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Abstract

Reconfigurable intelligent surface (RIS) is expected to be a key technology in 6G to enhance
wireless systems by efficiently and cost-effectively manipulating the propagation environ-
ment. In conventional RIS, each RIS element is independently controlled by a tunable load
and it is disconnected from the other elements. Thus, conventional RIS is characterized
by a diagonal scattering matrix, also known as a phase shift matrix, which has limited
passive beamforming capabilities. To enhance the flexibility of RIS, beyond diagonal RIS
(BD-RIS) has been introduced as a generalization of conventional RIS, in which the scat-
tering matrix is not restricted to being diagonal. Motivated by the promising benefits
unlocked by BD-RIS, in this thesis, we explore the fundamental performance limits of this
technology with ideal hardware models and explore how hardware non-idealities impact
the performance limits. First, we explore the optimization of the two main existing BD-
RIS architectures, i.e., group- and fully-connected RISs. We derive a closed-form global
optimal solution to optimize the scattering matrix of group- and fully-connected RISs and
optimize the grouping strategy in group-connected RIS based on the channel statistics,
showing the benefits of an optimized static grouping strategy. Second, we propose novel
BD-RIS architectures to approach the best trade-off between achieved performance and
BD-RIS circuit topology complexity. In particular, we propose forest- and tree-connected
RISs as novel low-complex BD-RIS architectures and we derive the fundamental limits of
the performance-complexity trade-off enabled by BD-RIS. Third, we model and optimize
BD-RIS architectures in the presence of hardware impairments. Specifically, we consider
BD-RIS with a practical discrete-value scattering matrix, with electromagnetic (EM) mu-
tual coupling between the RIS elements, and with lossy interconnections. In the three
technical parts of this thesis, we provide numerical results to corroborate our theoretical
insights, confirming the significant superiority of BD-RIS over conventional RIS in EM

wave manipulation.
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Chapter 1

Introduction

The ongoing research and development in wireless communications are critical to address-
ing the expanding demands of our connected society. With the proliferation of mobile
devices and emerging technologies such as internet of things (IoT), virtual/augmented
reality, and autonomous vehicles, there’s an urgent need for more efficient and reliable
wireless networks. To meet the growing expectations of users and applications, research
endeavors focus on enhancing data rates, extending coverage, and minimizing latency, by
facing two main challenges. First, the radio frequency (RF) spectrum available for wireless
communication is finite and increasingly congested, which limits the capacity of wireless
networks. Second, the wireless channel varies over space and time, often in unpredictable
and complex ways, depending on the location, speed, and material of the objects in the
propagation environment.

Over the last decades, multiple-input multiple-output (MIMO) emerged as the pivotal
technology in advancing the capabilities of wireless systems while addressing these two
challenges [1]. Specifically, MIMO technology employs multiple antennas at the transmit-
ter and receiver ends to enable the efficient exploitation of the spatial dimension. The
use of multiple antennas was originally proposed at one end of the wireless link, namely
at the transmitter in the so-called multiple-input single-output (MISO) systems or at the
receiver in single-input multiple-output (SIMO) systems to improve wireless communica-
tions through beamforming and spatial diversity. On the one hand, beamforming is a
technique used to focus RF energy in a specific direction, enhancing the strength of the
received signal. It involves manipulating the phase and amplitude of the transmitted or
received signal by an antenna array to create a directive radiation pattern. On the other
hand, spatial diversity is used to improve the robustness of the communication link by
leveraging independent copies of the signal due to the spatial variations in the wireless
channel. The advent of MIMO in the 1990s significantly increased the capacity of wire-
less links even under limited spectrum usage by turning the multipath characteristic of
challenging propagation environments into an advantage [2], [3]. Through signal process-
ing algorithms, MIMO techniques enable the simultaneous transmission of multiple data
streams, i.e., spatial multiplexing, further improving the spectral efficiency and enhancing

system performance in single- as well as multi-user systems.
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Figure 1.1: (a) Conventional and (b) smart radio environment.

1.1 Smart Radio Environments

MIMO processing has been developed based on the assumption that the wireless channel
is given by the propagation environment, and cannot be engineered. Thus, the objec-
tive of MIMO processing has been to design precoding strategies at the transmitter side
and combining strategies at the receiver side as a function of the wireless channel, often
assumed to be known through channel estimation techniques. The channel knowledge,
also known as channel state information (CSI), is critical to unlocking the full benefits of
MIMO systems. However, while the channel should be known at the transmitter and/or
receiver, it remains beyond our control in conventional radio environments, as shown in
Fig.

In the last years, the assumption that the wireless channel cannot be controlled has
been overcome by a paradigm shift referred to as smart radio environment (SRE) [4]
5. In a SRE, the wireless channel can be engineered to improve the quality of wireless
communications, as shown in Fig. This can be achieved by electrically adjusting
the reflection coefficients of the objects within the propagation environment such that the
EM signal paths interfere constructively at the receiver, with a consequent increase of the
received signal power. Besides, the network coverage can be also extended by steering the
signal impinging on obstacles toward the direction of the intended receiver, and effectively
bypassing blockages.

The history of SREs traces back to the early 2000s. In [6], a “smart surface” with
controllable reflective and transmissive capabilities was realized through a metafilm, or
metasurface, i.e., the two-dimensional equivalent of a metamaterial. In [7], the concept

of “intelligent wall” was introduced as a wall equipped with a frequency-selective surface
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able to control the radio coverage. Furthermore, electronically tunable metasurfaces have
been studied to realize spatial microwave modulators and shape the impinging EM waves
[8, @, 10]. More recently, the number of studies on SRE has increased significantly, and
reconfigurable intelligent surface (RIS), or intelligent reflecting surface (IRS), has emerged
as the key technology to enable SREs in wireless networks [11], 12| [13], [14].

RIS is a technology that involves deploying arrays consisting of numerous individu-
ally controllable elements. The reflection coefficients of these elements can be adjusted in
real-time to manipulate electromagnetic waves, allowing for dynamic control over the wire-
less communication environment and the realization of SREs. RIS-aided communication
systems benefit from several advantages. RISs with passive elements are characterized
by ultra-low power consumption and do not cause any additive thermal noise or self-
interference phenomena. In addition, RIS is a low-profile and cost-effective solution, since
it does not include RF chains and expensive active devices [15]. Owing to these benefits,

RIS has gained widespread attention.

1.1.1 Diagonal RIS

In a conventional RIS, also known as diagonal RIS or single-connected RIS, the reflection
coefficient of each element is independently controlled through a tunable impedance com-
ponent. This results in conventional RIS having a diagonal scattering matrix, commonly
known as a phase shift matrix [16]. Conventional RIS with diagonal scattering matrix has
been widely used to enhance different wireless communication systems, such as single-cell
[T, 18, 19, 20] and multi-cell systems [2I], and systems based on orthogonal frequency
division multiplexing (OFDM) [22] 23], non-orthogonal multiple access (NOMA) [24], and
rate splitting multiple access (RSMA) [25]. RIS has been also applied to further improve
the data rate by modulating and encoding data into the reconfigurable elements [20], 27].
Beyond communication systems, RIS has been used to improve the performance of wire-
less power transfer (WPT) [28], simultaneous wireless information and power transfer
(SWIPT) [29], RF sensing [30], and localization systems [31].

The study of RIS poses several challenges, which have been addressed in recent litera-
ture. Path-loss models for RISs under different propagation conditions have been proposed
in [32, 33]. In addition, research has been conducted to optimize RIS based on imperfect
CSI [34, [35], in multi-RIS scenarios [306, [37], and with discrete phase shifts to account for
practical hardware impairments [38],[39]. Channel estimation protocols with reduced pilot
overhead for RIS-aided systems have been proposed [40, 41 [42]. Active RIS have been
proposed to overcome the multiplicative fading effect limiting the gains of passive RIS
by amplifying the reflected signals via amplifiers integrated into their elements [43, [44].
Furthermore, RIS prototypes have been realized in [45] 46, [47], showcasing the benefit of

this technology in real-world scenarios.

1.1.2 Beyond Diagonal RIS

Diagonal RIS has shown promising gains but has limited flexibility since each element is
independently controlled. To enhance the flexibility of RIS, beyond diagonal RIS (BD-
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Figure 1.2: RIS classification tree.

RIS) has been proposed as a generalization of diagonal RIS, in which the scattering matrix
is not limited to being diagonal [48]. The key novelty of BD-RIS is the presence of tunable
impedance components interconnecting the RIS elements, adding further reconfigurability
at the expense of additional circuit complexity.

Several BD-RIS architectures have been introduced, as shown in the classification tree
in Fig. BD-RIS was first introduced in [16], where the fully-connected RIS has been
proposed by interconnecting all the RIS elements to each other through tunable impedance
components. To bridge between the single- and fully-connected architectures, the group-
connected RIS has been also proposed in [16], in which the RIS elements are divided into
groups and there are no interconnections between elements in different groups. Group-
and fully-connected RISs have been optimized in various wireless systems, showing their
superiority over conventional RIS. Specifically, these RIS architectures have been optimized
through closed-form globally optimal solutions in single-user systems [49] and through low-
complexity optimization algorithms in multi-user systems [50), 51]. A unified approach to
optimize power consumption, energy efficiency, and sum-rate in group-connected RIS-
aided systems has been proposed in [52]. The capacity of a MIMO link aided by a fully-
connected RIS has been characterized in [53], where a solution to reach such a capacity
has been proposed. A channel estimation protocol for passive group- and fully-connected
RIS-aided systems has been proposed in [54], not requiring expensive and energy-hungry
RF chains at the RIS. Group- and fully-connected RISs have been modeled and optimized
in the presence of mutual coupling in [55]. Finally, BD-RIS have shown high-performance
gains over conventional RIS in RSMA systems [56], 57, 58], massive MIMO systems [59],
unmanned aerial vehicle (UAV)-aided systems [60], mobile edge computing (MEC) systems
[61], and SWIPT systems [62].

Beyond achieving higher performance gains than conventional RIS, BD-RIS is able
to both reflect and transmit the incident signal, allowing us to serve users on both sides
of the RIS. Specifically, the concept of simultaneously transmitting and reflecting RIS
(STAR-RIS), or intelligent omni-surface (IOS), has been introduced in [63, [64]. This RIS
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architecture is able to reflect and transmit the incident signal, differently from conven-
tional RISs working only in reflective mode. BD-RIS architectures enabling full-space
coverage are denoted to work in the so-called hybrid reflective and transmissive mode [65].
In [65], a BD-RIS model has been developed unifying different BD-RIS working modes
(reflective/transmissive /hybrid) and different BD-RIS architectures (single-/group-/fully-
connected). In [66], multi-sector BD-RIS has been introduced, where the elements are
divided into multiple sectors, each covering a narrow region of space. Owing to the nar-
row antenna radiation patterns, multi-sector BD-RIS enables highly directional full-space
coverage with further gain over BD-RIS working in hybrid mode. BD-RIS with reflective
and transmissive capabilities has proved to enlarge the coverage and improve the sum-rate
in RSMA systems [67], and to improve communication capacity and sensing precision in
dual-function radar-communication (DFRC) systems [68].

Different from the BD-RIS architectures in [16]-[68], which have fixed interconnections
between the RIS elements, dynamic BD-RIS have been proposed to further improve the
performance by dynamically reconfiguring the interconnections on a per channel realization
basis. Dynamically group-connected RIS has been proposed in [69], as a group-connected
RIS in which the group size and the grouping strategy can be dynamically reconfigured
through a switch network. Besides, a BD-RIS architecture with a non-diagonal phase shift
matrix has been proposed in [70} [71], able to achieve a higher rate than conventional RISs.
Exploiting its non-reciprocal nature, non-diagonal RIS can enable attacks to break the
uplink-downlink channel reciprocity [72].

Motivated by the promising opportunities enabled by BD-RIS, in this thesis, we ex-
plore the fundamental limits of this technology under ideal models and analyze the impact
of hardware non-idealities on the BD-RIS performance limits. Specifically, we develop our
technical contributions in three sequential parts, each constructed upon the foundation
laid by the previous. First, we focus on the optimization of the two main existing BD-RIS
architectures, i.e., group- and fully-connected RISs. We derive a closed-form global op-
timal solution to optimize the scattering matrix of group- and fully-connected RISs and
optimize the grouping strategy in group-connected RIS based on the channel statistics,
showing the benefits of an optimized static grouping strategy. Second, we develop novel
BD-RIS architectures to achieve a better trade-off between performance and circuit com-
plexity. In particular, we propose forest- and tree-connected RISs as novel low-complex
BD-RIS architectures and we derive the fundamental limits of the performance-complexity
trade-off enabled by BD-RIS. Third, we model and optimize BD-RIS in the presence of
hardware impairments. Specifically, we consider BD-RIS with a practical discrete-value
scattering matrix, with EM mutual coupling between the RIS elements, and with lossy

interconnections.

1.2 Contributions

The original contributions of this thesis can be summarized as follows.

1. We derive a closed-form solution for the global optimal scattering matrix of group-

and fully-connected RIS. Thus, we prove that their corresponding theoretical perfor-
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mance upper bounds can be exactly achieved for any channel realization. We first
consider the received signal power maximization in single-user single-input single-
output (SISO) systems aided by a BD-RIS working in reflective or transmissive
mode. Then, we extend our solution to single-user MIMO and multi-user MIMO
systems. We show that our algorithm is less complex than the iterative optimization
algorithms employed in the previous literature. The complexity of our algorithm
grows linearly (resp. cubically) with the number of RIS elements in the case of

group- (resp. fully-) connected architectures.

. We explore how to optimally group the elements in group-connected RISs to max-
imize the performance while maintaining a low-complexity circuit. Specifically, we
propose and model BD-RIS with a static grouping strategy optimized based on the
channel statistics. After formulating the corresponding problems, we design the
grouping in single- and multi-user systems. Numerical results reveal the benefits of
grouping optimization, i.e., up to 60% sum rate improvement, especially in highly

correlated channels.

. We propose novel modeling, architecture design, and optimization for BD-RIS based
on graph theory. This graph theoretical modeling allows us to develop two new ef-
ficient BD-RIS architectures, denoted as tree-connected and forest-connected RIS.
Tree-connected RIS, whose corresponding graph is a tree, is proven to be the least
complex BD-RIS architecture able to achieve the performance upper bound in MISO
systems. Besides, forest-connected RIS allows us to strike a balance between perfor-
mance and complexity, further decreasing the complexity over tree-connected RIS.
To optimize tree-connected RIS, we derive a closed-form global optimal solution,
while forest-connected RIS is optimized through a low-complexity iterative algo-
rithm. Numerical results confirm that tree-connected (resp. forest-connected) RIS
achieves the same performance as fully-connected (resp. group-connected) RIS, while

reducing the complexity by up to 16.4 times.

. We investigate the fundamental limits of the trade-off between performance and
circuit complexity enabled by the various BD-RIS architectures. Specifically, we
derive the expression of the Pareto frontier for the performance-complexity trade-off
in BD-RIS. In addition, we characterize the optimal BD-RIS architectures reaching

this Pareto frontier.

. We propose two solutions to realize discrete-value group- and fully-connected RISs.
First, we propose scalar-discrete RISs, in which each entry of the RIS impedance
matrix is independently discretized. Second, we propose vector-discrete RISs, where
the entries in each group of the RIS impedance matrix are jointly discretized. In both
solutions, the codebook is designed offline such as to minimize the distortion caused
in the RIS impedance matrix by the discretization operation. Numerical results show
that vector-discrete RISs achieve higher performance than scalar-discrete RISs at the
cost of increased optimization complexity. Furthermore, fewer resolution bits per

impedance are necessary to achieve the performance upper bound as the group size
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of the group-connected architecture increases. In particular, only a single resolution
bit is sufficient in fully-connected RIS to approximately achieve the performance

upper bound.

6. We propose a universal framework for the multiport network analysis of RIS-aided
systems. With our framework, we model RIS-aided systems and RIS architectures
through impedance, admittance, and scattering parameter analysis. Based on these
analyses, three equivalent models are derived accounting for the effects of impedance
mismatching and mutual coupling. The three models are then simplified by assum-
ing large transmission distances, perfect matching, and no mutual coupling to un-
derstand the role of the RIS in the communication model. The derived simplified
models are consistent with the model used in related literature, although we show
that an additional approximation is commonly considered in the literature. We dis-
cuss the benefits of each analysis in characterizing and optimizing the RIS and how
to select the most suitable parameters according to the needs. Numerical results

provide additional evidence of the equivalence of the three analyses.

7. We investigate distributed RIS, whose elements are distributed over a wide region,
in opposition to localized RIS commonly considered in the literature. The scaling
laws of distributed BD-RIS reveal that it offers significant gains over distributed con-
ventional RIS and localized BD-RIS, enabled by its interconnections allowing signal
propagation within the BD-RIS. To assess the practical performance of distributed
BD-RIS, we model and optimize BD-RIS with lossy interconnections through trans-
mission line theory. Our model accounts for phase changes and losses over the
BD-RIS interconnections arising when the interconnection lengths are not much
smaller than the wavelength. Numerical results show that the performance of lo-
calized BD-RIS is only slightly impacted by losses, given the short interconnection
lengths. Besides, distributed BD-RIS can achieve orders of magnitude of gains over

conventional RIS, even in the presence of low losses.

1.3 Organization

The rest of this thesis is organized as follows. In Chapter [2| we review the background
information required to introduce the concept of BD-RIS. Subsequently, we discuss three
technical parts. Part [I] is composed of Chapters [3] and [4 In Chapter [3] we globally
optimize in closed-form group- and fully-connected RISs. In Chapter we optimize
the static grouping strategy of group-connected RISs. Part [[ includes Chapters [5] and
[Bl In Chapter [5] we propose two novel BD-RIS architectures to achieve the maximum
performance with reduced circuit complexity, namely forest- and tree-connected RISs. In
Chapter [0 we characterize the Pareto frontier of the performance-complexity trade-off
enabled by BD-RIS. Part [[TI] contains Chapters [7}, [} and [0] where we investigate BD-RIS
with hardware impairments, namely discrete-value scattering matrices, mutual coupling,
and lossy interconnections, respectively. Finally, Chapter concludes this thesis. The
overview of this thesis is illustrated in Fig.
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Figure 1.3: Overview of the thesis.

1.4 Notation

Vectors and matrices are denoted with bold lower and bold upper letters, respectively.
Scalars are represented with letters not in bold font. R{a}, S{a}, |a|, arg(a), and a* refer
to the real part, imaginary part, modulus, phase, and conjugate of a complex scalar a, re-
spectively. [a]; and ||al| refer to the ith element and ly-norm of a vector a, respectively. A*,
AT A" [A];;, |All, and ||A| F refer to the conjugate, transpose, conjugate transpose,
(i,7)th element, l>-norm, and Frobenius norm of a matrix A, respectively. A ~ B means
that the matrices A and B are equivalent. upax(A) and vipax(A) denote the dominant
left and right singular vectors of a matrix A, respectively. N, N*, R, and C denote the
natural, positive natural, real, and complex number sets, respectively. j = v/—1 denotes
the imaginary unit. 0 and I denote an all-zero matrix and an identity matrix, respectively,
with appropriate dimensions. CA'(0, 02) denotes the distribution of a circularly symmetric
complex Gaussian (CSCG) random variable whose real and imaginary parts are indepen-
dent and normally distributed with mean zero and variance 02/2. CN(0, R) denotes the
distribution of a CSCG random vector with mean vector 0 and covariance matrix R and
~ stands for “distributed as”. diag(aq,...,an) refers to a diagonal matrix with diagonal
elements being a1, ...,ay and diag(a) refers to a diagonal matrix with diagonal elements
being the element of the vector a. diag(Ai,...,Ay) refers to a block diagonal matrix

with blocks being Ay, ..., Ay. ones(N) refers to an N x N matrix whose elements are 1.
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1.5 Publications

The content of this thesis has appeared in the following publications and preprints, each

corresponding to a specific chapter:

1. M. Nerini, H. Li, S. Shen, and B. Clerckx, Beyond diagonal RIS. Springer, 2024
(to appear as a book chapter). [Chapter 2]

2. M. Nerini, S. Shen, and B. Clerckx, “Closed-form global optimization of beyond
diagonal reconfigurable intelligent surfaces,” IEEE Trans. Wireless Commun., vol.
23, no. 2, pp. 1037-1051, 2024. [Chapter 3]

3. M. Nerini, S. Shen, and B. Clerckx, “Static grouping strategy design for beyond
diagonal reconfigurable intelligent surfaces,” IEEE Commun. Lett., 2024. [Chap-
ter 4]

4. M. Nerini, S. Shen, H. Li, and B. Clerckx, “Beyond diagonal reconfigurable intel-
ligent surfaces utilizing graph theory: Modeling, architecture design, and optimiza-
tion,” IEEE Trans. Wireless Commaun., 2024. [Chapter 5]

5. M. Nerini, and B. Clerckx, “Pareto frontier for the performance-complexity trade-
off in beyond diagonal reconfigurable intelligent surfaces,” IEEE Commun. Lett.,
vol. 27, no. 10, pp. 2842-2846, 2023. [Chapter 6]

6. M. Nerini, S. Shen, and B. Clerckx, “Discrete-value group and fully connected
architectures for beyond diagonal reconfigurable intelligent surfaces,” IEFE Trans.
Veh. Tehcnol., vol. 72, no. 12, pp. 16354-16368, 2023. [Chapter 7]

7. M. Nerini, S. Shen, H. Li, M. Di Renzo, and B. Clerckx, “A universal framework
for multiport network analysis of reconfigurable intelligent surfaces,” arXiv preprint

arXiv:2311.10561, 2023 (sub. to IEEE Trans. Wireless Commun.). [Chapter 8]

8. M. Nerini, G. Ghiaasi, and B. Clerckx, “Localized and distributed beyond diagonal
reconfigurable intelligent surfaces with lossy interconnections: Modeling and opti-
mization,” arXiv preprint arXiv:2402.05881, 2024 (sub. to IEEE Trans. Wireless
Commun.). [Chapter 9]

In addition, the work carried out during this Ph.D. degree has led to the following publi-

cations, which are not included in this thesis:

1. M. Nerini, and B. Clerckx, “Physically consistent modeling of stacked intelligent
metasurfaces implemented with beyond diagonal RIS,” IEEE Commun. Lett., 2024.

2. M. Nerini, and B. Clerckx, “Overhead-free blockage detection and precoding through
physics-based graph neural networks: LIDAR data meets ray tracing,” IEEE Wire-
less Commun. Lett., vol. 12, no. 3, pp. 565-569, 2023.

3. M. Nerini, V. Rizzello, M. Joham, W. Utschick, and B. Clerckx, “Machine learning-
based CSI feedback with variable length in FDD massive MIMO,” IEEE Trans.
Wireless Commun., vol. 22, no. 5, pp. 2886-2900, 2023.
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Chapter 2

Fundamentals of BD-RIS

In this introductory chapter, we review the fundamental concepts that underpin the work
presented in this thesis. We model a single-user SISO communication system aided by
a BD-RIS with multiport network theory and show that BD-RIS is a generalization of
conventional RIS, as firstly presented in [16].

The content of this chapter has appeared in [73].

2.1 BD-RIS-Aided System Model

Let us consider a single-user SISO scenario in which the communication is aided by an
Nr-antenna RIS. The N; antennas of the RIS are connected to a Nj-port reconfigurable
impedance network, with scattering matrix @ € CN*Nr [74]. As widely adopted in the
literature [16], we assume all the RIS antennas perfectly matched and we assume no mutual
coupling between the RIS antennas throughout this thesis, unless otherwise speciﬁed[ﬂ
Defining € C as the transmitted signal with power Pr = E[|z|?] and y € C as the
received signal, we have y = ha +n, where n is the additive white Gaussian noise (AWGN)
at the receiver. In particular, the channel h can be written as a function of the scattering

matrix © as
h = hRT+hR]®h[T, (2.1)

where hpr € C, hgr € CY*N1and hyp € CV7¥1 refer to the channels from transmitter to
receiver, from RIS to receiver, and from transmitter to RIS, respectively.

In addition to the scattering matrix ©, the N;-port reconfigurable impedance network
can also be characterized by its impedance matrix Z; € CN*Ni | and its admittance
matrix Y; € CN1XN1 [74]. According to microwave theory [74], the scattering matrix ©

and the impedance matrix Z; are related by
© = (Z; + Zol) ' (Z; — Zo)), (2.2)

where Zj refers to the reference impedance used to compute the scattering matrix ©,

'In practice, these two assumptions can be achieved by individually matching each RIS antenna to a
reference impedance, e.g., Zp = 50 €2, and by keeping the spacing between the RIS elements larger than
half-wavelength. The effects of imperfect matching and mutual coupling are explored in Chapter
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usually set as Zy = 50 2. Besides, ® and Y are related by
©=1+2Y) 01— 2ZY), (2.3)

since Y; = Zl_l. In the case of an RIS implemented with a reciprocal and lossless re-
configurable impedance network, the matrices Z;, Y, and ©® are subject to the following
constraints. First, assuming the RIS to be reciprocal, Z;, Y, and © are symmetric, i.e.,
Z; = Z?, Y= YIT, and ® = O, Second, assuming the RIS to be lossless, Z; is purely
reactive and writes as Z; = jX;, where X; € RN1*NI denotes the reactance matrix of
the Nj-port reconfigurable impedance network. Similarly, Y is purely susceptive and
writes as Y; = jBj;, with By € RN1x N1 being the susceptance matrix of the Nr-port

reconfigurable impedance network. As a consequence, ® write as

® = (X1 + Zo1) ™" (jX1 — Zo]), (2.4)
or, equivalently, as

® = (I+jZB) ' (I-jZBi), (2.5)

meaning that it is unitary, i.e., ®@7©® = I. Depending on the circuit topology of the
Nr-port reconfigurable impedance network, the matrices Zjy, Y, and © satisfy different

constraints, resulting in conventional RIS and BD-RIS]

2.2 BD-RIS Architectures

In the following, we review the conventional single-connected RIS architecture and present

other two BD-RIS architectures, recently proposed in [16].

2.2.1 Single-Connected RIS

The single-connected RIS is the conventional RIS architecture commonly adopted in the
RIS literature. In single-connected RIS, the nyth port is connected to ground through
a tunable impedance denoted as Z,,, for n;y = 1,..., N, and is not interconnected to
the other ports. Hence, its impedance matrix Z; and admittance matrix Y are diagonal
matrices, written as

lediag(Zl,Zg,...,ZNI), (26)
Y, = diag (Y1,Ys,...,Yn,), (2.7)

whereY,,, =1/Z,,,forn;y = 1,..., N;. Furthermore, according to (2.2)), also the scattering

matrix © is diagonal, and writes as

('-):diag(@l,@g,...,GNI), (2.8)

2In some of the following chapters, the number of RIS elements Ny is denoted as N and the matrices
Z;, Y, X1, and By, are denoted as Z, Y, X, and B, respectively, to ease the notation.
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where ©,,, is the reflection coefficient corresponding to Z,,,, i.e.,

Zn: — 2y
e, = = 2.9
nr an + Z07 ( )
for nf =1,..., N;. In the case of a lossless RIS, we have Z,,, = jX,,, yielding
jX’rl[ - ZO i0
O, =+———— =", 2.10
ny ]an 4 ZO ( )

where 0,,, is the phase shift for the nsth RIS port, for ny = 1,..., N;. Thus, the scattering

matrix assumes in this case the form of the well-known phase shift matrix
© = diag (ejel,eﬁ?,...,eﬁ]\’l> , (2.11)

which is commonly used in RIS literature [12, [I3]. This single-connected circuit topology is
the simplest RIS circuit topology, which is characterized by limited flexibility and enables
limited performance [I6]. In a single-connected RIS, there are N; tunable admittance

components, each connecting an RIS element to ground, yielding a circuit complexity
CSingle — N, (2.12)

As an illustrative example, we report the circuit topology of a 4-element single-connected

RIS in Fig. 2.1[a).

2.2.2 Fully-Connected RIS

The first two BD-RIS architectures, namely the fully- and group-connected, have been
proposed in [16]. The fully-connected RIS architecture is obtained by connecting every
port of the reconfigurable impedance network to all other ports. Therefore, the matrices
Z; and Y are not restricted to be diagonal and can be any arbitrary symmetric matrices.
In the case of a lossless and reciprocal fully-connected RIS, © is a complex symmetric
unitary matrix, i.e.,

=07 6e =1, (2.13)

as a consequence of (2.4). Comparing the constraints (2.11)) and (2.13)), we notice that the
fully-connected architecture is a generalization of the single-connected one. More precisely,

the scattering matrix © of the fully-connected architecture is not limited to being diagonal
with unit-modulus entries because of the presence of reconfigurable impedances connecting
the ports to each other. Since every RIS element is connected to ground and to all other

elements, the circuit complexity of a fully-connected RIS is given by

(2.14)

CRilly — N, ¢ <N1> _ NN +1)

2 2

The fully-connected RIS has the most general constraint on ® and achieves the highest
received signal power [16]. This is enabled by the circuit topology, which is characterized

by the highest complexity since every RIS port is connected to all other ports. We report
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Figure 2.1: (a) 4-element single-connected RIS, (b) 4-element fully-connected RIS, and (c)
8-element group-connected RIS with group size 4.

a 4-element fully-connected RIS in Fig. [2.1|(b).

