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Abstract 

In this paper, a new dual boundary element formulation is presented for dynamic crack problems 

in finite-thickness plates under in-plane loadings. The proposed formulation is based on a first-

order plate theory (Kane-Mindlin theory) taking into account a coupled out-of-plane fracture 

mode due to in-plane shear loading and the effect of plate thickness on stress intensity factors, 

which cannot be considered within the framework of the two-dimensional elastic theories. The 

dynamic stress intensity factors are evaluated based on the crack opening displacements. Three 

benchmark examples are presented including the mixed-mode fracture of a finite plate. The effect 

of plate thickness on the dynamic stress intensity factors is investigated. The dynamic stress 

intensity factors obtained using the proposed formulation are shown to be in good agreement with 

the results from 3D finite element simulations. 

Keywords: Dynamic stress intensity factor; Kane-Mindlin plates; Dual boundary element 

method; Thickness effect; Out-of-plane fracture mode 

1. Introduction 

Cracks are present to some extent in all structures and their presence increases the effort spent on 

maintenance and repair to avoid structural failure. Since cracks cannot be eliminated, 

methodologies must be developed to quantify and predict the behaviour of cracked structures 

under service conditions. The science of fracture mechanics has been developed to characterise 

cracks and their effect, and to predict if and when the structure may become unsafe. 

Through-thickness cracks are commonly encountered in plate structures. Within the scope of 

linear elastic fracture mechanics, the through-thickness crack problems in plates are essentially 

three-dimensional. In order to obtain comprehensive solutions to such problems, the analysis 

should be conducted based on the three dimensional theory of elasticity. However, this theory is 

not popular in analytical studies due to mathematical difficulties and in numerical investigations 
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due to high computational costs. Thus, two-dimensional elasticity theories are preferred in 

dealing with such problems.  

The plane strain and generalized plane stress theories are two classical two-dimensional theories, 

but the limitations of these two theories are obvious. When it comes to the fracture analysis of 

through-thickness crack problems, Sih [1] pointed out that the generalized plane stress solution 

was not a limit of the three-dimensional solution for sufficiently thin plates, while the analysis 

under plane strain conditions was a limiting case for the three-dimensional analysis of sufficiently 

thick plates. Furthermore, these two theories cannot take thickness into consideration for finite-

thickness plates. 

In fact, through-thickness crack problems are more complex than often thought. Although Mode 

II is the primary mode for the plate subjected to in-plane shear loading, a coupled out-of-plane 

mode is also generated due to the Poisson effect [2-5]. It is worth mentioning that such coupled 

mode is similar but different from Mode III because the coupled mode is symmetric with respect 

to the mid-plane of the plate. Thus, in order to distinguish the coupled mode from Mode III, the 

coupled mode is sometimes called O-mode [5, 6]. Neither plane strain theory nor generalized 

plane stress theories can be used to describe such coupled mode. 

The Kane-Mindlin theory (K-M theory) [7] allows us to consider both the thickness effect and 

the O-mode, and it has been applied to through-thickness crack problems by many researchers 

[8-14]. In this first-order plate theory, a linear variation of the out-of-plane displacement across 

the thickness is assumed. It was shown that K-M solutions actually reflected an average through-

thickness effect [5, 15].  

Up to now, the K-M theory has been mainly applied to static fracture problems. Although 

dynamic fracture problems are of great interest, very few investigations are based on such theory. 

To the best of our knowledge, only Jin and Batra [10] conducted the dynamic fracture analysis 

of Kane-Mindlin plates. However, their study was limited to Mode I fracture problems in an 

infinite plate. In order to consider more complex fracture problems, such as the mixed mode 

fracture of finite plates, numerical methods should be relied on.  

The prime characterisation and prediction behaviour in fracture mechanics is the stress intensity 

factor. Over the last four decades, many different numerical methods for evaluating the stress 

intensity factors have been developed. These include simple methods such as superposition [16], 

Green’s function [17], compounding techniques [18, 19] and boundary collocation [20]. More 

advanced methods of finite elements [21], boundary elements [22] and mesh-free [23] are 
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nowadays preferred to the simpler methods as they offer possibility of investigating complex 

structures and loading sequences.   

