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ABSTRACT

The onset of cellular convection in an unbounded,
uniformly heated horizontal Tlayer of fluid has attracted a great
deal of attention since the turn of the century. More recently,

consideration has been given to the onset of convection under

less restrictive circumstances. This thesis examines three
such cases :
1. In the first chapter the combined influence of rigid

cylindrical sidewalls and the anomalous expansion of
water below 4°C are treated. A novel method is
used to expand the linearised perturbation solution
in terms of eigenfunctions of the unbounded problem.
Asymptotic solutions for large and small aspect
ratio are obtained and compared with the numerical

results.

2. In chapter two we investigate the nature of convective
instability in the vicinity of a hot-spot on the
Tower boundary of an unbounded horizontal layer.
We find that convection occurs first in the form

of longitudinal rolls.

3. In the third and final chapter, we study the onset
of convection in an infinite horizontal annulus,
where we allow the inner cylinder to rotate

uniformly. We find that this problem exhibits a



strong Prandtl number dependence, even with no
rotation present, with two distinct cases being
noted. For Pr v O-2%convection occurs at the
top of the inner cylinder and the effect of
rotation is to merely shift the site of instability
away from the vertical in the direction of the

rotation.

For ?f‘$°'l‘*and no rotation present convection
occurs on either side of the vertical at an angle

B, to the vertical, where 8, increases monotonically
fromo to ZE as ﬁ- decreases from 0-24 to 0-0.

In the presence of rotation convection first occurs
on the "upstream" side of the vertical at a slightly

modified angle.



CHAPTER 1.

PENETRATIVE CONVECTION IN A RIGID
CYLINDRICAL CONTAINER.



1:1. Introduction.

In this chapter we attempt to solve the linear
thermal convective stability problem for a column of water
confined by a rigid cylindrical boundary, with the bottom of
the column held at 0°C while the top of the column is allowed

to have a fixed temperature greater or equal to 4°C.

This represents a system where a layer of thermally
unstable fluid is bounded above by a thermally stable layer,
so that we can expect motions arising in the unstable Tower
layer to penetrate into the upper stable layer. The reason
for the existence of this two tier system is due to the
anamolous expansion of water, which has a maximum density

at 4°C.

We are therefore in the ideal position of having
at our disposal a simple, natural phenomenon which can be set
up in the laboratory from which we can study, albeit in a
limited sense, the mechanics of penetrative convection.  This
is important since Nature shows a predeliction for penetrative
convection. Consideration of the solar convection zone
reveals that it is bounded both above and below by stable
regions, while convection generated at the earth's surface due
to solar heating penetrates up into the stable atmosphere
above. In the oceans also, evaporation at the surface causes
convective motions to arise near the surface which then

penetrate into the lower regions.



Around 1960, W. V. R. Malkus suggested that the water
over ice experiment should be fully investigated to obtain
information about penetrative convection. This lead to the
experiments of Furumoto and Rooth (22), Townsend (23) and

subsequently Myrup (25).

The results of Furumoto and Rooth then lead Veronis (1)
to undertake a theoretical study of such a system. He did
this by considering water as a Boussinesg fluid with a quadratic
temperature dependence and confined it between two infinite
plane parallel plates which could be either stress free or rigid.
He obtained the equations apertaining to small perturbations
about the mean state for that geometry from which he derived a
sixth order homogeneous ordinary differential equation for the
temperature perturbation, the eigenvalues of which were the

Rayleigh number and wave number of the disturbance.

By finding that wave number which minimizes the
Rayleigh number he calculated the critical value of the
Rayleigh number at which the layer becomes unstable for

various values of the temperature of the top plate.

Veronis also investigated the weakly non-linear
behaviour of this system and found that with the temperature
of the top plate fixed at around 6°C a subcritical

instability occurred.

The non-Tinear behaviour of the infinite plane

parallel problem was further investigated by Musman (26) who



sought steady state solutions numerically using the mean field
approximation of Herring (27). While Moore (25) investigated
the behaviour of an individual thermal impinging in a stable

area.

Moore and Weiss also studied the ice-water system
using a finite difference scheme on the stream function and
vorticity equations, but confined themselves to a box with
free boundaries top and bottom and using periodic boundary

conditions on the sides.

Although these studies are of great value they have
an inbuilt weakness in the sense that they did not take into
account rigid side walls, a necessity forced on all laboratory
experiments. This being the case it is natural to ask
whether any simple theoretical means are at our disposal for
taking into account rigid sidewalls and evaluating the effect

they have.

This chapter is devoted to proposing and evaluating
a novel technique for solving convection problems taking into
account rigid side walls and in particular we apply it to the

water over ice system.

A number of authors have considered the effect of
rigid side walls for Bé nard convection in a rectangular box.
Davis (19) considered rectangular dishes with Tength to depth
ratios varying from 0-25 to 6, and solved the linear stability
problem using the Galerkin method, while Segel (17) considered

a long shallow box (aspect ratio, Length/depth, large) and
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took the viewpoint that the solution of an unbounded layer
could be 'squeezed' into such a container by allowing slow
spatial changes to the amplitude of the solution. Drazin (20)
showed that for a two dimensional rectangular box with free
surfaces top and bottom all six solutions of the Bé'nard cubic
(kz'f' nz.}.‘.zf’: kzﬁa\ were required to satisfy the boundary

conditions on the side walls.

Simultaneously Hall and Walton (18) and Daniels (7)
considered a rectangular two dimensional box with rigid side
walls, but allowed those side walls to be slightly imperfect

insulators.

In terms of cylindrical geometry Brown and Stewartson
(15) considered the fluid contained in a rigid cylindrical
container which was an imperfect insulator and analyzed the
problem along the lines of Daniels (7). Charlson and Sani (14)
solved the Bée nard problem in a rigid cylindrical container
using the Galerkin method, while Jones and Moore (4) considered
convection in a cylindrical container which was impermeable,

perfectly insulating but stress-free.

A zouni and Normand (21) undertook a numerical and
experimental investigation of the water over ijce system in a
rigid cylindrical container. They solved the equations for
the linear stability problem using the Galerkin method.
However, the results they present are somewhat confusing and

not very extensive.

We propose here to solve the linear stability problem
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for the A zouni and NormanJ(Z]) cylinder by a novel method

which is similar to the Galerkin method.

In that method the solution is found by expanding
the problem out in orthogonal functions which are arbitrarily
chosen. We show here that it is possible by casting the
vertical structure equations into a matrix form to prove that
an orthogonality relationship holds between the lingar
eigensolutions of the infinite prdb]em thus allowing us to solve
the full problems by expanding the solution in terms of these

functions.

A similar approach has been adopted by Blennerhassett
and Hall (28) to the study of Taylor Vortices in a finite
cylinder. Although in their case they obtained the linear
gigenfunctions as a Fourier series thereby leading to a double
infinite expansion, whereas we require only a single infinite
expansion since we calculate the linear eigenfunctions
directly from the equations. Hall (29) went on to consider

the weakly non-linear problem.

The chapter is divided into six sections. In
section (1:2 we state the governing equations and derive the
equations for the linear stability problem, while in section
(1:3) we show how to construct the solution when the aspect
ratio is of order unity using the linear eigensclutions of
the infinite problem. We also demonstrate an orthogonality

relationship between the linear eigensolutions.
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Sections (1:4) and (1:5) deal with the asymptotic
formulae in the cases when the aspect ratio tends to infinity
and zero respectively, while in section (1:6) we describe
the numerical methods used to solve the aspect ratio order
unity probiem and give the results in both tabular and
graphical form. Section (1:7) gives conclusions on the

usefulness of the method employed.
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1:2. The Governing Equations.

We start this analysis from the three dimensional

Navier Stokes equations in cylindrical coordinate form :-

-

2
f3ﬂ+u%+z3&+wh_1:_w+
RE 2w r 29 22 r hYs

+§v[vzu— u -z BV]

T ;1 ;{

- (1:1)

- (1:2)



where

<
1) ~
=
o/ o/

'y kan f'z}fz D:a‘a

These equations are closed by specifying a Boussinesq density

profile with a quadratic temperature dependence :-

j’:fo [1~K(T—Tb)z] - (1:6)

In the above equations X is the coefficient of thermal
expansion, 2 is the coefficient of kinematic viscosity, Cf is

the specific heat at constant pressure and k¥ is the coefficient

of thermal conductivity. o 1is some reference temperature.

We will apply these equations to the inside of a rigid
cylindrical container of height h and radius J/E_ , 1ts side
wall being regarded as a perfect conductor and we shall assume

the ends may act as either free or rigid surfaces.

The base of the cylinder is kept at a constant 0°C and
the top will be allowed to have fixed temperature A'7Q where A

is a real free parameter with range [o, 27]

We will consider Tinear perturbations of equations (1:1)
to (1:6) about a mean state of hydrostatic equilibrium where the
heat transport is by conduction only. This state is given by

the following equations :-



k=

1}
‘v
(S\}

- (1:7
A1z (1:7)
Jz_.
—— - 0.0
dat - (1:8)
~ - - .\
? = ) — X (T-1
f= fol- ( ) ] - (1:9)
Equations (1:8) together with boundary conditions discussed
earlier imply
T- AT =
h - (1:10)

There is no need to write down explicitly p since it does not
enter our perturbation equations. Small perturbations about

the base state are considered by writing

) ]
Wz u W W V= V

/7 I

k:;+kﬂ,T=?+8‘,f:ff¢ - (1)

where primes denote perturbation guantities.
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Substituting expressions (1:11) into (1:1-6) and

ignoring quantities that are quadratic in primes we obtain

Tik = ‘7111 - u - zanV - (1
»r = r=

- (1
L 2w+ tnv o W - 0
r r 2 - (1
T8 =
_(]
where now

A e LI

In the above we have dropped the primes for the sake
of convenience and placed the equations in non-dimensional form

by writing

:12)

:13)

:14)

:15)

:16)
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where % = */fo Cp and Raz A 67;2})2/1":’( is
the Rayleigh number. Also we have allowed the density to be
constapt in every term except the buoyancy term, have assumed

an Em‘# (where N is an integer) functional dependence
on all the physical variables and have assumed also that the
principle of exchange of stabilities is true for this sytem
allowing us to set all time derivatives to zero. This last

assumption is based on the fact that Veronis (1) proved that

the principle of exchange of stabilities holds for the infinite

plane parallel s]ab,fo‘r the case of feee-rree 50“””{“r35°

These equations are supplemented with the following

boundary conditions :-

Either

Free - Free boundaries ®=w= 92U - 3V = 0.0 on =0, |
2z 23
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Rigid - Rigid boundaries 8= J= W =V = 0.0 on 2=z 0 |

Rigid - Free boundaries ©= W= U= V= 0.0 on 2= 0

- - _U _ VvV _
B-J—}—‘-\z_—ﬁ—o'o on 2=

and ol
U=V= WJ =8 = 006 on - L= &4

where L represents the aspect ratio of the cylinder.

By simple manipulation we can eliminate the horizontal
velocities and the pressure from equations (1:2) - (1:15), and

then using (1:16) we reduce our problem to the single sixth order

equation
é \77“9_ 0.0
Ve + Ra (dz2-1)Y 8= 0 - (1:17)
where ve- 1 }_(rl)-— _Q__Z
H Foyr\ o re

Equation (1:17) does not however give a full description
of the problem since equations (1:12) - (1:16) describe an eighth
order system while (1:17) is only of sixth order. The missing
equation is that for the vertical vorticity (see Chandrasekhar
(2)) which in the infinite problem is satisfied identically.
However Joseph (3) (see also Jones and Moore (4)) pointed out
that in a finite container the vertical vorticity does not vanish
on the vertical boundaries and that we need to take it into

account when solving the problem. We do this by noticing that
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it introduces a complementary function on solving for the

horizontal velocities W and V.

1:3 Solution for L ~ |

We now turn our attention to constructing a solution
for a rigid cylinder with aspect ratio of order unit from the

solutions of equation (1:17).

The first step in doing this is to notice that separable

.‘,
solutions of (1:17) which are finite on the axis take the form
B(r,2)= 3 (ar) 8(=)

Where Tn(dr) represents Bessel's function of the first kind, &

is the horizontal wave number and 8(2) satisfies

3 Z |
(Dz_ 4‘1.) B8(z2) = a ﬁa (A% "’) 8(%) (1:19)

Using (1:18) in (1:12) - (1:16) we also get that

wir,2)= (p=a%)®B(z) ], (ar)

- (1:20)
pir,2) = L (D=at)dWE) T, (ar)
« - (1:21)
u(r,2) = L 43, (ar) DWI(Z) 4
a® dr
+ TGT) A sinw2 + B en¥e] o

(1-) B (Azb r c}\ M‘Q' —jft,ulc/lxuf)\s MTV\ () we M(:‘L«l 9%3 CW@
Mdzi,’é%?ﬂg;& {’UQU_ l’:&ﬂi’i& >j$h"5”\ an =20 sez @oj’cﬁ\do\r and 670[’((3()_
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OEPE an I, (ar)dW(z) +
a‘r
47, (i\(r)[/\s;n‘fz-e- B Cos‘&zj

2
T P - (1:23)
where W(2)= (D% a?)8(2) ,and A, B and 7 are
constants to be determined. The A sin¥2 + B cosT 2 terms

in (1:22) and (1:23) represent the contributions from the vertical

VC!(.’\(,'i'B,

To specify the problem completely we need only supplement
the equations with appropriate boundary condition. For example

considering free boundaries top and bottom we have

8:k)=?_7:_‘=u: 0, Z-’—O}l
22 22

So that for these conditions to hold we must have that
Y=MT | withm an integer, and A= 0. .  Furthermore with the
aid of equations (1:19) - (1:23) the above boundary conditions can
be written down as

. DB = DB =0 2= o, |

Similar expressions hold for rigid-rigid and rigid-free boundaries.

With the boundary conditions in this form equation (1:19)
forms an eigenvalue problem for the horizontal wave number if feé{

is specified (or vice versa).

