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Abstra.ot 

A generalized polynomial equation has complex exponents as 

well as coefficients. It is shown that suoh an equation, with M + 2 
.~ 

terms, has an, M-pl~ intinity of solutions and a.n explioit expression 

is given for a~ selooted one of them. Thi.~o11ows discUSsion of 

ordinary polynomial equations. A general chain or convergence 

coniitions is establis,hed by examining triilomial, tetranomial and 

pentanomial cases. 

SOIOO tables for solving oubio equations are given. 
o 

.An alg;irithm is developed for computa.tion, but it is of 

restricted application. The general solution is stated in matrix form. 
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MO'civation ana. 1l.c.kno\7lodgr.leni;;fj 
~ "'~~''':''-flT:=. ...... ~._~.r~ __ ~ 

.After meeting the Fundamental Theorem of' Algebra, ii; o0curred 

to me that sinoe 

and 

x3 + X + ~ has 3 zeros, 
3 I4-J~- 9 

x 3 .:1.41.59 .~ X + 1 has :aeeeee:; 

then x'lt + x + 1 should ha vo a denumerable infinitude of zeros, 

as also should They d.o;. nnd the way to find them 

is here given. 

At'ter le3.!'ni.ng *hat polynomial equations of deg~ee greater than 4 

ere not generally solvable by radicals, I f"el~: thc.t some o"::;he;,' kind of 

explioi t expression for ALL tho zeros at'" .AJ.W po:;r~lomial must exitri;. 

Such an expression is given for SOME (at le~st one, p~rhaps all) of the 

zeros, and the way shown to find the others 0 

In 1937, my friend E. H. PALFREYMAN of PMG- Resear'ch (Australia) 

told roo that linesmen would, over the telephone, state a cubic equation 

and expeot to hear the roots almost instantly. For real ooeffioients, 

this is easily done by_nomogram end soma simple arithmetio. I 'devised' 

two sets of series tor other cases, and the way seemed open to extend 

, the method to the general problems indicated e.b~ve. 

However 1 my pupils t olaims on me prevented my further explora-

tioD of these matters, until I was vouohsafed e period of incapacity and 

oonvalescence • Then, as was to be expected, further exoiting (but 

~nsolved) problems arose, e.g. 

(1) {Algebra) Do all critical csses o£ oonvergance (to the zero~ /I1III#.Ih) 

:tmply 'solvability by radico.1s? 



( 2) (Topology) How many, ana, of wh8. t kim., ore the domains of 

incooplcte solution _~? 

(.3) (Function!G. Analysis) liow much light will be shed oj,} the zeros 

of integral function::. by the pursuit, into Hilbert spa-ca,' of t:le 

general solution here given? 

of n(i j k) w~ll persist.r 

I~ has been my ver.y grent good i'ortU::.L8 to have had as supor-

visor of' my studJ.e .e:: Pr\.)fessor WoJ (j.." BIGKLEY., His po. tJ.,,~ nov'~, Ancov,:.'o.ge-· 

I am grateful for the pr:i.Yi.logo of' b,[l.·~·:Lng he8J':. a gU8st· .. -wvd,:e:::) 

at the Nr.tional Physical Laboratory, Tedding·~;on.? CL:J.d fo]:' tho u::::Ger'" 

standing of my associates there when ill-hoal t~r1com'pGl.p.ci JJp. to sU$penci 

my activity. (r had hoped to p~'7ogramme SOrJ6 "oo1f1puto.tionr; by swathf.:s?f 

on DEUCE.) It 'was there that I was nlJle ·~o :::'ead, before publ:l.ca:tion). 
20 . 

J~ He WILKINSON's paper on the ill-conditioning of .n (x + n) ~ OJ and 
nZ :1. 

I hope that thetrea tment of TetranomiaJ.s· herein. may go sone way to'Wa.~cd.s 

explaining why a small change in a coeffioient will thoroughly upso-c 

the pattern of the zeros" 

lowe a grea.t debt or gra.titude to Mi~s B. E" LABY who comp~.l-:;';.~d 

the F and S tables for the cubic. 

This has been typ~written on an IMPERIAL DUAL, by Miss A" v~ 

SOUTHWELL .. It would be impossible to pay too high a tribute to her 

skill or to her devotion in the performanoe ... one of extraordina}'Y' 

diffict.l ty. 
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Unmod:tfied Roman cupitci,ls, also i u.nd jp. L~re nat:ural nurllbers" 

i Greek m~niscule s except (, ;1t~, C}J cp, 001 c ~, the co@plex fiold, 

{k;; k t, k:tl C ~, tho dom&.il1 of integers" 

In z is 10ge1z\; -~ < ph z ~ ~ ; 

z~ is defined ·as e~ V {In .~ + (, (ph z .... 2kJt) l , 

and V \I 
Z as Zo 

and n'lJ.. v p.+v 
Zkl'Zk = Z 

V v·" \. 
(,on) ~ y" r: :"l,:i where k i C ", k. <0. A. 

but 

zeN) = z(z - 1 )(~ - 2) :H .. Cz -. N+1) 

This is read :: z ft/,cul ty N:1 ~ 

Then M < N ~~,i(N) = o. 
n(M+N) = ",(r.l) (z _ !\,:'"L1 ) (N), 
u ~ • by simple counting, 

~nd (N) - (N-Wi) (" N 11K) (M) 
~ z -z z- +J.'il· 

To interpret z(O) put M = 0 in (9)~ z (N) 

IDa..!:' ) \ , ... J:". 

(1 ) 

(2) 

(3) 

(4) 

(5)' 

(6) 

(8) 

(9) 

(10 ) 

so z (0) = 1" (De:f\) (11) 

To interpret z(-N), put M = -N in (9): z(O) = z(-N) (z + N)(N) 

(-Nl 1 
so z ... : -r-( z-+~1 )"'""(-wt--2"T") -" .-. "'-c z~+N~)r- ~ .. " z ¥ f~ - . (per'.) ( 1 2) 

The.n 0 (--lI) . = 1 IN 1 ; z ( -1) = 1/( z+1 ) • 



.,' 

Now 

whioh leads tc ~;he fu~:'ther int8rpre~[~ t~,on fm: all ~.; ~ 

(';J) . r (z +i") z ,:1 

z' =r ( Z _. iJ + '1) :. l z .-. ~,) ~ 

whence 0(0) 

Vfuere D ::: d/dz, DN v (N) y--N 1'''! 
Zk :.: ji' Z " it, 

w-hOEce th9 indefinite general deri'i/utivEl: 

u 11 . (/l) io'"iJ v D' z}( .- v z ~.1 k.1 

then r( z) 

(Dei' .. j ' , ( ~ 8 ) 

(19 ) 

For' urbi trary fixed ~.)l as .7. -;. co, r (z + ~) N z~ r( z) (20) 

[LOESCH-SCHOBLIK, Die FakuJ.tat, po,)'1,,] 

Where (a., k) ::: a(a. + 1) ..... (a. + k); nnd_ e - 1 + n - ill! 

\,00 (at, k) (~, k) xk 
~o (~1' k) {On, k) k: 

k 

(21 ) 

denoted by mFn (f 0.11 ; {~'i j ; 'x) , 

is c, hypergeo"Jetric function of ordor n) and clae.s 0) cnllod "complete" 

1£ e ::: o. 

LAG-R.AJ.'\!G-E j s inversion theorem: Under appropriate convergence eondi tions 

.:If' Z = Y + x ¢(z) 

then r( z) = r(y) + > \: ~. ~~1 (r I (y) !ct>(y) 1N) 

(, ..... 
v.!, 

~ ;: ¢(~) => f(,) = :reO) + ( ')-'00 nN-1 f'(') {¢(,)jN/i'J~) 
'--1;J. ~:O 

:"1 =: 1 + ¢( w) ==>.:r( 'fP.v) :=j(1)+ ( >, ~ D1;H f' (w) I <t>(,;)jN,0Hl 
~ / h'=1 

(22) 

(24) 



Let [1X
P .:. bxQ + 1 -. 0, J u, i::;; C ¢, P C,r20. Q are prime, P > Q" 

e P = D. :.:; I a I Ie -(1) , and pP = 1" 

Ql. is o!le-valued, IE is P-v[:.lueoo 

Then x - u 
0, SoW" ~ ""'~ 

bx
Q 

~ 1+ 
)Q ., 

and 1 = Bw
Qp , c1>(..,.,\ rvnGre f3 b~ w = + say '. "'\!") : - € ; 

1\' 0 

also let f3P PI )PQ P" Q c = .- b "a. e = b J

• /\ '-'a) ~ 

LAGRA.l~GE·s theo~eD Gives; if convorgenct·: obtain:3! 

. I. + ~,(X) ./I)N ...... 1 p-1 f f; Qp 1 N/N' )" 
X,CLC - 1 P frI=" vr I!"'W j ~ tF..;1" 

. N/ ) N-~ NQ'9 +":) .- '1 (6 N!~ D w'''-. w;:.;;1 
= 1 + p ~~ .i. 

1\7. ( ~'. -:1 >'1 
(G 'Il~ t ) I NQp + ,) _ .. j ) \. I 
,( . , .. 

