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ABSTRACT 

The system first studied is that of an electrostatic 

Gaussian wave packet in a cold uniform plasma,undergoing 

excitation by a weak resonant beam.To first order in the 

weakness of the beam the resonant particle distribution 

function and resonant particle charge densities are 

computed.The results obtained are of considerable interest 

in understanding the non linear limit of the Landau problem. 

It is found that the power input into the wave field from 

the resonant particles is initially that due to linear 

theory,but after one trapping period the sign of the 

power input changes,and after many trapping periods dies 

away altogether.This result suggests that a homogeneous 

system will not exhibit triggering instability. 

Next,a similar system is studied-but inhomogeneity 

is introduced by having a spatially dependent wave number. 

It is found that second order resonant particles become 

stably trapped in the wave,exactly as in the homogeneous•  

case,and after a trapping period these dominate the 

resonant particle distribution function and charge density. 

.The growth rate,instead of dying away,is found to increase 

linearly with trapping time,and thus very large growth 

rates may be found in a long pulse.Additionally,the 

reactive component of charge density is able to cause a 

steady change in wave fequency and wave number. 

Finally,the whistler problem of the triggering of 

VLF emissions by morse pulses is considered,using these 



concepts of second order resonant particle behaviour. 

Trajectories in fields approximating those which might 

actually be found are computed and studted analytically. 

It is found that second order resonant particles are 

again stably trapped,and these give rise to currents that 

are readil? estimated. It is shown that the in phase 

component of current is able to cause very large growth 

rates and that the reactive component can give a steady 

change in wave frequency. 

The growth rates and rates of change of frequency 

that would exist in an emission field travelling along a 

magnetospheric field line are computed,and using this 

data it is possible to give a reasonable account of the 

whole triggering process.Quite a number of detailed 

features of the process admit of an explanation in this 

theory-such as the offset frequency,triggering delay, 

formation of hooks etc. In addition the observed amplitudes 

agree fairly well with those predicted by the theory. 
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PROLOGUE 

The aim of this thesis is to provide a theoretical 

explanation of the triggering of VLF emissions by whistler 

morse pulses in the earths magnetosphere. 

It is generally agreed that VLF emissions arise 

as a result of resonant wave particle interactions in 

the vicinity of the magnetospheric equator.Such interactions 

are not only non linear,but take place in an inhomogeneous 

medium.The problem is obviously a very complex one and 

practically impossible to tackle without a good understandin7 

of wave particle processes under general conditions. 

It was suggested by Professor Dungey that a thorough 

study of the analagous but much simpler electrostatic 

problem would be a very valuable guide to the more complex 

whistler case.Accordingly the present thesis will be seen 

to be divided into three parts. 

The first part deals with the simplest possible 

wave particle interaction problem-namely that of the beam 

excitation of an electrostatic wave packet in a homogeneous 

medium.This we shall see serves .to elucidate the role 

of particle trapping in the problem,but fails to predict 

triggering. 

The second. section is a logical extension of the 

first and deals with the beam excitation of an electrostati,-. 

packet in the inhomogeneous case-the inhomogeneity being 

obtained by means of a spatially dependent wave number. 

8 
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This work shows how second order resonant particles 

become very important,and predicts very large growth rates 

and changes in wave frequency. 

The third section is of course an application 

of these ideas to the whistler problem,and takes the form 

of a theoretical explanation of VLF triggering by morse 

pulses. 
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SECTION ONE 

WAVE PARTICLE EFFECTS IN AN ELECTROSTATIC PULSE IN A 

HOMOGENEOUS MEDIUM, 
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NON LINEAR WAVE PARTICLE INTERACTIONS IN AN 

ELECTROSTATIC WAVE PACKET 

1. Introduction. 

The problem of the non-linear behaviour of electrostatic 

waves due to resonant particle trapping is of considerable 

theoretical and experimental interest,and has been the 

subject of much research. 

The full self consistent problem in the general 

case is very complex and some simplifying assumptions 

are usually necessary.While the question of particle 

trapping dynamics has been qualitatively discussed (Dungey, 

Sagdeev) most of the analytic work has been in connection 

with the so called quasi linear theory (Drummond and Pines, 

Bernstein and Engelmann).The latter,however,is chiefly 

concerned with the broad band noise problem in which 

complete particle trapping does not occur. 

The non linear time development of an infinitely 

long monochromatic wave has been studier7. by computer, 

(Klozenberg,Armstrong) but these treatments are usually 

obliged to truncate higher harmonics and are only valid 

for a time of the order of a trapping period. 

In this paper we choose to study the non linear 

development of a one dimensional electrostatic Gaussian 

wave packet due to the introduction of a weak resonant 

beam.This is a more physically realistic system than an 

infinite wave and differs from it in several respects., 
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one of which is that resonant particles only interact 

with the field for a finite time.Additionally,the results 

are expected to provide insight into the wave particle 

interaction problem in general,and should help to 

understand the processes operating in the VLF triggered 

emission problem. 

2.  Mathematical formulation. 

The ambient plasma is homogeneous,and in order to 

sidestep the purely linear dispersion (Houghton) is 

assumed cold or nearly cold.The zero order wave packet 

field,i.e. prior to the introduction of the resonant 

beam,is chosen to have the following simple form: 

E 	E c, u3s (6( n &) 

The governing equations are those of Poisson and Vlasow. 

2444- vad/ac (a) #1.1 ?fit  4:?\ ,  
3E42c  =7 --4015q-KIV 	

(3) 

It is convenient to deal with dimensionless quantities 

related to the wave packet parameters as follows; 

eEokoAln )-- 
ElEa 	4:1 	/1(0  /5 dv 

nez 	SFc  clv/m  
where Fc(v) is the unperturbed distribution function 

appropriate to the cold background plasma.We thus obtain, 

dropping primes 

F./3L v  3-fax  (4-) 
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'6E6), 	dv 	 (s) 

The zero order field becomes; 

E1° ) 	cos (x 	e —x21N2- 
	

(() 
For the problem as posed to be tractable at all it is 

necessary to assume that R.<K 1. In this case it is well 

known that particles entering the wave packet within a 

narrow range of the resonant velocity kilos -IF eZbecome 

trapped by the wave and execute non linear oscillations 

in the potential well of the wave.The cold particles of 

the background plasma however will have a simple linear 

response to fields present.On account of this differing 

behaviour the cold and beam particles are treated 

separately,the corresponding distribution functions being 

denoted Pc+fnr and Fb+fres respectively.Here Fb is the 

unperturbed beam distribution function.In accordance 

with our weak beam assumption we suppose that the fraction 

of particles resonant is very small.This fraction will 

be of order 19 where /9.is a smallness parameter 

associated with the weakness of the beam.Note that 49 is 

in principle another smallness parameter independent of 

R.Our program is first to expand f and E in powers of (Y7 . 

P 

40 

'K r = 	artA) 	 (7) 
n=o 

;QS 

120 

7 4. (n) 	 (g) 
= 	res 0 
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Noting that 5—W A)  is of order n+1 the Vlasov and 
Poisson equations may be written 

(1 -I-- Nielx_ )-fr1 :1).-= 'R 	(n4k)e -F„(rn-4*)-4- L-(n)3F 	(I Q) 
erxz.. 0  . 
	

ad 

where the integrals are over cold plasma and beam 

velocities respectively.The time for which this rather 

arbitrary expansion in 0? is valid is of the order of a 

Landau growth period, since then E6,) EN)  .However the system 

can be studted for longer periods by a process of re-

ordering of terms i.e. E0)is included in E . Such a 

process turns out to require an enormous amount of 

computation time however. 

The zero order equations of the set (11) and (12) 

are simply those to be satisfied by E1),the wave packet 

field in the absence of a beam. 

(Z4 + v/a)c)-1-`),). 	E (°)( spFc- 

?.c E(D) 	fA(rP)dv 	dv. 
(/3) 

For cold particles we may neglect the non linear term 

E0)a{,;,-(°)  
v 

in which we are not particularly interested.The first 

- 	 a 	(n)  
L 
 4 V 

C)X  1.L.S = R21 E(e) _F(n-nom) i_  rE-(„)06vav 
II 

av 

29c — f;„,dV— ft(4(4-9civ- g 

,since this is of order R ,and produces effects 
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approximation to the distribution function about resonance 
(0) 

Fres is given by 

 

k 	— Ov 

 

where here the non linear term is important.The numerical 

computation of Fres and its integral the resonant particle 

charge density are the chief concerns of this paper.The 

first order field E ti)is the solution to the following 

equations 

(PE 	FENaF0v 
11) 

?)(-- - 	f r di/ 	PFLY al V 

( C) 

rb)14:1°  The non linear terms /4°)41r  and 4: y...LY" are of order 
—A/ 2- ✓  

R for non resonant particles,and can again be neglected. 

The nature of E is better seen in Fourier Laplace 

transform; 

Li4k 

/

I

) ,_  I-ft iv  

/ ((w k) 	( 7 ) 
r  c9r;/dv dic7(s)  

(liv/k) .= 	w-kv 

Clearly then to first order in R and /1 ,E °As the response 

of the cold plasma to an imposed charge density19  

Components of 9/)varying as e 	will excite a resonant 

response and produce a time proportional electric field. 
ant 

Conversely,higher order components as e 	will excite 

only small electric fields. 

For completeness the next higher approximations to Fres 
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and E are given,but their computation is excessively 

laborious and will not be dealt with here. 
(0) 

pled) 	
k 	 J 

NE-1- vw0x)-r fl'Ir ) 	RE(-t) 

	

_.—Lp t° 	---L  ritlfrz)j" 

	

tei) 	 v  

The above expressions are to order 4IRE. Terms of order 

roy IA 
	for the cold plasma have been omitted. 

3. The computation of Fresh.  

The form of / is,s(raL.0)(ij for particular values 

of Xo,To is found as follows.A sufficient number of v 

values Vi are chosen (in fact about 250) equispaced across 

the resonant width. For each particle thereby represented 

the equation of motion is integrated backwards numerically. 

The method of integration is the standard one and is as 

follows.At each timestep Tn,v,and X are expanded as a 
2- 

function of S= t— Lr. to terms of order R .Substituting 

enables the entire trajectory to be 

followed in a stepwise fashion.. If Vf is the velocity on 

entering the packet we may then write at once,from eq. 14 

--Fv,s(°)(x 0  E0 vi 

Since the resonant width is very narrow,we suppose 

that the variation of Fb across the window is essentially 

linear,so we put 
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The overall picture of the beam excitation is shown in 

r to) graph 10. The quantity 1-1.0.41  is calculated as a function 

of Xo To V for various values of R end N. The reader will 

be spared remaining computational details,and we now 

proceed to discuss the results. 
(o 

4. The results for 1-u2,i  

It was found from the computations that the fRctor 

largely determining the form of the distribution function 

was the number of trapping oscillations "1 undergone from 

the time of entering the packet. Consideration will show 

that this is well estimated by 

,F-3.57V V E ilx eltv 1  
In the computation it was found most convenient to 

r_ (0) examine the behaviour of Tia4  behind the wave packet, 

where 	is simply equal to NR1/2-. 

For "V-C lt has a simple linear form as 

_25F 	i fro-frx°N  )1 -lei 27N 2-4- ivc-  0Z 

xo< -4-N becomes x"4' 
)2-N 2-4 

%, 	vc, e 	 as (toy-  xvilo) 
The most obvious qualitative feature of the non 

linear computation is that when 	becomes about 1.5 and 

complete trapping oscillations become possible,regions of 

very sharp gradients,almost discontinuities,appear in -F (G), 

the number of these increasing rapidly with ^it .This 

follows; 

-00)  1  1.17,5 
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behaviour is well illustrated by graphs 1-4,which show 

4(°)1.40 
at yo , -3,5a and at an arbitrary phase for various 

values of Nfr .In order to investigate the origin of these 

discontinuities the program was made to count the number 

of particle bounces that occured in each trajectory 

integration.It was found that discontinuities coincided 

with a change in bounce number. The trajectory at such a 

point must undergo a bounce actually at the crest of a 

wave,for in this case two closelt adjacent particles 

can fall on opposite sides of the crest and have totally 

different paths. 
P(9) 

In order to examine the phase variation of "ruo it 

is convenient to make use of the fact that behind the 

packet it must satisfy iol 

(/a6- 	4.t) 

f,u2,3(4) ~) 	 Pc) (x, V, t-'7 Zfr 

The distribution function behind the packet is then 

expressible in the following form. 
c.0  

(A/o/ Vo, 
ioe, irk (to+ X0 ) —inx4 iv_ 1) 

Examples of the phase variation of. "FLI,L) for various 

v and 	are given in graph 8.The sharp gradients indicate 

that the higher space time harmonics ciEL6 are important 

when -4' gets larger-there is a steady progression towards 

higher and higher harmonics in the distribution function. 

This is one reason why quasi linear theory may not be 

applied to narrow band signals,these harmonics being 
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ignored in that theory. 

The physical picture of the non linear phase 

variation is one of a steady progression of discontinuities 

in v.This is shown in graph 7 which plots regions of 

different bounce number as a function of v,to.The graph 

also clearly illustrates the shearing of the pattern due 

to the phase mixing term 

Of considerable interest is the phase average 
fc)

t 

distribution function r0- -1  .Behind the wave packet 

this is Fb+Ti ,the latter quantity being all that would 

remain a long way behind the packet after phase mixing 

and diffusion had removed all other components. 

is plotted in graph 5 for various values of Y• . Around 

a plateau is formed but for -1,1;72 the gradient 
is completely reversed.This reversal takes place during 

the first trapping oscillation but F never returns to 

its previous forms during subsequent oscillations-the 

generation of higher harmonics in the distribution function 

being an irreversible process. 

The narrow regions of very steep gradients at the 

edge of the resonant width are of interest with respect 

to small signal amplification,and are analagous to those 

in the Das theory of VLF emissions. 

5. The resonant particle charge density. 

As the source of the first order field E ,this is 

of particular interest.At any point we must have 
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(I) 	c (0) 
	00 

TAM 0(V = 	e 0 

An interesting feature of the computations was 

that 47
6)

varied almost sinusoidally with time at the 

0/ 0 fundamental frequency. The quantities/2  , /03  and higher 

components were generally small,in spite of ti1,1r--3 	etc 

being appreciable.This averaging out of the higher harmonics 

of F in the v integration has been noted by other authors, 

notably Klozenberg.However it does not occur if Fo does 

not have a simple linear variation across the resonant 

window. 

