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H I G H L I G H T S

• An efficient performance-based optimization framework for clutched inerter dampers is proposed.

• Mixed Lagrangian Formalism is adopted as the time integration scheme to obtain the adjoint sensitivity of the optimization problem.

• Two case studies reveal the parametric characteristics of clutched inerter dampers and demonstrate the computational efficiency of the proposed method.
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A B S T R A C T

Clutched Inerter Dampers integrate inerters with one-way clutches and dampers, enabling the inerters to disen­

gage from the host structure and dissipate energy, suppressing undesirable energy feedback and avoiding the 

direct alteration of the structural period, making clutched inerter dampers particularly attractive for vibration 

mitigation and energy harvesting applications. However, the nonlinearity and discontinuity introduced by clutch 

engagement-disengagement mechanisms pose significant challenges for their accurate numerical modelling and 

optimization-based design. Existing optimization approaches for such systems are predominantly based on sim­

plified or linearised numerical models, or on exhaustive parameter scanning, which either fail to capture the true 

nonlinear behaviour or become impractical for realistic design spaces.

We present an adjoint-based, gradient-driven optimization framework for structures equipped with clutched 

inerter dampers in which the Mixed Lagrangian Formalism is employed as the time-integration scheme. Within 

the proposed framework, the nonlinear behaviour of clutched inerter dampers is fully captured, while computa­

tional efficiency and numerical robustness are achieved through the Mixed Lagrangian Formalism, which reduces 

the cost of individual response-history analyses and enhances stability in the presence of non-smooth dynamics. 

In addition, adjoint-based sensitivity analysis significantly decreases the number of simulations required during 

the optimization process. The framework enables efficient optimization of design parameters as demonstrated 

through a series of representative case studies. Our results show that, despite strong nonlinearity and discon­

tinuous system responses, analytical gradients can be consistently derived, leading to substantial reductions in 

computational cost and improved optimization efficiency.

While the actual performance may be influenced by the characteristics of the design landscape and the choice 

of initial conditions, the proposed framework provides a robust and extensible basis for further methodological 

developments. It can be readily extended in future work to accommodate alternative optimization strategies or 

enhanced formulations.

1 . Introduction

Inerters are innovative mechanical components that generate forces 

proportional to the relative acceleration between their terminals, dis­

tinguishing them from traditional vibration control devices such as 

dampers and springs [1–10]. Their unique ability to provide substantial 

inertial forces without a corresponding increase in mass has led to 

widespread interest in both structural and mechanical engineering ap­

plications, including seismic protection, vehicle suspension, and energy 
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\begin {align}\label {eq_MLF_Lagrangian} &L(\mathbf {u},\dot {\mathbf {u}},\mathbf {J},\dot {\mathbf {J}})= \frac {1}{2}\dot {\mathbf {u}}^{\top }\mathbf {M}\dot {\mathbf {u}}+\frac {1}{2}\dot {\mathbf {J}}^{\top }\mathbf {A}\dot {\mathbf {J}}+\mathbf {J}^{\top }\mathbf {B}\dot {\mathbf {u}}+\mathbf {P}^{\top }\mathbf {u}+\mathbf {1}^{\top }\mathbf {g}(\dot {\mathbf {J}})\\ \label {eq_MLF_dissipation} & \Phi (\dot {\mathbf {u}},\dot {\mathbf {J}})=\frac {1}{2}\dot {\mathbf {u}}^{\top }\mathbf {C}\dot {\mathbf {u}}+\mathbf {1}^{\top }\boldsymbol {\phi }(\dot {\mathbf {J}})\end {align}
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\begin {align}\label {eq_MLF_EOM} & \mathbf {M}\ddot {\mathbf {u}}+\mathbf {C}\dot {\mathbf {u}}+\mathbf {B}\dot {\mathbf {J}}=\mathbf {P}\\ \label {eq_compatibility} & \mathbf {A}\ddot {\mathbf {J} }+\frac {\partial \boldsymbol {\phi }(\dot {\mathbf {J}})}{\partial \dot {\mathbf {J}}}+\frac {d}{d t}\left (\frac {\partial \mathbf {g}(\dot {\mathbf {J}})}{\partial \dot {\mathbf {J}}}\right )=\mathbf {B}^{\top }\dot {\mathbf {u}}\end {align}


\begin {align}\label {eq_MLF_EOM} & \mathbf {M}\ddot {\mathbf {u}}+\mathbf {C}\dot {\mathbf {u}}+\mathbf {B}\dot {\mathbf {J}}=\mathbf {P}\\ \label {eq_compatibility} & \mathbf {A}\ddot {\mathbf {J} }+\frac {\partial \boldsymbol {\phi }(\dot {\mathbf {J}})}{\partial \dot {\mathbf {J}}}+\frac {d}{d t}\left (\frac {\partial \mathbf {g}(\dot {\mathbf {J}})}{\partial \dot {\mathbf {J}}}\right )=\mathbf {B}^{\top }\dot {\mathbf {u}}\end {align}
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\begin {align}\label {eq_EOM_partition}\begin {bmatrix}\mathbf {M} &0 &0\\ 0 &0 &0 \\0 &0 &0\end {bmatrix} \begin {Bmatrix}\ddot {\mathbf {u}}_{1}\\ \ddot {\mathbf {u}}_{2}\\ \ddot {\mathbf {u}}_{3}\end {Bmatrix} + \begin {bmatrix}\mathbf {C} &0 &0\\ 0 &0 &0 \\ 0 &0 &0\end {bmatrix} \begin {Bmatrix}\dot {\mathbf {u}}_{1}\\ \dot {\mathbf {u}}_{2}\\ \dot {\mathbf {u}}_{3}\end {Bmatrix} + \begin {Bmatrix}\mathbf {B}_{1}\\ \mathbf {B}_{2}\\ \mathbf {B}_{3}\end {Bmatrix} \dot {\mathbf {J}}= \begin {Bmatrix}\mathbf {P}_{1}\\ \mathbf {P}_{2}\\ \mathbf {R}\end {Bmatrix}\end {align}


\begin {align}\left \{\begin {array}{@{}l}\mathbf {M}\ddot {\mathbf {u}}_1+\mathbf {C} \dot {\mathbf {u}}_1+\mathbf {B}_1 \dot {\mathbf {J}}=\mathbf {P}_1\\[3pt] \mathbf {B}_2 \dot {\mathbf {J}}=\mathbf {P}_2\\[3pt] \mathbf {A} \ddot {\mathbf {J} }+\frac {\partial \boldsymbol {\phi }(\dot {\mathbf {J}})}{\partial \dot {\mathbf {J}}} +\frac {d}{d t}\left (\frac {\partial \mathbf {g}(\dot {\mathbf {J}})}{\partial \dot {\mathbf {J}}} \right )=\mathbf {B}^{\top }_1 \dot {\mathbf {u}}_1 + \mathbf {B}^{\top }_2 \dot {\mathbf {u}}_2\end {array} \right .\label {autoeq:1}\end {align}
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\begin {align}\label {eq_MLF_Lagrangian1} L(\mathbf {u},\dot {\mathbf {u}},\mathbf {J},\dot {\mathbf {J}})=\frac {1}{2}\dot {\mathbf {u}}^{\top }\mathbf {M}\dot {\mathbf {u}}+\frac {1}{2}\dot {\mathbf {J}}^{\top }\mathbf {A}\dot {\mathbf {J}}+\mathbf {J}^{\top }\mathbf {B}\dot {\mathbf {u}}+\mathbf {P}^{\top }\mathbf {u}+\mathbf {1}^{\top }\mathbf {g}(\dot {\mathbf {J}})+\frac {1}{2}\mathbf {J}^{\top }\mathbf {m}_{r}\mathbf {J}\end {align}
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\begin {align}\left \{\begin {array}{@{}l}\mathbf {M}\ddot {\mathbf {u}}_1+\mathbf {C} \dot {\mathbf {u}}_1+\mathbf {B}_1 \dot {\mathbf {J}}=\mathbf {P}_1\\[3pt] \mathbf {B}_2 \dot {\mathbf {J}}=\mathbf {P}_2\\[3pt] \mathbf {A} \ddot {\mathbf {J} }+\frac {\partial \boldsymbol {\phi }(\dot {\mathbf {J}})}{\partial \dot {\mathbf {J}}} +\frac {d}{d t}\left (\frac {\partial \mathbf {g}(\dot {\mathbf {J}})}{\partial \dot {\mathbf {J}}} \right ) + \dot {\mathbf {u}}_r=\mathbf {B}^{\top }_1 \dot {\mathbf {u}}_1 + \mathbf {B}^{\top }_2 \dot {\mathbf {u}}_2\end {array} \right .\label {autoeq:3}\end {align}
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\begin {align}\dot {\mathbf {u}}_{r}(\dot {\mathbf {J}},t)=e^{-\mathbf {c_r}\mathbf {m_r}t}\mathbf {m_r}\int e^{\mathbf {c_r}\mathbf {m_r}t}\dot {\mathbf {J}}(t) dt\label {autoeq:4}\end {align}
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\begin {align}\label {eq_Governing equations}\left \{\begin {array}{@{}l}\mathbf {v}_{1,n+1}=\mathbf {y}_1\bar {\mathbf {P}}_{1,n}+\mathbf {y}_2(\mathbf {f}_{n+1}+\mathbf {f}_{n})+\mathbf {y}_3\mathbf {v}_{1,n}\\[3pt] \mathbf {v}_{r,n+1} = \mathbf {y}_{4} \mathbf {f}_{n+1} +\mathbf {y}_5 \mathbf {v}_{r,n} + \mathbf {y}_{6} \mathbf {f}_{n}\\[3pt] \mathbf {B}_2 \mathbf {f}_{n+1}=\mathbf {P}_{2,n+1}\\[3pt] \mathbf {H} \mathbf {f}_{n+1}+\frac {1}{2}\left . \frac {\partial \boldsymbol {\phi }}{\partial \mathbf {f}}\right |_{n+1}+\left .\frac {1}{h} \frac {\partial \mathbf {g}}{\partial \mathbf {f}}\right |_{n+1}-\mathbf {B}_{2}^{\top }\mathbf {v}_{2,n+1}+\bar {\mathbf {b}}_n=\mathbf {0}\end {array} \right .\end {align}


\begin {align*}&\bar {\mathbf {b}}_{n}= \bar {\mathbf {H}}\mathbf {f}_{n}-\left .\frac {1}{h}\frac {\partial g}{\partial \mathbf {f}}\right |_{n} +\left .\frac {1}{2}\frac {\partial \phi }{\partial \mathbf {f}}\right |_n +\mathbf {y}_{7}\bar {\mathbf {P}}_{1,n}+\mathbf {y}_{8}\mathbf {v}_{1,n}+\mathbf {y}_{9}\mathbf {v}_{r,n}\\ &\mathbf {y}_{1}={\left (\frac {\mathbf {M}}{h}+\frac {\mathbf {C}}{2}\right )}^{-1}\\ &\mathbf {y}_{2}=-{\left (\frac {\mathbf {M}}{h}+\frac {\mathbf {C}}{2}\right )}^{-1}\frac {\mathbf {B}_{1}}{2}\\ &\mathbf {y}_{3}={\left (\frac {\mathbf {M}}{h}+\frac {\mathbf {C}}{2}\right )}^{-1}\left (\frac {\mathbf {M}}{h}-\frac {\mathbf {C}}{2}\right )\\ &\mathbf {y}_{4}=\gamma \mathbf {m}_{r}h \hspace {0.5cm}, (\gamma = 0.5)\\ &\mathbf {y}_{5}=e^{-\mathbf {c}_r\mathbf {m}_rh}\\ &\mathbf {y}_{6}=(1-\gamma )e^{-\mathbf {c}_r\mathbf {m}_rh}\mathbf {m}_{r}h\\ &\mathbf {y}_{7}=-\frac {\mathbf {B}_{1}^{\top }}{2}{\left (\frac {\mathbf {M}}{h}+\frac {\mathbf {C}}{2}\right )}^{-1}\\ &\mathbf {y}_{8}=-\frac {\mathbf {B}_{1}^{\top }}{2}\left [{\left (\frac {\mathbf {M}}{h}+\frac {\mathbf {C}}{2}\right )}^{-1}\left (\frac {\mathbf {M}}{h}-\frac {\mathbf {C}}{2}\right )+\mathbf {I}\right ]\\ &\mathbf {y}_{9}=\frac {1}{2}\left (\mathbf {I}+e^{-\mathbf {c}_r\mathbf {m}_rh}\right )\\ &\mathbf {H}=\left [\frac {\mathbf {A}}{h}+ \frac {\mathbf {B}_{1}^{\top }}{2}{\left (\frac {\mathbf {M}}{h}+\frac {\mathbf {C}}{2}\right )}^{-1}\frac {\mathbf {B}_{1}}{2}+\frac {\mathbf {y}_4}{2}\right ]\end {align*}


