°+ 0 (2.3.36)
[_33 w++ Z_3q /7"’+ =0 (2.3.37)
[y ut+ Lyt +lygw?=0 oo
As we shall later ses, by expanding (4% V" +/W+//°+) in powsrs of
it is possible toc retrlave the adjoint system of Di Prima and Stuart

(1972b), paze 403, equations 5.7-5.9, and their adjoint system corres-

—0 N .
ponds to our € ordsr adjoint system,

Z% ORDER
e R (VB L U ) 4 BT P e )

X

( —Q '——/ 7/2‘ /V IH‘I EC:QmUV/{Q) ""P%(/\I‘;Z}’ECO,E) V”Z)'I(Q”:

) i f ()7  — i
+cPaf’{°<?/’ /]Z: 2; Q( )Oq” 05 WD T (0, )V o

ek, é}?("lﬁ( LL{GI)”Z)'T{/// ‘f‘WJM)“TV/J _:]-%(%i(n.)QaTw "

'y _ 17 Qu'? |
+lrva & )‘J:FC/? CQ)—TV/I 2k +‘21”) )

7!:
o) DOy '
\ w r}& WW/I 9&2 ) (2.3.39)

F F
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(LB e UBE) + TR V2T 2 ).

e e e

_ ’/l «® p¥ 2 o= =
T JP AL ’asb + (T - )y Ry

ckq{ 2;/@ ,}?5(;-_)9“/@ ]%(“ 4%/(4}+

4w d’l)"—,q/ﬂ) ‘Qa\;’/‘_a.: (’?f’
e
/{4)9 —{—OCJO;\——(I——)[MW it )+u/c4) - )~

_2x* 9 ) W e

ER, JEUZRE 4 1 yoag /T 90" ,
a ,_]0 | . aL_ +€7L QF ~(,(7‘)%;- &)
°<_ LT ) _ —///n[ Ty f\w’“’ 164) 9@()‘—,7)

1(4)) Wy, 9'&'(”)
&,\0

(2.3.140)

—% )
__.CR&\ &(ﬁr Q0 —;’—”u“'“) Q@OTV// ..-,__ uk, w'm) (2.3.41)

N T

4/2 //.-. ) /~ /(.2
{U ~%f3p (“; [ S w j
{ + 9 W@ =0 (2.3.42)

It can be mentioned that proper account has to be taksn of the linearity

4
of V7 terms,

It is convenient to separats thess different harmonics by writing:

W, IIQJ/X/ b, Elmrn?é +ul5 (x,prT) + w0 HT) /‘h.'rnQJLE (2.3.43)

VD B, i) aim g AV VG BT) VR RT) AN (2.3404)
v—v(%) /v Q;i.
’l«()"lm) Im)(X{"Jbzt) Cf)'J/?'E -+ W )(chh_c) W (1 FT) e ; (2.3.45)

/3/(.2) /01(2),\ #,T) /),Vm/lf ""/90 C,(,:;S,t) —/-/Q,‘ /X[Sb,t)/%miﬂ; (2.3.46)

Onz obtains a differential system for ((4,(2” ‘Z"/["") .,UJ(Z) /l'@)
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i ==, 1)
[—/M %/(z) 2L L 74{”: - (T, U, (2.3.47)

/) _ 1)
L.’Z/)‘ 1) -—]—le’l)"(&)—f‘/— /;, — LT 5 (2.3.48)
- fC
Lsg W@+ Ly o ¥ = g 2@ (2.3.49)

By multiplying the differential equations (2.2.47) - (2.3.50) with
+
the adjoint [0’-1;’0'1"/""0' /7°+) respectivaly, adding and integrating in

X over the interval (-3, %), and P over the interval (0,27C) , one

obtains:
1%7" -
O=—tF /L—“ (1) Uyt _l_,w-’(”}wjal)cq?" (2.3.51)
Pa /’
z

from that relation we reach the conclusion that g, =0 (2.3.52)

Differential system for ( f«’.a Ve v ’&J'/ =) f’au)

1z} ;JA)
[—/Mo A * 7‘-1-4:2, Vo +Z—/9f (2.3453)
1)
24 M;(Q)‘JLL:LQO 7)_ 'I[‘LZ /:7 “=0 (2.3.54)
"z _ 4/-‘:— 2277 p* W ol

7
R [ 7 o tt C.J..L%[ )

—W v; QT"Z?° (2.3.55)
Z_q/; 7% ,T.L(/_Z”I)‘/ Y ¢ (2.3.56)

where
7
'1—440 = 8/2“74/2((}/3( ,}_9 )+ &C-L'EV9¢ ~Ra2 A5 Vﬂ)\/
— Cj[_z- ¢T)  (2.3.57)
Y +%
Loaso =R TP 0 4TV i 2) - wperU 2 9( )+
+ o H - (T ) \2.3 58)

| 330 =ERx T U(%( + J—.!—] 2R Vg%r ~(TL~T)  (2.3.59)
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It is sensible to assumes:

(“:(2) o/(:a) ) fllz)) =0 (2.3.60)

and 203" will be defined by the differential equation (2.3.55).
It is clear that the interactions bestiween the Taylor vortex terms
and the wavy vortex terms, will generate the mean term o /?  ana
the harmonic 24,

) g ’
The differential system for ( %z / W, 2o 62,3, 7,_,__{(2)):

L/”’ 2 u’lm e 12 + Ly 70‘1‘(2.) = "“—‘B(# {ﬂl (2,€) % 2+,

ek B (FE R o] T 05 15,87

1) /(,y
s a’”) cRa T g, D) 4/3#)] {
7 £ 3% 0w 4 (2:3.61)
/!;z) Ln /0«) / /c:e) — ;3[;5) T/ Ofu- 1{4)
C,IQ *7/ /) Y nA T, )
fd?) % %(/3199- x;“l)/-u(;» 2““7-/1/% 5" ’—f—c& (4)9 "/‘j

+0<fo\§/—0ﬁ 7}2)(7[‘ /( ’/ }D,v.('fz] (2.3.52)
Laggui®r2a p = B, T2

R % [ Q)w 4 4B D2 "
f” L 77 3P B dP 2 4 ”Jé[’j}z (2.3.563)

Yo, /(4,9 -2 D}v/“f)'m}

(
Lq[/ /2 + / 74 ,U.,f[d.)__ _{.) w—(ﬂ; O (2.39614-)

74
Bau_v,,?—&,\?[ -
""( IL 9‘/1 -—u‘d ) (2.3.65)
A ’_?.pa . 2 3
Laas= ERUJ Q— J————( 55 9?) Jaa/?a(/gf(% 4
F ot H- (JLZ b -—1,0') (2,3.63)

Lsy = ERa TRV 2+ //]%'f\’a 2~ (T2~ ()
(2.3.67)



ORDER
L’_ “/[3)_}_[_ 213 ) "3) = ) D %
11 12 Flay P = — G f‘g}?‘(v%-) Ve,
LA R) Cant 2 & ’
+cle (0,8 (’0:1"/4 v + Uy v Mj) +chka ’}?{“@[“TW'#I{Q{&“TVI'Z* MZ:"'

+ w0, Vry '(2')’!)" ) —-Jf/a‘g (M TV - w! )+ U ,M}) -

T w'? 10
- J——C'Qa(’b'vv// P ”):rv,z,g; )+,u.tcdjr?;'rv.z _I,_/”/(aggq?.,,,y_

de 203. i
; o op

/ 3) L’ 1(3) #3) = i 2)
27 U Z_ = L ”) "/.2, 92)' 1°¢)
1T Lag VT oy P s B Crvn o= vy, 220

ISP

+ WY vy, W& 9’?/ P ’f/z
7YV, 7-1//; cRa
QX + ) ( . 1(2) ) ’2)‘ -’U‘/(/U)~

¢ .
Wy 3; hisd V‘)‘, V2 %?’ Y - 204 9;)'7”-1 - “4.9#’”’
2 OF
9 / Zi'/'?a\ / .,,-,..';',g I(q}F ¢ IZ
+Xf 55 ( Lavg V7 Uy VP O g )’”:rw)-

PLF7
2 (s Dpgy ) L (TE) s)
J

f / 1t3) 13) ~ -
' L33 s 79?——' =it 92 ( Wiy 0Dy, 20—
ey F
_\7-7/.2,( {'L'T'V/] . g,w (2) e . a’!A)’/M) + ullfl)@?{)' ) 1(2) Qw
K frva- gy ox T4 ‘Ud‘)‘

Tz H,

cRa /~ Q?V ) 9?0
- (Vvd Sg— +Vrva 228 -/-w*’”) QWTya | iy D7y
S 2% dsb. 27 +

{2.3.70
/3) (3 ) '
ALM w "+ Lt,zz v )—i— 220" Y (2.3.7)

whare

- R T2 42U ,azl ~ R [T
Ly = ERT(UZ+22)+ v /@9—?(?)\/_
- (\]’/_7"-,;_;46";) (2.3.72)
) N LoV %
22 = ERUTE Gt I (Vi +80)-nper U s (‘LF‘
AT w
(J (%) (2.3.73)

=

'd

L = 80Ut £ Ve (1o

a.'na( where (B A Ahe coe nt (2371*')
4 e THerl G < e grouts
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It is again convenient to separate the harmonics by writing:

e 13 (3) 1(3)

[,(,/F9 =ty ) ot /’L)S +ul sz-’a:tg +Uz el Elf (2.3.75)
(3 /(3 3

'O o ) e fn].; +05D 2im 2 +3 (2.5.76)

WP 33, g /’L;g ), u;:wﬂe)m ax;g (2.3.77)

/(3) ) en 3 g

3 s i3 { 73 ¢ .
Differential systea for (4 ;' w;’ff’s’),

L/M 0&5(3)—;~ L s BRI +L, /546) LT - f?j’ ( j__) V',
-+ Q_TQ(O/E)B(#;);U/;J-I@ ] CTQ {0/52 ,U_/M)Eé.g(@}, _/_G‘(X_'z, i)__

2T,
B (@275&] + CRQ 9 ( ///" 2( .'_)D_(‘g,%‘;j-b ’U}’_(a)f" :2’77/_7) 2‘7]42 132(4’) +

+ %—@"(sb)- (920 F42)+ F x4+ %‘.’2,;;9 UA‘*"’F

— T%B[@ B(ﬁb) ~ . HAj . l[:l) Zz %
VaT % | T Dlfprra-ts)=Digo ua™) = ] ch fﬁ’%ﬁgi

/75Q(<#) (Gr0 = j‘ﬁ-&)vl* Yo (x% J_J+ B(Y 427 a/v/‘iﬁ) . o

-+

T

A B 102)] _ ABE) /(") /7/3(?’;2» . /2)
L 2]~ A8 ot L i )
1+ BODE 1  RHP) , w

A ~—q—77u,, D f1z (2.3.79)

1(3)
!—-2_/( u/]

4 Qu”
7

2) 0 _ _pim ot)_7ef BE) [

L 0= - o 7] B[
U] ! 3 f { ‘
— 30 o) /(J ”\_7—1) ,?)/\ -+ %_L—-[?j—léﬁb) D(,ﬂg dadg%-f—v:{(j}_

T

g

L
Vo
./

74, .
—*I’—‘ { le\ I(Q) IRy tj(’ \ P ANAYLS
(} Z _z—v—'/,:i, ?" z T %“1_732(?5/.[;40 "di”—'?)"f'ﬂ; é\(’:iﬂ}_
’/7 ,,,, 2)
Q< Ka '3‘7’ /” -u B ’”’%4 o= Fott] - D

’0’ T TR ’ J '7;,”/

+/3;L_[<P) 2 ur ;/, Frr2 qp )] | aBC?)go (w.f(z) wlz) +
T qf%—'?(ﬁ—)z ) Jﬂ'—}“%&)jLﬂfwz-B‘{@ +

R

[_132[?) (310 ~ a4 B (% _LJ-/-/é__‘@_;c ujfb)} (25,50

{
i
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| gs i@ L gy 7.34(3) L ')y Bl [Dj-o"w?z@ B 7 (4)02_ -

2_7’7/—% T’//_z, -1 2
Eyn
—Qﬂj—u"wf(‘zﬂ—f-]% [5/121) -LL,,M)DQ'}«:. +22}qnpw;/@) 4

+ 2 B 1(2) D22, () gw”—’y
J T 7 D4 Jo L

~<BaT™ / LY Qw’&) #Y ), ol
91{;/ Ty AL B [?9 Z;%Z i@u
Tﬁi‘f‘}?ﬂg? +:/r—?;;{“ /732(95) (%+;11L)+°“w %] ¢ (2.3.81)

3)

Lygu Ti-éfz"”' +Ly3207 V=0 (2.3.82)
A shorter way of writing thé differential system for { 4 /3 ’UJ{S)'WJB) /(3))

e
L’M "3) | J ./zs) L o T w4 A,

T2 (2.3.83)
L:z/; u,* —r-Lzz %+ Loy 7—’4[3)= ~CFU P+ An (2.3.84)
L33 SN 13 o W7D A (203.85)
Lo, 6P 4 Lya 07D+ Lyg 270 =0 (2.3.86)

Once again, the compatibility of this differential system (2.%.79) =
(2.3.82) requires the fulfilment of an orthogonality condition invol-
ving the partial differentiel equations adjoint ("‘j} "-'d,' ’W'—’;/""')

By multiplying the four differential equations with the adjoint
(“-J;’I/'.‘} """L+/,,b+) respachively, adding and integrating in X over
(=% %), and7b over {©/2/0) ya must obtain zero.

