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Abstract:  
The Hartman-Schijve methodology offers a direct route to calculating various fatigue crack 

growth (FCG) rate curves that are associated with delaminations growing in fibre polymer-

matrix composites. However, up to the present, only a ‘manual’ method has been described to 

deduce the values of the Hartman-Schijve constants that are needed for such calculations. 

Whilst this manual method may give reasonably acceptable results for calculating the Hartman-

Schijve constants, it is a difficult and tedious implementation route. Thus, it may, if the operator 

is inexperienced, give relatively large errors in the values of the key constants that are needed 

to calculate the FCG rate curves. Furthermore, for very large data sets there is great difficulty 

incurred in manipulating such a large amount of data using the ‘manual method’.  

 Therefore, the main aim of the present paper has been to introduce a novel computer 

model and the associated software, ‘Zencrack : Material Curve Fitting Utility’ from Zentech 

International Limited, UK, to obtain automatically the Hartman-Schijve constants.  The aim 

has been to deduce the ‘worst-case upper-bound’ FCG curve for small, naturally-occurring, 

delaminations in the composite material, or component. To achieve such an ‘automatic’ method, 

the current work (a) has taken previously-published algorithms that employ a ‘Total Least 

Squares’ method for the fitting process of the experimental input data to the Hartman-Schijve 

equation and (b) has investigated the effect of a normalising scaling factor. It is shown that an 

automatic calculation that includes all the input data gives the best representation of the 

Hartman-Schijve constants and is the recommended approach. 
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NOMENCLATURE 

a total crack (delamination) length, measured from the loading line 
ao  length of the initial delamination in the DCB test specimen, i.e. the length of 

the (thin) film used as a starter crack, measured from the loading line 
ap             length of the pre-crack (i.e. pre-delamination), measured from the loading line, 

in the DCB test specimen prior to cyclic-fatigue fracture measurements being 
taken 

ap-ao pre-crack (i.e. pre-delamination) extension length in the DCB test specimen 
prior to cyclic-fatigue fracture measurements being undertaken 

A apparent cyclic fracture toughness 
AGS a numerical algorithm, using minimization of multiextremal functions under 

nonconvex constraints 
CFRP carbon-fibre reinforced-plastic 
CGROW an existing software providing a framework for the determination of fatigue 

crack growth model parameters  
CSAM cold spray additive-manufacturing 
CUHYSO a numerical algorithm, the acronym expanding to Contracting Uniform Hyper-

Rectangles Sampling for Optimization 
da/dN  fatigue crack (i.e. delamination) growth (FCG) per cycle 
D value of da/dN as the intercept in the Hartman-Schijve crack-growth equation 

using a double-logarithmic plot 
DADT durability and damage tolerance 
DCB double cantilever beam 
FCG fatigue crack growth 
G energy release-rate 
𝐺𝐺𝑐𝑐𝑐𝑐 quasi-static value of the Mode I (tensile) interlaminar fracture energy at the 

onset of crack growth as determined from [1] 
𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 maximum value of the applied energy release-rate in the fatigue cycle  
𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 minimum value of the applied energy release-rate in the fatigue cycle 
∆𝐺𝐺  range of the applied energy release-rate in the fatigue cycle, as defined below 
 = 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 
∆√𝐺𝐺 range of the applied energy release-rate in the fatigue cycle, as defined below 

=  �𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 −  �𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚  
∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟    range of the fatigue threshold value of ∆√𝐺𝐺, as defined below 

=  �𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚.𝑡𝑡ℎ𝑟𝑟 −  �𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚.𝑡𝑡ℎ𝑟𝑟  
K stress-intensity factor 
∆K range of the stress-intensity factor in a fatigue cycle 
∆Kthr range of the fatigue threshold value of ∆K, as defined below 
 =  𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚.𝑡𝑡ℎ𝑟𝑟 −  𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚.𝑡𝑡ℎ𝑟𝑟 
LEFM linear-elastic fracture-mechanics 
MLSL LDS a numerical algorithm, the acronym expanding to Multi-level Single-Linkage 

with Sobol Low-Discrepancy sequence 
n exponent in the Hartman-Schijve crack-growth equation using a double-

logarithmic plot  
N number of fatigue cycles 
NASA North American Space Administration 
NASGRO a suite of software programs used to analyse fatigue in structures 
𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚 maximum load applied during the fatigue test 
𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚 minimum load applied during the fatigue test 
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𝑅𝑅 R-ratio (=𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚/𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚) 
R2 coefficient of determination 
s scaling parameter 
USA United States America 
USAF United States Airforce 
∆κ crack driving force, i.e. the similitude parameter, sometimes referred to as the 

Schwalbe parameter 
σ standard deviation 
 

 

1. Introduction 
 
The design of composite airframes, based on continuous carbon-fibres in an epoxy 

thermosetting polymeric matrix, under cyclic fatigue loadings typically follows one of two 

main philosophies: the ‘no-growth’ approach or the ‘slow-growth’ approach [2]. Although the 

no-growth of a crack, i.e. delamination, strategy is the most commonly implemented, it is 

widely recognised that this method can lead to overly conservative structures. Moreover, 

studies [3,4] have demonstrated that even in designs intended to prevent crack propagation, 

delaminations can still initiate and grow during operational service. Consequently, a key issue 

currently facing engineers and researchers in the composites field is how to evolve the no-

growth philosophy to allow for the initiation and limited progression of small, naturally-

occurring, delaminations. This evolution calls for the development of analytical and 

computational tools capable of evaluating the structural integrity of composite airframes that 

may contain such small delaminations subjected to realistic multi-axial flight loads. 

Importantly, to be consistent with the airworthiness standards delineated in the US Joint 

Services Structural Guidelines JSSG2006 [5] and MIL-STD-1530D [6], any growth that does 

occur should remain gradual and predictable. Furthermore, in accordance with [5-7] 

delaminations present in the structure must therefore undergo a thorough durability and damage 

tolerance (DADT) assessment [5,6]. As explained in MIL-STD-1530D, such assessments are 

best done using linear-elastic fracture-mechanics (LEFM).  

The use of LEFM to perform the mandated durability assessment of delamination 

damage in a composite airframe subjected to realistic multi-axial flight loads relies on a prior 

knowledge of the relationship between the fatigue crack growth (FCG) rate, da/dN, per cycle 

and the energy-release rate, 𝐺𝐺 . It is now well established [8-15] that the most appropriate 

approach for composite materials, such as a continuous carbon-fibre reinforced-plastic (CFRP), 

is to express da/dN as a function of the range of the applied energy release-rate, ∆√𝐺𝐺, in the 

fatigue cycle, as defined by ∆√𝐺𝐺 = �𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 −  �𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚; where 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚  and 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 are the maximum 

and minimum values of the applied energy release-rate in the fatigue cycle, respectively. It 
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should also be noted that the NASA Fracture Design Handbook NASA-HDBK-5010 [7] 

mandates the use of a ‘worst-case upper-bound’ FCG rate curve for design and service-life 

studies. This ‘worst-case upper-bound’ FCG rate curve should encompass, and bound, all the 

experimental results and allow for scatter in the test data. A similar requirement is inherent in 

the United States Air Force Structures Bulletin EZ-SB-19-01 [16] which presents the 

certification guidelines for additively-manufactured aircraft parts. Thus, a methodology is 

needed for estimating the ‘worst-case upper-bound’ FCG rate curve from the laboratory test 

results that (a) that encompasses all the experimental data, (b) provides a conservative FCG 

curve which accounts for any retardation effects and (c) accounts for the experimental scatter 

that is frequently seen under fatigue loading. Such a FCG curve can then employed for 

developing, characterising and comparing different composite materials, and for designing and 

lifing in-service aircraft components and structures, using a ‘slow growth’ approach.   

As discussed below, the Hartman-Schijve [17] methodology offers a direct route to 

calculating this ‘worst-case upper-bound’ FCG rate curve for small, naturally-occurring, 

delaminations. However, up to the present, only a ‘manual’ method has been described [e.g. 

11-15], to implement this Hartman-Schijve method, although more recently this has been 

combined with a ‘Total Least Squares’ approach developed in [18]. Whilst the manual method 

may give a reasonably acceptable result, it is a difficult and tedious implementation route and 

may, if the operator is inexperienced, give relatively large errors in the values of the key 

parameters that are needed to calculate the ‘worst-case’ FCG rate curve. Furthermore, for very 

large data sets there is great difficulty incurred in manipulating such a large amount of data 

using a manual method. Therefore, the main aim of the present paper is to introduce a novel 

computer model, and the associated software, to obtain automatically the ‘worst-case upper-

bound’ FCG rate curve for small, naturally-occurring, delaminations.  