The quantityt,( is the time independent component 

of density arising quite simply from the fact that the flux 

of resonant particles must be conserved even though the 

velocity distribution has been shifted towards lower 

velocities.The form of F (graph 5) shows that/90‹ 'R76-  

for 1/->2. ,with a much faster dependence for '')L-(.2.. 

This is born out by graph 9 which shows043ehind a wave 

packet of N=25 as a function of ) .This density will 

tend to be almost entirely neutralised by the cold plasma, 

but in a finite geometry situation long wavelength 

electrostatic or ion sound waves could be generated. 

Graphs 6a and 6b show the form of,',the density 
/ 

component resonant with the ambient plasma.Its amplitude 

and phase are plotted as a function of x for two packets, 

with' 4 values 1.5,2.5.The following features of these 

diagrams will be noted: 
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(1) The phase and amplitude of (1) in the forward part 

of the packets are such as to give the linear Landau 

growth rate. 

(2) After one trapping oscillation the phase reverses 

sharply to give a damping region of a similar length. 

(3) Further phase reversals occur downstream,but get 

steadily less sharp. 

(4) With successive trapping oscillations,density amplitudes 

decrease,mainly because 	 F3 and higher harmonics grow 

at the expense of 7; .Another important factor in this 

decay is phase mixing,which is alone responsible for 

killing the /0
(0

signal downstream from the main packet in 

a distance of the order of N. 

6. Time development of the electric field. 

A qualitative picture of the time development of the 

electric field can be seen directly from the /
20) 
/ graphs. 

The front part of the packet undergoes Landau growth with 

alternate regions of growth and damping behind,but with 

decreasing amplitude.In the case of a warm plasma considerable 

diffusion of amplitude from the front to the rear of the 

packet would be expected. 

Another general feature to be seen is the 

extension of the packet downstream,although this takes 

place in a rather complex and irregular fashion. 

7. Conclusion.  

The mechanism has been established for treating ,  

the weak beam excitation of an electrostatic wave packet. 
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even in the non linear limit of many trapping oscillations. 

The results for the distribution function and fields 

are a valuable guide to the non linear limit of the Landau 

problem. Of particular interest are the overturning of 

F: the flow of energy towards higher harmonics,and the 

pattern of power flow to the zero order field with 

successive trapping times. The overall long time effect 

of the generated fields is to increase the length and 

amplitude of the pulse,but such processes only proceed 

at a rate commensurate with the Landau growth rate.It is 

thus difficult to regard these fields as being triggered 

emissions in the proper sense of the word. 

• 
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Fig. 1. 	Resonant particle distribution function f
res

) 
 

at x = -3.5N, t = o for a Gaussian packet with N = 25, 

= 1. 	Note the almost linear form. 



. 24 

a. 
cc 
CD 

4:4  

41. 

9 

904 	90.1 	70.1 	10.1 	at 	96. 	96. 	76. 	Z6 

(o 
Fig. 2. 	Resonant particle distribution function fres

) 
 

at x = -3.5N, t = o for a Gaussian packet with N = 25, 

* = 1.25. 
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Fig. 3. 	Resonant particle distribution function fres
) 
 

at x = -3.5N, t = o for a Gaussian packet with N = 25, 

* = 2. 	Note the "discontinuities". 
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Fig. 4. 	Resonant particle distribution function f 	 ) res 
at x = -3.5N, t = o for a Gaussian packet with N = 25, 

= 2.5. 



O 8 a 01 01 
0 0  

27 

Fig. 5. 	Time averaged resonant particle distribution function 

) Fo + fres behind a Gaussian wave packet as a function of 4). 
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Fig. 6a.  Amplitude and phase of the resonant particle 

charge density component pi(1)  through a Gaussian wave packet 

* = 1.5. 	Note the initial linear form, followed by successive 

phase reversals with decreasing amplitude. 
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Fig. 6b. Amplitude and phase of the resonant particle 

charge density component p i(1)  through a Gaussian wave 

packet i = 2.5. 
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Fia. 7. 	Plot of the regions of different "bounce number" 

as a function of v and phase t, behind a Gaussian packet 

* = 2. Note the shearing of the pattern due to phase mixing. 
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Fig. 8. 	Examples of the phase variation of fres) for 

fixed v calculated behind Gaussian wave packets of varying 

Note the production of higher harmonics with increasing 
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Fig. 9. 	Dependence of p
(1)  on p  behind a Gaussian wave 

I 
packet. 
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Fig. 10. 	Sketch of the unperturbed distribution function • 

for cold plasma (Fe) and beam (Fb). 
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SECTION TWO 

THE BEAM EXCITATION OF AN ELECTROSTATIC PULSE IN AN 

INHOMOGENEOUS MEDIUM. 



35 

WAVE PARTICLE INTERACTIONS IN ELECTROSTATIC WAVES IN AN 

INHOMOGENEOUS MEDIUM 

1. Introduction. 

In this section we study a system very similar 

to that which we have just looked at,except that 

inhomogeneous effects are represented by having a spatially 

varying wave number.In this case,certain particles-termed 

second order resonant-closely satisfy the following 

condition (Swift) 

dv-z_ dv-us (1) 

These particles maintain a roughly constant phase with 

respect to the wave and are continuously accelerated by 

it.The pattern of power input from the particles to the 

wave is expected to be radically different from and more 

sustained than in the homogeneous case and our task is 

to more or less compute it rigorously from the resonant 

particle distribution function. 

The study of the above system should be of 

considerable help in understanding the causes of triggered 

emissions in the whistler mode.This also is a wave particle 

interaction problem in an inhomogeneous medium-though 

considerably more complex than the electrostatic case. 

2. Formulation of the problem 

We consider a one dimensional electrostatic wave 

packet whose electric field is taken to be initially of 

the following WKB form; 
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Eo = E(x) cos 	kox—L-kix 2-) 
The linear variation of wave number is one of the 

simplest ways of invoking second order resonance effects. 

The quantity E(x) is the envelope of the pulse and is 

conveniently chosen to be square with Gaussian ends. 

We may make varying assumptions about the ambient 

plasma.The above field is a perfectly valid solution to 

the equations appropriate to a cold homogeneous plasma, 

although how such a waveform would be set up in practice 

is difficult to see.A more physically realistic picture 

would be that of a one dimensional aeriel transmitting 

a pulse of frequency Re_ into a hot inhomogeneous plasma, 

but this involves problems with the self consistency of 

the ambient plasma,and from the point of view of a purely 

wave particle interaction study,the former option of a 

cold homogeneous background is more convenient. 

At zero time a weak beam of resonant particles is 

introduced.These undergo a complex non linear interaction 

with the field,and we wish to investigate the resulting 

time development of the wave packet.The overall picture 

of the unperturbed distribution function of the ambient 

plasma (Fc) and beam (Fb) is shown in fig. 1. 

3. Analysis  

The problem as posed is only tractable if the resonant 

beam is weak-that is,the number density of resonant 

particles is very much less than that of the ambient 
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plasma.The corresponding smallness parameter is; 

n-u2s/N0  .<< 

This point is discussed in more detail in the 

first section.To first order in 42 the distribution 

function about resonance Fres is given simply by 

Pik 4  v 34x. Eo 36v1 F11 o 

cL 
" 0 

(3) 

The quantity Fres may then be readily obtained by 

integrating resonant particle trajectories in the zero 

order field Eo and applying Liouvilles theorem(eq 3) 

Again to first order in (7 the wave packet field E 

satisfies the Vlasov and Poisson equations with an extra 

term inserted from the resonant particle charge density. 

(e%E \/-3/D)c) Fci  

iFireydv 
ax 

Here Fc' is the perturbation in Fc,and the non linear 

term has been neglected,being of second order in the wave 

amplitude. The two integrals are respectively over ambient 

plasma and beam velocities.Further discussion of the nature 

of solutions for E is postponed until we have discussed 

the dependence of resonant particle charge density upon 

E. 

4.  The numerical integration. 

Since equation 3 is completely non linear,we require 

to determine resonant particle trajectories numerically. 

E Fc /3v = a 	0-) 
+Tref( Fres - F ) dv 	(c) 
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It is convenient to work in dimensionless units as 

follows; 

o. 

	 fie E 

x 	k x 	 €1E01 kv/O1 	 (6) 

V1 	V k. 
The equation of motion then becomes,dropping primes 

a 	R E(X) COS (x 	— j k4X2-) 	(7) 

The quantity E(x) is the envelope function and is shown 

in fig. 2. To find Fres at a given position x and time t 

equally spaced velocity increments are taken (Vi), 

covering sufficiently thickly the velocity range which 

has interacted resonantly with the field up to that point. 

The trajectory of each particle thereby represented is 

integrated backwards in a stepwise fashion until clear 

of the packet at 4-250. If the velocity at this point 

is Vf,then we may say,using eq. 3, 

(8) 
where for simplicity Fb is assumed to have a linear 

dependence upon v. In this way Fres and the resonant 

particle charge density S(Ras— Fb) (Iv- are computed at 

regularly spaced positions along the packet,and for 12 

values of phase.This is done using various values for 

for the dimensionless numbers R and k*. 

The technique of the numerical integration is 

relatively straightforward and a standard one for such' 
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problems,so the reader will be spared the computational 

details. 

5. The dynamics of second order resonance  

Before doing the actual computation we may determine 

a good deal about the behaviour of second order resonant 

particles by analytic means. 

411A.  
whence; 

The particle equation of motion is 

cos (e4 t-- I& 62) — Go5 qS 	(9) 

V'tL 	— /( ki() 	 (10) 

For exact instantaneous second order resonance we must 

have 	

dv 	tcc,Ds 	-.,_ k*/1 -3  

460 	cos -1  ie4iE j( 3 ) v \RS 	 (12) 

That is,a particle with CiL. 	will maintain a constant 

phase with respect to the wave.An important consideration 

is wether such a resonance is stable or not-in other 

words,does a particle with a slightly different 91 

oscillate about lit or fall right out of resonance?This 

is easily investigated as follows.Define small displacements 

and v about the second order resonance position: 

V = V — Vt2A 	cki 	Ci,0  

whence 	d 4'/dE  w kv r 	 (13) 

and 	dv 	Ts-inik 	 (14) 

The equation governing V' is then 

ci3v1 
	

kR' 	c) 	 (lb) 
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Cleway for sia0o<o the solution is oscillatory in 

character,whereas for Sir100; the motion about the 

second order resonance point is unstable and particles 

fall out of resonance exponentially.We thus expect that 

particles with V,,,Vres and 	,where 

cos  
will be stably trapped second order resonant particles 

with a natural period of oscillation in the trap of 

(I< Sin j - ,which is • of the order of -lb- R but somewhat 

greater for OD-, -5C)  25C .Furthermore we expect these 

trapped particles to stay in resonance with the wave for 

very long periods,as they are able to continuously adjust 

to changing resonance conditions. 

These trapped particles are generally expected 

to occupy a well defined area in yf,v space,whose 

boundaries are readily estimated as follows.Define 

V =  

X =  

The behaviour of X' is now exactly as in a static 

potential problem.Particles escape from the trap when 

V' is such that they can just reach 91= --- 	(fig 3). 

At a phase / the boundaries of the trap will be at 

V -= 	LW where a`/ is given by 

I- 	(COS-1-U COS 960) / 

 

  

 

  

   

Whence 

and 

Thus 

cLx'/dt 
—.R(cos0— cos 00  
—N (cos 1-<(1 — cos ) 
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QV =[2%-  (cos 4,40-141) Sin  40—  irN 90] 
The area is thus elliptically shaped,centred on Vres, 

, and extending as far as O.= -A. 
The approximate differential in distribution 

function between trapped and untrapped particles will be 

proportional to T  ,the time for which particles have 

been trapped.i.e. 

AF 	— Dd) 	N I  CADAC 5P0 	r‘  

Note that since TILDFI/DV is approximately the variation 
in F appropriate to the homogeneous problem,the existence 

of second order resonance will not stand out in the 

distribution function unless the particles have been 

trapped for at least two trapping periods i.e. 

(r)r .4. ^ 449  7% 
lb_ 

Note that as et* CD , h,= -11and the actual number of 

trapped particles becomes a maximum,but in this case 

CoS#c.--->0 	,and the system reverts to the 

homogeneous case. Conversely,when k46"- 'RP there are 
strictly no trapped particles,but for a finite length 

pulse particles will be found which suceed in remaining 

quasi trapped.That is 	0 or 	for the period of 

time they are in the wave packet. 

We may now turn to the numerical results for a 

finite pulse and see to what extent these simple 

predictions are realised. 
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6. Numerical results for the resonant particle 

distribution function. 

The form of the resonant particle distribution 

function Fres inside the wave packet was found to be 

largely determined by two parameters.The first of these 

is k*/R (assuming k=1),which as we know controls the 

dynamics of second order resonance.The second is 	,the 

number of trapping oscillations undergone by the particle 

since entering the packet. 

(21) 

It seems that ^/:- is the parameter that determines to 

what extent non linear and inhomogeneous effects appear 

in Fres.For 
	

I the form of Fres is that appropriate 

to the linear homogeneous case.This is born out by graph 

4 which shows Fres at two opposing phases for 

The curves exhibit the familiar linear form.After one or 

more trapping periods ("NII-"AZ ) Fres becomes non linear 

and acquires a quasi discontinuous structure as in the 

homogeneous case.In addition second order resonance effects 

become discernible,trapped particles having a markedly 

different F from the surrounding untrapped particles.This 

is well illustrated in figs 5@6 which show Fres at the 

end of the packet (z=-200) with R=0.0005,K*=0.0002,and 

for two values of phase,O and-Tr.Note the'block of second 

order resonant particles centred about the local resonance 

velocity V=0.96 at the phase --3( .Such particles are 

not of course seen at zero phase.The same thing is 
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observed in graph 7 which has R=0.0005,K*=-0.0005,0. 

