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Abstract

Slug flow is one of the flow regimes that is encountered in two-phase gas-liquid flows in pipes.

The flow regime is of great interest in many applications such as hydrocarbons production

in oil wells and their transportation in pipelines, conventional and nuclear power generation

plants, heat and mass transfer operations between gas and liquid in chemical reactors, among

many others. Slug flow in vertical tubes is characterised by periodic rise of large bullet-shaped

bubbles known as Taylor bubbles separated by pockets of liquids, known as liquid slugs. While

numerous studies have been carried out in the areas of estimation of steady state hydrodynam-

ics features of a single Taylor bubble rising in liquids, not much has been done in understanding

some of the transitions featuring in this flow.

This dissertation focuses on studying the transitions encountered in the dynamics of a ris-

ing Taylor bubble. A particular attention is given to the understanding of the mechanism

governing the transition of the bubble from symmetric to asymmetric shape in downward liq-

uid flow. This involves three basic steps; computing the steady state solution, examining the

stability of the steady state solution and carrying out energy analysis on the stability results.

For different flow conditions, characterised by dimensionless Eötvös number (Eo), inverse vis-

cosity number (Nf) and centreline liquid velocity Froude number (Um), we compute the steady

state solution of a rising two-dimensional axisymmetric Taylor bubble. The linear stability

of the steady state solutions to three-dimensional infinitesimal perturbations are then investi-

gated. The analysis enable us to determine the region in the dimensionless parameters space

at which a Taylor bubble transitioned from symmetric to asymmetric shape.

To understand the mechanism that govern the instability, we carried out energy budget analysis

to isolate the most dominant energy term that drives the instability. The analysis showed that

the mechanism that drives the instability is different depending on whether the effect of surface

tension can be neglected or not. For region of negligible surface tension effect, the instability

originates from inside the bubble and the dominant source of energy that drives the instability

is the bubble pressure, while for region where surface tension has strong effect, the instability

originates from the liquid phase and the dominant source of energy that drives the instability

is the tangential stress.
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4.25 Normal stress (solid lines) and total pressure (broken lines) at the interface:
effect of inverse viscosity number at (a) Eo = 20 (b) Eo = 140 (c) Eo = 260 . . 96

4.26 Normal stress (solid lines) and total pressure (broken lines) at the interface:
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Chapter 1

Introduction

1.1 Two-phase gas-liquid flows

Two-phase gas-liquid flow refers to the interactive flow of gas and liquid, as a result of which

the interface between the two phases is influenced by their motion. Because of the deformable

nature of the interface and the compressible nature of the gas phase, two-phase gas-liquid flows

are considered the most complex of the four types of two-phase flows; gas-liquid, gas-solid,

liquid-liquid, and liquid-solid [52]. Depending on the flow rates and fluid properties of the

phases, and the geometry and orientation of the flowing channel, different classes of interface

distribution, termed flow regimes or patterns, can be defined.

Figure 1.1: Flow patterns in gas-liquid flows in vertical pipes. Reproduced from [52]

1
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In vertical flow of gas and liquid through pipes, increasing the gas phase flow rate, at constant

liquid phase flow rate, results in the following flow regimes: bubbly flow, slug or plug flow,

churn flow and annular flow, shown in Figure 1.1.

The bubbly flow occurs at relatively low gas flow rate. It is a regime of continuous liquid

phase with small bubbles dispersed in it. At a much higher gas flow rate, the flow pattern

changes to slug flow. This regime features periodic-like flow of large bullet-shaped bubbles

separated by regions containing liquid which may have dispersed smaller bubbles. These large

bubbles are known as Taylor bubbles. Slug flow typically involves the downward flow of the

liquid phase in the form of a falling film on the outside of the Taylor bubbles. However, the net

flow of both liquid and gas can be upward. On further increase in the gas flow rate, there is a

transition to churn flow pattern. Churn flow is an unstable flow regime that is characterised,

particularly in wide tubes, by an upward and downward oscillatory motion of the liquid phase.

In narrow pipes, churn flow regime may not be noticed. At extremely high gas flow rate, the

flow becomes annular. In this regime, there is a core of gas, usually with small liquid droplets

entrained, and a liquid film, sometime with gas bubbles entrained, that flows on the wall of the

pipe.

Among the different flow patterns, slug flow has attracted a lot of attention in the litera-

ture. It occurs over a wide range of flow conditions and has find applications in numerous

processes, both on large and small scales. It is encountered in hydrocarbons production in oil

wells and their transportation in pipelines, emergency cooling of nuclear reactors, heat and

mass transfer operations between gas and liquid in chemical reactors, boiling and condensation

in liquid-vapour systems of thermal power plants and in steam production in geothermal power

plants [35, 70, 107]. For examples, in the oil and gas production, slug flow occurs in vertical

pipes that connect oil wells to remote wellhead platforms. In the operation of this process,

slug flow is undesirable as it leads to pressure and velocity fluctuations at the outlet of the

risers, which in a severe case could lead to platform trips and plant shutdown [49]. In addition

to the aforementioned processes, slug flow has also find applications in microfluidic systems
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such as the cooling of electronics [68], geological systems such as the study of the dynamics

of large bubble rise during volcanic eruption [20, 89] and physiological systems such as the

understanding of blood flow physics in blood vessels [58, 96].

1.2 Taylor bubble

Of interest to this research is the understanding of the behaviour of a single Taylor bubble in

stagnant and flowing liquids. This simplified form is considered as a paradigm for the slug flow

in vertical pipes [94] because of the near-periodicity of the gas-liquid flows in the regime [70].

Figure 1.2: Geometrical sections around a Taylor bubble. Adapted from [64]

A Taylor bubble rising through a liquid parametrised by the dimensionless inverse viscosity

number, Nf , Eötvös number, Eo and Froude number, Fr define as,

Nf =
ρ (gD3)

1
2

µ
(1.1)

Eo =
ρgD2

γ
(1.2)

and

Fr =
u√
gD

(1.3)

respectively, is generally conferred with topological (or geometrical) symmetry and can be

sectioned into four distinct regions [64] as shown in Figure 1.2 with each region having specific
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features used for its characterisation.

In equations (1.1)-(1.3), ρ, µ and u denote the density, kinematic viscosity and velocity of the

liquid, respectively; D is the tube diameter; and g is the acceleration due to gravity. Also, it is

assumed that the viscosity and density of the gas phase are negligibly small when compared to

that of the liquid phase. For definiteness, in flowing liquid, we denote the Froude number that

is based on mean and maximum liquid velocity as ŪL and Um, respectively.

Nose region : This is region 1 in Figure 1.2. It is nearly hemispherical and is characterised

by its frontal radius of curvature, the magnitude of the axial component of velocity at

its tip, which is the bubble rise velocity, the maximum distance ahead of the bubble nose

where the bubble impact is felt and the velocity profile ahead of it.

Body region : This is region 2 in Figure 1.2. It is nearly tubular and is surrounded by a thin

liquid film which can be divided into developing and fully developed film parts, labelled,

in Figure 1.2, 2a and 2b, respectively. The characteristic features of this region are the

length of the developing film part, the thickness of the film in the fully developed part,

the wall shear stress in the film region and the velocity profile in the fully developed film

part.

Bottom region : This is region 3 in Figure 1.2. It is characterised by its shapes, which could

be concave or convex and the radius of curvature computed along the axis of symmetry.

Wake region : This is region 4 in Figure 1.2. If present, it is a recirculation zone behind the

bubble and its basic features are the wake length, wake volume, the nature of the flow

pattern in this region, which could be be laminar, transitional or turbulent, the maximum

distance below the bubble bottom where the bubble impact is felt and the location of the

vortex center.

We note that in the Taylor bubble literature, it is common to include the wake region under

the bottom region, in which case, it is possible to then distinguish between a bottom region

with/without a wake.



1.3. Motivations 5

Because of the numerous applications of the slug flow, a great amount of research have been

done to understand the hydrodynamics of a Taylor bubble as it pertains to its different regions.

While extensive experimental [17, 19, 38, 45, 64, 76, 79, 82, 94, 98, 114] and a number of theo-

retical studies [15, 25, 30, 33, 41] have been carried out on some of the features highlighted for

all the aforementioned topological regions, there are still much more to be understood, partic-

ularly in the area of systematically studying the influence of the dimensionless parameters on

the dynamics of the bubble and in the area of providing deep insight into the flow field around

and within the bubble. In these areas, numerical simulations have proven to be an efficient and

cost effective means, and in recent years, there have been a number of computational studies

that have attempted to address them. It is worthy of note that a large number of these nu-

merical studies are based on axisymmetric assumption [17, 58, 66, 70, 71, 107] with only a few

focusing on full three-dimensional simulation [3, 63, 107]. The reason for this is not far-fetched,

three-dimensional simulations are computationally very expensive.

Although, the axisymmetric assumption for a Taylor bubble is generally valid for wide ranges

of the dimensionless parameters and flow conditions, experimental evidences have shown that

there are instances where transitions are observed, making it difficult to know whether the

simulated axisymmetric bubble itself is genuinely stable or it is just a numerical artefact.

1.3 Motivations

Here we highlight some of the transitions that have been observed experimentally in the dynam-

ics of a rising Taylor bubble in stagnant and flowing liquids. For these transitions, experiments

are generally limited in the range of parameters investigated and the few numerical and/or

theoretical studies that have been carried out are based on very simplifying assumptions and

have not been successful in correctly predicting experimental observations.
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Asymmetric Taylor bubble in downward liquid flow

The shape of the nose of a rising Taylor bubble plays an important role in determining the rise

velocity of the bubble, a very important feature in the hydrodynamic of the bubble because

of its significant in developing predictive models for the flow regime [70]. In a downward

flowing liquid, the symmetric nature of a rising Taylor bubble shape is lost when the liquid flow

velocity exceeds some critical values. This transition to asymmetric bubble shape, shown in

Figure 1.3, has been confirmed by experiments in both laminar and turbulent flow conditions

[34, 38, 45, 72, 79, 92].

(a)
(b)

Figure 1.3: Taylor bubble shapes in a (a) stangant (ŪL = 0) and (b) downward flowing liquid
(ŪL = −0.08), with Nf = 71, 428.57 and Eo = 888.89. Reproduced from [34]

Because of the transition associated with this flow, it is very important to examine the stability

of any axisymmetric numerical simulations of Taylor bubble to confirm their genuineness. In

addition, a systematic approach to the role of the dimensionless parameters characterising the

flow on the onset of the instability need to be investigated in order to fully understand the

mechanism governing this transition.

Taylor bubble wake instability

The wake of a Taylor bubble is a region of intense mixing and its study is important to the

understanding of the mechanism governing the interaction and coalescence between Taylor
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bubbles [76, 107], and the stability of a trailing bubble [2, 10, 29, 55, 94]. The flow structure

in the wake of a Taylor bubble in both stagnant and flowing liquids can either be laminar,

transitional or turbulent. Experimentally, it is suggested that the nature of the flow pattern

depends only on the inverse viscosity number in stagnant liquids and only on the Reynolds

number, defined based on the magnitude of average liquid velocity far ahead of the bubble

when viewed in a frame of reference that moves with the bubble, in flowing liquids [19, 82].

This assertion would only be true in sufficient large tubes and for liquid of very low viscosity for

which Eo and Nf are large, respectively, leaving several questions unanswered. What impact

would a general values of Eo and Nf have on the onset of transitions between the different

flow patterns? Is there a limit to the Eo values beyond which the transitions depend only on

Nf in stagnant liquids or Re in flowing liquids? Could there be any relationship between the

onset of the transitions and the breakup of small bubbles from the bottom of the parent Taylor

bubbles?

(a) (b) (c)

Figure 1.4: Wake flow patterns behind Taylor bubbles rising through stagnant liquids in a 55
mm pipe: (a) laminar (Nf = 420), (b) transitional (Nf = 520) and (c) turbulent (Nf =
11000). Reproduced from [19]

Taylor bubble breakup in turbulent field

Considering the numerous problems the fluctuating effect associated with the intermittent

arrival of slugs has on process plant equipment in the oil and gas industry, a means of completely

avoiding the slug flow would significantly reduce the cost of production. Recent experimental
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[94] and numerical studies [2, 29] have shown that a single Taylor bubble rising through a

quiescent stagnant liquid of low viscosity in large-diameter tubes, such that the flow due to the

bubble motion is turbulent, rises smoothly and maintains its axisymmetric topology. However,

when this bubble rises through a stagnant liquid already disturbed by the turbulent wake

left behind by another Taylor bubble that had previously risen, it experiences breakup. The

implication of this is that a Taylor bubble rising in tubes with such sizes is unstable to the

presence of sufficiently large perturbations, thus Taylor bubble maybe stable when its stability

analysis is examined using linear theory but unstable using nonlinear theory. What is the lower

limit of pipe size as dictated by Eo above which this instability will occur and what role does

the viscosity of the fluid plays as captured by Nf?

(a) (b)

Figure 1.5: Taylor bubble shapes when it rises through a stagnant liquid in a 290 mm pipe in
which the liquid ahead is (a) quiescent (no breakup observed) (b) disturbed (breakup observed).
Reproduced from [94]

1.4 Aim and objectives

The aim of this research is to examine the stability of an axisymmetric Taylor bubble rising in

stagnant and flowing liquids, particularly focussing on studying the transition from symmetric

to asymmetric Taylor bubble shape in downward liquid flows under laminar flow condition.

The restriction of the study to this particular problem and the flow condition is due to the

range of values of the dimensionless parameters examined during the research.

To achieve the research aim, the study is divided into four parts:
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1. Develop a mathematical model for a steadily rising Taylor bubble in liquids.

2. Numerically solve the model derived in (1) for different ranges of parameters that char-

acterise the model.

3. Derive a linear stability model for the same problem and use the model to examine the

stability of the steady state solutions obtained in (2).

4. Carry out energy budget analysis on the results obtained in (3) and use the result of the

analysis to single out the most dominant mechanism that drives the instability observed

in (3).

1.5 Thesis outlines

The thesis is structured as follows.

Chapter 2 covers the review of existing studies on a Taylor bubble rising in stagnant and flowing

Newtonian liquids, specifically focusing on studies carried out on some of the features of the

geometrical regions around a Taylor bubble mentioned in section (1.2) and on studies related

to the stability problems described in section (1.3).

Chapter 3 describes the fundamental of finite element method which is the computational

method utilised for finding approximate numerical solution to the steady state and the linear

stability models. This chapter lays the foundation for chapters (4) and (5) with attention given

to how the flow field unknowns, velocity and pressure, and interface unknowns, curvature and

interface positions are approximated.

Chapter 4 addresses the first two objectives set out in section (1.4). The derivation and solution

of steady state model based on Finite Element Method is addressed and the results of the

characterisation of the four topological regions around a Taylor bubble is also covered.

Chapter 5 covers the last two objectives set out in section (1.4); that is the derivation of

linear stability and energy budget analyses models and the discussion of the results from both
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analyses.

Chapter 6 provides the summary of the entire work, the challenges faced and gives idea on

what the future study would be.



Chapter 2

Literature review

It is evident from previous studies [45, 79] that the starting point for the understanding of the

two-phase slug flow regime is the study of the behaviour of single Taylor bubble rising through

liquids. In this chapter, we briefly review some of the experimental, analytical and numerical

studies that have been carried out on the hydrodynamics of a steadily rising Taylor bubble and

the transitions encountered.

We begin in section 2.1 highlighting the different dimensionless groups use in characterising

the forces that act on a rising Taylor bubble. Section 2.2 discuses the hydrodynamics of Taylor

bubble, focusing on rise velocity, film thickness and the wake length, each representing one of

the features used in characterising the nose, body and wake topological regions, respectively .

This is then followed in section 2.3 with a review of the studies carried out on the stability of

Taylor bubbles. Finally, in section 2.4, a summary of the chapter is given.

2.1 Dimensionless groups

The behaviour of a Taylor bubble is governed by the interaction of the different forces that act

on it. These forces include gravitational, interfacial, viscous and inertia forces, characterised

by the acceleration due to gravity (g), surface tension (γ), viscosity (µ) and liquid velocity

11
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(u), respectively. The relative magnitudes of these forces, defined in terms of a number of

dimensionless groups, are used in describing the behaviour of a rising Taylor bubble in liquids.

In the previous chapter, we have encountered the inverse viscosity number (Nf), Eötvös number

(Eo) and the Froude number (Fr). A few of other commonly used dimensionless groups are the

Reynolds number (Re), Morton number (Mo), Archimedes number (Ar) and Poiseuille number

(Ps). They are related to the three aforementioned groups as follow:

Re = FrNf (2.1)

Mo = Eo3Nf−4 (2.2)

Ar = Nf 2 (2.3)

Ps = FrNf−1 (2.4)

More explicitly we can distinguish Reynolds number that is based on the average liquid velocity

and the bubble rise velocity

Reb = UbNf (2.5)

ReL = ŪLNf (2.6)

Here Ub denotes the Froude number that is based on the bubble rise velocity or simply put, it

represents the dimensionless bubble rise velocity.

2.2 Dynamics of a rising Taylor bubble

2.2.1 Rise velocity

The problem of determining the rise velocity of a Taylor bubble rising in a stagnant liquid has

been extensively studied by several authors and has been shown that for sufficient long bubbles

of several tube diameters in length, the bubble rise velocity is independent of the bubble length

[45, 69, 79, 92]. Neglecting the effect of surface tension and assuming an inviscid flow around
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the bubble nose, [30] and [28] independently show that the rise velocity of the bubble is given

by:

ub = C0

√
gD (2.7)

Where ub denotes dimensional bubble rise velocity; g and D, as earlier defined in the previous

chapter, represent the acceleration due to gravity and the diameter of the tube through which

the bubble rises, respectively. C0 is a dimensionless proportionality constant.

It can be implied from (2.7), that under the stated assumption, the Froude number based on the

bubble rise velocity is a constant. While [30] arrived at a value of 0.351 for Ub, using three terms

in the series expansion for the stream function obtained in their solution, [28] reported a value

of 0.328, using one term in the series expansion of the same solution. This value is however not

unique but depends on the choice of point at which the solution is evaluated and it approaches

a value of 0.36 as the point of evaluation gets closer to the bubble nose [15]. This assertion has

been confirmed by experimental measurements as the reported range is 0.33-0.36 [24, 43, 79, 92].

Using three dimensionless groups, [114] used a large pool of experimental data generated using

different liquids to produce a graphical correlation, Figure 2.1 , depicting regimes where the

effect of surface tension, inertia, viscous or combinations of these forces on a bubble rising in

stagnant liquid can be neglected. It was established that beyond Eo > 70 and Mo > 3× 105,

a region now known as inertia regime, surface tension and viscosity have no significant effect

on the rise velocity of the bubble. Although later numerical simulations have shown that the

limit of surface tension is indeed greater than Eo = 70, it can be deduced that the analytical

solutions of [30] and [28] correspond to inertia regime.
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Figure 2.1: Regions showing the limits of the signficance of dimensionless quantities on hydro-
dynamics of a rising Taylor bubble in stagnant liquid. Reproduced from [114].

Experimental, theoretical and numerical studies [15, 43, 58, 66, 78, 116] have provided further

insights on the role of surface tension and viscosity on the rise velocity in both inertia and

non-inertia regimes. The rise velocity is a unique function of the radius of curvature at the

bubble nose and is dependent on viscosity and surface tension in as much as they change the

radius of curvature. Within the limits in which the radius of curvature changes, the effect of

both viscosity and surface tension is to reduce the bubble rise velocity. Below we show the

correlations of [111], recently modified by [63] to account for the effect of pipe inclinations, and

[112] for the prediction of the effect of Eo and Nf on bubble rise velocity,

Ub =
0.34

[
1 + (14.793/Eo)3.06]−0.58[

1 +

(
Nf

[
31.08

(
1 + (29.868/Eo)1.96)0.49

]−1
)Θ
]−1.0295Θ−1 (2.8)

where

Θ = −1.45
[
1 + (24.867 Eo)9.93]0.094

and

Ub = 0.345
(

1− e
−0.01Nf

0.345

)(
1− e

(3.37−Eo)
Υ

)
(2.9)
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where

Υ =


25 if Nf < 18;

69Nf−0.35 if 18 < Nf < 250;

10 if Nf > 250.

respectively.

For a Taylor bubble rising in a flowing liquid in inertia-controlled regime, [79] presented pio-

neering work from a series of experimental data carried out in a tube of diameter 25.4 mm and

proposed a correlation that relates the bubble rise velocity to the mean liquid velocity, which

in dimensionless form is given as

Ub = C1ŪL + C0 (2.10)

Where C0 and C1 are dimensionless constants; ŪL, as earlier defined, denotes Froude number

based on mean liquid velocity.

C0 has a value of 0.35, equivalent to dimensionless bubble rise velocity in a stagnant liquid

while the value of C1 depends on the velocity profile in the liquid into which the bubble is

rising and has been shown to equal the ratio of the maximum to mean liquid velocity of the

velocity profile [11, 24, 25, 79]. For turbulent flow, C1 ≈ 1.2 and it increases with decrease

in Reynolds number based on mean liquid velocity, approaching a value of 1.9 at ReL = 100 [79].

Equation (2.10) indicates that the bubble rise velocity in a flowing liquid is a combination

of its rise velocity in stagnant liquid and a contribution due to the flowing liquid ahead of the

bubble. For upward flowing liquid, the topology of a rising Taylor bubble is similar to what is

observed in a stagnant liquid; the bubble is bullet-shaped and axisymmetric [66, 79]. However,

for downward flow of liquid, there are situations where Taylor bubble undergoes a change in

shape, most often becoming wedge-shaped in an attempt to bypass the fast moving liquid at

the tube axis [45, 79].

A theoretical analysis for determining the effect of liquid velocity profile on the rise veloc-

ity and shape of Taylor bubble was carried out by [25], neglecting the effect of surface tension.
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Specifically, upward liquid flow was considered and analytical expression for computing the rise

velocity and radius of curvature at the nose was presented. The analytical solution was later ex-

tended by [11] to account for the effect of surface tension. In both studies, the liquid motion far

upstream of the bubble was assumed to have a prescribed vorticity, whereas the liquid motion

due to the bubble was taken to be inviscid and irrotational. Both studies give support to (2.10).

Numerical simulations are used to complement experimental and theoretical studies. Fore-

most among the numerical simulations of a rising Taylor bubble was by [69, 70]. The shape of a

Taylor bubble, its rise velocity and the velocity profile in the liquid around it was determined by

solving the incompressible Navier-Stokes equations using finite volume under the assumption

of axial symmetry based on volume of fluid. Since then, a number of numerical simulations

in stagnant and flowing liquids have been carried out to compute rise velocity using differ-

ent discretisation strategies (finite-difference, finite-element and finite-volume), domain spatial

configurations (two-dimensional, two-dimensional-axisymentric and three-dimensional) and in-

terface deformation types (interface capturing, interface tracking) [3, 17, 36, 37, 58, 63, 66].

2.2.2 Film thickness

As a Taylor bubble rises through liquid, it displaces the immediate liquid ahead of it, which

flows downward as a thin film through the annular space between the interface and the wall of

the pipe. As the liquid film flows down the annulus, it accelerates, the boundary layer grows,

becoming thicker until a point is reached at which the boundary layer becomes fully developed.

Beyond this point, the film is entirely supported by the wall shear stress and the film thickness

remains constant. This constant film thickness region, represented as (2b) in Figure 1.2, con-

tinues until the film approaches the bottom of the bubble.

When the liquid film flowing down a surface is thin, the local curvature of the surface can

be neglected and the behaviour of the liquid film can be taken to be the same as that of a

liquid falling down a plane surface [59, 64]. The liquid film around a Taylor bubble rising in
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liquids with low viscosity can be considered to be thin and on that basis, [43], theoretically

derived (2.11) that relates the dimensionless film thickness in the fully developed region around

a Taylor bubble, ∆f , to the bubble rise velocity, under the assumption that the flow is laminar.

Ub =
4

3
Nf∆3

f (2.11)

Equation (2.11) was later extended by [15] to account for the effect of viscosity by relaxing the

thin film assumption to give

Ub =
4

3 (1− 2∆f )
Nf∆3

f (2.12)

which is identical to the relation derived by [9] and whose solution for film thickness can be

written as [15, 64]

∆f =
−1 +

√
1 +N

N
(2.13a)

N =

[
16

9U2
b

Nf 2

] 1
3

(2.13b)

It is noteworthy that the length scale used in non-dimensionalising the film thicknss is the tube

diameter. In addition, we note that equations (2.13a) and (2.13b) represent the generalised

dimensionless forms of equations (16) and (17) in [15], respectively. The dimensionless form of

equation (17) in [15] can be obtained from (2.13b) by substituting Ub = 0.35. Neglecting the

idea of constant Ub assumed by [15], [64] solves a cubic equation derived from (2.12) for film

thickness to give (2.14), which the author termed cubic brown model.

∆f =
1

2

3

√(
9w +

√
12w3 + 81w2

)2

− 3
√

12w

3

√
18
(

9w +
√

12w3 + 81w2
) (2.14a)

w = 6
Ub
Nf

(2.14b)

Equations (2.13) and (2.14) have the advantage that when used together with (2.8) or (2.9),

they can be used to account for the effect of Eo and Nf on film thickness.
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A number of theoretically models derived for thin falling films on surfaces that are not nec-

essarily related to Taylor bubble can be used to estimate the fully developed film thickness

around Taylor bubble for both laminar and turbulent flows. Details of these models and their

performances in film thickness prediction are available in [64]. While there exist a number of

theoretical models that can be used to estimate the equilibrium thickness of the falling film

around a Taylor bubble rising in both stagnant and flowing liquids, there are only a few exper-

iments [64, 81] and numerical simulations [4, 58] that have been carried out to systematically

obtain quantitative data. Figure 2.2 shows the effect of Nf on the equilibrium film thickness.

Figure 2.2: Effect of Nf or Reb on equilibrium film thickness. Adapted from [64].

2.2.3 Wake length

The wake is characteristically a region of intense mixing, the understanding of which is very

crucial to the modelling of the slug flow regime [35]. Because the rise velocity of a Taylor bubble

depends on the velocity profile of the liquid ahead of it, and since the slug flow regime involves

a train of Taylor bubbles, the nature of the flow in the wake region of a leading Taylor bubble

plays an important role in understanding the behaviour of a trailing bubble, in explaining the

interaction and coalescence mechanisms between two successive Taylor bubbles [82, 90, 107]

and in the stability of a trailing bubble [2, 10, 29, 55, 94].
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Early studies on the flow of the wake region were conducted by [76]. Through measurement of

the velocity profiles at various distances behind a Taylor bubble, it was postulated that the flow

pattern in the wake of a leading bubble disturbs the dynamics of the trailing Taylor bubble.

This was later observed by [73], who utilised a relatively simplistic visualization technique to

demonstrate how separated liquid flow exists at the rear end of a Taylor bubble.

Systematic photographic study of the flow in the wake of individual Taylor bubbles rising

through stagnant liquids was carried out by [19] in tubes of 19 mm and 52 mm diameters.

Their study covered a wide range of viscosities (10−3 to 10−1Nsm−2) which correspond to the

regime where inertia is dominant. Since, in the inertia regime, the dimensionless bubble rise

velocity in a stagnant liquid is a constant and the effect of surface tension on the dynamics of

the bubble is negligible, it was postulated that the wake flow pattern is determined by Nf , and

can be classified into three distinct patterns; laminar, transitional and turbulent flow patterns.