It should be noted that the present approach presents a somewhat different methodology 

to other computational tools, such as to be found for example in [19,20]. In these papers the 

main aims were somewhat similar, i.e. to develop a robust and efficient computational tool to 

simulate fatigue-driven delamination in complex composite structures. However, the approach 

in these papers was to exploit the peculiarities, in terms of mesh and load-step size 

independency of the well-established SMart–time XB procedure, based on the Virtual Crack 

Closure Technique approach, to develop a Paris Law-based module to mimic the delamination 

growth rate due to cyclic loads. The procedure in [19,20] takes advantage of the solver of the 

commercial finite element code ‘Ansys Mechanical’ and is fully implemented in the ‘Ansys 

Parametric Design Language’. The implemented fatigue block interacts with the already 

existing modules, thus simulating the fatigue-driven delamination without mesh dependency 

and potentially accounting for the R-curve behaviour of the material. In contrast, the aim of the 
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present paper, as stated above, is to introduce a novel computer model, and the associated 

software (i.e. ‘Zencrack : Material Curve Fitting Utility’ from Zentech International Limited, 

UK) to obtain automatically the ‘worst-case upper-bound’ FCG rate curve for small, naturally-

occurring, delaminations. 

Thus, the present paper discusses in Section 2 the materials and experimental methods 

employed, and then in Section 3 the general form of the FCG rate curves that are measured. 

Next, in Section 4, the Hartman-Schijve modification of the NASGRO crack growth model 

that may be used to obtain this ‘worst-case’ FCG rate curve is introduced. To set the scene for 

the novel computational analyses to be described in the present paper, the implementation of 

the Hartman-Schijve methodology by a ‘manual’ approach is then outlined in Section 5. The 

major contribution of the present paper is the automatic implementation of the Hartman-

Schijve methodology which is then discussed in depth, see Section 6. The main conclusions 

that may be drawn are then stated in Section 7. 

 

2. Materials and Experimental Details 

In the present paper we shall analyse FCG rate curves which have been published [mainly in 

14,15] for a CFRP material which was fabricated using a prepreg of unidirectional, continuous 

carbon-fibres in a thermosetting epoxy polymer matrix (‘M30SC/DT120’ supplied by Delta-

Tech S.p.A., Italy). Panels of CFRP were produced of this composite and were manufactured 

using a hand lay-up by the Delft University of Technology, the Netherlands, mainly with a 

unidirectional lay-up sequence. (A unidirectional, continuous carbon-fibre composite was 

chosen since this is the orientation of the fibres given in the ISO Standard test method [1] and 

this fibre orientation typically results in the most severe degree of fibre-bridging occurring.) In 

all cases, a 12.7 µm thick film of poly(tetrafluoroethylene) (‘Teflon’, Du Pont, Wilmington, 

DE, USA) was inserted into the mid-plane of the CFRP panel at one end, normal to the 0° fibre 

direction, during the hand lay-up process to act as an initial delamination, or ‘starter crack’, of 

a nominal length, ao, of 50 mm. The laid-up panels were placed in an autoclave and cured for 

90 minutes at a temperature of 120 °C under a pressure of 6 bar. The glass transition temperature 

of the resulting thermosetting epoxy polymer matrix was 120 °C. The panels were cut into 

strips to make double-cantilever beam (DCB) specimens [1] with an embedded starter crack in 

their mid-plane. 

 The testing procedure followed the approach outlined in more detail in [14,15] and was 

undertaken using a servo-hydraulic fatigue test machine equipped with a travelling microscope 

to measure the crack length. Initially, a crack was propagated under quasi-static loading from 

the starter crack (i.e. delamination) embedded in the DCB test specimen until a clearly visible 

and stable crack extension occurred, typically not exceeding 3.0 mm from the original starter 
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front, denoted as ao. This extension, referred to as ap-ao served as the pre-crack length. (It 

should be noted that, if a pre-crack extension length of ap-ao is not used in the fracture 

mechanics test, then optimistically high values of the quasi-static toughness and fatigue 

resistance will be measured. This is because the starter crack film of length ao represents a 

relatively blunt crack tip compared to that of a pre-crack of length ap, which is naturally-grown 

ahead of the starter film prior to the commencement of the test.) For any given DCB specimen, 

the test method that was employed involved growing the crack under cyclic-fatigue loading, at 

a relatively low frequency of 5 Hz to avoid heating effects, for a relatively short distance from 

the initial value of the pre-crack extension length, ap-ao, whilst taking readings of the number 

of cycles, N, crack length, a, load, P, and displacement, δ. Fatigue cycling was initiated under 

displacement control, using a deformation range where the peak deformation matched the 

maximum experienced during the prior quasi-static phase. As a result, the DCB fatigue test 

began with a relatively high FCG rate of around 10-5 m/cycle and continued until much lower 

rates, of approximately 5 x 10-10 m/cycle, were observed. The fatigue test was then paused and 

restarted, this time using the newly-extended crack length, i.e. the new value of ap-ao, as the 

starting point for a subsequent FCG test. The value of the 𝑅𝑅-ratio used was typically 0.1, where 

R=𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚/𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚. The measured data were employed to calculate, for a given DCB test at a given 

value of the crack extension length, ap-ao, the FCG rate, da/dN, using the ‘incremental 

polynomial method’ [14,15,21]. Also, the values of the maximum and minimum energy release-

rate, 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 and 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚, applied in a fatigue cycle were deduced from the maximum and minimum 

applied measured loads, 𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚, respectively, using the ‘modified compliance method’ 

as described in detail in the ISO Standard [1].   

 

3. The FCG Rate Curves 

As previously reported [9-15], and exemplified in Figure 1, the FCG rate curves, plotted as 

logarithmic da/dN versus logarithmic ∆√𝐺𝐺 , typically consistently shift to the right with 

increasing values of  ap-ao; where ∆√𝐺𝐺 = �𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 −  �𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚.  Thus, each new pre-crack length 

led to a distinct FCG rate curve until relatively high values of  ap-ao  were attained. This shift 

indicates a reduction in the FCG rate for a given ∆√𝐺𝐺 as the pre-crack length, ap-ao, increases, 

i.e. the crack propagates more slowly at higher ap-ao values. This trend is attributed to the 

increasing influence of fibre bridging within the DCB specimen. A longer pre-crack extension, 

ap-ao, facilitates more extensive fibre bridging, which acts to retard crack growth for a given 

energy-release rate. However, as illustrated in Figure 1 some degree of variability is inherent 

in the DCB test results, and this general pattern may not always be precisely followed [11-15], 

indicating that some scatter does, of course, exist in the measured FCG rate curves. 
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Figure 1. Measured FCG rate curves plotted as logarithmic da/dN versus logarithmic ∆√𝐺𝐺 
from the DCB tests using an R-ratio of R = 0.1 for the CFRP composite for three DCB test 
specimens designated as tests ‘1.1.4’, ‘1.1.5 and ‘1.1.6’. Values are given in the legend for the 
pre-crack extension length, ap-ao, prior to the start of measurements from the DCB fatigue test 
[14,15].  
 
4.  The Hartman-Schijve Methodology to Calculate the ‘Worst-Case Upper-Bound’      

FCG Curves 

Encouragingly, the findings reported in [11-15] suggest that the Hartman-Schijve modification 

of the NASGRO crack growth model [17] can provide a robust description of delamination 

propagation, independent of the specific testing protocol. For composite materials, the 

Hartman-Schijve equation is generally expressed as [11-15]: 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐷𝐷∆κ𝑛𝑛  (1) 

 

where:   ∆κ = � ∆√𝐺𝐺− ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟
√�1−�𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 √𝐴𝐴⁄ �

�     (2) 

 

where 𝐷𝐷  is the intercept in the Hartman-Schijve crack-growth equation using a double-

logarithmic plot and n is the exponent in the Hartman-Schijve crack-growth equation again 

using a double-logarithmic plot. Further, 𝐴𝐴 is the apparent cyclic fracture toughness and the 

term ∆√𝐺𝐺 is defined as: 
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1.1.4 11.1 mm 1.1.4 40.3 mm 1.1.4 62.6 mm 1.1.4 88.4 mm

1.1.5 3.9 mm 1.1.5, 19.5 mm 1.1.5 43.5 mm 1.1.5 56.2 mm

1.1.6 2.5 mm 1.1.6 24.5 mm 1.1.6 49.7 mm 1.1.6 76.6 mm
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 ∆√𝐺𝐺 = �𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 − �𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚     (3) 

  

where 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 and 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 are the maximum and minimum applied energy release-rates in a fatigue 

cycle, respectively, and ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 is the threshold value of ∆√𝐺𝐺  at which da/dN tends to zero. 

The term ∆κ is the crack driving force, i.e. the similitude parameter. Originally developed as 

an empirical model, similar in concept to the Paris Law [22-24], the Hartman-Schijve 

formulation has seen broad application across various material systems and is integrated into 

widely used engineering software such as NASGRO, particularly in the aerospace sector. A 

theoretical basis for its use with both additively- and conventionally-manufactured metallic 

materials has been established in [25], and it has been linked to formulations grounded in 

energy dissipation principles [26]. Furthermore, the model has demonstrated a strong capability 

in capturing both intrinsic and extrinsic variability, as categorized by Brunner [27,28], for a 

diverse array of materials. These encompass structural adhesives [29,30], thermoplastic 

polymers [31], polymer-matrix nanocomposites [32,33], fibre-reinforced polymer composites 

[11-15], metals produced through additive-manufacturing [34-42], and materials developed via 

cold spray additive-manufacturing (CSAM) [25]. An important feature that is discussed in [42-

45] is that the Hartman-Schijve crack growth equation can be used to predict the growth of 

naturally-occurring 3D cracks in both conventionally-built and additively-manufactured metals. 

