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ABSTRACT

Approximation techniques for optimising control
functionsusing both time and Trequency domain methods arec?
interest- .. The use of models of high~order systems with a
low=order state=space subsystem in parallel with a con~
volution~described subsystem is considered. An 0pt;misation
algorithm for the parallel model, using the Dynamic Program-~
ming approach)is developed and computed resulis are given
for an example. Algorithms for obtaining feedback gains
for the parallel model with a quadratic cost is devecloped,
using a{variation#i approach. Simiiar algorithms arie
also presented for the same model when the quadratic cost
includes a sensitivity function term. The convérgence of
these algorithms is proved.

A continued fraction expansion (CFE) technique is propos=
ed for modelling multivariable transfer functions to give
goéd approxima£ions to the initial transient response while
yielding the correct steady=~state response for a class of in~
puts. Another approximation technique; cailz2d Modified Padé
Approximation (MPA) which differs from the well=known Padé
approximation, is also presented, for mocdelling multivariable

transfer functions. It is shown that, under certain conditions,

o+

he CFE and MPA techniques vield the same model.
A technique is developed for ohtaining approximations
itu ithe itransfer fupnciion of a sysiem such thati ithe steady-stale

responses ol the system and its low=order model are the sa

g

e

for a class of inputs. The tcchnigue is based on modelling

the system's impulse response by z linear combination of
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orthonormal functions. For multi#ariable systens, low-order
models of the transfer function matrices can be obtained by
applying the technigue to each element of the system's
weighting function matrix. A minimal realisation of the
resulting low=-order model of the transfer function matrix
can then be simply obtained.

New lower bounds for the minimum cost for convolu=
tion~-described linear dynamical systems with quadratic cost
functions are presented. Besides its application as stopping
coﬁditions for iterative optimisation algorithms to decide
ﬁhen a control sufficiently close to the optimal control has -
been achieved, it can also be used to check +the accuracy
of a simplified model to a system.

The CFE and MPA approximation fechniques developed
before are used to approximate the optimal control fox
regulator problems formulated in the frequency domain. It
is done by performing a sequence of simple spsctral factorisa-
tionswhich each reqqire' considerably less effort fhan the
complete spectral factorisation which is necessary for the
determination of the optimal control in the frequency deomain.
It should be particularly useful for high-order linear
multivariable systems., A frequency domain algorithm is
proposed which iterates to give a suboptimel control with

increasingly detailed structure,
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CHAPTER 1

INTRODUCTION

TO THE

THESIS



1. JINTRORUCTION

This thesis presents new and more effective
algorithms for choosing optimal c&ntrols and controllers
for linear multivariable dynamical systems. Since system.
dsocripleono
are needed before such control can be considered, the
problem of determining suitable mode;s is also comsiderc-,-

Many researchers have contributed to the study of
the problem of optimising a linear time-invariant control
system‘wi I respect to a quadratic performance index.

If the system is given in the state-space formulation,

it is usually tackled by Kalman's theory of optimal .
control [1-2] while Wiener's optimal filtering theory [3]
is often used to solve the problem formulated in t@e
frequency domain. The optimal feedback control law
obtained by Kalmén's theory regquires the solution to the
non-linear Riccati equation; to obtain optimal contrel
using Wiéner?s formulation necessitates the spectral
factorisation of a positive definite matrix commonly
known as the spectral density matrix. Kalman's approzch
requires that all the states of the system be accessible
to physical measurement, in order to generate the optimal
feedback control law. This c¢ifficulty can be overcome by
using a observer for the deterministic case and by using
a filter for the stochastic syséem. However; engineering
experience indicates that only the 'dominant' states
-need to be fed back { or estimated and fed back). For
convolution~described systems, llee[ 4] has proposed
iterative algorithims for finding the optimal feedbacit

gain matrix linking the outputs and the inputs of the



system. A more serious drawbaclh is that system design
based on soptimality becomes very complicated if the
order of the system is high and hence expensive to
implement in practice.

Though there have been several methods proposed
by Youlal[5], Davis[6], Anderson[?] and not so well=known,
by Rozanov[8] for the spectral factorisation of the
spectral density matrix, the procedure to obtain the
optimal control in the frequency domain is often vory
tedious, especially for high=-order multivariable systems.
It is due to the fact that all these methods are not -
easily mechanised.

Therefore, in practice, one often has to be
satisfied with an approximate solution ( i.e. suboptimal
control) provided it is easy to obtain and the performance
of the resulting sysiem is satisfactory. It is the aim of
this thesis to present approximation techniques for
optimal control in both time and frequency domainsand
also to provide a means of evaluating tﬁe merits of these
techniques;

A popular approach to obtain an apnroximate solution
to tuec optimal control problem is to represent the acﬁual_
physical system. usually cf high order, by a simplified
model for which the optimal control is relatively easy to
obtain. The success of this =pproach would obviously
-depend on the performance of the actual system using the
optimal _ontrol of the model. A model may be regarded as
an ideal one if it satisfies the following crizeria: (1)

it must be simple enough so that its optimal control can




be casily obtained; (2) accurate enough so that the final
system has a satisfactory performance. It is mnot easy to
find a model which satisfies these criteria simultaneously
and to do so might well require deep physical insight of
the physical system being considcred. Several approximation
techniques for obtaining simplifeid models have been
proposed, e.g. Kitamori[9], bavison[10] in the time domain
and Evans[11], Chen and Shieh[12] in the frequency domain.
The techniques given in [10] and [11] are based on the '
concept that the dynamical behaviour of the system is
determined mainly by the poles nearest to the imaginary
axis, it.e. the aominant poles. In Kitamori's approach;

thé impulse response of the system is approximated by a
linear combination of orthogonal functions while Chén{s
method yields a reduced model by applying the continued
.fraction expansion to system's transfer function. In this

< e ] Aalismd mwrsac den Fhhoa Lo qezoe aas e o o
WO inode 11ng technigues in the freague iCy domain
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thesis,
are proposed; one of them is based on the continued
fraction expansion which dififers from that by Chen while
the other is of Padé type. We also extend the techaique
proposecd by Kitamori so that the model >btained will have
the correct steady~-state response for specificed inputs.
Cumming[13] has recently suggested a model which consists
of a state=space subsystem ( to describe the slow modes)
in parallel with a convolution-described subsystem ( to
describe the fast modes) operating only on the recent
past history of the system. We obtain the optimal contreol
law for this model with a guadratic Performance iadex.

Algorithms to generate the optimai feedback gain matrices
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of the model are developed. Devclopment of similar
algorithms to reduce the sensitivity of coenvolutione
described systems to parameter variations are also
presented in this thesis.

Clearly related to the approximation *echnigqgues
for the optimal control are the lower bound results Tor
the optimal performance index. These can be used to

estimate the difference between the optimual performance

irdex Vo and the performance index V using the optimal
control of the model; without actually knowing the
optimal control of the system. Thus, it ﬁrovides a simple
means of testing the validity of the simplified model.
Another important application is its use as stqpping
conditions for iterative optimisation algorithms.
Allwright[14] has obtained a lower bound result for both
state~space described systems and convolutiou-described
systems.,-We improve these lower bounds for convolution-
- described systems éo that éhey give a more accurate test
of the validity of the model and also provide improved
stopping conditions for iterative optimisation algorithms.
In this thesis,z new approximaticn technique- for
obtaining a suboptimal conti ol in the freguency domain
is also proposed; no simplified nmodel is usea in this

approach.

2. OUTLINE OF THE THESIS

A brief ontlina of +he contentz of this thecgic
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Toilows.,
In Chapter 2, discrate~time systems are described

by a parallel model which consists of a state=space
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described subsystem operating only on the recent past history
of the dinput to the system. The optimal control law for
the parallel model with the usual quadratic‘performance
index is cobtained, by using the Dynamic Programming app-
roazli. A numerical example is given to justify the case
of the parallel model,

- Iterative algorith.s to generate the optimal
feedback gain matrices for the parallel model are presented

in Chapter 3. These algorithms are gsimilar to those

proposed by Mee [4] for pure convolution-described systems.

e e e

Then, counvergence is proved, using Polak's lemma [15].

For convolution=described syétems, a sensitivity reduction
design technique is presented. A sensitivity function term
is added to the usual quadratic perfor~ance index to be
minimised and the coutroller is assumed to bé a linear
combination of the current state and the scnsitivity vector
functicn, or of the current state alone, which is the more
practical case. Algorithins are presented to find the
optimal feedback matrices and are proved to converge,

A brief summary of the available modelling techniques

in the frequency domain is given in Chapter 4. Using the

time moments concept, a new result concerning the responses
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ncd by Chen's method {145 to a ¢
of inputs is presented. A continued fraction expansion

technique denoted CrE2, which differs from Chen's method

is proposed for model simplification. The rela‘ion between

the power scries expansion of the original transfer Lfuncte

ion and that of the simplified model obtained by CFE2

lg dinvestigated, Anapproximation tcechniguce, denoted MPA,



which differs from‘the well=known Padé approximation .tech-
nigque is proposed. It is shown-that, under certain con-
ditions, the simplified. models, of the same order, obtained
by CFEZ2 and MPA are’£he same. Xt is also indicated that
the CFE2 proposed in this chapter can sometimes be used
to provide a stable model while Chen's method gives an
unstable model. Several examples are given'to illustrate
the modelling techniques presented in this chapter.

Chapter 5 is concerned with a modelling techniéue
in the time domain. A well-~known technique for approx—
imating a function by a linear combination of linearly
independent functions is described in the Introduction;
the function to be modelled here is the impuise response
of the system., A modelling technique, simiilar to the
above techinique, is proposed. It has a desirablce feature,
namely that the simplified model obtained by the tecchnique
proposed will have the correct steady-stale response
for some pre~specified inputs. A numerical exanple e
presented to illustrate this feature. The minimal real-
isation of the simplified model is obtained by Gilbert's
method [16] and an example is given.

In chapter 6, new lower bound results for the
minimwn performance index are prescnted, for convelu~
tion-described. systems. This is followed by a discussion

of their main applications: (i) a simple means for test-
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sStoppiag Couditions Tor ikteractive optimisation algorithias.

Two numerical examples are given to illustrate e

nsefulness.

Chapter 7 begins with a brief summary ol the



available methodﬁfar the spectral factorisation of the
spectral density matrix which is a necessary step

to obtain the optimal control in tune freguency domain.
The CFE2 and MPA teégniques descrived in chapter 4

are then applied to obtain a low-ordexr approximation

to the spectral density matrix and this resulis in a
suboptimal control which can be obtained e;sily. An
algorithm in the frequency domain is also given which
interates to give a higher order approximation by
'updating' the previous lower order one. Important
properties of the algorithm are indicated. Some )
interesting results are presented which relate this app~
roach to the well-known simplified model approach.

Two numerical examplses are given; the second cxample
shows that this approach can be superior to the simpli-

fied model approach.

3. CONTRIBUTIONS OF THE THESIS
In general; the techniques, the algorithms and
the methods of proof presenied in this thesis are

original unless otherwise stated.

CHAPTER 2

3

A new algorithm, based on Dynamic Programming, for
optimising the parallel model suggested by Cwmming is

developed which exploits the structure of the parallcl
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dilffercuse between the performance index for tho coptimal
control for the parallel model and for the system when
the parallel model is obtained f£rom the system in a

certain way are new,
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The generalisation of the algorithms, proposed
originally by Mee for pure convolution~described sys-—
tems)to expnloit the structure of the parallel model when
determining the optimal feedback gain matrices for the
parallel model is believed to be new. - The idea has
been extended to cases where a sensitivity term occurs
in the cost function, which is believed to be new.
Perhaps, the most importa.at contribution made in this
chapter is the proof of convergence of the algorithms
(including thosc by Mee). For the sensitivity reduc-~
tion design teciniques for state-space described systems
suggested by other authors, no convergence prpof for the
algorithms proposed has, to the auther's knowledge,

appeared in the literature.

CHAPTER 4

The” proof that the simplified model obtained by
Chen's method will give the correct stecady~state res-
ponse for a class of inputs is original. A continued
fraction expansion technique (CFE2) has been applied
to system modelling to attempt to obtain good appro-
imation to both the transicnt and steady-state responses
of the system.This use of continued fraction expansion
is helieved to be new. A new approximation technigue of
Padé kind (MPA) has been developed for the same purpose.
The result on the relationship between the power series
of the model obtained by CFE2 or MPA and that of the
original transfer function is new. Also, a condition

has been obtained for which models, of the same ordery,

1.
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ohtained by the CFE2 and MPA are tha gn

A letter by the author based on the CFEZ2 techniques

has appeared in Electronics Letters [17].

CHAPTER 5

An important contribution has becen made in extend-
ing the well~known technique for fitting a function
by a linear combination of orthogonai functions so that
the model sc obtained has the correct steady-state
response, for specified inputs.

The first three sections (1=3)} of the chapter
have appeared as a letter in Electronics

Letters [18].

CHAPTER 6
For convoluticn-described systems, the lower
bound results for the minimum berformancc index present-

ed in this chapter are believed to be original.

CHAPTER 7
Apart from the methods for spectral factorisation
given in the Introduction, results in this chapter are

original.




L&'

1]

L2]

[3]

L4l

[5]

61

L71]

[8]

REFEHENCED

R.E. Kalman, On the General Theory of Control
Systems, Precc. of-IFAC, 1960, Vol. I, pp.481i-492,
R.E. Kalman, Contribution to the Theory of
Optimal Control, Bol. Soc. Mat. Mexicana, 1960.
N. Wiener, The Extrapolation, Interpolation and

Smoothing of Stationary Time Series, Wiley,

" New York, 1949.

D.H. Mee, A Weighting Function Approacn to Linear
Control Systems Design, Ph.D. thesis, University
of London, 1969.

D.C. Youla, On the Factorisation of Rational
Matrices, I.R.E. Trans. Information Theory,‘

M.C. Davies, Factoring the Spectral Matrix, ILEE

|2

Trans. Automatic Control;, Vel. AC=8, Octocber 1963,

pp. 296-305.

B.D.0. Anderson, An Analytic Solution to the
Spectral Factorisation Problem, IEEE Trans.
Automatic Control, Vol. AC~12, August 1967,

pp. L410-41k.

Yu.A. Rozanov, Statsicnarnye Sluchairve Protsecrsy
Gosuderstvennoe Izdateestvo Fiziko-Matematicheskoi
Literatury, Moscow 1963. Transiation: Statioiary
Random Processes, Holden-Day, San Francisco, 1967.
T+ Kitamori, Kpplication of Orthogonal Tunctions
to the Determination of Process Dynamic Character-

istic and to the Construction of Self~Optimising



[10]

(113

[:12]

[13]

[14]

[15]

[16]

L17]

[18]

Conirol Systems, Proc. oi IFAC, 1960, Hoscow,

pp. 613=618. .

E.J. Davison; A yew Method for Simplifying Large
Linear Dynamic Systems, IEEE Trans. Automatic
Control, AC-13, April 1968, pp.214-215.

W.R. Evans, Control Systems Dynamics, DMcGraiw Hill
Book Co., 1954, p.lL6.

C.I'e Chen and L.S. Shich, A Novel Arpproach to
Linear Model Simplification, 1968 JACC Record,
pp.454-461.

S.D.G. Cumming, Observer Theory and Coatrol
Systems Design, Ph.D. Thesis, University of
Loﬁgon, 19569.

J.C, Aliwright, Stopping Conditions for Iterative

Contrc) TFFunction Optimisation,; Electronics Letters,

\9;}

Vol. 6, No. 17, 1970, pp.5k5=547.

E. Polak and G. Ribiere, Note Sur La Comvergence
De Methodes De Directions Conjuguees, to be
published.

E.G. Gilbert, Ccntrollability and Obserability
in Multivariable Control Systems, J. STIAM Control,
ser A, 2. 1963, pp.128-151.

S.C. Chuang, Application of Conitinued Fraction
ransfexr Fun.ilions
to Give_More Accurate Initial Transient Response,
Electronics Letters, Vol.6, No. 26, December
1970, pp.861-863.

J.C. Allwright and S.C. Chuang, Obtaining ‘l'ransfler

e At e

——

- vee qrmrman

e ¢ oy n . i o s = A am—— —

e vy -



functions with Zexro Steady-=Siaie Brroxr irom
Impulse Response, Electronics Letters, Vol.G6,

No.22, October, pp. 706-708.

[$)
]

——y ey ey

P



CEAPTER 2

A TIME DOMAIN APPROXIMATION

TECHNIQUE FOR OPTIMAL CONTROL
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1. INTRODUCTION

There has been an interest in finding a new
formulatior to describe +the dynamical behaviour of
high ord:r linear systems with wide range of eigenvalues;
linear sysiems of this nature are often encountered in
practice. It would =seem that desoribing linear systems
of this type for optimisation purposes by means of a
state~space subsystem in parallel with a convolution-
described subsystem has potential advantages over either
a pure state=space description or a pure coanvolutiocn
description of the system. This is due to the faci that
a pure state-space representaticn describing both the
slowly varying and rapidly varying contributions té the
system outpur can cause numerical difficulties when the
system of interest has a wide range of cigenvalues and
a pure convolution model requires excessive storage of
past input histor§ when it is used to describe the
slowly varying contributions to the syste
Hence, a combination of itwo descriptions counsisting of

a state=space cubsystem ( to describe the slow modes)

&

-G

Y

in parallel with a convolution—~described subsys
(to describe the fast modes) operatiang only on the recent
past input history of the system would appear to give a
useiual form of model for linear dynamical systems. This
_didea was first suggested by Cumming [1]. The optimal
control law for such a parallel model wiih the usual
quadratic performance index is thercfore off dnterest,

In this Chapter, a procedure similar to that of
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for pure senvolubllida—-dsseribsd 8y
will be presented, for calculating the optimal control
law for the model.

To enable the state~space and convolution—described
subsystems to be synchronised together in the most

simple way, a discrete~time formulation is uscd. The

parallel model is therefore written din the form :

S1 0% Fpar T AR Y Bk ¢ Fp T X
P
T S B s S R e T (1)
Yieer = Crean¥pr1r * Zrer ¥ € [00152,0..N]
where x, € R%; z V.. € RY, v xe[1,2 N+1]
3 k X H lc; I X 5 L g0 8 6 ol

w_ e R®, V ke [Llep,leopt+lyeey0:1,2,...N].

The final outputs y, of the model consist of the outputs
Yk
X generated by the state-space subsystem and the output

by the convolution~degcribed subsystem. The intceger p

N
=

determines the length of the past input history of the
system which is used by the convolution=described
subsystemﬂsz. For any particular p, the matrices Ak’ Bk'
i
: the ~all < an b S s
Ck and Wk+l of the parallel model can be chosen so that

the model approximates ( in some sense) the physical
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the accuracy of the model can be improved, at the expense
of extra computation. By reducing p, the computaticn
required can be reduced, but the accuracy will also be
reduced. Hence, varying p gives a simple way of adjusting

the accuracy with which the parallel modcl approximates
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the phyrical s&stem to be con£rolled.

The state of a system is defined intujtively as
that information about the past history of the system
which,; together with the present and future inputs,
enables the present and future outputs of the system
to be determined. In the casé of the parallel model
described by equation (1), it is clear that the state

at time index k is Sic where Sy is the ordered tuplet

sl{ ='(}L.lc’lll{“l’llk—z'...'.lll;-l)). (2)
The initial condition for the parallel model can

L} "] A -
therefore be considered to be s, = (xs,uo,u_l,....u

1-p
The performance index function which is to be

minimised with respect to ul,uz,.....uN is considered

to be V(sl) defined by

N
ST = . v - T - w ) o+ - \
"”1'“1'“2)"'“N) Qéi Ly (e syd + Lygyq (T

where

_ L .4 I 1 N
Li(yerw) = 5 <=y )y @ vy )> + 5 <wRu >

_ 1 d d
Lo Une2) = 7 <O Vyen) 1 ey i1 yen 1>
and where yg is the desired output value at time index
i, Qi is a r x r symmetric and positive-semi-~definite

matrix costing the departure from the desired output
value and Ri is the m x m symmetric and positive
definite matrix costing the control energy.

Cumming suggested, in [1], that the optimisation

problem could be solved in the conventicnal way for

N

(3)
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discretc time systems by extending the dimension or
the state-space subsystem of equation (1) so that
equation (1) can be entirely written in the difference

equation form,

~ ~ o ~

Xk+l = Akxk * Bkuk : xl = xs

~

Yiee1 = Crer1Fus1

vhere.
~ _ ,.T.T T T T _n+pm
X = (oo _qoty preveeey )7 ER
~ T T T °.T T n+pm
xs el (Xs’uo’u-—l’."."'.ulnp) C—R -~
Ak
0 0
O
0 Im 0
i .0 I o c Rﬂn+pm)x(n+pm)
Iz m .
0 0.. . « +I "o
L m
- -
Bk
I
m
Ey _ |0 éR(n+pm)xm
_O
¥ = (¢ L 1 w2 R \é;Rrx(n+pm)
e+l Ie+1F k+J k*l’ k+1’ ’

However, this formuelation has a disadvantage in



that the conventional approach for solving the optimisaiion

problem Tor discrete time systems does not take account

~

of the sparsities of the matrices R#, BP

~y

and C

: . {

exhibited here. The procedure to be described does take
account of this.

2. SOLUTION OF THE OPTIMISATION PROBLEM

The results, which are proved at the end of this
Section, arc first stated and commented on.

The Optimal Control Law If the state at time index

k for parallel model of equation (1) is

S T (Xk’uk—l’uk»Z""'uk-p)’ then the optimal control
at time ind:x k, denoted here by u; is yielded by the

optimal control law

P~

o
Y T Oy * kax * . A
i=1

i
1

Memi (&)

~
\

where it is assumedAthat uk+l,u1 2,......uN axre chosen

optimally given the state s, . In equation (4) and in

. ) . .. i
the following text, a superscript such as i in 7k

denotes an index, rather than a power. Further, in

m mxn i __mxm mxn
c : € s 7 R -~
k R Bk R i Y € where R

denotes the space of mxn matrices etc. The terms Oy s Bk

equation (4) :

and Y; are detormined as follows

o = - (5 te.
X id

(5,) T, (5)

W
—
A
1
1

Uy

LA =1
rk -7 (Hk) Gy

where



H_ = R_+ (B) rv“* Yo, o+ TETL TGRS 18,
* * B T R 1 Uk Y1 B
+ (Bk)T[{J‘k*i 1T et
Y el WY
ek = (B ) [Vk+l 1 + Vk+1.
S N | Y (6)
Foo= [V 1a + (B )T[vk“’1 1a,
M+ 1 e+ 1%k+1
G; - §k+1 + (B )T[Vk+1 ]T.
YeMk-d Yem 3 5 Ic+ 1
§k+1 . . .
Here % etc., are determined by rummning the following
k+1 .
recurrence relations in reverse time, by starting at
k = N and decreasing k in unit step until k = 1, for
i€[1,2y000.p]
A T -1 T d
T = (T 1 - r ) Trey - (6 Ty
Kk k41 ke k Itk
Gl’{‘k’ﬁ = (A y Trgkeet 1a o+ (ck)Tchk - (FKJT(HK)_
< k+1 k+l
'
k +1 i, T -1 i, T d
Ve, ” vlgl - (e Ty e, 3-8, ) - () Tauy
-3 g=i >
Ale [\/]\k+1 . ( i\ T =1_3j-
- e ) ™elI(1-6, )(1-6_ )
uk-iuk-j uk—iuk-j k * Gk P JpP
i, T J
+ (w ,kwl
(7)
'?.J‘{ = r-.",-k*'l A - PPN N A \—11—_\ Trs_58 A
T
) i, T
N (wk) chkf
subject to the initial conditions, at k = N+1, of
AN+ 1 T
Vx (CN+1) (QN+1)yN+1
N+1

r
k

Yoty e

(Aadastea LR lou B
X {

S ——
St T T

T Ty

>7

TRy

L el

ey



Hie]
VO

T

et (C ) Qg 13{Cy )
kN+lxN+l N+1 N4-1 N+1

AN+1 _ i T d
N+lei

AN+1 i T J

\'a = (W ) (Q Y (W J)
U 1mi BN 1 N+1 N+17" N+l

AN+1L _ i T

v = (Wy,q) (Quuq) (Cyuq)e

UN+1~iTN+L

In the above : i eRn; \71; eRnxn; \'I\'k e Ry T
*x TR Yemi

Vi . gm, K ceR™ v kell,2.00..N+11; and -

‘ <
Ygeik~j Ypemi ¥k
all these can be interpreted as certain partial
derivatives., as will be seen later. Also, O is the’

Kronecker delta and terms are multiplied by (lmﬁjp)

etc. to indicace that they do nnt apply when i = p etc.