Here the block is centred around V=1.09 and as expected 

the width in velocity is much narrower.A common feature 

of these diagrams is the succession of spikes at regular 

intervals in v.These are small groups of particles that 

were initially trapped in the wave but became untrapped 

at various positions down the packet. 

It is of interest to see how the computed distribution 

of trapped particles in v, space compares with the 

simple analytic predictions of the previous section.Graph 

8 shows this for R=0.0005, K*=-0.0003. The result is more 

or less as expected except for the tail of pseudo trapped 

particles extending into the unstable trapping zone.This 

is hardly surprising when one considers that the typical 

time for untrapping is of the order of the time spent in 

the wave packet.With larger 72r-,  values this tail would 

beome steadily less significant of course,but computation 

in these cases would take far too long.Finally graph 9 

shows the extent of trapping for R=0.0005,K*=-0.0005. 

The shaded areas here are all pseudo trapped particles, 

since COS tk,77 .It can be shown however that such particles 

can maintain a constant phase with respect to the wave 
--II  

for times of the order of 	
/I 	

,which in this 

case is sufficiently long for them to look like stably 

trapped particles. 

7.Results for the resonant particle charge density 
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The resonant particle charge density /0= Jfria-F.6 
is important because it is the quantity responsible for 

the time variation of the wave packet field.Note that 

by definition 

Fuz(E) 	Fu6 (t+  err 2Tr 
we may express? in the following form 

When considering modification to the wave packet field 

and power transfer between resonant particles and the field 

only the /0i component will be important,since this is 

the only one resonant with the ambient plasma. 

If 40 is the phase difference between ,O, and E, 
defined in the following way 

( X-I/2 eX2-) 	I —LAO 
/9/ 	I" e 	 (23) 

then we shall shortly show that the rate of growth is 

of.E is proportional to the in phase component,orle0i/CcSA/ 

Accordingly,in the graphical output we choose to plot 1/j1 

1/9.2-1) 64))/01 1GCS464)  as functions of x.We select R=0.0005 

and consider values of K* ranging from .0001 to .0008.The 

graphs of these quantities (figs. 10-17) will tend to 

speak for themselves,but we note the following important 

features: 
ti 

(1) The initial form of /0/ ( ,j) resembles that found 

for the homogeneous problem-namely an initial peak, 

followed by successive phase reversals accompanied by a 

rapidly diminishing amplitude.Superimposed upon this • 

pattern is a contribution from the trapped particles.This 

••••• 
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part increases approximately linearly with "`if." (and hence 

x) ,arid for 	is completely dominant. 

(2) The second order resonant contribution to charge 

density gives a direction of power flow which is the same 

as in the corresponding linear Landau problem,and this 

regardless of the sign of K*. 

(3) The phase of the charge density /7/ 	settles down 

to a value close to a  . i.e. LS-- So  
(4) The magnitude of the linearly increasing component 

of /sO i 	0 as K* 	0,and reaches a maximum for K*/12,,...75 

(5) For K*> R a different form prevails .The power input 

levels out to a constant value which is a decreasing 

function of K*-R.The phase in this case slowly drifts into 

the unstable quadrant. 

(6) As expected for small 'yf- 	1/02/is very small,but for 

r0'2... /0 becomes distinctly anharmonic,A reaching a 

maximum when K*„ R.When K* exceeds R,1/02.1 quickly drops 

to low levels. 

(7). The time independent. component of density /0c  was 

found to be consistently small,in fact usually below the 

computational noise level.The last two results are in 

curious contrast to the homogeneous problem where/0  was 

appreciable and /42z  negligible. 

8. Interpretation of the resonant particle charge density  

results. 

The foregoing results can be readily understood in 

terms of our simple model of resonant particle trapping. 
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The wave in the inhomogeneous case is behaving essentially 

like an accelerating potential trap.At the front of the 

packet particles become trapped,and oscillate within the 

potential well,giving rise to a transitory oscillatory 

charge density,which dies away as the motions of the 

particles in the trap become dephased.For e)AWthe dominant 

component of density arises from the displacement in velocity 

of the trapped particles.This contribution may be closely 

estimated as follows.Let us assume for simplicity,that 

within the trapping region,as previously delineated,the 

distribution function is uniformly changed by an amount 

46F,where 

AF frvrizz) I/2cos 7s a F1/2,, 
whereas the distribution function of untrapped particles 

remains at Fb.Integration over v will then give the density 

as a function of phase.Inspection of the trapping diagrams 

(fig. 3) together with eq 20, immediately furnishes the 

qualitative features of ,p 

Clearly /0 will•have a linear dependence upon 

-14 ari)Av,the number of trapping periodsV2? L  ,and upon 

amplitude R.It will also depend upon the size of the trapping 

region and the factor COS ? .These last two effects vary 

oppositely,and the maximum charge densities are obtained 

for KVR,--.7. 

Also since the trapping region is nearly symmetric 

about 0, ;then 	is expected to have this same phase. 

Further the amplitude of pa  will depend upon the spread 
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in phase of the trapping region.For 	K* /0 becomes 

very narrowly confined in phase and/ if is consequently 

a maximum at this point. 

Note that this simple representation of Fres 
^, 

will not predicti470  correctly.This is because on the 

average there is a small change in the distribution function 

over the whole range of velocities which have resonated 

somewhere along the packet.This contribution appears to be 
0•••••••• 

such as to reduce /Do  to close to zero. 

The case K*;> R concerns only pseudo trapped 

particles,and is less easily predicted.The resonance time 

is now determined by the time particles are able to stay 

in resonance,and not by the length of packet upstream.Hence,  
ti 

the levelling off ofyi/ and its gradual decrease with 

increasing K*-R.Also the phase dependence oyi  in this case 

closely corresponds to the location of quasi trapped 

particles in 0 V space as observed in fig 9. 

9.  The time development of the electric field 

We now wish to ascertain the manner in which the electric 

field develops in the presence of charge densities of the 

type we have found-in other words we solVe eqs. 4 & 5. 

We shall see that as a result of resonant particle 

interactions amplitude and wavelength will become slowly 

varying functions of both position and time.The problems 

of estimating the resonant particle charge density in such 

a more general field is rendered accessible by one important 

property of second order resonant charge densities.Provided 
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ty-7.2.- ,on account of the stable nature of the trapping 
the phase difference between (01 	and E will always tend 

to adjust, itself to (, as defined by the purely local 

values of k,k*,R.This of course will only be true 

provided 4 itself varies only slowly with respect to 

a trapping period.The amplitude of /0) is less easily 

fixed.Clearly one should integrate over the trapping region 

as locally defined,but in general the quantity AF will 

be difficult to assess,depending upon the histories of 

all particles in the trap at that time.For example,systems 

where the size of the trap undergoes substantial variation 

will be particularly difficult. 

The overall picture then is of a charge density 

always maintaining an approximately constant phase with 

respect to the electric field,and with an amplitude 

that is generally linearly x dependent. 

In what follows considerable interest will centre 
1 

on the reactive component of charge de:Isity jfii  I Sin 	. 

This will continuously generate an electric field )1/2.- out 

of phase with the existing one.On account of its x 

dependence,this charge density will cause a combined 

field to have a shifted wave length.Subsequent resonant 

particles shift the wave length still further and so 

forth.Thus at first sight we might expect there to be a 

steady change of wavelength,and for a warm plasma,of 

frequency also.Thus in obtaining solutions to eqs 4 and 5 

we are particularly concerned about rigorously justifying 

this rather contentious suggestion.In addition we would 
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like to know what the rate of change of k is,and under 

what conditions might we expect to observe it. 

10. Analysis 

In studying the interaction between charge density 

and the field we adopt a localised approach and assume 

that the ambient plasma is homogeneous(in other words k 

is independent of x) 

For a cold plasma eqs 4 and 5. yield the differential 

equation governing the time development of E. 

.-4&_( 2?-42-  71.  n"-)E 	2- 	(24) 

To make the following analysis more general we 

insert a warm plasma term as below-so that frequency is 

a function of wavelength. 

(3/1 	21 ,_ 4 n?A 32/ )L-- 	r 2 2,,z 	... 	 0 ap, 	(25) & 

This equation corresponds to the case of a hot 

ambient plasma only as a first approximation (Houghton) 

We now express E as a product of an amplitude and 

a phase factor. 

E s E(x)t- ) cos 94(x, 
^, 

We assume that only /4 	is important,and we work with 

the in phase (A) and reactive components Vi ) of 

charge density as follows 

=R GCS 	11  sin 	 (27) 

In accordance with our previous discussionAi'mwill be 

only slowly varying functions of x and t.We now substitute 

in eq 25 for E and/ ,and collect together terms in 
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cos ,6 and sin,. Equating each set of terms separately 

to zero we obtain: 

Ex (n2 w2--, 3A k 1  — AFxx x  	it-)( 	k EL- 

w 	4-Tric w  2— 	(-8) 
Ek 	Ak 2- ) — ELL- k _ 2Exb (A) .2Etiq- 
_Ex 	Ektt 4- 3tqk Exx —4190." oki (2E) 

Here the subscripts denote differentiations,and Wand k 

are defined as being:- CV .= Niafr k= ac// ac. 
• 

Terms in /f ,,Am have been neglected in comparism to 

WA, WA.Also those involving kx have been omitted.We 
now note that for a weak beam (f?7 4 ) 	k, £ 
are all of order q .Let us define a proper frequency 

boo  from the dispersion relation 
6)02- = n 2-+ Ak2- 

and put; w = Wo ÷(1,3  

In general (AJ is of order /)) .Substituting these expressions 

and eliminating second order terms there remains 

.---24)00 x  4-.2A le-Ex , AE-x„, Eity _ 2 /tio k 
--2  rk& W 	4-7Crc we 	 (a ) 
.Z Ek w0  w I  — Ettk Ed- wo — Et-k& -- tut- 
-Eku- 4 3P "—XX 47r-Pl 14)(32 (3)  

Solutions satisfying these equations will of 

course give an E field that in turn satisfies eq. 25 to 

first order in/17 .It has been found by experience with 
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these equations that eliminating apparently small terms 

is highly dangerous,and also that the initial time 

behaviour of a particular field configuration can be 

misleading indeed.One way of obtaining an exact long 

time solution is to assume thatrk i E)  Wo and k are all 

independent of x,and that Pk.varies only linearly with 

x.In this case equation 31 becomes 

a*E. 239u  wol + E aki0E/k 	(33) 
Equation 32 gives 

EL 	EktE _ 2.7C101.  W' 
.z w o ETTAib TikWo 	Ek 

Differentiating with respect to x then gives 

	

.eitS _ Dk 	Dwi 	—27600 

	

a& 	 Ek "6x,  
c.uo 	Dk Ak = orA D
aC 	

ina,/ ---• 5- Z coo  

also 

(344 

(30 

Thus in a system in which these various x 

dependencies may be ignored,we do in fact quite rigorously 

obtain a steady change of frequency and wave number 

proportional to the gradient of /02. Noting that 2eli is 

of order lel- we see that 
(i<E4 	

^, 
R14k  

Hence the local growth rate is to a good approximation 

proportional toft/E as expected. 

Our equations are of little use for EX16.(7.Quite 
apart from the general complexity simple linear wave effects 

produce terms of zero order in /9 ,as dealt with'by 

Houghton.However,if we consider our simple picture in 
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which charge density generates an additional field 

which is continuously added on to the existing one,there 

seems every reason to believe that the wave number shift 

will still take place evem though E is still x dependent. 

A little consideration will show,however,that the expression 

for kt has to be modified as below; 

ak 
Again , such variations in E must be slow compared to a 

trapping length k  ,in order that the amplitude and phase 

of the charges be predictable. 

11. Development of the wave packet.  

We now look at the overall time development of the 

wave packet itself. 

The quantityft increases linearly with x so we 

expect to find the maximum growth rate at the downstream 

end of the wave packet.Note that very large growth rtes 

can be obtained merely by trapping particles for very long 

periods.For instance,if the packet is 10 trapping lengths 

long,the growth rate at the end will be about 10 times 

the linear Landau value and so forth.At-a given position 

)12  

whence 	E 	c PE +X 2.  ) 
Although the growth of the field is extremely rapid, for 

large times it is less than exponential.Eventually of 

course growth will stop,either because the resonant width 

exceeds the beam width,or because the wave number change 

2-31(16°/k 
alb(  

we will have approximately 
2rE ,V, -̀,) cps 	kly4, 
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moves the resonant velocity outside the growth region. 

Consulting the graphs we see thatox.  increases 

linearly downstream. For e 	

i 

70 we expect a steady 
L4k lengthening of wavelength and a shortening for Ar 

Note that 
bklaL 
	

CGr‘ Ofiziax-/g 	E 
and the rate of change of wave number increases with 

E as at large amplitudes 

interesting case is when " g 
/DS  becomes entirely reactive.An 

E is sufficiently weak so that 

wave number,and the growth rate is roughly constant with 

distance,and only of the order of the linear value.For 

power input to the field is very small. 

12. Conclusion.  

Our most significant result has been that for 

an electrostatic pulse with spatially varying wave number 

second order resonant particles become stably trapped in 

the wave,giving rise to a steady change in wavelength 

and causing a power input increasing linearly with 

trapping time.This sustained growth rate increasing 

downstream is in sharp contrast to the results for the 

corresponding homogeneous problem,where the power input 

dies away after a few trapping periods. 

What we seem to have then is a special kind of 

resonant particle insta'Ality appropriate to narrow band 

signals in a collision free inhomogeneous plasma. Such 
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instability is not predicted by linear or homogeneous 

analyses.Further it seems reasonable to suppose that 

analagous problems involving other wave types-particularly 

whistler and Alfven waves-should exhibit similar 

behaviour.It should be pointed out that there is a large 

variety of ways on invoking second order resonance effects. 

(Schram),It is only necessary to have a time dependence 

on at least one of the quantites determining the resonance 

velocity.This may be achieved by a space or time variation 

of frequency,magnetic field,background plasma density, 

or even by relativistic effects. 

Having found such promising results for this 

simple electrostatic problem,we now turn our attention 

to the analagous whistler problem of triggered VLF 

emissions. 
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Fig. 1.  The unperturbed distribution function of the 

ambient plasma (Fc  ) and beam ( 	). Note the linear variation 

of Flo  over the range of resonant velocities present. 
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T=,0005.-  kt---0003. Note the resemblance to the predicted 

form. 
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SECTION THREE 

A THEORY OF THE TRIGGERING OF VLF EMISSIONS 

IN THE WHISTLER MODE. 
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INTRODUCTION. 

