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Abstract

Standard machine learning research involves running experiments on training and test-
ing data stemming from the same distribution, which is usually a data generating pipeline
that involves clean data occurring in a clearly defined environment. However, in real-
life scenarios models face unexpected distributions shifts, with the imperative need to
discern unknown ‘unknowns’, more specifically to detect outliers. Deep Neural Net-
works have proven their prowess in correctly classifying objects, albeit the lack of uncer-
tainty, of a framework to incorporate prior knowledge and the reliance on large datasets.
Bayesian methods are considered to fix said issues, with Gaussian Processes being an
example of models that place function-space priors, finding usage due to their uncer-
tainty quantification properties. Associated drawbacks to Gaussian Processes range
from designing data-specific kernels to distributional mismatch between Gaussian pre-
dictive distribution and the real data generation distribution. This thesis posits that deep
Gaussian Processes represent the optimal choice towards adequate out-of-distribution
detection, as they circumvent aforementioned issues due to hierarchical nature. Firstly,
we investigate deep Gaussian Processes’ capabilities to properly detect outliers and
propose changes to enhance out-of-distribution detection. Subsequently, we introduce
a probabilistic layer that acts as a drop-in replacement for layers in convolutional ar-
chitectures, with the property of reliably propagating uncertainty forward. We re-frame
medical imaging prediction tasks as outlier detection, showing that our probabilistic
module is more capable of detecting pathologies in MR scans as outliers given healthy
samples in the training set. To ensure the competitiveness of our models we need to
address the computational drawbacks associated to training Gaussian Processes. We
propose an inverse-free variational lower bound to sparse Student-t Processes, showing
through various experiments similar behaviour to matrix-inversion dependent models.
Lastly, we dwell on future research pathways and applications, concluding that safe
machine learning deployment is conditioned on probabilistic models with strong uncer-
tainty guarantees.
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Chapter 1

Introduction

A particular manner of defining artificial intelligence (Al) is as the study and design of rational
agents, with a system being perceived as “intelligent” upon maximizing a certain notion of perfor-
mance. The branch of Al that deals with tasks where experience is available to agents is machine
learning. The empirical success of deep neural networks (DNN) in the 2010s brought upon us a
new dawn in the pursuit to build Al. While using DNN, excellent performance has been achieved on
well-defined narrow tasks with large amounts of data. However, these machine learning systems
lack key qualities useful for safe and broad use in real-world applications, such as the communica-
tion of uncertainty in predictions, thereby essentially knowing when a system does not know what
to do. One can rapidly see that such capabilities would be of paramount importance in applied
settings such as healthcare or self-driving cars, where the outcome of the patient or the driver
(alongside pedestrians and other drivers) hangs on the validity of predictions.

More often than not, performance is measured by how machine learning systems behave in novel
situations that were not present within the data manifold of the training set. For example, in a
biomedical setting, one trains a system to segment brain tumors on MRI scans stemming from
either one or a finite set of scanning sites that are available. However, at testing time, it might face
MRI scans from other scanning sites, which depending on how similar the respective scanner is
with regards to the ones seen at training time, might result in a decrease of performance due to
scanner effects. The capability of a machine learning system to generalize to new unseen data is
measured by how small this gap in performance is.

With this in mind, there are a multitude of types of unknown/unseen/novel inputs that a machine
learning system might encounter. Within the field of statistical learning the most commonly seen
are in-distribution test points, the notion of in-distribution meaning that new data stems from the
same data generating process as the training data, thereby making the two indistinguishable. Com-
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1.1. Motivation: What uncertainties should we track? Introduction

ing back to our example with segmenting brain tumors, new MRI scans from unseen scanners rep-
resent in-distributions samples. An example of out-of-distribution data might be when training a
machine learning system on a multi-site pooled datasets of MRI scans for the purpose of “brain-
age” estimation, but at evaluation time the system is shown new subjects with brain tumors or
white matter hyperintensities, which were not present at training time since we were training on
normative data, more concretely subjects without any neurodegenerative diseases or pathologies.
Devising machine learning algorithms that can detect these distribution shifts by virtue of their
uncertainty estimates represents the primary focus of this thesis.

Now that we have laid out the main motivation of this thesis, we also need to specify which models
are to be investigated. Gaussian Processes represent a Bayesian machine learning model that ex-
hibit strong uncertainty quantification properties, making them a prime candidate to devise models
which can detect distribution shifts. However, as we shall later see in the next chapter, Gaussian
Processes suffer from some limitations. Hence, in this thesis we are concerned with building mod-
els from compositions of Gaussian Processes in a hierarchical manner. Studying their uncertainty
quantification properties will represent a key goal of this thesis.

The remainder of this chapter is structured in a progressive manner, first motivating the differ-
ent types of uncertainties and how to disentangle them. We then proceed to enunciate two key
properties that any machine learning model needs to satisfy so as to be able to discern between
in-distribution and out-of-distribution points. We then argue for the use of hierarchical compo-
sitions of Gaussian Processes to the detriment of DNN. Lastly, we present some key challenges
associated to our Bayesian model of choice, which will constitute the basis of subsequent chapters
in this thesis.

1.1 Motivation: What uncertainties should we track?

Before we delve into what uncertainty means, how to define it and how to disentangle it, we must
first take a step back and consider how one acquires knowledge about objects and how valid that
knowledge is.

Brief philosophical detour. Epistemology represents the philosophical study of the nature, ori-
gin, and limits of human knowledge. It attempts to study the following questions: what is the
nature of knowledge?; what are the obstacles towards the attainment of knowledge?; what can be
known?; how does knowledge differ from opinion or belief?. A key question pertaining to episte-
mology is how knowledge is acquired. The empirical method consists of acquiring it through expe-
rience or the senses (e.g., one can examine a flower to infer certain characteristics, such as shape,
smell, size, texture, whether it produced fruits or flowers). However, a natural follow-up question is
whether we can trust our senses. It might also be that our sensory apparatus influences our inter-

Sebastian Popescu Uncertainty Quantification with Gaussian Processes 18



1.1. Motivation: What uncertainties should we track? Introduction

pretation of reality. Epistemology proposes a dichotomy of types of knowledge: propositional or
knowledge of facts (e.g., 2+2 = 4) and practical knowledge (e.g., knowing how to ride a bike). One
might wonder at this point what has motivated such a pursuit. A simple answer is that one begins
to question whether the ideas (i.e., representations of the mind) correspond to the world outside of
ourselves and if we can bridge this gap. Some philosophers have suggested that fear was the im-
petus of the development of epistemology: ‘All epistemology begins in fear...fear that the senses are
too feeble and the intellect too frail; fear that memory fades, even between adjacent steps of a math-
ematical demonstration, fear that authority and convention blinds; fear that God may keep secrets
or demons deceive” (Daston and Galison[1992). Lastly, a particularly extreme school of thought is
skepticism, from the Greek word okéntopat (skeptomai), which stands for to search, to think about
or look for. This school of thought was divided into two: the academics, who believed that noth-
ing could really be known about the world; and Pyrrhonism, who believed that the aforementioned
academic position was knowledge in itself, thus trying and seeking to make the skeptical position
logical in itself. A leading Phyrrhonist, Sextus Empiricus once affirmed “Skepticism relieved two
terrible diseases that afflicted mankind: anxiety and dogmatism.” (Empiricus |1933). In this thesis
we will not attempt to relieve humanity of anxiety or dogmas, instead we will focus on devising
machine learning systems that are innately skeptical about their predictions.

Perspectives on uncertainty. Now knowing what epistemology represents, we can find elements
of it in representations of uncertainty in various fields of study. From a linguistic perspective, Ulki-
men et al. (2016) split uncertainty into aleatoric and epistemic, with the former stemming from
the Latin word for “dice”, alea, and the latter latter type of uncertainty has its etymological roots
in the Greek word Tiiotrun (epistme), which stands for knowledge. They argue that the distinction
between aleatoric and epistemic uncertainty entails a difference in the way a statement is made,
whether it is expressed in a confidence of likelihood language format. More specifically, speakers
tend to use confidence statements to express epistemic uncertainty, such as “l am fairly confident”
or “Iam 90% sure”. Conversely, people use likelihood statements to express aleatory uncertainty,
such as “I believe it is fairly likely” or “I'd say there is a 90% chance”. The authors consider a simple
example by enunciating two simple questions. Firstly, if we consider a question of the type “Is the
Amazon river longer than the Nile?", the authors make the case that uncertainty in this case stems
from the gap in one’s knowledge about a scientifically proven fact that is either true or false (i.e.,
a case of propositional knowledge from epistemology). On the other hand, for a question of the
type “Will a fair coin land heads in at least one of two flips?”, the uncertainty stems from inherently
stochastic behaviour of a physical device in the outside world.

From the realm of psychological analysis, more concretely of analysing responses to uncertainty
from the viewpoint of expectation and surprise in perception, Kahneman and Tversky (1982) have
also proposed this distinction between “inside” and “outside” uncertainty or between “internal” and
“external” uncertainty as initially introduced in Howell and Burnett (1978), with the former being
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1.1. Motivation: What uncertainties should we track? Introduction

attributed to the inner state of knowledge, whereas the latter is dependent on the dispositions of
causal systems in the outside world. Kahneman and Tversky (1982) further distinguishes “external”
uncertainty that is singular (an assessment of a specific case, e.g., this team will win because it
has great players) against distributional (an assessment of relative frequency of similar specific
cases. e.g., this player will succeed as he was trained in a prestigious sports academy).

The dichotomy of epistemic and aleatoric uncertainty was also proposed in Fox and Ulkiimen
(2071), where the authors characterize epistemic uncertainty as ‘entailing missing information or
expertise concerning an event that is, in principle, knowable.” The same authors characterize pure
aleatory uncertainty as ‘"entailing as assessment of stochastic behavior that may be associated with
a particular subjective probability but is otherwise unpredictable. Aleatory uncertainty is represented
in relation to a class of possible outcomes, is focused on assessing an event's tendency to obtain,
and is naturally measured by relative frequency.” The authors make the case that most events can
be seen as a mixture of aleatoric and epistemic uncertainty. They bring up to discussion a simple
example of the outcome of a football game, which can be seen as partly knowable given the rel-
ative strengths of teams, history of head to head matches and current team form, but it can also
be considered as partly random as any outcome prediction needs to consider different conditions
such as weather, mental state of players, arbitrary decisions by individuals. Finally, they stress out
the subjective nature of the split between epistemic and aleatoric uncertainty.

For the purposes of this thesis, we shall consider uncertainty as defined in scientific modelling,
by which predictions have a range of expected values, thus expressing the total uncertainty. We
shall see that throughout the remainder of this thesis, we will only consider Gaussian distributions.
This will inhibit us from reliably modelling extreme events (e.g., stock market crash or extreme
meteorological phenomena) and will be left as a limitation of subsequently introduced probabilistic
models. Establishing the proportions in the range of expected values that are caused by aleatoric
or epistemic uncertainty is the focus of the next paragraph.

Decomposition of uncertainty. In Der Kiureghian and Ditlevsen (2009), the authors make the
case that problems involving analysis of reliability, risk assessment or decision-making are solved
by defining a pool of possible models of how scientists and engineers envision natural occurring
phenomena to be modelled using domain-specific knowledge. This pool of feasible models or
distribution over models can contain intrinsic uncertainty, either caused by measurement errors
or the imperfection of models to describe natural phenomena. The authors make the distinction
between two types of uncertainties in a scientific context, aleatoric and epistemic. The former
was first used in music composition to describe a succession of sounds that is pre-determined in
general and follows a particular style, with details inserted that largely depend on chance (Meyer-
Eppler(1958).

The authors identify the following sources of uncertainty:
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- uncertainty in both input data and observations, caused by measurement errors (i.e., aleatoric
uncertainty)

« uncertainty caused by the selected form/architecture of the probabilistic model (i.e., epistemic
uncertainty)

- statistical uncertainty in the estimation of model parameters (i.e., epistemic uncertainty)

From a machine learning perspective, Kendall and Gal propose a dichotomy of classifying
sources of uncertainty into aleatoric or epistemic, depending on whether they can be reduced by
adding more data or not. More specifically, aleatoric uncertainty is caused by inherent randomness
in the data, hence it cannot be reduced (see Hiillermeier and Waegeman for an in-depth re-
view of methods to quantify aleatoric and epistemic uncertainty in machine learning). The classical
example of coin flipping is the most obvious one to give, even though there is research that supports
that coin flipping is deterministic given a complex system taking into consideration strength of coin
tosser, initial side, wind conditions and physics of coins tossing (Stefan and Cheche 2016} Strzatko
et al.[2008). Conversely, epistemic uncertainty refers to the epistemic state of the agent/model, or
more colloquially the ignorance with respect to the current state. This ignorance can be reduced
by feeding the agent/model with more information/data.

W Aleatoric Uncertainty - Epistemic Uncertainty

Figure 1.1: Conceptual difference between Epistemic and Aleatoric Uncertainty in Regression
Tasks. Aleatoric uncertainty captures noise in the data generation process; Epistemic uncertainty
captures uncertainty in model parameters, which can be caused by incomplete data in some input
regions or due to domain shift; Intensity of colors denotes higher uncertainty in respective regions;
With dark lines we denote the function-space samples of a hypothetical Bayesian machine learning
algorithm fitted to the training data (red dots).

The goal is to decompose the total uncertainty into its constituent parts. One approach involves
attributing the model's total predictive variance to the corresponding uncertainty sources using
analytical methods. The first decomposition method relies on the analysis of variance (ANOVA),
which is used to decompose a measure of total variation additively into its uncertainty sources
(Bosshard et al. Garaud and Mallet 2017, Yip et al.[2071). A simpler and less convoluted
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approach involves using a mixture of mutual information and expected entropy (Depeweq et al.
2018), which will be the default approach undertaken throughout the rest of this thesis.

Next we will have a closer look at the conceptual differences between aleatoric and epistemic
uncertainties in simple regression or classification settings. In the first setting, considering input
x € RP and a scalar output y € R, we assume an observation model with additive noise:

y=[f(x)+e. (1.1)

The total uncertainty, denoted by the variance V [y] contains both the residual error (i.e., the vari-
ance of the observation error or aleatoric uncertainty) and the variance due to parameter uncer-
tainty (i.e., epistemic uncertainty).

One can easily decompose the variance into the following components:

Viy =VI[f(z) +¢ (12)
= Vi@ + Vi (13)
—_—— =

Epistemic Uncertainty ~ Aleatoric Uncertainty

One usually defines the additive noise as e ~ N (e | 0,02,,,.). However, if one desires to model

noise

heteroskedastic noise, the additive noise can be made input-dependente ~ A (e | 0, 02,,,. (7)).

noise

V [€] is estimated as part of the model, by either learning o2 ;.. or o2 ,,.(z). From we also

need to estimate V [ f(x)], which is the estimated variance of the underlying function, which under
current assumptions stands for epistemic uncertainty.

To more easily see in which scenarios these two sources of uncertainty can originate, we can take
the toy example in Figure[T.1 Typically, a given model f(z) will be trained using data covering a
certain region of the input space, thus resulting in uncertainty outside of the training data manifold.
In a regression setting, regions where there is higher variability in output space translate into higher
aleatoric uncertainty.

Thus so far we have only approached uncertainty source decomposition from the point of view of
regression. Equally important is the classification case. Hence, we consider a multi-class classi-
fication problem, with classes denoted as {1, - - - , yc} and model parameters denoted by w, we
have the following predictive equation at testing time:

p(ye | =, D) = / p(ye | #*,w)p(w | D) duw . (1.4)

Using the technique introduced in Depeweg et al. (2018), we proceed to decompose the two sources
of uncertainty. The idea can be briefly described as quantifying the total uncertainty and aleatoric
uncertainty, naturally the epistemic uncertainty following as the difference between the aforemen-
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tioned. More specifically, they propose to measure the total uncertainty in terms of the entropy of
the predictive posterior distribution, which in the case of discrete Y, is given by:

Hly|2]=— ply|x)logply | ). (1.5)

yey

This measure of total uncertainty also contains the epistemic uncertainty about the network weights
w. If we are to fix the set of weights (i.e., considering a distribution p (y | w, z)), we essentially
remove epistemic uncertainty. Depeweg et al. argues that by taking the expectation over
the entropy of this varying distributions conditioned on different realisations of the weights w, we
would arrive at a measure of aleatoric uncertainty, which we can now write as follows:

EpwipyH [y | w, 2] = —/p(w | D) <Zp(y | w,x)logp(y | ww)) dw.  (1.6)

yey

Epistemic uncertainty is obtained as the difference:

I(y,w) =Hly | 2] = EpwinyH [y | w,z] , (17)

which represents the mutual information Z(y, w) between y and w. Intuitively, epistemic uncer-
tainty captures the amount of information pertaining to model parameters w that would be gained
through knowledge of the true outcome y.

sUncertainty sUncertainty
e Class 1 e Class 1
e Class 2 e Class 2

Aleatoric Uncertainty Epistemic Uncertainty

Figure 1.2: Conceptual difference between Epistemic and Aleatoric Uncertainty in Classification
Tasks. Aleatoric uncertainty captures class overlap, which is irreducible; Epistemic uncertainty
highlights regions in input space with a diverse hypothesis space of decision boundaries, which
could be reduced given more data in respective input region; Shaded blue region denotes aleatoric
(left) and epistemic uncertainty (right) given a different training set. With dark lines we denote the
function-space samples of a hypothetical Bayesian machine learning algorithm fitted to the data.
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To put these concepts to practical use, we can refer to a toy classification example as shown in Fig-
ure[.2] Given a situation of class overlap, high aleatoric uncertainty will be assigned to said region.
Conversely, in a different data regime, if the same region does not have class overlap but is on the
path of the decision boundary between two classes, it might experience high variability in function
samples due to all of these realisations being able to separate between the two classes.

A new type of uncertainty emerges. Generalization is of utmost importance for machine learn-
ing models, that is having trained models perform well on unseen data. In the case that the un-
seen data has different distributions (i.e., a domain shift is present), this problem gets exacer-
bated (Quinonero-Candela et al.[2008; Torralba and Efros |2011), with even minuscule changes in
the statistics of the testing set compared to the training set being able to lead CNN to fail com-
pletely (Kurakin et al. 2018). Therefore, properly detecting domain shift is key for the safe use of
machine learning models.

Besides the dichotomy consisting of aleatoric and epistemic uncertainty, detecting certain inputs
which have undergone a domain shift (Lakshminarayanan et al.|2017) or out-of-distribution (O0D)
samples (Hendrycks and Gimpel 2016) has garnered a lot of interest in the past years. Succinctly,
the aim is to measure the degree to which a model knows when it does not know. More precisely,
the expectation for a domain shift aware model is that having been trained on a dataset with cer-
tain statistics, it will detect significant changes in data statistics at testing time by providing high
predictive uncertainty on data points that are far away from the training data manifold.

A problem with introducing this new type of uncertainty is how to disentangle it from epistemic
uncertainty. For example, in the Deep Ensembles paper (Lakshminarayanan et al. 2017), the au-
thors propose to measure the disagreement between different sub-models of the deep ensemble

M
> KL[p(y | ;0,)||E [p(y | x)]] for M sub-models with associated sub-model parameters 6,,,
m=1

M
and E [p(y | z)] = 7 > p(y | ;6,,) is the prediction of the ensemble. We remind ourselves
1

that epistemic uncertairﬁycan be reduced by adding more data. By this logic, epistemic uncertainty
cannot be reduced outside the data manifold of our dataset since we don't add data points which
do not stem from the same data generative pipeline (this is not true in the case of 00D detection
models which explicitly use 00D samples during training/testing (Hafner et al.2020; Liang et al.
2017)). Hence, epistemic uncertainty can only be reduced inside the data manifold and should be
zero outside the data manifold (under the assumption that the model is distance-aware, a concept
subsequently introduced). Conversely, our chosen measure for 00D detection should grow outside
the data manifold and be close to or 0 inside the data manifold. With this in mind, the disagreement
metric introduced in Lakshminarayanan et al. (2017) cannot achieve this separation, confounding
the two types of uncertainty.
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Distributional Uncertainty. Malinin and Gales (2018) introduced for the first time the separation
of total uncertainty into three components: epistemic, aleatoric and distributional uncertainty. To
make the distinction clearer, the authors argue that aleatoric uncertainty is a “known-unknown’,
whereby the model confidently states that an input data point is hard to classify (i.e., class over-
lap). Contrary, distributional uncertainty is an “unknown-unknown” due to the fact that the model
is unfamiliar with the input space region that the test data comes from, thereby not being able to
make confident predictions.

Epistemic Uncertainty Aleatoric Uncertainty Distributional Uncertainty

Figure 1.3: Decomposition of uncertainty in DNN-parametrized Dirichlet distributions. Proba-
bility simplex for a 3 class classification problem, where corners corresponds to a class; Each point
represents a categorical distribution, with brighter colors indicating higher density of the underly-
ing ensemble. Underlying machine learning model consists of a DNN that outputs the parameters
of a Dirichlet distribution (see Malinin and Gales (2018)); Epistemic Uncertainty captures uncer-
tainty in model parameters caused by lack of data or model non-identifiability, with the ensemble
of the predictions being concentrated in a corner of probability simplex with an increased diversity
of samples on the simplex corresponding to a higher epistemic uncertainty; Aleatoric Uncertainty
captures class overlap, with the ensemble of predictions being confidently mapped to the high-
est predictive entropy, which is in the center of the simplex; Distributional Uncertainty captures
domain shift, with the ensemble of predictions being centred in the middle of the simplex, with
increasing degrees of diversity in samples (i.e., estimated density is more spread out) resulting in
higher distributional uncertainty;

We briefly introduce the uncertainty decomposition mechanism introduced in Malinin and Gales
(2018). By using Monte Carlo integration in equation and computing its predictive entropy
C

(ie., H [y|z*, D] = = >_ p(yc|z*, D) log p(y.|x*, D)), we would not be able to discern between
c=1

high predictive entropy due to aleatoric uncertainty (i.e., class overlap) or distributional uncertainty
(i.e., domain shift). Hence Malinin and Gales (2018) propose to introduce a latent variable p over
the categorical variables corresponding to each class, parametrized as a distribution over distri-
butions on a simplex, p(x | z*,8), which for our purposes will be the Dirichlet distribution and
where @ represent the parameters of the DNN that produces the parameters of the Dirichlet distri-
bution (see Ulmer et al. (2023) for an extensive review of such models). The intuition behind this
Dirichlet distribution over the probability simplex is that 00D points should be scattered, whereas
in-distribution points should have samples on the simplex that concentrate. We can now re-write
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our predictive equation as:

pule D) = [ [ plwlsn)  plel8) o)D) duds. (19

Aleatoric Uncertainty Distributional Uncertainty Epistemic Uncertainty

The authors argue that using a measure of spread of the ensemble will be more informative, using
the technique introduced in Depeweg et al. (2018). We remind ourselves that Mutual Information
between variable X and Y can be expressed in terms of the difference between entropy and condi-
tional entropy: Z(X;Y) = H(X) —H(X|Y"). Hence we can use the Mutual Information measure
between model predictions and model parameters to obtain a better measure of uncertainty. We
integrate out  in the equation and we obtain:

\I[y,Qf*,D] = H[Epopyp(yl2z”, 0)] = Epom) [H[P(yl2", 0)]] - (1.9)

> N J/ N

Epistemic Uncertainty Total Uncertainty Aleatoric Uncertainty

The same mechanism is used to obtain distributional uncertainty. We integrate out over 6 (in prac-
tice a single realisation of # is considered) in equation and we get:

Zly, pla”, D] = H[Epupyp(ylz”, 1)) = Epguo) [HIP(ylz", p)]] - (1.10)

-~ -~

~
Distributional Uncertainty Total Uncertainty Aleatoric Uncertainty

Connections between this uncertainty disentanglement framework specialized for DNN-parametrized
Dirichlet distributions and uncertainty disentanglement in GP will be subsequently made clearer in
subsection[2.2.3] Distributional uncertainty will be the key uncertainty score used throughout this
thesis to assess whether input data points are inside or outside the data manifold.

1.2 Motivation: Distance awareness and smooth-
ness for out-of-distribution detection

Perhaps the greatest inspiration and motivation for this thesis resides in the theoretical framework
introduced in Liu et al. (2020a), by which the authors outline what are some key mathematical
conditions for provably reliable 00D detection in DNN. We commence by briefly outlining the ideas
introduced in aforementioned paper.

For an abstract data generating distribution p (y | =), where y is scalar, respectively x € X C
R® with the input data manifold being equipped with a suitable metric || - ||x. We consider our
training data D = {(z;,v:)1..} t0 be sampled from a subset of the full input space z;, 4 € X,
where the in-d abbreviation stems from in-distribution. With this in mind, we can consider the
in-distribution data generating distribution p;,—a (v | ) = p (y | z, © € Xi,—q), respectively the
out-of-distribution data generating distribution pooq (v | ) = p (v | z, x ¢ X;,_4). Hence, it is
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safe to assume the the full data generating distribution p (y | «) is composed as a mixture of the
in-distribution and OOD generating distributions:

pylz)=py,zeXyalr)+py,z¢Xpnalz) (1.17)
=p(y|z,2€Xp_a)p(@ €Xip_a) +p (W | 2,0 ¢ Xip_a) p (v & Xin_a) (1.12)
= Pin-d (Y | 7)p(z € Xip—a) + Pood (¥ | ) p (v ¢ Xipy—a) - (1.13)

Evidently, during training we are only learning p;,—q (y | ) since we only have access to D C
Xin_a- Therefore, our model is completely in the dark with regards to p,oq (v | ). These two data
generating distributions more often than not are fundamentally different (e.g., having trained a
model on T1-weighted MRI scans, subsequently feeding it with T2-weighted MRI scans, an imaging
modality which has an almost inverse scaling to represent varying brain tissue). With this in mind,
Liu et al. (2020a) argue that the optimal strategy is for pe.q (v | ) to be predicted as a uniform dis-
tribution, thus signalling the lack of knowledge of the model on this different input domain. We can
now recall the distinction made by Malinin and Gales (2018), between "known-unknowns" (aleatoric
uncertainty, e.g., class overlap) and "unknown-unknowns" (distributional uncertainty, e.g., domain
shift), both of which have an uninformative predictive distribution (maximum predictive entropy).
However, to disentangle these two types of uncertainty, we need a second-order type of uncertainty
that basically scatters logit samples when distributional uncertainty is high, respectively accurately
samples logits to maximum predictive entropy in the case of high aleatoric uncertainty (see Figure
[.3|for illustration). We now formalize this desideratum by a condition called "distance awareness'"
in Liu et al. (2020a).

Definition 1.2.1 (Definition 1in Liu et al. (2020a)). We consider the predictive distribution for
unseen point p (y* | «*) at testing time, for model trained on X;,,_4 € X, with the data manifold
being equipped with metric || - ||x. Then, we can affirm that p (y* | «*) is distance-aware if there
exists a summary statistic u (z*) of p (y* | 2*) that embeds the distance between X;;,,_4 and z*:

u(@”) =v [Box,,_, (27 —2l%]] (114)

where v is @ monotonic function that increases with distance.

GP predictive variance as distributional uncertainty. GP are clearly distance-aware provided
we use a translation-invariant kernel. In this case we have u(z*) = K-+ — K p K/ K-,
which is monotonically increasing as a function of distance. Throughout this thesis, we will
use the non-parametric variance of GP as a proxy for distributional uncertainty, which will be
used to assess if inputs are in or outside the distribution.

Definition does not make any assumptions related to the architecture of the model from which
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the predictive distribution stems. In practice we would have the following composition to arrive at
the logits logit(z*) = f o enc (2*), where enc (-) represents a network that outputs the represen-
tation learning layer (i.e., the penultimate layer in an architecture) and f (-) is the output layer. In
Liu et al. (2020a) the authors propose the following two conditions to ensure that the composition
is distance-aware:

* f(-) is distance-aware
" Eox,, s [l77 = XIX] & Bax,, , | enc(z”) — enc(X)|[1Z, )

The last condition means that distances between data points in input space should be correlated
with distances in the representation learning layer, which is equipped with a || + ||enc(x) Metric.
Whereas we have seen that for example a Gaussian Process satisfies the distance-aware condition
for the last layer predictor, we are still left with the question on how to maintain distances in the
representation learning layer correlated to distances in the input layer. This will be subsequently
dealt with in Chapter [4]

Network smoothness constraints. Throughout this thesis we will consider the general term of
‘smoothness” of a model to mean the degree to which changes in the input have an effect on the
output at a particular layer. The question now shifts into how can we quantify the smoothness of
a network/function? In mathematical analysis a function f : X — Y is said to be k-smooth if the
first k derivatives {f,, f",---, f®} exist and are continuous. We denote functions which have
these properties as being of class C*. For example, Gaussian Processes using squared exponen-
tial kernels are C* since the squared exponential kernel is infinitely differentiable. However, such
a definition and quantification of smoothness would not aid us in ensuring the second condition of
distance-awareness. For this, we shall use Lipschitz continuity, which is defined as follows: consid-
ering two metric spaces X and Y equipped with metrics ||-|| x and || - ||y and f : X — Y s Lipschitz
continuous if Ireal K > 0 suchthatVa,y € Xwe have || f(z), f(y)|ly < K|z, y||x. Intuitively,
for Lipschitz functions there is an upper limit in how much outputs can change with respect to
distances in input space. It is perhaps better to highlight now that Lipschitz functions represent
a global property. There are also locally Lipschitz continuous functions which respect the afore-
mentioned condition just in a neighbourhood of x, respectively B,.(z) = {y € X : ||z, y||x < r}.
Lastly, bi-Lipschitz continuity is defined as + ||z, y[|x > [|f(z), f(y)|ly < K|z, y|/x, whichis a
property that avoids learning trivially smooth functions and maintains useful information (Rosca et
al.2020). With this in mind, recent work (Amersfoort et al.2021; Liu et al.2020a) have enforced the
bi-Lipschitz property on feature extractors, thereby ensuring strong correlation between distances
between data points in input space, respectively in the representation learning layer.
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1.3 Motivation: Hierarchical Gaussian Processes
for out-of-distribution detection

In the previous section we outlined the distance-awareness framework to ensure out-of-distribution
capabilities for deep networks. We also briefly introduced recent distance-aware models that rely on
bi-Lipschitz ResNet (He et al.[2016) feature extractors (i.e., a network that lower and upper bounds
the distortion of distances in the input space, see Liu et al. (2020a) for example), with a GP added
as the last layer for performing predictions (Amersfoort et al.|[20271). These models have proved to
be efficient in detecting 00D samples, surpassing previous state-of-the-art methods such as Deep
Ensembles (Lakshminarayanan et al.[2017). Much of the premise of this thesis resides in replacing
deep feature extractors with fully probabilistic layers stacked on top of each other, with one such
example being the deep Gaussian Processes (Damianou and Lawrence 2013). Throughout the
remainder of this thesis, hierarchical GP and deep GP will be used interchangeably. The main
motivation behind this line of inquiry is that GP are distance-aware, hence intuitively stacking GP
on top of each other should in principle lead to a distance-aware feature extractor. However, this
construction raises some questions and challenges, which we will now mention.

Do Hierarchical GP reliably propagate distributional uncertainty? Since theirinception, research
on deep GP has predominantly focused on enhancing their approximate inference framework. Lit-
tle attention has been paid so far in how deep GP fare on 00D detection. Domingues et al. (2018)
have proposed an autoencoder architecture with both encoder and decoder governed by deep GP to
detect outliers. However, this line of inquiry stems from reconstruction-based methods for outlier
detection (Baur et al. 2021), whereby at training time an autoenconder is trained on normative data,
subsequently at testing time the model is presented with 00D samples. The differences between
reconstruction and 00D sample represent the regions in input space which are anomalous. Con-
versely, in our line of research we are interested in accurate predictive models which also have 00D
detection capabilities. Deep GP have thus so far not been tested if they are reliable 00D detection
models. This will represent a major focus of this thesis.

How to integrate GP within a convolutional framework? GP for image classification have gar-
nered interestin the past years, with hybrid approaches, whereby a deep neural network embedding
mechanism is trained end-to-end with GP as the classification layer, being the first attempt to unify
the two approaches (Bradshaw et al.[2017; Wilson et al. 2016). Garriga-Alonso et al. (2018) provided
a conceptual framework by which classic CNN architectures are translated into the kernel of a shal-
low GP by exploiting the mathematical properties of the variance of weights matrices. Wilk et al.
(2017) proposed the first convolutional kernel, constructed by aggregating patch response func-
tions. Dutordoir et al. (2019) have attempted to solve the issue with complete spatial invariance of
the convolutional kernel by adding an additional squared exponential kernel between the locations
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of two patches to account for spatial location, obtaining improvements in accuracy. To extend this
shallow GP model to accommodate deeper architectures, Blomqvist et al. (2018) have proposed to
use the convolutional GP on top of a succession of feed-forward GP layers which process data in
a convolutional manner akin to standard convolutional layers. However, scaling this framework to
modern convolutional architectures with large number of channels in each hidden layer is problem-
atic for two reasons. Firstly, this would imply training high-dimensional multi-output GP which still
represents aresearch avenue on how to make it more efficient (Bruinsma et al. 2020). Ignoring cor-
relations between channels would severely diminish the expressivity of the model. Secondly, the
hidden layer GP which process data in a convolutional manner implies taking inducing points, with
a dimensionality which scales linearly with the number of channels. This would imply optimiza-
tion over high-dimensional spaces for each hidden layer, potentially leading to local minima. We
will see later on (Chapter |4) an alternative to this framework for integrating GP in a convolutional
architecture, one that is more amenable to modern convolutional architectures.

Matrix inversion-free inferencein GP. Devising deep convolutional architectures using GP would
imply computationally expensive matrix operations (e.g., matrix inversion and log determinant) at
each hidden layer. To enable hierarchical GP architectures for 00D detection to be competitive with
neural network based counterparts we need to avert incurring these computational costs. Matrix
inversion-free inference in GP has seen an increased interest in recent years (Gardner et al.[2018b;
Wang et al.[2019; Wilk et al.[2020b). The last aim of this thesis will be to devise such inverse-free
GP models and to ensure they have a predictive behaviour similar to matrix inversion-dependent
counterparts.

1.4 Research Aims and Thesis Outline

Taking into account the aforementioned motivations, this thesis will deal with how to design com-
putationally efficient distance-aware GP-based architectures that scale to modern convolutional
architectures with the goal of devising models that provide both good predictive and 00D detec-
tion capabilities. We evaluate the 00D detection properties of our model on a set of biomedical
image segmentation tasks.

1. Correctly propagating distributional uncertainty in Hierarchical Gaussian Processes
Based on our assumption that the non-parametric variance of GP acts as a proxy for distri-
butional uncertainty, we examine whether the non-parametric variance of GP gets propagated
in a hierarchical architecture and what are the necessary conditions.
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2. Distance-aware GP-based architectures in medical imaging tasks Can we scale hierar-
chical GP models to work on segmentation tasks within a biomedical imaging context? Can
we leverage the distributional uncertainty so that clinicians can make better-informed deci-
sions?

3. Matrix inversion-free inference in Student’s T Processes Can we propose variational lower
bounds to GP or Student-t Processes such that all operations are computationally efficient?
Do we recover the same predictive behaviour at testing time as matrix inversion dependent
counterparts?

This thesis will address the aforementioned research aims and is structured as follows.

Chapter 2] lays the foundations of the theoretical toolkit required for prospective readers to under-
stand subsequent chapters assuming no prior knowledge on the subjects discussed. It introduces
the fundamentals of Gaussian Processes and their sparse formulations which were designed to al-
leviate the computational burden of training said models, followed by an introduction to uncertainty
disentanglement in sparse Gaussian Processes. Then we go on to to introduce recent attempts
to devise matrix inversion-free inference frameworks for Gaussian Processes so as to decrease
both training and testing times. Subsequently, we will introduce the most widely used approximate
inference scheme for deep Gaussian Processes, a hierarchical multi-layered Gaussian Processes
formulation, alongside some associated pathologies. Finally, we introduce a theoretical toolbox
for analytical approximations of Gaussian Processes with uncertain inputs, which will be used to
study the propagation of variance in deep Gaussian Processes.

Chapter [3] introduces a new hierarchical probabilistic model that is a variant of deep Gaussian
Processes modified so that we operate in both Euclidean and Wasserstein space using a hybrid
kernel. The rationale behind this kernel choice is that in the computation of Wasserstein distances,
the geometric information present in the hidden layers is more carefully used, with benefits to-
wards discerning outliers from inliers throughout the entire hierarchical architecture of deep Gaus-
sian Processes. We demonstrate both theoretically and empirically that this reformulation of deep
Gaussian Processes results in enhanced out-of-distribution detection capabilities for both tabular
and image data.

- Popescu, S. G.*, Sharp, D., Cole, J., and Glocker, B. (2020). “Hierarchical Gaussian Processes
with Wasserstein-2 Kernels". In: NeurlPS Workshop on Bayesian Deep Learning — (Popescu
et al.2020)

Chapter [4] proposes a probabilistic module that can act as a drop-in replacement for the stan-
dard convolutional filters followed by an activation function present in standard machine learning
models for image data. This module can be seen as an adaptation of the Distributional Gaussian
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Process introduced in Chapter [3 to modern machine learning architectures. We derive Lipschitz
constants for our module and show that by imposing an upper bound on the degree of change in
output vis-a-vis to differences in input space, we can obtain a module that is distance-aware, thus
satisfying one desideratum for efficient out-of-distribution detection. We construct segmentation
networks with increased out-of-distribution detection abilities compared to state-of-the-art mod-
els from out-of-distribution detection literature on a range of biomedical imaging segmentation
tasks.

- Popescu, S. G.*, Sharp, D. J., Cole, J. H., Kamnitsas, K., and Glocker, B. (2021). “Distributional
Gaussian Process Layers for Outlier Detection in Image Segmentation”. In: International Con-
ference on Information Processing in Medical Imaging. Springer, pp. 415-427 - (Popescu et al.
2021)

Chapter[5]introduces the generative process for sparse Student-t Processes. Based on this formu-
lation, we augment the space of covariance matrices so as to obtain an easier to compute evidence
lower bound that through construction is designed to be matrix inversion-free. We show that our
proposed lower bound manages to retrieve the testing time predictive behaviour of matrix inversion
dependent counterpart on a set of toy tasks, with promising results on real tabular datasets.

- Popescu, S. G.*, Glocker, B., and Wilk, M. Van der (2022). “Matrix Inversion free variational
inference in Conditional Student’s T Processes”. In: Symposium on Advances in Approximate
Bayesian Inference - (Popescu et al.[2022)

Chapter 6] summarises the main contributions of this thesis. We continue by laying out limitations
and open questions pertaining to our work, alongside some potential research avenues for the
future.
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Chapter 2

Background

This chapter provides a short introduction to the theoretical toolkit required for subsequent chap-
ters. We commence by introducing what a Gaussian Process is, followed by a detailed chrono-
logical account of methods that circumvent the need for using the entire dataset for training and
predictions, a process which is called the “sparsification” of Gaussian Processes. Subsequently,
we introduce an uncertainty disentanglement framework for sparse Gaussian Processes, which
will play a key role in future chapters in using these models for 00D detection. Whereas sparse
GP already provide a significant speed up in terms of training time compared to full GP, further im-
provements in terms of time can be made by avoiding any matrix inversion operations altogether.
With this in mind, we then briefly introduce matrix inversion-free inference frameworks for sparse
Gaussian Processes.

We then explore variational inference training frameworks for deep Gaussian Processes and high-
light some associated pathologies to such models, which will constitute a motivation for further
developments in subsequent chapters. Lastly, we introduce a theoretical toolbox for analytical
approximations of GP with noisy inputs, keeping in mind that the rationale is to better study the
propagation of uncertainty in deep Gaussian Processes (which can be viewed as a succession of
GP with noisy/uncertain inputs).

2.1 Gaussian Processes

A stochastic process assigns a random variable f () to every element of an index set X, more pre-
cisely f = {f(x)}.ex. Stochastic processes can be defined via their finite dimensional marginal
distributions, more concretely the stochastic process can be defined as a random function f :
X — Y, with any finite sequence x1., = {x1,--- ,x,} having a joint marginal distribution over
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2.1. Gaussian Processes Background

their values v1., = {v1, - ,uyn} = {f(z1),---, f(z,)}. Stochastic processes must respect
two key conditions from the Kolmogorov Extension Theorem, which we now outline. Consider fi-
nite sequence xy., € X with corresponding probability measure p,,.. on (]RD)".

Exchangeability. For all permutations 7 of xy.,, = {x1, -+, 2z,} we impose p,,., (y1.n) =
Pr(zr) (T (Y1:0)), Which translates into invariance of the joint distribution with respect to permu-
tations of elements in any given finite sequence.

Consistency. ... (V1.m) = [ Par. (Y1:n) AYm+1.0, Which ensures that if we marginalize a sub-
set of elements, the remainder will remain unchanged.

Random functions are intrinsically complex mathematical objects with a Gaussian process repre-
senting the simplest random function due to its complete characterization by its mean and covari-
ance functions (Pugachev[2013). A Gaussian process can be seen as a generalization of multi-
variate Gaussian random variables to infinite sets. We define this statement in more detail now.
We consider f(z) to be a stochastic field, with z € RP and we define m(z) = E[f(z)] and
C(z4,x;) = Cov [f(x;), f(z;)]. We denote a Gaussian process (GP) f(z) as:

f(@) ~ GP (m(x),C (2, 25)) - (2.1)

Throughout this thesis, we will generally consider zero-mean processes, hence our GPs are strictly
characterized by their covariance functions. The latter have the condition to generate non-negative-
definite covariance matrices, more specifically they have to satisfy:

ZaiajC (l’i,l’j) >0 s (22)
1]

for any finite set {z4, - - - , x,, } and any real valued coefficients {a1, - - - ,a,}.

Throughout this thesis we will only consider second-order stationary processes which have con-
stantmeans and Cov [f(z;), f(z;)] = C (||z; — x;||). We can see that such covariance functions
are invariant to translations.

The Matern form defines a general class of stationary covariance functions:

Matern _ 2 1 2\/ZV)T ’ 2\/;
C (ry=o NOPE ( l > K, (T) : (2.3)

, I is the Gamma function, K, is the modified Bessel function of the second
kind with » > 0 being the order of differentiability. The v hyperparameter controls the level of
smoothness of samples, which in this case are v — 1 differentiable. Another important kernel is

where r = ||z; — x;
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the Rational Quadratic, which has the following definition:

r2 \
CRR(r) = ¢* (1 + 2al2) , (2.4)

which impose over sampled functions the property of varying smoothly across many lengthscales.
The hyperparameter «v indicates the relative weighting of large scale and small scale variations.

A special case of both Matern and Rational Quadratic covariance functions when v — oo is the
squared exponential/radial basis function kernel, which has the following form:

D

kSE (25, 1;) = o exp [Z _ Wi = %) ] : (2.5)

l2
d=1 d

where we have written its definition in the anisotropic case. Intuitively, the lengthscale values
{i2,--- 12} represent the strength along a particular dimension of input space by which succes-
sive values are strongly correlated with correlation invariably decreasing as the distance between
points increases. Such a covariance function has the property of Automatic Relevance Determina-
tion (ARD) (Neal2012). However, the usage of ARD to determine the relative importance of a given
feature in comparison to others has been recently challenged (Paananen et al.2019). Lastly, the
kernel variance o2 controls the variance of the process, more specifically the amplitude of func-
tion samples. In Figure [2.7 we provide examples of sampled GP functions from aforementioned
kernels.

Prior samples : Matern 1.5 Prior samples : Matern 2.5 Prior samples :Rational Quadratic Prior samples : Radial Basis Function
3 3 3

' W ] v ’ \ ¥
=2 4 | -2 ! — » Y 2 4
2 2 4 24 o 2

-3 e . ‘ . —3l . ‘ . . — e . . , .
o 1 2 3 4 5 o 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

X X x X
——- Sampled function #1 Sampled function #2 - -~ sampled function #3 --- Sampled function Sampled function #5 —— Mean + 1 std. dev. +2std. dev. @ Observations

Figure 2.1: GP prior samples. Samples from GP priors with the Matern32, Matern52, RQ and RBF
kernels. The shaded blue regions represent the standard deviations around the mean (dark blue
line).