In this paper, the boundary element method (BEM) is used as the first numerical method for 

solving dynamic fracture problems in Kane-Mindlin plates. The BEM has been applied to a 

variety of dynamic fracture problems [24-26], and it is more attractive for plate problems [27, 

28] since plate boundaries are discretized only using very simple line elements as in the two-

dimensional BEM. The dual boundary element method (DBEM) [29, 30] is adopted to model 

cracks. The problem is formulated in the Laplace-transform domain. All the transformed 

fundamental solutions used for the dual boundary integral equations are derived from the 

fundamental solutions given in Ref. [31]. Durbin’s method [32] is used to conduct numerical 

inversion of the Laplace transforms. The stress intensity factors are evaluated using the crack 

opening displacements and comparisons are made in three benchmark examples against solutions 

obtained using the Abaqus implicit solver. 

2. Laplace transform boundary integral equations  

Throughout this paper, Greek indices  , , ,     run from 1 to 2 and Roman indices  , ,i j k  run 

from 1 to 3. Figure 1 presents a flat homogeneous isotropic plate of thickness 2h in the Cartesian 

coordinate system ix . The 3x -axis is normal to the mid-plane of the plate ( 3 0x  ).  

 

Figure 1. A flat homogeneous isotropic plate  

The generalized tractions are defined as 3

3
i

h

i i i
h

t n x dx


 


  , in which 3

3
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x dx



 are 

generalized stress resultants; n  represent the components of a unit outward normal vector to the 

plate boundary; the exponent 3i  denotes Kronecker delta.   

In Kane-Mindlin theory [7], the displacements iu  of the plate are approximated using the 

expressions: 
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   

   

   
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





,  (1) 

in which t denotes the time. 

In the absence of body forces, the governing equations of motion can be expressed in terms of 

generalized displacements iv  as follows: 

  
2

2

, 3, 2
2 2 2 2

v
h v h v h v h

t


        


    


  (2) 

  
3 3 2

2 2 3
3 , 3 2

2 2
2 2 2

3 3

h h v
v h v h v

t
 

 
    


    


  (3) 

where    1 1 2E         and  / 2 1E      are elastic constants; E,   and   

denote Young's modulus, Poisson's ratio and the density, respectively; According to Kane and 

Mindlin [7], the recommended value of the shear coefficient   is 2 12 .  

In the Laplace domain, Eqs. (2) and (3) are written as:  

  2 2

, 3,2 2 2 2h v h v h v hp v                (4) 

  
3 3 2

2 2

3 , 3 3

2 2
2 2 2

3 3

h h p
v h v h v v 

 
           (5) 

where p is the Laplace transform parameter. The Laplace transform of a function  ,f tx  is 

defined as: 

      
0

, , , ptf t f p f t e dt


    x x xL   (6) 

The displacement boundary integral equation in the Laplace domain can be written as [31]:  

   ( , ) ( , , ) ( , ) CPV ( , , ) ( , )ij j ij j ij jc v p U p t p d T p v p d
 

       x x x x x x x x   (7) 

where x  and x  denote a collocation point and a field point on the plate boundary  , respectively; 

 ijc x  is equal to 2ij  when the collocation point x  is on a smooth boundary; ijU  and ijT  are 
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Laplace transform fundamental solutions, which have been given in Ref. [31]; CPV
  denotes 

Cauchy principal value integral. 

Assuming the collocation point x  is located on a smooth boundary, differentiating Eq. (7) with 

respect to x , and using the relations between stress resultants and displacements, the traction 

boundary integral equations in the Laplace domain are obtained as follows: 

 
  3 3

3 3

1
( , ) CPV ( , , ) ( , ) ( ) ( , , ) ( , ) ( )

2

HPV ( , , ) ( , ) ( ) CPV ( , , ) ( , ) ( )
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    

  

 

 

      


    


 

 

x x x x x x x x x x

x x x x x x x x

(8) 

 
 3 3 3 3 3

3 3 3 3

1
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2
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   

  

 

 

      


    


 

 

x x x x x x x x x x

x x x x x x x x

(9) 

where HPV
  denotes Hadamard principal value integral; D , 3D , 3 3D  , S , 3S  and 

3 3S   are Laplace transform fundamental solutions which can be obtained using the relationships 

as follows: 
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3
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       

  

 

   

   





    
 

    
 





,  (10) 

in which X  denotes D  and S  when Y  is U  and T , respectively. All the transformed 

fundamental solutions mentioned above are listed in Appendix A. 