\begin {align}\begin {split}\label {eq_timestep optimization problem} \min &\hspace {0.3cm}\frac {1}{2}\mathbf {f}_{n+1}^{\top }\mathbf {H}\mathbf {f}_{n+1}+\bar {\mathbf {b}}_{n}^{\top }\mathbf {f}_{n+1}\\[3pt] s.t.&\hspace {0.3cm}\mathbf {B}_{2}\mathbf {f}_{n+1}=\mathbf {P}_{2,n+1}\\&\hspace {0.3cm}\frac {1}{2}\boldsymbol {\phi }(\mathbf {f}_{n+1}) \leq 0\\[3pt] &\hspace {0.3cm}\frac {1}{h}\mathbf {g}(\mathbf {f}_{n+1}) \leq 0\\ \end {split}\end {align}


\begin {align}\label {eq_step_velocity_update_v1} &\mathbf {v}_{1,n+1}=\mathbf {y}_{1}\bar {\mathbf {P}}_{1,n}+\mathbf {y}_{2}(\mathbf {f}_{n+1}+\mathbf {f}_{n})+\mathbf {y}_{3}\mathbf {v}_{1,n}\\ \label {eq_step_velocity_update_vr} &\mathbf {v}_{r,n+1}= \mathbf {y}_{4}\mathbf {f}_{n+1}+\mathbf {y}_{5}\mathbf {v}_{r,n}+\mathbf {y}_{6}\mathbf {f}_{n}\end {align}


\begin {align}\label {eq_step_velocity_update_v1} &\mathbf {v}_{1,n+1}=\mathbf {y}_{1}\bar {\mathbf {P}}_{1,n}+\mathbf {y}_{2}(\mathbf {f}_{n+1}+\mathbf {f}_{n})+\mathbf {y}_{3}\mathbf {v}_{1,n}\\ \label {eq_step_velocity_update_vr} &\mathbf {v}_{r,n+1}= \mathbf {y}_{4}\mathbf {f}_{n+1}+\mathbf {y}_{5}\mathbf {v}_{r,n}+\mathbf {y}_{6}\mathbf {f}_{n}\end {align}


$\mathbf {A}_{eq}= \mathbf {B}_{2}$


$\mathbf {b}_{eq}= \mathbf {P}_{2,n+1}$


$\mathbf {A}_{leq}= \begin {bmatrix} \mathbf {A}_{\phi } \\ \mathbf {A}_{g} \end {bmatrix}$


$\mathbf {b}_{leq}= \begin {bmatrix} \mathbf {b}_{\phi } \\ \mathbf {b}_{g} \end {bmatrix}$


$\mathbf {A}_{\phi }$


$\mathbf {b}_{\phi }$


$\mathbf {A}_{g}$


$\mathbf {b}_{g}$


$\left .\frac {\partial \boldsymbol {\phi }}{\partial \mathbf {f}}\right |_{n}$


$\left .\frac {\partial g}{\partial \mathbf {f}}\right |_{n}$


$\mathbf {v}_{2,n}$


$\bar {\mathbf {b}}_{n}$


\begin {align}\bar {\mathbf {b}}_{n}= \bar {\mathbf {H}}\mathbf {f}_{n} + \mathbf {A}_{leq}^\top \mathbf {s}\boldsymbol {\lambda }_{leq,n}+ \mathbf {y}_{7}\bar {\mathbf {P}}_{1,n}+\mathbf {y}_{8}\mathbf {v}_{1,n}+\mathbf {y}_{9}\mathbf {v}_{r,n} \label {autoeq:5}\end {align}


$\mathbf {s} = \begin {bmatrix}\mathbf {1} &\mathbf {0}\\\mathbf {0} &\mathbf {-1}\\\end {bmatrix}$
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\begin {align}\mathbf {x}= [\mathbf {b}, \mathbf {c}_{r}]\label {autoeq:6}\end {align}
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\begin {equation}\label {ieq1} {Q}_{0}= \frac {1}{M}\sum _{k=1}^{K}\sum _{m=1}^{M}{a}{\left ({\gamma }f_{k,peak}^{(m)}\right )}^{q}\end {equation}
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\begin {align}\mathbf {x}\in \boldsymbol {\chi },\label {autoeq:7}\end {align}
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\begin {align}{Q}_{1}= \frac {1}{M}\sum _{m=1}^{M}\max \left (\mathbf {d}_{peak}^{(m)}\right )- d_{allow}\leq 0\label {autoeq:8}\end {align}
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\begin {align}\label {eq_step_optimization} \begin {split}\min &\hspace {0.3cm}\frac {1}{2}\mathbf {f}_{n+1}^{\top }\mathbf {H}\mathbf {f}_{n+1}+\bar {\mathbf {b}}_{n}^{\top }\mathbf {f}_{n+1}\\ s.t.&\hspace {0.3cm}\mathbf {A}_{eq}\mathbf {f}_{n+1}=\mathbf {b}_{eq}\\&\hspace {0.3cm}\mathbf {A}_{leq}\mathbf {f}_{n+1}\leq \mathbf {b}_{leq}\\\end {split}\end {align}


\begin {align}\begin {split}\label {eq_performance optimization} \min ~&{Q}_{0}= \frac {1}{M}\sum _{k=1}^{K}\sum _{m=1}^{M}{a}{\left ({\gamma }f_{k,peak}^{(m)}\right )}^{q}\\ s.t.~&{Q}_{1}= \frac {1}{M}\sum _{m=1}^{M}\max \left (\mathbf {d}_{peak}^{(m)}\right )- d_{allow}\leq 0\\ \mathbf {x}&\in \boldsymbol {\chi }\\ \end {split}\end {align}


$Q_{i}(\mathbf {u}_{1},\mathbf {u}_{2},\ldots ,\mathbf {u}_{n},\mathbf {x})$


$\mathbf {u}_{n}$


$\mathbf {x}$


\begin {align}\frac {d Q_{i}}{d \mathbf {x}}=\frac {\partial Q_{i}}{\partial \mathbf {x}}+ \sum _{n=1}^{N}\frac {\partial Q_{i}}{\partial \mathbf {u}_{n}}\frac {d \mathbf {u}_{n}}{d \mathbf {x}} \label {eq_plain_gradient}\end {align}
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\begin {align}\label {eq_adjoint_sensitivity_raw} \boldsymbol {\omega }_{n}^{\top }\frac {\partial R(\mathbf {u}_{n},\mathbf {x})}{\partial \mathbf {u}_{n}}\frac {d \mathbf {u}_{n}}{d \mathbf {x}} + \boldsymbol {\omega }_{n}^{\top }\frac {\partial R(\mathbf {u}_{n},\mathbf {x})}{\partial \mathbf {x}} = \mathbf {0}\end {align}


$\forall n\in [1,N]$


\begin {align}\frac {d Q_{i}}{d \mathbf {x}}=\frac {\partial Q_{i}}{\partial \mathbf {x}}+ \sum _{n=1}^{N}\left [\frac {\partial Q_{i}}{\partial \mathbf {u}_{n}}\frac {d \mathbf {u}_{n}}{d \mathbf {x}}+\boldsymbol {\omega }_{n}^{\top }\frac {\partial R(\mathbf {u}_{n},\mathbf {x})}{\partial \mathbf {u}_{n}}\frac {d \mathbf {u}_{n}}{d \mathbf {x}} + \boldsymbol {\omega }_{n}^{\top }\frac {\partial R(\mathbf {u}_{n},\mathbf {x})}{\partial \mathbf {x}}\right ] \label {eq_augmented_gradient}\end {align}
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\begin {align}\label {eq_adjoint_equation} \boldsymbol {\omega }_{n}^{\top }\frac {\partial R(\mathbf {u}_{n},\mathbf {x})}{\partial \mathbf {u}_{n}}= -\frac {\partial Q_{i}}{\partial \mathbf {u}_{n}}\end {align}


\begin {align}\label {eq_adjoint_sensitivity} \frac {d Q_{i}}{d x_{j}}= \frac {\partial Q_{i}}{\partial \mathbf {x}}+ \sum _{n=1}^{N}\boldsymbol {\omega }_{n}^{\top }\frac {\partial R(\mathbf {u}_{n},\mathbf {x})}{\partial \mathbf {x}}\end {align}
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\begin {align}\label {eq_KKT} \left \{ \begin {aligned} &\mathbf {R}_{f,n+1}= \mathbf {H}\mathbf {f}_{n+1}+ \mathbf {A}_{eq}^\top \boldsymbol {\lambda }_{eq,n+1}+ \mathbf {A}_{leq}^\top \boldsymbol {\lambda }_{leq,n+1}+ \bar {\mathbf {H}}\mathbf {f}_{n}+ \mathbf {A}_{leq}^\top \mathbf {s}\boldsymbol {\lambda }_{leq,n}+ \mathbf {y}_{7}\bar {\mathbf {P}}_{1,n}\\ &\qquad {}+ \mathbf {y}_{8}\mathbf {v}_{1,n}+ \mathbf {y}_{9}\mathbf {v}_{r,n}= \mathbf {0} \\ &\mathbf {R}_{eq,n+1}= \mathbf {A}_{eq}\mathbf {f}_{n+1}- \mathbf {b}_{eq}= \mathbf {0} \\ &\mathbf {R}_{leq,n+1}= \mathbf {A}_{leq}\mathbf {f}_{n+1}- \mathbf {b}_{leq}+ \boldsymbol {\alpha }_{n+1}^{2}= \mathbf {0} \\ &\mathbf {R}_{\alpha ,n+1}= \boldsymbol {\lambda }_{leq,n+1}^{\top }\boldsymbol {\alpha }_{n+1}= \mathbf {0} \\ &\mathbf {R}_{v_1,n+1}= \mathbf {v}_{1,n+1}- \mathbf {y}_{1}\bar {\mathbf {P}}_{1,n}- \mathbf {y}_{2}(\mathbf {f}_{n+1}+\mathbf {f}_{n})- \mathbf {y}_{3}\mathbf {v}_{1,n}= \mathbf {0} \\ &\mathbf {R}_{v_r,n+1}= \mathbf {v}_{r,n+1}- \mathbf {y}_{4}\mathbf {f}_{n+1}- \mathbf {y}_{5}\mathbf {v}_{r,n}- \mathbf {y}_{6}\mathbf {f}_{n}= \mathbf {0} \end {aligned} \right .\end {align}
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\begin {align}\begin {split}&\frac {d Q_{i}}{d\mathbf {x}}=\frac {\partial Q_{i}}{\partial \mathbf {x}}+\sum _{n=1}^{N-1}\left (\boldsymbol {\omega }_{f,n+1}^\top \frac {\partial {R}_{f,n+1}}{\partial {x}}+{\omega }_{eq,n+1}^\top \frac {\partial {R}_{eq,n+1}}{\partial {x}}\boldsymbol \;+\;\boldsymbol {\omega }_{leq,n+1}^\top \frac {\partial {R}_{leq,n+1}}{\partial {x}}\right .\\ &\quad \quad \quad {}\left .+\ \boldsymbol {\omega }_{\alpha ,n+1}^\top \frac {\partial {R}_{\alpha ,n+1}}{\partial {x}}+\boldsymbol {\omega }_{v_{1,n+1}}^\top \frac {\partial {R}_{v_{1,n+1}}}{\partial {x}}+\boldsymbol {\omega }_{v_{r,n+1}}^\top \frac {\partial {R}_{v_{r,n+1}}}{\partial {x}}\right )\\ &\qquad {}= \frac {\partial Q_{i}}{\partial \mathbf {x}}+\sum _{n=1}^{N-1}\left [ \boldsymbol {\omega }_{f,n+1}^{\top }\left ( \frac {\partial \bar {\mathbf {H}}}{\partial \mathbf {x}}\mathbf {f}_{n}+\frac {\partial \mathbf {A}_{eq}}{\partial \mathbf {x}}\boldsymbol {\lambda }_{eq,n}-\frac {\partial \mathbf {A}_{leq}}{\partial \mathbf {x}}\mathbf {s}\boldsymbol {\lambda }_{leq,n}+\frac {\partial \mathbf {y}_{7}}{\partial \mathbf {x}}\bar {\mathbf {P}}_{1,n}\right .\right .\\ &\quad {}\qquad {}\left .\left .+ \frac {\partial \mathbf {y}_{8}}{\partial \mathbf {x}}\mathbf {v}_{1,n}+ \frac {\partial \mathbf {y}_{9}}{\partial \mathbf {x}}\mathbf {v}_{r,n}\right )\right ]\\ &\quad {}\qquad {}+\sum _{n=1}^{N-1}\left [ \boldsymbol {\omega }_{v_{1,n+1}}^{\top }\left (-\frac {\partial \mathbf {y}_{1}}{\partial \mathbf {x}}\bar {\mathbf {P}}_{1,n}-\frac {\partial \mathbf {y}_{2}}{\partial \mathbf {x}}\mathbf {f}_{n}- \frac {\partial \mathbf {y}_{3}}{\partial \mathbf {x}}\mathbf {v}_{1,n}\right )\right .\\ &\quad {}\qquad {}\left . -~\boldsymbol {\omega }_{v_{r,n+1}}^{\top }\left (\frac {\partial y_{5}}{\partial \mathbf {x}}\mathbf {v}_{r,n}+\frac {\partial y_{6}}{\partial \mathbf {x}}\mathbf {f}_{n}\right )\right ]\\ &\quad {}\qquad {}+\sum _{n=2}^{N}\left [\boldsymbol {\omega }_{f,n}^{\top }\left (\frac {\partial \mathbf {H}}{\partial \mathbf {x}}\mathbf {f}_{n}+\frac {\partial \mathbf {A}_{eq}}{\partial \mathbf {x}}\boldsymbol {\lambda }_{eq,n}+\frac {\partial \mathbf {A}_{leq}}{\partial \mathbf {x}}\boldsymbol {\lambda }_{leq,n}\right )\right .\\ &\quad {}\qquad {}\left .-~\boldsymbol {\omega }_{v_{1,n}}^{\top }\frac {\partial \mathbf {y}_{2}}{\partial \mathbf {x}}\mathbf {f}_{n}-\boldsymbol {\omega }_{v_{r,n}}^{\top }\frac {\partial \mathbf {y}_{4}}{\partial \mathbf {x}}\mathbf {f}_{n}\right ]\\ &\quad {}\qquad {}+\sum _{n=2}^{N}\left [\boldsymbol {\omega }_{eq,n}^{\top }\left (\frac {\partial \mathbf {A}_{eq}}{\partial \mathbf {x}}\mathbf {f}_{n}-\frac {\partial \mathbf {b}_{eq}}{\partial \mathbf {x}}\right )+\boldsymbol {\omega }_{leq,n}^{\top }\left (\frac {\partial \mathbf {A}_{leq}}{\partial \mathbf {x}}\mathbf {f}_{n}-\frac {\partial \mathbf {b}_{leq}}{\partial \mathbf {x}}\right )\right ]\\\end {split}\label {eq_adjoint_gradient}\end {align}


