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the root of a semi-infinite sharp notch, subject to compression, is found.
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1 INTRODUCTION

The problem to be addressed in this paper is the

quantification of the closure region when a notch

having a sharp root is subjected to a compressive

force, tending to close it. This is of practical

importance in estimating the fatigue life of a sharp

notch, and the possibility of nucleating a crack,

because the local state of stress which the nucleating

crack experiences will depend on the degree of

closure, and whether or not it encompasses the

‘process zone’. It is not necessary to examine the

problem of a finite notch within whatever geometry

it exists, because the closure zone will, for practical

purposes, nearly always be small compared with the

crack length. It is therefore appropriate to consider

the behaviour of a semi-infinite notch, and then to

use the generalized stress intensity factor, scaling the

notch solution to fit it into whatever finite problem is

being examined. Two of the present authors and a

co-worker [1] have already looked at this problem

once, using merely the Williams notch solution itself,

and checking for violations in the surface displace-

ments, i.e. finding the point at which the surface

displacements of the notch faces suggest that there

will be interpenetration. This is clearly a useful first

step in estimating the amount of closure, but it is

2muI
h r, hð Þ~{K s

I rlI
lI{1ð Þ sin lI{1ð Þa½ �=sin lIz1ð Þa½ �f gsin lIz1ð Þh½ �{ kzlIð Þsin lI{1ð Þh½ �

lI lIz1ð Þ 1{cos lI{1ð Þa½ �=cos lIz1ð Þa½ �f g , {a¡h¡a

approximate and will be rather poor when the

external notch half-angle a (Fig. 1) approaches p rad

or becomes crack like. In order to solve the problem

the general method of attack will be initially to

permit interpenetration, as indicated by the dashed

curves in Fig. 1(a), and then to apply a distributed

contact pressure along the notch flanks so as to push

the surfaces back to a common boundary. This

solution has become feasible because the influence

function for a pair of equal opposed forces applied to

the surfaces of a notch has been solved [2], and this

will form the kernel of an integral equation formula-

tion for this problem.

2 FORMULATION

The first step is to deduce the form of the surface

normal displacement of the notch itself, due to a

remote applied load. Note that, in general, a remote

load might be expected to induce both a mode I

(symmetric) field and a mode II (antisymmetric)

field, but the latter will cause only a local rotation of

the notch and will not affect the separation of the

notch faces. The surface normal displacement may

be found directly from the Williams [3] asymptotic

form and is given by
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where the generalized stress intensity factor K s
I is