2.2.3 Group-Connected RIS

The group-connected RIS architecture has been proposed as a trade-off between the single-
connected and the fully-connected to achieve a favorable trade-off between performance
and complexity [16]. In a group-connected RIS, the N elements are divided into G groups,
each having Ng = N;/G elements. Each element is connected to all other elements in its
group, while there is no connection between elements in different groups. Thus, Z; is a

block diagonal matrix given by
Z; =diag(Z1,1,Z12,....216), Zrg =27, V9, (2.15)

where Z;, € CNexNe is the impedance matrix of the Ng-port fully-connected recon-
figurable impedance network for the gth group. In the case of a lossless and reciprocal

group-connected RIS, we have Z; = jX, with X satisfying

X; = diag (X1,1,Xr12,. .-, X16), X1y = X] 4, Vg, (2.16)
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where X, € RNG*Ne is the reactance matrix of the gth group. Similarly, also the matrices
Y and Bj are symmetric and block diagonal. Thus, according to (2.4), the scattering

matrix is subject to
© = diag (01,0,,...,0¢), 0, =0 el'e, =1, vy, (2.17)

which show that @ is a block diagonal matrix with each block ®, being a complex symmet-
ric unitary matrix, for g = 1,...,G. Since the group-connected architecture is composed
of G fully-connected architectures with Ng elements each, its circuit complexity is given

by
Ng(Ng+1)  Ni(Ng+1)

CGroup -G
2 2 ’

(2.18)

depending on the group size Ng. Remarkably, the single- and fully-connected architectures
can be seen as two special cases of the group-connected RIS, i.e., with group size Ng =1

and Ng = Ny, respectively. As an example, we report an 8-element group-connected RIS
with N¢ = 4 in Fig. 2.1f(c).
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Part 1

Optimization of Existing BD-RIS

Architectures
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Chapter 3

Global Optimization of Group-
and Fully-Connected RISs

Group- and fully-connected RISs have been proposed in [16] as BD-RIS architectures with
more flexibility than the conventional RIS architecture. However, a closed-form solution
for the global optimal scattering matrix of group- and fully-connected architectures is not
yet available. The scattering matrix has been optimized in recent literature by employing
costly iterative optimization algorithms [16]. For this reason, it was possible to show that
the theoretical performance upper bounds are tight only numerically.

In this chapter, we provide a closed-form global optimal solution for the scattering
matrix of group- and fully-connected RISs. The resulting scattering matrix is proved to
exactly achieve the received signal power upper bounds derived in [16] for SISO systems.
Thus, we mathematically prove that these upper bounds are tight. Furthermore, we show
that our algorithm is less complex than the iterative optimization methods applied to
design the scattering matrix in the recent literature [16]. The complexity of our algorithm
grows linearly with the number of RIS elements in the case of group-connected architec-
tures, while it grows cubically in fully-connected architectures. Given the non-convexity of
the involved optimization problems, this is the first study deriving a closed-form global op-
timal solution for BD-RISs. Our solution for single-user SISO systems is also proven to be
general enough to allow the optimization of multiple problems in RIS-aided multi-antenna
systems. The contributions of this chapter are summarized as follows:

First, as the main contribution, we provide a low-complexity closed-form global optimal
solution for the scattering matrix of BD-RISs working in reflective mode applied to single-
user SISO systems. In these systems, group- and fully-connected RISs designed with our
solution exactly achieve their performance upper bounds. The upper bound-achieving
property of our solution is valid for any channel realization, with no assumptions on its
distribution and correlation.

Second, we consider BD-RISs working in transmissive mode, enabled by the cell-wise
group-connected architecture proposed in [65]. We show how our optimal solution can be
exploited to also globally optimize these BD-RISs. Also in the case of transmissive mode,
the performance upper bounds are always exactly achieved by BD-RISs optimized through

our solution.
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Third, we exploit our optimal solution to optimize the RIS scattering matrix in single-
user MIMO systems, including MISO systems as a special case. For systems aided by a
fully-connected RIS and with negligible direct link, we derive a tight upper bound on the
received signal power. We show that such an upper bound can be always exactly achieved
with our optimal strategy. In addition, we also propose an efficient sub-optimal solution
for the case in which the direct link is not negligible. In this case, a tight upper bound on
the received signal power is not known.

Fourth, we study the weighted sum power maximization problem in multi-user MISO
systems. In the case of systems aided by a fully-connected RIS and with negligible direct
links, we provide a tight performance upper bound and an optimal solution to achieve it.
Also for multi-user MISO systems, we provide a sub-optimal solution to design the RIS
in the case the direct links are not negligible. In fact, a tight performance upper bound is
not available in this case.

Organization: In Section[3.1] we derive the upper bound-achieving closed-form solution
for the scattering matrix in single-user SISO systems. In Section we show that our
solution can be also applied to optimally design BD-RISs working in transmissive mode. In
Sections [3.3] and we extend our closed-form solution to single-user MIMO, and multi-
user MISO systems, respectively. In Section we assess the obtained performance
through numerical simulations. Finally, Section contains the concluding remarks.

The content of this chapter has appeared in [75]. For reproducible research, the code

is available at https://github.com/matteonerini/optimization-of-bdris.

3.1 BD-RIS-Aided Single-User SISO Systems: Reflective
Mode

Consider the single-user BD-RIS-aided SISO system model introduced in Section In
this section, the BD-RIS is assumed to work in reflective mode, as typically considered in
the literature. Our goal is to design ® for group- and fully-connected RISs to maximize
the received signal power given by Pr = Pr|hgr + hRI(-)h]T]z. Thus, the optimization

problem for group-connected RISs writes as

mgx PT‘hRT‘FhRI@hITF (3.1)
st. © =diag(®1,...,0¢), ©,=0], 0/0, =1, vy, (3.2)
where Pr = E[\x|2] is the transmitted signal power. Since fully-connected RISs can

be viewed as a special case of group-connected RISs, the analogous problem for fully-
connected RISs can be readily obtained by setting G =1 in . Remarkably, the term
hr;®h;r can be always combined in phase with hgryr by applying a suitable phase shift
to ©. Thus, we first maximize by omitting hrp and then we adjust the phase of the
resulting © depending on arg (hgr). We assume unit Pr and introduce the normalized
channels hg; = hg;/ ||hgs| and hyp = hyp/ ||hrp|| such that our problem becomes to
maximize

Pp = |hrr®hyr|*. (3.3)
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For traditional single-connected architectures, it is known that the scattering matrix
can be simply optimized in closed-form. The maximum normalized received signal power

is
. NI 2
Pglngle = (Z [hRI]nI [hIT]nz > ) (3'4)
n1=1

which is achieved by designing © as in (2.11]) with

0,, = —arg ([flR[]nI) — arg ([flIT]nI> ,Vnr. (3.5)

However, an exact solution for the optimal © in group- and fully-connected RISs is not
known given the non-convexity of problem —. In the following, we consider the
global optimization of fully-connected RISs in Section To this end, we provide an
upper bound on the objective function and a necessary and sufficient condition to
achieve it. This condition is subsequently transformed into an equivalent condition, for
which a closed-form solution is available. We generalize our approach to group-connected
RISs in Section

3.1.1 Closed-Form Solution for Optimal Fully-Connected RIS

We begin by observing that constraints (3.2)) are equivalent to and . Since
X is real symmetric, we can use the eigenvalue decomposition to write X; = VAV,
where A = diag (A1,...,An;) € RN1XNI is a diagonal matrix containing the eigenvalues
of X ordered in decreasing order and V € RV >N is orthonormal. Applying , the

scattering matrix © is given by

® = (jVAVT + 2)1) ' (jVAVT — Z,1) = vDVT, (3.6)
where D = diag (ejdl, . .,edeI> e CNr*NI is a diagonal matrix with /% = ;f\‘"’jég
ny

Note that the complex diagonal elements of the matrix D have unit modulus by construc-
tion. Using the decomposition of ® given by ({3.6]), the normalized received signal power
Pr in (3.3) can be expressed as

Pr = [hp; VDV hyr[? = |hp/Dhyr|, (3.7)

where hg; = hr;V and hyr = VT hyp. Note that (3.7) is the squared modulus of the dot
product between hp; and Dhyp. Thus, using the Cauchy-Schwarz inequality, we have

Pr < ||bge|” | DRz = 1, (3.8)
where the equality P = 1 is achieved if and only if

[Bar],,

= |[bur],,

, Vnr. (3.9)

Since we are interested in achieving the received signal power upper bound, our goal is now
to find a real orthonormal matrix V = [vy,...,vy,| such that condition (3.9) is satisfied.
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It is easy to recognize that if the channels hr; and h;p are linearly dependent, the
optimal V is V = 1. Consequently, D can be designed according to and the matrix
® = VDV is readily obtained. For this reason, in the following discussion, we assume
that the channels hr; and hyr are linearly independent.

Our objective is now to transform the optimality condition (3.9) into an equivalent

condition for which a closed-form solution can be derived. Noting that [BRI] _— flRIvnI
and [l_le] ny = VZ;IIAUT, condition (3.9) becomes equivalent to
~ 2 T 2
hRIVnI = VnIhIT’ y (310)
which can be in turn rewritten as
V,?;IRR[VHI = VEIR]TVnI, (3.11)

where Rp; = flglflm € CNtXN1and Ryp = fllTﬁ?T e CN1r*Ni | The left- and right-hand
sides of are quadratic forms. Since V;;IRR[VTLI = V;FIREIVW and V?.;IR[TVRI =
vg . R?Tvn ;» We can replace in the matrices Rry and Ry with their symmetric parts
Apr =1/2 (Rgr +RE;) € RV>N and Ay = 1/2 (Rir + Rly) € RVNPNT respectively,
without changing the two quadratic forms. Thus, is equivalent to

VZIAR[VnI :VZ;IA]TVRI, (3.12)

which in turn becomes
v Avy,, =0, (3.13)

where the symmetric matrix A = Apr — A € RN XN has been introduced. To
solve , let us consider the eigenvalue decomposition A = UAU”, where A =
diag (61,...,6n,;) € RNT*NT ig a diagonal matrix containing the eigenvalues of A ordered
in decreasing order and U € RV >N is orthonormal. By introducing the orthonormal vec-
tors t,, = UTvnI e RNrx1 for ny =1,..., Ny, can be reformulated as a diagonal

quadratic form

t] At,, = 0. (3.14)

2 2
In other words, we need to solve s, 8 = 0, where s,,; = [[t,,]],- -, [tnI]NI] e RN1 and
= [01,..., (5NI]T e RV1x1 Note that we need to find N; orthonormal vectors t,, which

are solutions of . This task is hard in general since the solution space of isa
non-linear space. However, in our case, we can rely on the special structure of the vector
0. As proved in the following, & contains only two, three, and four non-zero elements when
Ny =2, Ny = 3, and N; > 4, respectively. Thus, we can solve in closed-form by

separately studying these three cases. The following proposition is introduced to simplify

(3.14)) in the cases Ny € {2,3}.

Proposition 1. For any linearly independent hry € CYN and hyp € CNtX1| with
Ny € {2,3}, the matriz A has rank r (A) = N1 and trace Tr (A) = 0.

Proof. Please refer to Appendix O
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Case Ny =2

In the case of fully-connected RISs with N; = 2, A has two eigenvalues, both non-zero
and one opposite of the other, as a consequence of Proposition Denoting the two

eigenvalues of A as d; and do, we have that the vector § writes as & = [51,52]T, where

09 = —61. Applying Proposition |1, we simplify (3.14]) as
81 [tn,]? — 61 [tn,]5 = 0. (3.15)

Thus, we need to solve

, (3.16)

where the first equation is derived from (3.15)) and the second equation is the unitary

norm constraint on t,,, Vny € {1,2}. Solving by substitution, we obtain [tmﬁ = [tn,ﬁ =

1/2. Finally, we choose t; = [1/1/2,1/1/2]7 and ty = [\/1/2,—+/1/2]7 to guarantee

orthonormality.

Case Ny =3

Considering fully-connected RISs with N; = 3, we still rely on proposition [If to simplify
(3.14)). As a consequence of Proposition [l A has three eigenvalues, all non-zero. Denoting

the three eigenvalues of A as d1, 02, and 03, we have that the vector § writes as § =
01,62, 03]". Applying Proposition we simplify (3.14) as

o1 [tm]% + 02 [tnl]g + 03 [tnl]g = 0. (3'17)

We choose the vector t; with only the first and the third entries non-zero. Such a vector

always exists since Proposition [I] implies §; > 0 and d3 < 0. Thus, we need to solve

01 [t1]7 + 63 [ta]3 = 0

, (3.18)
[tlﬁ + [t1]§ =1

where the first equation is derived from (3.17)) and the second equation is the unitary norm

constraint. Solving by substitution, we obtain

2 =6
[tl]l - 51733 (3 19)
=1 0 = b '
13 — 01—03 01—03

T
giving t; = [\/ 5:_5:’53 ,0, \/ 615—1 53J . Now, we select the two remaining vectors in the form

T
1 5 V 1 1 —03
= —_— 1_ T 09 - '2
b [K¢&—%’ K2 K &—%]’ (3.20)

T
1 51 \/ 1 1 \/ —03
ty3 = |—— 1——, = 21
’ [K 5 — 83 K2 K &—@]’ (3:21)
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where K is a positive constant. It is easy to recognize that t1, to, and t3 are an orthonormal
basis of R? for any K # 1. Thus, K must be designed such that t, and t3 satisfy (3.17)),

that is
0 (1o % _y (3.22)
K2(5; —63)  ° K2) K2(6 —063) ‘
Equation (3.22)) can be simplified by substituting d2 = —d; — 3, which is always valid
according to Proposition [I| Eventually, (3.22) gives K = v/2, yielding

[ - T
= dl 1] =0
e m \[2 m ) (3.23)
I T
oo __\/E’ \@ m : (3.24)

In the case of fully-connected RISs with N; > 4, we introduce the following proposition
to simplify (3.14)).

Proposition 2. For any linearly independent hry € CYNi gnd hyp € CNtX1 with
Ny > 4, the matriz A has rank v (A) = 4 and trace Tr (A) = 0. Furthermore, among its

Case Ny > 4

four non-zero eigenvalues, two are positive and two are negative.

Proof. Please refer to Appendix O

Denoting the first two eigenvalues of A as d; and d3, and the last two as dy,—1 and dn,,

we have that the vector § writes as d = [d1, 92,0, ... ,0,5NI_1,5NI]T. Applying Proposi-

tion [2| we simplify (3.14)) as
2 2 2 2
01 [tnl]l + 09 [tnI]Q + 0N, -1 [t"I]lel + 0N, [t”I]NI =0. (3.25)

We notice that N;—4 orthonormal solutions to ([3.25)) are given by the vectors es, ..., en,—2,
where e; € RV*1 denotes the vector with the ith entry being 1 and the others being 0, for

i =3,...,N;y—2. Thus, we now want to find the remaining four orthonormal vectors t1, to,
t3, t4 € RM solutions of (3.25)), all orthogonal to es, ..., ey, 2. To make them orthogonal
to es,...,en,_2, it is sufficient to set [t;],, =0 for i =1,2,3,4 and ny =3,..., Ny — 2.

We choose the first vector t; with only the first and the (N; — 1)th entries non-zero.

Note that such a vector always exists since 1 > 0 and dn,—1 < 0. Thus, we need to solve

01 [t1]} + Ony—1 [t1]R, 1 = 0

61 + [t]%,_, =1 ) (3.26)

where the first equation is derived from (3.25)) and the second equation is the unitary norm

constraint. Solving by substitution, we obtain

0N, -1
[t1]2 = M=l
LN , (3.27)

2 4 0Ny 51
[tl]NI—l =1 51—51\]1_1 - (51—5NI—1
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T
. . —On,— ..

which gives t; = [,/51_3\7]@_11,0, ceyn /61—:;11\;1_1’0] . Similarly, we choose the second

vector to with only the second and Njth entries non-zero. Also this vector always exists

since d2 > 0 and dn, < 0. With a similar procedure, we obtain

2 —4n
[t2]5 = 52—51@ (3.28)
[t ]2 =1- _6NI — b2 ’ ’
2INy — 02—0N; ~ 62—0N,

T
.. -6
giving to = [(), \ /ﬁ, coy0,4/ 626?51\71] . Note that these first two vectors t; and to

are orthonormal by construction.
The remaining two vectors t3 and t4 must be linear combinations of a basis of the null
space of the matrix M = [t, tg]T. Such a basis is readily given by two vectors b; and bg

in the form

by = [[t1]y, _1,0,...,—[t1]; 0], (3.29)
by = [0, [ta]y, -, 0, = [t2],]", (3.30)
whose nrth entry is zero, for ny = 3,..., Ny — 2, in addition to the vectors es, ..., en, 2.

Thus, t3 and t4 can be expressed as a generic linear combination ¢ = a;b; + asbs given
by
T
c= [al (1], 15 @2 [b2]y, - oy —an [ta] s —az [b2s] (3.31)
Now, our objective is to find a; and ag satisfying (3.25)) and the unitary norm constraint,
that is
S1a3 [tl]?vjfl + 6203 [tQ]?VI + N, —103 [t1ﬁ + N, a3 [tg]§ =0

2 2 2 2
ai [t1]y, 1 + a3 [ta]y, + af [t1]] + a3 [ta]; = 1

Substituting in (3.32) the entries of the vectors t; and ty given by (3.27) and (3.28)),

respectively, we obtain

(3.32)

(61 + 0n,—1)ad + (62 + N, )a3 =0

(3.33)
a?+ai=1
Solving by substitution, we have
af = 3 5_62_6? 3
1+H0N; —1—02—0N}
2=1— —62—0N, B 01+0N, -1 ) (3.34>
2~ 01+0N;—1—02—0n; ~ O1+0N;—1—02—0On,

Note that this always means a% = a% = 1/2 since Propositiongives 014+0N,—1 = —02—0N;.

Finally, we choose t3 = Mbl + \/ng and t4 = Mbl — Mbg to guarantee
orthonormality.

In conclusion, we construct an orthonormal matrix T € RN *N1 depending on the
number of RIS elements N;. If Ny = 2, T = [t1,ta]; if Ny = 3, T = [t1,te, t3]; and if
Ny >4, T = [t1,to, t3,ty,e3,...,en_2]. Note that the columns of T are orthogonal with
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Algorithm 1 Optimal fully-connected RIS design for single-user SISO systems
Input: hgr; € (CIXNI, h;pr € CNrx1,
Output: C:)
. h hyp = BIr R _to TH
1: hRI ||h ||> = Tzl RRI = hR]hRIa RIT = hITh[T'
_ RRI+RRI R1T+RIT T
2: Agr = — 5 A= A UAU*' = Ag;r — Ajr.
3 02 1061,...,0n5]" = diag(A).
4: if Ny == 2 then
1 VE
5: T = 2 2 .
1 _ /1
ﬁ V3
6: else if Ny == 3 then

[/ —55 51
51—53 2(61—03)

. — 1
7. T= \/;

01 _ —J3
(51—53 2(51 —63)

8: else
—ON,—1 5 T —on 5 T
— 2

9 tl - 51_51{“717 ) ) 51_511\711)0:| ) t2 - |:07 52_6NI) 70 0 6NI:|

) T
10:  t3 = % [[tl]N, R [ 1 P [t2]2} .

T

1 b= {[tl]N, 17—[tﬂm,---a—[tlha[@]z} -
12: T = [t ,ta,t3,t4,€3,.. ,eN_Q].
13: end if
14: V=UT.
15: dp, = —arg ([flRIV}m) —arg ([VTﬁlT]nl> , Vny, D = diag (ejdl, . ,edeI>.

16: ® = VDVT,
17: Return ©.

each other, have unitary norm, and solve . At this stage, all the building elements
of the optimal scattering matrix, denoted as ®, are available. Applying , we can
write ® = VDV, where V = UT by definition of the columns of T, and D is designed
according to . We summarize the steps necessary to build the optimal © in Alg.
Note that the solution provided by Alg. [I]is proved to be global optimal by the following
two facts. First, it solves by construction. Second, since is equivalent to
, it allows to exactly achieve the objective upper bound PR = 1. To maximize Pg in

the presence of the direct link hgrp, the scattering matrix can be adjusted as
@* = Jaelhrr)@, (3.35)
such that the term hr;®*h;7 is made in phase with hgr.

3.1.2 Closed-Form Solution for Optimal Group-Connected RIS

Now, we extend our closed-form strategy to design fully-connected architectures to group-
connected ones. As previously discussed, we initially omit the direct link hr7 and assume

unitary transmitted signal power. Thus, the received signal power for group-connected
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architectures writes as )

G
Pr=|> hr14®ghir, (3.36)
g=1
where hr; = [hRI,la - 7hRI,G] with hR[,g € C*Ne and h;r = [h]T,la .. .,h]T’G]T with

hyr, € CNe*! [I6]. It is easy to recognize that is maximized when the terms
hg;,©4h;7 4 are all individually maximized in absolute value and they are all co-phased.
Recalling the constraint on ®, given by , the optimal ®, that maximizes the absolute
value |hrr ,©4h;r | is given by Alg. [1]applied to the truncated channels hrr 4 and hyr g,
Vg. Note that ®, constructed by Alg. [1] ensures that the complex number hg; ,®/h;r 4
has phase zero. Thus, is maximized when the matrices ®, are constructed by Alg.
since all the terms hgr; ,©/h;7, are co-phased. The block diagonal matrix © is finally
obtained from the matrices ®, applying . To maximize Pg in the presence of the

direct link hpr, also for group-connected architectures ® can be adjusted as in (3.35)).

3.2 BD-RIS-Aided Single-User SISO Systems: Transmis-

sive Mode

In Section 3.1 we assumed the BD-RIS to work in reflective mode. This implies that both
the transmitter and the receiver are covered by all the RIS elements. In other words, all
the entries of hr; and hjr are non-zero in general. In this section, we study the case
in which the BD-RIS works in transmissive mode, as modeled in [65]. Following [65], we
consider a BD-RIS made of N; = 2M; elements, where M is the number of RIS cells.
Each RIS cell is formed by two RIS elements placed back to back and connected to each
other through a reconfigurable impedance. Specifically, we assume that the mjth cell is
formed by the (2m; — 1)th and (2mj)th RIS elements, for m; = 1,..., M;. With this
notation, the RIS elements can be partitioned into two sectors, where sector 1 is formed
by the odd RIS elements and sector 2 is formed by the even RIS elements. Thus, the
whole space is divided into two sides, respectively covered by the two sectors. When the
BD-RIS is working in transmissive mode, the transmitter and the receiver are located in
opposite sectors. In the following, we assume the transmitter to be in sector 1 and the
receiver in sector 2.

Denoting as flRI € C'*2Mr1 the channel from the RIS to the receiver, and as fl[T S
C?Mrx1 the channel from the transmitter to the RIS, the received signal power maximiza-

tion problem writes as
. -2
max Pr ‘hRT n hRIeth‘ (3.37)
st. ©=diag(®1,...,0¢), ©,=0], 0/0, =1, vy, (3.38)
where the odd entries of the channel hp; are zero, as well as the even entries of the
channel hyp. To solve (13.37)-(]3.38)), we can readily apply our optimal solution presented
in Section with the only difference that half of the entries of hgr; and hyp are zero

when the BD-RIS is working in transmissive mode. The reader is referred to [65] for
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detailed information about the optimization of BD-RISs supporting hybrid transmissive

and reflective mode in multi-user scenarios.

3.3 BD-RIS-Aided Single-User MIMO Systems

In this section, we extend our optimal design strategy to single-user MIMO systems. W
consider an N7 antenna transmitter and an Ni antenna receiver, whose communication
is aided by a BD-RIS working in reflective mode. The equivalent channel writes as H =
Hpr + Hp;®OH;r, where Hpp € CVeXNt Hp; € CNeXN1and Hypp € CN1XNT gre the
channels from the transmitter to receiver, from the RIS to the receiver, and from the
transmitter to the RIS, respectively. Considering single-stream transmission, we denote
as w € CN7*1 and g € CY*Vr the precoding and combining vectors, respectively, subject
to the constraint ||w| = 1 and ||g|| = 1. Thus, the received signal power is PAMO =

Prlg(Hgr + Hr®H r)w|?, with corresponding maximization problem

vIvnga)(E) PT|g(HRT —I—HR[@H[T)W|2 (3.39)
st. © =diag(®y,...,0¢), O, =0/, 8l'e, =1, vg, (3.40)

Iwl =1, [lgll =1, (3.41)
which is solved by jointly designing w, g, and ©.

3.3.1 Fully-Connected RIS-Aided Systems Without Direct Link

We first consider a system aided by a fully-connected RIS, and we assume that the direct
channel between transmitter and receiver Hpp € CNRXNT ig negligible compared to the
channel reflected by the RIS. This assumption reflects real scenarios where the direct
channel is highly obstructed and significantly weaker than the RIS-aided link. In this
case, the optimal precoder and combiner are given by the dominant eigenvectors of the
equivalent channel Hr;®Hjr. Thus, the maximum received signal power is given by
Pr |Hr;©H;7||?, which is upper bounded by

PR™O = pr |[Hp | | H 7|, (3.42)

following the sub-multiplicativity of the spectral norm. To achieve this upper bound, it is

possible to prove that ® must satisfy
Vrr = Ouyr, (3.43)

where vgr is the dominant right singular vector of Hgr;y and ujyp is the dominant left
singular vector of Hyp. Note that the equality is to be intended up to a phase shift
since the complex singular vectors of a matrix are only defined up to a phase shift. Thus,
condition is satisfied when the cosine similarity

p=|vi0ur| (3.44)
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Algorithm 2 BD-RISs design for single-user MIMO systems
Input: Hgrp € (CNRXNT, Hpg; € (CNRXNI, H;r € (CNIXNT, Ng, €.
Output: ©.

. if PEr > P! then

1

2 W = VRT, & = ugT.

3: else

4 W =vjr, g:ugl.

5: end if

6 P]%/HMO is above € do
7
8
9

: while The fractional increase of the objective
ot = gHgrrw, h$l, = gHpgy, h$l = Hirw.
Compute © by applying Alg. 1 to h‘j%ﬂ}, hefL,
. @ =cushir)e,
100 W = Viax (Hgr + Hgr®H 7)), g = ufl, (Hgr + HgOHr).
11: end while
12: Return ©.

is maximized, i.e., p = 1. Maximizing is similar to the problem of maximizing
the normalized received signal power in , exactly solved for the SISO setting in Sec-
tion Thus, the optimal @ satisfying can be found by applying Alg. |1| to the
vectors Vg ; and uyr and the upper bound is tight. In the MISO setting, the optimal
O is given by Alg. [I] applied to the vectors hr; and ujp.

3.3.2 Fully-/Group-Connected RIS-Aided Systems With Direct Link

In single-user RIS-aided MIMO systems, tight upper bounds on the received signal power
are not available in general, i.e., when group-connected RISs are considered or the direct
link is not negligible. For these cases, we propose a sub-optimal solution to maximize
the received signal power in which the matrix ® and the beamforming vectors w and g
are alternatively optimized, as established in the literature on single-connected RISs [13].
After w and g are initialized to feasible values, this optimization process alternates between
the two following steps until convergence is reached. With fixed w and g, we update ©
by optimally maximizing the objective |gHrrw + gHr/OH ITW\2 as proposed for SISO
systems. The optimal ® is obtained by applying the strategy proposed in Section
to the channels h‘iffT = gHpgrw, h‘jg = gHg;, and hffr} = Hyprw. With fixed ©, we
update w and g as the dominant right and left singular vectors of Hrr + Hr;®H r,
respectively. The convergence is considered reached when the fractional increase of the

P}}fHMO in a full iteration is below a certain parameter e.

objective

Depending on the direct link strength, we consider two possible initializations for the
beamforming vectors w and g. In the following, we define the left and right dominant
singular vectors of the matrices H;; as w;; and v;j, respectively, for ij € {RT, RI,IT}.
If the direct link is particularly strong, we set w = vy and g = ugT to capture the
energy in the direct channel dominant eigenmode. In this case, at the first iteration of the

optimization process, it is possible to design ® through our optimal solution to achieve a
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received signal power

2

, (3.45)

G
Pglr = Pr | |[Hgr| + Z Ihr 4l [hr,
g—1

where hp = ugTH rr and hy = Hypvgr. Conversely, if the direct link is weak or a high
number of RIS elements is employed, we set w = vy and g = ugl to capture the energy
of the reflected link. In this case, at the first iteration of the optimization process, ® can

be optimized to achieve a received signal power

o 2
prefl — PTng]HRTVIT‘ + [ Hs H D |Vl ||111T,g||> : (3.46)
g=1

Because of the initialization strategy, a lower bound on the received signal power achieved

MIMO
Pr

in MIMO systems is given by = max{ P8, P*1} which is the received signal

power obtained after the first iteration of our optimization process. Note that this is a

lower bound since the objective function P}%/HMO

is non-decreasing over iterations.

We summarize the steps necessary to optimize © in single-user MIMO systems in
Alg. The convergence of Alg. [2| is guaranteed by the following two facts. First, at
each iteration, the objective P}_\{HMO is non-decreasing. Second, the objective function is
bounded from above by Pr (|[Hgr| + |Hg:| |[Hir|))? because of the triangle inequality,
and the sub-multiplicativity of the spectral norm. Note that Alg. 2| can be readily applied
to the MISO setting, as it is a special case of the MIMO setting, in which Np = 1. Single-
user MIMO systems aided by a BD-RIS working in transmissive mode can be similarly

optimized by directly applying the discussion made in Section

3.4 BD-RIS-Aided Multi-User MISO Systems

In this section, we study the weighted sum power maximization in multi-user MISO sys-
tems, which is a problem particularly relevant in WPT applications [76]. Let us consider
an Np antenna transmitter serving K single-antenna receivers through the support of a
BD-RIS working in reflective mode. We denote the channel from the transmitter to the
kth receiver and from the RIS to the kth receiver as hrr ) € CY*Nr and hgri € CH*N1
respectively. Consequently, the equivalent channel seen by the kth receiver is denoted as
hy = hpr +hgr OHr.

