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ABSTRACT 

Approximation techniques for optimising control 

functionsusing both time and frequency domain methods are 

interest' 	The use of models of high-order systems with a 

low-order state-space subsystem in parallel with a con-

volution-described subsystem is considered. An optimisation 

algorithm for the parallel model, using the Dynamic Program-

ming approach)is developed and computed results am given 

for an example. Algorithms for obtaining feedback gains 

for the parallel model with a quadratic cost is developed, 

using a:variational approach. Similar algorithms ake 

also presented for the same model when the quadratic cost 

includes a sensitivity function term. The convergence of 

these algorithms is proved. 

A continued fraction expansion (CFE) technique is propos-

ed for modelling multivariable transfer functions to give 

good approximations to the initial transient response while 

yielding the correct steady-state response for a class of in-

puts. Another approximation technique, called Modified Pads 

Approximation (MPA) which differs from the well-known Pads 

approximation, is also presented, for modelling multivariable 

transfer functions. It is shown that, under certain conditions, 

the CFB and MPA techniques yield the same model. 

A technique is developed for obtaining approximations 

Lo the Lransier funcLion of a syslem such Ulat Lhe eteady-staLe 

responses of the system and its low-order model are the same 

for a class of inputs. The technique is based on modelling 

the system's impulse response by a linear combination of 
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orthonormal functions. 	For multivariable systems, low-order 

models of the transfer function matrices can be obtained by 

applying the technique to each element of the system's 

weighting function matrix. A minimal realisation of the 

resulting low-order model of the transfer function matrix 

can then be simply obtained. 

New lower bounds for the minimum cost for 	convolu-

tion-described linear dynamical systems with quadratic cost 

functions are presented. Besides its application as Stopping 

conditions for iterative optimisation algorithms to decide 

when a control sufficiently close to the optimal control has 

been achieved, it can also be used to check the accuracy 

of a simplified model to a system. 

The CPE and MPA approximation techniques developed 

before are used to approximate the optimal control for 

regulator problems formulated in the frequency domain. It 

is done by performing a sequence of simple spectral factorisa-

ti:onswhich each require' considerably less effort than the 

complete spectral factorisation which is necessary for the 

determination of the optimal control in the frequency domain. 

It should be particularly useful for high-order linear 

multivariable systems. A frequency domain algorithm is 

proposed which iterates to give a suboptimal control with 

increasingly detailed structure. 
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1. INTRODUCTToN  

This thesis presents new and more effective 

algorithms for choosing optimal controls and controllers 

for linear multivariable dynamical systems. Since system 
.124-ct;f2p,-0 
are needed before such control can be considered, the 
A 

problem of determining suitable models is also considerc-'. 

Many researchers have contributed to the study of 

the problem of optimising a linear time-invariant control 

system with respect to a quadratic performance index. 

If the system is given in the state-space formulation, 

it is usually tackled by Kalman's theory of optimal 

control [1-2] while Wiener's optimal filtering theory [3] 

is often used to solve the problem formulated in the 

frequency domain. The optimal feedback control law 
• 

obtained by Kalman's theory requires the solution to the 

non-linear Riccati equation; to obtain optim,al control 

using Wiener's formulation necessitates the spectral 

factorisation of a positive definite matrix commonly 

known as the spectral density matrix. Kalman's approach 

requires that all the states of the sys+em be accessible 

to physical measurement, in order to generate the optimal 

feedback control law. This 61fficulty can be overcome by 

using a observer for the deterministic case and by using 

a filter for the stochastic system. However, engineering 

experience indicates that only the 'dominant' states 

-need to be fed back ( or estimated and fed back). For 

convolution-described systems?  Lee[4] has proposed 

iterative algorithms for finding the optimal feedback 

gain matrix linking the outputs and the inputs of the 



system, A more  cat-4eus drawback is that system design 

based on optimality becomes very complicated  if the 

order of the system is high and hence expensive to 

implement in practice. 

Though there have been several methods proposed 

by Youla[5], Davis[6], Anderson[7] and not so well-known, 

by Rozanov[8] for the spectral factorisation of the 

spectral density matrix, the procedure to obtain the 

optimal control in the frequency domain is often very 

tedious, especially for high-order multivariablo systems. 

It is due to the fact that all these methods are not 

easily mechanised. 

Therefore, in practice, one often has to be 

satisfied with an approximate solution ( i.e. suboptimal 

control) provided it is easy to obtain and the performance 

of the resulting system is satisfactory. It is the aim of 

this thesis to present approximation techniques for 

optimal control in both time and frequency domainsand 

also to provide a means of evaluating the merits of these 

techniques. 

A popular approach to obtain an ar,roximate solution 

to tl.e optimal control problem is to represent the actual 

physical system. usually of high order, by a simplified 

model for which the optimal control is relatively easy to 

obtain. The success of this -pproach would obviously 

-depend on the performance of the actual system using the 

optimal .ontrol of the model. A model may be regarded as 

an ideal one if it satisfies the following criteria: (1) 

it must be simple enough so that its optimal control can 

11. 



be easily obtained; (2) accurate enough so that the final 

system has a satisfactory performance. It is not easy to 

find a model which satisfies these criteria simultaneously 

and to do so might well require deer physical insight of 

the physical system being considcfed. Several approximation 

techniques for obtaining simplif,..id models have been 

proposed, e.g. Kitamori[9], Davison[10] in the time domain 

and Evans[11], Chen and Shieh[12] in the frequency domain. 

The techniques given in [10] and [ll] are based on the 

concept that the dynamical behaviour of the system is 

determined mainly by the poles nearest to the imaginary 

axis, i.e. the dominant poles. In Kitamori's approach, 

the impulse response of the system is approximated by a 

linear combination of orthogonal functions while Chents 

method yields a reduced model by applying the continued 

fraction expansion to system's transfer function. In this 

thesis, two modelling techniques in the 	domain 

are proposed; one of them is based on the continued 

fraction expansion which differs from  that by Chen while 

the other is of Pads type. We also extend the technique 

proposed by Kitamori so that the model 3btained will have 

the correct steady-state response for specified inputs. 

Cumming[13] has recently suggested a model which consists 

of a state-space subsystem ( to describe the slow modes) 

in parallel with a convolution-described subsystem ( to 

describe the fast modes) operating only on the recent 

past history of the system. We obtain the optimal control 

law for this model with a quadratic  performance index. 

Algorithms to generate the optimal_ feedback gain matrices 

r. 
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of the model are developed. Development of 	similar 

algorithms to reduce the sensitivity of 	convolution- 

described systems to parameter variations are also 

presented in this thesis. 

Clearly related to the approximation techniques 

for the optimal control are the lower bound results for 

the optimal performance index. These can be used to 

estimate the difference between the optimal performance 

index V° and the performance index V using the optimal 

control of the model, without actually knowing the 

optimal control of the system. Thus, it provides a simple 

means of testing the validity of the simplified model. 

Another important application is its use as 	stopping 

conditions for iterative optimisation algorithms. 

Allwright[14] has obtained a lower bound result for both 

state-space described systems and convolutiosp-described 

systems.-We Improve these lower bounds for convolution-

described systems so that they give a more accurate Lest 

of the validity of the model and also provide improved 

stopping conditions for iterative optimi.sation algorithms. 

In this thesis,a new approximation technique- for 

obtaining a suboptimal cont3o1 in the frequency domain 

is also proposed; no simplified model is usea in this 

approach. 

2. OUTLINE OF THE THESIS  

A biri of outline  of 4-1.+e rnrii-^1.1tc,  of +hie. 

follows 

In Chapter 2, discr.te-time systems are described 

by a parallel model which consists of a state-space 



the model -1-e-in:A by Chen's =tiled class e• _ el • -. 	4. e o a 

14. 

deeerihed eub=y=tem iii paialled witA.: a oonvoloLion- 

described slbsystem operating only on the recent past history 

of the input to the system. The optimal control law for 

the parallel model with the usual quadratic performance 

index je obtained, by using the Dynamic Programming app 

roeeh. A numerical example is given to justify the case 

of the parallel model. 

-Iterative algorith.:Is to generate the optimal 

feedback gain matrices for the parallel model are presented 

in Chapter 3. These algorithms are similar to those 

proposed by Mee DO for pure convolution-described systems. 

Then, convargence is proved, using Polak's lemma [15]. 
For convolution-described systems, a sensitivity reduction 

design technique is presented.  A sensitivity function term 

is added to the usual quadratic perfor-ance index to be 

minimised and the controller is assumed to be a linear 

combination of the current state and the sensitivity vector 

function, or of the current state alone, which is the more 

practical case. Algorithms are presented to find the 

optimal feedback matrices and are proved to converge. 

A brief summary of the available modelling techniques 

in the frequency domain is given in Chapter 4. Using the 

time moments concept, a new result concerning the responses 

of inputs is presented. A continued fraction expansion 

technique denoted CFE2, which differs from Chen's method 

is proposed for model simplification. The relation between 

the power series expansion of the original transfer funct-

ion and that of the simplified model obtained by CFE2 

i s  invt.s+iga-ved. Anapproximation technique, denoted  MPAi 
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which differs from the well-known Pade approximation tech-

nique is proposed. It is shown that, under certain Con-

ditions, the simplified. models, of the same order, obtained 

by CFE2 and MPA are the same. It is also indicated that 

the CFE2 proposed in this chapter can sometimes be used 

to provide a stable model while Chen's method giveS an 

unstable model. Several examples are given to illustrate 

the modelling techniques presented in this chapter. 

Chapter 5 is concerned with a modelling technique 

in the time domain. A well-known technique for approx-

imating a function by a linear combination of linearly 

independent functions is described in the Introduction; 

the function to be modelled here is the impulse response 

of the system. A modelling technique, similar to the 

above technique, is proposed. It has a desirable feature, 

namely that the simplified model obtained by the technicue 

proposed will have the correct steady-state response 

for some pre-specified inputs. A numerical example 

presented to illustrate this feature. The minimal real-

isation of the simplified model is obtained by Gilbert's 

method [16] and an example is given. 

In chapter 6, new lower bound results for the 

minimum performance 	aro presented, for 	convolu- 

tion-described.systems. This is folJowed by a discussion 

of their main applications: (i) a simple means for test-

ing the validity of a siwplified model to the system: (ii) 

stopping coiLditions for iXterative optimisation algorithws. 

Two numerical examples are given to illustrate aaa-

11.sefulness. 

Chapter 7 begins with a brief summary of the 



available method8for the spectral factorisation of the 

spectral density matrix which is a necessary step 

to obtain the optimal control in the frequency domain. 

The CFE2 and NPA techniques described in chapter 4 

are then applied to obtain a low-order approximation 

to the spectral density matrix and this results in a 

suboptimal control which can be obtained easily. An 

algorithm in .the frequency domain is also given which 

interates to give a higher order approximation by 

'updating' the previous lower order one. Important 

properties of the algorithm are indicated. Some 

interesting results are presented which relate this app-

roach to the well-known simplified model approach.. 

Two numerical examples are given; the seconA example 

shows that this approach can be superior to the simpli-

fied model approach. 

3. 	CONTRIBUTIONS OF THE THESIS  

In general, the techniques, the algorithms and 

the methods of proof presented in this thesis are 

original unless otherwise stated 

CHAPTER 2  

A new algorithm, based on Dynamic. Programming, for 

optimising the parallel model suggested by Cumming is 

developed which exploits the structure of the parallel 
t:0 

model andAof conceptual intercGt. The 	the 

differukic:u between the performance index for th- 

control for the parallel model and for the system when 

the parallel model is obtained from the system in a 

certain way are new. 



CHAPTER 3  

The generalisation of the algorithms, proposed 

originally by Mee for pure convolution-described sys-

tems)to exploit the structure of the parallel model when 

determining the optimal feedback gain matrices for the 

paral1L1 model is believed to be new. The idea has 

been extended to cases where a sensitivity term occurs 

in the cost function, which is believed to be new. 

Perhaps, the most importE,At contribution made in this 

chapter is the proof of convergence of the algorithms 

(including those by Mee). For the sensitivity reduc-

tion design techniques for state-space described systems 

suggested by other authors, no convergence proof for the 

algorithms proposed has, to the author's knowledge, 

appeared in the literature. 

CHAPTER !  

The - proof that the simplified model obtained by 

Chen's method will give the correct steady-state res-

ponse for a class of inputs is original. A continued 

fraction expansion technique (CFE2) has been applied 

to system modelling to attempt to obtain good approx-

imation to both the transient and steady-state responses 

of the system.This use of continued fraction expansion 

is believed to be new, A new approximation technique of 

Pads kind (MPA) has been developed for the same purpose. 

The result on the relationship between the power series 

of the model obtained by CFE2 or MPA and that of the 

original transfer function is. new. Also, a condition 

has been obtained for which models, of the same order, 

1/. 
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A letter by the author based on the CFE2 techniques 

has appeared in Electronics Letters [17]. 

CHAPTER 5  

An important contribution has been made in extend- 

ing the well-known technique for fitting a function 

by a linear combination of orthogonal functions so that 

the model sc obtained has the correct steady-state 

response, for specified inputs. 

The first three sections (1-3) of the chapter 

have appeared as a letter in 	Electronics 

Letters [18]. 

CHAPTER 6  

For convolution-described systems, the lower 

bound results for the minimum performance index present- 

ed in this chapter are believed to be original. 

CHAPTER 7  

Apart from the methods for spectral factorisation 

given in the Introduction, results in this chapter are 

original. 

.it 
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1. INTRODUCTION  

There has been an interest in finding a new 

formulation to describe the dynamical behaViour of 

high ord:ir linear systems with wide range of eigenvalues; 

linear systems of this nature are often encountered in 

practice. It would seem that describing linear systems 

of this type for optimisation purposes by means of a 

state-space subsystem in parallel with a convolution-

described subsystem has potential advantages over either 

a pure state-space description or a pure convolution 

description of the system. This is due to the fact that 

a pure state-space representation describing both the 

slowly varying and rapidly varying contributions to the 

systeM output can cause numerical difficulties when the 

system of interest has a wide range of t.igenvalues and 

a pure convolution model requires excessive storage of 

past input history when it is used to describe the 

s3owly varying contributionq to the system 

Hence, a combination of two descriptions consisting of 
	FI 

a state-space subsystem ( to describe the slow modes) 

in parallel with a convolution-described subsystem 

(to describe the fast modes) operating only on the recent 

past input history of the system would appear to give a 

useful form of model for linear dynamical systems. This 

idea was first suggested by Cunming [l]. The optimal 

control law for such a parallel model with the ust.al 

quadratic performance index is therefore of jnterest. 

In this Chapter, a procedure similar to that of 
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will be presented, for calculating the optimal control 

law for the model. 

To enable the state-space and convolution-described 

subsystems to be synchronised together in the most 

simple way, a discrete-time formulation is used. The 

parallel model is therefore written in the form : 

S1 	xk+1 = Akxk  + Bkuk  : xl  = x
s  

p 
S2 : zk+1 	W 

	

1=1 
	k+1 	: 110 	9 •to• ui_p 	(1) 

Yk+1 = Ck+lxk+1 + zk+1 	
VicE[0,1,21 ...N] 

where xic 	Rn; 	Rr,  V k(-' [11 2,...N+1] 

uk 	Rm, V k El-p,l-p+1, 

The final outputsyk  of the model consist of the outputs 

xk  generated by the state-space subsystem and the output 

zk  by the convolution-described subsystem. The integer p 

determines the length of the past input history of the 

system which is used by the convolution-described 

subsystem,S2. For any particular p, the matrices AL., Bk, 

C
k 

and W
i +1 of the parallel model can be chosen so that 
k 

the model approximates ( in some sense) the physical 

to I.  controlled. By increasing p, 

the accuracy of the model can be improved, at the expense 

of extra computation. By reducing p, the computation' 

required. can be reduced, but the accuracy will also be 

reduced. Hence, varying p gives a.simple way of adjusting 

the accuracy with which the parallel model approximates 

rn1 



the physical system to be controlled. 

The state of a system is defined intuitively as 

that information about the past history of the system 

which, together with the present and future inputs, 

enables the present and future outputs of the system 

to be determined. In the case of the parallel model 

described by equation (1), it is clear that the state 

at time index k is sk where sk is the ordered tuplet 

sk  
• 

= (xk,uk_ituk_2, 

 

uk-p).  ( 2) 

 

The initial condition for the parallel model can 

A 	 • therefore be considered to be s
1 	

( sluoiu-1/....01-p)  

The performance index function which is to be 

minimised with respect to u1,u2, 	uN is considered 

to be V(si) defined by 

N 
7(.'l , ul , "2,' .11N) 

	
k=1 Lk(Yk/uk) 

	
LN+1(yN+1) 	(3) 

where 

1 	 1 Lk(yk,uk) = 2 <(Yk-Yk)/Qk(Yk-Yk)> 72 <Ilk/110k>  

1 	d 	d 
LN-1-1(YN+1)  = 2 ``YNI-1-YN-1-11 'QN-1-1`YN-1-1-YN-1-1 

and where. is the desired output value at time index yi  

Qi  is a r x r symmetric and positive-semi-definite 

matrix costing the departure from the desired output 

value and R. is the m x m symmetric and positive 

definite matrix costing the control energy. 

Cumming suggested, in El], that the optimisation 

problem could be solved in the zonventional way for 



discrete time systems by extending the dimension of 

the state-space subsystem of equation (1) so that 

equation (1) can be entirely written in the difference 

equation form, 

X1+1 	 kk k u, 	
: 1 = s K 

=
10-1

Sc
k+1 Yk-1.1 

here 
T T T 	T T n+pm 

51'k = ( ‘xls$11k-1$uk-2$ 	uk-p ) 	R  

= (xT,uT,u
T  

s o -1 
T T ni-pm 

xs 
	u1-p) ER 

26. 

k  = 

Alc 

O 0 	 0 
O Im 0 

0 m 

L. 	 • 
O 0 • • 	• . im 	0 

R(n+pm)x(n+pm) 

R( n+ p m)xm B = 

B k 

Im 
0 

  

L0 

) 6 rx(n+pm) • 
= ( Ck+1 7 1:1;+1 $ WI21+1 5  

„T) 	p 
• k+ 	• 

However*  this formulation has a disadvantage in 
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that the conventional approach for solving the optimisation 

problem for discrete time systems does not take account 

of the sparsities of the matrices 7c, b'k  and 

exhibited here. The procedure to be described does take 

account of this. 

2. SOLUTION OF THE OPTIMISATION PROBLEM 

The results, which are proved at the end of this 

Section, arc first stated and commented on. 

The Optimal Control Law 	If the state at time index 

k for parallel model of equation (1) i5 

s = 	 then the optimal control 

at time index k, denoted here by uk  is yielded by the 

optimal control law 

p-1 
uk 	ock 

13
k
x
x 

+ E 
i=1 

where it is assumed that uivfleuk+2' 	uN are chosen 

optimally given the state s1 . In equation (4) and in 

the following text. a superscript such as i in it 

denotes an index, rather than a power. Further, in 

equation (4) : a,
k
c R

m ;
k

rtnum 7imxm ; where Rmxn 

denotes the space of mxn matrices etc. The terms 

and 71 are detJrmined as follows : 
if 

-1 O. = 	H.. K • 

= 
- 

(H1c)-1Fic 

- (gild 63c 

where 

(4) 

Uk' Pk 

(5) 

7-  = 
lc 



of 

= 	(B. )11\r"" 	1.6 	•I  B_ 
- x10-1x1 k ukuk  ukx.k4.1  

(B1)T[..Gk+1 
ukx1.0-1 ukuk 

e = (B )T[Vk+1 ] k k xk+1 uk (6) 

Fk 
= -A10-1]A  l 	(13k

)T010-1  
x x  

-k 10-1 -c  

Gk  = V- 	(Hk)Tyk-i-1 	3T 

ukuk-i 	uk-ix10-1 

Here v x10-1 
etc., are determined by running the following 

recurrence relations in reverse time, by starting at 

k = N and decreasing k in unit step until k = 1, for 

[1,2, 	.p] : 

(Ak)T[Vr ] 	- (C k) 
(Fk)T(Hk)-l

ek 	
T Qkyk xk 

. (A )T0 
xk
10-1 	lA 

	(C 

	

)1PQ c 	
(
F 
k) 

)-1F  

xkxk 	k' 	+1x10.1 	k' k k 	k 	k 
r--  

k A V 	= 
[el-1 	(at 	

p 

	

)T(H,..)-lej (1-5.l ) 	kW ) T 
	d 

uk-i 	uk-1 

A t:
Vi k+l 	- (C1)T(HkriGlic](1-5ip)(l-45ip) u_ .0 . = L k-0 	-k-iuk-j 

• (Wi)TO Wj k 
(7) 	• 

-fPc 	rzs_10-1 
- LV 

uk-iXk 	uk-ix10-1 
tr'i%T,TT %.41r1 11, C % 

`"k' rle"--vipT 

• k 	kC  k 

subject to the initial conditions, at k = N+l, of 

AN+1 =(CN-1-1)T((/-NA-1 )YN :cN+1 



;;.:;+1 %T.- - %.- 
(CN-1-1"i'`N+1 1 ‘`'N-1-1 )  XN4-1XN+1 

AN+1 	T V 	= 	(WN-1-1) (QN+ 1)Y1T+1 

VAN+1 

uN+1-iuN+1-j 
= 	(W  N+1 )T(QN+1 )(0N+1 ) 

AN+1 x 
	

T Vu 	= (WN+1) (QN+1)(CN+1).  N+1-i N+1 

on 

(8) 

In the above : 	E Rn  ; v 
xic 	xic-x 

Rnxn 

k uk-i 
Rm  ; 

isrk ERmxn It E E Rmxm 	N+1]; and 
uk-iuk-j 	uk-ixk 

all these can be interpreted as certain partial 

derivatives, as will be seen later. Also, 5 is the' 

Kronecker delta and terms are multiplied by (1-8x. ) p 

etc. to indicate that they do not apply when i = p etc. 

,T 
Comment 1 	Due tine 	 ^_k e symmetry, it = O,:fk 	.1 ; 

Uk-iuk-j 	
uk_juk_i 

which reduces the amount of computation needed. A 

further reduction can be obtained by noting that i)c  
xkxk 

is symmetric. 

Comment 2 	Using the optimal control law given in 

equation (4) in forward time for k increasixig from 1 in 

o ' o unit steps enables the optimal controls u1  u2  ,.....0
o 

which minimise the performance index in equation (3) 

F 	the parallel model to be determined as follows 

11-1 0 u1 = a1 1- p1xs 	I: 
1 
 71uli 

4= 
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U„, 
= an 

	 + 7,u, 	L 7,u„, 
L, 
	

LA 1. 	 i=2 

where x2 = Alxs + B1 u
o • 1 ' 

p-1 2 	0  
u
3 

= cc
3 

+ f33x3 
 • 

	

3

vto  +
3 
a2 + 	E

3 	3 'Y 
itt . 
3—i i= 

where x
3 	

A2x2 + B22 uo ; etc. 

The Minimal Performance Index 	The minimal value of 

the performance index in equation (3) for any initial 

state s1 = (xssuosit-1 7 	u1-p)  

V(si)° 	min 	V(suu2'...uN) 
11112!..uN  

, -1 1 N+1 	
N 

Aryl > - 	<e 	(H, 1= 	d 	yr 	k ' k=1 k=1 <yk  

"1 	1 + <If 	x s 	2 > + — <x1 VXX xS> 
• l 	1 1  

P1 	P 
+ E 	 > + -2 E 	<u1-i, u . 

1 	
ul_i 	

i1 j=1 	1-a.u 1-j 

> + 	E <u, .1 	]x s > ‘ r 111-j 	u . x i=1 	1-3. 1 (9) 

Cori2ulent 3 	Result (9) for the minimal performance 

index can be used to give a check on the calculated 

controls uio  s u,o  s ....ui. For if the performance index value 

calculated using equation (3), the calculated controls 

u 	 u s 	. 