The displacement integral equation (7) is used for the collocation points on plate edges. When it 

comes to the modelling strategy for cracks, the dual boundary element method (DBEM) is 

employed. In the DBEM, the displacement and traction boundary integral equations are applied 

for the collocation on upper and lower crack surfaces, respectively. The detailed implementation 

of the DBEM can be found in Refs. [26, 33]. 
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3. Treatment of singularities  

The behaviour of the dynamic fundamental solutions in the neighbourhood of a collocation point 

determines how to compute the singular integrals in the boundary integral equations. It has been 

found in both isotropic problems [25, 26, 34] and anisotropic problems [35, 36] that the dominant 

singularities in the dynamic fundamental solutions have the same expressions as those in the static 

fundamental solutions. This is also true for the K-M problems, and the detailed singular behaviour 

of the kernels is given in Appendix B. 

It is convenient to write the transformed fundamental solution into two parts, the static 

fundamental solution and a modified term: 

 
static m( , , ) ( , ) ( , , )ij ij ijU p U U p   x x x x x x   (11) 

 
static m( , , ) ( , ) ( , , )ij ij ijT p T T p   x x x x x x   (12) 

 
static m( , , ) ( , ) ( , , )k j k j k jD p D D p  

   x x x x x x   (13) 

 
static m( , , ) ( , ) ( , , )k j k j k jS p S S p  

   x x x x x x .  (14) 

There are three types of singularities in the static fundamental solutions. On non-crack plate 

boundaries, only the displacement boundary integral equation (7) is used and only the strong 

singularity of order 1/r exists. The methods adopted for computing corresponding singular 

integrals have been given in Ref. [31]. 

The displacement boundary integral equation (7) and the traction boundary integral equations (8) 

and (9) are used for the collocation on the upper and lower crack surfaces, respectively. The 

singular integrals involving the strong singularity of order 1/r and the hyper singularity of order 

1/r2 are evaluated analytically, and the implementation method has been given in detail in Ref. 

[33].  

The modified terms do not contain any singularities, except for 
mS  and 

m

3 3S   containing the 

weak singularities of order ln(r). A bi-cubic transformation of variable technique proposed by 

Telles [37] is able to be used to calculate the integrals with such logarithmic singularities.  
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4. Numerical implementation 

The modelling strategy for cracked plates in Ref. [38] is adopted in our study. The plate edges 

and crack surfaces are discretized using continuous and discontinuous quadratic elements, 

respectively.  

The discretized displacement and traction boundary integral equations are given by: 

 

3 1

1
1 1

1

1

( ) ( ) ( , ) ( ) ( )

( ) CPV ( , ) ( ) ( )
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l l nm

ij j j ij m n
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   

   


 



 
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
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 



  (15) 
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   

  
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   

       

   


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 



 
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
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 



  (16) 
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1
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  



   

       

   


 

 



 







 

 



  (17) 

where l denotes the collocation node number; N represents the total number of boundary 

elements; ( )mN   are the shape functions and ( )nJ   are the Jacobians. 

Durbin’s method [32] is used to convert the solutions in the Laplace domain back to those in the 

time domain. The inversion equation has the following form: 

 

       
1 1

1 2 2
2 Re Re cos Im sin

2

2
, ,

at K K

k k

e
f t f a f p k t f p k t

T T T

p a ik
T

 



 

 
             

 

 

 
  (18) 

where p, a, K, and T are the Laplace transform parameter, the real part of p, the maximum number 

of Laplace term, and the time period of interest, respectively. It was found that when aT was 

equal to 5, satisfactory results could be obtained. 
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5. Fracture modes and dynamic stress intensity factors 

 

Figure 2. Crack deformation modes under in-plane loadings 

The basic fracture modes of the cracked plate under in-plane loads are shown in Figure 2. Mode 

II is the primary mode for the plate subjected to shear loading, and a coupled out-of-plane mode 

(O-mode [5]) is generated due to the Poisson effect. The capability to capture the O-mode is one 

advantage of the K-M theory over the classical two-dimensional elasticity theories. 