In general, the transmitted signal writes as
K
x=/Pry wis, (3.47)
k=1

where the precoding vectors wy, are subject to the constraints Zlf:l Hw;€||2 =1 and si are

the energy-carrying signals subject to E[|s;|?] = 1. Thus, the received signal power at the
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kth receiver writes as P
Pri=Pr) _ |hew,[*. (3.48)

j=1
Denoting by aj > 0 the power weight of the kth receiver, the weighted sum power writes

as Sp = Zle oy PR i, with corresponding maximization problem given by

K
max ZakPRk: (349)
we®
st. © =diag(©1,...,0¢), ©,=0], 8e, =1, vy, (3.50)
K
> wl* = 1. (3.51)
k=1

Substituting (3.48)) into (3.49)), we obtain
Sr = Z o Pr Z |hkw]| Z PTW Sw;, (3.52)

where we introduced S = Zle akth hy. From (3.52), we notice that the optimal pre-
coding vectors w; should be all aligned with the dominant eigenvector of S, denoted as
Vmax (S). As in [76], we consider a single-stream precoding given by w = vpax (S), with

no loss of optimality. With this optimal precoding, the weighted sum power is

Sk = Pr||S|| = Pr|H"H|| = Py |H|?, (3.53)
where we introduced H = [,/alhfl, e w/ath]H. To maximize Spg, it is convenient

to rewrite (3.53) by explicitly highlighting the role of ®. Defining the matrices Grr =

H H
[‘/alhgT,l?""‘/O‘thT,K} and Ggr = [\/alhglyl,...,,/a[(thK , we can write
H=Gpgrr+ Ggr/®H/7.

3.4.1 Fully-Connected RIS-Aided Systems Without Direct Links

We first consider a system aided by a fully-connected RIS, and we assume that the direct
channels between transmitter and receivers are negligible compared to the channels re-
flected by the RIS. Consequently, the equivalent channel seen by the kth receiver is given
by hy = hr; ,®H7, yielding H = Gr;OH;r. Thus, the maximum weighted sum power
is given by Pr HGRIGHITHQ, which is upper bounded by

Sk = Pr||Ggr|” |Hrr|?, (3.54)

because of the sub-multiplicativity of the spectral norm. Using the discussion carried out
for the single-user MIMO setting, we introduce the vectors tpr and uyr as the dominant
left singular vectors of Ggf and Hjr, respectively. Thus, the global optimal ® achieving
can be found by applying Alg. 1| to the vectors tg] and uyr. This proves that the
upper bound is tight.
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3.4.2 Fully-/Group-Connected RIS-Aided Systems With Direct Links

For general systems in which group-connected RISs are considered or the direct links are
not negligible, tight performance upper bounds are not available. In this case, we notice
that maximizing (3.53) is equivalent to maximizing

Sp = Pr|z1 (Grr + Gri®H;1) 2o|* (3.55)

where z; € CYN& and zy € CV7*! are auxiliary variables such that |z;]| = 1 and
llz2|| = 1. Furthermore, maximizing is similar to the problem of maximizing the
received signal power in , solved through Alg. [2| in Section m Thus, our sub-
optimal strategy provided by Alg. [2] can be readily applied to solve also this maximization
problem. Multi-user MISO systems aided by a BD-RIS working in hybrid mode can be

similarly optimized by directly applying the discussion made in Section [3.2

3.5 Performance Evaluation

Let us consider a two-dimensional coordinate system, in which the y-axis represents the
height above the ground in meters (m). The transmitter and the receiver are located at
(0,0) and (52,0), respectively. The RIS is located at (50,2) and is equipped with N7
antennas. Note that the simulation setting is similar to the setting adopted in [16], with
the RIS close to the receiver to maximize the gain brought by the RIS. Nevertheless,
the conclusions drawn in this chapter are not impacted by the position of the RIS. The
distance-dependent path loss is modeled as L;;(d;;) = Lodi_jaij , where L is the reference
path loss at distance 1 m, d;; is the distance, and «;; is the path loss exponent for
ij € {RT,RI,IT}. We set Lo = —30 dB, arr = 3.5, arr = 2.8, ajr = 2, and Pr = 10
W. For the small-scale fading, the channels are modeled with both Rayleigh and Rician

KF LoS 1 NLoS
hij = \/Lij <1/ I KFhZ.jO —+ A/ mh” o , (356)

where Kr refers to the Rician factor, while hl-“jos and hg-LOS ~ CN (0,1I) represent the

small-scale line-of-sight (LoS) and non-line-of-sight (NLoS) (Rayleigh fading) components,

fading, given by

respectively, for ij € {RT, RI, IT}. To model Rician fading channels, we consider Kp = 3
dB.

We start by analyzing the performance of SISO systems aided by single-, group-, and
fully-connected RISs working in reflective mode. In Fig.|3.1] we report the average received
signal power given in obtained by optimizing the scattering matrix & through our
optimal strategy proposed in Section for different group sizes. We compare these

results with the average received signal power upper bound given by

2
G

PR = Pr [ |her| + > Ihgrgll hrrgll | (3.57)
g=1
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Figure 3.1: Average received signal power in SISO systems aided by single-connected
“SC”, group-connected “GC”, and fully-connected “FC” BD-RISs working in reflective
mode.
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Figure 3.2: Average received signal power in SISO systems aided by cell-wise single-
connected “CW-SC”, group-connected “CW-GC”, and fully-connected “CW-FC” BD-

RISs working in transmissive mode.

as derived in [I6]. The upper bound (3.57)), valid for group-connected RISs, boils down to

Ny 2
P = Pr{ hrrl + Y |, B, (3.58)
nr=1
for single-connected RISs and to
PFully - p 2
r = Pr(lhrr|+ [[hr]| (b)) (3.59)

for fully-connected RISEEI As expected, we observe that the upper bounds are exactly

achieved by our closed-form solution. The upper bounds (3.57)), , and (3.59) can be
numerically achieved also by the quasi-Newton method used in [16]. However, the conver-

gence of the quasi-Newton method to a global optimum cannot be mathematically proved.

!The upper bounds (3.58)) and (3.59) scale as O(I'(1.5)* N?) and O(N?), respectively, where I'(-) refers
to the gamma function, in the presence of Rayleigh fading channels [I6]. Thus, fully-connected RISs
provide a power gain of 1/T'(1.5)* = 16/7* over the single-connected RISs when Ny — co.
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Figure 3.3: Average received signal power in Ny x Np systems without direct link aided
by fully-connected RISs working in reflective mode.

Rayleigh fading Rician fading - Rician factor = 3 dB
T T T T T T T T

2 T T T T 2 T T
18k = 4 x4 - SC =% -GC (Group Size 2) —k—FC / =1t w4 x 4 - SC =¥ =GC (Group Size 2) —*—FC
“l|+42x2-sCc -4 -GC (Group Size 2) —&d—Fc} % | |+<42x2-8SC -< -GC (Group Size 2) —&—FC
16 16 1x2-8C GC (Group Size 2) FC

1x2-SC GC (Group Size 2) FC v

-
I

-
IS

N
S

-

—_

eceived signal power ||
n

Average received signal power [uW]

0.8 0.8

0.6 = 0.6
(0]
(=]

0.4 © 0.4
(0]

0.2 < 0.2

0 0 .
0 8 16 24 32 40 48 56 64 0 8 16 24 32 40 48 56 64
Number of RIS elements Number of RIS elements

Figure 3.4: Average received signal power in Nr X Np systems aided by single-connected
“SC”, group-connected “GC”; and fully-connected “FC” BD-RISs working in reflective
mode and optimized through Alg.

Fully-connected RISs achieve the same performance in both Rayleigh and Rician fading
conditions. Besides, single and group-connected RISs benefit from the LoS component,
achieving higher power with Rician fading, agreeing with ﬂﬂﬂ]ﬂ Remarkably, the SISO
system without RIS can only achieve an average received signal power of 9.88 nW.

We now consider SISO systems aided by a BD-RIS working in transmissive mode. The
receiver is now located in (52,4) and we set apr = 4 to model a weak direct link. As
previously discussed, we assume the transmitter to be in sector 1 and the receiver in sector
2. Thus, the odd entries of the channel hr; and the even entries of the channel h;r are
forced to zero. In Fig. [3.2] we report the received signal power achieved by the optimal
design strategy proposed in Section and its upper bounds. We observe that the
received signal power upper bounds are exactly achieved by our solution involving Alg.
Thus, our optimal design strategy can be successfully applied to BD-RIS working in both

reflective and transmissive modes.

2Considering correlated Rayleigh fading distributed according to the exponential correlation model with
coefficient p = 0.5, the performance of single and fully-connected RISs remains unchanged compared to
i.i.d. Rayleigh fading. Besides, the performance of group-connected RISs slightly reduces.
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Figure 3.5: Average received sum power in multi-user MISO systems with Ny = 4 without
direct link aided by fully-connected RISs working in reflective mode.
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Figure 3.6: Average received sum power in multi-user MISO systems with Ny = 4 aided
by single-connected “SC”, group-connected “GC”, and fully-connected “FC” BD-RISs
working in reflective mode and optimized through Alg.

We analyze the performance of RIS-aided single-user MIMO and MISO systems, in
which the RIS works in reflective mode. In Fig. [3.3] we report the received signal power
for Np x Nt systems aided by a fully-connected RIS, and with negligible direct link.
The received signal power obtained by the exact solution provided by Alg. [1]is compared
with its upper bound . We observe that the performance upper bounds are exactly
achieved by our solution. Furthermore, higher performance is obtained by increasing the
number of antennas Ng and Nr. Rayleigh fading channels allow reaching a slightly higher
received signal power since they offer richer scattering. In Fig. we consider single-user
MIMO and MISO systems aided by a single-, group-, or fully-connected RIS. Alg. [2]is used
to maximize the received signal power (3.39)) by optimizing the RIS scattering matrix. As
expected, fully-connected RISs achieve higher received signal power than group-connected
RISs, which in turn outperform single-connected RISs. The performance gap between
fully-connected and single-connected architectures is slightly higher in Rayleigh fading
conditions.

We now consider the weighted sum power maximization problem in RIS-aided multi-
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Figure 3.7: Computational complexity versus the number of RIS elements. Alg. [1] is
compared with the quasi-Newton method “QN” for group-connected “GC” and fully-
connected “FC” BD-RISs.

user MISO systems, with the RIS working in reflective mode. In our simulations, all K
receivers are placed in (52,0), and we set Ny = 4 and oy = 1 Vk. In Fig. ﬂ, we consider
multi-user MISO systems aided by a fully-connected RIS, and with negligible direct links
between transmitter and receivers. The received sum power is maximized by apply-
ing the optimal precoding w = viax (S), and by designing © through Alg. |1l We compare
this received sum power with its upper bound . As expected, the solution offered
by Alg. [1]is optimal as it exactly achieves the performance upper bounds. In Fig. we
report the weighted sum power of multi-user MISO systems aided by a single-, group-, or
fully-connected RIS, as given in . In these systems, Alg. |2|is used to optimize the
RIS scattering matrix. Fully-connected RISs achieve the highest performance over group
and single-connected BD-RISs, while single-connected RISs obtain the lowest weighted
sum power. Besides, the weighted sum power increases with the number of receivers K
because of the higher diversity offered.

Finally, we assess the computational complexity of our optimal design strategy. In
fully-connected architectures, the complexity growth of Alg. [I] as a function of Ny is
given by the complexity of eigenvalue decomposition, that is O(N7). This is less than
the complexity of the quasi-Newton optimization adopted in previous literature, which is
O(N?(Nr + 1)%/4) for each iteration [16]. In group-connected architectures with group
size N¢, the block diagonal scattering matrix is designed by running G = N;/N¢g times
Alg. |1} with complexity O(NZ2). Thus, the complexity of our solution is O(NZNy) in this
case, less than the complexity of quasi-Newton optimization, given by O(N?(Ng + 1)?/4)
for each iteration [16]. In Fig. the computational complexity of Alg. [1| is compared
with the complexity of the quasi-Newton method used in [16].

3.6 Conclusion

We provide a low-complexity closed-form solution to design the global optimal scattering
matrix in the case of group- and fully-connected RISs. The resulting scattering matrix is

proved to achieve exactly the received signal power upper bounds derived in [16]. Our solu-
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tion is upper bound-achieving for any channel realization since we do not pose assumptions
on the channel distribution. We first present a closed-form global optimal design strategy
for RIS-aided single-user SISO systems. Subsequently, our strategy is extended to single-
user MIMO and multi-user MISO systems. For systems aided by fully-connected RISs
and with negligible direct links, we provide tight performance upper bounds. We show
that such upper bounds can be exactly achieved with our optimal strategy. Finally, we
show that our algorithm is less complex than the iterative optimization methods applied
to design BD-RISs in recent literature. The complexity of our algorithm grows linearly
(resp. cubically) with the number of RIS elements in the case of group- (resp. fully-)
connected RISs.

3.7 Appendix

3.7.1 Proof of Proposition

The matrix A is a linear combination of four outer products matrices, i.e.,
1 1 1 1 1_ 1 I
A == ERR[ + iRRI - iRIT - iRIT == BB 5 (360)

where the matrix B € CN7*4 ig introduced as B = 1/\/§[flgp fl%l,jflIT,jfﬁT]. Since B
is full rank, we have r (A) = r (B) = min{4, N;}. Note that we assumed hr; and h;p
to be independent in this discussion since the linearly dependent case has been trivially
addressed. Thus, it holds r (A) = Ny if Ny € {2,3}. The trace of A can be readily
computed from by observing that Tr (Rz;) = 1 and Tr (Ryp) = 1 since ||hg;| =1
and |\f11T|| = 1. By applying the trace linearity property, we have Tr (A) = 0.

3.7.2 Proof of Proposition

To prove that r (A) = 4 and Tr (A) = 0, we can directly apply the Proof of Proposition
To prove that A has two positive and two negative eigenvalues, we use the fact that
A = AR;— Ajr is given by the sum of two symmetric matrices. This proof is carried out
by treating differently the cases Ny =4 and Nj > 4.

In the case Ny = 4, A is a full rank matrix, i.e., det (A) # 0. We denote the de-
creasingly ordered eigenvalues of Agr; as drr1,...,0rr,Nn, and the decreasingly ordered
eigenvalues of Arr as drr1,...,0r7,n,. According to [(7], det (A) can be lower bounded

by
Ny

min 11 Grins = 617.pn,) < det (A), (3.61)

nr=1
where the minimum is taken over all permutations of indices 1,..., N;. Since Agr; and

A7 are rank-2, it is always possible to find a permutation P such that

Np
mFi,n H (5Rl,n1 — 5IT7Pn1) =0. (3.62)

nr=1

Thus, recalling that det (A) # 0, we obtain det (A) > 0. Since A has four non-zero
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eigenvalues and Tr (A) = 0, det (A) > 0 implies the presence of two positive and two
negative eigenvalues. This concludes the proof for Ny = 4.

In the case Ny > 4, we begin by noticing that Ag; and Ajr have two non-zero
eigenvalues, both positives. The reason is that the matrices are rank-2 by construction
and positive semi-definite since both are the sum of two positive semi-definite matrices.
This means that drrn,,0rrn, = 0 if ny > 2. Furthermore, since Agr; and A;r are
Hermitian, we can apply Weyl’s inequalities to study the eigenvalues of A. According to
Weyl’s inequality, we have

0i < OR1i—j — OIT,N;—j> (3.63)

valid for i =1,...,Nrand j =0,...,7i — 1 [7§]. Considering (3.63) with ¢ = 3 and j = 0,
we have
03 < Orr3 —orr,n; =0, (3.64)

since dry3 = 0 and 077 N, = 0. Additionally, the dual Weyl’s inequality gives
ORIitk—1 — 01Tk < 0i) (3.65)

valid for i = 1,...,Nrand k = 1,..., Ny — i + 1 [78]. Considering (3.65) with ¢ = 3 and
k = 3, we have
0 =90Rrr5+0rr3 < 93, (3.66)

since drrs = 0 and ;73 = 0, yielding d3 = 0. Now, we consider (3.63) with i = Ny — 2
and 7 = 0 to obtain
ONy—2 < Or1,N;—2 — Or7,N; = 0, (3.67)

since 0gr,n,—2 = 0 and é;7 N, = 0. Additionally, (3.65)) with i = Ny —2 and k = 3 gives
0 =9drr,N; + 0173 < ON;—2, (3.68)

since drr,n, = 0 and 0773 = 0, yielding 6, —2 = 0. Since 63 = 0 and dn,—2 = 0, it has to
be 41,02 > 0 and dn,—1,0n, < 0. This concludes the proof for Nj > 4.
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Chapter 4

Static Grouping Strategy Design
for Group-Connected RISs

In previous works on group-connected RIS [16, [75], the RIS elements are grouped sim-
ply by collecting adjacent RIS elements into a group, without considering the grouping
strategy optimization. In [69], a dynamic group strategy for BD-RIS supporting hybrid
transmitting and reflecting mode has been proposed, where the groups are dynamically
optimized in real-time on a per-channel realization basis. However, to implement the dy-
namic group strategy optimization, the circuit requires additional switches, which leads to
higher circuit complexity compared to conventional group-connected RIS [69]. Therefore,
it is worthwhile to consider the design of a static grouping strategy, which does not require
additional switches and control overhead, to enhance the performance of group-connected
RIS while maintaining the same circuit complexity. To that end, in this chapter, we inves-
tigate how to effectively group the RIS elements of group-connected RIS to maximize the
performance while not increasing the circuit complexity. Our contributions are outlined
as follows.

First, we provide the model of group-connected RIS with an optimized static grouping
strategy, designed based on the channel statistics. Second, we formalize the corresponding
optimization problems for single- and multi-user MISO systems and propose novel and
efficient algorithms for the grouping strategy optimization. Third, we present numerical
results to assess the gains derived from optimizing the grouping strategy, which can be of
up to 60% sum rate improvement in highly correlated channels.

Organization: In Section we model group-connected RISs with optimized static
grouping strategy. In Section and we optimize the static grouping strategy of
group-connected RISs in single- and multi-user systems, respectively. In Section
we evaluate the performance gains obtained by optimizing the static grouping strategy
through numerical simulations. Finally, Section contains the concluding remarks.

The content of this chapter has appeared in [79].
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4.1 BD-RIS Model

Consider an N-element BD-RIS, modeled as N antenna elements connected to an N-port
reconfigurable impedance network, with scattering matrix @ € CN*V. To maximize the
power reflected by the BD-RIS, we consider the N-port reconfigurable impedance network
to be lossless. Thus, it can be described through its purely imaginary impedance matrix
Z = jX € CV*N where X € RV*¥ is the reactance matrix. According to network theory
[74], X and © are related by , where Zj denotes the reference impedance according
to which the scattering parameters are computed, typically set to 50 €2.

In a group-connected RIS, the N RIS elements are divided into G groups, each in-
cluding Ng¢ = N/G elementsﬂ [16]. Each RIS element is connected to ground and to all
other elements in its group through a tunable impedance component, while there is no
connection between groups. In previous literature, the RIS elements have been grouped
in sequential order according to their indices. In this way, the gth group is composed of

the Ng elements indexed by
gg:{(g—l)NG+1,,gNG}, (41)

for g =1,...,G. As a result of this grouping, X and ©® are block diagonal matrices in
previous works [16].

Differently from previous literature, in this chapter, we optimize the grouping strategy
to additionally enhance the performance of group-connected RIS. The grouping strategy
can be described by a permutation 7 of the N RIS elements such that the gth group is

composed of the elements indexed by

Gg={m((9—1)Ne+1),...,m(9Nc)}, (4.2)
for g =1,...,G. Accordingly, the reactance matrix is a permuted block diagonal matrix
given by

X =P, XPT, (4.3)
where Pr = [ex(1), - .-, €x(n)] is the permutation matrix associated to 7, with e, € RNVx1

denoting the vector with the nth entry being 1 and the others being 0, and X € RV*N ig
a block diagonal matrix fulfilling

X = diag (X1,....Xg) , X, = X7, g, (4.4)

with Xg € RNexNe heing the reactance matrix of the Ng-port fully-connected reconfig-
urable impedance network for the gth group, which is symmetric for a reciprocal network.
As a consequence of (2.4]) and (4.3), the scattering matrix writes as

® = P,OPL (4.5)

'Note that in this chapter we focus on equally sized groups to ensure that the number of tunable
components does not depend on the grouping strategy. However, grouping strategies allowing non-equally
sized groups have been explored in [69] and will be discussed in Chapter |§| of this thesis.
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where ® € CN*V is a block diagonal matrix satisfying

© =diag (©1,...,05), ©,=0,, 0,0, =1, vy, (4.6)

with (:)g € CNexNa heing the gth group scattering matrix.

To reconfigure © given by , we optimize the grouping strategy m, impacting on
P, offline based on the channel statistics, while we optimize @ online on a per-channel
realization basis. In the following, we formulate the corresponding optimization problems

for single- and multi-user systems.

4.2 Grouping Strategy Optimization for Single-User Sys-

tems

Consider a single-user RIS-aided MISO system where the transmitter is equipped with M
antennas. The channel h € C*M between the transmitter and the receiver is expressed
as h = hp®Hry, where hg € C*N and Hy € CN*M (denote the channels from the RIS
to the receiver and from the transmitter to the RIS, respectively. The transmitted signal
is x = ws, where w € CM*1! and s € C are the precoding vector and data symbol. The
precoding vector is subject to [|w||3 = 1 while the data symbol is subject to the transmit
power constraint E[|s|?] = Pp. Thus, the received signal is given by y = hp®@Hrws + n,
where n ~ CN (0, 0’%) is the AWGN, with received signal power given by

Pg = Pr hg®Hrw|, (4.7)

which we want to maximize by optimizing ® and w. Observing that is maximized
when w is given by maximum ratio transmission (MRT), i.e., w = h'! /||h||2, our problem
reduces to maximize the channel gain ||h||3 by optimizing ©.

The resulting optimization problem can be formalized as a bi-level problem composed
of a lower- and upper-level problem. The lower-level problem, solved on a per-channel

realization basis, is given by

max |hzP,OPTH, | (4.8)

st. ©=diag(®,...,0¢), ©,=0,, 0,0, =1, VY, (4.9)

according to which the matrix @ is optimized given a fixed permutation matrix P, de-
pending on the static grouping strategy w. Besides, the upper-level problem, solved offline,
optimizes m based on a training set of C' channel realizations representative of the channel

statistics. This problem is formalized as

c
1 C ~ (C C 2
max =" |IniP.0“PTHY| (4.10)
c=1
st. Pr= [eﬂ(l), e ,eW(N)], (4.11)

0 solves (@.8)-([@9), Ve, (4.12)
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where hgg) and Hgﬁ) are the cth channel realizations in the training set, for c =1,...,C.
Remarkably, the bi-level problem (4.8])-(4.12)) is hard to solve since it involves two nested

optimization problems.

4.2.1 Optimizing the Static Grouping Strategy Offline

To efficiently optimize 7w by solving (4.10[)-(4.12)), we first remove the dependence on the
variables {@(C)}g’;l from the objective (4.10). By introducing }_lgg) = hg%c)P7T and I:Irg,f) =
Pngf), the objective thg)PWC:)(C)PZHgf) |3 can be lower bounded by

Ny (12 =y = 2
|pe“my| > |h e mv (4.13)
2y 2
= [u| |niy 0], (4.14)
where vg,?) e CM*! and u(TC) € CV*1 are the dominant right and left singular vectors

of I:I;C), respectively. According to [75], we can find in closed-form the optimal el

maximizing the terms \ﬁg)(:)(c) ugpc)|2, denoted as (:)*(c), yielding
— - G —
b0 ul| = S|RE] | [uf] |l (4.15)
gg 2 gg 2

g=1
where G, = {(9 —1) N¢ +1,...,gNg}, for g =1,...,G. Thus, problem (4.10)-(4.12) can
be simplified into

2

L (5o g (c)
max C; ;:1 [hR }gg ; [uT ]gg , (4.16)
s.t. Pp= [eﬂ(l), e ,e,r(N)], (4.17)

which no longer contains a nested optimization problem as the objective solely depends
on the permutation matrix P.

To solve problem — through exhaustive search has prohibitive complexity
because of the high number of possible grouping strategies w. Specifically, in an RIS with
N elements grouped into G groups, each containing Ng elements, the number of possible

grouping strategies Ng is given by

1 /N\/N - Ng Ng 1 NI
ST Al (NG> ( Ng ) (NG> Gl (Ne)E” (4.18)

growing with N!. To decrease the search space, we solve problem — through
a local search process, as shown in Alg. Specifically, we find the optimal grouping
strategy 7m* maximizing the objective as follows. The grouping strategy is initialized
to the trivial permutation. Thus, denoting as my the initial grouping strategy, we have
mo(n) = n, for n = 1,...,N. At the ith iteration, we generate all possible grouping
strategies obtainable by swapping two elements in m;_;, where the swapping operation

consists of selecting two elements belonging to two different groups and assigning each of
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Algorithm 3 Optimizing the grouping strategy
Input: Ng, {h(c), Hg?) ¢,
Output: The optimized grouping strategy =*.

1: 4 < 0.

2: mp(n) =n, Vn.

3: while 7; # m;_1 do

4 1+ i+ 1L

5. Update II; as the set of all the grouping strategies obtainable by swapping two
elements in m;_1.

6:  Update 7; by solving problem ([4.19)-(4.21).

7: end while

8 Return 7* < m;.

them to the group of the other. The resulting set of grouping strategies is denoted as II;
and it is possible to show that its cardinality is N(N — Ng)/2. Then, the objective (4.16))
is computed for each grouping strategy in II;. Finally, 7; is given by the grouping strategy
in {II; U m;_1 } maximizing , namely

2

C G
1 B (c)
max ; ; [hR }gg ; [uT ]gg , (4.19)
s.t. Pp= [eﬂ.(l), e ,eﬂ.(N)], (4.20)
S {Hi U 7Ti—1}7 (4.21)

which can be solved by an exhaustive search given the limited search space. We update
7 iteratively until the convergence is reached, i.e., when m; = m;_1. Note that Alg. [3]is
ensured to converge by the following two properties. First, the same grouping strategy
is never selected in multiple iterations since is strictly increasing over iterations.

Second, the total number of grouping strategies is limited.

4.2.2 Optimizing the Scattering Matrix Online

When 7 is fixed, we optimize © by solving problem — on a per-channel re-
alization basis. Introducing the equivalent channels hp = hpP, and Hy = PfHT,
we solve — by alternatively optimizing ® and the auxiliary variable w sub-
ject to |[w|lz = 1 to maximize |hg®Hrwl|?. First, with fixed ®, we update w as
w = (hg®H7)" /|hg®Hr||2. Second, with fixed w, we update © through the global
optimal solution provided in [75]. These two steps are iterated until the objective (4.8)

converges.
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4.3 Grouping Strategy Optimization for Multi-User Sys-

tems

Consider a multi-user RIS-aided MISO system where the transmitter is equipped with
M antennas and there are K single-antenna receivers. The channel hy, € C'*M between
the transmitter and the kth receiver can be expressed as hy = hg ;@H7, where hg ) €
C™N and Hy € CV*M are the channels from the RIS to the kth receiver and from the
transmitter to the RIS, respectively. The transmitted signal is x = Zszl WSk, where
wy, € CM*1 and s, € C are the precoding vector and data symbol for the kth receiver,
which are subject to Y1, |[wg[3 = 1 and E[|sy|?] = Ppr. Thus, the signal at the kth
receiver can be expressed as yr = hy Y, w;s; + ng, where ng ~ CN (0, O'TQL) is the AWGN

at the kth receiver, yielding a sum rate given by

g :il <1 [hywy|” >
R og |1+ S . (4.22)

P
k=1 itk EWil” + of

To maximize by jointly optimizing ® and wy,...,wg is a hard problem given
the non-convex objective function. Thus, we optimize the BD-RIS and the precoding
vectors in two different stages, as also adopted in [50]. First, the BD-RIS is optimized
to maximize the sum of the channel gains of all users Y, ||hg||3 = |H||%, where H =
[h{, e h%]T € CKEXM Second, the precoding vectors wi, ..., wWx are designed through
zero-forcing beamforming.

When optimizing the grouping strategy and the tunable impedance components of the
BD-RIS, the resulting optimization problem can be formalized as follows. The lower-level

optimization problem is given by

max ||HzP.OPTHZ|[’, (4.23)
(S]
~ . = — — ~T =Hx
st. © =diag(01,...,04), ©,= 6., 66, =1, vy, (4.24)
where we introduced Hr = [hg,p - ,th]T € CEXN and P, is fixed. In addition, the

upper-level optimization problem writes as

C
1 Op & @pTa©|?
max CCZI |mP.0PIHY|| (4.25)
s.t. Pr= [eﬁ(l), R eW(N)], (4.26)

0'“) solves ([{.23)-([@.24), Ve, (4.27)

which results in a challenging bi-level problem.

4.3.1 Optimizing the Static Grouping Strategy Offline

Similarly to the single-user case, we optimize 7 through (4.25))-(4.27) by removing the
dependence on the variables {@(C)}Cczl from the objective (4.25)). To this end, introducing
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ﬁ%) = H%:)P7r7 we can lower bound the objective HHg)PW(:)(C)PzH(TC)HzF as

2

_ _ _ 2 _ _ _
|apeny| > |aPeny| (4.28)
0 = () 2
> [uf " HE OV (4.29)
2 2 _ 2
= [ =] [vi e ] (4.30)
where ugg) € CE*! and v%) € CN*! denote the dominant left and right singular vectors

of f{g), respectively. Remarkably, the terms \vg)H(:)(c)ugﬁ)P can be maximized through

a closed-form expression for the optimal matrix e+ [75], giving

), o,

where G; = {(¢9 —1) N¢ +1,...,9Ng}, for ¢ = 1,...,G. Consequently, problem (4.25)-
(4.27) can be rewritten as

G
v e | =37 (4.31)

g=1

)
2 2

2

L (52 |7, (©)
max C; ; [VR ]gg ) [uT ng ) (4.32)
s.t. Pr= [eﬂ(l), oo ,eW(N)], (4.33)

which the dependence on {(:)(C)}Cczl has been removed. Since the objective in (4.32))-(4.33))
solely depends on the permutation matrix P, it can be solved through Alg. [3| by replacing

(4.32)) into the objective of problem (4.19)-(4.21]).