 As shown in detail below, the implementation of the Hartman-Schijve methodology to 

calculate the ‘worst-case upper-bound’ FCG curve first requires the measured FCG rate curves 

of da/dN versus ∆√𝐺𝐺, such as shown in Figure 1, to be re-plotted in the form of Equations (1) 

and (2). The aim being to obtain a linear, ‘master’ plot of logarithmic da/dN versus logarithmic 

∆κ  from all such measured FCG rate curves by choosing the values of ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 and 𝐴𝐴 that give 

the best fit to obtain this one linear ‘master’ plot. Secondly, the values of the terms D, n and 

∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 that are obtained from this fitting exercise are key constants in calculating the ‘worst-

case upper-bound’ FCG rate curves for design and service-life, i.e. sustainment, studies. For 

these latter studies, i.e. for predicting a FCG rate curve for small, naturally-occurring, 

delaminations, then it is generally assumed that the value of ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 tends to zero. However, 

one can also calculate, for example, the ‘worst-case upper-bound’ FCG rate curve when we 

take the value of  ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟  to be the mean value minus three standard deviations, σ, 

[14,15,46,47]. (In all cases, in calculating the FCG rate curves, the value of A is taken to be the 

mean value of the quasi-static value of the interlaminar fracture energy, 𝐺𝐺𝑐𝑐𝑐𝑐, minus typically 

three standard deviations, σ, [13-15,46,47].) 
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5. Previous (‘Manual’) Implementation of the Hartman-Schijve Methodology 

In previous papers [e.g.11-15], the Hartman-Schijve methodology was essentially implemented 

by a ‘manual’ approach, combined more recently with a ‘Total Least Squares’ approach 

developed in [18]. However, this manual route requires a great deal of experience being needed 

by the human operator in order to achieve a relatively high value of the correlation coefficient, 

R2, for the fit of the experimental data to the linear equation. Furthermore, for very large data 

sets there is great difficulty incurred in manipulating such a large amount of data using the 

‘manual method’.  

The manual fitting process involves first setting an estimate for the ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 threshold 

and √𝐴𝐴 failure values for each FCG rate curve and assessing D, n and R2 from the Hartman-

Schijve linear, master plot fit that is obtained. The individual curve parameters for the threshold 

and failure values, i.e. ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 and √𝐴𝐴 respectively, are then modified and the values of the 

constants D and n  are re-calculated, with the aim of improving the overall R2 value of the fit. 

Now, whilst the previous work has shown that such a manual method may give a good 

fit to a linear master plot of many sets of FCG rate curves obtained for various values of the 

pre-crack extension length, ap-ao and for different R-ratios and types of lay-up used for the 

CFRP, it is a difficult and tedious implementation route and may give large errors in the values 

of the key constants of D, n and ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 if the operator is inexperienced. Further, if difficult 

and tedious, it is also likely to be less repeatable, even for experienced operators. 

 Therefore, the main aim of the present paper is to introduce a novel computer model to 

obtain a linear master plot of logarithmic da/dN versus logarithmic ∆κ  from all the measured 

FCG rate curves by choosing the values of ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 and 𝐴𝐴 that give the best fit to the linear 

master plot, and hence to also obtain the values of the constants D and n in the Hartman-Schijve 

equation. 

 

6. Automatic Implementation of the Hartman-Schijve Methodology 

6.1 Introduction 

Now, whilst the Hartman-Schjive crack-growth equation is defined above in terms of the 

energy-release rate, to enable the present study to make effective use of previous work [18,48]  

it is convenient to express this equation using the stress-intensity factor, K. The K-form for this 

equation, as typically used for metals, is given by: 

 

       𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐷𝐷 � ∆𝐾𝐾− ∆𝐾𝐾𝑡𝑡ℎ𝑟𝑟
√{1−𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚 𝐴𝐴⁄ }

�
𝑛𝑛

     (4) 
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And ∆κ is the crack driving force, i.e. the similitude parameter, now expressed in the K-form 

by:           

   ∆κ = � ∆𝐾𝐾− ∆𝐾𝐾𝑡𝑡ℎ𝑟𝑟
√{1−𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚 𝐴𝐴⁄ }

�      (5) 

 

and where the term ∆𝐾𝐾 is defined as: 

 

     ∆𝐾𝐾 = 𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚      (6) 

 

where 𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚  and 𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚 are the maximum and minimum applied stress-intensity factors in a 

fatigue cycle, respectively, and ∆𝐾𝐾𝑡𝑡ℎ𝑟𝑟 is the threshold value of ∆𝐾𝐾  at which da/dN tends to 

zero. The constant 𝐷𝐷 is the intercept in the Hartman-Schijve crack-growth equation using a 

double-logarithmic plot and n is the exponent in the Hartman-Schijve crack-growth equation 

again using a double-logarithmic plot, and 𝐴𝐴 is the apparent cyclic fracture toughness, but now 

all in terms of the using the K-form approach. Thus, the term ∆κ is the crack driving force, i.e. 

the similitude parameter, but now for the K-form approach. 

 A methodology for fitting multiple curve data sets to the K-form of the Hartman-Schijve 

growth law was presented in [18]. As part of the work reported in [18], the methodology was 

implemented in a computer software, CGROW [48], where CGROW is an existing software 

providing a framework for the determination of fatigue crack growth model parameters. This 

software allows the fitting process to be carried out and reports master D and n values and the 

R2 for the best fit. These papers showed the benefits of using a total least squares calculation 

to fit individual curves rather than an ordinary least squares calculation. The former has benefits 

due to the asymptotic nature of the Hartman-Schijve curve in both the threshold and failure 

regions. However, due to differences in the orders of magnitude on the x-axis (i.e. the ∆𝐾𝐾 axis) 

compared to the y-axis (i.e. the da/dN axis), then when carrying out total least squares 

calculations a normalisation scale factor, s, had to be introduced. Several solution algorithms 

for the fitting procedure were tested and their relative merits discussed.  

 Thus, the current study is based on the total least squares approach of [18] but uses a 

different and more efficient solution method to drive the iterative search for the fit parameters. 

In addition, the effect of the normalisation scale factor described in [18] has been investigated 

with the result that an additional scale factor is proposed. The current method is implemented 

for both the √𝐺𝐺-form of the Hartman-Schijve equation shown in Equations 1 and 2 and the K-

form shown in Equations 4 and 5. The solution procedures are the same due to the analogy of 

the terms in Equations 1 and 4. Allowing a fitting capability for both equations simply requires 
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suitable options to handle different forms of input data and the correct description of threshold 

and failure output quantities in a √𝐺𝐺 or K framework. 

 

6.2 Solution procedure 

6.2.1 Overview 

Figure 2 gives an example, based on the K-form of the Hartman-Schijve equation, in which six 

sets of curve points are fitted, see Figure 2(a). The philosophy behind the fitting process when 

there are multiple sets of test data is to generate individual curve fits while aiming to achieve a 

linear fit in the logarithmic da/dN versus logarithmic ∆κ  space, see Figure 2(b), in order to 

produce D and n for a ‘master’ Hartman-Schijve linear plot. To achieve the linear fit shown in 

Figure 2(b), an iterative fitting process is carried out, as summarised in the schematic of Figure 

3. This process requires calculation of different threshold and failure parameters associated 

with the individual curve fits. The threshold and failure parameters of each curve are obtained 

by optimising the total least squares fit at a given D and n. The ordinary least squares fit for all 

data points with respect to the logarithmic da/dN versus logarithmic ∆κ  space is an outcome 

of this process and is not explicitly optimised, but instead tends to improve as the individual 

curve fits, and the D and n values, converge. At the end of the process, the mean threshold and 

failure parameters of the separate curves are applied as the threshold and failure values of the 

mean master curve. Standard deviation values of the threshold and failure parameters can be 

calculated and up to two or three standard deviation offsets applied to assist with the definition 

of a worst-case upper-bound FCG rate curve. The elapsed run time for the fit of six sets of 

curve points shown in Figure 2 is 69 seconds (on an 11th Gen Intel Core i9-11950H 2.60GHz 

processor). 
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(a) 

 
(b) 

Figure 2. Example (a) of fitting six measured data curves to the Hartman-Schijve equation 
while (b) attempts to achieve a linear logarithmic da/dN versus logarithmic ∆κ   fit. This 
example uses the K-form of the Hartman-Schijve equation, see Equations (4) and (5). 
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Figure 3. Schematic diagram of the fitting process, showing the four nested loops, identified 

by the pink, green, orange and blue boxes. 

