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ABSTRACT  

The work in this thesis is concerned with the stability of the 

flow between two long eccentric rotating cylinders. 

Part I of the thesis deals with the wavy vortices of the flow 

between two eccentric cylinders where no Taylor vortex flow is present, 

and where the eccentricity is small and the clearance ratio is very 

small. An extension to Di Prima and Stuart's work (1972b) is made by 

the inclusion of the time variable -r in the amplitude equation forr3/(11:4 

The results are compared with the observed critical speeds of Vohr (1967) 

for development of wave instability on Taylor vortices. The results 

are qualitatively similar, but differ in magnitude from experiment due 

to the absence of nonlinear effects. 

In Part II we make an analysis of the influence exerted by a non-

linear Taylor vortex mode with amplitude gi&t)on a linear wavy vortex 

mode with amplitudeP/(4'). This problem can be seen as an extension of 

the paper of Davey, Di Prima and Stuart (1968), where a similar prob-

lem has been treated for the concentric case. We talm/1-=11/i1/ 

where 	is the Taylor vortex mode andlij is the wavy vortex mode. We 
2,  +42  fic,  

define a-new parameter d' == 7-  -1; -E , which is the amount 

above the critical Taylor number. 	make-the approximation/ZET/, and 

expandand the growth rate V-  in powers of  

The problem is solved by using a double parameter expansion, first 
, 

the expansion in/ from 0 l to the" order in the equations and afterwards 
0 

the expansion inEfromEtoE in certain integrals. A formula for the 

critical Taylor number is obtained. For 7-3°O (ork4.°00), 2 -30,011->0 

and9n large we retrieve the Taylor critical for the concentric case. 

Qualitative and consistent agreement is obtained with the experi-

mental data of Vohr for the occurrence of wavy instability though the 

theoretical results are a little bit lower due to the absence of the 

quintic terms in the expansions of the nonlinear Taylor vortex mode. 
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INTRODUCTION  

In Couette flow between concentric rotating cylinders we are con-

fronted with two different kinds of transition. The first, the so-

called transition by spectral evolution, occurs when the inner cylin-

darzhas a larger angular velocity than the outer one, while the second 

kind of transition, the so-called catastrophic transition, is charac-

terised when the outer cylinder has a larger speed. than the inner 

one. We define a Taylor number proportional to the square of the 

angular velocity of the inner cylinder. The resulting laminar circu-

lar Couette flow becomes unstable when the Taylor number exceeds a 

critical value U0) =To 	The laminar flow is then replaced by a 

toroidal or Taylor vortex system, superimposed on a modified circum-

ferential flow, the vortices being spaced regularly along the axis 

with a definite periodicity, neighbours having opposite senses of 

'rotation. At still higher values of/ 3  the Taylor vortices are modi-

fied by a waviness in the azimuth, and in fact become travelling waves 

in the circumferential direction. 

As far as the historical background is concerned, before the 

beginnings of modern experiments in fluid mechanics, the steady motion 

of a viscous fluid between concentric rotating cylinders was thought 

to be a simple linear combination of rotation like a solid body and 

circulation like a potential vortex, the proportion of each component 

being dependent on the angular velocities of the two cylinders* The 

purpose of these early experiments was to check the validity of the 

Newtonian stress approximation in the Xavier-Stokes equatiohs, and 

this method was the first to verify the viscosity property of the 

fluid. 

Some early experiments, including work by Hagen, Reynolds and 

Mallock, also brought evidence that elementary laminar flow was 
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always replaced at sufficiently high speeds by some more complicated 

flow. Particularly, the experiments by Couette (1890) and Mallock 

(1888) revealed that the critical speed was very much lower when the 

inner cylinder was rotating and the outer cylinder fixed than vice 

Versa. The mechanism of instability for the Couette flow, that means 

the transition from Couette flow to the vortex flow, is characterised 

by a lack of equilibrium among the forces which act on any given 

fluid element. In general for Couette flow, the radial pressure 

gradient and the viscous shear forces are balanced by the inertial 

forces of the rotating fluid. 

Taylor's (1923) considerable contribution to the study of fluid 

mechanics in including the viscosity in the stability analysis impro-

ved the stability criterion for Couette flow and gave an exact des-

cription of the secondary flow which appears after the first onset 

of instability. Although Taylor's work had applications in the 

general field of inertial instability, his analytical solution was 

based on the so-called "narrow-gap" assumption, that means RI5>1%7194. 

In 1961 Chandrasekhar was able to find a mathematical solution for 

the eigenvalues in the Taylor vortex problem for the "wide-gap" case. 

In his work Chandrasekhar solved the wide-gap problem theoretically 

for RVR2 ---0.50, and his results were confirmed experimentally by 
Donnelly and Fultz (1960) for angular velocity ratios ranging from 

--7:/)W-::::SLL.“.71.1/66.Roberts (1965) brought a contribution to 
_12-4  

Chandrasekhar's research by solving the problem theoretically for 

the eigenvalues for several values of R./ Ma, ranging from Q. 20 to 

0.975. After the completion of Robert's research, the theoretical 

and experimental confirmation of the onset of Taylor vortex flow was 

well established under a wide range of conditions. A brief mention 

of the end effects or end boundary conditions is desirable. Most of 
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the theoretical research is based on the assumption of infinite 

length cylinders. Obviously, as an infinite cylinder cannot be con-

structed and thus one has to rely on trends indicated by the data as 

the infinite cylinder is approached. Let us define the "effective" 

wavelength as follows: 

gad, co-ece7n77.49L -a7z,A 4,2,..„( C6474  
— 	(q7-W22-6WC I te-‘:91-39'gr) 

where the length of the end cells is the sum of both top and bottom 

cell lengths. In conclusion e is dependent on the end cell length. 

Under certain end boundary conditions the end cell length can become 

much larger than any other cell in the fluid column, and thus gives 

the impression that the other cells are shrinking, or -Regt seems to 

decrease. 

Burkhalter-  and Koschmieder (1972) found that the wavelength of 

singly periodic Taylor vortices in an infinitely long cylinder, 

remains constant between 777-*'" and 76a c'710 in experiments 

with radius ratios 41 = 0.505 and fl= 0.727, provided that proper 

account was taken of the end effects. 

Coles (1965) performed some interesting experiments, beside 

showing that the wavelength of cells was nonunique at some given 

supercritical Taylor number, he was able to find that the Taylor 

vortices became wavy_in the azimuthal direction provided that the 

Taylor number was large enough. In fact these vortices became 

travelling waves in the azimuthal direction. From now on we call 

these vortices as wavy vortices. When these azimuthal waves appear 

the flow is said to be "doubly periodic". Coles found that the tan-

gential waves have a nearly constant velocity of 0.34 times the angu-

lar velocity of the inner cylinder. Let a given flow between concen-

tric rotating cylinders be denoted by /Mhz,, where/nis the number of 
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Taylor vortices andn is the number of azimuthal waves. In the case 

of length/gap = 27.9 and gap/inner radius = 0.144, Coles obtained at 

a sequence of rising speeds of the inner cylinder the following dis-

crete spectrum of states 28/0 (Taylor vortices), 28/4 (wavy vortices 

about /.5-T), 24/5, 22/5, 22/6 . Where 1Z-/= 0 the boundary between 

neighbouring cells were always wavy. Coles was also able to illus-

trate the experimental fact, that in the range of speeds for which 

doubly-periodic flows were possible, the steady Couette flow of a 

given fluid in an apparatus was not uniquely determined by the final 

speed of rotation, but was dependent upon the manner in which the 

final speed was attained. 

A very brief mention could be made on the paper of Donnelly 

and Simon (1959), where they determined an empirical torque relation 
r 436. 

for supercritical flow between rotating cylin- 

ders, where-124 is the angular velocity of the inner cylinder anda 

and 13 are constants. This formula is valid to a range of values of.1/4 

above the onset'of instability extending to about ten times the crit-

ical angular velocity. The experiments also illustrate that the 

finite amplitude analysis of Stuart (1958) gives the correct torque 

variation over a short range above the critical speed. Schwarz, 

Springett and Donnelly (1964) distinguished three-modes of instability 

in spiral flow between rotating concentric cylinders (the inner) with 

a narrow annulus: the familiar axisymmetric mode, an azimuthal mode 

with the predicted:eXpetra-cat)angular dependence and a completely 

non-symmetric instability apparently dependent on the interaction of 

the:7n= 1 and axisymmetric modes. 

Cole was the first to start experiments on the flow between two 

eccentric cylinders. One interesting conclusion supported by Cole 

(1957) was that at high eccentricities the flow between eccentric 
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rotating cylinders should be more stable to disturbances of the Taylor 

vortex type than is the flow between concentric cylinders. Cole 

(1974 - Nature, December 20/27) discovered the crucial effect that the 

cylinder (length/clearance) ratio L/C, has on the wavy vortex stabi-

lity for concentric cylinders. His visualisation observations as 

well as his torque measurements were in complete agreement in showing 

little effect of annulus length on the first critical speed but a 

crucial effect on the second critical speed or speed for the onset of 

wavy vortices. In conclusion the research based on the assumption of 

infinite length has not the same accuracy for the wave instability as 

for .the Taylor vortex instability. 

Vohr (1968) made a remarkable contribution to the experimental 

study of Taylor vortices in flow between eccentric rotating cylinders. 

It is a known fact that the occurrence of Taylor vortices in the flow 

,between rotating cylinders results in a discontinuity in the slope of 

the torque versus rotational speed, and this discontinuity is a very 

proper means of determining the critical speed for onset of vortices. 

Up to a rotational speed of 2.875 rps, the curve of Vohr is perfectly 

linear with torque, indicative of laminar Couette flow, and at 2.875 rps 

the slope of the torque versus rotational speed curve_changes sharply 

to a steeper value, indicating the development-of Taylor vortices in 

the flow. Other experimental results of Vohr were that the change in 

slope of the torque curve at the Taylor transition point becomes pro-

gressively less sharp as eccentricity increases. It would be sensible 

to assume that the precision with which the critical Taylor speed could . _ 

be determined from the torque curves will decrease as eccentricity is 

increasing. Vohr found also that the transition speed for onset of 

instability between nonconcentric rotating cylinders increases with 

eccentricity ratios, and that this speed depends on the clearance 
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ratio at higher eccentricity ratios. One difference between the cases 

of rotating concentric and the rotating eccentric cylinders was that 

for the latter case the end. boundary vortices were non-existent, a 

situation which may be explained by the axial flow induced by pressure 

which occurs at the end of the nonconcentric rotating cylinders and 

stabilizes the circumferential flow there against development of 

vortices. 

.An interesting observation of the visual studies of Taylor vortex 

instability was, that vortices would. become weakly visible in the flow 

at speeds substantially below the speed at which torque measurements 

would indicate their presence. This occurred in cases both of con-

centric and of eccentric cylinders; the discrepancy between the first 

visual sighting of vortices and the point at which torque measurements 

first indicated their presence increases with eccentricity ratios. 

,Vohr suggests that this discrepancy is due to extraneous disturbances 

of marginally stable flow situations, the discontinuity on the torque 

versus rotational speed indicating the true point of instability. 

Davey, Di Prima and Stuart (1968) investigated the problem of 

instability of the Taylor vortex flow against perturbations which are 

periodic both in the axial and azimuthal co-ordinates, where the per-

turbations with the azimuthal co-ordinate periodicity travel with a 

certain phase velocity-. 

Based on some assumptions and approximations it was found that 

the Taylor vortex flow is stable against perturbations with the same 

axial wavelength and phase, but unstable against perturbations diff-

ering in phase by 1 0 After instability the flow no longer is 

characterised by planes separating adjoining vortices, but by trav-

elling waves in the azimuthal direction, a situation confirmed also 

by much experimental evidence. 
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In this work it is assumed that the wavelength of the vortices 

in the axial direction is the same as in the case of the linear theory* 

'Although itw-as found experimentally that the variation of wavelength 

with increasing T is not large (Donnelly and Schwarz 1965), it was 

suggested by Meyer (1966) that a suitable chosen variation of wave-

length would bring to a better agreement with experiment* Davey, Di 

Prima and Stuart consider the interaction of two axisymmetric dis-

turbances of different axial phases, with two non-axisymmetric distur-

bances of different axial phases. Their method involved expansion of 

the velocity, in powers of an amplitude function of timel l9M up to 

A3(7), and in this way they derived a system of four nonlinear diff-

erential equations for the amplitudes of the fundamental disturbances* 

The coefficients in the amplitude equations are functions of the para-

meters appearing in the problem, namely: 

(i)//4= -11g, = 	 and 4,./_= 	which represent ,the laminar 
Ra„ 

velocity and geometry; 

(ii) the axial and circumferential wave-numbers of the dis-

turbance and finally, 

(iii) the Taylor number, where these coefficients can be 

calculated by solving a system of linear-ordinary 

differential equations* 

Since this model includes (1) a stability analysis of the Taylor 

vortex flow with respect to non-axisymmetric disturbances and (2) the 

possible states of motion that can result from an instability of the 

Taylor vortex flow, this research.  work illustrates the concept of 

successive instabilities of Landau (1944). 

Beside the assumptions of truncation at cubic amplitude terms 

and restriction of the number of basic modes to four, there are also 

two other basic assumptions, namely: (3) the small-gap approximation 
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and (4) infinitely long cylinders. Some additional conclusions of 

this paper are that the azimuthal wave-number= is not properly deter-

mined by the theory, but there is a slight preference for= =1, in 

accordance with experiments of Schwarz et al. (1964). However, this 

result is not confirmed by the experiments of Coles (1965), which 

found a preference for171- = 4.. Other conclusion reached is that the 

critical Taylor number for the instability of the Taylor vortex flow, 

is about 8% above the critical value for the occurrence of these 

Taylor vortices, i:(C) the experiments most closely related indi-

cating a value in the range of 5-20%. 

Eagles' (1971) analysis concentrates on the instability of 

Taylor vortices for 32.= 0.951, and was undertaken to find the effect 

of: 	(i) using fifth order terms in the amplitude; (ii) avoiding 

the small gap approximation and using the full equations instead. The 

, expansion is rewritten in a matrix form, allowing more uniformity of 

treatment of the appearing systems of ordinary differential equations* 

A very careful treatment of the method by which certain "coefficients 

of nonlinear terms" and perturbations functions have to be evaluated, 

is needed, in order to include the fifth-order terms in the amplitude, 

because the Stuart-Watson method does not uniquely determine the 

amplitude functiaai9N) . Since different choices of the "coefficients 

of nonlinear terms" are possibly leading to different determinations of 

R6t) and to different perturbation functions, which are asumptotically 

equivalent as 7.--->Tc , Eagles chose the constants in the same way as 

Reynolds and Potter (1967) for the channel flow problem. By using an 

expansion of a disturbance to a steady state solution in terms of a 

small parameter E, given by g2.- 	 , the following equation in 

the amplitude function Rititi) 	is obtained: 

c(44 cal  .7--  .2 	- C a/3 



13 

_i 	2 
where 7C, 	A,

4.  
 and the fifth-order terms are avoided in this manner. 

The conclusion reached is that the fifth order terms would be important 

.. as far as the matter of stability is concerned, but qualitatively 

unimportant as far as the development of Taylor vortices is concerned. 

Eagles found a qualitative confirmation for the Davey, Di Prima 

and Stuart results for the instability of Taylor vortices to non-axi-

symmetric disturbances, out of phase by T  in the axial direction with 

the Taylor vortices, at about 10% above the first critical Taylor 

number. 

Consequently, the contribution of the fifth-order terms is 

quite small, and it can be assumed. that these calculations are quite 

accurate for the theoretical case of infinitely long cylinders consi-

dered in that paper. 

Di Prima and Stuart (1972a) deal with the viscous, incompressible 

flow between eccentric rotating cylinders for very small clearance 

ratios, a journal bearing. In lubrication problems the mean gap bet- 

ween the cylinders (6-a) is very small (6-4 	and the distance bet- 

ween the axes6A.Ocan be a -pig part of that mean gap. The eccentricity 

parameter is defined by ae..=, E(6-6) , so that 04.E 	. They 

used a modified bipolar co-ordinate system. Their analysis shows that 

the Sommerfeld pressure distribution in a journal bearing can be 

derived from the Navier-Stokes equations by a straightforward expan- 
r- 

sion in the small parameter d , the clearance ratio. First order 

corrections for the effects of inertia (Rp4) and curvature(.(01(5) are 

calculated. There is no restriction on the eccentricity. 

Another problem which has been treated by several researchers 

is the problem of instability of the flow between eccentric cylinders. 

A number of people have made experiments on the instability of the flow 

between eccentric cylinders, including Cole (1957, 1965), Kamal (1966), 
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Vohr (1967, 1968), Castle and Mobbs (1968), Frgn6 and Godet (1971) etc. 

During the observations it was found that the critical Taylor number 

for the occurrence of the instability varies with the eccentricity 

parameter. In one of his experiments Vohr found (withb-ca. = 0.099q 

and E = 0.4.75) that the Taylor vortex secondary motion is greatest 

at an azimuthal position of 50°  downstream from the position of maxi-

mum gap, when the inner cylinder was rotating and the outer is at 

rest, and not maximum at the position of widest gap, where the flow is 

locally most unstable (Di Prima 1963). Di Prima and Stuart (1972b) 

found a possible mathematical explanation for this phenomenon, as 

follows. As the basic flow between the cylinders demands strongly 

upon the azimuthal angle, the linearized equations for the instability 

of the flow are partial differential equations in the radial and azi-

muthal co-ordinates, rather than ordinary differential equations* _ 

,Single valuedness and boundary conditions of no4slip are required* 

The method of Di Prima and Stuart (1972b) took into account that 

the stability depends not only on the local flow at a given azimuthal 

position, but on the flow field as a whole: in conclusion the problem 

was global. 

A similar problem has long been treated in the theory of boun-

dary-layer instability. In this case the basic flow depends also on 

two co-ordinates)  so-that the accurate stability equations are partial 

differential equations, and here it was even usual to approximate the 

partial differential equations for stability by the Orr-Sommerfeld 

ordinary differential equatibn, a thing known as the parallel flow 

approximation. 

Di Prima and Stuart (1972b) were the first to develop a self-

consistent theory which took proper account of the global flow field 

and which avoided the parallel-flow approximation* 
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The research of Di Prima and Stuart was based on the linear stair 

bility equations. The basic flow was calculated from the equations of 

motion, written in the.  modified bipolar co-ordinate system, as used by 

Wood (1957), in the paper of Di Prima and Stuart (1972a). There the 

expansion was made in two small parameters, the modified Reynolds num-

ber Rp4 and the surface curvature which is small with respect to the 

gap between the cylinders. 

The zero order approximation is given exactly by the solution of 

the approximate "Reynolds" equation of classical lubrication theory. 

The terms of order Rm give first-order inertial correction and the 

terms of order 0e give first-order curvature correction. Di Prima and 

Stuart (1972b) are showing that terms of higher order are not needed 

for this problem. 

In order to discuss the linearized theory of instability of the 

,basic flow, they wrote: 

= 	 ix, cP) +/,74() (4. (x/ 

btf. = (7,4+7,2) WX(419 C 1,2) 7)-(x/ 5'6,3,26-) 

=( To()  q4-Cx, $)°, 4 

ip  ( 	 
71/'  OV)1  \/ 	

ilk. ( 
where 	 1 	/ 	( -4-a)  j 7) / 

P denotes the dimensionless basic flow,u l'i1',147andp' denote the 

dimensionless perturbation,X 	, 	andrare the radial, azimuthal 

co-ordinates, the time and the axial co-ordinate respectively, 1.9 is 

the kinematic viscosity., 
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Geometry and co-ordinate systems.. 

16 

Three dimensional Taylor vortex perturbations depend., in general, upon 

X 	, r and. 	convenience conveniencthe velocity scale ,7‘,4-1-70.z.) is 

chosen. The basic flow has-components in 	axial ana azimuthal dir.s 

ections, and it can be seen that the radial component 	is 

much smaller than the azimuthal 47(7.4414 	because the ratio 

cieE = 2c 

The above scalings reflect the known fact that, in the concentric 

problem, the radial and axial perturbation velocity components are 

smaller than the azimuthal component by a Reynolds number factor 

(Stuart 1958). The appropriate 'velocity scales which are radially 

and axially, and 	azimuthally, are known from studies of the 

nonlinear problem in the concentric case, (Stuart 1958, Davey 1962). 
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The scales of the kinematic pressure follow from the lubrication theory 

(I), and from the knowledge of the stability problem in the concentric 

case. 

The dimensionless stream function P of the basic flow is given 

i=: by 	p00 (x,ysi ar) --/-R,4,ex,,A;E,69-t-oepai(X,v,6„,)-1- 

+ RA Zo  0o6,- E74+ 06^<2,c0Cm/ RAI) 
As T20  is in fact proportional tog', so that RA %) is of order era -2--...2ckq'ZP, 

it has not been calculated_ in detail. 

Therefore, the assumption has been made that 

.e,cr-r-c{i/Xick)cerJI ( 	-&-,9zzahl.ecL 1e-0-17-y• 
-71...7 tib) 	c ji../Swacenc.e. P-keA:c% A'/7-&-cga.A&S 

7.01—e—c-kr,(x/59/geenA, 	ei6/0072-e -d-  

13' e7-T-7-4,14q) co--a 21 
where' and /t are defined as follows 

to 	 (etaecz, 

0-  and.a representing a non-dimensional growth rate and wavenumber 

respectively. 

By using the basic flow known to order  order-  cl and RM the partial differ-

ential equations of stability against perturbations periodic along the 

axis are formulated. 

A model equation is considered as an asymptotio- approximation relating 

ok,/  Pr/1 / E . and a Taylor number I as follows: 

(pz—x-)LPAL.A.2- ,  — &V,„ Cx) 210 12- 	(x) 	V, (x)ce-s 9J-11-=0 

In this model equation we are confronted with a similar situation as 

in the real problem in that it models how the basic flow depends upon 

and how differentiation with respect to /2' enters into the problem, It 

is obvious that f.orE= 0 and fa, 0, this modal equation has the form 
of the classical stability equation for the case of a small gap: 
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( 3.-)(02 ;,2.-eq)---1-2J2-1-1400's==0 

If the "parallel flow" assumption is used, then the expression 

EV0N+E-V4Nceri ctj would be regarded. as a function of X only and with 46  

as a parameter, while g had to be neglected. In this case the eigen-

value T of the homogeneous differential system would depend upon cf. 

Di Prima (1963) and Ritchie (1968) made calculations of this 

kind, and they obtained a value of T for each value of , that means 

a local criterion of instability. As is small in lubrication theory 

(Ra.  =44 pi.4) it would appear that k,14, 	could be neglected, 

but exactly that approximation would bring in again the "parallel-flow 

approximation". 

Di Prima and Stuart found. a way out of this difficulty by 

allowing 	to take an adequate magnitude, relative to the 4' depen- 
rH' 

' dence dictated by the term .E 

From the equations 

= -L.L-(4-V) Rey = g-, titqC —P-z;)°`' 

and T..= ( )Z 3()  
"19 /  

-74 
it can be seen that R, 	Crc',/a.c.) 
The model equation indicates that the response of the term proportional 

to 4. is proportional to the 1' dependence dictated by E 

and as a result they set 0116'= 62011 ' -- AE where (2c)liz  

convenience and is a fixed parameter. By expanding 

in powers of E as follows: 

ci64)  cier  /2,ace. 

is put for 

fzi and 

L4,4  = u4 tY/ 	e (444  (Xi 99 62  6-42 (X/ 99 -+ - 

(-‘1/) 	-7 // 6v09 	E2-7Y-7- z(x,  56) 	- - - - 
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"At? ="2,07 0 ( X ft) --F E/14.1-714 (Xt -4)) -f- 	tX 	÷ 	" 

134 	(x/ c/) 	13,71  (x/ 96) f X2727 (x,'1) + — — 

T= To ± ET/  Ez  Tz  - - - - . 

and by taking the solution of the simplified. perturbation equations 

of order 	E and. Gz  
they obtained. the following result: 

(.1.4  = 	(49 
!3° 
	E 	co-375  -lib 0.7/ 	 „,a 	 4-01Q.51)-  J 

17;7  /3 mb„(x)_+ Frgi ciy3 	/3/ ce-d + 	/.ecen.Q.ON 

5(59 1D1 (x) -I- EL-91-4  co- 5 ( 01 -4) Di ca-i 	.24Pz7;  

and the Taylor number is given by 

T = Tp + E2  (7-Q4 	7-4 

where T2, is the eccentricity effect and Tag, the effect of surface 
exq 

curvature, and /369 =730  ( 4.42 	
( vi6-4) 

 

In all this analysis-there are two- small parameters 1(o-'2. 0) the clear-

ance ratio ana E , the eccentricity. 

The problem was solved. by considering an appropriate limit as 1+0 and 

E-- 0 for fixed. T , inn such- a manner as to take proper account of 

the i" variation. 

For the limit case A. 	, which implies that E is very much smaller 

than 	, one retrieves the concentric case Pc = [30  (vo) 

Di Prima and Stuart (1975) dealt with the nonlinear calculation of 

Taylor-vortex flow between two long eccentric rotating cylinders. Re-

searchers are confronted. with this problem in lubrication technology, 
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and it represents an extension of Di Prima and Stuart's earlier work 

(II) on the linear eccentric and of even earlier work done by Davey 

and others on the nonlinear concentric research of Taylor vortex 

instability. In order-  to develop a consistent perturbation scheme, 

relationships are specified between the four small parameters in the 

analysis: the mean clearance ratio d/  the eccentricity E, the Taylor 

vortex amplitude and the amount by which the Taylor.number exceeds 

its critical value, and in this way a global solution to the nonlinear 

stability problem is obtained. 

In the nonlinear analysis the authors were confronted with an 

additional difficulty, namely to take proper account for the large 

pressure development due to Reynold's lubrication effect. It is known 

from the lubrication theory that the requirement of no—slip boundary 

condition provides for the development of an additional and usually 

strong pressure field, and Reynolds (1886) lubrication equation for 

the pressure can be derived from that requirement: They found a way 

out of- this difficulty by solving the continuity equation to a higher 

order than is necessary for the momentum equations. This difficulty 

was also anticipated from previous papers on the concentric problem 

(Stuart 1958; Davey-1962; Reynolds and Potter 1966;:-Kirchgassner and 

Sorger 1969), that_an additional component of the circumferential mean 

flow is developed by the Reynold stresses of the Taylor lortices. 

The basic nonlinear equations in the paper of Di Prima and Stuart 

(1975) follow the paper (1972b) but with some differences in notation. 

As a model equation they considered the steady equation 

vz(vz-p4,)2.K0- 

z 	Qz where \--7 ss  

v Xzz 
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This model equation is different from  the model equation in (1972b), 

since it includes a quadratic nonlinear term on the right-hand side 

and the replacement of 	re by ,2--)-  1  while in (1972b) the linear 

form of the model equation was solved. by the following expansion in E : 

1)-  = RE111°)(X/51)) E'lr()(A/ (1) +0  (Ezj a('-i  

and T =To +E-7-4 	- - - - 

0) where - -uJo) /1)- 	are functions and To Tri 727, are numbers to be 

determined, in the nonlinear analysis it is necessary to determine a 
and to allow for the generation of harmonics and mean effects caused. 

by the nonlinear term. 

