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Abstract. We derive lower bounds for the Higgs-curvature coupling from vacuum stability
during inflation in three inflationary models: quadratic and quartic chaotic inflation, and
Starobinsky-like power-law inflation. In contrast to most previous studies we take the time-
dependence of the Hubble rate into account both in the geometry of our past light-cone and
in the Higgs effective potential, which is approximated with three-loop renormalisation group
improvement supplemented with one-loop curvature corrections. We find that in all three
models, the lower bound is £ 2 0.051...0.066 depending on the top quark mass. We also
demonstrate that vacuum decay is most likely to happen a few e-foldings before the end
of inflation.
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1 Introduction

The experimentally measured mass [1, 2| of the Higgs boson lies in a range within which
the Higgs self-interaction does not diverge below the Planck scale [3-5]. This has attracted
significant interest in the past [6-13] and implies that the Standard Model (SM) of particle
physics might be sufficient to describe our universe up to Planck scale energies where quantum
gravity effects become significant. This means that the SM can be used as a consistent
minimal model for describing the early Universe and addressing open cosmological questions.

The current parameters of the SM, in particular the masses of the Higgs boson and
the top quark, suggest that the Universe lies currently in a metastable electroweak vacuum,
however with an extremely small decay rate that makes a collapse into the true minimum
very unlikely [14-19]. This means that in principle, given a long enough time interval, the
Higgs field will eventually decay to its true vacuum state through the nucleation of a bubble
of true vacuum. Inside the bubble, space-time is described by quantum gravity [20], but
for all practical purposes in the framework of the SM, it is considered to collapse into a
singularity. The bubble will then grow at the speed of light, destroying everything in its
way [21, 22]. From the observation that the Universe around us is still in the metastable
state, we can therefore conclude that no such bubble nucleation event took place inside our
past light-cone. In the early Universe, however, the probability of such an event could have
been close to unity, which allows us to constrain fundamental theories and their parameters
leading to a wide variety of physical implications reviewed in ref. [23], where we refer the
reader for more details and references.

There is already a substantial body of literature investigating implications from vacuum
stability during inflation [15, 20, 24-45] and reheating [46-54] and possible cosmological sig-
natures from non-fatal scenarios as well as effects from black holes [55-65]. In particular, we



highlight the recent analysis of inflationary vacuum stability in ref. [41], which addressed the
time-dependence of the background as well as the influence from Planck-suppressed derivative
operators.

The bubble nucleation probability depends sensitively on the non-minimal Higgs-
curvature coupling &, which is a renormalisable parameter of the SM in curved space-
time [38, 66-68]. However, its value is very difficult to measure experimentally in the
present-day Universe because of the low space-time curvature. Therefore, the constraints
from cosmological vacuum instability are many orders of magnitude stronger than those
from other measurements [23].

Most of the existing literature has, nonetheless, approximated the space-time during
inflation with a de Sitter (dS) space-time. That means that the Hubble rate is treated
as a constant free parameter. In this work, we consider the question in the context of
actual inflationary models in which the Hubble rate is time dependent and, once a model is
chosen, the parameters are determined by cosmic microwave background (CMB) observations.
The choice of the inflationary model affects the bubble nucleation probability in two ways:
because of the time-dependence of the Hubble rate, the space-time curvature is different,
which affects the nucleation rate per unit space-time volume. We compute this using the
renormalisation group improved effective Higgs potential with three-loop running [69, 70],
pole matching as described in ref. [71] and where crucially the effective potential is calculated
on a curved background to one-loop order as given in ref. [38]. The model choice also
determines the geometry of the past light-cone, which is different from dS. We incorporate
both of these effects and find the constraints on the Higgs-curvature coupling £ arising from
vacuum stability during inflation in three specific inflationary models, considering also the
dependence on the top quark mass.

The format of this paper is as follows. In section 2, we focus on the Higgs effective
potential, going from the simplest tree level case in flat space to the current state-of-the art
with 3-loops and one-loop curvature corrections. In section 3, there is a description of the
context and the mathematical treatment of the electroweak vacuum instability along with
a brief overview of the inflationary models considered. Afterwards in section 4, we present
our findings for the constraints on the non-minimal coupling & for the different inflationary
models and a range of top quark masses. We also discuss the time of the nucleation event and
its connection with the duration of inflation. Finally, in section 5 we delineate the context of
the study, highlighting its differences from the past literature. We also provide an overview
of our results, where we underline their cosmological implications.