1\T (1\-1 "'j') 3'1.\ NQ + 'j _0 \J, -~ . iL (_J ___ ..:...) , 
Nt· p , 

= 1 + p r/1O 
,.~:t. 
J.\~ 

E 

) :: ~ .. = a,¢p .. ~ 

therefore the value of Px/o,e is 

2 ~ 
A- (2Q + 1 ,- p, 8' ~ ~Q + 1 - p) :,3Q + 1 -, 2l:>, 

P + /3 + B" . p ) + 3;' ;. JC... p ...... - " - p - I 

+ Lt (~+ -1 ... £:){4Q + 1 - 2P\ !4Q -\·.1 ~ .. 3P) + ,,:,. 
4~ '. P p r~, p 

( NQ + 1 ..... D')(N-'1 ) 
For Q > 0, whenever pi (NQ + 1), \ - P =. :;; 0, b:J oquation (8L, 

th ".' 
so every P term vanish8s (except tho.t~ when P = 2, the firs';; term ·co 

v[~nish is the fourth; the second term, ej3, oontributesb(eo,)2/p or 

-b/2a, to the v~·"lue of x)., Also, {3N+P ::.~ CJ3N; fjN+2P:::; c2~N, and so O,~1, 

so that the series falls into (P-1) sub-series, each having n power of e, 

(Hovvever j in the· el.Ld.~ e me.y 

t~e unity itself as a value, if §. is real.) 



- ---- -..... - -- ~-----.""--.--.,, -. --

,-- 8 C,", 

Thus Px.l"!. is Bive:o by 

e { P + .... ftf'! 

+ .., .. ::> [), ? 
.l 

·f ,,, ~ "," 

{. <, ... (' 0 

the row with vnnishi".1g G~effieionts o.l!:l\:) COlyl.:t:ining th3 ,2E1-.l fnctor 

<!' NQ+1 whJ.· eh T~1-i .o'11-:~ PClunl 11m' -:<>J' ~C'ho" ~"1 ~-,~ P '''ere t'''ould then ~ ~ .. l .... O- '" ..,',...... wo •• <'r' ',._ ,-,"oJ. ...... '. " sven, tb.ere ~v 

be a non-vanishing lOW containil'lg a powe;:' of ;:; w£lich wou.ld equal ·-1 ~ 

(If: r:- T 

and by choosing 8.,:-, 8 ~~l:.e vo,riOUf.i P vLlu.es of a 1 Ip in tur:'1;i the P rootR 

of the equo.tion may be found SI::;IUL':PA1\fEOUSLY.~ eLm to 0.'3 Great u. degre0 

of accuracy as required." 

If Q is repl~ced by cQ> nen0 of the coefficie~ts vanishes, 

do ' and x is af the form p ',F;tG 

~']"tl e~e conpletc h;:'"pergeometric functions of ordor P-·1o No 

general tables for them exi.st.., 

Considering nov; the sub-series constituting anyone row of 

this expression, the following treatment of the D ~ALEMBER~ ratio is 

diductically sinpler than that using csyrJptotio gaR~a functions: 



c 

c 

then Ijp 
N",~ 00 

'''' 9 ... 

( Q)G.' [) ,p.'Q u .•. I :~, ,' .. -I . 
-p. '.p '/ G., say, 

tlH:~t is hUPflily a caSH f'or ~;. solution, [.;.t leo.s~ in pf;,rt; 1)37 rudicGl3, 

£'01-' C = -i- 1 is sctinfieo. by 

" Q r., ,~ 

reducing the \.~rig:i.ncl oqu[:.t:J.on to 

say g(x) ::: 0, 

which is cler..rly su.tisfied by' x~ :::: 1. 

P 1)-.1 Q Q_-1 
PQ';\ - x" - PQ'A. x . o .'1 

X
Q•·•1 ('\ P--Qxp_·Q \ 1\ _. 1 ,,' -. 0, 

which is clso satisfied by xl\. - 1, 

so, under this condition, too equul roots ut once 

,. - . . . 
obtu.ined, and the degree of the equc:.tion is reduced by 2 .. 
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P 1'\ 
Con~iecture : all F roct:0 rtf' n.,}( + ':):1~~' k;' 1 :.: C ~.:.,~:·e 9Xp,r.83sj.·;)~e in terrns 

.f' d . . .' .p t :t .. \? n Q ( '''' .. : \ '.i P-Q 
0 .. rc. ~cu "S .LJ. \. -u i '~ .,.J:"~.' 

Q l' :::; a ~~.-- ., the 

equEltio!'! is :1.rl·8duc:LbJ.~ il~ the '~rqti(!n[.l" :f'iel(l" but since C = -1.~ at 

leust Qne :coo-r: J_t:> rO.f:Jrosent-lblo 1Jy rt:.d.ic;~.ls J so the GALOIS §roup l)f 

the equution is scluble" ~ ~.ft1l) cie!:" VlA'ERDEN" B.1. Modern .P.J.gcbra 

(trans. F ~ BLUM). vo:!." I, p~ 74, §:2~., Irrecluci'b~_li ty criteria, p. 17.3.~ 

Regc.rdj.:1g t.he nerie S ]:'0: x [:.3 t:r.e Bum of pmver-series each :in 

(== A
P), c \,.., the l"r;.cli.1.lf. of corr .... e:r.gence of 6[\O.h S11b-s(;rie s, and of the Vv"hO).6 

Series" .; ~ . (2-)'\ P (.I:;~:,9.)Q. S8.y R. ,........ P --Q '. Q " 

== G\( (\) J.S i4lTIO{',} sible , ., 

[COPSOI'f, E. T. 

§6.22, Inv~rse Functi0~sJ 

Gee), s.nd so the series conv0rg8B Lt every (yr.h8r ~~oint; ON the circle 

c 
I~I = R~ (TITC:dMARSH;! Eo C " 

If I c I > 1" write the e qr':~ltio::. &.S 
p 

·--ax , 

Then 

putting bx
Q + 1 :.;: -1'1., i.e. 

whare}'p* ~ Q/< Ib I), 0:;; !b I /(·-b) 

and e* is some specific VcJ.UB of a 1 /Q 

P \1/Q]P the n T) = ux = u {p:ll e * (1 + 11)' 

il = 

x = 

= a,~::( 1 . +'i1)P!~~r;here 0.* - a(~*e*)p 

0,*(1 +rt)P/Q 
~ 

~*e* L: "Q 

and l~t- c .... :: (d*)~ =: aQ/( _b)F. 

and x= [3*e*(r + T) 1/Q give the expo.tJ'.~:::,n 
f .... ICc ,N ( + _ \( N-1 ) .. .. T NP Q 1 g) , smJ.l tlr.LY to the 



r.l' ... « 1 

io8. 1/lc{ < 1:: which is satisf~i0d:J with tho critical case as before, 

but now none of the ffj,cul ty coefficients vanishes. 

~* (" Q it 
Then x;:: ~ L Go + G;l. o~:: + G2(£*)2 + G 0 ~ ;- GQ_'J (ei.c) - J 
and, givi.ng e* its vnrious Q vc..lu.G':: af~ Q

th roots of '8, 

axP--oQ + b < .. v.'Q •• 0 ;1 

or P Q 1 ,-4'-. 

~ x - -!' b X "J + i -.. 0, 

and put 

.... 

and none of the fc.cul ty coefficient mnj,r.ba8.!. 

= c (...:::L)-Q (-p \p = (-a)Q (f..::.£. ~Q '(-~~P "'-~/c, 
P - Q P - Q) -;,- \ -Q} P '-Q) 

whenoe convergence D.nd simul tD.neous production of P-Q roots of tho fom 

a: [ - -=2 -. ?-Q-·1 ] P _Q . Ho + H1.€ + Hac + ••• + Hp-Q_'1€ . 

on the substitution for e of its various (F - Q) valuos. 
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and the cor~ition C - ·1 - ., above, is that b~ ~. 4u, und the roots cro 

0qUoJ. • If a c,rn b e:.re not both r(~3.1, thc:: in0quc~ity ot b 2 

directed, but the cond.itions iel ~ i or iG~ ~ 'I indic{:.te tho pf:I,ttern c.t' 

the roots; the:re is oj. thor !'. 2-.J..ot (trri:n,-rocts, Ll.S it YIOro) of the form 

single roots" 

cannot bs too hc.sti1:.l [~dd'Jd that ~;:':tEl ec.lculo.tion Df the roots in this way, 

FGr c. tr:tr!~)I!liL.l cubic J S[:..y ux3 + bx. + 1 = O.~ the condi tiOIl C ::: -i 

.AGain., if c.. nne]. b aro not 

both rec.l, no directed inuquv.li ty cnn held b-:;tvJOon ~~7a [;1.:ld ~ba 8.m 

bx + o.xS + 1 

As [L pr[~ctici11 proposition ono is in 1uty bOU;.'1(l to solve WATJLIS v s 

eque.tion: x 3 -'" 2x ..... 5 :::: 0.., [WHITT~l\ER} E"To r.:.nd ROBINSON, G" The 

Calculus of Obsorvctions;, p~ 86.< §44, no·to t1-.: .. '1.S trcditionD .. l duty, but in 

the snL~ chapter, in courflenting on the 101 decimal plnces aohieved by 

HOR1\TER f s fJC thod, rJnke no roff:rence 'to the complex roots,,] 

The g~lneroJ. cubic rea.dily redunos to the trinonia.l form 

Q.x
3 + bx + 1 = 0, giving, whon i-03 ~~II ~ 1, cnd ~/hero 11. :::: .3/11/c.!, 

I a .. £.., I 



.. ~ 1 J 
To US(-3 thi.s ~1ur.!B r:Lonlly, .whf~n a is 1:'[. tionc.J.) the cube roo'~s of 

'0 ", .. 
.. ~ .... 11" 

.-\ 

~VEn:,o 1J..sed, bu.Jc the.OOf/;:"\fio:i.onts ."5 FN 
1 

an:l . ., S .. ~ 1.181:'(-) &, .~\ 
compu'l:;ed to l~.5 

plc .. ccs, and ere appended .. 

ta.ke (ajb)x~ + (1/b)x-~ + 1 .~ 0, 

write a. -c -

then 

..... - ~~ 1 !'o • 
J, J\ 

f 2- :' :;: ',," F ~ 1 2 .,?~ ~P2(-
1 .~ !J~~Jtl'~~:2 ) I~~\ -- rkC '6: 71 ,~/~ :,; 2'; 2'~ + \ e tf "'a, 1£..1 <;:,. j \ -;:;' ~ 

_. 
L.C , :1' 2' r:J' 9 ~ ~;. -... .~) . 

