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Abstract

In Part I of +this thesis the theory of the isoelectronic
structure of atoms is discussed using the notion of an
isoelectronic sequence in which the electronic energy is’
expressed as a perturbvation expansion in terms of inverse
powers of the nuclear clhiargeo. An empirical procedure is
then developed in order to estimate the second and third
order coefficients of this expansion, from which the nuclear
magnetic shielding constants and ionization potentials are
ealculated..

Part II extends the theory.of isoelectronic sequences
of atoms to the calculation of the first order density matrize
It is shown that to first order the calculation of this
matrix can be reduced to the éolution of a number of one-
electron equations which have been solved for the helium
ground and 35 states and also the lithium ground state.
For these atomgs mean values of one~electron operators have
been calculated by integration of this density matrix.
From the density matrix the natural orbitals also can be
derived; and are found to be identical to first order with

the unrestricted molecular orbitalse



The third part reviews the role of united atom theory
as applied to light moleculess The Platt Electrostatic
model of a diatowmic hydride is nmodified by introducing a
scale factor which depends on the internuclear distance.
This enables the molecular virial theorem to be satisfied,
improves the agreement with experiment of the internuclear
distance and force constant, and still enables the theory
to be interpreted electrostatically.

Part IV extends the theory of iscelectronic sequences
to diatomic hydrides; using a scale factor which varies with
both the charge of the second nucleus and internuclear
distance. The energies to first order, the equilibrium
internuclear distances and force constants are computed for

some igoelectronic sequences and compared with experiment.
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General Introduction

During the past thirty five years, the quantum
mechanical study of atoms and molecules has been one
mainly of applicatione ﬁhlike elementary particle
theorys the solution of every chemical problem may be
given in principle by the quantum mechanics of Dirac,
Heisenberg and Schrodingere The Schrodinger equation
for an atom or a moleéule may bg constructed and its
solutions determine directly or indirectly using
statistical mechanics all those properties which are
studied in experimental chemistry. The theoretical
study of atoms and molecules therefore involves no new
fundamental laws and is reduced to the problem of finding
the solutions of equationse Unfortunately, however,
these equations are far too complex to be solved exactly
and even if exact solutions could be obtained, because
of the large nuwmber of variables involved, they would be
far too unwieldy to use in any application. The main
problen faced by quantum chemists has therefore been
that of bridging the enocrmous gap between the solutiouns

of the Schradinger equation in principle and the practical
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calculation of the propexrties of any specific molecules.,

This formidable programme of applying quantun
mechanics to atoms and molecules on which the mathematical
physicists in the nineteen thirties embarked was, in many
ways, limited and proceeded rather slowly., Consequently
the criticism is often made today that pre~war research
solved the easier proﬁlems in quantum chemistry,s the
harder probliems therefore having to be faced in current
research, That this is to & certain extent true in this
field, as in any other, ig obvious. The point to note,
however, is that the formulations of all the different
methods of applying quantun mechanics to atoms and
molecules were laid in the nineteen thirtiese.

The whole research movement in quantum chemistry was,
after the war,omne of systematization and consolidation.
The mathematical techniques of the thirties were carefully
examined and rigorized and were applied to a much wider
range of molecules (see, for example, Hall and Lennard-
Jones, 1950 Hall, 1950 and 1951). The next significant
movement in this field did not emerge until the nid
nineteen fifties with the advent of electronic computers,
Following on freoin the success of 3ames and Coolidge, 1933, for

the hydrogen molecule; interest was again directed to the
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calculation of éccurate wave Tunctions rather than to
the exploitation of less accurate oness Calculations
have now become feasible which earlier would have
consunled a lifetinmed ALl the progranming of molecular
calculations has involved considerable changes in the
nathematical techniques ;sed and will eventually induce
many more.

The electronic computer,; however, is not the quantun
chenical panacea that had hitherto been supposed by
scientists, During the last six years, it has become
increasingly obvious that for computing methods to be
used efficiently the analytical sitructure of the equations-
needs to be better understood, At about the same time
it was also realized that analytical solutions are
possible for a wider range of problems than had previously
been appreciated (see for example Dalgarno and Stewart,
1956, Dalgarno and Lynn, 1957). There has thus emerged
a renewal of analytical interests in the application of
quantumn mechanics to the electromic structure of atoums
and molecules.

In accordance with this current movement in quantum

chenistry, this thesis attempts to review and to extend
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analytical methods using merturbation theory to study the
electronic structure of atoms and diatomic hydrides.
Even though Part I of this thesis discusses an empirical
procedure and Part I utilizes a computer program,
the framework of the method is essentially analytical.
Alfhough analytical methods are extremely difficult
to apply to large molecules; their significance in future
research could well be of great importance. For example,
in problems involving molecular reactions many subtle
analytical techniques of the field theorists have already
been taken over (Hall and Levine, 1964). Within the
next few years it seemns extremely likely that high powered
mathematical analysis might indeed narrow the gap between
the equations governihg a chemical problem‘and the

practical calculation of chemical properties.



PART I

ISOELECTRONIC SEQUENCES OF ATOMS



CHAPTER I

THE PERTURBATION EXPANSION
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1,1 Introduction

One of the most fruitful ideas in the study of atomic
structure has been that of an isoelectronic sequences
Its importance in the analysis of spectra has been
considerable since the gross features of spectra depend
very simply on the nuclear charge z, so that interpolations
and extrapolations are easy and profitable. The importance
of_isoelectfonic sequences in the theory of atoms was first
apprebiated by Hylleraasy; 1930 who showed that the
Schrodinger equation coﬁld be reformulated so that its
solution could be expressed as a power series in inverse
powers of z . The resulting dependence of z on the non~
relatavigstic electronic energy of an atom therefore
provided some justification for the semi~empirical
formulas introduced earlier by spectroscopists (see, for
example, Mozeley, 1913 and 1914).

Another mnovelty of thigs treatment is that the
solution is obtained using perturbation theory instead of
the more usual variation theory. In practice, however,
it will be shown that the perturbation equations are
usually solved by a variational method and can be computed
to a high degree of accuracy (Hylleraas, 1930). A further

advantage of this theory is that, by repeating the



calculation using a determinantal wave functions the
variation of the correlation energy as a function of =z
oan be determined (Linderberg and Shull, 1960). This
and other applications will be discussed in part I of

this thesis,

1.2 The perturbation expansion for non degenerate wave
functionsge
In order to discuss this perturbation technique, it
is convenient to use reduced Hartree units. In these
units, the non~relativistic Hamiltonian H governing the

electronic motion of an atomic system is given by

1 g ® z © 1
H==g 2V, - Z fry * § T . (1e2.1)
t“ L L) ij

vwhere z is the nuclear charge and ry and rij are the

th electron and the nucleus and

distances between the 1
the jth electron respectively. Equation (l.2.1) is
obtained by transforimiing the total nonwrelativistic
Hamiltonian (in ordinary units) for the electronic and
nuclear motions into centre of mass cowordinates and
neglecting the nuclear motion anad thosé electronic terms
which depend on M-l, where M is the nuclear mass; M being

large compared with the electronic mass. The resulting

Hamiltonian H is then transformed into reduced Hartree units.,
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An important step in this procedure is to introduce a

new unit of charge e' = @./2. without changing the units

of mass or of actiong This is a form of scaling in which
the unit of length is then z Bohrs and of energy z? Hartreos.
Shull and Hall, 1959 have referred to these units as
modified reduced Hartree units. In these new units the

Hamiltonian now becomes
1 < 2 g" 1 .1 < 1 T |
~5 2V~ 2Ft7 2 ¥o = H o+ oH (L.2.2)
L ', 1 ey 1]
&
In this new form, the Hamiltonian is suitable for a

perturbation expansion with expansion parameter z-l, H0

bé:i.ng regarded as the unperturbed Hamiltonian and H' as the

perturbation, The corresponding wave function ™ and

energy W may now be expanded in powers of z-l according to

,:;;' = \)L,fb + -i-'-'\‘.fl + 'z}z-\,f.!rz' + oee (1‘2‘3)
—— I
W= W +&2v 1y !
= o +-z— ' +'Z*z"‘2 T eea (Le2.4)

The Schrodinger equation

(1 - W)'\}f: 0 (1.2.5)
for the perturbed system may then be written
.9 ik ¢ ?3' =T~ g -1 A
H Sy 2 +H' SN~ 2 = 5 = W
o nﬁf__oo‘} n nzo\/n o 2__0 r\f/n-r :
(1.2.6)
1 44

L]
Since ’TZ:" and ¥V are continuous functions of z ~, i

follows on equating the coefficients of like powers of
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z-l that
(H - wo)\[f) = 0 (1.2.7)
and )
s-1
(H -~ W )\}/ + H"\// = Ws\‘/o * 2 Wr\//s-r' s f£ 0
o] o] s . L r=1 ‘
, (142.8)

Equation (liPe7) fixes‘\ko as an eigenfunction of H0 with
eigenvalue Wo; and in thig section it will be asgsumed
that for the particular atomic state under investigation,
W, is nondegenerate. This ensures that"i:~—9»\#; and
We>V as z —> o, Furthermore equation (1.2.7) can
be solved exactly since it sepérates into one electron
equations which are all of the hydrogen atom form; To
satisfy the Pauli exclusion princple,“#io will be a single
determinant of the hydrogen atomic orbitals, since
degeneracy is not at present being considered.

If equation (1,248) is multiplied throughout by \Lf:
and the result integrated wwa all configuration space; the

following recurrence relation is obtained
2
i

M)
—_ ~ M 1 . - 4 »
W,3 = ffo H ’\*’Snl ar Iél wr} \1/0 \#s_r ar (1e2.9)
in particular

W, = j'\ff;‘ Ht N ar (1.,2,10)

The coefficients Wb and W, can therefore be calculated

directly from Vbo' W, being the mean value of the
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perturbation averaged over the fuperturbed wave function
ﬁ%G o Dalgarno and Stewart, 1956 prove the more general
result that each turn;in the expansion of the wave function
determines two terms in the expansion of the energy., So if
'#{ can be foundy it determines W, and W+ In practice,
however; W, is difficult to find, and at present it is only
possible to solve equéition (1.2.8) for s = 1 for certain
restricted forms of perturbation (see for example, Bates,
1961, page 178). The insertion of the particular
perturbation operator 1< ;i; into the differential
equation governing 4 has not yielded exact solutions
in closed form for ‘fg . For many first order perturbation
problemsy howevers it is mecessary only to solve for the
first order contribution to fj?lz and not Y. 4
discussion of this technique is given in part II of this
thesis,

Alternatively the more usual method of discuséing
“h 1s to express it as an infinite expansion in terms of
a complete setrof functions, usually the eigenfunctions of
H . Thus if the eigenfunctions of Ho are'\#og“f';‘#/zso.o
with eigenvalues E_ 3 E,y E; «ss respectively, where B
and En‘ say, refer to the eigenfunction ‘%fo and eigen-~
value W, respectively, the expansion of ‘f’,‘ in terms of
this set is

-\/’/, e izgw Ai\f/‘i (1e2411)

where the Ai's are to be determined. Again using the
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conpleteness property of the ‘\r’/l, the function H"*,«’/o

(-.:H'“-}'n) may be written in the expanded form

- . il i
Ht = - Ht »){ (Le2412)
i=0
where ,
. - j\},lz H"‘f’n 4ar (1.2.13)

Substitution of the series (142.11) and (1.2.12) in
equation (1.2.8) for s = 1, and using the property that

the ﬂ{/l are elgenfunct:.ons of Ho gives

i
Sa (B = W+ E HL T =Wy (1.2014)
If the coeff:.clents of ‘\f/ are now equated, the
following results are obtained.
by = Bl /- T

i 7{ n (102015)
= H! /W ~E;

for i = n, since W = E

W, = f\// H! «/,o aT (1.2416)

which is the result directly obtained in equation (1.2410).

A, is now determined by the requirement that 1} correct

to the first order,; be normal:.zed. '\l; may be written

Y A .,._ 2 n‘f’ (1.2417)

using the orthogonal properties of the \[/1
N7 ~ 2 1
j’y —f arT = 1 + -E ,An + 0(';2 ) (102018)

Now if correct to the first order

J/{;’*% ar =1 | (Le2419)



then

A =0 - (Le2420)
hul

Therefore, in terms of the eigenvalues of H_, ~y, nay be

Hin

‘ Y
’\f/‘. = %: .E;.:f; ‘\{/1 ) (102.21)
i#n

Equation (1,2,20) may be substituted into equation (1e¢2.9)

written

for s = 2, to obtain the second order energy W,. Using
the orthogonal property of q#b and }%, and integrating this
series for '\%, overall configuration space, the second
order energy W, is given by the well known summation

formula
u! ',
N S Y : (L.2.22)

o= T E ST
i%n n i
Series expressions for the higher order energies and wave
functions may be obtained in a similar way, (seq for
example, Bates 1961).
To return now to the general series expansion for W,
if the electronic energy is re~written in terms of the
original reduced ﬁartree units, the expression becomes

W=Wzf +Waz+ W +W/z +W/[2°2 + 400 - (Le2.23)

Equation (1l.2.23) therefore representé the dependence of the
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electronic energy W on 2z in terms of reduced Hartree
units assuming that the zero order wave functions are

nondegenerate.

1.3 The perturbation expansion for degenerate wave functionse
For a large number of atomic orbitalgs the perturbation
method described in the preceding section needs to be
modified before it can be applied, This is coummonly due
to the degeneracy of the zero order wave functions which
arise because of the degeneracy of the hydrogen orbitals.
Thus, in general, theré will be a number of determinantal
wave functions which are eigenfunctions of Ho with the
Bsame energy eigenvalue, The appropriate zero order wave
function will now be a linear combination of these deterw
minants corresponding to the same energy. Therefore for
such an atomic state, let it be assumed that there are t
linearly independent determinantal eigenfunctions of Ho
which, with no loss of generality, are given by
'\?o,“%l, see ,\Pt"l‘so that their respective eigenvaluesg
Eo’ Eyy ooe Et-l are such that Eo = E, = eae Et—l .
It may also be assuned that'\Po,\#l, ese .}Lt-l have been

made orthonormale As 2z becomes infinitely large, '
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the total wave function, must approach some solution Wbo
of equation (l¢2,7) whose eigenvalue is E , that is, sone

linear combination
. i
\#6 = .2 ci%‘ (1.341)

where the c; are to be determined, noting, however, the

condition that if '\Po is normalized then

t=1 \
2, Ic,1 =1 , (1e3e2)

'
i=1

With this definition of ~)  equation (1.2.8) remains
valid and consequently the expression (1.2.10) for the
first order onergy as being the mean of the perturbation
averaged over ‘ﬁVO . Thig result is not immediately
useful however since the ci's are as yet unknowvn.

The correct linear combinations depend on the
perturbation H' and may be obtained by substituting (1.3.1)

for s = 1 together with the expansions (1.2.10) for

ﬁ%ﬁ and

. !
[ ] J o 2. | 'k
H ﬁ% Tk }{j\f - (1.3.3)
similar to expansion (1l.2.11), where
3 o
H'kj = ‘J"‘P *H' YJJ al (10301..":)
This gives 4
. . t=1 . t=1 .
- b3 i SA : i
(Ho= W) §v Ay Y7 + I§ 2;: SHp ¥ =W 3 YV



If i » t, equating the coefficients of ﬂfl on both sides

of equation (1+3.5) gives

t~1
(EO - Ei)Ai = ; ck Hi'.k (1.3:6)
k=0
Buty, for i < t, Ei = Eo’ 80 that
t-1 .
éso e, {Hik - E, Sik} =0, i=041,2 gee tel (1e347)

Equations (le3e.7) form a system of homogeneous linear
equationse Therefores in order that equations (1e3.7)
should edmit of other solutions besides the trivial one
det |HY, -~ B, .. f=0 (1.3.8)
Equation (1e¢3+8) is referred to as the secular equations.

Since the H!, are known constants it is an equation of the

ik
tth degree in E, and therefore has t roots

iece E Each value of Eli’ i = 1=t,

11? Bygs wee Bpy o
gives on substitution into equation (1.3.7) the ratio of
the c& whose specification is completed by the unitary

condition (ls342) provided all the roots E are different

1i
thus completely determining the zeroth~order eigenfunction,
”#ég, the subscript indicating the root of (1.3.8) to
which the eigenfunction corresponds.
The expansion coefficients Ai of the first order wave
function are given by equation (1.3.6), for i 3> t. In

order that the total wave function fj/ be normalized to

first order in z"l each of the remaining coefficients Ai
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for i < ty by a similar argument to that given in the
preceding section must be put equal to zero. Thusxﬁ .

may be written £t

v - s g Ok ¢t Lo309)

iyt W, = Ej

vhere E | = W_ of (Le2ek&) e Having determined

the correct zero order wave functions the development of
the theory proceecds just as for the nondegenerate case,
and the second order energy may be represented as an
infinite series similar to that of (1.2.22). {see, for
example, Bates 1961), The main point to note is that
the perturbation completely removes the-degeneracy in
first ordera Thus while in the limit of infinite 2z,
the configurafion (1s)2 (2s8)2, 'S has precisely the

same energy as the configuration (1s)? (2p)2 'S
diagonalization of the matrix over the perturbation
operator provides two different values for the respeétive
first order eﬁergiesa Ify however, the symmetry of

the two configurations is different, there is no
degeneracy problem in the unperturbed wave functions
since the off diagonal elements of‘the matrix are zeros
For example, the state (1s)? (2s) 2S is degenerate with
the configuration (1s)2 (2p) éP. but the symmetry is

diffefent-
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l.4 Introduction of a screening constant.