\begin {align}\begin {split} &\begin {bmatrix} \mathbf {H}&\mathbf {A}_{eq}^\top &\mathbf {A}_{leq}^\top &0&-y_{2}^\top &-y_{4}^\top \\[3pt] \mathbf {A}_{eq}&0&0&0&0&0\\[3pt] \mathbf {A}_{leq}&0&0&D(\boldsymbol {\alpha }_{n})&0&0\\[3pt] 0&0&2D(\boldsymbol {\alpha }_{n})&D(\boldsymbol {\lambda }_{leq,n})&0&0\\[3pt] 0&0&0&0&\mathbf {I}&0\\[3pt] 0&0&0&0&0&\mathbf {I}\\ \end {bmatrix} \begin {Bmatrix}\boldsymbol {\omega }_{f,n}\\[3pt] \boldsymbol {\omega }_{eq,n}\\[3pt] \boldsymbol {\omega }_{leq,n}\\[3pt] \boldsymbol {\omega }_{\alpha ,n}\\[3pt] \boldsymbol {\omega }_{v_{1,n}}\\[3pt] \boldsymbol {\omega }_{v_{r,n}}\end {Bmatrix}\\ &\quad {}=\begin {Bmatrix}-\frac {\partial Q_i}{\partial \mathbf {f}_n}-\bar {\mathbf {H}}\boldsymbol {\omega }_{f,n+1}+\mathbf {y}_{2}^{\top }\boldsymbol {\omega }_{v_{1,n+1}}+\mathbf {y}_{6}^{\top }\boldsymbol {\omega }_{v_{r,n+1}}\\[3pt] -\frac {\partial Q_i}{\partial \boldsymbol {\lambda }_{eq,n}}\\[3pt] -\frac {\partial Q_i}{\partial \boldsymbol {\lambda }_{leq,n}}-\mathbf {s}^\top \mathbf {A}_{leq}\boldsymbol {\omega }_{f,n+1}\\[3pt] -\frac {\partial Q_i}{\partial \boldsymbol {\alpha }_{n}}\\[3pt] -\frac {\partial Q_i}{\partial \mathbf {v}_{1,n}}-\mathbf {y}_{8}^\top \boldsymbol {\omega }_{f,n+1}+\mathbf {y}_{3}^{\top }\boldsymbol {\omega }_{v_{1,n+1}}\\[3pt] -\frac {\partial Q_i}{\partial \mathbf {v}_{r,n}}-\mathbf {y}_{9}^\top \boldsymbol {\omega }_{f,n+1}+\mathbf {y}_{5}^{\top }\boldsymbol {\omega }_{v_{r,n+1}}\\ \end {Bmatrix}\end {split}\label {eq_adjoint_equation_sp}\end {align}


$\boldsymbol {\omega }_{f,n}$


$\mathbf {H}$


$Q_i$


$\mathbf {f}_n$


$\mathbf {v}_{1,n}$


$\frac {\partial Q_{i}}{\partial \boldsymbol {\lambda }_{eq,n}}$


$\frac {\partial Q_{i}}{\partial \boldsymbol {\lambda }_{leq,n}}$


$\frac {\partial Q_{i}}{\partial \boldsymbol {\alpha }_{n}}$


$\frac {\partial Q_{i}}{\partial \mathbf {v}_{r,n}}$


$\frac {\partial Q_{i}}{\partial \mathbf {f}_{n}}$


$\frac {\partial Q_{i}}{\partial \mathbf {v}_{1,n}}$


\begin {align}&\frac {\partial Q_{0}}{\partial \mathbf {f}_{n}}= \frac {1}{M}\sum _{k=1}^{K}\sum _{m=1}^{M}\frac {\partial Q_{0}}{\partial f_{k,peak}^{(m)}}\frac {\partial f_{k,peak}^{(m)}}{\partial \mathbf {f}_{n}}\label {autoeq:9}\\ &\frac {\partial Q_{1}}{\partial \mathbf {v}_{1,n}}= \frac {1}{M}\sum _{m=1}^{M}\frac {\partial Q_{1}}{\partial \mathbf {d}_{peak}^{(m)}}\frac {\partial \mathbf {d}_{peak}^{(m)}}{\partial \mathbf {v}_{1,n}}\label {autoeq:10}\end {align}


\begin {align}&\frac {\partial Q_{0}}{\partial \mathbf {f}_{n}}= \frac {1}{M}\sum _{k=1}^{K}\sum _{m=1}^{M}\frac {\partial Q_{0}}{\partial f_{k,peak}^{(m)}}\frac {\partial f_{k,peak}^{(m)}}{\partial \mathbf {f}_{n}}\label {autoeq:9}\\ &\frac {\partial Q_{1}}{\partial \mathbf {v}_{1,n}}= \frac {1}{M}\sum _{m=1}^{M}\frac {\partial Q_{1}}{\partial \mathbf {d}_{peak}^{(m)}}\frac {\partial \mathbf {d}_{peak}^{(m)}}{\partial \mathbf {v}_{1,n}}\label {autoeq:10}\end {align}


\begin {align}\label {eq_lpnorm_f} &f_{k,peak}^{(m)}= \max _{t}\left (\mathbf {f}_{k}^{(m)}\right ) \approx {\left [\frac {1}{N}\sum _{n=1}^{N}{\left (\mathbf {f}_{k}^{(m)}\right )}^{p}\right ]}^{\frac {1}{p}},\quad \mathbf {f}_{k}^{(m)}= \mathbf {T}_{k}\mathbf {f}_{n}^{(m)}\\ &\mathbf {d}_{peak}^{(m)}= \max _{t}\left (\mathbf {d}_{n}^{(m)}\right ) \approx {\left [\frac {1}{N}\sum _{n=1}^{N}{\left (\mathbf {d}_{n}^{(m)}\right )}^{p}\right ]}^{\frac {1}{p}},\quad \mathbf {d}_{n}^{(m)}= \mathbf {T}_{d}\sum _{n=1}^{N}\frac {h}{2}\left (\mathbf {v}_{1,n-1}^{(m)}+\mathbf {v}_{1,n}^{(m)}\right )\label {eq_lpnorm_d}\end {align}
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$b$
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\begin {align}\frac {d\hat {Q}_{i}}{d b}&=\sum _{n=2}^{N}\left [ \boldsymbol {\omega }_{f,n}^{\top }\frac {\partial \mathbf {H}}{\partial b}\mathbf {f}_{n}-\boldsymbol {\omega }_{v_{r,n+1}}^{\top }\frac {\partial \mathbf {y}_{4}}{\partial b}\mathbf {f}_{n}\right ]+\sum _{n=1}^{N-1}\left [\boldsymbol {\omega }_{f,n+1}^{\top }\frac {\partial \mathbf {y}_{8}}{\partial b}\mathbf {v}_{r,n}\right .\nonumber \\ &\quad {}\left .-\;\boldsymbol {\omega }_{v_{r,n+1}}^{\top }\frac {\partial \mathbf {y}_{5}}{\partial b}\mathbf {v}_{r,n}\right ]\label {eq_simplified_gradient}\\ \frac {d\hat {Q}_{i}}{d c_{r}}&=\sum _{n=1}^{N-1}\left [\boldsymbol {\omega }_{f,n+1}^{\top }\frac {\partial \mathbf {y}_{8}}{\partial c_{r}}\mathbf {v}_{r,n}-\boldsymbol {\omega }_{v_{r,n+1}}^{\top }\frac {\partial \mathbf {y}_{5}}{\partial c_{r}}\mathbf {v}_{r,n}\right ]\label {autoeq:11}\end {align}


\begin {align}\frac {d\hat {Q}_{i}}{d b}&=\sum _{n=2}^{N}\left [ \boldsymbol {\omega }_{f,n}^{\top }\frac {\partial \mathbf {H}}{\partial b}\mathbf {f}_{n}-\boldsymbol {\omega }_{v_{r,n+1}}^{\top }\frac {\partial \mathbf {y}_{4}}{\partial b}\mathbf {f}_{n}\right ]+\sum _{n=1}^{N-1}\left [\boldsymbol {\omega }_{f,n+1}^{\top }\frac {\partial \mathbf {y}_{8}}{\partial b}\mathbf {v}_{r,n}\right .\nonumber \\ &\quad {}\left .-\;\boldsymbol {\omega }_{v_{r,n+1}}^{\top }\frac {\partial \mathbf {y}_{5}}{\partial b}\mathbf {v}_{r,n}\right ]\label {eq_simplified_gradient}\\ \frac {d\hat {Q}_{i}}{d c_{r}}&=\sum _{n=1}^{N-1}\left [\boldsymbol {\omega }_{f,n+1}^{\top }\frac {\partial \mathbf {y}_{8}}{\partial c_{r}}\mathbf {v}_{r,n}-\boldsymbol {\omega }_{v_{r,n+1}}^{\top }\frac {\partial \mathbf {y}_{5}}{\partial c_{r}}\mathbf {v}_{r,n}\right ]\label {autoeq:11}\end {align}
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\begin {align}\label {eq_lpnorm_f} &f_{k,peak}^{(m)}= \max _{t}\left (\mathbf {f}_{k}^{(m)}\right ) \approx {\left [\frac {1}{N}\sum _{n=1}^{N}{\left (\mathbf {f}_{k}^{(m)}\right )}^{p}\right ]}^{\frac {1}{p}},\quad \mathbf {f}_{k}^{(m)}= \mathbf {T}_{k}\mathbf {f}_{n}^{(m)}\\ &\mathbf {d}_{peak}^{(m)}= \max _{t}\left (\mathbf {d}_{n}^{(m)}\right ) \approx {\left [\frac {1}{N}\sum _{n=1}^{N}{\left (\mathbf {d}_{n}^{(m)}\right )}^{p}\right ]}^{\frac {1}{p}},\quad \mathbf {d}_{n}^{(m)}= \mathbf {T}_{d}\sum _{n=1}^{N}\frac {h}{2}\left (\mathbf {v}_{1,n-1}^{(m)}+\mathbf {v}_{1,n}^{(m)}\right )\label {eq_lpnorm_d}\end {align}
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$\sigma _{r}$


$\sigma _{r}$


$\sigma _{r}$


$\zeta _{r}$


$\sigma _{r}$


$\zeta _{r}$


$\sigma _{r}$


$\sigma _r = b/m$


$\xi _r = c_r/(2\sqrt {km})$


$\sigma _r$


$\xi _r$


$\sigma _r$


$\xi _r$


$\sigma _r$
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$m = 5000$
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\begin {align}\label {eq_MLF_Lagrangian} &L(\mathbf {u},\dot {\mathbf {u}},\mathbf {J},\dot {\mathbf {J}})= \frac {1}{2}\dot {\mathbf {u}}^{\top }\mathbf {M}\dot {\mathbf {u}}+\frac {1}{2}\dot {\mathbf {J}}^{\top }\mathbf {A}\dot {\mathbf {J}}+\mathbf {J}^{\top }\mathbf {B}\dot {\mathbf {u}}+\mathbf {P}^{\top }\mathbf {u}+\mathbf {1}^{\top }\mathbf {g}(\dot {\mathbf {J}})\\ \label {eq_MLF_dissipation} & \Phi (\dot {\mathbf {u}},\dot {\mathbf {J}})=\frac {1}{2}\dot {\mathbf {u}}^{\top }\mathbf {C}\dot {\mathbf {u}}+\mathbf {1}^{\top }\boldsymbol {\phi }(\dot {\mathbf {J}})\end {align}


\begin {align}\frac {1}{2}\boldsymbol {\phi }_{i}(\dot {\mathbf {J}})=\left (\begin {array}{@{}lr}0, &if \ \ \mathbf {s}_{c,i}\dot {\mathbf {J}}_{i} \leq 0 \\ non-negative, & otherwise\end {array}\right )\leq 0\rightleftharpoons \mathbf {s}_{c,i}\mathbf {f}_{i} \leq 0\label {autoeq:2}\end {align}