In general there will be an infinite, but countable,
set of eigenvalues (with positive real part) which we shall
denote by A4, (m=1,1,3.... ) , with the corresponding
solutions being denoted by BM , etc. With the boundary
conditions at the top and bottom of the cylinder we have only to

satisfy the conditions on the side wall r= L , which are that

B:"M:\/:b\)—:‘o. =L
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We intend to achieve this by summing over an infinite
number of horizontal modes. Naturally, for practical reasons,
we can only sum over a finite number of horizontal modes and we

therefore seek a solution in the form

NT
ra): ! T (a, ) B, (2)
or, %) MZ;? fom n (4 ™ ‘ - (1:24)
NT _ N
W(r, 2)s= )Z, Bon T (2 ) Wy (3 _(1:25)

NT
w2l = 2, ]_—@" 4.3(“’«”] DW ()
! as

ar
mT o
+ B, Ty (1PTF) Cosp7 2 - (1:26)
p=1 r
NT
V(r, %)= L fm T (A,r) DWo +

—~  Ar - (1:27)
P! ' _
where the/;m and B’, S are constants to be determined and M7 is

the number of modes considered and MT = NT/.?

The reason why there is only one vertical vorticity
mode (i.e. a Bp term)  to three Pm terms is simple. In the
standard infinite Bg nard problem the eigenvalue problem reduces
to solving a cubic equation for dz . It is obvious therefore that
equation (1:19) will also produce wave numbers in natural sets of

three. In turn three wave numbers produce three unknown constants
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}3,,, but have four boundary conditions on =L . Hence we

require one Bf term for every three IBM terms.

Our side wall conditions then become :-

/
8. (&) = 0.0
mg Pm Cm - (1:28)
NT
—'\ {
m:Z,' Bn Wm (2] = 0.0 - (1:29)
NT
' ﬁ/ F DWy(z2) +
M=y
miv |
4_2 8, Cos(pPTz) = 0.0 - (1:30)
f:; L.
S 2 e DR
= oalL
fﬂ_’_‘T !
r 2y Bp Rp coslpmz)= 00 g,
p=1
Where

!

ﬁm = /Em j;,(aML)
8, = B, J, (if7L)

- 4 7, (ant)
™ a, T (a,L) dr

- 4T, tipre)
m n'fl:'(z‘p‘/'rL) Ar

~ Y

/
By eliminating B, from equations (1:30) and (1:31) we

can obtain the following equation

N
S,/ - 00 - (1:32)
ZA le F3m (%) -

m=|



where F ()= [EM FZ: - 'ﬂ"‘i] pwiz) —
a4 L

mT
2 Z (Fz:’Fz,o)Im’, Cos(pTTZ)

and |

Imf DWM(%) Cos(,oW%)d(%

/
In order to determine the coefficients ﬂm we need to
use an orthogonality condition on the modes Q"(-‘é). This is

constructed by first introducing the following vector notation

T
o = (8m,wngm) - (1:33)

~m
7 <
where W, = (Dz-él;:)am y éMZCDZ"dm)Sm

Equations (1:28), (1:29) and (1:32) can then be written

in the more succinct form

NT
Z ﬁn'\(ém Qm-r-/f\jm]:ao - (1:34)
me=|

where
z 0 ©
'/im i 0 | o
o fm D0 - (1:35)

and

- (1:36)
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with
- - - N
Erm- [F;M ?-‘Zl 4'3’—2]
n,
- = > (R -FR,)T,, cos(pnz)
Fom = 2’Tmf=z(2" 7"’) mp P

Then an orthogonality condition can be shown to exist

~r

¥
between the vectors Qm and their adjoints 9”‘ in the following

way. Equation (1:19) when expressed as a first order system

becomes
'4; 7 s o o 6(: l & P —!
™m 2 7L
¥ o) o o} o] 2 Wy l m
M
_ o © o G&(®) o at m
D AM = m
) | 0 o (o) o O SM
™ - (1:37
Wi 0 l o) (o) o) o) W ( )
Lzm_‘[ _O o | © °© O_Jl_gm_
<z
where we have put O (2 )= Z £a (A%")
Following the procedure for finding the adjoint of such a system
as described by Ince. (5) we find that the first order system
8%
for Gy s
_ Pr:
Pr A B O B
m 5
}L* o) o} o o} [ © "/r/u
m
X
D+ |=-1p o o 0 o | Tw L (1:38)
™
o* ar o o= o o 0 2
™
¥
w,t , a- o o 0 0 W
2 ¥
¥ d
LEM i ) [ Qm O ° o | %M

e e ot

e gy oy
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From (1:37) and (1:38) we can write the equations for

_{.T
9 m and % as
~ )

- (1:39)
T — -
rA + +
SENPEPIME  S
" - (1:40)
where
N
P - o O o
Ra (A2 -1) o |
(ia] { o)
X - 10 0 |
o
o) OJ
# ¥ ¥ o1
and the boundary conditions on = T
y 8= (f, %, Tn)
are, for free-free boundaries
% + }L + *
» — n = ”n Z- 0/ !
£7T
Premultiplying (1:39) by ?,‘ and postmultiplying
e
(1:40) by QN, subtracting and in,t\agrating by T yields
| {
T T l il
+ - 41 t{ L ¥
1 .t _ _ Ipg D
(&m‘ qn) rs-«n f I\SIMA% - L@n b"a’m L M M o (1:47)



26.

Applying the specified boundary conditions on §2w~ and

EZ“ shows that the right hand side of (1:41) vanishes, leaving

us with the following orthogonality condition :-

g,@:ﬁf 9. dz = 00 (min)

) - (1:42)

On using (1:42) upon equation (1:34) we get

NT ‘

]
zz: fsw <:FW\
M=

= 00
- (1:43)
where
t
2 y
Crm=| 8 P[AD,+ &lm] z
A - (1:44)
In matrix notation (1:43) becomes
c g 0
. z 0.
where the matrix is a function of the unknown aspect ratio
For a solution to (1:45) to exist we must have that
C = 0.0
Det (&) - (1:46)

Thus a given Rayleigh number is the critical Rayleigh
number of a finite cylinder with aspect ratio L if L is the

root of equation (1:46), with the matrix é; being calculated



27.

from the linear eigen functions appropriate to that Rayleigh

number.

It is obvious that the solution of (1:46) will involve
an iterative process (details of the actual numerical procedure
will be given later) and therefore a good initial guess is
highly desirable. This we can obtain by considering two
asymptotic limits of the problem, which are (i) the height
of the cylinder is regarded as fixed, while the radius is
allowed to become large i.e.L>¢ and (ii) the radius remains

fixed and the height becomes large i.e. >0

1:4, Asymptotic solution for L= =

Here we are expanding about the infinite plane parallel
case (see Veronis (1)) where our small parameter is &= D/L )
Furthermore our task is simplified by the fact that we do not
need to take into account vertical vorticity since this is a

much higher order effect, see Ch%@rasekhar (2).

Our starting point is equation (1:19) which when using

the motation of the vector (1:33) can be written in the form :

ra 2 -
(DL a¥) 8(2) = Wie) e

(0*-a?)W(z) = % (2
- (1:48)

DZa)§(e) = Ka (Az-1)a® B(=) - (1:49)
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e expand out the dependent quantities in the following

manner

(9,w, £) = (8, % §,)+ €(8 w0 § );.

- (1:50)
(Ra, a) = (Ra, a,)r ¢ (fa,  a)+-- - (1:51)
Substituting these expansions into equations (1:47) - (1:49)
and collecting together terms of like order in € yields the
following sets of equations :-
0(1)
A 2 9 w
(0_467 o = 0
- (1:52)
z z
(0t~ a8 )W, = £
A )W ° - (1:53)
2 2 2
(0*- a3 )¢ = a Ka, (A=z-1) 8, - (1:54)
0(g)
2 ra
(D-aZ)B - L, = 2a,4,9, s
1 2 _
(D—GLO)DJ,—?, = 14,4, W, - (1:56)

(% 43)& - a, fa, (42-1)8 =
4,[16\029 2 Ra,a, (Az-1)8,]+
Ra, aF (Az-1)08
Equations (1:52) - (1:54) naturally are the same
equations solved by Veronis (1) for the infinite plane parallel

case so that ('an, qe)are the critical Rayleigh and wave number

respectively, for that oroblem.
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For equations (1:55) - (1:57) to have a solution the
integral formed by mutliplying the right hand side by the adjoint

vector and integrating over 2 must vanish (see Ince (5)) i.e.

(4
24, 4, I‘ + Ra, 4, Iz = 0.0

- (1:58)
where

!

-
T =5{_ 3071"; Ka,(Az-1) 8, 7 M+ W, ¥+ 807!*]

° - (:59)
|
I, = Az -1 7 *
t j( ) o de - (1:60)
0

By solving the eigenvalue problem (1:52) - (1:54) using
a fourth order Runge-Kutta method and evaluating the integrals I‘
and T, we find that I,vanishes while I, is non-zero. So that
(1:58) gives the result that fa\‘ is identically zero, as is to be

expected since 4, is that wave number which minimizes fa .

2
With this result the order & = equations are

e 2 -
(1)——46)81— WZ_ q![8°+24°8/]+ 14,4, 90 - (1:61)

it o e ta]e 2aa

(Dz“(oz)gz- 4: La, (A2-1)0, = &, %o‘* La,a, §°+
+ 24, q, fl + Ra, (42-1)a; B, + 2Ra, a, 4, (42-1)8,+

+ A, [ﬁao (hz=1)9, + L Ra,a, (Az -1) &/] - (1:63)
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Applying the same principle as before, a solution only

exists if the following expression holds

a4, r 4T ra, I + a7 Ra, I =00 _ (g
! £ 4 |
- *
I :ﬁk« (A2-08, 7T+ W ¥+ 8,4 7¢ § 7% ] d=
37, ° ° - (1:65)

{
.1-‘#:5[2(40‘% (Az-0B, e Za, W, 7L¥+ 24, 8, %*'f'
A - (1:66)

+ 24, é" T*] dz

]
- # ¥ *
IS :J‘Lz £q°4° (/li‘-l)a,,?T ‘f’zko wo -7[ + 240 80%"' - (]67)

+ 2a,f, w*]dz

!
I, =j(Az—()8°W*A%

Clearly I3 and _—1:5 are prooortional to I, and therefore
it is obvious from (1:55) -

- (1:68)

Furthermore since ﬁaa, =0

vanish.
(1:57) that we can write
( E;I,, W V) 2, ) = 4, Cl; ( 8% ) “ Y, 2147
Then (1:64) reduces to
at I Ra, Ty = 0.0
| g * ., £ ~ - (1:69)
so that
r - I
A" = - Ka, | = - (1:70)
L
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Since the ratio I‘/I‘r is always negative the
correction to the Rayleigh number indues a splitting of <&l into
a positive and negative value, allowing us to write the boundary

conditions on the side wall to first order in € as :-

(8°+f9,)§A,I,[(a°+o<)z.]+
A T [a- o] § = 00

- (1:77)

(‘*’a*“f"";){/’c, LA, +ex)L + - (1:72)
A, T, [(a,- tx)L]Z - 0.0

(Dw,+ £ bu,)g A ( dT[ta,+e)] = p T [ag zx)z_‘_p
L

(a,+ee)t | Ar
+ A A3 [a=ex)L] = n I, [(a,=cx)L])| _ 0. 0
(a,- £x)%\ 4 -
- (1:73)

where we have obtained (1:73) by forming the sum U+ 2V

/k‘ and /&L are coefficients to be determined and

—
& = ( - ﬁ?ahl 'ff ) h
Ty

For /x, and /xz to have non-trivial values we must

have that

T [+ zx)//gjg T'[Ca, = ex)Ve]— €T, [(a,m £X) //gz

= ;[(ao—ix)Vg]iU;’(Zaofcx)//f] -tnJ C(%*f“)//ﬂz

- (1:74)
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By using the asymptotic expansions of T,‘ (%) and _J—n ( (=)
for large & (see Abramowitz and Stegun (6)) (1:74) can be

reduced to

sin (1K) .
cos(Y Y-«
os(T+K) Cos (¥-«) _(1:75)
where 'D/: 5.0 - ﬁ_t - Z
< 4 *
Hence o= MT (Mm=1,2 ... > so that
.
</ T
KAZ. = - M—Z—/r (__:"“ - (1:76)
&% L¢

Table 1 lists the solutions to the eigenvalue problem
posed by equations (1:52) - (1:54) and their corresponding values
of )QQL for various values of ,\ and the three types of boundary

conditions at ¥¢= o, |

One way of checking our results is to note that for
A >/ |. 0 for rigid-rigid boundaries should be
identical to the critical Taylor number for flow between rotating
concentric cylinders which we find to be the case (see

Chandrasekhar (2) and Drazin and Reid (6)).

Also for A = 0.0 and free-free boundaries we expect
our results to give the same asymptotic formula as that given by
Dani¢ls (7) for ordinary Be.nard convection (see also Brown and

Stewartson (15)). From table 1 we have that

Ra - €57 si¥ + %3831 - (1:77)
[ *
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while Daniels gives

Ka - 65751 4 #38.3%

LZ

"

- (1:78)

The agreement between the results is clear.

1:5. Asymptotic solution for L>o

We now turn our attention to the other asymptotic limit
in which the radius remains fixed and the height of the cylinder
is allowed to become large. In this case we are only able to
consider free-free boundaries top and bottom since for rigid-rigid
and rigid-free boundaries all the vertical modes are necessary to

satisfy the boundary conditions at %= O.

Since we are considering a cylinder of large vertical
extent we expect that the vertical derivatives which balance the
buoyancy terms will become small and therefore some form of
rescaling will be required. With this in mind we non-
dimensionalize the original equations (1:1) - (1:6) in the

following manner :-

12
N/
Ny
|
A
g
T
g
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We then find that the linear perturbation equations

become
2z
S - Rald=-1)®+ Vuzw' + 9 ?_7731' 1:79
Y }%7. - ( : )
A T 2
5(4" = VH 5 + g 1_22 - (180)

The horizontal momentum equations and the equation of
continuity remaining unchanged except that 75”3?: is replaced by
5 %% , and that now

Ra = AxqT, </vk

Mso §= A/f << , and is the small parameter about which we

will expand.