4.3.2 Optimizing the Scattering Matrix Online

Once 7 has been fixed offline, © is reconfigured by solving problem — for
each given channel realization. Constraint indicates that © is a block diagonal
matrix with each block being a complex symmetric unitary matrix, which complicates
the optimization. Thus, the relationship between ® and X deriving from can be

exploited to equivalently reformulate (4.23))-(4.24) as

max |HROH |, (4.34)
s.t. © = diag ((:)17 NN ég) , (4.35)
Oy = (jXy+ ZoL) ' (X, — Zo1), Vg, (4.36)
X, =X, vy, (4.37)

where we introduced the equivalent channels Hgr = HgP, and Hy = PLHp, which

can be directly transformed into an unconstrained problem. More precisely, exploiting the

constraints (4.35))-(4.37)), the objective (4.34) can be expressed as a function of X1, ..., Xg.
Since Xg is an arbitrary Ng X Ng real symmetric matrix, )_(g is an unconstrained function

of the Ng(Ng + 1)/2 entries in its upper triangular part. Thus, problem (4.34)-(4.37) is
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Figure 4.1: Power gain in single-user systems aided by fully- and group-connected RISs
with non-optimized grouping “NG” and optimized grouping “OG”.

Figure 4.2: Optimized grouping for RISs with 2 x 8, 4 x 8, 6 x 8, and 8 x 8 elements and
group size 4.

an unconstrained problem in the variables [Xg]i,j7 with ¢ < j, Vg, and can be solved by
using the quasi-Newton method to find the optimal upper triangular part of each block

)_(g without any constraints.

4.4 Performance Evaluation

We now evaluate the performance of single- and multi-user MISO systems aided by a
group-connected RIS with an optimized grouping strategy. The transmitter, the RIS, and
the receiver(s) are located at (0,0), (50,2), and (52,0) in meters (m), respectively. The
transmitter is equipped with an uniform linear array (ULA) composed of M = 4 antennas,
while the RIS is an uniform planar array (UPA) composed of Ny x Ny antennas, with
Ny =8 and Ny Ny = N. The path loss of the channels is given by the distance-dependent
model L;(d;) = Lo(d;)~%, where Lg is the reference path loss at distance 1 m, d; is the
distance, and «; is the path loss exponent for i € {R,T'}. We set Ly = —30 dB, ar = 2.8,
and ap = 2. The small-scale fading effects are modeled as correlated Rayleigh fading,
ie., hgy ~ CN (0,LgRpgrs), for k = 1,..., K, and vec(Hy) ~ CN (0,L7Ryz). The

RN*N g given by the Kronecker correlation model for UPAs

covariance matrix Rprs €
Rrris = Ry ® Ry, where Ry € RV#*XNu and Ry € RMWXM are defined through the
exponential correlation model as [Ryli; = pl=Il and [Ry];; = pl"~7!, with p being the

correlation coefficient. Besides, Ry is given by the Kronecker correlation model for MIMO
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Figure 4.3: Sum rate in multi-user systems aided by group-connected RISs with non-
optimized grouping “NG” and optimized grouping “OG”.

channels Ry = Rprs @ Rrx, where Rpx € RM*M ig defined as Rrxli; = pli=il. We
consider mildly correlated channels by setting p = 0.6 and highly correlated channels with
p=0.28.

In Fig. we investigate the impact of the grouping strategy optimization in single-
user systems. To this end, we report the power gains of fully- and group-connected RISs
over single-connected RIS, defined as GFy = Pguny / P]S%ingle and GGrowp — pgm“P / p}%mgle7
respectively, where P}l;ully , Pgingle, and PE "UP are the received signal power of fully-, single-
, and group-connected RISs, respectively. As a baseline, we consider the non-optimized
grouping strategy given by , obtained by grouping adjacent RIS elements, as in previ-
ous works [16]. We observe that an optimized grouping strategy can significantly improve
the performance of group-connected RIS, for any group size, particularly in the presence
of highly correlated channels.

In Fig. we illustrate the resulting optimized grouping strategy in single-user sys-
tems with p = 0.8, for RISs with group size Ng = 4, where RIS elements in the same
group have the same color. Interestingly, we notice that the optimized grouping tends to
maximize the distance between RIS elements grouped together. Note that an optimized
static grouping strategy does not require additional hardware and online optimization
complexity, different from an optimized dynamic grouping strategy [69].

In Fig. we report the sum rate obtained by group-connected RISs in multi-user
systems with K = 2 users and 02 = —80 dBm. As expected, the sum rate increases with
the number of RIS elements N and the group size Ng. Besides, we notice that optimizing
the grouping strategy can also visibly contribute to improving the sum rate by maintaining
the same circuit complexity. Also in multi-user systems, the grouping strategy especially
impacts the performance in highly correlated channels. Specifically, with p = 0.8, the sum

rate is improved by up to 60% in the case N = 64 and Ng = 4.
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4.5 Conclusion

We address the problem of optimally grouping the RIS elements in group-connected RIS
based on the channel statistics, to improve the performance of BD-RIS while not increas-
ing the circuit complexity. To this end, we model and optimize group-connected RIS with
an optimized static grouping strategy. Specifically, we show how to optimize the grouping
based on the channel statistics (offline) to maximize the ergodic performance. Besides, we
optimize the tunable impedance components on a per-channel realization basis (online)
to maximize the received signal power and sum rate in single- and multi-user systems,
respectively. Numerical results show the gain of optimizing the grouping strategy offline,
especially in the presence of highly correlated channels. Remarkably, this gain is achieved
without increasing the circuit complexity or the online optimization computational com-

plexity.
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Part 11

Development of Novel BD-RIS

Architectures
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Chapter 5

Forest- and Tree-Connected RISs

The fully-connected RIS architecture provides the highest flexibility and best performance,
which is however at the expense of high circuit complexity since it has a large number
of tunable impedance components [I6]. Although the group-connected architecture can
simplify the circuit complexity, it still remains an open problem to develop a systematic ap-
proach to design BD-RIS architecture achieving the optimal trade-off between performance
and circuit complexity, that is achieving the best performance with the least complexity.
To address this issue, in this chapter, we propose novel modeling, architecture design, and
optimization for BD-RIS by utilizing graph theory. The contributions of this chapter are
summarized as follows.

First, we propose a novel modeling of BD-RIS architectures utilizing graph theory. To
the authors’ best knowledge, it is the first time that BD-RIS (or any other RIS) architec-
tures are modeled through graph theory. Specifically, we model each BD-RIS architecture
by a graph, whose vertices characterize the RIS ports and whose edges characterize the
tunable impedance components connecting the RIS ports. This graph theoretical modeling
lays down the foundations for developing new efficient BD-RIS architectures.

Second, we derive a necessary and sufficient condition for a BD-RIS architecture to
achieve the performance upper bound in MISO systems. Consequently, we characterize
the least complex BD-RISs achieving such an upper bound. The resulting least-complexity
BD-RIS architectures are referred to as tree-connected RIS since their corresponding graph
is a tree. In addition, two specific examples of tree-connected RIS are proposed, namely
tridiagonal RIS and arrowhead RIS. Tree-connected RIS achieves the same performance
in MISO systems as fully-connected RIS with a circuit complexity significantly reduced
by 16.4 times, when 64 RIS elements are considered.

Third, we prove that there always exists one and only one global optimal solution to
optimize tree-connected RIS. To find this solution, we derive a closed-form algorithm valid
for any tree-connected architecture. With this algorithm, tree-connected RIS achieves a
performance improvement of 51.7% over single-connected RIS. We show that the proposed
algorithm is optimal in single-user as well as multi-user systems.

Fourth, we propose forest-connected RIS as an additional BD-RIS family to reach a
trade-off between performance and circuit complexity. Forest-connected RIS serves as a

bridge between single- and tree-connected RIS. We propose a low-complexity iterative

63



algorithm to optimize forest-connected RIS. Numerical results show that forest-connected
RIS achieves the same performance as group-connected RIS, while reducing the circuit
complexity by 2.4 times.

Organization: In Section |5.1] we introduce the graph theoretical modeling of BD-RIS.
In Section we derive tree- and forest-connected RIS architectures and provide two
examples of tree-connected RIS. In Section we provide a global optimal closed-form
solution to optimize tree-connected RIS and an iterative approach to optimize forest-
connected RIS. In Section we evaluate the performance of the proposed BD-RISs.
Finally, Section concludes this chapter.

The content of this chapter has appeared in [80]. For reproducible research, the code
is available at https://github.com/matteonerini/bdris-utilizing-graph-theory.

5.1 BD-RIS Modeling Utilizing Graph Theory

Consider a MISO system with an M-antenna transmitter and a single-antenna receiver,
which is aided by an N-element RIS. The N-element RIS can be modeled as N antennas
connected to an N-port reconfigurable impedance network that is characterized by the
scattering matrix ® € CNV*¥ [I6]. We assume the direct channel between the transmitter
and receiver is blocked and thus is negligible compared to the indirect channel provided
by RIS. Therefore, the overall channel h € C**™ between the transmitter and receiver
can be written as

h = hgr;®H;7, (5.1)

where hpy € CYN and Hypr € CN*M are the channel matrices from the RIS to the
receiver, and from the transmitter to the RIS, respectively. We denote the transmit signal

CMx1 ig the precoder satisfying |w| = 1 and s € C is the transmit

as X = WS, where w €
symbol with power Pp = E[|s|?]. Hence, the received signal is given by y = hx +n, where
n is the AWGN.

In BD-RIS, the RIS ports can also be connected to each other through additional
tunable admittance components. We denote the tunable admittance connecting the nth
port to the mth port as Y, ,,. According to [81], given the admittance components Y;, and

Yy, m, the (n,m)th entry of the admittance matrix Y is given by

—Yom n#m
Yl,m = : (5.2)
Yo+ psn Yok n=m
Thus, by selecting Yy, = —[Y],, ,,, and Y;, = 37, [Y], ;, we can implement an arbitrary

symmetric Y so that the admittance matrix Y and the scattering matrix ® are beyond
diagonal. Particularly, there are two special categories of BD-RIS, namely fully-connected
and group-connected RIS [16]. Due to the enhanced flexibility in Y and ®, BD-RIS is
proven to outperform single-connected RIS [16].

To model the general circuit topology of BD-RIS, we resort for the first time to graph
theoretical tools [82]. Specifically, we represent the circuit topology of BD-RIS through a
graph G = (V, £), where V represents the vertex set of G and is given by the set of indices
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of RIS ports, i.e.
V={1,2,...,N}, (5.3)

and & represents the edge set of G and is given by

E = {(ng,mg) ‘ ng,my €V, Yne,me #£0, ng # mg}. (5.4)

Thus, there exists an edge between vertex n, and vertex my if and only if there is a tun-
able admittance connecting port ny and port my, namely the fth admittance. Accordingly,
given a graph G with edge set & = {(ny, mg)}é;:l, the corresponding BD-RIS admittance
matrix has 2L non-zero off-diagonal entries, i.e. [Y]y,m, and [Y],p, for £ =1,... L,
while the other off-diagonal entries are zero. In the following, we define the circuit com-
plexity of a BD-RIS architecture as the number of tunable admittance components in its
circuit topology. Thus, the circuit complexity of a BD-RIS represented by a graph with
L edges is given by N + L since it includes N tunable admittance components connect-
ing each element to ground, and L tunable admittance components interconnecting the
elements to each other.

To better clarify our graph theoretical modeling of BD-RIS, we show a 4-element single-
connected RIS with its associated graph in Fig. (a), and four examples of 4-element
BD-RISs with their associated graphs in Fig. |5.1(b)-(e). We also use Fig. to illustrate
the graph theoretical definitions [82] that are used in this chapter, as briefly summarized

in the following.

e A graph is empty when there is no edge.

A graph is connected when there is a path, i.e., a finite sequence of distinct edges

joining a sequence of distinct vertices, from any vertex to any other vertex.

A graph that is not connected is called disconnected.

A cyclic graph is a graph containing at least one cycle, i.e., a finite sequence of
distinct edges joining a sequence of vertices, where only the first and last vertices

are equal.

A graph that is not cyclic is called acyclic, or a forest.

A tree is defined as a connected and acyclic graph.

A graph is complete when each pair of distinct vertices is joined by an edge.

A graph is simple when there is no edge with identical ends (called loops) and no

multiple edges joining the same pair of vertices.

Given these definitions, we recognize that the graph for the single-connected RIS in
Fig. [5.1(a) is empty, the graph in Fig. [5.1(b) is disconnected and acyclic, the graph in
Fig. [5.1c) is connected and acyclic, i.e., a tree, the graph in Fig. [5.1{d) is connected
and cyclic as it presents the cycle 1 — 2 — 3, and the graph for the fully-connected RIS
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Figure 5.1: Examples of 4-port BD-RIS architectures (left) and their corresponding graphs
G (right), where G is (a) empty, (b) disconnected and acyclic, (¢) connected and acyclic,
i.e., a tree, (d) connected and cyclic, (e) complete.

in Fig. [5.1(e) is complete. In addition, graphs associated with BD-RIS are always sim-
pleﬂ Therefore, graph theory is effective to characterize and model the circuit topology
of BD-RIS and the corresponding admittance matrix Y.

Utilizing graph theory, we propose two novel families of BD-RIS with remarkable
properties, which are referred to as tree-connected RIS and forest-connected RIS, in the

following section.

Tn this chapter, we consider graphs where the edges are not oriented since we assume the RIS to have
a reciprocal reconfigurable impedance network. BD-RIS architectures with non-reciprocal reconfigurable
impedance networks could be modeled through directed graphs, i.e., graphs with oriented edges, but are
beyond the scope of this chapter.
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5.2 BD-RIS Architecture Design Utilizing Graph Theory

5.2.1 Tree-Connected RIS

As a starting point, we investigate how the graph of BD-RIS influences the system perfor-
mance. To that end, we formulate the BD-RIS optimization problem for MISO systems
utilizing graph theory. Specifically, we assume the BD-RIS is lossless and purely suscep-
tive and aim to maximize the received signal power Pr = Pr |hR[@H]TW|2 by jointly

optimizing w and (-)ﬂ Thus, we can formulate the problem as

max Pr|hp®Hrw|? (5.5)

O,w

st. © = (I1+;ZB) ' (I1—;ZB), (5.6)
B=B' BeBg, |w|=1, (5.7)

where Bg represents the set of possible susceptance matrices of BD-RISs characterized by
the graph G = (V,€) and is written as

Bg ={B|Blnm=0n#m,nmeV,(nm)¢E} (5.8)

which means that an off-diagonal entry is zero if there exists no corresponding edge in
the graph. The graph G is fixed in — since the interconnections between the RIS
elements are fixed to avoid additional circuit complexity. Note that problem —
considers the optimization of the RIS based on the instantaneous channel, as typically
performed in related literature [13].

From —, we can deduce that the maximum received signal power depends on
the graph of the BD-RIS. Specifically, when the graph G has more edges, the susceptance
matrix B is more flexible so that the maximum received signal power is higher. However,
the enhanced performance is achieved at the expense of higher circuit complexity (more
connections from the increased number of edges). Thus, it is worth designing the graph
of BD-RIS to achieve the best performance with the least complexity.

To that end, we first consider the case that the graph G is complete, that is the fully-
connected RIS. As shown in [16] and [75], maximum ratio transmission (MRT) gives the
optimal w and subsequently the fully-connected RIS can achieve the upper bound of the

received signal power given by
Pr = Pr|bg|* [Hir|, (5.9)

following the sub-multiplicativity of the ls-norm and that ®7@® = I. Leveraging this
upper bound, herein we define a BD-RIS that achieves the performance upper bound
Pr, for any channel realization as MISO optimal. Thus, the fully-connected RIS is MISO
optimal. More generally, the following lemma provides a sufficient and necessary condition
for a BD-RIS to be MISO optimal.

2Maximizing the received signal power or the achievable rate are equivalent problems in single-user
systems. Thus, we consider the received signal power since it is independent of the noise power.
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Figure 5.2: Tridiagonal RIS with N = 8.

Lemma 1. A BD-RIS with associated graph G is MISO optimal if and only if G is a

connected graph.
Proof. Please refer to Appendix [5.6.1] O

Using Lemma (I, we have the following proposition providing the least complexity for
MISO optimal BD-RIS.

Proposition 3. The minimum number of edges in the graph of a MISO optimal BD-RIS
is N — 1, with N denoting the number of RIS elements.

Proof. Please refer to Appendix O

Remarkably, a connected graph G on N vertices with N — 1 edges is a tree. To
show this, we observe that removing any edge from G makes the graph disconnected
because of Proposition (3l Thus, G cannot have a cycle and must be a tree (connected and
acyclic). Therefore, to minimize the BD-RIS circuit complexity while maintaining optimal
performance, we propose tree-connected RIS as BD-RIS whose corresponding graph is a
tree. According to this definition, tree-connected RIS includes N admittance components
connecting each port to ground and N — 1 admittance components interconnecting the
ports to each other, yielding a total of 2N — 1 admittance components, which is much less
than the N(N + 1)/2 admittance components in fully-connected RIS.

5.2.2 Two Examples of Tree-Connected RIS

Tree-connected RIS refers to a family of BD-RISs, including multiple possible architec-
tures. To clarify the concept of tree-connected RIS, in this subsection we provide two

specific examples of tree-connected RIS, referred to as tridiagonal and arrowhead RIS.

Tridiagonal RIS

We define tridiagonal RIS as tree-connected RIS whose graph G is a path graph. In graph
theory, the degree of a vertex is defined as the number of edges incident with it, and a
path graph is defined as a graph where two vertices have degree one and all the others (if
any) have degree two [82]. The vertex set of the graph associated with tridiagonal RIS is
defined as

VI — fn) no, . nn}, (5.10)

and the edge set can be expressed accordingly as
EM = {(ng,nes1)|=1,...,N —1}. (5.11)
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Figure 5.3: Arrowhead RIS with N = 5 where port 1 is the central vertex.

Interestingly, the tridiagonal architectures have also been proposed to realize low-complexity
impedance matching networks for multiple antenna systems [81]. In Fig. we provide
an illustrative example of tridiagonal RIS with N = 8. As a consequence of such architec-
ture, the susceptance matrix of tridiagonal RIS is symmetric and tridiagonal ([B]; ; = 0 if

li —j| > 1), written as

[B],, [Bli, 0 ]

B = [B?I,Q [B]2,2 : ) (5.12)
: B - [B]N—l,N
L 0 [B]N—l,N B N,N |

Note that if the port indexes in VT are permuted, B is a permuted tridiagonal matrix.

Arrowhead RIS

We define arrowhead RIS as tree-connected RIS whose graph G is a star graph. In graph
theory, a star graph is defined as a graph where at most one vertex, called central, has
degree greater than one and all the others have degree one [82]. Accordingly, the vertex

set of the graph associated with arrowhead RIS is defined as
PhArrow {e,n1,n9,...,nN_1}, (5.13)
where ¢ denotes the central vertex, while the edge set is consequently expressed as
EATTOY — f(emg)|[£=1,...,N —1}. (5.14)

In Fig. we provide an illustrative example of arrowhead RIS with N = 5 where port
1 is the central vertex. As a consequence, the susceptance matrix of arrowhead RIS is

symmetric and arrowhead ([B]; ; = 0if i # ¢, j # ¢, and i # j) [83]. Assuming port 1 is
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the central vertex, the susceptance matrix of arrowhead RIS can be written as

([B],, [Bl., Bl y |
B — [Bh,z [31272 0 . (5.15)
B,y 0 Bl |

Note that if the central vertex is not port 1, B is a permuted arrowhead matrix.

It should be noted that all tree-connected RISs satisfy the necessary condition to be
MISO optimal and contain the same number of tunable admittance components. Thus,
tridiagonal and arrowhead RIS have the same circuit complexity and MISO optimality. In
practice, we can select the suitable tree-connected RIS architecture according to the use
case. On the one hand, tridiagonal RIS can be easily implemented with cables or tapes,
thanks to the path graph circuit topology, so it enables the practical development of tree-
connected RIS with ULAs. In addition, tridiagonal RIS is the tree-connected architecture
that minimizes the length of the interconnections since it connects only adjacent RIS ele-
ments. On the other hand, arrowhead BD-RIS is more suitable to develop tree-connected
RIS with UPAs.

5.2.3 Forest-Connected RIS

To further reduce the circuit complexity of tree-connected RIS, especially for the large-
scale case, we propose forest-connected RIS. A forest-connected RIS is defined as a BD-RIS
where the N RIS elements are divided into G = N/N¢g groups with group size Ng and
each group utilizes the tree-connected architecture (i.e. the graph for each group is a tree
on Ng Vertices)ﬂ Therefore, the graph G associated with the forest-connected RIS is a

forest, and the corresponding vertex and edge sets can be represented as
V=US 1V, €=U 8, (5.16)

where V, and &; denote the vertex and edge sets of the graph associated with the gth
group for g =1,...,G, with V,, NV, =0 for all g; # go.

More specifically, the tree-connected architecture for each group in the forest-connected
RIS can be either tridiagonal or arrowhead. When the tridiagonal architecture is used,

the vertex and edge sets of the graph associated with forest-connected RIS are defined as
Tri G
VFOIl‘eSt = Ug:l {ng,la Ng2,... 7ng,NG} s (517)

gTri _ UgGZI {(ng,ﬁyng,€+1) ‘ ! = 17 . 7NG — 1}, (518)

Forest —

similarly to (5.10) and (5.11). Accordingly, the susceptance matrix of forest-connected
RIS with tridiagonal architecture for each group is block diagonal with each block being

symmetric and tridiagonal. On the other hand, when the arrowhead architecture is used,

3Note that the tree-connected RIS is a special case of the forest-connected RIS, i.e., with G = 1. This
is consistent with the fact that in graph theory a tree is a special case of forest.
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the vertex and edge sets of the graph associated with forest-connected RIS are defined as

Vi = UGy {eging1,ng2, - g Ng—1} 5 (5.19)
EATY = U9 {(eqimg)| €= 1,...,Ng — 1} (5.20)
Forest g=11\Cgs Mgt y e VG ) .

where ¢, is the index of the central vertex for the gth group, similarly to and .
Accordingly, the susceptance matrix of forest-connected RIS with arrowhead architecture
for each group is block diagonal with each block being symmetric and arrowhead.

The forest-connected RIS achieves a good performance-complexity trade-off between
the single-connected and the tree-connected RIS. Note that the single-connected and tree-
connected RIS can be viewed as two special cases of the forest-connected RIS, with Ng = 1
and Ng = N, respectively. In addition, forest-connected RIS is equivalent to group-
connected RIS when Ng = 2 [16]. The number of tunable admittance components in
forest-connected RIS with group size Ng is N(2 — 1/Ng).

5.3 Optimization of Tree- and Forest-Connected RIS for
MISO Systems

In this section, we optimize tree-connected and forest-connected RIS to maximize the
received signal power in MISO systems. For tree-connected RIS, we show that any tree-
connected RIS is MISO optimal and provide a closed-form global optimal solution. For

forest-connected RIS, we provide a low-complexity iterative solution.

5.3.1 Tree-Connected RIS Optimization

The tree-connected RIS optimization to maximize the received signal power in MISO
systems can be formulated as — plus a constraint that graph G is a tree. Recall
that the received signal power in BD-RIS-aided MISO systems is upper-bounded by Pr =
Pr||hg|? |[Hz||?. In the following, we prove that there is always one and only one
solution for the optimal susceptance matrix B of tree-connected RIS to achieve the upper
bound P, and propose an algorithm to find such optimal B.

Considering an RIS implemented through a reciprocal and lossless circuit, the key
to achieving the upper bound Pg given by is to find a complex symmetric unitary
matrix @ satisfying

hi, = Ou;r, (5.21)

where hg; = hr;/ |lhgr|| and urr = upax(Hrr) is the dominant left singular vector of

H Hﬂ Substituting (2.5)) into (5.21)), we can equivalently rewrite (5.21)) as

(I+jZoB)hi, = (1—jZyB) u;r, (5.22)

iCondition (5.21) is derived by considering Pr < PTHmHax bz |OHrx|? <
x||=1

PTHm\?X |he:|? ||©Hrr|? |x]|>. Note that the equality holds in the two inequalities when h%; is
x||=1

equal to the dominant left singular vector of @ Hjr, i.e., Oujr.
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which can be expressed in a compact form as
Ba =3, (5.23)

where a = j Zy (uIT + flgl) e CN*land B =usr — flgl € CNX1. The equation in
is composed of N linear equations with 2N — 1 unknowns. The linear equation coefficients
a and B are complex vectors, while the 2N — 1 unknowns are real since they are the
entries of the susceptance matrix B of the tree-connected RIS, which are not constrained
to be zero as shown in and . We aim to solve as it is a sufficient and
necessary condition to achieve the performance upper bound Pgr. To that end, we rewrite

(5.23) as 2N linear equations with real coefficients and 2N — 1 real unknowns, namely

B

a=Dh, (5.24)

o [%{O‘} ] b= [%{5} ] . (5.25)

To solve ((5.24)), we further rewrite the equation such that the 2N — 1 real unknowns are

explicitly collected in a vector x € REN-1x1,

whose graph has an edge set £ = {(ng,mg)}évzjl such as (5.11)) or (5.14), the 2N — 1 real
unknowns are collected as

Specifically, given a tree-connected RIS

T
x = Bl Bl s Bl - Bluy | (5.26)

where [B],,,, for n = 1,..., N denote the N diagonal entries of B and [B],, m, for £ =
1,...,N — 1 denote the N — 1 off-diagonal entries of B specified by the edge set of graph.
Accordingly, ([5.24]) can be equivalently rewritten as

Ax = Db, (5.27)
where A € RZV*2N=1) ig the coefficient matrix given by

R{AL} R{As} ] (5.28)

S{A1} S{Az}

where A; € CV*N and Ay € CV*V-1) Because the real and imaginary parts of A,
are multiplied by the N diagonal entries of B in (5.27)), to build the equivalence between
(5.24) and (5.27]), Ay should be given by

A, = diag (o) . (5.29)

On the other hand, the real and imaginary parts of Ay are multiplied by the N — 1 off-

diagonal entries of B including [B],, ., +---,[Bl,, | m,_,- For this reason, the structure

72



Algorithm 4 Closed-form global optimization of tree-connected RIS for MISO systems
Input: hgr; € ClXN, H;r € CNxM
Output: B.

1: Obtain flR[ = Hﬂ%”’ U7 = Upmax (Hyp).

2: Obtain a = jZj (uIT + flgl), B=um — flg].

3: Obtain A; and Ay by and , respectively.
4: Obtain A and b by (5.28) and (5.25)), respectively.

5 Obtain x = (ATA) ' ATb,

6: Obtain B by .

7: Return B.

of Ay depends on how the RIS ports are connected to each other, that is the specific graph
associated with the tree-connected RIS. Accordingly, the entry of the fth column of A,
for{=1,...,N —1is given by

[al,, ifk=my
[Ao] ke = [&m, ifk=mn, - (5.30)

0 otherwise

Remarkably, the constraint on the tree-connected architecture, i.e., the position of the
non-zero elements of B, is dealt with by properly constructing As as in (5.30)).

The following proposition provides a useful property of tree-connected RIS, which we
can leverage to solve the linear equations .

Proposition 4. For any tree-connected RIS with N elements, the coefficient matriz A €
R2NXCN=Y has full column rank, i.e., r (A) = 2N — 1.

Proof. Please refer to Appendix O

According to Proposition [4] the linear equations ([5.27) has one solution or no solu-
tion [84]. Furthermore, we show that it has exactly one solution by using the following

proposition.

Proposition 5. For any tree-connected RIS with N elements, the augmented matric
[A|b] € R2V*2N has rank r ([A|b]) = 2N — 1.

Proof. Please refer to Appendix O

According to the Rouche-Capelli theorem [84], a system of linear equations is consistent
if the rank of the coefficient matrix A is equal to the rank of the augmented matrix [A|b].
Thus, according to Proposition [5], the system of linear equations is consistent and
has exactly one solution. As a result, we can find the solution of as x = Afb,
where AT = (ATA)_1 AT is the Moore-Penrose pseudo-inverse of A, and subsequently
the optimal susceptance matrix B of the tree-connected RIS can be found through .

To conclude, we prove that for any tree-connected RIS there is always one and only

one global optimal solution for the susceptance matrix B to achieve the upper bound Pg
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for any channel realization. In Alg. 4l we summarize the steps required to optimize tree-
connected RIS for MISO systems. Interestingly, Alg. 4] can be used to globally optimize
tree-connected RISs in single-user MIMO and multi-user MISO systems. More precisely,
in single-user MIMO systems using single-stream transmission, the received signal power
is maximized by applying Alg. [4]to the vectors vrr and u;r, with vy being the dominant
right singular vector of Hp;. In addition, in multi-user MISO systems, the sum power is
maximized by applying Alg. [4]to trs Iz}nd ujr, with tpr being the dominant right singular
vector of Grr = [thl,...,thU} , where hpgr, € C™N denotes the channel from
the RIS to the uth receiver. The computational complexity of Alg. [ is driven by the
complexity of Step 5, i.e., it is the complexity of computing the inverse of ATA. Since
ATA € RGN=DxEN-1) " the computational complexity of Alg. [4]is O(8N3).

5.3.2 Forest-Connected RIS Optimization

The forest-connected RIS optimization to maximize the received signal power in MISO

systems is formulated as

max Pr |hp®Hrw|? (5.31)
st. ©=(I+;ZB) ' (1—;ZB), (5.32)
B = diag (B4, ...,Bg), (5.33)
B, =B}, B, € Bgy, Vg, |w| =1, (5.34)

where the susceptance matrix B of the forest-connected RIS is a block diagonal matrix

with By being the gth block and Bg 4, represents the set of the gth block written as
Bg,g = {Bg| [Bg] n,m — O»” 7& m,n,m € Vg> (nvm) ¢ 59} ) (535)

where V, and &, are the vertex and edge sets of the graph for the gth groupforg =1,...,G.
Specifically, V, and &, can be found by (5.17)) and (5.18]) when the tridiagonal architecture
is used for the gth group, or by and when the arrowhead architecture is used.

