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ABSTRACT

The system first studied is that of an electrostatic
Gaussian wave packet in a cold uniform plasma,undergoing
excitation by a weak resonant beam.To first order in the
weakness of the beam the resonant particle distribution
function and resonant particle charge densities are
- computed.The results obtained are of considerable interest
in understanding the non linear limit of the Landau problem.
It is found that the power input into the wave field from
the resonant particles is initially that due to linear
theory,but after one trapping period the sign of the
power inputvchahges;and afterﬂmany trapping periods dies
away altogether.This result suggests that a homogeneous
system will not exhibit triggering instability.

Next,a similar system is studied-but inhomogeneity
is introducéd by having a spatially dependeht wave number.
It is found that second order resonant particles become
stably trapped in the wave,exactly as in the homogeneous
case,and after a trapping period these dominate the
resonant particle distribution fungtion and charge density{
- The growth rate,instead of dying away,is—found to increase
linearly with trapping time,and thus very large growth
rates may be found in a long pulse.Additionally,the
reactive component of charge density is able to cause a
steady change in wave fequency aﬁd wave number.

Finally,the whistler problem of the ;riggering of

h ]

VLF emissions by morse pulses is édnsidered,using these



concepts of second order resonant particle behaviour.
Trajectories in fields approximating those which might
actually be found.are computed and studied analytically.
It is found that second order‘resonant particles are
again stably trapped,and these give rise to currents that
are readily estimated. It is shown that the in phase
component of current is able to cause very large growth>‘
- rates and that the reactive compo#ent can give a steady
change in.waﬁe frequency.

The growth rates and rates of change of frequency
that would exist in an emission field travelling along a
magnetospheric fieid line are computed,and using this
data it is possible to give a reasonable account of the
whole triggering process.Quite a number of detailed
features of the process admit of an explanation in this
theory-such as the offset frequency,triggering delay,
formation of hooks etc. In addition the observed amplitudes

agree fairly well with those predicted by the theory.
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PROLOGUE

The aim of this thesis is to provide a theoretical
explanation of the triggering of VLF emissions by whistler
morse pulses in the earths mégnetOSphere.

It is generally agreed that VLF emissions arise
as a result of resonant wave particle interactions in
the vicinity of the magnetospheric equator.Such interactions
are not only non linear,but take place in an inhomogeneous
medium.The problem is obviously a very complex one and
practically impossible to tackle without a good understandinc
of wave particle processes under general conditions.

It was suggested by Professor Dungey that a thorough
study of the analagous but much simpler electrostatic
problem would be a very valuable guide to the more complex
whistler case.Accordingly the present thesis will be seen
to be dividéd into three parts.

' The first part deals with the simplest possible
wave particle interaction problem-namely that of the beam.
excitation of én electrostatic wave packet in a homogeneous
medium.This we shall see serves to elucidate the role
of particle trapping in the problem,but fails to predict
triggering. |

The second section is a logical extension of the
first and deals with the beam excitation of an electrostati.
packet in the inhomogeneous case-the inhdmogeneity being

obtained by means of a spatially dependent wave number.

1



This work shows how second order resonant particles
become very important,and predicts very large growth rates
and changes in wave frequency.

The third section is of course an application
of these ideas to the whistler problem,and takes the form
of a theoretical explanation of VLF triggering by morse

pulses.
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SECTION. ONE

WAVE PARTICLE EFFECTS IN AN ELECTROSTATIC PULSE IN A

HOMOGENEOUS MEDIUM
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NON LINEAR WAVE PARTICLE INTERACTIONS IN AN

ELECTROSTATIC WAVE PACKET

1. Introduction.

The problem of the nonFlinear béhaviour of electrostatic
waves due to resonant particle trapping is of considerable
theoretical and experimental interest,and has been the
subject'of much research.

The full self consistent problem in the general
case is very complex and'some simplifying assumptions
‘are usually necessary.While the guestion of particle
trapping dynamics has been qualitatively discussed (Dunéey,
Sagdeev) most of the analytic work has been in connectioﬁ
with the so called quasi linear theory (Drummond and Pines,
Bernstein and Engelmannj.The latter,however,is chiefly
concerned with the broad band noise problem in which
complete particle trapping does not ¢ccur.

The non linear time development of an infinitely
long monochromatic wave hés been studied by computer,v
(Klozenberg,Armétrong) but these treatments are usually
obliged to truncate higher harmonics and are only vélid
for a timé of the order of a trapping period.

In this paper we choose to study the non linear
development of a one dimensional electfostatichaussian
wave packet due to the introduction of a weak resonant
beam.This is a more physically realistié system than an

infinite wave and differs from it in several respects.,
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one of which is that resonant particles only interact
wifh the field for a finite time.Additionally,the results
are expected to provide insight into the wave particle
interaction problem in general,and should help to
understand the processes operating in the VLF triggered

emission problem.

2. Mathematical formulation.

The ambient plasma is homOgeneous,énd in order to
sidestep the purely linear dispersion (Houghton) is |
assumed cold or nearly cold.The zero order wave packet
field,i.e. prior to the introduction of the resonant
beam,is chosen to have the following simple form:

E®_ E, Cps(ch +ﬂ&>e‘xl/dl (1)
The governing equations are those of Poisson and Viasowvs
ofht+ VOUax = eEf 3t/ (2)
sy = —-4—7(”echlv (3)

It is convenient to deal with dimensionless quantities

related to the wave packet parameters as follows;

- eEOko/mﬂ‘L N :ko{ |
El- ElEs £'- -(:n/ko/f Fdv
ﬂe“?‘ = 4ﬁQL§F;Av/m .

where Fc(v) is the unperturbed distribution function
appropriate to the cold background plasma.We thus obtain,

dropping primes

a{:/a't-l-y 8--@/6)(: | ?E_a.F/BV - (4')
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BE/B - =4 j‘g:c{\/ (5)
x R | | |
Tﬁe zero order field becomes;z .
E) _ cos (X+l:)e”x W= (&)
For the problem as posed to be tractable at all it is
necessary to assume that R4 1. In this case it is well
knoWn that particles entering the wave packet within a
narréw range of the resonant velocity Yhes + R "é become
trapped by the wave and execute non linear oscillations
in the potential well of the wave.The cold particles of
the background plasma however will have a simple linear
response to fields preéent.On account of this differing
behaviour the cold and beam particles are treated
separately,the corresponding distribution functions being

denoted Fc+f Fb+fres respectively.Here Fb is the

nr and
unperturbed beam distribution function.In accordance

with our weak beam assumption we'suppose that the fraction
of particles resonant is very small.This fraction will

be of order 07 ‘where /y-is a smallness parameter
associated with the weakness of the beam.Note that ﬂ? is

in principle another smallness parameter independent of

R.Our program is first to expand £ and E in powers of 07 .

“:M‘ = i "?n(‘(n) : | (.7)
s = i%res(n)v (£)
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(n) -
E = YE™ (9)
Noting that J:£st is of-order-n+l the Vlasov and

Poisson’ equatlons may be wrltten

(s+ Y2 ) R Zz‘") 57 REDBEA,, (1

L . ‘vn) . * n-n n |
(V2 el RLE(”)E’ £l S REIF,,

a ("’ - ___!_ "") A {n-t
'ZSCE = R :F V—‘]—éf‘ij )yv (*)

- where the integrals are ovéf cold plasma and beam
velocities respectively.The time for which this rather -
~arbitrary expansibn in ﬂ? is valid is of the ordér of a
Landau growth period,since then EQZEHQ.However the system
can be studued for longer periods by a process of re-
ordering of terms i.e. E“)is included in e'?. Such a
process turns 6ut to require an enormous amount of
computation time however. |

The zero order equafions of the set (11) and (12)
are simply those to be satisfied by El?tthe wave packet

field in the absence of a bean.

(of
(e + VI = 7E Qf% a_lg-_"; ) 13)
52 "hﬂ —1 \Jﬁ+;r@2ﬁ/ —-;a_lzf\“ﬂ

For cold particles we may neglect the non linear term

£

in whlch we are not particularly interested.The first

ySince this is of order R ,and produces effects
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approximation to the distribution functlon about resonance

(o)
Fres’ is given by

4 R ) e e

where here the non linear term is important.The numerical
computation of Fres and its integral the resonant particle
charge density are the chief concerns of this paper.The
"first order field E{uis the soiution to the following

equations

© +v@ )l = REYOR/ay 0

() e '
oF = ,—'éjﬁm dv — "‘jf«fe«}e{l/ (14

P2
(0

[o) .

)

The non llnear terms E{ ) 3_;_[2 and )3‘Fn are of order
v

2.
R for non resonant particles,and can agaln be neglected.

(")

The nature of E is better seen in Fourier Laplace

transform;
(1)

Ewk = f/:ﬁf / ikl k) ().
‘ . afeld
pl= J£2 4 et ;(’"* S 5 g0

'Clearly then to first order in R and/7 +E bGs the response

of the cold plasma to an 1mposed charge density)/Q'/

)

Components oﬁ/a varying as.e‘ - will excite a resonant

response and produce a time proportional electric field. -

»

AArt

Conversely,higher order components as & will excite
only small electric fields.

a

For completeness the next higher approximations to Fres
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and E are given,but their computation is excéssively

1aborious and will not be dealt with here.

(B/abﬂu ké’"”a 2 )6 )t (%% + &aéa))

(% V%x)ﬁf Y - REWOR/3,
(2
U, E ‘f—Fmabv —L [p )

. < . _
The above expressions are to order /) R . Terms of order

2p% A
/}7 /Q - for the cold plasma have been omitted.

3. The computation of Fres(o)

The form of "]C /,Yaf Yi ) for partlcular values
.of Xo,To is found as follows.A sufficient number of v
values Vi are chosen (in fact about 250) vequispaced across
the resonant width. For each particle thereby represented
the equation of motion is integrated backwards numerically.
The method of integration is the standard one and is as
follows .At each timestep Tn,v,and X are expanded as a
function of 5: t—th‘, to terms of order Rz' .Substituting
X= tn-)-a-b, enables the entire tréjectory to be
followed in a stepwise fashion. If VEf is the véiocity on

entering the packet we may .then write Aat once,from eq. 14
—Fuh)(xo tevi) = Fp(ve) — Fblvi)

Since the resonant width is very narrow,we suppoOse
that the variation of Fb across the window is essentially

linear,so we put

Fpo= c(1+(v-0a2) :
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The overall picture of the beam excitation is shown in
graph 10. The quantity'-FSZ- is calculated as a functipﬁ
of Xo To V for various values of R and N. The reader will
be spared remaining computational details,and we now

proceed to discuss the results.

. (b)
4. The results for —F\&i .

It Qas found from the computations that the factor
largely determining the form of the distribution function
was the number of trapping oscillations 7L undergone from
the time of entering the paéket. Consideration will show
that this is z:ll estimated 5y

i
o~ f”N JRE!) dx’

In the computation it was found most convenient to
examine the behaviour of {%LJ behind the wave packet,
where }#’ is simply equal to NR/ .

For VL] -F(O) has a simple linear form as

follows;

0 L to+xDN —~V()'2’£7NL_{-Z{V0°-/)2‘,\_
HQL:JF;,R%% 1 )j . i

which for Xo{ —4/N becomes ( A ol /
) tay —(emIYN e
+ ol N ¢ BF/() T /:/ (tO‘f“X"/Vo)

The most obvious qualitative feature of the non
linear computation is that when'yb becomes about 1.5 and
completé trapping oscillations becbme possible,regions of
very sharp gradients,almost discontinuities,appear 1n'{(Q)

-

the number of these increasing rapidly with 74- .This
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behaviour is well illustrated by graphs 1-4,which show
-‘F/‘z at ¥o= —3.5M and at an arbitrary phase for various |
values of‘)ﬁ .In order to investigate the origin of these
discontinuities the program was made to count the number
of particle bounces that occured in each trajectory
integration.It was found that discontinuities coincided
with a change in bounce number. The trajectory at such a
'point must undergo a bounce actually at the crest of a
wave,for in this case two closelt adjacent particles

can fall on opposite sides of the crest and have totally
different paths.

® In order to examine the phase variation of 7Qu4 it
is convenient to make use of the fact that behind the

packet it must satisfy

(B/abv» Va/an)'f:
£ (v t) < -F,{Z (X v,k 2T)

The distribution function behind the packet is then

expressible in the follow1ng form.

‘FmL)(Xo,Vo f) Zﬁﬁ tn(to+x°e-cnxol -1)

(e
Examples of the phase variation of 7. for various

v and 4fzare given in graph 8.The sharp gradients indicate
that the higher space time harmonicslaifyi are important

when \f’ gets larger-there is a steady progression towards
higher and higher harmonics in the distribution function.

This is one reason why quasi linear theory may not be

applied to narrow band signals,these harmonics being .



19

ignored in that theory.

| The physical picture of the non linear phase
variation is one of a steady progression of discontinuities
in v.This is shown in graph 7 which plots regions of
different bounce number as a function of v,to.The graph
also clearly illustrates the shearing of the pattern due
to the phase mixing term .

Of considerable intgfsgp‘is the phase average
distribution function f§-+ 7&2? .Behind the waQe packet
this is Fb+ T6 the latter quantity being all that would
remain a long way behind the pécket after phase mixing
and diffusion had removed all other components.fi+-?%
is plotted in graph 5 for various values of'yL. Around‘
4%#;,,3 a plateau is formed but for {2 the grédient
is completely reversed.This reversal takes place during
the first trapping oscillation but-E; never returns to
its previous forms during subsequent oscillations-the
generation of higher harmonics in the distribution function
being an irreversiblé process.

The narrow regions of very steep gradients at the
edge of the resonant width are 6f interest with respect
to small signal amplification,and»afe analagous to those
in the Das theory of VLF emissions.