It is clear from equation (1:79) that the vertical
dependence of the buoyancy force (i.e. the ):% term) is not
in balance with the vertical derivatives. Indeed the buoyancy

term is ©(1) in § while the vertical derivatives are much smaller.

To achieve the necessary balance we rescale in % by

writing -
o<

2= 9 = 0c2x< |

Substituting this expression into the equations it
becomes obvﬁous that to maintain a balance of terms we must scale
- x
W as 5 s O as 5

scalings we then must have that X3 .

and write Ka = ¢ Ra ; With these
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Our fully scaled equations are then

2}’ Vu+$ I w2z v

22t rr e >4

}43 vv+gz/3}v+z U v
P ¢ 22 rr ¢ r

322
7 in 2
LJ’: VH8+ S b___@
22t
1L )4 LY e
' r e .b'f ?5%

Expanding out the dependent quantities in the following

manner :

2/3

(1:

(1:

(1

:81)

:83)

:85)

(un, vV, o )= (YU, Vo I, )+ § T(n,, v, 4+

[%
8 : 0.+ 5 B 4
Ty
P =S bl por S p -
— — 2 —_—
2 Rag+ 5 Ra,+-
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¥
here the presence of the }? term will be discussed later.

Substituting the above expansions into equations

(1:81) - (1:85) yields :-

wy
o(s )
X
?_k.‘: o. L }—k = 0. Pi‘: P*(")
or 7 24 - (1:86)
o
'B_ko:VHZZ(O—-E_g.._Z;?_\_/o
or re rt 24 - (1:87)
.L}_‘ko - VHZ\/‘o + 2 B_L(_O - Zg
o34 re re
- (1:88)
U L& z
3%= —E4°9°ﬁ-VH<»5;
- (1:89)
L"Ya = VHZ ao
- (1:90)

L¥ru)s L 2% L 29 _ o0
r o¢ r '309 22
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. Tlu r AHMe — % _ 2 W,
3 K PEX 2 re 9
- (1:92)
L2p = sz + )iVo + Z ?_L(v _ VvV
r b‘? EXS -2 'Bc? —r:{l

(1:93)

2p - Ra, A2 8, Ra - Ka, B, + 7 + %,
2 ° H ™ —
02T L (1:94)

(4 2
LOI = VA 8’ + }_‘80
2"

(1:95)

L3ru )+ L3 D,
T ? T T - (1:96)

-

The boundary conditions being = W = i__z’i =
R
oV 0 at 2= 0, and as
— = 0. =c < -5 0
kRS
U= V= J =z & = © and r= L

Solutions for 8, , Qs and P, which remain finite

on the axis M= 0 are
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B, = A(z)[e, 3, (¥e)l + B, I,,(B’r)]- L o_(io"‘
dz

- (1:97)
o, - XZA(%/[G-L I (¥r) - B J; (‘(r)j
- (1:98)
2 -—
Fo" 't [8, In (5r) ~ BZ_T_"(TP/]J_.& f—P(‘E’/I"n
0(% - (1:99)

(nN=o,/, 7,.-0)

¢ > = —
where 8, , BB are constants and © = fdo , Jo and dn

2
are Bessel and modified Bessel functions of the first kind

respectively and A(2)and p(Z)are functions to be determined.

In order to obtain the horizontal velocity components
Uy > V, we need to consider the axisymmetric and asymmetric cases

separately.

(1) The asymmetric case N 7 O

In this case the complete solutions for U, and V,

are

U, = pe)+ BTy _(=7)
.

- (1:100)

- JdA [3' d3,(vr) 4 B, AT (¥r)
Az Az Ar
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. n+l n-{
Vo= L0420 ~ p(e) + B, T U (2)

n+ &
- in j_/f[ti, T,(70) 4 8, T, ()]

- (1:107)

where 53 is a constant and 'Zlcp(%} represents the vertical dependence

of the complementary function.

Applying the boundary condition at =/ we must

obviously have p(%): @..,, e’lf} s ucF(%}s 6(__/_1
A2 Az
and .R_ éi’ A’(%) with BY R 85 constants, to
ao
obtain

B, 7, (%) + B, T, (%)-Bs = o.

- (1:102)
R.IL (¥) - 8 T (¥)= 0.

z 4n J 8' n ) - (1:103)
nBe g = B A%(x)+ B AIn(¥) .
bn+t ¥ dar a{l‘ - (1:104)
N2 B, +8; = n[ B, T (3)+ 8, I, (%]

Gn+y - (1:105)
Equations (1:102) - (1:105) are indeterminant as they stand
since we have four equations and five unknowns. However since we

#
introduced the 5 P term into the equations somewhat

arbitrarily we can set 85 = 0.
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Then for the above equations to have a solution we

must have
2 5, (%) I, (¥) = o

Since T(¥)20 a solution only exists if '\];‘(‘“5)2 o
so that ¥ must be the first root of J—; (r) , and the

critical Rayleigh number becomes

— ¥
Ra = 7fn

on

A result that agrees with that given by Gershuni and
Zhukhovitski (8) for a cylinder of circular cross section. Table
2 1ists the numerical values of T,, and K%,, for various values

of n
With 65 = 0, and setting B, =1 we then obtain
from (1 102) - (12 105)

By, = (nt2) A3y (%)

em—

z r - (1:106)

= - d 3, (¥)
By = (en+z) 1‘,." - (1:107)

Summarizing the zero order solution for n;‘o we have :

- T (Y
B, = A J, (Y1) - (1106)
w, = =¥ AT ()

- (1:109)
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Uy = A 7 |
4n +¢ - Az - (1:110)
n+l - _
V,= 2] Be(n+2)r + B — n | (gﬁ-i] 0LA
— 22 - (am)
Yn+ Y r Az
p. = [Ylﬁ;(“ﬁ)-f B i'n] dA - (1:112)

The unknown function /46%) can now be determined from

equations (1:95) and (1:94), which become on substituting in the

expressions for 5L , Wy and Po

d T 4%
V @ - = - Jd (T(’)
Ho ' " A= - (1:113)
szw, - Ra, 8 = [:2‘62 J () + B, r"]d_gé
dz
+ R4, %{H - %%:]::;(fr)m%)
Ao - (1:114)

As before a solution to these equations exists only if
the integral formed by multiplying the right hand sides by their

respective adjoints and integrating (over f ) vanishes.
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Following the standard procedure for finding the adjoint (see
Ince (5)) we find that the appropriate multiplying factors are
¥ T, (¥r)
for - (1:113)
and
r 3, (Ye) for - (1:114)

so that our solvability condition is

- (1:115)

where

|

_ 7
ﬂm((),‘ygygzr[ Jn (b’r)] + 89, rﬂ+;_:l;(rr)§ AP

(o]
- (1:116)

- (1:117)

I
/'zn“’){ Ra, [ 7 crr/jzdr

The numerical values of /H“, and /uzn for various values of A are

tabulated in Table 2.
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By writing

S = __JZ"}:EQ'" ~ Az

with

3]

]

3 /;(

en | L
s (52)
equation (1:116) is transformed into

4
dAr _ s Als) = o,

A s? - (1:118)

which is Airy's equation. Since we require that A (%)= ©

as 7> oo and A (=)= OIZA'(@) = 0 at #=o0
Az?

we choose that solution of the Airy equation which decays to

infinity, while for A (0) = O  we must have that

2-33%] = ¢, __'ed\’"-

— - (1:119)
Kaqp

where 2-33¥¢] 1is the first root of Al .

Table 3 Tists the values of Qh and ﬁﬂm for

various values of n and ,\ .

(i) The axisymmetric case N= O

In this case we have that V2 O and we find that
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", - _:/_(g [.g’ ;1‘7:10(3’1‘) + 8, jlt_riﬁ(rr)] o)

Then applying the boundary conditions at r= ] to
equations (1:97), (1:98) and (1:120) we obtain

LodP . 8 A
¥ Az 3 - (121)

BZIO(Y) —@, :J-O(V) = 0,

- (1:122)

B 45 . g AT, (¥) = o
dr ArF - (1.123)

T T - = O,
B, Jo(¥)+ B, T(% 5 - (1:124)

( 3,) Bz} 83 constants).

For a solution to equations (1:122) - (1:124) to exist

we must have that

L 4T, 1 dT)
J¥) Ar T (¥) Ar ' - (1:125)

which is a non-linear equation for ¥ » which upon being solved
yields a value for v of 4611, agreeing with the value given by

Gershuni and Zhukhovitski (8) for a cylinder of circular cross
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section. With ¥= €I Ra_ = sz 0%3
On putting f% = .0 we get
81 = - 0:-0 152

@3-= - 0- 5871

Following the same procedure as for the case N<# 0

we end up with the following equation for the amplitude AR -

Z

33//“01-\5/“07, A
[f_ 0o ~Az (/(0/1'/“07_ /403) (1:126)
K

where

I
4
/‘01: Bljf' JO (FP) Ar: 0-0747

0 - (1:127)

J
Moy = Bzgr J,(¥r) .’L;(?Yr)ﬂ(r-_- - 0- 007
6 - (1:128)

I
Aoy = B, r’Jo(‘&erz 0:033
- (1:129)

Using the same notation as in the case N#o0 we

will have
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. - Ra
2-33%1= $, R4, - (1:130)
Rao o

with

3
S, = (3_14 - (1:131)
AZ'
Consult Table 3 for numerical values of J¢s and Aaﬂ,o for various )

We now have a complete description of the asymptotics for
the case L?°  However it should be noted that in order to compare
the results of the asymptotics with those obtained in the case L= ¢@
we have to take into account that Ka is scaled on the radius of the
cylinder while previously it was scaled on the height of the

cylinder.

To make the conversion we note that for the L—>O

asymptotics we have

3 g i3
oz AxaTi. §[ 7 55 ]

- (1:132)

-3
and therefore to convert we must multiply by $
Hence our formula for the aspect ratio when comparing with
the L #  asymptotics is
-
Ra = & | Ra,+ 8

which is to be compared with

2/3 —

k&aw € 'jz

Pa= Ra, ¢ £ FRa, e -
- (1:133)

the formula for the L™ %©  asymptotics.
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1:6 Numerical Solution for L~ OC)

Having obtained asymptotic formulas for the cases L>o0
and 2% we now return to the case L~ O(1) and discuss

the numerical methods employed in solving equation (1:46).

Deb(¢ )= 0.0

As stated previously this equation is to be regarded
as an equation for determining the unknown aspect ratio for a

given Rayleigh number.

The matrix € was constructed out of the linear
eigenfunctions and wave numbers of equation (1:19) as well as
its adjoint. For a given Rayleigh number these eigenfunctions
and wave numbers were found by solving (1:19) using a fourth
order Runga-Kutta method (see (13) Conte and de Boor). The
values of the wave numbers being found by calculating the zeros
pf the boundary value matrix using the secant method. An
initial guess to these wave numbers being provided by the

3
solutions of the Bernard Cubic (7(7‘-\«- kz) = kz Ea .

A1l values of the Bessel, and modified Bessel, functions
were obtained by using the CERN program library subroutine COMBES,

program number C303.

A Simpson composite rule was used for evaluating all
integrals and the value of the determinant was obtained by using

the NAG subroutine, number F493AHF.

The aspect ratio was then found by making an initial
guess to equation (1:46) and iterating on this guess using the

secant method or in some cases, when this proved difficult,
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Muller's method (see (13)) until convergence was achieved.

Tables 4 - 6 give the program results for free-free
boundaries and Az90.0 , (.0 , |2 for the axisymmetric and
first two asymmetric modes while tables 7 and 8 show the attempts’
to obtain solutions in the case of rigid-rigid boundaries.

These results are depicted graphically in figures 1 to 4.

For Azo0.0 , ordinary %ernard convection, rigid-
rigid boundaries and n=0 we can compare our results against
those obtained by Charlson and Sani (14) who used a variational
principle. The comparison, which is found to be good, is

given in Table|'

Tables 9 - 13 give the Rayleigh numbers for given aspect
ratios calculated from the asymptotic formulas (1:132) and (1:133).
The results show that the asymptotics match on to the solutions from
the main program, although the L © asymptotics only become valid
at the point where the program finds it increasingly difficult to

obtain solutions.

Furthermore it becomes more difficult to obtain solutions
as the vertical structure becomes more complicated i.e. A increasing

and the change to rigid:rigid boundary conditions.

1:7 Conclusions

We have shown that it is possible to solve the Tinear
stability problem for convection in a rigid cylindrical container

by expanding the solution in terms of the linear eigenfunctions of
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the infinite probiem, and that good agreement is obtained with
asymptotic formulae and methods used by other authors especially
when the top and bottom of the cylinder are considered as free

surfaces.

In the case when the lower boundary is rigid and the
upper free, or both upper and lower boundaries are rigid, a
solution becomes more difficult to find and consequently a higher
number of modes is required decreasing the usefulness of the
method.  This is probably due to the greater complexity of the
vertical structure and might be removed in part by achieving a

greater accuracy in calculating the linear eigenvalue solutions.

Note also that it would be feasible to apply this method
to investigate the weakly non-linear behaviour of the system but
the greatly increased amount of work that wald be required and
the resulting awkwardness would render such an approach

impracticable.

Furthermore the graphs of critical Rayleigh number
against aspect ratio (figs 1-4) demonstrate quite clearly the
interlacing of different azimuthal modes indicating that for
certain aspect ratios linear theory cannot distinguish which
azimuthal mode is the most suitable, and therefore a non-linear

analysis is required at these points.
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FIGURE 1.

FREE-FREE BOUNDARIES.
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FREE-FREE BOUNDARIES.

FIGURE 2.
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FIGURE 3.

FREE-FREE BOUNDARIES.
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FIGURE 4.

RIGID-RIGID BOUNDARIES.
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TABLE 1.