, . . 2k sk
. Comment 1 Due the symmetry; Vl v = (vu
g~i K—J

bN
1

Jem j Mcmd
which reduces the amount of computation needed. A

further reduction can be obtained by noting that G% .
1Kk
is symmetric.

Comment 2 Using the cptimal contirol law given in

equation (4) in forward time for k increasiung from 1 in

unit steps enables the optimal controls u;,uggeo.g.ug

which minimise the performance index in equation (3)
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-~ 1 A p=1 3
u, = Ocn + ann 4 ‘Y:u: + 2—- ’Y:)uf):-:
— £ L Ld (=] ke i--:z £t e -
where x, = A,x_ + B uo
* *o T M1 %g 1ty !
p-1
o 2 o 1l o
u, = o, + x, + Y u, + v, ,ua, + v ou, .
3 3 BB 3 371 32 353 37 3~1
: o
where lj = Azxz + Bzuz ;s etc.
The Minimal Performance Index The minimal value of

the performance index in equation (3) for any initial

state Sl = (xsguogu_lyo'.'uul._p')‘ s

1

o .
V(sl) min V(sl,ul,uz,...uN)

I Rt e

+
™M

A

4

f]

\

he ol
o] b
M
M

A

for

r/\
u, > Y <wy L WV dx > (9)

Comuent 3 Result (9) for the minimal performance

index can be used to give a check on the calculated

~

o .o (o} . .
controls u,,U,y¢...u_. For if the performance index value

calculated using equation (3), the calculated controls

uI,u;,.....uﬁ and the associated responsc o the

arallel model described by equation (1) is not ecqua
1Y Y i

to V(sl)0 of equation (9), then errors must be occuring.

P —

&y ey ra



3L.

— ]

. ~ .. . - . s .
Prool vl the Cplimisatiuiz Resulls el the ‘cust

to go' at time index k given the state S at k and the

following controls Wy oUy  qoeese ety be

N
= ) Li(yi,ui) + L

k p .
v (sk,u_ . N+1(YN+1)’
i=k

NACHSEREL)

1{e[1,2,...N] (10)

where at time index N+l, there are no following controls

so that
N+1 _
VI T en) = Ly Oy ) (11)
< o _ . . y
Let Vl(sk) = min Vk(sk,LK,uk+l,,,uN) (12)
b N P T s
with
N+1 o _  N+#L,_ _ : .
VI ey g) T =V T Cen) = Iy (S ) - (13)
Using the Principle of Optimality.with equation (10)
thus gives
< o ) g+ 1 o
o i (1
'a (s,) min L (o) + v (59041) (14)

Yk

and the required optimal control u; is given by the

minimising control u, of equation (14). The result of

k
equation (1l4) is used to estaeblish the dynamice
programming based algorithm. For convenience; it will be

rewritten as

< (¢] . -k .
Vl(sk) = min V’(sk,uk) (15)
u,
wvhere
=Ic w1l .
V(s ) 2 Ly v (Sk+1)o' (16}

o+ 1 - . v
Suppose v (s )~ has the following form, which

k+1

. . . k+1 o
is essentially a second~order expansion of V (Sk+l)

e ————o




in s, ,,. = (= LT -1
AL YRl oIt i1

vk+l(

*"f=:.11.1 \
R (< L

a2 _ ok+l Al . ‘ L L
)7 = + <[le 1, X 1> *

s <x ’
k+1 - 5 <Ny
oy 4 ? T .4
T+ 1 41 el i=1 et l—i o TN
b p
1 alc+1
+ = 3 Y <u_,_.:LV To .
i=1 j= TS T P R g
P Ak+1l
rE S oL Iz > (17)
i=1 “lerl-d et L i ¥kl et
where the terms Vo't etc can obviously be interpreted
<+1

as terms of a truncated Taylor series expansioi.

Now, from equation (1),
i
Ve T G Y L Wickes

Fperl T M o By

So, from equations (3),(16) and (17)

=k _ Sk =i = _ R -l
Vl(sk’uk) = ¥ <[V;kJ"kk> "3 <kk’[V§.x.]xk>

JE
P _ P P
+ Y [T 1, w >k %— 2 X <w i
i=1 tmi * i=1 J=1
[ ]u1 > o+ \E <u, [¥ ]x.1>
. KO | -
Y i Wy I i=1 0 i Ui ¥ K

. p.-l .
N - 1 - ~
* <hk’ [ek+Fkhk+.Z;Gkuk—i> N §'<uk’ Hkuk/
i=1

(185

where eP,Fk,Gi and Hk are as de”ined in equation (6)

and where, for all i <[1,2,...p]

Mo _pk L _d o d
Vv =\ + D) <}k1 Qli"k>

v e

g it At - g g eyt o e 4] SRS A Py W v m ey oot S T &



and where & is the Kronecker delta and some terms are

Lo
\o
.

Vo= ()T D - (e oy
) o RTOTh

1Ay - (e T (c)
15k k+1kk+l : ko e e

=l +1 i, 7T d
Vuk_. [Vluk_ 1 - 61 ) - (wk} Q{yk

7 = [pitL 1(1-6. )(1-6. ) + (w5)Tq (wd)
f T o Tl N fg T T T i ip Jp k ks

v - Vk+l
uk—l e uk

sy, o1 (AR (10, )+ (w J) Q L (19)
-i"k+1

multiplied by (lw&ip) etc to indicate that such terms

are ignored where i=p, etc.

It will be shown later that Hk is positive

definite. It then follows from equations (16) and (18)

b P -~ ' - 0 .
the opiimal conirol W, 1s

4 -1 .
—1
uz = - (F_ [0 + Fkxy + Z: Q“.k—*]
i=1
A p=-1 i
= OCk + Bkkk + Z: ‘Tkuk—l (20)
whexa 0y 0 Bk and 7; are as defined in equation (5).
Substituting u. of equation (20) into s, yu.) of
Yk ’ St Yy
equation (18) and using equation (15) give
< o] ~lc A 1 ale
s. )9 =. + <[ = <x [ x
V(s ) e <~V§L]s 0>+ g <x, 05 Ix >
I A oY



- Al

LVuknikaXk> (21)

A »
LY Jul{ - )_ <1]1{_i,
i=1

uk-iuk~j =J

where the terms « etc.y, are as given in equation {(7)
k

.

and where

N Ak+l 1 d L4 1 -1
e = ¥ 5 <Y Q> 5 <ep (Hk) e > (22)
Thus, ifl Vk+l(sk+l)o has a second=-order expansion

which is exact as in equation (17), then seo does Vﬂ(sk)o,

N+l(

as in equation (21). Therecfore, if V }® has a

SN+l
second-order exnansion which is exact, the above may be )
used iteratively, starting with k=N with Xk being reduced
in unit steps until k=1; to emnable the terms of the

control law of equation (20) for determining the optimal

control u; to be established for all k:é[l,zg...N].

+1 o _ £N+1 N+l - ' 1
Vi ey, )% = T <[va+lJ, *N+1” T3 e |
L0 o Ty + ro<rii UN+1-d ;
*N+1 N+ i=1 UN+1-i * |
i
1 P b AN+1 - !
tE L L vy RSN L
i=1l jg= N+i=i N+1l-j v
P .
AN+ 1
+ Y <u L, [N 1=, .> (23)
g1 R T Mg iFwey” NHL
where
AN+1 1 d . d
= = &) ~ I
v 5 Yn+1' W+1Vn+1” (24)

N+1
N+1

. R '
and where the terms V etc are as defined in equation



(8).

+1
Thus,since VN (

Lo
‘A

o .
SV+1) has a second=order expansion
I

which is exact, the above technique can be used to solve

the optimisation problem provided Hk is positive definite.

Since the minimal value of the performance index

V[sl,ul,uzg..s.uN] of

equation (3) is obviously equal to

Vk(sl_)O of equation (12) for k=1, we have from equations

(21),

(22) and (24) that the minimum performance index

value is as shown in equation (9).

Finally, the positive=definiteness of Hk is now

considerad: The response of the parallel model described

by equation (1) can clearly be written as

j=1

=3
Y. = é.x_+ 3} W.u, . (25)
J s ;2. 3751
for some &,, Wo.
RN
Now, from equations (10) and (3),
N
Ao+ 1 _ )
Vo Sy e W ey T L Lo (ygamg)
i=le+1
* Ly (Vs
N+1
1 d d
i=l+l
1 3
+ 5 ) <u,:s R.u,>. (26)
2 =kl e
JTattine
- _— o
0O = bhlinc ﬂ"a" .n A-o.oooo
-~ block di °[Qk+1*“k+2’ WHlJ
R = block dlag[Rk+l,Rk+2,......RN]
* The proof was suggesled by Allwright.
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Ay
[0

. T T T T

Y = gz Ypapreeeeere V)
da _ a T , d T a |T,T
Yom e o s ereee byggyg) ) (27)
I TyT
k+l7uk+2!‘-voooc.oouN
1{’*‘ l Y N .
enables V ( to be written as

Sl M1 ettt N/

<(Y“Yd): Q(y—yd)>

D

¢ 1
Vl (Sk+1’uk+l’uk+2""'uN) -

+ <u, Ru>. 28)

N

It is clear from equafion (25) that vy in equation (27)
can be written as
. = - - . .
g v o+ Wluk + Wou (293
where § is the contribution to y due to Sice

Substituting equation (29) into (28) gives

Vh+1(

Sper1? W17 Yagan s o o+ + V)
+ < i ("-rd)* + L < T*qly
<y Wily=y ) 4+ 5 <y WIQW, w2
- d - o=
+ <u, [wgq(y-y ) =+ W§leuk]>

1 - e
+ 5 <u, R + ngw2]u> (30)

where [R + Wg WZJ >0 as R > 0 ( because Rk+l’ Rk+2’ .o

....RN >0 ) and Q > 0 ( because Qk+l’ Qk+2’ ""'QN+1 >0 ).
The matrices R and Q are alsos symmetric, so [R + ﬁ&Qﬁzl
ig also gyvmmetric. ,
From eqguations (12) and (30)
k+1 o T+l
{ = J P »
Vv \Sk+l) mimn V‘ (uk+l,uk+lycochN)

uk+1’uk+2';"uN



W

Jdet 1
and so \ (s, .4
RN

s+1 - R .
Vl (sk+l’uk+l’uk+2’°°°‘uN) of equation (30) with
respect to u. This is possible since [R + ﬁzQﬁ?] is

positive~definite and gives

£+1 o _
v’ (syeyqd” =

pof

ol ol d IT - d\
<F-yh, aF-yN> ¢ <u, TreE-yD>

{7 * R O T =an 1=l
<[u2Q(y g )+w2QUluk], [R+h2QW2]

i
ef=

- Ay s, = 1 - -
* - Ol *Oh
[WZQ(y y )+wzquluk]> + 5 <w, WiQW w >.

(31)

From equations (16) and (3),
T - 1 I . . L
VL(Sk'uk) = 5 <y vy )> + 5 <wey Ry >

T Rt )° (32)

S+l
and using the result of equation (31) in (32) and *he

fact that ¥y does not depend on . gives
. .

ka
07V (sy 0wy ) - - - - o aelm, -
— . * . - % Y17 \,;..:x‘: - * .
bulauk = R+ W¥aW; WlQnZEH wzqwzl WiQW,
<
(33)
But, from equation (18)
O
Gl Vk(sk,uk) .
=2 = L)
aulaul Hk‘ (34)
P < <

Thus Hk is positive definite if the expression on the

right hand side of equation (33) is positive definite.

Since Rk > 0, the right hand side is certainly positive

~1




-}
oof]

definitve il

- e - S
* e WH( * O\ * O .
WxQi, -~ Wraiv,[R+W5al,] WiQi, > 0

Now, it can be easily seen that
X 1
2ﬁ2[R+ﬁgQﬁ2]“lW*Q2 = ™I + 1)t

where
T = HR™TH*
and i
D
H = Q"W,.
Hence,
7 8 §rqW., - WrQW. [R+WrQiF. 1" THrqi
1% 12 2%%2 oy

1 : 1
= W{QZEI - (I + T)"l]Qzﬁl

1 1

-, 5 ]l Tm
— ES
= WlQ (I + 7T) Q Wl.

Since R > 0, T > © and (I + T)™" > 0. Hence Z > C and

from equations {(33) and (34),

)
Hk > 0

as required.

3. ACCURACY OF THE MODEL

As hés been mentioned in the Introducticn, the
accuracy with which the parallel modesl appiroximates the
actual physical system depends on p which is the length
of 1he input history to the system used by the
convolution~described subsystem. By increasing p, the
accuracy of the model will be improved but more computat-
ional effeoxrt will be required. In reverse, the computational

Ae

effort can be reduced by decreasing p but accuracy of

approximating the system is also decreased. On~ possible

Y iy o - f———



measure oi the accuracy ol ihe paraliel model would be
the differcnce between the optimal performance index v°
of the model and the performance index VO ‘of the system
using the optimal caontrol u’ of the model. The smaller
the difference is, the more accurate is the model. In
this Section, it is intended to invéstigate the effect
of varying p on the accuracy of the mcdel, based on this
measure.

Following the notations used in the Introduction,
a discrete time formulation will be used and the statew=

space subsystewn S, will also be expressed in the

1 bl oms 5 e

convolution form i.e. the finalhputput< Vies1 of the
Ao Yo Zhe Conlisly

parallel modelAis given by

k i P .
y = L0 )3 3 .1
YI{+1 iL—]_ Wli"'luk'*‘l-i + i2;1 wk-*‘luk+l-i Y k [O, 1, N1,
h ¥ a = ‘?Ti d i . h .
where yi,q € Ry €R, Wy 4 and W4 ave the r xm

weighting function matrices of the state-space subsystem
and the convolution-described subsystem respectively. The

above egquation can be written in a more compact form

r—,\ -7
(nl + My Ju
(ﬁz + My Ju
~ IA e
y = M + M u
/l \ P “P )
e i“lf .
‘1p+l p—f-l)u

P

- n o P P — i b et 4 1 im b &



Lo,

X. = [}rl’yZiIocootyN+l] s W = [uoiul,onv.--uN],
i i \ . :
fo=oh 0.6 0. 0lent X (N+l)m
L iz i .
1 ( ~ o (N1
M. = [W.";w_f'.)...._,w!,o“_o]eRl x (N+1l)m
1 1 L i

v ie [1,2,... p],

o J=p+1 J
M=T[0., ,WY ceesWS,000...0]
[ J-P, J ¥ J,
1 V .jé [p'*'l,oooN“‘l]

where Oj—p is a null matrix of dimension r x (mj-mp).

Similarly, the output i of the actual system is given

by
. F—( A . ]
p f M
¥ o= [ (M +M_ )
= p+l p+1’™
(Myyqt My
A ——
(bﬁ_ + Ml)u
(1 + M)u
) )
(Mp+l p+1-|-Ej,g-‘-l)u
(M o +E,, )
1 M T Eyn u_J

where




L,

J

P 1 ¢ )
= fwgiwgi....wg ;0c...01 et * (§+l’m

J

Y jelp+tls...N+1]

which is tie pari of the dynamics of the actual system

ignored Ly the paralliel model.

The performance index function for the parallel

model given by equation (3) can now be written as

d

vV = %[<u,Ru> + <y,Qy> - 2<y ,QF%> + < eQié>3 (35)

where .~ _ %f._ﬂfxs

Hx

R

Xd= [(yi)T, (yg‘)T, Ceeann (y§+l

nlock dlag[ R.l’ s aso0ase .Rl‘I]

block diag[Ql,Qz,.....QN+l] (35a)

T+4T
)

The optimal control u° of tlie model which minimises

equation (35) is found to be

o -p A m A N+l A m
.8 - e . i -— r:; L
noo= LR 7 (M) T (MM ) ) (M M) TQ, _
i=1 i=p+l
P N+1
D ~ ’I—.l. = Py U d — N T d.—'
+M ML +M, ) 1.
(3, 11).1 L .Z1xml~r L)y, _Z_' (DIiH } Tyl
i=1 i=p+l
(36)
The performance index function for the actual system
is defined to be
a ~ A - d
V = %E<u,Ru> + <y,Qy> = 2<& ' Qy> + <X§,Qxé>],
where R and Q are as defined in equation (35a);: ﬁ is
- the outpuis of the actual system. It is easy to show
that N+l
V=v + > [(e U)TO (BE.u) + 2(E u)TQ (M, +%. ) u
- i”’ otit i i it
i=p+1

4,7
Z(yi) QiEiu]



where V is the performance index of the model defined
in equation (35). The value of the performance index
N

V using the optimal contiol u® of the model is then

given by

¥° = v° + %i; [<®, (ETqQ B, + 2E°Q, (M,+, )u®>
B i=p+1 PTTATAT iti A A

d
- 2<yy, QiEiu°>],

ve being the optimal performance index of the model.
If the complete history of the input is applied to
the convolution~described subsystem, i.e. p = N+1,

we have G° = v° in the above equation as expected;
since the dynamics of the parallel model ait then
exactly that of the actual system so that no approxi-
mation is made. It iz easy to see that

N+1

AO o 2 : A ~
V- - vl g 4£§+1[(”Ei” QI+ 20E I b n i+ 1)
2+ 2iynna, iie, 1ptil. (372)

Also; from equation (36), we have

- p A N+l ~e

1 < IR™HL PRI R0 RN ”yg“ + ¥ ”r’fzi-mi”
i=1 i=p+1
L .

HQiHHyiHJ. (37b)

Combining the bounds given in equations (37a) and (37b),

- L
e

.
i

n
3
=

4
nJ
Y
n
n
»ls
7
ad
D

lad

difference in performance indices V% - v°% on Py the
length of the input history applied to the convolution-

described subsystem. However, the normsof the matrices

[Vl
\»

in ecquations (37a) and (37b) may not be easy to calculate

in practice.
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Arother nossible measure of the model's accuracy

would be the departure of the optimal control uO of

the model from that G- of the actual system, i.e.

[Es uOH. This norm can be expressed as é function of
p but again it could involve considerable amount of
calculation.,. Mncﬁ further research is, thus, required
in finding a suitable measure of model accuracy and
hopefully, a simpler expression for model accuracy as

& function of p.

L, EXAMPLE

The actual system considered here is a single-
input, single-output system of 8th order. The i,B,¢C
matrices of the system, in the usual state-=space

notations, are

-1 N
- G
. =5
N ) -10
A= -20
Q -40
-50
—~

1

1

1
a - 1

1

1

1

1 ;

ha.

Aot s & i g < At e A ot 4 ATt % o A b

s -
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C = [2,-6,5,10,10,~15,20,~25].
The system has two relatively small eigenvalues ~1,~2.
They are,; ithus, taken to be the eigenvalugs of the
state-space subsystem which describes the slow modes
of the actual syﬁtem. The impulse response Wl(t) of
the state~space subsystem is obtained by using the

modelling technique described later in Chapter 5 and

its minimal realisation is, then, obtained by Gilbert's

method [3]. The Al’ B C., matrices of the 2nd order

1’ "1

state-space subsystem are found to be

-1 o 1

Cy [~2.94775, 5.91042]. -

Thi.s subsystem and the actual system have the same
steady state response to a step input. The impulse
response of the c;nvolution-described subsystltem is
then ob%ind swm () - Wl(t) which is the difference

between the impulse response W(t) of the actual

system and-thati Wl(t) of the statew=space subsystem.

To sclve the optimisation problem described

by equations (1) and (3), the systems are discrectised

1}

with a sampling intarwval A = §.0f

-

oAt
acs Lthe total
gE2Cc) e ToTaL

\

number of sampling intervals of interest is 100,

i.e. N = 10l1. Qi, Ri and yg in equation (3) are

assumed to be ceunstant.

Q. = 5, R, =1, y. =1 ' Viel1,2,....101].

W
P

b g pefge v
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.
\n

The optimisation problem is solved with different models

by using different pj; the range of p considered is

[0,1,2,3]. The value of the performance index V of the

actual system using

models is tabulated

the optimal control of different

below as a function of p

value of the computing time for finding
P the optimal control of the
performance index V model,using CDC 6600 (sec)

0 1.0598 .5167

1 86456 5784

2 .72001 . 7000

3 c7L8LL 1.0667

When p = 0, only the 2nd order state-space subsystem is

used to approximate the original 8th order system, the

effect of the fast modes of the original system being

totally neglectedJ>By increasing p from 0 to 3, the

~Agran e - canm T o 2 e Semammaonmad s S PRI 2
acturacy of the model is increasead (oY taki i 1I1COo

account the effect of the fast modes of the original

system. As caun be seen from the above table, this results

in +*he reducticn in V from 1.0598 (when p = 0) to

0.74844 (when p = 3). This would therefore, justify the

the
use of the parallel model, even though,computational

Neecledd
effort to find the optimal control of the model is

increoascd.
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1. INTRODUCTION

The main tepics we shall deal wilh in this Chapter
are the development of algorithms to generate optimal
feedback gain matrices and a design techmnique Zor the opfimal
feedback controller to reduce the sansitivity of the system
" to plant parameter variation. It is well known that the
solution to the optimal linear regulator problem i.e. the
control of a linear system x=Ax+Bu, y=Cx with respect +o a
quadratic performance index, is of feedback form and is

generated by a linear combination of all the curxrent states,

1% () = =BIR™IP(t)x(t) = ~ LO(t) =(t)

where Lo(t) is the timee=varying feedbaclk gain matcix [l]; to
obtain Lb(t) requiresthe solution P(t) to the usual Riceati
equation. Of particular interest is the regulator problem
overfinfinite time interval where the optimal feedback
gain matrix is constant. However, engineering experience
indicates that, forjmény practical control systems, not
all the states are available for feedback and in fact, it is
often necessary to Ifeedback only the dominant outputs.

Mee [2] has developed algorithms to geerate the
feedback gain matrix L for the control law of the Toxm

ul(t) = = Ly(t)
wheire y(t) is the output vector of a convolutiomn=described
system

yit) = y {8) + J  wit,m)uis) dr.

s
!

These algorithms generate a reduction in cost at each iterae
tion but the convergence was not proved. In the present

Chapter, algorithms similar toc thosec by Mee are developed




=

\2

for the paralliel model descyribed in Chapler 2j
algorithms lead tc a reduction in cost in each iteration
and will be shown to converge.

For state-gpace described systems. Cassid} [3] and
Bradt [4] have proposed design techmiques for an optimal

feedback controller which reduces the first order sensitivity

of the system to plant parameter variations. In both methods, 2

}he sensitivity function is added to the wusual quadratic

performance index to be minimised and the feedback controller
is assumed to be a linear conbination of the current state
as well as the sensitivity functiono The design problem -
is thon solved by finding the fcedback gain matrices which
minimises the resulting performence index. The Maximum
Principie is used to obtain the equations for the necessary
éonditions of optimality. Unfortunately, the problem
formulated in this way does net reduce. to that of state
regulator feedback and associated Riccati formulation and
it has to be solved iterativelyo Bradt has suggested in
[4] aa iterative scheme, similar to the gradient technique,
te solve these equations. However, the convergence of the
algorithm was mot proved,

Foir convolution-described systems, a.sensitivity re=

duction design technique will bhe described later in the

Chapter. The controller is assumed to be a linecar conbination

of the current state and the sensitivitly vector function.

