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Abstract

A gensraliged polynomial equation has complex exponents as
well as coefficients. ' It is shown that such an equation, with M + 2
terms, has an,M—pléfinfinity of solutions and an explicit expression
is given for any selected one of them. This,foliows discussion of
ordinary polynomial equations. A general chain of convergence
conditions is established by examining trinomial, tetranomiel and
pentanomial cases. : . 4

Some tables for solving cubic equations are given.

An alg;rithm is developed for computation, but it is of

restricted application. The general solution is stated in matrix form.
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Preface:

Motivation and Acknowledgrents

After meeting the Fundamental Theorem of Algebra, it occurred

to me that since x2 + x + 4 has 3 zeros,
3/459
and x3+144589 -~ x + 1 has #0666
then x" + x + 1 should have a denumerable infinitude of zeros,
as also should ny”a) + ¥+ 1. They do; and the way to find them

is here given.

After learning *hati polynomial equetions of degree greater than 4
ere not generally solvable by radicals, I fel’ that some o*her kind of
explicit expression for ALL the zeros of ANY pelyaomial must exist.

Such an expression is given for SOME (at leeast one, perhaps all) of the

zeros, and the way shown to find the others.

In 1937, my friend E. H. PALFREYMAN of PM& Reseerch {Australia)
told me that linesmen would, over the telephone, state a cubic equation
and expect to hear the roots almost instantly. For real coefficients,
this is easily done by nomogram and some simple erithmetic. I devised

two sets of series for other cases, and the way seemed open to extend

‘the method to the general problems indicated ebove.

However, my pupils' claims on me prevented my further explora-—
tion of these matters, until I was vouchsafed & period of ihcapacity and
convalescence. Then, os was to be expected, further exbiting (but
unsolved) problems arose, e.g.

(1) (gebra) Do all criiical'casés of oconvergence (to the zeros 48/%p)

imply solvability by radicals?
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(2) (Top010gy) How many, and of whet kind, ore the domains of
incomplete solution &4Zfgrms®?

(3) (Functiones. Anelysis) How much light will be shed on the zeros
of integral functions by the pursuit, into Hilbert space, of tae
general solution here given? % is ulsar that the necessity

of M{i j k) will persis%.

I*% has beeﬁ ay very great good fortuue to have had as super—
vigor of my studiecs EToféssor W, G. BICKLEY. His potizns.. encourage~
ment, wise counsel and sympathy, dut ahove all, the inspiration of his
life and achievemenhts have meant ¢ me more *+han I can I,

I am grateful for the priviloge of naving been a guesi-wevkew
at the National Physical Laboratory, Teddington, and for the undes-
standing of my associates there when ill-hcalin comp&l @G me 0 suspenc
ny activity. (I had hoped to programme Sone “computations by swathes”
on DEUCE.) It was there that I was able To read, before publica*tion,
'J. H. WILKINSON's paper on the ill-conditioning of ;ﬁ;(x +n) =0, and
I hope that the treatment of Tetranomials herein may go some way towards
explaining why a small change in a coefficient will thoroughly upset
the pattern of the zeros.

I owe a great debt of gratitude to Miss B. E. LABY who compuied
the P and S tables for the cubic.

This has been typewritten on an IMPERTAL DUAL, by Miss A. V.
SOUTHWELL. It would be impossible to pay too high e tribute to her
skill or to her devotion in the performance ~ one of extraordinaxv

difficclty.,
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Chupter Is  Notution

Unmodified Romon capitals, also i and j, ware narural nunbers.

’ = . ?’ . et e ‘ g , .
jGreek miniscules except L, ®, o, ¢, w} C ¢, the complex field,
{k, k', ka} CJ, the domsin of integers.

Iln z is logelzlg % <phz <7 3

zt is defined as exp v {1n = + u(ph 5 + 2kn)}, (1)
and 2z’ as z) o | : (2)
Then zg = z 1y = z¥ cis 2k V& ' (3)
and éif%i = Y (&)
but (&n): = évny?ft where k' <& {-1, 0, 1}. (5)

PRTSUN -— e

’ . R M v
A Generalized Polynomial iguation has the form Ji i zk; = 0.| (6)

PITIARY e b T a RRSUOASMNS. TMTARRL | KSR SN MG, LT

5 2 e — 1) (e - 2) el (2 ) (Dor.) (7)

, This is read "z faculty Ngo =
Then 1 <N => (M) = o, : (8)
Z(M+N) = é(M) (z = M)(N), by simple counting, ‘(9)
and z(N) = z(N~M)(z—-N4¥M)(M) | (10)

To interpret 20%) put 1 = 0 in (9): 2 = 5(0) ()

s0 z(o)v= 1. . (Def.) (11)

To interpret z(ﬁN), put M = -N in (9): z(o) = z(_N) (z + N)QN)

-N) 1 — T R
&0 Z( N' = (z+1)(z»+2().,..(z+N) ".»,z¢ '?-ﬁ LDEP‘) (12)

then 08 = ey oY) = 1/(z#1). (13)
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Now M\N) oo ME L _TiMAt.
(1-N) T{M~N+1)

which leads tc “he further interpreiution for all i3

L) 2 T(a+1) 28
Mz-v+1) (z - v}

) . 4,
Where D = d/dsz, DNZK = VQN)zv"Nw1§;

whence 0

whence the indefinite general derivatives
TR () v v
A Zy = V\u)z .—Ps"kg

R
.

then £(z)

4]
[aag e
o
&
N
Oten
b
L)
=
)
—~
jS
S~
!
==

For arbitrary fixed &, s & — oy Ilz + &) = 5% 7(z)

[LOESCH-SCHOBLIK, Die Fakulit®t, p.3l.]

Where (a, k) = alea +1) oo (0 + k), and 6 =1 + 1 —m,

[ (G.ﬂ,’ k) s a0 (@’ k) B i{i
o Bas k) coe (Bn, k) kI
k

denoted by nFa ({a:}; ipif; x),

(Def. )

(21)

is o hypergeometric function of order n, and class 6, celled "complete"
ks

if 6 = 0.

LAGRANGE's inversion theorem: Under appropriate convergence conditions

If z=y+x¢(z)

then £(z) = f(y) + >\w =) (f'(y) {¢(y)3N>

L.Jg

1

te0e &
-8

[&)
5
"

8(2) = 2() = 20) + () 70" 2e@) L))

i+ plw) = () a:f@)e( > " o) (el M)
. LAy

/

;W=
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Chepier IT¢ Trinomials

Let axP “bx¥+ 1 = 0, ja, i C 6, Pend Q are prime, P > Q.

Put ax’ = T, rJJ('ai) = 1/, ef =& = ial/{-a), and pP = 1.

a is one-valued, g is P-valued.
Then X = asw, RIHY
Q MR Q \ ) . Q
and w =1 +bx® = BueP, suy &{w), where p = bfa &)°;
. . B, -0
also let ¢ = ﬁp = bP(a E)PQ = b"/\-a}‘e.

LAGRANGE ‘s theoren gives, if convorgence odvteins:
o N o . N .
x/ae =1 + p I‘{f {_.DT 1 2 prQp} /Ng)wﬂ’ D = d/dw,
¥ 1

w o N N~ NQp+p~-1]
%a (8 /NL) D W i

1}
-
+
Re}
b=}
LN

@l

N ) (N1
=1 +p (a7 /W)iNgp+p-1)*" "/

—» N . o (-4
3" NG + 4 - P T
T een™,

H
i
g2
Q.
ko]

therefore the value of Px/ae is

2 4 -
2Q + 1 ~ Py a7 . + 1 =Py.3Q +1 - 22
& . , Co )
. + 1 = Pyv,b0Q 4+ 1 = 2P 40 4 1~ APy
+ LQ;.—:: (Q—Q = )44 . W o ) 4 ane .

g\ (¥1)
a) = 0, by equation (8)9

For Q > 0, whenever P|(NQ + 1), (N"Q‘+p1
LN o«

th . - N .
so every P term vanishss (except that, when P = 2, the firs% term %o
venish is the fourth; +the second term, &3, contributesb{sa)?/P or

N 12
LT S 12 S .

