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Improving reinforcement learning algorithms:
towards optimal learning rate policies
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Abstract

This paper investigates to what extent one can improve reinforcement learning
algorithms. Our study is split in three parts. First, our analysis shows that the
classical asymptotic convergence rate O(1/+/N) is pessimistic and can be replaced
by O((log(N)/N)?) with 1 < 3 < 1and N the number of iterations. Second, we
propose a dynamic optimal policy for the choice of the learning rate (yy)x>0 used
in stochastic approximation (SA). We decompose our policy into two interacting
levels: the inner and the outer level. In the inner level, we present the PASS
algorithm (for “PAst Sign Search”) which, based on a predefined sequence (5) x>0,
constructs a new sequence (75,)x>0 whose error decreases faster. In the outer level,
we propose an optimal methodology for the selection of the predefined sequence
(72)k>0- Third, we show empirically that our selection methodology of the learning
rate outperforms significantly standard algorithms used in reinforcement learning
(RL) in the three following applications: the estimation of a drift, the optimal
placement of limit orders and the optimal execution of large number of shares.

1 Introduction

We consider a discrete state space Z = Nor Z = {1,...,d} with d € N*. We are interested in
finding ¢* € Q C RZ solution of
M(q,z) = E[m(q, X(2),2)] =0, VzeZ, (1)

with X (z) € X arandom variable with an unknown distribution and m a function from Q@ x X x Z
to R. Although the distribution of X (z) is unspecified, we assume that we can observe some
variables (Z,, ), >0 valued in Z and (Xn(Zn—1))n>1 drawn from the same distribution of X (Z,,_1).
Reinforcement learning (RL) addresses this problem through the following iterative procedure:

QnJrl(Zn) = Qn(Zn) - 'Yn(Zn)m(Qna XnJrl (Zn)7 Zn)7 Vn > 07 (2)

where qq is a given initial condition and each ~,, is a component-wise non-negative vector valued
in RZ. The connection between RL, problem (1) and Algorithm (2) is detailed in Section 2. It is
possible to recover the classical SARSA, Q)-learning and double )-learning algorithms used in RL by
taking a specific expression for m and X, 1. Note that Algorithm (2) is different from the standard
Robbins-Monro (RM) algorithm used in stochastic approximation (SA)

dn+1 = qn — ’Ynm(QTu Xn+1)7 (3)

with m € RZ whose z-th coordinate is defined such that m(q,z). = m(q,z(z),z) for any
z € Z and 7, > 0, mainly because, as it is frequent in RL, we do not observe the entire variable
(Xn+1 (z))z c z) but only its value according to the coordinate Z,,. Indeed, the way (Z,,),,>1 Visits
the set Z plays a key role in the convergence of Algorithm (2) which is not the case of Algorithm
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(3). RM algorithm was first introduced by Robbins and Monro in [25]. After that, it was studied
by many authors who prove the convergence of ¢,, towards ¢*, see [3, 5, 6, 17]. The asymptotic
convergence rate has also been investigated in many papers, see [3, 16, 26]. They show that this

speed is in general proportional to 1/ v'N with N the number of iterations.

In this work, we give a special focus to RL problems. Nowadays RL cover a very wide collection
of recipes to solve control problems in an exploration-exploitation context. This literature started
in the seventies, see [31, 32], and became famous mainly with the seminal paper of Sutton,
see [29]. It largely relied on the recent advances in the control theory developed in the late
1950s, see [2]. The key tool borrowed from this theory is the dynamic programming principle
satisfied by the value function. This principle enables us to solve control problems numerically
when the environment is known and the dimension is not too large. To tackle the curse of
dimensionality, recent papers, see [28], use deep neural networks (DNN). For example, in [14],
authors use DNN to derive optimal hedging strategies for finance derivatives and in [20] they
use a similar method to solve a high dimensional optimal trading problem. To overcome the
fact that environment is unspecified, it is common to use RM algorithm which estimates on-line
quantities of interest. The combination of control theory and SA gave birth to numerous papers on RL.

Our contributions are as follows. We first conduct an error analysis to show that the classical
asymptotic rate O(1/v/N) is pessimistic and can be enhanced in many situations. It is indeed
possible to get a O((log(N)/N)#) asymptotic speed with 1/2 < B < 1 and N the number of
iterations. Then, we present our main result. It consists in proposing a dynamic policy for the choice
of the step size (yx)x>0 used in (3). Our policy is decomposed into two interacting levels: the inner
and the outer level. In the inner level, we propose the PASS algorithm, for “PAst Sign Search”.
This algorithm builds a new sequence (v} )x>0, using a predefined sequence (v7)x>0 and the sign
variations of m/(qy, Xy +1(Zn), Zn). The error of (v} )r>o decreases faster than the one of (7{)x>0-
In the outer level, we propose an optimal dynamic policy for the choice of the predefined sequence
(72)k>0- These two levels are interacting in the sense that PASS influences the construction of
(72)k>0- Finally, we show that our selection methodology provides better convergence results than
standard RL algorithms in three numerical examples: the drift estimation, the optimal placement of
limit orders and the optimal execution of a large number of shares.

The structure of this paper is as follows: Section 2 describes the relation between RL and SA. Section
3 reformulates the problem (1) in terms of a minimisation issue and defines with accuracy the different
sources of error. This enables us to exploit the most recent convergence results for each source of
error to show that the slow convergence speed O(1/+v/N) can be replaced by O((log(N)/N)#) with
1/2 < 8 < 1and N the number of iterations. Section 4 contains our main contribution. We start
by defining the Algorithm PASS, comparing it with two other schemes and proving its convergence.
Then, we describe our outer level policy and discuss its optimality. Finally, we explain our selection
methodology of the learning rate (7);>o which combines the PASS Algorithm with the outer level
to enhance the convergence of (3). The last Section 5 provides numerical examples taken from the
optimal trading literature: optimal placement of a limit order and the optimization of the trading
speed of a liquidation algorithm. Proofs and additional results are relegated to an appendix.

2 Reinforcement learning

We detail in this section the relation between SA and RL since we are interested in solving RL
problems. RL aims at estimating the (Q-function which quantifies the value for the player to choose
the action a when the system is at s. Let ¢ be the current time, U; € U be a process defined on a
filtered probability space (€2, F, F;, P) which represents the current state of the system and 4; € A
the agent action at time ¢t. We assume that the process (U, A;) is Markov. The agent aims at
maximizing

T
E| / 0 F(5,Us, A) ds + pTg(Ur)], )
0



with g the terminal constraint, f the instantaneous reward, p a discount factor and 7" the final time.
Let us fix a time step A > 0 and allow the agent to take actions only at times® kA with k € N. The
Q-function satisfies

T
Q(t,u,a) = supEA[/ P f(s,Us, Ag) ds + p T D g(Up)|Uy = u, Ay = a], V(t,u,a) € Ry x U x A,
A

t

with A = {A;,t < T} a possible control process for the agent. Note that the action of the agent
depend on s = (¢, u) with ¢ the current time and « the current state. We view the agent control A as
a feedback process (i.e adapted to the filtration F;). The Q-function satisfies the classical dynamic
programming principle (DPP)

Q(ta u, a/) = E[Rt-i-A + PA Sua Q(t + Aa Ut-i-Aa a/)|Ut =u, At = a/]’ (5)
a'e

with Ry a = LHA p=Y f(s,Us, As) ds. Equation (5) reads that the optimal expected gain when
the agent starts at s and chooses action a at time ¢ is the sum of the next expected reward R, A plus
the value of acting optimally starting from the new position U, A at time ¢ + A. By reformulating
(5), we obtain that ) solves equation

Elm(q, Xiip2) =0, V2= (tau,a) € Z=[0,T] x U x A, (©)

where X7 \ = (U a, Rf A) € X =U x R, UZ and R} are respectively the conditional random
variables U and R, given the initial condition (U7, A?) = (u,a) with z = (t,u,a) € Z and m is
defined as follows:

m(q,x,2") = H(q,z,2") —q(z"),  H(q,2,2") =7+ p™sup q(t' + A, u,a),
a’'e A

forany x = (u,r) € X and 2z = (t!,u',a') € Z. Thus, one can use stochastic approximation tools
to solve (6).

Note that Equation (6) shows that one can study @ only on the time grid* Dy = {nA, n < T/A}.
Thus, we define Ay and Uy, such that Ay = Apa and U, = Ui, for any k € N. The key variable to
study is not the agent decision Ay but Zy, = (k, Uy, Ag). Thus, the rest of the paper formulates the
results in terms of Zj, only.

Actions of the agent. It is important in practice to visit the space D x U x A sufficiently enough.
Thus, to learn @, it is common to not choose the maximising action®, but to encourage exploration by
visiting the states where the error is large. We give in Appendix A examples of policies that promote
exploration and others that maximize the ()-function.

3 Improvement of the asymptotic convergence rate

In [4, Part 2, Section 4], [16, Section 10] and [17, Section 7], the authors show a central limit theorem
for the procedure (3) which ensures a convergence rate of O(1/v/N) where N is the number of
iterations. In this section, we extend such convergence rate to Algorithm (2) and aim at understanding
how one can improve it. For this, we decompose our total error into two components: estimation
error and optimization error.