Finally, one obtaing:

(G, =CT (TV=0) +iTF (TV) = .___I""' - {2.3.87)
I/l
Q/"C —’-’- .
where T = j WPt gy Pt 2 Dp Tl dx AP (2,5.88)
/ O— . —

and I& L_ [A/I utp A fz)-+_{_ Asrw—ﬂ dx d ¢ (2.3.89)

(T (TV=0) 0 zﬁa/ww#/ml‘e when Ahere 4 7o~ Tglyr
Mode présent, while (G (1v) denstes the condeibeitin
WWM% arises Prom e in§luence

o(.
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2.4  Expansion in powers of & in the intezrals

-+ /
Ve expand { (-(4/("'}, ’z/,;/Mi ! {”;’ 7;.,/(”}), ( u"f', » 1, W /D"j and ( “:z,cy, 1&"""})%’(7;4(@)

in powers of &,

LL,IIM) =y +E Ay +E2Bq+ - (2.2.1)
fu/_llf’f):(l/)\/—"o + 8'2/)‘}4 —{- 227/}712"+ T ; (2.402)
-\
Wylld):w/}:la +Er{;}~74 +E,2"U):;_Q,+' T (2014-.3)
/ A ‘ A . N
/?1[4}273404'Tsf474 ‘t'aa'7’°4:’.+- - (2.4.3a)
T, =Voo + €V +E Tz +- - (2.4.35)
o, L +A2 7
Telo,®) =T &R =T+ Ty )
% 72 N, 7
Ro = (T im(e =) o g s (2,00

hus we proce2d tc the solution of the €°, & and &% order simplified

)

equaticns for the differential system (2.3.1) = (2.3.4)

€ orRDER
A A
M By +ETay Lo — T Vo3, —l—-?ﬁia— =0 (2.4:5)
A - e
~Q,, —MVg, LT = O (241456
A\ o N

- M/M)/-IO —[—b@';o @20 4 A—ﬁo :O (2911—0!')
N,y

v rto, f‘.’/{,.':‘ =O ’;a"a
Tx Ao (2:1.8)

where (Voo 0 Ao da ;/ml‘e%;%emvy
vl npde 2ofien Oacnc/{\T://éﬁé‘.

E:
After the elimination of %, and 713,;0 , one obtains:

0, =- AE) JolX) (2.5449)

»

Do) = A % (X) (2.4.10)

where (ija) are providing the eigenvalue of the differential system:
M0 + 22T Vo 30 =00 M e =0 (24a11)

. 0 (2.4412)
“ (204013)
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& ORDER

By eliminating 7, and /12 , we get the following differential
system for 3214 and ’?/)\:M :
M g 42T Vo Vg 4030 My = LB o3P ) +
+ ARALE) b 0905, PN

) ) 2. drodlh)
&44 - MU +C‘Too =F{Bcrs P Copaq (%) + 2T, %dﬁg# G120 -
~ (T BB 5.9 (2 kel5)

A 2
where — Uy, =T, (2.4.15)

and where Fnyl<); F112lX, G114 (X/'a-'?w[ Crr2lX) ara given in the linear
theory., Once again, by multiplying with the adjoint ( 3»*, ;o* ) , adding
and integrating in X over (=%, %), We get:

T d _rfi‘_f?l J F Buat £ Guz)dx + con®-HlP) f (5 Frnat g Gann)els

.___

g f (F Fray +35 Gary) = (2.4:17)

whare

Fuy = /V’ja(X) (2.4.18)
6449 = "2006) (2.4.19)

B

as defined in the linsar theory of th.ls thesis,

Dividing the-egquation (2.3.17) by f( 12-}-?:.6444) we have the

following ordinary differential equaulon.

%7‘/9' "/’Q@J) (Pcodvb —ccv;4)f}(‘ﬁ (244020)

vie assume 9(757 =€ L(m FC(#) (264421)

Differential equation for F(_‘#)

% 7/2,/f‘—! F($) +¢%F(<fj (FCMCF (T Ty +C ML)FHD) (2.4..22)

where oy = Tosn L%y (244,23)
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By making the imaginary parts of the right and left hand side of

(2.8.22) equal, onz obtains:

Voqp =—TE22 (2.442%)

t 1s necessary also to take into account the periodicity condition

in % with period 27C , it yields

and
[P —)
‘ cmP RT72
R(P) =e = . p(Ale (244426)
Consequently,

Oy = P[5 g VM BTGS2 95 (200027)

,{/}M _ ,g(qb)ﬂmgb.jq [x)q‘—imﬁﬁ%‘;,;} +z%(?'>);b (2.4428)

whereé?%/éiﬂ &nd<?3%73)provide the eigen value of the following dif=-
ferential systems, respectively:
M’-j AT, A M}i,, =—6A*7T, (x%%);;&é/(?v—%gp} +IV
. . . /fQX , \ ——_QD:‘"G —.ni/ ( - '29)
K ~M34+%0 2, = [T y}*’ & (205.30)

C
&%4:02;1:;7:0 97:_)(:1“

SR

(2eke31)

/sz’S -+ 2‘17_(; VD;B —Yso MZB :(Voﬂ-—%}/ﬁ}b (2.4032)

Fs - Mgs 7% 73 =-go (Vo= %) (244033)
—+
33:033:;3=0m/<~i% (240034)

We note that 6332?3)313 defined in ths same way as in the linear part

of this work.
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2,
ORDER &

A -
By elimination of /342_ and ?Y%;, and uss of some previous relations

obtained from the € and & order systems, one obtains

= M¥ Qg A 22T Vo By 4095, Mty = AAP) cots P Fg L)+

1F1é7jﬂh<Jﬁ%(¢9
o ¢

B2 Fray 0 + AP cord 2F- Fras () +R T2 PLE) 3en Fpag (5) +

3
Fr1a ) - Lﬂfr—" Mo Pl )+ BB Fraal +

Ty co8 Y Fap 0+ cm AT DD . g 04 CPETL i, 09+

+ AR T, [:F/s.z (9~ %"—Mgﬂm«# - f—% BB Y, 20
T

(244435)
—Dyq ~ Mg +i95 7}; RilBeos P 6774&)7’#@7:’,&3%& Crrald) +
+ .czzz_é/_o_ 30 Bl 9+ DU C s 0+ B2 AH G 12y 64D Heoa 25t Gresr B9
F AT D) sin #. Gop ()4 Ty cos > PLH) G o )+
FemE T PUPcrs b Croa )+ b@@f BB G g0 )+
+ AT, E’;//BQ () + %—9‘%79(56) (2.4.36)
Uy =Dy =Tn=0 «t x=% % (2.4.362)
The procedure used is similar to that for the order systemj; it yields:
/éT’/’zd_/’?L[i) (T3 btcmBT. )R, (4 + 9{;6)/_—%7‘ 15 atn #— [ coarp+
+m BT I cos P+ THAA Ty By + T T P+ ‘””“éT /g +

(:6_;2 E] = O (20;_’_337)

Using the periodicity condition A;(R7D) = /24 ()  (2.4.38)

one obtains U, ; = m?-;é"‘;'; lro (2.4.39) .
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T, —_mEL e (2:4.40)
eanr e 72
where

1:0‘.02' = CO‘;%_ %2‘: (2.14-014-1 )

Al = () e p+ BEPZE o osiny - T2

By substituting (2.4.42) in (2.4.,27) and (2.4.28), we obtain more

A ~
explicit formulae for Uy and Vi,

i, =gt [(ntig)ersss + Lepzing? _ TRpocnt

QRT 7.7
em (AL s - [ oo | (2.4.443)
By = AlP) [(?4 +Ih 9o)esa # + %’%—fﬁ +Cm (BT g5 13 g,%0m#) -
_ Tl gooint]
£T.7% | (20k 24

A A
As far as Uaq and Y7z are concerned, it is possible to see that

~ gy =AU [{7;‘)?70 14> 21  precosR# +ET g . s+

. '/l/ . .
"/'(/771%7:, lm¢'34y+7;cm¢.2}l,,5 + &(@féﬁz&ﬁ# 27, "

A (/7232"'/7??ﬁmﬂ2¢ +/;‘0n2757:7&3134£01¢+4ﬂ2?€z7—;j43—

_Mj- ~com 171 %M‘f’-/-”'m'QT 2@7

RET " 2T." (2.4.45)

Da =AU 10+ 75007 4 320828+ AT Poim 31

+L’772£T 00‘15‘73;47/ ‘f‘7—750’3¢2’/’3 -+ &(%22:2;21;%96);”_/—

+ L?)’&(/Z?-ﬁﬁ [%.2,) on 2 + (2 AT ;3/;@1#’ +fm’%"'7:ag,g—

1 A /91/)12‘75 s [ AP,
Lﬂz;én'/@ ;,7 con Iy 6;3 Hn P LB ‘27—-7/», —167 (2.4..46)

and where (?7/0/}10)/ [u;‘ /M/jff/l); (ﬁ//:z/j/m); (}'73 /;43), [}r/‘//;'/’f);

(2.@42)
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(5’45"/;14;),(5%4,0‘246) and (5-45,/ ,M,) provida the aigenfunctions of

several differential systems, as follows:

jMQ Fro +HToVo o ~255, Mo = Fias +% (Fiy +TFis) + 2 By
. 7
iqo ~M210 1690 D10 = Guaz + 2 (Grgs +1Gyyz)

z'/.'o = 03/10 =J70 =0 at X=td  (2.447)

3., < —¢ = I
M Z‘M + 1T, Vo;74 LUs, Mj”" = F426£ -+ .%?‘. Fu3
2’44 - M;M 1"‘3‘75::0?44 = Gyay

Jr1 =bFr1=g21=0at X=14 (2.4.18)

Mz ‘ ’:2‘ ; 1 o - . =

542' A ‘/;’71 ¢ v‘—”’%“?m’_ 5’25+"157,1(F474+f7542)+&5m
12 ~M Gaz +095, 4, = 2

J2 M7 °f12 = G2t + 2 (Gpgg+1Gryn) 4+ 1% Gogya

- D3 =3 — ;
Jrz = Dp*//:; F12 =0 Al X=tZ (2.4.19)

’ 2 25 - .
{M 13 TAT Vo 2.3 (700 M3 = Frag ~ T Bz

2 ; .
J3 /"7;/;3 +iVs, F13 = .26~ G112

17.'7/ A2 - ~ n . |
Mg FA5To Vo e = 500 M4 = Biag 413 (Vo= £) Mo Faaa
27’9‘ B Mj’//‘/ +CT55 Gy = Opag "/7/(_,%"‘54‘)(/% % Gua
(2‘/1‘,‘ = D}‘/ﬂ/ =/"45a:0 at x=x% (2.4.51)
2 92 N —
M j/ls +A 71\/0;//5‘“05750’4}4&‘: Fas =1 Frra
2’/15_ B M;rzr +CT5, ;45 =629 — 1t Cpya

“ N, — = oy o
}4& u&mrvngr 0 6’5’7)(—:&% (2:4.52)
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Mzg’dé _JLRQ'TO Vo;/{é - Lv—c;o Mﬁ’lé = F430 __%{M}b

j—/fé -~ M;L/é ’1‘1;%0246 = 6/730 +—gé"

(244.53)

MQ’Z'/L? '1‘)\-27; Vod‘L/O"“ Y0 Mj’/l'c? = F//‘a;z, = %{_Q/ugb

e ~M34p +CT50 Lzp = Gr32+ o

Fie =Dz =gap =0 At X=+t%
Expansion of the adjoint (H——f;’?)'#., w”};/b"‘)

ut —ut reuf verdd +-- -

7a+=/oj + 8/0,}*-%8*’;03 R
l £°0RDER

___/~4uj+(;v;ouj-—vz+—%‘:—r=o

T Ve uf—/"i%++5‘75°7/3+: o
Mt iea st =2 =0

~Dul +AwT =0

After elimination of W.' and /O;" » We obtain:

P W + 3
(,{;I‘ ::.—-/2, Jo+(/(/ﬁ (5"’/

’Z);_'L = ;o+&(,)/9+{¢)

(204.55)

(2e4454)

in powers of £

+ L+ .
where (3‘9 / ) provide the eigenvalue for the adjoint system:
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M2 ;f +40 ~CTs0 MF =0
22TV, 2;* —M;f—;—::v;o f=0 (2.4.56)
%= ppf=gt=0 atx=t4

It is just here that we refrieve the adjoint system of the linear

theory of Di Prima and Stuart (1972b), [ %03, ' €h- 5? -5.9

£ ORDER

“MaT fc')“ +C U0 Uy %’DL /QT%VB;‘,‘—?CM*? D%t vz, T

h_(//-zx _,_4)6014% D —cpa P Qﬁe

——7: Vc U.+—- M’?"+—-f—(;(7;o ’Ij/?—’l-: - CV;,,’V‘++67' (X%—i)m 55 U..Z.—f

FRT) VD")‘ ~2epab 5T +ATS /%{;—

3 -+ 7 -
,MM@),;++6%9¢07+~2734+=% o1 Ws —/—7472/"“‘1/0%—:2@119&-[)%};"‘
/
Ouct (2.4457)
' JU
— Du - Al
U, t 2wy 03P 5%