2 Effective potential for the SM Higgs

2.1 Vacuum instability in Minkowski space

The SM is an effective quantum field theory (QFT) and as such the effective interactions
between particles that we observe, are related to the energy regime at which they take place.
This is treated formally in the context of renormalization. Via this procedure we see that
our renormalized parameters are functions of the renormalization scale u, which corresponds
to the energy scale of the physics one is probing. If a renormalized coupling diverges (i.e.,
has a Landau pole) at energies lower than the Planck scale, then this means that our theory
is not valid at those energies and thus we need to think of ways to fix it, such as beyond the
Standard Model (BSM) physics [23, 72-75].



Specifically for our case, when the Higgs field interacts with bosons, its self-coupling
A(p) is increased, whereas fermionic interactions decrease it. The size of these contributions
scales with the mass of the corresponding particle. In the SM, the top quark and the Higgs
are by far the heaviest of the fermions and bosons respectively and therefore dominate the
contributions to the self-coupling than the rest of the particle spectrum. Hence, if either one
is significantly more massive than the other, then A diverges to +co accordingly. This implies
that the only way for the SM to remain valid until the Planck scale would be for the two
masses to be comparable with one another, in order for the two competing contributions to
cancel out. As it turns out, their experimentally measured masses [76] suggest exactly that.
This realization acts as a strong constraint on BSM theories that would disrupt the balance
between the two masses by affecting \’s dependency on p [23].

According to the calculation reviewed in ref. [23], the Higgs self-coupling turns negative
above approximately 10'° GeV resulting in an additional vacuum state of lower energy. This
makes the current vacuum state that the Higgs field resides in to be metastable, and thus
prone to vacuum decay via quantum tunneling. This process induces the formation of a
bubble of true vacuum expanding with velocity close to the speed of light, destroying the
universe as we know it in its path. The true vacuum may or may not be bounded from below,
but in the context of this study, it is not relevant whether it is or not, because we focus on
the bubbles that would form during the tunneling process. This is the case because we are
interested in the possible signatures evident in our false vacuum Universe and not on the
specifics of the exotic physics inside the true vacuum bubble, which would obviously depend
on the form of the potential [3, 4, 23, 72, 73, 77].

The vacuum decay can involve both thermal and quantum fluctuations to surpass the
barrier and we quantify the probability of decay via the decay rate I'. This is a function of
space-time and also evidently of mj; and m;. For an infinitely old universe, even the most
infinitesimal decay rate would render it incompatible with ours. Today, our measurements
indicate that we are in the metastable vacuum with a decay rate that requires more time
than the age of the universe for the process to occur [24]. This result has two important
implications. Firstly, it acts as a reality check for SM extensions, which should abide by
this long-lasting false vacuum. Secondly, it places constraints in our early universe theories,
where a higher decay rate was favoured, as the metastable vacuum has managed to survive
through its various epochs [23, 73].

On a flat background often a reasonable approximation for the renormalization group
improved effective potential is [3]

AB)

Vi(h) = 1

nt, (2.1)
with the choice p = h as the renormalization group (RG) scale for the running four-point
coupling. It should be solved to as high a precision as is practically feasible in order to
accurately capture the running. The current state-of-the-art calculation [5] making use of
two-loop matching conditions, three-loop RG evolution and pure QCD corrections to four-
loop accuracy leads to an instability around the scale uy = 1.60 x 109 GeV for the central
values of the top quark and Higgs masses. It is however important to note that due to
the experimental and theoretical inaccuracies, in particular in defining the top quark mass,
absolute stability of the vacuum is still a viable possibility.

Direct loop corrections to the effective potential are neglected in eq. (2.1), which may
therefore be a poor approximation in some cases [23]. This can be remedied either by



including the quantum corrections in eq. (2.1) or by choosing explicitly the RG scale, instead
of u = h, such that the quantum correction vanishes.

2.2 Tree-level curvature corrections

During inflation, space-time was highly curved, and therefore the Minkowski calculation of
the vacuum decay rate is not applicable. A detailed calculation of the decay rate in a general
curved space-time would be very difficult, and therefore we approximate it locally with a dS
space. The tunnelling process from false to true vacuum can be solved classically yielding
solutions called instantons. The vacuum decay rate is then determined by the action of the
Coleman-de Luccia instanton [22]. At sufficiently high Hubble rates, it approaches the much
simpler Hawking-Moss instanton [37, 78], whose action difference is

38412 AV;
BHM(R) ~ TH )

(2.2)
where AViy = Vig(hpar) — Vir(hey) is the height of the potential barrier [23, 78, 79]. This is
the approximation we will use throughout this paper. It results in a reasonably good first
approximation for the form of the decay rate as

R\? _pouR)
FHM(R) ~ | — e ~HM , (23)
12
where the prefactor is justified by dimensional arguments. For light fields, m <« H, this

agrees with the stochastic formalism [80].