5. The resonant particle charge density.
As the source of the firsﬁ order field E(h{this is

of particular interest.At any point we must have
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‘F l°) Z '\’l') unt

An interesting feature ef the computations was
that /0 varied almost sinusoidally with time at the
fundamental frequency. The quantities‘/i /ﬁi?and higher
components were generally small,in spite of ﬁi,f$§‘ etc
being_ap?reciable.This averaging out of the higher harmonics
of F in the v integration has been noted by other authors,
notably Klozenberg.However it does not occur ivao does
not have a simple linear variation across the resonant
window.

The quantitye/qjois the time independent component
of density arising quite simply from the fact that the flu%
of resonant particles must be conserved even though the
velocity distribution has been shifted towards lower Zér
velocities.The form of F (graph 5) shows that/ombﬁsiz
for '\L'?l (with a much faster dependence for ’)L<Z .
This is born out by graph 9 which shows/%'%ehind a wave
packet of N=25 as a function of'VL .This density will
tend to be almost entirely neutralised by the cold plasma,
but in a finite geometry situation long wavelength
electrostatic or ion sound waves could be generated.

Graphs 6a and 6b show the form.oﬁfefu,the density
component resonant with the ambient plasma.Its amplitude
and phase are plotted as a function of x for two packets,
withﬁé values 1.5,2.5.The foliowing'featﬁres of these

diagrams will be noted:
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(1) The phase and amplitude of/pq)in the forward part

of the packets are such as to give the linear Landau
érowth rate. |

(2) After one trapping oscillation the phase reverses
sharply to give a damping region of a similar length.

(3) Further phase reversals occur downstream,but get
steadily less sharp.

(4) With successive trapping oscillations,density amplitudes
decrease,mainly because QZf?B and higher harmonics grow
at the expense ofcﬁ’ .Another important factor in this
decay is phase mixing,which is alone responsible for
killing the /Otusignal-downstream from the main packet in

a distance of the order of N.

6. i ' electric field.

" A qualitative picture of the time development of the
electric field can be seen directly from the /961 gréphs.
The front part of the packet undergoes Landau growth with
alternate regions of growth and damping behind,but with
decreasing amplitude.In the case of a warm plasma considerable
diffusion of amplitude from the front to the rear of the
packet would be expected. | “

. Another general feature to be seen is the
extension of the packet downstream,although this takes

place‘ih a rather complex and irregular fashion.

7. Conclusion.

The mechanism has been established for treating

the weak beam excitation of an electrostatic wave packet.
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even in the non linear limit of many trapping oscillations.
The results for the distribution function and fields

~are a valuable guide to the non linear limit of the Laﬁdau

problem. Of particular interest are the overturning of

E:,the flow of eneréy towards higher harmonics,and the

- pattern of power flow to the zero order field with

Ssuccessive trapping times. The overall long time effect

of the generated fields is to.increase the lengthfahd

amplitude of the pulse,but such proceéses only proceed

at a rate commensurate with the Landau growth rate.It is

thus difficult to regard these fields as being triggered

emissions in the proper sense of the word.
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SECTION TWO

THE BEAM EXCITATION OF AN ELECTROSTATIC PULSE IN AN

INHOMOGENEOQOUS MEDIUM.
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WAVE PARTICLE INTERACTIONS IN ELECTROSTATIC WAVES IN AN

INHOMOGENEOUS MEDIUM
1. Introduction.

In this section we study a system very similar
to that which we have just looked at,except that
inhomogeneous effects are represented by having a sPatially
varying wave number .In this case,certain particles-termed
second order resonant-closely satisfy the following

condition (Swift) v .
dvz_ dVws Vz = Yus (1)

s Py

These particles maintain a roughly constant phase with
respect to the wave and are continuously accelerated by
it.The pattern of power input from the particles to the
wave is expected to be radically different from and more
sustained than in the homogeneous case,and our task is
to more or less coﬁpute it rigorously from the resonant
particle distribution function.
The study of the above system should be of

considerable help in understanding the causes of triggered

‘emissions in the whistler mode.This also is a wave particle

interaction problem in an inhomogéneous medium-though
considerably more complex than the electrostatic case.

2. Formulation of th

' We consider a one dimensional electrostatic wave
packet whose electric field is taken to be initially of

the following WKB form; v ' -
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Eo — E(JC)CDS (ﬂg\:'—l- koDC—-—'—lj k’xl) /_(JJ
The linear variation of wave number is one of the
simplest ways of invoking second order resonance effects.
The quantity E(x) is the envelope of the pulse and is
conveniently chosen to be square with Gaussian ends.

We may make varying assumptions about the ambient
plasma.The above field is a perfectly valid solution tb
the equations apprbpriate to a cold homogeneous plasma,
although how such a waveform would be set up in practice
is difficult to see.A more physically realistic picture
would be that of a one dimensional aeriel transmitting
a pulse of frequency fk1 into a hot inhomogeneous plasma,
but this involves problems with the self consistency of
the ambient plasma,and from the point of view of a purely
wave particle interaction study,the former option of a
cold homogeneous background is more convenient.

.At zero time a weak beam of resonant particles is-
introduced.These undergo a complex non linear interaction
with the field,and we wish to investigate the resulting
time development of the wave p&cket.The overall picture
of the unperturbed distribﬁtioh function of the ambieht

plasma (Fc) and beam (Fb) is shown in fig. 1.

3. Analysis

The problem as posed is only tractable if the resonant

beam is weak-that is,the number density of resonant

-

particles is very much less than that of the ambient
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plasma.The corresponding smallness parameter is;

M~ Mes/p, &
This point is discussed in more detail in the
first section.To first order in nz. the.distribution
function about resonance Fres is given 51mply by

i%tﬂt Vohy-2E, a/av} Pos = (3)

| (ItF“"‘”
The quantity Fres may then be readily obtained by
integrating resonant particle trajectories in the zero
order field Eo and applying Liouvilles theorem(eq 3)
Again to first order in n7 the wave packet field E
satisfies the Vlasov and Poisson eqﬁations with an extra

term inserted from the resonant particle charge density..

(6/3(: + V’B’LBJQ) ! + e/ E oFc /av =0 - (&
OE = —471e Eldy — 47T (Fres — Fb) dv (5)

ox

Hefe Fc' is the perturbation in Fc,and the non linear

term has been neglected,being of second order in the wave
amplitude. The fwo integrals are respectively over ambient
plasma and beam velocities.Further discussion 6f the nature
of solutions for E is postponed until we have discussed

the dependence of resonant particle charge density upon

E.

4. _The numerical integration.

Since equation 3 is completely non linear,we require

to determine resonant particle trajectories numerically.
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It is convenient to work_in dimensionless units as
follows;l n rLaEr

* 2 —
k' = k‘/ko , t-
)(I= kcx : (‘R = -e’onko/mnel (6)
vl= \/ko/ﬂ.&

The equation of motion then becomes,dropping primes
dx _ —RE()cos (X-tt—_—;-_k*)(’”)' (7)
Cbtl
The guantity E(x) is the envelope function and is shown
in fig. 2. To find Fres at a given position x and time t
equally spaced velocity increments are taken (Vi),
covering sufficiently thickly the velocity range which
has interacted resonantly with the field up to that point.
The trajectory of each particle thereby represented is
integrated backwards in a stepwise fashion until clear
of the packet at 25*250. If the velocity at this point
is Vf,then we may say,using eq. 3, )
Foc (Vi) = Fu(V#) (&)

where for simplicity Fb is assumed to have a linear
dependence upon v. In this way Fres and the feéénant :
particle charge density 5(‘:\95—’ Fb) d\r' are computed at
regularly spaced positions along the packet,and for 12
values of phase.This is done using various values for
for the dimensionless numbers R and k*.

The technique of the numerical integration is

relatively straightforward and a standard one for such’
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problems,so the reader will be spared the computational

details.

5. The dyvnamics of second order resonance

Before doing the actual computation we may determine
a good deal about the behaviour of second order resonant
particles by analytic means.

- The particle equation of motion is

vy = ~Rcos(x+t-1hK%?) - — Rees 4 @
whence; \/’UUS = — l/((~k*;() = '//: (10)

For exact instantaneous second order resonance we must

have

c_i/dtis—_-%%éz—Kwsy%: k*/k—'g | (11)
~ L * = A :
by = cos™ (KTRR3) v=Vuws a2
That is,a part'icle with ¢= ¢o will maintain a constant
phase with reSpect' to the wave.An important consideration
is wether such a resonance is stable or not-in other
words,does a particle with a slightly different d
oscillate about SLO or fall right out of resonance?This
-is easily investigated as follows.Define small displacements
¢I and . V’ about the second order resémance position:
V’ = V — Vg ___QSI': ¢‘» ‘790
whence C{Cbl/dt = kV‘ (13)

and (JVi/dt = :ESM¢0¢/ - (14)

The equation governing V' is then

d&Vl/O”.z — 1€R sun 950 \/I = 0 - (15)
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Clenaly for Sin (fo{o the solution'is oscillatory in
charécter,whereas for Sin ¢°>0 the motion about the
sécond order resonance point is unstable and particles .
fall out of resoné.nce exponentially.We thus expect that
particles with ,V,\,Vres and ¢~¢D Where
¢° = Cos™ (- k;‘/’RL3) TTL by (27T

will be stably trappéd secénd order resonant particles
with' a natural period of os'ciliation in the trap of
(E RS’M(}SO)‘I/Z' ,Which is of the order of I-{"l but somewhat
greater for ¢p~ TC; 2)C .Furthermore we expect these
_trapped particles to stay in resonance with the wave for
very long periods,as they are able to continuously adjust
to changing resonance conditions.

These trapped particles are generally expected
to occupy a well defined area in % :V space,whose

: /
boundaries are readily estimated as follows.Define X - (‘é/k-

Whence V': d/xl/dt
nd [ ._'-R(cosgﬁ_-—wsqgo)
Thus 5(" —_ —-R (OOS kXI—-' 60594‘3) ‘

——

The behaviour of X' is now exactly as in a static
potential problem.Particles escape from the trap when
V' is such that they can just reach 56: ~ ¢o (fig 3).

At a phase 9!/ the boundaries of the trap will be at

V = Vg + AV where AV is given by

~bolk |
"iAVl" K } S (ws[<x'—cos¢o>d)(’ |
4’1/[ :
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il

‘AV {'ZK/E(COSSéc((ﬁQ“ <}5,).—§iﬂ¢o—Sm4>,)] ‘,:L

The area is thus elliptically shaped,centred on Vres,
¢0 , and extending as far as ¢=—-¢a.

The approximate differential in distribution
function between trapped and untrapped particles will be
proportional to T rthe time for which particles have
been trapped.i.e. |

AF ~ —OFbly R g, (TIR7%)
Note that since (R’/LBH’/BV is appréxixnately the variation
in F appropriate to the homogéneous‘problem,the existence
of second order resonance will not stand out 1n the
distribution function unless the particles have been
tfapped for at least two trapping periods i.e. |

T af'l2
Note that as k’%—‘)o ’ é—“?-g' and the actual number wof
trapped particles becomes a maximum,but in this case
¢os RA,.'—>° , AF=>0 ,and the system reverts to the
homogeneous case.Conversely,when /(*N ?ES there are
strictly no trapped particles,but for a finite length
‘pulse particles will be found which suceed in remaining
quasi trapped.That is qgfv © or JC for the period of
tJ'.mbe they are in the wave packet.

| We may now turn to the numerical results for a
finite'pﬁlse and see to what extent these simple

predictions are realised.
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6. Numerical results for the reséﬁant_garficle
distribution function,.

The form of the resonant particle distribution
function Fres inside the wave packet was found to be
largely determined by two parameters.The first of these
is k*/R (assuming k=1) ,which as we know ¢ontrolsvthe
: dynamics of second order résoﬁance.The second is 71- ,fhe
number of trapping oscillatiéns undergone by the éarticle
since entering the packet.

~N < S?"lM , | (21)
‘It seems that jﬁ— is the parameter that determines to
what extent non linear and inhomogeneous effects appear
in Fres.For’ﬁLZ?[ the form of Fres is fhat appropriate
to the linear homogeneous case.This is born out by graph
4 which shows Fres at two opposing phases for Yol .
Thg curves exhibit the familiar linear form.After one or
more trapping periods (ﬂ#jnz ) Fres becomes non linear
and acquires a quasi discontinuoﬁs structure as in the
homogeneous casé.In addition second order resonance effects
become discernible,trapped particles having a markedly
different F from the surrounding untrapped particles.This
is well illustrated in figs 5@6 which show Fres at the
end of the packet (z2=-200) with R=0.0005,K*=0.0002,and
for two values of phase,O and-J{ .Note the block of second
order resonant particles centred about the local resonance
velocity V=0.96 at the phasé 9 .such particles are

-

not of course seen at zero phase.The same thing is
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observed in graph 7 which hasvR;0.000S,K*=r0.000S,55=O.
Here the block is centred around V¥l.09 and as expected
the widthvin velocity is much narrower.A common featurg
of these diagrams is the succession of spikes at regular
intervals in v.These are small groups of particles that
were initially trapped in ghe wave but became untrapped_
at Qéridus pdsitions down the packet.
| It is of interest to see how the computed distribution
of trapped partiéles in v,¢ space compares with the
simple analytic predictions of the previous section.Graph
8 shows this for R=0.0005, K*=-0.,0003. The result is more
or less as expected except for the fail of pseudo trapped
particles extending into the unstable trapping zone.This
is hardly surprising when one considers that the typical
time for untrapping is of the order of the time spent in
the wave packet.With larger 7%; values this tail would
become steadily less significant'of course,but computation
in these cases would take far too long.Finally graph 9
shows the extent of trapping for R=0.0005,K*=-0.0005.
The shaded areas here are all pseudo trapped particles,
since aosq&f§/ .It can be shown however that such particles
can maintain a constant phase with respect to the wave
for times of the order of( "‘—{—K y"/?" ;,which in this
- case is sufficiently long fér them to look like stably

trapped particles.

