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ABSTRACT

In this thesis we discuss two distinet classes
of defects in glasses, which affect the low temperature
thermodynamics and high temperature relaxation
properties. The first class, the intrinsic defects,
arise from the constraints of the underlying network
and are, therefore, present even in perfect glasses.
The second class, the topological excitations,
take the form of Z2 line defects. The temperature
dependence of the equilibrium density of topological
defects is such that they lead to a universal
explanation of the Vogel Fulcher Law for the viscosity

of supercooled liquids.

Further insight into the nature of the defects
is gained by studying a field theory in which the
overall homogeneity of glass 1is formulated as a
local invariance of the free energy. Here the
topologi;al line defects are analogous to vortices
of type II supercon@uctors. Intrinsic  defects,
in the form of lines of curvature, act as sources
of the field and introduce energy density fluctuations.

Each such defect is associated with two equal energy

solutions of the Euler Lagrange equations, related

(i)



by a  nontrivial .gauge transformation. Such two
level systems could be responsible for the anomalous

low temperature properties of glasses.

An alternmative field theory 1is discussed in which
the continuum spin glass model 1is derived from
the Edwards Anderson Hamiltonian, with _intrinsic
defects (frustration lines) included as lines of
finite curvature.‘ The topological excitatidns are
vortices of the spin field. It was necessary to
approach the continuum model for am atomic glass
from a macfoscopic point of wview. The model is
that of an isofroéic elastic continuum with torsion
and curvature included to describe the ring closure
constraints of the underlying network. Here the
topological defects are 20 disclinations. In both
spin glass and atomic glass the reversal of the
orientation of an intrinsic defect line constitutes

a specific model for the two level system.
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1.1

CHAPTER 1

GENERAL INTRODUCTION

Introduction

At first sight the task of identifying defects in glasses

might appear rather futile since glasses, unlike crystals,
do not have any long range order or, indeed, any unique
ideal configuration. Many of the properties of glasses
are, however, strongly suggestive of the presence
of defects, although the precise nature of these objects
is not apparent. Metallic glass exhibits a mode of
plastic deformation which closely resembles that mediated
by dislocations .in crystals. Magnetostriction‘experiments
(Grimm and Kronmuller 1980) have revealed dislocation
like sources of strain in ferromagnetic glasses.
Indeed, any rapidly quenched glass relaxes to a lower
energy configuration on annealing below the glass
transiﬁion temperature and such a process could be
due to the annihilation of defects. An almost universal
feature of the glassy state 1is the anomalous low
temperature thermodynamic and acoustic behaviour.
It is possible that defects exclusive to glasses are

responsible for such behaviour.

In the first chapter of this thesis we summarize some
of the wuniversal properties of glasses and review
the various methods which have been used to identify

defects in these materials. In chapter 2 we discuss
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one such method which predicts the existence of topo-
logically stable 1line defects in amorphous materials,
and show how they can be used to explain the observed
relaxation Sehaviour of supercooled liquids. In chapter
3 we develop a phenomenological gauge invariant field
theory of glasses in which the topological defects
resemble vortices in superconductors. They are present
in the glass, in thermal equilibrium, at finite temperature
and diffuse freely in the medium. Other defects, in
the form of quenched 1lines of finite curvature, are
present at all temperatures and these have the effect
of introducing a number (two per defect) of distinct
ground state configuratioﬁé, related to each other
by mnon trivial gauge transformations. A continuum
version of the Edwards Anderson Model of a spin glass
is derived 1in chapter 4, with frustration included
as lines of finite curvature. These introduce low
energy excitations which are equivalent to the reversal
of the orientation of a frustration line. Here the
topological defects are vortices of the spin field.
In chapter 5 we express the Keating Model of covalent
materials in a representation which resembles the
Edwards Anderson model of spin glass and include the
ring <closure constraints as torsion and curvature.
The random bo;d directions inhibit the passage ¢to
the continuum 1limit in this model. In chapter 6 a

glass 1is considered, from a macroscopic point of view,
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1.2

1.2.1

as an isotropic elastic continuum with torsion and
curvature. Again the presence of these defects introduces
low energy excitations which correspond to reversing
the orientation of a line. In this case the topological
defects are disclinations with the distortion field
screened by dislocations. We conclude, 1in chapter
7, with a general discussion and a comparison of the
three continuum models. Although the models vary
significantly in detail, the general features are
very similar. 1In particular, each has two distinct
types of defect, one type affecting the low temperature
properties and the other, the topological defects,
dominating the relaxation processes in supercooled

liquids.

The general trend of this thesis goes from a pheno-
menological (chapter 2 and 3) to a more microscopic
description of glasses (chapter 4 and 5), and finally
(chapter 6) back to a macroscopic description where
the defects introduced earlier, and speéific to glasses,
appear naturally in the framework of continuum elasticity

theory.

Review of Some Significant Properties of Glasses

The Glass Transition

Unlike the transition from the liquid to the crystalline
state, the glass transition is not a true thermodynamic

phase transition. It 1is, in fact, a kinetic transition
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in that it corresponds to the situation where the
timescale required for structural <changes to occur
becomes longer than the experimental timescale. For
a given cooling rate the glass transition temperature
(Tg) is the temperature at which the structural relaxation
time of the supercooled liquid becomes too long for
the liquid to remain in (internal) equilibrium, aﬁd
it corresponds to a viscosity of the order of 10!?
poises. Even above Tg a supercooled liquid 1is not
in the true equilibrium state (the crystal always
has lower energy) but it is in a metastable or internal

equilibrium configuration.

" Thus the glass transition temperature is not wunique
for a given liquid, but it is a function of the cooling
rate. The" rangel of wvariatiom 1is, however, very small
because the structural relaxation time has a very
strong temperature dependence in this region. The
glass transition 1is accompanied by a very rapid, but
continuous, change in the slope of the temperature
dependence of thermodynamic variables such as the
volume, entropy and enthalpy (Figure 1.1). The volume
of a supefcooled liquid decreases more rapidly with
temperature than the volume of the corresponding crystal,
but the rate of decrease in the glass and crystal
are approximately equal. Kauzmann (1948) noted that
both the volume and the entropy of a supercooled liquid

fall below the volume and entropy of the corresponding
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crystal at a finite temperature (To), although this
situation (which has become known as the '"Kauzmann
Paradox") cannot, in fact, be reached because the
glass transition always inte;venes. Gibbs and DiMarzio
(1958) noted that the Kauzmann Paradox 1s resolved
ié a true (but inaccessible) secoﬂd order phase transition
involving a discontinuity in the temperature derivative
of the entropy, occurs at To. The mechanism which
they have suggested for the transition, based on counting
polymer like configurations, has been criticized by

Gujrati and Goldstein (1980, 1981).

A second striking feature of supercooled 1liquids 1is
the temperature dependence of the transport properties,
which follow a universal law known as the Vogel Fulcher

Law (Vogel 1921, Fulcher 1925):

n=! = no=! exp - A

T-To 1.1

Here n~} represents the inverse viscosity but the self
diffusion rate, nuclear spin relaxation rate and all
other relaxation rates follow the same law with the
same value for the constants (A,To) in a given material.
Here To is the same temperature where Kauzmann's paradox
occurs. The law has been observed in materials as
_different as polymers (Kovacs 1973) organic liquids
(Barlow et al 1967), ionic liquids (Angell et al 1967)

and metallic liquids (Chen and Goldstein 1972). Recently
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Toulence (1980) measured the frequency dependence
of the susceptibility cusp of a spin glass and found
evidence that the spin relaxation time follows a similar

law.

The oldest explanation of this behaviour is the free
volume theory of Cohen and Turnbull (1959, 1961).
The theory has‘recently been extended (Cohen and Grest
1979) in such a way that it can be used to explain
the thermodynamics of the transition. The argument
is based on the assumption that flow, or relaxation,
can only occur at é given site when a large enough
hole (volume Vo) opens up next to the site. Thus if
the fractional excess volume per site (with the close
packed state taken as reference) is VF = V-Vo then

the probability of finding a hole of size Vo is

. proportional. to exp (-Vo/VF) and n=' a exp - Vo 1.2

V-Vo
The assumption that (V-Vo) is proportional to T-To
leads to the observed behaviour. There has, however,
been a number of objections to this explanation and
Anderson (1980) mentions a few. In particular there
seems to be no physical justification for the assumption
that the excess voume falls linearly to zero at a
finite temperature (To). In fact fitting the experimental
data to equation 1.2 (the Doolittle law, Doolittle
1951) has not been as successful as equation 1.1.

In addition it is difficult to justify the free volume
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approach for anything other than a hard sphere model
of a liquid and this does not seem appropriate for
many of the complicated systems in which this behaviour

is observed.

A somewhat similar line of approach, involving
configurational entropy instead of volume, was taken
by Adams and Gibbs (1965). Here a small region of
the 1liquid cannot wundergo a change in configuration
unless the entropy exceeds a critical value (So) therefore

as before, n~! @ exp - So 1.3

Sc
where Sc is the total configurational entropy. However,
in the presence of a second order phase transition
at To (Gibbs, DiMarzio 1958) we might expect = Sc¢ a (T-To)
and the Fulcher law 1is again recovered. It 1is this
expression for Sc which has been criticized by Gujrati

and Goldstein (1981).

There has been a numbef of more recent attempts to
derive the Vogel-Fulcher 1law for the wviscosity of
supercdoled liquids. J.C. Phillips (1981) introduced
a model in which the temperature dependence of the
size of molecular clusters 1is responsible for the
observed behaviour, but again it is difficult to envisage
how such a specific model could explain its occurrence
in a wide variety of materials. Cyrot (1981) considered

energy fluctuations in supercooled 1liquid to play
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1.2.2

a dominant role. Here it is the life time of an infinite
amorphous cluster which follows a Vogel Fulcher law.
Shtrikman and Wohlfarth (1981) have explained the
observation of the Vogel Fulcher law in spin glass

in terms of the interaction between magnetic clusters.

In this thesis (chapter 2) we follow a suggestion
by Anderson (1980) that the presence of. topological
defects may be responsible for the universal behaviour
of the relaxation time 1in supercooled 1liquids, and
show that the density of line defects follows equation
1.1 and yields the Vogel Fulcher law for the relaxation
time of supercooled liquids.

Low Temperature Properties of Glasses

On a microscopic level a glass looks very different
from a crystal however, macroscopically, both ‘systems
can be considered to be elastic continua. In other
words, when we observe properties which do not depend
on the details of the atomic structure we expect a
glass to behave in a similar way to a crystal. One
such property is the excitation spectrum: of long
wavelength phonons because the microscopic disorder
should be irrelevant when the wavelength is much longe;
than the interatomic distance. The 1low temperature
specific heat of «crystals is dominated by such long

wavelength phonons and it tends to =zero as the cube
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of the temperature. Siﬁilar behaviour would be expected
in a glass if the dominant low energy excitations
were phonons, however Zeller and Pohl (1971) measured
the low temperature specific heat of witreous silica,
germania and selenium and found a linear temperature
variation which dominates the phonon contribution
below 1°K. In addition the thermal conductivity was
found to vary as the square. of the temperaﬁure, rather
than the c;be as in crystals. Similar effects have
since been found in polymers (Stephens 19?3) and metallic
glasses (Graebner et al 1977) and in all other inorganic
glasses which have been measured except, it seems,
amorphous arsenic. A linéar term in the specific heat
of dilute magnetic alloys (now known as spin glass)

was discovered earlier by Zimmerman and Hoare (1958,1960).

Such behaviour implies that, in addition to long wave-
length phonons, glasses have other low energy excitations
which affect the thermodynamic properties. Anderson,
Halperin and Varma (1972) and W.A. Phillips (1972)
independently discussed a model which successfully
explained the low temperature anomalies and made
predictions which have since ©been verified (Black
1981).k The potential energy surface of a glass 1in
configuration space 1is very complicated with a number
of roughly equivalent 'ground states'. Most of these

are inaccessible to a glass in a particular configuration,
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however a small fraction of the local minima may be
accessible in experimental timescales and these will,
therefore, contribute to the specific heéﬁ. The magnitude
of the linear term of the specific heat (Stephens
1973, 1976) suggests that the probability of finding
one such nearby minimum 1is extremely small, thus it
is reasonable to neglect the possibility-of a third
accessible minimum. Anderson et al and Phillips introduced
the concept of the '"two level system" which considers
part of the potential energy surface containing two
minima, separated by a distance d and a barrier of
height V (Figure 2.2). At low temperaturés, transitions’
between the two configurations can occur via quantum
mechanical tunelling. 1If ¥; and YR are the wavefunctions
corresponding to the left and right well respectively

then the Hamiltonian, in terms of these basis states,

is
A A § o
W o)
H= 3 (AO-A )+ (0 -6) e 1.4
with Ao = -l;wo-_exp ("A) . 1.5
and A = dh—} /2mv 1.6

M is the effective mass of the rearranging atoms,

e is the strain field and 23§ = The second term

d A.
de
originates in the dependence of the shape of the potential
energy surface on the local strain field. 1In terms

of the spin operators (Se¢ = ¥ o0q and ca.. {(a = 1, 2, 3)

are the Pauli Matrices).

Page 10



H:ASZ—AO Sx+268 Sz 1.7
Diagonalizing the first term of equation 1.4 (rewriting

it in terms of the basis states ¥, = ¥YgCos Ao , YL Sin Ao)

24 24

the Hamiltonian becomes

H=ES, + (M Sx + DS;) e 1.8
with E?2 = A%+ Ao?

M = 240 §

E
D = 24 §
E

The unperturbed (e = o) states now have an energy

splitting E which is necessarily greater than (or
equal to for infinite barriers) the original splitting
(A). The presence of the off diagonal coupling (Me Sg)
implies that perturbations of the strain field can
lead to transitions between the two diagomal states

(v, ¥.).

The contribution of tunnelling states of this kind
to the specific heat depends on the distribution of
the parameters A and Ao. The usual assumption (Black
1978) 1is that the distribution function is independent
of 4 and depends on Ao only through the uniform
distribution of barrier heights (v).

i.e  P(a,n) = P(O,A) = P 1.9

therefore defining r = Ao?, P(E,r) = 3r~'(1-r)~7 P - 1.10
E2
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The specific heat (Cv) is related to the distribution
of ecipen states of (1.8) through the expression (Phillips
1972)

Cyv = kp }3 f} dr P(F,r) (BR)? Sech *(BL)
°c 1o 2 2 1.11

— 1 1
= W2 ky® TP [f dv (1-x)-7 ] 1.12
6 d -

and is indeed linear in the teomperature. Here ro is
a function of the maximum barrier height consistentl
with observations in  experimental timescales. The
magnitude of the linear term in the specific heat
implies a density of states of around 10'°® .~ 102°
eV cm—? and this is consistent with a concentration
of two level systems of Dbetween 1 and 10 per million

atoms (Black 1981).

The strain dependent off diagonal term in cguation
1.8 represents the interaction of the two level system
with phonons. A phonon of frequency (h "' E) can be
resonantly absorbed by a two level system with encrgy
splitting E, or it can stimulate the emission from
an excited two level system of the same energy. Sucnh
precesses lead to a phonon mean free path (Q). given
by (Anderson Halperin and Varma 1972)

gt o= Tw P 5% tanh i ui

3 N
pV ! ZkBT 1 .9
Heve o is the mass density and V is the sound velocity.

The dominant frequency of the thermazl phonons 1is

ho = kyT thercfove the mean free path (2) of thermal
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phonons is proportional to the inverse of the temperature
and the thermal conductivity, (K = % Cyv- &, with Cv
representing the phonon specific heat) 1is proportional

to the square of the temperature, as observed by Zeller

and Pohl (1971) and Stephens (1973).

One of the most successful features of the tunnelling
model is its ability to explain the saturation of
ultrasonic attenuation at high power levels (Hunklinger
et al 1972, Golding et al 1973). At low power levels
the mean free path of the phonons is dominated by
resonant absorption (equation 1.9) but as the power
increases the population of the ¢two states -equalize
and the absorption and emission processes completely
cancel, with no net absorption. Hole burning and spin
echo experiments have also been carried out successfully
in insulating glasses (Hunklinger and Arnold 1976,
Golding and Graebner 1976) and these lead to accurate
estimates of the relaxation times of the two level

system.

The search for similar effects in metallic glass was
hindered by the presence of conduction electrons which
contribute a large linear term to the specific heat.
However this contribution is negligible in experiments
carried out below the superconducting transition
temperature therefore the linear term in the specific

heat observed for Zr Pd in this regime (Graebner et
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al 1977) 1is 1indeed due to the two level system. A
T2 term in the thermal conductivity was observed in
the same system. The current state of the observation
of two level systems in metallic glass 1is reviewed

by Black (1981).

There have. been a number of attempts to }dentify the
microscopic origin of the two level systeﬁl in glasses.
Several possibilities for oxide glasses are presented
by Jidckle et al (19%6). J.C. Phillips (i980) suggests
they may be due to hydrogen atoms tunnelling between
two equivalent poéitiqns in surface defects of over
constrained glasses. W.A. Phillips (1981) discusses
a specific model 1in which an OH™ ion rotates about
a Si0 bond of amorphous Silica. Villain (1977) showed
that the spins on a frustration line in the X-y model
of a spin glass have two equivalent ground state
configurations (chiraiities). As  yet, however, no
universal explanation has been offered for the effects
in such a wide wvariety of materials. 1In chapter 3
of this thesis we present a model in which the two
level system is a natural consequence of the coexistence
of gauge  invariance and defects. An alternative
explanation is discussed 1in chapters 4 and 6 where
the tunnelling excitations correspond to the reversal

of the orientation of defect lines.
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1.2.3

Plastic Flow in Metallic Glasses

Metallic glasses exhibit an exciting combination of

physical properties for potential technological

applications, such as a very high fracture strength,

fracture toughness and stiffness. Under high stresses

they show some degree of plastic deformation, with

two distinct deformation modes:-

(i) Homogeneous deformation at high temperatures and
low strain rates.

(ii) Inhomogeneous deformation, concentrated in very
narrow shear bands along the direction of maximum
shear stress, at low temperatures and high strain

rates (Masumoto and Maddin 1971).

Inhomogeneous deformation is mediated by hetrogeneous
nucleation of slip, followed by localized spreading.
It is .a common mode of deformation in crystals where
it 1is nucleated by a dislocation and confined to the
slip plane of the dislocation. The appearance of localized
slip bands in glasses lead to the suggestion (Gilman
1972) that dislocations (with fluctuating Burger's
vector) also exist in amorphous materials. The idea
that dislocations can be defined in a medium without
order has not been generally accepted therefore several
alternative explanations have been discussed. Leamy
et al (1972) suggested that plastic flow occurs via

the motion of localized strain concentrations. Polk
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1.3

and Turnbull (1972) explained slip localization in
terms of strain softening due to structural disordering
of the slipped area. Spaepen and Turnbull (1974) assumed
that hetrogeneous slip nucleation occurs at a surface
defect and the viscosity decrease due to dilation
ahead of the crack leads to localized spreading. Li
(1976) demonstrated how density fluctuations can cause

hetrogeneous nucleation of slip.

In chapter 6 of this thesis we discuss how dislocation
like sources of stress and strain are present in glasses
at all temperatures. The 'dislocations" must obey
conservation laws and as such they cause hetrogeneous
nucleation and localized spreading of slip. They are
the sources of strain and density fluctuations discussed

by Leamy (1972) and Li (1976).

The Identification of Defects in Glasses

In general, the concept of a defect implies the existence
of a perfect, defect free state as a reference, with
defects being defined as deviations from the reference
state. In a crystal, or other ordered medium, the
structure of the reference state 1is known and the
identification of defects is almost trivial. In a
glass there is no unique reference configuration therefore
the above definition of a defect is not very useful,

however some glasses are more ''perfect'" than others
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because annealing a rapidly quenched glass just below:
the glass transition temperature <causes relaxation
towards a lower energy configuration. The perfect
or ideal glass is one which has been ceooled infinitely
slowly from the melt but, of course, this situation

can never be achieved in practice.

Although there 1is no long range order glasses have,
in general, a strong degree of short range order which
acts as a local reference configuration. For example,
each atom of a covalent glass has a-similar environmént
(co-ordination number) to the atoms of the corresponding
crystal and deviations from this ideal environment
(in the form of dangling bonds) are easily identified
as defects. In a metal-metalloid glass (such as PdSi)
the ideal surroundings of a metalloid ion is a trigonal
prism of metal 1ions (Gaskell 1979) and deviations
from this configuration could be corresponding defect

in metal-metalloid glasses.

An alternative definition of a defect which is applicable
to glass is that of a source (line or point) of distortiom
in the medium. A transparent example of such a defect
is a frustration line ;f a spin glass. A simple model .
of a spin glass 1is one where the spins reside on a

lattice with random ferromagnetic and antiferromagnetic

interactions. On any plaquette (elementary face of
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the lattice) with an odd number of negative bonds,
it is impossible to minimize the energy of the spins
across all bonds simultaneously (Toulouse 1977) and
in three dimensions such frustrated plaquettes are
threaded through by lines (frustration lines) which
cannot end within the medium. In an Ising model the
unsatisfied bonds lie on a plane bounded by the
frustration loop therefore the energy is 'proportional
to the area of the 1loop, but in an x-y model the
distortion is shared between all the bonds and the
spins relax to a vortex like configuration with an
energy of the form L Inn L (L 1is the length of the
loop) (Fradkin et al 1978). Thus frustration lines
act as sources of distortion to continuous spins in

a spin glass model.