 

 As noted above, the curve-fitting process aims to find the threshold and failure 

parameters for each curve and the overall values of the constants D and n. To initialise the 

process, it is necessary to define ranges for the possible threshold and failure values for each 

separate curve, and initial values of threshold and failure parameters for each curve, i.e. steps 

2 and 3 in Figure 3. The fit for each curve will then be found within the specified range brackets 

for that curve. Figure 4 shows a single curve with possible ranges of the threshold and failure 

values added as vertical dashed lines onto the plot. (The position of the lower threshold and 
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upper failure bounds in Figure 4 are illustrative and do not represent the actual default positions 

that would be used to fit this data set.) The ranges are defined by: 

• Threshold lower and upper bounds 

• Failure lower and upper bounds 

 The default procedure adopted during the solution is that the threshold and failure range 

values for a FCG curve are calculated automatically from the first and last points of that curve. 

The lower threshold and upper failure bounds are set such that they should be well below and 

above, respectively, any values calculated during the fitting process, i.e. the calculated FCG 

curve is not restricted by the chosen bounds. This is shown in Figure 4, in which the asymptotes 

of the orange fit-line lie within the threshold and failure search ranges. This approach means 

that a fully unconstrained fit can be sought. Extra constraint may be placed on the solution by 

defining specific threshold or failure values for one or more curves.  

 In the single curve example in Figure 5, a specific failure upper bound has been defined 

and the fit becomes constrained by that value. Alternatively, specific threshold and failure 

values for one or more curves can be defined to generate a more constrained fit. It is also 

possible to constrain the solution by specifying specific D and/or n values. In general, the more 

additional constraint that is applied, the less parameters the algorithm has to vary, with the 

result that the R2 is likely to be reduced compared to a numerically unconstrained solution. 

 

 
Figure 4. Example of fitting a single curve set of points with specified threshold and failure 

bound ranges. 
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Figure 5. Example of fitting a single curve set of points with failure value constrained by a 

specified failure upper bound value. 

 

 Having set threshold and search ranges for each curve, and an initial estimate of the 

threshold and failure values for each curve, an initial estimate of D and n is calculated, i.e. step 

4 in Figure 3. The iterative process then begins. This consists of a series of four nested loops. 

The outer loop is configured to run for ten iterations, i.e. steps 5 to 16 in Figure 3, with each 

iteration aiming to reduce the curve search ranges and reduce the convergence tolerance on D 

and n. The intent is to start with a wide search and to home-in on an improving solution. Within 

the outer loop is the inner iteration loop that solves for new D and n values and checks for 

convergence of D and n, i.e. steps 7 to 15 in Figure 3. As part of this process, the third of the 

four nested loops cycles over each curve to calculate threshold and failure parameters for the 

curve at the current D and n, i.e. steps 8 to 12 in Figure 3. As part of this process, the fourth 

and final nested loop cycles over the failure range of the curve and identifies the threshold and 

failure pair that give the optimum total least squares fit for the curve at the current D and n, i.e. 

steps 10 to 12 in Figure 3. Convergence of the inner iteration loop is deemed to occur when the 

D and n changes are sufficiently small, see Section 6.1.3. The final reported R2 value is the 

ordinary least squares fit of the input data points in log-log space of Equation 1, or Equation 4, 

with respect to the final D and n values. The solution procedure is numerically efficient and 

runs relatively quickly. The total elapsed time will, however, be a function of the number of 

curves, the total number of curve data points and the spread of those points. Some additional 

comments on this aspect are made in later sections. 
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6.2.2 Total least squares fit for a curve 

The total least squares process implemented in the current method follows the bi-section 

method described in Algorithm 1 of [18] with the sum of the total least squares calculated using 

Algorithm 2 of [18]. The aim of the two algorithms is to find, for a single curve at given values 

of  D and n, a threshold and failure pair that minimises the sum of the total least squares distance 

within the current threshold and failure search ranges. Where the current method differs from 

[18] is in the additional looping processes described in Figure 3 which aim to start with wide 

search ranges and tolerances, with ranges and tolerances reducing as the fit progresses. This 

enables fewer total iterations to be required than if a single pass solution is attempted. 

 An issue identified in [18] is that the total least squares calculation is operating on x and 

y ranges that are considerably different in their order of magnitude. A scaling parameter, s, see 

equation 8 in [18], was therefore introduced in [18] to normalise the axis ranges. The magnitude 

of the sum of the total least squares is not important in this process, the aim is to find the 

threshold and failure pair that provide the lowest sum of the total least squares. Therefore, it is 

reasonable to allow the scaling factor to be modified. The possibility then arises that changing 

the scaling factor will change the numerical behaviour. In the current work, an additional scale 

factor has been tested such that the total scale factor is the product of the additional scale factor 

and the scale factor, s, as defined in equation 8 in [18]. Consistent behaviour has been observed 

across multiple sets of test data such that a “default” additional scale factor of 0.1 has been 

defined for the current method. An example of the effect of the additional scale factor on the 

fitting process is given in Section 5.3. 

 

6.2.3 Iteration convergence for D and n 

The second iteration loop continues until the values of D and n have small changes in 

successive iterations: 

 

 diff_D = abs( D - D_previous ) / D_previous 

 diff_n = abs( n - n_previous ) / n_previous 

 if (diff_D.lt.tolConverge .and. diff_n.lt.tolConverge) -> convergence achieved 

 

The value of tolConverge is set to 1e-2 for the first outer loop and 1e-4 for the tenth outer loop 

with a linear progression in between. This was found to provide a more efficient solution than 

allowing a tight tolerance of 1e-4 at all outer loops. The value of 1e-4 can be considered an 

arbitrary value, chosen by testing across a number of data sets. Similarly, other control values 

in the algorithm are also chosen based on performance and accuracy across a number of data 

sets. In addition, to prevent the possibility of the numerical process deeming to have converged 
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if consecutive iterations have small variations when there is still a general changing trend, a 

moving average calculation is performed on D and n such that the above convergence check is 

using values averaged over the previous ten iterations. Further controls are applied to prevent 

the moving average starting until some initial iterations are completed, with the average being 

gradually introduced over a number of iterations. Convergence is also not checked in the initial 

iterations. 

 

6.3 Single curve calculation: comparison with other algorithms 

The simplest fitting process to attempt is that for a set of points representing a single curve. In 

[18] this approach was adopted using the K-form of the Hartman-Schijve equation, see 

Equation 4, to compare several different numerical fitting procedures using a manually 

constructed set of points. Four curve parameters were defined (i.e. D = 3.9e-10, n = 2.29, 

∆𝐾𝐾𝑡𝑡ℎ𝑟𝑟= 3.04 MPa√𝑚𝑚, A = 116.81 MPa√𝑚𝑚) and, using these parameters, thirty points were 

calculated to give a Hartman-Schijve linear plot for a load ratio, R, of 0.8. These were defined 

as “unperturbed data points”. The x values (i.e. ∆K) were then randomly adjusted to provide a 

“perturbed curve”. The perturbed curve points were used as the input for testing different fitting 

algorithms to calculate values for the four fitted curve parameters. The perturbed points have 

been extracted as accurately as possible from [18] to allow a comparative fit calculation using 

the current method. Table 1 gives the fit results for three methods as reported in [18]: CUHYSO, 

MLSL LDS and AGS. These acronyms refer to the different numerical approaches to the fitting 

process, as described in [18]. CUHYSO was introduced as a new method in [18] and refers to 

Contracting Uniform Hyper-Rectangles Sampling for Optimization. MLSL LDS stands for 

Multi-level Single-Linkage with Sobol Low Discrepancy and uses a multi-start method with 

random sampling. AGS uses minimization of multi-extremal functions under nonconvex 

constraints, using a Hilbert curve. A calculation using default options in the CGROW software 

[48] is presented using the same perturbed input data as the calculation using the current 

method. The CGROW software was generated during the work reported in [18]. The perturbed 

fit calculation should not recover the unperturbed parameters as the data has been modified, 

but results should be close to the unperturbed parameters. Figure 6 shows graphs of the 

logarithmic da/dN versus logarithmic ∆κ  plot of the fit line and input data points shifted to 

∆κ using the fit parameters. 

 Results in [18] did not include R2 values for fits to the logarithmic da/dN versus 

logarithmic Δκ plot. For the CUHYSO, MLSL LDS and AGS entries in Table 1, the R2 values 

have been calculated using the input points used for the new fit calculation and the stated fit 

parameters from [18]. For the CUHYSO, MLSL LDS and CGROW calculations of R2 the final 



18 
 

input point lies beyond the failure portion of the fitted curve. The value of Δ𝜅𝜅 cannot be defined 

for such points and therefore they do not contribute to the R2 calculation, nor can those points 

be plotted in the relevant charts in Figure 6. 

 There is a small variation in the fit parameters D, n, ∆𝐾𝐾𝑡𝑡ℎ𝑟𝑟  and A shown in Table 1, 

indicating that the different numerical procedures produce slightly different fits. The charts in 

Figure 6, in which a perfect fit places all points on the fit line, show that there are very small 

differences in the behaviour of the majority of the points, i.e. the positioning of the points in 

relation to one another and the fit lie for each is similar across the charts. The details of the fit 

behaviour close to the threshold and failure portions of the curve (i.e. the first and last data 

points) appear to be the differentiators in terms of the overall R2 values, with only the current 

method providing a close fit for both extreme points, thus accounting for the highest value of 

R2 of 0.988. 