3.1 Error decomposition

In this section, the space Z = {1,...,d} is finite with d € N*. In such case, we view q and M (q) as
vectors of RZ. Moreover, the process (Z,,),>1 is Markov. We consider the following assumption.

Assumption 1 (Existence of a solution). There exists a solution q* of Equation (1).

3We recall the following classical result: when A goes to zero, the value function and the optimal control of
this problem converges towards the one where decisions are taken at any time.

*Here, we take T' = n* A with of n* € N*. Such approximation is not restrictive.

>The maximising action a* for a state u is defined such that a* = arg maxaec 4 q(u, a).



Under Assumption 1, the function ¢* is solution of the minimization problem

min g(g). 7

with g(q) = [|M (q)|1%.
Remark 1. Note that, in the special case where M is the gradient of a given function f (i.e.
Vf = M), the quantity ¢* minimises a convex and differentiable cost

=S E[L(q. X(2),2),

and we can derive the following explicit expression for L

1
Lg,z,2) = / (q(z) = ¢"(2)) x m(¢" +7(q— ¢*),z,2)dr, Vg€ Q,Vz€ Z,VxeX.
0

with Vg = M. Thus, one can replace g by g and all the results of this section hold. In the rest of this
section, we use g instead of g.

In our context we do not have a direct access to the distribution of X (z). Nevertheless, we assume
that at time n we keep memory of a training sample of n(z) independent variables (X7);—1...,(2)
drawn from the distribution X (z) where n(z) is the number of times the Markov chain Z,, visited z.
We define ¢™ as a solution of

rqréig 9n (), (®)

with g, (q) = ||M"™(¢)||* and

n

—~

2)

M"(q,2) = E"[m(q, X(2), 2)] = ( )_ m(q, X;(2), 2)) /n(2),
1

.
I

expected value under the empirical measure p = (Z;Sl) ) Xj(z)) /n(z) (i.e. empirical risk). We
finally define ¢}’ as an approximate solution of the problem (8) returned by an optimization algorithm
after k iterations. Thus, we can bound the error g(g}’) by

0 <& (sta) - o0 )] <[ (s6") - ) ) )| +2]jota) - sta)

estimation error optimization error

<z)} |

since ¢* minimizes g.

3.2 Convergence rate of the estimation error
3.2.1 Slow convergence rate
We have the following result.

Proposition 1. We assume that the Markov chain Z,, is irreducible. There exists ¢c; > 0 such that

E[sgg l9(g) = gn(a)[(2)] < q%, Vz e Z.

For sake of completeness, we give the proof of this result in Appendix D. Proposition 1 allows us to
derive the following bound for the estimation error

E[(g(¢™) — 9(¢")(2)] = E[(9(¢") — 9n(a")) (2)] + E[(9n(q") — gn(a")) (2)] +E[(gn(q*) — 9(¢"))(2)]

<0

< 2E[s1;p l9(q) = gn(@)|(2)] < 2c1 ©)

L
N

This bound is known to be pessimistic.



3.2.2 Fast convergence rate

We obtain the following fast statistical convergence rate.
Proposition 2. Assume that the Markov chain Z,, is irreducible and

og(n(z B
Ehww@—%mmamMsd(““(”)7 (10)

qeQ n(z)

with 3 < 8 <1, ¢ > 0and 7i(z) = n(z) A 1. Then, there exists ca > 0 such that

B
M@@%—ﬂf)@ns@(bﬂm), viez.

n

The proof of this proposition is given in Appendix E. The condition (10) is established when

e The loss function g satisfies regularity conditions, of which the most important are : Lip-
schitz continuity and convexity, see [1, Section 4]. Moreover under the strong convexity
assumption, the constant 3 is equal to 1.

e The data distribution satisfies some noise conditions, see for instance [1, Section 3] and
[30].

e The function m has a bounded moment « (i.e. E[|m|*(¢q)] < oo) with a > 1, see [11,
Section 4].

It is also possible to get rid of the log(n) factor in (10), see the end of Section 5 in [8].

3.3 Convergence rate of the optimization error

We turn now to the optimization error. This means that expected value in (7) is replaced by the
empirical risk which is known. In such case, one can use many algorithms to find g,,. We introduce
the following assumption.

Assumption 2 (Pseudo strong convexity). There exists L > 0 such that
(M(q) = M(d),q—d') > Llla—q'|I>,  VqeR?vq €R?.
The above assumption is natural since the gradient of any real valued strongly convex function f

satisfies Assumption 2.

We present in the table below the most important properties of some gradient methods. Note that the
results of Table 1 remain valid when strong convexity is replaced by Assumption 2.

Algorithm Cost of one iteration Iterations to achieve an e precision Time to reach an e precision
Convex Strongly convex Con\;ex Strongly convex

GD O(d?) o(%) 0( 1og (%)) 0(%) O 10g (%))
0w o) o) o) o)

Proximal 0(d) o(%) 0( 1og (%)) o(‘;l) O(d1og (%))
Acc. prox. 0O(d) O(\%) O( log (%)) O(\%) O(dlog (%))
SAGA 0(d) 0(%) 0( log (%)) O(ij) 0(d1og (%))
SVRG o(d) 0( log (%)) 0(d1og (%))

Table 1: Asymptotic properties of some gradient methods. Note that d is the dimension of the
state space Z and e is a desired level of accuracy. Here e corresponds to 1/n. GD stands for
Gradient Descent, SDG for Stochastic Gradient Descent, Proximal for Stochastic proximal gradient
descent [10, 27], Acc. prox. for accelerated proximal stochastic gradient descent [23, 27], SAGA
for Stochastic accelerated gradient approximation [12], and SVRG for stochastic variance reduced
gradient [15].



3.4 Conclusion

Following the formalism of [7], we have decomposed our initial error into

e Estimation error: its convergence is O(1/v/N) in pessimistic cases with N the number
of iterations. In the other situations, the convergence is faster (i.e. O((log(N)/N)?)) with
1/2<B<1.

e Optimization error: the convergence is exponential under suitable conditions. In un-
favourable cases, the convergence rate is O(1/N).

The comparison of these error sources shows that the estimation error is the dominant component.

Thus, one can overcome the O(1/v/N) asymptotic speed, in some situations, by improving the
estimation error.

4 Optimal policy for the learning rate v when is countable

In this section, we take Z = N and consider the following type of algorithms:

Qn-i-l(Zn) - Qn(Zn) - 'Yn(Zn)m(Qna Xn-l—l(Zn)a Zn)a Vn € N

One can recover the classical SARSA, Q-learning and double )-learning algorithms used in RL by
considering a specific expression for m and X, 4. In such algorithms the choice of ~,, is a crucial
point. One can find in the literature general conditions that guarantee the convergence such that

Z'yk(z) =00, a.s, 27,3(2) < oo, a.s, Vze2Z. (11)

k>0 k>0

However, since the set of processes (7, ), >0 satisfying these conditions is large in general and may
even be empty when (Z,,),,>¢ is not recurrent, many authors suggest to take -,, proportional to 1/n®
for stochastic approximation (SA) algorithms to be more specific. The exponent & may vary from 0
to 1 depending on the algorithm used, see [13, 22]. Nonetheless, such a choice may be sub optimal.
For example, Figure 1.a shows that the blue curve is a way higher than the orange one. Here, the blue
curve represents the variation of the logarithm of the L2-error when +,, = 1/n, whereas the orange
curve stands for a constant learning rate (i.e. v, = 7). We choose the constant 7 that ensures the
fastest convergence for the blue curve.

In this paper, we propose to use a stochastic learning rate (v )x>0; our learning policy is decomposed
into two interacting levels: the inner and the outer level. In the inner level, we use the PASS algorithm,
for “PAst Sign Search”. This algorithm builds a new sequence (v%)r>0, based on a predefined
sequence (77)x>o and the sign variations of m(qy, Xn+1(Z,), Z,), whose error decreases faster
than the predefined one. In the outer level, we propose an optimal methodology for the selection
of the predefined sequence (v7)x>0. These two levels are interacting in the sense that the PASS
algorithm influences the construction of the sequence (V;)x>0-

M
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Figure 1: L2-error for the estimation of the drift when -y, is constant in orange and when 7}, o % in
blue.



4.1 The inner level

4.1.1 The algorithms

In this part, we introduce three algorithms. We start with our benchmark which is the standard
algorithm used in RL. Then, we present a second algorithm inspired from SAGA [12], which is a
method used to accelerate the convergence of the stochastic gradient descent. SAGA reduces the
optimization error exponentially fast. Finally, we describe the PASS algorithm that modifies the
learning rate (7 )ren based on the sign variations of m(q,, Xn+1(Zn), Z,). The main idea is to
increase +,, as long as the sign of m(q,, X, +1(Zy), Z,) remains unchanged. Then, we reinitialize
or lower ,, using a predefined sequence (v7)reny When the sign of m(gy,, Xn+1(Zy), Z,,) switches.
This algorithm can be seen as an adaptation of the line search strategy, which determines the maximum
distance to move along a given search direction, to SA methods. Actually, the line search method
requires a complete knowledge of the cost function because it demands to evaluate several times
the difference g(qk +~vM (qk)) — g(qk) for different values of v with g and M defined in Section
3.1. However, stochastic iterative models have neither access to g nor M. They can only compute
m(qn, Xn+1(Zn), Z,) when the state z = Z, is visited. Moreover, to get a new observation they
need to wait® for the next visit of the state z = Z,. Nevertheless, they have instantaneous access to
the previously observed values. Thus, the main idea here is to use these past observations although it
adds a small memory cost. Some theoretical properties of these algorithms are investigated in Section
4.3.