Laminar wake regime : This regime is defined for values of Nf < 500. Under this condition,

the wake region is axisymmetric and closed, consisting of an internal toroidal vortex.

Transitional wake regime : This regime is defined for values of 500 < Nf < 1500. For this

range, a closed wake region still exists but is no longer axisymmetric, now consisting of a

vortex ring that oscillates at higher frequencies with increasing Nf .

Turbulent wake regime : This regime is defined for values of Nf > 1500. Here, the wake

does not have clearly defined boundaries but with visible recirculation regions which

disappear as the Nf is increased, giving rise to the emergence of turbulent eddies.

In addition to classification of the flow patterns, the following relationships are proposed for

the dimensionless wake length and wake volume :

Lw = 0.30 + 1.22× 10−3Nf 100 < Nf < 800 (2.15)

Vw = 7.5× 10−4Nf 100 < Nf < 500 (2.16)
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Extending the characterisation to a rising Taylor bubble in an upward flowing liquid, [91]

proposed that the emerging profile from the wake of the bubble develops so as to restore the

original profile in the liquid far ahead of the bubble, be it laminar or turbulent. If we let

VL be the average liquid velocity far ahead of the bubble in a frame of reference that moves

with the velocity of bubble rising in upward flowing liquid with average velocity UL, then

VL = (C1 − 1) ŪL + Ub.

ReVL = (C1 − 1)ReL +Reb, (2.17)

Defining a Reynolds number based on VL, ReVL as in (2.17), the limits for the characterisation

of the wake flow pattern are expressed as

Laminar wake regime : wake is closed and axisymmetric with internal toroidal vortex.

ReVL < 175 (2.18)

Transitional wake regime : wake is closed but not axisymmetric, with internal toroidal vor-

tex observed.

175 < ReVL < 525 (2.19)

Turbulent wake regime : wake is open and perfectly mixed.

ReVL > 525 (2.20)

and have been validated experimentally by [82] for a Taylor bubble rising in a stagnant and

flowing liquid. In 2.17, ReL and Reb, as previously defined, denote Reynolds numbers based on

average liquid velocity and bubble rise velocity, respectively.

2.3 Stability of a rising Taylor bubble

While a lot of experimental, theoretical and numerical investigations have been carried out in

predicting the shape, rise velocity and velocity field around a rising Taylor bubble in a motionless
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or flowing liquid, not much has been done in the area of systematically studying some of the

transitions observed in the dynamics of a rising Taylor bubble. One of such transitions is the

change from axisymmetric to asymmetric wake flow patterns reviewed in the previous section.

In this section, we review the existing studies on the loss of axial symmetry of Taylor bubble

shape in downward liquid flow and the breakup of Taylor bubble in a turbulent field.

2.3.1 Taylor bubble in downward liquid flow

A Taylor bubble rising in a stagnant and upward flowing liquid, as earlier stated is generally

axisymmetric and rises with a constant velocity in inertia dominated regime. This is not always

the case in downward liquid flow. In the experiment conducted by [45] in tubes of diameter

25.4 mm, 19.05 mm and 12.7 mm using air and water, it was observed that the axial stability of

Taylor bubble was lost as the downward liquid flow was increased beyond a limit. The bubble

nose become distorted, and in an attempt to avoid the fast moving fluid at the centre of the

tubes, the bubble had to move closer to the wall of the tube [79], rising much faster than it

would have been if it were symmetric [72, 92].

Extensive investigation was first carried out by [72] in tubes of diameters 101.6 mm, 140 mm

and 260 mm and it was confirmed that the behaviour of Taylor bubble in downward liquid

flow is very much different from that in upward liquid flows. It was stated that a stable Taylor

bubble in downward liquid flow can only be observed in tubes where surface tension effect is

very large (i.e small diameter tubes defined by low Eo values) and the absolute value of the

downward velocity at which a bubble lost its stability decreases with increase in tube diameter.

Motivated by the aforementioned observations, [65] carried out linear stability analysis to es-

tablish the condition at which the symmetry of a Taylor bubble shape breaks with respect

to the axis in downward liquid flow. In their analysis, effect of surface tension was neglected

and a potential flow around the bubble nose was assumed. Using one-term approximation

from the series expansion for the stream function solution of [25] as a base flow, they demon-
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strated that an axisymmetric Taylor bubble rising in a liquid with laminar velocity profile,

subjected to irrotational perturbations becomes unstable when the downward flowing velocity

equals −0.13
√
gD. The reason given for this occurrence is that the relative velocity between

the bubble and the liquid decreases with increasing downward flow, leading to the bubble nose

becoming flattened. Both conditions have a destabilizing effect as the stabilisation associated

with the convective flow of liquid around the bubble nose is reduced.

Two dimensional numerical experiment was carried out by [39] to determine the stability of a

plane Taylor bubble rising in a flowing liquid with laminar velocity profile and to quantify the

effect of surface tension. For a fixed value of surface tension parameter, increasing downward

velocity of flow has the same effect as observed by [65]. For the range of surface tension param-

eter studied 57.14 ≤ Eo ≤ 400, it was shown that surface tension has stabilisation effect on the

loss of axial symmetry by increasing the value of the downward velocity at which the transition

occurs. The numerical simulations also confirms the observation that asymmetric bubbles rise

much faster than their symmetric counterparts for the same liquid velocity profile far upstream

of the bubble nose. In addition, unlike symmetric bubbles, the dynamics of asymmetric bubbles

is very sensitive to surface tension parameter.

Following on the numerical simulation of [39], [34] performed experimental investigations in

tubes of diameters 20, 40 and 80 mm. Both instances of Taylor bubble rising against laminar

and turbulent flowing liquids were investigated. Complemented by numerical simulations using

the boundary element method of [48], they showed that the curvature radius at the nose of

the bubble plays a key role in the stability of Taylor bubble and that the onset of instability is

dependent on the surface tension parameters. By neglecting surface tension, [65] overestimate

the onset of instability. It was also argued that the correct bifurcation parameter that governs

the transition to asymmetry bubble is the vorticity to radius ratio along the axis of symmetry

and the dependency of its critical value at the onset of transition on surface tension is

Π = −
(
30Eo−1 + 0.06

)
± 0.07 (2.21)
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which is independent of whether the flow is laminar or turbulent. In (2.21), Π denotes the

vorticity to radius ratio evaluated along the axis of symmetry far ahead of the bubble in a

frame of reference moving with the bubble velocity. Given the dimensionless velocity profile for

velocity far upstream of the bubble in laminar flow and turbulent flow as

uz = Um
[
1− 4r2

]
(2.22)

and

uz = Um
[
1− 4ξr2 − 22n (1− ξ) r2n

]
, (2.23)

the expressions for the vorticity in axisymmetric flow are

vorticity = −8Umr (2.24)

and

vorticity = −2Umr
[
4ξ + 22nn (1− ξ) r2(n−1)

]
(2.25)

and therefore, the vorticity-radius ratios evaluated at the axis of symmetry are

Π = −8Um (2.26)

and

Π = −8ξUm, (2.27)

respectively. Equations (2.23) represents the Pai approximation for turbulent velocity [11, 25]

and ξ and n are parameters that are dependent on the Reynolds number of the turbulent flow.

From (2.26) it is clear that for laminar flow there is no clear cut difference between vorticity-

radius ratio and tube-center velocity as a bifurcation parameter other than the factor −8. Also,

(2.26) and (2.27) indicate that the parameter ξ is what distinguishes the bifurcation parameter

for laminar and turbulent flow and responsible for the unifying nature of vorticity-radius as a

bifurcation parameter.
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2.3.2 Taylor bubble in turbulent field

Slug flow, as earlier stated and shown in Figure 1.1, is one of the flow regimes that is observed

when gas and liquid flow together in vertical pipes and is characterised by intermittent flow of

Taylor bubbles and liquid slugs. For gas-liquid flows in sufficiently large diameter pipes, say

greater than 100 mm, using liquid of low viscosity, Taylor bubbles are not observed and hence

the conventional slug flow regime is absent. What is seen is a direct transition from bubbly flow

to churn flow [1, 84–86]. This suggests that Taylor bubbles are unstable under such conditions.

To gain insights into the limiting conditions for the existence of slug flow in vertical pipes,

[55] examine the stability of single Taylor bubble in pipes of 12.7− 356 mm diameters in stag-

nant liquid when the flow field ahead of the bubble is quiescent and disturbed. It was observed

that insofar as the liquid into which the bubble rises is quiescent, the bubble remains stable

for all the pipe diameters. However, when a bubble rises into a disturbed field created either

by the wake of a previous Taylor bubble that has risen, by convective cells due to temperature

gradient in the liquid or by pressure pulsation due to expansion and contraction of the bubble as

it rises, the bubble experienced breakup. Although, no explicit detail was given on the nature

of the flow in the study, studies [72, 94] have shown that flow due to a rising Taylor bubble in

low viscosity liquid in large diameter pipes is generally turbulent.

Similar observations to that of [55] were made by [94]. Taylor bubbles were found to be stable

in pipes of diameters 121 and 290 mm, and flows in both pipes were confirmed to be turbulent.

For two consecutive bubbles, they found that a settling time of ∼ 50 s, corresponding to a

separation distance of about 30 m, is required for the attenuation of the turbulent eddies left

behind by the wake of the leading bubble in order to observe a stable trailing bubble in the

290 mm pipe. Whenever the settling time is less than 50 s, the trailing bubble breaks up. It

is evident that it is the encountering of turbulent eddies that triggers bubble breakup. The

possibility therefore exist, that breakup of Taylor bubble could be observed in pipes with di-

ameter that are smaller than 100 mm if the bubble encountered turbulence in such pipes, or

to have a stable Taylor bubble in much larger pipes if the viscosity of the fluid is large enough
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as to suppress turbulence. The former postulation is corroborated by the recent experimental

study of [38] in downward liquid flow in pipe of 44 mm, in which it was reported that gas part

was ripped off from Taylor bubble nose and dispersed as small bubbles into the wake when it

encountered turbulent eddies that propagated downward from the pipe inlet.

Theoretical investigations into the existence of maximum size beyond which a bubble rising

in liquid is unstable have been reported [10, 24, 44]. Of particular interest is the study of

[10] where it is estimated that the maximum pipe diameter that can sustain a stable Taylor

bubble is 460 mm. Although the limit has not been reported to be experimentally confirmed,

numerical investigation carried out by [29], shown in Figure 2.3, shows that it is possible to

obtain a stable Taylor bubble in pipe of 500 mm if the liquid is quiescent and it breaks up in

smaller diameter tube, just as observed in experimental studies, when it encounters turbulence

generated by the wake of a previous bubble that has risen. It is clear that the theoretical study

of [10] has not been able to accurately predict the critical conditions for the non-existent of slug

flow regime or for a single Taylor bubble breakup. This could possibly be because the analysis

was based on potential flow assumption and the effect of surface tension was neglected. More-

over, the predicted 460 mm was based on the assumption that the estimated initial disturbance

magnitude that corresponds to the maximum spherical-cap bubble observed by [109] quoted in

[10], which was 150 mm, in a large tank of water, holds for a Taylor bubble rising a stagnant

liquid for air-water system.
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Figure 2.3: CFD simulation of Taylor bubble rise in a stagnant liquid in pipes of diameter (a)
400 mm (b) 500 mm (c) 400 mm. Adapted from [29].

2.4 Summary

We have reviewed some of the existing studies on Taylor bubble steady state features and

Taylor bubble stability in stagnant and flowing liquids. Features such as bubble rise velocity,

equilibrium film thickness and wake length, which are key in defining the dynamics of the nose,

film and wake regions, respectively, were considered. Existing studies have shown that a lot

has been done, experimentally, theoretically and numerically in the area of systematic study of

bubble rise velocity, particularly in the inertia dominated regime. However, much more need to

be done for the equilibrium film thickness and wake length. For stability of Taylor bubbles, it

is clear that numerical study remains the viable option towards understanding the mechanism

governing the various transitions reviewed, since experimentation of the wide parameter space

is very expensive and theoretical investigation requires making simplifying assumptions. It is

also evident that the few theoretically studies that have been carried out have not been able to
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correctly predict the experimental results that have been reported for transition from symmetric

to asymmetric Taylor bubble shape in downward liquid flow and the breakup of Taylor bubble

in turbulent field. Therefore, it is desirable that an analysis of the stability of a Taylor bubble

using the full equations of motion be carried out. Although, the existing studies on Taylor

bubble, particularly the stability of Taylor bubble, focussed largely on inertia regime, there is

need for investigation of the parameter space where both viscous and surface tension effects are

important.
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Computational development

In chapter (1), we outlined the objectives of the research which essentially involve developing

and numerical solving the mathematical models that describe, a steadily rising Taylor bubble

in liquids and a Taylor bubble that has its steady state solution perturbed. These models

are generally coupled, partial differential equations that govern the evolution of velocity com-

ponents and pressure, and can be solved using different numerical methods. In addition to

flow field variables, velocity and pressure, we have the interface between the fluid phases as

an unknown. We mentioned in passing in the previous chapters that our numerical method

of choice is finite element method. This choice is based on the capability of the method to

handle complex deforming domain and the ease with which the steady state and linear stability

analysis computations can be seamlessly handled within the same framework.

The finite element method is an element-wise application of the classical variational and

weighted-residual methods. It is based on the idea that a given domain can be viewed as

an assemblage of simple geometric shapes, called finite elements, around which the solution of

a differential equation can be approximated in a weak sense [99].

In this chapter, the description of the problem to be solved is given in section (3.1) and the

governing equations and boundary conditions are presented in section (3.2). Section (3.3) de-

28
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scribes the derivation of the weak-form of the governing equations, which is the first step in the

solution of the governing equations using finite element method. This is immediately followed

by descriptions of the approximations of the variables of the problem, which are the flow field

variables, velocity and pressure, covered in section (3.4) and the interface variables, which are

interface positions and curvature, covered in sections (3.5) and (3.6), respectively. Finally, the

interpolation functions used for all the variables are described in section (3.8) and a summary

of the entire chapter given in (3.9).

3.1 Problem description

Taylor bubble of constant volume Vb characterise by length Lb rising at a constant velocity of

magnitude Ub through an incompressible fluid of density ρ, viscosity µ and constant interfacial

tension γ in a vertical pipe of radius R is considered and assumed to be axisymmetric. This

assumption, as stated in chapter (1), is generally true for a wide range of dimensionless param-

eters and flow conditions in stagnant and flowing liquids. For conditions where the assumption

is invalid, it is expected that the steady state solution for the bubble, addressed in chapter 4,

should be unstable to the addition of small perturbations when its stability, which is the focus

of chapter 5, is examined. In addition, it is also assumed that the density, ρg, and viscosity,

µg, of the gas phase (the bubble) are very small compared to those of the liquid. By these

assumptions, the dynamics in the gas phase is approximated to a constant pressure Pb and the

influence of the gas phase is therefore restricted to the interface between the liquid and the

gas phase Γb . As a result, only the flow fields in the liquid phase and the bubble pressure are

determined. This concept of constant bubble pressure in the gas phase is relatively common

in the literature [6, 40, 110, 115] and have been shown to reasonably describe the dynamics of

Taylor bubbles [36, 58, 66].

A typical rising Taylor bubble is depicted in Figure 3.1. Cylindrical co-ordinates system is

adopted, so that the coordinates along and perpendicular to the axis of symmetry are z and r,

respectively, with the origin of z chosen at the nose of the bubble. The positive sense for the
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spatial coordinates, r and z are taken to be right and downward, respectively.

Figure 3.1: Depiction of a Taylor bubble rising through a stagnant liquid.

The problem therefore is to find the rise velocity, Ub, pressure, Pb and shape of a Taylor bubble

as it rises through a liquid of density ρ, viscosity, µ and interface tension γ in a pipe of diameter

D = 2R so that its volume, Vb, remains constant and then to examine whether the solution is

stable to the addition of small disturbance to the shape and the flow fields around it.

3.2 Governing equations and non-dimensionalisation

The motion of a fluid is govern by the global mass, momentum and energy conservations laws.

For an isothermal flow, where the effects of temperature can be neglected, the motion of an

incompressible Newtonian fluid in a domain Ω (t) with boundary Γ (t) is govern by the time

dependent Navier-Stokes and continuity equations. These equations, as mentioned in the intro-

ductory part of this chapter, comprise a set of coupled, nonlinear, partial differential equations

that relates the velocity components and pressure of the fluid. If length, velocity and pressure

variables in these equations are non-dimensionalised by the characteristic length, velocity and

pressure scales, taken to be D,
√
gD and ρgD, respectively, the equations in a frame translated

with the velocity ub of the bubble nose can be written compactly in dimensionless forms as:

∂u

∂t
+ (u · ∇) u−∇ ·T = 0 in Ω (t) (3.1)
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∇ · u = 0 in Ω (t) (3.2)

Here Ω denotes the domain of interest, u is the velocity vector of the fluid in the moving frame

of reference, ∂
∂t

is partial derivative with respect to time, T is the stress tensor and ∇ is the

gradient operator which for cylindrical coordinates system, (r, θ, z), is

∇ = ir
∂

∂r
+ iθ

1

r

∂

∂θ
+ iz

∂

∂z
(3.3)

In equation (3.3), ir, iθ and iz are the unit vectors in the radial, azimuthal and axial directions,

respectively. The constitutive equations that relate the variables of the governing equations to

the stress tensor are

T (u, p) = −pI + 2Nf−1E(u) (3.4)

E (u) =
1

2

[
∇ (u) +∇ (u)T

]
(3.5)

E (u) =
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 (3.6)

where p represents the dynamic pressure, I is the unit tensor, Nf , as mentioned in section

(1.2), is the dimensionless inverse viscosity number, E is the rate of deformation tensor and

(.)T is the transpose operator; ur, uθ and uz are the components of the velocity vector u in the

radial, azimuthal and axial directions, respectively.

To make the problem represented by the system of equations (3.1− 3.6) well posed and the

solution unique, appropriate boundary conditions have to be given at the boundary of the

domain, Γ, which can be divided into Γin, Γout, Γwall and Γb as shown in Figure 3.1 . The sub-

scripts in, out, wall and b stand for the inlet, outlet, wall and bubble boundaries, respectively.

At the wall, no-slip and no-penetration boundary conditions are imposed

u = −ub on Γwall (3.7)
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At the inlet, prescribed values are specified for the velocity components, which for the stagnant

liquid are zeros and for flowing liquid, only the axial component is non zero.

u = uin − ub on Γin (3.8)

Boundary conditions of the types at the wall and inlet where the values of the primary variables

are specified are called Dirichlet, or essential boundary conditions. At the outlet of the domain,

we imposed a zero traction condition, also known as outlet condition,

n ·T = 0 on Γout (3.9)

As an alternative to equation (3.9), the following conditions can be used

n ·T · n = 0 (3.10a)

(I− n⊗ n) · u = 0 (3.10b)

Here ⊗ denotes tensor product, n is the unit normal vector to the boundary and (I− n⊗ n)

is an operator that extracts the tangential component of a vector.

Equations (3.10a) and (3.10b) enforced that the normal stress, which is the sum of pressure and

viscous stress, and the tangential projection of the velocity at the outlet boundary are zeros,

respectively. These conditions are particularly useful on a boundary where it is certain that

the flow is fully developed, which holds for the problem under consideration. Finally, at the

interface between the gas and the liquid phases,

n ·T · n + Pb − z − Eo−1κ = 0 (3.11)

n ·T× n = 0 (3.12)

drb
dt
· n− u · n = 0 (3.13)

where κ is the curvature of the interface, rb(t) represents the position vector of all the points
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on the portion of the boundary that corresponds to the interface, Γb, z is the axial component

of the spatial coordinates and Eo is the dimensionless Eötvös number, defined earlier in chap-

ter (1).

The interface equations (3.11), (3.12) and (3.13) are the normal stress, tangential stress and

kinematic boundary conditions. It should be noted that gravity appears in (3.11) as z because

the hydrostatic component of the pressure has been subtracted from the total pressure, leaving

only the hydrodynamic part. A close look at the system of equations (3.1− 3.13), shows that

the system is similar to what would be obtained for free surface flow; the only difference being

that in place of ambient pressure, Pa, we have bubble pressure, Pb, in equation (3.11). Hence,

existing methods reported in the literature for solving free surface flow can be adapted to solve

the problem.

In order to determine the dimensionless bubble pressure, the constraint that the dimensionless

bubble volume, Vb, remains constant is imposed.

Vb +
1

3

∮
Γb

[rb · n] dΓb = 0 (3.14)

In arriving at equation (3.14), we have made used of the Gauss’ theorem which states that for

any vector a in a closed domain,

∫
∇ · adV =

∮
a · ndS (3.15)

It should be noted that in equations (3.11)− (3.14)), the orientation of the unit tangent on the

boundaries is such that the domain occupied by the liquid is on its left as we navigates around

the boundary in anticlockwise direction and the unit normal points outward.
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3.3 Weak formulations

In the previous section, we stated the governing equations for the problem along with the

boundary conditions. These equations describe the continuous form of the problem. General

solutions to problems formulated in this manner are rarely possible for situations of interest

in science and engineering. To solve the system of partial differential equations (3.1− 3.2)

under the boundary conditions (3.7− 3.14) using finite element method, the equations have to

be transformed into their weak forms, the dependent variables in the equations approximated

using suitable basis functions and the domain divided into subdomains around which the ap-

proximated variables are defined. The final result is a set of algebraic relations among the

unknown parameters of the approximations, known as finite element models of the equations.

In this section, the transformation of the governing equations into their weak forms is described.

This basically involves three steps; multiplying the governing equations for each variables with

their corresponding test functions and integrating over the domain, integrating by part to

reduce the order of integration and finally, incorporating the boundary conditions into the re-

sulting relations. Before proceeding to derive the weak forms of the equations, it is important

to define the necessary functional spaces to which the solution and test functions must belong

[51].

1. The L2 (Ω) space: This is a space of functions f (r) defined in Ω that are square integrable

over Ω

L2 (Ω) =

{
f (r) |

∫
Ω

(f (r))2 dΩ <∞
}

(3.16)

2. The L2
0 (Ω) subspace: This is a subspace of L2 (Ω) defined in Ω such that for functions

defined in L2 (Ω), the following equation is satisfied

L2
0 (Ω) =

{
f |f ∈ L2 (Ω) and

∫
Ω

f (r) = 0

}
(3.17)
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3. The Sobolev space H1 (Ω) : This is a space of functions f (r, z) defined in Ω such that

both the function and all its first partial derivatives are in L2 (Ω)

H1 (Ω) =

{
f (r, z) |

∫
Ω

[
f 2 +

(
∂f

∂r

)2

+

(
∂f

∂z

)2
]
dΩ <∞

}
(3.18)

4. The Sobolev subspace H1
0 (Ω) : This is a subspace of the Sobolev space H1 (Ω) for which

the functions defined in space H1 vanish on the portions of the boundary of Ω where

Dirichilet boundary conditions are imposed ( i.e ΓD = Γin + Γwall ).

H1
0 (Ω) =

{
f |f ∈ H1 (Ω) and f (r) = 0 if r ∈ ΓD

}
(3.19)

Let Φ ∈ H1
0 and ϕ ∈ L2

0 be the test functions corresponding to u ∈ H1 and p ∈ L2, respectively.

Next we take the inner product of equation (3.1) with Φ , multiply equation (3.2) with ϕ and

integrate the equations over the domain.

∫
Ω

{
∂u

∂t
·Φ + [(u · ∇) u] ·Φ− [∇ ·T] ·Φ

}
dΩ = 0 (3.20)

∫
Ω

{(∇.u)ϕ} dΩ = 0 (3.21)

Equations (3.20) and (3.21) are the weighted residual forms of the momentum and continuity

equations, respectively. Integrating the last term on the left side of (3.20) by part,

∫
Ω

{[∇ ·T] ·Φ} dΩ =

∫
Γ

{n ·T ·Φ} dΓb −
∫

Ω

{T : ∇ (u)} dΩ (3.22)

where

Γ = Γb + Γin + Γwall + Γout

Enforcing the outlet boundary condition (3.9) and taking into consideration that Φ ∈ H1
0 ,

hence Φ are zero where essential boundary conditions are imposed, we are left with

Γ = Γb
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Making use of (3.4), equation (3.20) becomes

∫
Ω

{
∂u

∂t
·Φ + [(u · ∇) u] ·Φ + 2Nf−1E (u) : E (Φ)− p (∇.Φ)

}
dΩ−

∫
Γb

{n ·T ·Φ} dΓb = 0

(3.23)

The traction term in the last term on the left hand side of (3.23) can be decomposed into its

normal and tangential components [93]

n ·T = [n ·T · n] n + n× [n ·T× n] (3.24)

thereby allowing the incorporation of normal stress condition (3.11) and tangential stress con-

dition (3.12) into (3.23) to give

(3.25)
∫

Ω

{
∂u

∂t
·Φ + [(u · ∇) u] ·Φ + 2Nf−1E (u) : E (Φ)− p (∇.Φ)

}
dΩ

−
∫

Γb

{[
Eo−1κ+ z− Pb

]
n ·Φ

}
dΓb = 0

Using the gradient operator (3.3) and deformation rate relation (3.6), the weak form of the

momentum equation for the velocity components and continuity equation in cylindrical co-

ordinates system are :

momentum: radial component

(3.26)

∫
Ω

{
∂ur
∂t

Φr +

[
ur
∂ur
∂r

+
uθ
r

∂ur
∂θ
− uθ

2

r
+ uz

∂ur
∂z

]
Φr +Nf−1

[
2
∂ur
∂r

∂Φr

∂r

+ 2
Φr

r

(
1

r

∂uθ
∂θ

+
ur
r

)
+

1

r

∂Φr

∂θ

(
1

r

∂ur
∂θ
− uθ

r
+
∂uθ
∂r

)
+
∂Φr

∂z

(
∂ur
∂z

+
∂uz
∂r

)]
− p

(
∂Φr

∂r
+

Φr

r

)}
dΩ−

∫
Γb

{[
Eo−1κ+ z− Pb

]
nrΦr

}
dΓb = 0

momentum: azimuthal component
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(3.27)

∫
Ω

{
∂uθ
∂t

Φθ+

[
ur
∂uθ
∂r

+
uθ
r

∂uθ
∂θ

+
uruθ
r

+uz
∂uθ
∂z

]
Φθ+Nf−1

[
2

1

r

∂Φθ

∂θ

(
1

r

∂uθ
∂θ

+
ur
r

)
+

(
∂Φθ

∂r
− Φθ

r

)(
1

r

∂ur
∂θ
− uθ

r
+
∂uθ
∂r

)
+
∂Φθ

∂z

(
∂uθ
∂z

+
1

r

∂uz
∂θ

)]
− p

(
1

r

∂Φθ

∂θ

)}
dΩ

−
∫

Γb

{[
Eo−1κ+ z− Pb

]
nθΦθ

}
dΓb = 0

momentum: axial component

(3.28)

∫
Ω

{
∂uz
∂t

Φz +

[
ur
∂uz
∂r

+
uθ
r

∂uz
∂θ

+ uz
∂uz
∂z

]
Φz

+Nf−1

[
2
∂uz
∂z

∂Φz

∂z
+
∂Φz

∂r

(
∂ur
∂z

+
∂uz
∂r

)
+

1

r

∂Φz

∂θ

(
∂uθ
∂z

+
1

r

∂uz
∂θ

)]
−p
(
∂Φz

∂z

)}
dΩ

−
∫

Γb

{[
Eo−1κ+ z− Pb

]
nzΦz

}
dΓb = 0

continuity

∫
Ω

{[
∂ur
∂r

+
ur
r

+
1

r

∂uθ
∂θ

+
∂uz
∂z

]
ϕ

}
dΩ = 0 (3.29)

3.4 Galerkin finite element approximation

In the previous section, we derived the weak form of the governing equations in the continuous

domain. Let us divide the domain, Ω into smaller subsets known as finite element, so that each

element occupies a sub-domain Ωe with boundary Γe. The discretised domain is therefore an

assemblage of ne finite elements that make up the domain.