RIGID-RIGID BOUNDARIES

RIGID-FREE BOUNDARIES

FREE-FREE BOUNDARIES

A, Ka, Ra, a, Ra, Ka a, Ka, Ka
0-0 | 3116 | 1707-78 62372 2-683 | 1100-66 532-27 2.221 657514 438-37
1.0 | 3-126 | 3389.94 122340 2.703 | 2380-52 112170 2.227 | 1308-517 863-78
;i; 3-138 | 4198-57 1493-80 2.722 | 3081.22 141514 2-234 | 1625-662 1060-28
1.4 | 3.168 | 5473-02 18840 2.773 | 4314.48 1858-80 2.251 | 2134.73 1352-31
1.6 | 3-250 | 7681-29 2431.88 2.942 | 6807-2 244175 2.302 | 3055-643 1784-16

R
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TABLE 2.

CRITICAL RAYLEIGH NUMBERS FOR L> © ASYMPTOTICS

n {f' ;(—6&0"
0 4-611 452+043
1 3-832 215463
2 5+136 685-82
3 6-380 165685




TABLE 3.

VALUES OF 4l AND E“m FOR L™> o ASYMPTOTICS.

- . .
Ry | Ra, | R, | Raw ([ S2a | Raw | 2 | Ray | Am Aen
1517 696-718 | 1343 786-99 1-157 913-50 0-955 1106-72 0-0767 -0-007
1-711 294 .66 1.515 332.78 1306 386-04 1.-078 476-68 3.49 17-47
2+070 785.92 1.833 88756 .1-580 1029.68 1.304 1247-62 4.55 40-36
2388 1621-89 2-115 1831+62 1.822 212617 1-.504 2575-72 5.35 72-90

*/(m and /{wdo not depend on )\ .

9§




TABLE 4.

FREE-FREE BOUNDARIES.

57.

M- 0.0
RAYLEIGH NUMBER (RA) ASPECT RATIO (L)
KA N=0 N=1 Nn=121
670-0 5.926 6-1184 (3)
5.926 6-1185 5.974 (6)
5.926 6-1185 5.974 (9)
700-0 3.199 3.4469 3.3188
3.199 3.4471 33189
3+199 3.4471 3.3189
750 O 2257 22871 25732
2257 22871 245732
2257 242871 242732
850-0 1.593 1846 2-0551
1+593 1.846 2-0554
1-.593 1846 2+0554
950-0 1412 15973 1.7601
1.472 1.5970 1.7602
1-412 1.5970 1.7602
1000-0 1350 1+4956 16575
1350 1.4957 1+6573
1350 1-4957 146573
1050-0 1.299 1.4045 15741
1299 1.4047 1+5741
1.299 1.4047 1-4473
1150-0 1.218 1.2528 1.4472
1.218 1.2528 14472
1218 1.2528 1-4473
1230-0 1.167 1.1595 13708
1.167 1.1595 1.3708
1-157 1-1595 1.3708
1430.0 1.0703 1.004 1.2342
1.07026 1.004 1.2342
1.07026 1-004 1.2342
1630 0 1-000 0.9084 1= 1413
T+ 000 0. 9084 1- 1474
1. 000 0. 9084 1. 1414
1850-0 0- 9420 0. 8370 1- 0665
0-9419 0- 8369 1. 0665
0. 9419 0. 90€9 1. 0665
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Table 4 continued
2100-0 0-890 0.7785 1.002
0890 0.7785 1.002
0-890 0-7785 1.002
2500-0 0.8274 0.7125 -
0.8273 0-7126 09263
0-.8273 0-7126 0.9263
3500-0 0.726 0-615 0-8083
0-727 0-6149 0-8084
0-727 0-6149 0-8084
4500-0 0-664 0-5578 07371 (6)
0-664 0-5578 07371 (9)
0-664 05578 07371 (12
6500-0 0+587 0-4897 0+6502
0587 0-4897 0+6502
0-587 0-4897 06502




TABLE 5.
FREE-FREE BOUNDARIES.
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y=o
RAYLEIGH NUMBER (RA) ASPECT RATIO (L)
K A Nz o n= Nne1
1400-0 3+1052 3-3276 3-1714 (6)
3-1049 3.3248 3.1712 (9)
3.1049 3.3249 3.1704 (12)
1700-0 1.5745 1.8254 2.028
1-5764 1.8252 2+029
1.5766 1.8254 24028
2000-0 1.3462 1.4762 1623
1-3487 1-4770 1.636
13391 14761 1633
3000-0 1-0199 0-8615 1.135
1.0342 0-9526 1.181
1-.0343 09506 1-178
4000-0 0-9002 0-8666 -
0-8999 0-7880 101
0-8998 0-7864 1.006
5000-0 - - -
0-8177 0-7011 0-9105
0-8177 0-6995 0-9071
6000-0 0.7599 0-6444 0-8428 (9)
0-7603 0-6427 0-8392 (12)
0.7599 0-6430 0.8391 (15)
7000-0 0.7171 0-6032 0.7922
0.-7171 0-6014 0-.7887
07165 0.6015 0-7884
8000-0 0.6844 0.5713 0.7522
0.6831 0-5695 0-7490
0-6820 05695 0.7486
9000-0 0-6589 0-5455 0.7194
0.6555 0-5438 0.-7167
0.6537 0.5436 0-7162
10000-0 0.6385 0.5239 -
0.6325 0.5224 -
0-6298 0.5222 -
11000-0 0+6216 0.5054 0-6672
0.6132 0.5042 0-6666
0.-6094 0:5039 0-6666




TABLE 6.
FREE-FREE BOUNDARIES.
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A= 12
RAYLEIGH NUMBER (RA) ASPECT RATIO (L)
£A n= o n=| n=1
1660-0 5.7241 - 5.7252 (6)
5.7052 55071 5.7253 (9)
5.7057 5.5051 5.7259 (12
5.7051 5.5143 5.7256 (15
1680-0 4.4773 4.625] -
4.4713 4-6700 4.4960
4.4717 4.6086 4.4955
4.4713 4.6100 4.4963
1700-0 348136 - 4.0794
3-9658 3.8137 4.0744
3-9642 3.8137 4.0762
349655 3-8139 4.0747
1800-0 2+6999 2+4796 27482
2+6901 244822 27472
26907 2.4813 27491
2+6899 24822 2+7475
20000 1-6961 19662 242134
1.7039 1+0652 2-2048
1.7036 19665 242034
- - 2+2049
2200-0 }+5043 17225 1.8984
14941 1.7178 1.8953
1-4947 17184 18768
1.494] 1.7181 18950
2800-0 12227 12381 1.4130
12175 1-2546 1.4379
1.2181 1.2418 1.4599
1-2174 1.2539 1.4368
3000-0 11537 1-1276 13269
1-1634 1.1552 1.3565
1-1638 141384 1.3687
11631 1-1545 13551
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Table 6 ..... continued
4000-0 - - -
0-9894 0-8921 11179
0-9894 0-8463 11183
0-9890 0-8916 1-1140
6000-0 0-7993 0-7020 - (9)
0.8207 046939 - (12)
0-8203 06999 - (15)
8000-0 04335 06153 -
07305 06109 -
07298 0-6105 -
10000-0 - - -
- 0+5560 0-7289
- 05548 0-7280
12000-0 - - -
06293 0-5168 0-6799
06267 0-5156 0-6790




Table 7.
RIGID-RIGID BOUNDARIES.
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RAYLEIGH MUMBER (RA)

ASPECT RATIO

(L)

K?k N-o n<i n= 2
1730-0 5+401 54703 5-340 (6)
- 5.298 5+4405 5.324 (9)
5.298 54410 5.318 (12
5298 54368 - (15
1750-0 4.1077 3-8514 4.0363
39896 3+8461 5.0017
3.9750 3.8399 4.0059
3+9790 3-8516 3.9977
1800-0 3-0214 2-664 2+908
2+76490 2663 2833
2+7050 2665 24833
2+7160 2663 2+829
1850-0 2+1710 2+326 2209
2+1540 2279 2+199
2+1530 2+271 2+195
2+1540 2282 2.206
1900-0 2+0570 1.851 19998
1-9620 1.838 1.986
1+9510 1.826 1990
1.9550 1.846 1.983
1950-0 1.9780 1.669 1.894
17950 1670 1861
1+7590 1-671 1.865
1.7690 1-671 1+865
2000-0 1-9090 1.574 1.814
1+5500 1.572 1.768
1-5010 1.575 1.770
1+5090 1.571 1-764
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Table 7 ..... continued

2500-0 0-530 1.107 1-146
1-0120 1.160 1.287
1-0160 1.149 1.261
1.0190 1.166 1.321

3000-0 - - - (6)
0-7340 0-9450 1067 (9)
0-8699 0-8990 1.043 (12)
0-8890 0-9540 1.066 (18)
0-8880

4000-0 - - -
0+4230 - -
0+7550 0+7550 -
0-7560 0+7200




TABLE 8.

RIGID-RIGID BOUNDARIES.
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A

RAYLEIGH NUMBER (RA)

RA

ASPECT RATIO (L)

N=10

3450-0

4
4
4
4

<9365
423
515
-532

3500°+0

3
3.
3

311
322
+329

3600-0

[ASH S NS}

<361
-404
-418

3700-0

NN NN N

042
<090
-080
<075
<077

e Ve W N e P
N = —3 O
— 00 OV PO~
R T

3800-0

—_— ed ed ) d

<622
919
-896
+901
-893
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TABLE 9.
ASPECT RATIOS FROM &> °® ASYMPTOTICS
FREE-FREE BOUNDARIES Nz6.0
RA L
670-0 5-925
700-0 3-212
750+0 2177
850-0 1-509
1500 1.224
TABLE 10.

ASPECT RATIOS FROM L2 asympTOTICS
FREE-FREE BOUNDARIES 3 = /. 0

RA L

1400-0 3-073
1700-0 1-485
2000-0 1118
3000-0 0-715

4000-0 0-566




TABLE 11.

TABLE 12.
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ASPECT RATIOS FROM L>%© ASYMPTOTICS

FREE-FREE BOUNDARIES A= | -7
RA L
1660-0 5.557
1680-0 4.417
1700-0 3-777
1800-0 2466
2000-0 1.683

ASPECT RATIOS FROM L= © ASYMPTOTICS

FREE-FREE BOUNDARIES A = |.0

RA L
14255165 0+5
32432-801 0-4
94354 +387 03

6420-067 0-5
146714721 0+4
42923+342 0-3
19054 +697 0°5
43846+993 0-4
129385+501 0-3
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TABLE 13.

ASPECT RATIOS FROM L= O ASYMPTOTICS
FREE-FREE BOUNDARIES  \ = (-2
A RA L
0 15165-01 0+5
34347.06 0-4
75239-53 ) 0.3
1 6804+29 05
15480-11 0.4
4503237 0.3
2 19054-70 0-5
43846-99 0-4
12938550 0+3
TABLE 14.

COMPARISON OF RESULTS WITH CHARLSON & SANI.

CHARLSON & SANI TABLE 7

RA L RA L
1801.18 2.71 1800.0 2.72
1968.0 1.70 1950.0 1.78
2009.61 1.51 2000.0 1.51
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CHAPTER 2.

7
ON THE NATURE OF STEADY BE NARD
CONVECTION IN THE VICINITY OF A
TWO DIMENSIONAL HOT SPOT.
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1. INTRODUCTIOM

In this chapter we consider the effect of non-uniform

heating on classical Ray]eigh-Bé nard convection.

In the classical Rayleigh-Bé'nard problem convection
takes place between two infinite plane paraf]e] plates held at
constant but unequal temperatures, and the plates themselves
are assumed to be perfectly smooth i.e. containing no bumps or
ridges. This is of course an idealization that is not only
realistically beyond experimental technique but also physically
dubious for engineering, astrophysical and oceanic dynamics to

name but a few.

As a first step then to understanding the possible
effects of non-uniformity to the boundaries in Ray]eigh-B@ nard
convection various authors have considered two types of models.
The first of these is to let the height between the two horizontal
plates vary with distance along the horizontal. This approach

has been studied by Walton (1, 2) and Eagles (3).

The second method is to suppose that the temperature
profiles of the two plates varies along the plates. In
particular it is convenient to consider that the upper plate has
a fixed constant temperature, while the lower plate has some
imposed profile. Both approaches immediately give rise to a
difference with the classical problem since now a mean state of
hydrostatic equilibrium is no longer possible - the variation
of temperature along the lower boundary or of distance between
the boundaries generating a large scale circulation throughout

the fluid. (see Walton (9)).
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This in turn gives rise to the problem of how to
separate the onset of convection in the classical sense from
that of the mean flow convection. There are two situations

in which progress may be made analytically.

The first is to assume that the amplitude (§ ) of
the non-uniformity in the temperature profile of the bottom
plate is small and we use this as an expansion parameter.
Such an approach has been adopted by Kelly and Pal in a

series of papers (4, 5, 6, 7).

The second approach is to assume that the horizontal
length scale over which the temperature of the bottom boundary
changes is much larger than the distance between the top and
bottom plates while § remains order unity. This leads to
the small parameter €=-k/L where L s the horizontal
length scale and k is the gap width. Such a model was used
by Richter (8) to study the earth's mantle, while Walton (9)
did a much more thorough study of a similar problem but

considered only the possibility of transverse rolls.

Here we study Walton's (9) model but consider the

possibility of convection taking the form of longitudinal rolls.

We derive a fourth order ordinary differential equation
for the amplitude of the motion with the correction to the
Rayleigh number being an eigenvalue to this equation. The
equation is solved and the first two odd and even modes found.

It is found that the longitudinal mode appears at a Rayleigh
number below that for transverse rolls. We further consider the

Y
case when 5 becomes of order €
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2. GOVERNING EQUATIONS

We shall consider the onset of convection between a
layer of fluid bounded horizontally by 2= © , 2= \q and
heated to temperatures T = I, abt %= 1\) T= F(sx, §) ab z-0

Taking rectangular coordinates with & positive in the

vertical direction the governing equations are

2,—"@+‘u§—‘§(+v\e‘i‘3+”{=-ﬁ¥3*vvzv (2:2)
‘a_»_;(+%+>_u_; = o, - (2:4)
1{*“%*‘”?"’”%’ «VT - (2:5)

§ =9 L1-x (T-T,)] - (2:6)

where as usual & denotes the coefficient of thermal expansion,
Y the coefficient of kinematic viscosity and & the coefficient

of thermal conductivity.