	

1 2' 	uN  and the associated response of the 

parallel model described by equation (1) is not equal 

to V(s
1
)c)  of equation (9), then errors must be occuring. 
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to go' at time index k given the state s1  at k and the 

following controls u1 lt~1 uN be 

N 
Vk(s u u 	.. k' k' k+1' /I ) = 	

L 
NN

...1.1(yN1.1), 
i=k 

keE1,2,...N] 	(10) 

where at time index N1-1, there are no following controls 

so that 

V1\11-1(- 	) = LN-1-1(sN1-1). 
	 (n) 

Let Vk(sk)° = 	min 	Vk(s u 	(12) 
k' R uI 101"euN) 

uk'uk-1-1"°uN 

with 

VN-1-1 (sN-1-120 
) 	= vN+1(sN.1.1) 	LN.4.1(sN1.1). 

Using the PrinPiple of Optimality:with equation (10) 

thus gives 

vk(s
k)o = min Lk(ykluk) 	Vk-af -1- `sk11l o uk 

and the required optimal control 0 

ulc is given by the 

minimising control uk of equation (14). The result of 

equstion (14) is used to establish the dynamic-

programming based algorithm. For conven4.encc, it will be 

rewritten as 

 

V-kskluk) Vk(sk)° = min (15) 
where 

U
k 

t k 
	. No ;7k 

3 'uk1 = 41c J̀k'LLki 
	(sk+1) 

 

Suppose Vk+ (skg1)0 has the following form, which 

is essentially a second-order expansion of vkl-lfs 	lo 
% 
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in 5,_ , 	=
i
_
s-r1 	 +1  

vic+1
(sk+1) 	x  

0 = 	+ <1-0+1 3 	> 

k+1 	
<3" 	9  2 "k+1 

	

Ac+1 	-g [0+1 1  
c+1]xlc•l> 	<Evi  k+1-i 

uk4.  _i> 
ji  i=1 

1 P p 
E<111 	

r0+1 

i=1 j=1 	uk+l-iuk+1-j -k+i-j>  

k+1 
I:  <uk+l-i'EVu k4.1> (17) i=1  

^k+1 where the terms V 	etc can obviously be interpreted 
xR+1 

as terms of a truncated Taylor series edcpansion. 

Now, from equation (1), 

P 
yk =Cx +3-  Wu, 

	

k k 	k x-i i=1 

xk4-1 " AO:k  

Sol  from equations (3),(16) and (17) 

Vk(sk.' Uk  ) = Vk 	
‹[V1 ] 	1 

x.
k. 
  X11 Xk> +72- <xl 	> 

It 	 .1r. 

p 	 P P 
E <[Vrk > 	 , 
i=1 	uk-i 	 i=1 j=1 

Evk 	 > 	<1.1, 	[Vk 	> 
k.- k 

	

u 	4 
4-3. 4"-j 	i=- 1 

p-1 
+ <u, , [elc i-F-1, , xi  + 	Gle  .u. -.4 > -1- -5- <Il 	

ii: 
, 	H 	III:  > ic.: 	 ...‹ 

i1 	
— 

(13) 

where ekk 1Gk  and 	are as de'ined in equation (6) 

and where, for all i E  [1,29...p] 



Tikt, u ) 
-k' k of 

0 0 
J .7 • 

1  V- 	= (A, ) L V L 	 J 	 J 14-. V
d 

	

-k+1 	k 

- k
x 	

,,k+1 V 	= 	(Ak)
T [V 	hAk) 	(Ck)

T
9k(ck) kxk 	xk+lxk+1 

	

ok+1 (j. 	6. ) 	(wilTn 
k_i 	uk-i 	ip 	

d 
'3,r'rk 

vk 	ok+1 	)(1-8 ) + (Wi)TQ (0) 
uk-iuk-j 	uk-iuk-j 	ip 	iP 	k k 

-k 
V 	

= L 
re+1 	j(A 	) 

11 . K-ixk+1 k xi) 
(0k-)TQk Ck (19) 

and where 5 is the Kronecker delta and some terms are 

multiplied. by (1-6. ) etc to indicate that such terms 

are ignored where i=p, etc. 

It will be shown later that Hlc s positive 

definite. It then follows from equations (16) and (18) 

that the optimal control ui is 

p-1 
U

k 	
••• E (H1r ) [C

k Fk- 	Gk 
iu k 	k-i i=1 

	

P-1 	• A _ k 	p, x
K 
, 	E

1 	
,cuk_i E1 ( 20 ) 

whele ak, 	 and 7 are as defined in equation (5). 

Substituting 1.1Z of equation (20 into 

equation (18) and using equation (15) give 

Vk(s )c) 	V{k' j, xk> 
iti 

+ 2 , [-irk j, 
~lc " • x, x, 

It 11 

p p 
<Ey" 	], uk_i > + 	<uk_is 

1=1 	1=1 j=1 



^I
E
; 	 ock. 

V 	 3u, .> 	<ul 	LV 	
> 	(21) 

	

uk-iuk-j 	1=1 	uk_ixk 

where the terms V-
k  

etc., are as given in equation (7) V- etc., 

and where 

irsk e+1 1 < d 	,d>  ... 

	

7 	1 
-2- Yk' - 

n  
"k-k 	<ek, (Hk)-lek> 	(22) 

Thus, if Vic+1(sk+1)
o has a second-order expansion 

which is exact as in equation (17), then so does Irl (sk)°' 

as in equation (21). Therefore, if VNA-1(sN4.1)o  has a 

second-order exnansion which is exact, the above may be 

used iteratively, starting with k=N with k being reduced 

in unit steps until k=1, to enable the terms of the 

control law of equation (20) for determining the optimal 

control u1 to be established for all 1“ [1,21...N]. 

Now, from equation (1 ), (3) an  (1 3). 

/7.N-1-1(s 	)o 	0+1 + e.1-0-1-1 	1 V 	NA-1' 	xN+1> 4- -2- <xNA-1,  

[0+1 	ANA-] 

	

]1cNA-1> 	<[V 	] 

	

NA-1XN+1 	1=1 

E 	
r0.+1 

]U- 2 	<uNA-1-i' L u > 
i=1 j=1 

	

2: 	<UNA-1-1' [ 
VUN+ I '" ixN+1

]xNA-1> (23) i=1 

where 

	

^NA-11 	d . 
= 	<y N+1' 	yd > 

	

2 	NA-1 	NA-1 NA-1 (2/i) 

and where the terms V 	etc are as defined in equation x
NA-1 

NA-1 



(8). 

Thus,since ( 	)o sN4.1  has a second-order expansion 

which is exact, the above technique can be used to solve 

the optjmisation problem provided 	is positive definite. 

Since the minimal value of the performance index 

V[si,u/11.12,....uN] of equation (3) is obviously equal to 

Vk(sk)o of equation (12) for k=1, we have from equations 

(21), (22) and (24) that the minimum performance index 

value is as shown in equation (9). 

Finally, the positive-definiteness of Hl  is now 

considered! The response of the parallel model described 

by equation (1) can clearly be written as 

• 

	

. 	j-1  

	

Yj 	j s 	1.1  j j-i 

for some „t. 	c7Ti rr . 

Now, from equations (10) and (3), 

N 
V
k+1(s 	) 	I: . 1,,(y.lu.) k+leuk+l'uk+21***uN- = 

 i=k+1 

LN+1(YN+1)  

N+1 
= e 	/I <(y —y), Qi(yi-nri)> 

i=k+1 

N 
+ — 	L <u R . u. > . 2 i=k+1 

Taa-P-1-4T-Im 

Q = hlock dias[Q, R.+21  ***** °C1N+1]  

R = block dia,s[ 	P 3 

The proof was suggested by Allwright. 

(25)  

(26)  



Y 	
T 	

Y1r) I .r+ 

 

r IT 

36. 

   

dd T 	d yd = "Yk1-1)T  '(Yk+2) 	••••'(YNi-1)T )T  

u = (uT 	T, T 
uN)  

(27) 

enables V- (sk+1luk+liuk+2"'..aN) to be written as 

Vic41  (s k+1 4+1'uk+21-uN)  = <(Y-Yd)' Q(Y-Yd)›  

	

<u, Ru>. 	28) 

It is clear from equation (25) that y in equation (27) 

can be written as 

Y  = 	Rluk 	17T2u 
	 (29) 

where y is the contribution to y due to s. 

Substituting equation (29) into (28) gives 

V1;+1(s 	 1 	d, 	d, 
> ,u 	,u 	= — <1.3r—Y i s 	(v-yd) k+1 k+2 	4 	2 	• •' 

• <uk, WIQ(y-y 

+ [Ti7p.(Y-Yd) 

+ 12  <u, [R ÷ tii*2Q7 2 
	( 30) 

where ER -I-  g*2QR2  > 0 as R > 0 ( because Rk•:-11 R11+2, 
 • • 

....RN > 0 ) and Q > 0 ( because Qk+1, 	QN+1 > 0  )* 

The matrices R and Q are also symmetric, so [11 R2aR21 

- 3s nlsrl 

Prom_ equations  (12) an  ,1 (30) 

V
k+1

(s 	)
o 
 = min . 	(."ki-1'ilk+1' • • suN)  

uk+1'uk1-2""IN 



-11 • 

minimising and so Vk+1(s,) can lar- founcl 
21: • 

vk+1
( 

 
k+lluk+l'uk+2'''''UN) of equation (30) with 

respect to u. This is possible since [R. + R2QR2] is 

positive--definite and gives 

vk+1, 	,o 1 	d 	d 	- d, 
> (sk+1) ='<(3r-Y )9 ct(Y—Y )> 	<Ili , w*Q(--y ) c 

<[112Q(y-yd)-FgOluk], [RA-R242]-1  

Ea*2  Q(y-yd)+1112  01  uld> 1  <uk' RIQR1uk>.  

(31)  

From equations (16) and (3), 

1*-k(skl uk) 
11 
2 <(Yk-Yk)' Qk(Yk-Yk)>  7<uk/ Rkuk>  

vk+1(s )0  k+1 (32)  

and using the result of equation (31) in (32) and the 

fact that yk  does not depend on uk  gives 

a2vk(skluk)  

aukauk  
Rk  + 	R*1Q5; [1.1+g*2Qg2-1 	2-1 *Qt7 l' 

(33)  

But, from equation (18) 

(34-5 
aukauk  

Thus H1  is positive definite if the exuression on the 

right hand side of equation (33) is positive definite. 

Since R
k > 0, the right hand side is certainly positive 

Ad 



definite if 

-7; 	]-1- - TJ*0 [R+W*QW 	W*QW 	O. 1 1 1 2 2 2 2 1 

Now, it can be easily seen that 

1 
n  

	

Q W2  [R4-w*2QW2
]-1  W*Q = T(I 	T)-1 

where 

T = HR-1H 

and 	1 

H = Q W2* 

Hence, 

QW w - ]-1- 7.T*Qg - 	4-1v* (41,7 1 	2 [R  2 2 	1 

	

1 	 1 

= Rl*(1LI 2r "' T(I + Trl]egi  
s.  

	

1 	1 

	

= R (12 	*-1 f... 
1%.1, (I + T) 	Q W1. 

Since R > 0, T .>„ 0 and (I + T)-1 > O. Hence Z > 0 and 

from equations (33) and (34) 

HR > 0 

as required. 

3. ACCURACY OF THE MODEL  

As has been mentioned in the Introduction, the 

accuracy with which the parallel model approximates the 

actual physical system depends on p which is the length 

of The input history to the system used by the 

convolution-described subsystem. By increasing p, the 

accuracy of the model will be improved but more computat- 

ional effort will be required. In reverse, the computational 

effort can be reduced by decreasing p butnaccuracy of 

approximating the system is also decreased. On,  possible 

A 



measure or the accuracy or the parallel model would be 

the difference between the optimal performance index V° 

of the model and the performance index .P.of the system 

using the optimal control u° of the model. The smaller 

the difference is, the more acc=ate is the model. In 

this Section, it is intended to investigate the effect 

of varying p on the accuracy of the model, based on this 

measure. 

Following the notations used in the Introduction, 

a discrete time formulation will be used and the state-

space subsysteh. S1 will also be expressed in the 
t .zee 

convolution form i.e. the finalisputput yk+1 of the 

Wi k+luk+l-i V k€ 

m A 
where yk+3. E 	E 	Wk+1 

- and V
1 +1 

are the r x m 

weighting function matrices of the state-space subsystem 

and the convolution-described subsystem respectively. The 

above equation can be written in a more compact form 

(1%i 	+ iti 	)u 

2 )u 

+ M 	)u 

(14. 	+ 	u 
D-1-1 	p+1 

39. 

ice ~o 4Cc cim-eeo 

parallel modelA is given by 

k_ 

k+1 = 2- Wk+luk+l-i + 

Ai 

1=1 	i=1 

1
_%iN+1.4- 



= r,T_T 
	YN

T ]
T 

+1 9 U  
uTyr 

	 N 

/M. 

  

Al 
W 	r x (N+1)m 

  

1 
	Ig x 

, 0...0] Rr x (N+1)m 

V i€ [112,.. • ? ], 

= Co. 	0134-1. 
J- ' j 	0] 

[p+i, ...N+11 

where 0. 	is a null matrix of dimension r x (mj-mp). j-p 

Similarly, the output is  of the actual system is given 

by 

M1)u 

(N1 	+ M1  )u 

• 

M )u 

+31 +E )u p+1 p+1 p+1 

6141+141N+.1.+EN4-1)u 

1 

A 

where 



E = 1- W54  5-1 	
0,„01 Epr x (N+1)m .  

J.  j" 

j E [p+1, ...N1-l] 

which is ti'e part of the dynamics of the actual system 

ignored by the parallel model. 

The performance index function for the parallel 

model given by equation (3) can now be written as 

t 	- lr V = -E<u,Ru> 	<x,Clx.> - 2<y_ 	> 	<7"d  ,Clyd>.] (35) 

where -4, 	_ Azs yA d- 
R = block diag[ 	

R1' 	RN] 

Q = block diagEQ1,Q2, 	QN-1-11 
	

(35a) 

xd.  ( r ...A N T ( dI T 	d 	T,T L.‘y mi (yd)
Ts 

	2 	 (YNA-1) j  • 

The optimal control uo of the model which minimises 

equation (35) is found to be 

A 	 N1-1 
u 	= 	LIZA- E+lc ) -L Q. (M. +M. ) 	2: 	(n.144. )T  Q . 3. 	. 	X 

	

i=1 	i=p+1 

61.441.)]
1 1- 

-I  
P A 	 T_ d -1- N1 A E (ICI. +N.) L 

3 1 a. 	1 _ 	 _ 	 . 	3_ 3_ = 1 	 i=p+1 

(36) 

The perforMance index function for the actual system 

is defined to be 

= 	 E<u'  Ru> 	2<i,Qx.>4  <3,4,Qyd>], 2  

where R and Q are as defined in equation (35a); y is 

the outpuLs of the actual system. It is easy to show 

that 

ZT 
N-1-1 

= V 	 E [(E.u)TQ..(E.u) + 2(Eiu)
T 
 Q.(M.+M.)u 

i=p+1 

d 2ky.)-Q.E u] 



where V is the performance index of the model defined 

in equation (35). The value of the performance index 
A 
V using the optimal control uo of the model is then 

given by 
N41 no  

V = Vo + 	[<u°,(ETQ.E + 2ETQ.(ii 	)u°> 
1=p+1 / 	i 

[ 
V°  being the optimal performance index of the model. 

If the complete history of the input is app lied to 
ti 

the convolution-described subsystem, i.e. p = N+l, 

we have isr°  = V°  in the above equation as expected /  

since the dynamics of the parallel model a-uthen 

exactly that of the actual system so that no approxi-

mation is made. It is easy to see that 

N+1 	 I: ir - V°I < 	2: 	UHE.
1

11 21:Qiil + 211Ei1l II QiII II lqi+311.11 ) 	 I 

	

i=p+l 	 r 

Huo112 + 21141milillE,Inuoin. 	
i 

(37a) 
[ 
t. , Alo, from equation (3A), wehave 	 B 
1:-. 

	

P 	d 	N+1  
flu°  If < 11P-111E E 04,4-mill 11Qill 113,1_11 + 	E 	II Ai+ Ri  li 	 I.,' 

i=1 - 	i=p+l 	I 

Il Qill Hy1113 . 	 (37b)  !•. 
F 

Combining the bounds given in equations (37a) and (37b), 	i 

ii.. -I c  71,-11.1' p.-I.=:=:i 1-0,,,  1-,-, ,,, t4mat... the dependence of the 	F 
F 
L 
f 

length of the input history applied to the convolution-

described subsystem. However, the normsof the matrices 

in equations (37a) and (37b) may not be easy to calculate 

in practice. 

2<Y Q.E.n°A, 	 i. 
:L 

difference in performance indices V°  - Vo on p, the 



Arothr posQiblr. mea ur n of he model's accuracy 

would be the departure of the optimal control u°  of 

O A the model from that u of the actual system, i.e. 

he - uoH. This norm can he expressed as a function of 

p but again it could involve considerable amount of 

calculation. Much further research is, thus, required 

in finding a suitable measure of model accuracy and 

hopefully, a simpler expression for model accuracy as 

function of p. 

4. EXAMPLE  

The actual system considered here is a single-

input, single-output system of 8th order. The 4.,11,a 

matrices of the system, in the usual state-space 

notations, are 

-2 
-5 

-10 

/O. 

A = 
-30 

-40 
-0 

-20 

0 

1 

A 
R = 1 

1 
1 
1 



C = [21-6,5,10,10,-15,20,-25]. 

The system has two relatively small eigenvalues -1,-2. 

They are, thus, taken to be the eigenvalues of the 

state-space subsystem which describes the slow modes 

of the actual system. The impulse response 1(0 of 

the state-space subsystem is obtained by using the 

modelling technique described later in Chapter 5 and 

its minimal realisation is, then, obtained by Gilbert's 

method [3]. The Al, B1, C1 matrices of the 2nd order 

state-space subsystem 

-1 

are found 

1 

to be 

Al  B1  0 	-2 1 

C1 = [-2.94775, 	5.91042]. 

This subsystem and the actual system have the same 

steady state response to a step input. The impulse 

response of the convolution-described subsystem is 

then e4t.14(t) 	w1(t) which is the difference 

between the impulse response W(t) of the actual 

system and 	w1(t) of the state-space subsystem. 

To solve the optimisation problem described 

by equations (1) and (3), the systems are discretised 

with a sampling in-EprIral A = 0,n5 	th- t-tal 

number of sampling intervals of interest is 100, 

1.e.11=101.(1.3.,11.3.  andyc.l in. equation (3) are 

assumed to be constant. 

Qi 
d = 5, Ri  = 1, yi  = 1 V ic[1,2,....,101]. 



he 

The optimisation problem is solved with different models 

by using different p; the range of p considered is 

[0,1,2,3]. The value of the performance index V of the 

actual system using the optimal control of different 

models is tabulated below as a function of p 

computing time for finding 
the optimal control of the 
model,using CDC 6600 (sec) 

P 
value of the 

performance index V 

0 1.0598 .5167 

1 .86456 .5784 

2 .72001 .7000 

3 _, .74844 1.0667 

When p = 0, only the 2nd order state-space subsystem is 

used to approximate the original 8th order system, the 

effect of the fast modes of the original system being 

totally neglected. By increasing p from 0 to 3, the 

accuracy of the model is increased by taking into 

account the effect of the fast modes of the original 

system. As can be seen from the above cable, this results 

in the reduction in V from 1.0598 (when p = 0) to 

0.74844 (when p = 3). This would therefore, justify the 

use of the parallel model, 
nezt.tut 

effort to find the optimal 

ore 
even thoughAcomputational 

control of the model is 

_ increased. 
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CHAPTER 3 

OPTIMAL FEEDBACK 

GAINS 



48. 

1. INTRODUCTION  

The main topics we shall deal with in this Chapter 

are the development of algorithms to generate optimal 

feedback gain matrices and a design technique for the optimal 

feedback controller -CO reduce the sensitivity of the system 

to plant parameter variation. It is well known that the 

solution to the optimal linear regulator problem i.e. the 

control of a linear system x=Ax-I-Bu, y=Cx with respeCt to a 

quadratic performance index, is of feedback form and is 

generated by a linear combination of all the current states, 

u°(t) = -BTR-1P(t)x(t) = 	L°(t) x(t) 

where L
o(t) is the time-varying feedback gain matrix 0.3; to 

obtain L°(t) requiresthe solution P(t) to the usual Riccati 

equation. Of particular interest is the regulator problem 

over,,infinite time interval where the optimal feedback 

gain matrix is constant. However, engineering experience 

indicates that, for many practical control systems, not 

all the states are available for feedback and in fact, it is 

often necessary to feedback only the dominant outputs. 

Mee [2] has developed algorithms to ge-erate the 

feedback gain matrix L for the control law of the form 

u(t) = 	Ly(t) 

where y(t) is the output vector of a convolution-described 

system 

yit) = y (t) 	It  wit,T)u(T) dT. 

These algorithms generate a reduction in cost at each itera-

tion but the convergence was not proved. In the present 

Chapter, algorithms similar to those by Mee are developed 
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for the parallel model described in CliapLer 2; these 

algorithms 'lead to a reduction in cost in each iteration 

and will be shown to converge. 

For state-space described systems, Cassidy [3] and 

Bradt [1I] have proposed design techniques for an optimal 

feedback controller which reduces the first order sensitivity 	1 
f. 

of the system to plant parameter variations. In both methods, q. 
aectetwee,,v 

the sensitivity function is added to the usual quadratic 
A 

performance index to be minimised and the feedback controller 

is assumed to be a linear conbination of the current state 

as well as the sensitivity function. 	The design problem 

is then solved by finding the feedback rain matrices which 

minimises the resulting performance index. The Maximum 

Principle is used to obtain the equations for the necessary 

donditions of optimality. Unfortunately, the problem 

formulated in this way does not reduce, to that of state 

regulator feedback and associated Riccati formulation and 

it has to be solved iteratively. Bradt has suggested in 

[I] an iterative scheme, similar to the gradient technique, 

to solve these equations. However, the convergence of the 

algorithm was not proved. 

For convolution-described systems, a sensitivity re-

duction design technique will be described later in the 

Chapter. The controller is assumed to be a linear conbination 

of the current state and the sensitivity vector function. 

n7 rrnri t lima arch apyeinrAd to find the optimal feedback 

gain mat,-ices: theseaJgorithms have the similar structure 

and properties as those of the algorithms developed for 

the parallel model. 

To develop the algorithms, a result is required which 
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CE  be -Counfl ir [01, 	fot" .+.nvc-lIcnsc, a ,---

discussion of it is .given below. Consider, in general, 

two Hilbert spaces H and H and define as a space of 

Linear transformations from Hu to H i,eo y 

b = L a 

whereacH,bEH and L e  1. By writing 

f = <y, Lu> = <Cy, 1], L> 

where f is the usual inner product on the Hilbert space Hy, 

we can associate with any ele::.ants u, y, an element 

[y,u] of the space of linear functionals on A these 

functionals can be interpreted asA generalised trace [5] for 

if Hu and H are finite dimensional spaces and L a matrix, 

we have 

<y, Lu> = yTLu = trace uyTL 

< Cy, u3, L> 

Tf H
u and H are tAAATI to Da L2 

 spaces where the inner 

product is defined as 

<x, y> = f xT(t) y(t) dt, 

we have 

<y, Lu> = .17.T (t) Lu(t) dt 

A.  trace ( fu(t) yT(t) dt) L 

The main result is Stated in the following Lemma. 

Temma: For any two constant matrices Ni, M2  of appropriate 

dimensions, 

<EM1Y1' Y23' M2>  = <M1[y1, Y23' M2>  

and therefore 

EM1Y1' Y23  = Ml[Y1'Y2]  
Proof: 



1 	1 	9 	 ' 	9 -' 9 • 

= <yl?  Mi*M2y2> 

= <Ey1, 	MI*M2> 

= <m1CY-1,  Y2J, 

and since 1.17_ 9  M9 are arbitrary constant matrices, 

EmlY1' Y23  = NI [Y19 Y21  

2. 	OPTIMAL  FEEDBACK GAIN MATRICES FOR  PARALLEL MODE:6 

V r  ro 
*-••••••••••-•-ZG.-•• 

The Parallel model of a control system is shown above 

which consists of a state-space described sabsystem in parallel 

with a convolution-described subsystem. However, in the de 

velopment of the algorithms?  the state-space model will be 
to4 

e=ressed by,,c.envolution description 

Y r  lc 	Y; 
1=1 

Note that the full history of the control u is used in 

generating the output yr, wht:retts Nirt!ia 3-enerated by only 

the recent past history of u. 