7.Results for the resonant particle charge density
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The resonant particle charge density/o—_-f(ﬁu_[:!))
is important because it is the quantity responsible for
the time variation of the wave packet field.Note that

by definition ‘ :
FiLO(f:) = quas (f?*TJZTT )

we may express//> in the follow1ng form

p= RY )" e
When considering modlflcatlon to the wave packet field
and power transfer betweén resonant particles and the field
only the /é: component will be important,since this is
the only one resonant with the ambient plasma.

la d
If A¢ is the phase difference between/0, and E,

defined in the following way

/01'—'2 /]e

then we shall shortly show that the rate of growth is

‘LA¢ (23)

-

of E is proportional to the in phase component,or[ 1/CcSZ¥{ .

S~
Accordingly,in the graphical output we choose to plot Eﬁﬁ/

Pross e .
I/_oL ‘) Atj))l/o, f COSA4) as' functions of x.We select R=0.0005
and consider values of K* ranging from .000l to .0008.The
graphs of these quantities (figs. 10-17) will tend to
speak for themselves,but we note the following important
features:-
. ~o

(1) The initial form of /O/ (~f.l) resembles that found

for the homogenecus problem-namely an initial peak,
followed by successive phase reversals accompanied by a
rapidly diminishing amplitude.Superimposed ﬁpon this -

pattern is a contribution from the trapped particles.This
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part increases appfoximately linearly with “f' (and hence
x) ,and for L' P2 is completely dominant.

. (2) The second. order resonant contribution to charge
density gives a direction of power flow which is the same
as in the correspending.linear Landau problem,and this
regardless of the sign of K*.

~7

(3) The phase of the charge den51ty'//0, settles down.
to a value close to ¢ . il.e. Aq§ ¢
(4) The magnitude of the linearly increasing component
of /0i - O as K* -—> O0,and reaches a maximum fof K*/R A..75
(5) For K* > R a different form prevails.The power input
levels out to a constant value which is a decreasing
function of K*-R.The phase in this case slowly drifts into
the unstable quadrant.
O~
(6) As expected for small “%L l/ﬂzlis very small,but for
A
r¢;7ll f9 becomes distinctly anharmonic,/&_reaching a
. ) ~'
maximum when K*., R.When K* exceeds R,;Qllquickly drops
to low levels. V
N
(7) . The time independent-component of density /CQ was
found to be consistently small,in fact usually below the
computational noise level.The last two results are in
g

curious contrast to the homogeneous problem where/po was

appreciable and //%l negllgible.
8. Interpretation of the resonant particle charge density
results.

The foregoing results can be readily understood in

terms of our simple model of resonant particle trapping.
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The wave in the‘inhomogeneousvcase is behaving essentially
like an accelerating potential trap.At the front of the

- packet particles become trapped,and oscillate within the
potential well,giving rise to a transitory oscillatory
charge density,which dies away as the motions of the
particles in the trap become dephased.For WszZ_the dominant
component of density arises from the displacement in velocity
of the trapped particles.This'contribution may be ciosely
estimated as foliows.Let us assume for simplicity,that
within the trapping region,as previously delineated,the
distribution function is unifofmly changed by an amount

A F,where

AF ~ (’T’/R-l/z)ﬁllzwsygo aﬁ/av

whereas the distribution function of untrapped particles
remains at Fb.Integration over v will then give the density
as a function of phase.Inspection of the trapping diagrams
(fig. 3) together with eq 20, immediately furnishes the
qualitative features of‘/o

Clearly /0 will-have a linear dependence upon
af%/éu' the number of trapping perlods(T7/7€ 4 ,and upon
amplitude R.It will also depend upon the size of the trapping
region and the factor COS?L.These last two effects vary
oppositely,and the maximum charge densities are obtained
for K*/R ~ .7. -

Also since the trapping region is nearly symmetric

~

about ¢ sthen /, is expected to have this same phase.

Further the amplitude of/ql will depend upon the spread
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in phase of the.trapping region.For R~ K* W becomes
very narrowly confined in phase and;CéEj is consequently
a maximum at this point. ' |

Note that this simple representation of Fres
will not predict/éi— correctly.This is because on the
average there is a small change in the distribution.function
over the whole range of velocities which have resonated
somewhere along the packet.This contribution appears to be -
éuch as to reduce/é;’ to close to zero. |

The case K* > R'conderns only pseudo trapped

particles,and is less easily pfedicted.The.resonance time
is now determinea by the time particles are able to stay
in resonance,and not by the length of packet upstream.Hence
the levelling off of!}%? and its gradual decrease with
increasing K*-R.Also the phase dependence o{/ér in this case

closely corresponds to the location of quasi trapped

particles in ¢£V’ space as observed in fig 9.

9. e , he electric field

We now wish to ascertain the manner in which the electric
field develops in the presence of cﬁarge densities of the
. type we have found-in other words Qé solve egs. 4 & 5.

We shall see that as a result of resohant particle
interactions amplitude and wavelength.will become slowly
varying_functions of both position and time.The problems
of estimating the resonant partiéle charge density in such
a more general field is rendered acceséible by one important

property of second order resgnant'Charge densities.Provided
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‘ fYszzs (on account of the stable nature of the trapping
tbe.phase difference between /;7 and E will alwayé tend
to adjust, itself to (P, as defined by the purely local
values of k,k*,R.This of course will only be true

provided ¢b itself varies only slowly with respect to

a trapping period.The amplitude of/ér is less easily
fixéd.Clearly one should iﬁtegrate over the trapping region
as locally defined,but in geﬂeral the quantity AF will

be difficult to assess,depending upon the histories of

all particles in the trap at that time.For example,systems
where the size of the trap undergoes substantial Qariation
will be particularly difficult.

The overall picture then is of a chérge density

always maintaining an approximately constant phase with
'respect to the electric field,and with an amplitude

that is generally linearly x dependent.

In what follows considerable interest will centre

on the reactive component of charge delisity OJ;ISH\ﬁa .
This will continuously generate an electric field W2 out
of phase with the existing one.On account of its x
dependence,this charge density will cause a combined

field to have a shifted wave length.Subsequent resonant
particles shift the wave length still further and so
forth.Thus at first-sight we might expect there to be a
steady change of wavelength,and for a warm plasma,of-
frequency also.Thus in obtaining solutions to egs 4 énd 5
we are particularly concerned about rigorously justifying

this rather contentious suggestion.In addition we would
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like to know what the rate of change of k is,and under

what conditions might we expect to observe it.

10. Analysig

In studying the interaction between charge density

and the field we adopt a localised approach and assume A
that the ambientvplasma is homogeneous (in other words k
is independent of x)

For a cold plasma eqs 4 and 5 yield the differential
equation governlng the time development of E.

%x(aéf:z‘ + n"”)E 4—)L5/7/9tz. | (24)

To make the following analysis more general we

insert a warm plasma term as below-so that frequency is

a function of wavelength.z-
. (° bél*”*Aa/Bx’L)E-—‘F‘Ta//at’* - (29

This equation corresponds to the case of a hot
ambient plasma only as a first approximation (Houghton)
We now express E as a product of an amplitude and

a phase factor.
£ = E(x)b)cvs $(x t)

We assume that only /Ay is important, ,and we work with
the in phase ( and reactive components ( ) of
phase U2 > comp %

charge density as follows .

L= /D,Q ccsyf -+ Pz Sin 95 (27)
In accordance with our previous discussioh/ﬁfafﬁ;will be

only slowly varying functions of x and t.We now substitute

in eq 25 for E anq/o rand collect together terms in
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cos¢ and sin%. Equating each set of terms separately

to zero we obtain:

tx(ﬂ W 3pk*) - AExxx+£&tx 2wkEE

—2Fkw = — 47w - (28)
Ek(w—ﬂ Ak} Eer K — 25<tw—gE&ke

____E/x,wt_-E‘ktt + 3Ak E:xx = —4T0Pr W (_Lq)

Here the subscripts denote differentiations,and &/ and k

are defined as being:- W = a¢/at- k= ad/a.(_

Terms in // /3; have been neglected in comparism to
UJ/’,( r We -Also those involving kx have been omitted.We

now note that for a weak beam (/)7 L] )/0(/01 k[: [&
are all of order /y .Let us define a proper frequency
E)—o froxﬁ the dispersion relation
‘ We* = nL+ /qkl
and put; (J= Wo+W
In general Ld’ is of order /}7 .Substituting these expressions

and eliminating second order terms there remains
~2Wo'Ex + 2AK*Ex — AE,, + Ettx — 2 10,k Ep
—‘-ZE/(II:U)O = —47T/’,¢ We > (30
REkwow' — Eerk ~ 2 Ext wo ~ 2Eeke — £y wi

— Ekie+ 3RkExx = — 4T Wo™ (32)

Solutions £? ’ 9{ satisfying these equations will of
course give an E field that in turn satisfies eq. 25 to

first order in/‘f] .It has beeh found by experience with
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these equations that eliminating apparently small terms
is highly dangerous,and also that the initial time
behaviour of a particular field configuration can be
misleading indeed.One way of obtaining an exact long -
time solution is to assume thét/@('E; Woe and k are all
indgpendent of x,and that/Qi;varies only linearly with

x.In this case equation 31 becomes .
_b_f = lTC/”RWo/k + E 5k/3t/k (33)
0 - |
Equatlon 32 gives
w'= Ett | Etke sEkir _ 20prw0 (g
2Ewo  Ekws 2EKWo Ek

Differentiating with respect to x then gives

B Dk - ! | _awwe 2 oy (35

Xot = BE  ox “EK ox

1so

2 dWo — ok k — __;gﬂ}A o ,
I é’d; = Ml 0

Thus in a system in which these various x
deéendencies may be ignored,we db in fact quite rigorously
obtain a steady change of frequency and‘wave number
proportional to the gradient of /21. Noting that af%&'is
of order‘R'L'we see that

(kt/k)/ (EI:/E) ~ R
Hence the local growth rate is to a gogd approximation
proportional tq/4Q/E'as expected.
Our equations are of little use for Ex%O.Quite
apart from the general complexity simplé linear wave effects
produce terms of zero order in.ﬂ7 ,as dealt with by

Houghton.However, if we consider our simple picture in
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‘which charge density generates an additional field

which is continuously added on to the existing one,there
seems every reason to believe that the wave number shift
will still take place evem though E is still x dependent.

A little consideration will-show,however,that the expressioﬁ

for k{: has to be modified as below;
oK — " ) T )
¥t ~
Again,such variations in E must be slow compared to a.

_ v/ .
trapping length *, rin order that the amplitude and phase

of the charges be predictable.

11. Development of the wave packet.

We now look at the overall time development of the
wave packet itself.

The quantitx/ék increases linearly with x so we
expect to find the maximum growth rate at the downstream
end of the wave packet.Note that very large growth rates
can be obtained merely by trapping particles for very long
periods.For instance,if the packet 1is 10 trapping lengths
long,the growth rate at the end will be about 10 times
.‘the linear Landau value and so forth.At-a given position

we will have approxXimately 7N

' ~ 3/
QE \Slcos $y ~ kYR ~_E
ot )

whence @ £ = glqb-f’\/{c)

Although the growth of the field is extremely rapid, for
large times it is less than exponential.Eventually of

course growth will stop,either because the resonant width

exceeds the beam width,or because the wave number change
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'ﬁéves the resonant veiocity outside the growth region.

Consulting the graphs we see that/aI; increases
linearly downstream. For k*>C1 we expect a'steady
lengthening of wavelength and a shortening for k*( o .
Note that :

ki ~ Snbo OPalin/p E'x
and the rate of change of wave number increases with
E as at large amplitqdes/QE becomes entirely reactive.An
interesting case is when E is sufficiently weak so that
/?*>';3 .In this case there is very little change in

wave number,and the growth rate is rouéhly constant with
distance,and only of the order of the linear value.For
k_¥>7k power input to the field is very small.
12. Conclusion.

Our most significant result has been that for
an electrostatic pulse with spatially varying wave number
secona order resonant particles become stably trapped in
the wave,giving rise to a steady change in wavelengthn
and causing a power input increasing linearly with
trapping time.This sustained gréwth rateuincreasing
downstream is in sharp conﬁrasf to the resuits for the
corresponding homOgeneous'problem,where the power input
dies away after a few trapping periods.

What we seem to have then is a special kind of
resonant particle insta.ility appropriate to narrow band

signals in a collision free inhomogeneous plasma. Such

-
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-instability is not predicted by linear or homogeneous
analyses.Further it seems reasonable to suppose that
analagous problems invoiving other wave £ypes-particularly
whistler and Alfven waves-should exhibit similar
behaviour.It should be pointed.out that there is a large
variety of ways on invoking second order resonance effects.
(Schram) .It is only necessary to have a time dependence
on at least one of the quantites determining the resonance
velocity.This may be achiévedvby a space or time Vafiation
of frequency,magnetic field,background plasma density,
or even by relativistic effects.

Having found such promising results for this
simple electrostatic problem,we now turn our attention
to the analagous whistler problem of triggered VLF

emissions.
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SECTION THREE

A THEORY OF THE TRIGGERING OF VILF EMISSIONS

IN THE WHISTLER MODE.
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N

CHAPTER 1.

INTRODUCTION,

1. Description of the process.

In this work we shall be concerned with the
propagation of whistler mode waves through the earth's
magnetosphere. The question of how such propagation takes
place is a difficult one in its 6wn right,and has been
extensively studied,particularly by the Stanford Group.The
interéSted reader is referred to the extensive literature on
the subject.Here we shall confine our attention to the so
éalled ducted mode in which field aligned density ?ariations
or ducts channel the signal along a field line in such a way
that the wave number vector is always closely parallel to
the magnetic field.We shall not consider the recently
discovered unducted mode (Walter,Scarabucci et al.)
in which the k vector is not parallel to the magnetic field,
and which seems to rely on natural focussing effects.