In our study, since crack surfaces were discretized by discontinuous elements, singular behaviour 

of stress fields was represented using the discontinuous quarter-point elements [39]. The crack 

opening displacement (COD) at the node pair closest to the crack tip was used for evaluating the 

DSIFs. On the basis of the COD 
ct

iu  at such node pair [5, 40], the DSIFs can be evaluated using 

the expressions:  

 
 

ct

I 22 24 1

E
K u

d




 


,  (19) 

 
 

ct

II 12 24 1

E
K u

d




 


,  (20) 

 
 

ct

O 3
4 1 2

E
K u

d




 


,  (21) 

where d denotes the distance between the node pair and the crack tip. 

In our study, the parameters of discontinuous quarter-point elements in Ref. [39] were adopted. 

Thus, d is equal to 36el , in which el  is the length of the crack-tip element, and Eqs. (19)-(21) 

become: 
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     

ct ct ct

I 2 II 1 O 32 2

3 3 3
, ,

2 2 2 1 22 1 2 1e e e

E E E
K u K u K u

l l l

  

 
     

 
.  (22) 

In order to validate the BEM results, the DSIFs were also evaluated using the FEM, in which 

wedge quarter-point elements were used. Since these elements are not supported in the Abaqus 

explicit solver, the implicit solver was used in our study. These elements are continuous elements, 

so d is set to 4el  and the DSIFs can be expressed as: 

 
     

ct ct ct

I 2 II 1 O 32 2
, ,

2 2 2 1 22 1 2 1e e e

E E E
K u K u K u

l l l

  

 
     

 
.  (23) 

It has been pointed out in Refs. [5, 15] that the solutions based on the K-M theory agreed very 

well with the thickness-averaged results from the 3D FEM simulation. Thus, in the following 

numerical examples, the comparisons between the BEM and FEM results are based on the 

thickness-averaged DSIFs, a

I I 3
0

1 h

K K dx
h

  , a

II II 3
0

1 h

K K dx
h

   and a

O O 3
0

1 h

K K dx
h

  .  

It should be mentioned here that the so-called corner singularity [2, 41-43], which is limited to a 

very small zone near the intersection between the crack front and free surface, is complex and 

cannot be described by using the inverse square-root singularity. However, since the corner 

singularity has been found to have a minor influence on the through-thickness averaged results 

[44] and the 3D FEM simulation aimed to validate the K-M based BEM results, there was no 

need to introduce such complex singularity into the finite element model in our study. 

6. Numerical examples 

The FEM simulation was carried out using the Abaqus implicit solver. The cracked plates were 

discretized with the elements of type C3D20R, which can be modified to generate wedge quarter-

point crack-tip elements easily. Since the field quantities near the intersection between the crack 

front and the free surface exhibit strong localized gradient along the x3-axis, the thickness of 

element layers was gradually decreased toward the free surface. 

The time t is normalized with respect to 2/cl c , where 2c    is the shear wave velocity and 

cl  is a characteristic length, such as half crack length. The DSIFs are normalized with respect to 

0 AK a  , in which A  is the amplitude of the load and a denotes half crack length. 
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6.1. A crack under opening loading 

An infinite plate with a through-thickness crack, as shown in Figure 3, is considered here. The 

thickness of the plate and the length of the crack are denoted by 2h and 2a, respectively. The 

crack surfaces are subjected to uniform opening loading  NF H t , where NF  is the load 

amplitude and  H t  is the Heaviside function. The material properties are the density,

3290 kg/m  , Young’s modulus, 69 GpaE  , and the Poisson’s ratio, 0.3  .  

Only the crack was considered and each crack surface was discretized with 30 boundary elements. 

In the FEM simulation, a large square plate with an edge length of 20a was chosen to approximate 

the infinite plate, which ensured that the DSIF during a specified time period was not influenced 

by the reflected waves from the plate edges. Due to the geometric and loading symmetry 

properties, only one-eighth of the plate was modelled in the finite element analysis. 