Algorithm 1 (RL). We start with an arbitrary qy € Q and define by induction qy
w+1(Zk) = a(Zk) — (Zi)m(ar, Xe+1(Zk), Zi).

Algorithm 2 (SAGA). We start with an arbitrary qy € Q, My = 07 and define by induction q;, and
My,

(Z;\i1 A/[k[Zkajn

Gk+1(Zk) ax(Zk) — (Zk) | m(ar, Xis1(Zk), Zi) — My Zy, 1) + i

Myy1[Zi, i) = m(qr, Xe+1(Zk), Z),
with i picked from the distribution p = (th; 0;)/M.

For the next algorithm, we give ourselves a predefined learning rate that we call (yx)x>0, a non-
decreasing function h : R, — R, and a non-increasing function ! : Ry — R . The function A is
used to increase the learning rate and hence to accelerate the descent, while the function [ is used to
go back to a slower pace.

Algorithm 3 (PASS). We start with an arbitrary qy and define by induction qi and 4y,
o Ifm(qn, Xn11(Zn), Zn) X m(qry, Xen1(, Zrp), Zyn) > 0, then do

Qn+1(Zn) = Qn(Zn) - h(?yn(Zn)a’Yn(Zn))m(QnaXn-l-l(Zn)aZn)7
’Ayn-‘rl(Zn) = h(;)/n(Zn)a 77L(Z7L))7
with r7 is the index of the last observation when the process X visits the state X,,.
e Else, do
anrl(Xn) = an( n) - l(An<Xn)7’Vn(Xn))m(qn7Xn7Xn+1>7

4.1.2 Assumptions

In this section, we present the assumptions needed to prove our main result about the convergence of
Algorithms RL, SAGA and PASS. We assume that Assumption is in force. Hence, we denote by ¢* a
solution of (1) and write m* for the vector m* = m(q*) € X x Z. Let us consider the following
assumptions:

8This waiting time may be very long depending on the dimension of the state space Z and the properties of
the process (Zk)x>0-
"Here My is the zero function in the sense that M[z,i] = O forany z € Zandi € {1,..., M}.



Assumption 3 (Pseudo strong convexity 2). There exists a constant L > 0 such that

(Exlm(qr, Xni1(Zr), Zr) — m* (Xig1(Zr), Z0)]) (au(Zi) — ¢*(Z1)) = L(qr(Z) — q*<Zk))27
with ¢* of (1) and Ei[X] = E[X|Fy] for any random variable X.

Recall that Assumption 3 is natural in the deterministic framework. For instance, if we take a
strongly convex function f and call m its gradient (i.e m = V f). Then, m satisfies Assumption 3.
Additionally, the pseudo-gradient property (PG) considered in [5, Section 4.2] is close to Assumption
3. However, Assumption 3 is slightly less restrictive than PG since it involves only the norm of the
component (qx — ¢*)(Z) instead of the norm of the vector (¢x — ¢*). To get tighter approximations,
we will also need the quantity Ly, defined as follows:

Ex[m(qr, Xi+1(Zk), Z) — m* (Xi1(Zk), Zi)] .
Li— ST ) L GNZ) — ¢ (Z) £ 0,

0, otherwise.

Note that L;, > 0 under Assumption 3. It is also the biggest constant that satisfies Assumption 3 for a
fixed k. In particular, this means that Ly > L.

Assumption 4 (Lipschitz continuity of m). There exists a positive constant B > 0 such that for any
random variables X and X' valued in X we have

Ey [(m(gr, X, Zk) — m* (X', Zk))z} < B{1+ (qx(%Zy) - q*(Zk))z +Ep[(X - X/)Q} 2
with By [X]| = E[X |Fy] for any random variable X .

Assumption 4 guarantees that m is Lipschitz. Authors in [5, Section 4.2] use a similar condition. To
get better bounds, we introduce By,

Ex [(m(ar X, Z1) — m*(X', Z4))"]

1+ (qi(Zk) — Q*(Zk))2 +Ei[(X - X’)Q}

We have B, < B since By is the smallest constant satisfying Assumption 4 for a fixed k. We
finally need an assumption on the learning (i )x>o that describes indirectly how the process Z
communicates with its different states.

Assumption 5 (Learning rate explosion). For any z € Z, we have

Z%(z) =00, a.5.

k>1
When the process Z is Markov and 74 (z) is bounded, Assumption 5 ensures that Z is recurrent. To
see this, we first remark that the boundedness assumption of ~,(z) is not restrictive and can always
be fulfilled. After that, we use the boundedness of 4 (2) to exhibit a positive constant A such that
Y (2) < A, a.sforall k > 1. Thus, we get >, < E[vi(2)1z,—.] < A", P[Z) = z]. Since the
left hand side of the previous inequality diverges under Assumption 5, we have

> P2k = 2] = 0,

k>1

By, =

which proves that Z is recurrent. Moreover, in the Markov setting one can replace Assumption 5 by
the more general condition (11).

4.1.3 Main results

In this section, we compare the algorithms RL, SAGA and PASS and prove the convergence of PASS.
Let ¢ be a positive constant and £ € N. We define the error function for the different algorithms as
follows:

(ar(2) — q* (2))% for algorithms RL and PASS,
, , , )
H(z) =4 M, (MF[z, 4] — m*(2)

i + c(qr(2) — ¢*(2))?, for algorithm SAGA,




forall 2 € Zand j € {1,..., M}. We write E¥ for the total error E*¥ = ||e¥||. We also use the
following notations:

L
p(z) = 2Lz — Ba?, pr(2) = 2L,z — Bra?, N = argsup px(l) = B—k, Vx € R.
IER k

Proposition 3. Ler z € Z. Under Assumptions 1, 3 and 4 and when there exists 1 > 1 such that
Y2 < Uv1,72), and h(71,72) < 1172, V(11,72) € R?,
we have
1R [ T1(2)] <14 [akek(z) + Mk]7 (12)

with A = {Z). = z}. The values of the constant oy, and My, vary from an algorithm to another as
follows:

[1—p(w(2))], for algorithm RL,
ap(z1) =4 max (1—p(w(2) + .1 (57 — 67,3(,2)0)), for algorithm SAGA,  (13)
{1-pi (1;) +d'"2(2)1e,>1 ), for algorithm PASS,
and
By (2)(2 + vg), for algorithm RL,
M, = { 3Bv}(2)(2+4vg),  for algorithm SAGA, (14)
B(Ck’?k)2(2 +vg), foralgorithm PASS,
. Ex[3x(2)m(q", Xp11(2), 2)] o
with ¢, = . T~ = ()R V AR, dY = (1 — 1)2 By, and v, = Var(Zy).
F T OBl X (2), 7)) 2 Ik = (= B and e = Var(Z)

Equation (12) reveals that the performances of algorithms RL, SAGA and PASS depend on the
interaction between two competing terms:

e On the one hand the slope «, controls the decrease of the error from one step to the other,

e On the other hand the quantity M}, gathers two sources of imprecision: the estimation error
and the optimization error. Both sources of imprecision have a term in the variance v,,
(because the distribution of Z is unknown) and a positive constant (coming from the noise
generated by the noisy nature of observations).

There is a competition between these two terms: to decrease M}, we need to send v towards zero
while the reduction of o, requires a relatively small but still non-zero value of 7. Thus, 7y should
satisfy a trade-off in order to ensure the convergence of the algorithms. The RM conditions (11) are a
way to address this trade-off. Now, in order to analyse the properties of each algorithm, we compare
for a given -y, their respective values for o and M}, in Table 2. For sake of clarity, we choose to
present the variable (1 — «v) instead of v, in this table; note that a large value of 1 — «;, means that
oy, s small and thus induces a fast convergence.

Algorithms (1—ay) M,
Value Comparison with Value Comparison with
Algo 1 Algo 1
RL (Algo 1) 29, (z1)L =  BAi(z1) — By2(2 + vy) —
SAGA (Algo 2) (2%(2:1)L — B (z1) — %) v (ﬁ - Gﬂ,rf_(zl)c> smaller 3BYZ(2 + vg) larger
PASS (Algo 3) 2l - By (7;)2 +d 1,1 larger B(crk) (2 + vi) larger

Table 2: Comparison of the algorithms RL, SAGA and PASS.