-+ -+
We eliminate %7’ and /7 , and we denote 4@ =-— 2y i (2:4.58)
An alternative possibility to formulate our differential system:

/MZWﬂfawumﬁz*mwwﬁww%aﬂﬁ?ﬂ%%

+i9aq M- PHCH)
;LQ'T V., L{,I,+'"M7);l +¢ Y0 ‘; = - b%ry;o /}-,Z '(Kfé/’\mﬁﬁ 6//—*»}//(/()'1"
+ /27; 2'—-——-——2/2} ) 64«/2 )

{, = 0(,(’;'!': /y/}—'}—_——_— 0 at X:i“—/:{.’ | (‘204059)

Yy +
Ry 00 = (B g 44 MR 205 5 (oo

Fra (¥ = ~Vs MZ*»;'L ‘*Cpfj (2.4461)
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647;4 ()= -3 To (x* %) }?:L —20’;% (201462)

G 69= Vb gt +eMDF (2.4.63)

The usual straightforward procedure yields:

/ <i>
with proper account taken of the periodicity condition
A (=) =H*(0)

we ovtain the soluiion

Bt #) 7" E (2.4465)
Consaquently,

if = LA (et e ATEFIRBE]
= e (}fcm¢+cm£7;7/‘;g§)+ PN (2.4467)
whers (ﬁL /ﬁ),(j: / C?ZL ) are given by the following differsntial

systems respechtivaly:
- 1a7F _ ~7 p ret o
Mz:j_;;l- _}_j/;f_—bq_oo ‘i\’lé’ll - r;‘i’!/’l \-/X.)—‘l f;’,lQ'[/{)
27 + .
AT Vjt Mq + L 09(”7«7 w/,ftx) e /42(")

(}E =D214' :}f =0 al x=2% (2.4.68)

Mzﬁs +23 —tV Z*z —Z—)MP -cp;.,
T, Vs j@ _ng LT, j;:%(vo—%)-cwfo

j—s =D3 —;3 =0 atx=t1 (2.2..69)
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'ORDER &%

Wa write down the momentum and continuity equations at order E*

'—‘M H+ ___fzji‘l'" +i; + ,_ﬁ_ 7& 9“’/ +/T [/X:z' i) ’]501175925—‘{-

+ ’féT%U /m?gu _2eosp UL +3+WQ¢ PR VP
ox N> 2 F o

~( /%’K- +1)cod WL{—Z,&M + 12 g 29)-2cxb™- 4 Aot /Jmﬂ’i/;_f-’f'
Ax
. LR s Ot Dot
ok et G LB )
T Vo ud =Mzt 095, 05 = 20 BT 2 so0m b D + 6T5 (% ot i+

+\/, ﬁiF.._w + T it B L)+ Ty i b A ()
4
+ 4T %=, m‘? 22 —Hz’l"/z X 4;91/ :++67€7§%(XQ;:¢§‘)M¢+

/ - )
W'F ,QTL\/ s +ATV, Ll ,/57‘;’//’“@495-1/02;%' ~+

70 9P o
. 7 crn hy p L BT, aenp
o é’éTﬂ(/(g'—f{L)Vo 9;72; mqs—é?%_f: z[XQ_%)/a‘:,,L<;‘>. U+ 7R TR,z
- Zerst LU L 3 eosb Pt penut
gX 2% oxX* X

’//z,
\+ 2& eRT; /f%“—C/?/ “eoaet 4&” = .,4«:/571'4/2/‘*5"1‘?"/0-#

2777

+_ o +
— T, VG = LY

N » + Ny (2 4 71)
— Magtrivg o Wt —-/”t/% =T //”’(U 210 + g; W+)
-ony - B sl e,
u/l
Y, Q’W Qakt +
0/"? A
T N
(X )/o&m‘;) ’Wj’?’“ \/a(;;:
_ 96(_2 ‘)s+ — 9“0 _ 9‘/,1 2,! 2
5K + A3 > 60451’5/\,—- (2.4.72)

wherea U,_., =2(X2-%—)<X2~%) (2e4e73)
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Ve =02 Q[ £ (1- (4520 ~§ )] )

ug a2t

If we denota = » We obtain the following £" order adjoint
system (By elimination of /‘3; and %5+ and knowlzdgs of some pravious

relations obtained from the £° and Eorder adjoint systems):

M*u '+~<><76°’”7 dy 0 = B H conp Fidy ) + AT AT -+
ol P !:14.2()9)

+ Cmgﬁ @S) Fuy 75 CI+B () F Fras (X)‘!‘%QQ-'L(‘@F/QQ ¢+

+ BH9) B (X)eos 25 +BTHHE) i (09 mims 4T M) B0 conty
+CcmRT; 7 B 10) BT#)eos? o+ mﬁ’d PHE) By 09+

202+ nt + -
+ BT, PP | Fraa (X)—%_Q-MJEF] 2.4.75)

2T My — Mt oo Voo Uz ~/9+(¢)CM¢ 6//74(’5)“‘

T i s )
AT if; SN CoE]e 7 ) 6L+ R Glas4
H AT B Gy () + A B st Gras LI +ET, "Gl 00)- Bl asnshy

i BT R E (0 B Heod P +T5 Glaslk) 5H#)cos® +

2T + ‘\ 1o o+
BB ) )+ AT, HH e 00 + 2 5]
~ ;ﬂﬁairgﬁ_\/o g;” (2.4.75)
/’
i+ —~ N, - _ o)
U =0T = 07 =0 at x=%4 (2..77)
Whers

Fita (9= 4/\407” -6, I+ (T (2..78)
Fira (9= cDF ~UMF (2.4.79)

+ gors
E]z]lf )=~ j" (2.4.80)
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Fias 09 = 4 (4+2) gF (M bR (agt- i)+ TA (gt )4
b C Iy DR+ O D ME B MO ~2D T~ MO

- 'gT D Y- D(B’}f—}fﬂ (2.4.81)

Fray 00 =2( %5 +c95,c 05 (2.1.52)

Bt = JE (12 1) 1 (PRt~ 4 git) + T [3 0% )2 Jogi+

+M DZ3L+ = M ~ S 0M LMD, )G -2 37 )+

+ Q—D(%» -}f) (2.4.85)

Ero (9= 60%4) ME +72x 07+ & 4‘/2409,, DU D}Z‘—QD(Z-D;’ZL
+ eh( - )2V, M"* U MOFEAVMET  (2eh.80)

Fios ’C) = -——( Ve Mj” CD}’L) (2.4..85)

a_zg(x} 6(x2 ) Vo ME (Vo - L) ME 21)2;?)+4M02ﬁ—
~ 20 Top D js ( +//);5 —rcb(sja jk,—«l’fz.)—i-PVMj’rf‘//QxD}o

T 7 N , (2.4.86)
51500‘) -3 (V =/ 'WJ ’5‘0;3 (2...87)
Fsa ()= DFs ~(Ve = Z)ME (y.mg)
Bl (9=~ CATLCAE - 20Z i)
6,///_2 [X) = Vo;o +e (MD-c%, D)F (2.4.90)
Gy 00 =-22V. 30 (2291
Crpy 6= 30 (2.4.92)
6;;3(/‘0 ~3 (x>~ d_)Dz [% +/‘)TFVJOJ +L (jv 514 +CPDF)
Cr(M) cO:,ODJ(””+ /yq)—i* 3 D‘L;D ~D% FHeTD°FE (2.0.93)
Gt W‘)— LT (A ~2e D +zcz~(X+4-)/cVo§‘° (2.4.9%)

Clastd) = Lo (3 —;,-) s [T 2T ]+ & DG
2
il (1503, DR ) + SBBEL 4 MR (2uhe93)
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Grae () = 2eMDFE - Ji‘LTijv *D(U;«:HV(;@ ~2 )+
+cCMD—av;oD)[331> Fr)relVe i (2.1.99)

/Izzé’ x) = — ED—'V"}” —i—cP(MD}: ~ lfV;oD}?_)] (2.4.97)

G//Qg (X) V (;o /_’23) é(/‘{:}' //)[_—/c +27 /o j ([/ i);4
-2 1)“;76 +c(Mp—ca,D){2 3 -5 —/72%) +2¢ D2 +ePRU-D) i
. (244.,98)
. o ‘ , .
G0 0= =2 (Vo= D) =S (MOF~c500J2) (5400
6 2 (X)= CV — _) 1: *C_(\/o—':j:) Dé?j +  (2.4.100)

+c (MD i3, D)j‘ér

By the routine multiplication with the adjoint respectively, adding and
integrating over (-3, %), we obitain a differential equation Bor
7/ +
AT )
d P

ugal Ber 2t ~ £ pims. I —com BT Ry, n e

+ B Mo PHcm BT 4

~LVpq-C — —i(FcM9é~meﬁ/ %“j 0 {2.4.101)

it yields

! ) > ' 5 2
sﬁ) =) Pt 2022 oimd Tl em s
(2.4.102)

Consequantly, one obtains:

uf = — B #>)L/’%*+” %)cmb + agiamat

DR
+
2+ 77 (ﬁt ’“7;3 —‘/f}”c-ﬁ‘(_'¢' -77.' m%__ﬁi
#T;7=

= A ‘f’)[:( Y T /31‘ 7 /Co/.ﬁb -+ Pg‘ '; —27{):/;‘,2‘# + %7;:'7’}? -~ //";‘L gt i) -
T4 Fé, ’}4.017 °

A

(24%4103)



100

and

/- L(+ 29.9-1-(315)[5;‘ —{-,,é"z’lw —{—}—72, cod P +LT%, mmﬁf’j-frs +

—i—cmﬁﬂ%z’éﬁmﬁﬁ'—f /Oto;B’?:’;Z%?) Z'za + tm //79,2}3 E’:}DA 2
c{'f'P 0%2//47"7/“"’_7-%?5 T, [7 AP
F J® +1; 7 (74&‘ codP — Llals ZL
-?757—7/2 7
con T I 3F son c,fntra7‘+ 24

/7}7’-2« = R*(%)] 9w ’f“%j//// ‘f‘f;:z cH P +ATR o rn P4

Py (2o 3Fpacasd) -
61/‘_ 7“7& ; 7

7
T BTS2 Zy crd P

°<+ dWL[Vzﬁ"j_—- Pq-jlj)-/hl% 2P
2

T, [ mimad ot A £

- — . Dm T

\ QLT 7= /4 —~lon I 1 523 S P LT g 4& ;46W2742T;4fj

(2.4.105)

+ % 071“’757;7/“;; oinp+T, ;}W—

whare

+ - :
(?xro /;49) [i//// 7). /7145. / %75.)/ (;;3 /;75), /27?7,-7%?7) (j‘jﬁjx}ﬁﬁ,
(2‘46//76, and ( ’/?/27 73’) provide the eigenfunctions of several

differential systems, as {f'olliows:

( I T+ o —eT30 s = Pz + 2 (P =T B
-17127:: Vo j:;o - /AV‘/';}{; HFT, 970 = Gppz 412 ( Cut11—T"Grya) "z'-% G
tz&fo = Dz?';; 3}/}; =p al x=*+% (2.4.106)

M0, +0¢5,~f:vso Mt = Fizy ]

?l T, Ve }M Mdm +¢‘750444 = jﬂf +%:ngth3

Dw// -—0}4// ///, =0 ai‘X ii (2.4¢107)

7 -+ ~F A~ +
M }/’9“ To%‘" "(’TO’ /&2"“ = B + 2 (Firq=TFua) + 1 Pz

7@7_ VA //9, -M f/@ +CTo0 ;f/;z G %(6;4~F Girz) +Gha
3'42, = D¢ 72 jzz =0 at X= (2.4.4108)
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2 + . + a4
A2 TN Fs = Mts +0%0 373 = Gus =T Gira

{ L%+ (T MPts = Fbe ~ T

32;3 = Dﬁé:i:; =p atX=t% (2.4.109)

;2'27-0 VO 0:27,9 ~M(7’_ff;7l '7’"(/ o0 _/}-9' 6//25+ 66/[]2"1‘16444) F?-G/f’l-?.

{M &QM + 9y ~C 75, MFr = Fag + 0 (Fia + 4 Fify) ~Pa ez

+ _noEt
M* %5 +ﬂy (T30 M Fhe = Fiy ~['e Fira
)Q' \JD ﬂ”‘r Mgay—}-bq:o :;:S'_ éd-a? FGG/M-Z

errzb}zr =0€/—¢r=0 at x=%% (244.111)
M

3

.+.