∫
Ωh
{·} dΩh =

ne∑
k=1

∫
Ωek

{·} dΩe
k (3.30)

∫
Γh
{·} dΓh =

ne∑
k=1

∫
Γek

{·} dΓek (3.31)
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Where Ωh represents the discretised domain with boundary Γh; ne is the number of elements

in the discretised domain.

Figure 3.2: Two dimensional triangulated domain with linear approximations on subdomain,
thereby having three nodes.

The geometry of the finite element could be a triangle or quadrilateral in two-dimensional

domain and in three-dimensional domain, it could be a tetrahedral or hexahedral. On each

element, the unknown variables of the problem, known as trial functions, are approximated as

a linear combination of unknown parameters and piecewise polynomial functions known as basis

(or shape ) functions. In addition, the test functions corresponding to each variables are set

to equal the basis functions used in approximating the variables. Depending on the geometry

of an element and the order of polynomial used in approximating the unknown variable on

the element, nv number of nodes/unknown parameters can be associated with the element as

shown in Figure 3.2. Thus, on each element, the trial and test functions are approximated as

ur (x, t) =
nv∑
k=1

ψk (x) vkr (t) = ΨTvr (3.32a)

uθ (x, t) =
nv∑
k=1

ψk (x) vkθ (t) = ΨTvθ (3.32b)

uz (x, t) =
nv∑
k=1

ψk (x) vkz (t) = ΨTvz (3.32c)

p (x, t) =

np∑
l=1

λl (x) pl (t) = ΛTp (3.32d)

Φr = ψk, Φθ = ψk, Φz = ψk ∀ k = 1, · · · , nv; ϕ = λl ∀ l = 1, · · · , np (3.33)



3.4. Galerkin finite element approximation 39

In equations (3.32) and (3.33), ψ and λ are the shape functions for the velocity components

and pressure, respectively; nv and np are the number of nodes for the velocity components and

pressure, respectively, and vj ∀ j = r, θ, z and p are the corresponding unknown nodal pa-

rameters of the velocity components and pressure. vi ∀ i = r, θ z and p are column vectors of

the unknown nodal parameters for the velocity components and pressure, respectively; and Ψ

and Λ are the column vectors of the shape functions for the velocity components and pressure,

respectively.

It is seen that the shape functions for the velocity components are the same but differ from

that of the pressure. This is to avoid having an overconstrained system of discrete equations.

In fact, the shape function used for pressure must be atleast one order lower than that of the

velocity field [99].

Using equations (3.32) and (3.33), we can derive, for example, the finite element model for

the continuity equation by writing the weak form of it (3.29) over an element and substituting

(3.32) and (3.33) to get

[∫
Ωe

{
Λ

(
∂ΨT

∂r
+

ΨT

r

)}
dΩe

]
vr +

[∫
Ωe

{
Λ

1

r

∂ΨT

∂θ

}
dΩe

]
vθ +

[∫
Ωe

{
Λ
∂ΨT

∂z

}
dΩe

]
vz = 0

(3.34)

which can be compactly written as

QTv = 0 (3.35)

where v =


vr

vθ

vz

 and Q =


Qr

Qθ

Qz

 . Qi ∀ i = r, θ z are the coefficient matrices for the velocity

components given by

Qr =

∫
Ωe

{
Λ

(
∂ΨT

∂r
+

ΨT

r

)}
dΩe; (3.36)

Qθ =

∫
Ωe

{
Λ

1

r

∂ΨT

∂θ

}
dΩe; (3.37)
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Qz =

∫
Ωe

{
Λ
∂ΨT

∂z

}
dΩe (3.38)

From the coefficient matrix generated for each element, the global coefficient matrix for the

discretised domain is built by assembling, which is based on certain rules, most important of

which are that the primary variables of the problem must be continuous and the boundary

terms must balance at elements common nodes and boundaries, respectively. For this purpose

we utilised a finite element package FreeFem++ [50]. Freefem++ makes easy the building of

coefficient matrix from the weak form and has different inbuilt solvers that can be used to solve

the resulting algebraic linear system of equations or eigenvalue problems.

Finite element equations similar to (3.35) can be derived for the velocity components from

their weak form of momentum equations. However, we shall differ further discussion on this till

chapters (4) and (5) where we shall focus on the steady and unsteady forms of the equations,

respectively. In the meantime, there are two variables, κ and Pb in the weak form of the mo-

mentum equation (3.25) that are implicitly related to interface location, an additional unknown

of the problem, whose approximation has not been discussed. In the following sections, the

approximation of expressions that allow the determination the interface location, curvature and

bubble pressure are discussed.

3.5 Interface deformation

In addition to the flow variables, the shape of the domain constitutes additional unknown.

Specifically, the interface location has to be determined as part of the solutions. For this,

the different approaches for determining the interface locations can be broadly classified into

two; the interface capturing and the interface tracking methods [32]. In interface capturing

methods, also known as fixed (or Eulerian ) mesh methods, the interface location is not explicitly

being determined as part of the solution methods, rather it is implicitly determined from a

scalar characteristic function use in distinguishing the fluid phases. On the other hand, the

interface tracking methods, also known as moving (or Lagrangian) mesh methods, the interface
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is explicitly tracked during the solution process.

(a) (b)

Figure 3.3: Interface representation on (a) Eulerian mesh (b) Lagrangian mesh. In Lagrangian
representation, the interface coincides with the computational mesh unlike in Eulerian repre-
sentation. Adapted from [3]

3.5.1 Interface capturing methods

Methods under this category includes the volume-of-fluids (VOF), level-set, front tracking and

phase field methods. Depending on the method, the scalar characteristic function use in distin-

guishing the fluid phases may be described for example by a discontinuous Heaviside function

or a signed-distance function and the equation that govern its motion is the standard advection

equation:

∂χ

∂t
+ (u · ∇)χ = 0 in Ω (3.39)

where χ is the scalar function use in characterising the fluid phases.

One major advantage of the interface capturing methods is there inherent capability to ac-

count for large change in the topology of the interface, including breakage. However, they are

faced with challenges such as mass conservation, handling of variable discontinuity across the

interface and the imposition of boundary conditions along the interface [32]. In the following

subsection, we briefly discuss two commonly used interface capturing methods for simulation

of two-phase flows.
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Volume of fluid method

The volume of fluid method uses the volume fraction of the fluid phases in the fixed back-

ground mesh as the characteristic function. It was first introduced by [53]. Mesh cells that

are completely filled by one of the fluid phase is assigned a value of 0 or 1 while those that

are intersected by the interface takes a value between 0 and 1 depending on the proportion

of the fluid phases that occupies the cell. From the volume fraction information, the inter-

face between the phases is then reconstructed using different approaches such as Simple Linear

Interface Calculation (SLIC) and Piecewise Linear Interface Calculation (PLIC).

Level set method

In the level set method, introduced by [87] and further developed by [105], the characteristic

function use in distinguishing between the two phases is a smooth level-set function. The

interface is assigned an arbitrary level set value, most commonly 0, and the different phases are

identified by the signed distance from the interface level set value.

Γb (t) = {r ∈ Ω | χ (r, t) = 0} (3.40)

χ (r, 0) =


d (Γb, r) r ∈ Ωl

0 r ∈ Γb

−d (Γb, r) r ∈ Ωg

(3.41)

Here, d (Γb, r) is a distance function that compute the magnitude of the distance between points

in the domain with position vector r and the interface, Γb, location, rb; Ωl and Ωg are the liquid

and gas portion of the domain.

In order to guarantee the conservation of mass in the fluid phases, the level set function must

remain a signed distance function, a property that is usually lost with time during the advection

of the level set using (3.39). It is therefore essential that the level set is periodically reinitialised

and for this purpose, a number of reinitialisation techniques have been proposed in the literature

to recover this property [32].
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3.5.2 Interface tracking methods

These methods are based on Lagrangian viewpoint and involve explicitly resolution of the

interface using the computational mesh. Since the interface coincides with the mesh nodes

as shown in Figure 3.3, they offer a better way to accurately follow the deformation of the

boundary of a domain by moving the position of the mesh nodes in a Lagrangian fashion using

the local velocity. In addition, because the interface is boundary resolved, the imposition of

boundary conditions at the interface is direct and simplified. The equations that govern the

motions of the mesh nodes is

∂rm
∂t

= u (x, t) (3.42)

Here, rm is the position vector of the mesh nodes. When all mesh nodes in the domain are

moved using the local velocity, the method is said to be Fully Lagrangian. This approach is

simple and has been used in numerical simulation of a number of problems. However, even for

situations where the boundary displacement is significantly very small, the method may suffer

from unnecessary mesh distortion when the flow field in the interior of the domain exhibit a

large amount of circulation or shear [32]. Hence, constant remeshing have to be carried out

with respect to the new interface.

To mitigate the problem with fully Lagrangian technique, another class of Lagrangian methods

called an Arbitrary Lagrangian-Eulerian (ALE) method treats only a fraction of the nodes,

usually those on the interface, in a Lagrangian manner. The interior node are then move ar-

bitrarily to preserve the mesh quality. This methhod drastically reduce the rate at which the

mesh get deteriorated making it very attractive as a method for solving interfacial and free

surface problems. Occasionally, however, like in fully Lagrangian method, there is always the

need to carry out remeshing.

Our numerical method for interface deformation is based on interface tracking and we make

use of a variant of equation (3.42) in deforming the interface. Equation (3.42) implies that the

mesh velocity, um at every nodal points in the domain (including the interface) moves with the
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fluid velocity.

um = u (3.43)

Because the interface is boundary resolved, the mesh motion at the interface must be such that

the kinematic boundary condition (3.13) is satisfied. In terms of the mesh velocity, (3.13) can

be written as

um · n = u · n (3.44)

Equation (3.44) implies that any choice of um that satisfies the kinematic boundary condition

is valid for the interface deformation and that the tangential component of the fluid velocity

does not contribute to the interface deformation . As a result, we chose the interface velocity

to be of the form

um = (u · n) n (3.45)

This means that the interface is propagated in a direction that is normal to it with magnitude

that equals the normal velocity on the interface. If we let δt be a step size, which for unsteady

problem is the time step-size but in the context of steady state covered in chapter (4), it is

referred to as pseudo-time step-size, the deformation of the interface, x, is

x = δt (u · n) n (3.46)

if we let the magnitude of the deformation be h, so that the deformation is of the form

x = hn (3.47)

then, the equation that govern interface deformation magnitude in the normal direction becomes

h = δt (u · n) (3.48)

Equation (3.48) is the additional relations that allows the interface deformation to be deter-

mined. We note that equation (3.48) can be derived directly from the kinematic boundary

condition by approximating the time derivative of the interface position vector with a first
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order finite difference. Equation (3.48) is therfore coupled has a boundary problem to the mo-

mentum equations and it holds only on the interface. The weak form of the equation and the

Galerkin finite element approximation for the deformation magnitude are written as

∫ e

Γb

{hξ − δt (u · n) ξ} dΓb = 0 (3.49a)

h =

nh∑
k=1

ηk (rb) }k (t) = ηTh (3.49b)

ξ = η (3.49c)

Where ξ, η and nh are the test function, shape function and the number of nodes for interface

deformation magnitude, respectively; }k ∀ k = 1, · · · , nh are the nodal unknown parameters for

the interface deformation magnitude; η and h are the column vectors of the shape functions

and unknown parameters for the interface deformation magnitude, respectively.

3.5.3 Mesh deformation

The derived relation for the interface deformation (3.48) dictates the magnitude of the defor-

mation of the mesh nodes located on the interface. For all other nodes in the domain, the

size of their deformations are adapted to that of the interface in a way that ensures that the

mesh quality does not degrade very fast by assuming that the computational mesh is an elastic

body whose interior deform in reaction to the boundary deformation. This assumption form

the basis of Elastic Mesh Update Method [57] of treating interior nodes. In this method, the

linear elasticity equation is solved for the mesh deformation subject to the boundary conditions

that equals the desired deformation on the boundaries.

∇ · σ (φ) = 0 in Ω (3.50a)

σ (φ) = λm (∇ · φ) I + 2µmE (φ) (3.50b)

D (φ) =
1

2

[
∇ (φ) +∇ (φ)T

]
(3.50c)
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Here σ is the stress tensor for the elastic domain; D (φ) is the strain tensor; φ is the domain

deformation vector. λm and µm are two constants that describe the elastic properties of the

domain.

The boundary conditions are

φ = hn on Γb (3.51a)

φ = 0 on Γwall, Γin and Γout (3.51b)

Following [42], we use

λm = µm = 1

From the calculated domain deformation using (3.50), position vector of all the mesh nodes

can be updated by

rj+1 = rj + φ (3.52)

3.6 Curvature

In two phase gas-liquid flows, curvature of the interface is a secondary variable which as shown

in section (3.3) enters the momentum equation via the normal stress balance. To numerically

compute the curvature of an interface, the precise location of the interface, which is not known

apriori in two phase flow, has to be specified. While it is possible to numerically approximate

the curvature of the unknown surface with that of the currently known interface location in

iterative sense, for numerically stability of the solution, it has to be treated implicitly [42, 104].

In this section, we shall first derive an expression that relates the curvature of the unknown

interface to that of the currently known interface by linearisation. Subsequently, we shall

describe how to compute the curvature of a known interface using cubic spline interpolation

and approximate it using Laplace-Beltrami operator.
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3.6.1 Curvature linearisation

For a three-dimensional axisymmetric surface, the interface location in any r − z plane is

sufficient for computing the curvature of the surface. Consider that the interface in any r-z

plane is spanned by a curve with the coordinates of any point on the curve being (r, z) . In

addition, let the interface be parametrised by length of arc s so that the position vector of any

point on the interface is given as

r = r(s)ir + z(s)iz (3.53)

The total curvature at any given point on the interface is defined as

κ = −∇s · n (3.54)

where r (s) and z (s) are the radial and axial coordinates of the points on the interface, respec-

tively; n still remains the unit normal to the interface and ∇s is the surface tangential gradient

operator which is given as

∇s = (I− n⊗ n)∇ (3.55)

For a three-dimensional axisymmetric surface, (3.55) simplifies to

∇s = tr
d

ds
ir +

1

r

∂

∂θ
iθ + tz

d

ds
iz (3.56)

and equation (3.54) becomes

κ = −
(

t · dn
ds

+
nr
r

)
(3.57)

where t is the unit tangent vector to the interface with components tr, tθ and tz in the radial,

azimuthal and axial directions, respectively; d
ds

= (t · ∇) is an operator that denotes derivative

in the tangential direction; nr is the radial component of the unit normal vector, n.

Let us imagine that the unknown interface location (onwards from here referred to as deformed

interface) can be expressed as a summation of the current interface location (also onwards from

here referred to as undeformed interface) and a very small deformation . We also assume that
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the deformed interface does not necessarily have to be axisymmetric in order that the expres-

sion that would be derived for change in curvature due to the addition of the small deformation

can be used in stability analysis in chapter (5). Thus, the deformed interface can be written as

r = r0 + x (3.58)

where r0 = r0ir + θ0iθ + z0iz and r = rir + θiθ + ziz are the undeformed and deformed interface

position vectors, respectively; x = xrir + xθiθ + xziz, as mentioned in the previous section, is

the interface deformation vector and is taken to be very small in magnitude.

Linearisation of the unit normal to, and elemental arc length on, the deformed interface about

the undeformed interface give [60, 97, 113]

n = n0 − n0 ×∇s × x (3.59)

ds =

(
1 + t0 · dx

ds

)
ds0 (3.60)

d

ds
=

(
1− t0 · dx

ds

)
d

ds0
(3.61)

On further simplification of (3.59)

n = n0 − t0

(
n0 · dx

ds0

)
− n0

r0
· ∂x

∂θ0
iθ (3.62)

Substituting (3.62) together with (3.58) and (3.61) into (3.57), the linearised curvature neglect-

ing all terms of nonlinear in x gives

κ = κ0 + κ1 (3.63)

with

κ0 = −
(

t0 · dn
0

ds
+
n0
r

r0

)
(3.64)

(3.65)κ1 =
1

r0

d

ds0

[
r0

(
n0 · dx

ds0

)]
+ 2

(
t0 · dx

ds0

)(
t0 · dn

0

ds0

)
+

n0

r02 ·
∂2x

∂θ02 +
xrn

0
r

r02 −
dn0

ds0
· dx
ds0
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When (3.65) is further simplified by allowing the deformation vector to be of the form

x = hn0 (3.66)

it results in

κ1 =
1

r0

d

ds0

(
r0 dh

ds0

)
+ h

[
κ02

a + κ02
b +

1

r02

∂2h

∂θ02

]
(3.67)

which is the same as the expression derived for curvature perturbation in [22], albeit through

a different and longer route. In arriving at (3.67), we have used the following Frenet-Serret

relations

dt

ds
= κn (3.68a)

dn

ds
= −κt (3.68b)

Equation (3.65) and (3.67) are the expressions for curvature deformation and can be used for

an axisymmetric deformation by setting the term containing derivative with respect to the

azimuthal coordinate to zero to have

κ1 =
1

r0

d

ds0

(
r0 dh

ds0

)
+ h

[
κ02

a + κ02
b

]
(3.69)

In equations (3.59)-(3.67), n0 is the unit normal vector to the undeformed interface and n0
r, n

0
θ

and n0
z are its component in the radial, azimuthal and axial directions, respectively; t0 is the

unit tangent vector to the undeformed interface with components t0r, t
0
θ and t0z in the radial,

azimuthal and axial directions, respectively; ds and ds0 are the elemental arc length for the

deformed and undeformed interfaces, respectively; κ0 is the curvature of the undeformed surface

and κ1 is the addition to the undeformed interface curvature (also referred to as curvature

perturbation in the context of linear stability analysis) due to linearisation of the deformed

interface about the undeformed interface; h is the magnitude of the interface deformation in

the direction normal to the undeformed interface. κ0
a and κ0

b are the two principal curvatures

of the undeformed interface (3.64) corresponding to the curvature in the r− z and r− θ planes,
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respectively, define as

κ0
a = t0 · dn

0

ds
(3.70a)

κ0
b =

n0
r

r0
(3.70b)

For brevity, the superscript “0” used in denoting terms corresponding to the undeformed inter-

face will be suppressed onward. These terms should be taken to be defined on the undeformed

interface except where it is otherwise stated .

3.6.2 Curvature computation and approximation

In the last subsection, we have described how the curvature, an unknown in the problem when

treated implicitly, can be expressed in terms of the curvature of the undeformed interface and

the magnitude of the deformation to the interface. In this subsection, we discuss how the

curvature of the undeformed interface is computed numerically using cubic spline and can be

approximated using Laplace-Beltrami operator.

cubic spline interpolation of curvature

In terms of the tangent vector to the interface, equation (3.70a) can be written as

κa = −z (s)
′
r (s)

′′
− r (s)

′
z (s)

′′(
r (s)

′2
+ z (s)

′2
) 3

2

(3.71)

and the unit normal and tangent as

nr = −tr =
r (s)

′(
r (s)

′2
+ z (s)

′2
) 1

2

(3.72a)

nz = tz =
z (s)

′(
r (s)

′2
+ z (s)

′2
) 1

2

(3.72b)
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where the prime and double primes indicate first and second derivatives with respect to the arc

length, respectively.

Compared to (3.70a), equation (3.71) provides a much easier means of numerically comput-

ing the curvature of a curve provided the derivatives of the spatial coordinates with respect

to the arc length, denoted by upper prime, can be calculated up to second order. Let us

imagine that the curve that describe the interface is spanned by (nd + 1) data points with coor-

dinates (ri (si) , zi (si)) ∀ i = 0, 1, · · · , nd . Each data point corresponds to the position vector,

ri = riir + ziiz ∀ i = 0, 1, · · · , nd, of the node of elements that have one of their edges fitted

with the interface Γb. The idea is to compute the derivatives of the spatial coordinates from

a cubic polynomial function fitted between each two adjacent points on the curve using cubic

spline. Cubic spline enforced that the first and second derivative of the polynomial (known as

spline) are continuous at all but end points. At the first and last points, appropriate boundary

conditions are specified to form a closed system of equations.

Figure 3.4: Interface parametrisation for cubic spline interpolation.

For any interval [ri−1, ri], we can define two cubic splines, one for each of the spatial coordinates,

as a function of the arc length. If we let q (s) be a dummy variable that could be r (s) or z (s),

the cubic spline Fi (s) between the interval [qi−1, qi] corresponding to [si−1, si] shown in Figure

3.4 is [26, 46]

(3.73)Fi (s) = −1

6

[
(s− si)3 + a2

i (s− si)
ai

]
q
′′

i−1 +
1

6

[
(s− si−1)3 − a2

i (s− si−1)

ai

]
q
′′

i

+

[
(s− si−1) qi − (s− si) qi−1

ai

]
∀ i=1, 2, · · · , nd
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where ai is differential length of arc define as

ai = si − si−1 ∀ i = 1, 2, · · · , nd (3.74)

Taking the first derivative of the cubic spline function with respect to s

F
′

i (s) = −1

6

[
3 (s− si)2 + a2

i

ai

]
q
′′

i−1 +
1

6

[
3 (s− si−1)2 − a2

i

ai

]
q
′′

i +

[
(qi − qi−1)

ai

]
(3.75)

and enforcing the continuity of the first derivative at the interior nodes

Fi (si)
′
= Fi+1 (si)

′
∀ i = 1, 2, · · · , nd − 1. (3.76)

we have nd − 1 equations for the interior nodes

aiq
′′

i−1 +2 (ai + ai+1) q
′′

i +ai+1q
′′

i+1 = 6
(qi+1 − qi)

ai+1

−6
(qi − qi−1)

ai
∀ i = 1, 2, · · · , nd−1 (3.77)

The first derivative of the spatial coordinates with respect to s are the tangents to the interface

and are known quantities at the end nodes for an axisymmetric interface. Fixing the values at

the first and last nodes using the first and last cubic splines, we have from (3.75) two additional

equations

2a1q
′′

0 + a1q
′′

1 = 6
(q1 − q0)

a1

− 6F
′

1 (s0) (3.78)

andq
′′

nd−1 + 2andq
′′

nd
= 6F

′

nd
(snd)− 6

(qnd − qnd−1)

and
(3.79)

Equations (3.77)-(3.79) constitute an algebraic system of equations in the second derivatives of

the spatial coordinates with respect to the arc length.
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For all the nodal points on the interface, the system of equations gives (3.80).



2a1 a1 0 0 . . . 0 0

a1 2 (a1 + a2) a2 0 . . . 0 0

0 a2 2 (a2 + a3) a3 . . . 0 0

...
...

...
. . . . . .

...
...

0 0 . . . and−2 2 (and−2 + and−1) and−1 0

0 0 . . . 0 and−1 2 (and−1 + and) and

0 0 . . . 0 0 and 2and





q
′′
0

q
′′
1

q
′′
2

...

q
′′
nd−2

q
′′
nd−1

q
′′
nd



= 6



b1 − F0 (s0)
′

b2 − b1

b3 − b2

...

bnd−1 − bnd−2

bnd − bnd−1

Fnd (snd)
′
− bnd


(3.80)

with

bi =
qi − qi−1

ai
(3.81)

Solving (3.80), yields the second derivative at the interface nodal points from which the first

derivative for the radial and axial coordinates are calculated using (3.75) and the curvature

using (3.71). For the radial and axial components of the tangent vector, we fixed F0 (s0)
′

=

1, Fnd (snd)
′
= −1 and F0 (s0)

′
= 0, Fnd (snd)

′
= 0 , respectively.

Laplace-Beltrami operator

As alternatives to direct computation of the curvature of a surface using (3.71) and (3.70b), two

approaches that have find great applications in finite element simulation of two-phase flows are
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the Continuum Surface Force and Laplace-Beltrami techniques. The former first introduced

by [13] is commonly used in techniques that are based on interface capturing and involves

the replacement of the curvature term on the interface in the weak formulation by a localised

volume force smoothed by a finite-width approximated Dirac delta function to restrict the

force to region around the vicinity of the interface. The Laplace-Beltrami technique on the

other hand is greatly utilised in methods that are based on interface tracking techniques. The

technique basically involve replacing the curvature in the weak form by the Laplace-Beltrami

operator and then using integration by part to reduce the order of derivative on the spatial

coordinates. Since its introduction into finite element methods by [31], it has been used in a

number of two phase flow simulations [7, 42]. The Laplace-Beltrami operator is given as

∇s · ∇s (r) = κn (3.82)

which makes it easier to naturally incorporates it into the weak form of the momentum equation

(3.25) ∫
Γb

{
Eo−1κn ·Φ

}
dΓb =

∫
Γb

{
Eo−1∇s · ∇s (r) ·Φ

}
dΓb (3.83)

For a closed surface, integrating by part yields

∫
Γb

{
Eo−1κn ·Φ

}
dΓb = −

∫
Γb

{
Eo−1∇s (r) : ∇s (Φ)

}
dΓb (3.84)

For an open boundary, effect of the boundary end condition must be taken into consideration

in the integration by part. Details of how this can be handled is available in [7, 32, 47] . In

our numerical method, we use (3.84) to approximate the curvature of the undeformed interface

and (3.54) for evaluating the principal curvatures for use in (3.65) or (3.67).

3.7 Bubble pressure

The bubble pressure, as stated in section (3.1), is the variables that accounts for the dynamics

in the gas phase. It enters the weak form of the momentum equation, just like curvature,
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through the normal stress balance condition on the interface and its value is determined by

the relationship between the unknown interface location and bubble volume (3.14). Since the

bubble volume must remain the same before and after deformation, equation (3.14) is used

to derived an expression that relates bubble volume to other variables of the problem. From

equations (3.46) and (3.58),

rj+1 = rj + δt (u · n) n (3.85)

Substituting (3.85) into (3.14)

V j+1
b +

1

3

∮
Γb

rj · ndΓb +
1

3

∮
Γb

δt (u · n) dΓb = 0 (3.86)

which simplifies to

V j+1
b − V j

b +
1

3

∮
Γb

δt (u · n) dΓb = 0 (3.87)

Equation (3.87) relates the volume of the bubble to the flow field in the liquid phase and when

it is compared with (3.25), it can be deduced that the bubble pressure is a Lagrange multiplier

that enforces that the net flux across the interface is zero.