Non-zero space-time curvature also affects the effective potential of the Higgs field. At
tree level, it enters through the Higgs-curvature coupling £.! In this approximation, the
Lagrangian for the Higgs field in curved space-time (in the Jordan frame) is given by

M? 1

£ = =R+ 5" (0uh)(0,h) — Vi (b, R). (2.4)
where the first term corresponds to the standard Einstein-Hilbert term with Mp = (87G)~1/2
~ 2.435 x 1018 GeV being the reduced Planck mass, the second is the usual kinetic term and
the third is the effective curvature-dependent Higgs potential given at tree level by

Via(h, R) = %RhQ + Vi (h), (2.5)
where the first term couples the Higgs field with curvature and acts as a mass term [82],
and Vi (h) corresponds to a general flat space-time potential from QFT. As we will see, the
relevant values of ¢ for our analysis are low, £ < 1/6, and therefore the Higgs field remains
light and we should be able to trust eq. (2.3).

To understand this effect, let us consider constant & and A < 0, which is a reasonable

approximation for the Higgs potential at field values h > 1019 GeV. We may then write

A
Via(h, R) = S pp2 — Uh4, (2.6)
2 4
'We use the sign convention in which the conformal value is £ = 1/6 and (—, —, —) for the metric and

curvature tensors according to [81].



where the value of the potential at the top of the barrier is then

§2R2
Vi (hbar, R) = >——, 2.7
(e, B) = §0 (27)
resulting in the action difference via eq. (2.2),
96m2€>

We can see that in this approximation the action is actually independent of space-time
curvature, and that it is an increasing function of the curvature coupling £. This suggests
that a sufficiently high value of & will prevent vacuum decay during inflation and that,
conversely, vacuum stability provides a lower bound on its value.

2.3 One-loop curvature corrections

Beyond tree level, space-time curvature also enters the effective potential through loop cor-
rections. The effective potential for the full SM on a curved background to 1-loop order was
calculated in ref. [38]. In dS space it has the expression

A
thQ + h4 Vi — KR+ —— R + AVigops » (2.9)

144
where the loop contribution can be parametrized as

1 4 ‘ 2‘ ) L; 2 ‘M?‘
= 22{71@/\/1 llog( 2 —d; +144R log 2 ) (2.10)

having suppressed all implicit dependence on the renormalization scale ;1 and summing over
all degrees of freedom of the SM. The various terms can be found in section 5 of ref. [38],
where we note that we are using ¢; = 1 in this study.? It is necessary to highlight that we will
be neglecting the mass term for the Higgs because it is negligible compared to the scales of
the Hubble rates for the models we study. Setting m = 0 implies that we can also disregard
all dimensionful couplings of our theory, having a renormalisation group flow fixed point at
m = 0,V)y =0,k =0 [83]. Hence, we end up with

Vir(h, p, R) = ——h2+

AVioops(h , R)

Vio(hon ) = S0 g2 A0 O g A (o ). (2.11)

We wish to eliminate the dependence on the scale p in eq. (2.11) via Renormalization
Group Improvement (RGI), where we fix u = p.(h, R) choosing p. in such a way as to result
in null loop corrections to the potential [84], i.e. as a solution of

AWVigops (h, pis, R) = 0. (2.12)
This leads to the RGI effective potential

v, ) = 00 gy MO o 0B g gy

2Regarding the value of the potential at the top of the barrier, we have checked that there is no significant
difference between using gauge fixings ¢; = 0 and ¢; = 1 in the loop contribution.



where because of the scale choice, there is no direct loop contribution, which implies a well-
defined loop expansion.?

It is worth pointing out that a simpler scale choice of the form ;? = ah? + bR, where a
and b are constants, was suggested in [34] and has since widely been used in the literature, see
e.g. refs. [31, 41, 61, 85]. With that choice, the direct loop corrections do not cancel exactly
and should therefore be included in the effective potential for full accuracy. On the other
hand, it avoids the issue that in some cases eq. (2.12) does not have a continuous solution
covering all field values [38]. In the current case, that issue does not arise and therefore we
use the exact scale choice (2.12).