\ 1l coritlime are develnned to find the obntimal feedback

gain matrices: these algorithms have the similar structure

and properties as those of the algorithms developed for

the parallcl model.,

To develop the algorithms, a resuli is required which
P

ot e e e pesm
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thad

D aianid

P o — o
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can he Tournd in [21,
digscussion of it is given below. Consider, in genexal,
two Hilbert spaces Hu and H_ and define ﬁ as a space of
Linear transformations frombHu to Hy i.e.
b=La

where a.eHu, b = Hy énd L ¢ ﬂ. By writing

£f =<y, Lu> = <[y, ul, L>
where £ is the usual inner product on the Hilbert space Hy,
we can assﬁciate with cny el=ients u, vy, an element
[y,u] of the space of linear functionals on é; these

a
functionals can be interpreted as gemeralised trace [5] for

ir Hu and Hy are finite dimengsional spaces and L a matxix,

we have
T T
<ys Lu> = y ' Lu = trace uy'L
£ < [y, ul, 1>
If Hu and Hy are taken to pe L2 gnaces where the innex

product is defined as
<y y> = | xT(t) yv(t) dt,
we have

<y, Lu> = [¥(t) Lu(t) dat

1l

He>

trave ( Ju(t) vy (t) dt) L

The main result is gtated in the following Lemma.

rx P o
4”1 VL

nt matrices Mi, 2

appropiriate

.
g
i
¢}
]
Q
H
»

Cj
¢t
o
Q
@]
jo]
4]
ct
)

<[M1yl, ¥olo M,> = <M1[yl, yols My>

and therefore
[Mlyl, yzl = Ml[yl,yzl

Proof:
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<lyys yzl, My My >

1t

<My Lyqs yode m.2

and since Ml’ M, are arbitrary constant matrices,

(M, vy yzj = Ml[yl, Yol

2, OPTIMAL FEEDBACE GAIN MATRICES FOR PARALLEL MODEL

e 1

The Parallel model of a control system is shown above
which congists of a state=space described sabsystom in parall
with a convolutione—dcscriked subzystem. However, in the de-

velopment of the algorithms, the state~space model will be

e
expressed by cenvolution description. .
k=1
.~ - 1 eyt + L w!
- Y B Yy T R R
i=1

Note that the iull history of the control u ig usecd in
generating the ouvtput y?!, wheress y'lig seseraied
the recent past history of u.

Assume that the feedback control law has the form



™. .t

Y 7T 0k 7

fad

L Pi%kel (1)
£

1T

where Uy is an m=dimensional vector and yﬁ-
Mot

&

‘1= dimensional

vector at time instant k; P is a m x 1 comnstant matrix and Si
$

iél, 2y ssoe el m x m constant matrices; g is a positive
integer proportional to the length of the past history of
the control uased to generate the output y". Assuming that,
in practice, the output yk of the system can be measurcd,
the control w, of the form given by equation (1) can be
easily implemented. For, knowing the recent past history of
the control which is required in finding u, in equation (l),~
the output y"k of the convolution=described subsystem cén

be calculated and the output y', of the state~space subsystem

I
is then given by

t - 1
Yk Yk Vi o
The control L in equation (1) can now he found eacily.
The eguation (1) can be written as
where
- - ~ S
{ul i 0 v'y
uy ys
u, u, 2
o — Q o
u =|, yu = ° ,_;' = °
* »
. o [+
| “n “n-J :ﬂnj
P
P 0O
P = '
0 .
P

TP Y ey} e s b

o

1

ra TS AT @ T by

Ry e Py S

R R P ST



0
0 Sl
. 52 Sl O
é = ° * -
° Sq_"l sq—Z' s 2 ® Sl
» O q-1
® ° 0 ﬁ. ¢
0 Oo s o o » a 0 os o e
R S,

N being the total number of sampling pointsj y3-= y;l
the initial output. Using these notations, the dynamical

zhe

equation of convolution~described system can be, compactly,

written as

y' = yI + HKu
where -
-,
0 y sl
'
W ! ysz
W,L WO o) .
7 W . *
W = WZ “l o] 1T = .
- . . . "Y's_ s
* * * &
[l » [ 4 [ 4
* » * [
* L [3 .
- - .
‘txi w:1--2 wo yénJ

it is obvious that any change in output gy of % cenvolution=

\Ji
L8]

R D P Kl

!

Bt It L e o] *:?:a&”*m¢’th1‘(,af-gf~:— T AT TR e

described system due

expressed as

to

in input can be
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Consider a quadratic performance index

pofi

J = -é— <m Re> + 5 < (x4 x", Qly' 4y
For small pexturbation 6_1_3_ and 5§_ in feedback gaoin matriccs
P and S, the corresponding first order change fu in the feed-
back control law u is given by
fu = ~OPy' - B py'~ 65 4 - S pu (3)
wvhere py' is the change in y'due to the changes O0P:y &S,

Since y'= W!' u, we have

u + PW'6u + S bu = = 8F y' - 65 1
or (
where
~I
t
PW o+ Sl T
Wt
PW‘1+ S2 P70+S_.L . @
®
RO o *
T = PHge2" qe1
PWt .
L ] —=4 N
PU. ! )
N"‘.L PI‘I' . . . 'Y . . ' ’
. n & h P‘q’q.‘z'{ Sq'-l ° e I

N e

—r—t
DA

s aqm s
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The first order change in cost function §J due to the
arbitiary small changé in control &u is given by
§J = <Ru; 6m > + <Q (y' + y"), (py' + y'")>
Substitution of the equation (3) into the above equation
yields \

8J

<Ru, (=0Py'=bS w)> + <R, (~Péy' - 5 omw)>
+<Q (y' + y"), W suw>
where W = Wf + W" is the weighting function matrix of the

composite model, W" being given by

.‘.\I' 'o= wre, .
=2
[ ® €
wily :
nor .
tt . . . LI |
Wily W
It is easy t+o see that
Pby' +S5064=PRN' bu+ 56y
= (P W' + S)Bn

and therefore:-

§J = —~<Rw, bpy' + 6S u >
~<(PWP + S$)* Ru- W*Q (y'+y"), duw>



By rearranging the eacuation {4). we have
TSy == SRy -~ 651
where
o ] o ]
. 0
Y1
y'! ‘I'Il
il = 2 = _ u
sy 1 =
Yh-2 | o2
Thus,
8% =~ T TR T - T 65
and
63 = <R(Py' + Su), 8P y'+ 5S u >
+<(PH' + S)* Ru = W*(y'+y"), T7L6R F'+T768 f>
- - [ et *{‘..-..*. V' - RS S, PO N Py l -y [ R 1 -
= <R2uy,-|,.r 1&!_"Qky‘-%—y“}«-{£ Wies) ™ E?,Z'J’%’Lh_b_g,z'.l ,o£>
-] % . . . ) -
+ <RS Gu - [T - {E'*Q(}_f_"*'_}_f_"J-(_Pi W'eS) "‘R__}a}‘_ "'[R_?_g’,'}g 65>
= <RPG = .9 OP>HRS G _~D 65>
iy yy y' — — u o —
where
=1 %[ & ’ — -
Dy, = 77 {”'Q(z‘ +oyry= (B W'+ 5) *R&};;:']-[R_EE '3
- I "1*—‘4!’(1( ' i (P * o] r T
Gy = LT T REQUyIy) - (R 4S) Rz},e ul -[RPy*.u l;

(1_“_: = [X.' ?
o

assumed to

componeints

u. -

— it

y'l and G, = Lu, ul are square matrices and are
be invertible; this assumption is valid i the

of y' are jindependent and so are the components of

3 Yty 4 e Y e ] Tty T et e 3

o A

TSI T e Yty [ e S T ] MEY e TSR S T e e v T e Ty



To achicve optimality, &J must be zero for arbitrary

allowable perturbations 8P and b5, i.c.

yl
and ~ ' (5)

P‘EGy'_(b =0

Y
RS Gu - iﬁ = 0
To find the optimal feedback gain matrices g? and §?
iteratively, the basic el gorithm proposed is

ALGORITHM 1

k+l | -1 Kk =il (6a)

Two more algorithms are obtained by introducing the

parameters 0< €€ 1 and M a positive semi=definite matrix.

ALGORITHM 2

e+l I =1
(1= €,) P+ &R

wl 1z
P SN 0<e <1 (7a)

i}

k
prf( G 1

k+1 |

tn
il

Lk oce_ g1 (70)

i jid -1 -k -
(1-¢,)8" + ¢, R @ (a7 o

2

ALGORITHM 3

C T (< -1 %k Ic
Pt (1..61)21‘ + &, (R+M) 1Ld>y,(ay.) + MP ]
{ Y
0<e, <1 8a)
and
e+l k =lrlt, =11 k
5777= (1-ey) ST+e (ReM) T (6 T)T+MS™]
oL <, <1 (8b)
M > 0.

Note that if M=0., Algoxithwm 3 is xeduced to Algorithm 2 and,
if further €1=62 = 1, to the basic Algorithm l. We shall
now proceed ftc show that Algorithm 2 and 3 lcad to a non-

Zzero reduction in cost in cach iteration. Since the preof

o oo

L e A a1 ——_ i ey -




is rairly <ledious, it will be accomplished’ in two parts

presented as Lemma 1 and 2 below.

Lemma 13 The Algorithms' 1, 2 and 3 give fise, to first
order, a non-zero reduction in cost in each iteration.
Proof: Sinée the Algorithm 3 can be reduced to the
Algorithm 2 and 1 by setting, respectively, M=0 aﬂa
M=0, él = 62 = 1, we shall give only the prooi ior tihe
Algorithm 3; for the Algorithm 2, proof follows imme-

diately by setting M=0 and for the Algorithm 1, by

setting M=0, ¢; = e, = 1,

+ H
T _ EF - 6Pk sk i _ sk - 5§Fa it

_— ' = —

. +
By writing EF
is obvious that equation (8a) of lgorithm

3 can be written as

+ —-— — .
BF T _ E# + al(R+M) 1[“(R+M)BF+¢§|(GY%)R+ MEFJ
k _1 1_ __.'l 1. 1-
= Brre (ReM)7H0, (65)7 - RET)
1c -1k k Xk -1,k
= + + - a
P el(R M) [cby, RP uy] (Gy,)
~ =12k k .k -1,k
e, op T T (RANTIGL, - RE Gyrd (G0
e I Ic 1 k Kk
— — = - = R4+-M P G
=> RP Gy, Dy €, (R+M) &P v (9a)
Similarly, we bhave, from eqﬁation (8b) "
k Xk Ic 1 k Lk \
RS'G. - &S = -~ % (R*M) BS™ G (9b}

2

k .
To the first order, the change in cost dJ° at Kth

iteration of Algorithm 3 is given by

53" = —<6gk, % (R+21) 531{ G{;,‘)

1

~<68", L (M85 G, >

1 k |k ik
T T, (ReM) BTy

I

<6S u, (R+) 6§k o> (9¢)

58a
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where P = the smallest eigenvalue of the positive defi-

niin

nite matrix (R + M).

In the case of Algorithm 2, we have

I 1 Lk Kk 2 1 k=g, 2 .
67 - Ei 'I‘ﬂ:".n“&-B AN Eé&minlla§ﬁ2 I~ <o (10a)

where o in= the smallest eigenvalue of the positive defi~

nite matrix R. In the case of Algorithm 1, we have
kI, 2
y' T -

673

ic

e . 6s"E% < o (10b)
min = = *

Since the components of y'gnd ﬁ# are assumed to be

independent, an assumption required for the invertibility

k and 6§F§F cannot vanish

of the matrices Gu and Gy" 62#1'
mmless 62# and 6§? vanish respectively. Therefore, "the
strict inquality sign in expressions (10), (10a) and (10b)
holds, unless P and S satisfy the equation (5) simultan-
eously., This guarantees; te first order, a non~zerc
reduction in cost, a vital fact in proving the convergence
of the Algorithm 2'and 5.

Lemma 2: For sufficiently small Gl and 62 >0, .z
Algeoerithm~2 and 3 produce a non-zero reduction in cost in
each iteration.

Proof': So far, in the development of the necessary

condition for optimality of the algorithms and the proof

]

of Lemma 1, only the first order change in control On

I

and first order change in cost function 6J have been

cons juereds To prove that Algorithm 2 and 3 lead to a
noi~zeroe reduction in cost in each iteration for suliici-
ently small El, ez >0, the expressions giving the exact

change in control Au aad in cost function AJ will have

to be used.

e b ———4 - -y e mnn

o mare ey e im



For the contrel of the formu = -~ P y' - S u as
given by equation (2), the total change in control
Au due to the changes 6P and 6S in P and S is given
by

Au = - 8Py' - PAy'- 8Su - S A u - bPAY' -55Au

or

Au + PW'Au + SAu = -(6Py'+ 6Su ) - (6PAY' + 6SAR ).
As for equation (&), the akove equation can be written
as

-1
Au = =T

(6P y'+650) T (8P Ay' +5SAW)

T Au = - TTT(6Py' + 65T )

Where T is the matrix as defined in equation (4) and

g

T, 21+ TR + b5).

Now, by rearranging the matrix Tl

T, = T"'l[I + (P+8P) W' + (S+8S)1,

it can be seen that I+ (P+8P) W' +(S+8S) is a matrix

of the same structure as T and hence is invertible.

This immediately means that T, is invertible and the
¥

1

exact change in control Au is given by

Au = - Tzl (P v + 85 T).
Expressing TI in terms of its Neumann series expansion,
i.e.

7t o= [roe ot (ep W o+ 85)17T

<

(-1)* (r7t(ep wr+ 55))E

il
I..l.
gr’lx

and making use of equation (4}, the total change in

control Au due to the changes AP and 65 is given by

A ey ——

b v i 01 -y
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f=

= -2+ Ou (10c)

where §u as in equation (4), is the Ffirst order change

in control due: to the changes 6P and 08§ and

ne>

15 i erw « 85)) )T (8py + 65T )
i=1

{ € nttepr + 88))  su (10d)
i=1

o A L
ccend and highe

0]

It is obvious that e involves only the
order changes in P and § and is, thvs, the error incurred
in replacing the exact change in control Au by the first
order change 6Er Kote that ignoring the second and
higher order changes in P and S does not affect the
derivation of the optimality condition in equation (5)
and the first order weduction in cost &J
dependsonly on the first order changes 62_ ang 6§:

For any change/u in <The control, the resuliting
total change AJ in the value of the cost function J

of equation (2a),which is quadratic in u, is

AJ = <Au, g> +%<Ag, Adu>

where

oy pp——e T G r—— —n

s gt

- ey B . Ay S g R



K2,

g = RE 4 (El+ H}:)#Q (zt 4 X::)

and A

R + (El + Elt)*Q(El + Hll).

Substituting Au of equation (10c) into the above equation

for AJ gives

AJ

<(bu = e), g> +3< Au, AAuw>

= <bu, g> - <e, g> +i<Au, AAu>.
Of all the three terms on the right hand side of the
above equation, only the term <bu, g> involves the
first order changes 5§:and 6§jthe change in cqst due
to the second and higher order changes in P and § 4ig
accounted for by the other two tzrms. It, hence,

follows that

<bu, g> = 6J

which is the change in cost due to the first order changes
8P and &8s 1\11 P and S.

That Algorithm 2 and 3 always lead to a non-zero
reduction in cost in each iteration can now be proved.

As in the proof of Lemma 1, only Algorithm 3 will be

considered. Following the notations in Lewma 1, we have

k. -1 k. k k -1,k
BF" = - (Rem)T[REYG Y ~ &5 T (e D"
k _ S R 1 kv o~lyk
and 65T = =€, (R+ -
S o (R*M) TIRSTG . ~ @1 (GT)

This indicates that the changes S5FF and §s® are linear

functions of the adjustable scalars O<'EIS11 0< €<%

i-eo 6P = e €

. R e

mtyy —r
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1
a

. .
and es = .
k

Ak . ‘o - -
where D and QS are matrices independent of el and C2.
D

Similarly, from cquations (4) and (1Cd)

1 ~ “ < o
6_‘-1.Lc - "'T l(O_P.‘y'_‘l o+ 6§EIC)

i k
- & K <
19p €29y

: k i
for some vectors dp and ds and

= m k Jom k k
e = = | (=1) (e E> +€,E ) (e,d_ + d
& 521 1 2E) | (&g P 29s)
oo o
=- 35 3 ei Gg k
i=i j=1 1J
s -k ok . < .
for some matrices Ep» ES and vectors fij s thus, the
Ic

total change jp control Au is,

PN e oK K = i J k
Aw = .G+ € a_ + Y oey <o £,
1 27s 1 j=i 1 2 7ij

W M8

Consider now tﬁe terms involved in the total change in
k

cost function AJ
(1) : <£l£c , gk> = 5Jk is, from the result of Lemma
1l,a non-zero negative number and is linearly dependent un

the scalars €, and <, i.e.
L =4

1 1
<fu =S = w (€ al 4+ € al)
fuy g (&2 232
k
where aT. S~ n 4=1.9.
AL 7T vy ATy
s s Ic !
(ii) —<2 gk> *E<¢EF$ AA_F> iz, from the above

results, dependent on the second and higher orier

power of 61 and €50 i.c.
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co oo :
-<ek, gk> + <Auk, AAuk> = ¥ 5 ef:‘ ég .1?
L u w . o i3
i=1l j=1i
2 = 2 k
3
€1 by T €5 Poo
= Ck, Say.

Thus, the total change in cost AJk can be expressed as

1z

4 k I
AJY = = (elal + ézaz) + C
Obviously, AJk' < 0 if Ckg 0 and the Lemma is proved.

6L,

. . k :
dovever, if ¢ > 0, then since 0< €_<1, O< €81,

1
k.. . @& e .k .2, k 2,. k, _ =k
&<C <& € > L-Ioijl+Ll|020|+€2'b02i C
i=1l j=
I I i &= k k
= I a ~£_|b € > l]-¢_La_~
=> AT =6 lay-g Ibypl-€, 5 ) by cll-g lay
i=1 j=1
k 1c
= — e é
€191 292
vhere
ok & k& _ . b 5| e °Z° °i TR
17 "1 1 720 2 [~ . ij
i=1l j=1
k A K - k
62 - az "Czlbozln

To ensure that AJ® < 0, it is suflicient. that ©7 > O

-and O, > 0, Now 95>0 for any

“2
éz —
Ib ALI
20
and 91 > 0 for any
Xk 2 & L.k
a1 = €p L X [Pyl
c i=1 =1 *J
1< ]
!bzol

(o] (o0l
provided a? - €, Y - ¥ lb;§l> O which holds if
K . _::"J do

s Say,



Hence, it can be guaranteed that AJk < O for any él,
where
k k
a, ay
0< €, < min ( 1, =, )
b5 %3 if b X,
N T 4Ty il
i=l j=1
and
Xk

a e, 5 vk,

- Ly A _)__ . =
P Famgm M
._k. |

20

This completes the proof of Lemma 2.

0< €, < min ( 1,

To show that Algorithm 2 and 3 converge, it is
necessary to invoke the modified form of Polak's
Lemma [6] . As it is not very well-known, the Lemma,
in the modified form to suit our purpose, and its
assoclated definitions are given below.

We first consider a general algorithm wiich

mxn

minimises a continous fuunction f (P, S), P € R ,
mxn . . . .
S e R . Starting from an arbitrary point (Po, So),
we form successively
£k+l ap(gk)
§k+l = as(gk?‘ ' (12)

]

st By ) < T B 8-

The point (', 5) is called a 'desirable! point of the

mininisation problem if

‘—b
~N
J
1tn

L &p(g)a ag (8) 1 > 2, 8).

a—

€

2

65.
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P (5 cnant e G ant.
Sk (ﬂk)! kceping Ek (Ek) constant

MODIFIED POLAK'S LFMMA: If for all (P, S) not

'desirable', there exist constants depending on

)y, €(B, 8), £, (B, 8) and (P, 8) > O such .that

2, .

§e

I2 = By il < € (B,8) and i S - 5, 1< e (2,8)

£(Ry ) -£la, (B2 (501 > 6(2,5) > 0
(123)7

then every convergent subsequence of the sequence defined
by algurithm in equation (12) has for its point of
accumulation, a 'desirabié' point.
Proof: To prove the lemma, it is assumed that the
sequence (E,, §k) is bounded which is not stated explicitly
in the original version of Polak's lemma.

\ If the sequence is finite, lhe proof is trivial,

for at certain kth iteration, gk_l=§_k,§k_l=_s_k with f(gk_l,s

—kﬁl)

= f(gk’gk) and hence (gk’§k) is 'desirable!.
e oL
The case of infinite sequence is now considered.
As the sequence consists of bounded elements in finite

. . m x L mxm .
dimensional spaces R and R , there exists a

convergent subseguence (Bj, §j)' j € J with the accumula-

tion point (EO, §°), where J is a subset of the set of

all positive integers, 2? e g™ ¥ l, §O € Rm M The

lemma is proved by contradiclbion. Suppose that (20, Sp)\

is not 'desirahle'. Then, according to the hypothesis

of the lemma, there existsan &° > 0, €° > O and
P s

§°>0 such that

v}

(o] (o]
- Pl < &) and [8° = 51 < €]

== £(2;8) ~ £la (P), a_(5)) >8° >0. (13)



(€)Y
it

As the subscguence (Ejtéj)’ j € J is convergent, there
exists an integer-m such that j € J and j > m implies

that ug° - Pl Eg and “§? - S| < 52 +« Consider now two

@

consecutive elements of the convergent subsequence (gj,éj)

and (£j+i’§j+i) with j and j+i €J, j > m. It is obvious

= [f(gj,gj) - (R 408,01 + [£(2

3+l j+1’§j+1)

£(p )1 +....+[f(P ) -

—‘+2’§j+2 —j+i—l’sj+i-l

S )]. (1h)

f(£j+i’—j+i

All the terms on the right hand side of equation (14) are
positive as the algorithm guarantees a reduction in cost
in each iteration., Hence, equations (13) and (14) yield

)

r(gj,gj) - f(gj+ ) 2 f(gj,_s_j) - £(P,

ERER T §+175 541
> 5% > o. (15)
Buc, by tue definition off continuity, f(f%,§j)—ﬂ-f(go,§?)
as (Ej,éj)—+(go,§o), a contradiction to equation (15).
Thus. the accuwuulation point (zo,ﬁo) of every convergent
subsequence is 'desirable!.
To prova the ronrsrergence of Algorithng2 and 3, we

define that (P,S) is a stationary point if

o

>

0.

010
|l
<«
N -
P an)
el
>
n
S’
n

Theorem : Algorithm 2 and 3 satisfy the hypothesis of both

Lemma 2 and Polak's lemma and hence cvery convergent
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subsequeilce of the secquence generated by the algorithms

o
[¢(}

converges to a stationmary point.

Proof : It is easy to see that tbe quadratie
performance index J is continous in both P and S.

From Lemma .1 and 2, Algorithm 2 and 3 always produce

. . , k+1 I
a non=zero reduction in cost unless P = P and

Sk"-'L = Sk. This means that Algorithm 2 and 3 satisfy

Polak's definition of general algorithm ( see equation
(12)). We now proceed to show.that the hypothesis of
Polak's lemma is also satisfied. Again, only the case
of Algorithm 3 is presented.

Consider any point (g}§) which is not desirable
and 62 2 P -~ P* ana 85 2 5 - s*. 1f

X

e - 2%y < )

™

(

k

l(n .

