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ABSTRACT

Graphics processing units (GPUs) are used as accelerators for algorithms in
which the same instructions are carried out on different data. Algorithms for
sparse linear algebra can achieve good performance on GPU, although they
tend to have an irregular pattern of accesses to memory. The performance of
these algorithms is highly dependent on input data. In fact, the parallelism
these algorithms can achieve is limited by the opportunities for concurrency
given by the data.

Focusing on the solution of sparse riangular linear systems of equations,
this thesis shows that a good partitioning of the data and a good scheduling of
the computation can greatly improve performance on GPUs. For this class of
algorithms, a partition of the data that maximises concurrency in the execution
does not necessarily achieve the best performance. Instead, improving data
locality by reducing concurrency reduces the latency of memory access and
consequently the execution time.

First, this work characterises the problem formally using graph theory and
performance models. Then, algorithms that can be used effectively to partition
the data are described. These algoritms aim to balance concurrency and data lo-
cality automatically. This approach is evaluated experimentally on the solution
of linear equations with the preconditioned conjugate gradient method. Also,
the thesis shows that the proposed approach can be used in the case when a
matrix changes during the execution of an algorithm from one iteration to the
other, like in the simplex method. In this case, the approach proposed in this
thesis allows to update the partition of the matrix from one iteration to the
other. Finally, the algorithms and performance models developed in the thesis
are used to discuss the limitations of the acceleration of the simplex method

with GPUs.
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INTRODUCTION

Driven by the limitations of microchip manufacturing technologies, in the past
ten years high-performance computing has moved from a homogeneous sys-
tem model, in which all computing devices are of the same type, to a hetero-
geneous system model, in which hardware accelerators carry out a part of the
computation. This change in the computing model, however, has introduced
the necessity to partition data and organise the computation across the devices
to achieve the best performance.

This thesis discusses techniques to automatically partition data and organise
the computation on accelerators for some linear algebra algorithms. The moti-
vations and context for this work are examined in Section 1.1 and the ojectives
of the thesis are explained in Section 1.2. Also, an overview of the thesis is
shown in Section 1.3. Section 1.4 contains a list of research contributions in

this thesis.

1.1 MOTIVATION

Graphics processing units (GPU) are by far the most popular type of hardware
accelerator for high-performance computing, with a market share of about
80 % [1]. The success of GPUs is due to their higher performance, measured in
floating-point operations per second (FLOPS), with respect to multi-core CPUs.
Figure 1.1 shows that, as of 2016, the theoretical peak performance of a high-
end GPU is about 2.6 times that of the latest announced multi-core CPU and it
will be almost twice as high in two years” time [2]. Also Intel Xeon Phi accel-
erators, which are many-core processors, have a theoretical peak performance
close to that of a high-end GPU. Furthermore, many linear algebra algorithms,
such as matrix-matrix multiplication, can be carried out on a GPU and achieve

a performance close to the peak [3, 4].
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Figure 1.1: Increase in the theoretical peak performance of Nvidia GPUs, Intel CPUs,
and Intel Xeon Phi on double floating point precision data, between 2008
and 2018. Data from [2—7]. The experimental data was obtained by execut-

ing a matrix-matrix multiplication benchmark.

In general, linear algebra algorithms achieve high performance on hardware
accelerators such as GPUs and many-core processors if some part of the soft-
ware can carry out computations while another part is idle, waiting for data
transfer. This is also called memory access latency hiding.

Good memory access latency hiding is mainly achieved by dense linear al-
gebra algorithms, such as those implemented in the libraries BLAS [8], LA-
PACK [9], and their GPU equivalents CUBLAS [10] and MAGMA [11]. These
algorithms operate on data structures in which contiguous matrix entries have
contiguous addresses in memory.

However, a great number of linear algebra algorithms use a different type of
data structure, called sparse, in which matrix entries that are equal to zero are
not stored. As a result, the algorithms that use these data structures carry out

much fewer operations than their dense equivalent. In algorithms that operate
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1.1 MOTIVATION

on sparse data structures, contiguous matrix entries do not have contiguous
memory addresses and the pattern of memory accesses is irregular. Linear al-
gebra algorithms that operate on sparse data structures are called sparse linear
algebra algorithms.

Sparse linear algebra has applications in mathematical optimisation. For
example, the linear programming (LP) problems in the benchmark library
Netlib [12] have constraint matrices with 96 % of the entries equal to zero, on
average. Also, the constraint matrices of the mixed-integer programming (MIP)
problems in the benchmark suite MIPLIB2010 [13] have on average 99.3 % of
their entries equal to zero. The problems in these benchmark libraries arise
in many fields, including power network management, logistics and circuit
design.

The preconditioned counjugate gradient method (PCG), which is used in
mathematical optimisation to solve both linear and nonlinear optimisation
problems [14, ch. 9], demands fast solution of systems of linear equations. In
particular, because the matrix is factorised, these systems are sparse, triangular,
and linear (STLs). Similarly, the solution of LPs and MIPs is often obtained by
carrying out the simplex method, which requires the solution of a sequence of
STLs [15].

Depending on the sparse data structures used, STLs can be solved with high
performance using concurrency. The conventional approach is used in most
sparse linear algebra algorithms on GPUs and is implemented by the Nvidia
CUSPARSE library [16, 17], which is used by the ViennaCL library [18], the
Paralution library [19], the MAGMA library [20], the LAMA library [21], and
the GHOST library [22]. This approach is to partition data so that as many
numerical operations as possible can be carried out concurrently. If this is
achieved during the execution of the GPU software, part of these numerical
operations can be carried out while others are waiting for the transfer of data
from the GPU memory and memory access latency is good. However, this
approach does not guarantee that enough numerical operations can be carried
out concurrently since this depends on the matrix of the STL. Moreover, be-

cause of sparse data structures, the pattern of accesses to the GPU memory is
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1.2 OBJECTIVES

irregular, which causes the memory access latency to be higher than in dense
linear algebra. This approach is rarely able to achieve good memory access
latency hiding and high performance in practice.

This thesis discusses a different approach for solving STLs and sequences of
STLs on GPUs. By partitioning data automatically, this approach matches the
structure of the matrix of the STL to the computer architecture, which reduces
the access latency of the GPU memory. Compared to existing approaches, the
one discussed in this thesis achieves a better spatial locality of memory accesses

and as a result performance is improved in most test cases.

1.2 OBJECTIVES

The main objective of this thesis is to investigate how the performance of sparse
linear algebra algorithms is affected by both the structure of data and archi-
tectural parameters of the GPU. Focusing on the solution of STLs, in which
the structure of data is given by the matrix of the STL, this work provides a
methodology for solving STLs and sequences of STLs that is faster than current
methodologies for GPUs. The name of this approach is TASSL, which is short
for time slot sub-graph level. TASSL can be considered a building block for more
advanced sparse linear algebra algorithms that rely on fast solution of STLs,
like the PCG method.

At a high level, the operation of TASSL can be described as in Figure 1.2. A
preliminary analysis phase partitions the matrix of an input STL to match the
architectural parameters of the GPU. The analysis phase needs to be executed
only once per matrix. The matrix is partitioned by making sure that the data
associated with a set of rows or columns can be stored in the GPU’s local
memories. These memories are fast but small memories which are present in
the architecture of GPUs, many-core processors, and multi-core CPUs. For this
reason, TASSL can be used on processors other than GPUs.

TASSL allows to reduce the execution time of the partitioning if the STL

matrix changes. This is the case of sparse linear algebra algorithms such as
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Figure 1.2: Overview of the operation of TASSL. A preliminary analysis phase is exe-
cuted once per matrix. Then, the matrix is transferred to the GPU and one
or more STLs are solved with different right-hand side vectors b() using
the information obtained during the analysis phase. The analysis phase
does not need to be repeated unless the matrix L changes. In the latter
case, TASSL can reduce the execution time of the new analysis phase by

updating the result of the previous one.

the left-looking LU decomposition, and optimisation algorithms such as the
simplex method.

After the partitioning, the matrix is transferred to the GPU and one or more
STLs are be solved with different right-hand side vectors. This is called the
solve phase. The analysis phase does not need to be repeated unless the matrix
changes from one STL to the other. The solve phase finds the solution to the
STLs by executing the operations in the order obtained during the analysis
phase.

The design of TASSL is based on performance models that put together the
structure of the matrix of the STL and the architecture of the GPU. Using
these performance models, this thesis also discusses the limitations of parallel

implementations the simplex method.
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1.3 OVERVIEW

This thesis is organised as follows. Chapter 2 introduces the concepts of GPU
architectures and sparse linear algebra that are necessary to understand this
work, and it provides a survey of the research in the field of concurrent sparse
linear algebra algorithms.

Part I of this thesis discusses an approach to solving single STLs on GPUs
and it is composed of Chapter 3, Chapter 4 and Chapter 5. Chapter 3 illus-
trates the shortcomings of the CUSPARSE approach and an algorithm to solve
STLs that achieves better data locality. Chapter 4 discusses a technique for
organising the computation so that the algorithm in Chapter 3 can achieve
high performance. Chapter 4 includes two algorithms: one that partitions the
input matrix depending on the architectural parameters of the GPU, and one
that schedules numerical operations. Chapter 5 shows the application of the
proposed approach to the PCG method.

Part II of this thesis discusses a generalisation of the approach discussed in
the previous part to solving sequences of STLs on GPUs. This part is composed
of Chapter 6 and Chapter 7. Chapter 6 discusses how to extend the techniques
developed in Part I to a sequence of STLs. Chapter 6 includes an algorithm to
update a partition from one matrix to the following in the sequence of STLs.
Chapter 7 illustrates the application of the generalised technique to the simplex
method.

Finally, Chapter 8 discusses the conclusions of the thesis, its key insights and
potential futher research.

A list of the acronyms used in this thesis (page 197) and a glossary (page 199)

are also provided.

1.4 STATEMENT OF ORIGINALITY

The main original contributions of this work are summarised below.
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1.4 STATEMENT OF ORIGINALITY

1. Analgorithm to solve sparse triangular linear systems of equations (STLs)
on GPUs. This algorithm uses local memory to reduce memory access
latency, and, in most of practical test cases, is faster than the CUSPARSE
algorithm, which is used by the majority of software libraries for scien-

tific computing (Chapter 3) [23].

2. A heuristic algorithm that partitions a directed acyclic graph (DAG) across

the local memories of a GPU automatically (Chapter 4) [23].

3. A generalisation of the approach described in Chapter 3 and Chapter 4 to
solve sequences of STLs in which the matrix changes from one element

of the sequence to the next (Chapter 6).
Another contribution is the following:

i. an analysis of the limitations of GPUs in accelerating the simplex method.
This analysis shows that the performance of the GPU is limited by the
bandwidth of the data transfer between the CPU and the GPU.

ii. A theoretical framework to describe the performance of GPU algorithms

that solve STLs (Chapter 3).
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BACKGROUND AND RELATED WORK

Sparse linear algebra algorithms can be considered a special case of irregular
applications, because they are characterised by irregular data structures, con-
trol, and communication patterns [24]. For example, in sparse linear algebra
software it is not uncommon to have an algorithm like that shown in Listing 2.1,
with for loops whose first or last indices are stored in an array and cannot be
determined at compile-time.

This chapter discusses theoretical concepts and current research work car-
ried out in the field of the parallelisation of irregular applications and sparse
linear algebra. First, Section 2.1 gives an overview of the architectures of hard-
ware accelerators and of those of GPUs in particular. Then, Section 2.2 is
a survey of research in irregular applications. Section 2.3 explains the basic
mathematical concepts of sparse linear algebra and discusses the research work

carried out in the field of parallelising sparse linear algebra algorithms.

for(int i=0; i<M; i++)

{
Y[1]=0.0;
for(int k=C[i]; k<C[i+1]; k++)
Y[1]+=X[I[K]T*V[K];
}

Listing 2.1: An example irregular application. This piece of software computes the
sparse matrix-vector multiplication if the matrix stored in the compressed
sparse row (CSR) format [25, ch. 1], which uses three arrays: C, J, and
V. The first for loop iterates on the rows of the matrix with index i. For
each row, column indices and entry values are accessed with the index k,
whose values are between C[i] and C[i+1]. Column indices are stored in
the array J and matrix entry values are stored in the array V. The output is

written to the array VY.
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2.1 ARCHITECTURES OF HARDWARE ACCELERATORS

2.1 ARCHITECTURES OF HARDWARE ACCELERATORS

All modern hardware accelerators implement some form of parallelism. GPUs,
Intel Xeon Phi, and also multi-core CPUs implement both single-instruction-
multiple-data (SIMD) and multiple-instruction-multiple-data (MIMD) parallelism [26].
In SIMD parallelism, a single instruction is executed on many operands at the
same time, while in MIMD parallelism different instructions can be executed
on different operands at the same time.

For example, in a multi-core CPU different parts of the same software, called
threads, can be executed at the same time on different CPU cores, each one
operating on a different piece of data (MIMD parallelism). However, inside
each CPU core a single instruction from a thread can be executed at the same
time on up to eight operands [27], thanks to specialised hardware (SIMD par-
allelism). GPU architectures mainly implement SIMD parallelism, since each
instruction is executed on up to thirty-two operands at the same time, but they
also support a certain degree of MIMD parallelism.

This section aims to provide the reader with all the concepts of GPU architec-
tures that are needed to understand the content of the thesis. Those concepts
that are common to most hardware accelerators are discussed in Section 2.1.1,
which illustrates the OpenCL model. Section 2.1.2 instead delves into the de-
tails of GPU architectures and Section 2.1.3 gives a short survey of the research

in GPU architectures.

2.1.1  The OpenCL architecture model

The architecture of most accelerators, including GPUs, can be described with
the OpenCL model [28], shown in Figure 2.1. The advantage of the OpenCL
framework is in that a piece of software written using OpenCL can be exe-
cuted on a GPU or on a multi-core CPU with few or no changes. However,
OpenCL software usually requires some changes to be implemented on a field-

programmable gate array (FPGA) before achieving good performance.
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Figure 2.1: The OpenCL model of the architecture of a parallel accelerator. An OpenCL

device is composed of a number of compute units (CUs) which access a
global memory. Each CU contains a local memory and a number of pro-

cessing elements (PEs), and each PE contains a private memory.

An OpenCL device is composed of a number of processing elements (PEs),
which are the most basic computational blocks in the architecture. A PE exe-
cutes an elementary piece of software, called a work item, and accesses a portion
of memory called a private memory. If the private memory is small, its contents
are stored into registers inside the PE. PEs are packed into compute units (CUs)
and share a local memory. This local memory has a higher access latency com-
pared to that of a PE’s private memory but it is also larger.

The set of all work items being processed by a single compute unit is called a
work group. A device can have many compute units, all sharing a global memory
and each one processing a different work group. Work groups are usually
executed out-of-order. Also, the execution of work items in the same work
group can be synchronised, but that of work item in different work groups

cannot be synchronised. Hence, the computations of work items in different



2.1 ARCHITECTURES OF HARDWARE ACCELERATORS

kernel void example(global int const xx, global int x*y)

{
private int global_id = get_global_id(0);
private int temp = 0;

temp = x[global_id];
if (temp%2==0)
temp++;
else
temp--;

ylglobal_id] = temp;
}

Listing 2.2: Source code of example OpenCL kernel. Each work item in the kernel
accesses an element of the array x and stores it to private memory. Then, if
the value retrieved is even, the value is incremented, else it is decremented.
Finally, the data is written from the private memory to the array y, which

is stored in global memory.

work groups have to be mutually independent. The set of all work groups
processed on a device is called a kernel. A device can process more work
groups than its compute units, because at the end of the execution of a work
group the local memory is emptied and a new work group is loaded. For this
reason, any data in common between different kernels has to be stored in the
global memory, which is the largest memory in the hierarchy but also that with
the highest access latency.

Table 2.1 illustrates how the model discussed above maps onto the actual
hardware of three different types of parallel devices: GPUs, multi-core CPUs
and FPGAs [29, 30].

2.1.2  Architecture of a GPU in detail
In a GPU, a number of work items, usually 32, are mapped to a single SIMD

thread, also called a warp. A SIMD thread is a sequence of SIMD instructions

and each SIMD instruction executes the same operation on 32 operands.
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Table 2.1: Correspondence between the OpenCL abstract model [28] and actual acceler-

ator architectures. In the table, mCPU stands for multi core CPUs. Hennessy

and Patterson’s nomenclature [31, ch. 4] is used for the GPU case.

Concept

GPU

mCPU

FPGA

Processing
element (PE)

A SIMD lane. Each
SIMD lane has up
to 8 arithmetic-logic
units (ALUs). Hence
it can perform the
same operation
on more integer
or single-precision
floating point num-
bers at the same
time.

Each core is com-
posed of a single PE,
which usually sup-
ports a limited vec-
torisation of opera-
tions.

Defined ad-hoc for a
given kernel.

Private A set of registers pri- Banks of registers in- Configurable by the
memory vate to each SIMD side each core. designer,  usually
lane. Its size is in based on flip-flops.
the order of tens of
bytes.
Compute A multithreaded A CPU core. Ad-hoc parallel
unit (CU) SIMD processor. architecture for the
It is composed of given kernel.
up to 32 lanes or
processing elements.
Local Fast SRAM memory Cache memory. An Block RAM (BRAM).
memory whose size is in the average mCPU has The size is config-
order of kilobytes. 32KB local memo- wurable by the de-
An average GPU has ries. signer.
32KB local memo-
ries. A local memory
is available to each
Cu.
Global DRAM memory ac- A region of the Configurable by the
memory cessible to all multi- RAM memory on designer. Either
threaded SIMD pro- the computer’s off-chip RAM in
cessors in a GPU. motherboard. the FPGA board or

BRAM.
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For example, consider the OpenCL source code in Listing 2.2. In the OpenCL
model, each work item in the kernel accesses an element of the array x and
stores it to private memory. Then, if the value retrieved is even, the value
is incremented, else it is decremented. Finally, the data is written from the
private memory to the array y, which is stored in global memory.

In practice, the first 32 work items are mapped to the first SIMD thread.
This SIMD thread reads 32 integer values from global memory and writes it to
registers in one SIMD instruction. Then, the modulus with respect to 2 is com-
puted in parallel for each of the 32 values. Afterwards, the increment SIMD
instruction is executed but only on even values, hence a predicate is set before
it. This control mechanism works like a mask that prevents the increment in-
struction from being executed on some of the operands. Next, the predicate is
inverted and the decrement instruction is executed on the other operands. On
GPUs, the mechanism of predicates is used to implement conditional branching,
such as the if-else and case statements and its effect is called SIMD thread
divergence. Finally, the 32 values are copied at the same time from registers to
global memory with a single SIMD instruction.

The GPU hardware that executes SIMD threads is the multithreaded SIMD
processor, which corresponds to a CU in OpenCL and is illustrated in Fig-
ure 2.2.

A multithreaded SIMD processor is composed of a number of SIMD lanes
that operate in parallel. Work items are mapped onto a single SIMD thread so
that the operations of one work item are always executed by the same SIMD
lane. Two SIMD lanes cannot execute different SIMD instructions simultane-
ously [31, ch. 4]. Modern GPUs have only 16 physical SIMD lanes so one
SIMD lane is used for two operands. Each SIMD lane has vector arithmetic-
logic units that can operate on more data at the same time if vector data types
like int16 or float8 are used [32-34].

The SIMD threads in execution on the SIMD processor are listed in a SIMD
thread scheduler. A SIMD thread can be in three states: execution, ready for exe-
cution, or waiting for data. Whenever a SIMD thread in execution carries out a

memory operation, it enters the waiting state and its ID is stored in a scoreboard.
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SIMD thread scheduler
Scoreboard
SIMD thread # | Address | SIMD instructions | Operands?

1 42 Id.global.f64 Ready

Instruction > 1 43 mul fo4 No

cache

3 95 shl.s32 Ready

[) 3 96 add.s32 No
8 11 Id.global.f64 Ready
8 12 Id.global.f64 Ready

|
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Figure 2.2: Simplified architecture of a multithreaded SIMD processor, adapted
from [31, ch. 4]. A SIMD processor is composed of a number of SIMD
lanes. Since work items are mapped onto SIMD threads, each work item
is associated with a SIMD lane. SIMD threads selected among those ready
for execution in a warp scheduler and dispatched to the SIMD. Each SIMD
lane can use a portion of a register file and can access the memory though a
load-store unit. Memory accesses are organised automatically by an address

coalescing unit and then propagated either to the local memory or to the

global memory.

The SIMD thread scheduler then selects one of the other SIMD threads in the
scoreboard among those ready for execution and starts the context switching.
GPUs achieve the best performance when there are enough SIMD threads

ready for execution to keep the SIMD lanes, in particular the arithmetic-logic

29



2.1 ARCHITECTURES OF HARDWARE ACCELERATORS

(Multithreaded SIMD processor

Texture
cache

L2 cache (shared by all multithreaded SIMD processors)

Figure 2.3: General scheme of the memory sub-system of a GPU. An off-chip DRAM
contains all the global memory data of the OpenCL model. Multithreaded
SIMD processors share a L2 cache memory but each one contains some
specialised cache memories and L1 cache memory. In the Nvidia Fermi
architecture [34], the same physical memory is used both as a L1 cache
memory and as the local memory. Temporary results and private memory
data of the OpenCL model is stored in a register file unless part of it is

offloaded to the DRAM.

units, busy at all times. Since at the same time other SIMD threads can be
waiting for memory operations, this effect is called memory access latency hiding.
In practice, maximising memory access latency hiding is the aim of most GPU
software optimisations. A specialised address coalescing unit helps by analysing
all the memory instructions being executed on the multithreaded SIMD pro-
cessor, reordering them partially, and automatically translating them to as few
memory access requests as possible. Nonetheless, to exploit this specialised
unit, a programmer has to take data locality into account while writing GPU
software.

Figure 2.3 represents the memory sub-system of a GPU. This scheme was
implemented first in Nvidia Fermi GPUs [34] but in its variants it has become

standard.
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An off-chip DRAM contains all the data belonging to global memory in the
OpenCL abstraction. The data in this DRAM is accessed by an on-chip L2
cache memory which is shared by multithreaded SIMD processors. Atomic
operations on global memory data, which are special operations that appear
uninterruptible to the rest of the system, are managed by this L2 cache memory:.

For example, when an atomic increment

x+——x+1

atomic

is executed by a SIMD thread, first the value of x in the right-hand side of
the expression is retrieved either from the L2 cache memory or the DRAM.
All other values of x which may be stored in other memories in the memory
sub-system are immediately discarded. Then, the increment is executed by
the multithreaded SIMD processor and a new value of x is written back in
the L2 cache memory. To all the other SIMD threads that access x, the atomic
operation appears uninterruptible and for these threads the updated value of
x needs to be retrieved from the L2 cache memory.

Each multithreaded SIMD processor contains at least three different types of
cache memory: an L1 cache memory, a texture cache memory and a constant
cache memory.

In the Nvidia Fermi architecture [34], the L1 cache memory and the local
memory reside on the same SRAM, and the programmer can chose how to par-
tition the SRAM between the two. Instead, on AMD architectures [35] L1 cache
memory and local memory reside on two separate memory devices. Choo et
al. [36] observed that the hit rate in the L1 cache memory on GPUs tends to be
lower compared to CPU cache memory because data tends not to be reused in
most applications. For this reason, on Nvidia architectures it is usually prefer-
able to assign a large part of the SRAM to the local memory, whose use can
be higher if the programmer uses information on the application to write the
GPU software. Also, in both Nvidia and AMD architectures, local memory is
organised in memory banks and the best performance is achieved only if as
many memory banks as possible are accessed at the same time. For example,

let us assume an array of integer numbers A is stored in local memory and one
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of the memory banks can store b integer numbers. Then, the best performance
is achieved if a SIMD instruction accesses the element A[0], A[1], A[2] at the
same time, and not A[0], A[b], A[2xb]. In the last case, two or more SIMD
lanes access the same memory bank at the same time, which is called a local
memory bank conflict. This causes a reduction of performance because all the
accesses to the same memory bank are sequentialised.

The texture cache memory has a size of about 8 KB and is used extensively
in graphics applications but less in computing applications [37]. In the latter
case, it is usually called a read-only cache memory and it is used in applications
where spatial locality can be enforced, like image rendering. The constant
cache memory has a similar size to that of the texture cache memory but it can
only be accessed by static indexing, as determined by the compiler, and only
when data is declared to be constant.

Also, each multithreaded SIMD processor contains a register file. A GPU
compiler tries to store all data belonging to private memory in the OpenCL
model in these registers. However, if this is not possible, a part of the data
is stored in the DRAM and cached in the L2 cache memory. This technique
is called register spilling and causes a reduction in performance because it in-

creases the number of accesses to the L2 cache memory.

2.1.3 Related work on GPU architectures

GPU simulators can be used to improve the performance of GPU software us-
ing knowledge of the architecture. One of the most popular GPU simulators is
GPGPU-Sim [38], which was developed developed by Bakhoda et al. and can
be used to simulate both Nvidia and AMD GPU architectures. Using this sim-
ulator, it was observed that, although having many SIMD threads increases the
chances for good memory access latency hiding, having fewer SIMD threads
than otherwise possible can reduce contention in the memory system and im-
prove performance [38]. Another popular GPU simulator, Multi2Sim [39], is
designed to study in depth the communication between CPU and GPU, and

recently Candel et al. showed that it is possible to use this tool to carry out
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a top-down analysis of the whole memory system [40, 41]. The conclusion
of their analysis was that the performance of GPU software can also vary de-
pending on the particular memory access coalescing mechanism implemented
by the architecture. This was observed in particular in the case of a GPU kernel
that transposes a matrix, for which merging memory requests from different
SIMD threads required up to 75 % more memory accesses than combining re-
quests from the same SIMD thread [40].

Theoretical models are an alternative to GPU simulators and can give insight
on GPU software without executing any actual software. Hong and Kim’s
work provided a theoretical model for both performance [42, 43] and power
consumption [43]. This model does not take into consideration the GPU cache
memories in Figure 2.3, nonetheless it achieves a maximum relative error of
13 % with respect to the execution time measured on the GPU. The model is
based on the idea that every application can be described in terms of mem-
ory parallelism and computation parallelism: the first is the number Mp of SIMD
threads that access memory concurrently in the GPU software, and the second
is the number Cp of SIMD threads that can carry out computations while an-
other SIMD thread is waiting for memory access. If computation parallelism is
greater than memory parallelism, like in sparse linear algebra applications, the
application is said to be memory bound and the model [42] gives the following

expression for the execution time, measured in clock cycles:

Mthreads
fexec = Cmem + CcompCP/ (2.1)
Mp

where cmem is the number of clock cycles needed to access any memory loca-
tion, 7hreads is the number of SIMD threads, and ccomp is the number of clock
cycles needed to carry out a SIMD numerical instruction, for example a sum.
From (2.1), one can note that, if the memory parallelism Mp is small, the only
way to reduce the execution time is to obtain a small cmem by optimising the
GPU software for high data locality.

The literature of high-performance computing is rich in techniques for GPU
software optimisation. Garland et al. categorised a number of these techniques

by application domain [44]. For example, they discussed that in dense linear
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algebra, the best performance is achieved if the matrix is sliced into blocks
of data and a small part of each of these blocks is associated with a work
item. However, Ryoo et al. observed that in practice the design space for
GPU software is much more complex than this categorisation [45], and they
showed a technique for pruning the optimisation space based on information
captured from the GPU software at compile-time. This technique performs a
partial design space exploration and compares the performance of the different
designs. A similar approach was also used by Thoman et al. to characterise
the architecture of a GPU by executing a number of micro-benchmarks [46].
The drawback of both approaches is in that they can be time consuming, while
compiler optimisations for CPUs usually carry out the transformations quickly
and automatically.

As an alternative to this approach, Jang et al. proposed a compiler opti-
misation that optimises the transformed code on a model of the GPU memory
system and achieves a speedup of up to 13 compared to unoptimised code [47].
However, the problem with this other approach is that it cannot be applied to
irregular code such as that in Listing 2.1, because loop bounds are stored in
irregular data structures and their values are known only at runtime.

A third approach to improve the performance of GPU software is that to pro-
vide the GPU hardware with the ability of optimising the execution at runtime.
For example, Kayiran et al. studied a SIMD thread scheduler that allocates the
optimal number of SIMD threads to each multithreaded SIMD processors such
that memory access contention is reduced [48]. Li ef al. designed an optimised
L1 cache memory with a locality-monitoring mechanism that gives an aver-
age of 30.3 % performance improvement [49]. These improvements can help to
achieve good performance but they are effective only if the GPU software is
written to make use of them. For example, if all work items in a work-group
access memory locations that are distant to one another, with an irregular ac-
cess pattern, no L1 cache memory can help reducing access latency and little
can be done by an optimised SIMD thread scheduler. For this reason, much

research is being carried out in the field of parallel irregular applications.
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2.2 PARALLELISING IRREGULAR APPLICATIONS

Seminal work on parallel irregular application was carried out by Pingali et
al. at the University of Texas, Austin [50-58]. Pingali provided a theoretical
framework to categorise irregular applications by describing them as the re-
peated application of an operator to a set of graph nodes or edges called the
active elements [50]. In this framework, the active elements are processed in a
specific order by the operator, which uses data from the edges or nodes close
to the active elements. Different types of data topology, active elements, and
operators give rise to an elaborate taxonomy whose scope is beyond this thesis.
In terms of Pingali’s taxonomy, the scope of this thesis is that of unstructured
topologies, which means general graphs, where the operator carries out local
computation and the choice of active elements is topology-driven, which means
that at each iteration the computation is carried out only on active elements
chosen only based on the structure of the graph.

The performance of applications with these properties is mainly determined
by graph topology. For example, consider an application that executes the
breadth-first traversal of a graph and the graph has a topology like that shown
in Figure 2.4. In this case, the set of active elements will contain only one vertex
at the time because the data associated with one vertex can be processed only
after that of its parent. Kulkarni et al. produced a software tool that, given an
irregular application and a graph topology, computes how many work items
can be used to execute the irregular application [51]. This gives the user an idea
of how profitable it is to execute the application in parallel, but it cannot give
an estimate of performance since that depends on the computer architecture.
In fact, on GPUs the performance depends on how the memory system is used
and having too many work items can lead to memory access contention.

For this reason, suites of irregular programs have been proposed separately
for CPUs [52] and GPUs [59], which shows that different approaches to the
parallelisation of irregular programs have to be devised for different architec-

tures, although some concepts can be adapted from one architecture to the
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Figure 2.4: An example of graph topology that allows for no concurrency. In this di-
rected acyclic graph (DAG), the data associated with one vertex can be pro-

cessed only after that of its parent, which forces the processing in sequence

of all vertices one by one.

other. CPU approaches are discussed in Section 2.2.1 and those for GPUs are

discussed in Section 2.2.2.

2.2.1 Irregular applications on CPUs

In multi-core CPUs and computer clusters, the input data is initially stored
in a shared memory, for example the computer’s RAM, and it needs to be as-
signed to different CPU cores or cluster nodes. Although message passing [60,
31, ch. 5] could be used to transfer small blocks of data whenever needed with-
out partitioning, in practice partitioning reduces communication and improves
performance [61]. Therefore, on these systems an initial partitioning is carried
out and then data are transferred from the shared memory to one CPU core or
to one node.

The partitioner METIS [62], developed by Karypis and Kumar, uses a par-
ticularly fast heuristic which aims to balance the number of vertices in each
partition but does not take into consideration the topology of the graph. As
a consequence, vertices that are close in the graph can be in different parti-

tions, which reduces data locality and performance [63]. This limitation was
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overcome by Mellor-Crummey et al. using space-filling curves [63], and Han
and Tseng with a runtime partitioner that uses multi-level clustering [64]. In
the last case, performance increased by a minimum of 60 % and a maximum
of 80 %. However, none of these approaches can be applied to directed acyclic
graphs (DAG), which is the case of many sparse linear algebra algorithms.

Understanding the behaviour of cache memories on CPUs when irregular ap-
plications are executed is the key towards achieving good performance. Prob-
abilistic models were produced for the performance of different types of cache
memories [65, 66] without taking into account a complete hierarchy of mem-
ories. The case of a simple but complete memory system was discussed by
Zhang et al. using a deterministic model [67], which, however, cannot be used
for realistic memory systems without repeatedly sampling memory access re-
quests during the execution.

Since CPUs do not suffer from branch divergence like GPUs, instead of mod-
elling the behaviour of the memory system before executing the software, so-
phisticated runtime systems can be used to reorder memory accesses during
the execution of the software itself. The PILAR project developed by Lain and
Banerjee [68] was one of the first runtime systems to do this by finding reg-
ular patterns in the memory access requests. However, this approach is not
effective for general graphs, for which alternative approaches were proposed.
The inspector-executor approach [69] was shown to be effective for single-core
CPUs but not applicable for other CPU-based architecture, where the memory
accesses of all CPU cores or cluster nodes are not synchronised. For these archi-
tectures, the inspection of future memory accesses of each CPU core or cluster
node does not give a good prediction of how the complete system will behave.
To address this issue, Han and Tseng proposed a reordering algorithm called
Z-SORT [64] which improves performance of 64 % with respect to a baseline
implementation and complements their runtime partitioner.

A locality-aware runtime job scheduler was introduced by Yoo et al. [70]. Al-
though its use is not specific to irregular applications, it was shown to achieve
speedup with respect to other runtime job schedulers and an average energy

consumption reduction of 47 %. This shows that taking data locality into con-
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sideration is profitable on CPUs in the general case as well as that of irregular
applications.

Synchronisation is also a cause of performance reduction in irregular appli-
cations [31, ch. 5]. The Cilk framework [71], which extends the C programming
language to use multi-core CPUs, was used by Cong et al. to implement work-
stealing in the software library XWS [72]. This approach is the opposite of par-
titioning since it leaves the assignment of work, and consequently the transfer
of data, to the CPU cores themselves at runtime. The execution of the applica-
tion with work-stealing is asynchronous and uses atomic operations. In contrast
to the partitioning approach, work-stealing does not usually require an initial
pre-processing phase, which can be time consuming, but work-stealing can
lead to poor data locality because data is assigned dynamically as soon as a
CPU core is available for computation. An intermediate solution is that im-
plemented in KLA [73], a graph processing framework that first carries out a
coarse-grain partitioning of the graph and then processes each partition using
work-stealing. Partitions are grouped into levels and at the end of the exe-
cution of each level the operation in all the CPU cores is synchronised with
a mechanism called a barrier. When the execution of the software in a CPU
core encounters a barrier, the CPU core stays idle until the execution of all the
other CPU cores reaches the same point. The balance between synchronicity
and asynchronicity is determined with a model. A similar approach is applied
by the EPIC framework [74] to schedule asymmetric sets of tasks. Although
it achieves good performance on multi-core CPUs, the KLA approach is not
suitable to all GPUs since every atomic operation requires discarding data in
other caches, which can cause notable performance degradation.

On multi-core CPUs and computer clusters, the problems of achieving good
data locality and low synchronisation overhead have been addressed in the
development of the libraries and domain-specific languages (DSLs) listed in
Table 2.2.

The Parallel Boost Graph Library (BGL) is designed such that the imple-
mentation of algorithms is as independent as possible from the details of data

structures [75]. Similarly, the Standard Template Adaptive Parallel Library
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Table 2.2: Software libraries and domain-specific languages (DSLs) for irregular appli-

cations on multi-core CPUs and computer clusters.

Category Name Year Features

Parallel BGL [75] 2005 Implementation of algorithms separated
from data structures.

XWS [72] 2008 Work stealing.

STAPL [76] 2010 Extends the Standard Template Library
by adding abstractions for communication,
synchronisation, distrubuted data struc-

tures.

Pregel [77] 2010 Vertex-centric approach.

