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 a b s t r a c t

A computational fluid dynamics methodology for the simulation of electromagnetic interactions in compressible 
reacting flows has been formulated. The developed code, named Electromagnetic Integrator (EMI), is based on 
the SENGA Direct Numerical Simulation (DNS) software. Static electric and magnetic fields are solved using 
Gauss’s laws of Maxwell’s equations. Electromagnetic wave propagation is solved by discretizing Ampere’s and 
Faraday’s equations using the explicit Finite-Difference Time-Domain (FDTD) method. The equations for the 
electromagnetic fields are fully coupled with the Navier-Stokes equations, such that interactions between the 
electromagnetic fields and the fluid are included in the formulation. The interaction terms include the Lorentz, 
polarization, and magnetization forces. These forces determine volume forces that affect the transport of mo-
mentum, the diffusion velocity in the transport of species, and the energy conservation equation. In addition, 
the medium’s properties affect the propagation of the electromagnetic waves via electrical permittivity and con-
ductivity, charge density, and magnetic permeability. The solution of electromagnetic fields is verified against 
analytical and numerical solutions. The implementation of the coupling between electrostatic fields and conser-
vation equations for species, energy, and momentum is verified by a comparison with numerical solutions of 
laminar reacting flows obtained with an established code. The key capabilities of the proposed formulation are 
investigated by means of a range of laminar methane-air computations under electrostatic, magnetostatic, and 
high-frequency electromagnetic fields. The validity of the electrostatic formulation in the presence of currents 
arising from the movement of charged species is also assessed. Results demonstrate that EMI-SENGA can capture 
the fundamental effects of electromagnetic fields on reacting flows as well as the dynamics of charged species 
and their effect on flame shape and reactivity. The formulation proposed in this work provides a comprehensive 
framework for modeling multiphysics interactions in reacting flows, which is of interest to emerging areas of 
research and development that exploit electromagnetic fields to manipulate species diffusion and reactivity.

1. Introduction

The comprehensive study of multiphysics phenomena within multi-
phase reacting flows, especially the ones arising from the interaction of 
different species and external electromagnetic fields, is an everlasting 
pursuit in the fields of engineering, physics, and chemistry. Numerical 
simulations are a valuable tool for the study of complex multiphysics 
phenomena that span a wide range of scales, including the small ones, 
which are difficult or impossible to be captured experimentally.

Numerous experiments show that external electric (e.g., Refs. [1–4]) 
and magnetic (e.g., Refs. [5–8]) fields can affect the behavior of reacting 
flows. On the one hand, external electromagnetic fields result in forces 
acting on the species forming the medium. The total electromagnetic 
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force acting on a species includes the contributions of the Lorentz, po-
larization, and magnetization forces. The Lorentz force acts on the ionic 
species of the fluid, the polarization force on polar species and species 
with electrically induced polarization, and the magnetization force on 
species with an intrinsic spin. The total electromagnetic force, arising 
from all these contributions, directly affects conservation equations, re-
sulting in a bulk volume force as well as preferential diffusion of some 
of the species. On the other hand, the constituent species of the react-
ing flow affect the electromagnetic properties of the medium and there-
fore the distribution and propagation of electromagnetic waves. Charge 
density, permeability, and permittivity are the relevant quantities that 
determine the distribution of electromagnetic fields in the fluid domain. 
In addition, moving ions and electrons may result in currents, which are 
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\begin {align}&\nabla \times \bm {H}=\dfrac {\partial \bm {D}}{\partial t} + \bm {J}, \label {eq:Ampere_law}\\ &\nabla \times \bm {\mathcal {E}}=-\dfrac {\partial \bm {B}}{\partial t} - \bm {\mathcal {M}}, \label {eq:Faraday_law}\\ &\nabla \cdot \bm {D}=\rho _{q}, \label {eq:Gauss_law_electric_field}\\ &\nabla \cdot \bm {B}=0, \label {eq:Gauss_law_magnetic_field}\end {align}


$\bm {\mathcal {E}}$


$\bm {D}$


$\bm {H}$


$\bm {B}$


$\bm {J}$


$\bm {\mathcal {M}}$


$\rho _{q}$


\begin {align}&\bm {D} = \tensor {\epsilon } \cdot \bm {\mathcal {E}}=\epsilon _0\left (\bm {P}+ \bm {\mathcal {E}}\right )=\epsilon _0 \left (\chi _e+1\right )\bm {\mathcal {E}} = \epsilon \bm {\mathcal {E}}, \label {eq:electric_flux_density}\\ &\bm {B} = \tensor {\mu } \cdot \bm {H} = \mu _0 \left (\bm {M}+ \bm {H}\right ) = \mu _0 \left (\chi _m + 1\right ) \bm {H} = \mu \bm {H}. \label {eq:magnetic_flux_density}\end {align}


$\tensor {\epsilon }$


$\tensor {\mu }$


$\bm {P}$


$\bm {M}$


$\chi _e$


$\chi _m$


$\bm {P}= \chi _e \bm {\mathcal {E}}$


$\bm {M}= \chi _m \bm {H}$


$\tensor {\epsilon }\equiv \epsilon \tensor {I}$


$\tensor {\mu }\equiv \mu \tensor {I}$


$\tensor {I}$


$\bm {J}$


$\bm {\mathcal {M}}$


\begin {align}&\bm {J}=\bm {J}_c+\bm {J}_s=\tensor {\sigma }^e \cdot \bm {\mathcal {E}}+\bm {J}_s, \label {eq:J_em}\\ &\bm {\mathcal {M}}=\bm {\mathcal {M}}_c+\bm {\mathcal {M}}_s=\tensor {\sigma }^m \cdot \bm {H}+\bm {\mathcal {M}}_s, \label {Xeqn8-8}\end {align}


$\bm {J}_c$


$\bm {J}_s$


$\bm {\mathcal {M}}_c$


$\bm {\mathcal {M}}_s$


$\tensor {\sigma }^e$


$\tensor {\sigma }^m$


$\sigma ^e$


$\bm {J}=\bm {0}$


$\bm {\mathcal {M}}=\bm {0}$


$\Phi $


\begin {equation}\begin {aligned} \bm {\mathcal {E}} = -\nabla \Phi . \label {eq:electric_potential} \end {aligned}\end {equation}


$\Psi $


\begin {equation}\begin {aligned} \bm {H} = -\nabla \Psi . \label {eq:magnetic_potential} \end {aligned}\end {equation}


$\nabla \times \bm {\mathcal {E}}=0$


$\nabla \times \bm {H}=0$


$\bm {\mathcal {A}}$


$\bm {B} = \nabla \times \bm {\mathcal {A}}$


$\bm {B}$


\begin {equation}\begin {aligned} &\left (1+\chi _e\right ) \nabla ^2 \Phi +\nabla \Phi \cdot \nabla \chi _e =-\dfrac {\rho _{q}}{\epsilon _0}, \label {eq:temp_e_1} \end {aligned}\end {equation}


\begin {equation}\dfrac {\partial ^2 \Phi }{\partial x^2} + \dfrac {\partial ^2 \Phi }{\partial y^2} + \dfrac {\partial ^2 \Phi }{\partial z^2} + \dfrac {1}{1+\chi _e} \left (\dfrac {\partial \Phi }{\partial x}\dfrac {\partial \chi _e}{\partial x} + \dfrac {\partial \Phi }{\partial y}\dfrac {\partial \chi _e}{\partial y} + \dfrac {\partial \Phi }{\partial z}\dfrac {\partial \chi _e}{\partial z}\right ) = -\dfrac {\rho _q}{\epsilon _0 \left (1+\chi _e\right )}. \label {eq:electrostatics}\end {equation}


\begin {equation}\begin {aligned} &\left (1+\chi _m\right ) \nabla ^2 \Psi + \nabla \Psi \cdot \nabla \chi _m = 0, \end {aligned} \label {Xeqn13-13}\end {equation}


\begin {equation}\dfrac {\partial ^2 \Psi }{\partial x^2} + \dfrac {\partial ^2 \Psi }{\partial y^2} + \dfrac {\partial ^2 \Psi }{\partial z^2} + \dfrac {1}{1+\chi _m} \left (\dfrac {\partial \Psi }{\partial x}\dfrac {\partial \chi _m}{\partial x} + \dfrac {\partial \Psi }{\partial y}\dfrac {\partial \chi _m}{\partial y} + \dfrac {\partial \Psi }{\partial z}\dfrac {\partial \chi _m}{\partial z}\right ) = 0. \label {eq:magnetostatics}\end {equation}


$(A_1+A_2) X = \Omega $


$\mathcal {E}$


$H$


$\mathcal {E}$


$H$


$\nabla \cdot \bm {B}$


$\nabla \cdot \bm {\mathcal {E}}$


$\rho _q/\epsilon _0$


\begin {equation}\dfrac {\partial \rho _q}{\partial t} = -\nabla \cdot \bm {J} \label {eq:charge_conservation}\end {equation}


$\sigma $


$\alpha $


$\kappa $


\begin {equation}J_s = \dfrac {\mathcal {I}\Delta l}{\Delta x \Delta y \Delta z}, \label {eq:J_source}\end {equation}


$\mathcal {I}$


$\Delta l$


$\Delta l$


$\Delta x$


$\Delta y$


$\Delta z$


$\Delta t \leq 1/(c \sqrt {1/\Delta x^2+1/\Delta y^2+1/\Delta z^2})$


$c$


$\lambda _{0,\min }=2c\Delta t$


$\Delta x \approx \lambda _{0,\min }/N_\lambda $


$N_\lambda \geq 10$


$\Delta t_{FDTD}$


$\bm {\mathcal {E}}$


$\bm {H}$


$H_{x}$


$\mathcal {E}_{x}$


$H_{x}$


$y$


$z$


$H^{n+1/2}_{x}\left (i,j+1/2,k+1/2\right )$


$i$


$H^{n+1/2}_{y}\left (i+1/2,j,k+1/2\right )$


$x$


$z$


$H^{n+1/2}_{z}\left (i+1/2,j+1/2,k\right )$


$x$


$y$


$\mathcal {E}_{x}$


$x$


$\mathcal {E}^{n+1}_{x}\left (i+1/2,j,k\right )$


$j$


$k$


$\mathcal {E}^{n+1}_{y}\left (i,j+1/2,k\right )$


$y$


$\mathcal {E}^{n+1}_{z}\left (i,j,k+1/2\right )$


$z$


$n$


$\bm {H} = (\bm {H}^{n-1/2}+\bm {H}^{n+1/2})/2$


$\bm {F}_L$


$\bm {F}_P$


$\bm {F}_M$


$s$


\begin {equation}\begin {aligned} \bm {f}^s &= \bm {f}^s_L + \bm {f}^s_P + \bm {f}^s_M. \end {aligned} \label {Xeqn17-17}\end {equation}


\begin {align}\bm {f}^s_L &= \dfrac {q_s N_A}{M_s}\left [\bm {\mathcal {E}}+\mu _0\left (1+\chi _m\right ) \bm {u}\times \bm {H}\right ], \label {eq:lorentz_force}\\ \bm {f}^s_P &= \dfrac {\epsilon _0}{\rho Y_s} \chi _e^s\left (\bm {\mathcal {E}}\cdot \nabla \right ) \bm {\mathcal {E}}, \label {eq:polarization_force}\end {align}


\begin {equation}\begin {aligned} \bm {f}^s_M &= \dfrac {\mu _0}{\rho Y_s} \chi _m^s\bm {H}(\bm {H} \cdot \nabla \chi _m) + \dfrac {\mu _0}{\rho Y_s}\chi _m^s\left (1+\chi _m\right )\left (\bm {H}\cdot \nabla \right ) \bm {H}, \label {eq:magnetization_force} \end {aligned}\end {equation}


$M_s$


$s$


$\bm {u}$


$Y_s$


$s$


$N_A$


\begin {equation}\begin {aligned} \dfrac {\partial \rho u_i}{\partial t} + \dfrac {\partial \rho u_j u_i}{\partial x_j} = - \dfrac {\partial P}{\partial x_i} + \dfrac {\partial \tau _{ji}}{\partial x_j} + \rho \sum _s Y_s f^s_i, \end {aligned} \label {Xeqn21-21}\end {equation}


$\tau _{ij}$


\begin {equation}\begin {aligned} \tau _{ij} = -\dfrac {2}{3} \mu \dfrac {\partial u_m}{\partial x_m} \delta _{ij} + \mu \left (\dfrac {\partial u_i}{\partial x_j} +\dfrac {\partial u_j}{\partial x_i} \right ). \end {aligned} \label {Xeqn22-22}\end {equation}


$s$


\begin {equation}\begin {aligned} \dfrac {\partial \rho Y_s}{\partial t} + \dfrac {\partial \rho u_i Y_s}{\partial x_i} = - \dfrac {\partial \rho Y_s V^s_i}{\partial x_i} + \dot {\omega }^s. \end {aligned} \label {Xeqn23-23}\end {equation}


\begin {equation}\begin {aligned} \dfrac {\partial \rho E}{\partial t} + \dfrac {\partial \rho u_i E}{\partial x_i} = -\dfrac {\partial P u_i}{\partial x_i} - \dfrac {\partial \tilde {q}_i}{\partial x_i} + \dfrac {\partial \tau _{im} u_m}{\partial x_i} + \dot {\tilde {q}}_R + \rho \sum _s Y_s f^s_i \left (u_i+V^s_i\right ), \end {aligned} \label {Xeqn24-24}\end {equation}


$\tilde {q}_i$


\begin {equation}\begin {aligned} \tilde {q}_i = -\lambda \dfrac {\partial T}{\partial x_i} + \sum _{s} \rho h_s Y_s V^s_i. \end {aligned} \label {Xeqn25-25}\end {equation}


$\rho $


$u$


$P$


$Y_s$


$s$


$\delta _{ij}$


$\dot {\omega }^s$


$s$


$\dot {\tilde {q}}_R$


$E$


\begin {equation}\begin {aligned} V_i^s=&-\dfrac {D_s}{Y_s} \dfrac {\partial Y_s}{\partial x_i} + \dfrac {\rho D_s M_{s}}{M_{m} P} \sum _{k=1}^N Y_k\left (f^s_i-f^k_i\right ) \\ &+\sum _{\lambda =1}^N Y_\lambda \left [\dfrac {D_\lambda }{Y_\lambda } \dfrac {\partial Y_\lambda }{\partial x_i} - \dfrac {\rho D_\lambda M_{\lambda }}{M_{m} P} \sum _{k=1}^N Y_k\left (f^\lambda _i-f^k_i\right )\right ]. \label {eq:diffusion_velocity} \end {aligned}\end {equation}


$M_{m}$


$\epsilon $


\begin {equation}\begin {aligned} \epsilon = \left (1+\chi _e \right ) \epsilon _0, \end {aligned} \label {Xeqn27-27}\end {equation}


$\chi _e$


$\epsilon _0$


$s$


\begin {equation}\begin {aligned} &\chi ^s_e = \dfrac {3 N_s \alpha _s}{3- N_s \alpha _s}, \end {aligned} \label {eq:Clausius_Massotti_species}\end {equation}


\begin {equation}\begin {aligned} \chi _e = \dfrac {3\sum _{s} N_s \alpha _s}{3-\sum _{s} N_s \alpha _s}, \end {aligned} \label {eq:Clausius_Massotti}\end {equation}


$\alpha _s$


$s$


$\sigma ^e$


\begin {equation}\begin {aligned} \sigma ^e = \sum _s \upsilon _s N_s |q_s|, \label {eq:sigma_e} \end {aligned}\end {equation}


$\upsilon $


$N$


$q$


$s$


$\upsilon _s$


$s$


\begin {equation}\label {eq:mobility} \begin {aligned} \upsilon _s = \left (\sum _\nu \dfrac {X_\nu }{\upsilon _{s\nu }} \right )^{-1} = \left (\sum _\nu \dfrac {M_{m} Y_\nu }{M_{\nu }\upsilon _{s\nu }} \right )^{-1}. \end {aligned}\end {equation}