IVhile the fundamental cell has small amplitude A , the mean 

and first harmonic (.4-12 	appear with magnitude 17 , the correction 
na  3 to the fundamental and correction will have magnitude n 	Since for 

the linear problem the amplitude function BM) is determinedwith"19  

at order ER , and for the nonlinear effect on the fundamental, which 

is of order A3  , there is need. to make the identification 	in 

order to allow for a simultaneous correction due to eccentricity with 

the nonlinear effect on the fundamental. Consequently, they wrote 

the velocity field as follows: 

U.= s'6./r=1,(x0 F) E 1/1-  (41  (fx, 9y) -t- uaext9y)-1- 31.2.  a 3 a/N)+ 

4 	my /X/ 56/p17 0(E-3) 

/7-  = 	(x/`5/') E'12--v::,/.06/p -i-  a v- ,Gt1561)7,- 	561) 

--t-o(e3) 

e2Estro a,4-1-,y) 	 Eeze-,tx,,96,p+ Z/2-74)-3 tx/ 96f) 

Ezcz-o-ii  (x/16./pa-/-0(a3) 

Lubrication theory requires that /3  should be expanded as 

LIck3 
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E:u 00,5p) E,;(x/ 9) + EA-2, (x1o,p +63/z/03 (kV E2P9a/V) +0 (e2:27÷ 
COI/Sea-7th 

By solving the equations of order 614 , order E and order ems' the 

following perturbation velocity field is obtained 

1/g,13 	N 	- 282(yq.-4.za),-0 Qap 

ez /3 6.* (X) c.,JA,p 4-Erre.(59,,„ + (3 61. 11 73140 (X2  -4) + 

E1/22 4scy9 oi.094?)9E + 13'69 Di-12.A) -1/:9-1.Q1 4- 6(63/z) 

The above mentioned functions,- and, are connected to those of 

Davey's (1962) paper (1/722==0) as follows: 

i yz,(x) ,,..ii,,(0) , ,,cip(x) -=---i 74 - (D) , -i.,. Po a--_-  — 4- tTz (D) ,,,,,.., ev = - 4- iri (D), 

gloa)--- 1 F. (x) —3% 6eL4d -- -12--,. 5; CD) - %,OCQ.- f) 

where Go is a symbol for Davey's functions. 

As far as the pressure perturbation is concerneg.: 

(E62/7.)-4)5° EN9c/cii, 	cu  TS(' 3.21— -FO(6j_ 
371  

	

4:c 3 	, co 	7E-C#40 0 

- e'4 	5A9(0'-'-;1.2)-  j„( /)0 	+ L-13.Y.519-ev,od + 4  Q1:13  Tij,e„lo+ 

	

13269 -e,,, fix) 	4] otg) 
The linear theory is retrieved by letting 7,;"---)0 with fixed. The 

constant 136() of the linear theory is determined 

50LT;) T/1 	C°3  e  
6°9 

If the alternative or second limitTr).co is considered, the nonlinear 

solutions of Stuart (1958) and Davey (1962) are retrieved. The para-

meter -77; lies in the range 0-‘7,3 0  . The lower limit yields a non- 
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linear alteration to the results of linear theory for the eccentric 

case, while the upper end represents an approach to the concentric 

solution. 

Like the works of Di Prima and Stuart (1972a), (1972b), (1974) 

and (1975), Hall's Ph. Thesis (1973) is based on the assumption of 

(the rate of change) small and (the magnitude deviation) small. Hall 

in Part II of his Ph.D. Thesis (1973) investigates the stability of 

the flow between concentric cylinders, when the outer cylinder is at 

rest and the inner one has angular speed. 12-4 (4-FECO.5ca.). He obtains 

solutions of the linear and non-linear stability problems in the limits 

of c01 tending to zero and infinity. Using the same methods as for the 

cylinders problem, he deals with the related Benard convection problem. 

Later we shall summarize some works based on the assumption of 

(the rate of change) small and (the magnitude deviation), defined by 

E = 0(1). In all these works, known better as the "slowly-varying" 

problems, the 1MB method was used. In the following thesis there is 

an analysis for linear and non-linear stability problems in the flow 

between two rotating eccentric cylinders. In the linear problem there 

is an analysis of the wavy vortices between two eccentric cylinders. 

This mathematical -analysis can be seen as a contribution to the pre-

vious papers of Roberts (1965), Di Prima (1963), Davey, Di Prima and 

Stuart (1968) and the paper of Di Prima and Stuart (1972b). The 

results are compared with the experimental results of 3tohr (1968) for 

eccentric cylinders and a qualitative similarity his been found. 

Nevertheless, a difference in magnitude from experiment is obtained 

due mainly to the absence of nonlinear effects. The analysis of the 

wavy vortices of the flow between two eccentric cylinders where the 

Taylor vortex is absent, is based on the assumption of E , the eccen-

tricity, small and if, the clearance ratio, very small. The method of 
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Di Prima and Stuart's paper (1972b) has been extended by the inclusion 

of the time variable-Cin the amplitude equation for /300/-c.) 
	

By 

defining a new time variable z1as follows: 

= fQc 
the mathematical relation 2& 	-C4 	is obtained, 

where 1(11.4-1-SLa) is the mean angular velocity. 

By defining also the growth rate (7---,•Rmi rt- 	, the new time variable 

74 is included in the amplitude equation, giving the following linear 

partial differential equation in the azimuthal and new time variables: 

pp  1/z L%3(56,-c-f)  , 
-RT ')16. 	 - (Pcv-d5b-ILT4 -g,P3156,r4 

These new definitions are connected with travelling wave considerations, 

while the definitions of Di Prima and Stuart (1972b) follow from per-

turbation growth considerations. The neutral case of this problem is 

considered and the final result obtained is as follows: 

-wfzeie -4;1) 4.;3 2itte pa)z-cume&z 	 oar: ‘Aregxci ci.924(. 	' 

14rnerit 	eCCe727>t-c-C-4.- 14/124 ■Aite-4-eire, Vfn cernciajeciA -kgtt7 
and the result can be seen asran addition of time depelid-ence an wavE d71.771-.  

ness to Di Prima and-Stuart's problem (1972), or-as-an addition of 

eccentricity and surface curvature effects to-Davey, Di Prima and 

Stuart'.s problem (1968), that means as an unification of Di Prima and 

Stuart and Davey, Di Prima and Stuart's papers, where the various effects 

are linearly additive in Tz. 
The nonlinear part of the thesis deals with an interaction bet-

ween a nonlinear Taylor vortex mode, with amplitude/36g and a linear 

wavy vortex mode, with amplitude/9(919, in the flow between two eccen-

tric rotating cylinders. It can be looked upon this problem as an 

extension of the paper of Davey, Di Prima and Stuart (1968) where a 

similar problem has been treated in the concentric case. 

T-1-1- 1)-7-V is defined, where 	is the Taylor vortex mode and 
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leis the wavy vortex mode. 

A new parameter = 7---77,_6272(0)__"7- 	el7314N  
P4  

which is the amount above the critical Taylor number, is also introduced. 

The mathematical analysis is based on the approximation .paTr,,, 

where the Taylor vortex mode is expanded in powers of as follows: 

	

lt-, 	4L  309 go 00 c-0'3I 4. -1 -  L/32Mj40 	(-e-- 4i) + 6°.13-16190114--  

	

r v 	T72, 

The wavy vortex mode and growth rate Zr are also expanded in powers of' 

as follows: 

it 1=  ,v-114)+ 1"1/2 ?)- g2) +iv- (13) 

"4. 

whereltihas a e 	dependence on the time- -r, 

Since some inconsistencies appeared by expanding directly in the 

eccentricity E, we found that a possible way to solve this problem 

was to use a double parameter expansion; first by expanding ind'I from 

1° to 	order in the equations, and later fromFatoe.in certain 

integrals, the-parameter if having a dual role, in the sense of being 

a parameter, and secondly, being connected withE as well. 

The momentum and continuity equations will give us a nonhomo-

geneous sixth order system of differential equations, in the radial 

and azimuthal co-ordinates. In order to assure a solution of this 

problem, an orthogonality condition involving the suitably chosen par- 

tial differential equations adjoint has to be satisfied as follows: 
ail: ...1. 	 „g7 2 

....ff — 14 . CI . 1)-.-F c I x vt5b ..-= ff 	Sc, 4, y ctib .-. 0 
0 - g, ... 
,,,,,, `ii;  1.( :  ,_- s, Aga Ll i ,c4 die a x b:C71:9I/t difileW7th:61-€ r-e&A:60E , 

The final result obtained by using the condition of stability•Rereer3=0 is 

" f°e°''''' ' T1 070 =Te, + e  P3 +42" 5#  4,  -0; Tcl  
CI 	eog +zFcsCk;r4) 
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where the second term E.m 73 P'I.epresents Di Prima and Stuart 

(1972b) linear Taylor vortex effect and the last term represents a 

nonlinear Taylor vortex effect, Fos((/77/) being a complicated numerical 

function of '42 and T. 

For the limit case 74--“) one retrieves the formula of Di Prima and 

Stuart (1972b), while for the simultaneous limitsele,e,coandern-.4417e 

(connected by E77?-74 ), one retrieves the formula 

Ti(trit) 	+Tr:  =7; -I-425 

of Davey, Di Prima and Stuart's (1968) paper. 

A different kind of approach to the concentric case could be found by 

 00. 

It can easily be seen, that theWeterm appearing in the formula for 

the critical Taylor number- of Davey, Di Prima and Stuart (5.22) does 

not appear in the present one, and to get the correction term in 2' 

there is need to go to a higher order expansion, namely in 11;k- from 

10  to fin the equations, and later in from Setoein certain inte-

grals. 

Before bringing a short review on the slowly varying problems, there 

is a need to mention the wavy vortex geometry. Cole (1974 - Nature Dec. 

20/27) illustrated the ornciAl effect that_the cylinder (length/ 

clearance) ratio (IIC), has on the wavy vortex atability, for concen-

tric cylinders. 

He brought some important revelations in this field, especially that 

no stability analyses seem to exist for an annulus of finite length 

and most experimental researchers preferred to work with long cylinders 

although short cylinders are more likely to be met in engineering 

applications. Cole concentrated on two kinds of experiments to find 

out the effect of annulus length L on critical speed N, namely (i) 
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visual observations and (ii) torque measurements. His visualisation 

results were for a rotor of diameter 91.42 mm concentrically positioned 

inside a stator of bore 103.2 mm, effective length 250 mm and thickness 

19 mm, so that Ri/pqa, = 0.894. The test fluid was a silicone oil of 

kinematic viscosity /9 = 19.3 centistoke, and the vortices were made 

visible by adding some small aluminium particles. In the case of the 

visualisation technique the critical speeds were determined with an 

accurate precision of 0.5%, the annulus length being varied by changing 

the depth of the test fluid, where the lower end is a stationary solid 

surface and the upper en& a free liquid surface. 

Figure I illustrates that the cylinder length has a small influ-

ence on the speed at which Taylor vortices appear but a crucial effect 

on the speed at which wavy vortices appear: at L/C = 25 the second 

critical speed is about 10% higher than the calculated value and at 

L/C = 10 it is about 40% higher. 

Fig. I Effect of the cylinder length L on critical speeds determined 

from visual observations (a) wavy vortices 

(b) Taylor vortices 

The results in the case of torque measurements (R4/R2, = 0.954) 

are generally similar to those in Fig. I, with the only marked differ-

ence that the very small variation in the Taylor critical speed with 

length is of opposite sign to that in Fig. I. 
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The visualisation observations as well as the torque measurements 

are in complete agreement in illustrating little effect of annulus 

length on the first critical speed but a crucial effect on the second 

critical speed or speed for the onset of wavy vortices. Consequently 

the theoretical research based on the assumption of infinite length is 

far less accurate for the wave instability than for the Taylor insta-

bility. 

Some mention is needed about the slowly varying problems, where 

generally the rate of change is small and the magnitude deviation = 0(1)„ 

the usual method of analysis is the WKBJ method. In general, the 

determination of the stability of a given flow to a perturbation requires 

the evaluation of a system of partial differential equations. It is 

understood that any general perturbation can be split into normal modes, 

the stability or instability of the flow depending on the behaviour of 

the least stable mode. 

In the case that the mean flow field is defined as a function of • 

only one spatial variable, the system of partial differential equations 

defining the perturbation can be separated, and the problem is reduced 

to that of solving a system- of ordinary differential equations. Plane. 

Poiseuille flow can—be-taken as an example of such a flow. 

Rosenblat and Herbert (1970) consider thermal_convection in which 

the temperature of one boundary is slowly oscillating in_time, or more 

explicitly they deal with a Boussinesq fluid heated_ from below„ where 

the applied temperature gradient consists of a steady and a low. 

frequency sinusoidal component. 

Their analysis was undertaken to achieve two objectives: (i) to 

find an asymptotic solution of the problem which describes the behaviour 

of infinitessimal disturbances to this configuration in the case of very 

small frequency, with arbitrary amplitude ratio; (ii) to find an inter-

pretation of this solution from the point of view of the stability, 
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They compared their results with some experimental results. 

In practice we are often confronted with cases where the depen-

dence on a second variable is weak and the approximation is made that 

the stability characteristics are in some sense related to those of 

the equivalent one-dimensional system. As an example of this type can 

be cited boundary layers, where the mean flows are almost one-dimen-

sional and their stability characteristics are based on the approxima-

tion that the flow is parallel over some region. The ordinary differ-

ential equation obtained after the separation is known as the Orr-

Sommerfeld equation. 

The difficulty which has to be overcome in correctly formulating 

the stability problem for almost parallel flows has led to a serious 

research effort being directed towards genuine parallel flows. For a 

parallel mean flow defined byit(y)the adequate perturbation stream 

,function is given by 

"ix, 	 = 4(0V) e_13 6 (GO( 

where the wavenumber43( is in general real and/3 =n2..+9/34 , the fre-

quency parameter, is complex. Apositive value ofAwill denote 

instability-to the-perturbation. Schlichting obtained the eigenvalues 

c( and/3 and the-eigenfunotion 	for a range of Reynolds number W, 

by using the parallel mean flow approximation for the flat-plate boun-

dary layer. 'In the Orr-Sommerfeld equation the Reynolds number is con-

sidered as a parameter. Schlichtines suggestion based on the local 

growth-rate information was that the overall amplification of a dis-

turbance of a fixed frequency was given by the following integral 

x4  AN  dx 
/ 2./.3A(x) 
-da 

where the factor relates the spatial growth in the physical situa- 

tion to the temporal growth employed in the theory. A. better descrip- 
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tion of the behaviour of regular periodic waves is given by the spatial 

modes, for which 0( is treated as complex and/3 as real (see Gaster 

1965). The growth of these waves is given by 4(1604)( 	Gaster (1962) 

has shown that the two formulae for the growth r ate are equivalent in 

the case of weakly amplified or damped waves. Schubauer and Skramstad 

related the measured growth with theory by obtaining  the amplification 

form 
f n  
A---=-4-?—() c/X where c( is the phase velocity. The differences 

/ct' 

between all these relations are less significant than errors introduced 

by using eigenvalues obtained from the asymptotic solutions of the Orr-

Sommerfeld equation. 

In the analysis on wave packets (Gaster and Grant 1974) it was 

necessary to obtain a theoretical estimate of the phase as well as the 

amplitude for each travelling  wave mode. The stream function chosen to 

define these waves was given by 

=1)(x)ny,x) eAld { oe (x) dx 

where of andO were functions of X evaluated locally from the Qrr-

Sommerfeld eauation. The factor A has been included to take some 

account of the variations of the wavenuMber and eigenfnnction with 

A conservation relation such as wave action could enable-the determi-

nation ofi94q. This is the kind of technique commonly used to reduce 

a partial differential equation with a weak dependence on one variable 

to an ordinary differential equation. Bouthier (1972) deals with the 

stability of almost parallel flows by using  the NKB method. He obtains 

perturbation waves which can be locally identified as Toilmien-

Schlichting waves, but the characteristics of the waves such as phase, 

amplitude and propagation speed are slowly varying in the flow. A 

special analysis is done for the case of the Blasius boundary layer. 

Finally the asymptotic behaviour of a wave packet in an almost parallel 
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flow is given. In the second paper (1973) BoutWOr applies the slowly 

varying approximation to the stability of the boundary layer on a flat 

plate. The numerical results show that the rate of amplification is 

maximum at the wall; consequently the instability regions are two-

dimensional and do not longer spread to infinity in the potential flow, 

moreover these results indicate increased destabilisation of the inner 

boundary layer and fit better with the experimental data than those 

of previous theories. Bouthier chose to define the amplification rate 

using the growth of the local kinetic energy (7.2'-tiP2". He obtained the 

lowest Reynolds number where the amplification first reached zero and 

an upper limit where the growth was positive at every point through 

the boundary layer. 

Gaster (1974) describes the stability of small travelling wave 

disturbances in the flow over a flat plane. A direct perturbation 

, expansion in the small parameteriR characterising the mean flow diver-

gence is used. The Orr-Sommerfeld parallel flow solution has been used 

as a zero-order approximation to the full equations of motion and a 

correction in the form of an amplitude scaling function has been Obtained 

together with an inhomogeneous equation for the first correction to the 

eigenfunction. This-equation has not been solved and consequently the 

overall motion has-only been obtained to zero order, nevertheless, the 

determination of the amplification rate and wavelength, which is based 

on the knowledge of the disturbance to lowest order, is made to order /2 

The amplitude equation to this order is identical to that obtained by 

Bouthier. 

Gaster obtained the neutral stability boundaries given by the 

first two terms of the asymptotic series solution and compares them 

with experimental data. He shows that by using the parallel flow 

approximation a valid solution is obtained at very large Reynolds numbers. 
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Eagles and Weissman (1975) deal with the linear stability of a 

slowly varying flow in a divergent channel by using a modification of 

the WKB ray or multiple scaling method. 

Although the quasi-parallel approach has had great qualitative 

success (for example Schlichting) recent experiments (Ross et al. 1970; 

Scotti and Corcos 1972) have shown important differences from the quasi-

parallel theory. From the theoretical viewpoint the quasi-parallel 

approach is deficient in two respects. First, the determination of 

wave growth or wave decay is made only at a particular point, and the 

solution cannot be determined as a function of the downstream co-ordinate. 

Second, it is impossible to estimate the effect of the variation of the 

basic state on the local growth. The WKB or multiple scaling method 

enables Eagles and Weissman to remove these deficiencies, and provides 

a good method of approximation in which the quasi parallel theory gives 

the formally correct lowest-order growth rate. However, a measure of 

caution is needed because the growth rate can be substantially in error 

if its magnitude has a comparable size to that of the rate of change 

of the basic state. The method shows that the growth rate, neutral 

curves, wavenumber depend on the crossstream variable and on the flow 

quantity under consideration i.e. the stream function, velocity compo-

nents, kinetic energy etc. 

By following- Shen's suggestion Eagles and Weissman use a growth 

rate based on the ratio of disturbance kinetic energy to basic flow 

kinetic energy. The higher-order corrections in the WKB or ray method 

which is applied to the divergent channel, show that, in general, the 

unstable region is substantially widened and the corresponding critical 

Reynolds number is much lower, than those predicted by quasi-parallel 

theory* 

Eagles and Weissman found that waves of all frequencies eventually 
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decay as they travel downstream. However, in the unstable region, 

waves may become large enough for nonlinear effects to be important. 
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PART I 

WAVY VORTICES DI THE FLOW BETWEEN TWO LONG.  

ECCENTRIC ROTATING. CYLINDERS : LINEAR THEORY 
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1.1 	The Basic Laminar Flow 

Fig.1 Geometry and co-ordinate systems. 

Following Di Prima and Stuart (1972b) one considers two cylin-

ders of radii a and b and linear speeds tandlnzmeasured in the anti-

clockwise direction. The centres of the cylinders are set a distance 

	

aia apart, where e 	J=7 	42,  
a 

E/1 

Here E denotes the ecceb,ricity andris the-mean clearance ratio. 
Instead of (A760-) polar co-ordinates, the modified bipolar co-ordi-

nates (p16  ) of Wood (1957) is used in this analysis. The curves 

jr' = constant are circles, the inner and outer cylinders being given 

by f°= 1 andf =/3 

One follows Wood and uses the conformal transformation 

= a (r-11) 	= n etA3- =1'  e 1,96 

1 413a  

	

1- --(4-0)-F  	 

8,- 4+1+&1-01  
4-0 +.1) —Eq' 
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The ray `1)  = 0 coincides with -a.  = 0. In the limit case -->0 an 

identity is obtained between the f, 56' co-ordinates and it.-9" co-

ordinates, which is a clear advantage of this co-ordinate system com-

pared with the usual bi -polar co-ordinate system. The Jacobianj of 

the transformation is given by 

(4 207' 0-73 	(1.1 .5) 

and the two-dimensional length element is given by 

cOr14-Irl-de = 4-It lf--+Ar 4562. 	(1.1.6) 

Following Di Prima and Stuart (1972a) one has the definitions for the 

basic flow 

= 	jo  	- 	(1.1.7) 1/41 

These definitions are based on the continuity equation 

\ 	 - 0 

	

(2-707( 	C,)15  
the boundary conditions are 

	

tt 	 _=(:) 	1=1 

and 	 ( 1 . 1 . 9 ) 

	

U 	Gif 	t f =/3 
It is clear that the stream function V)  can be introduced with 

	

u
f 

 ;___ 	
/ 	

= _F-71° 	(1.i.9a)  
f  (Fr.  

Assuming that the flow is steady and eliminating the pressure by cross 

differentiation of the first two momentum eauations, we get the foll-

owing equation for the vorticity w in the axial direction: 

/t /() (-t) _ 	92  i 9 	2 az  
(o f)f 2! ,Y2  12i  /2- ,D e,4-y 

where 

T 	4_ 	+ 1  (t  CO = \707. 	f 9f 	/ 2"  ?t2.1  

(1 .1 .1o) 

In order to use the fact that the clearance ratio is extremely small 

in lubrication problems and also to make easier the algebraic calcu- 

lations it is convenient to choose 0( = 	1 as the length scale 

c4S,E) = 	= V --E-2  F4— f (4-V4-a4) O(13) 	.i .ii) 

(1.1 .8) 



37 

for [small. 

We let f = 	ce(x-+ 4-) 	(1.1 .12) 
and introduce a dimensionless stream function Tend a dimensionless 

vorticityllby 

yi,. 	co— 	(1.1.13) 

The definition Y----" ff leads to (1.1.7) 

The equation for the dimensionless axial vorticityli is given by 

Riyio 2X U2.• f 	 f 
f  

?-r 
u  2_12_ f2t1)94) 021 4.(clre,a,  — 	— 	 (1.1.8a) 

where
+(14422#)i) 	(1.1.8b) 

The parameter. RN the modified Reynolds number, is given by 

RM 	(1.1.9) 

with the boundary conditions 

2E-  f ig' gYj  = 0 atx,  

- 	= a± X = 

	

ALT-  2T 
	 (1 .1 .10) 

In accordance with the scelingp://41) the pressure takes the 

form 3
6142'  P 	(1 .1 .11 ) 

wherefr=g-12 	(1.1.11a) is the viscosity and P is 	dimension- 

less pressure. 

One purpose of the paper of Di Prima and Stuart (1972a) was to 

derive the Sommerfeld pressure distribution- and associated flow as a 

solution of the Naviar -Stokes dquations in the limitoe--->OiRM->0  while 

the second purpose is to calculate the higher order correctionsaWand 

ORNI) of the liMiting solt_tion. While in any lubrication problem it 

is possible to expect 06(<4.) this is not necessarily true for Rm  in 

modern technology despite the factorcezwhich appears in the defini-

tion. Beside the practical interest to determine the effect of the 
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inertia terms0Von the load and torque, there is also a need. to cal-

culate the correction terms ON andatRAdfor the stability analysis of 

flow between eccentric rotating cylinders for cr:<</ . From the stabi-

lity problem for flow between concentric rotating cylinders(*=a-p-tER?) 

it is known that the Taylor number is 

T 
	c? —c

<  P1 	(1.1.12) 

For the stability problem for eccentric cylinders it would be approp-

riate for the case of small gap to study the limiting caseef->Ovrith T 

fixed, and this limiting prpcess would require Rp4=0(q14). Consequen-

tly there is an argument for calculating the basic velocity through 

terms ON and 0(Riv71/) . Fortunately, since RA YL is of order o<E. , it 
turns out that this term does not contribute in the stability analysis. 

is expanded in powers of 0( as follows: 

, 0(/ E,-q) ck971 `i6: 0(0(z) 

(1 .1 .14) where jf; (b;' E) (4-EcVe  

(1.1.13) 

anaii  (X, ‘i6,- 	2   E(E-c°6'99  	 x  (1.1.13) 
-2 M-Ez.) 	V 1 —E2 

The expansions for p and P are of the form 

(72 _pc, 0  (x, 	R 	(Xit S,  ti-i-'(-Y /c4 ?": 	14'3(RM) 
(1 .1 .1 6) 

P — R0 knbiE/ 	Pro 56iE/72)+0 e Poi  (KM E,V-Fo(oczA,,,i-Rm) 
(1 .1 .17) 

The expansion of_1L.. obtained from equation (1.148b) is 

= _S) oo  (x/1) /-  ,'6)+R, --40(x/-55,- 	or,1;  Etat- 

+  ""' 	B "o  
2x2xz ,J° T  gxz 

2'<10.1 	7100 	r)P 
rdx2. :1;  ••• 	•• 	• (1.1.18) 

Substituting these expansions into the differential equation (1 .108a) 

and the boundary conditions (1.1.10) and making use of the expansion 



9 Poo 	EDE, 
=  

WO°  oig& _ 

at X= 0 
4- Ec o -14 

at x=4 
1.1.20) 

	V-4-7---g-7-  
'J<P. 	2X 	1— Eco-s 51' 
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of j, we obtain the three problems for 110„ T40  and /104  given in 

the following. Acutally all these problems are derived from the momen-

tum equations. It is also necessary to take into account that the 

pressure P is single valued in 56  . 

(1) The Reynolds approximation: c:(.= 0, Rpi = 0 

The general solution which satisfies the differential equation 

• (1 .1 .1 9) 

and boundary conditions 

The general solution which satisfied the boundary conditions 

i9 -  4 -V• 	Ex+pfl+z)x2-.44)xj (1 .1 .21  ) 
4-  Eca-J5s 00 	 000 Z+ 

r-i)e  is periodic and single valued.. This later condition requires 

PP10c1= 0 (1 .1 .21a) 

Poo  (xm 	, 6 E,/ it-1-4)(2.-Ecir-4-0-E2) 	-I-Go.41:9156  

62-  )1.14 
r10 00 

integration of  °°  witty respectto 56  
-D•56  

(ii) The inertial or Rm  correction 
714-54  

(th) ez- zE. (4 -E2)41:/n.1--  en,/ 13,f 0 ,n,  Cyy X 
4o - (71=0 	 (4-e-CD•59 2' 	 01.-Ht)! (n=0 

( 1.1. 2 3) 

where the functions A-,0 (t) are determined so thy, t the boundary con-

ditions are satisfied.. 

f  (40; - 3E (1-1-7tqz 	+ 	lik47-91/11-  35 62.-i-'E -9 
ZV11/402//,,  

62,-4.  (1.1.24) 

( 1.1. 22) 

and %.700 are arbitrary constants, where 600 arises from the 

is antisymmetric and. the pressure Po is symmetric about the line 4'-'10 -Tto  



0 	(1.1.30) 

(iii) The curvature or of correction: 
3 

	

YO? A',  91)=5  190./q2, 6519 x/71-  /3040  ( 6),V 	(1.1.25) 

	

(t 	

/71..0 
6,862-E-2)  

Po/ 	 (447(4)1= 	62-1-Ez)V4- 441-172.96  

fa+Ez 4-FAA 
	6E  62,+e—t--14-6,n,-2.96 (1.1.26) 

The same as y-,0 and / 1  the stream functionP01 is symmetric and the 

pressure P, is antisymmetric about the line 515= 0 

We consider now the momentum equations and continuity equation 

of viscous flow in the dimensionless co-ordinate system(i5IT) , where 

r is different from the complex number used in the conformal transfor-

mation (1.2) 

r? 6' VaJP)  

+ 	 ./ /A.1241-/- 2F9 (494-4,()  
() - 1._:" 

i)( 22 "16)  
')C,/ 3179 

dull, D 9 /x./±_.\ 	 ÷ 

	

J 	as) f 	) f 	(Y4' 
-)Titz  {

j--:= <PI07)4- 	 ) 

	

k 
,aP 1,

f
fTA. rgsDt 	 Tz  I 

r,-/T■ "fl (1.1.28) 

_424_ zr_ 	'6y0 	-29 	9(-_41 
ct.6. 	„ (Jr  az-z, f  Dfu  

LLEur\ _4_ T_ / 	()Lc 
(af (QT-71-z) 	'DP 

where 

	

".) 	 31 ) u. 	-1- I---/Ac 	g 	
(•- 92 a  

Travelling wave considerations require the following change in the 

definition of the time variable and of the non-dimensional growth 

rate 	: 	 ot72-ct cr--> R 	(1 .1.32) (See Introduction) 

(1 .1.27 ) 



In order to discuss the linearised theory of instability for the wavy 

vortices, we shall write: 

(A-s = 2(14,4-IA417k, 4) -I-  (24) "-4 (X, 0/7-4) C-10-62; 

14
15

- 
 z÷7^-2' Val 0) ± (7‘,1 1'2)12;1 (X/ 0/74)Citd 

	 2Y)  
where T  Efri-i-/t1 d 96) 
The following linearised stability equations result: 

Rcti -''&( 7-Jga 
(:°2T  '4)4 	 EcRagq1);* 

Q 	I/  u4 	cR0‘ 17-0-4-) 	 --= I\ a 	f  

 ( 22-,z-R 	-u,7 2,  

21_/ tA 
c)X 	

Rck(!)  
C i 

— 	(JP ( VA, +ER,Utv,) 224-r?,6  (5t) 144  Ur_-• 

14.  cp 	
fl-114 

LA 	t 

a R0.rz 	J-16k,V 2 q = 

Here we have used the definitions: 



14.2 

1:2" 	+ (})(r4%'  
H 	 (TTIDL2i 
Ra (4-+NRm (PT:9( --1--6,1)c‹.2-  
T- (1',) ° 3(47-0) 	 (1.1.45) 
C = 24  7 a7u:t 	 (1 .1 .4.6) -1-74 

(1 .1 A-7) 	A / The - boundary conditions are that /4/A and are zero at X== =f; and 

that the solution has period 2%L in . In this linearized. theory we 

are dealing with the neutral case. 
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1.2 Perturbation equations 

We expand the perturbation velocity and pressure field as follows: 

(4-4 = g4 0 (Xi 1/-C4)÷ Eu44 0(/-5,6,--c-4-1-Ezt44-2 L% 56j  7-4)1" 

'0,70  (X/ ?Si  Zi) Eqtji  (.,V/ 95/ad -+E2V--/.2. 	--- -  

Cx/ysic.d÷e 2-7-e-42 CX. 56,-ad -f 

4i  =,./340 	t7 ---4) E1344 a/56,-c4) +014,..2a/56,--c4)11-  - - 

(1 .2.1) 

For the Taylor number we have also an expansion in the eccentricity E : 

== -T; 	E-T; 	 (1.2.2) 

R = A 	E -T1L2' = ET 4  "-/- 	2-77;  _4_ _ - _ . ( .2.3) 2-7:7712, 

Since we shall calculateTonly to order 6:2, we keepA. fixed. This 

assumption is based on a short analysis showing that the variation of 

from its critical value at E=0(4does not affect-1-  through terms of 

.2.4) 

the order of Et, (See Chandrasekhar (1961) and. Di Prima and. Stuart 

(1972b)). We found that 

To?zzra -----.  To (A.)-+E2Tz P-0)+- Efri (Ad) 	?A: (../j) 	(1 

where 

J = 20  -I- E-za.2,-1-02.ct 	- - . 