Galois [50, 55] 2011  Runtime system based on Pingali’s taxon-
omy of irregular applications [50].

ADL GraphlLab [78] 2012 Data-structure-independent algorithms and
asynchronous computation.

Power-Graph [79] 2012 Optimised for power-law graphs.

Ligra [80] 2013 Lightweight library, balances the workload
depending on the density of vertices in the
graph.

KLA [73] 2014 Trade-off between synchronous and asyn-
chronous computations.

Grappa [81] 2014 Runtime system that improves data locality
and balances the workload. Can be used
together with GraphLab.

HeLP [82] 2014 Based on Pregel. Set of primitives to build
graph algorithms.

STAR-P [83] 2006 Parallel dialect of MATLAB for graph algo-
rithms.

DSL Green-Marl [84] 2012 Can be used with OpenMP and other back-
ends.

Elixir [56] 2015 Contraints on synchronisation and schedul-

ing can be supplied by the user.

(STAPL) extends the C++ Standard Template Library by adding abstractions
for communication and synchronisation, distributed data structures, and data-
structure independent algorithms that can be customised [76]. Although the
independence of algorithms from data structures makes both libraries very us-
able and extensible, it also causes a reduction in performance compared to
implementations that are optimised for specific data sructures. For example,
the Pregel library only implements algorithms that are vertex-centric and are

not independent on data structures [77]. Compared to the parallel BGL, this
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approach reduces the amount of data that is stored locally and improves scal-
ability. The framework HeLP is based on Pregel and gives a set of primitives
that can be used as building blocks for graph algorithms [82]. The Galois API,
based on Pingali’s taxonomy of irregular applications [50], is more flexible
than the HeLP API because it can be used to implement any graph algorithm.
Also, Galois does not aim to separate the implementation of algorithms from
the details of data structures like the parallel BGL or STAPL, and it provides
a set of standard data structures. Because of this, the Galois user is encour-
aged to design the application focusing how the data is accessed and to let the
framework select the most suitable optimisations.

Another approach, implemented in the software library GraphLab, is to
have data-structure-independent algorithms but reduce the cost of communi-
cation and memory accesses with asynchronous computations [78]. Moreover,
GraphLab can be used together with the Grappa framework, a runtime system
that schedules computations to improve data locality and balance the workload
with work-stealing [81]. A trade-off between asynchronous and synchronous
computations is implemented by KLA [73].

Research on structure-exploiting algorithms was carried out by Gonzalez et
al. who implemented Power-Graph, a software library optimised for graphs
whose degree distribution follows a power law [79]. Using Pingali’s nomen-
clature [50], Power-Graph implements graph operators that do local computa-
tions and balance the workload across all the CPU cores or cluster nodes. The
lightweight software library Ligra also balances the workload depending on
the density of vertices in the graph [80o].

Domain-specific languages have been used to implement irregular applica-
tions on multi-core CPUs and computer clusters. Star-P, a parallel dialect of
MATLAB [85], was designed to implement graph algorithms with application
to sparse linear algebra [83]. The software architecture of Star-P is of the type
master-slave, with one Star-P master server instance distributing the workload
over a number of slave CPU cores or cluster nodes. This software architec-

ture is not scalable because communication latency increases with the number
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of slave cluster nodes available, which limits the size of graphs that can be
processed.

The DSLs Green-Marl [84] and Elixir [56] implement more scalable approaches.
Green-Marl is used to generate C++ software that uses OpenMP or Pregel [77]
but can only do high-level code optimisations. Hence, for example, it cannot
take data locality into account. A different approach is that of Elixir [56], a
domain specific language companion to the Galois runtime system [50, 55]
and designed to help programmers think in terms of accesses to data struc-
tures. Elixir is used to generate C++ programs which use the Galois runtime
and are optimised following Pingali’s taxonomy of irregular applications [50].
Also, constraints on synchronisation and scheduling can be provided to Elixir
to guide code generation.

Summarising, on CPUs and computer clusters the best performance is achieved
with implementations that mix synchronous and asynchronous computation [73,
81]. The absence of thread divergence, which is a problem on GPUs, allows
for the decision on how to partition the data and schedule computation to be

taken at run-time [50, 55, 64].

2.2.2  Irreqular applications on GPUs

To implement high-performance irregular applications on GPUs it is necessary
to avoid thread divergence and atomic operations. Consequently, in most GPU
implementations the computations in SIMD threads are synchronised with spe-
cialised techniques [53].

For example, some graph algorithms require storing a work-list to associate
graph vertices or graph edges to GPU threads and to distribute the work-
load [54, 86]. Although atomic operations can be used to manage this work-
list [53], Merrill et al. used the barrier mechanism in their implementation of
the breadth-first traversal of a graph [86]. On GPUs, a barrier is implemented
using either a global or a local memory location that acts as a counter. When-
ever a work item encounters a barrier, it increments the counter and it remains

idle until the execution of all the other work items in the same work group
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reaches the same point. This mechanism is handled by specialised hardware
instructions [31, ch. 5], which Nasre et al. showed to be faster than atomic
operations on GPUs [54]. Also, in their implementation of the breadth-first
traversal of a graph, Merrill et al. observed that non-coalesced memory ac-
cesses can cause a reduction of performance that is worse than the overhead
of managing the work-list [86]. Nonetheless, managing the work-list causes
a reduction of performance that becomes worse the more vertices are in the
work-list. Hence, this approach does not achieve good performance on graphs
where significant SIMD parallelism can be utilised.

The use of atomics on GPUs was studied for an algorithm that identifies
disjoint parts of a graph by Sutton ef al. who observed that in practice atomic
operations can improve performance with respect to barriers for graphs with a
specific structure [58]. Kaleem et al. showed that, starting from the Nvidia Tesla
models, the overhead of atomic operations on Nvidia GPUs is small compared
to that in AMD GPUs but ultimately the choice of synchronisation mechanism
should depend on the structure of the graph [57].

In practice the performance of irregular applications on GPUs is very much
dependent on the structure of the graph, which determines how the data
is transferred from the memory and whether memory accesses can be coa-
lesced [53, 57]. Reorganising memory accesses to improve data locality was
shown to benefit stencil computations [87]. Unkule et al. discussed how to
improve data locality automatically by adding more workload to work items
without incurring in register spilling [88], but their work did not examine the
use of local memory. Work by Lee and Wu on the scheduling of work items
in multithreaded SIMD processors showed that the execution time can be re-
duced of at most 20 % if the GPU is equipped with a specially designed hard-
ware scheduler [89], while Hbeika and Kulkarni showed that by partitioning
the data on the CPU to take data locality into account, an irregular applica-
tion can be up to 50 times faster than one that does not take data locality into

account [9o].
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The issues of synchronisation overhead and data locality in irregular appli-
cations have been addressed by three GPU software libraries: Cusha, Medusa,
and Gunrock.

Cusha is a GPU software library developed by Khorasani et al. to implement
graph applications based on a graph data format called concatenated windows
(CW) [91]. To use this format, the graph is first partitioned in shards, also called
levels in other application domains [16], which are grouped together depend-
ing on the structure of the graph to achieve high data locality. However, when
shards are imbalanced, this approach is slower than specialised implementa-
tions [86].

The API Medusa is used to implement graph algorithms on one or more
GPUs [92]. Applying the same idea of vertex-centric processing of Pregel [77],
Medusa hides the implementation details from the user and leaves the task
of balancing the workload across work items and work groups to its runtime
system. However, this API does not take into account the issue of data locality
in irregular applications.

Gunrock is a GPU software library that can be used both for vertex-centric
and edge-centric graph algorithms [93]. The operation of Gunrock is divided
into three steps: advance, which adds edges of vertices to the set of those that
need to be processed, filter, which removes duplicates or other edges of vertices
from this set, and compute, which carries out the processing of the elements in
the set. This approach is seemingly faster than both Cusha and Medusa on
a number of graphs [93]. However, like Medusa, this approach does not take
into account the issue of data locality.

Summarising, GPU implementations of irregular applications are affected
by the issue of thread divergence and the particular architecture of GPU mem-
ory systems. While on CPUs and computer clusters the best performance is
achieved with implementations that mix synchronous and asynchronous com-
putation [73, 81], on GPUs the computation is synchronous to avoid thread
divergence [54] and specialised approaches have been studied to improve mem-
ory access coalescing. Although workload balancing was mostly used to indi-

rectly achieve this aim [86, 92, 93], only Cusha addresses the issue of data
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locality directly but its implementation has shortcomings with respect to cus-

tom implementations.

2.3 SPARSE LINEAR ALGEBRA

This thesis discusses sparse linear algebra applications as a particular case of
irregular applications and addresses specifically the issue of data locality on
GPU implementations.

This section illustrates first, in Section 2.3.1, those concepts used in the field
of sparse linear algebra that are necessary to understand the content of the
thesis. In Section 2.3.2, the literature of sparse linear algebra algorithms on
GPUs is discussed in general, while Section 2.3.3 focuses on the solution of

STLs.

2.3.1 Fundamental concepts in sparse linear algebra

Given a square lower triangular matrix L € R"*" with n rows and n columns,
the graph G associated with it is an ordered pair of sets G := (V, £). Figure 2.5
shows an example sparse lower triangular matrix and the graph associated
with it. The set of vertices V = {1,2,...,n} has as many elements as the
number of rows and columns in the matrix L. A non-zero entry [;; at row i and
column j # i in the matrix L is represented with a directed edge e;; := (i, j)
from vertex j to vertex i in the graph G. The set £ contains all the edges in the
graph.

It can be shown that the graph G is an acyclic graph, which means there is
no sequence of edges that starts from a vertex and ends in the same vertex
without interruption [25, ch. 1, 94, ch. 1]. An interrupted sequence of edges
from a vertex to another is also called a path. If a graph is composed of a
number of parts that are not connected to each other, those parts are called

disjoint components or weakly connected components [94, ch. 1].
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Figure 2.5: An example sparse lower triangular matrix with ten rows and ten columns
and the graph associated with it. In the representation of the sparsity pat-

tern, the non-zero entries are shown with dots.

In the context of linear systems of equations, a path can be interpreted as
dependency between two variables. Let us consider the sparse lower triangular

linear system

Lz =0,

where x and b are vectors in R". Let G be the graph associated with the matrix

L. The system of equations can be solved by forward subsitution [95, ch. 3].
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For example, in case L has a sparsity pattern as in Figure 2.5a, the following

equation for x4 can be written:
lesxo = be — le3x3 — lesxs,

which shows that the variable x4 depends on the variables x3 and x5. On the
graph in Figure 2.5b, one can see that there are in fact two edges incident
to vertex 6, which start from vertex 3 and vertex 5 respectively. Similarly,
equations can be written for x3 and x5 and it can be observed that they depend
on x; and x4. Therefore, x¢ also depends on these variables. In the graph,
vertex 6 can also be reached with paths that go from vertices 1, 3, 4, and 5.
Because of the correspondence between sparse matrices and graphs, one can
solve a sparse triangular system of linear equations (STL) by carrying out a
traversal of the associated graph. Although the dependencies of the variables
in the linear system depend on the sparsity pattern of the matrix L, the type
of computation that can be carried out depends on the architecture of the
computing system. For example, single-core CPUs perform a single numerical
operation on a single datum, so a single-core CPU implementation can only
traverse one graph edge at the time. Architectures that implement MIMD and
SIMD parallelism [26], such as multi-core CPUs, computer clusters, and GPUs

can traverse more than one edge at a time and solve the STL faster.

2.3.2  Data structures for sparse linear algebra algorithms

Sparse matrix-vector multiplication (SPMVM) has been used as a reference
application for the study of data structures and techniques for sparse linear
algebra in the past thirty years. In particular, GPU implementations were dis-
cussed by Filippone et al. who listed about seventy publications on the topic in
the years from 2008 to 2017 [96]. Most of these publications are based on new
data structures or optimisations of existing data structures that improve data
locality or reduce thread divergence on GPUs. The most important data struc-

tures in sparse linear algebra are: the coordinate format (COO), the compressed
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sparse rows or columns formats (CSR or CSC), and the ELLPACK format [25,
ch. 1, 96, 97].

COO consists of simply listing all the entries in the matrix, storing their
row indices, their column indices, and their value. Instead, CSC and CSR use
a compressed form of either the array of column indices or row indices as
shown in Figure 2.6. To obtain this data structure, the entries in the matrix are
sorted by column or row index first, then the array C is used to store the offset
for the entries in each column. With this technique, the values in column j are
stored between the offsets C[j-1] and C[j]. With respect to the COO format,
CSC and CSR require less storage space. However, if CSC is used it is difficult
to find all the entries in a specific row, and vice-versa for CSR.

As alternative to both approaches, the ELLPACK format uses two-dimentional
arrays to store the entries in the matrix [97]. Figure 2.7 illustrates that each row
in the two-dimensional arrays is padded with zeros to reach the maximum
number of entries in a row 7,y such that the values of the entries in row i are
stored between Sa[(i-1)*n_row] and Sa[i*n_row]. Since the length of each
row in the data structure is fixed, ELLPACK has been used for vector proces-
sors and GPUs [96] but the overhead of zero-padding and the large memory
footprint usually make this data structure less appealing than CSC and CSR
for practical applications.

To overcome the limitations of each of these data structures, combinations
of their core ideas have been proposed and implemented in other data struc-
tures [96]. Hugues and Petiton [98] and Langr and Tvrdik [99] have suggested
a set of evaluation criteria for these other data structures which are based on
the performance of SPMVM.

The work of Baskaran and Bordawekar [100] evaluates the performance of
SPMVM with CSR but applies some minimal zero-padding to align memory
addresses to cache lines, uses local memories to store parts of the multipli-
cand vector, and achieves a maximum improvement of 15 % in performance
over Nvidia’s library function [16]. However, because of the zero-padding
this implementation transfers zeros that are useless for computation and cause

avoidable contention in the memory sub-system for large matrices. Specialised
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Figure 2.6: Comparison of the coordinate format (COO) and compressed sparse col-
umn format (CSC) for the matrix in Figure 2.5a. The COO format lists each
entry in the matrix, storing its row index in the array I, its column index
in the array J, and its value in the array V. Instead, in the CSC format the
entries are sorted by column index first, then the array C is used to store
the offset for the entries in each column. With this technique, the values in

column j are stored between the offsets C[j-1] and C[j].
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Figure 2.7: The sparse ELLPACK format [g97] for the matrix in Figure 2.5a. The two-
dimentional array Ja stores the column indices of the entries in each row
and the two-dimentional array Sa stores their values. Each row in the array
is padded with zeros, here represented with dark boxes, to the maximum

number of entries in a row in the matrix.

memory sub-systems for SPMVM that address this specific issue have been
studied for FPGA architectures [101, 102] but these are beyond the scope of
this thesis. Rafique et al. used a performance model for their matrix-power
algorithm, which applies SPMVM repeatedly, on both GPUs and FPGAs [103].
The performance model helped determine the value of an implementation pa-
rameter minimising communication. However, the GPU implementation of
this algorithm did not use local memory, and it resulted in register spilling for
large matrices, which greatly limited performance.

Reguly and Giles evaluated the performance of SPMVM using CSR on the
GPU when the L1 cache memory is enabled and observed that the perfor-
mance gap with ELLPACK can be filled if implementation parameters such as
the number of work items in a work group are chosen using knowledge of
the application [104]. Moreover, Reguly and Giles noticed that cache misses in

the L1 cache memory cause a large reduction in performance, so the partition
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of memory into L1 cache memory and local memory is key to performance
improvement [104]. The issue of memory partitioning was also investigated
by Liu and Vinter, who devised a data structure based on CSR, called CSR5,
the aim of which is to distribute the non-zero entries in the matrix uniformly
across compute units [105]. With CSR5, the non-zero entries in the matrix are
organised in two-dimensional arrays of the same size, called tiles, which are
stored in data structures similar to CSR. This approach achieves a maximum
speedup of up to 141 compared to the standard CSR format and has the advan-
tage of having low sensitivity to the structure of the graph associated with the
sparse matrix. However, this approach also requires a preprocessing phase for
the partitioning and a tuning of the size of the tiles, which are time consuming
tasks and vary from sparse matrix to sparse matrix. Also, two matrices with
similar sparsity patterns can have two very different CSR5 representations, so
the preprocessing phase has to be repeated every time the matrix changes. The
additional problem of scheduling tiles of CSR5 to compute units has led to the
derivation of other specialised data structures based on CSR5 [106], which also
require providing an optimal set of parameters.

To reduce the amount of zero-padding in ELLPACK, Monakov et al. de-
vised a data structure called SELL-C [107], in which zero-padding is done over
groups of C rows and not over all the rows. Kreutzer et al. applied an extra
parameter o which specifies how to sort the rows in the matrix so to have rows
with almost the same number of non-zero entries grouped together [108]. This
optimised data structure, called SELL-C-c, is at the base of a library of build-
ing blocks for sparse linear algebra algorithms named GHOST [22], which can
be used in multi-core CPUs, computer clusters, GPUs, and Intel Xeon Phi ac-
celerators.

A different technique to reduce the memory footprint of sparse data struc-
tures was investigated by Tang et al. who applied a compression algorithm to
the row indices in COO [109]. To use the data structure, two phases of opera-
tion are necessary: compression and decompression. The first can be carried

out on the multi-core CPU host, while the second can be executed on the GPU.
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Table 2.3: Software libraries for sparse linear algebra on GPUs. This list only include
software libraries that provide GPU kernels and not high-level libraries that

provide functionalities at a higher level of abstraction.

Name Year Features

CUSPARSE [16, 17] 2007 Proprietary library from Nvidia. BLAS and LA-
PACK equivalent for GPUs.

MAGMA [20] 2009 Does not implement LAPACK routines.

Matrix-template [110] 2013 Never released to the public.

SPRAL [111] 2014 Does not implement all LAPACK routines.

CLSPARSE [112] 2016 Does not implement all LAPACK routines.

ViennaCL [18] 2016 Does not implement all LAPACK routines.

Paralution [19] 2016 Does not implement all LAPACK routines.

GHOST [22] 2016 Developed around the SELL-C-o sparse data struc-
ture [108]. Does not implement all LAPACK rou-
tines.

In both cases, using the data structure requires incurring an overhead that is
difficult to amortise.

On GPUgs, the problems of achieving good data locality, low synchronisation
overhead, and little thread divergence have been addressed in the development
of the libraries listed in Table 2.3.

Nvidia started distributing its sparse linear algebra library for GPUs, the
CUSPARSE library [17], in 2007. CUSPARSE implements operations between
sparse matrices and vectors and dense matrices and vectors using all the main
data structures: COO, CSR, CSC, and ELLPACK. Moreover, it also provides
specialised data structures such as the block compressed sparse row format (BSR),
which uses CSR to store dense matrix blocks instead of single matrix entries.
Since its functionalities are meant to be used as building blocks for other algo-
rithms, one can consider CUSPARSE a GPU version of the numerical libraries
for single-core CPUs BLAS [8] and LAPACK [9]. Because of its long develop-
ment history, CUSPARSE is considered the reference standard of sparse linear
algebra libraries on GPUs and is used inside other numerical linear algebra
libraries such as the LAMA library [21].

The Matrix-template library [110] was developed by Gottschling with the
aim of providing a more natural notation than that of CUSPARSE and the
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automatic choice of the underlying data structure given the sparsity pattern of
the matrix. Unfortunately, this library was never released to the public.

Most sparse linear algebra software for GPUs focuses on iterative algorithms
for the solution of linear systems [14] and, unlike CUSPARSE, does not imple-
ment all BLAS and LAPACK routines. CLSPARSE [112] is the effort of AMD,
Nvidia’s principal competitor in the GPU market, towards a sparse linear alge-
bra library. Initially developed internally at AMD and then transformed into an
open source project, CLSPARSE only uses COO and CSR, and only implements
the sparse matrix-vector multiplication, the conjugate gradient algorithm [14,
ch. 6], and the biconjugate gradient stabilized algorithm [14, ch. 7]. Similarly,
the ViennaCL library [18], the Paralution library [19], the MAGMA library [20],
and the GHOST library [22] do not implement basic algorithms apart from SP-
MVM and focus on more complex iterative algorithms for solving linear sys-
tems. Of these, the GHOST library [22] is developed around the SELL-C-¢ data
structure and can be used with GPUs, Intel Xeon Phi accelerators, multi-core
CPUs, and computer clusters. Instead, the SPRAL library [111], developed at
the Rutherford-Appleton Laboratory, implements algorithms such as the solu-
tion of a sparse system of equations in the sense of the least squares [113] and
internally uses customised data structures [114].

Summarising, the performance of sparse linear algebra algorithms is given
by a combination of the structure of the graph associated with the sparse ma-
trix and the data structure used. On GPUs, specialised data structures aim
to reduce contention in the memory sub-system and either require the sorting

rows and columns of the matrix or padding row or column entries with zeroes.

2.3.3 Solving sparse triangular systems of equations

The same data structures that are studied on SPMVM are also used in other
sparse linear algebra algorithms [16, 18, 112], among which there is the solution
of STLs. However, such is the importance of SPMVM in sparse linear algebra
that in 1993 Peyton et al. suggested to solve STLs by using SPMVM on the

matrix inverse [115] since a large amount of concurrency can be obtained with
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SPMVM. In a period when the memory bandwidth of modern GPUs was not
available, the inverse of the triangular matrix was represented as a product of
matrices with as few non-zero entries as possible [116] and STLs were solved
as a sequence of SPMVMs. The issue of data locality in sparse linear algebra
applications was well known and addressed with probabilistic models [117]
and specialised techniques for improving data layout at compile-time [118]. On
single-core CPUs, the use of partitioning at run-time was examined by Strout et
al. [119], and the issue of tuning the parameters of the algorithm when solving
STLs was examined by Vuduc et al. [120].

The basic algorithm to solve STLs on single-core CPUs [25, ch. 1], first per-
forms a depth-first search on the graph. This phase examines all the dependen-
cies between variables by traversing the edges in the graph. The search phase
returns an ordering of the vertices. For example, for the matrix in Figure 2.5
(page 45), the search phase could give the sequence {1, 2, 3,4, 9, 5, 6, 7, 8, 10}.
This sequence of vertices is in topological order, because no vertex appears in
the sequence before its parents. After the search phase, each element of the
sequence is considered a row index, and all the elements in the row are multi-
plied and summed. The complexity analysis for this algorithm depends on the
sparsity pattern of the matrix [25, ch. 1, 120]. Also, the performance analysis on
single-core CPUs showed that if the non-zero entries are close to the diagonal
of the matrix, cache hits increase and computational latency is reduced [120].

The problem of implementing a parallel version of the solution of STLs has
been examined in the context of MIMD architectures, such as multi-core CPUs
and computer clusters, and GPUs. In general, it was observed that synchro-
nisation has a greater impact on performance in STLs compared to SPMVM,
since the latter can be implemented without any synchronisation [16, 121, 122].

The algorithm implemented by Totoni et al. [123], specific for multi-core
CPUs, consists of analysing the dependencies and streaming rows to CPU
cores whenever a dependency is satisfied. This approach achieves close-to-
linear speedup with the number of CPU cores used, so it is very scalable, but
it requires the synchronisation of threads in two or more cores. Although this

technique achieves high performance on multi-core CPUs, it cannot be applied
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to GPUs because this would require the execution of a GPU kernel at each step
of the algorithm.

Two other algorithms devised by Mayer [124], also specific for multi-core
CPUs, illustrate more limitations imposed by the architecture of GPUs. Both
algorithms first permute the matrix into a block-diagonal form and then assign
each block to a CPU core. The data structure used to store the partitioned
matrix is a variation of CSR called parallel solve, and was devised specifically
for this application. With this approach, the computation carried out in a
CPU core is independent from that in another CPU core. If these algorithms
were implemented on a GPU, the number of GPU kernels to execute would be
proportional to the number of blocks. For example, if rows and columns were
divided into sy parts, 2sp — 1 GPU kernels would be executed. The results
on multi-core CPUs show that by partitioning the matrix into blocks one can
make better use of cache memories. Nonetheless, this approach does not make
use of structure in the graph associated with the triangular matrix, since the
partitioning does not take into account any opportunity for SIMD parallelism,
so it is of little applicability to GPUs.

On GPUs, it was observed that the synchronisation of SIMD threads by stop-
ping their execution in all of the multithreaded SIMD processors is extremely
time-consuming [16, 122, 125], and that sparse linear algebra algorithms on
GPUs tend to be bandwidth-bound, so the use of local memory to save band-
width is necessary [125]. Also, while the design aim of GPU architectures is
to hide memory latency with parallelism, not all applications are concurrent
enough to achieve this aim efficiently [89].

The level-set algorithm, which is implemented in the Nvidia CUSPARSE li-
brary [16], uses CSR and is carried out in two phases: a preliminary analysis
phase and a solve phase. The analysis phase associates vertices in the associ-
ated graph with levels, such that vertices in the same levels are guaranteed to
depend only on vertices in previous levels. The solve phase traverses the graph
level by level, either executing one GPU kernel per level or grouping levels with
few vertices together into one single GPU kernel execution. This approach,

which aims to achieve good memory latency hiding, is more generally applied
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in GPU implementations of irregular applications including Cusha, Medusa,
and Gunrock [91—93]. The CUSPARSE algorithm is also used by the ViennaCL
library [18], the Paralution library [19], the MAGMA library [20], the LAMA
library [21], and the GHOST library [22].

In the level-set algorithm, the number of levels and vertices per level is
uniquely determined by the sparsity pattern of the matrix. For example, if
the graph is a chain of vertices, each connected to the next with an edge as in
Figure 2.4, there will be only one vertex per level. To overcome this limitation,
a technique for transforming the matrix was introduced [122]. This technique
increases the number of vertices per level and reduces the number of levels
needed. However, it is not guaranteed that the transformation can always in-
crease the amount of SIMD parallelism that can applied when the solve phase
is executed. Li and Saad implemented both the conventional level-set tech-
nique and level-reducing matrix permutation [25, ch. 7], but obtained much
worse performance than with a single-core CPU because of the large overhead
of executing a GPU kernel per each level.

Hogg et al. implemented both the LDLT factorisation algorithm [95, ch. 4]
and a triangular solve algorithm on GPUs [114]. The latter uses the data struc-
tures of the factorisation to partition the data across multithreaded SIMD pro-
cessors. These data structures are a set of small dense matrix blocks, indexed
with a system that is similar to CSR. Also, the triangular solve was compared
to a specialised version of the same algorithm that consists of two phases: a
preprocessing phase and an SPMVM phase [127]. The specialised algorithm
was shown to be faster if the preprocessing phase could be amortised across
about 20 or 30 solves with different right-hand sides.

Chen et al. implemented a sparse triangular solve algorithm that uses a
hybrid data structure, with some features of ELLPACK and some features of
CSR [128]. This hybrid data sructure stores the denser parts of the matrix
using ELLPACK and the sparser parts using CSR. The implemented sparse
triangular solve algorithm is a customised version of the level-set algorithm

for the hybrid data structure. By using ELLPACK in part, this data structure
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Table 2.4: Algorithms for the solution of STLs on different architectures.

Architecture Author Year

Features

Strout et al. [119] 2001

Single-core CPUs Davis [25] 2006

Run-time partition of the STL
matrix to improve cache use.

Orders the vertices before solv-
ing the STL. Used by MATLAB.

Peyton ef al. [115] 1993

SPMVM of the matrix inerse.

Wolf et al. [121] 2011 Improves performance of the

Computer clusters . .
level-set algorithm by reducing

the synchronisation overhead .
Mayer [124] 2009 Algorithms that divide the STL

Multi-core CPUs  Totoni ef al. [123] 2014

matrix into blocks to improve
cache memory ususe.

Streaming matrix rows to CPU
cores when needed. Not suit-
able to be implemented on
GPUs.

Naumov [16] 2011

Suchoski ef al. [122] 2012

GPUs
Hogg et al. [114] 2016

Chen et al. [128] 2016

Nvidia CUSPARSE implementa-
tion of the level-set algorithm.
Used by most scientific comput-
ing libraries.

Transforms the STL matrix, try-
ing to improve the performance
of the level-set algorithm.

Specialised algorithm for matri-
ces obtained with the LDLT fac-
torisation algorithm, based on
SPMVM.

Specialised algorithm based on
the level-set algorithm, specific
for matrices with dense blocks.

achieves more regular memory acesses with respect to standard CSR, but it is

not applicable in general to matrices with any structure.

Table 2.4 summarises the state of the art in solving STLs. The level-set al-

gorithm is the most used algorithm to solve STLs, and a GPU implementation

of it is provided by the CUSPARSE library. Work has been carried out to im-

prove the performance of this algorithm on both GPUs and computer clusters,

but the improvement that can be obtained is also dependent on the sparsity

pattern of the STL matrix. Specialised algorithms, different from the level-set

algorithm, exist for matrices with very specific sparsity patterns, but they are
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not applicable to the general case. Other algorithms aim to improve cache use
by partitioning the STL matrix, but this approach has not been explored on
GPU architectures.

2.4 CONCLUSIONS FROM THIS CHAPTER

Irregular applications are characterised by irregular memory access patterns,
which can cause a large number of cache misses in the memory sub-system
of single-core CPUs, multi-core CPUs, and GPUs. To achieve good perfor-
mance, different techniques have been developed for different computer ar-
chitectures. On GPUs, because of thread divergence and the structure of
the memory sub-system, it is not possible to use adaptive and computation-
asynchronous techniques like those developed for multi-core CPUs and com-
puter clusters. Instead, GPU implementations of irregular applications usually
have synchronous computations and aim to distribute the computation evenly
across work items. To reduce the execution time of these GPU implementa-
tions, the overhead of synchronisation needs to be minimised and memory
accesses need to be coalesced.

Sparse linear algebra algorithms are a type of irregular application because
they use specialised data structures such as COO, CSC, and CSR. Other sparse
data structures that aim to make the pattern of accesses more regular, such
as ELLPACK, require zero-padding and consequently the transfer of a large
amount of data that are not useful for computations. Sparse linear algebra
algorithms are designed around these data structures. In practice, the perfor-
mance of sparse linear algebra algorithms is given by a combination of the
structure of the graph associated with the sparse matrix and the data structure
used.

On GPUs, techniques to minimise the overhead of synchronisation and thread
divergence have been studied both for sparse linear algebra algorithms and in
general for irregular applications. Techniques to improve data locality have
also been studied, but the relationship between data locality and the structure

of the graph has not been fully investigated. Also, it has been observed that lo-

57



2.4 CONCLUSIONS FROM THIS CHAPTER

cal memory can be used to reduce contention in the GPU memory sub-system,
but the the relationship between this and the structure of the graph has not

been examined yet in the literature. This thesis addresses specifically these

issues.
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Part1

SOLVING A SINGLE SYSTEM OF LINEAR EQUATIONS

This part the thesis discusses an approach to solving single STLs
on GPUs and it is composed of Chapter 3, Chapter 4 and Chapter 5.
Similarly to that of CUSPARSE [16], the approach described in this
thesis is composed of two phases: a preliminary analysis phase and
a solve phase. The analysis phase preprocesses and partitions input
data on a multi-core CPU. The solve phase uses the information
obtained in the previous phase to solve the STL on the GPU. Since
the aim of the analysis phase is to achieve high performance during
the solve phase, the latter is discussed first in Chapter 3. Then, the
analysis phase is discussed in Chapter 4. The following Chapter 5
evaluates this approach on the preconditioned conjugate gradient

method.

59



THE SOLVE PHASE

Any GPU software is composed of concurrent parts called work items. The
GPU compiler groups 32 work items together into a SIMD thread, and an
instruction from a SIMD thread is called SIMD instruction.

Work items must satisfy some conditions for the GPU software to achieve
high performance. First, in high-performance GPU software there are many
SIMD threads ready to carry out computations while others are waiting for
memory accesses. If this happens, the GPU software achieves good memory
access latency hiding. Also, in high-performance GPU software, when branching
instructions like the if-else and case statements are executed the work items
in the same SIMD thread all take the same branch. If this happens, the GPU
software achieves low thread divergence. Section 2.1 of Chapter 2 explains why
these features are tipical of high-performance GPU software by discussing the
architecture of GPUs.

If the application is irregular, as in the case of the solution of sparse trian-
gular linear systems of equations (STLs), good memory access latency hiding
and low thread divergence can be achieved depending on the system matrix.
The input data is a sparse matrix L defined in the space R"*" with which a
directed acyclic graph G = (V,E) is associated. The set of graph vertices
V:={1,2,...,n} has as many elements as the number of rows and columns if
the matrix L. A non-zero entry /;; at row i and column j # i in the matrix L
is represented with a directed edge ¢;; := (i, j) from vertex j to vertex i in the
graph G. The set £ contains all the edges in the graph.

CUSPARSE [17], that is the most used GPU library for sparse linear algebra,
aims to satisfy the conditions on memory access latency hiding and low thread
divergence by ensuring as many work items as possible carry out the same
operations at the same time. However, the CUSPARSE algorithm does not
guarantee a good balance between SIMD threads waiting for memory accesses

and those carrying out numerical operations.
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(a) CUSPARSE's approach. (b) TASSL’s approach.

Figure 3.1: Comparison of CUSPARSE’s and TASSL’s approach to solving STLs. In
the figure, mCPU stands for multi-core CPU. TASSL executes the analysis
phase on a multi-core CPU and the solve phase on the GPU, while CUS-
PARSE executes both of them on the GPU. Moreover, TASSL internally
solves the STL L'z’(K) = p/(k), where L', '®), and ') are permuted

versions of L, z(¥), and b(K).

CUSPARSE's approach to solving STLs is organised in two phases: a prelim-
inary analysis phase, which preprocesses and partitions input data, and a solve
phase, which uses the information obtained in the previous phase to solve STLs

on the GPU. The solve phase of CUSPARSE is a parallel form of the forward
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substitution algorithm [25, ch. 2] and corresponds to a breadth-first traversal
of the edges in the graph G [17].

The approach described in this thesis is called time slot sub-graph level (TASSL).
Similarly to CUSPARSE, TASSL is organised in a preliminary analysis phase
and a solve phase. The two approaches are compared in Figure 3.1 at a high
level. This chapter illustrates the solve phase of TASSL, which overcomes the
limitations of CUSPARSE’s technique and achieves better performance. Sec-
tion 3.1 discusses the shortcomings of the CUSPARSE approach in more detail.
In Section 3.2 an algorithm for the solve phase of TASSL is developed and a
performance model is derived for it. Experimental results that compare the
two solve phases are shown in Section 3.3.

The research contributions discussed in this chapter are the following:

¢ an algorithm to solve STLs with GPUs given a partition of the correspond-

ing graph [23].

¢ A nomenclature that describes the common elements in the implementa-

tion of irregular applications on GPUs, which consists of:

— The concepts of sub-graph, sub-graph level, and time slot, which

describe the scheduling of numerical operations on a GPU.

— The concept of concurrency factor, which is a value between zero and
one that captures the level of concurrency in the execution of an

irregular algorithm.

— The concept of efficiency factor, which is a value between zero and
one that captures the effects of data locality, thread divergence, and

memory access latency hiding on a GPU.

— The concept of synchronisation overhead, which captures how much
time is spent synchronising the execution of the work items with

respect to the execution time of numerical operations.

— The concept of local transfer overhead, which captures how much time
is spent copying data from and to local memory with respect to the

execution time of numerical operations.

62



3.1 SHORTCOMINGS OF THE CUSPARSE ALGORITHM

¢ Two performance models, one for the solve phase of CUSPARSE and one

for that of TASSL that use the concepts introduced in this chapter.

¢ A comparison between the TASSL and the CUSPARSE approaches, which
shows that the solve phase of TASSL is faster than that of CUSPARSE in

about 70 % of the examined test cases [23].