A GP has the following joint distribution over finite subsets X; € X with function values f(X7).
Analogously for Xy, with their union being denoted as = = {x1,--- , z,}.

, (f(x1)> :N,<[m(x1)] | [k(ml,xl),k(xl,m)]> | 26)
[ (2) m(x2)|  [k(z2, 1), kw2, 22)
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The following observation model is used:

N

p(ylf e) =[] plyi | (), (27)

=1

where given a supervised learning scenario, the dataset D = {z;, y;}i=1... » Can be shorthand
denoted as D = {x, y}. In the case of probabilistic regression, we make the assumption that the
noise is additive, independent and Gaussian, such that the latent function f(x) and the observed
noisy outputs y are defined by the following equation:

yi = f(xi) + €, (2.8)

where ¢, ~ N (0,02,...). To train a GP for regression tasks, one performs Marginal Likelihood

y Y noise

Maximization of Type 2 over the following equation:

p(y) =N (y | m, K+ 0’y 1n) (2.9)

notse-mn

by treating the kernel hyperparameters as point-mass. In the case of priors being placed on the
hyperparameters, Markov Chain Monte Carlo (MCMC) methods can be used (Lalchand and Ras-
mussen|2020).

We are interested in finding the posterior p (f(z*) | y) since the goal is to predict for unseen data
points x* which are different than the training set. We know that the joint prior over training and
testing set latent functions is given by:

f(z*) m(z*)| |k(z*,z) Ek(z* z*)
and using marginalization properties of multivariate normals we can then write the following :
f(x*) ~ N (m(x*), k(x*, z*)). With this in mind, and also reiterating that the marginal likelihood

is also a multivariate normal given by y ~ N (m(z), k(z, z, ) + o2,,.. 1), we can then write their
joint prior since both of them are Gaussian:

p( y >: N([mm],[k<x,x>+azoisefn COV(y7f(x*))D' o
iy m()] | Cov(fa)y)  k(a)

We are now interested to see if we can simplify the covariance terms in the above equation:

Cov [f(z%),y] = E[[f(«") — m(z")] [y — m(x)]] (212)
= E[[f(z") = m(z")] [f () + € = m(2)]] (2.13)
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=E[[f(z") —m(a")] [f () — m(x)]] + E[(f(z") — m(z")) €] (214)
= k(z*,2") + 0 (2.15)

Therefore, we can re-write our prior as:

p( y ): N([m@:)] | [k(x,maimfn k(m*)]) el
fx*) m(x*) k(z*, x) k(z*, x*)

Now we can simply apply the conditional rule for multivariate Gaussians to obtain:

p(fa*) | y) = N(fa*) | mlz*) + Kpogp [Kpp+ 02geda] Iy — m(@)], (2.17)
Kpepe — Kpog [Kpp+ 02eda] " Kppe) -

Posterior samples : Matern 1.5 Posterior samples : Matern 2.5 Posterior samples : Rational Quadratic Posterior samples : Radial Basis Function
3 3 3

~=- Sampled function #1 Sampled function #2 - -- sampled function #3 ——- Sampled function sampled function #5 —— Mean + 1 std. dev. +2std. dev. @ Observations

Figure 2.2: GP posterior samples. Samples from GP posteriors with the Matern32, Matern52,
RQ and RBF kernels. The shaded blue regions represent the standard deviations around the mean
(dark blue line).

Figure [2.2] shows examples of aforementioned predictive equation using an array of kernels. The
usage of GP in real-life datasets is hindered by the O(N?3) time, O(N?) memory for training, where
N isthe number of data points in the training set. In the next section we will see how to avert having
to incur these expensive computational budgets.

2.2 Sparse Approximations of Gaussian Processes

As previously mentioned, using GP on large datasets is prohibitive due to the large computational
cost attached to inverting covariance matrices. The fundamental idea behind this section is to
construct artificial data points, that are not part of the training set, such that using just them we
can closely recover the same training and testing time behaviour as if we used the entire dataset.
One can essentially view these artificial data points as a compression of the full data.
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2.2.1 Training Conditional approximations

In this subsection we succinctly review a historically commonly used probabilistic sparse approx-
imation for Gaussian process regression. Quinonero-Candela and Rasmussen (2005) provides a
unifying view of sparse approximations by placing each method into a common framework of an-
alyzing their posterior and their effective prior, which will be shortly defined.

One way to avert the computationally expensive operators associated to the K¢ matrix is to mod-
ify the joint prior over p(f, f*) so that the respective terms depend on a matrix of lower rank. We
introduce an additional set of M latent variables U = {Uy, - - - , U } with associated input loca-
tions Z = {Zy,-- -, Zy }. Throughout this thesis, the former will be entitled inducing point values
and the latter inducing point locations, respectively.

Due to the consistency of Gaussian processes, one can marginalize out U to recover the initial joint
prior over p(f, f*):

p(f, f*) = / p(f. f*.0) dU = / p(f. f* | U)p(U) dU | 2.18)

where p(U) =N (U | 0, K,,) and K, is the kernel covariance matrix evaluated at 7.

All subsequent sparse approximations introduced in this thesis originate from the following ap-
proximation:

(f ) ~ alf. f) = / o(f7 | U)a(f | U)p(U) dU 2.19)

which translates into a conditional independency between training and testing latent variables
given U. Intuitively, the name “inducing points” for {Z, U} was given for this precise property,
that U induces the values for the training and testing set.

For the purpose of comparison with more recent sparse approximations, we detail here the math-
ematical construction of Snelson and Ghahramani (2005), which proposed a method the authors
called Sparse Gaussian Processes using Pseudo-inputs. However, we will refer to it using the nam-
ing conventions from Quinonero-Candela and Rasmussen (2005), hence throughout the thesis it
shall be referred as the Fully Independent Training Conditional (FITC) approximation. This approx-
imation method entails:

grrre (fIU) = Hp (FiIU) = N (KK, U, diag[K s — Qyy]) (2.20)
qrire (fou) =p (F|U) . (2.21)
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These assumptions imply the following effective prior:

0| |Qpy —diag[Qpr — Kyfl Qy -
=N , . 2.22
qriTc (f f ) ([0] [ Qf*f Kf*f*]) ( )

We can notice that FITC imposes the exact covariances on the diagonal part of the covariance of
the effective prior.

The predictive distribution follows naturally as:

grire (f*1y) = N(Qpes (Qry + diag[K s — Qps + 020 n) w1, (2.23)
Kpepe — Qe (Qps + diag[Kyy — Qpr + 020ic1)) ™ Qe (2.24)

where we can notice the similarities with the predictive equation of GP (see equation (2.17)). The
convergence to a full GP depends on the quality of the Nystrom approximation (i.e., Qy).

2.2.2 Variational Free Energy approximation

Titsias (2009) introduced the first variational lower bound comprising a probabilistic regression
model over inducing points. More specifically, the authors applied variational inference (VI) in an
augmented probability space that comprises training set latent function values F alongside induc-
ing point latent function values U

ply, F,U) = ply | F)p(F | U)p(U), (2.25)

where the conditional of the training set latent functions based on inducing points is taken to be
exact p(F | U) = N (F | Ky K) U, K¢p — K K,  Kip). We would like to emphasize that
this is in stark contrast to the approximation taken for FITC.

In terms of doing exact inference in this new model, respectively computing the posterior p(f|y)
and the marginal likelihood p(y), it remains unchanged even with the augmentation of the probabil-
ity space by U as we can marginalize p(F') = [ p(F,U) dU due to the marginalization properties
of Gaussian processes. Succinctly, p(F’) is not changed by modifying the values of U, even though
p(F | U) and p(U) do indeed change. This translates into the fundamental difference between
variational parameters U and hyperparameters of the model {02 ..., 0%, {3, - - - , (%}, whereby the

introduction of more variational parameters does not change the fundamental definition of the
model before probability space augmentation.

Collapsed Lower Bound. Our goal is to approximate the true posterior distribution p(F,U |
y) = p(F | U,Y)p(U | Y) by introducing a variational distribution ¢(F, U’) and minimizing
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the Kullback-Leibler divergence:

F,U
KLI(R. D) (RU 1) = [aR 0o B apar, @29
where the approximate posterior is factorized as ¢(F,U) = p(F | U)q(U) and ¢(U) is an uncon-
strained variational distribution over U. Following the standard VI framework we need to maximize
the following variational lower bound on the log marginal likelihood:

l0gp(s) > [ p(FIDA(0) og p%@ﬁ(g%gm dF dU 227
p(U)
> /q(U) [/p(F]U) logp(Y | F)dF + log o0 dau . (2.28)

We can now solve for the integral over F:

/ (F|U)log p(y|F) dF = Eppiv,) {—ilog(%mnme) 5o 21 Trlyy" —2yF' + FF]
o (2.29)
=3 " log(2m0%,;,,) — 5o Ty — 2y (KK, U )
o (2.30)
(KKl U) (KpKglU) + Ky — Qg
=10g N (YK K 0 U, Orise In) = 5 o Te (K- Q]
o (2.31)
We can now rewrite our variational lower bound as follows:
log ply) > / o(U) Tog Ny | KK ql(g,)anml W) PWU) 407 20?;56 Te[K}s — Q] |
(2.32)

One can differentiate this functional with respect to ¢(U) so as to obtain an optimal value for
this variational distribution (see equation (2.37) ), subsequently reintroducing it in the variational
bound.

Titsias (2009) argues for an equivalent approach of eliminating ¢(U’) from a variational lower

bound, by “reversing Jensen's inequality” (see King and Lawrence (2006) for details about this

( |KquuuU0'nmse ) (U) _
) dU =

trick). In brief, we have the following upper bound on [ ¢(U) log
C"
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C’<log/M/\/' (v | KpuK U, 0o dn) p(U) AU (2.33)

» Y notse

<10g/N (v | KpuK U, 02 dn) p(U) dU . (2.34)

» Y notse

Plugging this back into equation (2.32), we obtain:

1ng( > log/./\/ Yy | Kfu 1U,Unm$6]) (U) dU — Tr [Kff —fo] . (235)

noise

By using standard Gaussian linear transformation results the above becomes:

1
202 Tr [Kff - fo] = ETitsias . (236)

TLO’LSE

10gp<’y) Z lOgN (y|07 O-zzoise[n + fo)

Throughout this thesis, the above bound will be denoted as the Titsias bound or the collapsed lower
bound for sparse Gaussian processes for regression (SGPR).

We can now derive the optimal ¢*(U) as follows:
¢ (U) o N (y | KpuK U0 n) p(U) (2.37)

which after completing the quadratic form can be recognized as a multivariate Gaussian with the
following formulation:

q*(U) (U ‘ Jnozse uu [KUU + Jr:c)ziseKUfou} - Kufy7 (238)
Kuu [Kuu + U;()ziseKufou} - Kuu) .

Uncollaped Lower Bound. Previously we have derived a collapsed variational lower bound which
involves using the entire training set to derive the lower bound to the log marginal likelihood, which
is used for training the hyperparameters {o2,...,0% 12, --- 12} of the GP and for deriving the
optimal posterior for U. Doing exact inference in the VFE formulation of sparse GP (SGP) is of
sound theoretical interest, however it becomes infeasible for even medium sized datasets. In this
subsection we will see how we can train VFE formulated SGP using minibatches by keeping an
explicit representation over ¢(U).

Stochastic Variational Inference (SVI) (Hoffman et al. 2013) enables the application of VI for ex-
tremely large datasets, by virtue of performing inference over a set of global variables, which in-
duce a factorisation in the observations and latent variables, such as in the Bayesian formulation
of Neural Networks with distributions (implicit or explicit) over matrix weights. GP do no exhibit
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these properties, but by virtue of the approximate prior over testing and training latent functions
for SGP approximations with inducing points U, which we remind here for the VFE scenario:

o(f f) ~ alf. f) = / (I (F0)p(U) AU (2.39)

This translates into a fully factorized model with respect to observations at training and testing
time, conditioned on the global variables U. One can easily see that by integrating out U in the
Titsias bound, this key property for SVI dissipates. In the remainder of this subsection, we will
derive a lower bound to the Titsias bound that satisfies the SVI requirements, which was introduced
in Hensman et al. (2013).

Wereiterate the last equation from the derivation of the Titsias bound before integrating out U

N(y | K UKUTQ}U’ gioise‘[n)p(U)
log p(y) > /Q(U) log ! ) dU — 207 Tr[Kpp — Qyfl -
(2.40)

The variational posterior is explicit in this case, respectively ¢(F,U) = p(F|U; X, Z)q(U), where
q(U) = N(U|my, Sy). Here, my and Sy are free variational parameters. Due to the Gaus-
sian nature of both terms we can marginalize U to arrive at ¢(F) = [p(F|U)q(U) dU =
N (F;U(x), X(x)), where:

U(x) = Kp Kl my (2.47)
S(x) = Kpp = Kl [Kuw — Su) Ko Ky (2.42)

The lower bound can be re-expressed as follows:

logply) = [ a(U)log N (s K5k, 10,0°L) AU ~ KL a0 (V)] 24)
1
— 5o Tr[Kyr = Qg
1
> N (Y gy, Orgise ) = 5 T [KpuK o Syl Kag] - (244)
g

noise

oo T Ky — Q) — KL () p(0)] = Lsver .

noise

where we can easily see that the last equation factorized with respect to individual observations.
This lower variational bound will be denoted as the Sparse Variational GP (SVGP) or uncollapsed
SVGP bound and will constitute a stepping-stone in training the vast majority of new methods intro-
duced by this thesis. Nevertheless, SVGP still require costly computational operations in its bound
(e.g., matrix inversion and log determinant of K,,,). Later in this section we will see methods which
attempt to avert computing these exact matrix operations to as to speed up training time.
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Behaviour of FITC vs. SVGP In Bauer et al. (2016) the authors showcase differences in the pre-
dictive behaviour of FITC and SVGP on an array of toy regression tasks. We briefly summarize their
findings and contextualize them within the framework of uncertainty decomposition introduced in
section In extreme scenarios, FITC will incorrectly estimate o2, to be almost zero, hence
FITC might exhibit pathological behaviour in estimating aleatoric uncertainty in regression tasks.
Conversely, SVGP tends to overestimate o2,..., making little use of input-dependent uncertainty
(epistemic uncertainty). FITC can place inducing points’ locations on top of each other so that
it averts losing the benefits of non-input dependent uncertainty (aleatoric uncertainty). Putting
this observation in the context of estimating distributional uncertainty, adding inducing points in
FITC does not necessarily result in a better separation between in-distribution points and 00D
points. Lastly, SVGP's posterior predictive distribution and marginal likelihood approximations be-
come more accurate upon adding inducing points, with FITC not generally recovering the full GP.
For all these reasons, throughout the remainder of this thesis we will use SVGP as the default

sparse approximation of a full GP.

2.2.3 Uncertainty decomposition in sparse GP through an evidential
learning lens

In subsection [1.7f we have introduced the rationale behind the uncertainty decomposition frame-
work introduced in Malinin and Gales (2018). We now expand on this topic on how to separate
uncertainties in deep evidential learning models (Amini et al.|2019; Sensoy et al.|[2018) and make
an analogy to how uncertainties are decomposed in SVGP.

For multi-class classification tasks, evidential learning directly parametrizes predictive distribu-
tions over the probability simplex (see Ulmer et al. (2023) for an introduction to deep evidential
learning). Hence, in comparison to Bayesian deep learning (BDL) or Deep Ensembles (Lakshmi-
narayanan et al.2017) it averts parametrizing the logit space, subsequently feeding it through a soft-
max function. Dirichlet distributions provide an obvious choice for defining a distribution over the

K
K — 1 dimensional probability simplex, having the following p.d.f.: Dir (z | «) = ﬁ [Tz,
« c=1
I I'(ae) LY , . . o
where 5(a) = e and ap = > a With a. > 0. g is called the precision, being similar to

c=1

the precision of a Gaussian distribution, where larger o, will indicate a sharper distribution.

Dirichlet networks involve having a NN predict the concentration parameters of the Dirichlet distri-
bution o = fo(z), where predictions are made as follows: § = arg max{%¢ K.

We remind ourselves the uncertainty decomposition framework laid out in subsection [1.T}

Iy, plz”, D] = H[Epoyp(ylz”, 1)] = Epuo) [HP(ylz”, 1)] - (2.45)

N

-~ -~

~
Distributional Uncertainty Total Uncertainty Aleatoric Uncertainty
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In the case of Dirichlet networks these uncertainty measures have analytic formulas (Malinin and
Gales|2018):

K
Oéc
Epup) [H[P(ylx™, )] a_o (ac+1) —¥(ao +1)] (2.46)
c=1
" a a
Tly, plz*, D] = =) o {bg oo~ Y@+t (2.47)
c=1

where ¢ is the digamma function. Epistemic uncertainty quantifies the spread in the Dirichlet
distribution, hence aq (Charpentier et al.[2021) can be used to measure it since the precision is a
measure of how sharp the distribution is.

Exact inference is not tractable in GP on classification tasks due to the non-conjugacy between the
GP prior and the non-Gaussian likelihood (Categorical or Bernoulli). Therefore, approximations are
required such as the Laplace approximation (Williams and Barber|1998), Expectation Propagation
(Hernéndez-Lobato and Herndndez-Lobato [2016; Minka 2013) or Variational Inference (Hensman
et al.|2015). Milios et al. (2018) have proposed a method that circumvents these approximate in-
ference techniques by rebranding the classification problem into a regression one, for which exact
inference is possible. We commence to briefly lay out the Dirichlet-based GP Classification algo-
rithm.

We consider the probability simplex 7 = {my,--+ ,7x} ~ Dir(a). We can transform a multi-
class classification task into an independent multi regression scenario. If we consider a one-hot-
encoding of the form y. = 1, then we can assign a,. = 1 + «a, respectively ay, = a, for Vk # ¢
with 0 < . < 1. The model has the following generative process:

7 ~ Dir(«) (2.48)
p(y | @) = Cat () (2.9

To sample from the Dirichlet distribution we use the following routine: 7, = —Z=— with 2, ~
> @
=1

I'(a, 1) following the Gamma distribution. From this sampling procedure, we kEan see that the
generative process translates to independent Gamma likelihoods for each class. Intuitively, at
this point in the derivation we need GPs to produce {z. > 0}X,, since Gamma distributions
are only defined on R*. Since the marginal GP over a finite subset of data is governed by a mul-
tivariate normal it will not satisfy this constraint. To obtain sampled GP functions that respect
this constraints, we can use an exp function to transform it. With this in mind, we know that
z ~ log-normal (z | g, 0%) 2 expy fory ~ N (y |, 02), with E[z] = exp <u+ "72) and
V]z] = [expo? — 1]exp (2u + ?). Hence, we can approximate x. ~ T'(ag, 1) with 7, ~
log-normal (7., 32). To ensure a good approximation, the authors in Milios et al. (2018) propose
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using moment matching:

Bl = a. = o (7. % ) =B (2.50)
V(z] =a.= [expos — 1] exp [2f1, + 2] = V[Z.] , (2.57)

with equality if 2, = log cv. — "—22 and 6?2 = log (ai + 1). We can re-express this approximation by
taking a natural logarithm, obtaining log Z. ~ N ([, 52). This translates into a heteroskedastic
regression model i, = f. + N (0,52), where f. ~ GP (0, Ky). Hence, one can now apply the
standard inference scheme for full GP or we can sparsify the model and apply the SVGP framework.
At testing time, the expectation of class probabilities will be:

E[mic] = ;Xp#q(fi,c) dfie, (2.52)
kX_)l exp fix

which can be approximated via Monte Carlo integration. In the sparse scenario, we have ¢(fi.) ~
N (U(xi), i(xﬁ) similarto the predictive equations and (2.42). Therefore, if we use Dirichlet-
based GP for classification tasks we can obtain similar estimates of aleatoric and distributional
uncertainty in the space of the probability simplex as in equations (2.46) and (2.47) specific to
Dirichlet Networks. However, for the purposes of this thesis we intend to measure distributional
uncertainty in the space of logits, as the formulas are simpler to compute and more intuitive from
the viewpoint of distance-awareness.

As we have previously stated, GPs are distance-aware. Thus, they can reliably notice departures
from the training set manifold. For SVGP we decompose the model into two components:

h(x) ~ N(h|0, K;p — Kz K Ky p) (2.53)
9(x) ~ N (91K pu Ky, Ko Ky Su Ky Kug) (2.54)

The h(x) variance captures the shift from within to outside the data manifold and will be denoted as
distributional uncertainty (interchangeably also denoted as non-parametric variance). The variance
g(+) is denoted as epistemic uncertainty (interchangeably also denoted as parametric variance)
,encapsulating uncertainty present inside the data manifold. To capture the overall uncertainty in
h(zx), thereby also capturing the spread of samples from it, we can calculate its differential entropy
as:
n 1 1 1
H[h(x)] = B log 27 + 5 log |Kpp — Ky Ko Kup| + gn- (2.55)

In practice we only use the diagonal terms of the Schur complement, hence the log determinant
term will considerably simplify. Intuitively, if terms on the diagonal of the Schur complement have
higher values, so will the distributional differential entropy. This 00D measure in logit space will be
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used throughout the rest of the thesis for measuring departures from training set manifold.

2.3 Inverse-free Gaussian Processes

In the previous section we have explored sparse GP approximations, which have reduced the com-
putation cost to O (M3). Now, we briefly introduce research done on going on step further, mean-
ing in creating sparse GP that do not even require inverting the covariance matrix related to in-
ducing points Z, thus considerably reducing the computational cost associated to training such
models.

2.3.1 Inverse-free Iterative Gaussian Processes

We remind ourselves that for a GP the marginal likelihood can be expressed as follows:
logp (y | X.0) o< ~y" (Kpj+ roiseln) 'y =108 [Kps+ 0ngiee | . (2.56)

Optimizing it with respect to kernel hyperparameters 6, we arrive at:

dlogp(y | X,0)
00

1 0K 2 1 _
10 ff _ggnozse n (Kff +O'3Lm-se_[n) 1y_ (257>

-1 a‘[(Jclc + U?Loiseln

06

X yT (Kff + O-fmise]n)

TI‘ (Kff + O-VQLoise[n)

The following terms y " (K4 + o2....I,)~" and the trace term are computationally expensive op-
erations that are solved through the use of Conjugate Gradients (CG) (see Davies (2015) for an
in-depth introduction) such as in recent work (Gardner et al. 2018b; Wang et al.2019). These meth-
ods were shown to work quite efficiently for full GP. Throughout this thesis, this line of work will be
collectively gathered under the umbrella term of Iterative Gaussian Processes since evaluating the
log marginal likelihood involves an iterative procedure specific to CG to arrive at a solution close to
the real inverse (K + 02, 01n)

noise"n

2.3.2 Inverse-free Reparametrizable Sparse Variational Gaussian Pro-
cesses

The goal of inverse-free methods is cut the computational cost O (BM? + M?) associated to
SVGP to one which is approximately O (M?), where B represents the size of the mini-batch. We
reiterate the uncollapsed SVGP bound:

Lsvar =Y Eyis logp(yn | f(z4))] — KL [g(U)l|p(U)] . (2.58)

i=1
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where q(f.,) = N(fi | U(mi),f}(xi)), with U(z;) = KoK lmy and (z;) = Kjp —
KoK Kup, + KK, SuK,, Ky, The goal of inverse-free methods is to eliminate the need
to compute K;! in these equations.

In Wilk et al. (2020h), the authors propose the following reparametrization to eliminate matrix in-
verses in the parametric component of the SVGP:

K, SuK.,! =8y (2.60)

With this parametrization we are left with inverses in the non-parametric part of the SVGP, namely
Kt = Kpp — KpuK,, Kyy,. The authors propose using an upper bound on the latter
term:

Kfifi‘u = Kfifi - KfiuKu_ulKufi < Kfifi + KfiuTKuuTKufi - 2KfiuTKufi = Kfz’fqz'u
(2.61)

with equality only if 7= K,!. We now adapt the lower bound to reflect the change in the non-
parametric variance:

Lrr10= D B i sien) 1082 | F(@)] = KL [g@)lIp(D)] (2.62)

i=1

with U (z;) = K i and (2;) = Kjp, + K ju TK W TK g, — 2K 1, TK g, + K Sy Ko, TO
make sure that this lower bound (which is only valid for log-concave likelihoods) is actually the gap
between the true posterior and the approximate posterior, we need to re-frame this lower bound as
an SVGP with a structured approximate posterior ¢(U*) = N (U* | mj;, S;;), which can be done
by matching the posterior generative process in their first two moments, namely:

KoK, mi = Kpuig (2.63)
Kfifi - infi + KfzuK;}S(*JKJJKUﬁ = Kfifi + KfiuTKuuTKufi - 2KfiuTKufi (264)
+ KfnuSUKufn )

where we can see that the solutions are given by mj; = K,,my and Sfy = Ky + Ky T Ky T Koy —
2K i T K+ K Sy K . Now we are able to write down the final lower bound for the reparametrized
SVGP that is inverse free:

N
Lresvor = 3 By 0y sie) 0800 | 1)) = KLIN (i, 85) |V (0, Ko)]

i
i=1

(2.65)
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Throughout the remainder of the thesis, this model will be denoted as Inverse-free Reparametriz-
able SVPG (IF-ReSVGP).

2.4 Deep Gaussian Processes

Deep Gaussian Processes (DGP) were first introduced in Damianou and Lawrence (2013), as a
multi-layered hierarchical formulation of GP. The composition of processes retains the theoretical
properties of the underlying stochastic processes (see Kolmogorov consistency theorem) while
also ensuring a more diverse hypothesis space of process priors, or at least in theory as we shall
later see.

2.4.1 Precursors to Deep Gaussian Processes

The first examples of models where the output of a first GP is used as the input to another sec-
ond GP can be found in the field of nonlinear time series analysis. A central difficulty in modeling
time series data is in determining a model that can capture the nonlinearities of the data without
overfitting. GP satisfy these requirements, so foundational work by Wang et al. (2005) introduced
the Gaussian Process Dynamical Models (GPDM), which consists of a hierarchical version of the
Gaussian Process Latent Variable Model (GPLVM) (Lawrence 2003), where the latent variables are
assigned an autoregressive GP prior. This work was generalized in Lawrence and Moore (2007),
where the autoregressive modelling assumption is dropped. Both papers assume RBF kernels, a
Gaussian likelihood and proceed to use MAP estimates for inference. Subsequent work (Dami-
anou et al. 2011; Titsias and Lawrence 2010) showed how to use sparse variational inference to
create variational lower bounds for GPDM and Bayesian GPLVM. Both papers assume a factorized
variational posterior across layers.

2.4.2 Probabilistic definition of Deep Gaussian Processes

Building on the the sparse variational framework for integrating out latent variables in Damianou
et al. (2011), Damianou and Lawrence (2013) introduced a general model which they coined Deep
Gaussian Process (DGP), with added flexibility in choosing the depth and dimensions of hidden
layers.

DGP can be interpreted as a cascade of L hidden layers with associated latent variables {h;}~,
and the observed outputs y are the leaves of the said hierarchy. GP govern the mapping between
hidden layers h; and h;, 1, with each layer having a separate GP with specific hyperparameters.
Furthermore, each latent variable h; has additive Gaussian noise NV(0, ¢7%,) added.
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The joint distribution of a DGP can be written as:

L—-1

p(y, {hitey) = pylhe) T p(hia ) p(ia ) (2.66)

=2

where each conditional probability can be expanded to include the GP functional as follows:

p(higa|he) = /p(hh+|fl+1)P(fz+1|hz) dfiy - (2.67)

To see why the latent variables cannot be integrated out in this construction, we can consider a
two layers DGP as:

p(ha) = /p(hQ‘f2>p(f2’hl)p<h1’ho) dhy dfy, (2.68)

which is intractable as the density p(h1) cannot be propagated through p( f2|h1) as it's constructed
through a nonlinear covariance function involving h;.

To circumvent computing this intractable integral, one can make use of the same train of thought as
in Damianou et al. (2011), where the introduction of inducing points helps in simplifying approximate
inference. Hence, after augmenting only the hidden layers { H}%_,, we can now write:

p(h|Ui, hi—y) = /p(hl\fz)p(fl!Ulahll) dfi, (2.69)

where p(hy|fi) = N (hi | fi,0%,) and p(fi|U, hi—1) is similar to the conditional GP formula in-
troduced in equation (2.17). The authors make the case that since x is deterministic, propagating
it through the first GP in the hierarchy is feasible, thus being able to analytically compute p(h4|x).
Therefore, augmenting h; with inducing points is not required for the first layer. A graphical model
for this construction is given in Figure[2.3a

The aim is to approximate the log marginal likelihood:

L

log () =log [ ply. {h}| (U) [[p00) i v (2.70)
=2
where we denoted {U;} = {U;}~, and {h} = {h} ]

In order to perform VI, the authors introduce a variational distribution:

L L

qU, H) =T a@) [T ah) (2.71)

which implies a factorisation of the approximate posterior across layers and where the authors pro-
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pose parametrizing ¢(U;) = N (U, | my,, Sy,) asinthe SVGP case. For {h;} the parametrization
N . . .

is splitinto two cases: ¢(ly) = [[ NV (hl(” |, S}”) forl > 2and g(h1) = N (hy | ma, s1),
=1

where Sy is a full N x N matrix to account for correlations between data points in the first hidden
layer.

By using Jensen's inequality we get a bound £ < log p(y):

L= / o(U, H) log Y- {hl}g([é}y)qlﬂp(m) d{h} d{U;} (2.72)
= /Q(Ua H)logp (y, {h}{U}) df} (U} = > KL [g(U)|IpU)] + > Hla(h)] ,
(2.73)

where H [-] denotes the entropy of a distribution and we can expandlog p (y, {h; }|{w; }) as follows
L-1
log p (y|hi, Ur) + > logp (hy|hi—1, Ur) + log p (ha]).
=2
By following the train of derivations introduced in section[2.2.2lwe can lower bound log p (hy|us, hi—1)
by log N (| K su K 1 Ur, 0% 1) — 5= T [K sy — Q] for I > 2, where the kernel terms are
Tf.1

evaluated using the layer specific kernels, which have different kernel hyperparameters for each
layer.

Reintroducing the above into our lower bound we can re-express it as:

L
1

Z a1 )ath)atun) 108N (| K Ko Uny 07 1) — 57 T[Kpr = Q| (274)
1

= SKL @) p(@)] + 3 Hla(hn)] — KL a(h) ()]
1=2 =2

where the KL divergence for k4 is obtained by combining H [g(h1)] and Eqx,) [log p (h1|x)].

All of the terms of the above bound are tractable, with easy to compute formulas for the KL and
entropy terms. As for the expectation terms for each layer, we refer the reader to Appendix C of
Damianou (2015) for explicit analytical equations.

From this variational lower bound we can see that it requires a linearly increasing number of vari-
ational parameters with respect to the dataset size, which would pose problems for even medium
sized datasets. In the next subsection we shall see how this issue is solved through a different
approximate inference procedure.
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2.4.3 Doubly Stochastic Variational Inference for Deep Gaussian Pro-
cesses

A key difference introduced in Salimbeni and Deisenroth (2017) is the removal of hidden layer noise.
Hence, we can view the DGP as a composition of functions, keeping in mind that this is only one
way of defining this class of probabilistic models (Dunlop et al.|2018):

fr(x) = fro..ofi(z), (2.75)

with f; = GP (my, k; (-, -)). Assuming a likelihood function we can write the joint prior as:

L
p (v, {fi}izi; X) = plylfr) H (fil fi-) (2.76)

I|ke||hood =1
prior

with p (fi | fiz1) ~ GP (my(fi_1), ki (fio1, fi—1)), Where in the case we choose squared expo-
nential kernels we have the following formula for the I-th layer:

D
KSE(fuis fu = 02 ex ZI  (fuia — frja)” 2.77)
Lis J1,G)1 1 p llgd 9 .
d:1 bl

where D, represents the number of dimensions of F; and we introduce layer specific kernel hyper-
parameters {o7, 171, -+ , I} p, }-

Analytically integrating this Bayesian hierarchical model is intractable as it requires integrating
Gaussians which are present in a non-linear way. Moreover, to enable faster inference over our
model we can augment each layer { with M, inducing points’ locations Z;_4, respectively inducing
points’ values U, resulting in the following augmented joint prior:

L
p (v ki AU X AZY ) y’fL H (filfie1, Ui Zi-a)p(Uh) (2.78)

Mkellhood \ v

-~

prior

where p(fil fiz1, U; Zi—1) = N (filmu(fiz1) + Kpo Ky (U — my(Zi-1), Ky — Ko ) Kuy)).
Unlike the training framework introduced in Damianou and Lawrence (2013), we can notice that in
this case we augment every hidden layer, including the first one. A graphical model for this new
construction is given in Figure [2.30]

To perform SVI we introduce a factorised variational approximate posterior of the following form:

L
q ({U},) = [IN (Ui | mu,, Su,). Using a similar derivation as in the uncollapsed evidence
=1
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Figure 2.3: Probabilistic graphical models of DGP variants. Left: Original approximate inference
framework for training DGP introduced in Damianou and Lawrence (2013); Right: DSVI framework
for training DGP introduced in Salimbeni and Deisenroth (2017).

lower bound for SVGPSs, we can arrive at our ELBO for DGP:

Lpap =Eyqpye ) llogp(y | fr)] - Z KL [¢(U)[[p(T1)] (2.79)

=1

L ~ ~
where g ({fi}f1) = TTa (il fin) and a (il fin) = N (fi] Gilfi), 5fir) ) and we

also have:

Ui(fim1) = mu(fim1) + KpoK gy [mu, — mu(Zi21)] (2.80)
Si(fier) = Kpp — KoK [Kuw — Su) Kot Ky - (2.81)

This composition of functions is approximated via Monte Carlo integration as in the doubly stochas-
tic variational inference (DSVI) framework for training DGP introduced in Salimbeni and Deisenroth
(2017).
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2.4.4 Advances in approximate inference for Deep Gaussian Processes

Throughout the section we have assumed mean-field approximations between layers. DSVI will
remain the method of choice for subsequent chapters in this thesis due to its simplicity and proven
results in practice. However, in recent years there has been a steady stream of research delving
into improving approximate inference for training DGP.

In Havasi et al. (2018), the authors argue that a drawback of DSVI resides in the fact that it approxi-
mates the posterior distribution with a Gaussian, making the case for inference methods that allow
a more flexible posterior approximation. With this in mind, the authors propose using Stochastic
Gradient Hamiltonian Monte Carlo (SGHMC) (Chen et al. 2014a) for inference. They show that us-
ing this framework, they are able to recover multimodal posterior distributions. Under the same
motivation, Yu et al. (2019) propose an implicit posterior variational inference (IPVI) framework for
DGP that can recover unbiased posterior beliefs while preserving time efficiency. IPVI can be de-
scribed as a method pertaining to adversarial-based inference (Huszar2017), producing posterior
samples using a black-box generator and dealing with the KL divergence term in the ELBO using
the log-density ratio trick. Under the same premise of introducing correlations between the induc-
ing points across layers, Ober and Aitchison (2021) introduced an approximate posterior frame-
work that uses “global” inducing points, which are defined only at the input layer and propagated
throughout the hierarchy to obtain inducing inputs in subsequent layers. The authors also pro-
pose an alternative framework for obtaining the posterior for inducing points’ values at each layer,
with the introduction of “inducing-likelihoods”, which consist of pseudo-observations and pseudo-
precision terms that are combined with the propagated “global” inducing points’ values to arrive at
an optimal posterior form for inducing points’ values. Under this approximate posterior construc-
tion, dependencies in {U;}/, are introduced naturally across all layers, implicitly also between
{fi}E,. This is in stark contrast to the “local” inducing points for each layer and the factorized
approximate posterior present in DSVI. A similar approach to the “global” inducing points was also
proposed in Ustyuzhaninov et al. (2019), albeit from a different motivation (see next subsection for
details). The authors also propose a “jointly Gaussian” approximate posterior for all the layers with
analytic formulas for the marginalisation of the “jointly Gaussian” inducing points’ values. In the
same vein, Lindinger et al. (2020) also proposed structured posteriors across all layers, which they
argue helps in obtaining better calibrated uncertainties.

2.4.5 Pathologies in Deep Gaussian Processes

Thus so far we have only approached how to perform approximate inference in DGP. In this sub-
section we will instead focus on properties of DGP, implicitly also on drawbacks that depend on
architecture and approximate inference method of choice.
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Feature collapse in DGP: In Duvenaud et al. (2014) the authors show that as you increase the
depth of DGP, the sampled functions in prior space will eventually collapse to a small finite set of
values. More formally, the authors consider the case of arbitrarily deep, one-dimensional DGP us-
ing squared exponential kernels (as defined in equation (2.5)). This choice of kernel implies that
its derivative is point-wise distributed as /' (O, 7—5) Since, we are not interested in the sign of
derivatives, we can take their absolute value and recognize it as a half-normal distribution with
mean % By the chain rule, the absolute value of the derivative of a one-dimensional DGP is the
product of the absolute values of derivatives of each layer, which are drawn independently from
half-normal distributions. Using the technique of Taylor expansions for the moments of functions
of random variables, the authors consider calculating the first two moments of the log of the mag-

nitude of the derivatives, which have the following formulas:

Migg = E [log agf) } — 2log (%) “log2 — (2.82)
2
Varpg =V {log &g(xx) } = WZ + 1052 — 7% —~log4 + 2log (%) (2.83)

[7 +log 2 — log (%)} ,

where v ~ 0.5772 is the Euler constant. The derivation proceeds by showing that considering the
second moment is finite, by the central limit theorem we have:

oftt(z)

ox

L !
zlogH aj;ix) =

=1 =1

. of (x)

|
8 Ox

L ’

LTLOO./\/'(LmlOg,LZUarlOg) . (2.84)

Hence, in the limiting case, the distribution of the gradients’ size approaches a log-normal distribu-
tion. One can see that even though the expected magnitude of the derivative can remain constant,
the variance can grow indefinitely as we add more layers to the DGP. The authors argue that since
the log-normal distribution is zero lower bounded and heavy-tailed, the vast majority of derivatives
will be very small, with extremely rare large jumps.

This phenomenon is shown in Figure[2.4} where we can notice that once the derivative in a specific
region of the input space becomes very large or very small, there is a very high chance that it
remains like that in subsequent layers. Another observation that can be made regarding this figure
is that function values tend to become more restricted to a smaller and smaller set of values as
depth increases. Intuitively, this occurs because once function values in different input regions get
mapped to similar values in intermediate layers, then given smoothly varying kernels there is no
possibility of ever getting mapped to different values later on.

Duvenaud et al. (2014) propose a solution to avert this pathological behaviour, namely that of con-
necting each intermediate layer of a DGP with the original input space. In the one-dimensional
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Figure 2.4: Deep Gaussian Processes samples with zero mean function. Top row shows the
input to a DGP layer, second row plots the covariance of outputs of that layer and the bottom row
shows samples from that layer's output.

DGP scenario, this can be easily achieved by imposing an identity mean function for each GP layer
in the hierarchy. This implementation is considered in Figure[2.5] where we can notice that using
information from the input space in each hidden layer partially fixes the aforementioned pathology,
even though some input space regions can still exhibit small derivatives.

Other research work has since dealt with this pathology in DGP, being mathematically formalized in
Dunlop et al. (2018) showing that the function collapse will invariably occur if o7 < %21 is satisfied
at each layer in the hierarchy. This suggests that as we increase the width of hidden layers (D;) in
DGP this pathology will disappear.

Compositional uncertainty collapse in DGP: Ustyuzhaninov et al. (2019) considered a yet to
be explored research question pertaining to DGP, namely that of compositional uncertainty. The
authors make the case that different GP compositions (as part of a DGP) are able to fit the data
equally well, thus rendering DGP as inherently unidentifiable. Hence, compositional uncertainty
can be viewed as the uncertainty caused by this lack of identifiability. From the uncertainty source
decomposition framework introduced in section [1.1} compositional uncertainty can be thought of
as the epistemic uncertainty quantifying how the layers jointly compose the data manifold.

In brief, the authors consider a DGP defined as a composition of functions, more precisely f(x) =
(fro---o f1) (). Foreach hidden layer, they consider the following alternative expression of the
function at layer [ expressed as a function of the input stemming from the I —1 layer, f;(fi_1(z)) =
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Figure 2.5: Deep Gaussian Processes samples with identity mean function. Top row shows the
input to a DGP layer, second row plots the covariance of outputs of that layer and the bottom row
shows samples from that layer's output.

fi(Es_, +€5_,), where Eg,_| represents the expectation of the respective layer and ey, , repre-
sents a zero-mean noise distribution.

The goal is to show that the variance of f; increases with increasing variance associated to ey, _, .
To see why this is important, consider a noise-free regression task, then given the aforementioned
hypothesis, the uncertainty in the hidden layers of the DGP would have to collapse to zero so as to
model output data with no noise.

Considering a linear approximation of the form f,(fi_1) ~ fi(Es,_,) + €5, f, (Es,_,), we know
that a GP and its first order derivative are jointly distributed as follows (McHutchon and Rasmussen

20M1):
fl (Efz—1)

where U,(-) and 3(-) are defined as in equations (2.80) and (2.81).

We defer the derivation of the following result which stems from the framework of Gaussian ap-
proximations of GP with noisy/uncertain inputs (i.e., noise/uncertainty stemming from the previous
hidden layer in the hierarchy in this case) to section[2.5] Hence, for a given layer 7 in a DGP. we can
estimate its approximate overall variance as follows:

f]l (Eflfl)

Ul (]Efl—l)

il(Efl71> il (Eflﬂ)
2 (Efzf1) by (Eflfl)
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VA = S(Ep,) + V e Ei/kﬂzﬁ_n + (02<Efl_1>)2} . (2.86)

From this formula we can notice that the only term that can be negative is il” (Ey,_,), whichinturn
could cause the approximate variance of this noisy GP to be smaller than the incoming variance
(i.e., the overall variance of the previous layer of the DGP denoted V [e, ,]). However, given a
good coverage of inducing points across the training set manifold, this term will converge to zero
as we increase the number of inducing points. Hence, in practice the probability of obtaining less
approximate variance as we progress forward in the hierarchy is almost zero. This proves the fact
that for noise-free regression tasks, the variance in the hidden layers will collapse to zero in the
case of the DSVI framework for training DGP.
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Figure 2.6: Compositional uncertainty collapse in DSVI. Adapted figures from Ustyuzhaninov et
al. (2019) showing fits of a three-layer DGP using DSVI as well as variational distributions intro-
duced in Section 4 of Ustyuzhaninov et al. (2019) to a data set shown in the rightmost panel (black
dots). Different colours correspond to three models fitted to the same data with different random
initialisations. For each initialisation, ten samples (of the same colour) from the fitted model are
shown on top of each other.

To solve this pathology, Ustyuzhaninov et al. (2019) consider two alternative approximate poste-
riors that are correlated between layers. Firstly, a straightforward manner to make the inducing
points correlated across layers is to jointly model them with a Gaussian variational distribution,
more precisely ¢ (Uy, -+ ,Ur) ~ N (m, S), withm € REM and S € REM*EM Secondly, they
introduce a method entitled “inducing points as inducing locations’, which can be succinctly de-
scribed as follows: instead of explicitly optimizing over inducing locations { Z; } |, there is just one
set of inducing locations Z operating in the input space, with subsequent realisations of inducing
locations in hidden layers being obtained by passing the previous ones through the GP governing
the mapping between layers. Essentially, the inducing points of a previous layer are the inducing lo-
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cations of the next one. The rationale behind these approximate inference methods that introduce
correlations between layers is that factorised approximate posteriors between layers will force the
GP mappings between layers to be deterministic to as to obtain a posterior in observation space
that is noise-free (see Figure 1in Ustyuzhaninov et al. (2019) for a conceptual illustration of this
phenomenon).

In Figure 2.6/ we can notice that for DGP trained on noise-free regression tasks, the DSVI method
essentially collapses to almost deterministic transformations in the hidden layers. The remedies
suggested by the authors seem to increase the uncertainty since the approximate posteriors are
correlated across layers.