In sectibn two it was pointed out that the
isoelectronic sequences of atoms as given by equations
(1.2.3) and (1.2.%4) are derived by scaling the unit of
charge in the form e! = Vz . To permit the scaling
to be adjusted even more efficiently Dalgarno and Stewart,
1960, also Froman and Hall, 1961, introduced the concept
of a screening factor; oy so that the modified charge is
taken as o! = eVz~a s the units of length and energy
being respectively (z~a) Bohrs and (z~x)2 Hartrees, the
units of mass and of action still remaining unchangeds

Now the Hamiltonian H of (1.2.1) may be written in the form

e B (adpra lz=2) S d a L ok
He a5 G A o S D

and in terms of these modified units becomes

H = Ho + m')- Ht () (1.4,2)
;1 = ek L L '
with Hy = 55 V- (1.4,3)
and
. T 1
H'((X,) = .z. ""]5""“. b emamny (lol:’:o’i)
- A | rij i r,

Ho may be again treated as the unperturbed operator and H!
as the perturbation, both of which now depend on the
constant o, It is clear that from the form of (l.h.%)
for suitable pogitive values of & the magnitude of the

perturbation H! may be much reduced. In precisely the



same manner as in the previoug discussion the wave

function is now expanded as

T - Al bk e s

and the energy as

W = W(; + E‘_—];a- Wi+ T-z—%&-sr Wl + ewe (Le4.6)

Because the unperturhbed Hamiltonian Ho 1s exactly the
same as before, w}é will be a sum of determinants or else
a single determinant of the hydrogen atomic orbitals
depending on whether WJ is degenerate or npt. The
perturbation equations of sections two and three still
'apply-remembering»the perturbation is now (z-a)"l and
not z~t with the perturbatioan' given by (l.4e4)s  The
”#g and W!, i > 1l; are now functions of o, howevers In
the original reduced Hartree units the electronic energy
whether degenerate or not has the form _

W= (z=a)2W! + (z-0)W} + WP + wy(z-a)”l + ses  (Leka?7)
with a similar expression for the wave function i?n.
The first coefficient wg is the appropriate eigenvalue of
Ho ~corresponding to the relevant atomic state. For the
non-degenerate casey W! is the mean value of the
perturbation and depends on s When there is degeneracyy

W, is obtained by diagonalizing the matrix whose elements

are the matrix elements of H! ,
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The first three terms in expression (1l.%.7) may be
expanded in terms of a quadratic polynomial in z, and
therefore they are no more general than the usual %1
expansions The fourth termy however, is of quite a

different form and will lead to different results if the

series is broken off at this or any later pointe.

l.5 The choice of o with applications to the problem

of convergence

The introdﬁction of the screening constant o into the
perturbation allows for the screening of the nucleus by the
electrons and as such is a form of scale factor,. As yet,
howevery o still remains unspecified and one therefore
needs some further criterion so that o0 may be completely
determined (Froman and Hall, 1961), The>usual method
adopted for the choice of 0y ig the value of o which
minimizes the electronic energys this is referred to as
the minimum energy principles In practice o0 ig chosen
so that the first two terms in the energy are minimized,
This is the lowest energy obtainable using only \%g "

The scale factor 0 ig then determined by minimization so

that
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} 4
Lo 2(zm)WS = WP o+ (zea) S = 0 (1.501)

ﬁow W! ig given by
* . *l 1 1 _ Lt N
J\k,jn, o aT =f o 1?’5 Ao na § 29T

ij i
(1.542)
Therefore differentiating W! with respect to «
a W s 1y
"'&'5?& = —j’)&o (él ri)\(/odT (105.3)

Since ‘yz; is an eigenfunction of Ho the virial theorem

is satisfied (see appendix) so that

LA %f'\//z ?I%; ) ')%’d’l‘ (1e50%)

Substituting equations (1.5.2) and (1.5.3) into (L.5,1)

gives

%’. = =W =0 (Le545)

and to this approximation the energy is (z~a)? W' where
o is determined from equation (1ls5¢5)«

Another choice of & might be that which makes o2
the mean square deviation of the energy, least,; where

o? = J[H’}l/ -~ < H>VY2 a1 (14546)

and where ¥ is any normalized trial wave function, < H >
denoting the mean value of the Hamiltonian with respect
to }k ’ Therefore using only'Vé,Aa may be determined

from
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< fIH Yom <E>Ypl2 aT =0 (1e547)

Equation (le¢567) has the theoretical adventage that the
value of &2 found in this way gives a lower bound to
the energy using the Weinstein relation (Weinstein, 193%)
viz, | |

W3 (zm)2 W+ (2=0)W) = o (1.5.8)

Recalling algo that the variation principle (see Bates,
1961) giveslthe first two terms of (l.,4,7) as an upper
bound to the energy, it follows that when o is least
the difference between this upper bound and the Jower
bound given by Weinstein is least,

A further criterion for o is that which determines
the best possible convergence of the series. Now no
mention has hitherto been made of the convergence of
the series with either z T or (z-a) las expansion
parameters, This, in one sensey; is a subsidiary issue
gsince one merit of the isoelectronic series for atoms lies
in fhe fact that they have asymptotic properties so that
a finite number of torms may be a good approximation to the
energye The convergence problem is, nevertheless,
difficult for the general isoelectronic expansion and

has not been fully investigated except in a few cases



(seey Titchmarsh, 1958) Kato, 1951y has considered the
problem for the Helium~like series and has shown that it
converges strictly at least for z ).8 . From a
theoretical point of view this result is highly gignificant
sincey, using isoelectronic sequences; the mathematical
existence of the ground state of the Helium like ions

was finally establisheds. Froman and Hall, 1961, remark
that for atoms with larger number of electrons the
convergence is probably poorers This last criterion

for o is therefore difficult to apply in the general cases
Froman and Hall, 1961, however; have considered this
problem for the Helium~like atom by using a modification
of the Kato argument. They have shown that the value of
o o that the two electron series should converge for the
lowest pogsible value of z is 0,35 and that this linit
for z due to scaling gives z = 2,64, Table (1.5),
(Froman and Hall, 1961,) shows tho values of z min

for various values of 0 such that the He=like series
converges at least for z 3 z min. It will be observed
that the improvement in convergence is appreciable. It
will also be noticed that although the choice of & which
ninimizes the first two terms of the energy does not

ensure the most rapid convergence, the improvement in the



Table 105

x min
Hylleraas expansion o} 7.64
Least O~ -% 5.86
W, = 0 2 3.18
Best «o Ce35 2,64

Table l¢5

convergence compared with that of the original Hylleraas
expansion is still appreciable and in any case does not
differ gfeatly from that obtained when o is put equal to
0e35, This point will again be stressed in part v

of this thesis when the theory of isoelectronic seqﬁences
is developed for hydride molecules, It is of interest
to note that the best value of oy 0435y also appears in
the Slater rules for screening constants;

It is clear therefore from the above discussion
that an expansion in terms of (z-a)"1 yields a more
accurate estimation of the electronic energy from the
first few terms than from the same number of termg of
the earlier one using z-l. The introduction of é
screening constant is also in greater accord with

physical anticipations than the z-l expansion.
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Froman and Hall, 1961 comment that since free negative
ions of more than one or perhaps two charges are not
stable and will eject an electrony; the nuclear charge
of a many~electron atom cannot therefore be reduced
much below that of the electrons without drastically
changing the situation and hence the wave functions
The wave function might then be expected to become
considerably more diffuse. This can only be achieved
by the wave function when expanded in terms of z~1 if
the series diverges and for this to occur for some
posgitive z the higher powers of z~1 nust remain large.
For the (z=a)™% expansion, however, the series can also
diverge as z approaches e It might therefore be
argued that the screening constant should have the

significance that it gives approximately the nuclear

charge for which the system is unstable.



CHAPTER 2

CALCULATION OF THE EXPANSION
COEFFICIENTS AND APPLICATIONS

TCO ATOMIC SYSTEMS
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2.1 Introduction

The theory of isoelectronic sequences of atons as
described in Chapter 1 of this thesis is completely
general and applies to any system of atomss The main
difficulty, however, lies in the application of these
sequences to specific atomic systems, and, as a result,
this problem has recently received some attention in the
literature. The source of this difficulty is the
inability to solve the perturbation equations exactly
for the higher order contributions to the wave function,
making it impossible therefore,vto provide exact values
of the coefficients in the expansion of the electronic
energye. For the many electron atom the only two
coefficients that can be determined exactly are the
first two of (1,24%4), (see scction 2.2), the whole theory
being so constructed that the zero order wave function is
accurately knowvne It becomes necessarys therefore, to
rely on approximate methodss Chief amongst these is the
variation method used, for example, By Hylleraas, 1930
as mentiéned in the previous chapter. This method has
been extremely successful in estimating a number of the
coefficients of two and three electron systems but has

the disadvantage that for larger systems there are
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computational difficulties involved in estimating the
higher order coefficients of the energy expansion, As

a result, the usefulness of'isoelectronic sequences as a
compact and direct method of predicting experimental
results for atoms seenis to justify the introduction of
semi~empirical methods for determining the expansion
coefficients. Such methods have the advantage of being
able to include in their data the best current theoretical
and experimental results from which the coefficients may
be determined.

In this chapter, the various applications of
iscelectronic sequences to atomic problems is described
together with a discumsion of an empirical procedure for
calculating coefficients of isoelectronic series for the
ground state energies of a number of atomic systems using
experimental datas Tt is further shown that such a
technique requires a careful dnvestigation of relativistic

terms even for systems with small nuclear charge.

22 Exact calculation of the first two coefficients in

the energy expansions

The first task in applying isoelectronic sequences to
atomic problems is to determine the coefficients in the

energy expansion, Now as ealready mentioned W6 and W,
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may be determined exactly, since for an N electron atom,
“f; may be written in torms of the hydrogen atomic
orbitals ¢,, ¢é""¢N where the {¢i} include components
of spin and are also orthogonale Ify corresponding to
a particular state and configuration; an eigenfunction

u  of H  as defined by (1e242) is given by

u, = ()% pet{d, (1) 4 (2) ... 4 (M) (2.2.1)
then from equafion (1.2-7)
W o= fw*fi w_ am (242,2)
o o (o] o

[If the state is non~degenerate, then ué =\P°. On the
other hand if degeneracy occurs, u, is a member of the

set {\%:j of (1le3e1l), In both cases, however, W_ is

given by (2.242)Js On substituting (2.2.1) into

equation (2.2.2); the first order energy W is givem by

N—
W= 3

K - 1 21

(Fér details seey for example, Eyring, Walter, and Kimball,
1960). The first coefficient W _ is thus the sum of
contributions of m‘% for each (1s) electron and of m-%
for each (2s) or (Zp) electrone Hence, fo? the general

atomic configuration (1s)2 (2s)F(2p)9,

WO = m] = %‘(p‘i"Q) (2.204)



and is therefore independent of the symmetry of the gtatea
The coefficient W, is slightly nore compliéated to obtain
than Wo. Ify, for the nonwdegenerate case, \Po is given

by (2.2.1) then substitution of this determinantal form

for j%,o into (l.2,10) yields
W, =& f;, {€15/137 - [43/3i1} (2.245)

where

(13 /18] = J,ﬂ'(l) #y(2) 2 ¢k(1) 4,(2)dT, at, (2,246)

The integral [ij/ij] of (2.2.5) is known as the 'coulombic
integral!' and [ij/ji] as the 'exchange integfa;'. These
integrals may be evaluated exactly by expandiﬁg ;i; '

the electrostatic repulsion in terms of sphérical

harmonie¢s (for details see Eyring, Walter and Kimball, 1960).
For the degenerate case the matrix elements of the |
perturbation involve similar integrals which may be evaluated
directly before diagonalization. Integrals of the type
(2+2.6) between various atomic orbitals are listed in

Coudon and Shortley, 1951, Furthermore Linderberg and
Shull, 1960, have evaluated W, and W, for both degenerate

and non~degenerate states of all atoms with less than

eleven electronse A sample of these coefficients for the
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ground states of a number of atoms are taken fron
Linderberg and Shull and appear in table 247 For
the energy expansions in terms of (zba)-l. it is easily
seen either by evaluating the coefficients Wg and W!
directly and invoking the atomic virial theorem or else
by expanding (z=~0)2 and equating coefficients of z® and
z that

W= W (26247)

and
Wi=W, + 8V a (2.2.8)

2¢3 Theoretical determination of the higher order

energy coefficients,

The difficulties encountered in calculating the
higher order coefficients of the energy expansion as
discussed in the introductory section demand that the
isoelectronic expansion fof each atomic state be
discussed separatelyes The sequence which has received
the most attention in this respect is that of the grounde
state of helium. Of the many electron atoms it is by
far the simplest, the repulsive energy of the electrons
reducing to one terne Hylleraass; 1930, succeeded in
calculating the coefficients W, and Wy by a variational
metbhod, and estimating Wg, Ws, WS with the aid of a

scale factors A similar technique was again used by
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Hylleraas and Midtdal 1956 and 1958, to improve Hylleraas!'
estimates. In their calculation, W, was again determined
variationally together with the non~relativistic energies
of the ions for 1 < z £ 36 and WB’WQ’WS and W, fitted to

give the exact non=-relativistic energies for He s, He and
1it with a compromise between the computed values for Be* ™
and 06+. This was the most accurate result until
recently when Xnight and Scherr,; 1962 succeeded in
estimating the first eleven coefficients of the helium
sequence each to a high degree of accuracy. This
calculation was performed by using the variation=-
perturbation technique due to Hylleraas by means of which
variationally determined wave functions up to the fifth
order were used ta estimate the coefficientse. The
series truncated after these eleven terms suffice to
furnish an extremely accurate eigemvalue for the helium
ground state giving the energy as ~2.90372425 reduced
Hartrees (HR) which differs only in the seventh decimal
place from the 1078~term value of =~2.903724375 HR as
obtained by Pekaris, 195& and 1959, Table 2.1 shows

a comparison between the recent calculations of Knight
and Scherr and the coefficients as computed by Hylleraas
and Midtdal, It will be observed that this recent value

of W, clearly shows that the Hylleraas-Midtdal value has
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still not converged to the extent they report (Hylleraas

and Midtdal, 1958)

Table 2+l Higher Order Coefficients for Helium

Ground State in HR Unitsa

n W lal W, fe]
2 ~0s157666254 ~0.157657,
3 04008698679 0. 008535
k ~0. 000888302 -0 0003k
5 ~0,00103710 ~0, 00082
6 ~0, 00061284 ~0, 0024k
7 ~0s 00037161

8 =04 0002425

9 =0, 0001660
io0 -0, 0001158
11 ~0, 0000836

fal Knight and Scherr, 1962, [b] Hylleraas and Midtdal, 1958,

The results in table 2.1 may be easily adjusted to pernit
the introduction of the screening constant . For full
details, see Froman and Hall, 1961,

For atoms of more than two electrons, variational



calculations of the higher order coefficients in the
energy expansion are nuch more difficult,. Linderberg,
1962 has computed an estimate for the coefficient W, by
variational means for a anumber of twoy four, and six
electron states. This coefficient is iomportant since
it plays the role of a reference point on the energy scale
for systems where z —>-a>; Linderbergls estimate of W,
is in actual fact an upper bound obtained by minimizing
a functional which is dependent on an approximate form
for the first order wave functione A spmple of his
results is given in table 2.7 in comparison with those
obtained by empirical means using the method described

in the»next section of this thesis.

2.4 Empirical determination of the higher order energy

coefficients

Before any empirical scheme can be developed to
determine the higher order energy coefficients of the
series (1.2.,4), it is immediately clear that the
experimental or total energy contains a number of
relativistic effects in addition to its non-relativistic
contribution W, It is therefore iwportant to determine

to what extent these relativistic terms effect the total



energys Froman, 1958, has shown that for atomic systems
with low nuclear charges the relativistic effects are
relatively negligiblea These effectsy however, become
rapidly important and indeed dominant for systems of
higher z .

Now the present calculation is confined to the
determination of the coefficients of the energy series
of light atoms with comparatively low nuclear charge,
and it is therefore reasonable to suppose on the basis
of Froman's paper that the relativistic contributions to
the experimental energies are not appreciable.
Accordingly for low values of z the experimental
ionization potential Ig of an isoelectronic ion does not
differ appreciably firom the non~relativistic ionization
potential I§R(z), whichy from the previous discussion,

may be expressed in terms of the series
n n
a a
n n n n -] -2
Iyg(z) = & 22 + a; z + B = =t ees (2.4e1)

where n corresponds to the number of electrons,. In
actual fact, fbr.reasonable accuracysy the spin orbit
contribution to the energy, which is, for low z, the
major relativistic contributiony was eliminated from Ig,
the result being regarded as a reasonable estimate of i;R‘

A discussion of the elimination of the spin~orbit energy
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contribution together with the other relativistic
corrections is given in the following section, Since
the values of & and a, are known (Linderberg and Shull,
1960), the first étep in the evaluation of these higher~
order coefficients was to subtract these kﬁown terms from
I§R(z) to yield the regﬁinderﬁxn(z) where

a a_
xn(Z) = ag + ;1 + = zzz + aee (244.2)

Using expression (2.4+2) an attempt wes made to fit the
constants a,1 2 _q for various atoms by the method of
least squares, using six experimental values of the
ionization potentiala (Moore, 1949) for each configuration
to determine Xn(z)- An attempt to fit a_, by this method
led to ill~conditioning of the normal equations and
had to be abandonede Also, the constants a and a_q
obtained in this way gave an extremely poor fit,.
Furthermorey since for a particular atomic configuration
ther calculated values of Xn(z) did not necessarily
decrease with increase of z, it was concluded that the
congtants a, and a_q were still extremely sensitive to
the remaining relativistic correctionse.

The experimental ionization potentiels were again
modified by subtracting off the other relativistic
effectsy, a discussion of which occurs in the following

section, and values of a and a_q recalculated.



245 Relativigstic Omrectionsge

Relativigtic calculations for many electron systems
are at present difficult and complicated. One of the
main reasons for this is the lack of a complete
relativistic theory for many electron systense. As a
result the one particle theory of Dirac which is
relati&istically covariant is usually used to discuss
the relativistic effects of each electron and these
effects are assumed additive for a many electron atom.
The disadveantage of this procedure is that such
relativistic estimations can never account for many
perticle interactions such as spin~other orbit interactions
for example, and must therefore be included separatelye.
Another refinement to relativistic calculations is to
include radiative correctionsy in particular the lowest~
order one =~ electron correction (Lamb Shift)e (For an
account of these see,; for example, Bethe and Saltpeter,
1957).

For the purposes of the present problem of
modifying the ionization potentials by subtracting off
the relativistic corrections,; one electron effects only
were considered and with no account taken of radiative

corrections. It ig sufficient therefore to consider the



Pauli approximation to the Dirac relativistic equation
for an electron with no extermal magnetic field. The
relativigtic Hamiltonian HRel in reduced Hartrees is

given by

2

I Ll Bt AT SR S S
(2.6.1)

where the electron is assumed to have a Coulomb potential,
o being the fine structﬁre constant, L the orbital
angular momentum and ¢ the Pauli spin matrix (see,
Condon and Shortley, 1951). The first two terms of
HRel constitute the simple non=-relativistic Hamiltoniany
the third is the first approximation to the effect of
variable mass and the fourth is the gpine-orbit term;
the last term is peculiar tb the Dirac thecry and is
known as the contact term.