5P |

[

B

i

E]

and |I6S 1l s - s < €_(

- S

I
It

Yy
then, from equation (11),

J(£#s§F) _ J(Pk+1,§k+l)

> 8(p,8) > 0,

where 8(P,S) =,618§ + 6295 . Thus, Algorithm 3 satisfies-

the hypothesis of Polak's lemma and the accumulation
point of every converzpent subssquence of the sequence
formed by the Algorithm is a desirable point. To prove
that the desirable point is also a stationary point,
suppose that (Ek,ék) is desirable, Then, by definition (/o)

1

J(Eq’ﬁk) T Sk+1)

£F+1,_

£ 0

1 R
p—— Hf)_Pk* |"{“ = 0 and ” f!§.k_1}.lill = 0

£ L



=> &P"=0 anda 55 = o.

1
From equations (9a) and (9b), since (R + M), G;‘and

I R .
Gu are invertible,

e __ kX k __

8P = 0 => RPG_, ~d , =0

and 8s = 0 —= rs¥a® - ¥ = o,
- ; — u a T

Thus, (Ef,§#) is a stationary point, noting that

_ ¥k Xk k 0J _ k. k
k = R_P__ Gy,"‘ pr, and E Sk = R§_ G

-<bk .

u u

Now 4if (EF'§F) is statiomary, then by reverse argument
it is easy to show that it is also desirable and hence

the proof is complete.

3. SENSITIVITY REDUCTION CONTROLV.ER DESIGN

Since the early 1960s, o effort has been
concentrated on various scnsitivity problems which are
of importance in the practical dezign 2f control systams,
Sensitivity reduction controller design techniquesl.ave
been developed for state=space described systems [3--4].
To solve the problem,Bradt [4] has proposed an iterative
scheme, similar to the gradient technique kul the
convergence of the method was not proved, In this
Section, we shall consider a sensitivity reduction
design technique, for convolution=-described systems.
Algorithms similar to those developed for the composite

model will be presented and proved to converge.
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Sensitivity Function

Consider a convolution-described system
v{t;v) = ys(t) + W(t;v)ulv) (18)

where y{t;v) is the l~dimensional output function;

/4
o3
¢4
.
K.
10]
E‘
o
s
=1
O
(o]
H
[¢2]
n
=
e
d.
K-
=]
03
H,
H
Q
1=
K.
3
K.
‘-*-
K.
o]
=
[¢]
O .
o]
jo 3
F-
T
K.
o]
e}

v (%)

1

-~ ~ A -~
X I AVENX:]

- - e -
iT L T

ilugnces; uiv} is the m-dimensional
output function; W(t;v) is the open-loop transfer
operacor linking input to output; v is the p-dimensional
plant parameter function. u, W and hence y are assumed

to be functions of v. The l~dimensional sensitivity

function %% is ﬁW@WA%?

1
dy _ oW 9 ;
F‘% =6—;M+ IJ'E-:;;- 1 = 1,2,'noopa (17)
i i i

Algorithms For Finding Optimal Feedback Gain Matiices

To reduce the sensitivity of the system to

Q

ol

umed

0

parameter variation, the coutrollex is as
riat orelel
generate and feed back a.,approximation to the sensitivity

functions as well as the system outpuis. The algorithms are

developed to determine the feedback gain matrices which
~

minimises a quadratic merformance indeix centaining the

the sensitivity functionsj; i.e. the controllexr iz, the
form
P d
MW = =K 7 e K! ,_X. (18
17 .Z‘ i Ov, (18)
=1
whare K, and Ki, i = 1,2,....p a¥e m % 1 dimensicnal

1

fecdback gain matrices and the quadratic performance



index to be minimised is

. P
—l T e . a ax
J =z {<y, Qy> 4 <y Ru> 4 ggi <3%i, Hi.vi>} (19)

V’here R > O’ ‘Q‘, H_ > 0) i = l,zyooo§po Letting

a

T = K!'. 1 g e aaraan 11,
<, [ HERSE Kp1, ]
EaJT Ayt dyt -
q: -—_:—,'—““,a.-.-o «
arl avz afp
and
hl
H o
H = 2. 1
o " H
D

equations (18) and (19) become, recspectively,

u = --Kly o I(2q
1
J = §‘{<Y, Qy> + <u, Ru> + <q, Ho>} .

Also, frcm equation (17), we have
q = %% u - WKlq
i.”e.A q = Wl v (21)

where

W, = (I + WK])"l; (21a)




W1 exXisits, since I + WK, is an Volitexra operotor and is

therefore invertible,.

Consider arbitrary perturbaticils X, and 6K2 in

1
in feedback gain matrices Kl and Kz: the first order
change 6J in J is
6J = <By,Qy> + <bu, Ru> - <bg, Hg> (22)

and the corresponding first order change du, &y and 8q

in u, y and g are given, respectively, by

bu = ~(8K;y + bK,q) - (X 8y + K,8q) (23)
by = Wdu (24)
oW . . .
bq = 3w ou - W&nlq - Whlﬁq
=w, Mgy - wwsK q (25)
1 Ov "1 1+

where Wl is defined in equation (21a). Substitution of

(23) into equation (22) yields

6J <Oy, Qy> + <bBbg, lg> - <K

léy, Ru> » <X,.bg, Ru>
“
- <6KJy, Ru> =~ <6K2q, Ru>
= <0y, Qy - KrRu> + <bgy, Hq - KZRu>
k]

- <BK.y, Ru> - <BK,q, Ru>

~J

= <0y, 2,> <bq, 25> = <6Klyl, Ru> - <6K2q, Ru>

where
z, = Qy = KfRu
Z, = Hq ~ Kgiu,
Using equations (2L4L) and (25), the akeve eguaticn can
he written ag
83 = <bu, W¥*z. > + <Bu, (EE)* W *m, >
1 ov 1 72

- <6Klq’ W*Wiz2> - <6Kly, Ru> = <6K2q, Ru>

0
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gw)w ;> = < 0K., [aq, W*W*z2]>

= <Bu, W*z, + | 1 1

1

- <6Kl,'[y, Rul> - < 8K,, [q, Rul>.

By substituting equations (24) and (25) into equation
(23), we have

_ 3w e s
du = -(6Kly+6K2q)—(K1W6u+K2WlE;6u-K2WlW6Klq)

i.e. du = T(szlWﬁKlq - 51\137 - 5Ix2q)

-

where

T = (I + KlW + K Wl—d—)

Therefore,

(o\J) Wiz

83 = <T(X,W,WdK,q - OK,y -~ B8K,q), W*z, + iz

1

- <8Ky, [a, W*Wizzj> - <8K;, [y, Rul>
~ <BK,, La, Rul>

and, aftex some rearrangement of terms,; we obtain

83 = <0Ky, [y, RK;y1> + <BK;, [aq, (K w,w)*1+

(W*z, + (V5 ow ¥

1 =)z,) - (wlw)*z2]>

oW}

- <5X,, Ly, T*(W*z, + (W 135 %)~ Rqu]>

1

+ <OK, Laq, Rqu]> -~ <OK,, La, TH(W*z, +

3
(v Qﬂ)z ) - RKly]>

= <BK . [y, RK v] - ®y> + <8K , [g, RK al - @q>

whexre

. . oW -
[Ya T"(W*Zl -+ (U O )-u ) L anq]

(S
n>

e [q; ( o lJ) Rk (1 1 - (‘.Jlrfzz) - (1]1“]) *zzj



7h,

' [:;_\ * J * » -QH*" =
and cbq Cq, T*(v zy + (wldv 4.2) RKly].

To achieve optimality we must have 8J = O for arbitrary
changes Kl and 6K2 « This means that

- - (26a)

[y. RK.v] @y 0 . (262)

and  [aq, RK,ql - ®, = 0. (26b)

Since R, Kl and K2 are consitant matrices, by using the

result given in the Introduction, we have

[y, RK;¥] = RK, [y, y] = Ri;6

¥ .

and  [q, RK,q] = RX,[q, g RK,G,
where

A -
Gy = [y, y] and Gq = [q, q],

Thus, equations (26a) and (26b) can be written as

RKle - @& = 0 (27a)
RKqu - Qh = 0 . (27b)

It will be assumed that Gy and Gq are invertible -vhich
is valid provided the components of v and q are
independent. Note the closc resemblairce of equatiocns
(27a), (27b) and eguation (5) for the parallel model.
We now sugzest the follewing algorithms to find

the optimal X, and K2 .

1
Algorithm 4 : The basic algerithm
i =loi,.-lyd
K] =R ¢?(GY )

£
i}

i -1 i, ~1.i
R “d (G 7)
2,4 Gq



Algorithm 5

75.

2 (1 - el)x«:i + eln“l(pi(e;l)i 0<¢€ <1

;\:;ﬂ = {1 = 62)1:; * ezn“lq)‘:‘l(u"')l 0<e, <L
Algorithm 6

I{i+l = (1~ 61)1{;:“ + él(R+M)"l[®;(G;l)i+MKi] 0 <&< 1

K%+l = (1~ 62)1{3 + éz(R+N)_l[®i(G;]‘)i+MK;] 0 <e2g'1

where M > 0 .

MNote the similarity between Algorithm 2 and 5 and
Algorithm 3 and 6., Again, Algorithm 6 is rcduced to

Algorithm 5 4f M = 0 and, if in addition él = 62 = 1,

reduced to the basic Algerithm 4. Therefore, following
the arguments used in Lemma 1 and 2, it can be ecasily
proved that Algorithm 5 and 6 always lead to a non-zero
reduction in performance index in each iteration.
Likewise, using the modified Polal's lemma presented
earlier, Algorithm 5 and 6 can be preved to converge to

a stationary point.
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CHAPTER 4

FREQUENCY DOMAIN APPROXIMATION

TECHNIQUE FOR MODELLING
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-~!
*

1. INTRODUCTION '

It is often desirable to reduce the order of the
transfer function of a complex system, for analysis and
design purposes. In the classical approach where the
problems are usually formulated in the tfrequency domain,
there are several rules which have been well-lznown:(a)
Chen[1] suggested that, in the Bode diagram, the corner
frequency can be ignecred if the gains are below -15db or
above +15db; (b) Evans[ 2] suggested that only the dominant
poles of the system are-noeded in estimating the transients
of a closed loop transfer function. All these techniques
are based on the concept that the dynamical behaviour of
the system is determined mainly by the poles nearest to
the imaginary axis i.e. dominant poles. However, since many
practical control systems do not have dominant poles, the
above methods cannot be used in general. In 1968, Chen and
Shieh [ 3] suggested a method for reducing the order of
trensfer functions, using the technigue of continued
fraction expansion (CFE). Regarding the control system
as a low pass filter, the approach arranges the numeratoxr
and denominator polynomials of the transfer function in
the ascending order in the power of s and starts the CFE
from the constant terms of the transfer functionj; this,
in effect, is equivalent to Taylor series expansion about
s = 0 and can be shown to be a special Lorrm of Pade
approximation for scalar rational fTunctien{4]. The method

assures that the model gives the correct steady-state

Q)

response for constant input. However, the approximation



to the initial transient response may nct be good.
Furthermore, like many other approximaiion methods based
on power series expansions, the stability of the model is
not guaranteed, even if the original system is stable.

In this Chapter, a different form ol CFE will be
suggested for model simplification which yields good
approximations to both the initial transient and steady-
state responses. For convenience, we shall, in the sequel,
write CFEIL and CFE2 to represent, respectively, the CFE
suggested by Chen and that suggested by the auathor. It
will be indicated that, by using the concept of time

moments of a impulse response, the model obtained by CFEL

v

will, in gencral, giveyg the correct steady-state response

o]
§

for a class cf inputs, namely@zitl, i= 0,1,2,....p where

p is a positive integer depending on the order of the
model. This will be followed by a proof that the power
series expansions, about s= 0 and s=o0, of the low-order
model obltained by CFE2 agree with the corresponding serics,
aboul s= 0 and s=co, of the original transfer function up
to certain terms. An apprcximatio~ technique which differs
from the ordinary Padé approximation will be proposed;
this techniquz which will be called 'Modified'Pade
Approximation (MPA) will ensure good approximation to both
the initial transient and steady-state responses. And it
will be shown that, under certain conditions the
approximations, of the same order, obtained by CFE2 and
MPA are the same. Similar results for a transfer function
matrix will be presented. This result should facilitate

the computation of the low-order model, especially for
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~I

the multivariable systems. It is also shown by ecxample (ii)
of Section 6 that the CFEZ2 can sometimes be used to provide
a stable, reasonably good model when CFELl gives an unstable
model.

2. CONTINUED FRACTION EXPANSION T0O GIVE GOOD APPROXTMATION

TO BOTH THE INTITIAL TRANSIENT AND STEADY-STATE RESPONSES

{a) Scalar Case

We shall here consider the general transfer function

C(s) of a single-input single-output system

R n-1
Azl + Azzs + ..........+A2ns

C(s) = -

A +Azs+..........+Al’n+ls .

11 1
Expansions from Lthe constant terms in the CFEl are equivalent
to Taylor series expansion about s= 0. Thus, C(s) is

expanded in the following way

1
C(s) = -
All . ABl + A325+.............
}\21 A21.+ Azzs T e 9 e » 9o 3% 3 v808 s e
_ 1
A . s
AZl A21 . A41 + AQQS F oaneea
i ol
A31 Ajl -+ Ast +t eeses
_ 1.
- s
hy — ~
o . = (1)
h +
3 . s
11/ T
t h_ + - =
5 3
where
~ A
Aoihyg = Ayqhs, A Apofag 30001
Agp = A by 7 A,
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. A__A A__A
A, 23 31 33 21
. 12 A31
A_LA, - A__A_ .
A Co_ 2di_dn 1i 2n .
3,n=-1 A21 .
AZnABl ABnAzl
A 3 Fg1z-1 Ajl
3,n 1,n+1
A A A
and hy = o= h, = 2 n, = £ ete.
21 °? 31 ! b

To obtain good approximations to both initial transient

and steady-state responses, Taylor series expansions éhould
be carried out about s = 0 and 5 ==< . One way of

achieving this is to have continued fraction expansion

from ﬁhe constant terms first and then the highest order

terms yicliding, rsay.

clis) = n-1 2 n-2
All . A3ns + A3,n—ls taeoeaat A31
n-1 1n-2
Azl A2ns + Az,n—ls tonnewat Azl
— l =
A11 S
* n-2
A21 A2n . 541 + A425°°" + Aé,n—ls
n--1
+C . & & &2 & \.
A3n A31 + ABES + fsns
where
N Aorfaa = Arafoy A - Aoifay = Mgqfog
31 A o1 -

21 A3n
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I - A
A _ ABlAln “llAzn .
3,n-1 Al
A 3 2,n—lA3n_A3,ﬁ—lA2
A _ 4 n-1 ABn

3n A1,n+1'

By repeating this sequence of expansions, C(s) can be

expanded as

C(Q) = l p
hy, +
1 h, + 1 -- (2)
h, + =
3 hq 2 1
A A A
where hl = Kil 3 h2 = A2n 3 h3 = AJL etc.
21 3n 41

If a p-order model is required, only the first 2p

.quotients hL in either ecxpansion (1) or (2) have to be

known and the desired simplified model is obtained by
applying the inverse procedure to the truncated continued
fraction.

(b) Matrix Case

Chen has recently exte:xnded his method of model
simplification using CFE to multivariable systems
i.e. C(s) is a transfer function matrix. Let C(s) be a
m x m transfe:r Tunction matrix. Chen showed that, analogous

to the scalar caczc, the CFE of C(s) is of the form

é(s) = [, + s[o. + sLH, + s, + ,.]mllﬁijwl]ml
1 . ’ t (3)

where II,, I eesss in the above equation are m X m

1 2?



constant matrices. It is cbvious that equation (3) can be
written as

=1 @l mly =]

[ e T 4 o~ 8 T %

C sy =y o+ slEy + oslny ¢ sy +.. 17717 (L)

provided C~l(s) exists. H, can be found by cquating the

constant matrices on both sides of the above squation;

o1 Hgs vvnn can be found similarly by inverting and then

equating the constant terms on both sides of anequation
similar to equation (4). We shall now proceed to show

how the CFE2 can also be extended to multivariable systems.
It is easy to see that the transfer fﬁnction matrix C(s)

can be expanded, formally, into

¢(s) = [y wslm, +lu, + slu, R N &)

To obtain the correct steady-state response, *he constant

matrices H HB, H.y... in equation (5) are obtained in

1 5
the similar way as the corresponding matrices it equation
(4); however, to ensure good initial transient responsc

H eese.. are obtained by dinverting

approximation, Hz, B!
and then equating the highest order terms on both sides
of an equation similar to equation (5). A low-order

model can then be obtained by inverse procedure, after
H

H esss H

5 n? Savs have been found.

l,
However, the above procedure only works il the
transfer function matrix C(s) is invertibie. A necessary
condition for the invertibility of C(s) is, obviously,
that the number of inputs to the system and the number
of outputs should be the same, which is often untrue in

practice,
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3. PADE APPROXIMATTON FOR SCALAR RATIONAL FUNCTTIONS

For convenience, a brief description cf tlie crdinary

Padé approximation for a function C(s) of the ccmplex

)

variable g dis given helow; for further informnation

e~

the reac

ar ia referred +to Wall, [h:!, The function (‘.(c:\ is

assumed to be analytic about s = S, @ point of interest;
the points which we are most interested are s = 0 and
S =20,

For C(s) analytic about s = 0, we can expand it into
a power .eries about s = 0, i.e.

C(s) = c_ + c,5 + ¢ 2 4 e (6)

o 1 2

where Syt Sy 02,'.... are known. Suppose that an

approximation to C(s) is to be obtained by Pade approximation.
Th=n, it has been shown in [Qlthat, with each ordered pair
(p,q) of nonnegative integers, there is asscciated a uniqu.ly
determined rational function approximation Cp (s), whose

?
numerator and denominator are of degree not exceeding

q and p respectively and whose expansion in ascending

powver of s agrees term by term with the power series

<

»
0

i cisl of C{s) for more terms than that of any other
0

i

il

such rational functions. In fact, the power series of C(s)

and C_ q(s) will agree up to the sP*% term. This means
i

+hat, if the rational function approximation Cp q(s) is
2

expanded in%o a power series

— 4 Ao 1. s Lo
cp’q( ) = by b bys # tsT o all

[0

then, we have, in general, t =c¢ , t, = ¢c,,.,. ¢ = Cc
o 1 pta nrq



t z C c::se By arranging these rational function
p+a+l 7 Tp+q+l!? ¥ © © :

approximations Cp q(s) to C{s) in a takle of double entry
b]

with Cp q(s) in the (p+l1) row and (g+1l) column of the

b

tabie (p,q = 0,1,2, +.+v...), we obtain the well-known
Padé table. -

It is trivial to prove that an approximation C,(s)

to C(s) obtained by CFEl is, in general, a rational function
with p~q = 1 and forms the subdiagonal sequence of the Padé
table (theorem 96.1, p.380 in [4]); i.e.

(s)

Cc.,(s) C
i p,p-1

. -
a, * a;s * a,s8" 4 .....ut a4

2
b0 + bls + bgs 4+ eoensvoases + bps

P

2p+1

troean

=C _+C,S+essetC, ,sgp"l+tﬁ I .S
o 1 Z2u-1 zp 2p+i

(7)
-" . . - - -‘
If C(s) is the “ransfer functien of a linear time-invariant
system having the impulse response c(t), we have, by using

. ~-st
the power series for e ,

c(s) @ [jl(t)e"St dat

o0 52 0’42
tel(t)at + £ Lt c{t)dt + eesan

o (

= [o(t)dt «s)
o [+

2 cquation with equation (5), ve have

By identifying the abov
. coi

c; = [(-1)*/1!]& tTc(t)dt which is called the ith time

moment of the impulse response c(t). Hence, the coefficient

i . . .
of the s~ term in the power series expansion, about s = 0,
of C(s) is the ith time moment of c(t). Since the first

(n+q) terms in the power series expansion, about s = 0,



w
N3

[+
i

of C{g) and C,(s) are the

1 ame, their Ffirst (p+q) time

moments are the same. It is obvious that the ith time
moment of c(t) (cl(t)) is the steady state response of c(t)
(01(t)) to the input [(-1)"/i']t . Therefore, we conclude

that the steady state response of C{s) and C. 4 ](s) = C1(s)
b I ; e

to the inputs ® £
1. y

i=0,1,2,....2p~1, where o, are constants,

are the same.

We ~hall now proceed to show that the power series
expansions, about s = 0 and s =oco, of the low order model
obtained by the CFE2 technique expressed in equation (2)
agree with the corresponding power series, about s = 0 and
s =c0, of the original transfer function C(s) up to certain
terms. The result will be illustrated in example (ii) of
Section 5.

It is assumed that C(s) is a ratiomnal proper transfer

function of finite order having a general CFE of the form

C(S) =

1 a3s- (8)

where n is a finite vositive integer; C(s) can also be

expanded into the power series

C(s)

1]
el

1
Qo

2
o + pPys F P,ST b e expanded about s

= q_ + qls—l+ qzs-2+.... expanded about s

8



Define
N
t
Bl =
A, 8
A
Bz =
or in general

assuming that

A =

-1

prP_l(s) +

1l

l'; B =

-1 0

b B s) + a sB
P p“l( ) PP

~(s)

a s
P=-a

-2

A =
(o] (o) o

Using equation (10) iteratively, we have

Aa(pr1) Pap

it is to see

easy

Ao B (p+1)

2p
{(=1) a,a,

Ba0+1°2 (k1)

b
R

the CFE2 of equation (2) by leiting

v
i}
P

o
[H

ulr

= 1

A 1, 2 2’ n an,
Substituting thess a,, bi into equation (11) yields
Ao »!
immedlately
A i3 » A_ B = A, a_. b 8%
2{p+)) " 2p cp 2{p+l1) “2%h ..., “2p 2(p+1)”

Also, we have

.
i

Lo
R. D F 6.5 g
52 (p+L) % 1% T 9
<2 (84 oa.s 4 %’2
o + 1 ‘aT

the difrfere:

+ eeaan

2 2 0 9

oo botween the two apnioximations



A \ A
_%LE.’.’;’}.Z. and .__2_1.).. is giw,en by
BZ(p+1) BZp
.& B o=
A2(p+ll ~ AZp _ f2 (p+1)2p A2pB2(p+1)
. B. B -
BZ(p+l) B2p 2p 2(p+1)
= b,, P + Gus + oS> Hua0)
— 2\p+l) 0 1 2 @ & 0
&. +‘
= 24 Bisp * (12)
i=o

that the power series expansions,

it follows

Therefore,
and “2p obtained by the CFE2

about 520, of “2(p+1)
By (p+1) Bop
the sp”l term.

technique agree up to

show that the »ower series ex-

We shall, now,
A
pansion, about 8 = o, of 2(p+1) and AZE agree up
Bo(p+1) Bop

Obviously, equation (2) can also

to tlie s P term.

be written as

wlt4

C(s) = -
h

A 1
s

o bl

L 1




and equation {8) can be reduced to the above equation by

putting

1
al—-a3— s020028e30 8080 =a2n=l-—2
S
- 1
az—-a!&-‘ s AD 208 I8 828 08 e st azn—-s
Lo , _ Ponas

1 p 7 s eeesesnocasoy onel S
bz=112180098!000600000090::1=1'12n‘

" For tlie above a; bi’ we have, from equation (11)

AZ(p+l)82p - A2sz(p+1)

- +y2p, 1l <D+l .l.p 21
_ ={p+1)
- h?.(p'i'.l.)s -
Also
_ 1 _ 1
B, B - -
2p 2(p+1) kl r hza S
— - ml ale
= ’YO ¥ Yls 3 20800860 mas
Hence,
Az(n+l} . “om - AZ(pkl}Bap ?p52&ﬂv1}

Bz(p+1) 2n 2p 2 (p+1)



This means that

~ A2(n+l)
2(p+1)

Since,

proper transfer

[

hZ(p+l)s

h

2

i=0

A
i

2D

agree up to the

and ———
a2p
by definition,

(p+1)

Y

-(p+1)

\76 +Wis

. S_(p+l+l)
L

S

=P

“he power series expansion about s=o9,

term,

the original rational

function C(s) =

{8}), we have, for 1 ¢ p £ n,

by using equation (12),

{(13) we have

C(s) =

2p
2p

t s nesan

il

L=ty
3
1L=0

J‘. 09“+

~

7 p+i)
fZO<BZ(P+1))iS

Similarly,

A

2n

B

2n

{see equation

(an)i s(n—l+i) + j: (BZ(nwl}>
i=o

's(nm2+i)
i

by usiug equation
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L= ¢
= .8
L &
i=o °
the power series expansion, about s=o {about
A

lience,
- 2
s=zo0), of the low oxrder approximation-—:g obtained
2p

by CFE2 of equation (2) agree with the corresponding
series of the original rational proper transfer function
(s"F term).