Assume that the feedback control law has the form 



Y 2 
. 

O 

9
4 
Y 

r t
n 

r: 9 

a®1 

r--,  k 	i=1 
	 (1) 

where uL is an m-dimensional vector an. yt aa- dimensional 

vector at time instant k; Pisamx1 constant matrix and S. 

i=lt 21 0004, c1-1 m x m constant matrices; q is a positive 

integer proportional to the length of the past history of 

the control used to generate the output y". Assuming that, 

in practice, the output yk  of the system can be measured, 

the control uL of the form given by equation (1) can be 

easily implemented. For, knowing the recent past history of 	

[ 
the control which is required in finding uic  in equation (1), 

the output yilk  of the convolution-described subsystem can 

be calculated and the output ytk  of the state-space subsystem 

is then given by 

= Yes 	31.1. 

The control Uk  in equation (1) can now 

The equation (1) can be written as 

revrirrIA ^nv4lyc  

u = Pyt 	S 

u1 

u2 

,u = 

u 

p 
p 

nJ 

where 

U = 

0 
u1 
u2 

0 

p 



0 

0 S1 
S2 	S1  

• • • • 

53. 

0 

• = 
Sq-1 	• . . S1  

• 0 	Sq-1 
0 	• 

• 
• 0 

0 00 	.. 	 • 0 Sq-10 .  . • S1  

N being the total number of sampling points; y l  = yll  

the initial output. Using these notations, the dynamical 

equation of 'tA4convolution-described system can be, compactly, 

written as 

= 	W u 

where 

        

        

  

0 

wo 
W1  Wo 

W2 W1  Wo  

 

0 

 

Y1sl 

Y I  s2 

 

W = 

 

• 

 

• 

• 

• 

y! 
L ^ 

r. 

r 

 

W 
L - 

  

      

      

It is obvious that any change in output by of convolution-

described system due to the change 8u in input can be 

expressed as . 

• 



Consider a quadratic performance index 

= 2 < 11L, 111> 	< 	v") 0..(Y ! y")> - - 
For small perturbation 5P and OS in feedback gain matrices 

P and S, the corresponding first order change 5u in the feed- _ 

back control law u is given by 

On = 	- P 	68 u - 5 5u 	(3) 

where 6y' is the change in -r due to the changes 5P, OS. y' due 

:c= WI u, we have 

ou 	PW'On S 5u= OP 	- 'oS 

or 

T bu = by v, 	6S u 

where 

o Si 

S2 
P~To+S

1 

pIff q- q-1 

PW' 

O 

. 	S 
PW ' N-I 	. • •  Pc-2 • 	; 	PW' -1-S , 

	
. 	I q-2 q-1 • 

5 11 

T 



The first order change in cost function 5J  dud to the 

arbitiary small change in control 5u js given by 

5J = <R": 6" > 	<Q (Y2 	f2), (i5V 2 	5V")> 

Substitution of the equation (3) into the above equation 

yields 

6J = <Rui  (-5a:-5S 7)> <RIZ, 	ou)> 

+ <Q (y' + y"), W 5.7> 

where W = 	W" is the weighting function matrix of the 

composite model, W" being given by 

0 
W" 
0 

W1" WIT 	

0 
• 

55- 

= 
.7 • 

• 

W'' q-1 

W'' 	. W" q-1 

It is easy to see that 

P 5z , 	s6u = P W' 5uy S 5u 

••me Oman, 	 ••=1 

and therefore- 

6J = -<Ru,6p22 	bS u > 
-<(pw: 	S)* Rur. W*C1 (y1 +Y"), 571-> 



0 

Y' 1 
Y! 2 

YA- 2 

0 

0 

u. n 2 

56. 

Tj'.r T.enr,v.rvflo-4 -ricr 	d'cliIntin1-1 (4) 	we 11.1-s-tre 

T Su = 	SP 	- 6S u 

whore 

Thus,  

5u = T 1  8P yr 	T-1   5Su 

and 

53 = <R(Py1  + Su), 513  yr+ os u > 
= +<(Pw 1 + 5)* Ru - IT*Q(y1 +zr1 ), T.-1  8P z1 +T-1  6S u> ..... 	... 	.-- 	«... 	 .... . 

= <RPG -ET -1*Ii 	 r. i11 0(yr+y")-(1.-,  iii1 +S)-Kuvz.J+LRuIrJ l oP> 

+ <RS G.. ET-11WA(Y'-Y")-(P 1V-I-SP'Rul 
 
,T0- DIPY c ITOISS> . u 	. 	 _ 	tI 

I I 
t. = <RPG 	.,- c.15 , 8P>+<RS G -.7;-) , 8S> 

-- YI 	so— 	— u u I.  
where 	 1 

ciDY I  
A 	 „ 

= ET 	litg(xf 	 r• (P W'+ S) *RU}. 7 :V_I"'LRSU tY-1 ]- 

= r "'1*  orb 	LT 	(v 	(PIP +S) *Ru t. Ti3 -LRPyt ,7; 1; 

= E71, y')  and Gu. = Lu, in are square matrices and are ._...• 

assumed to be invertible; th3s assumption is valid if the 

components of y' are independent and so are the conmonents of 

u. 
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To achieve optimalitv, 6J must be zero for arbitrary 

allowable perturbations 6P and 6S, i.e. 

cT3y., = 0 

and 
	

(5) 

RS Gu 
	u = 0 —  

To find the optimal feedback gain matrices Po and  So 

iteratively, the basic algorithm proposed is 

 

ALGORITHM 1  

  

pk+1 = R-1 	(G-1)k 
YI  

(6a)  

sk+1 = 11,-1 43k 	
u 

(G-1)k (6b) - 
u  

Two more algorithms are obtained by introducing the 

parameters 0< 6  ‹: 1 and M a positive semi-definite matrix. 

ALGORITHM 2  

k1 k 	'-. 

	

= (1- El) Pk E,R 	(G-1 : 0< c1 1 (7a) -. 

k+1 

	

(1-E )Sk  + < R 	(G-1)k 	(713)  
2 	2 	2 

ALGORITHM 3 	 , 
k+1 = (1....c. )pk 4. 	(114.14)-1E ..T.,k (G-1 

)k 4.  mok]  
P 	 I 

1 	1 	
wyr y 	 1 i 

18a) 	I 
0< i  ..<.. 1 

and 

	

.'= 1 	k Sk+1= (l-e ) Sk-Fe (R+ ....1 M) 	OP-k  (Gu  ''') 
k  MS ] 

0< 2  < 1 (8b) 

M ->c) 

Note that if M=0, Alvorjthm 1 is reduced to Algorithm 2 and, 

if further e1=d2 
= 1, to the basic Algorithm 1. We shall 

now proceed to show that Algorithm 2 and 3 lead to a non-

zero reduction in cost in each iteration. Since the proof 



is fairly tedious, it will be accomplished'in two parts 

presented as Lemma 1 and 2 below. 

Lemma 1; The Algorithms' 1, 2 and 3 'give tise, to first 

order, a non—zero reduction in cost in each iteration. 

Proof: 	Since the Algorithm 3 can be reduced to the 

Algorithm 2 and 1 by setting, respectively, M=0 and 

M=0'  E1  = E2 
= 	we shall give only the proof for the 

Algorithm 3; for the Algorithm 2, proof follows imme—

diately by setting M=0 and for the Algorithm 1, by 

setting m=0, el  = e 2 	1. 

By writing Pk+1 	k — P = 5P k+i — S = 5S
k1 it 

is obvious that 
	equation (8a) of 	Algorithm 

3 can be written as 

plc + 6 (R+M)-1  [—(R+M)Pk  +Cie (G )k + 1 
	.  

E. 	1" Y! 	L 	
11.‘-1 1.1k 

	RP 
y y 
(n-1-  , 

58,. 

k+1 

i.e. 5Pk  

Pk+E (R4-m) -11-4k 	RPk  Gki (G-1  )k  
Y t  

(p+m)—lrk 
	RPk Gk,] (G-1)k L yg -yr  

--=-> RPk G1 
	c) 

lc 
y, 	

Yr 
1 = — 	(R+M) 5Pk G

k 
7 	y 
1 

(9a)  

Similarly, we have, from equation (8b).  

RSkGk —
k = 	(R+M) 5S

k Gk 
— u 	 U 

9 
(9b)  

5J
k t kth To the first order, the change in cost 

iteration of Algorithm 3 is given by 

= —<513k 
1  (R÷N) 51,k  GL  > 

— 
1 

—<5S
k  — (R+M)5S1 Gk > 

— 
2 

(R±M) u_ 
1 

— 4-7 <aSkTik. (R+M) oSk  

5J 

(9c) 
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Hence, 

-‘ 

	

` k 2 	1 0 	k-k 2 — 	II F)13  7.1 	" 	< n 	(1 n) 
l' min 2'min 

m52-  

where= the smallest eigenvalue of the positive defi-Emin 

nite matrix (R 	M). 

ID the case of Algorithm 2, we have 

1 	k 2 	1 	k-lc 2 6J 	minin 	x' 	- 	ar jun  5s u 	< 0 	(10a) 
1 	2 

where a, = the smallest eigenvaiue of the positive defi- min 

nite matrix R. In the case of Algorithm 1, we have 

6J 	amio 6P y' 	- 	6a.
k-k

it 
2 k k 

amin 
-k Since the components of y'and u are assumed to be 

independent, an assumption required for the invertibility 

-k of the matrices Gu and G , 6Plcx' lc  and 6Sk  u cannot vanish 
Y' 

unless 6P1c and 6Sk vanish respectively. Therefore,'the 

strict inquality sign in expressions (10), (10a) and (lob) 

holds, unless P and S satisfy the equation (5) simultan-

eously. This guarantees, to first order, a non-zero 

reduction in cost, a vital fact in proving the convergence 

of the Algorithm 2 and 3. 

Lemma 2: 	For sufficiently small El  and E2  >0, 

Algorithm-2 and 3 produce a non-zero reduction in cost in 
each iteration. 

Proof: 	So far, in the development of the necessary 

condition for optimality of the algorithms and the proof 

of Lemma 1, only the first order change in control Su 

and first order change in cost function 6,1 have been 

colisidered. To prove i;hat Algorithm 2 and 3 lead to a 

non-zero reduct:ion in cost in each iteration for suffici-

ently small El, E2  >0, the expressions giving the exact 

change in control Au aad in cost function 6,1 will have' 

to be used. 

< 0. 	(10b) 



Por 	contro). of  the form u 	P 	- S u as 

given by equation (2), the total change in control 

Au due to the changes 5P and 5S in P and S is given 

by 

Au = - 5-Pyl - 	5Su -SAu- 5PAy' -5SAu 

or 

Au + PW'Au + SA; = -(opy'+ OS; ) 	(6134z1  + bSA. ). 

As for equation (4), the a'..:ove equation can be written 

as 

Au = -T
1
(5P y'+55177.) -T-1(5P Ax' +.5SAu) 

T, Au = T (Oa' + oSu ) 

Where T'is the matrix as definad in equation (4) and 

T1 .= I + T
1(6PW' + 6S). 

Now, by rearranging the matrix Ti  

T1 = 	1 [I + (P+5P) 	+ (S+63)] 

it can be seen that I+(3+513) 	+(S+5S) is a matrix 

of the same structure as T and hence is invertible. 

This immediately means that T1  is invertible and the 

exact change in control Au is given by 

Au = - T11  T 1(511  y' + 6S u). 

Expressing T1
1  in terms of its Neumann series expansion, 

i.e .  

T71 = [I + T 1 	1 (6P W' + 6S).1 -1 

= 	(-1)i  (T 1(5PWI + 5S))1  
i=o 

and making use of equation (4), the total change in 

control Au due to the changes 5P and 55 is given by 

60. 

-1 



Au = t  
i=o 

I 	j. I 	I C .r-orr • ▪ r. 	1) rrs".1 _ Cr,, C. r-"_
--LI 1,4 	 %JILL.  ' 	T ' 

61. 

— (. 57- (-1)±(T-1(5PITI+ 5S))i1T-1(5Pyt 	) 
1=1 

= oe 	E1 	 (lOc) 

where 5u  as in equation (1F), is the first order change 

in control due. to the changes 5P and 55 	and 

e A 	(-1)i(T-1(5pw,  • as))'- IT-1(6py ,+.5sq ) 
± =1 

i =1 (-1)i(T 1(OPw' ▪ Eks)) ilbu 
	(10d) 

It is obvious that e involves only the second and higher 

order changes in P and S and is, thus, the error incurred 

in replacing the exact change in control Au by the first 

order change Su. 	Note that ignoring the second and 

higher order chanL;es in P and S does not affect the 

derivation of the optimality condition in equation (5) 

and the first order reduction in cost 5J 

dependsonly on the first order changes 5P and 5S. 

For any changeAu in the control, the resulting 

total change AJ in the value of the cost function J 

of equation (2a),which is quadratic in u, is 

A3 = <Au?  g> +1<Au?  AGu":- 

where 
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g = nu + (WI+ W' ) *Q (y"' 	Z" ) 

and 	A = R 	+ W' )*Q(W, 	W ) 

Substituting Atiof equation (10c) into the above equation 

for AJ gives 

AJ = <(5u - e), g> 44: Au:  AAu> 

= <5u, 	<e, g> 1-1<Au, AAu>. 

Of all the three terms on the right hand side of the 

above equation, only the term <ou,g> involves the 

order changes op first and 5S ;the change in cost due 

to the second and higher order changes in P and S is  

accounted for by the other two t.-)rms. It, hence, 

follows that 

<5u, g> = 5J 

which is the change in cost due to the first order changes 

513  and F)s in P and S. 

That Algorithm 2 and 3 always lead to a non-zero 

reduction in cost in each iteration can now be proved. 

; 
I 

considered. Following the notations in Lemma 1, we have  

5pk = ... c.3. (R+m)  -1[RpkG  k _ cb  k ] I G-11  k 	 i 
- 	Y i 	.1371 	‘ Y 1  1 	

I 
. 
i t 

and 	5Sk  . -e (R-1-10 -1ERSkGk  -- „,k, ( G-1)  k 
2 	- u u 	u 	 1  

1 
This indicates that the changes 5Pk and osk are linear  _... 	._.... 

functions of the adjustable scalars 0< Elp, 0<” E2,,c1., 

i.e. OPk = - '11- Dk 	 1 
p 

As in the proof of Lemma 1, only Algorithm 3 will be 



and 	65 =^ c D- 

where D
k and 

Dk are matrices independent of e1 and 2* 
-P 

Similarly, from equations (4) and (10d) 

buy"`" _T-1(6py,k osTik)  

= Eldp + 2 d
k 
s 

for some vectors d
k and dk and 

e =Ek 	Ek 
i 
 In ) 	dk 

1p 	2.-s 	1 p 	2 sl  m=/  

i j k 
= — E E 	f 

i=i j=1 	
2 ij 

k 
ij for some matrices 

.„k  , E and vectors f k ! thus, the 
-1) 	s 	' 

total change in  control Au is , 

A - k 	A- Ok k 	4)° 	6° 	4 	4 	/
c  c  , 

I) 	2"S -T.  E 	cti e. -̀  1 i„/ j=i 	2 xi' 

Consider now the terms involved in the total change in 

cost function AJ 
Ic 

(i) u}` 	 k k- , 8j 	s, from the result of Lemma 
• g 

1,a non-zero negative number and is linearly dependent un 

the scalars c, and c,, i.e. 

<&12- 9  g-> = 	(E11 + 
E22  a-) 

where Ic ai  > n7  4=1 i 9; 

(ii) 	g > 4.5<4u , Mu  l{> ta. 
	 fr.-m 	above'. 

results, dependent on the second and higher or:3er 

power of E1 and 2 i.e. 

63. 



	

j 	k -<0k gk> ,+ <Auk1  AAuk> = 	E., En bij.. 
1=1 j=i 

E1 
	lc  b 	+ e2 b 20 2 02 

= Ck, say. 

Thus, the total change in cost PJk can be expressed as 

Ajk = 	
1 ak 
	

2 2 
ak) 	ch 

Obviously, AJk < 0 if COk 	and the Lemma is proved. 

However, if Ck > 0, then since 0< 	0< E  2<1, 

O<Ck  
k 	2 	k , _2 , , k = 	say, 

-< 	E 	lbij j 	1°201 /- 21°02 ±=1 1 j= 

€1  [ 	E..1 b 210c 1  6 	
V 

2  AJ I bik  -6a k  
i j 

1] 2 2  6:2  
i=1 j=1 

= 	0 - 6 0 
2 2 

where 

Ok A a1 - EI lb201— E2 11).1 1 

1  0 c A al
2
c 	2 ibol2c 

2 

To ensure that AJk < 0, it is sufficient, that 01  > 0 

and e2  > o. 	Now 02>0 for any 

a2 6
2 

< 	1_ 
lb20 "I 

and e1  > 0 for any 

ak - E
2 c.*  E 	E lb. .1 1  1=1 i=1 -3  E < 

1 	 ic I b201 

0:7 
provided ali  - 	 b • > 0 which holds if 

=1 -1=J 

64. 

1=1 j=i 1.3  



lb "I n2 	f f I bi I 
±=1 j =1 

f-9 lb k .,' 
1=1 j=1 id  

1 ---k  I 

and 

0< 1  < min ( 1, 

alp 	
2 1 

F 2 
 

k a1  

65. 

7- 	E.  Pot k 
1 4-1 iJ 

 

Hence, it can be guaranteed that AJ < 0 for any 	E2 
where 

0< 6, < min ( 1, 

k 
a2 	 al 

   

   

This completes the proof of Lemma 2. 

To show that Algorithm 2 and 3 convergell it is 

necessary to invoke the modified form of Polak's 

Lemma [S] . As it is not very well-known, the Lemma, 

in the modified form to suit our purpose, and its 

associated definitions are given below. 

We first consider a general algorithm which 

minimises a continous function f (P, 5), P e RM X n 

m S E R x n, Startingfrom an arbitrary point (P0, So)' • 

we form successively 

a (P ) 

	

—k+1 	p —k 

	

1 	
a
s 

) 
	

(12) 

f (Pk ' — 
S
k 
 ). 

— 

The point (r, s) is called a 'desirable' point of the 

mininisatiol: problem if 

f[ ao 	' (P) as  (S) 	f(P , S). 

e,34;iy, 



Note that. a (a ) is an operat!_on which Generates Pkia  
10 

(S 	) from Pk (S
k'  
) keeping Sk  (Pk 

 ) constant. 
-  

MODIFIED POLAK'S LFNMA: 	If for all (P, S) not 

'desirable', there exist constants dependi'lg on 

(P, 	(P, S), 	S) and 	a(P, S) > 0 such -that 

itP Pk  II < 6p  (P, S) and II  S 	Sk  < 6s - 
(P7S) 

- 	- -  

f(.14)-f[a,(4),as(4).] 	6(1.1 ,§_.)  > 0, 
(12a), 

then every convergent subsequence d.f the sequence defined 

by algorithm in equation (12) has for its point of 

accumulation, a 'desirable' point 

Proof: 	To prove the lemma, it is assumed that the. 

sequence (P , S
k 
 ) is bounded which is not stated explicitly 

in the original version of Polak's lemma. 

If the sequence is finite, the proof is trivial, 

for at certain kth iteration,Ek_1=Pk,Sk_1=Sk  with f(110  

= f(P
k 7
S
k  ) and hence (Ply , Sly ) is 'desixable'. -  

The case of infinite sequence is now considered. 

As the sequence consists of bounded elements in finite 

dimensional spaces R
m x 1 and Rill x m, there exists a 

convergent subsequence (P., s.), j E J with the accumula-

tion point (1)°, S0), where J is a subset of the set of 

all positive integers, P°  e R
n x 1, 

 1o 6 R
in x m_ The 

lemma is proved by contradiction. Suppose that (P°, so)  

is not 'desirahle'. Then, according to the hypothesis 

of the lemma, there exists an o 
> 09s > 0 and 

ex) such  that 

11P
o 
- P 	6

43 and II So 
	

< 6°  

f(P 	S) p f(a 
P
(P), a S  (S)) 

	6o > 0. 	(13) 
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As the subsequence (P
j
IS.), j C J is convergent, there 

- -J 
exists an integer.m such that j E J and j > m implies 

that HY°  - P11 	and NS°  - SN ‘. es  . Consider now two 

consecutive elements of the convergent subsequence (P.'S.) 

and (P.31-± ,S. .) with j and j+i E3 7  j > m. It is obvious 
- 

that 

(P.ic.) - -r(P.,S 	. ) --j+i  

= Ef(EP.LY 	f(2-j+1+1)] 	Ef(Ej+111j+1)  

f(i)j+2J+2)] j+i-1) 

f(-J+3- -
P. .,S.

J 
 .)]. 
+1  

(14) 

All the terms on the right hand side of equation (14) are 

positive as the algorithm guarantees a reduction in cost 

in each iteration. Hence, equations (13) and (14) yield 

f(P.,S.) 	f(P.,S.) 	f(PJ ,Si4.1) 

5o > 0. 	 (15) 

BID:, by the definition of continuity, f(P.,S.)--.-f(Pc),S°) -j -j 
as (P.I S.)-.-(P°,e), a contradiction to equation (15). 

Thus. the accumulation point (Po  7 So  ) of every convergent 

subsequtnce is 'desirable'. 

To prove the rlonrergence of Algerithms2 and 3, we 

define that (P,S) is a stationary point if 

aJ A 
"uf. 

= J
P
'(P,S) = 0 

5j OS - ,Ps(P,S) = 0. - 

Theorem : Algorithm 2 and 3 satisfy the hypothesis of both 

Lemma 2 and Polak's lemma and hence every convergent 

4'7 • 



subsequence of the sequence gene.vaLed by the algorithms 

converges to a stationary point. 

Proof : 	It is easy to see that the quadratin 

performance index J is continous in both P and S. 

From Lemma a and 2, Algorithm.  2 and 3 always produce 

a non-zero reduction in cost unless Pk+1 = Pk  and 
 

k+1 
= S

k. This means that Algorithm 2 and 3 satisfy 

Polak's definition of general algorithm ( see equation 

(12)). We now proceed to show that the hypothesis of 

Polak's lemma is also satisfied. Again, only the case 

of Algorithm 3 is presented. 

Consider any point (P,S) which is not desirable 

and 6P P Pk  and 5S S - Sk. If 

OP ! = HP 	Pk IIf(PIS) 

and 	- 116Sq = os - sku < 8 
s
(P,$), 

then, from equation (11), 

J(Pk,s ) 	J(Pk+1,sk+1)> 6(P,S) > 0, 

where 6(P,S) = 1 1 Ok  + E2  e2 	 c,  ek  . Thus, Algorithm 3 satisfies 

the hypothesis of Polak's lemma and the accumulation 

point of every conver3ent subsequence of the sequence 

formed by the Algorithm is a desirable point. To prove 

that the desirable point is also a stationary point, 

suppose that (Pk1 Sk) is desirable. Then, by definition Qo) 

k k 	k+1 k+1, 

k 
H 5P 	H = 0 and H5Skilk 1.1 = 0 
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6P
lc 
-= 0 and oSk 	0. 

From equations (9a) and (9b), since (R 4- N), G-  and 

G k are invertible)  

3Pk 	0 	 RP-
lc Gk 	0 

and 	Rc 	n 	Inc r-A 
u 'u 

rNt  

Thus, (f.k,Sk) is a stationary point, noting that 

aJ = RPkGk ok 
 and 

aJ = RSkGk  -401u . (id k p 	—  Y? Y' 	OS1 	— Sk 	u  

Now if 	 Sk )  is stationary, then by reverse argument 

it is easy to show that it is also desirable and hence 

the proof is complete. 

3. SENSITIVITY REDUCTION CONTROLLER DESIGN  

Since the early 1960s, 	effort has been 

concentrated on various sensitivity problems which are 

of importance in the practical design of control systems. 