-+ -+ . AT
J"\//z%é + 9 ~CTe0 M1e = P30~

—_1 } ~+ aod4 o+ N —f" ’)L'
2T, vi,(jé;g —~ Mg 050 F6 = G a0t

ol]:qj)

m\\;‘u

7
+ ot =t 4L
L}Ljé :02'46 =J1¢ =0 a* X 2 (2.44112)

szjl%; +j4g LV Mfw =Fis + D"O 2

Y
ﬁﬂ« 7;\/ J”Y? -Mgi iy +iVoo ?4&"'- 6/32,'{‘—/‘/9‘ 6’4“

+ x=td
um? = D}AP =9 =0 &L X=t% (2.4,113)
2,
As far as the & expansion of % )is concernad, we hava the results:
12)
Woo =0 (2e4011k)

whera

Wi = agly) ey

/(:.)__ ~p Lo PTh P cfg"f?,%" d73
W _%E A o cdp+imAT, ”ﬂ”W@’g o

D) 12007 (2.44115)

(2.4.116)



where Ays » gy and Py are defined by

DAy, = = o Vg~ B 0o = Jo Dol '3 00 (2nitin)
D*Asa = 33 D*}s ‘%szt’ ~eD(F7) | (2.44118)
D*A g = ?" Dj‘o  (2.0.119)

WI{.’A) -
i /1, % [%2°7L A 090 % + R Frzn 7“’47’ B A gz B +

’ 3P+
+ Mﬂg’?’j}z $f>”'i‘).l‘r ’f‘”ﬂl?g—/:f//"z%‘wﬁb %2 5 7"'7%2’742’/\9 ﬁ_zg +

i BT R st Rz Hiomragaim Qﬁ -~ i BT E )BT

o

» %
‘{" < AT 7= A C/BL% %T:‘"msﬁ_ﬁ;%%zt%w +

+;2/,Z(M CnRTIRTL + 2 7 (2454120)
where 2,'7';7/:,

. /A.’&o /%.'24, %Q_Q‘ ~3,/g?f, /"2.5‘/’/;%/’/4.2?/ %lc?/ 7{—23 and ’/{30 are

given by simple integrations of the following quantities:

D Ao = S22 4 (ao D%t - ZWDW ~Lpll {j“% -

+‘%(/}°DZG” —21/’["7” 15“""0 J° "Cﬁﬁ/zaﬁﬂq?) (2.4.121)
D”%mﬁ%g;— J—//jw Tz Fra V) = rz-ﬁv +&l 5,05~

L (3 )y - BEEE g
+Z Dy + i ij” - CZ%[% +(7 ‘4);:/ (2.4.0122)

D*hon =c Jo 0}» + j—(?oDljb/// = D* QD) (2.44123)

D”ﬁzs:*‘(f&gﬁ 313D ) Q‘z‘[iiq“‘*fz@l"poﬁf;"pj”f—
+QEL o )g ——}OD%)-F D@Dd%) M"— (2ok0124)
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D*hay = & (JoD* s - Fos 0?) — I 310130—@&9(3»;0) (2u44125)

P hos =& (Jo D Forz ~Jrrli ) =< el Do) (2.4..126)
Dl’ﬂ ’;7, J/;A’ U»;gﬂzﬁ?a) +£ [2%0;3 7‘-0%053)_
C ) ] (2.4.127)

D = @.% 4 3y O+ g S0 D By ge) =

- (0%0;3#-;':0;3) —<F (Dg,+Th D;o)+%%%ﬁf‘- +0%Ay +

+ GE (ool I e tary) (e

VPhas = % (5o 0% 326 ) + L2 [ 305 +cTD(7o29)] (2nros)

Vhag =0f o +-o)g] (20-139)
D¥ras = 43 Do (2.4,131)

. . . /. i(2) Ha (=2 /725N B -
If we return to the (L7 9~ ), 2w 2///3 ] terms, given by

w'® = u,,”"‘)mﬁfr? + &;ﬁ(l)+“§f’“)/ﬂ'ﬂufg

v = D pim A 4V S gun ant
9 g eparf + D0l Pansaag

//l_-v

ﬁ’p’) = /37 'mn/L& %/’3"2’—; 7% /‘)im&?t)é (2.5.4132)

/ (2] 4/
and we expand the harmonic (“2(2) ’2)’ (2)7»()" J;f,q%’/ in powers of & ,
as folloms

/. a,, =
W il sl et -

/UJ[Z) 7)-//2') +&vn (’2) _/_§‘?-'7/‘/[‘:9+

/2)

2 UL
’W:ig}-r zjjﬁLEz?r‘}.i/é_y-:L—»—-—

/%)_ B & Joug FEPE F (221:133)
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onz obtains

12)
e = 2BB g,

T, =
’(-7-) = 2R 1
fz}“ —[—4/_1, g/l,,& (2011-0 314-)
1)
wW, 7 =
20 ZT 18, DZ./MQ'
#e shall later see that it is much more convenient to Formulate( “-_;{,23 'b;;"“)
-
with respect to 447‘ g’/}gﬁj than with respect to AR3
=) 1=
As for ( Uog' s ’U_:z,'i) )‘1(2) 70”2) one obtains

7—1.,._) Y, P q( B 7 M ac
= &T; _fl,‘; —,//, [ comBT; s 71449,( %:%Tf —.26771/;?&'7191-
+ }142 Cﬂ‘f’? (2.4.0135)

2% 9 C{B ARl 4.

‘1/"

9[3/7[”’7-757- Fzrr ‘7442, ( &M,,Z#) ‘2!:?71/;4‘-’7149"'
-+ ;.zf{:z, %vf’] (2.4..135)

D;?/M Y 9m 2P
Cl“;b 7;; //2, T’//Z U

402-1
. 4T, 7%=

~-2cm ]—;M‘?) +20—’/1 Cﬁ"’ﬂ (2 Lot 37)

'(‘q) =47 /QC/Bﬁ—— + 2B BT “Pazg ’/sz( s o

/ Id) 7-"’/,2 / iz %""//:a

—Zem F;/M‘i”) 7‘"/627&50’3@ (2.4.138)

whars ( Y240 1 5" 210, 2Vaz0, /J 919) 5’2’/’/{ A 371 211 7 J 211/ ) ared {}272/0,_34.:/7\’512,/5217)

are given by three systems of ordinary differential eguations res=

pectively as follows:
(D*- 4'1/75’2')2'1”’0 ~Ts Vod‘lﬁm + ?‘g-('z—& =—‘j—:¢5& +2Vo§"47z
jz«m ~(D~ ‘/22)(7‘1270 = - %}2 -2 Vojwz
— (0= 42%) g +2 A 00 =L (V. Djrra + Si2le)

D}w +2AWa10 =294 (2.42139)
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(D™ 17‘2?')5'274 TV Far+ %ﬂ = C’——l:%’ﬁ— +.2( Va—%—) 112
5'244 ”(DQL-’;‘).Q);:&/M =4 (j‘a Djs 35 Df" —;30}% ‘}D}’a)‘?“ %}2"2[%—%);442

~(0~4 2020y +2 2 pars = L] (V=) D + 5 (Jolge— 3o 03) -
= L 50% +3.0%5 —200 03))
D}z M TRAWZ,, = 2T 714 (2.4.140)

(0 4% j:wz—/ Vajm,g, *‘--7%L &z(p/ﬁpﬂzfﬂ 03'7)._

2 D:Zl /2 2
D ( ’22;’2—) /“-’77217"/2(/(2 —/Z—)Tq/;/z-/-c’l" "9{/’47“/}/]%)_}.'& 932_{_

+ 20V, Fuz

%242 —( D423 ' Fa12 =/7l(/j"b va “670055) -j,,ﬂa "La%,@v‘z"' *‘1‘192;311.27'"

—{-2[4-2)( 'f"l) /2_}_ ‘r:uDa;‘/' 40"7’9 %D?‘D /DDSJ"/‘
2

~(D% ) 2500, TRApad1r = iE’ZJ Fraat Vo Dirra +3 2,05 +

- ZFVo;ff’LQ,

. +Q§(§°Div R - B0 Fri Je) — »’1:}?’—'[—1131#: +D5p 01317 _gﬂ

Dj’iﬂl t2A%a e = 2(D%m2 ‘f‘CF;/M'z) (2eha144)

+71(3) Ha)
[’(—,7_9, and ’U' are scme lengthy complex functions given by:
22 Y D

— " (’(_\
7/';/2, L/J

n 3F 78 2 74 y SR 2
+ a@,vozT'r;/i}V” ¥ }sz + M2 /‘szz_'zs‘/m'?” +7HTRT 32.,6"/‘

510 -+
ome,eT et 2—1-“7 f‘/“w&ﬂg”ng

) 4 ndB /"a, NP, Darn
+ &57;4 [2223 cm‘?b-/-cmﬁgzgfgdf —l-_]_,,,zr'} o> HNRP. FzroF

-+ % T”/ﬁb/j’m 24 €03 P+4T; /’%'2//0 “5“229)'*57%(7527;;23‘3 -

-£T; ”“/%L;:wo/:MﬂJ— Ly O/

..._,Z,L

e }234 (2.4.,142)
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1 < A2
29 = 7,/2' {;zzz + 7% ;227’1‘ /€T ;2224“'-«71?5'1';29_3%2551'-

-+ WL}E?;?”"?S;QQC/-;’-WQ%T 221;%9’1?-/—%“%“73}2147‘-

+ L [%T;WZm - faay 1 Izapoin Qﬂ; + B%Eﬂgm HCon ﬁﬁ;mﬁ

+—’L475/9% F IR Jato A AT G gy o+ ATy (Faro-Faza}t

.Z
+ U (RT; a0~ AT R 1L ;méwﬂ-f *4/2 /?dﬁ;ﬂ’f (2.44143)

where (}220 ,quo) /jz:p/,j:z:e«/}, (}.:zaa 13222), (j—:z:z,s zjzzs), j—z:zsujmd
(3—;25 19225, [/ =25/ J226), ( }227-,05722%)/ C}—‘z:&é’/;:z 28), (F229,0za3),
C}z% 13230 and (/323,,,74_23,,) e Prown e«gznjuﬁd‘zm,

Let us return now to the important formula of the growth rate:

Lo

(T (TV=0)+R(TV) = =2 (2.4.144)
L,
where T % ( L %
17 ~—
f Ot b ) el t <[ [ (54 226 et
<
J(:%
A . A - .1.
= [ Gy o2 +770V5 F o, e (ud Uy -+ 2 D+ Do
Al
2
A A A A, A D S
+%+wd e Wt ) 8 By UT g Vg 2T kg & U G
N _'LJ_")/L’ +- A‘; ’&/J:’-j C{A‘
+ﬁu);4i¢++uﬂ0 (’{q‘ T l)i f‘%gc =2 )—]AX T (2’40145)
a7 _/?1:
— ..t T + +
I:Z,_' f L'_.‘fu“" E/,o .(V" —qo"f‘“);zsg)-f' [‘QZ e Zza'f"ur 230‘1‘
o 4
2

+U+ 2.4 +%+%7 _""/ujzi—zfs"’)""sz(“j 127 Z +245" 232t

0

ut S, 4t o Ty +ud 2

(2o4e14:5)

whers < ,,, 2 40, 230, 21200 Za1 2, TS, are algebraio expressions:

240 = Vo, + Q%fi‘ﬂ;ﬂ”“) + Ele B[ B8 g0+ Fle )

NA7, B3
’-Bz ;’/”:’\’j BH)) ]—Bﬂ#) 0[5412 “40) D(Jv sz (cP} ';”:;

4_2_@2}1 i B{S”)Qj’u ’@ é)

U, D}wz (2.4..147)
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—_ B /(2} 2/ch P :
Zzo ’,2,_2;,;/.2 D Z‘DD j — %—7—;—2;442 D~ %(”_AL[ZS (). Déq/m_;%g‘)_'_
+U‘-’)g + 5@%%"&:!2? ~ —%‘1@,‘, Dz + /3_2(.?.’).;1@?);0;442, - 2/3(95)% Uy
(55) ! ‘ 27,% (2.4.148)
230 = [D}v@:{? ) BE)LE, Dffrra + 96 r Uyp D?f//Z'f‘-‘ZA%aD?@/-E]{-

' Bﬁb\ Qﬂ'q 1=
7“’/2[ “oo + 22 D20/% ] (2u40109)

== 2 >~ " 7:. B(¢ A 12
’M = é()( --4—)604#)"7/40 -f-Vo ’2),;7 +£:_2_;/7/§'__2_;° 2 57: :4 z(ﬁgm" g_z -

+ 2o AL BEL p/a 4 U
=0 _)] z[—r—%, D[)wm-%m)'—pgb 217—{-4{;35:5 B (B 0/}”2 )

( ll<) y ’/J :2,7,;’& T;%
-D{hu) |~ 7—/~ /3652 Q '2)
4 (arm gt B g2+

+ Lofx2- 2] L B) dBlE) o 273%%)
j T c;(d’ 401)—/42‘ __2_%_77_ ciﬁf(}?@ﬂ HRJJZ_ /3_(‘:"}'72@;7_

B(‘F)g‘z Wairy 4 B i w2
’ +——L£3 Kol Ml% DFem (2.44150)
BLO T i
Z cg(\ﬁbf 42/ o )D/" D?f/(]—f- —;ﬁ%ﬁzﬁfﬁ;‘o‘f-
_;-&[,/‘32@).0(;70*?//42\.{.7—)( Z {B(@ 0! s D’puz’ff) +

o 27'7/°L 27 77>~
}M g/?‘)('//z + L(,;,, ﬁ?):z(?ﬁ) 0(24 “V“/ﬂ;
~C %T%“ /3(?9 N .
~—J ‘fo 7’20 + 40/ /). [gi/]o 442.)+ L %J} "

@ ( :LT
B(#D"’v?»{';” /3% A
i S A e~ B ] AR 0 1019 201
M

’fﬂ
'.4 A

(244a151)

< =/
L .= oLy / - ' re2T
2‘7/ LD/")D V{)‘ ET%& %f D}/Mﬂ. "a?.[)/—"'o %‘:v:‘ -+
-7

-+ %?%[ Uyy szmz +22A 7;7;2 D?/J;J Cpsb- ML &©,, D% Frzt

—+ 22 12-4,,4 u%tm]-k /_‘/,)’_/7;) D Q" cc_’,gj) y [,?3_ D’W"’?’—l- 2 9%‘94

/ — AN
- cph. B #) [) LQ f(«) 23 D {2) cf'gT /31@,7«: D
7;'/21— 22—,37/5 Yo T

.42__._ 9o dBE) | VAT DR AR , 4 ik . ,
t e A e e S B (et

+ Jo (x%. ,,_7}2 (2.4.152)
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S _cLB | ™ o Py 1T @,
A2 T —+ 5 B2 Y,
PR A LR T, f"

F )élrl 72
+CT7)I;2[B (?’)(}flo"ﬁl’—’z‘) O(X,‘.?, _4—_]_/_ 40 3‘/"’ 9[’5(9")(; ";L‘)'I‘
0 2 R 12) /3( DR 1
+ F - 'Z«Lj - '———‘AB T 17 344,24‘)4—9. A 7 +—L7;4/z wy s
- B9, 0, - /3‘32 [ B D (1120 (3o i) ]+

—Tia

2 2 A = 4 ;
zwz 5 L 9 o ;m ) - az;ba“)] %@ %%D(ﬁm)—ozzvuiﬁ— |

4 BlE 4B 4 7 013( g 1
T dP o Jrra ~ =z 7% dlsﬁ ,- ijf 27-7/2- - R mﬁ{ ga v

A 9%}9
£ Tl -+ T o £ D 5 4 e ?«?