L 
A3 6 

and 22/14 are specified as follows: 

(1.2.5 ) 

_Trz  
_ 	 

77; (20)  
()Az' 

/1 	° -2,  f -aA3 ° a/L  (1 .2.7) 

(1.2.6) 	. 

CAO 



We expand. also the basic flow in powers of E since U and V depend. 

upon Cel kkand. 8 . We then have 

= Vo 	E V4 (X / 99 E2EV2.0  00+ -AT.-14' V24 (x15) 	LA' V22, (X/ q-1-0(E3) 
(1.2.8) 

U--= U0 (x, 4)) +0(E) 
	(1.2.9) 

In these formulae Vo V4 , Vao and-CZ come from the R. component of 
from  To/  Vo .2. Ni, the stream function I) , while V./comes from 40azia  V.2  

VW /1.2-21  Vz of and tohave been calculated by Di Prima and Stuart (1972a) 

as follows. 

Vo  = 	C-/K 
	 (1.2.10) 

V4  == 6 (x 4) -P 
	 (1 .2.11 ) 

Vzo  = 
	 (1 .2.12) 

v = z - 	-x9- 	-x-2)14-6,n_ 16 (1.2.13)  .zo 20 	5 42 

\ 	= 
Va. 2. A  (1.2.14.) 

Uo  = 2 (X2:-- -7/4X — 	 (1 .2.1 5 ) 

By taking  into account all the previous expensions in 	we obtain 

sets of simplified differential equations, for order ED, order e and 

order c, . These equations are solved in such a way as to take account 

of the no-slip conditions at the boundaries and the requirement of 

single-valuedness in 'it' , moreover we study the neutral case, for which 

no growth or decay is present. 

ORDER E°  
By elimination of /34o and 4o we have: 
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X2' To VD 	= 14 Q-  "-fo 

—6(40 fr11);to 

where M 7--: 

with the boundary conditions 

1440 	0 — DU/10 = 0 a X = 	(1.2.19) 

This differential system yields an eigenrelation between 	and To  0 

We write the solution in the following form: 

40 = — (c1)/7--4)-  Y-t, 00 	/3C 96/c4).1e, (x) (1 .2.20) 

where 7. and go  together provide the eigenfunction of the system of 
ordinary differential equations: 

, M2  r, + /62  To  V„Ic, -. 0 
.{. 

D 	du 

= °-ib=:fro = 	
x..-±i ,, 

(1.2.21) 

HeregWq is an integration "constant" for the concentric Taylor 

vortex problem since 	and a-v do not occur, and 	and T1  are thus 
parameters here. The determination ofi3ORdreouires the consideration 

of higher order terms in the expansion, as we shall see. Di Prima and 

Stuart's paper (19720) has been enlarged by the inclusion of the time 

variable t4 in the amplitude equation for 

ADJOINT EQUATION : ORDER (5°  

In order to find a solution to the systems of differential equa-

tions, an orthogonality condition involving-  the adjoint of the system 

has to be satisfied, namely: 
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The differential system adjoint to our previous system is given by: 

m zi++,.+ — 0 

2.27-0 v0371-- /4 t=0 

i t,-1- = D -1.  =1„+ = Oat x=±? 

(1,2023) 

The eigenvalues 2./70 andC are identical to those of the previous sys- 

tem, but the adjoint eigenfunction is different from goOtyl as 

the form of the equations indicates. 

ORDER 

By elimination ofbi  and 2044 use of some previous relations of the 

0(6" system, and with the definition api C-144 , one obtains: 

N2  a 	To V 1)-  - I3(7s --u )c4-16. F (44--ATZ/-2-  (9I-ud  F 44 	-l4 	/ -1 	' -11 	ct , 

-771 13 (13,7,-,) F4'43 61()-f  4.7;1:c7/3(75/-ci)  F  
4/0 

(1.2.21x.) 
7-41  _ ivh);frit 	 0414610÷47-7zp9/3pfat-)641.2+/Y3695,- )6 oc] 

(1.2.25) 

L7-44 = DI144= ?1= o G 	x= 	 (1.2.26) 

where 

14 	F41.2 	FI43 	6,14.26,0 are  given in the paper of Di Prima 

and Stuart (1972b) as 

Et4e71 6K) M3' 44  
644 41  N 
F444  = - 6A2T (x2- Ve70-1-9 1\021, 

Fi42, 	VO 
G-i1.2 = c° 

(1,2.27) 

(1.2.28) 

(1.2.29) 

(1.2.30 

(1.2.31) 
(1 .2.32) 



Once the system to 0(c)has been solved, the right-hand sides of 
(1 .2,24) and (1.2.25) are known, except for the values of T./ as yet 

unknown, and for the amplitude function /3(4,/c4) which is still undeter-

mined. The two operators on the left-hand sides of (1.2.24.) and 

(1.2.25) have no differentials with respect to and.ti , consequently 

56  and T may be considered as parameters as far as (1.2.24.) and 

(1.2.25) are concerned.. At this point we have to use the adjoint 

function pair qui,e70-9 . Since the homogeneous system (1.2.24.) - 

(1 .2.26) has a non-trivial solution, i t is known that the non-homo-

geneous problem will have a solution only if a certain orthogonality 

condition involving the solution of the adjoint problem is satisfied. 

That orthogonality condition requires that when we multiply the right-

hand. sides of (1.2.24.) and. (1.2.25) by /J.  andgct respectively, add 

and integrate over (14) the result must be zero. This gives a re- 

lation between [364Y7-74)/ ?r3 L'f'i-u1) ,213(411=1)  / C4-156,12 a. 	T. 
1-)116, 	r-rai 

r  , , Let us divide it by 	2(y-°t1492-f-  
we obtain the following pc-Trtial differential equation 

2136624)  rz,(D/3(4,-c4)-1_  (r7,5  -i-T,A) -3(5b,-c-,) (1.2.33.) 
r=2-  where c_  = 	

C>1° F-4,44  +7,t6.----preddX 

((27, 
To check that (-0 is the wave velocity, we did. the- numerical calcula-

tions and we obtained that the wave velocity is approximately 1.05, 

which is a similar result to Davey, Di Prima and Stuart's (1968). (See 

Table 3). f and 	are defined as follows: 

f 2'0; F444 41.- f-G444)cix 

1 

_r4  + F/43 CV) dx 

+6'44cix 

 

(1.2.36) 

 

(.1 

= — 	 
VO 641.0dX 

(1 .2.35 ) 
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P is the same as P used by Di Prima and Stuart (1975) while T, co-

rresponds to P3 used by them. Their numerical values arer7=-23. 09 and 

144  =-, 113= 0, Do --3.5.-6 	(1.2.37) 

We have a  first-order linear partial differential equation far/3(AR;). 

The coefficients can be evaluated in terms of tie066Vsolution and of 

the adjoint equation. By solving the differential equation with charac-

teristics: 

13 (96,--6-4) /3(56,42) 	(1.2.38) 
pana7itet?)z, 

where 4-Z =  .1)- Ica 	(1.2.39) 

and by taking into account the periodicity condition in 

/362/L/ 27E - -̀-'4- /3(0, -- --J-) (1.2.40) 

	

G 	c 

we obtain the following solution for the amplitude /-3(.9/;) : 

/9(4)  (1.2.41 ) 

returning to the-C4variable we have: 

13(tibiad = 	e 	° 	 7.;-1/21 a 
.1966  -=.c.4._.) (1.2.42) 

where Fj&--1-6.) is a unit ,Zir. periodic function 
+lint  /1.6 	/1) 	.e; 	ced`17/(51)-1-10- R(tib- Ts=1)--= +6(4 CM116-  4-4 

IL -7n c c., 
In order to simplify the calculations we shall restrict ourselves to 

three terms in the unit 2/L periodic function which appears in the 

amplitude formula. 
Til  

(tt/T4)-= ope, 	 Etc,-+ 
(1.2.44) 

A neutral solution which is neither growing nor decaying in time is 

obtained by seeking a solution which is periodic 	which implies-PIO, 
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In this case the amplitude will take the form: 

Lap÷a
miC060n- (+-79,-)-/-‘70-Entint0.--FA Lap +a 

 

For In---=0 we retrieve the formula of the Taylor vortex amplitude (Di 

Prima and Stuart (1972b)). 

Our differential system can be solved as follows: 

- 6144 = 1744 = 13(tfrir-4)-4- lx)co-s.56 	/-1247:14 r3-00E‘t 	05-7-t)- 
-61 4einint ( 6 -K M11-131 (tic-4)% () 

IY;14 = /3 (16,-u,d (x) 	+eliCA-7-01/'"8-Y19[6,-)n.c-iriln C 

n Qn. 	..-_giL)D3N -I- 134 (95,-c-4),y, (1 .2.46) 

where 1.1/p) and (3, 	have to satisfy the following systems of 

differential eqqations: 

fV,1 74 +az T. v ----- ! .(x) -I-P F4,2 00 

U!-N1 c4 = G444 6%() P 644.z IC) 	(1.2.47) 

1 / Vo —)M Y 0 	4 ID 

—y-13 (V0 

0 CVC X = 

(1 . 2.48 ) 

The solution is determined up to an additive multiple of the corres-

ponding homogeneous system, and this is illustrated by the inclusion 

of the terms /I, (56,-011.(x) and 5466/174) 
	

in our expressions respectively, 

13C 	= 80 0 e- 

where it is understood that 4"1;)is an integration "constant'. The 
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determination of the function /34 ( 6/ 4-4) requires consideration of the E.2" 

order. 

Th(49 is defined by 

(4E91 
AT-1/Q' 

13(19 =800 e ° 

ORDER E Z  

By elimination of the pn and "14;2 and use of some previous re-

rations obtained from the Corder and E order systems, together with 

the definition 	-671z , we find: 

j 

N Z  rcia, ± 21.2  T. Vi, li,-,,, =134 66,-0.4)F,,,H  (9-1--ler.:14E?13-; (.561c-d F- 20-/- 

+' 
 7;134 11561- 1) F441/ (Xj "3 (13f -c4) ,5,23 (x) -1 .25 (561-q) -1-13661-c71)cen54- Ft256)t 

+ 47;  1/2. f3 bb, -c.d 4-ioz - 526  (-9 -1---7:, /3 (5b/ri) Ft2-(x)± 

+ /PI k7:14c-o-6 ciV1-4,,-/L cefrit(5.6--i-74) -,a-pt err  ni- N--Viffiag  N - 5(`6)-1- 

\'+ onz A-z 7: E13(-k u-1 ---.° r3(1.2 13.2 00 	(1.2.49) 

ri-42 - P1'112 ---"- i':/ ('`h7%-i) c:-• 6,14,1 6c) +14-7--//.2.,F?1-3. 4-: 
`-',Hz (X) -I- - 0 I Thrib 

-1- 2'134  f (P ul)  e,,,, (x34-. a(ti-c- ) 'G'23 N +4:-V??(I)/-17-0 02y ,{4 + 

+ 5 (1  IT-4) cv--3Q1) - G,125- (x)-F4T. /4  13 (iPir-d 41:ri2P- 6126 N -1- 
-7- Itz/F-4, 	• 4- Kin N. 	L 	L -\ a 

rit4t77b-E4,6ivN-8(IJ+ 

(3°6/ 1)-- ao 1 t/-c'. 1 G432, (X) (1.2.50) 

The boundary conditions are: 

(74  Q' 	1712 = 	 X 
	

(1.2.51) 

where F423  (X) 	L60( 2 	Ni„ —V, (3 Oz-21_2)1b 	D2:1 

- (5-trz_32.2)Dz  3 22' To  0.(2-19A- rciv/Dj.-3227.a1-4-)011 

• (1.2.52) 

(1.2di ka, ) 
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(X) -=-• — 171c/VPID  +222T, C (x4 2)Vogo - V2V0 j (1.2 .53 ) 

500 = 2 El (X2  Nib — V, (3 DQ'-22),ir, 

— 111 	M1 	2Vc.-14  — 3A'7; (X-3—' V(74  J 	(I -2.54) 

Eic26  = 2 (X z— 	— 5-7) N --/- (6X c — 4-) /11.0 	CO* /124) 
-1-  4 	- X q) Az-T; (z21,-)E-4; —Q(67  —Xz) 	a—X9°—  
— ci`i D yet, —V. Mt: 1 ) 	(1.2.55) 
F427 . (x) = —2z  V 	(1.2.56) 

P4a0  (x)= 3 o-''j-) 3+ P Vo  /Viz  -F(Vo- 	-.2,021,- Pc 0 -I- 

4- [6.  17 )-V4,1 	-/Zx Bin 6227: (x2-4-3;3 +CD(Al 

+Pc D(Pip 	Cz. t Pc P V Da 	D3O%)) (102.57) 

(x) = ( Vo - 	/41-2-2-3 , 	(1.2.58) 

Gd,z3 (0= - 	 Cq,- 54 6  ()(-- j 29 	S71 
(1 .2.59) 

GA2z/N----- .20.+agi), 	(1.2.60) 

G4,25(4= - 4,)! 	4E-R/O -(g (A 2.= +2100 f (1+ 	 — 

, 

	

4 
Glz 	= v-7Z—  El — 	vx 3  + 	(x  C-2, --,- L0) 

	

(X 4) (X — 41-‘ D,),) 	(x.'- +4) +N/1 J 	(1.2.62) 

64,2, 54 	 -V,, nd3 -I (102063) 

6,132 	(V 0 — 	(1.2.00 

	

Again, by multiplying the right-hand side with the ad.joint 	and 

respectively, adding and integrating over (+I), we see that the 

results must be zero. In this way we obtain the following first-order 

differential equation for 134 02/ (-4) : 
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1- 
if .77,--y,[ ?"3:  OM   Ervft-c-41_  ricer 56, 4 (56,z-4) fo-1-4„:1164elx _10  

	

A 	
2- 	2. 

+r (ktiqj Obt F423  -v.+ 6,12.3 )4x --I. - -k' /367s,-c-4)1a,1D+  1,,,z/  4734-6420c1x-1-- 
_ 	El  4 	 2, 	 4 

+ 13(56./--c1) c-o- ,.-z. 	(it ,-,,25-. V.+  ,/..25) dx--/- 7-,:-//2-/3(,z-d/A4 -itFi.76-1,,+6,./20dx 
_ 

a... z 
--/- 7:2  8 (43,-c;,)f 2;17--:/.2.7. (4 dx +.0eAzT.03 Co, -c-)-61.5eggit 32.-i-a +6:/.3.3)dx 

z 

F;,,3 	64..?0 cIX 

Fj2b  -Eg„I 6.1.2‘,) (Ix 

6-f25) clx 

(1.2.66) 

(1.2.67) 

(1 . 2. 68) 

(1 .2.69) 

(1 .2.70) 

(1.2.71 ) 

(1.2.72) 

By dividing now this equation with 

(1.2.65) 

=- f CibiLF;(1,2,-F +C414 dx 

and by using the following notations: 

114 =. 

f7 	
4 r 

j 	171-ZS 

= F423 -11)+6'4 dx 
z 

Pt/ = 

_ 
p/to 	

-/ 

	

Co t 	 /3 ) Ol -43_2 	:),) apt X 
It is possible to add_ that the notations conform with Di Prima and 

Stuart (1 972b). One obtains : 

oaf ra (t -c-i ) --(13°6/-c-4)] Pc-67. (56/-c-1)} L'2Pi° 	2---c-4  

	

13(V vc4) D3 	 -1—kifik- crit 56. —1 ceiJa.-1--9-7t2-A7To  J+ 
+ cii9L 	c4(74, 	 56, - 

— c, e'k2' Pao f = 0 (1.2.73) 

By using ag2,in the characteristics method. with the parameter 4t-z-- 0-172 



T - — t73 24 
154 

i4 
1 23=  17,10 

r, 
Consequently, Ti, is given by 

(1.2.77a) 
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and also the periodicity condition in # 

13, (-2717/ -27C: — 	/34(0, — 	(1 .2.74.) 

one obtains the following value for 134(0/- 1) 

04 (0/7--4) = 	EP 4  krizzco-n 4-4-fit  2¢  610+ 	(4.---t---)+47t4iwn(1 

T'q7i-k-ezm;A.76,E6,n_cornic16-rt- )--01,1_44-q2-t66----  -V] 
_f _ 

ET, -4z  FL/  -(7,1 7i --1- 	Pfic1 
	

(1.2.75 ) 

For the neutral case, we obtain for wavy vortices 

a6  a--  0 	(1.2.76) 

+42 -riL 	-i-deA9--To P40 =O= Tz- 

Let us denote 

T -  • .24 • 	2 Z f In 12 7:713  

P3 +-Az At --frri--/To P40 

1I 
(1.2.77) 

1.2.77b) 

From Davey, Di Prima and Stuart (1968), page 37, we have a formula for 

the critical Taylor number for wavy vortices 

7;071,) == T-(0 -142  ' +- - D ici 	 (1 .2 .7 8) 

Moreover, we have the known expansion 

T 	E-7-; E 2- T, 	- 	(1.2,79) 

h and using the relation r= Tfv; c- (1.2.80), we have 
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T = To 	- EQTz 	 ET; 	 (1.2.81) 

We take into account Davey, Di Prima and Stuart's relation 

24 (7-1) -vz 
	(1 .2.82) 

and we obtain --/-; 4 11---  T23 (1.2.83) 

Vie can see our final result as an addition of time-dependence and 

waviness to Di Prima and Stuart's problem (1972) or as an addition 

of eccentricity and surface curvature effects to Davey, Di Prima and 

Stuart's problem. In conclusion we can see our result in 73. as a 

unification of Davey, Di Prima and Stuart, Di. Prima and Stuart's 

papers. The various effects are linearly additive in TR. in this 

linear problem. 

T24 =1  Fr P3 = ecc,n2fht:c. 
4 

k2,  7-2.z  = „gt,oce, c-uluti-citulte eiject 
I '4 	 (1.2.85) 

2. L T23 	2  to To 17” SA/4,/,izt 
o  

(1.2.86) 81'  

In our calculations we have seen that T23 	= 1740 	(1.2.88) 
fi  

and we shall justify this result. 

(1.2.84) asT 07-e9nct -e 
-12.CcZWZ7u.",,,11ArTex*, 

Acteti.4"cot 

A.97-eL  
—co:i4ty.9,r7r_ettiz. .. 	• 

In the neutral case we get the following result for 13LV:r4.); 
	r_ 

/341tic4) i3pb  e 	-Pc: 
	

I'  

	

2,2A :-T-or7tr lam 	(15---C-2-)An/iQvm(551+  

+ 	t)01-7' 1162:14- 	(54 -1-4) a/n 	'771 (7s 	(1.2. 



(1.3.8) 
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1.3 Justification. of 7.-23=7;/ 

We shall now show that 	which has a numerical value of 

is also given as a ratio of these two integrals in the paper of Davey, 

Di Prima and Stuart (1968). 

The linearized. disturbance equations of Davey, Di Prima and 

Stuart (1968) for the concentric, unsteady and non-a.xisymmetric case 

are as follows: 

Lici -71C1z oTc2-, 

L-0-= 
Otx _ 	n  
gx 	ti)  gr 
where J2 (X) 4 - 	V 0  (x) 

‘,2 

frli  = g21  ;c2, 
?)(Q  

L=.1\1 - g 
Equations for velocities 

u-_.= CA a,14  (x) ,  c-o-,12,3°. e_ 

-0---- 	it (4 1-;),P e 

k., 	c41 	1 

C 

(1.3.1) 

(1.3.2) 

(1.3.3) 

(1 .3.4) 

(1.3.5) 

(1.3.6) 

(1.3.7) 

where 

(AC 44 = C4 a 	u. 644 

6-2)4_ . 	(1.3.9) 

44 	'l0 +47114 40-2- 	- - - - 

a-(7141 T= + 	7-(4)- 	- - . 	(1.300) 
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We have U1 R=T-CLeN ,Drz (1 .3.11 ) 

4 ORDER EQUATION 

  

   

(D2 z)zuc_40 (x)i-Az7-c, ___(1.,e00 -va4o(x)=.0 	(1.3.12) 

Oz-yr)- ID 	ucio 	 (1.3 .13) 

4-cio 00= D tic-to (x) 	= 0 61- t 	± 	(1.3.14.) 

where (Acio and '1Co satisfy the relation 

(1.3.15) 

since the equations and boundPry conditions of k 10l1.10,) are identical 

to those of Cit),;-0) 
g 

In conclusion, the 72D order equation may be written as follows: 

p4237D --/- A-2' „, _(2_e fx)p.--- 0 	(1.3.16) 

(1.3.17) 

°121-: X=4. 
	(1.3.18) 

where i\-1= (''2' Az 

 

If we assume a disturbance on CT- ( 4 the wave velocity) with respect to 

we have the following perturbation expansion 

=  4 	-
coy z 	(1.3.19) 

4D77  

We get the differential system 
iv12 IL(.14 A,2, yo _a_e_  (x) ,v- (-0 = e,  Laj..  (x).._ ,o_jm/D  — TfriLl_e.  (X),,,, 

(1.3.20) 

u.(4) _ m_77(4) , _ ccil,c ,E___0_,<„  (X) — --1-] Co 	 (1 .3.21 ) 
(A:(4)= t,a(4) __,Ii_0),::  0  cd- A z_.- 4- 12-,  (1.3.22) 



57 

We multiply the right hand side of (1.3.20) and (1.3.21) by Iv andp 

respectively, add and integrate over ("- 4'1 	, and the result must be 

zero for a solution of the differential system to exist. This ortho-

gonality condition 

T 4 	4. 	(X)/.. (X) 

From our previous calculations (see equation (1.2.34)) we can see that 

the right hand. side of this equation is equal to zero. 

That implies T64)=.: 0 (1.3.24) 

Since we deal with the linearized problem, it follows that (1.3.20) 

(1.3.22) can be solved in the form 

tc(4)_, g-3  (1‹.) 
0 

(X) 
(1.3.25) 

+61.z -fr0 ,÷641.)cix — f- J (iv±F44L -1";-+  (1.3.23) 

where S-3 and13  satisfy the differential system: 

frj 2 3  --I-- 2-z  T, --az  (4/-3 =g--zoo — fliviii. f 
L53.3  — tvg3  =_- —,V1—C2 (x) --1---c  77  

Q 

L

= r 	23 = 0 c' X—±  X- -=±-i- 

(1 .3.26) 

We can easily see that the definition of-73  and. 23  in (1.3,26) is 

identical with the definition of h and y3  , as given by the equations 

(1.2.48) 

f 2, 
ORDER "Rp  

Plzu.(4-i- To  __Ii,Az•0-(Rj= &Pt, (x)---4--j/vi 

u(4— /4,v-62)  = 6 i—cZ — J_T-0-(4) c",,z)a-40 , 
Co  

(1.3.27) 

ala-) D (2L(1)_,P) 0 	x 
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We multiply this pair of equations by the adjoint pair 9.+2„-1) 

respectively, add and obtain: 
A 	

d_ 
4- 

TN  j 2b±  P 00clx +f:q4F4Y-1 -1-2 G1 1) +  443 

q. 
4. l'i j (21tF i',2 -1-q-1-  G44 clx  = o  co _1 

where we define 

Fici4 (X) = -E-at (x-) - -,i PI 1 ---4  — 6  Ii0  1)/171  (1  ..3. 29) 

63,110()== 	 "010-014 
	

(1 .3.30 ) 

F L 6A) =P1b(4 	(1.3.31) 

G 	6,xo 	
(1.3.32) 

If we denote the first integral by .1,/ , the second bylz  and the 

third by 1.3, one obtains: 

7-()I,, 	+ (41- 1-3= 0  ( 1.3.33) 

II , I:Land -1-3 are real quantities, and T is also a real quantity, 
it follows then that c7,/ =740 	(1.3.34) 

Finally, one obtains 
t .., 

T -- ---ia. 
(4_  

641i,d A 
	 =  .z  J. 

Op F3A+2-4 ‘-//322) 

I-47° (1.3.35) 

	

a. 	 = 

j-_, _-,1-- ,Naix 	f ' 	1-1 	A 

	

mdv 	-4 . 445 
- 

T 	
d- 

) 	;2, 	z 

	

i is the /R,D term in the perturbation expansion of 	defined by 
z 

(1.3.10). --IFC-4 is they term in the expansion ofTeM)as illustrated 

4 by (1.2.78). It is obvious that this result for -1  l as given by 

(1.3.35), is identical to the result for7;37Z/as given by (102.77a). 

The results are compared with the observed critical speeds of Vohr 

(1967) for development of wave instability on Taylor vortices. As seen 

by the figure there is qualitative similarity, but they differ in marill- 

(1.3.28) 
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tulle from experiment due to the absence of nonlinear effects of the 

Taylor vortex. 