 In the current method, as described in Section 5.1, the iterative fitting process takes place 

in ten outer loops each of which continues until D and n have pre-defined small changes. The 

behaviour of the fit parameters D, n, ∆𝐾𝐾𝑡𝑡ℎ𝑟𝑟, A and the R2 value through all iterations is shown 

for the perturbed single curve fitting process in Figure 7, confirming that all the parameters 

tend towards converged values 

 

Table 1. Hartman-Schijve parameters for the fitting of a single linear plot of the 

perturbed data points. 

 

Calculation 

method 

D n ∆𝐾𝐾𝑡𝑡ℎ𝑟𝑟 

(MPa√m) 

A 

(MPa√m) 

R2 

CUHYSO [18] 4.0e-10 2.30 3.04 120.11 0.960 

MLSL LDS [18] 3.5e-10 2.36 2.99 121.53 0.950 

AGS [18] 3.4e-10 2.37 2.99 123.12 0.933 

CGROW 4.6e-10 2.24 3.10 117.98 0.975 

Current method 4.6e-10 2.36 3.14 124.08 0.988 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

Figure 6. Charts of logarithmic da/dN versus logarithmic ∆κ  for the perturbed data points and 
linear fit plots of Table 1 using: (a) CUHYSO, (b) MLSL LDS, (c) AGS, (d) CGROW, (e) 
current method. (See text for details.) 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

Figure 7. Plots of the through-iteration behaviour of the four fit parameters and the value of R2 
of the fit to logarithmic da/dN versus logarithmic ∆κ  for the perturbed data points using the 
current method. 
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6.4 Multiple curve calculations: comparison with previous manual calculation for a 
data set of twenty-five FCG rate curves at R=0.1 

6.4.1 Introduction 

Experimental data obtained at the Swiss Federal Laboratories for Materials Science and 

Technology (Empa, Dübendorf) and at University College Dublin (UCD, Ireland) as part of a 

European Structural Integrity Society (ESIS), Technical Committee (TC) 4 (on Polymer, 

Composites and Adhesives) round-robin study into the reproducibility of delamination growth 

under cyclic-fatigue loads was presented in [14], with further discussion and processing of the 

data in [15]. Section 4 of [14] collated twenty-five test curves at R=0.1 (twelve from Empa and 

thirteen from UCD). A manual fitting process was used to determine the parameters to give the 

master Hartman-Schijve linear plot for these twenty-five curves, see above. The resulting fit 

parameters are reproduced in the first row of Table 2.  

 In the present paper, the test data used in [14] has been processed using the current, 

automatic method described in Section 5.1. While care has been taken to use the same curve 

data as used for the fit created in [14], it is noted that a small number of data points have been 

included which were omitted in the manual processing of [14]. The current processing for the 

twenty-five curves included a total of 1927 points with the number of points per FCG rate curve 

ranging from 33 to 166 points. Three sets of fit results using variants of the current method are 

included in Table 2, where the values of R2 for the fit of the data points to the linear, master 

Hartman-Schijve plot are also given.  
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Table 2. The values of the Hartman-Schijve parameters and R2 resulting from the 
various calculation methods from fitting of the twenty-five Empa and UCD tests at 
R=0.1 for the CFRP. 

Method D n ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟  

and std. 

dev. 

(�J/m2) 

√𝐴𝐴 

and std. 

dev. 

(�J/m2) 

R2 Elapsed 

run 

times 

(s) 

Manual (Fig 5 of 

[14] and Table 

A1 of [15]) 

1.23e-10 4.49 10.53±2.15 30.11±8.25 0.975 N/A 

Current method 

with all data 

2.31e-15 8.11 7.14±2.03 38.73±11.50 0.965 19265 

Current method 

with da/dN cut-

off of 1e-8 

m/cycle 

3.16e-13 5.68 8.21±2.26 24.40±4.75 0.956 6610 

Current method 

with all data and 

constrained A 

2.99e-11 3.97 9.33±2.39 24.22±6.43 0.896 5643 

 

In Table 2, for the current automatic calculations the terminology used is: 

• ‘Current method with all data’ uses the default fitting process with no imposed values of 

threshold or failure parameters for individual FCG rate curves. All individual curve parameters 

and the overall master fit parameters are calculated from the full set of 1927 data points. 

• ‘Current method with da/dN cut-off of 1e-8 m/cycle’ adds a condition that all input points 

with da/dN below 1e-8 m/cycle should be excluded from the fit. The da/dN cut-off condition 

is included as an option to allow assessment of the effect of low da/dN values on the fit 

parameters. In terms of the solution process, the original input data remains unchanged - this 

extra condition merely eliminates points from the data set prior to the start of the fitting process. 

For a da/dN cut-off of 1e-8 m/cycle, the data set is reduced to a total of 1610 points. 

• ‘Current method with all data and constrained A’ is a two-stage process in which √𝐴𝐴 

values are imposed on each individual curve as additional input data for the fitting process. 

These input values are forced upon the solution process and are returned as the final individual 

curve √𝐴𝐴  values. This places some constraint on the solution process by removing the 

possibility for the individual curve √𝐴𝐴 values to be modified. This partly mimics the manual 
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method in which both threshold and failure values are specified for each curve. Rather than 

applying ‘engineering knowledge’ as is done with the manual method, the 25 individual curve 

√𝐴𝐴 values for this calculation are determined by running single-curve fits for each of the 

twenty-five input curves. The resulting √𝐴𝐴 values range from to 14.8 to 38.9 �J/m2. It is noted 

that the current method can also allow the specification of threshold and failure parameters for 

each curve. In this way, the fitting process can be used to replicate the manual method by a 

trial and error approach in which all individual curve parameters are specified to calculate D 

and n values.  

 The fit parameters from these three sets of conditions using the automatic calculation 

methods are shown in rows 2, 3 and 4 respectively of Table 2.  For example, the master, linear 

line, plotted as logarithmic da/dN versus logarithmic ∆κ  for the ‘Current method with all data’ 

results, is shown in Figure 8. This can be compared with Figure 5 of [14] and the relevant 

values in Table 1 of [14] for the manual method, and see also row one of Table 2 in the present 

paper. (The results for the ‘Current method with all data and constrained A’ are not considered 

further due to the relatively low value of R2 that was obtained.) 

The elapsed run times shown in the final column of Table 2 are obtained using a laptop 

computer with an 11th Gen Intel Core i9-11950H 2.60GHz processor. Introducing a cut-off for 

da/dN reduces the data set being processed and therefore speeds up the calculations. The 

imposition of additional constraint on the A values further speeds up the fitting process. 
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Figure 8. Logarithmic da/dN versus logarithmic ∆κ  for the twenty-five sets of data [14,15] at 
R = 0.1. Fit data shown is using the ‘Current method with all data’ results to obtain the master, 
linear Hartman-Schjive plot and the Hartman-Schijve constants are found to be: D = 2.31e-15, 
n = 8.11, and ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 =7.14±2.03 �J/m2; with R2 = 0.965.  
 

 The various FCG rate curves calculated from the three methods of interest, using the 

values of  the Hartman-Schjive constants, i.e. D, n and ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟, given in Table 2, are shown in 

Figure 9 along with the experimental results. (The mean Gco value used is that reported in [15]: 

250 J/m2 with a standard deviation ±45 J/m2.) 

 

6.4.2 The ‘Mean’ FCG rate curves 

The mean FCG rate curves that may be calculated are plotted in Figure 9 and are: 

• The ‘Mean FCG rate curve [14,15]’ (orange-dotted line) as deduced from the fit 

parameters reported in Figure 5 of [14] and Table A1 of [15] from the ‘Manual method’ 

with the mean ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟  value from the individual 25 curve fits and with the mean 
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�𝐺𝐺𝑐𝑐𝑐𝑐 �≅ √𝐴𝐴 � value; and hence with D = 1.23e-10 and n = 4.49 (see first-row of Table 2 

for full details). 

• The ‘Mean FCG rate curve’ (orange-solid line) is deduced from the automatic ‘Current 

method with all the data’ with the mean ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 value from the individual 25 curve fits 

and with the mean �𝐺𝐺𝑐𝑐𝑐𝑐 �≅ √𝐴𝐴 � value; and with D = 2.31e-15 and n = 8.11 (see second 

row of  Table 2 for full details). 

• The ‘Mean FCG rate curve (cut-off)’ (orange-dashed line) is deduced from the automatic 

‘Current method with da/dN cut-off of 1e-8 m/cycle’ using the mean ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 value from 

the individual 25 curve fits and with the mean �𝐺𝐺𝑐𝑐𝑐𝑐 �≅ √𝐴𝐴 � value; and with D = 3.16e-

13 and n = 5.68 (see third row of Table 2 for full details). 