C(s) up to the <Pt term

MODIFIED PADE APPROXIMATION

it is

L,
From the discussions given in Section 3,
obvious that,like the CFEl, the PA is, essentially,
i.e, 5=0 or smoco

an approximation about one point
We shall now wvropose an approximaition fteche

if desired.
nique which is based on the power scries expansion

therefore ve called the

about s5=0 and s=< and will
This method will

'Modified' Pade approximation (MPA}.
transient

ensure good approximations to both the initial
It will also be proved that

of the z3ame

and steady state responses,

the approximations,

under certain condition,
cbtained by CFE2 and MPA are the same.

order,
MPA may be defined as a approximacion method whinrh
nonnegative

associates, wath cach ordererd pair (p,q) o
Cl(s) whose

a rational function approximation
power

integers,
ascending and desconding

sausions in both o

s

serios ex
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of s agree with the corresponding power series of the
given function C(s) up to certain term. The scalar
rational iransfer function C(s) of the system is

assumed to be proper and has the form

C(S) - (o] ) l n“'lu

b +b.]5 ‘*‘aoooooo-.oa‘*‘bsn
£ n

it is as-umed to have the following power series expan—-

sions

C(s) Pt pys + pzsz + +ees. expanded about s=0

5 + ...s expanded about s=co
model C, {35} of the form '

r + r.s + .. + r 5

(l -+ d S + 440 *+ d S
o] m

where m<n, by using the MPA defined abowe. Without loss
ox goneralify, we can put do = 1 so that there recmain

2m coefficients Ty di to be found., One of the models
that could be obtained by the MPA tochmique will have

the power series

@

Xpansion, 2about s=o {(about s=o0j),
agree with the corresponding power series, about s=0,

mnl(

(about s=c) of C(s) up to the s s ™) term. This

can be accomvlished by having the coefficients I di

ol the model C{=s) teo sakisfy the fTollowing set of 2m

linear equaiions



ro = po
rl = Pl . + dlp
Pl 7 Pha-1 + dlpmwz Foeees dm--lpc
{15

rm-l = mql .
rm--2 = “qu ¥ am—lql

- ] -~ ~1
Yo - 9% melfmal T ot V919

This model will have equal emphasis on its approximations
to the initial transient and sieady state responses of
C(s)., It is easy to see that models with ' biased! em=~
hasis can also be sbiained by usin
is not poessible with the ordinary PA. lor example, a
model Cl(s) to have more emphasis on the steady state
response approximation than on the initial transicnt

response approximation can be obtained by finding idits

coaefficients Ty di in the folloving set of 2m lineax
equations
T -
o P,
v = + d
1 Py 1Ps
L]
1" = -’3 + d ' L2 L ] + d D
m=1 me1 1Pm-2 T " m~1~0
0 = p_ + d;p + aas L LD,
“m 1¥me-1 R T A
Ed
-2
L ]
O = + d P, + 2 2 3 'i' (.1 je; i
B 1 k=1 ’ ’ =1 k= (m-1) (15)



T mtk+1” qu2m—(k+l) Foeees ¥ d--m+k+2q_1_

Where m < k, By 'fitting' more coefficients in the

power series expansion about s=0, the Cl(s) given by

equation (15) would, usually, give a better approximation

to the steady state respomnse than Cl(s) given by equa-

tion (14), though its initial transient response

approximation may not be as good.

It
equation
equation

P

where

[~

§ge]

II\ -

is obvious that the di’ i=142, ... m in

(14) can be found by solving the following

=T d {16}
y 1
= (dl, d2’ o0 * 33 dm)
= * ® 0 o i - N !
(n,r By Poei)

ql q2 % & 500 ¢ 06 o q‘lnm l qm ‘l
|
_po ql qm--l
“pl mpo ql qm~2
“Primo rmpm=~3 ceeee TP, ql_




Sh,

If the malrix T has an inverse, d is umiquely detexrs=
1

minied and so 3s r where r = (r 43 ;5 coss T ) is
- = o 1 m=1

given by cguation (14). Then the model Cl(s) with these

r and di as its numerator and denominator coefficients
) Auc
respectively iunnique.

This result together with the relation between the

b)

CPEZ and the power series exXpans

on, whoul 5=0

LIl BTOo,

f-e
¢
§

of the function C(s),; proved in Section 3 leads$to the
conclusion that, providod the matrix T in equation (16)
is irwvertible, the low~ordexr approximation obtained by
the CFE2 can also be obtained by the MPA technique of
equation (1l4) and vice versa. This fact will be
illustrated in a numerical example of Section 6.
Hewecver, if the matrix T is not invertible, there
exist other meodels of the same order, besidas the
model obtained by the CFEZ2, whose cceficients ai, bi
satisfy the equation (14). Among these models, some

nay be stabkle whereas others including the one obtained

by the CFEZ2 may not be stable.’

5. LOW=-ORDER APPROXIMATIONS FOR TRANSFER FUNCTION MATRICES.

It is easy to sce that the PA and MPA described
in Section 3 and 4, for a scalar transfer function, can
be easily extended to a transfer Funecti.n matrix; the
scalar coefficients in the power series expansions,
ahout s=0 and s=co, will now be replaced by constant
matrices of a»propriate dimension and a low-order
multivariabie model is obtained by 'fiiting' these conw

stant matrices up to certain pever of s,  Obviously,

Py



the PA and MPA techniques can be applied io non-square
transfer function matrices whereas the CFEL and CFE2
cannot, Furthermare, as no matrix inversion is in=-
volved in using the PA or MPA, they are, computationally,
more attractive chan the CFEl or CFEZ2, especially for
systems with large numbers of inputs and outputs.

We shall now proceed to show that the relation shown
in Section 3 for_the scalar case between the power series
expansions, about s=0 and s=oo;, 0of the original transferx
function and that o the low-order mocdel obtaincd by
the CFEl or CFE2 can be easily extended to a rational
proper transfer function matrix G(s); G(s) is assumeéd

. 1 3 smme i semde LY o— - — - em ~
TO e dnvertivle id has a CPElL and CrEZ,

]
)

Analogous to equation (8), the rational proper

transfer function matrix G(s) is assumed to have a -

CPE of the form

N n . ] =l q=Llq=k  (17)
G(s) = Ays [Dl + Azs[Bz F eaea F A2ns[B2n] S Rl

and its power series expansions exisc

G(s) = P + P,s + P 52 + eae expanded about s=0
o 1 2 A
(18)
= Q_ + Q s—l + Q 5"2 + a2.e0s expanded about s=ce,
o 1 "2
Define
A
Dl = Als
A
Fl = Bl
E., Q BzAls
4—-\ 2 24
Fz - BlB_?, 3 .'\2..)
or in ganeral

G



-

E (s) = B E _ {s) + A s E_ _,(s)
P P P~ P p==
F {(s) = B_T 5 * A 8 T s
assuming that
E.=I.F_ 6  =0,E =0,F =1L
=1 - Q v

(19)

It is easy to see that the equation (17) can be reduced

to "~ equation (3) by setting

.
-
.
-
|
=
i

B = HZ‘.

sl Fp amcunl B b owerzible

With the F_, B - equation (19),

P
low=order model MD can be obtained where

M =1t .,
jo P P
For o = 1,2, ... 21, we have
el -1
= Ir IR =
My 1 Ey Hy
N - [H + s 117t
M, = o E, = LI,H, s I H,,
S =1
-1
= [Hl + sH, 1
el
M, = F.- &
3 3 3
— J ot . s ~ ¥ -1 oo
= [H3 [uzal + sf] + bul] Lu3n2
I § .
= [ [H3H2 + sI]Hl + sﬂ3] [u3n2
= 1, ~ s (U H, + B T T
- -5t 3
. o xy =la=l qel
= Lﬂl + o5 1112 ¥ 13 ] ]
i =L
L., = LN
F-<'3 %3 Lall Lall

2

96,



0
~1

R Fos oy e a=1 wla=lq-~1
= Lil; + siLii, + siig Faoo *“’Uizn' eee 1 7373
= G(s)
These loweordcr models can also be obtained dircctly
by the CFBEL by vetaining only the fivst few comnsiaint
matrices Hyy Hgy oo in equation (3). A low=order
model M can be written as
pt+l
-1
M - 0
= [H__.F_ + sF ]“l[H E_ + si_ .1
p+l p P=i p+l p p-1
~1 1
= 9 4 4 n 0 v +
[Hp+l F, srp_q] [Hp+,F F, "B, #sF 4
~1 ~1
F E_ = sF F 5+ sk ]
p P p-1p P p-1
: -1
= i F - g
Cu,, F, + sF 11 {[Hp+l sF__,3
1 1
~1 E_ = sF LF_"F F_".B _}
P p=1"p p p~1l"p-1
- |_l| - 4—1 N ?_lm - 1"1
= rp o Srp+l rp_l [lp B, rpml p=17
~1
= f o gF ; { - M
My o= ST Foog Lo, My _qd

Thus,

2
Llp-l-l

By repecating the same procedure on M - M
e

the diftrcrence between the

and Mp is equal to

r'l'-l I ) @
= qu+l mel (dp

we have

two successive models

and so

[ 330

ice]
o



o
(o]
*

Mo,y = M
= (-2t r  rlp M . =M )S°
ptl p~l1p p=2 T p-l p=2
MO D LIRSt S Sy SNEL R RIS ol S it
reatis pn* B o= - ~ - ’
It is trivial to show that the product F_,, F__, F:lF_ﬂq....
~l -~ A AT
FoFl where the F,. i= 0,1, ... p+l are defined in the

equation (19) can be expressed as

'-l ' 0 |-l = - p = i
Pp+l Foog svee FI7 = (-1) g;o L;s

Li being constant matrices. Hence, we have

- N
Mp'i'l L{p

(o) - +

= Z: L.s™ T,
. L
1=0

Now, by definition, the original transfer function
A -
matrix G{s) = M =T 1 E, , the difference between
2n 2n n

&

G(s) and a low=ordexr model, say, MP is equai to

G(s) - M
P
= MZn - Mp
— - l\ L = ) - ‘V m}
(M = Mppg) ¥ gy = Moy g)beee +(H, 5 -M)
Oy [a2e] ) .
i+2n-1 i+2n=2
= (L Sl +f (L m).s '}'ooon
i=o 2n--1"1 iz 2n.2 i
ii i+p
+ (L. ).s
izo P

N
|
2]
i
o]
+
X

Thus, we can conclude that the power series cxpansions,

E
[}

about s=0, of the low= order model M_obtained by the

x
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CFEL of the equation (3) agrees with the corresponding
power series expansion of the original transfer function
matrix G(s) up to the sp_l term. This fact will be
illustrated +in example (IV) of Section 6.

By foullowing a similar procedure, we can also
conclude that the power series expansions, about s=0 .
and s=co, of the lLow=order model M obtained by the
CFE2 of equation (5) a

power series expansions, about s=0 and s=c, of the

original transfer function matrix G(s) up to certain terns

6. EXAMPLES
(i) The original system, taken from [6], is of 8th order

and has transfer function

C(s) = al(s)

“b(s)

where
a(s) = 18s? + 51456 + 5982s° + 36382354 r 1226645
+ 22208852 + 185760s + 40320
b(s)'= (s+1) (s+2) (s+3) (s+h) (s+5) (s+6) (s+7) {s+8).

Suppose that a 2nd order model is required. The CFE2
technique described in this chapter yields a model having

the transfer function

18s + 5.436

c.(s) =
2 sz+7.7s+5436

While the CFEl introduced by CThen gives a model having
the transfer function

15.16s + 4,828
2]
s +6,022s+4,838

Cl(s) =



Fig. 1 shows the transicnt portion of the step response

of the original system (curve a), the model Cl(s)

(curve b) and the model C_.(s) (curve c), which finally

~

H T 1
settle down to the sams steady state, It can ko scen
+4- -+ 4o 1y -
that C_(=) gives a more accurate appreximaticn to the

T2

initial transient than Cl(s).

8

{id)

2 + 6s + 8s5°
(s+2) fs+1)2

c(s) =

the models obtained by using the CFEL and CFE2 having-

the transfexr functions

1.7763 + 0.222

C (8 = —T545.1539) (=5+1.75D)
- _ 8s + 706
C,(s) =

(s+2.1)2+ (1.786)2

respectively, TFig. 2 shows the step responsc of C(s)

(curve a), Cl(s) (curvz b) and Cz(s) {curve c). ‘The

model Cz(s) again gives good approxi@ation to the
initial transient and yields the corrcct steady-siate
response » Although its behoviour after the initial
transiant is not a very good approxXimation, it iz 2t
least stablc, whereas .odel Cl(S), given by the CI'EL,
is ‘mnnstable.

The original system C(s) in the examnlo (ii)

.
L

above has the {following power scries eXxXyansions

C(s)

1

<

'a)
85 +6s+2
2) {s+1)

2

s 38
=1+;5--1-—'i-—~+

(s+

i sarss  expanded about s5=0

108.

Given a control system having the transfer functicn



n . 3 ' 1
= 8g =208 T+6063 “+eessse expanded aboul s=co,
and the corresponding power series expansions of C,(s)

obtained by the CFLE2 are

_ 8S + 7.6
CZ(S) - 14 A 1\2. 71 —106\2
ATl ) T (Le Uy
= 1 + Z - %4%-2+ eeses @Gxpanded about s=0
{e

8sml - 265—2 + 48.43-3+ cessesos expanded

{l

about s=¢o

It is easy to see that the power series expansions,
about s=0 {(s=c), of the 2nd order model Cz(s) obtained
by the CFEZ2 agree with the‘corresponding power series
expansion, about s=0 (about s=c}; of the original system
C(s) up to the s (s~2) termy as shown in Section 3.

To obtain a 2nd ordexr model, say, Cz(s) by the
MPA technique of equation (1l4) in Section 4, the 2 x 2

matrix T in equation (16) is found to be

8 =26
T==
-l &

and itz delerwminant \T! = 8 x 8 - (256) = 38 # 2. Thus,

T is dinvertible and the resulting 2nd order model

C,(3) is uniqus. The coefficients dj in the denominator

3

of Cj(s) can be found from equation (186) i.e.

=

,'dl 8 . -26 "1

Ldz ~1 8 1



i02

8 26

=
o
o]

. |
38 |

assuming that do = 13 the coefficients r. in the

numerato. camn now be obtained from equation (14) i.eo.

Ty =Pyt 43P,

...;‘;;__3_——

3 =

[
pojks
{.
Wit
bﬂﬁ'
CO‘ (@]
L 3

Thus, the Znd order model CB(s} obtained by the MPA is

found to be

ko
387

2i_ . 5.2
l“}'?}-g-..) ) 65

1 o+

CBtS) =

85 * 706
s% + L.2s + 7.6

which is equal to the 2nd oxdexr model Cafs} chbtained by

the CFE2 technicre, as shown in Secction 4.

(Iv) a 2~inpuc, 2~output system, taken from L7], is

now consideraed. The transfer function matrix C(s) of the

system is given by



C(s)

whero

-
O
Lo

2.54L

12.3

Cyp = 0.014965% + 1.525s +

Cip = 95.15s5% + 1130s + 1810
2 L]

Czl - 000852> + 80651"

Cpy = 12452 + 1491s + 2520

G(s) = 6.25154

+ 703.25° + 8416s% + 2183hs + 15862

C(s) is square and has a CFElL expansion given by equation

(3) where
2520
~ L
Hl T 6250
1.525
6250
H, annn
8.6
; its power series expansicn
oy
C(s) = P0 + Pl
where
-
2.54
.
o
2'3

-1310

2.54

1130

Lb9ol

|



vess Ve

A low=order model Mz(s)

is

Where

T
1]

*»3"300

104,

["1.971 1362
1
~15862
8.33 1978
[1.3799 1009.5
15862
5.030 1510
= [H, + sH371™" obtained by CFE1
1.525542.54 1130s+1810
8,.65+12,3 1491s5+2580

(=2
e
192}
[

Ihhhs®12183hs+15862

series expansion, about s5=0 is given by

- - - 2
- P°+Pls +P2&’ + s O @ 2 % v
2.54 1810 |
1
15862
[ 12.3 2520 |
- ]
1,971 1362 N
15862
[2.33 1978 |
[1.521 3.025.6
1
5.698 1541 15862
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Thus as shown theoretically in Section 5, the power series

o
b

pansion; about s=0, of the low-order model Mz(s) =

= Llq-1 . . .
[H1 + sty ] obtained by the CFEl technique agress with
thc cerresponding power scrics CHEpansiony aboul 5=0,
of the originmal system C{(3) up to iLhe s teriu.

The two output step responses of the original

system C(s) and its model M_(s) are shown in Fig. 3

2

and 4. Tt can be seen that the siep responses of the
model's outputs are practically ideq&}cal tc that of the

Lo Cortmciolond ., Fipo
original system. (& T, - 7 /
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CHAPTER 5

A TIME DOMAIN TECHNIQUE

FOR MODELLING



1. INTRODUCTION

The problem of finding a transfer function
model of a linear stable time-—invariant plant described
by an impulse response is considered in this Chantgr.
Two possible situations when this might arise ar; as

1€ impulse responsc cf the plant

iz

b

o
D

=

£
19

b

WIS

[

?

has been found using correlation techniques, but a
transfer function description is needed so that conven-
tional control-system design techniques can be employed;
secondly, when it is desired to find a low order model
of a system with known transfer function and impulse
response. A solution to the problem when the same situa-
tion ariscs has been presented in Chapter 4, where the
low order model is obtained by using either continucd
fraction expansion or Padé approximation techriques;
however, as yet, the stability of the resulting wmodel is
not guaranteed even when the original system is stable.

Suppose that the impulse response is denoted by
W. The output y and the input v of the plant are then

related by

t
y(t) = [ wlt—t)ulr)ar. (1)

112,

A well known technique for fitting to a function involves

fitting to a function a model consisting of a linecar
combination of linearly independent functions{1-2].
Since the transfer function of the planl considered,

denoted by G(s), is the Laplace transform of +he impulse

response, an approximation to G(s) can be obtainecd by

fitting to W a medel consisting of a lincar combination
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of functions with known Laplace transform. We shall
only consider the case when u and y arc scalar—valued
functions of time since other cases can be trented by
applying the approach developed here to each slemenl
of the corresponding impulse respouse waitrix, _

Suppose that the functions from which the model

of W is to be constructed are f,.,f

£ 2,.....fp; then the

model of the dimpulse response W is of the form

£,(8) +....+a £ (8) (2)
PT

W(B)g'= alfl(e) * oo,

A
where o = (al,az,....ap)' and the gcalar components a.

can be chosen to minimise the error functon
Ba) = [T (9(8) - W(e)_ )>F(6)as (3)

where ﬁ(a) is a positive scalar,
The problem of choosing the components o to
minimice E of equation (3) is greatly simplified if

the functions fi are orthonormal, in that

<
f f,(@)f.(@)ﬁ(@)d@ = 3, . (Kronecker Delta)
o i J ij

since it is then easy to show thut

Bla) = 7 Ww(0)2P(0)a8 - 2] 0 ST We)z (8)P(8)as
i=1

5 2
P L
1L=11
so that the minimising components a, are given by

) = [ w(e)s (8)pP(8)ao. ' (4)

i o
The optimised model of the impulse response is theon
given by

W(e)a,, = qui(e)
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and the associated approximation to the transfer function

A(s) is
~ p .
G(s) = L oF. (s) (5)
i=1 *t*
where Fi(s) is the Laplabe transform of f;(@),

It is often desirable for an approximationtto a
nlant trangfer function to have the same stecady state
response as the plant for some pre-—specified inputs,

e.g. step input, ramp input etc; this feature is novu
guaranteed for the above modelling procedure. In this
Chapter, it will be shown how essentially the same techn-—
ique can be used to choose an approximation lo the
transfer function which has the same steady state response
as the plant, for specified inputs. This method has a
great advantagg over the continued fraction expansion or
other pciwer series approximation techniques in that it

is easy to guarantee at least the open loop stability of
the model. It will also be described how a minimal
realisation of the impulse rcsponse W(+) of the model

can be obtained, using Gilbert's method [5]. The eigen—
values of the model are assumed to be simple. The
influence of the locations of the eigenvalues of W(t) on

the order of the minimal realisation is described.

2. TRANSIFER FUNCTION DETERMINATION TO GIVE EXACT

STEADY STATE RIESPONSE

Since tbhe transfer function é(s) associated with
a model W of +he impulse response W is just the Laplace

P8

transform of ﬁ, for 6(5) to give the same steady state



response as thc systcm with impulse responsc W, it is
necessary only that the model Wof W yields the same
steady state respoﬁsc as W when uscd in ecquation (1)},
Suppose that the model W is required to give the same
steady state response as W for all the q pre-specified

input functions ul(t),uz(t),....uq(t). Let the steady
state response of W to the inputs uj(t), jg=1,2,....q

be W, .
J, d.e.,

o
W, = iMW(—T)ujLT)dT § = 1,2, 00000,

and the steady output for the model W of equation (2)

to the inputs uj be

°Pp
Yi 5£”.Z:aiLi(—T)uj(t)dT ‘
i=1 .
D o
=V oaf £ {-0u.(x)dr |
I Riia i J
o, p
= o.PB. .
iF1 Y
where
IO i = 1,2 P
c.o= ) To(=t)u (7)dr L= 1,2,... ..
513 oo i 3j ) 3= 1,2,00...q.

Thus, the problem of choosing the components @y of the
model W of equation (2) so as to give the best possible

fit to W (i.e. so as to minimise E(a) of equation (3))

while cunsuring that the model giveSthe same steady state

response as the plant can be formulated as the problem

of minimising E(&) with respect to a,,x ,....ap subject

1’72

to a seot of linear cqu.ality constraints
p .
W, =) a.B. . Jo= 152,045 (6)

for the problem to be well-—defined, q K . We shall
I y 1S P
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i1o.

now show that i1he optimal o, which satisfy the constraints

are given by

rrhaoran o~
oY C X

Bq satisfy the following set of linear simultaneous

algebraic equations

qa
W, - ¥, = .V -{,_J.BJ k = 1,2,....9
AN Py’ X
J=1
P
y AE ;
kL iPik (8a)
and
A
Sk =J:l PirPsye {8b)

Substituting «, & equation (7) into equation (6) yields

that
P P g .
1. B = (} BB )B. .
j2q 17iJ g;l =1 ik"k i 74
%4 p D
= 5}y B,.P., )0 o’ B
k=1 g21 I IRk gg; g
4,
- ‘%1}jk k 3&
= W,
Js

- _ . s
by making use of equations (8a) and (8b). Hence, @,
satisfy the constraints. From equation (3), it is easy

to show that

D
E{g+50) = B(g) + 2 }

-

i

Il
pi
}_‘.