-b/2a, to the velue of x). Also, B
so that the series falls into (P-1) sub-series, each having o power of &,
" OTHER THAN -UNITY, =s a nominal factor. (However, in the end, e may

toke unity itself as a value, if a is real.)
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Thus Px/~ is given by

ki

2 z P T oaere - }

egﬁb{l T
%) - P\

+ 52Q+1b2C:2Q (; I"“Q‘“;"‘-'l p F oerenc + sas0 g
ﬂ\ .’, /

50+1,3 30 (1 (3021 F\(%

£’ b (oA {-3.E< P"‘"""‘I T ecaco + cacen 3

. /

g - i s (P-2]
R 2 L I o S A S N € s £ B 2 o
¥ LR DI SN2 } T

:..
-

the row with vanishing coefficients clso coatsining the oply factor

eNQ+1 which might equal uwniiy, ‘hougn if P were sven, there would then
be a non-vanishing :ow contairing a power of & waich would equal 1.
If comvergent; this gives x as %wiFie +Tae® b L.+ Py € !
and by choosing a3 € %he various P velues of 4 /% in tura, the P roots
of the equetion may be found SIMULTANEQUSLY, and to as great o degrec
of accuracy &s required.

4

If @ is repleced by -Q, ncne of the coefficients vanishes,

. x [/ L) R P
and x is of the forn o (Foo + Fae® + ... + Fpg ),

P
(Et} oxe corpletc hypergeometric functions of order P-1. No
general tables for them existe
Considering now the sub-series constituiing sny one row of

this expression, the following treatment of the DALEMBERT ratic is

didactically simpler than thaot using csyuptotic gamme functions:
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Yep ! /ll',tp&:ij P\ N+P-1 ’[11}&.:,2,:“}:‘ N-1)

" : NP (N-1)
o= m——— (IV%'Q‘Q'@':PL‘“J‘ 1/ I%" 1)

I AR

B K . . " *ul‘] . 4 . kN
* (K& +q+z ~1)"~Q) gN-Q n 1 (=) (g d)

=
+
ay
-
o
~
22
ghO

I
o

&

w Qy 2.
then Nl:pw ..._’*.“..E = 6 (9) {,Q' IR s £, say,
+hose conthining
the +eras in each facpnv othcr than N being %
-Q ¢ '\E Q . VY
(Q Py - x“%/ .9 C“'
(=a)9 _PQ P G ;

‘-'b/,?' -0 -.1“-% 0 z'\i ', . . ' .
{;—A-gr*~ﬂ fas-lelt Corvergence follows if [C] < 1.

C =

3

.l

: . ! - P e B - .
The critical case of (T, =1 is "ut its worse" for C =1, but
that is happily @ case for o solution, ot lecs® in part, by radicels,

for C = + 1 is satisfied by

a(®P-Q) . . ® ~b@ 2 Q
Q A ’

. cawrna)

4 Lo
reducing the original equation o
o .
Qk’xp - PRQXQ + P ~-Q=0, say g(x) =

which is clearly sutisfied by x\ = Tasn gi(x) = 0,in

7 - o |
PN - PQKQxQ b e o,

-4 -Q P-0
or  x% (xP'Qx 1) =

which is also satisfied by xh = 1,

1/P.

s0, under this condition, too equel roots {:(5%:67} are at once
JR L . -0

oBtainéd, and the degree of the equation is redu&ed by 2.
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Conjecture: all F rocta of ax’ + Hz¥ + 1 = ¢ wre expressinie in terns
: Y o NP P e o O
of redics'.s if (-1} QQif»Q} Q. aQE . Py ATSENSTREIN'e theorem, the
eguatior is irreducible in the "rgiicnal’
least ons root is representitle Ly radicuals, so the GALOIS group of
the equation is sclublie. Twan der WASRUEN, B.L. Modern Algebra
(trons. F. BLUW}. vol. I, p.74%, §24, Irreducikilily criteria, p. 173,
Fundamental Theorem on Equations Solubie by Redicals.]
‘Regerding the series *or x &3 ¥ee sum of powe*—serlos each in
c (=8 ), the raﬂlus of Gonvergence of ecen sub-series, and of the Wwho..e
/P LK
series, is (P ‘ ‘m~~u) say R.  Reversion of gid) = 0 %o

¢ 'dQ o i
x = g"4(6) = G{c) s impessible &t ¢ = U, fov 2%%%% = QO there,

[coPsON, E.T. Theory of Punctionz of o Complex Variebis, p. 121,

§6.22, Inverse Funciinns] o = R ig thoe only singularity of

G(e), and so the scries converges £t every oithar noint ON the circle
c o+ ’ ) -

f@[ = R. [TITCAMARSH, B.C. Toz Thsory of Funchions, 2ad Hdn.

p- 218, §7.31.]

If |C|r> 1, write the equution as be - = -axP,

1/
. . . 4+ 7 /
putting DXQ + 1 =, i x = _-?Ti = p*c*(1 + 0)0

wh,»re/w = Li(Iv]), 6= Ib]/l)
31/Q

and €* i1s some specific vclue of

i
i

/1
‘then m = ax’ = afB*e¥(4 + n\1/Q}P

i

a*(1 + q)“~ where o = a(ﬁ*e*)P

and let.c* = (d*)q aQ/(_hj

4

‘1.*(1 + n)P/Q and x° ﬁ*a*/'] + 'q) /Q give the praﬂsi'\n

pre* 4 (@) /wp s 1 = qF)
Q ELJ Nt ( Q
2]

Then 7

s similarly to the abovs,

g
i



end this converges

A
3

P
(-2 @

1.8 1/lc] <1, w

|

if c

QP
‘gﬂ.igaumﬁ
Q
ich

[ ]

aao

but now none of the faculty coef

Then

-

X =

éarﬁ

Go + Gy &%

=~ -.‘

and, giving £*

+ Go(e®)?

Q roots of the criginal equation aors

T see I

its various Q values as

[&]

)z

<1
o? (p~q

i n %\,P ¥

ficients vanishes.

e Q“‘?
G'Q__.’ ("‘ ) J

roots of B,

th
Q
bt

. .
HLEC.

is satisfied, with the criticel case as before,

To find the rewmaining P-¢ roots, write Hhs wquation &s
D G
ax’ Q 4+ h 4w ¢ = 0,
a Pg 1 G
o oA o x 7+ =
ro X B 1 Uy
) ’”“'O /"‘g A= ;,"\X' . ,
and put TX 4 P om eE, with x o= 137@; where 1/r = P —~ @
/. .
- B ¢,y b
i.6e x=q g (i +E) , where o fla/dggg ani £ iz some velue of !’g;(*ﬂ,’%
‘1 el ’i e ume o = Qe
Then £ = & x™% = = {4 & (1 + €)% = B0 + )
- - Tl r o4 e
where 1/8 = bla ‘Q and o = § € | g
(blu &)
. Qs NG QAP P
ikl = YT ey = ()% )47
- o . &’v - r
So —ae(wzﬁ g = Bl +8)Y give
- e N N~
x = a,e:r> iir? (r--NQri-rm-‘?)( H
» L8 y
ooy \CBN(MQd - P g\ (1)
= a0 €Er Nc Q P - Q

and none of the fuculty coefficient vomishes,

Uy+p-q _ =/ % \ /P
Uy - P~ P -

—

=2
P-Q

ol

Q ,_» Q7 S\ |
P

whence convergence and simultaneous production of P-Q roots of the form

Ho + Hy€ + H¥2 + ,,. + HP__Q__A}E'P'Q“"'}

on the substitution for € of its various (F ~ Q) values.

3

/

S
2
\ <
N
s
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The simplest trirosicl is the quudratic; say ox® + bx +1 = 0,
and the condition C = 1, as above, is that b* = l;@, and the roots are
squal . If o exd D cre not both recl, the 1r ity of b? and ha is nok
directed, but the conditions |C| é’i or {Gi » 1 indicnte the pattern of
the roots: there is cither & 2-lot (fwin-rocts, as it were) of the form
-b/2a + fe where ¢® = la!l/{-a) or elss twe soporate single vocts, I
cannot be too hastily eddsd that e coleulation of the roots in this way,
though valid, is nob a "practical »ropozitiort.