Following Walton (9) we shall assume that the mean flow
is steady and two dimensional, and also that the principle of
the exchange of stability is valid so that if we restrict attention

to the onset of instability we can ignore all time derivatives
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i.e. °2A¢ = O.

As a first step, we cast the above system of equations

into dimensionless form with the following transformations
X, q,2)=> h(x,, =)
(jM) vV, & ) '%>:§( LQI\O )

b - 507’7‘%}"
TS Tw + C!Sj-,>-r
where k is the distance between the upper and lower boundaries,
T s the temperature of the upper boundary and AT is the
maximum temperature difference between the two horizontal

boundaries. Equations (2:1) - (2:6) therefore take the form

L (,(éu +Ué_u +J}i&-€’: 'l} + Vzu
c X R EE: & M - (2:7)
192y vy Sv (- 1 2
6'% T }‘3-,»09'%__{?_ 53«3*7‘/ - (2:8)
URW | v I N —
'fs’-g x * § w%&;zf - 37+ Ral
v Tlturo 3Lr+o<(-r°-1u)]_k,_
> - (2:9)
2u RV W o
X T 'BLS u X
- (2:10)
wUdT L v 3T 4w 3T _ YT - (2:11)

N Y <]
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3
;_('_3 ATA
> &
5= ?f/* is the Prandtl number. The constant term on the

where Ka = is the Rayleigh number and

right hand side of the equation (Z2:9) is removed by absorbing

it into the pressure i.e. we define a new pressure

- 3
pzp+q[i+ x(,-T)]A =
Y«
so that (2:9) becomes

3 ~L T+ TS
.olzguﬁr+v3_o_%+w§_{g: ‘S’_-)—};-rfaqur-(z;m)

We will consider three types of conditions at Z<-o, |

on the components of velocity.

(1) Free-free boundaries

RA3 2%

(i1) Rigid-rigid boundaries

U= V= J= 0

(1i1) Rigid-free btoundaries
u:\/: W = 0 %:O
.B'—“ =}—V = W= 0 T= |
2% 2

while the temperature field will satisfy the conditions for

perfectly conducting boundaries
"T:O )"Z'—’-‘ . T = F(zx/ S) = O
where F(£X,5)is some function with a local maximum at ><= 0
which is modulated along the horizontal, £ being a small parameter

which is proportional to the length scale of the modulation.
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In particular we follow Walton (9) and consider

Flex,$)= 1= Ssin’e

and

k4
F(fl/S)f- |- S('a.nl\ &X
Because of this lower boundary temperature profile a
state of hydrostatic equilibrium is not possible and we assume
that the resulting mean state consists of a steady two

dimensional circulation.

3. THE MEAN CIRCULATION

On the assumption that the mean circulation takes place

in the X~% plane we put %:)_:_o in equations (2:7, 8, 10, 11 and

12) to get
i_z W cJ'}Lgfi - -1 + ~% 3
& n 3 o DX )(7_-(— Sz ~(3:1)
1 Jwrw w-}.':_"z, 1% L ea T Y Y
J ey T T +§:{z* Sz - (3:2)
2u P
52 T ° .
?AE -{-LJ-E_!_ = >_L._T }LT
X 2% >t > 2t - (3:4)

(3:3)

Since the circulation is generated by a non-uniformity with

horizontal scale & €) we expect that the amplitude of the motion
it generates will be of similar structure. This leads us to
write X=€xX and in order to preserve continuity = €T the

equations then become
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i?u)_‘é *.:Y}_E‘{:‘E.}—k-fiz)lu }i'ﬁ
rs >X L s DX St T 3Rt - (3:5)
. - - _ 2 —
;z_gu?_g+b:?_o! c L ¥ RaTe VT, VT
p= X 2 s D2 X% 2%t (3:6)

— Vm— z—
efx Y £ AT 3T

du o, I o

X + _—_E = . - (328)

Equations (3:5) - (3:8) lead us to an expansion of the

following form

T= Tb-e-{Z—(;f- -

p = {’°*£1{°/"

U= CU,+ € 24,*- -
T = £We + 83 W ¢+ -

Substituting these expansions into the above equations
and equating like powers of € yields the following sets of

equations :-

o(1)

2po = Ra T, - (3:9)
2

L=
K S =~ O, - (3:10)




/8.

with the specified boundary conditions we get

To (i1-%) F(x, §)

- (3:11)
z
bo = & Ra (T-25)F(,8) + £ (x)
< - (3:12)
where the unknown function-ﬁ,(X? will be determined at the next
order.
o(¢?)
2
L% - U
o X et - (3:13)
—_ l—
6 2 >zt - (3:14)
- —_ — T 4
u, 2 W 2. 2T L0 T,
X : dxt ;‘L - (3:15)
-B_y° + .B_—-wO = 0
X 2 - (3:16)
Since we require the first terms in each expansion we
need only solve for 140)23; . Using (3:12) equation (3:13)
gives
VU (2-2%) E (x,5)
0 - a (2-2 X, 8/ + (x)
Yt z X Fox - (3:17)

where FX(KJS)= 2(— F(.X, §) etc.
dx
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Integrating (3:17) gives

Uz Ra[ 2 - 2[RI+ R0 £ 02
X

é - (3:18)
+ = (X)

Using this directly in (3:16) and integrating with respect to %

gives

Tz — Paf 2
6 fkti—‘f = F (x,$)- —Fg)

-'lezz"'ﬁz%-‘f}

We are now in a position to determine the unknown functions -{% (X)
({:O)..3).

- (3:19)

(i) Free:free boundaries
Here we have DU - ZEQ = © Z2=0 ] VY X
% ’

Hence £, (x)= o. - (3:20)

Ka(ii_-éL)Fx(x,S)f—ﬁ,X = © - (3:21)

- O
£, (0 = o - (3:22)

- L _ - -
~Ra (- no)Fxx .fbeJé_ - "Zz_x = ©. - (3:24)



80.

Equation (3:21) yields

= - Ra F(x, §)
-Fax(“ =

Equations (3:25) and (3:24) then give

fox (X) = Ka Fex (X, §)

summarising we have

which is identical to that obtained by Walton (9).

(i) Rigid-rigid boundaries

Here

’blo-: wo = O -E':O/' ’V/X

Then (3:18) and (3:19) give
£, (x) =o. £ (X) =o.
K&[é—— EL_({‘]FX (X,S‘) -f-"f‘ox Jz--r- -ﬁéx): 0.

—Ra L“ i, _L]F:xcx,w-qux £ - {0t

- (3:25)

(3:26)

- (3:27)

(3:28)

= 0.
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%fa ROGS)t fax £ 0 f00) =0 - (3:29)
§__ Fx (X, 8)¢ 4axx %— + iy L= o. - (3:30)
o

Clearly we can put

e = % RO(XS)

‘f-' = Xy K a F%CX,S)
where K,,KI are constants determined from the following simultaneous
equations
b( t °( L =z O
L A
féL °<l L = O
7 t v + 3o
From which we get
K = = L
2o
- L
°<Z - 20
and we therefore have
-, 3 ¥ T
Uom Ra RS2 2 7% 2
6 ¢ Yo Zo - (3:31)

—_ 4 s
W= -Ra E(XCX,S)[E_ ~z _17°, 3¢ - (3:3)
¢ 1o 7o ko
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(ii1) Rigid-free boundaries

Here we must have

‘L(O:L-S():O - O

Y X
AU _ T, =0 2=
Rk

so that (3:18) and (3:19) yield

£, (x) = H(x)=o0

and

LRy F (X, 8)r fix + £ (x) =0,

3-';’64 P (X, 87 ¢ Wéoxx‘!g"* (X ‘% = .

Again we put -F°= X, F(x,§) Ra and ‘F( = X, Ea E( (X/ §)

to obtain the following two equations

o<,+°<1+-% = o,
%;I + f%L + .fz = O,
From which we get
<, = - %
Xy = /J§

and so

- (3:33)



83.

— ¥ s 3
L =-RaFE (X$) 22 _2 _ 2°
° X e e 75 T o - (3:34)

Figure one shows the isotherms for the profile
- S sin X
l‘(X,f):)—' " 4 while figures two, three and four show the stream
lines for free-free, rigid-rigid and rigid-free boundaries

respectively.

We can see from these figures that the mean flow generated
by thesi;FX profile consists of two convective cells on either side
of the point of maximum temperature. We can also see that a
change 1in boundary conditions from free-free to rigid-rigid tends

to reduce the aspect ratio of the cells.

4. THE LINEAR STABILITY PROBLEM

We now proceed to investigate the stability of the
above mean flows to small perturbations. In particular we will
confine ourselves to linear perturbation theory and longitudinal
modes only.  For these, typically, the % and 9 scales are
0(1) while the X -scale is that of the boundary modulation i.e.

0(¢).

We therefore introduce the slow variable X = ¢ X

—

with equations (2:7, 8, 10, 11 and 12) and write (5 = 623/ VAR

to get



Ziud +ﬂ_u.+a'ﬂ_5z- ¢
‘E XY EE T
2
AR I s
_-i'l. «37. %l
CIw VW, T L L,
c X >4 2 - o DY
2= - 7z —
$3YV 23V y eV
dx Gt 3

We now seek solutions to these equations by perturbi

about the mean state i.e.

U = u6+Au’
- -
v= AV
l:r: -l:j;-fALJ'/

0
P
'
w
—

1
—
N
S
SN

]
Pamy
~
(82}
pa—_

>

g

- (4:9)

- (4:10)
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where A represents the amplitude of the perturbation assumed

to satisfy A<« €. Then substituting (4:6-4:10)
(4:1-4:5) dropping the primes and ignoring quantities

we get

into

oCAt)
- (4:11)
- (4:12)
- (4:13)
- (4:14)
- (4:15)

We see that to balance the vertical and 93 diffusion out of

the temperature perturbation in the heat equation with advection

of the mean temperature field we need to rescale © by writing

B=¢ ) , while to maintain the balance between the buoyancy

fluctuation, and the pressure fluctuation we need to rescale P by
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writing p= ¢ k . This leads to the following set of equations

where we have dropped the overbars for convenience.

- (4:16)
£lu, v Lo W 1
6{8?X+B~%§” 2y f
RN SR 5
X* dy? zt - (4:17)
£ uy 39 L s B dur S
g — + A R T e\ _
d—g. X oz X * 'b:&.g -
7 2
Y N INCRP L I S i R
o D x1 }jz {:&L
- (4:18)
20 PY: 3T,
z{ug—-rw _§+u g 4 o 2Tp -
R T S T 3z
{:Z jii? 4'.2j§? <+ 'jSﬁ
x* Y =z - (4:19)
'}—B + }Ly T+ B..‘:-r = O
X ) 2 - (4:20)

Our problem has been so formulated as to allow us to
consider it as a perburbation about the classical Bé nard problem.
We therefore consider the solution to have the form of a modulated
Be nard solution to the zeroth order where the amplitude of

modulation /@(X) is determined at a higher order. This being the
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case we write

2
(&t e&bi' < £4‘+---

ik
o= e ﬁ{ACX/ﬁC%H L (x,2)+ o(:“)..g

eikﬁg AW g, ()« £°9, (X, ®/+ OCS%)*,.Z

> = ﬁzk'ﬁg L(OCX/ z)t izb(‘ C,(/%}«(»- OC{.H‘/%—.Z

and likewise for V' and b
Substituting these expansions into the equations and equating 1ike

powers of € leads to :

ol
2
.B_E(:_ - ]ezuo = 0.
°F - (4:21)
>tV 2 e
_-: - le VD = ?'Po
d72 =

- (4:22)

("

1
7 »w - (4:23)
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A(K)z {—32 )eljo{ = U, (I-R)F (X, §)

Alx) (%) F (X 8)

- (4:24)

?_u" + Al 0_{_{0 + z'k\/o - 0,
X Az - (4:25)

These equations are supplemented by boundary conditions (i), (ii)

or (111) for Uy V, W, with B = o =09,

Equation (4:21) immediately tells us that U, is identically
zero, and by some standard manipulation the remaining equations can

be reduced to

AUO; ( i“;z' kz)z"l(o" klﬁ“o 3oi =0

- (4:26)

)
Y

A(x){ (4,- )3, + £ (=) FLx )]

pr -

- (4:27)

Obviously, since 60 and —;L,_., are only functions of =%
and and R are constants, no solution to these equations
can exist because of the term FC)() S) . However we are
concerned here with functions F(X) which have a local maximum of
| at X =0 and therefore solutions of the type sought above
can be obtained for [X|<<! . To achieve this we write

X = 2'04)7 (K>0) and seek solutions in the form
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W = Cik%<A(Y)—ﬁ(%2h- )

where the value of X 1is obtained by balancing terms at higher

order.

As in Walton's (9) analysis for transverse rolls we
do not expect that the mean flow has any effect to the order
considered on the stability problem. Ignoring then for the
moment terms generated by the mean circulation we arrive at the

following equations.

7&K _
..[}_. S (€ X'Q? . .):] W o=
(& 7- X
O A
J 9% - (4:28)
z~¢’<é 2
3 71— 2K
R A
) >% ¢
- (4:29)
2 ? -
L ?%é; = Ka B+ TQ_E{;-f ~3_£:t1 + t }ii—
o D2 "bgj 257?1_
- (4:30)
1 os YV Y L TN
oY ST S&
- (4:31)
- W=
3 }’_1_4 + v -+ .B—‘ = ©

BY _‘.:3 R-E= . - (4:32)
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At zero order we expect the flow to be the same as a
Jongitudinal roll in standard Bg'nard convection, but at the
next, and higher orders, the horizontal pressure gradient
along the X- axis must be balanced by a non-vanishing WU velocity.