Rivier (1979) noted that, 1like the lines threading
frustrated plaquettes, the lines threading rings with
an odd number of bonds, in a continuous random network
model of a covalent glass, cannot end within the medium.
They must form closed 1loops or end on the surface.
Such odd rings (3-fold excepted) are incompatible
with any combination of rotational and translational
symmetry and are not, therefore, found in crystals,
except at the cores of disclination 1lines. They can
thus be considered to be analogous to frustration
lines of spin glass. Similar lines can also be identified

in a dense random packing model by considering the
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(dual) network formed by the edges and vertices of

the Voronoi polyhedra of the spheres.

On a somewhat different line of approach Kleman and
Sadoc (1979) suggested that glasses could be visualized
as ordered lattices in spaces of finite curvature,
projected in ordinary Euclidean space. The idea arises
from the fact that the fundamental unit of the dense
random packing model (the configuration which maximizes
the 1local density) is the regular tetrahedron and
this does not £ill a 3 dimensional Euclidean space,
but it does fill a 3 dimensional sphere (a space with
constant positive curvature).vMapping a regular structure
from the sphere on to Euclidean space not only introduces
distortions, but also cut surfaces (wall defects).
In a similar way the mapping of a regular structure
from a space with constant negative curvature introduces

singular lines (disclinations).

The physical parameters of a glass (density, stress,
entropy) fluctuate throughout the medium (for direct
evidence see Grimm and Kronmiller (1980)) and the
extremes of the distribution of the fluctuations
can, 1in some respects, be considered to be defects.
An extensive study of the statistical fluctuations

in the stress (dilational and shear) field of a computer

Page 19



model of amorphous iron has been carried out by Srolovitz
et al (1981) who found that the width of the distribution
decreased during relaxation. This <can be interpreted
to mean that the defects (extremes of the distribution)
annihilate each other during this process. Free Volume
also falls into this category because it 1is really

the extreme of a continuous distribution of hole size.

Toulouse and Kleman (1976) introduced a scheme in
which the topologically stable defects of ordered
media can be classified by the behaviour of a field
on a surface surrounding the defect (Homotopy theory).
It has been suggested (Toulouse 1979, Rivier 1979)
that this procedure can also be applied to amorphous
media, with the result that the only topologically
stable defects in glasses are line defects which are
their own antidefects. Homotopy  theory, and its
application go glasses, are discussed in more detail

in chapter 2 of this thesis.

The defects discussed in this section fall naturally
into two <classes, those which can be eliminated by
relaxation (and would not, therefore, be present in
a perfect glass) and those which form an intrinsic
part of the structure of the glass (at T = 0) and

cannot be completely removed by relaxation. Frustration
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lines in a spin glass are a good example of the latter
(intrinsic) defects because their number‘ cannot be
reduced by relaxation or <cooling at a slower rate
through the glass transition temperature. Also in
this category are the lines threading odd rings of
a continuous random network because, unless a conscious
effect is made to avoid them (Connell, Temkin 1974)
the average density of odd rings is inéependent of
the model (Weaire 1979). Similarly, the line and surface
defects discussed by Sadoc and Kleman are a necessary
consequence of the mapping from a curved space to
a Euclidean space and cannot, therefore, be eliminated

by relaxation.

On the other hand one would not expect to find dangling
bonds in a perfect glass and the free volume should
also disappear at a finite temperature. Statistical
fluctuations cannot be completely eliminated by relaxation
but the width of the distribution is decreased.
Topological defects are excitations from the 'ground
state" and would not be present in a fully relaxed
glass. We shall see (chapter 2) that they are only

present in thermal equilibrium above a finite temperature.

Thus we see that there are a number of alternative
approaches to the problem of identifying defects in
glasses, but it 1is 1important to distinguish between

intrinsic defects (which have no crystalline counterpart)
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and excitations from the 'perfect" glassy state. The
latter are more in keeping with the wusual concept
of a defect. We feel that both classes of defect have
important consequences in the properties of glasses,
with intrinsic defects (in the form of sources of
distortion) being responsible for the wunusual low
temperature properties and topologically stable defects
(20 disclinations) dominating the reia#ation at “high
temperatures. Such features are common to all models

of glass discussed in this thesis.

The random orientation of the local environment of
the atoms of a glass (or conversely, the macroééopic
homogeneity) 1is expressed mathematically as a local
invariance (gauge symmetry) of the free emergy. Like
defects, gauge invariance 1is a feature of all models
of a glass discussed in this thesis and it has important
consequences in the 1low temperature behaviour of the

phenomenological model (chapter 3).
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Tm is the Melting temperature

Tg,s Tg,, glass transition temperature for two different
cooling rates, (R,, R,). Here R, > R,.

To 1is the temperature at which the entropy of a super-

cooled liquid becomes equal to that of a crystal.

Figure 1.2
Part of the potential energy surface of a glass, producing
a tunnelling state 'with barrier V, asymmetry energy

A and generalized distance d.
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2.1

CHAPTER 2

LINE DEFECTS AND THE GLASS TRANSITION

Introduction

One of the striking features of glass forming liquids
is the functional form of the temperature dependence
of a number of transport properties, in the supercoole?
regime. The viscosity, diffusion rate, nuclear spin
relaxation rate all follow an empirical law (known

as the Vogel-Fulcher law) which diverges as exp

<A
T-To

of this behaviour, which is found in a wide wvariety

at a finite temperature (To). The wuniversality

of materials, implies that all relaxation properties
of supercooled 1liquids are dominated by a common

mechanism.

The work in this chapter 1is based on a suggestion
by Anderson (1979) that such behaviour might be explained
in terms of a defect dominated relaxation process.
Using homotopy theory we demonstrate that line defects,
characterized by the group of integers modulo two
(z,), are the only stable excitations in amorphous
media. From the general properties of such defects
the temperaturé dependence of the density of defects
is calculated, and this can be directly related to
the average relaxation time of the medium. Such a

procedure leads directly to a derivation of the Vogel
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2.2

Fulcher law for the relaxation time of supercooled

liquids.

The Classification of Defects in Ordered Media

In 1976 Toulouse and Kleman introduced a scheme in
which a branch of algebraic topology, known as homotopy
theory, is wused to classify the topologically stable
defects in ordered media. The starting point is a
field, or order parameter, ( ¢(x)) which is a function
of the spacial co-ordinates of the medium ( x). In
mathematical language the‘ field defines a mapping
from the real space of the medium ( Z) to the manifold
of internal states (M).
i.e. o : Z + M

If G is the symmetry group of the Lagrangian and H
is the subgroup of G which leaves the ground state
invariant, then M 1is the coset space G/H and it
characterizes all possible ground states. In general
the points of M have a one to one correspondence with
the minima of the potential energy surface. The mapping
is such that we expect the order parameter at every
point to reside in the potential energy minimum, but

spacial variations may increase the global energy.

Topological defects are singularities which <can be
detected from the <configuration of the field on a
surface surrounding the defect. The field maps closed

n~dimensional surfaces (n-spheres) of the medium onto
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closed surfaces in the Manifold of 1Internal States
and these n-surfaces fall naturally into -equivalence
classes which make up the n-th homotopy group of M,
Mn(M). Surfaces are equivalent if they can be continuously
deformed 1into each other within the Manifold and the
set of all equivalent n-surfaces constitutes one element
of the n-th Homotopy group. The 1identity element of
the group 1is the set of all surfaces which can be

continuously shrunk to zero.

To see how this relates to defects we consider the
specific example of the mapping of a closed path (one
dimensional surface) onto a closed path in the Manifold
of internat states. If the latter contour cannot be
shrunk continuously (it belongs to a nontrivial element
of the first homotopy group) whereas the real ;pace
contour can, then on shrinking the real space contour
a situation is - reached where an infinitesimal path
in I maps onto a finite path in M. Such a contour
must enclose a singularity of the field, that 1is a
point where the mapping 1is not defined. The locus
of the singularity in a medium (of dimensionality
greater than two) is an uninterrupted line because
any procedure for shrinking the contour must encounter

it.



2.3

In general, defects of dimensionality r are classified
by the nth Homotopy group in d spacial dimensions
where
n=d-r-1

Thus any defect can be characterized by the homotopy
clas; of the mapping of a surface surrounding it and,
by definition, a defect cannot be continuously deformed
from one clasé to another. Defects combine according
to the addition law of the corresponding Homotopy

group.

Classification of Defects in Amorphous Media

The generalization of the above approach to disordered

media is straight forward (Toulouse 1979, Rivier 1979)

but a careful interpretation of the results is required.

The '"'ground state" of a glass has no constructive

symmetry thus H is trivial (H =41 ) and M=G/H = G

the Euclidean group. The following points must, however,

be considered:-

(i) 1Is it reasonable to define an order parameter
in a medium without order? '

(ii) The potential energy surface of glasses is
complicated and it would be futile to.attempt to
construct é manifold of internal .states representing
the minima of this surface.

In the method outlined below we define an order parameter

by choosing a particular 1low energy (''ideal") con=-
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figuration as a reference state for the actual
configuration. Thus the manifold of internal states,
for a particular reference configuration, is relevant
to a restricted part of Aﬁhe potential energy surface.
Homotopy theory is a wvalid method for <classifying
the stable singularities of any field theory and thus
the problem 1is really that of finding a suitable field
to represent the glassy state. By analogy with ordered
media the ''ground state'" configuration should be
represented by a uniform field, free from singularities.
The ground state of a glass is not unique, but there
are a number of deep minima in the potential energy
surface which are separa;ed from each other by large
energy barriers. Thus for any glass at a reasonable
temperature the corresponding minimum energy cénfiguration
is well defined and this configuration 1is considered
to be the reference state in which the field maps
every element of space into the identity of the manifold
of intérnal states. Each element contains a macroscopic
number of atoms and has no internal symmetry so the
relevant group of transformations is the full rotation
group (S0(3)). A continuous field theory can now be
developed by considering the operation which transforms
each group of atoms in an excited (or actual) state
of the system to their configuration in the corresponding
relaxed (reference) state. Small deviations in the

detailed structure within a group of atoms are neglected.
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The topologically stable singularities of this field
theory are classified by the homotopy groups of the

Rotation group:-

n, (so(3)) =2,
n, (so(3)) =1
I, (S0(3)) = Z

The third Homotopy group does not label localized
singularities, but rather nontrivial, nonsingular
conéigurations of the whole system. They play an important
role in high energy physics where they are singularities
(called instantons) in four dimensional space-time.
The second homptopy group 1is trivial, hence point
defects are not topologically stable excitations in
glasses. The first homotopy group is the group of
integers modulo two (Z,) thus one type of line defect
is stable in glasses and .the combination of any two

defects will annihilate both (1+1=0).

The stability of line defects in these systems is
due to the fact that the rotation group is not simply
connected. A rotation of 2I cannoé be continuously
deformed to the identity, whereas a rotation of &I
can, The manifold of internal states can be represented
by a solid, 3 dimensional sphere of radius 1@, with
the opposite points identifiéd (Pollara 1976). The

direction of the wvector joining the centre of the

sphere to a point of the manifold represents the axis
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of rotation (i) and the magnitude of the vector represents
the rotation angle (8). For rotations of I (represented
by points on the surface of the sphere) rotations
about an axis (n) are equivalent to rotations about
the opposite axis (-fi) thus opposite points on the
surface must be identified. Any closed contour crossing
the surface of this manifold an even (odd) number
of times can (cannot) be shrunk continuougly to zero

(Fig. 2.1).

Thus we see that the only topologically stable defects
in amorphous materials are 2, line defects, associated
with a rotation of the field by 21 (about any axis)
along a contour surrounding the 1line. Topological
stability is not, however,  equivalent to energetic
stability. Defects belonging to the trivial element
of the homotopy group may be prevented from decaying
instantaneously by the presence of small energy barriers.
Such a situation would account for the fact that dis-
locations like configurations appear to be stable
against local perturbations in some models of amorphous
metals (Chaudari, Levi and Steinhart 1979). A
topologically stable defect can either decay Dby
combination with another defect or by tunnelling through
(or activation over) large energy barriers associated
with the departure of the field from the manifold

of internal states (and from the potential energy
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minimum). A <closed line defect can be eliminated by
inducing a singularity of the field on a plane bounded
by the defect (see, for example, figure 2.2) 1in the
intermediate state. Thus, in general, the energy barriers-
and average life time associated with topologically
stable defects are much longer than those of topologically

trivial '"'defects'.

Relaxation in Supercooled Liquids

As the glass transition vof a supercooled liquid 1is
approached, it 1is generally found that the relaxation
times associated with all the relaxation properties
(viscosity, self diffusion, nuclear spin relaxation
rate) increase very rapidly with a universal law known
as the Vogel-Fulcher law:

t = :to axXp A _ 2.1

The constants A and To are the same for all properties
of a given materiai. The functional form of this law
is unusual in. that it has an essential singularity
at a finite temperature (To) which is of the order
of 10-100°K below the glass transition temperature
(Tg). 1t cannot be derived from the more wual . Arrhenius:
behaviour (corresponding to To = 0) by invoking any
reasonable distribution of energy barriers. The universal
form of the  law suggests that all relaxation processes
in supercooled 1liquids are dominated by a single

mechanism. The transport properties of «crystals are,
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in general, dominated by the presence of defects (plastic
flow occurs via dislocations and diffusion via vacancies).
Here we consider the possibility that the line defects
discussed in the previous section might explain the
unusual = temperature dependence of the relaxation time
in supercooled liquids.

The argument is based on the Glarum model fér relaxation
in liquids (Glarum 1960, Phillips, Barlow and Lamb
1972). " The basic assumpéion of the model 1is that
structural relaxation of a.gfoup of atoms or molecules
cannot éccur until a defect has succeeded in diffusing
to the site of that group. The presence of a defect
core diétorcs the structure to such a degree that the
transition to the lower energy configuration is easily
achieved. The defects must be stable entities, with
average lifetimes 1longer than the timescales wunder
consideration, thus the arguments are not applicable
to defects which are not topologically stable (for
example free volume). Assuming that diffusion occurs
via a random walk process, the average time necessary
for a defect.to diffuse to a given site is proportional
to the square of the distance between them. Dimensional
analysis suggests that the average distance between
a site and the nearest defect is inversely proportional
to the square root of the density of defects # (the

total length of defect 1line per wunit volume). Thus
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2.5

2.5.1

the average relaxation time t is inversely proportional
to the density of defects in the medium
1 2.2

i.e tad a p-

Equilibrium Density of Line Defects

The density of defects in equilibrium (peq) at a given
temperature 1is found by minimizing the free energy
with respect of p.

F(p) = E(p) - TS(p) ' 2.3

3F(p) | = © 2.4
3p
peq

Here S(p) is the contribution to the entropy by a
defect density p and E( p) 1is the corresponding energy
contribution.

Entropy of Line Defects

The configurational entropy of 1line defects 1is, in
general, a difficult problem but by introducing a
number of approximations we can obtain an expression
which is wvalid for 1low defect <concentrations. We
consider a network of F. faces which can be occupied
by closed defect lines (threading through the defective
faces) of total length Na, where a is the step length
of the order of the interatomic distance. Then

p = Na
;?Z? 2.5

Y 1is a numerical factor relating the number of faces
to the wvolume. The total number of configurations
(QyN) in such a situation (assuming 1<< N<< F) is given

by:~-
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I’,mglx( i ) I N N [

N % . z  Cln,) Cn,) ...Cne) §(Znj-n)
01 Ny=Ny Ny=n, Ng=ng N, n, ng 1.=1
2.6
Here  the  combinational factor counts the possible

starting positions of the & loops. The sccond summation
partitions the & loops with N total steps into n ,

Ny «vel steps respectively. A loop with nj steps has

Clny) configurations, the number of self avoiding

closed walks of nji steps. The factor 1 is included
nj

because of the nj equivalent starting points., For

N<<F the exclusion of faces alrcady occupied by previous
loops yields a negligible correction. The precise
form of C(n) 1is wunknown but, by analogy with a well
tested scaling law for self avoiding walks (Domb 1969)

we can write:-—
—— == K n—B Z;n 2 7
Here ¢ is of the order of the connectivity of the

4

strictly walid for large =n but, as we shall see, for

network {(Z-1), B8 ~ 1 and K ~ %. This cxpression is
small n  the precise form of C(n) is unimportant.

Defining a  generating  function fer a single loop.

f()\) =3 b ?_\'_I_) 9 8
p=ng  pB o
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where n, is the number of steps in the smallest possible

loop, then

N
DR YT S W B I (35N [f(x)]“‘,x,-,

RS ) o 2.9
My=Ng No=Ng n,;8 n,B nQB N! X
and
fmax
QN = I‘I\I ¢ .9 N -?. Q, ~
e . b e KT E()
.ONY Aol Gleyrar | Gol7) IA-o 2.10
=1
The lowest order term of [f(x)]* is xno thus for
¢ > pmax {(the integral part offi )
No
(3_)N x¥no o = 0 and tcrms with L > Lmax do not
X o

contribute to the sum. We can replace 2max by infinity

without affecting the result. The sum is then a binominl

expansion of the expression (1+Kf(x) )F
9 >
ond ay = N [N [(1s KIGO)Pg7) | 2.11
e ax
NY X220 v
tN
¢, \N FKE(x) o 2012
= W) e -1 s -
Jsing in )
Using ﬁ?m (142)° = oA
57 <0 S
Expanding the expofiential we have
R B (S L N o
iU T o FOY | 2.13



[0 ]
3_\N .y _ (3N xP
e (DY oo | =&V a X
X=0 p:no X=0
n.r
o (AN (2 ° nor+l
- AN 4 oGty
no X=0

and the highest power of r to survive in this expression is

%
max
ay - prmax (N g fmax NI+ 0 (F7Y)) . 2.14
N! ngBmax  2Zmax!
n
But 2. = N (1 +0(2))
n N

o]

so for N >>ng, we can neglect the non-integral part

and set ;.. = N_
2¥e)
- N/D
Then Q = (KF)N-EN
s -
700 (L) "
and 1n @ = Nlilng - (—E-ln N EL) + N (1n K + in F)
' N ng ng ng n,
- N 1n ng 2.16
No

=N (nolngc+ 1+ InK - (B-1) 1n ng)-N_1In N 2.17

ng ng F
The entropy per.unit volume (S) is given by
S = kg _1 in @
¥ay F

kB
or § =~ (Dp - Cp 1n pa?) 2.18
where =N as above

P = YFa? °

C=1_

Ng 2.19
-1
- = xno
D=tng-o= Ingg 2.20
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2.5.2

The number of wunknown parameters makes a numerical
estimate of these constants unobtainable, however
D 1is logarithmic 1in the geometrical parameters (K,
Y, §) and so it aepends only weakly on the detailed
structure of the medium. In any case we are particularly

interested in the functional form of the expression.

The physical interpretation of the above result is
that when a given total 1length of defect is free to
distribute among loops of any size, the entropy 1is
dominated by the mixing entropy of the smallest possible
loops, (thch is of the order of 1nN! ~ NinN). Here
we have considered only the configurational entropy
of the defects, however .their presence will affect
the vibrational modes of the medium and so they must
also contribute to the vibrational entropy. For free
defects this effect should be small and we can absorb
it into the linear term (D) 1im equation 2.18 (see

for example Nabarro p.689).

Energy of Line Defects

The energy of line defects 1is calculated for a specific
field theory of glass 1in chapter 3 of this thesis
but in this chapter we approach the problem by analogy
with - the properties of. defects 1in ordered media. 1In
fact the results are equivalent for a particular range

of defect <concentration (the semi dilute regime).
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In general, topological 1line defects in ordered media
are associated with a distortion field which decreases
as the inverse of the distance from the line. A transparent
example is that of vortices in superfluid liquid Helium
in which the order parameter is a complex wavefunction
¥ = l?le-i¢ . In the -equilibrium the modulus of the
wavefﬁnction 1¥1l assumes a constant value, minimizing
the potential energy, but the phase ¢ is arbitrary.
Under these <conditions, the only remaining term in

the free energy is F c = J (V®)2dV. The wavefunction

Grad

must be single valued thus
}514» dl-= 2Tn

for any closed contour and the integer n is the topo-

logical invariant of the singular 1line enclosed by

thhe contour. For a straight defect a circular contour

of radius r, centred on the line has a length 2ur

thus, from axial symmetry, - V ¢ = 2ln = n. The Euler
20r r
Lagrange Equation is V2 ¢ = I A; &8%(x- 21) 2.19
' i

where i labels the defect 1lines. The two dimensional
8fn is included because V® 1is not defined on the core

of the defect. The solution of this differential equation

(with the, boundary condition ¢ = O at infinity) is
® (x) = Ef A, 8(x'-2i) d%%’ 2.20
i P —
1x-x! 1

Integrating F by parts and once again setting

Grad

¢ = 0 at infinity leads to:-

_ 2
FGrad =f 0 v ¢ dv
o oprpigthy 98 dRS 2.21
i,] 1xi -xj1 '
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An expression of this form is found for the interaction
energy of many types of defect, wvortices in liquids
(Lamb 1932) and x-y ferromagnets, disclination lines
in liquid crystals (De Gennes 1974) and, in a more
complicated form, dislocations in crystals (Nabarro
1967). It is easily recognized as the Biot-Savart

law for the interaction energy of current loops.