It may be shown (Condon and Shortly, 1951) that the
first order contribution to the relativistic energy given
by the third term of (2.6.1) using scaled hydrogen

orbitals is

2 4
E, = = 95-11%3' (ﬁ) -% ) (24642)
' )

where +{, is the scale factory and n and £ are the total

and azimuthal quantum numbers of the hydrogen orbitals



Furthermore the contribution to the energy of the contact
term using the first order perturbation over scaled

hydrogen functions is

o2 1P 2
E2 = -‘2-1-;-—- for S states

(2.643)

(o] for states other
than S

n

The energy contribution of the spin orbit term of (2.6.1)
is sonmewhat difficult to estimate since it becomes
indeterminate for S states as a result of the divergence
of the integral uﬁ%.b’(r)ﬂfzdﬁ? and the vanishing of
Leg . This ig simply a consequence of the approximation
procedure involved in deriving equation (2.6.1), and
careful examination of this approximation shows that the
spin~orbit term vanishes (seey for example, Bethe and
Saltpeter, 1957). For states other than S states, first
order perturbation theory gives determinate results and
the spin orbit correction may be ecstimated from (le241)e
An alternative method of accounting for the spin=orbit
effect is to eliminate it by averaging over the
experimental multiplet eﬁergies with weights equal to
their degeneracys This latter approach was, in fact,
adopted in this calculation, thus leaving only (E,+ L, )
for each electron to be subtracted off from each of the

averaged experimental energies,
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The scaled form of equations (2¢6.2) and (2¢6.3)

now enables the introduction of the scale factor

ip= (z=¥), as described in Chapter I, where ¥ is the
screening constante This produces the desired physical
effect of screening the nucleus from an electron by the
electronic cloud formed by the inner electrons, and
therefore might desciribe the relativistic contribution
of a single electron more accurately. Forleach ion,}(
was determined by minimizing its non-relativistic energy
with respect to § « It was found, however, that, in this
approximation, the begt relativistic estimates were
obtained when the relativistic contributions of the 1s
electrongin the two ions, whose energies are subtracted to
find the ionization potentials, were considered equal.
This is equivalent to taking the ¥'s for the two ions
under consideration to be equal when egtimating the
relativistic effects of the 1ls electrons. Since in this
problem systems of not more than six electrons were
considered, this assumption is the same as that made by
Scherr, Silverman, and Matsen, 1962 when estimating
relativistic corrections for atoms, namely that the
relativistic contribution of & closed shell ig a constant

independent of the number of electrons in outer shells,
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2.7 Results and discussions

Table 2.7 lists the coefficients in the energy
expansion for atomic systems for 2 < N < 6, where Wf
aﬁd W? are the results of the fitting technique described,
The ionization potentialsg calculated from the coefficients
in table 2.7 agree with the modified experimental energies
to within 0,003 He. Also the electron affinity of Li~
was calculated to be 0,014H as compared with the
extrapolated value 0+018 H by Holdien, 1960

In table I are also included Linderbergs theoretical
estimates of wﬁ and 1726 as discussed in sgection 2.3,
together with other estimates of the coefficients by
Scherr, Silverman, énd Matsen, using a similar fitting
tethnique to that already discussed.r It may be seen
that there is reasonable agreement for the estimates of
W;Ibut that the estimates for Wfldiffer appreciably,.
One of the chief reasons for this is that Scherr;
Silverman, and Matsen, 1962 include the Lamb Shift as an
extra contribution to the relativistic corrections before
subtracting off the net relativistic effects (expressed
as a descending power series) from the ionization potentials

and applying the least squares procedure to the series for

Xz)e This same calculation has been performed by



Table 2.7

Total Energy W' (z) of Isoelectronic Ions in the Form

WiHz) = W 2 + Uiz o+ W W 2T

n wh
(o]
-1
3 -1,125
l.k "'1.25
5 =1.375
6 "'1.5

ng, W calculated theoretically;

W (a)

0,625

1,0228605

1.559274%

24327526

34258865

w2

~0,15766

-0.40146
~0,4089 (b)
=0,4050 (c)
7-0.8587
«0,880 (b)
~0.84 (c)
~048450 (d)
~1.79.,
~1e843 (b)
~3+20,
~3+253 (b)
~342245 (4a)

(a) Linderberg and Shull, 1960,

(b) Scherr, Silverman, and Matsen,

(c) Scherr and Silverman, 1962.

(d) Linderberg, 1962,

n

1962,

+ esea

W,
+0 00854
+0,008690C (c)
~0.01L (Db)
«040302 (¢)
~o.1816
~0.04 (b)

‘0033 (C)

"‘00 18 (b)
+1le 16
+0e49 (b)

W' fitted .
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Scherr and Silvermane 1962 using improved estimates of
the leading expansion coefficients in the power series for
the relativistic effects (including the Lamb Shift) which
may be obtained from the highly accurate and theoretical
relativigtic calculations of Pekeris, 1958, and Weiss,
1961.. Another reason for this disagreement in the |
estimate of W? ig that both calculations by Scherr et al
include screening constants in the expansions of the
ionization potentials as well as in the series
representing the relativistic effects, The coefficients
of the energy expansion in powers of z"l may then be
recovered from thosge in the expansion in powers of (z-a)~1
(Scherr et al, 1962).

That the relativistic effects play such a dominant
role in the determination of the higherrorder coefficients
of the non-relativistic energy expansions for atomsg of
low nuclear charge z is; in retrogpect, obviouse. Since
althoughy for such systems, the non=-relativistic energy is
exceedingly large in magnitude compared with its
relativistic correction terms, the removal of the zero~
and first~order contributions to the non~relativistic
energys in the fitting procedure, increases the
relative magnitude of the relativistic contribution

in the remainder sufficiently to interfer with the



determination of the higher order coefficients. This
probably explains why, with no provision for the removal
of the relativisgtic energy, an attoempt to estimate Wfl

by the method of least squares produced ill~conditioned
normal equationse. Similarly, Scherr et al, 1962, report
that their calculations yield only an order of magnitude
for the Wfl and fails completely in the determination of
Wf‘for the He igoelectronic sequence (with screening
constant), if the relativistic emnergy contributions are

not subtracted off beforechande

2.8 Applications to muclear magnetic shielding constantg

For a many electron atom or ion, the nuclear magnetic
shielding constant oy is defined as the ratio of the
magnitude of the induced shielding field at the nucleus,
produced by an external magnetic field to the magnitude
of the external field itself, The nuclear magnetic
shielding consgtant thus givés a mneasure of the
diamagnetic shielding of the nucleus by the electrons,

In the particular case of an atomic system in a 'S state,
Lamb, 1941, derived an expression for o-, showing it to
depend on the electron~nuclear potential energy in the

following way
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1 ri

2 +
- = %‘. Sl (24841)
where o is the fine structure constant,. Hall, 1961,
has shown that this potential energy %_a < %i > due to

the electrons and the nucleus is given by

<V o1 dw
<< 3:5:> =235y | (2.842)

where W ig the non~relativistic energy of the atomic

systeme EQuation'248.2) also applies to approximate
sense

wave functions,; provided they are in a certain|stable

under the perturbation of a change in z (see Hall, 1961),

The simpler relation

® JW
O = o= 3 S-E- (2¢803)

san therefore be givens The importance of equation
(248.3) lies in the fact that o~ can be deduced from W
without any quantunemechanical calculation. The z“l
expansion for the non-~relativistic energy is therefore
highly suitable for estimating o~ from equation (2.8.3).
In table 2.8, the magnetic shieiding constants, o, are
calculated for a number of atoms and ions from the series
for W(z) obtained in the previous section from theory

and experimental datae These should be more accurate

than the values given by Ramsey (1953). Also shown in
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this table are theoretigal values for o~ calculated

by Rustgi and Tiwari, 1963, using analytic self-consistent
functions of Toothean, Sachs, Weiss,; 1960 and by
Dickinsony 1950y using ﬁartree*Fock wave fanctions -
together with calculations by Ormand and Matsen, 1959 and
Hylleraas and Skavlen, 1950. It may be seen that all

" the results in table 2.8 are in close agréement. It

st however, be emphasized that not all the atomic
systens considered in table 2.8 have a ground state
dgnoted by the 'S termy, and for such systems o is tensorw
like in form. In that case; o~ as given by equation
(2.8+1) should be interpreted as the average of the

trace of this tensor.

For the mat party the estimates of o~ in the
literature are obtained using approximate wavé functions
to calculate ‘:‘.:?‘< -:-;'v > 4 gee also, part II of this
thesis, where §3< %Z> is calculated for two and three
electron systems using density functions.) However,; at
the present time there appears to be only one other
method based on experimental data for the determination
of o~ (Silverman and Obata, 1963). In their paper,

Silverman and Obata define the coherent X=-ray scattering

amplitude as
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Table 2;8

Nuclear Magnetic Shielding Constants

(o x 105)
z 2 3 L 5 6 7 8
549944 945423 134092

1549938(2)  §.5396(b) 13.091(b)
549856 (b) 9.:848(c) 13.092(c)

6.0021(c)
6,0 (a) :
10.154 14,153 184149
103807 3425000
10.1 1k,151(c)
14,962 19,407 23.848
14,914(b)
14,926(¢)
14,9 (4Q)
20.233 25.127 30,016
- 19,94}

264108 31.449 36.783
26.1()

(a) Hylleraas and Skavlem, 1950,

(b) Ormand and Matsens 1959

() Rustgi and Tiwari, 1963,

(d) Dickinson, 1950



£ (Hy B ¥) = [f?(_r_;) exp(iHer)dr (2.844%)
(see for example; James, 1950), where H = gx“-(_;s_-_go). S
and 8, are unit vector along the directions of the
diffracted and incident beams, A is the wave length of
the radiation, r is a co~ordinate system fixed in space,
F(E) is the charge distribution function of the
scatterer, and B and T~%Y are the polar and agimuthal
angles respectively ofié referred to a co~ordinate
system fixed in the scatterer. They then succeed iﬁ

showing that for spherically symmetric states

[ 3 (m

U r(maH = 2 (T2 )o- (2.8.5)
7 o) 2

Now since there exists experimentally determined X=ray

scattering factor curves for some atomic systems, (see

for example Hanson, 1962), equation (2.8.5) furnishes a
useful sum rule to calculate o Silverman and Obata
demonstrate thig method by numerically integrating the
X«ray scattering factor curve for Br for most of the

ranges and estimate the contribution of the unobserved tail
using shielded hydrogenic orbitalss THedr result for o
305 x 10"5 HR nay be compared with that given by

Dickinson, 1950; ieee 308 x 10~ Hp
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2¢9 Applications to Correlation Energve

In the'Hartree-Fock treatment of many electron
systemsy the mutual repulsion between electrons with
antiparallel spins is not fully taken into account.

The Pauli Principles, howevery ensures that account

is taken of the main part of the correlation of
electrons with parallel spine Thusy in the calculation
of the total energy of the system by the Hartree=Fock
approximation, there will result an error,; the

correlation energy,; E " vhiech is defined by

cor

= B - I (269.1)

Beorr ® B1m = Zgr
where ENR is the exact non-~relativistic energy and
EHF is the energy obtained using the Hartree Fock
approximationas

The correlation problem is very complicated (see,
for example, Lowdin,; 1959). In principle there are

two ways of determining E Cne is to calculate

corr*’

both EﬁR and EHF' However. the calculation of ENR
cannot be done with sufficient accuracy at present
except for the simplest systemss The alternative is
to use experimental values and to subtract off estimates
of the relativistic contributions,

At firast sight, therefore; the isoelectronic

sequence is a powerful method of discussing the



correlation energy, first because it enables the non=-
relativistic energy to be discussed as a function of z,
and secondly because the higher order coefficients of
the series may be determined by fitting experimental
dafa. The situation is further improved since the
perturbation expansion in z © can be made for the
Hartree-Fock case in precisely the same manner as the
usual treatmenty; remembering, however, the restraint
upon the form of wave function as a single determinant
(see Linderberg and Shull, 1960). The unperturbed
Hamiltonian is again separable and for the zero=order
wafe function the single Slater determinant composed of
Hydrogen atom eigenfunctions is obtained. Thus when
nondegenerate perturbation theory applies, Wo and W, of
equation (L+2.4) are precisely the values of the zero- and
first order energies respectively in the Hartree-=Fock
exbansion. In such a case the correlation energy is
approximately independent of z, the remaining dependence
being small through the W'3/2 term, important only for
atoms of low nuclear chargee This dependence may be
estimated for a number of simple systems since Wy; in the
exact non~relativistic expansion is known, for example

from fitting experimental data and W; in the Hartree~Fock
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expansion has been eveluated by Linderberg, 1961,
using perturbation methods for the 1s2, 1s522s, and 1s22s?
atomic configurationsé
In those situations where degenerate perturbation

theory must be used for the exact non-relativistic
expansion (see section 1l.3); the Hartree~Fock expansion
is simpler, since the restriction to a single determinantal
wave function removes all considerations of degeneracye.
Thus for the case of the configuration 1s22s?, 'S which is
degenerate with the configuration 1s22p?, 'S, Linderberg
and Shull compute the nonwrelativistic expansion

WNR = wle2522 + 145592742 see (22942)
whereas the HartreewFock expansion begins

WHF = -'102522 + le571001lz eoe 3 (20903)

The correlatioﬁ energys thus begins with a linear term,
~0,011727z «

Table 2.9 as given by Linderberg and Shull, 1960
lists the 2z dependence onlcorrelation energy of a
nuniber of systems all having L~shell configurations
according to whethef the correlation energy is

essentially linearly dependent or not on z .



Table 2

z Dependence of Correlation Energy for IL=-Shell

Configurationss
Correlation energy
n Configuration Linear in =z No linear term in =
2 1g? 's
3 1s? 25 s
1s22p 2 P
& 1s? 292 'S
1s2 282p 1po, 3 po
192 2p® 'S 'D, 3P
5 1s? 282 2p 2 Po
1s2 252p? 25,2P,2D,4P
1s2 2p° Zpo 2po, *go
6 1g% 252 2pf 'S5, D3P
1s? 25 2p° | 1pO, £pO,¥ 50,3 p0; Ag®

1s? 2p* 15,1D,3 P
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CIOAPTER 3

THE DCUBLE PERTURBATIOIN EXPANSION AND
iE F FUNCTION TECHENIQUE



3.1 Introduction

The development of isoelectronic sequences of
atoms as a perturbation theoxry has produced a number
of important consequences in the gtudy of atomic spectrae
Chief amonst themge is the possibility of applying the
method to investigate atomic properties other than the
electronic energy. From the expansion of the wave
function, expansions for all the atomic properties may
be derived. For many purposes the first few terms in
the expansions are sufficiently accurate to determine
the major trends throughout the isoelectronic sequence
and may even be quantitatively accurate. Thus, even
though the original Schrddinger equation cannot be
solved analytically, the first few terms in the
expansions for various properties can be calculated in
closed forn. Techniques for finding these closed
solutions comprise the content of this chapter.

This use of perturbation theory in the calculation
of atomic properties has revived the interesting problem
of using existing wave functions more efficiently in
calculating such propertieses This ariges from the fact
that for an approximate wave function with error of order

7n, the error in the total energy is of order 5> and so is



relatively insensitive to improvements in the wave
function, whereas, for most other properties the erxror

is of order 7;, and so is much larger and more sensitive.
Since 7, may be largey even for a function which gives

a good total energy; the calculations of other properties
fluctuate considerably and do not seem to converge as 1,
is decreased-_ The usual method recommended for

improving the calculations is to improve the wave function
by further minimization of the energy. Thisgy in many ways,
is unsatisfactory since it evades the real problem. The
perturbation study of atomic properties is a much more
fundamental approach to the problem, and the method
discussed in this chapter leads to calculations of
properties in which the errors are of order'qf.

For the purposes of calculation, atomic (and
molecular) properties Ffall into three classes. The
largest class consigts of those properties which are
defined as the mean value of some operator taken over the
exact eigenfunction for some state. Such properties
usually arise physically through e small perturbation of
the system represented by the perturbing operator and the
resulting first order change in energy is just the mean

value of the operator. The next class consists of
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properties defined in terms of higher order perturbation
theory for example polarizabilities and effects due to
the combined application of several perturbations: The
third class consists of those properties, such as
transition probabilities which depend on several states.
Part II of thig thesis deals exclusively with the first

classa.

3.2 The double perturbation expansion

The basgis of this new method is primarily due to
Dalgarno, Lewis and Stewart (Dalgarno and Lewis, 1955;
Dalgarno and Stewarty 19553 1960), Their work was
re~formulated and extended by Schwartz (Schwartz, 1959a;
1959b). Some of their results will be discussed in
later sections of thisg chapteres The same fundamental
ideas have been applied by these authors using different
mathematical techﬁiques which very often tend to obscure
the nature of the basic problem, A sinmpler and much more
fundamental mathematical approach used by Hall, 196%, is

to formulate the problem in terms of a double perturbation

theory.
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The Hamiltonian of the system is denoted by H and
the perturbing operator is P with the small parameter €
so that the perturbed ﬁamiltonian is
H + P (3.2.1)
An expansion in terms of isoelectronic sequences may have,
for example, by changing socale
g = (z = a)™" (34242)
The available wave function f is not an eigenfunction
of H but it will be assuned that there is é Hamiltonian
h for which it is an exact eigenfunction so that
hg = eoﬁ (3.243)
and, for convenience, ¢ is normalized to unity, The
error can be defined as
nyv = ﬁ ~ h (3¢2.L4)
where v is the operator of the error and -, its ﬁagnitude.
The perturbed Hamiltoniemm can then be written as
h +mv + &P (3.2e5)
and the perturbed eigenfunction and eigenvalue expanded
as a double power series in both ¢L and € + The eigen—-
function is,; therefore,
*¥f= ¢+ 801 * € Fie ty € Fpq * ees (342.6)
and the eigenvalue

W= e +7 €gy *t & €1q tNE €17 + eas (3.2¢7)



From the eigenvalue equation
(n +a)v + PV = Wy (34248)

equations are deduced for the terms of the various orders
in the same way as those obtained for a single perturbation
expansion 4s diséussed in section 142 of this thesis. In
particular, the first oxrder énergy coefficients are

60 = j;x" n g ar (3¢249)

601=<}¢n vdar = <v (3.2410)
<P> (3.2.11)

o
H
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and the bilinear coefficient is
= ) L ey
ey = [ FE (BcEo)g & gRP<E) gy VAT (302012)
or alternatively

' " x ~~
eyq = ‘jif 10(v~<v>)¢ + g (V*<V>)¢1o}dL (342413)
The perturbed wave functions ¢bl and ¢10 are determined

by
(b =~ e5)dy; = (eg; =~ Vg (3.2.14)
(h = eo)ﬁlo = (elo - P)d (3,2415)
It is of considerable importance to note that e, can be
calculated in two quite different ways depending on whether
¢Ol is known and equation (3.2.12) used or ¢10 with
equation (3.2413).
In relation to the original form of the Hamiltonian,
the terns in'qf give the effect of the error in ¢. The

first order change in the energy caused by P becoumes
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Uy = B0 = oeyg +eqy + O0F) (3.2.16)
e=0
Thus to obtain an estimate of Wi whose error is

guadratic in m, it is neocessary to calculate, instead
of the customary mean value e 0? the more elaborate

expression

Wy = g0 #¥ ey, (3.2417)

The bilinear term e,, measures the extent to which the
two perturbations interfere with one another, The first

order error is, similarly

e + € o (3.2418)

11
and this will vanish foxr arbitrary & only if both eo1

CL

and ©1 vanishe

Although the ﬁamiltonian h can always be constructed
formally by using the projection operator onto f, the
subsequent calculations are much simpler if ¢ is such
that h can be written down explicitly in operator form,
The ground state of the helium atom isoelectronic sequence
is an example of this which has been discussed by
Dalgarno and Stewarty 1956 and 1960, Corresponding to
the wave function

é = Bn ™t exp{-Llr,+1,)) (342419)

the Hamiltonian can be talien as
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he (a &5 =0/ + (=3V 2 = Ths)  (3.2.20)
and the erxor is

n v = 3%5 - (z=0)/ry = (z =0/, (3.2421)
Because of the presence of the interelectronic repulsion
term, the egquation for %01 cannot be solved in terms of
known functions but there is the Qariational method of
solution of Hylleraas; 1930, and the highly accurate series
solution of Knight and Scherr, 1962, (see section 2.3).
For most perturbations it is easier to solve equation
(3¢2415) for ¢10 and use equation (3.2.13) to calculate
Wi. Dalgarno and Stewart, 19556, compare the two methods
of calculation and show how the rate of convergence of the
series for e,y may vary depending on the trial functions
used for #01.