 

 It may be observed from Table 2 that the ‘Manual method’ of [14,15] has provided a 

slightly higher R2 value compared to the calculations with the automatic ‘Current method with 

all data’ option. From Figure 9, compared to the FCG rate curve from the Manual method, i.e. 

the ‘Mean FCG curve [14,15]’, the ‘Current method with all data’ option produces a ‘Mean 

FCG rate curve’ which only deviates somewhat in the lower portion for da/dN values below 

about 1e-9 m/cycle. Further, the FCG rate curves calculated from the two automatic methods 

are almost identical. Although, at the upper end of the curves, slight deviations occur between 

the two curves when the value of da/dN reaches about 1e-4 m/cycle. Thus, whilst the 

differences in the values of D and n in Table 2 from the different methods may appear to be 

relatively large, they manifest as only relatively small differences in the calculated mean FCG 

rate curves. Now, although arguments can be made for ignoring data beneath a crack growth 

rate of 10-8 m/cycle, it is generally not the best approach to ignore data. As such the constants 

determined by the ‘automatic’ calculations using the ‘Current method with all data’ should be 

considered to be a better representation, noting also a slightly higher R2 value compared to the 

‘cut-off’ automatic method.   

 

6.4.3 The ‘Worst-case [mean-3σ]’ FCG rate curves 

The worst-case upper-bound [mean-3σ] FCG rate curves, i.e. using the mean threshold and 

mean √𝐴𝐴 with minus three standard deviations applied (and labelled ‘Worst-case [mean-3σ]’) 

are shown in Figure 9 and are: 

• The ‘Worst-case [mean-3σ] [14,15]’ FCG rate curve (purple-dotted line) is deduced from 

the fit parameters reported in Figure 5 of [14] and Table A1 of [15] from the ‘Manual 

method’ using the mean ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 with a -3σ applied from the individual 25 curve fits and 
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the mean �𝐺𝐺𝑐𝑐𝑐𝑐 �≅ √𝐴𝐴 � value with a -3σ applied; and hence with D = 1.23e-10 and n = 

4.49 (see first row of Table 2 for full details). 

• The ‘Worst-case [mean-3σ]’ FCG rate curve (purple-solid line) is deduced from the 

automatic ‘Current method with all data’ using the mean ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 with a -3σ applied from 

the individual 25 curve fits and with the mean �𝐺𝐺𝑐𝑐𝑐𝑐 �≅ √𝐴𝐴 � value with a -3σ applied; 

and with D = 2.31e-15 and n = 8.11 (see second row Table 2 for full details). 

• The ‘Worst-case [mean-3σ] (cut-off)’ (purple-dashed line) FCG rate curve is deduced 

from the automatic ‘Current method with da/dN cut-off of 1e-8 m/cycle’ using the mean 

∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 with a -3σ applied from the individual 25 curve fits and the mean �𝐺𝐺𝑐𝑐𝑐𝑐 �≅ √𝐴𝐴 � 

value with a -3σ applied; and with D = 3.16e-13 and n = 5.68 (see third row of Table 2 

for full details). 

 It may be observed from Figure 9 that the two automatic options, i.e. the ‘Worst-case 

[mean-3σ]’ and the ‘Worst-case [mean-3σ] (cut-off)’ curves, are further to the left than the 

‘Manual method’ curve, i.e. the ‘Worst-case [mean-3σ] [14,15]’ curve, due mainly to the lower 

threshold values calculated using the two automatic methods. Thus, for these ‘Worst-case 

[mean-3σ]’ curves, the two automatic methods provide less conservative FCG rate curves in 

the low ∆√𝐺𝐺 region than the ‘Manual method’, i.e. a higher value of da/dN for a given value 

of ∆√𝐺𝐺. 

 

6.4.4 The ‘Worst-case (durability)’ FCG rate curves 

The worst-case (durability) FCG rate curves, i.e. using ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟  equal to zero and a mean 

�𝐺𝐺𝑐𝑐𝑐𝑐 �≅ √𝐴𝐴 � value with minus three standard deviations applied (and labelled ‘Worst-case 

[durability]’) are shown in Figure 9: 

• The ‘Worst-case [durability] [14,15]’ FCG rate curve (grey-dotted line) is calculated 

from the fit parameters reported in Figure 5 of [14] and Table A1 of [15] from the 

‘Manual method’ and is deduced using ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟  equal to zero and with the mean 

�𝐺𝐺𝑐𝑐𝑐𝑐 �≅ √𝐴𝐴 � value with a -3σ applied; and with D = 1.23e-10 and n = 4.49 (see first row 

of Table 2). 

• The ‘Worst-case [durability]’ (grey-solid line) FCG rate curve is deduced from the 

automatic ‘Current method with all data’ using ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 equal to zero and with the mean 

�𝐺𝐺𝑐𝑐𝑐𝑐 �≅√𝐴𝐴 � value with a -3σ applied; and with D = 2.31e-15 and n = 8.11 (see second 

row of Table 2). 
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• The ‘Worst-case [durability] (cut-off)’ (grey-dashed line) FCG rate curve is deduced 

from the automatic ‘Current method with da/dN cut-off of 1e-8 m/cycle’ using ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 

equal to zero and with the �𝐺𝐺𝑐𝑐𝑐𝑐 �≅  √𝐴𝐴 � value with a -3σ; and with D = 3.16e-13 and n 

= 5.68 (see third row of Table 2). 

 The worst-case upper-bound curves using the zero threshold approach shown in Figure 

9 calculated via the three different options are significantly different due to the differences in 

the D and n values for the two automatic methods compared to the ‘Manual method’. However, 

as previously noted, the recommended values of D and n to employ are those obtained using 

the automatic ‘Current method with all data’. Interestingly, this curve lies to the right of the 

upper-bound durability rate curves determined by the other two methods. That said, the ‘upper-

bound’ curve determined using the ‘cut-off” automatic method is quite similar to that 

determined using the ‘Current method with all data’ option. 

 

6.4.5  Final comments 

Finally, let us consider the behaviour of the fit parameters D, n, ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 and A, and the R2 

values, through all iterations for the automatic ‘Current method with all data’ fit which is shown 

in Figure 10. As discussed in Section 5.2, the numerical behaviour is affected by the choice of 

the scaling parameter used when calculating the total least squares fit. An additional scale factor 

of 0.1 has been determined as a suitable value in terms of a trade-off of the run-time against 

R2. All results shown for the current method have used this additional scale factor. For a better 

understanding of the behaviour of the scale factor on a real set of data, the effect of the 

additional scale parameter on the twenty-five curves for the ‘Current method with all data’ is 

shown in Figure 11. The general trends of variation as a function of additional scale factor 

shown in the curves of Figure 11 have been observed by the authors in a variety of data sets, 

including for metallic materials when fitting to the K-form of the Hartman-Schijve equation. 

The following noteworthy points may be seen in Table 2 and from Figures 8 to 11: 

• The iteration progress shown in chart (e) of Figure 10 indicates that the R2 value varies 

by a modest amount from about iteration 500 to the final iteration 4438, varying from 

0.9623 to 0.9647. Therefore, on a pure R2 basis, an argument could be made that any fit 

within that iteration range is equally valid. As can be seen from charts (a) to (d) in Figure 

10, that has a consequence for the four fit parameters. For example, at iteration 500 the 

fit parameters are D = 2.82e-12, n = 5.22, ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 = 9.11, √𝐴𝐴 = 25.85 compared with 

the final values D = 2.31e-15, n = 8.11, ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 = 7.14, √𝐴𝐴 = 38.73. Since the algorithm 

ends when D and n vary by numerically small amounts, the ‘final’ fit is therefore one 
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value of many numerical similar possibilities (in terms of R2) which could be altered by 

changing the final condition for the converged values of D and n. 

• Figure 11 indicates that changing the additional scaling factor used in the solution can 

influence the final R2 value and the fit parameters. Figure 11 chart (f) indicates the 

variation in the number of iterations required as a function of the additional scale factor. 

Note that the y-axis on this chart is a logarithmic scale. Since the elapsed run-time is 

directly affected by the number of iterations, charts (e) and (f) help understand how a 

solution can be obtained by trading the R2 value against the run-time. The selected 

additional scale factor of 0.1 is therefore a compromise that produces good R2 in a 

reasonable run-time. The elapsed run-times for the cases plotted in Figure 11 vary from 

around 5 minutes (at a high additional scale factor) to around 12 hours (for a low 

additional scale factor) using a laptop computer with an 11th Gen Intel Core i9-11950H 

2.60GHz processor. 
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Figure 9. Original data points [14] with the various mean FCG rate curves and worst-case FCG 
rate curves calculated from the manual and automatic methods. (See text for details of the 
calculated FCG curves.) 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

Figure 10. Charts of the through-iteration behaviour of the mean master curve fit parameters 
and the R2 of the fit to logarithmic da/dN versus logarithmic ∆κ  for the data set of 25 curves 
at R = 0.1. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

 

Figure 11. Effect of applying an additional scale factor to the normalisation of the total least 
squares calculation. 
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6.5 Multiple curve calculations: application to a data set of one hundred and twenty-
six curves with different R-ratio values 

6.5.1 Introduction 

To further test the new automatic methods on a large set of data at different R-ratio values, the 

analyses are now extended from 25 to 126 curves by adding curves at R = 0.3, 0.5 and 0.7. 