The above discussion is only strictly valid for defects
labelled by the full group of integers(Z)(Dzyaloshinskii
1980), however Equation 2.21 1is an wupper limit for
the interaction energy and it 1is correct for straight
parallel defects. In the next chapter we demonstrate
that the non abelian field theory necessary to describe
such non algebraic defects reduces to an abelian (linear)
theory in a particular concentration regime and the
interaction - energy is‘ again described by equation

2.21.

The energy of a single straight defect line is logarithmic
in the size of the system but the presence of a second
(antiparallel) 1line screens the distortion field of
the first and the size of the system is replaced by
the distance between the defects. In fact for all
loop geometries the 1interaction energy ‘can be written,
approximately as

Ey = Xa t In - N Ecore 2.22
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Here the line 1is split into N ‘segments of length a
and r; is the distance between the ith segment and
the nearest antiparallel one, the direction beink
determined by the orientation of the distortion field
around the line. E_. .. 1is the core energy and x 1is

a measure of the energy scale of the distortion (of

the order of na ?/4 1 where p is the shear modulus).

For a random configuration of defect loops, equation
2.20 should be éveraged over a probability distribution
P(r) of the distance r. We are interested in the
regime in which the defect éoncéntration is high
enough to introduce interaction between the defect
loops, but low enough for the mutuall§ avoiding potential
in the entropy calculation (equation 2.6) to be neglected
In this (semi-dilute) regime the only length scale
(¢ ) in the problem is the average distance between
the defect 1lines and is related to the density of

defects (p) by

2.23
Thus the distribution function P(r) depends only
on the distribution function (P(y)) of the dimensionless

)

parameter (y

[}

r
4

P(r) dr

P(Ej 4 (E) 2.24
[ [
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2.5.3

N r; o c
and < § in T = S P(r) 1In T dr
i=1 °
u’—
= f P(y) (Iny + in E) dy
P a
=N<1lny>-%Nlnpa? 2.25
-] -]
where S P(r) dr = f P(y) dy =N
0 0 .
d < In > = E J =
an Y7 = N “‘dy P(y) iny

Equation 2.22 becomes

EN = Xa N(klny > -% 1npa?) + N Ecore 2.26

and the energy per unit volume of a defect density (p=%é)

; _B A 2
is E(p) = 2 ° 3 o lnpa 2.27
. Xa
with A= > 5.98
B=aX<1lny > + E.qre 2.29

and the expression for the energy density has a similar
form to that of the entropy density (2.18) 1in the
semi dilute regime. Misushima (1960) used a similar
expression for the energy of a large number of dis-

location lines in a crystalline medium.

Equilibrium Density of Defects

Substituting equations 2.18 and 2.27 into the expression

for the free energy density (2.3) we obtain:
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F(p) = = (Ckp T-A)p Impa® + = (B-DkyT)o 2.30

and 38(p) =1 (i 1 a) 1npa? + L (CkpT-a+B-DkgT)  2.31
a a

ap
therefore peq = %2 exp - B-A+(C-D)kpT 2.32
CkgT-A
= e f 2.33
T-To
; 1 D .
wieh a=37 exp (G- 1) 2.34
e 2.35
kBC C
A
To = ——
kpC 2.36

Thus the equilibrium density of defects falls con-
tinuously, but rapidly, to zero at a finite temperature
Tof The defect diffusion model for relaxation implies
that the relaxation time associated with the transport
properties 1is inversely proportional to the density
of defects hence this timescale diverges at To and

follows the observed Vogel-Fulcher law.

-1

ta peq = a exp

B
T-To
The expression for the equilibrium density 1is only
valid in the semi dilute regime as, when the defect
concentration 1is very dilute, the small defect loops
screen their own energy and do not interact with
surrounding loops. In the concentrated limit the

entropy expression becomes inaccurate because the

defects were not considered to be mutually avoiding.
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2.6

Experimentally the Vogel-Fulcher law is observed
over a limited temperature range. At high temperature
an Arrhennius behaviour is observed which suggests
that structural relaxation occurs via an activation
process in this regime, so <clearly the molecules
do not wait for 'gefects to diffuse to them. Close
to To the relaxation time becomes so long that measure-
ments are difficult to obtain. The theory does imply,
however, that the Fulcher law may b;eak down befofe
the 1infinite relaxation time 1is reached, thus the
interpretation of To as the true glass transition

temperature is suspect.

The Kauzmann Paradox

The temperature dependence of the entropy of asuper-
cooled liquid is such that, were it possible to maintain
the system 1in internal equilibrium (by avoiding the
glass transition) the entropy of the liquid would,
at a finite temperature (To), become equal to the
entropy of the <corresponding crystal (Fig. 1.1).
This paradoxical situation was first noted by K;uzmann
(1948). It lead to the suggestion (Gibbs, DiMarzio
1958) that .a supercooled liquid would undergo a true
second order  phase transition, associated with a
discontinuity in the temperature derivative of the

entropy, at To. Adams and Gibbs (1965)" used the
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assumption that the excess entropy increases linearly
above To (S g = A(T-To)) to explain the functional

form of the Vogel-Fulcher law.

Here, by attributing the excess entropy of the liquid
to the topological defects, we show that this entropy
tends to zero smoothly at a finite temperature To,
without the discontinuity of the slope which would
be present in a second order phase transition. Sub-
stituting the expression for the equilibrium density

of defects (2.33) 1into the entropy equation (2.18)

we find:
S(T) = XB (Dpog(T)=Coeq(T) 1npaq(T)) 2.37
=3 ““Peq Peq MPeq .
k 8
_ Kp. _ B - z _
= ;_ (a exp T_TO)(D C(inaa T—To)) 2.38
= EE a(exp - 8 )(C + 9-B-—---) 2.39
T-To
a T-To
Thus &im  S(T) = gim Ckga 1  exp - ( 8 )
T+To T+To a T-To T-To
=0
and fim  3S(T) = gim Ckp Ba (- - 1 + B ) exp
T+To aT T+To a (T-To)? (T-To)?
- B
T-To
=0

In fact all higher temperature derivatives also tend
to zero as T approaches To and thus the phase transition

at To must be infinite order. However, close to To
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2.7

equation 2.33 1is not ‘valid (cthe defects are too few
to 1interact as in equation 2.21) and therefore it
is unlikely that any transition would bccur at To,
even in a liquid lcooled slowly enough for internal

equilibrium to be maintained down to this temperature.

Conclusions

In this chapter we discussed the application of homotopy
theory to amorphous materials and showed that line
defects, which are their own antidefects, are the
only tépologically stable singularities in these
systems. The temperature dependence of the equilibrium
density of such defects was calculated, and found

to follow a Vogel-Fulcher 1law in the semi dilute

‘regime. The assumption that structural relaxation

occurs at a site only when a defect has succeeded
in diffusing to that site 1leads directly to an
explanation of the temperature dependence of the
relaxation time observed in  supercooled liquids.
The entropy of the defects (and all the temperature
derivatives of the entropy) tend to zero at a finite

temperature, thus resolving the Kauzmann Paradox.
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Figure 2.1

(a)

(b)

Path in the manifold of internal states representing
a rotation by 2I about the Z axis.

Ll
Path representing a 4I rotation. The rotation
of one half of the contour leads to a situation

which can be shrunk continuously to zero.
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Figure 2.2

Excitation of a vortex loop in an x-y ferro-magnet
(a) 1Initial configuration.
(b) An Intermediate configuration with singular plane.

(¢) 21 vortex loop (cross section).
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CHAPTER 3

A GAUGE INVARIANT FIELD THEORY OF GLASS

Introduction

In the previous chapter we discussed how one might
expect to find topologically stable line defect§,
characterized by the group of integers modulo two;
in all amorphous materials. 1In order to calculate
the energy of such defects, and examine the low
temperature properties of glass, we introduce a field
theory in which the macroscopic homogeneity of the
glassy state 1is formulated as a 1local 1invariance’
of the free energy. The line defects are singularities
of the matter field which are, in some :respects,

analogous to vortices in type II superconductors.

The intrinsic defects of the discrete network underlying
the continuum are included as punctures in an otherwise
continuous space and the boundary conditions on these
punctures are such that they act as sources of distortion
Associated with each defect are two distinct ground
state configurations and the tunnelling rate between
them is' related to the size of the defect. Such
tunnelling modes, or two level sysﬁems, lead directly
to a distribution of split pairs of gauge invariant
states which could be responsible for the linear
specific heat. and other low temperature anomalies

of glasses.
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3.2

The Gauge Invariant Free Energy

The concept of gauge invariance 1in a glass arises
from the combination of the absence of symmetry and
the overall homogeneity. There 1is no unique reference
frame for the system as a whole, thus at every point
the local reference frame is arbitrary and the physics
cannot depend on which frame we <choose. In other
words the local orientation (phase) of ‘the matter
field (the local structure) 1is not an observable
quantity, but the magnitude (the local density) is.
Such a situation occurs in superconductivity where
the local phase of the wavefunction 1is arbitrary
but the am?licude iﬁ observable. However, in both
cases, the relative orientation of the matter £field
at two difference points in space (phase difference)
is, in principle, observable and this necessitates
the introduction of a gauge field to counteract the
effect of making an arbitrary chahge in the local
reference frame at any point. Thus the physics (hence
the energy) remains invariant under such a local
transformation. The derivative in the expression
for the free energy is replaced by a covariant derivative
which is a combination of the ordinary derivative
and the gauge field. In fact the gauge field plays
the part of the connection in differential geometry
and it compares the minimum energy configuration
of the matter field at one point with that of a neigh-

bouring point. Such a connection 1is always required
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in disordered systems because of the noncollinear
nature of the ground state. Local invariance also
implies that states of the system related to each
other by a continuous gauge transformation are not
distinct physical states, however those related by
a nontrivial (discontinuous) gauge transformation
are distinct, and the transition between two such

states is mediated by tunnelling.

The 1idea of representing a disordered system by a
gauge field theory 1in continuous space 1is not new.
It has been introduced for spin glass but the problem
of representing the quenched disorder has not been
satisfactorily solved, either by quenching the gauge
field (Hertz 1978) or by keeping it as a dynamical
variable' and assigning it,' somewhat arbitrarily,
a mass (Dzyaloskinskii and Volovik (1978)). Rivier
(1980) and Da Silva (1980) also considered the gauge
field to be a dyﬁamical variable but quenched the
frustration lines and expressed them as sources of
curvature. Here we use a similar approach for glasses,

but consider a nonabelian model in which the intrinsic

defects are included as lines of quenched curvature.
From the above discussion it is evident that the

free energy density describing a field theory of

a glass must be invariant wunder local rotations.

Page 50



The absence of symmetry 1implies that the group of
transformations of the matter field (6(§)) is the
full rotation group (SO(3)) and as such 8 (x) can
be represented by a 3 dimensional rank 2 ctensor.

~

A covariant derivative Du defined by
Du = aufd + g [An, _ 3.1

A A
or explicitly (Du@)ij = dp@ij + g<Aik¢kj'¢ikAkj) 3.2
is introduced and the gauge fields Au transform in

such a way as to ensure that Duf is covariant under

local rotations (U(x) & SO(3), U* = U~Y

e DB = awb(0* g [AND), 97(0)] =
Ux) (DuB(x) U= (x) | 3.3
where 61(5) = G(i) a(i) G_l(i) A 3.4

We distinguish formally between directions in real

space ( p. = 1,2,3) and directions in isospin space
(i,j = 1,2,3). Summation over repeated indices 1is
implied.

From equation 3.4 we see that

~ A AN A AN AN ~

b (x) = U(3u¢)U‘1+ (auU)@U~—! + UB(apU~*t) 3.5
= U(au@)u—* — [UanpU-?, 81] 3.9
using the property UspU™! = —(3pU)U™? ' : 3.7

Now equation 3.3 becomes

~

UG@)U-1- [UaulU=, @ 1] + g a1, 8]
= a(apa)a;l + g[ag U, 61]
i

AA A ~ -~

therefore A; = UA U™ + g7t U(auU™?) 3.8

Page 51



A gaupge  invariant  frec  cnergy density (f(i))’ with
the coupling between the matter ficld and the pauge
field Dbeing effected solely through the covariant
devivative (minimal cbupljng), can now be constructed.
A "~ .. NN ~ A ~
f(x) = Y(Dp%(x))]J(Dp¢(x))1J+F$JFﬁJLU(¢(x)) 3.9
-- - - v NvY -
The potential U(¥) 1is &  lincar combination of the

invariants of the matter field, up to order @" .

U(P) = aftiigijep, (piipti)e 4 p,(@t3¢ilgkigkl) 3.10
= oaTr(3¢T) + g, (TrdgT)2 + g, Tr(gpTopT) 3.11

Yy $,8,(>0) and (<o) are constants.

~

The curvature tenscer Fuv is the lowest order function
of the gauge fields which is covariant under local
rotations. It is, in fact, the nonabelian generalization

of the magnetic induction of electromagnetism.

Fuu = 3pAv — 3v Ap  + g [Au,Au) 3.12
Fuyv = 3pAu ~ 3vAu + g [Au, Av]
= 3p[UAvU“‘+g"’UaUU_1]—ay[UApU"l+g'IG®xU“’}
. AN ~ AN ”~ Fava) ~ S ~
ag{ [UAPU™ +g 7 0B p U J[UAOU 4= Uou ™ ]

- [UavU~ 4+ Uau U] [UARU= +g~ " YauU~1 ]}

= U (3pAv -3dusp +glAp, Av]) UT?
= U Fpu U™ v . ©3.13

~

The gauge fields Ay can be writtén as lincar combinations
of the generators of the fotaticn group (antisymmctric‘
tensers) therefore

A oadl | 314

We can define

-

he dual (isospin) vectors (Ay), by

A& £ %Cle Alﬂ ' 3.15



and the covariant derivative in terms of these vectors

becomes [Dp@]il = @il + g (ellk AS QIJ - eljk Aku¢ll )

3.16
The Euler Lagrange Equations for the free energy
(F = [S£(x) dx) obtained by minimizing with respect

to ¢ij and AE respectively are:

Y [Dp Dp @] = 3li(@) 3.17
. awl-] :
and € {[Du Fuv] - yg[bv @, @717}y =0 3.18

In the remainder of this chapter we confine our attention
to field configurations {a } which lie in the minimum
of the potential energy surface everywhere, except

close to defect cores.

e = 7 (a@ 75 8, 420)
ij (-..
g —ik =1k =1j

+ 432 ¢ (D ¢ = O 3-19

This condition can be satisfied by choosing @ to
~ AI\T

be proportional to a real rotation matrix 2 (R @ -

~

1)
3 = an ' 3.20

and X is a scalar measure of the ''size'" of the matter

field. Equation 3.19 becomes (a + 68, A% + 28, AZ)QIJ =0

or A*' = - a = 2 3.21
28,468,
and Umin = 3 o A % 4 98y A" + 38,2 "
) 3.22
- - g
4(3B:1+83)
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We now redefine the zero of the energy scale such
that U+ U + a? and U(xa) = Umin = O
4(38,+B8,)

Thus we consider the situation where the matter field
has zero potential energy everywhere in the space
L. We must exclude from this space all regions for
which the matter field 1is not well defined, such
as the cores of defects. Hence the space I is punctured
and boundary conditions must be imposed on the surface
of these punctures which reflect the character of
the defect within them. 1In L, however, the field
can be represented everywhere by a rotation matrix
; and an infinitesimal phase operation ;u, representing
the difference in the orientation of the matter field
at the two points (x and x + dxu), 1is defined as
follows:

Bufl;(gc_) = [;u, 5(5)] . 3.23
with the solution,

~ ~ XO ~
Q(x) = (Ps exp % dxu ﬁp(i))no(ﬁs exp—deuﬁ(i)) 3.24
) X

50 -
Ps is the path ordering operator, ordering the integral
along the path from xo (the point at which the matter
field is Qo) to Xx. Ps orders the integral along the
reversed path. The matter field (x) is path independent
if and only 1if there exists an operator ﬁ(ﬁ) e S0(3)
for all x, such that

~

A(x) = {3 W(x)] W= (x) 3.25
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then (x) = W(x) 2, W='(x) 3.26

and ﬁ(i) Ps exp dxu %u (x) 3.27

1]

RS

W(x) 1is the rotation of the matter field at a point

x with respect to the orientation at some reference

point xo. The existence of a single valued function

(W(x)) defined by equation 3.25, implies that the
~ ~

curvature (Guuv ) associated with ¢p vanishes everywhere.

Guu(x) = au;u@_') — 3uty (x) +[:/:u, ;U] =0 3.28

The matter field is related to the state of the system
and as such it must be wuniquely defined at every
point in theAspace I (it must be single valued) therefore
equation 3.28 must «hold everywhere, and &(5) is also
uniéuely defined at every point of space. For closed
contours

Ps exp}(dxu ;u =1 3.29
because the matter field must return to its initial

configuration on completing a closed contour.

It is convenient to work in the rotated local reference
A

frame in which any operator.. A(x) becomes

K(x) = W= (x) AGx) W(x) 3.30

b RGO = W) Du AGx) W(x)

o

and
= au(WTIAW) =CopW ™) AW-W A5 W)

+g (W"K

qu-~W'1 A AW
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-~ ~ -~ P L. )
auh + %y, K - A%, + g(Au/\-A A)

aulk + g[§u+-g'1%u,x] 3.31
We define a new field

% -1
Eu = Au + g %H 3.32

which 1is, in effect, a combination of the gauge field
and the phase gradient of the matter field. Such
a combination is invariant under 1local rotations
(G(E))' because the matter field rotation is cancelled
by the gauge field rotation:-

Gki) = 6(5) %(gj | 3.33

- A~ :
therefore 7; = WU~ (ap(UW) Wlu—t)uw

~ ~ ~ A A ~

~ oA
W™t (aul) W o+ W (auW)WTIW

= ;p + WY (U=t U)W 3.34
and A& = WU UALU™L + g~ UspU~t)uwW
~ - A_. ~ A A
= 1AW + g7 W au(-ty G @
“-_ _1ﬁ_‘ ~ 1 A ”~
= Ap - g~ W (U-3uU) W 3.35
~1 -~ .
therefore Cu = Cp 3.36

The curvature of this field (Fuu ) is due to the gauge
field curvature alone, since the matter field curvature
is zero. Thus

Fuv = 3uCu -3ulu + g[Cu, Cu] 3.37

"

A=1Fuu W 3.38

1]

The free energy density, itself gauge invariant,
can be written 1in terms of the gauge invariant Tp

fields.
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3.3

£(x) = A 2yTr[W(Bud)W) (A1 (DuR)iD) T]

+ Tr[W-1Fuod) (A= Fuui) T] 3.39
A 2yg?Tr{[Cp,f, ] [Cu,2,]T} + TE(F uv Fliv} 3.40

and the <corresponding Euler Lagrange equations are

e 11k {[Dp Puo]i] -ya2 g2 [[CV,SO],SO-I]ij} =0 3.41

(Using € = -CT)

The <classical ground or metastable states of the
glass are given by the solutions of 3.41, subject
to the boundary conditions on the punctures of L.
Each configuration {Cu} corresponds to a continuous
of configurations of the gauge field and the m;tter
field ({&u, 6}, however, as we shall see in the.next
section, only those configurations which cannot be
transformed into each other by continuous gauge trans-
formations, are different physical grouand states

of the system.

Classification of Ground State Configurations

We are considering the situation ‘where the matter
field (a @ (x)) has zero potential energy everywhere
in ¢ and thus we must exclude from 3 all regions
of the space where this condition cannot be satisfied,
or where @ (x) is not well defined. The origin of
such regions in a glass is the structure of the discrete

space underlying the continuum. Consider, for example,
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a spin glass model in which x-y or Heisenberg spins
reside on a simple cubic lattice with random ferromag-
netic and antiferromagnetic nearest neighbour inter-
actions. As discussed 1in chapter 1, this model has
intrinsic defects (frustration lines) thch are the
lines threading the -elementary squares with an odd
number of antiferromagnetic bonds (frustrated plaquettes).
The spins on such a plaquette are necessarily distorted,
because it is impossible to satisfy all bonds
simultaneously, and the spin field is not well defined
everywhere within the plaquette. This region must
be excluded from any continuum model and, since the
lines threading frustrated. plaquettes in a 3 dimensional
model must be continuous (Toulouse 1977), the holes

are extended tubes, or punctures, which cannot end

within the medium. .

An alternative way of describing the same effect
is that parallel transport of the spin around a
frustrated plaquette (effected by minimizing the
energy across each bond in turn) does not return
the spin to its initial configuration. In field theory,
parallel transport of a vector around a closed contour
resulting in a finite rotation of the vector signals
the presence of curvature within the contour. Thus

we can include frustration 1in a <continuous field
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theory by excluding the core of the line from the
space and enclosing a source of the field (Cu ) in

the puncture, in the form of a line of quenched curvature.