Ducted propagation makes it possible to transmif
whistler signals such as morse code from one point on the
earth's surface to its magnetically conjugate point. During
such transmissions "triggering" often occurs, in which the
whistler pulse will stimulate the production of a large
amplitude, narrow band signal of a rising or falling tone.'

Thanks to U.S. military morse transmissions,a great
deal of data on this phenomenon has been collected in recent

years. High power V.L.F. transmitters are located at Jim
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Creek,Wash.(NPGY\itls.G Kcs and 2.105 Watts, and at Cutler,
Mainé (NAA) at 14.7 Kes and 10° Watts.The magnetospherically
transmitted signals are éicked up in the southern hemisphere
at Eights,Antarctica. The full details of such data will be
found in the literature(Helliwell, Smith ,Carpenter etc), but
here we will draw attention to the important features of
morse triggered emissions which any theory of the process
should be able to account for. |

l. The emission usually has a considerably larger
amplitide than that of the triggering signal,and once started
is a self sustaining entity which may continue for some time.

2. The occurrence of triggering is closely confined to
cases where the morse frequency is just below one half the
equatorial gyrofrequency on the path of propagation.

3. On a time scale of minutes triggering is a reproducible
process. However there is a considerable variation in
behaviour thfoughout'the day and from day to day.Triégering
occurs for only a fraction of transmissions actually made,
but on some occasions the original morse is completely
swampéd by the additional signals.

4. The signal at the receiver is usually analysed in the
form of a frequency-time diagram. Some typical examples of
the appearance of emissions on such a diagram are shown in
gréphs 1 and 2. They usually have rising or falling tones,
emissions of a constant frequency being rather rare. The
frequency at the start of the emission is usually that of
the morse,but it is often displaced upwards by a small amount

~~ 3 OOHz,known as the offset frequency.(Helligell)

5. The rising tones frequently go to high frequencies
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quite near the eqyatorial gyrofrequency. The frequency
gradient and amplifqde may vary;Considerably on route,and
.some risers terﬁinate with a downward hook.The falling toﬁes
are usually shorter in duration;and very often turn round
to become full length risers. |

6. While some emissions seem to be very sharp or narrow
band in character (with a bandwidth of say 50-200 Hz), on
some occasions they are very broad. Detailed examination of
these cases however,shows that several emissions may be
present, very close together.Risers are in fact sometimes
observed to split up into two during their development.

7. It seems that a definite time-or length of pulse- is
required in order to trigger an emission. This delay time-as
it is called- becomes shorter as the triggering pulse is made
stronger. This is born out by the NAA transmissions where
morse dashes are able fo trigger,but the dots are too short.
In this connection a fascinating result is that of the Omega
transmissions (Kimura). The station at Forest Port N.Y. of
only 100 Watts ( 10.2KHz) has been observed to cause triggering
from pulses of one second duration. |

8. At this point we would draw attention to various
phénomena closely allied to artificially triggered emissions;
These are triggering by natural whistlers and the innumerable
varieities of spontaneous VLF emissions. We shall not deal
with these in this work, but the general theory developed
should be applicable to these cases.

The aim of thiswork then is to give a theoretical
explanation of morse triggered emissions,and to account for

the various detailed features of the process.
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2. Previous theories.

There is general agreeﬂené among researchers that
‘the cause of VLF emissions most likely lies in the
resonant interaction between energetic radiation belt
particles and the wéve,and that such interaction is most
significant at the magnetospheric equator where the resonant
velocity is the lowest.It is of course possible that the
observed emissions originate in the ionosPhere;but more
detailed satellite observations are expected to confirm
that this is in fact not the case.

An early theory was that of Dowden(gv)which was
designed to explain the spontaneous VLF emissions.He supposed
"that they were caused by bunéhes of high energy particles
oscillating up and down the field line. These could give
rise to a linear cyclotron instability, and generate
turbulence localised with respect to both position and
frequency. It is easily seen that such bunches could
generate almost any emission form. The idea is ingenious
and there is little doubt that time variation in the zero
order distribution function is important in considering the
origin of spontaneous VLF emissions.

Das (g.v.) adopted Dowden's idea that the emission
consisted of selectively amplified turbulence,and addressed
himself to the more closed problem of artificially
stimulateé emissions.Using the familiar loss cone distribution
function, Das was able to show that the triggering pulse
distorted it in such a way as to cause a much enhénced linear
growth rate in two narrow frequency bands on either side of

the pulse frequency, and it was argued that these would
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generate emissions of the type observed.The snag with

thig theory however,is that the pulse and emission togéther
form a continuous narrow band wavetrain,and in this case

it has been recently shown ( Abdalla) that after one
trapping period the power transfer from the particles to
the field actually reverses sign.

An important aspect of the problem was recognised
by Helliwell (gv) in his well known phenomenological theory
of VLF emissions.He pointed out that on account of the
variation of both wave frequency and background magnetic
field,only a limited number of particles-termed second order
resonant- would be able to remain resonanb with the wave
for an appreciable period.It was suggested that such
enhanced resonance was confined to a narrow zone called the
genergtion region,and that this moved back and forth across
" the equator in such a way as to give rise to the various
observed emission forms. The present theory is based on
this general concept, but in detail is quite different from

Helliwell's.
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CHAPTER 2

RESONANT PARTICLE BEHAVIOUR IN AN INHOMOGENEOUS

MAGNETIC FIELD

l. Basis qf treatment

Our task is clearly to examine the behaviour of
resonant particle trajectories in fields which realistically
approximate those which might be found when an emission of
rising or falling frequency propagates along a magnetospheric
field line. A resonant particle travelling through such a
field will see wave frequency W& ,wave number k, and gyro
frequency L a1 steadily changing with time. We shall
be particularly interested in second order resonant particles

which closely satisfy the following conditions.

.
dVe _ Vs _ (w _Q) _(z W=t )
& JE dE k™
Vz = Vees (n
where Vres is the cyclotron resonance velocity,and Vz the.
velocity component along‘the magnetic field.

This interest in second order resonance is inspired
by two recent papers on the simpler but clpsely analagous
problem of an electrostatic wave with spatially varying wave
- number.It has been shown (Swift) that particles in such a
wave can undergo very large changes in energy,and we have
shown in section two that second order resonant particles
in this case become stably trapped in fhe wave,and that the
beam excitation of such a system can result in very large

growth rates.
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Noting thét the condition 1 will involve the gradients
of Bo, W , and x , the simplest approximation to the
whistler emission field that will best illustrate resonant
particle behaviour is one in which Bo, W , and k are taken
as linear functions of position.Our initial program of
investigation is to thoroughly examine the nature of
resonant particle trajectories in such fields,by both
numerical and analytic means,in the hope of finding stably

trapped second order resonant particles.
2. The fields

We require a constant amplitude whistler with k
parallel to Bo,and with linearly varying Bo and W
For small values of the gradients i.e.

) Be «
dwho & kw '.?;‘2_2_ & kPBo

we may write the fields as;

Eix = EECIDS<¢ )
Ey = Esin 75 ', | (2)
E: = ©

By = —Ek(zt)csmd fu(z, )

By = Ekc.c,osyf/w

Bz = 'Boﬁ’/%)

it is clearly going to be difficult to give a satisfactory
expression for ($ as a general function of z and t.However
if we regard g{ as being just the phase of the wave as seen
by a particular particle, we do know that in some average

sense the following will be true.
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—JZ' _lf(z){:)v:,g+ Ld(z)b)

In reality ‘1¢/dt will have an irregular variation about
this value proportional to the frequency band width of the
emission at that particular point. However in what follows
we shall see that we are concerned with phase stable
particles,and small irregularities in phase are not expected
to be significant.Thus we may represeht the phase as seen
by a particular particle as being the following trajectory

integral.
55__: J‘(w~ kvz) dr | (3)

For simplicity we shall assume that the cold plasma density
is proportional to Bo,which gives the following dispersion

. relation;
A
k*= A wdl [ (2 -w) (4)
The group velocity simply becomes

VS = Q/A (l‘— w/_Q.)B/l(A)I/L

3. .Th i ion motion

(5)

Provided that the electron Larmor radius is much
less than the scale length of the magnetic field,the
equations of motion of a particle can be shown to be:

’ ~ \, > R, /. B
ndic . —elExrifile—eBy) ] + m Vi o

V - . ./ - % \#Z EzE%E |
mglgu?_ e Exﬁé(\;{&( VXBZ) + 5“): —%——Z =52 (6)
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mol\lz = ——i (VxB’j-VjBx)

il (VX+V )BBZA:Z

2Bz

It is convenient to dedimensionalize these equations
using the values of (J ,k,and Bo appertaining to the point
z=0 , wh:l.ch is where the trajectory integrations will

start.Assuming that at this point W= W , k= k

and =/ , we define dimensionless variables as follows
t'= wt V! = Vi k/i

z'= kz_ R = eLk/mi

k! = K/ k Lo B = @wmc (7)
bd/ = L«)/(I)' - __?):, Q:Bo

Substituting from egs 2 and 7 into equation 6 we obtain

dropping primes;

CLV\J = _ﬁsm?é(/‘k\%) ~V3V"3/%z/ +/6/ Vx (g

OO-I{T\? _ —Rk (\/st)z{ﬂ{jsmgg) +v33~) /%Zé/g

Defining X: VX”‘ ,(,V:j this reduces to |
dY _ - kva,if , L¥%08 . ; 8%
P R e )et? 44 é“é’*ﬁ%
dz _ _RK E}%{Xe"w% ~ ¥y o8

dt W 25 2%

We suppose a spatial variation of frequency of the form

(U(Z).t:o> = |- §=Z

(9)

l
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The entire emission field is advanced along the field line

at the initial group velocity 2(1-).Thus
w(z,l:) = |- g(E—l(l-d)t) (10)

Note that in the generation region of an emission there

will also be an absolute rate of change of frequency dz#&t:
As far as resomnt particle behaviour is concerned,however,
the system is exaétly as here if we define an effective §‘

as follows;

_[uw dw
geﬁ = (E)k + YR {lVgl-zL ]V-usfk (11)
Q&f = (Egé Vg oW
JL ab>z_+ 3(\‘5’21)’.:
The dispersion relation now becomes

k* = w(i—x)/(1- wd/z ) (12)

" We also specify the z dependence of magnetic field,

f = [+ MZ | (13)

and the rate of change of wave phase is given by

%’ W Kz (14)

Equations 9-14 are those requiring to be solved to determine
resonant particle trajectories.Before discussing their
numerical integration, we shall investigate analytically

some of the properties of second order resonant particles.

4. _The condition for exact second order resonance

We now enquire which particles are able to satisfy

instantaneously the exact second order resonance conditions:

Vz = Vs vz fyg = dvus/dt
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This is quite easily found as follows.Using the same
dimensionless units as before,the resonance velocity is
given by
and its rate of change is
» ~“ e - \-—-/ w / 2.
Va, = </?/7<_,.w)/k (ﬁo(-t- )kk
From equations 10,12,and 13 we have that

V=
/6 - 0_7§v2+1§(l o()
K /-w w(l-ot _
(I d) (/ 7/ wx/ (/3 ;',02(:/8)

Thus:

Vass = k ”7”5%‘*) + f[.z l—-vd)~V7:J (Mﬁ— >

X LW

The equation of motlon 9 furnishes the rate of change of

. Vz,

Ve = —'%(-\?ﬂco.s?*- lb’\LfT)/Z/g
where; ’-F _— “+an! (VV/V)L>—§!

is the phase difference between the perpendicular velocity
Zf’ and the electric field.The second order resonant

conditions thus reduce to

\é& — (—-/672(‘+ aj)//k;
where O{P is the pitch angle and the coefficients A and C

are given by

A= {”} z(o:k‘*%m() f( 2[1—= )~ Vaz X”/e,zxw)/}(}

Rk V&/u_)




85

C= Vz—lrvw/zia,ek

Spec1allzlng to the point z=0 where W kr/ﬂ =1, thlS reduces

to

+M /O(P/ (15)

{/ X m/. S (26)
e (se2)+ @ ]

Thus exact second order resonance is found along a line in

the Vz= Vres plane,whose form is determined by the three
guantities /O/R, g/R and o .Examples of some of these
resonance lines for various values of these parameters are
given in figs 4 and 5. They are plotted on polar graphs
with P as phase and pitch angle as the radial coordinate.
Clearly the curves are of two types depending upon wéther

A and C are of the same or opposite sign.The first case is
operative when the magnetic field gradient is strong relative
to the frequency gradient,or when the latter are in opposite
directions. Note that the curve will disappear altogether
when JAC:»O.S , and in this case second oraer resonance is
impossible.The second category of curve encloses the origin
and is only found when the field and frequency gradients are

in the same direction and also

|£I > 1)+ 2) /(s ) ®

Note that in this case no matter how small R is made the

curve does not disappear but becomes circular at a pitch
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angle of

-1 ¢ A + - bkt g(‘z’(‘*')
+an H"’E%" an ot M T
5. ilitv and rticle trappin

As in the electrostatic case,it is not enough that

a particle be initially second order resonant.We must enquire
in some detail of its subsequent motion.We are particularly
interested inwhether particles are phase stable-in other
words,if they are displaced from the resonance line,do they
oscillate about it or do they fall right out of resonance?
Of course,the exact behaviour of resonant particles will
be very complicated,particularly as the resonance line is
itself a function of time,but it is not difficult to extract
from the equations of motion the dominant terms that impart
overall stability or instability.