We therefore seek an expansion in the form

11—« X K
u = € [uo*i u/+£ 7’(1-( "]
- (4:33)
X
Ve Vo+ &V, ¢t ..
- (4:34)
&
(J: L-Jo -+ E (/0-), - .
- (4:35)
¥
o = S% + € 8% € - -
- (4:36)
«
p = PO + € ;ﬁ T
- - (4:37)
X
Ra = Ka,+ e Ra v+ e Ra, «..
- (4.38)

The question now arises at which order we should balance
the non-linearity of the mean temperature gradient against the
change in Rayleigh number since Ra = fﬂois the minimum value of

Pa_ for which solutions of the zero order problem exist we
expect that f»\-f«o will be proportional to the square of the

departure from the zero order solution in the governing equations.
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We therefore expect that
X = Z”LK
X = YA

will lead to the correct balance of terms.

of & and expanding the X  dependence of

and (3:28) (or the equivalent expressions for rigid-rigid and

rigid-free boundaries) in equations (4:16) - (4:19) we find that

With this choice

equations (3:27)

the lowest order term induced by the mean circulation is an ¢OX€)

term, which is small compared with the horizontal diffusion terms,

thereby justifying our neglect of such terms.

Choosing o= Y~ and replacing 2

by ik we

°9)

get the following sets of equations :

O(1)

2z 4
1_3"1—‘?80-: - W,
?;Lr z
2o _k'er + Ra, B, = L 2h
k£ G-'BE;
2
oo kv s ikh
Z o

(4:39)

(4:40)

(4:41)

(4:42)
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Putting

B, = AWK 9.

we see that -fo and g, satisfy

(ji;- kz)ﬂo = - 4

- (4:43)
7 rd
A 2 2
<a—(:zz'k)£ -k Ra, 9o - (4:44)
and
vp = - A_(Z_») 4:&’
ik dz - (4:45)
- - 1
ﬁ" = AL A f‘_. - kz ,ﬁ
o k? d= | 42* ° - (4:46)
For free-free boundaries we have the simple analytic solution
9, = sin(wz)
° - (4:47)

fo= (WHkT)sin(me)

(4:48)
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and

3
(7% k¥) = k“Ra, - (4:49)

Equation (4:49) is of course just the standard Bé nard
cubic.  The minimum value of 1640 for which a real solution

exists for k is

"
= 24 = 27
Rag oc T - (4:50)
k - kc = \}_j_ - (4:57)
T
o(Y3)
K
2 -k )9 + } Ay

- (4:52)
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F 20
Xt
28 Lt
<5-%’— )V, + W ik p
X2 bR
L 3
<‘2L_ - k’ ,) Y = L ?i}%
P ds ° & DX
>_Eo+ikvl+-§_('_‘y, = O
D X o2
Using (4:46) we have
w - L dA df

1 44 47
k* dx A=

—_ ffé(’ E%o +

(4:53)

(4:54)

(4:55)

(4:57)
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After some standard manipulation we get

T

A 2 2 L 7
(%&rk )w, - & Ka‘oglz kﬁ“\ Jo A +

d A L ]
¢ - (4:58)

2 Z
o kz 8 W, =z -~ ﬂ &LA
2t ! ! ° I3t - (4:59)

+ +
If we denote by %6 )-fi the appropriate adjoint
multipliers for (4:58) and (4:59) (obtained from (4:43) and

(4:44)) then a solution exists only if

£ Ra, AD) T, + A T - o,

T t - (4:60)

where

H
i

. flﬁnﬁfol%

N
L

T, j[ 4%—1 ”‘*%—33]4%

For the three types of boundary conditions that we
consider we find that J:z is zero. So that (4:60) yields that
ﬁzék, must be identically zero, vindicating our choice

of K= Y3

O —
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We can then put

AX* - (4:61)
5 = of_;/_dtz 4, + B(%) 9, - (4:62)
where
S d ¥
d _ k)L -k =Lt - d'h
(A%" k )7( 406' Lk ;l;‘*] - (4:63)

(&

(-8 )5« 4 = - 5.

- (4:64)

—

and 6(7) is another undetermined function of X .

For free-free boundaries equations (4:63) and (4:64)

become

4° 9 gt —y
e )’)C; T = 9, - f% Sz )

- (4:65)
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<a_f ~k).3 + 4§ = -sinizz) (6:69)

where we have made use of (4:49) and (4:51).

An obvious solution to these equations is then

S=o

- (4:67)
- T sen(nw)
> = - (4:68)
3 37T
So that for free-free boundaries we have that
- yd l :
W, = BX) (7 + k) sein@@=)  (4:69)
A_Z_/_Af 2 sin(TE)+ B(X)sen(Tie) - (4:70)
LAyt 3
Furthermore from (4:54) and (4:56) we have
ik\/} = ‘9_(_. A‘F BCX)+I __—1_4
4xX* A7
- (4:71)
O (A
Ff__LJA(e'_,k" it , 1L 4 A
e p (e i) 4

- (4:72)
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O(f‘»‘/z)

2 T & -1

2 W o= = 0

<g;1 k)&; S R

T T D Z
? =1 2 _ba. B _ oW
<%_{ k )LJ.L -f—ﬁqo 97_ - S a,%, %___X:z

% = R
)Xl 5
25t . >
() Y . 2
o2 795(1 S X

(4:73)

(4:74)

(4:75)

(4:76)

(4:77)

(4:78)
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[
(2—-}(’79-&@1 "”IHLAg
et ¢ AxY 7
- "-’—- Jo + Sp X AL
Ax* - (4:79)
As before for a solution to (4:78) and (4:79) to exist
we must have
T, kRa, A(R)+ T, J A + 68 X A(x)zr ° o)
where
|
AT F4Y ﬁe
]:} - jil.‘q 16 'fé ciif - kg? Té
- 9 304]”{% - (4:81)
{ +
= 5 £ 9, d= - (4:82)
So that our amplitude equation is
t d —1
s [T K5y L] acx)-
dX Iﬁ - (4:83)

Notice that the function 5(2) is eliminated since it

s multiplied by I, which we know vanishes. .
//J/ﬂ//,/»é poted ﬂd/’ el /z/u/l ﬂ/e/w/ ) Jé//,w@/

A M Wjerwé//wé /Wqém sinfos fo Mo aba€ for
ﬁlwé Zd/w/ M
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Numerical values of the integrals I, , Ig , 1:.,

for all three types of boundary conditions are set out in

Table 1.

By simple manipulation equation (4:83) can be

re-written in the form

”’% f (K¢ )rg) =0

where

0('—' szﬂzI’/IS
4= X

We solve equation (4:84) subject to the following

boundary conditions :

ODD SOLUTIONS

The solution is normalized by setting A(o)

to some number
A’(o):.o.

Af¢) —> © ’4);>¢o
A(d)

)

(4:84)

(4:85)

(4:86)

(4:87)

(4:88)

(4:89)
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EVEN SOLUTIONS

The solution is normalized by setting ,4’( o)

to some number

AGo) = o

Al) | o, PIEE:
A‘M}Z K

Figures 5 to 8 show four solutions to equation (4:84),
two odd modes and two even modes, obtained by using an algorithm
developed by Moore & Cash (10) and a program written by members of
Imperial College Mathematics Department. The first two odd and

£
even eigenvalues for ¥ are given in Table 2.

Using Tables 1 and 2, and noting that for the
profile sénzyX' we find that for free-free boundaries
23 %
Ra, = - Is7-13% § 7«

which for the first even mode, giving the Towest value of ﬁfckz_

gives
3
Ra, = 14¢-933% 6
- (4:90)
and therefore
/3 7
Ra = 2277 ¢ "7 (16¢-133)§
& - (4:91)
Equation (4:91) is to be compared with
Ra = ZIAT7 ., /g7 @) S ¢ + 0(€%)
* - (4:92)

which is the result obtained by Walton (9) for transverse rolls.



102.

Remembering that the above analysis was constructed under the
assumptions that $~ O(!) and 0 <€¢<| e must have that

for longitudinal rolls to be more unstable than transverse rolls

that '3
2.056¢ 9 ¢

(this condition being obtained by subtracting (4:91) from (4:92)

which is clearly true for all & & |

5. S~ e’

We now turn our attention to the case where S is no

Tonger 0(1) but ﬂso(f%l and consider only a single hot spot where
2
- - |- Eanh X
FOX,8)= 1-3

Proceeding as before we find that there is no need to rescale
ra
and can expand in powers of &£ = to obtain the somewhat obvious

amplitude equation

1
dr L [I k Xa ,+ Ty S é‘ctnl\X]A(X)"o
T,

X" )

- 4 _
where we have written §=$ € , with § ~ O(l).

Equation (4:83) can be recovered from (5:1) by simply
letting §2¢ . To do this we write

_ =k,
X= 5 X - (5:2)
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- — K2

=P ¢ _ 2 ¢ «
5 AAéL_L,}e;eq”I*s X*JA(X).:O_
(5:3)

LI
where we have expanded out the 64"1\ (S X ) term and ignored
higher powers. We see that to achieve the necessary balance we

must write
gr F—ZLF —_
Ra, = Ka, - (5:4)

}> = 0/6' - (5:5)

where now f‘(z is the /&{1 of equation (4:83).

We solve equation (5:1) numerically in the form

”(:-A +[o<¥+ é’anz\z( 4‘/*():{ Ald)=o0.

A Y - (5:6)
where now
(4
DRI " Ka,
:E3 <Y - (5:7)
7. Te S - (5:8)
L 3

The boundary conditions being the same as for equation (4:84),



104.

£
Table 3 gives the values of X  for the first even

mode of equation (5:6) for various values of § , and these

solutions are depicted in figures 9-11.

For $=/00.0  and free-free boundaries we get from
(5:7), (5:8) and (5:4) that
z - (5:9)

—

Ra, = [16]-0% - (5:10)

The value for ﬁ&iz is in reasonable agreement with that

of equation (4:90).

CONCLUSIONS

We have shown that for convection confined between
two infinite plane parallel plates with a localized non-uniform
temperature distribution along the lower plate that a steady two
dimensional circulation can be constructed which has no effect on
the onset of convection when the length scale of the non-uniformity

is much greater than the distance between the plates.

Further, and more importantly, the convective
instability occurring in the vicinity of the hot spot (or more
exactly, a hot ridge, since the configure is two-dimensional)
takes on a preferred mode unlike the classical Rayleigh-Bernard
situation, and that this mode is the longitudinal mode in which

the axes of the cells lie across the ridge.
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Although we have dealt with an idealized situation
it is not unrealistic to extrapolate our results to laboratory
experiments and state that even small imperfections in the
heated boundary either in its smoothness or its thermal
conductivity will dictate the form of convective instability

arising.
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FIGURE 5.
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TABLE 1.
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Free-Free Rigid-Rigid Rigid-Free
I, -0-0038 -0-0009923 -0-0002975
:z‘% 0-1688 0-06269 0-01603
T 12-334 16-4569 2-3557
TABLE 2.
L o
Mode 4
-3-788
odd -11-846
-1-061
even
-7+456
TABLE 3.
* —
L S
-0°2087 1-0
-0-1071 10-0
-0-0528 100-0




(5)
(6)

(7)

(8)

(10)

(M)
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CHAPTER 3.

THE STABILITY OF FREE CONVECTION
IN A HORIZONTAL CYLINDRICAL ANNULUS
WITH THE INNER BOUNDARY ROTATING.
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Introduction

In this chapter we consider the onset of thermal convection
in a Boussinesq fluid confined between two infinite horizontal
cylindrical annuli, with the inner cylinder being the hotter.

Also we allow the inner cylinder to rotate uniformly

Such a geometry is of course a radical departure from
that of the standard infinite plane parallel plate problem
(see Chandrasekhar (1)) and we can anticipate that the nature
of the instability in such a geometry will show marked differences

to that of the standard problem.

A fairly extensive literature exists, both theoretical and
experimental, on heat transfer in long cylindrical annuli in the

case of no rotation. 67

On the experimental side Liu, Mueller and Landis (2),
Grigull and Hauf (3), Lin (4), Bishop, Carley and Powe (5) and
Powe, Carley and Bishop (6) have published results on heat
transfer in long cylindrical annuli for various gap widths and
using fluids with different Prandtl numbers. The essential
features of their results are as follows. Firstly no state
of hydrostatic equilibrium exists within the annuli and that for
moderate Rayleigh numbers flow takes the form of two stable
two-dimensional crescent shaped eddies, symmetrical about the
vertical, where fluid rises near the inner hotter cylinder and
sinks near the outer colder one. As the Rayleigh number is

increased it is found that these eddies become unstable.

&4 Betkes auw( fave (76) jﬁa/wz/ M p;aféém will /’Az A0
@&M/»cf /d%a/[ij éwc/’ 7/‘707%/ jW/Vé J.e. A /ﬂﬂe.
whike C«‘u‘r/’J::’ﬂgﬁ ) comseclered Ao fﬁc/zé/j F féuc/
// ity NG A CoNCANE Zwuw(d,g ‘
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Korpella (7) and Birikh et al (8) studied the flow perturbation
equations for flow in an inclined channel. These equations are
identical to those for the above geometry, to leading order, when

the ratio of gap width to inner radius £ 1is small.

They found that there are two distinct cases. One for fluids
with Prandtl number greater than about 0-24 where the instability
occurs at the top of the inner cylinder as a purely convective
mode, while for fluids with a Prandtl number less than 0-24 the
instability occurs at a point 65° away from the vertical and is
of mixed hydrodynamic convective mode. Walton (9) undertook a
more detailed study of the local structure of the instability
in the case of the gap width being small and deduced that the

instability had a parabolic cylinder function form in both cases.

In this chapter we repeat Walton's analysis allowing for

the inner cylinder to rotate uniformly.

In section (1:2) we state the equations and derive the
solution of the mean flow, the solution being expressed in a
power series in terms of the gap width to inner radius ratio.
Section (1:3) deals with the linear perturbation equations
and investigates the local structure of the instability when
the Reynolds number, Re, associated with the rotation of the
inner cylinder is 0(50%). Section (1:4) deals with the
solution of the leading order linear perturbation equations
when Re ~O(1)and compares the results with those obtained in

Section (1:3). Section (1:5) contains the conclusions.
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We stért first by discussing the basic flow that exists
between the two cylinders and on which we will base our Tinear
stability analysis. Even if the inner cylinder was not
rotating we know that a state of hydrostatic equilibrium is not
possible and experiments of Liu, Muller and Landis (2), Powe,
Carley and Bishop (6) and Kuehn and Goldstein (10) have shown
that for moderate values of the Rayleigh number a crescent shaped
eddy forms with hot fluid rising from the hotter inner cylinder

and cool fluid descending from the outer cylinder.