+

M dE A dE
ot B 51 15208 1o [0 (o 22 1

~+C 757 2 on P _ R(# jb

2T "%

-+ %;- (X% J*ﬂ ~+ —.__._B(gb—) q, t @)
,_ T GT RS [ (2460155)

22 “'LZT,,TR IQ)DJO - Fo D] ]+__(?2ﬁ4qb

%L D”/ﬁD;fo (?ﬂ‘:)-{-V'X /37_,72/— Df" }DD’D—/@
3

#’)

Jua D+ B [0 050, )+v;_)g¢-za§L—; [4205-p00

],'!-—‘

,’3"‘("”) nox u,

+ : 2—/,7_2 u"u.’;z+~if[51,’d>). D/a,. - 24125 ~<,—'7Z 29 (B 1"2)
T, T A T = FLE) TV X I. 2,2
4/1 4 4 / ’j 95_6 27—7;2/0 27 F

: 2

+ 7:’ LE) (ﬁ (;70—,11"_91 +_.a-'. (""'__i; +B(?)D}v’”:—{_{f) +.2/3 gﬁo( /‘q)_.

— % 2 )
6(2_?7:% }TZ/ 99/552155-422;9 20 T+ 40[/-'~[5b) [(/‘I/Io";—{ﬂ)-l*v‘[xz—"z_-]j

B ﬁ’) )
+ == /'?74)" 472 —~ 19 ] — 2042 A 7
/zj 772 7)/7.2 2h Z[ B;;;j” 26 + }47.2 -BYH)

"[52’?5) /‘770—;-”’4 + % (x -Lj-}- B('P) o "z); (2.4 0150)

“4

=2/]
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20 A - @) 4 BECRLT &, p*
Zaz 2,'7‘7/2[04l . —E‘%W’«D%”Z 2 Woa |+ [M“D}Mz—i-

“anr

A 2/h) A BAD[Ca pZ,,

-+ 322-,;71 Dmg - B—%ﬁi ~-U,, Dzj'wz, 'f‘QZZTL’/'IZD'Qﬂ + 2T, ~o D?’ a2+
2 /(

'f'al/flj'd/:z DW’] + Lt B('ib) 2 ,ib ul? + Q;f DWQ{, +3‘o j

b 3 '
Bl%.ifsb , Z;” 2,,--{-7—-0 +730’V”) dg)/— D—,gﬂu;?-/-

L R po]_ AT B2 Q0D B, DInn dBHE % Duy?
+gpu]- e lfﬂ,ﬁf’z Ge+ i Jg B D

279

D2o dBE) , 4 29 2 '
+ 2 217——//2, AP ’9? 1.731¢)%0+62L— 0c~-’/‘27;-;-
+c (BT cps - 47 )‘/ B 91 4 Bia D3 dBYY)

2T 2T 4T dP
Ve DB fB(E) s
HEEY T ZsbL 1_7;/__??:0 e ) (ot FH2)+ Z (6% Lj} (204.135)

We have the following important formula
(T =0Y% +Li%-¥ (2.441552)
where D/ was previously defined as the amount above the eritical,

-Stability considerations requ.._rn that
(17 r-'-—:—"- '
KelT[=0 (2.4.156)

which implies that

0=~ E,R’Onl'/?t fo_ (T-Te) - Re | % (TV)+L5';(TV=@ (2.44157)

]
If the growth rate is squal to 0, then this will da2termine T=T(’m-)

:z.f’a-f-&“ﬂf e T 2
T I/m) +& {" + \Rg,f'cv‘(, V=0)+i % (TV)] (2:4.158)
TYm) s 2Ae c‘/‘aafwaé Ta#&/z mwtﬂm}p%tfiemz; 2olex 7noele,

As a first check of this fZrmula, it is possible to retrieve the for-

rula for the critical Tavlor numoer of the lin=ar theory of wavy vortices,

T 232 vt

éFQ[TV:O) iT__z_ ol’i 9:/0(, f (2.40159)
L I,

It can easily be seen that

I
& __:_%.__ =——+$2'( PR (2.40160)
4 .
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Conseguently one obtains

. . jzp —_
(m)=T, +e’[ F“;f "+m%;/°ﬂ4ﬂ
1 1

wnich represents the linear formula.

It can be shown that ?3[6‘7—: (TV"O)'H:V—_ (,TV_—] =0(&%)
Conne f%ewi‘% Athe Lot term <n (R. 4. 758)40 é’ma;oufucle ol1).
Ir LU’ (TV=0) =T, +£F5 +EX P +-----

and (G (TV) =F, +& F, +£2F5,+
/25

L Y
© c .2c
¢ £

\,7—;- _ fj (‘( +’b:+'—a —L’z()‘+23°)c()<c{¢
- ff ) (3 Fray+3% Grrg)elx

It has beer *ound that

. At
s = HMT? )GWMjLJL@G 2309 % (%)

) |
WIS, uls, = M&SQ{# J Foan 09+ 3 Foaa )

_ 2t :!2_, .
7 = A [ 2B (5, +97 Crat) +
\-o + = SR ,\J{,‘ BL/\() N2t )
Y-z
F + 6 c:b( :...f.’i // /‘7—‘.’72 ' 5T
0 Fans £ ) oy T A G Tl -7 [y
- ._________/ -

where use has been made of formulae (2.2,38) and (2.2.42a),

After some lengthy calculations ona obtains the final resulst:

Re [G(TV=0)+1%(T)]=0(e?) =£*Z,
THe O(1) 1ermd wee ccwzce%nﬁ and Ahe 0(&) Lerons wre //émﬁ,cmfcmg

where Z,’i/ is defined as follows:

7
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Z =[xt ”"7 "i‘”é“ Ky g e ]+m’°/’“7"o[o(z+am—j+ ~
2

+ (%22 1) f/awmsﬁam( e A7 “f%) (BB sintedr

aw =iC
+ %_im%—r’/ [ B ) oot lp+( e Mg,) (B crsab -

R

~ %
- qf3[‘5)W2¢d?+%‘_7%f/32(?)ﬂ~m375c{¢+

4T T
R+ F Jewew i _r
* 522°T, ‘f;(/?’z[?)@’i‘”sq/?g"" LT () minatdd -
Ao, i
_lzlra*vy .
16 22T, 2T, of/3—’b( PleosfPdt  (2.a71)
whers

AN L PEYS S :
o =G A [T 9o (g +3582) D3 ) 005 ar)
te(Jogrrn 40 Frra) AT (Wang + Wage) g SFetiaa (orst 2522905

,_% /O(J—;u,g‘f‘&l—o}‘f‘%bé;g&a—/- a0 +%‘;7Q23+‘;2':%0)02?+
+ 73} ["‘:e,zj - z/o;l_Lﬁ/'Z;"Lﬁ'pjb(%»zo -70'229)1"0/14,2.0}%‘}‘

+(Faro + FLYD ot Ao D[ Ware )~ el jj PR Lo

A>T
(244172)
gy =wxlocy

Y 52T (2,4.173)
Ao = "57?475 Fus —’P‘/ﬁ-jo Vao — 2> Vo;:;qo— X ‘r- +qu~zé\/l;[ 7:-)/%)
o = Fio Fivas ~ <L x 2033 [T 200 + 341 _3-?]4-
+[X(/7“f‘0 7'1}?""32’1;' 252 —z}"i(X" 4)+ Qﬁ’ifl(x" Dcbs
—D([4 ~22_b+[27 _{+6/V23jflo "‘"““(Xz *L)(g?; —"ﬁ ja)('/;g,,ﬂl,'}"}j—/’}g
[ /vz + o
= S V= o - T )

A r
+ 4 (g + By gt ) [X( o 0 - S (24 go |+
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I R R
+ B Vi) + % Jnm Dy gl Frra Ve O + 5o TX Pra 35

s = '
- CF/;Z’Q‘ (?M‘Z&%’v —+ ifo;j. Dj"/’//ﬂ, -f-i C%ﬁj}wx + é’,— 3» /)221742 D}t.‘-

Al D I - LI DGR + o Oy Pl
+Zc Pz/qb(/z, P ) (10~ ;jL)*cz = 2.5 (91022 +
+C &22_(;40 — ) _L},Mz;;f‘pjp—f-j:’ Z;;" D(;/z - Ja2) -

‘iﬂ/v D*F22 ~ ’7 Z"'}o /,473,7—,1-[ TR 5’574 o) ;&_Z'I_L

-3 ] oot FO G2 DR (ot Do) + LA Dz (Gt

- [ /”2/223‘5-/74& +;’jj442,+497 02_1‘ 027,,,2‘-—-%2—442_02;{- _Q]Ei Dgzr‘j/,“ /,7,2-9)-]-02%0-}

el o] 2ol e P #1130~ st

+ L r Fr2 0 /ZFD% DY Fr=go+15 ij+ C_QAE(F Tlm—jl_cl"ﬂ 0(274‘22»'*/}51%‘
| -7; 2/9./0 0#—& 7t 0. —:L“*p;,,—cm?m % A2 9;“?1 213+
‘/":;/212720/ /}J+CF7) a ;lz'a//[g;"p,}"‘("dz ”z?”{;" +2—D‘%—6Z£§
+j_ﬁ%22]’l" beTngﬂjo—”z}p Dn—#)_,_/’p %P_Z?QQO +6A/,24jfzo -
_.%_E/'?Lzz,gbj_a—h (_/(, / X D,/TUT)'TL}vD%’f‘D—]Z{/QQO

a‘ﬂl’ /_CTC’J”/‘”O - F2) = L (Brn O 437 D) -

[vﬁgﬂ/aDJv*DLé,uolh—’i](Dmo+~LD}» Qﬂ, ‘gv”l }o)—

A2 A —
s (}j—r:qﬂ){ct (j/; Tl ~3222) + % 0] v (Gn 115 3o) [+
+ & (o Fr12) 4 Jona D3 ot 1 30 ¢

L J / 2 ' ,. ‘
g ()7 T@})D}'Ma +cl 2 (0%"77?%2)+ L 67:’;"/}2242“
- % (}v D}aqz +32L-27:& D(}v) + %’j (2 W2, A0 -=£7 F;lbquo +
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+ L (Po05aro 332100 §e) = Lo (1 ssm0mcA i)t 2o +P}){i}%+
& Lpo(Fara=F112) = F Dy +202) ~ B0 (5,40 0) 4
0t JI 0 - 2442+ 25 (A0 ~A0515) + Fara O -
= FDg102 (11099 ~gor2 D (F=Fot Py o) ~ [0 (200~ P32) +
+ 4 (’}Moéﬁo + Jo09210) 1 22 (¢ Pz ~AW500) #3270 O] f
D FA B0 110+ (DR 10~ Ao ) + ferad et
+ L z D12 D(Jr = ot J0) = Frna D% 3o #15 o)t 2 Jo D2 Gerra+
+I'[c (}m@% h% +2e )% éf%o—{-;df&) - F70 ‘073 -
~cz;ooﬁ,,2—f4m»})_W_,,%g;; @175)
& = Eys - Gy 2 A ,V(X+9)— 2,31 77 -‘/ﬂi:;"cl}f;lo Vaz (2040176)
%1 = Fuaz: Jr ~ PG - S0 43T, ;M+;o§z) # X5 For+
+ 3ot (XL} +Cpas 7; + 27T ﬁzzc;mﬁo A n,;,,%},,g
*Lﬂ 3+ 0o U~ 3B Dl iy +2¢ ot (920 F222)
- c,zl%;;o Py (f - Jus ~¢5 jo},lqﬂ__,é/fz ’"+Dl s Bria)
7‘2’74[}’“0( Tro - J472) ,L 22102~ e R DFraa) +
+ TR (o o) - Fbfn_ e,
[ 2P Frrat 9500 4 L gt }m ~M&ﬂ(z Fo D G40)
+4 (32235 D3t 70 V2.~ “2.-0%) +,1%;»_7;W+

+ELEZ Yo T Ji )t 37 Ym0~ 2 [0 3 et
+ Jo bt D] e =2 Firl<Tepo (o + 123 2 (Gralft3p g
+ Gpa, j A Df 4E2 ;g:z,,,,vpzz?m D(%D}/,,,E] (2:40177)
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Later we shall find the connection between the formula (2.%2,128) and

the formula

-
T =Tc(0) —f-g((o) Z’m«(] (2.4..178)

Davey, Di Prima and Stuart (1963) for an interaction between the

Tay, chr vortex mode and an out-of-phase non-axisymmetric mode, In order
to £ind this connaction, we have tq find tha asymptotic expansion of
(28.141) for the limit cass T,—><°

For the limit case 1,—2>°0 , it can be seen that the terms
- am
E2(ot, + oo T} amd. o4j; €% BHUHersd?