For & trinomici cubic, sey ax® + bx + 1 = ¢, the condition C =
is that 27a = ~4b®, cne two roots are equal. Azain, if o~ end b arc noi
both recl, no directed incquelity can hold botween 272 and ~4b® und the
eriterion for CARDANGs firredusible® case fails. Instead, (G €4 gives
o 3-lot of roots of the form Fre + Tue?, whore &% = |ai/(-a), and |C] »

gives o 1-1lot and a 2-dlo%, found by expanding froo the first terus in

bx + ax® + 1 = 0 end (a/bh)x® + (1/b)x"% + 41 = 0 respectively.
As o practicel propousition onc is in suby bouad Ho solve WALLIS's
equetion: x® - 2x ~ 5 = 0, FWAITTAKER, E.T. and ROBINSON, G. The
Calculus of Obscrvetions, p. 86. $44, note this treditioncl duty, but in
the saue chapter, in commenting on the 101 decimal piaces achieved by
HORNER s method, make no refvrence to the complex roots.]
The general cubic readily reduces to the {rinomial form
ox® + bx +1 = 0, giving, when I:;—éi% £ 1, and vhere a = ;Jl1/u',
* = |a]/(-a), o= b
2-——e{3+-§-f D7 g & S @™ v

¢ 1
S .
8} 2 &) 3, 1}
+ e”ba{‘l v S (%)( + S (%‘)‘ s \Q\,( Y . }

N 2
or x = % o {3~2F oN} +E bg? {1+ 3 SNON 1, say.

1
y 9-) ond 1 + ZSNCN = oF, ('g,%; '3)’ but
no general tables exist.

' 2
1 ~5Pycl/3 = QF:L("'"%’ Zi
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To wse this »umw rically,

N

/

1877, ppe 56-88; as corrected Laber

-

primes (and their squarses) calculeted

by

Re LIEMAL

J‘}r _).h..,..\l..-a s;e

A 4
were used, bui the .ooefficionts - F“I apd %
places, and are gppended. To solve ax® +

+ (1/b)x"“' +1

take

-

write G

]

then x

The +hird.

when e is rational, the cube roots of

M. (¥ess.Math. V. 7,
RD) to 30 uecimai pioces,
3., were compubed Hto 45

EL

bx + 1

= 0 waen |kb3/27e]| > 1,

-
az ,..‘3/})"3
B¢ oway, C3f aya
S T ) CH A ST
o3a S
5 Z
Fis 'VE 2 o it
w21 Rl 55 5 28

if we wire o soive bx +ax® +1

Y [ - E
(with a* = /(}1/0]) ond e = 10} /(-B), o% = /7% = o, above)
; ‘ %2 »3 s o .
2= oaret{d +oov o+ S 6w G (8 o ST anler
N =X 5;‘ l} 23
& n 5
—_— L. . iy % 2 ,
In WALLIS'® eguction, & = ~1/5, b = 2/5, o = /5, &% = 1,
! e o N 4 - - 3
c ={(2/5)3.5 = 0°32; +the tebles o Pooownd yy wery used Lo construc
w N X '
the suns a?t:“Nc s D07, plving
- 2= 5.
X = € ¥h §1 e
= g %@ :4 -
2y P RS
= el + ¢°V, say § T G ety
"i 4 . - 2 - Y . 3 -
sox=U +V, - (T :*id/:«(U -~ Vi, Just as in CARDAN's form
[ - . .
[SYITH, C. Trectise on Algebra, Ch.XiXII, Theory of Equations §46i)
4 9 b
where fud, v3} = . — 1,/ /(M--)Q + (»;7--)3\
. - <& i \ 28 oa ;
4
. 4/ / 2.y
e ‘/(1 4 {i;_..,} o
2a 27a ]
+

= G



J3 = 1+73205 08075 29352 T4hb63 L1505 €72

(Wash.aced. Sci. Vol. 42, Ho. 19, p.435) together with DRACH's

A58
o\
8
\l
~i

3/3 = 1+70997 59466 76696 98935 31088 72543 860
3/25 = 2.924,01 77382 12866 06550 67873 60137 923

and the calculated coefficients as appended, yield

U = 170311 09415 19889 61889 66362 20208 409
V = 003914} 054,00 22436 97258 57503 20370 897
S0 x = 2:09455 14815 42326 59148 23865 L0579 306

or ~1 04727 57407 71163 29574 11932 70289 653

* ¢ 113593 98890 88928 138624 54926 29029 L39
Some 10 hours' work, by an expert, on cn electric mochine; the
F and 8 tubles, teking 7 hours, end the complex roots, ot th@

end, 7 minutecs.

The following examinction guestion is of some intorusst:

Xs’lvx—‘gzo herea:—1,b=-~1,q,:1, 35=1:0=._19
5% _ ' 1 rLyie; -
€ - 2 5 { - 5‘?{ ,5) . coeee ;

1 2 .
"‘1}5 { 1 ! - '{‘3"1‘ QB')(E) ee s £
1 . I . .
+ 82{ ‘2’? ('"5'2': i "3'1{ (g)(e) ee e }
N I
1 =4h2) 1 gy (1 |
— 83{ 3.?'. ('-Sw/ ] —.8-5. ('5' eoeve }
1

icex =g (1 f - 3.7/5° ceces )

_62( 1/5 i bt 691,7)/56 sesce )
e L5 + 11.17/5° rree )
"‘84( 1/53 ! - 11 026’/158g R RN )

§ &~ 00267 — 0°0ke® — 0:008e?,

giving «ll the roots correcet to 2 decimal pioees ofter the mental
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[ e

A e
H

.

caleulation of oriy four coefficicnis incmely those to the left of Hhs

dotted ver®icel line), which are capablc of being

x= & (1°00130 72491 1765L)
-3 ( *19903 27905 £0582)
~8  ( <03953 77984 £3965}
—e4  ( «00785 90428 51922)
correct to 16 significcnt figures.

Some 8 hours’® work on clectric machinss.

~

written down on sight.
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01234 56790
60 96631

4 82963
46073

4859

545

64

7

/6

FN//j

12345
61103
61527
97003
30054
80378
01402
7uB83L
96067
12138
1557
202
26

67901
49032
74563
20805
30659
89088
16251
27552
34,976
26709
30152
33018
56677
51983
46997
6317
85L
116
15

23456
15973
24,722
69698
93065
89078
16620
14062
65561
69407
35903
03136
08144
74449
00250
L9830
26157
12138
85849

17486

29939
1135
573

79
H

79012
17482
15479
52206
20567
25113
28871
19796
15677
64211
94,061
25565
09674
38348
76130
13582
13238
03502
63186
05330
33854
62476
05387
63233
09485
54953
21689
3042
427
60

34567
09114
54837

24198

78354
39907
32458
57330
91062
66618
66789
91922
69734
95116
46789
8iak3
28589
5358
03043
01337
66902
68742

54516

LL5T7h
40460
84518
64145
2921
54799
19319
48862
19896
16958
2402
340
48

90123
L6426
25694
84142
65725
18009
24952
59469
131,66
66393
10889
62967
63029
9037L
08453
58130
36kl
68158
39207
19174
86311
51757
00955
98017
20361
90095
35541
26897
96251
13469
36486
97435
70471
31083
72661

38569

87911
97310
13950
1990
284
41
g
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Chupter I1T: Tetrancmials

The Tetranonial Case,A axt +bx® + oxt +1 =0 s '
OAd: {a: b, 0}: {a: b, c} C ¢.@ {Ps Q, Ri - ‘t’a (P, Q, R) =1 and

P>Q>R._

Let axt +1 = -Z, P,/(Ial) =1/a, end eF = |al/(-a), also put Pp =1,

ae(1 + 2)P, say £(z)
and Z = be + ch

= (1 + )% 4 yeR(1 + )P, sy (%)

where - B = ba.Q, y = ca.Ro

it

then b'd

]

L+i=N
- LN N1 o
since £(Z) = £(0) + L DT £ (z) {¢(2)3 /Nt] D ¥ 4/d4;
. _
- . Z=9 . A
9 (- _ 1 L MLQ+MR LQp +MRp} |
x/o.e=1"'ZFW{P“*?;)IHY'ITWTF’YC U“*é)pl‘i’"é
Ly 4
N=1 L+=

!
. ,
N

Z=is

X = a¢ +p;—\ }" %%f'%i‘ ROES' RN N ¢ S
# LaN

Now, guite generally, with N = 3L, 1 + 31Q <1 + QEL<1 +NQ 1 +N(P—1) < WP,

80 that if LQ + MR + 1 = KP, and K > 0,

then K < N, so K =1 <N -1, end (K ‘4'3’)(1‘7“1) Z o,

i,00  Pl(1Q+ MR +1) => (Lgp + Wp + p ~ 1) TFH=1) = ¢,

th . xr .
and every P™ term or coefficient of € vanishes.