Letn € N*, z1 € Z,and 7z, = inf{l > 0, Z;4,, = 21}. We need to introduce the following
]E()[lzj:zlajej(zl)]

. Eoled (+1)] for all
J < n.We write ji} = HZ:n_j_H pr and @3> = lim,, o @™ The sequence (a;™)x>1 is defined

recursively such that a;! = aj, and @} "™ = S8 | Gx,q_ybja;™ forall k > 1 and m > 1. The

result below holds only for Algorithms 1 and 3.

notations a} = P[Tg;j > §|Zn_j = 21], b; = P[Z; = 2], and p; =



Theorem 1. Let the Assumptions 1, 3, 4 and 5 be in force. Algorithms I and 3 verify
o When 3, -0 E[;](2) < oo forall z € Z, we have
Eo[E"] — O. (15)

n—oo

o There exists a constant B’ > 0 such that

Egle™(z1)] < B’ > & pnlar, (16)
(1,4,8) E(N*)3 145 +i=n
with €, = el(zl)P[Tgl >n] + Z;L:_ll dﬁ_j]E[Mj].

The first part of the above result ensures the convergence of the error E™ towards zero and the second
part describes the behaviour of the error by giving an upper bound. This upper bound shows how
the different terms: €, fij;, and a,> interact together in order to guarantee the decrease of the error.
We recall that €, is a noise term that gather the model uncertainty, i represents the influence of the
slope factor v, and @™ is related to the probability distribution of the process (Zy)x>0. Note that
the right-hand side of (16) is not trivial and it converges towards 0 when there exists constant L' > 0
such that Eo[1z,—., ovje? (21)] < L'b;jEg[e? (21)]E[e;] for all j > 2, see Appendix G.

4.2 The upper level

In practice, to apply PASS we need an appropriate predefined sequence (7 )ren- It is possible to take
i proportional to 1/k* with « € (0, 1] as proposed in [22, 25]. However, in this section, we present
an optimal dynamic policy for the choice of the learning rate (7% )xen. To do so, we assume that

e"(2) =1, (ane"(z) + M, + Sn) + 1ace™(2), (17)

with A = {Z,, = z}, S,, does not depend on the learning rate and verifies E[14.5,,] < 0. Equation
(17) is consistent with Proposition 3. Moreover, we force e™ to stay below the upper bound x5 =
argsup,cp, g(x) with
L2y?

e e S

2B(x + (2 +v))
Such constraint is not that restrictive since we know that the error €™ converges towards 0. Since o,
and M, are both functions of the learning rate, the idea is to choose the learning rate -,, such that

g(x) = Vo e R.

Y, = arg min (an('y)e"(z) + Mn('y)), (18)
v
which gives
L ) for algorithm RL
, or algorithm RL,
) B 2t g
Tn = L, e(z)

,  for algorithm PASS,
Bre(2) + di/Bnle 51 + (2 + vp) &

The constants L, L,, B, By, di and c¢,, are defined in Proposition 3. We write I" for the set of

processes 7 = (95 )n>0 adapted to the filtration generated by the observed errors (e™),,>. We have
the following result.

Proposition 4. The sequence v = (v, )n>0 defined in (18) satisfies

ey <ey, as, VneNvVyel.

We write e’} to point out the dependence of the error €™ on the chosen control .
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The proof of the above result is given in Appendix H. Proposition 4 shows that «y ensures that fastest
convergence speed of the average error and in particular

Elel] = %ggE[eg], Vn € N.

This guarantees its optimality. Note that e™ is not known in practice because we do not have access
to ¢*. However, one can take the average value of m(q,, X,+1(Zyn), Z,) over the last p € N* visit
times as a proxy of e™ since we aim at solving (1) and Assumption 3 guarantees that e"(Z,,) = 0
as soon as E,, [m(qn, Xn+1(Zn), Z,)] = 0. Moreover, the constants L and B are also unknown in
practice. To tackle this, a first solution consists in starting with arbitrary values for B and L and
generating a sequence of learning rates. If the error m(q,,, X,,+1(Z,), Z,,) increases, we take a larger
value for B and a smaller one for L otherwise he keeps B and L unchanged. A second solution
consists in considering a piece-wise constant (PC) policy for the learning (7)x>0. To do so, one can
track the average error of m(qy,, Xn11(Zn), Zy,) over the lasts p visit times with p € N* fixed by the
controller. If this average error does not decrease, we reduce the step size by a factor .

4.3 Extension

The results of this section still hold when the descent sequence (2) is replaced by
Qn-l-l(z) = Qn(z) - 'Yn(z)m(QnaXn-H(z)v Z)v Vz € Z,VTL eN. (19)

When 7,,(2) = 0if z # Z,,, we recover (2). Thus, Equation (19) is slightly more general. Moreover,
Algorithm (19) appears in many contexts: stochastic iterative algorithms, gradient methods, fixed
point iterative techniques, etc. The results of this section can be directly transposed to (19). We
present in Appendix B an adaptation of the Algorithm PASS for (19).

S Some examples

5.1 Methodology

The code and numerical results presented in this section can be found in https://github.com/
othmaneM/RL_adap_stepsize. Here, we compare four algorithms. The two first ones are two
different versions of RL. In the first version, the learning rate 7 (z) is taken such that v, = n/nk(z)
with 7 > 0 selected to provide the best convergence results and ng(z) the number of visits to the
state z. In the second version, the step size follows the piece-wise constant policy (PC) described at
the end of Section 4.2. The third algorithm is SAGA where the step size is derived from PC policy.
Finally, we use the PASS algorithm presented in the previous sections with a predefined learning rate
following the PC policy. We consider three numerical examples to compare the convergence speed of
these algorithms: drift estimation, optimal placement of limit orders and the optimal liquidation of
shares.

5.2 Drift estimation

Formulation of the problem. We observe a process (S, )n>0 Which satisfies
Sn+1 =S+ fn+1 + W, (20)

with W,, a centred noise with finite variance. We want to estimate the quantities f; with i €
{1, , Nmaz }- Using (20) and E[W;] = 0, we get

E[Sit+1—Si — fis1] =0, Vi€ {0, , Nmaz — 1}

Thus, we can estimate f; using stochastic iterative algorithms. The pseudo-code of our implementation
of PASS for this problem can be found in the Appendix C under the name Implementation 1.

Numerical results. Figure 2 shows the variation of the L?-error when the number of iterations
increases. We can see that the algorithm PASS outperforms standard stochastic approximation
algorithms. Moreover, other algorithms behave as expected: the standard RL decreases very slowly
(but we know it will drive the asymptotic error to zero), the constant learning rate and SAGA provides
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better results than RL, while PASS seems to have captured the best of the two worlds for this
application: very fast acceleration at the beginning and the asymptotic error goes to zero.

L?-error against the number of iterations

=@~ step_cste
1/n

=fe= SAGA

=é= PASS

Log L2 - error

(’) 1’0 2’0 3’0 4’0 5’0
Number of iterations

Figure 2: The L?-error between f* and f for different numerical methods averaged over 1000
simulated paths.

5.3 Optimal placement of a limit order

Formalisation of the problem. We consider an agent who aims at buying a unit quantity using
limit orders and market orders (see [19] for detailed explanations). In such case, the agents wonder
how to find the right balance between fast execution and avoiding trading costs associated to the
bid-ask spread. The agent state at time # is modelled by X; = (QFefore QAfter Py with QBefore
the number of shares placed before the agent’s order, Q“/%" the queue size after the agent’s order
and P, the mid price, see Figure 3. The agents wants to minimise the quantity

VT
]E[F(XT\/Texec) + / Cds]
0
where

o T — inf{t > 0, P, = 0} the first time when the limit order gets a transaction.
7 the first time when a market order is sent.
o X = (QBefore QAfter P) the state of the order book.

F(u) is the price of the transaction (i.e. F'(u) = p + ¢ when the agents crosses the spread
and F'(u) = p otherwise).

We show in Section 2 that the @)-function is solution of (6), see details in https://github.com/
othmaneM/RL_adap_stepsize. Thus, we can use Algorithms RL, SAGA and PASS to estimate it.
The pseudo-code of our implementation of PASS is available as Implementation 2 in Appendix C.

Numerical results. Figure 4 shows three control maps: the x-axis reads the quantity on “same
side” (i.e. Q*2™c = QBefore 4 QATter) and the y-axis reads the position of the limit order in the
queue, i.e. QBf°re. The color and numbers gives the control associated to a pair (Q*2™¢, QBefore):
1 (blue) means “stay in the book™, while O (red) means “cross the spread” to obtain a transaction.
The panel (at the left) gives the reference optimal controls obtained with a finite difference scheme,
the middle panel the optimal controls obtained for a RL algorithm where the step-size (7x)r>0 is
derived from the upper level policy, and the right panel the optimal control obtained with our optimal
policy (i.e. upper level and inner level combined). It shows that after few iterations our optimal
policy already found the optimal controls. Figure 5 compares the log of the L? error, averaged over
100 trajectories, between the different algorithms. We see clearly that our methodology improves
basic stochastic approximation algorithms. Again, the other algorithms behave as expected: SAGA
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Same P(t) Opp

Figure 3: The state space of our limit order control problem.

is better than a constant learning rate that is better than the standard RL (at the beginning, since we
know that asymptotically RL will drive the error to zeros whereas a constant learning rate does not).

a) Theoretical optimal control b) step_cste optimal control ¢) PASS optimal control

Figure 4: Comparison optimal control after 300 iteration for different methods: left is the optimal
control, middle is RL with a step size derived from the upper level and right is our optimal policy for
the step size (i.e. upper level and inner level combined).