• .,1 

_t ."'"\ { S <~ 
; Co' .' 

:J: 

In WALI,IS 9 equ.c. tim1$ 8. :::: --1 /5 ~ b '~. 2/5!, U. ~; </511 (;;{{ :;~ i:: 

C :: \' 2 It) 3 5 :::: o· 0 '1::> ~ I ",' ~ _"- , the t.c.o1.0t3 

the suras 

so x ::.; U + V, 

[SMITH, Cu TrEn~tise on i~gobra~ ChliXlJITI, Theory of Equu.tions §46i+-] 
J/ J (_1..\2 (~~-)3) where !Us .. V3 J ~ 

:!: + .-
2a . 2t"1.' :;(;.1., ~ 

". 

1 
, 

4b~\\ I 
If 1 .- \1 ± + 2ll 4/ ... -_.j)" 

2.~'a/ ~ .. 
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/3 = 1-73205 08075 68877. 29352 7,41+63 it-ISO.5 872 

(Wash.Aced. Sci. Vol. 12, No. 19, p.43.5) togvther vvi th DRACH I s 

3J3 = 1-70997 '59466 76696 98935 31088 72543 860 

3/25 = 2 -92401 77382 12866 06550 67873 60137 923 

and the calculated coefficients uS a.~pendod, yiold 

U = 1·70311 09415 19889 61889 66362 20208 409 

V = Ot) 39'144 0511-00 22436 97258 5750.3 2 fJ570 897 

so x = 2 0 09455 1J.J-B'15 42326 59148 2.3865 40579 306 

or --1 04727 57407 71163 29574 11932 70289 6.53 

± L 1 013593 98890 88928 18624 54926 29029 439 

Some 10 hours' work, by an export, on en ell~ ctric IilC.chinc; the 

Fund S tc.ble s, tcl<:ing 7 hours, [~nl tho coraple x roots, u. t the 

end, 7 minutes. 

Tho i'011Ot1ing ox[..mino. tion quo stion is of som intor..iSt; 

x 5 + X - 1 = 0 here [1 = -1, b = --1, a, :: 1 , € s ;::: 1 , c = ·-1 j 

5x { 5 
1 ,/1·! 4 '. 

= - _ '1_1'. J 
o.!) ••• 

€: 5~' .5/ 

,~ { 1 1 (g'(E) - bT \5' • ... """ 0 

+ e 2 [ 
1 1-2, 1 (~) (6) 

21 ~5; - 7~ 5 · ..... 
1 -1' 2) 1 (!±/ 7) - B2{ 
3~ 

(::..;.. , \. - 8! ...... -5 ! 5' 

i.e~x - s ( 1 - .3.7/Se ) 

-B2( 1/5 .- 6 .. 13/5 6 
• •• OJ • ) 

t,~a(-1-/52 _____ .. +.11 .. 17/58 
~ ~ " c • ) 

-e4 ( 1/53 - 11 •26/5Sg 
~ ~ .. ~ ) 

biving. [';,11 the roots oorrect to 2' clccir.lu.l 'pl~(10z u.ft8r tho tlentc..l 



dotted. vorticc..l line), which are cnpablo of bo:Lng Vv-r:~ tton down on F; ighi:D 

:x: = e: (1-00'1.30 7249-1 <17654) 

_e:1a ( -19903 27905 80582) 

_£3 ( 003953 77984 b~96~~ .... .,;..'.;-' 

_e4 / tOO785 90428 51922) ~ 

oorraot to 16 signific~nt figures~ 

Some 8 hours '; work on c::'eotric IJechine.s c 

... ~ .~ .- -#,-" 

., .-

! .... 

...... 



)t, 
~ 

FN/3 

F1 -01234 56790 12345 67901 23456 79012 34567 90123 

F2 60 96631 6110.3 49032 15973 17482 09114 46426 

F3 4- 82963 61527 74563 24722 15479 54837 25694-

F4 46073 97003 20805 69698 52206 24198 84142 

F5 4859 30054 30659 93065 20567 78354 65725 

F6 545 80378 89088 89078 25113 39907 18009 

F7 64 01402 46251 16620 28871 32458 24952 

Fa 7 74834 27552 14062 19796 57330 59469 

F9 96067 34976 65561 15677 9'1062 13466 
F10 12138 26709 69407 64211 66618 66393 

F11 1557 .30152 35903 94061 66789 10889 

F12 202 33018 03136 25565 91922 62967 

F13 26 56677 08144- 09674 69734 6.3029 

F14 .3 51983 71449 38348 95116 90374 

F15 46997 00250 76130 46789 08453 
F16 6317 49830 13582 8-i243 58130 

F17 854 26157 13238 28589 36444-
Fia 116 12138 03502 53584 68158 

F19 15 85849 63186 0304.3 39207 

F2• 217486 05330 01337 19171 

F21 29939 33854 66902 86311 

F22 4135 62476 68742 51757 

F23 573 05387 '54516 00955 

F24 79 63233 44574 98017 

F25 11 09485 40460 70361' 
F

26 
' 1 54953 84518 90095 

F27 21689 64145 321541 
F28 3042 29241 26897 

F29 427 54799 96251 

F30 60 19319 13469 

F31 8 48862 ;0486 

F32 1 19896 97435 

F3i 16959 7047"i 

F34 2402 31083 

F35 340 72661 

F~6 48 38569 

F37 6 87911 

F38 97910 

F39 13950 
F' 

40 1990 

F41 284 

F42 41, 

F43 
6 . 

F44 1 



/7. 
~ 

I 

8N/ :3 

8
1 -01234- 56790 12345 67901 23456 79012 34567 90123 

82 .00076 20789 51379 36290 19966 46852 61393 08032 

S3 6 52314 49336 17591 91832 52076 27312 65873 

S4 64735 86377 61669 85324 30999 02235 68171 
8
5 6993 07170 4215.5 69402 31743 72155 08907 

S6 798 21286 29243 24252 76614 45554- 63113 

S7 94 70539 01818 18173 ,32803 38257 24339 
88 11 56341 12209 65206 59523 77103 26095 , 

S9 1 44344- 36503 53681 48171 00571 18895 

SiD 18337 65529 52140 33957 20861 09489 

S11 .2363 18103 49414 26968 01156 72128 
812 30S 17815 18706 28753 19692 60991 
813 40 59288 66708 98583 16088 66571 
814 5 39273 86049 39933 17985 77533 

S15 72173 34901 58359 28046 76328 
816 ' 9721 76284 14188 16586 54593 
8
17 1316 98088 88017 78125 37701 

818 179 30910 76685 09958 50937 
819 24- 52337 597p5 31666 03350 
820 3 36755 93199 91243 75708 
821 46412 82704 -76453 38524-
822 6418 04256 96150 94050 

S23 890 18904- 99133 33496 

824 123 81300 71254 67730 
825 17 26463 37421 21751 
826 2 41306 81058 29632 

S27 33800 76885 5008~ 

828 4744 17057 61947 
829 667 12890 5476? 

s30 93 97668 97553 

S31 13 2599~ ~7001 

832 
1 8738~ 11356 

833 26518 25073 

834- }757 92543 
. -, 

S35 533· 21999 

S36 75 75105 
837 

10 77374 

S38 1 53396 
839 21863 

84-0 3119 
841 445 

842 64 

S43 9 

844- 1 



If' ---( OCJ 32)N 

1 . o· 32 
2 1024-

3 03276 8 

4 01048 576 
5 335 54432 
6 107 37418 24 

7 34 35973 8368 
8 10 99511 62777 6 

9 3 51843 72088 832 
10 1 12589 99068 42624-
11 36028 79701 89639 68 
12 11529 21504- 60684 6976 
13 3689 34881 47419 10323 2 . 

14- 1180 59162 07174- 11303 42l.t-

15 377 78931 86295 71617 '9568 
16 120 89258 19614- 62917 47062 
17 38 68562 62276 68133 59060 
18 12 37940 03928 53802 71.'1-90 I 

19 .3 96140 81257 13216 880 
20 1 26765 06002- 28229 40 

21 40564 81920 730.33 4 
22 12980 74214 63371 
23 4153 83748 6828 

24- 1329 22799 578 



/9 .,.-
(0 0 32)N]\ /3 

N 

1 000395 06172 83950 61728 39506 17283 95062 

2 6 24295 07696 99740 89315 65310 16613 
.; 15825 75174 54116 88848 49556 83384 

4 483 12059 20035 89154 52197 47012 

5 16 30510 69639 87093 58189 15483 
6 58605 235.58 49141 52869 50513 

7 2199 50513 80017 16854 60859 
8 85 '19392 95535 17902 38611 

9 3 38006 93797 741-1-78 311-735 

10 13666 4·7379 36764 9M-88 
11 561 07700 )'1-.9076 16351 
12 23 32708 15914 55984 

13 9801 i+- 0841,,·1 .56623 
14 4155 49023 9604'j 
15 177 51.:-965 55}+98 
16 7 637:,8 63119 

17 330l f.7 611..38,5 

18 -'11+-37 51306 
19 62 82~98 

20 2 75696 
21 12145 

22 537 
23 24-

24 1 

-~ ~(- F 99598 53206 29714 49013 97446 83381 28333 



~ 

. (co 32~)NSN/.3 

1 -00395 06172 83950 61728 39506 17283 95062 
2 "7 80.368 84621 24676 11644- 56637 70767 
3 213"75 04131 84781 25197 96804 03532 
4 678 8047.3 09495 80728 03423 67231 

5 23 11-648.5 48970 22543 68513 41089 
6 85107 45353 76625 8971,3 25571 
7 3254- 05242 86866 28386 09892 
8 127 14105 09420 67179 21390 
9 5 07866 58483 30584- 71702 

10 20646 36438 85936 31538 
11 851 42569 82696 98686 
12 35 53052 18541 64269 
13 1 49761 31832 62321,. 
14 6366 62200 97114 
15 272 66320 34791 
16 11 75?89 01112 
17 50948 23041 
18 2219 73924 
19 97 14710 
20 4 26889 
21 1B827 
22 833 
23 37 
24 1 

1 + S 1-00403 08619 88756 23754 99490 .34613 54332 



· P Q R 
The Te tranonial Case, ax + bx + cx + 1 = 0, 

° ¢ fa, b, oJ, fa, b, oj C ¢.9 fp J Q, R} C~, (p, Q, R) = 1 and 

P > Q > R. 