Thus the non-vanishing terms of the double series for x fell

into P-1 lots, having the respective common fectors {sK}E“1, end, if

. : Pt
there is convergence, x = efy + €°Fy; + ... + & Fo g3
and, by giving €, in turn, each of its P values, P different values

ere found.
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* ped (peh2/2t  (eehst e (el

P (gp+p 1)t (20p +p —1) (1) (30p + p —1)8) ... (LQp +p—1)(1”"1)
R . Lq +p—1)£0) (op * Rp 4 (1) —1)(2) . (3) 4y(L)
3 iBp 7P Op * Rp+p-1)""’ (20p +Rp +p—1)(2) (30p +Rp+p—1)(3) ... (LQp+Rp +p-1)
R ‘ \ v,,:.' 3
(ve®)3/2 |(2Rp+p~1)(*) (Qp + 2Rp +p—1)(2) vet ve. (LQp+2Rp +p 1)L
o
o
M (ﬁmp-Jcpe_-a-}:;(‘f?‘"’"t ) vr. (LOp +iRp +p_1)(L‘%M~4)

A1l the terms of the double—series may be arranged ot the lattice—points of the complete

quarter-plone,.as set out abowa: At the point (L, M) is named the coefficient of the factors

nemed ot (L, 4),. (<t; 1), and (-4, M). (Buch of the urﬁorli:t}ed terms is unity.)
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F1y

This double serics is the sum of P? double-serics, each consisting of
every P-th term along each P-th row cnd each P~th column beginning firoa
some element in the first P x P square of the array. Each Oon‘-\m:::g;eg
as will be shown, by HO:N': lemma zMathemat:L.:che Annalen, t.34, 1889,
p. 544, "On the convergence of hyoergeouetric series of two and three
varisbles"] namely, that convergence follows from the D'ALEMBERT tes:
being satisfied by esch row and each column. Therefore the double~—

series, and every similariy—constructed and tested muitiple-series,

converges.
.-' - T \' ) 3
E_I\E_E = (ﬁeQ)P (L +P Op +MRp+p —1 ) L PEi ('I/{xLQP +¥Rp +p —1 )(L‘i’M 1)
i (L + P / i
N T
bP U:’QE + ¥Ro +p—1 ‘?Q}(Ll\‘*M"ﬂ)

- .

. , which by epplying equation (10
s ) ’ B - * )
(-a)? {1+ P)(P"\Lgp +MRp+p..1)ﬂ'“’I 1)

. " {19p+MRp +p—1 +9)(Q>(;LQP+MRp+p )(“+M 1)(1@9 +MRp+p— I:-M)( )
: TS - = '
('-a)Q (L + P)(Q‘ (LQp+MRp+p-—'a) (L+-4) (L+P~— )(P~Q)
This, for ANY fixed M, as L - o, tends to L 3 (QP)Q (Qp - 1)P~Q
P Q p-g \®
ie. (-b)” 9° (P-0)
a.QPP
P
r (ﬁ)P{:-’q G ”‘W—A/BA}Q :
o e say O .0
aD/ Q P’ ’ Fq

So, comvergence of ""VERV sub—scries in ZVERY row is ansured ty
1/- | 1 1/’Q-‘" 1/P
| bQ)1:

Similerly the convergence of any ons sub-—series of P-th terms in one

colunn, and hence of every such sub-series 11/11 every column is
L -1 /P

RF

where

Similarly




o Dl o
Regarding any row of terms in the double series a5 a power-:

series in B, there will be convergence for QCPQI € 1 except at CPQ =1,
asshown in the trinomiacl cuse. Ccll the condition (PQ), and call by
(PR) the totality of conditions for the conversence of terms in any
column, regerded os o power—serics in y3 i.e. (PR) meens that lCPR‘ <1

)

except for CPﬁ

Let (QP) mecn ]CPQ} ¥ 1,8, (i.¢. excépt for CPQ = i), cnd (RP) mean

= 1, or i% nay be scid thot ]CDR! <1 a.e.

that IC,ﬁl 2 1 a.c. (except for Cop =), «ni so one.
Then (PQ).(FR) ensure a P-lot of roots. (Hercaftcr, the . mezns the
lozicel "and".)

The putting of axP + 1 = %, and procceding cs above, is to

"solve" with axP as FIVOTM,

NO CONVERGENCE CONDITION IS MODIFIED BY SUBSTITUTION OF A MULTIPLE OF THE

i

VARIABLE IN THE ORIGINAL EQUATION: e.g. Co. for o (Ax) +b(ax)? +1 =0

Q
contains (—be)P/ (aiP)Q, which is still (-b)k/hQ. Moreover, if wx = 1,
the original equation becones aW"P +'bw.'Q + cwfR + 1 = 0, but the condi-
tion for convergence of P roots is not, as might be hoped,

() Y(prg) T
a ()T

<1, i.e- (QP) in effect, but (PQ) as before!

That is, divergence for an x-solution implies divergence in solving for 1/x.
. Pri o R
wite  f(lep) =g, W(wel) =3, Wel) =
end Pp = Qg = Rr = 1,

'_s

1
so that (PQ), or lC I <1 is a/B 2 (““”)Q F e

= (g=p)* © = n, say,
and (QR), or ICQR £ 1 is ﬁ/Q \qu = fs 86

(In the obovey, 2 is to be interpreted ws "> a.e.”, excluding vhe case
5. . 3 5

Cog =1, ond that case only, for ail J, K.!
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it will be noted *hzt the discussion of the various possibilities
arising from f, = axP ¥ be + c::R + 1 = 0 appeers to involve the spoce ¢3,
since {a, b, c! CC but the CONVergence conlitions obtained reduce, as will
be seen, first to an octant in %, then to a piane é'quilateral triangle.
Lomma:
If0<x<y, thenxy<x+y, sologx +1logy < log (x +y)
ond x log x +y log y < (x + y)(log x + Log y) < {x + y) log (x +y)
then 57 < (x + y)™. |

So (r-¢) Y (q-p)¥P < (r-p)? or |la<mn

Theoren:
(ep).(PR) => (qR)
For (qP) is 4/B < (q - p)¥7,
(7r) is 4/¢ > (r - )T,
jointly cntailing B/C 2 (r-—p)rﬂp/(q-p)q’-p > (r-g)™ % ile. (QR).
If (FR) but not (PQ), then (FR).(QP), so (QR).
In £o = 0, toke bx® es pivot;
iee. bxS 41 =7, p=S/liml), 2= [biAb), qq=1,

pe(1 +2)3, sey £(2). 7
_ I y
£ = o + ot = aaPef(1 ¢ 2B+ ogh (1 + N sy 6(2),

X

and so on, as before, lecding to a convergent doublec-series
if (QP) and (QR), which obtein. However, this gives only a Q-lot of roots.
In £, = 0 divide throughout by be, to got (a/‘o)x?-gvs-'l + (Q/b}:cR"Q-P(‘l/b}x? Q. G,

and tcke the first teru as pivos, (i.e. equating the first 4wo terms %o &

and proceeding cs before} to get o (P-Q)-lot of .oots from the double-serics
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which converges under the conditions (P-Q, R—Q) enmd (P-Q, -Q), neming them

eceording to the previous pattern.
(1/6)°8(-q) %"
(ap)™ (p)"

=

However, (P-Q, ~Q) mcans that, z.e. 1 2

aQPP l

bFed(p-g) ¢

~ ) i.o. (QP);
(/)0 (3-0)* 2 (pp)PR

(/)% (p-g)F
P-R

But (P-Q, R—Q) means that, c.c., 1 2

P-Q QR
C o
o) 9

P—-R
(5
say (PR, Q), or C

multiplying "above and below", approprictely, by PP QQRR, CPR 0 is found
)

iees 1 2

<1;

FR,Q

to be %*lﬁ.CPR.CRQ'
If we put R = 0 end ¢ = 1, (PR, Q) = (FR).
The formol expression for (QP, R), i.e. (Q-R, P-R) also reduces to the seme

form as (FR, Q), os does that for (RQ, P), so that all that metters is the

cyclic order of the indices, all three forms being representible by (QFR).

<

Also (PQR) or (QRP) or (RFQ) denotes the contrary case, nemely
i.e. (20).(Qr).(R%) == (PQR)
So, when (QP) end (QP, R), there is a (P-Q)-lot of roots.

CPQ'CQ}TCR‘P

To recopitulate: (PQ).(FR) = [P), the existence of a complete P-lot

P

of roots of the form e€Fy + «vv € FP~1

(aP)«(FR) => (QP).(QR) == [Q], & complete Q-lot
of roots, eto.l

(@P)+(PR,Q) = [P-q], & compicte (Pq)-Lot,
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When these conditions foil, tcke ch as pivot, and the resﬁlting double
scries converges to give an Li-lot of roots if (RP).(RQ); then divide
£4 = 0 throughout by ch, to get
(2/0)x" ™ + (/)T + 4 4 (10 = o,
whence, with the first term es pivot, o (P-R)-lot of roots is found when

(PR, Q-R) and (PR, -R), these two conditions being the same es (PQ,R)

~ond A(RP).

| But (QP).(RQ) == (A/B = n).(B/C < 1) => (A/C € 1n < m) = (RP)
So, (ap).(rQ) = (&P).(PQ) => [R]

and (zP).(PQR) => [PR].