Hall, 1964, shows how this method may be extended to
include other atoms and even some simple moleculese. The
Hamiltonian h is taken as the sum of one~electron
operators

h = % g(i) (342.22)

for which spin~orbitals W1 defined by the eigenfunction

equation

W = AW (342423)
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can be found exactly. The hydrogen=like fornm of g, as
invequation (3:s2420) will serve for atoms and even for
diatomic hydrides (see part IV of this thesis)e. If the
total energy is non~degenerate the ground state eigen=
function of h has the form of a determinant of the
orbitals W e When there is degeneracy,; the eigenfunction
contains several determinants and the theory becomes much
more elaborate. The error operator can still be written
down and, if g consists of the usual one~electron kinetic
energy operator and scme potential terms,'qu will consist
of potential terms alonee When the perturbation P has
the particular form of a sum of one-electrcn operators
P= % pli) A (3.2.24)
then the ) the first order changes in the orbitals, are
deterniined by
(g = A, = AL = Dl (3.2.25)
where
Ao o= fco: p W, aT (3.2426)
The perturbed wave function ¢1O has the form of a sun
of determinants each having one pr replacing a w,. in the
original determinant. If equation (3¢2.25) can be solved
for the p _ the value of W, is readily obtained in terms

of one=clectron integralse.



~ 5O ~

3.3 The F function technigue

In his review article, Hall points out that a major
disadvantage of the double perturbation treatment
described in section 3.2 is that it requires the
approxinate wave function to be an eigenfunction of some
Hamiltonian h andy in practical calculations, needs to
know h expliecitly in ordexr to calculate the effect of
the error. This disadvantage is removed in a
nmodification of the method due to Schwartz, 195%aj;
1959b. The esgential step in hig methed is the
writing of the perturbed function ¢10 as

$o0=F ¢ (343.1)

where F is a function of the same variables as g
The perturbation equation is

(b = e )Fg = (e, = P)g {3.3.2)
and, since ¢ is an eigenfunction of hy this becomes

(bF = FR)g = (e;, = P)g (3¢343)
ﬁow.if h has the same kinetic energy operator as H and
F is a function of the ooordinates aloney, then their
comnmutators with I are identical

[hy P] = bF = Fh = BF « FH = [H, F] (34304)
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and the equation determining F becomes

(Fy H]f = (B - <P>)d (3+3.5)

The expression for Wi in terﬁs of F is
W, =\f¢!P¢ anm + J}n{F!(Qv.—1001)+(%y'-12901)F)¢ dr
(36346)

and the error operator can be eliminated from this by

putting

J}¥F1(1lv ~13901)¢ ar = J#HF!(H - h —-1/901)¢ arT

=‘[¢HFK(H -~ &g ~vze01)¢ anr

= f,i"F"(H - <G>)g a7 (3+3.7)
vhere
<D = _[#nﬁf aT
so that
Wy = Jf‘p 4 at + jﬂ"{i"(z&-q») + (H = <ID)F}d ar

(3¢3.8)
In this method, therefore; no splitting of the original
Hamiltonian H is needed either to calculate the
perturbed wave function from equation (3.3.5) or the
accurate mean value from equation (3.3+8). Equations
(343+5) and (343¢8) have been derived directly by
Schwartz (1959b) without invoking double perturbation

theory but it is extremely difficult to show the order of
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magnitude of the axxrors ﬁall’s derivation of equations
(34345) and (343.8) thus establishes this technique

ag exact only to first order and not merely exact to
within terms of second ordex.

Schwartz, 1959b, further discusses three different
methods of solving equaition (3.345). In sone especially
simple instances a particular integral of the equation can
be found by inspections Llternatively if equation (3e3¢5)
can be reduced to a number of separate equations each
invelving one function of one variable then the solution
can be written down as an indefinite integral (Young and
March, 1958),. The difficulties involved in such
solutions due to the presence of singularities are
discussed by Brown and Hirschfelder, 1963, The solution
often involves integrals which are only conditionally
convergent and have to be handled with great care (see

also Chapter IV)e Since the functional

J = f,s"{p"(P-<13>)+(P~<P>)F - % FRF,H] + izl- [F*, EIF}dar
(3.3.9)
is stationary for fixed ¢ vhen F satisfies equation (343.5)
and F¥ the conjugate equation, the third method of

determining F is to assume some parametric form for it
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and make J stationary with respect to those parameterss
This variation principle is closely related to that used

in ordinary perturbation theory (Hylleraas, 1930).

3.4 Results

Dalgarno and Stewart, 1956 and 1960, and Schwartiz,
1959by have applied these methods to calculate a number
of properties of the ground state of Helium, Ddlgarno and
Stewart using the perturbation method and Schwartz the F
function technigues éhe screening procedure asg used by
Dalgarno and Stewart in the form of equations (3,2.19),
(3.2.20) and (3+2.21) dQefine W, for each particular
perturbation; as a function of (. For each operator, W,
was calculated at the value of [ chosen so as to minimize
the unperturbed energy; and also at the value of [ chosen
to make the wave function stable under the particular
perturbation involved. éhis latter value of [ varies
from perturbation to perturbation and its significance is
discussed in Chaptez I;. Some illustrative results are
given in table 3,1 and are compared with the self=-
consistent field results and the highly accurate results

of Pekarisg,; 1959, Similar calculations carried out by

Schwartz contained errors, and the expressions for Wl were
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not evaluated at stable values of L. These errors have
been corrected and the results, which have been amended
to include screening agree exactly with those obtained
by Dalgarno and Stewart. For example, for the

diamagnetic susceptibility operator (r? + 1)

F==gr(r} +«cd) ~grlef + 3) (3.4.1)
so that }
W, = <rf + %> = -g.-'{l + $(Lz)+ 2 ) (344.2)

The expressions for the other results quoted in table
3.4 (in terms of arbitrary z and [) with their corresponding

F functions are as follows:

<r, + 1> =% £r + g{-"“-’- + -335 ] (34443)
and
F e -ag'c(rlz o+ I‘E ) ? (3011‘01.1‘)
R L | (344.5)
and

F = (1"' + rz) $ (3.446)
bm<b(r )+ 6(ry > = 8% (1 ~ 2572 L B9 4 3 no) (3.4.7)

and

F = [= 2(}1"-+}i~) + QCZ(r, + 1) + 4L £n rir; ]

' (3eke8)



A nore extensive table of the positive powers has been
calculated by Gordon, 1963 . The X-ray scattering
factor has been considered by Weiss,.1963 . Results
for the 375 state of heliuwn and for the lithium ground

state are given in chapter IV of this thesiss

Table 3.4

Ground state properties for the helium atom

operator C = z~5/16 at stable { S.C.F. accurate

bulb(r,)+b(r, )] L4L.,591(a)  A4&,925(a) 45.194(c) 45.501(Q)

r, + rp L1.84L (D) 1.846(b)  1.854(c) 1.859(q)
r2 + r§ 24322(a) 24339(a) 2.369(c) 2.387(a)
e 3.375(a)  3.375(a) 3+377(a)

(a) Dalgarno and Stewart 1960
(b) Hall ._?_'t_ 2.];0 19640
(c) Roothaan et al. 196k,

(d) Pekeris 1959, 1952,



CHAPTER 4

THE DIRECT CALCULATICII OF THE FIRST ORDER

DENSITY MATRIX FOR ATOMS



54,1 Introduction

One disadvantage of the F function technigque
described in Chapter 3 is thaty for each new
perturbation, a new F function has to be calculatéd
by solving equation (3¢3+5)e This arises becauses; in

effect; e;; is being calculated using equation (362412)

1
instead of equation (3.2.,13), the exact solution of
equation (3.2.13) being too dAifficult for the reasons
already discusseds Towevery in his formative paper
(1959, a) Schwartz showed that there was also another
interesting possibility. fhis was the direct calculation
of the electron density for the helium atom ground state
to zmero and first orders without knowing the wave function.
In view of the current interest in the problem of
calculating the density wmatrix independently of the wave
funcétion (esge. Lowdin, 19553 Coleman, 1963), it is
worthy of note that this partial solution of the problem
has been already founde

The main purpose of this chapter ig to generalize
this Schwartz result to include the calculation of the zero
and first order perturbation terms for the density matrices

of a wide class of atomic and molecular systems. Analytical

solutions of the resulting equations are possible using



exigting techniques for only a limited number of atomic
sequencess Cnce the density matrix is known the

calculation of properties which are expressible as

the mean values of one~electron operators becomes

relatively easye.

4,2 The first order correction to the density matrix

The Hamiltonian, Hy which determines the behaviour of

an atom or molecule ig divided into two parts

H=H +7V (Le241)
where Ho is the sum of one~electron operators
T
H = 2, © (4e2.2)
° 421 1 |

and V4 the perturbation; can be written as a sum of two=-

electron terms
I

V = Z} gij (Le2e3)
i<j
Thus, for an atomic sequence with nuclear charge z,
3 2
L e - | l
L3 =« 5V, = (z=0) [r; (be2ek)

g = ~d/(N*l)ri~ a/(Nul)rj + l/rij
(4.2:5)

where 0. is a screening cunstant which can be fixed later.

The eigenfunction of H is expressed as a series in the
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parameter € which ig determined by the way in which the
Hamiltonian is divided
J{ =f/o + SY—J. + ezfz 4+ ooe (4e2.6)
The atomic sequencesy for example, may have, by changing
scalg
e = (z -~ )™t (402.7)
or £ may be regarded as a formal parameter and put
equal to unity.
Becuase of the foxrm of Ho as & sum of one=electron
operators, the zero~order eigenvalue equation separates
into orbital equations and the zero=~order wave function in

the absence of degeneracy is a determinant of these

spin~orbitals 1
o = () ZDet{ ¢ (1) ¥,(2)5 seuy Py (D} (4.2.8)
where the orbitals satisfy
£; V. () = k\,bk(i) . (4.2,9)
and
o)
v = 1§ e (Le2,10)

When Wﬁ is degenerate, i%} is a linear combination of
similar determinants and the remaining parts of the
argunient do not applye.

Since the set of all such determinants forms a

complete set of functions for antisymmetric functions of N
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electrons, the first order correction to the wave function

can be expanded in the series

\fl = “ﬁ’ niﬁ . (4e2,11)

[ =]

where

éﬂ = (M) Det{y . (1)3 ,(2)s wess ()} (Le2.12)
and all the various orbilitals are solutions of the orbital

equation

Ty, = e, (4e2.13)
It is convenient to restrict the terms in equation (4.2.11)
to those determinants which cannot be turned into one
another by some permutation of the subscripts n. The

perturbation equation which determines Efi, is easily

solved in this expansion and the coefficients are given by

. ~l a * ——
oot : 4 Z
oy = (Jo _ U.E} J]n vfo aT (Le241h)
c = O
o
where _ 4
I
W= 3 e (ke2415)
- r=l
The choice of co as Zero ensures that the first order
wave function is orthogonal to the zero order one. By

integrating over the ocoordinates of (WN=2) electrons, the

coefficlents'caﬂ be expressed in the simpler form

= (W~ W )"l(‘ﬂ' g;n .t f{q/ (1)% (2)=- ’f (1)\// (z)}

glz\}’i(l)\k:_j(a)d’fiz (Le2416)
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where the double prime indivates that the terms with t = i
and t = j are to be onmitted from the product. The
Kronecker deltas imply that c, vanishes when the
corresponding determinant dié;ers fromﬁiEo is respect of
more than two orbitalse. éhé sign of c, implies thaf the
orbitals common to 11: o and ‘EE appear i:l the same
positions in both determinants.
The first-order density matrix is defined as
¥ (/1) = }\!"J(\_‘Z:a(tl,z,....)“__\,/?(1',z,...)«ma...cn'i\T
(£e2417)
and, when the wave function is expanded, the zero~order
term in the densiiy matrix expansion becomes
¥ (121 = %x@"m\,&;w) (402.18)
while the first~order term bhecomes

Xl(l/l') =NZ’cn {gt(lgagtco)ﬂ(l',Zg-oo)decoodTN
71 - —

(Le2.19)

Tk
+ N él cﬁl}f" (l,Zono) _2(11,2,...)(‘1'1“2.»‘(3'1_1‘\]-

Because of the orthogonality of the orbitals, the only terms

in the series which will contribute to this esxpression will

have{%;n which differ from ?fb in respect to only one

-

orbital, It is convenient now to ree~label the coefficient
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cn, of a term in which the orbital‘\yr replaces an

orbltal’#/ of"%r as c so that

X (/1) = S, 51 {crs\]z (1)\!/ (1) + ¢ \//:(1)?1,(1')}

r=N+I =8

(£:2.20)
and, form equation (L.2.16)
oy = (7~ )T cf(yrmy/t(a) yt(l)\vr(a)}
E1aVs (1)\bt(2)d'r (4.2,21)
Because of the orbital equations (4.2.13),
U ~W  =e =e, . (k.2.22)

At this point we introduce a set of N functions Fs as

solutions of the equations

(£F_ - F_£) Y = [f, Fs]\-}/s(l)

N Kk .
= f\]/t(l)-[wt(Z)glz\-//s(z)dT
t#s
I

v \{/ (1) ,g;s {‘V(Z)glzh‘/t(z)d’l‘ + K ¢ ) (4,2.23)
where Ksﬁbg(l) is a multiple of the solution of the
homogeneous equation; and note that, if these equations
can be solved, the integral

*[ft F ] AT = = (e - e )c 3 (@:.2.21.&)
\//1" 8 8 8 r rsB
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but S
(S [ K
0 - ) - ) L
J\{/r (:ﬂ‘s st)+SdT = (er eS;J\,(/rl‘s%sdT
so that
P * 4 1,
ch = g\//r I‘S-I/s arT 2 B S < (402.25)
Since the integral in (L4.2.,24) vanishes when r = s the
left side of equation (L.2.23) must vanish when
multiplied by‘YQ: and integrated. This condition
which is necessary for the solubility of equation (4.2.23),
fixes the value of the constant IS as
ILS = —é LB‘t H
" . s (ke2426)
= = - d T
Ly, =L, J%(l)ybtm)gm{\;/s(l)%t(z) K ()Y, (2)}dT,

Alternatively, equation (4.2,23) can be written as

* .
L£, Fs]\#é = t?;\P% %%(glan Lst)vbsdqt . .
K
~V¥s tésg%(gla' L) ¥ pdT

(L.2.27)

Since the eigenfunctions of £ form a complete set of

functions the product quvs can be expanded as
@

FoWg = 2 & Vs (4.2.28)

r=l

where



Brs Jiybr

(Le2429)
= for » > N
Cre
so that,s since C.s is not defined for r £ N,
IT ®
-y
Fsﬁ#s = ;é; ars\#% + r=§1l crs\Pr (4+2.30)
Furthermore, using equation (Le2427)
a = (e - e )—12 Sb(l)‘]b(a)(g - L_ (M (1) (2)
rs r s 3 > t 12 st t s
(Le2.31)

-\F, (1))%(2)}«1 Lo, (r # 8)

and, hence, it follows that

asr = e a:; s - (r % B) ([}02.32)

The expansion (4,2.30) enables the density matrix (4.2.20)
to be put into the closed form

N . 1T .
B/ = Sgl{(?: B - 3 dangan

=1

+\f§$i)(Fg4g<l') - Egl ars¥§(l'))}
= égi{ﬁi(l)."-gz; + F (1) - ass}yﬁffl)yg(l')
(4e2.33)
using equation (L4.2,32)e If, as will often happen, both
the operators fi and gij are independent of spin then the

gpin orbital will factorize into a spafial orbital and a



spin function. This factorization simplifies the
equations above since it results in FS being a spatial
function and in the vanishing of a, between functions

s

of opposite spin.

4.3 The helium ground state

The ground state of the helium isoelectronic
sequence gives a particularly simple illustration of
the theory. For thisg system the operator f is
£ = e %v??z - (z = a)/r (be3e1)
which is the Hamiltonian for a hydrogen atom with charge
(z~) so that its eigenfunctions are well-knowne In
particular, the zero=order density matrix, whén

integrated over spingy is

£ /2) = (2= 71 exp{=(z=at) (r,+ 1, )} (443.2)
The perturbation is
1 o o -
812 " Ty " E T (he303)

Although there are two orbitals the factorization of spin
leaves the equations for their FS functions identical so
that the Fs can be talten as egqual. Because of the
spherical symmetry of the orbital the equation for F can
be reduced to a one~variable equation and solved by

repeated integration (Young and March, 1958). The lower



limits in these integrations are taken as the origin =so

that F(0) vanishess The solution  is

1) = (oo - o3 eV § S o

¢}
(4&3.1}.)
where
Q 2 2 - 0 (49345)
v = (z=d)r  (ke346)

and using this and equation. (4e2+33) the firste~order
density matrix is
X(1/2) = ¥1/2) [Flr,) + Flr,) - 2<F>] (ke347)

where the constant term is found to be

<F> = (~2ho + 15) /160 = 33 = g én2 (£4348)
This result is a generalization of the electron density
calculated by Schwartz, 195¢ for the same sequence.