3.8 Shape functions

In the previous sections, we have shown how the unknown variables of the problems are approx-

imated by expressing them as a linear combination of their shape (or interpolation) functions

and an unknown parameters. We stated that the shape functions are generally polynomial

functions and in order to avoid having an overconstrained discrete system, the interpolation

functions used for velocity components must be higher than that of pressure. Furthermore,

pressure need not be a continuous function across elements because it is not a primary variable

of the weak forms of continuity (3.21) and momentum (3.25) equations [99]. The reason being

that pressure appears in the weak forms as a Lagrange multiplier that enforces the divergence

free constraint on the velocity field . This restriction on the choice of shape functions for the
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velocity-pressure combinations for finite element approximations of problems with constraints

is captured in Ladyzhenskaya-Babuska-Brezzi (LBB) condition (also known as inf-sup condi-

tion).

Here we state some few finite elements combinations that have been proven to satisfy the

LBB condition . Because our steady state numerical simulations are going be axisymmetric

and the three-dimensional stability analysis will be shown in chapter (5) to also reduce to

2D, we shall restrict the finite elements combinations to 2-D. Specifically, triangular 2-D finite

elements, which is the geometry of elements that are available within FreeFem++, the finite

element package used for this study.

P2 −P1 : The velocity field is approximated with continuous piecewise quadratic finite element

P2 and the pressure is approximated using continuous piecewise linear finite element P1

[108]. This finite element is known as the lowest-order Taylor-Hood element

(a) (b)

Figure 3.5: Triangular finite element with (a) P2 (b) P1 approximations

P+
1 −P1 The velocity is approximated with piecewise linear continuous plus bubble finite el-

ement P+
1 , and the pressure is approximated with continuous piecewise linear finite

element P1 [5]. This finite element is known as the mini element.

Figure 3.6: Triangular finite element with P+
1 approximation
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P+
2 −P−1 The velocity is approximated with continuous piecewise quadratic plus bubble finite

element P+
2 , and the pressure is approximated with discontinuous piecewise linear finite

element P−1 [67], known as Crouzeix-Raviart element.

(a) (b)

Figure 3.7: Triangular finite element with (a) P+
2 (b) P−1 approximations

Other finite elements that satisfy the LBB conditions include higher-order Taylor-Hood element

(e.g P3−P1) [14], P2−P0 and P2−(P1 +P0) [8]. For our steady state numerical simulations and

linear stability analysis, we use the lowest-order Taylor-Hood elements. In addition, following

[7], we approximate the interface deformation using continuous piecewise quadratic element.

We note that, the steady state simulations were done in two stages to speed up computation;

first using the mini element for velocity-pressure approximation and continuous piecewise linear

element for interface deformation, and then in the second stage using the lowest order Taylor-

Hood element for velocity-pressure approximation and continuous piecewise quadratic element

for interface deformation.

For completeness, we show below the polynomial expressions for the three shape functions on a

triangular finite element with a linear interpolation field [51] using pressure field as an example.

Further details on the expressions for shape functions for other finite element approximations

can be found in [88].

λ1 (r, z) =
1

2A
[z2r3 − z3r2 + (r2 − r3)z + (z3 − z2)r] (3.88a)

λ2 (r, z) =
1

2A
[z3r1 − z1r3 + (r3 − r1)z + (z1 − z3)r] (3.88b)

λ3 (r, z) =
1

2A
[z1r2 − z2r1 + (r1 − r2)z + (z2 − z1)r] (3.88c)
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where (ri, zi) ∀ i = 1, 2, 3. are the spatial coordinates of the nodes of the triangle, Figure 3.8;

A is the area of the triangular element given by

2A = (z2r3 − z3r2) + (z3r1 − z1r3) + (z1r2 − z2r1) (3.89)

so that on each element, equation (3.32d) gives

p (r, z) = λ1 (r, z) p1 + λ2 (r, z) p2 + λ3 (r, z) p2 (3.90)

Figure 3.8: Triangular finite element with P1 approximation showing the local coordinates of
the three nodes.

Two properties of shape functions that can be deduced from equation (3.88) are

np=3∑
i=1

λi = 1 (3.91a)

λi (rj, zj) = δij (3.91b)

where δij is the Kronecker delta. Thus

p (ri, zi) = pi ∀ i = 1, 2, 3. (3.92)
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3.9 Summary

This chapter covers the foundation for the steady state numerical simulations and linear sta-

bility analysis discuss in the following chapters. The continuous and Galerkin weak form of

the governing equations together with the boundary conditions were presented. The weak

form enables us to reduce the order of differentiability requirement on the continuous variables

and to naturally enforce the stress boundary conditions. Furthermore, the finite element ap-

proximations for velocity, pressure and interface deformation were discussed. Using the finite

element approximations for the velocity and pressure, we derived the finite element model for

the continuity equations. In addition, we show that although the curvature is also implicitly

an unknown of the problem, it can be related to the interface deformation via linearisation.

Also, using the interface deformation, we derived a relation between the bubble volume and

net flux across the interface, which is the equation needed to determine the bubble pressure

simultaneously along with the flow field. Finally, we discussed the interpolation function we

selected for velocity, pressure and interface deformation.



Chapter 4

Steady state numerical simulations

In the previous chapter, we have given the general overview of how the weak forms of the equa-

tions that govern the rise of a three-dimensional axisymmetric Taylor in a Newtonian liquid are

developed and the variables of the problem approximated using Galerkin finite element. This

chapter focuses on the derivation and the numerical solutions of a two-dimensional axisymmet-

ric steady state model for the problem and on studying the effect of the three dimensionless

parameters, Nf , Eo and Um on the dynamics of a two-dimensional axisymmetric Taylor bubble.

We begin in section 4.1 by deriving consistent penalty Galerkin finite element steady state

model for a rising Taylor bubble and then a description of the numerical solution strategy im-

plemented for the model within FreeFem++ is given in section 4.2. In section 4.3, the validation

carried out for the model is presented. This is followed in sections 4.4 and 4.5 with the steady

state results for the features, listed in section 1.2, characterising the topological regions around

Taylor bubble, in stagnant and flowing liquids, respectively. Finally, a summary is provided for

the chapter in section 4.7.

60
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4.1 Steady state model description

Let us begin by writing the steady state versions of the weak forms of the continuity (3.21) and

momentum (3.25) equations derived in the previous chapter:

∫
Ω0

{εpϕ+ (∇.u)ϕ} dΩ0 = 0 (4.1)

∫
Ω0

{
[(u ·∇) u] ·Φ+2Nf−1E (u) : E (Φ)−p (∇.Φ)

}
dΩ0−

∫
Γ0
b

{[
Eo−1κ+z−Pb

]
n ·Φ

}
dΓ0

b = 0

(4.2)

where Ω0 represents the two-dimensional axisymmetric domain with Γ0
b being the portion of its

boundary corresponding to the interface depicted in Figure 4.1.

Figure 4.1: Axisymmetric 2D domain.
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We note the addition of a new term in (4.1) when it is compared with (3.21). This new weak

form of continuity equation is derived from a penalised continuous continuity equation written

as

εp = −∇.u (4.3)

where ε is called the penalty parameter and the smaller its value, the more exactly the incom-

pressibility constraint is satisfied.

This method of including the incompressibility constraint in the formulation is known as the

consistent penalty function method, and the model derived using it is termed consistent penalty

finite element model [99]. The penalty function method allows us to reformulate a problem

with constraints as one without constraints. Computationally, this method has the advantage

that it prevents the presence of zeroes on the diagonal of the global coefficient matrix that

would have resulted from the absence of pressure in the continuity equation, thereby avoiding

the difficulties associated with solvers, particularly iterative solvers, used in solving the final

discrete linear system of equations derived from weak form of governing equations.

The weak form of the momentum equation is non-linear in velocity and interface position

due to the presence of convective term and the implicit treatment of curvature, respectively.

For this reason, we solve the equations using Newton’s method. First, we shall linearise the

variables in the equations about a known solution and then present the penalty finite element

models for the linearised equations. We stress that the finite element model can be written for

the nonlinear equation and thereafter linearised. We, however, prefer the former approach as

it gives a clearer perspective as to how the various component expressions used in building the

global coefficient matrix (4.23) are obtained.

Let u0, p0 and P 0
b denote the approximately known solutions to the flow field variables and

bubble pressure, respectively, on the currently known domain with interface location and cur-

vature r0 and κ0, respectively, then the unknown solution to the variables can be approximated
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as

u = u0 + u1 (4.4a)

r = r0 + x (4.4b)

p = p0 + p1 (4.4c)

κ = κ0 + κ1 (4.4d)

Pb = P 0
b + P 1

b (4.4e)

where u1, p1 and P 1
b represent increment in the flow field variables and bubble pressure, re-

spectively; x remains interface deformation and κ1 is the increment in the interface curvature.

Substituting (4.4) into (4.1) and (4.2), and neglecting all terms that are nonlinear in the incre-

ment variables ( quadratic and higher order terms), we have

∫
Ω0

{
−εp1ϕ−

(
∇.u1

)
ϕ
}
dΩ0 =

∫
Ω0

{(
∇.u0

)
ϕ
}
dΩ0 (4.5)

(4.6)

∫
Ω0

{[(
u0 · ∇

)
u1 +

(
u1 · ∇

)
u0
]
·Φ + 2Nf−1E

(
u1
)

: E (Φ)− p1 (∇.Φ)
}
dΩ0

−
∫

Γ0
b

{[
Eo−1κ1 − P 1

b

]
n ·Φ

}
dΓ0

b =

−
∫

Ω0

{[(
u0 · ∇

)
u0
]
·Φ + 2Nf−1E

(
u0
)

: E (Φ)− p0 (∇.Φ)
}
dΩ0

+

∫
Γ0
b

{[
Eo−1κ0 + z − P 0

b

]
n ·Φ

}
dΓ0

b

It should be noted that in (4.5) we have taken into consideration that ϕ ∈ L2
0. Substituting for

κ1 using (3.69) and using Laplace-Beltrami operator (3.84) to approximate κ0, equation (4.6)
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becomes∫
Ω0

{[(
u0 · ∇

)
u1 +

(
u1 · ∇

)
u0
]
·Φ
}
dΩ0 +

∫
Ω0

2Nf−1
{
E
(
u1
)

: E (Φ)
}
dΩ0

−
∫

Ω0

p1 {(∇.Φ)} dΩ0 −
∫

Γ0
b

Eo−1

{
−dh
ds

[
n · dΦ

ds
− κa (t ·Φ)

]
+ h

[
κ2
a + κ2

b

]
n ·Φ

}
dΓ0

b

+

∫
Γ0
b

P 1
b {n ·Φ} dΓ0

b = −
∫

Ω0

{[(
u0 · ∇

)
u0
]
·Φ + 2Nf−1E

(
u0
)

: E (Φ)− p0 (∇.Φ)
}
dΩ0

−
∫

Γ0
b

{
Eo−1

(
t · dΦ

ds
+

Φr

r

)}
dΓ0

b +

∫
Γ0
b

{[
z − P 0

b

]
n ·Φ

}
dΓ0

b

(4.7)

To arrived at (4.7), we have carried out integration by part on κ1, made use of Frenet-Serret

relations (3.68) and simplified the surface gradient terms in (3.84) using (3.56), after substi-

tutions. The goal is to solve for the increment in the flow field variables, bubble pressure and

interface deformation magnitude, u1, p1, P 1
b and h, respectively.

Expanding the linearised weak forms of continuity (4.5) and momentum (4.7) equations using

(3.3) and (3.6) as done in section 3.3 and then following the same procedures as described in

section 3.4 for obtaining finite element models, we have the following compactly written equa-

tions as the consistent penalty finite element models for the linearised continuity and velocity

components momentum equations, respectively:

continuity equation.

−
[
Qr Qz

]v1
r

v1
z

−Qpp
1 = f c (4.8)

momentum equations

Cr,r Cr,z

Cz,r Cz,z


v1

r

v1
z

+

Kr,r Kr,z

Kz,r Kz,z


v1

r

v1
z

−
QT

r

QT
z

p1−

Mr,h

Mz,h

h+

mr,Pb

mz,Pb

P 1
b =

fmr

fmz

 (4.9)

where v1
i ∀ i = r, z, p1 and h are vectors of unknown nodal parameters for linearised velocity

components increments, pressure increment and interface deformation magnitude, respectively;

P 1
b is the increment in linearised unknown bubble pressure; Qi ∀ i = r, z are coefficient matrices

of the velocity components in the continuity equation and are as already defined in (3.36) and
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(3.38), respectively. Qp is coefficient matrix of pressure nodal parameters in the linearised,

penalised continuity equation, define as

Qp =

∫
Ω0,e

{
εΛΛT

}
dΩ0,e (4.10)

and f c is a vector of the right hand side of the same equation, given as

f c =

∫
Ω0,e

{(
∇.u0

)
Λ
}
dΩ0,e (4.11)

Ci,j and Ki,j ∀ i, j = r, z are coefficient matrices of the velocity components in the convective

and viscous terms of the momentum equations of the velocity components. They are given as

convective coefficient matrices

Ci,i =

∫
Ω0,e

{
Ψ

[(
u0 · ∇

)
ΨT + δr,iΨ

T ∂u
0
r

∂r
+ δz,iΨ

T ∂u
0
z

∂z

]}
dΩ0,e ∀ i = r, z (4.12a)

Cr,z =

∫
Ω0,e

{
ΨΨT ∂u

0
r

∂z

}
dΩ0,e (4.12b)

Cz,r =

∫
Ω0,e

{
ΨΨT ∂u

0
z

∂r

}
dΩ0,e (4.12c)

viscous coefficient matrices

Ki,i =

∫
Ω0,e

Nf−1

{
2
∂Ψ

∂i

∂ΨT

∂i
+ 2δr,i

ΨΨT

r2
+ δr,i

∂Ψ

∂z

∂ΨT

∂z
+ δz,i

∂Ψ

∂r

∂ΨT

∂r

}
dΩ0,e ∀ i = r, z

(4.13a)

Kr,z =

∫
Ω0,e

Nf−1

{
∂Ψ

∂z

∂ΨT

∂r

}
dΩ0,e (4.13b)

Kz,r =

∫
Ω0,e

Nf−1

{
∂Ψ

∂r

∂ΨT

∂z

}
dΩ0,e (4.13c)

Mi,h and mi,Pb ∀ i = r, z are coefficient matrices and vectors of interface deformation and

bubble pressure, respectively in the momentum equations of the velocity components, define as

Mi,h =

∫
Γ0,e
b

Eo−1

{
−
[
ni
dΨ

ds
− κa (tiΨ)

]
dηT

ds
+ ni

[
κ2
a + κ2

b

]
ΨηT

}
dΓ0,e

b ∀ i = r, z (4.14)



66 Chapter 4. Steady state numerical simulations

mPb,i =

∫
Γ0,e
b

{niΨ} dΓ0,e
b ∀ i = r, z (4.15)

fmi ∀ i = r, z are vectors of the right hand side of momentum equations of velocity compo-

nents. They are given as

fmr = −
∫

Ω0,e

{[(
u0 · ∇

)
u0
r

]
Ψ +Nf−1

[
2
∂Ψ

∂r

∂u0
r

∂r
+ 2

Ψu0
r

r2
+
∂Ψ

∂z

∂u0
r

∂z
+
∂Ψ

∂z

∂u0
z

∂r

]
− p0

(
∂Ψ

∂r
+

Ψ

r

)}
dΩ0,e−

∫
Γ0,e
b

{
Eo−1

(
tr
dΨ

ds
+

Ψ

r

)}
dΓ0,e

b +

∫
Γ0,e
b

{[
z−P 0

b

]
nr Ψ

}
dΓ0,e

b

(4.16)

(4.17)fmz = −
∫

Ω0,e

{[(
u0 · ∇

)
u0
z

]
Ψ +Nf−1

[
2
∂Ψ

∂z

∂u0
z

∂z
+
∂Ψ

∂r

∂u0
z

∂r
+
∂Ψ

∂r

∂u0
r

∂z

]
− p0

(
∂Ψ

∂z

)}
dΩ0,e −

∫
Γ0,e
b

{
Eo−1

(
tz
dΨ

ds

)}
dΓ0,e

b +

∫
Γ0,e
b

{[
z − P 0

b

]
nz Ψ

}
dΓ0,e

b

In addition to the finite element models for the linearised momentum and continuity equations,

we have models derived from the linearisation of the interface deformation magnitude (3.49)

and bubble volume (3.87) equations discussed in sections (3.5) and (3.7), respectively.

interface deformation equation

Xhh−
[
Xr Xz

]v1
r

v1
z

 = fh (4.18)

bubble volume equation [
bTr bTz

]v1
r

v1
z

 = f b (4.19)

Xi and bi ∀ i = r, z are coefficient matrices and vectors of velocity components in the interface

deformation and bubble volume equations, respectively. Xh is the coefficient matrix of interface

deformation vector in interface deformation equation. fd and f v are vector and constant of the

right hand side of the linearised deformation and bubble volume equations, respectively. The

matrices, vectors and constant are given by
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interface deformation equation matrices and vector

Xi =

∫
Γ0,e
b

δtni
{
ηΨT

}
dΓ0,e

b ∀ i = r, z (4.20a)

Xh =

∫
Γ0,e
b

{
ηηT

}
dΓ0,e

b (4.20b)

fh =

∫
Γ0,e
b

{
δt
(
u0 · n

)
η
}
dΓ0,e

b (4.20c)

bubble volume equation vectors and constant

bi = mi,Pb =

∫
Γ0,e
b

ni {Ψ} dΓ0,e
b ∀ i = r, z (4.21a)

f b = −
∫

Γ0,e
b

{(
u0 · n

)}
dΓ0,e

b − 3
∆Vb
δt

(4.21b)

The linearised finite element model equations (4.8), (4.9), (4.18) and (4.19) are combined and

compactly written as

Aw = f (4.22)

with

A =



(Cr,r + Kr,r) (Cr,z + Kr,z) −QT
r −Mr,h br

(Cz,r + Kz,r) (Cz,z + Kz,z) −QT
z −Mz,h bz

−Qr −Qz −Qp 0 0

−Xr −Xz 0 Xh 0

bTr bTz 0 0 0


, w =



v1
r

v1
z

p1

h

P 1
b


and f =



fmr

fmz

f c

fh

f b


(4.23)

Equation (4.22) is solved for the increment in the variables of the problem. In the next section, a

detailed description of the numerical simulations of the steady state model is described. Before

proceeding to the next section, we make note of the following:

The presence of a new boundary, Γsym along the axis of symmetry. The boundary conditions
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imposed along this boundary are

u · n = 0 (4.24a)

n ·T · t = 0 (4.24b)

The principal curvatures, κa and κb, the unit normals, nr and nz and the unit tangents tr

and tz are finite element functions and approximated using P1 finite elements after the

computation of their values using (3.71) and (3.72).

To avoid numerical problem, we replace the zero in the last diagonal term of the coefficient

matrix of (4.22) with constant bb = ε. The diagonal term is zero because of the absence

of the variable Pb in the volume constraint equation (4.19) and the replacement of the

zero with the constant is equivalent to penalisation of (4.19) by adding a new term εP 1
b

to its right hand side in a way similar to penalisation of continuity equation (4.8).

At steady state, the normal velocity and deformation magnitude on the interface are

us · n ≈ 0 (4.25a)∫
Γ0
b

{hsξ} dΓ0
b =

∫
Γ0
b

{δt (us · n) ξ} dΓ0
b ≈ 0. (4.25b)

and the two weak forms of the governing equations reduce to

∫
Ω0

{εpsϕ+ (∇.us)ϕ} dΩ0 = 0 (4.26a)∫
Ω0

{
[(us · ∇) us] ·Φ + 2Nf−1E (us) : E (Φ)− ps (∇.Φ)

}
dΩ0

−
∫

Γ0
b

{[
Eo−1κs + zs − P s

b

]
n ·Φ

}
dΓ0

b = 0 (4.26b)

where the superscript s is used to denote the converge steady state solutions of the

variables.

In (4.12) and (4.13), δi,j ∀ i, j = r, z. remains Kronecker delta and ε in bb above remains

penalty parameter. ε is assigned a value of 10−8.
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4.2 Steady state model solution

The numerical solution of the model of a steadily rising Taylor bubble for a givenNf , Eo and Um

implemented within FreeFem++ begins by providing initial guess for the bubble rise velocity,

Ub, the flow field variables, (u, p) and position vector of the interface, ri = riir + ziiz ∀ i =

0, 1, · · · , nd. For the first simulation carried out, Nf = 40, Eo = 60, Ub was initially taken to be

0.35 and the Taylor bubble interface position was assumed to be described by a quarter-circle

top, cylindrical body and a quarter-circle bottom. The initial guess for the flow field was then

obtained by solving the Stokes equation in the domain formed by the assumed bubble interface.

For subsequent simulations, the previous steady state solutions for the condition closest to the

new condition was used as initial guess. With known initial guess, the solution proceed in three

stages: curvature computation, variables solution and domain deformation.

Curvature computation : This is the first stage of the numerical solution. It is used for

the computation of the unit normals, unit tangents and the principal curvatures of the

interface. The system of equations (3.80) is solved, (3.75) utilised to compute tangent

vector, after which the unit normals and tangents are computed using (3.72) and finally

the principal curvatures are calculated using (3.70b) and (3.71).

Variables solution : It is the second stage and is divided into two parts. The first part is used

for solving the Galerkin weak form of the steady state model described in the previous

section using newton method. It begins by building global matrix A and vector f of

(4.23). The system of equations (4.22) is solved using MUltifrontal Massively Parallel

sparse direct Solver (MUMPS) for the increment in the variables (4.27a), the solution to

the variables (4.27b) and the initial guess for the flow field and bubble pressure updated

(4.27c). This step captured in (4.27) is repeated until the L2 norm of the increment, errn
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is less than newton iteration tolerance, toln = 10−15 (4.27d).

w = A−1f (4.27a)

ur

uz

p

Pb


=



u0
r

u0
z

p0

P 0
b


+



v1
r

v1
z

p1

P 1
b


(4.27b)



u0
r

u0
z

p0

P 0
b


=



ur

uz

p

Pb


(4.27c)

errn = ‖w‖2 < toln (4.27d)

In the second part, the rise velocity of the bubble is estimated from the velocity field

solution computed in the first part. The velocity field computed is converted from a

moving frame of reference to a fixed frame (4.28a) and the value of the axial velocity at

the nose of the bubble is extracted and set as the new bubble velocity (4.28b). This step

is summarised as

ufixed = u + ub = urir + (uz − Ub) iz (4.28a)

Ub = −ufixedz (0, 0) (4.28b)

During the entire simulation, we ensure that the nose of the bubble remain fixed at the

origin of the domain.

Domain deformation : This is the last stage in the numerical solution. At this stage the

mesh deformation, φ is computed by solving the linear elasticity equation (3.50) under

the boundary condition (3.51) using the interface deformation h calculated in (4.27a)

and thereafter the domain is updated using (3.52). In addition to boundary conditions

specified in (3.51), we also imposed the following conditions along the symmetry axis,
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Γsym.

φ · n = 0 (4.29a)

n · σ · t = 0 (4.29b)

where σ is the linear elasticity stress tensor defined in section 3.5.3. We note that it is

at this stage that it is determined whether the numerical solution have to be terminated

or not. Prior to the solving the linear elasticity equation just described, the L2 norm of

the normal velocity at the interface, errd, is computed and compared with a deformation

iteration tolerance, told = 10−4. If

errd = ‖u · n‖2 on Γ0
b > told = 10−4, (4.30)

the mesh deformation proceed as described above and the three stages are repeated again

using the updated initial guess for the variables (4.27c) and bubble rise velocity (4.28b).

On the other hand, if errd < told, the numerical solution is terminated and the variable

solutions (4.27b) and rise velocity (4.28b) are declared as the solutions for the given

dimensionless parameters. Furthermore, the interface location around which the last

solution to the variables is obtained is also declared as the steady state bubble shape. It

is noteworthy that occasionally, there is the need to carry out remeshing. This is also

done at this stage. Basically, we adapt the mesh around the interface to the curvature

of the interface and the flow field around it while other boundaries of the domain are

maintained at a fixed number of mesh points.

4.3 Steady state model validation

The model derived and the numerical solution strategies discussed in the previous sections

were validated by simulating the experiment of [17] in which the velocity field around a Taylor

bubble rising in stagnant olive oil in a pipe of diameter 19mm was measured using Particle
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Image Velocimetry (PIV) at five different positions around the bubble. The fluid properties

used in the experiment and the corresponding dimensionless parameters are given in Table 4.1.

Table 4.1: Dimensionless parameters corresponding to the properties of the fluid used for
validation.

Fluid properties parameters
ρ (kgm−3) µ (Nsm−2) γ (Jm−2) Vb (m3) Nf Eo Um Hb

911 84 ×10−3 3.82 ×10−5 10 ×10−6 88.95 98.33 0 2.00

Here, Hb denotes the dimensionless height of a cylinder of the same diameter as the pipe used

in the experiment that has the same volume as the gas phase. It can also be referred to as the

aspect ratio for the bubble.

We solved the derived finite element models for the calculated dimensionless parameters using

initial bubble shape shown in Figure 4.2. The mesh is boundary fitted and is structured such

that regions around the bubble are finely resolved. Table 4.2 shows the dimensionless edge

lengths of elements used for the labelled boundary regions around the domain (see Figure 4.2).

For immediate regions around the bubble,
(

2b , 2c , 2d , 4b and 6a
)

, triangle with smaller

edge lengths, leading to finer mesh, are used. At the interface, we maintained a fixed range of

triangles (700− 800), while the distribution and range of triangle edge lengths are left for the

automatic mesh adaptor to determine.

Figure 4.2: Mesh structure around Taylor bubble

To guide the distribution and triangles edge length range, we adapt the interface mesh to the

curvature of the interface and flow field, and a maximum edge length of 0.06 was stipulated.

It is noteworthy that in Table 4.2, the number of triangles on the boundary is calculated by

dividing the boundary length by the boundary corresponding triangle edge length.
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Table 4.2: Number and length of the edge of triangle elements at different sections of the
domain boundary used in mesh generation.

Boundary region(s) Triangle edge length Boundary length Number of triangles

1 and 3 0.042 0.5 12

2a and 6b 0.042 varies varies

2b and 6a 0.004 1.0 250

2c 0.004 varies varies

2d and 4b 0.007 0.45 64

2e and 4a 0.042 0.55 13

5 varies varies 700-800

For the validation and the results to be presented, we maintained a fixed dimensionless distance

of La = 1.0 and Lb = 4.5 ahead and below the bubble nose, respectively. These distances and

mesh structure have been tested to ensure that the inlet and outlet boundaries as well as the

mesh have insignificant influence on both the steady state and linear stability results. The

converged steady shape and the flow patterns around it are shown in Figure 4.3. It should

be noted that for domain length in which the inlet and outlet boundaries have no influence

on the steady state results, in place of boundary conditions (3.8) and (3.9), periodic boundary

condition can be imposed. This approach was used by [66] in their numerical study of Taylor

bubble dynamics and can easily be implemented within FreeFem++.

Figure 4.3: Flow structure around the steady state topology in a moving frame of reference
showing the five different positions at which measurements were taken for validation.