3.1 SHORTCOMINGS OF THE CUSPARSE ALGORITHM

Consider the following STL:

Lr=1b (3.1)

where L is a triangular matrix in R"*" and the vectors « and b are both in
R". In particular, b is called the right-hand side vector of the STL. Also, most
of the entries in L are equal to zero, so in the matrix is stored in a sparse
data structure like the compressed sparse row format (CSR) which is discussed in
Section 2.3.2 of Chapter 2 (page 46). Instead, most of the entries in the arrays
x and b are not zero, so they are stored in conventional arrays, which are dense
data structures.

CUSPARSE’s algorithm to solve (3.1) [16], also called the level-set algorithm,
is executed after a preliminary analysis phase. The analysis phase produces a
partition of the vertices of the graph G := (V, £) associated with the matrix L

into levels V. such that

V=YVouViuW,UJ---Ul

Mevels—1+

Each level Vi contains only vertices that do not have entering edges starting

from vertices in the same level or other levels with a higher index k, hence:

Vi={veVI|H@wj)EEANTEY, p=kk+1,.. Newes—1}. (3.2

The algorithm of the solve phase of CUSPARSE, shown in Algorithm 3.1,
carries out numerical operations in parallel with the SIMD paradigm at each

level. Each edge (i, ) in the graph represents the numerical operation
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3.1 SHORTCOMINGS OF THE CUSPARSE ALGORITHM

Input: b, Vo, V1, V2, -+, Vi —1s
Output: =
1 b
2! fOI'p — 1,2, ..., Neyels — 1
3: for all i € V), do in parallel > SIMD
forall (i,j) € £
Xi < Xj — ll-,jx]-

1R

Algorithm 3.1: Algorithm of the solve phase of CUSPARSE [16]. The vectors « and b
are defined in R", while [;; is the entry in row i and column j of the
matrix L € R"*". In the pseudocode, Vy, with p = 1,2,.. ., f1jeyels are

the levels.

xi < xj — i jx; (3-3)

where J;; is the entry of matrix L in row i and column j. Since numerical
operations carried out at the same time must read the correct, up-to-date value
of x;, edges entering the same vertex i are executed at different times, as shown

in line 4.

3.1.1 Nomenclature used in this thesis

The sequence of numerical operations of the solve phase of CUSPARSE can be
described by introducing the concept of synchronisation point. In this thesis, a
synchronisation point is either the start of the execution of a GPU kernel, the
end of the execution of a GPU kernel, or a barrier. The set of numerical opera-
tions executed between two synchronisation points is called a time slot. Hence,
a time slot does not necessarily have a constant duration in clock cycles. In
each time slot, one or more numerical operations are associated with an active
element. Numerical operations associated with the same active element can-
not be executed concurrently. For example, consider the following numerical

operations of the type in (3.3)
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3.1 SHORTCOMINGS OF THE CUSPARSE ALGORITHM

Xi < Xj — li,jlle
Xi < Xj — Zir]'zsz
Xi < Xj — li’]'3x]'3
Xj < Xj — li,]'4x]'4

where i is a vertex in a graph G and is the active element, and ji, j», j3 and j4
are other vertices in G. All these numerical operations associated with i update
the same value x;. Therefore, these numerical operations are executed either in
sequence or as atomic operations. In this thesis, the case of numerical opera-
tions executed in sequence is considered, because atomic operations on GPUs
can have a large latency, as discussed in Section 2.1.2 of Chapter 2 (page 26).
The duration of time slot 7 is determined by the largest number of numerical
operations associated with an active element of 7, and this number is denoted
with o. The concept of active element was first introduced by Pingali et al. [50].

In the solve phase of CUSPARSE, there is one time slot 7Ty per level Vi. In
each time slot, the vertices in V; are the active elements. Since one numeri-
cal operation corresponds to one edge in the graph, the numerical operations
associated with a vertex i are those corresponding to its entering edges. Fig-
ure 3.2 illustrates how the nomenclature introduced in this section matches
CUSPARSE’s algorithm.

In CUSPARSE, there is no limit to how many vertices can be in a level. Since
line 3 in Algorithm 3.1 is executed concurrently, if the number vertices in a
level is very large, that level is processed with a GPU kernel. Otherwise, the
level is executed in the same kernel as previous or following levels [16]. Since
the source code of CUSPARSE is proprietary, it is not known how this decision
is implemented but the number of GPU kernels executed, denoted with #yernel,

can be measured with the profiling tool noprof [129].
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Figure 3.2: An example graph and the corresponding operation scheduling with CUS-

PARSE’s algorithm [16]. Levels are represented with shaded blocks and
there is only one time slot per level. The duration o; of each time slot

corresponds to the largest number of entering edges per vertex in V.
3.1.2  Analysis of the CUSPARSE algorithm

To analyse the performance of the solve phase of CUSPARSE, one can derive a
model of its execution time, which is denoted with tcysparsk.

Before and after the execution of the solve phase of CUSPARSE, the right-
hand side vector b is transferred to and from the GPU memory. The execution

time of the transfer is given by
transt & 11 + a2 (34)

where a; and a; are two positive real numbers and 7 is the number of rows
and columns of the input matrix L.
The execution time of Algorithm 3.1 is given by the execution time of the

levels. The execution time t; of level Vj is determined by

Ok Oy
k" =— 4+ 0, = —1 40 .
ey o= k (3-5)

where oy is the maximum number of numerical operations per active element,
0y is the synchronisation time, and the 7 is called operation efficiency.
In (3.5), T is the theoretical throughput T of SIMD instructions of the type

in (3.3). The value of T or its inverse ¢ can be either given by the GPU documen-
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3.1 SHORTCOMINGS OF THE CUSPARSE ALGORITHM

tation or obtained experimentally [130]. The value of : captures only the time
required by the GPU’s arithmetic-logic units to carry out the SIMD instructions
but it does not include any memory transfer. For example, in Nvidia GPUs this
value can be found in the CUDA programming guide [131]. The operation ef-
ficiency 7 captures the effects of data locality, memory access coalescing, and
thread divergence in the execution of level Vi, while excluding synchronisation
overheads. If the value of 7, is equal to one, the throughput achieved with the
algorithm is equal to T, which is the ideal case of no thread divergence and a
null memory access latency.

The maximum number of numerical operations per active element oy in (3.5)
depends on the partitioning the graph G into levels. The synchronisation time
0 depends on what type of synchronisation point is used at the end of the
execution of the level Vy. If the synchronisation point requires stopping and
starting a new GPU kernel, then o is equal to a value x, while if requires
executing a barrier in global memory, then o} is equal to a value ogopa- Ta-
ble 3.1 shows values of the parameters in the model obtained either from the
documentation for the GPU or experimentally for an Nvidia Quadro K4000
GPU [132].

To obtain the value of the parameter x experimentally, an empty GPU kernel
was executed on the GPU 100 times and the average execution time was taken.
To obtain the value of the parameters ogjopa1 and 0jocal, GPU kernels containing
only barriers were executed and the numerical value of the parameter were
obtained by interpolation. For example, in the case of ogiopa the following

polynomial was used
MparriersUglobal + toffset

where Mpyrriers is the number of barriers in the GPU kernel and et is @ pos-
itive constant. Although the execution time of synchronisation points varies
slightly depending on how many work items are synchronised, this was ne-
glected to obtain a simplified performance model.

For the complete CUSPARSE algorithm, the execution time is given by:
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Table 3.1: Features of the Nvidia Quadro K4000 GPU [132] used in the execution time
model of both CUSPARSE and TASSL. The value of the execution time of a
SIMD instruction ¢ for an instruction of the type in (3.3) with 64-bit operands
is given in the CUDA programming guide [131]. The other values were
instead obtained experimentally. In the table, x is the time required for
starting and stopping the execution of a GPU kernel, o, Uglobal and Ojoca are the
execution time of a barrier in global and in local memory respectively, 8 is
the time required to transfer a an array element from global to local memory

and back if the array stores double precision floating point numbers.

Model parameter Value
K 2.929x107°s
L 4.938 x 107 s/SIMD instruction
Tglobal 3.659x107°s
Tlocal 1.247x10~7
B 1.596x 1078 s/clement

nlevelsf1 Ok
talgo = E (l—|—0k)

k=1 \k
.6
Mevels — 1 k (3 )
=1 % + KMiernel 1 Uglobal (nlevels - nkernel)
k=1

where 7yepnel is the number of GPU kernels that are executed during the solve
phase of CUSPARSE and can be determined experimentally. Some algebraic

manipulation can be done on the expression in (3.6):

nlevelsfl k
talgo =1 — + KMNkernel + Oglobal (nlevels - nkernel)
8 &
k=1 ’7k
Nlevels — Z levels
k= Medges
=1 Z n 1 + KMkernel + Uglobal (nlevels - nkernel)
— 17k Z leve]s 0 ned es
k=1 k 8
Mleyels —1 0 k 1 Z;{Zl;vlels_l Ok
= Z nlevels 1 n nedges+
= Tk Z O edges
1/y 1-C

+ KNkernel + Uglobal (nlevels - nkernel) .
(3-7)
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In (3.7),

nlevelb
C=1- Z (3.8)
nedges

is the concurrency factor of the matrix L with respect to the CUSPARSE algo-
rithm, and it is a quantity between zero and one. When the numerator of the
ratio in (3.8) is equal to one, the algorithm requires sequences of SIMD instruc-
tions, called SIMD threads, of length one. In fact, work items execute only
one operation per time slot and there is only one time slot in total. This is
the case of maximum concurrency and C is closer to one the more the edges
in the graph. If the numerator of the ratio in (3.8) is equal to 7egges, all the
numerical operations are executed in sequence one after the other. This is the
case of a graph whose structure is that of a chain, where concurrency cannot
be utilized. In this case, the value of the concurrency factor is closer to zero
the more the edges in the graph. Hence, the concurrency factor C captures the
scheduling of the SIMD instructions given the structure of the graph. It does
not capture the effects of synchronisation, data locality, memory access latency
hiding, thread divergence, and other effects like register spilling, which were
discussed in Section 2.1 of Chapter 2 (page 24).

Instead, in (3.7),

anevels k
7] = anexels (3'9)

is the efficiency factor of the matrix L with respect to the CUSPARSE algorithm,
and it is also a quantity between zero and one. Similarly to the operation
efficiency, 7 can be equal to one only in the ideal case, in which the operation
throughput is equal to T. The efficiency factor captures all effects which were
discussed in Section 2.1 of Chapter 2 (page 24) like those of of data locality,
memory access latency hiding, and thread divergence. However, the efficiency
factor does not capture the effect of synchronisation points on the execution
time.

Using (3.8) and (3.9), one can write (3.7) as
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talgo = T”ledges + KNkernel + Uglobal (nlevels - nkernel)

1-C KNkernel 1 Uglobal (”levels - nkernel) (3.10)

= Medges 1 1-C

n Tlnedges
o
In (3.10)
KNkernel 1 Uglobal (”levels - nkernel)

o= T (3.11)

Tlnedges

is the synchronisation overhead. The synchronisation overhead is the ratio of the
part of execution time of the algorithm that is spent on synchronisation points
to the part that is spent carrying out numerical operations.

The formulation in (3.10) can be simplified even further by introducing the

effective operation time, which is defined as
T:= ;;(1 + ) (3.12)

and captures at the same time all the effects captured by the efficiency factor

and the synchronisation overhead. Using this notation, (3.10) becomes
talgo = (1 - C)TnedgeSI (313)

which is the most concise form of the performance model. The physical mean-
ing of T is given by its inverse, which has the dimensions of a throughput. In
fact, 1/7 is the apparent rate of SIMD operations of the type in (3.3) during the
execution of the CUSPARSE algorithm.

In this derivation, the dependency of t,5, on the number of compute units
in the GPU is neglected. This requires the number of vertices in each level to
be not much greater than the number of compute units. This can be verified
by introducing another metric, called per-thread concurrency and denoted in this
thesis with W, which estimates how many work items are used to execute the
algorithm on the GPU. The per-thread concurrency of matrix L with respect to

the CUSPARSE solve phase is defined as:
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~ maxg | V|

W: (3.14)

Medges
As shown in line 3 of Algorithm 3.1, CUSPARSE executes one work item per
active element in each level. Hence, the numerator of the ratio in (3.14) repre-
sents the maximum number of work items used during the execution of the
algorithm. If W is close to one, there is almost one work item per vertex in
the graph, and consequently C is also close to one because the longest SIMD
thread is composed of few SIMD instructions. This metric is similar to the de-
gree of parallelism metric first defined by Kulkarni et al. [51]. Given the number
of compute units in the GPU ncy and the maximum number of work items per

compute unit n,, the model developed in this section assumes

w < DUl (3.15)

Medges
which is the case when not enough SIMD threads are used to occupy all the
compute units in the GPU and the overhead of scheduling work groups of

compute units can be neglected.

3.1.3 Evaluation of the performance model

The form used for evaluation was obtained from (3.4) and (3.10):

fCUSPARSE =~ transf 1 talgo
1-C (3.16)

=mn+ lT”edges + KMkernel 1 Oglobal (Mlevels — Mkernel) 1 42

where the parameters C and 7jeyels are known from how CUSPARSE partitions
the graph [16], Merner is found using noprof [129], fegges is known from the
graph, and «, Ogloba, and ¢ are known from either the GPU documentation
or benchmarks. The values of a1, #, and a; can be obtained experimentally,
considering that a; and a; are the same for any test case.

To evaluate the model in (3.16), some tests were carried out using the Florida
matrix collecton [133], a standard benchmark set for sparse linear algebra algo-

rithms that contains non-artificial test cases. Only the lower triangular part of
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Table 3.2: Features of the test cases from the Florida matrix collection [133] and range

of their values.

Feature Parameter min max
Number of rows/columns n 10261 525824
Number of graph edges Nedges 760 4356551

square matrices in this set of benchmarks was considered. Hence, the result-
ing triangular matrices had the same sparsity patterns as the lower half of the
matrices in the benchmark. CUSPARSE was executed on an Nvidia Quadro
K4000 GPU [132], whose parameters are shown in Table 3.1. Of all the test
cases examined, those for which the standard deviation of the measured exe-
cution time was more than 10 % of the mean value were discarded to filter the
noisiest experimental data. Of the remaining test cases, the first 200 starting
from that with the fewest rows and columns were taken. Table 3.2 summarises
the features of these matrices.

After the filtering, all the experimental data was used to fit the model in (3.16),
using the non-negative least squares algorithm [134]. Since the algorithm is
known in its entirety, the model fitting did not require checking with a val-
idation set. In fact, only implementation-dependent parameter, 7yerme;, Was
measured with novprof and hence is known for each test case. For these rea-
sons, instead of using a validation set, all the data was used to for fitting the
model to achieve higher accuracy in the estimate of the parameters.

The parameters in (3.16) are shown in Table 3.3. Figure 3.3 shows how the
performance model compares to the experimental data. In general the model
overestimates the execution time, because the model describes synchronisation
with constant parameters. For example, the execution time of a global memory
barrier, described in Section 2.1.2 of Chapter 2, depends on how many work
items are involved and it is not constant in reality. However, Figure 3.3 shows
that the model is an acceptable first-order approximation of the performance
of CUSPARSE and can be used to make the following observations on the
algorithm.
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Table 3.3: Parameter values for the performance model of CUSPARSE [16] in (3.16).
These parameters were obtained by executing CUSPARSE on 200 test cases
from the Matrix Collection [133]. In this table, 77 and C are respectively the

average efficiency factor and the average concurrency factor.

Parameter Value
a 2.294 x 10_8 s/element
a 5.990x10~%s
7 1.695x 107!
C 8.871x1071
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Figure 3.3: Comparison between the experimental results on the execution time of
CUSPARSE's solve phase [16] and the theoretical model in (3.16). Each
point in the diagram represents one of the 200 test cases taken from the

Florida matrix collection [133].

First, the model gives a mean value 7j of the efficiency factor of about 17 %.
To check if this metric can be improved, a follow-up test was carried out with
the GPU profiler nprof [129]. This showed that about 20 % of branching in-
structions in the solve phase of CUSPARSE caused branch divergence. This
is because different active elements require a different number of instructions,
as shown in line 4 in Algorithm 3.1. Although the model in (3.16) does not

capture the effect of thread divergence with a specific parameter, this follow-

73



3.2 THE TASSL APPROACH

up experiment showed that there is margin of improvement of the efficiency

factor with respect to CUSPARSE.

3.2 THE TASSL APPROACH

This thesis proposes an approach to the solution of STLs different than that of
CUSPARSE called time slot sub-graph level (TASSL). The aim of this approach is,
with respect to CUSPARSE, to reduce the time spent in synchronisation points,
to reduce thread divergence, and to improve memory access latency hiding.
Similarly to CUSPARSE, TASSL is composed of two phases: an analysis
phase and a solve phase. Similarly to the previous section, which described the
solve phase of CUSPARSE, this section describes the solve phase of TASSL and
is organised as follows: Section 3.2.1 defines some concepts that are used in
the development of the algorithm, Section 3.2.2 explains the algorithm, and in

Section 3.2.3 a performance model for the solve phase of TASSL is developed.

3.2.1 External and internal edges

Consider the system of linear equations in (3.1), where L is the matrix of the
STL and G := (V, &) the graph associatied with it. The solve phase of TASSL
requires the set of vertices V to be partitioned into ns; + 1 disjoint subsets

Vo, V1,V2, ..., Vy,, such that
V=VoUViUuW,U---UV,, (3.17)

where V) is the subset of vertices in the graph G with neither entering nor
exiting edges.

Given the partition of G in (3.17), an edge (i,]) is an internal edge if both
vertex i and vertex j are in the same set V. Otherwise, it is an external edge.
Also, for the scope of this thesis a sub-graph Gy == (Vy, &) of G is composed of
the vertices in the subset V), and the union of the set of internal edges for V,

which is defined by
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Enek = A{(i,j) €E i€ ViNje i},
and the set of external edges for Vy, which is defined by
gext,k = {(11]) €& ’ S Vk/\j = V/\] g Vk}/

hence & = Eintx U Eextk-

The solve phase of TASSL requires the graph G to be partitioned such that:
CONDITION I: if an edge goes from a vertex in Vj to a vertex in V), then p > k.

CONDITION II: the number of vertices in the set V), denoted with n;, must

not be greater than a positive integer 1max.

If both these conditions are met, then the partition is called a feasible partition.
In particular, condition I implies that there is no cyclical dependency between
variables associated with vertices in different Vj sets. Condition II implies
that the number of vertices in each sub-graph is bounded. Using the OpenCL
nomenclature discussed in Section 2.1.1 of Chapter 2 (page 24), if data is rep-
resented in the double precision floating point format, the upper bound of the
number of vertices in V, is equal to

M
Nmax = {ng s (318)

where M)y, is the size in bytes of the local memory inside a compute unit.

If the partition is feasible, it is possible to permute rows and columns of
the matrix to have indices in the same set V) close together, while keeping
a triangular structure. This permutation Q € R"*" can be carried out by
reordering the vertices of the original graph by sub-graph index. For example,
the new indices of the rows and columns in the set V; will be smaller than
those of the rows and columns in V. A lookup table can be used to keep track
of the change in the indices.

By applying the permutation Q to to (3.1), one obtains
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(a) An example partitioned graph. (b) The block form corresponding to the

example graph.

Figure 3.4: An example graph, partitioned into three sub-graphs, and the sparsity pat-

tern of the corresponding matrix with the block form in (3.19). In the repre-

sentation of the sparsity pattern, the non-zero entries are shown with dots,

while in the representation of the graph external edges are represented

with dashed lines.

_ 4 - ek ~ ek
I() Lo 0
/ /
/ /
/ - /
0 E3 13 Y 3
’/ /
L E”s Ins 4 L mns - - bn -
L' x’ b

(3.19)

where L' := QTLQ, =’ := QTx, and b’ := QTb. In (3.19), the blocks I; and

Ej are associated with V}. As shown in Figure 3.4, the elements in block Ej

are associated with external edges, while the elements below the diagonal in

block I are associated with internal edges of sub-graph Gi. The vectors xj,

and by, are defined in R, where 1y is the number of vertices in Vy. Also, Ii

is a ng-by-ny lower triangular real matrix, while matrix Ej is a real matrix with

1 rows and Z’;;ll np columns. By construction, as required by condition II, 7

is always smaller or equal to 71max.

Equation (3.19) can be written in terms of x, thus obtaining
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E; '2 + Lixj, = by, fork=1,2,...,n (3.20)

and E; = 0.

3.2.2  Algorithm of the solve phase

The solve phase of TASSL computes the solution of n; equations of the form
in (3.20). Although one can solve the n; equations in sequence, from k = 1
to k = s, some of the equations may be independent since some sub-graphs
may not have external edges that connect them. For example, in Figure 3.4,
sub-graph G; and sub-graph Gz are not connected, so their traversal can be
carried out in parallel. In general, the set of sub-graphs can be partitioned into

Nevels Subsets of independent sub-graphs

LiULyU---U £nlevels

where the set £, is called the sub-graph level of index p, for p = 1,2, ..., jeyels-

The proposed solution technique for (3.19) is outlined in Algorithm 3.2. A
GPU kernel is executed njeyels times, each time for a different sub-graph level,
in sequence. At each kernel execution, a group of work items, called a work
group, is associated with each sub-graph Gi. This is because the algorithm
stores the values of vector j,. € R™ in local memory which can only be ac-
cessed by work items in the same work group. This allows data is to be shared
across all the work items that process Gi. The values of x, are initialised with
b, then external and internal edges of sub-graph G; are processed. The com-
putation in the two cases is of the same type: a sequence of multiply-and-add
numerical operations like that in (3.3).

The aim of the analysis phase, which precedes the solve phase, is to find a
feasible partition of G with the minimum number of sub-graph levels. In prac-

tice, if the partition has few sub-graph levels, few GPU kernels are executed
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Input: v, L1, Lo, ..., Lyper Tig and ’77<’q Vg, k=1,2,...,s
Output: =’
1 x b
2: for p < 1,2, ..., Mevels
for all ¢ € £, do in parallel
Tioc ¢ Tg
forg+1,2,..., nglotsg
for all (i,j) € 7;, do in parallel > SIMD

/Y,
Xloc,i € Xloc,i — li,]' x]'

forqg 1,2, ..., ngots g
for all (7,j) € Tg4 do in parallel > SIMD
10: Xloc,i € Xloc,i — lz{/]' Xloc,j

R AN L A

11: :c('g — Tioc

Algorithm 3.2: The solve phase of TASSL for a STL like that in (3.19). The vector xj,. is
stored in local memory, and it is defined in IR"¥, where 1, is the number
of vertices in V. In the pseudocode, £, with p = 1,2,..., fjeyels are
the sub-graph levels, and lz{j is the entry in row i and column j in the
matrix L. Also, Tgq and 74, are the g-th time slot of internal and

external edges respectively, in sub-graph Gg.

and synchronisation has a small effect on performance. Also, if the number of
GPU kernels is small, a high number of sub-graphs are traversed concurrently
and consequently the GPU is used efficiently.

Using the nomenclature introduced in Section 3.1.1, the computation of each
sub-graph Gy is organised in one or more time slots, unlike in the solve phase
of CUSPARSE where the computation was organised in one time slot per sub-
graph. Also, in TASSL the active elements are graph edges and not vertices
as in CUSPARSE. Hence, in TASSL only one numerical operation is associated
with an active element.

Also, for sub-graph Gi, numerical operations associated with external edges

/

are distributed over Nglots,

 time slots, while numerical operations associated
with internal edges are distributed over 7gos x time slots. For TASSL, the g-th
time slot in sub-graph Gy is represented with 7y, when referring to internal
edges, and 7/ ; When referring to external edges. At the end of the algorithm,
T1oc is copied to x},. The worst-case computational complexity of the algorithm

is O (Nedges), Where flegges is the number of edges in the graph G.
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The difference between the numerical operations associated with time slots
of internal and external edges is the memory locations accessed. This is be-
cause when processing internal edges most memory accesses are in local mem-
ory, as shown in line 10 of Algorithm 3.2. Instead, when processing external
edges most of the locations are in global memory, as shown in line 7. As dis-
cussed in Section 2.1.2 of Chapter 2 (page 26), the access latency of local mem-
ory is much lower than that of global memory. Also, since TASSL requires only
one numerical operation per active element, one can expect a much smaller
thread divergence compared to that of CUSPARSE. Because of these features,
the solve phase of TASSL is expected to achieve a higher efficiency factor com-
pared to that of CUSPARSE.

Moreover, as seen both in line 7 and in line 10 the results of both types of
numerical operations are written to locations in local memory. This allows
for the use of local memory barriers instead of global memory barriers as
in CUSPARSE. However, compared to the solve phase of CUSPARSE, that of
TASSL has two overheads: the application of the permutation Q to the elements
in (3.1) to obtain the block form in (3.19), and the copying of data to and from
local memory in line 4 and line 11 of Algortithm 3.2. To evaluate how these
overheads affect the performance of the solve phase of TASSL, a performance

model was developed.

3.2.3 Analysis of the algorithm

In this section, a performance model for Algorithm 3.2 is derived, which is
then used in Chapter 4 to work out a technique to partition the graph G. The
purpose of the performance model is to predict the execution time accurately
and to characterise the execution time in terms of graph attributes.

In Algorithm 3.2, at each sub-graph level some numerical operations that
are associated with either internal or external edges are carried out. These
numerical operations are shown at line 7 and line 10 in Algorithm 3.2, where
ll{/]. is the entry of matrix L’ in row i and column j. The time to execute a

numerical operation depends on the location of each of the operands. If (i, )
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!
]

can be accessed with relatively low latency. On the other hand, if (i,j) is an

is an internal edge, then x; and x/ are both in local memory, and their values
external edge, x;- is in global memory, while x/ is in local memory. The access
latency of the value x; depends on whether this value is in some cache memory
or not but, on average, this latency is greater than that of data in local memory.
Moreover, the cache hit rate when accessing the location of l{,j depends on how
the matrix is stored. For these reasons, the model developed in this section
considers two different values of operation efficiency: 7, is the operation
efficiency of the g-th time slot of internal edges 7, of sub-graph G, and ’7;,5/
is the operation efficiency of the 4'-th time slot of external edges 7g .

The development of the performance model is similar to that of the solve
phase of CUSPARSE, which was carried out in Section 3.1.2. Given a sub-
graph G, the execution time t¢ ; of the time slot of internal edges 7 ;, and the
execution time t/gq/ of the time slot of external edges 7;,’, g can be written as

.
teq~ —— + 04

7

t

roo b 1o
84"l g4’

Wg/q

where 0y ; and (75’, g are always equal to the execution time of a barrier in local

/

memory 0Ojocal- If nslots,g and nslots,g

are respectively the number of time slots of

internal and external edges, the execution time of sub-graph G, is given by

nslots,g n:/;lots,g
~ /
tsub-graphg & ), teq T Y toq +Prig
=1 q'=1

) (3.21)

n

L 1

= Z 7 + Z 17/ + (nslots,g + 7’lglots,g)o'local + ﬁng
qg=1 134 g=1 "Igq

Mglots,g

In (3.21), B is the transfer rate from global memory to local memory and from
local memory to global memory, 1y, = |Vg| is the number of vertices in sub-
graph Gg, and ¢ is the inverse of the theoretical throughput T of SIMD instruc-
tions of the type in (3.3). The execution time of sub-graph level £, is given by

the longest execution time of a graph in the sub-graph level, which is
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tlevel,p ~ ?;%X {tsub-graph,g}
P

”slots,g n;lots,g
/
= max {l E — +1 2 7 + (nslots,g + nslots,g)glocal + 5”g}~
q:l ;/]g/q q/:l ﬂg,q/

This is then summed across all sub-graph levels, obtaining

Nevels nSlOtS,g nélots,g
!/
taigo = Z m%x {l Z +1 Z — + (nslots,g + ”slots,g)(flocal + ,Bng}
p=1 8&ky q=1 Ug'q q'=1 Tlg,q’
+ KMijevels-

(322)

where « is the time required for starting and stopping the execution of a GPU
kernel.

Becase of the max operator, the values of 7., and Wé,q’ in (3.22) are difficult
to compute from experimental data. One technique to overcome the issue is to
consider these values constant across all sub-graphs and time slots, requiring
Mgq = Mint V8, qand 1y . A flex Vg, q'. If this approximation is applied, #int
and 7ex¢ can be computed using a nonlinear optimisation method [135].

If p is the index of the sub-graph in sub-graph level £, with the longest

execution time

l
nslots,g nslots,g

]5 = argmaxgeﬁp {l Z — +1 Z — + (”slots,g + ”;lots,g)alocal + :Bng}’
=1 g1 =1 g
(3-23)

substituting in (3.22), it results:
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Nevels Nglots, p nélots,f;
/
talgo = Z |:l Z . +1 Z / + (nslots,ﬁ + nslots,ﬁ)alocal + ﬁ”ﬁ
p:l q:l ﬂp,q i]’:1 ﬁ,q/
+ KMievels
Nievels nSIOfSrﬁ 1 slots p
:lz<2m+2ﬂ ) (3-24)
p=1 g=1 1221 p.q'
Mlevels ,
+ Clocal 2 (n510t5,f7 + nslots,ﬁ) + KMlevels
p=1
Nievels
+B Y
p=1

Then, similarly to the case of the analysis of CUSPARSE, the first term of (3.24)
can be multiplied and divided by #eqges Z”lem (nslots,ﬁ + nélots,ﬁ) to define the
concurrency factor C as

Nievels
Zp_l (nslots,p + nslots P)

C=1- (3-25)
Nedges 3%

and the efficiency factor # as

Mevel
Zp_l ’ <n510tS/P + nslots p)

ni= - . (3.26)
Nievels slots,p 1 slots p
Substituting (3.25) and (3.26) in (3.24) one also obtains:
1— C Nievels , Myevels
talgo = T”’ledges =+ Olocal Z (nslots,ﬁ + nslots,ﬁ) + KNlevels + P Z Ny, (3-27)
p=1 p=1

from which, using (3.25), one can define the synchronisation overhead ¢

KHjevels

n
=1 ——levels 28
o . Olocal + (1 — C)nedges (3 2 )
and the local transfer overhead A
anilels N4
A= 7'?_(:’9 LI (3.29)
i Medges
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In particular, the local transfer overhead represents how much time is spent
transferring data to and from the local memory with respect to the time spent
carrying out numerical operations. Apart from the local transfer overhead,
these metrics have also been defined for the solve phase of CUSPARSE in Sec-
tion 3.1.2, from which one can also generalise the concept of effective operation

time 7. In fact, by definining 7 := é (14 0+ A) it results
talgo = (1 - C)TnedgeS/ (3-30)

which is the same expression that was obtained for the case of CUSPARSE
in (3.13).

As for the solve phase of CUSPARSE, one can define the per-thread concur-
rency of the matrix L with respect to the solve phase of TASSL as:

!
MaXie{Ly,L0,.., Loy 0} { Yiger MaXg,y {\Tgnq\z |7;7,qf } }

W = , 31
- (3-31)

which represents the maximum number of work items used to execute the
algorithm on the GPU. When W is close to one, also C is close to one because
the number of SIMD instructions in the longest SIMD thread are few. Moreover,

the validity of the model developed in this section is limited to the case

w < T, (3-32)

Nedges

where ncy is the number of compute units in the GPU, ad n,, is the maximum
number of work items per compute unit. This is the case in which not enough
SIMD threads are used to occupy all the compute units in the GPU and the
overhead of scheduling work groups of compute units can be neglected.

The solve phase of TASSL also requires applying the permutation matrix Q
to the right-hand side vector z in (3.1) to obtain the vector ’ of the block form
in (3.19), and then its inverse. The total execution time of these permutations

is given by

tperm R asn + ag (333)
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where a3 and a4 are positive real numbers and # is the number of elements of

.

3.2.4 Evaluation of the performance model

The model of the execution time of the solve phase of TASSL was
frassL A ttranst + tperm + talgo ’

hence

ttassL ~ (a1 + a3) n+

Nievels

/
Nglots,p 7/lslos, p
L P 220
p=1 Nint Hext

/
nslots,ﬁ + nslots,ﬁ)alocal + ,Bnﬁ

+ KMjevels + A2 + a4 (334)

where the values of a; and a, were taken from Table 3.3, the values of 4, «, Tiocal,
and  were taken from Table 3.1 for the Nvidia Quadro K4ooo GPU [132], and
all the other parameters but 7, a3, and a4 were known from the execution of
the analysis phase of TASSL. The values of p for each sub-graph level £, were
obtained using MATLAB’s nonlinear optimisation solver, which implements
an interior point method [85].

To obtain the values of 7, the solve phase of TASSL was executed over the
same test cases from the Florida matrix collection used in Section 3.1.3 for
CUSPARSE, whose features are summarised in Table 3.2 (page 72).

The numerical values of the obtained parameters are shown in Table 3.4 and
a visual comparison between the experimental data and the proposed model
is shown in Figure 3.5. In general the model overestimates the execution time
of those test cases whose execution time is less than 1 ms. This is because the
model assumes the the execution time of a barrier in local memory, denoted
with jpca1, and the memory transfer rate between global to local memory, de-
noted with B, to be constant. In reality, these values change depending on the

number of work items used by the GPU software.
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Table 3.4: Parameter values for the performance model of TASSL in (3.34). These
parameters were obtained by executing TASSL on 200 test cases from the

Florida matrix collection [133]. In this table, 77 and C are respectively the

average efficiency factor and the average concurrency factor.

Parameter Value
as 2.391 x 10_8 s/element
ay 2.296x107*s
7 4.407x1071
C 9.907x10~1
T TTTT T T T TTrTT I T T |
: o
(9]
2
e E 107 | -
= C 7
s 2 C ]
< 2 B ]
s 5T ]
@D _5 | i
2
e 10° — —
© C 7
AT L 1111111 L]
10° 102
Model (s)

Figure 3.5: Comparison between the experimental results on the execution time of the
solve phase of TASSL and the theoretical model in (3.34). Each point in the
diagram represents one of the 200 test cases taken from the Florida matrix

collection [133].

With respect to the model in (3.24), that in (3.34) is an application the tech-
nique described earlier in this chapter (page 81). For this technique, the value
of the operation efficiency 74, for time slots associated with internal edges was
approximated with a constant value #int, and that for time slots associated with
external edges qél g Was approximated with a constant value #ex. The values
of 7int and #ext change from problem to problem but it was observed that, on

average, #int Was 7.8 times higher than #ex:.
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Table 3.3 (page 73) showed that CUSPARSE obtained a mean value of the
efficiency factor 77 across the test cases of 17 % and a mean value of the concur-
rency factor C of 89 %. Instead, TASSL obtained a value of 77 of about 50 % and
a mean value of C of about 99 %. The two approaches are compared more in

detail in the next section.

3.3 EXPERIMENTAL RESULTS

To study how the performance of the solve phase of TASSL changes with the
sparsity pattern of L, five experiments were carried out. The experiments were
divided into two categories: experiments with automatically generated test
cases and experiments with test cases from the Florida matrix collection [133].

The solve phase of both CUSPARSE and TASSL was executed 100 times per
matrix in every experiment, each time with a different randomly generated
right hand side, and the mean of the results was taken. The experimental
results consider: the transfer of the right-hand side vector from the CPU to the
GPU, the additional vector permutations required by TASSL (included only in
the TASSL case), the execution of the solution of the STL, and the transfer of
the result back from the GPU to the CPU. The transfer of the STL matrices is
not included because both TASSL and CUSPARSE are to be used in iterative
methods, where the matrix is transfered only once at the beginning of the
algorithm [16]. The double-precision floating point format was used for matrix

entries in both types of test.