The significance of the first ordér densgsity matrix
is that it enables the nmean value of any one~electron
operator to be evaluated by an integration. By using the
first two terms in its expansion the first two terms in the

expansion of the mean values is found directly. This may

oy . S as Py, 209 2y S0P - ; D SN g M Sy G ST S gy S S 0 S SR A0 S

* Since the integrals appearing in F(r), and in subsequent
integrations over F(r) are only conditionally convergent it
is essential that the terms be kept grouped together as
given heres



be compared with the calculation of these two terms

for a number of mean values by Dalgarno and Stewart,
1960 by solving the different perturbation equations

for each perturbation as discussed in Chapter ITTI,

The advantage of the method used here is that all the
nean values are found by solving only one equations.
Their results arey of course, identical with ours and
have already been discussed in Chapter IXIL, Determined
by either method; the mean values depend on O as an
undetermined parameters éLe best value of o is found
by making the mean value stationary with respect to G
This has the natural significance of being the value

for which the result is least sensitive to the errors

in the zero order wave function. It is also the value
which makes the wave function stable (Hall,l961) in the
sense that the contribution to the mean value from the
first order term in the density matrix vanishes. The

- mean value can then be calc¢ulated from the zero order
term in the density matrix alone but with the scale
factor (i.e. &) chosen so as to make the correction
vanishe This stable value of O varies from perturbation

to perturbation and; in particulary is different from the



value which minimizes the energye The effect on the mean
values can be illustrated from the mean value of r for
helium, For the stable o this mean value is 1.846 as
compared with 1,844 vhen o minimizes the energy and

1.859 for the accurate value (Pekeris, 1959)«

L, The lowest helium triplet state

The component with Sz = 1 for the lowest triplet
state (1s, 2s)3S; of the helium sequence can be

described by a wave function which is a single determinant

to zero order in the perturbation, There are two spatial
orbitals 1
W = @a)?/2 5 2 exp((z-a)r) (kakal)

N

(z-a)3/2[32é3§'{2-(2-&)}exp{- %(z—m)r]
(LeL42)

W

and two functions F; and F, corresponding to them. The
equations determining F, and F, can be reduced to one

variable equation and hexnce solved giving

o (o 237 295 -y 592 -

CF,(r) = (~o+ 729)yl+ 75?(1-9 )y + o5 1}2(9 -1)/x ax
K 34 : o -

e T oy e By - B B o

(£4243)



_ 362 &, -2x . 181 -2y 274 . 189 ~2y
CFy (r) = £33 jg(e l)/ + S5g(l-e Yy + SEEY t 5550
115 191 ., y~1 1523 ~2y (bolols)
+ 555+ 29(2 v) 535° /(2 -y) 1
-1 256 ~2Y
..oc;_-égr A e 2~y —3'5]—._ /(2=y) + -B-Z 1

By integrating over these functions, the values of the

remaining constants are found

& oo . 211 13991 592 , 31
apy = JEF e = - B2 ¢ 300 1 - 28 2 L (bukes)

ay, = fHﬁfF'yD,dI‘ = 0 (Lok,6)
- - o« . 3208 1 362 1

a,, = j\,z)fpzqudr - 22 Tt 92gs T - S35 4n 3 (Lok?)

aj, = j\ffpz YpdaT = 0 (4e44e8)

and hence the first order term in the density matrix by
substitution into equation (4-2.33).

The results of calculations of some mean values are
shown in table (4.%)7, For each operator the mean value
is evaluated for the value of o which miniﬁizesthe total

energy viz.

R
i

Ce 30068587 (Lole9)
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+Weisa, 1963 , obtains a value <8(r,)+6(r2 }> = 33.16 using
only a product wave function, In the light of the present
calculationy. this close agreement with the Pekeris result
rust be fortuitous, and rot indicative of the actual
accuracy of the method.
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and also at the value of O which makes the wave function
gstable under that particular perturbation. The accurate
values are qQuoted from the variational calculation of

Pekeris (1959). The formulae for érbitrary z and o are

given in amection (£46).

Table Le4 lean values of some operators for the
Helium 35 statees

Operator using ae stable o accurate
4uio(r,)+plr, )1 31.3608 32,7212 33.1846
rotog et 243121 2+3121 543093
r,+ rp Le7753 L,8076 5.1009
2+ r§ 19.3288 20,1310 22,9286

4,5 The lithium ground state

The ground state of the three~electron isoelectronic
sequence has the configuration (1s)? (22)25 and so can
also be described to zero order using a single determinant

of hydrogen~like orbitals. There are three spin orbitala.

Yy = (1s)a, %/2 = (1a)B, Hﬁg = (23)x (Le5.1)



and hence three functions F,y Fps Fy o The equations
for these functions simplify on integrating over spin"and
reduce to

[st,](ls)

| (2g) S (28-)*(g12~ Ll3)(1s)d’r‘

]

(10) [(28 (g pm ) (20)er - (kasa2)

(18 [(18) gy pm Ty,) (RadaT .

ifyFp J(1s)

K
n (ls)J(ls) (g12-
- (1s}j(23)*(g12 - LZB)(zs)dT

L, . )(1s)aT
12% (£45.3)

[,/ 1(28) -(2s)f(1s)%(g12— L13)(1s)d‘3'.'
+ (103 (18)(g 5= 1)5) (28) 0T (he50)

- (28) [(1a3"(gy = 1yy) (18)ar .

vhere the first two hydrogen=like orbitals with effective
charge { are denoted by (L.le1) and (Lel.2), The
solution of these equations is greatly simplified by
noting that many of the terms on the right are of the
same form as in the equations already solved so that the
solutions are the sum of functions already found with a
few additional onese Allowance has also to be made for
the fact that thisgs sequence has

C.. = l/rij ~a/{2ri) - a/(er) (Le545)

g
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The solutions are

LF, = (- 4a+5)y/a Ll 3ce"2Y-1) /(16y)
+ 3 5 (e~2x l)/(ux) ax + (~ 7%§)y + %%%(l-e y}/y
. ggg 5 (o™ wl)/x ax + 33--(y-m.al/f"bf (£546)
8a
*("'1%8‘5’2"'273"‘81 729 3L
F, = (-4oc+5)y/8 ~ 5=y . 3(9"2Y-1)/<16y)+
y
+3 ] (e7B%a1)/(8x) ax +
(4e5.7)
+ G- By g eV Fy? - By - A
+ %%(1 - ) /vy + g% ‘f*(enx-l)/x dx
O
_ 362 o7, =2x 181 -2y 274 189 -2y
LR = %—,,joce 1)/ dx + 799(1 /v o+ Ehsy + 222e
, _.ay
11 191 1 1523 e
* T7-2—3 T 729 (2=yy ~ h’;'529 (2=v)

) ()

-5y
~L 1 128 )
-alEy + 15y < B i ]

o, 1 o L "RV 7L 1 (%45.8)
""("Y"l)"'('é':-'s?)'* 1f~”§'"'%‘}+’a°frz‘:;r

v
-2 -2
+ 4% °2 gy *+ F-e )y 4 \j‘oce *.1) /x dx



The non~vanishing coanstants cbtained from these functions

are _ :
ajq = e izz 0 - %%% £n~% - % nz + %%%E + %2 ]
(£e509)
oy, = L1~ 2 a ..-g-g_ftzn%--g’-znz + ik + 521 (4.5.10)
815 = = 85y = LML= -4%‘[1-2& + ﬁ%-;%-l- 1 (La5.11)
a3y = T~ L o ~ 228 4n3 + 2382 1 (be5.12)

The relation between a13 and-aBl is used to check the
calculation of F, and.fg .

The results for & number of mean velues calculated
using the density matrix derived from these solutions are
shown in Table (445)e The results are compared with the
analytical results obtained by Cohen and Dalgarno, 1963,
by solving the restricted %artree-Fock equations to
first order. The value of o which minimizces the energy

is
a, = 04548009 (Le5¢13)
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Tabie 4,5 llean values of operators for
he lithium ground state

operator O(.‘3 stable Cohen and Dalgarno
4mblr) 5642719 5649607 574734

1 1,9065 149065 1,909

r 1,4118 1.4693 1.520

r? 367841 L45859 L,787

L,6 Formulae for arbitrary =z and &

For the 38 state of the helium isoelectronic
sequence the expressions for the mean values of various

operators to first order are

iy = ~Or2 27z 2 ~4& 2 62
b <B(r,)+0(r, )> = =902+ B T +p_-,?zz3§— fn %é-g&ﬁ
8804]:’2
<r','l+ r;1> = -?-z - %22% (independent of o)
-y [ -
<ry, + 1> = l~-13%525,2+-7—+8-i3:5"1C2“

<r? + r§>

- - ) -



Similarly, for the 2S5 ground state of the lithium

sequence
L
L<S(r)> = = 17 G o+ —Z—- g2+ [%%8"(72 .[i%g.g,enz *

256 20049
* 253 T 18.729 Je?
-1 _ 3z 2365
<r > - %r = 37495

<> =607 - 3z 072 4 22T (7R
ey ~3 , 51;~3 , 18406108 /=3
<> = 48072 - 32207 4 23070 4 ISR T

L,7 Relation between natural and self~consistent orbitals

The natural orbitals of an electronic system have been
defined as the orbitals which are eigenfunctions of the
density matrix (Lowdin, 1955), It is interesting to ask
whether they can be estimated from the expansion of the
density matrix found abovee This expansion has the form,

to the first order

<y

i) : I
Yaaje) = S i) + (1) g, 2+ Wig, (2))
8 8 (407-1)

where
N

¢s = Fs\f; rstf (24742)
v-;'s



Clearly, this can be expressed, to the same order of

accuracy, as

no % ,
Bafz) = 0y, (1) + SV, (2) + 4 (2) T (ka703)
8

and since this is in diagonal Fform the natural spin

orbitals are
e + d_ (L.704)

and their occupation . numbers are each unitys. From these
unit occupation numbers it can be deduced (Lowdin, 1955)
that the wave function must be a single determinant and the
natural orbitals identical with the self—consisﬁent

qrbitals or with some unitary transformation of them. The
orbitals'ﬁsg thereforey; can be recognized as the first order
correction to the self=consistent orbital which has %ﬁ; as
its zero~order forrtie %his close relation between the
natural orbitals and the self-consistent orbitals is the
generalization of the relation between their energies
already discovered for the helium and hydrogen molecule
ground states (Shull and-iowdin, 19553 Lowdin and Shull,
19563 Shull and Lowdin, 19593 Davidson, 1962).

Nazaroff and Hirschfelder, 1963, have discussed the ground
state wave functions of these two~electron systems in more
detail and show that the orbitals begin to differ when the
perturbation theory is carried to second order and that thoir

energies begin to differ in fourth order,
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This theorem enables the result obtained above to be
checked by comparison with existing unrestricted Hartree~
Fock caléulations. 5he lowest triplet of helium has been
treated by Sharma and Coulson, 1962y and from their results
for the energy the mean value of r-l can be deduce by
differentiation with respect to z using equation (2.8.2).
Although their orbitals have the form of infinite series
this mean value is identical with that reported in
Table L.5. Similarly,; the mean value of r © for the
ground state of lithium calculated from the unrestricted
Hartree~Fock energy of Sharma, 1962, agfees with that
reported in Table L.5. Ehe expression for the spin
density as a function of & given in closed form by Cohen
and Dalgarno, 1963 using the unrestricted Hartree-Fock |
theory is also identical with the expression deduced fron
the present theory.

It is convenient to sumarize the restrictions
involved in this theory by restating the general result
in more procise terms. It is assumed that the Hamiltonian
can be divided into a main term and a perturbation so that
the exact eigenfunction of the main term is a single

determinant which also satisfies the Pauli Principle and



is an eigenfunction of the other commuting invariant
operatorg of the gystem such as the symmetry or the
components of angular nomentun, The zero?order energy
must be non-~degenerate but this may sometimes be relaxed
if a unique eigenfunction can be found using some of
these other operators in addition to the energy. It then
follows that the first ﬁ natural spin~orbitals of the
exact wave function will be identical with the self~
consigtent spin~orbitals of the system (to within a
unitary transformation) to the first order in the
nagnitude of the perturbations As can be seen from

the lithium example, the self=-consistent spin~orbitals
have no restriction to double occupation and so are the

unrestricted (or spin~polarized) orbitals.

4,8 Discussion and Conclusions

It is important to mote that the methods discussed in
Part II of this thesis are accurate to terms of first order,
qnd‘that irrespective of whether double perturbation theory,
or the F function techniques; or the density matrix method
is used the same results are obtaineds A further point to

note is that effectively each method depends on the
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solution of certain differential equations for which closed
form solutions may be fopnd. It is interesting to note
the renewed attention paid to the differential equations
themselves rather than to their formal solutions. (see

for example equation (1.3;95). In this context, the

first order agreement with the unrestricted Hartree-~Fock
calculations of Coheny 1963, for the ls, 2s, 2p atonic
orbitals, shows that it is possible to find the first order
density matrix for a variety of atomic states containing
these orbitals provided, of course; the restrictive
conditions involved in this theory are satisfied.

Schwartz,y 1959by has succeeded in generalizing the F
function technicue to second~order calcﬁlations, Although,
it is difficult to assess the order of magnitude of the
error involved in hig derivations, one might expect that
it would be possible to extend the theory discussed in
Chapter III to caloculate atomic properties to second order
accuracya

Hall, 1964, remarks that the technique of transforming
a function by multiplying it by an F function might be
compared with two other important types of functional
transformation, First, the transformation of the function

by differentiation produces the hypervirial operators



investigated by Hirschfelder and his associates
(Hirschfeldery 1960} Epstein and Hirschfelder, 1961;
Hirschfelder and Coulson, 1962). Second, the more
general transformation is obtained by integrating the
function over a kermel. The kernel in the context of
equations (3¢2.14) and (3¢2.15) is the Green's function for
the Hamiltonian h and the solution of these equations is
the integral over this éreen‘s function multiplied by the
terms on the right of the equation. Hall further points
~out that”the existence of all the analytical solutions
obtﬁinéd so far can be traced to the fact that a Green's
function can be found in convenient form for the spherically
syrmetric states of the hydrogen atome

One final point to make is that much of what is
discussed in Part II could be applied to small molecules
especially diatomic hydridese The remaining chapters of
this thesis are devoted to extending perturbation theory to
investigate the total energy and associated properties of
hydride moleculese. It might even be possible to
investigate the first order density matrix for some simple
diatomic moleculesy though there is the added complication

of its dependenee on the internuclear distance,
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S5¢1 Int:oduction

Parts I and Ii of this thesis have been concerned
with the electronic structure of atomse At this
juncture; therefore; it becomes reasoneble to ask
whether or not some of the basic concepts of the previous
discussion can be extended to provide a‘quantum mechanical
description of moleculess A method which preserves some
of the simpler features of the theory as applied to
atoms and which enables the electronic structure of
molecules to be discussed is lkmown as Tunited atom!
theorye. United atom theory has a long history and was
first used qualitatively in classifying molecular
electronic energy lévels by Wigner and Witmer, 1928 and
qualitatively in the determination of the energy levels
of H: by Morse and Stueckelberg, 1929. This approach
has the direct advantage that it is able to utilize the
wealth of detailed theoretical calculations and also the
large amount of experimental data available for atoms
in moleculer calculationse.

Chapter 5 of this thesis consisgts of an account of
united atom theory together with a brief review of its

applications particularly to diatomic hydrides. A
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detailed discussion is then given of the Platt
electrostatic model of diatomic hydrides (Platt, 1950),
while the following Chapter modifies Platt!s treatment
in order to overcome some of the objections raised

by Clinton, 1960,

52 The Non=Relativistiec Molecular Hamiltonians

A molecule may be defined as a system of atomic

nuclei and electrons, and as such has a nonw~relativistic

Hamiltonian

2. Zz.7

<t v TaB
’ ﬁ = <, zﬂ VZ' + 25 Tr
e( o & <8 op
2 2 ;? (5e241)
-~ 'LV' - & 4 -—]-;- ‘
i > Ve ;iiri‘,x i o

where Greek suffices refer to the nuclei and italics
to the electrons, z, and Mm therefore denote the charge
and mass respectively of the nucleus with position

coordinate ot end o ig the distance between the

nucleus and the 1th electrone. The units in this
Hamiltoniah are the usual reduced Hartree units.

Now according to the Born~Oppenheimer approximation,
the nuclear and electronic motions in this Hamiltonian

may be considered separable (Born-Oppenheimer,; 1927)e
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That is to say, if a sOlution of the‘Schrgdihgér
equation of the systom is sought such that it is a
product of two functions, one of which is a function
- of nuclear coordinates only and the other is & function
of>electronic co~ordinates with nuclear co-ofdinatesA
regarded as paraneters, then the wave equation may be
approximately reduced to two equations, one involving the
nuclear motion and the other involving the motion-of the
electrons, provided that the ratio of the electronic mass
to the nuclear mass is assumed small, It is with the
solution of the wave equation for the electronic motion
that the theory of the electronic structure of molecules
must commencey since it éetermineé the structure and
energy levels of the moleculesy and is therefore
chemicaily the most ‘importants The electfonic structure
of the molecule is therefore governed by thé Hamiltonian
(in Hy units)

19, Sk 5 B (5¢242)

I-Iz-—l_llf ,  eitea W Ra
2 o i<j rij i T

This Hamiltonian suggest the physical implication that
the nuclei are fixed in known positions while the

electrons move in the field of the fixed nuclei.
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53 United Atom Thedxx

The 'electronit Hamiltonian! given by 5¢2.2 is
similar to the nonerelativistic Hamiltonian for an
atonic system but ig more complex, owing to the
presence of the more complicated nuclear~potential
energy terme The solution of the molecular |
Schrgdinger equation determined by 5.,2:2 therefore, is,
in generaly more difficult than the analogous problem
for an atoms, As & resulty & number of different
mathematicdl techﬁiques of studying the many electron
problem in the molecule have been developed. These
techniques depend largely on the different ways in
which a molecule may be regarded as being built upe.