The corresponding defect in the continuous random
network model of glass may be the lines threading
odd numbered rings (Rivier. 1979) which again cannot
end within the medium. Such odd rings are oéten present
at the «core of «crystalline disclinations (rotation
dislocations) and parallel transport around a dis=
c¢lination core results in a finite rotation of the
lattice vectors (this is clearlylilluscrated in Lardner

p-266) thus again the centre of the punctures are

associated with lines of finite curvature.

All glasses must, in fact, lhave someé additional
constraints A imposed on the equétion 3.40 because
the free energy density 1is, in general, spacially
fluctuating and history dependent. We introduce these
constraints by excluding regions of the space (punctures)
and imposing boundary conditions on the surface of
the punctures, which take the form of lines of quenched
curvature within them. The curvature acts as a source
of the distortion field (Cy ) because, for any contour
surrounding the holes

Tr Ps expf&u dx¥ = I 3.42
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lere 1 s the invariant associated with a line defect
in a nonabelian model. When the curvature (T’“p v) is
small

1= Tr exp Y dSpu 3,43
dSpv  represcents the cross section area of the puncture
in the pv  plane. Equation 3.42 dimplies that for a
single straight defect (w‘j.th. axisymmetric syvmmetry)
the magnitude of Cp must .decrcase as the inverse
of the distance from the line. The free encrgy density,
with a Lagrange multiplier included to quench the

curvature in the hole, is

~

fF(x) = yeire 2[C (i),QO]]’J['ﬁ {(x),% ]134-FL135JF11\1:‘]

! TR o]
s o
A Fri_w 1 - 4
o S (P - ue ) 3.44

with the corresponding Euler Lagrange equations

eI a2 gt [(Bv, 80,8 11 - Duhig(x))  3.45

The general solution ol these nonlinear differential
equations is inaccessible, Tlowever it is possible
to ennumerate the number of distinct ground * state
conf igurations. Suppose, for example, there 1is ‘a
unique solution of 3.45 which gives: the minimum energy

C.01Ift'1;.g,urati.o1.1 of the [field {Cp (x) 3. However there

2D

C. a . o~
are many configuvations of the matter field [(Ay(x) o(x)
g uAXs, GARs

correspending to Gy (x) ), all related to each other

by gauge transformations.
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01 (x) - 0(x) 0o 071 (x)

~

~ ”~ /\_‘ ~ -~
AV (%) = U(i)Au[ﬂELg‘l Ulx) ap Ut (x)

C&(i) = Cp(x)

In a simply connected medium all such gauge tLrans-—
formations  are equivalent  and the configurations
all correspond to the same physical state. 1In the
presence  of  punctures this is not the case as the
holes introduce additional solutions which would

be inadmissible in a continuous space.

The matter field configuretion on a contour around
a given puncture can be parameterized by ﬁ(i) which
defines a map of S' (a circle) onto SO0(3) and such
maps can be divided into equivalent classcs, corres-—
ponding to the elements of the first homotopy group
(m (S0(3)). As we saw in chapter 2, M (S0(3)) = Z,
and thus there . are two distinct classes of maps,

corresponding to a rotation of the mwmatter field by

0 or 2y around the contour (labelled by 1Q>Aahd | 21>
respectively). The 121> states wou]d have been

inadmissible as. a ground state ‘configufation in a

continuous spacc as they includé a singulariry of

the matter field which, in our case, 1is contained.
within the puncture and does not cost any energy.

The gauge transformations (U(x) €50(3)) on this contour
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also fall 1into two distinct classes, for the same
reason, and any gauge transformation belonging to
the nontrivial element of the homotopy group has
the effect of changing 10> into 12I> and vice versa
(Jackiw 1980, Isham 1981). The 1intermediate con-—-
figurations of the matter field in a large (nontrivial)
gauge transformation have a singular plane, bounded
by the puncture under consideration (as in figure
2.2). Thus the transition from the state 10> to 125>

(or 12m> to 10>) of any defect involves tunnelling
through an energy barrier caused by the singular
plane in the intermediate state, and the size of
the barrier 1is related to the minimum area spanned
by the puncture (size of the intrinsic defect). The
initial and final configurations have the same energy

because the Cu field is unchanged.

Thus associated with every puncture (line defect)
of the medium are two distinct equal energy con-
figurations, separated by an energy barrier. The
Hamiltonian of one such two level system (energy
E) can be written as

E Ay, 10> 3.46

represents the tunnelling matrix element

and is a measure of overlap between the states and
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it is a function of the energy barrier (hence the
size of the defect). This equation has eigen values
(E * 8p) and eigen vectors (10> % 121>) and thus the
true ground states are the gauge invariant linear
combinations of the states 10> and 12> with an energy
splitting (2 4,) which depends on the height of the
barrier alone. The ¢two 1level systems contribute to
the specific heat (as discussed in chapter 1) in

the following way:

o

C= [ Ao? Sech (Ql) n(do) dAgy
° (kiT)? kT

o
k.2 T gdx x2 Sech?x .n(xkT)

(x =

"
=
]
~
P
o
N
&
(]
~

as longas n(po) (the density of states with splitting
a0) 1is independent of pAo for po ¢kgT. Hence the two
configurations per defect will have a linear contribution
to the specific heat if there is a uniform distribution
of overlap integrals (p o) in the system, over an
energy scale corresponding to a few degrees Kelvin.
This differs from the wusual assumption of a uniform
distribution of energy .splitting (A in fig. 1.2)
because here Ao 1s always zero. Experimentally one
observes the distribution of the total splitting

(P((a2 + Aoz)% )) and it is impossible to separate
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3.4

the contribution from the splitting distribution
(g( a )) and the overlap integral distribution

(n(a0)).

In summary, the coexistence of gauge invariance
and intrinsic defects (punctures) in glasses introduces
a number of distinct ground state cdnfigurations
(two per defect) and the system can tunnel betweén
these configurations via large '(nontrivial) gauge
transformations. A uniform distribution of tunnelling
amplitudes will lead to a specific heat contribution
which has a linear temperature dependence and a
thermal conductivity ko T?, effects which are obgerved

in most glasses at low temperatures.

Excitations from the Ground State

In the above discussion we considered the low
temperature properties of gLasses and the intrinsic
defects of the ground state. Such defects are frozen
in to the system and cannot move or be eliminated
by relaxation. In addition to the frozen defects
there are topologically stable excitations from
the ground state, or 1line defects, which can move
freely within the medium. Such excitations cén
be classified by the homotopy groups of the mapping
W(x) : £+ 50(3)
and again-line singularities, associated with a rotation

of the matter field by 21 on any contour surrounding
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the 1line, are the only stable defects. The energy
of the defect depends on the gauge field which tends

to screen the distortion induced by the singularity.

A similar situation arises in Type II superconductors
which can be described by an abelian gauge theory.
The wavefunctions (matter field) |Y¥|ei® must be single
valued and the defects (vortices) are labelled by
an integer (n) with f_V_@ .d% = 2In. The Euler Lagrange
equations for the Abelian model can be solved explicitly,
at least for a single wvortex (Tinkham 1975) and it
is found that the magnetic induction (curvature)
decays as the logarithm of the distance from the
defect (r) for small r and expodentially for large
r (greater than the penetration depth). One possible
solution of the equations is A = g-! 90 (or C =g~!
ve - A = 0) everywhere, except on the core of the
vortex, however such a defecF would have an enormous
core energy. The total energy is reduced by spreading
the curvature (erx A) over a large region of space
(of the order of the penetration. depth) and outside
this region the distortion ({) is approximately zero.
The matter field singularity cannot spread in this

way because of the single valued nature of this field.
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The nonlinear equations of the nonabelian model makes
an explicit solution of the Euler Lagrange equations
(3.45) inaccessible, however we expect a similar
effect to occur. Topological excitations are associated
with a matter field singularity, but the distortion
(Cu field) 1is screened by the gauge field which has
a finite curvature (Puv ) in a region of space, the
size of which 1is determined by the lengt£ scale of

the inhomogeneity of the Cu field.

The length scale (%) can be estimated from the Euler
Lagrange equations (3.45), by writing them in terms

of dimensionless variables:

g = aglt® 3.47
M = L3 = 23p 3.48
XM
Then FHVU! = 3lHC!'V ~3!uBlu , [T, Tiv) 3.49
= go? FHY 3.50

Equation 3.45 becomes

iik (1 rxy mupil _ YAolg? rpa f1
€ PP (b, Pvl™ - =% [{v,%],05%] }=0 3.5

or ijk &__L__? [} 11

and the length scale associated with the inhomogeneities
of the Cp field is g = (y%xo g)=!. This is analogous

to the penetration depth in a superconductor and

it is a measure of the size of the region in which
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the curvature (F pv ) and Cu are finite, for a single

defect.

When there is a large number of defects in the system,
which tend to screen each others distortion field,
the spacial fluctuations (and thus the derivatives)
scale with a different length &' equal to Fhe average
distance Dbetween the defects therefore we define
3"y = #'9u . For a relatively high defect concentration
(high enough for defect loops to interact with each
other) ' = p'% where p is the total length of defect
per unit volume.

Now BV - g% <I% (3" n B _guEiny, % [T'H,B19])  3.53

and f(i) =_i.[_l (3" MCIU_aﬂUEIp) ﬁ_l[clu,clu]]ij %
ge? a! L

[ (2 Wgroaamogin e e e 8]

(e, 2,1t 3.54

L . .
2 = 2'<< g (the semi dilute

Thus in the regime where p-
regime) the derivative terms dominate the free energy.
ie £(x) = 1 =(8"“E‘U_f‘ualp)ij(B”“EIU_E““a“)ij 3.55
29 2942
g°84°% _
with the Euler Lagrange Equation
auak Cl'V(x) - wAVCM(x) =IV(x) 8% (x - &) 3.56

The two dimensional g function 1is included because

the Euler Lagrange Equation 1is not satisfied on the
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defect cores. This equation can be solved by fixing
the gauge such that
3v v = 0© 3.57
which 1is consistent with equation 3.17 in the semi
dilute regime. In terms of the C field 3.17 becomes
Bulev, 8,] = 0 3.58

-

[Bu TV, 2] + [34,[E%,%]] = o 3.59

Thus when the gradient terms dominate equation 3.57

is a solution of 3.59. Now 3.56 becomes

MAVEH (x) =J%(x) 8% (x - 2) 360
and imposing the boundary condition C* = 0 at infinity
we have |

R POV L G I L E3 ) 3.61

The free energy, after integrating by parts, becomes

F= fd Tr (-Cpayav ¥ + Tuaugn TV) 3.62

= rd¥x’ fd3x LJ\(,X) J‘()Xf);) 52(5-9') 52(&’—2‘1)

‘|x_§ll .
= ;% fdagfday Tr [3° (ay) V()] 3.63
lxi-x;1

J

where i, j label the line defects.

Thus, in the semi dilute regime, the interaction

energy of vortices has the usual form for line defects,

as discussed in chapter 2. Such defects could indeed
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3.5

be the excitations which dominate the relaxation
processes of supercooled liquids and lead to the

observed Vogel Fulcher law.

Conclusions

In this chapter we constructed a field theory of
glass in which the macroscopic homqégneity was formulated
as a local invariance of the free energy. Thefintrinsic
defects are included as punctures containing Llines
of quenched curvature énd these act as ;ources of
distortion in the wmediumr. A quenched, entangled
mass of defect lines exist in the gréund“ state of
all glasses. Associated with each such line are two
distinct solutions of the Euler Lagrange equations
(minimum energy configurations) related to each other
by a large (nontrivial) gauge transformation. The
gauge invariant linear «combination of these states
constitutes a doublet with an energy splitﬁing which
depends on the size of the defect 1loop. This 1is,
in fact, a universal model for the two leQel system
of glasses which is a direct consequence of the co-
existence of gauge 1invariance and line defects 1in

these materials.

In addition to the ground states, there are other,

(metastable) solutions of the Euler Lagrange equations,
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corresponding to topologically stable excitations
of the matter field. These are analogous to vortices
in an abelian model of a type 1II superconductor.
The vortices are free to move and they interact via
the wusual 1 potential, at least in the semi dilute
r
regime. The matter field in the vicinity of the core
of such a defect is significantly distorted and
structural relaxation is possible in this region.
Thus vortices have all the properties of the line
defects discussed in the previous section, hence

they could be responsible for the Vogel Fulcher law

of . the relaxation properties of supercooled liquids.
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4.1

4.2

.

CHAPTER &

A CONTINUQUS FIELD THEORY OF SPIN.GLASS

Introduction

In the previous chapter we introduced a phenomenological
field theory of glasses, in which the gauge inv;riance
played a significant role. It should, in principle,
be possible to derive the continuum free energy
from the Edwards Anderson model of spin glass, or
from the Keating model for covalent materials, both
models being inherently discrete. 1In this chapter
we develop a continuum version of the Edwards Anderson
model but it does not bear much resemblance to the
previous treatment. The main reason for the discrepancy
is that here the gauge fields are derived from the
(quenched) .interactions and as such they are not
independent dynamical variables. This eliminates
the possibility of tunnelling between ground states
by means of . a gauge transformation, however the
frustration lines remain as lines of finite curvature
and these lines are associated with low energy
excitations which have all the properties of the
two level system introduced by Anderson, Halperin,

AVarma and Phillips.

The Discrete Model

As a starting point for our field theory we consider

the Edwards Anderson Hamiltonian for a spin glass
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(Edwards and Anderson 1975) 1in which the spins (Si)
reside on a lattice with random nearest neighbour
interactions (Jij). The interactions can be random
in sign and magnitude, or in sign alone.

H=- L Jij Si. Sj 4.1

<ij>»

Here i, j label the sites of the lattice and the
sum 1is over all nearest neighbour pairs' of sites
(bonds). The model displays a discrete gauge invariance

(Toulouse 1977) as the local transformation:

Jij » - Jij for all j nearest neighbours to i

leaves the Hamiltonian unchanged.

In fact the interactions are generally quenched a
prioriiand the system is not free to take advantage
of the gauge invariance. However the partition function
is also gauge 1invariant (Fradkin et al 1978) as

for a particular configuration {J}%

2 {(J} = I  exp-B I Jij Si. §j 4,2
{si} <ij>
For a second configuration {J'}, related to the
first by
J'ij = ei Jij gy (Zi,rj = *1)
z{3'Y = L exp -8 T Jijei Si. gj Sj
{si} <ij>

I exp -8 I Jij Sf%. SY4
{si} <ij>

z {J} 4.3

1}
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The partition function 1is the same for all con-
figurations of J related to each other by a gauge
transformation. All such configurations have the
same frustration function {op} which is defined
for any plaquette p and by the product of the inter-

actions of the bonds on the plaquette.

dp = Jij ij Jkl Jii 4.4
i
P
1 k

¢p is gauge invariant and as such it 1is possible
to sum over all configurations of J which leave

this combination unchanged:

!z Jy = 2Nz (¢} 4.5
{3
and Z(0r = 2-N £ (8(J; 3T 51Tk 9148 ~1)
jidikk1v1i%H 1
(¥ . P
{S} <ij>

The restricted sum is over all configurations of
J related by a gauge transformation. Thus, as far
as the statistical mechanics are concerned,‘ it 1is
possible to consider the interactions as dynamical

variables which must obey certain constraints.

Equation 4.1 can be generalized to

_ . T .
H= - Z _S_l il_] §.J 4.6
1] -
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where f}j = ¢ S0(3) is a rotation matrix .

lﬂu
(3 o

Equations 4.1 and 4.6 are equivalent when the rotations
are restricted to angles of O and 1 and there is
no physical justification for 1including any other
angles. The generalized model is, however, invariant

under the continuous gauge transformation:-

55725 3 ?j e 50(3)
T,
s; 85T Ut

and J x 03 Jj; OF

Lattice gauge theories of this type have been exten-
sively. studied by particle physicists (Wilson 1974).
Here J plays the role of the gauge field and, when
all ;;tations are small, the discrete Hamiltonian
has a limit for infinitesimal lattice spacings which
is the usual minimally coupled continuum Hamiltonian

(Balian et al 1974).

For a spin glass this continuum limit is inappropriate

as the rotations cannot, by any stretch of the
imagination, be considered to be infinitesimal.
Not only are the gauge rotations finite but the
rotation of one spin with respect to its neighbour
may also be large, hence the field gradient cannot
be defined. However the combination of the two rotations

is, in general, small and this variable may be a
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pood  candidate Tor the ficld in a continuam moded
ol spin glass. We therefore deline a rotation matrix
(Rij) on the bond connccting the twa spins (in a

particular orientation) at sites 1 and j as follows:-

§'l =: B_]L f_;_i . 4.7
and  8; = Rij S 4.8

The orientation of the bond is important and this
is reflected in the ordering of the site labels:-

Rij = By} 4.9

The ambiguity in this definition of Rij is eliininated
by c¢hoosing the rotation axis to be perpendicular

to rthe plane formed by the direction of the two

spins. Zij = (Si «x gj)/lgﬁ X gjl. In a similar vay

A ”~

Jij is a rcotation about Zij defined by:-

1 F f
—S—_] = in Sy 4,10
St is the minimum energy configuraticn of the spin

P2

"~ P
at site j, for a particular Si and Zij. Now Jij
is mot quenched. but the magnitude of the rotation
is quenched (to 0 or M) and the axis of rutacion
is fixed by the configuration of "the spins at i
and j (therefore by Rij). We see then that although

~ -
Rtj and Jij are dynamical wvariables they are not
independent. The combination of the two rotations

~

Jji Rij represents a small rotation of ¢ ij about

"7
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about the axis Eij (Fig. 4.1) and as such it can
be expanded in terms of an infinitesimal antisymmetric
matrix (ga Aij) belonging to the Lie Algebra of
S0(3):-

Eij Rji = 1+ ga Alj o+ gzazé;j + 0(g?¥ 4,11
Therefore- the Hamiltonian (equation &.6) <can be

written as:-

we- o sTaiss
<ij> -
T T o oo
=-J I S;j Jij Rji Si 4.12
<ij> =

= -3 & ST M+ ga Aij + g?a?Alj + 0(g’)) Si
<ij> = = : -
4.13

. .

=-J I S%+gasS. AijSi+ g?a’S. Alj Si 4.14
<qj> i=""= i=

The first term 1is an irrelevant constant and the

second term vanishes therefore

H=g%a? ¢ (aij si)T (Aij 5i) 4.15
ij - =
= g2l I |s|? 8%j : 4.16
<ij>
= g2a®J I  Tr (Aij ) (setting |S|= 1) 4,17
<ij> -

The field (Aij) is gauge covariant:-

sT» T of

=i -1 =i

8j 03 8]
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4.3

~ ~

Jij = Qi Jij 0] and Rji > 0j Rii O,

i S o AT
therefore Jij Rji = 0i Jij Rji Qi

and Aij * 0i Aij _o_f

They are not, however, independent variables as
they must obey a number of constraints (one for
every independent cycle of the lattice) imposed
by the nature of the lattice (the interactions)
on which the spins reside. We have now replaced
ﬁhe site variabies (the spins) with bond variables

(Aij) on which constraints must be imposed.

Defects and Constraints

The intrinsic defects of a spin glass are frustration
lines, the 1lines threading the plaquettes with an
odd number of negative bonds. On such a plaquette
it is impossible to find an orientation of the spins
which minimizes the energy across all bonds simul-
taneously. Alternatively parallel transport of a
spin around the plaquette does not return the spin
to the initial configuration (Fig. 4.2) where parallel
transport of a spin (Si) from site i to site j is
defined by j}i Si. Thus, on a frustrated plaquette
P the ordered product of the interac;ions on the

bonds (aep) is not equal to the identity:-

aep

therefore I (Ja) # 1
aep
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In lattice gauge theory the plaquette variable

Gp = - ™ 3& 4,18
aep

is the discrete analog of the curvature (Fpv ) in
continuum models, and indeed they are equivalent
in the 1limit of small rotations (Balian et al 1974).
Thus frustration lines are lines of finite curvature

in the discrete spin glass model.

For any particular configuration the spin field
is single valued and the actual transport of a spin
around any plaquette (defined by the ordered product
of Ro around P) must return it to the initial

configuration:-

(T Ra) S=S§8 4.19
aep —

1]

N "
However JaR—g e8d é? =1 + ga Ae + 0(g?)

therefore Ra

e~3842 Ja = (4-ga Aa) Ja + 0(g?) 4.20
and 4.19 will be satisfied for any spin if

T:(e~83Aa Ja) = n(g-ga Ax + 0(g?)) Ja = 1 4.21
o a -
I

I I

: ~
-gala -1
or aep [(B<QJB) ¢ m= (B<aJB) ]aeP I8
- - = z s -1 Hj\ = .
= (@-ga i (1 Jg) %9 (1 JB) alp © 1 4,22
aep B<a B<a
Defining egaza = (1 JB) egaéF (n JB) -1 4,23
g<a g8<a
or Aa = (mn 38) Aa (T %9_‘ 4,24
~ B<a = B<a
- aha _ 1 - Jg = 4.25
then 4 agp e8 1 agp Jo = €p
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A

All products 1in the above equations refer to path
ordered products because the matrices do not, in
general, commute. The 1left hand side of equation
4,25 is the usual definition of the curvature of
the field K thus we find that the lattice curvature
(Gp) must equal the curvature of K and this acts
as a constraint which must be included 1in the

statistical mechanics of the model.