2.5 Approximation of Gaussian Processes with
noisy inputs

As we have seen in the previous subsection, measuring uncertainties in the hidden layers of DGP
is important so as to avoid pathological behaviour. In order to analyse these properties and to
establish necessary conditions for the reliable propagation of uncertainty in DGP, we need a math-
ematical framework with analytical equations (such as the previously introduced equation (2.86)).
In this section we lay out this precise toolkit, keeping in mind that these theoretical results will play
a key role in Chapter[3|

In section [2.7 we have seen that the predictive distribution of a GP at a unseen noise-free input
is Gaussian. In Girard (2004), the authors propose several techniques to approximate the non-
Gaussian predictive distribution of a GP when the input is noisy (or a random variable in a more
general scenario as we shall later see). In this section we will attempt to make a summary of
aforementioned work, keeping in mind that these approximation techniques will play a key role in
analyzing properties of DGP and how they propagate uncertainty through the hierarchy, since we
can view the hidden layers of a DGP as GP with an uncertain input.

We now consider the case where the input is corrupted by noise e,- ~ N (0,3,+) such that
T* = g+ + €,+. Hence, our aim is to make predictions at z* ~ N (puz+, 2o+ ), Which involves the
following integral:

P Dot Ze) = [0 | D) p (e’ | Bar) o 2.87)
where p(y* | D,2") = ——=exp [—%%} u(z*) = KppKppy and o0®(2%) =

K g« —Q s+ s+ Inthis subsection, for notation purposes, we will consider K, ,,, = K*F (x;, ;) +
8; ;02 ise- One can notice that p (y* | D, 2*) is a non-linear function of 2*, so we cannot integrate

noise*

out z*. We will now consider approximations to the solution of this integral.
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I Monte Carlo Integration: uses random sampling of a function to numerically compute an esti-
mate of its integral.

T T
YO | Do B ) % ) p (| Do) = 2 ) N (v | pla),o*(")) . (2.88)
t=1 t=1

It will result in a mixture of 7" Gaussian distributions with equal mixing weights and as T — oo we
have pM¢ (y* | D, pips, o) = p (y* | D, prax, Yo+ ). We remind ourselves that the case 7' = 1
is the default method to computing this type of integrals within the framework of DSVI for training
DGP.

Il Gaussian Approximation: involves approximating the non-Gaussian predictive equation with
a Gaussian distribution:

We can now explicitly write the first two moments:

M (U, Xogr ) = /y* /p(y* | D,z*)p (™ | um*,Er*)dx*] dy* (2.90)

:/[/y*p(y* | D,x*)dy*}p(:v*|um*72m*)dx* (2.97)

- / (1(z*)p (2" | tye, By ) da* (2.92)

= B [p(z7)] - (2.93)

(y")? [/ p(y* | D,z%) (x*|u$*,2$*)dx*] dy* — m(uge, Soe)? (2.94)

-/
:/ /( 2y | Do) dy }p(x*|ux*,2x*)dm*—m(ux*,2x*)2 (2.95)
/

= [ [0®(z") + p(@*)?] p (2" | ugr, Bie) dz* — m(tge, By ) (2.96)
=E, [0%(2")] + Ea [1(2")?] — m(uge, Sy )? (2.97)
=E, [0%(z")] + Vo [p(2")] , (2.98)
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, where we now consider just predictive distributions over a single data point z*, hence we update
predictive equations to correspond to the univariate prediction case:

W(a) = KoKy 299)
N
02 (2%) = Kprgr — Z K K (x*, 1) K (2%, ;) . (2.100)
ig=1

To recap, we are interested in finding the first two moments of the Gaussian approximation in
equation (2.89), which we now write explicitly:

N
V(ugs, Yigr ) = B | Kprge — Z KiglK(x*,xi)K(m*,xj)] (2.102)
ij=1

e “Kf_fly} i,: [Kf_fly} gy Kﬁ*,Iin*,xj]

- m(ux*a Ex*)z )

where [Kf_flyL. takes the i-th row. Therefore, we need to compute the following integrals:

U =E; [Kp 0| = /K(ﬁ,x*)p(x*) dz* (2.103)
U, =Epe [Kpe 0] = /K(w*, z;)p(z*) da* (2.104)
U, =E,. [Km*,xin*JJ = /K(x*,mi)K(x*,a:j)p(x*) dx* . (2.105)

These integrals will have an analytic solution in the case of specific kernels. We will first focus on
the general case, whereby we devise approximations for any arbitrary kernel, subsequently calcu-
lating the exact moments for squared exponential kernels, which are the default kernels used in
DGP throughout the rest of this thesis.

2.5.1 Approximate Moments

Moment approximations involves approximating the integrand by a Taylor expansion.

General case. To illustrate this method, we take a simple scenario where z is a random variable
such that E, [x] = p, and V, [x] = X,. For a well-behaved function f with y = f(x) and
sufficiently small o, = /X, we can consider the Taylor expansion of f(x) at u, up to second
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order to be an accurate representation of f(z):

1

y=f(@)~ flpe) + (@ — o) f (1) + 5 (x — ) f

1

(112) (2.106)

Using the Taylor expansion, we can calculate the first two moments as follows:

1

1"

E, [y] = B, [f(pe)] + Ep [(az — o) f (um)} +E, {5 (z — p12)° f (1) (2.107)
~ [ (k) + %Emf" () (2.108)
V, [y] = Eq [y°] — Eo [y)? (2.109)
~ () + Bo f (1) + f(a) | (1) B = f (1) = f 1) f (1) e (2770)

Ex[y?] E.[y]?
~ 5, f (1) 2.11)

GP with noisy inputs. We now apply the above results, more specifically equations (2.108) and
(2.111), to equations (2.93) and (2.98), obtaining:

m(tge, Ype ) = B [pu(x*)] (2.112)

1

= (B (7)) + 5V (2 (Bae 1)), (213)

where we have considered a Taylor expansion of p(z*) and used the first moment as given by the

formula in equation (2.108).

In a similar manner, we can also derive the second moment:

V(Ugr, Bge) = By [07(2")] + Vo [u(2¥)] (2.114)
= O (Ear [1']) 4 Ve 50 (Bar [1']) 4 Viett (B [1°])? 2.119
E,[02(z*)] T el
1 " !
— (B 1)) + Vi |50% B [07)) 1 (B [0 (2719

where we have considered Taylor expansions of o%(z*) and p(x*) alongside using either the first or
second moments as given by the formulas in equations (2.108) and (2.111) pending on case.

2.5.2 Exact Moments

We can calculate the exact moments in the case of squared exponential kernels of the following
form:

K (z;,x;) = % exp —% [z; — xj]T Wtz — z;]| (2.117)
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where we usually consider just W = diag [13,-- - ,[3)].

We remind ourselves that we need to compute the following equations:

N
m (e, Sor) = Y [yKG], W (2.118)
i=1
N
e Bar) =0 = 30K = K, [k )], | W = m e, ) 2119
ij=1

We now only need to derive the analytic formulas for ¥, ¥, and ¥,;, all of which will make use of
the following identity.

Definition 2.5.1 (Product of Multivariate Gaussians). For two multivariate Gaussian distribu-
tions, N (z | a, A) and N (z | b, B), their product can be expressed as follows:

zN(z|e,C)=N (x| a,A)N (x| b, B), (2.120)

where c = C[A~'a+ B~'b]and C = [A~' + B~ 7",

Armed with this toolkit we can proceed further:

U =E, [K (z*,2)] = 0* (2.127)

U, = E,« [K (2%, x;)] (2.122)

= /K(x*,xz)./\f(x* | g, S ) da* (2.123)

= c/N (2" | 2", W) N (2" | pge, By ) da* (2.124)

— N (e | 20, W + ) (2.125)

= 02/N(x* | 2", W)N (2% | 2/, W) N (2* | pge, Bpr) dz”* (2.127)
= N (z; | zj,2W) /N (x* | w, g) N (2% | g, B ) d* (2.128)
= AN (; | 2, 2W)N (um* i ; Yoyt %) , (2.129)

where ¢ = (27?)% |W]% o?. We can now write the full explicit form for the first two exact mo-
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ments:
N
m (e, Sor) = D [YKG7] N (ula) |20, W+ 5,0 (2.130)
=1
N
U (flge, Xpe) = 0% — Z [yK;fl]i’: [ny_fl]jN(xZ | z;,2W) (2.137)
ij=1

Following Quinonero-Candela et al. (2003) we can re-write the explicit first two moments as:

m (e, Ygr ) = qTK]?fly (2.132)
U (g, Nge) = 02 + T [(K;flnyK;fT — K]?fl) Q} —Tr [yTKJ?]}y] , (2.133)

where we have:

_1 1
q; = ‘W_IEx* + In‘ 2 exXp [—5 (/vL:E* — [L‘i)—r (Zx* —+ W)_1 (’u/m* — ,I‘,L>:| (2134)
Q.._’W—IE —I—I‘_%GX _1 M_ ! D +1W ! l’i“‘l‘j_
iy T* n p 2 2 Mg T* 9 92 g
(2.135)

exp —% (x; — xj)T (2VV)_1 (x; — xj)} .

As we shall later see in Chapter [3] these results will play a key role in analysing how uncertainty
propagates in the hidden layers of DGP.
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Chapter 3

Distributional Deep Gaussian Processes

This chapter is based on the following publication:

(a) Popescu, S. G., Sharp, D., Cole, J., and Glocker, B. (2020). “Hierarchical Gaussian Pro-
cesses with Wasserstein-2 Kernels”. In: NeurIPS Workshop on Bayesian Deep Learning —
(Popescu et al.[2020)

The code for all experiments is available at https:/github.com/SebastianPopescu/
DistDGPs.

Stacking Gaussian Processes severely diminishes the model's ability to detect outliers, which when
combined with non-zero mean functions, further extrapolates low non-parametric variance to low
training data density regions. This phenomenon is a direct product of Euclidean space kernels not
taking into account the geometric information available in the hidden layers of the hierarchy. We
propose a hybrid kernel inspired from Varifold theory, operating in both Euclidean and Wasserstein
space. We posit that directly taking into account the variance in the computation of Wasserstein-
2 distances is of key importance towards maintaining outlier status throughout the hierarchy. We
show improved performance on medium and large scale datasets and enhanced out-of-distribution
detection on both toy and real data.

3.1 Introduction

GP are data-efficient Bayesian non-parametric models that offer calibrated uncertainty quantifica-
tion and are robust to overfitting, recently finding applicability in data-scarce domains (Timonen et
al.[2019; Wang et al.|2020) or where uncertainty is of utmost importance (Chen et al.2014b). DGP
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(Damianou and Lawrence 2013) are multi-layered generalizations of GP that share data-efficiency
learning capabilities and show enhanced representational capacity. However, the reliability of un-
certainties propagated throughout the hierarchy is up for debate. Recent work (Ustyuzhaninov et
al.[2019) has questioned the uncertainties present in the hidden layers of DGP, showing that ap-
proximate inference schemes using factorized variational Gaussian distributions result in all but
the last GP collapsing to deterministic transformations in the case of noise-free data. Such patho-
logical behaviour should be avoided as it undermines the utility of multi-layered GP. We propose
desiderata for useful properties that a kernel must have in a DGP and based on this we introduce
an alternative kernel operating in both Euclidean and Wasserstein-2 space, showcasing that taking
into consideration the explicit distance between multivariate Gaussians present in hidden layers is
of vital importance towards correctly propagating non-parametric uncertainty forward. Prior work
(Bachoc et al.|[2017; Bachoc et al.|2018; Thi Thien Trang et al. 2019) has only focused on shallow
GP operating on inputs which do not have an explicit distribution, thus using Wasserstein-2 based
kernels to take advantage of the distributional nature of the input. We did not find any other work
that expanded the concept of Wasserstein-2 based kernels to DGP.

Contributions To summarize, this chapter makes the following advancements:

- We provide empirical evidence that as the number of inducing points increases, the non-
parametric variance (i.e., variance of Schur complement in conditioned GP) in hidden layers
progressively collapses in the case of zero-mean function DGP.

- We show that using Principal Component Analysis (PCA) mean functions solves this prob-
lem, but this procedure induces low variance perpendicular to the eigenvectors in the case of
encoding down high-dimensional data.

+ We derive theoretical requirements for DGP to propagate outliers with high total uncertainty,
respectively high non-parametric variance (i.e., variance of Schur complement in conditioned
GP) throughout the hierarchy.

-+ We propose a variant of DGP that operates on both Euclidean and Wasserstein-2 space. We
demonstrate that this formulation guarantees higher non-parametric variance for 00D points
compared to in-distribution points, alongside increased chances of not suffering from feature-
collapse.

+ We empirically show enhanced 00D detection capabilities, alongside improved test time re-
sults on a wide range of datasets for our proposed model.

3.2 Background

In this section we introduce the necessary theoretical background needed for this chapter.
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3.2.1 Wasserstein-2 distance kernels on Gaussian measures

The Wasserstein space on R can be defined as the set W5 (IR) of probability measures on R with a
finite second moment. We denote by TT(, v) the set of all probability measures IT over the product
set R x R with marginals x and v, which are probability distributions in W5 (RR). The transportation
cost between two measures p and v is defined as T (y, v) = infrenuy) [z —y]?dn(z, y). This
transportation cost allows us to endow the set W5(IR) with a metric by defining the quadratic
Wasserstein distance between p and v as Wy (u, v) = To (i, v)'/2. More details on Wasserstein
spaces and their links with optimal transport problems can be found in Villani (2008).

Theorem 3.2.1 (Theorem IV.1. in Bachoc et al. 2017). Let ky : Wa(R) x Wa(R) — R be
the Wasserstein-2 RBF kernel defined as following:

~W2(u,v —T5(p, v
E"2(u,v) = o exp % = o?exp % : (3.1)
then kW2(u, v) is a positive definite kernel for any u,v € Ws(R), respectively o is the kernel

variance, 12 being the lengthscale.

For completeness a proof following the layout in Thi Thien Trang et al. (2019) is provided in Ap-

pendix

Multiplication of positive definite kernels results again in a positive definite kernel, hence we arrive
at the automatic relevance determination kernel based on Wasserstein-2 distances:

D
~W2(ua, v,
Bl ) = o exp Y e 52)
d=1

Wasserstein-2 Distance between Gaussian distributions Gaussian measures fulfill the condi-
tion of finite second moment, thereby being a clear example of probability measures for which we
can compute Wasserstein metrics. The Wasserstein-2 distance between two multivariate Gaus-
sian distributions N (my, ;) and N (my, 35), which have associated Gaussian measures and
implicitly the Wasserstein metric is well defined for them, has been shown to have the following
form || mq —my ||2 + Tr [21 + 3, — 2(2}/22221/2)1/2} (Dowson and Landau(1982), which in
the case of univariate Gaussians simplifies to [m; —ma|* +]v/21 — v/22|% This last formulation
will be used throughout this paper.

3.2.2 Varifold theory or kernels between generalized measure spaces

Subsequently introduced kernels in this chapter were inspired by Varifold kernels, which succinctly
can be described as a composite kernel for shape matching (Kaltenmark et al. [2017) between
manifolds that includes an Euclidean part and also a part that takes into account geometrical in-
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formation as given by the tangent space. A brief mathematical introduction to Varifold theory is
given in Appendix[A.1]

Anillustration of a varifold kernel is given in Figure[3.1} Concisely, varifold kernels use the distance
between Euclidean points on surface meshes but also a distance based on their surface normal
vectors. This provides us with a hint towards better construction of kernels for DGP (i.e., hybrid ker-
nel from Figure[3.Twill be introduced in section[3.4.2), ones that also take into account geometric
information of the underlying mixture of Gaussians distributions. Wasserstein distances (Kolouri
et al.[2017) are well studied on Gaussian distributions (Mallasto and Feragen 2017, Takatsu|2017),
making them a prime candidate for developing kernels operating on distributions.

Varifold kernel Hybrid kernel

+

TiM

/

Ll o

q(S) q(T)

Figure 3.1: Similarities between Varifold kernel and Hybrid kernel. Left: Comparing two man-
ifolds involves taking 3D points in Euclidean space (denoted by circles) and their associated sur-
face normal vectors (denoted by directed arrows), subsequently computing their distance in their
respective domains. We only show the comparison between two points for aesthetical reasons,
however it should be noted that in practice a multitude of points and associated surface normal
vectors are used; Right: Considering two data points .S and 7', their predictive distribution at a cer-
tain hidden layer of a DGP would consist of mixture of Gaussians (p.d.f. of mixture components are

depicted either in pink or green). The hybrid kernel takes samples from mixture components and
their underlying Gaussian distributions into consideration, thereby using geometric information.

3.3 Propagation of variance in DGP

Ustyuzhaninov et al. (2019) have proved for noise-free data that the various stochastic layers in the
hierarchy of a DGP collapse to deterministic transformations. In this section, we analyze what are
the necessary theoretical requirements for a zero-mean DGP to maintain comparatively higher total
uncertainty for an 00D data point throughout the hierarchy and draw some insights into what type
of uncertainty (e.g., parametric/epistemic or non-parametric/distributional) is propagated forward
in each case. We analyze two different case studies that might occur in practice. The first one
involves inducing points {Zy, - -+ , Z1} that are evenly spread around 0 with a maximum range
of [—30;, 30;] at each layer such that samples stemming from the previous layers are within the
neighbourhood of said inducing points. Secondly, we will consider the scenario where we have
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two separate groups of inducing points Z;; C [—oo, —c] and Z,» C [¢, o0] for ¢ € RT. This
situation can occur in practice for a binary classification task, where at the respective layer, the
inducing points can reliably separate the two classes in hidden layer feature space. We now detail
what are the necessary conditions in the first scenario to predict higher total uncertainty for 00D

data points in comparison to in-distribution points.

Layer 1 ) Layer 2 ) Layer 3

2 . Training Set
- Testing Set

< <z 0 :
= = 5
-5 -2
2 D _ oL et P iy
%o g o g o
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Figure 3.2: Uncertainty in DGP is conditioned on first order derivatives. Top row: Layer-wise
parametric component G (x) showing epistemic uncertainty; Mid row: Layer-wise non-parametric
component H;(x) showing distributional uncertainty. We can observe that for the hidden layers it
collapses to almost zero, thus rendering H;(x) almost useless except for the first layer; Bottom
row: Layer-wise first order derivative f,(f,_;(«)) showing regions with large derivatives. Since the
maximum absolute derivative values are reached in regions where 00D points from the previous
layer are mapped, it has the effect of producing high epistemic uncertainty in 00D regions (see
regions outside data manifold in top row).

Proposition 3.3.1. We consider the approximate posterior DGP as a composition of functions q;, =
qr o ... o qu with ¢, being given by q(Ej|F_1) = N(F, | Ui(Fi_1),%(Fi-1)). We consider an
00D data point x,,; in input space such that Xy (o) = 0% and Uy (xows) = 0, Tin_q t0 be in-
distribution, with 21 (zin—q) = Vin—a < 02 and Uy(Zin—q) = Min_q. We assume that Z, are
equidistantly placed between [—301, 304]. The variance in the second layer of x ., will be higher
than x;,,_q if the following holds:

("5t :

1 F_Minf o

. 21 d < 1 (3 3)
OU>(FY) in—d

() ],

A proof of this proposition can be found in Appendix

reaches its abso-

_ 2
» o , , , o (U2 (Fy
Remark 3.3.1. Intuitively, this inequality can be easily satisfied if (6—}1)> o
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2
91

lute peak at F; = 0 since 1 < T— holds in general. On a toy regression task we can observe that
the overall uncertainty is correctly predicted as higher for 00D points due to high absolute values of
the derivative at 0 (i.e., where 00D points get mapped in hidden layers on average) in hidden layers’
space ( see top and bottom rows of Figure[3.2). However, this requirement for correctly propagating
total uncertainty is not guaranteed to be satisfied in practice in all scenarios.

In the first investigated case, we have thus established the necessary condition for the reliable
propagation of total variance so as to guarantee that OOD data points have higher total uncer-
tainty compared to in-distribution data points at each layer in the hierarchy. However, a reasonable
question is whether DGP in this case are distance-aware (see Definition at each layer? From
Figure[3.2] we can see that the non-parametric uncertainty (which stands as a proxy for distribu-
tional uncertainty; the two terms will be used interchangeably throughout the remainder of the
thesis) collapses to zero across the whole spectrum of data points in the hidden layers. Therefore,
DGP in this scenario are not distance-aware, effectively rendering the non-parametric part of layer-
specific SVGP obsolete, thus resulting in a fully parametric DGP from the first hidden layer up to
the output layer (for in-depth insight into why this pathology occurs we refer the reader to Figure
[3.7]and accompanying text). The second scenario for DGP will investigate the case where the non-
parametric uncertainty for an OOD data point does get correctly propagated throughout the layers,
thus making use of the non-parametric part of SVGP in each layer of the hierarchy. We lay out the
necessary conditions in the following proposition. Before we proceed, we remind ourselves that a
SVGP can be decomposed as F(+) ~ \Kqu“(JJJrN(O, Kppa).

uu

-~

G() H(:)
Proposition 3.3.2. Under the assumption that for any 00D point in input space x.,,; we have that
Gi(Tow) = K, K,,1U = 0 at each layer in a DGR, we can instead focus solely on the non-
parametric components of DGP as a composition of p(Hy) = p(Hy, | Hp—1) o ... o p(Hy | Hyp)
with p (H, | Hi—1) = N (H,|0, Ks.,) and Hy = X. We consider two inducing points in the first
hidden layer {Z, 1 = —c, Zy » = ¢} with ¢ > 0and an 00D data point x,,, in input space such that
p(Hy(Tout)) ~ N (0,0%). The approximate variance of the non-parametric component pertaining
to the second layer will satisfy v (Ha(Zout)) > Ky fu . if the following holds 12 > 2¢?, where

F1=
the Schur complement is evaluated at F; = 0.

A proof of this proposition can be found in Appendix

Remark 3.3.2. Reliable propagation of non-parametric uncertainty for 00D data points in DGP can
only occur if the parametric posterior at each layer N (G, | K, K,'muy,, K1, K.} Sv, K Ko p)
manages to reliably map in-distribution points stemming from the previous layer in the intervals
I}, = [—00,—30,_1] respectively I, , = [30,_1,00]. This scenario can occur for example
in a simple binary classification task, where the parametric posteriors at each layer have learned to
reliably separate the two classes in hidden layer features. Considering that 00D data points from

the previous layer have a predictive distribution N (0, o7, ), upon sampling 99.7% of samples from
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this distribution will be in the interval Ioop = [—30,-1, 30;,—1]. Hence, under this assumption the
intervals for 00D points and in-distribution points will be disjoint. Under an assumption of well-
optimized inducing points’ locations, Z,_ will invariably find themselves in either I\, , or I,
with no locations in Ioop. Using notation from Proposition ¢ = 30,1 and the approximate
variance v (0,07_,) > Kjyy., where the Schur complement is evaluated at F;_; = 0 only if I} >

202,

To summarize our results so far, in this section we have shown the necessary conditions for DGP to
maintain a comparatively higher total uncertainty for 00D points in comparison to in-distribution
points. Through empirical examples, we have seen that the non-parametric variance collapses
to zero even in toy regression datasets, thus making the DGP rely solely on its parametric com-
ponents. Next, we have proposed a scenario in which the posterior DGP can reliably propagate
non-parametric variance for 00D points. However, this latter scenario is not guaranteed to occur
in practice. In the next section, we propose a variant of DGP which are guaranteed to propagate
non-parametric variance for OOD points.

3.4 Distributional Deep Gaussian Processes

In this section we commence with desiderata for kernels in DGP, subsequently proposing the hybrid
kernel (i.e., kernel operationg on Euclidean & Wasserstein space) as a solution, alongside introduc-
ing the generative process and inference framework for our newly introduced model. Moreover, we
derive the theoretical requirements of correctly propagating outliers through the hierarchy of this
probabilistic formulation and show that it's easier satisfied in comparison to DGP.

3.4.1 Desiderata for kernels in DGP

I Maintenance of outlier status. While there are many definitions of what an outlier constitutes,
for the purposes of this work we follow the most basic one introdued in Ruff et al. (2021) : "An
anomaly or outlier is an observation that deviates considerably from some concept of normality.”.
The authors formalise it as follows: given data that residesin X € R”, anoutlieris a datapointx €
X that lies in a low probability region under P, which is the ground-truth law of normal behaviour
in a given task or application. such that the set of outliersis definedas A = {x € X | p(x) < &},
with & > 0 being a threshold under which we consider data points to deviate sufficiently from what
normality constitutes. GP constitute an easy plug-in method to detect if points are inside the data-
manifold or not. Distributional uncertainty as defined in equation can be used as proxy for
00D detection due to its distance-awareness properties (see section[1.2). Therefore we desire DGP
with similar OOD detection properties as standard GP at every layer in the former’s hierarchy.
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Il Smoothness in hidden layers. Imposing smoothness in neural networks’ hidden layers has
been linked to increased generalization, robustness to input perturbations or reliable uncertainty
estimates (Rosca et al.[2020). With the latter property in mind, recent work (Amersfoort et al. 2027;
Liu et al.2020a) has proposed bi-Lipschitz constraints for extracting features to be fed into a GP.
This paradigm is based on the notion that objects which were close in previous layers should also
be close going forward in the hierarchy, thus avoiding feature-collapse (Amersfoort et al. [2021).
Consequently, kernels in DGP should provide a certain guarantee of smoothness alongside guard-
ing against feature-collapse.

3.4.2 Hybrid kernel

The term Distributional Gaussian Process was first introduced in Bachoc et al. (2017) to describe
a shallow GP that operates on measures using a Wasserstein-2 based kernel (see equation (3.2))
and for purposes of differentiating it from subsequent models it will be coined as DistGP-Bahoc
throughout the remainder of the chapter. We first investigate prior function space properties if the
latter formulation is extended to the multi-layered case and then introduce our proposed kernel and
generative process.

Considering the case of Euclidean input data X, the first layer is governed by a GP p(Fy) =
N (0, Kg, ), Where for notation purposes we considered £, = X. We immediately see that
the prior has the capability to capture correlations between data points. Adding a new layer given
by DistGP-Bahoc operating directly on p(F7), where we only take diagonal terms of its covariance
matrix to compute the kernel, results in K12 ;. S =ojexp ’WQQ(N(O’?’N(O"’%» = o3 for all data
entries. Therefore, correlations between differeht data points are ignoied as we arrive at the prior
onp (F3):

p(F)=N| ], - : (3.4)

2 2
0 o5 ... O3

Consequently, this type of construction will exhibit an overly-correlated prior which will cause sam-
ples to collapse to set of finite values, thereby not satisfying Desiderata II. The introduction of PCA
mean function (see section[2.4.5) to the generative process can solve this issue (see section[4.2).
However, we desire a generative process that is without such pathologies in the zero-mean function
case.

Sampling hidden layers’ features in DGP is of utmost importance towards introducing correlations
between data points. On the other hand, the Wasserstein-2 kernel (equation (3.2)) directly applied
on hidden layers’ resulting multivariate Gaussians is attractive as it takes into account differences
between variance terms. The hindsight is that differences between low and high variance terms in
the multivariate normals would enable a finer separation of data points which were 00D compared
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to in-distribution as detected by the previous layer. With these observations in mind, we argue
that both stochastic (sampling hidden layer features in DSVI framework for DGP) and determinis-
tic versions (Wasserstein-2 kernels directly applied on hidden layer GP) are important from entirely
complementary viewpoints. We seek to combine these two formulations in a single one that pre-
servers both key properties, we can now write the generative process of this new probabilistic
framework coined Distributional Deep Gaussian Processes (DDGP) for 2 layers:

Fy ~ N (0, Kpy) (3.5)

Fi' = m (F) + v (F)e, e ~ N (0, 1) (3.6)

Fiet = N (m(Fy), diag [v(F}))) (3.7)

Fy ~ N (0, Kngpria ({F3", F{Y L™ FTY)) (3.8)

Intuitively, this generative process implies keeping track of a stochastic and a deterministic com-

ponent of the same SVGP at any given hidden layer. In Figure[3.3|we provide a schematic of the
differences in the generative process of DGP and DDGP.

DGP DDGP

Layer 2 GP

Layer 2 Predictive Distribution
N(Uz(x),Zz(x))

Sampled Hidden Layer [y

Reparametrization Trick !

A(s) _ 5 Features
f () +Z() e | _ = = = = nducing 1

Points |
Layer 1 GP
Layer 1 Predictive Distribution

N(U1(x),21(0) )

Distributional
Inducing Points

e ————

Input Features

Inducing Inducing
Points Points

Figure 3.3: Conceptual differences between DGP and DDGP. Fundamentally, DGP operate in Eu-
clidean space of sampled hidden layer features, while DDGP also operate on the Wasserstein space
of underlying hidden layer GP. Layer 1: There is no difference between DGP and DDGP. Layer 2:
Distributional inducing points consist of a Gaussian distribution, for which we have the first two
moments as model parameters. Hybrid kernel use both the feature space samples and the under-
lying Gaussian distribution from which the samples originated. To compute terms such as K,
or K,y one needs to sample also from distributional inducing points; Red objects in the diagram
signify differences between DDGP compared to DGP.

We took inspiration from Varifold theory (see subsection for details) and devised a kernel
operating on both Euclidean and Wasserstein-2 space, thereby incorporating both stochastic and
deterministic pathways. Considering again two data points in the prior space of Fj, we have

Fi 0 2 KPE . .
» < 1’) ~ N <[ ] , [ 71 ” D and their associated samples {f;, f;}. To compute

SE 2
1,5 0] [K57 oi
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Wasserstein-2 distances using the previous layer's multivariate Normal, we take the diagonal of
the covariance matrix and we denote p; = N(0,0%); u; = N(0,07). We can now introduce the
hybrid kernel:

K7 (Lais £} Araes £3) = K2 (fi, ) expz ’“;;d’“ﬂ o). 39)

Prior samples of F;, will be correlated due to the Euclidean part of this kernel, whereas the Wasserstein-
2 component will always be equal to 1, hence neither introducing or removing extra correlations
between data points. We shall soon see that this results in the prior of DDGP equating that of DGP.
To make this clear, we can explicitly calculate it:

ro r _ 2 il _ 2 ol
Fz,z’ ~ N 0 a§ exp _—W2l(2u ) Kff exp ——WQZ(g ) (3 10)
p B ol | sE W () 2 W) '
2,j L~ VK eXp 12 05 €Xp 12
0] [ o2 KSE
~N , 2 b , (3.1)
0] _K]SlE 05

since the Wasserstein-2 distance between two equal distributions (i.e., u; and ;) is zero.

Remark 3.4.1. In prior space, a hierarchical construction based on hybrid kernels (see equation
(3.9)) for hidden layers is equivalent to a DGP In posterior space, this no longer holds true with
several different properties which we will subsequently outline.

Connections between Varifold kernel and Hybrid Kernel. Whereas usually during training we
only sample once from ¢(F;) at each layer in order to obtain the samples that get used in the
Euclidean part of the kernel, one could sample arbitrary times, thereby obtaining a collection of
Gaussian distributions. In this case, we can re-express our hybrid kernel in the multi-sample sce-
nario:

IIMO}

s D 20,(s) (s
Z 1SE f( 4 eXpZ —Ws (HJliQ,d7H’j,d ) ' (312)
'—1 d=1 d

We can observe similarities with the varifold kernel in detailed in[A.T} where we compute a distance
between submanifolds, taking into consideration Euclidean distances between discrete points on
the manifolds’ surface, combined with information pertaining to the points’ geometry. For hybrid
kernels as applied to DDGP, we compare two sets of multivariate Gaussians, taking into account
Euclidean differences between points sampled from the underlying distributions, but also consider-
ing geometric differences between these distributions as captures by the Wasserstein-2 distance.
A visual depiction of these different but similar objectives is provided in figure 3.1
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Euclidean kernel Hybrid kernel
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Figure 3.4: Conceptual difference between euclidean and hybrid kernel. Explicit difference be-
tween moments in Wasserstein-2 distance ensures distance-awareness for DDGP. Differences be-
tween samples in Euclidean space are similar for in-distribution and outlier points with respect to
inducing point location. The difference between the predictive variance of the outlier points with
respect to the distributional inducing points’ variance is higher than that of the in-distribution point.
This ensures higher distributional uncertainty for the former.

Hybrid kernels and 00D detection. The key motivation behind the introduction of hybrid kernels
can be succinctly described by a simple toy example. Considering two-layered DGP and DDGP, we
assume an in-distribution point x;,_4 to have low total variance in hidden layer £ and an 00D
point z,.4 to have high total variance. In the DGP case, upon sampling from ¢(F}(x;,—q4)) and
q(F1(xe0q)) We can end up with samples which are equally distant with respect to inducing points’
location Z;. If this occurs, then non-parametric variance will be equal for x;,_q and x,,q in F.
Hence, what was initially flagged as 00D in the first hidden layer will be considered as in-distribution
by the second hidden layer, thus not satisfying Desiderata |. Conversely, in the DDGP case and under
the assumption that the variance of distributional inducing points’ locations Z, is almost equal in
distribution to the total variance of in-distribution points in F}, the Wasserstein-2 component of the
hybrid kernel will notice that there is a higher distance between the now distributional inducing point
location and x,,4, as opposed to the distance of the former with x;,,_4. Then, the non-parametric
variance (i.e., distributional uncertainty) of x,.4 Will be higher than that of z;,_4, thus satisfying
Desideratum I. A visual depiction of this case study is illustrated in Figure[3.4]

3.4.3 Evidence lower bound

In this subsection we outline the generative process of constructing DDGP.
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First, we remind ourselves that a DGP is defined as a stack of shallow GP acting as the prior:

L
p(Y|Fo) [ [ (Rl B, Ui Zia)p(Uh) (3.13)
likelihood <=1
p?iror

where for brevity of notation we denote F;, = X. The SVGP between hidden layers are treated
as being noise-free. As the prior is analytically intractable to integrate, Salimbeni and Deisenroth
(2017) have suggested to sample from each hidden layer of the DGP in order to obtain unbiased
stochastic gradients. The difference between DGP and DDGP resides in the fact that for i > 2 we
not only sample from the marginal of the data points ¢(F; F;_1), but we also explicitly use this
marginal in the computation of the next layer’s kernel. More concretely, we have the following joint
density prior p(Y, {F}, U} = )):

L

p(Y[FL) Hp(Fz|Fl—1, Us; Zi-1)p(Ur) p(F1|Uy; X)p(Un) (3.14)
likelihood =2 Euclidean
ikelihood _ uclidean space

g

Wasserstein & Euclidean space

We introduce a factorized posterior between layers and dimensions of the following form: ¢({ F1} .,
{UYE) = p(Fp|Up; Z1 1) Hle q(Uy), where ¢(U;) is taken to be a multivariate Gaussian with
mean my;, and variance Sy,. The posterior over ¢(F7) is similar to the DGP case, with the difference
residing in I > 2, where we have the following conditional DistGP:

p(F|U; Zioy, Froa) = N(Fy | KR KGO Ky — QF) (3.15)

After sampling from ¢(F,_1) and Z,_; ~ N (ZH | My, ., ZZH), we proceed to integrate out
U,, arriving at:

q(F) = N(F) | K}{LKﬁL‘lmUl, Kf— ot + KﬁKg‘lsUlKg‘lKg) , (3.16)

where in the computation of the hybrid kernels we utilise ¢(F;_1) (i.e., its first 2 moments) for
computing the Wasserstein-2 distance, respectively samples from ¢(F;_1) in the Euclidean part.
It is worth highlighting the fact that for I > 2, Z; follow multivariate Normal distributions and are
called distributional inducing points (see Figure 3.3)for illustration). Further derivations similar to
the ones done for DGP in subsection|2.4.3|will lead us to the following ELBO:

L
Lppap = E{q(Fl,Ul}lelp(Y’FL) - ZEZZ (KL [q(U)|lp(U1)]] - (3.17)
=1

Having now defined the generative process and the training procedure for DDGP, we can focus on
seeing if our proposed model satisfies the desiderata laid out at the beginning of the section.
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3.4.4 Propagation of variance in DDGP

In this subsection, we investigate what are the necessary requirements for reliable propagation of
non-parametric variance through the hierarchy for 00D data points.

Proposition 3.4.1. We consider the approximate posterior DDGP as a composition of functions
qr = qr o ... o qu with g, being given by q(Fi|Fi1) = [ p(F|U;, Fi1)q(U) AUy = N(F; |
Ui(Fi—1), %(Fi—1)). We consider an 00D data point . in input space such that X1 (zou) =
o2 and Uy (z,u) = 0, respectively x, to be in-distribution, with $1(xsn_q) = Vin_a < o2 and
U 1(Tin—a) = M;n—_q. We assume that My, are equidistantly placed between [—304,301] and
Yz, < o2 The approximate variance in the second layer of x,,: will be higher than x;,_q4 if the
following hold:
02> Ny and Vi,_qg = Xy,

A proof of this proposition can be found in Appendix

Remark 3.4.2. In opposition to DGP which require a specific pattern of first order derivatives sur-
rounding 0, DDGP rely less on this constraint as the above inequality is already providing a significant
difference in non-parametric variance between outlier and inlier points, thus satisfying Desidera-
tum 1. For any layer I, ¥z, will converge towards values of the parametric posterior variance of in-
distribution points, since the inducing points are encouraged to gravitate towards the in-distribution
manifold at layer 1. In well optimized scenarios, the parametric posterior variance will be reduced
compared to the prior variance (c?_,). Considering these observations, the conditions laid out in
Proposition will be satisfied in practice.

3.4.5 Feature-collapse in (D)DGP

Dunlop et al. (2018) provide an in-depth analysis of function space properties DGP have, which
DDGP are equivalent to in prior space (see subsection|3.4.2|). We are interested to find what are
the necessary requirements, given a few constraints, of the function space values to collapse in
the posterior for in-distribution data points.

We now introduce some notation conventions. For D € R% and {D; € R%}L |, where d; is the
number of dimensions in the I-th layer of the hierarchy. We consider the functions f; : D;_; — R%,
with a DGP being defined as composition of functions: f,, (- - - f2 (f1 (2))).

For a DGP at layer n we assume the following posterior conditional formulation for two data points
x, x* € Dyy,_q, respectively:

» <fn(x) ) N ([KmKu_ulUn
fulz) KooK 1U,
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For subsequent derivations, we denote pu(x) = N (Ko K U, Kop — Qus).

Proposition 3.4.2. We assume f, to be bounded on bounded sets almost-surely. For a DGR, if at
each layer | we have satisfied the following inequality 7t i ||K;;Ul|]§ (fi(z) — fi(z*))? < 1, along-
side Qs ~ Ky, given two in-distributions points x and =+ we have the following result:

P (lfn(z) = fulzD)]l2 = 0 [{U}L,) =1

A proof of this proposition can be found in Appendix

Remark 3.4.3. From the constraint 7 T HK 1012 (fi(z) = fi(z*))? < 1toensure feature-collapse,
we can see that in the converse case, of avoiding feature-collapse, this can be assured by either in-
creasing the kernel variance o or | K.} U;||3, which are both responsible for the amplitude of sam-
pled functions. Moreover, another pathway to avoid feature-collapse is to increase the lengthscale
12. Intuitively, this will ensure that unseen test points close to an inducing point will reliably have their
predicted mean almost equal to that respective inducing point's value. Conversely, for lower length-
scale values, the predicted mean for an unseen points will be a weighted version of inducing points’
output values across a larger distance, hence favouring similar values for unseen points, which will
eventually lead to feature-collapse.

Now we are interested in deriving similar constraints for DDGP to suffer from feature-collapse and
possibly seeing if there are any differences.

Proposition 3.4.3. We assume f, to be bounded on bounded sets almost-sure/y For a DDGR if
at each layer [ except the first one we have satisfied the following inequality 7. T ||K LUl fi(z) —

i) + i) —mat fl();yiy'{;%’( D)o@ NIEY2 < 1 given two in-distributions points = and z*

s.t. Qry ~ Kys we have the following result:

P ([fa(x) = falz)ll2 = 0 [ {Ui}iL,) = 1

A proof of this proposition can be found in Appendix

Remark 3.4.4. The constraint for DDGP to suffer from feature-collapse %HK;JU;H%[ fi(z) —

fiws) + Lmie)=ml (j;();‘)'i”&%l @)=vthi@NI212 < 1 given two in-distributions points = and z*

s.t. Qpy = Kyyis similar to the one for DGP expect the final term in the brackets. We can see that for

any given value of fi(x) — fi(z*), since [|m(fi(z)) — m(fi(z*))[13 + llv(a(fi(z)) — v(fi(z*))3
is always positive, it will result in [f,(z) — fi(x%) + ”m(fl(m))’m(f’(‘;;();y%;l”(ﬁ’;l("”))’”(fl(””*))”g]2 >
[fi(z) — fi(x*)]%. This means that DDGP are more suitable to guard against feature-collapse than
DGP ceteris paribus. Moreover, we posit that the dependence on moment differences between two
data points will embed DDGP with smoother properties in comparison to DGP since the moments

are computed using squared exponential kernels, which will produce smoother functions. With these
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two properties in mind, we can affirm that DDGP satisfy Desideratum 1.

3.5 Experiments

Collapse of non-parametric variance in DGP. Duvenaud et al. highlighted a certain pathol-
ogy when stacking GP, respectively the increasingly more non-injective mappings as the network
increases in number of layers. In this section we highlight another pathology of DGP with zero-
mean functions, namely the collapse of non-parametric uncertainty. In Figure[3.2) we highlighted
this phenomenon for a 3-layer DGP architecture, however this is also valid for networks with even
just two hidden layers (Figure[3.5). We can observe that this pathology does not constitute a prob-
lem for DDGP due to the introduction of hybrid kernels. Moreover, we empirically find that as we
increase the number of inducing points, this erroneous behaviour is accentuated even in relatively
small networks with just two hidden layers (Figure 3.6).

Layer 1 . Layer 2

91(x)

ssssssss

(a) DGP (zero-mean function) (b) DDGP (zero-mean function)

Figure 3.5: Non-parametric variance is correctly propagated in DDGP. Top row: Layer-wise para-
metric component G, (z) showing epistemic uncertainty; Bottom row: Layer-wise non-parametric
component H;(x) showing distributional uncertainty, We can observe that for the hidden layers of
DGP it collapses to almost zero, thus rendering H;(x) almost useless except for the first layer.

DGP (Zero-mean function) DGP (PCA-mean function)
Layer 1 Layer 2 Layer 3 Layer 1 Layer 2 2. Layer 3
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Figure 3.6: Progressive collapse of distributional uncertainty in DGP. Distributional uncertainty
of DGP trained on a toy dataset with data between -5.0 and 5.0 with a varying number of inducing
points. X axis denotes input space.

To understand what is causing this pathology, we take a simple case study of a DGP with two
hidden layers trained on a toy regression dataset (Figure[3.7). Taking a clear outlier in input space,
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say the data point situated at -7.5, it gets correctly identified as an outlier in the mapping from input
space to hidden layer space as given by its distributional variance. However, its outlier property
dissipates in the next layer after sampling, as it gets mapped to regions where the next GP assigns
inducing point locations. This is due to points inside the data manifold getting confidently mapped
between -2.5 and 2.5 in hidden layer space. Consequently, what was initially correctly identified as
an outlier will now have its final distributional uncertainty close to zero. Adding further layers, will
only compound this pathology.

Layer 1 Layer 2 Layer3
A - Inlier S — +  Inlier S « Inlier
~ / “-‘ . OU::eres(m 2.5 s . Ouiwreres‘e\ 25 N . IOI‘J?\&?ES‘H
/"-\-#/_."_.-t_ " Ind:chngPl)lnts »  Inducing Paints . ‘.‘" \ + Inducing Points
/}_; 0 \ »f \f\\ ] 7“ o ’;; . \_ ,;? /’. \
Z \/ \ \ / I Z N =
S \ / 3 \ %.0 =N\
"‘-\ \J 55 S \\/
-5 " -
+ Inlier Sel ) :
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E o & =z
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Figure 3.7: Rationale behind collapse of non-parametric uncertainty. Layer-wise decomposition
of uncertainty into parametric and non-parametric for a zero-mean DGP. 00D points in input space
(red dots) get sampled in hidden layers close to in-distribution points (green dots), hence close to
inducing point locations.