We proceed as follows.The equations of motion may

be written:

dP _ k(\/- 08 ? m:P k\/& |
p Veos ) lxq‘g ( | /QU‘> (18)

O“Xl:_— "'R l"&f OOS?-—FJ.IX{V:'&Q%Z ‘.(19)
E]f; ( w .) e /4? |

dVz = —Rk [¥lcesP _ [¥)" oz
dt W 28

(20)

We assume throughout this paper that R({1l,or that the
resonant width is very narrow. (JE &« 1 )Let us now consider
a particle whose z component of velocity is roughly within
the limits Vaes -+ TQVi'. We deal with a quantity Po(t),

which is the phase of the second order resonance line at
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the particle's perpendicular velocityl}(l,and at the

particle's instantaneous positidn. Note that Po can be
imaginary if the resonance line does not exist at that
particular value of IX/.Neglecting some small terms in

/2.
R , we may write;

c%fgs —_ -—?k \ch,os:Po —\Yl 3/3/ AZ/S

Defining V::- \/z,_ Vs sWe then get

%}’;l _ —-'_RLDKH(I [ws?-— oos?o}

Since for trapped particles V’ix_?? 2; equation 18 may
be written,to the same order of approximation,as

%}:} = kv'

On eliminating v', and dropping a small term in‘CIkAﬂﬁ
we obtain the following differential equation for P

dZP -+ ?kl/)’/zscps?— cos’Po} = O (5,

Ak ,

A first approximation to the detailed motion may be
obtained by noting that R,k,UJ,/XJ ;and Po are all slowly
varying functions of time with a characteristic time scale
of 1/R .(This assumes that R,fy, g are all of the same
order of magnitude). Neglecting the time dependence of
these quantities,and confining our attention to small

amplitude oscillations about the resonance line,there results

EV RN PP
6“:’2' _____(;J—-— (S o) = O
’:PI: ?'“/‘PO

For O</P° {7JT the solution will be exponential

in character, and particles lying initially on the right
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hand side of the resonance line,will fall away from it
and ‘become non resonant.On the other hand for O < TL ("jTj
the solution is oscillatory in character, and second order
resonant particles oscillate about the line and are thus
STABLY TRAPPED.The nature of particle motion within the
trap is illustrated in fig. 6. Particles maintain a nearly
constant |¥! and describe elliptical trajectories in the
coordinates P',V' around the resonance line.The frequency
of these oscillations is seen to be

Wieep = R™k [[¥lsntel (22)
which is of the order of the "trapping frequency" used in
the homogeneous problem. The amplitude of the oscillation
. - .
T S Pt [T ap!

o)

which is ~ 7?11 as expected. For large amplitude
oscillations the motion becomes anharmonic,and the path of

the particle will be fixed by the relationship:

v _ , |
;-‘—;5 = Z'\i'(ws?—ws?o> v(‘23)

It is not difficult to see that if the particle trajectory

goes beyond the unstable branch of the resonance line
=-Po, it will escape from the trap and fall out of
resonance.it is now possible to construct the region in
velocity space occupied by trapped second order resonant
particles.One takes the instantaneous reéQnance line, and
for each value ofl XV constructs (from eq 23) the limiting
trajectory that just reaches P=-Po.This is illustrated in

fig 6.



89

The resultant surface is thé outer boundary of the trap.
A more precise picture of particle motions is
obtained by noting that the resonance line varies continuously.‘
There is also a steady change in |¥ [ due to both the zero
order magnetic field gradient and tﬁe resonance with the wéve
(eg. 19) The problem is analagous to that of a pendulum
whose point of support undergoes movements.Provided that
the resonance line and the perpendicular velocity do not
change much within one trapping period (ﬁﬁa), the particles
will be able to continuouély circulate around the line
without difficulty,Some computed examples of the variation
of pitch angle and phase P of trapped particles are shown
in fig. 7. Note the oscillations of the type we have

described, and the slow pitch angle drift superimposed.

6. Untrappin

It might be thought that in view of this phase
stability a second order resonant'particle in an extended
wave train could stay trapped almost indefinitely.It will
be of some use to examine ‘ways in which particles éan
escape from the trap. '

1. Irregularities in amplitude or phase of the wave may
increase the amplitude of oscillation within the trap until
the particle spills out at P=-Po.A similar kind of effect
can be caused by the movementxof the resonance line.For
instance,when this curve moves towards the P=0 axis,the
"size" of the trap decreases and particles are lost

accordingly.
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2. Inspection of equation 15 will reveal that at any point

trapping is confined to a range of pitch angles between:

$ (1 + Jimaac )/2lct }
a fan-' { [ (1= Nimgac )/ac |

Particles with pitch angles too near these limits may be
inexorably forced out of resonance if they should fall

outside this range.This may be due to the change of the
partlcle s pltch angle and or movement in the resonance line
itself. An interesting example of this effect is the case

of low pitch angle particles. These will always tend to be
lost,for the condition that the resonance line reach zero

_pitch angle is that A=0, and this coﬁdition is only transiently

satisfied.
7. eri integration

By way of confirmation of the foregoing ideas we now
turn to exact numerical integrations in an actual wave train-
using the fields already ouflined.To give the trapping a |
thorough test we qhoose a fairly large amplitude of-

R=0.0004 and assume that tﬂe pulse extends from z=0 to
z=2000. This means that a resonant particle spends about
ten trapping periods in the pulse.The pulse is sketched in
fig. 3.
Our task is to numerically integrate equations
9-13. The computational technique is the standard one for
such problems,and is discussed in the appendix.The integrations
start at z=0 and follow the trajectories backwards in a

stepwise fashion until z=2000 is reached.A network of
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particles is sélected in the 2{ plane and for 5 different
values of Vz spaced across the.resonant width.All this is
done for various values of the.coefficients.oﬁvdﬂ ﬁ7) ; .

Noting that the rate of change of particle energy goes as
W o< Vil cos?

a suitable indicator of the trapping history of a particle
would obviously be

[YVJgk = ZSVJ//\\KL.\§5= o
where ,AWV is the total change in energy as a result of
passing through the pulse. The guantity va*is in the nature
of a trajectory integral of COS P,and the numerical output
of the program takes the form of a plot of this gquantity

over velocity space in the neighbourhood of resonance.

8.Results of trajectory integrals

The results are readily understood in the light of
our analytid study of resonant particle behaviour.A £ypical
plot of AWN*' in the resonance plane is shown in fig. 8.
Outside the instantaneous particle trap as previously
defined this gquantity is everywhere small and irregular.
Inside it is much larger by a factor in this case of about
.20 (of the order’of the number of trapping periods spent
within the pulse). The variation within the trap of ANJ*is
roughly one with pitch angle as COS Po.This is as expected
és Po is the average phase about which trapped particles
oscillate. In addition there is cohsiderable modification
to INN%:due to particles escaping from the trap prematurely

: _ %
(in the sense of the backward integration). Generally [XVJ
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is greatest in the innermost part:bf the trap and falls

off towards the outer edges,and also at high and low pitch
angles;In most cases it was found possible to delineate
quite clearly a region in velocity space where trapping

was in practice fairly effective,and the remainder of the
results are conveniently presented in the form of plots

of these regions for a wide variety of cases.In the diagrams
(figs 9-19) heavy shading represents regions of weak
trapping, and regions where POﬁf;Tqi wato,are lightly
hatched.

On the whole these diagrams will speak for
themselves. Predictably,and without exception,trapped
particles are found inside the trapping volume as defined
by the local second order resonance curve.A few additional
features of the diagrams are as follows.

l. When 07 and §\ are small the resonance line chapges
little along the pulse,and the effective trapping region
is close to the maximum theoretical size.

2.For larger ;7,.07 the resonance line changes noticeably
along the pulse,and partiéle loss becomes more extensive.
The extent to which this happens is rather variable,and is
not readily predicted without examining the resonance line
right alohg the packet.In some cases effective trapping
only reached as far as the P=0 axis,though P=-Po/2 was a
more typical extent. Note that the particle loss at the upper
and lower pitch angle limits of the resonance line was
frequently in evidence.

3. In some cases the trapping region is markedly unsymmetric
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with respect to Vz about V=Vres,which suggests that the
wavelength of the resonant particle current is shifted
from that of the wave.We shall return to this point later

in discussing the offset frequency effect.
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CHAPTER 3
RESONANT PARTICLE DISTRIBUTION FUNCTION AND
RESONANT PARTICLE CURRENTS

l. The resonant particle distribution function
Let us now consider the general case of a long wave

pulse in which amplitude,frequency,and zero order magnetic
field are slowly varying functions of position and time.
Using_the samt system of dedimensionalization as before

we have

psa(z) K= ?{/i‘;é') W= Wiz t)

We now enquire as to the distribution function about
resonance Fres at some arbitrary point,say z=0.

We consider a time indepenéent zero order
distribution function Fo that is a function of energy and
magnetic moment only. 5 2 2

R(w, ) We (7)) s 1912

From Liouville's theorem we may write at once:

Fs (1,72 V2 ) = Fo (W= 8W, u_ 3m
= Fofuyn )= W oy = 5u 3R/ 4 ol8)+ o[crwg@

where SVJ, é}k. are the total changes in energy and magnetic
moment undergone by a particle up to that point as a

result of interacting with the wave.Now if particles are
trapped for times of the order of 1/R é;&,élvz will be
large,but this case normally fepresents a very powerful
wave.In the VLF emission problem we are justified in

2 ‘2
neglecting(éig Lyhh and higher order terms. From the

equations of motion (eq 9) we quickly derive:-
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W = _?oos?
S —% ( | — kV£/w) Cos ?4? (27)
Whence; SW = — j\R(pS:Pouzl

S/u-— jR l—sz/w)Cos?z@ Jt'

In the theory to be presented we must assume that the

(28)

wave amplitude is sufficiently large such that the typical
resonant particle remains trapped for quite a number (say

at least three) of "trapping periods" (ﬁdé). As in the
inhomogeneous electrostatic problem (Nunn) trapped second
order resonant particles will not dominate the distribution
function unless this is the case.

Another requirement is as follows. It takes a
definite time-of the order of a trapping period-for a given
second order resonance line to establish control over the
resonant particles-in other words for the particles within
the trap to be uniformly stirred,and for those outsiﬁe it
to Qe dispersed to non resonant velocities.We thus demand
that the resonance line,and hence/GZLQ’R , vary slowly with
respect to a traéping period, in order that a wvseudo
equilibrium be maintained,in which the local trapping
dynamics are important.Given these conditions,the results
of the numerical computation strongly suggest that at any
point the resonant particle distributioﬁ function will be
aominated by a core of strongly trapped particles centred
about the instantaneous resonance line.In this limit Fres
may be approximated as follows.For particles outside the

trap é}b 5“/ will be small,and we may put Fres=Fo. For
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those inside the trap we need only integrate over the time
for which they have been trappéd,replacing cos P by cosPo,
and Vz by Vres.Hence
Vi
R /i— vw, 3Fo /
Fees= E(W}*>+ Reos o E" l k a/.L /8 dt
z=0

+mp
We may write this as

Fs= R ()/A)-p”)\’ccs?ogaﬁ ( kw)aﬁ%s} Toff (29

which defines an "effective trapping time" ’Té{:{f(hf)) ?, Vg_—)
Except in simple cases Jeff may be difficult to estimate
accurately,without resorting to trajectory integrations.
However on account of the continual stirring of particles
within the trap,it will possess a certain symmetry, and
should be mainly a function of_pitch angle,and amplitude of

oscillation within the trap.

2. Resonant particle currents.

Particles with theilr parallel velocity close to the
local resonance velocity Vres caﬁ give rise to transverse
currents whose frequency and wavelength are very close
to those of the wave at that point. Such currents will thus
be resonant with the ambient plasma and wiil be able to cause
both growth,and as we shall see frequency shift,in the wave
field.
| The current due to trapped second order resonant
particles is well estimated by integrating over the volume
of the trap in velocity space. There will also be a
contribution from non resonant particles,but owing to

dephasing,this will be parallel to Bo.
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(30)

The current has been divided into two-the in phase
component Jr ,and the reactive component Ji.Clearly E,Will
depend upon Fo and the resonance line in a rather complex
way,and this will be the concern of chapter 5.At this |
juncfure we will discuss two very important general properties
of the resonant particle current 31

First there is a general proportionality to the
trapping time'7zg‘.0ther things being equal, both Jr and
Ji will tend to increase steadily downstream from the front

- of the wave packet (in the direction of Vres). Superimposed

upon this linear spatial dependence will of course bé a
variation due to the changing trap geometry along the pulse,
and to other complex effects.

Another significant feature is as follows. The
current J is caused by a "jet" of phase stable particles.
The phase difference between the electric field of the wave
and the patticle current will be closely determined by the
second order resonant conditions,which vary only slowly
over a trapping length.Thus,provided the wave field remains
sufficiently narrow band,this phase difference will remain
nearly constant,and be maintained under fairly general

conditions.This way in which the current remains as if



98

"glued" onto the electric field is a rather remarkable
feature of wave particle interactions in an inhomogeneous
medium,and does not occur in the corresponding homogeneous

problem.
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CHAPTER 4

TIME DEVELOPMENT OF THE WAVE FIELD- GENERAL THEORY

1. Descriptive account of the process

Being resonant with the ambient plasma the current
J will generate additional fields which will add on to
the existing one in a continuous fashion-the current J of
course being all the time determined by the instantaneous
total field in the manner already discussed.

The component Jr will generate an in-phase field
and will give fise to growth or damping.The reactive Ji
will generate a field 71—/2. out of phase with the existing
one. Let us consider a pulse of constant amplitude and
wavelength,and then look at it a very short time later
after the addition of the field generated by Ji.If,as we
" have already suggested Ji varies linearly with z,a little
consideration will reveal that the combined field will
have a slightly shifted wavelength.This is illustrated in:
fig. 20.Subsequent resonant particles will of course
respond to the new wavélehétﬁ,and will shift it still
further.At first sight then we might expect there to be a
steady change in the wavelength and frequency of the pulse.
The readér'will probably find this descriptive account of
the process hopelessly inadequate,particularly when such
a surprising result is being proposed.Accordingly we now
provide a rigoréus analysis, not only to justify this
suggestion, but also to find an expression for the rate of

change of frequency, and to gain some insight into
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what conditions are necessary for it to take place.