6o 

PART II  

WAVY VORTICES IN THE FLOW BETWEEN TWO LONG  

ECCENTRIC ROTATING CYLINDERS : NONLINEAR THEORY 
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2.1 	Introduction  

Colas (1965) investigated the occurrence of wavy vortices in the 

flow between two rotating concentric cylinders. Vohr and Cole did. 

some crucial experiments in connection with the flow between two rota-

ting eccentric cylinders. Cole (1957) investigated the effect of the 

eccentricity on the stability of the flow between two rotating eccen-

tric cylinders. Vohr (1967, 1968) reported that the critical Taylor 

number for the occurrence of the instability varies with the eccen-

tricity parameter. Second, he found at least in one experiment (with 

0.475,6-ck = 0.099a) that the Taylor-vortex secondary motion 

appeared to have its maximum activity at an azimuthal angle 50°  down-

stream from the position of maximum gap when the inner cylinder was 

rotating and the outer was at rest. It was a serious discrepancy bet-

wean this result and the result obtained by Di Prima (1963), where the 

most unstable zone appeared to be that where the gap between the cylin-

ders is greatest. This discrepancy was explained by the paper of Di 

Prima and Stuart (1972b) where their research took account of the non-

local effects in the stability of flow between eccentric rotating cyl-

inders, in such a way that the flow fields at all points must affect 

the stability characteristics and show, in some way, the observed posi-

tion of maximum Taylor-vortex activity. All the previous papers were 

based on the local stability, where it has been customary to approxi-

mate the partial differential equations for stability by an ordinary 

differential equation, namely the Orr-Sommerfeld equation with the 

local boundary-layer velocity profile, known as the parallel-flow 

approximation. 

Davey, Di Prima and Stuart (1968) dealt with the theory for wavy 

vortices in the case of the rotating concentric cylinders. They intro-

duced a method of investigating the interaction of certain axisymmetric 
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and nonaxisymmetric modes of disturbance of the basic Couette flow, 

which enables an analysis of possible flows consequent upon an insta-

bility. Forrl= 0.951 and a Taylor number of about 1.071;they found 

that the Taylor-vortex flow becomes unstable to a disturbance with one 

complete wave in the azimuth, although the preference for one wave is 

not strong. The validity of this method is restricted to Taylor num-

bers near the first critical value 1c, so that Cole's experiments were 

not considered, since they were probably outside thin range of validity. 

This method used an expansion of the velocity in powers of an amplitude 

function of time, tit up toeo). Davey and Di Prima and Stuart also 

made the "small-gap approximation". 

Eagles (1971) extended the research of the concentric cylinders 

problem by using fifth-order terms in the amplitude and using the full 

equations rather than the "small-gap" equations. He used a matrix form 

expansion procedure;  which enables more uniformity of treatment of the 

various appearing ordinary differential equations. Di Prima and Stuart 

(1972b) deal with the linear stability of the flow between two long 

eccentric rotating circular cylinders. The problem, which is connected 

with lubrication technology, can be seen as an extension of the class-

ical Taylor problem for concentric cylinders. Since the basic flow 

has components in the radial and azimuthal directions and depends on 

both of these co-ordinates, the linearized stability ecuations are con-

sequentlypartial differential equations rather than ordinary differen-

tial equations. By letting the two small parameters appearing in the 

problem, namely 1, the clearance ratio, and , the eccentricity, tend 

to zero in such a way that g is proportional to E., a global solution 

to the stability problem is obtained without the need of the "local 

instability" or "parallel-flow" approximation, which is used commonly 

in boundary-layer stability theory. 
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The purpose of this work is to unite the theory for the stability 

of the flow between two long concentric rotating circular cylinders, 

which has been developed by Davey, Di Prima and Stuart (1968) and Eagles 

(1971) with Di Prima and Stuart (1972b) linear theory for the eccentric 

rotating cylinders into a single theory. The second object of this 

work will be to find the critical Taylor number for the wavy vortices 

7,;(4VV) as a function of E2' 
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2.2 Non-linear analysis of the Taylor vortex mode  

The object of the linear theory given in the first part of this 

thesis was to investigate the wavy vortices when the Taylor vortex 

mode was absent. In the non-linear part of this work we make an 

analysis of the influence exerted by a non-linear Taylor vortex mode 

with amplitude 13(`t), on a linear wavy vortex mode with amplitude /969. 

The non-linear analysis of the Taylor vortex flow between eccentric 

cylinders has been done by Di Prima and Stuart (1975). The velocity 

field is given by: 

= 1/z  FU4o EX/1)-1-  e44' ‘444 (X/ '76/f) E U-f.2 Cx/I) E47 . 3  ek,41 

Lt4  (x,ib 	o(E3,) (2.2.1) 

ixici,p] + r(E3) (2.2.2) 

1/2/-1-07,0 	
pt--E34-7.0-4-3(x,ys, 

ixite W..3) (2. 2.3 ) 
,cotte4&19,- Al,a-r.ut4a71.  207L4 -212-Ae9t 

T-Tc (1,  

In our analysis we restrict the expansion of the Taylor vortex mode 

to the Fl order. By using the non-dimensional form of the time t- 

2!-  which is given 	7 	one obtains the following equations of 

motion andthe continuity equation in the modified bipolar co-ordinate 

ry + 	_LT') u 
L cD?6.  

ET1AIA +J ck31. -1-14q1 	(T1/jc,Ret  C171-4- 	 (;) 

2: + '6—'2) u -0c2gi-t 	cp4-  (pry 
(2.2.4) 

system: 

t?-c 



g-24.-  E7-1/at,t(?iv-  -f-jcR,-1-14J.-1- g-2,0-- _i _u7/zkui. +J._ j- 	V 5-7-f -1- 	9x 	Jo 	-b 9--c 
{ 

f nz 

-g'61)j
j 
+ + 

(-4-- 	
(2.2.6) 

1771-a-__ 92r 	 0  
3-147-t — Y&<#14 +C& L f? 16 97S f 

We are now in aposition to write down the systems of steady state 

(2.2.7) 
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()1)- 	(Ag- 
- as(?), ( c7=-7D-_-\i“-t-ER,1),.0:11--2c---.4(1AV-1- 

+ETMit 	 Rcl k  

cRct `).1's 	ay 

—c(9—{-q 9+( b(7z?-41 c f 	9 	(2.2.5) j  

equations which are solved at successive orders. 

ORDER El'' 

By elimination of ;o and Viowe obt4in a set of equations: 

— a40 = CD2-.")e) i0 
(2.2.8) 

2eto-2 -7(D—C 	.V.  ',2--7c, ----- 0  

subject to the boundary conditions U40 == -740=-De440 ==0)17 )(:=14.- 

Davey, Di Prima and Stuart (1968) investigated the interaction between 

a nonlinear Taylor vortex mode with a cosiT dependence in the axial 

co-ordinate and a linear wavy vortex mode with a singr dependence in 

the axial co-ordinate. We assume the same here, and we take a cosI 

dependence for the nonlinear Taylor vortex mode. 

Consequently we choose the solution given by: 

liy..  U.40 001; p-, — 13(95)1000C4-14 
10 (X,1 p = f3v,(9c.)-1511 	(2.2.9) 

siy4-06A0=  86/__VtivA-iitilf 



c:7; 	tt,02---Q- 	—T 40 	c, 	• cy:„ 	0 	0 	44 
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where la and) provide the eigenfunction of 

14-2 -t- 2.270Vol   = 0 

- M2 - 0 	(2. 2.1 0 ) 

pq0=g0 -0 cd x=11- 

a differential system: 

In the nonlinear theory of the Taylor—vortex mode proper account has 

to be taken of the 

p /.2,E 
i  T  

9c. 3  

lubrication prOssure, which is defined as follows: 

J
;5
7
6  

(9 di --7,z5c:5'±- o 	f  

+ 1/z[740 (xt tp+Elt)Al4aietip+Eti42607)±  
- 	(2.2.11) 

ORDER E 

(-1 

(22;x 

 

+a ). 	- a ,ak 	41) cDy 

C44.4 	(Thal =m___ 0 

By elimination of 	and24i1 
a-44 =- fY"( 5) 	c-e-J 

17-714 	PV-71,14 a 1 -96) "1-1320f)cg,11.21X,) C-11-J 

= 	D 	4-_-/71.-2-11 

7344 73w,, (x,,,,k) /3.(s6) 442 (x)c-o-J 2-a 

In these formulae Sr11z andyliz are defined by the non—homogeneous 

ordinary differential system: 

-{
Y"//1 2 - (D2 ;12 Z)ji 7.Z. --= 411P.  D9.-  go DH 

60'2= 9 2- -7' ' 01-412 -1-  9,2-7; V. 	= - jxo 41  3-0 - I - DID 021,, - c/22 --g 

X42. =-- DG7i.2 - -H.2= 0 	x  ---:-. ± IT 

	
2, 

(2.2017) 

911  '2414 o ) 1( 9  — L4-44 = 7-o ( 	t_ 

'247,i 	,-, _ 	 40 

one obtains: 

n /\ 
k2o4ef .4 0) 

X  6
r,z (Dam, 
:mks-IV) C444 (2.2012) 

e. 
•-14 	 (2.2013) 

(2.2.14) 

(2.2.15) 
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and the harmonic pressure function 412 )  is defined. by 

( 2.2.18 )  

In order to calculate the mean field, that means 	 -1 (4'159/ 7r./ 417-1/41// t*59  
we have to turn our attention to equation (2.2.13): 
Orite .0-erta-677,6; 
—2 5ati. `P) D(3-10) = - 7/0(99 	(2.2.19) 

where .0 (`9 is yet unknown. 

By taking into account the boundary conditions at X-=-± g:  , we obtain: 

1)7;14 = 2Y*0-&)42(a-  -11)) 1322(59  F N (2.2.20) 

7,,„(16) is a pressure gradient which contributes a "lubrication" or 

"plane Poiseuille" effect in the second. 0(4)momentum equation (2.2.13). • 
X 	 4 

E (.) f 21,„ dx - (2.2.21) 
2, 

From the 'order continuity equation we get 
A 

I I 	= C. 17::/tf 	CA 	(2.2.22) '1430 	 4  ca 

subject to the boundary condition U430=0 at X=-- -4-1.  2 	(2.2.23) 

0  ( 15) by satisfaction of the boundary condition on thi3 0  

14. 	=7: 	. 0  13o 	 si 
iza. 	_1_51) 	FO I ct- (2.2.24) _j  

From the boundary condition (2.2.23) it follows that 

	

(co 	- at , 132-09 	(2.2.25) 

while from the periodicity condition involving the pressure, follows 
2N: 

o -3ao f 13 )d4 
	

(2.2.26) 

In conclusion, one obtains 

= tib) (X) + ()C2= 11 	 2 	41  (2.2.27) 

We determine 
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where ‘,40(4  = -3620 
	(2.2.27a) 

From (2.2.1 2) we get /0,744 (X/56) 	 -Fcrz 400 (x) ( 202. 27b) 

(2.2.270) where 441 =-.1 ET. 	1'11. le 	cIX cern4;6112t. 

and.  /400 	r‘ w.  oc2._17)dy c1 	?̀t  (2.2.27d-) 

X 

..t v°  

Consequently, 

1)2114 (X/ 59 = 	/3-260 EN+E.4-cjr; — 3  0.13zoif cxz-4,-,) (2.2.27e) 

where the first term ga)represents the contribution to -'4-ifrom the 

Reynolds stress of the Taylor vortex, and the second term is the nlane-

Poisseuille contributibn and. its origin can be detected. from the 

Reynolds or lubrication effect. From (2.2.9), (2.2,16) and (2.2.27) 

we are able to calculate the nonlinear terms which arise in the order 

momentum and continuity ecuations. It is obvious, from the interac-

tions 
 

tions between °Cc J and 0(6) terms 2 that the fundamental wave-number .a 

and the second. harmonic 	are generated. by the nonlinearities. 

It is convenient to separate these different harmonics by 

writing: 

u= EZia,/ 	+ (-4 122 C-e-j 32  
(2.2.27f) 

1);12 	Q1 C(ri  

i;t74:zi 	"124 
with similar expressions for 747/ and 7-tz : 

The momentum and continuity equations at order 31"4• are as follows: 

[ -1-°'()-  - O g e-- 	4 lat./ a '17°  ---- ( 21-. 	) 	d  

— (A/1z +U40  co-i)+47?'-'1,,, ?;-/0+ j21.4..  u  +4)  . giri, 
..4_ 	 t_ __. 2  ) f, 	_ --) a -440  

+ -7,01 --Friii:149  44 0  c.77,-0;1„   .; 7-  —/' ' --/- -QAI-,,x  cd-d ' i  . + 	
ox 

T, Vo -,'-4-2 --4-. leTc. Vo --------- —T. V4 -7)%/0 —Ti  1470 +1-1, 	+u,,,,_2.4,  ÷ 

4 I 	
r 	gX—±5; -11-7a. -  -2, (3x,°  06,3 lb 	(2.2.29) 

2,10. ' y2-. - vi 2  ' ------ C-f) 75 	( 2 . 2 . 28 ) 

cl 	cr') 

a --G,   

F n:7„, 

9X'  

'10 WO ,2,7. -; -1- t-44,1 --- ± 
'-dX 	? X 

_L. Q149 

azp 
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Vogru4° 
gX 

g 'kr 	,z.0._ gsfy,i4 
CIX 	1 	D - ,.- 

, —2 47-̀ 2"4-4.0 cv-iy, 	(2.2.30) 
rd.x' 

     

together with 

!uro acri 4:3 	T-1/2' 14-0 I rd2142. 

2X 2•p' (2. 2.31 ) 

Fcr the fundamental component, the system (2.2.28) — (2.2.31) will 

yield: 

1.4.,11— (D-z-2,-),7;-4- al , 5(1) ced56- Gil-, (x) -i--477?.z ̀ 13it 64 i .2 (4 -i- { 
4_ cr. 8 (.5t) ..V. 00 -I- 133(1;) eiv.21 6) 	(2.2.-. ) 

(pc2:_m2-t44:24+,1-2q-c;v0 -1).„.../3(coc -.0.56. Fli (4 -h47,4(-1)6 Em2oci-i- 
-1--/33(ce 51.2100+T/ 13i1) Fii 3 (X) .1-- 
cr: c.2.2 To Lx) - 0(.2— 4-) 13 (4)) 

IA42i = D 	'12;21 = D cz,--t- X = f 2 	 (2.2.33) 

The functions Fiy.7/ and 63,v21 are given by 

P(21 	— 	(D2;L V' 3) 	- D 	 --11Q(1Y!1.2.V.cy.--/- 

d--Da- 	 (ei 40 4- 1,!:,,7-114 (2.2.34) 

/CIF') D 	Dzkivz 

(2.2.35 ) 

subject to the boundary conditions 

1̀1-424 	P“.727 = 	 (2.2.36) 

The eigenvalue problem at 0(E1/2), whose solution is (2.2.9) is the 

homogeneous problem corresponding to (2.2.32), (2.2.33) and (2.2.36). 

Consequently, in order for the differential system (2.2.32-33) and 
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(2.2.36) to have a solution it is necessary for the orthogonality con-

dition involving the adjoint to be satisfied, namely, that by multi-

plying the right hand sides of (2,2.32) and (2.2.33), adding and inte-

grating over (-11-, 1) the result must be zero. The same situation as 

in the paper of Di Prima and Stuart (1972b), iS  derivatives do not 

occur on the left-hand sides of (2.2.32) and (2.2.33) and is consi-

dered merely as a parameter in the integration, so that the orthogo-

nality condition yields a nonlinear differential equation for 

which represents a generalisation of the linear amplitude equation of 

Di Prima and Stuart (1972b), and may be written as: 

"51z2=9-_,rr3(.59cio-j + CT4 rfi 	Pc) /3(1i9 -4' 13369  (2.2.37) 
cl<t. 

„- 
were 	and r15,' are defined. as follows: 

(2..2.38) 

Q 	 ° 
The Bernoulli type amplitude equation is integrated to yield 

r3QM „' 	 (2.2.39) 

where o 
.eX/5E, 

	

	4)÷1 (-171  W3+7; c--05)f (2.2.40) 

--"Vz and (C-U1 603, 	ri c, 1,4,1 91 n`') 	(2.2.41) 

In order to ensure that the velocity and velocity fields (2..1.), 

(2.2.2), (2.2.3), (2.2.11) and (2.2.16) are single valued in 1), the 
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integration constant has to be chosen so that /3-2(96) is periodic 

with period 2g- in lb 0 

From (2.2.26) one obtains 

7- = 6 2  07.4 W3  
a 	W41-6 620 W  5 

or p-  4264,Tiw3  0 	ct) 

(2.2.42a) 

(2.2.42b) 

where Wit-7=64 -6(20W5-  (2.2.43) 

	

and Gtley = 	rig 	(2.2.44) 

Therefore, we have 

	

6,13 	co5- = T, 	 ", (2.2.45) 644 

In this way the function 'E.Mcould be defined by 

	

P-N 	C't4. \ I :fp 	(7 ; C:13 644)  96 	( 2 2 	) 
E(1)) eX/IJ 

With known numerical values of the constants 451 , P , a !fb , 17;  , 

rjj, TY and solution of the associated differential systems, the velo-

city field can be given to order E . This velocity field can be seen 

as a nonlinear extension of the zeroth-order reeultz of the linear 

theory of Di Prima and Stuart (1972b), which correspond to CW)here, 

r ee_ 
As far as the pressure is concerned., the dominant 0.4,c LL.ubrication 

pressure has been calculated and also the "Taylor-vortex" preisure to 

0(E) which is less important relative to the previous one. 

It is important also to give the numerical value of the above-

mentioned constants. Most of the information has been obtained from 

the paper of Di Prima and Stuart (1975). 

4?-.) 	3, -13 at, = - 0.1365", 603 =o, o o o55--73 

	

P_ .23_03 	= //6, go 	--- a o07-3s6 

z---  38. 	1175 =----2,3g 	= 90,2z 

= 71,42z w9 	d75-9 c-c4 	959 

2.2.47) 
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Finally, we now have the perturbation velocity field of (202.1), 

(2.2.2) and (2.2.3) to 0(E): 

GC - 	(56) j7,(x) 	2p - /32(49 P4Q.(X)ce-d.22p•  -i-- o (E 3/2) ( 2.2.4.8)  

= a-//z/3(0) (x)c-.0-6 +EE1.356) o (4+ (31%,[37 

13'-(4)) 0-14 a (x) e-o-J .217+ 	3A) 	(2.2.49) 

/32019q711.2,4„,.„,r+0(E3/2-)  (2.2.50) 

The functionstany/are connected to certain functions of Davey's 

(1962) papere --)4172==das follows: 

1'9 (4  -* -7 u-1(0, (x) -=-=',1)7,  (0) , , 41-2N ---=1  — 4-  t-Ta. ( 0) /07-71------- g.--2, Co 
(2.2.51) 

01_,„ (X) = - 2 Fo  O) - F, k c.-'--1_7,) ----  -4- F4  (0 — 3 a. (..,e-- -v 

where the symbol in parenthesis denotes Daveys function. The 

pressure perturbation is given as follows: 	dz. 

cf4 

	

 

fE(0)4'95 	 (-() 0 
869 (02—.- )J0  ey- (x)(2-0---1  4-1-E0QM-e-t-HN 664-T:4-40o ex) IL  

Az.  

	

+132'
( 

5) '• NZ (X) C°  `;`)- 	÷ 0  (E-.3/a.) 	(2.2.52) 

The (.1"-•  
ti 
 is the dominant lubrication term. The 

next important term after thaterm is theOCE-9term, involving 

9 114) and which is not given here. 	defines the amount by which 

the Taylor number exceeds the critical value, which is-L7when the term 

z- 
/2,of the Taylor number expansion is neglected. In the case that 

-40  it is possible to retrieve the results of the linear theory 

(Di Prima and Stuart (1972b)1. 

In order to analyse the interaction between a nonline4r Taylor 

vortex mode and a linear wavy vortex mode, we define a new parameter 
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(c'/&) 	
(2.2.53) 

and we make the approximation 

	

r F7-4 ==17-7.0 (o/ E} (2.2.54)

E P3  where 	( 0/ E.) = To -1" 
1-7/ 	

(2.2.55) 

	 ctith:c-zze, 
3( is the amount above the critical and is usually different from zero, 
because -T;; 10 in the non—linear theory. 

We also define qt-  == "0171/ 	(2.2.56) 

where 1)=-71/ is the Taylor vortex mode, whose perturbation expansion is 

given above by (2.2.49) and 2,-/ is the wavy vortex mode. 

A method to solve this problem is a double expansion in para-

meters, first to expand in d  in the momentum and continuity equations, 

and afterwards in E (the eccentricity) in certain integrals. We 
expand the wavy vortex mode V"'  and the .-*-owth rate cr La powers of 

as follows: 

,0_, =11../644.  /2,0-M0 +/V (34- 	 (2.2.57) 

	

0-7; +yli-v•Ti• 	crz 	 (2.2.58) 

/(%3 ArYntot-6?.?d* 	97-teelthcf?-t 	/1-7-7/ ,e)) 	14- 

	

aw-d- •ZP<< Irv. 	 UU 

We assume- the same axial phase shift as in the concentric case inves-

tigated by Davey, Di Prima and_ Stuart (1968). There, a siniq term 

in the wavy vortex mode corresponds to a cosilji term in the Taylor 

/ 	611 11-0 
vortex mode. Thus we assume the following form for CA- /1,' 1.'71)" 

	

16.0 	e'-77o7: (C,0 
= -e 

/0) — e 	1%).; 	(2.2.59) 

	

16) 	LUO7-7 
147 e 

/(i) 	&T-7;--0  /(4) 
--=-C 	/04 
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We shall consider Rck as a constant in the 'I expansion for the equations, 

and expand it later in powers of E in certain integrals. By using  the 

approximation t="--ET4 , it is possible to expand (e-T-7-1/(1)-7-1//A-v, 

powers of 	: 

Tv T4a  13(5690 	• I3z(4)1-41.2,c412.1 4  — - 
F 7; 

7,2",/,,13(i) 0c) 	4  Ef3ti9 14 0  + 2Cx°2- 4t-) 
4 4 

- /31(1),)c,741.i1-/- - 	- 	(2.2.61,) 

14 	 F   

An alternative way to forilml  ate 07-Tv/ 	would. be 

eltz  — 	-L- -)( 3/'Z  17-Tv3 	- - - (2. 2. 63 ) 

	

(A--v 	X (-7-va 
L" -TV 	/ 4 v 

, 

	

-6:_r_v4 	 -r 	ev Tv 3 	(2.2o610 

24 	- 
1,1)-71/ 	?( 167-tr-TV-1 	-2t1T/2 	7-V3 	- - - (2.2.65) 

6t it 1,-;14P a'z 	oz.c_ex /Pt, 4ay,,,24)-e cz4-J-477,te 	rdv-  4 (Moe& 
Aelgq-t 09+ /te)07t4 20-Air—A cVLe 	 -zzzAz,-L 
tip- caccio-u9tt 

z/zez?1. o-tez a22t724:471 c?zce 

-ex6aguean.,p4/t .efiL7,eqz, 	-67.2A 4.924:Z clierliecti girt s 
ceit&ilt-et4, 

	

	 Le 42ftv-Isz)z,z9,Ate-tp,,z4 	.vzz 
/Zed -a4an -= 674, 2eliV  &m 09/ -c4-e9r-e9z2z/  

2efte pr/at /Lceyeee4e9z47t, Wix .442-ea:cm z.,475- ).,-e.at-rw c)e-dea,e 
,Ve-td&s)z 	 x'Ae ecd72-ivi 	.ecc.e97,/cee* 
54YrIze. 1,0-e ilet-c( 	-tmcd-441-4 ,7zr-ie4 -fre-pa,t77-c/. 	cZe:/'zec ,ern. 

4e.  rneceAda)? 	re ./iv-dace cz92 
r/ e 4-8-&6-?1 	 ercen4e:dn Ezeriec-?i ei 

.acco-u9-d ;Me 	 eze_tad,6a,o,tthiz. 
-"awn4071, 	red-,e??.-Ae.ek.,6ctwAicrn,ly,L ;qe,"/-ca29411 iz-a2t 

ieva" 	ja` ge4t‘-etzit at-A/3) 14 	 -aa-vtA 
09e- ‘P/uxiivt ct2..v( sA'“.tvr (4e68), 

) in 

(2. 2. 60 ) 

(2. 2. 62 ) 



+ (1/47-L.'  —2,-4: 157;) 1-t,;(1) — 0 2  H Lt,r )  + 

(  ) 	 ,   9,iyieo 7 
( st ()ci s 	gic t c-lp ?X 	,r 

 ^ I 	IL-; i,,,,- (4, i+ 	 -D2/(9-0 ÷ 	 1  4 Ra t/ "c 7);-71  ) + V gg)) 

_,( p 
 G 7j 

 "4z ) / _I_ Vu  11-4 6 R,. (At/ co) + as c  2 (y ,I u  1 tii u .. = _,), Tv s j L  c 4 f I 4  

-4-1  
- 	t 	9 ( f z./ g-75 	2,i5 (-2,  9x j 

IR' Ilk. Uq7-1:r--:"I/2  D V 2 7-(4111) 	7., . ItQ,,_ -;:-2, -p... ,7...-7...-1,.,,ii 
•-• ca 	r-ijx 	--4.-  .7-.% 	i \A.. 	= ..r; , [..., „.._,...._6-,„, ..,„(1) ("3.3)  

The momentum and continuity equations for the rorder will be 

identical to the linearised equations of motion and continuity, for 

the wavy vortices, as given by the first part of this thesis. 

Ra_,JT,  (\ //)ILF ± Ec  R4 ,ii_!1„,,, E R,,k  J-41% UV + ??4)  IA4q4 9 

I 	

U1);-1"9 - f f2 (fp (-7-0-  --i-Ez -Ta-  (0 ))■peg —R,rkv 6-)0,44.140)±,p, 

9146,) 

x 

s { .‹ 
(2.3.1) 

(2.3.2) 

75 

2.3 Equations of stability 

In this chapter we deal with the successive equations of stabi-

lity for the flow, obtained by the expansion in the parameter 

1°ORDER 

I( 
ui 9  

c?)7( 
d ys_, 

T -41-̀-')-07"4)3_ 
(1") “• /I)  + cR rvL-,f—  f I 4  
Tr, .0 (2.3.4) 

This system of partial differential equations can be written as a 

system involving differential operators: 
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L4, u4"4) --F La. 141(4) ± Z--44 70,1(1) ---- 
	

(2.3.5) 

L21 U-41(4) Lam.-7).;1(4)-IL L2.9 1(1)= o 	(2.3,6) 

	

L 33 14:;"-/- L34/ 1"--:--- 0 	 (2.3.7) 

LIP161-41(44 42-4(44 L93 747" -=-- 0 
	(2.3.8) 

where L44 , Ld2, 2-43 /Lai. 1-2z, L.23, L-33, 1-39, l--9// 2-54z and 
are differential operators: 

L44 0.!!/z!
[4).3- -Ra--6:-1-P.) V- 

 

TL --2 - — 	Dr' /1 	(2.3.9) 

JD  	E c 	 Tv - 
Rctf EcY 	( )5)5 	?s 
	(2.3.10) 

Z--/N 	 (2.7).11) 

La., -.1,2  34/ _Tvii1/4-)7)+ acT U 4-E, (•,-14/) -/- 

(2.3.12) 

"'2 (-2-R J' (D-' 	(2.3.12b) 

-2 - 	 z2+H(Tt - 2 — c-5 ) j 
/ 	_ ,,.-7-- 	 __ g 

	(2.3.12a) 

L33 --= ERa71/2V--C2\7- -71-p-1/2k v, - uz_.-2.--2z- 4.-3--) (2.3.13) 

Liz/ --=-. A 	(2.3.14) 

Lq' 1-cdt)x ct4-(5) 
(2.3.15) 

c1Z, 	 Q (L) (2.3.15a) 

L5t3 = 	(2.3.15b) 



In order to find a solutiOn of all the partial differential equations 

systems appearing in our nonlinear work, an orthogonality condition 

involving the partial differential equations has to be satisfied. Let 

us assume a partial differential equations system defined by the 

equation 

,L. 

47 I- 

whereLV is a differential operator. 

We multiply by the adjoint -eand peiform a double integration over 

(0/22 in P and (4, i) in X , as follows: 
.2.7C 2 
f 	, 	+ 

(-12 Lej ug)d-k"ci 	 fj '74--; 	d V-,  (2.3.17) 0 	 -1 
If the adjoint and the boundary conditions are properly defined then 

the orthogonality condition is given by 
-VC 

if -17z , 5i ,tx T' =o (203.1 8) 
0 -a 	0 -1. 

where L  is the adjoint differential operator. 