The predicted dimensionless bubble rise velocity is 0.2928, correspond to a deviation of 3.3663%

from the experimentally measured value of 0.303. Further comparisons with the experiment
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were carried out using the flow field results at the five measurement positions shown in Figure

4.3. Ahead of the bubble, velocity measurements were taken along the tube axis and in the

radial direction at axial distance of 0.111D. Figures 4.4a and 4.4b show the velocity profiles

for these two locations and are well predicted by our simulation.

(a) (b)

Figure 4.4: Velocity profiles ahead of the bubble, (a) axial velocity component along the tube
axis (position 1) and (b) axial and radial velocity components at z

D
= 0.111 ahead of the bubble

nose (position 2); Numerical results (solid lines) compared to experimental PIV measurements
(symbols) of [17].

Figure 4.5a compared the velocity measurement taken at axial distance of 0.504D below the

bubble nose. At this point, the film is still developing as seen in the magnitude of the radial

velocity. When the film is fully developed, the magnitude of the radial velocity at all points in

the radial direction are approximately zero.

(a) (b)

Figure 4.5: Velocity profiles in the film regions, (a) axial and radial velcity components in
the developing film at z

D
= 0.504 below the bubble nose (position 3) and (b) axial velocity

component in the fully developed film (position 4); Numerical results (solid lines) compared to
experimental PIV measurements (symbols) of Bugg and Saad [17].
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By progressively plotting the radial velocity profile at various points below the bubble nose,

a point is reached at which the radial velocity becomes zero. The axial velocity profile at

this location is shown in Figure 4.5b and the dimensionless film thickness was measured to be

0.1235 . Although no experimental measurement of the film thickness was reported in [17], the

deviation of the numerical simulation results from the theoretical estimated value of [15] using

(2.13), which predicts the film thickness to be 0.1193, is 3.52%.

As the liquid emerges from the falling film region into the wake of the bubble, the radial

component of its velocity reappear in order to redirect the liquid from the film back towards

the center of the tube. Figure 4.6 shows the velocity profile in the wake of the Taylor bubble

at axial distance of 1
5
D below the bubble bottom.

Figure 4.6: Axial and radial components of velocity at distance z
D

= 0.20 below the bubble bot-
tom (position 5); Numerical results (solid lines) compared to experimental PIV measurements
(symbols) of Bugg and saad [17].

While the radial component of the experimental velocity profile is reasonably predicted by

the numerical simulation, it is obvious that there is large deviation of the numerical axial

velocity from the experiment data. We note that similar large deviation of the axial velocity

was observed by [17, 66] in their numerical simulations of the same experiment. We therefore

agree with [66] that it is very much possible that the experimental data for the wake region are

slightly inaccurate.
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4.4 Steady state characterisations in stagnant liquids

Previous sections have addressed the derivation, numerical solution and validation of steady

state model. Here, the focus is on detailed presentation of the results of the steady state

simulation carried out on a Taylor bubble of dimensionless volume VB = 0.3389π, equivalent to

aspect ratio, HB = 1.3556, in stagnant liquid. The effects of dimensionless parameters Nf and

Eo on the hydrodynamic features defining a steadily rising Taylor bubble, depicted in Figure

4.7 using notations that are define in Table 4.3, are addressed. The ranges of Nf and Eo

covered are [40, 300] and [10, 300], respectively. We limited our analysis to these ranges because

at higher Nf and Eo, our steady state solution began to depend on the choice of pseudo-time

step-size, δt. Further details on this problem are given in section 4.6.

Figure 4.7: Schematic representation of the main hydrodynamic features of Taylor bubble
discussed in the thesis. All features are dimensionless and are based on the characteristic scales
stated in section 3.2
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Table 4.3: Definition of notations depicted in Figure 4.7.

Region of domain Notation Definition

Nose region Ub Bubble rise velocity
RF Average radius of curvature of bubble nose
Ln Flow stabilisation length ahead of bubble nose

Film region Lf Flow stabilisation length in the liquid film
∆f Equilibrium film thickness

Wall τw Shear stress at the wall
Interface σn Normal stress at the interface
Bottom region RB Average radius of curvature of bubble bottom

Lw Length of wake below bubble bottom
Lb Flow stabilisation length below bubble bottom

4.4.1 Qualitative analysis of steady state shapes and flow field

It is insightful to qualitatively examine the influence of the two dimensionless parameters that

define a steadily rising Taylor bubble in stagnant liquid on both the steady state Taylor bubble

shape and the flow field around it before proceeding to a more detailed presentation of the

quantitative results for all the hydrodynamic features highlighted. For each Taylor bubble,

inspired by [58], the steady state shape is presented as a sectional plane through the center of its

three-dimensional axisymmetric shape, coloured using the velocity magnitude, with streamline

and vector field superimposed on the left and right side of the axis of symmetry, respectively.

Effect of inverse viscosity number

The inverse viscosity is a measure of the relative importance of the magnitude of the gravity

to viscous force. At constant Eo and Um, increase in Nf translates to decrease in the viscosity

of the liquid, and its influence on the bubble shape and the surrounding flow field is shown in

Figure 4.8 for Eo = 220 and Um = 0.00. By increasing Nf , the resistance to the rise of Taylor

bubble by the liquid phase is decreased, making it easier for the bubble to rise faster, which is

reflected in the magnitude of the rise velocity in Figure 4.8. For the same increment in Nf , it

can be seen that the corresponding increment in the rise velocity decreases as Nf is increased

progressively. It is therefore expected, as already proven experimentally and theoretically, that
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the rise velocity approaches a constant value as Nf is further increased.

It is discernible from the same figure that the thickness of the film between the interface

and the tube wall decreases with Nf . This can be attributed to the decrease in the magnitude

of the normal component of the traction force exerted on the interface, i.e the normal stress

in the direction normal to the interface, as Nf is increased. The decrease in the normal stress

magnitude with progressive increase in inverse viscosity number is manifested in the decrease

in the value of pressure inside the bubble, also shown in Figure 4.8. The accompany effect of

the decrease in film thickness with increase in Nf is the decrease in the length of the bubble

in order to ensure that the volume of the bubble is conserved.

Figure 4.8: Effect of Nf on steady state bubble shape and the surrounding flow field for Eo =
220 and Um = 0; showing streamlines and vector field superimposed on velocity magnitude
pseudocolour plot on the right and left sides of the symmetry axis, respectively.

Another qualitative feature that is observable in Figure 4.8 is the increase in the intensity of the

recirculation in the wake region as Nf is increased. The reason for this can be understood from

the perspective of the origin of the recirculation which is a result of the adverse pressure drop

that accompanies the jetting of the liquid in the film into the bottom of the bubble, leading

to flow separation. The magnitude of the jetting velocity, depicted by the colouration of the
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film region as represented on the colour map on the top left hand side of the figure, increases

with increasing value of Nf , resulting in increased wake length and wake volume. Another

effect of the increase in the intensity of the recirculatory flow in the wake region with Nf is

the increase in indentation of the bubble bottom, which in turn, resulted in the Taylor bubble

becoming more dimpled. We anticipate that as Nf is further increased, the bubble bottom

will eventually form a skirted tail and then, finally culminate in the breakup of small bubbles

from the tail. It is therefore expected that at very high Nf and Eo, as we approach topological

transitions, having a converged steady state solution will become increasingly difficult.

Effect of Eötvös number

For a fixed value of Nf and Um, changes in the Eötvös number indicate variation in the relative

effect of the surface tension force to the buoyancy force. To describe the effect of Eo on steady

state shape and flow field around a Taylor bubble, we show four simulation cases, with a fixed

Nf of 100 in Figure 4.9.

Figure 4.9: Effect of Eo on steady state bubble shape and the surrounding flow field at Nf =
100 and Um = 0; showing streamlines and vector field superimposed on velocity magnitude
pseudocolour plot on the right and left sides of the symmetry axis, respectively.
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Under the influence of Eo, changes in concavity of the Taylor bubble bottom are most glaring.

Progressively, as Eo increases, the bubble bottom becomes more deformed with the tails of the

Taylor bubbles getting elongated, which, of course, is the result of the decrease in the tendency

of the interface to resist deformation as Eo is increased. Unlike variation in inverse viscosity

number, changes in Eötvös number have marginal influence on the rise velocity of the bubble,

particularly beyond Eo = 100, Figure 4.9. Similarly, above Eo = 100, the influence of increase

in Eo on the bubble pressure is negligible, the manifestation of which is seen in the bubble

maintaining almost a constant length. It thus appears that the limit of the influence of Eo

on the bubble rise velocity and film thickness is around Eo = 100. At Eo = 20, which falls

within the regime where surface tension is significant as mapped out by [114], the bubble is

quite different from those of other higher Eo in terms of its rise velocity, nose and bottom

curvatures, film thickness and bubble length. To shed more light on the distinctive features

of Taylor bubble in this regime, we show in Figure 4.10 the effect of Nf on the steady state

shapes and flow fields at Eo = 10 and 20.

(a) (b)

Figure 4.10: Effect of variation of Nf on steady state Taylor bubble shapes at low Eötvös num-
bers (a) Eo = 20 (b) Eo = 10; showing streamlines and vector field superimposed on velocity
magnitude pseudocolour plot on the right and left sides of the symmetry axis, respectively.



4.4. Steady state characterisations in stagnant liquids 81

In contrast to what was observed at higher value of Eo in Figure 4.8, increase in the value of

Nf has little influence, which decreases with decrease in Eo, on the change in bubble length

and deformation of the bubble bottom. Rather, what can be seen is the emergence of a bulge

in the film region close to the bubble bottom which becomes more pronounced and appears to

propagates towards the nose in the form of capillary wave as Nf and Eo are increased and

decreased, respectively.

In Figure 4.11, we show the complete numerical results for a Taylor bubble rising in stag-

nant liquid to better visualize the effects of the two dimensionless parameters, over the entire

parameters spaces examined, on the bubble shape and the surrounding flow field.
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Figure 4.11: Steady state bubble shapes and surrounding flow fields; effect of inverse viscosity
and Eötvös numbers.
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4.4.2 Hydrodynamic features of the nose region

The hydrodynamics features around the nose region as highlighted in the introductory chapter

of the thesis are the bubble rise velocity, the distance ahead of the bubble nose, in moving

frame of reference, at which the flow becomes fully developed and the bubble nose curvature.

Here, we present how the magnitude of these features are influenced by variation in the values

of the model dimensionless parameters.

Taylor bubble rise velocity

The rise velocity is one of the key features in the hydrodynamics of Taylor bubbles because of its

important in determining void fraction and developing predictive model for computing pressure

drop in slug flow. We compare our numerical results with the existing empirical correlation of

[111] for Taylor bubble rise velocity in stagnant liquids given as equation (2.8), shown in Figure

4.12.

Figure 4.12: Effect of Nf and Eo on steady state bubble rise velocity in stagnant liquids.
Comparison between numerical results (coloured marker symbols) and analytical prediction of
equation (2.8) (coloured continuous line).

From Figure 4.12, it is clear that the bubble rise velocity and the separation distance between

two consecutive sets of data, at constant Eo, are increasing and decreasing functions of the
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inverse viscosity number across all Eötvös numbers, respectively. As aforementioned, the in-

crease in the bubble rise velocity with Nf occurs due to the diminishing opposing viscous force,

causing the Taylor bubble to experience less resistance and thus, rises faster. The decreasing

function of the separating distance on the other hand reaffirm the existence of a maximum Nf

across all Eo at which the rise velocity becomes independent of the viscous forces. For condition

in which the rise velocity is independent of surface tension, which can be deduced from Figure

4.12 to be slightly above Eo = 100, the limiting value of Nf and the corresponding bubble rise

velocity, as established by numerous previous studies [15, 30, 45, 58, 66, 111, 114, 116], are 300

and 0.35, respectively.

For comparison, a good agreement is demonstrated between the rise velocity from our numerical

simulations and that predicted by (2.8) of [111]. The results show that the performance of the

correlation in the prediction of bubble rise velocity is reasonably far better at higher Nf , as the

agreement between the numerical results and the equation improves with increase in inverse

viscosity number. This is because a large number of experiment data used in the development

of the model are based on experiments conducted in the inertia regime.

Curvature radius of bubble nose

The shape of the nose region of a Taylor bubble determines the rise velocity of the bubble and

is an important factor in the stability of the bubble.

Figure 4.13: Typical radial velocity profile (coloured blue) along the interface (coloured red).
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Figure 4.13 shows a typical profile of the radial component of the velocity along the interface of

a Taylor bubble. Starting from the nose of the bubble, which is a stagnation point in a frame

of reference that moves with bubble rise velocity, the general observation is that the radial

velocity component increases until it peaked before gradually diminishing, approaching zero

in the fully developed film. By nose region, we refer to the region starting from the nose and

ending at the point at which the radial velocity on the interface attains its maximum value.

For all points in this region, we compute the mean radius of curvature which is related to the

total curvature by (4.31) and take the average. The average is reported as the mean radius of

curvature of the nose region, which in the literature is referred to as the frontal radius, RF .

2

Rm

= 2κm = κa + κb = κ (4.31)

Here, κm and Rm denote the mean curvature and the mean radius of curvature, respectively.

κ, κa and κb remains the total curvature, principal curvature in the r − z plane and principal

curvature in the r − θ plane, respectively.

The effect of the two dimensionless parameters that define the rise of a Taylor bubble in

stagnant liquid on the frontal radius is shown in Figure 4.14.

Figure 4.14: Frontal radius of Taylor bubble: influence of inverse viscosity and Eötvös numbers
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From Figure 4.14, the results indicate that for Eo > 100, the frontal radius is weakly depen-

dent on Eötvös number, increases with Nf and is tending towards becoming independent of

inverse viscosity number at much higher value of Nf . The result is consistent with the effects

that Nf and Eo have on the bubble rise velocity, confirming the fact that the bubble rise

velocity is related to the curvature of the bubble nose. For Eo < 100, the frontal radius is

a decreasing function of the Eötvös number until a particular Eo value is reached at which

it began to increase. The critical value of Eo at the turning point decreases with increase in

Nf , approaching a constant value that lies between Eo = 30 and Eo = 20, which is probably

related to the emergence of bulge around the lower part of the film region.

Figure 4.15: Normalised frontal radius; showing convergence towards a constant value of 0.815
when Nf ≥ 80

For Eo > 100, the average frontal radius for Nf = 40, 60, 80, 100, 120, 140 and 160 are 0.2818,

0.2951, 0.3043, 0.3108, 0.3155, 0.3188 and 0.3216 respectively. These results are in agreement

with previous studies [16, 35, 36, 41] which suggest that the bubble nose is prolate-like rather

than spherical shape, in which RF ≈ 0.4. Under inertia condition, [15] demonstrated that

the normalised frontal radius, using the maximum radius of the Taylor bubble interface, rmax,

is the same for all liquids and takes a value of 0.75. We normalised the frontal radius using

their corresponding rmax, the result, shown in Figure 4.15, indicates that the normalised RF

approaches a value of 0.815 at higher Nf and that the limit of Nf at which viscosity have a

strong influence on the curvature of the nose is Nf ≤ 60. The normalised bubble shape for

Eo = 220, together with an enlarge view of the nose region showing a plot of the normalised
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frontal radius limit, are shown in Figure 4.16.

(a) (b)

Figure 4.16: Normalised bubble showing (a) full bubble shape (b) nose region with a plot of
normalised frontal radius limit ( continuous black line ): effect of Nf at Eo = 220

Developing length ahead of bubble nose

In a fixed frame of reference, a rising Taylor bubble in stagnant liquid displaces the liquid ahead

of it, steering the flow towards its side into the annular place between the bubble and the wall.

The influence of the rising bubble is strongly felt by the liquid closest to the bubble nose and

it decreases as we move farther away from the nose until at some distance, the stagnant nature

of the liquid into which the bubble is rising is attained. This distance ahead of the bubble nose

in a fixed frame of reference at which the flow field far ahead of the bubble nose is attained

is known as developing length, or more commonly in the Taylor bubble literature stabilisation

length, ahead of the bubble nose.

Figure 4.17: Developing length ahead of Taylor bubble nose: influence of inverse viscosity and
Eötvös numbers
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Considering a frame of reference moving with the bubble velocity in which our simulation is

carried out, the stabilisation length ahead of the bubble is then the distance ahead of the

bubble, along the line of symmetry, at which the magnitude of the axial velocity equals the

magnitude of the axial velocity far ahead of the bubble nose, which, for stagnant liquid, equals

the bubble rise velocity. Our analysis of the stabilisation length shows that there is high

inherent sensitivity when determining the axial position at which the rise velocity is attained

i.e. a marginal change in the value of the axial velocity has a proportionately much greater

impact on the location of the axial position. For this reason, the stabilisation length is taken

as the distance at which the axial velocity equals 99% of the magnitude of the axial velocity

far ahead of the bubble nose, which in this case is the bubble rise velocity. The influence of the

flow dimensionless parameters on the stabilisation length is shown in Figure 4.17. Just like the

bubble rise velocity, the developing length initially increased with Eo before plateauing beyond

Eo = 100 for all Nf , and at constant Eo, it increases with Nf , showing the tendency of the

existence of upper limit to the value of Nf beyond which the influence of increase in Nf on

stabilisation length becomes negligibly very small. The reason for this can be attributed to the

increase in the momentum imparted on the liquid ahead of the bubble nose in a fixed frame of

reference as the bubble rise velocity increases with Nf and some Eo ranges.

4.4.3 Hydrodynamic features of the film region

The features that define the hydrodynamics of the film region are the developing length in

the film region, the equilibrium film thickness and the velocity profiles in the fully developed

film. Both the stabilisation length and the equilibrium film thickness are crucial parameters to

determine as one expects the flow pattern in the wake of a Taylor bubble to be independent of

the bubble length for bubble of lengths greater than the stabilisation length and to be heavily

dependent on the equilibrium film thickness [82]. The influence of inverse viscosity and Eötvös

numbers on the quantitative values of these features are discussed.
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Developing length below bubble nose

We noted earlier that starting from the bubble nose, the radial component of the velocity

increases, peaking at the point where the nose region ends. Beyond this point, along the

interface, the radial velocity begins to decrease, becoming zero in the fully developed film. The

first point at which the radial velocity is zero and the axial velocity becomes fully developed, is

known as the developing or stabilisation length for the film. For the same reason adduced for

the stabilisation length ahead of the bubble nose, the stabilisation length in the film region is

determined to be the point at which the radial velocity and the rate of change in axial velocity

along the interface
(
duz
ds

)
are less than 1% of their maximum values along the interface. The

results for the developing length is shown in Figure 4.18.

Figure 4.18: Developing length below the bubble nose: influence of inverse viscosity and Eötvös
numbers

As expected, much like what happened with the features that characterised the nose region,

the dependency of the stabilisation length in the film region on inverse viscosity shows an

increasing function. With increase in rise velocity that is associated with increasing Nf , the

film needs to travel a longer distance below the bubble nose before it becomes fully developed.

However, unlike the rise velocity or nose stabilisation length, it appears there might not be

upper limit to the Nf at which the stabilisation length remains unchanged even on further

increase in Nf . The results, therefore indicate that as the inverse viscosity is increased it will

become increasingly difficult to obtain a truly stabilised film around Taylor bubbles that are
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not extremely long. We note that the seeming wavy nature of the results at higher Nf and Eo

is most likely a numerical artefact. It could be associated with spurious velocity that sometimes

appear on the interface for simulations carried out at higher Nf and Eo. Further details on

the effect of spurious velocity on our numerical simulations are given in chapter 6.

Equilibrium film thickness

Below the developing length in the film region, the liquid film is deemed to have attained

equilibrium and the thickness is from there onward constant until Taylor bubble tail region is

approached. We measured the film thickness at the point where the equilibrium film thickness is

first attained and the results are compared with the theoretical prediction of [15]. From (2.12),

the equation that relates equilibrium film thickness to bubble rise velocity can be written as

4Nf

3Ub
∆3
f + 2∆f − 1 = 0 (4.32)

Using the theoretical rise velocity computed from (2.8), we solve (4.32) iteratively for ∆f for

different Nf and the results are compared with our numerical prediction in Figure 4.19. In

principle, the iterative solution obtained from (4.32) is the same as the application of the cubic

brown model of [64] given as (2.14).

Figure 4.19: Equilibrium film thickness: Comparison between numerical simulations (coloured
markers) and theoretical prediction using (4.32) and (2.8) (coloured continuous solid line) for
different inverse viscosity and Eötvös numbers.
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The agreement between the numerical and theoretical prediction is remarkably good, particu-

larly at higher Nf . This is not surprising, as the thin liquid film assumption becomes more

valid at higher inverse viscosity number. As aforementioned, the decrease in the equilibrium

film thickness with Nf is due to the decrease in the magnitude of the normal stress exerted

on the interface as the fluid viscosity is decreased. It is noteworthy that despite the seemingly

dependency of the stabilisation length of the liquid film on the Eötvös number at higher Nf ,

the liquid film thickness remains almost constant beyond Eo = 100, supporting the claim that

the dependency on Eo noticed in the stabilisation length of the film might not be real. How-

ever, even if on further investigations of higher Nf , it turns out that the stabilisation length

for the film depends on Eo, it thus means that the equilibrium thickness might take a longer

distance below the bubble nose to be attained, it magnitude would remain independent of Eo

in as much as the Eötvös number is greater than 100.

As soon as the liquid film becomes stabilised, the axial velocity profile in the film is also

fully developed. The dimensionless form of the equation that governs the liquid flow in this

region is given as [15]

1

r

d

dr

[
r
duz
dr

]
= −Nf (4.33)

Solving (4.33) gives

uz = −Nf
[(

0.25− r2

4

)
− 1

2
(0.5−∆f )

2 ln

(
0.5

r

)]
(4.34)

The prediction from (4.34) scaled using bubble rise velocity compared to our numerical results

are shown in Figures 4.20 and 4.21. Noticeably, is the improvement in the agreement between

our numerical results and the theoretical predictions as the dimensionless parameters values

approach inertia regime, which of course is expected.
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(a) (b) (c)

Figure 4.20: Axial velocity profile in the fully developed film: effect of Eötvös number at (a)
Nf = 40 (b) Nf = 100 (c) Nf = 160. Comparison between numerical simulations (coloured
markers) and theoretical predictions of (4.34) (coloured solid lines)

(a) (b) (c)

Figure 4.21: Axial velocity profile in the fully developed film: effect of inverse viscosity number
at (a) Eo = 20 (b) Eo = 140 (c) Eo = 260. Comparison between numerical simulations
(coloured markers) and theoretical predictions of (4.34) (coloured solid lines)

4.4.4 Hydrodynamic features at the wall and interface

The liquid film is bounded on the right and left by the wall and the interface, and at these

boundaries, the normal velocity and the shear stresses are zero, respectively. Here, we discuss

the effect of dimensionless parameters on the shear and normal stresses at wall and interface

boundaries, respectively.

Wall shear stress

Obtaining reliable information on the wall shear stress is important, especially if slug flow de-

velops concurrently with heat or mass transfer. Practical applications involve processes like
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membrane separations [106], where an optimized wall shear stress is highly desirable. Funda-

mentally, a low wall shear stress cannot generate a significant distortion to the concentration

polarization layer at the membrane surface; however, a high wall shear stress may interfere with

the membrane surface chemistry, causing subsequent damage with implications on the fiber life

span [58].

From equation (3.24), the shear stress at any boundary is defined as

τ = n.T× n (4.35)

which, on axisymetric boundary, the nonzero component simplifies to

τ = Nf−1

[
n · du

ds
+ t · du

dn

]
(4.36)

and when evaluated at the wall, gives

τw = −Nf−1duz
dr

(4.37)

where τw denotes the dimensionless shear stress evaluated at the wall.

In the fully developed film, using (4.34), the wall shear stress becomes

τw = 0.25− (0.5−∆f )
2 (4.38)

Since, in the fully developed film, the film thickness is a constant, (4.38), when evaluated, is a

straight line for any given Nf and Eo combinations. We superimposed the results evaluated

using (4.38) on our numerically computed results using (4.37), shown in Figures 4.22 and 4.23.

Beyond the limit at which surface tension has strong influence on the dynamics of the bubble,

equation (4.38) adequately predicts the effect of Nf and Eo on the wall shear stress in the

developed film region. While increase in Nf leads to a reduction in the wall shear stress, Eo

has no significant impact on it. Both effects can be related to the effect of the parameters on

the equilibrium film thickness and its velocity profiles, shown in Figures 4.19, and 4.21 and
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4.20, respectively. The apparent peaks observed in Figures 4.22a and 4.23 when surface tension

effect is very strong can be related to the undulation that appears towards the end of the liquid

film, with the influence becoming more pronounced as Nf is increased and Eo is decreased.

(a) (b) (c)

Figure 4.22: Shear stress at wall boundary: Numerical effects of inverse viscosity number at
(a) Eo = 20 (b) Eo = 140 (c) Eo = 260 (broken lines) compared to theoretical prediction of
(4.38) in the developed film (solid lines)

(a) (b) (c)

Figure 4.23: Shear stress at wall boundary: Numerical effects of Eötvös number at (a) Nf = 40
(b) Nf = 100 (c) Nf = 160 (broken lines) compared to theoretical prediction of (4.38) in the
developed film (solid lines)

The maximum wall shear stress, τmw , for the combined effect of Nf and Eo is plotted in Figure

4.24.
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Figure 4.24: Maximum wall shear stress: effects of inverse viscosity and Eötvös numbers.

Interface normal stress

The normal stress is the quantity through which the flow field variables (liquid velocity and

pressure ) interact with the interface parameters (bubble pressure and curvature) via the normal

stress boundary condition. It determines the deformation of the interface by the flow. From

equation (3.24), the normal stress at the interface in the direction of unit normal to the interface

is defined as

σn = −n ·T · n = −
[
−p+ 2Nf−1n · du

dn

]
(4.39)

From the normal boundary condition (3.11), we can write

− n ·T · n + z = Pb − Eo−1κ (4.40)

We find it more informative to express the normal stress in terms of the total pressure by adding

the gravity term to the hydrodynamic pressure, so that

σ∗n = −
[
−pT + 2Nf−1n · du

dn

]
= Pb − Eo−1κ (4.41)

where

pT = p+ z
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Figures 4.25 and 4.26 show the effect of inverse viscosity and Eötvös numbers on interface

normal stress and total pressure.

(a) (b) (c)

Figure 4.25: Normal stress (solid lines) and total pressure (broken lines) at the interface: effect
of inverse viscosity number at (a) Eo = 20 (b) Eo = 140 (c) Eo = 260

(a) (b) (c)

Figure 4.26: Normal stress (solid lines) and total pressure (broken lines) at the interface: effect
of Eötvös number at (a) Nf = 40 (b) Nf = 100 (c) Nf = 160

It is apparent that the effect of Nf is to decrease the normal stress exerted on the bubble as

it is increased while on the other hand surface tension has no significant influence on normal

stress if the flow condition is such that Eo > 100. Within the fully developed liquid film, we

see that both the pressure and the normal stress matches in order to satisfy (4.41). This is

because within this region, the interface is almost vertical, which makes nr ≈ −1, nz ≈ 0 and

κ ≈ 0, and developed film implies ur = dur
dn

= 0, making the viscous and curvature stresses

contribution zero. Thus, (4.41) reduces to σ∗n = pT = Pb. Since the bubble pressure is a

constant, the implication of this is that the viscous and curvature forces are only important in

the front and bottom regions and it is the interplay between them that determines the shape of

the nose and bottom regions. To probe further the observed sharp peak in the interface stress
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around the bubble bottom, particularly for higher Eo and Nf , Figures 4.25c, 4.26b and 4.26c,

we examined the bubble shape and mesh for Nf = 160 and Eo = 300. It is clear from Figures

4.27 and 4.28b that the bubble bottom and the tail are well resolved. It is therefore not likely

that the observed spikes are due to unresolved mesh and as such not physical. Should there

be any error in the results, it is likely going to be due to errors in curvature computation as

it is possible that the cubic spline technique implemented breaks down when two points under

consideration are very close in their numerical values, as expected for points in the tail region.