Different from optimizing the tree-connected RIS, it is hard to find a tight upper bound

on the received signal power in forest-connected RIS-aided MISO systems due to block
diagonal characteristics of the susceptance matrix, which makes it hard to derive a closed-
form global optimal solution. To solve the challenging forest-connected RIS optimization
problem, we propose an iterative optimization approach, where the precoder w and the

RIS susceptance matrix B are alternatively optimized.

Optimizing B with Fixed w

When the precoder w is fixed, we introduce hﬁﬂ = H;rw as the effective channel between
the transmitter and RIS so that the forest-connected RIS-aided MISO system is equiva-

lently converted to a forest-connected RIS-aided SISO system. Thus, we can equivalently
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Algorithm 5 Optimization of forest-connected RIS for MISO systems
Input: hgr; € ClXN, H;r € CNxM
Output: B and w.

1: Initialize w.

2: while no convergence of objective do

3:  Update By by Alg. 1 with input hgy g, h?f%g, Yg.
4:  Obtain © from B = diag (B1,...,Bg) by (2.5).
5. Update w = (hgr®H;7)? /|hg;®H 7.

6: end while

7

: Return B and w.

rewrite the problem (5.31)-(5.34) as

2

G
max Pr|Y hgr,0/hir 5.36
o, gzl 9g~gIT,g ( )
st. ©, = (I+jZoB,) ' (I-7ZB,), (5.37)
B, =By, By € By, Vg, |w] =1, (5.38)

where hgrr, € C™Ne and h‘}%g € CNex1 consist of the Ng entries of hgr; and hﬁ
corresponding to the RIS elements of the gth group, respectively [16]. To solve the problem
—, we first consider the case that the graph for each group is complete, that is
the group-connected RIS where B, can be arbitrary symmetric matrix. As shown in [16]
and [75], the received signal power in the group-connected RIS-aided SISO system, i.e.
Pr ‘25:1 hRI,g@ghﬁ,gFa is upper bounded by

2

G
Pif = Pr (3 sl B | | - (5.39)
g=1

The key to achieve such upper bound (/5.39) is to find complex symmetric unitary matrices
®, for g = 1,...,G satisfying

1leHI,g = Ggljl?]{:gv ng (540)

where flR]’g = hgrry/||hrrgy| and fl(}%g = h‘}%g/||h§%g||. Recall that each group in the
forest-connected RIS utilizes the tree-connected architecture. Thus, referring to the tree-
connected RIS optimization shown in Section [5.3.1] it is straightforward to show that for
each group of the forest-connected RIS there is always one and only one solution for B
whose corresponding @, satisfying , so that the upper bound can be achieved.
Moreover, the optimal B, for each group can be found by Alg. [4] with the input of the
channels hr;, and h‘}% o Therefore, the susceptance matrix B of the forest-connected
RIS can be globally optimized to achieve the upper bound when w is fixed.
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Optimizing w with Fixed B

When the RIS susceptance matrix B is fixed, it is obvious that the optimal w is the
MRT given by w = (hg;®H/r)?/ |hgr®H,7||, where © can be computed by as a
function of B.

The precoder w and the RIS susceptance matrix B are alternatively optimized until
convergence of the objective . We summarize the steps to optimize forest-connected
RIS in MISO systems in Alg. ] The iterative algorithm is initialized by randomly setting
w to a feasible value. In addition, the convergence of Alg. [5|is guaranteed by the following
two facts. First, at each iteration, the objective given by the received signal power Pgr
is non-decreasing. Second, the objective function is upper bounded by Pr ||hg||? [|H 7|
because of the sub-multiplicativity of the spectral norm. The computational complexity
per iteration of Alg.[5]is driven by the complexity of Step 3, i.e., it is the complexity of ap-
plying N/Ng times Alg. to an Ng-element BD-RIS. Thus, the computational complexity
per iteration of Alg. [5|is O(8NNZ).

5.4 Performance Evaluation

In this section, we provide the performance evaluation for the proposed tree- and forest-
connected RIS. We consider a two-dimensional coordinate system, where the transmitter
and receiver are located at (0,0) and (52,0) in meters (m), respectively. The RIS is
located at (50,2) and it is equipped with N elements. For the large-scale path loss, we
use the distance-dependent path loss modeled as L;;(d;j) = Lo(d;j/Do)~ %, where Lg is
the reference path loss at distance Dy = 1 m, d;; is the distance, and «;; is the path loss
exponent for ij € {RI,IT}. We set Ly = —30 dB, arr = 2.8, ayp = 2, and Ppr = 10
mW. For the small-scale fading, we assume that the channel from the RIS to the receiver

is Rayleigh fading. The channel from the transmitter to the RIS is modeled with Rician

K 1
Hir = Lir |\ ——=HE + [ ——H}S 5.41
IT IT( 1T K T T 1+ KT ; ( )

where K refers to the Rician factor, while HES and vec(HYES) ~ CA (0, 1) represent the
small-scale LoS and NLoS (Rayleigh fading) components, respectively. We consider two
scenarios, with Rician factor K = 0 dB and K = 10 dB.

We first evaluate the performance of the tree-connected RIS to verify that it is MISO

fading, given by

optimal. Specifically, the tree-connected RIS is optimized through Alg. 4] and compared
with the performance upper bound achieved by the fully-connected RIS. We recall
that in the fully-connected RIS, all the RIS ports are connected with each other, so that
B is an arbitrary symmetric matrix and © satisfies . In Fig. |5.4] we provide the
received signal power achieved in MISO systems aided by fully- and tree-connected RIS.
We can make the following observations. First, as expected, the tree-connected RIS can
always achieve the performance upper bound. However, it has much lower circuit com-

plexity than the fully-connected RIS, which will be quantitatively shown in the following.
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Figure 5.4: Received signal power in MISO systems aided by fully- and tree-connected
RIS.

Second, higher received signal power can be obtained by increasing the number of transmit
antennas M for both fully- and tree-connected RIS. Last, Rician fading channels with a
lower Rician factor offer richer scattering, allowing to reach a slightly higher performance.

We next evaluate the performance of the forest-connected RIS. Specifically, the forest-
connected RIS is optimized through Alg. [5| and it is compared with tree-, group-, and
single-connected RIS. For the group-connected RIS, we recall that the N elements are
divided into G groups and all the RIS ports within the same group are connected with
each other, so that B is a symmetric block diagonal matrix and © satisfies . In
Figs. and we provide the received signal power in MISO systems aided by tree-,
group-, forest-, and single-connected RIS, with M = 2 and M = 8, respectively. Group-
connected and single-connected RIS are optimized as proposed in [75, Alg. 2]. We can
make the following observations. First, the forest-connected RIS can always achieve the
same received signal power as the group-connected RIS with the same group size. However,
it has a much lower circuit complexity than the group-connected RIS with the same group
size, as quantitatively shown in the following. Second, the forest-connected RIS achieves a
higher received signal power than the single-connected RIS. For example, forest-connected
RIS with group size 8 brings an improvement in the received signal power of 44.6%, when
M =2, N =64, and K = 0 dB. On the other hand, it achieves a lower received signal
power than the tree-connected RIS due to the simplified circuit complexity. Therefore, it
is shown that the forest-connected RIS achieves a good performance-complexity trade-off
between the single- and tree-connected RIS. Third, the received signal power increases
with the group size in the forest-connected RIS, which is because increasing the group size
can provide more flexibility to the BD-RIS. Fourth, higher received signal power can be
obtained by increasing the number of transmit antennas M. Last, BD-RIS is particularly
beneficial over single-connected RIS in the presence of fading channels with lower Rician
factors, in agreement with [16].

We finally evaluate the circuit topology complexity of the proposed tree- and forest-
connected RIS. As analyzed in Section the circuit topology complexity in terms of the

number of the tunable admittance components of the tree- and forest-connected RIS is
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Figure 5.5: Received signal power in MISO systems aided by tree-, group-, forest-, and
single-connected RIS, with M = 2.
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Figure 5.6: Received signal power in MISO systems aided by tree-, group-, forest-, and
single-connected RIS, with M = 8.

2N—1and N(2—1/Ng), respectively. For comparison, we also consider the circuit topology
complexity of fully-, group-, and single-connected RIS, given by N(N+1)/2, N(Ng+1)/2,
and N, respectively [16]. In Fig. we provide the number of tunable admittance com-
ponents in the fully-, group, tree-, forest-, and single-connected RIS. We can make the
following observations. First, compared with the fully-connected RIS, the tree-connected
RIS has much lower circuit topology complexity. For example, the number of tunable
admittance components is decreased by 16.4 times when N = 64 in the tree-connected
RIS compared to the fully-connected RIS, but they achieve the same performance. Sec-
ond, compared with the group-connected RIS with same group size, the forest-connected
RIS has much lower circuit topology complexity. For example, the number of tunable
admittance components is reduced by 2.4 times when N = 64 in the forest-connected
RIS compared to the group-connected RIS with group size 8, but they achieve the same
performance. Third, increasing the group size in the forest-connected RIS will increase the
number of tunable admittance components while also enhancing the performance. Fourth,
compared with the single-connected RIS, the tree- and forest-connected RIS introduce

appropriate complexity but achieves an improvement in the received power.
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Figure 5.7: Circuit topology complexity, i.e., the number of tunable admittance compo-
nents, of fully-, group-, tree-, forest-, and single-connected RIS.

To conclude, we demonstrate that the benefit of the tree-connected (resp. forest-
connected) RIS over the fully-connected (resp. group-connected) RIS lies in their highly
simplified circuit complexity while maintaining optimal performance. Therefore, the
proposed tree- and forest-connected architectures significantly improve the performance-

complexity trade-off over existing BD-RIS architectures.

5.5 Conclusion

We propose novel modeling, architecture design, and optimization for BD-RIS by utilizing
graph theory. In particular, we model BD-RIS architectures as graphs, capturing the pres-
ence of interconnections between the RIS elements. Through this modeling, we prove that
a BD-RIS achieves the performance upper bound in MISO systems if and only if its associ-
ated graph is connected. This remarkable result allows us to characterize the least complex
BD-RIS architectures able to achieve the performance upper bound in MISO systems, de-
noted as tree-connected RIS. We also propose forest-connected RIS to bridge between
the single-connected and the tree-connected architectures. To optimize these novel BD-
RIS architectures, we derive a closed-form global optimal solution for tree-connected RIS,
and an iterative algorithm for forest-connected RIS. Numerical results confirm that tree-
connected (resp. forest-connected) RIS achieve the same performance as fully-connected
(resp. group-connected) RIS, with a significantly reduced circuit complexity by up to
16.4 times. We leave the optimization and performance evaluation of the proposed tree-
and forest-connected RISs in other scenarios such as multi-user systems as the object of
future research. In addition, the study of the optimal graph topologies in the presence
of hardware impairments, such as mutual coupling, also constitutes an interesting future

direction.
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5.6 Appendix

5.6.1 Proof of Lemma [

We prove the necessary condition by showing that if G is not a connected graph, the
corresponding BD-RIS is not MISO optimal. If G is disconnected, it has C' > 2 con-
nected components, where the cth component includes N© ports, for ¢ = 1,...,C, with
2521 N© = N. With no loss of generality, we assume that each component includes
adjacent ports. Thus, the admittance matrix Y given by is block diagonal, with the
cth block having dimensions N(© x N(©) for ¢ =1,...,C. As a consequence of , also
the scattering matrix © is block diagonal, and writes as ® = diag (®1,...,0¢), where
O, CN(C>XN(C>, for c =1,...,C. Thus, the received signal power in the case of a
disconnected graph G is

2

C
> hprOH W
c=1

P}]gisc _ PT (542)

)

where hpr . € C*N and H;r. € CNXM contain the N(© elements of hg; and rows of
H ;7 corresponding to the N (©) RIS elements grouped into the cth component, respectively.
The received signal power P}%iSC is upper bounded by

C 2
PReC = Pr (Z Rl HHIT,cW||> : (5.43)

c=1

following the Cauchy-Schwarz inequality and that @f O.=1 forc=1,...,C. Further-
more, it holds that

o (@) () _
PReC < Prlbhgr|® [Hrrw|* < Pr, (5.44)

where (a) follows by the Cauchy-Schwarz inequality and (b) follows by the definition of
the spectral norm. Note that (b) is an equality if and only if w is the dominant right
singular vector of Hyp. However, (a) is in general a strict inequality if w is the dominant
right singular vector of Hyp, which thus proves the necessary condition of the lemma.

On the other hand, we prove the sufficient condition by showing that if G is a connected
graph, the corresponding BD-RIS is MISO optimal. This is straightforward to prove
because 1) for a connected graph, we can always remove some edges to make it a tree, i.e.
setting the corresponding off-diagonal entries of B zero, 2) there exist one and only one
solution for any RIS whose associated graph is a tree to achieve the performance upper
bound (i.e., to be MISO optimal) as shown in Section [5.3.1}

5.6.2 Proof of Proposition

Applying Lemma |1}, we need to prove that a connected graph with N vertices has at least
N — 1 edges. This is achieved by induction. The base case is easily verified: a connected
graph with a single vertex has at least zero edges. As the induction step, we consider
a connected graph with N vertices. From this graph, we remove edges (at least one)

until we obtain a disconnected graph with two connected components. Assuming the two
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components have K and N — K vertices, they have at least K —1 and N — K — 1 edges by
the induction hypothesis, respectively. Since we removed at least one edge to disconnect
the graph, it had originally at least (K — 1)+ (N — K —1)+ 1= N — 1 edges.

5.6.3 Proof of Proposition

This proof is conducted by induction. As the base case, we consider the only tree-connected
RIS that can be realized with N = 2 ports. This RIS includes two tunable admittance
components connecting the two ports to ground and a further tunable admittance con-
necting the two ports to each other.

Based on the susceptance matrix B € R?*2, the left-hand side of the system ([5.27) is
built by setting x = [[B]1.1, [B]2.2, [B]1.2]7. Accordingly, A € R**3 is given by with
A, € C¥2 asin and Ay € C*¥! given by As = [[a]s, [a]1]T. Thus, it is easy to
recognize that A has in general full column rank, i.e., 7 (A) = 3. The proposition is hence
verified for the case N = 2.

As the induction step, we prove that if the proposition is valid for RISs with N — 1
ports, it also holds for RISs with N ports. We consider a tree-connected RIS with N — 1

elements, whose coefficient matrix is given by

N-1) _ [ R G S
A =15 {A(N_l) 5 AéN_l)} . (5.45)
To this (N — 1)-port tree-connected RIS, we connect an additional port creating an N-
port tree-connected RIS. With no loss of generality, we assume that the additional port is
connected to the (N — 1)th port through a tunable admittance. In this way, the resulting

N-port BD-RIS has the coefficient matrix

AN o2 L s -1, (5.46)

On_
AgN) S Bt S Ol DES ] , AgN) = [a]N , (5.47)

with Orxc denoting an R x C' all-zero matrix. To prove the induction step, we need to
show that 7(A(N=1) = 2(N — 1) — 1 implies 7(AN)) = 2N — 1. To this end, AN is

rewritten as

O(N—2)x1
AN-1) 02 —2)x1 R{la]y}
AN o -2 : (5.48)
. Siledyt
Ou 2n—3) {la]y} R { [a]N—l}
L S{laly} %{[a]N—l} J



by applying appropriate row and column swapping operations. From , we notice that
if A(V=1) has full column rank and the vectors [R {[a] v}, S {[e] v} and [R {[edy_1} .S {[edy_1}]
are linearly independent, then A™®) has full column rank. Since [R {[a]y}, S {[a]y}] and
[§R {[a] N—l} , S {[a] N—1 }] are in practice linearly independent with probability 1, the

induction step is proven and the proof is concluded.

5.6.4 Proof of Proposition

To prove that r ([A|b]) = 2N — 1, we show that it is always possible to obtain a zero row
in [A|b] by applying appropriate row operations. Firstly, we execute on [A|b] the N row

operations
S{lal,}
e , 5.49
forn=1,..., N, where r,, denotes the nth row of [A|b]. The resulting matrix is given by

[Alb] ~ |- Riai} R{Aq} R{B} : (5.50)

where we introduced A’ € RV*(N=1 and b’ € RV*!. The matrix A’ has exactly two

non-zero elements in each column, in the same positions as the non-zero elements in As.

Specifically,
, . ~ {ied,,}
[A ]ng,@ - ‘S{[a]m[} %{[a]neiﬁ{[a]m[} )
' —g _ e (5.51)
(A =9{lad, } -~ {[a]w}m{[a]w} ,
[A/]p,e = Oavp 7& my, Ny,
for{=1,...,N — 1, with ny, and m, being the row indexes of the two non-zero elements

in the ¢th column of Ay. The vector b’ writes as

(\/
b] =343, _SHladut g a1, 5.52
], =3{8],} ®ilal} {[8],.} (5.52)
forn=1,..., N. Secondly, we execute on the resulting [A|b] the N row operations
rven = R{Ja],}on (5.53)

forn=1,..., N, followed by the N — 1 row operations

roN =IraN +TNin, (5.54)

forn=1,..., N — 1. The resulting matrix is given by

[Alb] ~ R{A} R{A} R{B} : (5.55)

where we introduced A” € RV*N=1 and b” € RVX!,
We now show that (5.55) has rank 2N — 1 since its 2Nth row is all-zero. To this end,
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we need to prove that [A”]y, =0, for £ =1,...,N — 1, and that [b"],, = 0. Indeed, we

have
o W e} W0 e

for ¢ =1,...,N — 1, with ny and my being the row indexes of the two non-zero elements

in the /th column of As. Furthermore, the Nth entry of vector b” is given by

N N
"]y =Y R{lal,} [b], =D R{lal,} 3{8],} — ${la,} R{3],}, (5.57)
n=1 n=1

where

R{lal,}S{[8],} — S{la],} ®{[B],} (5.58)
% <% {[B5] )~ s ttuml, 2 + 0 {[0f] 1w {[u,T]n}2> (5.59)
iz (|[6th] [ - el ). (5.60)

Thus, recalling that ||ht |2 = 1 and |lurr|? = 1, we have
" ; || 2
[b"] 5 =iZ0 HhRIH — [asr[|” ) =0, (5.61)

proving that the 2Nth row of (5.55|) is all-zero.
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Chapter 6

Performance-Complexity Trade-offt
in BD-RIS

When designing new BD-RIS architectures, the critical issue is the trade-off between per-
formance and circuit complexity, given by the number of tunable impedance components
in the BD-RIS architecture [16l [80]. On the one hand, the single-connected RIS is the
architecture with the lowest circuit complexity since there are no interconnections among
the RIS elements. Due to its limited flexibility, the single-connected RIS can only achieve
a reduced performance. On the other hand, the fully-connected RIS has the highest circuit
complexity since each RIS element is connected to all others through a tunable impedance
component, enabling the highest performance. Several BD-RIS architectures have been
proposed to trade performance and complexity. However, the fundamental limits of this
trade-off are still unexplored. To fill this gap, we investigate how to optimally trade the
achievable performance and the circuit complexity in BD-RIS architectures.

The contribution of this chapter is twofold. First, we derive the Pareto frontier for
the performance-complexity trade-off offered by BD-RIS in SISO systems. Second, we
characterize the optimal BD-RIS architectures allowing to achieve this Pareto frontier.

Organization: In Section we formulate the problem of finding the Pareto frontier
of the performance-complexity trade-off enabled by BD-RIS. In Section we derive the
expression of the Pareto frontier. In Section we show the numerical results. Finally,
Section [6.4] concludes this chapter.

The content of this chapter has appeared in [85]. For reproducible research, the code

is available at https://github.com/matteonerini/pareto-frontier-for-bdris.

6.1 Problem Formulation

Consider a SISO communication system aided by an N-element RIS. The N elements
of the RIS are connected to a N-port reconfigurable impedance network, with scattering
matrix @ € CV*N. Defining 2 € C as the transmitted signal and y € C as the received
signal, we have y = hax 4+ n, where h € C is the wireless channel and n € C is the AWGN
at the receiver. Assuming that the direct link between the transmitter and the receiver

is negligible compared to the RIS-aided link, the channel h writes as h = hgr®hy, where
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hr € C*N and hy € CV*! refer to the channels from the RIS to the receiver and from
the transmitter to the RIS, respectively [16]|H We assume independent and identically
distributed (i.i.d.) Rayleigh channels to obtain fundamental insights, having unit channel
gains with no loss of generality, i.e., hg ~ CAN (0,I) and hy ~ CN (0,1).

When reconfiguring an RIS, the scattering matrix © is typically optimized to maximize

the performance given by the received signal power
Pr = Pr|hp®hr|*, (6.1)

where Pr = E[|z|?] is the transmitted signal power. Considering passive RISs with lossless
and reciprocal impedance networks, the matrix © is in general subject to the constraints
©07@ =1 and ® = OT [74]. Furthermore, additional constraints on ©, limiting the
received signal power, are present depending on the BD-RIS architecture [16] [80].
Conventional RIS, also known as single-connected RIS, is the least complex architecture

achieving the lowest performance, given by

PR = pp (ZuhR]n [hﬂnr> , (6.2)

since it includes only N tunable impedance components [I6]. In contrast, tree-connected

RIS is proved to be the least complex architecture achieving the performance upper bound
P = Pr|hgl? ||y (6.3)
R T R T ) .

with 2V — 1 tunable impedance components [80]. In this chapter, our goal is to determine
the maximum performance achievable by BD-RIS architectures with circuit complexity
C € [N,2N — 1], representing the number of tunable componentsﬂ In other words, we
want to characterize the Pareto frontier of the performance-complexity trade-off enabled
by BD-RIS. Furthermore, we are interested in which BD-RIS architectures allow us to
reach such a frontier, denoted as “optimal” BD-RIS architectures in the following.

We begin by characterizing the maximum received signal power achievable by a given
BD-RIS architecture. To this end, we consider the modeling of BD-RIS based on graph
theory developed in [80]. According to [80], each BD-RIS architecture can be described
through a graph G capturing the presence of tunable impedance components between its
RIS elements. We denote as G the number of connected components of such a graph
G, where a connected component of a graph is defined as a connected subgraph that is
not part of any larger connected subgraph [82]. Besides, N, > 1 is the number of RIS
elements included in the gth component, with Zle Ny = N. In agreement with previous
work on BD-RIS [16], we refer to the connected components of G as the “groups” of

the corresponding BD-RIS architecture. According to [80], the maximum received signal

1Since hg®hr can always be co-phased with the direct link, our conclusions are not impacted by
the direct link. In the case of a non-negligible direct link, the performance would merely be scaled up,
depending on its strength. Thus, we neglect the direct link to gain fundamental insights not depending on
its strength.

2In our analysis, we preclude BD-RISs with dynamic interconnections, since they require switches and
hence additional circuit complexity.
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power obtained by the BD-RIS associated with G is given by

2

G
Pr = Pr ZHhRgH HhT7g” J (6.4)
g=1

where hp , € C™Ng and hr, € CNo*1 contain the Ny elements of hr and hy correspond-
ing to the Ny RIS elements included into the gth group, respectively. In the case of i.i.d.
fading channels, we can assume that each group includes adjacent RIS elements with no
loss of generality, such that hg = [hgr1,...,hrg| and hy = [h%17 e h%G]T. Thus, the
maximum received signal power Pr achievable by a given BD-RIS solely depends on G
and the group sizes Ny,..., Ng.

To express the maximum received signal power Pg achievable with a circuit complexity
C as a function of C', we introduce the following three results. First, we characterize the

optimal BD-RIS architectures through the following lemma.

Lemma 2. All the optimal BD-RIS architectures have a corresponding graph being acyclic,

also known as a forest.
Proof. Please refer to Appendix O

In other words, a BD-RIS architecture can be optimal only if its graph does not contain
any cycle, i.e., a finite sequence of distinct edges joining a sequence of vertices, where only
the first and last vertices are equal [82]. Second, we use the following result from graph
theory [82].

Lemma 3. If a graph G is a forest, then it has G = N — L connected components, where

N is the number of vertices and L is the number of edges.
Proof. Please refer to Appendix [6.5.2 O
Third, by using Lemma [2] and Lemma [3] we can derive the following proposition.

Proposition 6. An optimal BD-RIS architecture with N elements and circuit complex-
ity C, with C € [N,2N — 1], has a corresponding graph with G = 2N — C connected

components.
Proof. Please refer to Appendix O

According to Proposition [6] given a circuit complexity C, the number of groups G in
the corresponding optimal BD-RIS is fixed. Thus, our problem is to find the group sizes
Ny, ..., Ng of the BD-RIS architecture that maximize the performance E []53], with fixed

G. The corresponding optimization problem is given by

E [P
% [Pg| (6.5)
G
st. Ny>1,VYg, > Ny=N, (6.6)
g=1

where G = 2N — C is fixed depending on the complexity C'.
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6.2 Pareto Frontier

We now solve problem — by rewriting and simplifying the objective , then
we use the obtained optimal group sizes V1, ..., Ng to derive the desired Pareto frontier.
To solve problem —, we assume Pr = 1 with no loss of generality and we write
the average received signal power as

G
Pr) =3 B [Ihng ]+ 3 Bllhag [P E (b0, 6.7
g=1

91792

where we exploited the i.i.d. channels assumption and the fact that hyp and hp are
identically distributed. Using the moments of the chi distribution with 2NN, degrees of
freedom, we have that E[||hg 4] = T'(N, + 1/2)/T(N,) and E[||hg4|*] = Ny, Vg, where

I'(+) is the gamma function. Thus, we can write

G 2 2
B[Pe] =) Ni+ ) (P(ggfzv;l)m) (F(Jlfg@l)m) ' o

The expression of E [PR] in can be now simplified by using the relationship

() - tmae(G)) e

given by the Laurent series expansion at M = oo [86]. Remarkably, the function (I'(M +
1/2)/T(M))? is well approximated by M — 1/4 + 1/(32M) for any positive integer M,
despite the series being computed at M = oo. Thus, we can approximate as

¢ 1 1 1 1
— N2 + ~4+— (N, — = . 1
Z I Z ( 4 " 32Ngl) ( ”oA i 32N92> (6.10)

g9=1 91792

By developing the product and reorganizing the terms, we get

1 Ngl Ngz
P = SIN;+ 3 (Moart 35
g=1 91792
Ny, Ny, 1 1 1

- - . (6.11
32N,, | 32N, 128N, 128N, +1024N91Ng2> (6.11)

+

Recalling that N, > 1, Vg, the term 1/(1024N4 Ng,) in (6.11) is negligible since it is
at least 1024 times smaller than the term Ny Ny,. Thus, omitting 1/(1024 N4 Ny,) and
completing the computations, we obtain

G(G-1) N(G—l)

E[PR]=N2+ 16 -

Ny, 1 1
- - . (612
* 922 <32Ng2 32N, 128N, 128N, ) (6.12)
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Observing that

G

2 3;\[]?71 =2 3;\[]%2 =2 ]\;Q_NNga (6.13)
q1#£92 92 gi#g 9 =1 g
1 1 “G-1
g§2 128N,, g;z 128N,, gzl 128N, (6.14)
we can eventually rewrite E [PR] as
5 G-1 G UN-G+1 1
E[PR]=N2—|-16(G—8N)—HS—|—64;NQ. (6.15)

We notice from ((6.15) that maximizing E [PR] is equivalent to maximize 25:1 1/Ny.
Thus, problem || can be equivalently expressed as

G
1
max — 6.16
Ni,...,.Ng ;Ng ( )
G
st. Ny >1,Yg, » Ny=N, (6.17)
g=1

which is solved in the following proposition.

Proposition 7. The solution to problem (6.16)-(6.17)) is given by

Ni=Ny=...=Ng_1 =1, (6.18)
Ng=N-G+1, (6.19)

up to a permutation of the group sizes.

Proof. Please refer to Appendix O
Given the optimal group sizes Ny, ..., Ng provided by Proposition [7], we can derive in

closed form the expression of the desired Pareto frontier. Specifically, plugging (6.18]) and
(6.19) into , we obtain

E[PR]=G—-1+(N-G+1)°+(G-1)(G-2)T(3/2)*

_ 2
rao- (DO=GHIDTERY’

giving the maximum performance achievable with a BD-RIS architecture having G groups.
Finally, recalling that G = 2N —C, the expression of the maximum performance achievable

with a circuit complexity C' € [N,2N — 1] is given by

E[Pg] =(C—-N)*+C+ (2N -C —1)(2N - C - 2)T'(3/2)*

- 2
L2@N—C—1) (F(CF(Zf?V/i)E)(B/Q)) . (6.21)
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Figure 6.1: Pareto frontier for the performance-complexity trade-off achieved by BD-RISs,
with NV = 64.

representing the Pareto frontier of the performance-complexity trade-off offered by BD-
RISs.

6.3 Numerical Results

In Fig. we report the Pareto frontier given by , delimiting the region of feasible
BD-RIS architecturesﬂ Specifically, the feasible region is delimited by when C' €
[N,2N — 1] since gives the maximum performance achievable with complexity C,
and by the horizontal line E[Pg] = N? when C > 2N — 1 since N? is the performance
upper bound [I6]. We fix N = 64 in Fig. to obtain a fair comparison in terms of the
space occupied by the RIS.