The beta functions for the SM non-gravitational couplings are well known [71], in some
cases up to three loops and therefore we provide here explicitly only the 1-loop couplings
associated with curvature, the non-minimal coupling and « as a reference [34],

d 1 3 9
16772dlfu = 1676 = (5 — 6) (12)\ + 6y7 — 59’2 — 292) , (2.14)
do 1751
1672 —— = 16m283, = 288¢2 — 966 — —— . 2.15
™ g T Ba 3 3 30 (2.15)

Assuming given electroweak-scale values Epw = {(upw) and agw = a(ugpw), these equations
determine their scale-dependence, which enters eq. (2.13). The differential equations above
are sensitive to the initial condition of £ but not of « since the right-hand sides on eq. (2.14)
and eq. (2.15) are independent of c. Although we will not be limiting our analysis to strict
dS space, it is still a good approximation to make use of the dS form of (2.9): the higher
order curvature invariants RZ, R,, RM and RWQBRW“B couple to the Higgs only via loop
corrections [38] and reduce to a single term at the dS limit, indicating that our approximation
captures the leading contribution, which we have checked is already a small contribution.
Solving eq. (2.12) and calculating the barrier height of (2.13) require us to incorporate
the entire SM particle spectrum. Firstly, we need to obtain the running of A, v, ¢, g accord-
ing to the corresponding beta functions and the accompanying pole-matching. We perform
this numerical task by using the publicly available Mathematica code,* which is based on
refs. [69-71]. The code takes as input parameters the fine structure constant ag and the
masses of the Higgs boson my, and the top quark m; renormalised at the electroweak scale,
and calculates the running of the SM parameters. After this, we obtain &(u) and a(u) by solv-
ing the remaining beta functions (2.14) and (2.15). Finally, we can calculate the maximum of
eq. (2.13) after having obtained . via eq. (2.12), including the masses of all the SM particles.
The overview of all the input values along with the evaluated SM couplings is shown in table 1.
Figure 1 shows the running of £(u) according to eq. (2.14) for a range of boundary
conditions at ugpw, where we can see that below {gw =~ 0.03, & switches sign as it runs
resulting in a negative term in the potential (2.13). This can potentially destabilize the Higgs

3In eq. (2.13) h refers to the field renormalized at a scale p., which is related to the field ho renormalized
at some fixed physical scale o via the anomalous dimension v as

h = hgexp ( - /IOg(uS) ’y(t)dt).
0

Arguably, here the relevant physical quantity is the field renormalized at the electroweak scale instead of
h. The Hawking-Moss instanton however is independent of this subtlety since it does not affect the barrier
height, and for simplicity we may then perform our calculation in terms of h.

“By Fedor Bezrukov, available at http://www.inr.ac.ru/~fedor/SM/.
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Masses [GeV]

Higgs my, = 125.10 v = 246.22
my = 172.76 ms =93 x 1073 my, = 2.16 x 1073
Quarks
my, = 4.18 me = 1.27 mg = 4.67 x 1073
Leptons m; = 1.77686 | m, = 105.6583745 x 1073 | m, = 510.9989461 x 10~°
Dimensionless couplings
gauge couplings | ag = 0.1179 g = 0.648382 g = 0.358729
couplings A =0.126249 yy = 0.934843

Table 1. Experimental values of the SM particle masses and couplings [76] at purw used for the RGI
of the Higgs potential according to egs. (2.12)—(2.13). The couplings in bold are calculated by the
SM code?* subject to the input of my, m; and as.

&ew = 0.08 Eew =0.04

— &w=0.06 —— &g =0.02
0.08 A
0.06 -

us

0.04 A
0.02 A
0.00 A

104 10° 108 1010 102 10 10 1018 102
M [GeV]

Figure 1. The running of non-minimal coupling £(u) with various boundary conditions £gw for top
quark mass m; = (172.76 £ 0.6) GeV. The solid lines correspond to the central value of m; for each
case, while the dashed and the dotted ones correspond to m; 4+ 20, respectively.

vacuum depending on how the other couplings in eq. (2.13) run. Therefore, for all practical
purposes in this study, we limit ourselves to the values of gw for which &() remains positive
and the Higgs potential resides “safely” in the meta-stability region. It is also evident that
even a 20 deviation in the top quark mass does not affect the running of ¢ significantly at the
energy scales of interest. In particular, it seems to produce a more observable effect beyond
scales of order 10'® GeV and as &gw gets smaller. We have not considered any deviation in
the Higgs’ mass and we kept it fixed at its central value throughout our calculations, because
of its smaller experimental uncertainty compared to the top quark’s.

In figure 2, we see how the Hawking-Moss action By defined in eq. (2.2) scales with the
Ricci scalar/Hubble rate for different values of the curvature coupling and for a mass range
of 20 for the top quark. The choice of the &gw values shown is motivated by the bounds



H [GeV]

1011 1012 1013 1014 1015
—— &ew=0.06 <
Eew=0.04 ¢
103 —
—&= Quadratic !
—+«— Quartic

—+«— Starobinsky

Brum

102 i

1624 1625 1626 1627 1628 10|29 1630 1631
R [GeV?]