[

2 Ys
can be considered as eccentricity terms and the 5‘?’?'5 (%'f' Xt :,—-/-,-')

terms can bz considerad as a surfaca curvature term.
On the other hand, if we consider the limit case T,~>0 we retrieve

. the result of the linear eccenizic problem.
wWe zmtgd Lhe T add WT'K’/"L)/MW ceclical.
Tagja)é mbe For Zhe T -AA wnvy Volek T,

AAe < JPects //lemz oty and Hhe
/a/z%«erncg %f%a TW W&W



115

2.5.« The asymptotic expansion of &EJ@WV:O)-I-L@O'VH for the

limit case J,~> O and the limit case ;> <0

From Di Prima and Stuart's papsr (1975) we know that

Lim B = Tea. expll &)““ﬂ[/-f Laglotch 0.4~ L&)

T-0 “ T.(%) L.(%)
ke A oo Loindld o
- &, + 0 7—-2\
T.(%) 5[ pLEI 4] (2:5.1)
whers

7

:.4__ 3 y Pebe2
L. Ql_bz/»exp(xmmb)c(sb (2.5.2)
is the modifiesd Bessel function of order zero,.

If we take the dominsnt term of /3:‘(?)6%«2?’495) we obtain

R

Lim fz/qbcmcz?bd?*g"‘%/‘% QIII[ 7 {2.5.3)

T>0 1

whers proper account has been taken of tha relat*o:ns.
, 7
—T—I
L (9= L (wont.ep(Lant)d? (5.
o B

ang. 2T

L)~ 4 [t ap gompptr

We hava $c use also the formula

27T
I)=4{ P exp (taim #) =TI, ~El ) (2.5.6)

Z-’\.L

o(_.

-

7 s e s - . g
where Lo X 13 the wadifisd Struve function ./_.o L'X)
One obta.:Lns‘

Lo L [ ttess ety =2y -2 Lo L8
>0 e T, [--~)

20T 3 c“’é‘ /7 , A ”( e n
-

I
//Cd 00!,4 & i
,éw-l“rz 5( C(}{')“-Sé/fe ' o{#’ 5/?5 (20507)

o,
E_
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By using the definition of the modified Struve function:

27C

TSl =fe F,, {fe%‘”"” yp)dn @500

By using the derivative of the modified Struve function with respect

to %U— s one obtains:

20C Vi
S

Do, 1 f,a’“(sﬁ)cm:z%w :?-’"*—714 -2

AL
T>o 45 L. () 4
e R
L s Cdg J [I"é +212(%ﬂ 23( )}-{-O(T’?') (2.5.9)
—éw I:L(w) o yroy
For the calculation of '62750?1——4—__ 2 /},}7;_373.:/95
e ojxs (#)
we take the derivativs cf‘ the formula
27C w & U 5 2(
) L2 / oy
~ / 27T [I
BJ e cHIRP / Je ol )P = 2
S Y
=4S ) (2.5.10)
with respect to X= 72—)
and Ja take account of the relation
—r—/h/n_ﬁb —%%—/)mf.¢ '/?SVA(A_;M?’)
Ja e dP="1—¢ codp -+ ¥ Ja ” coarbdP
o
(2.5.11)

One obtains:

sz;» —;/—,/——-‘ 52(%1%3%/%

(211,6(% r/a ”’ zws Q/MI 41‘”’){/(,—1-)1-

AT w0, I, (%)Z
43T g [ LI —L L+ Lo 1'4 +ACT L, T ~4S(<2) -

0 N _Jhw s T
_gs'(?g—)—g(rb L.) T(io IJ_]}} (2.5.12)

=
N
m
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In a similar way it is possible to get

- CUCUL‘ Po(r.g.‘f'ﬁz) I 2 el =
_{‘Zg o oﬁa (F)cos3P

= R+ /Laszf 24 ' 2
LS ) (- )[I 7] Ic[%ﬂ—g;—,;-i-

=2

/&mq_ / f IL/ __Q/(,cu "

T T I3 Vs _2/ [(/75 _ 1{_ \(T,- 8T +31P) +( _7:—21:”+3I—T-727 -

RBFT, T, (4
yald ) -
— L [z -2 - le:’;+{§‘ (T L +47)]-

_ I ;giz )] LI -11, +% 1, (17T, +461}) ~45(2)-55"(22).

i Sicew *’/ 2
~8(1,-I0)- 4L (T, -1]) 7} (2.5.14)
It is possidle to formulate all the asymptotic expressions in a sim-

Vo L. e s PR Ry TRy v 4
spler algsbraic form by converiing the derivatives Tg, I, I, 4L; ,

~1 /" (,U II/ /) v/ .._// 7
/',VQ'U‘/ [ (k//: l/w/I(é/ )I [;E and I 33"/\ in terms of
the modified Bessel functions Io(fl;é!)/L{%) and the modified

Struve function S‘(—“ﬁ)—) as follows:

I'=I, (2.5.15)
" .T,-ET

Lo =L~ L, (2.5.16)

I =L M"L:i - & L. (2.5.17)
= =(Io_%é1-’7)(/]+ 3‘;%7) (2.5.18)

T(9)=T I, - EX(T4T+5 B(s+T,) (2.5.19)

Y] e <
LU= B[ G (5+r)-AE sz 1 70 ) o]
(2.5.20)
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' 2 TE” _A 7C 2) [+
IIHC%) =7E[I,,—2/"(Io +Ifﬂ —E%E 2L, 5 (S+I°)+“’(‘T‘;%_:’LI72]
+ "é—;‘—’gb—(x/;ﬂcl',, ~A4) (2.5.21)
r2 /
T ()70 (T, -2 L)1+ 35)-Ef 46 1,7, - 5 (14 20 Ty)-
_RE L2, AT paT T 4 A 21, (1+87T,)- & [51, 47012 T
v ° o™ © cw®
£ '
+ C-?(SvLIO)JZ (2.5.22)
S - 5[+ [T2()+T (%—J ALt s

S = f«;(sﬂ;) ~ BE(T24 313+ 4T

H

% AR

12_ '
S"(4)- a'f: 2T, - & (s+1,) 47 (T2+75)]~ £l i+ 2 z,)s
+ YT (T+TF) (2.5.25)
SY( Y= nw L, - Eit (1420 L)~ BEAL+ R wr, T
+§{2L (4 +87C L)~ ”f‘é[EI +7C (L‘+//51j+*€ (s+L.)
(2.5.26)

It is obvious that the dominant term, O(T,)} of (2.5.1) is of the same

form as the linear sclution
BE(¢) =B (A) expf (ENant=1)f  (a.5.21)

but has the arbitrary constant /3 (’é) replacad by

oA
2 =
~ )| 7/15{/36 ’
L= )
/30 (75,"[,// R (2.5.28)
Lol &/

The nonlinsar solution for f3 (96) is different from the linear solu-
tion, bacause it has a definite value for given values of % and T, 20
The formula (2.%.23) confirms the expectation of Di Prima and Stuart
(1972b) about the importance of nonlinsarity in the datermination of
'/:7)0 [/%}\ o It indicates that the limit7,>0 shcws a tendency to

approach the linearized solution near to the critical Taylor numbsr,

but with & well defined amplitude,
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If we return for a shart while to formula (2.5.127) we can remember

the approximation

T-Te=p=¢€T (245.29)

T=>T¢ will correspond te the limit 7;—> O, and this shows that the
critical Taylor number of Di Prima and Stuart (1972b)
.
T=T. =T, _f_aﬁ-TTa-g/é Iy
can be obtained as a limit case of the formula (2.5.127) for ;>0
and this consiitutes an approach to the critical Taylor number for the
steady, eccentric and linzarized thzory.
It is also very important to consider the second limit T,~>=o
As we shall later see, this will place Davey, Di Prima and Stuart's
result for the critical Taylor number for an interaction betwesn a
Taylor voriex mede and a wavy vortex mode in the concéntric case in
'ths context of the present calculationse |

The limitT,->o9, B Pixed.
7 I T cuzcvy 7«/;4,7196+ _a_°_03 Wiy 4
7‘

B3() = % e = " //

-{Mq"}‘ AL..;‘}__‘LCU
f LTI +(e

2L Tittha el 129} 7 3CUL/
'_ngcua \ ( M‘#-’- Redy

“UYLE (2u5.30) AP

where

?’
j 7{/% vP o+ —_.di“_‘f_ﬁb ,7& N )
e &evy q/',f’:JEd(P (2.5.31)

o

let us denote

! ——~ '
L i b+ LGB o Tiemewh ) (2.5.32)
ﬁ Ry 'éOUL; !
y_ A Ity im
klj T+ T, cog 00 yen (2.5432a)

We shall lock for an expansion of the following form:

+-1— % + L i Loyt (2.5.33)



By substituting (2.5.33) into (2.5.322) one obtains:

oot

~——i—w%%%m%§9+i%+%3 ,me%m%
T (r()a GUq 1 Ly

+ %y 769~+ 4’3 f"f (205.34)

IR AR = Al
The O(T, -, O(T,‘gj 0(7_—3) and O(‘Efq) equations will dsfine the
values of #3; ’ ?53 and 756‘ respectively.

Result for 95 :

P S R e (S ) o sun3the
cw '
+ 4 l““v(/ac‘(’) ) (Foin4¥-2m2¥)  (2.5.35)

This formul, is needed in order to derive later formula (2.5.37).

The nonlinear differential equation for B(#)
M JR{#) — s ! R3
%7 ’“-—-—-—-Azg“ = PR o+ (T T+ TR B =Ty B (2,5,36)

can be written in a different form

R j?ﬁp) =coB(H) cora? + 4’—1—152(?”) 4B (2.5.362)

Now, we shall use as a start the formula (5.12) of Di Prima and Stuart

(1975)

~ 4 TH%uels
BYE) = Lada. 4 cuopyep #—é——i/mvb— BT -
gy T e 7oL %
1/ —
. / ” 3
P 2P L RT (2:5.57)
3 Yy

- — 5
It is in our interest to caleulate the O(T;3) , O(T; 9) ana O(°)

terms,

By substituting (2.85.37) into (2.5.362), and by considering the

OC?:;’?') equation one obtains

QUP) = méw‘* (wzwfq)/}wﬁb 20k cos 28 + TMBﬂ (205038)
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—4 -5
Similarly, one obtains the RE and 87:; tarms:

R (¥ = P(%z SL )co4¢ + 2L bR &U._)mm.zsﬁ._

N

_ ﬂc;z!% 59/5395—30—/”7’1[7‘_9‘7 (2.5.39)

S(cﬁ) wﬁw? {[ co’ Qwa‘%"‘”-féjm#’-/-w%(:zw —//3%‘9@4295+
+3c0%( L7 C; %ﬂmnw 20 ersy b + S aom 577? (2.5.40)

- - -5
The extended formula of [3%(?) with known QT, 3 ,RT, T wmaST

terms
Bz(ﬁ{))’” T/Wg + s 60”75—/-%60&}4 . <}> d_z ’,é CUCI(;‘/ codP
oy T cus, T, 509
é g : R .S

A characteristic fact of this formula is that /3(%®) becomes uniferm in
% when T, —>°0 , In thiz limit, only the leading ierm 7_/-%”‘/3_ of

| (2.5.41) ia retained, the velocity field(ct, ¥y %) is independent of ¢

This le=ding term can also be obtained from the amplitude eguation

(2.4436)o The balance is between the third and the fourth terms,
(7;’,}-7,—, +V;[75)5(#=’/Ll /33(55) which are of order 7; , while the first

and second termns are negligible, It can also be mentioned that the

leading term is independent-cf R, and consequently, tha velocity fie 1d
g p

S

will also be independent ¢f® , It can easily be seen that in this
case %0(99:*6& T”U -+ >0 in ths limit T,—> =9 , and by
using the relation (2.2 42b)e

If we consider the role of the parameterTy s we assume that
paramstar to lie in the range 0L, <=0 , T;20 represents a non-
linear modification of the results of the linear theory for the
eccentric case (Di Prima and Stuart 1972b). The limit [;—>=9 will

represent an approach to the result of Davey, Di Prima and Sf.uart



122

(1968), for an 1nteractlon between a Taylor vortex mode and a wavy
mode, in the concentric case,

'A remark of Di Prima and Stuert (1975) about the range of vali-
dity of the formulae (2.5.1) and (2.5.37) could be mentioned, namely,
the expectation that (2.5.1) is valid for 7}‘<400approximately, and
that (2.5.37) is valid for T3 >407