2. ic derivation of the agrowth rat n

shift.

We choose to look at a limited section of the wave
train-of the order of a trapping length say.One assumes that
although the inhomogeneity is important in determining the
resonant particle currents,for the purpose of analysing the
effect of the currents upon the wave field, one may assume
the medium to be locally homogeneous.We assume the
background plasma is cold and with a gyrofrequency A ,and
plasma frequency.fl

The electric field is represented in terms of an

amplitude and phase thus;

E Ex + Lt\j Elz,t)ei¢(i>t) (31)
~and; Jc — jX"‘ LJJ v

A single differential equation for the time development

A
of E can be obtained from Maxwell's equations and from the

equation of motion of the cold partlcles (See appendix 2)

2 13" \/o_: _ 0
[(Zr A R TR o (3
(32)

The reEPtive and in-phase components of current are defined
by 30 = €L¢ (J§+i31> (33)
In accordance with our previous discussion we expect Jr and
Ji to increase linearly in the % direction,but to be
otherwise only weakly dependent upon z or t.This holds

ONLY if E remains narrow band and continues to satisfy the
"slowly varying" criteria of the previous chapter.We now

**This analysis is conveniently done in dimensioned variables
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A ~r
substitute for E and Jo in eq. 32,and neglecting small
terms in l/cz,there results two simultaneous differential

equations for E and 4) .

oF (174 N7 kE ok -2k
__E(k—r”/c)-l-l E%E.,:zk(w _Q)_a_éjL

(w OE — 321% = ‘_'fg w(w—_ﬂ_)‘)'ﬁ
N wi? 0 )PE_ 5k
{k éﬁ ‘*) w”/ g w —Q)BZZ ;Z_N:E—Bs)

ok OE _ 2ok dE _ ok __ _0)i
0z 3E lat Y3 7ok l?ztw( u-0)lx

Here W and k are simply defined as being,

w= Ofht k= —°%>z

Terms in jR ' ,JI have been neglected in comparism with

(34)

-Q{LQ' bUJI .In seeking solutions to these equations E(z,t),
gﬂéz,é) for the time development of the field,it was found
by experience that eliminating apparently small higher
derivatives was highly dangerous,and also that the initiai
time behaviour of a particular field configuration could

be completely misleading.The only really safe procedure is
to find exact long time solutions,though these may be under
simpier conditions than we would really like.To do this we
have to remove the z dependence of E. We assume that E,k,Jr
are all independent of z,and that Ji varies only linearly

with z.In this case equations 34,35 reduce to:

%}_‘i(kz"' ﬂz/cz)_/_ lk%: {I'Z“Z w(w’ﬂ)‘j,{ (36)
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(-w) - @) - =47 wfw-0) ]
E(k _Qw-,_,l = '__:wa-ﬂ Jx e
C - C
We now assume that the resonant particle beam is weak.If
€ is the smallness parameter associated with this,then
we see that the quantities E,k,Jr,Ji are all of first order
in £ .Let us define a proper frequency from the dispersion
relation
2 “/79‘/ 2
k*(2— o wll /c (38)
and put; N = UJ-{— U.)l
Noting that LO/ is also of order £ ,we may substitute into
2.
equations 36 and 37,and eliminate terms in £ .From eq. 37

there results

/_ 4Tf w/fﬁ J)—>JI
w= E(k*+n%c*)

Differentiating with respect to z yields the time dependence

(39)

of k

o — ' 4 Bl-n)T 2 (40}
oF 52 n*r 2E  SzY"

Note that the z independence of k is preserved,as is

essential for a long time solution.The rate of change of
frequency (4 is obtained at once from its defining

equation (38):

2w __ 4 §ICW /JZ ©)°7 J

(41)

3 T kO*E
Equation 36 becomes;

'BF 4 cu/cu—_/l)JR ,Zkgak/;t
>k N>+ k= .  k*+ 0%c* (42)

where again we note that f; is not a function of z.Some

consideration will reveal that

okt /| K OEAt/E
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which reduces the growth rate to
— — —_— N2 -
OF - 47 B(2-3)",
ot = (2 (43)

We have thus found a long time solution as follows.

A wave with E and K independent of position in a locally
homogeneous medium is excited by a constant in phase current
and a linearly z dependent reactive current, Quite rigorously
to first order in & ,the wave undergoes a steady change in
amplitude,wavelength and frequency as given by the above
expressions.

Having found such an exact solution certainly lends
support to our "pictorial" argument for a shifting frequency.
Perhaps the greatest shortcoming of the above model is the
lack of a z dependence in E and Jr, which one expects to
be gquite sharp in a generation region.A little tampering
" with equations 34 and 35 soon convinces one that useful
results will never be obtained in this case, partly because
all sorts of wave effects of zero order in & become
embroiled in the equations-like advection of the packet
envelope along the field line,diffusion of the packet
envelope etc etc. The only possibility is to return to our
simple physical picture of the process. |

We now consider the case of a linear z dependence
in both Ji and E.For a weak beam the addition of fields
concept will be a valid one.Let us consider a time
independent amplitude,maintained by a constant in phase
current Jr. This is the kind of situation one expects in

a "generation region"This may be written as;
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E/ (t,+E&z-)

(2= o) = woﬂ/c
2o~ 2)E = 4T Gfii—L2)]
CZ—

4(th ke 2—‘)

The field E”' will be seen to be a solution of equations

34 and 35,provided the gradient in amplitude is sufficiently
weak as to remove the point E=0 a very large number of

wavé lengths away.Next we introduce the linearly z dependent
Ji.Provided the gradient of it is weak,it will generate an
electric field everywhere proportional to itself.After a
small element of time the total field will be obtained by

a summation of the form-(see fig 20)

_.t o‘z

o
—

T :i(E_,-rE Z- + [A(JI +j.1'. z)%

~ (E]"I‘E Z)Q koE -H?L

NS fa 3
= fanh J;ijgﬁ N ”ﬂzz( I Z 4.

A wave length shift proportional to ZVBZ:(JI%;) is thus

predicted,and accordingly we modify equation 41 to

Do _ 97(&‘1(11-5)39(;_:)

— = < (44)
ok Kk AE1% 0Z
The reader will probably like to form his own opinion as
to exactly how valid this expression will be in more

, . 2 £ 9K
general situations where 5% ' S%L r 9Z , are all

t

non zero.In the authors opinion, it will be substantially

correct where all the relevant guantities remain slowly

varying with respect to a trapping period.
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CHAPTER 5
COMPUTATION OF GROWTH RATES AND RATES OF CHANGE OF

FREQUENCY IN A MAGNETOSPHERIC WHISTLER PULSE

l. Choice of units-expressions for growth rates.

Having discovered that second order resonant
particles are able to cause growth of the field and also
to continuously change its frequency,the way ahead is
now guite cléar.We model a magnetospheric field line and
select a realistic distribution function Fo. One assumes
that the morse pulse and emission together form a continuous
narrow band wavetrain propagating along the line in a
ducted mode.Then using the expressions already derived
we endeavour to compute the growth rate and rate of change
of frequency as a function of position along the field
~ line,wave amplitude, frequency,and also frequency gradient.
These results should enable us to provide a reasonable
description of the triggering process.

In what follows we really require constant units
for velocity,time etc.,so we now dedimensionalize with
respect to )y ,one half the equatorial gyrofrequency,and
Ko,the corresponding wave number.All subsequent expressions
will be in terms of these new units.

The field line is modelled in the familiar way

/ * 2
G= 1+ f XZ (45)
where X is taken to be 2.107° . ‘
In presenting the results we need independent

variables related to the invariant properties of a wave

pulse travelling along a magnetospheric field line in the
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absence of excitation.Thus frequency is referred to the

equatorial gyrofrequency as follows;
A* = W/Qe (46)

The flux of wave energy down a duct is proportional to

Elk/w/g’
Accordingly we construct a dimensionless amplitude factor
R* depending only on the power flux.

w E kko

fﬁ L(J/J’Wc3 (47)

The frequency gradlent is referred to Wo ,Ko as follows;

g_* = _’Bw/‘& /,(/o(,ua (48)

We numerically compute the growth rate as a function of R*

g%;°(fz* using equation 43 and substituting for Jr with
equation 30. It is apparent that some kind of simple
approximation for/7E¥F is going to be required. We make a
rather arbitrary assumption about the average extent of
particle loss,and suppose that particles whose amplitude
of oscillétion within the trap takes them beyond P=-Po/2
will not be effectively trapped. Using equation 23 we may
integrate the limiting trajectories,and in any case oObtain
a "reduced" trapping volume. (see f£ig 21).Inside this volume
we suppose that.fTZH7is constant with a value of R5”¢7Vrest
We are thus computing a growth rate per "trapping length"”
and the actual growth rate will be estimated by
multiplying by A%*/‘}\? -t where AZ*J.S the distance
over which effective trapping takes place.The growth rate
is going to depend upon resonant particle density,and it

is best expressed as a multiple of a quantity'%g ;which

estimates the order of magnitude of the linear cyclotron
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growth rate.

2 |
— jHTZ“UJO US \LLCiVZL fi>(vz;=/5::)‘>
/(ONO -

The reader will be spared the extremely tedious manipuiation
which now follows,and we shall merely quote the final

¥
expression for the relative growth rate rYr .

Y*_ BEht _ {E} Mo w)” (Mg
E X 53k ) [V |2 TT> '

~o ok L 19 e (vl k |7 |

tos T 5W+ﬂ /a/u(“‘” &_—)-")JOOS?Q\:(’F)%)Mg)

VZ::V’\LO

Y] dP ﬁxldxxlfi(vz::,ﬂ::)

where

=~ €l
|
-~
=
oy
|

]

| ‘F?
Y | ¥
N~

p/
The velocities are all in units of UkJ,o.The quantity 4\/
is the thickness of the trapping zone in Vz,and is only non

zero for the appropriate range around P=Po.

CF(TP) ?o) N \)V(COS?OKPC/2+?>—5‘”’R/2_— sm?) »
cosP = SOOS,—PQ\COW/J‘F&P

The rate of change of frequency is more difficult to .
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deal with being proportional to 2%%2(1145) ,and in a
narrow generation reglonﬂagéz: will be quite large. Durlng
this research a good deal of work was done trying to
construct self-consistent,quasi-static generation regions.
Although rather fruitless,it did show that on the average,
at constant/ﬁ¥¥,Ji was roughly proportional to E. Accordingly
we expect that the consistent contribution to‘Jw/yf should
come from-the z dependence of'ﬂGfF .Under certain
circumstances,however,the variation with z of the resonance
line can cause an appreciable contribution via the term |
83;/35 (but we shall deal with these cases as they arrive.
Provided loss of particles from the trap is not significant,
‘we may put,in some average sense;

Vg Tott = — 1/ |Vaas |
Using this result enables us to work out an expression

forChbafas follows; (uSlng eqs 30,41)

Y= dofar — B p-B) [T
woXo 477 Vs /6’" K -
Qus?sm??‘/{??a) ?lF-"-Jr i 4 E_l_\{ggl .

| oW G

%—} CUX,OUP/JK] Aly| E} (VZ-“-ﬁ-”l) (50)

Equations 49 and 50 are the ones to be numerically integrated:

on the computer.The numerical techniques are straightforward

and need not be discussed.
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2. The zero order distribution function Fo.

The choice of a suitable distribution function
Fo for these calculations is no easy matter.Clearly there
will be as many different types of emission behaviour as
there are distribution functions. The form of Fo finally
chosen is shown in fig 20. Factors guiding this choice are
as follows.

Following Kennel and Petschek we suppose that Fo
consists of a quasi static equilibrium in which high enerqgy
particles are continuously injected;probably by some
convective mechanism-and diffuse towards the loss cone
under the influence of whistler turbulence.The cyclotron
resonance mode tends to give a pure pitch angle diffusion,
(Kennel and Petschek) ,and gives rise in the weak diffusion
linmit to a pitch angle dependence of the form log(sinX/sind,)
where ¢ is the loss cone angle.We adopt this form even
though the strong diffusion limit-with appreciable particle
densities inside the loss cone-is often more appropriate.

Another possibly important source of diffusion is
electrostatic resonance with whistler components whose k
vectors are not exactly parallel to B,but lie within a

narrow cone centred about that direction.At any point it

can be shown that
o (ve) = P (Vi) =

at bd/dz = ’éZ,and'we expect electrostatic diffusion to be
particularly intense at the resonance velocity corresponding
to this frequency.Thus the electrostatic diffusion in the

Vz direction will show a sharp peak at an equatorial Vz of
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unity,tailing off towards higher velocities.At present it
is not very clear what effect such an intense band of
diffusion will have upon Fo,except that some kind of
discontinuous behaviour is to be expected.Here we construct
a rather arbitrary model.

For equatorial Vz above unity we impose a realistic
fall off with energy as l/Vz4. Discontinuous behaviour is
introduced by having a weaker exponent at lower velocities-
in féct l/Vzl'4. There is also a fall off as l/YL% when
S > 1.5.0nto this high energy particle diétribution we

add a thermal type component varying just as l/W3. The

final form of Fo, expressed as a function of and W is;

()= o9 (3 )2 52/W/*)} o

M> 5 m=2 2(W-m)>] n=2
M <15 m=0 2({w-m) <1 n =07

No attempt will be made to disguise the arbitrary nature

of the above choice for Fo. However I am sure the reader

will appreciate the difficulty of constructing a distribution
function Fo that is (a)Analytic (b) Bounded in velocity

space (c) Incorporates an overall fall off with energy as
l/W2 and (d) Nonetheless has sizeable volumes in velocity

space in which the gradient is of a pitch-angle character.