The derived frontier is compared with the performance-complexity trade-off achieved
by the BD-RIS architectures recently proposed in [I6], [80]. Since each BD-RIS is charac-
terized by its circuit complexity C' and average received signal power E[Pg], each BD-RIS
is represented as a point in Fig. With coordinates (C, E[Pg]). More precisely, we report

group- and forest-connected RISs, both achieving a performance

5[] = 2 ge (F<N/G+1/2>>47

TN (6.22)

and with complexity CE™" = N(N/G+1)/2 and CTorest = 2N — G, respectively, depend-
ing on the group size N/G [16, 80]. Note that is obtained by setting N, = N/G,
Vg, in . The four forest-connected RISs in Fig. have group sizes 2, 4, 8, and
16, while the three group-connected RISs have group sizes 4, 8, and 16 since forest- and
group-connected RISs with group sizes 2 are equivalent [80]. Besides, we report fully- and

tree-connected RISs, both achieving
E [Pg““y} — N2, (6.23)

and with complexity C™Y = N(N4-1)/2 and C™*® = 2N — 1, respectively [16} [80], where

3Note that the average received signal power has no units since is computed with unit transmit power
and unit channel gains with no loss of generality.
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(6.23)) is derived by setting G = 1 in (6.22)). Finally, we report the single-connected RIS

architecture, achieving a performance given by
H3ingl 4
E [Png } = N+N(N-1)T(3/2)°*, (6.24)

and with complexity C"ele = N [16], where is derived by setting G = N in ((6.22]).

We make the following remarks. First, on the one hand, the single-connected RIS is the
least complex architecture, achieving the lowest performance due to its limited architec-
ture. On the other hand, the tree-connected RIS allows us to reach the performance upper
bound, with the lowest possible complexity. Second, forest-connected RISs approach the
Pareto frontier, but they are slightly suboptimal. This is because forest-connected RISs
have equally sized groups, i.e., they all have group size N/G. However, the optimal
group sizes are not all equal, as given by —. Third, the fully-connected (resp.
group-connected) RIS achieves the same performance as the tree-connected (resp. forest-
connected) RIS, but with higher circuit complexity. Thus, in SISO systems, fully- and
group-connected RISs are highly suboptimal. Note that the exact shape of the Pareto
frontier depends on the channel distribution. Specifically, with Rician or correlated chan-
nels, the gain of the tree-connected over the single-connected RIS decreases, and less
complex BD-RIS architectures are expected to approach the performance upper bound
[16, [80].

6.4 Conclusion

We derive the Pareto frontier for the performance-complexity trade-off in BD-RISs. This
frontier provides the BD-RIS architectures that can be optimally used to bridge between
the single-connected RIS and the tree-connected RIS. The presented fundamental results
are expected to drive the development of novel BD-RIS architectures and prototypes.
Remarkably, a multi-dimensional Pareto frontier could be derived accounting for multiple
parameters in addition to the circuit complexity, such as the number of RIS elements, the
channel estimation overhead, and the optimization complexity, thus representing a future

research direction.

6.5 Appendix

6.5.1 Proof of Lemma [2]

To prove Lemma [2] we show that any BD-RIS whose corresponding graph is not a forest,
is not optimal. Consider a BD-RIS with circuit complexity C' with a corresponding graph
G that is not a forest, i.e., it has at least one cycle [82]. According to , the received
signal power achievable by a BD-RIS solely depends on its number of groups G, and the
group sizes Ni,..., Ng. Thus, by removing one edge from a cycle in G, the resulting
BD-RIS has complexity C'— 1 and achieves the same performance as the original one since
its graph still has G connected components with sizes Ni,..., Ng. Since this resulting

BD-RIS achieves the same performance as the original one with reduced complexity, the
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original BD-RIS is not optimal, and Lemma [2]is proved.

6.5.2 Proof of Lemma [3

Consider a forest G with G connected components, where the gth component has N,
vertices, with 25:1 Ny = N. Since G is a forest, each component is a tree, i.e., is a
connected forest, and the gth component includes Ny — 1 edges [82, Theorem 2.2]. Thus,

the number of edges in G is

G G
L=) (Ny-1)=> Ny—G=N -G, (6.25)

9=1 g9=1

proving that G = N — L.

6.5.3 Proof of Proposition [6]

According to [80], a BD-RIS with N elements and C' tunable impedance components has
a corresponding graph with L = C — N edges since N tunable impedance components
are used to connect each RIS element to ground. Besides, we know from Lemma [2| and
Lemma [3] that the graph of an optimal BD-RIS with N elements and complexity C is a
forest, having G = N — L connected components. By plugging L = C— N into G = N—L,
we obtain G = 2N — C.

6.5.4 Proof of Proposition [7]

The proof is conducted by induction on the number of groups G. As the base case, we

consider G = 2, where problem (6.16))-(6.17)) boils down to

min N1N2 (626)
N1,N2
st. Ny >1, No>1, N+ Ny = N. (627)

The solution to this problem is clearly given by Ny = 1 and Ny = N — 1, or vice versa.
The proposition is consequently verified for the case G = 2.

As the induction step, we prove that if the proposition is valid for G — 1 groups, it also
holds for G groups. To this end, we rewrite problem — as

G-1 1 1

ma — 4+ — 6.28
N 221 N, " Ng (6.28)

G-1
st. Ng>1,VYg, Y Ny=N - Ng. (6.29)

g=1

By the induction hypothesis, we have

Ni=Ny=...=Ng_o=1, (6.30)
Ng_1=N—Ng—G+2. (6.31)
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Using (6.30) and (6.31)), problem (6.28])-(6.29) can be simplified as

i Nea_1N, .32
NGH—IE}VG GG (63 )
st. Ng_1>1, Ng>1, (6.33)
Ng_1+Ng=N-G+ 2, (6.34)

where the only unknown are Ng_1 and Ng. By solving this problem as done for the base

case, we obtain Ng_1 =1 and Ng = N — G + 1, proving the induction step.
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Chapter 7

BD-RIS With Discrete-Value

Scattering Matrices

The group- and fully-connected RISs proposed in [16] have been studied assuming continuous-
value scattering matrices. However, the scattering matrix of a RIS can be reconfigured by
choosing among a finite number of discrete values in practical implementation, and it is
not clear how to design these BD-RIS architectures with discrete-value scattering matrices.
Discrete-value single-connected RISs have been typically realized by considering uniform
discretization of the phase shifts in the interval [0, 27). This is made possible by the di-
agonal structure of the scattering matrix of these RISs, which is completely described by
its phase shifts. Thus, this discretization design cannot be applied to group- and fully-
connected RISs, whose scattering matrices are not diagonal. This gap is addressed in this
chapter, where we propose a design strategy for discrete-value group- and fully-connected
RISs. The contributions of this chapter are summarized as follows.

First, we propose a strategy to design discrete-value group- and fully-connected RISs
that assigns a finite number of bits to each entry of the RIS impedance matrix. The
resulting RISs are denoted as scalar-discrete RISs, since they are obtained with a scalar
quantization approach. Firstly, a suitable codebook is designed in the offline learning
stage. Secondly, the discrete elements of the impedance matrix are optimized based on
the resulting codebook in the online deployment stage.

Second, we prove that our codebook always achieves a received signal power growth of
O(N?) in group-connected architectures, where Ny is the number of RIS elements. Thus,
the proposed discretization strategy does not degrade the growth of the received signal
power as a function of Nj.

Third, we develop a different discretization strategy for group- and fully-connected
RISs, exploiting the block diagonal structure of their impedance matrices. According
to this strategy, we jointly discretize and optimize the entries in each block of the RIS
impedance matrix through vector quantization. RISs designed with this strategy, denoted
as vector-discrete RISs, achieve higher performance than scalar-discrete RISs at the cost
of increased optimization computational complexity. Vector discretization has never been
considered for conventional RISs since their impedance matrix is diagonal.

Fourth, we assess the performance in terms of received signal power of single-, group-
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, and fully-connected RISs employing different numbers of resolution bits. We verify
that the more connections are present in the reconfigurable impedance network, the less
resolution is needed to achieve the optimal performance of continuous-value RISs. Because
of this property, in the fully-connected architecture, a single resolution bit allocated to
each reconfigurable impedance is sufficient to achieve the performance of ideal RISs.

Organization: In Section we introduce the system model and the problem formula-
tion. In Sections and [7.3] we present our novel discrete group- and fully-connected RIS
design based on scalar and vector quantization, respectively. In Section we assess the
performance of MIMO systems aided by discrete RISs in terms of received signal power.
Finally, Section contains the concluding remarks.

The content of this chapter has appeared in [87].

7.1 System Model

Let us consider an RIS-aided MIMO system, where we denote as Np the number of
antennas at the transmitter, Ng the number of antennas at the receiver, and N; the
number of antennas at the RIS. The N; antennas of the RIS are connected to a Nj-port
reconfigurable impedance network, with scattering matrix @ € CN1 XN By assuming
perfect matching and no mutual coupling at the RIS antennas, the channel matrix seen

by the receiver H € CNE*NT can be written as
H=Hpgzr+ Hr;OH;r, (7.1)

where Hpp € CNrXNt Hp; € CNeXNi o and Hyp € CNXNT are the channels from
transmitter to receiver, RIS to receiver, and transmitter to RIS, respectively [16].

We consider a single-stream MIMO transmission scheme, to exploit the diversity gain
offered by the multiple antennas at the transmitter and receiver, and by the reflecting
elements at the RIS. We denote the transmit signal as x = ws € CN7*1 where w € CN7x1
is the precoding vector subject to the constraint |[w|| = 1, and s € C is the transmit
symbol with average power Ppr = EHSP] Denoting the receive signal as y € CNeX1 we

have y = Hx + n, where n ~ CN (O,J,%I) is the AWGN at the receiver with variance

2
n-

o2. Thus, the signal used for detection is given by z = gy € C, where g € C'*Nr ig

the combining vector subject to the constraint ||g|| = 1. Finally, we can express z as
2

z = gHws + i, where n = gn is the AWGN with variance o;,.

In the following, we propose two novel strategies to design discrete-value group- and
fully-connected RISs. In the first, scalar-discrete RISs, B resolution bits are allocated to
each reactance matrix entry [X[]i’j. In the second, vector-discrete RISs, By bits are set

to each reactance matrix block Xy 4.

7.2 Scalar-Discrete Group-/Fully-Connected RIS

Our goal is to design the discrete-value matrix ® and the vectors g and w to maximize

the received signal power, given by Pp = Prl|g (Hrr + Hrr®H 7)) w|?. In the case of
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single-stream transmission, the optimal precoding and combining vectors are given by
the dominant eigenmode transmission. Thus, maximizing the received signal power is
equivalent to maximize |[Hpr + Hr;®H 7|2, To investigate the design of discrete-value
group- and fully-connected RISs, it is necessary to first consider the design of group- and
fully-connected RISs with continuous-value ®. Then, the continuous-value optimization

is used to optimize © with discrete values.

7.2.1 Continuous-Value Group-/Fully-Connected RIS

The received signal power maximization problem for continuous-value ® in MIMO systems

can be formulated as

max |Hzr + HrrOH 7| (7.2)
I,g9

st. © =diag(®1,...,0¢), ©,=0], 0/0, =1, vy, (7.3)

where the constraints derived from indicate that the scattering matrix © is a block
diagonal matrix with each block being a complex symmetric unitary matrix. These con-
straints complicate the optimization problem, which needs to be reformulated. Thus,
the relationship between ® and the reactance matrix X; given by is exploited to

equivalently rewrite problem ([7.2))-(7.3]) as

max |Hzr + HrrOH 7| (7.4)

I,g9

st. © =diag(©q,...,0q), (7.5)
Oy = (jX14+ Zol) " (jX1y — Zo), X1y =X}, Vg, (7.6)

which can be transformed into an unconstrained problem. More precisely, exploiting the
constraints and , the objective |Hpgr + HRIG)HITH2 can be expressed as a
function of X4, Vg. Since Xy, is an arbitrary Ng X Ng real symmetric matrix, X; 4
is an unconstrained function of the Ng (Ng + 1) /2 entries in its upper triangular part.
Thus, the obtained problem is an unconstrained optimization problem in the variables
[X1,4]; ;> with i < j and Vg.

Problem ([7.4)-(7.6) has been solved for RIS-aided SISO systems in [16] by using the
quasi-Newton method to find the optimal upper triangular part of each X; , without any
constraints. For RIS-aided MIMO systems, we propose to solve it by alternatively op-
timizing X; and the beamforming vectors g and w, as established in the literature on
single-connected RISs [13]. After g and w are initialized to feasible values, this optimiza-
tion process alternates between the two following steps until convergence is reached. With
fixed g and w, we update X; by maximizing the objective |gHgrw + gHr®Hpw| with
the quasi-Newton method as in [16], where © is a function of X; given by (2.4). With
fixed X7, and consequently fixed ®, we update g and w as the dominant left and right
singular vectors of the matrix Hrr + Hrr®H r, respectively. Note that this method is

proven to converge to a stationary point of the objective.
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7.2.2 Problem Formulation for Discrete-Value RIS

In (7.4)-(7.6)), the reactance matrix entries are allowed to assume arbitrary real values,
which is hard to realize in practice. Thus, we are interested in an RIS design strategy in
which each reactance matrix entry is selected from a codebook. We consider a discrete

reactance codebook C symmetric around zero, written as
C= {:l:Cl,zl:CQ,... ,:|:CQB71}, (77)

where ¢, > 0, for b = 1,...,2871. When selecting each reactance matrix entry from a
codebook, the RIS optimization problem cannot be simply solved as an unconstrained
problem. Thus, instead of ([7.4)-(7.6)), the following optimization problem can be consid-

ered to optimize X

r)r(lax HHRT—FHR]@H[T”2 (78)
I,9

st. © =diag(0y,...,0¢), (7.9)
©, = (jX14 + Zo1) " (X1g — ZoL). X1y = X, [Xrgly, €C, V9. (7.10)

i’
Since the entries of X; are not distributed in a finite interval, to define the optimal code-
book C is not as straightforward as in the single-connected case [13]. Thus, we introduce

a second optimization problem to design C as

max B |[Hzr +HRI(9HIT||2] (7.11)
s.t. © =diag(®,...,0¢), (7.12)
Oy = (jX14+ ZoI) ™' (X149 — ZoI), X4 solves (7.8)-(7-10), Vg, (7.13)

where the objective is the ergodic received signal power and the expectation operator
E[] represents the average over the channel realizationsﬂ Note that in (7.11))-(7.13)),
X1, implicitly depends on C because of constraint . These two nested optimization
problems form a bilevel programming problem, in which — is the upper-level
problem, and — is the lower-level problem. This bilevel problem is difficult to
solve since in the upper-level problem we do not have an expression for the constraint
, and we cannot explicitly write X; , as a function of C.

For this reason, when considering the optimization of discrete group- and fully-connected
RISs, two problems arise. Firstly, during the offline learning stage, a suitable discrete re-
actance codebook has to be defined for the elements of X;. Secondly, during the online
deployment stage, the discrete values of X are optimized by choosing among the values of
the fixed codebook. In the following, these two stages are described. The offline learning
stage is performed differently for binary-level (B = 1) and multi-level (B > 1) codebooks

since a lower complexity solution is available when B = 1.

!Note that the received signal power in — can be replaced by any objective function depending
on the CSI and the RIS scattering matrix. Thus, the proposed codebook design and optimization framework
is general enough to accommodate any objective function, including the metrics typically considered in
multi-user systems, e.g., the sum rate.
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7.2.3 Offline Learning for Binary-Level Codebook

During offline learning, we assume that the codebook design can exploit a training set of
Ny channel realization triplets. Such a training set can be practically collected through a
sampling campaign to be conducted offline. During this offline sampling campaign, channel
realizations are collected and stored with dedicated transceiver devices. The ngth triplet
is denoted as H[M] = (HE;Z:(}], H%}ﬂ, H[IZ?]) and includes the channels from transmitter to
receiver, RIS to receiver, and transmitter to RIS, respectively. Thus, the training set is a
set of triplets defined as

Ho = {’H“],H[Ql, o ,H[NO]} . (7.14)

When the number of resolution bits per reconfigurable reactance is B = 1, the entries
of the reactance matrix X; can assume only the two values in C = {—¢y, +¢1}, where ¢;
is a positive real number. Exploiting this special structure of binary-level codebooks, we
can obtain the optimal codebook value ¢; and binary-value reactance matrix X  for each
channel triplet in the training set by solving the bilevel optimization problem -.

Firstly, problem — can be solved given a fixed value of ¢y through alter-
nating optimization. With this method, each non-zero entry of the reactance matrix is
optimized individually by searching among the two possible values in C, while fixing the
other Ny (Ng + 1) /2 — 1 entries. This procedure is repeated for all the reactance matrix
entries, iterating multiple times until the convergence is reached. In this way, we can
evaluate the optimal X7 , as function of ¢; in constraint . Secondly, the upper-level
problem — is solvable with one-dimensional pattern search since its objective
can be readily evaluated as a function of ¢;. We employ pattern search since it is an opti-
mization algorithm that only requires the evaluation of the objective function in a series
of points until the convergence is reached, without using derivatives [88]. Thus, we build

the two sets
ey = {el, L = (XX X (7.15)

where c[lno]

and X[Ino] are the optimal codebook value ¢; and binary-value reactance matrix
X associated to the channel triplet H[™0), respectively.
Given the two sets C; and X7, we design the optimal value for ¢, denoted as c;. We

obtain ¢} as the value that minimizes the distortion caused in the reactance matrix

12 (ol 2
* n — Xl _x H 7.16
c argcllrmn No Z H 7 1, (7.16)
no=1
s.t. X[ = diag (X[J, . 7XI,G)7 [vag]i,j S {—01,+01}, Vg, (717)

where (7.16]) is a sample average computed over the channel triplets in the training set.
In (7.16)), each non-zero squared entry of the matrix )_([Ino] — X is given by (c[lno] —c1)?

because of the symmetry of the codebook. Thus, problem ([7.16]) can be reformulated as

No

NN, 2
cf = argcmin ITOG Z (c[lnd — cl) . (7.18)
1

no=1
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By setting the derivative of the objective function in ([7.18)) with respect to ¢; to zero, we

obtain
No

& = ]\1% S el (7.19)

no=1
Finally, the binary-value codebook is given by C = {—c}, +¢7}.
The complexity of the offline learning for binary-level codebook is driven by the
complexity of solving the bilevel problem — Ny times to find C;. Since one-
dimensional pattern search requires computing twice the objective function per iteration,

the complexity per iteration is given by O(2NoN;(Ng + 1)).

7.2.4 Offline Learning for Multi-Level Codebook

Pattern search can be used to solve the upper-level problem — only when the
optimization involves a one-dimensional search, that is only when B = 1. When more
resolution bits are considered, pattern search becomes highly sub-optimal since it is likely
to converge to a local maximum in a multi-dimensional search space. For this reason, we
rely on a different method to define multi-level codebooks. The main idea is to learn the
codebook from the distribution of the optimal continuous-value X; which solve —.
More precisely, we find the optimal set of values {c7,...,c}}, with K = 28-1 " such that
the distortion on the optimal continuous-value reactance matrix is minimized. The process
leading to the multi-level codebook C = {+¢7, ..., £c}5z .} is detailed in the following.
We firstly solve — for each training set triplet by alternatively optimizing X

and the beamforming vectors g and w. As a result, we construct the set
X = {X[I”,X[f], . ,X[,NO]}, (7.20)

where X[]nO] is the optimal continuous-value reactance matrix associated to the channel

triplet H[0!. Given the set X7, the optimal values {ct,..., ¢} } are determined by solving
1 2

{c],...,c}} = argmin A Z HX[InO} - XIH (7.21)
{ersmex}t 2Y0 2 F

st. Xy =diag(Xs1,...,X1a), [Xj,g]w» € {+ci,...,£cx}, Vg.
(7.22)

To simplify problem ([7.21]), we introduce the vectors x["0] € R1*N1Ne containing the non-
zero entries of X[Ino]. Then, the Ny vectors x[™] are concatenated in xg € RIXNoNING ag

xo = [x[1, ..., x[Nol]. In this way, problem (7.21)) becomes
| NoNiNG

{e,.. cic} = argmin > lxol, — i, (7.23)

{et,ext “Y0

st. [x1], € {£ec1,...,£ck}, Vn. (7.24)

where the vector x; € RI*NoNING has been introduced as an auxiliary variable. Exploiting
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the symmetry of the codebook C, (7.23)) can be further reformulated as

| NoNiNg ,
{cl,...,ck} = argmin — [0l | = (1, (7.25)
{er,ery N ,;
st. [xg], € {e1,..., ek}, Vn, (7.26)

which is a K-means clustering problem in a one-dimensional space, with K = 25-1 [89)].
For each data point z,, = |[xq],| we introduce the binary indicator 7, € {0,1} such that
rngx = 1 if x, is assigned to ¢, and r,; = 0 otherwise. The resulting K-means clustering

problem is formalized as

NON[NG 2371
{ct,. . cic}y = arg min} ST raklrn — ol (7.27)
L€k} =l k=1

To solve (7.27)), we iteratively optimize the sets {r,xjn = 1,..., NoN;Ng,k =1,...,K}
and {c1,...,cx}. Firstly, when the values {ci,...,cx} are fixed, we set {r,;} by assigning

the nth data point x,, to the closest cluster, i.e.,

1 if k = argmin; |z, — c;|?
ot = gming fon = 6l (7.28)
0 otherwise

forn =1,...,NgoN;Ng and k = 1,..., K. Secondly, when {r,;} are fixed, the cluster
centers {ci,...,cx} are updated. This can be done in close form by setting the derivative
of the objective function in ([7.27)) with respect to ¢ to zero

_ D o TnkTn

Zn Tnk 7

for k = 1,...,K. The two steps of assigning data points to clusters and updating the

Ck (729)

cluster centers are repeated alternatively until there is no further change in the cluster
assignment. Finally, the multi-value codebook is given by C = {£cf,..., £c5_, }.

The complexity of the offline learning for multi-level codebook is given by O(Ny(N7(Ng+
1)/2)? 4+ NoNrNg2871), where the first term is due to solving (7.4)-(7-6) No times to find
X7, and the second term is due to the K-means clustering algorithm used to solve .

7.2.5 Online Deployment

Once the codebook has been learned offline, the discrete X entries are optimized dur-
ing the online deployment stage. This is achieved by solving — depending on
the instantaneous CSI Hgrp, Hgy, and H;p and on the designed codebook C. To solve
this problem, an exhaustive search could be employed since each reactance matrix entry
can assume a finite number of values. However, to reduce the search space, we employ
an alternating optimization method. In this sub-optimal method, each non-zero entry of
the reactance matrix is optimized individually by searching among all possible 28 val-
ues, while fixing the other Ny (Ng + 1) /2 — 1 entries. This procedure is repeated for all

Ni(Ng + 1) /2 reactance matrix entries, iterating multiple times until the convergence
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Algorithm 6 Scalar-Discrete RISs Design
Input: B, Ho, HRT7 HR[, H[T, Ng.
Output: C, X;.
Offline Learning
1: if B ==1 then
Calculate C; by the bilevel problem —.
Calculate ¢f by (7.19).

C+ {—c,+c}.

2
3
4
5: else
6:  Calculate X7 by —.
7. Calculate {cf,...,c}} by iteratively solving (7.27), with K = 2581,
8  C 4 {*cy,..., £}
9: end if

Online Deployment
10: Initialize X7 4, = 0, Vg.
11: while no convergence of objective do
122 for g+ 1to G do

13: for i + 1 to Ng do

14: for j <1 to Ng do

15: Update [X [,g]i’j € C by searching among the 2 possible values.
16: (X1l < Xigl; ;-

17: end for

18: end for

19: end for
20: end while

is reached. The convergence is considered reached when the fractional increase of the
objective value in a full iteration is below a certain parameter e. The convergence is
guaranteed by the following two facts. First, at each iteration, the objective function
|IHrr + Hr/OH ITH2 is non-decreasing. This holds since each reactance matrix entry is
optimized by exhaustively searching among the possible values in the codebook C. Second,
the objective function is bounded from above by (|Hgr| + |[Hg:||[|[Hr||)?. The design
of scalar-discrete RISs is summarized in Alg. @, which solves the problem —.
Note that we assume that the statistical properties of the channels are unchanged
during the offline learning and online deployment stages. This is necessary since we ap-
proximate the expectation of the received signal power with its sample average, computed
over the training set. However, numerical simulations showed that learning the codebook
based on outdated channel statistics only slightly degrades the performance. Besides,
perfect instantaneous CSI is assumed during the online deployment stage, which can be

obtained with the semi-passive channel estimation strategy proposed in [13].

7.2.6 Scaling Law

To analyze the optimality of the codebook in (7.7), we characterize the scaling law of the

received signal power as a function of the number of RIS elements Ny, when C is used to
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discretize the reactance matrix. Note that this analysis is necessary since the scaling law
of the proposed discrete RIS architectures is not known and not straightforward given the
novel constraints of BD-RISs. To obtain fundamental insights, we consider a SISO system,
i.e., Np =1 and Nr = 1. Furthermore, the direct link hrr is negligible in comparison
with the reflected signal power for asymptotically large N;. Considering unitary transmit
power, the received signal power is given by Pr = |hRIG)h1T\2, where © is obtained
by discretizing the reactance matrix Xj. Such a scaling law is given in the following

proposition.

Proposition 8. Assume i.i.d. Rayleigh fading channels, i.e., hgy ~ CN (0,1I) and hyp ~
CN (0,1I). A group-connected RIS whose reactance matriz entries are chosen from C can
achieve an average received signal power in the order of O (NIQ) as Nt increases, even with

one resolution bit per each reactance.

Proof. Let us consider the worst case B = 1, and assume that the matrix block X, can
only assume two values Xy, = Fcjones (Ng). Note that proving Proposition 1 for the
case C = {£c1} also establishes its validity for all codebooks C = {£c1,£co, ..., £con-1}.
g, where A, = diag (Ag) is
diagonal containing the eigenvalues of X ;, and V is orthonormal. Among the eigenvalues

Through eigenmode decomposition, we write X;, = V A,V

of X4, only [Ag]1 is non zero since Xy 4 is rank one. By applying (2.4), the scattering

T
g

. According to [16], the average received signal power for

matrix ®, can be expressed as ©, = V,D,V

. . i Aglns—Z
matrix with [dg]n, = MI%

group-connected RISs is written as

where D, = diag(dy) is a diagonal

G 2 G Ng 2
E[Pr] =E ||> hrrg®shrrg| | =E > > [hrrgl,, [dg,, [hirgl, | |+ (7-30)
g=1 g=1ng=1
where we considered @, = VngVgT and introduced 1_13179 = hpgr 4V, and l_le,g =

VgThIT,g. Recalling that [dg]n, = —1 if ng > 2, we have

r 2

il = 5 || (3 Bl [0, o], ) — (303 tnral,, lmal, || | 0
- Ggl ) g=ine=2

>E (1> [barg, [dg); [hrrg], (7.32)
:gzl ,

=E |3 |[hrrgl, || [Brr] | el -]) | (7.33)

1

Q
l

_ _ o
where we introduced ¢ = —arg ([hgrgli)—arg ([hyrgl1). We denote as 6 = arg <J[)‘g l1—Zo

(0,m), where [A7]; is the non zero eigenvalue of X?g = +cjones (Ng). Thus, we have

_ j[)\_]l_ZO — _ + . .
-0, = arg <JP‘§]TZ()) € (—m,0), where [A;]1 = —[A;]1 is the non zero eigenvalue
of X}, = —ciones (Ng). We consider a quantization approach giving arg([dgl1) = 61
if 0; € [0,7), or arg([dg]1) = —01 otherwise. The quantization error is denoted as
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0y = arg ([dg]1) — 0}. Thus, (7.33) can be rewritten as

G

Z ‘ [}_13179]1}2 ‘ [BIT,Q] 1‘2

g=1

E[Pg] > E

+ 3 | hrrgl,| | [Burgl | [rrg], | [ [rrg], | €% 790 | (7.34)

9#f

)

1, E[|[bgrghl|] = v7/2, and E [ejég} =E [e‘jég} = 25in (61), we have

T

B[Py > G+ G (G—1) <‘/j>4 (i sin (91)>2 > N? <Si;“]%)>2. (7.35)

Noting that |[hpsg)s

[h/7gl1], and ¢#% are independent with each other, with E U [hrrgli ﬂ =

Since sin (A1) > 0, ([7.35)) proves that C can achieve an average received signal power growth
of O (NIZ) as N increases. O

According to Proposition [§], the entries of an RIS reactance matrix can be chosen from
a codebook C with no degradation in the received signal power growth. This justifies the

use of a symmetric codebook for our discrete-value design strategy.

7.3 Vector-Discrete Group-/Fully-Connected RIS

In this section, we propose a second discretization strategy based on vector quantization.
To realize vector-discrete RISs, we assign By resolution bits to each reactance matrix

block X7 4. Thus, we introduce the codebook Cy as a set of vectors

CV = {01,02,...,023‘/}. (7.36)
Neg(Ng+1) B ) )
where ¢, € R 2 , for k = 1,...,2°V. Here, c is a possible value that the upper

triangular part of each block X; , can assume.

7.3.1 Offline Learning

Similarly to the scalar discretization case, Cy, can be obtained with K-means clustering
through an offline learning phase, with the difference that a multi-dimensional feature
space with dimension Ng (Ng 4 1) /2 is now considered, and K = 25v. To construct
the codebook Cy, let us consider the set X containing the optimal reactance matrices
associated with the Ny training channel triplets. To formalize the K-means clustering
problem, we introduce the matrices X[ € RNe(Na+1)/2XG ¢ontaining in their gth column
the entries of the upper triangular part of X[Irjg}, for g=1,...,G. Then, the Ny matrices
X[l are concatenated in Xy € RNe(Na+D)/2xNoG a5 X = (X[ XINol]. In this way,

the resulting K-means clustering problem writes as
NoG 2Bv

{c},...,ck} = argmin Z Z Tk [Xn — €)? (7.37)
{Cl,...,CK} n=1 k=1
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where the nth data point x, € RNc(Ne+1)/2x1 {9 the nth column of the matrix Xo.
Remarkably, ([7.37)) is in the form of a K-means clustering problem. Thus, we solve
by alternatively optimizing the sets {r,x} and {ci,...,ck}, as described in the following.
Firstly, with fixed {c1,...,cx} are fixed, we set {r,;} by assigning the nth data point x,

to the closest cluster center cg, yielding

1 if k = are min; ||x,, — ¢
- gmin; [[x, — ¢l | (7.38)
0 otherwise

forn = 1,...,NoG and k = 1,..., K. Secondly, with fixed {r,;}, the cluster centers

{c1,...,cx} are optimally updated in closed-form as
TrkX
cp = L TkXn n (7.39)
Zn T'nk
for k =1,...,K. These two steps are alternatively repeated until convergence. Finally,
the vector-quantization codebook is given by Cy = {cJ,...,c}}.