The above equations apply to the general nonabelian
case, appropriate for Heisenberg spins. For x-y
spins the group of transformations is SO0(2) and

all rotations commute, therefore

* Auw=Aa and (1 e 838 )(nla) - 1 4.26
- aep cep

or 1 -egaagpéﬁ =-ga I Aa = ]-1 Ja 4,27
aep aep

The lattice curvature 1is, in this case, equal to

the curvature of the actual gauge field (Aa). The

physical interpretation of this result 1is that
the rotation of a spin around any closed contour
must be zero (or 21) and as-such the lattice rotation

must be cancelled (modulo 21) by the gauge rotation.

A Continuum Model

The continuum limit of equation 4.17 1is obtained

by replacing the pair of site labels (i,j) by the

position vector (x) of site i and the direction
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4.5

label u labelling the spacial direction of the
bond (ij). Here we have confined our attention
to a simple cubic lattice.

H = Ja?g? Tr(éu(&))2 4.28

sitgs (x) w =21,2,3

Replacing the sum over sites by an integral this

becomes:
H=+3g? £fav Tr (Au(x))? . 4.29
u =
= § g2 fdv Aabu(i) Aabp(i) 4.30
Aaby is antisymmetric in the indices (a and b)

therefore we  introduce a dual vector defined by:
ACu = € abc Aabu
Thus Au is a vector in "isospin' space and

H=3e? fav a(® aux) 4.31

Now the three isospin vectors (Au(x)) are dynamical
variables which must satisfy the constraints imposed
by the 1a£tice (equation 4.25) which, in the continuum
model becomes

1-7p; eefiudun _ ¢ 4.32
Here Py is the path ordering operator and @ 1is

the total lattice curvature within the contour.

The x-y Model

We now confine our attention to the Abelian x-y
model which introduces a number of simplifications.

In particular the isospin space is restricted to
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one dimension as the vector Ay are all parallel
(to the i\ axis) and they can be parameterized by
magnitude (Au) alone.
H=Jg?sav al®a (¥ . 4.33
S TR
The curvature 1is also parallel to the axis and
is related to the gauge field on an elementary
surface in the pu plane by:

Fuuv = 3pAu - 3vAp 4.34

In a ferromagnet (or Mttis model) the curvature
is zero everywhere, except on the cores of vortices
(excitations), where it has a magnitude of 21n
(integer n). In a spin glass it 1is also finite
on frustration 1lines where it has a magnitude
*1 . Thus the constraints are imposed by quenching
the curvature (at least to within a vortex excitation)
everywhere in such a way that it 1is only finite

on the frustration lines.

The partition function can be written as a functiomal
integral over all configurations of A u(x) which

satisfy the constraints on the curvature:

-8/dxH(Au(x)) , Q .
(F(x){3pAu(x)-3vAau(x))

U 4.33

Z = SfDAp(x) e

This 1is, in some TrTespects, the continuum analog
of equation 4.6 for the discrete model. Introducing
the dual vector FnQ = %euun Fug and writing the

§ function in terms of a functional integral over
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an auxiliavy ficld (A(x)) this becomes

Z o= IDAR()IDAR(x) exp - Jdx [Eiﬁi An(x) Apdx)

a
+iAn(§)(FnQ(i)—EnuuauAU(i)] 4,54
Integrating by parts we have
BJp?
Z o= IDAR(x)SDAu(R) exp - Sdx [7  Ap(x)Au(x) +
) a

: o
i€npodptn Ay(x) + idn(x) an(i)J
' 4.35

The functional integral over the A field can be

carried out by completing the square (Edwards 1958).

IDCi(x) exp mAgfdifdl Ci(x) My s (x,y) Cj(l) - 1Sdx
Xi(x) Ci(x)

= N exp -% Sdx Sdy X, (%) MZj(i,X) Xj(ﬁ) 4.36

with N = SDC;(x) exp -% fdx fdy Cj M{g (x,¥)Cj 4,37
Here Cu(x) = An(x)

Mijlx,y) = 6;8(x-y) 28Jg”

a
X = E'mm duhp
. 2BJ02 ~1
therefore Z = NpSDAy(x) exp ~Id§[§(——gg—)
€npvspin 56av3ahé*%{§)33(§)] ~ 4.38
Nh = MDAu(x) exp - 8Jg? Jdx Au(x) Ap(x) 4.39
a

Rewriting equation 4.38 in q space

7 = Np SDAv(q} exp - (ZH)afdi{+<§E£§i>—l
a

Q

gnpuﬁﬁﬁUQﬂQOA A + %(An(ﬂ)F,an) i’ An§g)

no6

()] 4. 4o
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with A (q) = _1 _ se”i%X A(x) d%x 4,41

(2m)?
However &nuu fgav quqe = -qnqo + q? 8no
and we can set qo Ag¢ = O which is, in effect, a
continuity equation for A(_V“_.A= 0 in real space).

This reflects the continuity equation for the curvature
(1_§Q= V(¥ x A=z 0) and the fact that frustrated
plaquettes are threaded through by continuous lines.

. 4eJeg? -1
Now Z = NpSDAu(q) exp - (21)° qué—gzg—) An(q)q %3540

(-q) +15(an(q)FyQ(-q) + An(-q)FnQ(q)] b.42

NoN, exp — (2H)3(£§§gi) %fdg-Fg(g) a% FQ(-S)

4,43
1 Jg?
= NpNp exp - 557 (E;'E—) fd{fdﬁl'Fg(f_)FQn(i') fdq
e—iqfx-x")
— 4,44
q2
iq.y o +1
fdg === = 2Mrdq q*> Jsa e P  A=Cose
q * -+ qz
© iqy -iqy
- —i% f dq e e
’ q
.2 /o dg iy
iy -w g
2n?
= + -
y
‘and equation 4.44 becomes
‘ 2 1 Q Q 1
2 = NpN, exp - BJE Jdx Jdx' FA(X). FR(XD)  4.45
41a | x-x|
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-an? 2
with N, = SDA(q) exp 377 Jdq A(q)q*A(-q) 4.46

The free energy is F = -1 |n Z
B

= ~1 (In Ny +|nNA) + Fint 4,47
B
with Fint = Jg? fdx fdx' Fa(x) Fl(x!) 4.48
4Mla )
|x-x" |

representing the ("antiferromagnetic') interaction

between frustration lines.

The curvature 1is confined to a '"tube'" of constant

cross section area (a? ) enclosing the frustration

line and the continuity equation anFnQ = 0 implies

A Q ~

that F Q un is a constant (1 F¥) along the line (an
n 32

is the tangent vector of the line). Therefore we

can write FS = FQ ;n : 4.49

and srdx EHQ(E) = fdgrds ES n

fFden

Jfds represents the integral over the cross - section
of the tube and [fdf represents the integral along
the length. For a frustration line FQ = and the
sign of FQ can be used to determine the orientation
of the line, leading to an interaction energy between

two frustration lines (A,B) of

FAB =Jg2 n srdia. dgB . 4.50
[xa-xB|

This 1is the continuum version of the energy of
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4.6

frustration lines calculated in a discrete model

by Fradkin et al (1978) .

The Two Level System

The curvature of the spin glass is quenched only
to within the excitation of a vortex associated
with a curvature of 2 In along a continuous line
in the medium. The excitation of a vortex (2 1)
on a frustration line (with ﬁQ = =1) has. the

Q

effect of chgnging F to + 1, thus reversing the
orientation of the 1line (Fig. 4.3). The two con-
figuration (in ) correspond to tﬂe two chiralities
discussed by Villain (1977), cthus changing the

chirality of a frustration line 1is equivalent

to exciting a full vortex on the line.

For a single, isolated frustration loop the self

energy 1s. given by equation &4.50 with A = B.
Fself = Jg2?2q1 srrd%.d%! 4,51
4 lx-x1]

Thus the self energy is invariant under a reversal
of the line: dg + -dp and dg!+ -dg!?

therefore F'self = Fself
The interaction energy with other defects is not

invariant, however when the defect 1is surrounded

by an isotropic distribution of defects the "total
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interaction energy will be unchanged. Any anisotropy
in the defect distribution will introduce an energy

difference between the two line orientations.

The energy barrier separating the configurations

arises from the fact that the vortex is a topo-

logically nontrivial excitation. The intermediate

configuration has a singular - plane, bodnded by
the defect loop. It 1is this singular plane that
is primarily respoﬁsible for the energy barrier
therefore the height of the barrier 1is related
to the area of the plane, hence to the length

and shape of the defect loop.

Thus the two orientations of a frustration line
are a good example of a two level system of the
type introduced by Anderson et al (1972) and Phillips
(1972) to explain the linear specific heat and
other low temperature anomalies of glasses. Here

a uniform distribution of energy splitting corresponds

to a wuniform distribution of anisotropy around

the frustration lines.

Frustration Lines in the Heisenberg Model

For Heisenberg spins it 1is necessary to consider
spin transformations belonging to the nonabelian
rotation group (S0(3)). In this case it 1is the

curvature associated with the modified gauge fields
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(A ) that is quenched by the lattice with

Ba = (1 JB) A (I JB)! 4.52
B<a - B<a

where a, B8 label the ordered links on some oriented
path. In the presence of frustration the definition
A is path dependeﬁt, therefore not unique. However
the A fiela can be defined consistently for a
given configuration of frustration lines by "choosing
a particular (arbitrary) set of surfaces bounded
by the frustration loops, and a particular reference
point Po. The ordered product in equation 4.52
is now defined along a path from Po to a, avoiding
all cut surfaces. All such paths are, in fact,
equivalent. In a similar way &he curvature of
a frustration loop is defined by the ordered product
of J along a closed path starting (and finishing)
at Po, and crossing the surface associated with

that loop once, in a given (arbitrary) direction.

The above procedure 1is, in fact, equivalent to
performing a gauge transformation to a configuration
in which J = leverywhere, except on surfaces spanning

the frustration lines.

&s we demonstrated in section 4.2 the statistical
mechanics are gauge invariant therefore the static

properties will be unchanged by this transformation.
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Thus, as before we have gauge fields (A :(5)) as the
dynamical wvariables of a continuum model and these
must satisfy constraints imposed by the lattice curvature

and the partition function is given by:-

- 2 - ~ -~ ~
Z = IDAK(x) (exp - Bl ;g4 Ak(x) Ak(x))S(FQk -
TRE a po=" = v Hu

4,53
The curvature of a nonabelian model is a. non linear

function of the gauge field:

?k = szs - auﬁk + geljk A A 4,54
pu - i H v

or ?h = % &uun FEU = €pun auZS + gele Epu“23 Kg 4.55
2

therefore:
k -~ -~ -~ 2 »
Z = IDAPIDAE exp - fd’x [AE(&)AE(&) Eéﬂ_ - l%

ak gijk g yn Z;(i) AY(x) - iA: Euun apak

+ iAﬁ ng] 4.56
Integrating by parts:
_ k ..~k 3 BJg? Tk “k ig ,k ijk
Z = /DA SDA | exp - rdix [==2 Au(g) A (X)-=3 A e
a

£ alexy ad s ak g ko, ok 3%,
won AL (x) Ag(x) + 13 ACEnun A+ id Fn]4 57

We can now, formally at least, carry out the integral
over A(x):

Z = N£DAE exp -1 fd3x [Epun auA: M"TE; €458 Ja Af%

2
..k =Qk 4,58
+ 1A F n]
. s 2 P X . . s
where q:i = Zﬁg&_ 6.1 SoA _ %3 ele £aiv AS 4,59
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o i1 ijk k.) ho60
= h (8 g = AC €opir My 1. 6C
20637 k g a k
o B - A — I
where A = - and A, = > gt A\) t.01
=3 g] Al\;

The dinverse of M can, by inspection, be scen to have

the following form:

s o1 N —i%m . m ., mik nk&
P_l aw TR (6>\p bode L)\Hﬂ Xn i ¢ €
m . n \ .

Enxs Euayp Xﬂ Ay 0(x*)] 4,62
1 : g . o~a ayng j&
= x (gir i et ey ay) }MJ ) 4,63

Au
n=1

j 1
eaJk eb ¢

~a ke J8
where we write (s:‘J :b)J to represent and

similarly for higher ovder products.

1t is "apparent that, since it is no longer gaussien,
the functional 1integral over A cannot, in this case,

be carried out exactly. However, when the constant

[ a
TN

(¢
o

is small (ie when kBT < 2 Jg)

[

there is a natural expansion in terms of this parameter

and M=' = Mzl o4 (aM)T? 464
a with Mzt =1 5% ' . 4,65
A )\p .
"
-1 L@~ agn
and  (AM) =1 I [ige e,vAU] 4.66

New, in q space, the partition function becomes:
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Z = NAIDAE(S)[exp—(ZH)’Id’q (1 Ak(q)Euun faquuqu:(—q)
- 2a T ‘ -

QK PPN Sk 1
+ 1A F n)][exp fdql An(ggépun Eaksquqa(AM nfB( q)]

2A
4.67

NAN, [ exp-(2)* (83g%) fdqFa (1 Fe'(-q)1[1+0(g*)] 4.68
a - q? -

NaN, [exp-8Jg? fdx/dx! POl FIR(x1)](1+0(g!)] 4.69
4lla -

[x-x*|

Thus, at low temperatures (kg T <<2Jg) the interaction
a
energy between frustration lines in a Heisenberg

model has a similar form to that of an x-y model.

The continuity equation for the curvature in a non-

abelian model is the Bianchi Identity:

=k
eawo ATy Lo ' . 4,70
or Dy Flk = 0 4.71
I ?k =—gele Ai %% 4,72

However the curvature (isospace vector) 1is carried
along the frustration lines therefore we can decouple
the isospace and real space vectors and write:

X - F%h, 4.73
Equation 4.72 becomes:

k ijk i _j

iy F = -ge Ay F : ) 4.74

and the direction of the curvature (the rotation

axis) can vafy gradually along the line. The self

interaction energy is:
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4.8

Foolf - Jg? fidg.ds’ Pexy Fxny 64.75
411 | x-x"|

The self energy of a frustration line is invariant
under  the transformation d2 =+ -d & or equivalently
F(E) > “E(i)) everywhere on the livne. When the total
magnitude of the rotation is N(as it is for frustration
lines) such a Lransformation  is carried out by the
excitation of a full vortex (rotation magnitude
21) on the line. In a ferromagnet such a vortex
is mnot a topologically stable excitation but the
noncollinearity of the spins in a spin glass stabilizcs
vortices with 2]? rotations (see chapter 2 and the
next section). Thus the situation in Heisenberg
spin glass at low temperatures 1is directly analogous

to that of x-y spin glass.

Topolegical Excitations

In the x-y model of a spin glass vortex excitations,
associated with a 2Qn rotation of the spin from
the wminimum energy configuration, are topologically
stable defects. The single wvalued naﬁqre of" the
spin ficld requiresthat N ' fAudzp = 2Hn

(fer n dinteger) on  any contour not’ surrounding a

frustration line and ﬁAdep =20 (n+l)

when the contoar surrounds a frustration line. The

line dntegral can be transformed by Stoke's Thecorem

to a surface integral:
&y
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fdSuv(auAv-3avAp) = 2In

= JFuv dSpv
and the core of tge vortex 1is associated with a
large curvature of total magnitude 20HOn. A vortex
interacts with other vortices, and with frustration
lines, with an energy given by equation 4.50 and
as such the distortion field of topological defects
is screened not only by other such defects, but

also by the intrinsic defects (frustration lines)

of the medium.

In chapter 2 we discussed how the energy of a density
of defects (p), interacting via a 1 potential, has
r

the form (equation 2.27)

E(p) = B, -Aplnpa?
a a

This was valid when the screening length was determined
by the average distance between defects. 1In the
presence of frustration lines there are two possible
. p>>p Pr ,
regimes 1) F (YF is the total length of frustration
line per unit volume). In this regime the screening
length is the average distance between vortices

2) PSP g,

and equation 2.27 is wvalid. Screening,

here, will be dominated by the frustration lines

and equation 2.27 becomes:

E(p) =B o - Ae [nopa’
a a

= g‘p because pf is a constant for a given material
a

Page 92



4.9

Thus the density of vortices in a spin glass will
follow a Vogel Fulcher Law only in a medium with

a dilute concentration of frustration lines.

In the Heisenberg model the constraints corresponding

to equations 4.74 and 4.75 are

P egﬁAude = 11 . 4, 76
for a contour not surrounding a frustration line
and P eg¢AudLu

- 1-C | . 4.77
for a contour surrounding a frustration line. Here
€. represents a rotation of T about any axis. These
equations are satisfied by total rotations of 20n
about any axis. In a ferromagnet such a vortex 1is
not stable, however in spin glass the noncollinearity
of the spins stabilizes the vortex with n = 1 (see
chapter 2). At low temperatures such vortices interact
via a 1 potential (equation 4.73) but at low temperature
r :
the screening will always be dominated by frustration
lines (as the density of vortices will be small)
thus it 1is unlikely that the density of defects

in a Heisenberg‘ model will follow a Fulcher law,

in any temperature regime.

Conclusions

In this chapter we discussed a continuous field

theory of spin glass in which the field was derived
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from the (infinitesimal) combination of the lattice
rotation (interactions) and the actual rotation
across a bond. The underlying lattice of interactions
imposes constraints on the field, in the form of
lines of finite curvature (frustration lines). In
the x-y model the orientation of a frustration line
is arbitrary and the self energy is invagiant under
the reversal of the 1line direction, effected via
the excitation of a vortex. Such excitations represent
a specific model for the two level system introduced

to explain the low temperature anomalies of glasses.

In éddition to the intrinsic defects (frustrationm
lines) there are topologically stable excitations
(vortices) which (in the x-y model and at low temp-
eratures in the Heisénberg model) interact with

other vortices and with frustration lines, via a

1 potential. Such vortices can move freely in the

r
medium and they may be absorbed by frustration lines,

with the effect that the orientation of the frustration
line is reversed. The equilibrium density of vortices
in the x-y model (in a system with a dilute concen-
tration of frustration lines) follows a Vogel Fulcher
law which might explain the observation of this
law for the spin relaxation time in recent experiments

on spin glass (Thoulence 1980).
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Figure 4.1
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Figure 4.2

A Frustrated Plaquette:

Parallel transport

effect of rotating the spin by 0.

plaquette has the
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Figure 4.3 : .

The two chiralities of a frustrated plaquette

in the x-y model (after Villain 1977).
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5.1

5.2

CHAPTER 5

DISCRETE MODEL OF COVALENT GLASS

Introduction

In this chapter we show that covalent glass can
be approached in a similar way to spin glass by
writing the random Keating model in a form which
makes the gauge 1invariance evident. Again a field
is derived from the combination of the actual rotation
between two neighbouring bonds and the corresponding
minimum energy rotation. However all rings of bonds
must close therefore constraints (in. the form of
torsion and curvature) are imposed on the field
and these act as extended sources of distortion
in the network. Such constraints play the role of

intrinsic defects in covalent glasses.

The Gauge Invariant Keating Model

The most successful model of covalent glass is the
continuous random network (Polk 1971, Zachariasen
1932) in which every atom has a similar environment
(co-ordination number, bond lengths and, approximately,
the angles between the bonds) to that of the corres-
ponding crystal, but the structure as a whole 1is
random. The energy of this structure can be described
by the Keating Model which was originally proposed
for diamond (Keating 1966) but has since been used
to study the wvibrational properties of <covalent

glasses (Alben et al 1975).
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N A
A
s ft (2§ (x2oatyr . Bl
1 a =1 2u 2a% p,u>nu
2 2 2
(izp‘izu‘a Cos?0)2? ] 5.1
Here x o, = x(%) - x(2u) with x(&) representing the

position of atom & and x(2u) the position of the atom
linked to & by the bond np. Z is the co-ordination

number and a is the equilibrium bond length.

The first term is the bond stretching energy, with
a the corresponding force constant and the second
term 1is bond bending energy due to the deviation
of the angle between bond pairs from the equilibrium
value ® (for a tetrahedrally co-ordinated network

Cose = -%,8 ~109°).

In this representation each atomic position is labelled
in Z+1 different ways (x( 2), x(&',v)) and the
identification of independent variables is difficult.
We can, however, reérite the model in terms of the

bond vectors ai:

1B 8
2 252 - B )
b=1 (ap*-a?j? + 22 Eb,b1>(3b'éb1_az Cos8)?

la

U=

(2]

a

5.2
Here it 1is necessary to assign a direction to the
bonds consistently, preferably keeping o the same
for each bond pair. This can only be achieved when
all bonds at a given vertex have the same orientation

with respect to that vertex.
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Thus we have two types of vertex:

up ) down
and each up vertex must be sﬁrroqnded by down vertices,
and vice versa. The ideal configuration ts possible
only in bipartite graphs, that is networkg in which
every closed cycle has an even number of Dbonds.
The presence of édd rings forces some bon&s to have
a wrong orientation with respect to its ﬁeighbours.
The lines threading odd rings are contiﬁudhs (Rivier
1979) and the '"wrong'" bond pairs form walls bounded
by these lines, as the unsatisfied bonds in an Ising
spin glass form walls bounded by frustraﬁion lines.
The unsatisfied bonds of a spin glass do, however,
cost energy, whereas a wrong bond pair in ;he Keating
model does not. It merely forces us to redefine
gfor that particular bond pair (Fig. 5.1) as 8! = [-0
(Cose* = - Coseg) and the bond bending term in equation

5.2 becomes:

8 I (lap-a,']- a? Cos ©)? 5.3
Us = 2T <pprs 0P

The energy 1is 1invariant wunder the discrete (Z,)
local transformation (gb > -8y ) and the position

of the wrong bond pair can be moved around the ring

by such a gauge transformation (Fig. 5.2).
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!