The last possibility of solving by this mcthod is to teke the second tern
. as pivot in (a/c):;cj:)“R + (b/c)xQ‘mP +1 + (1/0)1':"-R = 0; a [Q-R] lot is then
obtained if (Q-R, P-R) and (Q-R, -R) which means (QFR) and (iQ).

Becsuse the Ccleoulus of Propositions is isomorphic with the
Theory of Sects, it is conveniunt to displuay pictoriclly the interrclations

of the inequality propositions, using VENN dicgrens.

e il
et b\ / e \
\ f N \

@D o) e W2 EE P

P = q becomes:

b
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The velues (and bounds) of i,.m, n arc most rapidly asscssed .
for discussion from the real branch of the greph of y = xx, supplicd
for reference’ |
The aetual minimum ot x = 1/¢ is cbout 06908,

Some of the possible small vslues arising from certain P and Q, ere

. P Q x approx. xx
l\ﬁ/ 6 2 1/3° *6934
4 ;
y , 5 2 3/10 *696€
a H
L : 2 14 1/2 <7071
L7 ; I 2J 1/2 7071
, |
. ! 6 3~ /6 7419
° * 2 3 2J) 176 7419

The presentation of (PQ), (QRr), (&2), (FPQR) in the direct style (as ct the
left, above, requires three parebolic half-cylinders and 2 generalized cone,
whereas in the transformed style, therc arc threc planes and & generalized

cone. The equation to this cons is directly

- P P )i
P [:= TR T = L AT g2 b| %™
PO | & =i c P-Rk © |P-R a g
shuwiﬁg the gencratofs to have the form ’52%‘% = kQ-R, !%%%'g = (ﬁ/k)P~Q,
i A8
or; tronsforned, 1= CPQR = CPR‘CRQ‘CQP

(Bo/a)Fe (/% (g/em)™,

since the factors are resgcctively congruent,

. : PQ-FR . PR QL T
1= (Bo/) 0 (g/e)™ M (1n/m)

e

X . . ‘ . which
2 generalized cone with axis along the axis of g,,%ﬁ%, for 211 reel valuss

of k, has the generator R

P
-0k P-1 PO~FR PR
B/ = ()7 \%> 2B = ()T 1‘m"n>
- 7
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On the faces of the unit cube lcl=t/R (ﬁ,Q’ 1 (QR)

) Y
which are remote from the vy
- )/ ?\\

origin cre shown the traces of (FR ) G’/ /7
4 = Bn, separating (PQ) and (QP) /
B=¢l, "  (RQ) and (QR) / / /
{ Z

4=¢Cn, " (?1) end (R?) 0~

, . el
and the generalized cone, , Lyf}&?] h
1 = Cpps separating (POR), laj=1/p 1 (Pa)
- o )
above am_,; to the left, A Lis (1n, 1, 1)
from (PRQ), below, Gis (m, 1, 1)

The diagran ié distorted to‘disp.lay ‘the nature of the configuration.
Actually, the most "open" one is for
P=3 Q@=2, R=1,
1= ("y2)412 = oyt fB) z 078
n = (%/3)7/° & */("/5) = 0+96
84/( /6) = O*7k.
=1 dir.e»ctly, ganeralized parasbolic cylinders would

fl

n

Representing CPQR

have traces as shown:

e

all these configurations, direet or transformed, are homeomorphic, the

effect of transformation being, nsar the origin, a clustering and,

further out, a dispersion of the meets of' the surfaces.
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A simple VENN diagram results from the section of either configu--

ration by a plane. Again, all plane sections cre homeomorphic, but it is

convenient to take equal axial intercepts and the transformed case, thus:

(FrQ) ) 1 (ap)

This "comvergence diagram" illustrates these propositions

concerning inequalities:

1 (P).(FR) = (qR) ;5 (P0).(RP) => (POR)

et

111 (PQ)-(RQ) => (PGR)

v (Fq). (r0) = (cw" (R} = %P
V (PRQ;-kPR' = (PRQ} PQ:j‘» R

vi i1, 1,11 ¢ {IC 15 ¢ POP‘%‘ no three boundaries concur,
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AF every poinp (i.e. iy r any given a, h, c¢) there is convergenee to at
leastloﬁe set of roots; but for the combinetion (PQR) .(RP). (QP).(QR),
both [P-R] and [Q] loks exist. Now PR + Q > P, znd by the Fundamental
Theorem of Algeb¥xa, there asre P roots and no more. So, although «ll ihe
P-R rbots are different and all the Q roots are different, some of the
roots of these two sets must coincide. The qucstion then arises as %o
whether a [Q]-lot and & [P-Q]-lot mey not have some roots in common, and
similar questions asbout [R] and [P-R] lots, and sbout [R] and [Q-R! and
[PQ] lots, and also as to where the unmentioned roots are to be found in
Mo Hnee nagiom LP-R1,LQ], LP-~] 204] rrderin
the "[P-R]" and "[Q]" sectorsi&theseﬁéus% being reogarded as “"unebebiel.
In any "practical" case, where fewer than P roots arc found
there are scverel methods by which en equation may be found containing [B]
the balance of the roots, and then solved by this method or its extension
later described. So in & "[P-R]" case; the equation containing [B], tho
bulance of the R roots, may be solvable NOT by an [R]-lo%, but by a [B. -
lot, & [B,}, and so on, and similarly for a "[Q]" case. THE MAIN POINT
OF THIS "CONVERGENCE DIAGRAM" IS TO SHOW HOW A SLIGHT VARTATION IN ONE
OF THE COEFFICIENTS MAY SUBSTANTIALLY CHANGE THE PATTERN OF THE ROOTS. -

rdenien

The *totality of "unsdeble" scctors ead=bounderiss—of-resiams will be

called the CORE. An examination of the values of 1, m, n, {together
with the realization that the diagram has been twice distorted %o
magnify this core in order to exhibit its structure), shows that the

proportion of pathologicul cases is very small.
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There are six special femili¢s of cquations determined by
the vertices of the core, but they contain only six singuiar equations
corresponding to the simultancous equality to unity of any two of
CPQ’ CQR' CRP’ cPQR‘ These are conjectured to be solveble by radicals
over the rational field of the coefficients — NOT by having double roots,

however, as in the trinomial case for C_. = 1, but by more unexpected

PQ

phenoména. For instance, if P = Q + R, the conditions C 1=C

= PR

may be written
()R |, | ()R
opF e
P P P
or ‘_)\P = g = (2) = (—CR)
Q PR aQ , a

or -b = haQ/P, - = KaR/P, (teking P.V.s)

S - .
ax , the original equation becomes

1]

putting yP
yP -kyQ —‘)\yR +1 = 0,
/P

which, if F is odd, dis setisfied by y = -1, or x = -—-1/ a.

The general form, in this singular case, of "ons" algebraic root
(as described in the trinomial case) necessary for full solvability

by radicals, is not yet known.
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Conspectus of Root-Structure of Tetranomial:

Singular Solvable by radicals
6 P roots
Q and P-Q

S

Il R and Q-P and P-)

- R and PR

- B PR
Unedmhic :

- Q B
Helsababie Q amd P-R

11,13 Cogs Ogg -G O

(PQ).(FR)
(eP).(FRQ). (QR)
(PRQ).(RQ)
(RP)s (PQR) . (RQ)
(ra).(aR).(RP)
(Pr).(=rPQ).(QP)

(PoR).(RP).(QP).{QR)

Programme for decision on pivot term:

FQ QP
PR RP RQ ®
QR RQ (P;;z; AE;RQ) (PRQ) (PQR)
(PR R RP
[P]{[P-r][B]|[P&][R]|[R}[P-R]|[R][Q-R][P~Q]|[Q][P-Q]|[Q][B]|[Q][P-R]

4 criteria;

6 Singularities;

7 other eventualities, 4 of them stabicw

or, more baldly, where —(PQ) means (QP), ~(PQR) means (RQP), etc.

Test

Reaction

(PQ)
(FR)
()
(PoR)

Resuit

)
)
Ll

11 {e-R1



Chapter IV: Pentunomial and General Cases

The Pentanomisl Case, axP + ng + ch + de +1 =0, or fg =20.