L 	o 	(2.3.19) 

together with boundary conditions forms adjoint system. It is at 

this point, that me introduce the partial differential equations 

adjoint to our.  Tartial differential system, for our momentum and con-

tinuity equations. Let us denote the adjoint of 7W7), ,ew,,e9 (e v,;j  
by { of

'1FIL/ 

By multiplying the differential equations (2.%5) to (2.3.8) with 

(“-+/-1)-+/-W+//11)respectively, and integrating over (0/270 in 56  and 

(-4, +) in X , one obtains: 
.rf.  

ra.+0(il') (L44 414412 '7e/14 ti 74(1))-i- 

(2.3.16) 

o 
/M I 	 73 11M+  

1)-71-0(,c;90-2,7 L4(4)+-/ 22, 14(4)-/-/-29iP, 	 24-1 ck)(L-33 7e.4 



( 2 . 3 . 210 

( 2 3 25 ) 
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.4. +(X /  9)( L94 CA1(4)+L 42-te4)--/- L ti  3  	11 cixd 56 = SET,,Lx,59 

4. 
J 
 El 2-(x  1.4)---2T-- = dx + i f 114" (X151)  (4714 a++  4 .2.-1)-÷+E4Y 13-9* 

- 1 	96   - 0 	o _ 2. 2 

+14-"4)(-kiv 

+,,_ 	E 931-04-27c/X d? (2.3.20) 
where E14 	2:21, L  i E.29, L33, E35/, LH/ E92 and- L93 
are differential operators as follows: 

T-44 	717-g4 	 §7.7)ci'v)+vit-V- 

4 	 ?,, ry?v 	c: 	ax 

-1-z?71.1:-C+ 	 (2'3'21)  

V 7)-- 	-1- 	2-1  faX 	 rafL 
- 	

C °(15L 	 ‘‘)75  
c -)k: ( y1)  ( 	cR3a7 fc 	 "Dcl' (:P (2.3.22) 

11-Lit 

7///2,Q 1/2, p  (J:52) 

4 	O 
	(2.3.23)  ,f 

1f ?(‘T'A( 0,E)V- 
jo 	r p 	?.r 	- 	f (),Q,  

0--  

where Tc. (0/0is defined by (2.,2 .55) 

= --ERc  Eu e22

-0)T + 	—&-(°( 

cf)40-, + 3f6 )56 	L7j 
21-2Y -c-R°%E-T1/2'  12;; 	( 7--'-v-T; 	(2.3.26) 

h6-f-_ c  a, 

ocF-10// 
E-F ax EJ `)T1. f-2-7 



(2.3.28) 

ax 

(2.3.30) 
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L33 = -ER" Wiz  ( 	- 	U fitz,33 V5 4)-1- 

J4/241Eqv 	 42 2a34Y1  

+40- 2 +.2 (D -9-- + 	 (2.3.27) 
f 	W. ,  'DY)  

La y = 
1/2 
2X 

/7L.Q, = 	CRq  

E43 = 2- 	(2.3.31 ) 

4_ 1110 )g (u+ T) -1--ii-j(4)-1-CD".1) 4-cti 	7 
lo) f?? (,,ur+j_.1 

` ' —4  faX - 	%"' . 	1  ciW 	
i 	(2.3.32) 

T2,(Xl ii9 = ER 0,%1--  - - —V .114 -T — 	 'R9 P' 9—(4-7-4)-a'13a-t4  
-rib., 1 /, IN) 	0(2 Qt;10  

Jo 	k. t rD•rt' 	‘-' -.J V  
, f poc3., ig (.0,111 u1(1) , oe' rik-  pii-04. & -j-i_a vijit4)'E..,ez.9,4-1(1)  + 
11 i-c7R: 	( j)-I 4 -r-----,-_-_,Q, -,P I' ' 	f  • 4 jp. ,-s-#--:± y+  

. 	kif 	
J 

 

L
I— 

4  

V /

"   
+ 

÷)
k 

	
/6t1 (4-+12 	-) 	(2.3.33) 

The orthogonality condition involving the partial differential equa- 

tion adjoint will be fulfilled if 
.2IL- 	 _l_ 

X.-z--. 12,- - 	p 2., 	56.=,27C. 
f EI4  0(1952j 	d--11 ET(x,lb279 ,,0  cix -= o 

x.---L 
o ....., 	_J.. 

(2.3.31k) 

These two conditions will generate the boundary conditions for the 

adjoint system as follows: 

and where 

14 	
._.../4z ;(4). -t- 

f -4- F'_a_. 9 T  ,,--itii] 	 2„E14(4)+E,QctuTlz-v,.3-27A-ff_o_ 
v  J , a ro, p 2,15 , 	%i 	,  

c{ 	,...0_161.,,J,Th _0  ___J  
n  + I—  —2__-7.6' °< 	 ter,, 

	 j 
— ----",T.  L'.4 	v I I 	cm 	 f 

..__... 	 -J 	L_. 
f 
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(2.3.34.a) = at X =1:1- 	4  

. 
rw 4. and their derivatives with respect to 7S, are periodic in 

with period 271.- 

The boundary conditions for/b-fr are the same, and they follow automati-

cally from the previous ones. 

The adjoint partial differential equations system will be given by 

L 

 T9:+411/3-uP+=o 

+ 	 /0± o 
L33 '/A4-+ 2:34 	= 0 

(2.3.36) 

(2.3.37) 

(2.3.38) 

-i- 	10 = 0 	(2.3.35) 

As we shall later see, by expanding 0.0;1t4/14)-4/0/34) in powers of 

it is possible to retrieve the adjoint system of Di Prima and Stuart 

(1972b), page 403, equations 5.7-5.9, and their adjoint system corres-

ponds to our E')  order adjoint system. 

ORDER 

1-4/ '( U - a 	' 7_—a u g 1(4 	itz9+ Baj_____(1,,:,,
/12) +Ecp g()-e ,.., 

/E  R6k %.1 	- 'D X 	-r-  d X 	X 	a  r 	61/47-5 

( — Ra 2  — II'''') ( k/a1(')-1-- cs ,   puv-H/ -Py 7 ,TfZ2  I TCot E) V71(4,-, 

.  	h 
s r-it / L2)     	2'1 	 t-2-) 	a r  61_1(2)  -i- 

+ C  r c<T-12  (.7 )----22tif)/—  9-  (r.-21)eitf(43-4711-1('14C7c--‘°/6)-71171/4+  `‘,., 	/) 	2`fr f 2X 
+c Ra  9____ („T1 7 ut 0 ,v _Tvi  ÷ 7,,i (4) u _i _v/i)  _,T IA( ,i() sva-rvi  + 

14 	172, 	 i 
 2 	RA  CV-Tv4  ÷647-V4 )--(-- 

f) 	'D ?s 	W)  
— 741- 	r  j  	u-1")  7v /4 	(2.3.39) 

4-  9 Ct  -r-V4 	10-  

F 	 f 
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I ik,(_1_()V it4 	U21)-/6  )) +.1-1/21Z, , ( Vgq,-") _vr_a/ -0-11- 
c Wc ("4" + Rc'- ?x / 	f 	t)ii5 	at' 

ce 	T'4) -d-Vc1:(4-+ R,, (lit") -1--2__ ,g (jrA) ft"-2)  U ------ 

	

,1 of i  , - ,  „../ t  c 	vyb- 

T 1/z  c( -7' ?I /4V  4 (Te __2_ __ec7.----.)-77-)__0(-2  H 1,-1  '2)4 

	

ci f cRa  --a t, 	d 	2 ig-g- 	° 

÷ 

p c< .2,  _.... c<  2. (.i guff.) i  gi  c  .,7 _ 

J cRa  1 	
)9 u "311  7: TA 7 a_rv4g-al (4)  -J C 

	

( , r 2) 256 -I-  g-1-3  j'V 9X 	 x 
+ tem) d177-7-1/ 4 1 _ c  R,,T ia.  g 6,7". 	. v_1 &V) _ 7,d--711 4  gfv-"1) 

a f  

— c2c,  ' g 	 -    	a  i (4) _ L  ,z-r--, v /0)  7j  
c  Ra 9y5  i f  ) 1v4 

E R T14" (P7-(Y 1 t)  + -1- T /- 2  ' Pa\ 1)7  -  1)  - " 

u 

(2.3.41) 

(4 	= 	(2.3.42) 

It can be mentioned that proper account has to be taken of the linearity 

of /,'"' terms. 

It is convenient to separate these different harmonics by writing: 

U../62)  = /!_411)(X, ci)/C) 4-eqt 	+1-e-) (x.'1610  + 1-1:2) 	zez:71-221 (2.3.4.3) 

-0-/(4,..„ A-44(x, cp.„--c) 	t: .÷,z);/(4(x, 	+-/ 	(vi 	4-,:r4..2•I (2.3.44) 

141- 	ll-2)(xt 	 --/- -2-(e(2)(x,t-c.) +70-2-1(2)(xl -r) 	-22P (2.3.45) 
1(z) 

cz)  + 	a, 	(.7.) 700 	, 56., 	/ , 5DI 	c2A, (2.3.4.6) 131(2)  = p,"2-)   

X 	f ()4' 7114  
tp 

(2.3.40) 

\-7-  
cc) 	 

) 2x fv( 

(ax 	f - 	'a ci6 
— 	f(4) —v:-4( ct_rv-i 2/7-0--/(-7) 	1(4) 9 wi-Tv4  6 tr 1,0- —j 4 

2X 2X
RA 	 gq,:yiN)  „ (-0 ') uhr-v 	g /-2,0- -741/€19 

T 
7141 Pa 	TV4 

c,z)-160 	HA) 

One obtains a differential system far (44,74i  (74/(4/-4(2)//3/2.) 
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L44 	±1-49 

L24 (4(2)  

At 6-0 _ Ei-,7 14,;(4) 	(2.3.47) 

(2.304.8) 

L33 	 <6 — L31, , 	1(-7) 	5; 	f(1) 
7 4 	c,c (2.3.49) 

/ 	„/62) 	„,,../64 
L-94 	 c",./ 4-1....i43 1-(41(2) 	 (2.3.50) 

By multiplying the differential equations (203.47) — (2.3050) with 

the ad.joint 	 respectively, adding and integrating in 

X over the interval (.4, 2), and over the interval (0,.27c) , one 

obtains: 
d_ 

0 = 1  
0 

from that relation we reach the conclusion that Cr"* =--?-7- 0 
,) 	,/e.2) 	. Differential system for ( (-to11-2  '1?;/eq.) 	, 750 	• 

(2.3.51) 

(2.3.52) 

1_44 0 140162)  11-  Z-1.2 1)-0/1 2  ) 

1_24 u la(a)  F 	-7.Y•0162)  L 

42)  

1(z)  - o 0 — 

(2.3.53) 

(2.3.54.) 

 el 	a.74--(4) 
L330 112)—  cr -12.13(-951?; ‘2.7,; 

.2Fq. 

L „it/4 -r- 

where 

L440 = ERAT I/2( 	-117)) 	tv) IZ 	V 	R  f?.1, aray, ( s_r) 

Lea =E-Rck (-'7%-?7÷142:fRa(4-1:49- c.(fIQ`lu*°(211- 
*rely ---(iLz -crciL) 	(2.3.58) 
L-330 = ER J-1/z()a-  ttjf2 V --0-L.2-Eu0 (2.3.59) 

256. 

(2.3.55) 

(2.3.56) 

I...2-6(T) 	(2.3.57) 
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It is sensible to assume: 

ttoi 	ii7;11.2.) 	 / 1.29 &::. 	(2.3.60) 

and o (.2) 
will be defined by the differential equation (2.3.55) 

It is clear that the interactions between the Taylor vortex terms 

and the wavy vortex terms, will generate the mean term 

the harmonic -2A, 

The differential system for u-21(.2)/ 'VP)/ 

1 / a) and 

1_44 z 	±"1-42,1e2)  L49 

Q 	r /(4) 
+CRa  yic( 	4 

pp), /3(59 fc-r,(0() 
2-7:T4  

v51(3. J-Va /14  t(4) /l4) 

p•-• a,/0 	A,11/2  ray_  g 4,1/1) 	
'1Y";1(1)  C12A9_7  

/9(59 c 3s 	I 
L.21/ 7462) 	Effl Ob 	 

_ c Re), 1 G 	(
4 

2/u(1))  1)\  f&tp) gS6   

v- 
rM  

L 332  74r..1,(Q)  +.2 -A 	{ -7-1/y 
-7-1-//z 	iv  	it* 

ui --.200011-0  

/3(. ct 	2 	4  If 

2   )m44 	 0 (2.3.6  
where 

L4.12  = RJ -1/2( U,-(621-x  4- 2,4 gar 4-Raf-,)3(f/-2) 

	

— 922,  47;,) 	(2.3.65) 

lj J16.2_ „1-2?11. (' V 2 ,F 	-- 	1-514.J-141L 
'?,)( 	275  216 / 	 f 

OPL"—lo.2-1:() (2.3.66) 

	

L33 = & ,T 14' C4 71- 	g, 	-- (Te -- 4(2z  -- t-cQ 

(2.3.67) 

(2.3.61) 

.../1().1_47,12 	
r):2 

(2.3.62) 

	 eLQ 1̀0-"  
L cr 

Uh .24,22_ e-J1? 
(2.3.63) 
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ORDER  

I 1_44 u./(3) - L42 -v- "3) + L4q '(3) ,--- — CU:a(,C"—jo --!--((Tp)1/77"-i-
+ cTo LO/E) (q)7 v4 ' '11-1('2) -11-1-7/2.• It "4)) ÷ c-R°,./)? 	z - )("7-V4.1). -i-64-7-V2.1frif14- 

112) 

± U.1(4)* t71-T1/2 + I'Lle) 177-V4) 73-1%-?-x• ( e47vi ' "1624 a TV 2: ft") — 
1/41_7011 ckt (ez/Tv _ooL_{. __.(1 147) + ,o-- 	ga / 	J&I) /)6i-r142, 	/IQ) get 

1 Gt i 

, 	
4 9 56, 	TV.2, --- 4(7)- 956 	Q y1_7_ +.7) 	 22.4) 

91 	

2 'i 
(2.3.68). 

,74)_/(4)raiuTv.2, - ,w_ /ea) 73a7v4 ,z()_,Tv4 9t263) gare,u 

ep 	 y 

L,,, ,,,, //3)_it_ L', -0.-"3) IL L21 / /3 1(3) = -6t -1 ' 111) —J IA ("71,4 11+141- +14-7-1/2 -eaxi (I) 4- 
+ ud,od-7)--Tvz _,_12e) /),-17--rv,9 _ c R.k.‘71.4 	(-1›._ _ . ,..,,./(24,7)..742.7).-/e-i) _ 9 x 	' 	2x 	JD 	22C Tv/ v r,., Tv,/ - (/ 	'-u i V2  -\ 	,w..1 (1) 9-2)-7-v.2.. 	w_1(2) 9 "zfrrvi +. g 	— (dp 	 --' 9, 

9 r 	

QP 
f ray- (`-/ j) ( 61--rAl 	÷ -riz' '?).") +al"). '1-Tvz+" 

_ .2„«2 	!IQ) 
„ 	-1--tt-rv-_-,,,.b(1(4). 9, —1T -1 1 C. /NA  (2,3.69) 

t 
2X 	Tv2 	

P 
Tvi • (....1'-t" -+ tc _J--/::-, ( a 	 0-,;),,zt)-, Ira) 

+ a
tti) g 74)--ry,2, 

OX 	
_.i.. u./(2.) 22e7-1/4) 

'fix 

1(3) 
+ / 	,„,,,_1(3) U, 	 v  

where 
/ 

L-41 
= Eizaj-/z(u9--fP)+ R`‘,71/2. \/Ii 9X   : s 
—1-2"

n!z' G!°! (2.3.72) 

f 

.= ER, U 	6R fA 	+,?-T -)— °YER6kU 

Lz— 
r

— 4. 0V 	(2.3.73) ci 
L3 ,E k 14 U 	‘11/2' kt V — (j-e--?z r 

1,041.e)te 	 co_eNeckd- 	,,c213-x 
)zia-.7(ke ,40_1247, ire-'1-teX 

1%3) 	/13) 

L 1 

C Ratz' 
c — v4 V2' 	 + -7Y -Tvz " '?515 

+.2j./(4) gv)7-/2. via) g 21)÷v4) rd 
(2.3.70r 

1(3) 	
(2.3.71 ) 

2a. 



/2-u n 2 /(3) 	i(3) 	C3)iJr 

.„.„).113)= 	 sql 

/0
1'3)  e3)  - 	-x(3)41:it .2Ap = 	7:,,-G27  

11.3) „).6in.3,/p 

+  • , 	 p i3C5102,„  (a) 	

17 

7;14 2. 4-77i  4 (2.3.79) 

4  4 + L___22 -72'71(3)  + 1_ ,1: 	_ 	,77./6-4,)  tt i c3) 	 (3) 
" - IA L= 0,D -7 

g- 
(-1 	 zf 

1(z) t.42, 2.3.80) 
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It is again convenient to separate the harmonics by writing: 

U. _7: 641  41,12 	 6/3 	 913,2f /(3) . r  /63) . 	,(3) . 

) Differential system for I /.(3/ q/../ (3) 
 1-0-

/(3) 	/(3) 1
4 	 ' 

4_ CTe (o/E)5(99 	aT
7
°/E)  elf 2V 0 a 	_ 

/ 
 

z 	-7  
zgiti2j

-"t 	
/3(.?  

2-16 	i 	 7;t4a' f  

1414)L z  _ (t). 	+ Cji; (X.:= 41+ 8(63  

(2.3.75) 

(2.3.76) 

(2.3.77) 

(2.3.78) 

r24,1 * 	/-4,72,/..) 	/ 
.277 
u 

'714 L2,  	 ,(56) 	w.,(4).___. 
2. t, 	

) 
 

(212 te2  ) — 	C / 71 I14. R 	g124+ 
2-1;lb-P9 .r& 

+ 
7-4-
1 2( r3( ). ("lo — 2-4/2) 	 _4_ /3(63  a :cb 

 _ - 	+ v_t_i___IT-3-466.).D(5.,  ,0  A---.2)  
• d x 	-17/ 	 ci —  /\ ( r-I 	. UN) r- 

f 	 -Va 	.7 —1-  - L132(16 	J71-1-2-  

- :142 "54) 1-17:-A[ f_3r112 1.1414)3-1-12. -1,"L)1_(:71±1(4"?:12)-1.- 

i',7-12-)  f 13011._ 
L °9°  r 	) 

1_52N - c 7-  

-r; 
213 (Is)  ( lje-.162) _ so) + 

174 	 k  

27; 
412)  , qr-c-; ,„2,_ :ill 4. 13615')  ) LA-  9 2TI-1/2- 
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se.,/ (3) 	, 43) 	c_ F- ,-,A)-31) 	r-D  /-33 	 -/ 	422. 

_ 2D ,)11-22j+ -rtz 
9.A-T-7 	4 1-/ 

13 69  f-  t,t it 2) 
LT 2 	 D1462)-1. y..„27%);W--i 

a 9x 

JD 	 aTivi  - ,x_ri 	- 

r?‘24 422)  ÷ 	 4)/ 	tem / 1,t) 	,a5t, 13'21 	 (2.3.81) 

L1/7 4'3)  -71-42-4(3) +43  ,-2,d;-7v=  o 	(2.3.82) 
A shorter way of writing the differential system for ( 14(3)/1;1"neTrit39 

L-14 (1'1 	r7)?" 
1C3) 	, (3) 	_ 

I-21 	--i- 	11-7 	I-2,9 	- - 67:2,74 + 

1‘3,,) 
L-334 -ft 	

4, 
= 	74);> 	ZA 3  

4 L to  3)  L 	L 1/3 	= 0  

(2.3.83) 

(2.3.84) 

(2.3.85) 

(2.3.86) . 

Once again, the compatibility of this differential system (2;1.79) - 

(24.82) requires the fulfilment of an orthogonality condition invol-

ving  the partial differential equations adjoint 

By multiplying  the four differential equations with the adjoint 
t. 

' 	PIA> • • b / 	/ respectively, adding  and integrating  in X over 

( 2 1 .4-), an(1426  over (c)i2/)ire must obtain zero. 

Finally, one obtains: 

172-. = Cc& (T-V-  -/- 	C7-v) 	(2.3 .87) 

where 	,=-- frEt4".1)“-+-L-A-1(4),0-++ 2.0;1C-Itu)-11c1A c( 	( 2.3.88) 
p 

a-it 4- 
and 	ff'4  EA 	 ctx 44' 	(2.3.89) 

t: Cr V = ,e)j die  fr-o-w-t4 	1,6--/Ze9.2 	 744.t.  
(IrtPite-K 174-4-7:Ze. 70/zeeni.1-04-de ccf2.(7v) CLe97lteA ) te. C6Q-1Ajta 

i)2- fr-er7-4, 71'1'712- 14711:CA a)7,C4e.,3 1-)Z4771.- die 47V-P-C1Z9.Ce 
J-Cuy-e.e,)L  177)th% 02-1-o-cle, 
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2.4 Expansion in powers of E in the integrals  

We expand. e (-1? "4 /71-1(4) 	/14 74/(4))/  (cCti  	-ti-/b4) ct?-ycl (ItA.Cgi) 	 l(2)) 

in powers of E. 
1,1,41(4) =6740  T E a44  a2-6,1,, 	- - • 

+ E24/27/-  • 

F 

t c7,47  
• 

Oo 7-= Too 	E 9e7,4 -1---  cro'z  - — 

(2.4.1 ) 

(2.4.2) 

(2.4.3) 

(2,1/. 3a) 

02. 4'. 3b) 

Tc 60  /E) =T.+ 84"-Tillo) =TD -1- ellz÷R-15  
Ra= (P—C,)-a  =C1C-14(Tc-±d)ft =(1,Z)(-F,121-1- 	• (2-1/• Lkt) 
Thus we proceed. to the solution of the 	E and E2  order simplified. 

quations for the differential system (2,3.1) — (2.3.4) 

e' ORDMI 

(2.4.10 

I , 
—Mai, c (7-; (210 	Y b  1v ) 

_ 	 , 
40 — IVI '1/40 + 6' g  = (2.4..6) 

— 	q440 C' CO0 f7Z0 
	 (2.4-.7) 

	

at 	 (2A.,8) 
tx 

1,0zone, c..7-13 0  ,r), 	el_o_77(.."4.771.7 /-6,cae 	20-22.79-y- 
v--eiuStr 	 E.-- 0 cundT ---- 1695, 
After the elimination of -247.i0  and 	° , one obtains: 

	

1-16 	 (2.4.9) 

= 19-(4)1. (x) 
	

(2.4.1 0) 

where (-0.,0) are providing the eigenvalue of the differential system: 

IM22, + :12T Vb;., —cr... Aid-, = 0 

t??, - /vi;. -i-v;,, 2  .0 

..---- Ddlvz - - si.,r,- = - 0 a ± x=±: 4:  
o 

(2.4.11 ) 

(2.4.12) 

(2.4.13) 
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E ORDER 

By eliminating  1.0.714 and "II/  , we get the following  differential 

system for a14 and 4 

iviz 	+.12-7; va 	mc-L = F)-(t) c  e-615041-1(x)-1- 
47;-14-clicki9 E-„,o0 -4-cc7g44(16)mia4 (41'5  

&PI BI:.19C6 (1)-  64„ 	 17-7.-4:1 6°14-)  zo  _ 
cll. '1"' 

— 6c7O4  >96792,69 	 (2.4..i5) 

where — 	(J44 
	

(2.4.16) 

and where E114 1 F41  9, 6444 (x)and 64/.2.60 are given in the linear 

theory. Once again, by multiplying  with the adjoint 	, adding  

and integrating  in X over (-4, 2), ire get: 

1-r:16-  61-9( c—Ils  ( 	a(4z)ciX C - -1)(0) f 4j.  F144 +go+  

j (3$.  EN,/ +;.±rifig)dx--= o 
A -it 

(2.4.1.7) 

—z  
z 

where F44 	,A11.,(X) (2.4.18) 

	

644Y = --61°C) 
	

(2.4.19) 

as defined_in the linaar theory of this thesis. 

Dividing  tho-equation (2.3.17) by f 	e;./.2,+2;.1-641.2.) we have the 
-1 following  ordinary ail' f*e r en dial equation. 

do-ti)
—  Pc 0-3 1-) —LE:c7,4)/9-('Sq (2.4.20) 

= -e c-r"lciF-(9) 	(2.4.21) 'We assume 

Differential ecuation for ,F(4) 
r JP/ cil) A IA 	+1;qn, 	(1-1  c-a-A95 	 Go40F659 (2,4.22) 7z -T: 	dth 

where 	-;4 = GrO,1It.-1-1-cre711:. 	(2.4.23) 
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By making the imaginary parts of the right and left hand side of 

(24.22) equal, one obtains: 

cr. 	_ent-A--fla'  
v 04 It- = 	 16  

(2.4.24) 

It is necessary also t take into account the periodicity condition 

in 	with period 2A% , it yields 

0 
	

(2.4.25) 

and 	 py01;(71*--,f)  
on56 	 142, 	

(2.4.26) 

Consequently, 

— tc4„Al 6.)L-c., 56. y, 	AT.:14'127-f- 	(2.4.27) 

bb.) 	51). ix) + ein—k—roit 	 (2.4.28) 

where/9'4/p) andq3, 43) provide the eigen value of the following dif-

ferential systems, respectively: 

/42p +21,. Tv, VI I  -970 Al 	-62270 (X q"-1.-),,, 

ti 	+Cro-071 (ri2CX  +/,) 	
wa 

= = 0 x 

+zol-).0 0-P V  25 ,* / 	(2.4.29) 

—Pivrg°  (2.4.30) 

(2.4.3.1 ) 

(HI, + 2 -1: v. — vo, Alp = (V.-  )1\111e 

=-go(111 -4-,) 

= 

(2.4.32) 

(2.4.33) 

(2.4-.34) 

We note that 13/p)-are defined in the same way as in the linear part 

of this work. 
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ORDER E., 

By elimination of 	and 1412/2, and use of some previous relations 

obtained from the a° and E order systems, one obtains 

- M 2' i'112. 14 	 z+6;. 	z = 14(99 c-s 56 541 (4- ,  

ke2 	(0)  f7 
4  (

k) t 	1,1  F9233 ib 	4 

-f-k2  12)-(9 Ff.24L 	13LO) ao-d a , (X) -71--AT.-"2" 1/6 9 40V, 6  Fiz6 	-+ 

+71 	5  N59  Fla? (X) -I-  C e7nA-7:74.19( ) 	1525 N+ 4 	qn 	/9(96)F-430 6i c) 

,in2k2 J  EF;; Q, (4- -mg9e59 - P3 ±4°719 ick99 V 0 8,7 

(2.4.35) 

'3;-2 (-C79- 4;12- i91()60-s5/- /..7--7/z "I 	19'1N)m d56 

'771- I ° 	/94(56) 	L (Y9 ev.?3 (x)+ k 	(x)-k /9{579c0-i-25& 	(x) 7L. 