 

 Figure 3. A crack subjected to opening loading 

It should be mentioned that the dynamic fracture analysis of this example was first carried out by 

Jin and Batra [10]. However, the DSIF obtained in their study does not seem to be accurate 

because their DSIF curves are very smooth and do not contain any kinks which are caused due to 

the propagation of Rayleigh-type surface waves along the crack surfaces. 

First, a very thin plate (h/a = 0.025) was taken into consideration. Sih [1] pointed out that the 

generalized plane stress theory could not serve as a limiting thin-plate case for the three-

dimensional analysis and it could only give approximate results for such thin plate. Thus, the 

fracture analysis of the thin plate should be carried out using higher-order plate theories, such as 

the K-M theory. In spite of this, for an infinitely thin plate (h/a → 0), it has been found in Refs. 

[8, 10] that the Mode I stress intensity factor obtained using the K-M theory, 
K-M

IK , is equal to 

PS 2

I / 1K  , in which 
PS

IK  is the solution based on the generalized plane stress theory. This 

relationship can be used to modify the DSIF PS

IK  from the BEM codes [45] for the generalized 

plane stress problems, and then validate K-M

IK . In the 3D FEM simulation, 204,880 elements 
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were used in which there were ten layers of elements along the thickness direction and the radial 

size of the crack-tip singular elements was equal to 0.001a. 

Figure 4 compares the normalized DSIF a

IK  obtained using different numerical methods. The 

BEM results shown in this figure were obtained using 50 Laplace terms. It is evident that the 

DSIF obtained using the K-M based BEM is in excellent agreement with both the modified DSIF 

from 2D boundary element analysis and the 3D FEM result. The influence of the number of 

Laplace terms on the normalized DSIF a

IK  is shown in Figure 5. It can be seen that the DSIF 

reaches the maximum value later when fewer Laplace terms are used. However, the maximum 

values of the DSIF obtained using 25 and 50 Laplace terms are very close (relative error <1%). 

Thus, if the maximum value of the DSIF is the main focus, 25 Laplace terms can be used to 

increase the computational efficiency. If more details of the DSIF are required, 50 Laplace terms 

should be used. 

 

Figure 4. Normalized DSIF for the crack under 

opening loading (h/a = 0.025) 

 

Figure 5. The influence of the number of Laplace terms 

on the normalized DSIF obtained using the K-M BEM 

for the crack under opening loading (h/a = 0.025) 

Next, a very thick plate (h/a = 100) was considered to approximate an infinitely thick plate. Sih 

[1] demonstrated that the plane-strain crack problem was exactly the limiting case for such thick 

plate. Thus, the finite element analysis using 58,000 plane-strain (CPE8R) elements, and the 

boundary element analysis for the plane strain problem [45], were conducted to validate the K-

M based BEM results. In the boundary element simulations, 50 Laplace terms were used. As 

shown in Figure 6, the K-M based DSIF a

IK  is in excellent agreement with the plane-strain 
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solutions. This conclusion is consistent with that given by Kotousov and Wang in the static 

fracture analysis of the K-M plates [12]. 

 

Figure 6. Normalized DSIF for the crack (h/a = 100) under opening loading obtained using the K-M BEM and the 

DSIFs from the plane-strain based FEM and BEM simulations 

Finally, two moderately thick plates (h/a = 1, 2) were taken into consideration. The K-M BEM 

results were obtained using 50 Laplace terms. In the finite element analysis, these two plates were 

discretized using 191,200 and 267,680 elements with 25 and 35 layers of elements along the 

thickness direction, respectively. In both cases, the radial sizes of the crack-tip wedge singular 

elements were the same and equal to 0.005a. Figure 7 and Figure 8 compare the K-M based BEM 

DSIFs and those from the finite element simulation for the two moderately thick plates (h/a = 1, 

2), respectively. It can be seen from these two figures that the BEM results agree well with the 

FEM solutions. The slight discrepancy results from the linear assumption for the displacement 

3u  in the K-M theory. This assumption cannot represent the real variation accurately for 

moderately thick plates.  