given by

K s
I ~ lim

r?0

shh r, 0ð Þ
rlI{1

ð2Þ

It follows that the relative normal displacement

between the two notch surfaces may be found by

specializing equation (1), by setting h 5 ¡a, to give

uI
h r, að Þ~ K s

I rlI

E�
L ð3Þ

where

L~
sin 2að Þ

lI sin a sin lIað Þ~
2 cos a

lI sin lIað Þ ð4Þ

In order to establish the true closure length rc an

integral equation in terms of the contact pressure

will be set up. This could be expressed in terms of

the surface displacement itself, but, in practice, it is

preferable to work in terms of the surface displace-

ment gradient LuI
h

�
Lr, as this means that the kernel

will be Cauchy rather than logarithmic in nature and

hence become easier to handle. With this in mind,

the boundary condition along the closure line is

written as

LuI
h r, að Þ
Lr

{
Lu

p
h r, að Þ
Lr

~tan p{að Þ ð5Þ

where u
p
h r, að Þ is the displacement due to a con-

tinuous distribution of line forces along the edge

contact and is given by

Lu
p
h r, að Þ
Lr

~

ðrc

0

p jð Þ �Dm
h r, a, j½ �dj, 0¡r¡rc ð6Þ

Here Dm
h r, a, j½ � is the displacement derivative

influence function for opposed line forces applied

to a semi-infinite wedge [2]. By setting

s~
2j

rc
{1 ð7aÞ

and

t~
2r

rc
{1 ð7bÞ

the normalized interval of the integral equation
becomes

LuI
h t, að Þ
Lr

{tan p{að Þ~ rc

2

ð1

{1

p sð Þ �Dm
h t, a, s½ �ds,

{1¡s¡1 ð8Þ

It is known that, at the corner of the notch, the stress
is square root singular and at the contact edge, it is
bounded. In fact, two arguments point to the fact
that the local behaviour is square root bounded in
character at the edge. First, from basic Riemann–
Hilbert theory, it is known that a singular integral
equation with a Cauchy kernel must display local
behaviour which is either square root singular or
square root bounded. Here, the kernel has a general-
ized Cauchy character, and it is assumed that the
same characteristic will apply. The second argument
is that, very close to the edge of the contact, half-
plane theory may be applied and, if the profile
gradient of the indenting surfaces is represented by a
Taylor series, the first term corresponds to a local
square root contact pressure distribution. Therefore
it can be stated that

p sð Þ~pa sð Þ 1{sð Þ1=2 1zsð Þ{1=2 ð9Þ

Fig. 1 (a) ‘Overlap’ and normal displacements along
the notch flanks; (b) a point force applied
normal to the notch faces
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The discretized form of the integral equation is

LuI
h tk, að Þ
Lr

{tan p{að Þ~ rc

2

Xn

i~1

Wipa sið ÞDm
h tk, a, si½ �,

k~1, . . . , n ð10Þ
where

si~cos
2i

2nz1
p

� �
, i~1, . . . , n ð11aÞ

tk~cos
2k{1

2nz1
p

� �
, k~1, . . . , n ð11bÞ

Wi~
2p 1{sið Þ

2nz1
ð11cÞ

These represent a system of n simultaneous equa-
tions for n unknown pa(si), together with the closure
length rc.

A first estimate of the closure distance, ro
c , is found

from the point of overlap of the Williams solution

and is given by

ro
c ~

K s
I

E�
L

tan p{að Þ

� �1= 1{lIð Þ

~
K s

I

m

1{nð Þcos a

lI sin lIað Þtan p{að Þ

� �1= 1{lIð Þ

ð12Þ

The true closure length rc is found iteratively; the

contact pressure must be a negative value along the

contact interface, and the notch must be open

external to the contact distance. Improved values

of rc are chosen until their two inequalities are

satisfied.

Because of the limitation of linear elastic theory,

which explicitly excludes rotation effects, the solu-

tion will apply only if 2a is large. Notches of 300u,
330u, and 350u were chosen as detailed examples.

The influence functions for these cases are as

follows. For a 350u notch,

Dm
h r, a, j½ �~ 1

m
{

4:628r2

1z
ffiffiffiffiffiffiffi
r=j

p� �5
j3

"

z
8:0655r2

1z
ffiffiffiffiffiffiffi
r=j

p� �4 ffiffiffiffiffiffiffi
r=j

p
j3

{
15:606r

1z
ffiffiffiffiffiffiffi
r=j

p� �3
j2

z
0:8205r

1z
ffiffiffiffiffiffiffi
r=j

p� �2 ffiffiffiffiffiffiffi
r=j

p
j2

{
1:641

1z
ffiffiffiffiffiffiffi
r=j

p� �
j

{
0:0805ffiffiffiffiffiffiffi

r=j
p

j
z

7:278
ffiffiffiffiffiffiffi
r=j

p
1z

ffiffiffiffiffiffiffi
r=j

p� �2
j

z
5:785 r=jð Þ3=2

1z
ffiffiffiffiffiffiffi
r=j

p� �4
j
z

1{n

pj

1

r=j{1

#
ð13Þ

Fig. 2 Predicted interfacial contact pressure and true closure length
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For a 330u notch,