1. Description of the process. 

In this work we shall be concerned with the 

propagation of whistler mode waves through the earth's 

magnetosphere. The question of how such propagation takes 

place is a difficult one in its own right,and has been 

extensively studied,particularly by the Stanford Group.The 

interested reader is referred to the extensive literature on 

the subject.Here we shall confine our attention to the so 

called ducted mode in which field aligned density variations 

or ducts channel the signal along a field line in such a way 

that the wave number vector is always closely parallel to 

the magnetic field.We shall not consider the recently 

discovered unducted mode(Walter,Scarabucci et al.) 

in which the k vector is not parallel to the magnetic field, 

and which seems to rely on natural focussing effects. 

Ducted propagation makes it possible to transmit 

whistler signals such as morse code from one point on the 

earth's surface to its magnetically conjugate point. During 

such transmissions "triggering" often occurs, in which the 

whistler pulse will stimulate the production of a large 

amplitude, narrow band signal of a rising or falling tone. 

Thanks to U.S. military morse transmissions,a great 

deal of data on this phenomenon has been collected in recent 

years. High power V.L.F. transmitters are located at Jim 
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Creek,Wash.(NPa\at18.6 Kcs and 2.105 Watts, and at Cutler, 

Maine(NAA) at 14.7 Kcs and 106  Watts.The magnetospherically 

transmitted signals are picked up in the southern hemisphere 

at Eights,Antarctica. The full details of such data will be 

found in the literature(Helliwell,Smith ,Carpenter etc), but 

here we will draw attention to the important features of 

morse triggered emissions which any theory of the process 

should be able to account for. 

1. The emission usually has a considerably larger 

amplit*de than that of the triggering signal,and once started 

is a self sustaining entity which may continue for some time. 

2. The occurrence of triggering is closely confined to 

cases where the morse frequency is just below one half the 

equatorial gyrofrequency on the path of propagation. 

3. On a time scale of minutes triggering is a reproducible 

process. However there is a considerable variation in 

behaviour throughout the day and from day to day.Triggering 

occurs for only a fraction of transmissions actually made, 

but on some occasions the original morse is completely 

swamped by the additional signals. 

4. The signal at the receiver is usually analysed in the 

form of a frequency-time diagram. Some typical examples of 

the appearance of emissions on such a diagram are shown in 

graphs 1 and 2. They usually have rising or falling tones, 

emissions of a constant frequency being rather rare. The 

frequency at the start of the emission is usually that of 

the morse,but it is often displaced upwards by a small amount 

'' 3 00Hz,known as the offset frequency. (Helliwell)  

5. The rising tones frequently go to high frequencies 
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quite near the equatorial gyrofrequency. The frequency 

gradient and amplitude may vary considerably on route,and 

some risers terminate with a downward hook.The falling tones 

are usually shorter in duration,and very often turn round 

to become full length risers. 

6. While some emissions seem to be very sharp or narrow 

band in character(with a bandwidth of say 50-200 Hz), on 

some occasions they are very broad. Detailed examination of 

these cases however,shows that several emissions may be 

present, very close together.Risers are in fact sometimes 

observed to split up into two during their development. 

7. It seems that a definite time-or length of pulse- is 

required in order to trigger an emission. This delay time-as 

it is called- becomes shorter as the triggering pulse is made 

stronger. This is born out by the NAA transmissions where 

morse dashes are able to trigger,but the dots are too short. 

In this connection a fascinating result is that of the Omega 

transmissions (Kimura). The station at Forest Port N.Y. of 

only 100 Watts ( 10.2104z) has been observed to cause triggeiing 

from pulses of one second duration. 

8. At this point we would draw attention to various 

phenomena closely allied to artificially triggered emissions. 

These are triggering by natural whistlers and the innumerable 

varieities of spontaneous VLF emissions. We shall not deal 

with these in this work, but the general theory developed 

should be applicable to these cases. 

The aim of this work then is to give a theoretical 

explanation of morse triggered .emissions,and to account for 

the various detailed features of the process. 



77 

2.  Previous theories.  

There is general agreement among researchers that 

the cause of VLF emissions most likely lies in the 

resonant interaction between energetic radiation belt 

particles and the wave,and that such interaction is most 

significant at the magnetospheric equator where the resonant 

velocity is the lowest.It is of course possible that the 

observed emissions originate in the ionosphere,but more 

detailed satellite observations are expected to confirm 

that this is in fact not the case. 

An early theory was that of Dowden(qv)which was 

designed to explain the spontaneous VLF emissions.He supposed 

that they were caused by bunches of high energy particles 

oscillating up and down the field line. These could give 

rise to a linear cyclotron instability, and generate 

turbulence localised with respect to both position and 

frequency. It is easily seen that such bunches could 

generate almost any emission form. The idea is ingenious 

and there is little doubt that time variation in the zero 

order distribution function is important in considering the 

origin of spontaneous VLF emissions. 

Das (q.v.) adopted Dowden's idea that the emission 

consisted of selectively amplified turbulence,and addressed 

himself to the more closed problem of artificially 

stimulated emissions.Using the familiar loss cone distribution 

function, Das was able to show that the triggering pulse 

distorted it in such a way as to cause a much enhanced linear 

growth rate in two narrow frequency bands on either side of 

the pulse frequency, and it was argued that these would 
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generate emissions of the type observed.The snag with 

this theory however,is that the pulse and emission together 

form a continuous narrow band wavetrain,and in this case 

it has been recently shown ( Abdalla) that after one 

trapping period the power transfer from the particles to 

the field actually reverses sign. 

An important aspect of the problem was recognised 

by Helliwell (qv) in his well known phenomenological theory 

of VLF emissions.He pointed out that on account of the 

variation of both wave frequency and background magnetic 

field,only a limited number of particles-termed second order 

resonant- would be able to remain resonant with the wave 

for an appreciable period.It was suggested that such 

enhanced resonance was confined to a narrow zone called the 

generation region,and that this moved back and forth across 

the equator in such a way as to give rise to the various 

observed emission forms. The present theory is based on 

this general concept, but in detail is quite different from 

Helliwell's. 
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CHAPTER 2 

RESONANT PARTICLE BEHAVIOUR IN AN INHOMOGENEOUS 

MAGNETIC FIELD 

1.  Basis cf treatment  

Our task is clearly to examine the behaviour of 

resonant particle trajectories in fields which realistically 

approximate those which might be found when an emission of 

rising or falling frequency propagates along a magnetospheric 

field line. A resonant particle travelling through such a 

field will see wave frequency W ,wave number k, and gyro 

frequency .J2 all steadily changing with time. We shall 

be particularly interested in second order resonant particles 

which closely satisfy the following conditions. 

di/A. = dozs 	2_13(43-__a\   _ w 	1‹.  
dt 	dt 	dLt k 1 	k 	k 2- 

V == Vies 	 (I) 

where Vres is the cyclotron resonance velocity,and Vz the 

velocity component along the magnetic field. 

This interest in second order resonance is inspired 

by two recent papers on the simpler but closely analagous 

problem of an electrostatic wave with spatially varying wave 

number.it has been shown (Swift) that particles in such a 

wave can undergo very large changes in energy,and we have 

shown in section two that second order resonant particles 

in this case become stably trapped in the wave,and that the 

beam excitation of such a system can result in very large 

growth rates. 
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Noting that the condition 1 will involve the gradients 

of Bo, W , and k , the simplest approximation to the 

whistler emission field that will best illustrate resonant 

particle behaviour is one in which Bo, i) , and k are taken 

as linear functions of position.Our initial program of 

investigation is to thoroughly examine the nature of 

resonant particle trajectories in such fields,by both 

numerical and analytic means,in the hope of finding stably 

trapped second order resonant particles. 

2. The fields  

We require a constant amplitude whistler with k 

parallel to Bo,and with linearly varying Bo and 7.4ir 
For small values of the gradients i.e. 

ace/z CC kw 	-a730<< kF0 

we may write the fields as; 

Ex 	E cos 
Ey -= Esin 	 (2) 

0 
13K 	k 	L-) c Sin /6`-l(Z)b) 
*B 	= 	E ke_ cos 

The quantity @ is the phase of the wave.For ?W O 	° 

it is clearly going to be difficult to give a satisfactory 

expression for 	as a general function of z and t.However 

if we regard 	as being just the phase of the wave as seen 

by a particular particle, we do know that in some average 

sense the following will be true. 
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= 	 w( )17) 

3.1-7 

In reality Vdt will have an irregular variation about 

this value proportional to the frequency band width of the 

emission at that particular point. However in what follows 

we shall see that we are concerned with phase stable 

particles,and small irregularities in phase are not expected 

to be significant.Thus we may represent the phase as seen 

by a particular particle as being the following trajectory 

integral. 

m= 
kvz  (3) 

  

For simplicity we shall assume that the cold plasma density 

is proportional to Bo,which gives the following dispersion 

relation; 

k 	A WA /(IL LJ  ) 	(4) 

The group velocity simply becomes 

1/5 = 
a/x  ( t__ will_ )3A. t, 	

(5) 

3. The particle equations of motion  

Provided that the electron Larmor radius is much 

less than the scale length of the magnetic field,the 

equations of motion of a particle can be shown to be: 

niciw 
GI E 

— e ExfG(V — 	) ±m Vx 1,‘ 
' J 	13.0  

 

 

mclV9 = (Vz--Bx —VxBz )1 + Ln VV-z ?Bz 
 (6) 



—Ttos,it(r—kov, ) Vx  Vz_. .-E3.az// 	ff/ 
<7( 

kv- 	lArj  v,- 481)2/ 4 /e/'( vx w 

±i/,s-07) (vxv)-184z/.2/6 

(8) 

id) 
	 2 /6  

—EIS / YeTM) — 	DA' 
58-  D 

c>< 
( 9 ) 
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rn 	= (VA 
ryi  z Bz  

Tz-fyx Vy ) a. 

It is convenient to dedimensionalize these equations 

using the values of Li) ,k,and Bo appertaining to the point 

z=O , which is where the trajectory integrations will 

start.Assuming that at this point tAL= W 	, k = k , 

and/8
— /  -

= (743t 

k' 
= 	(Z.  

Substituting  

we define dimensionless variables as follows 

vx 
eEk/mCci 2- 

=, 	c<7; me 	(7) 

rLo ego 
from eqs 2 and 7 into equation 6 we obtain 

dropping primes; 

civx 
ciE 
dvy 
aE 
civz  

Defining X Vx + 11j 	this reduces to 

We suppose a spatial variation of frequency of the form 
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The entire emission field is advanced along the field line 

at the initial group velocity 2(l-0().Thus 

	

w( 	- 	- 2_( 	 (10) 

Note that in the generation region of an emission there 

will also be an absolute rate of change of frequency citddt;  

As far as resonant particle behaviour is concerned,however, 

the system is exactly as here if we define an effective F 
as follows; 

	

feff 	CcIT-WL- /{ 1V314. 
dw 
dL  

v3(rtw.z)t  

The dispersion relation now becomes 

(12) 

We also specify the z dependence of magnetic field, 

= /4-  17" 

and the rate of change of wave phase is given by 

chi_ tu — 
cbt-- (14)  

Equations 9-14 are those requiring to be solved to determine 

resonant particle trajectories.Before discussing their 

numerical integration, we shall investigate analytically 

some of the properties of second order resonant particles. 

4.  The condition for exact second order resonance  

We now enquire which particles are able to satisfy 

instantaneously the exact second order resonance conditions: 

= V1-24. 
	 d vtls /at 

(13) 
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This is quite easily found as follows.Using the same 

dimensionless units as before,the resonance velocity is 

given by 

VOZ 

and its 

V,;, 
rate of change is 

 

• G`) ( 	)/k 	(A)) 1</k 2- 

From equations 10,12,and 13 we have that 

/- 1( 

k 	(;) - )/0- 	w(/- d)  
Thus: ( LI 

• 

Vvls 	n?‘/- 
04( 	.2.k/3 

The equation of motion 

Vz. 

f [211 -GO v,1 (1+ 
9 furnishes the rate of change of 

— 	cos? — I 2-(7 ) k/g 
where; 
	+an - vti /vx 

is the phase difference between the perpendicular velocity 

U and the electric field.The second order resonant 

conditions thus reduce to 

A+ +an  kr l  ccsT 	icq ) 
	0 

(— 	u-')/k 
where 0) is the pitch angle and the coefficients A and C 

are given by 
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N1(1-0/- 6k 
Specializing to the point z=O where Ul=k7/3=1, this reduces 

to 

cos? = 	  
-/-(11)/a p i 
	

(15) 

(16)  

(17)  

Thus exact second order resonance is found along a line in 

the Vz= Vres plane,whose form is determined by the three 

quantities and 0( .Examples of some of these 

resonance lines for various values of these parameters are 

given in figs 4 and 5. They are plotted on polar graphs 

with P as phase and pitch angle as the radial coordinate. 

Clearly the curves are of two types depending upon wether 

A and C are of the same or opposite sign.The first case is 

operative when the magnetic field gradient is strong relative 

to the frequency gradient,or when the latter are in opposite 

directions. Note that the curve will disappear altogether 

when 4AC>0.5 , and in this case second order resonance is 

impossible.The second category of curve encloses the origin 

and is only found when the field and frequency gradients are 

in the same direction and also 

Note that in this case no matter how small R is made the 

curve does not disappear but becomes circular at a pitch 
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angle of 

+an- 	-?s  +an 	 /y7 
t c 	

/ 

5.  Phase stability and particle trapping. 

As in the electrostatic case,it is not enough that 

a particle be initially second order resonant.We must enquire 

in some detail of its subsequent motion.We are particularly 

interested in whether  particles are phase stable-in other 

words,if they are displaced from the resonance line,do they 

oscillate about it or do they fall right out of resonance? 

Of course,the exact behaviour of resonant particles will 

be very complicated,particularly as the resonance line is 

itself a function of time,but it is not difficult to extract 

from the equations of motion the dominant terms that impart 

overall stability or instability. 