3.3.1 Automatically generated test cases

Automatically generated test cases are matrices that were generated to have
specific properties, with the aim of studying the performance of the algorithms
in function of specific graph attributes. The execution time of the solve phase
of TASSL, which was implemented with OpenCL, was measured and it was

compared to to the execution time of the corresponding CUSPARSE library
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function [16] on the same GPU. On these automatically generated cases, two
experiments were carried out.

The objective of the first experiment was to measure how the execution time
of the solution algorithm scales in block-diagonal matrices. In fact, in block-
diagonal triangular matrices, if the size n. of each block is less than 7may, there
are no external edegs in the graph. To carry out the experiment matrices with
16 diagonal blocks were generated, with block size 7. that ranged from 250 to
12000. The block-diagonal lower triangular matrices were generated such that

the ratio

o Nelements,c
ng

>

of the number of the non-zero elements in the blocks 7¢jements,c to the square
of block size n., was 0.1 %. This ratio is called block density and is about the
average measured on the test cases from the Florida matrix collection consid-
ered in Section 3.1.3 and Section 3.2.3. For each of the automatically gener-
ated matrices, the software was executed on an Nvidia K80 GPU with a peak
double-precision performance of 2.91 TFLOPS [136].

Figure 3.6 summarises the results of the experiment. In this experiment,
TASSL outperformed CUSPARSE in most test cases. In the smallest test case,
the overhead of permuting the right-hand side vector caused TASSL to be
slower than CUSPARSE. Also, the execution times of TASSL and CUSPARSE
became closer as the block size increased. This is because TASSL partitioned
the matrix in many sub-graph levels, which reduced the concurrency factor
with respect to the smaller test cases. The maximum speedup achieved was
2.5.

The objective of the second experiment was to measure how the execution
time of the solution algorithm scales with the number of diagonal blocks in the
input matrix. Block-diagonal matrices were generated with blocks of size 6000,
which is approximately the value of nmax for the Nvidia Quadro K4o00 GPU.
The number of diagonal blocks ranged from 8 to 512, while the block density

was the same as the previous experiment. For each test case, the software
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Figure 3.7: Execution time of the solve phase with randomly generated block-diagonal

matrices, each having blocks of size 6000.

was executed on an Nvidia Quadro K4o00 GPU with a peak double-precision

performance of 1.27 TFLOPS [132].

Figure 3.7 shows that TASSL outperformed CUSPARSE in all cases, because

TASSL always obtained one sub-graph level and a concurrency factor close to

one. The maximum speedup achieved was 2.
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Table 3.5: Experimental results on the test cases from the Florida matrix collec-
tion [133]. The mean values for the solve phase of CUSPARSE and TASSL
are shown. In the table, C is the concurrency factor,  is the effiency factor,
o is the synchronisation overhead, and A is the local transfer overhead. The

other metrics are used by the Nvidia profiler nuprof [129].

Mean value
Parameter

CUSPARSE TASSL

C 8871x10°! 9.801x10~1
7 3269x107!  4.408x107!
o 1.880x10%2  4.782x10!
A 4.741x10!

Thread divergence 20.4% 0%
Write L2 cache memory transactions ~ 4.067x10*  6.270x10°
Write DRAM transactions ~ 3.724x10*  6.001x10°
Read L2 cache memory transactions ~ 8.869x10°  4.282x10°
Read DRAM transactions ~ 4.750x10°  1.750x10°
Occupancy 28.0 % 50.0 %

3.3.2 Test cases from the Florida matrix collection

For each of the square matrices in the Florida matrix collection, only the lower
triangular part was taken so that the resulting triangular factors had the same
sparsity patterns as the lower half of the input matrix. Each of the obtained ma-
trices was executed on the Nvidia Quadro K4000. Of these matrices, only those
for which the execution time of the solve phase was known with a confidence
interval smaller than 10 % were considered. Table 3.2 (page 72) summarises
the features of the lower triangular factors that were used.

On the Nvidia Quadro K4000 GPU, the average execution time of the solve
phase of TASSL was compared to the execution time of that of CUSPARSE,
as shown in Figure 3.8, where each point corresponds to a test case. Points
above the diagonal line correspond to test cases in which the solve phase of
TASSL outperformed CUSPARSE’s function, while points below the diagonal
line correspond to test cases in which TASSL was outperformed. In 71 % of all

test cases, the execution time of TASSL was less than that of CUSPARSE.
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The experimental results summarised in Table 3.5, show that on average the
solve phase of TASSL achieved a higher concurrency factor and a higher effi-
ciency factor than CUSPARSE. Also, the synchronisation overhead for the solve
phase of TASSL was less than that of CUSPARSE because of the use of local
memory barriers instead of global memory barriers. However, the average time
spent transferring data from and to the local memory during the solve phase
of TASSL was about 47 times the time spent carrying out computations. The
higher efficiency factor with TASSL compared to CUSPARSE was also inves-
tigated with the Nvidia profiler noprof [129]. This tool showed that the solve
phase of TASSL had no thread divergence, while during the solve phase of
CUSPARSE, 20 % of branching instructions caused thread divergence.

Also, nvprof showed that the solve phase of TASSL achieved better data lo-
cality than that of CUSPARSE. In the nomenclature used by nuprof, each SIMD
memory instruction causes one or more data transfers, called transactions, be-
tween memories. For example, if a SIMD instruction accesses a datum that
cannot be found in the L2 cache memory, the memory sub-system counts one
unsuccessful transaction to the L2 cache memory and one transaction to the
DRAM memory. These memories and the complete memory sub-system of a
GPU are discussed in Section 2.1.2 of Chapter 2 (page 26). Table 3.5 shows that
during the solve phase of TASSL all the write transactions in the L2 cache mem-
ory caused a write transaction in the DRAM. However, the number of write
transactions was about one order of magnitude less than that of CUSPARSE.
Moreover, the read transactions to the L2 cache memory recorded during the
solve phase of TASSL were about half of those recorded during the solve phase
of CUSPARSE.

The result of these improvements in terms of thread divergence and data
locality is summarised by the occupancy metric of nvprof. This metric is the
ratio of the number of SIMD threads available for execution, which means not
waiting for memory transfers, and the maximum number of SIMD threads that
can be executed on a compute unit. The occupancy metric captures memory
latency access hiding, and the value of TASSL was about two thirds higher
than that of CUSPARSE.
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Table 3.6: Comparison between three test cases in the Florida matrix collection [133]:
circuit_3 is the test case for which TASSL shows the largest slowdown com-
pared to CUSPARSE, equal to 4.533, human_genez is the test case for which
TASSL shows the largest speedup compared to CUSPARSE, equal to 5.872,
and gpband is the test case in which TASSL shows the largest speedup com-
pared to CUSPARSE even if the value of the concurrency factor C for TASSL
is lower than that for CUSPARSE. In the table, t is the execution time of
the solve phase of CUSPARSE or TASSL, CS and TS mean CUSPARSE and
TASSL respectively, and C, 1, 0, and A are the metrics defined in this chapter.

circuit_3 human_genez gpband

CS TS CSs TS CS TS

t(s) 7.799x107* 3.535x1073 1.902x10~! 3.239x1072 7.678x10~* 5.762x10~*
C 8.313x10~1 8.565x10~1 3.444x10~! 9.979%x10~1 9.998x10~1 9.996x10~!

1 5.432x1071 4.479x10~! 5.822x10~! 5.002x107! 4.956x10~! 5.399x10~!
o 1.144x10!  5.048x10! 2.273 8.630x101 5.720x10% 1.755x10!
A 2.167x10! 8.753x 10! 3.556
— IIIII| T T IIIIII| IIIIII|
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Figure 3.8: Comparison between the execution time of the solve phase of TASSL and
that of CUSPARSE [16] on 200 test cases from the Florida matrix collec-
tion [133]. The points above the diagonal, which are 71 % of the total,
represent test cases in which the solve phase of TASSL outperforms that of

CUSPARSE. The software was executed on the Nvidia Quadro GPU.
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Table 3.6 summarises the experimental results for three particular test cases.
The worst slowdown achieved was 4.5 and the test case was named circuit_3.
In this test case, the concurrency factor of TASSL was almost equal to that of
CUSPARSE. However, the efficiency factor of CUSPARSE was higher than that
of TASSL, because of bank conflicts when accessing local memory during the
execution of TASSL. Also, the synchronisation overhead of TASSL was about
5 times higher than that of CUSPARSE. The best speedup achieved was of
about 5.8, on a test case named human_genez. For this test case, the concur-
rency factor was almost equal to one for TASSL and it was about one third for
CUSPARSE. Hence, although the synchronisation overhead for TASSL was al-
most 40 times that of CUSPARSE and the local transfer overhead was of about
88 %, TASSL was faster. Finally, test case gpband is the test case among those for
which Ccusparse > Crasst, and the speedup was the highest, equal to about 1.3.
For this test case, the synchronisation overhead of CUSPARSE was more than
300 times that of TASSL, which is because TASSL uses local memory barriers
instead of global memory barriers.

In the final experiment, it was investigated how the architectural attributes
of the GPU impact on the performance of the solve phase of TASSL. For this,
two different GPUs were used: an Nvidia Quadro K4000 and an AMD Firepro
W5000. The two GPUs chosen have about the same peak performance, which is
1.26 TFLOPS for the Nvidia GPU and 1.27 TFLOPS for the AMD GPU [132, 137].
However, while the AMD Firepro has a local memory capacity of 32kB, the
Nvidia Quadro has a local memory capacity of 48kB. Also, as specifications
of the two GPUs in Table 3.7 show, the compute units of the Nvidia Quadro
GPU contain more than double the processing elements of the AMD GPU. On
the other hand, the AMD Firepro GPU contains three times as many compute
units as the Nvidia Quadro GPU.

Figure 3.9 illustrates the results of the experiment, where points above the
diagonal line correspond to test cases in which the Nvidia GPU outperformed
the AMD one, while points below the diagonal line correspond to test cases
in which the Nvidia GPU was outperformed. In 74% of all test cases, the
execution time on the Nvidia GPU was less than that of the AMD GPU.
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Table 3.7: Specifications of the GPUs used to carry out the experiments. CU stands for

compute units, PE for processing elements, and LM for local memory size.

Platform Clockrate CU PE/cu LM

Nvidia Quadro K40o00 0.82GHz 4 192 48kB
AMD Firepro Wso00  0.83GHz 12 64  32kB
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Figure 3.9: Comparison between the execution time of the solve phase of TASSL on the
Nvidia Quadro K4000 and the AMD Firepro W5000 GPUs on 200 test cases
from the Florida matrix collection [133]. The points below the diagonal,
which are 74 % of the total, represent test cases in which the Nvidia GPU
outperforms the AMD GPU.

In particular, the maximum speedup achieved with the Nvidia GPU against
the AMD GPU was 4, on a test case named fd15. For this test case, because of
larger local memory on the Nvidia GPU, sub-graphs had a larger number of
vertices than on the AMD GPU. As a result, on the Nvidia GPU this test case
required only one sub-graph level with a single sub-graph. Hence, all edges
in the graph were internal edges on the Nvidia GPU. Instead, on the AMD
GPU, the solve phase of TASSL required two sub-graph levels with one sub-
graph each, which caused a reduction of performance compared to the Nvidia
GPU. The maximum speedup achieved with the AMD GPU with respect to the

Nvidia GPU was 3, on a test case named mczdepi. For both GPUs, the execution
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of the solve phase of TASSL on mczadepi required one sub-graph level with 47
sub-graph in it. Because the AMD GPU has three times as many compute
units as the Nvidia GPU, the AMD GPU carried out all computations three

times faster.

3.4 CONCLUSIONS FROM THIS CHAPTER

When solving STLs, the structure of the input matrix has a significant impact
on performance. As the experimental results show, the same algorithm carried
out on the same data with two GPUs of comparable peak performance can have
significantly different execution times. The algorithm illustrated in this chapter
overcomes the limitations of conventional sparse linear algebra algorithms for
GPUs by using local memory and taking advantage of an architecure-specific
partitioning of the data.

The approach described in this chapter, called TASSL, was shown to be
faster compared to the level-set approach implemented by the CUSPARSE
library [17], which is used by the ViennaCL library [18], the Paralution li-
brary [19], the MAGMA library [20], the LAMA library [21], and the GHOST
library [22]. In particular, TASSL takes advantage of the local memories inside
the GPU to increase data locality and reduce memory access latency. Also, a
theoretical framework was introduced in this chapter to describe sparse linear
algebra algorithms. Using this framework, it was shown that accepting the
overhead of copying data to the local memory can improve performance if the
data is reused. In practice, this happens in most of practical test cases.

The next chapter discusses how to partition the data of the input matrix of a
STL so that the solve phase, which was described in this chapter, can achieve

high performance.
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Given a STL
Lr =5 (4.1)

where the vectors  and b are in R” and L is a matrix in R"*", let G := (V,£)
be the directed acyclic graph associated with L. The aim of the analysis phase
of both TASSL and CUSPARSE is to find a partition of G that minimises the
execution time of the solve phase. The analysis phase of TASSL partitions the
graph G into the sub-graphs G1, Gy, ..., Gy, which are then organised in sub-
graph levels L1, Ly, ..., Ly, .- Inside each sub-graph, numerical operations
between two synchronisation points belong to the same time slot.

In this thesis, as described by Section 3.2.1 of Chapter 3, the sub-graph
Gk = Vi, Eintik U Eext k) Of G is composed of the vertices in the subset V, C V,
and the union of the sets of internal and external edges for Vi, which are
defined by

Emp ={(i,j) €ElieVeNjeE V],
Coxth ={(J) €E[1€VENEVA]EVi}.

For TASSL, as discussed in Section 3.2.3 of Chapter 3 (page 79), the execution
time of the solve phase is given by

1
Esolve A (1 - C)nedgesﬁ (1 + 0+ )\) (4~2)

where C is the concurrency factor, neqges is the number of edges in the graph G,
T is the maximum throughput of multiply-and-add SIMD instructions of the
GPU, 7 is the efficiency factor, ¢ is the synchronisation overhead, and A is the
local transfer overhead. The analysis phase aims to minimise (4.2) by achieving

a high value of the concurrency factor C, defined as

Mevels . /
2;,:1 (nslots,p + nslots,ﬁ)

Medges

C=1 (4-3)
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where p is the index of the sub-graph in sub-graph level £, with the longest
execution time. Also, the aim of the analysis phase is to achieve a low value of

the syncrhonisation overhead ¢, defined as

KHjevels

o :=nT |0 + —— .
i local (1 — C)nedges (4 4)

where 0joca1 and « are the execution times of two synchronisation mechanisms
used in GPUs, both discussed in Section 2.1.2 of Chapter 2 (page 26). The first
is the execution time of a local memory barrier and is in the order of magnitude
of 1077's, while the second is the time required to start and stop the execution
of a GPU kernel and is in the order of magnitude of 10™°s. A discussion on
all these metrics can be found in this thesis in Section 3.2.3 of Chapter 3.
While maximising (4.3) and minimising (4.4), the analysis phase guarantees

the satisfaction of two conditions:
CONDITION I: if an edge goes from a vertex in Vj to a vertex in V), then p > k.

CONDITION II: the number of vertices in the set Vj, denoted n;, must not be

greater than a positive integer nmax.

If both these conditions are met, then the partition is called a feasible partition.
After the partitioning, the analysis phase schedules the numerical operations
to be executed during the solve phase.

The analysis phase of TASSL is illustrated in Figure 4.1. The analysis phase
is divided in two stages: the partitioning stage, which is discussed in Section 4.1
and the scheduling stage, which is discussed in Section 4.2. The execution time
of the two phases depends on the structure of the graph G. This is discussed
in Section 4.3, which illustrates the experimental results.

While the analysis phase of CUSPARSE is executed on the GPU, the two
steps of the analysis phase of TASSL are executed on a multi-core CPU. This
is because the performance of GPU software is affected more than that of CPU
software by branching instructions, as if-else and case statements, of which
the algorithms described in this chapter are rich. This issue, called thread diver-
gence, is discussed in Section 2.1.2 of Chapter 2 (page 26).

The research contribution discussed in this chapter are the following;:
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STL Lz® = p®

'

Analysis phase (mCPU)

Find the disjoint
components

v

Permute L to L”

v

Merge small disjoint
components

v

Partition large
disjoint components

Partitioning stage

| Permute L” to L’

Assign graph edges
to time slots

v

Move L’ to the GPU

Scheduling
stage

v
Solve phase (GPU)

Breadth-first
graph traversal

Repeat for bk+V

Figure 4.1: Overview of the analysis phase of TASSL. In the figure, mCPU stands for
multi-core CPU. Internally, TASSL’s analysis phase creates two permuted

versions of the STL Lz(*¥) = p(*): [/72/"(k) = p’(k) and L'z’(*) = p’(k).

¢ An algorithm that partitions the vertices of a directed acyclic graph into

sets of a given size, which is dependent on the local memory of a GPU [23].

* An algorithm that schedules the numerical operations required to solve

a STL according to the partition of the directed acyclic graph [23].

4.1 PARTITIONING STAGE

The partitioning stage partitions the graph G = (V,£) associated with the

input matrix L in (4.1) into n; sub-graphs. The value of 7 is determined by the
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size of the GPU’s local memory, a small but fast memory inside each compute
unit of the GPU which can be used to reduce the latency of memory accesses.
The number of sub-graphs n; is defined as follows:

ng == ’7 & —‘ (4-5)

nmax

where 7 is the number of vertices in the graph G, and 11may is given by the size
of the local memory of the GPU, which is denoted with Mj,.,. If the data is
stored using the double precision floating point format, it is

Nmax = \‘]\/IlsomlJ . (46)

The aim of the partitioning stage is to obtain a small value of 7jeyels in (4.3)
and (4.4). In fact, a small value of 7jeyels means many sub-graphs in each sub-
graph level. On one hand, this increases the concurrency factor C. On the other
hand, a small value of #jeyels can mitigate the synchronisation overhead o de-
fined in (4.4). In fact, assuming that the number of time slots is approximately

the same in each sub-graph level, from (4.3) one has

Mevels ~ /
B Zp:l (nslots,p + nslots,f)) ~1— M

Nedges Medges

C .=

(4-7)

/

where M = Tgiots,p + o5, p

is constant for p = 1,2, ..., fjeyels. Substituting (4.7)

in (4.4) and in (4.2) it is

: (4.8)

1
fsolve = Mievels [M <T17 + Ulocal) +x

Hence, in a first order approximation, the execution time of the solve phase
can be considered linearly dependent on the number of levels. Also, in the
ideal case that the efficiency factor 7 is close to one and the total number of
time slots per sub-graph M is very small, it is toye /2 Mjevelsk, Which means the
execution time of the solve phase is dominated by the time required to launch
Mevels GPU kernels.

Because the number of sub-graphs n; is fixed, the technique used by TASSL
to reduce njeyels tries to put as many sub-graphs as possible in the first set £,

while making sure that the partition is feasible when the algorithm terminates.
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Figure 4.2: Execution of Tarjan’s algorithm for finding the disjoint components of a
DAG. When vertex 10 is reached by the algorithm from vertex 8, since
vertex 10 was already assigned to disjoint component Cp, both vertex 8 and

vertex 3 are also re-assigned to disjoint component Cj.

The partitioning stage is divided into three steps: partitioning into disjoint com-
ponents, merging small disjoint components, and partitioning large disjoint

components.

4.1.1 Partitioning into disjoint components

The first step of the partitioning stage is to partition the graph G into its 77comp
disjoint components, which are the parts of the graph that are not connected to
any other. If G can be partitioned into its disjoint components and the partition
is feasible, each of the components can be considered a sub-graph. As a result
Nlevels 15 one, which is the smallest possible value.

The partitioning into disjoint compoenents can be done using Tarjan’s algo-
rithm [138], which has complexity O(7 + #edges), Where 7 is the number of
vertices and 7legges i the number of edges in the graph G.

TASSL implements a form of Tarjan’s algorithm for directed graphs. First,
the implementation finds the root vertices of the graph, which are those vertices
that do not have entering edges. Each of these vertices is assigned a label and a
depth-first traversal of the graph G is executed starting from it. All the edges
found during the traversal that do not have a label are marked with the label

of the current root vertex.
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If during the traversal a vertex is found with a different label, the current root
vertex belongs to the same disjoint component as another one. This is shown in
Figure 4.2. All the vertices found previously and marked with the label of the
current root vertex are marked with the new label, then the traversal continues
starting from those vertices that still have unexplored exiting edges.

At the end of this partitioning step, there can be disjoint components that
have more than ny,x vertices, which means the partition at this stage is not
feasible, or a number of disjoint components that have very few vertices. The

latter case is addressed in the following step of the partitioning stage.

4.1.2  Merging small disjoint components

The second step of the partitioning stage is to merge together disjoint compo-
nents with less than ny,x vertices using a heuristic algorithm.

This step is necessary because each sub-graph is processed during the solve
phase using one compute unit of the GPU, as explained in Chapter 3. Inside
each compute unit of the GPU, the computation is divided in concurrent parts
called work items and the set of the work items executed by one compute unit
is called a work group. Groups of 32 work items are merged into a single SIMD
thread by the GPU compiler. If on a compute unit there are enough SIMD
threads ready for executing numerical operations while other SIMD threads
are waiting for memory operations, the GPU software can achieve high perfor-
mance. As discussed in Section 2.1.2 of Chapter 2, this is called memory access
latency hiding.

If the graph G is composed of many disjoint components with few vertices,
all the compute units in the GPU are used but the amount of numerical opera-
tions per each compute unit is small. Therefore, memory access latency hiding
is poor and, in (4.2), this is captured by a small value of the efficiency factor 7.
The merging step aims to mitigate this effect.

First in the merging step, all disjoint components are sorted with respect to
their number of vertices, from the smallest to the largest. Then, starting from

the smallest, disjoint components are merged together, such that the number of
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vertices of each merged component is never greater than ny,,x. A lookup table
can be used to keep track of the assignment of vertices to merged components.

Using this lookup table, the matrix L in (4.1) is then permuted into a block
diagonal form by constructing a permutation P. This can be done as follows:
the vertex with the lowest index i that does not have neither entering nor
exiting edges is permuted to index 1, the second one with the lowest index
that does not have neither entering nor exiting edges is permuted to index 2,
and so on until all the ng vertices that do not have neither entering nor exiting
edges are considered. Then, the vertex in V; with the lowest index is permuted
to index ngp + 1, and the process is repeated until all the vertices in the graph
G associated with the matrix L have been considered. This keeps the lower
triangular structure in L”, because each entry in L [;; with j > i is permuted
to an entry [, ;, of L” with j > i". Using P, the matrix L is permuted to a

block-diagonal matrix:

L"=PTLP = (4.9)

"
"merged i

where L/ with k = 0,1,..., Nmerged are lower triangular matrix blocks. Each
block is associated with one of the resulting merged components of the graph
G. In particular, Lj is a diagonal block, and it is associated with the vertices of
the graph G that have neither entering nor exiting edges.

At the end of this step of the partitioning stage, all conditions for the feasibil-
ity of the partition are met except possibly condition II (page 96), which gives
an upper bound on the number of vertices in each sub-graph. Hence, further
processing of the components is needed.

Because of the block diagonal structure of L”, the processing of each result-
ing component is independent from the others, therefore the third step of the

partitioning stage can be carried out concurrently on a multi-core CPU.
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: function ASSOCIATE_SUBG(V, p, imax, V1, V2, - -, Vnspm)
k—p
while n; > nmax
if k < nsplit
k+—k+1
else return error
Ve +— Ve U {7)}

return success

XN A RN R

Algorithm 4.1: Function that associates a vertex v with a sub-graph. The function looks
for a sub-graph whose index is between p and ngp;;, and that contains
fewer than nmax vertices. If there is no such sub-graph, the function

terminates with an error.

4.1.3 Partitioning large disjoint components

The third step of the partitioning stage is a heuristic that partitions those dis-
joint components that have a number of vertices greater than 71y, into sub-
graphs. This is done to obtain a feasible partition, such that the local memories
on the GPU can be used during the solve phase. If 7 is the number of vertices
in the disjoint component C := (W, }), this disjoint component is to be split

into

nc
Msplit = ’Vn -‘
max

sub-graphs G := (V1,&1), G := Vo, &), - -+, G = (Vnspht,é’nspm).

The basic operation of the partitioning heuristic is to put a given vertex v in
a subset Vi associated with sub-graph G; by making sure that the partition is
kept feasible. Hence, as illustrated in Algorithm 4.1, the vertex v is put in the
first subset V, with fewer than ny,y vertices.

The partitioning heuristic is illustrated in Algorithm 4.2. The heuristic uses
two containers of vertices: Vpext and Viur, on which it is possible to execute
three basic operations, which are the addition of an element (put), the sorting
according to a criterion «x (sort), and counting the number of elements (numel).

If (i,7) is an edge that goes from vertex j to vertex i, vertex j is called a parent
of vertex i and that i is called a child of vertex j. The set of the parents of a

vertex j is denoted with parents(j) in Algorithm 4.2, and the set of its children
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Input: C = (W, y), nsplit/ nmaXI K
Output: Vi, V,, ..., Vy

split

Ve {0} Vk=1,2, ..., gy
2! Vhext < empty
3t Vhext < put(?, Vaext) Vr € W | parents(r) = {@} A children(r) # {@}
4 Ninit < min{ngpye, numel(Viext) }
5: if nype > 0
6: Vaext < SOTt(Viext, k)
7: p<+0
8: for all k € Viext
9: if p > njpithenp < 1, elsep < p+1
10: e < ASSOCIATE_SUBG(k, p, imax, V1, V2, - - -, Vnsplit)
11: if e = error
12: Ninit <— |"init/2] and go to line 5
13: else for all v € children(k)
14: if #j € parents(v) | €V, Vg§=1,2, ..., nep
15: Vhext < PU’E(U, Vnext)
16:  while numel(Vpext) # 0
17: Veur < sort(Viext, )
18: Vhext < empty
19: for all k € Vyr
20: p < max{q € N | 3j € parents(k) A j € V;}
21: e < ASSOCIATE_SUBG(k, P, imax, V1, Va2, - - -, Vnspm)
22: if e = error
23: Ninit — |"init/2] and go to line 5
24: else for all v € children(k)
25: if #j € parents(v) [ j €V, Vg=1,2, ..., ng
26: Viext < put(v, Vnext)
27: ifJveW|v gV Vk=1,2,..., ngit
28: Ringt < |minit/2] and go to line 5
29: else terminate with success

30: else terminate with error

Algorithm 4.2: Heuristic algorithm that partitions a graph component C = (W, )),
into ngppe sub-graphs Gy == (V1,&1), Go = (W2, &), ..., Gy =
(Vnspm,gnspm). Each sub-graph has at most nmax vertices. The algo-
rithm uses the containers of vertices Veyr and Vnext, on which the put,
sort and numel operations are defined. In the pseudocode, « is the sort-
ing criterion, and parents(v) and children(v) denote the set of parents

and children of vertex v respectively.

is denoted with children(j). In line 3 of Algorithm 4.2, Vpex is initialised with
the root vertices of the component to partition, which are those vertices that
do not have any parents but do have children.

Initially, the root vertices are distributed across niyi¢ initial sub-graphs. As

shown in line 4, if the number of sub-graphs ngp;; is less than the number
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of root vertices, then 7t is chosen equal to Nsplit- If instead Nsplit is greater
than the number of root vertices, the aim is to maximise the sub-graphs in the
first sub-graph level by having one root vertex per initial sub-graph. The root
vertices in Vyext are then sorted according to a sorting criterion «.

At each iteration of the partitioning heuristic, in line 19, a vertex k is taken
from the container V., and it is associated with the sub-graph with the highest
possible index. This is described in line 21. If the associate_subg routine is
succesful, the children of the vertex k are considered, and those whose parents
are all assigned to sub-graphs are put in the container Vpex. When all the
vertices in V,r have been processed, the container Vyeyt is sorted and its content
are moved to Viur. Then, as shown in line 18, Viex is emptied before the
following iteration.

The partitioning heuristic is executed with different criteria x until a feasible
partition is found. Initially, the criterion is descending order of out-degree, which
means that the edges with the most children are also those in the sub-graphs
with the smallest indices. For example consider the case in which there are
two root vertices. The root vertex with the highest out-degree, denoted with
v1, is put in the first subset V; associated with sub-graph G;, while the other
root vertex, denoted with v,, is put in the second subset V, associated with
sub-graph G,. With this assignment of vertices to subsets, the children of vy,
which are more than those of v», can be assigned to more subsets.

If a feasible partition is not found immediately, it is because the execution of
the associate_subg routine was terminated with an error, which can occur either
in line 10 or line 21. When an error occurs, 7y is halved and the execution
of the heuristic is started from the beginning. This is because it is assumed
that the failure of the heuristic was caused by a too optimistic value of #jn;.
If ninir becomes equal to zero, then the whole heuristic terminates with an
error. Whenever this happens, the execution of the heuristic is repeated and
k is changed: from descending order of out-degree to ascending order of out-degree.
The latter criterion is more suitable to graphs that have a long an narrow shape
like that shown in Figure 4.3, because sorting vertices in descending order of

out-degree causes some vertices to be left out of the partitioning, while sorting
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(a) Descending order of (b) Ascending order of out-

out-degree. degree.

Figure 4.3: Comparison of two criteria for sorting vertices on long and narrow graphs
when #max is 3. When the graph is long and narrow, sorting vertices in
descending order of out degree causes the partitioning heuristic in Algo-
rithm 4.2 to fail because at the final steps of the algorithm some vertices
cannot be put in any subset Vy On the contrary, if vertices are sorted in
ascending order of out-degree, a feasible partition is obtained. The vertex

in red is that at which the partitioning algorithn gives the error.

vertices in ascending order of out-degree does not. For the same reason, sorting
vertices in descending order of out-degree is more suitable to short and wide
graphs like that in Figure 4.4.

Finally, if also this criterion does not achieve a feasible partition, x is changed
to ascending order of vertex index, which puts the vertices with the lowest index
in the subsets with the lowest index. Consequently, finding a feasible solution
that does not violate condition I (page 96) becomes more likely.

The worst-case computational complexity of each iteration of the partition-
ing algorithm is O(n + nedges), where 7 is the total number of vertices in the
graph and 7egges is the number of edges.

At the end of the partitioning stage a permutation Q is obtained, so that

input matrix L in (4.1) can be permuted to the block form
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(a) Ascending order of out-degree. (b) Descending order of out-degree.

Figure 4.4: Comparison of two criteria for sorting vertices on short and wide graphs
when 7nmax is 3. When the graph is short and wide, sorting vertices in
ascending order of out degree causes the partitioning heuristic in Algo-
rithm 4.2 to fail because at the final steps of the algorithm some vertices
cannot be put in any subset Vy On the contrary, if vertices are sorted in
descending order of out-degree, a feasible partition is obtained. The vertex

in red is that at which the partitioning algorithn gives the error.

_ W - ;B6 - _ 6 -
Il 0 iUll ,1
E2 Iz m’z _ ’2 ( 10)
0| Es | I 2 2 4
L Ey, L, |1 L mils N L b;S i
L ! b

where L' := QTLQ, ' := QTz, and b’ := QTb. The form in 4.10 is used by
the solve phase of TASSL, as discussed in Section 3.2.1 of Chapter 3. Since a a
number of vertices smaller or equal to nmax is associated with each sub-graph
Gy because of condition II (page 96), also the number of rows in the blocks I
and Ey is less or equal than nmax.

At the end of the partitioning the sequence of the equations in (4.10) is
known, together with the sub-graph levels L. In fact, one can build a graph
where each vertex represents a sub-graph and each edge represents the pres-
ence of one or more edges (i,j) where i and j belong to two different sub-
graphs. These edges are called external. An example of such graph is shown
in Figure 4.5. In this figure, the edge between sub-graph G; and sub-graph

Gz shows that there is at least one edge between vertices associated with sub-
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L

G Ga G4 Gs

Sub-graph Sub-graph Sub-graph Sub-graph|

Lemmm e

Figure 4.5: Example graph representing the relationship between sub-graphs. Each
vertex in this graph represents a sub-graph and each edge represents an
external edge in the original G graph after the partitioning. Sub-graphs
are into two sets: £; and £;. There is no path between sub-graphs in
each of the sets, because this graph is always a directed acyclic graph if the

partition is feasible.

graph G; and vertices associated with sub-graph Gs. Also, sub-graphs 1, 2, 4
and 6 belong to the set £; because they do not depend on any other sub-graph.
Similarly, sub-graphs 3 and 5 belong to the set £, because they are connected
to sub-graphs in the set £; and they do not depend on each other, therefore
in this example njeves = 2. Since condition I for feasibility (page 96) is always
satisfied if the partitioning is successful, this type of graph is always a directed
acyclic graph.

Although the partitioning stage always obtains a feasible partition if L is
lower triangular, it is not known whether the obtained partition is optimal,
which means if the obtained partition minimises (4.2). This depends only on
the partition of large components obtained with Algorithm 4.2. The technique
to find the optimal partition consists in posing an equivalent mixed-integer
nonlinear problem which can be solved by a solver like Scip [139]. Since find-
ing such a partition is a NP-complete problem [62], it can require many hours
of computation even for a small matrix. In turn, this makes evaluating the op-
timality of partitions obtained with Algorithm 4.2 impractical for any test case
of interest. Nonetheless, in general it can be observed that partitions obtained
with Algorithm 4.2 are farthest from the optimal if the graph associated with

L has much fewer root vertices than leaf vertices, which are vertices that have
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parents but not children. This is shown in Figure 4.6, where the optimal par-
tition has two sub-graph levels and the partition obtained with Algorithm 4.2
has four sub-graph levels. This is because Algorithm 4.2 does not use any as-
sumption on leaf vertices and only puts vertices in sub-graphs depending on
an initial assignment of the root vertices. Hence, for graphs like that shown
in Figure 4.6, the partition can be far from optimal and, by consequence, the
solution of the STL on the GPU can be less performant than with the optimal
partition.

In the worst case, it is jevels = 715 in the obtained partition and #jeyes = 2
in the optimal partition. Using (4.8) and assuming M and 7 are the same
for both the obtained partition and the optimal partition, the slowdown in
the worst case is equal to 7. For example, considering #max = 6000 like in
most of currently available GPUs, a STL with a matrix of 60000 rows and
60 000 columns would be solved approximately 5 times faster with the optimal
partition than with the one obtained during the solve phase in the worst case.

The partitioning stage gives coarse-grained information about data locality.
However, it does not give any indication about the order of numerical opera-
tions within each block in (4.10). This information is captured by the concept
of time slot, that is a set of numerical operations between two synchronisation
points. In TASSL, each numerical operation in a time slot is associated with an
edge. Given a sub-grah Gy, the g-th time slot is denoted with 7, if it contains
external edges. If the edges connect vertices in the same sub-graph they are
called internal and the time slot is denoted with 7¢ ;. The organisation of edges

into time slots is obtained by the scheduling stage.

4.2 SCHEDULING STAGE

During the scheduling stage, each edge in the sub-graphs Gy, G, ..., G; is
mapped to a time slot. Edges with the same time slot represent multiply-
and-add operations that can be executed at the same time, with the SIMD
paradigm. However, the computation represented by each sub-graph requires

further analysis in order to minimize conflicting memory accesses. For ex-
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(b) Partition obtained with Algorithm 4.2

Figure 4.6: Comparison between the optimal partition and one obtained with Algo-
rithm 4.2 assuming nmax = 3. In the figures, the leaf vertices are repre-
sented at the bottom, while the root vertices are represented at the top. In
a graph with leaf vertices than vertices at the top, the heuristic is less able
to achieve a low number of sub-graph levels than in the opposite case be-
cause it does not use any assumption on the leaf vertices. In the figure,
subset Vs is in sub-graph level £4, because it depends on subset V3 (L3),

which depends on subset V, (£;). The only subset in £ is V.

ample, consider the situation represented in the left half of Figure 4.7. The
variable x4 is obtained by the execution of two operations in any order, but if
the two numerical operations are carried out at the same time, a read-write
access conflict occurs. This is because each operation reads the value of the
variable x¢ and overwrites it with a new value. In general, this issue occurs

whenever two or more edges are directed towards the same vertex.
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E E 937<_377_l7,6$6 a xg(—xg—lg,ﬁl‘(;
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Figure 4.7: Examples of the two edge patterns in a sub-graph. On one hand, if two or

Te < Tg — l6,5 Ts

more edges are directed towards a vertex, the numerical operations asso-
ciated with them are in read-write conflict. On the other hand, if two or
more edges are exiting a vertex, the numerical operations associated with

them can be carried out in parallel with the SIMD paradigm.