L?-error against the number of iterations

3.0 1

254 “@- ste_cste

Log L2 - error

1.0

0.54

100 200 300 400 500
Number of iterations

Figure 5: The log L?-error against the number of iterations averaged over 1000 simulated paths.

5.4 Optimal execution

Formalisation of the problem. An investor wants to buy a given quantity go of a tradable instru-
ment (see [9] and [18] for details about this application). The price S; of this instrument satisfies the
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following dynamic:
dSt = adt + O'dBt,

where a € R is the drift and o is the price volatility. The state of the investor is described by two
variables its inventory (Q; and its wealth X, at time ¢. The evolution of these two variables reads

th = thtv QO = qo, (21)
th = —Vt(st + Iin)dt, WO = 07

with v the trading speed of the agent and x > 0. The term 1, corresponds to the temporary price
impact. The investor wants to maximize the following quantity

T
Wi +Qr(Sr — AQr) — ¢ / Q2 ds,
t

it represents its final wealth X7 at time 7', plus the value of liquidating its inventory minus a running
quadratic cost. The value function V is defined such that

T
Vi(t,w,q,s) = s E[Wr + Qr(Sr — AQr) — ¢>/ Q2ds|W, = w, Q, = q, 5 = s].
v t

We remark that v(t, w, q,s) = V(t,w,q, s) — w — ¢s verifies

T
v(t,w,q,s) =supE[ (Wp — Wy) + (QrSr — QiS:) —AQT — ¢/ Q2ds|Wy =w, Q=q, Sy =
v t

=Mt

Using (21), we can see that the variable M} is independent of the initial values W;, S; and Q.
This means that v is a function of only two variables the time ¢ and the inventory ¢q. The dynamic
programming principle ensures that v satisfies

t+A
v(t,q) = supE[M{, A — ¢ / Q2ds+ v(t+ A, Qia)|Qr = q. (22)
v t

We fix a maximum inventory . Let k = (kr,k,) € (N*)2, A = T/ky, Dy = {t*"; i < kr} and
D, = {qfq; i < kg} with tF7 = A and qfq = —q + 2iG/k,. To estimate v we use the numerical
scheme (v¥),,>1, re(v+)2 defined such that

UZ+1(Zn) = va(Zn) + 'Yn(Zn)[ Sjl(g ){M;:+1 - ¢AQEL + UZ(ZZ+1) - Uﬁ(Zn)Hv
ve n

with Z,, = (nA, Qna) and A(Z,,) € D, is the set of admissible actions®. When the final time T is
reached (i.e. n = k), we pick a new initial inventory from the set D, and start again its liquidation.
At a first sight, it is not clear that v* approximates v. However, we show in Appendix I that v*
converges point-wise to v on Dy x Dy, when n — oo and k — oo. see Appendix C for a detailed
implementation of the algorithm with the corresponding pseudo-code (as Implementation 3).

Numerical results. Figure 6 shows the value function v for different values of the elapsed time
t and the remaining inventory ;. The panel (at the left) gives the reference value function. It is
computed by following the same approach of [24]. The middle panel the value function obtained
obtained after 120 000 iterations for RL algorithm where the step-size (y;)x>0 is derived from the
upper level of our optimal policy, and the right panel the value function obtained with our optimal
policy (i.e upper level and inner level combined). It shows that our optimal strategy leads to better
performance results. We also plot, in Figure 7, a simulated path for the variations of the log L?
error for different algorithms. Here again, we notice that our methodology improves the basic RL
algorithm and that the ordering of other approaches is similar to the one of the “drift estimation”
approximation (i.e. SAGA and the constant learning rate are very similar).

8We do not allow controls that lead to states where the inventory exceeds {.
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a) Theoretical value function b) step_ cste value function ¢) PASS value function

Figure 6: Comparison value function between methods.
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Figure 7: The log L?-error against the number of iterations averaged over 1000 simulated paths.
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A Actions of the agent
We present here policies that encourage exploration and others that maximize the agent’s decisions.

Exploration policies: Since it is important to visit the state space sufficiently enough, we propose
to set the conditional distribution of the random variable Ay such that

oo (20)
Z ’ egk(zg/)7
a

with Z¢ = (k, Uy, a), &(28) = B(Z8) X (U7, a') and

P[Ak = a|.7-'k] = Va € A, (23)

(2) = |m(Gr, (2), X7y (2)41(2), 2)]  when the state z already visited,
\Z)=9p otherwise,

where b > 0 encourages the exploration, g satisfies (2) and r1(z) is the last observation time of the
state z.

Optimal policies. To give more importance to the maximizing action, one may consider the
following policy:
eBe(Uk)ax(Z)

IP)A = - N7 v ’ 24
[Ak = al Fi] S PeUa(z) “ed o

Any mixture of these two procedures can an also be considered.

B Extension of the PASS Algorithm

First, we can adapt Algorithm PASS to (19) by considering a component-wise version which consists
in applying Algorithm 3 introduced in Section 4.1.1 to each visited coordinate of ¢,,. Next, we also
propose a more direct approach with the algorithm below.

Algorithm 4 (PASS for (19)). We start with an arbitrary qo and define by induction qi and Ay,

L4 If<m(QnaXn-i—l)am(Qn—th» > 0, then do

gn+1 = dn — h(’s/na ’Yn)m(qna Xn—i—l)v
Ynt1 = h ('AYna ’Yn) .

e Else, do
dn+1 = dn — l(:yn77n)m(Q7an+1)7
’A)/n-&-l = l(;}/nv ’Yn)-

C Implementations

We give here the pseudo code used for each one of the three numerical examples considered in
Section 5.

Drift estimation. We consider the following expression for the functions A and I:

h(% ’Ybase) = min(’Y + Vbase, 371)(13@)7 l('Yv 'Ybase) = max(fy — Vbases ’Ybase)a v(’Ya 'Ybase) eER,.
We use Implementation 1 for the numerical experiments.

Optimal placement of limit orders. We consider the following expression for the functions ~ and
l:

h(’}/a 'Vbase) = max(min(’7+2/37basev 3'71)0,56)’ 'ybase)v l(% ’ybase) = max(’y_2/37basea ’ybase)v V(% ’ybase) S R+~
(25)

We use Algorithm 2 for the numerical experiments. Note that we do not need to send a market order

to know our expected future gain.
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Implementation 1 PAst Sign Search (PASS) for (RL) drift estimation problem

1: Algorithm parameters: step size (7°),>0 € (0, 1], number of episodes n

9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

initial guess qo, past error value Fpq
Initialise 4o = ~§
for episode in 1 : n do
for t € {0,...,nmax — 1} do
Observe A X, ert = Ser1 — St
if the first visit time to ¢ then
qo (t) <~ qo (t) - ’3/0 (t)m(Qm AXnezty t)
else if m(qo,t, AXyext) X Epgst(t) > 0 then
Ao(t) = h(o(t ) 7°(t))
QO(t) A QO( ) (t)m(QOa AXnearta )
else if m(qo, t, AXnem) X Epqast(t) < 0 then
7°(t)

Yo(t) « l(’Yo )
qo(t) < qo(t) — “/0( Jm(qo, AXpet, t)
end if
Epast (t) — m(Qm t, AXne:rt)
end for
Save the norm || E|| of the vector Eypqs:(t).
if the average value of || E|| over the last w = 5 episodes is not reduced by p = 1% then
7°(t)  maz(y°(t)/2,0.01) (this is done each w episodes)
end if
end for

Implementation 2 PAst Sign Search (PASS) for (RL) optimal placement problem

1:

A A R

©

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:

Algorithm parameters: step size (7°),>0 € (0, 1], number of episodes n
initial guess qo, past error value Fpq s
Initialise 4o = ~§
for episode in n do
Select initial state X
for each step within episode do
Take the action stay in the order book
Observe the new order book state X, ¢.¢
forac {0,1} do
if the first visit time to X,,.,+ then
qO(XO; a) — qD(XO> (1) - fAyO(XOa a)ma(%, Xne:cta XO)
else if m®(qo, X0, Xnewt) X Epast(Xo,a) > 0 then
,S/O(XOa a) — h(’?U(X()v a)7 ’YO(X(L CL))
q0(Xo, a) < qo(Xo, a) —40(Xo, a)m*(qo, Xnewt, Xo)
else if m®(qo, Xo, Xneat) X Epast(Xo,a) < 0 then

A0(Xo, a) + 1(50(Xo, a),7°(Xo, a))

q0(Xo, a) < qo(Xo,a) —50(Xo, a)m*(qo, Xneat, Xo)
end if
Epast(X()a a) — ma(QO7 Xnezt; XO)
end for
XO — Xnezt
end for

Save the norm || E|| of the vector Epqs(t).
if the average value of || E'|| over the last w = 40 episodes is not reduced by p = 5% then
7°(t) + maz(v°(t)/2,0.01) (this is done each w episodes)
end if
end for
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Optimal execution of a large number of shares. To solve this problem we use the same functions
h and [ considered in the previous problem, see (25). Then, we apply Algorithm 3. In this problem,
it is crucial to select actions according to the policy (23) in order to encourage exploration. The
coefficient 3 used by the agent to select its actions is taken constant equal to 5 = 5. We consider the
same policy for all the tested algorithms.