We proceed as follows.The equations of motion may 

be written: 

	

tdv_v„, ) 4 	sinT ( 	vir,//6)  
-51 

c[IXI„ 	Tk) ( -- 	)cosT 	iY1 g/g4h 
/ 

cl vz 	k 'I 	— Yi aig/?z, 

We assume throughout this paper that R((l,or that the 

resonant width is very narrow. (15 	1 )Let us now consider 

a particle whose z component of velocity is roughly within 

the limits \71124  -4- VAL . We deal with a quantity Po(t), 

which is the phase of the second order resonance line at 

(18)  

(19)  

(20)  



particular value of I 'f .Neglecting some small terms in 
112. 
R , we may write; 

civus 	—Tk Ives  o — 2-3/6/D-L 
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the particle's perpendicular velocityM ,and at the 

particle's instantaneous position. Note that Po can be 

imaginary if the resonance line does not exist at that 

Defining 	VAR6  ,we then get 

cbvi 	WI( r [cos — cos To I) 
cik 	 lz,  

Since for trapped particles V 	, equation 18 may 

be written,to the same order of approximation,as 

c1,1)  
Gib — 

On eliminating v', and dropping a small term in dk/cli, 
we obtain the following differential equation for P 

el)  4- Fk 	/ [COST—  (-4DS -Po  
dkz.  

A first approximation to the detailed motion may be 

obtained by noting that R,k,a6/Y1 ,and Po are all slowly 

varying functions of time with a characteristic time scale 

of 1/R .(This assumes that R,(7, 	are all of the same 

order of magnitude). Neglecting the time dependence of 

these quantities,and confining our attention to small 

amplitude oscillations about the resonance line,there results 

e rt 
7E 2_ 	-1!Jc?r 1 (.5 in T-)c)7 / 
31 = T — To 

For 0 CP0 <-3-C the solution will be exponential 

in character, and particles lying initially on the right 

(21) 

0 



88 

hand side of the resonance line,will fall away from it 

and 'become non resonant .On the other hand for 0< 	(—)L  

the solution is oscillatory in character, and second order 

resonant particles oscillate about the line and are thus 

STABLY TRAPPED.The nature of particle motion within the 

trap is illustrated in fig. 6. Particles maintain a nearly 

constant0c1 and describe elliptical trajectories in the 

coordinates P',V' around the resonance line.The frequency 

of these oscillations is seen to  be  

tal-roT = 	k 	 (22) 
U.) 

which is of the order of the "trapping frequency" used in 

the homogeneous problem. The amplitude of the oscillation 

in V' is given by 
V2 rfils'(-A-let  AT) 

AV 
I/2. which is n. R 	as expected. For large amplitude 

oscillations the motion becomes anharmonic,and the path of 

the particle will be fixed by the relationship: 

dvi ((.0s1"—cosTo 	 (23) 

It is not difficult to see that if the particle trajectory 

goes beyond the unstable branch of the resonance line 

P=-Po, it will escape from the trap and fall out of 

resonance.It is now possible to construct the region in 

velocity space occupied by trapped second order resonant 

particles.One takes the instantaneous resonance line, and 

for each value of! Y/ constructs (from eq 23) the limiting 

trajectory that just reaches P=-Po.This is illustrated in 

fig 6. 
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The resultant surface is the outer boundary of the trap. 

A more precise picture of particle motions is 

obtained by noting that the resonance line varies continuously. 

There is also a steady change in CO due to both the zero 

order magnetic field gradient and the resonance with the wave 

(eq. 19) The problem is analagous to that of a pendulum 

whose point of support undergoes movements.Provided that 

the resonance line 

change much within 

and 

one 

the perpendicular velocity do not 

- 
trapping period (R

1/=
), the particles 

will be able to continuously circulate around the line 

without difficulty,Some computed examples of the variation 

of pitch angle and phase P of trapped particles are shown 

in fig. 7. Note the oscillations of the type we have 

described, and the slow pitch angle drift superimposed. 

6. Untrapping  

It might be thought that in view of this phase 

stability a second order resonant particle in an extended 

wave train could stay trapped almost indefinitely.It will 

be of some use to examine.ways in which particles can 

escape from the trap. 

1. Irregularities in amplitude or phase of the wave may 

increase the amplitude of oscillation within the trap until 

the particle spills out at P=-Po.A similar kind of effect 

can be caused by the movement of the resonance line.For 

instance,when this curve moves towards the P=0 axis,the 

"size" of the trap decreases and particles are lost 

accordingly. 
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2. Inspection of equation 15 will reveal that at any point 

trapping is confined to a range of pitch angles between: 

+a-  r% 	( ÷ 	4-AC )/2 iCI 

and 
	

{ I ( I Nli — A C 	C I 

Particles with pitch angles too near these limits may be 

inexorably forced out of resonance if they should fall 

outside this range.This may be due to the change of the 

particle's pitch angle and or movement in the resonance line 

itself. An interesting example of this effect is the case 

of low pitch angle particles. These will always tend to be 

lost,for the condition that the resonance line reach zero 

pitch angle is that A=O, and this condition is only transiently 

satisfied. 

7.  The numerical integration  

By way of confirmation of the foregoing ideas we now 

turn to exact numerical integrations in an actual wave train- 

using the fields already outlined.To give the trapping a 

thorough test we choose a fairly large amplitude of 

R=0.0004 and assume that the pulse extends from z=0 to 

z=2000. This means that a resonant particle spends about 

ten trapping periods in the pulse.The pulse is sketched in 

fig. 3. 

Our task is to numerically integrate equations 

9-13. The computational technique is the standard one for 

such problems,and is discussed in the appendix.The integrations 

start at z=0 and follow the trajectories backwards in a 

stepwise fashion until z=2000 is reached.A network of 
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particles is selected in the x plane and for 5 different 
values of Vz spaced across the, resonant width.All this is 

done for various values of the coefficients oei/e, 47, g 
Noting that the rate of change of particle energy goes as 

cos? 

a suitable indicator of the trapping history of a particle 

would obviously be 

LW 	1_1 
where Aw is the total change in energy as a result of 
passing through the pulse. The quantity AW*  is in the nature 
of a trajectory integral of COS P,and the numerical output 

of the program takes the form of a plot of this quantity 

over velocity space in the neighbourhood of resonance. 

8.Results of trajectory integrals  

The results are readily understood in the light of 

our analytic study of resonant particle behaviour.A typical 

plot of AW*  in the resonance plane is shown in fig. 8. 
Outside the instantaneous particle trap as previously 

defined this quantity is everywhere small and irregular. 

Inside it is much larger by a factor in this case of about 

20 (of the order of the number of trapping periods spent 

within the pulse). The variation within the trap of LW is 

roughly one with pitch angle as COS Po.This is as expected 

as Po is the average phase about which trapped particles 

oscillate. In addition there is considerable modification 

to ,L\ due to particles escaping from the trap prematurely 

(in the sense .of the backward integration). Generally Avg 
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is greatest in the innermost part .of the trap and falls 

off towards the outer edges,and also at high and low pitch 

angles.In most cases it was found possible to delineate 

quite clearly a region in velocity space where trapping 

was in practice fairly effective,and the remainder of the 

results are conveniently presented in the form of plots 

of these regions for a wide variety of cases.In the diagrams 

(figs 9-19) heavy shading represents regions of weak 

trapping, and regions where Poi-J-7/z AN".0,are lightly 

hatched. 

On the whole these diagrams will speak for 

themselves. Predictably,and without exception, trapped 

particles are found inside the trapping volume as defined 

by the local second order resonance curve.A few additional 

features of the diagrams are as follows. 

1. When 02 and f are small the resonance line changes. 

little along the pulse,and the effective trapping region 

is close to the maximum theoretical size. 

2.For larger 	(r) the resonance line changes noticeably 

along the pulse,and particle loss becomes more extensive. 

The extent to which this happens is rather variable,and is 

not readily predicted without examining the resonance line 

right along the packet.In some cases effective trapping 

only reached as far as the P=0 axis,though P=-Po/2 was a 

more typical extent. Note that the particle loss at the upper 

and lower pitch angle limits of the resonance line was 

frequently in evidence. 

3. In some cases the trapping region is markedly unsymmetric 
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with respect to Vz about V=Vres,which suggests that the 

wavelength of the resonant particle current is shifted 

from that of the wave.We shall return to this point later 

in discussing the offset frequency effect. 
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CHAPTER 3 

RESONANT PARTICLE DISTRIBUTION FUNCTION AND 

RESONANT PARTICLE CURRENTS 

1.  The resonant particle distribution function 
Let us now consider the general case of a long wave 

pulse in which amplitude,frequency,and zero order magnetic 

field are slowly varying functions of position and time. 

Using the same. system of dedimensionalization as before 

we have 	

K--=-7.4)&) It) 	(Aill, 

We now enquire as to the distribution function about 

resonance Fres at some arbitrary point,say z=0. 

We consider a time independent zero order 

distribution function Fo that is a function of energy and 

magnetic moment only. 

Fo( \NI)  j-A--) 	W = 16)(1+Vz2) 

From Liouville's theorem we may write at once: 

Fits.  (I 1 ,T)  \ar- 	Fo (W— 	— 
Fo 	\/\/ Nz/Dwi - 3-Va+ 46)A-2)--F °OW"do  

where W, 	are the total changes in energy and magnetic 

moment undergone by a particle up to that point as a 

result of interacting with the wave.Now if particles are 

trapped for times of the order of 1/R 	 ,S-W, will be 

large,but this case normally represents a very powerful 

wave.In the VLF emission problem we are justified in 

neglectingVg (A\O-2-and higher order terms. From the 

equations of motion (eq 9) we quickly derive:- 
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vS/ 	cos1) 

=-
--_kvilw ces. -?//s  

Whence; S w = 	5.R cos P 

S}u- = — SR ( — ktizitt) )cos 	d 

In the theory to be presented we must assume that the 

wave amplitude is sufficiently large such that the typical 

resonant particle remains trapped for quite a number(say 

at least three) of "trapping periods" (R ). As in the 

inhomogeneous electrostatic problem (Nunn) trapped second 

order resonant particles will not dominate the distribution 

function unless this is the case. 

Another requirement is. as follows. It takes a 

definite time-of the order of a trapping period-for a given 

second order resonance line to establish control over the 

resonant particles-in other words for the particles within 

the trap to be uniformly stirred,and for those outside it 

to be dispersed to non resonant velocities.We thus demand 

that the resonance line,and hence fl1 W R , vary slowly with 

respect to a trapping period, in order that a pseudo 

equilibrium be maintained,in which the local trapping 

dynamics are important.Given these conditions,the results 

of the numerical computation strongly suggest that at any 

point the resonant particle distribution function will be 

dominated by a core of strongly trapped particles centred 

about the instantaneous resonance line.In this limit Fres 

may be approximated as follows.For particles outside the 

trap (:5:/a)  AV will be small,and we may put Fres=Fo. For 

( 2 7 ) 

(28) 
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those inside the trap we need only integrate over the time 

for which they have been trapped,replacing cos P by cosPo, 

and Vz by Vres.Hence 

(W)P'") + IR COSTo 	if- k 	Fo / 
CM 	w ) 

trap 
We may write this as 

zFc±/1 -- k\AL6V11.3 
Fas  = F.04A 4 Tccs I 0 	w 	-e (2 9 

elf 	Y1, I), 4  ) 
Except in simple casesT;f:rmay be difficult to estimate 

accurately,without resorting to trajectory integrations. 

However on account of the continual stirring of particles 

within the trap,it will possess a certain symmetry, and 

should be mainly a function of pitch angle,and amplitude of 

oscillation within the trap. 

2. Resonant particle currents. 

Particles with their parallel velocity close to the 

local resonance velocity Vres can give rise to transverse 

currents whose frequency and wavelength are very close 

to those of the wave at that point. Such currents will thus 

be resonant with the ambient plasma and will be able to cause 

both growth,and as we shall see frequency shift,in the wave 

field. 

The current due to trapped second order resonant 

particles is well estimated by integrating over the volume 

of the trap in velocity space.There will also be a 

contribution from non resonant particles,but owing to 

dephasing,this will be parallel to Bo. 

Fras= 
d  

which defines an "effective trapping time" 
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The current has been divided into two-the in phase 
^, 

component Jr ,and the reactive component Ji.Clearly J will 

depend upon Fo and the resonance line in a rather complex 

way,and this will be the concern of chapter 5.At this 

juncture we will discuss two very important general properties 
^, 

of the resonant particle current J. 

First there is a general proportionality to the 

trapping time 	.Other things being equal, both Jr and 

Ji will tend to increase steadily downstream from the front 

of the wave packet(in the direction of Vres). Superimposed 

upon this linear spatial dependence will of course be a 

variation due to the changing trap geometry along the pulse, 

and to other complex effects. 

Another significant feature is as follows. The 

current J is caused by a "jet" of phase stable particles. 

The phase difference between the electric field of the wave 

and the particle current will be closely determined by the 

second order resonant conditions,which vary only slowly 

over a trapping length.Thus,provided the wave field remains 

sufficiently narrow band,this phase difference will remain 

nearly constant,and be maintained under fairly general 

conditions.This way in which the current remains as if 
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"glued" onto the electric field is a rather remarkable 

feature of wave particle interactions in an inhomogeneous 

medium,and does not occur in the corresponding homogeneous 

problem. 
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CHAPTER 4 

TIME DEVELOPMENT OF THE WAVE FIELD- GENERAL THEORY 

1.  Descriptive account of the process  

Being resonant with the ambient plasma the current 

J will generate additional fields which will add on to 

the existing one in a continuous fashion-the current J of 

course being all the time deternaned by the instantaneous 

total field in the manner already discussed. 

The component Jr will generate an in-phase field 

and will give rise to growth or damping.The reactive Ji 

will generate a field -71ZZ out of phase with the existing 
one. Let us consider a pulse of constant amplitude and 

wavelength,and then look at it a very short time later 

after the addition of the field generated by Ji.If,as we 

have already suggested Ji varies linearly with z,a little 

consideration will reveal that the combined field will 

have a slightly shifted wavelength.This is illustrated in 

fig. 2O.Subsequent resonant particles will of course 

respond to the new wavelength,and will shift it still 

further.At first sight then we might expect there to be a 

steady change in the wavelength and frequency of the pulse. 