\begin {align}\begin {split}\label {eq_MLF_nonlinearTerm} &\mathbf {g}_{i}(\dot {\mathbf {J}})=\left \{\begin {array}{@{}lr}0, & if\ \ \dot {\mathbf {J}}_{i}-\mathbf {F}_{c, i}\leq 0 \\ non-negative, & otherwise\end {array}\right .,\\ &\boldsymbol {\phi }_{i}(\dot {\mathbf {J}})=\left \{\begin {array}{@{}lr}0, & if\ \ \left |\dot {\mathbf {J}}_{i}\right |\leq \mathbf {F}_{y, i} \\ non-negative, &otherwise\end {array}\right .\end {split}\end {align}


\begin {align*}&\vspace *{10pt}\bar {\mathbf {H}}=\left [-\frac {\mathbf {A}}{h}+ \frac {\mathbf {B}_{1}^{\top }}{2}{\left (\frac {\mathbf {M}}{h}+\frac {\mathbf {C}}{2}\right )}^{-1}\frac {\mathbf {B}_{1}}{2}+\frac {\mathbf {y}_6}{2}\right ]\\ &\bar {\mathbf {P}}_{1,n}=\left (\frac {\mathbf {P}_{1,n+1}+\mathbf {P}_{1,n}}{2}\right )\\\end {align*}


\begin {align}\label {eq_mulitipliers}\begin {split}-\mathbf {B}_{2}^{\top }\mathbf {v}_{2,n+1}= \mathbf {A}_{eq}^\top \boldsymbol {\lambda }_{eq,n+1}, \quad \frac {1}{2}\left .\frac {\partial \boldsymbol {\phi }}{\partial \mathbf {f}}\right |_{n+1}=\mathbf {A}_{\phi }^\top \boldsymbol {\lambda }_{\phi ,n+1}, \quad \frac {1}{h}\left .\frac {\partial g}{\partial \mathbf {f}}\right |_{n+1}=\mathbf {A}_{g}^\top \boldsymbol {\lambda }_{g,n+1}\\ \end {split}\end {align}
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harvesting systems [11–14]. However, inerters may transfer energy back 

to the structure, acting as a power output, thus increasing the demand 

under certain conditions [15,16]. Furthermore, due to the amplified in­

ertia effect, the inerter elongates the natural period of the structure; thus, 

it may increase the peak deformation response of stiff structures under 

seismic loading.

To address these drawbacks, clutched inerter dampers (CIDs) have 

been proposed [15,17–19]. CIDs integrate inerters with one-way 

clutches and dampers (see Fig. 1(a), enabling the device to disengage 

from the main structure under specific conditions. This mechanism not 

only enhances overall energy dissipation, but also prevents the undesir­

able transmission of energy back into the structure, thereby improving 

both safety and performance. Moreover, the disengagement capability of 

CIDs opens new possibilities for energy harvesting and adaptive control 

strategies [20–22]. Despite these promising features, the introduction of 

clutch mechanisms leads to non-smooth and discontinuous responses, 

which pose significant challenges to their accurate numerical modelling 

and practical design [21,23].

A simplified method proposed by Makris and Kampas [15], assum­

ing engagement whenever the driven terminal is accelerating, has been 

widely adopted in many studies [24–28]. However, this approach signif­

icantly overestimates the effectiveness of the inerter, as it unrealistically 

assumes that the device can re-engage with the structure during every 

loading cycle. This implies, incorrectly, that all the energy stored in the 

inerter can be fully dissipated immediately after disengagement [16]. In 

reality, the engagement efficiency, defined as the ratio of engaged time 

to total time for a clutched inerter, is typically very low. Other mod­

els have been proposed  [9,17,18], but they all require monitoring the 

state of the system and manual control of the time integration process by 

switching between engagement and disengagement states. Furthermore, 

traditional numerical integration schemes struggle to accurately capture 

engagement and disengagement in the presence of these discontinu­

ities, often requiring small time steps, thus increasing computational 

costs [23]. Therefore, there is a clear need for a numerical formula­

tion that can robustly accommodate discontinuous switching behaviour 

without excessive computational cost.

In this context, the Mixed Lagrangian Formalism (MLF) has been pro­

posed for modelling extreme nonlinear dynamic responses. MLF was first 

developed for the transient analysis of frames with lumped elasto-plastic 

hinges [29] and was later extended to progressive collapse simula­

tions of large structures, incorporating strength degradation, elemental 

fracture [30], and contact [31]. Its applicability also spans multi-

physics problems, including thermoelastic and thermoplastic structural 

responses [2,32,33]. By employing a mixed-coordinate representation 

that simultaneously considers global displacements and local internal 

forces, MLF naturally accommodates the switching behaviour of clutches 

without sacrificing computational efficiency or accuracy. This approach 

enables stable and accurate response-history analysis, even in the pres­

ence of abrupt state changes, making it particularly suitable for the sim­

ulation of CIDs. In addition, the MLF framework allows for a larger time 

step size for modelling non-smooth behaviour [29]. This is particularly 

relevant to the computationally intensive task, such as the optimal de­

sign of CIDs. Since the performance of these nonlinear and discontinuous 

systems depends on the careful selection of design parameters. However, 

MLF-based analysis alone does not address the challenge of determining 

optimal CID parameters for performance-driven applications.

Efficient optimization of nonlinear dynamic systems often relies on 

adjoint-based sensitivity analysis, which provides gradients at a cost es­

sentially independent of the number of design variables [34]. When 

the design dimension is greater relative to the number of objective or 

constraint functions, adjoint methods offer significant computational 

savings over direct differentiation [35]. Hence, they have been success­

fully applied to hysteretic systems with nonlinear viscous dampers [36], 

topology optimization of energy-dissipation devices [37], and the seis­

mic design of multi-rocking structures [38].

While the adjoint sensitivity analysis of nonlinear dynamical systems 

remains an active area of research, such methodologies have not been 

extended to the design of CIDs. Recent studies on CID optimization 

have primarily relied on parametric sweeps or simplified linearisation 

assumptions, often treating the device behaviour in an oversimplified 

manner with a limited number of devices  [24,25,27]. Although these 

approaches provide insight into general performance trends, they are 

limited in their ability to explore high-dimensional design spaces and to 

account for the strongly nonlinear and non-smooth clutching behaviour 

inherent to CIDs. To date, no rigorous gradient-based optimization 

framework has been formulated that simultaneously considers the dis­

continuous engagement–disengagement dynamics of CIDs and the need 

for efficient, scalable design tools.

Our earlier work established an MLF framework capable of perform­

ing nonlinear response-history analysis of CIDs [23]; however, it did 

not address the performance-driven design or optimization of these de­

vices. The present study advances the state of the art by formulating 

a dedicated performance-based optimization framework for CIDs. The 

contributions of the present research are summarised as follows:

• A performance-based optimization framework for CID design:

This study introduces the first unified procedure that embeds CID 

dynamics, performance objectives, and design variables into a co­

herent optimization setting, enabling the systematic optimization of 

inertance, damping, and other device characteristics. The proposed 

framework can be readily extended to incorporate additional inerter-

related parameters and structural performance measures, thereby 

offering substantial flexibility for future design studies.

• Adjoint sensitivity formulation specialised for CIDs within the 

MLF analysis framework: Although adjoint methods are widely 

used in structural optimization, their application to CID systems 

with abrupt engagement–disengagement transitions has remained 

unexplored. This work derives the adjoint formulation for the MLF 

scheme, ensuring consistent and efficient gradient computation for 

CID systems.

• Validation through two optimization case studies: The applica­

bility and efficiency of the framework are demonstrated through 

two representative CID optimization problems, highlighting its abil­

ity to enhance dynamic performance while significantly reducing 

computational effort.

Together, these contributions advance CID research beyond 

simulation-oriented analysis toward a rigorous and extensible optimiza­

tion paradigm, filling a critical methodological gap in the design of 

next-generation inertial damping devices.

2 . Numerical modelling

The numerical modelling framework adopted in this study is based 

on the MLF, for which a detailed theoretical development has been pre­

sented in our previous work [23]. In this paper, the essential components 

of the MLF are restated with refined notation, streamlined derivations, 

and optimised organisation to facilitate their direct application to the 

CID system examined herein. Section 2.1 briefly revisits the core MLF 

concepts and governing equations relevant to nonlinear response his­

tory analysis (NRHA), while Section 2.2 extends this framework to 

incorporate the CID element, highlighting the modifications required 

to represent clutch engagement-disengagement behaviour and inertance 

effects within the MLF structure. This consolidated presentation en­

sures completeness and clarity, providing the basis for the numerical 

implementation used in the subsequent analyses.

2.1 . Overview of MLF

The MLF is adopted here as the time integration scheme of the 

Nonlinear Response History Analysis (NRHA) due to its robustness 

and efficiency. In the classic Lagrangian formalism, the system is de­

scribed by a Lagrangian 𝐿(𝐪, 𝐪̇, 𝑡) with generalised coordinates 𝐪 (usually 
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independent degrees of freedom), their derivatives 𝐪̇, and time 𝑡. Unlike 

the classic Lagrangian formalism, the MLF adopts two sets of state vari­

ables, including the global degrees of freedom (DOFs) 𝐮 and the time in­

tegral of the element internal forces(impulse) 𝐉. In MLF, the Lagrangian 

𝐿 and the dissipation function Φ take the following form [29]:

𝐿(𝐮, 𝐮̇, 𝐉, 𝐉̇) = 1
2
𝐮̇⊤𝐌𝐮̇ + 1

2
𝐉̇⊤𝐀𝐉̇ + 𝐉⊤𝐁𝐮̇ + 𝐏⊤𝐮 + 𝟏⊤𝐠(𝐉̇) (1)

Φ(𝐮̇, 𝐉̇) = 1
2
𝐮̇⊤𝐂𝐮̇ + 𝟏⊤𝝓(𝐉̇) (2)

Where 𝐌 and 𝐂 are the mass and damping matrices in global coordi­

nates, 𝐀 is the flexibility matrix in local coordinates, 𝐁 is the connectivity 

matrix that relates local to global coordinates, and 𝐏 is an external 

load vector in global coordinates. This formulation allows us to describe 

the system with global and local coordinates simultaneously [29]. The 

terms 𝟏⊤𝝓(𝐉̇) and 𝟏⊤𝐠(𝐉̇) reflect the velocity-based and displacement-

based nonlinear terms, respectively. Nonlinearities, such as yielding and 

contact or tension-only behaviour, are incorporated through a suitable 

formulation of the 𝝓(𝐉̇) and 𝐠(𝐉̇) [31]. For example, gap opening/contact 

behaviour and elastic perfect plastic behaviour of the 𝑖𝑡ℎ local coordinate 

can be formulated as [39]:

𝐠𝑖(𝐉̇) =
{

0, 𝑖𝑓 𝐉̇𝑖 − 𝐅𝑐,𝑖 ≤ 0
𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

,

𝝓𝑖(𝐉̇) =
{

0, 𝑖𝑓 |

|

𝐉̇𝑖|| ≤ 𝐅𝑦,𝑖
𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(3)

Where 𝐅𝑐,𝑖 are gap opening threshold forces and 𝐅𝑦,𝑖 are elemental yield 

limits. Upon substituting the Lagrangian and dissipation functions into 

the Euler-Lagrange equations, the following equilibrium equation in 

global coordinates and compatibility equation in local coordinates are 

obtained:

𝐌𝐮̈ + 𝐂𝐮̇ + 𝐁𝐉̇ = 𝐏 (4)

𝐀𝐉̈ + 𝜕𝝓(𝐉̇)
𝜕𝐉̇

+ 𝑑
𝑑𝑡

(

𝜕𝐠(𝐉̇)
𝜕𝐉̇

)

= 𝐁⊤𝐮̇ (5)

For a lumped mass system, the global DOFs can be partitioned into 

three categories: 1) those with dynamic masses or damping, 𝐮1, 2) those 

without dynamic masses and damping, 𝐮2, 3) those with prescribed dis­

placement or velocity constraints, 𝐮3. This partition is equivalent to a 

static condensation process, effectively resolving the singularity of the 

characteristic matrix for lumped mass systems [29]:

⎡

⎢

⎢

⎣
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⎥
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⎪
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⎪

⎭
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⎪

⎨

⎪

⎩

𝐏1
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𝐑

⎫

⎪

⎬

⎪

⎭

(6)

After simplification, the governing equations of lumped mass systems 

become:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐌𝐮̈1 + 𝐂𝐮̇1 + 𝐁1𝐉̇ = 𝐏1

𝐁2𝐉̇ = 𝐏2

𝐀𝐉̈ + 𝜕𝝓(𝐉̇)
𝜕𝐉̇ + 𝑑

𝑑𝑡

(

𝜕𝐠(𝐉̇)
𝜕𝐉̇

)

= 𝐁⊤
1 𝐮̇1 + 𝐁⊤

2 𝐮̇2

(7)

which are discretised at 𝑡𝑛+1∕2 using the central difference method. After 

some mathematical manipulation [29], the strong form of the governing 

equations can be converted into the following weak form optimization 

problem:

min 1
2
𝐟⊤𝑛+1𝐇𝐟𝑛+1 + 𝐛̄⊤𝑛 𝐟𝑛+1

𝑠.𝑡. 𝐁2𝐟𝑛+1 = 𝐏2,𝑛+1

1
2
𝝓(𝐟𝑛+1) ≤ 0

1 𝐠(𝐟𝑛+1) ≤ 0

(8)

ℎ

Where 𝐟𝑛 = 𝐉̇𝑛 are local elemental forces, 𝐇 is the equivalent dynamic 

flexibility matrix, which is dual to that of the equivalent dynamic stiff­

ness matrix of Newmark’s method with 𝛾 = 1∕2 and𝛽 = 1∕4, and 𝐛𝑛
contains the system state information from the previous time step.