.The procedure is strictly enzlogous to, and an extensicn of,
that of the Tetrenomial. With the same notation for convergence condi~ |
tions » there ere corresponding chains of inequslities, e.g.

I: (oP).(PS) = (Qs); II: (PS).(sQ) == (PQ); IV: (PSR.(SR) =>(SP).
Taking ox® as pivot, when (PQ).(PR).(PS), and putting, for greater brevity

thanbef’ore,a(’.’{o,:—-aap'-'ﬂ, 5=baQ, y=mR, d = da”, then

=1+_1§§“°° z ﬂbN(ngmauNsnﬂ)(m)

Nt P
k=t  LeM+NsK

po

aix

MI N

Each tern of the triple-series may be decomposed into five factors,

arranged =t the lattice-points (-1,~1,-1), (L-1,-1), (~1,4,-1), (~1,-1,N),
end (T,¥,N) of an octant of 3-dimensional spece. Convergence for a

sub-scries ( of every Pth ternm) slong any row parallel to an axis entails
convergence for every perallel row, but three convergence conditions are
required for the whole triple-series thus arranged. If any convergence
condition fails, a d:ifferent pivot term may be used os the table shows:

. Xest ‘ Reaction

() [+]-1 "~ |
(PRﬁ A ;
(Psg +1 ' - - : {
| |

|

QS) + - -
RS) + - -
PQR ) - + - ,
PQsy ‘ ' + - |
PRS% kol + ' - i
(ORS o ) ‘
resuly |[P1|[0]| [F~@1 |[R]| [P-R] | [o-R] |[s]| [P-8] | [@-8] | [R-S] !

i

T S e TR
Pivot |axX bxggaxp_‘g/‘oich!axp R/c be® /G c'ix“'lax“d S/d be? S/d ce

i
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Let Pp = Qg = Rr = Ss'= 1 and let |aP|¥ = 4, |b0|? = B,

Jer|® = ¢, |as|® = D be co—ordinates in 4-space. Then (PQ) and (QP) ave
on opposite sides of the hyperplene i = nB; (PQR) end (RQP) are on oppo-
site sides of a manifold meeting the. hyperplene D = O in the generalized
cone encountered iﬁ the Tetranomial Cose, and so on. The whole configu-—
ration leaves, on any hyperplaﬁe meking équal intercepts on the axes, iraces
which dissect a reguler tetrechedron, sey PQRS, its vertices in lexicogra—
phical correspondence with the axes. This dissection is a mapping of the
essemblage of convergence domains: (PQ) and (QP) erc the portions of the
tetrehedron, respectively including P and @, which are seperated by the
plane through R§ dividing PQ in the ratio 1 ¢ n, as before. There are
six of these planes, determining 16 verticos (singularities of f£5) of &
complete hexahedron INSIDE the tetrahedfon. (PQR) and (RQP) are separated
by a ruled surface passing through P and }, having Q on the (RQP) side axnd
the hexahedron just mentioned on the other. There gre 3 similar ruled
surfaces, determining among themselves 4 more singularities of fs. The
planes through P determine 3 lines, each of which meets the interface of
(QRS) and (SRQ) in & singular point; those through Q determine singwlari.-
ties on each of the 3 ruled surfaces not conteining Q, similarly there ave
9<siﬁgularities on lines through R and another 3 on the lines through §.
So that tha ruled surfaces contain 28 singularies of f;, neking Wi

altogether.

The number and nature of the regions of the core

is not ye% known, but the 8 regions of complete solution are givea as

Results on the 4able above.
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[It is uncertain whether the ruled surface through P and §, not
céntaining R, i.c. (P0S).(SQP), and the ruled surface through [ end §, not
containing Q, i.c. (PRS).(SRP), are identical, but the above count is not
invalidated by the uncertainty.]

| Now consider agxf + ... ayx! + ... 8% +ax+1 = 0,
the indices being consecutive naturcl numbers. Then if (§1).(32)csse.
(3, 31).(3, §+1)- +.. (§k), with the seme meanings as before, & [j]-lot
of roots can be found by taking a3x3 as pivot. If the first failure of
these k-1 tests is et ajx!, transfer the tests, in turn, to the pivois
ayx! and akxﬁ“f/hi; If failure agsin occurs, transfer the pivot to the
tern occasioning failure, and elso to its quotient with akxk, and so on.
Because the mapping of the assemblage of convergence domains exhausts the
regular (k-2)-simplex in which they are topologicelly embedded, there will
be at least one lot of roots yielded by this process. In the very rarc
case in which this is the only lot, remove it by division and proceed
similerly with the reduced equetiont

In hope, begin at exx¥.

In following the drill, it is_ﬁseful to think of (PQ) as (PQ0),
that is, as if the term at the end had béen 80x%, and reduced t§ unity oy
division by a¢, as indeed it would be on ﬁearly all ectual occasions.

So, EVERY convergence test becomes & 3~index onc?t o [j~i]~lot exists if
(ijo).(i;1).(152). see (L3K).
Lostly: if {n,]: C ¢, amd (ng, ngy seey nx) = JK, (I,K) = 1,

then X alxn‘ + 1 = 0 reduces to fx = 0, solvable as above.

P s

*For a (k+1)-nomial of k-th degree, a bilinear trensformation
Xy + ux + vy = 1 will not complicate, but may complete the trans-
formation pattern.
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Chopter V: Trrationsl Exponents

Let s be real but irratiomel.
Let k, N and  be integers, end pP = 1.
For a1l v and p let z; be exp v {in|z| + «(ph z + 2uxr)}; l: = cis 2y
: 1 = _p |
Then (i) zg = 112'3
Ny

v N
(i1) (ZP) ! zp .

g

1

(iii) (zg)k exp & {In |z&| + «(ph zg + 2kx)}, —m <phz <=
J

exp s {p 1n |z| + «(p ph z + 2pix + Z2ksx)}, since |p| <1,

= exp ps {1n |z| + 1(ph z + 2jx + 2kPn)}.

225 |
J+kP

Consider o.xp + bx}i +14 =

As before, take axp +1 ==, ao.P = -1, g = ba;;,
s Nps
s " —1\P2 N _ .8 /-4\P P _.P
oy = {(—5- } = <_5.> ; a B = b = ;B =b ()b kP
J/k J+kp J+kP
then x =a(1 + g)g = £(3), say,

it

laf Py
Z=D>blail + Z,)é;k

B(1 + LS, sey ¢(2)
cand x = £(0) +[ {\'T‘}‘_’ DN”1{0,P(1 + ;)2'1 pN(1 + é)gls,pVN‘ ‘1@0

) ~ N+
iee x/u=1+p 12:,; ﬁN(Nsp + p—~1)(N 1 . 1{:;13 NH/N’O

Nsp~N+i

but 1, o cis 2kP(Nsp ~N+1)r = cis 2Nksm

1112“ , which may be inoorporated in p

o Y ms + 1 — P\(TFP
, J+kP s

1]

l

S0

N-1 =1
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The faculty coefficient = I'(Nsp + p)/T(Nsp—-1 +p + 1)
P : . T L A
. . _ T(Nsp + s + p) T(Nsp—i +pt4)
S0, in the series = -—-E—(—y :
’ g/ O (n+p)\F/ T(Nsp1 + s — P + p+1) I(Nsp + p)
Now, for real and constant a, ‘
lim I(x)/(x + a) =
X —> e P
8
Japri] —> |8 I(P) -_(Nsp + p)
(N+P) (Nsp—1 +p — 1)

18F]  ¥° (sp)®
— . *
N Ns"P( sp—1 )S'"P

bP ss

|(—a)® PF(s-P

)s-P y  say CPs

It would be a very interesting event 1rdeed if CP =1. We may again
represent convergence to & [P]-lot of roots by (Ps), for any k; but rerc
of the P roots for k = ky will equal any of the P roots for k = k, # k..
writing & for |a|/(~a), the values of (é‘.)gglscp ere everywhere dense on *ie
unit circle but never repeat themselves. TFor each integral value that
k takes, j € {1, 2, ..., P}. The absence of k from the faculty coefficient
enables an extension to be made to the equation .
ax’ + zﬁ‘ by x:’; +1=0, fs1} € ¢, vut {s;] 1,
if (Psy)e(P8g)e ovs (Psy)

and thence to I, 8 xp3 + 2‘.1 by :q;‘ +1=0

for any oondition in the sots {(P,si) (P,s,) ver (P,s ) je {1,&,»»;1\‘}}
{(Pipas._t) (PiP;sg). (P1P3sM) [1,3 € {1,2, ... N}}. |



- 39 -
Now we dai*e to consider taking the second term as pivot in
axP —-bx? +1 = "0,
changing the sign of that term, for convenience, Put so =1,
. . y v Y
[Notice that if a + B =y + §, Z_',an‘3=§yn6,
since each is exp v {1n |Z| + 1n |yl + v(ph Z + ph n + 2[a + Blx)}

whereas (g n)) =45 ne 13, where k —k' € {1, 0, 1].