Interplay between PCA mean functions and non-parametric uncertainty. \We now investigate
the effect that PCA mean function has on distributional uncertainty. In the case that the hidden
layers’ size is equal or larger than input size, then DGP will retain their 00D capabilities (Figure
[3.6). Conversely, if the hidden layers’ size is considerably lower than input size (such as image
classification) we posit that it will negatively affect 00D capabilities. We use the "banana” dataset
and train our proposed models with 2 hidden layers and 10 inducing points. The DGP distributional
uncertainty is guided by the direction of the PCA projection of the data, thereby widely extrapolating
low uncertainty regions to spatial locations where there is no data. For DDGP the PCA projection
only slightly influences distributional variance in the last layer (Figure (3.8).
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Figure 3.8: PCA mean functions influence distributional uncertainty in DGP. Top row: Layer-wise
predictive mean showcasing how the decision boundaries are formed; Bottom row: Layer-wise
distributional uncertainty, with values closer to dark red indicating low values, which translate to
increased confidence in predictions; DGP (a) and DDGP (b) models trained on the "banana” dataset.
Distributional uncertainty in hidden layers is lower on the data manifold compared to outside the
manifold for DDGP. Conversely, DGP widely extrapolate low distributional uncertainty outside the
data manifold.
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Smoothness properties From Proposition [3.4.2] and [3.4.3] we would expect that DDGP exhibit
smoother hidden layers features. Using our previous experiment on the “banana” dataset, we keep
track of correlations between two focus points with respect to full input space (Figure[3.9). The
increased “locality” of features in layer 3 is striking in the case of DDGP. Moreover, we notice even
in layer 2 a slight difference in smoothness between the two models.

* Classl
P

= Focus
* Class0 atd
™

Figure 3.9: Smoothness comparison between DGP and DDGP. Correlation of two focus data
points (purple dots) with respect to full input space spectrum at hidden layers for DGP (PCA mean
function) and DDGP (PCA mean function) trained on “banana” dataset. DDGP (right panel) exhibit
smoother and more “local” correlations.

Performance on real-life data. Besides testing whether DDGP surpass DGP in terms of 00D
detection, itis also of vital importance to see whether DDGP manage to obtain calibrated predictive
distributions on medium and large scale datasets. For this we evaluate our models on datasets
from the UCI machine learning dataset repository. All of the experiments were run with the same
initializations of variational parameters and kernel hyperparameters, with the goal of comparing
DDGP with DGP for 2, 3 and 4 layers. We used 100 inducing points at each layer, with 5 dimensions
per hidden layer and PCA mean functions. The baseline SVGP model also uses 100 inducing points.
Further details regarding training and initialization are given in Appendix[A.3]

Regression results. In terms of predictive log-likelihood values on test data, DDGP generally
surpass their DGP counterparts on regression datasets, with an overall diminished performance
seen only on the “WineRed” and “WineWhite” datasets (see Figure [3.104] for a visual inspection).
From Table[3.Tg] we can notice that the best performing model across datasets in terms of rank is
the DDGP with 2 layers. DDGP models outperform their DGP counterpart in terms of average rank
regardless of the number of layers.
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Figure 3.10: Results on UCI datasets. Top: Test log-likelihood values on regression datasets.
Bottom: Test log-likelihood values on classification datasets. All subplots: 10 different splits of
the dataset for each model are taken into the composition of each boxplot. Higher values (to the
right) indicate better model fit.

Classificationresults. [nterms of predictive testing set results on classification datasets, the be-
haviouris roughly similar, with noticeable improved performance of DDGP on the following datasets:
"Avila”, “Letters” and "MNIST” (see Figure[3.70b] for a visual inspection). Conversely, the same can
be said for DGP on the “Wisconsin” dataset. Just like in the case of regressions tasks, DDGP models
outperform their DGP counterparts regardless of number of layers. We can also notice that SVGP
is the best performing model across datasets in terms of average rank (see Table[3.1b).

Out-of-distribution detection. We adapt DDGP to the architecture introduced in Deep Convolu-
tional GP (DCGP) (Blomqvist et al. 2018), obtaining the Distributional Deep Convolutional GP (DistD-
CGP). The goal is to investigate their 00D detection capabilities on real data. To detect outliers we
need a scalar measure encompassing the uncertainty present across all classes. For this we use

Sebastian Popescu Uncertainty Quantification with Gaussian Processes 82



3.5. Experiments DistDGPs

0.87(0.03) 1.11(0.01)

Dataset ‘ SVGP ‘ DGP-2 DDGP-2 DGP-3 DDGP-3 ‘ DGP-4 DDGP-4
Boston | -7.97(0.66) | -11.65(1.23) -962(077) | -15.95(2.16) -14.26 (2.16) | -17.09 (1.20) -20.81(2.45)
Concrete | -26.25(0.75) | -38.50 (3.54) -29.27 (2.98) -42.47 (3.98) -37.58(4.87) | -52.00(490)  -46.96 (5.65)

Kingmn | 0.51(0.00) | 077(0.02) 1.06(0.03) | 084(0.01) 1.12(0.03)

(o
Protein | -2.948(0.002) | -2.921(0.003)  -2.858(0.012) | -2.921(0.004)  -2.837(0.004) | -2.920(0.010)  -2.834 (0.010)
(

(
WineRed | -1.02(0.00) | -0.99 (0.00) 1.05(0.02) | -1.02(0.01) -1.08 (0.03) -1.03 (0.01) -111(0.02)

WineWhite | -1.075(0.002) | -1.074(0.011)  -1.078(0.006) | -1.082(0.004) -1106(0.013) | -1.080(0.009)  -1.092(0.018)

Yacht | -26.52(2.31) | -85.60(1438)  -66.75(18.97) | -114.92(4.05)  -99.85(12.97) | -15435(7.24)  -130.86 (7.66)

YearPredictionMSD | -3.616 (0.000) | -3.608(0.000)  -3.596 (0.000) | -3.604(0.001)  -3.598 (0.000) | -3.603(0.001)  -3.598 (0.001)
Average ranks | 3.75(264) | 3.77(182) 272(1.28) |  46(1.01) 3.67 (1.97) 7925 (1.53) 755 (2.36)

(a) Results on UCI regression datasets.

Dataset ‘ SVGP ‘ DGP-2 DDGP-2 ‘ DGP-3 DDGP-3 DGP-4 DDGP-4

Avila | -0.69 (0.01) | -0.98(0.07) -0.68(0.01) | -1.03(0.02) -0.70 (0.02) 1.05(0.02) -0.71(0.02)

Letters | -0.74(0.01) | -1.69 (0.01) -1.04(0.03) | -1.83(0.02) -1.04 (0.04) 1.89 (0.05) 110 (0.04)

Biodegradation | -0.32(0.01) | -0.35(0.02) -039(0.01) | -0.44(0.03) -0.45 (0.03) 0.47 (0.00) -0.43(0.02)
Magic | -0.317(0.007) | -0.313(0.002)  -0.309 (0.003) | -0.314(0.004) -0.338 (

(

( (

( (

( (

Yeast | -1.13(0.01) | -122(0.03 1.29(
( (

( (

( (

(

(

(8
) 1.30 (0.01) 0.02) 1.34(0.01) -1.32(0.03) -133(0.01)
Wisconsin | -0.26(0.04) | -0.13(0.01) 0.20(0.05) | -0.12(0.02) 0.25(0.02) -0.11(0.01) -0.24 (0.04)
MNIST | 0.10(0.00) | -0.39(0.02) 0.18(0.00) | -0.38(0.00) -0.23(0.01) -0.42 (0.01) -0.23 (0.00)
Fashion-MNIST | -0.36(0.00) | -0.49(0.00) 051(0.00) | -0.54(0.00) 0.52(0.01) -0.52 (0.03) -0.50 (0.02)
Averageranks | 2.35(2.05) | 3.52(1.62) 3.02(140) | 495(1.75) 4.57(1.73) 5.2(2.01) 4.37(1.51)

(b) Results on UCI classification datasets.

Table 3.1: Average test log-likelihood (standard error) results for ten splits on UCI regression
datasets. Higher values indicate better model fit; Average rank (standard error) based on test
log-likelihood results across all datasets and splits. Lower rank values indicate better position
in hierarchy. Highlighted in bold for each row is the best result.

the distributional differential entropy introduced in equation (2.55). This has the effect to measure
the overall distributional uncertainty in logit space, with higher values representing more uncer-
tainty.

In these experiments we assess the capacity of our model to detect dataset shift by training it
on MNIST (LeCun|1998) and comparing the uncertainty measures computed on the testing set of
MNIST (i.e., in-distribution data) with the ones obtained from NotMNIST (Bulatov|2011) and SVHN
Netzer et al. (2011), which are out-of-distribution. Further information about these datasets along-
side sample figures can be found in Appendix[A.3|

The hypothesis is that we ought to see higher differential entropy for distributional uncertainty for
the digits stemming from a wide array of fonts present in NotMNIST and SVHN as none of the fonts
are handwritten. We additionally compare with FashionMNIST, to discern if models are capable of
flagging anomalous inputs when deployed in a user-facing system.

We notice an abrupt loss in AUC scores on SVHN and FashionMNIST for 3 layers DCGP when
transitioning from 50 to 100 inducing points. This reinforces the observed pathology that in most
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Model Hidden | MNIST vs. NotMNIST MNIST vs. SVHN MNIST vs. FashionMNIST
Layers AUC AUC AUC

Inducing Points 50 100 50 100 50 100
DCGP 110.71 0.69 1.0 1.0 0.98 0.98
DistDCGP 110.87 0.95 1.0 1.0 0.98 1.0
DCGP 210.64 0.59 0.97 0.99 0.94 0.92
DistDCGP 210.97 0.84 1.0 1.0 1.0 0.98
DCGP 310.64 0.70 0.97 0.89 0.94 0.84
DistDCGP 310.95 0.86 1.0 1.0 0.96 0.92

Table 3.2: 00D detection results. Performance of 00D detection based on distributional uncer-
tainty differential entropy. Models with different inducing point numbers in hidden layers are trained
on MNIST (normative data).

cases, increasing the number of inducing points results in loss of 00D capabilities. One notable
exception is for discerning NotMNIST from MNIST, whereby increasing the number of inducing
points actually helps (only in the case of 3 hidden layers). On NotMNIST we notice a substantial
discrepancy between the two in favor of DistDCGP (see Table[3.2). Overall, DistDCGP manages
to surpass or be on par with DCGP in any given comparison regardless of network architecture.
Further figures showcasing differences in their distributional differential entropy histograms are

provided in Appendix

3.6 Discussion

We have shown under a set of assumptions that total uncertainty can be correctly propagated
under the DSVI framework introduced in Salimbeni and Deisenroth (2017) only in the case that the
first order derivative of the predictive mean function attains maximum values at the point where
previously identified OOD points get mapped to. Intuitively, total uncertainty for 00D points will
be higher compared to in-distribution points, if the parametric component of the current layer's
SVGP provides a diverse set of function samples when evaluated at points where the 00D point
got mapped in the previous layer.

The collapse of distributional uncertainty as we increase the number of inducing points in the hid-
den layers is caused by the progressive mapping of data points which in lower layers were flagged
as 00D to regions close to inducing points in the next layer in the case that in-distribution data
points are mapped in intervals centred around zero in hidden layer space. This leads to the deac-
tivation of h(-) (see equation i.e., non-parametric component in SVGP) in all layers, except
the first. Hence, in these situations DGP rely just on the variance stemming from g(-) (see equa-
tion|2.54] i.e., parametric component of SVGP). These aforementioned remarks are valid only for
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zero-mean function DGP.

The PCA based projections stemming from the training data as introduced in Salimbeni and Deisen-
roth (2017) help to solve these aforementioned issues. However, these also come with a hidden
cost, as the PCA projections will wildly extrapolate the regions of low distributional uncertainty
in directions perpendicular to the eigenvectors in the case of high-dimensional datasets that are
projected down in hidden layer space (see experiments on “banana" dataset as shown in Figure
[3.8). Our proposed framework solves this problem as the Wasserstein-2 part of our hybrid kernel
explicitly takes into account differences between the variance of hidden layer SVGPs. Intuitively,
even if the predictive mean component of the SVGP is dominated by the PCA projection, which
could coincide with the projection values of the training set, if the variance component is higher
then the Wasserstein-2 distance will highlight this domain shift with higher distributional uncer-
tainty. Besides this intuition, we have also provided theoretical guarantees that total uncertainty
is higher for 00D points compared to in-distribution points for DDGP in the case that the inducing
locations’ variance is close in distribution to total uncertainty of in-distribution points at that hid-
den layer. This is a scenario which happens in practice as the variance of inducing locations will
be optimized to match that of the in-distribution points. Future work should explore methods to
explicitly enforce this match in distribution between inducing locations and in-distribution predic-
tive distributions. Recent work (Ober and Aitchison 2021, Ustyuzhaninov et al.2019) has proposed
to propagate the initial inducing locations in input space through the hierarchy, thus obtaining pre-
dictive distributions for these “global" inducing points at each layer. Under this construction, the
distribution match between inducing locations and in-distribution points will be guaranteed at each
layer in DDGP. This remains as a prospective research avenue.

Besides theoretical guarantees on correct propagation of distributional uncertainty in DDGP, we

have also shown that DDGP have theoretical guarantees to better guard against feature-collapse.

Moreover, the Wasserstein-2 distance based on predictive moments will cause DDGP to be smoother
compared to DGP (see Figure[3.9). Due to all these attractive properties of DDGP it is perhaps un-

surprising that on 00D detection tasks our proposed model has managed to surpass baseline

models.

Besides obtaining better 00D detection results, another important aspect is to obtain well cali-
brated predictive distributions at testing time. From our UCI datasets experiments we have seen
that DDGP outperform their DGP counterparts in terms of predictive log-likelihood on testing points
regardless of the number of layers. We hypothesize that this is primarily caused by the fact that
DDGP have two pathways in its mapping between hidden layers: a stochastic one represented by
the process of sampling and the Euclidean kernel and a deterministic one, which comprises the un-
derlying Gaussian distributions and the Wasserstein-2 distance based kernel (see equations
and (3.7)). The former has the role of maintaining the stochastic nature of hidden layers (implic-
itly maintaining the resulting model as a DGP, as opposed to a deterministic kernel-based deep
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embedding akin to the encoder network present in DKL) and to introduce correlations between
data points, whereas the latter pathway was motivated due to its ability to discern between data
points which were previously identified as outliers or inliers. However, the deterministic pathway
might have another role, that is to transfer information throughout the hierarchy without the risk
of losing valuable information through sampling, thus potentially resulting in faster convergence
properties.

Hidden layer features in very wide (i.e., high-dimensional hidden layers) DGP using isotropic kernels
can collapse to a thin hyper-sphere. In Appendix[A.4 we offer more details on this pathology, also
showing that hybrid kernels can guard against it.

In this chapter we have used Wasserstein-2 based kernels operating on distributions due to the
simplicity of their analytical formula for Gaussian distributions, one that directly uses the variance
terms of the two distributions to be compared, hence enhancing 00D detection capabilities (see
Figure 3.4 for illustration). Besides this, kernels using OT are the default method for GP operating
on distributions (Bachoc et al.[2023). However, other methods could have been applied such as
Probability Product Kernels (Jebara et al.2004) or maximum mean discrepancy (Gretton et al.[2012;
Modeste and Dombry2022). These pursuits remain viable research topics for future work.

In conclusion, we have shown that DDGP are better suited for outlier detection on both toy and
real datasets, while also showing slight improvements at testing time in medium and large scale
datasets.
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Chapter 4

Distributional Gaussian Processes
Layers

This chapter is based on the following publication:

(a) Popescu, S. G., Sharp, D. J., Cole, J. H., Kamnitsas, K., and Glocker, B. (2021). “Distribu-
tional Gaussian Process Layers for Outlier Detection in Image Segmentation”. In: Interna-
tional Conference on Information Processing in Medical Imaging. Springer, pp. 415-427 -
(Popescu et al. [2021)

The code for all experiments is available at https://github.com/SebastianPopescu/DistGP_
Layers.

We propose a parameter efficient Bayesian layer for hierarchical convolutional Gaussian Processes
that incorporates Gaussian Processes operating in Wasserstein-2 space to reliably propagate un-
certainty. This directly replaces convolving Gaussian Processes with a distance-preserving affine
operator on distributions. Our experiments on brain tissue-segmentation show that the resulting ar-
chitecture approaches the performance of well-established deterministic segmentation algorithms
(U-Net), which has not been achieved with previous hierarchical Gaussian Processes. Moreover, by
applying the same segmentation model to out-of-distribution data (i.e., images with pathology such
as brain tumors), we show that our uncertainty estimates result in out-of-distribution detection that
outperforms the capabilities of state-of-the-art 00D detection models and reconstruction-based
approaches that learn normative distributions.
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4.1. Introduction DistGP Layers

4.1 Introduction

Deep learning methods have achieved state-of-the-art results on a plethora of medical image tasks,
such as segmentation and clinical risk assessment (Imai et al.|2020; Tang2019; Zhou et al.|2027).
However, their application in clinical settings remains challenging due to issues pertaining to lack
of reliability and miscalibration of confidence estimates. Reliably estimating uncertainty in predic-
tions is also of vital interest in adjacent machine learning fields such as reinforcement learning, to
guide exploration, or in active learning, to guide the selection of data points for the next iteration
of labelling.

As we previously discussed in section |11} distributional uncertainty represents a recent addition
to the uncertainty quantification toolkit. Unsurprisingly, most research pertaining to incorporating
uncertainty into medical image segmentation has gravitated around modelling inter-rater variability
and the inherent aleatoric uncertainty associated to the dataset, which can be caused by noise
in the data acquisition process or inter-class ambiguities, alongside modelling the uncertainty in
parameters (Czolbe et al. [2021). However, less focus has been placed on how models behave
when processing unexpected inputs which differ from the characteristics of the training data (i.e.,
quantifying distributional uncertainty). Such outliers or out-of-distribution samples, could possibly
lead to deleterious effects in healthcare applications, where predictive models may encounter data
that is corrupted or from patients with diseases that the model is not trained for (Curth et al.[2019;
Martensson et al.2020).

00D detection in medical imaging has been mostly approached through the lens of reconstruction-
based techniques involving some form of encoder-decoder network trained on normative datasets
(Chen et al. 2019, 2027). Conversely, we focus on enhancing task-specific models (e.g., a seg-
mentation model) with reliable uncertainty quantification that enables outlier detection, based on
the distance-aware property introduced in section This will represent the primary goal of this
chapter.

An automated method that achieves higher accuracy, but with the downside of inaccurately cap-
turing uncertainty can prove to be dangerous (Jiang et al.2012). With that in mind, standard DNN,
despite their high predictive performance, often show poor calibration between confidence esti-
mates and prediction accuracy, as estimated by Expected Calibration Error (Guo et al.|2017), when
processing unseen samples that are not from the data manifold of the training set (e.g., in the
presence of pathology). To alleviate this, Bayesian approaches that assign posteriors over weights
or in function space have been proposed (Wilson and Izmailov 2020). However, either assigning
priors on weights or in function space does not necessarily lend itself to reliable 00D detection
capabilities by virtue of inspecting the predictive variance of the model as was shown in Hen-
ning et al. (2021). The authors argue that infinite-width networks, trained via the Neural Network
Gaussian Process (NNGP) kernel (Lee et al.[2017), are not reliable for 00D detection since they
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show that the associated NNGP kernel is not correlated with distances between objects in input
space. This loss of distance-awareness after encoding data has catastrophic effects on 00D detec-
tion, as we will soon see. Similarly, Foong et al. (2019) describe a limitation in the expressiveness
of the predictive uncertainty estimate given by mean-field variational inference (MFVI) when ap-
plied as the inference technique for Bayesian Neural Networks (BNNs). Concretely, MFVI fails in
offering reliable uncertainty estimates in regions between well-separated clusters of data, which
the authors coin as in-between uncertainty, with potentially catastrophic consequences for active
learning, Bayesian optimisation and 00D detection. This over-confidence in regions between data
clusters can be caused by the fact that the mean field assumption can in some cases severely
restrict the complexity of uncertainty estimates a BNN can express in function space. The authors
prove that strong dependencies are required between parameters so as to both fit the data regions
and exhibit increased predictive uncertainty in the in-between regions (see appendices C and D in
Foong et al. (2019)).

In this chapter we follow an alternative approach, using GP as the building blocks for deep Bayesian
networks as we have previously discussed in section The use of GP for image classification
has garnered interest in the past years. Hybrid approaches, whereby a DNN's embedding mecha-
nism is trained end-to-end with a GP as the classification layer, were the first attempts to unify the
two approaches (Bradshaw et al.2017). The first convolutional kernel was proposed in Wilk et al.
(2017), constructed by aggregating patch response functions, which they authors have coined as
Convolutional GP (CGP). This type of GP was placed on top of feed forward layers governed by
GP applied in a convolutional manner, with promising improvements in accuracy compared to their
shallow counterpart (Blomgyvist et al.[2018). We expand on the latter work, by introducing a simpler
convolutional mechanism, which does not require convolving GP at each layer and hence alleviates
the computational cost of optimizing over inducing points’ locations residing in high dimensional
spaces alongside the issues brought upon by multi-output GP. We propose a plug-in Bayesian layer
more amenable to CNN architectures. More concretely, we seek to replace each individual com-
ponent of a standard convolutional layer in convolutional neural networks (CNN), respectively the
convolved filters and the non-linear activation function. Firstly, we impose constraints on the filter
such that we have an upper bound on distances after the convolution with regards to distances
between the same objects beforehand. This will ensure that objects which were close in previous
layers will remain close going forward, which as we shall see later on is a fundamental property
for reliable 00D detection. Moreover, directly using convolved filters as opposed to convolved GP
(Blomaqvist et al.[2018) solves the issue with optimizing high-dimensional inducing points’ loca-
tions alongside introducing a simpler mechanism by which we can introduce correlations between
channels (Nguyen, Bonilla, et al.2014). Secondly, we replace the element-wise non-linear activation
functions with Distributional Gaussian Processes (DistGP) (Bachoc et al.2017) used in a one-to-
one mapping manner, essentially acting as a non-parametric activation function. In this chapter
we will show that our proposed module is also suited for 00D detection on both toy/image data
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and biomedical scans.

Related work. Research into Bayesian models has focused on a separation of uncertainty into
two different types, aleatoric and epistemic. The former is irreducible, given by noise in the data ac-
quisition process and has been considered in medical image segmentation (Monteiro et al.[2020),
whereas the latter can be reduced by providing more data during model training. This has also
been studied in segmentation tasks (Nair et al.{2020). Previous work proposed to account for the
uncertainty in the learned model parameters using an approximate Bayesian inference over the
network weights (Kendall et al.[2015). However, it was shown that this method may produce sam-
ples that vary pixel by pixel and thus may not capture complex spatially correlated structures in the
distribution of segmentation maps. The probabilistic U-Net (Kohl et al.[2018) produces samples
with limited diversity due to the fact that stochasticity is introduced in the highest resolution level
of the U-Net (Ronneberger et al.2015). To solve this issue, Baumgartner et al. (2019) introduce a
hierarchical structure between the different levels of the U-Net, hence introducing stochasticity at
each level. Another improvement on the Probabilistic U-Net comes by adding variational dropout
(Kingma et al. 2015) to the last layer to gain epistemic uncertainty quantification properties (Hu
etal.|2019). All the models previously introduced relied on multiple annotations of the images with
the intended goal of capturing uncertainty in annotations via sampling from some form of latent
variables which encode information about the whole image at varying scales of the U-Net. How-
ever, none of these previous works test how their models behave in the presence of outliers, thereby
do not consider techniques for quantifying distributional uncertainty, that increases away from the
training data manifold (see section[1.1), which we use here as a measure of 00D detection. To
find similar metrics for 00D detection we explored general OQD literature for models which can be
used for image segmentation. Variations of classical one-versus-all models have been adapted to
neural networks (Franchi et al.[2020; Padhy et al.[2020). The closest work that we could find to our
proposed approach uses a deep network as a feature extractor for a RBF network (Amersfoort et al.
2020). The authors quantify epistemic uncertainty as the L2 distance between a given data point
and centroids corresponding to different classes, much alike the RBF kernels and the inducing point
approach seen in SGP. The authors enforce Lipschitz smoothing of their feature extractor through
a double gradient penalty, to maintain the L2 norm of the Jacobian close to the Lipschitz constant.
Through this technique, the authors make the case that their proposed bi-Lipschitz network does
not suffer from feature collapse, which is the pathological scenario whereby almost all data from
the training set manifold (in some cases including 00D manifolds) gets mapped to a small finite
set of values, with detrimental effects for 00D detection capabilities (see section|1.2).

Contributions. To summarize, this chapter makes the following advancements:

+ Weintroduce a Bayesian layer that combines convolved affine operators that are upper bounded
in Wasserstein-2 space and DistGP as “activation functions”, which results in an expressive
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non-parametric convolutional layer with Lipschitz continuity and reliable uncertainty quantifi-
cation.

+ We derive theoretical requirements for the model to not suffer from feature collapse, with
additional empirical results to support the theory.

+ We demonstrate that a GP-based convolutional architecture can achieve competitive results
in segmentation tasks in comparison to a U-Net.

+ We show improved 00D detection results on both general 00D detection tasks and on medical
images compared to previous 00D approaches such as reconstruction-based models.

4.2 Deep Wasserstein Kernel Learning

Shift towards single-pass uncertainty quantification. Early methods for uncertainty quantifica-
tion in BDL have focused on estimating the variance of samples from different sub-models, such as
in using dropout (Gal and Ghahramani|2016a), Deep Ensembles (Lakshminarayanan et al.{2017) or
in sampling posterior network weights from a hypernetwork (Pawlowski et al.[2017). This results
in slow uncertainty estimation at testing time, which can be critical in high-risk domains where
speed is of essence (e.g., self-driving cars). Recent work in 00D detection has focused on es-
timating proxies for distributional uncertainty in a single-pass, such as in bi-Lipschitz regularized
feature extractors for GP (Amersfoort et al.2021; Liu et al.2020a) or in parametrizing second-order
uncertainty via neural networks within the framework of evidential learning (Amini et al.2019; Char-
pentier et al.|2020). With this shift towards single-pass uncertainty quantification, DDGP and the
hybrid kernel introduced in subsection|3.4.2|are no longer appropriate since they involve sampling
the features at each hidden layer. In the next subsection we detail a deterministic variant of DDGP
that still preserves correlations between data points in the hidden layers.

4.2.1 Generative Process

We now write the generative process of this new probabilistic framework entitled Deep Wasserstein
Kernel Learning (DWKL) for 2 layers:

p(F1) = N (PCA(Fy), diag [Kf]) (4.1)
p(Fg) :N(kawz (p(Fl)ap(Fl))) ) (42)

where for simplicity we consider F, = X and by PCA(F;) we denote the PCA mean function
for the corresponding points in input space. Due to the introduction of PCA mean functions, data
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points inthe hidden layer are now correlated. To make this clear, we can explicitly calculate it:

Ry r —W2 (i, W21 s
Fy N 0 o3 exp—w 02 eXp_M 3
"\, ol o2 oy - “WRm) 20 Whan) -
9.j 0] |oFexp 5 02 exp 2
o] [ 02 KM
~N N T N I (4.4)
_0_ _Kj,ig )

where p; ~ N (PCA(Fy;), o7) and u; ~ N (PCA(Fy ), o3). If the PCA embeddings of x;
and z; are different, then the Wasserstein-2 distance will be different than zero, hence introducing
correlations.

4.2.2 Evidence lower bound

Deep Kernel Learning (DKL) (Wilson et al.[2016) is defined as a shallow GP with the input encoded
by a neural network:

p(Y, Fr,UL) = p(Y|Fr) p(FL|UL; Zp—1, Enc(X))p(Uz) , (4.5)
S—— ~~ d
likelihood prior

where Enc(X) represents the input passed through a neural network encoder, which provides a
deterministic transformation of the data that is then fed into a SVGP operating on Euclidean data
(i.e., using standard squared exponential kernel).

We diverge from this approach by using a succession of DistGP with Wasserstein-2 kernels as the
encoder network, hence our transformed input is given by a Gaussian distribution ¢(F,_1). Using
the first two moments of the penultimate layer, we introduce a DistGP so as to obtain the final
predictions. The conditional equation for DistGP at arbitrary layer I > 2 is written as:

PR | Ui 2, Froa) = N(F KRN0 K = Q) (4.6

where we have distributional inducing points Z,—1 ~ N (Z,—1 | Mz,_,,%z_,) and uncertain
input stemming from previous layer £;_; ~ N <Fl_1 | f]l_l(E_z),il_l(E_z)). For compu-
tational reasons we take both EH(FH) and Xz, to be diagonal matrices. The first layer is
governed by a standard SVGP operating on Euclidean data, hence for I = 1 we have ¢(F;) ~
A&Fl | Uy (x), il(a:)>, which is the standard predictive equation for SVGP as given in equations

727 and @.5)

Sebastian Popescu Uncertainty Quantification with Gaussian Processes 92



4.3. Distributional GP Layers DistGP Layers

The joint density prior of DWKL is given as:

p(Y | F)p(Fr | UL; Z—1, Enc(X)) | |P(Ul) ; (4.7)
LY =1
likelihood o ~ _
prior

where in our case Enc(X) ~ N (UL_l(FL_Q), iL_l(FL_2)> that acts as the uncertain input
for the final layer DistGP that maps to output space. We introduce a factorized posterior between
layers and dimensions q(Fr, {Ui}2,) = p(FL|UL; Z1 1) [T, q(Ur), where g(U;) is taken to be
a multivariate Gaussian with mean my, and variance Sy,. This gives the DWKL variational lower
bound:

L
Lprxwr = Eq(FL,{Ul}lL:l)p<Y|FL) - Z KL [q(U)[lp(U)] (4.8)
=1

where ¢(Fp) = N(UL(Enc(X)),SL(Enc(X))). For1 < | < L — 1, F} act as features for
the next kernel as opposed to random variables that need to be integrated out (as in the case of
DGP or DDGP). We provide the pseudocode of the previously mentioned operations (see Algorithm

).

Algorithm 1: Deep Wasserstein Kernel Learning

Input: Euclidean data X = Fj

First layer is standard sparse variational GP

Variational Parameters: U; ~ N (my,, Sy,)

Inducing Points: Euclidean space Z,

a(F) = N(F | KFEKSE mu,, K5 — KEPRSE (KSE — Su ) K5E K5

fori =2to L do
Hidden layers are distributional sparse variational GP
Variational Parameters: U, ~ N (my,, Su,)
Distributional Inducing Points: 7, _, ~ N (Mz,_,, ¥z, ,)

2 . .

Compute K}2: o7 exp > ', —2 B bl 2ol

I7q
W2 (Z115,d), 211 [:,d))
2

ll,d
o(F) = N(Fy | K2 KW "my,, Kip — KPR (K — Sy | KT K2
end for
. . L
MaX|m|ze ELBO. EQ(FL)7{Q(UZ}IL=1)p(Y’FL) — Zl:l KL [C](Ul)Hp(Ul)]

Compute KV2: o7 exp 371

4.3 Distributional GP Layers

Integrating GP in convolutional architectures. The standard choice of using GP in a convo-
lutional manner is the Deep Convolutional Gaussian Processes model (Blomqvist et al. [2018),
whereby a convolutional GP (Wilk et al.2017) is used on top of a succession of feed-forward SVGP
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layers which process data in a convolutional manner similar to standard convolutional layers. This
formulation does come with some drawbacks as we highlighted in subsection|1.3} namely the issue
of devising high-dimensional multi-output GP (Wilk et al.2020a) and optimizing high-dimensional
inducing point locations in the case of using convolutional architectures with high-dimensional
channels. In this section we introduce an alternative to this framework for integrating GP in a con-
volutional architecture, one that is more amenable to modern convolutional architectures. We com-
mence by describing this probabilistic module, subsequently computing conditions for Lipschitz
continuity while also providing theoretical requirements for feature-collapse to occur, alongside in-
vestigating if over-correlation in the representation learning layer is implicitly favoured via our loss
function. Lastly, we adapt standard CNN-specific layers (e.g., average pooling) to be suitable for
our proposed probabilistic framework.

4.3.1 Module architecture

Deterministic Stochastic Convolutionally  Post-activation
Layer Wo Layer Warped Dist-GPs Layer
w;
k1 P
| Al
kol g —
] a5k " 7<
1 “ »p 7(
v — K
Hy |4 nim A
o A pre post
A,A// Fz Fz
//,ﬁ},
A Affine DistGP “activation
‘ G R operator function”

|

Input Space Convolved GP Measure preserving DistGP layer

Figure 4.1: Schematic of measure-preserving DistGP layer. Sparse variational GP is convolved
on input data to obtain first hidden layer. Lipschitz constrained affine operator is convolved on
stochastic layer, propagating both mean and variance to obtain the pre-activation of the second
hidden layer. Distributional GP is applied element-wise to introduce non-linearities and to propagate
distributional uncertainty in the post-activation of the second hidden layer.

For ease of notation and graphical representation we describe the case of the input being a 2D
image, with no loss of generality. We denote the image’s representation F; € RH:We.C1 with width
W, height H; and C; channels at the I-th layer of a multi-layer model. Fj is the image. Consider
a square kernel of size k; x k;. We denote with Fl[p’k” € RFk:Cr the p-th patch of £}, which is
the area of F; that the kernel covers when overlaid at position p during convolution (e.g. orange
square for a 3x3 kernel in Figure. We introduce the convolved G P : Fo[p’ko] — N (m, k) with
Zy € RFok0.Co tg he the SGP operating on the Euclidean space of patches of the input image in
a similar fashion to the layers introduced in Blomqvist et al. (2018). For 1 < I < L we introduce
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affine operators A4; € RFvkCi-1.Cupre which are convolved on the previous stochastic layer in the
following manner:

m(F/") = Convop(m(Fi_1), A;) (4.9)
v(F™) = Convyp(v(Fi—1), 4 © A, (4.10)

where @ represents the Hadamard product. The affine operator is sequentially applied on the
mean, respectively variance components of the previous layer F;_; so as to propagate the Gaus-
sian distribution to the next pre-activation layer F;”°. To obtain the post-activation layer, we apply
a DistGP, : Flp’"e’[p’” — N(m, k) in a many-to-one manner on the pre-activation patches to
arrive at FP°*". Figuredepicts this new module, entitled “Measure preserving DistGP” layer with
pseudo-code offered in Algorithm[2] In Blomqyist et al. (2018) the convolved GP is used across the
entire hierarchy, thereby inducing points are in high-dimensional space (k7 * C;). In our case, the
convolutional process is replaced by an inducing points free affine operator, with inducing points
in low-dimensional space (C; ) for the DistGP activation functions. The affine operator outputs
Cipre, Which is taken to be higher than the associated output space of DistGP activation func-
tions C;. Hence, the affine operator can cheaply expand the channels, in contrast to the layers
in Blomaqvist et al. (2018) which would require high-dimensional multi-output GP. We motivate the
preservation of distance in Wasserstein-2 space in the following section. Previous research has
highlighted the importance of having an upper bound on ||A(z1) — A(22)||n < Lupper||1 — 22]|2)
as it ensures a certain degree of robustness towards adversarial examples, since it prevents the
hidden forward mappings from being overly sensitive to the conceptually meaningless perturba-
tions in input space (Jacobsen et al.[2018; Sokoli¢ et al.[2017, Weng et al. [2018). Conversely, the
lower bound [|A(x1) — h(z2)||n > Liower||T1 — 2] ensures that the forward mappings do not
become invariant to semantically meaningful changes in the input Amersfoort et al. (2020).

4.3.2 Imposing Lipschitz Conditions in Convolutionally Warped DistGP

If a sample is identified as an outlier at certain layer, respectively being flagged with high variance,
in an ideal scenario we would like to preserve that status throughout the remainder of the network.
As the kernels operate in Wasserstein-2 space, the distance of a data point’s first two moments
with respect to inducing points is vital. Hence, we would like our network to vary smoothly between
layers, so that similar objects in previous layers get mapped into similar spaces in the Wasserstein-
2 domain. In this section, we accomplish this by quantifying the “Lipschitzness” of our “Measure
preserving DistGP” layer and by imposing constraints on the affine operators so that they preserve
distances in Wasserstein-2 space.

Proposition 4.3.1. for a given DistGP F and a Gaussian distribution u ~ N'(my, ) to be the

centre of an annulus B(z) = {v ~ N (mg,3s) | 0.125 < M < 1.0 and choosing any

v inside the ball we have the following Lipschitz bounds: Wy (F(u), F(v)) < LWs(u,v), where
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Algorithm 2: Distributional Gaussian Processes Layers
Input: Euclidean data X = F, € RHoWo.Co
First layer is convolved sparse variational G P : Fo[p’ko] — Fl[p]
Variational Parameters: U; ~ N (my,, Sy,)
Inducing Points: Euclidean space 7, € RFo-+0.Co
a(F) = N(F | KEKSE mu,, K3 — KEPKSE (KSE — Su ) K5E K5
fori =2to L do
Affine operators: A; € R¥*:Ci-1.Cpre
m(F{"®) = Convap(m(Fi_1), Ay)
’U(F’lpre) = Conng(v(Fl_l), A O Al)
Hidden layer activation functions are distributional sparse variational GP
DistGP, - Flme,[p,ll N F}post,[nl}
Variational Parameters: U, ~ N (my,, Su,)
Inducing Points: Z,_, ~ N (Mz,_,, ¥7_,)

_ 2 . .

COmPUte K‘}Yg/f: Ul2 eXp Zfl):ll W2 (q(Fl—lll[%;d])?Zl—l['vd])

Compute K W2 O_lz exp 251 , —W3(Zy_1[:,d), Z1—11:,d))

uu = ll2,d
08 271 271 o 271
QFP) = N(Fy | KPR my,, KPP — KRR K (K — Sy KWV K
end for
- . L
Maximize ELBO: EQ(FL7{Q(UZ}ZL=1)p<Y | Fr) — >, KL [q(U))||p(Uh)]

L= (2K m|3+ | Kyl (K — S) Kl|o) and 1, o2 are the lengthscales and variance of
the kernel.

A proof of this proposition can be found in Appendix

Remark 4.3.1. This theoretical result shows that DistGP “activation functions” have Lipschitz con-
stants with respect to the Wasserstein-2 metric in both output and input domain. This will ensure
that the distance between previously identified outliers and inliers will stay constant if the Lipschitz
constant is set to 1. However, it is worthy to highlight that we can only obtain locally Lipschitz con-
tinuous functions, given that we can only obtain Lipschitz constants for any Gaussian distribution v
inside the annulus B(x) = {v ~ N (mg,35) | 0.125 < M < 1. with respect to the centre
of the annulus, p.

We are now interested in finding Lipschitz constants for the affine operator A that gets convolved
to arrive at the pre-activation stochastic layer.

Proposition 4.3.2. We consider the affine operator A € R operating in the space of multivariate
Gaussian distributions of size C. Consider two distributions y ~ N (my, %) and v ~ N(may, 03),
which can be thought of as elements of a hidden layer patch, then for the affine operator function
f(u) = N(my A, 02 A?) we have the following Lipschitz bound: Wy (f (i), f(v)) < LWs (, v),
where L = /C||W||3.

A proof of this proposition can be found in Appendix
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Remark 4.3.2. We denote the I-th layer weight matrix, computing the c-th channel by column matrix
Ay .. We can impose the Lipschitz condition to Eq.[4.9 [4.70| by having constrained weight matrices
with elements of the form A, . = A1

L ~C w2
C24/3 Wz2,c

4.3.3 Feature-collapse in DistGP Layers

In this subsection we delve deeper into the properties of DistGP layers from a function-space view.
In light of recent interest into feature collapse (Amersfoort et al. 2020), which is the pathological
phenomenon of having the representation layer collapse to a small finite set of values, with catas-
trophic consequences for 00D detection, we investigate what are the necessary conditions for our
proposed network to collapse in feature space. Subsequently, we investigate if feature collapse is
inherently encouraged by our loss function.

We commence by introducing notation conventions. We consider {u; € R?!},_q.;, where D is the
number of dimensions in the I-th layer of the hierarchy. We consider the following two functions
U, s u—y — R™and f; : R™ — w,. To relate this notation to our construction of a DistGP layer
introduced in section[4.3] m, represents the number of dimensions of the warped GP (warping per-
formed by affine deterministic layer; see dark green arrows in Figure[4.1). We denote by f; to be the
DistGP (mean function included) taking values in the space of continuous functions C'(u;; R™),
which relates to the “activation function" construction from Figure[4.7 Then we have the following
composition for a given DistGP layer:

w(r) = fi (Vi(u-1)(x)) - (4.M)

One can easily see that DWKL can be recovered by taking ; = id, instead of the affine embedding.

The first layer prior p (ul(a?)) is defined as follows:

u(T

N ([ml(x)] | [ o? kE (x,x*)]) | 412)
my(x*) kP (2%, 1) o2

w ()

*

We now define the prior post-activation layers p (
u\xr

> for I > 2 in the following recursive

manner:

N([m(az)]’[ of k%(mﬂw%m(m*))” 1)
ma(e)] " Y (@), s (@) of

where yy (x) = N (my_1(2)Wi, of ,W}?), where myy(-) = my(- )Wy --- W, and my ()W,
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signifies having the Principal Component Analysis (PCA) mean function of the first layer multiplied
by W, and averaged across its dimensions.

Proposition 4.3.3. We assume uq to be bounded on bounded sets almost-surely. If at each layer
we have satisfied the following inequalities D? (W, W;) < 1and | Dy % (W, W) + % <1,
where D, is the size of the I-th layer and W, represents a normalized version of the affine embedding
W, we have the following result:

P (JJup(x) — up(2¥)]|]2 = 0) =1 (4.14)

A proof of this proposition can be found in Appendix

Remark 4.3.3. I at each layer the following inequalities Dymy_1D,—; < Wi, W, >< 1 and
[mlDL—l * (WL, WL) + %} < 1 are satisfied then the network collapses to constant values.
Intuitively, if the norm of W, is not large enough, then it won't change the Gaussian random field
too much. Furthermore, if o is larger, which translates in increased amplitude of the samples from
the Gaussian random field, then the values will not collapse. As opposed to the hypothetical re-
quirements for DGP (Dunlop et al. 2018), we can immediately notice that for DistGP layers there is
no requirement for the kernel variance and lengthscales from intermediate layers, relying solely on
the last layer hyperparameters. Lastly, we can notice that as the width of the stochastic layers is
increased, alongside warped layers through affine embedding, the conditions are less likely to be

satisfied.

4.3.4 Over-correlation in latent space

Besides the issues pertaining to feature collapse explored in the previous subsection, we ought to
be aware of another potential issue for our proposed backbone framework DWKL.

We remind ourselves that DKL consist of using a neural network to map inputs to an intermediate
feature space, on which we use a GP. The network parameters can be considered as hyperparam-
eters of the kernel, being optimized with respected to the marginal likelihood, as is the case with
classic GP inference. From a Bayesian perspective, a higher marginal likelihood should translate to
increased performance, being often claimed that optimizing the marginal likelihood will calibrate
the complexity of the model, thus preventing overfitting Wilson and Nickisch (2015).

In Ober et al. (2021), the authors claim that this is indeed the case for models with a small amount
of hyperparameters, also showing that for models with a large amount of hyperparameters such
as the DKL, in some cases optimizing the marginal likelihood might encourage overfitting. The
fundamental premise of the paper resides in the fact that due to the marginal likelihood, the neural
network encoder might attempt to correlate all datapoints, as opposed to just the ones for which
correlations are actually important. This phenomenon of “over-correlation’ can be viewed through
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the lense of feature-collapse as introduced in Amersfoort et al. (2020).

We commence by briefly introducing the main results and derivations from Ober et al. (2027), sub-
sequently adapting them to the sparse GP scenario, which bears more resemblance to what would
more likely be used in practice.