$\upsilon _{s\nu }$


\begin {equation}\begin {aligned} \upsilon _{s\nu } = \dfrac {D_{s\nu } |q_s|}{k_B T}, \end {aligned} \label {Xeqn32-32}\end {equation}


$k_B$


$\upsilon _{s} = D |q_s|/k_B T$


$\upsilon _{e^-}$


$\upsilon _{e^-}$


$\upsilon _{e^-}=0.2$


$^2$


$D_{e^-} = \upsilon _{e^-} k_B T/q_e$


$\mu $


\begin {equation}\begin {aligned} \mu = \left (1+\chi _m \right ) \mu _0, \end {aligned} \label {Xeqn33-33}\end {equation}


$\chi _m$


$\mu _0$


$s$


\begin {equation}\begin {aligned} \chi _m^s = \dfrac {\mathcal {C}}{T}=\dfrac {N_s \mu _0 \mu _B^2 g_L^2 \mathscr {J}_s \left (\mathscr {J}_s+1\right )}{3k_B T}, \label {eq:Curie_law} \end {aligned}\end {equation}


$\mathcal {C}$


$N$


$g_L$


$\mu _B$


$\mathscr {J}$


$\mathscr {J}\approx \mathcal {S}$


$\mathcal {S}$


$\mu _B=e\hbar /(2m_e)$


$e$


$\hbar $


$m_e$


$\mu _B=9.27401\times 10^{-24}$


$g_L=2.0023$


$\ket {\uparrow }$


$\ket {\downarrow }$


\begin {equation}\chi _m^e = \dfrac {\mu _0 \mu _B^2 N}{\varepsilon _F}\left [1-\dfrac {\pi ^2}{12}\left (\dfrac {k_B T}{\varepsilon _F}\right )^2 - \dfrac {1}{20} \left (\dfrac {\mu _0 \mu _B H}{\varepsilon _F}\right )^2\right ], \label {Xeqn35-35}\end {equation}


$\varepsilon _F/(k_B T) \gg 1$


\begin {equation}\chi _m^e = \dfrac {2}{3}\dfrac {\mu _0 \mu _B^2 N}{k_B T}\left [1-\dfrac {1}{3}\left (\dfrac {2}{\pi }\right )^{1/2}\left (\dfrac {\varepsilon _F}{k_B T}\right )^{3/2} - \dfrac {7}{15} \left (\dfrac {\mu _0 \mu _B H}{k_B T}\right )^2\right ], \label {eq:chi_m_elec}\end {equation}


$\varepsilon _F/(k_B T) \ll 1$


$\varepsilon _F$


\begin {equation}\varepsilon _F = \dfrac {\hbar ^2}{2m_e}\left (3\pi ^2N\right )^{2/3}. \label {Xeqn37-37}\end {equation}


$\varepsilon _F/(k_B T) \ll 1$


$5.485799\times 10^{-4}$


\begin {equation}\begin {aligned} \chi _{m} = \sum _s \chi ^s_m. \label {eq:chi_m_mix} \end {aligned}\end {equation}


$\chi ^s_m$


$\chi _{m}$


$\chi ^s_m$


$\bm {V}^s_{\textrm {drift}}\cdot \bm {u}<0$


$|V^s_{\textrm {drift},i}|>|u_i+V^s_{\textrm {Fick},i}|$


$Y_s=0$


$\bm {V}^s_{\textrm {drift}}\cdot \bm {u}<0$


$|V^s_{\textrm {drift},i}|>|u_i+V^s_{\textrm {Fick},i}|$


$\dfrac {\partial Y_s}{\partial x_i}=0$


$V^s_{\textrm {drift},i}$


$V^s_{\textrm {Fick},i}$


$\mathrm {N}_{2}$


$Y_s$


$\mathrm {HCO}^{+}$


$\mathrm {H}_3\mathrm {O}^+$


$\mathrm {O}_{2}^{-}$


$x$


$\mu $


$\mathrm {CH}_{4}$


$\mathrm {O}_{2}$


$\mathrm {CO}_{2}$


$\mathrm {H}_2\mathrm {O}$


$x$


$\mathrm {O}_{2}^{-}$


$\mathrm {O}_{2}^{-}$


$\mathrm {O}_{2}^{-}$


$\mathrm {O}_{2}$


$\mathrm {e}^- + 2 \mathrm {O}_2 \rightleftharpoons \mathrm {O}_2 + \mathrm {O}_2^-$


$\mathrm {e}^- + \mathrm {N}_2 + \mathrm {O}_2 \rightleftharpoons \mathrm {N}_2 + \mathrm {O}_2^-$


$\mathrm {O}_{2}^{-}$


$\mathrm {O}_{2}^{-}$


$-400$


$\Phi _l=500$


$\mathrm {O}_{2}^{-}$


$x=2$


$\mathrm {d} B_x/\mathrm {d} x=0$


\begin {equation}\bm {F}_M^s = \dfrac {V}{\mu _0} \dfrac {\chi _m^s}{1+\chi _m} \left (\bm {B}\cdot \nabla \right ) \bm {B}. \label {eq:flag_A1}\end {equation}


$\nabla \cdot \bm {B}=0$


$(\bm {B} \cdot \nabla ) \bm {B}=0$


$F_{M,K}= (\bm {m}\cdot \nabla )\bm {H}$


$\bm {H}$


$\mathrm {O}_{2}$


$\mathrm {O}_2$


$\mathrm {CH}_4$


$\Psi =10$


$\mathrm {O}_2$


$\mathrm {CH}_4$


\begin {equation}\begin {aligned} \bm {f}^s_M &= \dfrac {\mu _0}{\rho Y_s} \chi _m^s\bm {H}^2 \nabla \chi _m + \dfrac {\mu _0}{\rho Y_s} \chi _m^s \bm {H} \times (\bm {H} \times \nabla \chi _m) + \dfrac {\mu _0}{\rho Y_s}\chi _m^s\left (1+\chi _m\right )\left (\bm {H}\cdot \nabla \right ) \bm {H}. \label {eq:flag_A1_4_4} \end {aligned}\end {equation}


$y$


$L_x=1$


$L_y=0.74$


$N_x=500$


$N_y=370$


$D_m$


$L_y/2$


$L_y/3$


$L_y/4$


$L_m$


$L_y/2$


$L_y/3$


$L_y/4$


$\mathrm {O}_2$


$\chi _m$


$x$


$x\approx 3$


$y$


$x$


$x\approx 2.85\times 10^{-3}$


$x$


$y$


$z$


$\mathcal {I}$


\begin {equation}\mathcal {I}=-4\pi ^2 f^2 \left (t-\frac {1}{f}\right ) e^{-2\pi ^2 f^2 \left (t-\frac {1}{f}\right )^2}. \label {Xeqn39-39}\end {equation}


$\Delta x =\Delta y = \Delta z = 1$


$f=1$


$x$


$H_z$


$^2$


$\bm {J}=\sigma ^e \mathcal {E}$


$\sigma ^e$


$x$


$x$


$y$


$z$


$\umu $


$x$


$x$


$y$


$z$


$\mathcal {E}_x$


$z$


$z$


$\mathcal {E}_x$


$x$


$\mathcal {E}_x$


$x$


$\mathcal {E}_x$


$x=0.6$


$x=0.9$


$\mathcal {E}_x$


$\mathcal {E}_y$


$\mathcal {E}_z$


$\mathcal {E}_x$


$\mathcal {E}_x$


$y$


$z$


$x$


$\upsilon _{e^{-}}=1$


$^2$


$^2$


$^2$


\begin {equation}\mathcal {I}= C \sin \left (2 \pi f t\right ), \label {Xeqn40-40}\end {equation}


\begin {equation}C = \begin {cases} 0.25 A_o f t & \text {if $0.25 A_o f t \leq 1$,} \\ A_o & \text {if $0.25 A_o f t > 1$.} \end {cases} \label {Xeqn41-41}\end {equation}


$A_o$


$z$


$x$


$y$


$z$


$z$


$z$


$\mathcal {E}_z \in [-17.5,186990]$


$z$


$z$


$x$


$z$


$10^{10}$


$10^{12}$


$4\times 10^{-16}$


$3\times 10^{-7}$


$10^{-10}$


$10^{-12}$


$10^{-14}$


$\bm {\mathcal {E}}$


\begin {equation}\bm {F}_{P}=\left (\bm {p}\cdot \nabla \right ) \bm {\mathcal {E}}, \label {eq:flag_A0_1}\end {equation}


$\bm {p}$


$\bm {P}$


\begin {equation}\bm {P}=\dfrac {d\bm {p}}{dV}=\dfrac {\sum _i \mathcal {N}_i \bm {p}_i}{V}=\sum _i N_i \bm {p}_i, \label {eq:flag_A0_2}\end {equation}


$\mathcal {N}_i$


$i$


$V$


$N$


\begin {equation}\begin {aligned} N_i = \rho Y_i \dfrac {N_A}{M_i}. \label {eq:flag_A0_3} \end {aligned}\end {equation}


$V$


\begin {equation}\bm {F}_{P}=\epsilon _0\chi _e V \left (\bm {\mathcal {E}}\cdot \nabla \right ) \bm {\mathcal {E}}, \label {eq:flag_A0_f1}\end {equation}


$s$


\begin {equation}\bm {f}^s_P = \dfrac {\epsilon _0}{\rho Y_s} \chi _e^s\left (\bm {\mathcal {E}}\cdot \nabla \right ) \bm {\mathcal {E}}. \label {Xeqn46-A.5}\end {equation}


\begin {equation}\bm {F}_M=(\bm {m}\cdot \nabla ) \bm {B}. \label {eq:flag_A0_SM}\end {equation}


\begin {equation}\bm {M}=\dfrac {d\bm {m}}{dV}=\dfrac {\sum _i \mathcal {N}_i m_i}{V}=\sum _i N_i m_i. \label {eq:flag_A0_1_1}\end {equation}


\begin {equation}\bm {M}=\dfrac {1}{\mu _0} \dfrac {\chi _m}{1+\chi _m} \bm {B}. \label {eq:flag_A0_1_2}\end {equation}


$V$


$\bm {F}_M^s$


$s$


$s$


$\left (\bm {B}\cdot \nabla \right ) \bm {B}=1/2 (\nabla \bm {B}^2)$


$\bm {H}$


\begin {equation}\begin {aligned} \bm {F}_M^s &= \mu _0 \chi _m^s V \left (\bm {H}\cdot \nabla \right ) \left [\left (1+\chi _m\right )\bm {H}\right ]. \label {eq:flag_A1_1} \end {aligned}\end {equation}


$\bm {B}$


$\bm {H}$


$\bm {g}$


\begin {equation}\bm {g}=\left (\bm {v}\cdot \nabla \right )\left (\alpha \bm {v}\right ), \label {eq:flag_A1_2}\end {equation}


$\bm {v}$


$\bm {H}$


$\alpha $


$1+\chi _m$


$\nabla \left (\alpha \bm {v}\right )$


\begin {equation}\begin {aligned} \nabla \left (\alpha \bm {v}\right ) &= \left (\nabla \alpha \right )\bm {v}^\textrm {T}+\alpha \nabla \bm {v}\\ &= \nabla \alpha \otimes \bm {v}+\alpha \nabla \bm {v}. \label {eq:flag_A1_3} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \left (\bm {v}\cdot \nabla \right )\left (\alpha \bm {v}\right ) &= \bm {v} \cdot \nabla \left (\alpha \bm {v}\right ) = \bm {v}\cdot \left (\nabla \alpha \otimes \bm {v}\right ) +\alpha \left (\bm {v} \cdot \nabla \right ) \bm {v}, \end {aligned} \label {Xeqn54-A.13}\end {equation}


$\bm {v}\cdot (\nabla \alpha \otimes \bm {v}) = \bm {v} (\bm {v} \cdot \nabla \alpha )$


\begin {equation}\begin {aligned} \left (\bm {v}\cdot \nabla \right )\left (\alpha \bm {v}\right ) &= \bm {v} (\bm {v} \cdot \nabla \alpha ) + \alpha \left (\bm {v} \cdot \nabla \right ) \bm {v}. \label {eq:flag_A1_4} \end {aligned}\end {equation}


$\alpha $


$\bm {v}$


$\bm {H}$


\begin {equation}\begin {aligned} \bm {F}_M &= \mu _0\chi _m^s V \bm {H} (\bm {H} \cdot \nabla \chi _m) +\mu _0 V \chi _m^s \left (1+\chi _m\right )\left (\bm {H}\cdot \nabla \right ) \bm {H}. \label {eq:flag_A1_4_1} \end {aligned}\end {equation}


$s$


\begin {equation}\begin {aligned} \bm {f}^s_M &= \dfrac {\mu _0}{\rho Y_s} \chi _m^s\bm {H}(\bm {H} \cdot \nabla \chi _m) + \dfrac {\mu _0}{\rho Y_s}\chi _m^s\left (1+\chi _m\right )\left (\bm {H}\cdot \nabla \right ) \bm {H}. \label {eq:flag_A1_4_2} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \left (\bm {v}\cdot \nabla \right )\left (\alpha \bm {v}\right ) &= \bm {v}\cdot \bm {v} \nabla \alpha +\bm {v} \times (\bm {v} \times \nabla \alpha ) + \alpha \left (\bm {v} \cdot \nabla \right ) \bm {v}\\ &= \bm {v}^2 \nabla \alpha + \bm {v} \times (\bm {v} \times \nabla \alpha ) + \alpha \left (\bm {v} \cdot \nabla \right ) \bm {v}, \label {eq:flag_A1_4_3} \end {aligned}\end {equation}


$\bm {v} (\bm {v} \cdot \nabla \alpha )=\nabla \alpha (\bm {v} \cdot \bm {v}) + \bm {v} \times (\bm {v} \times \nabla \alpha )$


$x$


\begin {equation}\begin {aligned} f^s_{M,x} &= \dfrac {\mu _0}{\rho Y_s} \chi _m^s H_x ^2 \dfrac {\partial \chi _m}{\partial x} + \dfrac {\mu _0}{\rho Y_s}\chi _m^s\left (1+\chi _m\right ) H_x \dfrac {\partial H_x}{\partial x}. \end {aligned} \label {Xeqn60-A.19}\end {equation}


$V_p$


$N$


\begin {equation}\begin {aligned} \nabla X_p = \sum _{k=1}^N \dfrac {X_p X_k}{D_{pk}}\left (V_k-V_p\right )+\left (Y_p-X_p\right )\dfrac {\nabla P}{P} + \dfrac {\rho }{P} \sum _{k=1}^N Y_pY_k \left (f_p-f_k\right ). \label {eq:flag_A2_1} \end {aligned}\end {equation}


$D_{pk}=D_p$


$k$


$\nabla P=0$


\begin {equation}\begin {aligned} D_p\nabla X_p = \sum _{k=1}^N X_p X_k V_k- X_p V_p + \dfrac {\rho D_p}{P} \sum _{k=1}^N Y_pY_k \left (f_p-f_k\right ). \end {aligned} \label {Xeqn62-B.2}\end {equation}


\begin {equation}\begin {aligned} Y_p V_p + D_p\nabla Y_p = Y_p\sum _{k=1}^N X_k V_k + \dfrac {\rho D_p Y_p^2}{P X_p} \sum _{k=1}^N Y_k \left (f_p-f_k\right ). \label {eq:flag_A2_2} \end {aligned}\end {equation}


$p$


$\sum _p Y_p V_p=0$


\begin {equation}\begin {aligned} \sum _{k=1}^N X_k V_k = \sum _{p=1}^N D_p \nabla Y_p - \sum _{p=1}^N \left [ \dfrac {\rho D_p Y_p^2}{X_p P} \sum _{k=1}^N Y_k \left (f_p-f_k\right ) \right ]. \label {eq:flag_A2_3} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} V_p=&-\dfrac {D_p}{Y_p} \nabla Y_p + \dfrac {\rho D_p M_{p}}{M_{m} P} \sum _{k=1}^N Y_k\left (f_p-f_k\right ) \\ &+ \sum _{j=1}^N Y_j \left [\dfrac {D_j}{Y_j} \nabla Y_j - \dfrac {\rho D_j M_{j}}{M_{m} P} \sum _{k=1}^N Y_k\left (f_j-f_k\right )\right ]. \label {eq:flag_A2_4} \end {aligned}\end {equation}
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sources of electromagnetic waves. As a consequence, the species and the 
electromagnetic fields directly interact with each other and therefore in-
fluence the behavior of the reacting flow.