But If zk = w, then |w| = |z|5, phw = s(ph sz + 2k x)
so (Jz] =|w|S amdphz = ophw—-2kx = olphw-— 2k s x)
then g = wfks.]

n

Put -bxf +1 = %, thenxg =b (1 + %),

and x = {87(1 + L)% = vo7(1 + )T 1F,
where k' + ks€ {~1, 0, 1}, but whem % =0, k' + ka= 0,
moreover 12; = cis 2k'on = 1’::'0 ’
and b’o-ﬁf,- = bﬁ=ﬁ, say,
so - x=p(1+2¥, =£(2), say,
g=ax = o (1 +0)7, = 4(); s,
Therefare x/Bm 1 + @ Zw f-6;1%-1;2—(1\TP4:7' +q0 - 1)(N"1) if convergent,

N=1
(‘ ab""'! / 8\N

x = b:f{és {1 +1 Z” = ) (19 L s>(N'-1 )} ,

=1

convergent if (sP), to a denumerable lot of roots.

aSPP(s__P)S—.'P <1 )

bP SS
Extension to the general case follows as before.

((sp) = Cp =




-0 -
N P M a

Therefore 2:1 ajx I+ ji; bixﬁi +i = 0
§=1 1=

always has infinitely many roots, found by taking "pivot'" terms according

to the sams drill as that given et the ends of chapters IIT and IV.

A .
If in j;' alxgi +1 =0, no sy is rational, the substitutions ypi = ﬁki

L,

may be mede in turn for i € {1, ... M}, with the appropriate changes in
the other exponents, to test for the possible occurrence of a chain of
convergence conditions and therefore of solutions. From an arrangement
of {P1, eesy Pyy 81y ooy sy} in descending order of magnitude, the
apprpriate inequolitics e.g. (PyP1).(Piss) => (Pys4) may be written

down at sight.
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Chapter VI: Complex Exponents

Theorem:

\

With the generalized definition of z:, as exp viln z + 1(ph z + 2um}1,
zv=w==> z = W1/v for all v, k
K -KV
et v=n+tn', k=k+tk', w=oexp(s +tp), z=exp(r+10):
¢ and © need not be the prinecipal phase, only the particular phase involved
in the transformation.
=exp(n+ t n') fr+ (6 + 2[k + 1k']x)}

s = ng - n'y E=r-2k'xn
s0 { } where{ }
=n'E + nn n=06+2kmnx

ns +n' ¢ = |v|? E
np ~n' s = |v|?q
50 r=88208 _, opig

:I). —‘n'
6 -—2——--le‘2 - 2kn

z=exp<£5ﬁ§-'é+2k’+t{ﬂﬁﬁ—'§-2kx}>
=exp( +L[%~2K7\:}> = 1{:,

(]
and if 2 =1, 2 =ocis(-2x) = o> " ois(2kn)

which is independent of vs

Theorem?
z*{/z: =exp [{in 2z + 1(ph z + 20 %)} —~ vf{ln z + t(ph z + 2¢ =)}]
2 exp [(y = v)(1n 2 + ¢ ph 2) + 200 = kv)g 1]
= BV ois 200~k i
Notes zg‘t cannot vanish unless z = 0.
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.. N 1":'{;*'1 Ve .
Consider now  8(z) = 3, Vvt % =0, fv,vm} C ¢s
: i
A

fky} is usually regarded as C §, but need not be so restricted.

. 3 ' ARV . s . .
Since ygf = exp v {In 2 + L(ph 2 + 2k ®)§ = zg.1k, there is immediately:

M+
s(z) = z §129Y, with §: = y: cis 2k vim.
i=0
The set §vi} is not Yordered", but the exponénts may be named, and given
a vocabulary order. Choose vq as é, trial "reéucing-'-exponent" and since
81z0' # 0, divide throughout by this term, meking S(z) = 0 equivalent to
1 4+ f‘; By zb! =0, withpy = vy = vo; By = 851/65e

Choose a "pivot", e call it —Bzh and equate it to —(1 + %), and "order"

v

the remaining terms Zlf.

Let N\
then then 7%

1 and Agp = Py or Mig = A\
(1 +2)p%, so z=F(1+2)p 2]}
=1+ 2;)2; p:h 12 = r(%Z), sey.

Now as & — 0, « —~» 0, and as £ is destined to vanish, drop all further

reference to x¥; and since only principal (or particular) phases are

involved, the suffices may be dropped.

Aso Bya'! =g, ( (1 + )" g™ > =py (1 + z;) p"’“ 1, = £(2), sey.
|
S(z) = 0 is now equivalent to Z = } ag(1 + ;)M = ¢(%), say.

i={
Proceeding from z = £(%) and & = ¢(Z) as befors

=1+ x(Z” (1 4 )M { Z ag(1 + ::"‘f}w ,m)
by = e

// L Nw\ 5 B ( N I )(1‘4 ) :P, '
= - Ny + A= if comermnihe
1 . A Z EN1=N Ni 5_‘ 144 3 e £

\
N=1
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The complex faculties will be arranged at the lattice points
(Ny, Ngy wees NM) of M-dimensional space, the factors agN‘/Nil at the
points (-1, =1, veu, Ny, »es <), 6nd the factor 3™ at the point
(4, -1, ese, 1) as before, to provide an orderavdvmuitiple sories, the
{ayl having been ordered, temporarily and arbitrarily, to correspond to
the {vi}. If w is the first transfinite ordinal, then the coefficient
named (EN{N; + N — 1)(N—4) corresponding to the partition Ny + Ny + ,..
+ NM = N has the ordinal nymber |

M—4 M—-2
N + Ny @ + ses + Nyw? + Nyw + Ny,

This ardering is necessary to test for convergence, but irrelevant to

the 1atef computation. Consider, as before, & row of terms parallel to
the "axis of u.x" , that is, in which all the factors other then ay change.
For this line, write I for (:B}f AN ) - ANy, and S for N — Ny (noting that

es Ny, and hence N, —» o, S is finite); then for constant {{aﬂ: J# 1;

-

ay T(MNy Ay + 2 +12) T(MNy L+ N =N +1)

U+ 170N TR ET TOuly + A # LN W) (MM FEFR )
ay  T(MNg +M +Z+2) D(Ng(M=1) + F + 1)
SR+ TOqm +Z + 1) T(N;(Ag—1) + A + F)

where T + AN ~-S =F
aq (lgN; + 3+ 7‘.)7“
N +1 (A =1) +F+1)M1-0

Zo .
— since I'(z + zo)~ 2  T(z),

ay 47\1 M
Sy =M

Cy, for all such rows.

Similarly for some, ond hence any, row parallel to each of the other

"axes" in turn.
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For convergence glong ay—axis, |01| < 1, which implies vhat
log|® <1 if R() > 0. Now ®(p) > 0 and {Cy| < 1 jointly imply

15 (B ™MAM (A = 1)MTTH, since oy =™

B 3 - p\Ht#
- 91.(%&) (mr&) \ sinoe A = g

Bpi
- Bttt l
B (g~ )M H| .
= (51/50)\!-\!0(”1_ )vi . , supposing{ o
(5/5°)Vx T V0(vy =) Yt T YOy = V1T : B = vy
V=Vo 1=Vvo 1=V
= N\v= vo) (A-S_—a) (v; - y) " Cvivv s S8y

i.e. (v; v vo), :Ln the three-index notat:xon of Chapter IIT.
Therefore vy will gerve as reducing index, With vy as pivot
if R(v-vo) >0 and 151 (V1 v o),
or if ®(v—-vy) < 0 and 11"1:: (v1 vo v).
Cw v v contains the factor |6Y17V9| wh;oh involves |ecis 2k w(vy~vs)xl;
say |ois 2k(E + un)x|, or |exp 2k(E + in)mt|, i.e. 6 2K thich may be
made greater or less than any positive quahtity by suiteble choice of k.

So (vy v vo) which means C

Coy v vg © 1, may be made so for infinitely

meny ky and (vy v vg) will then be true for all other valuss of kj.