First, from & physical point of view, the
molecule may be constructed by adding the individual
electrons one after another to the nuclei, an analagous
procedure to that used for atoms. Mathematically this
involves the theory of vector coupling. Secondly the
molecule may be built up by bringing together the atoms
of which it consgistse From a mathematical point of
view the molecule may be regarded as a perturbed system
of separated atoms, This approach has led to the wells

known valence~bond theory and is responsible for the
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linear combinations of atomic orbitals (L.CsA.0)
approximation in the molecular orbital (M.0) theorye..
The third approach characterizes united atom theory
in which the building up process sfarts with zero
nuclear separation instead of starting with infinitely
large separatione fhis procédure, offen refered to
as splitting the so-célled tynited atom'y is, of course,.
purely hypothetical but,.nevertheléss, ig extreﬁely
useful. In actual fact, & molecule occupies an
intermediate position between the extreme cases of
infinitely separated atomé and the united atom, and
.although attention will be primarily directed to the.
united~atom modely; it will be necessary in Chapter 6
to assess the merits of both models as applied
particularly to diatomic hydrides.,

The mathematical realization of the united atom
point of view arises because the wave function for
the moiecule may be expanded in terms of the functions
for the equivalent 'united atom'!y; in the following waye
Introducing fcentral! potentials fi = f(ri) which are
functions of distances from a fixed centrey the

molecular Hamiltonian (5.2.2) may be re=written in two
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ways, differing in the location of electron repulsion

terms (Chen, 1955.):

= H® + H! = H°® + H" (5¢341)
) 1 ot 1
H™ = g:(' gV +8)+ i<j Ty - (54342)
z
o
H!' = %;(- fi - gs ;;— ) (50343)
o
% - w° - % A (5¢34k)
i<J rij _
3 1
HY = H' + i%;j ;;—— (5¢345)
J
The solutions of the zZero order equations
Ho ‘)(/o = Eo L}/o s (5--306)
Hoo oo= Eoo oo-' (50347)

must form a complete set, and the molecular wave
function may be expanded in terms of eithers The
distinct advantage of this approach is that the only
iﬁtegrals that occur are one=centre integrals and it
is thus possible to sidestep the mathematical difficulties
in computing polycentric integrals as obtained in the
more conventional methodse

The most convenient choice of the #i's are usually
Coulomb or Hooke's law potentials (Chen, 1955) or even

;ér y where A is a constants
i
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The choice of the solutions expressed in terms
of the \f/‘-’_‘"s‘ using Coulomb potentials is most
suitable for analytical calculations (see Part IV of
this theais), since exact eigenfunctions of H°® are
known and were discussed in Part 1L, On the other-
hand the choice of the complete set of the +.°'s
corresponds most closely to the united atom picture, .
since the 4/0‘3 are in fact thé eigenfunctions of the
united atome. Again Chen, 1955 remarks that this
latter choice is highiy suitable for the incorporation
of the accurate experimental data that exists for
atoms (see for example Moorey 1949) and also enables
the use of the highly adequate wave functions, for
example, Hartree=Foclsy Duncanson~Coulson, 1944, as
approximations to the-\%/o's,.ﬁ

The main problem,. however, no matter which complete
get of functions is used, is to diagonalize the molecular
Hamiltoniane . ﬁpw although the matrix elements of H
contain only one~centre integrals, these are in general
tedious but are ideally suited for modern high speed
electronic computerss .

Lowdin, 1957, has described the choice between



the conventional molecular methods using orbitals
associated with different nuclei and the united atom
model is essentially a choice between the solution of
a secular equation of lower order with complicated
matrix elements and a secular equation of very high
'order having simple matrix‘elements.

The united atom method may be generalized
mathematically to an expansion of the molecular wave
function with respect to any complete set of functions
associafed with a single centre in space. If this
‘basic set is discrete; no problem occurs of including
the continuum (Lowding 1957)e

By its very nature, however, the united atom
approach cannot be expected to yield direct information
concerning the electric field near & nucleus, or of
bond properties of molecules, for example, the chemical
bond, since these involve mainly the differences between
the molecule and its constituent separated atoms, The
chief merits of this method is perhaps in molecular
spectroscopyy in which this idea has enabled qualitative
discussion of electronic energy levels and spectra, and
also in quantitative calculation of small molecules with
a small extension in space particularly diatomic hydridese

This latter point will be verified in Chapter 6.
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3.4 Some Applications of United Atom Theory

It had been believed, hitherto, that the united
atom treatmentvof nmolecules offers fairly poor
approximations for quantitative calculation of
molecular energiess = During the last eight or nine
years,_however, there have been attempts to compute
the electronic energy levels of molecules and some of
their associated constants using the united atom
model with a reasonable amount of successe.

Matsen (19%53) stimulated interests in quantitative
calculations using united atom theory by treating H;
from a united atom point of view. |

Briefly, the procedure used consisted of writing‘
the Hamiltonian for the hydrogen @olecular ion

(neglecting nuclear repulsion) ‘in the form

r , . )
-2V -EaE L -;—-—1%;) £ H_+ H, (5e4.1)
a

r being the distaﬁce;in Bohrs between the electron and
the mid~point between atoms & and be H0 may be regarded
as the unperturbed-ﬁamiltonian and H, as the pérturbation
(cefes eqns. (543¢%4) and (543.5)). As already discussed
in section three of this chapter, the zero order wa#e

functions are then hydrogenic of charge Ze. Assuming
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that non-~degenerate perturbation may be applied, the

molecular energy to the first order is expressed as

z2 ikznﬁm
— - 2 ar (56442)
2n' T,

The integral (5.%4.2) may be evaluated in closed forme
Using this result; the 1lso; 2po, 2p%, 34% states were
calculated for various values of internuclear distance,
improved results for the energy being obtained if
(5¢442) is minimized with respect to z (see chapter 6)e
Another interesting application of united atonm

theory was the investigation by Bingel, 1958 and 1961

of the behaviour of the potential energy of both diatomic :

and polyatomic molecules at small internuclear distancese
This investigation showed that the potential energy
function V of all states of diatomic and linear polyw
atomic molecules may be expanded in powers of the

distances Ru of the nuclei from the united atom in the

form
zZz . Z
24
V = g;s —rozg -+ Wu +§»(E2 o R& + E3u°‘ de. tess) (54443)

where Wﬁ is the energy of a particular state u of the
united atoms Furthermore it was shown that the

quadratic ternms Ez, can be explicitly given in terms

o
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of the electronic charge deﬁsity of the uﬁited atom
and is independent of the position of the united atom
on the molecular éxis_(Bingal, 1961). Ifs however,
the position of the united aton is chdéen as the centre
of charge the terms EB,a may be élso éﬁplicitly
determined in terms of the united aton electronic charge
densityi More genérallys if the united atoﬁ is fixed

as the centre of charge Bingel showed that the expansion
(5f4.3) is velid for all molecules together with the
expressions for Ez,a and E3.a‘ As an added point of
interest this analysis shows that the linear term in

the expansion of V is zero in accordance with the
predictions of Buckingham, 1958.

| A SIightly different approach to united atom theory
was adopted by Bemal (1953) in an attempt to calculate
the energy and bond lengths of methane and the ammonium
ion HH: . In this treatment, by éxpanding the potential
V of an electron due to'the four protons (the p and d
harmonics being zero in the equilibrium position), this
potential assumes a spherically symmetric forme This

approximation corresponds to the assumption that the

protons are smeared over a sphere of radius Rb’ the C=H



- 113 -

oﬁ N~H bond length of the molecule and molecular ion
reépectively. To this approximation for V, the
Hamiltonian is formally similar to that for a tenw-
elecfron atom, the lowest energy configuration then
being the (1s)?2 (2s)% (2p)6 'S state corresponding
to the Neon closéd shell. The ground state energies
and C~H and NeH ﬁond lengths of methané and NH;
féépébtivaiy were‘ﬁalculatéd variaﬁioﬁally using stalud
analytical antisymmetrized wave functionss; the bond
length being that value R which minimizes the energys.
The results are shown in table {5.,4)s 1In particular
the calculation of the ﬁbH bond length was an
important feature of the results since at that time
no experimental value was available, |

Using the same united -atom approach the energy
of methane was calculated by Mills, 1958 using Hartree~
Fock wave functions (assuning the C~H bond length to be
2 bohrs) and the results were further improved by
including terms of symetry £ in the expansion of V (by
uging a perturbation technique). ' These are given in

table Sele
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A gimilar calculation on the methane molecule
was performed by Saturno and Parr, 1960. Again
assuming that the protons of the methane molecule
are not localized but are sméared over the surface of
a sphere of radius Ro,‘this gpherical model or
'afdmic'pﬁff; may be described by the neon-like single
" determinantal wave fﬁnction;" Although this ‘étomic
puff' has the symmetry of the united atom it was shown
that it is energetically more similar fd’the acthai.
molecule than to the w2ited atom itself. It was further
pointed out.that the womsiderable qualitative successes
of 'united atom treatments of molecular structure may
be due to this facte ﬁSing a variational method the
energy of the methane molecule was calculated using
this t'atomic puff wave function! and”also'ﬁsing a fiwve
term wave function similarly centred on the carbon
nucleus but haﬁing the tetrahedral symmetry of the
molecule.  The results are again given in table 5.4,
For other applications of united atom theory see for
example, Chen, 1955 and 1958, Huzinager, 1955; and
Hoyland and Parr, 1963 in which one~centre wave

functions are usgsed to calculéte the diamagnetic
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susceptibility and protorn shielding constants for the
hydrogen molecule; and also the more recent paper by

Hank, Parr, and Hamelka 1963,

Table 5«4

Energies and Bond lengths of CH;yand NH:_in HR units

Molecule Calculated energy Energy (Exp) Ro RotExp)

CH, - =39.33 (a) _ 1.975(a) 2.0
~39,38 without f terms
(b) =L0,51
=40,06 with £ terms
~39,50C spherical mo%el
c)
~39,80 five term result

NH, ~55.684 (a) | 1.836(a) 1.95

(a) Bernal, 1960
(b) Miils, 1958

(¢) Saturno and Parr, 1960,



5.5 The Platt electrostatic model of diatomic hydrides

Platt, 1950 succeeded in calculating the inter~
nuclear equilibrium distances of diatomic hydrides M-H
using a simple united-~aton type models Considering the
gsimplicity of the model used, ‘the results obtainéd were
in remarkably good agreenent with experiment. These
calculations were based oh %w& hypo%heées first; fhe
internuclear eqﬁilibrium distance d is near rléog the
radius in the neutral united atom (M+1) at which the
effective charge is unity is.ces ri.o is fhe radius beyond
which lie a total of 1.0 electrons. Secondly, therforce
constant ¥ is approximately given by

K = L““fl.o ’ (5.5,1)
where Fl.O is the electronic charge density, assumed
spherically symnmetricaly, in the united atom at radius
rl‘o.

Platt justified these hypotheses by an extremely
crude application of perturbation theory in the following
Wéy. The total electron~density is assumed to be given
by the density of the united atom and is held fixed while
one proton is removed from the united atom nucleus,

analogous to a small perturbation effect. If the proton



is placed inside rl.o;,it will be attracted by the
excess negative chargeg outside r1.0° however, it
will be repelleds Thus to a first approximationg
r1 .0 may be regarded as the equilibrium nuclear
distance.

if; further; the protoh is displabed a distance
dx‘outward from its equilibrium position, it will be
subjected to the attraction of the added shell of
charge QnrzPl‘odx . The additional attractive force

dF on the proton is therefore given by

ar = -47!:1'2‘31.0 % 3 ' " (54542)
so that |
- aF , 5
Ku - = lmf)l‘o (5¢503)

Sinée, howevery the expression for K depends on
the value given to dy Platt computed values of the
‘force constant at the observed values of d and not at

r on the grounds that the error in the estimate of

1.0
the equilibrium internuclear distance would not affect
the second hypothesis namely equation (5.5.3) so that
the use of the experimental value for d would provide

a more valid test of (5.5+3) alone.
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The computations were carried out using three
different types of wave functions to estimate the
electron densities nanmelys those due to Shull (see-
Platt, 1950); Hartree orbitéls, &and where these were
not available Slater orbitalsé The results were ih
excellent agreemént with experiment, the Shull and
Hartree orbitals giving the best fit with the observed
values of d and K ; Even the Slater orbitals, however,
revealed the expected distontinuities in the values of
d and K. Cn the whole, the calculations appeared to
predict the force constant more suceessfully than the
equilibrium internuclear distance. Some of the results
of Platt's calculations are given in table 6.4 in the

next chapters

546 Clinton's derivation and discussion of the Platt

 The gsimplifying assumptions made by Platt have
been dlscussed by Cllnton, 1960, and he p01nts out that
since they 1nvolve a rigid electronlc cloud the quantum
mechanlcal v1r1al theorem is not satisfled at the

equilibrium internuclear dlstance. . To show this,
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-Clinton derives first Platts two results by a slightly
different method paying due regard to all the assumptions
involved; which, for clarity and conciseness, may be
summarized as followse
(a) The total électron density is spherically symmetrical
about the atom M of nuclear charge Z «
(b) The tétal electron density is independent of Ry
the internuclear distance.
(c) The total electron demsity is given by the density
of the united atom of charge Z+le
From assumption (a) the force on the proton in the
hydride is given by W!(R) where W(R) is the Borm
Oppenheimer molecular energy at internuclear distance
Ry aﬁd where »
Wt(R) = = z/R? + Q(R)/R® , (54641)
Q(R) being the total electronic charge in a sphere
about M of radius R The equilibrium internuclear
distance R is determined fron
WI(R ) = O (5.642)
Hence,
%= Q(Ro) o ' (64643)

The force constant KW is therefore given by
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K =um(R) = ~22/R? - 2Q(R)/R}? + Q' (R )/Ro (5e6ak)
Using equation'(5.633):!{:‘is therefore given by
K = @ (R))/R? (54645)
Now invoking gssumptions () énd (e) | .
K = énﬁua (54646)
wheéra fj ub is the united.atqﬁ eledtronié dénsity |
evaluated at r = Ro.
| unatlons (5.6.3) and (5.6 6) thus establish Platt's
results, Howeveg, thls result for the force constant is
not in acgordance with thg virial theorem, which; for a
diatoﬁic ﬁolécﬁle is ex@reséed‘by the equétion (see
appéndix)v |
| | Ré—ﬁ- + oW =V (54647)
where the nucleus M is chosen as origin qf coordinatess
Also if fs ig the electronic molecular wave function
(assgming_the Bornw~Oppenheimer approximation) and Ve
the totél potential energy operator of the systemy, then V
is given by
Vo= 5%: Vg aT (54648)
where the integration’is over all electronic co=~ordinates.

Clinton shows that assumption (b) violates the virial
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theorem in the following waye. Differentiation of

(50 647) yields

R WO(R) + U1 (R) =aé-%

e & | # Vg an
J,,& |2 V. ar
ﬂ,&s’a —£ ar (5¢649)

since }fela is independent of R from assumption (b).

F—3

ﬁg{@

Now, from the Helmann~Feynmann Theorem (seey for exampley,-

Feynmann, 1939 )
Wt (R) = j)¢8‘2 """""'" 'T" (5-6o10)

Hence substituting W'(R) as expressed in (5.6.10) into
equation (5+649)
WH(R) + gﬁ Wi(R) = O (546411)

" Therefore since W*(Ro) = 0 thus implies that _
K=W%R) =0 : (5+6,12)

It is therefore apparent that the assumption of a static
electronic charge digtribution implies that the force
constant vanishes at the equilibrium internuclear distances
To overcome this difficulty and to explain the
succegs. of Plattls results Clinton introduced a correction

electron density [5(533R) where r is measured from the
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nucleus Ml The exact electron density is therefore
_ P(_:_r_:'_, R) .—_Pua(_z_‘_) -_!-A(-_r;, R) (546413)

The integral of,ﬁg over all Space nmust, by definition,
vanishe Also the dependence of KS on R ensures a
non venishing force constants With the assumption that
Cua (r) is derived from a non-degenérate state, the
forée on the pfofdn is then given by
W' (R) = [2(R) = z)1/R? + F(R) (54641%)
where Q(R) is defined as before and F(R) is the extra -
contribution to the force on the proton due to the |
correction density. 5he equilibrium condition
Wt(R ) = 0 . (546415)
now gives
[C(R)) -~ 2]/R% + F(R)) =0 ~ (546416)
and the force constant beccmes .
@ (R )/RE + F'(R)) + 2F(R )/R_ (546417)
using equation (5¢6616), -
From (5.6.6), the first term in (5.6.17) is LT
therefore

K = lm()ua,-i- Ft(R) + ﬁg;_ F(R_) (546418)

Since the first term in (5.6418) is the Platt fornula,

Clinton argued that the last two terms must cancel in



- 123 =

some approximations Thus if F(R) were of the form

‘A/R?, where A is & constant

%Faﬁ + %p =0, | ~ (546519).
would be satisfied for all non=zero values of R. Thus
Platt;é assumptions are justifieé if the correction
density could be assumed to act on the proton as if it
were a point charge. it cmst be notedy however, that
all that is required to explain the accuracy of Platt's
formula is that (5.6.19) be satisfied near Ro' or nore
specifically at R e F(R) could’thergfore be any one
of many possible functionsy for example if F were

«-(R=R ) R ‘ -
[2~ﬁ~ﬁr2~ - ﬁg ]s the requirement would be: satisfied,
In m:ny ways a function of this kind is to be preferred,
since one would expect the correction density to eppear
in part, as a dipole and iﬁ part as a point charge

relative to the proton rather than‘as & point charge

only.



CHAPTER VI

SCALING OF THE PLATT ELECTROSTATIC

MCDEL. OF DIATOMIC HYDRIDES
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6.1 Introduction

Platt!s united atom model of,diatomic hydridess as
discussed in Chapter V of this thesis, is sufficiently
simple to be calculated eagily and yet retgins enough of
the real problem to illustrate its principal features.
This is essentially an electrostatic model Since it
emphaéizes the trole of the electrostatic forces iﬂ
deternining hbw far the proton penetrates into the
electronic cloud,

In this chapter a modification of the Platt model
is proposed which overcomes Clinton's objection of wvirial:
violation and improves on Platt'!s:results, especially
er'the intérnuclear distanceé,-withouf becoming any
more difficult to understands. The essential change is
the introduction of a scale factor into the wave function.
The use of the best scale factor for each internuclear
distance then ensures that the virial theorem is satisfied
automaticallys. The formulae for the equilibrium inter=-
nuclear disfance and the force constant obtained in this
theory are very similar to those of Platt and not very

much more complicated to applys
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6.2 The scaled atomic model

Inrthisfmodel, as in Platt's model; the total
electroﬁ density is taken from atomic calculations.
Either the united atomy which correspondé‘to4a nuc;ear
chargey, z + 1,Aahd Zero internuélear distance} or the
'separated ion,'which corre3ponds toba éharge, Zq ahd
the totalvreﬁoval df the proton, could be uséd to
provide the electron densityé. This electroh'desnity
willvbe assumed to be spherically symmetrical and its
only modification will bg a constant scale factor,¢L,
for each internuclear distaﬁce.