Let axP 
+ 1 =~, PJ(lal) = 1/a, and gP = lal/(-a), also put Pp = 1, 

then x = a.e( 1 + ~)P, say f(?';) o 

and ~ = bxQ + oxR 

= ~gQ(1 + ~)QP + YeR(1 + ~)Rp, say ¢(~) 

A - b Q t.J - a., R 
Y ::: co. .. where 

Then 
N \-\ 

I¢(~)J :::. ~ (3LyMgLQ + MR( 1 + ?,;)LQp + MRp N! 
L! M! 

L+H:::N 

since f(;;;) =f'(0) + [~: nN- 1 
f" (;;;) {..p(;;;) jN /N~ J 

~=O 

x/a.e = 1 + ~ rN
-
1 

[P(1 + ;;;)P-1LkNU1M1 pL/c
LQ

+ MR(1 

x = as +p ~ ): 

1=1 rrtM=N 

D :r: a/dt I ,,;) 

•• J 

~~() 

Non, suite generally, wi. th N = £L,~ 1 + ~IJQ < 1 + QEL < 1 + NQ ~ 1 + N(P-1) <: NP, 

50 thc.t if LQ + 1tm + 1 = KP, o.nd K > 0.9 

then K < N, so K - 1 < N .... 1, end (K __ .'j) (N - 1) ~ 0, 

i,o. pl(LQ + MR + 1) =;> (LQp + MRp + p _1)(L+11-1) ~ 0, 

th KP 
and every P term or coefficient of e vanishes. 

Thus the non-vanishinb terus of tho double sories for x fall. 

, K,P-1 
into ?-1 lots, hc.ving the respective comnon fLctors l € ! ~ , c:.nd, if 

there is convergence, 

and, by giving £, in turn, each of its P values, P different values 

ere found. 



paz t: (3eQ (l3eQ)2/21 «(3eQ) 3/3 t ••• «(3eQ)L/Ll 
..... -~~,.', ... l.::::c:;::::~ .....b,.~.= ..... ::.=~ • 

1 Pc igg;!-p -1 ) {, a~ (2Qp + p -1 ) ( i) (3Qp + p ~ 1 ) e 2 
) .... (LQp + p -1 ) (Ir-1 ) 

R .. 
ye lRp+p.-1)(U} (Qp +.Rp+p_1)(1.) (2Qp+Rp+p-1)(2) (3Qp+Rp+p-1)(3) ..... (LQp + Rp +p -1 ) (L) 

(LQp + 2Rp + P -1) (L+'1 ) (yeR )2/2.· I (2Rp + p.-1 )~,i) (Qp + 2Rp +p-1 )(2) 

• 

• 
~ · II 
fi' 

'" 

( ROM. _ I. (T\}l' -t \; 
ye ) /MJ " (~lmp+ p ~'1-)l ~:~- J: a"'$ 

. , . ? • , .. ~ .. 

~.,) 
II a" • ,.. (LQp +:;vm.p + p-1) (L·I1'I1-·1 ) 

All' .. tha turms or the double-saric s 111r:.y be arranged. [.. t the Ie. ttice-point s of the comple to 

quarter-plnne-,.&s set~ ou.t abow: At the point (L, M) is namci the coefficient of the fao,tors 

mmod'c.t (L,;~+,- (-t; -1), and. (--1, M). (Each of the undorli~a terms is unity.) 

1\) 
rv 



This double series is the SUi:J of' p:~ do·,.lbl(1-Berio B ~ each oonS1S "t:t.X1g oJ' 

every P-th tie!'!:l along each P .... th row [md ea.oh P-·th column beginning f':~:·OI.·21 

Bome elef.lent in tho first P x P squc.re of the array. 

as will be shown, by HO~~1:~ lemma [Mathemo.tisohe Annalen, t.34, 1889, 

p. 544, liOn the oonvergenoe or hypergeoIJGtric serie 8 of two and th:t"se 

variables"] namely, that oonvergonce follows from the D!,[U,EMBERT tes~ 

being satisfied by each row and enoh colllIIlno The ref or e the double-

serie s, and every similnrly-cons tructed and tested f.lu1 tiple-aeries, 

converges. 

'~+p = (/31> Q) P Cw Qp i)!R.:e..:tJ?.=j~.lL:'P"·\!~.2/lgap H~ p _dL
+

M
-
1 ) 

UN (L + P)! / L ~ 
oI-P 

= L · _ (LQp + l\~J? + u -1 0{- Q ) (L,,+M·-.1 ) ,,"hi ch by applying equution (10) 
( -a) Q (L;- p) ( p) (LQp + MRp + p ~.1 ) ( L+M-1 ) 

~s '1 for .ANY fixed M, e.s L --> a>, tends to ----

or 

So, convergence of EVERY sub-aorie s in EVERY row is l~nsured cy 

j (aP)1/pl "> (1. ... !.) 1./1;).-- 1/P 
ICbQ)1/Q! Q P 

Similarly the convorgence of D:ny one sUD-aerie a of P-th terms in one 

column, end hence 



Ree;n.::-ding any row of terms ~.n the double serie S 8.G 0. power·· 

series in J3, there will be convergenco for I CpQ I ~ 1 except at CpQ :: 1., 

asshown in the trinomial cr;se. CLII the condition (PQ), and ccll by 

(PR) the totality of conditions for the convor&enoe of terl~1s in any 

oolUIiln, ro£urded ~s c. pow~r-·sorio:s in y; i.e" (PR) Deans that icPRl , 1 

except.for CPR = 1, or it nay be sc.id th!'~-t I cu.-I ~ 1 0..69 
..i.. ll' 

Let (QP) meen I CpQ I i; 1 L,e, (i,o" Gxce.p·i; for CpQ = 'j), end (liP) mea.n 

that ICI~i ~ 1 aoo. (exc0ft for CpR = oj); L.nU so on" 

Then (PQ),,(FR) ensure a. ::?-lot of roots" (Herotlf'tcr, tho 0 oac.ns the 

103io[..1 "and It.) 

The putting of cxP + 1 ::: ~, anc1 proc0ejing cs above, is to 

"solve" r:itho.xP as PIVOT", 

NO CONVERGENCE CONDITION IS MODIFIED BY SUBSTITUTION OE' 1i. MULTIPLE OF THE 

ViillI:J3LE IN THE ORIGn~:~L EQUATION: e.g. CpQ for 0. (hX)P + b(hX)Q + 1 ::: 0 

contains (-b'AQ)Pj (a'Ap)Q, which is still (-b)PjaQ. Moreover, if wx::: ';, 

-p -Q -R tho ori~ino.l equo.tion becooes o.w + bw + Cw + 1 = 0, but the condi-

tion for convergence of P roots is not, as might be hoped, 
b ,-p ( -Q) -Q,< -P+Q) -P~Q 

__ ~ p < 1, i.e~ (QP) in effect, but (PQ) as before 1 
a ~~(-p)~ 

That is, divere1ence for a.n x-solution implies divergenoe in solving for i/x~ 

Write 

and Pp 

so thrl.t (PQ), or 

and' (PR)i or 

and (QR), or 

:: Qq ::: l1!' ... 1 , 1 1 
1 1 - ..... - .... 

\cpQI ( 1 is ~~ ~ <Q"'p)Q P:: (q -p)q p = 

I CPIi. I .; 1 is .AlP. ;J. (r - p )r~p =: ill, SE.1Y, 

CJK = -1, and tho. t Ci~se only, for u.11 ,1, K t. :.: 

n, say, 



:Lt will be noted "ths:.t the discussion of the v8.rious possibilitieE1 

p r R '~ 
arising frow f 4 :::: ax + bx v + o:c + ~ :: 0 appe[xs to invol va the specs (II"", 

since la, b, oj C¢.Q but the oonvergonco conlitions obtained reduce, as will 

be seen, first to r..n octo.n'G in *3 j then to a p:i.ane e-qui1o.tero.l triangle. 

If 0 < x < y, then x.y < x + y, so log x + log y ~ log (x + y) 

cnd ~ log x + y log Y < (x + y)(lOb x + log y) < {x + y} log (x + y) 

then xxi' < (x + y)x+y. 

So (r - q)r-q (q _ p)q-p < {r _ p)r-p 

TheoreIJ~ 

( Qp) • (PR.) => ( QR) 

For (QP) is A~ ~ (q - p)q-p, 

(PR) is ~/Q ~ (r _ p)r-p, 

or 

jointly untailing B/C ~ (r _p)r-p /(q -p)q-p> (r _q)r-q i.e. (QIl)" 

If' (?R) but not (PQ), then (rn). (QP), so (QR). 