Implementation 3 PAst Sign Search (PASS) for (RL) optimal execution problem

1: Algorithm parameters: step size (7°),>0 € (0, 1], number of episodes n
initial guess qg, past error value Ei,,
Initialise 4o = ~§

2: for episode in n do

3: Select the initial inventory (o

4: fort € {0,...,np — 1} do

5: Observe the new price state Sy, and set Xo = (¢, Qo)
6: Observe the new price state Sy,eqt

7: if the first visit time to X then

8: q0(Xo) < qo(Xo0) — 40(Xo)m(qo, Snext, Xo)
9: else if m(qo, Snewt, X0) X Epast(Xo) > 0 then
10: Y0(Xo) + h(50(X0),7°(X0))
11: q0(Xo) < qo(Xo) — J0(Xo)m(qo, Snext, Xo)
12: else if m.(qo, Snewt, X0) X Epast(Xo) < 0 then
13: A0(Xo) + 1(50(Xo0),7°(X0))
14: q0(Xo) = qo(Xo) — J0(Xo)m(qo, Snext, Xo)
15: end if

16: Epast (XO) — m((Im Snexh XO)

17: Select an action A and observe Q ¢t

18: QO — Qnemt

19: end for

20: Save the norm || E|| of the vector Epqs:(t).
21: if the average value of || E|| over the last w = 300 episodes is not reduced by p = 1% then

22: 7°(t)  maz(y°(t) — 0.01,0.01) (this is done each w episodes)
23: end if
24: end for

D Proof of Proposition 1

Proof of Proposition 1. Let z € Z. Standard uniform convergence results ensure that
1
Elsup (9(q) — gn(q)|(2)|n(2)] < c———, a.s.
[qlg() 90 (9)|(2)In(2)] TEIY

with ¢ > 0 a positive constant. Since the Markov chain (Z,,),>1 is irreducible and the set Z is finite,
the sequence (Z,,),>1 is positive recurrent and we have

TL(Z) _ ZZ:l 1Zk,:Z

n n n— 00

PulZ, =2 >0=p(2), a.s,

with p the unique invariant distribution of (Z,,),>1. Thus, we have

n 1
u(2) =E [{| ———| =& ——=>0
n(z) AN1| nooo | /p(2)
This shows that u,,(z) is bounded by a constant called u.,(z) and ensures that
1
Elsup |9(q) — gn(9)|(2)] < c1(2)—=,
up|9(6) — 9,(0)] (2] < 1 (2) =

with ¢1(2) = cuso(2). The constant ¢; can be taken independent of z since Z is finite. O
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E Proof of Proposition 2

Proof of Proposition 2. Let z € Z. We follow the same approach used in the proof of Proposition 1

to get
log(n 1 1 1
(=) /n R | o ()P
This shows that v, (z) is bounded by a constant v, (z) and ensures that
1
Elsup |9(q) — gn(0)|(2)] < c2(2)—=,
P | v

with c2(z) = 'vs(2). The constant ¢z can be taken independent of z since Z is finite. Using the
same manipulations of (9), we complete the proof. O

F Proof of Proposition 3

Proof of Proposition 3. Let k > 0, A the set A = {Z;, = 2} and m(qx) € R® such that
m(qr)(z") = m(qr, Xk+1(2'),2) for any 2/ € Z. We split the proof in three steps. In each
one of these steps, we prove (12) for a given algorithm.

Step (i): In this step, we prove (12) for Algorithm RL. We have
LaBL[(gr41 — ¢7)%(2)] = LaBx[(ax — ywm(ax) — ¢7)*(2)]

=143 (a1 — ¢*)"(2) ~20Erlm(ao)) (@ — ¢)(2) 72 Exlm(qe)*(2)]
=(i) =(i1)

Using Assumption 3 and Ex[m*] = 0, we get (i) < —2Lyk|gr — ¢*|*(2). Since Ex[m*] = 0,
Assumption 4 gives

(it) = Ex [(m(ar) — Exlm(an)])*(2)] + (Exlm(a) —m*])
< B(1+wvk) + B(1+ (qr — ¢%)*(2)).
Thus, we deduce that

2

(2)

LaEx[(qr1 — ¢)%(2)] < 1a{ (1 =27 L + B%) (ar — q*)Q(Z) +%(2)B(2+ vk) ¢,
==p(7k) =My,
which shows (12) for Algorithm RL.
Step (ii): Here we show (12) for Algorithm SAGA. Let M*(z) = (Zjvil M¥[z,4]) /M. Using
Ex[m*] = 0 and Ex[M*[z,i]] = M*(z), we have
LAEL[(qh1 — ¢°)°(2)] =14 {(ar — ¢°)%(2) + 2(Exlar1] — @) (ax — ¢°)(2) + Ex[(qe+1 — ar)?(2)]}
=1a{(ar — 0")°(2) — 2(wEx[m(qr) —m*])(ar — ¢") (=)
B [(mlar) (2) = M¥[2,1] + M*(2)) ]}

S ay (2L (o - 0*)*(2) + 72 Ex [(m(g")(z) — M*[z,i] + M*(2))”]
Assumption 3 =(1)

(26)

We first dominate the term (1). Since Ex[m*](z) = 0 and

Ei [(M¥eyi = m*)*(2)] = 1/M Y B | (M4ed) = m ()]
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we have

(1) = Ex |(m(a) — Exlm™)) (2) — (M[z,1] — m*(2)) 1/M2Mm m (=)

<3 [Ek m(g) — m*)? (2) + Ey [(Mk[z, il —m*(2)) } R, {(1/M S (M2, 4] - m*(z))] T

J

= 3[Ek[(m(qk)m*)Q(z)}+Ek[(Mk[z,i]m)(]ﬂ/MZ]Ek[ By ] — *(z))2”

Jensen’s inequality

=3[Ek[<m<qk>—Ek[m<qm)2<z>}+<Ek[m<) m](2) +2/M2Ek[ “erd) *(z))ﬂ

= 3[B(Q+’Uk+((ﬂcq*) (2) +2/MZ]E’€[ =41 - *(Z))QH

Assumption 4

—3B(2+v) +3B (g — )2 (2 +6/M2Ek[ Bl2, 4] — *(z))QH. 27)

By combining (26) and (27), we get

LAEk[|gkt1 — ¢**(2)] < 1a {(1 — 29 (2) L + 3B (2)) (qx — q*)Q(Z)
+6/M2Ek [(M¥z, 5] = m*(2))*] + 3ByE (v + 2><z)} . @8
Moreover, we have

M
1AL/ MEL[ Y (M*z, j] — m*(2))%] = 14 {&Ek [(m(qx) —m*)*(2)]
j=1

Thus using (28) and (29), we conclude

B
lA]Ek[ekH(z)} <1a<(1—-2wL+ 3B'y,3 + Mc) c(qk - q*)Z(z)

=1

J

(1= 37+ 69E200) 37 B (0Fe.d) = ()] } +3B7i{(vx +2)(2)
< 140€%(2) + 3BE (ur + 2)(2),

with o = max(aq, as) € [0,1).
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Step (iii): In this final step, we show (12) for Algorithm PASS. We have
LAEk[(qr+1 — 4°)*(2)] = LaBkl(ar — Awmlar) — ¢*)*(2)]

%\ 2 ~ * ~
=144 (o — ") (2) =2Ex[iwm(a))(ar — ¢°)(2) + Ex 37 (m(qr))*(2)]
=() =(i1)
For the term (i), using Assumption 3 and E;[m*] = 0, we have (i) < —2c,7k(qx — ¢%)*(2) with

k= %. Using Assumption 4 and Ex[m*] = 0, we get

(i1) = VREe [m(qr)?(2)] = vk (Ek [(m(qr) — Ek[m(%)])2(z)] + (Ex[m(qe) — m*])2(2)>

< 377 (Bk(l +og) + Br(1 + (gx — q*)Q(Z)))-

Thus, we deduce that

LBk (qr41 — 0)2(2)) < La § (1 =2e6 L + B (ewe) ) (ar — ¢°)(2) + G72(2) Bi(2 + vk)

=—pk(ck¥x) =M,

(30)
We write , for the quantity vy, = cxyx A k. Since Jx € [V, T17k], We have cpYi € [Vi, T17k]-

When cx i €]k, Jx), we have p(y,) = pr(ce¥r) > pe(ve) = 0. When ey €]k, r174] (e
cr, > 1), we use the following canonical decomposition of the function py:

Ly

pr(x) = Bi(z —5)* — (E_ 1),

and 7, = Tk to get
Pk (en i) — pr(v, )| = P (erin) — pr(3r)| < Bi(ewVre — ) < Bi(rive — ) = 7id’,
with d! = (r; — 1)2By. Thus, using (30), we conclude

* * 2 —
LB (6" = ¢)*(2)] < 1a § (1= prl(y,) +70d Lep>1) (6 — ¢7)7(2) + A7 (2) Br(2 + v)
=M
This completes the proof. O

G Proof of Theorem 1

G.1 Preparation for the proof of Theorem 1

We introduce the following notations. Let j € N* and (uy,, an, by)n>1 be a sequence valued in
R3 .. We write (1, b)7 = (u,, b, )n>1 for the delayed sequence i, = ju;4+r, and bJ, = by, (;_1) With

’I’L7’I’L

n > 1. Additionally, we define recursively the sequence (a“’b)n>1 as follows:
al” b=, and n+1 = lin ZanH lblal , Vn > 1. (31)

Lemma 1. By convention, an empty sum is equal to zero. Let (vy,),>1 be the sequence defined as
follows:
n—1
Un, :en+un(2an_jijj), Vn > 1,
j=1
where (€,)n>1 Is a sequence. Then, we have

Z a0 e Wn> 1. (32)
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Proof of Lemma 1. Let us prove the result by induction on n > 1. By definition, Equation (32) is
satisfied for n = 1. By applying the induction hypothesis (32) to all 7 < n, we get

n
pb)" (1)
Unt1 = 1 X €pq1 + Pm+1(zan+1—jijj) = ag ) €n+1 + Hn+t1 Zan+1 ]b Za3+1) lel

j=1

(u, )y
€n+1 + Zﬂn+1 Zan—i-l ]b a]_;,_l Z)Gl]
=1 j=l

n—I+1

(1.0)"+" Z 3
= Qg €nt+1 + ,U/n+1 Ap—14+2— ]bj+l la )El]
=1 7j=1

(p,b)" (b « (n.b)!
a; €nt1 T Qpyo—1€1 = Apyo— —j€
O

Lemma 2. Let n € N, (a/?),>q be the sequence defined in (31), (ii,)n>0 be a positive non-
decreasing sequence, and r, = 1 — Ly,

o When ano r, = +oo, we have

att = 0. (33)

n—oo

e There exists a non-negative constant B such that
n_1
<B Z ARaic.,  Vn > 2, (34)
k=1

with i} = e~ Yien—k+1"i gnd a;®® = lim, o ap”. The sequence (a}")i>1 is defined

recursively such that a;; = ay, and a, *(n+1) _ Zk_1 ap1—1bia;™ forall k > 1.
Proof of Lemma 2. e Step 1. We first prove by induction the following subsidiary inequality:

n
alt® <y pRan_,, Yn>2, (35)
k=1
where (sz) k>0 1S a non- negative sequence that does not depend on (i, ), >0. We also prove that

Inequality (35) is optimal since it becomes an equality when the sequence (f)n>0 iS constant.
Inequality (35) holds clearly for n = 2 with @*> = a. Using (31) and the induction assumption, we get

-1
ahl, _ananJrl ibiay” <Mnb1an+unzan+1 by g

=1 1=2 k=1
-1

<Mnb1an+unzan+1 by Ry, = (i) + (i), (36)
=2 k=1

where the inequality ﬂff < py for any I < n comes from the monotonicity assumption on (fy, )n>0-
Note that ﬂ%c = [} when the sequence (i, ), >0 is constant. In such case, we can replace all the
previous inequalities by equalities. The inequality (36) gives

n—1 n—1 n—k n—1

SN +1- —n+1 mntlsntl

(i1) = E w g E Cnt1— lblal E= g By E On—k+1— le—kal = i1 Op
k=1 I=k+1 k=1 =1 k=1

—n+1 n+1
n+1 k>

22



with

”H'l E At 1—1bn—k10]' o whenk <n, a*'=a,, (37)

n

~n+1

and a; " = 0 otherwise. Thls proves (35).

e Step 2. Here, we show that < 1forallm > 2. Let us take p;; = 1 foralln > 0. In
such case, Inequality (35) is optimal which gives aﬁ =37 w—1 Gr_;- One can also show using a
direct induction and (31) that ag* < 1. Thus, we have ng am, < 1.

m>1 m

e Step 3. Here, we prove (33). Note that the condition >, 7, = +00 ensures that iy — 0.

n— oo
Since ), -, ay, < 1, we can then apply the monotone convergence theorem to (35) and get (33).

e Step 4. Here, we prove by induction that
ap’ =ap>, Vk>1, (38)
with a3° = lim,,_, a} and a;> defined in (34). Using (37) and the definition of a}™, we check
directly that @} = aj™ for any n > 2. This proves a$° = aj! and shows (38) for k = 1. Since
Y 1<n @nt1—1by < 1 and (@}')n>2,1>1 is bounded by 1, see Step 2, we can apply the dominated
convergence theorem to (37) and get
k
= app1 b + arbpag’. (39)
1=1
When a1b, = 1, we have a;by = 0 for any k&’ # k or j # 1. Thus, a direct induction applied to
(37) shows that ai; = 0 for any k > 2. By sending n to +o0o, we find a3° = 0 for any k > 2 which

guarantees (38). We can then assume that a1b;, < 1 for all £ > 2. Under this assumption, Equation
(39) reads

=) ah b, (40)
with aj = a;/(1 — a1bg). The same lines of arguments show that (a;>°)x>1 also satisfies (40). We
can then apply the induction assumption to complete the proof (38).

o Step 5. Finally, we show (34). Using (38), we have lim,,_, oo A a5 /fn_ 05> = 1forall k > 1.
This means that (1 — €)”_, a;> < al'_,ap < (1+e)ar_,a;> for any € > 0 when n becomes
large enough. By summmg the previous inequality over all the possible values of k we get

n =n ~n
> k=1 Hy 1,0,

lim Sh=llin-kk _ 4 1)
n—oo 374 fin_ @5
o a
We combine (35) and (41), to show lim,,_, .. a—w < limy, o M ~1.
Dkt Hip i D e @
Thus, there exists B > 0 such that ¢ < B Z o1 Hpar, for all n > 2 which proves (34).
O]
G.2 Propagation of the error
We introduce the following notations. Let n € N* and (Z!,...,2") € Z". For any

i € {1,...,n}, we denote by A’ the set A* = {Z; = 2z',...,Z; = Z'}. Moreover, we
write 75 = inf{l > 0, Z;1, = 21} and a}} = P[Tgl_k > k|F,]. We have the following result.

Proposition 5. Let z; € Z and n € N*. Under Assumptions 1, 3, 4 and 5, we have
n—1

Eole™(21)1an] < en + Y an_bjoEole? (21)1 ],
Jj=1

with €, = e'(21)a’ (21)E[1an] + > Lar JE[M;145] and bj = 15—, The variables o and
M; are given by (13) and (14).
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Proof of Proposition 5. Using the last-exit decomposition, see Section 8.2.1 in [21], we have

n—1
E.le"(z1)1an] = E.[e"(21)1, g, >n an] + Z]E 21)1{70 >n—j, Zj=z1, An}]

"

=E, [61(31)1721 >n,an] + Z E. [ejﬂ(zl)l{@lzn—j, Zy=z1, A}
-

< E:fe' (21)1g >p,an] + > Pz > k| Fa]ls s, B e (21)1 0]
j=1 .

< Eule'(a)Leg spoan] + ) PIE" 2 EIFa] s o, Bel(ged (1) + Mj)Las]
j=1

Proposition 3
=€, + Z aijbjajEz[ej(zl)lAj],

with €, a}’, and b; defined in Proposition 5. The variables «,, and M,, are defined in Proposition 3.
In the second equality, we use that e™(z7) does not change as long as the state z; is not reached. This
completes the proof. O

G.3 Proof of Theorem 1

Proof of Theorem 1. We split the proof in two steps. In Step (i), we show (15) and then in Step (ii)
we show (16).

Step (i): In this part, we first prove (15) when the space Z is finite. Then, we show how to extend
(15) to the general case.