(a) (b)

Figure 4.27: Taylor bubble (a) shape and (b) mesh structure for Nf = 160 and Eo = 300.

(a) (b)

Figure 4.28: Enlarged view of Taylor bubble (a) bottom and (b) tail tip mesh structures for
Nf = 160 and Eo = 300.

Just as we did for the wall shear stress, we extract the maximum normal stress, σmn exerted on
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the interface to see the combined effect of Nf and Eo and the results are shown in Figure 4.29.

Figure 4.29: Maximum interface normal stress: effects of inverse viscosity and Eötvös numbers.

4.4.5 Hydrodynamic features of bottom region

The features discuss here encompass those that define the bottom of the bubble which are the

shape of the bottom and the length of the developing length below the bottom, and those that

defines the wake, if present, which are the length of the wake and the position vector of the

vortex eye. These features play an important role in the coalescence of two consecutive rising

bubbles and the stability of a trailing bubble.

Curvature radius of bubble bottom and shape

Herein, we quantitatively examine the effects of varying flow conditions on the Taylor bubble

bottom shape using the sign of the radius of curvature. Because of the varying shapes that

are associated with Taylor bubble bottom, we find it convenient and sufficient to define the

shape of the bubble bottom base on the curvature evaluated at the bottom along the axis of

symmetry. Essentially, a positive (resp. negative) radius of curvature signifies a convex (resp.

concave) bottom shape with respect to the liquid phase. Figure 4.30 shows the mean radius of

curvature for different Nf and varying Eo.
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Figure 4.30: Taylor bubble bottom radius of curvature: influence of inverse viscosity and
Eötvös numbers

Although, the critical value of Eo at which the curvature radius becomes independent of surface

tension parameter remain the same, unlike the frontal radius, there is only subtle difference

in the curvature of the bottom for different inverse viscosity numbers. However, as depicted

in Figures 4.31 and 4.32, there is an increase in the emergence of tail structure which, as

inverse viscosity and Eötvös numbers are increased, becomes more pointed and progressively

migrate towards the wall. It therefore means that the effect of increased Nf and Eo is to drive

the Taylor bubble bottom shape towards the formation of a skirted bubble, with the eventual

breakup of the protruding tail structure as small bubbles.

Figure 4.31: Bottom deformation: influence of Eötvös number for Nf = 160
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Figure 4.32: Bottom deformation: influence of inverse viscosity number for Eo = 300

Wake structure below bubble bottom

Where it is present, the wake is a region of recirculation behind a rising Taylor bubble. We

characterise the structure using its length and the position vector of the eye of the vortex, with

reference to the position vector of the bubble bottom along the axis of symmetry .

The wake length is defined as the distance between the bottom of the bubble, along the axis of

symmetry of the tube and the stagnation point, which can also be defined as the point of flow

separation, behind the bubble [82]. Thus, the wake length is calculated by taking the difference

between the axial position of the bubble rear and the stagnation point, and the results are

shown in Figure 4.33.

Figure 4.33: Wake length: influence of inverse viscosity and Eötvös numbers
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As expected, the wake length shows an increasing dependency on the inverse viscosity number,

which is as a result of increasing velocity of the liquid jet emanating from liquid film into the

body of liquid behind the bubble, making the liquid to travel farther distance before flow sep-

aration occurs. It is also noticeable that the Eo at which the wake emerges depends on Nf ,

decreasing as Nf is increased. For all Nf , the trend is such that, the influence of Eo on wake

length will eventually become negligible at some Eo and it is likely that the occurrence will

take place at the same Eo for all Nf .

The location of the vortex centre was extracted from the streamline images, generated us-

ing open source visualisation tool, VisIt 2.10.3. For conditions where wake structure exist, the

numerical results for the dimensionless radial, Rv, and axial, Zv, coordinates of the vortex eye

are plotted as a function of the Eötvös number in Figures 4.34a and 4.34b, respectively. The

trend for all simulation sets is similar and may be closely described by a function in which the

values for both Rv and Zv eventually plateau. For a given Nf , these indicate that an increase

in Eo shifts the overall vortex center to the tip of the tail, until no further axial or radial move-

ment occurs. Overall, when juxtaposed with increasing length of the wake, shown in Figure

4.33 and deformation of the bubble bottom, shown in Figures 4.31 and 4.32, it appears the

combined effect of increasing Nf and Eo is to stretch the wake structure in the axial direction

about the vortex eye.

(a) (b)

Figure 4.34: Effect of inverse viscosity and Eötvös numbers on (a) radial (b) axial, location of
the vortex eye with reference to bubble bottom.
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Utilising the information from the results of Figures 4.30 and 4.34, we draw up a map that

demarcates the boundaries where the bubble bottom shape is convex or concave and indicate

whether or not the shape is associated with the presence of wake as a function of Nf and Eo,

shown in Figure 4.35.

Figure 4.35: Taylor bubble bottom: influence of inverse viscosity and Eötvös numbers, showing
region in the parameters space where bubble bottom takes concave or convex shape and whether
or not the shape is associated with a wake.

Developing length below bubble bottom

The dimensionless stabilisation length below the bubble bottom, Lb, similar to the the stabil-

isation length ahead of the bubble, refers to the distance below the bottom of the bubble in

a fixed frame of reference at which the flow field far behind the bubble bottom is attained.

This length, in the context of two consecutive rising bubbles, is the minimum distance below

the leading bubble bottom, above which there is no any form of interaction with the trailing

bubble. Numerically, in a moving frame of reference, we determine this length as the difference

between the axial location of the point where the magnitude of the axial velocity along the

symmetry axis, starting from the far end of the bubble, is less than 99% of its magnitude at

the far end and the axial location of the bubble bottom. The computed length as a function of

the model dimensionless parameters are plotted in Figure 4.36, displaying similar trend as the

wake length and for the same reason.
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Figure 4.36: Bottom length: influence of inverse viscosity and Eötvös numbers

4.5 Steady state characterisations in flowing liquids

In the previous sections, we have examined the effects of two of the three dimensionless pa-

rameters that define the rise of a Taylor bubble in flowing liquids. This section focusses on the

role of the liquid velocity profile into which the bubble is rising in a fixed frame of reference.

We characterised the liquid using the dimensionless Froude number that is based on the liquid

velocity at the tube center, i.e the maximum liquid velocity. Since our aim is to examine the

transition of Taylor bubble from symmetric to asymmetric shapes in downward liquid, pref-

erence was given to downward liquid flow, with the space of Um being (−1.0) − (0.20). The

few upward liquid flow simulations carried out were done for completeness. The focus of the

literature regarding the dynamics of a steadily rising Taylor bubble in flowing liquid has largely

been on upward liquid flow, with feature of primary concern been the bubble rise velocity. For

this feature, a number of theoretical, experimental and numerical studies have been carried out.

For downward liquid flow, on the other hand, studies are scarce even on the bubble rise velocity,

of course, because of the transition associated with the flow. For this reason, we limit reporting

quantitative measurements to three steady state features; the bubble rise velocity, nose curva-

ture and film thickness, which we discuss simultaneously along with qualitative influence of Um

on Taylor bubble dynamics.
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4.5.1 Bubble rise velocity in upward liquid flow

Before proceeding to discuss the results, we compared our numerical simulation for upward

liquid flow with the theoretical prediction. We recall the correlation of [79] which has been

theoretically and numerically confirmed to correctly predict the rise velocity in upward flowing

liquids, given as (2.10) and reproduced here.

Ub = C1Um + Co (4.42)

Theoretical expressions for C0 and C1 were given by [11] taking into consideration the effect of

Eo as

C0 =
0.486√

2

√
1 + 20

(
1− 6.8

Eo

){
1.− 0.96e−0.0165Eo

1.− 0.52e−0.0165Eo

}
(4.43)

C1 = 1.145

[
1− 20

Eo

(
1− e−0.0125Eo

)]
(4.44)

Figure 4.37: Effect of imposed upward liquid flow on bubble rise velocity for varying inverse
viscosity numbers. Comparison between numerical result (coloured markers), theoretical pre-
diction using (4.43) and (4.44) (black solid line) and theoretical prediction using (2.8) and
(4.44) (coloured dashed line).

We show in figure 4.37 the comparison between prediction using (4.43) and (4.44) of [11], pre-

diction using (4.44) of [11] complemented by (2.8) of [111] for the prediction of C0, which is

approximately equivalent to dimensionless rise velocity in stagnant liquid and our numerical

results. It is evident that the theoretical expresions of [11] overpredicts the bubble rise velocity.
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This is because the expressions were derived for cases in which flow due to the bubble motion

can be considered as inviscid, which only holds in inertia regime. When the correlation of

[111] which accounts for the effect of viscosity and surface was used in the computation of C0,

we noticed reasonable agreement, which improves as Nf is increased, between the theoretical

prediction and our numerical results. Therefore, it is significant to incorporate the effect of

both Nf and Eo in C0 and C1, particularly for bubbles rising under non-inertia condition.

We estimated the values of C0 and C1 for the few numerical simulations carried out for upward

liquid flow and the results, accounting for the effect of Nf and Eo, are shown in Figure 4.38.

(a) (b)

Figure 4.38: Effect of inverse viscosity and Eötvös numbers on (a) C1 (b) C0.

4.5.2 Qualitative and quantitative analysis of steady state shapes

and flow field in flowing liquids

The Froude number based on the maximum liquid velocity is a measure of the relative sig-

nificance of inertia force due to the flowing liquid to buoyancy force due to gravity, which in

downward (resp. upward) liquid flow is in opposite (resp. same) direction as the force of grav-

ity, thereby opposing (resp. facilitating) the rise of the bubble. For a constant Nf = 80 and

Eo = 140, the effect of imposed upward and downdward liquid flow is shown in Figure 4.39.
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Figure 4.39: Effect of Um on steady state bubble shape and the surrounding flow field at Nf =
80 and Eo = 140; showing streamlines and vector field superimposed on velocity magnitude
pseudocolour plot on the right and left side of the symmetry axis.

The most obvious effect is the decrease (resp. increase) in the intensity of the wake flow,

accompany by decrease (resp. increase) of the concavity of the bubble bottom, with increase

in the magnitude of the downward (resp. upward) liquid flow. This, as earlier noted when

discussing stagnant liquid case, can be linked to the decrease (resp. increase) in the magnitude

of the liquid emerging from the film into the liquid slug, which is a manifestation of the decrease

(resp. increase) in bubble rise velocity, as the downward (resp. upward) liquid velocity is

increased. Quantitatively, the effect of liquid flow imposition on the rise velocity is shown in

Figure 4.40
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Figure 4.40: Effect of Um on steady state bubble rise velocity at Eo = 140 and different Nf .

Noticeably also is the increase (resp. decrease) in the curvature radius of the bubble nose with

increase in the magnitude of the downward (resp. upward) liquid flow. This flattening (resp.

pointing ) of the bubble nose can be attributed to the increase (resp. decrease) in the normal

stress exerted on the bubble nose relative to that in stagnant liquid as a result of the increased

opposing (resp. supportive) inertia force in downward (resp. upward) liquid flow (see Figure

4.41).

Figure 4.41: Effect of Um on steady state modified interface normal stress (4.41) at Nf = 80
and Eo = 140.

It is clear from Figure 4.41 that interface normal stress is an increasing (resp. decreasing)

function of increased liquid velocity in downward (resp. upward) liquid flow. As explained

in previous section for stagnant liquid, within the equilibrium film, the normal stress, total
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pressure and the bubble pressure are equal, which is responsible for the observed increased

(resp. decreased) in bubble pressure with increasing downward (resp. upward) liquid flow

(see Figure 4.39). Also, outside the equilibrium film region, i.e the nose, developing film and

bottom regions, we stated that it is the interplay between the viscous stress and curvature that

determines the shape of the regions. To buttress this claim, we once again modify the normal

stress by choosing the reference pressure to be the bubble pressure such that

σ∗∗n = −
[
−pT ∗+2Nf−1n · du

dn

]
= −Eo−1κ (4.45)

where

pT∗ = pT − Pb

Thereby making the equilibrium film region normal stress to be approximately zero. As we

approach the nose region, the net effect of viscous stress on the normal stress in downward

(resp. upward) liquid flow is to increase (resp. decrease) the normal stress relative to that in a

stagnant liquid, which in order to satisfy the normal stress balance at the interface, the curvature

stress has to decrease (resp. increase), leading to the observed increase (resp. decrease) in the

radius of curvature of the nose.

Figure 4.42: Effect of Um on steady state modified interface normal stress at Nf = 80 and
Eo = 140.
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4.6 Steady state numerical simulations challenges

The focus is to compute a steady state solution and a fully implemented steady state model

requires that both the time dependent part of the momentum equations (3.1) and kinematic

boundary condition (3.13) be set to zero. In the steady state model implemented in this study,

rather than enforcing a no penetration condition, (u · n), at the interface as the true condition

that determine the interface deformation, we incorporated a pseudo-time-step parameter, δt,

in the condition, (3.48), that allows gradual satisfaction of the no penetration condition and a

flexibility in controlling the size of the interface deformation, making the implemented condition

to be similar to first order time discretisation of the unsteady kinematic condition. The concept

has been used in the computation of steady state solution of free surface problems. However, in

our study, the strategy becomes problematic as the dimensionless inverse viscosity and Eötvös

numbers become very large. In fact it was the major limitation in computing the steady state

solution in stagnant and flowing liquid for high Nf and Eo. As Nf and Eo are increased beyond

the investigated parameter space in this study, there was the need to increase the pseudo-time-

step size to ensure that the code remains stable. Although increasing the pseudo-time-step

solved the stability problem, it led to the emergence of spurious velocity on the interface,

causing the interface to become wavy. When smaller pseudo-time-step size was used for the

same simulation, the waviness on the interface disappeared but the code became unstable before

steady state solution was reached. Of course, the pseudo-time-step is not the only source of

the spurious velocity observed, we observed also that as Nf is further increased, the used of

continuous element for pressure approximation becomes unreliable. Studies have shown that to

appropriately capture the discontinuity of normal stress at the interface, discontinuous element

should be used in approximating pressure. Our preliminary investigation into this showed

that by changing the continuous P1 element used for approximation of pressure in standard

Taylor-Hood element combination employed in this study to discontinuous P0, the emergence

of spurious velocity was significantly reduced. Thus, full implementation of the steady state

model and corrections of the emergence of spurious velocity are left for future considerations.
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4.7 Summary

In this chapter, we developed a steady state model using Galerkin finite element method. Our

validation of the model using the experimental data of [17], shows a good agreement between the

numerical results and the experiment. Utilising the model, we compute the steady state shapes

and hydrodynamic features characterising the nose, film, interface and bottom regions around

the bubble for different dimensionless inverse viscosity numbers, Eötvös numbers and Froude

number based on liquid centreline velocity. For almost all the steady features analysed, our

results show that from Eo = 100 and above, surface tension has insignificant influence on the

magnitude of the features. From the normalised frontal radius, in the nose region, we contend

that Nf ≤ 60 can be considered as regime of strong viscous effect on the radius of curvature

of the nose. Similarly, for the film region, we deduced that it is the interaction between the

curvature and viscous stress that modifies the shape of the nose and bottom region. This is

premised on the fact that in the equilibrium film region, the interface normal stress based on

total pressure, total pressure and bubble pressure are equal and non-zero while the curvature

and viscous stresses are zero. For the bottom region, we made use of our results for both the

dependency of bubble bottom shape and existence of wake on inverse viscosity and Eötvös

numbers to draw up a regime map depicting regions of dimensionless parameters space where

wake can and cannot be observed together with the prevailing bubble bottom shape. We stress

that the primary goal of this chapter is to generate steady state solution for linear stability

and energy analyses in the following chapter. However, we note that the systematic nature of

the analysis of the steady state features carried out in this chapter using the inverse viscosity

and the Eötvös numbers as the base dimensionless parameters can be considered new. More

importantly is the contribution to the understanding of the underlying physics of the features

analysed.



Chapter 5

Linear stability and energy budget

analyses

The steady state model for an axisymmetric Taylor bubble rising in a stagnant and moving

liquid was developed and solved in the previous chapter. In this chapter we are examining the

stability of a three-dimensional axisymmetric Taylor bubble generated from the steady state

two-dimensional axisymmetric solution by revolving it around the axis of symmetry. The sta-

bility of a flow is determined by disturbing the steady state solution of the flow, known as

the base flow, infinitesimally and then examining whether the disturbance will grow or die

down with time [93, 102]. In doing that, the governing equations for the variables are written

as a time-independent component (base flow) plus a time-dependent component (perturbation).

In section 5.1, the model governing the evolution of the perturbations added to the base flow is

derived by linearising the perturbed governing equations written around the perturbed three-

dimensional bubble. The numerical approach used in solving the stability model and the vali-

dation carried out on the model are discussed in sections 5.2 and 5.3, respectively. The results

of the stability analysis of the base flow solutions for both the stagnant and flowing liquids are

presented in section 5.4. In section 5.5, the equation for energy budget analysis is derived and

the results of the analysis discussed. A summary for the chapter is written in section 5.6.

111
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5.1 Linear stability model formulation

We imagine that the two-dimensional axisymetric steady state solution for the rising bubble

is revolved in the azimuthal direction to form a three-dimensional bubble, just as shown in

Figure 3.1. The governing equations and boundary conditions for this flow are as described in

section 3.2. Thus, we begin the model development from the weak forms of the momentum and

continuity equations derived in section 3.3.

(5.1)

∫
V

{
∂u

∂t
·Φ + [(u · ∇) u] ·Φ + 2Nf−1E (u) : E (Φ)− p (∇.Φ)

}
dV

−
∫
Ab

{[
Eo−1κ+ z− Pb

]
n ·Φ

}
dAb = 0

∫
V

{εpϕ+ (∇.u)ϕ} dV = 0 (5.2)

In addition, we have the weak form of kinematic boundary condition which is the unsteady

form of the equation that governs the deformation of the interface (3.48) used in steady state

calculation. ∫
Ab

{[
drb
dt
· n− u · n

]
ξ

}
dAb = 0 (5.3)

In a way similar to domain perturbation, we shall assume that the three-dimensional base flow

domain is perturbed by the addition of infinitesimal deformation field x̃ to its position vector

and that equations (5.1), (5.2) and (5.3)) hold on the three-dimensional perturbed domain.

This concept of writing the weak forms of the governing equations around the perturbed do-

main has been used in the examination of three-dimensional linear stability analysis of coating

flow problems [21, 23]. The perturbed three-dimensional domain can then be linearised around

the base state three-dimensional axisymmetric domain, the deformation field restricted to the

interface, just as it is expected in the classical linear stability approach, and finally, the lineari-

sation of the perturbed flow field variables about the base state solution is carried out. This

approach to the derivation of the linear stability model can be seen as an extension of the total

linearisation method used in solving two-dimensional viscous free boundary problems [27, 60]

to three-dimensional linear stability analysis.
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Let the position vector of the perturbed domain be written as

r = r0 + εx̃ (5.4)

Equation (5.4) is similar to (3.58), the difference being that r0 now represents the position

vector of the unperturbed three-dimensional base flow domain and x̃ is a deformation field that

is defined in the entire base flow domain. The linearised elemental volume of the perturbed

three-dimensional domain is given as [18, 21]

dV = |F| dV 0 (5.5)

where dV and dV 0 are elemental volume for the perturbed and base flow three-dimensional

domains; |·| denotes the determinant operator and F is the deformation gradient define as

F = I +∇x̃ (5.6)

which in cylindrical coordinates system is given as

F (x̃) =


(
1 + ∂x̃r

∂r0

) (
1
r0
∂x̃r
∂θ0 − x̃θ

r0

)
∂x̃r
∂z0

1
r0

∂x̃0
θ

∂r0

(
1 + x̃r

r0 + 1
r0
∂x̃θ
∂θ0

)
∂x̃θ
∂z0

∂x̃z
∂r0

1
r0
∂x̃z
∂θ0

(
1 + ∂x̃z

∂z0

)
 (5.7)

and (5.5) simplified to

dV = (1 +∇ · x̃) dV 0 (5.8)

Thus, we can relate the elemental volume in the perturbed three-dimensional domain to the

base flow two-dimensional axisymmetric domain, dΩ0 = r0dr0dz0 as follow

dV = rdrdθdz = (1 +∇ · x̃) dV 0 = (1 +∇ · x̃) r0dr0dθ0dz0 (5.9)

dV = (1 +∇ · x̃) dΩ0dθ0 (5.10)
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Similarly, an elemental area on the perturbed interface in the three-dimensional domain, dAb

can be related to base flow length of arc, Γ0
b in the two-dimensional axisymmetric domain

dAb = (1 +∇s · x̃) dΓ0
bdθ

0 (5.11)

and the interface terms can be linearised as follow

n = n0 + εñ (5.12a)

κ = κ0 + εκ̃ (5.12b)

Φ = Φ + ε (x̃ · ∇) Φ (5.12c)

u = u + ε (x̃ · ∇) u (5.12d)

where ñ is the additional term due linearisation of the unit normals on the perturbed interface

and can be deduced from (3.62); κ̃ is the curvature perturbation given by (3.65).

If we substitute (5.4), (5.10), (5.11) and (5.12), together with the flow field perturbations

u = u0 + εũ (5.13a)

p = p0 + εp̃ (5.13b)

into equations (5.1), (5.2) and (5.3), neglecting all terms of order ε2, the equations gives
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momentum equations

∫ 2π

0

{∫
Ω0

{[(
u0 · ∇

)
u0
]
·Φ + 2Nf−1E

(
u0
)

: E (Φ)− p0 (∇.Φ)
}
dΩ0

−
∫

Γ0
b

{[
Eo−1κ0 + z0 − P 0

b

]
n0 ·Φ

}
dΓ0

b

}
dθ0

+ ε

∫ 2π

0

∫
Ω0

{
∂ũ

∂t
·Φ +

[(
u0 · ∇

)
ũ + (ũ · ∇) u0

]
·Φ + 2Nf−1E (ũ) : E (Φ)− p̃ (∇.Φ)

}
dΩ0dθ0

− ε
∫ 2π

0

∫
Γ0
b

{[
Eo−1κ̃+ z̃

]
n0 ·Φ

}
dΓ0

bdθ
0

+ ε

∫ 2π

0

∫
Γ0
b

x̃ · n0
{[(

u0 · ∇
)
u0
]
·Φ + 2Nf−1E

(
u0
)

: E (Φ)− p0 (∇.Φ)
}
dΓ0

bdθ
0

− ε
∫ 2π

0

∫
Γ0
b

{[
Eo−1κ0 + z0 − P 0

b

] [
ñ ·Φ + [(x̃ · ∇) Φ] · n0 + (∇s · x̃) n0 ·Φ

]}
dΓ0

bdθ
0 = 0

(5.14)

continuity equation

(5.15)

∫ 2π

0

∫
Ω0

{{
εp0ϕ+

(
∇.u0

)
ϕ
}

[1 +∇ · x̃]
}
dΩ0dθ0

+ ε

∫ 2π

0

∫
Ω0

{{εp̃ϕ+ (∇. ũ)ϕ}} dΩ0dθ0 = 0

kinematic boundary condition

(5.16)

∫ 2π

0

∫
Γ0
b

{{[
dr0

b

dt
· n0 − u0 · n0

]
ξ

}
[1 +∇s · x̃]

}
dΓ0

bdθ
0

+ ε

∫ 2π

0

∫
Γ0
b

{[
dx̃

dt
· n0 − ũ · n0 − u0 · ñ−

[
(x̃ · ∇) u0

]
· n0

]
ξ

}
dΓ0

bdθ
0 = 0

Here u0, p0 and P 0
b represent the base flow solutions for the variables; ũ and p̃ denotes the

perturbation to the flow field variables.

By virtue of the status of the axisymmetric base state equations at convergence, noted in equa-

tions (4.25) and (4.26), the first two lines of (5.14) and the first lines of (5.15) and (5.16) are

zeros. The last two lines of (5.14) are the additional terms due to the linearisation of the domain

and boundary terms of (5.1), respectively. We note that in arriving at the additional terms
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in the line corresponding to the domain linearisation, we have used the Gauss’s divergence

theorem to restrict the deformation to the interface as in classical linear stability formulation.

Simplifying the remainder of equations (5.14), (5.15) and (5.16) further by substituting for

ñ and κ̃ using (3.62) and (3.65), respectively, taking the deformation field to be of the form

x̃ = h̃n0, (5.17)

since it has now been restricted to the interface and using the relations

u0 =
(
u0 · n0

)
n0 +

(
u0 · t0

)
t0 (5.18a)

∇ =
(
I− n0 ⊗ n0

)
· ∇+

(
n0 ⊗ n0

)
· ∇ (5.18b)

to decompose the terms in the line corresponding to domain linearisation into their tangential

and normal components, we have, after a little algebra, the following as the perturbation

equations for the momentum equations, continuity equation and kinematic boundary condition,

respectively

momentum equations

∫ 2π

0

∫
Ω0

{
∂ũ

∂t
·Φ +

[(
u0 · ∇

)
ũ + (ũ · ∇) u0

]
·Φ + 2Nf−1E (ũ) : E (Φ)− p̃ (∇.Φ)

}
dΩ0dθ

−
∫ 2π

0

∫
Γ0
b

Eo−1

{
−dh̃
ds

[
n · dΦ

ds
− κa (t ·Φ)

]
+

[
h̃
(
κ2
a + κ2

b

)
+

1

r2

∂2h̃

∂θ2

]
n ·Φ

}
dΓ0

bdθ

−
∫ 2π

0

∫
Γ0
b

{
h̃nz (n ·Φ)

}
dΓ0

bdθ

+

∫ 2π

0

∫
Γ0
b

h̃

{(
u0 · t

) [du0

ds
·Φ
]

+

[
−p0 + 2Nf−1

(
t · du

0

ds

)](
t · dΦ

ds

)

+

[
−p0 + 2Nf−1u

0
r

r

](
Φr

r
+

1

r

∂Φθ

∂θ

)}
dΓ0

bdθ

+

∫ 2π

0

∫
Γ0
b

{[
Eo−1κ+ z − P 0

b

] [
(t ·Φ)

dh̃

ds
+

Φθ

r

∂h̃

∂θ
+ h̃κ (n ·Φ)

]}
dΓ0

bdθ = 0

(5.19)
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continuity equation

(5.20)

∫ 2π

0

∫
Ω0

{{εp̃ϕ+ (∇. ũ)ϕ}} dΩdθ = 0

kinematic boundary condition

(5.21)

∫ 2π

0

∫
Γ0
b

{[
dh̃

dt
− ũ · n +

(
u0 · t

) dh̃
ds
− h̃

(
du0

dn
· n
)]

ξ

}
dΓ0

bdθ = 0

Where d
dn

= (n · ∇) is an operator that denotes derivative in the normal direction.