The Hamiltonian, which'governs,the electronic
structure bf a diatomic hydriée, has the fbrﬁ,'iﬁ:>
atomic units. | |

H =_fop4 Vot B/R  (64241)
where R is the'intérnuclear distance, pr is the.usual
'kinetic energy operator of the N electrons and Vﬁp the
‘usual electrostatic potential includiﬂg the attraciions

to.the nucleus and the protonvand the repulsions between

the electronse. The approximate atomic wave function is
\_F (_1;1 gesey 'J:N) ) . (6.2.2)

and the scaled trial wave function for the hydride is

\k'yl} = 'YLBN‘/Z \ID( ?"l g 0eey ']:N) . (6¢ 2.3 )
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The expectation value T{1) of Top with réSpebt to this
wave~function follows from the fact that pr is
homogeneous and of degree =2
-T(p) = M2 T(1) (6.24%)

and this has no explicit dependence oﬁ Re. On the other
hand, the expectation value.of Vop’ wvhich is homogeneous
of degree -1,lis

Vel R) = ”LV(“P | (64245)
where F = WLR,‘and depends on R explicitly and th:ough
”L + - The mean value of H becqmes, therefore,

E(% 4 R) = T(q) + V07, R) + z/R (6.2.6)
= 2T(1)+’*1V(l,f) + z/R :
The begt choice of ﬂl is deternined by

minimizing E(ﬂt,_R) for each value of R and this givés'

%%,= 24T} + V(1P )+ PY(Lp) = 0 (6.2.7)

where Vj, = v(1, F) « - From this point it will be

3
assumed that < is determined by this equation. * It

has been showvn by LSwdin, 1959q,(see also Appendix) that
this choice of'*l',guarantees that the molecular virial

relation is satisfied isee

2T(]) + V(3 4 R) + 2/R + RgE = O (6.2.8)
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The electronic Iiinetic energy T(1) is the same
as that of the united atom since the same number of
electrons and the same wave function is involved. = The
electronic potential energy differs because of the -
attraction to the proton and the reduced éttraction to
the central nucleus so that '

v(1, {3) =V - fX(r)/r'dr +j\((r)/r aT, (6.2.9)

where U is the united atom potential energy, ‘K(r)-the
spherically_symmetric~e1ectron density and r! the
distance between electron and proton,. Now, by
expaﬁding l/r' in. terms of spherical harmbnics and
using the spherical symmetry of }{(r), the second'
term in (2.09) becomes

F o
P((r)/r' aT = %’-‘-L Jr)rzar + ILTEJ;X(r)r dr = (6.2.10)

Thus the partial derivative of the potential reduces to

Vo = 2% (?S(r) 2 dr (6¢2411)
. P . ’

and its second derivative is

v = ee "B‘BZE'L(X(I‘)I‘zdI‘ -+ QTEX(F) . (602012)
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6:i3 Equilibrium distances and force congtants
Thé equilibrium intermuclear distance Ry ig

determined by the minimum energy ie.es

(dB A . JE an

{am) = (—-—- b e v——— o= O (6'3‘1)
R dR

dRRo e a“z RO

Since ?l is determined from (6.2.7) this condition

sinplifies to

aE b3:Y
(=) = (%) = (y2v, - z/R?), =0 (6.3.3)
Ry~ W T Rg.
It is convénientvnow to put
/VLO =’VL(RO) ’ PO = RO"?O (603-3)

The value of R, is therefore fixed by
A'S = Z/Po2 (6.39}.&)
£, .
ory using (6.2.11) .
Ly jLXtr)rzdr =z : (6.3.5) -
(7} .
This equation is to be compared with the equilibrium

condition obtained by Platt i.e..

R
LT Sp&r)xzdr = 2z (64346)
C

It is clear that the Rp

identified as the f) of this theory and, once No is
Q

obtained by Platt can be

known, Ro can be deduced..

The force constant k of ‘the molecule is obtained by
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a second differentiation and

= (& ’=[‘2.1%(”12 Ve = 2[R
o
O

i

-é—(’VL P - z/'Q ) o+ -‘:)-..(1rL2vP - Z/Rz) d"l] (6 3v7)
Ra

1}

4 ¥ ( Cp) 130t mmg@)ﬁ)z/ml)rl |

If the orlglnal atomic wave functlon satisfies the
atomic«v1r1al tneorem, t his can be expressed as

s 4 ) 2 -1 : (6.3.
W N oo = s /O (6.3.8)

and, from (6.2.7) the value of the scale factor is .~

It

it

‘wLo = 1L =~ —-S‘X(r)r dr - (64349)
A .
This is a more elaborate result than that used by

.Platt viz. . '
kn = L XkR ) (6.3.10}

but the two agree in the limit as 410 79 1. 1In addition
to the quantltles f)o and TKO, which are needed in
Platt's treatment, the quantities U and the integral in
(6.3.9) have to be calculated.

If, instead .of the united atom electron density, the
separated ion electron density"gir) is available, these

formulae have to be amended. The potentlal becames

F) V ~ %;j 5( YJr2 dr - Qmjp Y(r)r dr (6.3.11)
where V is the poteptlal enexrgy of the free negatlve jon

——

and § is still spherically’symmetrical. The

viy,
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equilibrium condition becomes o
oo L .
lm:j' Ylr)r2ar = = (6:3.12)
©
an’ the force comstant is

= 2 - 5\ .y~ 1 <3,
= amY (L) o (1= bm 2 X (P )/ (633413)

where the scale factor is now

/;Z = 1 - -*-f X(r)r dr (64341%)

Again these formulae reduce to Platt's when 42 —_> 1 . |
Now, as the nuclear charge is increased, the potential
V increases rapidly whereas the integral in (6.3.1%4) is
always boundede Thus the separated ion treatment will
be the same as Platt's for atoms of large z «

It has been pointed out by longuet~Higgins and
Brown, 1955, and also Bratoz et alsy 1960, that Platt!s.

P
Feynmann theorem and this helps to explain why they can

formulae for R_ and kp can be dedMiced from the Hellman=

be derived using classical electrostaticses: The

formulae for Ro and Ik used here can be deduced in the
same way using the scaled electron density but the scale
factor itself cannot be.found in this way and requires an

appeal to the minimum energy principles -
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6.4 Results

As a test of the significance of the scale-factpr
corrections ‘the results obtained for a number of molecules
with a small number of electrons are shown in.tab;e‘a.l.
The wave functions used were all of the united atom kype
and Wére,_for H, the simple He function

exp = %%A(r, + 1)

for ‘LiH +the Duncanson ~ Coulson function for Be’
(Duncanson and Coulson, 1944) and for HF the Ne function
of Sachs, 1961, Since these are not the wave functions

used by Platt the table also includes g and 4E\K§

Table 441 Equilibrium internuclear distances
o
(X) ana force constants (10° dynes/cm)

(e} P exp P exp
H 04557 Oalt2 0475 Oek3 Ou74 8.57 4468 5.4 5.71

'%B R R R.__.. 418, k k_ k

Li H 0e861 130 1e51 1,39 1.60 1.92 1.20 1.02 1,03

HF 0488 0480 0,91 0487 0a92 14a37 9.70 7.82 9.67

wvhich are the results obtained when Platt's formulae are
applied tc these wave functions, The table shows that the
scaling produces a significant improéement in the

equilibrium internuclear distamces and especially so for



- 133 =

Hy s The improvenent in the force constants is not so
apparent, except for HF, but it has to be remembered that
k_ is obtained using the experimental Re o When the

Xp
calcizlated equilibrium internuclear distance RP is used

the improvement in the force constantvbecomes obvious
since this is 4w !3 and is in mﬁch poorer agreenment with
experiment than ke

This sample of the results obtained by introducing a
scale factor into Platt's model of the diatomic hydrides
is sufficient to show that genuine improvements can be
obtained in this waye The improvement is not sufficient,
however, to enable more sensitiveﬁquantities, such as éhe

dissociation energies, to be predicted.

6«5 United atom or separated ion?

In this works as in Platt's,_the,initiél atomic wave
function may be that of the united atom corresponding to
R = O or that of the separated‘iongwhiqh has R —> ® »
Since, for a neutral molecule, the latter is & negative
ion and few negative ion wave functions are available the
former is much éasier to uses  From an intuitive point
of view, howeven it should be a smaller perturbation to

bring in a proton from a long distance to the outer
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atomic shells than to being it out through the inner
shells. To gain some ingight into this pfoblem the
example of H, has_been-treated in more detai;m

In figure 1, the total electronic energy, E-R—lg of
H, is shown as a function of internuclear distance (see
also part IV of this thesis)e The energy curves are for
the united atom wafe function without further scaling, for
the separated ion wéve function without further scaling and
for the scaled function above which has only one parameter
and. so is both united atou: and separated ion in formae As
might be expected, the third curve agrees with the united
atom oﬁe close to R = O but then diverges considerably.
The separated ion curve is very much closer except for
very smali R. Thﬁs Platt's results for H, would be
‘improved by using the separated ione On the other hand
the distinction does nét'arise when the function is
scaled properly though this is not necessarily so for more
elaborate atomic functionse The>superiority of the
separated ion model in the neighbourhood of the eqﬁilib}ium

internuclear distance is further shown by the fact that it

- gives a force constant of 2,91 x 105 dyne/cm.as compared
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with the value of L1425 x 10° dyne/cm given by the united
atom nmodele T part IV comment will be made on the facts
that the wave function héé incéfrect symmetry priopdrties
and thaf the energyy as R increasess; is not for the

lowest states
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PART IV

ISOELECTRONIC SEQUENCES OF

HYDRIDE MOLECULES



CHAPTER 7

THE PERTURBATION EXPANSION = AND EQUILIBRIUM

DISTANCE AND FORCE CONSTANT
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Zel Intgpduction

Thé success of the idea of an isoelectronib
sequence in the study of atomic structure as discussed
in Chapter 1 has indeed been considerable. It would
therefore be highly desirable if there existed a
similar concept in the study of molecular spectras
One very good reason which suggests that this in fact
might be possible is the success of molecular
calculations particularly those on diatomic hydrides
which have been bhased 1arge1y on atomic data using
the united atom model as discussed in Part IIL,

The ?rinciple purposé of Part IV of this thesis
is to show hownt@is idea of an isoelectronic sequence
can be extende'd' to diatomic hydrides in which the
nuclear charge of the sdecond nucleus is varled freely..
By another re*o*nu’atloﬂ the theory is put into a very
similar form to the atomic theory and many of the
theoreticai advantages of this theory are retained.
The practical utility of the theory is very limited,
however, by the fact that in each sequence there are
only a few molecules which are stable with respect to

dissociation.
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7.8 Péiturbation expansion for non~degenerate watte=

. functionss

There are several différent types of isoelectronic
sequence of molecules énd each will have its own form of
theﬁryi In this wnrk the sequences are of diatomic
hydrides partly beéecause the nuclear charge of the other
nucleus dominates thelpotential and makes th ose most like
the atomic sequences and partly Because,the zero order
perturbation equations can be sélved exactlys |

The electronic structure of a diatomic hydride is

governed by the Hamiltonian

L2 e - 2 g
H=-3 Zi‘vfi" ¥ oe/m- g Yesw * 525 Vs o

(74241)
where 2 is:the nugiear charge and r; and riH“the
distances between the i th electfon and the nucleus and
the proton resgectively. Ify as in section le4, a

5creening congstant o0 is introduced the Hamiltonian will

be written as
H = 5 % 2 ] (z-a)/ri. o 5 l/ri 5 l/riH
S .
+ i<j l/rij (742:3)

where o the molecular screening parameter will be
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discusééd'laféf. ihe units implied in this Hamiltonian
are the usual atomic unitse To,oBtain a more useful
form of the Hamiltonian the unit of charge is changed‘
to eV(z = ) without changing the units of mags or of
action. This results in the usual changes in the

length isce (Z ~ 0)Bohrs and in the energy i.e.

(z - o)2Hartrees. In these units the Hamiltonian
becomes

Ho=H + (z-0)"'H, (7¢243)
with

- 5 Loz . ' :
H = (~5V% ~1/r,) (7424%)
b3 = :
B, = 2 Urgm a0 1/ = T/ry (7.205)

The importance of this step in the argument as in the

case of isoelectronic sequences of atoms is that it |

. enables the zmeroworder wave function to be féund exactly
since the zero=order ﬁgmiltoniap HO separates.into
hydrogen atom Hamiltonians for each e}ectrOn and the zero-
order wave function % will consist of one or mofe
determinants of hydrogen atom orbitalsf In this section
it will be assumed that the ground staté energy is non-

degenerate so that j& is a single determinant. The

D

perturbation expansion now has the form
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f = ?.0 +(‘M)~l¢l + sae (7¢206)7

Vo= Wt (2e0) ™0, +(a0) "2, & (6m0) 720 4 a0 (74247)
This use of (% » a)™% as the expansion parameter instead
of nél greatly assists the convergence of the series
for an aton see gection 1.5. and isg e?en more importgnt
for a molecules Each term in the eipansion of the wave
function determinés two ﬁérms in the &Xkpankion of the
energy, (Dalgarno and Stewart,1956), so that, for examples

if iE; is normalized the first two terms in the energy are

W+ (5,-oc)""‘1w, = fﬁ*{ﬁoﬂm)dﬂ,}:@ ar (74248) |
or, in the original ﬁartree units

(7= @) ﬁfjHE ar (74249)

This is the energy that would have been obtained using
a trial wave function in the form of a determinant of
hydrogen atom functions each with the scale factor (2 = 0)o
This suggests that the value of 0 should be fixed by
minimizing those first two terms for each value of the
internuclear distance. The value of o found in this
way may not be the beszst one to ensure the most rapid
convergence of the series for the enérgy but it should
be sufficiently good for present purposes (cf table 1«5

in Chapter 1).



~ 143 =

When the internuclear distance vaﬁishéé fhe'eléctronic )
Hamiltonian reduces to that for the~united‘étom; At the
other 11m1t when the 1nternuclear distance is very 1arge
the proton is effectively remOVGd leaving all the
electrons around the othgr nucleug. ,The resulting ion,
i.e. the separated iom, is isoelectrénic with the united
atom but has a nuclear charge less by -one. Thué if o
increases by one as the internuclear distan¢e %érigs
from gero to infinity the coefficients in the énéfgy
expansion must be the same at both 1imits. In ﬁarticular,
the method of choosing o adoptéd above Satisfies this
requirement and so will help to keep the variations in
the coefficients with internuclear distance small,

This emphasis on a smooth curve connecting the two
1imits.leads unfortunately to several complicationse

. Thus, for neutral molecules, the separation into ions
at large distances means that the calculated energy
does not follow one energy eigenvalue but crosses
smoothly over several in order to preserve the ionic
nature of the wawe function. If the crossings are far
from the equilibriuwun distance and if allowances are

nade when calculating dissociation energies this
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prassing from one potential to another may not be a major
disadvantages Another complication is that there are
states which are important for certain nuclear charges
and for intermediate distances which cannot easily be
brought intoc the theory since they correspond to
continuum states at the limits.
The form of the electronic energy in terms of the
original Hartree units is now
W om (2e)2W + (zma)W, + & + (2e0)"11 aus (72410)
where 04 Wo and WV, 4 can be calculated using only the
hydrogen atom orbitalss The various Wr are functions
of the modified internuclear distance which is |
F = (2 - ®)R (7e2411)

where R ig the actual internuclear distance in Bohrase.

7¢3 Perturbation exapnsion for degenerate wave functions,

For most states of most diatomic hydrides the
perturbation method déscribed above needs to be modified
before it can be applied. In precisely the same way as
degenerate isoelectronic expansions for atoms (see section
1.3), this is due to the degeneracy of the zero=order

wave funcfion which arises because of the degeneracy of



the hydrogen atom qrbital?. Thus; in géneral, there
will be a number of determinental wave functions with
the same energy and the appropriate linéar'COmbihafion
has to bevfound gsihg &égenéréte peftufbatidn fhééry
and diagonaliéing the m&trik of fhe é;rfurbation. An
alternative fornmulation vwhich leads té the saﬁe resulf
is that the energy ghould beréinimihbd with réépébt to
the coefficients in the linear combination. This shows
that the perturbation how effects thé wave function to
zero order and so leads fd én'addifibnéi lowering of the
first order correction to the enefgy. When the best
lineaa éombination of determinants has been substituted
for :£?3 the discussion aﬁd equations in section 7.2
remain'valid. | |
As the numberlof‘electrons in the molecule is
increased so the number of degenerate wave functions
tends to increase though there are several counteracting
featurese. The first of these is the Pauli principle and
this is sometimes sufficient, for example in the ground
state of the 10 electron sequence, to lead to non=-
degeneracys fhe second is‘the exigtence of selection
rules due to spin and to the axial symmetry (C_ ) which

still apply. The 3 }:"' ground state of the 8 electron
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sequence,; for exampley has no degeneraqy except that
due to the triplet which can be resolved easily by
using Sz .

The calculation of the matrix dlements of the
energy with respect to those zero~otrder atomic wave
functions i1s made easier by certain Séleétion rules
which épply to the difféfent teérms in the energye.
Since part of the perturbation is a one~electron
operator its matrix clements vanish between wave
functions which differ in respect to two or more
orbitals. On the othgr hand the two=-electron part
has spherical symmetry and so has zéro matrix elements
between wave functions of different spherical symmetry
evén though they have the same axial symmetrys:

This extension of the théory to include degeneracy
meané that effects such as the angular correlation
effects discussed by Linderﬁerg and Shull, 1960 are

now included in the theorye.
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7.4 Thé»totalféﬁ;réy, equilibrium diéfénqg énd.fbrce

constant.’ | | v

The expansion of the total elgctronic energy for
the N elecﬁfon sequencey Whéthef dégénefécy occurs or
not, has the form A

W= (z =2 + (2 ~a)d, +W + seo - (7.4.1)
The first coefficiont W6 is the sum of contributions of =~ %
for each 1k electron and of “ % for each 2s or 2?'électron
and is indééendent oif f3 . For the hon-degenefate casey
Wi is the mean value of the perturbation and so dépends
on bothfb and e When there is degeneracy, Wl is
determined by diagonalizing a finité matrix WhoSe’elements
are the matrix elements of Hl' ﬁow o appears in H1 as a
multiple of a one~electron'spherica1 potential and the
selection rules ensure that o will then enter only the
diagonal matrix elements and with the same coefficiente
Thus, in either event W

1
Wt = f(F) - CO(. T ‘ (7.402)

has the form

where f depends only on F: and C is a constant which has
the value —ZWO .