In £4 = 0, tcke bxQ es pivot; 

i.e. bx
Q 

+ 1 = ~, ~ = ~/(11/b1), Qq = 1, 

x = f3s (1 + Z; ) ~ ~ SLY f ( ~) • 

P if. P p( .1-. Y)~{'f + CQRc:-
R(1 + Y)~, ~ = ux + .ox = a{3. € 1 . '0 .... ~ '0 

anQ so on, 8.8 bofore, lec..dir16 to a convergent double-series 

if (QP) and (~t)y whioh obtcino However, this gives only a Q-lotof r?otD~ 

In £4 = 0 di.vide throur;hout by bxQ, to got (n./o)xP- Q+1 + (qlb)xR·-Q+(1/b):x: Q:::O, 

and tak0 the first terlJ. as pivo-t, (ioo" oqu.cting the firEt two torlils to .. ~ 

and grooeec1il'l6 c.s beforo) 'co got c. (P-Q)-lot of .. oots f'rOlL} the dO\.lble·-·s~r1.$ 
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r/hich converges under the conditions (P-Q, R-Q) em (P-Q, -Q), ncming them 

c.ccording to the previous pc. ttern. 

However, (?-Q, -Q) m~ans that, c.e. 1 ~ 

But (P-Q, R-Q) reB.ns that, a.e., 1 ~ (a/b)R-Q (P-Q)P-Q 

P-Q Q-R P-R 

i.e. 1 ~ (P: Q) (Q ~ R) (P; R) , 

say (PR, Q), or CpR,Q ' 1; 

bP QQ(P-Q)p--Q 

i.,o. (QP); 
(p-R)P-R 

multiplyingnabove and below", o.ppropric .. tely, by -?QQRR, CPR,Q is .found 

to be ~~.CP.R.CRQ. 

If' we put R = 0 and c = 1, (PR, Q) : (m) I' 

The formal expression for (QF. R), i.e. (Q-R, P-R) also reduces to the seme 

form as (PR, Q), Q.S does thn t for (RQ, p), so thnt all tmt matters is the 

cyclic order of the indices, all three for@s being represontible by (QPR). 

Also (PQR) or (QllP) or (ill?Q) denotes the contrt~ry case, nC!L1ely 1 C-;:)Q. CQRo c,,;,....,I' -1 
l; Jl lu.' 

i.e. (PQ). (QIt). (R~) ==> (PQR) 

So, ~en (QP) a.nd (QP, R), there is a (P-Q)-lot of roots. 

To recapitula.te! (PQ).(PR) =:> [p], the existence of a c041plete P-lot 

P-1 
of roots of the form eFL + ••• e F~ 

(QP).(PR) ==> (QP).(QR) =- [Q), a complete Q-lot 

of roots, etc. 
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When these conditions :rail, tc.ke cxR as pivot, and the resulting doublo, .... 

s~ries converges to ~ive an R-lot of roots if (RP)c(RQ); then divide 

R £4 = 0 throubhout by ox , to get 

(n/c)xp~ + (b/c)xQ- R + 1 + (1/C)x-R = 0, 

whenoe, with the first tar~ as pivot, a (P-R)-lot of roots is found when 

(P-R,. Q-U) and (P-R, -R), these two conditions being the same e.s (PQ,R) 

and (RP). 

But (QP). (RQ) => (AlB = n) 0 (B/C ~ 1) ~ (A/c, In < m) => (RP) 

So, (QP)o(RQ) ~ (RP).(PQ) => (R] 

and (RP).(PQR) => [P-RJ. 

The last possibility of solving by this m~thod is to take the second tern 

as pivot in (a/c)xP- R + (b/c)xQ
-

P + 1 + (1/c)x-R = 0;· a [Q-fi.] lot is ther.. 

obtained if (Q-R, P~R) and (Q-R, -R) which means (Ql~() and (RQ). 

Beccuse tho Cclculus of Propositions is isomorphic with tho 

Theory of Sots, it is convenivnt to display pictori['~ly the intGrrol[~ tionb 

of the 

p => q beoomes: and p .. q 
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The vclues (and bounds) of J., .Ll, n are .:aost rgpidly assossed -

for discussion frOi.:J the real branch of the brc.ph of y :::: xx, supplied 

for reference ~ 

Tho actuul minimum c.t x = 1/0 is a.bout 0 &6908. 

SOijlG of the pos sible s1.10.l1 val uo s c.rising from certain P and Q, ere 

p Q 
x 

(~XX 
x approx .. x 

I' 
'1/3 ' 6 2 ·6934-

5 .2 3/10 -6968 
.,-

.- 2 : ] ~/2 Q7071 
/ 

;' 

1/2 .. 4 -7071 
, 

t, ; 6 

~ ] 
~/6 -7lt:j 9 t 

0 XiI l:.....r::· 

.3 1/6 -7419 

The presentution of (PQ); (QR) , (rtl') , (PQR) in the direct style (llS at the 

left, above, requires three pc~~bolic half~cylinders and ~ 60neralized cone, 

vvhereas in the transforLloc1 style, thero are threo planes and L t;oner[~lized 

conG. The eq~tion to this cone is directly 

1 = C = IQ-l1I Q
-

R 1...lL.I F
-

R IP-QIP-Q = 
PQR. J a F-Jl c I

P-O b jP-Q 10-11 b I Q--ll ;:.....;;v,-_ ~.-

P-R 0 . P-R. a ' 

or~ trc.nsforl:1ed, 1 - CPQR = CPR-CRQ~CQP 
... (~n/ft)PQ (~l/!})QR (A/Qn)PR, 

since tho factors t.re res}octively congruont.9 

i_e. 

whicb 
a generalized cone ~ith axis along the axis of ~b ~, for ell rea.l valu;Js 

of k, has the generator R 

/
. _ ( )PR-QH. (ILl)P:n 

~n!}- k 1":' ,._n 
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On the facos of the unit cube 

which are rOwote fro~ the 

origin ere shown the traces of 

A = ~n, sep~rc~ting (?Q) and (QP) 

}} = QI, II (RQ) and (QR) 

A = gn, " (i?R) and (ll?) 

and the generalized cone, 

I 
f 

I 
i 
I 

1 = CPQR1 separating (PQR), 

above and to the left, 

I a 1=1 /p 1;---______ --" 

froQ (PRQ), below_ 
L is (In, 1, 1) 
Gis (m, 1, 1) 

The diagroo is distorted to display 'the nature of the confi6uration~ 

Actually, themos t "open" one is for' 

p = 3, Q = 2, R = 1, 

1 = (1/2):1./2 = 6/(1/8) :: O·7~ '. 

m = (2/3)2/3 ~ 6/(1/5) : 0-96 

n = 6/(1/6) • 0-74. 

Representing CPQR = 1 dir.ectly, generalized pa.ra.bolic cylinders would 

have traoes as shown: 

(PR) 

!al~Q}/ 
all these oonf'igurations, d.irect or transformed, are homeomorphic, the 

effeot of transfor~a.tion being, TIe a:r the or~.gin, 0. olu$teri~ and, 

:furt,hel" out, a dispersion of' the meets of' the surfc.ces. 
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A simple VENN diagram resul"i:;s from the section of oithe:~ configu,· 

ration by a plane. Again, all plane seotions ere homeomorphic, but it is 

convenient to take equal axial interoepts and the transformed case) thus: 

~ & I 

[P--R] ,'and 

[~] 

[Q] and [P-Q] 

i' ~ 

.... -(PQR) , 
(ffi~~==~~--~~-----(-QP~)------~~ 

This "oozwergence diagram tt illustrates these propositions 

ooncerning inequalities: 

I 

II 

III 

IV 

, , 

(QP). (PR) ==> (QR) ; (PQ). (RP) ~ (POR) 

(PR). (RQ) ==:> (i) (PQ) 
(ii) (PQR) 

(PQ).(RQ) ~ (PQR) 

(PRQ). (RQ) ~ (Qp) ~ (R'l) ~ RP 

('~Q). (I?It) .~(PRQ). (p~") ~e>, ~1i. 
. : ,:.' . ~ 
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At every point (i"e. for any gj~v(?n a~ 0, c) there is converge-nce to at 
I 

least one set of roots; but for the comhination (PQR)l.(RP).(QP)o(QR).~ 

both [P-R) and [Q] lots exist. N 0\1 IJ-R + Q > P, and by the Fundru:1e nt aJ. 

Theorem of iUgebt'll, there are P roots and. no ~-i1ore. So, a1 though all 'the 

P-R roots are difforent and all the Q roots are different, sone of the 

roots of these two sets oust coincidoa The question then arises as to 

whether a [Q]-lot and a [P-Q]-lot may n~t have some roots in common, and 

siailar questions C1bout [RJ and [P-R] lots, and about [R] and [Q-n,] and 

[P-Q] lots, and also as to where the unmentioned roots are to be found in 
4k ~e. ~ Lr-RJ~LG.]J J:.p-t(Jpl,[a] .~~ 

the n[p-R)" and tI[Q]1I soctors, ..... e .. &$S1t being regu.rded as 1t~liIir~Qtt,> 
A-

In any "practical" case, whero fewer than P roots nrc found 

there are several methods by which an equation may be found containing [n] 

the balance of the roots, end then solved by this me thod or its extension. 

10. tar describedo So in a f1[p_R]ff case, the equation containing [B], 'th(; 

balanco of the R roots, may be solvable NOT by an [R]-lot~ but by a [B:;,}·' 

lot:; a. [B 2 ], and so on, and similarly for a "[Q)tI case. THE MAIN POIN'I' 

OF THIS "COIWill1GENCE DIAGJlAIvI" IS TO SHOrr HOW A SLIGHT V .ARIATION IN ONg 

OF THE COEFFICIENTS ~/f.AY SUBSTAl'JTIALLY CHANGE THE PATTERN OF THE ROOTSc 
~ 

Tho totnlity of "un8=;~le fI sectors et'1~~~~P_:&c;« i?o5i~ vrill be 

called"tho CORE. An Qxaoination of the values of 1, D, n, (togeth8X' 

v;ith the realization that the diagram has been twice distorted ·~o 

mc.gnify this core in order to exhibit its structure) 1 shoW's tha.t tho 

proportion of pc. thologicc.l cases is very small 0 



- 32 -

There are six special fcmiliOtt of uquations dGtermined by 

the vertices or the core, but they.contain only six singular equations 

corrE,) sporrling to the .simul taneous equality to unity of any t~m of 

These are conjeotured to be solvable by radioals 

over the rc.tioml field of the coefficients - NOT by having double root·s, 

however, as in the trinomial case for CPQ = 1, but by more unexpectea. 

phenomena. For instance, if P = Q + R, the conditions CpQ = 1 :;: CPR 

may be written 

(trueing Po V • s ) 

putting yP = axP, the original equstion becomes 

yP - AyQ - ;...yR + 1 = 0, 

which, i:r P is odd, ,is se.tisf'ied by y = -1, or x = -1/ P Ja, 
The general form, in this singular case, of " one II algebraic root 

(as described in the trinomial cnse) necessary for full solvability 

by radicals) is not yet known. 