In equations (5.19)-(5.21), we have suppressed the use of the superscript ′′0′′ to denote base

state quantities for the unit tangent, unit normal, spatial coordinates r, θ, z and the curvature

for brevity.

It is not practical to investigate the evolution of all possible types of perturbation on a given

base flow. A way forward is to express a disturbance as a combination of linearly independent

fundamental modes using normal modes, and then examining the evolution of each individual

mode [93]. Let us take the following normal mode forms for the perturbations

ũ (r, θ, z, t) = û (r, z) e(imθ+βt) (5.22a)

p̃ (r, θ, z, t) = p̂ (r, z) e(imθ+βt) (5.22b)

h̃ (s, θ, t) = ĥ (s) e(imθ+βt) (5.22c)

and their corresponding test functions as

Φ (r, θ, z) = Φ̄ (r, z) e(−imθ) (5.23a)

ϕ (r, θ, z) = ϕ̄ (r, z) e(−imθ) (5.23b)

ξ (s, θ) = ξ̄ (s) e(−imθ) (5.23c)

where û, p̂ and ĥ are complex functions of space representing the velocity, pressure and interface

perturbations amplitude, respectively. i is the imaginary identity unit satisfying i2 = −1; m is

a dimensionless wave number in the azimuthal direction θ, also known as eigenmode, and is a
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whole number; β is a complex constant called the complex growth rate which can be decom-

posed into its real βR and imaginary βI parts denoting temporal growth rate and frequency,

respectively: If βR is positive, the disturbance grows exponentially in time and the base flow

is linearly unstable; if βR is negative, the disturbance decays and the normal mode is linearly

stable; if βR is zero, the disturbance is neutrally stable.

It should be noted that in choosing the form of test functions in (5.23), we have taken into

consideration that the inner product of two complex functions, say, f and g defined in a domain

Ω is given by

〈f, g〉 =

∫
Ω

(fg∗) dΩ (5.24)

where ′′∗′′ is used to represent the complex conjugate of function g.

Substituting (5.22) and (5.23) into (5.19)-(5.21), separating the momentum equation into its

components, we have the following equations governing the normal mode evolution of the per-

turbations as a function of dimensionless parameters, Nf , Eo, Um and m.

momentum: radial component

(5.25)

∫
Ω0

{
βûrΦ̄r +

[
ûr
∂u0

r

∂r
+ ûz

∂u0
r

∂z
+ u0

r

∂ûr
∂r

+ u0
z

∂ûr
∂z

]
Φ̄r

+Nf−1

[
2
∂ûr
∂r

∂Φ̄r

∂r
+
(
2 +m2

) ûrΦ̄r

r2
+ 3im

ûθΦ̄r

r2

− im
Φ̄r

r

∂ûθ
∂r

+
∂Φ̄r

∂z

(
∂ûr
∂z

+
∂ûz
∂r

)]
− p̂

(
∂Φ̄r

∂r
+

Φ̄r

r

)}
dΩ0

−
∫

Γ0
b

Eo−1

{
−dĥ
ds

[
nr
dΦ̄r

ds
− κa

(
trΦ̄r

)]
+ ĥ

[
κ2
a + κ2

b −
m2

r2

]
nrΦ̄r

}
dΓ0

b

−
∫

Γ0
b

{
ĥnz

(
nrΦ̄r

)}
dΓ0

b +

∫
Γ0
b

ĥ

{(
u0
rtr
) [du0

r

ds
Φ̄r

]

+

[
−p0 + 2Nf−1

(
tr
du0

r

ds

)](
tr
dΦ̄r

ds

)
+

[
−p0 + 2Nf−1u

0
r

r

](
Φ̄r

r

)}
dΓ0

b

+

∫
Γ0
b

{[
Eo−1κ+ z − P 0

b

] [(
trΦ̄r

) dĥ
ds

+ ĥκ
(
nrΦ̄r

)]}
dΓ0

b = 0
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momentum: azimuthal component

(5.26)

∫
Ω0

{
βûθΦ̄θ +

[
u0
r

∂ûθ
∂r

+ u0
z

∂ûθ
∂z

+
u0
rûθ
r

]
Φ̄θ +Nf−1

[(
1 + 2m2

) ûθΦ̄θ

r2
+
∂ûθ
∂z

∂Φ̄θ

∂z

+
∂ûθ
∂r

∂Φ̄θ

∂r
−
(
ûθ
r

∂Φ̄θ

∂r
+

Φ̄θ

r

∂ûθ
∂r

)
+ im

(
ûr
r

∂Φ̄θ

∂r
+
ûz
r

∂Φ̄θ

∂z

)
− 3im

ûrΦ̄θ

r2

]
− p

(
−imΦ̄θ

r

)}
dΩ0 +

∫
Γ0
b

ĥ

{[
−p0 + 2Nf−1u

0
r

r

](
−imΦ̄θ

r

)}
dΓ0

b

+

∫
Γ0
b

{
ĥ
[
Eo−1κ+ z − P 0

b

] [
im

Φ̄θ

r

]}
dΓ0

b = 0

momentum: axial component

(5.27)

∫
Ω0

{
βûzΦ̄z +

[
ûr
∂u0

z

∂r
+ ûz

∂u0
z

∂z
+ u0

r

∂ûz
∂r

+ u0
z

∂ûz
∂z

]
Φ̄z

+Nf−1

[
2
∂ûz
∂z

∂Φ̄z

∂z
+m2 ûzΦ̄z

r2
− im

Φ̄z

r

∂ûθ
∂z

+
∂Φ̄z

∂r

(
∂ûr
∂z

+
∂ûz
∂r

)]
− p̂

(
∂Φ̄z

∂z

)}
dΩ0

−
∫

Γ0
b

Eo−1

{
−dĥ
ds

[
nz
dΦ̄z

ds
− κa

(
tzΦ̄z

)]
+ ĥ

[
κ2
a + κ2

b −
m2

r2

]
nzΦ̄z

}
dΓ0

b

−
∫

Γ0
b

{
ĥnz

(
nzΦ̄z

)}
dΓ0

b

+

∫
Γ0
b

ĥ

{(
u0
ztz
) [du0

z

ds
Φ̄z

]
+

[
−p0 + 2Nf−1

(
tz
du0

z

ds

)](
tz
dΦ̄z

ds

)}
dΓ0

b

+

∫
Γ0
b

{[
Eo−1κ+ z − P 0

b

] [(
tzΦ̄z

) dĥ
ds

+ ĥκ
(
nzΦ̄z

)]}
dΓ0

b = 0

continuity ∫
Ω0

{[
εp̂+

∂ûr
∂r

+
ûr
r
− im

ûθ
r

+
∂ûz
∂z

]
ϕ̄

}
dΩ0 = 0 (5.28)

kinematic boundary condition

(5.29)

∫
Γ0
b

{[
βĥ− û · n +

(
u0 · t

) dĥ
ds
− ĥ

(
du0

dn
· n
)]

ξ̄

}
dΓ0

b = 0

By introducing the normal modes, we have transferred the time dependence into the complex

growth rate β and azimuthal dependency into the eigenmode m which now allows us to integrate
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out the azimuthal dimension leading to the equations being written around the two-dimensional

axisymetric base flow domain and boundaries with a multiplicative factor 2πeβt which cancelled

out.

Following the same procedures as done section 4.1 for steady state model, the combined fi-

nite element models for the perturbations equations (5.25)-(5.29) can be written as

βBy = Jy (5.30)

with

(5.31)

B =



B̄r,r 0 0 0 0

0 B̄θ,θ 0 0 0

0 0 B̄z,z 0 0

0 0 0 0 0

0 0 0 0 B̄h


, y =



v̂r

v̂θ

v̂z

p̂

ĥ


and

J = −



(
C̄r,r + K̄r,r

)
K̄r,θ

(
C̄r,z + K̄r,z

)
−Q̄T

r M̄r,h

K̄T
r,θ

(
C̄θ,θ + K̄θ,θ

)
K̄T
z,θ −Q̄T

θ M̄θ,h(
C̄z,r + K̄z,r

)
K̄z,θ

(
C̄z,z + K̄z,z

)
−Q̄T

z M̄z,h

−Q̄r −Q̄θ −Q̄z −Q̄p 0

−X̄r 0 −X̄z 0 X̄h



where the operator (·)T in this instant denotes the Hermitian transpose. The expression for

the coefficient matrices for the radial and axial components of the velocity perturbations in

the momentum and continuity equations are the same as those stated in section 4.1. The only

difference is that in this case, the matrices are complex. Below are the remaining coefficient

matrices that are either not stated before or different from the previously given ones

continuity equation

Q̄θ =

∫
Ω0,e

{
imΛ̄

Ψ̄T

r

}
dΩ0,e; (5.32)
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momentum equation: growth rate part

B̄i,i =

∫
Ω0,e

{
Ψ̄Ψ̄T

}
dΩ0,e ∀ i = r, θ, z (5.33)

momentum equation: convective part

C̄θ,θ =

∫
Ω0,e

{
Ψ̄

[(
u0 · ∇

)
Ψ̄T +

u0
rΨ̄

T

r

]}
dΩ0,e (5.34)

momentum equation: viscous part

K̄i,i =

∫
Ω0,e

Nf−1

{
2
∂Ψ̄

∂i

∂Ψ̄T

∂i
+
(
2δr,i +m2

) Ψ̄Ψ̄T

r2
+ δr,i

∂Ψ̄

∂z

∂Ψ̄T

∂z
+ δz,i

∂Ψ̄

∂r

∂Ψ̄T

∂r

}
dΩ0 ∀ i = r, z

(5.35a)

K̄θ,θ =

∫
Ω0,e

Nf−1

{(
1 + 2m2

) Ψ̄Ψ̄T

r2
+
∂Ψ̄

∂z

∂Ψ̄T

∂z
+
∂Ψ̄

∂r

∂Ψ̄T

∂r
−
(

Ψ̄T

r

∂Ψ̄

∂r
+

Ψ̄

r

∂Ψ̄T

∂r

)}
dΩ0,e

(5.35b)

K̄i,θ =

∫
Ω0,e

Nf−1

{
δr,i3im

Ψ̄Ψ̄T

r2
− im

Ψ̄

r

∂Ψ̄T

∂i

}
dΩ0,e ∀ i = r, z (5.35c)

momentum equation: interface deformation part

M̄i,h =−
∫

Γ0,e
b

Eo−1

{
−
[
ni
dΨ̄

ds
− κa

(
tiΨ̄
)] dη̄T

ds
+ ni

[
κ2
a + κ2

b −
m2

r2

]
Ψ̄η̄T

}
dΓ0,e

b

−
∫

Γ0
b

{
nzniΨ̄η̄T

}
dΓ0

b

+

∫
Γ0
b

{{(
u0
i ti
) [du0

i

ds
Ψ̄

]
+

[
−p0 + 2Nf−1

(
ti
du0

i

ds

)](
ti
dΨ̄

ds

)}
η̄T
}
dΓ0

b

+

∫
Γ0
b

{[
Eo−1κ+ z − P 0

b

] [(
tiΨ̄
) dη̄T
ds

+ κ
(
niΨ̄η̄T

)]}
dΓ0

b ∀ i = r, z (5.36a)

M̄θ,h =

∫
Γ0
b

{[(
−p0 + 2Nf−1u

0
r

r

)
−
(
Eo−1κ+ z − P 0

b

)](
−imΨ̄η̄T

r

)}
dΓ0

b (5.36b)
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kinematic boundary condition

X̄i =

∫
Γ0,e
b

ni
{
η̄ΨT

}
dΓ0,e

b ∀ i = r, z (5.37a)

X̄h =

∫
Γ0,e
b

{(
u0 · t

)
η̄
dη̄T

ds
−
(
du0

dn
· n
)
η̄η̄T

}
dΓ0,e

b (5.37b)

B̄h =

∫
Γ0,e
b

{
η̄η̄T

}
dΓ0,e

b (5.37c)

The system of equations resulting from the perturbations evolution equations given by (5.30)

is a classical problem known as generalised eigenvalue problem, with β being the eigenvalue,

B the mass matrix, J the Jacobian matrix and y the eigenfunctions. In the next section, we

discuss how the eigenvalue and eigenfunctions of the problem are computed using iterative

Arnoldi method.

Before moving to next section, we note that, in addition to the governing equations and kine-

matic boundary, we imposed at the inlet, wall and outlet boundaries, the following conditions

û = 0 on Γ0
in and Γ0

wall (5.38)

n · T̂ · n = 0 and (I− n⊗ n) · û = 0 on Γ0
out (5.39)

where

T̂ = −p̂+ 2Nf−1E (û) (5.40)

with

E (û) =
1

2

[
∇û +∇ûT

]
(5.41)

We stress that while it is customary to impose regularity conditions along the axis of symmetry

Γ0
sym, we didn’t apply any condition in this case because the model equations were written

around the perturbed three-dimensional domain and then linearised before integrating out
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the θ dimension. In fact, having additional regularity conditions imposed along the axis of

symmetry leads to non-physical instability.

5.2 Linear stability model solution

The stability of the steady state solution to the addition of an infinitesimal perturbations of

normal mode forms as the dimensionless parameters are varied is found by solving large, gen-

eralized, asymmetric matrix eigenvalue problem given by (5.30) for eigenvalues with largest

real part. These eigenvalues, also known as the most dangerous or leading eigenvalues, are of

greatest interest to the stability of the flow as they grow the fastest, thus dominating other

eigenvalues [23]. The asymmetric nature of the problem, as can be seen by inspection of the

Jacobian matrix, is due to the convective and interface deformation contributions to the ma-

trix. In addition, it can also be seen that the mass matrix is singular, with several rows having

identically zero entries, which can be attributed to the absence of time derivative terms in

the continuity equation and though not obvious, due to the requirement that the perturbation

vectors satisfy homogeneous essential boundary conditions [21, 77].

The implication of having singularity in the mass matrix is that the number of true eigen-

values of the problem is smaller than the dimension of the problem, with the number of missing

eigenvalues equal to the number of algebraic equations having identically zero row in the ma-

trix [21]. These missing eigenvalues, also referred to as infinite eigenvalue, appears as leading

eigenvalues when the eigenvalue problem is solved. As such, it is essential when computing

the true leading eigenvalues that dictate the stability of a problem that the infinite eigenval-

ues be removed from the system of equations. This can be achieved by carrying out spectral

transformation, in which the original problem is transformed into a new one in which the all

the eigenvalues of the original problem are mapped to a new position while their eigenvectors

remain the same. One of such transformations that mapped the infinite eigenvalues to zero is

the shift-and-invert transformation [23]. Another transformation that is mathematically equiv-

alent to the shift-and-invert is the Cayley transformation [61, 74]. For our analysis, we used the
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shift-and-invert transformation. In this transformation, the original problem is transformed to

(J− υB)−1 By = τy (5.42)

where υ is a complex constant known as the shift; τ is the eigenvalue of the new problem and

is related to the eigenvalue of the original problem β by

τ =
1

(β − υ)

Essentially, the shift-and-invert method transforms the generalised eigenvalue problem into a

simple eigenvalue problem by mapping the infinite eigenvalues to zero and the eigenvalues of

the original problem that are closest to the shift value to be the leading ones. We solve the

simple eigenvalue problem given by (5.42) using iterative Arnoldi method available in ARPACK

[62], which can be used within FreeFem++. The accuracy of the converged leading eigenvalue

is confirmed by ensuring that the residual

|Jy − βBy| , (5.43)

is always less than 1× 10−10.

5.3 Linear stability model validation

We test the validity of our linear stability analysis model and solution method by examining

the stability of a spherical bubble of fixed volume in a stagnant liquid under the assumptions

that the effects of gravity and boundaries are negligible, Figure 5.1.

Figure 5.1: Spherical bubble in stagnant liquid.
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The bubble is stable under these conditions and the analytical solution to the problem has been

studied in the literature [75, 95]. We compare our numerical results for the eigenvalues with

the solution given in [95] for a small amplitude normal mode perturbations. The characteristic

scales used for the non-dimensionalisation of the governing equations are

Length L (5.44a)

Velocity

√
σ

ρL
(5.44b)

Presure
σ

L
(5.44c)

With these scales the only dimensionless group that characterise the stability of the problem

for the stated assumptions is the Ohnesorge number (Oh)and the modifications required to be

made to the existing models (5.25)-(5.29), after neglecting all the gravity related terms, are the

dimensionless groups given as

Nf = Oh; Eo = 1 (5.45)

where Oh is the Ohnesorge number define as

Oh =
µ√
ρLγ

Analytical solution

Based on the dimensionless scales stated above, we derived the dimensionless form of the

characteristic equation given as equation (45) in [95] as

[
H(1)

m− 1
2

(X∗)
]
β2 +Oh

[
4m(m+ 2)2 − 2(m+ 2)(2m+ 1)(H(1)

m− 1
2

(X∗) + 2)
]
β

+ (m+ 1)(m− 1)(m+ 2)(H(1)

m− 1
2

(X∗) + 2) = 0 (5.46)

where

X∗ =

[
β

Oh

] 1
2
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H(1)
n (ω) =

ωH
(1)
n+1(ω)

H
(1)
n (ω)

In equation (5.46), m remains the eigenmode in the azimuthal direction; ω is a constant that

equals the value of X∗; H is the quotient of the Hankel’s functions.

For a fixed value of Oh, we solve iteratively for β . The initial guess used for the iterative

solution is the dimensionless equivalent of equation (49) in [95], which is

β2 − 2Oh [(n+ 2)(2n+ 1)] β + (n+ 1)(n− 1)(n+ 2) = 0 (5.47)

Once the solution for the first eigenvalue is gotten, we continuously used the β for the previous

Oh as the initial guess for the next value of Oh. We implemented the solution steps in MATLAB

and generated the analytical solution for Oh ranging between 0 and 1 based on L = R, the

radius of the bubble.

Base state solution

At steady state, in the absence of gravity and since the liquid surrounding the bubble is stagnant

(u = 0), the continuous forms of the governing equations reduced to

−∇p = 0 (5.48)

and the normal stress boundary condition to

−p+ Pb = κ on Γb (5.49)

From equation (5.48), it implies the pressure field in the liquid phase surrounding the bubble

is a constant,

p = Pa (5.50)

and the bubble pressure becomes

Pb = κ+ Pa on Γb (5.51)
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where Pa is a constant and has the physical meaning of the dimensionless ambient pressure.

For the linear stability analysis, the value of Pa was set to zero.

Linear stability solution

We solve the modified forms of the perturbation equations (5.25)-(5.29) as explained above

using the base state solutions computed in the previous subsection with characteristic length

scale of L = 12.5R. For the purpose of comparison, we scaled back our results to L = R. Figures

5.2 and 5.3 compare the real and imaginary parts of the eigenvalues computed, respectively,

as a function of the Ohnesorge number, with the analytical solution of (5.46) for four different

azimuthal wavenumbers. The agreement is very good for the four eigenmodes over the entire

range of Ohnesorge number.

Figure 5.2: Comparison between amplification rate from analytical solution of equation (5.46)
(coloured continuous solid line) and numerical global linear stability analysis (coloured mark-
ers), for modes m = 2, 3, 4 and 5.

Figure 5.3: Comparison between oscillation frequency from analytical solution of equation
(5.46) (coloured continuous solid line) and numerical global linear stability analysis (coloured
markers), for modes m = 2, 3, 4 and 5.
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5.4 Stability analysis of steady state solutions

5.4.1 Growth rate

The stability of Taylor bubble steady state solution for a given Nf , Eo and Um to the addition

of small perturbations is determined, as earlier noted, by the sign of the growth rate, the real

part of the complex eigenvalue, βR, when the generalised eigenvalue problem (5.30) is solved,

as discussed in section 5.2. We considered five inverse viscosity numbers, 40, 60, 80, 100 and 120

for which we have their steady state solutions computed under downwardly imposed flowing

liquid, with emphasis placed on the first four Nf . Figure 5.4 shows the results for the growth

rate when stability analysis was carried out on Nf = 80 for three different Eo as a function of

Um.

(a) (b) (c)

Figure 5.4: Largest growth rate for Nf = 80 as a function of tube center liquid velocity at (a)
Eo = 20 (b) Eo = 180 (c) Eo = 300: showing results for m = 1, 2 and 3.

For the three Eötvös numbers, the most unstable mode is m = 1, which physically is the mode

that deflects the bubble sideways, off from the axis of the symmetry. The mode becomes unsta-

ble at liquid velocity that is in the intervals [−0.75,−0.70), [−0.25,−0.20) and [−0.20,−0.15)

for Eo = 20, 180 and 300, respectively. The magnitude of Um at which the bubble becomes

unstable decreases with increased Eötvös number and the reason for this lies in the stabilisa-

tion effect of surface tension which decreases as Eo is increased. For the entire Eo investigated,

Figure 5.5 shows the influence of Eo on the onset of instability at fixed Um for the same Nf .

It is noteworthy that in Figures 5.4 and 5.5, and the subsequent figures to be presented, the

growth rate for mode m = 0 is not shown. For virtually all the conditions considered in the
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analysis, the growth rate for the mode is negative. Only a few cases, for which we assumed

that it is due to numerical errors, we recorded positive growth rate of very small magnitude.

(a) (b)

Figure 5.5: Largest growth rate for Nf = 80 as a function of Eötvös number at (a) Um = −0.20
(b) Um = −0.55 : showing results for m = 1, 2 and 3.

To account for the effect of Nf , we show similar results to Figure 5.4 for Nf = 100 and

Nf = 60 in Figures 5.6 and 5.7, respectively.

(a) (b) (c)

Figure 5.6: Largest growth rate for Nf = 100 as a function of tube center liquid velocity at
(a) Eo = 20 (b) Eo = 180 (c) Eo = 300: showing results for m = 1, 2 and 3.

(a) (b) (c)

Figure 5.7: Largest growth rate for Nf = 60 as a function of tube center liquid velocity at (a)
Eo = 20 (b) Eo = 180 (c) Eo = 300: showing results for m = 1, 2 and 3.
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It is evident that the effect of Nf on the onset of instability for Eo = 180 and Eo = 300 is differ-

ent from that of Eo = 20. For Eo = 180 and Eo = 300, the general trend is that as the inverse

viscosity number is increased, the tendency of the bubble to become easily unstable increased,

although the effect appears marginal. The Um interval for the onset of instability for Eo = 180

are [−0.25,−0.20), [−0.25,−0.20) and [−0.20,−0.15) and for Eo = 300 are [−0.20,−0.15),

[−0.20,−0.15) and [−0.20,−0.15), when Nf = 60, 80 and 100, respectively. Our result for

Nf = 120 confirmed the decreasing trend of the magnitude of Um at which the bubble becomes

unstable for Eo = 300 as it showed that the interval decreased to [−0.15,−0.10). It thus means

that although the magnitude of Um for the onset of instability decreases with Nf , the effect

becomes negligibly small as Eo is increased.

In contrast to the effect of Nf at higher Eo, the trend for Eo = 20 is exactly the oppo-

site; the tendency for the bubble to become unstable decreases as inverse viscosity number is

increased. Taking into consideration all our results for Nf ≥ 60 for all Eo ranging between 20

and 300, the limit of Eo at which the influence of increasing inverse viscosity number on the

onset of instability have opposite effects is in interval (60, 100). This limit is in agreement with

our steady state numerical simulations where we observed that the limit of strong influence of

surface tension on almost all steady state features examined was 100.

It is noteworthy that our analysis for Nf ≤ 60, more specifically, Nf = 40 does not con-

form with the aforementioned trend for Eo ≥ 100. We observed that the magnitude of Um at

which the bubble become unstable for Nf = 40 is lower relative to higher Nf . Our results for

Nf = 40 for Eo = 180 and Eo = 300 are shown in Figure 5.8 in which the intervals for the

onset of instability are [−0.20,−0.15) and [−0.15,−0.10), respectively. This may be related

to the influence of Nf on the frontal radius of curvature as the lost in axisymmetric bubble

shape, signified by mode m = 1, is more about the bubble nose than any other region around

the bubble. We had earlier noted from our steady state results for normalised frontal radius of

curvature in stagnant liquid, shown in Figure 4.15, that it appears the limit of strong influence

of viscosity on bubble radius of curvature is Nf ≤ 60.
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(a) (b)

Figure 5.8: Largest growth rate for Nf = 40 as a function of tube center liquid velocity at (a)
Eo = 180 (b) Eo = 300 : showing results for m = 1, 2 and 3.

5.4.2 Asymmetric bubble shapes

For all the analysis carried out, the complex eigenvalues obtained are generally real, the magni-

tude of the imaginary part being of order 10−10. From (5.4), (5.17) and (5.22c), for every points

on the three-dimensional axisymmetric base state interface with position vector (r0, θ0, z0) in

cylindrical coordinates, the corresponding deformed interface points in Cartesian coordinates

are constructed using the expressions:

x = r0cos
(
θ0
)

+ ε
[
hRnrcos

(
mθ0

)
− hInrsin

(
mθ0

)]
cos
(
θ0
)
∀ θ0 ∈ [0, 360] (5.52a)

y = r0sin
(
θ0
)

+ ε
[
hRnrcos

(
mθ0

)
− hInrsin

(
mθ0

)]
sin
(
θ0
)
∀ θ0 ∈ [0, 360] (5.52b)

z = z0 + ε
[
hRnzcos

(
mθ0

)
− hInzsin

(
mθ0

)]
∀ θ0 ∈ [0, 360] (5.52c)

where hR and hI denote the real and imaginary parts of the magnitude of the interface de-

formation in the normal direction; nr and nz remain the radial and axial components of the

unit normal to the base state interface, respectively; m, as earlier defined is the wavenumber in

the azimuthal direction; ε is a small arbitrary constant that signifies the size of the perturbation.

In the following, we show the effects of tube center velocity, Eötvös number and inverse vis-

cosity number on the deformed three-dimensional bubble shapes for mode m = 1 taking the

value of ε = 0.05. Where applicable, for the conditions shown, we show the corresponding

deformed bubble shape when m = 2. In general, increased tube center velocity and Eötvös
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number lead to increased deformation of the interface of the asymmetric Taylor bubble. For

inverse viscosity number, we observed similar increased deformation when Nf is increased and

decreased beyond Nf = 80.

Effect of tube center velocity

(a) (b)

(c)

Figure 5.9: Deformed bubble shape for Nf = 100 and Eo = 220 at (a) Um = −0.25 (b)
Um = −0.40 (c) Um = −0.55 when m = 1.

The only condition shown in Figure 5.9 for which mode m = 2 is unstable is shown in Figure

5.10.

Figure 5.10: Deformed bubble shape for Nf = 100 and Eo = 220 at Um = −0.55 when m = 2.
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Effect of Eötvös number

(a) (b)

(c)

Figure 5.11: Deformed bubble shape for Nf = 80 and Um = −0.50 at (a) Eo = 100 (b)
Eo = 180 (c) Eo = 260 when m = 1.

The only condition shown in Figure 5.11 for which mode m = 2 is unstable is shown in Figure

5.10.