Sub-step (i-1): Here we demonstrate (15) when the space Z is finite. Let z; € Z and n € N*.
For any sequence z = (zi)ken € Z and set AY = {Z1 = z1, ..., Z, = z,}, we define v,, by
Un = anE[e"(21)14z]. Using Proposition 5, the sequence v,, verifies

n—1
= n
v, < €, + ap E anfjijj(zl),
i=1

with €, (21) = an€,. Thus, using Lemma 1, we get
b J
2 :a 1y ‘) &,

with (aﬁf’b))nzl defined in (31). We can assimilate the sequence E to the measure jt = ), - €0k
with &), the Dirac measure at k. Since €, = e'a® + S r_la? biE[My], S, ar < oo,
Y+ E[i] < oo, and E[M;] = O(E[}]) for all the algorithms, we get >_, € < 0o using the
properties of the Cauchy product between two sequences. This property ensures that the measure

has a finite mass. Additionally, using Lemma 2, we have a(“ 2 T 0 for any 5 > 1. Thus, the

dominated convergence theorem ensures that v,, — 0. Since ay, converges to 1, it also means that
n—00

E[e™(21)14»] — 0. Finally, we use the dominate convergence theorem to get
Z° n—oo

: n] __ : n _ _ : n _
nh_}lrr;C Ele"] = ”h_>n;o E[Ze 1a2] = nh_}n;@ Efe"1n] = anl_>11010 Efe"1an] =0,
zesS Fubini z€S dominate convergence ZES
where S is the set of sequences valued in Z and A} = {Z, = 24, ..., Z, = z,} forany z € S.
Since the space Z is finite, we deduce that E[E"] — 0.

n—oo
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Sub-step(i-2): In this second step, we show (15) when the space Z is countable. Let € > 0. Since
E' =351 Ele! (21)] < oo, there exists ko € N such that

Z Ele!(z)] <

k>ko

DO ™

We write Ay, for the set Ay, = {2k, k < ko}. Since Ay, is finite, we use Sub-step(i-1) to show the
existence of k1 € N such that

3 Eleh ()] < <, Vk > ki, Ve € Ay,
k<ko

DO

We take now k > ki. Using (E[e!(2)]);>1 is non-increasing for any z € Z, we get E¥ =
Zk'Zko E[ek(zk,)] + Zk/<ko [ k( )] < % + % =€

Step (ii): In this step, we show (16). Using the same approach as in Proposition 5, we have
n—1 -
Ele"(21)] = én + Y _ ap_Eo[lz,—z,aj¢’( Z ar_;b;a;Eole’ (1)),
j=1 =1
. ~ n—1 ~n ~n
with €, = el(zl)IF’[Tgl 2 n]—l—zj Lan_ ]E[Mj},aj = IE”[Tzl I > I Zn—j = 2], b =P[Z; = =],
]E(J[lz =z e’ (21)]
b;Eole’ (21)]
Up = apEle™ (21)] e}l = Qpén, and pu, = @, for all n > 1. In such case, we have 7, <
e+ Z? 11 ap_ Jb 0j(21). Thus, we can use Lemma 1 and Lemma 2 to get

n
o
< BYY e

j=11=1

and @; = . We define (0,)n>1, (€)n>1, and (u5,)n>1 respectively as follows

with ﬁé-, a*>°, and B are introduced in (34). Since «,, converges towards 1 almost surely, the variable
@ is bounded from below and thus there exists a constant 3 "> 0 such that

Ele"(z1)] < B Y &pjar™. (42)

I+j+i=n
Note that the right-hand side of (42) is not trivial. To see this, we assume that there exists a constant
L' > 0, such that E[a;1z,—. €’ (21)] < L'E[o;]E[1z,—,]E[e’ (21)]. Thus, we have p; < LE[oy].
Given that ), E[yZ] < oo, we also have E[B~7] < E[Lv;] and E[Byv7] < E[Lyvy| for k large
enough where the constant B, By, L, and L, are introduced in Assumptions 3 and 4. We can then
find L” such that 7; = (1 — p;) > L E[y;]. Since >_j>17j = +oo almost surely, we deduce that

> j>1 75 = +00. This ensures that the right-hand side of (42) converges towards 0. O

H Proof of Proposition 4

Proof of of Propostion 4. For simplicity, we prove the result for Algorithm 1 however the same
arguments hold for Algorithm 3. Let us prove by induction on n € N that

ey <ey, as, Vyel. (43)

For n = 0, Inequality (43) is directly satisfied since the initial error € does not depend on the choice
of the learning rate. Let 4 € I'. We assume now that e’ < eZ, a.s. Using Equation (17) and the

definition of (7y,,)n>0, we have

eyt =1a(g(e}) + Sn) + Lacel, (44)

L2422
with g(x) = © — . The previous expression of ¢ is obtained by minimising the
g(z) Bt 2+ 0) p p g y g

function y :— (1 — 2Ly 4+ By?®)e + B(2 + v,) x y*. This means that
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g(z) < (1 —=2Ly+ By*)z + M,y?, VycR,VzcR,. (45)

A study of the function g shows that it is non-decreasing on the interval [0, 25] with 2o =
argsup,cp, 9(z) and g(x) < x for any = € R. Thus, we have necessarily 14€% < g(lAe%‘*l) <
g(x2) < x5 forany n > 1 and 4 € T'. Note that when x5 = 400, we do not need to assume that
145, <0. Using that eZ < eg a.s, the monotonicity of g on [0, zo[ and Equation (45), we get

].Ae:-H = 1Ag(1A@:) + 145, < 1Ag(1Aeﬁ~;) + 1485,
< (1= 2L, + Bys)1ae + 1aMu7; + 145,

= 1,462“, a.s. (46)
We complete the proof by combining (44), (46) and the induction assumption. ]

I Proof of the convergence of (v),>1 ke+)2

In this section we prove the following result.

Proposition 6. The sequence (Uﬁ)nzl,;@l converges point-wise towards v on Dy x Dy, when
n — oo and k — oo.

Proof of Proposition 6. We prove this result in three steps. First, we show that v can be approximated
by a numerical scheme 7*. Then, we replace #* by another scheme v* that also converges towards v.
Finally, we show that v¥ tends to v* when n — oo.

Step (i): We start with our initial control problem where the agents may choose its trading speed at
any time. It was studied by many authors, see for example [24], who show that the optimal trading
speed verifies

V(t, q) _ hl(t> ;ﬁth(t)y

with hy : [0,7] — Rand hs : [0,7] — R a positive function. This means that the optimal inventory
follows:

(47)

hi(t) — Qhs(t
Qo= "9y oy
with Q(0) = go given. Thus @ verifies
t
Q(t) = qoe— J4 152 ds 4 o= I 132 as / S (48)
0 K

Using Equation (48) and basic inequalities, one can show that if we take a large enough § € R and
place ourselves in S, = [—4, q] then

Q(t) € SQ7
when Q(0) € S,;. Hence, we rewrite the dynamic programming principle as follows:
t+A
v(t,q) = S}‘l(p )E[MerA -9 t Q*ds+v(t + A, Qi n)|Q: :q]. (49)
veA(t,q

where A(t,q) C S, is the set of admissible actions”. We can focus on the set A(t, ¢) instead of R
since other controls are not optimal. Now, we approximate this problem in a classical way using the
numerical scheme 7% defined such that

" (ng,ng) = sup E[M, | — 6Qp, A, A+ " (ng + Lnl, )|Qn,a, =nglg], Y(ni,ng) € Dr x Dy,

veD,
. A . - . .
with M, | = Mzi(mﬂ), ng the index such that Q(, . \a, = ng118q and A= AN{ilAg, i €

7Z}. The convergence of (%) k>e(N-)2 towards v on the set D x Dy when k — oo is standard.

“We only allow controls that lead to states where the inventory stays in Sq.
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Step (ii): We denote by v¥ the numerical scheme

¥ (ng,mg) = E| 5215) {Mpe, — PQn A, A+ v*(ny + Lnd ) HQna, =nglg], V(ni,ng) € Dp x Dy, .

Let us show that #* and v* have the same limit. For this, we use a backward recurrence. For
the moment, we assume that |sup, E[M,"* ] — E[sup, M ]| < KA} and we will prove it
at the end of Step (ii). We want to show that |0%(ns,ng) — v*(ne, ng)| < K(T — t)A, for all
(ng,nq) € Dr x Dy. At the terminal time v* and v* coincide. We move now to the induction part.
We have

_k k —k

|57 (ng, ng) — 0™ (ny, ng)| = ‘sng[M”:_H — ¢* Ay + 0" (ny + Lng, )]

— Efsup M}y — ¢q* Ay + 0" (ny + 1,n, )]

\S/ |sup E[M,} ] — Efsup Myt ]| 4 [sup {@" (ne + 1,mf 4p) — 0" (ng + 1,mly 1)}

v and v are not random
<E[sup {KA} + K(T —t — Ay)A}]
= K(T —t)A;.
In the third inequality, we use the induction assumption to complete the proof. Now, let us show

that | sup, E[M,* ] — E[sup, M;* ]| < KA} We write t = n; Ay, AQ = Quyn, — Qr = VA,

n

AS = Siia, — S;and AS = [/F24(S, — ) ds. Thus, we have

Myt = Wipa — Wi) + (Qe4aSta — QiSt)
—I/AS - AQSt - K,Z/QAt + QtAS + AQSt + AQAS
= —vAS — k2 Ar + QAS + VALAS. (50)

The above equation shows sup,, M, | = % + Q:AS. Using E[AS] = aA, and

t+A
E[AS] :/ als — 1) ds = aA2/2,
t

we get

273 273 272
Ay a*Ay oA
sgp]E[Mg:H} = Ton + a@iA;, and E[sgp M} ] = Tom + Ton + aQi Ay
. 2
Thus we deduce that | sup, E[M", |] — E[sup, M, ]| < KA? with K = 7.
Step (iii): Theorem 1, proves that v* converges towards v*. Thus by composition we have v¥
converges point-wise towards v when n — oo and k — oo which completes the proof. O
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