In our case the rotation from the inner cylinder causes a
shear flow to be imposed upon that due to thermal conduction
and we shall suppose that the Reynolds number, Re, of this shear

flow is sufficiently low as to rule out any shear instabilities.

This being the case we seek a steady two dimensional basic
flow. We let the inner cylinder have radius L and the outer
cylinder have radius L*h , denote kﬂL= £ and assume that £ is
small. The equations for describing such a flow are those

obtained by Walton (9).

lt%l

= E—T.«r-.l.o B.:_T— ( 32;
V ¥ A(S‘MQ}:I__ r(SQ_ég) P }—,_(_a

N

§7Z‘T - - L 7QJL;§?>LZ:)

-
r 2(r 8) (

:2)
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where
rd 2 Bl
Vi: ¥ .l o1l 2 - (1:3)
3‘-1 r }r F‘L }81

and ¥ , T are dimensionless stream functions and temperature
respectively. The radius has been made dimensionless on L,
the radius of our inner cylinder. The Rayleigh number A is based

on L. and is given by

A= (9F ATL.g)/-z/x - (1:4)

where 3 is the acceleration due to gravity, /3 is the coefficient
of thermal expansion, AT is the difference in temperature of the
two cylinders, V¥ the kinematic viscosity and & the coefficient

of thermal diffusivity. The Prandtl number,f% , is defined by f% T 176(

The boundary conditions that we then need to apply to these

equations are

T=1 &6 F= 1+ ¢ T=o0 «(’f':l
Fz0 b r-its r=
I / z 2 - (1:5)
RE Lo ¢£‘rtl+z/ ¥ . RL b or=d
r

dr
Following Walton (9) equations (1:1) and (1:2) have been

written down with the following co-ordinate convention in mind.

The angle 9 being measured positive clock-wise from the vertical.

Again following Walton (9) we redefine the following

variables, and assume that Pr ~ O(1)
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f&k: ‘Z%A
@:—l@\%,\‘

r= j+2€X

equations (1:1), (1:3) and (1:5) then become

v e _[5‘,,9'3:1_'_* £cosd DT |,
k-2, +E£X °P

e Ra (VAT +7)
fr(ieex) (X, )

V-LT = ¢ Ra B(_7-, %*‘)
Q+EL)  d (A, &)

where

z

VZE )1_{_{ lf-i__

———e

W2 esx X (rea)? Lk

and the boundary conditions become

Tol b x=1 T=o0 b x=o0
‘}L = 0 obé A= |
N ¥

¥
;AN DX Ka

7L__o a(,(:’)(:i }__%’(: —ﬁew&)t—.o

(1:9)

(1:10)
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. Lk |
where ka& - "Eé;;‘ is the Reynolds number, assumed to

be O(])) or smaller.

We now seek a solution to equations (1:9), (1:10) in the

form

+ X
(‘/tT): ( % , T, )+ 5<7€ y /1)+ 0(22/*: (1:12)

O(1)  equations

2 —
73___!° = 0
¥ - (1:13)
s ¥ .
"3__0 - = swnb BIc: - (1:14)
Y — :
DX I

From (1:13) and (1:11) we get that

T. = [ — X - (1:15)

Using (1:15) in (1:14) we arrive at

£
%oz 2P (ox)t snd — Ke ,((/,%)
1¥ Ka

= q,(x)smB - Ke c (1) - (1:16)

) £a
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O(£) equations

2P & DX

- (1:18)

Substituting (1:15) and (1:16) into (1:17) we get

= |=Ra 4,(Xx) c B
dAt - (1:19)
the solution to which is

I = x(x-1) - Mz(zxs— ézﬁf;c}—-z)
7 |40

by (x) — Ra <08 b (x)
/% %o - (1:20)
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After a considerable amount of algebra we find that the

solution of (1:18) is

£
}?: ’_5‘16 4,(X)+ Ka 5,(,,\‘2942()(}+

¥e 2880
+ Ra 5028 4 (1) + Re 08 4 (x)
r 2¢% 2 " %
where
a0 xF (2= 515 Ex o)
4,00 = —7-(—7— Fox xf oG P

S04 N2 §o o Jzo o
_ b
/80
§ < 3
SCATRT O A PO A

- (1:21)

- (1:22)

- (1:23)

- (1:24)



Figures 1-4 show the streamlines ﬁ?:: constant plotted
in -9 space for various values of Re. Due to the smallness
of most of the terms in 16 £ no visible Prandtl number

dependence is apparent and therefore all diagrams are plotted with
Pr=1.0.

The first obvious effect of rotation is the breaking of the
symmetry about the B=0 1line. As the Reynolds number Re is
increased the strength of the left hand side eddy is increased
while that of the right hand side is decreased proportionally.

That is to say for a clockwise rotation the effect of increasing
Re is to strengthen the mean flow eddy on the left of the vertical.
We find this phenomena is important to the understanding of the

results obtained in section (1:4).

1:3 The Perturbation Equations

Following Walton (9) we now consider small perturbation to

the base flow by letting

7L¥-—> e

where JX and (# are small perturbations to the mean stream

function and temperature profile respectively.

Substituting (2:1) and (2:2) into (1:9), (1:10) noting that
time derivatives of perturbation quantities must be added in, and
ignoring terms quadratic in the perturbation quantities we arrive

at Walton's (9) equations
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Pl 3]s - [y m .

€ 1+ €X 98

reha | OVHIR) . R, ¥Y)

e t———

rlrex)] S, 8) (X, )
- (2:3)
Py
l_v - ’0? }_]79 -
QF
£
¢ Ra [b@m L ¢ ) -
+EX - \e:
Q+€X) | >, 0) ~ (A, 8)
and where 3¢ and 4/‘ must satisfy the following boundary
conditions
JZ:}AZ:#:O dv@l:o//
DX - (2:5)
As discussed in Walton's (9) paper at &= O, T  there
is no mean flow and with the mean temperature gradient positive
at &=T the flow is convectively stable there and for
T ¢« < 71 . While at D = 0O the mean temperature

=
gradient is negative and therefore the flow is potentially unstable

at =0 and for © € B¢ /9 . At B= T/2
the flow is equivalent to that in a vertical slot (see Korpela,

Gozum and Baxi (12))and it is known that in such cases the source



127.

of the instability is of a hydrodynamic nature rather than thermal.
Between the angles O and T/2 both mechanisms are active and it
is impossible to tell a priori at which angle the flow is most

unstable for a given Prandtl number.

We therefore seek a WK B type of solution, centred about

some critical angle B. , in the form

gt
=2, 75) A(s)e expz Sk(e)d&fL(—fo, )€ (4, 3)4,]

- (2:6)

Ra = 240-4- g teq‘*--" , Oz 6, €8 + .. (2:7

where ({ ) (i=0,s, ... ) are functions of X  and B

Substituting the expansions (2:6), (2:7) into (2:4), (2:5)

and using (1:16) we find that the order unity equations are :-

(O0-k= o, ) (0=k*) £, + @ ?k' Ra, sin B[ al(x) (0%-kY4, - 4" oA ]

— i&fe. c:(x)(oz-kzjfo +sn®Dg + ichs83°= ©_ (28
Pr
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and
(D?-_k?-_’ P o, ) 9, * 2 R fao 42(1) sen B 9

-k e Co (X) ﬁo + 1R Ra -fb = 0

- (2:9)
¢ d
where the 4 (x) represents __40(1} etc, and D= E_,
dx DX
From (2:5) the boundary conditions for (2:8) and (2:9)
are obviously
£, = D)CO = 9, =0 £ x- o, - 210y

For a given value of & equations (2:8) and (2:9)
combined with the boundary conditions (2:10) form an eigenvalue

problem for fqo as a function of k/ S, , IDF and )Qe .

Instability of the mean flow occurs if there exists a value
of Raofor which R is real and Real (65 ) >0 for given values
of Fr and Re . We therefore define the critical value
of the Ravleigh number for a given angle 8 as the minimum

value of Kﬂo at that angle for which K is real and Real (5% ) > 0

(having specified P- and Re ).

This Teads us to the obvious definition of the global critical

Rayleigh number of the flow as being the minimum critical Rayleigh

number over all angles i.e. 2Ra, /'99 = 0 and -a'q“o/Bk =o.— @
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The angle at which this occurs we will call the critical angle 9C

and will denote the global critical Rayleigh number by R“o; )

Before proceeding to solve equations (2:8) and (2:9)
numerically for values of Re«:OU) we can make analytical progress
in the case Ke small and determine what kind of results to expect.

We first summarize Walton's (9) results in the case when Re=0.

With Ke=o equations (2:8) and (2:9) represent perturbations
to a flow in an inclined channel, see Korpela (7) and Birikh et
al (8). Birikh et al (8) calculated the critical value of the
Grashof number GQ"QAR P“ for which instability first occurs
for 0¢ ©¢ T (remembering that in the case of Rez 0 the base
flow is syrmetrical about &= 0 ) and Pr = 0-2 |0and 5.0
They found that for Pr= 1-0 and §. 0,8.:0and &r, = |708./Fr.
While for Pr: 0.2 they found that B, ~ 65° and Ec\“ ~ 100,
So that for P,-:I-O and 5.0 the most unstable mode is a purely
convective mode centred about the vertical &= O. , while for
?,:o"z. the instability occurs as a mixed hydrodynamic convective

mode away from the vertical.

Korpela (7) presented more extensive results and showed that

for ?r: O-/8¢=T/z and that therefore the instability is

of a purely hydrodynamic form. As he increased the Prandtl
number the critical angle decreases the instability becoming a
mixed mode, until Pr reached about 0:24 when the most unstable
mode became a purely convective one centred about B=0, and

the critical Rayleigh number became independent of the Prandtl
number. All these calculations were done with $p = 0. i.e.

only stationary modes were considered.
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In an attempt to obtain further information about the
instability Walton (9) considered the case € &€ 1 and
considered higher order terms in th.e expansions (2:6) and (2:7)
thereby taking into account the curvature of the boundaries. As
he pointed out in this case it is not possible to set the imaginary
part of 0, equal to zero. By writing Q: B- 8,_ and expanding
about the critical angle he found that the equation governing
the amplitude A(®) determined at order £ broke down when &
became of orderﬂj? . To resolve this difficulty he then sought

a solution of the form

-y

(,4)= ¢ aréj—(g“?’{[&w(fa, 9e) + OS2 )+ ]

- (2:11)

On substituting (2:17) into the equations he found that the
leading order equations corresponded to those for flow in an
inclined channel, the O( ‘ZUL) equations being satisfied
automatically by the choice of 9c and anc while the 0(5) equations
showed that Bo(j) was related to a parabolic cylinder function by
the transformation
.'ii Xy A& _
E&(j)i € Eg(j)
- (2:12)

where B_( ‘j) satisfies

2—_ —
4 BLY_ (ks 24,%,) B,y = ©.
19 )

- (2:13)
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/3
and £ 3: ce ) °(°) ‘><l and D(.L being numerical constants.

Since 0<.L contained qu , he was able to calculate the

correction to the Rayleigh number IQAOC .

From the discussion of the case Re =z o. it is clear that for
the shear flow to effect the structure of the instability at the
same order as that due to the curvature of the boundaries we must
write Ke = Elh Re . where Re~0(1) . Notice that if we put
Re= ¢ EQ then the shear flow would have no effect on the

previous analysis.

//.,' -
With ﬂe =€ ’eﬂ we then seek a solution in the form

ot _
(s, )= ¢ exp] I [Bly (o9 - o™

- (2:14)

with
Ra = Ra, + © Ra| +--

/
O €0, + €6 - - (2:15)

Substituting these expansions into equations (2:3) and (2:4) we get

O(1) equations

k4
(Dz—kcz) jcoc + 52138‘_ Djoo t Zk¢ Cos sc ﬂoo

. !
-+ i_‘?c (au Son Bf_ [4;(1)(02__&:){”_ 4: (1)-{00]: 0.
Pr

- (2:16)
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and

2 . .
(Dz“ kc. )300 + 2 kc ea‘u 5in 6, 4:: (x) joo * ékc Eq“ §°° = O

- (2:17)

which are identical to those given by Walton (9).

Equations (2:16) and (2:17) are identical to (2:8) and (2:9)
with &, and Re equal to zero.