Sensitivity reduction controller design techniqueshave 

been developed for state-space described systems C3-4]. 

To solve the problem,Bradt Pi] has proposed an iterative 

scheme, similar to the gradient technique but the 

convergence of the method was not proved. In this 

Section, we shall consider a sensitivity reduction 

design technique, for convolution-described systems. 

Algorithms similar to those developed for the composite 

model will be presented and proved to converge. 

(;9, 
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Sensitivity Functl.on 

Consider a convolution-described system 

y(t;v) = ys(t) 	W(t;v)u(v) 	(16) 

where y(t;v) is the 1-dimensional output function; 

ys(t) is the disturbance resulting from initial condition 

or other external in.fluences; u(v) is the m-dimensional 

output function; W(t;v) is the open-loop transfer 

operator linking input to output; v is the p-dimensional 

plant parameter function. u, W and hence y are assumed 

to be functions of v. The 1-dimensional sensitivity 

function ay  
ay. is 5-fil^a't- 

aw„ 	T., au 
v 	av = --+ . i = 11 2,....p. 	(17) 

Algorithms For Finding Optimal Feedback Gain Matrices 

To reduce the sensitivity of the system to 

parameter variation, the controller is assumed to 
yvtat °term . 

generate and feed back a.Aapproximation to the sensitiyi-"y 

functions as well as the system outputs. The algorithms are 

developed to determine the feedback gain matrices' which 

minimises a quadratic performance index containing the 

et 
the sensitivity functions; i.e. the controller i7:tthe 

form 

ay u = -K y - 	K! 1dv. i=1 

where K1 and X!, i = 1,2,....p are m x 1 dimensional 

f eedback gain matrices and the quadratic performance 



0 

•H  
p 

9 

index to be minimised is 

J = 2 <y, .1 	Qy> 	<u., 2  
P 

Ru> 	<av 
ay ' H

i°
P,X, >1 	(19) :E. 	1r i=1 	1 	i  

where P. > 0, Q, 	0, i = 1,2,...,p. Letting 

W
2 

= 	K!. 	 K' 1.* P 

T 

	

ay.T  ay 	317 T 
av J. q 	av2' 

H1  

H2 
• 

7] • 

anc 

H = 

L 
0 

equations (18) and (19) become, respectively, 

U = -NlY K2q 

( 
J = 1 
	Qy> 	<u., Ru> 	<q, Hq>} . 

Also, frcm equation (17), we have 

q = 	u WICiq 

ati 
i.e. 	q 

 = 111-377.- 
(21) 

(21a) w i  = (I 	wx ) • ' 

aw 
av 

where 

aw 
av 



Wexist:s, L;ince I + WK is an Volte:cra operator and is 1 	 1 

therefore invertible. 

Consider arbitrary perturbatielis 5Y and 5Y-2  in -1  

in feedback gain matrices K
1  and 1 2'  the first order 

change 5J in J is 

5J = <8yOly> <Su, Ru> 	<6q, Hq> 	(22) 

and the corresponding first order change bu l  by and bq 

in u, y and q are given, respectively, by 

bu = -(5K1y 	bK2q) A  (K15y 	K2bq) 	(23) 

Sy = W5u 	 (24) 

5q = -a-Tr  ou - WSKlq WKibq 

W = w a Su N  WiWbKiq 1 av (25) 

where W
1 is defined in equation (21a). Substitution of 

(23) into equation (22) yields 

8J = <by, Qy> <5q, 	<Kiby, Ru> r  <225q, Ru> 

- <5K1  y, Ru> <5K2q, Ru> 

= <by, Qy KiRu> <5q, Hq Kpu> 

- <5K1y, Ru> <5K2q, Ru> 

= <3y, z i > <5q, z2> 	<SKlyi , Ru> 	<bK2q, Ru> 

where 

z
1 = Qy 

z2  = 	Kpu. 

Using nrinafinpg (?h) ,1,1 ( 25) abc,•c can 

he i4rittPr. 	a 

,aw oJ . <5u, W*z1> 	<Su, t-ETT)- 1'11  z,> 

<bKlq, W*WIz2> <bKiy, Ru> - <5K2q, Ru> 



= <bu, ()W-tz > 	< bK 	Eci 1 	Ov 	2 	1 	z2]>  

73. 

— <6K ; 1 r, Ru]> 	< 6K2, [q, Ru]>. 

By substituting equations (24) and (25) into equation 

(23), we have 

Su = -(6Kly+6K2q)-(K1W6u+K2Wifilbu-K2W1W6Klq) 

i.e. Su = T(K2VI1libK1q - 6K1  y 	SK2q) 

where 

aw - T= (I + K1W K2 Wlov  1. 

Therefore, 

OW 

	

53 = <T(KW1 W6K1 q - 6K,y - 6K,q), W*z1 	* 1 
(---) wzr,> Ov  

- <61C1, [q,  W*WIz2]> - <5K1, [y,  Ru]> 

- <6K2'  Lq, Ru]> 

and, after some rearrangement of termsy we obtain 

63 = <6K1  [y, RK1  y]> + <6K1  [q, (K2W1W)*T* 

OW* (W*z1 	(W1--v) z2) 	(W1  W)*z2]> 

aw* — <6K 	[y, T*(W*z1 	(W 	)-. RK 2q]> 1ov 2 	2 

+ <6K2' Eq' Ric20> - <5K2,  [q, T*(W*z1  

(wiTiv)z2) RICiy]> 

= <5K • [y, RK y] tly> + <6K , 	RK q] 	c-De 

where 

0, r _Y1 T*(W*z, aw* 
(1.118-17)'2)  RK20  

w,  
- [q, (K2w111)-'1"Wzi 	v)z2) 	(wiW)*z23 



and coq 	 [q, T*(W*z 	8/1  1 	'1T; z2) 	11X1Y3' 

To achieve optimality we must have 5J r,  0 for arbitrary 

changes 51i.
1 and 5K2 . This means that 

Cy, MLA co
Y 
 = 0 	 (9.) 

and 	[q, RK2q] - T4 = 0 . 	 (26b) 

Since R, IC
1 

and K
2 are constant matrices, by using the 

result given in the'Introduction, we have 

[y, RKly] = RK,[y, y] = ru:iGy  • 

and 	[q, RK2q] = RK2[q, q] = RK2Gc, 

where 

G
y 

= [y, y] and Gq  = [q, 

Thus, equations (26a) and (26b) can be written as 

RICK 	cry  = 0 	 (27a) 

RIc2Gq 	CIq  = 0 . 	 (27b) 

It will be assumed that G and G are invertible which 
y 	q 

is valid provided the components of y and q are 

independent. Note the close resemblance of equations 

(27a), (27b) and equation (5) for the parallel model. 

We now suggest the following algorithms to find 

the optimal K1  and K2  

Algorithm  4 : 	The basic algorithm 

FCi = R-1c),(G.11)i  

Ki  = R-1(thG
q
1)i  

2 	q  
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Algorithm 5 : 

K
+1 

= (1 	)K + E R-Y(C1)i 	0 < El  1 

	

1 	1 1 	1 Y y 

	

1‘2 	= (1 	E 	E R45(.-1)i 
2 2 	2 	-q 	

0 <
2 	

I 

Algorithm 6 : 

K +1 	-1r i -1 i 

	

=)K1 +1(R+M)  Cry  (G Y  ) +MK1  J 	0 <E1'<  1 ILA 
+I 

r i  Ki+1 = (1-E2  )K2 	q 
+ 2(P.+M) 

-1 
 UD (G

-1  ) +MK2J 	0 <E,X 1 

where M > 0 . 

Note the similarity between Algorithm 2 and 5 and 

Algorithm 3 and 6. Again, Algorithm 6 is reduced to 

Algorithm 5 if M = 0 and, if in addition c
1 
 = c2 = 1, 

reduced to the basic Algorithm 4. Therefore, following 

the arguments used in Lemma 1 and 2, it can be easily 

proved that Algorithm 5 and 6 always lead to a non-zero 

reduction in performance index in each iteration. 

Likewise, using the modified Polak's lemma presented 

earlier, Algorithm 5 and 6 can be proved to converge to 

a stationary point. 
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1. INTRODUCTION  

It is often desirable to reduce the order of the 

transfer function of a complex system, for analysis and 

design purposes. In .the classical approach where the 

problems are usually formulated in the frequency domain, 

there are several rules which have been well-known: (a) 

Chen[1] suggested that, in the Bode diagram, the corner 

frequency can be ignored if the gains are below -15db or 

above +15db; (b) Evans[2] suggested that only the dominant 

poles of the system are needed iD estimating the transients 

of a closed loop transfer function. All these techniques 

are based on the concept that the dynamical behaviour of 

the system is determined mainly by the poles nearest to 

the imaginary axis i.e. dominant poles. However, since many 

practical control systems do not have dominant poles, the 

above methods cannot be used in general. In 1968, Chen and 

Shieh [3] suggested a method for reducing the order of 

transfer functions, using the technique of continued 

fraction expansion (CFE). Regarding the control system 

as a low pass filter, the approach arranges the numerator 

and denominator polynomials of the transfer function in 

the ascending order in the power of s and starts the CFE 

from the constant terms of the transfer function; this, 

in effect, is equivalent to Taylor series expansion about 

s = 0 and can be shown to be a special form of Pads 

approximation for scalar rational function[4]. The method 

assures that the model gives the correct steady-state 

response for constant input. However, the approximation 



to the initial transient response may not be good. 

Furthermore, like many other approximation methods based 

on power series expansions, the stability of the model is 

not guaranteed, even if the original system is stable. 

In this Chapter, a different form of CFE will be 

suggested for model simplification which yields good 

approximations to both the initial transient and steady-

state responses. For convenience, we shall, in the sequel, 

write CFEI and CFE2 to represent, respectively, the CFE 

suggested by Chen and that suggested by the aathor. It 

will be indicated that, by using the concept of time 

moments of a impulse response, the model obtained by CFE1 

will, in general, gives' the correct steady-state response 

for a class cf inputs, namely ch it1, i= 0,1,2,....p where 

p is a positive integer depending on the order of the 

model. This will be followed by a proof that the power 

series' expansions, about s= 0 and s=oo, of the low-order 

model obtained by CFE2 agree with the corresponding series, 

about s= 0 and s= °, of the original transfer function up 

to certain terms. An approximatio-1 technique which differs 

from the ordinary Pad approximation will be proposed; 

this technique which will be called 'Modified'Pade 

Approximation (MPA) will ensure good approximation to both 

the initial transient and steady-state responses. And it 

will be shown that, under certain conditions, the 

approximations, of the same order, obtained by CFE2 and 

MPA are the same. Similar results for a transfer function 

matrix will be presented. This result should facilitate 

the computation of the low-order model, especially for 
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the multivariable systems. It is also shown by example (ii) 

of Section 6 that the CFE2 can sometimes be used to provide 

a stable, reasonably good model when CFE1 gives an unstable 

model. 

2. CONTINUED FRACTION EXPANSION TO GIVE GOOD APPROXIMATION' 

TO BOTH THE TNTTTAL TRANSIENT AND STEADY-STATE RESPONSES  

(a) Scalar Case 

We shall here consider the general transfer function 

C(s) of a single-input single-output system 

A21 + A22
s  	+A 2ns

n-1 
 C(s) - 

l 
A
11 

+ A
12

s + 	
+Al n+ls

n  

Expansions from the constant terms in the CFE1 are equivalent 

to Taylor series expansion about s= 0. Thus, 	C(s) is 

expanded in the following way 

C(s) -   1  
A11  A31 + A32

s+ 	 
s A

21 
+ A

21
+  A

22
s + 	 

1 

	

11 	s  + 

	

A21 	A
21 	

A4I  + A4,s F 	 
'r S 	 

A31 	A31 + A32
s + 	 

1 

h1  + 	 s 
s  h

2 ;  s 	(1) h3 + 
h4 + 	s 

where 

A01 A12 - A11 A99 	A A 	-
32

A
21 

A31  - 	
A21 	

A 
99 "11 

= 	A
31 

- A 

h5 ÷ 



1 
n-1 A11 	A

3n
s 	A3,n-1s

n-2+ 	+ A31 + s 

C(s) - 

n-1 	n-2 A2ns  A21 	+ A2,n-1s 	+ A21 
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A
23
A
31 A

-3
1
A
33

A21  
Al2 -  

3in-1 - 	A21 	A
2n

A31 - A3nA21 A. 
A 	= A 	

A31 
3,n 	1,n+1 

 

A
11 	

A
21 	A31 and h - 	h = 	h 1 - A21 ' 2 	A31 ' 3 	A41 

etc. 

To obtain good approximations to both initial transient 

and steady-state responses, Taylor series expansions should 

be carried out about s = 0 and s =co . One way of 

achieving this is to have continued fraction expansion 

from the constant terms first and then the highest order 

terms yitadingcsay 

A 	
A
21

A
in - A11

A
2n 

 

1 

  

A11 

   

A
21 	

A
2n 	

A 	+ A s.... + A s
n-2 

- 	  
41 	42 	4 n-1 

Ain 	A
31 

+ A
32
s + 	+ A

3ns 
n-1 

where 

A
21
A
12 

- A11A22 	
A 	- A

31
A
2n A

31 = 	 4 
A- 

= 

	3n  
A21 	1 	A37: 



N 	-A 
21-  ln 	--11

A 
 2n A

l,n-1 	A 

• A3n = A1,n+1 

• 

A 	
A
2,n-1A3n-A3,n-1A2n 
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4,n-1 - 	A,_j  

A
22A3n - A32A2n 

-4,2 	A 
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3n 

By repeating this sequence of expansions, C(s) can be 

expanded as 

C(s) - 1 

 

h1 h
2 	

1  
(2) 

h
3  1 

A11 	A 
2n 	j _L 

where h1 A 	' h2 = 3n ' 
h
3 A41 

etc. 
21 

If a p-order model is required, only the first 2p 

.quotientsh.in either expansion (1) or (2) have to be 

known and the desired simplified model is obtained by 

applying the inverse procedure to the truncated continued 

fraction. 

(b) Matrix Case  

Chen has recently extelided his method of model 

simplification using CFE to multivariable systems 

i.e. C(s) is a tronsfer function matrix. Let C(s) be a 

m x in transfer function matrix. Chen showed that, analogous 

to the scalar case, the CFE of C(s) is of the form 

e(s)=[1II -Fs-1- s[11 4- sEH + ..]-1]-1]-1]-1  H2 	3 (3) 
where H H

2'  
	 in the above equation are m x m 

11  

h 



constant matrices. It is obvious that equation (3) c-n be 

written as 

C-1(s) = H1 	 1- ]-1]1 	(4)  
▪ s[14  ▪ s[11 	sEn 

'2 	
3 	••„ 

, provided C-l(s) exists. H1 can be found by equating the 

constant matrices on both sides of the above equation; 

H
2' 

H
3
, .... can be found similarly by inverting and then 

equating the constant terms on both sides of aivequation 

similar to equation (4). We shall now proceed to show 

how the CFE2 can also be extended to multivariable systems. 

It is easy to see that the transfer function matrix C(s) 

can be expanded, formally, into 

C(s) = [HI  4-sEH2  -t-[I13 	s[11 4-.3-1]1]-1]-1. (5) 

To obtain the correct steady-state response, the constant 

matrices Hi, H3, H5,... in equation (5) are obtained in 

the similar way as the corresponding matrices in equation 

(4); however, to ensure good initial transient response 

approximation, H2,
4' 
	 are obtained by inverting 

and then equating the highest order terms on both sides 

of aim, equation similar to equation (5). A low-order 

model can then be obtained by inverse procedure, after 

H
1,  H2' 	Hn

, say, lave been found. 

However, the above procedure only works if the 

transfer function matrix C(s) is invertible. A necessary 

condition for the invertibility of C(s) is, obviously, 

that the number of inputs to the system and the number 

of outputs should be the same, which is often untrue in 

practice. 
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3. PADS APPROXIMATION FOR SCALAR RATIONAL FUNCTIONS  

For convenience, a brief description of the ordinary 

Pade approximation for a function C(s) of the ccmplex 

varieble s is liven  below; for fnrther 4.11formntrinp 

the reaAer 	referred to 	[41 Mr! flYnc.tj.01-1 r(g) IF 

assumed to be analytic about s = sa, a point of interest; 

the points which we are most interested are s = 0 and 

S =0a. 

For C(s) analytic about s = 0, we can expand it into 

a power -eries about s = 0, i.e. 

C(s) = co + cl
s + c

2
s2 
	

(6) 

where co, cl, c2 	.. are known. Suppose that an 

approximation to C(s) is to be obtained by Pad; approximation. 

Then, it haS been shown in [4]that, with each ordered pair 

(p,q) of nonnegative integers, there is associated a uniqu-ly 

determined rational function approximation C 	(s), whose 
q 

numerator and denominator are of degree not exceeding 

q and p respectively and whose expansion in ascending 

power of s agrees term by term with the power series 

2_ 
1=0 

c.si  of C(s) for more terms than that of any other 

such rational functions. In fact, the power series of C(s) 

and C 	(s) will agree up to the sP:c1  term. This means 
F q 

that, if the rational function approximation C 	(s) is 
Plq 

expanded ino a power series 

C 	(s) = to 
+ tl

s + t
2
s2  

then we have, in general, to 
= co,  t = c _ . 

3 	1" 	-
pro  = 



p+q+1 	c p+q+1' 

 

- 	By arranging these rational function 

 

approximations C 
Pig(s) 

 to C(s) in a table of double entry 

with' C 

	

	(s) in the (p+l) row and (q+1) column of the 
Plq 

table (p,q = 0,1,2, 	 ), we obtain the well-known 

Pads table. 

It is trivial to Trove that an approximation Ci(s) 

to C(s) obtained by CFE1 is, in general, a rational function 

with p-q = 1 and forms the subdiagonal sequence of the Pads 

table (theorem 96.1, p.380 in [4]); i.e,  

C1(s) = C 	(s) 
P1P-1  

ao + al
s + a

2
s2 + 	+ a 

P
-1sp-1  

bo + bl
s + b

2
s2 

 

+ b sP 

 

	

=c 
o 
 +c
1  s+....+c2o-1 s

2p-1+t
2p
s2p+t2p+1s

2p+1+ 	 

(7) 

If C(s) is the transfer function of a linear time-invariant 

syste,n having the impulse response c(t), we have, by using 

the power series for e
-st y  

C(s) 41) f c(t)e-si:  dt 

C.7 
"C°:)  fc(t)dt -sjtc(t)dt + -s- jt-c(t)dt + 	 

2 0 
By identifying the abo,re equation with equation (s), -,re have 

too 
c. = [(-1)1/i!Do tlIc(t)dt which is called the ith time 

moment of the impulse response e(t). Flcnr'e, the coefficient 

of the si  term in the power series expansion, about s = 0, 

of C(s) is the ith time moment of c(t). Since the first 

(p+q) terms in the power series expansion, about s = 0, 



or 
• 

of C(s) and C () are the =-4nmr, 	first (p+q) time 

moments are the same. It is obvious that the ith time 

moment of c(t) (c1  ( -0) is the steady state response of c(t) 

(c1(0) to the input [(-1)i/iI]ti. Therefore, we conclude 

that the steady state response of C(s) and CP 
11-1 

 (s) = C1
(s) 

to the inputsat /
i=0,1,2,....2p-1, where ai 

are constants, 

are the same. 

We shall now proceed to show that the power series 

expansions, about s = 0 and s =c<a, of the low order model 

obtained by the CFE2 technique expressed in equation (2) 

agree with the corresponding power series, about s = 0 and 

s =co, of the original transfer function C(s) up to certain 

terms. The result will be illustrated in example (ii) of 

Section 6. 

It is assumed that C(s) is a rational proper transfer 

function of finite order having a general CFE of the form 

C(s) - 

     

b
1 

 

El9S 

  

   

a3s (8) 

  

b2 

 

  

b
3 

+ 

  

. a
2n
s 

b2n 

where n is a finite positive integer; C(s) can also be 

expanded into the power series 

2 C(s) =p -Fps-Fps+ 
0 	9 

.... expanded about s = 0 

(9) 
= g

o 	
g1s-11- q2

s-2 	expanded about s 



Define 

or in general 

assuming that 

A' 
A
l 

= al
s 

B1 	b' 

A, ̀= b,a,s 
1+ 

52  - b
l
b
2 

+ a2s 

A P 
 (s) = bpAp-1(s) + a P 

 sA 
 P-4  
,(s) 

B (s) = bpBp-1(s) + ap
sB (s) 

A-1 = 1, B-1 
 = 0, Ao = 0, Bo  = 

(.:o) 

Using equation (10) iteratively, we have 

A2(p+1) B2p - A2pB2(p+1) = (-1)
2p a1 a2 1 • 1 • 

2D+J 

	

a
2P-1-1-

b
9,(Pt1)3 	

(11) 

It is easy to see that eqnation (3) can be reduced to 

the C7E2 of equation (2) by letting 

a1  = n.
3 	a2,.,--11 

a = a, 	a 	= 1 

	

2 	2n 

b1 = h1, 
b2 = h2, 	b2n = h 2n, 

Substituting these a., b. into equation (11) yields 

immediately 

	

- 2 
B 	a = a„ai  A2(p1,3)B2p 	A 	p+1) 	, 	,,„ 2p 2(p+1) 

b2(p+I)s  

Also, we have 

   

   

ID, 	1) + 0.. s 2 s
r. 
	 e e

n 
 

ao ± al 
s -1. a2

s 2 + 	5 0 1 

tho difference between the two appi-oximations 
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A2(p+1) and Alp is given by 
B
2( p+1) 
	B2p 

A2p 	
A2(p+1)B2p A2pB2(p+1)  A

2(134.1) 
B2pB2(p+1) B2(134.1) 	B2p 

t  = 	b„4,p-1-1, . .sP  t ao  + a,s + a2s
2 

i.0 ( 1 2 ) 

Therefore, it follows that the power series expansions, 

about s=0, of A2(p+1) 	and A22.  obtained by the CFE2 
B2(13+1) 	B2p 

technique agree up to the a2'-1  term. 

We shall, now, show that the power series ex- 

pansjen, about s = 	
A2(111-1) 

of  	and A. 	2p agree up 

B2(p+1) 	B2p  

to the s-P 
	

term. Obviously, equation (2) can also 

be written as 

C(s ) =  
h1 
	 1 

h2  I- 
h
3 
	1 

• + 	1.......  
n2n 



and equation (8) 

putting 

a1 = a3 
= 

a2  = a4  = 

b1 = 

can be reduced to 

*ow 0000000 	= a2n.1  

00000000 = 

'b2n-.1 

the above equation by 

1 
- — 

s
2 

1 a2n 
= 

_ h2n-1 

b2 = h210.••••0.• • 0 0 0 	=

2n. 

For the above a., b., we have, from equation (11) 

A2(13+1)B2p - A2pB2(13+1) 

2n 1 ,n+1 1  = (-1) 2)- 	(;L n 	2 )- h 	p+1 
s 	2(13-1-1)s 	- 

= h . 	s-(134-1) 21,p+1) 

Also 

3_ 

  

   

2pB2(13+1) 	%1 	%2,r 
awl 	

00•5•S•44 

7o  f• 71s
4,-11  

7-1 a o a 464000  

Hence, 

A2(73-4-1) Alp 	 2(p+1)2p  - ‘2pB2(p+1)  
B2 (p+1) 	132p 	82p2(p1-1) 
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h2(p+1)3
-(n+1) (7 4.7  s-1 	12s-2  + ;.) o 

co 

i=0 

-(10+11-i) 
h2(p+1) 7is (13) 

This means that the power series expansion about s=o-o, 

A2(13+1) 	 2 
of 	and 	agree up to the s

- 
-
10  

term, 
B2(13+1) 	B2p

7)  

Since, by definition, the original rational 
A2n  proper transfer function C(s) 	(see equation 
132n 

(8)), we have, for 1 < p < n, 

A
2p C(s) 
B
2p 

	

A2n 	Alp 

B
2n -2p 

( 	A9 	A2(n-1)\ 	/A2(n_1) 	A2(n_.2)\ 1  

B2n )B2(11-1)) 	2(./1-1) 	2(n-Z)  

A 

	

2(p+1) 	A271 

	

B
2(13+1) 	

B
2p ) 

(P2n)i i=0 
s
(n-l+i) _co 

i=o (P2(n 
(n-2+4) 

J. 
• 9• • 

c).0 
j'+ 

(132(p+1)).-  i=o 

LO 

by using equation (12), Similarly, by usillg equation 

(13) we have 



Ao, 
C(s) - B2p 

A 	A 
2.  = 2n  - 

B2n B2p 

. 	—(11+14.i) k is — 
i=o 

Hence, the power series expansion, about s=o (about 

A9  
of the low order approximation -=-e• obtained B2p 

by CFE2 of equation (2) agree with the corresponding 

series o.P the original rational proper transfer function 

C(s) up to the sP-1  term (s P  term). 