. Singular Solvable by radicals 

6 P roots 

Q and P-Q 

Rand Q-P and P-Q 

R and P-R ., 
B P-R 

Q B 
Iiatt' Hie [ 

HI' 12 l Q and P-R 

{1,1JC{CPQ,CQR~CRP>CPQR~ 

(PQ), (PR) 

(QP) 0 (PRQ). (QR) 

(PRQ).(RQ) 

(IP),(PQR). (RQ) 

(PQ).(QR).(RP) 

(PR).(RPQ).(QP) 

(PQR).(RP).(QP) o (QR) 

Progr~e for deoision on pivot term: 

PQ QP _. -.- ..~.~ .. ..... ,.~.~;-... ~ ........ ~:. ----
FR RP RQ QR 

-- ~,-~~ • ..,--. ~ ... .;&~ ..... ~--- .,.~ ... ....... ~---....... ';'~----"" o/,I,jl'.1 

QR RQ (PQR) (PRQ) (PRQ) (PQR) 
- -
(PR RRP 

.'4~ - '.' 

(P] [P-R] [B] [P-R][R] [R)[P-R] [R][Q-R][P-Q] [Q](p-Q] [Q][B] [Q] [P-RJ 
.. ,.. ~ 

4- criteria.; 6 singularities; 7 other eventualities, 4. of them stablo 

or, more baldly~ where -(PQ) means (QP), -(PQR) means (RQP), etc. 
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Chapter IV: Pentunouial and General Cases 

The Pentanomicl Ca.se I axP + ix
Q 

+ oxR + dx
S + 1 = 0, or f 5 = o • 

• The procedure is strictly analogous to, and an extension of, 

that or the Tetranomial. With tho same notation for convergence oondi .... 

tiona, there are oorresponding chains of inequalities, e.g. 

I: (QP).(PS) =- (QS); II: (PS).(SQ) =:> (PQ); IV: (PSR.(SR) ==> (sp)o 
u 

Taking ax4- 8.$ piv<?t, when (PQ).(PR).(PS), am putting, for greater brevity 

tho.n bef'ore, a. C ta. : -ooP = 1). ~ = ba,.Q, Y = CQR, 0 = da.S, then 

x 1 \'0) \' tt l ~ (LQ + £1m + NS + 1 _ 1)(~) 
Ci = 1 + P Li L L\ M! Nt p " 

k=1 L+l{+Il';K 

Each taro of' the triple-series may be decomposed into five factors, 

arrnnged E..t the lattice-points (-1 ,-1 ~-1 ), (L-1 ,-1 ), (-1 ,M,-1 ), (-1,-1 ,N); 

and. (L,~/,N) of an octant of 3-dimensional space. Convergence for a 

sub-serios (o~ every pth term) along any row parallel to an axis entails 

convergence for every parallel row, but three convergenco'conditions are, 

required for the whole triple-series thus arranged. If any convergence 

condi tion :rails, a d~:trfercnt pivot term may be used o.s the table shows ~ 

Reaction .T~ 

(FQ) ':[-r- -(PR) + ! 

" __ •. __ t ,<~ .. = ." ,.,' ~,. ~"«." ." ,c=j 

(Ps) + f 

(QR) + I 

(~~~~ ! + I 
PQR' - \ + -

- + 

+ 

- + -

j 

I 
! 
i 
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Let Pp = Qq = Rr = Ss:.= 1 and let laPIP =!h IbQl
q 

= l?, 

'cul
r = g, Idsl

s = n be co-ordinatas in 4-spaceo Then (PQ) and (QP) are 

on opposite sides of tha hyporplene ~ = ri§; (?QR) and (~QP) are on oppo-' 

site sides of a manifold meeti~ the. hyperplane ~ = 0 in the genernlized 

cone encountered in the Tetranomial Cese, end so on. Tho whole configu-

ration leaves, on any hyporplene 1:iclting equal intercepts on the axes,9 tmces 

which dissect a regular tetrahedron, sey f~§, its vertioes in lexicogra-

phical correspondence m th the axes. This dissection is a mapping of th3 

assemblage of convergence domains: (PQ) and (Qp) are the portions of the 

tetrahedron, respectively including t and Q, which are separated by the 

pInna through i§ dividing ~g in the ra.tio 1 : n, a.s before. There are 

six of the se plane s, de tormining 16 verti co s ( singulari tie s of f l5 ) of a 

comp10te hexahedron INSIDE the tetrahedron. (PQR) and (RQP) are separated 

by a ruled surface passing through ~ and i, having 2 on the (RQP) side a~d 

the hexahedron just mentioned on the other. There ere 3 similar ruled 

surfaces, determining aoong themselves 4 Llore singulari tie s of f 50 The 

planes through E determine 3 lines, each of whiQh meets the interface of 

(QRS) and (SRQ) in a singular point; those through Q determine singll.lari··,·· 

ties on each of the 3 ruled surfa.oes not containing g, similarly there a:co 

9 singulari tie s on line s through R and another 3 on the. line s through S ,-

So tm t tho ruled surfaces contain 28 singularies of :f 5' Daking 1~t­

altogetherc 

The number and nature of the regions of the core c::e tnsah;txV .... , 

is not ye 5:; known, but the 8 regions of comple te solution D.re gi';re:'l au 

Results on the ta.ble above. 
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[It is uncertain whether tho ruled surface throuGh r~ and §, not 

containing R, i.e. (~0.S).(SQ.p), and the ruled surface through ~ and ~~ not 

contnining g, i.e. (PRS). (SliP), are identical, but the above count is no·t: 

invalidated by the uncertainty.] 

Now consider ~xk' + ••• s3xj + ~e. a2x2 + a x + 1 ~ 0, 

the indices being oonsecutive naturnl numberso The n if (j1)" ( j2) " ..... 

(j, j-1).(j, j+1)" ••• (jk), with the seme meanings as before, a [j]~":1ot 

of roots can be found by taking ajxl as pivotD If the firs t f ai1:ure of 

these k-1 tests is at nix!, transfer the tests, in turn, to the pivots 

If failure again occurs, transfer the pivot to the 

k terw occasioning failure, and also to its quotient with akx , and so on_ 

Becauso the mapping of the sssa~blage of convergence domains exhausts the 

regular (k-2)-simplex in which they are topologic[~ly embedded, there will 

be ut least one lot of roots yielded by this process. In the very raro 

caso in ~hich this is the only lot, remove it by division and prooeed 

. . * si8ilnrly with the redaccd equ~tion. 

In hope, begin at akxk. 

In following the drill, it is useful to think of (PQ) as (PQ()) ~ 

tha t is, as :if' the term at the end ha.d beon o.oxo, and. reduced to un:i.ty oy 

division by So, as in:1oed it would be on Dearly all actual occasions .. 

So, EVERY converGenoo test becomes a. 3-index on(;"~ 0. [j-i]-lot exists ~.t 

(ijO)~(ij1).(ij2) •••• (ijk). 

Lastly: if {nl~ C~, and. (nt, n~, ••• , nk) = J/K, (J,K) := 1.'1 

then 1:~ a. xn1 + 1 = 0 reduoes to f't = 0, solvable as above. 
1 

*For a (k+1)-nomial of k-th degree:-~bilin~ar transformation 
xy + we + vy = 1 rill not complic ate J but may oomp10 to the trp.ns··­
formation pattern. 



Let s be real but irrationel. 

Let k, N end :;:: be integers, r.nd pP :;: 1. 

For all v and fJ. le t z~ be GXp v {In I z I + (, (ph z + 2tL1t)}; I~ = ois 2Yfl1~. 

Th (l.. ) p-1 - p-1 
en Zo = zkP 

(i1) " N Nv 
( z~) r-2 ZI-1 • 

s 
(zPJ.)k == exp s {In Iz~1 + t(ph z~ + 2k1t)J, -1t < ph z , ~ 

4J J . 
(iii) 

= exp s {p In lzl + L(p ph z + 2pj7t 4- 2k)()}, since Ipl <1, 

= exp ps {In Izi + L(ph z + 2j7t + 2kP7t)1~ 

= ps ' 
z. 'kp. ,)T 

Consider axP + b~ + 1 = o. 

As before, take ax
P + 1 = ~, p (.). S ' 

~ = -1, ~ :;: bak, 

s ~(-1:fJS (_1)PS 
a'k == C a)j k = a j+kP; 

N N (_j)NPS P P (' 
~ A = bit ....L • f3'~ = b /(....oa.).~ 

I'" a ,. I j ..... 'cP j+kP .. '.1 

then x= ~(1 + ~)~ = f(~), say, 
s 

y = b rG(1 + y)Pl 
'0 ... '0 o.J

k 
I 

, = f'( 1 + ~)e;J say </>(4,) 

'and x = f( 0) + [ Nc; nN- 1 {a.p( 1 + ~)~-1 f3N( 1 

but 1:P - N +'j = ois 2kP(Nsp - N + 1)1t = ois 2Nks1f. 

x 
so - E 

Or 

= 1 ~$, mioh may be inoorporated i:.1 .,N ~ 

.[1 + ~ ~ co ~~(::t) ::: (NS + p 
1 - pYN-1 )J:=1 1£ oorwergoni; 
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The faculty coefficient = r(Nsp + p)!r(Nsp -1 + p + 1) 

s . th· ;, - sP r(Nsp + s + p) r(Nsp-c:" +p·i-l) 
0, l.n .e senes, ~+P' ~ - (N+P)(P) r(Nsp-1"+ s _ P + P + 1) r(Nsp + p)' 

Now, for real. and constant a, 

liru r(x);r(x + a) = x-Q. 