1: function FIX_CONFLICTS
— ! ! !
(U/ Gk T (Vk/ gint,k U gext,k)/ 77(,1/ 77{,2/ R 77(rnslots,k’ 7;(,1/ k27 7;

l
’nslots,k

for all j € parents(v) | j € Vi
if 39 € parents(v) | g # jA (0,9) € Tip A (0,)) € Trp
t < min{h € N | h > p, fu € parents(v) € Ty,
Tit < Tt U{(0))}
for all j € parents(v) | j € Vi
if 3 € parents(v) | q # j A (q,0) € T{, A (v,]) €T,
t < min{h € N | h > p, Bu € parents(v) € T/,
w e T Vi)

return success

[
Q

Algorithm 4.3: Function that checks and solves possible read-write conflicts in nu-
merical operations. In the pseudocode, v is a vertex in sub-graph
Gr = (Vi Eintk U Eext k), 50 v € Vi. Also, parents(v) and children(v)
denote the set of parents and children of vertex v respectively, 7y , and
7;’ p denote the p-th internal and external time slot of sub-graph Gy,

respectively. The function always terminates with success.

The proposed solution to this problem consists of delaying one or more of
the operations and assigning the edges to different time slots. This is carried
out with the routine shown in Algorithm 4.3. There is no read-write access
conflict in the situation shown in the right half of Figure 4.7: in this case, the
operations overwrite the value of two different variables. Since the two opera-

tions can be done at the same time, this is also an opportunity for concurrency.
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Input: G := (Vy, &)
Output: Ty 1, T2, -, ﬁ/nslots,k’ 7;’ 1 k/, or s 7; o

slots,k

1: Veur ¢ empty
21 Veur ¢ put(r, Vnext) Vr € Vi | parents(v) = {@} A children(v) # {@}
3: 77(,;7 <~ {®} Vp

& T {0} p

5: forall v € Vg,

6 for all j € parents(v) | j € Vi

7 w1 < T U{(o))}

8 FIX_CONFLICTS (v, Gy, Tx1, Tk, - - -» Thngosrs ’7;’ » 77(’ e 77(’ »

slots,k

o: for all i € children(v) | i € Vy

10: Ti1 < Tra U{(i,0)}

if 3j € parents(i) | (i,j) & Tep A (1) € T, Vp
12! Vhext Pu’f(i/ Vnext)

13: while numel(Vpext) # 0

14: Veur = Vhext

15: Vhext < empty
16: forall v € Vyr

17: FIX_CONFLICTS(V, G, Ti 1, Tk s+ -+ Tongoerr Trar Teor -0 Ti, W
4 4 4 7slots,

18: t < 1+ max{q € N | 3j € parents(v) A (v,]) € Ty}

10: for all i € children(v) | i € Vy

20: Tt < Tt U{(i,0)}

21 if #j € parents(i) | (i,j) € Typ A (j,1) & ﬁ’p Vp

22: Vnext <~ PUt(i/ VHQX’E)

23: terminate with success

Algorithm 4.4: Algorithm that assigns the edges of a sub-graph G, to time slots while
making sure no read-write conflict occurs. The algorithm uses the con-
tainers of vertices Viur and Vpext, on which the put and numel operations
are defined. In the pseudocode, parents(v) and children(v) denote the
set of parents and children of vertex v respectively, while 7 , and 77{’ »
are the p-th time slot of internal and external edges respectively, for

sub-graph Gg.
4.2.1  Algorithm of the scheduling stage

The proposed scheduling algorithm, which is illustrated in Algorithm 4.4, as-
signs edges to time slots while taking advantage of any opportunity for con-
currency. Also, it avoids any read-write access conflict by delaying operations
if necessary by using the routine in Algorithm 4.3. Since each vertex is associ-
ated with only one sub-graph during the partitioning stage, sub-graphs can be

processed in parallel.
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Algorithm 4.4 assigns each edge to the first available time slot. Given a
vertex j, the conflicts in its entering edges are first solved with the function
fix_conflicts. Then, if Ty, is the last time slot to which one of the entering edges
was assigned, then the exiting edges are assigned to 7Ty ,.1. This is repeated
for all the vertices in the graph whose entering edges have all been assigned
to time slots, until all the vertices in the graph have been processed. The
algorithm is initialised with those vertices that belong to sub-graph G, and do
not have any parent vertex that belongs to the same sub-graph.

The worst-case computational complexity of the scheduling algorithm cor-
responds to the case in which every edge is reassigned to a time slot by the
function fix_conflicts. This gives O(Znedges), where 7legges is the number of

edges in the graph G associated with the input matrix L of the STL.

4.2.2  Comparison with the analysis phase of CUSPARSE

At the end of the scheduling stage, all information is available to carry out the
execution of the solve phase, and each vertex of the graph is associated with a
sub-graph. During the solve phase of TASSL, each sub-graph is processed by a
compute unit and all the edges in each time slot execute a numerical operation

of the type

!/ / / /
Xj 4 X; — ll-,jxj

where lz{,j is the entry in row i and column j of the matrix L’ in (4.10).

A preliminary analysis phase before solving a STL is also required by the
CUSPARSE library. This library is the most popular sparse linear algebra
library for GPUs and it is used within other sparse linear algebra libraries
such as the ViennaCL library [18], the Paralution library [19], the MAGMA
library [20], the LAMA library [21], and the GHOST library [22]. Chapter 3
discussed the shortcomings of CUSPARSE and showed that TASSL achieves
better performance in most practical test cases. In particular, this is because
numerical operations associated with internal time slots during the solve phase

of TASSL mostly access local memory inside the GPU, which has a low access
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Sub-graph G G

i 711 Ta, Ta,1 7'1/,1;' \‘7—1,,1 57'1/,1 Go \‘\7—1,,1
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o) 6 e o) & )
Subgrath

a) TASSL. (b) CUSPARSE.

Figure 4.8: Comparison between the result of the analysis phase on an example graph,
with max = 4, and the analysis phase as carried out by the algorithm
of CUSPARSE [16]. For each edge the corresponding time slot is shown
and external edges are denoted with dashed lines. The analysis phase of
TASSL resulted in six external edges and five internal edges, while the
analysis phase of CUSPARSE results only in external edges. Moreover, the
analysis phase of CUSPARSE resulted in four sub-graph organised in four
sub-graph levels, while the analysis phase of TASSL resulted in three sub-
graphs organised in three sub-graph levels.

latency. Instead, most numerical operations CUSPARSE only access global
memory locations, which have higher access latency. A comparison between
the analysis phase of CUSPARSE and that of TASSL is shown in Figure 4.8,
where it can be seen that the latter also results in fewer sub-graph levels.
However, with the analysis phase of TASSL, the maximum number of oper-
ations that can be carried out concurrently in one time slot is 7max. Instead,
with CUSPARSE, the maximum number of operations that can be carried out
in one time slot is equal to the number of vertices in the graph G, denoted with
n, which is usually greater than nmax. For example, consider the graph repre-
sented in Figure 4.9. The analysis phase of CUSPARSE assigns all the edges in
the graph to the same time slot, thus the concurrency factor C is equal to one.

Also the per-thread concurrency W, which is defined in Section 3.1.2 of Chap-
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Figure 4.9: Structure of the graph that can achieve the highest degree of parallelism.
The analysis phase of CUSPARSE [16] assigns all the edges in the graph to
the same time slot and obtains only one sub-graph level. Instead, the analy-
sis of TASSL partitions the graph into #/nm.x sub-graphs that are organised
on two sub-graph levels.

ter 3 (page 71), is equal to one. This metric captures how many work items can
be used to execute the solve phase of both TASSL and CUSPARSE. The solve
phase of TASSL partitions the graph in Figure 4.9 into */nm.. sub-graphs, such
that the first sub-graph includes vertex 1 and is in the first sub-graph levels,
while all the other sub-graphs are in the second sub-graph level. Considering
that the maximum number of work items per compute unit 7, is usually 1024,
TASSL also requires more than one time slot per sub-graph. As a result, the
value of W of TASSL is much lower than that of CUSPARSE. When # is 10°, for
example, W is 1.638x10° L.

Summarising, although TASSL usually gives better data locality than CUS-
PARSE, the maximum per-thread concurrency it can achieve is lower. A more

detailed comparison of the two approaches is given in the following section.

4.3 EXPERIMENTAL RESULTS

The experiments carried out on the analysis phase were of two types: those
that compare the analysis phase of TASSL to that of CUSPARSE are described
in Section 4.3.1, while those that analyse the execution time of the analysis

phase of TASSL are described in Section 4.3.2.
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4.3.1  Comparison with the analysis phase of CUSPARSE

Some matrices were generated with the aim of studying the performance of
the analysis phase of TASSL in function of specific graph attributes. For each
of these matrices, the sofware was executed on an an Nvidia K80 GPU with
a peak double-precision performance of 2.91 TFLOPS [136]. The objective of
the first experiment was to measure how the execution time of the analysis
algorithm scales with the number of vertices in the disjoint components of a
graph. To achieve this, the matrices were generated with 16 diagonal blocks,
each one associated with a disjoint component, with block size that ranged

from 250 to 55000. The block density

Nelemen
5= elenge ts,c
which is the ratio of non-zero elements in each block 7¢jements. to the square
of block size n., was of 0.1 %. This is also the average density of the test cases
from the Florida matrix collection [133] that were considered in Chapter 3 to
evaluate the solve phase of TASSL.

The analysis phase was carried out only once per data point on an Intel
Xeon Processor E5-2640 with 20 MB of L3 cache [140]. The algorithms for the
analysis were implemented in C++ and parallelised over a maximum of 6 CPU
threads. Figure 4.10 shows that the execution times of both the analysis phase
of CUSPARSE and the that of TASSL grow linearly with the number of non-
zero elements in the matrix. However, it was observed that the slope was
166 times steeper in the case of TASSL. Because of this, when using TASSL in
practice, the solve phase needs to be repeated before the execution time of the
analysis phase is amortised. The number of repetitions increases with the size
of disjoint components, as illustrated in Figure 4.11.

Another experiment was executed on a set of test cases from the Florida
matrix collection [133]. The analysis phase of CUSPARSE was executed on
the Nvidia Quadro K80 GPU [136], while that of TASSL was executed on the
Intel Xeon E5 CPU [140]. Similarly to the experiments carried out for the solve

phase on Chapter 3, only the lower triangular part of square matrices in this
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Figure 4.10: Execution time of the analysis phase with randomly generated block-

Repetitions of the solve phase

to amortise the analysis phase

diagonal matrices, each having 16 disjoint components, as a function of

the number of non-zero elements in the matrix.

10°

10*

Block size n_

Figure 4.11: Number of times the solve phase should be repeated before the execution

time of the analysis phase is amortised, and the total execution time is less

than that of CUSPARSE. Each of the test cases has 16 disjoint components

of the given size.

set of benchmarks was considered, so that the resulting triangular matrices

had the same sparsity patterns as the lower half of the original ones. Of all the

test cases examined, those for which the standard deviation of the measured
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Figure 4.12: Comparison between the execution time of the analysis phase of TASSL
and that of CUSPARSE [16] on 200 test cases from the Florida matrix
collection [133]. The points above the diagonal, which are 70 % of the total,
represent test cases in which the analysis phase of TASSL outperforms
that of CUSPARSE. The analysis phase of TASSL was executed on the
Intel E5 CPU and that of CUSPARSE on the Nvidia K8o GPU.

execution time was more than 10 % of the mean value were discarded, to filter
out the noisiest experimental data. Of the remaining test cases, the first 200
starting from that with the fewest rows and columns were considered.

The results of this experiment are shown in Figure 4.12. Of all the test cases
examined, the execution of the analysis phase of TASSL on the CPU was faster
than that of CUSPARSE on the GPU in 70 % of the cases. Although one could
say that a comparison between the analysis phase of CUSPARSE and TASSL is
not fair because they are executed on two different computer architectures, this
experiment showed that TASSL can be used for real applications and achieve

better performance than CUSPARSE in practice.
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Figure 4.13: Execution time of the partitioning and scheduling stages over randomly

generated block-diagonal matrices, each having 16 diagonal blocks.

4.3.2 Execution time of the partitioning stage and the scheduling stage

The execution time of the partitioning stage and the scheduling stage of TASSL
were measured when the analysis phase of TASSL was executed on the block-
diagonal matrices in the first experiment, which all have 16 blocks whose size
ranged from 250 to 55000. The CPU used was an Intel Xeon E5 processor [140].
As shown in Figure 4.13, the execution time of the analysis phase was domi-
nated by the partitioning step. In fact, as the size of the component increased,
so did the number of times the partitioning heuristic was to be repeated to

achieve a feasible partition. This is illustrated in Figure 4.14.

4.4 CONCLUSIONS FROM THIS CHAPTER

The algorithms discussed in this chapter partition the graph associated with
the matrix of the STL in a way that marries the sparsity pattern of the matrix
to the architecture of the GPU. Depending on the matrix, the analysis phase of
TASSL can be more time consuming than that of CUSPARSE, but in most test

cases from standard benchmarks it was shown to be faster. The analysis phases
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Figure 4.14: Number of repetitions required to achieve the feasible partition of a graph
component. For components of the same size, the geometric mean was
taken. Results obtained over randomly generated block-diagonal matrices,

each having 16 diagonal blocks.

of both CUSPARSE and TASSL can be time consuming, but their benefits are
evident in the reduction of the time of the solve phase, which was discussed
in Chapter 3. Also, if the solve phase is executed many times with the same
matrix, the cost of the analysis can be amortised.

Unlike the partitioning carried out by CUSPARSE'’s analysis phase, that de-
scribed in this chapter does not simply aim to maximise concurrency in the
execution of the solve phase. Instead, it aims to improve data locality by assign-
ing vertices to sub-graphs that share the GPU’s local memory, and to decrease
the overhead of synchronisation. The next chapter compares these two design
philosophies for parallel sparse linear algebra algorithms. This is done by us-
ing CUSPARSE and TASSL as building blocks for a more complex algorithm:
the preconditioned conjugate gradient method (PCG).
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EVALUATION ON PRECONDITIONED ITERATIVE
METHODS

Large scale linear systems are systems of linear equations with many rows
and columns, typically a hundred thousand or more. For this class of systems,
iterative methods [14], are usually convenient because they do not change the
structure of the matrix and they do not increase the number of non-zero ele-
ments [141]. However, iterative methods require the definition of a stopping
criterion, usually related to the desired quality of the approximation of the so-
lution. The better the quality of the approximation, the larger the number of
iterations.

To reduce the number of iterations, some iterative methods use an approxi-
mation of the matrix of the linear system that is easier to invert and is called a
preconditioner. The preconditioned conjugate gradient method (PCG) [14, ch. 9]
and the preconditioned generalised minimal residuals method (PGMRES) [14,
ch. 9] belong in this category:.

This chapter describes the application of the time-slot sub-graph level (TASSL)
algorithms to preconditioned iterative methods. While only the PCG is used
as an example the same principles also hold for the PGMRES and other algo-
rithms.

The scientific contribution of this chapter is in showing that the TASSL algo-
rithm can substitute CUSPARSE to accelerate preconditioned iterative methods.
This is the application domain where CUSPARSE is used by the ViennaCL li-
brary [18], the Paralution library [19], the MAGMA library [20], the LAMA
library [21], and the GHOST library [22].

Section 5.1 summarises some known results on the PCG method and its con-
vergence when the matrix is sparse. In Section 5.2 two implementations of the
PCG method are described: one that uses CUSPARSE and one that uses TASSL.
Section 5.3 discusses the experimental results for both artificial test cases and

standard benchmarks. In both cases, the TASSL implementation is shown to
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be faster than the CUSPARSE implementation. Section 5.4 is a short survey
of available GPU implementations of preconditioned iterative methods, which
shows that major sparse linear algebra libraries use the CUSPARSE implemen-

tation and would benefit from using TASSL instead.

5.1 THE PRECONDITIONED CONJUGATE GRADIENT METHOD

Apart from the experiment described in Section 5.1.2 (page 125), the contents
of this section are background information that is needed understand the ex-
perimental work illustrated in the other sections.

The PCG method is a modified version of the conjugate gradient method
(CG) [14, ch. 6], which is known to converge to the solution of a linear system

of equations in the form
Az =b (5.1)

in n iterations, where n is the number of rows and columns of the matrix

A € R"" In (5.1), A is assumed to be symmetric and positive definite.

5.1.1  Algorithm of the PCG method

Both the CG and the PCG methods aim to minimise a quadratic form. For CG,

this form is
p(x) = xTAx — zTb. (5.2)

The minimum of ¢(x) is the null vector, which is obtained when (5.1) is satis-
fied.
At iteration k + 1 of the CG method, the vector z(**1) is given by

26D () | (0)(K)

where the vector () € R” is the approximation of the solution of (5.1) at

iteration k. The vector p(¥) is conjugate to the vector p(*=1), which means that
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2(© 2
22
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2D ey
(a) CG method. (b) PCG method.

Figure 5.1: Operation of the CG and PCG methods. In both cases, the approximation
of the solution at iteration k + 1, that is z(**1) € R", is obtained from
that at step k by moving along the direction p(¥), which is conjugate with
respect to p(k_l), p(k_z), ., p(o). In the PCG method, the level surfaces

of the quadratic form resemble more to spheres, so convergence is faster.

(p(k))T Ap®) =0,

The direction p(?) is orthogonal to the level-surface of the quadratic form ¢ at
(%), as shown in Figure 5.1. The parameter «¥) is chosen to minimize ¢ along
p).

The PCG method works exactly like the CG method, as shown in Figure 5.1b,
but it substitutes ¢ with

¢'(x) = 2TM 1Az —2TM b, (5.3)

where M is the preconditioner, an invertible matrix defined in R"*". As a result
of the preconditioning, the level-surfaces of the quadratic form ¢’ are more
similar to spheres than those of ¢, which reduces the number of iterations
required for convergence [14, 142]. In the ideal case, M = A, so that level-

surfaces are perfect spheres.
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Input: A, b, M, kmax, T, ()
Output: =
10« b— Az

1
2 20 « M1,

3: P<0) « 2(0)

4 k<0

5: while k < kpax A ||r(k)||OO > [|b]|eeT
6: s Ap(k)

7: 0+ (p(k))Ts

s el o (p0)Tr0) /5

9: b+ (k) 4 f(0) (k)

100 D) e () _y(0)g

11: 2+ o pp-1p (k1)

12 ﬂ(k) — sTz(kt1) /5

13: plk+1) o (k+1) _ lg(k)p(k)

14: k+—k+1

Algorithm 5.1: The PCG method. In this algorithm, A is a positive definite matrix in
R" ", b is a vector in R", and M is the preconditioner, also defined in
R". The parameters kmax and T are respectively the maximum number
of iterations and the tolerance. Line is the termination condition and it
can be changed depending on the problem. The condition shown in the

pseudocode is that implemented in GNU Octave’s pcg function [143].

As shown in Algorithm 5.1, the PCG method requires the solution of a sys-
tem of linear equations (lines 2 and 11) at each iteration. The matrix of this
system of equations is the preconditioner M, which is often known in a fac-

torised form of the type

M = M Mg. (5.4)

The two factors are obtained either by incomplete LU factorisation (ILU) or
incomplete Cholesky factorisation [14, ch. 10] of the system matrix A. Both

families of algorithms aim to compute triangular factors such that

M= A,

without M; and Mg having many more non-zero entries than A. The approx-
imation affects the convergence rate of the PCG method, depending on the

sparsity pattern of A.
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(a) System matrix A. (b) Preconditioner M.

(c) Lower triangular factor My.  (d) Upper triangular factor My;.

Figure 5.2: ILUo of a matrix with a tri-diagonal sparsity pattern. Although the lower
and upper triangular factor have the same sparsity pattern as the lower
and upper part of the matrix A respectively, their product M := MMy
has a different sparsity pattern than that of A. In the figure, the difference
is highlighted in a different colour.

5.1.2 Preconditioners and convergence

Suppose the matrix A in (5.1) is a sparse matrix with the sparsity pattern
shown in Figure 5.2a. This type of sparsity pattern is called tri-diagonal and
is common in the field of finite element methods [14, ch. 2]. The incomplete
LU factorisation with zero fill-in (ILUo) [14, ch. 10] gives triangular factors with
the same sparsity pattern as that of the lower and the upper part of A, as
shown in Figure 5.2c and Figure 5.2d. However, the product of these factors
is not guaranteed to have the same sparsity pattern as A and can have more

non-zero entries, called fill-in.
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(a) Quality of the preconditioning. (b) Number of iterations of the PCG method.

Figure 5.3: Comparison of different incomplete LU factorisation algorithms carried out
on tri-diagonal matrices with bandwidth 10 and size 100. The real param-
eter y is the value of the non-zero elements in the secondary diagonals of
the matrix. When p increases, the preconditioning becomes poorer and the

number of iterations of the PCG method increases.

Other types of incomplete LU factorisation, such as the incomplete LU fac-
torisation with threshold and pivoting (ILUTP) [14, ch. 10], can reduce the fill-in
in the product of the triangular factors My and My; by adding more non-zero
entries to the factors themselves. Still, if A is very large, ILUTP can result in
an increase in memory occupation and if the elements of A have very different
values the preconditioner can be poor.

The quality of the preconditioner M for solving a system with matrix A can
be measured with the condition number of the matrix M—1A, denoted with
k(M~1A) [142]. If the condition number is much higher than one, the number
of iterations of the PCG method is very high, typically close to n. To measure
how the number of iterations of the PCG changes with respect to x(M~1A),
an experiment was carried out. This is the only original part of this section of
Chapter 5. Given a matrix Q with a hundred rows and columns with entries
given below for some y € R

1, ifi=jVi=j+1Vi=j—1,

9ij = L . ’
u, ifi=j+wVvi=j—w
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5.2 CUSPARSE AND TASSL IMPLEMENTATIONS

with w = 10 and A := QQT the matrix of a linear system, the quality of the
preconditioning was measured as a function of y. Figure 5.3 shows that, de-
pending on the value of y, the quality of the preconditioner can be poor inde-
pendently of the type of incomplete LU factorisation used so that the number
of iterations is close to the number of rows and columns n. Moreover, the num-
ber of non-zero entries in the factors obtained with ILUTP is 2.98 times that of
the factors obtained with ILUo.

The same numerical issue also occurs in the algorithms that compute incom-
plete Cholesky factorisations [14, ch. 10] and affects the convergence of the
PGMRES method, which also requires the solution of a linear system with the
preconditioner at each iteration [14, ch. 9].

Since the numerical effect of fill-in on the preconditioner is difficult to pre-
dict, the use of an accelerator, such as a GPU, can counteract possible negative

effects on the execution time.

5.2 CUSPARSE AND TASSL IMPLEMENTATIONS

Preconditioned iterative methods can require many iterations to converge to
the solution of the linear system if the system matrix A is sparse. Both CUS-
PARSE and TASSL aim to reduce the execution time of each iteration by using
a GPU, but require a preliminary analysis of the matrix A. In Chapter 4 of this
thesis it was observed that the preliminary analysis of CUSPARSE is more time
consuming than that of TASSL in practice. The additional cost of the analysis
is amortized if the number of iterations is large.

To compare CUSPARSE and TASSL, the PCG method was implemented for
this thesis with both algorithms.

The CUSPARSE implementation carries out both the linear system solves at
line 2 and line 11 with CUSPARSE. The matrix-vector multiplications at line 1
and line 6 are implemented with the same library while all other operations are
implemented with the CUBLAS library [10], which is the dense linear algebra
library given by the GPU vendor. This implementation is an expression of the

conventional design philosophy for parallellising numerical algorithms, which
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5.3 EXPERIMENTAL EVALUATION

is to transfer the data to the GPU only at the beginning of the algorithm and
to execute all the numerical operations on the device, aiming to maximise
concurrency.

The TASSL implementation of the PCG method only accelerates the linear
system solves at line 2 and line 11 with the GPU while implementing the re-
maining operations with the CSPARSE library [25], which does not use any
accelerator. This implementation is an expression of the design philosophy for
parallelising numerical algorithms suggested in this thesis, which consists in
not to aim to maximise concurrency only but to balance concurrency and data
locality depending on the structure in the data. This is carried out automati-
cally by TASSL, using the algorithms described in Chapter 4.

In terms of GPU operations, the two implementations are illustrated in Fig-
ure 5.4. Since no vector operations nor matrix-vector multiplications are accel-
erated in the TASSL implementation, one could think TASSL is disadvantaged
with respect to the CUSPARSE implementation. However, under the hypothe-
sis of the solution of STLs being the most time consuming part of each iteration,
this disadvantage can be neglected. Therefore, under this hypothesis, when
the TASSL implementation is faster than the CUSPARSE implementation it is
only because aiming to balance concurrency and data locality leads to better

performance than only aiming to maximise concurrency.

5.3 EXPERIMENTAL EVALUATION

The CUSPARSE and the TASSL implementations were compared experimen-
tally by executing three series of tests. In the first series, artificially generated
matrices were used to verify that the solution of STLs is the most time consum-
ing part of each iteration of the PCG method. In the second and in the third
series of tests the execution time of the CUSPARSE and the TASSL implemen-

tations are compared using artificial and non-artificial test cases.
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Figure 5.4: Comparison of the CUSPARSE and the TASSL implementations of the PCG
method. In the figure, the operations related to the GPU are highlighted.
In the CUSPARSE implementation, after some preliminary operations the
whole algorithm is executed on the GPU except for the evaluation of the
termination condition. In the TASSL implementation, the only part of the
algorithm that is executed on the GPU is the solution of two STLs using

the factorised form of the preconditioner.
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5.3 EXPERIMENTAL EVALUATION

Table 5.1: Breakdown of the execution time of one iteration of the PCG method for the
CUSPARSE and TASSL implementations. In both implementations, solving
linear systems of equations with the preconditioner M for system matrix is

the most time-consuming part of the iteration.

Part of the iteration Line in Algorithm 5.1 CUSPARSE (%) TASSL (%)

Termination condition 5 0.0208 0.0285
Computing «(*) 6-8 0.623 0.393
Computing & (*+1) 9 0.0710 0.0153
Computing 7 (k+1) 10 0.282 0.0301
Computing z(k+1) 11 98.6 99.0
Computing ,B(k) 12 0.130 0.0452
Computing p(k+1) 13 0.258 0.245

5.3.1 Breakdown of the execution time

In the first test, both the CUSPARSE and the TASSL implementation of the PCG
method were executed on a computer equipped with an Intel i7-3770 CPU with
a clock frequency of 3.40 GHz and a L3 cache memory of 8 MB [144]. Also, the
computer had an Nvidia GeForce GT 430 GPU, with a peak double-precision
performance of 403 GFLOPS [145].

Ten matrices with a random sparsity pattern were generated using GNU
Octave [143]. Considering that the GPU used has a local memory size of 48 KB,
the maximum number of vertices in a sub-graph nmax in TASSL was 6144, as
defined in (4.6) (page 98). Also, the GPU used has one compute unit. Hence,
the number of rows and columns in the matrices n was chosen to be 10%, so
that the whole device was used during the computation for both TASSL and
CUSPARSE. The density of non-zero elements

Nentries
§ =
n

which is given by the ratio of the number of non-zero entries in the matrix to
the total number of entries was 0.1 %, which is the average in the benchmarks

used for the solve phase of TASSL in Section 3.3.2 of Chapter 3 (page 89).
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5.3 EXPERIMENTAL EVALUATION

Each matrix was factorised with the ILUo algorithm, which gives factors
with less than half the number of non-zero entries compared to the ILUTP,
which makes ILUo more suited to large scale problems. The PCG method was
carried out with a random right-hand side vector, after setting a maximum
number of iterations equal to the number of rows and columns in the matrix
and a tolerance of 107°. These parameters were chosen because they are the
default settings in MATLAB [85], which was used to check the correctness of
results for both implementations.

For each implementation the geometric mean of the relative execution time
over all test cases was taken. The results are presented in Table 5.1, which
shows that solving linear systems of equations with the preconditioner M for
the system matrix (line 11 of Algorithm 5.1) is by a large margin the most time-
consuming part of each iteration for both implementations. For this reason, the
CUSPARSE implementation is not disadvantaged with respect to the TASSL
implementation for executing sparse matrix-vector multiplications on the GPU.

Summarising, this experiment shows that none of the two implementations
is disadvantaged with respect to the other. Hence, it is possible to compare
the execution time of the two implementations and draw conclusions about
the two different design philosophies for parallelising sparse linear algebra

algorithms.

5.3.2 Artificial test cases

The aim of the second series of tests was to show that the total execution time of
the TASSL implementation, which includes the preliminary analysis, is smaller
than that of the CUSPARSE implementation for a sufficiently high number of
iterations.

The two implementations were executed on a computer [146] with an Intel
Xeon E5-2640 v3 CPU that has a clock frequency of 2.6 GHz and a L3 cache
of 20MB [140], and an Nvidia K8o GPU with a peak double-precision perfor-
mance of 2.91 TFLOPS [136]. For the test, some diagonal matrices of bandwidth

20, of the same type as in Section 5.1.2, were generated in the form:
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_ - -
1 1 1 aZ,w—H
1 1 1
An—w,n
Aw
Awt1,2
L An,n—w 1 1 i

All the matrices had a different number of rows and columns. Also, each a
different value y of the entries on the diagonals at w = 10. Each generated
matrix was then multiplied by its transpose to obtain positive definite matrices
for the PCG method. The matrices were then divided into two sets. As in the
previous sets of experiments, the number of rows and columns 1 was 10* in the
set a so to keep the whole GPU busy during the experiments. To evaluate the
performance of both TASSL and CUSPARSE on large scale problems, # in the
set b was chosen to be about 100 times that of the test cases in set a4, so to have a
maximum execution time of about three hours for each test case. The value of
y was between 10~® and 1072 in both sets, which is a range that covers different
qualities of preconditioning. As shown in Section 5.1.2, different values of u
gave matrices for which the PCG method converged in a range of iterations.
The experimental results for the second test session are given in Figure 5.5.
In all test cases, the total execution time of the TASSL implementation was less
than that of the CUSPARSE implementation, proving that TASSL is preferable
to CUSPARSE for large-scale matrices that require a large number of iterations.
In particular, the maximum speedup measured was 2.11 and the minimum

speedup was 1.4.

5.3.3 Non-artificial test cases

In the third series of experiments, the total execution time of each of the two
implementations of the PCG method were compared over non-artificial test

cases. All band matrices with more than 10* rows and columns in the NIST
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Figure 5.5: Comparison of the total execution time of the CUSPARSE and TASSL im-

plementation of the PCG method when solving artificial test cases.

collection [147] were selected, so that both the TASSL and CUSPARSE imple-

mentations used the whole GPU. Also, all tridiagonal matrices were selected

to observe the effect of the sparsity pattern on the quality of the preconditioner,

as described in Section 5.1.2. All test cases were symmetric positive definite

matrices, so to be tested with the PCG method.

Table 5.2: Execution time of the PCG method implemented with CUSPARSE and
TASSL on some test cases in the NIST collection [147]. In the table, TET

means total execution time.

CUSPARSE TASSL
d
Name Iterations  TET (s) [terations TET (s) Speedup
besstk1y  1.00x10°  1.57x10°  1.00x10°  9.49x102 1.65
besstk18  6.78x10%  4.31 6.77x10>  3.29 1.31
gr 30,30 2.00x10' 3.39x10~! 200x10' 551x1072  6.16
nosy 3.00x10"  2.70x107! 3.00x10' 4.70x1072  5.74
s3dkggmz2  1.00x10°  6.23x10°  1.00x10° 5.34x10° 1.16
s3dktzmz2  5.09x10%  3.07x10> 5.19x10°  2.37x10? 1.29
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5.4 RELATED WORK

The same experimental setup and technique used for the artificial test cases
was also used for the non-artificial ones. For the non-artificial test cases, the
experimental results are summarised in Table 5.2.

In the results, it can be noticed that for the small tri-diagonal test cases
gr_30_30 and nosy the achieved speedup was much higher than in the other
test cases. This is because the preliminary analysis of TASSL is carried out on
the CPU and all the required data was easily stored in the large cache memory
of the Intel Xeon processor.

The smallest speedup was obtained on the large test case s3dkqgm2. On this
matrix, CUSPARSE’s preliminary analysis took 0.24s while TASSL’s analysis
took 3.8s. However, the total execution time of TASSL was less than that of
CUSPARSE because of the faster iterations. The average execution time of

iteration was 0.52s for TASSL and 0.61 s for CUSPARSE.

5.4 RELATED WORK

Bolz et al. described the first implementation of the CG method on GPU in 2003.
This implementation used a specialised technique for computing the sparse
matrix-vector multiplication (SPMVM) which required packing off-diagonal
matrix entries together in the same array, which is similar to the ELLPACK
approach [97]. The cost of communication was shown to be limiting the per-
formance of the implementation. Also, in the implementation of the Jacobi-
preconditioned CG algorithm by Buatois et al. the only sparse linear algebra
function used was SPMVM [149]. Using either the CSR or BSR sparse data
structures [17], SPMVM on GPUs was shown to be about 4 times faster than
on a single-core CPU with memory bandwidth being the limitation of the im-
plementation.

Li and Saad implemented the PCG method on GPU and single-core CPU
and observed that the sparse triangular solve is the most time-consuming part
in the execution of the algorithm [126]. Their approach to solving the STL was
similar to that of CUSPARSE [16], but their implementation was less sophisti-

cated since it required executing a kernel per each level.
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It was observed that communication is the largest overhead in GPU imple-
mentations of both iterative and direct methods [150]. As discussed by Nau-
mov, who implemented part of the Nvidia software library CUSPARSE [17],
this cost can be amortised only if enough concurrency should be available
from the structure of the matrix [16]. Moreover, when preconditioned iterative
methods are implemented using CUSPARSE, the cost of the analysis should be
taken into account too. The GPU sparse linear algebra libraries ViennaCL [18],
SPRAL [111], and GHOST [22] all provide sparse iterative methods for solv-
ing systems of linear equations. In particular, MAGMA [20] and PARALU-
TION [19] provide implementations of the PCG method which use the CUS-

PARSE functions when handling the preconditioner.

5.5 CONCLUSIONS FROM THIS CHAPTER

This chapter compared two different design philosophies for parallel sparse
linear algebra algorithms. CUSPARSE is the expression of the conventional
design philosophy, which consists in aiming to maximise concurrency, while
TASSL is the expression of the design philosophy proposed in this thesis,
which consists in balancing concurrency and data locality. The two design
philosophies were used as building blocks for implementing the PCG method.

Depending on the sparsity pattern of the system matrix, solving a linear
system of equations with the PCG can require a large number of iterations. Al-
though predicting the quality of the preconditioning is difficult, in Section 5.1.2
it is shown that preconditioners of banded and tri-diagonal linear systems can
be poor because of numerical instability due to fill-in. These types of matrices
arise from, among other fields, finite element methods [14].