X
3. Computed results for the growth rates Y/ Y(

The results for \( )(-are illustrated in graphs
23-29,and on the whole these will speak for themselves.A
number of important comments,however,should be made.Referring
to equation 49 we see that instability comes from a

positive value for (gﬁ/é/u) ,whereas the usual fall off
w
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with energy BE/}W will tend to give wave damping.Thus
the phenomenon of triggering instability is due entirely
to the presence of a loss cone,and the sharper the pitch
angle gradient the more unstable the system will be.Even
so théugh, if the fall off with energy aléﬁdis too rapid,
the instability may be quenched.For particles of low pitch
angle’%g;L will almost certainly be the dominant term,
whereas for high pitch angles?%%vdll tend to be more
important. Much of the variation of’YﬁFwith z*,§: ,is due
to the balance between these opposing contributions.

An interesting point is the sign of the contribution
from gradients in Vz,such as might-result from electrostatic
effects.Inspection will show that a decrease in Fo with Vz
will give wave growth,hence a sharp drop in Fo at Vz=l
could give enormous growth rates.This could be important in
" the triggering phase:

* .

Typical graphs of the variation of \( with z*, g
are shown in figs. 22-26., for two values of the power
£lux R*=0.00002,0.000005 and for three frequencies & *_

0.4,0.5,0.6.Note that the pattern of Y*is hardly
altered by changing R*,but that its extent along the axes
is directly proportional to this quantity.Thus reducing R*
tends merély to shrink the diagram towards the origin.Also
in surprising contrast to Helliwell's predictions the region
of maximum growth is found close to the equator and for
rising and falling frequencies.

It was found that the general pattern of the

» ¥
dependence upon z* and § was not critically dependent

.upon Fo,and always had much the same form. In contrast the
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"amplitude" of the pattern, and in particular its dependence
upon p(* ;were very sensitive. The variation with 0< for
the particular Fo we have used is shown in fig. 27.A
feature of almost any reasonable Fo is the rapid fall off

in growth rate with decreasing frequency.This is because the
resonance velocity becomes larger and the supply of

resonant particles diminishes accordingly.Also anticipated
is a fall off of growth rate at high frequencies,o{#7°75f
This is due to the increasingly thermal character of the
dlstrlbutlon function at low energies.

The graphs show that 1( is typically of order
unity.In other words the second order resonant grthh rates
are of the order of the linear growth rates when’7;¥is one
trapping period.The procurement of very large growth rates
from second order resonant particle trapping is thus entirely'
dependent upon keeping particles trapped for many trapping
periods.

¥

The results for Y{w are very similar in their
dependence upon z*,R*,§43<%*,except for an overall dependence
on R¥* _A sample plot of YQ? is shown in fig 26 for
R¥*= 0.0000Z,df=O.5.Note the two symmetrical zones in which
the wave frequency is made either to rise or fall.The rising
zone 1is on the receiver side of the equator,at least in the
initial stages when ga?is small.

At this point we note that the entire description
of VLF emissions remains the same if the direction

of the static magnetic field is reversed.This merely changes

the direction of rotation from right to left.



113

. _
\. CHAPTER 6

THE TRIGGERING I?HASE

l. The initial growth rate.

We now turn our attention to the triggering
phasé of the process-or in other words we examine the growth
rates and rates of change of frequency to which the morse
pulse is first subjected on entering the equatorial zone.

To examine this initial phase wé may put the power flux
~constant at some value R#=R¥in,the frequency constant
(-’—"(#'-’ -5 ) rand suppose that §* is initially very small or.
zero.

Inspection of the graphs points to two main regions
of growth,one on each side of the equator.The actual growth
rate will be proportional to‘TEﬁp rand will thus reach a
maximum on the transmitter side of each zone.This value
is estimated by .
where ZXZ?ﬂ is the maximum effective trapping length,which -
will be the characteristic width of the growth region.We have
already noted that the latter quantity varies as R*,and so

1.5 .Now when

the maximum initial growth rate will vary as R¥
R* is sufficiently low ( R*=R*o ~ 0.000001 ) we see that
the éermitted interaction region is only one trapping length
long.This amplitude represents the lower limit of validity
of the pfesent theory,and is where the growth rate is of

the order of the linear value.It may be that R*o is the
lowest amplitude that can successfully trigger,though it

is possible that linear amplification mechanisms could
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could first raise a weaker signal up to this level.
The maximum initial growfh rate is conveniently

expressed as follows

‘gx - Y Y (Kﬂ/ﬁf Y/L | (52)

where 76;*-15 defined as being the maximum value of %/*;
along the z* axis.Clearly equation 52 prophesies

an almost explosive kind of instabilitj,but the situation
is rather more complicated than that.As the morse pulse
passes the equator amplification occurs,but the group
veloclty tends to advect away the larger signal,and reduce
R* to that of the incident wave.The equation governing the
time development of R* in the triggering zone would be more

likely to be of the following rough form.

. , *
£ A YRR )™ — o (K gﬂf)’% (53

‘Once R* reaches a certain critical value the growth rate

will be sufficiently large to form a self sustaining'
generation region of an emission.The growth on the receiver
side of the equator will develop into a riser,with a faller
on the other side.A given morse pulse can excite one or
both of these,and once the frequencies have separated,they
will be completely independent entities—unihfluenced by

each other or by subsequent incident waves from the transmitter.

2. The triggering delay.

The building up of the amplitude R* to a self sustaining
value before the end of the incident pulse is obviously
a complex process,and it would be very difficult to

estimate the time it takes for this to happen-or the delay
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time as it is called.However we expect it to be mainly
dependent upon morse amplitude R*in,and also ?2 1{;% .

| Clearly,the smaller is R*in,the longer will the
delay time be.Although this remark is only qualitative,we
can now get a physical picture of certain observed aspects
of triggering. The fact that morse dots often fail to
trigger,where the dashes do, is simply due to the fact that
the time delay lies in between the duration of a dot and a
dash.The triggering by the very weak, one second long
Omega pulses can be viewed as a very gradual build up of
wave energy in the equatorial zone,probably inveolving the
magnetospheric reflection>of wave energy.

One also expects the delay time to be strongly
dependent upon the product Y; 1(;? .If this is too small
the second term in equation 53 will dominate,and there will
‘be no build up of amplitude. On the other hand if it is
large we would expect tremendous emissions to be produced
in a very short time.However extensive analysis of delay
times for a large number of cases (Helliwell) shows that
this quantity is far more consistent in its behaviour than
we would expect from the above consideratiqns.The answer
to this point may be as follows.

Oﬁing to the loss cone distribution function,the.
system will be linearly unstable and generate broad band
turbulence (Kennel&Petschek) .The linear growth rate will
depend upon the resonant particle density and also on the
pitch angle anisotropy,and will vary with Fo in very much

* .
the same way as 'V; Y;\ fConcentratlng for a moment on
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on turbulence with &J’»FL&¥QE_,we see that if the
integrated linear growth along the field line more than
replaces the loss of wave energy on reflection at the
ionosphere,the system will be absolutely unStable at that
frequencY,In such a case a burst of turbulence would result,
which would reduce the resonant particle population to a
level where stability was attained again.We thus expect an
approximate upper limit to the quantity yg'kgjk,for a given
R*in,and under active conditions it may remain almost constant‘
at this value. Such cénsiderations do seem to explain the
consistent behaviour of the time delay at a given R*,and

also what seems to be a rough lower limit on this quantity.

In fact,anomalously short delay times are never observed.

3. The freguencv dependence of triggerin

The frequency dependence of the initial power input
is shown in fig 28,which plots approximate maximum growth
ratein the trigger zone at a fixed power flux and aé a
function of frequency.The distribution function we have
chosen peaks this around oﬁﬁ:'gxbut in practice it is
found that triggering is consistently and sharply confined
to frequencies around:xa; . 4% .this suggests the operation
of some spécific factor other than the general form of Fo.
Three possibilities might be suggested:-
1. The most likely explanation is as follows.The frequency
o(%;--f; is a limiting one for ducting(Helliwell) ,and above
this value a pulse will become unducted in the equatorial

_ zone,giving a considerable loss of wave energy.Below
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a(*zaf; we have already seen that for most distribution
functions the initial power input to the field falls off
rapidly with decreasing frequency.Thus we might expect
triggering to be most likely just below the upper limit for
ducting,or at abouto(a-ﬁ:F‘?-é> .One may ask how it is that
the mature emissidn is able to rise to frequencies well
above this limit. The answer to this may be twofold.In the
first place there is a very large power input to the field
in a generation region, more than enough to compensate for
wave energy loss due to unducting.Secondly,it is very likely
that the generation region,unlike the incident signal,is not
confined to the duct,and probably acquires considerable
lateral extent during its development.

Some supporting evidence for this view of the
situation may be obtained from whistler data(Helliwell)
‘Sometimes trains of whistlers are observed to have a distinct
cutoff at the ducting limit.c%ei -5 ,but show signs of
considerable growth immediately below this level.

2. Another effect which may be operative is as follows.

We have already discussed the intense electrostatic diffusion
in the neighbourhood of Vz=+1 at the equator.This could

cause a step in the distribution function at this poiﬂt and
give enormous growth rates aroundc(*;-sz’.ln fact the peak

in the graph here results from the discontinuous character

of the Fo chosen.

3.A third aspect of the problem is the long term effect of
the previous morse pulses upon the distribution function.A

theory of triggering basedupon such an effect is at present
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being developed by Dungey and Abdalla.

4. The offset frequency and the initial freguency behaviour

One feature of emissions often observed is the
frequency gap between the morse pulse and the start of
the emission. This is easily explained as follows.Let us
consider the resonant particle current that first appears
in the morse pulse in the equatorial zone.This is sketched
in fig. 29 for the case R*=O.OOOOOS,C(*=O.5. At z*=1000
the current is in antiphase to the electric field,but
steadily rotates to become almost entirely reactive at the
equator.The direction of rotation is the same on the other
side of the equator,and at z*=-1000 the current is again
in antiphase. On average then this current will have a

fractionally shifted wavelength of

ok Tty A ’1?0*/?*

AN .,

K " pzk T Fw\ W
This shift is inversely proportional to R*in and for
small amplitudes may be quite large.For example,for R*=
0.0000025 we get
which corresponds to a frequency shift of about 1O00Hz.,
which is about the right value for the offset frequency.
The first extra fields generated by this current will have
this shifted wavelength.If 51< is small,the net result will
be a steady change in the frequency and wavelength of

the total field,this being proportional to'?a:n%;:and

taking place in the manner described in Chapter 4.
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However ,if 6]( is sufficiently large,the original morse
field and the fields generated'by the currents will become
separate entities as far as their subsequent development
by resonant particle currents is concerned.The condition
that this takes place is that the resonant velocity widths
of the two waves become clearly separated in Vz.In this
case each wave has its own set of trapped particles,and one
wave does not appreciably interfere with particles trapped
in the other.Such separation occurs when ?\i/‘l? 6k/k

a condition satisfied for gLO > 50 approximately.We also
notice from fig 29 that SNJ Sk are of the same sign on
both sides of the equator.Hence,if separation does take
place,both riser and faller will start from a frequency
slightly higher than that of the morse pulse by an amount
50-400 Hz roughly.

As the amplitude of the current generated fields
overtakes that of the morse,these start to develop
independently, and of course undergo a steady change in
frequency proportional to‘aéz(jlyé ). The frequency of
the riser will climb steeply away with a gradient o({E*,
because in this case the contribution to-%é? from the{T;FF
dependence is reinforced by that due to the phase variation
of the toﬁal current with z*.In the case of a faller though
these effects are of opposite sign,and in the early stages
8:);:/‘5£ may in some average sense hover around zero.As the
amplitude increases however, the contribution from /T;f¥

becomes dominant,This explains why offset fallers often
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have constant or rising frequencies in their early stages.
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' CHAPTER 7
THE HAIN PHASE

1._The generation reéign
After triggering has taken place,the wave train settles

down to a semi equilibrium condition characteristic of

the mature emission phase.This is the kind of situation

described by Helliwell,and is illustrated for a riser and

a faller in fig. 30.The head of the wave train is known

as the generation region,and is where resonant particle

interaction is most energetic and effective.This region is

characterised by a very large power input,which must be

sufficient to maintain the wave enve10pe in a constant

position.In addition the frequency in the generatibn region

is steadily changing.Downstream the resonant particle

interaction is weak or non existent,and the generated waves
merely stream down the field line to be picked up by the

receiver as a rising or falling frequency.

The generating region is a highly complex affair
and it turns out to be practically impossible to describe
its detailed structure using the‘(x,and’Y;f: diagrams.
There are two main reasons for this. The first is that a
condition of static equilibrium with a stationary wave
envelope is never really achieved on account of the steadily
changing frequency.The situation is more fluid with the
wave field constantly adjusting itself to changing conditions.
Secondly,inspection of the 1(*:graphs shows that the
generation region should be quite narrow-typically about

2000 units or 300 wavelengths.Thus we expect to find a
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fairly large value for the auantity:

ok Y/:/V a K‘( Tett \E ~ .005E
'aa I Tl
However we recall that the calculations of \(¥'Y@ were

made under the assumption that E, (¥, k were all slowly
varying with respect to a trapping period( ~300), and

they are thus not strictly valid in the present case.This
breakdown is particularly noticeable at the tip where E~O,
as here the field is determined by the resonant particles
rather than the other way around.

In fact the generation region will tend to
behave like a single cohesive entity with a common frequency
and rate of change of frequency. The current caused by the
jet of second order resonant particles will have a
relatively slow time response to the field U\Xﬂuh') and
. consequently its phase will not necessarily be that
predicted from the instantaneous second order resonance
conditions.It is this slow response of the current that
imparts to the generation region its cohesiveness,since it
will tend not to respond to sudden departures from the
common frequency and wavelength.If however,a generation
region should become too long,this argument may break down,
and it may split up into two or more separate units and
give rise to multiple emissions.

Although not much help with regard to structure,
nevertheless,thelk' Tz)diagrams can still tell us a great
deal about the generation region.Firstly, we expect the
location of the generation region to be somewhere in £he

vicinity of the well defined maximum in 1/* ;both for z*
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and §‘ (in order that the power supply be sufficient.