The complexity of the offline learning for vector-discrete group- and fully-connected
RISs is given by O(No(N7(Ng + 1)/2)? + NoN;(Ng + 1)2Bv—1) where the first term is
due to solving — Ny times to find A7, and the second term is due to the K-means
clustering algorithm used to solve .

7.3.2 Online Deployment

Once the codebook has been learned offline, the online optimization problem is given by

I)I{lax HHRT + I‘IR[@H]TH2 (7.40)

1,9

s.t. © =diag(®,...,0¢q), (7.41)
O, = (jX14+ ZoI) " (X1 g — Z0T), X1y = X7 ,, Vg, (7.42)
Xig€{cl,....cin, }. Vg (7.43)

Alternating optimization is the selected strategy to solve this problem, in which the G
blocks X, are iteratively optimized by searching among their possible 2Bv values con-
tained in Cy. The convergence of this iterative process can be proved as done for scalar-
discrete RISs in Section III E. The proposed design of vector-discrete RISs is summarized
in Alg. |7, where problem is solved offline to design the codebook while —
is solved online to optimize the RIS reactance matrix.

The cost of vector-discrete RISs relies on their optimization complexity. For example,
if B bits are allocated to each reactance element, the number of clusters needed to quantize
a vector of Ng (Ng + 1) /2 elements is k = ZBW, growing exponentially with the
square of Ng. Consequently, the number of search times in a complete iteration of the

. S . pNaWg+1) - L
alternating optimization algorithm becomes G2 2 However, this discretization
strategy based on vector quantization brings two benefits. First, for the same number of

total resolution bits, vector quantization is inherently more efficient than scalar quanti-
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Algorithm 7 Vector-Discrete RISs Design
Input: By, Ho, Hrr, Hgrr, Hir, Ng.
Output: C, X;.
Offline Learning
1: Calculate X7 by —.
2: Calculate {c},...,c}} by iteratively solving (7.37)), with K = 2Bv
C + {c],c5,...,c)}.

w

Online Deployment

4: Initialize X, = 0, Vg.

5: while no convergence of objective do

6: for g« 1toG do

T Update X7 4 € Cy by searching among the 2Bv possible values.
8: end for

9: end while

zation. Second, the number of total resolution bits can be chosen with more degrees of

freedom, since it is no longer limited to B bits for each reactance element.

7.4 Performance Evaluation

In this section, we evaluate the performance of an RIS-aided MIMO system with different
discrete RIS configurations, each characterized by its number of elements N;, number of
resolution bits, and group size Ng. The performance is measured in terms of received
signal power, given by Pr = Pr |[Hgr + Hr OH 7 ||,

Let us consider a three-dimensional coordinate system (z,vy,z), in which the z-axis
represents the height above the ground in meters (m). The transmitter, the RIS, and
the receiver are ULAs composed of Ny, Ny, and Ni antennas, respectively, with half
wavelength antenna spacingﬂ We set Ny = 4 and Nr = 2, while considering several
values of N as specified in the following. The transmitter is located at (5, —250,25) and
its antennas are arranged along the x-axis. The RIS is located at (0,0, 5) and its antennas
are arranged along the y-axis. Finally, the receiver is located at (5,5,1.5) with random
orientation. The path loss is modeled as L;;j(d;;) = Lgdi_jaij , where Lg is the path loss at
distance 1 m, d;; is the distance, and «;; is the path loss exponent for ij € {RT, RI,IT}.
We set Lo = —30 dB, agpr =4, agr = 2.8, ajr =2, and Pr =10 W.

We analyze two scenarios with different small-scale fading effects: i.i.d. Rayleigh
fading and correlated fading. In the former scenario, the small-scale fading of all channels
is assumed to be i.i.d. Rayleigh distributed. Thus, we have Hrr ~ CN (0, LrrI), Hpy ~
CN (0,LgY) and H;r ~ CN (0, L;7I). In the latter scenario, we generate the small-
scale effects with QuaDRiGa version 2.4, a MATLAB based statistical ray-tracing channel
simulator [90]. An urban macrocell propagation environment is simulated, with LoS in
the transmitter-RIS link, and with NLoS in the transmitter-receiver and RIS-receiver
links. The channel models “3GPP_38.901_UMa_LOS” and “3GPP_38.901_UMa_NLOS”

2Qur discrete design for BD-RIS is valid for any RIS array shape.
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Figure 7.1: Average received signal power versus the number of RIS elements for different
values of group size.

have been used to simulate the LoS and NLoS channels, respectively. The ULAs at the
transmitter, the RIS, and the receiver are modeled as “3gpp-3d” array and the carrier
frequency is set to f. = 2.5 GHz.

For both scenarios, offline learning stages have been carried out to define the optimal
codebooks. We employ a training set Hg composed of Ny = 100 channel realization triplets
for scalar-discrete RISs, and Ny = 500 triplets for vector-discrete RISs. These values of
Ny have been set such that in the K-means clustering problems involved in Alg. [6] and
Alg.[7] the number of training samples is always higher than the number of clusters. In the
alternating optimizations, convergence is considered reached when the fractional increase
of the objective value is below ¢ = 1073. Finally, the average received signal power has
been computed for each RIS configuration using the Monte Carlo method.

Before comparing discrete-value group- and fully-connected RISs with discrete-value
single-connected RISs, we briefly review how single-connected RISs have been discretized
in the literature. In single-connected RISs, ® is completely described by the phase shifts
0y, . The phase shifts have been typically discretized uniformly in [0, 27). By assigning B

resolution bits per phase shift, they are chosen in the codebook

cSingle — fo.6,..., (2% — 1) 6}, (7.44)

where § = 22% is the quantization step. Thus, the received signal power maximization

problem is formulated in the discrete case as

Igax HHRT -+ HRI(-)HITH2 (745)
nr
st. © = diag (eﬂ’l, o ej"Nz) O, €{0,6,..., (28 = 1) 6}, ¥nr. (7.46)

To solve this problem, we employ the widely adopted alternating optimization method [38].
In this method, each of the Ny phase shifts is optimized individually by searching among
all the possible 28 values, while fixing the other N; — 1 phase shifts. This procedure is

repeated for all N; phase shifts, iterating multiple times until the convergence is reached,
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Figure 7.2: Average received signal power versus the group size, with Ny = 64.

i.e., until the fractional increase of the objective value is below a certain parameter €.

We first evaluate the received signal power in the case of scalar-discrete RISs. In
Fig. (7.1} we show the received signal power when group-connected (with group size Ng €
{2,4,8}) and fully-connected RISs are used in the presence of i.i.d. Rayleigh fading chan-
nels and correlated channels. The performance of scalar-discrete RISs is compared with the
performance of continuous-value RISs, optimized by solving —. We observe that
the higher the group size, the fewer resolution bits are necessary to reach the performance
of continuous-value RISs. The rationale behind this behavior is given by the necessary and
sufficient condition for ® to achieve the maximum Pgr with no direct link. By extending
the analysis in [16] to MIMO settings, it is possible to prove that this condition is given
by

Urrg = Ogur,g, V9, (7.47)
where ug; = [Ugs1,URL2, - ., URrc) With ugr 4 € CNex1 anduyr = [urri,urre, ... ,u_rTyg]T
with usr, € CN a1 are the dominant left singular vectors of Hg 7 and Hyr, respectivel
This condition consists of an underdetermined system of N equations in Ny (Ng + 1) /2
unknowns. Thus, a higher group size Ng implies more degrees of freedom, and fewer
resolution bits are required to satisfy it. In particular, in the fully-connected architecture,

a single resolution bit is sufficient to obtain approximately the same performance as the
optimized continuous-value RISs.

We now compare the performance obtained with different group sizes when the num-
ber of RIS elements Ny is fixed. To this end, we optimize RISs with N; = 64 elements
considering all the possible group sizes, spanning from the single-connected architecture
(Ng = 1) to the fully-connected (Ng = 64). In Fig. the upper bound of the received
signal power is reported together with the power maximized with different resolutions.

We notice that the received signal power increases with the group size for every B con-

3Condition (7.47) is derived by considering Pr < PT”mﬁax IHz: | |©Hrx|? <
x||=1

PT”mHax |Hz:||? [|©H7|? |x]|>. Note that the equality holds in the two inequalities when ug; is
x||=1

equal to the dominant left singular vector of @H;r, i.e., @u;r, which is equivalent to (7.47)) in the case
of block diagonal ®.
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Figure 7.3: Average received signal power versus the number of RIS elements in the scalar-
discrete and vector-discrete group-connected architectures, with Ng = 2.
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Figure 7.4: Average received signal power versus the number of RIS elements for different
group sizes, with Ny total resolution bits.

sidered. Furthermore, the performance of discrete-value RISs with B = 1 approaches the
performance of continuous-value RISs as the group size increases, converging to it in the
fully-connected architecture.

Let us analyze the performance of vector-discrete RISs, in comparison with scalar-
discrete RISs. To this end, we set the number of resolution bits assigned to each block
X;qto By =B % This is equivalent, in terms of total bits employed, to assign-
ing B bits to each reactance element, allowing a comparison between scalar-discrete and
vector-discrete RISs. Fig. [7.3] shows the performance achieved by vector-discrete group-
connected RISs with group size Ng = 2, when the number of resolution bits considered
is By € {3,6,9}. In terms of total resolution bits employed, By € {3,6,9} bits per
impedance network block are equivalent to B € {1,2,3} bits per impedance element, re-
spectively. Thus, for the sake of comparison, we report in Fig. [7.3] also the performance
of scalar-discrete group-connected RISs with B € {1,2,3}. We notice that vector dis-
cretization brings a significant performance improvement over scalar discretization. In

particular, By = 9 resolution bits per impedance network block are sufficient to approach
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the performance of continuous-value RISs. However, B = 3 resolution bits per impedance
element are not sufficient to reach the performance of continuous-value RISs when scalar
discretization is considered.

We now compare the performance of RISs with different group sizes when the same
number of total bits is employed. To this end, we fix the number of total bits used to
Ny, which are required by the single-connected architecture with B = 1. To use Ny total
bits, the feature space having Ng (Ng + 1) /2 dimensions is quantized with By = Ng
resolution bits. Fig. [7.4] shows the received signal power achieved with different values of
group size. Here, we can notice that higher group sizes achieve better performance than
lower group sizes. This is due to the optimality condition , which has more degrees
of freedom as the group size increases. Thus, it can be more easily satisfied when higher
group sizes are considered.

To conclude our discussion, we compare continuous-value RISs with discrete-value
RISs in terms of optimization computational complexity. On the one hand, when the
quasi-Newton method is used to optimize the continuous values of X;, the computational
complexity of each iteration is O((Ny(Ng + 1)/2)?) [16]. On the other hand, when alter-
nating optimization is used to optimize the discrete values of X;, we distinguish two cases,
namely scalar-discrete RISs and vector-discrete RISs. In the case of scalar-discrete RISs,
the total number of search times in a complete iteration of the alternating optimization

WQB in group-connected architectures. This number boils down to

Ni(Nr+1) 5B
I 21 2

algorithm is G
N2B in single-connected and to in fully-connected architectures. Instead, in
the case of vector-discrete RISs, the number of search times per iteration becomes %23‘/.
The values of these computational complexities are reported in Fig. In the case of
scalar-discrete RISs, we observe that our RIS design strategy based on discrete-value
impedance networks is beneficial also in terms of optimization computational complexity.
Even with B = 4, the complexity is far less than the complexity of the quasi-Newton

method for medium-high numbers of RIS elements.
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7.5 Conclusion

We propose a novel BD-RIS design based on discrete-value group- and fully-connected
architectures. Our strategy is composed of two stages. Firstly, through the offline learn-
ing stage, we build the codebook containing the possible values for the reconfigurable
impedances. Secondly, during the online deployment stage, we optimize the reconfig-
urable impedances with alternating optimization on the basis of the designed codebook.
Two different approaches are developed, namely scalar-discrete and vector-discrete RISs,
based on scalar and vector quantization, respectively. Vector-discrete RISs achieve higher
performance than scalar-discrete RISs at the cost of increased optimization computa-
tional complexity. Numerical results show that a single resolution bit per reconfigurable
impedance is sufficient to achieve optimality in fully-connected RISs. In a practical sce-

nario, this simplifies significantly the hardware complexity of the fully-connected RIS.
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Chapter 8

BD-RIS With Imperfect Matching
and Mutual Coupling

While most of the research on conventional RIS and BD-RIS has primarily focused on
system-level RIS optimization and on RIS architecture development, only a few works
have been devoted to model and analyze RIS-aided communication systems accounting
for the EM properties of the RIS [01]. With a focus on RIS modeled as an antenna array
connected to a reconfigurable impedance network, three equivalent analyses are available
to show the role of an RIS in wireless networks from different perspectives. First, in [16],
an RIS-aided communication model has been derived using multiport network analysis
based on scattering parameters. Second, in [92], another RIS-aided communication model
has been developed by using the impedance parameters. Interestingly, it has been shown in
[93] that the scattering parameters analysis of [16] and the impedance parameters analysis
of [92] lead to the same conclusion under the assumptions of perfect matching and no
mutual coupling. Third, another equivalent analysis based on admittance parameters
has been proposed in [80] to model BD-RIS with sparse interconnections among the RIS
elements. However, there is currently no universal framework for modeling RIS-aided
systems according to impedance, admittance, and scattering parameters and clarifying
the meaning of the different components in each model. Such a universal framework
would improve our understanding of the different EM-compliant models for RIS-aided
systems, and would provide additional tools to perform system level RIS optimization.
Furthermore, it would enable a thorough analysis of the impact of each approximation
and assumption necessary to simplify existing RIS-aided communication models based on
the different parameters.

Motivated by the above considerations, in this chapter, we depart from existing works
on EM-compliant RIS-aided communication modeling [16] [92] 93] and derive a universal
framework to analyze RIS-aided communication systems. This universal framework can
be used to carry out a rigorous multiport network analysis of RIS-aided communication
systems based on impedance, admittance, and scattering parameters, also denoted as Z-,
Y-, and S-parameters, respectively. As a result of these analyses, we can derive three
RIS-aided communication models accounting for mutual coupling effects and impedance

mismatching at the transmitter, RIS, and receiver. Our universal framework shows the
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equivalence between channel models based on Z-, Y-, and S-parameters also under differ-
ent assumptions and approximations. This is achieved by providing the mappings between
the terms of the models based on the three different parameters. The contributions of this
chapter are summarized as follows.

First, we propose a universal framework to derive the communication model of an
RIS-aided system. We exploit the proposed universal framework to analyze RIS-aided
communication systems based on the Z-, Y-, and S-parameters. Through these three in-
dependent analyses, we first derive three general channel models, accounting for the effects
of impedance mismatching and mutual coupling at the transmitter, RIS, and receiver.

Second, since it is difficult to interpret the derived general channel models, we approxi-
mate them by considering the so-called unilateral approximation, applicable in the case of
large transmission distancesﬂ Interestingly, the derived simplified models have tractable
expressions yet capture the effect of impedance mismatching and mutual coupling.

Third, we further simplify the channel models to get engineering insights into the role
of the RIS by assuming that all the antennas are perfectly matched and there is no mutual
coupling. We show that these models are consistent with the model widely accepted in
related literature, although an additional approximation is commonly considered in the
literature. We numerically quantify the impact of such an approximation and show that
it vanishes as the number of RIS elements increases.

Fourth, we characterize conventional RIS and BD-RIS architectures by using Z-, Y-,
and S-parameters. Since the three descriptions are equivalent, we discuss how to select the
most suitable parameters to describe the RIS architecture according to the needs. While
Z- and S-parameters have been widely used to characterize conventional RIS with and
without mutual coupling, respectively, we show that Y-parameters are particularly useful
for BD-RIS. In addition, we illustrate the advantages of the three parameters in optimiz-
ing conventional RIS and BD-RIS in different scenarios by studying three optimization
problems.

Organization: In Section [8.1) we provide the multiport network analysis. In Sec-
tion we derive the general RIS-aided communication models based on Z-, Y-, and
S-parameters. In Section [8.3] we simplify the derived models by using the unilateral ap-
proximation. In Section we further simplify the models assuming perfect matching and
no mutual coupling, and compare them with the widely used RIS-aided channel model.
In Section [8.5] we discuss the advantages of using the different parameters in characteriz-
ing and optimizing an RIS. In Section [8.6] we evaluate the performance of an RIS-aided
system obtained by solving the presented case studies. Finally, Section concludes this
chapter.

The content of this chapter has appeared in [95].

!The unilateral approximation consists in setting to zero the feedback channel between a transmitter
and a receiver, i.e., the channel from the receiver to the transmitter, and holds when the electrical properties
at the transmitter are independent of the electrical properties at the receiver [94].
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Figure 8.1: Multiport model of an RIS-aided communication system.

8.1 Multiport Network Analysis

We consider a MIMO communication system aided by an RIS, where there are N antennas
at the transmitter, N antennas at the receiver, and N; antennas at the RIS, as represented
in Fig. As in [16], we model the wireless channel as an N-port network, with N =
Nr + N;+ Npg. According to the multiport network analysis [74, Chapter 4], this N-port
network can be characterized by using its impedance, admittance, or scattering matrix,

as described in the following.

8.1.1 Modeling Based on the Impedance Parameters

The N-port network modeling the wireless channel can be characterized by its impedance
matrix Z € CV*N_ such that
v =Zi, (8.1)

where v € CNV*! and i € CV*! are the voltages and currents at the N ports, respectively.

We can partition v, i, and Z as

vr ir Zrr Zrr Zrr
v=|vr|,i=|ij|,Z=|Zir Zi1 Zir|, (8.2)
VR ir Zrr Zrr Zgr

where v; € CVi*! and i; € CVi*! for i € {T, I, R} refer to the voltages and currents at the
antennas of the transmitter, RIS, and receiver, respectively. Accordingly, Zqp € CNTXNt
Zir € CNiXNiand Zpr € CNEXNE refer to the impedance matrices of the antenna arrays
at the transmitter, RIS, and receiver, respectively. The diagonal entries of Zrr, Zy, and

Z g refer to the antenna self-impedance while the off-diagonal entries refer to antenna
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mutual coupling. Zprp € CVNeXN1 7,1 € CNXNtand Zpr € CVRXNI refer to the
transmission impedance matrices from the transmitter to receiver, from the transmitter
to the RIS, and from the RIS to the receiver, respectively.

At the transmitter, the nrth antenna is connected in series with a source voltage v .

and a source impedance Zr,y,,., for np = 1,..., Np. Therefore, vr and iz are related by
v = ver — Lrir, (8.3)
where vy = [v51, 052, . . . ,’Us’NT]T € CNtx1 refers to the source voltage vector and Zp €

CNr*NT j5 5 diagonal matrix given by Zq = diag(Zr 1, Z72,...,Z1 Ny). At the RIS, the
N7 antennas are connected to an Nj-port reconfigurable impedance network and vy is

related to iy by
\ = —Z[i[, (84)

where Z; € CNXNI ig the impedance matrix of the Nj-port reconfigurable impedance

network. At the receiver, the nzth antenna is connected in series with a load impedance

ZRng, for ng =1,..., Ng. Therefore, vi and ir are related by
VR = —ZRig, (8.5)
where Zp € CNrXNR i a diagonal matrix given by Zp = diag(Zr,1,ZR2s- -+ ZR,Ng)-

8.1.2 Modeling Based on the Admittance Parameters

The wireless channel can also be characterized by its admittance matrix Y € CN*V | with
Y =Z~!, such that
i=Yv. (8.6)

Similar to Z, also Y can be partitioned as

Yrr Yrr Yrgr
Y=|Yr Yir Yir|, (8.7)
Yrr Ygrr Ygr

where Y;; € CN*Ni for i, j € {T,I, R}.

At the transmitter, vy and i are related by
ir =is7 — Ypvr, (8.8)

where i, 7 € CNT>1 refers to the source current vector and Yp € CNtXNr g o diagonal

matrix given by Yo = Z}l. At the RIS, vy and i are related by
ir=-Y;vy, (89)

where Y; € CN1*NI js the admittance matrix of the Nj-port reconfigurable impedance
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network, given by Y; = Z;l. At the receiver, vg and ig are related by
iR = —YRVR7 (810)
where Y € CVeXNr is diagonal given by Y = Z]_%l.

8.1.3 Modeling Based on the Scattering Parameters

NxN
CHx,

Finally, the wireless channel can be characterized by its scattering matrix S € SO

that we have

b = Sa, (8.11)

where a € CN*! and b € CV*! are the incident and reflected waves at the ports, respec-

tively. We partition a, b, and S as

ar br Str Srr Str
a=|a;|,b=|b;|,S=|Srr S Sir|: (8.12)
agp bg Srr SRrI Sgrr

where a; € CNi*! and b; € CVi*! for i € {T, I, R} refer to the incident and reflected waves
at the antennas of the transmitter, RIS, and receiver, respectively, and S;; € CNixNj for
i,j € {T, 1, R}. Remarkably, according to [(4, Chapter 4], the vectors v and i are related
to a and b though

a—b

v=a+b,i= 7z =Yy(a—b), (8.13)

respectively, where Zj is the characteristic impedance used to compute the S-parameters,

typically set as Zy = 50 Q, and Yy = 1/Zj is the characteristic admittance. In addition,

the matrix S can be expressed as a function of Z as
S =(Z+ ZX)  (Z - Zo). (8.14)
At the transmitter, ar and by are related by
ar = bsr + I'rbr, (8.15)

where by 7 € CN7>1 refers to the source wave vector and I'p € CNT*NT ig diagonal with

its (np,ny)th element being the reflection coefficient of the nyth source impedance, i.e.,
Tr = (Zy + ZoY) "' (Zp — Zol). (8.16)

At the RIS, a; and b; are related by
a; = Oby, (8.17)

where ® € CN*N1 denotes the scattering matrix of the Ny-port reconfigurable impedance

network, written as

© = (Z;+ Zo)) ' (Z; — ZoT). (8.18)
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At the receiver, ar and by are related by
apRp = FRbR, (819)

where I'p € CNR*NE ig diagonal with its (ng, ng)th element being the reflection coefficient
of the nrth load, i.e.,
Tr=(Zr+ Zol) " (Zr — ZoI). (8.20)

8.2 General RIS-Aided Communication Model

We have characterized the relationships between the electrical properties at the transmit-
ter, RIS, and receiver of an RIS-aided communication system. In this section, we determine
the channel H € CVRXNT relating the voltage vector at the transmitter (transmitted sig-
nal) vy and the voltage vector at the receiver (received signal) vy through vp = Hvy.
To this end, we introduce a universal framework enabling three equivalent analyses, based

on Z-, Y-, and S-parameters.

8.2.1 Universal Framework

Consider the following mathematical problem. Given two variable vectors x € CV*! and

y € CV*1 and a constant matrix A € CV*V | respectively partitioned as

X1 y1 A Ap Agg
X=|x2|,Y= |y2|, A= [Aa A Ay, (8.21)
X3 y3 Az Az Ass

where x; € CNin, yi € CNin, Aij e CNixN;j for 1,] € {1,2,3}, and N1 + No + N3 = N,

our goal is to solve

y = Ax,

x1 =c1 + A1y, (8.22)
x2 = Agya,

x3 = A3ys,

where ¢; € CM*! and A; € CV*Ni for ¢ € {1,2,3} are constant. In other words, we

want to characterize the two variable vectors x and y as functions of the constants A,

ci, Ai, Ay, and A3. Remarkably, system provides a universal framework that

can be used to describe the equations of the multiport network analysis based on Z-, Y-,

and S-parameters. In Tab. we report the relationship between the variables in this

framework and the quantities in the three different parameters introduced in Section
To solve system , we rewrite it in a compact form

= Ax,
Y - (8.23)
X =c+ Ay,
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Table 8.1: Relationship between the universal framework and the three parameters.

Framework Z-parameters Y -parameters

S-parameters

X A i a

y i \Y

A Z-! Y- ! S

c1 VT is 1 b
A, —Z7 -Yr I'r
Ay —Z -Y; €]

Aj —Zp -Ygr I'r

where we introduce ¢ € CN*1 and A € CN*N ag

C1 A1 0
c=|0|,A=]0 A,
0 0

System ([8.23)) can be solved by noting that
x =c+ AAx,

gives
x=(1-AA) 'c.

Thus, by introducing A= (I — KA)_l, partitioned as

A A A
A=Ay Ay Ay
Az Az Agg

we have

0 As

x1 = Aj1c1, X2 = Agcy, X3 = A3icq,

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)

providing an expression for the vector x. Given x, the vector y is determined by applying

y = Ax and system (8.22)) is solved.

8.2.2 Z-, Y-, and S-Parameters Analysis

With the Z-parameters, the channel H is derived by solving the system of the four linear

equations (8.1)), (8.3), (8-4), and (8.5). According to Section this system gives

v=(1+2z2") v,
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where we define vy, € CV*! and Z € CVXV as

VS,T ZT 0 0
vi=|0|,Z=]|0 Z; O
0 0 0 Zgp

Thus, by introducing Z = (I+ ZZ_l)fl, partitioned as

we have

vr = ZrrvsT, VR = ZRTVS T
As a consequence of (8.32)), we obtain
5 5 -1
VR = ZgrVsT = LRTZ 7TV,

yielding
H = ZprZt,

which is the general channel model based on the Z-parameters.

(8.30)

(8.31)

(8.32)

(8.33)

(8.34)

With the Y-parameters, the channel H is derived by solving the system of the four

linear equations (8.6), (8.8), (8-9), and (8.10). According to Section this system

gives
i=(1+YY ) i,

where we define iy € CN*! and Y € CV*N as

is,T YT 0 0
is=|10|,Y=]0 Y; 0
0 0 0 Yg

Thus, by introducing Y = (I + ?Y‘l)_l, partitioned as

?RT ?RI ?RR
we have

ir = ?TTis,Ta ip = ?RTis,T-
As a consequence of (8.8)), (8.10)), and (8.38]), we obtain

_ _ - 1
vi=-Yr'ir=-Yr'Yrris7 = Y;' Ygr (YTT — I) Yrvr,
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(8.36)

(8.37)

(8.38)
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yielding )
:H::YET?RT(?TT—I) Yo, (8.40)

which is the general channel model with the Y-parameters.
With the S-parameters, the channel H is derived by solving the system of (8.11J),

(8.15)), (8.17), and (8.19). According to Section and using b = Sa, this system gives
b=S(I-TS) by, (8.41)

where we define by € CV*! and T' € CV*V as

b rr 0 O
bs=|0 |, T=]0 © 0]. (8.42)
0 0 0 TIp

Thus, by introducing S = S (I — I'S) !, partitioned as

Srr Srr Srr
S= S Sir Sir|; (8.43)
Srr Srr Srr
we have
by = Syrbsr, br = Srrbs 1. (8.44)

As a consequence of (8.13f), (8.15), (8.19), and (8.44)), we obtain

~ ~ ~ ~ —1
vk =ap +bp = (FR—l-I) SRTbs,T = (FR+I) Skr (I+FTSTT+STT> vr, (8.45)

yielding 1
H = (Tg+1)Spr <I + TSy + gTT) : (8.46)

which is the general channel model based on the S-parameters, in agreement with [16].

8.2.3 Equivalence Between General Models

We have derived three general channel models in (8.34]), (8.40)), and ({8.46)), based on Z-,
Y-, and S-parameters, respectively. We now confirm, for the first time, that these channel

models are equivalent representations of an RIS-aided system.

For this purpose, it is necessary to relate the vectors i; r and by 7 to the vector vy 1
by observing that , , and are three equivalent descriptions of the electrical
properties at the transmitter. By equating and , and recalling that Y = Z;l,
we obtain

is7=Y7rvsr, (8.47)

giving the relationship between i 7 and v, 7. In addition, by equating (8.3) and (8.15)),
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and using (8.13) and (8.16]), we obtain

I-T
bs,T: 2 T

vS,T7 (848)

giving the relationship between by 7 and v, 7.

We first show that the general channel model based on the Z-parameters is
equivalent to the general channel model based on the Y-parameters . To this end,
we note that is a direct consequence of and that is a direct consequence

of (8.35). Thus, it is convenient to just show that (8.29) and (8.35]) are equivalent. By
using Z=Y @ and Z =Y, we can rewrite (8.29) as

. —1
v = (I+Y 1Y) vs. (8.49)

Then, recalling that i = Yv and observing that (8.47) gives v, = ?_lis, from (8.49)) we
obtain .
i=Y(1+Y'Y) Y=+ YY) (8.50)

giving (8.35]). Thus, we have that the general channel models (8.34) and ({8.40]) are equiv-
alent since they are a direct consequence of equivalent equations.

We now show that the general channel model based on the Z-parameters is also
equivalent to the general channel model based on the S-parameters . Since (8.34)) is
a direct consequence of (8.29) and (8.46)) is a direct consequence of (8.41), it is convenient
to just show that and are equivalent. By using Z = Zy (I+T) (I-T)"! and
Z=7,(I+S)(I—S)"", we can rewrite as

~1
v (1+ I+DT)I-T)'(I-8) (I+S)_1) Vs (8.51)

=(I+S)I-TS) ' I-0)v,/2. (8.52)

Then, recalling that b = (S™! + I)~!v and observing that (8.48) gives vy = 2(I—T')"'by,
from (8.52]) we obtain

b= (S'+I) " (I+8)I-TS) 'b,=S(I—-TS) b, (8.53)

giving (8.41)). Thus, the general channel models (8.34]) and (8.46]) are equivalent since they

are a direct consequence of equivalent equations, in agreement with microwave theory [74,
Chapter 4]. By the transitive property of the equivalence relation, we also have that the

general channel models based on the Y- and S-parameters are equivalent.