Figure 2. Hawking-Moss action difference By for Egyw = 0.06, 0.04 as a function of the Ricci scalar
R or the Hubble rate (R = 12H?). The shaded areas denote 1o and 20 deviation from the central
value of my, where a heavier top quark decreases the value of Byy and vice versa. The solid red,
blue and green arrows denote the last 60 e-foldings of inflation in quadratic, Starobinsky and quartic
inflation respectively (see section 3.3), whereas the dashed ones extend beyond that.

obtained in section 4 as the ones to be of interest and they parallel the corresponding ones
in figure 1. The three arrows denote the last 60 e-foldings of each inflationary model, where
their dashed tails extend to earlier times. Hence, the range of the By values of interest for
this study is the one coinciding with the arrow of the chosen model. We observe that as the
top quark mass increases the action becomes less sensitive to the Ricci scalar R. At high R,
the action becomes approximately constant, in line with the analytic approximation (2.8).

3 Bubble nucleation during inflation

3.1 Expected number of bubbles

The observation that the Universe around us is still in the metastable phase implies that no
bubble nucleation event took place in our past light-cone. For this to be compatible with
the theory, it should predict that the probability P(N') that there were A/ bubble nucleation
events in our past light-cone must satisfy P(0) ~ 1. When A is small, this probability should
follow Poisson distribution, and therefore we can relate it to the expected number of bubbles
(N) through

P(0) = e~ (3.1)

Therefore, observations require (V) < 1.
The expected number of bubbles (N) of true vacuum in our past light-cone is given by
the integral [23]
N) = dtz/—gT(z). (3.2)

past



The subscript “past” indicates that the integral is taken over the past light-cone. In a
Friedmann-Robertson-Walker universe,

ds? = a(n)? (d772 — dfz) , (3.3)

where 7 is the conformal time and a(n) is the scale factor, the comoving radius of the past
light-cone at conformal time 7 is r(n) = ny — n, where 79 is the conformal time today. The
expected number of bubbles nucleated between the start of inflation 7start and the end of
inflation n,¢ is therefore given by

47[' Tinf
Wy = [ dnatn)(m — n)*T(al) (3.4)
Tstart
Instead of conformal time 7, it is convenient to express this as an integral over the
number of e-foldings N = In(ajnt/a(n)), where aijns = a(nig) is the scale factor at the end of
inflation.® This gives the expected number of bubbles as a function of Ngar, i-e. the value
of N at the start of inflation or equivalently the total number of e-foldings of inflation,

Netart A (awme [0 — 1 (V)]
Ngtart) = N I'(N), .
where H is the Hubble rate and it is given by
1 dN
H(N)= ——éV—. .
(N)=——e a (3.6)

For future reference, it is instructive to note that the integrand in eq. (3.5), which we
will denote by v(N), is a product of a geometric factor

AV Ar (a0 —n(N)]°
dN ~ 3H(N) ( eN ) ’ (37)
and a dynamical factor I'(N), i.e.,
AN ay

The dynamical factor depends on the space-time geometry only through the Ricci scalar and
is given by eq. (2.3), whereas the geometric factor depends on the inflationary model.
3.2 Numerical solution

For a general single-field inflationary model, the space-time geometry is determined by the
Friedmann and field equations

o _ 1 (19
1= g (58 ve).
¢=-3H¢—V'(¢), (3.9)

where the dot indicates a derivative with respect to the physical time ¢, ¢ is the inflaton field
and V' (¢) is its potential. By solving these, one can obtain ¢(N), H(N) and n(N) and hence
calculate the integral (3.5) by using the bubble nucleation rate I'(V).

®Note that with this definition, higher N corresponds to earlier time during inflation.



In practice, we rewrite these equations using N as the time variable as a set of three
coupled differential equations

™ e N ’

W =20 = e (22 )| 55 (3.10)
9 ) - i (3.11)
Po_V@P (Ao V()

v = e (v B ) (312)

where 77 = eV and the Hubble rate H is given by

1% dp N2
o2 - 3]\(2 [1 _ 6]\1@) (dlf[) 1 . (3.13)

For the nucleation rate I'(/V), given by eq. (2.3), we need the Ricci scalar, given by

B ) 1 do \ 2
R=12H [1— Ty (dN) ] . (3.14)

Note that these equations do not assume the slow-roll conditions.