The reader will probably find this descriptive account of 

the process hopelessly inadequate,particularly when such 

a surprising result is being proposed.Accordingly we now 

provide a rigorous analysis, not only to justify this 

suggestion, but also to find an expression for the rate of 

change of frequency, and to gain some insight into 
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what conditions are necessary for it to take place. 

2. Analytic derivation of the growth rate and frequency  

shift.  

We choose to look at a limited section of the wave 

train-of the order of a trapping length say.One assumes that 

although the inhomogeneity is important in determining the 

resonant particle currents,for the purpose of analysing the 

effect of the currents upon the wave field, one may assume 

the medium to be locally homogeneous.We assume the 

background plasma is cold and with a gyrofrequency 	,and 

plasma frequency n . 

The electric field is represented in terms of an 

amplitude and phase thus; 

ff.. EY ± Ekj  
JO ---=" 3x + Eiti  

A single differential equation for the time development 

of E can be obtained from Maxwell's equations and from the 

equation of motion of the cold particles.(See appendix 2) 

ri —  

5'2  C2-  Ye 2-  VE -L-a) 	E  = 	( Z112€j°  
(32) 

The reactive and in-phase components of current are defined 

by = 	(Je c3i) 	 (33) 

In accordance with our previous discussion we expect Jr and 

Ji to increase linearly in the yr  direction,but to be 

otherwise only weakly dependent upon z or t.This holds 

ONLY if E remains narrow band and continues to satisfy the 

"slowly varying" criteria of the previous chapter.We now 

**This analysis is conveniently done in dimensioned variables 

(31) 

and; 
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substitute for E and Jo in eq. 32,and neglecting small 

terms in 1/c2,there results two simultaneous differential 

equations for E and 41 . 
DE (V+  n'ic) ziKEak 24-0--12.)E+ 

44.12C.  (A) (t)J-12..)j& 	
(34) 

Here  GJ and k are simply defined as being, 

(Ai= D,YD 	k --Vaz 
Terms in j R 
	have been neglected in comparism with 

(,tOR , WjI .In seeking solutions to these equations E(z,t), 

C 4) for the time development of the field,it was "found 

by experience that eliminating apparently small higher 

derivatives was highly dangerous,and also that the initial 

time behaviour of a particular field configuration could 

be completely misleading.The only really safe procedure is 

to find exact long time solutions,though these may be under 

simpler conditions than we would really like.To do this we 

have to remove the z dependence of E. We assume that E,k,Jr 

are all independent of z,and that Ji varies only linearly 

with z.In this case equations 34,35 reduce to: 

M k2-t- 	 4-7r (A16A1--12) 
2 	

j 
2- 
	 (36) 
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E(V-(--(1-tu)— 	— 47-c 	 (37) 

We now assume that the resonant particle beam is weak.If 

6- is the smallness parameter associated with this,then 

we see that the quantities E,k,Jr,Ji are all of first order 

in EL .Let us define a proper frequency from the dispersion 

relation 

k-Y-a-E0) (38) 

and put; 	(A) 	(A) 4-  W i  

Noting that bi/  is also of order & ,we may substitute into 

equations 36 and 37,and eliminate terms in 	.From eq. 37 

there results 

-- 
C E(kz-i-nz/c 7--) 

(39)  

Differentiating with respect to z yields the time dependence 

of k 

Dk zD601  

Note that the z independence of k is preserved,as is 

essential for a long time solution.The rate of change of 

frequency 44) is obtained at once from its defining 

equation(38): 

T1/41 	ETC a-) 2-(-12-  iT))3 (D 

,?r& 	k-a 2-E-  n2 	?:Z 

Equation 36 becomes; 

4-77 (17(17---(2-)J-fz 	
Eak/) E 

= kz -1-  r72-/c_2- 
where again we note that F is not a function of z.Some 

consideration will reveal that 
Di<A

•E/k 	
&L-75t/E- 

n2- 

 

(40)  

  

(41)  

(42)  
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which reduces the growth rate to 

rc w 	0-3 ).7— 
n 2- 	 (43) 

We have thus found a long time solution as follows. 

A wave with E and K independent of position in a locally 

homogeneous medium is excited by a constant in phase current 

and a linearly z dependent reactive current, Quite rigorously 

to first order in E ,the wave undergoes a steady change in 

amplitude,wavelength and frequency as given by the above 

expressions. 

Having found such an exact solution certainly lends 

support to our "pictorial" argument for a shifting frequency. 

Perhaps the greatest shortcoming of the above model is the 

lack of a z dependence in E and Jr, which one expects to 

be quite sharp in a generation region.A little tampering 

with equations 34 and 35 soon convinces one that useful 

results will never be obtained in this case, partly because 

all sorts of wave effects of zero order in E become 
embroiled in the equations-like advection of the packet 

envelope along the field line,diffusion of the packet 

envelope etc etc. The only possibility is to return to our 

simple physical picture of the process. 

We now consider the case of a linear z dependence 

in both Ji and E.For a weak beam the addition of fields 

concept will be a valid one.Let us consider a time 

independent amplitude,maintained by a constant in phase 

current Jr. This is the kind of situation one expects in 

a "generation region"This may be written as; 
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cio 	(70  n 24, 2  

ko  (ao 	E2_ 	217Zr (Z---(2))6,  
C2-  

The field E will be seen to be a solution of equations 

34 and 35,provided the gradient in amplitude is sufficiently 

weak as to remove the point E=0 a very large number of 

wave lengths away.Next we introduce the linearly z dependent 

Ji.Provided the gradient of it is weak,it will generate an 

electric field everywhere proportional to itself.After a 

small element of time the total field will be obtained by 

a summation of the form: (see fig 20) 

k 	-f- 

an Ar I + 
E, + 

A wave length shift proportional to 26,z(NE) is thus 

predicted,and accordingly we modify equation 41 to 

(Ai _ 8Il r) 	- )  3  2 / (44) k-12.2- r7 2- 	a 	E 
The reader will probably like to form his own opinion as 

to exactly how valid this expression will be in more 
bE 	z-L" 

general situations where Ot ' 
non zero.In the authors opinion, it will be substantially 

correct where all the relevant quantities remain slowly 

varying with respect to a trapping period. 

, are all 
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CHAPTER 5 

COMPUTATION OF GROWTH RATES 'AND RATES OF CHANGE OF 

FREQUENCY IN A MAGNETOSPHERIC WHISTLER PULSE 

1. Choice of units-expressions for growth rates. 

Having discovered that second order resonant 

particles are'able to cause growth of the field and also 

to continuously change its frequency,the way ahead is 

now quite clear.We model a magnetospheric field line and 

select a realistic distribution function Fo. One assumes 

that the morse pulse and emission together form a continuous 

narrow band wavetrain propagating along the line in a 

ducted mode.Then using the expressions already derived 

we endeavour to compute the growth rate and rate of change 

of frequency as a function of position along the field 

line,wave amplitude,frequency,and also frequency gradient. 

These results should enable us to provide a reasonable 

description of the triggering process. 

In what follows we really require constant units 

for velocity,time etc.,so we now dedimensionalize with 

respect to Wo ,one half the equatorial gyrofrequency,and 

Ko,the corresponding wave number.All subsequent expressions 

will be in terms of these new units. 

The field line is modelled in the familiar way 

(45) 

where 	is taken to be 2.10-9 

In presenting the results we need independent 

variables related to the invariant properties of a wave 

pulse travelling along a magnetospheric field line in the 
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absence of excitation.Thus frequency is referred to the 

equatorial gyrofrequency as follows; 

W /12 EE 
	

(46) 

The flux of wave energy down a duct is proportional to 

E"'-k Aye 
Accordingly we construct a dimensionless amplitude factor 

R* depending only on the power flux. 

W4--e_E- I  k ko  
3 	

(47) \it,0 61)c  
The frequency gradient is referred to 100 ,Ko as follows; 

b<c,(A)0 	(48) 

We numerically compute the growth rate as a function of R* 
4( 
,g‹,z* using equation 43 and substituting for Jr with 

equation 30. It is apparent that some kind of simple 

approximation for 'refr is going to be required. We make a 
rather arbitrary assumption about the average extent of 

particle loss,and suppose that particles whose amplitude 

of oscillation within the trap takes them beyond P=-Po/2 

will not be effectively trapped. Using equation 23 we may 

integrate the limiting trajectories,and in any case obtain 

a "reduced" trapping volume.(see fig 21),Inside this volume 

- we suppose that rre-fr is constant with a value of R* 4/4 AVres1 

We are thus computing a growth rate per "trapping length" 

and the actual growth rate will be estimated by 
A * 

multiplying by &E4//e-III  ,where 11-E is the distance 

over which effective trapping takes place.The growth rate 

is going to depend upon resonant particle density,and it 

is best expressed as a multiple of a quantity 	,which 

estimates the order of magnitude of the linear cyclotron 
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growth rate. 	0.0 

yo 	2-tAi o2- 

The reader will be spared the extremely tedious manipulation 

which now follows,and we shall merely quote the final 

expression for the relative growth rate 

?Eht- 	(17.-)2  It tfyz 	-7/z  
Ero 	(,3/(-- ) tv-a2/gx-2-  • 

4_ ia_F:0 	z.  kfi  cos-tpv-p)-T._ c,osT ' 	le  1f49) 

,A101,1) PC I dlYI Fo(vz. 
a 

The velocities are all in units of WAD  .The quantity t' 

is the thickness of the trapping zone in Vz,and is only non 

zero for the appropriate range around P=Po. 

i(cosT0C11/2-1-1))_sin7012— Si (IT 

c2;93 	cos 1+-01,.?/fr 

The rate of change of frequency is more difficult to 

Vz01-1.1Lo 

where 
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deal with being proportional to 'D‘02/E) ,and in a 
narrow generation region 	will be quite large.During 

this research a good deal of work was done trying to 

construct self-consistent,quasi-static generation regions. 

Although rather fruitless,it did show that on the average, 

at constant creff ,Ji was roughly proportional to E. Accordingly 

we expect that the consistent contribution to Cli4/141-  should 

come from the z dependence of /76A .Under certain 

circumstances,however,the variation with z of the resonance 

line can cause an appreciable contribution via the term 

_ ,but we shall deal with these cases as they arrive. 

Provided loss of particles from the trap is not significant, 

-we may put,in some average sense; 

Ziaz  re“ = I / I \Las  

Using this result enables us to work out an expression 

for dbOldfas follows; (using eqs 30,41) 

-rat=  dw/cut 7? (z,  
wo yo 2- k .3 

IL -1712c;- p gurIT -(9DTa) [ftFIT:i  4 (I+ 
(7) 

DF,01 

vz,v,4,0 
1Widlri F0 (vz=firi) 

 

(50) 

   

Equations 49 and 50 are the ones to be numerically integrated. 

on the computer.The numerical techniques are straightforward 

and need not be discu.ssed. 
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2. The zero order distribution function Fo. 

The choice of a suitable distribution function 

Fo for these calculations is no easy matter.Clearly there 

will be as many different types of emission behaviour as 

there are distribution functions. The form of Fo finally 

chosen is shown in fig 20. Factors guiding this choice are 

as follows. 

Following Kennel and Petschek we suppose that Fo 

consists of a quasi static equilibrium in which high energy 

particles are continuously injected-probably by some 

convective mechanism-and diffuse towards the loss cone 

under the influence of whistler turbulence.The cyclotron 

resonance mode tends to give a pure pitch angle diffusion, 

(Kennel and Petschek),and gives rise in the weak diffusion 

limit to a pitch angle dependence of the form log(sinX/sino6) 

where Xe is the loss cone angle.We adopt this form even 

though the strong diffusion limit-with appreciable particle 

densities inside the loss cone-is often more appropriate. 

Another possibly important source of diffusion is 

electrostatic resonance with whistler components whose k 

vectors are not exactly parallel to B,but lie within a 

narrow cone centred about that direction.At any point it 

can be shown that 

-b/ (V 	(W/k 
1 C) 

at LOLA = 1/2.,and we expect electrostatic diffusion to be 

particularly intense at the resonance velocity corresponding 

to this frequency.Thus the electrostatic diffusion in the 

Vz direction will show a sharp peak at an equatorial Vz of 
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unity,tailing off towards higher velocities.At present it 

is not very clear what effect such an intense band of 

diffusion will have upon Fo,except that some kind of 

discontinuous behaviour is to be expected.Here we construct 

a rather arbitrary model. 

For equatorial Vz above unity we impose a realistic 

fall off with energy as 1/Vz4. Discontinuous behaviour is 

introduced by having a weaker exponent at lower velocities-

in fact 1/Vz1.4. There is also a fall off as 1/V1.
_4 when 

1.5.0nto this high energy particle distribution we 

add a thermal type component varying just as 1/W3. The 

final form of Fo,expressed as a function ofp-and W is; 
/ 	 n 

E(W)-) = '° ( 3LLD 	v y 	2  (W-4 + .16  i 	 v/3  
1,5" m=2. 	 )>1 n = 2_ 

(51) 

,Aot < / -c-  m-0 	2,(W-AA) -c 	n = o.7 
No attempt will be made to disguise the arbitrary nature 

of the above choice for Fo. However I am sure the reader 

will appreciate the difficulty of constructing a distribution 

function Fo that is (a)Analytic (b) Bounded in velocity 

space (c) Incorporates an overall fall off with energy as 

1/W2 and (d) Nonetheless has sizeable volumes in velocity 

space in which the gradient is of a pitch-angle character. 

1,4F le,•4( 
3. Computed results for the growth rates r I  (64) • 

The results for r , (ware illustrated in graphs 

23-29,and on the whole these will speak for themselves.A 

number of important comments,however,should be made.Referring 

to equation 49 we see that instability comes from a 

positive value for ( F.a4/A) ,whereas the usual fall off 
rw 
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11  with energy Fc .'Dyv  will tend to give wave damping.Thus 

the phenomenon of triggering instability is due entirely 

to the presence of a loss cone,and the sharper the pitch 

angle gradient the more unstable the system will be.Even 

IVso though, if the fall off with energy D  Wis too rapid,  
the instability may be 

--a 	. 
angle 74-52L  will almost 

whereas for high pitch 

important. Much of the  

quenched.For particles of low pitch 

certainly be the dominant term, 

angles 	will tend to be more 
e^* 

variation of ( with z*, i-  ,is due 

to the balance between these opposing contributions. 