Numerical studies conducted so far typically make assumptions or 
neglect some of the physical phenomena either in their mathematical or 
numerical formulations, mainly to reduce the computational cost. The 
assumptions met in the literature that the formulation introduced in the 
present study aims to remove are detailed below. First, studies typically 
assume static fields, either electrostatic (e.g., Refs. [9–11]) or magne-
tostatic (e.g., Refs. [12–14]), which implies that electromagnetic fields 
generated by the motion of charged species are neglected. Second, the 
impact of the species’ electric or magnetic moments on the electromag-
netic fields’ distribution is usually neglected. In addition, in the case of 
magnetostatic fields, the magnetic field is simply imposed rather than 
solved based on boundary conditions and the flow’s evolution. Third, 
to the best of the authors’ knowledge, there are no numerical studies 
that investigate the impact of electromagnetic waves on reactive flows. 
However, solving reacting flows under the action of electromagnetic 
waves is an important capability to be developed since experimental 
studies show that AC currents and pulsed discharges have unique ef-
fects on reacting flows compared to static fields [15–17]. Also, studies 
on the magnetic field effects on reacting flows typically neglect the exis-
tence of ionic species and electrons. Fourth, numerical studies available 
in the literature mainly focus on one-dimensional or two-dimensional 
configurations, due to the high computational cost required by three-
dimensional simulations of these multiphysics phenomena. Nonetheless, 
a three-dimensional formulation is undoubtedly more realistic and nec-
essary, especially when turbulence is present. Only few studies inves-
tigated the effects of electrostatic fields on the ionic species of lami-
nar [18] and turbulent [19] three-dimensional reacting flows.

A comprehensive numerical framework that incorporates all the 
species’ electromagnetic properties and their interactions with the elec-
tromagnetic fields has not been developed yet. Additionally, a com-
putational model able to simulate the evolution in space and time of 
electromagnetic waves must be developed. In this paper, we present 
a multiphysics solver that can simulate electromagnetic interactions in 
compressible reacting flows. The proposed continuum model is charac-
terized by a detailed description of the physical phenomena involved, 
which are the result of interactions across the quantum, atomistic, and 
macroscopic scales. In addition, the framework aims to achieve an ac-
curate representation of the physics through the direct solution of the 
governing equations and their coupling.

The objectives of this study are: (i) to present a unified theoretical 
and numerical framework that provides a comprehensive description of 
the interactions between electromagnetic fields and reacting flows; (ii) 
to develop an efficient code that allows for the investigation of elec-
tromagnetic field effects on laminar and turbulent reacting flows; (iii) 
to expand the framework to describe spatially and temporally varying 
electromagnetic fields, propagating through a flow medium; and (iv) to 
study the contribution of various multiphysical phenomena to the over-
all electrodynamics of the system. To achieve the first objective, a new 
numerical framework is formulated. This new framework describes both 
electric and magnetic interactions with ions, neutrals, and electrons, 
and takes into account contributions from classical electrodynamics and 
quantum mechanics. The second objective is achieved by developing a 
computational fluid dynamics code that can simulate electromagnetic 
interactions in compressible reacting flows. The code, named Electro-
magnetic Integrator (EMI), is based on the SENGA [20,21] Direct Nu-
merical Simulation (DNS) code. Electrostatic and magnetostatic fields 
are described by solving Gauss’s laws of the Maxwell’s equations. To 
address the third objective, the Finite-Difference Time-Domain (FDTD) 
method is employed, which explicitly solves for the propagation of elec-
tromagnetic waves. The code is verified with analytical and numerical 
solutions from the literature. For the fourth objective, the key capa-
bilities of the code are examined in one- and two-dimensional lami-
nar methane-air flames under external electrostatic and magnetostatic 

fields. Then, time-varying electromagnetic waves are studied in a three-
dimensional case. The key differences between time-varying and static 
fields are examined, together with the response of the reacting flow to 
these fields.

The paper is organized as follows: first, the fundamental equations 
and the developed numerical framework are discussed in detail; then, 
verification of the code and key findings are presented. Finally, the main 
conclusions are summarized.

2. Methodology

2.1. Maxwell’s equation

The time-dependent Maxwell’s equations in differential form de-
scribe electromagnetic wave propagation through a medium and are 
given by

∇ ×𝑯 = 𝜕𝑫
𝜕𝑡

+ 𝑱 , (1)

∇ ×  = − 𝜕𝑩
𝜕𝑡

−, (2)

∇ ⋅𝑫 = 𝜌𝑞 , (3)

∇ ⋅ 𝑩 = 0, (4)

where Eq. (1) is Ampere’s law, Eq. (2) is Faraday’s law, and Eqs. (3) 
and (4) are Gauss’ laws for the electric and magnetic fields, respectively. 
In Eqs. (1)–(4),  is the electric field; 𝑫 is the electric flux density; 𝑯
is the magnetic field; 𝑩 is the magnetic flux density; 𝑱  is the electric 
current density;  the equivalent magnetic current density; and 𝜌𝑞 is 
the charge density.

The constitutive relations for the electric and magnetic flux densities 
are given by [22]
𝑫 = 𝝐 ⋅  = 𝜖0(𝑷 + ) = 𝜖0

(

𝜒𝑒 + 1
)

 = 𝜖, (5)

𝑩 = 𝝁 ⋅𝑯 = 𝜇0(𝑴 +𝑯) = 𝜇0
(

𝜒𝑚 + 1
)

𝑯 = 𝜇𝑯 . (6)

In Eqs. (5) and (6), 𝝐 and 𝝁 are the electrical permittivity and magnetic 
permeability tensors of the medium, respectively, while 𝑷  and 𝑴 are 
the polarization and magnetization density vectors, respectively.

In this study, it is assumed that the medium is a linear, isotropic, and 
nondispersive material. Thus, the electric and magnetic properties of 
the reacting flow are independent of the electromagnetic field strength, 
direction, and frequency. However, it is noted that these assumptions 
may not always be valid, even if the medium is pure air. For instance, 
electromagnetic waves of high strength or specific wavelengths, or the 
presence of particulate matter in the reacting flow, may cause the viola-
tion of these assumptions [23–25]. The validity of the aforementioned 
assumptions in the context of reacting flows must be verified experi-
mentally in the future.

As a consequence of these assumptions, the electric flux density can 
be related to the polarization density and to the electric field in the 
medium. Likewise, the magnetic flux density is defined as a combina-
tion of the magnetization density and the magnetic field in the medium. 
The densities of polarization and magnetization can be expressed as lin-
ear functions of the electric and magnetic fields, respectively, by means 
of the electric and magnetic susceptibilities, i.e., 𝜒𝑒 and 𝜒𝑚. As a result, 
the polarization density is defined as 𝑷 = 𝜒𝑒 and the magnetization 
density as 𝑴 = 𝜒𝑚𝑯 . Using these relations, the final right-hand sides of 
Eqs. (5) and (6) are obtained. Note that in Eqs. (5) and (6), the elec-
trical permittivity and magnetic permeability of the material have been 
simplified to scalar fields, meaning that 𝝐 ≡ 𝜖𝑰 and 𝝁 ≡ 𝜇𝑰 , i.e., the two 
tensors are the identity tensor 𝑰 multiplied by a constant.

The electric and magnetic current densities, 𝑱  and , are given by
𝑱 = 𝑱𝑐 + 𝑱𝑠 = 𝝈𝑒 ⋅  + 𝑱𝑠, (7)

 = 𝑐 +𝑠 = 𝝈𝑚 ⋅𝑯 +𝑠, (8)
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with 𝑱𝑐 being the electric current density due to the movement of 
charged species and 𝑱𝑠 being an independent current source of electric 
field energy. Similarly, 𝑐 corresponds to the equivalent magnetic cur-
rent density and 𝑠 to an independent source of magnetic field energy. 
The tensor fields 𝝈𝑒 and 𝝈𝑚 are the electrical conductivity and equiva-
lent magnetic loss, respectively. For the applications studied here, the 
electrical conductivity is assumed to be a scalar field, 𝜎𝑒, corresponding 
to isotropic materials. The equivalent magnetic loss is assumed to be 
zero.

2.1.1. Electrostatic and magnetostatic fields
Maxwell’s equations can be simplified in the case of static fields. 

Electrostatic conditions hold when there is no electric current density 
(i.e., 𝑱 = 𝟎) and no time-dependent electric fields (i.e., the displacement 
currents are zero in Eq. (1)). Equivalently, the magnetostatic conditions 
hold if there are no magnetic current densities (i.e.,  = 𝟎) or time-
dependent magnetic field fluctuations (i.e., the displacement current is 
zero in Eqs. (1) and (2)).

In the case of static fields, it is necessary to use the potential form 
of Maxwell’s equations to uniquely define the problem. The relation be-
tween electric field and electric scalar potential, Φ, is

 = −∇Φ. (9)

Equivalently a magnetic scalar potential, Ψ, can be defined such that

𝑯 = −∇Ψ. (10)

When the scalar potentials are used, the irrotational conditions for elec-
trostatics, ∇ ×  = 0, and magnetostatics, ∇ ×𝑯 = 0, are satisfied. Fur-
thermore, the number of unknowns of the Partial Differential Equations 
(PDEs) is reduced to one, and thus it is possible to close the problem.

Note here that it is common in the literature to introduce the mag-
netic vector potential  (i.e., 𝑩 = ∇ ×) [26]. In that case, the con-
dition on the divergence of 𝑩 is automatically satisfied, and thus the 
remaining Maxwell’s equations can be used to obtain a solution. The 
magnetic vector potential is useful in cases where there is considerable 
current density due to the moving charged species or time-varying elec-
tric and magnetic fields.

In this study, the effect of magnetostatic fields is explored with a 
chemical mechanism that does not include ionic species. Therefore, a 
formulation based on Eq. (10) is adopted. Previous studies exploring 
the magnetic field effects on reacting flows also neglected the ionic 
species (e.g., Refs. [12,27,28]) due to their low concentration in flames. 
It should also be noted that if the reacting flow contains a low concen-
tration of charged particles with low mobilities, it would be a sufficient 
approximation to neglect the resulting weak current density and solve 
for magnetostatics.

Dimensionless numbers are derived in Section S2 to determine when 
the magnetostatic or electrostatic solvers can be used accurately in the 
presence of weak currents. In case of formation of large amounts of 
charged species, with high mobilities, or for transient phenomena, the 
fully-coupled electromagnetic solver, detailed in Section 2.1.2, can be 
used to investigate whether the current density strength violates the 
electrostatic and magnetostatics assumptions.

The equations for electrostatics can be derived from Eq. (3) by sub-
stituting the relevant definitions of the electric flux density, see Eq. (5), 
and electric potential field, see Eq. (9). As a result, the following equa-
tion is derived
(

1 + 𝜒𝑒
)

∇2Φ + ∇Φ ⋅ ∇𝜒𝑒 = −
𝜌𝑞
𝜖0

, (11)

which in Cartesian coordinates (as implemented in the code) reads

𝜕2Φ
𝜕𝑥2

+ 𝜕2Φ
𝜕𝑦2

+ 𝜕2Φ
𝜕𝑧2

+ 1
1 + 𝜒𝑒

(

𝜕Φ
𝜕𝑥

𝜕𝜒𝑒

𝜕𝑥
+ 𝜕Φ

𝜕𝑦
𝜕𝜒𝑒

𝜕𝑦
+ 𝜕Φ

𝜕𝑧
𝜕𝜒𝑒

𝜕𝑧

)

= −
𝜌𝑞

𝜖0
(

1 + 𝜒𝑒
) .

(12)

Equivalently, the equation that describes magnetostatic fields is 
found by substituting the magnetic flux density, see Eq. (6), and mag-
netic potential field, see Eq. (10), in Eq. (4). The resulting equation
is
(

1 + 𝜒𝑚
)

∇2Ψ + ∇Ψ ⋅ ∇𝜒𝑚 = 0, (13)

which in Cartesian coordinates is
𝜕2Ψ
𝜕𝑥2

+ 𝜕2Ψ
𝜕𝑦2

+ 𝜕2Ψ
𝜕𝑧2

+ 1
1 + 𝜒𝑚

(

𝜕Ψ
𝜕𝑥

𝜕𝜒𝑚
𝜕𝑥

+ 𝜕Ψ
𝜕𝑦

𝜕𝜒𝑚
𝜕𝑦

+ 𝜕Ψ
𝜕𝑧

𝜕𝜒𝑚
𝜕𝑧

)

= 0. (14)

It is noted here that in reacting flows the effects of the electric and 
magnetic susceptibilities on the overall spatial distribution of the elec-
tric and magnetic fields, respectively, are typically neglected. Neverthe-
less, the respective terms are kept in the formulation used in this study 
for three main reasons:

1. Considering a one-dimensional static and uniform magnetic field in 
free space, the change in magnetic susceptibility is responsible for 
the generation of magnetization forces when a flow of particles with 
magnetic moments passes through the field. Therefore, it is impera-
tive to include in the formulation the terms involving the variation 
in space of magnetic susceptibility and evaluate their contribution.

2. The proposed mathematical framework is meant to be of general va-
lidity. The framework should enable the inclusion of particles with 
strong polarization and magnetization properties within the flow 
without the need for any modifications to the underlying equations. 
For instance, iron is a ferromagnetic material and thus it can be easily 
magnetized and get strongly attracted to an external magnetic field. 
Iron can reach a permeability that is 350,000 times higher than the 
permeability of free space [29]. Future work will extend the formu-
lation to describe the presence of particles within the flow.

3. In dusty plasmas, the growth and agglomeration of nonspherical par-
ticles is primarily influenced by the electric field gradients around 
the particles [30,31]. Consequently, the field around these agglom-
erates and the polarization force induced on nearby polar species 
can have a significant impact on the dynamics of the system. Thus, 
the electric susceptibilities must be included in the formulation in 
order to be able to accurately describe induced electric fields around 
particles.

Both Eqs. (12) and (14) are solved in a similar manner. The dis-
cretization strategy is schematically shown in Fig. 1 and is explained 
in detail in Section S1.1. Moreover, Fig. S1 shows a flow chart of the 
EMI-static code. The accuracy is 10th order in the direction perpendic-
ular to the external field, whereas in the direction of the external field, 
it starts from 2nd order at the boundaries and increases to 10th order 
in the middle of the domain. A 10th order central scheme was chosen 
to match the accuracy of the Direct Numerical Simulation (DNS) solver 
of SENGA. In this way, the static field solver maintains the accuracy 
of the fluid equation solver without requiring a higher computational 
cost. Periodic boundary conditions are applied in the directions perpen-
dicular to the external field, whereas Dirichlet boundary conditions are 
used for the electric or magnetic potential in the direction of the exter-
nal field. The BCs can either be fixed in time or time-dependent (such 
as a sinusoidal time dependence of a low-frequency electrostatic wave).

Fig. 1. 2D schematic representation of domain discretization.
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Fig. 2. Positions of  and 𝐻 field components on the Yee cell [32]. The -
components are in the middle of the edges and the 𝐻-components are in the 
center of the faces.