4. 	MODIFIED PAD(P, APPROXIMATION 

From the discussions given in Section 3, it is 

obvious that,like the CFE1, the PA is, essentially, 

an approximation about one point i.e. s=0 or s=10 ;  

if desired. We shall now propose an approximation tech-

nique which is based on the power series expansion 

about s=0 and s=0,  and will therefore be called the 

'Modified' Pade approximation (MPA). This method will 

ensure good approximations to both the initial transient 

and steady state responses. It will also be proved that, 

under certain condition, the approximations, of the same 

order, obtained by CFE2 and IPA are the same. 

MPA may be defined as a approximation method whieh 

associates, with each ordered pair (p,q) of nonnegative 

integers, a rational function approNimation C1  (s) whose 

series expansioas in both ascending and descending power 

9 0 • 

0 

srzoc)), 



ro + r
l
S 

C1(s) - 
do + dls + 

▪ r 	m-1 

+ d sm 

• 0 • 

• • 

m-1." 

of s agree with the corresponding power series of the 

given function C(s) up to certain term. The scalar 

rational transfer function C(s) of the system is 

assumed to be proper and has the form 

C(s) - 
a o 	-L + a1s 	+ a - 

b 	+ b1  s+Q..........+   bns
n 

it is assumed to have the following power series expan--

sions 

C(s) = po  + pis + p2s2 + 	expanded about s=0 

= ao 	 - + 	-1 	
z • a...s-2  •r,  

- * • • dl expanded about s=co 
-  

Suppose that C(s) is to be approximated by a low-order 

model C1  (0) J. the form 

91. 

where m<n, by using the NPA defined above. Without loss 

of generality, we can put do 
= 1 so that there remain 

2mcoefficientsr.7d.to  be found. One of the models 

that could be obtained by the NPA technique will have 

the power series expansion, about s=o (about s= °.c)1 

agree with the corresponding power series, about s=O, 

m-1-m 
(about s=c-)of C(s) up to the s 	(s ) term. This 

can be accomplished by having the coefficients r., d. 

of the moThi C(s) to saLisEy the fol3owing set of 2m 

linear equaLions 



r 	= 0 Po 
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rl pl 
d1po 

• 

• 

rm-1 
	pm-1 4. d1pm-2 	

00.4 	dm-1p 

rm-1 	dm q1  

.rmr2  = dmq2 
dm-1q1 

• 
• 

ro 	
d q T dM-J.M-1 	Oned• 	d q M 	 1 1 

This model will have equal emphasis on its approximations 

to the initial transient and steady state responses of 

C(s). It is easy to see that models with ' biased' em-

phasis can also bo obtained by using the MPA, though it 

is not possible with the ordinary PA. For example, a 

model C1(s) to have more emphasis on the steady state 

response approximation than on the initial transient 

response approximation can be obtained by finding its 

coefficientsril d.in the follortng set of 2m linear 

equations 

r 	
0 

r, 	p1 dl
p
o 

rm-1 
= 

Pm-1 d1pm-2 	dm-l-o 

0 	= 	n 	d 	4- /004B d - 0 -,- m 	l'm-1 
• 

• 

0 	= 	+ d D 	+ 	+
d i 	1-k-1 	m-l-k-(m-1) 	(15) 



rm-1 = dmq1 

rmw2 dmq2 dm-1q1 

• 

r-m+k+1 	dmq2m-(k+1) 	• d  -m+k-1-2 gi 

Where m < k, By 'fitting' more coefficients in the 

power series expansion about s=O, the C1(s) given by 

equation (15) would, usually, give a better approximation 

to the steady state response than C1(s) given by equa-

tion (14), though its initial t_7ansient response 

approximation may not be as good. 

It is obvious that the d., i=1,21  *40 m in 

equation (14) can be found by oolving the following 

equation 

P = T d 

where 

= (d1/  d2 , 09420 dm)1 

	

P 	 1  

	

(— 	po, D11 	 -0  

(16) 

93. 

q1 q2 

-Po q1 

••••••• (111le'. 3. gra 1 

-p
1 
-p q

1 • 
• 

4 

• 

 

—n 	3 64000 

qm-2 
a 
• 

• 
• • 

-p
o q1 

T  = 
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If the matrix T has au inverse, d is uniquely doter 

. 
mined and so :;.s r where r = (ro1  r1 7 	r15-1) is .... 

given by equatiun (14). Then the model C1(s) with these 

r. and d. as its numerator and denominator coefficients 
ti.4447 

respectively isivunique. 

This result together with the relation between the 

CFE2 and thep..--)wea: ti..eries expansion, about. s=0 zln 

of the function C(s), proved in Section 3 leadSto the 

conclusion that, providad the matrix T in equation (16) 

is invertible, the low-order approximation obtained by 

the CFE2 can also be obtained by the MPA technique of 

equation (14) and vice versa. This fact will be 

illustrated in a numerical example of Section 6. 

However, if the matrix T is not invertible, there 

exist other models of the same order, besides the  

model obtained by the CFB2, whose coeficients a 1  b 

satisfy the equation (14). Among these models, some 

may be stable whereas others including the one obtained 

by the CFE2 may not be stable.'  

5. LOW-ORDER APPROXIMATIONS FOR TRANSFER FUNCTION MATRICES.- 

It is easy to see that the PA and MPA described 

in Section 3 and 4, for a scalar transfer function, can 

be easily extended to a transfer functi_n matrix; the 

scalar coefficients in the power series expansions, 

about s=O and s=cc, will now be replaced by constant 

matrices of appropriate dimension and a low-order 

mult:::variablnmodel is obtained by 'fitting' these con- 

stant matrices up to certain power of 5, Obviously, 



J5. 

the PA and NPA techniques can be applied to non-square 

transfer function matrices whereas the CFE1 and CFE2 

cannot, Furthermore, as no matrix inversion is in-

volved in using the PA or MPA, they are, computationally, 

more attractive than the CFE1 or CFE2, especially for 

systems with large numbers of inputs and outputs. 

We shall now proceed to show that the relation shown 

in Section 3 for the scalar case between the power series 

expansions, about s=0 and s=c', of the original transfer 

function and that GI' the low-order model obtained by 

the CFE1 or CFE2 can be easily extended to a rational 

proper transfer function matrix G(s); G(s) is assumed 

to uu invertible and has a n-mr,n auu 

Analogous to 	equation (8), the rational proper 

transfer function matrix G(s) is 

CFE of the form 

G(s) 	= 	/kis 	[B1 	.A2s[B2  + 

and its power series expansions 

G(s) 	= 	Po 	P1  s 	P2s
2 1- 

02s-2 
Qo 	41s

-1 

Define 

E1 	A,s 

1 	
B
1 

E 	A 	B2A1s , 

1B 	+ 2 	'9  
F2 	B 	s 

assumed to have  A.'gc>nern.1  

A2ns[B2n]-1**]-1]-1  

exist 

expanded about s=0 

expanded about 

(17)  

(18)  

or in general 
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B ,(s) 
P-4  

B 	(s) 
P 	, 

F 	(s) 

= 

= 

B 
P 

B 
P 

E_ 	(s) 
P-I 

F.1 (s) 
13-  

+ 

+ 

A s 
P 

As p 
(19) 

assuming tha;:. 

B 	= I, F 	= 0, E = 0, Fu 
= I 

It is easy to see that the equation (17) can be reduced 

to 	equation (3) by setting 

Al  = 	I, A2  = A3 	• • • = A213. = 

B, = H1, B2  = H2, 	 B2n = H2n. 

With the Fes , E 	defined in 	- equation (19)4, a 

low-order model M can be obtained where 
p 

-1 N = F E . 
P P 

For p = 1,21 	2n, we have 

M
1 
= F

1
-1 

B1  = -1  

M, = F2 	E2 = EH2H1 + s 	H 

-1 n 
= [H1  + sH9 j 

M
3 

 7-1 B 
3 3 

= [H3  [I-I2 I H. + s:1.] + 3141]-1  [H3H, + s T1 

= EH2 + 
sAH1  •i- sH3 	

[H
3
II

2 	
sI] 

= 	s •11.4 7,1'"1  
2 

+ s* sH - 2 
• 
N 	17„ 

.il 	G11 	Cwll 



r.. 	r- -1-1]-
1 

L111  - L 	sLn
2 	

sCH
3 
 +. +soi2n j  

These low-order models can also be obtained directly 

by the =I by retaining only the fil..st few constant 

matrices H1 H2' ... in eauation (3). A low-order 

model 'Mp+1 can be written as 

= F-1 
"p-u-1 	 p+1 Ep+1 

= EHp+1Fp + sF s'.1 [Hp+1 Ep + sEp-1 

irH
13+-1- = 	EHp+i , Fp  + sF p-± ,J-l L 	,F 

P 
 F P-1  E P +sFp-1 

-1 Fp E p sFp-1Fp lEp + sEp-1 

,Hp+1Fp + sFp-1 [H 	F + sF p+1p 	p-1]-1 {1- 

F-1 E 	sF 	[F 1E- F-1  E 	1} 
P 	P 	p-1 p p 	P-1  11-1-  

- = 	F 1  E - sF-1 F 	[17 1E 	F 
P P 

	

	 p-1 p-1  p+1 p-I p p 

= N 	-1 sF 	Cm 	m 
p 	P+1  P-1  p 	p-1 

Thus, the difference between the two successive models 

and M is equal to 
P+1  

M p  

= sF
-1  

	

p+1 -p-1 (mp 	M ) p-1 

By repeating the same procedure on N 	M 	and so 
P-1  

we have 

97. 



M p+1 

= (-1)2  F-1 FF-1F 	(M 	, 	)s
2 

pq-1 	, P P-2 	P-1 	-P-2' 

= 	(-.1)13  F 
P-1- P-1 

F 
 P  F  P-- 

• • e • -1 P F 
-J. 

S- 

It is trivial to show that the product F
-1, F , F-1F _0.... 

- 	P-- 

FoIT1 where the F. ' 	0,1, ... p+1 are defined in the 

equation (19) can be expressed as 

F- 	 - 	00 

P+1  p-1 	FO 
 1 
F1 = (...1)11 /1 List 

i=0 

L. being constant matrices. Hence, we have 

Mp+1 M 

= 1] LisiP i=o 

Now, by definition, the original transfer function 
A,-1

2n E = r 2n' matrix G(s) = Mtn 	
the difference between 

G(s) and a low-order model, say, M is equal to 

G(s) - M p  

= M2n - M 

M2n-2 	-1-(M = (M2n M2n-1) 	(M2n-1 	1)+1 p-M ) 

= E (1, 	) si4-2n-1 c-0 
(L2n-2 ).s 2n-1 i i=o 	 i=o 

(L P ).s i+p 
1=0 

K.s10+1  
1. 

Thus, we can conclude that the power series expansions, 

about s=0, of the low- order model M obtained by the 



CFE1 of the equation (3) agrees with the corresponding 

power series expansion of the original transfer function 

matrix G(s) up to the sp-1  term. This fact will be 

illustrated in example (TV) of Section 6. 

By fcalowincr a similar procedure, we can also 

conclude that the power series expansions, about s=0 

and s= c-), of the low-order model 14 obtained by the 

CFE2 of equation (5) agree with the corresponding 

power series expansions, about s=0 and s=c,-.), of the 

original transfer function matrix G(s) up to certain terms. 

6. EXAMPLES  

(1) 	The original system, taken from I:6], is of 8th order 

and has transfer function 

C(s) a ( s) 
b(s) 

where 

a(s) = 18s7  + 514s6  + 5982s5  + 363823s
4  + 1226645j  

-+ 222088s
2 
 + 185760s + 40320 

b(S) = (s+1) (s+2) (s+3) (s+4) (s+5) (s+6) (s+7) (s+8). 

Suppose that a 2nd order model is required. The CFE2 

technique described in this chapter yields a model having 

the transfer function 

As + 5.436 
C2(s) = 
	 
s
2
+7.7s+5436 

While the CFE1 introduced by c.hen gives a model having 

the transfer function 

C
1
(s) = 	 

S.-4-6,0225+42838 

99. 

15.16s + 4,333 
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Fig. 1 shows the transient portion of the step response 

of the original system (curve a), the model C
1(s) 

(curve b) and the model C2(s) (curve c), which finally 

sett a down to the same steady state. "r÷ ca be seen 

4-11,t+ r (al er4-vram a 
—2'—' 

nv,1nnesar.4..4n4.a.... 

initial transient than C1(s). 

(ii) 	Given a control system having the transfer function 

C(s) - 
2 + 6s 4. 8s 

2 

the models obtained by using the CFE3. and CFE2 having -

the transfer functions 

1.776s + 0.222 	 C1(s) = (s+0.12391.791) 

C
2
(s) = 

8s + 7.6 

 

(s+2.1)2+ (1.786)2  

respectively, Fig. 2 shows the step response of C(s) 

(curve a), C1(s) (curve b) and C2(s) (curve c). The 

model C2(s) again gives good approximation to the 

initial transient and yields the correct steady-sLate 

response. Although its behaviour after the initial 

transient is not a very good approximation, it js• at 

least stable, whereas -.nodel C1(s), given by the =1, 

is 'unstable. 

The original system C(s) in the ey-;1mple (ii) 

above has the following power series expansions 

C(s) 

 

8s  ,'6s+2  

   

(E1+2) (s+1)
2  

2 
s 3s  = 	+ 	± y a 0 	expanded about s=0 7 

2 

(s+2) (s+l) 
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-1 	-2 	-3 = OS ...ZUS -FOOs 

 

expanded about s=ou, 

 

and the corresponding power series expansions of C2(s) 

obtained by the CFE2 are 

C2(s) = 
8s + 7.6 

,2 	f, ( Cs,  8+_.A.) 7 %.1..0..01 

= 1 + 	3.1 -s  2  
i.o 

 

expanded about s=0 

 

= 8s , -2 
20s 	48.4s-3+ 	 expanded 

about s=e,o 

It is easy to see that the power series expansions, 

about s=0 (s=0‹.,), of the 2nd order model C2(s) obtained 

by the CFE2 agree with the corresponding power series 

expansion, about s=0 (about s=c), of the original system 

C(s) up to the s (s-2) term, as shown in Section 3. 

To obtain a 2nd order model., say, C2(s) by the 

NPA technique of equation (14) in Section 4, the 2 x 2 

matrix T in equation (16) is found to he 

	

8 	-26 
T= 

	

-1 	8 

and its determinant IT I = 8 x 8 - (26) = 38 / 0. Thuo, 

T is invertible and the resulting 2nd order model 

ys)isunique.Thecoefficientsd.in  the denominator 

of C
3
(s) can be round from equation (16) i.e. 

rd.1- 
	

8 	-26 -1 
	

1 

Ld2 
	 -1 	8 



I 
- 38  

8 

211 

1 
- 38 

L5 ]  

assuming that do  = 1; the coefficients ri  in the 

numerato.' can now be obtained from equation (14) i.e. 

ro = po = 1 

rl  = pl  + dlpo 

1 	2 110 = 	1__ 	= 
2 • 38 38. 

Thus, the 2nd order model C
3
(0 obtained by the NPA is 

found to be 

40 1 + 
38  C

3
(s) = 

1 + 30 21, 	5 2 
38  

8s -1- 7.6 

s2 + 4.25 + 7.6 

which is equal to the 2nd order modelC2(z) obtained by 

the Ca E2 techniql,e, as shown in Section 4. 

(IV) 	a 2-input, 2-output system, taken from [7], is 

now considered* The tasfer function matrix C(s) of the 

system is given b 	

rn 

y 

102 

1 26 



H1 	6250 
1 

112 - 	
7444 
6250 

1.03. 

   

0121 

 

C(s) = 

 

C21 Coo  
4.4 

 

.6250 

   

    

G(s) 

where 

Cif 	0.01496s2 	1.523s + 2.54 

c12 	95.1552 
+ 1130s 4- 1810 

C21 	0.0852'32  4- 8.6 s + 12.3 

C22 	124s2 + 1491s + 2520 

G(s) = 6.25154  + 703.2s3  + 8416s2 	21834s 	15862 

C(s) is square and has a CFE1 expansion given by equation 

(3) where 

2520 	-1810 

-123 	2.54 

—1.525 	113o 

8.6 	1491 

; its power series expansien;  about s=05  is given by 

C(s) = Po + P1  s + P2c.'" + 	 

where 

0 

2.54 

[±2.3  

3.810 

 

1 

2520 

 

15862 

    



1 

1009.8 

104. 

1.971 	1362 

1 
15862 

8.33 	1978 

15862 
1510 

A low-order model M2(s) = [H1 	sH2
1]-1  obtained by CFE1 

is 

1.525s-1-2.54 	1130s+1810 

Vii _ (s) 
-z 

_8.6s1-12.3 	1491s1-2580_ 

7444s2- -2183  

Whose power series expansion, about s=0 is given by 

N21(s) = Po + P1  s P23
2  

Where 

2.54 1810 

0 15862 
12.3 2520 

1.971 1362 

15862 
P,33 1978 

1.521 1025.6 

1 P
2 5.698 1541 15862 

1.3799 
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Thus as shown theoretically in Section 5, the power series 

expansion, about s=0, of the low-order model N2(s) = 

[H, 	SH2  J 	obtained by the CFE1 technique agrees with 
4- 

2.4.• correzPonding power serien expansion, about s=0, 

of the original systa(A C(s) up to the s terw. 

The two output step responses of the original 

system C(s) and its model N2(s) are shown in Fig. 3 

and 4. Tt can be seen that the step responses of the 

model's outputs are practically identical tc that of the 
• , 	c-;- A ,x') original system. 0-- 



Flo 'I 

4 

1 
	

2 
	Times 

c 



1 07 . 

6 
,c 

/ I' 
(NI 

• 

• 

t \ I 

-3 S, 11 0 (1 3 0 A 



108 

eD 

E 
1 .- 

-0 

•J 	hl 0 a b .1 ci n s 	n 

C 



1 0 9 . 

••• • 	1I 	tl 
L.. • 	 •-• • • 

c) 

co 



110. 

. 	REFERENCES 

(1) K. Chen, 'A Quick Method for Estimating Closed Loop 

Poles of Control Systems' AIEE Tr an. Vol. 76, Pt. II; 

May, 1957, pp, 80-87. 

(2) W. R. Evans, 'Control Systems Dyneminsl MeGv%a'w Hill 

Book Co., 1954, p. 46. 

(3) C. F. Chen and L. S. Shieh, 'A Novel Approach to Linear 

Model Simplification' 1968, JACC Record, pp. 454-461. 

(4) H. S. Wall, 'Continued Fractions' Van Nostrand 

1948, p. 377. 

(5) C. F. Chen, 'A Matrix Caller Model in Multivariable 

Systems Analysis and Design' 4th UKAC Control Convention, 

Multivariable Control System Design and Applications, 

September 1971, pp. 66-70. 

(6) M. R. Chidambaral  'Two Simple Techniques for the 

Simplification of Large Dynamic System 1969 Preprc:4-1-1,  

of JACC. 

(7) H. H. Rosenbrock and P. D. McMorran, 'State-space 

Analysis of Cascaded Controller' Proc. IEE, Vol. 

117, No. 5, May, 1970, pp. 1026-1030. 



CHAPTER 5 

A TIME DOMAIN TECHNIQUE 

FOR MODELLING 
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1. INTRODUCTION 

The problem of finding a transfer function 

model of a linear stable time-invariant plant described 

by an impulse response is considered in this Chapter. 

Two possible situations when this might arise are as 

follows: first, when the 	response of the plant 

has been found using correlation techniques, but a 

transfer function description is needed so that conven-

tional control-system design techniques can be employed; 

secondly, when it is desired to rind a low order model 

of a system with known transfer function and impulse 

response. A solution to the problem when the same situa-

tion arises has been presented in Chapter 4, where the 

low order model is obtained by using either continued 

fraction expansion or Pade approximation techniques; 

howevsr, as yet, the stability of the resulting model is 

not guaranteed even when the origjnal system is stable. 

Suppose that the impulse response is denoted by 

W. The output y and the input u of the plant are then 

related by 

y(t) = f '1(t-T)u(T)dt. 	 (1) 

A well known technique for fitting to a function involves 

fitting to a function a model consistin6  of a linear 

combination of linearly independent functions[1-2]. 

Since the transfer function of the plant considered, 

denoted by G(s), is the Laplace transform of 	impulse 

response, an approximation to G(s) can be obtained by 

fitting to W a model consisting of a linear combination 
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of functions with known Laplace transform. We shall 

only consider the ,case when u and y arc scalar—valued 

functions of time since other cases can be treated by 

applying the approach developed here to each elemenL 

of the corresponding impulse response wiatrix. 

Suppose that the functions from which the model 

of W is to be constructed are fl'f2' 	f ; then the 

model of the impulse response W is of the form 
fs, 

w(e)
a 

= a
1f1(0) 	a2f2(8) Pf (0) 	(2) 

where a = (alla2,....a
p
)' and the zcalar components ai 

can be chosen to minimise the error functon 

E(a) = f: (w(e) — g(0)
a )21°(e)de 
	

(3) 

where f(0) is a positive scalar, 

The problem of choosing the components a. to 

minimise E of equation (3) is greatly simplified if 

the functions f. are orthonormal, in that 

o .c. (3)f .(0 	= 5.. ij (Kronecker Delta) 

since it is then easy to show that 

P 	co 
E(a)=CW(8)21.0(0)de-2Eallo W(0)f.(W(e)de 

+i,, 
1 

so that the minimising coiitponer_ts a. are given by 

J~rt-7 w(e)f.(e)(e)de. ) 0 

Thp optimised model of the impulse response is then 

given by 

i:1.(6) 	= Va!!f..(e) 
l=1 

i=1 

a. (4) 
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and the associated approximation to the transfer function 

G(s) is 

G(s) = r ct!F(s) 	 (5) 
j1 

where 
	

F. (s) is the Laplace transform of f.(8). 

It is often desirable for an approximation to a 

plant transfer function to have the same steady state 

response as the plant for some pre—specified inputs, 

e.g. step input, ramp input etc; this feature is noi, 

guaranteed for the above modelling procedure. In this 

Chapter, it will be shown how essentially the same techn—

ique can be used to choose an approximation to the 

transfer function which has the same steady state response 

as the plant, for specified inputs. This method has a 

great advantage over the continued fraction expansion or 

other pcer series approximation techniques in that it 

is easy to guarantee at least the open loop stability of 

the model. It will also be described how a minimal 

realisation of the impulse response lki(t) of the model 

can be obtained, using Gilbert's method [5]. The eigen—

values of the model are assumed to be simple. The 

influence of the locations of the eigenvalues of 'V(t) on 

the order of the minimal realisation is described. 

2. TRANSFER FUNCTION DETERMINATION TO GIVE EXACT 

STEADY STATE RESPONSE  

Since the transfer function 	associated with 

a model W of the impulse response W is just the Laplace 

transform of. W, for a(s) to give the same steady state 
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response as the system with impulse response W, it is 

necessary only that the model VT of W yields the same 

steady state response as W when used in equation (1). 

Suppose that the model W is required to give the same 

steady state response as W for all the q pre—specified 

input functions u1 	/ (t) u2 
 (t) ...0 (t). Let the steady 

stateresponseofWtotheinputsu.(t), j = 11 2,....q 

be W. J, i.e. 