The total energy,; Ey of a diatomic hydride when the
electronic energy is talzen up to the third term is now

E = (z=0)2W + (z-0)[f=cu] + W (p) + z/R (7.403)
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Although W, will not be calculated here it is
desirable to include it in order to be able to
estimate its effect emplrlcallya f Thé sééie.fhctor

o is determlned by mlnlmlzatlon b6 that, at constant R,

ax T
WVhen W, is omltted this equation determines & as a

€ _ca -~ f ,-r:f‘ - RW,! = O (7elt0ks)

function of f‘ and hence of Ri The equlllbrium
internuclest didtancde R ot 18 deflned as the value which

minimizes the energy so that it satlsfles

ag A’,)E r‘E t o -
[¢] [+]

and, since o satisfies

| -&—a- = 0’ (7‘4‘6)
this condition simplifies to
%% = [(zm0)?{f1= 2/p2] + (z=a)¥y! Ip = © (7ek47)

When Wyt is omitted this equation for Ro can be

written as

£10F,) = #/pd (74448)
where
Z - OC(F) =’Vt" P Z = OC(RO) =“‘Lo:fo = Ro”flo (70409)

This equation is very similar in form to equation (6.3.4)
obtained in Chapter 6, using a scaled form of the Platt

model 1e¢0.
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o/

- 3/ | (74%410)
o = e S

f

where V is the electronic potential energy ard this

reduces to the more explicit form

i) B
Yr)rtar = & . (744.11)
where \K (r) ik th;7spherlcally Symmétric electron
density due to the zerow-order wave functions

The force constant, k, is defined as the sacond
derivative of the total energy at RO andg after sgome

manipulation, can be reduced to the formula

) ,
k = (%ﬁg)R: "‘“i,.ol' {£n( }00)+25/f>'°3\ + WZN('FQ)/VO -

Wé'(fl)]2/°103%// (744412)
{7104' f)oz /C[f“(f)o)"' BZ/F: + WM (f’o)/”io]}
When W, is omitted this takes the form

= “{f"(f’)+ 224053}/f7°+f‘ JCLEM )+ Zz/f’3]}
(7e4413)

which is again similar to the corresp«)ndiﬁg formula given

by equation (6+348) in Chapter 6.



CHAPTER 8
APPLICATIONS TO THE ONEj TWO AND

FOUR ELECTRON SEQUENCES
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8.1 Infroductioné

In Chapter 8y the perturbation expanslons of the
previous chapter are applled td the one; two, and four
electron sequences EP to H& Hég LiH and théir
associated ions. The one and two électron séquénces
furnish examples of the hon—degenerate expansion while
the four electron sdedquente iilustré%es the fhééry when
there is degederhcys The zero and first order
ékpénsion coéffiéieﬁfs are computed for these séQuences
and thedir equilibrium distances and force constants
investigateds It is also shown that higher order
terms are needed to explain the baéic properties of

the moleculess

_802 Application to the one and two electron sequences.
The relations between this perturbation theory and

other theories can be conveniently illustrated using the

one electron sequenceas Since the electron is in the

field of a nucleus of charge # and a proton separated

at distance R from ity the electronic Hamiltonian, in

atomic units is

H = = %72 - (zZ =™ oc)/r - (afr + 1/rH) . (8.2.,1)
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When the unit of charge is increased to eV(e~x)y the

Hamiltonian becomes L _
(--s7z - 1/r) - (26 ) l(a/r + 1/ry)
where the Beparatlon of the nucle:L is now /O
The exact zero order wave functlon is
[
LR/
LPO = F e
and the energy ekpansion has
WO = - -é-

and _
= uj%(a/r + 1/rH)\'VO ar

= -0 -fD'lﬁl—(lff)e°2P]f

(8e2.2)

(8e2.3)

(8i234)

(84245)

By minimizing the first two terms in the energy with

respect to &y, o is determined as

o = =(1i2p)e”2F

and veries from =1 atf‘» = 0 to Oasr -3 @ e

(84246)

At both

limits the perturbation vanishes and \V o, becomes the

entire exact solutione

From these first two terms in the energy an

approximation to the energy potential can be obtained

but it is not satisfactory. The equilibrium distance

Ro, for example is obtained from the equation
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LW+ z/R)R__:Roé 0  (8.2.7)

This reduces for Hz to thé equatlon

(1 + ZF 4 2F2) e 2?0— o | (842.8)

Wthh cannot be satisfied for any flnite value of o
which means that the potential is purely repulslve.;

The third term in the.energy,series can be
included in the treatment in %éridué ﬁays. The
pertuirbation caldulafion ot Dalgarno and Lynng 1957
gives this term exactly but only fér & = 0i An
alternative procedure would be to use the known energy
curve for H{*to fif é suitable form of the third term..
The details of this process are discussed later in. this.
Chapters In principle this could be used to predict. the
energy curves for other values of & but in practice there
are two,complicationsa The first is that,the.hydrogen
molecular ion is the only member of the_sequences to
have a stable equilibrium intern?clear distance; The
sécond is that for 3 = 1 the two nuclei become identical
and a wave function of the form assumed is no longer
sufficiently accurate to give goodiresults. The
identity of the centres leadsy in fact, to an unusually‘

large perturbation and so is not properly used in an
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extrapolation to other s

Unfortunately, some of the difficulties of the
one-electron sequences are still found in the twox
electroﬁ sequenéeé alth&ugh othééé étr'e eliminated.
The Hami;,toni;n.i:s again mddi;t‘ie‘éi by a change of scale

and rearranged into the form

(~-!'-Va—lr’ Yi(m = 2w 1/7p )+ o .
2 /' g Ve 1w (85249)

, (z-a), (l/r12 - -1/r1H- l/rZH " oc/ri - oc/ra)
The exédt Zero order wave function is
\7[/0 = 7t exp(=r, = ry) (8.2.10)

and the first two energy terms are

WO = -] ' (842411)

W, = S‘-‘/o(l/rlz- 1/rlH- l/rzﬁw‘ oc/rl—- oc/ra)\//odT

- ~z4¢{1p(1+P)e“2F}+ 5/8 ~ 20 (842412)

If the best value of & is defined as the one which
minimizes these two terms in thé energy then
a = 5/16 - (1+2f)e52P (8e2413)
so that o varies from =11/16 at p =0 to 5/16 25 0 => @ .
The equilibrium internuclear distance is found by
differentiating the total energy andy, for g = 1 and the

best value of 0y this leads to
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(2 +hp + 4F2 )e 2ﬁ> (8.241%)

which may be solved to give ,

fo = 14336 R (842415)
This results in a calculated separatlon of

Ro 1,42 Bonrsa R  (8.2.16)
compared with the experlmental value of 140 B.
Similarly the force comstant is calculated to be 04301
compared with the experimental 0.371s For z = 2;
howevers the @ofénti&l given by the fifét tﬁp terms in

pureiy repulsivét

8.3 Application to the four~electron sequence

The application of the theory when there is
degeneracy can be illustrated by reference to the fourw-
electron seguences The ground staté of this sequence
has the symmetry S, and there are four degenerate
zero~order wave functions which contribute to ite |
Thesé arey, in spectroscopic notation,

(18)2 (28)2 1S
(1s)2 (25, 2?;) tp (Lz = O component)
(1s)2 (2p)? 5 |

(15)2 (2p)® ‘D (L,

0 component)
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These give rise to a 4 x 4 iné;trix' _i';f:i'xé'sg eig_enva‘]_;.‘ﬁes
determine W,k . The eleme:fits4}1i3 iﬂ,“,thv:;is r)nat.r:i.x;_'i‘are
simplified by using the selection rules iq'ent_:i.on'e‘d
above; The integx;éls involving the eiec’trd’sté%ic
.repulsions are available in L:Lnderberg and Shull 1960
as already discussed in section 2.2‘ The parameter
% appears explicitly only on the diagonal and cen
bé 6m§.ttéii from the diégdnalizatiohi ~ The remaining.
matrix eiements are either constants sr aré v:f.‘il.xln;":"tions
of f) 4 For the foﬂur éléctroﬁ S'etiuénce thede
fnatrix elements are:
H, = 1.57100105= fj-k_l-(l+[>)e ~2P3

- F[L-(l-t- %P +f') + 'g‘)e P]..L

(84341)

11

Hyo= 1.68273760~ f—[l»(u P) e"2P1

-~ F,]"-[Z-!-f%za- -(;%22- + }Fg- + 8 + Z.K"’ .;.F?. + T)e"f"}_%& '

(843¢2)

Hyg= 177884915~ %{1-(1+9)e'29}
-P
- -é-[l-(l + %p + '3-,;) }-i- (84343)
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Hy = 1.74720853 - -{;-El-(l+‘0)e “2f1.3% .
B feGegake Z~r>+f’ +Befl s

Hyp= Hy —%— (1 - (1+P+ i P3 £ —-4- )e _ (84345)
H23=H32 = %32 [1. - (1+P + ‘?—22-'-!' E.g_ 2 -1; Ye~ p] | (8-346)
Hyg= HBi = 0,050743672 ' ' | (8;3}7),

. . Vo .. 12 12 12 2 3 ag
H34= H43 F L+ == f’z (f—)-g-+—-+6 +2P+€-2— +’%—§)e e]
| ' (80309)

The matrix cons:.s't:mg of the above elements has to
be d:.agonal:.zed and its eigenvalues found for a range of
values of p in order to determine £(P ).

The evaluation o»:t“the matrix elements for each F
and the calculation of the eigenvalues have been
programmed for the English Electric DEUCE computers. :
‘Care is needed in evaluating the tgatrix elements since,
for certain F y they ir‘nrolve”consid:éréble cancellations

between polynomials and exponentialse. This is overcome—"
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by arranging the formula BO that these exponentials

are’ evaluatéd as power serias and thé cancellatldn
carried out analyticallys Tne elgenvalues were
bhlculatéd £or valueé of f} aﬁ 1ntervals of 0i25 Bohr
betw'een f:v & 0125 Boht and F £ 15 Bbhrs " The
derivatives of f were found by numéridal differenfiatlon.
The equilibrium value of P was found from the equation
by inverse interpolation and then the corresponding
value of O, The internuclear distance Ro and the force
constant k are readily deduced from equations (7.48)
and (7.4.13). The results obtained for the ground
state and for the first excited state whigh has the

same symmetry as’the ground state are shown in Table 1.
The experimental results quoted in comparison are taken

from Herzberg, 1950. The large discrepancies between

Table 1. Calculated and experimental internuclear
y
distances and force constantse.

| | | o @ x(10° kﬁxr(,am5
Molecule State  zw PgBohrS) RO(A) Repr) dymes fom) dynes/cm

LiH ground 2.443 54015 1,086 1,595 4.263 1,026
excited 26416 L4596 1,007 2596 5.791 0,029
BeH ground 3.378 8444 1,323 1.312 0,812 2+633

excited 3.342 G.h42 1,020 1.609 5,541 1.162



calculation and experimén¢ sgggesﬁ very stfbngly Wé(f)
needs to be includéd inkthé'caicuiéﬁion‘béfofé significént
predictions can be médé. This ik the next term in the
perturbation series and could be calculated by finding

the first order correction to the wave function.

’Instead of doing this its effect will be estimated
empirically.

Since W, (f) does not depend explicitly on z its
effect can be estimated by equating theory and_experiment
for one mo;ecule and using the résults to predict the
effe;t for another molecules Since W, ought to be a
smooth function of F in the neighbourhood of the
equilibrium it is expanded as a Taylor series about the
equilibrium f>° for the first molecule

W p) =W (p) + (P~ p WP )+ .él_(e =2 u(p ) (843411)
The experimental internuclear distance and force constant
for the first molecule are then used to determine
wg(fo) and Wg:(fo). The value of W, ( f’o) could be fixed
if the experimental total energy were known accurately
enough but it is usually better to leave it undetermined.

For the four~electron sequence fhe molecule LiH was

taken as the known molecule and its data used to predict
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.corresponding results for BQHT.' By eliminating W,
from the equations defining f) ° and o’co it follows
that o |
60&6 & T(Po) + Py (8:3i12)
so that the relation between a, and P ° is unché.;nged
by the inclusion of W« The value of r) corresponding
to equilibrium is changed, however, because of the
- oxtra term, Its new vélue ‘oo' s may be determined
by using the experimental distance, Rex-p’ the

relation between oco and P o and the iteration formula
(P dpgy = L2 = 2lpPN IR e (843413)

Once the consistent value of '0'-0' has been found the
original definition of the equilibrium distance becomes
" an equation for W, fo‘)' The corresponding value of
Wg'(f);) follows from the experimental force constante
For the ground state of LiH the consistent value of

FO' is 7332 and the expansion of W, becomes

W, (P) = W, (‘fso') - (fafof)o.o38025 + -;‘-(f-pg')Lo.015289
(8e3414)

With this form fox W, the results for Bel® were re~
calculated and are 1l.512 3 for;Ro end 2301 x 10° dynes/cm

for ke The former ‘is made worse by the inclusion of W,
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although the latter is considerably improved. A
secondary result which follows from this calculation is
that E' has no zero for z > kil in the gréund state

and for z > 4.5 in the excited étéféi Thus the theory
predicts that the energy curves for cu*t ana higher
members of the sequence are purely repulsive.

While these numerical results are disappointing
they are better than might have been expected physically.
The LiH molecule is well known to be close to ionic in
its binding with_the hydrogen negative ion, yet this
theory uses a wave function in which the electrons are
all centered on the Li. The mixture of deterginants
ensures, however, that the zero-ordér wave function
does have a substantial dipole moment in the direction

-of the proton.

8.4 Conclusions

The first quantitative results of this theory of
diatomic hydrides are very much less encouraging than
for the corresponding theory of atomic isoelectronic
sequences, This must be attributed to the fact that

the =zZero=-order wave function is a much cruder
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appro#imation in relation to the molecules than to
the atomsi  The theory #ill have to be carried to
higher ordet befofé Signifi;anﬂ agfééméhf with
expgriment_qan be expe#ted. |

The Vs-ignificénce of this theo¥y is that it ik &
method of investigating molecular structure using
perturbation theory end gtressing the possibility of
varying the nuclear chargee By using, as a firgt
approximationy a wave function which interpolates between
the united atom and the separated ion it also provides
some interesting cross~connections between various
physical ideas. Its relation t§ the Platt model is
particularly close although its restriction to
hydrogenic orbitals instead of selfeconsistent ones
makes the numérical results much less accurates A
ﬁqdification of the théofy to permit more accurate
orbitals without complicating the expansion is very
desirable.

Although the applications in this part of the
thesis have been restricted to dintomip hyﬁrides because
these are best known it is trivial to extend the theory
to polyatomic molecules which have one heavy atom and a

number of hydrogense
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AEnendix

1. The quantum mecdhanical virial theorem for atoms

The Hamiltonian which governs the electronic

structure of atoms, has the form, in atomic units

H = TOP + VOP (1.1)
where
1
o oy 2
op = 5 f:‘lvi (1.2)
1 <
1
V = = 2 zfr., + — (1.3)
oP i=1 A i<j Fij

as already defined in Chapter 1. Top is therefore the

usual kinetic energy operator of the N electrons and pr

the usual electrostatic potential including the attractions

to the nucleus, Consider now an approximate wave function
'»/f (_I:lg E“Z 3 ssee E‘_N) : (1ek)

and a scale factoral . The scaled trial wave function

then becomes

’\l/"[ = ,.y-‘BILI/?“'\{/( £1 o0y 'E'N) (105)

&

The expectation velues T(y) of T_, and similarly V(7) of

Vﬁp with respect to this wave function%fbllows from the

fact that T;P is homogenecous of degree ~2 and V;p is

hoiogeneous of degree =le
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T()) =42T(1) - | (1.6)
Viy) = -chl) (Le7)
The mean value Qf‘H becories therefore
nty) = 2l + vy
=q2T(1) +yviL) (ri8)
The best choice of 4 is determined by minimising E(4)

and this gives

o/

3-?&- = 29 T(1) +4 V(1) = 0 (1.9)
giving
N = =v(1)/2T(L) (1.10)

Substitution of the value of 3y from equation (1.10)

into equations (1.6) and (1.7) give

T(y) = VB (1)/AT(1) (1.11)

V(y) =~ (1)/27(1) | ~ (1.12)
and consequently.

T(7) = = -éJ: V() | - (1e13)

Equation (1l+13) is the atomic virial theorem for
approximate wave functions using a scale factoxr 1L which
satisfies equation (1.95. .Ehe virial theorem for an
ekact wave function follows immediately;’ ‘If 3b is an

~ exact wave functiong then the variation?principle given

by equation (1.9} must be fulfilled for » = 1, and
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substition of this value intc equation (1,10) gives

T(1) = = % V(1) (1.14)
and hence from eéquation (2.:8) :
E(1) = -;; V(1) (1.15)

2+ The gquantua mechanical virial theorem for diatomic

hzdrides.

Assuning the Born«Cppenheimer approximation, the
Hamiltonian governing the electronic structure of a
diatomic hydride is; as already given by equation (6.2.1)

H

il

T o, * V. +2z/R (2.1)

or P

If en epproximate trial wave function, which, in general

will depend on the internuclear distance, is scaled with

a scale factor

and also

T( 7, R) %2 T(1, lr,-) | (2.3)

V(veR) = »V(1, [;») (24%)

where r) =% R as already discussed in mection 6«2 of this

fl

thesis, the important difference now being that due to the
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explicit dependence of jp on Ry the expectation value
of pr depends on R expllcltly and not only through 4L

' The mean value D(@Z, R) becomes therefore

E(«Z sR) T(*Zg R) + V(“’z, R) + z/R

{2i5).

I&'

»laT(l; ,,) +~lv(1. !") + z/R‘ -
fl is detérmired by minimlslng Dﬁl‘ R) for each valué

of R and this gives

JE
o = 2T, YenpT (1,p)+ oV (1yp)+ Vfl;p)
o P et (r6)

Differentiating E with respect to R gives

: ; 3
%(‘VLQR) )L("Z’R> LE("L,R).;%_' (2.7)

Ify, from this point ony, it is assumed that Wl satisfies

equation (2,6) then

LR %_%w
al T (l,f) +h 2y (l’f) - z/R%  (2,8)
Multlplylng equation (2.6) by 1 gives
2y? T(l,p) +va(1,F) + RCVLM‘ (1’f)+ 2V (1,F)] 0
(2.9)
and using equations (2e3); (2.%) and (248) the following
result is obtained |

zf(n.,g) + V() 4R) + z/R + R_.dE((i’é/ 4 R)
(2.10)
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This is the molecular virial theorem for appfoximat_e ‘
wave functions which holdslif they ére(péfreétiy séaleq.
It is to be noted that this result holds whether or not
the trial wave function i# atonic iie.’ whether or not
it has explicit dependence on the internuclear distahce R. .
If 7[/ is the exact solutiony since the variation

principle is then fulfilled for fvl= 1, equation (2.10)

becomes S
2T(1,R) + V(1,B) + z/R + R E‘%Rh-lil = 0 (2.11)
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