The resulting (𝐴1 + 𝐴2)𝑋 = Ω system (see Section S1.1 for more de-
tails) is solved via direct or iterative methods. The parallelization strat-
egy of the EMI-static code is based on the domain decomposition ap-
proach and is explained in detail in Section S1.1. Note that the propaga-
tion in time in SENGA is performed using a Runge-Kutta algorithm. The 
static fields are solved in the internal loop of the Runge-Kutta algorithm, 
as shown in Fig. S1.

2.1.2. Electromagnetic waves
If assumptions cannot be made for the form of the electromagnetic 

fields, then the time-dependent Maxwell’s curl equations, i.e., Eqs. (1) 
and (2), must be discretized to solve for arbitrary electromagnetic 
waves. To do that, the FDTD method is implemented [32]. According 
to the FDTD method, the electric and magnetic field components are 
computed at different positions of the cell, known as the Yee cell. The 
Yee cell, consisting of staggered electric and magnetic grids, is shown in 
Fig. 2. Also, the electric and magnetic fields are successively advanced 
at half-timesteps. Note that the electromagnetic waves are solved with 
a different timestep and a different grid compared to those used in the 
SENGA DNS code. In the FDTD method, the staggered grids in space 
and time have 2nd-order accuracy. This accuracy was selected due to 
the exceedingly high computational cost of the electromagnetic wave 
solver. A grid convergence analysis for the simulation configuration of 
Section 3.6 is given in Section S3.7. It was found that the 2nd-order accu-
rate staggered grid does not affect the electromagnetic field propagation 
for the configuration used in this study. The presence of significant gra-
dients in the electromagnetic field may require a higher-order accuracy. 
Note also that a staggered grid is selected compared to unstaggered grids 
due to their increased numerical stability [33]. Typically, unstaggered 
grids require a more refined mesh, which would significantly increase 
the computational cost. The transition from the staggered FDTD grid to 
the SENGA unstaggered grid is detailed later in this section.

According to the FDTD method, Ampere’s and Faraday’s laws are 
solved, while Gauss’s laws must be satisfied at any point in time and 
space. The discretized equations that update each electric and magnetic 
field component on the Yee cell (see Fig. 2) of the EMI-FDTD code can 
be found in Ref. [34]. Note that this formulation refers to a Cartesian 
frame of reference and it is based on the structured grid implementation 
of EMI-SENGA.

If the initial conditions satisfy the divergence equations, i.e., Eqs. (3) 
and (4), then these equations are satisfied for the rest of the simula-
tion [35,36]. Specifically, ∇ ⋅ 𝑩 remains zero if this condition was ini-
tially satisfied. Furthermore, ∇ ⋅  remains equal to 𝜌𝑞∕𝜖0 if the charge 
conservation equation
𝜕𝜌𝑞
𝜕𝑡

= −∇ ⋅ 𝑱 (15)

holds true for the duration of the simulation. Since the continuity equa-
tion is imposed in the DNS code and the chemical mechanism used in this 
study (see Section 3.1) conserves the charges in the reactions, Eq. (15) is 

satisfied. Therefore, it is important to set the correct initial profile of the 
electric field based on the initial charge distribution of the reacting flow. 
To achieve that, the electrostatic field solver described in Section 2.1.1 
is used to initialize the electric field profile. Afterwards, the FDTD solver 
is applied without violating Maxwell’s equations.

Boundary Conditions (BCs) on the domain boundaries must be ap-
plied for the electromagnetic fields. The EMI-FDTD solver is formulated 
with the Stretched coordinate Convolutional Perfectly Matched Layer 
(CPML) absorbing BCs [22,37]. According to this method, additional 
BC cells that absorb the incident electromagnetic waves and suppress 
any reflections in the computational domain are set. The CPML cells 
are placed outside the DNS domain, where the reacting flow is solved. 
In other words, the domain of the EMI-FDTD solver corresponds to the 
DNS domain, expanded by the additional CPML cells. The thickness of 
the CPML layer can vary. A thicker CPML layer better prevents reflec-
tions, but at a higher computational cost and memory. It is noted that 
SENGA already uses 5 ghost cells to achieve a 10th-order discretization 
scheme. Thus, a 5-cell-thick CPML region does not introduce any addi-
tional memory cost. The CPML parameters are computed at the CPML 
regions and are superimposed on the field components. The equations 
that are used for the 𝜎, 𝛼, and 𝜅 parameters of the CPML regions in the 
EMI-FDTD solver can be found in Section S1.3.

Sources of electromagnetic waves are applied at a single point and 
placed inside the domain. Note that other methods that introduce 
sources at the boundaries have been formulated [38,39], but are not 
studied in the present work. The two most common sources that are in-
troduced in the FDTD grid are hard and soft sources [40]. In the hard 
source approach, the electric or magnetic fields are imposed on a node. 
The soft source approach involves the application of an electric or mag-
netic current. The hard source can be problematic since, due to its for-
mulation, it cannot handle incident waves. As a result, the hard source 
can lead to spurious nonphysical retroreflection [22]. This is expected to 
occur also in a reacting flow, which is characterized by spatially varying 
conductivity, permittivity, and permeability, and thus reflected waves 
can appear from the flame front. One possible solution is to turn off the 
source after a short time. However, this imposes a serious limitation on 
the current configuration, since the time scales of electromagnetic wave 
propagation are significantly lower than the time scales of DNS. Hence, 
in this study, soft sources are implemented. A common soft source is the 
Hertzian dipole [22]. The Hertzian dipole is given by

𝐽𝑠 =
Δ𝑙

Δ𝑥Δ𝑦Δ𝑧
, (16)

where  is the current of a given waveform and Δ𝑙 is the length of the 
electric dipole. Depending on the direction of the dipole moment, Δ𝑙 is 
set equal to Δ𝑥, Δ𝑦, or Δ𝑧.

Regarding the accuracy of the solution and the numerical stabil-
ity of the code, two main conditions must be satisfied. For the accu-
rate numerical solution of the electromagnetic field propagation, the 
Courant–Friedrichs–Lewy (CFL) condition must be satisfied, i.e., Δ𝑡 ≤
1∕(𝑐

√

1∕Δ𝑥2 + 1∕Δ𝑦2 + 1∕Δ𝑧2) where 𝑐 is the speed of light. In addition, 
to avoid significant numerical dispersion, the spatial grid should be suf-
ficiently refined to resolve the minimum free-space wavelength 𝜆0,min =
2𝑐Δ𝑡. Therefore, the minimum grid size is Δ𝑥 ≈ 𝜆0,min∕𝑁𝜆, where usually 
𝑁𝜆 ≥ 10.

The structure of the code is detailed in Section S1.2 and the flow 
chart of the EMI-FDTD code is shown in Fig. S3. Since electromagnetic 
waves evolve and propagate on a much shorter timescale than the fluid 
flow and charged species, the EMI-FDTD solver uses a timestep, Δ𝑡𝐹𝐷𝑇𝐷, 
different from that used for the fluid mechanics equations. This solution 
strategy reduces the computational cost.

Since the FDTD grid is on a staggered grid, the medium properties 
are interpolated on the Yee grid before the propagation of the electro-
magnetic fields. Afterwards, the electromagnetic fields are interpolated 
back into the SENGA grid. The parallelization strategy, which is based 
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Fig. 3. Interpolation of 𝐻𝑥 and 𝑥 on SENGA nodes.

on the domain decomposition of the staggered Yee cell, is discussed in 
Section S1.2.

Due to the fact that the EMI-FDTD solver is formulated on a staggered 
grid, interpolation of the medium properties before the FDTD loop and 
interpolation of the  and 𝑯 fields after the FDTD loop are required. For 
the spatial interpolation of the electric and magnetic field components 
from the Yee grid to the SENGA grid, it is expected that a linear inter-
polation for the electric field components and a bilinear interpolation 
for the magnetic field components give sufficient accuracy for a suffi-
ciently refined mesh. For higher accuracy, other methods, such as cubic 
or bicubic spline interpolation [41], should be implemented. However, 
the computational cost will increase. Implementation of other spatial 
interpolation methods is left for future work. The interpolation strategy 
followed in this study for the electric and magnetic fields is shown in 
Fig. 3.

These interpolation methods are implemented in EMI-SENGA. For 
𝐻𝑥, interpolation must be done on the 𝑦-𝑧 plane between the 4 ad-
jacent points, since 𝐻𝑛+1∕2

𝑥 (𝑖, 𝑗 + 1∕2, 𝑘 + 1∕2) is already in the ap-
propriate node 𝑖 of the DNS grid. Similar considerations apply to 
𝐻𝑛+1∕2

𝑦 (𝑖 + 1∕2, 𝑗, 𝑘 + 1∕2) on 𝑥-𝑧 plane and 𝐻𝑛+1∕2
𝑧 (𝑖 + 1∕2, 𝑗 + 1∕2, 𝑘) on 

𝑥-𝑦 plane. For 𝑥, interpolation must be done on the 𝑥 axis between 2 ad-
jacent points, since 𝑛+1

𝑥 (𝑖 + 1∕2, 𝑗, 𝑘) is already in the appropriate 𝑗 and 𝑘
nodes of the DNS grid. Similar considerations apply to 𝑛+1

𝑦 (𝑖, 𝑗 + 1∕2, 𝑘)
on 𝑦 axis and 𝑛+1

𝑧 (𝑖, 𝑗, 𝑘 + 1∕2) on 𝑧 axis.
Note that the magnetic field components are half a timestep ahead 

of the electric field components. Therefore, at the end of the EMI-FDTD 
loop and using the semi-implicit approximation, the magnetic field at 
time 𝑛 is computed using the equation 𝑯 = (𝑯𝑛−1∕2 +𝑯𝑛+1∕2)∕2.

2.2. Electromagnetic force

The electromagnetic force that charged species (or particles) experi-
ence is given by the Lorentz force, 𝑭𝐿. Species with a charge polarity in 
spatially inhomogeneous (i.e., non-uniform in space) electric fields also 
experience a polarization force, 𝑭𝑃 . Similarly, for inhomogeneous mag-
netic fields, a magnetization force, 𝑭𝑀 , is applied to each species with a 
net magnetic moment (spin). The conservation equations in Section 2.3 
are formulated with respect to specific volume forces (i.e., in units of 
force per mass of substance or N/kg). Therefore, the total electromag-
netic volume force acting on a species 𝑠 is
𝒇 𝑠 = 𝒇 𝑠

𝐿 + 𝒇 𝑠
𝑃 + 𝒇 𝑠

𝑀 . (17)

Each term is equal to

𝒇 𝑠
𝐿 =

𝑞𝑠𝑁𝐴
𝑀𝑠

[

 + 𝜇0
(

1 + 𝜒𝑚
)

𝒖 ×𝑯
]

, (18)

𝒇 𝑠
𝑃 =

𝜖0
𝜌𝑌𝑠

𝜒𝑠
𝑒 ( ⋅ ∇), (19)

and

𝒇 𝑠
𝑀 =

𝜇0
𝜌𝑌𝑠

𝜒𝑠
𝑚𝑯(𝑯 ⋅ ∇𝜒𝑚) +

𝜇0
𝜌𝑌𝑠

𝜒𝑠
𝑚
(

1 + 𝜒𝑚
)

(𝑯 ⋅ ∇)𝑯 , (20)

which is derived from Gilbert’s model. In the above equations, 𝑀𝑠 is 
the molar mass of species 𝑠 and 𝒖 is the velocity vector of the fluid. In 
addition, 𝑌𝑠 is the mass fraction of species 𝑠 and 𝑁𝐴 is the Avogadro 
constant. The derivation of Eqs. (19) and (20) is given in Appendix A, 
together with some notes on alternative formulations. Note also that the 
molecular transport properties, i.e., the polynomial fitting method and 
the transport model for ions, are discussed in Sections S1.5 and  S1.6.

2.3. conservation equations

The conservation equations modified to include the electromagnetic 
forces are presented below [42]. The momentum equations are
𝜕𝜌𝑢𝑖
𝜕𝑡

+
𝜕𝜌𝑢𝑗𝑢𝑖
𝜕𝑥𝑗

= − 𝜕𝑃
𝜕𝑥𝑖

+
𝜕𝜏𝑗𝑖
𝜕𝑥𝑗

+ 𝜌
∑

𝑠
𝑌𝑠𝑓

𝑠
𝑖 , (21)

with the stress tensor 𝜏𝑖𝑗

𝜏𝑖𝑗 = −2
3
𝜇
𝜕𝑢𝑚
𝜕𝑥𝑚

𝛿𝑖𝑗 + 𝜇
(

𝜕𝑢𝑖
𝜕𝑥𝑗

+
𝜕𝑢𝑗
𝜕𝑥𝑖

)

. (22)

The transport equation for the mass fraction of a generic species 𝑠 is
𝜕𝜌𝑌𝑠
𝜕𝑡

+
𝜕𝜌𝑢𝑖𝑌𝑠
𝜕𝑥𝑖

= −
𝜕𝜌𝑌𝑠𝑉 𝑠

𝑖
𝜕𝑥𝑖

+ 𝜔̇𝑠. (23)

The total energy equation is
𝜕𝜌𝐸
𝜕𝑡

+
𝜕𝜌𝑢𝑖𝐸
𝜕𝑥𝑖

= −
𝜕𝑃𝑢𝑖
𝜕𝑥𝑖

−
𝜕𝑞𝑖
𝜕𝑥𝑖

+
𝜕𝜏𝑖𝑚𝑢𝑚
𝜕𝑥𝑖

+ ̇̃𝑞𝑅 + 𝜌
∑

𝑠
𝑌𝑠𝑓

𝑠
𝑖
(

𝑢𝑖 + 𝑉 𝑠
𝑖
)

,

(24)

where the heat flux vector, 𝑞𝑖, is given by

𝑞𝑖 = −𝜆 𝜕𝑇
𝜕𝑥𝑖

+
∑

𝑠
𝜌ℎ𝑠𝑌𝑠𝑉

𝑠
𝑖 . (25)

In the above equations, 𝜌 and 𝑢 correspond to the density and velocity 
of the fluid, respectively; 𝑃  is the pressure of the fluid; 𝑌𝑠 the mass 
fraction of species 𝑠; 𝛿𝑖𝑗 is the Kronecker delta; 𝜔̇𝑠 is the reaction rate of 
species 𝑠, ̇̃𝑞𝑅 is the heat source term due to radiation, and 𝐸 is the total 
energy.

The diffusion velocity due to the external electromagnetic forces 
based on the Hirschfelder and Curtiss approximation [43] is derived 
in Appendix B. The equation that is numerically solved is given by

𝑉 𝑠
𝑖 = −

𝐷𝑠
𝑌𝑠

𝜕𝑌𝑠
𝜕𝑥𝑖

+
𝜌𝐷𝑠𝑀𝑠
𝑀𝑚𝑃

𝑁
∑

𝑘=1
𝑌𝑘

(

𝑓 𝑠
𝑖 − 𝑓𝑘

𝑖
)

+
𝑁
∑

𝜆=1
𝑌𝜆

[

𝐷𝜆
𝑌𝜆

𝜕𝑌𝜆
𝜕𝑥𝑖

−
𝜌𝐷𝜆𝑀𝜆
𝑀𝑚𝑃

𝑁
∑

𝑘=1
𝑌𝑘

(

𝑓𝜆
𝑖 − 𝑓𝑘

𝑖
)

]

.

(26)

where 𝑀𝑚 is the average molar mass of the mixture. In SENGA, the con-
servation equations are solved according to the DNS numerical method. 
For a detailed description of SENGA’s numerical formulation, the reader 
is referred to Refs. [20,21].