Over-correlation in Exact DKL: The claim that the marginal likelihood guards against over-fitting
is based on the common decomposition of the log marginal likelihood into data fit and complex-
ity penalty terms, more specifically for GP we have:

logp(y) = log N (y | 0, Ky + 07 pise ) (4.15)
1 1 _
X = 5 lOg ‘ Kff + U’rzwise]n ’ - §y—|— (Kff + O—ioise[n) ' Yy, (416)
comp/ex?tj/ penalty da?a,f/t

D (pw )
where we define the squared exponential kernel k5% (x;, ;) = o exp {Z —%} for
d=1

Vz;,z; € RP and the hyperparameters to tune are given by the noise variance o2 kernel

noise’
variance o7 and lengthscales /3.
The authors used the following reparametrization o7, = G.,..07 Which results in Ky +

Oroiseln = 0F (f(ff + 6fwiseln>. The derivation proceeds by showing that if we are to differ-

noise~n

entiate the log marginal likelihood with respect to o, we would obtain:

~ - —1
d 1ng(y) d — % log O'JQc — %log ‘Kff + 512101'%[” - %yT (Kff + &ioise[n) Y
io? 1o (4.17)
N 1 /- s -1
= _27‘-]% + Ey (Kff + Unoise[n) Y. (418)

Hence, if we are to set the derivative equal to zero, we would obtain the optimal value for 0% =
<y <f(ff + &ioiseln) Plugging this value in the data fit term would result in it being equal to
£, where N is the number of training points. Hence, once the model has converged, the only way
the model can increase its log-likelihood score is by modifying the complexity penalty term, which
can be broken up as follows:

1 N 1 -
5 log |Krp + 0agisen| = 5 log o7 + 5 log | K+ 62 piseln]| - (4.19)

The minimization of the complexity penalty term can be achieved in two ways: by minimization of
oy or by minimization of ‘f(ff + 62 isel, ‘ However, there is not much benefit in minimizing o as

noise-n
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this would have an adverse effect on the data fit term. The second way implies correlating the input
points as much as possible while minimizing the impact this has on the data fit term. Hence, the
only plausible phenomenon is to have high correlations values in /s, so as to get a determinant
close to 0, a phenomenon that the authors call over-correlation.

Over-correlation in SVI DKL: In the remainder of this subsection, we derive similar results to
Ober et al. (20271) but in the sparse scenario (i.e., using a SGPR instead of an exact GP within the
DKL framework). We remind ourselves the collapsed bound (see equation (2.36)) introduced in
Titsias (2009):

1

Lritsias = 108N (4 | Q4 Opgisedn) — 52— 1 [Kyp = Q] (4.20)

1 , 1. . 1
X = 5 IOg | fo + Unoise]n | - 5'3/ (fo + O-noise]n> y— 20_2 . Tr [Kff - fo]
comp/e);t; penalty da?‘ar fit trac;erm g
(4.2)

N, 1 > ~2 L 7~ ~2

& _EO_ - 5 lOg | fo + Unoise[n | _T._Qy [fo + Onoise]n] Yy (422)

—opr 1T [Kff_fo] )

noise

where we have used again the following notation for kernelterms & (-, -) = crj%l% (,-)and o2, .. =

0-]2‘5%02‘36'
We adapt the previous derivation to our framework at hand, obtaining the following expression for

dETitsias .
dcr? :

- -1 ~ -
- #yT |:fo + &ioise[n Yy— 2521 |:Kff - fo]

noise
do?

d— %0'2 _ %10g ‘@ff + 67210ise[n

(4.23)

_ N L7 9
o _ﬁ + ﬁy |:fo + O-noise[ni| Y. (424)

Hence, if we set the derivative to 0, then we obtain that o? = $y " [fo + 62 6L 1 y, which
if we input it into the data fit term it results in &, similar to the non-sparse scenario analyzed
in Ober et al. (2021). The difference between the sparse and non-sparse framework is that after
convergence in the data fit term, the model now has to achieve over-correlation in both @ and

Ky, s0as to minimize |Q sy + 02,5 1,| while also minimizing Tr [K¢p — Q).

noise
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4.3.5 Pooling operations on stochastic layers

Previous work that dealt with combining GP with convolutional architectures Blomqvist et al. (2018),
Dutordoir et al. (2020), and Kumar et al. (2018) have used in their experiments simple architectures
involving a couple of stacked layers. In this paper, we propose to experiment with more modern
architectures such as DenseNet Huang et al. (2017) or ResNet He et al. (2016). However, both
these architectures include pooling layers such as average pooling, which for Euclidean data is a
straightforward operation since we have a naturally induced metric. Since we are using stochastic
layers that operate in the space of Gaussian distributions, this introduces some complications as
it is not desirable to sample from the stochastic layers, subsequently applying the Euclidean space
average pooling operation. Nevertheless, in the remainder of this subsection we show a simple
method for replicating average pooling in Wasserstein space by using Wasserstein barycentres
(Agueh and Carlier|[2011).

We consider probability measures 1, ..., iz and fixed weights 6., ..., 6, that are positive real num-

K

bers such that 5~ 6, = 1. For v € Py(R?), where P, is the set of Borel probabilities on R with
k=1

finite second moment and absolutely continuous with respect to Lebesque measures, we consider

the following functionals:

V()= 0:W3(p, ) (4.25)
V(i) = min V() , (4.26)

where V(1) is defined as the barycentre with respect to the Wasserstein-2 distance of the set
of probabilities {1, ..., ux }- Intuitively, barycentres can be seen as the equivalent of averaging in
Euclidean space, while still maintaining the geometric properties of the distributions at hand.

Theorem 4.3.1 (Theorem 4.2. in Alvarez-Esteban et al. (2016)). Assume 1, ..., S are
symmetric positive semidefinite matrices, with at least one of them positive definite. We take Sy €
M, , and define:

2
Sp1 = 5,12 (i %(Sé“zks;/?)”?) S\ (4.27)
k=1

If N'(0, o) is the barycenter of N'(0, 1), ..., N (0, Xg), then WZ(N(0, S,,), N (0, o) — 0
asn — oo.

Remark 4.3.4. In the case of computing the barycentre of univariate Gaussian measures, the itera-
tive algorithm converges in one iteration to Xy = (Z,f:l 9@%) 2. This provides us with a determin-
istic and single step equation to downsample stochastic layers, where we can additionally calculate

K
the mean of the barycentre by > 0xmy, where {my, - -- ,my} represent the first moments of the
k=1

Sebastian Popescu Uncertainty Quantification with Gaussian Processes 101



4.4. DistGP Layer Networks & OOD detection DistGP Layers

respective distributions.

4.4 DistGP Layer Networks & 00D detection

Influence of enforced Lipschitz condition. In this subsection we aim to visually assess if the
Lipschitz condition imposed via Proposition negatively influences the predictive capabilities.
We use a standard neural network architecture with two hidden layers with 5 dimensions each, with
the affine embeddings operations described in equations and being replaced by a non-
convolutional dense layer. From Figure[4.2]we can notice thatimposing a unitary Lipschitz constant
does not result in the over-regularization of the predictive mean. A slight smoothing effect on the
predictive mean can be noticed in output space. Moreover, for the Lipschitz constrained version
we can discern a better fit of the data manifold in terms of distributional variance, with a noticeable
difference in the second hidden layer.

Over-correlation in latent space. In this subsection we aim to understand whether the over-
correlation phenomenon occurs for our model. We consider a standard neural network architecture
with two hidden layers with 50 hidden units per layer. From Figure[4.3|we can notice that for DKL,
the sparse framework does remove any unwanted over-correlations in the final hidden layer latent
space. In the unconstrained model, there is a notion of locality in the final hidden layer latent space,
albeit of a lower degree compared to the DKL model. With regards to 00D detection, of utmost
importance is the fact that regions outside the training set manifold have a correlation value of 0.
Perhaps unsurprisingly, introducing a unitary Lipschitz constraint had the effect of increasing the
correlation in the latent space, alongside a smoother predictive mean.

Reliability of in-between uncertainty estimates. In this subsection, we are interested to test
our newly introduced module in scenarios where in-between uncertainty can fail. For this we use
the “snelson” dataset, with the training set taken to comprise the intervals between 0.0 and 2.0,
respectively 4.0 and 6.5. Thereby, in an ideal scenario we would expect our model to offer high
distributional uncertainty estimates between 2.0 and 4.0, which constitutes our in-between region.
To benchmark our approach, we compare it to a collapsed SGPR as defined in Titsias (2009).

From Figure[4.4we can observe that the behaviour is strikingly similar between a collapsed SGPR
and a three layer DistGP-Layers network.

Reliability of epistemic uncertainty estimates. Epistemic uncertainty is responsible to detect
regions of the input space where the variance in the model parameters, in this case of U, can
be further reduced if we add more data points in said input regions. To test if our newly intro-
duced module can provide reliable epistemic uncertainty estimates one can proceed to subsample
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Figure 4.2: Influence of Lipschitz continuity. Layer-wise predictive moments of DistGP-NN mod-
els (with or without unitary Lipschitz constraints) trained on toy binary classification dataset.

a dataset (as done in Figure[4.5/subsampling in the interval [0, 2.5]), with the intended effect being
of an increase in epistemic uncertainty across the input region where we subsampled.

From Figure[4.5we can see that despite the low number of training points, it did not result in over-
fitting, with our model exhibiting a relatively smooth predictive mean. Moreover, in comparison to
Figure|4.3|we can notice that the epistemic uncertainty has substantially increased in the [0, 2.5]
interval.

MNIST and CIFAR10. We compare our approach on the standard image classification bench-
marks of MNIST (Lecun et al.[1998) and CIFAR-10 (Krizhevsky[2009), which have standard training
and test folds to facilitate direct performance comparisons. CIFAR-10 contains 50,000 training ex-
amples of RGB colour images of size 32 x 32 from 10 classes, with 5,000 images per class. We
preprocess the images such that the input is normalized to be between 0 and 1. We compare our
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Figure 4.3: Correlation in representation learning layer. Top row: Predictive mean and variance
of parametric part of SGP; Middle row: Predictive mean and variance of non-parametric part of
SGP; Bottom row: Kernel evaluated across whole input span with respect to -2.0 (blue) and 2.0
(orange).

model primarily against the original shallow Convolutional Gaussian process (Wilk et al.2017) and
Deep Convolutional Gaussian Process (DeepConvGP) (Blomqvist et al.[2018). In terms of model
architectures, we have used a standard stacked convolutional approach, with the model entitled
“DistGP-DeepConv” consisting of 64 hidden units for the “Convolutionally Warped DistGP" part of
the module, respectively, 5 hidden units for the “DistGP activation-function” part. For the DeepCon-
vGP, we used 64 hidden units at each hidden layer. All models use a stride of 2 at the first layer. In
all experiments we use 250 inducing points at each layer. Lastly, we also devised 18 hidden layers
size versions of the ResNet (He et al.[2016) and DenseNet (Huang et al.[2017) architectures to see
how our proposed module fares on complex architectures.

Table[4.Tshows the classification accuracy on MNIST and CIFAR-10 for different Convolutional GP
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. . Training Set . . . Training Set
LL:-0.53; MAE:0.26; Noise var.:0.09 ' . Testing Set LL:-0.91; MAE:0.34; Noise var.:0.53 ‘e . Testing Set

= 0
S
-2

0 \ 20

< <

-2 -2

-2.5 0.0 2.5 5.0 7.5 -2.5 0.0 2.5 5.0 7.5
X x
(a) Collapsed SGPR (b) DistGP-NN

Figure 4.5: Reliability of epistemic uncertainty. Top row: Predictive mean and variance of para-
metric part of SGP; Bottom row: Predictive mean and variance of non-parametric part of SGP.

models. Compared to other convolutional GP approaches, our method achieves superior classifi-
cation accuracy compared to DeepConvGP (Blomqvist et al. 2018). We find that for our method,
adding more layers increases the performance significantly. This observation is only available for
a couple of stacked layers, as the results from our ResNet and DenseNet variants do not support
this assertion. The GPDNN models introduced in Bradshaw et al. (2017) are nonetheless close to
state of the art on CIFAR10 but also using a variant of DenseNet (Huang et al.[2017) as the building
blocks for their GP classifier.
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Convolutional GP models Hidden Layers MNIST  CIFAR-10

ConvGP 0 98.83 64.6
DeepConvGP 1 98.38  58.65
DeepConvGP 2 99.24  73.85
DeepConvGP 3 99.44  75.89

DistGP-DeepConv 1 99.01  70.12
DistGP-DeepConv 2 99.43  76.54
DistGP-DeepConv 3 99.67  78.49
DistGP-ResNet-18 18 99.52  74.56
DistGP-DenseNet 18 99.75  75.29

Hybrid NN-GP models  Hidden Layers MNIST CIFAR-10

Deep Kernel Learning 9 99.2 77.0
GPDNN 40 99.95 93.0

Table 4.1: Performance on MNIST and CIFAR-10. Deep Kernel Learning are the set of models
from Wilson et al. (2016), whereas GPDNN are the set of models published in Bradshaw et al.
(2017). Other results than our method are taken from the respective publications. Highlighted in
bold are the best results.

Outlier detection on different fonts of digits. We test if DistGP-DeepConv models outperform
00D detection models from literature such as DUQ (Amersfoort et al.[2020), OVA-DM (Padhy et al.
2020) and OVVNI (Franchi et al.2020). In these experiments we assess the capacity of our model
to detect domain shift by training it on MNIST and looking at the uncertainty measures computed
on the testing set of MNIST and the entire NotMNIST dataset (Bulatov 2011), respectively SVHN
(Netzer et al. 2011). The hypothesis is that we ought to see both higher predictive entropy and dif-
ferential entropy for distributional uncertainty (respectively higher 00D measures specific to each
of the baseline models) for the digits stemming from a wide array of fonts present in NotMNIST
as none of the fonts are handwritten, respectively the digit fonts in SVHN exhibit different back-
grounds, orientations besides not being handwritten.

From Table[4.2]we can observe that generally all models exhibit a shift in their uncertainty measure
between MNIST and NotMNIST, with the notable exception of OVNNI which barely manages to
better separate the two datasets compared to a random guess. Moreover, OVA-DM manages to
completely separate the two datasets with the caveat that it obtains lower predictive entropy for
MNIST vs. NotMNIST compared to DistGP-DeepConv. The latter achieves similar results to DUQ,
with the added benefit of a higher degree of separation using predictive entropy. In the case of
SVHN we can observe similar patterns to NotMNIST, with OVA-DM and DistGP-DeepConv managing
to almost separate the two datasets (MNIST vs. SVHN) by inspecting their uncertainty measure,
again with the caveat for OVA-DM that it exhibits lower predictive entropy for SVHN in comparison
to MNIST.
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MNIST vs. NotMNIST
AUC

MNIST vs. SVHN

Model AUC

AUC \ Pred. Entropy 00D measure \ Pred. Entropy 00D measure

DistGP-DeepConv | 0.92 082 | 0.95 0.98
OVADM| 073 1.0 | 070 1.0

OVNNI' | 0.68 055 |  0.56 0.81

pua|  0.82 081 | 065 0.74

Table 4.2: 00D detection results. Performance of 00D detection based on predictive entropy and
distributional differential entropy (for baseline 00D models each has a different 00D measure).
Models are trained on MNIST (normative data). Highlighted in bold are the best results.
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Figure 4.6: Sensitivity to morphological deformations. Predictive entropy and model-specific
uncertainty measure for varying models as swelling of increasing radius is applied on MNIST digits.
Higher values of uncertainty measure indicate outlier status, expect for OVNNI where the inverse
is true. Results are shown for 3 hidden layers with DistGP-DeepConv dimensionality being set to 5,
whereas the capacity of the convolutionally warped DistGP was set to 12, whereas for 00D models
we use 128 hidden units at each layer.

Sensitivity to input perturbations. MorphoMNIST (Castro et al. 2018) enables the systematic
deformation of MNIST digits using morphological operations. We use MorphoMNIST to better
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understand the outlier detection capabilities of each method by exposing them to increasingly
deformed samples. We use the first 500 MNIST digits in the testing set to generate new images
with controlled morphological deformations. We use the swelling deformation with a strength of
3 and increasing radius from 3 to 14. Our hypothesis is that the predictive entropy should increase
as the deformation is increased, alongside with the distributional differential entropy, which is a
measure of the overall uncertainty in the logit space. This is motivated by the fact that the newly
obtained images from MorphoMNIST are outside of the data manifold, which is different from the
concept of having high uncertainty as expressed by entropy upon seeing a difficult digit to classify.
In this case we would expect high entropy but low differential entropy.

All models are able to pick up on the shift in the data manifold as swelling is applied to the original
digits, with the model-specific uncertainty measure steadily increasing (for OVNNI, a decrease in
the measure translates to higher uncertainty) as increasing deformation is applied. However, for
OVA-DM and DUQ the predictive entropy is stable or actually decreases as more deformation is
applied, which is in contrast to what one would expect (Figure[4.6).
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Figure 4.7: Sensitivity to image rotation. Predictive entropy and model-specific uncertainty mea-
sure for varying models as varying degrees of rotation is applied to digit 6. Higher values of un-
certainty measure indicate outlier status, expect for OVNNI where the inverse is true. Results are
shown for 3 hidden layers with DistGP-DeepConv dimensionality being set to 5, whereas the ca-
pacity of the convolutionally warped DistGP was set to 12, whereas for 00D models we use 128

hidden units at each layer.

To further assess the sensitivity to input perturbations of our methods, we employ the experiments
introduced in Gal and Ghahramani (2016h) by successively rotating digits from MNIST. We expect
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to see an increase in both predictive entropy and distributional differential entropy as digits are
rotated. For our experiment we rotate digit 6. When the digit is rotated by around 180 degrees the
entropy and differential entropy should revert back closer to initial levels, as it will resembles digit
9.

From Figure [4.7we can notice that all models exhibit an increase (decrease for OVNNI translates
into higher uncertainty) in their specific uncertainty measures for rotation angles between 40 and
160, respectively between 240 and 320 degrees. In terms of predictive entropy, we can discern
relatively stable and highly overlapping values for OVA-DM and DUQ, whereas for DistGP-DeepConv
and OVNNI we can observe a clear pattern of increases and decreases as what was originally a 6
becomes a 9.

4.5 DistGP-based Segmentation Network & 00D
Detection in Medical Imaging

As we have previously mentioned in section 4.1} the final aim of this chapter is to construct seg-
mentation models for medical images that besides being accurate at segmenting different brain
structures, can also offer reliable uncertainty quantification for their predictions and to disentangle
the sources of uncertainty in such a way as to enable precise 00D detection.

DistGP-Seg architecture. The probabilistic module introduced in Sec. [4.3]can be used to con-
struct a convolutional network that benefits from properties of DistGP. Specifically, we construct a
3D network for segmenting volumetric medical images, which is depicted in Figure[4.8] It consists
of a convolved GP layer, followed by two measure-preserving DistGP layers. Each hidden layer uses
filters of size 5x5x 5. To increase the model's receptive field, in the second layer we use convolu-
tion dilated by 2. We use 250 inducing points and 2 channels for the DistGP “activation functions”.
The affine operators project the stochastic patches into a 12 dimensional space. The size of the
network is limited by computational requirements for GP-based layers, which is an active research
area. Like regular convolutional nets, this model can process input of arbitrary size but GPU mem-
ory requirement increases with input size. We here provide input of size 323 to the model, which
then segments the central 162 voxels. To segment a whole scan we divide it into tiles and stitch
together the segmentations.

Evaluation on Brain MRI. In this section we evaluate our method alongside recently introduced
00D detection models (Amersfoort et al. 2020; Franchi et al. 2020; Padhy et al.|2020), assessing
their capabilities to reach segmentation performance comparable to well-established deterministic
models and whether they can accurately detect outliers.
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Figure 4.8: Schematic of proposed DistGP activated segmentation net. 3D blocks are extracted
from MRI scan, being fed into DistGP-Seg network. Above and below each layer we show the
number of channels and their respective dimensions. Each layer consists of Lipschitz constrained
convolutional filters, followed by Distributional GP acting as “activation functions”. Network offers
voxel-level predictions of tissue class (i.e., background, cerebrospinal fluid, white matter and grey
matter). Using logit space predictive distributions we compute differential entropy for epistemic
and distributional uncertainty to quantify uncertainties.

4.5.1 Data and pre-processing

For evaluation we use the following datasets:

1) Brain magnetic resonance imaging (MRI) scans from the UKBB study (Alfaro-Almagro et al.2018),
which contains scans from nearly 15,000 subjects. We selected for training and evaluation the
scans which are in the bottom 10% percentile in terms of volume of white matter hyperintensities
(see Figure [B.10] for examples), with an equal split between training and testing. All subjects have
been confirmed to be normal by radiological assessment. Segmentation of brain tissue (CSF, GM,
WM) has been obtained with SPM12.

2) MRI scans of 285 patients with gliomas from BraTS 2017 (Bakas et al. [2017). All classes are
fused into a tumor class, which we will use to quantify 00D detection performance.

In what follows, we use only the Fluid-attenuated inversion recovery (FLAIR) sequence (see Fig-
ure[4.9)for example) to perform the brain tissue segmentation task and 00D detection of tumors,
as this MRI sequence is available for both UKBB and BraTS. FLAIR sequences reveal tissue T2
prolongation with cerebrospinal fluid suppression, allowing detection of superficial brain lesions
(Bakshi et al.2001). All FLAIR images are pre-processed with skull-stripping, N4 bias correction,
rigid registration to MNI152 space and histogram matching between UKBB and BraTS. Finally, we
normalize intensities of each scan via linear scaling of its minimum and maximum intensities to
the [-1,7] range.
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Figure 4.9: Schematic of study design. Top row: Segmenting brain tissue on healthy subjects
serves both as a means to quantify the predictive capabilities of studied models but also as a proxy
task for 00D detection as models are trained to segment healthy brain tissue; Bottom row: 00D
detection capabilities are measured by how well the models can discern brain tumors as outliers
based on a threshold on their uncertainty measure. All experiments use just FLAIR scans.

1“” tissues as Outliers DSC(A,B) =

ctinngor 2 x G—‘
|

Model Hidden Layers DICE CSF DICE GM DICE WM

OVA-DM (Padhy et al.[2020) 3 0.72 0.79 0.77
OVNNI (Franchi et al.|2020) 3 0.66 0.77 0.73
DUQ (Amersfoort et al.2020) 3 0.745 0.825 0.781

DistGP-Seg (ours) 3 0.829 0.823 0.867

U-Net 3 scales 0.85 0.89 0.86

Table 4.3: Dice scores on tissue segmentation. Performance on UK Biobank in terms of Dice
scores per tissue. Higher Dice scores translate into improved segmentation capabilities. High-
lighted in bold are the best results.

4.5.2 Brain tissue segmentation on normal MRI scans

Task: We train and test our model on the task of segmenting brain tissue of healthy UKBB sub-
jects. This corresponds to the within-data manifold in our setup. The Dice score is commonly
used to report segmentation results. We use the following formula DSC' = gﬁ“};" where | X|
and |Y'| represent the cardinalities of the two sets (i.e., the number of elements in each set). In
our case, we consider X to be the gold-standard segmentation of a given patch and Y to be the
segmentation given by a machine learning model for the same patch. Higher values of the Dice

score indicate a more efficient segmentation algorithm. A schematic of this experiment is given in
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Figure[4.9]

Baselines: We compare our model with recent “00D detection models” for enabling task-specific
models (such as image segmentation) to perform uncertainty-based 00D detection (Amersfoort
et al. 2020; Franchi et al. [2020; Padhy et al. 2020). For fair comparison, we use these methods
in an architecture similar to ours (Figure [4.8), except that each layer is replaced by standard con-
volutional layer, each with 256 channels, LeakyRelu activations, and dilation rates as in ours. We
also compare these Bayesian methods with a well-established deterministic baseline, a U-Net with
3 scales (down/up-sampling) and 2 convolution layers per scale in encoder and 2 in decoder (total
12 layers).

Results: Table |4.3| shows that DistGP-Seg surpasses other Bayesian methods with respect to
Dice score for all tissue classes. Our method approaches the performance of the deterministic
U-Net, which has a much larger architecture and receptive field. We emphasize this has not been
previously achieved with GP-based architectures, as their size (e.g., number of layers) is limited
due to computational requirements. This supports the potential of DistGP, which is bound to be
further unlocked by advances in scaling GP-based models.

4.5.3 Outlier detection in MRI scans with tumors

Model DICE DICE DICE DICE
FPR=0.1 FPR=0.5 FPR=1.0 FPR=5.0
OVA-DM (Padhy et al.|2020) 0.382 0.428 0.457 0.410
OVNNI (Franchi et al.|2020) < 0.001 < 0.001 < 0.001 < 0.001
DUQ (Amersfoort et al.|2020) 0.068 0.121 0.169 0.182
DistGP-Seg (ours) 0.512 0.571 0.532 0.489
VAE-LG (Chen et al.|2019) 0.259 0.407 0.448 0.303
AAE-LG (Chen et al.|2019) 0.220 0.395 0.418 0.302

Table 4.4: Detecting brain tumors as outliers. Performance comparison of Dice for detecting
outliers on BraTS for different thresholds obtained from UKBB. Higher Dice scores translate to
increased 00D detection capabilities. Highlighted in bold are the best results.

Task: The previous task of brain tissue segmentation on UKBB serves as a proxy task for learn-
ing patterns of healthy tissues with our network. Here, we apply this pre-trained network on BraTS
scans with tumors. We expect the region surrounding the tumor and other related pathologies,
such as squeezed brain parts or shifted ventricles, to be highlighted with higher distributional un-
certainty (or model-specific 00D measures from our range of “00D detection models”), which is the
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00D measure for our proposed model. To evaluate quality of OOD detection at a pixel level, we fol-
low the procedure in Chen et al. (2019), for example to get the 5.0% False Positive Ratio threshold
value we compute the 95% percentile of distributional variance on the testing set of UKBB, taking
into consideration that there is no outlier tissue there. Subsequently, using this value we thresh-
old the distributional variance heatmaps on BraTS, with tissue having a value above the threshold
being flagged as an outlier. We then quantify the overlap of the pixels detected as outliers (over
the threshold) with the ground-truth tumor labels by computing the Dice score between them. A
schematic of this experiment is given in Figure[4.9]

Ground Mean OOD  FpR=0.1  FPR=0.5 FPR=1.0  FPR=5.0
Truth Segmentation measure

N
>
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)
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L ol
2
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Figure 4.10: Case studies of brain tumor 00D detection. Comparison between models in terms
of voxel-level outlier detection of tumors on BraTS scans. Mean segmentation represents the hard
segmentation of brain tissues. 00D measure is the quantification of uncertainty for each model,
using their own procedure. Higher values (towards the red spectrum) translate to the respective
tissue being detected as an outlier, whereas for OVNNI it is the opposite (values towards the dark
blue spectrum). 00D measures have been normalized to be between 0 and 1 for each model in
part, based on their own 00D measure procedure.

Results: Table[4.4shows the results from our experiments with DistGP and compared “00D de-
tection models”. We also provide performance of reconstruction-based 00D detection models as
reported in Chen et al. (2019) for similar experimental setup. DistGP-Seg surpasses its counter-
parts, as well as reconstructed-based models. In Figurel4.10|we provide representative results from
the methods we implemented for qualitative assessment. DistGP-Seg provides smooth estimates
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in the 00D measure column due to its Lipschitz constrained layers and the inherent smoothness
present in its RBF kernels. Due to these reasons, the OOD measure column is less sharp com-
pared to other ones. Conversely, even in the case of DUQ, which is Lipschitz constrained, the
resulting OOD measures from it are sharp. Perhaps surprising, OVNNI does seem to point out
the outlier region with varying degrees of success, however in the wrong direction. Concretely, it
seems to highlight the tumor region as an inlier. Moreover, although BraTS does not provide labels
for WM/GM/CSF tissues hence we cannot quantify how well these tissues are segmented, visual
assessment shows our method compares favorably to compared counterparts.

In Figure[4.11|we plotted the different differential entropy measures based on BraTS scans by over-
lying their tumor labels on the obtained uncertainties from our model. We can notice that tumor
tissue is highlighted with higher epistemic and distributional uncertainty compared to healthy tis-
sue. More detailed plots are available in Appendix[B.2.1T]
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Figure 4.11: Uncertainty on brain tumor tissue classification. Comparison in terms of voxel-level
epistemic and distributional differential entropy between non-tumor tissues and different tumor
gradations (see Figure[4.9]for details regarding tissues) from subjects in the BraTS dataset using
DistGP-Seg. Higher differential entropy values translate into more uncertainty with regards to pre-
dictions.

4.6 Discussion

We have introduced a novel Bayesian convolutional layer with Lipschitz continuity that is capa-
ble of reliably propagating uncertainty. We have shown on a wide array of general 00D detection
tasks that it surpasses other 00D models from literature, while also offering an increase in ac-
curacy compared to counterpart architectures based solely on Euclidean space SVGP (Blomqvist
et al.2018). General criticism surrounding deep and convolutional GP involves the issue of under-
performance compared to other Bayesian deep learning techniques, and especially compared to
deterministic networks. Our experiments demonstrate that our 3-layers model, size limited due to
computational cost, is capable of approaching the performance of a U-Net, an architecture with
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a much larger receptive field. Further advances in computational efficient GP-based models, an
active area of research, will enable our model to scale further and unlock its full potential. Impor-
tantly, we showed that our DistGP-Seg network offers better uncertainty estimates for 00D detec-
tion than state-of-the-art 00D detection models, and also surpasses some recent unsupervised
reconstruction-based deep learning models for identifying outliers corresponding to pathology on
brain scans.

This framework can also be used for regression and classification tasks within a medical imaging
context, facilitating the adoption of deep learning in clinical settings thanks to enhanced account-
ability in predictions. For example, parts of scans flagged with high distributional uncertainty can
be sent back for inspection and quality control. To support our claim, we have included addi-
tional results on flagging white matter hyperintensities as outliers (see Appendix [B.2.2), respec-

tively retina pathologies (see Appendix|B.2.3).

Our results indicate that 00D methods that do not take into account distances in latent space,
such as OVNNI, tend to fail in detecting outliers, whereas OVA-DM and DUQ that make predictions
based on distances in the last layer perform better. Our model utilises distances at every hidden
layer, thus allowing the notion of outlier to evolve gradually through the depth of our network. This
difference can be noticed in the smoothness of 00D measure for our model in comparison to other
methods in Figure Furthermore, the issue of feature collapse (Amersfoort et al. [2020) in
deep networks can be precisely controlled due to the mathematical underpinnings of our proposed
network, enabling us to assess the scenarios when this happens. Additionally, we have shown that
despite the possibility of achieving over-correlation in the latent space via the loss function, that
this does not happen in practice for our proposed module regardless of whether we have imposed
Lipschitz continuity. Perhaps surprisingly, our DKL model trained on the “snelson” dataset managed
to achieve a smoothness in predictive distributions, respectively a “locality” of correlations in its
last hidden layer on par with collapsed SGPR. We emphasize that this this behaviour was not seen
in other works (Ober et al. [2021) and could be influenced by network architecture and different
training schedule.

Concurrent work (Morales-Alvarez et al.|2020) introduced a similar module, whereby they replace
activation functions with GP with triangular kernels that are designed to imitate the behaviour of
the ReLu non-linearity. The authors do not report 00D detection experiments.

A drawback of our study resides in the small architecture used on medical imaging scans. Extend-
ing our “measure preserving DistGP" module to larger architectures such as U-Net for segmentation
or modern CNN for whole-image prediction tasks remains a prospective research avenue fuelled
by advances in scalability of SVGP (in the next chapter we shall introduce such a method to elim-
inate computationally expensive matix operations in SVGP). Moreover, our experiments involving
more complicated architectures, such as ResNet or DenseNet for standard multi-class classifica-
tion, have not managed to surpass in accuracy a far less complex model with only 3 hidden layers.
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A plausible reason behind this under-fitting resides in the factorized approximate posterior formu-
lation, which was shown to negatively affect predictive performance compared to MCMC inference
schemes (Havasi et al. 2018). We posit that using alternative inference frameworks (Ustyuzhaninov
et al. 2019) whereby we impose correlations between layers might alleviate this issue. Moreover,
the lack of added representational capacity upon adding new layers raises some further questions
regarding what are optimal architectures for hierarchical GP, what inductive biases do they need
or how to properly initialize them to facilitate adequate training. Additionally, our comparison with
respect to reconstruction based approaches towards 00D detection was not complete as it did not
include a comprehensive list of recent models (Baur et al.[2018; Dey and Hong [2027; Pinaya et al.
2027; Schlegl et al.|2019). However, comparing our proposed model with reconstruction based ap-
proaches was not our intended goal for this chapter, the main aim being to compare with models
which can provide accurate predictive results alongside 00D detection capabilities at the same
time.

In conclusion, our work shows that incorporating DistGP in convolutional architectures provides
both competitive performance and reliable uncertainty quantification in medical image analysis
alongside general 00D tasks, opening up a new research direction.
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Chapter 5

Matrix inversion-free inference in
Student-t Processes

This chapter is based on the following publication:

(a) Popescu, S. G., Glocker, B., and Wilk, M. Van der (2022). “Matrix Inversion free variational
inference in Conditional Student's T Processes”. In: Symposium on Advances in Approxi-
mate Bayesian Inference — (Popescu et al.[2022)

The code for all experiments is available at https:/github.com/SebastianPopescu/
InverseFreeStudent-TProcesses.

We propose a new variational lower bound for performing inference in sparse Student-t Processes
that does not require computationally intensive operations such as matrix inversions or log de-
terminants of matrices. We devise a mathematically valid and easy-to-sample from approximate
posterior over the Inverse Wishart distributed covariance matrix encompassing both training data
and inducing points. To deal with remaining log determinant terms we propose a conjugate gra-
dient based lower bound that is tight when approximate posteriors are optimal. We demonstrate
that our proposed model behaves similarly to matrix inversion dependent counterparts in terms of
convergence of evidence lower bound and predictive capabilities at testing time on a wide array of
toy experiments. Moreover, we test the validity of our method on medium and large scale datasets,
showing encouraging results.
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5.1. Introduction InverseFreeGP

5.1 Introduction

The major drawback of training GP resides in the computational complexity of inverting the covari-
ance matrix, which is cubic in computation and quadratic in memory. This has motivated research
on sparsifying GP (Quinonero-Candela and Rasmussen 2005; Seeger et al.2003). Titsias (2009)
has addressed this problem by leaving the prior distribution of the GP unchanged, with sparsity be-
ing enforced in the posterior through inducing points learnt by variational inference. Hensman et al.
(2013) proposed an inducing point framework scalable to large data, obtaining posterior formulas
conditioned on these artificial points. However, this scales supralinearly with regards to inducing
point numbers, resulting in O(M?N + M?) computation and O(M N + M?) storage complexity,
where M is the number of inducing points. Detailed discussion on aforementioned attempts to
sparsify GP is given in subsection[2.2l Recent work has focused on reducing the computational
cost associated to large inducing point numbers by imposing grid structures on their locations to
exploit faster matrix algebra routines (Evans and Nair|2018; Gardner et al.|2018a; Wilson and Nick-
isch 2015). Therefore, a major obstacle towards the wider adoption of GP in large scale datasets
is related to the computational cost of matrix inversion and log determinants. With this in mind,
in Wilk et al. (2020b) the authors propose a lower bound that can be computed without compu-
tationally expensive matrix operations such as inversion or log determinants (details are provided
in subsection[2.3.2). Similar in scope, we propose to learn variational approximations of the co-
variance matrix, implicitly also over inverses, of inducing and training points, thereby proposing a
computationally efficient approximate posterior over covariance matrices within the probabilistic
framework of Student-t Processes (TP) (Shah et al. [2014). Using properties of Inverse Wishart
distributions, we can obtain easy-to-sample from distributions over the random variables 3, %}
and Xy — X, 5,13, thus eliminating inversion operations in the predictive equations both at
training and testing time, respectively. Compared to Wilk et al. (2020b), where the authors solve the
issue of inverse-free predictive equations by using a highly structured posterior ¢ (U'), we obtain
similar properties by virtue of our Bayesian hierarchical process, with an additional KL divergence
term over our approximation of K .1, thus favouring the retrieval of the exact solution. Lastly, the
motivation behind this chapter is in devising inverse-free GP so as to diminish the long training
time of models introduced in Chapter [4]

Relation between Student-t Processes and outliers. In previous chapters of this thesis, we have
focused solely on GP, so the motivation and rationale behind the usage of TP in this chapter is war-
ranted at this moment. Besides the mathematical underpinnings of TR, which involve assigning
a prior distribution over covariance matrices, thus facilitating the imposition of approximate pos-
teriors over various matrices present in the resulting ELBO or predictive equations, there is also
another rationale behind using TP over GP, namely that the former are more prone to avoid fitting
outliers in the data. This phenomenon has been long known in the GP community, with early works
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such as Neal (1997) using the Student-t distribution as observation noise in the context of a GP
regression task. Whereas Neal (1997) used MCMC to perform inference, subsequent papers have
reduced the computational cost by using approximate inference methods such as VI (Tipping and
Lawrence |2005), expectation propagation (Jylanki et al. 2011) or Laplace approximation (Vanhat-
alo et al.[2009). Tipping and Lawrence (2005) provides an argument for the usage of TP from a
robustness to outliers perspective. They make the case that if observations are contaminated by
outliers (e.g., corrupted observations ), the accuracy of the predictive distribution can be severely
affected if using a Gaussian noise assumption (see Figure 5 in Tipping and Lawrence (2005) for an
illustrative example in case of corrupted observations). With these observations in mind and tak-
ing into consideration our intended goal of devising probabilistic models that can discern between
inliers and outliers, the fact that TP avoid fitting corrupted observations or other types of outliers
that might be present in the training data, should theoretically lead to enhanced OOD detection
capabilities.

Contributions In this chapter we make the following contributions:
* propose a sparse variational framework for Student-t Processes.

« introduce a matrix inversion free variational lower bound for sparse Student-t Processes that
converges to matrix inversion dependent bounds on a range of toy datasets.

+ devise an approximate posterior over partitioned matrices X, r,, that is both sample efficient
and guarantees positive semi-definite samples.

- propose an iterative lower bound on matrix log determinants that converges in one iteration if
preconditioner is optimal.

- show that Natural Gradient update rules avert the necessity of iterative methods, obtaining an
analytic formula for optimizing variational parameters.

5.2 Background

In this section we introduce the necessary theoretical background needed for this chapter. A con-
ceptual difference between TP and GP is that the former's covariances have priors, thus being
able to handle uncertainties stemming from choosing a covariance function, a property that GP
lack. Thus, we commence by introducing the mathematical basics of two distributions on positive
definite matrices, the Wishart and Inverse Wishart distributions (Dawid [1981). Subsequently, we
provide a brief summary of current frameworks for training and performing predictions with TP,
which will later be extended to the sparse case in a similar fashion to the SVGP framework intro-
duced in subsection[2.2.2] As we shall later see in this chapter, performing approximate inference
in our proposed inverse-free sparse TP can be easier from a computational perspective if we use
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natural gradients instead. Hence, this section will end with a comprehensive introduction to natural
gradients.

5.2.1 Distributions on positive definite matrices

Wishart distributions are probability distributions defined on real-valued positive-definite ma-
trices. Hence, we have X ~ W,,(v, ¥) with ¥ being an m x m positive definite matrix and
v > m — 1 representing the degrees of freedom. The p.d.f. of this distribution is defined as

v—m=—1 _ 1 ) ) )
o] 2 =i Tr((‘l”) /2 where T',,, denotes the multivariate gamma function. The mean of the
2“3 V", (¥

Wishart distributionis given by E (X)) = W and the varianceis V(X;;) = v (U3, + U, 0;).

Sampling Wishart Distributions. For this operation we use the Bartlett decomposition of the
matrix X ~ W, (v, ), which can be written in the following factorized manner X = LAATL,
C1 ... 0

where A has the following matrix fom A = | © . i |, wheren; ~ N (0,1) and ¢ ~

np1

X2_;41 Is the chi-squared distributionand LL " = ..

P

Perhaps a natural questions which might arise now is whether we can place a prior on determin-
istic operations on such matrices, such as for example matrix inversion. We now detail this exact
distribution.

Inverse-Wishart distributions are probability distributions defined on real-valued positive-definite
matrices. We have X ~ W_1(v, ¥) with ¥ being an m x m positive definite matrix and v >
m — 1 representing the degrees of freedom. The p.d.f. of this distribution is defined as fol-
lows Lg) || "2 oxp — L Tr(WX 1), The mean of the inverse-Wishart is given by

2”m/2Fm(%
E (X) —%— for v > p + 1. The variance of individual elements is given as follows V (X;;) =
(v—p+ )3+ —p-1) Wi V),

(v—p)(v—p—1)*(v—p—3)

Sampling Partitioned Inverse-Wishart Distributions From Theorem 3.2.10 in Muirhead (1982)
we know that considering A ~ W, (v, ) and for sampled partitioned matrices and mean parti-
tioned covariance matrices of the following form:

A A Yuu X
A= ( 11 12) : Y < 11 12> ’ (5,])
A21 A22 221 E22
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where Ay € M,,«» and X1, € M,, ., We have the following properties:

A22 ~ Wp—m (V, 222) (52)
Ao ~ Wy, (v —p+m, L11.9) (5-3)
A Ay | Atre ~ MIN (31155, Ane ® 53,) (5.4)

where M is the matrix normal and ® is the Kronecker product. Hence, if we would like to sample
from the Inverse Wishart distributed partitioned matrix:

A A ATl AT AL AT
R— A_l _ 11 12 _ 1 11-2 1 1 11.2 12 122 1 : (55)
Ay Agy — Ay Aot Aty Ay + Agy At A p A1 A,

we can see that we can easily sample from the Matrix Variate Normal distributed A, A5, We
still need to take samples from A}, and A5, Since we know that Ay ~ W, (v, Xay), We
can obtain samples from it using the Bartlett decomposition Asy ~ La,, AATL} . Therefore,
we now only need to invert L4,,A. which is a lower triangular matrix. Same process is applied
to obtain sample from A;',. Needless to say, this method of sampling from partitioned Inverse
Wishart distributions is only efficient if one already has access to L 4,, and Ly,,,. For a more
general sampling procedure we refer the reader to section 4.5 of Shah et al. (2014).

Remark 5.2.1. Intuitively since matrix inversion is a deterministic operation, W, and W, * are re-
lated. One can easily verify by doing necessary substitutions in their p.d.f. that if we have X ~
W, (v, ¥) then denoting by A = X1, we can say that A ~ W1 (v, U~ 1).

5.2.2 Student-t Processes

In this subsection, we detail the mathematical framework behind TP how to train such models and
perform predictions, alongside highlighting differences with GP

A natural generalization of GP are the TP (Shah et al.|2014), which effectively take into consideration
the uncertainty pertaining to choosing a covariance function, by placing a prior on them. A direct
consequence of this is that TP exhibit heavier-tails compared to GP thus making them more robust
to outliers in the data (Solin and Sarkka|2015).

TP are stochastic processes that have the defining property that any finite collection of samples
from them is distributed according to a multivariate Student-t distribution, which has the following
density (Kotz and Nadarajah|2004):
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where v represents the degrees of freedom, p is the number of dimensions, 3 is the scaling matrix
and v is the location.

Remark 5.2.2. Due to finite samples being distributed according to a multivariate Student-t distri-
bution, more probability mass gets placed in the tails of the marginal distribution. This has a direct
effect on the mean function, which shifts less to explain outliers (e.g., see Figure 5 in Neal (1997)
for difference in behaviour of mean function between Gaussian and Student-t assumed observation
noise ).