Thus any term with &ssigned yo, V¢, ko mey be used for "reducing"

and " i “ no Ys: v, ky, " " " g3 pivol,

if {k, kay ooes kM} mey then be chosen. There will be convergence

to a unique root for each of the M=ply infinite proper selections.
For unassigned {ki}, the above is a construction for a:m

<
(M+2)~piy infinitude of selected solutiona.
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Chapter VII. Computation by Swathes

Ire ﬁg“ is a pivot, the solution of
1 - + i py M
takes the form C oz = e(1 4+ FA)

{ . M
o C"I Jl — "‘ + 3:& Niuiw
vh F = I1
where ; 1 (8N1=N Nyl 1 y

et =p, amd ay = petl,

13

0

It is only to exemine convergence that the terms of F are arranged ai the
lattice-points of 2"M of M-dimensional space. When p is a natural number,
soy m, the terms in the lattice along any row parallel to the ag—axis will
have as sum & complete hypergeometric function of order m—1, and, indeed,
the whole of F may be described in terms of LAURICELLA's hypergeometric
functions of many variables and parameters, but the computation of F is
- not thereby advanced.
- (- fwd K"’A' M 7\.12!‘1 ] ’ -
But F = ( I3 D™*(1 + 2)" {Z1a(1 +2)"' 10 ), D=d/ag,
n _ { Z=0
= 37 i, say, replacing N by n for present typdgraphicai
n ST o .

convenience. f is a "swathe", the sum of the terms etthe lattice—points
contnined in the hyperplane which makes on each ay—axis the intercopi n.

. M A

et x = Ty ag (1 +2)™, = x(2)

M M A 3

l:=0 = ?2 aill(m)’m& = l’?i a: <m1>;.' Q = X(O)g
(these arc generalized polynomiels in €)
D+ 2+ 2%+ .00 = I3pih

D2 (K"
Let ny = = ﬁ-,-)

-
b ®

and g = D%¢/m!

so thut ¥

H

¥

, the coefficient of 4P in the TAYTIR
Z=0
< series for x"/n!

13
1

and g = gt/k!
(N.B. the suffires to » end g have Qifferen: offices.)
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The evaluation of ngp involves a considération of pn(m) , the
number of partitions of m into at most n perts, (which is equal to the
number of pertitions of m into perts which do not exceed n). [Pn(m)
is the coefficient of x® in 132(1 — xT)"%: G, H. HARDY and E. M. WRIGHT
The Theory of Numbers, (1938) p. 273.] Since m < n, the partitions
can be written down at sight, or stored for purposes of comparison when
needed, and we may write sinply p(m).

no = Xn/n'*lzzo = Qn.

ng = D(x"/n!) g = (DX */A0-1) )]y = & Qs

= [0 (k™2 /(n)2) + (D)2 (x™2/(n-2)1)}/2} | ro = B Qn-a *haOne
3= 3Qn-12*+210ns % 1lsQnes

Ba =4 Qnea + 31 Qnea * 2 Qhoz * 212 Qp-s * 1On-a
c.fe p(4) = &4 3+1 y2+2 ;2+4+1 ;14141 +1

g = § Qpea * (b1 + 3202+ (31s +2 1)0n-s *+ 2 Lo Ones +ls Bis
c.f. p(5)

Ng

.o

]

5 3 L+, 3+2 §O3MH, 242+ 1 24144 1M
6 Qn-s+ (1 +42+ 3002 + (b1+321+2a0na43d +2512)0n 4
+ 2 14 On-s 15Qn-a

i

and so on.

‘Now, by LEIBNIZ's theorem for the {n-1)-th derivative of &

n-
i = Z C‘;”) o (1 + )T B ! "
0 "~

r

product

morcover DU (1 + 4)7\“1/ r”é=0 ) (l: )

n~-1 1
so i = Z (;1~1)l()‘;>nn_i..r
r
= (Il 1) {n‘h—i + ()\. - 1) Np..g + lﬂ?)&q&.a + s, +¢:§)Mt\3

and T = 23 A4 = }: ( \ l\n—-g)ino +nl(n+1)y +fn+t}i{n+2), “oi
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NTTF 1T
So [F] = F(101> To 21 33 ha een 0! |
- (X;d) 25 31 l‘-g s 1'-
'Cjo 30 by ees 2!
(";’) bo oee 31
B 4 U 4L U

Moreover, if my) denote (g/Q)%/k!, with m) = m,), k > 0, then

n.1)

n1/no
ng/ng = n.2) + nl3),1,)

na/no = n.}) + n‘a).2)1) + n(a)o13)'

n.‘/no = nolﬁ-) + n(z) 3)1) + 23} + n(a)¢2)1=) + n(d)-1'4),

etce.
i.e. [ ny T =m0 [ 1) R I I T
n; 2),13) | n(2)
na 3),2)1) o n(2}
ng 1 w,301) + 22) RS
ng 5),601) + 3)2),3)15) + 23)1), 2)15), 1) | | nt®
|

but this will not be as satisfactory a form for the computer as the
previous one, if myg) involves the guotient of two integral functions in s,
However; since et = 31’- , the quotient of two polynomiels which arises wici:

u is a natural number, is itself a polynomial.



I

Writing s for Q %x(0) = Za

t for 1 = x'(0) = Zap

u for s/(1 - t),

when |t|<, |u] <1, F takes a simpler form:

n-1
- ] sn t n
= (01)! 35+ ! S+ (o) 2 Tari) T

The coefficient of <7\—1) in F is (n-1)tne + ni(n+1)y + (o) 1(n+2), +

n+1 ta sn
+(n+2)(§W Zt(“"“)" FF)
nt+a n+2
- +(n+3)!<4-(ﬁ-;3-5?+[§t+2=]z;;'2" 22'(5'5177 LT ol

= Ex; {1 + nt + <n;1>t9 + (n;2>t3 cee } = s%(1-t)"%/n

+ gshtt {1 + (n+2)t + (";3)1;2 } +2s"FL(1-t) M3

+37%2 {1 + (a+3)t + ...} | + 3shta(q-¢)~n~s

+ 2:8™3{(n+3)e(n+3) (nth)t a0 } +2s0t3(n+3)(1-¢)" "4
+ 32 s"Pef(n+l )+ (n+l)(n+5)t ... } | + 32s™ 3(n+y)(1-t)" 08
+ 487231 & (n#h)t + ... ] + L sta(1—t) e

+ oo + e

“"{%+%tu2.a+u3:+u4<a+r—‘-“—éza> +n%(5 + B 5 g)
+us(g+ 2D [ 2 4 3, +i’ﬁ§-§———g3)+...1}

ut{(1/n) + 2)u? + 3)u® + [4) + (n+3).2;)Jut
+ [5) + (n+h).3)2) Ju®

+ 16) + (n+5){8)2) + 3,)1 + (n+5)(3).,25)1 W+ ...
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using my) for @/s)*/k!
’*\ !
F= > . ()M) W' L3P n)ud + 55 (n +m— 1) (" uleg )
n ™

n

where ¢pn is the element remaining in the m-th row and n-th column of the
A ffvﬂv eiwrrn , wnd, ehoutuns,
large lower matrix on p. 47 after removing from itAall terms in which the

digit 1 is mentioned @ifPisied, i.e.
F={(1+uw)=11/A+al(1 + W 35 o)ud + 1]
m
where R = ﬁ‘f (u a/au)® (1 + u)""‘z?m u®,enn.
. m

If u is o matursl number, then, in the (M—2)-dimensional array of

-2 terma negr. the

coefficients, except for the hypercuboidal block of 2
origin, either _
(1) each p~th term will vanish in every row parallel to every axis, or
(i1) uniformly spaced rows will vanish, or

(i1i) complete blocks of terms will venish throughout the heartof the array,
and in the remaining terms, clustered along the axes, some clusters will
have terms of alternmating signs. These facts have emerged from practical
use of the ;netl,;od; by HADAMARD's ;'gap" theorem, they preclude over—
convergence.. The matrix formulation of P (p. 47) may be sbbrevisted to

g Y £, where ¢ = KK_")] o, f=(or 11 20 3., ]T, and

n~-4
=9

N=10Q 19 20 + 1.0 s + 2102 + 130 4Q¢ + 3105 +220s +2LQ + 149 }

Qa 10a 29 + 12Qs 304 *+ 21Qa* 1205 ,..i
Qs 193 20s + 120a ..?g
94 194 a0 z

1
Q H
Us PR
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