W. = f W(..-T)u.(T)dT _0, j = 11 2,....q, 

and the steady output for the model W of equation (2) 

to the inputs u. be 

yi  =f r a.f.(-1.)u (T)dt 
" 

r cc. 	f,(—T)u (T)dT 
i=i 

p r a. ill P3 
1 

where 

13 — = .1 f.(---01-1—(T)dT 	
= 1,2, 		 

ij 	-00 i 	 j = 11 2, 	q. 

Thus, the problem of choosing the components mi  of the 

model W of equation (2) so as to give the best possible 

fit to W (i.e. so as to minimise E(a) of equation (3)) 

while ensuring that the model givesthe same steady state 

response as the plant can be formulated as the problem 

of minimising El0 with respect to m1,a2,....m subject 

to a ..:et of linear equality constraints 

W. =r 	. . • . = 11 2,....q; 	(6) 

for the pro'olcm to be well—defined, q < p. We shall 
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nowshowthattheoptimFila.which satisfy the constraints 

are given by 

5i 	2 = 	p._3  ej 	i = 11 2,....p 	(7) 
j=1  

at 
whrsr^ al is as 	(h)• ,c  ,la—, 0  0  

3_ ,  2' 

0. satisfy the following set of linear simultaneous 

algebraic equations 

k = 1,21 ....q 

k 	ct  i1 ivik = 

and 

e 	A :131, 	0 	9  
5kj 	Pikt ij.  

Substituting cc 	equation (7) into equation (6) yields 

that 

1=1 
pij  

q = P r 
1=1 pik0k a.

+  
)Pi 3.. 

q p 

k=1_ i=1 

0 

1 
ce7. p. . 3. 3  

(1, 

k=1 

= W. 
J,  

by making u9e of equations (8a) and (8b). Hence, Cjci  

satisfy the constraints. From equation (3), it is easy 

to show that 

E(+5a) = E(a) + 2 ) 	(5 —a )6a. + 	ba2. 
1 

1=1 
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P 
= E(a) + 2 E 	E 5..e.ba. + { bat 

1=1 j=1 13-J j 	i=1 

q P 
E ( E 	R. .6a.)e. 	r 5a2  

	

j=1 i=1 1J 1 J 	i=1 	i ( 9 ) 

where 

ba = (5aba2'  	Sap)  

Now 'EY: minimises E(a) subject to the constraints defined 

by equation (6) only if E(a+ba) 	E(a) for all a + ba 

such that the constraints are satisfied;i.e. for all 

+ ba such that 

W. = 	(a. +..ba.)P.. 	j =1,2, 	 
• • i ij i=1 

Now since n  has  been shown to satisatisfy the constraints, 

the only changes 

ba 	= .c4-1/ ba21 
	ba P) 

which has to be considered are those for which 

p. .ba. = 0. 
i=1 iJ  

For such changes ba, it is obvious from equation (9) 

that EC +ba) 	EM, which proves that a. given by 

equation (7) minimises E(a) subject to the constraints 

defined by equation (6). The required approximation to 

the transfer function G(s) which has the same steady 

state response as the plant is therefore a(s) of equation 

(5) with a. replaced by a.. 

• 

Note that, if u.(t) j-1  = J 
— 1 0 - 1,Lal 
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(-1)J-1W. = (j-1)th time moment of the impulse response 

O 

W1 whereW.=1W(—.0u.(T) dT; Lhe 0th time moment 

corresponds to the area under the W(t) curve and is 

equal to the steady state response to a unit step input. 

Thus, the model W which satisfies the constraints defined 

by equation (6) has its first (q-1) time mon.ents equal to 

those of impulse response W. For a model W to satisfy only 

one constraint u
1
(t) = t

o 
= 1, i.e. W and W have the 

same steady state response to a constant input, the 

expressionfortheoptimalscalafsa.reduces to 

=Si  6 + a4: 
	

i= 1,2, 	p 	(10) 

where a! is as given by equation (4) and where 

p 
e = (w — r a'-. J(3.)/y 

.  
1=1.' 

(10a) 

w 	w(T)dT 	 (lob) 
S 	0 

. Pi 	f 	-r f.(T)d, 

and 

T=  ?1  -1q A 0. 
i=1 

Equations (10) willbe used in the following numerical 

example where the model W is required to have the same 

steady state response as W, for 	con:,tant input. 

3. EXAMPLE  

The single—input single—outpuL plant considered 

here, taken from [3], is of 8th ordel l  has transfer 
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function 

G(s) = a(s)/b(s) 

where 

6 	4 	3 a(s) = 1857+514s +5982s5+363823s +1226644 

A.nnn(100 2,10r,,Cn .4.4,wytiSe , A.u,,funaS 4•J'2ki 

b(s) = (s4-1)(s+2)(s+3)(s+4)(s+5)(s+6)(s+7)(s+8) 

and has a impulse response 

—t 	—2t . —3t 	—4t 	—5t 	—6t w(t) = —3e +4e 	—0e 	+oe 	+5e 	—12e 

4-140-7t+8e-8t 

The orthonormal functions used for impulse response 

approximation purposes are 

fl(e) =j2,\Ie `].6  

J2X, 	. 	•\ 
f2(6) = 	 (2A e Xle—(X.1+X2)e"2ua 

 
) 

(X
1

X
2
) 	1 

for which r(e) = 1 	d e. Such functions are described 

in [I] and have Laplace transforms 

F1(s) =j2X1 
1  

s+X
1 

F
2
(s) =i2X0  

s:--X
1  

(s+X
1)(s+X2) 

Initially the problem of fitting 1st— aud 2nd—order 
tee 

models of W (A  1st--ordermodel being of the form W = a
1
£
1 

and the 2nd—order model being of the form Il = a
1 
 fl a

2
f
2) 

with X
1
=-1 and X0  =,-4) was considered without attempting 

to satisfy the constraint that the steady state response 
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of the plant and the model be identical, for step input, 

using the method outlined in the Introduction. The 

optimised transfer function for the lst—order model was 

G(s) = 2.25/(s+1), and that for the 2nd—order model was 

G(s) = (14.43s+2.52)/(s+1)(s+4). The responses of the 

actual plant and of the 1st—order model for a unit step 

in the input (starting at time L = 0, with the input zero 

for t < 0) are shown in Figures la and b respectively. 

Similar responses for the optimised 2nd—order model are 

shown in Figure 2. As would be expected, the 2nd—order 

model gives a response closer to the plant response than 

does the lst—order model. However, the steady state . 

responses for both models are not equal to the steady 

state response of the plant. Next, the technique for 

obtaining transfer functions presented in Section 2 to 

give the same steady state response as the plant was 

applied to the choice of 1st and 2nd—order models. The 

resulting transfer functions ;.ere G(s) = 1/(s+1) and 

G(s) = (14.2s+4)/(s+1)(s+4), respectively. The associa—

ted respcAse for a unit step input for the 1st—order 

model is shown in Figure lc and that for the 2nd—order 

mo,'.el in Figure 2c. This time, the steady state response 

for both models is the same as that of the syste..in, and 

the model responses, seem, overall, to be more acceptable 

approximations to the sysyem response than the responses 

given bi." the models chosen without regard to steady state 

response. 
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11. NINTNAT REP ISATION OF THE InTd ORDER mnapT 

Each element Eli..ij
(t) of the impulse response 

matrix 1•T (t) of the model is assumed to be obtained 

s  a li.npar combination nf orthnnormal f11TIC.“0T1s, 

1.1. 111 m 	'-;enbnirple described i.r1 Sentimn 2. Thn 

orthonormal functions used here are the Laguerre 

functions 

(t) 	e -1-  1 	1 

'2 (t) 
ja2 (2X e-X1

t 	(x 
1 
 2)e-X2t) 

= 
(X1-X2) 

described in detail in [4]. Thus, each element iii44(t) 

of the pxq matrix td t) can be expresJed as 

	

N. 	O. 

	

ZI-(7  • - t 
= E 	 

ij k=1 (s+X ) 

= 1,21..wp 

j = 1,21 	q. 

It Is now easy to see that the Laplace transform 

G(s) of Nt) can be expressed as 

m H. 
G(s) = E 1  

i=ms-A.) 

where tbe pxcl matrix 

H. = Lim (s1-?. )(s). 

m is the number of simple eigenvalues -Xi1 
 each of 

rank r.. Then by Gilberts method PI], a minimal 

realization of the model of order n= 	r. can be 
I =1 

expreosed as 



x = Ax z Bu.  

Cx 

where 

-X-1  Il 	0 

0 

A = ,B = 	• 

0 	0 	 X I 
M M 

C = 	El ,E2,,.......Em  ] 

and I. is a unit matrix of order r.. E. is a p x ri 

matrix consisting of the linearly independent columns 

of H. of rank r . . Fi is a r.xq matrix given Ly 2. 

F
. 
= (E'R )E!H.. 1 3. 

It is clear that if the same cigenvalue -X has 

been located at any q' (q' < q) elements in any row of 

the transfer function matrix a(s) of the model, instead 

of distinct eigenvalues, the total 'number of dist-Inct 

eigenvalues will be m-(q'-1). And since the rank of H. 

remains unchanged, the number of integrators required 

to realise 'd(s) will be (W-1) less than that required 

when all eigenvalues are distinct. Similarly, the 

number of integrators required is decreased by p'-1 

(p' < p) if an.y p' elements of any column of G(s) has 

the same eiLen-value H3, say. These effects are illust-

rated belov. 



1 2 5. 

► 

r1  

1 
-------=---- ,_ 	__--_---------- 	i 



1  H1  - 167 —1.012 
H = 2 83 

0 	—0.872 

0 	0 

1.01 

0.866 

1 

[ 0 	0.1256 

L 0 	0.0736_ 
H = 1 
3 

0.00898 0.103- 

  

L0.142 	.0602. 

_ 	= 
H6 

H8  = 

1 
r0 

_0.0585 

0 

0.0145 

01 
1 I 

0 i 

1 0 

0 

0.6 

1 - 0.4 

, F 
5 
	
0.7.[ 

 

0 	0 

0.358 	0 

  

0 	0 

0.0i6 	0 

  

1  H7 0.5 

 

   

0.0368 
1  H - 9 

0 	0 

0.0195 

H 	- 	1 - 11 	0.09 
0 	0 

l 

X1 
6 

X 11 

1 2%. 	= 
2 

k 	= 7 

X 12 

1 
83 

1  0.5 

= 

/ 	%3 

% 8 

1  

1 
167 1.1 

0.6 	' 

1  = 

0.4 

0.09 0.08 

H10 

H12 

' 

' 

1 
0.0333 

-b,00404 

0 

1 

of 
= - 	0.1 

1 
= 0,08 

= 1, 	X_ 1.4 0.7 = 

' 	%10 %9 = o.fT 0.1 

0 

5. NUMERICAL EXAMPLE  

The complex system considered is a two-input, 

two-output linear stationary system of order 14. The 

2 x 2 transfer function matrix G(s) of the system is 

given by 
12 	H. 

G(s) = 
•i (s+X. ) i= 

where 
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By using the modelling method described in [1], 

a model 'd(s) of the transfer function G(s) is found to 

be 

1-.00793  
1 

G(s ) 
	167 

.00942 

107 

It is obvious that each element of G(s) matrix can be 

realised by a linear system of order 2. Thus, a direct 

realisation of G(s) has order iix 2 =8. Now we express 

G(s) as 

G(s) = 
3 	H. 

1  
i =1 (s+X.) 

0.327 0.0117 	. 0.1231 
s 	1 s 	1 

s 	03 

.555 0.00603 .0105 

Sr 
 s, s+1 

167 

O.00793 

O.00942 

—0.327 

—0.555 

0 

—0.00603 

O.123 

O.0105 

where 

H1 = 

H
3 
 = 

O —0.0117 

2 
 

O 0 

%
1 167 %2  and 3 = 1. Note that H1 and H3 ' 	"87 
are of rank 2 and H2 

is of rank 1. Hence, by Gilbert's 

method of minimal realisation described above, -el(s) can 

be represented by the following linear, vector differential 

equation of order 5. 

* = Ax + Bu 

y = Cx 

where 
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1 
167 

A = 

0 	  0 

o 16i 
1 

83 • 

1 

-1 
0 

L 

0 

O 1 

o 1  

1 	0 

o 1 

	

r-  0.00805 	0. 	-0.0117 	-0.327 	0.123 

	

C =L 0.00946 	-0.00604 	0 	-0.555 	0.0105 

Hence, for this example, minimal realisation of G(s) 

requires 3 less integraters than the direct realisation. 

The unit—step response of the system output yl  

and the corresponding output of the model ares_l 4 own in 

Fig. 3. (curve (a) and (b) respectively). 

B = and 
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LOWER BOUNDS WITH APPLICATION 

TO MODEL ACCURACY 
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1. INTRODUCTION  

Consider the optimisation problem: 

minimise with respect to the control function u the 

-norformnrirrl 

" 	 ., 
vEll] = 	J L<lylIJ-yd(t))7 Q(L)(y(L)-yd(t))› 

T 

<u(t), R(t)u(t)>ldt 
	

(1) 

for the linear dynamical system 

t 
y(t) = yz(t) 	f t  w(t,--oumdT 

	(2) 

where y is the output function; ys 
is the contribution 

to the output due the initial conditions or other 

external influences; yd  is the desired system response; 

u is the control function; W is the open-loop transfer 

function operator linking input to output; (1(t) > 0; 

R(t) > 0; u(t)c-  Rm  and y(t), ys(t), yd(t)G  Rr  dtC T = 

[46 s  ,t_],  tf-ts 
<co. Using Hilbert space notation, 

equations (I) and (2) can be expressed as 

V[u] z 1  <[ 	1 <u Y-Yd31  QCY'''YdJ> 	rtu> 2 	' (3) 

and 

y = ys  4- 1u 

where 

<[y-Yd],Q[Y-Ydi> 

<Ey(0-yri(t)]9 Cl[y(t)-1•a(t)]>dL, 

[Ruj(t) 	R(t)u(k), 

Ewul(t) 	wo; 
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and where U7 y etr. are taken to be members of appropriate 

Hilbert spaces. It, can be shown that the optimal control 

function
o for the above problem is given by 

= 	(H ± W*QW)-1W*Q(ys-Yd) 

A 

where the operator W* 	the ad joint of W. The direct 

solution of equation (4) is often avoided, for 

(R W*QW) is an infinite-dimensional compact operator 

and is therefore difficult to invert numerically. The 

problem is usually solved by iterative algorithms e.g. 

conjugate gradient, contraction mapping algorithms. A 

suboptimal solution to the problem is sometimes sought 

by specifying the structure of the control function u [1]. 

Also, it may be necessary, computaticnally, -to approxi-

mate the impulse response of the system by a simple 

model. Whichever approximation approach is used, it is 

often desirable to know how close is the approximate 

solution to the optimal one without actually knowing 

the optimal solution. In this Chapter, we shall develop 

several lower bounds for the minimum performance index 

V
o and discuss application as a simple test on the valid-

ity of a system model. Also, their use as a stopping 

condition for iterati.-2 optithisatjon algorithms is 

discussed. These lower bounds are closer than those 

obtained by Allwright [2], at the expense of extra 

computation, for the linear convolution-Aescribed 

systems. The further computational effort is about that 

which is required to perform one extra optimisation 

iteration. 
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2. LOWER BOUNDS 

The lower bound results are stated below 

i) 	For R > 0 and Q > 0, 

V 	> V(u) - 9  - <g, R g> = V1 (u) 

44) !inv. R > 0 and Q > 0, 

1<cfora„.....„ 1 	NR  -1014  
2 	-1 
<WR g,(Q

-1
+WR

-1W*)WR-1g> 

= V2(u) 

iii) For R > 0 and Q > 0, 

1 	HQ2WR  V >,,V(u)- -<T,R-1g>+ 2 	2 2- 	4.  i -1 <Q WR- ig,(I+Q WR-1  W*(1')Q WR g> 

= V3 
 
(u) 

iv) For R > 0 and Q > (or >) 0, 

	

V
o 

	V(u) 	1 <7 (R 1-R 1W*QWR 1+R"  1W*QWR 1W*QWR )g> 

=(u) 

	

where V° 	the minimal performance index; V(u) is the 

performance index and g is the gradient of V(u) with 

respect to u, for the control function u. The superscript 

denotes the adjoint of an operator and inequalities > 0 

and >, 0 denote, respectively, positive definitepess and 

positive semi-definiteness of a symmetric operator. 

The proofs of the above results are facilitated by 

the following simple lemmas: 

Le, 	--la I For linear bounded operators Q, R3  S and T 

  

on appropriate Eanach spaces, we have 



3 . 

(R+S*QT)71=R-1-R-a-S*Q2 (i+Q R-ls*Q1)-1Q-1-TR-1  

provided R > 0 and Q 0. 

Proof  The tollowing constructive proof was 

  

suggested by Allwright. By writing 

A = R + S*QT 

we have 

A = R + S*QT. 

Pre-multiplying both sides by A-1 and then post- 

m'tltiplying by R - yields 

R
-1 

Post-multiplying this by S*Q7  and rearranging gives 

-1-  A-1 S*CZ = R 1S*Q2(I+Q7  TR-1  s*Q. )1 

Substituting for A-1S*Q.7 in the above expression for 

A-1 then yields the required result. 

Lemma 2 	For the same operatJ:;:s and hypothesis as 

in Lemma 1, save that Q > 0, 

1 
(R+S*QT)-1  = R-1- R- 	TR=1S*)- TR

-1
. 

Proof : 	The result of Lemma 2 follows from that of 

Lemma by noting that, when Q > 0, 
1 

 

 

4 Q (I + eTR-1S*Q1)-1j=(Q-1  + 
-1 -1 

TR S*) 

Lemma 3 	For any non-zero vectors xi  y and any 

linear bounded symmetric operator P > 0, 

1
Y> > 	 7:1_Y>

2 

<x,Px> * 

Pro of  Since P2  and P Z  exist and are positive- 

   

definite, we have 



I 	1 	n 	1. 

<x, y>2 = <xi  PP-7y> = <13 x. P y>-  

w 	
flH 4 n2

P7xn
2 
 uP -y 	= <x, Px> < y, P-iy>. 

As 

<x, Px> "> 0 	v x 1  0, 

it follows that 

<V ? 
 I <x0>

2 

<x, Px> 

Using the above Lemmas, we can now come to the 

Proof  of the Lower  Bound Results  

i) By substituting equation (2) into equation (1), we 

have 

V(u) = 	<u, (R+W*QW)u> + <u, IVQ(Ys-YA)› 

<( Ys-Yd),  Q(Ys-Yd )” 

It is obvious that V has a unique minimum and differen- 

tiating V with respect to u yields the gradient funct- 

ion g 

g = Ru + W*0.(y a Yd) 

(R + w*Qw)u + w*Q(ys  - yd. 

At the optimum, g = 0 and the unique optimal control 

function u is given by 

R-111*Q(Y Yd) 

and the minimun performance index is 

vo 	<11'.1/(Y-Yd)7 

+ V(4) 

(ni-w*Qw)-1Wcz(ys-yd)› 

where V(u) is the performEince index for the cont.vol 

function 	It is now trivial to show , 

„r  



(3), that 

1 	, V° = V(u) .. 2  - <g. (R+WNW)
-1  g> ' 

where g is the gradient function for the control u, 

Since 1VQW > 0, 

<x, tt̂ 1x> > <x, (R+10QW)-lx> 	V x 	0. 

The result of (i) follows immediately. 

ii) 	From equation (4) and Lemma 2, 

1 	1 .-< V°= V(u)- .E< g,R
1g>+ 	g,R-1W*(Q-1+WR-1W*)-1WR-1g> 

1 	-1 	1 	-1 	-J 	-1 . -1 	 1 g> = V(u)- -<g,R g>+ -<WR g,(C1 +WR 	WR 	. 2 	2 

Then, Lemma 3 gives 

-1 	- 	- <wR 	g, 	1.1.wR  lw*)  lwR- lg>  

dWR-14 

Thus, 

-1 <WR g, (Q-1  WR-1W*)WR-1g> 

V
o 	

,R >+ 2 	T 	2 	1
1  g 

-I, 	-1 <WR-1 
hiR

g,(Q +WR ei")WR g> 

as required. 

iii) The proof here is similar to that of (ii), save 

that Lemma 1 is now used. 

iv) Apply-4.ng Lemma 2 to (Q-1.4-WR-141*)-1  reveals that 

<WR-1g, (Q-1+WR-1W*)-1WR-1g> 

= 	(Q QW(114.W*QW)-11POWR-ig>. 

Hence, 

V°= V(u) - 1- <g, R-18.> 2 

-1 <WR gl(Q-C1W(R+W'QW) 1W*Q)W -1
g> 

V(u)-  47<g)(R-1-R-1W'QWR-1+R-IW*C4WR-1W*QWR-1  

s W 	. 

f 

4 
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It is easy to see t.naG une same result is obtained 

if Q > O. 

3. TEST OF A SYSTEM MODEL  

As has been explained in the previous Chapters, 

it is often desirable to reduce the order of the control 

system for analysis, design or optimisation purposes. 

Several techniques fer model simplification have been 

presented in Chapter 4 for systems described in the 

frequency domain and in Chapter 5 for systems described 

in the time domain. So far, the only test that has been 

made on the validity of the low order model is by 

comparing the response of the system and its model to 

some specified inputs e.g. a, at,. etc. However, for 

the optimisation problem using a model, it would be 

desirable to compare the system response to the optimal 

control u
o  oC the system and t the optimal control it 

of the model; usually, it is done by finding the differ-

ence between the optimal performance index V°  and the 

performance index V[ITI] using a. Furthermore, it is hoped 
that ,ne comparison can be made without knowing the opti-

mal control u° of the system. The results of the lower 

bound on the optimal performance index derived in 

Section 2 may be used for this purpose; for The lower 

bounds V.Eii], 1=1,2,3)4 give an estimate of V
o
. This 

can be demonstrated by using the example in Chapter 1. 

The state-space subsystem :is obtained by using the 

modelling technique presented in Chapter 5 and the 

accuracy of the model is altered by changing the length 
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p of the recent past input history applied to the 
/10 

convolution-described subsystem. The lower hound V
1 

and one of the closer lower bounds V2 ,of Section 2 

were calculated for p = 0,1,2,3 and the results are 

presented in the followin  g table, where u is the 

optimal control of the model and VD.] is the perform-

ance index using 

p c'fic17.1] i 2c1-1] vuo, 
0 —.56009 .52109 1.0598 

1 .00936 .53214 .86456 

2 .080131 .54472 .78001 

3 .35818 .54984 .74844 

To compare the results, V°  is also calculated; V°=.56478. 

It can be seen that , as p increases, the value of the 

lower bound V
1 
and "V increases, so getting nearer to 

V
o 
and hence a better estimation of V° is obtained. 

At p = 3, the error in using V2  to estimate V°  is 

0.56478 - 0.54984 = 0.01494. It can also be seen that, 

for each p, the closer lower hound V2 gives a much 

boter estimation than V
I

, especially at p=0. This 

should offset the extra computation required in 

calculating V2. 

4. STOPPING CONDITIONS  FOR  ITERATIVE ALGORITHI4S  

When iterative optimisatioll algorithms are used 

to optimise the control function u fer the problem 

described in the Introduction, it is desirable to know 

when 11., the control function obtained at iteration j 
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of such an alqorithm, is an adecivate approximation 

to
o, the optimal control function which minimises 

V[u]. For once an adequate approximation has been 

obtained, iteration can cease. Allwright has obtained 

stopping conditions for iterative control function 

optimisation using the following types of approximation 

to the np-kimal control function. For real pre-specified 

scalarE>07 u.is said to be an €(absolute) approxi- 
J 

'nation 	u
o 

to 	if 11/[u
j 
 ]-17[2]1 4 E; similarly, u. is an 

.."E 	 u
o 

(relative) approximation to 	if 1(v[u.
J-
.1-V[e])/V[u(1 

o , 
is assumed here that VLu > 0, which will 

occur whenever the free response of the system is 

not eaual to the desired response. 