These additional experimental curve sets are described and discussed in [12,15,49-52]. The 

breakdown of the various curves is shown in Table 3. It should be noted that a manual method 

fit is not available for comparison with this extended data set due to the difficulty incurred in 

manipulating such a large data set using the ‘Manual method’. The current two automatic 

calculation methods are therefore able to present a solution which was previously very difficult 

to obtain. 

 

 

Table 3. Breakdown of the one hundred and twenty-six curve data set. 

 

R Number of 

curves 

Number of 

data points 

0.1 25 1927 

0.3 18 1573 

0.5 75 2828 

0.7 8 289 

All: 0.1, 0.3, 0.5, 0.7 126 6617 
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 Results of the fitting process using the automatic options of (a) ‘Current method with all 

data’ and (b) ‘Current method with da/dN cut-off of 1e-8 m/cycle’ are shown in Table 4. As 

noted above, there is no alternative manual calculation or reference fit available for comparison 

to these two automatic methods for this very large data set of 126  FCG rate curves. An example 

of the master linear Hartman-Schijve plot that is obtained is given in Figure 12 which shows 

the results from fitting these 126 curves to a graph of logarithmic da/dN versus logarithmic ∆κ  

using the ‘Current method with all data’ automatic option. A very good master, linear plot is 

obtained which yields the Hartman-Schijve constants to be D = 7.66e-14, n = 7.11 and 

∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 = 6.11±2.08 (�J/m2); with R2 = 0.969. 

 The various FCG rate curves calculated for R=0.7 from the two automatic methods of 

interest, using the values of  the Hartman-Schjive parameters, i.e. D, n and ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟, given in 

Table 4, are  shown in Figure 13 along with the experimental results. (The mean Gco value used 

is that reported in [15]: 250 J/m2 with a standard deviation ±45 J/m2.) The elapsed run times 

shown in the final column of Table 4  are obtained using a laptop computer with an 11th Gen 

Intel Core i9-11950H 2.60GHz processor. The run times are significantly increased compared 

to the smaller data set for 25 curves shown in Table 2, but nevertheless enable a fit to be 

achieved within an acceptable timeframe. 
 

6.5.2 The ‘Worst-case [mean-2σ]’ FCG rate curves 

In Figure 13: 

• The ‘Worst-case [mean-2σ]’ FCG rate curve (green-solid line) is deduced from the 

automatic ‘Current method with all data’ using the mean ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 with a -2σ applied from 

the individual 126 curve fits and with the mean �𝐺𝐺𝑐𝑐𝑐𝑐 �≅ √𝐴𝐴 � value with a -2σ applied; 

and with D = 7.66e-14, and n = 7.11 (see first row Table 4 for full details). 

• The ‘Worst-case [mean-2σ] (cut-off)’ (green-dashed line) FCG rate curve is deduced 

from the automatic ‘Current method with da/dN cut-off of 1e-8 m/cycle’ using the mean 

∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 with a -2σ applied from the individual 126 curve fits and the mean �𝐺𝐺𝑐𝑐𝑐𝑐 �≅ √𝐴𝐴 � 

value with a -2σ applied; and with D = 5.83e-12 and n = 5.04 (see second row of Table 

4 for full details). 

 As can be seen from Figure 13, that although the constants from the Hartman-Schjive 

equations from these two automatic options are somewhat different, see Table  4, there is no 

significant difference between the resulting FCG rate curves. As noted above, although 

arguments can be made for ignoring data beneath a crack growth rate of 10-8 m/cycle, it is 

generally not the best approach to ignore data. As such the constants determined by the 
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automatic calculations using the ‘Current method with all data’ should be considered to be the 

better option, noting as before a slightly higher R2 value compared to the ‘cut-off’ automatic 

method.   

 

6.5.3 The ‘Worst-case [durability]’ FCG curves 

The worst-case [durability] FCG rate curves shown in Figure 13 use a value of zero for ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 

and the mean �𝐺𝐺𝑐𝑐𝑐𝑐 �≅ √𝐴𝐴 � value with a -3σ standard deviation, and the values of D and n as 

shown in Table 4 for the two automatic methods. At rates above about 1e-7 m/cycle the two 

automatic methods give very similar FCG rate curves. Below about 1e-7 m/cycle the ‘Worst-

case [durability] (cut-off)’ curve is a somewhat less conservative curve, although the 

differences are relatively small. For the reasons stated above, it is considered that the Hartman-

Schjive constants determined by the automatic calculations using the ‘Current method with all 

data’ should be considered to be the better option.  

 

Table 4. The values of the Hartman-Schijve parameters and R2 resulting from the two 
automatic calculation methods from fitting of the one hundred and twenty-six tests at 
various R-ratios for the CFRP. 

 

Method D n ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟  

and std. dev. 

(�J/m2) 

√𝐴𝐴 

and std. dev. 

(�J/m2) 

R2 Elapsed 

run times 

(s) 