This equivalent optimization problem can be interpreted through the 

principle of minimum incremental complementary potential energy: ’at 

each time step, the force vector 𝐟𝑛+1 should minimise the incremen­

tal complementary potential energy while satisfying the compatibility 

constraints of non-linearities’  [29]. This weak form enhances stabil­

ity, allowing for larger time-step sizes compared to traditional methods, 

especially when sudden changes (such as clutch engagement, fracture, 

contact, etc.) are expected during the response of the system [40].

2.2 . MLF formulation of the CID element

Recently, a CID element based on the MLF framework was proposed 

by Zhang et al. [23], consisting of a parallel damper and an ideal in­

erter connected to a one-way elastic perfect plastic element(see Fig. 1(b). 

This element can automatically capture the non-smooth dynamics of 

the clutching mechanism during time step marching while maintaining 

computational efficiency and numerical stability.

In the proposed CID element formulation, the inertance is im­

plemented by including an additional energy term 1
2𝐉

⊤𝐦𝑟𝐉 in the 

Lagrangian function:

𝐿(𝐮, 𝐮̇, 𝐉, 𝐉̇) = 1
2
𝐮̇⊤𝐌𝐮̇ + 1

2
𝐉̇⊤𝐀𝐉̇ + 𝐉⊤𝐁𝐮̇ + 𝐏⊤𝐮 + 𝟏⊤𝐠(𝐉̇) + 1

2
𝐉⊤𝐦𝑟𝐉 (9)

where 𝐦𝑟 = 𝐛−1, and 𝐛 is the inertance matrix that resembles the 

equivalent linear mass of the inerters in the system.

Fig. 1. (a) Schematic representation of a typical CID using a ball-screw mechanism, and (b) The MLF-based CID element proposed by Zhang et al. [23], where 

inertance 𝑏 is the equivalent linear mass of the inerter and 𝑐𝑟 the associate damping coefficient that reflects the viscous-like eddy current dissipation of the inerter.
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While the clutching effect is modelled as a one-way elastic perfect-

plastic unit, with zero yield strength in one direction and infinite yield 

strength in the opposite direction, hence the clutch acts as a rigid link 

(engagement) when the force is positive or negative but immediately 

yields (disengagement) once the force reverses its direction. Particularly, 

the motion history of the idling (disengaged) inerter is captured by 

the plastic deformation 𝑢𝑝 of this unit. In this way, the engagement 

state switch is automatically captured by the local variable of this unit. 

Therefore, the clutch unit in MLF holds the following dissipation func­

tion constraint and the corresponding equivalent constraint on element 

force:

1
2
𝝓𝑖(𝐉̇) =

(

0, 𝑖𝑓 𝐬𝑐,𝑖𝐉̇𝑖 ≤ 0
𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

)

≤ 0 ⇌ 𝐬𝑐,𝑖𝐟𝑖 ≤ 0 (10)

where 𝐬𝑐  indicates whether the 𝑖𝑡ℎ inerter element is working as a 

tension-only (𝐬𝑐 = −1) or compression-only(𝐬𝑐 = 1) unit. By incorpo­

rating Zhang et al.’s formulation with the governing equations (Eq. 4) 

above, we have:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐌𝐮̈1 + 𝐂𝐮̇1 + 𝐁1𝐉̇ = 𝐏1

𝐁2𝐉̇ = 𝐏2

𝐀𝐉̈ + 𝜕𝝓(𝐉̇)
𝜕𝐉̇ + 𝑑

𝑑𝑡

(

𝜕𝐠(𝐉̇)
𝜕𝐉̇

)

+ 𝐮̇𝑟 = 𝐁⊤
1 𝐮̇1 + 𝐁⊤

2 𝐮̇2

(11)

The term 𝐮̇𝑟 represents the equivalent linear velocity of the inerter, 

which incorporates the parallel damping effect in the following form 

[23]:

𝐮̇𝑟(𝐉̇, 𝑡) = 𝑒−𝐜𝐫𝐦𝐫 𝑡𝐦𝐫 ∫ 𝑒𝐜𝐫𝐦𝐫 𝑡𝐉̇(𝑡)𝑑𝑡 (12)

Replacing the first derivative of global displacement with velocity 

𝐮̇ = 𝐯 and the local impulse with force 𝐉̇ = 𝐟 , and applying discretization 

using central differences at steps 𝑛 + 1
2 , the time discretization is:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐯1,𝑛+1 = 𝐲1𝐏̄1,𝑛 + 𝐲2(𝐟𝑛+1 + 𝐟𝑛) + 𝐲3𝐯1,𝑛
𝐯𝑟,𝑛+1 = 𝐲4𝐟𝑛+1 + 𝐲5𝐯𝑟,𝑛 + 𝐲6𝐟𝑛
𝐁2𝐟𝑛+1 = 𝐏2,𝑛+1

𝐇𝐟𝑛+1 +
1
2

𝜕𝝓
𝜕𝐟
|

|

|𝑛+1
+ 1

ℎ
𝜕𝐠
𝜕𝐟
|

|

|𝑛+1
− 𝐁⊤

2 𝐯2,𝑛+1 + 𝐛̄𝑛 = 𝟎

(13)

where:

𝐛̄𝑛 = 𝐇̄𝐟𝑛 −
1
ℎ
𝜕𝑔
𝜕𝐟

|

|

|

|𝑛
+ 1

2
𝜕𝜙
𝜕𝐟

|

|

|

|𝑛
+ 𝐲7𝐏̄1,𝑛 + 𝐲8𝐯1,𝑛 + 𝐲9𝐯𝑟,𝑛

𝐲1 =
(𝐌
ℎ

+ 𝐂
2

)−1

𝐲2 = −
(𝐌
ℎ

+ 𝐂
2

)−1 𝐁1
2

𝐲3 =
(𝐌
ℎ

+ 𝐂
2

)−1 (𝐌
ℎ

− 𝐂
2

)

𝐲4 = 𝛾𝐦𝑟ℎ , (𝛾 = 0.5)

𝐲5 = 𝑒−𝐜𝑟𝐦𝑟ℎ

𝐲6 = (1 − 𝛾)𝑒−𝐜𝑟𝐦𝑟ℎ𝐦𝑟ℎ

𝐲7 = −
𝐁⊤
1
2

(𝐌
ℎ

+ 𝐂
2

)−1

𝐲8 = −
𝐁⊤
1
2

[

(𝐌
ℎ

+ 𝐂
2

)−1 (𝐌
ℎ

− 𝐂
2

)

+ 𝐈
]

𝐲9 =
1
2
(

𝐈 + 𝑒−𝐜𝑟𝐦𝑟ℎ
)

𝐇 =

[

𝐀
ℎ

+
𝐁⊤
1
2

(𝐌
ℎ

+ 𝐂
2

)−1 𝐁1
2

+
𝐲4
2

]

𝐇̄ =

[

−𝐀
ℎ

+
𝐁⊤
1
2

(𝐌
ℎ

+ 𝐂
2

)−1 𝐁1
2

+
𝐲6
2

]

𝐏̄1,𝑛 =
(𝐏1,𝑛+1 + 𝐏1,𝑛

2

)

To solve the discretised governing (Eq. 13), a weak form time step 

optimization problem similar to Eq. (8) can be obtained. In this context, 

the optimization problem described above is implemented by the ’quad­

prog’ function in MATLAB’s optimization toolbox [41], which has the 

following structure:

min 1
2
𝐟⊤𝑛+1𝐇𝐟𝑛+1 + 𝐛̄⊤𝑛 𝐟𝑛+1

𝑠.𝑡. 𝐀𝑒𝑞𝐟𝑛+1 = 𝐛𝑒𝑞
𝐀𝑙𝑒𝑞𝐟𝑛+1 ≤ 𝐛𝑙𝑒𝑞

(14)

with velocity recursive rules:

𝐯1,𝑛+1 = 𝐲1𝐏̄1,𝑛 + 𝐲2(𝐟𝑛+1 + 𝐟𝑛) + 𝐲3𝐯1,𝑛 (15)

𝐯𝑟,𝑛+1 = 𝐲4𝐟𝑛+1 + 𝐲5𝐯𝑟,𝑛 + 𝐲6𝐟𝑛 (16)

Comparing the original governing equation Eq. (13), it is obvious 

that 𝐀𝑒𝑞 = 𝐁2, 𝐛𝑒𝑞 = 𝐏2,𝑛+1, 𝐀𝑙𝑒𝑞 =
[

𝐀𝜙
𝐀𝑔

]

, 𝐛𝑙𝑒𝑞 =
[

𝐛𝜙
𝐛𝑔

]

, where 𝐀𝜙, 

𝐛𝜙, and 𝐀𝑔 , 𝐛𝑔  indicate the displacement-based constraints and the 

velocity-based constraints, respectively.

The arbitrary terms
𝜕𝝓
𝜕𝐟
|

|

|𝑛
, 

𝜕𝑔
𝜕𝐟
|

|

|𝑛
, and 𝐯2,𝑛 can be calculated based on 

the corresponding Lagrange multipliers:

−𝐁⊤
2 𝐯2,𝑛+1 = 𝐀⊤

𝑒𝑞𝝀𝑒𝑞,𝑛+1,
1
2

𝜕𝝓
𝜕𝐟

|

|

|

|𝑛+1
= 𝐀⊤

𝜙𝝀𝜙,𝑛+1,
1
ℎ

𝜕𝑔
𝜕𝐟

|

|

|

|𝑛+1
= 𝐀⊤

𝑔 𝝀𝑔,𝑛+1

(17)

Thus, 𝐛̄𝑛 becomes:

𝐛̄𝑛 = 𝐇̄𝐟𝑛 + 𝐀⊤
𝑙𝑒𝑞𝐬𝝀𝑙𝑒𝑞,𝑛 + 𝐲7𝐏̄1,𝑛 + 𝐲8𝐯1,𝑛 + 𝐲9𝐯𝑟,𝑛 (18)

where 𝐬 =
[

𝟏 𝟎
𝟎 −𝟏

]

, 𝝀𝑙𝑒𝑞 =
[

𝝀𝜙
𝝀𝑔

]

 The formulation above has been rigor­

ously validated in terms of accuracy, stability, and efficiency in Zhang 

et al. [23].

3 . Formulation of the optimization problem

The non-smooth dynamics of the CIDs lead to an implicit relationship 

between the design variables and the system response, which impedes 

the design process. In this section, a framework for the optimization 

problem is established, including design variables, objective function, 

and constraints. The objective is to achieve the lowest construction 

cost of CIDs while satisfying certain performance requirements. This 

framework is adaptable to various objectives and constraints (or limit 

states), expressed in terms of different engineering demand parameters 

(EDPs). The optimization problem can be solved using adjoint sensi­

tivity analysis to efficiently compute gradients with respect to design 

variables.

3.1 . Design variables

The design variables 𝐱 include the inertance 𝐛 and damping coeffi­

cient 𝐜𝑟 of inerters allocated at pre-assigned potential locations:

𝐱 = [𝐛, 𝐜𝑟] (19)

The former defines the magnitude of supplemental mass, and the latter 

defines the energy dissipation capacity. The inertance typically deter­

mines the inerter’s force transmission design, e.g., the lead of the ball 
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screw in ball screw systems or the transmission ratio of the gearbox in 

rack-and-pinion systems, as well as the dimensions of the flywheel. On 

the other hand, the damping coefficient depends on the principles un­

derlying the damping mechanism. For instance, in eddy current systems, 

the damping coefficient is defined by the characteristics of the inductor 

and magnet interactions [42]. Thus, both inertance and damping coeffi­

cients are positive continuous variables. A numerically small value of 

𝑏 and 𝑐 at a given location indicates that an inerter is not required. 

Furthermore, the design variables can also include selected parame­

ters of other structural components, such as cross-sectional geometry, 

if required [35].

3.2 . Objective function

The purpose of the optimization problem is to minimise the total 

cost of the CID devices. However, because inerters are not yet widely 

implemented in the industry, empirical cost data correlating price with 

mechanical properties such as inertance or associated damping coeffi­

cients are still limited or unavailable [43]. Therefore, the mean of peak 

force output, or force capacity, of the inerter under a selection of ground 

motions is chosen as a proxy for estimating cost [40]. This approach 

is both practical and theoretically sound, as the force capacity reflects 

the characteristics of all units of mechanical transmission that deter­

mine their size, complexity, and performance demand. An acceptable 

cost model in this context can be expressed as: 

𝑄0 =
1
𝑀

𝐾
∑

𝑘=1

𝑀
∑

𝑚=1
𝑎
(

𝛾𝑓 (𝑚)
𝑘,𝑝𝑒𝑎𝑘

)𝑞
(20)

where 𝑓 (𝑚)
𝑘,𝑝𝑒𝑎𝑘 represents the peak force capacity of the 𝑘𝑡ℎ device sub­

jected to the 𝑚𝑡ℎ earthquake record, 𝑎 is a unit linear cost coefficient, 𝑞 is 

a scaling exponent capturing the nonlinear growth of cost with increased 

force demands, and 𝛾 is the load safety factor.