Figure 5.12: Deformed bubble shape for Nf = 80 and Um = −0.50 at Eo = 260 when m = 2.
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Effect of inverse viscosity number

(a) (b)

(c)

Figure 5.13: Deformed bubble shape for Eo = 300 and Um = −0.45 at (a) Nf = 60 (b)
Nf = 80 (c) Nf = 100 when m = 1.

(a) (b)

(c)

Figure 5.14: Deformed bubble shape for Eo = 300 and Um = −0.45 at (a) Nf = 60 (b)
Nf = 80 (c) Nf = 100 when m = 2.
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5.4.3 Instability map

Using the results for the growth rate and the bubble shape discussed in sections 5.4.1 and 5.4.2,

we draw up maps for the different Nf investigated, showing the boundary demarcating regions

where symmetric and asymmetric Taylor bubbles can be observed for downward liquid flow

condition, as a function of Eo. Figure 5.15 shows the instability regime maps for our linear

analysis.

(a) (b)

(c) (d)

(e)

Figure 5.15: Instability showing the onset of transition to asymmetric bubble shape in down-
ward liquid flow for (a) Nf = 40 (b) Nf = 60 (c) Nf = 80 (c) Nf = 100 (e) Nf = 120.

An interesting feature about the stability maps shown in Figure 5.15 is the striking resemblance
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to the results of normalised frontal radius for stagnant liquid shown in Figure 4.15. The results

therefore shows that the onset of instability may be related to the normalised radius of curva-

ture of the nose.

We show in Table 5.1 the results for the bubble rise velocity at the onset of instability for

the space of dimensionless parameters investigated. It is noticeable that for certain range of

Eo, for any given Nf , the bubble has positive rise velocity at the onset of transition. This means

that, physically, it is impossible to obtain an axisymmetric downward flowing Taylor bubble in

vertical pipes under such conditions; i.e before the axisymmetric Taylor bubble begins to move

downward, it would have transitioned to asymmetric bubble. Experimental investigations have

shown that it is possible for a Taylor bubble to be held stationary in pipe. For the inverse

viscosity numbers investigated, the critical conditions of Eo at which this can be observed

lies in the interval (100, 140] and (60, 100] for Nf ≤ 80 and Nf > 80, respectively. Below the

lower bound of the critical condition, it is possible to observe both axisymmetric stationary and

downward falling Taylor bubbles. For Nf = 6087.38 and Eo = 33.06, a stable axisymmetric

Taylor bubble was shown to have being held stationary in downward liquid flow by [80], which

falls within the range of our analysis results.

Table 5.1: Bubble rise velocity at the onset of transition to asymmetric Taylor bubble: effect
of inverse viscosity and Eötvös numbers.

Nf 40 60 80 100 120

−U∗m Ub −U∗m Ub −U∗m Ub −U∗m Ub −U∗m Ub

20 0.35 −0.1946 0.50 −0.2621 0.75 −0.4172 1.10 −0.6479
40 0.35 −0.1445 0.55 −0.2509 0.85 −0.4422 1.25 −0.7033
60 0.30 −0.0823 0.45 −0.1537 0.55 −0.1938 0.65 −0.4393 0.70 −0.2613
100 0.25 −0.0257 0.30 −0.0168 0.35 −0.0352 0.30 0.0300 0.30 0.0404

Eo 140 0.20 0.0284 0.25 0.0292 0.25 0.0551 0.25 0.0690 0.20 0.1234
180 0.20 0.0287 0.25 0.0274 0.25 0.0521 0.20 0.1128 0.20 0.1218
220 0.20 0.0287 0.20 0.0767 0.20 0.0989 0.20 0.1109 0.20 0.1206
260 0.20 0.0284 0.20 0.0760 0.20 0.0978 0.20 0.1094 0.15 0.1654
300 0.15 0.0838 0.20 0.0754 0.20 0.0969 0.20 0.1082 0.15 0.1645

Where U∗m is the value of Um at the onset of instability.
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5.5 Energy budget analysis

In section 5.4, we have examined the stability of the steady state solutions to the additional of

small perturbations and determined the effect of the model dimensionless parameters on the

onset of transition to asymmetric Taylor bubble. However, this analysis does not provide insight

into the mechanism that drives the instability. A way to do this is to analyse how energy is

being transferred from the base flow to the disturbed flow by studying the growth of the kinetic

energy of the disturbances [54, 56]. This is based on the fact that an unstable disturbed flow

implies that the kinetic energy of an initially small disturbance added to the flow grows with

time. Thus, by investigating the contribution of mechanisms of different physical origins that

account for the production of this energy, one can identify the most dominant one that drives

the instability [12]. This concept has been well used in studying the mechanism governing the

instabilities of parallel two-phase flows [83, 100, 101, 103] and in [12] it was used in classifying

the instabilities in these flows into five different groups.

5.5.1 Energy balance model

To derive the equation that governs the growth of the disturbance kinetic energy, the clas-

sical approach is to multiply the continuous forms of the momentum perturbation equations

for the velocity components with their corresponding complex conjugates of the perturbations

velocities, integrate over the domain, add the three resulting equations and finally simplify

the added equations. Considering that our perturbation equations for the velocity components

were derived from the weak form of the continuous momentum equations written around the

perturbed domain, the development of the weak form of the energy equation must follow the

same strategy. In fact, we can derive the energy equation from the derived perturbation equa-

tions for the velocity components by setting the test functions for the velocity components in
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the equations to equal the complex conjugate of the velocity perturbations

Φ̄r = û∗r (5.53a)

Φ̄θ = û∗θ (5.53b)

Φ̄z = û∗z (5.53c)

and then carry out necessary simplifications. This is because we have chosen the test functions

to be of similar forms as the velocity components and in deriving the perturbation equations,

we used the complex conjugates of the test functions in the inner product. Carrying out the

substitutions, we have
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|ûθ|2 +m2 |ûz|2
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Here the symbol |.| represents the magnitude of a complex function; R and I denote the real

and imaginary part of a complex function, respectively. Equation (5.54) is the energy budget

formulation that governs the evolution of the disturbance kinetic equation, as each term in the

equation denotes some kind of energy.
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Because the stability of the flow is govern by the real part of the eigenvalue, following [12],

we separate the energy terms and write the energy balance equation as

Ė = REY +DIS + INT (5.55a)

INT = NOR + TAN (5.55b)

NOR = TEN +HYD +BUB (5.55c)

and the expressions for the terms are
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}
dΩ0 (5.56)

REY = −
∫

Ω0

{
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R {ûrû∗z}

}
dΩ0 (5.57)

DIS =−
∫

Ω

Nf−1

{
2

∣∣∣∣∂ûr∂r
∣∣∣∣2 + 2

∣∣∣∣∂ûz∂z
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∗

ds

)

+

[
−p0 + 2Nf−1u

0
r

r

](
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ĥ (nz − zκ) (n · û∗)
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Where KIN represents the time rate of change in the disturbance kinetic energy, with the time

derivative captured in the factor βR, which for an unstable flow is positive; REY denotes the

rate of transfer of energy by the Reynolds stress from the base flow to the disturbed flow; DIS

represents the rate of viscous dissipation of energy of disturbed flow; The rate of work done by

the velocity and stress disturbances in deforming the interface is denoted by INT , and can be

decomposed into its normal, NOR and tangential TAN components. The normal work done

at the interface is further subdivided into TEN , HYD and BUB, representing work done at

the interface against interface tension, gravity and bubble pressure, respectively.

We scaled all the energy terms using KIN , so that the energy balance equation becomes

βR = REY ∗ +DIS∗ + TEN∗ +HYD∗ +BUB∗ + TAN∗ (5.64)

where ff ∗ ∀ ff ∈ {REY,DIS, TEN,HY D,BUB, TAN} denote the scaled energy terms,

given as

ff ∗ =
ff

KIN
∀ ff ∈ {REY,DIS, TEN,HY D,BUB, TAN} (5.65)

Thus, indicating that the growth rate must equal the sum of all the scaled energy terms on the

right hand side. We confirm the validity of the derived relation by quantifying all the energy

terms and examining whether the energy balances. Table 5.2 shows our result for Nf = 80
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and Eo = 140 at three different downward liquid flow velocities. For brevity, we dropped the

asterisk power on the energy terms.

Table 5.2: Balance of energy distribution among the different energy terms in (5.64) for Nf =
80, Eo = 140 and mode, m = 1.

Um βR REY DIS TEN HYD BUB TAN SUM DIF

−0.10 −0.2442 0.3260 −2.6008 0.5245 1.2070 −0.5126 0.8117 −0.2442 2.230× 10−6

0.00 −0.4474 0.2269 −2.1745 0.5412 1.1340 −0.9108 0.7358 −0.4473 1.398× 10−5

0.10 −0.6404 0.0413 −1.6299 0.4210 0.6429 −0.5639 0.4481 −0.6404 −7.672× 10−6

The difference between the growth rate, βR computed from linear stability analysis and the

sum of the energy terms on the right hand side of (5.64), SUM , denoted as DIF in Table 5.2

is reasonably small.

5.5.2 Energy analysis of linear stability results

From the linear analysis results presented in section 5.4, the most unstable mode in downward

liquid flow is m = 1. Here, we examine the contribution of each of the energy terms in (5.64)

in order to understand their roles in driving the bubble towards asymmetric shape and identify

the most dominant of them. For ease of comparison, we show the energy results for similar

conditions presented in section 5.4. In Figure 5.16, the energy results for Nf = 80 when

Eo = 20, 180 and 300 are shown.

(a) (b) (c)

Figure 5.16: Energy analysis for Nf = 80 as a function of tube center liquid velocity at (a)
Eo = 20 (b) Eo = 180 (c) Eo = 300 when m = 1. The point where βR first become positive,
marking the onset of asymmetric bubble is indicated by the black vertical dashed lines.
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For Eo of 180 and 300, the most dominant energy term is the normal component of the interface

energy due to bubble pressure. That the most dominant energy is supplied by bubble pressure

indicates that the origin of the instability is in the gas phase. On the other hand, the largest

energy term when Eo = 20 is that due to tangential component of the interface energy. To

probe the tangential energy component further, we split the energy term, (5.59), into different

components based on the base state group that supplies energy to the tangential perturbations.
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The terms TANut, TANstrs, TANts, TANg and TANpb denote the tangential energy contribu-

tion due to, streaming tangential velocity, tangential stress, surface tension, gravity and bubble

pressure on the interface as captured by the base state terms u · t,
[
−p0 + 2Nf−1

(
t · du0

ds

)]
+[

−p0 + 2Nf−1 u
0
r

r

]
, Eo, z and Pb in the expressions, respectively. The base state term in TANstrs

is considered as tangential stress because it can obtained by taking the double dot product of

the stress tensor and the tangential projection operator, (I− n⊗ n). For the conditions shown

in Figure 5.16, we generated the plots for the tangential energy components, shown in Figure

5.17.



5.5. Energy budget analysis 143

(a) (b)

(c)

Figure 5.17: Distribution of tangential energy for Nf = 80 as a function of tube center liquid
velocity at (a) Eo = 20 (b) Eo = 180 (c) Eo = 300 when m = 1. The point where βR first
become positive, marking the onset of asymmetric bubble is indicated by the black vertical
dashed lines.

It is seen that the major contributor to the tangential energy term for Eo = 20 is the tangential

stress. For the fact that the largest source of energy to TAN , that drives the instability, is

tangential stress, which is of liquid phase, the instability can be said to originate from the

liquid phase. While tangential stress portion of TAN is stabilising at higher Eötvös number,

it is destabilising in region where surface tension effect is strong. It is for this reason that the

magnitude of Um at which transition to asymmetric bubble increases and decreases in the high

and negligible surface tension effect regions as inverse viscosity number is increased, respectively,

because it is expected, just like the base state normal stress shown in Figure 4.25, that the base

state tangential stress on the interface will decrease as the inverse viscosity number is increased.

As earlier noted, interval (60, 100) appears to be the limit of surface tension at which the effect

of increasing Nf beyond Nf = 60 have opposing effect on the magnitude of Um at which the

bubble become unstable. This limit is reflected in the role of tangential stress component of the

tangential energy term, see Figure 5.18b, as it shows that this component switch from being a
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destabilising to a stabilising quantity in the same interval (60, 100).

(a) (b)

Figure 5.18: Energy distribution of component energy terms in equation (a) (5.64) (b) (5.66)
for Nf = 80, Um = −0.20 and m = 1 as a function of Eötvös number, showing a switch in the
role of TANstrs from destabilising to stabilising energy term in open interval (60, 100).

To understand the force that makes the magnitude of the downward liquid velocity at onset of

instability decreases as Nf is decreased in the low surface tension effect region, Figure 5.19b

shows the effect of Nf on the perturbation energy at Eo = 300 and Um = −0.25.

(a) (b)

Figure 5.19: Energy distribution of component energy terms in equation (a) (5.64) (b) (5.66)
for Eo = 300, Um = −0.25 and m = 1 as a function of inverse viscosity number, showing a
trend in the role of TANpb from stabilising to destabilising energy term as Nf is decreased.

Although, for all Nf , BUB remains the dominant destabilising energy term and TANstrs also

retains its stabilising influence as noted earlier for this region of Eo, what is noticeable is emer-

gence of TANpb as a destabilising quantity as Nf is decreased. This reduces the total increment

in the stabilisation effect of TAN relative to the increment associated with destabilisation en-

ergy term BUB as Nf is decreased. Consequently, leading to the decrease in the magnitude
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of Um requires for the bubble to transition from symmetric to asymmetric bubble shape.

From the general analysis carried out for Nf and Eo parameter spaces investigated, it is

evident that it is the need for the bubble to continue to satisfy the interface stress conditions

that drives the bubble towards asymmetric shape in downward liquid flow. Therefore, in con-

trast to the conclusion of [65] that it is the normal component of gravity on the interface that

drives the transition to asymmetric Taylor bubble shape, our analysis shows that the dominant

source of energy driving the instability depends on the effect of surface tension. When surface

tension has negligible and strong influence on the steady state dynamics, the dominat energy

terms driving the transition to asymetric shape are the normal bubble pressure of the gas phase

and tangential stress in the liquid phase, respectively. We note that the analysis of [65] was

carried out locally around the nose region under the assumptions that the effects of viscosity

and surface tension are negligible. A look at Figures 5.18a and 5.19a shows that the energy

term due to normal component of gravity on the interface is an increasing function of Nf and

Eo. It is plausible that at very high inverse viscosity and Eötvös numbers, which correspond

to negligible viscosity and surface tension influence regions, that the energy term due to grav-

ity, HYD may overtake BUB as the most dominant destabilising energy term. It is therefore

very likely that the mechanism governing the instability in region of extreme negligible surface

tension and viscosity effect is different from that encountered in this investigation.

5.6 Summary

The focus of this chapters was on linear stability and energy budget analyses. Finite ele-

ment linear stability model was derived using the concept of total linearisation method of [60].

The model was validated by comparing the numerical results from the model with theoretical

prediction of the growth rate and oscillation frequency for the normal mode small-amplitude

oscillation of spherical bubble in a stagnant liquid in an unbounded domain under the assump-

tion of negligible effect of gravity. The model was then used to examine the influence of inverse

viscosity and Eötvös numbers on the magnitude of liquid tube center velocity at the onset
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of transition to asymmetric Taylor bubble shapes. To understand the mechanism governing

the transition to instability, an energy budget finite element model was derived, validated and

utilised to analyse the contribution of energy of different physical origins in driving the bub-

ble towards instability. The analysis showed that the instability is interfacial in nature and

the major contribution to energy production that drives the instability comes from the bubble

pressure and the tangential stress when surface tension effect on the steady state dynamics are

negligible and significant, respectively.



Chapter 6

Conclusions and future work

6.1 Conclusions

The study in this dissertation is concerned with the numerical simulations of a rising Taylor

bubble in circular tubes, focussing on computation of steady state solution, linear stability

analysis of the steady state solution and energy analysis of the linear stability analysis results.

Linear stability analysis of a rising Taylor bubble is an area that has received less attention

when compared to the numerous numerical, theoretical and experimental studies that have

been carried on steady state solution of a rising Taylor bubble. Existing previous theoretical

studies examining stability of Taylor bubble are the work of [10] and [65] which focussed on

the breakup of Taylor bubble when it encounters turbulent eddies and the transition of Taylor

bubble from symmetric to asymmetric bubble shape, respectively. Although more practical,

assumptions such as negligible viscosity and surface tension effects make it easier to carry out

analysis that are based on potential solution around Taylor bubble nose, which, though, have

been successful in predicting steady state solutions but have not been able to correctly predict

some of the recent experimental studies concerning stability. This study made no such assump-

tions, rather we solved the full governing equations of motion around a full Taylor bubble.

The investigation, which began in chapter 3, hinged on three key areas: steady state computa-

147
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tion and analysis, linear stability analysis and energy budget analysis, and it focused primarily

on the study of transition of Taylor bubble from symmetric to asymmetric shape. For each

of the key areas, mathematical model needed for the analysis was developed and the model

numerically solved using Galerkin finite element method implemented within FreeFem++, an

open source finite element package.

In chapter 3, we derived Galerkin weak form of the equations governing the rise of three-

dimensional Taylor bubble of constant volume in liquid contained in vertical circular tubes,

characterised by dimensionless inverse viscosity number, Eötvös number and Froude number

based on centreline liquid velocity. Direct computation of interface curvature using cubic spline

techniques and its approximation based on Laplace-Beltrami operator were discussed. In ad-

dition, equations that allow determination of interface deformation and bubble pressure were

derived.

Starting from the Galerkin weak form of the governing equations and constitutive relations

derived in chapter 3, we developed a steady state model for a two-dimensional axisymmetric

rising Taylor bubble in chapter 4. The model was validated against experimental data of [17]

and afterwards, it was employed to compute the steady state solutions of the rising bubble for

ranges of Nf , Eo and Um parameters values. Steady state features defining the nose, film, in-

terface and bubble bottom regions in addition to the wall were computed and where applicable

were compared with theoretical predictions. For all comparisons made, our numerical results

reasonably agree with the theoretical results. From the analysis of our results, we deduced that

the value of Eo and Nf that demarcates region where surface tension and viscosity have strong

influence on the dynamics of a rising Taylor bubble from where they do not, lies in the interval

[60, 100) and [60, 80), respectively.

Extending the total linearisation method of [60] to linear stability analysis, in chapter 5, linear

stability model describing the evolutions of perturbations imposed on the steady state solutions

was derived. As a form of validation, the numerical prediction from the model was compared
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with the theoretical results of [95] for small-amplitude shape oscillation of spherical bubble

in stagnant liquid with the effect of gravity and boundary neglected. Our numerical solution

agrees well with the analytical solution. Using the model, the stability of the steady state

solutions were examined for both stagnant and flowing liquids. The analysis showed that the

leading unstable mode is m = 1, which is the mode that correspond to the deflection of the

bubble nose away from the axis of symmetry, and the magnitude of Um at the onset of insta-

bility is dependent on both inverse viscosity and Eötvös numbers. For the unstable mode, the

three-dimensional deformed bubble shapes showing the influence of the three dimensionless pa-

rameters were presented for mode m = 1 and m = 2 and stability maps indicating region where

symmetric and asymmetric bubbles can be observed for the Nf investigated as a function of

Eo were shown.

From the linear stability model, model equation describing the evolution of kinetic energy

of the perturbations imposed on the base state was derived in the same chapter 5. Our confir-

mation showed that the derived energy equation satisfy the law of conservation of energy for

the perturbations. To understand the leading mechanism that drives the instability observed,

we analysed the distribution of energy among the different energy production and dissipation

terms. From the analysis, for Eo ≥ 100, the leading energy production term driving the in-

stability is the normal component of energy on the interface due to bubble pressure while for

Eo < 60 the leading energy production term driving the instability is the tangential component

of energy on the interface due to tangential stress. Energy analysis showed that the aforemen-

tioned steady state intervals [60, 100) and [60, 80) for Eo and Nf separates the region of the

parameter space where the tangential energy term due to base state tangential stress TANstrs

and bubble pressure, TANpb can be destabilising and stabilising, respectively.

Although the study focussed on not-too-high Nf and Eo parameter spaces which made it

difficult to compare our results directly with experiment studies, it provides insight into the

roles viscosity and surface tension play in the transition to asymmetric Taylor bubble in down-

ward liquid flow, which has not been investigated before. The analysis carried out here is
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considered as a first step in our investigations towards understanding the possibly different

mechanisms that govern the various instabilities encountered in the dynamics of Taylor bubble

and the analysis has given us clues as to the steps to be followed to address the other problems.

6.2 Future work

6.2.1 Wake instability and breakup of bubble

We have only investigated one of the three stability problems highlighted in section 1.3. The

other two instabilities are only encountered in very high Nf and Eo regime. Even the investi-

gated instability problem in the study requires extension into high Nf , since, as noted in section

5.5.2, it is very likely that it is a different mechanism that control the instability in that space.

Once issues surrounding the steady state model and spurious velocity are resolved, the next

phase is the use of the existing model for the computation of the steady state solution needed

for the analysis of wake instability and extension of the current study into inertia regime. As

Nf is further increased, the flow at some point will eventually becomes turbulent, which is

the regime we anticipate that instability associated with complete Taylor bubble breakup will

occur. Thus, requiring a modification to both the steady state and linear stability models. For

the former, some progress, though not included in this report, have been made at the inception

of my PhD towards deriving a turbulent model for the problem. As for the latter, we foresee no

difficulty in direct extension of the current stability model to turbulent regime once the steady

state model for the turbulent regime is finally resolved.

6.2.2 Three-dimensional numerical simulations of Taylor bubble

Ultimately, after the linear stability analyses for the various problems mentioned in this report

are addressed and the parameter spaces within which the instability can be observed estab-

lished, it would be interesting to visualised how the instability would emerge by carrying out

fully unsteady three-dimensional numerical simulation of one of the conditions that falls within
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the unstable region. As physical experiment are quite very expensive when compared with nu-

merical experiment, numerical solution seems a much easier means of visualising the instability.

In this regard, as part of my PhD work which is also not reported here, we have validated a

three-dimensional numerical simulation code that is based on diffuse interface method for the

simulation of Taylor bubble rise. Figure 6.1 shows one of the validation carried out on the

code, displaying the shape of Taylor bubble at various simulation time step during its rise in

water. The rise velocity of the bubble became steady at time step of 220, 000 and the shape

of the bubble at this time-step is compared with the experiment. The computed rise veloc-

ity was 0.14859ms−1, which is less than 2% deviation from the experimental measured value

of 0.151ms−1. It is part of the future goal to make use of the same code for the numerical

simulation of the instability observed in this report and other future study to be investigated.

Figure 6.1: Isosurface of Taylor bubble coloured with the magnitude of the velocity at different
computational time steps compared with the experimental steady shape of Rana et al [98] .
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Appendix A

Computational development operators

A.1 Axisymmetric surface tensor products and opera-

tors

surface normal tensor product

n⊗ n =


nr

0

nz
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
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ziziz (A.1)
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surface tangent tensor product

(I− n⊗ n) =


t2r 0 trtz

0 1 0

trtz 0 t2z


= t2ririr + trtziriz + trtzizir + t2ziziz + 1iθiθ (A.2)

gradient operator

∇ =
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surface normal component of gradient operator
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curvature as surface divergence of unit normal vector
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Steady state simulations results in

flowing liquid

B.1 Additional bubble shapes in stagnant liquids

166
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Figure B.1: Steady state bubble shapes and surrounding flow fields; effect of inverse viscosity
and Eötvös numbers.
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Figure B.2: Steady state bubble shapes and surrounding flow fields; effect of inverse viscosity
and Eötvös numbers.

B.2 Steady state mean curvature
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Figure B.3: Mean curvature of the bubble interface as a functions of Nf and Eo, Eo = 10−40.



170 Appendix B. Steady state simulations results in flowing liquid

Figure B.4: Mean curvature of the bubble interface as a functions of Nf and Eo, Eo = 50−140.
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Figure B.5: Mean curvature of the bubble interface as a functions ofNf and Eo, Eo = 180−300.
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B.3 Bubble shapes in flowing liquids
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Bubble shape and flow field for Nf = 100

Figure B.6: Steady state bubble shapes and flow field; effect of centreline liquid velocity Froude
number and Eötvös number for Nf = 100.
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Bubble shape and flow field for Nf = 80

Figure B.7: Steady state bubble shapes and flow field; effect of centreline liquid velocity Froude
number and Eötvös number for Nf = 80.
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Bubble shape and flow field for Nf = 60

Figure B.8: Steady state bubble shapes and flow field; effect of centreline liquid velocity Froude
number and Eötvös number for Nf = 60.
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Bubble shape and flow field for Nf = 40

Figure B.9: Steady state bubble shapes and flow field; effect of centreline liquid velocity Froude
number and Eötvös number for Nf = 40.



Appendix C

Stability analysis model and results

C.1 Model development

Interface stress : normal stress

The base state normal stress is given as

σn = T : n⊗ n = n ·T · n (C.1)

From (3.4) and (3.5), we have
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(C.2)
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with n =

[
nr 0 nz

]
and u =

[
ur 0 uz

]
for base state, we have

σn = n2
r

{
−p+ 2Nf−1∂ur

∂r

}
+ n2

z

{
−p+ 2Nf−1∂uz

∂z

}
+ 2nrnz

{
∂ur
∂z

+
∂uz
∂r

}
(C.3)

which on simplification gives

σn = −p+ 2Nf−1n · du
dn

(C.4)

Interface stress : shear stress

On axisymmetric surface

σs = n ·T× n = T : n⊗ t = n ·T · t (C.5)

which when expanded, we have

σs = nrtr
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(C.6)

and on simplification as done for normal stress, gives

σs = Nf−1

[
n · du

ds
+ t · du

dn

]
(C.7)

At gas-liquid interface, σs = 0.

Interface stress : tangential stress

σt = T : [I− n⊗ n] (C.8)
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Using (A.2) and (C.2), we have
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which on simplification gives
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(C.10)

Domain linearisation : interface rate of strain part

The rate of strain of a vector, say u, E (u), defined in (3.5), can be expressed in terms of

interface normal and tangent vector as follow:

Using the relation given in (C.1), the gradient of a vector u becomes

∇ (u) = ∇n (u) +∇s (u) (C.11)

which give
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so that
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(C.13)
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Domain linearisation : interface divergence part

Using (C.1), the divergence of a vector say u, evaluated on a surface can also be expressed in

terms of interface normal and tangent vector as follow,

∇ · u = ∇n · u +∇s · u (C.14)

which gives
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ds

+ n · du
dn

+
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With uθ = 0 for the base flow, using (C.13) and (C.15),

E (u) : E (Φ) + p∇ ·Φ

gives
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(C.16)

Where we have used, σs = 0.

C.2 Maximum growth rate results
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Figure C.1: Maximum growth rate as a function of liquid centreline Froude number; effect of
Nf and Eo, showing modes, m = 1, 2 and 3.
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C.3 Energy analysis
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Figure C.2: Energy contribution of the different energy terms in (5.64) for mode, m = 1; effect
of inverse viscosity and Eötvös numbers.
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Figure C.3: Energy contribution of the different energy terms in (5.66) for mode, m = 1; effect
of inverse viscosity and Eötvös numbers.
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