The bond vectors (a ) are not independent variables

because every ring in the network must <close:

r
z (—1) 2. = 0 5.4
b

(here we assume that the orientation of the bonds
alternate around the ring). The number of such con-
straints for any network (with Nj atoms, Ny bonds
and a co-ordination number Z) is the -number of
independent cycles or cyclymatic number (c) given
by

C = Npg - Na + 1

= (% -1) NA + 1 5.5

therefore the total number of degrees of freedom

is
N=3zx (NB - 0) 5.6
Z
= 3 (%- NA - (5 —1)NA - 1) 5.7
= 3NA -3 5.6

which 1s the dimensionality of the configuration
space (3N A) less the co-ordinates of the centre

of mass (3).

The bond bending energy (equation 5.3) can also
be written in an equivalent (at least in the harmonic

approximation) form:

T
Up = =8 Jppis 2p Jppe 2b:
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where € SO0(3) represents a rotation of 9 (or

Lpbr

- 8) about an axis perpendicular to the bonds ap

and an writing the angle between the bonds b and
b! as
ebbl = 8 *Ep! (orIF6+ebb1) equation 5.7 becomes
U = -8 1L g -
B <bbis ab abl Cos (ebb1 Q) 5.8
_ _p L 1.2 W o
= B<bb‘> ay (1 €0 p1 + O(ebb,)) . 5.9
Similarly equation 5.3 becomes
B
Ug = = Ebb1>(abab1 Cosebbl - a? Cos8)? 5.10
=8z a,a _, Cos (©+¢ ) - a? Cos®)2  5.11
a? <bb‘§ b b!? bb! ’

=8 = ((a,a, (Cos® - SinBe,, ; + 0(e,_, ;)?)
27 <bbl> bb bb* | bb
-a%Cos8)? 5.12
=-B L (a,a, ,-a?)Cos8 -a,a, ,Sinde, ., +
S cppls DD b%b bb
2 2 .
O(Sbb.)) 5.13

In general the bond stretching force constant (a)
is much larger than the bond bending force constant
(B) and bond length deviations are a second order
affect. Therefore, to a good approximation, we can
set all bond lengths equal to a (ab = abl = a).

Then, apart from an irrelevant constant and a rescaling

of the force constant g, equation 5.13 is equivalent

to 5.9.
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The bond bending energy written in this way (equation
5.7) looks very similar to the generalized Edwards
Anderson Model (equation 4.6) discussed in the previous
chapter and it displays the same, continuous gauge’
invariance. Under a local rotation of the bond vector

(gb €S0(3))

. . T . T T

ap* O 2y a3, T ay 9
d J..,+0.J oL
and  Jppt T ZpZppt =t

the energy remains unchanged. However the physical
situation corresponds to J bb? representing a rotation
of 8 (or @M - @ about an axis perpendicular to the

bonds a , and 21 and any realistic gauge transformation

b
should preserve this property (just as the only
physical rotations 1in a spin glass had magnitudes
zero or I ). Here it 1is impossible to find a set
of rotations to satisfy this constraint when the
co-ordination number is greater than two. Thus,
although the bond vectors a are dynamical variables,
the J's are quenched for any particular configuration.

Moreover the ring closure constraint 1is not gauge

invariant.

The 1interaction matrices (% bbl') play the role of
connections, relating the local bond direction .of
one bond to the minimum energy direction of a neigh-
bouring bond. The bond vectors are defined at sites

on the mid points of the bonds on the original network
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and the connections are defined on the links between
these sites. Thus we have a new network (co-ordination

number Z(Z-1)) which is actually the star transformation
2
of- the original network (Fig. 5.3). We can define

a second rotation matrix Ebb‘ on the 1links which
relates the actual direction of the bonds b and
b! (Fig. 5.4):

or a 5.14

a1 = Ry 3y g, = Rypr 3

Again the rotation is defined about an axis per-

pendicular to the bonds a, and a As before the

b =bt’

bined ation (J
combined rotatio (—b

b Eﬁb ) is small and we can

expand it in terms of an infinitesimal, antisymmetric

matrix (ga ébb’)

ie J., Rl 2 eB® Abbr _ 4 4 ga: Appr * 0(gh)  5.15
Thus the variables A can be regarded as the fields

= bb?

in a continuous random network model of glass and
the energy can be written in terms of this field
(section 5.4). There are, however, constraints imposed
on these fields, -equivalent to the ring closure
constraints on the bond variables (equation 5.4).
No such additional constraints were neeaed in the
spin glass model where the rings were naturally

closed.
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5.3

Defects and Constraints

We saw in the previous chapter that quenching the
interactions in a spin glass had the effect of imposing
constraints on the field wvariables. The analogous
effect occurs in a covalent glass because the ordered
product of i around a closed contour 1is not, in
general, equal to the identity. However, for any
real configuration the ordered product of R around
a closed contour must return the bond to its original

direction and once again the curvature of the modified

gauge field (A) equals the lattice curvature:

. _ gah o _ g do =6y 5.16
i.e 1 geR e =1 I =
Ka_= (szJza"°'i -1,z)éa(J12J23....i_l,m)_l
=(m J)a (x J)7 5.17
B<a B T B<a —8

and H<a represents the ordered product along the
links (B8) of the ring (R). In a covalent network
one would expect the curvature to be small, unlike
the spin glass in which frustration lines are associated

with rotations of 1.

A more significant constraint in a continuous random
network is that of ring closure, represented by
equation 5.4. A ring of bonds in a relaxed configuration

(with éﬁ = 0 on all links) may not, in fact, close
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and the vector joining the initial and final points
of the relaxed ring ("cut" on the link between the

first bond (g' ) and the &th bond) is given by:

-1
8Bp = a, - %21 a, + isz%z:ix - eeea(-1) éz,z-1""
2-1 '
;1_32_‘121 a, = a +[2 (n (-gﬁl))] a,
- - -1 0.1=1 BI:(:1 _1
5.18

1
2‘=a—1 indicates the ordered product along "the links
B! (directed from i+1 to i) from a -1 (=%, %-1)
to 1(=2,1). We have assumed that the orientation
of the bonds alternate around the ring, therefore
the ¢'th bond of an odd ring will have the wrong

orientation with respect to the first bond. From

equation 5.4

a, -R, a +R R a - ....(-1)*1Rr ...k, R

=1 =21 =1 =32=2121 =y ,0-1 —i22 21

therefore (ﬂ-gzxézi%zz + (R,,333) %azgzlézi(gzli;? J

=32=32 =21

-(R

=43

1030 dusdsodan Lot J5ER

3=32=21

padid) diad, 35

I e DI TR )a, = 05.20

or (ﬂ'(ﬁ+gaézx)*$ia+ (L+gad; )7 d,,d,, 071 (4+8a4, )7 5,

-(ﬂ+gaé“)‘1J 3y 232,351 51;5 (ﬂ+gaé”)‘1J J J

=43=32z21 —~32=21=21

(ﬂ+gaé 21)‘1:_]21+ oo )51 =0 5.21

Using iij ; i}i and (ﬂ+‘géléz})—i = (1 +‘galézz) this

becomes (- J . + J I ~J J I +...(-1)*J

217 Zaz2321 31232221 = ,0-1
- B ST -y j=1
"'gazizf gal(—%lé ALt izgixi(A12+ Azz) _%3aiza

- A A -1 -1 1=} /% x
413(312+A23+A34)+°"ig71,z ."gZSiIZ(A12+A23+"'

Asz,-l,z ))+0(g?))a,=0 ' 5.22
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Substituting this value for AER in 5.18 this becomes

e R

-1 _ >~ _
_1 [ 1 —JB) ['Ba=1 AB]] as -0Bp 5.23

Q3 =

ga (
8

Equation 5.23 replaces 5.4 as the relevant constraints

of the A field. Alternatively we can write equation

5.18 as

ABR = ga‘g»R a, - . 5.24

- 1 1
. z - (—JB ))) 5-25
where Ig S 1@ +cz‘:l(gx=a_x—1
ga

then equation 5.23 becomes

Rt a -,

I [(g=1 (=Jg)) (g=1 KB)] = I 5.26

is fixed for any particular configuration of

=3

J's and thus for any given network structure.
-

The situation in which c¢losed rings of bonds in
a real configuration do not close in a relaxed con-
figuration also arises in crystals, where it is
due to the presence of dislocations. In £fact the
density of dislocations in a crystal can be direétly
related to the torsion of a non-Euclidean space,
the geometry of which 1is derived from a mapping
between the actual <configuration and the stress

free (relaxed) configuration (Bilby et al 1955).
A similar argument can be invoked for glasses but

the torsion here 1is related to the closure failure

of the ring (AB) . A mapping M is defined between
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vectors in the real configuration (r) (in which
the ring is closed) and vectors in the relaxed con-
figuration (R).

XeR Xer

HX vy

axt = - a” 5.27

In the presence of curvature such a mapping is path
dependent and cannot be uniquely defined everywhere.
It can, however, always be defined along a path
if the wvalue (Mo) at the start of the path (xo0)
is known. The mapping 1is related to the connection
(r: §k> which defines parallel transport in the real
configuration by:

1 i K~
Fik =% k% j 5.28

The integral of dX along an arbitrary closed contour
in R must, by definition, be =zero therefore thé
opening vector can be written in terms of the contour
integral of rhe mapping as follows:

C$ax - 0= § MK 4 - apk 5.29
inR = inr k )

and the opening vector can also be defined in the

space r by defining the inverse mapping:
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< -1
AOSTW I SV

, dx j 5.30
iny

. N U " .
Using Stokes Theorem to relate the contour integral

to a surface integral this becoues:

-1 -1
] | ¢ S N .
R (2, M?\j ~ a3 MR iy ggtd 5,31
T8
v -
= G § - ast ‘ 5.37
S 3 2
N ij -
= ‘r;j das™ 5.33
Here T?j is defined as the antisymmetric part of

the connection. It is, in fact, Cartan's Torsion

of Differential geometry (Cartan 1928) and it i

[#24

related to the <closure failure of parallelograms

in a non-Euclidean space.

As it stands our model 1is inherently discrete, with
the mapping defined only on the bonds, therefore
Stoke's Theorem cannot be applied in Equation 5.30.
However in a continuum model with a geometry defined
by a mapping from a local stress frece configuratioﬂ
onto the actual configuration, .Lhc ring closure
constraints can be included by quenching the torsion
and curvature - of the geometry. This will be done

in the next chapter.

The Keating Model and the Gauge Fields

In section 5.2 we showed that the bond bending term
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of the Keating model could be written as:

T
Ug = -8 3y Jbbr ap

)
<bb!>
Following the same procedure as for spin glass

(equations 4.12 to 4.17) we <can write this as:

2

2
8% fpis T (App") 5.34

Here a is the bond length and a' is a length typical

of the links on the star network (Fig. 5.3).

Bond stretching is, geometrically, a second order
effect because, for a>>8, the bond length can be
regarded as constant. Bond stretching ‘may, however,
make a significant contribution to the energy, because
of ‘the large force constant, and we can include

it in the above formalism by redefining the J matrix

to include a small scaling factor:

i.ce. |J

b 1p ib]z = a? 5.35

Rgb is defined as before but now

R} = I+ ga!

ib’b R is not a pure rotation and

2 1p
: . b

éb‘b has a small diagonal component (gal 1
with A, = a

b= %

Now the bond stretching energy

Uso = a I (a2 -a?):z 5.36
S a 2 b b .
2 .
= aa? £ (3 -1)2 5.37
b a?
- 2 I 2 :
= aa? & (xb + 2 b)z 5.38
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ba a? S A2 40 (M%) 5.39
b b b
2,122
. baga fa’ L (Tr by, )2 5.40
9 Z(z-1) <bb!> =
2
. ,
= a'g? al?a? <bb> (Tr ébb‘)z 5.41

where a'! is a rescaled force constant. Thus the Keating
model for the potential energy of covalent glasses
can be written in terms of an over complete set
of gauge variables (ébb‘) defined on the links joining
the bonds of the original network:

2
1 2 1.
e ibb1>[a (Tr fypa)® v 87 Tr(dy, 0]

5.42
Constraints, which takeé the form of quenched curvature
and torsion, must be imposed on the fields and such
constraints act as sources of the field (A bb? ) and
increase the energy with respect to a crystal. They

can therefore be regarded as the intrinsic defects

of a covalent glass.

The energy of a glass (equation 5.42) closely resembles

that of a spin glass (equation 4.17) and we might

attempt to derive a continuum formalism as before.
f

There is, However, one significant difference, in

that the links along which the gauge variables are

defined (b, b!) are orientated in random directions

in space and not (as in the spin glass model) along

the well defined directions of the bonds on a simple
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5.5

cubic lattice. This, in fact, inhibits the transition
to the continuum as there 1is no uﬂique method of
assigning the spacial directions (u) to the connections
(A). It 1is necessary, therefore, to approach the
;;ntinuum from a macroscopic point of view, in which
each element of space contains many atoms. We consider
this approach in the next chapter and ipclude the
torsion and curvature of the underlying network

as constraints in the continuum model.

Conclusions

In this chapter we considered a representation
of the Keating model in which the gauge invariance
was evident. The model 1is, in some respects, similar
to the spin glass model <considered in chapter &
but in addition to the curvature constraints a covalent
glass also has ring closure constraints which can
be 1included as torsion of the rings. We did not,
however, succeed in finding the continuum limit

for this model, because of the absence of an underlying

lattice on which the gauge variables were defined.
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(a) (b) (¢)

Fig. 5.1

The bonds in (a) and (b) are correctly orientated

with respect to each other but (c¢) 1is not. The

equilibrium angle in this case is o!'=1-9.

(a) (b)

Fig. 5.2

The position of the 'wrong" bond pairs are moved

from vertex 1 to vertex 2 by the local transformation.

212 * =812
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Fig. 5.3

Star transformation of a network

. ~ Vertices of original network

_ ~ Bonds of original network

X - Ve;tices of star transformed network

-—-- Bonds of star transformed network

a'y= dyy 3

= R a
« b T =b'b b
I d
2y
Fig. 5.4
3ps 31y are the actual directions of the bonds b and bl.

iél is the minimum energy configuration of bond b! with

respect to a_ ; iél is coplanar with a_ and a,.
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CHAPTER 6

A CONTINUOUS FIELD THEORY OF GLASS

Introduction

On a macroscopic level, when all relevant length
scales are much longer than the interatomic distance,
a glass 1is essentially an isotropic elastic continuum
with internal stresses. The isotropic nature arises
from the randomness, because all spacial directions
are equivalent, and the internal stresses are due
to the structure of the underlying network of the
glass in which constraints (in particular ring closure)
are imposed on the field variables (the bond vectors)
-
and prevent them from relaxing to the minimum energy
configuration. Thus the torsion and curvature of
the discrete model (chapter 5) survive the averaging

procedure and are present as sources of stress and

strain in the isotropic elastic continuum.

A glass, when viewed at this level, 1is thus in-
distinguishable from a crystalline continuum with
a distribution of sources of internal stress (dis-
locations) but there are two important differences.
The distant parallelism (zero curvature) constraint
introduced by some authors (Kondo 1?53, Bilby et
al 1955) to describe crystalline dislocatiops must

be absent in glasses, because there is no underlying’
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lattice. In addition the torsion and curvature of
a glass are present at all temperatures even in
the ‘"ground state'". They cannot be eliminated by
annealing because they are an intrinsic property
of the underlying structure of the glass. This model
is not, however, equivalent to the model of a glass
as a heavily dislocated crystal, suggested by Cotterill
et al (1974). Here the reference state is-the stress
free configuration and does not, on any scale, resemble

the crystalline structure.

In this chapter we summarize the relevant features
of the continuum theory of dislocations and demonstrate
how this leads naturally to an expression for the
energy of the intrinsic defects (torsion and curvature)
of glass. Thermally excited dislocations tend to
screen the interaction between intrinsic defects.
Low energy tunnelling excitations, which have the
effect of reversing the directionbof a small, intrinsic
defect loops, play the role of the two level system
in this model. Topologically stable defects, in
the form of 2 disclinations, are present at high
temperatures and their interaction energy is screened
by dislocations in such a way that cthey interact

via a 1/r potential.
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Field Theory of an Elastic Continuum with Torsion

and Curvature

The relationship between differential geometry and
a crystal with dislocations was first pointed out
by Kondo (1953) and Bilby et al (1955) and since
then the subject has been extensively studied by
several authors (Kromer (1955), (1960); Seeger (1961)).
The following discussion 1is closely related to those

of Kroner (1980) and Lardner (chapter 7).

The starting point for a differential geometry des-—
cription of an elastic continuum with sources of
internal stress is a mapping (M) between the local
stress free configuration (natural state) and the
actual configuration. The 1local reference or stress
free state is the configuration in which the stresses
are relaxed in a small neighbourhood of the point
under consideration. An orthonormal triad of vectors
{QK} (K = 1,2,3) is mapped from the local reference

on to a triad in the actual configuration {ek} by

an operator M (Figure 6.1) defined by:

-1
EK = MK K Ek 6.2

The metrics (gXL and gkl ) of the reference state
and actual configuration can be written in terms

of these basis vectors:
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g =U .U = § 6.3

g = e .e 6.4

As before, capital letters (X) label positions in
the reference configuration and g labels positions
in the actual configuration. The mapping can be
defined consistently along a continuou§ path Dby
considering points with overlapping neighbourhoods,
and ensuring that the reference triads in such neigh-
bourhoods are parallel. However, in the presence
of curvature, a mapping defined 1in this way may
not have the same value at the start and finish
of a closed path. Thus M is path dependent but the
connection (.I" ) derived from the mapping is not

path dependent and it can be defined wuniquely at

all points of space.

M 6.5

The connection defines parallel transport 1in the
actual configuration as the <change in the vector
V caused by parallel transport along the actual
path dx is

av® = —r K vl oaxd 6.6
1]
The torsion (Tijk) and curvature (R ikl) are related
J

to the connection by:
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ok ). Lk R .
1 1 .] 2 ( i i j -1 _] 1. ) 0. 7
i i ; i m ; m
and R, .7 = 3 r .. -9 r r re.oo - rort 6.8
L | e S T S R
The tensors 1&2 and lekm are antisymmetric in the
1.
indices ko . TFor stric spaces .. =op i
indicc < and R or metric spac lekl thRi Il

is also antisymmetric in 1 and j therefore it is

convenient to defline the dual tensors:

Tln .y Elle n 6.9
k1
and RP" . Y P nkl N 6.10
ijkl

The ddentities of differential geometry give us
continuity equations for the toersion and curvature:
S e 1§ .
(0, « 27, DR =0 6.11
i ij :

R]'1 6.1:

o

3y g
(Di 4 2Tij )y T K= %51k

Equation 6.11 1is the Biancﬁi Identity for a geometry
with torsion and 6.12 is the torsion or sccond identity
(Schouten 1954). Di is the usual covariant differential
operator:

Divk - a),vk Loy C o 6.13

In the absence of curvature equation 6.12 is the
conservation law for the density of dislocations

in, -
(T n). Curvature

.
o

generally  associated with
disclinations, thus De Witt (1970) has 1interpreted
equaticon  06.12 to mean that dislecations .can end

on disclinations.