Since the K-M theory considers the plate thickness effect, this theory can be used to analyse the 

influence of the plate thickness on the DSIF a

IK , which is shown in Figure 9. Generally speaking, 

it can be seen that the plate thickness does not have a significant influence on the mode I DSIF, 

especially on the value and location of the maximum DSIF.  The DSIF for the infinitely thin plate 

is larger than that for the infinitely thick plate. However, the maximum value of the DSIF does 

not decrease monotonically with increasing plate thickness. 
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Figure 7. Normalized DSIF for the crack under 

opening loading (h/a = 1) 

 

Figure 8. Normalized DSIF for the crack under 

opening loading (h/a = 2) 

 

Figure 9. Influence of plate thickness on normalized DSIF for the crack under opening loading 

6.2. A crack under shear loading 

Figure 10 shows an infinite plate with a central crack loaded by shear loading  SF H t , where SF  

is the load amplitude. As mentioned earlier, under such shear loading, Model II (primary mode) 

and O-mode (secondary mode) are coupled. Since the geometry and material properties are the 

same as those in the previous example, the same BEM models and FEM models, including the 

meshes, used in the first example were adopted in this example. The only things changed were 

the loads and boundary conditions.  

 

 Figure 10. A crack subjected to shear loading 
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As in the previous example, a very thin plate (h/a = 0.025) was considered first. Figure 11 shows 

the DSIFs KII and KO obtained using both the K-M based BEM and the 3D FEM. It can be seen 

that the BEM results agree very well with the FEM results. The maximum value of a

OK  is only 

around 15 percent of that value of a

IIK . 

 

Figure 11. Normalized DSIFs for the crack under 

shear loading (h/a = 0.025) 

 

Figure 12. Normalized DSIFs for the crack under 

shear loading (h/a = 100) 

Next, a very thick plate (h/a = 100) was analysed, for which the plane strain conditions prevail. 

It means that the coupled O-mode stress intensity factor should be negligible, which is reflected 

correctly in the K-M based BEM results, as shown in Figure 12. The DSIF a

IIK  obtained using 

the K-M based BEM is in excellent agreement with both the BEM and FEM results on the basis 

of the plane strain theory. 
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Figure 13. Normalized DSIFs for the crack under 

shear loading (h/a = 1) 

 

Figure 14. Normalized DSIFs for the crack under 

shear loading (h/a = 2) 

When it comes to moderately thick plates (h/a = 1, 2), the comparisons were carried out between 

the results from the K-M based boundary element analysis and the 3D finite element simulation. 

As shown in Figure 13 and Figure 14, the DSIFs from the K-M based BEM match well with those 

from the 3D FEM. Furthermore, compared with the coupled DSIF a

OK , better agreement is shown 

in terms of the DSIF a

IIK . As mentioned earlier, the limitation of the linear assumption in the K-

M theory results in the discrepancy between the K-M results and the thickness-averaged 3D 

results. 

 

Figure 15. Influence of plate thickness on normalized DSIFs for the crack under shear loading: (a) Mode II, (b) O-

mode 

The influences of plate thickness on the mode II and the O-mode DSIFs are presented in Figure 

15. It is shown that the plate thickness has a minor influence on the mode II DSIF, but it affects 

(a)  (b)  
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O-mode DSIF significantly. It seems that the maximum values of the normalized mode II and O-

mode DSIFs decrease as the plate becomes thicker. 

6.3. A square plate with a slant central crack  

A mixed-mode crack problem is considered in this example. A cracked square plate loaded in 

tension  0H t  is shown in Figure 16. The edge and crack lengths of this plate are 2b = 15 mm 

and 2a = 4 mm, respectively. The crack makes an angle of π 4   with the direction of the x2 

axis. This aluminium plate has a Young's modulus of 70 GPa, a Poisson's ratio of 0.33 and a 

density of 2700 kg/m3.  

 

 Figure 16. A square plate with a slant central crack 

In the following dual boundary element analyses, each plate edge and crack surface were 

discretized using 10 and 20 elements, respectively. The numerical inversion of Laplace 

transforms was conducted using 50 Laplace terms. 

First, a thin plate (h/a = 0.05) was considered. Owing to symmetry conditions with respect to the 

mid-plane ( 3 0x  ), in the 3D FEM simulation, only half of the plate was modelled with 392,480 

elements, including 10 layers of elements along the 3x  direction and sufficiently small crack-tip 

elements with a radial size of 0.005a. 