The parameters 𝑎 and 𝑞 can be calibrated by drawing analogies with 

more established devices such as viscous and friction dampers, for which 

extensive cost-performance studies exist [44,45]. This cost modelling 

approach provides a robust and adaptable framework for incorporating 

inerters into optimization-based seismic design, despite the absence of 

direct manufacturer data.

3.3 . Constraints

The optimization is subject to a set of constraints, including both 

design space and performance requirements. The design space 𝝌  limits 

the feasible range of the design variables:

𝐱 ∈ 𝝌 , (21)

In addition, performance constraints 𝑄1 ensure that the optimised de­

sign satisfies safety and functionality criteria. CIDs can be installed on 

various types of structures, and the constraints may vary depending on 

the scenario. Many stringent restrictions could be considered based on 

code limitations and designer decisions. The most commonly adopted 

EDP for seismic design includes the interstorey drift ratio [46]. Herein, 

the mean of the maximum peak interstorey drift along the height under 

the selected ground motions is adopted, which is defined as:

𝑄1 =
1
𝑀

𝑀
∑

𝑚=1
max

(

𝐝(𝑚)𝑝𝑒𝑎𝑘

)

− 𝑑𝑎𝑙𝑙𝑜𝑤 ≤ 0 (22)

where 𝐝(𝑚)𝑝𝑒𝑎𝑘 is the peak interstorey drift distribution along the height 

subjected to the 𝑚𝑡ℎ earthquake record, and 𝑑𝑎𝑙𝑙𝑜𝑤 is the allowable mag­

nitude. Additional constraints may address specific types of structures; 

for example, the self-centering ratio and tendon elongation for self-

centering structures. By incorporating these requirements, the optimiza­

tion process ensures the CID-equipped design meets both performance 

and safety requirements.

3.4 . Summary of the optimization problem

Considering the design variables, objective function, and constraints 

described above, the optimization problem is formulated as:

min 𝑄0 =
1
𝑀

𝐾
∑

𝑘=1

𝑀
∑

𝑚=1
𝑎
(

𝛾𝑓 (𝑚)
𝑘,𝑝𝑒𝑎𝑘

)𝑞

𝑠.𝑡. 𝑄1 =
1
𝑀

𝑀
∑

𝑚=1
max

(

𝐝(𝑚)𝑝𝑒𝑎𝑘

)

− 𝑑𝑎𝑙𝑙𝑜𝑤 ≤ 0

𝐱 ∈ 𝝌

(23)

where 𝐝(𝑚)𝑝𝑒𝑎𝑘 and 𝑓 (𝑚)
𝑘,𝑝𝑒𝑎𝑘 are representative peak values of the system re­

sponse histories 𝐟𝑛 and 𝐯𝑛. Furthermore, the system response histories are 

determined by the series of time step optimization problems (Eq. 14) 

of the MLF framework at each iteration of the structural optimization 

problem. Thus, Eq. (23) is a nested constrained optimization problem.

4 . Adjoint sensitivity analysis

For a formal optimization problem, in which a single objective 

and constraint depend on a large number of design variables, gradi­

ent evaluation based on Direct Differentiation Methods (DDM) becomes 

computationally prohibitive. By contrast, the adjoint method provides a 

far more efficient alternative by exploiting the structure of the implicit 

time-step equilibrium equations, enabling the computation of gradi­

ents with respect to all design variables at a computational cost that is 

largely independent of the number of variables. In this section, a concise 

overview of the adjoint formulation is presented.

Section 4.1 outlines the general adjoint methodology and its ap­

plication to response-history-based objectives. Section 4.2 reformulates 

the MLF time-step optimization into a set of Karush-Kuhn-Tucker (KKT) 

residual equations suitable for adjoint analysis. Section 4.3 then derives 

the adjoint equations and the resulting gradient expressions with respect 

to the CID design variables. Together, these developments provide an ef­

ficient means to compute sensitivities without explicitly differentiating 

the nonlinear response history.

4.1 . Overview of the adjoint method

For systems with implicit and non-linear relationships between de­

sign variables and objectives or constraints, the optimization landscape 

is often non-convex, posing convergence and solution quality challenges. 

Non-gradient methods, such as genetic algorithms (GA) [47] or parti­

cle swarm optimization (PSO) [48], typically require a large number 

of function evaluations, leading to high computational costs [49]. To 

improve computational efficiency, gradient-based optimization methods 

are preferred, as they can substantially reduce the number of function 

evaluations required to reach an optimal solution. However, the gradient 

is often difficult to implement [50], especially in the context of nested 

nonlinear structural response analyses. To address this challenge, an 

adjoint sensitivity that efficiently computes gradients from the implicit 

definition of objectives and constraints with respect to design variables 

is adopted from [39].

For a structural optimization problem, the objective or constraint 

function 𝑄𝑖(𝐮1,𝐮2,… ,𝐮𝑛, 𝐱) can be expressed as a function of the system 

response history 𝐮𝑛 and design variables 𝐱, along with its gradient:

𝑑𝑄𝑖
𝑑𝐱

=
𝜕𝑄𝑖
𝜕𝐱

+
𝑁
∑

𝑛=1

𝜕𝑄𝑖
𝜕𝐮𝑛

𝑑𝐮𝑛
𝑑𝐱

(24)

where 𝑁  is the total number of time steps, and 
𝜕𝑄𝑖
𝜕𝐮𝑛

 is based on the 

definition of 𝑄𝑖, while
𝑑𝐮𝑛
𝑑𝐱  relies on the implicit time step equilibrium 

𝑅(𝐮𝑛, 𝑥) = 0. This implicitness makes it difficult to obtain the sensitiv­

ity 
𝑑𝐮𝑛
𝑑𝐱  directly. Alternatively, it is easy to determine the derivatives of 

𝑅(𝐮𝑛, 𝑥) = 0 and multiply an adjoint variable 𝝎𝑛 as follows:

𝝎⊤
𝑛
𝜕𝑅(𝐮𝑛, 𝐱)

𝜕𝐮𝑛
𝑑𝐮𝑛
𝑑𝐱

+ 𝝎⊤
𝑛
𝜕𝑅(𝐮𝑛, 𝐱)

𝜕𝐱
= 𝟎 (25)
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add above expression for ∀𝑛 ∈ [1, 𝑁] to Eq. (24) to obtain an augmented 

gradient expression:

𝑑𝑄𝑖
𝑑𝐱

=
𝜕𝑄𝑖
𝜕𝐱

+
𝑁
∑

𝑛=1

[

𝜕𝑄𝑖
𝜕𝐮𝑛

𝑑𝐮𝑛
𝑑𝐱

+ 𝝎⊤
𝑛
𝜕𝑅(𝐮𝑛, 𝐱)

𝜕𝐮𝑛
𝑑𝐮𝑛
𝑑𝐱

+ 𝝎⊤
𝑛
𝜕𝑅(𝐮𝑛, 𝐱)

𝜕𝐱

]

(26)

The terms related to 
𝑑𝐮𝑛
𝑑𝐱  can be eliminated if the adjoint variables 𝝎𝑛

are correctly chosen to satisfy the adjoint equation:

𝝎⊤
𝑛
𝜕𝑅(𝐮𝑛, 𝐱)

𝜕𝐮𝑛
= −

𝜕𝑄𝑖
𝜕𝐮𝑛

(27)

by substituting Eq. (27) into Eq. (26), an alternative expression for the 

sensitivity is obtained:

𝑑𝑄𝑖
𝑑𝑥𝑗

=
𝜕𝑄𝑖
𝜕𝐱

+
𝑁
∑

𝑛=1
𝝎⊤
𝑛
𝜕𝑅(𝐮𝑛, 𝐱)

𝜕𝐱
(28)

Once the adjoint variable 𝝎𝑛 is obtained from the adjoint equation 

(Eq. 27), it can be directly employed to evaluate the adjoint sensitivi­

ties with respect to all design variables 𝑥𝑗. This eliminates the need to 

compute the direct derivative 
𝑑𝐮𝑛
𝑑𝑥𝑗

 for each 𝑥𝑗 , which is both technically 

challenging and computationally expensive. By exploiting the gradient 

information already embedded in the time-step equilibrium equation 

𝑅 = 0, the adjoint method achieves a substantial reduction in computa­

tional cost, particularly in problems involving a large number of design 

variables.

In practice, response history analysis often employs multi-step time 

integration schemes, e.g., 𝐑(𝐮𝑛+1,𝐮𝑛, 𝐱). These schemes introduce addi­

tional complexity into the formulation. Nevertheless, the same adjoint 

philosophy applies and can be extended to such cases.

4.2 . KKT conditions

The first step to solve the modified nested time step optimization 

problem presented in Section 3.4 is to convert the optimization-based 

time integration scheme 14, 15 and 16 into the form {𝐑} = {𝟎}, com­

plying with the following Karush-Kuhn-Tucker (KKT) conditions of the 

residuals:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐑𝑓,𝑛+1 = 𝐇𝐟𝑛+1 + 𝐀⊤
𝑒𝑞𝝀𝑒𝑞,𝑛+1 + 𝐀⊤

𝑙𝑒𝑞𝝀𝑙𝑒𝑞,𝑛+1 + 𝐇̄𝐟𝑛 + 𝐀⊤
𝑙𝑒𝑞𝐬𝝀𝑙𝑒𝑞,𝑛 + 𝐲7𝐏̄1,𝑛

+ 𝐲8𝐯1,𝑛 + 𝐲9𝐯𝑟,𝑛 = 𝟎

𝐑𝑒𝑞,𝑛+1 = 𝐀𝑒𝑞𝐟𝑛+1 − 𝐛𝑒𝑞 = 𝟎

𝐑𝑙𝑒𝑞,𝑛+1 = 𝐀𝑙𝑒𝑞𝐟𝑛+1 − 𝐛𝑙𝑒𝑞 + 𝜶2
𝑛+1 = 𝟎

𝐑𝛼,𝑛+1 = 𝝀⊤𝑙𝑒𝑞,𝑛+1𝜶𝑛+1 = 𝟎

𝐑𝑣1 ,𝑛+1 = 𝐯1,𝑛+1 − 𝐲1𝐏̄1,𝑛 − 𝐲2(𝐟𝑛+1 + 𝐟𝑛) − 𝐲3𝐯1,𝑛 = 𝟎

𝐑𝑣𝑟 ,𝑛+1 = 𝐯𝑟,𝑛+1 − 𝐲4𝐟𝑛+1 − 𝐲5𝐯𝑟,𝑛 − 𝐲6𝐟𝑛 = 𝟎

(29)

where 𝜶2
𝑛+1 are slack variable vectors that convert the inequality con­

straints to equality constraints. This set of equations represents an 

equivalence of the MLF time step optimization. The variables indexed 

by 𝑛 or 𝑛+ 1 collectively characterise a unique system state correspond­

ing to the current and subsequent time steps, just as the variables 𝐮𝐧
and𝐮𝐧+𝟏 in Section 4.1.

4.3 . Adjoint sensitivity

The objective or constraint function of the performance-based op­

timization is dependent on all system state variables appearing in 

the K.K.T. condition as 𝑄𝑖
(

𝐟𝑛, 𝜆𝑒𝑞,𝑛, 𝜆𝑙𝑒𝑞,𝑛, 𝛼𝑛, 𝐯1,𝑛, 𝐯𝑟,𝑛, 𝐱
)

. According to 

Eq. (28), the adjoint sensitivity with respect to the design variables, 𝐱, 

is given by:

𝑑𝑄𝑖
𝑑𝐱

=
𝜕𝑄𝑖
𝜕𝐱

+
𝑁−1
∑

𝑛=1

(

𝝎⊤
𝑓,𝑛+1

𝜕𝑅𝑓,𝑛+1

𝜕𝑥
+ 𝜔⊤

𝑒𝑞,𝑛+1

𝜕𝑅𝑒𝑞,𝑛+1

𝜕𝑥
+ 𝝎⊤

𝑙𝑒𝑞,𝑛+1

𝜕𝑅𝑙𝑒𝑞,𝑛+1

𝜕𝑥

+ 𝝎⊤
𝛼,𝑛+1

𝜕𝑅𝛼,𝑛+1

𝜕𝑥
+ 𝝎⊤

𝑣1,𝑛+1

𝜕𝑅𝑣1,𝑛+1

𝜕𝑥
+ 𝝎⊤

𝑣𝑟,𝑛+1

𝜕𝑅𝑣𝑟,𝑛+1

𝜕𝑥

)

=
𝜕𝑄𝑖
𝜕𝐱

+
𝑁−1
∑

𝑛=1

[

𝝎⊤
𝑓,𝑛+1

(

𝜕𝐇̄
𝜕𝐱

𝐟𝑛 +
𝜕𝐀𝑒𝑞

𝜕𝐱
𝝀𝑒𝑞,𝑛 −

𝜕𝐀𝑙𝑒𝑞

𝜕𝐱
𝐬𝝀𝑙𝑒𝑞,𝑛 +

𝜕𝐲7
𝜕𝐱

𝐏̄1,𝑛

+
𝜕𝐲8
𝜕𝐱

𝐯1,𝑛 +
𝜕𝐲9
𝜕𝐱

𝐯𝑟,𝑛
)]