Let us return now to the expressions occurring in the present

calculations:

2iC
2 435
JZum =) (e b /O o T) TS (w )
)
/ f e " (s "22) o4 +0(T )
- /] 2 7_51_)3 Y 350"/ w=g -
%—ﬁo L B (Daomstelt=2 4T o "’}L— T “’%"'LJ @
QE (2.5.43)
M+ Cry (1 +1 s
i DB [t penspap - FEGAD,
Toc0  9Ris ARE T, T; T et cu
1 o | (2.5.44)
’ ’&m /3"‘ A — 2 UJI*«U T‘ (5.5 1
Ul R et - S E 0 (5 o)

The eritical Taylor number is given by the formulae {2.4.128),
(2£.1#). The dominant term of (2.4.7#1) for T,-» = will be defined

as followa:

< — /0( ,!*,,( G; _f_//fl SV To a2 / T
= 1o =2-) HR (0 - Ay, an*RET, (X +%ga=2 )4
“'fbommmr Lre '°T1> (% “7:,)+ * 2 27,7>
oo, e (2.5.46)
ey

An alternative way of describing 2%? dominant

Lo =y, = (%6 + %o Z) HRE( 440 ) 7oA T, (oot 4ae)

_],—7’900 N ”]

_M&_C_Uf_f.. 2.5.!
250 2T (2.5.47)

One 1limit has to bs addesd, namely:

: 2HC
_{c—;fi 1\%_77; BYP)acnatd?= - _2_7_,,9“ C_“_:JZ [4+ o ,z(ﬁ""/ﬂfj
2

ww,,

(2.5.48)
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An explanation is needed as far as formula (2.4.1#) is concerned:
2ic

e ;@m" '.f BYUP)sm2PelP is appearing from the (] =+, 1108 30)
7%

terms. In W' 2, one term of this kind is obtained as the product

o 32T CTa pFRA e ~Taa2)es o — B0 T 2o 2P 2
of =4 = AR (G154 with the term LA TR I /}Z 72
A
—  an /
The —f&<Y l'f'zr"’ Wy term m% is obtained from the sum
RE=TT,
[ L(,, . 4—}-/:’/:,'""2 ~+ Uy 34) for example: from the product of the term
+ ok
—2*A" /72« 207@/‘,:;’;2' ) ul with the term
T ,ﬂ_ftl; r,, A —G212) + TS A2
ey A e el e e st
1

2/C
]
Similarly, the term %y /y f B Persapd® is obtained for example from
o -

I4

F
the product of the termF) *79 ks 0{.77)- and the term
’)A > T E%2

B T; I F AP _7__/5-1/75) D‘j .-}71—3’_)—}-0‘]4% Q,,,, '33'(?) Dé}/o-;ﬂ—)wj.

2B

In the Iimit ;>0 , the combination ET; =T-Tc(0) determines the
magnitude of ths supercritical Tzylor number |, but subject to the

first limit E0 ,

— n
T ART 2.5 =
Lo T =T, +e*latile | om T 7,
> & MR o432 To) {500 B )
awhee A _ BT wy (2.5.49)
23 128 52T,
If we use the notation A = 7752%2’82’7;, (25..50)

and leq= /_:,ﬁ”_o. (as known from the linear theory) (2.5.5%)
4

Vle obtain the alternative formula
T,

LimT = Tlo) +e>tEls 4 %D = -

o0 7 %, €, +E (2, +E7%%53)
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If (2.5.52) is subjact to the limit €20, R fixed (impliesd—>o0 )

and’7n-62%?€, then theié; term is the dominant one, and we obtain
T =T.(0) + %—4_ (2.5.53)
. o

We shall later show that formula (2.5..53) is identical with the

formula

- , 06[0)724
T 7250)7‘[0(4__ %d(@ (2.5.54)

of Davey, Di Prima and Stuart (1958)

There in meed Ay eiplain Ahak Jremda 2.5 54) S
i Pecana amd. Stuwark (1968) has b-een _obtined m% S
conpyideration 03 o By A, Theow M stenm Aas Leen
dezived W consideration %iﬁa%?/ﬁ%m,m AAeir
jp/zfma&z (5.24) O@% L ndicales,

Oun &Mcmejyz m%e%u%&wﬁéeh%a%
For Ao calewlation P Ahe ratic of e dominant
Aems, and Aan NNSInG Ao o 2yilth Ahe covrectim erom
AN X, wACch Aas ol fcen caleclated at 45is < tage,




125

Justification

In order to find the corneotion between (2.5.53) and (2.5.54) we

have to go back to the Tormula of Davey, Di Prima and Stuart (1968).

M (2bo+2a0, %))y =284 N(2/4, +ao,750)(02‘29~)+1,£ IR
(2.5.55)

where )
[ )ﬂ/@ 0%y~ ”1207"27 _}30/(34 _2230 Z +%3o’7n34)—'
- %{(%} /V[/,Z/ 0a+"2“0, RD)(DQ‘—/?Q)D-/-EéD (Da%‘-/hl"‘a;x [ 20/27 F

.,;__2,120 ,420971,, %{ Py +jo/‘zzj_

/Qq/(ﬁ +22)[ izzoka’«/ “/‘-2]203 +420’/‘7134 %30 2/1"1"&?30/214 -

 { BT byud -y N2y bo+2 00, %) (0%°) [ x[24,F,
— %o’rﬂﬂ + a2 {(—2\9 /‘\/[//}./éo _f‘-a?_ﬂa,’ég) XCDZ'—/(L:& +’2£;{p D}'E"Zﬁo30 E:T -

’ — gbjzgz; +Q.2r)‘b 2,, +’fz';a '7)13‘1’ ~/'Zi30 f‘771,, +§30 /zij | (2’5’56)

the boundary conditions are

hiy Dhy =0, NIA, o+, Zy)Dhy = by Dh, at x=x1 (2.5.57)

and where

N(A b4, bp) = PR A7 (b, +a.) —cFp 2,89 (2.5.58)

and

/ 4.7 !Zg
M [ﬂ/ Ao /%D /7—) = /\/[;l/ Aco s 7‘50)(0%")11)/\/( / aco,fp)'fv’l T ¥
(2.5.59)
The determination of As’ is as follows, The homogeneous boundary value
problem corresponding to the previous equations is ITZTEN +‘2“°’7g0) A‘/:O

with the boundary conditions Ay = Dz/u; :/\/[/’_1,50'7"2“9,’»{0)0/;9 =Oai‘x=:t-%
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For T->7¢ s44~> Oone obtains the same equation and boundary conditions
as for the linear eigenvalue problem for b, and ho .

We can expect a singular behaviour of the solution of the non-
homogeneous boundary-value problem, unless Az/is properly chosan as
T>7T. , bscause the homogeneous boundary wvalue problem has a non-
trivial solution,

The solubtion will behave as a:4 ag ;>0 , and in order to remove
this singularity, it is necessary and sufficient t'o set 4.=0 , Here h—:

the adjoint of ho ; is the solution of the adjoint eigenvalue problem:

" e
M (4/ éa/ //59)7"7.0 :0
(2.5.60)

b =B = (020 b-ify QL) Uh <0 at x =2 %

Result for l"f :

f AT 00 Vedx
617: = b

ST NG b, Y5 235h, +h N b o) (0, [

—
2

(2.5.61)

where the calculation is carried out at a,=0,

A Dbrief mention is needed in ccnnection with the symbol ’ép, which
is a possibility to distinguish between ?'Qo of Davsy, Di Prima and
Stuart (1968), written as "{’D , and & of Di Prima and Stuart (1972b),

I /
written as simple R , %Lya. 7 is defined by
2
AL//Z = (;1/1 +{/40 éé{/?,// (2.5062)

Let us write ‘

j“{ - %90 -,Ll;fb’/'&u,//v’—(fl{o)l’f{é‘z
By = By 1k hoy H it Ron (2.5.63)
b = A+ iBpboy +(hn)%bon

From the M[A/b°/£9)})ozo equation, one obtains the(bgpyorder

equabtion:
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(D%2) hoo="Loo (7D, = Ao

2.5 + 2.5.642
(52270, 2T Qim0 T T Qi = 017

4] o o]
It follows that It follows that
+ -+
’goo :”' %oa = 22"
(205065) + _/. (2.5.653.)

’;loo :';" oo =;°
r Q= 4 [/;+f\/[/’i,oo,éo)(o°“ 32)ho +hy N b0 ) (DZAIR, Jebi=

=1, +(6£D)L4 +(chof L, (2.5.66)

Conan'.lent_J, I‘o can easily be calculaued

T, = Z;%* M2ge e 15 Jelx f L5713 "ZJO/X‘
— f&}')_f F/I”L/ ‘1";’;’—!-64//2/4)( (2.5’67)

"or, in the double integral form:
T 1

L= :47'5 J/ L.fff i+ 3 Gt ROAAHR) cxdt (5.5.670)

( 5750 )} order for 740,{9

By substituting again in the (2.5.59) equation, we have:

/ (D7) oy + 0 8Le Te Froy = (bog 50, ) (02707

/

-) 'éo,y - (5%—2:‘)7’100,, = "(C/’o4 '{"——(z-,g);b

o

e P b x =
/607 = Dloy =hos =0 atl Xs= i% (2.5.68)

By comparing with the known systems, it can be seen that
loy = Js
hror=9s (2.5.69)
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L("%o )2' order for ’f{o,f’o

(Dz_ﬁz’éoz +2,2__(1£7‘0% ;2. = (Acw _{_Jlﬁ)CDZ_/?:_) Zo// + éo:z, (D’E/’Fj},,
g — (0P Fioq = = (boqt LLe)Aog —boade

/é"o:z, =Dloz =//éa;2, =0 ot X=%+ % (2.5.70)

z{‘éozz, = g%
Foa =- FE (2.5.71)

- Similarly for the adjoint:

+ ot
Z% =7
+ +
o1 =3

(2.5.72)
+ +
é/ o 2"‘2‘/18
+ n ’
oa =i (2.5.73)
As a summary, we may write:
//7.90 - jo +(, Céo)23 - (Céoj\l;/k?
’éO :;.r)'v '_J-Céé_,)//;‘tl? _(I /gD/ 07 ia
L L A VI e
/K }b ((’ D)}LZ! —{v®, ﬂ/a
+ + ; q+ __/ /6 2 +
£, = 7 +é"£D)d3 Chp)” F1x
’7150 /e 7 \2
éo = ao - V_C,_:_ —+ z [L /?D) (205071-}-)

Now we are enabled to calculate I47 ande;z, :
.

A (RS R RO )

[e)
-

(2.5.75)
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4
T = T pogt-Forip+ o MEs~Fual i 13,70 033+
-4

+clgs ng++;«»9ﬁﬂau (2.5.76)

If we compare (), of (2.5.56) with I; of (2.8.114), we find that

.-.(1,1 = _Ixf (2.5-77)

Therefore, it is possible to express all the functions appearing in
(3.33) of Davey, Di Prima and Stuart (1968) (or (2.5.56) in this
work) with respect to the functions anpearing in this work.

If we consider

Wy (XT) =heBs 24 from 3.9 (Davey, Di Prima and Stuart (1968))
since only Ao and Bs are appearing in this work, it is possible to

find the mathematical correspondence

4 7 -
Z, =— 5;{7”144 (2.5.78)

where 02%44=}"02’273 “ﬁD%—CD(dgb;o) as given in (2.%.88)

It can be scen that

m, = Fz.

Q.
Mg = g02 (2.5.79)
M3a = ~230 Dfua
Fr1=-ZLRX (2.5.80)
J2o =

D (2.5.81)

j30 = 7=

2

O e R R C
Aso = = Yot Lo (V= Ligu-tipy,]+ CoL | (- Dogs + Lo 3]

(2.,5.82)
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1y = ’—Q%L" + Z(t#p) Jan + 2 (iBp) “Fazg

N =2% & Fra + &[cfeo) Fam + 2 d,’ép)”}qag (2.5.83)

M3y = iﬁ’é 1 = L= () DJans ~ 2 (i2p)* D}Q—cé
If we take 7%)*—)0
bx—")ad

In this case Wa obtain

L
-f %DF(D-’f'E‘q/xwl"Tf%“ = dx+4- [ B0 e dx

%
Z

4+ W pBdx -] (0% B 'x+iz-’*/,, dx

_f%»gpdﬁjggujaz ajb
a, . -

.y } 232

f% { DO o + 5o (0777 Bfrdx (2.5.84)

where

U __ 42 B
L= _2’.3102}3 —+ '[;"Jbbm27 "/"‘7’714 D}:zg ",L—g" 2“20 D‘?n,,

f%-i Do —L 920 Dty (2.5.85)
I I ?a.

e Y "i = Do ey

@ is defined as the adjoint of A .

One obtains

7 ! A
I&Cwlf — oL, é()s;) .
a, = — (2.5.85)
dTce™
Since - é,&o—ﬁl s
A . _Ec” s
Ry 3T 2ws Ry T, (2.5.883)

o2
We calculats é"M/‘L or the Zp component of é‘f/z_(m) from (2.5.61) and

we obtain

T(m) =Te(0)+1R5  (55.87)
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which is similar to formula. (5.22) of Davey, Di Prima and Stuart
(1968), The difference in the results is due to the missing 77term,
and to £ind the”®correction we need to go to a higher order, namely
to a’q'in the equations and to €% in the integrals,.