It would be a very interesting event in:leed if Cps = 1. We may again 

represent convergenoe to a. (P)-lot of roots by (Ps), for any k; but none 
r 

of the P roots for k = k~ will equal any or the P roots for k ::: k2 f k~.!, 

writill6 a. for lal/(-a), the values or (a)~~~ are everywhere dense on tIle 

unit circle but llever repeat themselves. For each integral value that -
k takes, j E {1, 2, ••• p}. The absenoe at k from the faculty ooe:rfic.i.en·~.i 

enables an extension to be oode to the equa.tion ' 
s 

a;xP + t~ b 1 xt 
1 + 1 = 0, f S I} ¢. ~ J bu~ 181} c *. 

I 1 

it (pSr).(P82)' ••• (Psy) 

and thence to E1 a4 xPj + tj, bl X: t + 1 :: 0 
• 1 1 

fazo,8nr ~Om.i ~~il in th~ eat. [(:p~ a~). (p~ Sa) ••• (PS~) : j E !1,~, ••• N} J 
aiicl.{(ti1P3isil.).(PiPfS~)\ ••• (P1PS5y) : [i,j} C [1,2, ••• NJ} 
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NoVi we d~e to oonsider taking the second term as pivot in 

e:l' - b-x: +-1 -= -·0,-

ohtanging the sign of the. t term, for convenienoe. Put sa = 1. 

[ 
Y v y" 

Notice toot if' a. + 13 = y + 0, ~a, 11 " :: ~ T) a' 
since each is exp y lIn 1,1 + In 1~1 + L(ph ~ + ph ~ + 2(~ + ~J~)J 

whereas ( )Y _ v ~ y 
~ ~ k - '0 ~o 1~., where k - k' E {-1, 0, 1 J • 

But If s 
then Iwl Zk = w, = I z I ~ , ph if z: s (ph I + 2k "Jt) 

so (J z-I = Iwl~ and ph 11 = CT ph w - 2k" = <T(ph w - 2k s ?t) 

then z = w~s·J 
Put -bx: + 1 =~, than x: = b-1 (1 _ + ?;;), 

and x = (b-1(1 + ~)j~s = b~{1 + ,)~ 1[, 

whe re k' + k s E 1-1, 0, 1 J , but when ,= 0, k t + k 8 :: 0 I 

moreover 1~ = cis 2kf (,f'X = 1~ , 
and b -<T1~,_ = b:f = ~, say, 

convergent if (sp), to a denumerable lot of roots. 

(
- (sp) ==> C = laS~(s _p)s~p < 1 ) 

sF bP sS 

Extension to the general case follows as before. 
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TherGfore c 0 

always ros infinitely many roots, found by tnking "pivot" terms acoording 

to the S0.111e drill 

If in alx~1 )
\~/I 

1 
L-J.,. 

as tho. t given e.t the ends of chapters III and IV. 

+ 1 = 0, no 51 is rational, the substitutions yP1 

may be l1k1.de in turn for i E {1, •• " !vI}, with the appropriate ohange s tn 

the othGr exponents, to test for the poo sible occurrence of a chain of 

convergence conditions and therefore of solutions. From an arrangement 

of {p~, ••• , PN, s~, ••• , 8M) in descending order of magnitude, the 

apprprio.te inequalities e.g. (PNPjJ. (P~5:1) ~ (PIf:iJ may be written 

down at sight. 
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Chapter VI: ComplG;,,~yoI}e ~·f.;s 

.!he orem :~ 

With the generalized definition of z~ as exp \I{ln Z + L(ph z + 2K1i.)} , 

ZV = W ==> Z = w1/V for all Vi " 
K -'KV 

Let v = n + L nt, K = k + t k', w = exp(s + L~), Z = exp(r + La): 

¢ and e need. not be the prinoipal phase, only the particular phase involved 

in the transformation. 

so 

w = exp(n + L n') {r + L(e + 2[k + Lk']1t)} 

[
: = Ell;; - nIT] J 
't' = n t~ + n T) 

[ 
l; = r - 2k'~ J 

where 
ll=e+2k1C 

z = exp (ns I :If<!> + 2k' + L [
ntI> - nls ] ) I vP' - 2k-~ 

= exp (; + L [~ - 2K 7t J) = 

and if Zv = 1 
~ , 

whi~h is independent of v~ 

Theorem: 

Note: ---

= exp [{In z + ,,(ph z + 2A ~)l - v{ln z + L(ph z + 2K ~)J] 

= exp t(~ - Y}(ln t + ~ ph z) + 2(A~ - KV)1t tJ 
== z~~ 6is 2(14i-ItV)1c 

z~ cannot vanish unles$ Z ~ o. 



Consider now L, '. \1 1 l- .1.1 • Z l :;J ~ 1 ) - If' 

fkf} is u[;nally regar'ded as C ~, but need not be so restrictede 

Siu')e z~;:.: eX]? \i {In z + ,,(ph z + 2k ?t)j = z~Cl1i:, there is immedia.tely~ 

s( z) = Bl16~!- '" with o~,::: y! cis 2k;-Vl?t .. I:
M+1 

"-" 

1=0 

The set {Vi 1 is not tlordered", but the exponents may be named, and gi'7en 

a vocabulary order" Choose \10 as a trial trreduoing~xponentlt and sinoe 

01Z~! t 0, divide throughout by this term, making S(z) = 0 equivalent to 

1 + ~~+1 ~1 z~l ::: 0, with J.11 = \11 - vo; ~1 = 01/0.). 
1 

Choose a "pivot", ...wI; oall it -,9z~ a.nd equate it to -( 1 + t;), and "orderH 

th .. t ~M e rema:uu.ng erms ~:t. 

Let ~ = 1 and A~1l = III or hfJ.l = Al 

then then z~ = (1 + ~J f3"'~, so z = f(1 + ~)~-~]~ 

= (1 + ,)~ ~;A 1~ = f(,), say. 

Now as ,~ 0, Ie ~ 0, and as , is destined to vanish, drop all f~ther 

reference to Kj and since only principal (or partioular) phases are 

involved, the suffices may be dropped. 

'A 
Also ~1~! = ~I ( (1 + ,)A ~~~1 = ~1 (1 + ,) 1~~1 1Z = f(,), say. 

\~ A s( z) = 0 is now equivalent to t;; = L, 0.1 (1 + ,) 1 = 4>(,), say, 

1=1 
Proceeding from z = f(~) and ~ = f{t;) aa before 

Z~A = 1 + A ( I·· DN-1 (1 + ,)X-1 [ I:;MCLi (1 

N=1' :t=1 

IT /-=;-~-:--~=N ~Jl ( '[M AINI + i di t~~1), 
I I N=1 ;1.=1 
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The complex faoulties will be arranged at the lattioe points 

(N~, N~1 ••• , NM) ofM-dimensional space, the faotors ~INt/Nl! at the 

( . ) ~ points -1, -1, ••• J N S, ••• -1 , and the faotor '>43 at the point 

(-1, -1, ••• , -4) aa before, to'provide an ordered multiple .eries, the 

{~11 having been ordered, temporarily and arbitrarily, to oorre8pond to 

the {vII. If ~ is the first transfinite ordinal, then the ooeffioient 

named (EAt NI +. A - 1) (N-1) corresponding to the pa.rti tion Nt + N2 + , •• 

+ NM = N has the ordinal number 

N. Jj)M-1 + N M-2 + N ~ N N -1.1 M-01w ••• + aU) + :at&> + ~. 

This ordering is re cessary to test for oonvergenoe, but irrelevant to 

the later oomputa.tion. Consider I as before I a row of terms parallel to 

the "axis of a. tt I that is, in which all the faotors other than (l,1 change. 
1 M . 

For this line, write 1: for (IMj, AI Nl) - AtNl, and S for N - Nt (noting that 

a.s N 1, and hence N. -;. co, S is finite); then far cons tant [! aj 1 : j /. iJ 

(l,l r(At Nl + A1 + t + A) .f(AI Nl + t + A - N + 1) 
uNt + 1/uN1 = Nt + 1 r(A1NI + Al + t + A - N) f(A1Nl + E + ).. *) 

~1 r(~lNl + At + E + A) r(Nl(Al- 1) + F + 1) 
= N1.+ 1 r(A1Nl + E + X) • reNt (At - 1) + Al + F) 

where E + ).. - S = F 

since r(z + zo)'" zZo r(z), 

Similarly for some, c..nd henoe any I row parallel to each of the other 

It a.xe s tl in turn. 
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For convergenoe oJ.Ol1g 0.1 -axis,' I cll < 1, whioh implies '~hat 

ICll~ < 1 if ~(~) > o. Now ~(~) > 0 and tC11 < 1 jointly imply 

'i >-
" 

= 

= [ 
f3 = y/vo 

8up~osing 
, ~ = V-Vo 

say. 

i.e~ (VI v vo) ,. in the twe'e-index notation of Chapter III .. 