+ 	4z:en G,f,q (X) + T ce-fi 73- /,-(56) 0,_22  (x) 

7;11z t9 (5*-e-i 56.  epet-0 ) 6771-Tti  19( 561 613 o (x) 

+ qieTo EG/132 (X) + yja6,9 

14' =Uu>z= z=0 C X=± 

The procedure used is similar to that for the order system; it yields: 

%T."' 	 M 	 ,966)3Tf2-1?7  41:72 — CO-0 .2`i&-/- 
ei 

-1-6/MA z c5 	T 1-70 -1-.7 	671Z 	 re 

Cc-7;-,a  • -6-1 = 0 	 (20)+037) 

Using the periodicity condition /(-Z-17-)-----  191(0) 	(2.4.38) 

one obtains 7; C 02L 	 17 	 (2.4.39) • 

(2 . 4 . 36) 

(2.4.36a) 



and where ('?"4o/ 0/ 	91/ 44)/ 44)/ 442/42)/ q43 /;4 3), (p9,;,,,), 

(2.4 .410 

P2t?;pTIT(' (k7;1/2A, 
_  PG yt ,/)1.-974] 

C; t2-12 7, [76.  ,v-cm_ 	c.:9n -kT,  aqg 

where 

00.2. = 	2./t 	2 

(2.4.4_0) 

(2.4.4.1 ) 

/91( rib) = 9 (ifiji 	

kre 	

41:IL 56 T./ /76, .4i■ 21 I/ 

.2 	f7; 

By substituting (2.4.4-2) in (2.40 27) and (2.4.28), we obtain more 

explicit formulae for 14-#./ and 17.:// : 

- G444 =ik59[47 

 

P2 	256 	7 	b tn. 56  

frit ((et/4h - 	5it7 

As far as (24z and 4./z are concerned., it is possible to see that 

- 	= 9(56) to 	2 44 f1-7Q  CO-S a56  -74-77:%-irn. 4'113 -I- 

+7-; cci96-  ?Is -IL Y-1  "1'-  

4- 	(  P-2Y  P  f 4)  f?,:9z.z5' 	-272.2 	4e-A5 -/- inz  2z7; 	- 
_ -0-7- _ Ti 	4t.171-256 	c:171 -5 	q•3t.fiz56  I/771 	 1€2.7 	(2.404-5) 7;14- 	 .2-7-a-ftz 

= (d)) 	±421.-/-7 -/112ceriz. 	 3 

I:9nN7:ek z IL  	 -1477CO 5;61/.5-  f /7214t`71" "41-'59  .P vz 	a 1 

(2.4.10) 

(2.4.42) 

-F 6,7n ( rd 	 -I-  y ry71) s•  41;n 25b P.7 -  //- - 
7;', 176 	56)  

T '41' 

/.h.'!2 56  --/L- 

(2.4.46) 

91 
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( fri"Ciallr)/ 4.-16/46) and (g---Avig) provide the ISigenfunctions of 

several differential systems, as follows: 
M 2' j-40 -I- 2-2T; U. j0 --e- v; 0 /I-40 = F../.23 +2- (51,, -1-17 F41.2.) 4- 5-137 F././3 

i;fo - M g.10 --I- 6 v7). 	--- 0423 F r,z-A ( 6444 +P G.44.2) 

= D3-40 7"--140 = 0 Ga X=.---_±1. (2.4..1+7) 

127y. ( /42--44 -I-- 2-2- To V. 	- Lq. Iv = --2/7' + 	F443 

i/14 — Mpli+ 67 3 	= 6:-/Q.5e 

o = !!_ U 	 (2.4..43) 

IV114,Z -IL 22. To V a 	- t: (2730 Alh2. = 15.25- + 12:7 (F411 -PP ff112)÷172F4- 1 '2' 

y-42, - 14 jii.z + 4:g; op_-,-, =-- 6.4.25 -I-- 1 (64,11+P 64,4 --11-- ik 641,Q, 

ir 1Q = 9 P2 	
:-= 0 4;1- X---= ± .1-- (2.4.49) 2 

W143 -/- 2-2' T. V 

.-t45 - 1\1 g.43 +CS r 0.0 

"7/3 = D  ;13 =-- /3 -=:() 

-67;0 .A7 	 — P4 

- 64.2.6 P4 044.2. 

4,- 	(2.4.50) 

(142p 4-7 -1-22 7; V,.-/-1 - /-::( 7 - o . P-/ ,14r --= Eko +Et (Vo-Opli-D-q.Eti. 

1 Y-49 — my- -1 +(-v7,0 	--= 0126 - 5 (V. - i.-); -17 G,,,,, 

0-41i '--- DPtt .----d-'4 =0 ,,I-, x...,- ± _4_ (2.4-.51 ) 

_IIVI Q14,5" ---F A-2 To V. 	— C. 7-; c. M Z---hr --= 522 —Pg ri11!. 

- 1\1 4 	 — 6,11-2, 

1Y171S-- 	 0 4th 	± 	(2.4..50 
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M2  '/f6 ±2.270  Vo 	- - i-c7; 0 frig-it 6 -"="- Fi 3o - --fir- Pi(/ t, _{ 

--,16 - ivi 	+6.7-00p6 --' e4S0 + r 9 E 

p6 "---- D?'16 = 1 --= 0 cd-  X` ± ,̂ 	( 2.4.53) 

1\114F --hA-2  Tr, Voocticr — 07;0 mit? ,----- F-7-3.. —  P-4 2.  19, 

4,  = 6432 4 111-21, 

E°ORDM 

aX 
0 

-7; 	- M e+ cr,-, 01e= 0 

=0 

- Da! +2_7e 

After elimination of 74-i- and. 	we obtain: 

uo 

oc)- R 1756) 	. 
(2.4.55) 

y-4?

4.1) -41-4S --V-re =0 it,"/V =-- ± -1- 
- Mg•ig +67; 0 

(2..54) 
Expansion of the adjoint (C4.;'71----/-/-W-4/0-1) 	in powers of e : 

u:"4" ,_-_ ut -I- E U -I- Eztt_z+  4- - - - 

1)---i.  --= 2)-(,-i- E24-++Ezit-..f..+ - - - - 

4,0--+,- se:J.-J. a 2e-f-E -7--/-j.i+-6. - - - - - 

where (371+ 
	

) provide the eigenvaiue for the adjoint system: 



1" ±fr+- 6 U°  ° P1211-  = ° 

94. 

 

az To  Vo  —Mal! 

 

(2.4.56) 

0 c x 

It is just here that we retrieve the adjoint system of the linear 

theory of Di Prima  and Stuart (1972b)/  /a. 1/03, 2q, 5:7- -5: 5: 

1E (mum 

m ct-f -47z-e:7;(A4+ -rt 	v e, 	 492eit tr,, ut- 

-(4,y +4)co-J.1,.-ly;+-errs .e• 

-A-7-17-2.
✓

2ceTi6.D.1-,+i-ckez9ft  

/4144 	 -+ 	 dio ?. ':.+—Qci)-J 56 - IY3ie 

(2.4..57) 
p -- 	— 	f gut '24)4  

r-  We eliminate 11,4 and 'pit  and we denote u1-{- 6t 	(2.4.58)4 

An alternative possibility to fiarmulate our differential system: 

za'-' +74+  — c: cr; 0 14 4-f.  19±(1) co-3 tfr Fr: (-x-) -44-1; c1/9-+(54)--f- 
d .56 	.71.Z- + 

(-7-01 Pig! - 13 4-C) 

2: -T0\10 u14+- I v1171+  --I- 	- i;CO4 JOE- /9-+ -1-19-1W)cierJ.' 6-  G;//1-1N+ 

kr:// c#11-05) 

c1"76  

aX 

(iv) 

"4 := Ot;±= 1)-+= 0 e%F. -  X = 	 2.4..59) 

where 

F4 D14 (X) =±A),1,7 -i-  MD.9 -c --2 LQ,6  P2g,I.  

PiTz (x) 	1\11,÷ apt 

(2.4.60) 

( 2.4.. 61 ) 



+ + v  1  + 

1\1 2  171 	4 — 1:-Cro cl I  I r it=   r4-pI 1.4 — f7  F;b12.  (X) 

..f 

=0 x=4-- 
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G,74-4 (X) 	62.2  To  (x2— 47.) yo4 
	

(2.4.62) 

G4:;2 	V. 4  +CNDib+ 
	

(2.4.63) 

The usual straightforward procedure yields: 

4T 1/2- 	d'917515)  (—r7c&-yi 4-i-Ecro.-0R4-(15) 
° cA& 

. 	(2.4.64 ) 

with proper account taken of the periodicity condition 

fi(2Tc) =el()) 

we obtain the solution 

f9 Ct) 
	-12n.0 	f7(44:1156-4) 	

(2.4.65 ) 

Consequently, 

(4:1-  = —A2E9-1( 'vs) - %F, c 
(2.4..66) 

14-1-  = /44-69 	Cci).-/-072ATo.)3)-7L  (2.4.67) 

where 1 / 	2 2, 	j 	are given by the following differential 

systems respectively: 

(2.4.68) 

1\42.51— 	cic; 0 	Vc, 	—c 

2.2" To  Vc, 	 - 

g -----bi--- 3=o cd-  x--- ±-1,- 	 (2.4.69) 
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ORDER ez  

1{a write down the momentum and continuity equations at order e 

u2 	v-o, uz --??/x3:t  ,t10 	+4-T,t/zgAz  —1/jc-056.?,,,+ 
T 

4TI .9 	L, 	1, 177 	 /4+  
t, 	( 	 ; 	 2x 0 	 // 1 	 zSixa.gid__tgAi)71:0_ 1(t+  

47-014, 4frit  ?Lit 	c_o. 	gz644-1-  4. 3-* 	2Q'ut  

	

2,1( 	9/10a 	°q' 

	

///:( +4) CO 56. 1):/+  -FL 4: -+ 	CV .2, 	CA4-Z— c1-172-1. - 53-2,-++ c clx 	. 
±D.,,,,,,.9.zr0--_,,, 7,  gi-41-  + i gPt7  

	

X Q- ,+<._ j 	(2.4.70) 

7—To  V, ut — MA+-i- 6 QT,',, 77;2+  --=.2c_k/f/'/A.'56. Du; -I- 67; Cx'•- *)c4-d16- 4,1'4- 

+ Vo  r--t-f: I-9   IA-  (I,-  +T ut E3 (-e:-47)--47-0 14-  Z., 4-Eqz. cis,-t-A.  zcz6e--1-,21÷ 

+ —r—'17- flo /?-&-/ii--W -q-A-Til/2-4-5-711, x- -ze-7-1-6-k7,-:/z(x2--r--id,A-n-06-1-- 
/ 
I  -I-  'frT;  Vo 21e  --1--k-ezz' V e q1-±  — 47-.--/  / z  -7-?-2,  

4  6  k-ei, oc,., 4_) ivi,9,7);+ ,(,7  _ 6 k-r0.1/-2' (x z— .(4-9 4-.:,,-. 1,-.+-14-C:Wb'A7(71-4i6tle-
L/ - 2;6 

 

— 2, u_vis 	 -ii,.,+  _4_ 3-t- c,e,--i-Z56  22'U-c t. 	 c4A -2-g ì'''-÷  — 9, '7 ,-/---  cc7c;zze-i- d)('' 	- 	:7., 	.Dx-2. 	c)-Nc 	1  

V .I._ c fi-7:411)/41+  + c k 1 ,,  	 -- 	_..-7,, 	re- 

- iv1- f-++6   Q-0-  a 'tot —i1 31  - ke A . ( U.,  °' t̀o.  +  +9 (7; -7A);÷) jeltb all  ) 
oc 

73-17c cl€ 	 --1-,.2c_i4e241:714,1ce 

'dX 9x 
— 6-'7;4 	c:g;g. 	co-i4..?2-1+  + 3 -1-ci,-.;.276  rd".07,+ 

	 .2c 

Lvo 	  
-̀"D 5b° 	

t 

6 (x2  {-1 ) /a-iy2t# 7,0-0 .2.- 
 h. v -14)„÷ 
c(D 

ka,P-zdz,+ 2 

ci+ 
PA' 9x (2.4.72 ) 

where Lo = 2 0( 2  -- 40 00: 	 (2.4.73) 
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V.24 =(x2:-  /--0E1 (4—  ,4)(1-.F.) --X2) —c-17-472---xz2j (2.4.74-) 
If we denote ttl- 	te.  , we obtain the following E-z  order adjoint 

system (By elimination of /4-  and le and knowledge of some previous 

relations obtained from the E e  and. Z. orciar ad.joint systems): 

N (4+- 	o M ulz+ 	= /9-4-7.•5') 	+ 	de  i-(59   
01,6 	41  + 6 rat 4T-14  f34 5 - 	(X) IY710)' F4+3 PO ±4219±(59 F;;9 

+19= FM F (X) C4n -2-1' -1- krc:i4!9-4-(P) 	OCVd*1:51' +7;-/ CY" 5-P9 66°b1.  

C -kr -I/z  P -21-0 (x) /91LN)Ce-Vib  -,2- 6E771" -47;1  /9.4() F430  c)+ 0 	4 

+ or? 	Y):)L-F32  (x) [31b M 	
(2.4.75) 

a2  To vo (Af2+— Mee+ 6 	uL,+ 	0:1')C.1-4 Gtil  
747:1/119%-t (5  9 

Gip 	(x)-41  ° 	(c75). G-Hei(x) e(56) 

	

-fei9+(1).)(7!;,2, (x) +/-9.-/-(b)ce,, R ,.. 	 (x)-/9ity5)4„:,,,,h_ 
0 	, 

(izv 	 G/2glX,) /9-t(79cV-6'iS  

• rin  
-17-izz 6/+30 00- /9+M +ortz-AzT, B17 f 

_ 	/73+;4-21tizit  ), 

2 	

v 0 6-0 
„1--f- 

7" i9 142  =." 

where 

(2.4.76) 

(2.4.77) 

F4 t4(x) = 1\110z ----2-6 cT,o by" (2,x 4,„) 

F:z 	V 1\4'?-t 0 

eii c f  (X) 	1\r" 

(2.4.78) 

(2.4.79) 

(2.4.80) 
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F413  = 1(4±44-,)ft -(mDz-cg-0- ,, p)(_237,÷-3--0 r72: 	+ 

+ 6 P x 	+3P Cx2:- 	 1- 1 \ 1127.+  — 

- DEVe, • D 	 (2.4.81) 

F42ti (x) = 2 ( -+ Ccro" 0  c Dd.+) 	(2.4.82) 

.2, ( /21'--:)(, +4) +16X(rDit,4  — 	(X 2:- 1-1 )-1/2jMyt+  

riztio  	D1/?! — 2(MDz L 0;0  D2)(yrt-2P 

• c -z_D(3.4.1) 	 (2.4.E10 
I26(x)  = 6(e-4) N, 	Pit c4. cid)1/(-21   
• c-P (lot' ) 	Pfdlb÷ 	/4 	. -f- Vo  

F,Iy,  (.4 = 	V0  t90-1-  —c i);,+) 

e129 	= E6 (X 2— 	 V0  — 1,--)(n/-T-.20")--1-1,Lmo-74" - 

-c2L:7:"D2S- 	
D(3A -y--1,--71)+PV.N1I+,124 

Filo 	- 
F412, (X) coS -(t4,— ) ivr2+ 

= 6,;2 To (x z— -(0.3-=t —.21)2  

6,-1,-; 2, 	= V 0 ++x(14 ccr.. O 

,);4 3  G = -23V. 

(x) = /- 
G413  = 3 (x2- =4-- )E2-'  (3,÷-1-1-) 	(-24+ +cu D ) 

+ (ND- ev;„ D)62;,4 11) -1-11)2,„ 	+c,P 3, ( 2.4.93 ) 

64+a, 	= 2.2  7; (cz_ 	)3-+ 

G4:25  (X) (e/0;11) - 3 (X. 

OvlD -c )( - ) 

dlt - 2 .017. DX+ 
(2.4..84) 

(2.4.85) 

(2.4.86) 
(2.4.87) 

(2.4.88) 

(2.4.89) 

(2.4.90) 

(2.4.91) 
(2.4.92 ) 

+2c2."YX -1- 2) b VOy+  (2.4.  90 

f4FJ 

c  tz,o:÷ r7:- 4  C-PD310+  (2.4..95) 
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646 (x) = 	v D - 2.2* TaVai 	DC (77  +) 	cg---g,) 

c (M — c:Cro-  0  D) (32-t --F) 	VV 	(2.),-96) 

(-2;8150 - 	Er 	+c 	Dyz,+- C'7;04°2;421 (2.4.97) 

(X.) := 	(yi,+  r7,5I 	(x2) 
±c(M1)-(:-v-0- „D)(-2 -2L-1774-P 

- - a d 3.] 	z. 

1)1L.2c, LI, c PgU0- PV 
(2.4.98) 

f , ) 
119 = Vo 	(M O27,4  crio  (2.4.99 ) 

643 (x) = (V L' - 	- E)gs -c- (14 - 

G  (ND -60--„0  

(2.4.100) 

By the routine multiplication with the adjoint respectively, adding and 

integrating over (-1, 4-2), we obtain a differential equation for 

47-01/2  44- (1')  -i- &PM( Pco-ivs-1-6 ,-/RAT: 
(PP 

6rimizT017zeo- 	- 4z-ri ..41 7  0-  -r 

_ 	 fl‘ ca-10 +crnikr 
; 

it yields 

(2.4.101 ) 

11
r1+/,.4:\ 

r/ 	
.177 

4 IT-) 
/77 0 01 .2 75  

7: -112' 

(2.4.102) 

4  

1)-4-  	

.1/7-//z 

+= ABC 	 -1_ 17z2+4 in- 24' 
T4  PG, 11-44://27:7  

4t4/z 

Consequently, one obtains: 

‘F)  

+6/7'it (.,@1/2•54 	 =it) _ T4 P4 ?7,-1-  /›.6  . 



1 00 

and 

— K-i-,, ----22.0-+(99 	-t- .,q4 -I.-1 lic4-d 2 ci -47::16X).C.91.0-01/L3 q- 
{ -1--erntki,-, it' A ,.,). 56 + [12 (17:7;7:m  %"- +  697L 17Q'S  -4117)/}i/.*1-  2 

-+ P (171.AT:41' -1.-zikii_ ck --f- 7 (-PL.  cv_j .71:1 __. -T, 1-7,4101_Q-5&  + 4 (7,  1 r 
▪ • 

- &x 	1-76 	fkat_ ct.  ± 	  i -11-(29t7;?-rao9:,--1-tcpj (2.4.104) 

i =---A+(`b) 	-t; .-i417 -1 --/-- 9.2. ce 2tfr 1-4- 

	„i- 
t/4.70-76,  

4  Cot (11.5-3÷- P7..5±i  )4-z,ry, 213 	, 
a- 	1'/M 

V + tat:qt. 51> ÷ 3 

- 7; guny +7,, 

-7;/ P6 417(11-Q-5 	 A 

(74 f-T; Pc. 

where 

3 4eqz.  56+  Cc-n.174  - 
-7;  7.2. 16-1-e7x;%27. 1  

(2.4.105 ) 

(Ft; , 	t 	ry* L g"/ /pi) / 67-4-2 13/ o/ 012/iLs-, ,Pd) 

( 	-÷) 	
/ 

46V/6j  and ti 4r/ /V provide the eigenfunctions of several 

differential systems, as follows: 

(PI 

zrio 'Ca; 	/V2-:t)  . 	Fi-a + ('/-,1 R F(t) 

+ - 	/64' 76÷  A,27-0  V 0  4 o- - 740 	rr-el 	
--444-/- 	2) 	

- 

413 '4 

7()  = 	
d"--  0 c -*et) 	 (2.4.106) 

ivi23-1-4 -f-A--6g-c-)0 i\q--1-1_,  12  

V 
, 	-I-- 	m  „--f- , _ c,-f- 	_./..  ref   ,::::+- 

itz  To  ve, -,1/1 — I - 1 - .1 71--A/c) 6041-1 ---- '4,2-17` 	'5; '4/3 

1-1-  b + -  - n ± x- ± i_ ii - 	--, - 	---_ 6-1-' 	2, 	(2,4.107) 
+ 171  ÷ -f" '''• ÷ 

f --2  , 	I a, 67; c, li -1-.  - F1.25. --F --1--,JP4-11-P FliQ) -+ II, Fn -2 14 ,e:j ---  1 1 1:0+  

)12

• 

-  I v' a +60-00 -1:2 -6425 -1-_11  (6414-P GT,t,) +I-Lem z AzT0V0 

• 

AA + 

.1±2 =---- +1 `off    x----- .±-  -k, 	(2.4.108) 



Mzr3 +q43 — 6 Foo 14 3 = F426 —111 F./;m ...{. 

A. '2" V„ 	1\1 	--i-c7; 	= 64÷a6 4'4 G:T,/,2 

+ 
= 1/ /3.= 	 X := o 9 ) 

(2.4.111 ) 

101 

M 11Lt "1" tt - 6 To. 0 Mi'Y ' //IS ± 6t (F-44;, 4 -1-- F4;t0 — 174- GiTz { 

2.2 To Vo i-Szi — N -iy -/-67;.0q,y = 61:2T-t. T)/ (6-4f;i2 + i--- a; -4- GT-tz 

F;b2E P6 F442 

-----, 0 0,71: x = 

+ " 

	

l!i2 T/6 	46 — Coo 	riT 3  

T° Vo 9-4 - — 16 1"L Uoo 	' 	"1" 

46 	1/6 	0 	 (2.4.112) 

4+ 	. .1Z 1:517.1-5, 

	

(1\12;1-1g 	—(;V:;),) r1  , 
4_ 

F sz -f- 	/ 

, , --i-- 	.--. .  

	

.7L---2. To Vo 2-4:y - Md-bi +17 o:11- 	(-43q, 4 1-4° 644 a, 

9'4E' =D •---fix, ----- g:' — o ,.., 	0 a 	a. / - ./.. — 

ci 

2_ 	

c., 

(2.4.113) + 
V 

/fQ,) As far as the a expansion of 14.)-c, is concerned., we have the results: 

(2.4.114.) 

  

where 
s /(.2) 	1(4 

tlrf.Tc, 	— d--00 + E st,-)_,_ c 2,  04 , ,.... 74)0.2., 

._,,I2C-R.) 

.14104 =  -/.3 	Li, ,0_,,,,,._ ____,_:-.72 )) 

i& f '4° 	(irilitRi° 1144 

  

 

c156 

(2.4-.116) 

i/9 =--Di-4149 

M 2- 3//t-S-' 4- 

A2/ Ta 1 ' -44-- — M -is- -i- b g7,ogt,s- = GIL? —16 6,t12, n÷ 	-4- 	, 

= 6 a t (2.4.11 ) 
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where " tc, sit/4  and -A42  are defined. by 

D24to = P71 -6171-DID -gb P2gb P DT (2.4.117) 

Z.-A/14  = 2-6 D2 	D22b 	) 	(2.4.118) 

D2'fi4z  =g-0 	 (2.&.1-19) 

boa 	f113 	71-11  ce-d.Q?  2.77A 	 A,z34-vnti6  

/t17,12' 	-1-r7;12-k77:,liz47m-56.-4,25- -frii-tz-Aa-f; 	+ 

7/ 	 e 	 .±7
4
C
1. 

 
1.-ro 
	 IgF 	1b+ On i71• k21 -h:fItil2y/dir 2 	 t77t R: M/9/37+ 

+  c 	,9 _a/74 	7---1-'-c.4--i 75-i-ox.Az7z--430 ± 

	

22L-v--  c116 L__ z5 	° 	- 
_IL .4,,,( P2z1=.  1:qp_kez r +477  R, 	 \ (2.4.120) 

.7:77,-7,2) 
where 

A.2.°  , 421, 422. 	z3 
r 

given by simple integrations of the following quantities: 

1N-20 	al-. 07-10 140  D7-). — /71 19  .321)   
171 	

p?-d-- 

+112-0D2'14 -17  2) fri c 	27-/) 	(2.4..121 

DZ'Arc. t - G-26.7'z 	Cifi'D2-371Q 	 z7;-0 D3- 

- ttf? 	 -  cji7T4 	174 402  	9,7 ,02 ,  eP 
11 	v f 

. 	, 
it  /1-2..c> „0 	

A.3Z 	aid 40 are 

+ z 	PV0pia  cPD r  g. 	40 

D2'A .qa  C3z2 Div 	•(yV D7-4g - 	D211) 

D9-=A 23 	el° 

(2; j2---61* 4  i--- P(3Doq°) _ 

(2.4.122 ) 

(2.4.123) 

D014-'014) -1--  
(2.4,124) 



(2,1.1 28 ) 

1 03 

D2p- 	- El= 	D2-, c-1712-. 	 D 	(2.4.1 25) 

Dz$ 2s-  - 2 ( bz  ?47- 	— 	 (2.4.126) 

(r.„ D7_48 1,,,F*) 	(y,„D,7, 

(2.?-.1 27 ) 

Vi27_ = 	—9-4f4 1)7,) -+ ca 	 _ • 
az: 	• 

00 3 	Pfi c-1), 	0(7.1  + 114 D,0) " 22'Y-41  
_f- 

D2*-k-z -z 	iD/6 "j7,/g DZIO [7: 	)3.0 f cP (N-,'?  7 (2.2,0 29) 

DV -Lao ----**Eg--/ 

V --- 30 	b\ ,i) v 	6 3 

(2.4.130) 

(2.4+.131 ) 

If we return to the ( U.1(4  I-1(2)i 	/(2-) terms, given by 

LC/ (z) 	4/(2) 	(2)  + t-gz)4-1:92. <24 

el{ja(4  20:11(:2-) tys) 

-9-un 	70, _6  422(71 -22 (2.4.- 32 

and we expand the harmonic 

as follows 

/ 4,1(z) ,..1).../(a) 
L '42 v / 

42) 4-162)1 
in powers of E 

,162)  IA2 	= Liao 	L^-2 4 	V... 