Poor preconditioning results in a high number of iterations. In this case,
all experimental results in Section 5.3 show that the TASSL algorithm is faster
than the CUSPARSE algorithm because the extra cost of the TASSL analysis
is amortised. Moreover, since TASSL’s analysis is carried out on a multi-core
CPU, there are some test cases in which the execution time of TASSL's ana-

lyis is less than CUSPARSE’s, because for both algorithms the analysis phase
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consists of traversing a directed acyclic graph (DAG), which could offer little
opportunity for concurrency depending on graph structure.

The use cases described in the first part of this thesis are the same for the
two libraries. However, in the second part of the thesis it is shown that, unlike
the CUSPARSE approach, the TASSL approach can be used in the case of a
sequence of STLs with matrices that have a similar sparsity pattern. Because
of this, TASSL can be used to implement more advanced algorithms than the
PCG method described in this chapter. Before describing the implementation
of one of these algorithms, the next chapter first discusses how the idea of

sub-graphs behind TASSL can be used in this more advanced context.
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Part II

SOLVING A SEQUENCE OF SYSTEMS OF LINEAR
EQUATIONS

This part the thesis discusses a generalisation of the TASSL ap-
proach, described in the previous part, to the solution of sequences
of sparse triangular linear systems of equations (STLs) with differ-
ent matrices of the type AWz = pk®) wherek =1,2,..., Ngeq- Using
CUSPARSE, the analysis phase has to be repeated for every matrix
AW in the sequence. Instead, using TASSL the analysis of A%) can
be obtained from that of the matrix A%~ if the structure of the two
matrices is similar. Chapter 6 describes how the TASSL approach
can be generalised to the case of a sequence of STL, while experi-
mental results and the application of this approach to the simplex

method are discussed in Chapter 7.
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UPDATING THE RESULT OF THE ANALYSIS PHASE

Some algorithms require the solution to a sequence of sparse triangular sys-
tems of equations (STL), the matrices of which have similar sparsity patterns.
For example, the left-looking sparse LU decomposition (LL-LU) [25], factorises

a square matrix A € R"*" by solving n linear systems with matrices

L) 1.2

7 J ey

L=, L, L) g (tseq) (6.1)

where the matrix L) is defined in IR”*" and its sparsity pattern is the same as
that of L**1) and L~ but for one column at most. The LL-LU algorithm is
often used in circuit design and simulation [151], and the numerical solution
of the sequence of STLs is usually the most time-consuming part of the algo-
rithm. For instance, it is on average 90 % of the execution time of the package
KLU [151], when carried out on an Intel iy CPU with 8 MB of L3 cache [144]
over all square matrices from the Florida Matrix Collection [133].

The same type of sequence of STLs as (6.1) is also solved in flexible iterative
algorithms [14, ch. 9], which are preconditioned iterative methods that change
the preconditioner at each iteration. However, these algorithms require the
solution of two sequences of STLs instead of one: one for the upper triangular
factors and one for the lower triangular factors.

Two sequences of STLs are also solved by the simplex method (SM) [15], in
which the basic matrix M € R"*" describes the status of the algorithms at each
iteration and is stored in factorised form. On an Intel iy CPU with 8 MB of L3
cache and a clock frequency of 3.40 GHz [144], the sofware SCIP [139] spends
on average about 30 % of the execution time solving sequences of STLs when
carried out on linear programming problems in the NETLIB collection [12].
Because of this, accelerating the solution of sequences of STLs with GPUs is of
much practical interest.

This chapter discusses how to accelerate the solution of STLs with the TASSL

algorithm on GPUs. As shown in Figure 6.1, the TASSL algorithm is organised
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Figure 6.1: Operation of the time slot sub-graph-level (TASSL) algorithm for sequences
of STLs. The analysis phase is described in Chapter 4 in this thesis, while
the solve phase is described in Chapter 3.

in two phases: the analysis phase and the solve phase. When carried out on
a sequence of the type in (6.1), the execution time of the analysis of matrix
L% can be reduced by updating the results of the analysis of L*~1), hence
the overhead of the analysis is amortised over the whole sequence of matrices.
Section 6.3, which illustrates experimental results and practical application of
the approach discussed in the present chapter, shows that the execution time of
the analysis phase is about halved on non-artificial test cases when the results
of the analysis are updated.

The scientific contributions in this chapter are the following:

* A method to solve sequences of sparse matrices with similar sparsity

patterns on a GPU.

¢ A technique to update the partition of a directed acyclic graph (DAG)

when one or more edges in the graph change.
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Figure 6.2: Execution time of the partitioning and the scheduling stages: summary of
the experimental results in Figure 4.13 (page 118). The matrices considered
in the experiment had 16 diagonal blocks of varying size, each one with
the same ratio of non-zero entries to the square of block size, called density

of 0.1 %.

* A technique to update the schedule of numerical operations to solve a

STL according to the changes in the matrix of the STL.

This chapter is organised as follows, Section 6.1 discusses updating the par-
tition of the DAG, while Section 6.2 shows how to update the schedule, which
is the map of graph edges to time slots. The following Section 6.3 discusses

the experimental results.

6.1 UPDATING THE PARTION OF THE GRAPH

In Chapter 4 (page 118) it was shown empirically that the partitioning stage is
the most time consuming of the two stages of the analysis phase. The experi-
mental results, which are summarised in Figure 6.2, demonstrate that the time
spent on the partitioning stage grows with the number of rows and columns
in the matrix. Because of this, the partitioning stage is expected to take most

of the execution time of the analysis for large matrices, although the execution

139



6.1 UPDATING THE PARTION OF THE GRAPH

time of the scheduling stage cannot be neglected. If the similarities between the
sparsity patterns of the matrices are put to effect, the cost of the partitioning
can be amortised by updating the partition from one matrix in the sequence to
the other.

A technique to carry out the update can be derived by considering just two
matrices L and L’ in a sequence such as that in (6.1), assuming L := L*) and
L' := L*-1, where k is any number from 2 to the length of the sequence 71seq.
Although for the remainder of this chapter it is assumed that all the matrices
in the sequence are lower triangular matrices, the same derivation can be done
for sequences of upper triangular matrices. Moreover, the derivation in this
chapter assumes that the two matrices L and L’ differ in only one column,

whose index is jgi¢r. The entries of this column are

{(i/]/jdiff)/ (ié/jdiff)r ey (i;llele

jaie) } € €
for matrix L' and

{ (v, jaiee), (i, Jaite)s - - (ingens Jaitt) } € €

/

elem and 7gem are the number of non-zero entries in

for matrix L, where n
the column in matrix L' and L respectively, while £ and £ are the set of
edges in the DAGs G’ = (V&) and G = (V,€) associated with L' and L
respectively. The general case, when L’ and L differ in n4y¢ columns of indices
Jdife, 1, Jdift2s - - - » Jdiftng Can be obtained by applying the same considerations
of the case of a single column to each of the ngi¢ columns, from that with the
lowest index to that with the highest index.

During the partitioning step of the TASSL algorithm, the set of vertices V' in
the graph G’ is partitioned into n;ubg subsets Vg, V1, V5, ..., V' Mg A non-
zero entry I j in the set £ " is called external if j and i belong to two different
subsets, otherwise the edge is called internal. The partition ofthe graph G/,

obtained by the partitioning stage, is feasible if both the following conditions,

which are also discussed in Chapter 3 (page 75), are met:

CONDITION I: if an edge goes from a vertex in V' to a vertex in V'}, then

p >k
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Figure 6.3: An example partition DAG. Each vertex represents a subset of vertices in
the original graph and each edge represents the existence of one or more

external edges in the original graph G'.

CONDITION II: the number of vertices in the set V'y, denoted n,i, must not be

greater than a positive integer nmax.

Since the partition is feasible, it can be represented with a DAG in which
each vertex is a subset and each edge represents one or more external edges.
For example, in Figure 6.3 the edge between subset 1, and vertex V’; shows
that there is at least one edge (j,7) in the original graph such that j is in the
subset V', and i is in the subset V.

Let us assume that Figure 6.3 represents the partition, of the graph G’ asso-
ciated with matrix L' and that jg¢ belongs to either set Vo, V'x or V'; with
p < q < k, where V'y is the set of rows and columns of L’ that do not have
any entries. Each sub-graph in the partition is associated with a subset, for

example sub-graph G, is defined as
Gii=(Vé&), &={Gj)e|lieVinjeV}.

In particular, in Figure 6.3 no assumption is made on whether G, and G,
belong to the same sub-graph level (see Figure 4.5 on page 107).
Also, let us assume that the following matrix in the sequence L has a non-

zero entry [;; . that is missing in L’ or, equivalently, that the graph G has an

Ljdift
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Table 6.1: Possible cases for the update or re-partition of a DAG in a sequence. The
sets V'o, V' or V', are subsets of the vertices in the graph G’ associated
with the matrix L'. U stands for update, meaning that a feasible partition of
the vertices in the graph G can be obtained by updating the partition of G/,
whereas R stands for repeat, meaning that the partitioning stage has to be

repeated completely.

; Jdife
V/O V/k V/p V/q
Ve U U U U
Vi U U R R
vV, U U U R
Ve U U U U

edge (i, jaisr) where i belongs to either set V', V' or V';. Table 6.1 shows all
possible cases for the edge (i, jqif): in some of them, the graph G needs to be
re-partitioned completely to obtain a feasible partition, and in some cases the

partition of G can be obtained by updating that of G’

6.1.1  Cases when re-partitioning is necessary

Re-partitioning the graph G to obtain a feasible partition is necessary whenever

condition I (page 140) cannot be satisfied, that is when
(i,jaitt) € &, jar € Venie V', p<k p#0,k+#0.

These cases are illustrated in Figure 6.4. If the vertex i belongs to the subset

V'y it is always possible to add another subset to the partition by having
Neubg < n;ubg +1,

and assigning i to the subset Vy,_, .
If the vertex jg¢ belongs to the subset V', and vertex i to the subset V',
the structure of the partition DAG can be used to avoid re-partitioning. For

example, one could choose
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6.1 UPDATING THE PARTION OF THE GRAPH

Figure 6.4: Visual example of the cases in which re-partitioning the graph is necessary
shown in Table 6.1, in the case of a graph with 9 vertices. The dashed edge
in red between the subsets represents the edge added from graph G’ to
graph G. While the case at the top can be solved by exchanging the indices
of Vi and V'} in the partitioning of G, the other two violate condition I

(page 140) and require a complete re-partitioning.

and check if the partition obtained for G satisfies the definition of feasible
partition. However, checking for feasibility requires browsing all neqges edges

in the graph G, so it has complexity O(7eqges)-

6.1.2 Cases when the partition can be updated

As shown in Table 6.1, in most cases re-partitioning can be avoided because a
feasible partition for G can be obtained by updating the partition of G'.

The cases in wich either jgir € Vo or i € V’p can all be solved by adding
an extra subset to the partition of G and assigning either jgi¢ or i to it, as
shown in Figure 6.5. Otherwise, one can check if there exists a subset V' ,ofun
with a number of elements lower than an upper bound #nmax, which depends
on the size of the GPU’s local memory. To do this, one can use the function
next_nonfull_subg in Algorithm 6.1. If such a set exists, the introduction of a

new set is avoided if the vertex is put in the set V' ,,osq. If both vertices jg¢ and
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1: function NEXT_NONFULL_SUBG(Vy, V1, ..., Vnsubg, Nsubgs Mmax, Kstart)
2 k kstart

3 while [Vi| > nmax A k < Msubg

4 k< k+1

5 if k > nsubg

6 Nsubg ¢ Msubg + 1

7

return k

Algorithm 6.1: Function that finds the first subset of vertices with less than npyayx ele-

ments starting from vertex V.

(@) jaite € V0. (b)ie V.

Figure 6.5: Visual examples of the cases in which either the start vertex jqi¢ or the
end vertex i of the edge (i, jgiff) that is in G but not in G’ initially belong
to the subset V. This is the subset of the vertices in the graph that do
not have neither entering not exiting edges. In the figures, the dotted red
edges represent the possible cases in Table 6.1 and a possible update of
the partition is shown in case the subsets V' and V' q have less than nmax

vertices.

i belong to V'o, next_nonfull_subg is executed first on jqf starting from subset
V' and then on i. By doing this, one makes sure that both vertices are put in
subsets while the partition is kept feasible.

Although updating the partition of the previous matrix in the sequence re-

duces the execution time of the analysis phase, it can make the execution time

144




6.1 UPDATING THE PARTION OF THE GRAPH

of the solve phase longer. Considering the graph G, in Chapter 3 (page 81) the

execution time of the solve phase was given by

Nievels

tsolve ~ Z max
p:] ge‘cp

{ Nintslots, g 1 Nextslots, 8

T77' T17 + (nint,slots,g + next,slots,g)o-local + ﬁnvertices,g}
g=1 int,g,q g=1 ext,g,q

+ KMjevels-  (6.2)

In (6.2), Nevels is the number of sub-graph levels in the partition. Sub-graph
levels are sets of sub-graphs such that there is no path in G from one ver-
tex in one sub-graph to a vertex in another sub-graph. L, denotes the p-th
sub-graph level. In TASSL, numerical operations during the processing of a
sub-graph in the solve phase are organised in time slots. Time slots are sets
of numerical operations executed between two synchronisation points, for ex-
ample a local memory barrier, whose execution time is denoted in (6.2) with
Olocal, OF the starting or stopping of a kernel, whose execution time is denoted
in (6.2) with x. For the g-th sub-graph Gy, ningslots g and fextslots,g are the num-
ber of time slots associated with internal and external edges respectively. Also,
in (6.2) Myertices g is the number of vertices in Gg, and 7int,¢,g and 7ext,¢,4 are the
operation efficiencies of the g-th internal and the g-th external time slots of G,
respectively, which are discussed in Chapter 3 (page 66 and page 80). More-
over, in (6.2), T is the maximum throughput of multiply-and-add instructions
executed by the GPU, called SIMD instructions, and B is the transfer rate of
floating point values in double precision to and from the local memory of the
GPU.

As done in Chapter 3 (page 81), the model in (6.2) can be simplified by
assuming that operation efficiencies are constant across all sub-graphs and

time slots. For example, for internal time slots operation efficiencies can be in
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tirst approximation considered equal to #int, and for external time slots they

can be considered equal to 7ex. Then, (6.2) becomes

tsolve ~
Mlevels nint,slots,g 7’lext,slots,g
Z max + (nint,slots,g + next,slots,g)o-local + ﬁnvertices,g
p=1 g€Ly Tﬂint TT]ext
+ KNjevels
and then, by choosing
Tint = =+ Olocal
Tﬂint
Text = + Olocal
TT]ext
one obtains
Nievels
tsolve = Z ?é%x {nint,slots,grint + Mext,slots,g Text + ,anertices,g} + Khjevels- (63)
p:l r
Similarly, for the graph G’ it is
nievels
/ ~ / / / / / /
tsolve ~ Z ;2%,)( {nint,slots,gTint + next,slots,grext + ﬂ nvertices,g} + KMjevels-
p:l p

Let us assume that subset V'; and the subset 1, are in the same sub-graph
level in the partition of graph G'. If jgs is in V' and i is in V'), a feasible
partition of G can be obtained from that of G’ immediately in the case when
both subsets have fewer than nmax elements by choosing

Vi V/k
/
Vo<V
However, since in the resulting partition of G there is an edge from Vj to V),
the two subsets cannot belong to the same sub-graph level, the number of

sub-graph levels for G is given by

/
Mievels <~ Neyels T 1
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where 1, is the number of sub-graph levels of G'. If all sub-graphs are

processed in the same time

w = nint,slots,gTint + next,slots,gText + ,anertices,g VGg

o / / ! ! I
- nint,slots,gTint + next,slots,gText + ﬁ nvertices,g vGg

then (6.3) becomes

tsolve ~ Nievels (“ + CU) (64)

/
solve

and, being ¢ the execution time of the solve phase for G/, the relative in-

crease in the execution time, or slowdown is

! !
tsolve - tsolve ~ Mievels — nlevels _ 1

t/

/ /
solve nlevels nlevels

This approximation shows that when the number of sub-graph levels is small,
either because the matrix L’ is small or because concurrency is high, the ad-
dition of one sub-graph level causes a relatively large slowdown of the solve
phase.

If the subsets V' and V', belong to two different sub-graph levels, the edge
(i, jaifr) is external in the partition of graph G, so the scheduling can require
an extra time slot. Consequently, in the worst case and if (6.4) holds, the
slowdown of the solve phase is

tsolve — tgolve Text
~ , 6.
t (0 + w) 65

/
solve nlevels

which is negligible given that Tex is in the order of microseconds and the
denumerator is in the order of milliseconds or seconds. Similarly, if the edge
(i, jaige) is internal the slowdown under the same assumptions is

tsolve - t;olve ~ Tint ( 6. 6)

/ ~
tsolve nlevels (lX + w)

for the solve phase, which is also neglegible. Nonetheless, for long matrix
sequences (6.5) and (6.6) can sum up and cause a significant slowdown.
Because of the accumlated slowdown, sometimes it is preferable not to avoid

re-partitioning the graph. Also, measuring the slowdown is expensive, since it
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6.1 UPDATING THE PARTION OF THE GRAPH

requires checking all the 77¢4ges edges in the graph and has complexity O(nedges).
To choose whether to re-partition the graph, an algorithm is required.
Summarising, there are some cases in which re-partitioning the graph is nec-
essary, others in which re-partitioning the graph can be avoided without any
effect on the performance of the solve phase, and cases in which re-partitioning
is preferable because avoiding it can reduce the performance of the solve phase.
The proposed algorithm to update a graph partition ignores the third case to

reduce the execution time of the analysis phase.

6.1.3 Algorithm that updates a feasible graph partition

The proposed algorithm for constructing a feasible partition for graph G from
that of graph G’ is shown in Algorithm 6.2. The algorithm does not compute
the slowdown and does not repeat the partitioning when the performance is
reduced below a threshold. Instead, the algorithm sets a flag to repeat the
partitioning when one of the conditions in the definition of feasible partition
(page 140) is violated, hence the overhead of estimating the slowdown is cut at
the risk of an increase in the execution time of the solve phase.

Because of this, Algorithm 6.2 is particularly suitable to the applications in
which the sequence of matrices starts from a matrix with few non-zero entries,
for example, the sequence in both the LL-LU and the simplex method (SM).
Since the partition is built incrementally, for these sequences the algorithm
puts the vertices jqit and iy, ia, ..., iy, in the same subset until this subset
has nmax elements. Consequently, for long sequences a partition obtained with
Algorithm 6.2 is expected to cause a slowdown compared to a partition ob-
tained with a complete re-partititoning.

To overcome the cumulative slowdown, one could re-partition the graph
every Mrepart Matrices in the sequence regardless of the possibility of obtaining
a feasible partition by a faster update. The value of 7epart would then be
dependent on the application and the specific sequence and it could be chosen

manually.
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Input: G/’ VIOI V/l/ ey V/Vl;ubg’ G, ]dlff/ il, i2/ ey inelem’ Nmax
Output: Vo, V1, ..., V”subg’ Msubg, frepart

1 Msubg —n

/
subg

20 Vg V/k Vk € {Or L2,.. '/nsubg}
3t frepart < false

4: Sj —k Jaiff € Vk

5: if 5, =0

6: 5+ NEXT_NONFULL_suUBG(Vy, Vi, ..., Vnsubg’ Nsubg; 1)

72 Vs Vs U {jaise}

8 forr < 1,2,...,Mglem

9 si<q i €V

10: ifs; £20

11: if s; < Sj

12: frepart < true

13: else

14: $; < NEXT_NONFULL_SUBG(Vy, V1, . . ., Vitgogs Msubg: 57)
15: Vsl- < Vsi U {lr}

Algorithm 6.2: Algorithm that constructs a feasible partition for the graph G from

that of the previous graph in a sequence. In the pseudocode,
next_nonfull_subg is the function defined in Algorithm 6.2. The pre-
vious graph in the sequence is G’ and the partition of its vertices is
described by the subset V'o, V'1, ..., V' Wb The current graph in the
sequence G differs from G’ for the output edges of vertex jg; which

are incident to vertices iy, iy, ..., iy in the graph G. Also, the inte-

elem
ger number 11y, is the maximum number of vertices in a subset. The
subsets Vg, Vi, ..., Vnsubg represent the updated partition but if the

flag frepart is true, the partitioning has to be repeated as described in

Chapter 4 (page 97)

Avoiding to re-partition the graph reduces the complexity of the partition-

ing stage from O (#yertices + nedges), that is the complexity of the Algorithm 4.2

(page 103), to O(nelem ), that is the complexity of Algorithm 6.2, where #1¢jep, is

the number of elements in the new column, and yertices aNd 7eqges are respec-

tively the number of vertices and edges in G’. Moreover, if the graph is not

re-partitioned and if the scheduling algorithm is suitably modified, it can also

be avoided to re-execute the scheduling stage.
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6.2 UPDATING TIME SLOTS

The algorithm that carries out the scheduling stage which is described in Algo-
rithm 4.4 (page 111), has complexity O(2#eqges) and traverses all edges in each
sub-graph starting from the vertices that do not have any parent vertex.

If the partition of the graph is obtained by updating that of the previous
graph, the traversal can be limited to a subset of the vertices. This is because
the partition update in Algorithm 6.2 does not move already assigned vertices
from one subset to the other but just assigns vertices in V) to another subset.
Consequently, an external edge cannot become an internal edge or vice-versa.

To determine which part of the graph is to be traversed whenever the sched-
ule is updated, this section shows first the effect of the removal of edges and
next that of the addition of new edges between two graphs G’ and G. Using

this information, an algorithm for the update of the schedule is then discussed.

6.2.1  Effect of the removal of edges

To study the effect of the removal of edges, consider the structure of the graph
and the change in the edges shown in Figure 6.6. Suppose that in the graph
G’ the vertex ™efies has an output edge (™egices 4 1, Regices ) which is assigned
to time slot % If in the graph G this edge is removed and no other edge
is added, the assignment of edges to time slots is still valid. Since no partial
graph traversal is necessary the total number of time slots is still 7yertices — 1.
Repeating the scheduling completely would result in =< time slots.
Assuming only one sub-graph, (6.3) gives

~ / _
tsolve,norep Ao+ Tintnjnt,slots =&+ Tint (”vertices - 1)

Nyertices

2

tsolve,rep R & + TintMintslots = & + Tint

and the slowdown for the solve phase is
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1) Mert_y

Figure 6.6: Effect of the removal of edges on the schedule. In the figure, time slots are
represeted between parentheses, such that (1) is shorthand for time slot
71. When edge (“egices, vetiics — 1) js removed, since no edges are added,
repeating the scheduling stage would result in “efices time slots, while a

quick update of the schedule results in 7yertices — 1 time slots.

ven Vi a4+ T - Nyerti
tsol e,norep tsol e,rep int (nvertices ]) —a—T t%
Nyerti
tsolve,rep X+ T t%
Nyertices
Ti t (% 1)

o + Tint nverztices

Q

(6.7)

When the execution time of the solve « is negligible, the slowdown is about 1

and the execution time of the solve phase is doubled.
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The slowdown in (6.7) is specific to the graph structure shown in Figure 6.6,
which is the worst case, but in general the effect of removed edges can acumu-

late over the matrices in the sequence.

6.2.2  Effect of the addition of edges

To study the effect of the addition of edges, consider the case in which vertex
jaie has no output edges in the graph G’ but has ngem output edges in the
graph G. Let R be the set of vertices reachable from jgi¢f in G, which is the

set of all vertices i for which exists a sequence of edges of the type
(91, Jaise), (92,91)5 -1 (6 Gngeg) (6.8)
and be E4; the set
Eaitt = {(i,7) € € | j € Raie V1 € Raise } - (6.9)

Then, traversing all the edges starting from jg;¢ in G has complexity O(|Rgif| +
2|&qife|). In the worst case this is the same as repeating the scheduling com-
pletely, which has complexity O(2nedge5), where 7egges is the number of edges
in the graph respectively. However, the algorithm can be improved in some
specific cases.

Figure 6.7a shows one such case. If the new edge (jqis, 71) is put in a time
slot that is not the highest among the input edges of i, it is not necessary to
traverse the edges downstream. On the contrary, if the time slot is the highest,
as in Figure 6.7b, the change in the schedule is to be propagated to all the
edges that can be traversed from 7. In both cases, the schedule is guaranteed
to be correct, which means all the input edges of each vertex are assigned to
earlier time slots than the output edges, and all the input edges are assigned
to different time slots.

Avoiding traversal of the downstream edges can reduce the execution time
of the schedule update depending on the structure of the graph but it can
also have an effect on the solve phase. For example, consider Figure 6.7c,

showing the case in which edge (i1, joia) was present in a previous graph in
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(a) Only the edge (i1, jaif) is to be updated.  (b) Edge (i1, juf) and all following edges are
to be updated.

(c) Edge (i1, jaig) is to be updated, updating
the following can be avoided at the cost of

introducing empty time slots.

Figure 6.7: Updating the schedule of edges. In the figures time slots are represented
in parentheses next to the corresponding edge, such that (1) is shorthand
for time slot 7y, vertex jgis is the vertex whose output edges change in the

current graph.

the sequence and was assigned to time slot 79. In the current graph edge
(Jold, 11) is not present but a new one, that is (i1, joiq), is assigned to the time
slot 7;. Although it is possible not to traverse the graph starting from i, by
doing this one makes sure the output edges of i; are assigned to time slot 7Tg

and not 73y, which results in a longer execution time of the solve phase.
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Summarising, adding and removing edges from the graph can have an effect
on the execution time of the solve phase. In some cases, reassigning edges to
time slots can be avoided without any effect. In other cases, reassigning edges
to time slots cannot be avoided without introducing empty time slots, in which
no computation is carried out. These time slots reduce the performance of the
solve phase because they require the execution of synchronisation primitives
like any other time slot. The proposed algorithm always reassigns edges to

time slots to reduce any effect on the solve phase.

6.2.3 Algorithm to update time slots

To cancel completely the slowdown effect on the solve phase, the partial traver-
sal of the graph should involve all the vertices reachable from jg in both
graphs G’ and G, which are the sets R’ i and R g respectively. An algorithm

that carries out this traversal would have worst-case complexity
O (2|’ gigr U Eaite) ,

where Egir is the set of edges defined in (6.9) for graph G while the set &' 4y is
defined similarly but for G'.

The complexity of such algorithm can be very close to that of the complete
scheduling stage algorithm, which is O(Znedges) in the worst case. Moreover,
considering that the slowdown effect is canceled competely every time the
analysis phase is repeated without update, an algorithm with a smaller com-
putational complexity like Algorithm 6.3 is preferable.

Algorithm 6.3 has complexity O(2|E4i|). Although this algorithm does not
traverse the vertices in R’ g, it does traverse all vertices reachable from jg¢ in
the graph G. Consequently, it solves the problem shown in Figure 6.7c but not
that shown in Figure 6.6. However, this algorithm does not take advantage of
the cases like that in Figure 6.7a by reducing the part of graph traversed. Be-
cause of this, Algorithm 6.3 is not the algorithm with the lowest computational
complexity among those possible, but it balances computational complexity

and slowdown of the solve phase, if a limited slowdown is allowed.
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e 3 / /
Input: T int, 1, T int2s -« T mt'ngnt,slots/ Mintslots’
7 / /
T ext,1s T ext,2s « - T ext,n’

. ext,slots ’
Gs = (Vs, &), Jdiff

I
next,slots’

Output: 7;nt,ll 7;nt,2/ ceey ﬂnt/nint,slots’ Nint slotss %xt,l/ 7:3xt,2/ ceey %Xt/next,slots’ Next,slots

/

Nint,slots < Mint slots

1

2! Mext,slots *— n:ext,slots

3: ﬂnt,k — T/int,k vk € {1/ 2/ ey nint,slots}
4: ,Text,k <~ 7—’ext,k Vk € {1’ 2,..., nex’t,slots}
5: Veur < empty

6: Vhext < empty

7: Vour <= put(r, Vnext) Vr € parents(jqis)
8: forall v € Vyr

9 for all j € parents(v) | j & Vs

10: 7;xt,1 — 773xt,1 U {(v,])}

11 FIX_CONFLICTS(0, Gs, Tint 1, Tint 2, - - -, ﬂntrnint,slots

12: for all i € children(v) | i € Vs

13: Ting1 < Tin,1 U{(i,0)}

14: if }9] € parents(i) | (i,]) ¢ Tint,p N (i,j) & Textp Vp
15! Viext ¢ PUt(i/ Vnext)

16: while numel(Vpext) # 0
17: Veur <= Vhext

18: Vhext ¢ empty

19: forall v € Vyr

20: FIX_CONFLICTS(0, Gs, Tint 1, Tint 2, - - - ﬂnt,nmt,ﬂmy

21 t < 1+ max{g € N | 3j € parents(v) A (v,]) € Tint,q}
22: for all i € children(v) | i € Vs

23: 7;nt,t — 7;nt,t U {(Z/ U)}

24: if Bk € parents(i) | (/) & Top A () 2 Towp VP
25: Vrlext < put(i, Vnext)

26: terminate with success

7:3xt,1/ 7-ext,2/ sy %xt)

7’8Xt,1/ 7;Xt,2/ ey %xt,next,slots)

Algorithm 6.3: Algorithm that updates the assignment of edges to time slots from a

sub-graph G, := (V.,&!) of graph G’ to the sub-graph Gs := (V, &)
in the graph G. The graph G follows the graph G’ in a sequence. The
algorithm makes sure no read-write conflict occurs by using the functi-
ion FIX_CONFLICTs in Algorithm 4.3 (page 110). The algorithm uses the
containers of vertices Veur and Vpext, on which the put and numel opera-
tions are defined. In the pseudocode, Tintp and Text,p are the p-th time
slot of internal and external edges respectively, for sub-graph G;. The
sets parents(v) and children(v) are respectively the sets of the parents

and children of vertex v in the graph G.

63 EXPERIMENTAL RESULTS

To evaluate the performance of the algorithms discussed in this chapter, some

tests were carried out on a computer equipped with an Intel i3-2130 CPU [152],
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which has two cores and a L3 cache memory of 3MB, and an Nvidia Quadro
K4000 GPU, with a peak double-precision performance of 1.27 TFLOPS [132].

Since the algorithms discussed in this chapter are meant to be used in nu-
merical methods where the matrix changes at each iteration, like the simplex
method, the test case selected for the experiments belonged to the MILP2010
collection of mixed-integer programming problems [13]. In particular, the test
cases selected where the largest test cases in terms of number of non-zero en-
tries, among those categorised as the most difficult to solve. For each of these
test cases, the solver Scip [139] was executed. Scip solves mixed-integer op-
timisation problems by first dividing the original mixed-integer problem into
linear programming sub-problems, and then executing the simplex method for
each one of these sub-problems. This technique is also called branch-and-bound.

During the execution of Scip on each of the test cases, the number of rows
and columns of the basic matrix was recorded. When these parameters stopped
varying during the execution of Scip, the software was halted and the basic ma-
trix B being used at the time was stored. Then, B was factorised with the LU
decomposition [151] and the lower triangular factor L was taken, as it is done
in the simplex method. Using the L factor, a sequence of 10 matrices was gener-
ated by randomly removing and adding non-zero entries in a different column
of L such that the number of entries was unchanged. This was done to limit
the number of parameters changing from one matrix in the sequence to the
next, so that the changes in the execution time of the analysis and the solve
phases were only due to the change in the sparsity pattern. Table 6.2 lists the
average number of vertices and edges in each of the sequences obtained.

The experimental results are summarised in Table 6.3. As expected, the exe-
cution time of the analysis phase was reduced in all of the test cases considered
when Algorithm 6.2 and Algorithm 6.3 were used. A further test was carried
out for the test case ivus52, which was the test case with the most edges per
vertex among those with the largest reduction in excution time. The aim of
the test was to observe whether the execution time of the analysis phase was
reduced in the case of more than one column changing from one matrix in the

sequence to the next. In this test, denoted with ivus52_multi, a random number
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Table 6.2: Summary of the test cases used for experimental evaluation. These are
the largest test cases in the MIPLIB2o10 collection [13] among those cat-
egorised as the most difficult to solve. For each of the test cases, the MIP
solver Scip [139] was executed and the parameters of the basic matrices were
recorded. In the table, nyertices and 7eqges represent the average number of
vertices and edges in the graphs associated to the lower triangular part in

the basic matrices.

Nedges
Name  7yertices Medges r—

Nyertices

ivus2 1906 6841 3.589
Neos-1140050 470 13664 2.907x10!

opm2-z12-s14 3575 3804 1.064
opmz2-zi2-s7 10116 10852 1.073

railo2 1369 1210 8.839x107!

railo3 1378 1258 9.129x107!

shs1023 171 149 8.713x107!
Wng-n100-mw9g-14 6144 8006 1.303

Table 6.3: Summary of the experimental results. For each of the test cases considered
the following are shown: the ratio of the execution time of the update to
that of the analysis, and the ratio of the execution time of the solve phase

after the update to that of the solve phase after the analysis.

Name tanatlysij,u?date tsol;'e,update

analysis solve
ivus2 0.400 1.012
neos-1140050 0.572 1.011
opm2-z12-s14 0.249 1.014
opm2-z12-57 0.405 1.034
railo2 0.376 1.035
railo3 0.471 1.007
shs1023 0.105 1.007
Wng-n100-Mmw9g9-14 0.214 1.024
ivus2_multi 0.837 1.013

of entries was changed in each matrix in the sequence instead of only those in
one column. For ivus2_multi, it was observed an increase of the analysis time
because it was necessary to re-partition the graph more frequently. On average,

the execution time of the update was 40 % of that of the analysis phase without
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update. Moreover, for all the test cases, it was observed that the execution time
of the solve phase increased on average of 1.74 %, because of the effect of the

removal of edges explained in Section 6.2.1.

64 CONCLUSIONS FROM THIS CHAPTER

Solving a sequence of STLs on GPUs requires two elements: fast algorithms to
update the output of the analysis phase and techniques to overcome the slow-
down of the solve phase. The two elements are not always compatible because
fast updates can cause an increase in the slowdown and a complete elimination
of the slowdown can only be obtained if the analysis phase is repeated.

A good balance between the two elements can only be achieved by consider-
ing the sparsity pattern of each matrix in the sequence. If the sequence of STLs
is solved during the LL-LU or SM algorithms, one expects the first few matri-
ces to have few non-zero entries. As the sequence progresses, the number of
non-zero entries increases but the repetition of the analysis phase is expected
to be needed only rarely. Algorithm 6.1 and Algorithm 6.2 describe how to
update the output of the analysis case under these assumptions, and their use
can reduce the execution time of the analysis phase of more than a half, with
respect to solving only one STL.

In the next chapter, it is described how TASSL’s ability to deal with the case
of sequences of STLs with different matrices, which was described in this chap-
ter, can be used to implement the simplex method (SM). This method is largely
used in optimisation, but in the scientific literature there is no parallel imple-
mentation that can be used to solve practical optimisation problems. Using
the performance models described throughout the thesis, the next chapter also
shows the limitations of any parallel implementation of the SM on practical

test cases.
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This chapter discusses the acceleration of the simplex method (SM) [15, 153,
ch. 13, 154, ch. 3] with GPUs and its limitations, using TASSL in particular.
This application is of interest in the context of this thesis because it requires
solving a sequence of sparse linear systems and is used both to solve linear
programs (LPs) and mixed-integer programs (MIPs).

Section 7.1 illustrates the principles and implementations of the SM. This
section is composed of three sections: Section 7.1.1 and Section 7.1.2 summarise
some results known in the literature and describe how the SM is implemented,
and Section 7.1.3 shows with experiments that solving sequences of sparse
linear systems of equations is in practice the most time consuming part of
the SM. Then, Section 7.2 discusses the acceleration of the SM by deriving
a mathematical model of the execution time of SM iterations. Section 7.4 is
a survey of the literature on the topic of the parallelisation of the simplex
method. Finally, Section 7.3 summarises the experimental results and draws
conclusions from the work in chapter.