We solve this set of equations numerically using Mathematica, starting from slow-roll
initial conditions at a high field value, which corresponds to a large value of N. To be precise,
we fix the initial field value to that corresponding to N = 10 e-foldings before the end of
inflation, as calculated in the slow-roll approximation. We then integrate the equations down
towards lower N, until the field reaches the point ¢i,¢ at which the expansion of the universe

no longer accelerates,
1 do \?
o[t ()
d=int 2Mp \dN

We then set this point as the origin of our N axis, i.e. N(¢it) = 0.

i

a

= 0. (3.15)
¢):¢inf

3.3 Inflationary Models

Within the slow-roll approximation, for a given model of inflation with the potential V' (¢),
the power spectrum of curvature perturbations has the expression [86]

V(g) Mg <V'(¢>)2_ (3.16)

Pelk) = 2am2Mic’ T 2 \V(9)
Current CMB observations set the amplitude of the power spectrum to be P¢(ky) ~ 2.1 x 107
at the pivot scale k, = 0.05Mpc~? [87], where the scale factor is chosen to be ag = 1 today.
When precisely the scale corresponding to the pivot scale exits the horizon during inflation
depends on the cosmic history and in particular on the reheating epoch. However, when
determining the input parameters for inflationary models, we will assume that this takes
place precisely 60 e-folds before the end of inflation, which in turn we take to occur when
the potential slow-roll parameter satisfies ¢ = 1. All inflationary models studied in this work
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involve just one parameter and are then completely determined once the correct amplitude
has been fixed.
In quadratic inflation, the inflaton potential has only a quadratic term

1
V(g) = 5m*e*, (3.17)
where m = 1.4 x 1013 GeV acts as the inflaton mass and it is constrained from CMB mea-
surements and eq. (3.16).

As the name suggests for quartic inflation one has

V() = %Aqﬁ‘ﬂ (3.18)

where A = 1.4 x 10™'3 comes from eq. (3.16).

The quadratic and quartic models do not provide a very good fit to data [87], but we
still consider them because of their simplicity. Starobinsky inflation [88, 89] on the other
hand complies with observational data very well and can draw connections between different
inflationary models [86, 90]. In this work, we consider a Starobinsky-like power-law model
with the potential

5 2
V(g) = zﬁM}‘» (1 — e_*/;”y?> : (3.19)

where the CMB fixes a = 1.1 x 107° from eq. (3.16). This potential does not include cross-
couplings between the Higgs and the inflaton, which in the Starobinsky model are introduced
when the initial Lagrangian is parametrized in terms of an additional R?-term [91, 92], so
it is not strictly speaking Starobinsky inflation. However, we will refer to it as Starobinsky
inflation here for brevity.

4 Results

4.1 Bounds on &

Assuming a given inflationary model, and given values of the top quark mass m; and other
Standard Model parameters, one can obtain a lower bound on the Higgs-curvature coupling
¢ by solving egs. (3.10)-(3.12) and requiring that (N) < 1. The precise bound will depend
on the duration of inflation, which we will discuss later in more detail. Because in eq. (3.10),
~v(N) > 0, the longer inflation lasts, the stricter the bound on &.

In figure 3 we show these lower bounds calculated for the three inflationary models
discussed in section 3.3 and different values of m;, based on the minimal assumption that
inflation lasts N = 60 e-foldings. We can see that all three inflationary models lead to very
similar bounds, which indicates that, at least to some extent, they can be considered to be
model-independent.

On the other hand, the bound depends quite significantly on the mass of the top quark.
If it is sufficiently low, as indicated by the vertical black dashed line, the bound disappears
completely because the electroweak vacuum becomes the true minimum. However, already
at m; ~ 171.2 GeV, instability requires negative £ at the relevant scale ., as indicated by
the horizontal dotted line. With a negative £(u.), the Higgs field gets displaced from its
electroweak value during inflation. That changes its dynamics so much that we cannot use
the same estimate (3.10) for the expected number of bubbles, and more work is required to
determine the actual constraints. Therefore we terminate the curves at that line.

- 11 -
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Figure 3. Constraints on the value of the curvature coupling ¢ at pupw by imposing (N)(60) =~ 1 at
the bound with a varying top quark mass for different inflationary models. The vertical dashed black
line signifies the top quark mass threshold below which the self coupling of the Higgs field remains
positive as it runs and thus prohibiting the formation of a second minimum in the Higgs potential.
The vertical dashed orange line lies at the central value of m; = (172.76£0.30) GeV, where the shaded
areas denote the corresponding +o and +2¢ variances [76]. The horizontal dotted black line shows
the lowest Egw value below which £(j.) turns negative as it runs.

Finally, for completeness, we state explicitly the £&-bounds for m; + 20 in each model

Quadratic : &gy > 0.0607000%, (4.1)
Quartic : &pw > 0.0597000%, (4.2)
Starobinsky : &mw > 0.05910507, (4.3)

where the numerical errors in the {gw’s for a fixed top quark mass are approximately < 1%
of their values (i.e. Aégw ~ 107°-107%).