+
𝑁−1
∑

𝑛=1

[

𝝎⊤
𝑣1,𝑛+1

(

−
𝜕𝐲1
𝜕𝐱

𝐏̄1,𝑛 −
𝜕𝐲2
𝜕𝐱

𝐟𝑛 −
𝜕𝐲3
𝜕𝐱

𝐯1,𝑛
)

− 𝝎⊤
𝑣𝑟,𝑛+1

(

𝜕𝑦5
𝜕𝐱

𝐯𝑟,𝑛 +
𝜕𝑦6
𝜕𝐱

𝐟𝑛
)]

+
𝑁
∑

𝑛=2

[

𝝎⊤
𝑓,𝑛

(

𝜕𝐇
𝜕𝐱

𝐟𝑛 +
𝜕𝐀𝑒𝑞

𝜕𝐱
𝝀𝑒𝑞,𝑛 +

𝜕𝐀𝑙𝑒𝑞

𝜕𝐱
𝝀𝑙𝑒𝑞,𝑛

)

− 𝝎⊤
𝑣1,𝑛

𝜕𝐲2
𝜕𝐱

𝐟𝑛 − 𝝎⊤
𝑣𝑟,𝑛

𝜕𝐲4
𝜕𝐱

𝐟𝑛
]

+
𝑁
∑

𝑛=2

[

𝝎⊤
𝑒𝑞,𝑛

( 𝜕𝐀𝑒𝑞

𝜕𝐱
𝐟𝑛 −

𝜕𝐛𝑒𝑞
𝜕𝐱

)

+ 𝝎⊤
𝑙𝑒𝑞,𝑛

( 𝜕𝐀𝑙𝑒𝑞

𝜕𝐱
𝐟𝑛 −

𝜕𝐛𝑙𝑒𝑞
𝜕𝐱

)]

(30)

Analogous to the same logic of Eq. (27), the adjoint variables are 

determined by solving the adjoint equation below:

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐇 𝐀⊤
𝑒𝑞 𝐀⊤

𝑙𝑒𝑞 0 −𝑦⊤2 −𝑦⊤4
𝐀𝑒𝑞 0 0 0 0 0

𝐀𝑙𝑒𝑞 0 0 𝐷(𝜶𝑛) 0 0

0 0 2𝐷(𝜶𝑛) 𝐷(𝝀𝑙𝑒𝑞,𝑛) 0 0

0 0 0 0 𝐈 0

0 0 0 0 0 𝐈

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝝎𝑓,𝑛

𝝎𝑒𝑞,𝑛

𝝎𝑙𝑒𝑞,𝑛

𝝎𝛼,𝑛

𝝎𝑣1,𝑛

𝝎𝑣𝑟,𝑛

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

− 𝜕𝑄𝑖
𝜕𝐟𝑛

− 𝐇̄𝝎𝑓,𝑛+1 + 𝐲⊤2 𝝎𝑣1,𝑛+1 + 𝐲⊤6 𝝎𝑣𝑟,𝑛+1

− 𝜕𝑄𝑖
𝜕𝝀𝑒𝑞,𝑛

− 𝜕𝑄𝑖
𝜕𝝀𝑙𝑒𝑞,𝑛

− 𝐬⊤𝐀𝑙𝑒𝑞𝝎𝑓,𝑛+1

− 𝜕𝑄𝑖
𝜕𝜶𝑛

− 𝜕𝑄𝑖
𝜕𝐯1,𝑛

− 𝐲⊤8 𝝎𝑓,𝑛+1 + 𝐲⊤3 𝝎𝑣1,𝑛+1

− 𝜕𝑄𝑖
𝜕𝐯𝑟,𝑛

− 𝐲⊤9 𝝎𝑓,𝑛+1 + 𝐲⊤5 𝝎𝑣𝑟,𝑛+1

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

(31)

This system of adjoint equations can be solved backward in time. It is 

worth noting that, although the system of equations may seem large, it 

is very sparse. Gaussian elimination can be applied to remove unneces­

sary unknown multipliers while retaining only 𝝎𝑓,𝑛. Thus, the adjoint 

equation can be significantly reduced to the same size as 𝐇, which is the 

number of the numerical system.

In this context, constraints or objectives 𝑄𝑖 are only related to the 

structural response components 𝐟𝑛 and 𝐯1,𝑛; thus, 
𝜕𝑄𝑖
𝜕𝝀𝑒𝑞,𝑛

, 
𝜕𝑄𝑖

𝜕𝝀𝑙𝑒𝑞,𝑛
, 

𝜕𝑄𝑖
𝜕𝜶𝑛

, and 

𝜕𝑄𝑖
𝜕𝐯𝑟,𝑛

 are all zero. Before solving the adjoint Eq. (31), 
𝜕𝑄𝑖
𝜕𝐟𝑛

 and 
𝜕𝑄𝑖
𝜕𝐯1,𝑛

 need to 

be specified using the chain rule based on the definition of the objective 

and constraint functions from Section 3.4:

𝜕𝑄0
𝜕𝐟𝑛

= 1
𝑀

𝐾
∑

𝑘=1

𝑀
∑

𝑚=1

𝜕𝑄0

𝜕𝑓 (𝑚)
𝑘,𝑝𝑒𝑎𝑘

𝜕𝑓 (𝑚)
𝑘,𝑝𝑒𝑎𝑘

𝜕𝐟𝑛
(32)

𝜕𝑄1
𝜕𝐯1,𝑛

= 1
𝑀

𝑀
∑

𝑚=1

𝜕𝑄1

𝜕𝐝(𝑚)𝑝𝑒𝑎𝑘

𝜕𝐝(𝑚)𝑝𝑒𝑎𝑘

𝜕𝐯1,𝑛
(33)
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where,

𝑓 (𝑚)
𝑘,𝑝𝑒𝑎𝑘 = max

𝑡

(

𝐟 (𝑚)𝑘

)

≈

[

1
𝑁

𝑁
∑

𝑛=1

(

𝐟 (𝑚)𝑘

)𝑝
]

1
𝑝

, 𝐟 (𝑚)𝑘 = 𝐓𝑘𝐟 (𝑚)𝑛 (34)

𝐝(𝑚)𝑝𝑒𝑎𝑘 = max
𝑡

(

𝐝(𝑚)𝑛
)

≈

[

1
𝑁

𝑁
∑

𝑛=1

(

𝐝(𝑚)𝑛
)𝑝
]

1
𝑝

, 𝐝(𝑚)𝑛 = 𝐓𝑑

𝑁
∑

𝑛=1

ℎ
2

(

𝐯(𝑚)1,𝑛−1 + 𝐯(𝑚)1,𝑛

)

(35)

where 𝐓𝑑  and 𝐓𝑘 are logical matrices that convert state response histo­

ries 𝐟𝑛 and 𝐯𝑛 to the force history of𝑘𝑡ℎ inerter elements 𝐟𝑘 and interstorey 

drift distribution history 𝐝𝑛, respectively. 𝑁  is the total number of time 

steps, and ℎ is the step size. 𝑚 denotes the 𝑚𝑡ℎ earthquake record. To 

make the terms of the max() function differentiable, the L-p norm with a 

large p value is adopted to approximate the peak value among the time 

series.

Since the design variables only involve 𝑏 and 𝑐𝑟, the sensitivity can 

be simplified as:

𝑑𝑄̂𝑖
𝑑𝑏

=
𝑁
∑

𝑛=2

[

𝝎⊤
𝑓,𝑛

𝜕𝐇
𝜕𝑏

𝐟𝑛 − 𝝎⊤
𝑣𝑟,𝑛+1

𝜕𝐲4
𝜕𝑏

𝐟𝑛
]

+
𝑁−1
∑

𝑛=1

[

𝝎⊤
𝑓,𝑛+1

𝜕𝐲8
𝜕𝑏

𝐯𝑟,𝑛

− 𝝎⊤
𝑣𝑟,𝑛+1

𝜕𝐲5
𝜕𝑏

𝐯𝑟,𝑛
]

(36)

𝑑𝑄̂𝑖
𝑑𝑐𝑟

=
𝑁−1
∑

𝑛=1

[

𝝎⊤
𝑓,𝑛+1

𝜕𝐲8
𝜕𝑐𝑟

𝐯𝑟,𝑛 − 𝝎⊤
𝑣𝑟,𝑛+1

𝜕𝐲5
𝜕𝑐𝑟

𝐯𝑟,𝑛
]

(37)

During each iteration of the structural optimization, once the NRHA 

is complete, adjoint variables 𝝎𝑛 can be computed through adjoint 

equations (Eq. 31) using the response history data. With the adjoint 

variables on hand, the adjoint sensitivity can be easily obtained from 

Eq. (36).

5 . Case studies

This section presents two numerical case studies to demonstrate the 

effectiveness of the proposed optimization framework and adjoint sensi­

tivity formulation presented above. The first example examines a SDOF 

oscillator equipped with a pair of CID, providing a clear and inter­

pretable setting for validating gradient computations and illustrating 

fundamental CID behaviours. The second example extends the frame­

work to a nonlinear nine-storey benchmark building to evaluate its 

performance in a high-dimensional design space and under realistic 

structural modelling complexities. Together, these studies verify the 

accuracy of the adjoint gradient, illustrate the optimization landscape 

shaped by CID parameters, and highlight the computational advantages 

of the proposed method.

5.1 . Optimization of a SDOF system

This example considers a SDOF oscillator subjected to a set of seis­

mic excitations. The proposed SDOF system has a natural period of 

𝑇𝑛 = 1 𝑠 and a viscous damping ratio of 𝜁 = 0.02, with two CIDs 

working in opposing directions. The system is subjected to ten real 

earthquake records sourced from the Pacific Earthquake Engineering 

Research Center (PEER) database, whose response spectra are shown 

in Fig. 2(b). Although the addition of CIDs introduces behavioural non­

linearities, it does not significantly alter the SDOF’s natural period [18]. 

Therefore, the ground motions are scaled to ensure consistent spectral 

amplitudes at 𝑇 = 1 second. The SDOF system can represent structures 

that are dominated by their first mode responses, such as base-isolated 

structures. This simple two-dimensional optimization problem is partic­

ularly useful for validating the gradient computation method proposed 

above, as its low dimensionality allows for easy visualisation of results 

while also highlighting key characteristics of CIDs.

The inertance, 𝑏, and associated damping coefficient, 𝑐𝑟, of the in­

erters are set as the design variables, both constrained within a design 

space of (0,100). The objective function 𝑄0 is simplistically defined as 

the average peak clutch forces, with 𝑎 = 1, 𝑞 = 1, and 𝛾 = 1 in Eq. (23). 

The performance constraint 𝑄1 ensures that the average peak displace­

ment does not exceed 0.14 𝑚. To make the objective differentiable, the 

peak values are approximated by the L-p norm with a p value equal to 

1e6, as stated in Eqs. (34) and (35).

The optimization problems are solved by the ‘fmincon’ function 

from MATLAB’s optimization Toolbox. In each structural optimization 

iteration, the 10 response histories are solved using the MLF frame­

work, which is implemented via the ‘quadprog’ function, and the 

sensitivity is calculated according to Eq. (36) based on the response 

history data. The sensitivity is then used by ‘fmincon’ to determine 

the next step of the structural optimization. By contrast, if the ad­

joint sensitivity is not provided, ‘fmincon’ will automatically run extra 

response history analyses with small perturbations on each design vari­

able and calculate a numerical gradient based on the finite difference 

method. In this case study, both methods are conducted for comparison

purposes.

Fig. 2. (a) SDOF system equipped with twin CIDs (𝑚 = 100 𝑘𝑔,𝑐 = 8𝜋 𝑘𝑔∕𝑠, 𝑘 = 400𝜋2 𝑁∕𝑚), where (+) and (-) indicate the engagement direction of the clutch. (b) 

Response spectra of the ten earthquake records selected from the PEER database (grey), their associated mean (red) and mean plus/minus one standard deviation 

(dashed red), together with the ASCE/SEI-7–10 design spectrum (black). The vertical dashed line marks the natural period of the SDOF system (𝑇 = 1 s).

Computers and Structures 322 (2026) 108121 

7 



Y. Zhang, O. Lavan and C. Málaga-Chuquitaype

Fig. 3. (a) Mean peak clutch force over the design space defined by the non-dimensional inertance 𝜎𝑟 = 𝑏∕𝑚 and damping ratio 𝜉𝑟 = 𝑐𝑟∕(2
√

𝑘𝑚). The contours show 

that clutch forces increase mainly with 𝜎𝑟, while the influence of 𝜉𝑟 becomes more noticeable at higher inertance levels. (b) Mean peak displacement under the ten 

ground motions over the same design space, including a close-up view of the low-inertance region. Displacement decreases with both 𝜎𝑟 and 𝜉𝑟, but exhibits a sharp 

transition when 𝜎𝑟 is very small, reflecting the near-ineffectiveness of the CID when its inertance approaches zero.