The research contributions in this chapter are the following:

¢ the description of a GPU accelerator for the SM that was implemented

with the Scip optimisation suite [139].

* A mathematical model that describes the execution time of the accelerator
when the matrices in the sequence of linear systems are obtained with the
Forrest-Tomlin algorithm [155, 156]. In this case, the model shows that
accelerator performance is limited by the data transfer from the CPU to

the GPU.

¢ A mathematical model that describes the execution time of the accelerator
when the matrices in the sequence of linear systems are obtained with
the elementary transform matrices algorithm [157, 158, ch. 2]. In this

case, accelerator performance is limited by the number of SM iterations
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between two re-factorisations of the matrices in the sequence of linear

systems

7.1 THE SIMPLEX METHOD

The SM [15] is one of the most commonly used algorithms that solves linear
programs (LPs), which are optimisation problems that can be written in the

form

minc'x (7.1a)
subject to: Ax =b (7.1b)
x>0 (7.10)

where A is a matrix in R™*" with full row rank and with m < n. Also, x =
[x1,%2,...,x4]7 € R" is the vector of decision variables. LPs occur for example in
network design and task scheduling [154].

This section explains background information on the SM that is necessary
to understand the discussion in the following sections. Of this section, only

Section 7.1.3 contains original work that was carried out for this thesis.

7.1.1  Algorithm of the simplex method

To solve (7.1), the SM uses the geometry of the constraints (7.1b) and (7.1c),

and some results on optimisation [153, 158] that are recalled in this section.
Since in (7.1) matrix A has full row rank, it is possible to select m linearly

independent columns ay,, ay,, ..., ai,, and to define the basic matrix B € R"*"

as

The columns of A can then be permuted to obtain
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A= [B|N], (7.2)

where N is a matrix in R”*("~"), and is composed of all the columns of A that

are not in B. Also, one can define the index sets

B = {ki,ky,... kn} (7.3)
N =1{1,2,...,n}\B, (7.4)

where B is called the basis. By permuting the columns of A according to (7.2), (7.1)

becomes

min (¢/)" «’
ml
subject to: A'z' =b
z’ >0,

from which, applying (7.2) and (7.3), and defining @’ := [z}, #}/|" and ¢’ :=

[CTB, cJT\/} T we obtain

min _cpxp + chrrpy (7.5a)
BVl

subject to: Bxp+ Nz =b (7.5b)

zp >0 (7.50)

Ty > 0. (7.5d)

In (7.5), the vector xp is defined in R™ and is composed of the variables x;
such that j € B, which are called basic variables. Similarly, s is defined in
R*=m) and is composed of the variables x; such that j € N, which are called
non-basic variables. The vectors c¢g and cpr are also defined in R” and R~
respectively.

Since in (7.5b) the matrix B is square and has full rank, it is also invertible

and so

xg =B 1 (b— Nzy). (7.6)
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Figure 7.1: Representation of the feasible region for the example problem in (7.7). The
optimal solution * = [1, 0]7 to the LP falls at one of the vertices of the

polyhedron described by X'

If the vector ' is a feasible solution to the LP and also xxr = 0, then z’ is
called a basic feasible solution.
Basic feasible solutions have an important geometric meaning [154, ch. 3,

153, ch. 13, 158, ch. 1]. Consider the example LP

min xq{ — Xo

[x1, %2]
subject to: x; +xp =1 (7.7)
x1 >0
x2 >0,

with feasible region represented in Figure 7.1. Each of the three basic feasible
solutions corresponds to a vertex of the feasible region X and the optimal
solution z* is the one that minimises the goal function. The vector ¢, which
is the gradient of the goal function, points to the direction towards which the

goal function grows.
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The SM is initialised with a basic feasible solution and at each iteration a

new basic feasible solution is computed by solving
xp = B b, (7.8)

until the optimal solution is reached. In terms of geometry, the SM moves
from one vertex of the feasible region to the other until the optimal solution is
reached.

A base version of the SM is shown in Algorithm 7.1. Another version of the
algorithm, called the dual simplex method has a different mathematical deriva-
tion [154, ch. 6, 153, ch. 13, 158, ch. 2] but consists of the same numerical
operations. In particular, the solution of the systems of linear equations with
the basic matrix (lines 3 and 12) and its transpose (lines 8 and 27) can be com-
putationally heavy. This issue is addressed with techniques that are based on

LU factorisation.

7.1.2  Use of LU factorisation

Usually, a sparse LU factorisation of the basic matrix B is computed at the
beginning of the SM and is updated at each iteration. There exists more than
one algorithm to carry out each task.

The sparse LU factorisation with Markowitz pivoting [157, 158, ch. 8] is the
factorisation algorithm implemented in the solver Soplex [159]. This algorithm
aims to reduce the fill-in, which is the presence, in the factors, of entries that are
not in the initial matrix, and estimates the fill-in with a merit number. Since
the sparsity in the factors needs to be balanced with numerical stability, in
some cases the LU factorisation is computed multiple times before achieving a
satisfactory compromise.

In Soplex, the update of the factorisation can be carried out either with ele-
mentary transform matrices (ETM) [157, 158, ch. 8] or with the Forrest-Tomlin

algorithm [155, 156].
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Input: A, b, ¢, B = {kl,k2,...,km},N = {jl,jz,...

Output: =*

1: B+ [akl,akz,...,akm]

2: N+ [ajl,afz,...,ajn_m

3. &g+ B~ 1b

4. A0

5. CB < [Ck1/Ck2/"'rckm]T

6: CAf [C]‘l,C]‘Z, .. '/C]'n—m}

7. Z CTBwB

8 T (chfl)T
9:d<cpy—7nTN

10: while d >0

11: g ¢ price(d)

12: a — Bilaq

132 B+« B lb

14: I+ {ieB|a; >0}

15: if |Z|=0

16: terminate with unbounded
17: else

18: 0 miniGI {,Bk,-/“k,-}

19: ky < argmin;_ {‘Bk’./zxk’.}
20: xR — g — o
21: B+« B\ {kp} U{q}
22: N(—N\{q}U{kP}
23: B + [akl,akz,...,akm]
24: N [ajl,ajz, e @
25: B [ChyrChyre e s Chy )T
26: CA — [Ch,C]'Z,...,C]'n_m]T
27: w4 (C%Bfl)T
28: d+ cy—7TN

. T p—1
29: «* <— cgB ‘
30: terminate with success

rjﬂfm}

Algorithm 7.1: A simplified version of the primal simplex method (SM). In the pseu-

docode, the matrix A € R™*" with n > m has full row rank, and the

vectors b and c are defined in R™ and IR" respectively. The index set

B = {kl,kz,..

km} € {1,2,...,n} is called the basis. The function

price: R(*=") — A selects an element of the input vector d such that

d; < 0 and outputs its index j.

THE ETM ALGORITHM.

To derive the ETM algorithm, consider a system

of linear equations Bx = b arising during the SM, where B is the basic matrix.

Applying a LU factorisation, one obtains

LUz =b,
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where both matrices L and U are defined in R™*™. At the following SM it-
eration, the basic matrix B’ has the same columns as B except for the kp-th,
because kj is the index of the leaving variable. This column is replaced with
the column a4 of matrix A in (7.1), where g is the index of the entering variable.

Hence, one obtains

B = | a; (7.10)

1 akz “ e akp—l aq akp+1 oo ak

The ETM algorithm [157, 158, ch. 2] consists of writing

m

B’ = BE/,

where the matrix E' € R™*™ is called an elementary transform matrix. Since all
the columns in B are linearly independent by hypothesis, because B has full

row rank, a4 can be written as
m
aq = Zvjak,- , (7.11)
j=1
where the coefficients v; are real numbers. Inverting (7.11), we obtain
v = Bilaq,

which, using (7.10), gives

!/
B'=B €1 €2 -+ €p_1 VUV €py1 - €y |/ (7.12)

E/

where the entries in the generic vector e; are all equal to zero apart from that
of index j, which is equal to one.
In general, if L(Y) and U are the matrices obtained with the LU factorisa-

tion at the first SM iteration, after k iterations the ETM algorithm gives

B® = LOu® T E®. (7.13)
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Using (7.13), solving a system of linear equations with the basic matrix at the

current iteration B(Y) requires the execution of the following steps:

x— L7 (7.14a)
x— U lz (7.14b)

forw < 2,3,...,k

T (E(w)) e (7.14¢)

While (7.14a) and (7.14b) are the solution of a generic STL, (7.14¢) is the solution

of a system whose matrix has the following sparsity pattern

1 01
1 U2

w 1 ov,_
E@) = ! ! : (7.15)
p

Up+1 1

Um 1

For example, (7.14¢) can be solved by executing

Xk, xkp/vp

Xij < X, — UjX, Vj # p.

Using (7.13), k — 1 systems of the type in (7.15) need to be solved for each
system of equations of the type B¥)x = b. The ETM algorithm is applied
until the complexity of solving these k — 1 systems is comparable to that of
computing a new LU factorisation or until a very small v, is found, which

would cause numerical problems.
THE FORREST-TOMLIN ALGORITHM.  The main disadvantage of the ETM

algorithm is in the fact that the vector v in (7.12) can be dense, which limits the

applicability of the algorithm to small LPs. Given the basic matrix B = LU, the
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Forrest-Tomlin algorithm [155, 160] represents the basic matrix at the following

SM iteration B’ as
B =LU+ (aq — Bep)eIT)

where g is the index of the entering variable and p is the index of the exiting

variable in the basis. From this, requiring L’ = L, we obtain
L'B =U+ (Lflaq — Uep)e{,. (7.16)

As shown in Figure 7.2a, the term L™ 'a, in (7.16) is a column spike in the
sparsity pattern of L~'B’. The Forrest-Tomlin algorithm first applies a trans-
formation R that removes all the entries in the row k, except the diagonal one

such that the matrix U is obtained. By defining

- 'arow,l -

- 'arow,Z -

ﬁrow, p—1

=L"'B=

-

Urow,p

- ﬁ'row,p-i-l -

Urow,m

then row p of matrix U can be written as

o

Il
—_

0,0,...,0,4p,,0,...,0] =

Virow,i
i

since all the rows of U are linearly independent by hypothesis. Then, we obtain
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€Erow,1

€Erow,2

€row,p—1

<
Il
]

J— r J—

— €row,p+1

€Erow,m

R
where the entries in the generic vector e, are all equal to zero apart from
that of index i, which is equal to one.

After applying the transformation R, a permutation represented by the ma-
trix Q is applied to the columns of L !B/, moving the column spike to the last
column. Finally, the same permutation is applied to the rows of the resulting
matrix. The result at the end of this process is the upper triangular matrix
U’ =Q 'RLB'Q.

Soplex implements a version of the Forrest-Tomlin algorithm first introduced
by Suhl [156]. Given the matrices obtained by the LU factorisation at the first

SM iteration L(Y) and U(), Soplex represents the basic matrix B%) at step k as
k
g® _ 1) < 11 R(w)) P00 p.() (7.17)
w=2

where the matrix (") is a triangularisable matrix because it can be permuted
to a triangular matrix. For example, if w = 2 this matrix has a sparsity pattern
as shown in Figure 7.2b. The column permutation Q(®) is used explicitly only
when B(®) is accessed by column, for example when solving systems of the
type B® g = b. The row permutation Pr(l) and the column permutation Pc(l)
are computed during the LU factorisation.

To solve a system of equations with the basic matrix B(®) using the represen-

tation in (7.17) requires the execution of the following steps:
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(@) 0 =L"'B. (b) I = RL™!B.

(c) RL7'B'Q. (d) U’ = Q'RL™!B/'Q.

Figure 7.2: Working principle of the Forrest-Tomlin algorithm for updating the LU
factorisation [155]. The algorithm implicitly builds the LU factorisation
of matrix B = L'U’ from that of matrix B = LU, requiring L' = L. In
the figures at the top, the black column represents the spike L 'aq. The
Forrest-Tomlin algorithm first applies a transformation R that removes all
the entries in the row k, but the diagonal one. Then, a permutation rep-
resented by the matrix Q is applied to the columns of L~!B’, moving the
column spike to the last column. Finally, the same permutation is applied
to the rows of the resulting matrix. The result at the end of this process is

the upper triangular matrix U’ = Q 'RL~1B'Q.

z (L(l))_lb’ (7.18a)
forw <+ 2,3,...,k

z 4+ (R®)7'2 (7.18b)
T+ Pz (7.18¢)
z— (U0) 'z (7.18d)
x <+ PTx. (7.18e)



While (7.18a) is the solution of a generic STL, each of (7.18b) is solution of a

7.1 THE

system whose matrix has the following sparsity pattern

1

"

[

rp_l

Tp Tp+1

T'm

1

SIMPLEX METHOD

For example, each of the (7.18b) can be solved by executing

1
ka <— 7 (ka — Z 1’]'ij>.

P j#p

(7.19)

Similarly to The ETM algorithm, the Forrest-Tomlin algorithm is applied until
the complexity of solving these k — 1 systems is comparable to that of comput-
ing a new LU factorisation or until a very small r,, is found.

Compared to the ETM algorithm, the Forrest-Tomlin algorithm is more nu-
merically stable, but requires changing two matrices at each iteration: the ma-
trix R®) and the matrix U®). In practice the Forrest-Tomlin algorithm gives
matrices R” that are sparser than the matrices E®) given by the ETM algo-
rithm, so it is always the preferred update algorithm. Nevertheless, the time

required to solve linear systems of equations with the basic matrix B%) or with

its transpose (B(w))T is a bottleneck in the execution of the simplex method.

7.1.3  The most time-consuming parts of the simplex method

This section is original work that was carried out for this thesis.

To measure which parts of the SM are the most time-consuming, the bech-
mark LPs in the NETLIB library [12] were solved using Soplex 2.2.1, which
was executed on a computer with an Intel iy CPU [144], and 16 GB of RAM.

A breakdown of the execution time was obtained with gprof [161]. Since the
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resolution of gprof is of 1072 seconds, only those test cases whose execution
time t,151 Was more than one second were considered.

The experimental results, which are summarised in Table 7.1, show that in
10 of the 13 test cases selected, solving systems of equations with B (lines 3
and 12 of Algorithm 7.1) is usually more time consuming than solving sys-
tems of equations with BT (lines 8 and 27 of Algorithm 7.1). The first, rep-
resented with tg, accounted for between 21.5% and 46.9 % of the execution
time, while the second, represented with tgr, accounted for between 5.7 % and
20.4 %. However, in the test case stocfor3, tpr accounted for 48.3 % of the exe-
cution time. Hence, if one wants to accelerate the solution of these systems of
equations with a GPU, the solution of one type of system of equations cannot
be preferred with respect to the other.

Also, if tp and tpr are considered together, between 38.3 % (test case pilot)
and 87.2 % (test case stocfor3) of the execution time was spent solving systems
of linear equations. These relative execution times are higher than those for
the factorisation of the basic matrix, represented with t,or, and its update,
represented with #,,4ae. For example, although factorising the basic matrix can
take up to 33.6 % of the execution time (test case gap15), on average this takes
about 6 times less than solving linear systems with B. In fact, the geometric
mean is 5.02 % for the LU factorisation and 28.7 % for solving linear systems
with B. For this reason, just by accelerating the solution of systems of equations
in the SM, one can expect the maximum possible speedup to be between 1.6
and 7.8, depending on the LP. The next section describes a model that links the

characteristics of an LP to the speedup.

7.2 MODELING THE EXECUTION OF THE SIMPLEX METHOD ON THE GPU

The software Soplex 2.2.1 was modified to use either TASSL, CUSPARSE or
CSPARSE to solve systems of linear equations with either the matrix B or its
transpose. All the changes to the numerical code were applied within the part
of the software which carries out all numerical operations on the basic matrix.

Because of this, the interface remained unaltered, but different implementa-
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Table 7.1: Breakdown of the execution time of Soplex 2.2.1 on the NETLIB test cases.

The software was executed on a computer equipped with an Intel iy

CPU [144] and the measurements were taken with the software gprof [161].

Since the resolution of gprof is of 1072, only those test cases whose execu-

tion time #4¢;) Was more than one second are considered. In the table, t5 and

tpr are, respectively, the percentage of execution time spent solving systems

of linear equations with the basic matrix B (lines 3 and 12 of Algorithm 7.1),

and its transpose (lines 8 and 27 of Algorithm 7.1). Also, typdate and ffactor

are, respectively, the percentage of execution time that is spent updating the

basic matrix, and repeating the factorisation of the basic matrix.

Name m n Hentries trotal tp tpr tupdate tractor
(s) (%) (%) (%) (%)
qapi1s 6330 22275 94950 2.022x10* 151 35.2 6.0 33.6
qapiz 3192 8856 38304 2278x10?> 175 39.6 6.1 18.3
dfloo1 5927 11165 34068 1.450x10' 121 402 3.2 1.7
stocfor3 16105 15151 63543 1.097x10' 485 342 29 1.6
pilot87 1967 4587 70372 6.223 182 25.0 3.4 19.4
greenbea 1858 3886 23425 3.310 353 224 1.9 1.6
fitzp 3000 10525 47284 2.858 57 469 2.6 8.5
pilot 1373 3337 40653 2.741 204 179 2.7 14.2
d2qobc 2020 4763 30877 2.364 204 228 2.2 2.2
truss 1000 8806 27836 2.345 104 238 2.6 1.7
greenbeb 1855 3875 23324 1.640 18.0 259 1.3 2.5
maros-ry 2156 6620 80480 1.507 174 215 59 12.2
qap8 912 1632 7296 1.226 11.6  33.1 3.2 1.8

tions could be selected at compilation time. The changes to the numerical code

can be divided into three categories: loading of a new basic matrix, update of

the basic matrix, and solution of systems of equations.

7.2.1 Loading of a new basic matrix

In Soplex, when a new basic matrix is loaded, memory is allocated if neces-

sary and the sparse LU factorisation of the basic matrix is carried out on B

using Markowitz pivoting [157, 158]. Given that on average six times less ex-

ecution time is spent on the LU factorisation than on solving linear systems,
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the numerical code for the LU factorisation was not modified. Instead, it was
made sure that the output of the LU factorisation was read into either TASSL
or CUSPARSE to carry out the analysis as described in Chapter 4.

To derive a model for the speedup of the TASSL implementation, let the
positive integers 14,0,y ANd 7ledges,1. be respectively the number of edges in the
graphs of the factors U and L. The execution time of the analysis phase of each
matrix is linear in feqges and 7yertices because the complexity of the partitioning
step is O(yertices 1 Medges) and that of the scheduling step is O(2#¢qges) as
discussed in Chapter 4 (page 103 and page 111). If the number of vertices
Nyertices 15 the same in both graphs, the execution time of the analysis of each

matrix is

tanalysis,l:l ~m nedges,U + A2Mvertices + Oanalysis (7-20)
tanalysis,L ~ ulnedges,L + A2Nyertices 1 Oanalysis (7-21)
tanalysis,lfIT ~m nedges,l:l + A2Mvertices 1 Oanalysis (7.22)
tanalysis, LT = @1Medges, L T A2Mvertices + Oanalysis (7-23)

where the positive real numbers 41, a2, and 0Oanalysis vary depending on the
structure of the graph, and consequently from LP to LP.

This model was evaluated on a collection of parametric optimisation prob-
lems called smart-building-optimisation [162, 163]. These are mixed-integer lin-
ear optimisation problems that describe a building composed of a number of
flats, each one equipped with a battery and photovoltaic panels. Each of the
flats can share the energy stored in the battery with the others, the battery can
be recharged, and each of the flats can also produce energy with the photo-
voltaic panels. The objective of the optimisation problem is to minimise the
most expensive electricity bill paid by any of the flats. For the purpose of this
chapter, the two parameters that were changed were the number of flats and
the number of hours of activity. The modified version of Soplex was executed
on a server-class computer [146] equipped with an Intel Xeon E5-2640 v3 CPU,
which has a L3 cache of 20 MB [140], and an Nvidia K80 GPU with a peak
double-precision performance of 2.91 TFLOPS [136].
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Since all the problems in smart-building-optimisation have the same structure,
by varying the parameters it was possible to obtain the values of the coeffi-
cients in the performance model excluding all effects due to the change in the
structure of the graphs. The parameters of the model in (7.20) were obtained
using the non-negative least squares algorithm [134]. Because Soplex imple-
ments the Markowitz LU factorisation, it is assumed that Medges, (1 > Medges,L-

Substituting into (7.20), one gets

tanalysis = tana]ysis,l:[ + tanalysis,L + tana]ysis,l:IT + tanalysis,LT

(724)
=2m nedges,U + 4a2nvertices + 40analysis

After the analysis, the data is transferred onto the GPU. Each matrix con-
tains 7eqges €dges and a data structure of 7yertices €lements which represents
a permutation of the rows and columns. Proceeding as in (7.24), the time to

transfer each factor is

ttransfer,U ~ bl nedges,ljl + b2nvertices + Otransfer,mat (7-25)
ttransfer,L ~ blnedges,L + bZ”vertices + Otransfer,mat (726)
ttransfer,lfIT ~ b nedges,lﬁl + bonyertices + Otransfer,mat (7.27)
ttransfer,LT ~ bl ”edges,L + b2nvertices + Otransfer,mat (7-28)

where by, by, and Ogansfer mat are non-negative real numbers. In the modified
numerical code, the row permutation P, in (7.17) is also transferred to the
GPU, while the column permutation P. is resolved when reading the data
onto either TASSL, CUSPARSE or CSPARSE. This is because only one column
changes from one SM iteration to the next and resolving P. while reading the
data reduces the execution time of each SM iterations. The permutation P,
instead depends on the numerical stability of the factorisation and can cause
many rows to be permuted at the same time, hence permuting these rows

concurrently on the GPU can be advantageous. For P, the model is

ttransfer,P, ~ b3nvertices + Otransfer,perm (7-29)
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where b3 and Ogansfer perm are non-negative real numbers. Summing the terms

in (7.25) and (7.29), and considering that n {7 > Medges,L, the total time to

edges,

transfer all the data is approximately

ttransfer,initial = 2bl nedges,fl + (4b2 + b3) Myertices 1 Otransfer,perm + 40transfer,mat-
(7-30)

7.2.2 Update of the basic matrix

In Soplex, the matices U® and R®) are updated as in (7.17) when the Forrest-
Tomlin algorithm is used, while the matrix E (@) is updated as in (7.13) if the
ETM algorithm is used.

When the Forrest-Tomlin algorithm is used, if the matrix % is not re-
factorised but just updated, the analysis can be updated too as described in
Chapter 6. The execution time of the update depends on the sparsity pattern
of each matrix and the edges that change in each graph during the update.
For example, depending on whether an output edge is added to the vertex i;
or to the vertex iy in Figure 7.3, respectively, five or only one edge have to be
traversed by the update algorithm. In the first case, this is 45 % of all the edges
in the graph, in the latter this is 9 %. In the worst case, a complete analysis has
to be carried out instead of an update.

In practice, as the experimental data shows, the time to update the analysis

of the factor U, which is ¢ is between 35% and 58 % of ¢ Be-

update,H’ analysis,U .

cause of the Forrest-Tomlin algorithm, only the analysis U and UT are updated,

so the terms to consider are

tupdate,fl ~ clnedges,ljl + CoMvertices 1 Oupdate

tupdate,l:IT ~ C1Meqges, U1 =+ CoMyertices 1 Oupdater

where ¢1, ¢, and 0ypdatemat are non-negative real number. The total update

time is given by

tupdate = zclnedgeslﬁ + 2C2nvertices + 2Oupdate- (7-31)
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Figure 7.3: An example of how the update time #,p4ate changes depending on which
edges change. In this figure, if an output edge is added to vertex ij, that
edge and four more edges have to be traversed by the update algorithm. If
the output edge is added to vertex ip, only that edge has to be traversed by
the update algorithm.

Also, at the end of the update, the data is to be moved to the GPU again, hence,

using (7.25)

ttransfer,update = Zblnedges,l:[ + 2b2nvertices + 2Otransfer,mat- (7'32)

7.2.3  Solution of systems of equations

We shall consider the solution of a system of linear equations with the basic
matrix expressed in the form in (7.17). The solution can be carried out with
the steps in (7.18). Of these steps, in the modified version of Soplex that uses
TASSL or CUSPARSE only (7.18b) is executed on the CPU as shown in Fig-
ure 7.4. Since from (7.19) all the numerical operations with the R®) matrices
are to be executed in sequence, there is no opportunity for concurrency and us-
ing a GPU would not improve performance in this case. Using a GPU would,
however, reduce the number of data transfers back and forth between GPU
and CPU, although it would require transferring the R(*) matrices to the GPU

after each update.
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Figure 7.4: Solution of a system of linear equations with the basic matrix B, using the
TASSL implementation. The representation of B is as in (7.17) except in
that the column permutation P, is resolved when the data is read to TASSL.
In this diagram, the transfer time of a vector fiansfervec iS approximately
the same whether the data is transferred from the CPU to the GPU or vice-

versa.

Using the diagram in Figure 7.4, the time to solve a system of equations of
the type Bx = b has the following components: the time required to transfer
data from and to the GPU is equal to tiansfer vec; the time required to solve STLs

with the L and U factors, which are tsolve,r. and t [ respectively; the time to

solve,
solve all the systems of equations with the R®) matrices, which is tsolve,r; and

the time to permute an array using P,, which is tperm. This gives
tsolve,B ~ 4fttransfer,vec + tsolve,L + tsolve,lfl + tsolve,R + tperm- (733)

The term in tperm in (7.33) depends on the size of the array being permuted

as follows
tperm ~ d1Myertices + Operm, (7-34)

where d; and 0perm are non-negative real numbers.
The terms fsopve, L and £, ;; can be written using the performance model (3.30)
(page 83) and including the time to permute the input array to the format used

by TASSL (page 76), which gives

tsolve,L ~ (1 - CL)TLnedges,L + dvaertices + Osolve

(7:35)
tsolve,H ~ (1 - CU)Tl:Inedges,H + daNyertices + Osolve

where d; is the rate of permutation of array elements on the GPU and ogjve

is a positive real constant. In (7.35), Cy; is the concurrency factor of matrix u
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with respect to the solve phase of TASSL, which is defined in (3.25) (page 82).
Similarly, Cy is the concurrency factor of matrix L. The concurrency factor is
a value between zero and one. Given a matrix M, if Cp; is zero, the TASSL
analysis algorithm assigned each edge to a separate time slot, which means
the execution of the TASSL solution algorithm shows no concurrency. Instead,
if Cj is close to one, the TASSL analysis algorithm assigned many edges to the
same time slot, which means the execution of the TASSL solution algorithm
shown high concurrency. In (7.35), Ty and 1 are the effective operation time
of the solve phase of TASSL on the matrices U and L respectively. The effective
operation time is defined in (3.30) (page 82).

The term tiyansfer vec in (7.33) represents the time necessary to transfer an array
of Myertices €lements from the CPU to the GPU or vice versa. Similarly to (7.29),

it is
ttransfer,vec ~ dSnvertices + Otransfer,vecr (736)

where d3 and 0ansfer vec are non-negative real numbers.

As represented in the diagram in Figure 7.4, the terms fyoer in (7.33) is
the execution time of (7.18b) on the CPU. The Forrest-Tomlin algorithm gives
matrices R(®) that have few entries, hence executing the numerical opera-
tions in (7.19) on the GPU woule be little profitable because it would require
transferring the matrix to the GPU. For this reason, (7.18b) is solved on the
CPU. The experimental results show that ts,e g is between 2.640x1077 s and
3.328 x10~° s, which is at least an order of magnitude less than tyangfer vec. Be-
cause of this, the term tg;}ye z in (7.33) shall be neglected.

Substituting (7.34), (7.36) in (7.33), given Modges, (1 > Medges,Ls it results

tSOlVG,B =Ty (1 - Ca) nedges,l:I
+ (d1 + 2da + 16d3) Nyertices (7.37)
+ 20501ve + 4Otransfer,vec + Operm,

and, for the matrix BT
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tsolve,BT =T (1 - CCIT) nedges,fl
+ (dl +2d; + 16d3) Nyertices (7'38)

+ 20401ve + 4-0transfer,vec + Operm

7.2.4 Conditions for speedup with the Forrest-Tomlin algorithm

With the unmodified Soplex, if Medges, (I > Medges,L the execution time for the

solution of a system of linear equations with matrix B or BT is given by
Esolve,B ~ dq ”edges,zj[ =+ Osolver (7.39)

where d; and 04 are non-negative real numbers. The total execution time
for the unmodified Soplex is given by the sum of 2f . g Over all the iterations
of the SM, because at each iteration two systems of linear equations are solved:
one with B and one with BT. If the number of edges of U¥) does not change

much from one iteration to the other, one gets

tsoplex = 27’literationstsolve,B = 2Mjterationsd1 nedges,lfl + 2NjterationsOsolve- (740)

With the modified version of Soplex that uses TASSL, under the same as-

sumptions as those in (7.40), the total execution time over #jterations 1S given by

trassl = tanalysis + ttransfer,initial
+ (niterations - 1) (tupdate + ttransfer,update)

~+ Niterations <tsolve,B + tsolve,BT)
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and substituting (7.24), (7.30), (7.31), (7.32), (7.37), and (7.38) one obtains

ttassl = [z(dl + 16d3 + 2d2 + b2 + CZ)”iterations - 2CZ + b3 + 2172 + 45[2] Nyertices
+ {niterations [2 (b1 +c1) — (CHT - 1)TI:IT - (CH - 1)1—1:[} —2(a1 - al)} Medges, 1
+ 2niterations(oupdate + 4Otransfer,vec + Otransfer,mat + 2osolve + 0perm>
- 2oupclate + Otransfer,perm + 20transfer,mat + 40analysis- (7'41)
The speedup of the TASSL implementation over the unmodified soplex is

tsoplex

Stassl = (742)

ttassl

To study the speedup, we shall observe that the number of edges in the matrix

N . o
U can be written as Medges 0l = on

Serticess Where ¢ is the density of the entries in

the matrix, equal to 1.531x1073 in the experimental data but strongly depen-
dent on the LP problem. Substituting (7.40) and (7.41) in (7.42) and considering

very large values of #yertices, ONE gets

2”iterationsd~1
Niterations [2 <C1 + bl) + (1 - CHT) T+ (1 — CU) Ta] -2 (Cl — al)'

S’rassl =

which becomes, assuming the execution time of both the analysis and the up-

date to be mainly given by the partitioning of graphs,

2d,
2b, + (1 — CaT) T + (1 — lel) Ta'

(7.43)

S tassl ~

Although the speedup is higher when the concurrency factors of U and its
transpose are close to one, (7.43) shows that the speedup is limited by the
bandwidth of data transfer to the GPU, since the term b; in (7.43) arises from
the transfer of U after the update. In the ideal case C; = 1 and Cp, = 1
and Si,eq = d1/b1, which, using the experimental data, is about 5.549x1072.
Also, with the Forrest-Tomlin algorithm, the speedup does not depend on the

number of iterations.
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7.2.5 Conditions for speedup with the ETM algorithm

If instead of the Forrest-Tomlin algorithm one considers the ETM algorithm
in (7.13), no matrix needs to be updated or transferred to the GPU at each SM

iteration, hence

/
ttassl = tanalysis + ttransfer,initial + Miterations (tsolve,B + tsolve,BT) s

and by proceeding as for (7.43) one finally gets

, _ 2d~ 1Miterations
tassl 2b; + [(1 — CUT) Tur + (1 — Cu) Tu] Miterations

(7.44)

Note that (7.44) shows that if the number of iterations is high enough, the
cost of the analysis is amortised and speedup can be achieved. In particular,

in the ideal case Cy = 1 and Cyr = 1 and S;, | = A1 Miterations /b1 hence, using

the experimental data, speedup can be achieved if #jterations is more than 19. If
2d,

the number of iterations is very high, (7.44) gives S, ~ A=Cir V(=)

which shows that in order to obtain speedup it is necessary to both amortise
the cost of the analysis with many iterations and have enough concurrency in
the execution of the solution algorithm.

Efficient implementations of the simplex method, such as Soplex [159] do
not use the ETM algorithm by default. In fact, the Forrest-Tomlin algorithm,
whose speedup or slowdown is shown in (7.43), is preferred to the ETM algo-
rithm because it tends to achieve a sparser LU factorisation and can be applied
to larger problems. For this reason, compared to using the ETM algorithm,
discussing the Forrest-Tomlin algorithm can give a more representative pic-
ture of the problems in accelerating the simplex method in practical use cases.
The next section examines these problems focusing on the Forrest-Tomlin algo-

rithm by means of an experimental evaluation.
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Table 7.2: Model coefficients obtained from the experimental results over a collection
of parametric optimisation problems called smart-building-optimisation [162,
163], which describe large smart buildings in operation for a few days up
to two weeks. The data was obtained by executing a modified version of
Scip [139, 159] that uses the TASSL algorithms on a computer [146] equipped
with an Intel Xeon E5-2640 v3 CPU [140], and an Nvidia K8o GPU [136].

Model Parameter  Value
am 2.519x107 % s/edge
tanalysis (7-24) an 4.702 %1077 s/vertex
Oanalysis Os
by 1.690x 1078 s/edge
by 2.870%x 1078 s/vertex

ttransfer,initial (7-30)

-8
ttransfer,update (7.32) bs 5.964x 107" ¢/ vertex

Otransfer,mat 8.3863x107 s
Otransfer,perm 2.785 % 10_5 S

c1 0s/edge
tupdate (7-31) co 1.014 x 1070 s/vertex
Oupdate 0s
d 1.879x 1078 s/vertex
dy 5.713x 1077 s/vertex
ds 6.216 %107 s/vertex
tsolve,B (7.37) Ty 7.022 %1078 s/time slot
Fsotve BT (7:38) Ty 7.0781x 1078 s/time slot
Operm 1.266x107*s
Osolve 2.817x107%s

Otransfer,vec 4.287x10%s

di 2.286x107 12 s/edge

tsoplex (7.40) _ 5
Osolve 1.048%x107°s

7.3 EXPERIMENTAL RESULTS IN DETAIL

Table 7.2 summarises the values of the speedup model in (7.43) obtained using
a collection of parametric optimisation problems called smart-building-optimisation
[162, 163] and the non-negative least squares algorithm implementation in Mat-
lab [85, 134]. To obtain these values, a modified version of Soplex that uses the

TASSL algorithms was executed on a computer [146] equipped with an Intel
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Table 7.3: Mean values of the problem parameters for the experimental results. These
optimisation problems were taken from the benchmark smart-building-
optimisation [162, 163] considering models of large smart buildings in op-
eration for a few days up to two weeks. The data was obtained by executing
a modified version of Scip [139, 159] that uses the TASSL algorithms on a
computer [146] equipped with an Intel Xeon E5-2640 v3 CPU [140], and an
Nvidia K8o GPU [136].

Problem parameter Mean value

7’ledges,L 0
Medges 10195
Nyertices 7489.7
Cy 9.731x10~1
Cor 9.504x 10~
Niterations 100
k) 1.500x10~7

Xeon E5-2640 v3 CPU [140], and an Nvidia K80 GPU [136]. Two parameters
of the problems in smart-building-optimisation were changed during the tests:
the number of hours of activity of the smart building and the number of flats
in the smart building. The first parameter was set to 72, 168 and 336, while
the second was set to 64, 80 and 160. These parameters describe optimisation
problems for quite large-sized smart buildings in activity from a few days up
to two weeks. In total, twelve optimisation problems were solved and for each
of these optimisation problems, the Scip optimisation suite was executed with
all the pre-solving routines disabled. Although these routines reduce problem
size using algebraic transformations and by fixing variables [164], they opti-
mise the execution time of Soplex on single-core CPUs without considering
other architectures.