Let g[u.] be the gradient function for the control 

iancvion u,. Then, as shown r.iL 	closer 

lower bound for the minimum performance index V[e] is 

V Eu 2 j. = V[u.] 	g[u 1  <. ] R-1 [u]> ' 

1111R-Ig[ui]ll 
4 	- 	

(5) 
2 <WR-igCui], (Q-14-11R-1W*)WR-ig[ui]> 

which implies that V'2[11j] < VCucl. 

c(1-,3SOLUTE) APPROXINATION  

It is easy to see that 1 1 [1_ -i-V[u°]1.;.< I VEu ] 

%2 - 
. A a 

ru .1 1  , = 	. so that u. is an E:Jabsolute) approximation 

o a 
to nwhonev .:C= > 4, 

C(RELATIVE) APPaOXIMATION  

Since 1(v[lt ]- V[11°])/VEu°31 < l(vru 

ru 11 2" 1" 
if V Cu 1 > 0, u. is an E(relative) 

2 
Cu .] 
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rr 	 - 
	 to 

loo  if 
	 sz. • . 

The gradient function s[u j  ] for u is usually j  

required by iterative optimisation algorithms, so the 

•-• „ 
lower bound V2Luj.1 on VEu°11 can be calculated by 

using it in equation (5). It is then easy to decide 

whether iteration can cease, by checking whether u 

is an e(absol,it,,) approximation or E(relative) 

approximation for a suitable E as required. In [2],  

Alluright's lower bound V
1j] is 

ii1Cuj]=1/Tu.]- 1  <g[u ], 11-1gEu.3> 2 

r  
and is therefore related to the new lower bound V

2
Lu
j 

by 

111.1R-1g[u.414  
[11j]= 	Cu.]-1- 1 	 

2 1 j 2 
<WR-1g[u.],(Q-141.1R-1W*)WR-leu.]> 

(6) 

Since the second term is always positive when the 

gradient g[u.] is non-zero, the new lower bound V
2
Lu
j 

:is more positive and therefore closer to VEucl. This 

-a 
will lead to smaller E. and than the corresponding 

€.'t b. and a
r
. o t-kined by using 	Cu.]. Hence, if u. is 1 j 

actually an 6 approximation to uo, the new lower bound 

V,[u ] is more likely to reveal that =03 is than V
1Cuj]. j 

Furthermore, since the check on whether u. is an 
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E(relative) approximation is only applicable if V Lu.J 
2 3 

> 0 (or V/EujJ > 0) and rV'2E11.j] (or 	Cu.]) could be 
negative with IV2Euj]1> VEu°3 (or 	> VEncl), 

it would be lilzely to be applicable when the new lower 

bound V2Luj] is used instead of V1Cuj3. The additional 

term involved in the new lower 	eq":tt4n" (6) . 

is easy to calculate, since Q and R are operators 

which are easy to invert. 

For the example presented in Section 3, we have, 

- at p=3, 6
a 

= 1.74844 -• r  .549841= .19860 and E = 

1(.74844 - .54984)/.549841= .36118. Thus, the optimal 

control u of the parallel model with p=3, may be 

regarded as an 6(absolute, 	.19860) approximation or 

an  ef--,...t4", 	041,Q, 	• -.0, - 	approxima,,a.on to Lhe upiimul 

control uo of the system. 

An numerical example is given below to demonst-ra- 

te 	the use of the lower bound results as a stopping 

condition for iterative optimisation algorithms. 

5. EXAMPLE  

For comparison with Allwright's results, the 

system treated is that used as art example in [3], where 

y
s = (1, -1) , yd(t) = (1, 0) ; R(t) = 0.1; T = Co, 1]; 

    

   

• 0 

J 
A(t) 

0 

0 	1 
B(t) = 

   

   

 

[l 	0 

L0 

  

c(c) 
Q(t) 

10 
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i 
,,, 	a C. r C. a 

J 
r 

E. 
j 

0 3:6874939 - 	1 51.221298 - 

1 0.R1111761 93,6149712 1.5880249 - 

2 0.0631328 0.1332017 0.1124313 0.2647528  

3 0.0044296 0.0091227 0.0070402 0.0145776 

4 0.0002036 0.0004191 0.0002801 0.0005767 

5 0.0000069 0.0000142 0.0000213 0.0000438 

6 0.0000056 0.0000115 0.0000081 0.0000166 

7 0.0000001 0.0000002 0.0000001 0.0000002 

The convoluti-rn description of the system used here is 

derived in [3]. Simpson's rule with a step length of 0.01 

was used .for numerical integrations andAeonjugate-gradient 

algorithm was used to perform the iterative optimisation 

with an initial control function uo 
identically zero on '% 

Thevaluesof -eand Ej  as well as those of (=j
a  and 

E
r in [2] at iteration j are given in the table above. for 

= 0 11.-•-7. 

It can be seen from the table that G1 C F̀. and 
J 	J 

E.-  

	

--r 	.--,r 	 r 
. < c--.1-  and that e1 can be calculated when e1 

	

J 	J 

new lower bound results show that u5  is 	an 

E.:(absolute) appro:dmation with G = 0.00001, even though 

Allwright's lower bound V1
[a] does noz reveal that a 

E(absolute) Approximation has been obtained until u6  has 

been calculated. Though additional computational effort 

is required to calculate GA and j
, the possible saving 

in the number of iterations required could offset this. 

cannot. The 
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CHAPTER 7 

FREQUENCY DOMAIN APPROXIMATION 

TECHNIQUE FOR OPTIMAL CONTROL 



I. C 4. -1V. 

1. 	INTRODUCTION  

Extensive study has been made on the problem of optimis-

ing a linear tie--invariant control system with respect to a 

quadratic performance index. This nroblem can be solved by 

using either Kalman's theory of optimal control [1-2] in 

the time domain or Wiener's optimal filtering theory in 

the  isrognorcy an,nR4n [3:10 welman's theory leads to the 

solution of the nonlinear Riccati equation while Wiener's 

formulation requires the spectral factorisation of a positive 

definite matrix often known as the spectral density matrix 

(SDM). The most common complaint in using Kalman's approach 

is that not all the states of the system are accessible to 

physical measurement and therefore not available for feedback 

control schemesA more serious difficulty is that systms 

designs based on optimality become very complicated if the 

order of the system is high and therefore expensive to 

implement. As have been discussed in the previous Chapters, 

a well-known approach to overcome this difficulty is to 

find a suboptimal solution to the problem, using a suitable 

low-order model to the system. The main theme of this 

Chapter will be the linear regulator problem formulated in 

the frequency domain. 

Several methods for the spectral factorisation of a 

rational regular contiitous time SDN have been suggested. 

Before discussirs these methods, we shall e:cplain some 

terminology: let A(s) Ipamxnrational matri:z function of 

the Gomplex variable s, then the matrix A(s) is said to be 

poraconjuzyrmitictn if A'(s) 	A( -s) (where (n)* f_1:7,:netes 

i;he eunjuv:o.Le.i.vrAnzczim 	rAild 3. u 	LLU Lu be 
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paraconjugate unitary if either A''(--s) A(s) = In  or A(s) 

A* (-7) = 
I or both. A polynomial matrix is said to be of 

normal rank r if (i) there exists at least one subminor of 

order r which does not vanish identically!  and (ii) all 

minors of order greater than r vanish identically. Lastly, 

we term a matrix elementary if and only if it has a constant 

determinant. 

The most complete and elegant solution to the factorisa-

tion problem was given by Youla Cu]. Central to Youla's 

method of proof is the use of the Smith-McMillan canonical 

form for rational matrices and the technique for factoring 

a positive elementary polynomial paraconjugate hermitian 

matrix due to Oono and Yasnrrn. E7] 	Youla proves, among  

other things, a main theorem required in ;he spectral 

_factorisation of rational matrices. 

Theorem: 	If P(s) = P*(-Z) is a rational n x n para- 

conjugate hermitian matrix of normal rank r which is 

non-negative for s=jw (w real) then there exists an r x n 

rational matrix G(s) with the following properties: 

(1) P(s) = G'(-75) G(s). 

(2) G(s) and (- (s) (the right inverse of G(s)) are 

both analytic in Re (s) > 0. 

(3) G(s) is unique up to within a constant unitary r x r 

matrix multiplier on the left; i.e. G1(s) also satisfies 

1 and 2, G1(s) = TG(s) where T is rxr constant matrix and 

satisfies T*T = Ir. 

(Lk) 	If P(s) is real (i.e. -177)= P('77)), G(s) is real and 

T is real. 

Anderson [6] proposed a method which is based on the 

minimal r„:alisatj.on theory of rational matrices and requires 



the 	of a matrix quadratic equation. In 1963, Davies 

[5] put forward a method which avoids the calculation of 

the Smith-McMillan form, However, though elegant in form;  

these methods are not computationally attractive, since 

they are not easily mechanised. The number of operations 

involved in these methods increases with the degree of the 

charenterieti- pelyn-miel 
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M v,1+4.+1+ 4++ 4....++++ 

on the order of the system. Thus, these methods becomes 

very tedious for high order multivariable control systems. 

We shall demonstrate, in this Chapter, that the continu-

ed faction expansion CFE2 and the 'Modified' Pad6 approxima-

tion techniques MPA which have been shown useful in model 

reduction in Chapter 4 can also be applied to the SDM P to 

obtain a low-order approximation. The spectral factorisa-

tion of the low-order approximation can then be accomplished 

with only a few operations and a subop;,imal control to the 

system can be obtained easily. No low-order model to the 

system is required in this approach. In fact, it will be 

shown that this approach can be related to and also proved 

to be more flexible than the popular approach using the 

reduced model, if the model is obtained by the CFE2 or MPA 

techniTte described in Chapter 4. An iterative algorithm, 

in the frequency domain, will also be presented. The algo- 

i4.1  rithm generates 	 say P 	1  a now approximation, 	to P by 

Izndating the former approer.imation P4  such that the spectral 

factorisation. of P. will form pars of that of P. . 	this 

feature of the algorithm would greatly reduce the amount of 

eefort required to obtain the spectral factorisetion of the 

new approxii,lation P 	Furthermore;  it will be shoved that, 

==0 
	 1;110 nrell 



approximation Pi4.1  generated by the algorithm will agree with 

. 
P up to a higher order term in ; (s

-1  )thanP..The spectral 

factorisation method proposed by Davies [5] will be used in 

the example presented in Section 6 of this Chapter. 

PROBLEM PORMULATION 

To find the control to a linear constant system which 

minimises a quadratic performance index requires, in the 

frequency domain, the solution of a matrix Wiener-Hopf 

equation. For convenience, a short, simple but not rigorous 

derivation of the equation is given below. 

Consider a time-invariant linear control system with a 

r x m transfer function matrix W(s), a r- dimensional out-

put vector y(s) and a m- dimensional input victor u(s) i.e. 

y(s) = yo(s) 	W(s) u(s) 	(1) 

where yo  (s) is a r- dimensional vector due to initial condi-

tions or other external influences. A control u
o  (s) is to 

he found which will minimise the quadratic performance index 

±iC\D 

J= 	 1- 	E t 
27-c 	

y y * (1( 	u *Rid ds. 	(2) 
j 	d 	d 

By Parseval's theorem, 

0,0 

[(y-'-y -')Q(y-y ) 	u*Ru]ds 2xj 	d 	d 

jo rAy(t)-- (t))1Q(y(t)-yd(t) 	uT(t)Ru(t)]dt 

which is the well-Rn:ywn cor-time quadratic performance index 

in ontimal control theory. In equation(2), yd.  is the desired 
T. output vector:  !7-=y k-s) = the tralisponse of the vector y(-s), 

(71>0 and R>0. Subot4tuting equation (1) into (2) gives 



1 	( 4-  
'n 71-3 

j — 	E(u*V1* + z*)Q(Wu + z) + u*Ru]ds 
"--3 

Where z(s) = y (s) o  yd(s). We now apply the variational 

method suggested by Chang [8] to derive the Wiener-Hopf 

equation. Let h(s) be a vector and 

r+i °<" J = 	j . 2 'xi (2a) 

T Where h* = h 	ThP11, the 	 equation wbgrli 

defines the vector h(s) minimising equation (2a) is the 

vector equation 

aiT g(s) 

 

Where es> ict 	vector r^criirnd -1-r1 give r4m 	function of` 

time which exists only for negative time. Comparing equations 

(2) and (2a), we have 

V = (y* 4) Q (y yd) + u*R u 

and 	h(s) = u(s). Thus, 

3v 	ay 	
W*g(Wu+z) + Ru = g(s) 

ah* 	au* 

or 	(R + W*(1,W)u + W*Qz = (s) 	(3) 
At47,ec. sipc:406„..t 

w h eh is the - 	. Wiener-110pr equation in matrix form. 

Note that (a+wkw 
A

) 	P(s) is a rational regular m x m real 

paraconjuate hermitian matrix of normal rank m which is 

positive on the real-frequency axis p=jw, Hence, by the 

theorem given in the Tntroduction, due to Youla 1-41, theve 

exists an m x m rational regular real matrix G(s) such 

that 

(R+W'reid) A 
	

P( s) 



(1  (-4) G('); 

for real matrix G(s)1  V(-;) = GT(-s). Also G(s) and G-1(s) 

could both represent the transfer function of stable linear 

o 
systems. It can be shown that the optimal control u (s), 

which is the solution of the equation (3), is given by 

	

u 	= -G-1(s) [(GT(...$) )
-1 
 

wT(..$)  Qzr 	(3a) 

	

1,11c-nra 	e-croc,1-.ntrir r 	V- 	that milv thn portion 

of the transform relating to positive time is considered. 

By studying the expression 

P 	R+ W*QW = R 1 T(-0761(s) 

= 	G(s) 

carefully, it can be..seen that?  in some cases, the amount 

of work involved in obtaining the spectral factorisation 

:7 	the SDM P i 	a^"-- 	rzf,.1 an r ( - )cou LCD  

be considerably reduced. The transfer function matrix W(s) 

of the system is assumed to be a square mai:rix of the form 

A.si  i=0 I 
7 b.si  

i=0 

whereAi areconstantmatricesIb.constant scalars and 

in < n. The SDM P is then given by 

L.  
1='0 P = R T 
e,13. 

I_. b.s- 
i-;0 

D.5 
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Note that P is,in general, a rational regular matrix i.e. 

Lim P=K, a non-zero constant matrix. The number of operations 

required to obtain the spectral factorisation of P increases 
2n 

with hiTest demrne nf the polynomia3 nrytrix 	which, 

in fhi fi cacti, ja 21-1 whc.rn n ia the rVrder of th.. system, 

From equation (4), we have 

P= 	
T 	

-R(W(s)) 	Q3 1,7() 
	

(4a) 

The matrgx (W-(-s))-1 R(t./())- 	is, in genera1,7 a posi-

tive definite rational matrix, The degree of its matrix 

polynomial numerator has to be higher than that of its 

scalar polynomial denominator so that pre-multiplication by 

T(-Q) an  post-mult4p14cat4on by W(s) which arc rational 

proper matrices give rise to the rational regular matrix P. 

By the theorem due to Youla F4], this matrix has n snnetr,-.1 

factorisation i.e. there exists a matrix N(s) such that 

R(j'r
(s))-1  11 = MT(-.) M(s) 

	
(5) 

Thus, the matrices G(s) and GT(-s) arc obtained as soon 

as the spectral factorisation of (WT(--s)-1' R(W(s))-1  + 

is found, for, from equation (4a) 

P = T(-s) Z.1 (-s) N(s) W(s) 

= (W-s) 1.1(-3))T  (N(s) N(s)) 

i.e, 

G(s) .-= 1•1(._,) V(s). 

In mine eases, 3.t is possible that (W1(-5))R(W(3)) 	+ Q 

1 2(n-m) js just a poiyalomi,-,1 matri of the form — 	8.6 a 1=0 1  

a is a conotwit scalar; j.e. 
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T 2(n-m) -] 	 i 
(W (-s) 12(W(s)) 	Q = 	— 

a 
0.5 . 

i=0 

Note that the highest degree of the polynomial matrix 

has to be 2(n-m) where n and m are the highest degree of 

the denominator and the numerator of W(s) respectively, 
4r  or der t,  ensure that the 

will be a rational regular 

.:m atrix P in equation (4a) 
matrix. Hence the highest 

2(n-m) 
e.s is less 

1=0 
degree of the polynomial matrix, 1 

2n .•-•a 

	

y- 	B . s 

	

than that of the SDN P = 2n 	-i , And t follows 
I b.s 
1=0 

immbdiate1y that the number of operations required to 

find the matrix M(s) in equation (5) is less than that 

required to find the G(s) in equation (4). Thus, by 

transforming the SDN P from its original form in 

equation (4) to the form in equation (5), the amount 

of effort required to obtain the spectral factorisation 

of P could be considerably reduced, in some cases. 

Consider a practical example given in [10] where W(s) 

is a 2 x 2 transfer function matrix of a 4th order 

system 

W11(s) 	W12(s) 

w(s) 	_W21(s) 	W22(s)_. 

C(s) 

where 

w
11

(s) = 0.0149652 + 1.525s + 2.54 

w
12(s) = 95.15s

2 
+ 1130s + 1810 

w21(s) = 0.0852s2 + 8.6s ± 12.3 

4s2 + 1491s + 2520 w22(5) = 12  

C(s) 	291. 7 6. 60653  + 84,2 2s
2 
+ 21834.8s + 15862.2 

4 	+ 	. 7 0"i.3 - 	16  

W(s) is the transfer function matrix for a 2-spool gas turbine 
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based on experimental data. For convenience, take 

102 	0 

Q 
0 
	1112  

1 
I R 

0 

and the SDM P of the optimisation problem is found to be 

P11 	P12 

P21 	P22 
C(-s) C(s) 

where 

p11 = .39084 x 10
2s8 - ,38920 x 106s6 	.43245 x 103 4 5 

.2916o x 101152 	.61869 x 1011  
4 .46829 x 10105 - -.41702 x 1012s3 - .48973 x 1013s2 P12 = 

- .12589 x 1013s + .13903 x 1014  

= p21 .46829 x 1011s4  + .41702 x 10
12

s
3 - .48973 x 101352  

.12589 x 1013s 	.13903 x 10 

p
22 

= .39084 x 102s8 - J3920 x 10656  + .40323 x 10854 

- .20976 x 10952  + .25161 x 109. 

The matrix P is a rational regular matrix where both the 

matrix polynomial numerator and the scalar polynomial 

P = 

14 

denominator are of degree 8 in s. The inver2o transfer func-

Lion W-1  (s) of the system is 

F 
r22' s)  

s 
VI-1(5).  L  21 

( )  

   

 

12 
( 

 

 

11 
(5) 

 

6250 
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which is a polynomial maLrix of degree 2 in s with a con-

stant scalar denominator 6250. Also, since 

62  0] 
Q = 

9 L 0 10- _, 

the corresponding positive definite matrix 

(wT(...$))-1R (w(s))-1 

ki(s) 	;12(s) 

Li721(s) w22(s)_,  

62502  

Q 

where • 

1) ( s) = w22(-s)w22 ( s) -w21(-s)w21(s) + 625002  

= 	w 22( s ) wi2  ( s ) 

=
12

(-s  ) 

w
21

(-s )1/
11
( s ) 

1722 ( s ) = w 12 ( -s )17
12 
( s ) 	w 

11 
( -s )1,1

1i ( s ) 	625002  
• 

is a polynomial matrix of degree 4 in s. Therefore, the 

amount of effort required to obtain the spectral factorisa-

tion of (W
T 
 (-s))

-1R(W(s))-1 -4- Q will be considerably less 

than that required to obtain the spectral factorisation of 

R 	W (-s)O_W(s;. It is, hence, worth checking if the inverse 

transfer function matrix W-1(s) of the system is a polynomial 

matrix, even though it is not often true. 

3. SUBOPTIMAL CONTROL 

As discussed in the Introduction, the spectral fac-

torisation of the SDM P(s) for a high order multivariable 

oyst:;a 	 proccsz, az 	not cazily 



.m.,c1-1?Tlid. And it is not.  always true that the inverse 

transfer function matrix of the system will be a polynomial 

matrix so that the argument given in Section 2 can be used 

to reduce the amount of effort required. The continued 

fraction expansion CFE2 and the 'Modified' Pads approximation 

MPA techniques described in Chapter 4 will now be applied to 

The an l(N11-,%*-Ac‘-r. n/mr.wimn4-4.-.+1 	e-n4rto 	cnxt n P , k.L.1 

spectral factorisation of P can then be easily obtained and 

a suboptimal control u to the system can be found by re- 

placing P in equation (3) by P. We shall name this technique 

for obtaining suboptimal control, the spectral density 

matrix approximation technique (SDi'iA). 

The matrix P is a rational regular matrix and is 

assumed to have a general CI'E of the form 

P = A1  sEB1 	2 s[B2 	' 	A2ns[B2n]-1]-1]-1 

and the following power series expansions 

P = C 	C2s
2 	

....... 

= Do 	DIS
-1 	D2s

-2  

Define 

A E1 'F. As 

- F1 
 4  131  

E, B2Als 

P, 	B1B2 
+ Aos 

or in general 

E 	-- BpEp -1 + ApsEp -2 

expanded about s=0 

expanded about s=c, 

r-• 
Jk..1 • 
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assuming that 

= I, F-1  = 0, E
o 

= 0, Fo  = 1. 

As have been shown in Section 5 of Chanter 4, a low-order app- 

roximationV.to P obtained by the CFE techniauef  is eiven-  

by 

A low--orderapproximationto P can also be obtained by 

using the MPA technique. Since no matrix inversion is 

involved in obtaining Pi, the NPA technique is, computa-

tionally, more efficient than the CFE technique, especially 

for high order multivariable systems and will be used to 

obtain the low-order approximations in example (ii) of Section 

.rs . 

4. 	ITERATIVE ALGORITHM 

We shall now develop an iterative algorithm which will 

prove to be particularly useful for multivariable systems. 

The algorithm will generate a sequence of approximations 

1+1 

/ 4004 such that the degree of the 

polynomial of the elements in P. 	is, in general, higher 

than that of the polynomial of the corresponding elements in 

p 1 

Suppose that the ith approximation co the SDM P is 

P.whichilasthesPectralfactorisation -P(s ) • 1 

where Ci.(0 aiid G (-T1) are both invertible. Then, it is 

obvious that 

P = P. 	.'. P.) 

P- P. 	4rtor' ;Octir-od 1,1v u,4.1:17 .:hr'  :11-yoroximaLlon 
.L 



Pi instead of P. P - P. is a rational matrix and can be 

written as 

T P-Pi  = 	P - G. (-s) G.(s) 

= 	G.T(-s) C(G-L i  (-s))
- 1

P (G.a(s))
-1 
 -11  G.(s) 

= 	GT.(-s) V. G.(s) a a 

where 

V. 	= (G (-s)-1  P(G.(s))-1  -1. 

Hence, the SDN P can be written us 

P= P. + G.(-s) V. 1G .(s). a  

By using either the CFE2 or NPA technique, ayi low-order 

approximation Vi  to the rational matrix Vi  can be found 

and we have 

P = P.a 
 + G 	

a i(-s) (V. -V. + V.)G.(s) a a a 

(6a.) 

(66) 

= P.+GT (-s)ViGi(s)+GT.(-5)(Vi -ii.  )G. i 1(s) (7) 

where the rational matrix G 	1 i(-s)(V.-V.) G.(s) is the error 

when the error matrix P-P. is replaced by itz- low-order 

approximation. G. (-s) V.1  G.(s). By writing 	= Pi + Ga(-s) a 	a+1  

V.aG.a  (s), vie obtain a now approximatio.,t (i.e. the (i+1) th 

approximation) Pi+1  to P. Note that the new approximation 

Pi+1 consists of the former apf.roximation P. plus a low-order - 

api:roximation G. (-s)  V G. 	to the error matrix P--P..  V. 