Hence both riser and faller.must be generated close to

the equator-a result in surprising contrast to Helliwell's,
The rate of change of frequency .§:;: of a generation

region is difficult to estimate.As a first approximation

we may write

AT ¥ /iso (Vg1 e ,)

where }ﬂ» is some kind of average of YZ; over the
generating region.It is convenient to introduce here the
concept of the core of the g.r.,which is the central
section,of amplitude R*c which may be regarded as controlling
the frequency behaviour of the entire field.If this idea

*
has any substance,we may put ELFF equal to;

o Wo (IVgl+ Vsl )

Note that if this relation is satisfied,then we must have a

a self consistent wave particle picture,which is really
the basis of the present theory.The wave field with a
changing frequency organizes rescnantparticles in a particular
way,and generates the currents which cause that frequency
to change.

. The growth rate within the generation region
is more readily estigated.We have approximately
A~ O RIR A S R 72,
where the integration is from the given pOsition to the
high amplitude end of the g.r., and Y (§ % ‘R-x)
the instantaneous value.However,the jet of second order

resonant particles
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is actually driving into a region of rapidly diminishing
amplitude R*,and consequently sees a particle trap
steadily shrinking in size, in both pitch angle extent
and width in Vz.Owing to the slow response time of the
current,it will tend to retain the magnitude it had one
trapping period previously,and thus the growth rate will
tend to be somewhat bigger than that predicted by eq 54.,
approaching infinity at the tip of the g.r.We again recall
that \( must be sufficiently large to satisfy

\Z 315,/32 ~YE

- in order for a g.r. to be established.

2. Stabilitv of the generation region.

In the previous section we have endeavoured to
describe the generation region. We now consider the very
important question of its stability.For instance,if there
are small changes in overall amplitude,position,or gt};,
do these quantities tend to return to an "equilibrium"
value? We may put this question in a more urgent way.

We have already noted the explosive type of instability

£x5%l

in the triggering phase,where kmlﬂ .Once triggering
has been achieved,what factors intervene to limit this
explosive growth and cause the amplitude to level off?
This is not at all obvious,and I put forward the following
‘tentative explanation.

A signal such as an emission will have a certain
minimum bandwidth-i.e. E and ¢ will have a random variation

about their mean.In practice it is observed that VLF

emissions usually have a bandwidth largely in excess of
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the theoretical minimﬁmztypically of the order of
50-150Hz,but on occasions sémewhat greater.The dominant
cause of this broadening probably lies in irregulérities
in.thé cold plasma and the duct,and in time variation in
the zero order distribution function Fo.In addition the
output of even an ideal generation region will have a
distinct bandwidth related to the scale length of its
internal structure.Whatever the origin of the bandwidth-
and it is difficult enough to specify-it has a very

adverse effect upon particle trapping.The randomness in

E and W will tend to shake particles out of their trap-
in a charactefistic time which we call Tmax. Whenvthe
overall amplitude is such that the time spent by a resonant
particle in the generation region is of the order of
Tmax,two things happen.Since Teff has reached its maximum
permitted value,the growth rate levels off.Secondly,since
the rate of change of frequency is mainly derived from
(a/bzfr-e{'f there is a rapid fall in {:}’f .Now,if for
the value of R* in the core of the generation region,
R*c,the value of §j%? lies below that of the maximum in
rﬁ%}*,a decrease in g:ffwill result in a decrease in
growth rate. This being so,the generation region can
achieve a situation in which a decrease in amplitude causes
"an increase in growth rate-which is an amplitude stable
situation.If the power input into the system is sufficiently
reduced,such a stable configuration will not be possible,
and the system becomes unstable and liable to spontaneous

changes to other configurations.
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towards the left 1n‘Yb ,and thus in Ji.This variation
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.Termination of emissi —hooks.

Consulting the graph(fig 27) showing the dependence
of fo upon frequency,we see that around.O(*~.-‘F the
faller will suffer a drastic fall off in power due to
the decreased supply of resonant particles,A similar thing
will happen to the riser after a longer time-say at o(%;-7.
The normal mode of behaviour in these cases is that the
wave train escapes from the equatorial zone and the
emission terminates. Sometimes the faller will slowly
turn round and develop into a full length riser.Helliwell
first pointed out how this happens.As the power input
slowly weakens the generation region falls back towards
the receiver and into the rising frequency zone.If ﬁiﬁ;
has fallen sufficiently by this time the power input will
be sufficient to hold the wave train there. As the frequency
then starts to rise,power input revivés,and a fullj
developed riser comes into being.

The converse process of the downturning of a riser
is clearly less likely as the rising zone is already the
downstream one.A suggestion for how a downward hook might
be produced is as follows.Let us inspect the fegion
between.the two maxima in the \6J¥diagram (Eig. 26)

We notice that in the rising zone there is a sharp decrease
*
opposes that due totjzfpand will drastically reduce ?> -
conversely,in the falling zone gjfis reinforced.These

contributions to §,{f from the change in the resonance line
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with Z* increase with decreasing R*,and it seems quite
likely that a weak,unstabilised generating region will
rapidly tranfer from the rising to the falling zone.
Both these processes are tentatively illustrated in fig
31l.Helliwell suggested that risers turn into fallers as
a result of a superfluity of power,which causes the
generating region to spread upstream.It is possible that
‘this is the reason,though if so it is difficult to see
why downward hooks usually are so short.

‘An interesting point is that the concept of an
upper limit on the time for which a particle may be
trapped makes possible the production of eﬁissioné of
zero or very small frequency gradient,sincej%’hﬁ¥449'in
the body of the generating region.The appropéiate
configuration,shown in fig 30,will tend to be rather

difficult of access,and is thus not often observed.:
4, Discussion of numerical vyalues.

At this point we see how observed numerical values
for the frequency gradients of emissions fit in with the
foregoing considerations.Before doing this wershould point
out that attémpts to make accurate numeriéal predictions
from this‘theory are not really possible,owing to the
uncertainties about (1) The cold plasma density at the
‘equator , (2) The distribution function Fo, | (3) The
detailed structure of the generating regionand (4)The
amplitude of the morse pulse.However a rough check on

numbers can be made,and they seem to fit
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fairly well together.
' The morse amplitdde'is well estimated by the
offset frequency,which suggests R* 0.000001-2 roughly.
The NAA pulses often do not exhibit offsetting,and their
amplitude may be a bit higher at say R*=0.000004 .The
emission amplitude is observed to be about 10 times greater
than that of the triggering pulse,so we suggest that R¥
for the mature emission to be of the order 0.00001-2.
This will give a generating region of about 2000 units
long,or 300 wavelengths.In so far as the guantity Tmax
exists,it is very much an unknown quantity,but let us
suppose that it is of the order of 2000.The corresponding
value of iif for a stabilised generation region is around
0.000005-0.00001 ,which is in accoxrd with observed frequency
gradients for léng time risers.Some short emissions have
gradients rather steeper than this.Either their amplitude
is very large,or else in this case the stabilisation we
have discussed is neither present or necessary.Knowledge
of §2g permits an estimate of }g_.

gff-? ~ Yo Yw-)t ~ Ye/ iovo Yo~ -005
This is quite a large linear growth rate,but is not
unexpected since for these frequencies the ionospheric
reflectivity is quite small.For R*~ 0.00002,a resonant
:particle will spend about 5-10 trapping pericds in the
g.r.,and the typical growth rate therein will be about
lO'YE or 0.05.This represents a sufficient power input to

maintain a generating region of 300 wavelengths in position.
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CHAPTER 8

CONCLUSIONS

We shall conclude briefly by mentioning some of ‘the
possible flaws in the theory,and with suggestions for
alternative or additional work.

I think the conclusion overall must be that a
theory based upon second order resonance is able to give
a reasonable account of VLF triggering and seems to
explain guite a number of detailed features-though some
of the explanations are a little tongue-in-cheek.

The theory rests upon a number of crucial
assumptions, and if any of these prove untenable ihe theory
. may require substantial modification.The first is the
representation of the wave field by a wave with k parallel
to Bo.It is well known however (Helliwell ,Walter etc) that
whistler propagation is a complex problem in its own
right,and it i:ay be that a proper theory will require
more details of a waveform in a duct-in particular it may
be necessary to have a spread of k vectors about the Bo
direction.

A crucial test of the theory will be the accurate
measurement of the electric fields at the equator in a
morse pulse and in the emission.The present theory demands
"that the amplitude be sufficiently high such that resonant
particles remain trapped for several trapping periods.The

5 4

fields require? are about 10 ° V/m for the morse and 10~

V/m for the=:imission.If observed fields are much below
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these levels a low amplitude theory will have to be
developed,but it is difficult to belie ve that this would
give sufficiently large growth rates to maintain a |
generating region.

Certain aspects of the theory remain obscure.The
sharpness of the triggering arounngﬁi-44’is puzzling,
although several vague explanations for this were advanced.
The chief difficulty however is in giving a proper
description of the generating region,and in understanding
its behaviour.Some of the ideas introduced in chapter 8
were highly speculative in character and may not stand up
to detailed examination.

A great deal of édditional work is really required
on the nature of wave particle interactions in a narrow
region in which amplitude varies rapidly.Another problem
is that of the zero order distribution function,which
warrants a good deal of theoretical and observational
study.

Whatever the def iciencies this theory may have
it is hoped that it may shed a little light upon a very
complex phenomenon,and perhaps pave the way fér more

sophisticated analyses.
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Fig. 1. Some examples of morse triggered VLF emissions

on a sonogram,or frequency-time diagram.
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Fig. 2. Further examples of artificially triggered VLF

emissions.Example (c) shows triggering by the 1 sec _.long
Omega pulses.
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Fig. 9. Region in velocity space of effective particle
trapping (large AW*) .The graph shows the boundary of the
region in the Vj plane for 3 values of Vz.
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Fig. 29. Sketch of the amplitude and phase of second order
resonant particle currents that first appear in a morse
pulse in the equatorial zone.These currents have on
average a shorter wave length than the field-thus giving
rise to frequency offsets.
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AN APPENDIX 1.
The Numerical Integration .

We require to numerically integrate equations 9-14.
This is done in a stepwise fashion,using a tiﬁestep Z& .
Let us consider the progression from the nth to the
(n+l)th timestep.There is no need to integrate over the
very rapid cyclotron motion,so we factor this out of the
equations by defining a quantity

\¢A B/ ‘76n6)éK 3 g = 1:-f3n

where/@,,Tn are the values at the nth timestep.The equations

of motion now become;

&
25 el ) ),
ol

+4 ’\LVE‘ £

de — ——Kk ﬁ( +i (J/g”/o( 7{)) ﬁ
c[q( w—-kv% %6
dE

Expanding about the nth time step as a function of é; ’

and retaining only terms of order R,we obtain;

CJxL’ = — 73 t<ﬂ\ﬁ5n Lq£“ ,Lé;n
) L

+ j‘ %n(aﬁ Va O

n
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dve ~m(,,' —Ldn _c§55 #n
ds =~ W C/R-{e e .

%ég = Wh— KV 4+ wWhd— ke Sk Ve S

anl)

(;?1:= "/6574% _“L(ﬂ\ﬁzy\*+‘ajr\ ~ ——-LCr\(\JZQN—-\ﬁwslqa)

where

Rk i R
VA %Eﬁ%\a \‘L,ﬂ o
L _g(VZ,\~2(l—m))

Kn Wh _
-y L ”ﬁ’;"‘}

Note that in this problem Gn is not necessarily small

=
>
U

Ay
i

as particles may fall out of resonance during the
integration.Integration of the above equations from

6-_- oA gives the "recipe" for advancing from one

step to the next.
: , GnlA
y,n—f-/ = [ﬁ\/’n -—R(!* ‘%—“) n ( — Ig

. L,C;n
1) A*’U“@éyhﬁj]9%®/
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2o o Unl Rkn?ﬁ %«p ot ( |

it
A _ ’\Z‘l\\Ln
+ ‘{z’,,) g, (Qaé )n
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Also we have;

K™ = wh“”"‘)/(l—— Wr\"‘?h.)

Wn = |_§(Zn—-1(!—o<)fn)

th-f—l = t’\"l" /~\-

/Qn e /7F/17;§n

These egpressions form the basis of the computer program.
The time step.zx is of course negative,and is chosen so
that the percentage error at each step is less than a
certain amount (say 1%). The leading terms neglected are

lnakg aﬁd”ﬁé’ 5?{ STok 8% a4

,232)132

relative to those retained. A convenient estimate of the

required time step is then;
I Al = c

= -i—/ ac
\/E '+/Y] +K* \/f*’-_,, A)L+RL
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APPENDIX 2

In this appendix we derive equation 22. We take a cold
homogeneous électron plasma with a rigid ion background,
immersed in a uniform maénetic field Bo in the z direction.
We consider its excitation by a small transverse resonant
particle current Jres,that depends only upon the coordinate
Z.

The governing equations are those of Maxwell,together
with the linearised equation of motion of the cold
particles.Thus:-

VX@‘—'—%(\.}_ES-}-(S:-)-F aa"gE

- B
é_\’_/‘ = —= iE—L—’-—_\{XBog
Ok m L= <
<)C = ‘f_/\4>€i}£
where Jc is the current due to cold particles of number

density No.For transverse Jres,E,B',and V, will also be

transverse.We may now write;

8 = (D fur) -t of

L B/azg = ——é —af—:’g
@/at-tﬂ)jc = /\_{%glf
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E; = E;XJ+'L E;ﬂ
ii': BX-’-LBJ .
j J’m‘><-f L\)nuwj

Elimination of B,and Jc, gives the final differential

equation for E.

]:( _ab_;_ _CLZ %3;7—)( 23_&— z_a) D?_ '_L-] [ 477 <__L_Q)3Jm
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