Since this example is a mixed-mode problem, all the three fracture modes, including the coupled 

O-mode, can be observed. Figure 17 compares the DSIFs for all three fracture modes obtained in 

the K-M BEM simulation and the 3D FEM simulation. The comparison shows excellent 

agreement between the BEM results and the FEM results. In addition, it can be seen that the 

maximum values of Mode I and Mode II DSIFs are nearly the same, and the maximum value of 

the O-mode DSIF is around 16% of that of Mode II DSIF. 
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 Figure 17. Normalized DSIFs for the square plate with a slant central crack (h/a = 0.05) 

Next, a very thick plate (h/a = 100) was taken into consideration. For such a thick plate, plane 

strain conditions should prevail. Figure 18 compares the DSIFs obtained using the K-M based 

BEM and the 2D BEM based on the plane strain theory. The excellent agreement in terms of 
a

IK  

and 
a

IIK , as well as the negligible 
a

OK , demonstrates that this limiting case (plane strain) can be 

represented accurately using the K-M theory.  

 

Figure 18. Normalized DSIFs for the square plate with a slant central crack (h/a = 100) 



 

 

18 

 

 

 

Figure 19. Influence of plate thickness on normalized DSIFs for the square plate with a slant central crack: (a) 

Mode I, (b) Mode II, (c) O-mode 

Lastly, moderately thick plates were considered using the K-M based BEM. Figure 19 presents 

the influence of the plate thickness on the DSIFs for all three fracture modes. Generally speaking, 

the plate thickness has a significant influence on the O-mode and Mode I DSIFs in terms of the 

maximum value, but its influence on Mode II DSIF is limited. There is no monotonic relationship 

between the plate thickness and the maximum values of Mode I and Mode II. It seems that the 

maximum value of the O-mode DSIF decreases with increasing plate thickness.  

7. Conclusions 

In this paper, a new dual boundary element formulation in the Laplace domain has been 

developed for the dynamic fracture analyses of Kane-Mindlin plates subjected to in-plane loads. 

The dynamic stress intensity factors (DSIFs) based on the K-M theory represent average through-

thickness stress intensity factors, which is consistent with the findings in the corresponding static 

problems. The DSIFs obtained using the K-M based BEM are in good agreement with the results 

(a)  

(b)  (c)  
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from the 3D finite element calculations. Compared with Mode I and Mode II DSIFs, plate 

thickness has a more significant influence on the coupled O-mode DSIF. The proposed DBEM 

was shown to be a successful method which is capable of considering the thickness effect in the 

dynamic fracture analyses of plates. This is especially valuable for the numerical analyses of 

plates under in-plane shear loading and of mixed mode crack problems. For such cases, the 

classical two-dimensional theories of elasticity (plane strain and generalized plane stress) fail to 

capture the coupled O-mode, and the numerical simulations based on the three-dimensional 

elasticity theory are computationally inefficient. 
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Appendix A 

The transformed fundamental solutions in the displacement boundary integral equation can be 

arranged as follows: 

 
 

 , ,2

2 1 3

1
,

4
U r r

h e e
    

  
 


  (A.1)  

in which 

         

             

2 1 3 1 3 3 0 3 2 1 1 1 1 2 1 2

2 1 3 1 3 3 0 3 2 1 1 1 1 0 1 1 2 1 2 2 0 2

,

2 2 2

e e K z z K z e K z e K z

r

e e K z z K z e K z z K z e K z z K z

r

  


  


     

               

;    

 0 iK z  and  1 iK z  are modified zero- and first-order Bessel functions of the second kind, 

respectively; i iz r . The coefficients i  and e  in the above equations are given by: 
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where   denotes the cut-off frequency 13 /c h  and the constants   are equal to 
2 2

3/c c ; 

 2

1 2 /c     , 2

2 /c    and  2 2

3 / 1c E    
 

 are three different wave velocities. 
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The fundamental solutions in the traction boundary integral equation can be arranged as follows: 
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Appendix B 

When the distance r between the collocation point x  and the field point x  tends to zero, the 

limits of the transformed fundamental solutions have the following forms:  
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where 
static

ijU , 
static

ijT , 
static

k jD   and 
static

k jS   are static fundamental solutions for the Kane-Mindlin 

theory. 
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