Also, since 

131+1 = Pi + GT(-s)V iG.(s) a  

a 
T
(-s) (I+V) G. (s) 
	

(8) 

and thus 

P - G. 	(V. - V.)G.(s) a a (8a) 



159. 

where V.3;is a rational matrix, the degree of the polynomical 

elements of P
i+1 is, in general, higher than that of the 

corresponding polynomial elements of 1"-. Intuitively, the 

new higher order approximation P1.1.1 would, the 	be a 

closer approximation to P than P.- as tile 	 matrix_error  	P 
1' 

is accounted for by a lor-order approximation in  
Pi+1 

Equation (8) reveals an useful feature of the algorithm which 

is that to find the spectral factorisz.tion of the new 

approximation P• E1  requires only that of the low-order 

matrix IA-Tri, for G.(s) and G. (-s) are already found in the 

previousapproximatic ). Thus if 

+ V . = L.T(-s)L.(s), 

we have 

q% 

	

Pi.!-1 	= Gi+1  -- (-s) Gi +1 (s) 

where 

G. (s) = L.(s) G.(s) 

	

-11-1 	1 
	 (86) 

and 

G.T (-s) 	G.(-s) L.(-s) 

Analogous to equation (6), we can again write 

p = (p 	P) P 	
.i. 

i+1 

and a new approximation P i+2  may be found in terms of P. 

by the algorithm described above, if necessary. 

5. 	CONDINTUsnN BPTvEl7N THE SDMA AND RTEnUCED WJDET APV1WACtI 

Difficultien arise when the theory of optimal control 

is 	:-)1..ie0 to 	order rillit:i.v-Iri.'111Th 	FyE.4nf,19, 
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In the time domain where Kalman's theory of optimal control 

is used, high order of the'system often leads to excessive 

computer storage and hence the optimal solution is expensive 

to implement. When Wiener's filtering theory is used in the 

frequency domain, the amount of work reouired to obtain the 

spectral factorisation of the SDN of a high order multivariable 

system could be tremendous. So far, the most popular approach 

used to tackle this problem is the reduced model approach . 

[7-9]. In this approach, a low-order model to the system's 

dynamic (expressed either in the state-space form or in the 

transfer function form) is obtained, using various 

techniques; for example, Chen [9] uses the CFE1 technique 

described in Chapter 4. The optimal control theory is then 

applied to the simplified model and the resulting optimal con-

trol of the model is taken ag a suboptimal control to the 

original system. 

We shall now show that the SDMA approach suggested 

in this Chapter for obtaining a suboptimal control can be 

related to the reduced model approach described above, 

provided the reduced model is obtained by using the CFE2 

technique. Consider the optimisation problem described by ,  

equation (1) and (2). The transfer function matrix W(s) 

is assumed to be a rational proper matrix and has a low-order 

approximation, say W(s), obtained by the CFE2 techinque which 

ensures good initial transient approximation and correct 

steady-state response, Then, as shown in Section 3 of Chapter 

4, the power series expansior, about s=0 (about 	of 

q(s) agree with the corresponding power series expansion, 

about s=0 (about 	of W(s) up to, '0-1'17 the sP-1  (s-( P-1)) 

i.e. if 
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-1 

	

11(s) = Ao + Als + 	+ A 	s-
n 	

+ Cps'+ ... expanded p-1 
about s=0 

	

-1 	 -(p-1) 	-P = Bo 	B1 	 p-1  s 	+B s 	+ D s + 

expanded nhont g=0.0 

It follows immediately that the difrerence between W(s) and 

W(s) can he expressed es 

W(s) 	17( s)=  T (A 	C )si  t' 
i=p 

co 
= I: (B --Di  a. i=p 

(9a)  

(9b)  

If 

P A 	= T(-s)QW(s) 

and 
T 

RI-V7 (-s) 0(s), 

it is easy to show that 

P 	wT(..$) Qw(s) 	Ji(s) 

(1.7(—s) 	7/(—s))TQw(s) — 7/(s)) + (w(—s)— 

;7(--.3)T0(s) 	TiT (—s)Q(w(s) 	Fris» 

WIlen (:::pressed in term of the power series e:cpansien, 

about s=0, of W(s) 	U. ( s ), we have 

P —P = 	(-1)1(A.—c.),..21 1  Q 	+ E ( 	C . )*s±0,. - 1 	 1 1 i=p 	 p 	i=p 

7 	A .si + xr (-1) ,• s 	
L. 

1). \ (A -C )si  
j 	 j j 

j=0 	1=0 	j=p 



1 

Similarly if expressed in terms of the power series expansion, 

about S =CO, of W(s) and U.(s), we have 

P 	r,  

If the SDMA approach is.used where a low-order approximation 

to P is obtained by the CFE2 Or MPA technique, then from 

the results presented in Section 5 of Chapter 4, there exists 

a low-order approximation, say P, such that 

oo 
P 	-P = 	y.s 

i=p 

1 

In other words, the power series expansion, about s=0 and 

s=o, of the approximation P obtained by the SDMA technique 

agree with the corresponding power series expansions, abott 

=0 and s 
=C

.<3, of the approximation P obtained by using the 

reduced model approach up to certain term. 

However, it should be noted that the iterative 

algorithm developed in Section 4 cannot be used in the re-

duced model approach. Unli-ke the SDNA approach where a 

higher order approximation to P can be obtained by using 

the iterative algorithm to update the previous approximation, 

no information on the pervious approximation could be used in 

the reduced model approach. Thus, if a low-order model used in 

the reduced model approach does not yield rt satisfactory 

suboptimal control and a higher order model has to be used, 

the spectral factorisation of the entire higher order SDM 

approximation, sav p 	has to be found. 

tremendous amount of 
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computational effort, especially since the spectral 

factorisation procedure is not easily mechanised. 

We shall now proceed to show that, when expanded into 

power series about s=0 (s=c--), the new approximation P 

generated by the iterative algorithm agree with P up to 

the higher order term in s(s
1) than Pi

. If: the approxima- 

tion P. is obtained by CFE2 or computationally more 

efficient by MPA, then as shown in Section 5 of Chapter 1} , 

there exist positive integers n and n' such that the difference 

P-PibetweenPanditsithaPProximationP.can be expressed 

as 
oo 

	

P-P. = 	 (10a) 
i=n 

	

= 	
ei s 
	

(lob) 

i=n 

In general, the matrices G1(,) and GT (-s) in the expression 

P.= G (-s) G.(s) are rational regular matrices and can there-

.fore be expressed as 

Gi(5) = 	04 s1 
i=0 

(11a) 

L_ Pis 1=0  

(lib) 

also 

G 1. SJ 	S
i 	 (12a) 

1 

.(•-• 	 (12b) L  
i=0 
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Since, from equation (6a), 

P-P. = G.(-s) V. G.(s) 
3. 	3- 

= TI 	‘1"..1 ‘ *-1  ‘"S» (r-..r j 
f, 	,s.-1 
tka.ls)) 	% 

We have, by substituting equation (10a) and 0.2a) into 

cquaLlon (13), 

= 	 E 	7. si E 	•si „ i=0 	1=n 	1=0 

co 
= L_ 	s  

i=n 

and by substituting is i.ivi1.iv:I (10b) and(12b) into equation 

(13) 

( 13 ) 

V. =/I (-1)i  6iTs-1  [ 0 s—°  F 6 si  
i 1=0 	 i=n' 	J!.-70 

i=ni 

To obtain a new approximation P. 	by using the algorithm 

presenterlinSection4 l alow-orderappromi.mation 1Lis 

obtained by the NPA. technique i.e. by 'fitting' i  say )  the 

first m and ml mEO:rix coefficients of the power series 

e:.-:..pnsjons of V, )  about 3=0 and s=ooresooetively. Therefore, 

bye::pressingtilerotionVf.also in terms or its 

pover series e:zpansions . abont s=0 and s=c,), we have 

(111a) 
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co 
51 
I 5  

i=11 1 -1-MI 

of (14b ) 

respectively.. In consequence, by using equation (8a) and (14a) , 

the difference between the SDM P and the new approximation 

-iven b- 	 ) i+1 	 kv, is, when expressed  3.it .cerms 

power series expansion about s=0 

co 

fz 1 i T 
% .̀*.l../ CC, S 	L 	es 	is 

GO 

si  
i=n+rn 1" 

similarly, the difference 	when expressed in ternis 

of their power series expansions, about s=001  is of the 

form 

s-i 

Thus, we have proved that, when expressed in terms of their 

power series expansion about s=0 (s=d0, 1  ti!e new appro:cima-

tion Pik.1  7.enerated by the iterative algorithm agr," with 

the SDM P up to a higher power term in s(s) than P. 

6. =flPLES 

(1) Consid2r a scalar system, of 10th order, having the 

-Lran:7.fer functiou W( s) where 

P-p 	
i=0 
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W(s) = a(s) 
b (s ) 

a ( s) 	50057f494.469.7s+15707s74.264590s
6+2554700s5 

+149130fl0s
4  +51105000s34-11166000os2.1.)258nn0005,  

+57600000 
in 	a 

-4- 	
n 	.7 	A , . 

b(s) = s109s'+4363s-1-88875s'i-1051404s-+7o7457os' 

+35302110s4  4-101 34759ns3+171035000s2+158112000s 

+576000000 

Consider an optimisation problem of equation (1) and (2) where 

Yo(s) = 0, d(s) = 

Q = q = 10, R=r=1. 

The SDM P is then given by 

P c(s) 
d(s) 

where 

c(s) = s20 - .34097 x 104s18  + .23851 x 106s'16 

.5659l x 109s14 	.59(291 x 1011s12  - 

.31936 x 1013s10_ .1- 90333 x 10140 

.135767 x 10
15-s6 

.346947 1017s2  

0 103025 x 1017s4 

.364958 x 1017  

d(s) :=-. s20- .3:05 x 104318+ .17638 x 107s16  - .32667 

	

14 	11 12 	13 10 
X 10Is ..:- 027b X 10-  s - .11974 _X 10.  s 

-:. 	.2778 x 101 4 s8 - .33987 x 1015s64- .20382 

	

6 4 	16 	16 x 101  s -.50 L.127 x 10 s
2 + .33178 x 10  

ensure that tho suboptiti!al control %in bavo the correct 

vaJuo and good Lrausiont approl.:imation to the 

and 

Tea  
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optimal control P is expanded using the CFE2 technique 

described in Chapter 4. An low-order approximation P1  is 

obtained where 

-s2 	4.191362 

."S2 1.263742 
 

For s=jw1  

w
2
+ 4.19136

2 
P (w) = 	> 0 V real w 

1 • i 	
w2-1- 1.26374

2 

Thus, P1(s) satisfies the hypothesis of the theorem by Youla 

[4] given in the Introduction and has a spectral factorisa-

tion 

P1(s) = G1
T(-s) G

1 
 (s) 

where 

G
1
(s) 

Therefore, 

L(G 

 

3+4.19136 

 

 

s+1.26374 

 

-1wT(-s) Qzyi- 

3.'0151 

and, from equation (5a), the suboptimal control 110  is given by 

-0 	
(s) E(G1(-0-11iT(_s)Qzr 

= 3.0151 	s -:- 1.26374 

::(s+4.19136) . 

For compal-i.:'son, i.ho op[  pima]. control u0  of the system was 

cialcu:Latd using the Diffeential Dynuinic Programming 

technique. Fig. 1 shows the trajectories of the optimal con-

trol u°  (curvn a) and the suboptimal corltrol e(curve h). 



It can be seen that the suboptimal control q°  gives a 

good transient approximation and has the correct steady-state 

value. 

COMMENTS  

It should be noted that, for y0=0 and yd  = 	where 

n 4 	w.nni 	^ 4nit4-1 	 eLP 

the control given by equation (5 ) depends on the ratio 

between the constant terms in the SDM while the transient 

behaviour is controlled by the difference in degree of the 

highest order terms. Thus, to achieve a good suboptimal 

control, the CFE2 proposed by the author in Chapter 4 has to 

be used instead of Chen's method., Alo, 	method will 

result in a control which •J.0 

It is due to the fact that the degree of the 

numerator is, generally, less than that of the denominator 

in a low-,order approximation to P obtained by Chen's meibpd. 

For instance, in the above example, the approximation, 

say 17,, to P by Chen's method will be of the form 

2 
al 171 	

2 

., 2 2 . o, 2 s 	1 

(s) 

Tyro- 

Cis 
ws (F4) = 

	bns 
	bL 



W 22_ 

W  11 	12 

and the resulting suboptimal control ul  will 

C2 u1 = 	— 1 	S.. 

1, 
On. -P 

Da ..., VA. the form 

The constant term C1 in the above equation represents a 

linear change in the magnitude of 	with time. 

(ii) 	It will be demonstrated in this example that the 

SDNA approach together with the iterative algorithm 

proposed in this chapter could yield a closer approx-

imatl,In to the optimal control than the popular 

reduced model approach. 

The system, taken from [10], is a two-input two-outpu., 

system of 4th order having the transfer function 

matrix 

11( s ) = 
C(s) 

.6250 	(10). 

where 

W
11 	.01496s2+1.525s+2.54 

w12 = 95.15s2+1130s+1810 

W21 	.0852s2+8.604-12.3 

W22 	124s2  +1491s+2520 

C(s) = 6,25174s4+703.160b4s3+8416,228524-91334.86s 

+15862.2. 

This system has been used in Chapter 4 to demonstrate the 

results in model approximation. To use he reduced model 

approach, a lov-order model W(s) to W(s) is obtained by 

CfEl techni(luo loropoecd by Chan C93 where 



tll 	W12 

a21 	W22  .6250 
'8(s) 

W(s) 

where 

	

W
11 	

= 1.5255+2.54 

	

_ 	= 1130s.11810 lz 

	

W21 	= 8.6s+12.3 

	

5'22 	= 1491s+2520 

'd(s) = 7444s2+21834s+15362 

The output step responses of W and W are practically the same, 
mcMli cokiAtkaw14" 

in Figs 2 and 3w1112t,t 5mmd+ ‘i2.)  teipfuujuveiLl  

Consider the optimisation problem described by eauation 

(1) and (2) where W is given by eouation (10) of this example, 

r10 	0 	 J. 	0  

7 	R = 

0 	10 	t_0 	1 

.7157 X 103- 

Slt-otAD}-, 

rt 

✓
0
(5) = y

cl
(s) = — s .10044 x 10

4 
0]  

Then, the SDN' P is given by 

P11 	P12 

le
22 A -91 

	

- 	R •(-s) fZ W(s) 
C 	(s) 

Where 

.39084 x Les8  --.38920 x 106;36 	.4'1245 -11 
8 4 10 s - .29160 	10-11s2 4. .61869 x 1011 

P 



x 1010s4 .41702 x I012s3  - .46973 x 1013s2  P12 .40629  

.12589 x 10
13

s 	.13903 x lol4  

P21  = .46829 x 1010s 4+ .41702 x 1012s3- .48973 x 1013s2  

13 .X —14 _ 4- .12539 S 	.13903 X 

6 	—13 4 p22 = .39084 x 102 8 s- .38920 	x lu 3 	•j,q40 :7.: 

• .98851 x 1015s2+037603 x 10
16 

C(-s)C(s) = .39084 x 102s8 	.38920 x 106x6- .40323 x 10
8s4 

- 20976 x 109s2 	.25161 x 109  

The SDMA approach is now applied to obtain an approximation 

to the matrix P and hence an suboptimal control, say 

to the system. In order to obtain a good approximation 

to the transient behaviour of the optimal control ut)  and 

achive the correct steady-state value, approximation in the 

frequency domain has to be made around s=?and s=0. In 

this example, the first step is to obtain an approximation, 

say Pl , by the MPA technique about s=00 -which yields a good 

approximation to the transient behaviour of the optimal 

control, but has the incorrect steady-state values. The 

approximation P1  which is rational regular is found to be 

(P1)11 (pl )12 

  

(111)21 (p3. )22  
-1 	 C 	C (S) 1 

whore 

(p1 )11 	s - .9958o7859 x 104s2 	ol067152 x 107  

(P1)i2„,119815717 x Io9 

171 
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.119815717 	109  ‘P1/ 21 

(D ) -= 
-1 22 

4 s - .995807659 x lo4s2 	.24416029 x 1012 

C1(,,,S) C1(s) = S4 0  ,995807859 N 108 "I- .103168475 X 107  

It is easy to check that the matrix P1(jw) > o V real finite 

w and hence by the theorem due to Youla 	it has a spectral 

2-ctor4 --t4en, 

P1(s) =. G1 T(-s) G1(s). 

The method suggested by Davies [53 is used to find the 

matrices C11  (s) and G1
T  (-s) where 

(g1)11 	(g1)12 

(g1) 21 	(g1)"  

C1(s) 

where 

(x1)11 = s2+.109568551 x 103s + .102369032 x 10
4  

( 'cr1 )12 = .435938555s 4. .242653644 x 103  

(rr"1 ) 21 = .435938555s + .241653644 x 103  

f 
'

cr
1 
 ) 22 

= s2  + .999104363 x 103s -1- .494125725 N 106  

c1  (s) 	= s2  + 010949665 x 103s + .101571884 x  104  

The iterative algorithm will now be used to obtain an higher 

order approximation P2  by applying the NPA technique about 

s=0 to the mat/ i.7;: V 2  in. equation (6a).This will ensure that 

P2 has the correct steady-state value and since P =P T 

	

1 	1 (- V. G (s) 21 
from equation (8) whore V1" . is an low -order approximation to 

V1, P2  will also retain tise chavacteristics of P1 which 

yields good trans!..ont approximtion. Again, by navies' 

method, the matriN L, iii orraation (n) 
	

fonnd to be 

G1's) = f 



-1 I) • 

L11 12 

Ll  
m(s) 

where 

Li 	= 8.91454575s + 15.1068989 

L
12 

= 1.05423892s + 7.67109367 

L
21 = -6.83607924s 

L22 = 1.110244435 3.8403921 

m(s) = s + 1.08901938 

and. the higher order approximation P2 generated by the iterative 

algorithm 4q  than give?,  by 

P2 = G2T(-s) G2(s) 

where 

G2(s) = L1(s) G1ts); 

to find the suboptimal control ti.°  with G2(s) 	place of 

G(s) in equation (3a)1 .G2-1(s) is required and found to be 

(g2)11 	(g2)12 

G2 (s)= 	
82)21 	(g )22 

C2(s) 

whore 

L21 	L22 

(cr ) '2 11 

)-- .12 

.. 	6 	 4 1.1102,11143s 4..i2328874 	10Is5+ .674807638 	10bs 

8 3 +, + .64067725 x 10 3.83619689 x 10
9
3
2 

+ .276296107 x 10
10 

 23-1- 0209904692 : 1010 

- 1.0542389S
6+.117366332 x 10s5  

4,6k4524354 x 10604+0632033574 x 10
8
0
3 

+.101741731 7r 101°o2+.4;1;3021978 	101°s 

+ 	 x 10 
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( 2)21 
= 6.8360792436+.15045077 x 104s5+.972640319 x 105s4  

+.160022027 x 107s3+.836145166 x 107s2  

+.638886247 x 107s - .102654509 x 107  

(g2)22 = 8.91454575364-.197814135 x 10
4
s5+.130893167 x 10

6
s
4 

+.237418998 x 107s3+.15541769 x i08s2  

+.318666322 x 10
8
s+.191566798 x 10

8 

C2(s) 	= 17.1041855(2+5042258322) (s+.625521538) 

(s+10.3124537)(s+99.2558909)((s+.4993522275 x 103)2 

+.494543643
2 

10
6
) 

With the approximation G2
- s) in place of G-1(s) in equation 

(3a), we have 

[(G2T(-s))-1  ViTi-s)qz]+  = 

.3467n29124 x 104- 

.185648506 x 104  

1 

and th.3 resulting suboptimal control 1.1  given by 

(s)- 

1). 0  = T 	-1 
-G2

-1 
 (5) L (G2(-E; ) ) 	T (-s) Qz]+  

u2 (3) 

is then found to be 

1.11(s) _ 3.4363 + 2.304822 	110,862779 
s+.625521538 s+5.42258322 

s+10.3124537---- 
.904520441 x 10 - 
s+99.2558909 

.2048x-3(s+.4995522275 x 103)-.13265x.49453643N103  

(b4-,4995522,275x 103)2+.4945436432  x 106  

. u2 - tt..3 

693 215285 

,9Q0735b 
• 

5391 826_:;1_041  1.6qqoln06 
77-75-7 -37Z 

.875765N7 -,: 10 -) 	.h1 6033“1034 	10-5  
z;,r)9.2558909 



.235067078  x 10-(s+.4995522275 x10-)-.188218929x10 -
4  
x.49453b43x103  

(s+.49 2 	64945436432  x 10(3  95522275 x 10') 

By applying inverse Laplace transform to n (s) and up) 

the suboptimal control u rJo as a function of time can be obtained. 

For comparison, the trajectories of the optimal con- 

trol uo calculated by Differential Dynamic Programming 

( curve 	); the cnboptim i7 control  u0  by the 

reduced model approach (curve c ) and the suboptimal con-

trol ii°  by the SDMA approach (curve b ) are shown in Fig. 4 
.   

CofrAfooem-k I t s skinAnA 1 o Eel it) 0.4ex) cA3INIQ 14Q.A.A.V 2. CP% R.9  S ) 318.. u. › u, 	
„......0 

awl u . 
and 5. Alt can be seen that the suboptimal control u by 

the SDNA approach has a better trans&ient approximation to 
-o o 

than u obtained by the reduced model approach, especially 

in Fig. 4. Also, both a°  and u have the correct steady-state 

values. 

That the .reduced wodel appyoach yields poor transient 

approximation is due to the fact that the transient 

behaviour of the control is mainly determined by the 

behaviour of G(s) around s=,,-0 whereas the reduced model 

approach using a model obtained by the CFE1 technique suggested 

by Chen is usually an approximation technique about s=0. 

By using the iterative algorithm, it is possible to obtain 

good approximation at both s=0 and s=00.0by the SDMA approach, 

as shown in this example 
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CONCLUSIONS AND EXTENSIONS  

The details of. the Contributions of the thesis have 

been given in Section 3 of Chapter 1. This thesis contains 

several approximation techniques for optimal control 

in both time and frequency domains. Two defferent approa-

ches have been consi4ered,.The first approach which is 

popular, makes use of a simplified model to the actual 

physical system being considered. This leads naturally to 

the problem of model simplification which has been studied 

in both Lime and frequency domains. The other approach, 

which has been considered only it the. frequency domain, 

does not require a simplified model for the system dynamics. 

but involves using a low-order approximation to the 

spectral density matrix of the linear regulator problem. 

The success of the popular simplified model approach 

will obviously depend on the performance of the final 

system using the optimal control of the model. It would_ 

be expected that the performance of the system being 

controlled would improve with improvements in the accuracy 

of the model used. That the lower bound results on the 

minimum performance index can be used to test the accuracy 

of the model has been suggested and a numerical example 

has been given. Many model simplification techniques in 

the frequency domain are based on the concept of power 

series expans!ons and the numerical results have shown 

that reasonably good models can be obtained by those 

tehnieues 	this thesis. However, the stability 

of the yodel ehtained hy these techniques is, by no means, 
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guaranteed. It should thus be useful to devote some effort 

to investigate the, necessary and, if possible, sufficient 

conditions to ensure the stability of the model. One 

possible way of m.,4-+4r„ a stable model is to 
	

the 

technique 
	4n 	r whi,sh 4e. 

both time and frequency domains, with a suitably chosen 

set of orthonormal functions, e.g. Laguarre functions 

with positive X. But there is still no simple way of 

choosing an optimal set of eigenvalues X.. The parallel 

model appears to he useful and numerical experience 

indicates that a satisfactory control can be obtained by 

applying only a short recent past history of the input 

to the convolution-described subsystem; of course, the p 

required to achi_ve a (rood control wrill also depend on the 

modes described by the state-space subsystem. Thus, an 

useful but not necessarily easy extension is to find a 

new measure of model accuracy which will lead to a simple 

expression for the model accuracy as a function of p. 

Further study is also required on the stability of the 

closed system resulting when the optimal 'feedback' 

control of the parallel model is applied to the actual 

system. 

An interesting fact about the second approach, 

treated only iA the frequency domain, is that no simplified 

model is needed o that the question of 	_ instability 

does 	 results olloued that this 

approach could yield a more satisfactory control than 

the popuir 	model approach and is thus 



potentiall.v useful. 

The suboptimal control obtained by using either 

ap-oroach has but the first time moment equal to that of 

the optimal control. It is, therorore, of interest to 

investigate the existence of approximation techniques 

which yield suboptimal control 74ith time moments equal 

to those of the optimal control, up to certain order. 
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