Generative process of Student-t Processes. We follow the hierarchical Bayesian construction in
prior space introduced in Shah et al. (2014):

Yipp e~ Wn_l (Vp +n+1, VpKff) (5-7)
f 125 ~N(0,%y5) (5.8)

In Shah et al. (2014), the authors provide a short derivation showing that by marginalizing out ¥
one obtains a multivariate t-distribution. We provide here a more detailed derivation taking into con-
Sideration that we have the general result:

W72, (45*)

X0, D)pS | v, ¥)d T = _2 , 5.9
[px 10,2 v 0) T AT (59)
where A= XX and X = [xy,...,x,] are independent p-variate Gaussian variables drawn from
a N'(0,X) distribution. Adapting this result to our scenario we get that:
K2 T, (%20
VK s F To(752) 510

T2 UK+ XX T T,(%)

Focusing on the determinant terms we can rearrange:

v Kyy|? _ [vKps| 2
v+n °

T |+ AKX T (511
K+ XXT| 2 |+ Ky |

We remind the matrix determinant lemma : |A +uv"| = (14 vTA~w) |A|. We apply it to the
denominator of the previous equation:

v+n v+n
2 2

1 1
L+ =K /XX = {1 + —XKf;XT] : (5.12)
1% 1%
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Plugging this into equation we get that:

_vin
2

1+ lXTKJZJ}X} : (5.13)

v

In(45) {
n2 n
2T (v Kyl

which we can now recognize as a MVT (v, 0, Kyy), with MVT standing for multivariate t-
distribution, which is a generalization to random vectors of the Student-t distribution. The p.d.f.
of this distribution is defined as F(%)foﬁlmm 1+ L(z—p) 'Sz — ) ~ where wis
the location, X2 is a positive-definite n = n matrix and v represent the degrees of freedom. Forv > 1
the mean is pand for v > 2 the variance is defined as -5 X.. Therefore, by starting from an Inverse-
Wishart distributed prior over the covariance of a GP evaluated at X, we have implicitly imposed a

Student-t distribution over our latent function f.

We can now proceed to define a Student-t process f. For any finite collection of function values we
have a joint multivariate Student-t distribution { f;}7—, ~ MVT (v, 0, K;y), or more succinctly
f ~ TP (v, 0, K), where we considered a zero mean function, v represents the degrees of free-
dom and K is the chosen kernel. We know from subsection[2_Tthat GP exhibit closed from solutions
in the case of regression ( i.e., marginal likelihood and conditional distribution ). This is however not
the case for TP if we assume a Student-t noise distribution, which is caused by the fact that Student-t
distribution are not closed under addition (Kotz and Nadarajah |2004). Shah et al. (2074) averts this
problem by incorporating the additive noise term in the kernel directly.

Predictions are obtained by making use of the conditional predictive distribution associated to mul-
tivariate Student-t distributions, which is given by the following formula (Ding 2016):

Yz~ MVT (v +ng, py+ KyoKoo (0 — p12), 8 (Kyy — Ky K, Kay)) (5.14)

where B = vi(eoe) Ked (ioia) gnd the subscripts indicate from which random variable they be-

vi+ng

long.

Remark 5.2.3. One can remark that in the formula for the covariance of the conditional distribution,
its values depend directly on the observed data x. Shah et al. (2074) makes the case that this feature
leads to improved predictive covariances in their experiments comparing GP to TP

5.2.3 Natural Gradients

In this subsection we introduce all the required theoretical toolkit for understanding natural gradients,
which will play a key role in subsequent parts of this chapter. A plethora of familiar distributions can
be expressed in the following way:

ty (0) = h (0) exp [(n, ¢ (0)) — A(n)], (5.15)
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where h () represents the base measure, n denotes the natural parameters, ¢ the sufficient statis-
tics and A (n) the log partition function.

Natural gradients take advantage of geometrical information pertaining to the distribution we are
optimizing over, with the update taking the following form:

Ney1 = Nt + ﬁtFn_tlan (1) (5.16)

where the Fisher Information Matrix (FIM) is given by Fy, = E, @) |V, log g, (0) V,log g, ()" .

The minimal exponential family representation implies a one-to-one correspondence between the
natural parameters n and mean parameters m, respectively m = E,, ) [¢ (0)] and m = V, A (7).
To show the last statement we can see that:

V,log g, (6) = 6(6) — V,A(n) (5.17)
and taking an expectation over it results in:

Eq(0) Vi log g, (0) = Eqe)0(0) — V,A(n) (5.18)
=m— V,A(n) (5.19)

and since the score has a null expectation then we have that m = V, A(n).

To avert having to invert the Fisher Information Matrix, we can make use of the following trick:

VoL (ne) = Vi L (me) Vymy = Vi L (my) V2, A (1) (5.20)

Using the fact that V7, A (n,) = F (n,) and replacing them in the natural gradient update equation
we get:
N1 = e + BV L (my) (5.21)

Natural Gradient update rule with respect to mean parameters. Taking into consideration the
standard objective of a Variational Inference problem, where we need to maximize the ELBO:

L (n) = Eq, ) logp(D | 0)] + Eq, ()

P (0)
log 0 (0) ] ) (5.22)

We now focus on computing the derivatives with respect to the mean parameters of the KL-divergence
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term:
Dno (‘9) _ T . A 523
n

= Vi [m" [0 — 1] + Vi A(n) (5.24)
=10 =1 = Ver m+ Vi A(n) (5.25)
=10 —n—F(n)"'m+ F(n)~"'m (5.26)

where in the derivation we used the general equivalence V,,,(-) = F(n)~*V,(*).

We now have a much more simplified version of the natural gradient update rule:
Mes1 = N+ B ViEq, o) [log p(D | 0)] + By [0 — ] - (5.28)

The computation of the derivatives with respect to m of the expected data fit term will depend on
the distribution we are optimizing over.

Natural Gradient update rule with respect to reparametrized natural parameters. There might
be instances when updating the natural parameters is not the optimal pathway for a certain prob-
lem, such as is the case with updating a p.s.d. matrix. The eventually derived update rule for 3 will
not guarantee its positive semi-definitiveness. We make use of a general purpose framework intro-
duced in Salimbeni et al. (2018). We denote by & = &(n) the operation which transforms the natural
parameters n into re-parametrized space &.

An important result, which will prove useful later in the derivation, is that V7 log(q(0)) = —%—’;.

Before we continue with the derivation, it is good to emphasize that we are interested in obtaining a
natural gradient update rule for & namely:

§t+1 = §t - ﬁthTlngL (é.t) 5 (529)
where F = —Eqp,¢) Vg log q(0; £). Computing the FIM for natural parameters n is given by:

F_@m

V=G (530)

which when inserted in the natural gradient update rule for natural parameters 7 gives the following
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simplification:
Me+1 = N + BtFn_tlan (1) (5.37)
a _1
— i+ B (8—7:;) V,L (n,) (532)
=0 + BV L (my) (5.33)

which gives us the update rule introduced in the previous subsection, albeit from a slightly different
derivation. Not having to compute the inverse of FIM is essential, this being a feature we also want
to imbue towards our & natural gradient update rule.

Using the chain rule, we can express the F'I M¢in terms of the F'IM,, as follows:

FIM, - [677] Om on

A (5.34)

We remind ourselves of the important fact that the inverse of a Jacobian is the Jacobian of the
inverse. With this in mind, we proceed:

—1
OL OL 87}} Om On
FIM P 5.35
0 3 “ €] on a&] S
_OLOE oy [o¢
= 9% 0y om {0_77} (530
oL Jog)"
= [a—n} . (5.37)

To insert this finding into our framework we need to transpose it:

0L 0¢ OL 0%
g - 0 { Gm] | (5.39

Hence, the natural gradient update rule for & has the following form:

9¢ dL

BB (5.39)

Stv1 =& — B

We remind ourselves that gradients of the Kullback-Leibler divergence with respect to mean param-

eters boils down to: V , [, [log Do ))} = n — 1o, Where nq represent the natural parameters of

the prior. We now have a much more SImp//'f/ed version of the natural gradient update rule:

0 0
§tr1 =& — 6ta_§vaqu(9) [logp(D | 9)] - ﬁta—i [77 - 770] : (5-40>
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5.3 Generative process of conditional sparse Stu-
dent's T Processes

In this section we introduce the generative process of sparse Student-t Processes (STP), which are a
variational sparse method for scaling TP to large datasets. Subsequently, we discuss some problems
in performing VI over the generative process of STP and propose a solution to overcome computa-
tional difficulties by rendering the resulting ELBO inverse-free.

5.3.1 Generative process of sparse Student-t Processes

We now present our proposed generative process in the sparse case for a regression scenario:

S tugu ™~ Wagm Vip + 1, VipKpu,pu) (5.41)

U | Suu ~ N (0,500) (5.42)
FIU S pupu ~ N (B 20U, Bpp) (5.43)
y 1S~ N (f, 0npisetn) (5.44)

where vy, = v,+m+ 1 for notation purposes so as to avoid clutter. As a consequence of Theorem
3 in Bodnar and Okhrin (2008), we can further express the following random variables which are

present in equation (5.43):

Eff.u ~ W;l (Vf’p +n, nypKff.u) (545)

Kfl
S Sug | Bppu ~ MN (K;}Kufa Eipu® ) : (5.46)
fp
where ® denotes the Kronecker product and MN  denotes the matrix variate distribution. One can
notice the difference in scale of the mean covariance matrix pertaining to X, f.

Differences in scaling compared to Shah et al. (2014). To see why we have changed the scaling
we need to investigate what are the first moments under the parametrization introduced in Shah et
al. (2074), namely:

Stufu~ Wil (vp+n+1,0,K 0 14) (5.47)

n+m
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which implies the following probabilistic formulas and their expectations:

Youu ~ Wit (v, +m+ 1, 1,K,,,) E[Yw] = Kuu (5.48)
1 1
Yo~ W, (up +m+1, —Kuj}) E[T,.] = MKJJ (5.49)
U Vp
(v, +m+2 v v,
kafk'u ~ Gamma™ (pT’ ipkafk'u> E [Efkfk'u] = v, _:mekfk'u (550)

We can notice that for increasingly larger number of inducing points, the expectations over X' and
¥ 7. g€t increasingly upscaled and downscaled respectively with respect to their true solution. For
v, — 00, the expectations will converge towards the real solution and their variance will collapse to
zero.

Under our proposed generative process:
Stufu~ Wit Wp+m+n+1, (v, +m+1) Ky pa) (5.51)

we have the following distributions and expectations:

1
Sow ~ W (v £ 1, (1 +m+ 1) Ko) E[n, = 27" g
Vp
(5.52)
Sw ~ Wi (Vp +m A1, —Kuu) E[2,.] =K (5.53)
vy, +m+ 1

(v, +m+2 v,+m+1 v,+m—+1
Effiu ~ Gamma 1( £ 5 , =+ 5 kafk~u) E [ foul = pypﬁ Fifou
(5.54)

In stark contrast to the parametrization introduced in Shah et al. (2074), we now have an upscaling of
expectations over covariance matrices, which only reverts to the real solution for very large values
of v,. However, in the interest of obtaining predictions at testing time from our sparse Student-T
Process, we are only interested in obtaining unbiased samples from ..} and 3, y, .., for which we
can notice that our scaling factor is more appropriate.

Remark 5.3.1. From the generative process we can see that we have matrix inversion operations
in equations (5.45) and (5.46). Subsequently, we will show how to avoid taking matrix inverses in
posterior space.
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5.3.2 Prior conditional matching in covariance matrices

With the aim of obtaining a fully inverse-free method we can propose the following generative process
in posterior space for the sparse Student-t Process in a regression scenario:

4 (Sfufu) ~ Wikm <Vf,p +n, v K fmfu) (5.55)

¢ (U) ~ N (my, So) (5.56)

FIU Epupu ~ N (B2 U S pa) (5.57)
ylf~N(fo’L), (5.58)

where we again take v, = v,+m+1 for notation purposes and for the time being we assume that

= kuu Ku . .
the variational parameter K ¢, f, = ( o ) (see Appendlx for detailed form) represents

Ky K

a p.s.d. matrix from which we can easi/; samp;cef Y X, and 3y y.,. Supposing our approximate
inference method of choice is VI, then the resulting ELBO ( see Appendix[C.2]for a full derivation ) will
have the following KL-divergence between the prior and posterior over partitioned covariance ma-
trices KL [q (X fu, fu) || P (X furu)], which has an analytic formula for Inverse Wishart distributions

(Granstrém and Orguner 2012):

2 fwtul =7y fudu 2 2

J=1

(5.59)

+ Tr [_%f(;i,fu <I~(fu,fu — Kfu,fu>:| .

v, — v, | = vo+1—7
p~ Vq |y ‘f(uu_ q
+ 7 Og | 1 fu,f ;wo 5

Throughout the remainder of this chapter models using this generative process and variational parametriza-
tion of K f,, ., will be denoted as Inverse Free Student-t Processes (IF-STP).

Remark 5.3.2. Hence the problematic part is in computing the inverse of K s, s, (difficulty pend-
ing on parametrization form (see Append/'x for discussion) and directly computing log | K ty, fu),
which would incur a O ((N + M)3) computational cost. The avoidance of these computationally
expensive operations is the primary motivation for which we might not want to perform inference
over this particular generative process.

Going forward, one simple solution to eliminate these operations altogether is to impose prior condi-
tional matching between q (X4, r.) and p (1. 74), hence eliminating this KL-divergence from the
resulting ELBO. The remainder of this subsection deals with this aspect.

We seek to achieve prior conditional matching in the Inverse Wishart prior over covariance matrices
encompassing both training points and inducing points. First we need to remind ourselves what do
we actually mean by prior conditional matching.
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Brief recap on conditional prior matching. This concept was first used in the derivation of the
collapsed lower bound specific to Titsias (2009) in subsection where we were tasked with
augmenting the space of function values F with U. We choose the approximate posterior to be
factorized as p(F,U | y) = p(F | U,Y)p(U | Y), thus when we plugged this form into the
variational lower bound on the log marginal likelihood we obtained the following cancellation in terms:

ply | F)plEAETp(U)
sErepw)

thus avoiding having to compute a prospective KL [¢(F | U)||p(F" | U)], which would have arisen
if we choose another form for q(F' | U). Hence, this example motivates the naming behind "prior
conditional matching’, as in matching the conditional posterior with the conditional prior in an aug-
mented space.

1%MM2/?W|debg

After this brief detour, we return to our goal, which is to eliminate the computational burden stemming
from having a prospective KL [q (X ¢y, ru) || P (X u,ru)]. This can be achieved by augmenting the
space of covariance functions with a random variable T and imposing prior conditional matching
between q(X sy, | T') and p(X s, 1o | T'). More precisely, this can be done by adding another layer
in our Bayesian hierarchical generative process, namely:

1
Vip
-1 |7 K,
Sfugu | T~ Wik [ vy +1 01, ! (5.67)
Kfu Kff.u—i-KfuTKuf
F1U Spugus T~ N (Sr200 U, S ) (5.63)
Yyl f~N(f,00eedn) (5.64)

where v = v}V 4+ m + 1 and y}f;” = I/X‘/fl + m + 1 for notation purposes to avoid clutter.
vy and v," " are free floating hyperparameters of the Wishart and Inverse Wishart distribution
respectively, both constrained to be larger than zero. We denote Ky, = K+ K p T Ky T Ky —
2K 1, TK,; > Ky, with equality if and only if T = K, (Davies|2015). As a consequence of

Theorem 3 in Bodnar and Okhrin (2008), we can further express the random variables present in

equation (5.63) as:

Sipa | T~ W1 (V}/f;_ +n, v m> (5.65)
T

Sa Zuf | s T~ MN (TKuf, Sifu® V—) : (5.66)
Ip

from which we can notice that it is easy to sample from as the parameters do not involve any matrix
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inversion operations.

On the choice of X/, s, | T. From basic properties of the Wishart distribution, we know that
E[T] = K. With this in mind, we also have that the scaling matrix of X ¢, . | E[T] results in

K—l -1 Ku
O 2047 P

Therefore, we have recovered the scaling matrix from the generative process of STP given in equation
(5.41) considering the expectation over T. This can be summarized in the following remark.

Remark 5.3.3. We notice that f no longer follows a MVT (u}f’ 0, K ff> distribution. In-
stead we have f | T ~ MVT <1/fo;71, 0, K¢ + KfuTKuf), which in turn converges to
MVT (uﬂfl, 0, Kff> as vy, — oo and implicitly T' ~ K.

5.3.3 Variational Posteriors over Inverse-Wishart Processes

To perform inference over our proposed hierarchical Bayesian model, we need a way of defining a
valid variational mean covariance matrix for the posterior Inverse-Wishart Process over the space
of possibly infinitely large covariance matrices: q (X ju_u) = Witm (z/ﬂ,—l +n, v Ky, fu>,

- . T K,
where K ¢, s, > 0 positive definite matrix defined as K f,, f, = o . To
Kfu Kff.u —|—KfuTKuf

see this is true, we make use of the following proposition.

Proposition 5.3.1 (Proposition 2.1 in Gallier et al. (2010)). For any symmetric matrix M of the

A
form: M = (

B
BT O) and if Cis invertiblethen M = 0 <= A > 0and A — BC~'BT - .

Remark 5.3.4. We note that T~ = 0 and K ;;.,, = 0 by construction, thereby K s, ;. = 0, so that
it satisfies the condition for defining mean covariance matrices for Inverse Wishart distributions.
This will ensure that samples of important random variables such as X ¢,, ¢y, X ., and ., will be
p.s.d. matrices as well.

5.4 Evidence lower bound of conditional sparse
Student-t Processes

In this section we are interested in obtaining a variational lower bound for the following poste-
rior q(F,U, Xy pu, T) = p(F | U, S pupu) ¢ (U) p(Epupu | T)q(T). We commence to derive
the ELBO from scratch following the derivations initially introduced in Titsias (2009). We consider
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our training data D = {X;,Y;}i—1... ». Our goal is to approximate the true posterior distribution
p(F,U, Xy pu, T | D), which translates to minimizing the following:

QF. U, Xy fu, T)
p(F,U, X4y pu, T|D)
QF. U, Xy fu, T)
(F,U, Yy u. T, D)

= /Q(F, U, Ef%fu,T) log dF dU dEfuJu dT (567)

= /Q(F, U, Ef%fu,T) |:10g —|—10gP<D):| dF dU dzf%fu dT (568)
p

Q(Fa U7 Z:fu fus T)
=E 1 ’ log P(D 5.69
Q(F7U7qu,fu7T) |: Og p(D|F7 U’ qu7fu’ T)p(F’ U’ Efu7fu7 T) + Og ( ) Y ( )
which after some rearrangements becomes:
log p(D) — [Eq(rv.su 0 108 p(DIF, U, Xpu g, T) (5.70)

— KL [Q(Fv U, Efu,fu; T)Hp(F, U, Efu,fu; T)]]
We can now re-express this derivation as:

logp(D)— KL [q<F7 U, Efwfuv T)HP(Fv U, 2f%fﬂ7 T)] = (571>
Eq(F7U72fu,fuaT) logp(‘D’F7 U? Efu,flu T)
— KL [Q(F, U, qu,fua T)Hp(F, U, Zf%fu, T)]

Hence, the standard variational approach (Jordan et al. [1999) translates minimizing the KL diver-
gence KL{q(F,U, Xty fu, T)||p(F, U, X gy, ru, T| D)), which is intractable, to essentially maximiz-
ing a lower bound on the log marginal likelihood that is tractable, respectively ther.h.s. of the previous
equation:

Lir-csrr = Eourus;, jum 10gp(Y | FU, Xpy g, T)— (5.72)

Q(Fa U7 EfufuaT)
q(F, U, Xpu,pu, T') log ’
/ ( susur ) P(F U, Epupu, T)

dF AU dS ., AT,

where we now define the constituent terms of the factorized approximate posterior as follows:

1
w T
-1 _1 T_l Kuf
¢ Spusu | T) =Wk | Spugu | vfy, +n, vf, - (5.74)
" he he Ky Kppu+ KpTKyp
qU)=N (U |my,Ls,Lg,) (5.75)
¢ (f1UZpugu) =N (f | 20U Spa) - (5.76)
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Throughout the remainder of this chapter this model will be denoted as Inverse Free Conditional
Student-t Processes (IF-CSTP). We now proceed to examine each term of the ELBO specific to this
model introduced in equation (5.72).

Expectation over data fit term in SVI setting. We can re-express expectations over individual
terms as follows:

ZE‘I(Zfiu,fiu) [/ 1ng<}/; ‘ FZ)Q(E; ﬁ(zfiu:fiu)7 S(Zfiu7fiu)) dFl:| )
=1

where ﬁ(zfiu,fﬂL) = EfWE;ulmU and i(Efv:u,fiu) = X5 — Ufu Euu [Zuu - SU] E;ulEUfi de-
fine distributions over scalars. Hence, the multivariate formulas introduced in equations (5.65) and
(5.66) can now be rewritten as:

w-t w-t
v +1 v
Ytpu | T ~ Gamma™ ( fa — f; Kﬁﬁ-u) (5.77)
by
S | S T~ N (TKufi, Jiiw ®T> . (5.78)
fq

We can notice that we can easily sample from both distributions without incurring any computational
burden.

Kullback-Leibler Divergences. In the KL term present in our lower bound we can separate the
fraction terms with respect to integrants that they exclusively depend on:

E ] ’ E U)log ——~2_qU 579
Q(FvUvzfu«,fuvT) Og p F u7fu’ ) + q(Euu,T) q( ) Og p(U’E;&) ( )
Qg I T) q(T)
+ By Eys,, i log ==L =2 4 R log :
R T

where the first and third terms cancel out due to conditional prior matching in both function and
covariance space, the latter cancellation being our objective defined in subsection We focus
now on the remaining two terms.

KL-divergence between inducing points. The term E -1 1, [ q(U)log U‘E dU expands
as:
1
o) Eymiiim g [—log [Soa| = log |Su| — d+ T[S, Su] + m{Spamu] (5.80)
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We remind ourselves that we can obtain samples from 33! via following Bayesian hierarchical con-
struction:

1 a1
q(T) =W, (u},vq, WLK_lLT1> 0 g (S | T) =W, ( oW WT) . (5.87)
Vi

w f.a

No matrix inversion is required for this divergence term. Moreover, T' is obtained via the Bartlett
decomposition L - _1ATATLT _1, Where Ar is a lower triangular matrix defined in subsection|5.2.1
Then, we can app/y again the Bart/ett decomposition to obtain samples from X.;! by noticing that
K;} Ar represents a lower triangular matrix. Finally, samples can be obtained with the following
construction: L - 71ATAZ 1A ATLT,1 Hence, 3.1 is a product of lower triangular matrices

Lj-1ArAs., with the determ/nantlog |E !| having an analytic formula.

KL-divergence between inducing points’ inverse covariance matrices. /e now focus on the
term KL [¢(T)||p(T")], which has an analytic formula:

%V w e | B P R e
2 og |V} Kuu| +10g | <5 K + 5 | [ KK | = M (5.82)
f,q f.a
L (v Ven / ) ’/f V]W
+log + i L b (=)
Lo (V) /2) 2 2

where 1),,, denotes the multivariate digamma function (the derivative of the log of the multivariate
gamma function). From the above equation we can notice that no matrix inverses are required in the
computation of the KL divergence. Directly computing log | K.,| would incur an O (M?) computa-
tional cost. To bypass it, we use the following proposition.

Proposition 5.4.1. Forap.s.d. matrix K € M, , x being a conjugate gradient solution to Kx =
g, where g € M, are independent standard normal samples and I > 0 we have the following
lower bound on the log determinant of K:

1 & .
logl K| >n+ —Y —g/ Kz 5.
with the bound being tight if and only if K ~ K.
log| K| > Tr [I, - K'] . (5.84)

Hutchinson (1989) introduced a stochastic estimation method for computing matrix traces, which
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is defined as follows:
. — T
Hy(4) = — ;gi Agi, (5.85)

which was shown to converge towards Tr(A) as m — oo, where A € M,,,,. Earlier work by
Girard (1987) suggests taking g; € M,,»; with individual elements of the column matrix stemming
from standard normal, whereas Hutchinson (1989) advocated for taking the individual elements as
Rademacher random variables, which translates into equally probable {—1, 1} splits.

In light of this, we can rewrite our objective as follows log | K| = log ’Kf(_l‘ + log ‘f(‘ for any

arbitrary p.s.d. matrix &. We are interested in obtaining reliable estimates of the following bound
without performing the matrix inversion operation:

log‘Kf(fll + log’f(‘ > Tr[l,] — Tr [(Kf(1>_l} + log‘f(‘ (5.86)

1 & ~ 1\ 1 ~
> Te (L] = — > gl (KK') gitlog|Kpup| - (58)
=1

Instead of obtaining lower/upper bounds on the part involving matrix inversion in the above equa-
tion, we can reliably estimate the solution via conjugate gradients. The solution will converge in
one iteration if the condition number is close to 1, which will happen if K is an accurate estimate
of K—1.

We briefly summarize the theory behind conjugate gradients and how to compute them. We are
interested in solution to K« = g, where the optimal solution 2Pt = K ~'y, where K € M,,,, and
y € M,«1. Conjugate gradients start with an initial solution x4, which progressively gets refined
and is guaranteed to converge in the worst case scenario in n iterations. We provide the pseu-
docode for Preconditioned Conjugate Gradients (PCG) in algorithm([3} For an in-depth introduction
to conjugate gradients we refer the reader to Davies (2015).

For the purposes of our problem at hand, we have y = g; and the CG-based solution z; ~ K~1g;.
Then, the lower bound from equation (5.87) translates to:

1~ 1+ -
log|K| > Tr[IL,] — — E g Kw; + log‘K : (5.88)
i=1

which proves our proposition. Furthermore, the tightness of the lower bound in the case K ~ K
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Algorithm 3: Preconditioned Conjugate Gradient routine
Input: K € M,y € M1
Preconditioning matrix: M/ € M,,,,
Initial estimate: z, € M,
Compute first search direction and basis

ro=Kxog—y
:M_ITO
Po = 2o

for@':1t0ndoT
Alpha: o; = =2

Tva
Solution update: x, ., = z; + a;p;
if i=n then
return x;
end if

Zi+1 = M rz 1
Beta: 3, = Z“”“
K3

Search dlrectlon update: p; ., = z;11 — Bips
end for

can be shown as follows:

I & - .
log|K| > Tr[L] — — S gl Ka; +1 ‘K‘ 5.89
og| K| > Tr [1,] m;gz x: + log (5.89)
I & - .
log| K| > Tr [, — =3 gT KK g, + log K‘ (5.90)
m =
log| K| > Tr [I] — Tr[I,] + log ‘K’ (5.97)
log| K| = log ’f(’ : (5.92)
where we used the fact that z; = K ~'g; since the condition number is 1in this scenario. O

Remark 5.4.1. Translating Proposition|5.4.1|to our case, we have log| K .| > n+-L E —g T '~

log|T|. In the computation of x; we precondition with T. Hence if T ~ K} the precond/t/oned
CG routine will finish in one step. We empirically prove on UCI datasets that th/s method is close to
O (M?) (see Figure due to preconditioning. The worst case scenario complexity is O (M?3),
which is similar to the computational complexity of performing Cholesky decomposition in the stan-
dard SVGP ELBO. However, this never occurred in our experiments. Moreover, whereas in current
work we use standard preconditioned conjugate gradients, one could use the Unbiased Linear Sys-
tems SolvEr (ULISSE) (Filippone and Engler 2075a), a randomly truncated CG run, to compute unbi-
ased estimate of x;.
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5.5 Natural Gradients eliminate iterative bounds

Motivation. The proposed ELBO in subsection|5.4|involves an iterative PCG lower bound onlog | K.,
In the case that K ;; diverges from its exact solution, then the number of PCG iterations will increase

to the point of passing our computational budget. Moreover, even for low tolerance values set for

the residual vector, this will not quarantee that our resulting ELBO will still constitute an actual lower

bound on the log marginal likelihood. Therefore, instead of using iterative-based lower bounds on log

determinants present in the KL-divergence, we can bypass these approximations by taking natural

gradients of variational parameters.

We remind ourselves of the general natural gradient descent (NGD) update rule introduced in sub-

section[5.2.3t

0 %)
Str1 =& — By a—flvaqu(e) [logp(D | 9)] — B 8_757 [77 - 7]0] . (5-93>
Data Fit NGD KL-div, NGD

In section|5.4|we have seen that no computationally expensive operations were necessary for the KL
divergence pertaining to U, but the computation of log | K,,,| Stemming from the KL divergence as-
sociated to T requires an iterative PCG routine. In this section we shall see that the natural gradients
of U and T do not involve any computationally expensive operations. We commence by deriving the
NGD update rules of KL divergence terms in Lrr_csp as defined in equation , subsequently
introducing the framework by which we compute the NGD update rules of the data fit term associated

to Lip_csrp-

For subsequent derivations, we make use of the following useful identity from matrix differential

calculus:
0X~1!

X, j)

=—-X""E; X", (5.94)

where E}; ; Is a matrix of zeros, except the cell at position [i, j] being set to 1. On a similar note, the
following theorem will be useful for computing explicit derivatives throughout the remainder of this
section.

Theorem 5.5.1. (Variation of Theorem A.1 in Sarkké (2013)) For A = LLT, where L is a lower
triangular matrix, we can explicitly calculate the derivative of the Cholesky factorization w.r.t. to
specific cells in matrix A as follows:

oL

=L® [L7'E; L], (5.95)

where ® is an operator taking the lower triangular matrix (with diagonal elements set to half their
value), respectively E,; is a matrix of zeros, except at positions (i, j) and (j, 1), which are set to 1.
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Natural Gradients of KL-Divergence pertaining to /. We focus on computing derivatives of

Eyszim [ q(U)log p(gﬁg%)dU, where in this case £ = &(n) and £[0] = my, respectively £[1] =

LSU with LSULEU = Sy.

Computing derivatives of explicit KL divergence w.r.t. mean parameters of U is less involved:

q(U) .

UIXat)
(5.96)
=Eyn Byt (1= (0 | 20)] (5.97)
551WU> 0
— By Eynitim) B
! _%Em},t
(5.98)

I
-~ 7
|
N =
N
<)

St 0
Ufﬁf) — ( 1 ~_1) . (5.99)

o o my
For a multivariate normal we choose our parametrization as & = (L ) and we know that n =
Su

S_lmU .
( v . Hence, we can now derive 3—5 as follows:

~35"
Omy  OSym g
om om v
(5.100)
dLs, OSy  OLs, d(—2n;")
ISy 0 [772]2',]' 95y [772]2‘,]‘
(5.101)
= [Ls,® [Lg, Eiy Ly, || [2n5 Eijny ']
(5.102)
= [Ls, @ [Lg! Ei;Lg] ] [2SvE; ;Su] - (5.103)
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Natural Gradients of KL-Divergence pertaining to 7. We commence to derive the derivatives
w.r.t. mean parameters m of T based on the KL divergence:

Vi / log )dT [ — o] (5.104)
w L w
_ﬁKuu+Vf_pKuu
= ijyvf_m_l_y%vi_m_l ) (5.105)
2 2

One major advantage of the Natural Gradients framework applied to our scenario at hand is the
relative ease of computing derivatives w.r.t. the KL-divergence for T'. We remind ourselves that the
natural parameters under our posterior formulation are:

Y Kuu
y— i Fauw) (5.106)

fq
2

To compute g—i we can use the chain rule:

OLgr  OLiok,, 0K,
9 [771]1',]' 8?(;5 af(uu 9 [nl]i,j

(5.107)

S [L E LKW] [—f(;jE[i,ﬂf(;j] [—lW] . (5.108)

uu ]/fq

We emphasize that no costly matrix inversion operation is required to compute the above derivative.
Finally, using elementary differentiation techniques we obtain that & f 4 =2

Natural Gradients of Expected Data Fit Term. We now focus our attention on the derivation of
natural gradients with respect to the expected data fit term of L;r_csrp (equation (5.72)) of the
following distributions: T ~ W,, (z/fq, Vl L. _1L ! _1) and U ~ N (my, L, L§, ) We follow
the derivation in Appendix B.1 of Khan and qu (2077) hence for each aforementioned distribution
we need to compute the following:

oL 0L 9& +(9_L8§2
omy;  0& 0my  0& Omy
OL 0L 0&4 0L 0&
Oms O Oms + & Omy

(5.100)

(5.110)

where L represents the data fit term of L;r_csrp. The individual results for the aforementioned
equations for each distribution (i.e, q(T) and q(U)) are provided in Appendix D]
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5.6 Experiments

In this section we will devise several experiments to assess the convergence of IF-STP (i.e., model
briefly introduced in subsection[5.3.2] see Appendix|Clfor details on ELBO and approximate posterior)
and IF-CSTP ( natural gradient variant will be denoted as IF-CSTP-NGD ) to the intended behaviour of
matrix inversion dependent models such as TP (Shah et al. 2074) and collapsed SGPR (Titsias|2009)
for regression and SVGP (Hensman et al. |2013) for classification. Moreover, we also compare with
matrix inversion-free models such as IF-ReSVGP (Wilk et al. 2020b). We commence by performing
several sensitivity analysis scenarios on toy datasets for both IF-STP and IF-CSTR subsequently
using just IF-CSTP on medium-scale and large-scale datasets from the UCI machine learning dataset
repository.

Training Set Training Set

2 LL:-0.21; MAE:0.26; D.O.F.:38.81 +  Testing Set 2 LL:-0.30; MAE:0.25; Noise var.:0.09 - Testing Set 2 LL:-0.35; MAE:0.24; Noise var.:0.19
Inducing Points

1
0 — T\
-1
< -2 -2 GO
Inducing Points
-2.5 0.0 2.5 5.0 7.5 -2.5 0.0 2.5 5.0 7.5 -2.5 0.0 2.5 5.0 7.5
(a) Student-t Process (b) Collapsed SGPR (c) IF-ReSVGP
Q| LL-0.46; MAE:0.25; Noise var.:0.26; D.0.F.:108.37 D LL-0.44; MAE:0.25; Noise var.:0.20 Q| LL-037; MAE:0.25; Noise var.:0.12
D.O.F. Inverse Wishart:103.92; D.O.F. Wishart:119.25 D.O.F. Inverse Wishart:103.38; D.O.F. Wishart:100.00
1 & 1 1
o == —\ o B o —\
\ ¢ A
-1 -1 -1 .4
\\ j \\\/7’
\// . Training Set v . Training Set ¥ E . Training Set
-2 L A - Testing Set -2 o - Testing Set -2 B - Testing Set
Inducing Points Inducing Points Inducing Points
-2.5 0.0 2.5 5.0 7.5 -25 0.0 2.5 5.0 7.5 =25 0.0 2.5 5.0 7.5
(d) IF-STP (e) IF-CSTP (f) IF-CSTP-NGD

Figure 5.1: Convergence of inverse-free models on toy regression task. Predictive mean and
variance for models trained on “snelson” dataset. Empirical mean and variance are provided for
Student-t Process, based on 50 samples in function space. Likelihood variance is not added.

Convergence to Matrix Inversion based counterparts. We are interested to find out whether our
proposed models are capable to recover the testing time predictive behaviour of TP and collapsed
SGPR on toy regressions tasks. For this, we use the “snelson” dataset (Snelson and Ghahramani
2006) with all sparse models using 10 inducing points, with hyperparameters initialized with the
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same values for all models considered.

IF-STP follows the predictive behaviour of collapsed SGPR more closely than IF-CSTP (Figure[5.7).
Two additional remarks can be made about IF-CSTP Firstly, the kernel variance is underestimated in
comparison to both collapsed SGPR and TP Secondly, the variance in the neighbourhood of induc-
ing points is slightly inflated in comparison to IF-STP This discrepancy is caused by the additional
uncertainty injected by sampling from T, which results in the latent function f conditioned on T to
be a multivariate Student-t distribution, albeit with higher variance in the vicinity of inducing points’
locations Z. Similar comments about the increased variance in the vicinity of Z can be made for
IF-CSTP-NGD, with the difference that the the optimization of the kernel variance has recovered the
collapsed SGPR solution. Lastly, IF-ReSVGP has comparatively reduced uncertainty since it treats T'
as point-mass estimate.

Increasing the number of inducing points.  We are interested to find out how our proposed mod-
els behave given varying numbers of inducing points. For this we train all models considered on
the "banana” dataset with a number of inducing points starting from 8 to 64 ( Figure|5.2|). A visible
discrepancy emerges between SVGP and all matrix inversion-free models considered. SVGP opti-
mized the inducing points’ locations Z towards the decision boundaries, thereby enabling sharper
decision boundaries. Conversely, for IF-STP the inducing points’ locations Z remain stable regard-
less of the number of inducing points used. The reason for this relates to the large penalty inflicted
by KL [¢(X fu, ) |P(2 fu, )] upon any modifications being done to either Z or kernel hyperparam-
eters. Similar remarks can be made to IF-CSTP albeit to a lesser degree since for this model the
penalty stems from KL [¢(T)||p(T)]. For 32 and 64 inducing points, IF-CSTP barely changes Z,
whereas in the case of 8 and 16 inducing points Z are not necessarily brought towards the decision
boundaries. Unsurprisingly, for IF-ReSVGP Z have a more dynamical behaviour during optimization
compared to our proposed inverse-free models. This is due to the fact that it does not impose any
regularization on T, instead treating it as a point-mass estimate of the real solution to K,!. Lastly,
IF-CSTP-NGD induces an even more stable optimization trajectory for Z compared to IF-CSTP. This
might be caused by the fact that NGD update rule for U can more easily find optima, as given by the
sharper decision boundaries, so there is a lesser need to move Z along the two dimensional input
space to devise decision boundaries.

How well does 7" approximate K.'? In Figure 5.3 we visualise the quality of the approximate
posterior over T for the IF-CSTP models trained as part of the experiment presented in Figure
Since T has an explicit link to the matrix inverse K .1, we should expect to obtain an almost identity

matrix in the case of multiplying it with K ,,,. We can notice that this is indeed the case up to a certain
degree, with occasional divergences from the expected behaviour.
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Figure 5.2: Optimization trajectory of inducing locations on toy classification task. Effects on
predictive mean of increasing number of inducing points for the “banana” dataset. With dark orange
we plot the optimization trajectory of Z during training from the initial teal stars to the optimized
cyan stars.

Correct optimization of inducing points’ locations. The influence of the initial values of u%‘l
(for IF-STP) and also of v}, (for IF-CSTP) are of paramount importance as it linearly affects the

Sebastian Popescu Uncertainty Quantification with Gaussian Processes 142



5.6. Experiments InverseFreeGP
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Figure 5.3: Quality of approximate posterior of 7". Visualisation of & ;j K., at end of the "ba-
nana” experiment for different numbers of inducing points. The recovery of the inverse through
optimisation should equate in an exact identity matrix.

size of the penalization stemming from the KL divergence, possibly leading to scenarios where the
optimization prefers to keep Z and kernel hyperparameters fixed (such as in the “banana” dataset
as shown in Figure[5.2). We explore this scenario and see if the inducing points’ locations Z will
get optimized to ideal locations despite starting from values outside the training set range. From
Figure 5.4} we can easily notice that the optimized Z values are brought back to locations similar
to ones obtained from running k-means in the case of IF-STP. Conversely, for IF-CSTP there are two
remaining inducing points which have not been optimized to be inside the data manifold.

Lower bound recovers true approximate posteriors despite erroneous initialization. We aim
to quantify the influence of “accurate” initializations of variational parameters on the converged so-
lution. In the case of IF-CSTP one would expect to initialize L o with their respective values given
initial estimates of Z and kernel hyperparameters 6. Similarly for IF-STR, one can expect the same
reasonable initializations for Ls,,, and Ls,, , (see Appendixfor details). We instead initialize them
with identity matrices to determine if the bound can recover optimal posteriors. The motivation be-

hind this experiment is to test if variational parameters can be reliably optimized through our ELBOs
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Figure 5.4: Inverse free models correctly recover optimal inducing points’ locations. Predic-
tive mean and variance plots at initialization and after optimization, split in parametric and non-

parametric components. Inducing points’ location is initialized to be outside the training set mani-
fold.

in situations when the inducing points’ locations Z do no suffer large shifts (such as is the case with
the "banana” dataset for 32 and 64 inducing points)

The lower bounds manage to recover accurate estimates of T for IF-CSTR respectively ¥.,, and
3 ¢ . for IF-STP (Figure[5.3).

Reliability of uncertainty estimates. /e are interested to stress test our proposed model in three
different scenarios, which will individually point towards biases or discrepancies in the final estimates
for Xyr., and 3,31 For this we use the “snelson” dataset, with the training set taken to comprise
the intervals between 0.0 and 2.0, respectively 4.0 and 6.5. Thereby, in an ideal scenario we would
expect our model to offer high uncertainty estimates between 2.0 and 4.0. From Figure [5.6|we can
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Figure 5.5: Correct optimization of variational parameters. Predictive mean and variance plots
at initialization and after optimization. Variational parameters are erroneously initialized.
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Figure 5.6: Reliability of in-between uncertainty estimates. Predictive mean and distributional
variance for models trained on "snelson with gap" dataset. Likelihood variance is not added.

notice that indeed both IF-STP and IF-CSTP do not suffer from any pathologies.
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Figure 5.7: Reliability of epistemic uncertainty estimates. Predictive mean and distributional
variance for models trained on locally subsampled “snelson” dataset. Likelihood variance is not
added.

Subsampling the "snelson” dataset allows us to discern if our method is capable to increase its
uncertainty. For this we only subsample data between 0.0 and 2.5. Naturally, one should expect
an increase in uncertainty just in that interval, with the remainder of the data range reverting back
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to levels seen for the full "snelson” dataset. We can notice this increase in uncertainty within the
subsampled interval, with a relative underfitting of IF-CSTP (Figure[5.7).

Results on medium-scale datasets. e evaluate our proposed model (IF-CSTP) on selected UCI
datasets. We attempted to train IF-CSTP-NGD under similar training conditions. However, the training
was unstable to the point of non-convergence so we did not include results here. We defer results
on the NGD variant to the next paragraph.

The gap between inverse free ELBOs and the SVGP ELBO is predominantly caused by the KL diver-
gence pertaining to T in the case of IF-CSTR, respectively the KL divergence associated to U for
IF-ReSVGP From Figure [5.8 we can notice that in terms of normalized training set log likelihood
IF-CSTP and IF-ReSVGP are similar in behaviour to SVGP IF-CSTP's testing time behaviour almost
approaches SVGP with a noticeable example on “Concrete”. Conversely, on ‘elevators” IF-CSTP is
underfitting. In some cases, such as on “Protein’, the test time behaviour of IF-CSTP is similar to
SVGP except for 250 inducing points, where the gap widens considerably. This might indicate some
pathological behaviour of IF-CSTP when applied on large-scale datasets that require a large number
of inducing points.

Test MAE

Test MAE

Nodel

£ ~130000

Z 135000

uuuuuuuu

o e
raining Iterations Training Hterations

Figure 5.8: UCI results. Evidence lower bound, normalized training and testing log-likelihoods and
mean absolute error values during optimization for varying inducing points numbers.

We can notice that our proposed model is significantly more noisy during optimization in compar-
ison to IF-ReSVGP due to sampling across three different random variables (3,3, ¥t and
T). An important aspect in the ELBO for IF-CSTP is the lower bound on log | K ..,| present in the KL
divergence of T. This lower bound involves an iterative PCG routine (see Proposition which

depending on the condition number will either take more or less iterations. The aim is to lower the
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number of iterations required by the PCG routine so as to speed inference. From Figure|5.9|we can
see that for 250 dimensional matrices the number of CG iteration is only a fraction of that num-
ber, which slowly decreases during optimization as the preconditioning matrix K ;; gets better at

approximating the real inverse.

Concrete Elevators Protein

€G Steps
g
i

0 20 40 60 80 100 [} 20 40 60 80 100 0 20 40 60 80 100
Training Iterations Training Iterations Training Iterations

Figure 5.9: Effect of approximate posterior 7" on condition number. Number of CG steps needed
to satisfy a tight tolerance for IF-CSTP trained on various datasets with 250 inducing points.

Natural Gradients variant converges in GP scenario. /F-CSTP-NGD converges during optimiza-
tion only in the case that we set u}f{[l — oo, which corresponds to equations (5.77) and (5.78)
acting akin to a GP We rebrand this variant as IF-GP-NGD.

Training Horations. Training Horations. Training lterations

Figure 5.10: Natural Gradient variant results. Evidence lower bound, normalized training and
testing log-likelihood and mean absolute error values during optimization.

From Figure[5.10|we can see that IF-GP-NGD better fits the training data better compared to IF-CSTP
by looking at the normalized training set log likelihood, with roughly similar behaviour at testing time.
Explicitly computing the ELBO is not required for the NGD update rules for U and T. However, it is
required to obtain gradients for hyperparameters. Small biases introduced by the PCG routine can
have a major effect on the estimated ELBO, such as is the case with the “WineWhite" dataset, where
the KL divergence for T erroneously becomes negative, thus resulting in an over-estimation of the
real ELBO. This pathology will motivate further research into using bias-free PCG routines or removing
altogether the need to estimate the ELBO for hyperparameter gradients.
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5.7 Discussion

We commence this section by positioning our proposed method in existing literature, drawing paral-
lels and highlighting differences with respect to prior work. Subsequently, we conclude this chapter
with a set of remarks and final thoughts.