4.2 Bubble nucleation time

In addition to the overall constraint on &, it is instructive to calculate the time during inflation
at which bubbles are most likely to nucleate. This is important for two reasons: first, if
bubbles were predominantly nucleated very close to the end of inflation, for example during
the last e-folding, it would suggest that the constraints in figure 3 may not be reliable. This
is because eq. (2.3) is calculated in dS space-time, and near the end of inflation the space-
time geometry deviates increasingly from dS. Second, if bubble formation was most likely to
happen early on during inflation, before the last 60 e-foldings, then the bounds in figure 3
would depend significantly on the early stages of inflation.

In figure 4, we show the probability v(IN) of bubble nucleation per e-folding for the
three inflationary models. In each case, m; has been assumed to have its experimental value,
and &gy is fixed to the value that gives (M) = 1. We can see that in all three cases, the
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Figure 4. The integrands of the expectation value (3.5) of the number of true vacuum bubbles (N)
as functions of e-foldings N for the three different inflationary models, with &gw chosen such that
(N)(60) = 1 in each case. This means that £58r = 0.05938, 202 = 0.05998 and £20" = 0.05875 for
Starobinsky, quadratic, and quartic inflation, respectively. The solid lines correspond to the central
value of m;, whereas the dashed and dotted lines correspond to a deviation of 0.5 GeV, respectively.
The corresponding scales of the Hubble rates at which the bubbles are predominantly produced are
Hgtar = 9.96 x 10'2 GeV, Hquaa = 1.83 x 10" GeV and Hquar = 1.16 x 10'3 GeV.

function has a clear localised peak. This means that there is a definite, fairly well-defined
time during inflation, when the vacuum decay is most likely to happen. In quadratic and
quartic models, this peak is a few e-foldings before the end of inflation, which means that
the constraints on ¢ should be reliable, and even in Starobinsky inflation it is more than one
e-folding before the end. Also note that a lighter top quark “pushes” the peak to earlier
times, while a heavier one towards the end of inflation.

The reason for this localised peak can be see in figure 5. As pointed out in eq. (3.8), the
overall probability (V) consists of two factors, the dynamical one and the geometric one.
Because of the expansion of space, the geometric factor decreases exponentially as a function
of N. The dynamical factor I'(V) increases, but not exponentially. Therefore the product
~v(N) has a maximum.

4.3 Significance of the total duration of inflation

As discussed in the previous section and is evident from figure 4, bubble nucleation is strongly
dominated by the dynamics close to the end of inflation. This implies that bounds from
vacuum stability are relatively insensitive to the total duration of inflation as long as it is
larger than around ten e-folds. However, in principle inflation can last for many orders of
magnitude longer than this, and therefore it is important to check whether the behaviour at
very large N can change this conclusion.
To consider a long period of inflation, we split the integral (3.5) into two pieces,
Nstart

) (Netart) = Y(60) + [ 7 dN (), (14)

60
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Figure 5. Factors of the integrand v(N) defined in eq. (3.8) as functions of e-foldings of inflation
in quartic inflation with {gw = 0.05875 and m; = 172.76 GeV. The dynamic factor corresponds to
I'(N), while the geometric factor to % and we have normalized all factors to one at N = 0.

where we have already computed the first term numerically. If we choose the parameter
values at the threshold, then by definition (N)(60) = 1. The second term, on the other
hand, can be computed using the slow roll approximation, which is valid at early times.

For quadratic inflation (3.17), to leading order in slow-roll, we can solve eqgs. (3.11)-
(3.13), analytically to obtain

(N) = (Mpv2) V142N ~ 2MpVN, (4.5)

H(N) = (m/V3)V1+2N ~ m\/?, (4.6)
-2t (D))

N\/§ L eV (4.7)
V2 mais VN '

where the approximate forms are valid at N > 1. The first term in eq. (4.7) is the post
inflationary contribution [23], with ag and Hp denoting the scale factor and the Hubble rate
today, which is subdominant when N 2 60. Based on eq. (2.8) and as implied also by figure 2,
we assume that the Hawking-Moss action By is approximately constant at early times, so
that T'(N) ~ H(N)*e~PuM. Under these approximations, eq. (4.4) simplifies to

AmeBuu
<N> (NStal"t) ~ 1+ TNstart- (48)

This is true for all monomial potentials. Therefore, the early-time contribution is only im-
portant if Nygart = €M ~ 10°8769 e-foldings depending on the value of m; 0.5 GeV and the
corresponding {gw. For comparison, eq. (4.6) shows that the requirement that the Hubble
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rate does not reach trans-Planckian values, H (Ngtart) < Mp, implies
3 (Mp\?
Nstart <z < P> ~ 1010- (49)
2\ m

Therefore, one can conclude that in quadratic inflation, early bubble production is never
important.