Table 7.3 shows the mean values of the parameters of interest for the speedup
model (7.43) that were measured during the tests. The experiments confirmed
that the number of edges of the L factor, n1eqges 1 is usually negligible compared

to that of the U factor, n Also, the density J of the matrices has an order

edges,H‘
of magnitude of —7.
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Figure 7.5: Comparison between the speedup model in (7.43) and the experimental
results obtained using a collection of parametric optimisation problems
called smart-building-optimisation [162, 163]. The model used is that in and
the data used is in Table 7.2 and in Table 7.3. Also, the speedup measured

experimentally is also shown.

The speedup model (7.42) is represented in Figure 7.5, using the data in
Table 7.2 and in Table 7.3 for the model, together with the speedup measured
experimentally. The model correctly predicts a slowdown compared to the orig-
inal Scip implementation. The experiments show that before #yertices 1S about
equal to 2x10%, the model overestimates the speedup, which is approximately
given by the ratio of the constant terms at the numerator and denumerator
of (7.42). Between 2x10* and 1x10° vertices, the overheads of partitioning
update and data transfer in the TASSL implementation cause a reduction of
the speedup which is predicted by the model and captured by the coefficients

of Myertices at the denumerator of (7.42). After 1x10° vertices, the speedup is

2

Sertices at the numerator and

given by the ratio of the coefficients of n¢qges &~ o1
denumerator of (7.42), as also illustrated in (7.43).

Table 7.2 shows that the parameter d;, which describes the time required
to execute a numerical operation on the single-core CPU, is several orders of
magnitude smaller than the parameter 7;;, which has a similar meaning for

the TASSL implementation. This is because Soplex uses a specialised version
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of the forward substitution algorithm when the right-hand side vector of a
STL is sparse [25], for example a column of a very sparse matrix as in lines 3
and 12 of Algorithm 7.1. This version of the algorithm carries out only a partial
traversal of the DAG associated with the system matrix, thus greatly reducing
the execution time of the solve.

If a fraction r of edges is traversed by this specialised algorithm, (7.39) can

be rewritten as
tsolve,B ~ dl,rrnedges/f] + 5solve/ (745)

where d~1,r = dy/r. A TASSL version of this algorithm would traverse this

fraction of edges in parallel, in a time given by
tsolve,lfl,r ~ T (1 - le[,y> Medges, LI T daNyertices T+ Osolve- (7.46)

If the external and internal time slots of sub-graph g that are traversed by this
TASSL version are Iy, and lg, respectively, then the concurrency factor of the
matrix U with respect to the TASSL version of the specialised algorithm can be

defined similarly to (3.25) (page 82)

Mevels,t [ 1/
()
ar=1- rm A
edges,U

s

(7.47)

having denoted with Gz the sub-graph in level £; with the longest process-
ing time during the solve phase. Note that (7.47) shows that, with respect to
the algorithm discussed in Chapter 3 (page 78), a lower concurrency is to be
expected for the specialised algorithm. This can be explained intuitively by
observing that in practice if few edges are to be traversed it is less likely that
these can be traversed concurrently. For example, if only two edges are to
be traversed, the concurrency factor cannot be greater than 1 —1/2 = 0.5. If
three edges are to be traversed the concurrency factor cannot be greater than
1—-1/3 ~ 0.667. However, if a hundred edges are to be traversed, then the
maximum value of the concurrency factor is 0.99. Specifically, the concurrency

factor Cy, is less than the concurrency factor Cyy if
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g (1, + 1)

e ()

Using (7.46) and (7.45) to derive the execution times fags1,, and fgoplex, the

speedup for large values of 71,4, 7 is

27’litera’cionsd~1,r
Niterations |:le <1 - Cl:l,r) + Tr (1 — CUT,r> + 21’b1:| + 2rap

Stassl,r =

which, if r is very small, can be approximated with
2d~1,r
(50, (1 — CH,r) + Tr (1 — CUT,r>

Although discussed only in theory in this thesis, (7.48) shows that the limita-

(7-48)

S tassl,r ~

tions of (7.43), due to the data transfer, and of (7.44), due to the number of
iterations required to amortise the cost of the analysis, can both be overcome
in a particular case. However, in (7.48) the parameters 7;; and d~1,r have at least
two orders of magnitude of difference because of the difference in the clock
frequencies of GPUs and CPUs. Hence, to achieve speedup, the concurrency
factor in (7.47) must be high, which means about a hundred edges have to be

traversed by the specialised algorithm.

7-4 RELATED WORK

In this section, an overview of the existing implementations of optimisation
algorithms on accelerators is given, as summarised in Table 7.4 and Table 7.5.
Table 7.6 illustrates some of the features of GPU implementations in particular.

While Koch et al. discussed the parallelisation of optimisation algorithms for
LP and MIP in general [186], Boyer and El Baz’s survey focused on GPU imple-
mentations of optimisation algorithms but covered different types of problems
and algorithms [187]. Some of the most relevant work on GPU solvers was
developed by Lalami et al. who introduced a software implementation of the

dense SM, also called the tableau simplex method for single-GPU [172] and
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Table 7.4: Classification of some implementations of optimisation algorithms in the

literature based on their features.

Paper Year Algorithm Type Sparsity
[165] 2006 SM Active set Dense
[166] 2009 SM Active set Dense
[167] 2010 SM Active set Dense
[168] 2011 Branch-and-bound

[160-172] 2011 SM Active set Dense
[173] 2012 SM Active set Sparse
[174-176] 2012 Branch-and-bound, simplex method

[177] 2012 Mehrotra Interior point ~ Sparse
[178-180] 2013 Branch-and-bound

[181] 2013 SM Active set Sparse
[182] 2013 SM Active set Dense
[183] 2015 SM Active set Dense

Table 7.5: Classification of the implementations in the state of the art based on the
target device. The sCPU and mCPU columns represent single core and multi
core CPU implementations respectively. PDIP stands for for Primal-Dual

Interior Point method.

Algorithm GPU FPGA mCPU CPU-GPU
SM [166, 167, 169, [165] [173, 182, [170, 171]
170, 172, 181, 183]

182]

PDIP [177]

Branch-and-bound [168, 174, 178, [176, 179, [175, 179]
179] 180]

multi-GPU systems [171]. This variation of the SM algorithm performs the
steps listed in Algorithm 7.1 as row and column operations on a matrix called
the tableau. In the paper, this was split into blocks and each block was asso-
ciated with a work group, which copied the data onto its local memory, per-
formed the mathematical operations and wrote the results back to the global
memory.

A similar splitting of the tableau matrix into blocks had been implicitly used
by Spampinato and Elster [166], Bieling et al. [167], and Hamzi¢ et al. [169] to
perform linear algebra operations. Although efficient for the dense SM, this
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Table 7.6: Classifications of GPU implementations of algorithms that solve LPs and
MIPs in the literature based on their performance. M and N are respec-
tively the number of constraints and columns of the largest problem solved,
which belonged to the test set in column Set. R stands for randomly gener-
ated instances, N for NETLIB [12], CPU stands for comparison on the same
algorithm implemented both on GPU and CPU while mCPU stands for com-
parison against the same algorithm on multicore CPU. Syax is the maximum
speedup achieved. The precision is specified whenever it was stated in the

corresponding publication.

Implementation M N Set Comparison Smax
Spampinato and Elster [166] 2000 2000 R  CPU 2.5
Bieling et al. [167] 2700 2700 R GLPK [184] 18
Carneiro et al. [168] 81 R mCPU 10.69
Lalami et al. [171] 4000 4000 R CPU 12.5
Lalami et al. [172] 4000 4000 R CPU 12.5
Meyer et al. [170] 5000 25000 N CLP ~ 2
Hamzi¢ et al. [169] 4096 8192 R  CPU 28.93
Boukedjar et al. [174] 500 R CPU 8.27
Lalami and El-Baz [175] 500 500 R CPU 20.48
Meyer et al. [181] 1904 2857 N CLP <1
Chakroun et al. [178] 200 20 R CPU 74.20
Chakroun et al. [179] 500 20 R CPU 170.69
Smith [182] 10000 10000 R Gurobi [185] 0.18
Ploskas and Samaras [183] 6000 6000 R MATLAB [85] 185

technique implies a large overhead if the tableau is a sparse matrix, which is
the case of most practical applications.

Another implementation of the dense SM was the work of Meyer et al. [170],
in which all dense linear algebra kernels were implemented by using the highly
optimized CUBLAS library [10]. When tested against NETLIB test cases [12],
the software architecture achieved a speedup of about 2 with respect to an open
source solver running on a single core CPU. Considering the peak performance
that can be achieved by a GPU, which is in the order of the teraflops, this
results proves the poor computational efficiency of the dense SM on GPUs for

practical cases.
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An FPGA implementation of the dense SM was designed by Bayliss et al. [165].
The FPGA architecture could process several LPs at the same time and targeted
an application to MIP and optimisation solvers based on the branch-and-bound
algorithm [188, ch. 18]. In spite of that, it was limited by the available on-chip
memory, which is in the order of megabytes even for a large device. Conse-
quently, only very small problems could be solved by the FPGA architecture.

The dense SM does not exploit sparsity but processing sparse data struc-
tures leads to great reduction of memory footprint and execution time [25,
ch. 1]. For this reason, Meyer et al. implemented the sparse SM was imple-
mented on GPU [181] and showed a large reduction of execution time with re-
spect to the tableau SM on the largest problems in the NETLIB benchmark [12].
Nonetheless, no speedup was obtained with respect to the solver CLP [189]
on a single-core CPU. The CUSPARSE library [17] was deployed to perform
all of the matrix operations. Similarly, no speedup with respect to any C++
software was achieved by Ploskas and Samaras’s implementation of the sparse
SM [183]. However this implementation, which uses MATLAB’s Parallel Com-
puting Toolbox [85], was shown to be faster than MATLAB’s built-in interior
point method algorithm in some problems. Ploskas and Samaras also studied
basis update algorithms for the dense SM on GPUs, focusing on the ETM al-
gorithm and not considering the Forrest-Tomlin algorithm [190], and pivoting
rules for the dense SM on GPUs [191]. In both cases, it was shown that the
best techniques for the dense case minimise the communication overhead.

Hall observed that little success has been achieved in implementing the
sparse SM on multi-core CPUs unless very specific matrix structures were con-
sidered [182, 192]. For example, Hall and Huangfu'’s solver ParISS [173] is an
implementation of SM for multi-core CPUs that partially exploits sparsity but
does not achieve any speedup with respect to the solver CLP [189]. The same
conclusion was reached by Smith, who implemented the dense SM for both
multi-core CPUs and GPUs and the sparse SM for multi-core CPUs [182]. This
shows that parallelising the sparse SM is an open problem in the literature

independently of the particular computer architecture used.
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Exploiting the structure of problems is a possible way to overcome the limi-
tations of generic linear algebra packages such as CUSPARSE and to improve
performance. Jerez et al. introduced a formulation based on block-banded ma-
trices of a particular type of optimisation problem that is recurring in the field
of model predictive control [177]. By taking into account the recurrences in
the structure of the matrices, an implementation of an interior-point method
was designed for FPGAs. Although this technique seems particularly prof-
itable for FPGA implementations, solving MIPs requires high accuracy because
the result of each LP determines the execution of the branch-and-bound algo-
rithm [188, ch. 18]. Hence, floating-point arithmetic is more suitable in the con-
text of MIPs compared to fixed-point arithmetic, which currently dominates in
FPGA implementations because it can achieve performance comparable to the
peak of GPUs [177].

In the specific case of MIPs and the branch-and-bound algorithm, parallelisa-
tion with GPUs was shown in principle to achieve high speedup with respect to
single-core CPU implementations [175, 179]. However, the implementations in
the literature do not consider application to a realistic MIP solver. For example
none of them consider the case in which the basic matrix is sparse and stored
in factorised form [168, 174, 175, 178, 179, 194, 195], which is always done in
practice for computational and numerical reasons [158, ch. 8]. Although not on
GPUs, only the work of Shinano et al. [176, 180] discussed the parallelisation
of the branch-and-bound algorithm for the solver Scip [139, 159], showing that
even if many sub-problems can be processed at the same time, the execution

time of the single sub-problem is the limiting factor for performance.

7.5 CONCLUSIONS FROM THIS CHAPTER

The SM is a numerical application that requires the solution of sequences of
systems of linear equations, where each of the matrices in the sequence differs
from the previous matrix in one column. Solving these systems of linear equa-

tions is the most time-consuming part in the SM, as discussed in Section 7.1.3.
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How to accelerate the solution of these systems of linear equations depends on
the type of algorithm used to obtain the matrices in the sequence.

The Forrest-Tomlin algorithm is both the most numerically stable algorithm
and the one that obtains the sparsest factorised version of the system matrix,
called the basic matrix. However, to obtain speedup on the GPU, it would
be necessary to transfer the updated version of the matrix from the CPU to
the GPU almost ten times faster than possible with current GPU technologies,
which is not realistic.

The ETM algorithm usually obtains a factorised version of the basic matrix
that is less sparse than the one obtained with the Forrest-Tomlin algorithm,
but requires less frequent transfers from the CPU to the GPU. For this algo-
rithm, a theoretical model (7.44) shows that speedup can be achieved if the
re-factorisation of the basic matrix infrequent and if the graph associated with
the factors of the basic matrix can be traversed with high concurrency.

The theoretical models derived in this chapter suggest that in order to obtain
speedup compared with a CPU implementation on this type of sparse linear al-
gebra applications, it is necessary for the data to be reused as much as possible.
This corresponds to a high value of #jterations in (7.43) and (7.44), and amortises
the cost of the data transfer which limits GPU performance. However, even
if a high value of #jterations can be achieved, the speedup can be limited if the
concurrency of the graph traversal, given by the concurrency factor, is not high.

These limitations could be overcome with a computer architecture where a
multi-core CPU and the GPU are on the same chip. This would reduce the data
transfer overhead and it could allow for better performance with a low value
of Miterations- Also, this could make it possible to use the GPU only for those
matrices that can achieve a high concurrency factor. Intel’s Geng Processor
Graphics [196] is an example of this type of computer architecture, which is

used in desktop and laptop computers but not computer clusters.

191



CONCLUSIONS AND FUTURE WORK

This thesis has examined the implementation of sparse linear algebra algo-
rithms on GPUs and, in particular, the solution of sparse triangular systems
of linear equations (STLs). This algorithm occurs in more complex algorithms
such as the preconditioned conjugate gradient (PCG) and the simplex method
(SM).

The solution of STLs, like all sparse linear algebra algorithms, shows op-
portunity for parallelisation depending on the sparsity pattern of the system
matrix. The sparsity pattern can be represented as a directed acyclic graph
(DAG) which can have a particular structure. For example, can be composed
of very connected parts or can be composed of disjoint components.

Sparse matrices are stored with specialised data structures, which cause
sparse linear algebra algorithms to have an irregular pattern of memory ac-
cesses. This, in turn, can cause a loss of performance of the implementation of
sparse linear algebra algorithms on GPUs and other parallel computer archi-

tectures.

8.1 INSIGHT FROM THIS THESIS
This thesis has discussed an approach to implement high-performance sparse
linear algebra algorithms on GPUs. The discussion has given insight both on

sparse linear algebra algorithms, which are a type of irregular application, and

GPU architectures.

8.1.1  Sparse linear algebra and irregular applications

This thesis showed that the implementation of sparse linear algebra algorithms,

and in general that of irregular applications, should not aim to achieve the high-
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est possible level of concurrency, which is the aim of the level-set approach
implemented by CUSPARSE. In fact, if concurrency is high, the GPU’s mem-
ory sub-system is less capable of quickly coalescing memory accesses and, as
a consequence, a part of the execution time is spent waiting for the irregular
memory accesses to be completed. On the contrary, the approach in this the-
sis is to partition the sparse matrix, while considering the architecture of the
GPU’s memory sub-system and the structure of the associated graph at the
same time.

This concept of balancing concurrency and data locality is similar to that
of balancing sparsity and stability in numerical analysis, of which one exam-
ple is Markowitz’s LU decomposition algorithm [157, 158, ch. 2] mentioned
in Section 7.1.2 on page 163. Markowitz’s LU decomposition computes an ap-
proximation of the triangular factors L and U, denoted as L and U. aiming to
obtain the sparsest possible L and U, because solving the corresponding STLs
on a single-core CPU is faster than with denser factors. However, since the
factors obtained by Markowitz’s algorithm are an approximation, the product
LU can have a much higher condition number than that of the product LU.
The condition number of the first of these two products can be improved by
reducing the sparsity of L and U.

Markowitz’s algorithm, like most of classical sparse linear algebra algo-
rithms, was designed to be executed on single-core CPUs, in which the solution
of an STL is obtained by traversing in sequence each edge of the graph associ-
ated with the system matrix. For modern processors, which can traverse more
than one edge at the same time, sparsity alone is not sufficient to capture the
performance of a sparse linear algebra algorithm. By introducing the concept
of concurrency factor, this thesis has addressed this problem both theoretically
and pratically.

In general, the fastest approach to solving a sparse linear algebra problem
would require balancing all four elements: sparsity, stability, concurrency and
data locality. The point of balance depends on the application, which deter-
mines both the structure of data, represented by the shape of a graph, and the

accuracy requirements on the solution. Usually, this four-dimensional design
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space is too large to be explored exhaustively so it is necessary to develop
techniques that are capable of informing the decision.

One of these techniques, implemented by both TASSL and CUSPARSE, ex-
tracts information from the structure of data with a preliminary analysis. How-
ever, this approach can be costly in terms of execution time. The approach
opposite to this would be to require an application expert to manually provide
all the information about the structure of the data. More research could be car-
ried out in hybrid approaches that reduce the execution time of a preliminary

analysis by incorporating information from an expert user.

8.1.2 GPU architectures

This thesis has also provided an insight into GPU architectures. Depending
on the size of a GPU’s local memories, the GPU can be more suited to solving
one particular type of STL with respect to another. For example, a GPU with
many compute units (CUs) and small local memories is more suited than a
GPU with few CUs and large local memories to solving STLs in which the
graph is composed of many, small disjoint components.

In general, there is no single GPU architecture that is ideal for all types
of STL, contrarily to FPGA architectures, which can be adapted to any STL.
However, any accelerator for sparse linear algebra algorithms can be slower
than a single-core CPU implementation of the same algorithm if the data is to
be transferred frequently from and to the accelerator. This poses a fundamental
limit to the performance of accelerators for sparse linear algebra algorithms

using current computer technology.

8.2 GENERALISATION OF THE APPROACH

There are many ways in which the work in this thesis could be expanded. This

section examines some of these possibilities.
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8.2.1  Other sparse linear algebra algorithms

The approach devised in this thesis for the solution of STLs can be generalised
to other sparse linear algebra algorithms like the sparse matrix-vector multi-
plication (SPMVM). In fact, SPMVM can be considered a generalisation of this
approach to rectangular matrices or equivalently bipartite graphs [94, ch. 1].
In a bipartite graph, vertices are of two types and edges can only be incident
from a vertex of one type to a vertex of the other type. In the case of SPMVM,
one vertex type represents the set of rows and the other the set of columns.
Either of the two sets can be partitioned depending on what is more profitable
in terms of data locality.

This approach could be used in theory to implement other graph-based algo-
rithms and irregular applications on GPUs since increasing data locality is par-
ticularly beneficial for these applications. For example, the depth-first traversal
of a graph could require a generalisation of the partitioning algorithms devised
in this thesis to achieve high data locality.

More research should be done specifically on partitioning techniques, since
the overhead of analysing the sparse matrix can limit the performance of the
approach described in this thesis if the matrix is very large. Also, the possibility
of implementing this first phase on GPU could be considered for much larger
matrices than those examined in this thesis, for which there could be more

opportunity for concurrency.

8.2.2  Other computer architectures

Another direction for future research on the topic discussed in this thesis is that
of other computer architectures. Although in this thesis the concepts of data
locality and concurrency were discussed for GPU implementations, they also
apply to multi-core CPUs, computer clusters, and Intel Xeon Phi accelerators
among others. For example, in multi-core CPUs and Intel Xeon Phi accelerators
the L1 cache memory can be considered the equivalent of the local memory.

Also, the explicit data transfer carried out on GPUs could be left to the memory
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sub-system in these architectures. Similarly, the shared memory in computer
clusters can be considered the equivalent of the global memory discussed in
this thesis and the memory available for each cluster node can be considered
the equivalent of the local memory.

Generalising the approach to computer architectures other than GPUs would
also provide the opportunity to include the tradeoff between synchronous and
asynchronous computation in the discussion. For example, it could be possible
to have implementations in which all the processing inside sub-graphs is car-
ried out asynchronously and the sub-graph levels are processed synchronously.
In this case, it could be investigated how asynchronous computation in the pro-
cessing of a sub-graph affects memory access patterns and therefore whether

different partitioning techniques can improve data locality.

8.2.3 A specialised computer architecture

Since certain GPU architectures are more suitable to solving particular STLs
than others, it could be of interest to design a GPU-type architecture that can
be adapted to different types of problems. Such a GPU architecture would
allow the programmer to allocate a varying quantity of local memory space
so to process efficiently both graphs composed of many small disjoint compo-
nents and graphs composed of few large disjoint components. Moreover, such
a computer architecture would include a CPU-type core to implement those
parts of sparse linear algebra algorithms that do not show any opportunity for
concurrency and would instead benefit from executing instructions at a higher
rate.

In conclusion, implementing sparse linear algebra algorithms on modern
computer architectures is a very active research topic and each approach largely
depends on the type of matrix being processed. Although this thesis has exam-
ined a number of problems related to this topic, there are many other problems

that require further research.
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LIST OF ACRONYMS

BSR Block compressed sparse row format.

CG Conjugate gradient method.

Ccoo Coordinate format.

csc Compressed sparse column format.

CSR Compressed sparse row format.

Cu Compute unit.

DAG Directed acyclic graph.

DSL Domain-specific language.

ETM Elementary transform matrix.

FLOPS Floating-point operations per second.

FPGA Field-programmable gate array.

GPU Graphics processing unit.

ILU Incomplete LU factorisation.

ILUO Incomplete LU factorisation with zero fill-in.

ILUTP Incomplete LU factorisation with threshold and piv-
oting.
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LIST OF ACRONYMS

LL-LU Left-looking LU factorisation.

LP Linear programming.

MIMD Multiple-instruction-multiple-data [26].
MIP Mixed-integer programming.

PCG Preconidtioned conjugate gradient method.
PE Processing element.

PGMRES DPreconidtioned generalised minimal residuals

method.
SIMD Single-instruction-multiple-data [26].
SM Simplex method.

spMvM  Sparse matrix-vector multiplication.

STL Sparse triangular system of linear equations.

TASSL Time-slot sub-graph level algorithm.
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ACTIVE ELEMENT. In this thesis, an active element is either a vertex or an
edge in the graph associated with a sparse matrix. Numerical operations
associated with the same active element cannot be executed concurrently,
so they are either executed in sequence or as atomic operations. In CUS-
PARSE, an active element is a vertex in the graph and one or more nu-
merical operations are associated with it, each corresponding to one of
its entering edges. In TASSL, an active element is an edge in the graph,
which has only one numerical operation corresponding to itself. The

concept of active element was first introduced by Pingali et al. [50].

ADDRESS COALESCING. The merging of one or more memory access requests
into a single memory access request in case of good data locality. Mul-
tithreaded SIMD processors in GPUs are equipped with sophisticated
address coalescing units that analyse memory access requests coming

from many SIMD threads [31, ch. 4].

ATOMIC OPERATION. An atomic operation is a special instruction that ap-
pears to be uninterruptible to the rest of the system. On GPUs, atomic

operations are managed by specialised hardware in the L2 cache mem-

ory [31, ch. 4]

BANK CONFLICT. Inboth Nvidia and AMD GPU architectures, local memory
is organised in memory banks and the best performance is achieved only
if as many memory banks as possible are accessed at the same time. A
bank conflict happens if two or more SIMD lanes access the same mem-
ory bank at the same time, because these accesses are sequentialised and

performance is reduced.

BARRIER. On GPUs, a barrier is implemented using either a global or a local

memory location that acts as a counter. Whenever a work item encoun-
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ters a barrier, it increments the counter and it remains idle until the ex-
ecution of all the other work items in the same work group reaches the

same point.

coMPUTE UNIT. In the OpenCL model [28], a compute unit (CU) is the hard-
ware that executes a work group. It contains a local memory and a certain
number of processing elements, each one with its private memory. In a

GPU, it is a multithreaded SIMD processor [31, ch. 4].

CONCURRENCY FACTOR. In this thesis, the concurency factor C of a sparse
triangular matrix L with respect to a given algorithm is a measure of
how much concurrency can be used in carrying out the algorithm. In the

most general case it is defined as

Mevels,L /
Y1 (Zt’e’f’q Oy + Yter, 0t>
Cr=1-— ’
Medges,L.

where #jeyels, L is the number of sub-graph levels and g is a graph in
sub-graph level £;, and G4 the sub-graph in level £; with the longest
processing time during the solve phase. Also, 7’ ¢ is the set of external
time slots of graph g and oj, is the maximum number of numerical oper-
ations in the external time slot . Similarly, 7, is the set of internal time
slots of graph ¢ and o; is the maximum number of numerical operations
in the internal time slot .

The concurrency factor has a value between zero and one. When the nu-
merator of the fraction in the definition of Cy, is equal to 1, the execution
of the algorithm requires only requires SIMD threads of length one, with
one instruction per work item and only one time slot in total. This is the
case of maximum concurrency and C, is closer to 1 the more the edges
in the graph. If the numerator of the fraction in the definition of Cy, is
equal to Nedges,Ls all the numerical operations are executed in sequence
one after the other. This is the case of a graph whose structure is that of
a chain, which does not allow concurrency. This is captured by a concur-

rency factor that is closer to zero the more the edges in the graph. Hence,
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the concurrency factor C;, captures the scheduling of the instructions in
the graph but it does not capture data locality, nor memory access latency

hiding, nor thread divergence.

DISJOINT COMPONENT. Also called weakly connected graph component [94, ch. 1].
It is a part of the graph that is not connected to any other part of the
graph.

EFFECTIVE OPERATION TIME. In this thesis, the effective operation time T is

defined as
T (1+0+A)
= Tn

where T is the ideal throughput of the type of SIMD instructions consid-
ered, 7 is the efficiency factor, ¢ is the synchronisation overhead, and A is
the local transfer overhead. The effective operation time captures at the
same time all the effects captured by the efficiency factor, the synchroni-
sation overhead, and the local transfer overhead.

The physical meaning of 7 is given by its inverse, which has the dimen-
sions of a throughput. In fact, 1/7 is the apparent rate of SIMD operations

during the execution of the algorithm.

EFFICIENCY FACTOR. In this thesis, the efficiency factor # of a sparse triangu-
lar matrix L with respect to a given algorithm is a measure of the effects
of data locality, memory access latency hiding, and thread divergence. In

the most general case it is defined as

Mevels,L /
e (zyem o)+ Lier, Ot)

/
ot

Mlevels, L / 0
Zq:1 <Zt/€7—/q ) + Zteﬁ; ;ﬁ)

where 7jeyels, L is the number of sub-graph levels and g is a graph in
sub-graph level £;, and G;4 the sub-graph in level £; with the longest

processing time during the solve phase. Also, 7", is the set of external

201



GLOSSARY

time slots of graph g and o}, is the maximum number of numerical op-
erations in the external time slot ¢ and 7;, is the operation efficiency of
t'. Similarly, 7, is the set of internal time slots of graph ¢ and o; is the
maximum number of numerical operations in the internal time slot t and
1y is the operation efficiency of ¢.

The efficiency factor captures the effects of data locality, memory access
latency hiding, and thread divergence. Like the operation efficiency, 1
can be equal to one only in the ideal case, in which the operation through-

put is equal to the theoretical maximum.

EXTERNAL EDGE. Given a partition of the vertices of a graph G = (V, £) into
ns + 1 disjoint subsets Vo, V1, Vs, ..., Vy,, an edge (i, ]) is an external edge
if the vertices i and j are not in the same sub-set V. The set of all external

edges for sub-graph Gy := (V, &) is

Eextk = {(,j) EE|i€EVEN]EVAjEW].

FEASIBLE PARTITION. A partition of the vertices of a graph G := (V, £) into
ns + 1 disjoint subsets Vy, V1, Vs, ..., V,, is feasible if two conditions are

met:

CONDITION I: if an edge goes from a vertex in V to a vertex in VV,, then

p >k

CONDITION II: the number of vertices in the set V;, n;, must not be

greater than a positive integer nmax.

GLOBAL MEMORY. A memory shared by all the compute units in the OpenCL

model [28]. On a GPU, it is an off-chip DRAM [31, ch. 4].

INTERNAL EDGE. Given a partition of the vertices of a graph G = (V, £) into
ns + 1 disjoint subsets Vo, Vi, Vs, ..., V,,, an edge (i, ) is an internal edge
if both vertex i and vertex j are in the same sub-set V. The set of all

internal edges for sub-graph Gy := (V, &) is
Emk = 1{(,j) €EE|i€VENjE VL)
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KERNEL. In the OpenCL model [28], it is the set of all work groups being

executed on a device.

LOCAL MEMORY. In the OpenCL model [28], a memory contained in a com-
pute unit and shared by all the work items in a work group. On GPUs,
it is a SRAM in a multithreaded SIMD processor [31, ch. 4]. On Nvidia
GPUs in particular, this SRAM can be partitioned into local memory and

L1 cache memory [34].

LOCAL TRANSFER OVERHEAD. In this thesis, the local transfer overhead A
of a sparse triangular matrix L with respect to the TASSL algorithm is
defined as

Mevels
)\ = 7217:11 ﬁnﬁ

1-C

1 Medges

where 1jevels is the number of sub-graph levels, p is defined in (3.23) at
page 81, C is the concurrency factor, 1 is the efficiency factor, and 7egges
is the number of edges in the graph G associated with L.

The local transfer overhead represents how much time is spent transfer-
ring data to and from the local memory with respect to the time spent

carrying out numerical operations.

MEMORY ACCESS LATENCY HIDING. On GPUs, good memory access latency
hiding is achieved when there are enough SIMD threads ready for exe-
cution to keep arithmetic-logic units busy at all times, while other SIMD

threads are waiting for memory operations [31, ch. 4].

MULTITHREADED SIMD PROCESSOR. It is the GPU equivalent of a CPU core.
It contains a number of SIMD lanes, a register file, a SIMD thread sched-
uler, an address coalescing unit, a local memory or L1 cache, and other

cache memories for read-only and constant data [31, ch. 4].

OPERATION EFFICIENCY. In this thesis, the operation efficiency 7, , is a value
between 0 and 1 and captures the effects of data locality, memory ac-

cess coalescing, and thread divergence in the execution of time slot 7,
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while excluding synchronisation overheads. When 7, is equal to 1, the
throughput achieved by the GPU software is equal to that in case of no

thread divergence and a null memory access latency.

PER-THREAD CONCURRENCY. In this thesis, the per-thread concurrency met-
ric W estimates how many work items are used to execute the algorithm
on the GPU. The per-thread concurrency of matrix L with respect to an

algorithm is defined in the general case as:

!
maXze{Ll,cz,...,cnlevels}{ Lgel MaXy,y {\Tg,q\z |7;,,qr } }
W = ,

Medges

where the numeration represents the maximum number of work items
used during the execution of the algorithm. If W is close to one, there
is almost one work item per vertex in the graph, and consequently also
C is close to one because the longest SIMD is composed of few SIMD
instructions.

The per-thread concurrency metric is similar to the degree of parallelism
metric first defined by Kulkarni et al. [51]. Given the number of compute
units in the GPU ncy and the maximum number of work items per com-
pute unit n,,, the models developed in this thesis are limited to the case

W < ”CU"W‘

Nedges

PRIVATE MEMORY. In the OpenCL model [28], a memory that is private to
each processing element. In a GPU it is implemented as a set of registers
private to each SIMD lane or, if the data does not fit into these registers,

part of the off-chip DRAM [31, ch. 4].

PROCESSING ELEMENT. The processing element (PE) is the most elementary
architectural element in the OpenCL model [28]. A PE executes one work

item and in practice corresponds to a SIMD lane on GPUs [31, ch. 4].

REGISTER SPILLING. GPU compilers try to store all data belonging to private
memory in the OpenCL model [28] in the register file of multithreaded

SIMD processors. However, if this is not possible, a part of the data is
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stored in the DRAM. This fact is called register spilling and causes a
reduction in performance because it increases the number of accesses in

the L2 cache memory [31, ch. 4].

sIMD LANE. On a GPU, it is the hardware that executes each part of a SIMD
instruction. Each multithreaded SIMD processor usually has 16 SIMD
lanes. Two SIMD lanes cannot execute different SIMD instructions simul-

taneously [31, ch. 4].

SIMD THREAD. Also called warp. On a GPU, it is a sequence of SIMD in-
structions being processed by a multithreaded SIMD processor and it
corresponds to 32 work items [31, ch. 4]. Usually, many SIMD threads
are processed by a multithreaded SIMD processor at the same time and

their execution is managed by the SIMD thread scheduler.

SIMD THREAD DIVERGENCE. The effect of conditional branching in GPU soft-
ware, for example with the if-else and case statements. Since many
work items are mapped to one SIMD thread, every branching statement
causes the execution of more SIMD instructions, each one operating on

only some of the of the operands [31, ch. 4].

sUB-GRAPH. Given a partition of the vertices of a graph G := (V,€) into
ns + 1 disjoint subsets Vo, V1, Vs, . .., Vp,, a sub-graph Gy :== (V, &) of G
is composed of the vertices in the sub-set V, and the union of the set of

internal edges and the external edges for Vi. Hence, & = Eintx U Eext k-

SYNCHRONISATION OVERHEAD. In this thesis, the synchronisation overhead
o of a sparse triangular matrix L with respect to a given algorithm is

defined in the general case as

Mevels,L !
KNevels,L + Zqivles (lqo'global + lt?ﬂocal)

1-C
Ty nedges,L

where #jeyels, L is the number of sub-graph levels and g is a graph in

sub-graph level £,;, and G; the sub-graph in level £; with the longest
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processing time during the solve phase. Also, I is the number of of
external time slots of graph ¢ and [, is ithe number of internal time slots,
x is the time required for a GPU kernel to be stopped and for a new
one to be started, ogiopal is the execution time of a global memory barrier,
Tlocal 1S the execution time of a local memory barrier, C is the concurrency
factor, 1 is the efficiency factor, T is the maximum theoretical throughput
for the type of numerical operations executed, and finally 7egges 1 is the
number of edges in the graph associated with L.

The synchronisation overhead is the the ratio of the part of execution time
of the algorithm that is spent on synchronisation points and the part that

is spent carrying out numerical operations and transferring data.

SYNCHRONISATION POINT. In this thesis, a synchronisation point is either
the start of the execution of a GPU kernel, the end of the execution of a

GPU kernel, or a barrier.

TIME SLOT. In this thesis, a time slot is the set of numerical operations exe-
cuted between two synchronisation points. The numerical operations in
a time slot are grouped by their active element. The duration of time slot
7; is determined by the largest number of numerical operations associ-

ated with an active element of 7, and is represented by o,.

WORK GROUP. In the OpenCL model [28], a group of work items executed
in the same compute unit. Work items in the same work group can
be syncrhonised, while work items in different work groups cannot be

synchronised.

WORK ITEM. An elementary piece of software in the OpenCL model [28], exe-
cuted by a processing element. Work items executed in the same compute
unit form a work group and can be synchronised. Inside a GPU, every
32 work items are grouped together in one SIMD thread and executed in

parallel, implementing SIMD parallelism [31, ch. 4].
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