Dm
h r, a, j½ �~ 1

m
{

2:946r2

1z
ffiffiffiffiffiffiffi
r=j

p� �5
j3

"

z
5:0235r2

1z
ffiffiffiffiffiffiffi
r=j

p� �4 ffiffiffiffiffiffiffi
r=j

p
j3

{
9:754r

1z
ffiffiffiffiffiffiffi
r=j

p� �3
j2

z
0:4855r

1z
ffiffiffiffiffiffiffi
r=j

p� �2 ffiffiffiffiffiffiffi
r=j

p
j2

{
0:971

1z
ffiffiffiffiffiffiffi
r=j

p� �
j

{
0:106ffiffiffiffiffiffiffi

r=j
p

j
z

4:584
ffiffiffiffiffiffiffi
r=j

p
1z

ffiffiffiffiffiffiffi
r=j

p� �2
j

z
3:6825 r=jð Þ3=2

1z
ffiffiffiffiffiffiffi
r=j

p� �4
j

z
1{n

pj

1

r=j{1

#
ð14Þ

For a 300u notch,

Dm
h r, a, j½ �~ 1

m
{

2:864r2

1z
ffiffiffiffiffiffiffi
r=j

p� �5
j3

"

z
5:0505r2

1z
ffiffiffiffiffiffiffi
r=j

p� �4 ffiffiffiffiffiffiffi
r=j

p
j3

{
9:773r

1z
ffiffiffiffiffiffiffi
r=j

p� �3
j2

z
0:4805r

1z
ffiffiffiffiffiffiffi
r=j

p� �2 ffiffiffiffiffiffiffi
r=j

p
j2

{
0:961

1z
ffiffiffiffiffiffiffi
r=j

p� �
j

{
0:0755ffiffiffiffiffiffiffi

r=j
p

j
z

4:5585
ffiffiffiffiffiffiffi
r=j

p
1z

ffiffiffiffiffiffiffi
r=j

p� �2
j

z
3:58 r=jð Þ3=2

1z
ffiffiffiffiffiffiffi
r=j

p� �4
j

z
1{n

pj

1

r=j{1

#
ð15Þ

3 RESULTS

Figure 2 shows the interfacial contact pressure

predicted for the three example cases. The coordi-

nate axis has been normalized with respect to the

distance to the violation point, ro
c , and it may be seen

that the actual closure length is shorter than the

value implied by the bilateral solution. The differ-

ence increases with increasing value of a. When the

observation point is very close to the contact edge, it

can be seen that the interfacial contact pressure is

Table 1 Values of lI and C for the three cases studied
(350u, 330u, and 300u notches), together with
those for a 340u notch

Notch angle lI C

350u 0.500 05 1.692
340u 0.500 43 1.559
330u 0.501 45 1.553
300u 0.512 22 1.362

Fig. 3 A comparison of the true contact pressure near the point of separation and that implied
by the bounded asymptote
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bounded and a connection between its value and the

unilateral (open notch) stress distribution may be

found. If t is a coordinate measured inwards from

the contact edge, the local contact pressure has the

form

p tð Þ~K B
I t1=2 ð16Þ

and the value of the multiplier may be found by

interpolation of the form of the contact pressure

(equation (9)) to the edges of the contact interval.

Thus,

K B
I ~C � K s

I

ro
c

� �3=2{lI
ð17Þ

and the values of lI and C for the three cases studied,

together with a further intermediate angle, are given

in Table 1. Figure 3 provides a close-up view of the

true contact pressure adjacent to the edge of the

contact region, and the contact pressure distribution

implied by the asymptote.

4 CONCLUSION

When a remote compressive load is applied to a

plate containing a sharp notch, closure will occur at

the root. This phenomenon is normally neglected,

because the solution is taken to be ‘bilateral’. The

implications of this assumption were examined in an

earlier paper, simply by looking for violations in the

displacement field, which implied interpenetration

of material when the notch is compressed. The true

closure length and interfacial contact pressure are

found in this paper. The contact pressure between

the notch faces is very large at the root but falls

smoothly to zero in a square root fashion at the point

of separation. The relationship between the bounded

stress intensity factor K B
I (which characterizes the

contact edge solution) and the generalized stress

intensity factor K s
I (which relates to the crack root) is

found. The true contact length is very close to that

implied by interpenetration when the internal notch

angle is not ‘very large’ (less than 300u), but the

difference becomes much more marked when the

notch becomes crack like in character.
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