2.4. Medium properties

2.4.1. Electrical permittivity
The permittivity 𝜖 of a medium is computed according to the relation

𝜖 =
(

1 + 𝜒𝑒
)

𝜖0, (27)

where 𝜒𝑒 is the electric susceptibility and 𝜖0 is the electrical permittivity 
of vacuum. The electric susceptibility of a species 𝑠 is computed from 
the Clausius-Mossotti relation, given by [44]

𝜒𝑠
𝑒 =

3𝑁𝑠𝛼𝑠
3 −𝑁𝑠𝛼𝑠

, (28)

while the total electric susceptibility of a medium consisting of many 
species is given by [44]

𝜒𝑒 =
3
∑

𝑠 𝑁𝑠𝛼𝑠
3 −

∑

𝑠 𝑁𝑠𝛼𝑠
, (29)
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In the above equations, 𝛼𝑠 is the molecular polarizability of species 𝑠. 
Values of molecular polarizabilities for the species under investigation 
are reported in Table S2 .

2.4.2. Electrical conductivity
The electrical conductivity, 𝜎𝑒, is given by [45]

𝜎𝑒 =
∑

𝑠
𝜐𝑠𝑁𝑠|𝑞𝑠|, (30)

where 𝜐 is the mobility, 𝑁 is the number density, and 𝑞 is the charge of 
species 𝑠. The mixture-averaged mobility 𝜐𝑠 of a species 𝑠 is computed 
as [46]

𝜐𝑠 =

(

∑

𝜈

𝑋𝜈
𝜐𝑠𝜈

)−1

=

(

∑

𝜈

𝑀𝑚𝑌𝜈
𝑀𝜈𝜐𝑠𝜈

)−1

. (31)

In Eq. (31), 𝜐𝑠𝜈 are the binary mobilities of the heavy ions obtained from 
the Einstein relation [46]

𝜐𝑠𝜈 =
𝐷𝑠𝜈 |𝑞𝑠|
𝑘𝐵𝑇

, (32)

with 𝑘𝐵 being the Boltzmann constant. Note that if a constant 
Lewis number is used, the mobilities are simply computed from 𝜐𝑠 =
𝐷|𝑞𝑠|∕𝑘𝐵𝑇 .

Various values for the electron mobility, 𝜐𝑒− , have been reported in 
the literature. The determination of an exact electron mobility value is 
still an active field of research. The electron mobility affects directly the 
computational cost of the whole simulation. Specifically, if a high 𝜐𝑒−
value is used, electron diffusion is fast and thus the timestep of the sim-
ulation must be sufficiently low. This introduces a significant bottleneck 
in the numerical solution. In this study, 𝜐𝑒− = 0.2 m2/(sV) is used, which 
is consistent with the study of Di Renzo and Cuenot [47]. The diffusion 
coefficient of electrons is computed as 𝐷𝑒− = 𝜐𝑒−𝑘𝐵𝑇 ∕𝑞𝑒 [46].

2.4.3. Magnetic permeability
The permeability 𝜇 of a medium is given by the relation

𝜇 =
(

1 + 𝜒𝑚
)

𝜇0, (33)

where 𝜒𝑚 is the volume magnetic susceptibility and 𝜇0 is the magnetic 
permeability of vacuum.

For paramagnetic molecules, the volume magnetic susceptibility is 
computed according to Curie’s law, which is appropriate for most para-
magnetic materials at high temperatures. According to Curie’s law, the 
volume magnetic susceptibility of a species 𝑠 is given by [48]

𝜒𝑠
𝑚 = 

𝑇
=

𝑁𝑠𝜇0𝜇2
𝐵𝑔

2
𝐿𝒥𝑠

(

𝒥𝑠 + 1
)

3𝑘𝐵𝑇
, (34)

where  is the Curie constant, 𝑁 is the number of magnetic molecules 
per unit volume, 𝑔𝐿 is the Landé g-factor, 𝜇𝐵 is the Bohr magneton con-
stant, and 𝒥  is the total angular momentum quantum number. Typi-
cally, the contribution of the orbital angular momentum and spin of elec-
trons is many orders of magnitude larger than the nuclear spin contribu-
tion [49]. Moreover, in molecules and especially in organic molecules, 
the orbital angular momentum is typically quenched and thus the spin-
only contribution is considered [50].

Therefore, the approximation 𝒥 ≈ , where  is the total electron 
spin, is adopted. The Bohr magneton constant is given by 𝜇𝐵 = 𝑒ℏ∕(2𝑚𝑒), 
where 𝑒 is the elementary charge, ℏ is the reduced Planck constant, and 
𝑚𝑒 is the electron rest mass. In SI units, 𝜇𝐵 = 9.27401 × 10−24 J/T. For 
an electron spin, 𝑔𝐿 = 2.0023 [48]. The spins of the various particles un-
der consideration are reported in Table S3. Diamagnetic species have a 
negative volume magnetic susceptibility. Fixed values of the molar mag-
netic susceptibility are provided by the literature. These are reported in 
Table S3.

For free electrons, the Pauli spin paramagnetism and Landau dia-
magnetism theories are considered. Specifically, the volume magnetic 
susceptibility of a Fermi gas consisting of free electrons, with either 

spin up, |↑⟩, parallel to the magnetic field or spin down, |↓⟩, antiparallel 
to the magnetic field, is given by the combined contributions of spin 
alignment to the magnetic field (Pauli paramagnetism) and electron or-
bital motion (Landau diamagnetism). The total magnetic susceptibility 
is given according to Stoner by [51]

𝜒𝑒
𝑚 =

𝜇0𝜇2
𝐵𝑁

𝜀𝐹

[

1 − 𝜋2

12

(

𝑘𝐵𝑇
𝜀𝐹

)2
− 1

20

(

𝜇0𝜇𝐵𝐻
𝜀𝐹

)2
]

, (35)

for 𝜀𝐹 ∕(𝑘𝐵𝑇 ) ≫ 1, and

𝜒𝑒
𝑚 = 2

3
𝜇0𝜇2

𝐵𝑁
𝑘𝐵𝑇

[

1 − 1
3

( 2
𝜋

)1∕2( 𝜀𝐹
𝑘𝐵𝑇

)3∕2
− 7

15

(

𝜇0𝜇𝐵𝐻
𝑘𝐵𝑇

)2
]

, (36)

for 𝜀𝐹 ∕(𝑘𝐵𝑇 ) ≪ 1, where 𝜀𝐹  is the Fermi energy. For a three-
dimensional, non-relativistic system of a non-interacting ensemble of 
electrons, the Fermi energy is given by [48]

𝜀𝐹 = ℏ2

2𝑚𝑒

(

3𝜋2𝑁
)2∕3. (37)

Examining the electron distribution inside a 1D methane-air react-
ing flow, it is evident that the second equation is appropriate for the 
high-temperature kinetics investigated in this study (since the ratio 
𝜀𝐹 ∕(𝑘𝐵𝑇 ) ≪ 1 is 7 orders of magnitude smaller than 1). The electrons’ 
magnetic susceptibility is computed before the calculation of the static 
fields (in the EMI-static solver) or before the propagation of the elec-
tromagnetic waves (in the EMI-FDTD solver). It is also computed again 
before the computation of the electromagnetic forces. The molar mass 
of the electron is set to 5.485799 × 10−4 kg/kmol [52].

The total volume magnetic susceptibility of the mixture is given ac-
cording to Wiedemann’s additivity law [53]
𝜒𝑚 =

∑

𝑠
𝜒𝑠
𝑚. (38)

Note that the volume magnetic susceptibility of each species, 𝜒𝑠
𝑚, is com-

puted with respect to the concentration of each species in the total vol-
ume of the mixture. Thus, 𝜒𝑚 in Eq. (38) is directly given by the sum of 
all these individual contributions 𝜒𝑠

𝑚.

2.5. Boundary conditions for the reacting flow

The boundary conditions for the inflow, outflow, and periodic inter-
faces in SENGA follow the Navier–Stokes characteristic boundary condi-
tion (NSCBC) formulation [54,55]. Nonetheless, specific boundary con-
ditions for the ions, as well as for the polar, polarizable, ferromagnetic, 
and diamagnetic species are needed since their motion is affected by 
external electric and magnetic fields. For instance, in the case of elec-
tric fields, cations move towards the cathode and anions move towards 
the anode. Also, ferromagnetic species are attracted by a positive mag-
netic field gradient. As a result, the inlet and outlet BC may differ for 
each species and each boundary cell face. In addition, the BC fields can 
be time-dependent. Note also that the BC is not only dependent on the 
force but also on the inlet velocity. Specifically, if the inlet velocity is 
sufficiently high and the electromagnetic fields sufficiently low, then 
the motion of molecules is driven by the velocity of the fluid. Hence, 
the appropriate formulation of BCs should take into consideration spa-
tial and temporal changes in electromagnetic fields, species distribution, 
and characteristics of the flow. Therefore, for each species and each 
boundary cell face, the following conditions apply:

• At an outlet B.C. (mainly product species):
if 𝑽 𝑠

drift ⋅ 𝒖 < 0 (antiparallel) and |𝑉 𝑠
drift,𝑖| > |𝑢𝑖 + 𝑉 𝑠

Fick,𝑖| then 𝑌𝑠 = 0.
• At an inlet B.C. (mainly reactant species):
if 𝑽 𝑠

drift ⋅ 𝒖 < 0 (antiparallel) and |𝑉 𝑠
drift,𝑖| > |𝑢𝑖 + 𝑉 𝑠

Fick,𝑖| then 
𝜕𝑌𝑠
𝜕𝑥𝑖

= 0,

From Eq. (26), 𝑉 𝑠
drift,𝑖 corresponds to the drift term of the diffusion veloc-

ity, whereas 𝑉 𝑠
Fick,𝑖 to the Fick’s law diffusion velocity. In all simulations 

performed in this study, any changes in the mass fraction of species are 
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Fig. 4. Comparison between Cantera and EMI-SENGA for selected quantities obtained with the ion transport model and with electrostatic interactions activated. 
Lines for species correspond to mass fractions. A more detailed comparison is given in Section S3.1.

subtracted from the mass fraction of N2 to keep the sum of 𝑌𝑠 equal to 
1. This formulation of boundary conditions is valid for any local electric 
or magnetic field values or species’ net charge.

3. Verification, results, and discussion

3.1. Verification of the electrostatic field solver

For the sake of verification, a freely propagating premixed laminar 
flame of stoichiometric methane and air is simulated. The inlet flow had 
a pressure of 1 bar, a temperature of 300 K, and a velocity of 0.39 m/s. 
For an accurate discretization of the flame, a total of 1000 nodes was 
used. The results from EMI-SENGA are compared with Cantera. In these 
simulations, electrostatic interactions among ionic species are consid-
ered. In this study, the reduced chemistry mechanism developed by di 
Renzo and Cuenot is used [47]. The mechanism includes 26 species and 
134 reactions. Two species are cations (HCO+ and H3O+), one species 
is an anion (O−

2 ), and one species corresponds to the electrons. Ionic 
species are involved in 10 out of 134 reactions.

The comparison between EMI-SENGA and Cantera is shown in Fig. 4 
for selected quantities. A more detailed comparison is given in Figs. S4 
and S5. Note that the curves were shifted along the 𝑥-axis to align the 
peaks of the temperature gradient across the various cases. For this com-
parison and for the remainder of this work, the ion transport model is 
applied as described in Section S1.6, together with the polynomials of 
Eq. (S10). In addition, electrostatic interactions are activated with zero 
external potential. Note that simulations in EMI-SENGA were initialized 
with a steady-state solution obtained from Cantera. Then, EMI-SENGA 
simulations were advanced for a total simulated time of 7.5 ms using a 
timestep of 1 ns. At the end of the simulation, all fields, i.e., temperature, 
density, energy, pressure, velocity, and species mass fractions, had an 
absolute difference between the final and the tenth previous timestep of 
at least 6 orders of magnitude smaller than the maximum final value of 

the field. In addition, the values of the aforementioned fields at the final 
timestep and the previous 10 𝜇s timestep differed less than 3 orders of 
magnitude compared to the maximum values at the final timestep. On 
the basis of these observations, it is concluded that both the slow and 
fast chemical and transport processes have reached a satisfactory steady 
state.

Overall, the EMI-SENGA solution is in agreement with the results 
of Cantera, as is evident from Figs. 4, S4, and S5. Moreover, the mass 
fractions of the main species (i.e., CH4, O2, CO2, and H2O) predicted 
by the two codes are in perfect agreement, with only small differences 
observed for the rest of the species. It is worth noting that the mass 
fractions of the ionic species predicted by the two codes are in very 
good agreement (see Fig. 4), which verifies the implementation of the 
electrostatic fields and the formulations of the equations that are solved 
for the potential, conservation equations, and forces.

3.2. 1D laminar reacting flow under external electrostatic fields

The developed code is used to investigate the effects of external 
electrostatic fields on a one-dimensional laminar freely-propagating pre-
mixed flame. An external electric field parallel to the direction of propa-
gation of the flame front is considered. Similar to Section 3.1, the flame 
was discretized on 1000 nodes and had inflow conditions at 1 bar, 300 K, 
and 0.39 m/s. The methane and air mixture was at stoichiometric con-
ditions. Solutions were obtained for 22 different externally applied elec-
tric potentials. The timestep of each simulation varied depending on the 
strength of the electric potential and ranged from 0.05 to 1 ns. Moreover, 
the total simulation time varied among the cases. In all cases, similar to 
Section 3.1, all fields have an absolute error between the final and the 
tenth previous timestep of at least 6 orders of magnitude smaller than 
the maximum final value of the field.

The potential is applied on the left boundary of the domain, while 
the right one is grounded. Both positive and negative potential values 
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Fig. 5. Charge density for a left electrode with a positive (left) and negative (right) voltage. The right electrode is grounded.

are studied. For the ionic species, the inlet BC described in Section 2.5 
is applied. For the right boundary, the subsonic non-reflecting outflow 
NSCBC is applied for all species. Therefore, at the outflow, the boundary 
condition of this simulation is not affected by the electric field. This is 
appropriate for the studied premixed configuration since it is assumed 
that ionic species exist outside the domain and thus their mass fraction 
should not be set to zero at the boundary.

The charge density under various external electric potentials is 
shown in Fig. 5. The curves were shifted along the 𝑥-axis to align the 
peak of the temperature gradient across the various cases. The Lorentz 
force leads to an accumulation of cations and depletion of anions near 
the anode and vice versa near the cathode. This behavior is consistent 
with previous studies [9,10,56]. Let us consider the positive potential 
values of the left electrode. On the left side of the reacting zone and near 
the left boundary of the domain there is a high accumulation of nega-
tively charged species. Investigation of the distribution of ionic species 
shows that the profile of the charge density on the left side of the react-
ing zone matches the profile of the mass fraction of the O−

2  molecules. 
Di Renzo et al. [56] observed a similar increase in O−

2  near the oxidizer 
stream in their counterflow configuration, which was also the ion with 
the highest concentration. Two possible phenomena could contribute to 
the accumulation of O−

2  molecules near the boundary. On the one hand, 
oxygen anions are generated in the reacting zone and then exit the do-
main from the left side under the influence of the Lorentz force. On the 
other hand, the highly mobile electrons travel upstream of the inflow 
nozzle and ionize the O2 molecules. The two reactions of the chemical 
mechanism that can lead to oxygen ionization via collisions with elec-
trons are e− + 2O2 ⇌ O2 + O−

2  and e− + N2 + O2 ⇌ N2 + O−
2 . Considering 

that both the mass fractions of O−
2  molecules and the charge density have 

a peak near the inlet boundary but a low value near the reacting zone, 
the second phenomenon can be deemed as the main reason that leads 
to the generation of O−

2  molecules. Note also that the magnitude of the 
charge density is directly proportional to the strength of the electric po-
tential difference. It should be noted that the charge density on the right 
side of the reacting zone is significantly smaller than the one on the left 
side. Even under a strong 900 V potential, the charge density is 2 orders 
of magnitude lower. This is probably a consequence of the low mobility 
of the cation species that are quickly consumed before they reach the 
outlet boundary.