5.7.1 Relation to prior work

In this subsection we consider similarities and differences between our proposed models in this
chapter and already existing ones in literature, firstly from the point of view of inverse-free GP, fol-
lowed by sparse formulations of TP

Inverse-freemodels. Wenow consider possible similarities between our proposed scalable model
IF-CSTP and the inverse-free model introduced in Wilk et al. (2020b) (see subsection|2.3|for technical
details). We commence with IF-ReSVGR which had the following ELBO:

N
EIF—ReSVG’P = ZEN(M(A](IZ.),E;(Q;Z-)) [logp(yi ’ f(xz))] — KL [N (m*Uv Sik]) HN (07 Kuu)]
i=1

(5.111)
(7;) = Kyt (5.112)
S(a;) = Kpp, + Kju TK W TKyp, — 2K 5 TK g, + KpuSKoy, (5.113)

-l

where we remind ourselves that the authors have performed the following reparametrizations: K lmy =
i and K, SyK;} = S and in the upper bound on the non-parametric variance T essentially
acts as a point-estimate of K,!. With this in mind, we can take the following posterior q(U ) =

N (Tmy, TSyT), for which we can update the moments of the predictive equation as follows:

-

S(a;) = Kpp, + K TK W TKyp, — 2K 5 TK g, + Ko TSUT K, - (5.115)

We can now see that this corresponds in form to the posterior predictive equations of IF-CSTP when
mel — oo. Therefore, in the data fit term part of their ELBOS, the two models are identical in the
given scenario.

To make the analogy even further, one could lower bound Lir_gresvap by imposing a prior over T

Sebastian Popescu Uncertainty Quantification with Gaussian Processes 148



5.7. Discussion InverseFreeGP

in the following generative process of the posterior:

1 ~_
T~ W, (VJYZ,, —WKuj) (5.116)
Vip
U~N (my,Su) (5.117)
f | U,TNN(KJCUTU, Kff—i-KfuTKuuTKuf —2KfuTKuf> , (5118)

where we remind ourselves that in the original formulation of the model, T' took the role of a point
estimate of K.}, hence the rationale behind now imposing a probabilistic perspective over T' as a

realization from a Wishart distribution. Following standard VI framework we can obtain the following
ELBO for the Bayesian variant of IF-ReSVGP:

EIF—BReSVGP = IE‘4q(T)

ZEN(ﬁ\U(m),i(zi)) [log p(y; | f(xz'))]] (5.119)

i=1

= Eqr) [KL NV (0", 57) [NV (0, Kuu)]]
_ -1 ~ -1 _ -1 _
—KL Wt (v K ) It (v 2]
The equivalence between the two models in the data fit term and the KL divergence pertaining to
T is obvious if we inspect again L;r_csrp as defined in equation (5.72). However, we are left to
investigate the correspondence in the KL divergence associated to inducing point values, which we
now expand:

1

For ease of comparison, we reiterate the KL divergence for inducing point values for IF-CSTP (in the
scenario v}~ — oo):

1
E, 1) [5 [log |T7| —log |Sy| — d + Tr [T'S] + mlT]TmU]} : (5.127)

A visible difference between IF-BReSVGP and IF-CSTP ( in the case that u}‘,’qfl — 00) resides in
the highly structured posterior q(S*) ( from IF-BReSVGP ) compared to the completely unstructured
posterior q(S) ( from IF-CSTP ). This is caused by the fact that the upper bound on non-parametric
variance is imposed through the posterior as opposed to IF-CSTR, where the upper bound is imposed
through the prior. To better see this difference, we remind ourselves the chosen conditional distribu-
tion in the augmented space of covariance matrices of IF-CSTP:

) . (5.122)
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Hence, the upper bound on non-parametric variance is already imposed in the prior over Xy, s,
given T. Besides that, the elimination of matrix inverses in the parametric part of IF-BReSVGP
is achieved again through the explicit construction of the posterior. Conversely, in IF-CSTP this is
achieved through the explicit link between T and 3.}, a bond which does not exist in IF-BReSVGR

since T'is considered a general random variable that is incorporated in the posterior of U.

Sparse formulations of Student-t Processes. Due to the generally perceived problems regard-
ing their mathematical tractability in comparison to GF TP have received less attention since the
seminal paper of Shah et al. (2074). More specifically, advances in the scalability of GP (Hensman
et al. 2013} Titsias|2009) or inference methods for non-conjugate likelihoods (Hensman et al. |2075;
Khan et al. 2012} Shang and Chan |2013; Sheth et al. |2015) have not necessarily been translated
to TP In Roetzer (2020), the author proposes to solve these current drawbacks by extending these
advances to TP using the concept of t-relaxation, which can be defined as "A reformulation of a prob-
lem or parts of a problem in such a way that the original problem is recovered by taking the limit
as t approaches 1.". To put things into perspective, two common examples of t-relaxation are the
t-exponential (e.g., used to create the family of t-exponential distributions (Tsallis|1988)) and the t-
logarithm (e.qg., used in Tsallis entropy (Tsallis and Brigatti 2004)), which are generalizations of their
standard versions. These two functions have also found a use in variational inference methods for
the family of t-exponential distributions (Ding et al. 2071; Futami et al. 2017), which constitutes the
theoretical backbone of methods developed in Roetzer (2020). In his PhD thesis, Roetzer proposes
a generalization of the approach introduced in Hensman et al. (2015), by using a t-relaxed version of
the ELBO, which results in a scalable sparse version of TP where the posteriors q(F') and ¢(U) both
follow multivariate Student-t distributions. Their resulting ELBO consists of a t-relaxed expected log
likelihood term (which converges to the standard case when t — 1, in which case it would equate
to our proposed formulation) and a t-divergence (Ding et al. |2071) between q(U) and p(U), which
has an analytical expression for multivariate Student-t distributions, unlike the case for KL diver-
gences. Conversely, due to the lack of analytical formulas for KL divergences between multivariate
Student-t distributions, we parametrized our posterior ¢(U) as a multivariate normal distribution, as
opposed to a multivariate Student-t distribution. As for predictive equations, the two formulations
result in similar formulas at testing time. In Roetzer (2020), the author states that their proposed
sparse formulation of TP using t-relaxation fails to converge on real datasets. Hence, doing a com-
parison between their proposed method (alongside improvements to it) and our proposed method
remains a timely prospective research topic, one that could result in STP having a wider usage by
the community.

5.7.2 Concluding remarks

Using our matrix inversion-free variational lower bound we showed similar behaviour to matrix inversion-
dependent counterparts on toy tasks, alongside approximately similar behaviour on real-life datasets.
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However, scaling our proposed method to work on large-scale data still remains a research avenue as
there is a tendency of over-stability of Z for large numbers of inducing points due to the large penalty
stemming from KL [¢(T)||p(T")]. Expanding on this, from equation we can see that the terms
szﬁ log | K| + log ‘f(;j ] and ”fTWq [Tr [Z—:’wa(;ﬂ — m} are scaled by vi" = v)" +m+1,
where v}V > 0. Hence, any difference between K, and K ;; is further scaled by a scalar which
has a minimum value equal to the number of inducing points. One can rapidly see that this might
constitute an issue when using a large number of inducing points, as any gradient update for kernel
hyperparameters or Z will incur a large negative penalty from this KL divergence. We illustrated this
drawback in our experiments on the "banana” dataset. What was perhaps surprising in the aforemen-
tioned experiment was that IF-ReSVGP did not exhibit similar optimization behaviour for Z as in the
case of SVGP even though this particular model does not have a regularization penalty on T' as our
proposed models. This lack of a penalty term as given for example by KL [q(T)||p(T")] means that
in that case T'is not explicitly encouraged towards K,'. Hence, we can posit that for IF-ReSVGP if
T doesn't rapidly find the real solution K.} given a new set of hyperparameter and Z values, it will
not exhibit a similar behaviour to SVGP Conversely, IF-CSTP explicitly guide T towards K.} via the
KL divergence. However it is precisely due to this reqularization term that kernel hyperparameters or
Z might not change due to possibly high penalty.

Whereas we have introduced generative processes based on Student-t Processes, what we have
noticed in practice is that both v," ! and v, will increase during optimization, thus any model
will slowly converge towards an inverse-free GP We have explored various initialization schemes for
vy “and v, and what has always worked in practice is to initialize them by using a softplus function
using the number of inducing points as the function arqgument. For models with small number of
inducing points, if one initializes the aforementioned starting from 0, the resulting model would fail
to converge. This observation falls in line with previous research (Jylanki et al. 2071), which also
highlighted that performing inference with low degrees of freedom results in unstable behaviour.
With this in mind, in our experiments with the NGD variant even upon starting with high degrees of
freedom at initialization, this did not ensure convergence. Hence, we were only able to use the NGD
variant of our proposed model in the limiting case of behaving as a GR showing promising initial
results compared to the standard gradients variant. Perhaps the greatest advantage of IF-CSTP-
NGD is that its variational parameter natural gradients do not involve any computationally expensive
operations such as matrix inversion or computing log determinants as in the explicit computation of
the ELBO.

Setting a low tolerance for the CG-based lower bound on log determinant does not guarantee that
our objective remains a lower bound. Nevertheless, we have shown empirically that this does not
necessarily constitute a problem in practice, as our preconditioned CG routine generally has a low
condition number, thus ensuring the convergence of the PCG routine in only a couple of iterations
despite operating on high-dimensional matrices. This constitutes an advantage of our proposed
Bayesian hierarchical model as there is a direct link between T and K.}, which is used as the pre-

uu’
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conditioner. This is in stark contrast to preconditioning used in other inverse-free GP models from
literature (Wang et al. 2019; Wilk et al.|2020b). Nevertheless, in our experiments we did encounter one
instance when due to biases associated to the CG-based lower bound our ELBO did not represent
a lower bound anymore (see “WineWhite” experiment in Figure [5.70). With this in mind, bias-free
CG algorithms are required to guard against this pathology. An alternative method is to eliminate
the need for computing the ELBO to obtain hyperparameter gradients, leaving this as a prospective
research avenue.

Lastly, a drawback of our current work is the lack of competitiveness in terms of speed with SVGP
To obtain a lower bound on log determinants in our ELBO, we make use of Proposition|5.4.1, which
involved PCG. In this chapter we have used the standard implementation of PCG, which was shown
to not be optimal on GPU hardware (Gardner et al.|2078b). Moreover, truncated conjugate gradients
have been proposed (Filippone and Engler 2015b} Potapczynski et al.|20217) to provide bias-free solu-
tions. These recent advancements should be used in future iterations of this chapter to ensure faster
and more accurate inference, so as to make our proposed model competitive in inference speed.
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Chapter 6

Conclusions

In this chapter we revisit our research aims set out in the introduction and see whether we have
achieved them in our contribution chapters. Subsequently, we discuss limitations and avenues for
future research.
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6.1 Main Contributions

At the beginning of the thesis in Section|1.4{we laid out our research goals, which we recall now.
Intended Research Aims

A Correctly propagating distributional uncertainty in Hierarchical Gaussian Processes
B Distance-aware GP-based architectures in medical imaging tasks

C Matrix inversion-free inference in sparse Student-t Processes

In this section we summarize the main contributions and conclusions of each chapter.

Chapter (3| explored whether distributional uncertainty is reliably propagated in DGP We provided
both theoretical and empirical evidence that this does not necessarily occur in practice nor in some
realistic case studies. The main contribution of this chapter was the introduction of a variant of
DGP which operates on both Euclidean and Wasserstein space. We showed again both empirically
and theoretically that this probabilistic re-formulation of DGP is more reliable in propagating distri-
butional uncertainty, or more specifically what was initially identified as an outlier by layers lower in
the hierarchy should still be identified as an outlier in layers higher in the hierarchy. We hope that
this line of research will inspire future work on using DDGP as the building blocks for 00D detection
models.

Using DistGP as the building blocks for 00D detection in medical imaging tasks was the main focus in
Chapter[4] The challenge was in constructing a module that can be easily extended to convolutional
architectures specific to classification or segmentation, all while still maintaining OOD detection ca-
pabilities. We proposed a drop-in replacement for standard convolutional layers, whereby we impose
Lipschitz continuity on the affine operators so as to satisfy distance-awareness conditions, respec-
tively using DistGP as ‘activation functions” to introduce non-linearities. DistGP are by definition
distance-aware. We demonstrated on both image classification and medical imaging segmentation
tasks that our proposed model provides better 00D detection results than state-of-the-art “00D de-
tection models” from literature. One drawback of using DistGP-Seg for image segmentation is the
relative lag in performance compared to a U-Net.

A visible impediment towards the wider adoption of Distributional Gaussian Processes Layers as the
building blocks of predictive models is related to the high computation costs associated to matrix
inversion operations and log determinants in the evidence lower bound. One can easily see that for
deep networks, these costs would inhibit practitioners from using DistGP Layers as the training time
would be orders of magnitude higher compared to a DNN. Thus, eliminating these unwanted compu-
tational operations was the primary objective of Chapter[5] where we proposed a matrix inversion-
free lower bound on conditional sparse Student-t Processes. Log determinant operations are avoided
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through the use of an upper bound involving preconditioned conjugate gradients. Through exper-
iments on both toy and real-life datasets, we have shown that our proposed inverse-free sparse
Student-t Process almost approaches the behaviour of SVGP Despite several limitations and pend-
ing future work, which we will outline subsequently, we are confident that this chapter will constitute
a stepping stone in future research work on inverse-free GP

6.2 Limitations & Future Research

We conclude this thesis with a discussion on some limitations of our contribution chapters, alongside
suggestions of prospective research avenues to consider in the future to address these limitations.

6.2.1 Uncertainty Decomposition & DGP variants

This thesis has been developed under the assumption that SVGP (Hensman et al. 2013) represents
the best possible variational approximation of a full GP Indeed, if we consider comparison papers
(Bauer et al.|2076), SVGP exhibit a set of advantages over previous sparse approximations (see sub-
section for details). However, in recent years SVGP has been challenged from a diverse set
of view points. First, Jankowiak et al. (2020b) noticed that the non-input dependent uncertainty
o2,... (i.e, aleatoric uncertainty) and the input dependent uncertainty %(x) (i.e., epistemic & distri-
butional uncertainty, as defined in equation (2.42)) are present in the SVGP ELBO in an asymmetrical
manner (i.e, $(z) does not appear in the data fit term that results from the expected log likelihood
Eyu) [log p(y|x, u)] in equation (2.43)), whereas at testing time these two sources of uncertainty
are present in an additive fashion (ie., p(y* | =*) = N <y* | U(x*), S(z*) + a?m.se) where
U(2*) is defined in equation (2.41)). The authors argue that this discrepancy in how uncertainties
are present at training and testing time is the root cause behind why in SVGP the resulting predictive
distributions exhibit underestimated variance. The authors emphasize that in regression tasks the
overall variance is dominated by aleatoric uncertainty, making little use of input dependent uncer-
tainty. To combat this pathology, the authors propose the Parametric Gaussian Process Regressor
(PGPR), which boils down to devising an alternative ELBO that incorporates input and non-input de-
pendent uncertainty in a Symmetric manner in the ELBO, more precisely they propose the following:
Lrarn = 105N (31 | U(@).5(0) + 024ty ) ~ Brea KL [o(U) [p(U)}, where B, is 3 yperpar
rameter thazf éontro/s the amount of regularization. In Jankowiak et al. (2020a) the authors propose
extending the framework of PGPR to DGR, developing a model coined Deep Sigma Point Processes
which exhibits enhanced calibration in predictive distributions compared to DGP alongside the ad-
vantage of not having to sample intermediate latent functions in the ELBO, instead using a quadrature
scheme. Some other variants of DGP are the Robust DGP (Knoblauch|2079), Conditional DGP (Lu and
Shafto |20217) and Deep Kernel Processes (Aitchison et al. |2020). A potentially interesting research
avenue is to explore how uncertainty is propagated in these DGP variants and whether there are any
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differences with respect to our results from Chapter[3| These aforementioned DGP variants utilize the
framework of inducing points to perform approximate inference in the hierarchy, which as we have
seen in Chapter [3|can have deleterious effects on 00D detection capabilities. Conversely, Random
Feature Expansions for DGP (Cutajar et al. 2077) proposes an alternative scalable approximation of
DGR devising a framework that does not involve any matrix decompositions based on the number
of inducing points. Briefly, this model approximates the GP present in hidden layers using random
feature expansions (Rahimi and Recht 2007). Seeing whether this inducing points-free approximate
inference method for DGP suffers from the same pathologies discovered in Chapter [3| remains a
prospective research topic.

Besides considering uncertainty propagation in variations of DGR, another important aspect is how to
decompose the total uncertainty in the model so as to identify root causes of uncertainty. Through-
out the thesis, we have employed the uncertainty decomposition framework introduced Malinin and
Gales (2018) where total uncertainty is split between aleatoric, epistemic and distributional uncer-
tainty. However, there are alternative decomposition frameworks such as the Bayesian nonpara-
metric ensemble (BNE) framework proposed in Liu et al. (2019), which splits total uncertainty into
aleatoric (irreducible due to stochastic variability inherent in the data generating process) and epis-
temic uncertainty (lack of knowledge about data generating mechanism). The authors argue that
the latter uncertainty can be further divided into parametric uncertainty ( uncertainty in estimating
model parameters under current model specification) which is akin to the parametric variance in
SVGR respectively structural uncertainty (uncertainty whether model specification is sufficient for
describing the data). The BNE framework proposes that structural uncertainty is caused by biases
pertaining to the limited hypothesis space of an ensemble, respectively biases caused in the mis-
match between the true data distribution (can be multi-modal, non-symmetric or heavy-tailed) and
the usually assumed Gaussian additive noise. The former bias results in an uncertainty which grows
as test points are further away from training set manifold, essentially acting in a similar fashion
to distributional uncertainty. The additional uncertainty in the BNE framework compared to our as-
sumed framework is related to the uncertainty in the mismatch between our Gaussian distributed
predictions and the true data generating process. A possible solution to eliminate uncertainties per-
taining to this distribution mismatch is to use an alternative to GR which allow for more generalized
distributions. Benavoli et al. (2020) have assumed that the data follows a skew-normal multivariate
normal (Azzalini\2013), respectively Shah et al. (2074) assumed a generative process reliant on the
multivariate Student's t distribution. A potential research avenue is to unify these two approaches,
hence obtaining posterior latent function that exhibit both skewness and heavy-tails. This could be
achieved by making use of the multivariate extended skew-t distribution (Arellano-Valle and Genton
2070). An orthogonal approach would be to use Normalizing Flows (NF) (Rezende and Mohamed
2015) on top of a GP (Marofias et al. 2021), which due to the ability of NF to model implicit distribu-
tions would guarantee that there is no bias due to assumed predictive distribution.
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6.2.2 Enhanced Approximate Inference for really deep DGP

In Chapter [4] we have noticed that using DSVI (Salimbeni and Deisenroth|2077) for models with 18
layers results in reduced performance in comparison to counterparts with just two or three layers.
We posit that the reduction in performance is caused by the DSVI framework which is not capable to
scale to deep networks with possibly complex multi-modal and correlated posteriors between layers,
therefore to scale DistGP Layers to modern architectures we need to find alternative approximate
inference frameworks. Indeed, it is common knowledge that one of the biggest challenges with DGP
(variants included) is that this class of models does not allow for exact inference. Throughout this
thesis, we have employed the DSVI framework proposed in Salimbeni and Deisenroth (2017), which
the authors have shown to outperform DGP inference frameworks based on Expectation Propagation
(Bui et al. |2016). DSVI uses a factorized posterior across layers, assigning Gaussian distributions
layer-wise to inducing point values. One can immediately see how this approximate posterior can
fail in the case that the real posterior is multi-modal (e.qg., multi-modal toy problem experiment in
Havasi et al. (2018)). To address this modelling drawback, Havasi et al. (2018) have proposed the
Moving Window Monte Carlo Expectation Maximization (MWMCEM) framework for obtaining multi-
modal posteriors in DGR showing improved performance at a reduced computational cost compared
to DSVI. As opposed to using MCMC methods to obtain complex and multi-modal posteriors, implicit
variational inference (IVI) (Huszar 2017) has been used to train DGP (Yu et al.|2079) or a structured
variant of semi-implicit variational inference (SIVI) (Yin and Zhou 2018) being used as in Molchanova
etal. (2079). With this in mind, one possible way of arriving at complex multi-modal posteriors which
are not factorized between layers is to use a hypernetwork (Ha et al.|2016) to generate inducing point
values across layers within the inference framework of more recent variants of SIVI (Molchanov et al.
2019; Sobolev and Vetrov|2019). Alternatively, another possible formulation of DGP with correlations
between layers is the “global” inducing points approach introduced in Ober and Aitchison (2021).
Seeing if these advances in approximate inference for DGP would translate to increased performance
in deep convolutional architectures based on the DistGP Layers module remains a research avenue
to be explored.

6.2.3 Refinements on inverse-free Student-t Processes

Optimization of variational parameters and hyperparameters. The simultaneous joint optimiza-
tion of both variational parameters (U and T') and hyperparameters 0 = {Z, o, 1?} in IF-CSTP might
not be the optimal route to take, as for example minor changes to 6 can cause massive differences in
K.}, which T is attempting to approximate. Hence, during optimization the gradients pertaining to
T are playing a "catch-up game” to keep up with the trajectories of hyperparameters. We posit that a
different training scheme might be suited for our scenario. Recently, Adam et al. (2021) introduced a
Variational Expectation-Maximization (VEM) scheme for training SVGP which involves an alternative
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optimization between variational parameters and hyperparameters at the t-th iteration as follows:

E-step: & + arg mgax Lir_cstp (&, 60;) (6.1)

M—Sl‘ep ; 0:+1 < arg IIleaX EIFfCSTP (g:, 9) , (62)

where for both the E-step and M-step we iteratively find the optimum by standard gradient ascent,
such as for the E-step: &F™ « &F + BV eLir_csrp (€F,0:), where By is the learning rate and we
optimize for a pre-defined K numbers of steps. The intuition is that during the E-step, the variational
parameters & associated to q(T) will be able to stably converge towards the real solution K, since
under this framework it doesn’t have to converge to a moving target.

Optimizing hyperparameters in NGD case. Whereas in section |5.5|we provided an inverse-free
framework for computing NGD updates for variational parameters (i.e., U and T for IF-CSTP) that
does not involve iterative updates from CG routines, we omitted how to take GD updates for kernel
hyperparameters and Z (will be denoted as ). The reason is that computing these derivatives would
involve matrix inversion operations, more specifically we are interested in computing the following:

Vp Vg Vp 1
P T NI
o) BEIOB Ky T 90

uu

(6.3)
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= } . (6.4)
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where we only kept terms of KL [¢(T)|lp(T)] (see equation (5.82)) that involve 6. We notice that
we now need to compute K.l to obtain gradients, which is a computational cost we do not intend
to incur. Hence, applying Proposition |5.4.1|is required again so as to eliminate matrix inversion,
with the drawback of increased computational cost in the case that our variational distribution of
T diverges from the real solution to K,!. How to efficiently take gradients with respect to kernel
hyperparameters still remains a future research avenue.

Meta-learning variational distribution associated to 7. In Chapter[5] we have defined our ap-
proximate posterior over T through a Cholesky decomposition, keeping in line with previous ap-
proaches to VI in SGP (Hensman et al. 2013; Salimbeni et al. 2018). However, in this case there is an
intrinsic link between T and K ;}. Hence, it would make sense to exploit this natural link by devising
an approximate posterior q(T') that makes use of kernel hyperparameters and inducing points’loca-
tions Z (i.e., 0). Therefore, L o1 can be parametrized through a neural network that is fed 6 as the
input. This hypernetwork tasked to generate L o can be trained from scratch on each dataset or
alternatively, one could draw inspiration from Liu et al. (2020b), where authors propose a specialized
self-attention network that is fed datasets and outputs hyperparameters. In our case, this permuta-
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tion invariant network would have hyperparameters as input and it would produce L ... Due to the
self-attention module’s invariance to dimensions and data ( in this case Z), pre- tra/n/ng this archi-
tecture on a set of representative datasets can provide an accurate starting point, which could get
fine-tuned during training of our inverse-free model. This remains a prospective research topic.

Faster and unbiased Conjugate Gradients & Gradient Variance Reduction A major drawback
of our current work is the lack of competitiveness in terms of speed with SVGP To obtain a lower
bound on log determinants in our ELBO, we make use of Proposition which involved PCG. In this
chapter we have used the standard implementation of PCG, which was shown to not be optimal on
GPU hardware (Gardner et al.|2078b). Moreover, truncated conjugate gradients have been proposed
(Filippone and Engler 2015b; Potapczynski et al. 2021) to provide bias-free solutions. These recent
advancements should be used in future iterations of this chapter to ensure faster and more accurate
inference, so as to make our proposed model competitive in inference speed.

Lastly, both standard and natural gradients versions of our proposed model suffer from noisy gra-
dients caused by having to sample from a Bayesian hierarchical generative process, more precisely
from T, ¥4,%,,.F and X¢¢.,. In the case of NGD this increased stochasticity negatively affects train-
ing to the pomt that it only works in the limiting case that we need to impose a GP behaviour as
opposed to a Student-T Process to enable convergence. Marginalizing out the different stochastic
components of our generative process is analytically intractable. However, we can use approximate
moments instead. We can re-express our prior generative process as follows:

1 _
p(T) =W (;V V—WKUJ> (6.5)

fia
) . (6.6)
. W4 n4+UTTU — 2
UT) ~ MVT +n+m, KpTU, 21— Kira| . (67
p(fl )~ (qu nom Ry V%_ +n+m-—2 ff) (6.7)

71! Kuf
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Kpu Kppu+ KpTKyg

Making use of conditional multivariate-t identities (Shah et al.|2014) we have:

Using the law of iterated expectations and the law of conditional variance we obtain the following
first two moments forq(f | T) = [ p(f | U, T)q(U) dU:

ELf[T) = Eqwy [ELf [ U, T]] = KpuTmy (6.8)
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VAT =Eguy [VIf U T + Vou [E[f | U, T1] (6.9)
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Therefore, under this approximate moments formulation during training we only need to sample from
T to obtain gradients in the data fit term of the ELBO. Further work should explore this approach to
obtain more stable gradients during optimization.

6.2.4 Bayesian Optimization & Active Learning

Throughout this thesis we have only explored the use of distributional uncertainty as a proxy for 00D
detection. However, this is not the only use case.

Bayesian optimization (BO) represents a sequential design strategy for global optimization of black-
box functions without assuming a functional form, being employed to optimize objective functions
which are either computationally expensive or difficult to evaluate. Intuitively, one constructs a sim-
pler surrogate model of the objective function, which will be used to solve the optimization problem.
Some examples of the objective function can be quality control metrics on production lines (Mau-
rya |2076), optimizing machine learning model hyperparameters to increase predictive capabilities
(Turner et al. |20217), automatic chemical design (Gémez-Bombarelli et al.|2018) or pharmaceutical
product development (Sano et al. 2020). Besides devising a surrogate model f of the real objec-
tive function f, BO also implies using an acquisition function to guide in selecting future evaluation
points. Common acquisition functions such Expected improvement or Upper Confidence Bound in-
volves performing a tradeoff between exploitation and exploration. The latter involves evaluating the
next point in unexplored regions flagged with high uncertainty. Hence, accurately capturing distri-
butional uncertainty is vital for BO. GP (Shahriari et al. |2075) or sparse GP (Mcintire et al. 2016) are
the method of choice for the surrogate model due to their distance-awareness properties. However,
DGP might be better suited for modeling non-stationary objective functions compared to GP surro-
gates (Dutordoir et al. 2017 Hebbal et al. [2021). As we have seen in Chapter [3| DGP might fail in
correctly propagating distributional uncertainty forward, especially in the case of high-dimensional
data that gets projected down to a low dimensional latent space. DDGP suffer considerably less from
this problem, hence they might constitute a better model choice for high-dimensional BO (Binois and
Wycoff2022).

Furthermore, an arduous challenge in applied machine learning is in obtaining labelled data, which
for some application domains can be quite costly, thus rendering the deployment of machine learn-
ing models unfeasible. Active Learning (Cohn et al.|1996) is the statistical framework by which a
system learns from small datasets alongside providing users hints at which type of data should be
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labelled to as to accelerate training and increase predictive capabilities. Pre-DL era ML models have
been consistently used in this field (Settles | 2009), while there has been a renewed interest in the
machine learning community for active learning using BDL (Gal et al. 2077; Kirsch et al. 2019). GP
and DGP have been used in the context of active learning (Fei et al. 2018; Kapoor et al. 2007). As
previously mentioned, DGP might not constitute a reliable method for propagating distribution un-
certainty forward in the hierarchy, hence DDGP can prove to be a viable solution for active learning
due to its capability to learn from small amounts of data and to reliably estimate distributional uncer-
tainty, which in this context will be used to decide which objects get labelled by an external oracle.
In Chapter [4 we have dealt with biomedical image segmentation. Manually annotating medical im-
ages Is a laborious task, hence active learning can be applied in this domain to efficiently annotate
medical scans that bring the largest amount of information (Nath et al. 2020; Rahimi et al.|2027).

6.2.5 00D detection & robustness to “in-the-wild” domain shifts

In Chapter [4|and associated supplementary material we have dealt with clear-cut outliers (e.g. tu-
mors and white matter hyperintensities on brain scans, diverse set of vision diseases on retina scans)
and have examined how well our proposed model is in detecting the pathological tissue. A drawback
of our work is in the lack of assessing how robust our models are to different domains, such as in
quantifying how accurate our segmentation pipeline is on healthy tissue nearby an anomalous tissue.
This procedure can be applied if we also take into consideration failure prediction, which is the field
of research that based on a given proxy (e.g., distributional uncertainty) can choose to reject pre-
dictions and defer them to an external oracle (e.g., clinical doctors in our biomedical segmentation
scenario for further inspection). Furthermore, another limitation of our work is that our set of ex-
periments correspond to domain generalization, where the training and test distributions comprise
data from related but distinct domains. This does not encompass the entire spectrum of domain
shifts. Additionally we also have subpopulation shift, where the testing distribution is a subpopu-
lation of the training distribution. This type of domain shift is important to Al fairness as there is a
well-documented literature on machine learning models performing abysmally on under-represented
demographics (Koenecke et al. 2020). Future work should quantify the reliability of failure prediction
and robustness to these type of shifts on real-life datasets (Koh et al.|2021; Malinin et al. 2021).

6.2.6 Conclusion

Gaussian Processes provide many advantages that recent machine learning models can benefit from,
especially from the point of view of accurate uncertainty quantification. The question of whether
deep Gaussian Processes can be used for 00D detection has been largely ignored till this current
work. | hope that this thesis has provided the necessary insights and recipes for correctly using vari-
ants of DGP for detecting outliers, be it for tabular or image data. One obstacle that has prevented
the large-scale adoption of Gaussian Processes (or in hybrid form, in conjunction with deep learning
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architectures) has been the computational burden stemming from matrix inversion and log determi-
nants. While this thesis has not solved this problem, | hope it took a step in the right direction of
creating fast inverse-free Gaussian Processes.
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Appendices

A Further details pertaining to Distributional Deep
Gaussian Processes

A.1 Varifold Kernels

Varifolds were first introduced in Geometric Measure Theory (GMT) (Almgren|1966), in which shapes
like submanifolds are represented in certain spaces of generalized measures such as currents, vari-
folds or normal cycles. This general framework was adapted to suit requirements for computational
anatomy matching in Charon and Trouvé (2013) and without loss of generality, throughout the re-
mainder of this subsection we will focus solely on surfaces embedded in R? and how to match
them.

We commence by introducing elementary definitions from GMT. Subsequently introduced methods
are capable of working with smooth surfaces alongside piecewise smooth or discrete objects. The
umbrella term of rectifiable subsets in GMT encompasses the aforementioned scenarios. We denote
M € RR3 a rectifiable surface if for almost every = € M, there exists a tangent space 7,M € R2.

To make the abstract mathematical framework more intuitive, we consider the problem of partial
matching between shapes (Antonsanti et al. 2021). Hence, the aim is to find the optimal deformation
to register a source S to a target shape T, where S, T € R™, hence they are a finite union of m-
dimensional submanifolds of the ambient space E = R®. We consider them to be m-rectifiable,
which in the case of hyperspheres implies that any point x € S (x € T) has a normal vector
7.5 € S (7, T € §%71).

Definition A.1. A varifold is a distribution on the product R* x S¥~1, namely a continuous linear
form on a given space W of smooth functions R* x S — R. If M is a surface, we asso-
ciate the varifold {M} € W', for any function w € W, by the surface integral: {M}(w) =
[oy w (z,7,M) dS(x), where W is the dual space (see Chapter 3.2 in Charon et al. (2020) for an
in-depth definition).

Proposition A.1 (Proposition 4.1. in Charon and Trouvé (2013)). Given positive-definite real
kernel k. on R s.t. k, is continuous and for all z € RY, k.(z,-) vanishes at infinity and given
a positive-definite real kernel k, defined on the manifold S*=' that is also continuous. Then the
Reproducing Kernel Hilbert Space (RKHS) W associated to the positive-definite kernel k. ® k; is
continuously embedded into the space Cy (R? x S~1), the space of continuous functions on R? x
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S-1 that decay to 0 at infinity.

In Antonsanti et al. (20217), the authors assume the reproducing kernel of W to be given by k., ®
ki, with ke(z,y) = exp (— |z — y|2)/crfu and k;(u,v) = exp (u,v)%, with the latter being an
exponential kernel applied on the inner product of surface normals. We associate the following
canonical function wg € W:

wsly, 7) = /S ko (g, 2) k(7 725) d (12)

We can finally define the scalar product between canonical functions wg and wx as follows:
(ws.wr) = [ [ Kok S n1) dody (13
SJT

Remark A.1. Intuitively, the inner product associated to RKHS W keeps track of both Euclidean dif-
ferences between 3D points on the surface mesh, but also takes into account geometric information
surrounding those points, as given by the points’ surface normal vectors (see Figure [3.7)in Section
3.2.2).

A.2 Detailed proofs for Chapter]?\

A.2.1 Positive-definite kernels using Wasserstein-2 distances

Proof of Theorem[3.2.1 Thi Thien Trang et al. (2019) provides a detailed proof that a generalized
radial basis function kernel with Wasserstein distances is positive definite. We recall here the main
results.

Theorem A.1 (Schoenberg’s Theorem). Let F' : R™ = R be strictly monotonically decreas-
ing, and K a negative definite kernel. Then (z,y) = F(K(z,y)) is a positive definite kernel.

Proposition A.2. The function W3}t is a negative definite kernel if and only if 0 < H < 1.

A complete proof of this proposition can be found in Kolouri et al. (2076), where they prove this result
for absolutely continuous distributions in W5 (£2), where Q0 C R is a compact subset. Theorem|3.2.1
follows from Schoenberg’s Theorem and the above proposition.

A.2.2 Propagation of total uncertainty in DGP
Proof of Proposition

Proof. We consider the approximate posterior DGP as a composition of functions q;, = gz o...oq;

Sebastian Popescu Uncertainty Quantification with Gaussian Processes 177



A. Further details pertaining to Distributional Deep Gaussian Processes Appendices

with a certain ¢; being given by:

J(FIFiy) = / (B0, Fo)g(U) AU = N (FIOf), Safin)) . (4)

Following the layout introduced in Girard et al. (2002) for obtaining Gaussian approximations of GP
with uncertain inputs, we have the following adapted case for a two layer DGP, with the forthcoming
analysis being easily extended to more layers: U

o(Fy)(z) = / (s F)a(F (2)) dF (15)

Using the framework described in subsection (‘equations (2.113) and (2.116) ) and adapting
to our case at hand, we have the following approximate moments for ¢(F»)(z):

m(Fy(x)) = U(Us(w)) (16)

~ 2
N oU(Fy)
F=U1(2) 0F,

where for the purposes of our derivation here we only considered a first order Taylor expansion
for the approximate mean. In Ustyuzhaninov et al. (2019), the authors have empirically shown that
lim s eo 32§§g1) = 0, hence that term is dropped. Intuitively, it follows a sinusoidal path with the

amplitude converging to 0 as the number of inducing points is increased.

10%55(F)
2 OF

v(Fy(r)) = So(Ur(2)) + Si(x) [ , (17)

Flffl(a?)]

We remind ourselves that in the proposition statement we made the following set of assumptions:
inducing point locations for the second layer Z; are equidistantly placed in the interval [—307, 30];
the variance of the inducing point values Sy, are taken to be equal to simplify the problem.

For @, and ;,,—q Using equation[T7]we obtain:

~ 2
~ OU,(F;
V(Fy(Tout)) _22(0)+03< ;ﬁﬁll)> o (18)
~ 2
. OUs(F;
o(Fy(in-a) =22<Mm_d>+vm—d< 5%”) P "
The desired behaviour for the second layer is:
oUs(x) ) 00, (x) )
~ 2(T ~ 2 2(T
. ; < :
E2<A]\4znfd) + ‘/;nfd ( 81‘ > Fi=M,, g — 22(0) + 0q ( (9:1:' > FL—0 (20)

Since we have assumed that the inducing point locations are equidistantly placed in a grid with
centre zero, which is a sufficiently similar situation to what one might observe in practice, then
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5(0) & X(M;,_q) as we have also assumed that the posterior variances of the inducing point
values are equal. Hence, the inequality v(Fy (2 —q)) < v(Fa(xou)) holds if and only if:

<802(F1)>2 ,
oF, o
~1 f;—Mmfd < 07 (2—]>
U2 (FY) in—d
C
OJ

A.2.3 Propagation of distributional uncertainty in DGP
Proof of Proposition

Proof. We commence by writing our Bayesian hierarchical formulation so that the link with approx-
imation of Gaussian Processes’ moments with noisy inputs (see section [2.5.1) is made clearer.
Under our set of assumptions we have:

p(Hy | Ho) = N (Hy | 0, Kyp — Ko Ky, Koup) (22)
:N(H1 | 070%) (23>
p(Hy | Hy) = /N(H2 10, Kyp — Kpo Koy Kup) N (Hy | 0,07) dH; . (24)

We can approximate the non-Gaussian predictive equation using the framework of exact moments
introduced in subsection since we are only considering squared exponential kernels. We
adapt equation (2.133) to suit our scenario:

v (0,0%) =02 — Tr [K;1Q)] (25)
where we have:
o2 o2 exp [—2%}
K _ 2 ) 2 l (26)
o3exp || o2
1 exp [——02 } exp [—ﬁ]
2= : @)
wi\ ew|-g] e |-ahg)

We can now write the exact variance of the Gaussian approximation of p(H,) as:

c? 3c2
, 2lew [mim] e |-

0(0,02):0 — ,
1 ’ Ug[l—exp(—%)}\/%—l—l
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which has the following derivative with respect to o2:

o (0,0%) 2 [, 4c? » c? 207 + 12 ~3 29)
g2 2 P\ PR 202 2
1
2¢* [I? 4207 || —
221 20t - 5]

We first consider the derivative evaluated at % = 0:

4c? A1 262 1
_ 2 _ o _ - =
ot [mee ()R] [ -E] e

The first two terms are always positive in the case that K, is invertible, leaving us with just the
last term. Hence, we have that:

v (0,0%)
do?

v (0,0%)

> 2> 92,
907 >0 < I°>2c (37)

2_
o7=0

Similarly, one can investigate whether the derivative is positive at any other value except 0:

ov (0,0%)

907 >0 < 2 +12>22. (32)

2_~2
01=091

One can easily see that at any value of o2 the derivative will be positive only if I > 2¢?. Hence,
the minimum values will be at v(0,0) = K;r — @ ss, where the Schur complement is evaluated at
point F; = 0. O

A.2.4 Propagation of total uncertainty in DDGP
Proof of Proposition

Proof. From the proof of Proposition(3.3.7jwe remind the desired behaviour for the second layer:

~ 2
iz(Mmfd) 4 ‘/inid « (aUQ(FI))

otr>(F)
T > (33)

0F,

< 35(0) + 0% (

Fy=M;p_q =0

In contrast to zero mean DGP, where under current assumptions we obtained X5 (M;,_q) &~ 35(0),
this is not the case for DDGP. Expanding on the variance terms 5(M;,,_4) and 25(0) looking at
their non-parametric variance:

2 H H 1y -H 2 Hy-H 1y-H
Oy — KMM,duKuu KuMm,d < Oy — KOuKuu KuO : (34)

To simplify the notation we can consider just one inducing point, lying halfway between 0 and
M;,_qat Z,, and with Z,,,, < o?. Using the hybrid kernel formulation and re-arranging the terms
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in the above equation considering the matrices are scalars we arrive at:

_W2N0702 7NZm7Zvar - O_Zm2
ot oxp AN OAD N s Zr) o, =0~ Zul -
2 2
_W2 N Minf 7‘/1'117 7N vazvar - Mm, _Zm 2
o e N Wt Vo) N i B o, = Ot = T

which after eliminating redundant terms and taking the logarithm we obtain:

W22(N<Oa O—%)aN(Zma Zvar)) + (0 - Zm)2 Z W22<N(Mmfda V;nfd)a N<Zm7 Zvar))+ (36)
(Minfd - Zm)2

The above inequality holds if and only if 63 > Z,,, and V;,,_q &~ Z,.,, thus proving our proposi-
tion.

A.2.5 Feature-collapse in DGP
Proof of Proposition

Proof. In subsequent derivations, we assume that the set of inducing points {Z;}%~, are suffi-
ciently large and well-optimized so that for points « € D we have K¢p ~ K, K, K.

We commence the derivation:

E [Ilfu(2) = fule)I3 | fam1,U ZE 1) -

| fn 1 } (37)
= Z (Ko — Kpo) KU (38)

We can apply Cauchy-Schwarz inside the brackets to obtain the following inequality:

D,
< Z 1K pu = K31 KU (39)
v — Z,) a7,
<Zuo oo 20 oten A ot

We assume that x = x* + h and z* is a high-density data point with regards to Z,,, respectively
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|| x — Z, ||3~ 0. Now we can re-arrange the last equation as:

Dy 2
h+x*— 2, B
<3l e~ @)
< 204 | exp — (h)2 — 12 || K U2 (42)
— 2[2 uw ~nll2

We have the following general result 1 — exp —x < x, for x > —1 which we apply in our case

since (2}2 > —1, we obtain:

E [Ilfo(@) = ful@)ll2 | fa1, Un] < 2454 1K Usllz (R)* (R)* (43)

d=1

which we can re-express with regards to previous layer features to make subsequent derivations
easier to follow:

Dy

E [Ilfa(x) = fa@)I3 | foo1,Un] < Z 4l4||K;JUs||%<h>2<fn_1<x>—fn_1<:c*>>2. (44)

We can now apply induction and the tower property of conditional expectation to arrive at:

n

E [ fu(2) = fula)3 [H{UL] < 1] Z4IIK LU (h)* (fo(w) = fo(e™))® . (45)

=1

By Markov's inequality, for any e > 0 we have that:

P(Hfl-kl(x)_fl-l-l(x*)H?ZE|{Ul}lnzl)é%H IIK LU (R)° (fol@) — fol2™))?