Page 117



The energy density (U(x)) of an clastic medium is
the product of the strain tensor (£ij) and the stress
: Sy o - oY tencore e yela

tensor (o iy and these (symmetric) tensors are rvelaied

by the elastic modulus tensor Cijk]:

U(x) =0 () BN () 6.14
01_] = Cljkl Ekl 6.15

Equations 06.14 and 06.15 are correct only in the
linear approximation (to first order in the strain
field) but they are sufficient for most applications.
The internal strain field of glass will, in general,
be small encugh for the linear equations to be valid.
This introduces © a number of simplifications, 1in
- particular the metric of the actual configuration
(g33) becomes 613 because deviations from the orthogonal
configurations ave of the order of the strain field.
There 1is, therefore, no distinction between covariant

and contravariant components of tensors. TFor an

isotropic wedium {such as a glass) the tensor
Cijkl can be written in terms of two Lamé constants
PRI
. R 6.16
c.. :A5i36k1+u(51k 8§31 T 53k) L

Jijkl

We must also include the equilibrium condition for
an eclastic continuum, in the absence of body forces:

pieij Coojoiy © O 6.17



Equations 6.14 o 0.17 constitute a field theory
ol an eclastic continuum. The parameters (01., E.. )
are  related to  the differential  geometry approach
through the strain  tensor, which 1is a measure of

the difference  between the length scales in the

reference configuration (ds? = ¢ . dxk dx ) and the
actual configuration (dS?= &dede“)
. o ki1 (.
i.e. ds® - dS? = gy dxfdx’ - 8y, 9% dX 6.18
1 K-' 17!
= 811 dxkdx - By M K MI 1 dxkdxA 6.19
ke, 1
== ‘ 7
2Ekl dx dx 6.20
-1
. A - _ 1 - o -1K L
therefore Fkl = Z(Bkl 8k, M7 Ml‘> 6.21

Torsion and curvature are introduced via the strain
~incompatibility tensor nijdefined by:

. .. D rs
Ny o= ~Sipr £iqs 2Ve% E 6.22

and, in the linear approximation, this is given by:

Ny T ~[Eipr aP Trj 4+ Rij]symmetric 6.23

The proof of this result 1is outlirned in Appendix

The preblem of finding the elastic energy of a medium
in the presence of strain incompatibility has been
. " 10605 . .
solved by Kroner {1952) who introduced o symmetric

stress function tensor {ij, defincd by:
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9 ; =-2ule,, € i1n 33 (B + T%G 5. ¢pp)] 6.24
with v = A . .
E—T;:;) (Poisson's Ratio)

A stress tensor of this form automatically satisfies
equation 6.17. This definition of ¥ in equation
6.24 is, however, somewhat ambiguous as any tensor
of the form

.. =3, U, + ajU. - 6.25

can be added to the stress function without changing
the stress. This 1is analogous to the ambiguity in
the definition of the vector potential A from the
magnetic induction (B = ¥ x A) in electromagnetism.
The stress and strain tensors are, in fact, invariant
under the gauge transformation: ¢, . ‘=%, . +3.U.+3. .U, 6.26
ij Thijovivy i

The equations are simplified <considerably if we
work in the "Coulomb" Gauge:

3, %ij =3, %ij =0 6.27
For any symmetric tensor Sij

S.., =(v2 s . -3.3 S.) 6

Cmki Sngj k%2 Sij 1k 3% °5k’ Smn

2 —
+ amak Snk +anak Smk -V Smn aman Skk 6.28

therefore, in the Coulomb Gauge equation 6.24 becomes

g.. = =2y [vz\ﬁkk 3.

- 2 -
i 1] v %ij 3.9, #kk

1]

2
* I¥3 (292 dypdyy + 2 3:35 Tk

-v2 4 33.3. 4 6.29

Sy T 33495 F) ]
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— 2 - 24 -
= 2p [9 %ij liu (v wkksij aiaj ikk)] 6.30
Inverting equation 6.15 leads to
.= lo,. - v §..0 6.31
L 2u ] 2u(1+v) 1] “kk
_g2? - 2 -
=y %ij 1 (v ¢kk61j 2,9, i)

2 - 2 _p2
- (8T g - L8OV g iR ))

1+v 1-v
6.32
- g2 _y2 . .
therefore Eij =V ¢ij v ¢kk sij + I%U ?j?r*kk 6.33
- - 2 -
and iy = ((v Eek =~ %%, Ekl)Gij I Ekj + ajak Eps
- V2E,, - 3 6.34

157 1% Bl

becomes (in the Coulomb gauge):

Ny s -[(v5v=¢kksij - v2v2¢ij -vzaiaj ¢kk)
- (3vzvz¢kk«sij -v2y? ¢kksij + 2aiajv27&kk ~ Vg2
Pl
- 3v23iaj %kk)+I:; (vzvzqckksij - akazakaz¢ppaij
+23iakajak ¢pp -vzaiaj %pp -aiajakak %pp)] 6.35
or gy = 7292 %ij 6.36

Here y2y2 (ory") represents the biharmonic operator

akakam%

The 1internal energy <can now be written 1in terms

of the stress function:
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6.3

— 3
U= rdx cij(g) E, (%) 6.37

-2u Sdx e 3.8y (b (x) + v & 4 (x))

T mn pp

km 1o

jln
Eij(i) 6.38
After integrating by parts and dropping surface
terms we have:

U

=2n fd3§(¢mn(§) + L8

T, 0 ¢pp(§nﬁikmejlnakalEij

6.39

2u sdix (£ (%) + b 8 fpp(ﬁ)) NapX)  6.40

(LX) + v 8 %pp(g)) Vi (%) 6.41

2p sdx mn

The solution of equation 6.36 (see, for example,
Lardner p.280), with the boundary condition that
%ij = 0 at infinity, is

- - 1.1 1 ! 4
(2 8; raxt omy(xh) |x-x"] 6.42

therefore the internal energy of an elastic continuum

with incompatibility n(x) is

U=- _u 5d=fax () v ny, ()8 ix-x!|
41 1-v
Nmn(x?) 6.43

All results in this section are classical (Lardner

ch.7, Nabarro Ch.2).

Field Theory of Glass

The  above discussion is wvalid for any isotropic

elastic continuum with sources of internal stress,
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hence we can apply it directly to glasses. The field
variable 1is the symmetric tensor ( % ij) and this
must satisfy the constraints imposed by the incom-
patibility (equation 6.36). The structure of the
discrete network underlying the elastic continuum
in a glass is such that there is a finite torsion
and curvature quenched into the system and, unlike
the crystalline case, this cannot be .eliminated
by annealing. It is, in fact, an intrinsic property
of the glass. The quenched torsion and curvature
combine (as in equation 6.23) to form the quenched
incompatibility tensor ( nQ) and, from the definition
(equation 6.22) this must satisfy the continuity

equations:

Qo 0, ¥ -0 b.44
J il

The continuity equations imply that the intrinsic

3, n,,
i ij

defects (n ijQ ) take the form of lines which cannot

end within the medium.

We can write the partition function for a glass
in terms of a functional integral over all con-

figurations of the field (%) which satisfy the

Q

constraints imposed by n:

Z= DA (exp-28usd x(h (x)+ Gmnﬁbp(i))v“ﬁhn(i)))

1-v
S(ngj(x) 7% &, (x)) 6.45
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This equation has a similar form to equation 4.33
for the partition function of a spin glass and,
again, constraints are imposed on the fields by
the intrinsic defects or, equivalently, the structure
of the wunderlying network. The interaction energy
calculated from this functional integral 1is that

Q

given byv equation 6.43 (with n repl;cingn) however
equation 6.45 is not a realistic description of
the thermodynamics of a glass because it excludes
the possibility of thermal fluctuations of the incom-
patibility. Such fluctuations occur via the creation
of small dislocation loops, a process which is possible
in any elastic continuum, and (unlike crystalline
dislocations) the Burger's vector of dislocations
in a glass is not quantized because there 1is no
underlying symmetry which must be respected. This
is a manifestation of the fact that dislocations
are not topologically stable excitations in glasses.
The Burger's vector can be continuously decreased
to zero without meeting any (topological) restrictions,
although there may be energetic restrictions (barriers)
inhibiting the creation or destruction of dislocations
in this way. Disclinations, on the other hand, are
quantized (as we saw in chapter 2) and any excitations
of the curvature must be associated with 27 rotations.

Such large rotations are unlikely to make a significant
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contribut ion ro.  thermal fluctuations of n at  low

l, cmpetra Cnves.

We can inciude the ecifect of fluctuations in n by
intreducing a random, thermal (Maxwellian) distribution

of dislocations (torsion) as follows:

Z o= IDUIDECexp-prdix[2u(d GO r v s A IV GO
_ = mn Ty Mwpp T TTRES

T
YV Y. { 3\;' 3 ;\ Q - ," g, ‘
(exp-By/fd ;Emn(g)Tmn(ij(G(nij(i)»nijkl) v ,iji))

6.42

"

I
with n., = =% (e,

. - L
ij ikl 2)k rl]j ) 5.43

ek Ty

Writing the & function as a functional integral

e ]
over an auxiliary field A, this becomes

g e ard3 . ol e . .
Z=SDASDTSDYL exp -BJd :<7Lmn(£)Mn1rll<lv ,lkl(y_g)r\ f_mn(zg) rmn('—(-)

. Q .y ’ <)t Ao 2 e w)
'%(Aij(i)”ij@ %(5)(€u<1"’kr,1j(‘~‘~)'Ejm”k" (i ()
Yt ) AR
vk kD) ST
. - T - € 5 .l 5
with ankl H (6mk8nl HEnL} Gnk> + 2y Gmn"kl 0.

1-v

In q space the partition function becomes:
N

Z:IDA(S)IDT(E)fD%(:)exp—(ZH)3BId3%[¢mn(§)ankl ffki<“3)

, . ( .
T (DT i (A (D0 (~+h . (= d () =i (a19)
mn =7 mn < 58 ij =713 =2 A T A R S

u ). C e Natd
G %ij( g)%Aij\ 474 Jij(g))

*%E(“Aij(ﬂ)qk(eikl le(—5)+sjkl Ty (—g))+Aij(mg)qk

(6.» T .((l)-*ejleli(_q_))] 6.46



The last factor can be rewritten as
- , 3 . T, 0=q)Ch,  (=q)+n, , (- v
1 [(Ai](ﬂ) ﬁi(ﬂ))alkl qk‘]_]( ﬂ)(\lj( S)‘AJI( ﬂ))L

__ 21 .

I ikl
T (()
Y

therefore the integral over T can be performed, leading
to

7= NpSDA(q) S0P () exp ~(2H)36fd3ﬂ[¢ (g)¥

1 L": { -
mn "mnk 19 /kl\ ﬂ)
. Qv Qs
41 (Aij(i)”ij( ﬂ)'Aij( aIn; . (q)) %ﬁ (Aij(i)q ”ij‘—ﬂ)JAij

(Aij(g)whji(g))eiy]

Q, € qQ
<} 'k aml e

(—q)qs, . (q)) + _
- 1) - 87y

(Ajn(—ﬁ)+Anj(—3))J 6.47

—

= N.N, SDA(q)c —(2m)?ssrd®ql 1 A, Y1 M7 gt
Yo (S/CXP ( ) ¢ 3{_482 1_](cl)q — 1_]1’\1_)(1

- . ( " -
Akx ﬂ>+36%7¥ Aij‘ﬂ)(siprekmrsjl ’Eiprclmrskj icjpr

. . - - ( . (

“xmr §lﬂ'cjprler6ki)qpqukl( ﬂ>+i (A.;(q)n?,(nq)

: . EE 11 - 1} —

sh (-, (a))] 6. 48
i ij

JDA(q)exp-(2M)3Brd?qf 1

% o7

H

" 2 —
N Aij(g)lijkl<9)Akl( q)

' © Q [\
+ %E (Aij(ﬂ>“ij(”ﬂ) + Aij(—g)ﬂij(ﬂ))J 6. 49

1
!

. _ 3 el Q ‘P—\ Q - )
NN N exp (2m)*prdiq nij(g)'ijk](ﬂ)nkl\ q) 6.50

(R » - 4 I\,-l . o N :
with pijkl =4 Iijkl ) %;—qpqm(hiprgkerjl +Eipr€lmr6kj

~

“iprikmrtil Ejprelmroki) 6.51

4

<] ‘hie ideniity € 3 = ¢ . — 6
Using the ideniity ijkrlmk 6516m3 6im6jl

this becomwes

| a gt Lo 1 26 .8 2 ny _ -
ijk? 13k yan ( Olk“j1 4 2011 6jkq “‘qiqdej
- Q, . - R ) F— 52
N9y S a3, 29 459, 6ik) 6.5
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But Mijkl = u(siksjlsilsjk) + %%% sijskl
-1 _ .
Let Mklpq = A (ka6lq +5kq61p) + B sklqu 6.53
therefore M, . M !} =§, 8§, + 6§, 6, 6.54
ijkl “klpq ip jq iq jp
hence A =1 and B (Zu'+ 6uv ) = =2u 6.55
2u 1-v 1=u
or B = —-vU
n(1+2v)
Now Pijkl = X(61k5j1 + Gilajk) + Y 6ij6k1

+ Z (qiqk il + qiqlsjk + qjqkdil + qqusik) 6.56

with X = g: + gi ‘ 6.5%'
2n 2y
Y = - Ug“ 6.58
p(1+2v) o
z2=-1_ 6.59
4y

For the inverse of this tensor, defined by

- .

Piskl Pklmn 7 (8imdin * %indin’ 6.60
S

we try Pklmn - D(shnaln * 6kn61m) * Eﬁklémn

+F(qkqmsln * qkqn‘slm T 99 Gkn 49 ka)

+G(qkqlqmqn) + H U9 Gmn I qmqn le

6.61
Thus we have 6 equations for the 6 unknowns:
2XD = 1 6.62
2XE + 2YD + 3YE + YHq® = 0 6.63
2XF + 2ZD + 2ZFq* = O 6.64

2XG + 8ZF + 42Gq* + 421

I
(@)
(o))

.65

4YF + YG g%+ 2XI + 3 YI

1}
@]
(e}

.66

4ZE + 2XH + 4ZHq® = O 6.67
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From 6.62 D =1 _ 6.68
2X
equation 6.67 gives H = =2ZE 6.69
' X+22q?
and substituting 6.69 into 6.63 leads to
E = -Y(X+2Zq?)
X[-22Yq%+(2X+3Y) (X+2Zq*)]. 6.70
and H = 2ZY
X [-22Yq*+(2X+3Y) (X+2Zq?)] . 6.71
From 6.64 F = Z
2X(X+2q?) 6.72
and 6.65 leads to
I = =(4YF+YGq?) = -1. (4ZGq2?+8ZF+2XG) 6.73
2X+3Y 47
therefore C’: 16YFZ-(2X+3Y)8ZF
(2X+3Y)(42q%+2X)~4ZYq? 6.74

In fact only the constants D and E are relevant

for the interaction energy (equation 6.50) because

the continuity equation for nQ (equation 6.44) in -

qQ space is

q nQ = q ng. =0 6.75

i 7] J i3
therefore the terms involving F, G, H and I in

equation 6.50 will be identically zero.

Substituting 6.57 into 6.68 we have

D = (q* + g®)~" 6.76
H Y
and similarly E = 2uy2p
(l—uquzy+p)(qzy+p(1+22_)) 6.77
l1-vu
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Now the free energy F o= = 1 dnZ, with 72 given by
8
cquation 6.50, becomes
P ) !4 (n N + Fiat Wk
1 1 [n R tn h¢ v [n YA] rFiat 6.78
" Q -
and Fint = (20)°* fd’q ni(q) P} 0o (=-q) 6.79
it Vg Mg

is the interaction energy of the intrinsic defects,
in  the presence of fluctuations. Returning to the

real space representation:

_— —ialy—x) —

Fint - 1 Sd’x fdaxlng.(x) fdiq e PAAZTR T (q}qQ
TS = = ij - & 13kl =" Tkl

(21 :
(x) 6.80
where Jfd'q clﬂ§§~x ) Pho(q) = D (x-x')(8 §. 48 8., )
= 1ikl ~ = ik j1 il ik

N\
\

-F w1 5
+E(x: %) oijakl 6.90
and N(y) = Jd’q et Y D(q) 6.91
=g _ v T 6.92
(14((],__“2) « 7L
o Il
y ’_. >\. .
= 20 S q%dq S odax e VT (hs Gose)  6.93
© +1 q“(qf+p)
w . . Y
= -2y J dq ¢ WitV 6.94
iy © q{q*+)
100 .Y ‘
=4 2 S dq &P (a* = B 6.95
iy " q(qrea?)
e ' q T
=2y fdg e V(1 - - ))6.96
iy —«© a’ q 2(g+ia) 2(q~-ia)
Closing the contour at g = . +ieo” then &ontour at
® does not contribute and we pick up 2 poles at
) o
g = ia and g = 0, Thus e ~
/ ¥ Q":'lﬂ
D(v) = 41y (3-Ye 8V 6.97 //
v

(1

L.

. ,
or B(y) = 2%y (1=a y’%y) 6.98

NI

y

2.

¢ CL: -1
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Similarly

B(y) = 2up fe t9°Y g 6.99
T=v (@) (q?p(ti2v )
Y Y 1-v
= QLHJ___ }00 dq g elqy 6.100
i(l-v)y =@ (g*+a*){(q*+a'?)
with a? =
Y
a'?= p(142v )
Y l-v
L
ok . B9 v
or E{y) =22y (e {&}ZY —e[li (1e2v ) Y)
— Y Y 1-u
y
Therefore
1
PVINCH VS
Fint = _y Jd°x fd®x} n?.(p 1 [(eeTfE) o EE ly
41 J fx-x"'| ¥
% )]
- Nl A b S
(85,545, + 65, 6;0+(c {Y) .
20 ) x|
=) “(1+2v )" {x-x"{) . Q /. ‘
€ U 1-v EFFLRILINEC. 6.102

If v + 0 {(the width of the distribution tends to

infinity) Fint > 0 therefore the strain field of

the intrinsic defects is completely screened by
the fluctuations and they do not interact. On the
other hand if y » @ we can expand the exponential

1
2

in terms of the small parameter lp)
Y

lim Fint = lim y  jd®xjd?x'n ?j(g)[ (g)i;%(g)lﬁ—ill)
Yo oo Yoo 4 1 oY
) L
(6.8, + & .86 (2004207 -1)~2uv  |x-x'|)
ic ) _ ke fH - A W27
ik"J 117k ‘v.} 1y 2v (1-0)
) 6.103

C
5
% 1%a]) M
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1
im oy 5d?xsd7 G b&-.ng GO CH20)=1)
0 20 -7 Ly = 1§ kit =

nQ.(x‘)—u Id3xfd3x’(ng,(x)+ o (x)é..)‘x—xl‘ﬁg-(xl)
AR _ﬁ d = ij — '-1-__'\“)' lle “ = L} - L} -

6.104
and, apart from an (infinite) constant the interaction
energy reduces to that without fluctuations (equation

6.43). The screening is  inoperative 4n this limic.

The normalization constants (N s N¢ , N ) in the
frece cenergy (6.78) are given by the following
expressions:
N, =fDT(q) exp - (2n)3syfd3ﬂ Tmn<f.') "fmn(--ﬂ) 6.105
| = exp-3  [fdiq [n By 6.106
This 1is, in fact, the normalization factor for
- the Maxwellian distribution. It should be set equal
to unity if the total probability (area under the
distribution) is normalized to 1.
Similarly

N, = sD4(g) Jexp -grd3g £ (S)Mmmlclqb‘{m,-(”@ . 6.107

1

1

= exp -~ % sd3q In(gqs Det M) - 6.108"
== e X + Tr M 4 ) -+ “ 5 3 a" 6.1
exp —~ % (Ing + Tr In M) TG d®q ln q" 6.109

= exp — 20 [(InB + 3|n(2u) + 3 ln(2p + 2uu))q

max
1-v

v 4 q? (In q - ;3)] © 6,110

max max
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Here < is the natural cut off for q and is of
Vinax !
an

the ovder of 1 where a is the interatomic distance.
a

A term of this form would also occur in a similar

treatment. for crystals (with zcero quenched  incom-

patibility) and has therefore no particular relevance

to glanscs.

The last normalization constant is given by:

NA = IDA(S) exXp wad3g

i oA (q) P a, . (-q)  6.111
Y ij = ijkl TkiT -
= exp - % fd? ln 1 Det P 6.112
P q i
48
= exp + 21 In 4B - Jg?dq In(Det D) 6.113
I q g i

max

Within this description a glass differs from a
crystalline continuum in two ways:

Q

1) n'= 0 in a crystal whereas it is firite in a glass.

2) Y ecrystal > Y glass because in a crystal there are
topological barriers inhibiting the creation
of dislocations. 1In other words, fluctuations
in n will be much stronger in a glass than

in a crystalline continuum.