When a negative potential is applied at the left electrode, the shape 
of the charge distribution is different. In particular, there is a high ac-
cumulation of cations near the reacting zone, while there is a negligi-
ble concentration of ionic species exiting the domain. By examining the 
chemical mechanism [47], it can be seen that there are no reactions in-
volving cations and reactants (either fuel or oxidizer). This can explain 
the absence of generated ionic species near the left boundary compared 
to the positive electric potentials. Overall, for all values of the electric 
potential, an increase in the potential magnitude leads to more ionic 
species exiting the domain from both boundaries.

The electrostatic field, which is the result of the internal charge den-
sity and the external potential, is higher for positive electric potentials 
compared to negative ones. For instance, at 400 V and −400 V, the elec-
tric field reaches maximum values of 0.31 MV/m and 0.17 MV/m, re-
spectively. The internal electric field for the different investigated cases 
is plotted in Fig. S6. Moreover, the charge density leads to electric field 
gradients in the reacting zone. When a positive potential is applied at 
the left electrode, the shape of the electric field in the reacting zone does 
not deviate considerably from the case with zero external potential. On 
the contrary, the electric field profile significantly changes when a neg-
ative potential is applied, even for weak values of the potential. The 
electric field gradients in the reacting zone can introduce a polarization 
force for polar or field-polarized species.

The Lorentz force per unit mass (acceleration induced by electric 
forces) acting on the ionic species is shown in Fig. 6. Under the same 
electric field, electrons experience the highest acceleration due to their 
smaller mass, followed by the acceleration of O−

2  molecules. Addition-
ally, it is noted that the direction of the forces changes at 𝑥 = 2 mm, 
due to the difference in the sign of the electric field reported in Fig. S6. 
Figs. 6 and S7 show the polarization forces of neutral molecules. The 
polarization forces near the right boundary are negligible for all studied 
species since there are no electric field gradients. On the contrary, forces 
are evident in the reaction zone and near the left boundary. The accel-
eration of neutral species due to the polarization forces is 24 orders of 
magnitude smaller than the Lorentz forces acting on the ionic species. 
However, since the mass fractions of ionic molecules can be lower than 
10 orders of magnitude compared to neutral molecules (see Figs. S4 and 
S5) and since the polarization forces act mainly near the inflow bound-
ary where most ionic species have low concentration, the polarization 
force may affect the reacting flow. The investigation of these secondary 
effects is left for future study. It is also worth noting that the developed 
formulation and code allow for the description of the interactions be-
tween highly polarizable or magnetizable particles (e.g., nanomaterials) 
and electromagnetic fields in reacting flows (where strong polarization 
and magnetization forces are expected). This is another interesting area 
for future developments.

3.3. 1D laminar reacting flow under uniform magnetostatic fields

The effects of magnetostatic fields on 1D laminar flames are investi-
gated herein. The configuration of the flame is similar to the one of Sec-
tion 3.2. In this case, simulations are performed with a 68-step chemical 
mechanism for methane that does not include any ionic species [57], in 
order to focus on the effects of magnetic fields on neutral species. Note 
that if ionic species were present, a magnetic field not aligned with the 
velocity of the charged species would induce Lorentz forces in the di-
rection perpendicular to the direction of flame propagation, leading to 
ions’ motions outside the 1D domain. The external magnetic potential 
is applied on the left and right boundaries, similarly to the electrostatic 
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Fig. 6. Lorentz force on charged species (left) and polarization force on various neutral species (right) for the case with Φ𝑙 = 500 V.

Fig. 7. Relative magnetic field with respect to the value at the left boundary.

potential cases discussed in Section 3.2, since the formulation imple-
mented here (see Section 2.1.1) is based on the solution of the internal 
magnetic potential. The total simulated time is 1 ms with a timestep of 
10 ns.

Fig. 7 shows the relative magnetic field induced by different exter-
nal magnetic potentials. The magnetic field changes near the flame front 
due to the large decrease in the magnetic susceptibility of the mixture. 
The magnetic moment of the species has only a slight effect on the mag-
netic field. Even under a strong potential of 20 kA, the magnetic field 
changes only by 0.6 mA/cm. Moreover, the mixture’s magnetic suscepti-
bility is not significantly affected by the external potential (see Fig. S8), 
which suggests that the species distribution is also not affected. The 
reason for this behavior is that in the current 1D configuration, Eq. (4) 
reduces to d𝐵𝑥∕d𝑥 = 0. Therefore, the Gilbert’s model of Eq. (A.9) gives 
a magnetic force equal to zero for all species. Note that this is not nec-
essarily the case for a multi-dimensional reacting flow, since ∇ ⋅ 𝑩 = 0
does not imply (𝑩 ⋅ ∇)𝑩 = 0. Consequently, the magnetization force in 
Eq. (A.9) generally does not vanish. Note also that if magnetization 
forces were expressed with Kelvin’s model [58], 𝐹𝑀,𝐾 = (𝒎 ⋅ ∇)𝑯 , a net 
force on the neutral species would also be present in the 1D configu-
ration investigated here, because the magnetic field 𝑯 is spatially non-
uniform.

It is noted that the inability of the reacting flow to induce internal 
magnetic fields, and thus affect its own behavior, was experimentally 
observed in previous studies [59,60]. In 1967, Mayo [59] investigated a 
small ethylene diffusion flame inside a static magnetic field. It was found 
that even at a 1 T magnetic field strength, the effects of the magnetic 
fields on the flame shape were negligible. Only in cases with low fuel 
inflow velocities was it possible to observe a deflection of the flame. 
This phenomenon may be attributed to the fact that the magnetic field 
was relatively uniform, and thus the effects were mainly caused by the 
Lorentz force acting on charged species produced in the reaction zone. 
The more recent study by Mizutani et al. [60] investigated the effects 
of a 5 T uniform magnetic field on premixed laminar flames. Despite 

the high strength of the magnetic fields, they found negligible effects 
on the fast chemical reactions and thus on the flame propagation and 
temperature.

On the other hand, inhomogeneous magnetic fields with strong gra-
dients can have a considerable impact on the reacting flow. This occurs 
due to the paramagnetic and diamagnetic properties of species that ex-
ist in flames. The effects of inhomogeneous magnetic fields on the flame 
behavior were first investigated by Ueno and Harada [5] for methane, 
propane, and hydrogen flames under magnetic field strengths up to 
1.6 T and with gradients up to 220 T/m. In their experiments, they ob-
served that flames bent away from high-intensity magnetic fields. The 
effects were attributed to the paramagnetic properties of O2. The be-
havior of flames in an inhomogeneous magnetic field is discussed in
Section 3.4.

The contributions of the gradients of the magnetic susceptibility and 
magnetic field to the total force of Eq. (20) are plotted in Fig. 8 for 
the O2 (paramagnetic) and CH4 (diamagnetic) species. For this one-
dimensional configuration, the triple vector cross product in Eq. (A.18), 
which is another formulation for Eq. (20), is zero. Therefore, in this case, 
the first term in Eq. (20) simplifies to the first term in Eq. (A.18). By ex-
amining the results in Fig. 8, it can be seen that each term contributing to 
the magnetic force is small but non-negligible and that the force terms 
of paramagnetic species are two orders of magnitude larger than the 
corresponding terms of diamagnetic species. Moreover, the force term 
related to the gradient of susceptibility is opposite to the term related 
to the magnetic field gradient, and their sum is zero, consistent with 
the magnetic force on each species being zero in the investigated 1D 
configuration. These findings indicate that in general both terms are 
important and cannot be neglected when solving for the magnetic field 
gradient, i.e., Eq. (14), or when computing the magnetization forces, i.e.,
Eq. (20).

3.4. 2D laminar reacting flow under inhomogeneous magnetostatic fields

The analysis continues with the study of a 2D laminar reacting flow. 
The same chemical mechanism with only neutral species that was used 
in Section 3.3 is applied here. The 2D configuration investigated here 
is constructed from the 1D configuration of Section 3.3 by repeating 
the initial solution along the 𝑦-direction. The domain has a size of 𝐿𝑥 =
1 cm and 𝐿𝑦 = 0.74 cm and is discretized with 𝑁𝑥 = 500 and 𝑁𝑦 = 370
nodes.

The profiles of the magnetic potentials at the left boundary are shown 
in Fig. 9. These profiles are imposed on the left boundary and are ob-
tained from the magnetic field generated by a cylindrical magnet. The 
profiles A, B, and C, correspond to a magnet with a diameter 𝐷𝑚 of 
𝐿𝑦∕2, 𝐿𝑦∕3, and 𝐿𝑦∕4, respectively, and a length 𝐿𝑚 of 𝐿𝑦∕2, 𝐿𝑦∕3, 
and 𝐿𝑦∕4, respectively. The dashed lines of Fig. 9 were obtained for 
a magnetization of 1 T. These profiles were obtained using the mag-
pylib code [61]. To investigate the effects of strong magnetic fields, ad-
ditional profiles were constructed by doubling the previous potential 
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Fig. 8. Contributions to the magnetization force for O2 (left) and CH4 (right) for Ψ = 10 kA. The 1st and 2nd terms refer to the right-hand side terms of Eq. (20). 
Markers are added to every 20th node of the grid.

Fig. 9. Magnetic potential profiles imposed at the left boundary. The dashed 
lines were obtained for a magnetization of 1 T. The solid lines were obtained by 
doubling the potential profiles represented by the dashed lines. The profiles A 
to C represent the magnetic potential generated by magnets of different sizes, 
as discussed in the text.

Fig. 10. Magnetic potential and magnetic field distribution in the domain for 
the solid line Profile A of Fig. 9.

profiles. The magnetic potential and magnetic field distribution in the 
domain are plotted in Fig. 10. It can be seen that the boundary con-
dition directly affects both the longitudinal and lateral distributions of 
the magnetic field inside the domain. Therefore, 2D and 3D effects may 
arise as a consequence of the BCs. Note also that the magnetic field ap-
pears strong in a confined area near the boundary. In the reacting zone 
(located at approximately 1/3 of the domain length), the magnetic field 
is significantly smaller than near the boundary.

Previous numerical studies have revealed that magnetostatic fields 
can have significant effects on reacting flows. Specifically, by simulating 
hydrogen-oxygen flames, Yamada et al. [12,27,28] showed that changes 
in oxygen distribution due to the magnetic field gradient could affect 

the reaction process. It was concluded that the spatial distribution of 
OH radicals changes indirectly due to the diffusion of oxygen molecules 
and not directly due to the forces induced by the magnetic field gradient. 
In addition, it was shown that the orientation of the magnetic field can 
have different effects on the distribution of species.

The magnetization forces of paramagnetic and diamagnetic species 
are shown in Fig. 11. In addition, the magnetization force of O2 is plot-
ted in Fig. S9. The magnetization forces acting on paramagnetic and dia-
magnetic molecules have opposite directions. Paramagnetic molecules 
are attracted to positive magnetic field gradients, whereas diamagnetic 
species are repelled. Moreover, the magnetization forces on diamagnetic 
molecules are a couple of orders of magnitude weaker compared to the 
forces on paramagnetic species, due to the lower magnetic moment of 
diamagnetic species. It is also interesting to note that the force per unit 
mass on atomic hydrogen is significantly stronger compared to other 
species. Therefore, hydrogen’s small mass overcomes its small spin (e.g., 
compared to oxygen atoms with a spin of one), resulting in the strongest 
magnetization force per unit mass.

Note that the effect of the gradient of the magnetic susceptibili-
ties on the magnetization force (i.e., first term on the right-hand side 
in Eq. (20)) can be neglected here. The reason is that the gradient of 
the magnetic field, even in the vicinity of the reacting region shown in 
Fig. 11, is significantly larger than the 𝜒𝑚 gradient. Moreover, a large 
discrepancy in the magnitude of the forces can be observed between 
the left and right 𝑥 boundaries. The force acting on both the diamag-
netic and paramagnetic species near the left boundary is 6 orders of 
magnitude higher than on the right side of the domain. Therefore, in 
this configuration, the reactants are affected to a higher degree than the 
products. Note also that for the paramagnetic species only, a large de-
crease in the forces occurs at 𝑥 ≈ 3 mm, i.e., in the area corresponding to 
the reacting zone. This decrease is attributed to the temperature depen-
dence of the magnetic susceptibility of paramagnetic species according 
to Curie’s law, see Eq. (34).

The effects of the various magnetic potential profiles on the reacting 
flow are investigated by examining the temperature of the reacting re-
gion. The temperature profile along a line parallel to the 𝑦-direction at 
a given 𝑥 location is shown in Fig. 12. It is evident that the temperature 
field is directly affected by the external magnetic potential. The mag-
netization forces affect the species distribution and, in particular, the 
distribution of paramagnetic species. As shown in Fig. S9, the magneti-
zation forces are not parallel to the 𝑥 coordinate. As a result, the reacting 
zone gets curved. A temperature variation of 2 to 26 K can be observed 
across the 𝑦 direction for the magnetic potentials shown in Fig. 9.

3.5. Verification of the EMI-FDTD solver

In this section, the implementation of the EMI-FDTD solver is as-
sessed by comparing simulation results with three-dimensional analyti-
cal and numerical solutions. A soft Hertzian dipole source oriented in the 
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Fig. 11. Magnetization force acting on paramagnetic (left) and diamagnetic (right) species for the solid line Profile A of Fig. 9.

Fig. 12. Flame temperature profile under different magnetic potentials at 𝑥 ≈
2.85 × 10−3.

𝑧-direction is applied (see Section 2.1.2). The waveform of the current, 
, is the derivative of a Gaussian pulse and is given by

 = −4𝜋2𝑓 2
(

𝑡 − 1
𝑓

)

𝑒−2𝜋
2𝑓2

(

𝑡− 1
𝑓

)2

. (39)

The domain is a cube with a length of 0.1 m and grid size Δ𝑥 = Δ𝑦 =
Δ𝑧 = 1 mm. 10 CPML cells are applied at all boundaries. In addition, the 
source has a frequency of 𝑓 = 1 GHz and is positioned at the node (20, 
20, 20), excluding the CPML cells. A probe is placed at the node (35, 
35, 35), which monitors the time evolution of the electric and magnetic 
field components. The analytical solution is obtained from Ref. [62]. 
Results are shown in Fig. 13 for the 𝑥-components of the electric and 
magnetic fields and in Fig. S10 for the other components. The EMI-FDTD 
and analytical solutions perfectly overlap. Note that the solution of the 

𝐻𝑧 component is characterized by small fluctuations instead of being 
equal to zero as predicted by the analytical solution. Nonetheless, this 
numerical noise is several orders of magnitude smaller than the other 
components and can be considered negligible.

The accuracy of the EMI-FDTD solution is compared with the widely 
used gprMax code [63] for various CPML parameters and CPML bound-
ary thicknesses. The various cases are reported in Table 1. The reader is 
reminded that the parameters in Table 1 and the relevant equations that 
are solved in the CPML regions are detailed in Section S1.3. These and 
similar values have been used in the literature, e.g., see Refs. [22,37,64]. 
The relative errors are plotted in Fig. 14. For most cases, EMI-FDTD per-
forms better than gprMax, as the error at the end of the simulated time 
is lower with EMI-FDTD. This can mainly be attributed to the different 
CPML parameters that are used in the two codes. Moreover, it can be 
observed that large differences exist among the solutions obtained with 
the different CPML parameters. Therefore, the choice of the parameters 
for the absorption of reflected waves in reacting flow environments re-
quires further investigation, which should be addressed in the future. 
Note that, overall, the CPML parameters of Case 2 seem to perform bet-
ter than the others.

As expected, when thicker CPML boundary regions are used, the 
electromagnetic waves are better absorbed. Note also that for certain 
cases, EMI-FDTD with 5 CPML cells performs better than gprMax with 
10 CPML cells. Overall, EMI-FDTD propagates electromagnetic waves 
accurately. The accuracy of the software when multiple processors are 
used in parallel is shown in Fig S11. The computation is performed with 
4 processors in each direction, i.e., a total of 64 processors. This case 
allows for the assessment of the communication between internal sub-
domains, as well as the communication between subdomains that hold 
CPML regions in the edge, face, and vertex locations of the domain. 
Results show perfect agreement between the single processor and the 
multiprocessor solution.