A part of the 7m* correction terms are appearing in owur calculaw=

tions, but as they are only a part of them, we cannot sensibly keep

them,
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2.6 A simultaneous method of approach to the concentric caseﬁe’—) °°)

A different kind of approach to the concentric case is obtained
by letiing ’é—>°° o This method is a simultaneocus approach to the
conceniric case as obtained by lettinz 7,—2>°°, and its use has been
basad on practical experience,

We return again to the formula
4 [ r:gmw_?js(«@

“% jsmawﬂazm-z}fa(##

(2,6.1)

B*(#) =

where

— —
(w, ws, €0, 05)= 272 21T, T, T5) (2.6.3)

. , — . et
’ Ly o e +T3 2s
IT we let ééoo , the exponent A P (T Wz +IZ)T, P

will be small, and in this case we could expand in a series of powers
» ! E

as follows:

E(®

o, HNP T Wz e P
/éf/()y

e —

, 2
s wwc,mn?‘"f‘—/—tw o F , /wqu?T’-Ewst/‘i‘F‘)
= +

ey RE%w oo (206.1)
By su‘bstituting in the formula of /32(5‘5) y t yields:
Tl L Fros e oo Lo ’Yﬁﬁ‘f@“?ﬁﬁiﬁ%}
lim B =" ﬁ, ’ +&2‘—“i(4—mw)
(2.6,5)

By expanding in powers of (:%,‘) ti11 %;, , We get:

-
/cm R = ._L_E.E-{— e ,m#’-r-/ﬂ—t > oz ey codP— __ﬁmazé)j+.-- (206.6)
#>



By meking use of the differential euuation

/ Q[?S) ! 2 rRY
3 2’/7;3——.=(cucod¢+ MQ—J-:—“-Z)/S (#) -z BUH  (2,6,7)

it is possible to calculate the (£73) ana (#"7) terns or B#)

Let us take

%@B P = L//+ o Pt Lo (T cvs Ve t- cmqj
4 R ()

/3 (2.6.8)

By considering the 0(& %) order equation, one obtains

ﬁsz@:r 2 i+ T oot 05

2T,V Lt _cped . 7gta
-0, %017—3'/771 cog e ot = S48 ooy o)+ T 0 s ﬁja (2.6.9)

“which yields:

15w i cocug cly loem 2
Fos (F) = —1———6‘)3 } ( £ gw‘* 4 3 )sz P 5 s
lf

_ oty
- : :‘,’4/

sin 3¢ (2.6.10)

In a similar way it js possible to determine tha M term, by
considering the 0(75 ) order equation:

/2 n
VQ? (#)= 'JT?‘QL’T cu3w,’/‘[7; cv5 e +3% 20 cpgh 4

,{_(603 W“ wag"cu; cod P~ ‘%%TWZW::) cuy ey, €04 3P +

..f..___y_mét?/) (2.6.11)

Consequently

Lion BB P = A—Q{Fr & /)‘Unq’)_"_ézw (T s vy ot P~ 80 sz}
%50
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+%§ [ (w WL;‘"I'TI ) oucu3co<,/}zm:zs.6__
— L i 3 wq(TQ’“’:’ 7 132 bt
AT j+ ¥ a—)—z—}_ ey 46 /
+é W C»Ulf - :{’Z CUVUQ'GL’I?CO:SQCF‘S ;22/69 { ‘,0200360(,4 Wy C/‘?’S?’"f' 43_2 Ct»‘ﬂ jf
(2.6.12)

t us return to the formula of the critical Taylor number:

Tlom) =T +&%13 Ry et AT Tey (2.6.13)
7 Re [ €% (TV=0) +tT (TV)]

where

Re [0 (TV=0)+F (TV)]=0(8)=E¥Z5  (2.611)

and %WllJ. be given as a function dependent on % P
L=/ ,,%u/;m 42 +[ﬁ3+ ;,”—’2#;- m\ﬁa (Besspdps

/3 ¢+ +/35 mg/;\,) (/3"(56)/%01?56(?1-

T{iz
oy 2/°
_em >R 7—":‘ 7Ty T Ji -’b/d,)c,ﬁgmglqb
+/ qree iy //éZET, ,' 3 *
-21c, a7
+/32 f B Haon st df + 55 /BQCﬁxaﬂm’3¢d¢—
/ ) 21 " [7 [_ .2(7?3
/7/—, F+/7 o) 221y A4 {R2/D &
/Z/L—ZTi 7 [3 (P cgd 3PP+ TR (B)era P
‘ (2.6.15)
By taking into a.ccount the expansion obtained far lim IDQ‘(‘?’) s we geb
B>
the following result:
,{&JWL 3-[__' /':) ‘f‘/ulfﬂz“‘i,,z ., ~-r-o+
/&—\;oo & R , ppuen _
LB PRI gy T wed e [ o [ 3an el Sﬂ*
Pt s ) T e L E(57 Py
2 Zco)
R\ TC T e ﬂi/cu T s ’7‘)-;-
T s b v L & S
LT /ﬁé ST S i} %) - B
B [ /T, 2TCT 4é/c,c,7‘3 e
Tws [wWiws |, 2, 7 5TC 3 T 2 en>cwi ey
_Efpeseus , 4 o’wf’“fC”fL"””l)T °”3“’3w" + wzf’q'w*ws ]
24wy ,@‘f ﬁ" 2304 T *e0 3072C wy J (2.6.18)



If we restrict ourselves to the dominant terms in the denominator,

we obvain the following critical Taylor number

2,13—1‘4é F‘r i %1?7;:4

T m T +8 2, 2.6.1
T BT 27T
where /3, = &, +°‘44%— (2.6.18)
and /32 = oy + %, T2 (2.6.19)

I
as given by the equation (2.5.171)
To retrieve the concentric case, there is need to subject this ex-
pression to the limit&->0 ,d->0 endmlarge. (In this case §>e* )

In this case, once again, we retrieve the previous formula:

Lo, T () =7, +’—/§2{— ~To +125=4320 (5 5.0

£—> 0 |

&> 0
>0

m c”a)zdae

the result is the same, only the method of approach was somewhat diff-

erent,



136

6=0-05

s « . Linear theory for wavy vortices
60— A (m=4) .

————— Linear theory for wavy vortices A
(m=1

Linear theory of DiPrima & Stuart
(197210)

40 : | |
0

0-2 0-4
£, Eccentricity curve

Fig. T Results for the wavy criticals (for m=1 and m=4) obtained
from the linear theory of wavy vortices. (0=0-05)

0-6
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S0 T l
6 =0-099

9 Data for wave instability of vortices

80— om0 Data for Taylor vortex transition .

- = — = NOnlinear theory for limitcase
- Ti1~coand m large

=+ Linear theory of DiPrima & Stuart (1972)

40 | |
o) 0-2 . 04 06
€, Eccentricity ratio

Fig. Il Comparison of nonlinear theory with experimental measurements
of Yohr (1968) for the occurence of wave instabil ity for §=0-099
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—— . — . Nonlinear theory
65— for Ty—~co and m=1
- — == Nonlinear theory
for Ty =00 and m=4
Noniinear theory
for Ty = and m large
T2
iy
53—
50—
Eagles 43
m=3 —
m =2 ——=f
Davey _
DiPrima
and Stuart
I |
40 ‘

O 0-2 04 086
&, Eccentricity ratio
Fig. IZ Theoretical results for the occursnce of wave instability

for 6=0-05 and different values of m obtained from the
“nonlinear analysis ' '
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70
5=0-119
y
7
7
7
7
60— e
/l
1. < 7
2 ove
T o
,-'
’
-
’/
”
/’ -
50— - - ‘(\C’P
_ - =\
Pt S

.—y )

L X
40 ! | l

0 _O-1O 0-20 0-30 0-40

g, Eccentricity ratio

Fig.¥ Comparison of nonlinear theory with experimental measurements
of Cole for wave instability for 6=0-119. x=criticat Taylor number for
the -linear theory of DiPrima and Stuart (1972b)
y=critical Taylor number forthe nonlinear theory of Davey, DiPrima

and Stuart (1968). (6=0-119)



140

70

6=0-0294

!/
Tv°

60—

S

40 l l |
0 010 0-20 ‘ 0-30 0-40
€, Eccentricity ratio

Fig. XTI Comparison of nonlinear thecry with experimental measurements
of Cole for wave instability for 6=0-0294

y=#critical Taytor number for the nonlinear theory of Davey,
DiPrima and Stuart (1968) (6=0-0294)
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DISCUSSION

The linear theory of wavy vortices in Eccentric Cylinder FPlow,
which constitutes the first part of the Thesis, is an extension of
the previous papers of Di Prima and Stuart (1972b) on the Taylor vor=-
tex flow batween two eceenitric c¢ylinders, and of Di Prima and Roberts
on the linear thesory of wavy vortices between iwo concentric cylinderse.
The first part of the Thesis deals with the wavy vortices of the flow
between two eccentric cylinders where no Taylor vortex flow is pres—
ent, and where the eccentricity is small and +the clearance ratio, is
very small, An extension to Di Prima and Stuart's work (1972b) is
made by the inclusion of the time variable T in the amplitude equation
for /3[55,"(:)

The results are compared with the observed critical épeeds of
Vonr (1967) for devaleopment of wave instability on Taylor vortices.
The results are qualitatively similar, but differ in hag;ituéé from
experiment dus to the absence of nonlinsar effects,

1

In this work the stability of the basic flow between rotating
eccentric cylinders is analysed. The basic velocity depends upon the
indapendent co—ordinatesJD and P in the radial and azimuthal dirsc—
tions, respectively. The formuiation of the linear ssatility problem
leads to partial differantisl equations rather than ordinary differ-
ential equations, The analysis is based on ths existenca of two small
parameters: JZbQ,WQ , the clearance ratio, and £ , the eccentricity.
The problem is solved by considering an appropriate limit a55:><3 and
E->0for fixed | , in such a way that proper account is taken of the
#’ variation. The analysis is based on two additional assumptions,
namely, the small gep between the eccentric cylinders and cylinders of

. % 72, 4
infinite length. By assuming R =(Rc)*RE , an asumptotic resuld

in the 1limit ¥2>0,&->0, with?é and T fixed, is obtained,
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Three cases of the global result are of interest. The first
case is 7120, which retrieves the formula of the amplitude
Pioint-1)
B(H=Rtd)e &7 of Di Prima and Stuart (1972b) for the linear the-
cry of Teylor vortices betwean eccentric cylinders., The second cass
is A-><0 , which implies that € is very much smaller than » @8
7 7 AP ~(1~e3% )
seen by the formula “&:(2‘3)[2'755 and «(4,€)= $G-9 zl(/‘l ngf (-8 2_—7}+0 /
In this case the concentric case 3=083. (>0  is petrieved. The third

2
case is £>0 , Which implies that J% is very much smaller than & ,

in this cas=z

It is obvious that these resulis are not derived from local stability
considerations. 3 [7@ has been determined properly by Di Prima and

tuart (1975) by consideraticn of the nonlinear rxroblam of the Taylor
vortex flow : Bi'("él—]:l): —‘E,L'cﬂa’e;w%
' 4 L.(%)

In the second part of the thesisg the perturbing influsnce exarted
by a linear wavy vartex mode upon ; noniinear Taylor vortex mods is
investigated, A mathematical perturbation procedure is used in which
the. eccentricity £ +tends_ %o zero subject to two parameters 4 and T
being held fixedj the parameter R relates the clearance ratio and
gccentricity, while T dotermines the value of the supercritical Taylor
number, If we consider the limit 1;=> O the bifurcation point of linear
theory is approached, and we retrieve the critical Teylor number of the
linear, steady and eccentric problem of Di Prima and Stuart (1972b),

In order to retrieve the farmula of Davey, Di Prima and Stuart
(1968) for fhe Taylor critical number, for an interaction between a

nonlinear Taylor vortex mode a2nd a linear wavy vortex mode in the con-

centric case, we could envisage two simultansous methods, the first by
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letting T;—>e0 together with E> 0, d>o s 7t large and where % is
kept fixed, and the second by letting ﬁ—} <0 , together with&>o,
Jt?-o »7 large and 17 kept fixed. We note that thess two simultan=-
eous methods of approach to ths concentric case are based on theoret-
ical research experience, as found recently by Di Prima and Stuart.

The result for ™ largs and T on4->20 is compared with the obser=
ved critical speeds of Vohr for the occurrence of wavy vortices, There
is qualitative and consistent agréement with the expefimental results
of Voar, but the theoretical critical speeds are a 1little bit lower,
due maybe to thes absence of guintic terms in the nonlinear expansion
of -the Taylor vortex mods.

The highar order correction in 72*of the Taylor critical number
could constitute a fubure research subject for the nonlinear problem,
but in this case we must expect the involvaement of quite heavy alge-
bra. A different idesa to include the quintic terms in the nonlinesar
" expansion of the Taylor vartex mode, as usesd by Bagles {i971) would
not be very practical, since the algebra involved would make it very
difficult to achieve a real progress., An alternative and interesting
method to attack this nonlinear problem would be the use of the W,K.B.
method. As we may remenmbar all tpe investigated problems wers based
on the assumption of infinite length cylinder, An advsnce in the
investigation of this kind of problam could be made by considering
"finite length" rotating cylinders instead of the usual "infinite

length" cylinders,
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