€

=1
(46)
We can apply the first Borel-Cantelli lemma to obtain:
PNy Uy [[fm(2) = fn(2%) ]2 = € [ {Un}i2,) = 0. (47)

Sebastian Popescu Uncertainty Quantification with Gaussian Processes 182



A. Further details pertaining to Distributional Deep Gaussian Processes Appendices

Lastly, we can express the following:

P ([fna(x) = fu(z®)ll2 = 0 [ {UiiL) = P(ﬂk 1 UE il (@) = fn(27) ]2 (48)

< U
= 1~ PO M2 Ul ) = S (49
1
> | W)
>1- Z P2y Uney 1 fn(@) = fin(@™) ]2 (50)
> | ()
" (57)

From which we obtain the proof of our proposition: P (|| fu(z) — fu(2*)||2 = 0| {Ui}};) =
1. [

A.2.6 Feature-collapse in DDGP

Proof of Proposition

Proof. We adapt our previous proof for Proposition|3.4.2|to suit the hybrid kernel specific to DDGP.
We have the following upper bound:

E [ fo(@) — fala)B | fars U] <3 [lo% exp — = Zn) T Walule) plZn) g9

212
o — Z,) + W2 (u(z*), u(Z,
—o—gexp—( ) 2;2(#( ) 1 ))Hi
1K, U3

We assume that z = z* + h and x* is a high-density data point with regards to Z,,, respectively
|| x — Z, ||3& 0. For their first two moments we have equivalent assumptions m(z) = m(x*) +
m(h)and v(x) = v(z*) + v(h), with p(z*) < wu(Z,) We can re-arrange the last equation as:

Dy, 2
h+x*—Z,)° + [[m(h)|]2 + |[v(h)||?
S 2 :HUiGXp—( ) || ( )||2 || ( )||2 _O,QH HK 1UdH2 (53)

We have the following general result 1 — exp —x < x, for x > —1 which we apply in our case

since (HmBIZHOME oy,
o 2
E [ fu(®) = Fala)B | facr, Un] <D 2 10 ||Kuu1Uff||2 (P* + m(m)3 + [lv(R)]13)" (54)
d=1
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We can see that we can re-express the final term of above equation as follows:

(h2 + ||m(h)||§i Iv(h)§> = (W +0)° (55)
C = h* 4+ 2R%c + ¢ (56)

2 {fﬂ Foet f;} (57)

=i [nel) (59)

We can apply this side derivation to equation (54):

D 2
. k m(h)[3 + [v(h)]]3
E (16a(e) ~ £ua) | omss U] < 3 P |-+ I EI0OIRT
d=1
(59)
We can now apply induction and the tower property of conditional expectation to arrive at:
L 4 2 972
. m(h)||5 + ||v(h
e A O B ) e e
=2
<f1<x> f1< ")
Using the upper bound on (f;(z) — fi(z*))? from the proof of Proposition we obtain:
L
E [||fu(2) = fula™)3 | {U}] < 4Z4HKJJU3H2H 4l4\| W U3 (67
{,H I ()3 + [lv(h )||2]2
h

(fo(x) — f0($*))2

Similar derivations to the proof of Proposition can be applied to arrive at the final result. [

A.3 UCI experiments details

For all datasets we randomly selected 20% as the testing set, with the remainder being used for
training. All implementations use the RBF kernel with automatic relevance determination for DGR
whereas for DDGP the standard RBF kernel on Euclidean space is used just for the first layer, with
the remaining layers using the Hybrid kernel. In terms of model architecture, we use 5 hidden units
for each hidden level, with 100 inducing inputs. All models are optimized until convergence with a
mini-batch of size 32. Results are provided for 2,3 and 4 layers.
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Euclidean Kernels. A/l squared exponential kernels used a lengthscale hyperparameter per input
dimension, initialized to 1.351. We initialize the variance of the kernel with the same value.

Hybrid Kernels. All hybrid kernels used a lengthscale hyperparameter per input dimension, initial-
ized to 1.351. We initialize the variance of the kernel with the same value.

Euclidean inducing points & DGP approximate posterior. For all experiments we used 100 in-
ducing points for the first layer, which is mapping from input space to first hidden layer space. We
initialize the inducing point locations to the k-means of the training data. For the approximate pos-
terior of the inducing point values we initialized the mean by uniformly sampling between -2.0 and
2.0. The Cholesky decomposition of the variance was initialized to be the diagonal matrix multiplied
by 1e75.

Distributional inducing points & DDGP approximate posterior. For all experiments we used 7100
inducing points in the hidden layers of the multi-layered GP architectures. Since these inducing point
are operating in Wasserstein space, the inducing point locations are actually distributions in this
case. We initialize the mean of the inducing points locations by uniformly sampling between -2.0 and
2.0. The initial variance of the inducing point locations is taken to be the diagonal matrix multiplied
by 1e~1. This low initialization of the variance term was chosen so that the DDGP will implicitly learn
to produce low variance terms at all hidden layers for data points inside the data manifold. For the
approximate posterior of the inducing point values, we take the same initialization as in the case of
DGP

Optimization. A/l parameters were optimized using the Adam optimizer with a learning rate of
0.001. We used a mini batch size of 32 and trained for 1000 epochs or until convergence.

Likelihood. For regression tasks the likelihood variance was initialized to 1.0

A.4 Isotropic kernel properties in (Distributional) Deep Gaussian Pro-
cesses

Point-mass inducing points are doomed to fail in high-dimensional spaces. This section is
written from a purely theoretical perspective in the hypothetical scenario that DeepConvGP archi-
tectures or more generally DeepGP architectures are scalable to high dimensions. Operating in this
scenario, we can take the case of DGR with the following analysis being easily extendable to Deep-
ConvGP architectures. We first introduce a general result from the concentration of measure in high-
dimensional spaces.

Sebastian Popescu Uncertainty Quantification with Gaussian Processes 185



A. Further details pertaining to Distributional Deep Gaussian Processes Appendices

Definition A.2. Multivariate spherical Gaussian distributions with a different mean u;, and variance
o2 for each dimension has the following p.d.f:

1 K T — Uk 2
O e T [_Z (%ﬂ )

k=1

Definition A.3 (Gaussian Annulus Theorem). For a d-dimensional spherical Gaussian with unit
variance in each direction, we have that:

Pr(|lx — \/E\ < B) < 3exp —cf? (63)

where ¢ is a fixed constant. This results in samples being concentrated in a thin annulus of size 1
with a radius v/d, centred at zero.

Gaussian Annulus Theorem Isotropic Euclidean Kernel Isotropic Hybrid Kernel

(K] = \
\ il ] (W
1/4) \ A il ;/
A\ O
: e ,/) 74 '/
o Density Mode e Inducing Point )
o Low sample Probability e Sample q(F,) ° SampleZ, v 4
e High sample Probability ; q(F) * Sample q(F) q(F)

Figure A.1: Gaussian Annulus Theorem and behaviour of (D)DGP in high-dimensional spaces.
Left: Visual depiction of Gaussian Annulus Theorem; Middle: Hidden layer samples in DGP concen-
trate on a thin hypersphere, with inducing points having to cover the entire surface; Right: Hidden
layer samples in DDGP concentrate on a thin hypersphere, but due to distributional inducing points
and Wasserstein-2 part of hybrid kernel this will not result in the necessity to cover entire hyper-
sphere.

If we consider the posterior over the I-th layer of a DGP ¢(F,) ~ N (Fl; U, i,) be of size d; where
we consider the dimensionality to be sufficiently large so that the above theorem holds, with the
added assumption that the d-dimensional ¥, values for data point x are roughly equal. Then we
can consider samples from q(F)) as {F} — U,,--- , F® — U,}, which are individually spherical
Gaussians of mean zero and %, variance. Thereby, by applying the Gaussian Annulus Theorem we
can see that samples, which are used in the DSVI framework commonly used in DGP (Salimbeni and
Deisenroth , concentrate around an annulus centred at U, with the radius being v/d;%;. Hence,
the Euclidean distance with respect to the centre increases for higher values of d,.

Remark A.2. This will only constitute an issue with isotropic kernels, as the locations Z; will have
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to cover an increasing surface of the d,-sphere created by samples from q(F}). This will constitute
less of a problem for hybrid kernels (isotropic as well for Euclidean part) present in DDGPR as the
Wasserstein-2 distance between the multivariate normal stemming from q(F;) and that of Z, will be

reliable.

A.5 Additional Results on Out-of-Distribution Detection for DDGP

Deep Convolutional Gaussian Processes architecture. We use 250 inducing points at each layer.
Every hidden layer is taken to have five channels. We use the Adam optimizer starting with a learning
rate of 0.07 and decreasing by 0.1 every 20,000 iterations. We optimized all models trained on MNIST
for 100,000 iterations.

NotMNIST SVHN Fashion MNIST

a“ze)ak il R
HAH AN am/t) 707 :
aAbsaAH 0o EIEE

Rotated MINIST Morpho MNIST

M
b
=

Radius = 3 Radius = 5 Radius = 7 Radius = 9 Radius = 11

F1E

Figure A.2: Examples of 00D datasets.

Image datasets. MNIST is a large database of small, square 28 x 28 pixel grayscale images of
handwritten single digits between 0 and 9. It consists of 60,000 images in the training set and 10,000
in the testing set.

NotMNIST is a dataset consisting of publicly available fonts and glyphs extracted from them so as
to construct a dataset similar to MNIST. There are 10 classes, with letters A-J taken from different

fonts.

SVHN is a real-world image dataset obtained from house numbers in Google Street View images with
the purpose of recognizing digits and numbers in natural scene images.

Visual examples of 00D datasets used throughout thesis are given in Figure[A.2]

A.5.1 Sensitivity to input perturbation

Rotated-MNIST. To further assess the sensitivity of our methods, we employ the experiments
introduced in Gal and Ghahramani2076b| by successively rotating digits from MNIST. We expect to
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Figure A.3: Sensitivity to image rotation. Histograms of predictive entropy and distributional
differential entropy for varying degrees of rotation applied to digit 8 images from MNIST. Higher
values indicated an increased uncertainty. Models trained use 50 inducing points in the hidden
layers.

see an increase in both predictive entropy and distributional differential entropy as digits are rotated.
For our experiment we rotate digit 6. When the digit is rotated by around 180 degrees the predictive
entropy and distributional differential entropy should revert back closer to initial levels, as it will
resembles digit 9. From Figure|A.3lwe can notice that in terms of distributional differential entropy the
same patterns are exhibited by both considered models, with slightly less overlapping distributions
for DistDeepConvGP

Morpho-MNIST. For better understanding the morphological changes occurring with swelling of
different radii we provide some examples for digit 4 (see Figure[A.2). From Figure [A.4 we can see
that for 50 inducing points at each hidden layer, DGP and DDGP have roughly similar behaviour.
However, for 100 inducing points we can notice that DGP (i.e., for 2 and 4 layers) lose their ability to
notice these morphological changes in the input by virtue of inspecting their distributional differential
entropy. The same cannot be said for DDGR, which regardless of inducing point numbers provide a
steady upward trend in distributional differential entropy as swellings of higher intensity are applied
on the original digit. This experiment goes hand in hand with our observation on toy datasets (see
Figure|3.6), where we have seen that by increasing the number of inducing points the distributional
uncertainty in zero-mean function DGP can collapse.

A.5.2 Additional Figures for 00D detection

In this subsection we provide additional figures pertaining to the 00D detection experiments sum-
marized in Table[3.2]
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Figure A.4: Sensitivity to morphological deformations. Histograms of predictive entropy and dis-
tributional differential entropy for varying degrees of morphological deformation applied on MNIST
digits. Higher values indicated an increased uncertainty.

Sebastian Popescu

Uncertainty Quantification with Gaussian Processes

189



Further details pertaining to Distributional Deep Gaussian Processes

Appendices

Num. Layers 2

Num. Layers 3

Num. Layers 4

10 15 20 25
Differential Entropy Distributional

4 6 [ 10 12
Differential Entropy Distributional

(b) 100 inducing points

10 Dataset Dataset Dataset
= MNIST =3 MNIST =3 MNIST
140 == NotMNIST | 100 = NotMNIST | 100 = NotMNIST
a 120 ROC curve (area = 0.71) ROC curve (area = 0.64) ROC curve (area = 0.64)
Q
>
c .
o 5
Q 8
o
[
[
o
1650 Dataset Dataset 250 — Dataset
3 MNIST. 160 1 = = MNIST =3 MNIST
o 10 =0 NotMNIST 0 NotMNIST /\ = NotMNIST
140
Lg ROC curve (area = 0.87) ROC curve (area = 0.97) ROC curve (area = 0.95)
c
o]
O . .
Q5 H
$ S )
[a)]
=
8
=]
o 10 15 4 2 4 [3 8 10 12 1 a 3 8 0 B2
Differential Entropy Distributional Differential Entropy Distributional Differential Entropy Distributional
Num. Layers 2 Num. Layers 3 Num. Layers 4
160
Dataset Dataset Dataset
140 4 = MNIsT = MuisT 120 = mnisT
=3 NotmwisT | 100 = NotMNIST 0 NotMIST
o 2 ROC curve (area = 0.69) ROC curve (area = 0.59) ROC curve (area = 0.70)
(G]
>
[ =
o 5
Q 8
Q.
[N
VU
(=]
120
200 Dataset Dataset 175 Dataset
== MNIST == mnIST = mnIsT
a  wus B NotMNIST | 109 | f 0 NotMNIST | &3 NotMNIST
Qg ROC curve (area = 0.95) ROC curve (area = 0.84) ROC curve (area = 0.86)
150
g 801
Q s
a g c0 ]
Y 8o
9 75
o “1
(=] 50 4
204
254
5

5
Differential Entropy Distributional

Figure A.5: 00D detection MNIST vs. NotMNIST. Histograms of distributional differential entropy
computed on MNIST and NotMNIST. Higher values indicate an increased uncertainty.
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Figure A.6: 00D detection MNIST vs. SVHN. Histograms of distributional differential entropy
computed on MNIST and SVHN. Higher values indicate an increased uncertainty.
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Figure A.7: 00D detection MNIST vs. FashionMNIST. Histograms of distributional differential
entropy computed on MNIST and FashionMNIST. Higher values indicate an increased uncertainty.
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B Further details pertaining to Distributional
GP Layers

B.1 Detailed proofs for Chapter

B.1.1 Lipschitz properties of DistGP Layers
Proof of Proposition

Proof. Throughout this subsection we shall refer to the first two moments of a Gaussian distribu-
tion by m(+), v(-). Explicitly writing the Wasserstein-2 distances of the inequality we get:

[m(F (1)) = m(F@))]* + [o(F () = o(F@)]* < Limy —mof” + S = S . (64)
We focus on the mean part and applying Cauchy—-Schwarz we get the following inequality:
HKIW — K, K;ulmf < HK;ML - KWH§||KJHIm||§ . (65>

To simplify the problem and without loss of generality we consider U, to be a sufficient statistic
for the set of inducing points Z. Expanding the first term of the r.h.s. we get:

2 _W2<H> Uz) 2 _W2<V7 Uz) 2

0% exp 2 — o exp 2 (66)
We assume v = u + h, where h ~ N (Jmy — mal, |E; — X2|) and w is a high density point in
the data manifold, hence Wy (1 — U,) = 0. We denote m(h)? + var(h)? = . Considering the
general equality log(x — y) = log(x) + log(y) + log(i — 1) and applying it to our case we get
that:

~\1?
g (1) = () < 1o [ o? — exp 73 (7
A A
< 2logo? — 2l_2 + 2log {exp BT 1] (68)
2 A
< 2log |o% exp =l (69)

We have the general inequality expz < 1+ x + 22 forz < 1.79, which for 0 < 2 < 1 can
be modified as exp x < 1 + 2. Applying this new inequality and taking the exponential we now
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obtain:
)\ 2
() = m(FO) < |0+ 207 (1)
A )2
< 04+04l—2 —|—404% (71
< 160'2 (72)

2’

where the last inequality follows from the ball constraints made in the definition. We now move to
the variance components of the Lipschitz bound, we notice that

which after applying Cauchy—Schwarz results in an upper bound of the form:
1K 0. = Koo LIy (Ku.—s) Ky 2 - (75)

Using that || K, 0. — K,0. |13 < 227 we obtain that:

o(F ()~ o(FW)] < ARG B, — )G (76)

Now taking into consideration both the upper bounds on the mean and variance components we
arrive at the desired Lipschitz constant.

B.1.2 Lipschitz properties of affine operator

The subsequent proof makes use of the following useful lemma.

Lemma B.1 (P-norm lemma). We have the following relations between norms : ||z|l> < ||z||x
and ||zl < VD]

Proof of Proposition

Proof. Using the definition for Wasserstein-2 distances for the |.h.s of the inequality, we can re-
express as follows:

Wa (f(n), f(v)) < 1A —moAll3 + ||(07A%)1? — (03A%) 2|17, (77)
which after rearranging terms and noticing that inside the Frobenius norm we have scalars, be-
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comes:
Wa (f(u), F(v)) < [l(m1 = m2) All3 + [07 A) /2 — (034%) 7] (78)

We can now apply the Cauchy-Schwarz inequality for the part involving means and multiplying the
right hand side with +/C, which represents the number of channels, we get:

[(my — ma) A2 + [02A2)2 — (624322 < 79)
Imy — ma||2V/C||A||2 + VC[o? A2 — (62 4%)/2)2

We can notice that the Lipschitz constant for the component involving mean terms is v/C'| A||3.
Hence, we try to prove that the same L is also available for the variance terms component. Hence,
we can affirm that:

L =VO||A|l3 > VC[oTA%)'? — (054%)7) < [01 — o2V C|A (80)

Using Cauchy-Schwarz we have v/C[oy A — 03 A)? < 01 — 03]>V/C||A||3. Hence the aforemen-

tioned if and only if statement will hold if we prove that
1 1 2
Ve [(aw)a — (0242): | < VO [0, A — 02 A)? (81)
which after expressing in terms of norms becomes:

VCIlo1Allz — lloaAlle]* < VO [llor Al — [lozAll]* . (82)

Expanding the square brackets gives:

VC [|loAl2 + loaAl2 = 2]|o1 Alla]|oa All2 < (83)
VO (||l Al + lo Al = 2]|01 All1[|o2 A1) -

This inequality holds by applying the p-norm lemma, thereby the if and only if statement is satisfied.

Consequently, the Lipschitz constant is v/C'|| A||3.

B.1.3 Feature-collapse in DistGP Layers
Proof of Proposition

Proof. We are interested in determining the specific scenarios in which the function space col-
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lapses to constant values. Hence we explicitly write E [||u;(z) — w(2*)]|3 | w—1] as:

OWIER T e
_ : E [(u{ ()" | ul_l] —2F [ud (x)ul (&*) | 1] + E [(u{ @)’ | ul_l} (85)
:%iaﬁ+mﬂ@—ﬂmxwmﬂf)—%Wﬂm@%m@ﬂkﬂﬁ+ﬂﬁ@3 6)
_ i [mi (x) —mi(2*)]” + 207 — 207 exp — [' i1 (7) ;ll;”?—”“"*) |2] . (87)

where in the last equation we have ignored the variance part of the Wasserstein-2 kernel since the
two variance terms are equal. We make use of the following inequality 1 — exp —z < z forxz > 0
and equality only in the case that = = 0, resulting in the following upper bound:

E [[Jw(z) — w () |3{w}Z]] < Z [m! (z) — mi (2%)]" + crl2| i (7) _l?mm(if*) |

(88)
We can now view the previously defined operator m;(x)W; as an inner product in vector space
between a tiled version of m;(x) and a normalised version of 1;, more specifically:

Wia Wimn, ——

quwwW@L{ ) = ()i (89)

my ’ ’ my

where my is the number of dimensions caused by the affine embedding function W, in the I-th layer
of the hierarchy.

Our current goal is to relate m (-) to m]_, (-). We can now apply Cauchy-Schwarz to:

. . ) 2
i (@) = mi (@) = [ @ Wi = @)W (90)
W, Wi ]\ |*
= ’<[m11($) —my_q(x), - o (x) —my—q (27)], {7111’ T ,LTZZDZ} > (91)
< Dy_ymy [y () — my—y (%)) = (W, W) (92)
where in the last line we denoted TV, = [WD—T, . W"Dml—;l"”] to avoid cluttering.
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We can now apply the previous result to equation (88):

E [[|u(2) — w3 | w-i] Zszl 1 (mua (x) = mya (27)) (Wi, W) (93)

2

+ 3 Imia(e) = iy @)

Dy

< E [szl—l * (W, W) + l_é] ’m{—1($) —my_, (")
i

=1

(94)

We can now recursively apply the previously derived Cauchy-Schwarz based inequality to obtain:

9 11

o -
+ 2—;2} HDzszl—1<M/z, W)

E || w(e) — ue®) | |{u}=)] < [szZ_l QT + 51

(95)
[ () — m (27)]?
By Markov's inequality, for any e > 0 we have that:
1 o 527 L o
P (|| wig1(x) — wpga (z7) [|2=>€) < = {mlDl—l * (W, Wi) + 2—;2] HDlm1D1—1<Wfl, W)
U=t
(96)

[ma (@) — ma ()

Then, only in the case that [mlD,_l s (W, W) 212] < 1and Dymy Dy (W;, W;) <is satisfied
for intermediate layers, we can apply the first Borel-Cantelli lemma to obtain:

P(NZEUnoy (| um () = um(2”) [l2> €) = 0. (97)

Lastly, we can express the following:

From which we obtain the proof of our proposition: P (|| u,(x) — u,(x*) |[o— 0) = 1. O
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B.2 Additional results on out-of-distribution detection

B.2.1 Out-of-distribution detection in MRI scans with brain tumors

Observations. We provide additional plots for the task investigated in section[4.5.3|for DistGP-Seg
and OVA-DM as they were the only models to provide decent outlier detection capabilities. We refer
the reader to Figures[B.8land[B.9 From case study A, we can see that OVA-DM is over-segmenting
across all FPR levels almost randomly from outside the tumor area, whereas DistGP-Seg is over-
segmenting at FPR = {1.0,5.0} areas around the margins of the ventricles. For case study B,
at FPR = {0.5,1.0,5.0} OVA-DM seems to be under-segmenting the tumor in comparison to
DistGP-Seg. The same observation can be made again for case study C. Lastly, for case study D
DistGP-Seg seems to be under-segmenting for FPR = {0.1,0.5}.

B.2.2 Out-of-distribution detection in MRI scans with white matter hyperintensi-
ties

Motivation. Different intensities of white matter hyperintensities (WMH) can be observed in a brain
MRI (see Figure[B.10)for illustration), especially in Multiple Sclerosis (MS) lesions. Age-related WMH
are also present in subjects with cognitive disorders and seldom present in elderly people. The task
of segmenting WMH is important so as to monitor disease progression. Manual delineation of WMH
is time-consuming, suffering also from both intra and inter observer variability (Tran et al. 2022).
The goal goal of this subsection is to see if DistGP-Seg can detect WMH as outliers given that it was
trained to segment brain tissue on healthy patients with very low volume of WMH.

Data and pre-processing. Brain MR/ scans from the 2015 Longitudinal Multiple Sclerosis Lesion
Segmentation Challenge (Sweeney et al. 2013) which comprises of FLAIR, PD, T2-weighted, and T1-
weighted volumes from a total of 110 MR imaging studies (11 longitudinal studies each of 10 sub-
jects). All participants gave written consent and were scanned as part of an institutional review
board approved natural history protocol. For the purposes of the task at hand, we only use the base-
line FLAIR scans. All FLAIR images are pre-processed with skull-stripping, N4 bias correction, rigid
registration to MNI152 space and histogram matching between UKBB and BraTS. Finally, we normal-
ize intensities of each scan via linear scaling of its minimum and maximum intensities to the [-1,7]
range.

Remarks. The task of detecting WMH is considerably more difficult than detecting tumors, the lat-
ter usually presenting itself as a large blob, whereas the former constitutes of multiple non-contiguous
areas of varying shapes. From Figure[B.T1 we can notice that the large connected WMH regions are
reliably detected as outliers, with smaller disconnected WMH regions being only in some cases out-
lined. Another issue is over-segmentation, as seen in case study C.
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00D
Measure

Figure B.8: Detailed segmentation output for DistGP-Seg on BraTS. Mean segmentation repre-
sents the hard segmentation of brain tissues. 00D measure is the quantification of uncertainty for
each model, using their own procedure. Higher values (towards the red spectrum) translate to the
respective tissue being detected as an outlier.

B.2.3 Out-of-distribution detection on Retina scans

Motivation. Diabetic retinopathy (DR) is an eye condition that can cause vision loss and blindness
in people who have diabetes, affecting the blood vessels in the retina. Hence, retinal screening
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Ground 00D
Truth Measure

FPR=0.1 FPR=0.5 FPR=5.0

Figure B.9: Detailed segmentation output for OVA-DM on BraTS. Mean segmentation represents
the hard segmentation of brain tissues. 00D measure is the quantification of uncertainty for each
model, using their own procedure. Higher values (towards the red spectrum) translate to the re-
spective tissue being detected as an outlier.

contributes to early detection of diabetic retinopathy and timely treatment. Mild non-proliferative DR
(NPDR) is the early stage of DR, which is characterized by the presence of microaneurysms. Soft

and hard exudates appear in advanced stages of NPDR (Alghadyan|2011). We provide an illustration

Sebastian Popescu Uncertainty Quantification with Gaussian Processes 200



B. Further details pertaining to Distributional
GP Layers Appendices

Moderate Severe Very severe

Figure B.10: Intensity scale of WMH lesions. WMH are areas with high signal intensities visi-
ble on T2-weighted fluid attenuated inversion recovery (T2-FLAIR) MRI sequences, being common
findings in multiple sclerosis patients and elderly people.

of these retinal pathologies in Figure The goal of this subsection is to see if DistGP-Seg can
detect these domain shifts in the case it was trained on healthy retinas.

Data and pre-processing. DRIVE: The Digital Retinal Images for Vessel Extraction (DRIVE) dataset
(Staal et al. 2004) is a dataset for retinal vessel segmentation. It consists of a total of JPEG 40
color fundus images; including 7 abnormal pathology cases. The images were obtained from a DR
screening program in the Netherlands. The images were acquired using Canon CR5 non-mydriatic
3CCD camera with FOV equals to 45 degrees. Each image resolution is 584*565 pixels with eight
bits per color channel (3 channels).

The set of 40 images was equally divided into 20 images for the training set and 20 images for the
testing set. Inside both sets, for each image, there is circular field of view (FOV) mask of diameter
that is approximately 540 pixels. Inside training set, for each image, one manual segmentation by
an ophthalmological expert has been applied. Inside testing set, for each image, two manual seg-
mentations have been applied by two different observers, where the first observer segmentation is
accepted as the ground-truth for performance evaluation.

STARE: STructured Analysis of the Retina (STARE) database (Hoover et al.|2000) was created by
scanning and digitizing the retinal image photographs. Hence, the image quality of this database
is less than the other public databases. The STARE dataset comprises 97 images (59 AMD and
38 normal) taken using a fundus camera (TOPCON TRV-50; Topcon Corp., Tokyo, Japan) at a 35°
field and with a resolution of 605 x 700 pixels. Its retina scans are from subjects suffering from
the following retina pathologies: Hollenhorst Emboli, Branch Retinal Artery Occlusion, Cilio-Retinal
Artery Occlusion, Branch Retinal Vein Occlusion, Central Retinal Vein Occlusion, Hemi-Central Retinal
Vein Occlusion, Background Diabetic Retinopathy, Proliferative Diabetic Retinopathy, Arteriosclerotic
Retinopathy, Hypertensive Retinopathy, Coat's, Macroaneurism, Choroidal Neovascularization.

IDRID: The Indian Diabetic Retinopathy Image Dataset (IDRID) dataset (Porwal et al. 2018), is a pub-
licly available retinal fundus image database consisting of 516 images categorised into two parts:
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Figure B.11: Detailed segmentation output for DistGP-Seg on WMH dataset. Mean segmen-
tation represents the hard segmentation of brain tissues. 00D measure is the quantification of
uncertainty for each model, using their own procedure. Higher values (towards the red spectrum)
translate to the respective tissue being detected as an outlier.

retina images with the signs of Diabetic Retinopathy and/or Diabetic Macular Edema,; normal retinal
images. Images were acquired using a Kowa VX-10a digital fundus camera with 50° field of view
(FOV). The images have resolution of 4288 x 2848 pixels and are stored in jpg file format. We have
pre-processed these images to match the FOV and resolution of DRIVE.
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Figure B.12: Symptoms of Diabetic Retinopathy on retina scans.

Task. We train a similar DistGP-Seg architecture (see section adapted for 2D data on DRIVE
(normative data) to segment blood vessels, subsequently at testing time we use STARE and IDRID
(00D data) to segment blood vessels in the presence of previously unseen pathologies on Retina
scans. We would like to mention that we did not train the 00D baseline from literature (Amersfoort
et al.[ 2020} Franchi et al. 2020} Liu et al. as they only work on multi-class classification and
not binary classification as is the case here.

Blood vessel segmentation on normal Retina scans. From Figure [B.13| we can observe that
DistGP-Seqg manages to correctly segment the blood vessels, while both distributional and epis-
temic uncertainty are relatively low, which is to be expected as these testing examples represent
in-distribution data.

Out-of-distribution detection of retina pathologies. From Figure[B.T4we can observe that DistGP-
Seg manages to correctly identity the vast majority of soft and hard exudates as outliers.
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Figure B.13: Detailed segmentation output for DistGP-Seg on DRIVE dataset. Mean segmen-
tation represents the hard segmentation of brain tissues. 00D measure is the quantification of
uncertainty for each model, using their own procedure. Higher values (towards the red spectrum)
translate to the respective tissue being detected as an outlier.
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Figure B.14: Detailed segmentation output for DistGP-Seg on STARE/IDRID datasets. Mean seg-
mentation represents the hard segmentation of brain tissues. 00D measure is the quantification of
uncertainty for each model, using their own procedure. Higher values (towards the red spectrum)
translate to the respective tissue being detected as an outlier. Case studies A-E originate from
STARE, whereas the remainder from IDRID.
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C Further details pertaining to inverse-free sparse
Student-t Processes

In this section we provide all the necessary details regarding the generative process, ELBO, variational
distribution and predictive equations for the IF-STP model briefly introduced in subsection|[5.3.1) We
remind ourselves that this model represented just a starting point for the subsequent derivation of
IF-CSTR which represents a computationally efficient version of IF-STP Nevertheless, IF-STP is used
in several experiments in section[5.6lmostly to compare its behaviour to that of IF-CSTP

C.1 Alternative Variational Posteriors over Inverse-Wishart Processes

To perform inference over our hierarchical Bayesian model, we need a way of defining a valid varia-
tional mean covariance matrix for the posterior Inverse-Wishart Process over the space of possibly
infinitely large covariance matrices: q (X fu.tu) = Witm (Vf’q +n, v K f, fu) , where K 7, .
is a p.s.d. matrix defined as:

_ K, K, L 0
K pugu = B I P S P Kuu . (101)
Kfu Kff fu,fu fu,fu fu,fu KfuLjT L=

Kuu Kff‘u

where LkuuL;{uu = i{uu; kaf‘uL;:(ffﬂ = [N(ff.u, f(ff = i(ff.u + Kfuf(;iKuf and Vig =
v, +m + 1, with v, > 0. Due to the block Cholesky construction, K ,, s, is guaranteed to be p.s.d.
matrix, so that it satisfies the condition for defining mean covariance matrices for Inverse Wishart

distributions.

C.2 Variational lower bound of inverse free sparse Student-t Processes

In this subsection we are interested in obtaining a variational lower bound for the following posterior
Q(Fa U7 Zfu,fu) =P (F|U; qu,fu) q (U) Q(wafu), where:

1 [y LT K.
q (Efu,fu) =W | Vg +n, — R ™ K - / .1 (102)
Vfaq Kfu Kff-u+KquuuKuf

q(U) =N (m,LsLj) . (103)

We commence to derive the ELBO from scratch following the derivations initially introduced in Titsias
(2009). We consider our training data D = {X;,Y;}i—1... ». Our goal is to approximate the true
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-1
fufu

Q(F, U, Zf%fu)
p(F, U, Efu7fu|D)

Q(F7 Ua Efu fu)
= FU Y ) |1 : log P(D)| dF dU dX ¢, 4 105
/Q< T f7f)[ogp(F7Uvzfu,fuvD)+ o8 ( ) Jul ( )

= Eorus,, 1) |10g Q(F, U, fu)
s fu, fu p(DlF, U) quju)p(F, (]7 E;’l},f’u)

posterior distribution p(F, U, % | D), which translates to minimizing the following:

dF dU dS;, f. (104)

= /Q(F, []7 qu,fu) lOg

, (106)

+log P(D)

which after some rearrangements becomes:

logp(D) - [E(I(FvUvEfu,fu) 1ng(D‘F, U, Ef%fu) — KL [Q(F’ U, Efu,fU) Hp(F, U, Efu,fU)” :
(107)
We can now re-express this derivation as:

log p(D)— KL [q(F, U, Xpu,ullp(F, U, Egupu))] = (108)
Eq(FvU»Efu,fu) 1ng(D‘F, U, qu,fu) — KL [Q(F’ U, Efu,fU) Hp(F’ U, Efu,fU)] :

Hence, the standard variational approach Jordan et al. (1999) translates minimizing the KL diver-
gence KL [q(F, U, Xty ru||p(F, U, X o0 | D)], which is intractable, to essentially maximizing a
lower bound on the log marginal likelihood that is tractable, respectively the r.h.s. of the previous
equation.

q(F, U, X, pu)
p<F7 U7 mefu)

Lrr—stp = EQrus w0108 p(Y|F U, St pu) — BQrus;, su) l0g (109)
Our prior factorizes as p(F,U, Xty pu) = p(F | U, Zpupu)p(U | SoH)p(E 40 pu). The reason
for choosing the notation p(U | 1) will become self evident later on in the computation of the
KL-divergence term for U. In the KL term in equation (109) we can separate the fraction terms that
with respect to integrands that they exclusively depend on:

p E 7 fu, fu / q(U)
Eyrus,, ;) 108 +E -1, [ q(U)log ——=—<dU 110
K1) 18 I Sy + s [ ()8 gyt (10
4(Esu,ru)
+ By, ) 108 —5)
a(Zfu,fu) (0 sa)

where the first term cancels out due to conditional prior matching. We now proceed to give detailed
accounts of each term present in equation (109).

Expectation over data fit term. The expectation over the likelihood term can be expressed as:

Busyo | [ 1080V IS DS 000, S up)) OF] (m)
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where U (S pupu) = SpaXoim and 2(Spu ) = Zpp — ZpuXnt [Suw — S) 8515, We can
obtain samples for all matrix terms by using equations (5.45) and (5.46) adapted for the posterior,
respectively:

Spfa ~ W, (Vf,p +n, vpK ff-u) (112)

.
~ K
S Suf | Bpu ~ MN (KJJKuf, Xfu® V““) : (113)

fip

Marginalization of Inverse Wishart posterior. /n subsection|C.T/we have defined a valid Inverse
Wishart distribution over ¥, r,. However, in the interest of performing S.V.I. with minibatches we
are actually interested in Inverse Wishart distributions over X,,, .. whereby fi denotes a random
sample from f at a given iteration in the training process and by f, we denote the remainder data
points. Hence, under this scenario we can re-express K f, f, as:

Kuu Kufl Kufg
~ ~ 1 - 1
KfU,fU = wa UIUI + KfluKuuKufl Ulv;— + KfluKuuKufz ) (114>
~ 1 ~ —1
Kfzu UQUI + KfQUKuuKufl UQU;— + Kf2uKuu Kufz

where v = [vy, v3] Or more precisely, the original matrix can be decomposed into a concatenation
along rows of the matrix vi € M, «n, associated to f1 € M,, «1 and matrix vo € My, wn,
associated to fo € M,,, 1 repsectively.

Due to marginalization properties of Inverse Wishart distributions we have:

A uu Ku 1
no (115)
Kflu Ul’l}ir + KfluKuuKuf1

2fzf2 ~Wt <Vq +ng + 1, Vq [UQU;— + Kfzuf(;ulKUJ%}) . (1‘]6)

Y fufiu ~ W <uq +ni+m+ 1,1y,

Therefore, we can notice that if we marginalize out f, we get a consistent mean covariance for
Y rupu- The consistency under marginalization of a subset of f is given by the parametrization
vpvp + K K ;ul K.z, which can be easily permutated in its rows. Unlike Wishart distributions, the
Inverse Wishart distribution is not consistent over degree of freedom under marginalization.

Expectation in the SVl setting.  With these marginalization properties and consistency results, we
can re-express expectations over individual terms as follows:

n

Z Eo(5msn) [/ 10g p(Yel Fi)a(Fi; U (S i) s 2(S e i) dF (117)

k=1
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WhereU<Efkuyka) = kauzgimandi<sz,fku> = kafk_szuzgi B — 5] Z;&Eufk define
distributions over scalars. Hence, the formulas enunciated in equations and can now be
rewritten as:

(Ve t 1l vig,. -
S few ~ Gamma™ (qu> %kafk-u) (118)
_ Stob
E;izufk ‘ kafk‘u ~N (KuiKufkv % ® Kui) ’ (119)
f.a

where Gamma™! represents in the inverse gamma distribution and both distributions are easy to
sample from.

KL-divergence between inducing points. We now investigate E -1, [ q(U)log p(gfgll)dU,
which after sampling from -1 becomes:

KL [¢(D)|lpU | )] = = [~ log |Sya| —log|S| — d+ Tr [S,0S] + m"Sum] . (120)

1
2
No matrix inversion is required for this divergence term. Moreover, .. is obtained via the Bartlett
decomposition L+ AATL _,. Hence, .., is a product of lower triangular matrices L .1 A, with
the determinant log |3} | having an analytic formula.

KL-divergence between covariance matrices. e now focus on KL [¢(X ry, ul|D(2 fu, fu), Which
has an analytic formula for Inverse Wishart distributions (Granstrom and Orguner|\2012):

Vg ~ vp o= vp+1—7 vg+1—7
Elog‘Kf%fu —310g|Kfu7fu|+Z log I’ — —logT’ 5 +
j=1

(121)

n+m .
Vp— U ~ Vgt 11— Vg -1 -
= [log ‘Kfu,fu =) o (qT) + Tr [—fou,fu (wafu - Kfu,fu>] :
i=1

Hence the problematic part is in computing the inverse of K f,, ., which can be expressed as follows:

. _ ~1 - -1
K,, +aj, (K fﬁu) ap, —aj, (K ff-u? 122)

where oy, = Ky, K ;;. Thereby, the initial problem boils down to computing inverse of lower

triangular matrices Ly and Ly . Secondly, directly computing log |K sy, s.| would incur an
O ((N + M)3) computational cost. To bypass it, we use proposition [5.4.1

Remark C.1. Translating Proposition to our case, we have that log|K ¢y ru| > n + m +
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. In the computation of x:; we precondition with K ;ul u- Hence,

. ~ ~ —1 . . . .
if Ky, p, = K, 1, the PCG routine will finish in one step.

C.3 Obtaining predictions at testing time

We consider test points f* and hence we propose taking the following form over their posterior
approximation of their Schur complement, namely K y- oo, = K pe pe + K pou Ky Ko K oy Kouge —
2Kf*uf{;jKuf*, which is p.s.d. matrix and equal to the exact Schur complement K g« f+.,, if and
only if K ;j = K. For an in-depth exploration into upper and lower bounds based on conjugate
gradients we refer the reader to Davies (2075). In this case, we have the following probabilistic
formulation:

Speugou ~ W <Vp +n +m+1, (v, +m+1) fff*u,f*u) , (123)

where K j«, -, is @ p.s.d. matrix which can be defined as follows:

Ruu Kuf*
R - . . (124)
Kf*u Kf*f* + Kf*UKuuKuuKuuKuf* - 2Kf*uKuuKuf* + Kf*UKuuKuf*

We can now write our full variational posterior over f* in a hierarchical manner:

2 1-
Zf,jf,:-u ~ Gammail (Vq + ZL i s Yq i ;I’L + f,:f;:'u) (125)
~ — E * *"U, ~ 71
AT e | S pra ~ N Ko Koy, — 05 o | 126

Taking samples from these distributions is a relatively easy task, with no computationally expensive
operations.

D Natural Gradient update rules for various distri-
butions

In this section we treat all required natural gradient update rule specific to the generative process
introduced in section[5.3]
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D.1 Natural Gradients for U

Exponential family representation of Multivariate Normal. The Multivariate Normal distribution
can be express as g, (6) = h (8) exp [(n, ¢ (8)) — A (n)], where we have:

Zfl
* Natural parameters n =
+ Base measure h(X) = (2m)~

X
- Sufficient statistic ¢ (0) =
XX

+ log partition representation: A(n) = —1n{ny 'm — 5 log |—2ns]|

Mean parameters of Multivariate Normal. The mean parameters are given by:

o 2
m = (NMT ., 2) (128)

Natural Gradients of Multivariate Normal with respect to data fit term. We remind ourselves
that under our posterior formulation the mean parameters can be expressed as:

” (mmT ) S) | (129

Therefore, we can express j = my and ¥ = meo — pyu ' . With this in mind, we can re-express
gradients with respect to m as follows:

dmy Ou  Omy OLs 0S 0my (130)
OL(&y)  OL(&y) _ -
=T on T ols [Ls® [Lg'EiLg"]] [-24] (131)
OL(S,y) _ OL(§y) Op L oL (&,y)OLs DS )
Omy . Omy % DS 9my
OL (€, o
- a(Liy) [Ls® [Ls'EiiLs']] - (133)

We remind ourselves that under our posterior formulation the natural parameters can be expressed
as:
S~im
n= < . _1> . (134)
~1s
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Hence we can obtain the required derivatives as follows:

om  0Sm
o = o S (135)
OLs _0Ls0S _0Ls0 " 36
ono 0S5 Oy S 1
= [Ls® [Lg'EyLg']] [0.505 " By jmy '] (137)
= [Ls® [L'E;;Lg ]| [2SE: ;5] (138)

D.2 Natural Gradients for [’

Exponential family representation of Wishart.  The Wishart distribution can be express as g, (6) =
h(0)exp[(n,o(0)) — A(n)], where we have:

1l —lK
+ Natural parameters:g = (2 )= 20 "

2

+ Base measure: h(X) =1
, - X
- Sufficient statistic: ¢ (0) =
log | X|

* log partition representation: A(n) = — [no + 25| log |—m| + log T, [12 + 5]

Mean parameters of Wishart distribution. We commence to derive the mearn parameters of the

Wishart distribution:
b — m41] Jog [—my | + log T, mi1
my = 0A(n) _ [772 + ] og|—m| + log [772 + 3 } (139)
8771 anl
_ mtll oo |— _ _
:8 (72 4+ 2] log | 771’__[772+m+1} dlog|—m|0—m (140)
om 2 d—1m om
m+ 1 _ m+1| _
= - [ng + T} (= '] [=1] =~ [772 + T} o (147)
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The second mean parameters is computed as follows:

m2:%7§277):_log‘_n1’+5’logFm((9[;7§+mTH] (142)
— log || + 28 arn”; E?Qm;mTH] O ;7 :TH (143)
=—MMﬂM+§3¢%y+m;1+1;q (144)
:—10g|—n1|+zw{n2+m+;_z} , (145)

where 1 represents the digamma function. We now gather the mean parameters:
= [+ 2 ] 046
m = m )
—mwwu+;wM+ﬁ%ﬂ

Natural Gradients of Wishart with respect to data fit term.  Under our posterior formulation the
mean parameters become:

K
m = o Al 147
—mlog%f—I—log|KW1|+Z:1¢[%} (147)

To compute 2L&4) ) we make use of the chain rule in the following manner:

OL(&y) _OL(&y) vy | OL(Ey) O

N ey 148
8m1 37/]0 aml aLR,,1 aKuu ( )

_OL(E&y) Ov;  OL(Ey) .

vy Omy + OL [L e [L il ” : (149)
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We now focus on computing 22

om1*

3—mlog%+z¢(%l_i)
i=1

v ov
o N — (150)
o 9—mlogd + Z P (Vf Z) !
8 1 _|_ vit+1l—i
_ mlog 5 Z@D( ) Omsy — log |m| (151)
vy omy
_ , -1
m aw vitl—i ar/f—i-l—z
_ _E + €f+1i ) a 2 _ mfl (1 52)
i Vim0 Vi
_ . 1
m wl (uf+1—z> )
m 2
S R WA Y e 1
. ; 5 s (153)
where v () is the trigamma function.
To compute 2L&4) ) we make use of the chain rule in the following manner:
8m2 ayf 6m2 8LI~(W 8m2
) _ v Ny (et
AL () vy 0 m10g2+,21¢< 2 >+0
87/ v n v —1 (9m
! 8—mlog%+;w<%> 2
(155)
oLy | ("f“ N o - tog ]
Y mo — 10g |y
_ _m 156
an + Z 8m2 ( )
_ -1
~ m vi+l—i
oL@y [ om0 ()
=, o + 121 5 ; (157)

where 1)1 (+) Is the trigamma function.
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