The same conclusion holds in the quartic model (3.18). The slow-roll solution for the
inflaton, Hubble rate and conformal time is

6(N) = (2Mpv2) VI+ N ~ 2MpV2N, (4.10)

H(N) = 4Mp\/§(1 +N)~ <4Mp\/§> N, (4.11)

320 A VIR \

Ei(N +1) — Bi(1)] ~ | L2125 4.12
aoHy " Dhlpagge Y T~ L) (4Mpamf> N’ (4.12)

where Ei is the exponential integral function. The asymptotic result for the number of
bubbles is again eq. (4.8), and the constraint arising from trans-Planckian Hubble rates is

no —n(N) =

1 /3
Nytart < —1/ = ~ 10°. 4.1
" t<<4 \ 0 (4.13)

For the plateau models such as the Starobinsky-type potential in eq. (3.19) the energy
density quickly approaches a constant for large Ng;art and thus remains strictly sub-planckian.
Therefore it does not give rise to an upper limit on the total number of e-foldings. The
solution of eqgs. (3.11)—(3.13) is

H(N) = Mp\/g [mf —f- %N W, [—elnf—f—%vﬂ ~ Mp\/jlnN, (4.14)

2 4N _ nf—f-4N
R s I
2 f 2
321 2(eN -1 92eN
no —n(N) ~ ( ) ~ (4.16)

~ )
agHo ainfaMp ainfaMp

where f = 1+2/+/3, and W_1 is the -1 branch of the Lambert function [93]. The asymptotic
behaviour of the expected number of bubbles is, again, eq. (4.8), and therefore if Ngtart 2

ePum ~ 1090, the vacuum stability bounds on & become stronger. The same conclusion
applies to all cases where the Hubble rate approaches a constant at high V.

5 Conclusions

In this work we have obtained bounds on the Higgs-curvature coupling coming from vacuum
instability in the SM during inflation. We considered three models of inflation, quadratic and
quartic chaotic inflation and Starobinsky-like power-law inflation. For the calculation of the
tunneling probability we made use of the Hawking-Moss bounce with the renormalization
group improved effective potential calculated on a curved background without the usual
assumption of strict de Sitter space.
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In the effective potential for the SM Higgs we included the leading time-dependent
curvature corrections from all SM constituents by making use of the results of ref. [38] and
choosing the renormalization scale such that the loop correction strictly vanishes, as written in
eq. (2.12). This amounts to a consistent inclusion of quantum induced curvature corrections
to 1-loop order, which in previous works has not been addressed beyond de Sitter space
making the bounds presented here arguably the most accurate to date.

Our analysis indicates that the bound for the Higgs non-minimal coupling at the elec-
troweak scale is

Eow 2 0.06, (5.1)

for the central value of the top quark mass, valid for quadratic, quartic and Starobinsky-
like inflationary models. This is numerically close to bounds obtained earlier in the de Sitter
approximation [23, 38]. From the results in eqgs. (4.1)—(4.3) one can also see that the bound is
largely unchanged when varying the top quark mass by 20 or less. Since for the non-minimal
coupling in the SM, ¢ = 0 is not a fixed point of the RG evolution, a small yet non-zero value
is perfectly natural from the model building point of view.

As mentioned in the introduction, the issue of vacuum stability during inflation was
similarly studied on a time-dependent background in ref. [41]. The main difference to our
work was making use of the stochastic approach of ref. [94] instead of the Hawking-Moss
bounce and including Planck-suppressed derivative operators in the action. Furthermore,
ref. [41] made use of the RG improved tree-level potential with the scale y? = h? + 12H? in
contrast to our using the 1-loop result in eq. (2.13) with the scale choice in eq. (2.12). For
the cases where the analyses overlap there is good agreement between the results.

In this work, we have not considered a direct coupling between the Higgs and the inflaton
field. In the slow-roll limit, there are examples in which its effects are similar to those of the
curvature coupling and therefore one can translate the bounds on the curvature coupling to
include the direct Higgs-inflaton coupling [51]. Unfortunately this is not possible in general
beyond slow roll, and therefore a new calculation is required to include the effects of a direct
coupling. We leave this for future work.

Our work also revealed non-trivial insights concerning when precisely during inflation
the vacuum bubbles are formed: consistently in all the three models that we studied the bulk
of the bubble nucleation occurs close to the end of inflation. As figure 4 shows the probability
for nucleation peaks localised less than ten e-folds before the end of inflation, while dropping
rapidly for large N. In section 4.3 the dependence of the average number of bubbles on the
total length of inflation was studied analytically. It was shown that the results are largely
insensitive to the entire duration of inflation unless one considers an extremely long period
of primordial inflation lasting more than 10°0 e-folds. Although a very large number, this
might be significant for cases admitting eternal inflation [42], which warrants further study.
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