"
e



@ +2 & 1 5 .8 " sa?
= E(&) + 2 | 5..0.6a, + b,
i=1 =1 M J bt 4= 7
q D P
E(g) +2 T(F B8 8.+ ) xS

g=1 i=1 4t J 4

where

!
o = (6@1,6a2,......6ap) .

117.

N

Now @ minimises E(g) subject to the constraints defined

by cquation (6) only if E{E+6z) > E(E) for all & + bda
such that the constraints are satisfied;i.e. for all

‘@ + &a such that

P
W, = )} (a, +.5a )51 g =1,2,.....q.
J i1 J
Now since % has been shown to satisfy the constraints,

the only changes

1
6& = (6'C(,_1,6a2,0-0.-6ap)

which has to be considered are those for which

2 Is (‘IH, - O.
i "‘1

For such changes 6a, it is obvious from equation (9)
that E(% +oe) > E(&), which proves that'&i éiven by
equation (7) minimises E(g) subject to the constraints
defined by equation (6). The required approximation to

the transfer function G(s) which has the samec steady

~
siale response as the plant is therefove G(s) of equation

(5) with a; replaccd by §j,

1
i
|

Note that, if uj(t)



(—l)‘]mlw,i = (j=1)th timc moment of the impulsc response
Q .

W, where Wj = J' W(_--'r)uj('t)d't; the Oth time moment
~00

corresponds to the area under the W(t) curve and is

equal to the steady state }esponse to a unit step dinput.
Thus, the model W which satisfies the constraints defined
by equation (6) has its first (g-1) time momncnts equal +to
those of impulse response W, For a model W to satisfy only
one constraint ul(t) = t° = 1, i.e. W and W have the

same steady state response to a constant input, the

expression for the optimal scalars ai reduces to

~ * .
a;, = Bie *oag 1= 1,2,54044.p (10}
where a; is as given by equation {4) and where
p ¥
6 = (W, - Z_ ol B, )/Y . (10a)
(=)
W= [ wW(t)dae (10b)
s
o
[g-0)
B, = f fi(r)dt,

o
and

'p .
Y=} p2%o.
. i

i=1

Equations (10) willbe used in the Ffollowing numerical
example where the model ﬁ is required to have the same
steady state response as W, for con.tant input.
3. EXAMPLE

The single-input single-—oulpul plant considered

here, taken from [3], is of 8tii orde:, has transfer



function

G(s) = a(s)/b(s)
where
6 J 3
als) = 1857+5145°+55825”°+3638235 +122664ks-
Lnnnn00 2:10r—r-rfr\ NN
Ve a W OUS -_LU)IOUSl -—_EU)ZU

b(s) = (s+1)(s+2) (s+3) (s+h) (s+5)(s+6) (s+7) (s+8)

and has a impulse response
-1 - - ~dp - -
W(t) = —3e” “+lhe 2% o3t 80 *tis5e St--12e ot
+14e—7t+8e_8t.

The orthonormal functions used for impulse response

approximation purposes are

— by mn
£,(8) =/2h e 1"

/2N a
£,(8) = —2— (2h e M8 (A +h 1o he®)
(A =A,) 2

1 2

for which ﬁ(e) =1 V 8. Such functions are described

\

in [4] and have Laplace transforms

F.(s) =/on. —
1 1
s+Kl

s—A

Fz(s) =/2A, L

(s+Kl)(s+Xz).

Initially the problem of fitting lst- aud 2nd-order
#e ' |

models of W (,lst—order model being of the form W = £

“1t1

+oa,t,

and the 2nd-order model being of the form W = a]fl 5
- — , .

with Kl:"l and Kq:—Q) was considercd withoul attempting

to satisfy the constraint that the steady state response



120.

[ D/

T Loy




'S
=
13
b=

(Pl
Time

10

)
<

Fig

Y
A
s



122.

of the plant and the model be lidentical, for step input,
using the method outlined in the Introduction. The

optimised transfer function for the lst-order model was

G(s) 2.25/(s+1), and that for the 2nd-order model was

G(s)

(14.435+2.52)/(s+1)(s+4). The responses of the

actual plant and of the lst-order model for a unit step

he input {(starting at . with the input =zcero

. } ) _
e L =

w
-~

i1l

C

for t < 0) are shown in Figures la and b respectively.
Similar responses for the optimised 2nd-order model are
shown in Figure 2. As would be expected, the 2nd-order
model gives a response closer to the plant response than
does the lst-—order model. However, the steady state
responses for both models are not equal to the sleady
state response of the plant. Next, the technique for
okbtaining transfer functions presented in Section 2 to
give the same steady state response as the plant was
applied to the choice‘of lst and 2nd-order models. The
resulting transfer functions were G(s) = 1/(s+1) and

G(s) = (lh.2s+4)/(s+1)(s+4), respectively. The associa-
ted respcase for a uﬁit step input for the lst-order .
model is shown in Figure lc and that for the Z2nd-order
model in Tigure 2c. This time, the =steady state response
for both modelsis the same as that of the system, and

the model responses, seem, overall, to be more acceptable
approximations to the sysyem response than the responses
given by fthe models choson without regard to steady state

response .



REALISATION OF THE LOW ORDER MODEL
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matrix W{E)

ag a linear
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orthonormal

functions

fl(t)

described in detail

element Gij(t) of the impulse response

of the model is assumecd to be obtained

comhination of orthonorwal functions,
chniane desecribed in Section 2. The

functions used here arc the Laguerre
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H,
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72 le“hlt - (X1+K2)e-K2 ),
(Ay-Ny)

of the pxq matrix W(t) can be expressed as

iYEij(t)]= Z: K

It is

G(s) of W(t)

G(s)

vhexre the px

H, =
i

m is the number of simplc vigervaiues nli, cach of

~
3}
»
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lgz,sstoop

l

1{=l (S+K1‘_) j 17210-100q.

now easy to see that the Laplace trams

can be expressed as

H.
i

i=1(s+\,)
L

q matrix

Lim (s+Ki)a(s).

5> "?\. .

n by Gilbert's method [41, a minimal
hi
1

of the modal of oxdexr mi= L i, can he
=],

in [4]. Thus, cach element ®, .

71
iV}
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X = A: + B__
¥y = Cx
where
"'A—l Il O . . O F-, _]
0 =A.I, ' F,
A= * ° yB = *
0 0] . . wmA T r
mn nl 3 m__
C=[E19E215000059-Eln]

and Ii is a unit matrix of order T Ei is a p X ry

matrix consisting of the linearly incependent columns

of H, of rank r, . F. is a r_ xq matrix given Ly

i

r.o= (B )" Erm, .
p i L 1

It is clear that if the same eigenvalue -~A has
been located at any q' (q' € q) elements in any row of
the transfer function matrix a(s) cf the model, instead
of distinct eigenvalues, the total number of distinct

eigenvalues will be m-(g'~l). And since the rank of Hi

remains unchanged, the number of integratoxs required
3 ~ - »
to realise G(s) will be (q'=~1l) less than that reguired
when all sigenvalues are distinci. Similarly, the
number of integrators required is decrcased by p'-1
R s
(p' € p) if any p' elementis of any column of G(s) has

the same eigenvalue =B, say. These effects ave illust-
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5. NUMERLCAL EXAMPLE

The complex system considered is a two-input,
two—output linear stationary system of order 14. The
2 x 2 transfer function matrix G(s) of the system is

given by

12 H,
A
6(s) = 1 153y ’
i=1 1’
where .
1,01 o 0 -0.872
1 1
I‘I = 7 — P I‘I = oa
1 1671 0.866 -1.012 2 83 0 0
0 0.1256 "0.00898  0.103
_ L _
H3 ] ) ’ Hy = -
0 0.0736 | l0.142 0602, |
-0 0 ] 0 0]
H. = = H, = — -t
> 71 o0.358 0 6 061 0.0585 o
e 0 0 0]
R - 1
M 7065 Hg = - 5.4
0.016 0 _0.0145 0 |
70.0368 o ] 0.0333 6]
— 1 "] = 1
H9 T 0.1l Ho =~ 0.1
[ © o | 0 o]
~ 0.0195 0 0.,00404 d}
2t . 1
1 = 9.09 Hia =~ 5.08 |
Lo 0 0 0]
1 oA I - "
hl = 155 kz =BT KB =TT KQ = 1, hs = 577 s
° 1
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By using the modelling method described in [l],

a model G(s) of the transfer function G(s) is found to

be
.00795 _ 0.327
S+ 1 s + 1
. 167
G(s) =
.00942 .555
ar L T st
b ——
N 167

0.0117 ., 0.123
1 7 s + 1
s + 83
0.00603 ,0105
R A s+1 .
:;"‘E?

It is obvious that each element of G(s) matrix can be

realised by a linear system of order 2.

realisation of G{s) has order & x 2

G(s) as
i 3
ls) = 1 PRy
=1 i
where —
- 0.00793 0
Hl =
| 0.0094k2  -0,00603
- ~0.327 0.123
v{ =
73
-0.555 0.0105
1
kl T 167 ?

are of rank 2 and
method of minimal
be represented by
equation of order

X =

y:

where

H,. is of rank 1.

2

Thus, a direct

= 8. ©Now we express
_ 0 ~0.0117 |
H2 =

0 0

l ~ ~
= ) = R - . ] £ H
kz EE) and %3 1 Note that H, and 3

Hence, by Gilbert's

realisation described above, G(s) can

the following linear,

5.

Ax + Bu

vector differential



1
o 0 . . . .0
1
A = O -387 )
- — —]_- -
. 83 .
L] -.l .
O . » . 3 - . . —_L
t —1
1 0
B = 0 . 1 and
0 1
1 0
0 1
[ 0.00805 0. ~0.0117 ~0.327 0.123 |
C =
0.00946  ~0.00604 0 -0.555 0.0105

Hence, for this example, minimal realisation of G(s)

requires 3 less integraters than the direct realisation,
The unit—-step response of the system output Yy

and the corresponding output of the model are shown in

Fig. 3. (curve (a) and (b) respectively).

1248,
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CHAPTER 6

LOVWER BOUNDS WITH APPLICATION

TO MODEIL ACCURACY



l'"
W
n
-

1. INTRODUCTION

Consider the optimisatioxr problem:
minimise with respect tc the control Funciion u the

rerformance index

-]

~ f = . PRI FEERENRY ~F e N b N a ~
viudl = 3 LSy (820, Qi) {y{t)-y (235>
+ <ul+); R(t)ult)>]dt (1)
for the linecar dynamical system
t
y(t) = y_(£) + Jt W(t,r)ulr)de (2)
s

where y is the output functionj y_ is the contribution

1o the output due the initial conditions or other

external influances; Ya is the desired system responsc)

u is the control function; W is the ¢pen~loop transfer
function onerator linking input to output; Q{t) > 0O;

R{t) > 0; u(t)é R? and yv{(t), ys(t), yd(t)é Y vteT =

Lt st.3y, t.=t_ <oo, Using Hilbext space notation,

S L iy 3

equations (1) and (2) can be expressad as
viul = & <ly-y.3, qlyey. 1> + = <u, R (
A= y=¥gq4r Qlymyy + 5 <u, Ru> 3)

and

vy + Wu

]

N2
where

<[y~yd3352fy~yd3>

4 <Lyle)=y (0], aly ()~ (£)I>ar,

f)
[rul () 2 n{t)ul{r),
At
Fryul(t) = Jf W(t,s ) u(r)dav



and where u, v ete are taken to be members of appropriate
Hilbert spaces. I% can be shown that the optimal control

function u° for the above nroblem is given by
e

o} .
W’ o= - (R W) TRy -y )

~~
I~
o’

ne>

where the operator W* the adjoint of W. The direct
solution of equation (4) is often avoided, for

(R + W*QW) is an infinite=dimensional compact operator
and is therefore difficult to invert numerically. The
problem is usually solved by iterative algorithms e.g.
conjugate gradient, contraction mapping algorithms. A
suboptimal solution to the problem is sometimes sought
by specifying the structure of the control Tunction u Lil.
Also, it may be necessary, computaticnally, to approxi-
mate the impulse response of the system by a simple
model. Whichever approximaticmn approacﬁ is used, it is
often desirable to know how close is thoe approximate
solution to the optimal one without actually knowing
the optimcl solution. In this Chapter, we shall develop
several lower bounds for the minimum performance index

Lorn
o . Prer o . :
V™ and discuss application as a simple test ou the valid-

/5]

ity of a system model. Also, Lheir us2 as a stopping
condition for iterati.>» optimisation algorithms is

discussad. These lower bounds are closer than those

obtained by Allwright [2], at the cxpense of extra
computation, for the lincar convolution-described
systems., The further computational effort is about that
which 4is requifcd to perform one extra optimisation

iteration,

~



2. LOWER BCUNDS

The lower bound results are stated below

v > v(u) - % <gy R ~g> = 71(u)

=1 &
V°>V(u)— l<¢, lwR g”

~-]-- - _- L]
<R gy (@ ewr ) ur™ e

|k

= ‘72(11)

iii) For R > 0 and Q > O,

i
laZwr lg”4

- T S S
<QWR lga(I+Q2WR Ly*q?) Qfwr lg>

o] ; -
Vv 2v(u)- %<g,R 1g>+

o}

173(11)

iv) For R > O and > (o 2} O, .

v? > v(u) - aR"lw*QWR“1+R"1w*QWR"lw*QWR"l)g>

= o

where V® is the minimal performance index; V(u) is the
performance index and g is the gradient of V(u) with
respect to 1, Tor the contrel function un. The superscript
* denotes the adjoint of an operator and inequalities > O
and > 0 denote, respeciively, positive defimitemess and
positive semi-~definitencss of a symmetric operator,

The proofs of the above resulis are facilitalted by
the following simple lemmas:
L.omma 1 I'or lincar beundced operators Q, R, S and T

on appropiiate Banach spaces, we have



-

(V)
1l
o

i 1

- - - 1. L T S R S
(res+qn)ten ton i q? (11 s Q) Lot
provided R > 0 and Q > 0.

Proof : The following constructive proof was

suggested by Allwright. By writing

A =R+ 3%QT
wa have
12
A = R + S*Q°Q°T.

Pre~multiplying both sides by A_l and then post-
-1
mltiplying by R~ yields

- - 1 1 "
A = R - ATlsg7TrrTY,

;‘
Post-nultiplying this by S*Q? and rearranging gives

1

- 1 - a 1 1.
A~ls=q? = rR™ls*QZ(T+q?TR Ts7Q%) L.

-1 !

Substituting for A S*Q? in the above expression for

A then yields the required resuli.,
Lemma 2 For the same opecraturs and hypothesis as
in Lemma 1, save that Q > 0,

1 ] =1

- - Lo sa ) = ]
(R+S*QT) 1 =R "= R “$*(Q ~+ TR lS*) lTR .

Proof : The result of Lemma 2 follows from that of
Lemma L by noting that, when Q > 0,

1
4 1.,..-1

Q¥ (x + QTR Q®=(Q™t « o7t

A
S*Qz) 1

Lemma 3 For any non-zerc vectors x, y and any

linear bounded symmotiriec operator P > 0,

2
-1 <uL,y>
<y P Ty> p 22k
]
Xy P>
1 w
Proof Since P° and P ° exist and are positive-

definite, we have
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2 T =3 2 3 -5 2
<x,y>" = <x, PP ‘y>" = <px, P y>

1

|2 = <xy, Px> < v, P y>.

1 1
< PP p 2yl
As
<Ky, Px> > 0 ) v % #E Oy
it follows that

2
<:'r’ Pml}r> ':\’ .__<_:C_’l?__
<x, Px>

Using the above Lemmas, we can now come to the

Proof of the Lowerxr Bound Results

i) By swubstituting equation (2) into equation (1), we

have

ro) =

V(u) = 3 <u, (R+WHQW)Iu> + <u, W*Qly_-y,)>

1
+ §-<(ys~yd), Q(fs yd)>-

It is obvious that V has a2 unigue minimum and differecn-
b 1

tiating V with respect to u yields the gradient'funct-

ion g
g = Ru + W*Q{y = yd)
= (R + W*QW)u + Wy, - yd). (&)
At the optimum, g = O and the unique optimal control

function u° is given by
1® = -~ RTWraly - vg)

and the minimun pexrformance index is

) 1 . - -1
! R oem T - T QU W ¥ v e, ~
5 5 <W Q(ys yd) » (REW*QWY W Q(}S _,rd))

errformance index Tor the control

=
=
[y
)
8]
-

4
o

d

=5
~~
[
—r
=
n
o
.
=)
o]
el

funciion v, Xt is now Hrivial to show , uSing 2cuvaticn



<z, (Rewrqw) Le>

<
0
<
£
]
o

where g is the gradicnt function for the control u,

Since W*HQW > 0,

Coe=T . . L=l '
<Xy, R x> > <x, (RHW*QW) x> ¥x # O,

The result of (i) fellows immediately.
id) From cquation (4) and Lemma 2,

l l k)"l

Vo= v(u)- %<g,R— >+ %<g,R—lw*(Q-l+WR" W

1 1 =1

= V{u)- %<g,R" g>+ %<WR"1g,(Q“1+WR“ W*)

Then, Lemma 3 gives

<wr™t 1

1

'-1 Bl — o
gy (7w ty) "lyr™le>

Hwn"lvH4

L2,

- - -1
g (@71 + wr™tyywr >

> —
<WR

1

Thus,

-1
lose L Jwr"te |

WR™

1

f=
s

g>

=1
WR “g>.

VOQV(u)— %<g,R~ g>+ il
v‘}r b3

2 ar™te, (9" teur" ) wr

as required.
iii) The proof here is similar to that of (4ii), save

that Lemma 1 is now used.

1

iv) Applying Lemma 2 to (Q—1+WR" W*)nl reveals that

<wr™ e, (Q7tewr™ ) "tyr~t

WR “g>
= <Wleg, (Q - QW(R+W*QW)"1W*Q)WR"IQ>.
Hence,
vo= v(u) - %‘<gs R-lg>

+ %— <R, (Qm (R * Qi) "rws)wn ™ e

1 1

. 1 ~1 =1 -
> Viu)= 3<g, (R™ - yrqur

n
P2

as W'QW > 0.

-]

g

>

~

?

+R”iw*QWR"lw*QWR"*)g

>

?



t is easy to see that the same result is obtained

if Q@ > 0.

3. TEST GF A SYSTEM MODEL

As has been explained in the previous Chapters,
it is often desirable to reduce the order of the control

system for analysis, design or optimisation purposes,

Sgver techinigues for medel simpiification have bssn

gy
[

presented in Chapter 4 for systems described in the
frequency domain and in Chapter 5 for systems described
in the time domain., So far, the enly test that has heen
made om the validity of the low oxrder model is by
comparing the response of the system and its model to
some specified inputs e.g. ¢y Gtyess etc. lowever, fox
the optimisation problem using a model, it would be
desirable to compare the svstewm response to the ontimal
control u’ of the system and tuv the optimal control u

of the model; usually, it is done by finding the diffexr-
ence between the optimal pe;formancc index V° and the
performance index VI[W] using {i. Furthermore, it is hcpe
that .ne comparison can be made without knowing the opti-
mal control u® of the system. The results of the lower
bound cn the optimal perlormance index derived in
Scection 2 may be uséd for this purpose; for lhe lower

bounds Vi[ﬁ], i=1,2,3,4 give an estimate of V , This

-

can be demonstrated by using th

2

o]

example in Chapter 1.
The state~space subsystem i3 obtained by using the

1

modeiliaug toecihn

v}

que presented in Chapter 5 and the

Pl

accuracy of the model is allered by changing the length



139,

p of the recent past input history applied to the
i~
convolution=described subsystem. The lower bound V
and one of the closecr lowerxr bounds V, of Section 2
were calculated for p = 0,1,2,3 and ths results are

presented in the following table, where u iz the

™
=
L
=
w

optimal controcl of the model and V the performe~

. . ~
ance index using n

p | Y, [E] | ¥4 viH]

0 | -.56009 | .52109 | 1.0598
1 .00956 -"TB321& .86456
2 .08013% | .5447% .78001
3 .15818 +54984 74844

To compare the results, v® is also calculated; Vo=.56478.
It can be seen that , as p increases; the value of the
lower bound Vl and Vé increases, so getting nearer to

v® and hence a better estimation of V© is obtained,

At p = 3, the error in using Vé to estimate ad is
0.56478 ~ 0.54984 = 0.01494. It can also be seen that,
for each py; the closer lower Lound §2 gives a much
better estimation than Vl, especially at p=0. This
should offset the extra computation required in

calculating V?.

!

“te  STOPPING CONDITIONS IFOR ITERATIVE ALGORITHMS

When iterative optimisation algorithms are used

to optimise the control function u fcxr the problem

”
«

described in the Introduction, it is desirable to know

when 1, 4 the control Tfunction obtainad at iteration j
j J



Ly,

of suech an algorithm, is an adeguate approximation
AN

Y . . .
to u , the optimal control function which minimises
V[ul. For once an adequate approximation has been
obtained, jteration can cease. Allwright has obtained
stopping conditions for iterative control function
optimisation using the following types of approXimation
to the optimal control function. For real pre-specified

scalar € > 0, u, is said to be an ¢(absolute) approxi-

A%
. Lo o I .
mation to u if !V[uj]-VEu 11 £ €3 similarly, u‘j i= an
. . . o . - =~ r..0 o
€(relative) approximation to wu if |(V[ujJ~¥[u 1y /viu H

Ca o . .
< €. I. is assumed here that VLu ] > 0, which will
occur whencver the free response of the system is
not equal to the dessired response,

Let glu.] be th2 gradiemt function for the control

PR

. :
ion w,. Then; as shown in Scction 2, a closer

(4

11310

s : o9 .
lower bound for the minimum performance index V[{u ] is

B2

e 1 "l
=V - o 3
Vztuj] .[uj] 5 <g[uj], R g[uj]>

-] "
||R Lg[ujjﬂ (s)

1
+ 35 -

<WR’lg[uj3, (Q"1+w1'lw*)WR"lgEuj]>

which impiies that %;[uj] < V[uaj.

€{LBSOLUTE) APPROXIMATION

. . - o
It is eanasy to sec that 'V[ujJ~V[u ]IS lVCuj] -
% T | L a . - - . -
V,[uji. = Gj so that u, is an &(absolute) approximation
2 J
o . a
to 1 whenevor € > &,
J

C(RELATIVE) aArPROYIMATION

Since [(VLu I~ viu®1)/v[u®]| < |{V[uj]~ ¥2Euj])/

AL quui] > 0, u, is an <(relative
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K-
et

-

o r
. . :
appreximation to uw if € > €7, .

J
The gradient function g[uj] for uj is usually
required by iterative optimisation algorithms, sc¢ the
~ o
lower bound Vz[ui] on V[u ]l can be calculated by
using it in equation (5). It is them easy to decide

whether iteration can cease, by checking whether u,
J

is an €{(absclute) approximation or €(rclative)

N

approximation for a suitable € as required, In L21,

Allwright's lower bound Gl[uj] is

~ _ ..1_. -l
Vl[uj] = V[uj] 5 <g[uj], R g[uj]>

and is therefore rceclated to the new lower bound szu,]

J
by

' - A
1 - ” YR lgfuj] “ !

2

V,[u.d= V. [u. ]+ :
27J 1 <WR 1g[uj],(Q Liwvr™tw)wr 1g[uj]>

{6)

Since *he s=zcond term is always positive when the

n
gradient g[uj] is non-~zero, the new lower bound Vz[uj]

c L. - G .
is more positive and therefore cleoser to V[u 'l. This

. ~8 T .
will lead to smaller & and & than the corresponding

3 Ir . . o - . .
éj and ej cbtained by using VlLuj]° Hence, 4if u, is

. . o
actually an £ approximation to u the new lower bound
]

?qfuj] is more likely to reveal that +t is than Glfu,].
= J

Furthermore, since the check on whoether uj is an
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€({relative) approximation is onily applicable if ﬁéfu.]