Fig. 13. Comparison between EMI-FDTD and the analytical solution of Ref. [62] for a Hertzian dipole source with the current waveform given by the derivative of 
a Gaussian pulse.
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Table 1 
CPML parameters for the various cases shown in Fig. 14.
 Case 𝑚 Eq. (S1) 𝜎factor Eq. (S2) 𝜅max Eq. (S5) 𝛼max Eqs. (S6), (S7) 𝛼min Eqs. (S6), (S7)
 1  3  0.75  15  0  0.24
 2  3  1.1  11  0.05  0.05
 3  4  0.5  8  0.05  0.05

Fig. 14. Difference between the numerical solutions obtained with EMI-FDTD and gprMax [63] and the analytical solution of Ref. [62] for a Hertzian dipole source 
with a Gaussian derivative current waveform. Results for various CPML parameters and CPML boundary thicknesses are reported. The cases are detailed in Table 1.

3.6. Evaluation of the electrostatic assumption in reacting flows

In this section, the EMI-FDTD code is used to assess the electrostatic 
field assumption that is made in previous relevant studies in the lit-
erature (see Section 1). The fundamental difference between solving 
electrostatic or magnetostatic fields and solving electromagnetic waves 
via the FDTD method is that, for static fields, it is assumed that the 
charges are fixed both in space and time. Therefore, when a static field
formulation is applied within the context of reacting flows, a quasi-
steady state is assumed, where the effects induced by changes over time 
in the local charge density are negligible, and thus the magnetic field 
generated by the electric currents (Ampere’s equation) can be neglected. 
This is an accurate assumption if the concentration times mobility of 
ionic species and electrons is sufficiently low (i.e., low-intensity cur-
rents).

However, since the produced charged species are mobile, non-
negligible currents may be induced. It is already evident from the charge 
density of Fig. 5 and the velocity of Fig. S4 that even for the interme-
diate potential values, an electric current of the order of 1 mA/m2 may 
arise. These currents, albeit weak, may induce electromagnetic fields, 
which in turn may affect the chemistry rates and thus the formation 
of ionic species. As a consequence, the charge density is affected and 
can influence the overall electrodynamics of the reacting flow. The im-
pact of induced electric currents in reacting flows is investigated in the 
remainder of this section.

It is reminded that the FDTD method includes the current density 
in the numerical formulation and thus the effect of the induced mag-
netic fields. Specifically, when an external electric field is applied, the 
FDTD method includes in the numerical formulation the currents given 
by 𝑱 = 𝜎𝑒 (see Eq. (7)), where 𝜎𝑒 is given by Eq. (30). Hence, in the 
FDTD method, the motion of ionic species produces currents. Overall, 
the FDTD method provides a more accurate description of electromag-
netic interactions in reacting flows. It is also noted that, in the static 
field approximation, the charged species with the highest concentration 
govern the behavior of the electric field through Gauss’s law. However, 
with the FDTD method, the charged species with the highest product of 
mobility times concentration affect the behavior of the electric field.

To investigate this difference between the two methods, the same 
flame studied in Section 3.2 is simulated with the EMI-FDTD code under 
no external electromagnetic field. Due to the high computational cost 
of the method, fewer nodes in the 𝑥 direction are used compared to the 
electrostatic field simulations of Section 3.2. Specifically, the computa-
tional domain has a size of 10, 6, and 2 mm, in the 𝑥, 𝑦, and 𝑧 directions, 
respectively. The size of each cell is equal to 40 µm in all directions. The 
conservation equations are advanced in time with a timestep of 0.1 ns 
and the electromagnetic fields with a timestep of 50 fs. CPML boundaries 
are used with a 5-cell thickness and the CPML parameters of Case 2 in 
Table 1. A steady-state solution of a 1D reacting flow, similar to the one 
presented in Section 3.1, but with 250 nodes in the 𝑥-direction, is im-
posed as an initial solution for the 3D FDTD simulation. The 1D profiles 
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Fig. 15. Electric and magnetic field components at 10 ns simulated time obtained with the EMI-FDTD solver. The fields are plotted in a slice passing through the 
center of the domain and normal to the 𝑧-direction.

along the 𝑥-direction are imposed for all 𝑦 and 𝑧 nodes. The existence 
of a charge distribution requires the initialization of the 𝑥 profile with 
the electrostatic solution, as described in Section 2.1.2. Therefore, an 
initial electrostatic field is also imposed. Simulations are performed for 
a total simulated time of 10 ns, in order to evaluate the effects of the 
FDTD method.

The electric and magnetic field components at 10 ns simulated time 
are shown in Fig. 15. The fields are plotted in a slice passing through 
the center of the domain and normal to the 𝑧-direction. First of all, a 
change in the 𝑥 field can be observed when the EMI-FDTD solver is 
used. Results are more evident in Fig. 16, which shows the 𝑥 field and 
charge density plotted along the centerline in the 𝑥-direction. Specifi-
cally, inside and near the reacting zone, the magnitude of 𝑥 decreases. 
A similar but smaller reduction in magnitude can also be observed on 
the left side of the reacting zone. On the contrary, between approxi-
mately 𝑥 = 0.6 and 𝑥 = 0.9 cm the electric field slightly increases. This 
difference is attributed to the induced currents from the mobility of ions 
and electrons that are considered in the FDTD method. This change in 
the electric field leads to changes in the mass fractions of species, es-
pecially of the charged ones. In turn, this change in the charge density 
affects the magnitude of the induced electromagnetic fields.

Additionally, from Fig. 15, differences in the electromagnetic field 
components can be observed near the CPML boundaries. These are 
caused by the absorption of electromagnetic waves that are incident 
on the boundaries. It should also be noted that the influence of bound-
aries (end effects) is not evident in the central part of the reacting flow 
when the electromagnetic field components with high magnitudes are 
considered, i.e., the 𝑥, 𝑦, and 𝑧 components. In contrast, the end

effects of the boundaries are mainly apparent in the low magnetic field 
components. It should be noted here that continuing the simulations 
past the 10 ns of simulated time showed a further decrease in the elec-
tromagnetic field magnitude. This indicates that a steady state has not 
been reached. However, the results obtained here are sufficient to high-
light the main differences between the FDTD solution and the electro-
static solution. Due to the high computational cost of the simulation, 
the detailed investigation of the steady-state solution is left for future
work.

A few questions arise from the above discussion: (i) Are these 
changes caused solely by electric currents? (ii) Do the changes in mass 
fractions of species significantly affect the electric fields, and in which 
way? (iii) To what extent do the end effects caused by the CPML bound-
aries affect the electromagnetic field solution? (iv) How much does the 
electron’s mobility affect the induced currents and the electric field?

To answer the first question, simulations with the FDTD method of 
the EMI-SENGA code were performed by setting the conductivity of the 
medium equal to zero. After 10 ns simulated time, the initial 𝑥 had 
not changed. Similarly, the rest of the electric field components and the 
magnetic field components had a zero value (results are not presented 
here). This suggests that the current density term is the main cause 
of the electromagnetic field effects discussed above. Therefore, this re-
sult further supports the above conclusion that the differences between 
static fields and fully coupled electromagnetic fields in reacting flows 
are attributed to the induced currents and thus to the induced magnetic
fields.

To answer the second question, simulations in which only the elec-
tromagnetic fields are updated, without solving the conservation equa-
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Fig. 16. Electric field component (left) and charge density (right) at 10 ns simulated time obtained with the EMI-FDTD solver. Results are plotted for a line parallel 
to the 𝑥 direction, passing through the center of the domain.

tions of the species, momentum, or energy, were performed. Thus, in 
these simulations, the initial solution of the reacting flow did not evolve 
as the electromagnetic field equations were solved. When the mass frac-
tion of the ionic species is constant, a change in the magnitude of the 
electric field is observed. This change is almost identical to the one ob-
tained when all conservation equations are solved. This comparison is 
shown in Fig. S12 for the 𝑥 field. Interestingly, this occurs despite the 
fact that when the flow field quantities are updated, the charge distribu-
tion changes significantly, as shown in Fig. 16. Therefore, these results 
show that the shape of the electromagnetic waves may not be consider-
ably affected by changes in the concentration of the ionic species within 
the short simulation time investigated here. In addition, it is concluded 
that the electromagnetic fields change mainly because of the induced 
currents.

To answer the third question, simulations on a larger domain were 
performed. The cell size was kept constant, whereas the domain size was 
increased to 2 cm in both the 𝑦 and 𝑧 directions. A total of 500 proces-
sors were used for these simulations. This larger configuration provides 
enough space to further diminish the end effects from the boundaries. 
The overall shape of the electric field is in good agreement between the 
bigger and smaller domains. However, between approximately 0.4 and 
0.7 nm, the magnitude of the electric field is slightly lower in the big-
ger domain simulation. The results of this comparison are reported in 
Fig. S13 for the 𝑥-component of the electric field. It should be noted 
that, as shown in Fig. 14, the CPML BCs do not perfectly absorb the in-
coming waves. Thus, reflective waves can reenter the domain and affect 
the electromagnetic fields inside the domain. These findings suggest that 
end effects near the CPML boundaries can affect the magnitude of the 
electric field. Therefore, it is evident that the size of the domain should 
be carefully selected, depending on the application under consideration 
and the medium’s characteristics.

Finally, to answer the fourth question, simulations with an elec-
tron’s mobility of 𝜐𝑒− = 1 cm2/(Vs) were performed. This mobility value, 
which is two orders of magnitude lower compared to the value used in 
the previous simulations, was used by Belhi et al. [65] in their DNS 
study of premixed flames under external electrostatic fields. The elec-
tric field did not significantly change when the low value of the elec-
tron’s mobility was imposed. Only slight changes near the reacting zone 
were observed. The simulation results are presented in Fig. S14. Addi-
tionally, by examining the conductivity, certain differences between the 
profiles with high and low electron mobilities can be observed. When a 
0.2 m2/(Vs) mobility is used, the conductivity has a profile that is consis-
tent with the mass fraction profile of electrons (see Fig. S5). Therefore, 
in this case, it is the electrons that determine the conductivity of the 
mixture. On the contrary, when an electron’s mobility of 1 cm2/(Vs) is 
used, the conductivity has a much lower magnitude. Hence, the elec-
trons do not contribute significantly to the conductivity of the mixture. 
Specifically, it is the rest of the ions that determine the magnitude of 
the conductivity. It is reminded that the mobility of the ionic species is 

determined by their diffusivity. Therefore, the conductivity of the ionic 
species is directly related to their diffusivities. These findings suggest 
that the electron’s mobility, which is an input value (see Section 2.4.2), 
plays an important role in the conductivity of the mixture and thus di-
rectly affects the evolution of the electromagnetic fields. Consequently, 
this suggests that above a certain magnitude of the mobilities of the 
ionic species and electrons, the electrostatic assumption ceases to be 
valid since the induced currents cannot be neglected. Future work will 
focus on better quantifying when currents violate the electrostatic field 
assumption.

3.7. Electromagnetic wave sources on reacting flows

The analysis continues with the application of external electromag-
netic sources. As discussed in Section 2.1.2, the FDTD allows the sim-
ulation of any form of electromagnetic wave. Therefore, the effects of 
sources such as continuous sinusoidal waves or discrete pulses can be 
studied. In this section, the source of Eq. (16) is applied with the wave-
form

 = 𝐶 sin (2𝜋𝑓𝑡), (40)

where

𝐶 =

{

0.25𝐴𝑜𝑓𝑡 if 0.25𝐴𝑜𝑓𝑡 ≤ 1,
𝐴𝑜 if 0.25𝐴𝑜𝑓𝑡 > 1.

(41)

𝐴𝑜 is the amplitude of the wave. This source was selected from the 
gprMax software [63], where the amplitude of the sinusoidal wave is 
ramped during the first cycle to reduce the numerical noise in the sim-
ulation domain during this initial transient. The computational details 
reported at the beginning of Section 3.6 are used here. The source is ap-
plied along the 𝑧-direction and to the node at a distance of 40, 75, and 
25 nodes in the 𝑥, 𝑦, and 𝑧 directions, respectively. The amplitude of the 
wave is equal to 0.016, and the frequency is equal to 100 GHz. A high 
frequency is chosen in order to have a sufficiently low wavelength that 
will allow for the observation of several crests of the waveform inside 
the domain.

Fig. 17 shows the 𝑧-component of the electric field at 5 ns of simu-
lated time. The magnetic field components are given in Fig. S15. Note 
that results are rescaled in order for the waveforms to be observable. The 
reason is that the wave produced by the source has a higher value at and 
near the source. For instance, at the node where the source is located, 
the 𝑧-component of the electric field has an amplitude that is 5 orders of 
magnitude higher than at an intermediate location along the 𝑥-direction. 
At a greater distance from the source, the wave decays. Note also that, 
in this configuration, the maximum electric field strength is compara-
ble to the strength of the electrostatic fields discussed in Section 3.2. 
Therefore, the electromagnetic waves from this source are expected 
to affect the reacting flow, similarly to the effects observed in the 1D
simulations.
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Fig. 17. 𝑧-component of the electric field (left) and force on electrons (right) under a sinusoidal wave source at 5 ns of simulated time, plotted in a slice passing 
from the middle point of the 𝑧 coordinate of the domain. Note that 𝑧 ∈ [−17.5, 186990] V/m, but is rescaled to allow for the observation of the waveform.

Fig. 17 also shows the electromagnetic force that the electrons of the 
reacting flow experience. As expected, the force follows the direction of 
the sinusoidal electromagnetic wave oscillation. In addition, note that 
even though the force on electrons is maximum near the source, it is still 
considerably high in the rest of the domain. Specifically, the magnitude 
of the 𝑧-component of the electrons’ force is above 1010 N/kg every-
where and around 1012 N/kg at the crests and troughs away from the 
source. The magnitude of the Lorentz force is smaller but comparable 
to the one presented in Fig. 6. Therefore, this approach allows for the 
investigation of more intricate phenomena such as the interaction of the 
electrons with the crests, troughs, and zero crossings of the wave. A com-
prehensive exploration of the effects of electromagnetic wave sources on 
reacting flows is left for future study.

Finally, the magnetic susceptibility of electrons, as given by Eq. (36), 
is investigated. It is possible to introduce electrons with magnetic fields 
in the current 3D configuration since the Lorentz forces are not con-
strained in any direction. The peak magnitude of the electrons’ mag-
netic susceptibility is of the order of 4 × 10−16, which is significantly 
smaller compared to that of neutral species (see Fig. S16). Specifically, 
the oxygen magnetic susceptibility peaks at around 3 × 10−7. The values 
for the other neutral species range mainly between 10−10 and 10−12, but 
lower values of approximately 10−14 exist. The magnetic susceptibility 
of ionic species can be a few orders of magnitude lower than that of the 
neutrals, but similar to the value for the electrons due to their low con-
centration. Therefore, for small magnetic field gradients, the magnetic 
susceptibility of the electrons and ions can be neglected. The impact of 
these small magnetic susceptibilities on reacting flows under sufficiently 
high magnetic field gradients will be explored in future work.

4. Summary and conclusions

A new computational fluid dynamics code, called EMI-SENGA, has 
been developed for the solution of multi-physics problems involving 
electromagnetism and reacting flows. The proposed framework can sim-
ulate both time-dependent and static electromagnetic fields by solving 
Maxwell’s and Gauss’s laws, respectively. The variation in space and 
time of the electric and magnetic properties of the medium, which di-
rectly affects the propagation of the electromagnetic fields, is included in 
the model. In addition, the total electromagnetic force acting on species 
includes contributions from the Lorentz, polarization, and magnetiza-
tion forces. The Lorentz force acts on the ionic species, the polarization 
force on species with an inherent or electrically induced polarization, 
and the magnetization force on molecules with a net spin.