The distribution of the objective function and constraint over the 

design space is illustrated in Fig. 3. These help to understand the 

optimization landscape. The non-dimensional inertance (suppression co­

efficient) 𝜎𝑟 = 𝑏
𝑚  and associated damping ratio 𝜁𝑟 = 𝑐𝑟

2
√

𝑘𝑚
 are adopted 

in this figure. Fig. 3(a) shows that the peak force response distribu­

tion is generally dominated by 𝜎𝑟, especially when 𝜎𝑟 is low. As 𝜎𝑟
increases, the 𝜁𝑟 contributes more effectively and the landscape becomes 

rugged and non-convex. The constraint (displacement) distribution is 

also shown in Fig. 3(b), where the displacement decreases with increas­

ing 𝜎𝑟 and 𝜁𝑟 in a hyperbolic pattern. The displacement distribution 

has a smoother terrain, except for the cliff-like region at low values 

of 𝜎𝑟. This is explained by the fact that when the inertance is negligi­

ble, the device becomes a clutched viscous damper, which outputs zero 

force whether it is engaged or not. The optimal point is expected to 

be where the two contours are tangent to each other or on the design

boundary.

Fig. 4 illustrates the optimization path, objective function magnitude, 

and constraint violation values throughout the optimization process, re­

spectively. The results show that the optimization paths guided by the 

adjoint gradient conform to each other and converge to the same opti­

mal point [𝜎𝑟, 𝜁𝑟] = [0.18, 0.08]. This is consistent with the distribution of 

the objective function and constraint violation in Fig. 3.

Fig. 4. (a) Optimization path in the design space defined by the non-dimensional inertance 𝜎𝑟 and damping ratio 𝜉𝑟, superimposed on the objective and constraint 

contours. The trajectories obtained using the adjoint gradient and the finite difference gradient closely coincide and converge to the same optimal point. (b) Evolution 

of the objective value and constraint violation over the optimization iterations. Both gradient strategies exhibit similar convergence behaviour, confirming the accuracy 

of the adjoint sensitivity and its consistency with the finite difference gradient.

Computers and Structures 322 (2026) 108121 

8 



Y. Zhang, O. Lavan and C. Málaga-Chuquitaype

0 5 10 15 20 25 30

Time [s]

-1

0

1

A
cc

el
er

at
io

n 
[g

]
RSN6 IMPVALL.I Record

0 5 10 15 20 25 30

Time [s]

-0.2

0

0.2

D
is

pl
ac

em
en

t [
m

]

Bare Structure Initial Design Optimized Design

0 5 10 15 20 25 30

Time [s]

-500

0

500

C
lu

tc
h 

F
or

ce
 [N

]

Initial Design Optimized Design

Fig. 5. Response histories of different versions of the SDOF system under the RSN6 IMPVALL.I record. The response of the bare structure, an initial CID design, and 

the optimised design are compared. The optimised configuration reduces clutch forces while maintaining acceptable displacement levels.

Fig. 6. Relative difference between the adjoint gradient and the finite difference gradient across the design space for (a) peak force response and (b) peak displacement 

response. The differences remain very small, confirming the accuracy of the adjoint sensitivity.

Fig. 5 shows the response histories of the SDOF system with different 

CID designs subjected to the RSN6 IMPVALL.I record. The response of 

the non-optimised system, the optimised system, and a system without 

CIDs are compared. The results show that the optimised system has sig­

nificantly reduced clutch forces with acceptable interstorey drifts. This 

demonstrates the effectiveness of the proposed optimization method in 

controlling structural responses through the optimal design of CIDs.

To further verify the proposed adjoint gradient, Fig. 6(a) and (b) 

illustrate the distribution of relative differences between the adjoint gra­

dient and the finite difference gradient in the entire design space. The 

finite difference gradient is computed using the forward finite differ­

ence method with an increment of 1 × 10−6. The error distribution has 

no clear pattern and remains small, with maximum relative differences 

of 1.64% and 0.16% in force and displacement, respectively. These er­

rors may arise from computational inaccuracies in the adjoint method, 

truncation errors in the finite difference approximation, and the rugged 

nature of the design space.

5.2 . Optimization of a 9-storey benchmark building

To demonstrate the robustness of the proposed approach on more 

complex nonlinear structural models. The nine-storey benchmark build­

ing with a moment-resisting frame (MRF), proposed by Ohtori et al. [51], 

is evaluated herein (see Fig. 7). The 2-D frame is modelled using beam el­

ements with lumped plasticity in the MLF framework [40]. The P-Delta 

effect is considered using the fictitious leaning column method [52]. 

0.5%, 1% and 1% damping ratios are adopted for the first three modes, 

respectively. CIDs are deployed at each storey. The structure is subjected 

to a set of real earthquake records from the PEER NGA west 2 database, 

with response spectra shown in Fig. 7(b).

As stated in Section 3.4, the optimization aims to minimise the sum of 

mean peak forces in all CIDS while keeping the mean maximum relative 

inter-storey drifts below 2%, with 𝑎 = 1, 𝑞 = 1, and 𝛾 = 1. The peak 

values are approximated by the L-p norm among the time histories with 

a p value equal to 1E6, as stated in Eqs. (34) and (35). The inertance, 𝑏, 
and the associated damping coefficient, 𝑐𝑟, for each CID are limited to 
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Fig. 7. (a) Configuration of the 9-storey benchmark steel moment-resisting frame equipped with CIDs, including modelling details of the CID element and beam–

column connections with lumped plasticity. (b) Response spectra of the ten selected input ground motions, shown together with their mean spectrum and the 

ASCE/SEI-7–10 design spectrum, along with vertical lines indicating the first three natural periods of the building.

5000 tonnes and 2500 tonnes ⋅ s, respectively. These values correspond 

to the mass of the building and a 1% equivalent critical damping ratio 

in the inerter.

In this example, the particle swarm optimization (PSO) algo­

rithm [53] is also implemented for comparison purposes. To this 

end, the same convergence criteria are applied for the two meth­

ods, and the swarm size for PSO is set to 50. Due to the stochastic 

nature of PSO, multiple independent runs were carried out to obtain 

statistically reliable results. For the gradient-based method, multiple 

runs with different initial starting points were performed to avoid being 

trapped in local minima, which are inherent in non-convex optimiza­

tion problems. Fig. 8(a) illustrates the history of the objective value 

and constraint violation throughout the optimization process of both 

methods. Fig. 8(b) shows the initial design of the adjoint method and 

Fig. 8. Comparison of Adjoint Method and PSO for the optimization of the 9-storey building. (a) The optimization history of the objective function and the constraints 

violation of the two methods, and (b) the initial and optimised distribution of inertance and damping obtained by the two methods, where inertance 𝑏 and damping 

coefficient 𝑐𝑟 are represented by their non-dimensional values 𝜎𝑟 =
𝑏
𝑚

 and 𝜉𝑟 =
𝑐𝑟

2𝑚𝜔
 with 𝑚 = 5000 tonnes (floor mass of the building), with 𝜔 = 𝜋 rad/s.
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Table 1 

Comparison between PSO and adjoint method in terms of computational effi­

ciency.

Method Iterations Number of Gradient Time Used Optimal

RHAs Calculations (s) Objective

Adjoint 78 94 188 5456 19,879

PSO 92 4600 0 153,441 19,595

the optimal distribution of the suppression coefficient and damping ratio 

obtained by both methods. It can be observed that significant inertance 

values are assigned primarily to the 6th, 7th, and 8th stories, while 

the other stories are assigned nearly zero inertance. A similar trend 

is reflected in the damping ratios. This observation is consistent with 

the SDOF example, demonstrating that when the inertance approaches 

zero, the associated damping has less influence on the structural re­

sponse. PSO, being a global optimization algorithm, explores the design 

space more comprehensively but at a significantly higher computational 

cost. The data in Table 1 clearly demonstrate the computational advan­

tage of the adjoint method. Although both approaches achieve similar 

optimal objective values, PSO requires 4600 response-history analyses 

compared with only 94 for the adjoint method, resulting in a total run­

time nearly thirty times larger. This efficiency gain stems from the ability 

of the adjoint formulation to compute gradients for all design variables 

at once, whereas PSO must evaluate many candidate solutions with­

out gradient information. Consequently, the adjoint method offers a far 

more practical optimization strategy for large-scale nonlinear structural 

systems.

Fig. 9(a) and (b) illustrate the storey-wise distribution of mean peak 

inter-storey accelerations and peak device forces for the non-optimal 

Fig. 9. (a) Mean peak floor accelerations for the bare structure, the non-optimised CID configuration, and the two optimised designs (adjoint method and PSO), 

showing the significant reduction achieved by optimization. (b) Mean peak CID clutch forces along the building height for the same configurations, illustrating how 

optimization greatly reduces device force demands, particularly in lower storeys.

Fig. 10. Maximum interstorey drift ratios for each ground motion record and the mean value, comparing the bare structure, the non-optimised CID configuration, 

and the two optimised designs (adjoint method and PSO). The optimised systems keep all drift demands below the 2% limit indicated by the green line.
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configuration with all design variables at their maximum values, the 

optimal configuration, and the bare structure, respectively. Fig. 10 

shows the maximum inter-storey drift under each load case, as well as 

the mean value. These results indicate that the optimised system signifi­

cantly reduces device peak forces and considerably suppresses peak floor 

accelerations while keeping inter-storey drifts within the prescribed per­

formance limits. These findings highlight the effectiveness of optimally 

designed CIDs in mitigating structural responses and are consistent with 

previous studies [16,24,28].

6 . Conclusion

This study presents an adjoint sensitivity-based optimization frame­

work tailored for Clutched Inerter Devices (CIDs), using the Mixed 

Lagrangian Formalism (MLF) as the time integration scheme. The MLF 

scheme offers superior stability and efficiency in simulating non-smooth 

systems, while the adjoint method provides analytical gradients that 

significantly accelerate gradient-based optimization. In addition, this pa­

per establishes a performance-based optimization framework for CIDs, 

where objectives and constraints are constructed from both economic 

considerations (e.g., device cost) and structural performance metrics 

(e.g., inter-story drift). This framework supports practical design de­

cisions by linking engineering demands with device parameters in a 

systematic and computationally tractable manner. Two case studies 

serve to demonstrate the applicability and effectiveness of the proposed 

framework. In both examples, optimised CID configurations significantly 

suppress the system responses while minimising device costs that mainly 

depend on the device force.

Beyond the specific application to CIDs, the proposed optimization 

framework provides a broadly applicable and computationally efficient 

approach for optimising nonlinear structural control devices. Since the 

MLF-based time integration is formulated based on the standard form 

of MATLAB’s quadprog function, the analytical sensitivity expressions 

derived in this study can be directly applied to any device whose dy­

namic behaviour can be discretised and solved in a similar quadratic 

programming structure, without requiring reformulation of the adjoint 

equations. Moreover, the adjoint method is not intrinsically bound to 

MLF. It can be coupled with conventional solvers, as long as the time 

integration can be expressed in the residual form 𝑹 = 𝟎. This modular­

ity grants the proposed methodology high flexibility and extensibility 

across a range of numerical schemes and optimization scenarios.

On the other hand, global optimization methods generally require 

a significantly larger computational effort, and this limitation becomes 

increasingly pronounced as the problem size grows. In large-scale appli­

cations, the computational burden associated with repeated nonlinear 

response-history analyses may render such methods impractical for rou­

tine engineering design. The objective of the proposed approach is there­

fore not to guarantee global optimality but rather to efficiently guide the 

search toward high-quality, practically feasible designs within a reason­

able computational budget. Although the obtained solutions may not be 

globally optimal, our experience indicates that their performance is close 

to the optimum while being achieved with substantially reduced com­

putational costs. Moreover, as problem dimensionality increases, global 

optimization methods often experience convergence difficulties and may 

fail to produce meaningful designs, further highlighting the advan­

tage of the proposed strategy for large and computationally demanding 

optimization problems.

Despite its advantages, the proposed method also has certain limita­

tions. For highly non-convex design landscapes, gradient-based solvers 

may become trapped in local minima, in which case global optimization 

techniques, such as genetic algorithms or particle swarm optimization, 

are generally preferable. However, as illustrated in Fig. 4(a), at least for 

the representative example considered in this study, the design land­

scape is convex and smooth. This observation increases confidence that 

the problem formulation is well suited for gradient-based optimization 

and that the obtained solutions are reliable within the scope of the 

present work. Furthermore, while adjoint-based sensitivity analysis is 

highly efficient for problems involving a large number of design vari­

ables, its computational advantage diminishes when many objectives 

or constraints depend on only a limited set of parameters. In such 

situations, the use of aggregated objective or constraint functions is 

recommended.

Future improvements to the proposed framework may be pursued 

at multiple levels. At the problem formulation level, the optimization 

landscape may be modified through additional smoothing or regularisa­

tion; for example, by adopting probabilistic descriptions of objective and 

constraint functions, which can mitigate local irregularities and reduce 

sensitivity to non-smooth response features. At the algorithmic level, 

more advanced optimization strategies may be incorporated, including 

sophisticated gradient-based solvers as well as adaptive mechanisms 

involving dynamically adjusted hyperparameters, step sizes, or move 

limits. Hybrid optimization schemes that combine global exploration 

with local refinement also represent a promising direction. In addition, 

robustness may be further enhanced through improved initialisation 

strategies, such as multi-start approaches, coarse-to-fine optimization, 

or warm-starting based on simplified models.
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