[®

~t

> 0 (or V.[u.l > 0) and V.[u.] (or V.[u.l) could be
1= 2°7J 173

negative with |$2Eujjl> V[uoj (or Ivl[uj]l > V[uo])’

it would be lilkely to be applicable when the new lower

~ P
bound szuj] is used instead of Vl[u,]. The additiocnal
J

term involved in the new lower bound in equation (6) -

is easy to calculate, since Q and R are operators
wiudich are easy to invert,

For the example presented in Section 3, we have,
af p=3, & = |.748Lk - ,54984]= .19860 and € =
|(.74844 - .54984)/.54984]= ,36118, Thus, the optimal
control u of the parallel model with p=3, may be

regarded as an €(absolute, €= ,19860) approximation or

p!

an E{rclative, €= .35118) approzimation to ihe oplimal

(o)

control u of the system,

An numerical example is given bcoclow to demonstra-
te the use of the lower bound results as a stopping
condition for iterative optimisation algorithms.

5. EXAMPLE

For comparison with Allwright’s results, +the

system treated is that used as an examplas in [3]1, where

(1, 0)'; nr(t) = 0.14; ™ = [o, 1]l;

#

YS = (1, "1)" Yd(t)

o 1] 0]
Alt) = , B(t) =
0 1 | 1]
Rk 0 10 0
cley = : QL) =
0 1 o 10| .



La3.

j £.2 gr e ® e’

J J J J
0 3.687La39 - 51.221298 -
1 0.8181761 23.6149712 1.58R802490 -
2 0.0631328 0.1332017 0.1124313 0.2647528
3 0.0044296 0.0091227 0.0070402 0.0145776
L 0.00020126 0.0004191 0.0002801 0.0005767
5 0.0000069 0.0000142 0.0000213 0.0000438
6 0.0000056 0.0000115 0.0000081 0.0000166
7 0.0000001. 0.0000002 0.0000001. 0.0000002

The convolutisn description of the system used here is

derived in [3]. Simpson's rule'wifh a step length of 0.01

zAe
was used -for numerical integrations and,conjugate-gradient

algorithm was used to perform the iterative optimisation

with an initial control function u identically zero on T.

30

The values of‘Z? andﬂZ? as well as those of 63 and

eg in [2] at iteration j are given in the table above, for

J = 0slyecee7-

It can be seen from lhe table that E?‘<'é? and

g? <:G§ and that gi can be calculated when ei cannot. The

new lower bound results show that u

5

&(absolute) onproximation with & = 0.00001l, even though

is wclually an

Allwright's lower bound VlEl] does not reveal that a

c{absolitte) anvroximation has been obtaived antil ue has
been calculated, Though additional computational effort

. . ' - ~a ~X . .
is requircd fo calculatc ei and tj’ the possible saving

in the numbar of iterations reaguired could offset this.
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CHAPTER 7

FREQUENCY DOMAIN APPROXIMATION

TECHNIQUE FOR OPTIMAL CONTROL



1. INTRODUCTION

Extersive study has been made on the problem of oplimis-
ing a linear time-~invariant control system with respect to a
auadratic performance index. This problem can be solved by
using either Kalman's theory of optimal control [1-2] in
the time domain or Wiener's optimal fidltering tiheory in
the freguency domain [3]., Kalman's theory leads %o the
solution of the mnonliinear Riccati equation while Wiener's
formulaiion requires the spectral factovisation of a positive
definite matrixz often known as the sractral density matrix
(sbM). The most common complaint in using Kalman's approach
is that not all the states of the system are accessible to

physical measurement and therefore mot available for feedback

4T e A
s that SYysTams

et

contiol scheme. A more serious difficulty
designs based on optimality become very complicated if the
order of 1ne system is high and therefore expensive to
implement. As have been discussed in the previous Chapters,
a well=known approach to overcome this difficulty is to
find a subouptimal solution to the pronlem, using a suitable
low~arder model Lo the system. The main theme of this

b ]

the liuwear regulator problem Termulated i
-

1
N
2

o]

Chaptexr will

che spectral factovisation of a

~

rational regular contiuvous time SDM have besn suggested.

Defors discussirz g thess mmethods, we shall explain scome

=

L. o

terminology: let A(s) be a4 wm x n rational matrix funcition of
the uveomplex vavriable s, then the matrix A
poracoujusate Levmitian i1 A {(s) = A(-g) {where (-)

=4

tne coenjugala. Lrans



paraconjugate unitary if either A*(~E) A{s) = In or A(s)
A*(=5) = Im or both., A polynomial matrix is said to bc of
normal ranlk r if (i) there exists at least one subminor of
order r which does mnot vanish identically, and (ii) all
minors of order greater than r vanish identically. Lastly,
we term a matrix elementary if and only if it has a constant
determinant.

The most complete and elagant solution to the factorisa-
tion problem was given by Youla [4]. Central to Youla's
method of proof is the use of the Smith-McMillan canonical
form for rational matrices and the technique for factoring
a positive elementary polynomial paraconjugate hermitian

watrix due te Qonc and Yasurra [7]. Youla proves, among

£t

other things, a main theorem required in “he spectral

Factorisation of rational matrices.

Theorem: If P(s) = P*(-s) is a ratiomal n x n para-
conjugatc ﬁermitian matrix of normal rank r which is
non~negative for s=jw (w real) then there oxists an v x n
rational matrix G(s) with the following properties:
(1) P(s) = G*(~s) G(s).
(2) G{s) and Gml(s) (the right inverse of G(s)) are

both analytic in Re (s) > O,
(3) G(s) is unique vr ilo within a constant unitary r x r

matrix mualtiplier on the left; i.e, Gl(s) also satisfics

1 and 2, Gl(s) = TG(s) where T is rxr constant matrix and
satisfies T*T = I_.
r
(&) IC P(s) is real (i.e. T(s) = P(5)), G(s) is real and

T is real,
Andersen [G] proposed a methoed which is based on the

Y Lo

minimal roalisation theory of rationul matrices and reguires
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tic cquatiocm. In 1953, Davies

Jde

the zselut
[5] put forward a method which aveoids the calculation of
the Smith-McMillan for;, [lowever,; though elegant in form,
these methods are not computationally attractive,; since

they are not easily mechanised. The number oi operations

involved in these mcthods increases with the degree of the

Arnavamst At odbds A o 1 AP LA~ CD.\A ~tlay AT - v A ve e A
Chanl KT Lvel LYV R N O A A WART aShsr e vean, Glda Laad suiaiis

|2

on the order of the system. Thus, these methods becomes
very tedious Tor high order multivariable control systems.

We shall demonstrate, in this Chapter, that the continu-
ed faction exvmansion CFE2 and the 'Modified! Padé approxima=

tion techniques MPA which have been shown useful in model

e

reduction in Chapter L can also be applizd to the SDM P to
obtain a low=order approximation, The spectral factorisa-
tion of the low-order approximation can then be accomplished
with only a few operations and a subop.iml countroi to the
system can be obtained easily., No low-order model o the
system is required im this approach. In fact, it will be
shown that this approach can be related to and also proved
to be more floxible than the popular approach using tho
reduced model, if the model is obtained by the CFEZ oxr HMPA
technig e described in Chapter &, An iterative algorithm,

in the frequency domain, will aiso be presented. 7The algo-

W

rithm goenerotes a2 new approximation
L] X 9

ay P ] to P by‘
1 - Y
o 4 -;— L]

undating the formex oapproximaetion P, such that the spectral

.
a

I=%
]

ctorisation of Pi wiil Form pary of thal of Pi*7; this
feature ol the algorithm would greatly reduce the amount of

s Cfort reguired to obiain the spociiral facitorisebion cf the

new approxXiwation Pi41° Furthersoera., it vill be showved thai,
whrn rwnrnded infa nawver zarias atant =0 {r o= as) the new

[

¢}
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approximation Pi generated by the algorithm will agree with

+1
P up to a higher order term in s (s_l) than Pi' The spectral
factorisation method pfoposed by Davies [5] will be used in

the oxample presented in Section 6 of this Chapter,

') TINADT NS TRATINCTIT A MT AN
o FRCDLEM FTOIMTULATION

To find the control to a linear constant system which
minimises a quadratic perfofmance index requires, in the
frequency domain, the solution of a matrix Wiener=l
equation., For convenience, a short, simple but not rigorous
derivation of the equation is given below.

Consider a time-invariant linear control system with a
r X m transfer function matrix W(s), a r= dimensional out-~
put vector y(s) and a m=- dimensional input victor u(s) i.e.

yle) = yO(S) + W(s) uls) (1)
where yo(s) is a r- dimensional vector due Lo initial condi=
tions or other external influences. A control uo(s) is to

he found which wili minimise the quadratic performance index

- 1 +jC0, ¥ oamy X ES 3 - (2
J= 5RT _I_jtg(y y&laly=y ) + wRdl ds, (2)

By Parseval's theovem,

]' +jf.‘

el
R - %
53 f“jajﬁ(y y;)Qly=yy) + u'Rulas

o 1 T -
= J 0 Dty ey (£) -y (£) + w' (£)Rult)dt

ls

VWhich is the wells=known toriime guadratic perflermance index
in optimal conitrol theory. In equation(l),; y, is the desired

, aow T, . .
output vector, ¥*=y {(~s) = the transponse of the vycior v(~5),

O3>0 and R>0. Substitutine cguation (1) inte (2) gives
Py 2 ? Lee]



v
- -

J = ?%?‘J C(u*W* + 2%¥)Q(Wu + z) + u*Rulds

Cude Cae
3

3

-1

<

Where z{s) = yo(s) - yd(s). We nmow apply the variational

me thod suggested by Chang [8] to derive the Wiener-Hopf

equation. Let h{s) be a vector and ’
1 r+j&° U . .
J = J . vih*,h)ds (2a)

2] ~Jjoo

3]
Where h* = hi(us)- Then

h h . he Wie

-
22 (5

grwtonf aquant

[

on whic

2

t

defines the vector h(s) minimising equation {(2a) is the

vector equaiion

Where gls)

14
in
[}
a
4
)
(o]
-+
[»]
N

. . .
required to give rise to functice

"1
—— S

Hre]

time which exists only for negative time. Comparing equations

(2) and (2a), we have

V = (y* - yg) Q (y = yd) + wW*R u

and h(s} = u(s). Thus,
— = — = W*Q(Wu+z) + Ru = g(s)
On* du*

or (R + W*QWIn + W*Qz = g(s) (3)
Mw—«;g Aeapec ,g?,uo:wénz o )

whi.ch is the - < - Wiener—~llopf cquation in matrizz Torm.

\

Note that (R+W=QW) é P(s) is a fationnl regular m X m real
paraconjugzate hesrmitian matrix of normal rank m which is
positive on the rcal=-Vrequency aitis p=jw, IHonce, by the
ctheoram given in the Tntroduction; duce to Voula [l]; there

exists an m x m rational regular real matrix G(s) such

that

|

<o



= GT("S) Gls);
ix G (=3) LY R N
for real matrix G(s), G*(~-3) = G (=s)., Also G(s) and G ~(s)

could both represent ihe transfer fuanction of stable linear
. .o . .0
systems. It can be shown Lhat the optimal comntrol u (s),

which is the solutjioa of the equation (3}, is given by

~ — — 4 -
W o= =6 (s) [(6T(-5))"T wh(~s) Qz] (3a)
wiexre the operator [ 1% indicates that only the portion

of the transform relating to positive time is considered.

r studvying the expression
g

11

e

R + WL(=sRW(s)

g

R + W*Q¥W

Gl(-5) G(s) (4)

carefully, it can be seen that, in some cases, the amount

of work involved in obtaining the spectral factorisation

3

T
- $ 1.~ A - M st i A ES - ~ -
o€ the SDM P i.e. finding the matrices G(=) and G {(~-5) could

[¢]
-

be comsiderably reduced, The transfey function matxrix W(s)

o}

of the system is assumed to be a square macriiz of the Lorm

m
3 i
= ALS
i=0 i
Wie) = 1n i
E bis
i=0

whoere A: a constant matrices, b. cowmstant scalars and
5 are i

1w < n. ‘The SDM P is then given by

9.
\ o :
,LL: );\13
-— -1
5 == v e e« ——— v
P o= R A En -
— 3
) bis
i=0 -
¥ 8 ~ .
T €
) D.s
,":r) e
T 2n
3T It bl
H [ T
— A "

B4

(9 |

e
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Note that P is,in genecral, a rational regular matrix i.e,

Lim P=K, a non~zero constaant matrix. The number of operations
3->°0
required to obtain the spec*ral factorisation of P increases

o~
with higest degree of the polynomial matrix r B.=7 which

i
in this case, de 2n where n ig the order of the svystem

From equation (4), we have

T, T -1 -1 .

P= W (=s)L{W (=~3)) "{W{s)) = (1 (4a)

+
~
<
[
i
=
"
W
S

The matrizx ('.‘I“.‘(--s))ml R(W(E_;))ml +Q is, in general,.a posi-

tive definite rational matrix., The degree of its matrix

3

L

polynomial numexrator has to be highexr than that of its

scalar polynomial denominator so that pre-multipiication by

-~

4. . o 4 . - . ~— oy A ~ bt ]
W7 (=g) and post-multiplication by W(s) which arc rational

r

proper matrices give rise to the rational regular matrix P,
By +the theorem due to Youla [4], this matrix has a spactral

factorisation i.e, there exists a matrix M(s) such that

W (-5 R(W(s))™L +q = M (-2) 3(s) (5)

Thus, the matrices G(s) and GT(—S) are obitained as soon

1

as the spectral factorisation of (WT(“S)- R(W(s))-l + Q

is found, fTor, from equation (%4a)

P = ‘.Ir('-'s) :—[T(—-s) M{s) W(s)

(M(=2) W(=s))T ((s) W(s))

i

2 {n-m) .
is Jjust a riyunomanld matrin of the forwm =~ 5 5.5
is o gus A POLYLGHand Hl&LTL oL tile L 0Xn o ib

I
i=0

whewn o is o eonstant scalar; i.c.

AN
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i
(93]
L]

2 {n=-m) .
rl'\ . ~ \ "
W (=) R(ws)™ v = ) Loe.st.

L= o

=0
Note that the highest degree of the polynomial matrix
has to be 2(n~m) where n and m arc the highest degrce of
the denominator and the numerator of W(s) respectively,

el rdey bt~ onsuiro th
An erdexy Lo onsure Th

o

t the matrixz P in cquation {(fa)

will be a rational regular matrix. Hence the highest

2{n-m) .
degree of the polynomial matrix %' Z_ eisl is less
Tdi=0
2n .
Z: Bisl
than that of the SDM P = 1" . And it follows
) Byst
i=0

immediately that the number of operations required to
find the matrix M(s) in equation (5) is less than that
required to find the G(s) in equation (4). Thus, by
transforming the SDM P from its original form in
equation (4) to the form in equation (5), the amount

of effort required to obtain the spectral factorisation
of P could be considerably reduced, in some cases.
Consider a practical example given in [10] where W(s)

is a 2 x 2 transfer function matltrix of a 4th order

system
Wll(s) le(s)
Vo, (s) W, ,(s)
W(s) = 21 z
C(s)
wherc
wll(s) = 0.01Q9652 + 1.525s + 2,54
wlz(s) = 95.1552 + 1130s + 1810
W9l(s) = 0.085252 + 8.6 + 12,3
\ 2
wzz(s’ = 124s” + 1L491ls + 2520

Cls) = 6.2517<" + 703.1.606s° + 8416.2285% + 21834.8s + 15862.9

Wis) iz the trausfer function matrix for a 2-~spool gas turbine



Lo,

P11 P12
b - | Faq Poo |
C(=s) C(s)
wwhere
r'ey ]
Py 7 395084 x 10258 - .38920 x 10650 + J43245 x 108si
-~ .29160 x 101152 + .61869 = 1011
! 12 : -
by g = 46829 x 1070 . 41702 x 10723 - 48973 x 10172
~ .12589 x 10%3s + .13903 x 10t
Dyq = .16829 = 101154 + L1702 =x 101253 - 48973 = 10L352
Ji
+ .12589 x 107°s + .13903 x 1077*
Py, = 39084 x 10%5% - 8920 x 10%° + 40323 x 105"

- .20976 x 10%s% + .25161 x 107,
The matrix 7 is a rational regular matrix wherc both the
matrix polynomial numerator and the scalar peolynomial
denominator are of degzee 8 in s. The dnverre transfer func-

tion Wml(s) of the system is

o t5) i (0)]

11

aw, o (3) w . (s)




%
[}

wWhicli 4= A _ — e £ Asgiman : R T, -
which is a pu_:._y'n()m.s.ul matod Ox GEegrec 2 in 5 with o con=

stant scalar denominator 6250. Also, since
{iog 01
I

[ O 102_]

the corresponding positive definite matrix

Wi (=-sN"R (w(sH™L + q

Wll(S) le(S)
_ W21(S) sz(s)
62502
where
v PO _ e - - 2
lJ_(S) = ”22( 5)1”22(s) —.-vgl( s).le(s) + 62500
Fra(s) = = Vo las)wipls) = wyy {ms)iy;{s)

W = v we )

-
T

'ﬂzz(s) =$flz(~s)w12(s) +1qll(msﬁvl

is a polynomial matrix of degree 4 in s. Therefore, the
amount of effort required to obtain the spectral factorisa=-

lR(W(s))ml + Q@ will be considerably less

tion of (W (~3))"
than that required to obtain the spectral factorisaticn of
R + Wl(ns)QH(s), It is, hence,; worth checking if the inverse

. . -1 - . .
transfer function metrix W “(s) of the sysbtam is 2 polynomial

motrix, cven though it is ot often trae,

3. SUBOPTIMAL CONTROL

As discussed in the Introduction, the spectral Tac-
torisaijon of thoe SN P(s) for a high order multivariable

‘ i R TS .
MJIJ\-'U)I- N Wt e e vy [ —— -ua..J - e

R

N T P T N e
weiils pPAULTOoGy 0D AT LS AR SOS iy
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machanised,

And it dis net always truc that the inverse
transfer funciion matyrix of the system will be a polynomial
matrix so that the arngent given in Section 2 can be used

to reduce the amount of effort required. The continued
fraction expansion CFE2 and the ‘Modified! Padé approximation
MPA techniques described in Chapter 4 will now be appiied to

chtain an

I
o)
g
i
>
1

o
D
D
h3

to the SO

ML
~ L1 Re ERd P

{ P, Ths
spectral factorisation of P can then be easily obtained and

a suboptimal control U to the system can be found by re=-
placing P in equation (3) by P. We shall name this technique
for obtaining suboptimal control, the spectral density
matrix approximation technique (SDMA).

The matrix P is a rational regular matrix and is

assumed to have a general CFE of the form

- ] . ~1 =143
P = As(B, A s[B, + (.. + A, slB, 17...177]
and the following power series expansions

2
P = Co + Cls + Czs + sessasas cxpanded abeut s=0

-1 -2 .
=D + D.s + Dzs + s... expanded about s=co

e

et
ro
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assuming that

-1 F-l = 0, Eo o

n
o
!
]
-

As have been shown in Section 5 of Chapter 4, a low=-order app-

roximation ﬁi to P obtained by the CFE techniaque, is given

by
P, = Fo1 g,
1 1 Le

ns
A low=order approxinmation Pi to P can alsc be obtained by

* 2
L

US1Ii

=]

e

o

IPA technigue. Since no matrix inversion is

o
o
ra

involved in obtaining ﬁi’ the MPA tochnique is, computa-
ticnally, more efficient than the CFE technique, especially
for high order multivariable systems and will be nused to
obtain the low~order approxinations in example (ii) of Section

5.

L, ITERATIVE ALGORITHM

We shall uov develop an iterative algorithm which will
prove to pe particularly useful for multivariable systems,
The algorithm will generate a sequence of approximations

P1, Pz, o eae Pi, Pi+l’ ase» sSuch that the degrece of the

polynomial of the olements in P, is, in general, higher

i+l
than that of the peliynomial of the corresponding elements in
P..
i
Suppose thatlt the ith approximation c¢o the SDM P is
. . . . . T
P, which has the spectral factorisation P.(s) = G. (=-s) G.(s)
i. i i
m
where G.{s) anl G {=n) are both invertible. Then, ikt is
L {

ohwvious thet

P =17 + (P « P_J
I P, (3 P

Pe P, beoine tha ariov incuered by agsines he sporoximolion
L - - - - -
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Pi instead of P, P = P_i is a rational matrix and can be

written as

P-P, = P - G '(-s) G,(s)
m - =
= &.(-s) [(&", (=s))7"P (e, ()™ -1 g, (s)
T, .
= Gi\""._v} Vi Gi(S}
where
_ T -1 -1 _ éa
v, = (Gi( s) P(G,; (s)) I. (6= )
Hence,y, the SDM P can bz written as
T o " (66)
— S -z .

By using either the CFE2 or MPA technique, ap low-order
approximation Vi to the rational matrix Vi can be found

and we have

T T o
P =P o+ Gyl=s) (V, =V, + V,)@, (s)

~ . T o VYT " T ez ) - 17

where the rational matrix Gri(ms)(Vimvi) Gi(s) is the error

when the error matrix P—P_i is replaced by itg low—order

. T - P
ime 3 . G, {s). itd e o= P4 G (-
approximation Qi( s) Vl Gl\s) By writing P1+l Pl hl( s)

Giﬁi(s)’ we obhtain a new approximatioca (i.e. the {(i+l) th

approximation) Pi+l to P. Note that the new apgroximation

Pi*l censists of the foraer aprroximation Pi rlus a low~order
T

. . T - _—
approximation Gi (-8} Vi Gi(s) to the error matbrix PﬂPi,

Also, since

."T s "“ (S
P. - P__L + ai( S)I_LG.L\ )

4]

T - ;
[ P T \ [EETR
“ {~3) (L!/i, Gi‘”’ (8)

and thus

Poe Pt G (es) (V= V6, (s) (8a)
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where Vi,is a rational matrix, the degree of the polynomical

clements of P, ity in general, highex than that oif the

i+l
corrcsponding polynomial eleme=mts of Pi' Intuitively, the

new higher order approximation Pi+l wonld, therefore; be n

closer anproximation to P than P,. as the error matriv P=DP,
i

is accounted fer by a lov~order approximatiocn in P
Equation (8) reveals an useful feature of the algorithm which
is that to find the spectyal factoriswtion of the new
approximation Pi+l requires only that of the low-order

matrix I+vi, Sor Gi(s) and GiT(—s) are alrecady found in the

previous approximation P, = GiT(-s)Gi(s). Thus if

. e T
1 = -

I+ Y, L, ( S)Li(s)’
we have

Pivi = Gy () G5 (8)
where

Gi+l(s) = L.(s) G,(s) (8p)
and

T A LT - T_m
Gi_FL("‘g) = '\i("".a) Li( a)

Analogous Lo equation (6), we can again write

+ {P - P )

P, .
i+l i+l
and a new approxiwmation Pi+2 nay be Lfound in terms of Pi4l
by the algorithm desecribed above, if necessary.
5. COMPARTSON BETWIEN TIIE SDMA AND REDUCED MODEL ADPPROACH

Diffl culties orise when the theory of optimal control

is avnliocd Lo hieh orvder muitivariahio rnant+«nl svedame,
. vl inac 0 hioch evdes KA riablic ol myedams
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In the time domain where Kalman's theory of optimal control
is used, high order of'the‘system often leads to exXcessive
corputer storage and hence the optimal sclution is exponsive
to implement. When Wiener's filtering theory is used in the
frequency domain, the amount of work reguired to obtain the

spectral factorisation of the SDM of a high order multivariable

system could be tremendous., So far, the mosi popular approach

o

le

e

B
fde

[

used to tackle this pro s th

®

reduced model approach
[7=-9]. In this approach, a low-order model to the system's
dynamic (expressed either in the state-space form or in the
transfer function form) 4is obtained, using various
techniques; for example, Chen [9] uses the CFEl technique
described in Chapter 4. The optimal control theory is then
applied to the simplified model and the resulting cptimal con=-
Ltrol of the model is taken as a suboptimal conitrol to the
original system.