Current method 

with all data 

7.66e-14 7.11 6.11±2.08 30.24±12.28 0.969 118450 

Current method 

with da/dN cut-

off of 1e-8 

5.83e-12 5.04 6.96±2.33 24.03±6.49 0.958 28265 
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Figure 12. Logarithmic da/dN versus logarithmic ∆κ  for the one hundred and twenty-six sets 
of experimental data [12,14,15,49-52] at various R-ratios of 0.1, 0.3, 0.5 and 0.7. Fit data shown 
is using the ‘Current method with all data’ results to obtain the master, linear Hartman-Schijve 
plot and the Hartman-Schijve constants are found to be: D = 7.66e-14, n = 7.11 and ∆�𝐺𝐺𝑡𝑡ℎ𝑟𝑟 = 
6.11±2.08 (�J/m2); with R2 = 0.969. 
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1.1.7 2.3mm R=0.3 1.1.7 19.3mm R=0.3 1.1.7 35.4mm R=0.3 1.1.7 51.8mm R=0.3
1.1.8 3.3mm R=0.5 1.1.8 15.3mm R=0.5 1.1.8 28.3mm R=0.5 1.1.8 40.6mm R=0.5
1.1.9 2.1mm R=0.5 1.1.9 15.2mm R=0.5 1.1.9 22.9mm R=0.5 1.1.9 41.1mm R=0.5
1.1.10 2.3mm R=0.5 1.1.10 14.9mm R=0.5 1.1.10 26.4mm R=0.5 1.1.10 40.6mm R=0.5
1.1.11 3.8mm R=0.7 1.1.11 9.4mm R=0.7 1.1.11 18.0mm R=0.7 1.1.11 24.7mm R=0.7
1.1.12 2.6mm R=0.7 1.1.12 10.2mm R=0.7 1.1.12 16.9mm R=0.7 1.1.12 22.9mm R=0.7
Empa 1.1.4 11.1mm R=0.1 Empa 1.1.4 40.3mm R=0.1 Empa 1.1.4 62.6mm R=0.1 Empa 1.1.4 88.4mm R=0.1
Empa 1.1.5 3.9mm R=0.1 Empa 1.1.5 19.5mm R=0.1 Empa 1.1.5 43.5mm R=0.1 Empa 1.1.5 58.2mm R=0.1
Empa 1.1.6 2.5mm R=0.1 Empa 1.1.6 24.5mm R=0.1 Empa 1.1.6 49.7mm R=0.1 Empa 1.1.6 76.6mm R=0.1
Spec-3 4.0mm R=0.3 Spec-3 16.5mm R=0.3 Spec-3 29.8mm R=0.3 Spec-3 40.6mm R=0.3
Spec-3 55.9mm R=0.3 Spec-3 65.9mm R=0.3 Spec-3 85.2mm R=0.3 Spec-4 2.6mm R=0.3
Spec-4 15.0mm R=0.3 Spec-4 27.2mm R=0.3 Spec-4 39.7mm R=0.3 Spec-4 48.9mm R=0.3
Spec-4 62.5mm R=0.3 Spec-4 80.3mm R=0.3 24 ply 1.3mm R=0.5 24 ply 10.4mm R=0.5
24 ply 20.9mm R=0.5 24 ply 27.7mm R=0.5 24 ply 35.5mm R=0.5 24 ply 48.9mm R=0.5
24 ply 58.3mm R=0.5 32 ply 2.65mm R=0.5 32 ply 11.64mm R=0.5 32 ply 24.55mm R=0.5
32 ply 37.2mm R=0.5 32 ply 49.55mm R=0.5 32 ply 58.15mm R=0.5 32 ply 85.2mm R=0.5
45 interface 3.3mm R=0.5 45 interface 9.0mm R=0.5 45 interface 20.9mm R=0.5 45 interface 29.0mm R=0.5
45 interface 38.0mm R=0.5 45 interface 51.3mm R=0.5 45 interface 62.8mm R=0.5 48 ply 3.1mm R=0.5
48 ply 12.5mm R=0.5 48 ply 20.4mm R=0.5 48 ply 31.0mm R=0.5 48 ply 39.8mm R=0.5
48 ply 54.4mm R=0.5 48 ply 69.6mm R=0.5 48 ply 83.9mm R=0.5 48 ply 101.2mm R=0.5
Test 1 3.4mm R=0.5 Test 1 11.6mm R=0.5 Test 1 19.5mm R=0.5 Test 1 26.6mm R=0.5
Test 1 37.2mm R=0.5 Test 1 47.5mm R=0.5 Test 1 58.9mm R=0.5 Test 1 68.1mm R=0.5
Test 2 4.1mm R=0.5 Test 2 12.7mm R=0.5 Test 2 20.5mm R=0.5 Test 2 27.7mm R=0.5
Test 2 39.5mm R=0.5 Test 2 51.3mm R=0.5 Test 2 64.3mm R=0.5 Test 2 79.5mm R=0.5
Yao Test 1 9.9mm R=0.5 Yao Test 1 20.9mm R=0.5 Yao Test 1 29.3mm R=0.5 Yao Test 1 38.0mm R=0.5
Yao Test 1 51.3mm R=0.5 Yao Test 1 62.9mm R=0.5 Yao Test 2 11.4mm R=0.5 Yao Test 2 20.5mm R=0.5
Yao Test 2 28.4mm R=0.5 Yao Test 2 37.4mm R=0.5 Yao Test 2 75.6mm R=0.5 Yao Test 3 12.8mm R=0.5
Yao Test 3 22.6mm R=0.5 Yao Test 3 33.7mm R=0.5 Yao Test 3 46.7mm R=0.5 Yao Test 3 58.8mm R=0.5
Yao Test 3 88.4mm R=0.5 UCD 2.1.3 3.8mm R=0.1 UCD 2.1.3 24.1mm R=0.1 UCD 2.1.3 47.0mm R=0.1
UCD 2.1.4 7.6mm R=0.1 UCD 2.1.4 25.5mm R=0.1 UCD 2.1.4 46.3mm R=0.1 UCD 2.1.5 3.0mm R=0.1
UCD 2.1.5 22.5mm R=0.1 UCD 2.1.5 39.3mm R=0.1 UCD 2.1.6 5.6mm R=0.1 UCD 2.1.6 22.4mm R=0.1
UCD 2.1.6 41.0mm R=0.1 UCD 2.1.6 62.4mm R=0.1 Master curve
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Figure 13. Original data points [15] with the mean FCG rate curves and worst-case (durability) 
FCG rate curves (for R=0.7) for the one hundred and twenty-six sets of experimental data 
[12,14,15,49-52] calculated from the ‘Current method with all data’ and the ‘Current method 
with a da/dN cut-off of 1e-8 m/cycle’ automatic options. (See text for details of the calculated 
FCG rate curves.) 
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Spec-4 15.0mm R=0.3 Spec-4 27.2mm R=0.3 Spec-4 39.7mm R=0.3 Spec-4 48.9mm R=0.3
Spec-4 62.5mm R=0.3 Spec-4 80.3mm R=0.3 24 ply 1.3mm R=0.5 24 ply 10.4mm R=0.5
24 ply 20.9mm R=0.5 24 ply 27.7mm R=0.5 24 ply 35.5mm R=0.5 24 ply 48.9mm R=0.5
24 ply 58.3mm R=0.5 32 ply 2.65mm R=0.5 32 ply 11.64mm R=0.5 32 ply 24.55mm R=0.5
32 ply 37.2mm R=0.5 32 ply 49.55mm R=0.5 32 ply 58.15mm R=0.5 32 ply 85.2mm R=0.5
45 interface 3.3mm R=0.5 45 interface 9.0mm R=0.5 45 interface 20.9mm R=0.5 45 interface 29.0mm R=0.5
45 interface 38.0mm R=0.5 45 interface 51.3mm R=0.5 45 interface 62.8mm R=0.5 48 ply 3.1mm R=0.5
48 ply 12.5mm R=0.5 48 ply 20.4mm R=0.5 48 ply 31.0mm R=0.5 48 ply 39.8mm R=0.5
48 ply 54.4mm R=0.5 48 ply 69.6mm R=0.5 48 ply 83.9mm R=0.5 48 ply 101.2mm R=0.5
Test 1 3.4mm R=0.5 Test 1 11.6mm R=0.5 Test 1 19.5mm R=0.5 Test 1 26.6mm R=0.5
Test 1 37.2mm R=0.5 Test 1 47.5mm R=0.5 Test 1 58.9mm R=0.5 Test 1 68.1mm R=0.5
Test 2 4.1mm R=0.5 Test 2 12.7mm R=0.5 Test 2 20.5mm R=0.5 Test 2 27.7mm R=0.5
Test 2 39.5mm R=0.5 Test 2 51.3mm R=0.5 Test 2 64.3mm R=0.5 Test 2 79.5mm R=0.5
Yao Test 1 9.9mm R=0.5 Yao Test 1 20.9mm R=0.5 Yao Test 1 29.3mm R=0.5 Yao Test 1 38.0mm R=0.5
Yao Test 1 51.3mm R=0.5 Yao Test 1 62.9mm R=0.5 Yao Test 2 11.4mm R=0.5 Yao Test 2 20.5mm R=0.5
Yao Test 2 28.4mm R=0.5 Yao Test 2 37.4mm R=0.5 Yao Test 2 75.6mm R=0.5 Yao Test 3 12.8mm R=0.5
Yao Test 3 22.6mm R=0.5 Yao Test 3 33.7mm R=0.5 Yao Test 3 46.7mm R=0.5 Yao Test 3 58.8mm R=0.5
Yao Test 3 88.4mm R=0.5 UCD 2.1.3 3.8mm R=0.1 UCD 2.1.3 24.1mm R=0.1 UCD 2.1.3 47.0mm R=0.1
UCD 2.1.4 7.6mm R=0.1 UCD 2.1.4 25.5mm R=0.1 UCD 2.1.4 46.3mm R=0.1 UCD 2.1.5 3.0mm R=0.1
UCD 2.1.5 22.5mm R=0.1 UCD 2.1.5 39.3mm R=0.1 UCD 2.1.6 5.6mm R=0.1 UCD 2.1.6 22.4mm R=0.1
UCD 2.1.6 41.0mm R=0.1 UCD 2.1.6 62.4mm R=0.1 Worst -case [mean -2σ] Worst -case [mean -2σ] (cut-off)
Worst-case [durability] Worst-case [durability] (cut-off)
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7. Conclusions 

The Hartman-Schijve methodology offers a direct route to calculating various fatigue crack 

growth (FCG) rate curves that are associated with delaminations growing in fibre polymer-

matrix composites. However, up to the present, only an essentially ‘manual’ method has been 

described to implement this Hartman-Schijve method. This is a difficult and tedious 

implementation route, especially if the operator is inexperienced. Further, for very large data 

sets there is great difficulty incurred when manipulating such a large amount of data using the 

‘Manual method’. Therefore, the main aim of the present paper has been to introduce a novel 

computer model, and the associated software, namely ‘Zencrack : Material Curve Fitting 

Utility’ from Zentech International Limited, UK, to obtain automatically the Hartman-Schijve 

constants and hence deduce the ‘worst-case upper-bound’ FCG rate curve for small, naturally-

occurring, delaminations.  

 To achieve such an ‘automatic’ method, current work has taken previous published 

algorithms that employ a total least squares method for the fitting process of the experimental 

input data and has investigated the effect of a normalising scaling factor that is an essential 

feature of the algorithm. Additional iteration controls have been added to improve the 

efficiency of the overall procedure, allowing very large data sets to be fitted within reasonable 

elapsed run-times. Investigation of the numerical process, and comparisons with previous 

manual fitting results, has indicated that, from the perspective of the R2 master-curve fit, there 

is not a unique solution but instead a range of numerical solutions that can provide near-

equivalent R2 results. This pure numerical, automatic approach lacks the application of the 

‘engineering knowledge’ that has been used in previous manual fitting methods when used to 

study crack growth in metals. However, the computational algorithm allows additional 

constraint to be defined on the threshold and failure values of the FCG curves, for example, by 

forcing the same failure constants onto a group of FCG rate curves. Further, the efficient nature 

of the solution allows fits to be generated for large data sets more quickly than with manual 

methods and, indeed, can handle large data sets that cannot be analysed using the manual 

method. It has been found that an automatic calculation method that includes all the input data 

gives overall the most reproducible and accurate values of the Hartman-Schijve constants and 

is the recommended approach. Once these Hartman-Schijve constants have been ascertained 

the ‘worst-case upper-bound’ FCG rate curve for small, naturally-occurring, delaminations 

may be readily calculated. Such a FCG rate curve may now be employed for developing, 

characterising and comparing different composite materials, and for designing and lifing in-

service aircraft components and structures. 
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