(2) ,04:!,-;7)..) ,v27) E--2,7)-1 

,,a62) 	%le-2) 	,)142) 
z-- - frt/ ap 	Z Q21 	C 	- 

( 0:z) 	E /321 	"1-  '- 
1(2) z  /(2) 

(2.4..133)  ) 



ga) =-- R. 1  c. 
cict 

U
.-1Q. 

j'211".  
-7-44 4 	4 

(2.k.135) 

.z + wz( 	 mtgaq-f- 
,427; 

fi P13 

A3 	 8 	'3'13 1(4  T: d  
P 42.-qt216  7:7A2,14  -1-/13,1.72( 

/o  
C(73,  Li 

I 24  
1/1.7a 

1 

104. 

one obtains 

i140 UH2o - 

.21413 g4,-hz (2.4.134 ) 

412 

'14)-'12)  °( = 9213V/z D 
 

412 

We shall later see that it is much more convenient to formulate( 14- V' 1 / 

with respect to 477,1 c119  
.-6 	

than with respect to 

As for W,1.24  ) 2/-1()/  "74-1(4 	/(4) 
-‘ 	24 / ai one obtains 

)9133  

'Li 	c18.   laic) 	ft/3 z/ 	° 	 ' 

.01z-izc-r3  .13 

-, 	T1/' d13 	 + 	- 
p) 4 	 D?---fri..z,(11 ,06'n  

(/) 1/2, - 

	

2C r.  11.7- M;(11-: 9 2fYa12 c6. "S1-‘.7 	(2.4.137) 

(2.4.136) 

,2-71-11.7112. 	;.a.grlygifitt7). + 
C12,/;ein0.0 	r7 

127.01/2  

26,7n,177 ./.104.9 71-  21,7 CO-1-1 	(2.4.138) 

where (p1o/c7.21.0,-7-klo,/-1141(.11e(P11/.74:2-74/t211)4.71^(1212/91-z-AzP412/13a12) 
are given by three systems of ordinary differential equations res-

pectively as follows:: 

--ro Voc io ?P-210  
dX 

1 	(D2- ) 2) 210 	- 2 Vo 112 

	

( z— 92z)-74):2/0 -1-2A7 uo = 	Vo Pj-4-m -C;1721-°) 
.0Y2io 	P-14)-2l0 	c-( 41R, 	 (2.4-.139) 

+2 Vo 
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(Dz-1-1.2,z)g--2-74 —T. X605214 X 
214 r 20,3  + .2(4— 1_.)-4/2 

(DZ-92t1211 1(a D;3 -7LIZ Dci° —; 3 '91,2b ;°)°,1 
	

412, 

_!d!=!!!2!'.!2!1 vo — f) DI-4/z 	--07„ D2b)— 

073 	D23A 
D 	44 1-.2.2_!C!112 (2.4.14o) 

61./12i . -2'2 —TV°212 	/°272  
'Dx 	D1D. Dzi - D31b) 

Pz( Dz.- /122.2)  412., + //.2(x -1_(L)7; 	(5/ -t•rf',.)  
 .z 	2 

+.21' V 0 

(D2'—'7124 	= 1171C ) Dj —67.,Da ) —1„,009„, D 

—11" 2(4—c21/ 	+ 	194,4 + D.;- -1, 4 '61,;7D 	°Y1 	2P4g41-2,2 

(D2- 71;010all 	;lit -CL = ;d1----E, D3 14-tz-ic-P 	 D 	-F 

4 c-4_-i(-0-Lbp,t, 	D3-) 	 — 	+237 ' 

D 	2 +,2 itt2. 	26V--// +CT7g414 	4-i ) 

169 	 1(2) „  
and'uaz are score lengthy complex functions given by: 

at) -,r r 
= lL, 	y--.za0 -1---i'-2-1 -147:i/ 2 4-cin* -IL- d',--Q.2,3 c.e-.3ci&-i- 

T 4 

aiiii -3 ---.1; --i-4-6,71, ,b. 
2 + In2leTO 1 

	

I/ 	51:17122 56 +•7g3,2 2.7; . 2 2 6 ÷ 

-47-0- ' 

co-.15b.7t-ctk-ezc4-Af  
To 	 g23;1 	4 

-I- 	7-014-4, i-zafl c-e-i Ii6 I- 76. /4 Q210 — )1.:2.sz-3)+Ign (222 T. 1-n z 0 — 

— 7:4- ;-/0 /Alm- 5'2] 	-4?"-T-0 	d-213  234 	(2.4..14.2) 



+ 
J LNio (4- --1-7 01  +); 

Pl-t).0+1147 -t- S(t7+  Eg'( -̀(42 t4ct 4-12 	-1" 14/%1470.4 	14144-1144141-4-  
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1)- lea) 	43 
-22 

= 9 
 { 220 +42,22/ -f-  ?eel  2.22/Q--  

I/ 	
-`71.  -t'aqa-3ce).J2$ 

4"1-3t"1/1.9;22  y 	 t;(7t 

--/-/2 24,  41;q7- Q1:71 + 1943777  .7ZCai56  0..22g+69n  Al2-4+ 

-1,--ri:P sdarad01.21)-,210 	 cf). 5 - 229 C&. 	 2 

+ i7n(-Az-77, d'13 
230 - 94-1:14" /7 )2 -to 4t'72-75.27+ /17/2.6  677Fel-z31  (2.4.143) 

where (1.2a0f/Qc)),q2.71/6,1a.2.1),(1.2Q.R.,p.Q-2),(1-aR,3/0/.2a's),(p.25V.2Azd, 

	

0225 /;..2.2.5-)/ 	/e72 6), (y- .z .---,67qQa7-)/ (2y28 /c7z2,39/  0-729 

z3 CI I 	"2•44 	234) iwz4. -ki-urant. eigelu:n.ction4, 
Let us return now to the important formula of the growth rate: 

, 

	

4.-°; (7-11  = o 	(TV) 	 l2./4-.144) 

where 

fi ( (44"4)  U+ -f-741(4),0-+--!--14-1(44") oi --'11 C/Z0  EZ4 	dx,155,_ 
o - d- 	 o _ -2 • 

	

"
141 	t4  ,4 	

j 
0 

4- 	 d c4r, 

4- 

	

	 I  

27C d- 

lz=  f E 	 e -20 +-42-3c)-1-  NI--;0±',4±2-z ÷-u)-74-230÷  

:2a 

	

at, 44 	1). 	 '1'4°E.---Z4) 	c-C .2-42  -t- 	-/-,2;,7_3z 
° 

	

U4± 2-41+ It1+224 ±1411:7-31+ 0 -1---1-2L 	14 530)j cixcl75  

(204.1 4.6) 

where Zoo, 720,2.30, 	,Z.2/, 2-34,:rz,2",z-RZ3zare algebraic expressions: 

240  = 	-4- 027:74r .s67, -e-af)-1-c47-___7-;=40E/32m140-4-9.2-6x-v- 
,_5D-ti9 11,--i_a(0)  r 	 D(g,n2 .r„)_ 	ttZ)j— 	41240 

	

-2,  Or 	271/2. -7;12  

2 	 (2.4.14.7) 

	

-4.4e 	viz  20 zi-z;  lo  

( 2.4-.145) 
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(34,1E 0221"  ().-1Z40  + 0741of (2.4..149) 

2-44  = (A- 1-)c,e5b- 1):10 +14,z7,+ 	 4E32(19.010-011-)÷ 

-DgD uivf -70)27-c-e-7:1'- f (s9  a Qua) 	geL 
6.2-Tit/if /)$6 	(D 2"•(?°-"4---')+ 
	 c1/3(_99,v_ v, 	41-   -C1130) -7  1(4 282n9 
Tr 	4°  iriZ  2_7;1/z —c-0-674P 1):2z'f T 

z2' ,f 13(1-.) 
 ' 
r- 

.27-4 ctgo DA- - 	13Y5') L_ 	 "- Zri  
E)- 0( _71+,-x—a I 3N)  T-- 11.) , 

6  --' 	 P71%.Q-(1+ 
1-32'(1) L7320).  1.)(cr,°-0 - TI 

C T 	f ()) 	1t--9  77-  

+13(44 Dib-v=" - 213(` (  1'4 RI I A, 	 21.1- 	24  
/1.21 	-2/ I 1 7-- ,A  

213/59 	so-Z141 13(.56)P2b  u.,/(;) 	13Q(,(75)  --,--7/ T1 	 1 '2, 77 
	 (44,

' 	
(2.4.15o) 

9;  

2,6 

14  

T:z -  o 	27;172 
1(2) D, 	 345)  1 2 11-e-g3W 40( Tf 

a-4z (2.4.14a) 
/3(79   5-.1-T   

	
1  

	
D 27/z L

.4L 
 27 	

41,+
L 
 	412-- 2 	 3+  StA7 

 

±g--0).(7 4_ a (19 qz, 	r3a(.56) 	D.7.4/.2,  /32(5 ) 2.7"40  ..20 	LILT;  --to L,) 	Tr 

/141 
442, 2/3(59,3,14:2.o  

1.2  + 

2-1 	4 • p-  ax 
1() 	 gc,142)  c e7 Tr  L 

1/2- 2SID  
Og-44,2, 	 618(4e+ 	[5-166H +;=.--&1".)-t- 9x-ri 	014' 	2AT12, 	Dc )  

2-1:11 A Lvd 	27;Vz 
4.7z  , _ 	t 

C 	 27,-/ SL2T, 	
p fce-7 _ 6.0<t).75. 	E 1740  

-1 13 	172?1> 	42) 2.2q-4'a 	

4

u."-2) 

rf3c(rt)  r- 

(2.4.152) 

(2.4.151 ) 

13(i) 



virz) 	av 	'r4=122.  _1_17 
(-tv (4,)21 U-77z-A7yn  

4 We_v 214-g, or  
- 01.6 al rj 'tY'jzzl 712t7 

- 
C-17Tgi 

4-1§i 	÷W- '74 	
(r 

cr4.  at'  171.11L21 	27/-91-2. 
)ral  T—i9F 	TLy 

&,/%7Z (r11(kC' 4e61t) 	ej12/ 

-'`1,-ja • (k,"I 	771,14 v 	0,),e21 

	

Dri,44-aeG(.7fri 	0,2s, - 	-0 -1-1Tbts, 	--t-  -(bv 	
17  (0 gi 

cr: 	, 	( 	r/Iri 

deC tr 151_7 41; 	()7  

	

re)/ v 	)g (9Qt704 4- 
	 ro 

1'C  (9V-cei 	(r)/(6  or1,17271A-r 
frit 	6A-2g 

( 	i."?` 3) 
c  Cc/I 7.7 
	

L.61fr 2Y2 -T6-  + 
(ae-o?) -Wtrg] 	 (9VV21 .r41/  

9f'r 	pp 	!2:6- 

11z° 	7 , 
iv'f'zifq 

66)E1P---T — 14z -61" 6VE 	÷ 	o 	1
t  

56P 27kft-z-  
17,  P 	2  tTATP 

,L_R-4_v„-%±(yo--0/-e)-(cbhci7l- 	-,(̀14 	?-,,2--,y-J- 

-F47774/G--(17z7421-7-41?4,-47  -kg-77 Qbg 047.? 
	riaL  -7 ,r  1.2° 

,11 
-fr./  
" 615)C/ 66N_/ 	W27-F- rg  - 

zz.„, 	 
Qt1(1(5)V eirald (C6)Cj zZ'I'14;66.211-1- zgY 	+ 

_LP  I' 11  	(r4f- °b  e) (C)TC/7 	4- °47, — --1- 7 z' '26 ' 4w-,e-"6-wrq 	 

	

° 5:476;67C.1 L as-4- ed 	-D rep 	_ 	e p (k)9 °/:) 

V 

/7 t/l '7' 

tirIn6 VE7 cor-%ly (r)/4" 

rrn Gba (rk” zwi cc), 

904 
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a D7 2± IL121: 44  
3z QT. /a 

azN9 co-Y./6 	 /32(.0  r tt.22.2412.1).-24.).77,31, 	 40P 4-12+ s'ATI 

y-412 DQ -I- (342r_  P-A2P- 	.+12.p-24-:2112)  
4 -- 

__  13( 415)c ,)-675 	 ", 
- 	 u, 	-74-t(2)+21' P1/4-ill3+ 	-1_3T;l(- 2   7  a -L. 2o 

T 15. 7 v 
n , 	.7.1 	,p 	(-J-1,3v 	 /2) ,z,./4 0, -Piz  daz(t /3619 2-14"2)  

c 	y 3 L 	 PS2472,  cir2(19 • L 	 + 
-v-"z  D;•-z, a8159 

± d 	 (2.4..155) 4, 	2 56 
We have the following important formula 

(2.4.155a) 

where 	was previously defined as the amount above the critical. 

-Stability considerations require that 

,2e)r--65±1:_-. 	(2.4.156) 

which implies that 

= FzorGa-kzT, 070 Cr—Tc) • 2..Q.,[1:&:2-  (TV) + 	i=o2 (2.4057) 

If the growth rate is equal to 0, then this will determine /7=-F7W1) 

F-40 

TI( q71) —T 	(3 	P  	 
vte  

As a first check of this formula, it is possible to retrieve the for-

mula for the critical Taylor number of the linear theory of wavy vortices. 
a7ti 

▪ a- 	g-j° rc. 	7,72-4/2)v 4 a o-u4)  c/ct x + kb (2.4.159) 

It can easily be seen that 

LI' Re  - +Ea( )+- (2,4.1 60) 

-2:t1 	 7112- 

	 cil[3(5=,) 	
t27 a75 

 ▪ 

7-7 dt 

T i  



3 Z.40 

110 

Consequently one obtains 

Crn.) = +82-1— 113 -1-42f79 fr/L'AzTa, /7401 

L 
which represents the linear formula. 

It can be shown that Re_ECT(TV:70)-1-e- 7-,;(rV?]=0(E2) 
CO-714-e7er.a+,7t-fte Avth 	4-11 62. 9: iref-il qnctort-zitaz oft), 

and i.or7ri 	X,0 	,70 
17-7 _ lc, cur;  

ZE ..27c 
fr74,4--Zo 2O+ 20 +74,+-230)dx 
0 -4  

499,94-(4)- EH !G119)dxd 5  
It has bee0 

n found that 

0 =L-1,(0)7_,2(y.) 6;v2 ,„,+ ,.7 _9(0) 6/1423
(
`501-filL09 

and 

`M A-1-(c0E32.(4),FA,21(x)-i-g-(,- N23 (XJ T4  

In conclusion 

= 
.27F- 
	f 1 [13t,i9 (1.+F 
Ji 

GN 24) ± 

 

-27C. E-77! 

g: (ID 51.23 E 	.2 /i; TI 	 icr°7i: 	_ 
3Q0 • ;• 

;  
T * 	 (6 Qo P 4' Ĝ  64, 	5 /

) o 
where use has been made of formulae (2.2.38) and (2.2.42a). 

After some lengthy calculations ona obtains the final result: 

Re [Z. 2 (TV =0) t (TVB = 0(E-2) = 
7;4e. 0(1)z1-et9rm axe ca.72.0eaT), 	0(6)-&-)Z9-PPS air-epadiMle:91t' 
where E.- is defined as follows: 



E = [cc, c(4o 	Afc(i+ c?1-7---] --1--/711.2*ZTo Ec2+ c(42 G7  + -r 4 
aTC 

( °_*3  +0(413) f 132(7S) C4$i cN. 	+ 47°1/   c'(495 [3209A92M7S+ 4 T1 
° 

-+ c-±4f 	 c15 	T;),P32
(b)c.4-Q0d56— --1; 	0 	 0 6 j 

Q/c. cir2---7,-Py. Pv  „.3.(45v,,,i,„/,/,÷  ",'?i, 	f/3(5194-Een 3,•c,(56 ÷ 477-;  icz: --i, 	 /g--17, -274 0  
..2/c. 27C 

+  °  3z .i2z7_, 	az(6,)Co.d356c/7 + it-i  ,,--7,l  a2(94-eriz2i'ci5' — 
° ,27-c- _  P2 142 w: / f R2/ A), .. A i,,,t, 1  _J, 16 -k9  .2-7-0-1/z -T 	hi C 77 (41-4  T r et `t' (2.4..171) 

0 

where 

i3 - 2  {ft, *0 *0 Lc- oyt, q 10; 	 )  ( .- 9,z,3) t-0.2-70)÷ 

.Q +0.1=719 D12. -1- 

-I- 2i. (V:zz,) — P7'- 	EA° /3b (futi 0  - 	kt _2 P? 

+ yz,29 	 _i__ 	(210 	_ 	Pizza c-c4z29

_I 16 e 
(2.4.1 2) 

0{46  —  wzro 
	

(2.4.173 )  

= 	Pk/ 3  —,:LP--2;„ 	Vol-b 	— 2ZYP---0/ Vo77/±fig,) 
(2.4,174-) 

ago = 	FA/23  c12.(X.2--ihz-tET; 	+ 	 — -11767-1- 

YLEK  (pa -It- 	 -c4,77 -(x 	GP  4')  ( ix z-  idr) f  

— P 	P 0;,1 	--10(zvg4,F)(T.g4-1-137-;;-+Pi 
c-r1 	 ±n Jt  

2 („5-1-  P4 0+) 1-, (y--/ j +[772-) c-21  (x2:- 0-,j+ 

a 
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21CW3 
 { EN 	49 )%1L 	L  27 -A20+ -N-bP3b÷  1)-114°.+CP,D-Li°PPF  

-121  00q4-12) -IL  114-12 	 -+ cr.2.71,2,$- 

- cf P37"21qt  (6 	 p„ 
_ 	D(T112 ,z2 al. y-'712) 1-2-belv+Wc7,1„-?1€_.)- 

	

CP  ( 	) (( pc- U-129- c22-  Z+,7-175  vi  0- A:,9 
Pq0D   	iliapit- Dyp-  tio[c7-+  

	

- DX, 412 - 	d,""41:27, 	C7V.Rjt 

ALliàCL  P-1 1, + f - Dze?412-1Pa.-4 -11-A1-10 "IL -1-i  2.2)-o+  , 
-P221,÷ 	p l __?-tqllz--1:1-4,1 a., 0 P z Vb-h- 

+ c-P (gb-gl-UAl — fay+*G-A10, 	-1- 	o/2.2.2.-Fcr7N*q 
15- P 	0-V1-1,0+Pij->17 + cr--A7104-;41)E-r:"°-*4-21±f3le+ 

+17 	1)# 	--;1 /121D--c r122;)°  
;7e;-2-2fi 

-F lE3A? Vb± 	 + 6/1421 1- 
2 F/2 2, ri 

	 JO )4, riti -2 or  -an., 

	

orc-77 	 (2.--712 0 +325, 	- 

- 	 (D1--1-10 -7'. 	-1!),?=;± - 	+)- 

illt)Lfc 	1-17/p0/0 
;4-14 14/2 /)( 1-f TVb)+- 

44(14 -IL[V-B)D1-4-1_ +CL P (0q40-( 711 ) 	crc, 

hlz±V-21.2. 	 -t- 
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(17t)b4 O-1-3QT oPZI") - 	02A4-ci.2)1-1- 2faq+.1-1: 7 g ,+){4.-7 27,-1- 

+ -g; 	Y-112) 	-7L;4a) P--)12"D÷/-47,o)-7L  

* 	7LP 4 37') P(/ ;-.V) -71"h- (1q1 0 -2241.12)±/21 

	

(/ -71-1) 0111z 1) 	 Pte;-° (;1° 

-IL z (y-.210. -11b*Q./0) ÷Az c4/2. -2.1-4a4÷ a-lo 194— 

	

1;7: (XA.- - i-1-713-t)P. (1z, 	bg-to 44,4) +272D21,1- 

-1- 	D(1-4 	n7i 	 D2Y-1-12+ 
-/-P C(Z--1-42.Da,q.-/- 	 - 	b7b 
C(1, -11,(2 -A42  Pi) -2 (1z,v)-21/ 

	
(2.4.175) 

c<1 	i193 . 	c2 	2-v+ ar-t7 (X+ ---'12113t  11 —2c2l 

 

.2z (2040176) 

c,14 FAI23" 	— Az.  • 	(7;c7q14 	) XF 41-4- 

+ 4ar ce (X2- + 	3 -141/ 2/L" 	 -1/2e*, 6.0y 
c-613 	, 	c-,t 

 

  

- 	4 -  

+ E cie, ;1,2-t( 

6+1),71_,. 
4_474 	c,,,  ,,L f.Q.! 7-- T 

- 	 pi7cfr 

± 6,‘,21- 1,1  - P4r Ez 211--lizi)21.- - D (1,, D)-4-14 
+2Dpn±p7-zoìQl  -22A/E-7-(;), (/-70 -74.°1-1-g)  4 	 02„4-32,,D)--"E+. 

-/- i-L-(32?".,-.±bly--0-17-v+.01,---/)>-,02,,)-/--,Fivib+E1_,,-,, 
+ 1  [( at D11, -c-P'- 7 - : ?-,)-791-,,-1.̀gaq„,-.-g_il..12-1.),+ -7=Nt,+÷*1.-z0)t)i- 

_CA 	 2-i:/.2 + 	/2 --/- -/-7--.01b+JO//'72 - 	 /-21(2C .z, ILD1-1-)+ 

(2.4,177) 



Later we shall find the connection between the formula (2.4.128) and 

the formula 

-T-  ==-1a0)(2.4.178) _ cgieG  o((p 
4 

Davey, Di Prima and Stuart (1968) for an interaction between the 

Taylor vortex mode and an out-of-phase non-axisymmetric mode. In order 

to find this connection, we have to find the asymptotic expansion of 

(2.4.141) for the limit case 

For the limit case Ti->°0  , it can be seen that the terms 

-27417 

+ 440 	Eli3z(59C-',95clib 
T. 

can be considered as eccentricity terms and the Ezi-42.N-ft c(11  4 

terms can be considered as a surface curvature term. 

On the other hand, if we consider the iimit case T;(--->0 we retrieve 

the result of the linear eccentric problem. 

14)--e 	 7-1(970 

TaA-diert K7u4911-geiz rL 1-tze 	 -v-oit-ex 
afizr-krrYny- 	-e_Rec-to 	-ecce9- 	Gt7Z.C6 W?-e- 

/ZeA-e(n_Ce 	tk2, 7;wediL 	cnte-rZe, 

O 
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2Z.. The asymptotic expansion of g&E602(TV=0)-1-i4C1"Vg for the 

limit case 	and the limit caseTr-÷°°  

From Di Prima and Stuart's paper (1975) we know that . 
47n,  /32-(40), -Th_c_.-d3 expE( Q/A)41:'ntiE  .4 T 7  c/o3 (-0 ii./   i T c  . , + eib - I) I 'I 	CU 	i if 	1-  0  Oit) 	*WI/ L 	l c, CI) T,---) 0 
_k ped 	 4) 
	i exil4 41-.fruficlI + 0 1 (2.5.1 ) to  c-) 0 	I  

where -r  „ 	-27 
o (X)= 	 -ex/3 (X4--nfle: 95 	(2.5.2) 

is the modified Bessel function of order zero. ..27c 
If we take the dominant term of isiSzt6C-c-iQ°?■=:(5 )) 	we obtain 

  

" - )  f is OP) 	- '2-1" 	I 	- 	° 	( 2.5.3) 
0 7;1--> 0 7; 

where proper account has been taken of the relations: 

 	_1_- iten5b% ext3 7,--A--`4)  Am_.7s)ci -  - .9.. ) 
0 

(
, 

_,776  = 4  f • 	-exp (4-. ) 1)) GO (2° 5  05)  
0 

0 

We have to use also the formula 

RX)  	exp 	 7C 1 p(x) 	(x) (2.5.6) 

where Lo  tf)■-) is the in ci -if iea S truve function Lc)  (X) 

One obtains: 

'eCq'A 	7i3z(44)Ce- ,1,2 ,66  — 
(4)9  zo  12) 

.27;co3.:0 	) 4 -.2. 
a, 1,/ 	7  ,`

1-I t  lb 4-°) 	c.(42,2' 
_  cvz   " e  3 6-°9  f ") • 	r 	aim-1'.  1 

(2.5.7) ,z96 e 	cicfrj d'55 

"r" 
10  

and 
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By using  the definition of the modified Struve function: 

,2  s  c_r_nco)  = 	.3k_c..omr7t. 	.1&  
th2,2.56 (fe  427)1M:56e;t56),i4, 	(2.5.8) 

0 

By using  the derivative of the modified Struve function with respect 

to f- , one obtains: 
2A: 

74. 	 -A609 

4 QW: 64"`-'4 LiCf)—Q_EyLkg- hwy'ioC14,4) 

)4-0C-0(2.5.9) 

For the calculation of -Gf.(72/. t). 	1 	/32(71943*,:i0 
"o .4 • A7:'4•7;/  

we take the derivative of the formula 

( 	 020 	( -C4 1  41:11156  ) ‘_, 	d5b )c10 --.- 3 e, 	cv-J .Q(16  (-- '---- o  
27-C-Dc,(44 + '211- 2  

— T J 1 tj 	(2.5.10) 

with respect to X= .5'2  

and we take account of the relation 

J 
	 41.fit° 

:grzci6 di) = 4 
0 

efr 

r P1-1-,-A;7t• 
CO-J5I'd`/) 0 

(2.5.11) 

One obtains: 
2/c. 

ierin 	 Tr> 	lz 	032.(1)/J-r:en, 356  c3/51' 

_ (271,'60]  	/Q T 	_Tc,",),4. w3c4/ 

cvy/0() 

+ 3 II 	±TC, Ei.il 	1-447C 2-014 +46T; i-4.1,71  

_s s, 	8 cr,• __I-0/) 

J 

CUL/ 
- 

-9s( ";k))  - 
( 2 .5 .1 2 ) 



117 

In a similar way it is possible to get 
co!i (11÷02)  

3212'2'7; 

.2 
/32( 59 co 35F '31 5b 

	   
//4 	

(4_ 	 (`',•-,f9 	 (5)A 
-4.:4—r. 64' 	 le 4.) 	c L 	c<?..  

+ 	 +s4 [ (-,) 
-T o(Z) 	cc.) 	 (1) 	( 2.5.13) 

I. 	° 

-6tin 	 
Two Az-ro 7/1 

—  c()3  \L-±,41:4-Y-T.L7.1+ A' 7: c-t)9 0 

_4_.  	14 "-'3 	jr[ /77- _ 	/-7-- 	 TV 
Cc§7' 	(f) ( 	Vo 81 	) r —tai-)LaiT-2)7 _ 

'Y_̀41  (7c  
-Lo__ 0  _ 

/  c.tA  
— 	 co-7-4-42. 4L-17-,Ii--2-1-1 	; 	(4 ZolL/16-14) —45(-W)—gS"(`!-2-) 

87176° 	(2.5.14) 
It is possible to formulate all the asymptotic expressions in a sim- 

pler algebraic form by converting  the derivatives 	T 1- j" /-0 —0 , 

00,s"(A),,,smWs'?(ZIXM.214_114,9and -LLL i in terms of 

the modified Bessel functions --E0L0/ i IV and the modified 

Struve function S(0 as f alums : 

16  =-1.1  

=-To 

Li + 

(2.5 .1 

(2.5.1 

(2.5 .1 

5)  

6)  

7)  co 

=(.1 0—  p-.4 Li) + 342) o 	 cv-, 

TV) — — 	Tc"  (1-2- --L --2) 4 — 2 c. +4 (2.5.19 ) 

I'14)= — 	S 	— c _u76-  (1:7-+ST,12) -14 ( I/7c Z.+ 
(2.5.20) 
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I '" 	-TcE-T4-27c ( roz+-zit)i 	214- CS- 1-0)-f  

-f-  2u1 (12TC 14  —4) 	(2.5 0 21) 

T'24) =71: (Ic, —2  74 )(4+ g-e;)  — pg 7C .7",/  — 	_IL q07-ci,o_ 

— 	AZ2  -F 4cf424- 	42422E0 (4+37; Z)— 	+7C6-2-.2.+4-r-42+ 
co 

1F -112:(S+1-0). 	(2.5.22) 

	 /4 S  	#77-SCD 	( IV) ±-i2( 
s 	

kTi/1-4,2+3.-)+4i7ci-07_-_, co , 	 (2.5.24) 

ti-/0 0÷4,27r:zo+  

(2.5.25) 

f 0-4- 1-2  t  Zo;  
122. r  

-IL I—L.  Z1  2 	14) - fi-E31-4 	( -24/15-z,251+-/ -  (s.+21)] 
cs12 	 cu2- 

(2.5.26) 

It is obvious that the dominant term C)(77/))  of (2.5,1) is of the same 

form as the linear solution 

() — 	extol ()Oz-7i -4)1 (2.5.27) 

but has the arbitrary constant 13f64) replaced by 
to 

C ru  r / tUN 	(2.5.28) 
L rig 

The nonlinear solution for 52"M is different from the linear solu- 

tion, because it has a definite value for given values of 14 and 7;1 .---0 
The formula (2.5.28) confirms the expectation of Di Prima and Stuart 

(1972b) about the importance of nonlinearity in the determination of 
p 
R) 0 It indicates that the limitT;0 shows a tendency to 

approach the linearized solution near to the critical Taylor number, 

but with a well defined amplitude. 

(2.5.23) 
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If we return for a short while to formula (2.4..127) we can remember 

the approximation 

T 
	

(2.5.29) 

174c, will correspond to the limit Li->9)  and this shows that the 

critical Taylor number of Di Prima and Stuart (1972b) 

T = Tc  = 	 +42-rif  
751 

can be obtained as a limit case of the formula (2.4,127) for 7:1 -->o 

and this constitutes an approach to the critical Taylor number for the 

steady, eccentric and linearized theory. 

It is also very important to consider the second limit T -3°e 

As we shall later see, this will place Davey, Di Prima and Stuart's 

result for the critical Taylor number for an interaction between a 

Taylor vortex mode and a wavy vortex mode in the concentric case in 

the context of the present calculations. 

The limitT->°°/e  
/ 27n 7-4  ,0 curfi 	w4„67151, 	cull  co",  4.  

to  

	

/32099 - 4  (e 	e  
00' 

w3")4 	, z« u cut; 	("6  w 	c4.1  vtatcl).+  4 3C-4).  
-f4" GE

,  (t cui• 	e 	itchy 

	

, 	 c196 where 	 /0  (2.5.30) 

f e 	
Ttcv3a4  sb fi  - 

E 	(2.5,31) 
0 	 0 

let us denote 

-, -,/ co 

	

41 4- 7;"3 -t-9  .._ T cw 	(2.5.32) ie 	
j,, „„), 	.t. — zi_  _3 c°:'  V) 
N 1 	 c-09  

• 

= <fr 	60C-.1,4 
	

/13-&1t4)  
c° 	

(2.5.32a) 
3 (-)9 

We shall look for an expansion of the following form: 

1)-=  Y}-1- 	+ -f- • (2.5.33) inz 	-r3 4 	4 
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By substituting (2.5.33) into (205.32a) one obtains: 

"j" r  I-4171-PCCe3 / 4)4
7 cJ L kc 	'

-T' 3 	cAi 
)3 	

3 	cOYjhOn.( 	 -3  

14 T 	 4.  41+ 
4 	4 	 1-3 A 

TI 77 73 T/ 
	(205.34 ) 

The 0 (T1') , 6)(771-t) 0(777-3) and.° (1-4-9) eauations will define the 

values of /54 , 1)2, 

Result for c, : 

	

4 5 -11 	 c4),3 	41??1, 	
, ,u1

31 
-7;; w3 cvld 	—9.111Z 3 ift- 7_ 1_0 	;, 4-N kP --I- 	( 	clj9  c15  = 	(4)c.,04  

- - 	W  \17 
2Li 	wscol ) 	4-L97. 'P-24-/-/n. zY)) 	(2.5.35) 

This formula  is needed in order to derive later formula (2.5-.37). 
The nonlinear differential equation for 3(9') 

+sr:, ris-)13(5b1— 	cw ( 2.5.36) 

can be written in a different form 

	

d/3 	_ 6v/3 sy.6 	rrh +7;/ 6{)3  	/32(0) C091 /31/0;`9. 
cl 	 CUy 	 (2.5.36a) 

Now, we shall use as a start the formula (5.12) of Di Prima and Stuart 

(1  975 ) 

Wye  - 	 3 	 CV- 

	

/3.2 t/ (-11r) 	T, co,  ÷ 	ca„) cp 	,,Jr Zan?. , 	,z  ulrf 	 14  L- (0 • T 	4' 4 5 et 

	

Rct) 	Affen ,Q,1) I _L- (7-) T  zwzr,{1.' 	 4 	(2.5.37) 
3 9 

It is in our interest to calculate the 0(771-3) , O(T/ 9) and a(- 1/ -5) 

terms. 