We shall now show that the SDMA approach suggested
in this Chapter for obtaining a suboptimal control camn be
related to the reduced model apprecach described above,
provided the reduced model is obtained by using the CTLE2
technique, Consider the optimisation problem described by:
squation (1) and (2). The transfer Ffunction matrix W(s)
is assumed to be a rationals proper mairix and has a low~oxrder
approximation, say #¥(s), obtained by the CFEZ2 techinque which
ensures good initial transient apprexmimation aud correct
steadymstate response, Then, as shown in Section 3 of Chapter

i, the power series ecxpansion, abont s=0 (about s=uvo) of

I

PJ

»5 expansion,

-~

W{s) agree with the corresponding powar ser

o

SIJ""]. (S"(P’”l >)

hout s=0 (about g=e¢) of W(sz) up to, say, th

6]
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1 ) = H + e b ® }‘ * l‘ a e
W(s) Ao + Als Apnls + Cts expanded
ahout s=0
= B + B S-.l + a2se B S_(ppl) + D S—p'l' e« o o
o 1 p-1

exnanded abaont s=co

it follows immediately that the dilierence between W(s) and

W{s) can he expressed as

W(s) = W(s)= ) (A, = C,)s* (9a)
i=p * B .
& -
= Z (BinDl)S . (9b)
i=p
If
P 4 R+WT(~S)QW(S)
and
54 R+ (=s) QF(s),

it dis easy to shew that

wT(~s) W(s) - ﬁT(as) Qi s)

V]

1
et
!

[

Wi(s)) + (W(-s)-

i

(W(ws) = W(=s))Te{W(s)

F(es)) Qif(s) + W (-s)au(s) - Fis))

When eupressed in terms of “he power series expansion,

about s=0, of W(s) and {(sg), we have

- = * 2o ce i % j
P-P =y (~1)T{Amc st @ Tla-csd + T (0)T(A ~C 05T

L=D i¥p v i=p -
voacst o+ V7 (~1)talsTy T (A,eC)sY
i T Py D TAsT L.( J J)
=0 =0 i=p

an .
= L'. C{a S -
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Similarly if exprassed in terms of the power series expansion,

about s=cw, of W(s) and W(s), we have

- 0 -1
P -P = z: Bis
i=p

If the SDMA approach is used where a low=~order approximation
to P is obtained by the CFE2 or MPA technique, then from
the results presented in Section 5 of'Chapter L4, there exists

a low=order approximation, say P, such that

In other words, the power series expansion, about s=0 and
s=co, of the approximation P obtained by the SDMA technique
agree with the corresponding power series expansions, about
3=0 and s=co of the approximation P obtained by using the
reduced model approach up to certain term.

Hewever, it should be noted that the iterative
algorithm developed in Section & cannct be used in the re-
duced model approach, Unlike the SDMA approach whexre a
higher order approximation to P can be obtained by using
the dterative algorithm to update the previous approximation,
no information on the pervious approximation could be used‘in
the reduced model approach. Thus, if a low-order model used in
the reduced model approach does not wield n satisfactory
Suboptimal control and a higher order model has to be used,
the spectral factorisation of the entire higher order SDM

approximation,sav p , has to be Toind., Thic« would =
it . T -

©
W2
o
|
H
5]
$

tremendouns amount of
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computational effort, especially since the spectrai
factorisation procedwre is not easily mechandised.
We shall mnow proceed to show that, wheun expanded into

power series about s=0 (s=¢), the new approximation P, .,
R

generated by the iterative algorithm agree with P up

the higher order term in s(s-l) than Pi' If the approxima-~

T
i{ J

)

-

cr computaticnally more

zy
)
-
t.

tiom Py is obtained by
efficient by MPA, then as shown in Scction 5 of Chapter 1,

there exist positive integers n and n' such that the difference

P-=Pi between P and its ith approximation Pi can be expressed

as
o .
P-P, = ) TY.s* : (10a)

L N 1
1=1n

.5 4 - (10b)
./__’uiu
= .

In general, the matrices G (g5) and el (=s) in the expression
1 1 .

H

T . " .
j= Gi(-s) Gi(s) are rational regular matrices and can there-

.fore he expressed as

OQ »
G {s) = §— o.s" (11a)
* ] 1;b 1
[egw] .
=3, {(11b)
- I opye
i=0 i
also N
1, E i
G, (s) = ;  &.s {(12a)
i - i
=0
I PR {12h)



Since, from equation (6a),

S
£
3
n
o
P
i
163}
A4
<
)
o Y
n
s’

£
L L L
—_— - T bt AT ) ~ - -
=7, = (6, =)™t (mer ) (8 s)7T, (13)
i i i i

We have, into

cquation (13),

=
H

K.

n 8
T
o
m

H
p

i

! R
=
w
s
as
H.

w

f:"— . T . =0 o
v, = )} (=1)F5,7s" Z: 0.57° )} 5.
i ! i . i - 1
i=0 i=n't i=0
&9 L s
= ) &,s T '
i=n? ’

To obiain a new approximation P 1 by using tho algorithm

presoented in Seetion b, a low-order approximation 1

obtained by the DMPA technicgue d.c., by 'fititing

Tirst m and m' mairix coefficiconts of the power serics

expansions of Vi’ abeount s3=0 and go=corespoctively, Therefore,
o s byl . ~
Dy empressing tude apprormoantion ‘Ji alzo in terms of Lts

about g=0 and sz, we have

H
1S
bl
—~~
Yot
1
]

-’



0
= z: S =
X1
=nt+m

i T

respectively..

=i {1Lb)

In consequence, by using =2quation (8a) and (Lha),

the difference between the SDM P and the nevw approximation
- . - . . TEARY . - - - . e ~
P4 &ven by oquation (S is, when oxpresssd im terms of
powexr series expansicn about 5=0
= c g %2 . = .
£ J. X1 e
P-P. .4 = L. (=1 w; 8T L g"s }: X 5
i=o i=ntm i=o
OO .
' i
= I: Y. S 3
i=a+m *
similarly, the difference P"Piél’ when exprossed in terns

of their power series expansiong,

about s=co, is of the

form
’ o) . .
PeP, = 9! s~
i+l i=ntem! 1
Thus, we have proved that, ;hen expregsad in terms of thedir
power series expausion abeut g=0 (s=c, tlle new apbLroximaw
tion Pi+J gencrated by the iterative algorithm agevrze with
the SDM P up to a higher powoexr texrm in s(sml) than Pif
6a EZAMPLES

Conuiday o

~ -l -
scalayr sys

Lo

tranaiaor funciion

‘.

©

)

emy, of 10th oxrder, the

wherao
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(@}
Ch

ey - als)
W{s) = (s
a(s) = 5505739+L69a?88+15707s7+26459Os6+255470055
+1&91300054+5310500083+111660000$2+1258000003
+57600000
in < IR L S 7 s & . _.__. 5B
b{s) = 8 "+109s +4303s +88875s'+10514048 +7074570s
!
+35302112s k-!-."1.0“‘...31,&’,75.‘3'.':):3 3*17323520052-‘-1581120003
+57600000,

Consider an nptimisation problem of equation (1) and {2) where

yo(s) =0, y (s) =%
Q =qg=10, R=r=l
The SDM P dis then given by
R
?111'1(33:"0
e(s) = s2° - 38097 x 10%18 + 23851 x 10510
- 256591 % 10%st% + 59991 x 10M1g12
- °51936 « 1013510, 50333 = 1038
- 2135767 % 10770 + . 103025 x 10M7st
- 346647 % 10Y7s% + ,364958 x 1007
and
a(s) = 5°% .3155 = 10%s%8%+ L17638 x 107530 « .32667
x 10%s % L276 x 10008 P L11978 % 1073530
L2778 x 101458 = 233987 = i01556+ . 20382
= 10M%" w5027 % 107052 4 L3178 w2 1026,

steady-siate valur and good Lraunsient avppreudimation to the

=i



optimal comntrcl, P is expanded using the CFR2 technigue
described in Chapter 4. An low=order approximation P1 is

obtained where

~s2 + 4.19136°
5 5
~s= + 1.26374

l.-l

For s=jw,

=

’ e, 101 2
P1(jw) = LI &°*9*362 >0 VYV real w

w2 1.2637h

Thus, Pl(s) satisfies the hypothesis of the theorem by Youla

[4] given in the Introduction and has a spectral factorisa-

tiomn
T / ’
P (s) = 8 (-s) G(s)
where
Gl(S) - 3’*‘4&19136

s+1.26374

Therefore,

[(G;Qns})“lWT(-s) Qz1"

1

3. 0151

s
R . . o . .
and, from equation {5a), the suboptimal comntrol U is given by
-+

- - T -1 g
3° Gy " (s) [(Gl("‘s) “-TT("S)QZJ

g+ 1.26374
={s+£,19136) .

=  3.0L51

. A . Lo o .
for comparisdén, the optimal coniroel W of {ths svatem was
galcuwlaced using ihe Dilferenitial Dynanic Programning

the optimal con=-

tochnigque., 'dig. . shows the <trajecioriss o

s O g H L2
tirol u- {euvve a)and “he subopiimal conirsl O
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It can bc scen that the suboptimal control B gives a
good tramnsicnt approximation and has the correct steady-state

valuca.

COMMENTS

It should be moted that, for y,=0 and y, = =~ where

(28

e o wvwoal Arnnablant
S 8 Xeal cengLianiy

Fha
= QILv ey il

pe

-
-

K
Aate W aan

the control given by equation (5 .) depends on the ratio
between the constant terms in the SDM while the transient
bohaviour is controlled by the difference in degree of the
highest order tezrms. Thus, to achieve a good suboptimal

control, the CFE2 proposed by the author in Chapter & has to

o ..
methicd +;ill

123

be used ingtead of Chen's method, Alsc, Chon!

)

result in a control which ' <& tesbgrenctect

B o It dis duec to the Ffact tuat the degree of the
numeratoxr is, generally, less than that of the denominafor
in a low~order approximation to P obtairad by Chén's metod,

For dinstance, in the above example,; the approximation,

say an to P By Chen’s method will be of the form
a 2
3. - 1
A b 2_2 & hz
2" 1
e T =y
= Ql (~s) hl(s)
whare
A
P L
G, (5) =  —————Fee
* h,s4+b,
<.
Henze
Iy . b
— . P
G, “{=) = -~ e L

.
i
e

ed
5

I



and the resulting subeptimal contrel 2y will be of the form
c
- 2
u, = c, + —
l l S

The constant term cq in the above ggquation represents a

lincar change in the wmagnitude of ul with tima.

(i1)

It will be demonstrated in this example that the
SDMA approach together with the iterative algorithm
proposed in this chapter could yield a closé; approxe
imation to the optimal control than the popular
reduced model apovroach.
The system, taken from [10], is a two=input two=outpu.
system of 4th order having the transfer function
matrix
Vi1 Y12
W(s) = .21 22 .6250 (10)
C(s)
whexre
Wiq .01&96sz+155255+2°54 .
Wio = 95.155°+11305+1810 .
Wy, = 208528%48.65+12.3
Uhn = 12452+149ls+2520
Cls) = 6,25171s4703.1606ks +342.6,22852+21824,86s
+15862.2,
This systeowm has beon used in Chapter 4 to demonstrate the

results in model spproximation. To use 41 reduced medel

~s
a low~order model W(s) to W(s) is obtained by

by Chexn L 9:3



L0

P
W(s) = =2 221 6250
c(s)

waes o

Wll = 1.52584+2.54

. - = 1130s+1810

L2 » =

r~

WZJ. = 8065"“12.3

%22 = 14915+2520

2{s) = 7&4452+2183&s+15862

~
Thgﬁ?utput step responses of W and W are practically the same,
o
aclvaly cownudent” .
as-shewn in FieS 2 and %whuc‘j\awd Yz ) ﬁMwuhUehﬂ)(M&,SkQMHa
Consider the optimisation problem deccribéed by equation

(1) and (2) where W is given by ecuation (1C) of thnis ecxample,

M0 0 1 0
Q = s R =
o 10 Lo 1
. Yo 3—
o L7157 x 10
1
v {5) = y v {s) = = : !
° i a s .10G4k x 10}

°]

Then, the EDM' P is given by

0 S22 ‘ -
p = =2k 7220 & p o4 yT(es)auls)
C{mz)C(s)
Where
- 2 8 G e RN ¢ -
pyy ® 3908k x: L0787 - ,358920 x 10757 + L3245
- oda

]

! ) LSS P .
= 10 s e 529160 z:z 107 7sT o+ 61869 x 10



: 1
Ppy = -40829 x 10704 o ui7o2 x 10128 - L4973 = 10352
!
= ,12589 x 10135 4+ 213903 x 101l
]
Py, = 46829 x 1010 L n1702 x 1012834 48973 x 10%3s°
RNl e ~A13 - A AaAA~ANn -!r\lli
T e lL)UY KoL S 7 oL HYVUD X LV
Yy
Py, = 239084 x 10258- 38920 x 10%5° + .95428 x 10t3sE
- .98851 x 10%9s2%+.37603 x 10%°
C(=z)C(s) = .39086h x 102s8 = ,38920 = 10656— 2140323 x 10854

9 2 | = 9
- , 20976 x 1078 % .25161 x 10

The SDMA approach is now applied to obtain an approximation

to the matrix P and hence an suboptimal control, say GP,
to the system, In order to obtain a good approximation

to the transient behaviour of the optimal comntrol w” and
achive the correct steady-state value, approximation in the
frequency domain has to be made around s="and s=0. In
this ewample, the first step is to obtain an approximation,
sdy Pl’ by the MPA technigquc about s=© which yiélds a good
approximation to the itransient behaviour of the optimal
control, but has the incorrect steady=state values. The

approximation P, which is rational regular is found to be

1
(p1)1a (P32
_ (py)a {py)og |
—1 - .
CJ. ("‘m) (.zl (q)
whore
b Y ) e L2 . , 7
(p1)11 = g e ,S05807859 x 10°sT 4+ L110687152 x 10
(p,) & 319815717 = 107
1712

177.
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(pydy, = 119815717 x 107
I ],
(p)pp7= S5 = 2995807659 x 1052 + .24416029 x 102
~ ( . Ly « - L 2 ! 7
bl(ws) cl.s) = 5° = ,995807859 x 10°s° + ,103168475 x 10

It is easy to check that the matrix Pl(jw) > o0 ¥V real finite

w and hence by the theorem due to Youla (4], it nhas a'spectral

T
P.(s) =G, (~2) Gl(s)°
The method suggested by Davies [5] is used to find the

matrices Gl(s) and G T(--s) where

1
(1) 5, (1) 50
G, {s) =
1
(l"
Cl\o)
where
- !
(g )ll = 894,109568551 == 10°s + ,102369032 x 10°
1
(gl)12 = ,435938555s + .241653044 x 103
(8)n, = -435938555s + .241653644 x 107
{ 2 3 r 6
(8,)50 = s + .999104363 x 10”s + .L9k125725 x 10
~ —— 2 . 3 1 - I l&
Ll(s) = s + ,10949665 x 10”7s + 101571884 x 10

The iterative algorithm %2111 mow bo used to obtain an higher

order approximation P. by applying the MPA technique about
PP N, X 3

2
=0 to the matrix V, in equation (6a). Thiszs will onsurc that

. A LT - .
P, has the correect steadye~siate value and since PO=P3+hl(~s)Vlﬁq(s

o
frem equotion (8) where Vjis an loweordaxy approximation to
V. P.owill alsc retain tie chavactesisiics of P, which

vields good transicont approximnbtion. Agal

maethod, bt



Lia Lyo
L L
L - 21 221
- m{s)
where
L, = 8,91454k575s + 15.1068989
le = 1,05423892s + 7.67109367
LZl = =(6,83607924s
Lzz = 1.11024h435 + 3.8403921
m(s) = s + 1.08901938

and the higher order approximation P_ generated by the iterative

2

o}
o]

lgorithm is then given by

T
P2 = G2 (-s) Gz(s)
where

Gz(s) = Ll(s) Gl(S);

to find the suboptimal control %o with Gz(s) in place of

. . . =l . .
G(s) in cguation (3a3,462 (5) is required and found tec be

' (g530, (85050 |
G. (g)=
2 c (s)
]
where
.. 1 3
(gz)ll = 1.11024%&336+f1232887& = 10135+ LO074807638 x les

OGO 8 3. foe - 9 2
4 LHM067725 x 10 537+.83619689 x 1073
. 10 . X
+ .276296107 x 10 s+ .209904692 x 1000
. L
= .- 1905h238956+.117366332 % 10‘35

P
s > 4 8

o 60A5204350 1075 +.632033574 = 10(33
1o 2 1

101751731 w 100524, 625021978 = 107 0g

b



6 3 -
6. 836079245 +.15045077 =x lO s’ .972b40319 x 10554

(25) 57
+.160022027 x 1 07534+.8361k5166 x 10 s>
+.638886247 x 107s - .102654509 x= 107

e B

6
(32)22 = 8.91454575s +.19 b

05693167 x 10 s

3
______ 8 2
8

7014135 x 10 s +.1

e e o 7 % ~
+o2537818998 x L0 8 +,15541769 x 10 s
8

+.318666322 x 10 s+,191566798 = 10
C,y(s) = 17.1041855(s+5.42258322) (s+.625521538)

(s+10.3124537) (s+9

\O

=4
225

58909) (£s+.4993522275 x 10°)2

2 x 106)

+.494543643
With the approximation sz Xs) in place of G-l(s) in equation

i
{3a), we have

f-3L6 7029124 x 10%

[(a, (-s)™*

I\I +
ul(-s)Qz]¥ = -
I
| 185648506 x 10*
and the zxresulting suboptimal control {° given by
w (s)

>0 =1 e ‘T =1..T,-
8° = = =Gy (3) L[(65(=s)) "W (=8) Qz]"

is then found to be

_ 3.4363 2.,304822 110.862779
u (s) = = * ST, 060 95?15,8+g»5 42258322
- -2
. .693215285 _ - 90452045] = 10
' 5+10.3124337 5+99.2558909

. 20488 (54, 409552 2/5 % 3.07) -, 1>265x,49qs3643x103
(s, 0995522275 10°)° 1543643 = 300
%4 5) _ _e9907154h N*S 6126310 ~1 L 1.659030006
A s ST0E55RI558T T T aEE RERETIRR
P}
8 5765578 x 10 7 W21603353% x 107 "5

o~ e 51 ——w SMBASRSRO

S10. 3026537 ﬂv‘qva,§8909



%

. L . . q ae o i , , 1
.235067078 x 10 (3+,4995522275 %10~ )=,18821.8929x10 . 59453043107

(s+,4995522275 x 103)2 + o1;945436432 o®

. — ~
. . . o o
By applying inverse Laplace transform to ulﬂs) and uzés),
. . ~0 . R < - .
the Suboptimal control w  as a function of time can be obtained.
For comparison, the trajectories of the optimal con=-

trol u® calculated by Différential Dynamic Programming

e (curve a ); the snbhontimal caontral ﬁo bv thae

technial
T nniaqy

reduced model approach (curve ¢ ) and the suboptimal con-

trol u° by the SDMA approach {curve b )} are shown in Fig. 4

Coripovestk | 1 s\own g ky ard wwvomwl th Ry S, §3v 0, 5%amd T
and 5. Alt can be seen that the sunoPtlmal control U’ by

the SDMA approach has a better itranssient approximation to

\

ﬁ? than 1° obtained by the reduced model approach, especially

‘0

adv=gstate

o

in PFig, 4. Also, both.ﬁo and T have the corract ate
values.

That the ireduced model apprvoach yields poor traasient
approximatior is due to the fact that the transient
beshaviour of the control is mainly detexrmined by the
behaviour of G{z) around s==owherecas thz reduced mcdel
approach using a model obtained by the CFEl technique suggested
by Chen is usually an approximation technique about s=0,
By uging the iterative algorithm, it is possible to obtain
good approximation at both 5=0 and s=coby the SDMA approach,

as shown in this example .
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CONCLUSIONS AND
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CONCLUSIONS AMD EXTENSIONS

The details of. the Contiribuiions of the thesis have
been given in Section 3 of Chapter 1. This thesis contains

several appreoximation technigques for optimal control
in both time and frequency domains. Two de%ferent approas
ches have been considered. The first approach which is
popular, makes use of a simplified model to the actual
physical system being considered. This leads naturally to
the problem of model simplification which has been studied
in both “jme and frequency domains. The other approach,
which has been considered only irn the frequency domain,
does not require a simplified model for the system dynamics.
but inveolves using a low=order approximation to the
spectral density matrix of the linear regulatoxr problem.,
The success of the popular simplified model appfoach
will obviously depend on the performance of the final
sysiem using the optimal ccantrol of the model. It would_
be expected that the performancec of the system being
controlled would improve witlth improvements in the accuracy
of the model used. That the lower bound results on the
minimum performance index can be usod to test the accuracy
of the model has been suggested and a numerical example
has been given. Many model simplification techniques in
the fregquency domain are based on the cuncept of power
sexries cxpansions and the numerical resulis have shown
ihat reasonably good models can be obtained by those

nrocas
i - -

f
v

ted in this thesis. lHowever, the stability

1

ol the rodel obtaincd by these techniques is, by no means,
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guaranteed. It should thus be useful to devote some cffort
to investigate the necessary and, if possible, sufficient

conditions to ensure Lthe slability of the model. Omne

. oy : .

possible way ¢f getting a stable model is to usc the

tt\f“\“r\iﬁ11f\ mviAaTAacnrd G Dlhhamb s O .t -\j,\ N A TlannnlnT A 39
W RALs \1“\’ r.‘. vrvuvu - b e A e 9 AR AR -l I Mtlr'—l-.l-\—-\.u-k\— ke A &

both time and frequency domains, with a suitably chosen

set of orthenormal functions, e.g. Laguarre functions

L L J ML Q. b Drasd b la
with positive A,. But there

i 11 mo simple way of

f-h

5 st

.

choosing an optimal set of eigenvalues K;' The parallel

model appcars to be useful and numerical experience
indicates that a satisfactory control can be obtained by

e T 2 e
v a0

el

- s Lo t recen —t p as

ory of the imput

to the convolution~described subsystem; of coursc, the p
required to achive a good contrel will also depend on the
modes described by the state-~space subsystem. Thus, an
useful but not necessarily casy extension is to find a
new measure of model accuracy which will lead to a simple
expression for the model accuracy as a function of p.
Further study is also regquired on the stability of the
closed system resuliing when the optimal 'feedbaclk!
control of the parallel model is applied to Lthe actual

SV

<«
4]
o

An interesting fact about Lthe second approach,
treatved only in the frequency domain, is that no simplified
model is necded <o thait the question of . - dmstabdility
dozs wot arisc,., MNwuuwerical results shewed that this

1.

appreach could yield a move satisfactory contrel thaan

Lo oimplifiod model approach and iz thus



The subopivimal centrol obtained by using cither
approach has but the first time moment cqual to that of
the optimal control. It is. thercfore, of interest to
investigate the existence of approximation techniques

which yield suboptimal control with timec moments equal

to those of the optimal control, up to certain ordexr.

e

it
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