Therefore Yo will serve as reducing index, \uth V as piyot 

it ~(\I- \10) > 0 and nM 
(VI v '''0)' 

1::11 
'M 

or if R( v - Vo) < 0 a.nd n' (\11 Vo 11). 
li,1 

CY1 V Vo contains the fa.otor 15v1 -Y°l which involves lois 2k V(Vl- Yo)7t1 ~ 

say (ois 2k(~ + L~)~I, or lexp 2k(~ + L~)~LI, i.e. e-2~, whioh may be 

made greater or 1e 88 than a.ny' positive quantity by suitable choioe of kl 

So (v 1 v Yo) whioh means C < 1, may be made so for infinitely 
.V1 v Vo . 

many kl amd (VI Vo v.) rt.tll then be true for all other values of kt. 

Thus any term ~7ith assigned YOI Ve, ko may be used tor "reduoi:lgn 

a.nd tt 11 y;: v, k, " tt » 

if {k1.1 ka, •• If' kM} may then be chosen. There will be convergence 

to 0. unique root for e o.ch of the M-ply infinite proper seleotions. 

For :.:massigned {kl J~, the above :.8 a construction for 0.:.: 
e. 

(M+2)-ply infinitude of seleoted solutiona~ 
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Oha.pter VII. Computation by ~wat~e~ 

Ii' (3Jl is a. pivot, the solution of 
~ 

1 - ~ Jl + E~ (:31' Jll :: 0 

takes the form ' z = e{ 1 + F/f.1) 

~co ( n o.lN.i Xi -~ + E~ NIIJ1\ 
where F =' EN1=N N 1- i..I. ') 

1 ; 

e~ = ~, and 0.1 = ~lelJl~ 

It is only to examine convergence tha t the terms or F are arranged at the 

lattioe-points of 24t of M-diJmnsioml space. When f.1 is a natural number, 

say m, the terns in the la.ttice along any row parallel to the at-axis w:i~ll 

have as sum a. complete hypergeometrio function of order m-1, and, inQ,eed.~ 

the whole of F Day be described in terms of LAURICELLA's hypergeometric 

functions of many varia.ble s and parameters, but the computa.tion of F is 

. not thereby advanced. 

But F = ( En~ Dn"'1( 1 + ,)A-1 {t~ 0,1 (1 + ,)Al J n/n!) ~ D = dim.;, 
I ,=0 

convenience. 

_ ",co A 

- ~!l n, 
'n 

Sa.YI replacing N by n for present tY'Pographioal. 

n is a "swathe" J the sum c£ the terms a.t t he la.ttioe-po5.ntH 

oontoinod in the ~erplnne whioh makes'on eaoh a.l-a.xis the intcrcopt n~ 

Let I = t~ el (1 + ,)~1, = X(,) 
l' -

and Ii1 = Dmym! l~=o '" !~ 0.1).1 (m.YmI .. f~ 0.: (~!); !.l '" )(.(0). 

(these are generalized polynomials in s) 

so that X =. Q + 1 ~ + 2 ~a 
-~ (rl:.) Let nm - mt ~1 I 

~=O 
the coeffioiont ot ~m in the ~IAYINR 

(N.,B~ tho Stiffi.:".es to n end. Ii) have difforeni~ offices.) 
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The evaluation at "n. involves a consideration of Pn(m), the 

number of partitions of m into at most n parts, (which is equal to the 

nwnber of p.a.rti tiona of m into parts which do not exoeed n). [Pn(m) 

is the ooeffioient of X- in nf(1 - xr)-S.: G. H. HARDY and E. M. WRIGHT 
r 

The Theory of Numbers, (1938) p.·273.] Since m ~ n, the partitions 

oan be written down at sight, or stored for purposes of ~omparison when 

needed, and we may write simply p(m): 

no = xn/n\I~=o = gn. 
n~ = D(xft/n!) 1'=0 = (DX)(Xn-s./(n-1)1)1~=o = 2. 2n-s.· . 

~ = l(D2X)(xa-.1./(n-1)s) + (DX)~( Xn-a /(n-2)1 )1/21 1,=0 = ~ 1211-1. +;b 9,n-<l . 

na = J gn-s. + , 1 gn-~ + 13 gn-3 

n, = ~ ga-s. + l 1 ga~2 + 22 g'~2 + 2 12 Qn-a + 14Qn-4 .. 
c.f. p(q.)'1: 4- ; 3 + 1 I 2 + 2 j 2 + 1 ,f., 1 j 1 + 1 + 1 + 1 

n~ = 5 2P'!-1. + (4t 1 + J 2)Qn-2 + (j 12' +. 22 l)gn--~ + 2 13 Qn--4 +j,s %'''',5 

c.f. p(,5) = 5 ; ~+1, 3+2 ; 3+1+1, 2 +2+ 1 ; 2+1+1+1 ;1+1-f1+1-{fj 

1lG = g Qn-s. + (~1 +~, + 1)20-2 + (~la + ~,1 + ,JQn-ai(3i +'312)Qn"4 

+ 2 14 Qn-s 1s Q n··s; 

and. so on. 

Now, by LEIBNIZ 1 s theorem for the {n-1)-th derivative of a 

product 
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So [F] (~~1) T 
= .10 2~ 32 43 · .. Ol 

(~~1) 20 3~ ~D • •• 1 t 

. (~21) .'5e ~ · -.. 21 

e-;) 40 · .. 3! 

Moreover, if mk) denote (m/Q)kJkt, with m) = m~), k > 0, then 

n~/no = n.1) 

n2/nO = n.2) + n(2).1 a) 

na/no = n.}) + n(2).2)1) + n(3).1 a) 

n./no = n.lt.) + n(SI) 3)1) + 22J + n(3).2)1 g ) + n(4).1- 4), 

etc. 

nt = no .,) 

na 2),1 g) 

na 3),2)1) 

n4 4) ,3)1) + 22 ) 

5),4)~) + 3)2),3)1 2 ) + 22 )1), 2)1a), 1s) 

'but this will not be as satisfactory a' form for the computer as the 

i 

I 
• .i 

previous one, if mt) involves tho q,llotient of two integral functions in B;I 

HowoVGr; 8i11O(;I e~ ~ ;=r~:t, the quotient of two J2.Q.l;ynomials whioh arises ·s·;1.orx 

tJ is a natural number; if) itself a polynomial. 
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Writing s for 9 = x(O) = Ea 

t for 1 = x.' (0) = E<l.f.l 

u for s/( 1 - t)" 

when Itl<i, lui < 1, F takes a simpler form: 

The coefficie nt of' (~=~) in F is (n-1) ~no + n I (n+1 ) ~ + (n+1)! ( n+2 h + ••• 
sn tsn (sn+~ t~ sn\ 

= (n-1)l nr + n! liT + (n+1)t 'rn+1)~ + 2T rJ) 

( 
. sn+2 sn+~ t 3 sn) . . 

+ (n+2)! J tn+2)~ + ,t (n+1)! + 3! !iT 

( 
sn+3 80+2 t 2 sn+~ t 4 an ) 

+ (n+3)! ~ (n+3)! + L3t + 22] (n+2)1' + 2 2: (n+1)! + 4: nJ + " •• 

= ~ [1 + nt + (n~1)t. + (n;2)t3 ••• J 
+ ~sn+~ [1 + (n + 2)t + (n?)t2 ••• J 
+ .~sn+2 {i + (n+3)t + •• 81 
+ g:.: gn-f

3 {(n+3)*(nt.3)(n+4)t " •• 1 
+ 3 ~ sn+3{ (n+4)+(n+4-) (n+S)t ••• J 

+ ~sn+3[1 + (n+4)t + .~. J 

+ Jsn+2(1-t)~n-3 

+ 2~n+3(n+3)( 1-t)'" n-4 

+ ~,sn 3(n+4)(1-t)-n-!5 

+ ?t sn+3( 1-t)- n"'4 

+ ~, •• 

= un [1 + 1 [u2 2 + u3J + U4(~ + n+3 2a) + n5 (5 + n+4 3 2) n S N 3 s 

+ U 6 (9 + n:5 {~~ + ~.l + (n+~~(2) ~3) + ••• ]] 

= u n!(1/n) + 2)u2 + 3)u3 + (4) + (n+3).2a)]u4 

+ (5) .. + (n+4).3)2)]u5 

+ (6) + (n+!5)[4)2) + 3aH + (n+5)(a).2 3 )] u6 + aI' ~~ . 



- 49-

where Gmn is the element remaining in the m-th row and n-th column of the 
4p~,j).~/'.e~, 

large lower m trix on p. 47 after removJ.l1g from it all terms in which the 
l\ 

digit 1 is mentioned .,..~, ice. 

F = [( 1 + U)A - 1 J/~ + u[ (1 + u)'A-1 E~ m}um + R] 
m 

where R = E~ (u d/du)n (1 + U)A-1t:n+a utl.emlt_ 
n ,m 

If fJ. is 0. na tUrnl nU!llber" then, in the ~-2)-dimensional array ot 

ooefficients, exoept for the hyperouboidt~ blook of 2M- 2 tems ne,nx-, the 

origin, eithor 

(i) eaoh I-L-th term will vanish in every row pa.rallel to eve~ axis, or 

(i1) uniformly spa.ced rows will vanish, or 

(iii) complete blooks of terms will vanish throughout the heartof' the array, 

and in the remaining tenJs) clustered along the axes, sone olusters will 

have teros of alternatine signs. These facts have emergod fro~ practicel 

use of the pat~od; by HADJ~'IiARD·s ttgap" theorem, they precluda ovor­

convergence., The IIlfltrix fO~'j}ulation of F (pa' 4-7) may be abbreviated to 

~ M t, where Sl = K~~)J:",'l.' i: = (01 1l 21 31 ... JT. IIlld 

fJ = Q tQ 2Q2 + "22 ,.,Qa + 21Q2 + lag ~4 + jlQa + g2Qa + ~:kQ + 14Q V" 0 ~'1 
~Q4 + 21ga + :l.aQa 

,Q4 + 12Qa 

'IQ4 

Qs 

I 

/) ... 
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