First, the code was verified with numerical and analytical solutions 
from the literature. The results of the EMI-SENGA code are in agree-
ment with the literature data. Then, to demonstrate the capabilities of 
the framework, EMI-SENGA was used to investigate various laminar pre-
mixed flames under external electromagnetic fields. When external elec-
trostatic fields are applied, results show that the charge density and the 

related electric field are mainly affected near the inflow of reactants. 
For positive electric potentials, the electrons travel towards the inflow, 
where they react with oxygen to form oxygen ions. This demonstrates 
the capability of the proposed framework to capture the strong coupling 
between chemistry and diffusion induced by electrostatic interactions, 
as well as the necessity of appropriate boundary conditions to achieve 
a realistic behavior in the vicinity of the boundary region.

Analysis of the magnetostatic fields shows that the correct descrip-
tion of the magnetization force is important for weak magnetic field 
gradients. Specifically, both the term involving the gradient of the mag-
netic susceptibility and the term involving the gradient of the magnetic 
field are required to obtain a magnetization force consistent with the 
adopted formulation. In general, neither term can be neglected. Strong 
magnetic fields acting on two-dimensional reacting flows could affect 
the shape of the flame front. This change depends on the profile and the 
magnitude of the boundary magnetic potential. This further highlights 
the importance of accurate boundary conditions for a reliable prediction 
of the effect of magnetic fields on the reactive flow.

Furthermore, a comparison between the FDTD solution and the elec-
trostatic solution shows that, for sufficiently high mobilities and concen-
trations of ionic species and electrons, the induced electric currents sig-
nificantly affect the electromagnetic fields even in the absence of an ex-
ternal source. This is attributed to the fact that the movement of charged 
particles, which are generated at the flame front, induces electric cur-
rents. Therefore, at high mobilities and concentrations of the charged 
species, these induced currents cannot be neglected, and the electro-
static field assumption ceases to be valid.

Finally, analysis of the response of a laminar flame to an electro-
magnetic wave shows that the wave source can affect the distribution 
of charges in the reacting flow. Specifically, a high-frequency sinusoidal 
source introduces electromagnetic waves with crests and troughs within 
the domain. These fluctuations influence locally the electromagnetic 
forces acting on charged particles. As a consequence, the electromag-
netic field effects on ions and electrons become both spatially and tem-
porally dependent.

EMI-SENGA can be used to study the fundamental effects of electro-
magnetic fields on reacting flows. The numerical formulation maintains 
a high degree of accuracy for electromagnetic interactions and enables 
the study of a wide variety of multiphysics phenomena.
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Appendix A.  Derivation of polarization and magnetization forces

The polarization force arises from the intrinsic or field-induced po-
larization of atoms and molecules, i.e., the distribution of the electron 
cloud with respect to the nuclei. When a particle with an electric mo-
ment is placed in an inhomogeneous electric field, , it experiences a 
polarization force equal to [25]
𝑭𝑃 = (𝒑 ⋅ ∇), (A.1)

where 𝒑 is the electric moment. The electric moment is related to the 
polarization density, 𝑷 , by

𝑷 =
𝑑𝒑
𝑑𝑉

=
∑

𝑖 𝑖𝒑𝑖
𝑉

=
∑

𝑖
𝑁𝑖𝒑𝑖, (A.2)

where 𝑖 is the number of electric dipoles 𝑖, 𝑉  is the volume of the 
mixture, and 𝑁 is the number density. The number density is given by

𝑁𝑖 = 𝜌𝑌𝑖
𝑁𝐴
𝑀𝑖

. (A.3)

Substituting Eqs. (A.2) and (5) in Eq. (A.1), the total polarization 
force on all the electric dipole moments in a volume 𝑉  is
𝑭𝑃 = 𝜖0𝜒𝑒𝑉 ( ⋅ ∇), (A.4)

Therefore, using Eq. (A.4) with  (A.3), the polarization force on 
species 𝑠 per unit of mass is

𝒇 𝑠
𝑃 =

𝜖0
𝜌𝑌𝑠

𝜒𝑠
𝑒 ( ⋅ ∇). (A.5)

As far as magnetic interactions are concerned, the description of 
the magnetization force is more complicated. The reason is that, un-
like the polarization force which arises from the electronic structure of 
the species, the magnetization force arises from the spin of elementary 
particles. Therefore, the magnetization force that is induced on those el-
ementary magnetic moments depends on how these magnetic moments 
are modeled [66]. However, it is difficult to define a quantum mechani-
cal phenomenon in the context of classical electrodynamics [25]. There 

has been a lot of debate and scrutiny on the form of the magnetization 
force [66–75].

Two approaches have been proposed to model such magnetic 
dipoles: Ampere’s or electric current loop model and Gilbert’s or sep-
arated magnetic charge model [66,73]. The electric current loop model 
assumes that the magnetic dipole arises from the circulation of a charge 
in an infinitesimal loop. On the other hand, the separated magnetic 
charge model assumes that the magnetic dipole is due to magnetic 
monopoles located at a certain distance. Note that the two formula-
tions agree in the case of no spatial dependence of the magnetic mo-
ment, no currents, and no time-changing electric fields, as discussed in 
Ref. [66]. Experimental evidence supports both formulations (e.g., see 
Refs. [66,68,76]), and both of them are used in the literature (e.g., see 
Refs. [77–81]).

Despite the fact that magnetic moments formed from current loops 
make more physical sense in classical electrodynamics, since, to the 
best of the authors’ knowledge, magnetic monopoles do not exist, in 
this study, the magnetization force is derived starting from the sepa-
rated charge model. The reason is that the resulting magnetic force (see 
Eq. (A.9) below) resembles the one that was used in several previous 
studies in the relevant field [12,27,82–84]. Note also that additional 
formulations of the magnetization force have also been reported in the 
literature [85]. An assessment of the different formulations and their 
effects on the combustion dynamics, as well as the selection of the most 
appropriate formulation to be used in each specific case, is left for future 
work.

According to Gilbert’s model, the magnetization force is
𝑭𝑀 = (𝒎 ⋅ ∇)𝑩. (A.6)

This formulation is equivalent to the polarization force that an electric 
dipole experiences in an electric field.

The magnetization density is given by

𝑴 = 𝑑𝒎
𝑑𝑉

=
∑

𝑖 𝑖𝑚𝑖

𝑉
=
∑

𝑖
𝑁𝑖𝑚𝑖. (A.7)

Moreover, from Eq. (6), the magnetization density becomes equal to

𝑴 = 1
𝜇0

𝜒𝑚
1 + 𝜒𝑚

𝑩. (A.8)

Thus, combining Eqs. (A.6)–(A.8), the total magnetization force act-
ing on all the magnetic dipoles in a volume 𝑉  according to the separated 
magnetic charge model is given by

𝑭 𝑠
𝑀 = 𝑉

𝜇0

𝜒𝑠
𝑚

1 + 𝜒𝑚
(𝑩 ⋅ ∇)𝑩. (A.9)

Note that Eq. (A.9) refers to the magnetization force 𝑭 𝑠
𝑀  of each species 𝑠

and thus the magnetization and subsequently the magnetic susceptibility 
of the species 𝑠 is used.

Eq. (A.9) is similar to the magnetization force that is used in sev-
eral studies in the literature, such as Refs. [12,27,82–84]. Note that typ-
ically the force is presented by replacing (𝑩 ⋅ ∇)𝑩 = 1∕2(∇𝑩2), which 
is derived by applying the Ampere’s law– see Eq. (1)– if no currents 
and time-varying electric fields exist. In this study, the magnetic field 
strength 𝑯 is solved for. Thus, Eq. (6) is substituted into Eq. (A.9),
giving

𝑭 𝑠
𝑀 = 𝜇0𝜒

𝑠
𝑚𝑉 (𝑯 ⋅ ∇)

[(

1 + 𝜒𝑚
)

𝑯
]

. (A.10)

Note that in Eq. (A.10), the mixture averaged magnetic susceptibility of 
Eq. (38) appears when substituting the magnetic flux density 𝑩 with the 
magnetic field 𝑯 . Therefore, in Eq. (A.10), both the species-specific and 
mixture-averaged magnetic susceptibilities are present.

To retain a high degree of numerical accuracy, Eq. (A.10) must be 
expanded to the derivatives of each quantity. Eq. (A.10) is equivalent to 
solving the following equation for a vector 𝒈
𝒈 = (𝒗 ⋅ ∇)(𝛼𝒗), (A.11)

where 𝒗 is the vector 𝑯 and 𝛼 is the scalar field 1 + 𝜒𝑚.
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The term ∇(𝛼𝒗) can be written as
∇(𝛼𝒗) = (∇𝛼)𝒗T + 𝛼∇𝒗

= ∇𝛼 ⊗ 𝒗 + 𝛼∇𝒗.
(A.12)

Therefore, substituting Eq. (A.12) in the initial Eq. (A.11) leads to
(𝒗 ⋅ ∇)(𝛼𝒗) = 𝒗 ⋅ ∇(𝛼𝒗) = 𝒗 ⋅ (∇𝛼 ⊗ 𝒗) + 𝛼(𝒗 ⋅ ∇)𝒗, (A.13)

which, using the vector identity 𝒗 ⋅ (∇𝛼 ⊗ 𝒗) = 𝒗(𝒗 ⋅ ∇𝛼), is equivalent
to

(𝒗 ⋅ ∇)(𝛼𝒗) = 𝒗(𝒗 ⋅ ∇𝛼) + 𝛼(𝒗 ⋅ ∇)𝒗. (A.14)

Substituting the 𝛼 and 𝒗 parameters in Eq. (A.14) leads to the total 
magnetization force with respect to 𝑯 which is equal to
𝑭𝑀 = 𝜇0𝜒

𝑠
𝑚𝑉𝑯(𝑯 ⋅ ∇𝜒𝑚) + 𝜇0𝑉 𝜒𝑠

𝑚
(

1 + 𝜒𝑚
)

(𝑯 ⋅ ∇)𝑯 . (A.15)

Therefore, the magnetization force in units of force per mass of each 
species 𝑠 is given by
𝒇 𝑠
𝑀 =

𝜇0
𝜌𝑌𝑠

𝜒𝑠
𝑚𝑯(𝑯 ⋅ ∇𝜒𝑚) +

𝜇0
𝜌𝑌𝑠

𝜒𝑠
𝑚
(

1 + 𝜒𝑚
)

(𝑯 ⋅ ∇)𝑯 . (A.16)

Eq. (A.14) can be further expanded as
(𝒗 ⋅ ∇)(𝛼𝒗) = 𝒗 ⋅ 𝒗∇𝛼 + 𝒗 × (𝒗 × ∇𝛼) + 𝛼(𝒗 ⋅ ∇)𝒗

= 𝒗2∇𝛼 + 𝒗 × (𝒗 × ∇𝛼) + 𝛼(𝒗 ⋅ ∇)𝒗,
(A.17)

using the vector identity 𝒗(𝒗 ⋅ ∇𝛼) = ∇𝛼(𝒗 ⋅ 𝒗) + 𝒗 × (𝒗 × ∇𝛼). Therefore, 
using Eq. (A.17), Eq. (A.16) can be written as

𝒇 𝑠
𝑀 =

𝜇0
𝜌𝑌𝑠

𝜒𝑠
𝑚𝑯

2∇𝜒𝑚 +
𝜇0
𝜌𝑌𝑠

𝜒𝑠
𝑚𝑯 × (𝑯 × ∇𝜒𝑚) +

𝜇0
𝜌𝑌𝑠

𝜒𝑠
𝑚
(

1 + 𝜒𝑚
)

(𝑯 ⋅ ∇)𝑯 .

(A.18)

For the one-dimensional case of Section 3.3, the triple cross product 
equals a null vector and thus Eq. (A.18) can be simplified along the 𝑥
Cartesian coordinate to
𝑓 𝑠
𝑀,𝑥 =

𝜇0
𝜌𝑌𝑠

𝜒𝑠
𝑚𝐻

2
𝑥
𝜕𝜒𝑚
𝜕𝑥

+
𝜇0
𝜌𝑌𝑠

𝜒𝑠
𝑚
(

1 + 𝜒𝑚
)

𝐻𝑥
𝜕𝐻𝑥
𝜕𝑥

. (A.19)

Appendix B.  Derivation of diffusion and drift velocity under 
electromagnetic fields

According to Williams et al. [86] the diffusion velocities 𝑉𝑝 of the 𝑁
species are obtained by solving the system

∇𝑋𝑝 =
𝑁
∑

𝑘=1

𝑋𝑝𝑋𝑘

𝐷𝑝𝑘

(

𝑉𝑘 − 𝑉𝑝
)

+
(

𝑌𝑝 −𝑋𝑝
)∇𝑃
𝑃

+
𝜌
𝑃

𝑁
∑

𝑘=1
𝑌𝑝𝑌𝑘

(

𝑓𝑝 − 𝑓𝑘
)

. (B.1)

The following assumptions are made
1. 𝐷𝑝𝑘 = 𝐷𝑝 for all species 𝑘. This follows from the Hirschfelder & Cur-
tiss approximation.

2. The changes in pressure are negligible, i.e., ∇𝑃 = 0.

Therefore, Eq. (B.1) can be simplified to

𝐷𝑝∇𝑋𝑝 =
𝑁
∑

𝑘=1
𝑋𝑝𝑋𝑘𝑉𝑘 −𝑋𝑝𝑉𝑝 +

𝜌𝐷𝑝

𝑃

𝑁
∑

𝑘=1
𝑌𝑝𝑌𝑘

(

𝑓𝑝 − 𝑓𝑘
)

. (B.2)

where, for simplicity, the gradient of the average molecular weight 
of the mixture is neglected. Substituting some of the mole fractions 
with mass fractions and rearranging the terms leads to the following
equation

𝑌𝑝𝑉𝑝 +𝐷𝑝∇𝑌𝑝 = 𝑌𝑝
𝑁
∑

𝑘=1
𝑋𝑘𝑉𝑘 +

𝜌𝐷𝑝𝑌 2
𝑝

𝑃𝑋𝑝

𝑁
∑

𝑘=1
𝑌𝑘

(

𝑓𝑝 − 𝑓𝑘
)

. (B.3)

Next, Eq. (B.3) is summed over all 𝑝 species. Moreover, from the mass 
conservation equation, it holds that ∑𝑝 𝑌𝑝𝑉𝑝 = 0. Therefore, Eq. (B.3) 
becomes
𝑁
∑

𝑘=1
𝑋𝑘𝑉𝑘 =

𝑁
∑

𝑝=1
𝐷𝑝∇𝑌𝑝 −

𝑁
∑

𝑝=1

[

𝜌𝐷𝑝𝑌 2
𝑝

𝑋𝑝𝑃

𝑁
∑

𝑘=1
𝑌𝑘

(

𝑓𝑝 − 𝑓𝑘
)

]

. (B.4)

Substituting the first term of the right-hand-side of Eq. (B.3) with 
Eq. (B.4), gives the following equation

𝑉𝑝 = −
𝐷𝑝

𝑌𝑝
∇𝑌𝑝 +

𝜌𝐷𝑝𝑀𝑝

𝑀𝑚𝑃

𝑁
∑

𝑘=1
𝑌𝑘

(

𝑓𝑝 − 𝑓𝑘
)

+
𝑁
∑

𝑗=1
𝑌𝑗

[

𝐷𝑗

𝑌𝑗
∇𝑌𝑗 −

𝜌𝐷𝑗𝑀𝑗

𝑀𝑚𝑃

𝑁
∑

𝑘=1
𝑌𝑘

(

𝑓𝑗 − 𝑓𝑘
)

]

.

(B.5)

Eq. (B.5) corresponds to the equation that is discretized and solved in 
EMI-SENGA.
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