An interesting point is the sign of the contribution 

from gradients in Vz,such as might result from electrostatic 

effects.Inspection will show that a decrease in Fo with Vz 

will give wave growth,hence a sharp drop in Fo at Vz=1 

could give enormous growth rates.This could be important in 

the triggering phase. 
„A 	)P 

Typical graphs of the variation of y with z*, 

are shown in figs. 22-26., for two values of the power 

flux R*=0.00002,0.000005 and for three frequencies cc 
1.=4  

0.4,0.5,0.6.Note that the pattern of r is hardly 

altered by changing R*,but that its extent along the axes 

is directly proportional to this quantity.Thus reducing R* 

tends merely to shrink the diagram towards the origin.Also 

in surprising contrast to Helliwell's predictions the region 

of maximum growth is found close to the equator and for 

rising and falling frequencies. 

It was found that the general pattern of the 

dependence upon z* and 	was not critically dependent 

upon Fo,and always had much the same form. In contrast the 
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"amplitude" of the pattern,and in particular its dependence 

upon 90 ,were very sensitive. The variation with cc for 

the particular Fo we have used is shown in fig. 27.A 

feature of almost any reasonable Fo is the rapid fall off 

in growth rate. with decreasing frequency.This is because the 

resonance velocity becomes larger and the supply of 

resonant particles diminishes accordingly.Also anticipated 

is a fall off of growth rate at high frequencies,P 77-787 

This is due to the increasingly thermal character of the 

distribution function at low energies. 

The graphs show that f is typically of order 

unity.In other,words the second order resonant growth rates 

are of the order of the linear growth rates whenTjTis one 

trapping period.The procurement of very large growth rates 

from second order resonant particle trapping is thus entirely 

dependent upon keeping particles trapped for many trapping 

Az4  
The results for tij are very similar in their 

dependence upon z*,R*, 	ce,except for an overall dependence 

on R* .A sample plot of To is shown in fig 26 for 

R*= 0.00002,04 =0.5.Note the two symmetrical zones in which 

the wave frequency is made either to rise or fall.The rising 

zone is on the receiver side of the equator,at least in the 

initial stages when 	is small. 

At this point we note that the entire description 

of VLF emissions remains the same 	if the direction 

of the static magnetic field is reversed.This merely changes 

the direction of rotation from right to left. 

periods. 
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\ CHAPTER 6 

THE TRIGGERING PHASE 

1. The initial growth rate. 

We now turn our attention to the triggering 

phase of the process-or in other words we examine the growth 

rates and rates of change of frequency to which the morse 

pulse is first subjected on entering the equatorial zone. 

To examine this initial phase we may put the power flux 

constant at some value R*=R*in,the frequency constant 

(re--= 	) ,and suppose that 

zero. 

is initially very small or. 

Inspection of the graphs points to two main regions 

of growth,one on each side of the equator.The actual growth 

rate will be proportional to Teo ,and will thus reach a 

maximum on the transmitter side of each zone.This value 

is estimated by 

y 	Ym* AZ:4Ye—ii2  

where 
	is the maximum effective trapping length,which 

will be the characteristic width of the growth region.We have 

already noted that the latter quantity varies as R*,and so 

the maximum initial growth rate will vary as R*1'5  .Now when 

R* is sufficiently low ( R*=R*o 	0.000001 ) we see that 

the permitted interaction region is only one trapping length 

long.This amplitude represents the lower limit of validity 

of the present theory,and is where the growth rate is of 

the order of the linear value.It may be that R*o is the 

lowest amplitude that can successfully trigger,though it 

is possible that linear amplification mechanisms could 
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could first raise a weaker signal up to this level. 

The maximum initial growth rate is conveniently 

expressed as follows 

L 
diL 

where ;c 	is defined as being the maximum value of ?4  

along the z* axis.Clearly equation 52 prophesies 

an almost explosive kind of instability,but the situation 

is rather more complicated than that.As the morse pulse 

passes the equator amplification occurs,but the group 

velocity tends to advect away the larger signal,and reduce 

R* to that of the incident wave.The equation governing the 

time development of R* in the triggering zone would be more 

likely to be of the following rough form. 

yarAr/er _  0--vilv  (0) coo R 
-Once R* reaches a certain critical value the growth rate 

will be sufficiently large to form a self sustaining 

generation region of an emission.The growth on the receiver 

side of the equator will develop into a riser,with a faller 

on the other side.A given morse pulse can excite one or 

both of these,and once the frequencies have separated,they 

will be completely independent entities-uninfluenced by 

each other or by subsequent incident waves from the transmitter. 

2. The triggering delay. 

The building up of the amplitude R* to a self sustaining 

value before the end of the incident pulse is obviously 

a complex process,and it would be very difficult to 

estimate the time it takes for this to happen-or the delay 

(52) 
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time as it is called.However we expect it to be mainly 

dependent upon morse amplitude R*in,and also 	(rim- . 

Clearly,the smaller is R*in,the longer will the 

delay time be.Although this remark is only qualitative,we 

can now get a physical picture of certain observed aspects 

of triggering. The fact that morse dots often fail to 

trigger,where the dashes do, is simply due to the fact that 

the time delay lies in between the duration of a dot and a 

dash-The triggering by the very weak, one second long 

Omega pulses can be viewed as a very gradual build up of 

wave energy in the equatorial zone,probably involving the 

magnetospheric reflection of wave energy. 

One also expects the delay time to be strongly 
-1/ 4k 

dependent upon the product yo 	.If this is too small 

the second term in equation 53 will dominate,and there will 

'be no build up of amplitude. On the other hand if it is 

large we would expect tremendous emissions to be produced 

in a very short time.However extensive analysis of delay 

times for a large number of cases (Helliwell) shows that 

this quantity is far more consistent in its behaviour than 

we would expect from the above considerations.The answer 

to this point may be as follows. 

Owing to the loss cone distribution function,the 

system will be linearly unstable and generate broad band 

turbulence(Kennel&Petschek).The linear growth rate will 

depend upon the resonant particle density and also on the 

pitch angle anisotropy,and will vary with Fo in very much 

the same way as 1(0  to„ .Concentrating for a moment on 
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on turbulence with W---(24/ ,we see that if the 

integrated linear growth along the field line more than 

replaces the loss of wave energy on reflection at the 

ionosphere,the system will be absolutely unstable at that 

frequency.In such a case a burst of turbulence would result, 

which would reduce the resonant particle population to a 

level where stability was attained again.We thus expect an 

approximate upper limit to the quantity 'Ka 
„

,for a given 

R*in,and under active conditions it may remain almost constant 

at this value. Such considerations do seem to explain the 

consistent behaviour of the time delay at a given R*,and 

also what seems to be a rough lower limit on this quantity. 

In fact,anomalously short delay times are never observed. 

3.  The frequency dependence of triggering  

The frequency dependence of the initial power input 

is shown in fig 28,which plots approximate maximum growth 

ratein the trigger zone at a fixed power flux and as a 

function of frequencv.The distribution function we have 

chosen peaks this around or*.:-.---5,but in practice it is 

found that triggering is consistently and sharply confined 

to frequencies around Dev.-.:4  -`N .This suggests the operation 

of some specific factor other than the general form of Fo. 

Three possibilities might be suggested:- 

1. The most likely explanation is as follows.The frequency 

0(4'6 -5 is a limiting one for ducting(Helliwell),and above 

this value a pulse will become unducted in the equatorial 

zone,giving a considerable loss of wave energy.Below 
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p(*=sc we have already seen that for most 'distribution 

functions the initial power input to the field falls off 

rapidly with decreasing frequency.Thus we might expect 

triggering to be most likely just below the upper limit for 

ducting,or at about O( 	.One may ask how it is that 

the mature emission is able to rise to frequencies well 

above this limit. The answer to this may be twofold.In the 

first place there is a very large power input to the field 

in a generation region, more than enough to compensate for 

wave energy loss due to unducting.Secondly,it is very likely 

that the generation region,unlike the incident signal,is not 

confined to the duct,and probably acquires considerable 

lateral extent during its development. 

Some supporting evidence for this view of the 

situation may be obtained from whistler data(Helliwell) 

Sometimes trains of whistlers are observed to have a.distinct 

cutoff at the ducting limit a= ,b ,but show signs of 

considerable growth immediately below this level. 

2. Another effect which may be operative is as follows. 

We have already discussed the intense electrostatic diffusion 

in the neighbourhood of Vz=-7.1 at the equator.This could 

cause a step in the distribution function at this point and 

give enormous growth rates around a 	C .In fact the peak 

in the graph here results from the discontinuous character 

of the Fo chosen. 

3.A third aspect of the problem is the long term effect of 

the previous morse pulses upon the distribution function.A 

theory of triggering basedupon such an effect is at present 



118 

being developed by Dungey and Abdalla. 

4. The offset frequency and the initial frequency behaviour 

One feature of emissions often observed is the 

frequency gap between the morse pulse and the start of 

the emission. This is easily explained as follows.Let us 

consider the resonant particle current that first appears 

in the morse pulse in the equatorial zone.This is sketched 

in fig. 29 for the case R*=0.000005,0(
#
=0.5. At z*=1000 

the current is in antiphase to the electric field,but 

steadily rotates to become almost entirely reactive at the 

equator.The direction of rotation is the same on the other 

side of the equator,and at z*=-1000 the current is again 

in antiphase. On average then this current will have a 

fractionally shifted wavelength of 

bk 	 --17 
k 	.too 

This shift is inversely proportional to R*in and for 

small amplitudes may be quite large.For example,for R*= 

0.0000025 we get 

k/k Pk • 0°3 

which corresponds to a frequency shift of about 100Hz., 

which is about the right value for the offset frequency. 

The first extra fields generated by this current will have 

this shifted wavelength.If a is small,the net result will 
be a steady change in the frequency and wavelength of 

the total field,this being proportional to -6D1 , and 
taking place in the manner described in Chapter 4. 
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However,if ON is sufficiently large,the original morse 

field and the fields generated by the currents will become 

separate entities as far as their subsequent development 

by resonant particle currents is concerned.The condition 

that this takes place is that the resonant velocity widths 

of the two waves become clearly separated in Vz.In this 

case'each wave has its own set of trapped particles,and one 

wave does not appreciably interfere with particles trapped 

in the other.Such separation occurs when 
	6k/j< 

a condition satisfied for gut) >30  approximately.We also 

notice from fig 29 that Scil,,g'k are of the same sign on 

both sides of the equator.Hence,if separation does take 

place,both riser and faller will start from a frequency 

slightly higher than that of the morse pulse by an amount 

50-400 Hz roughly. 

As the amplitude of the current generated fields 

overtakes that of the morse,these start to develop 

independently, and of course undergo a steady change in 

the riser will climb steeply away with a gradient 4;*, 
frequency proportional to °‘z_(JM/E ). The frequency of 

because in this case the contribution to -D --
a 
 from thetrzff 

2 
dependence is reinforced by that due to the phase variation 

of the total current with z*.In the case of a faller though 

these effects are of opposite sign,and in the early stages 

rO)44.Z: may in some average sense hover around zero.As the 

amplitude increases however, the contribution from 77724f 

becomes dominant,This explains why offset fallers often 
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have constant or rising frequencies in their early stages. 
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CHAPTER 7 

THE MAIN PHASE 

1.  The generation region 

After triggering has taken place,the wave train settles 

down to a semi equilibrium condition characteristic of 

the mature emission phase.This is the kind of situation 

described by Helliwell,and is illustrated for a riser and 

a faller in fig. 30.The head of the wave train is known 

as the generation region,and is where resonant particle 

interaction is most energetic and effective.This region is 

characterised by a very large power input,which must be 

sufficient to maintain the wave envelope in a constant 

position.In addition the frequency in the generation region 

is steadily changing.Downstream the resonant particle 

interaction is weak or non existent,and the generated waves 

merely stream down the field line to be picked up by the 

receiver as a rising or falling frequency. 

The generating region is a highly complex affair 

and it turns out to be practically impossible to describe 

1/ -1 
its detailed structure using the w '',and t 	diagrams. 

There are two main reasons for this. The first is that a 

condition of static equilibrium with a stationary wave 

envelope is never really achieved on account of the steadily 

changing frequency.The situation is more fluid with the 

wave field constantly adjusting itself to changing conditions.  

Secondly,inspection of the 1. graphs shows that the 

generation region should be quite narrow-typically about 

2000 units or 300 wavelengths.Thus we expect to find a 
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fairly large value for the quantity: 

1(E/V3
14 y TeS4 E 	, o0 E 
73D V-112 

However we recall that the calculations of w  were 

made under the assumption that E, W, k were all slowly 

varying with respect to a trapping period(,.-300), and 

they are thus not strictly valid in the present case.This 

breakdown is particularly noticeable at the tip where E",0, 

as here the field is determined by the resonant particles 

rather than the other way around. 

In fact the generation region will tend to 

behave like a single cohesive entity with a common frequency 

and rate of change of frequency. The current caused by the 

jet of second order resonant particles will have a 

relatively slow time response to the field ("-let-ik  ) and 

consequently its phase will not necessarily be that 

predicted from the instantaneous second order resonance 

conditions.It is this slow response of the current that 

Imparts to the generation region its cohesiveness,since it 

will tend not to respond to sudden departures from the 

common frequency and wavelength.If however,a generation 

region should become too long,this argument may break down, 

and it may split up into two or more separate units and 

give rise to multiple emissions. 

Although not much help with regard to structure, 

nevertheless,the endiagrams can still tell us a great 

deal about the generation region.Firstly, we expect the 

location of the generation region to be somewhere in the 

vicinity of the well defined maximum in r ,both for z* 
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and g'  ,in order that the power supply be sufficient. 

Hence both riser and faller must be generated close to 

the equator-a result in surprising contrast to Helliwell's. 