By substituting (2.5-37) into (2.5.36a), and by considering the 
OCT:/ 2,)equation one obtains 

6)(9S) --N4e4 	17 W2-  4-691.<1 -1-,Zci ct,--3 	— 	393 (2.5.38) 
cvgw!iit 	Li 

1:3 and c#°Y respectively. 
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R 
-7-- -9 	c,,-5 

Similarly, one obtains the fC /4 and 0 /4 terms: 

3 9 

— 0c02-4  c/J-356 ----8-,—ciAls 	(2.5.39) 

4-11-7,2t.zam.-q,+-4_97,,n.,6-i-wc2,,Q=43A2k,-,2:56+ 
3oz, 

	

--p3w%(c;,4.. 42)4-1- 3"fr --i--2c0.4 ce-3`PY' 4 	 A-rn. 556. 

The extended. formula of /32(0.) with known QT,1 -3  R T4 9  and. S 

terms 

(2.5 ./fo ) 

Cio-d56+ 	cyttj4 	d E426°64  co-i56  
T4603 Wc- 	641.4)43  

R S+  ,  , 
7;3  T,9  7;5  

132(.56)  T4  603 	co  
cot.; 	coy 

c-t/c();  
co  Z --13  3 '9 ( 2.5 .41 ) 

A characteristic fact of this formula is that /3(4) becomes uniform in 

4) when T4 	 this limit, only the leading term T 3 of 

(2.5.41) is retained, the velocity field.04/1)-/-7-0-.) is independent of 

This leading term can also be obtained from the amplitude equation 

(2.4.36). The balance is between the third. and the fourth terms, 

CT P +7,;175-)8(59 1-'91 83(11) 	which are of order T , while the first 

and second terms are negligible. It can also be mentioned that the 

leading term is independent of 	and consequently, the velocity fie ld 

will also be independent of ;',e . It can easily be seen that in this 

case(59 =7' 00 7:143  + 	0 	in the limit 7;,--> 'Do 	and 	by 

using the relation (2.2.42b). 

If we consider the role of the parameter 7-4 , we assume that 

parameter to lie in the range 047;7 <°0 	represents a non- 

linear modification of the results of the linear theory- for the 

eccentric case (Di Prima and Stuart 1972b). The 1-i-n1tT/—>°d will 

represent an approach to the result of Davey, Di Prima and Stuart 



z Co cid9  
/3 

11! W W 4 3 7 

(2.5.48) 
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(1968), for an interaction between a Taylor vortex mode and a wavy 

mode, in the concentric case. 

A remark of Di Prima and Stuart (1975) about the range of vali-

dity of the formulae (2.5,1) and (2.5.37) could be mentioned, namely, 

the expectation that (2.5.1) is valid for 7-4<400approximately, and 

that (2.5.37) is valid for T;i >• 40! 

Let us return now to the expressions occurring in the present 

calculations: .27U  

, 
 -i-°41T),P32-2?5c/56=(°/--6- q-qs27-6''"Arlwqp-i- 16 4 	6, 	

'eff)2L43) 

	

0 	 TI 6(.1
3 3 
	7—co ,,o  g ,z 

4 3 9 

	

Or. 	
(2.5.42) 

	j/3(594i/7/34)c{b—  74761-)364 	
1-000 

I/7°127;1/ 4  cd:1  4.  3 (4/714.7;7(444:3(:6•91::::)j; ° (7-1a)  

Tr>co Sere.2. 	(56)01) 
 

g To  Ti zi 	co:// 

.27E: 
,I  

 A2
/

7 
 

, 
2 	 —` 

	 5
j/Ni)C06ilci 	

cf: , 
' + 0 (7-1 

The 

(24.141). The dominant term of (24.141) forTi-:->o will be defined 

as follows: 

1-g -[-)Co*--i  -)+-k 	 (ce2-/-a<12`1: 

7C, co 	(2.5.46) 
coL 

An alternative way of describing 	dominant 

(Q(z-i-9Y2°) 
e  

W 116°21 	(2.5.47) 
"‘ 	

;11 	 557 

256-Az-Jr; 

d 

0 
WC, 

1,rt  ri p„ A; (P2+ P2)  c 2 
-1-0(7-1-9 

(2.5.44) 

7; Tfre43564°  
critical Taylor number is given by the formulae (2.4.128), 

(2.5.45)- 

.77t DOM NANT 

One limit has to be added, namely: 

iCon 	 f 13(5b)/k71,2 6  c156  lb  
-4g-1-447, 	27:1a 

b 0 
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The 	fl3z(594cenciSI) 

k-  VA  o 
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An explanation is needed as far as formula (2,4.441) is concerned: 

is appearing from the (ctrY-4.271-VtZazi-1423.2) 

terms, In tAL-0 2E,/z  one term of this kind is obtained as the product 

of- 	c-r- /4413V/0-(n/with the term /9-P-Er 4-eritQcib  o4  
-7-;3/z 

The 7-47c4izclI9 
	

term in 	is obtained from the sum 
122 -PT°  

(it,i÷ 11-/-.7):7-÷221 4-14.1,-t2A for example: from the product of the term 

.2,2-194 	4-/24:1)L.2.`I' 
ui-ti/  with the term 

[ebb) 	f 6)(2_ yd . a  efrziA4-1,7;1 	6c24.4 

Similarly, the term civ76  T  1/3"-'( 9̀c-?-6-2#'491) is obtained for example from 

the product of 

7;,3/2 

the term  1-,7:" -r.; P401+ 	+ and the tern 
-2 -1-0 1-z 

Lir-rePt)' 	 _Ft4 irr'3'66 ). 

In the limit T4  --->co the combination ET/  =T---TCCO determines the 

magnitude of the supercritical 

first limit E--).0 

417n 	----- -7: e  P3 - frkzr19  
(7, 

(2.5.49) 

If we use the notation -C= -27c-z-kg- E'To „ 	(2.5..5o) 

and Tc4  = /74° 	(as known from the linear theory) (2,45.51) 
17-1 

We obtain the alternative formula 
T-1   -1--kz  	4  -4b T.4  jOnT = 7;_ ( 0) -+ E'  P3  — 

:7---- /2 

Ta nor number T, but subject to the 

144e)z-e wz  P„ 
'128 
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If (2.5,52) is subject to the limit 	k fixed (implies i--->0 ) 

and. qa 
	

then the g' term is the dominant one, and we obtain 

T 	(0 ÷ Id— 	(2.5.53) 

We shall later show that formula (25-53) is identical with the 

formula 

T=Tc ± c'69)Tch  
9,q4,7k" °'(1 

of Davey, Di Prima and Stuart (1958) 

2.5.5k) 

/(4 	ee ito ey-eaW)71. ALA( 	 (:2-S 

c 	S717, 	(4e68) AaA 	 a7_ --1,- 

cowicZax3, 	4 	-4: ,i!e)cim , ‘711p-dt (7712 	it.‘?4 -8-ee‘2.t 
cimitrett 	c-c9vaide}c-dai'crit 	p LeZ77/1/J, 6=Z4 / 17 4  

15‘1Z9711  ( 5:°21) CAR- 
Oait 	cewe yo}z., rm. -ecvn -4 c.4 ,e-een , 172.4.61 -er-ec4scafr. 

26fse_ c-ct.ecui-a2!io?,. 	X 22 i6zzc*- 	ca-rne9tee91.i- 

71P-)z 	6(91- ktA 	 zr?e,t 
/ern, rin.Q • , -74)--hec-4 --AaA 	-ken_ czz-ec?-G6E2L-e(i 2t,64 
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Justification 

In order to find the connection between (2.5.53) and (2.5.54) we 

have to go back to the formula of Davey, Di Prima and Stuart (1968). 

t (AI  6, +2 41.„-‘h -24 iA0, 4+4.,-40(ba.A.9 
(2.5.55) 

where 

AV/ li)o-17‘240/ 2D) (02-2z)D-7,/-.4 (02-LA.2)1x *. 0 Jr4 

211.,q0  – 420  9n4  4 0 ,7 n 

	

(L)(e.+2z)Llizoic3I +22-20 	-4. -72-134 -1E3o '27t.2/ '130 1Z23 

	

AZ-7-  -t- :oza< -6SD  Al (A, 6, 	a0,  40)(02-2?)1 x 	F4-  +2.0  

- cirrt.,27 + ../(z;0 Al111,oo  r .2a0, p) x 	+2(4 .0.1.E240  

— 	+2) 4 +4, 	—113, 	Y3o 	(2,5.56) 

the boundary conditions are 

)7z, b2/79 =o A /(y2 1 .60+20_0, 4) 	= bh 0 a2 X 	(2 .5 .57) 

and where 

N 	/),-1- 4., -4) = Dz ;:e-- (G0  -7L-ap) —c4--(72,e 14 (2.5.58) 

and 

Pi (A/ Ace) 	/79 = /V (A. ac 0 	DZ---Az) Nt/ otco,Q+2.2"T-S2-xN 
(2.5.59) 

The determination of 69  is as follows* The homogeneous boundary value 

problem corresponding  to the previous equations is 14(2-/ 66 -74-2a0,4D)A9=0  

with the boundary conditions hi/  DzAzi  =N 	,- ).0A, 
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ForT--->Tc, 14a--->Oone obtains the same equation and boundary conditions 

as for the linear eigenvalue problem for ho and ho 

We can expect a singular behaviour of the solution of the non-

homogeneous boundary-value problem, unless hi/is properly chosen as 

Tai 7c , because the homogeneous boundary value problem has a non-

trivial solution. 

- The solution will behave as nog as 	, and in order to remove 

this singularity, it is necessary and sufficient to set no=-70 0 Here lit 

the adjoint of 110)  is the solution of the adjoint eigenvalue problem: 

= o 

A+, 	= 	ao  az) 	0 ott 
(2.5.60) 

Result for by : r ÷ 

j. ii,, Lix.) v,ix 
I9 =  

_  
j 'pi+, /v(j7, d„, -4daz--;t9:70  +A O N at L./-4002:-2_,17-gclx 

(2.5,61 ) 

where the calculation is carried out at at,-=- 

A brief mention is needed in connection with the symbol p, which 

is a possibility to distinguish between R of Davey, Di Prima and 

Stuart (1 968), written as ".+4D , and of Di Prima and Stuart (1 972b), 

written as simple 2 . I I is defined by 

4/2.=76-14±-14z4/?-/ 	(2.5.62) 

Let us write 

110  = moo +644,, --/-(64f-L2 	(2.5.63) 

40  = 610 + 4'4 6o4 -1-(6Q-"A02, 

From the N(2-/'60/440=0 
	

equation, one obtains th4order 

equation: 



(2.5.65a) 
00 
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(D.2--2.z) hop ---eoc, 
	 (Grz-:i.z)z17-1,„ 

(D2-Azfle, ÷2.2T014)30- 0 
( 2.5.64 ) 	.azTi zz,ii+co-(D2 2),  o0 - 0 (2.5-64a )  

It follows that 
	

It follows that 

LI 
 

00 

(2.5.65) 

If j 	N 	1)0, 	(D2--22) 4 17,, NO./A°D)(D±22)17+,,jclx. 

11-10 +(64)Z 4-(6-4z1-42, 	(2.5.66) 

Consequently, 40  can easily be calculated 

1.4 0 ---12-Liv+ m".0 -t-J- /A122-÷_]cix =j Lit: All,  0°±171x - 
i 	 d.- 

J [ 
 

2, 2. 

1-%149 -f)! 641 yx 	(2.5,67) 
2 

or, in the double integral form: 
277 1. 
(12' 1- 	-1 r 6 4 lab)94(99 1Xc 

fF11 L. 

( 	) order for go  

2.5.67a) 

By substituting again in the (2.5..59) equation, we have: 

Dz—.2.11-4 4 + 5t2"_0--c 
	

(ho-/ +--Q-_e) Cef-2:9-01  

	

— 	 = _(0/04 	
O 

644 	=_ 0 al- 	
(2.5.68) 

By comparing with the known systems, it can be seen that 

	

g3 	 (2.5.69) 
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( p ). order for Xah  

(P2 -kl."-2- + 2:2  -at-Fa -4  02 = (4,4 -1--a-jD2.-Q) 41 + '4' OZ 6°L22.),11° 

=0 at )(===t: z (205.70 

one obtains: 
r 

,4/1-7 

O 	118 

Similarly for the adjoint: 

r-t- 

14'f.-04 — 6
0
/-3 

04 = 3 
+ 

— Y-14(1' 

= 

As a summary,  we may write: 

0  =••• 	CD)0.-13 	c;1,--447 

-/- _ 	4_((-1 ,q1-  D.)v3 - 
_JO 	17 a 	 ,). _ 

Now we are enabled to calculate Ili andriz : 

(2.5.71) 

(2.5.72) 

(2.5.73) 

(2.5.74) 

1-4,1 

d_ 

(7-A211- 	 DiL" 	Pit] clx L a 

(2.5.75) 
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d_ 

142 _d_ 
cc73 agb+ 	PfiT 	(2.5.76) 

If we compare 0_4  of (2.5.66) with 14  of (2.4.114), we find that 

12-4 = -14 
	 (2.5.77) 

Therefore, it is possible to express all the functions appearing  in 

(3.33) of Davey, Di Prima and Stuart (1968) (or (2.5.56) in this 

work) with respect to the functions appearing  in this work. 

If we consider 

141"o4 (X ft) 	Rs Zi  from 3.9 (Davey, Di Prima and Stuart (1968)) 

since only R.. and /3s are appearing  in this work, it is possible to 

find the mathematical correspondence 

= 	"";44 	(2.5.78) 

where v n n2-1)44 = yt, D2h 	Dzio —c 	as given in (2.4-.88) , 

It can be seen that 

on,, gi4a- 
c 

- , '7  1.2. 'Z1 (2.5.79) 

 

---1j±.(x) 	(2.5.80) 

(2.5.81) 

4.Zo = -00)/rivi61.3-;°(1/0-4+6-4,0)2t EZa;° 

NpA-4- (1.)21-k_BD,342*_pvij 
(2.5.82) 



4 

61.0)2-22-t(30  +21) (D=-)12 )Z ajc/X 

a - 

(2.5.80 

Since 

cuy  
\ 

oTi  CO3  
0 COL/  — 690  c' 5' 

4 	3731/2' W3 ac, 

(2.5.86) 

(2.5.84) 

130 

Jt4  = -107J6.23, 	 + G (LAD) )2Q-6 

t-2-4/2 	 (aArizz 

I-6 34 	-2 D 41 — (CAB) 	(1.--  0)2.  I) 2.26  

If we take k---)0 
--> 

(2.5.83.) 

In this case we obtain  
4 rt- 	DN.2, 
J 	0 r;/ 02.-2;2 ac/X -f-j/2-To Jek-  F. obc X 

2. 
r 

f vipv-civ 	kp(D2-q3-)ca-clx+-1227-0j 5-tirvit„clx 3 	' -2. 

where 

qn-2.4  p2.3  
— z a 

D/in24 	D ,3-20 2 =120 D(771.4 

_ 	L-1_.  2 Dmrr `Q" 	 C) 9C 

kp3 	final  — 	?2o  ' In 21 

V-- 	defined. as the adjoint of 

One obtains 

(2.5.85) 

2
' We calculate byin, or the 4 component of 4ifiz.6711-.) from (2.5.61) and 

we obtain 

(r12-) = Tc Co) + 4-2 5- 	(2.5.87) 
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which is similar to formula. (5.22) of Davey, Di Prima and Stuart 

(1968). The difference in the results is due to the missing m2eterm, 

and to find then correction we need to go to a higher order, namely 

to 1Q' in the equations and to 	in the integrals. 

A part of the 1712  correction terms are appearing in our calcula-

tions, but as they are only a part of them, we cannot sensibly keep 

them. 
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2.6 A simultaneous method of approach to the concentric case(k---> 0.3)  

A different kind of approach to the concentric case is obtained. 

by letting -4->°0  . This method is a simultaneous approach to the 

concentric case as obtained by letting?-->°O , and its use has been 

based on Practical experience. 

We return again to the formula 

r32Ci9 
7  7E09 d_ EE (.270 — ft (cis) d..56  

where 

 

(2.6.1) 

 

Xe)- 	71. 	CT i-ic-03-1-w,w5)1:7 (2.6.2) 

and 

p P P (2.6.3) 

If we let 	cD0  , the exponent 
	

/,/ 

will be small, and in this ease we could expand in a series of powers, 

.4" ÷77/ ct13  e't4 
12 WI./ 

(2.6.4) 

By substituting in the formula of /32(Y") , it yields: 

-7,71t.%03 „R.L 	,o/  (R-_-ftcp)/-cor.4.44/....av94---Z.---L 	2, a„“ -7-727C2- — 
c-ut 	iZe-thy"

4 
	 FT/  ww3c05,4040-C14)4F/74+ 

	 ce6 al) 

99 -1------Etic4)4'  +Tittika)/ 2.ffa 
	

,,i-Tizow3avtifel 4->c0 	4+ 
CO.9 	

(2.6.5) 
By expanding in powers of (i-) till 	we get: 

t!6-frri, 
"-R->c'a  

4+ -c"--/-4-E•rn0-4 	C3 	` 	- --(2.6.6) 
col/ 

IA 
WWI/  4671.  `f --/"Tt 0-'3'2-4

, 
 7-- 	(c-uWq  41fi't 56  +7; cd)=,c4)4.A  st-) 
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By making use of the differential eauation 

4 0/1-3 2(..) (co cc,d' 	T 3E4  )13 -(56) — c-4131/ (96)  (2.6.7) 
cb6 	 CA.N 

it is possible to calculate the (X-3) and (AT ) terms of /32(0) 
Let us take 

AIX /32076) 	 -÷ 4-z• A')—(71c,63w4C 656-  
-(4-->°•° 	 `4)5, 

4_  05(4')  
(2.6.8) 

By considering the 0( -ka") order equation, onedb.. +: ains 

dR3 ('76)  	 

d¢ 	t,04.  

-z7--1 6°3 	cv W 	C°W4 	CiYa.zt)47;/ 	4°71' COy , 4 3 9 2.6.9) 

• which yields: 

M —Tit<jc°3  
-r- cu 	c,til4r:lit :tea c•`)'t  + /4 "13 9   4Sen + 	14 	3 V - 

(3 

&..%) 	 3c,b 	2. 6 .1 0 ) 

In a similar way it is possible to determine the ') 4656)  term, by 

considering the 0(X-3 ) order equation: 
r- 

"*' (5t) — Ti c'-'`')3   1 —T co3  c./..)L (7.7-1  6-4 c-4-2'  c..0  z.f-'09  v 9  t. i 	4 	, r 	CAJti + 3 	 16 
co-JO+ 

3 - 
-1- (  143 64  4* 6 29  4 76-- Tizco e.-q'  29 912)C-OLJ.Q7— 	7, w 

2- coy 

z _F  co wy  452 	c-t) 171 Y (2.6.11  ) 

Consequently 
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(2.6.12) 

Let us return to the formula of the critical Taylor number: 

4 w 
H wy  

where 

(TV =0) +61-51 CT127 = 0( E2) E2'2-01_ 	(2.6.14) 

will be given as a function dependent on A 

03 -4* 
.2/C. 

(a1-1  +101ii -05- fin-2/A) (f3.2(t4-eeit J 14 , 	 2R; 

( ./72 

	

	,m2   	1-°7-71i 	r/32c,i6)c.,).1   2:56456+ 
Tr 	!fir- -1q 	7c7: "C T. 3 Ay J 

-21t, 	2TC 
+ 73Z -  cf 	 J132(t&a-zi.31-'14 56 —  

.2 /C., -2717. " 

0 (2.6.15) 
By taking into account the ex-pansion obtained for l 1:3z(4) , we get 

the following result: 

, 	 r- 	 iz 
s+ /____A 4. P [12, rizi  

4717:f -17;4  
4 	2'co ct.,3 	_ 	 

X2.64 "" 
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7C/?iecoa 	4  ao 	(Pz+1V -rt°"c-03c4  c44 	p F p'coitco z 	3  
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If we restrict ourselves to the dominant terms in the denominator, 

we obtain the following critical Taylor number 

&in- TIC '12.) . 7: + E  z P3 -t..41'4 _L ,6- 

4->o° 	 P4 	
7- /32;2),+A  .2A2, (2.6017) 

where /3 = c4  4.0614  Cr; 
1'4 -I (2.6.18) 

and /32  ,. 0(.1.7, _i_ 0(42,  y; (2.6.19) 
7; 

as given by the equation (2.4.171) 

To retrieve the concentric case, there is need to subject this ex-

pression to the limita—>0 ,f--->0 and7,71arge. (In this casecre-z  ) 

In this case, once again, we retrieve the previous formula: 

TC-77(-) 	 (2.6.20) 

co 
E 0 

,F----> 0 
/7) /pz -‹e:Oule 

the result is the same, only the method of approach was somewhat diff-

erent. 
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6=0.05 

60 
• Linear theory for wavy vortices 

(m=4) 

— Linear theory for wavy vortices 
(m=1) 

	 Linear theory of DiPrima & Stuart 
(1972 LI) 
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Fig. II" Results for the wavy criticals (for m=1 and m=4) obtained 

from the linear theory of wavy vortices. (6=0-05) 
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6 = 0-099 

Data for wave instability of vortices 

c----a Data for Taylor vortex transition 
– Nonlinear theory for limitcase 

Ti -*co and m large 
— Linear theory of DiPrima & Stuart (1972) 
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Fig. El Comparison of nonlinear theory with experimental measurements 
of Vohr (1968) for the occurence of wave instability for 5=0-099 
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6 = 0.05 
• Nonlinear theory 

for Tr•co and m=1 
---- Nonlinear theory 

for TT 	and m=4 
	 Nonlinear theory 

for T1 -0-co and m large 

0.2 	 0.4 	06 
E, Eccentricity ratio 

Fig. _LT Theoretical results for the occurence of wave instability 
for 5=0.05 and different values of m obtained from the 

-nonlinear analysis 
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6=0-119 
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Fig..Y Comparison of nonlinear theory with experimental measurements 
of Cole for wave instability for 5=0.119 x= critical Taylor number for 
the -linear theory of DiPrima and Stuart (1g72b) 
y= critical Taylor number for the nonlinear theory of Davey Di Prima 
and Stuart (1968). (5=0-119) 
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Fig. .71" Comparison of nonlinear theory with experimental measurements 
of Cole for wave instability for 6-0.029-4 
yl critical Taylor number for the nonlinear theory of Davey, 

DiPrima and Stuart (1968) (6= 0.0294) 
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DISCUSSION 

The linear theory of wavy vortices in Eccentric Cylinder Flow, 

which constitutes the first part of the Thesis, is an extension of 

the previous papers of Di Prima and Stuart (1972b) on the Taylor vor-

tex flow between two eccentric cylinders, and of Di Prima and Roberts 

on the linear theory of wavy vortices between two concentric cylinders. 

The first part of the Thesis deals with the wavy vortices of the flow 

between two eccentric cylinders where no Taylor vortex flow is pres-

ent, and where the eccentricity is small and the clearance ratio, is 

very small. An extension to Di Prima and Stuart's work (1972b) is 

made by the inclusion of the time variable 7:in the amplitude equation 

for 13(1i-C). 

The results are compared with the observed critical speeds of 

Vohr (1967) for development of wave instability on Taylor vortices. 

The results are qualitatively similar, but differ in Magnitude from 

experiment due to the absence of nonlinear effects. 

In this work the stability of the basic flow between rotating 

eccentric cylinders is analysed. The basic velocity depends upon the 

independent co—ordinatesf and +in the radial and azimuthal direc-

tions, respectively. The formulation of the linear stability problem 

leads to partial differential equations rather than ordinary differ-

ential equations. The analysis is based on the existence of two mail 

parameters: rfr/,00 , the clearance ratio, and E. , the eccentricity. 

The problem is solved by considering an appropriate limit asri-->0 and 

E—>Ofor fixedT, in such a way that proper account is taken of the 

cp variation. The analysis is based on two additional assumptions, 

namely, the small gap between the eccentric cylinders and cylinders of 

infinite length. By assuming c"---62cla-AE 	an asuraptotic result 

in the limit (4 —>o/E-÷0, with -A andT fixed, is obtained. 
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Three cases of the global result are of interest. The first 

case is 171---)0, which retrieves the formula of the amplitude 
poiA4-4) - 

l3(4')-4306Ve 47;4  of Di Prima and Stuart (1972b) for the linear the-

ory of Taylor vortices between eccentric cylinders. The second case 

is A--).-4  which implies that E is very much smaller than 014" , as 

seen by the formula c41/2'---:: (2014'A E. and c(0-4-e(10-e14--Sc21-0-Eall'53.14-00.3)  

In this case the concentric case 13=430(°°) is retrieved. The third 

case is b->0 , which implies that 114' is very much smaller than 4= , 

in this case 

13 --> o ;h>e-

13 --).130(0) 3-tpz. '75  

It is obvious that these results are not derived from local stability 

considerations. 400 has been determined properly by Di Prima and 

Stuart (1975) by consideration of the nonlinear problem of the Taylor 

vortex flow : 	71 6-1)3 e  
ciJ, N...) 

In the second part of the thesis the perturbing influence exerted 

by a linear wavy vortex mode upon a nonlinear Taylor vortex mode is 

investigated. A mathematical perturbation procedure is used in which 

the- eccentricity E tench_ to zero subject to two parameters -4 and 74 

being held fixed; the parameter A relates the clearance ratio and 

eccentricity, while Ti determines the value of the supercritical Taylor 

number. If we consider the limit Tr> 0 the bifurcation point of linear 

theory is approached, and we retrieve the critical Taylor number of the 

linear, steady and eccentric Problem of Di Prima and Stuart (1972b)0 

In order to retrieve the formula of Davey, Di Prima and Stuart 

(1968) for the Taylor critical number, for an interaction between a 

nonlinear Taylor vortex mode and a linear wavy vortex mode in the con-

centric case, we could envisage two simultaneous methods, the first by 
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letting 77, -->c.o together with 	0 .11 0 , ,;rL large and where A is 

kept fixed, and the second by letting A---;> °together with E.-->o 2  

of1,0,1YLlarge and /4 kept fixed. We note that these two simultan-

eous methods of approach to the concentric case are based on theoret-

ical research experience, as found recently by Di Prima and Stuart. 

The result for/n large and T4 or4-.”0  is compared with the obser-

ved critical speeds of Vohr for the occurrence of wavy vortices. There 

is qualitative and consistent agreement with the experimental results 

of Vohr, but the theoretical critical speeds are a little bit lower, 

due maybe to the absence of ouintic terms in the nonlinear expansion 

of the Taylor vortex mode. 

The higher order correction inme`of the Taylor critical number 

could constitute a future research subject for the nonlinear problem, 

but in this case we must expect the involvement of quite heavy alge-

bra. A different idea to include the quintic terms in the nonlinear 

expansion of the Taylor vortex mode, as used by Eagles (1971) would 

not be very Practical, since the algebra involved would make it very 

difficult to achieve a real progress. An alternative and interesting 

method to attack this nonlinear problem would be the use of the W.K.B. 

method. As we may remember all the investigated problems were based 

on the assumption cf infinite length cylinder. An advance in the 

investigation of this kind of problem could be made by considering 

"finite length" rotating cylinders instead of the usual "infinite 

length" cylinders. 
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