Thus the free energy difference arises £rom the

a function of

[41)

term 2 T f q*dq ln Det P, where P i
B

Y, and from the interaction cnergy of the intrinsi

defeccs (Fint ) which is zero in a crystal but given

by equation 0.102 in & glass. However from 6.
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Pooy e (gt e g2 )0s 8 e 808 )= vt 66
il % 25 ik il i1k NETEI ij okl
-1 Caype 8y " 939855 * 93085y 1 9598 50
.4Y
- Hyg—1 . ol arqge 114
= q “ijkl + 0(1) for large Y 6.114
Y
Writing |n (Det P) = Tr |n (q"M7'+ 1 N 4+ 0(1 ) 6.115
. ~ 2
Y Y
where Nijkl = q° (61k %1 T 6il§jk)
Y .
)’ .. -4
a P T T L IR S R FL PP
6.116
then In (Det P) = Tr In Q*M™'(L+ 1 MNq™*) 6.117

7
Tr (In(q"M™ ') + In(l+

It}

MNg ") 06.118

1
Y

Tr in "M ' + Tr (1 MNg™ +0(1)?%)
Y Y

i

i

Ing®* - Tr |n M + 1 Tr MNg™" 6.170

=<

The first two terms of this expression combine

with similar terms in [n N¢, therefore we are left
with
F = 20 dq Tr(M,, N ) 6.121
— 5 ijkl  klmn
By q

= 2N kT/Sdg Tr (q?(s. 6 A +6. 8, ) +Z&2pué &
Y q? R

q im jn in jm ij mn
_}[u 9. o ,_ - L9, s
4 (Zqiqniﬁm+2qjqn§jﬁ + )qjqnoim IZqiqm in)
-2 5. 9.q.) o 6.122
(g3 4 mn
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- L 2
= -2% kT f:—;'l (8,0 4n inéjm) [a w8, 840 in® jm’
2 _
+§%:%3 51Jsmn B (qiqnsjm qiqmsjn qjqn im
qqu in) —523 ij 9%n ] 6.123
= 21 kT 97%* dq  (12q2%n + 6q%uu - 4ug® - 2uv)
Y o q?" 1=vu 1~v
or Fy = 801 w(2 - v ) 9max kT 6.124
Y 1-v

Thus the effect of fluctuations 1is to Lincrease
the entropy by a factor which (when y is large)

is inversely proportional to Y. . Z

6.4 The Two Level System

In any particular configuration the -excitations
in the 1incompatibility ( nT ) are indistinguishable
from the 1intrinsic incompatibility ( nQ) and the

total internal energy is given by:

U==1 [fd¥x fdax‘(n?.(x) + hg.(x))M,, |x-x'|
o - - ij — ij = ijkl '= =
Q 1 T
(i (x )+ Nep (X)) 6.125
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The nature of the low energy excitations of n becomes
apparent 1if we write the interaction energy in
terms of an integral along the defect 1line, a
procedure made possible by the continuity equations
(6.44).
3t nij = 0, 3jnij = 0

Consider a defect 1line confined to a '"tube" of
cross section area a? then the integral of n over
an elementary <closed (eylindrical) surface of
this tubé vanishes because.f%lkj dV;O:ﬁnij ds ni 6.127.
therefore the contribution from the top of the
cylinder cancels that from the bottom (assuming

no field flows out the side) and

aznij ﬁi = Constant along the tube
b ' 6.128
1 A
or njj = P nj bi 6.129

Here A 1is the tangent vector of the line defect.

A similar argument wusing the second continuity

equation leads to  njj 2535 nj by 6.130

and the symmetry of the field 1is preserved by

writing n.. =

1 (ﬁib. + niby) 6.131
] 2a?

3 U

Using this we «can transform the volume integral

of ninto a line integral:

Page 135



Fd’x n,, = fd&fds 0, 6.132
= ij ij

= /d2 % (nipj + njbi) 6.133

= 4(Sdri by + fdﬂ'jbi) 6.134

Therefore- the interaction energy between two such

lines (A,B) becomes (from (6.43):

P8 [_bmAme £aoh raaB A - B
sl * 72 v
+ bmAan fd‘l'A f44%B |xA - xB|+ v AP sqB
-—2_—' n m - - m’ m n m
rardy |5t - 2| 6.135

A B AB ,
or writing |[x - x | as I this becomes

AB

udB - _ o bfB s antiae® o s wertian® bBlas®

o bhaz® bB. 4B AP 6.136

The self energy of a defect loop 1is obtained by
replacing B by A in equation 6.136. The self energy
of any (intrinsic) defect line 1is, therefore,
unchanged by the reversal of the line direction
(dg + - do ). The interaction energy between this
defect and the surrounding defects 1is changed

by such a transformation, however in the particular

case when the defect 1is surrounded by an isotropic

distribution of defects, the total energy of the

Page 136



6.5

two configurations (with opposite line orientation)
is the same. An anisotropy in the distribution
of the defects surrounding a given defect will
tend to split the energy of the two orientations.
The process of reversing the direction of am intrinsic
defect line 1is effected by an excitation of the
type: n:j(i) = - 2“?55) along the line, or the excit-
ation. of a defect of the opposite orientation
and twice the strength of the original one. The
barrier associated with this excitation is energetic

(rather than topological) and the magnitude depends

on the detailed structure of the medium.

Thus glasses (like spin glasses) have a distribution
of two level systems agsociated with the reversal
of the orientation of intrinsic defect lines.
The anisotropy in the distribution of the surrounding
defects splits the energy of the two configurations,
but a finite density of zero energy excitations
(corresponding to the defects  with isotropic
surroundings) remains. Coupling between the two
level system and phonons occurs " via the strain

field of the defects.

Topological ‘Excitations

In chapter 2 we saw that disclinations, associated

with 2 I rotations, are topologically stable
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excitations in glasses. The continuum model provides
a natural framework for the discussion of such
defects, in terms to the triad of vectors which
was introduced as the field. The curvature introduced
by the 1intrinsic defects implies cthat this field
is not a unique function of space as parallel
transport around a closed path does not, necessarily,
return it to the initial configuration. This field
is not, therefore, identical to the matter field
of chapter 3 (which must be single wvalued) but
it is similar to the combination of the matter
field and gauge field (¢). A closed path in réal
spéce maps on to an open path in configuration
space (the manifold of internal states). The open
path does, however, represent a reference con-
figuration and fixes the 'starting point (i) and
finishing point (f) for any mapping of the real
space contour on}to the Manifold of internal states.
The presence of a topologically stable defect
within the real space contour 1is signalled by
a path in configuration space which cannot be
continuously deformed into the reference path
(Fig. 6.2). 1In fact. the intrinsic curvatﬁre is
generally small therefore any pathv in configuration
space which <crosses the surface of the sphere

once signals the presence of a topological line
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defect within the real space contour, and knowledpe

of the reference state (low energy configuration)

is not required.

Nisclinations are associatoed with
(Rij) comncentrated on the core an

cquation 6.43) they interact via a

a large curvature

d

therefore (from

lincar potential

(Ix-x*1). The interaction will, however, be screencd

by dislocations and thus it becomes (equation

6.102).
L
Uint = %Sd®xSd?x " (Rij(x)+R3i(x)) ¥ [(]—e~{3}2\x~h
40| xv —x |
x|
(s 1k Jl Jk) e [ ) T
1
- 6(]&2U )le—x ! .
~e () 185 811 (R, G1)aR ) (7))
6.137
L fd'xfdx) Ris(x 1% xx |
= fa'xfd°x" Ry j(x) __zm_j [(1-e(t ) ICINLI
Gaix—x" |
1
Biéli—xl ~ 1y (1420 V5| x-x"]
§.4 Jk)w(e \Y) ( ) g ")
Ly 4
55 i8k1d R () 6.138

At distances (|x-x1'|) greater than lﬁ
-

terms in the above coxpression

and the interaction potential V,

C

5
)Zthe exponent.ial

an be neglected

(x,x') defined by

ijll
- dypdint <) vV v1) R 1 .
Uint = sdiugd R (é) \ijkl(i’: ) Pkl(h ) 6.139
becomes
, 5 . R
VigaGoxt) =y Chos 8850 6.140
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The length (:LJ “ is a measure of the size of the
v

"core'" within which the distortion caused by the

curvature 1s too large to be screened efficiently

by dislocations.

Thus, in the presence of dislocations,disclinations
interact (at least when the cores do not- overlap)
via a 1 potential, therefore the total energy

r

%
of a density p of disclinations (for p °

SR
u
has the form (equation 2.27?.E(p) = Bp - A oln pa?
. a a

and fhey could be responsible for the Vogél-Fulcher
law for the wviscosity of supercooled liquids.
The discussion of chapter 2 shows also that there
is al finite density of’ ' disclination excigations
in thermal equilibrium above the Fulcher or Kauzmann
temperature (To). Disclinations are not observed
in grystals because the topological stability
of aislocations means that they are not freely
avaiiable to screen the distortion field of dis-
clinations. The properties of disclinations in
two dimensional <crystals have been discussed by
Halperin and Nelson 61979) who showed that they
may be responsible for an interesting intermediate
phase (the hexatic phase) between liquid and quasi-

crystalline order, yet to be identified experimentally.
!
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6.6

There, as above, the distortion field of the
disclinations is screened by dislocations and

they interact via a 1/r potential.

Conclusions

In this chapter we introduced a model of a glass
which we considered from a macroscopic point of
view to be an isotropic elastic continuum, with
the glassiness included as quenched torsion and
curvature. The torsion and curvature act as extended
sources of stress and strain which increase the
internal energy of the glass (with respect to
the corresponding crystal) and can thus be regarded
as the  intrinsic defects of the model. The presence
of intrinsic défects has the effect of introducing
low energy excitations (in the form of reversals
of defect line directions) which dominate the
low temperature specific heat of glassés. Such
two level systems couple to phonons through the
strain field of the defect and will therefore
affect the thermal conductivity and acoustic

attenuation of the medium (chapter 1).
In addition to the 1low energy excitations there

are topologically stable excitations (defects)

which take the form of 21 disclinations. The large
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strain field normally associated with (crystalline)
disclinations is here screened by dislocations
in such a way that the interaction potential is
proportional to the inverse of the distance between
the disclinations, at least when the cores do
not overlap. Thus the properties (energy and entropy)
of disclinations have a similar form to -the line
defects discussed in <chapter 2, therefore their

equilibrium density will follow a Vogel-Fulcher

law.

The advantage of this continuum approach 1is that
it~ should be applicable to any disordered medium
which resembles an isotropic ela;;ié continuum,
with sources of internal stress, on a macroscopic
scale. The nature of the bonding is, to a large
extent, irrelevant although it will determine
the elastic constants and the energy scale of
the excitations and barriers. In a covalent glass
the number of constraints (equation 5.5), and
thus the density of intrinsic defects, 1increase
with increasing co-ordination number, or in the
language of Phillips (1979), the unsatisfied
constraints in an overconstrained glass introduce

intrinsic defects (in the form of quenched incom-

patibility) into the medium.
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In general, however, the nature of che low energy
excitations and the topological defects are common
to all glasses, a necessary feature of any model
which hopes to explain the occurrence of low
temperature anomalies and the Vogel Fulcher law
in such a wide wvariety of materials (metglass,

covalent glass, polymers and oils).
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Actual Configuration

x}

Uy Reference Configuration

Figure 6.1
Schematic Representation of mapping between reference

(relaxed) configuration and actual configuration.

Figure 6.2
Manifold of 1internal states (SO(3)) 1is a solid

sphere with opposite points on the surface identified.

The path A represents the reference path
Alrepresents a trivial excitation which can be
continuously deformed to the reference path.
B represents a nontrivial, topologically

stable excitation of the system.
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CHAPTER 7

GENERAL DISCUSSION AND CONCLUSIONS

In this thesis we have discussed three continuous
field theories of glasses which, on the face of
it, look rather different. Table 7.1 summarizes
the relevant properties of these models and from
this it 1is evident that the general features are,
in fact, very similar, although they vary considerably
in detail. Each model has an underlying gauge invariance
but the extent to which they are free to explore
this invariance depends on the interpretation which
we put on the gauge field. The phenomenological

model of chapter 3 is invariant under the full rotation

group and the gauge field is a free dynamical variablé

introduced solely to ensure this invariance, with
no further physical significance. The Edward Anderson
model of spin glass and the Keating model for covalent
glass are also invar;ant under local rotations,
however physical transformations are restricted
to a smaller group (Za2 in spin glass and :5Q(2)
in the Keating model). This restriction is irrelevant
in practice as the gauge fields (the interactions)
are effectively quenched during the formation of

the glass and there is no remaining gauge invariance
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in the system at low temperatures. In each case
we define a new field which is a combination of
the phase gradient of the matter field and the gauge
field. This (Gauge invariant) field is then considered
to be the only relevant field of the problem. The
gauge 1invariance of the continuum model of glasses
originates in the equilibrium condition on -the stress
field (Bi oij = 0) which is, in some respects, analogous

to Maxwell's equation (3 Bj = 0) of electromagnetism.

In each model constraints, related to the structure
of the underlying discrete network, are imposed
on the fields. In a spin glass the constraints are

imposed by quenching . the curvature of the field

(at least to within a vortex excitation) in .such

a way that it is finite only on well defined 1lines
of the medium, corresponding to frustratioﬁ lines
of the discrete network. Such lines act as sources
of the field and contribute to tﬂe free energy through
an interaction energy which (for =x-y spin glass
and Heisenberg spin glass at low temperatures) has
thg same form as the interaction energy of current

loops.
In a similar way the curvature of the field in the

phenomenological model  (chapter 3) is quenched,

with a finite wvalue only on well defined lines of
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the medium. These lines correspond to the Llines
threading the odd numbered rings in the underlying
discrete continuous random network model of covalent
glass. They act as sources of distortion and increase

the internal energy of the glass.

The discrete Keating Model of a qualent. glass has
constraints on the bond vectors, corresponding to
the condition that all rings of bonds must close.
Here there are two <classes of constraint, one is
the <condition that the last bond must end where
the first starts and the éecond is the rotational
compatibility between the first and last bond. They
are cﬁlled torsion and curvature by analogy with
similar effects in crystals. Rings which do not
close in the relaxed (cut) configuration are associated
with a finite torsion and they <act as sources of

distortion in the network.

The continuum model of a glass is also associated
with fipite torsion and curvature in the "ground
state'", originating from the internal stresses induced
by ring closure constraints (torsion and curvature)
of the underlying discrete network. From a macroscopic
point of wview, a glass 1is indistinguishable from
a continuum representation of a crystal with

dislocations and disclinations except that  here
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the defects cannot be eliminated by relaxation.
Disclinations are rare in crystals because of their
large elastic energy but in a glass this is screened
by dislocations which are not topological defects

and can therefore be excited freely;

Thus, in each model ‘éhe constraints take the form
of extended sources of distortion and introduce
energy density fluctuations 1into the medium. In
some respects they resemble 'defects in ordered
media and can therefore be regarded as intrinsic ,
defects 1in glasses, however, dnlike their crystalline
counterparts, they cannot be removed by persistent

relaxation and the are resent even in '"'perfect"
y p P

glasses.

Each of the continuum field theories discussed in

this thesis introduces a specific model for the

two level system, associated with the intrinsic
defects. In the phenomenological model the two (equal
energy) configurations are related by a nontrivial
gauge transformation, effected by the excitation
of a vortex of the matter field (and the gauge field)
on an intrinsic defect loop. For such a process
it is necessary that the gauge field 1is a free,
independent variable, which 1is not the case in the

spin glass model where the gauge field 1is related
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to quenched physical parameters (the interactions)
and the only relevant field 1is the combination of
the gauge field and matter field. In a spin glass
the two configurations are, again, related by a
topological (vortex like) excitation of the spin
field, centred on an Intrinsic defect loop. The
energy of the two configurations, in the case of
an isolated loop, are -equal but the presence of
other defects has the effect of splitting the levels.
In a similar way the orientation of an intrinsic
defect in the continuum model of a glass (chapter
6) can be reversed by the excitation of a dislocation
loop. The dislocation is not a topological excitation
in a glass therefore the barrier separating the
two configurations is energetic, rather than topological,
and again they have the same energy for an isolated
loop, or a loop surrounded by an isotropic distribution
of defects. Coupling between the two level system
and phonons occurs via the strain field of the defect
loop and this wouid explain the anomalous phonon
scattering observed in low temperature acoustic

and thermal conductivity experiments.
In addition to the tunnelling modes, which affect

the low temperature thermal and acoustic properties,

there are topological excitations, present in thermal
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equilibrium, only at high temperatures (above To
as discussed 1in chapter 2).,. Such excitations are,
in each of the models, associated with a rotation
of the order para&eter by 21 around a singular line.
The lines move freely in the medium and their
topological stability 1implies that they must saﬁisfy
a conservation law and cannot, therefore, decay

spontaneously.

In the gauge invariant model of chapter 3 such defects
are associated with singularities of the matter
field. This induces a curvature of the gauge field
which tends to screen the distortion field (E) of
the singularity. 1In the semidilute regime (when
the average distance between defects 1is 1less than
Ehe self screening length of the singularity) such

defects interact via a 1/r potential.

In a spin glass. the excitations are vortices of
the spin field which rotates by 20, with respect
to the ground state configuration, around the singular
line. In a Heisenberg ferromagnet such vortices
are not topologically stable but the noncollinear
spins of a spin glass has the effect of stabilizing
line defects with 21 rotations. In an x-y model

the wvortices interact wvia a 1/r potential but in
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a Heisenberg model, at the temperatures at which
the number of vortices is significant, the nonlinearity
of this model 1is important and the interaction is

more complicated.

As in a spin glass, the 'order parameter" in the
continuum model of a glass is defined with respect
to a particular low energy configuration. Parallel
transport of a triad of vectors around a closed
contour in the reference (low energy) configuration
may resul; in a finite rotation of the triad.
Topological excitations are associated with additional
2 rotaciéns. The strain field associated with this
large rotation is screened by dislocations, which
are not topologically stable and can therefore be
created and decay spontaneously. The effect of such
screening 1is to cause the strain field to decrease
as the inverse of the distance from the line, therefore
the disclinations interact via a 1/r pogential,

as they do in liquid crystals.

Thus topological excitations, and their interactions,
are 1identical in all the models considered in this
thesis. The argument of chapter 2 1is quite general
and relies solely on the topological stability of

line defects. The high temperature (T> To) properties
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of glasses (their relaxation and the Kauzmann Paradox)
can therefore be satisfactorily explained by a simple

concept, valid in general.

Although the intrinsic defects appear reasonably
similar in the wvarious models considered, there
are some apparent differences in the models of the
two level system. In the phenomenological and spin
glass models the transition between the two con-
figurations is effected by the excitation of a
topological defect, although 1in the first case it
is a gauge transformation (therefore the two con-
figurations always have equal energy) and in the
second case it is not. In the continuum glass model
it appears that the transition is effected by the
excitation of a nontopological défect (a dislocation)
and the Dbarrier must be energetic (rather than
topological). This has the effect (as in the spin
glass case) of reversing the orientation of an intrinsic
defect line. It has been known for some time that
the concept of the two level system has universal
validity 1in glasses and a direct,.overriding influence

on the low temperature properties. In this thesis

we suggest specific models for the two level system

which are a natural consequence of the universal
features of glass (homogeneity or gauge invariance)
and intrinsic defects) although it remains to be

shown whether such models are unique.
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TABLE 7.1 Continued

CHAPTER 3 4 5 6
Field Theory Covalent glass All atomic and
For: All glasses Spin glass (Discrete) molecular glasses
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CHAPTER 3 4 5 6
Field Theory . Covalent glass All atomic and
For: All glasses Spin glass ,
(discrete)
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Continuity
Equation for
Defects

Bianchi Identity
B - 0

Bianchi Identity
DuF*Y = 0

Torsion Identity
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(D1+2Tji)Tk— eilkR
Bianchi Identity
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Jl

and 3.0, . = 0O
iij

Two level
System

Large gauge trans-
formation centred

on intrinsic defects
(excitation of a
matter field vortex)

Reversal of orient-
ation of frustration
line by vortex
excitation.

Reversal of orient-
ation of intrinsic
defect by excitation
of a dislocation
loop.

Topological
Excitations

Singularity of matter]
field screened by
gauge field

Vortex excitation
of spin field.

21 disclination,
screened by dis-
location.




APPENDIX 1

Proof of Equation 6.23
The strain field Ejk, given by equation 6.21, is
Ejk = % gjk - gy, M™'K j MLk

or, in the linear approximation (gjk = §jk; 8kL = SkL)>

l—-}‘ vy = :
Ejk = 5085 = 8 1Ky y1ly) _ A.1

-1K, =1L .

- L 1 1 -1K

therefore aiEjk 2[6KL(31M JIMT k4 Sy, M7
(a M) ] A2

= -%GKL[(M“Kz M“J)(aiM“Jj)M~‘Pk + M™Kj
(=1Lt )a M7 ] 4.3

and, using equation 6.5, this becomes

o ; L -1 K =L -1K 1L
Y Ejk = -%5, [rJ,i (M7 MR AT, (M7 M 2)] A.b
- -i[r% - % -
= 2[rji(azk 2Ezk)+rki(5jz 2Ej2)] A.5

Keeping only first order terms in and E, this becomes

a1k = “ETgs * Ty A.6
Now defining Eijk%%(aiEjk + ajEik_akEij) A7
then Eijk = %(-rkji—rjki-rkij-rikj+rijk+rjik) A.8
= 5(Tji%+Tijk-Tkji) —%rkij A.9
or rkij = —2Eijk +(Tkij + Tijk - Tjki) A.10
therefore rkij = Skiq Enrqan Erj - ajEik
e 50T * Sk Tip T Ckip "o A1t
= —ajEik * fkiq (anrqan Erj —%qu)
+ % €ikq nrq “njp Trp A.12
= 35Eik ¥ fkiq Cnrg’n Fry T Tyq T F Ssqlpp) AT
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Now Rkijl ~ aj'rkil - al rkij A.14
and Rgp = & €, € it Rkijz A.15
Y

= 3 ekis ej!,t Bj rki£ A-16

- - L

=% ®kis Fjat ekiq aj(enrqanEr% T%q + 2GSL':JTpp)
A.17

- - L

= ®ars ejzt aj 9n Erl ejSLt: ajT9,5+2€jst Tpp
A.18

The symmetric part of this equation gives

€ e 3,3 E = (RSt + €

nrs j&t § n rp 3j Tzs) symmetric

A.19

jat

or n,, = - (Rgp + € i1t Bj Tzs) symmetric ' A.20

t
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