The rate of change of frequency .z.fT of a generation 

region is difficult to estimate.As a first approximation 

we may write 

feff 
4Y:40  (1v3 +1 Vni., 

where 'Nit, is some kind of average of 40 over the 

generating region.It is convenient to introduce here the 

concept of the core of the g.r.,which is the central 

section,of amplitude R*c which may be regarded as controlling 

the frequency behaviour of the entire field.If this idea 

has any substance,we may put leff equal to; 

	

* 	r YO ( 
V 

CA) 	
-7)1` 

C  ) 	c_ ) 5 
F  e:rf  

	

i0 ( 	+ I v -1,24 t ) 
Note that if this relation 	satisfied,then we must have a 

a self consistent wave particle picture,which is really 

the basis of the present theory.The wave field with a 

changing frequency organizes resonantparticles in a particular 

way,and generates the currents which cause that frequency 

to change. 

The growth rate within the generation region 

is more readily estimated.We have approximately 

Y *Teff e1A  TelLST*d/r 1/2- 
(54) 

where the integration is from the given position to the 

high amplitude end of the g.r., and Y _ 	lj  j  ( er/ 	is  1Z4() 

the instantaneous value.However,the jet of second order 

resonant particles 
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is actually driving into a region of rapidly diminishing 

amplitude R*,and consequently sees a particle trap 

steadily shrinking in size, in both pitch angle extent 

and width in Vz.Owing to the slow response time of the 

current,it will tend to retain the magnitude it had one 

trapping period previously,and thus the growth rate will 

tend to be somewhat bigger than that predicted by eq 54., 

approaching infinity at the tip of the g.r.We again recall 

that Y must be sufficiently large to satisfy 

V9 Ei -a7 r- E z 
in order for a g.r. to be established. 

2. Stability of the generation region.  

In the previous section we have endeavoured to 

describe the generation region. We now consider the very 

important question of its stability.For instance,if there 
c44  

are small changes in overall amplitude,position,or 	, 

do these quantities tend to return to an "equilibrium" 

value? We may put this question in a more urgent way. 

We have already noted the explosive type of instability 
f y, 	10-4 51/2_ 

in the triggering phase,where g 0: TN, 	.Once triggering 

has been achieved,what factors intervene to limit this 

explosive growth and cause the amplitude to level off? 

This is not at all obvious,and I put forward the following 

tentative explanation. 

A signal such as an emission will have a certain 

minimum bandwidth-i.e. E and 0 will have a random variation 

about their mean.In practice it is observed that VLF 

emissions usually have a bandwidth largely in excess of 
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the theoretical mini:mural:typically of the order of 

50-150Hz,but on occasions somewhat greater.The dominant 

cause of this broadening probably lies in irregularities 

in the cold plasma and the duct,and in time variation in 

the zero order distribution function Fo.In addition the 

output of even an ideal generation region will have a 

distinct bandwidth related to the scale length of its 

internal structure.Whatever the origin of the bandwidth-

and it is difficult enough to specify-it has a very 

adverse effect upon particle trapping.The randomness in 

E and 'W will tend to shake particles out of their trap-

in a characteristic time which we call Tmax. When the 

overall amplitude is such that the time spent by a resonant 

particle in the generation region is of the order of 

Tmax,two things happen.Since'ritffhas reached its maximum 

permitted value,the growth rate levels off.Secondly,since 

the rate of change of frequency is mainly derived from 

"Wazt-r-e-1--f 	,there is a rapid fall in rg .Now,if for 

the value of R* in the core of the generation region, 

R*c,the value of 

fev, iwya decrease in 

lies below that of the maximum in 

will result in a decrease in 

growth rate. This being so,the generation region can 

achieve a situation in which a decrease in amplitude causes 

an increase in growth rate-which is an amplitude stable 

situation.If the power input into the system is sufficiently 

reduced,such a stable configuration will not be possible, 

and the system becomes unstable and liable to spontaneous 

changes to other configurations. 
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3.Termination of emissions-hooks. 

Consulting the graph(fig 27) showing the dependence 

of 	upon frequency,we see that around 	the 

faller will suffer a drastic fall off in power due to 

the decreased supply of resonant particles,A similar thing 

.44 will happen to the riser after a longer time-say at oc 

The normal mode of behaviour in these cases is that the 

wave train escapes from the equatorial zone and the 

emission terminates. Sometimes the faller will slowly 

turn round and develop into a full length riser.Helliwell 

first pointed out how this happens.As the power input 

slowly weakens the generation region falls back towards 

the receiver and into the rising frequency zone.If M 

has fallen sufficiently by this time the power input will 

be sufficient to hold the wave train there. As the frequency 

then starts to rise,power input revives,and a fully 

developed riser comes into being. 

The converse process of the downturning of a riser 

is clearly less likely as the rising zone is already the 

downstream one.A suggestion for how a downward hook might 

be produced is as follows.Let us inspect the region 
-I/ * 

between the two maxima in the y iki diagram (fig. 26) 

We notice that in the rising zone there is a sharp decrease 

"V* 
towards the left in (w ,and thus in Ji.This variation 

?,* 
opposes that due to rre.-f-F and will drastically reduce Sett — 

conversely,in the falling zone dis reinforced.These 

contributions to R from the change in the resonance line 
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with Z* increase with decreasing R*,and it seems quite 

likely that a weak,unstabilised generating region will 

rapidly tranfer from the rising to the falling zone. 

Both these processes are tentatively illustrated in fig 

31.Helliwell suggested that risers turn into fallers as 

a result of a superfluity of power,which causes the 

generating region to spread upstream.It is possible that 

this is the reason,though if so it is difficult to see 

why downward hooks usually are so short. 

An interesting point is that the concept of an 

upper limit on the time for which a particle may be 

trapped makes possible the production of emissions of 

zero or very small frequency gradient,since r(1)
OZ 

 ere-ff,...0 in 

the body of the generating region.The appropriate 

configuration,shown in fig 30,will tend to be rather 

difficult of access,and is thus not often observed.- 

4.  Discussion of numerical values. 

At this point we see how observed numerical values 

for the frequency gradients of emissions fit in with the 

foregoing considerations.Before doing this we should point 

out that attempts to make accurate numerical predictions 

from this theory are not really possible,owing to the 

uncertainties about (1) The cold plasma density at the 

equator ,(2) The distribution function Fo, 	(3)The 

detailed structure of the generating region.and (4)The 

amplitude of the morse pulse.However a rough check on 

numbers can be made,and they seem to fit 
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fairly well together. 

The morse amplitude is well estimated by the 

offset frequency,which suggests R* 0.000001-2 roughly. 

The NAA pulses often do not exhibit offsetting,and their 

amplitude may be a bit higher at say R*=0.000004 .The 

emission amplitude is observed to be about 10 times greater 

than that of the triggering pulse,so we suggest that R* 

for the mature emission to be of the order 0.00001-2. 

This will give a generating region of about 2000 units 

long,or 300 wavelengths.In so far as the quantity Tmax 

exists,it is very much an unknown quantity,but let us 

suppose that it is of the order of 2000.The corresponding 

value of rg for a stabilised generation region is around 

0.000005-0.00001,which is in accord with observed frequency 

gradients for long time risers.Some short emissions have 

gradients rather steeper than this.Either their amplitude 

is very large,or else in this case the stabilisation we 

have discussed is neither present or necessary.Knowledge 

of Aj permits an estimate of Yo . 

Cc+ 
	

(D "Y(06/ 4  n- Y0,4 00 0 
	o 0 C 

This is quite a large linear growth rate,but is not 

unexpected since for these frequencies the ionospheric 

reflectivity is quite small.For R*~0.00002,a resonant 

particle will spend about 5-10 trapping periods in the 

g.r.,and the typical growth rate therein will be about 

10 Ye or 0.05.This represents a sufficient power input to 

maintain a generating region of 300 wavelengths in position. 
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CHAPTER 8 

CONCLUSIONS 

We shall conclude briefly by mentioning some of'the 

possible flaws in the theory,and with suggestions for 

alternative or additional work. 

I think the conclusion overall must be that a 

theory based upon second order resonance is able to give 

a reasonable account of VLF triggering and seems to 

explain quite a number of detailed features-though some 

of the explanations are a little tongue-in-cheek. 

The theory rests upon a number of crucial 

assumptions, and if any of these prove untenable the theory 

may require substantial modification.The first is the 

representation of the wave field by a wave with k parallel 

to Bo.It is well known however(Helliwell,Walter etc) that 

whistler propagation is a complex problem in .its own 

right,and it 1.ay be that a proper theory will require 

more details of a waveform in a duct-in particular it may 

be necessary to have a spread of k vectors about the Bo 

direction. 

A crucial test of the theory will be the accurate 

measurement of the electric fields at the equator in a 

morse pulse and in the emission.The present theory demands 

that the amplitude be sufficiently high such that resonant 

particles remain trapped for several trapping periods.The 

fields require? are about 10
-5 V/m for the morse and 10

-4 

V/m for the-I:mission.If observed fields are much below 
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these levels a low amplitude theory will have to be 

developed,but it is difficult to believe that this would 

give sufficiently large growth rates to maintain a 

generating region. 

Certain aspects of the theory remain obscure.The 

sharpness of the triggering aroundat•44  is puzzling, 

although several vague explanations for this were advanced. 

The chief difficulty however is in giving a proper 

description of the generating region,and in understanding 

its behaviour.Some of the ideas introduced in chapter 8 

were highly speculative in character and may not stand up 

to detailed examination. 

A great deal of additional work is really required 

on the nature of wave particle interactions in a narrow 

region in which amplitude varies rapidly.Another problem 

is that of the zero order distribution function,which 

warrants a good deal of theoretical and observational 

study. 

Whatever the deficiencies this theory may have 

it is hoped that it may shed a little light upon a very 

complex phenomenon,and perhaps pave the way for more 

sophisticated analyses. 
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(b) 

Fig. 1. Some examples of morse triggered VLF emissions 

on a sonogram,or frequency-time diagram. 
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Fig. 2. Further examples of artificially triggered VLF 

emissions.Example (c) shows triggering by the 1 sec,long 

Omega pulses. 
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Fig. 3. A sketch of the wave packet used for the 

trajectory integrations. 
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Fig. 4. Resonance lines in the Vres plane,for various 

values of the coefficients A and C. 
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Fig. 5. Resonance lines for various A and C,where these 

are of opposite sign. 
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FIG. 6.  
Fig. 6. Trajectories of stably trapped second order 

resonant particles,showing the method of constructing 

the trap in velocity space. 
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Fig. 7. Computed examples of the time variation of phase 

P and pitch angle C‹.? ,for trapped resonant particles. 

The curves are two separate examples of the resonance 

line. 
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trapping (large PW*) .The graph shows the boundary of the 
region in the Vj plane for 3 values of Vz. 
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Fig. 19. Sketch showing addition of current generated 

fields,labelled Ji,to the existing field,labelled Eo,to 

give a net field E with a shifted wave length.The wave 

length shift can be seen to be proportional toNpi/E) 
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the growth rate YE  (crosssection in the resonance 

plane) 
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Fig. 25. Plot of i ford. =0.5,R*=0.000005. 



-. 	
-.. 

VIIIPI  1  

CON5,75OF r,„ 
1,216 0.00002 

Rising zone 

.111‘11616  

Falling 
zone 

. 	. 	' 

1167,,  ..5  

, , ,,, .,. 	•.i 

.............--, 

. 

zt 

x •00001 

-8000 —4000 EQ 
FIG 26  

4000 0 
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* Fig. 27. Graph of the maximum value of L, TW,along 
the r=0 axis,as a function of (Oland for R*=0.000005. 
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Fig. 28. Estimate of the maximum initial growth rate 

(as a multiple of Yo) occurring in a morse pulse of 

constant amplitude R*=0.000005. This is shown as a 

function of 0,0 . 
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Fig. 29. Sketch of the amplitude and phase of second order 

resonant particle currents that first appear in a morse 

pulse in the equatorial zone.These currents have on 

average a shorter wave length than the field-thus giving 

rise to frequency offsets. 
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APPENDIX 1, 

The Numerical IntegratiOn 

We require to numerically integrate equations 9-14. 

This is done in a stepwise fashion,using a timestep 

Let us consider the progression from the nth to the 

(n+l)th timestep.There is no need to integrate over the 

very rapid cyclotron motion,so we factor this out of the 

equations by defining a quantity 

figislo< 	s t—tn 

4W. 	

-I? ki —k. \ - • I  . 2 i e t  (V  
W 	 • + i Z j  ( fi -Ah 

c  1 )1 _ 	I 	1 • - CF/grk  /0( ) 

04 

--2" /3  

dE 
Expanding about the nth time step as a function of (3 1 

and retaining only terms of order R,we obtain; 

R Q 	)14_n 	q qn Gn  g  e e 	r\AILV2/_.  W 	
Z' 	( 2504  

dh  4L:V,J).4 
a \a-Lin 

whereA,Tn are the values at the nth timestep.The equations 

of motion now become; 
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Note that in this problem Gn is not necessarily small 

as particles may fall out of resonance during the 

integration.Integration of the above equations from 

0-3•A gives the "recipe" for advancing from one 

step to the next. 
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+\n 	kr)-:n
tor.‘ 
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Also we have; 

Lon  = 

-Eh++ 
	 A 

Pn 	/4- 47z,1  
These expressions form the basis of the computer program. 

The time step, 	is of course negative,and is chosen so 

that the percentage error at each step is less than a 

certain amount (say 1%). The leading terms neglected are 

) 
relative to those retained. A convenient estimate of the 

required time step is then; 
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APPENDIX 2 

In this appendix we derive equation 22. We take a cold 

homogeneous electron plasma with a rigid ion background, 

immersed in a uniform magnetic field Bo in the z direction. 

We consider its excitation by a small transverse resonant 

particle current Jres,that depends only upon the coordinate 

z. 

The governing equations are those of Maxwell,together 

with the linearised equation of motion of the cold 

particles.Thus:- 

Vx13 = 
atT 

	c 
a g 

L- 

VxE 	—IL O13-/DE 

_ /V„ e V 

where Jc is the current due to cold particles of number 

density No.For transverse Jres,E,Bt,and V, will also be 

transverse.We may now write; 

a/-, -13 	xi-TC 	+. 
c 

(D/a. E = -L 	-B 

	

where _12 acimc 	ic,e  ijc 

E 



x + 	31/41  
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Elimination of Band Jc, gives the final differential 

equation for E. 
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