Solving equations (2:16) and (2:17) for various values of &
and 10“ we obtain the distribution of minimum Rayleigh number
against angle for various values of the Prandtl number. These
results are tabulated in Table One and displayed graphically in
figures 5, 6 and 9. A cursory glance at these diagrmas reveals
the behaviour pointed out by Birikh et al (8) in that the critical
angle is 820 with R“of 1707762 and R =317 for Pr=).0, 0.5
while for Pr= 0-2, B, = )-133, Ra, = /403956 and
)2(_-’- 2-7577. We also found that the nature of the instability

changes from one of a purely convective mode to a mixed hydrodynamic-

convective mode at around Pr = 0-2Y%,

/
O(¢ /”) Terms

# s
By expanding out ‘)L and T in powers of £ *we get from

(1:15), (1:16), (1:20) and (1:21)

- (2:18)

T= (1-2) r¢ ;bo (x)+ Kag, CesO. A;u)z

) &40
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and

£ —
74 = q (X)) s, +J?gao(1)3cosgc-—fs Coc;c)g
Ra,,

+ < i— C(OC,(}‘DZS,{_A&; - S“'"Sc al(;() -+ E%C suin28, 4}_()()
k3 o 28¢0

+ @_—QOC S‘{"‘z&'— 43C)~)
A- 29%

- (2:19)

Using (2:18) and (2:19) in the expansion we get for the order VFE‘

equations :

z 2 .
(D—kc )j’ + ‘Zk’c @qu 42()() suin 8, 9, * z'/?C quCJC; =

]: fe o, + ikc E Co/(/‘)] j“g(.j) - z‘kc &(% 4:,()030;35’(3)

- [anc 40/(X)§uz9cﬁ + 21k 9,1 Ka,, o d 8,
)3,

- (2:20)

i 7 - ——— - =
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(058,

(D% k)jz+m8 Djf—zkﬁ’f’

Pr

k RC{OC_ 5m8¢[4°/(X) (Dl'kcl)‘](/

-alwf ] = @, 8Ly + 4, {j.rf) I ALCY

where

Qon = ‘Yo (Dz——k‘—l)ﬁ" *

; ik Re | clow (kD)4
Fr

Koz
A

"
- a, (U-ﬁo] = (esB, 9,

and

1

G (x)

- ik ( D%k, )7160_ Rag sinB, cwc)(o-gk e

- (2:21)

j[°°] - (2:22)

©

- (2:23)

4803 - - i_k}_ﬁq% Cos B, lq:uj(oz-kf)jéo— 4;//(/(}7éo]

fr

- Cosd, Dﬁo t ik sinb, 9o

- (2:24)
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From equations (2:20) and (2:21) it is obvious that we can

write 3| and j(‘ as

3,5 Bl9) 9, + g+ q8ly)g, -
ly
+ Ho(j) Yoo - (2:25)
£ = By, + i_&(")) £+ B Boéﬁ)’ffz *
)
+ Ho(‘)) jCoo
- (2:26)
where now
6'(3!0, 7‘,0 ) = [lpr 0y t ié’: )é; Co/()i)]joo
- (2:27)
F lo fo ot 0
(7(/3 ) Q' - (2:28)
¢ ( 311; 7[/1) - = ’eo‘oc 6(0/(1) sn®, j°° - Zak" 3“
- (2:29)

+ Ka*ac {Oo
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F(')[N ) 3!:) - QOZ - (2:30)

6’(3'?—/ ’f;z) = - ikr_ gqcc 40,(/1)j°°

- (2:31)

F('fll, jll) = Qo}

- (2:32)

where

-lq,4)z (Dz—kf)ﬁ-r ik, Ka,, 4.0 sin B, q

+ 2 kc_lequ 7C

- (2:33)

and

058,

FU§,9)2 (0k)f 4 san by ik, 9

+ ik, Ra,, senb, [40/(10 (0-kI)f - a0 f ]
fr

- (2:34)
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Now for a solution to equations (2:20) and (2:21) to exist
we must have that the integral formed by multiplying the right hand
sides by their respective adjoint components adding and integrating

over X must vanish. This leads to the following condition

- (2:35)

where

= z(frlro-f' ik, Fe Co'(x)] joéj-ﬁ- QOIJC;:{JJL

. - (2:36)

H
|

1
- + +
Ilsz Po; 9, + &, ‘)(o ] olz, - (2:37)

l
I,= ]: Pos 3: + Y, j(fjob(_ - (2:38)

o
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+
where 6+ and -fb are the adjoint multiplier for (2:20) and (2:21)
[~
respectively, and B,‘ , B,L are the right hand sides of (2:29)

and (2:31) respectively.

On evaluating these integrals numerically we find that I, and
I vanish, so that I; must vanish thereby determining the value

of 0, .

144

By writing 0o = 'lkc@[;we find from (2:36), (2:22) and (1:16)
Pr
that

\
5}:"* oo ‘}:r (=K ) 4o fo ] (x-1) dx

|
S [' P(‘ 300 3:-+ ( bz‘ k;)jc;o —)[0+-] le_
’ - (2:39)

which when evaluated numerically yields a value of =0-5, which is

a well known result for symmetric Couette flow (see Walton (11)).

O(£) Terms

The O(€) equations are

032, %)= (v Ra, Pyt oy P e g P est P )Ry,

1

- (2:40)

J
+ lg*jPl()d‘84— Pn %Z*P;gdm*/?q H(‘j)

% 4y
F(ﬂZ/jCz): (&, +Ra, & + 6 le'{'t) €z * L)ZQW’J[%j)

A
"'(Q‘f *‘JQM);—I—(? + i%€_+ Q(S’ {I%(‘j)-f’ qu H(‘j)

- (2:41)



Where the coefficients Gzij , P‘j are functions of-f;o,»f,o ,-j-.” ")Cn.

3 ,j ,3 , and their explicit form is given in Appendix One.
oo (o It

As before a solution to equations (2:40), (2:41) only exists
if the integral formed by mutliplying the right hand sides by their
respective adjoint functions, adding and integrating over X vanishes.

This leads to the following equation for ij) -

T
I, Z‘T};-r (3I,D+Iq):z[_l3+((jlzg+(jl7-r6; Ié-r- &’Isf-zy_)a.j):a

- (2:42)

where

!
IJ*‘*:S[Q:j7[°+* ha ]

- (2:43)

The function H(j) does not appear in equation (2 42) since
the integrals I, and Il} are the same as I, and I3 respectively which

e
we know vanish from the O(£ /équations.

Equation (2:42) can be transformed into a simnler form by

writing ) ;
1Y (a- %)
Bly)= ¢ —B.(?) - (2:44)
where
vz 1 <f 2&9 ) ok = — ;;E?
2 Iy’ I,
which gives
ra -
4 8ly a L(‘jf'lo)-— c_] B(\)) =0 sy
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where
A
a=- g _ 1 (:r_,)
IN "f' Ill

- (2:46)

< ;_7.) -+ _)_(Iq I'D)
T S\ I - (2:47)

) T Tov. /Te) 1 /T
- [ (%) enZe) (Z)- 2T 42 ALZ
i '<I,. Tl Tz, ) T g, :r,o (2:49)
Ca

Table 2 gives the values of Li /I,, (i: 4 .., "5), q, L,f
for Pr=1.0,02and %=0. and Ke=/.0, ForRe=0 and - .o, 0.2
we find that & 1is negative and b equals zero so that equation

(2:45) can be written

d_! B L’“‘b*C]B(‘ﬁ) 0.

ol-ﬁjz - (2:49)
B(Lﬁ) is then just the parabolic cylinder function (see
Abramovitz and Stegun (12)) of the first kind which is regular
at 3:0. and is bounded as '3-) to only if
< . (n+l)
. z - (2:50
21l e

In this case B(j) can be written as

_ ..,J«
B(‘j): BOO e * l‘j H ("/;‘:ﬂ 5)

where Bop is an arbitrary constant and ”n(%) is a Hermite
polynomial. We then determine 241 andd"‘ by considering the real
and imaginary parts of (2:50) using (2:48) and noting that 0, is pure

imaginary.
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From Table 2 we can see that for Ke = 0.0, IS"/I// ) I'°/Zn
are pure imaginary and Ié/l",,/ I;/-_,” are pure real. So that

on taking the real and imaginary parts of (2:50) we obtain

-l
£a, = 2.J1al’ (nd?_)(;z)
" - (2:51)

-
) I(o I I{
o [1(%)- &)](F) - @)

These results agree with those of Walton (9). The lowest value

of fA, occurring when N=0

With fe=10 we find that E is non-zero and that & is unchanged.
So that the Tocal structure is still that of a parabolic cylinder
function but the effect of the shear flow is to just shift the
site of the instability. Furthermore it is easily seen using the

appendix that I-; and Iq are proportional to le so that b can

be written

b= Re b

- (2:53)
and hence the shift in origin is linearly nroportional to the
Revnolds number.
Taking the real and imaginary parts of equation (2:50) we
obtain
ra T\ -1
Ka, = Z/m('\*l?-kaé*r-’-(lq)-fea«((z‘! Is
! z Q— 10! Iu -
T - (2:54)

_ - - (2:55)
-1 <1_,_° ) ( ?;f) -Eé)
L\ L T
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Since Iq/é‘,, and I‘7/z',, are proportional @3 and from
the appendix the real part of I«,«/_‘[” we can write (2:54) in
the form

qu :EZM(M{)"— E.T«Zi cff&(itj)

10

el ()]} (Z)
- 7t \ T I, - (2:56)

Equation (2:56) shows us that the effect of rotation is to add
-1
on a contribution proportional to ee to the value of IQG, in

case of no rotation.

We now return to equations (2:8) and (2:9) and solve the
eigenvalue problem with Ke~O() e note that from the

preceeding section we must put

o= -1 ;'k"-ee

b fr

Also with &¥0 we have that the symmetry about P=0 is

broken and we must therefore investigate the behaviour of the

equations over the range -4 £deX. Figures 8 - 13 show curves
= kR

~1z)

of Rayleigh number against angle for various values of Le and ﬂ-
For Pra ].Dwe see that as predicted by the asymptotics the curve
is deformed slightly to the right near P=o . In the case of

Fp £ 0-05 a more dramatic change 1is seen, however, as Re becomes
larger the site of the instability is on the left hand side of
the cylinder. In fact with P"S 0-7% even with Re << . the

instability is sited on the left hand side of the inner cylinder.
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Table 3 lists critical angles and Rayleigh numbers for various
values of Qe and lpr . The results of Table 3 clearly demonstrate
that a different mechanism is at work when f% £ 0-1% than when
f},/l.o . A possible explanation of this is revealed if we
consider the stream function of the mean fﬁow (see figs 5 - 7).
With rotation present, the inner cylinder is rotating clockwise,
the shear flow reinforces the strength of the eddy due to the
thermal gradient on the left hand side of the cylinder while
decreasinglit on the right hand side. Since in the case of no
rotation and ﬂ—f;o~ZQ the instability is a mixed hydrodynamic
convection mode we can expect that the imposed shear flow will
push the instability into a more hydrodynamic type which will

occur where the shear flow has the greatest effect.

In order to compare the resulsts in Table 3 with those from
the asymptotics we must remember to subtract the contribution to
the Rayleigh number due to the curvature of the boundaries. So
that for P}:I.o the correct asymptotic formula for using in

comparing results in Table 3 is

Ra = (707762 + € (341N - #¥7728)

[

70776 + € 0 ¢ 52

and B, = v/;?1 0-02

A
For £z (0°05) this gives
Ra, = | 207 7621

gc - o.OO’

—¢
Table 3 gives Kaq = 17067762 and &, ~ €5 X (0

which gives a reasonably good agreement.
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1:5 Conclusions

We have studied the onset of thermal convection in an infinite
horizontal cylindrical annulus and have allowed the inner cylinder

to rotate uniformly.

It is found that the system exhibits a strong Prandtl number

dependence with two distinct cases :

(1) Frﬁ/ . where the onset of convection occurs at the
top of the cylinder and exhibits a parabolic cylinder
function structure. The effect of the rotation is
to displace the site of convection away from the

vertical Teaving the local structure the same.

(ii) Pr 4 o0-14 Here there is a sharp distinction between
the case of rotation and no rotation. With no
rotation the instability is a mixed hydrodynamic -
convection mode centred about an angle 65° from the
vertical. With rotation, however small, the site
of instability occurs to the left of the vertical
and as the strength of the rotation increases the

site of instability moves closer to © = —"/2

The asymptotics again yield a narabolic cylinder function

dependence.
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FIGURE 3.
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FIGURE 7.

E . /
= , /
—~~ :‘—“- ~
o S S
Q 3 —_*'—*
(RA®1 /55
FIGURE 8.



FIGURE 9.

FIGURE 10.

149.

(E TN ) A TR SH S

-

m




150.

FIGURE 11.
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TABLE 1.
a
B Do =10 P~ =0-5 Pe =0-2
0+0 1707762 1707762 1707-762
0-174 1801-518 1782253 ©1691-319
0+349 2222 -304 2063-519 1640+182
0.524 6549.218 2808-120 1565695
0+689 7615672 3595 - 406 1492064
0-873 7559846 3752529 1436767
1.047 7449780 3758689 1407606
1-396 7595183 3867+197 1441-679
14571 7940771 4047136 1514272




Pr = 1-0 Pr = 0-2
Re = 0-0 Re = 1.0 Re = 00 Re = 1.0
L)y, (0-0, 0-0) (54, 7-9)x1073 | (0-0, -1-255) (-3-853, -1:321)
Is/I” (3-958, 0-0)x107° | (3-958, 0-0)x1073 | (2-898, 0-0)x1073 | (2-898, 0-0)y1073
/1, (-0+520, 0-0) (-0+520, 0-0) (-0-116, 0-0) (-0-116, 0-0)
14 /1, (0-0, 0-0) (0-510, 0-0) (0-0, 0-0) (1-571, 0-0)
Ig/:[” (-11-258, 0-0) (-11-528, 0-0) (-1-483, 0-0) (-1-483, 0-0)
La/a, (0-0, 0-0) (0-0, -1-281)y(5>| (0-0, 0-0) (0-0, -3-463)
Lo /1, (0-0, 0-0) (0-0, 0-0) (0-0, 0:292) (0+0, 0-292)
a ~11.258 -11-528 -1-462 -1-462
b (0-0, 0-0) (-0-022, 0-0) (0-0, 0-0) (-0-364, 0-0)
Qa, 847.725 7477717 417230 645387
0, (0.0, 0-0) (0-0, 0-0152) (0-0, -12-077) (00, -12°646)

.

TABLE 2.

sl



ﬂ: 0.2 FI‘ |.O
Kﬁ k
8(: {ZAC kc_ Bc Rac Ped

0-05 -1+1330 1403-444 2755 6-527X]0—4 1707-762 3-1163
0-1 -1-1334 1402-936 2-753 ]-305x]0'3 17077644 3-1163
0-25 -1+1346 1401-429 2747 3-26X10—3 1707-778 3-1163
0-5 -1-1366 1398-984 2737 6-53K10—3 1707-828 3-1163
1.0 -1-1408 1394.335 2717 0-1305 1708-028 3-1162

TABLE 3.

€61
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APPENDIX

2
P = =2 kc joo- Dﬂoo - ’Q“oc jclz - 27:]ec Ar

to

. T /
+ 1 kc eqoc Cos 9:. é, (x) ][oo + 2 kc gqcc Ao (1) ‘)Coo
¢4 0

+ ‘ch £4°C X Too — eao; A, () 66586 Daoc

o0

/ . . / .
+ 24“ a, () sen S, F2 Tt zjec tequ 40(1)%8‘ 6

. [
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