8.3 RIS-Aided Communication Model with Unilateral Ap-

proximation

We have derived three general channel models based on the Z-, Y-, and S-parameters.
They account for imperfect matching and mutual coupling at the transmitter, RIS, and

receiver as they have been obtained without any approximation or assumption. However,
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it is difficult to obtain insights into the role of the RIS in the communication model due
to the presence of matrix inversion operations. To gain a better understanding of the
communication models, in this section, we approximate the general models by assuming

sufficiently large transmission distances.

8.3.1 Universal Framework

We begin by simplifying the universal framework introduced in Section [8.2.1] Specifically,

we consider the matrix A to be block lower triangular given by

Ay 0 0
A=Ay Ay 0 |. (8.54)
Az Az Ags

Remarkably, system (8.22)) with A given by (8.54) provides a universal framework that can
be used to describe the equations based on Z-, Y-, and S-parameters with the unilateral

approximation [94], as it will be clarified in Section With the simplification in (8.54]),
the solution to system (8.22)) given by (8.28) simplifies as

X1 = (I - A1A11)_1 Cy, (855)

X9 = (I — A2A22)71 A2A21 (I — A1A11)71 Ci, (856)
x3 = (A;' - A33)71 <A31 + Az (AT - A22)71 A21) (I-A1A;) e, (8.57)

allowing to explicitly express x in terms of A, c1, A1, Ao, and As. In the following, we use

this universal framework to derive the channel model based on Z-, Y-, and S-parameters.

8.3.2 Z-, Y-, and S-Parameters Analysis

To simplify , we observe that with a large transmission distance between a transmit-
ter and a receiver, the electrical properties at the transmitter are approximately indepen-
dent of the electrical properties at the receiver. The minimum transmission distance at
which this phenomenon occurs is a function of the number of antennas at the transmitter
and receiver, their radiation pattern, and the antenna spacing, as discussed in [94]. Thus,
assuming that the transmission distance is large enough, we can consider the so-called uni-
lateral approximation and set Zp; = 0, Zrr = 0, and Z;r = 0 [94]. Note that with this
approximation we do not assume the wireless channel to be non-reciprocal. Conversely,
we set to zero the upper block triangular part of Z as it does not impact the expression

of H. Thus, we can express vy and Vg as
1y -1
vr = (I1+ZrZ73) " var, (8.58)

VR=Zr(Zpr+Zrr)"" (ZRT —~Zri (Zr +Zrr) " ZIT) (Zr + Zrr) ' ver,  (8.59)
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according to Section Consequently, the channel model based on the Z-parameters

is given by
H="27Zp(Zp+ Zrr)"" (ZRT —Zgi (Z1+Z11)”" ZIT) Zrr, (8.60)

explicitly clarifying the impact of Z, Zp, Z;, and Zp, in agreement with [92, Corollary 1].

As discussed for the Z-parameters, we can also simplify by considering the
unilateral approximation. Setting Zz; = 0, Zrr = 0, and Z;r = 0, and recalling that
the entire matrix Y is related to Z through Y = Z~!, we obtain Y7r; =0, Yrr = 0, and

Y ;r = 0, allowing us to express ir and ip as
. —1\—1.
1T = (I + YTYle“) g1, (861)

in=Yr(Yr+Yrr) " (YRT —Yr (Y + Y )™ YIT) (Y7 +Yrr) tier,  (8.62)

according to Section [8.3.1} Thus, the channel model based on the Y-parameters with the

unilateral approximation is given by
H=(Yr+Ygr)™" (_YRT + YR (Yr+Ym)™ YIT) : (8.63)

explicitly defining the effect of Y, Y7, Y7, and Yg.

As done for the Z- and Y-parameters, we simplify by considering the unilateral
approximation to better understand the role of the RIS. Setting Zr; = 0, Z7rr = 0, and
Zir = 0, and recalling , we obtain Sp; = 0, Spr = 0, and S;r = 0, which allow us
to express by and by as

br = Srr (I - T7Sr7) ' by, (8.64)

br = (I—Sgrlr) ! (SRT +Sprr(I—-©8;;)™* G)SIT) (I—-T7Srr) 'ber,  (8.65)

according to Section [8.3.1} Thus, the channel model based on the S-parameters with the

unilateral approximation is given by
H=(Tp+1)(I-Sgrlr)"" (sRT £ Sk (I—©S;)"! @SIT) (I+Srr)™,  (8.66)

clearly highlighting the role of S, I'y, ®, and I'py.

Remarkably, the three models (8.60), (8.63]), and (8.66) effectively show the impact
of Z;, Y, and ©® on the communication, while still capturing the impact of imperfect

matching and mutual coupling at the transmitter, RIS, and receiver.

8.3.3 Mappings Between Parameters

Under the unilateral approximation, we can derive simplified mappings that allow us to

express the Y- and S-parameters as functions of Z-parameters.
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Table 8.2: Channel models based on Z-, Y-, and S-parameters with corresponding as-
sumptions and approximations.

Y -parameters S-parameters

g, (Y - 5 5. 15"
Y Yer (Yrr -1) 7 Y T+ DSar (1+ ToSrr + 817)

i (1-©81) 7 ©817) (1+Srr)

ng at TX and RX  Zgy

v
o (“Yor + Yo (Y1 + Y1) Yir)
Y = Yol

s (< Yor+ Yo (V4 %D Yir)

arlaeE=|a=la

* Distances larger than the critical distance provided in [94].

From Z- to Y-Parameters

To express the matrices Y gy, Y rr, and Y ;7 as functions of Z, we consider the relationship
Y = Z~! where Z has been simplified through the unilateral approximation, i.e., Z7; = 0,

Zrr =0, and Z;r = 0. Thus, by computing Y, we have
Yri = ~ZppZriZy}, Yir = 2} ZirZyy, (8.67)
Yrr =Zpp (—Zrr + ZriZ7 Zi7) Z7p. (8.68)

From Z- to S-Parameters

To express the matrices Sgr, Srr, and Syp as functions of Z, we consider the relationship
(8.14) where Zrr =0, Zrr = 0, and Z;r = 0. Thus, it can be proved that

Srr =220 (Zrr + Zol) " Zgr (Zr1 + ZoI) ', (8.69)

Srr =220 (Z11 + ZoX) " Zy (Zpr + ZoT) 71, (8.70)
SRT = 2Z0 (ZRR =+ Z(]I)_l (ZRT — ZR[ (Z][ =+ Z()I)_1 Z]T) (ZTT + Z()I)_l . (871)

Interestingly, these mappings further clarify the equivalence of the three analyses and the
meaning of the different terms. In the following, we show that these mappings play a
fundamental role in relating the EM-compliant models derived in this chapter with the

channel model widely used in related literature.

8.4 RIS-Aided Communication Model with No Mutual Cou-
pling

We have derived three general channel models based on the Z-, Y-, and S-parameters,
and we have simplified them by considering the unilateral approximation. In this section,
we further simplify the obtained models to gain engineering insights into the role of the

RIS in the communication system.

8.4.1 Z-, Y-, and S-Parameters Analysis

To further simplify (8.60), we consider two assumptions in addition to the unilateral

approximation. First, we assume that the antennas at the transmitter and receiver are
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perfectly matched and have no mutual coupling, yielding Zpr = Zpl and Zrr = Zol.
Second, we assume that the impedances at the transmitter Z7,,, and the receiver Zg
are all Zy, i.e., Zp = Zyl and Zr = Zyl. With these assumptions, the channel model
(8.60) simplifies to

széo(ZRT—ZRI(ZIJrZH)_lZIT). (8.72)
In addition, assuming perfect matching and no mutual coupling at the RIS, i.e., Z;; = Zyl,
we obtain

H = 2;0 (Zrr = Zps (2 + Z0) " Zir) (8.73)

giving the simplified channel model based on the Z-parameters with perfect matching and
no mutual coupling. By further assuming the RIS elements to be canonical minimum
scattering antennas [96], the channel without the RIS is equivalent to the channel when
the RIS elements are open-circuited, i.e., Z; = ocl, given by H = Zgr/(2Zy) following
(18.73]).

To further simplify , we consider the two additional assumptions as discussed for
the Z-parameters. First, assuming perfect matching and no mutual coupling at the trans-
mitter and receiver, and noting that, with the unilateral approximation, the relationship
Y = Z! implies Y;; = ZZ-_Z-I, for i € {T,I, R}, we obtain Yrpr = YoI and Ygrr = Yol
Second, considering all the impedances at the transmitter and receiver to be Zj, and re-
calling that Y7 = Z;' and Y = Z', we have Y7 = YyI and Y = YpI. With these
assumptions, the channel model simplifies to

1 _
H = 2—)/0 (_YRT + Ypg; (Y[ + Y[[) 1 Y]T> , (874)

In addition, assuming perfect matching and no mutual coupling at the RIS, i.e., Y5 = YoI,
we obtain

1 L,
H= oo (—YRT Y Y (Y7 + YD) Y1T> , (8.75)

giving the simplified channel model based on the Y-parameters with perfect matching and
no mutual coupling.

As done for Z- and Y-parameters, we now further simplify . First, assuming
perfect matching and no mutual coupling at the transmitter and receiver, and noting
that, with the unilateral approximation, implies S;; = (Zy; + ZOI)_1 (Zi; — ZoI), for
i € {T,1, R}, we obtain Spr = 0 and Sgr = 0. Second, considering all the impedances

at the transmitter and receiver to be Zj, and recalling (8.16)) and (8.20f), we have I'r = 0
and I'r = 0. With these two assumptions, (8.66) simplifies to

H = Spr + Srr (I—©S;;) ' ©S;7r. (8.76)

In addition, assuming perfect matching and no mutual coupling at the RIS, i.e., S;y = 0,
we obtain

H=Sgrr+ Sri®OS;r, (8.77)

which is the simplified channel model based on S-parameters with perfect matching and no

mutual coupling, commonly used in communications in agreement with [16]. We summa-
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rize the main results of the three analyses based on Z-, Y-, and S-parameters in Tab.

8.4.2 Mappings Between Parameters

Under the assumptions of perfect matching and no mutual coupling, we can derive more
simplified mappings that allow us to express the Y- and S-parameters as functions of

Z-parameters. By using such mappings, it is possible to directly show that the simplified

channel models (8.73)), (8.75)), and (8.77)) are equivalent.

From Z- to Y-Parameters

Considering the unilateral approximation and perfect matching and no mutual coupling

at the transmitter and receiver, the matrices Ygrr, Ygrr, and Y7 can be expressed as
functions of Z by setting Zpr = Zyl and Zrr = Zol in (8.67)) and (8.68)), yielding

ZriZ7} 77 7 1 B
_ORIAN oy = 2T 7 (~Zpr +ZriZ;} Zir) . (8.78)
0

Yy —
RI 7 7

In addition, with perfect matching and no mutual coupling at the RIS, i.e., Z;; = Zpl,

(8.78)) boils down to

Zprr Zir

1 ZriZir
Yeri=——5, Yir=——5, Yrr = —5 <_ZRT + > : (8.79)
Zg Zg Z3

Zo

Interestingly, by substituting Y; = Z;l and (8.79) into (8.75)), we directly obtain (8.73)),

confirming that the two analyses based on Z- and Y-parameters lead to the same result.

From Z- to S-Parameters

To express the matrices Spr, Sgrr, and Syr as functions of Z with the unilateral approxi-

mation and perfect matching and no mutual coupling at the transmitter and receiver, we

can set Zpr = Zol and Zrr = Zol in (8.69)), (8.70), and (8.71)), yielding

Srr = Zpr (Zir + Zo1) ™Y, Sir = (Zyr + ZoY) ™' Zyr, (8.80)
1 4
Spr = 7 (ZRT — Zpi (Zyg + ZoT) Z1T> . (8.81)

In addition, with perfect matching and no mutual coupling at the RIS, i.e., Z;; = Zpl,
(8.80) and (8.81)) boil down to

(8.82)

Z Z 1 ZriZ
Sy = 2B IT (ZRT_ RI IT)_

2 og,, = 224 - it
27, 1T T 2z, PRT T 97, 27,

Interestingly, by substituting (8.18]) and (8.82) into (8.77)), we directly obtain (8.73)), con-

firming that the two analyses based on the Z- and S-parameters lead to the same conclu-

sion.
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8.4.3 Relationship with the Widely Used Model

We have derived three equivalent simplified channel models under the assumptions of
perfect matching and no mutual coupling. In this section, we relate these models with the
RIS-aided channel model widely used in related literature.

In RIS literature [I3], the notation
Hgr = Sgr, Hrr = Skrr, Hir = S, (8.83)

is commonly used to denote the channel matrices from the transmitter to the receiver, from
the RIS to the receiver, and from the transmitter to the RIS, respectively. By substituting
(8.83)) into the simplified channel based on the S-parameters (8.77)), we obtain

H=Hpgzr+ Hgr;OH;r, (8.84)

which is the RIS-aided communication model widely used in related literature. Thus, we
can conclude that the widely used model is derived by considering the unilateral
approximation and under the assumptions of perfect matching and no mutual coupling,
in agreement with [16].

An interesting aspect of the channel model is the dependence of Hir on Hp;
and Hjr as a result of and . However, this aspect is commonly neglected in

related literature, where it is implicitly considered

Zgr

ET7% (8.85)

SRT ~
as an approximation of (8.82). Remarkably, (8.85) can be obtained by considering the
relationship

Z=2Z,(1-8)"" — ZI, (8.86)

which is derived from , by applying the first-order Neumann series approximation
(I—-S)!' ~ (I+8). With this approximation, from we obtain Z ~ Zy (I+ 28S),
directly giving . Note that the first-order Neumann series approximation holds as
long as ||S||F is small, which is typically valid in wireless communication scenarios given
the high losses suffered from the propagating signal.

According to the approximation in , when the direct channel between transmitter
and receiver is completely obstructed, i.e., Zrr = 0, we have Hrpr = 0, as widely accepted
in related literature. However, according to , a completely obstructed direct channel,
i.e., Zrr = 0, gives Hrr = —HpiHr, which is in general non zero, as correctly noticed
n [93]. The physical meaning of having Hrp # 0 in the case of a completely obstructed
direct channel, i.e., Zrr = 0, lies in the structural scattering of the RIS.

Since the approximation in causes an inconsistency, especially when Zgrr = 0,
it is worth quantifying the difference between (8.84)) and the channel model resulting from
, widely used in the literature. To this end, we assume a completely obstructed
direct channel, i.e., Zrr = 0, and consider a SISO system, i.e., Ng = 1 and Ny = 1,

126



where (8.84) boils down to
h = —hgrhrr + hgr®h;r, (8.87)

where the term —hgrhrr represents the structural scattering of the RIS, and, considering
the approximation in (8.85)), to

h =~ hr®h;r 2 1. (8.88)

In the following, we derive the scaling laws of the received signal power achieved under the

channel models in and when a conventional RIS architecture is considered.
As for the model in , the received signal power is given by Pr = | — hrrhyp +

hr;®h;7|?, where a unit transmit power is assumed with no loss of generality. Thus, the

maximum received signal power is given by

Ny 2
Pr = (|hRIhIT| + Z (hril,, (brrl, ) ; (8.89)

nr=1

achievable by co-phasing the terms —hgrrhrr and hp;®h;r through an appropriate phase
shift introduced by ©.
As for the widely used model 7/, the received signal power is equal to P, = |hp;®h %

Thus, it is possible to optimize the RIS to achieve a received signal power of

2

Ny
Pp = <Z [hril,, [hir], > - (8.90)

nr=1

We define the relative difference between the average received signal power E[Pr] and
E[P}] as
B[P B[Py
E[Pg]
To gain numerical insights into (8.91)), we consider LoS channels given by hp; =
(€1, ..., e?Vi] and hyp = [e¥1,...,e¥N1|T. With these channels, in the case of the model

(8.91)

h, we have
E[Pg] = E [|hRIhIT|2} + N2 4+ 2N/E[|[hprhr|]. (8.92)

Approximating the term hrrhyr as a sum of Ny independent and identically distributed
(i.i.d.) random variables with mean 0 and variance 1, it holds hgrh;r ~ CN(0, Ny) by the
Central Limit Theorem. Thus, by using E[|hrrh;r|] = \/W and E[|hgsh;r|?] = Ny, we
have

E[Pg] = N? + \/nN;N; + Ny. (8.93)

Besides, in the case of the widely used model b/, we have
E [Pg] = P, = N}. (8.94)

Considering (8.93) and (8.94)), the relative difference between E[Pg] and E[P}] under LoS
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Figure 8.2: (a) Average received signal power obtained with the model ~ and the widely
used model ' and (b) relative difference between them.

channels is equal to

_ VaNr+1
N;++aNf+1

(8.95)

giving § — 0 for Ny — oc.

In Fig. [8.2(a)l we report the average received signal power achieved with h and the
approximated model h/. We observe that the received signal power for the channel h is
higher because of the additional term —hgrhrp. In addition, in Fig. [8.2(b), we report the
relative difference between the average received signal power achieved with h and with the
approximated model h/. We observe that, despite the difference vanishes when N; — oo,
it is non-negligible for a practical number of RIS elements since it vanishes slowly with
Njp.

8.5 RIS Architectures and Optimization

We have shown that Z-, Y-, and S-parameters can be equivalently used to characterize the
RIS-aided communication model. Similarly, they can be equivalently used to characterize
the Ny-port reconfigurable impedance network implementing the RIS. In this section, we
discuss how the matrices Z;, Y, and ® can be used to characterize different RIS archi-
tectures, including conventional RIS and BD-RIS. In addition, we discuss the advantages

of Z-, Y-, and S-parameters in optimizing the RIS.

8.5.1 RIS Architectures

In conventional RIS, also known as single-connected, each RIS port is solely connected
to ground through a tunable impedance [I6]. Hence, the resulting impedance, admit-
tance, and scattering matrices are diagonal, as given in Tab. @, where Z,,, is the tunable
impedance connecting the nrth RIS port to ground, Y,,, = Z,; Il, and Oy, is the reflection
coefficient corresponding to Z,,, given by ©,, = (Z,, — Zo)/(Zn, + Zo), according to
, forny =1,..., N;. Furthermore, in the case of a lossless single-connected RIS, Z,,
and Y, are purely imaginary, and |©,,| = 1, for ny = 1,..., Ny, as shown in Tab.
This conventional circuit topology is the simplest RIS circuit topology, offering limited
flexibility [16].
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Table 8.3: Constraints of lossless and reciprocal RIS architectures based on Z-, Y-, and
S-parameters.

Z-parameters Y -parameters S-parameters
. Z; = diag (Z1,...,ZnN;), Y, = diag (Y1,...,Yn,), © = diag (01,...,0x,),
Single-connected Zny = §Xn;, Xn; € R, Vi Yy, = jBn;, Bn, € R, Vny O, =1, 0,, €[0,27), Vn;
Fully-connected ~ Z; = jX;, X; = XT, X; € RNV Y; =jB;, B, =BT, B; e RN*M efle=1,0=07
Z; =diag(Zs1,....Z1c), Y; =diag(Yr1,---, Yia), O =diag(0y,..., O¢),

Group-connected . T N . + Nooxc ] T
~Toup Zig=jX1g Xrg =X}, X1y € RNNG Vg Y, = jBr,, By, =Bl , By, e RVNoNo vy ©le,=1,0,=0], vy

Tree-connected*  — Y;=jB;, B; = Bf By € RV, B
[Bi];;=0if i —j|>1
YI:diag(YI_l,““,Y(,_G)} .

Forest-connected* — Y, =jBry Brg= Bf,gs B, € RNaxNe | _
Brgl; =0if li—j| > 1, g

* For these RIS families, the tridiagonal RIS architecture is considered [80], and the constraints cannot
be expressed in terms of the Z- and S-parameters.

To overcome the limited flexibility of conventional RIS, the ports in BD-RIS can also
be connected to each other through additional tunable impedance (or admittance) com-
ponents. By denoting the tunable admittance connecting the n;th port to the mjth port

as Yy, m,, the (ny, mr)th entry of the admittance matrix is given by

-Y, n m
Y, =4 T 17 my : (8.96)

Yoy + 2 ksn; Yo om0 =myg

as discussed in [I6]. Thus, the admittance matrix of BD-RIS is not limited to being
diagonal. The same holds for the impedance and scattering matrices of BD-RIS, as it can
be easily noticed by applying Z; = YI_]L and . Depending on the topology of the
interconnections between the RIS ports, multiple RIS architectures have been proposed.
In Tab. we report the constraint of fully-/group-connected RIS [16], and tree-/forest-
connected RIS with the tridiagonal architecture [80] based on the three parameters. In
group- and forest-connected RIS, the elements are grouped into G groups, each with
size N¢ = N/G, such that Zr, € CNexNa Y, € CNexNa - and O, c CNexNe are
the impedance, admittance, and scattering matrix of the gth group, for ¢ = 1,...,G,
respectively [16], [80]. The N7-port network of the RIS is often assumed to be reciprocal
(not including non-reciprocal media) and lossless (to maximize the scattered power). If
the RIS is reciprocal, the impedance, admittance, and scattering matrices are symmetric.
Furthermore, if the RIS is lossless, the impedance and admittance matrices are purely

imaginary while the scattering matrix is unitary, as shown in Tab.

8.5.2 RIS Optimization Based on the Z-, Y-, and S-Parameters

Since Z-, Y-, and S-parameters can be used interchangeably to characterize the RIS
architecture, we now highlight the advantages of using the different parameters to optimize
the RIS. To this end, we consider three case studies derived from the received signal power
maximization problem in an RIS-aided MIMO system. In this communication system, the
transmitted signal is expressed as vy = ws, where w € CN7*! is the normalized precoder
subject to ||[w|| = 1, and s € C is the transmitted symbol with average power Pr = E[|s|?].

Besides, the signal used for detection is given by z = gvg € C, where g € C'*Vr is the
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normalized combiner subject to the constraint ||g|| = 1, and vg = Hvyp is the received
signal. Thus, the received signal power is given by Pr = Pr|gHw|?.

Z-parameters proved to be the effective representation when optimizing the RIS with
mutual coupling [97, 08, [99, 100]. Specifically, RIS characterized through the Z-parameters
have been optimized by applying the Neumann series approximation [97, 98], by iteratively
optimizing the tunable loads in closed-form [99], and trough gradient ascent [100]. Fur-
thermore, it has been shown that Z-parameters facilitate the optimization of BD-RIS in
the presence of mutual coupling at the RIS [55].

As a case study, we consider the received signal power maximization problem in an
RIS-aided system in the presence of mutual coupling, with the RIS being group-connected,
including single- and fully-connected as two special cases [16]. Considering lossless and
reciprocal RIS, i.e., with Z; = jX; and X = X?, where X is the RIS reactance matrix,
and H given as in , our problem writes as

Jhax 422 ‘g (ZRT —Zrr (X1 +Zr1)” ZIT) ‘2 (8.97)
st. Xyp=diag(Xr1,...,Xra), (8.98)
X, =X7,. Vg, (8.99)

Iwl =1, |lg]l =1, (8.100)

which is solved by jointly optimizing w, g, and X;. To solve —, we initialize
X7 to a feasible value and alternate between the following two steps. First, with X fixed,
w and g are updated as the dominant right and left singular vectors of Zgr — Zg(j X +
Zi1) " 'Zir, respectively, which is globally optimal. Second, with w and g fixed, X is
updated by solving

eff

max 2 2 X+ Zpp) T 28 " st (8-98), (8-99), (8.101)
I

where zRT =gZpTwW, zRI = gZpr, and ZIT = Zrw, as proposed in [55]. These two steps
are alternatively repeated until convergence of the objective (8.97]).

RIS optimization based on Y-parameters is necessary in the case of BD-RIS whose
admittance matrix Y7 is sparse, i.e., there is only a limited number of tunable admittance
components interconnecting the RIS elements, such as in tree- and forest-connected RISs
[80]. In this case, Y-parameters are the effective representation since the entries of Y are
directly linked to the tunable admittance components in the BD-RIS circuit topology, as
given by .

As a case study, we consider the received signal power maximization problem in an RIS-
aided system, with the RIS being forest-connected, including single- and tree-connected
as two special cases [80]. Considering lossless and reciprocal RIS, i.e., with Y; = jB; and
B; = B?, where By is the RIS susceptance matrix, and H given as in , assuming
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no mutual coupling, our problem writes as

max 4Y2 ‘g ( Yrr + Yrr (GBr + YoI)™ YIT> )2 (8.102)
st. By =diag(Bry,...,Brc), (8.103)
By =B, Brgl,; =0if [i —j| > 1,7, (8.104)

[wl =1, |lgll =1, (8.105)

where indicates that the gth block of the susceptance matrix By has a tridiagonal
architecture, as introduced in [80]. To jointly optimize w, g, and By, we initialize B to
a feasible value and alternate between the following two steps. First, with B; fixed, w
and g are updated as the dominant right and left singular vectors of =Ygy + Yrr(jB; +
YoI) =YY 7, respectively, which is a global optimal solution. Second, with w and g fixed,
B; is updated by solving

2
s.t. (8.103), (8.104), (8.106)

max |~y + yi (Br+ YD) yi
I

where yRT = gYgrrw, y‘;%ﬂ; = gYg;, and yﬁ = Y;rw. Remarkably, has been
solved in [80], where a globally optimal solution for each block By, has been proposed.
These two steps are alternatively repeated until convergence of .

S-parameters have been commonly used to optimize conventional RIS in the vast ma-
jority of related works [13]. S-parameters own their popularity to the widely used channel
model , in which ® = diag (ejel, el ) in the case of a lossless single-connected
RIS. For single-connected RIS, S-parameters allow to directly optimize the phase shifts
0n, € [0,2m) through several optimization techniques, such as semidefinite relaxation
(SDR) [I7]. For BD-RIS, the S-parameters enable the use of manifold optimization by
exploiting the unitary constraint on © [65]-[67]. In addition, the S-parameters allow
for efficient optimization of BD-RIS by using tailored decompositions of © [75], through
symmetric unitary projection [50], and by solving the orthogonal Procrustes problem [68].

As a case study, we consider the received signal power maximization problem in an RIS-
aided system, with the RIS being group-connected. Considering lossless and reciprocal
RIS, ie., with ©7@ =1 and ® = O, and H given as in , assuming no mutual

coupling, our problem writes as

max Pr|g (Srr + Sr1©S7) w|? (8.107)
w7g7
s.t. © =diag(©4,...,0¢q), (8.108)
0,=0! elle, =1 vy, (8.109)
[wll=1, gl =1, (8.110)

which is solved by jointly optimizing w, g, and . To this end, we initialize ® to a feasible
value and alternate between the following two steps. First, with © fixed, w and g are

updated as the dominant right and left singular vectors of Sgr + Srr®S 7, respectively,
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Figure 8.3: Average received signal power maximized using Z-, Y-, and S-parameters.

which is globally optimal. Second, with w and g fixed, ® is updated by solving

<. (109, (5I00). (s.111)

max S%HT“‘SRI (}qu“

where s$ RT = gSpTw, 89 RI = gSpr, and s IT = S;rw. Remarkably, m ) has been solved
for group-connected RIS through a closed-form global optimally solution in [75]. These
two steps are alternatively repeated until convergence of (8.107)).

8.6 Performance Evaluation

In this section, we evaluate the performance obtained by solving the three optimization
problems presented in Section using Z-, Y-, and S-parameters. The transmitter,
RIS, and receiver are located at (0,0), (50,2), and (52,0) in meters (m), respectively. We
set Nr = 2 and N = 2, and assume that the direct channel between the transmitter
and receiver is completely obstructed, i.e., Zrr = 0. For the large-scale path loss of the
channels from the RIS to the receiver and from the transmitter to the RIS, we use the
distance-dependent path loss model L;;(d;;) = Lod;ja” , where L is the reference path loss
at distance 1 m, d;; is the distance, and «;; is the path loss exponent, for ij € {RI,IT}.
We set Lg = —30 dB, agr = 2.8, ajr = 2, and Pr = 10 mW. For the small-scale fading,
we model the channels as i.i.d. Rayleigh, i.e., Sg; ~ CN (0, Lg/I) and Sy ~ CN (0, L;71).
Given Zgr, Sgrr, and Syp, we obtain the rest of the off-diagonal blocks of Z, Y, and S

through (8.79)) and (8.82]).

In Fig. B3] we report the average received signal power obtained by optimizing the

RIS through Z-, Y-, and S-parameters. In the case of group- and forest-connected RISs,
the group size is Ng = 4. The schemes “w/o Mutual Coupling” are obtained by setting
Z;; = Zyl. Besides, the schemes “w/ Mutual Coupling” in Fig. [8 are obtained by
modeling Z;; as follows: its diagonal entries are set to Z, assuming perfectly matched RIS
elements, while its off-diagonal entries are modeled as in [55], considering the RIS antennas
being dipoles with length £ = \/4 and inter-element distance d = A\/4, where A = ¢/ f is the
wavelength with frequency f = 28 GHz. We make the following observations. First, BD-
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RIS outperforms single-connected RIS in the presence of mutual coupling because of its
higher flexibility, in agreement with [55], and also with no mutual coupling since Rayleigh
small-scale fading is considered [16], 80]. Second, the presence of mutual coupling between
the RIS elements increases the performance, in accordance with [100]. We observe this
gain for all the considered RIS architectures by assuming that the RIS mutual coupling
matrix Zj; is perfectly known during the optimization process. Third, in the absence
of mutual coupling, single-/group-/fully-connected RIS architectures optimized with the
Z-parameters achieve the same performance as the same architectures optimized with
the S-parameters, providing additional evidence of the equivalence of the two analyses.
In our case study, optimizing based on the S-parameters is preferred since closed-form
solutions are available, leading to a low-complexity optimization process [75]. Fourth,
in the absence of mutual coupling, single-/group-/fully-connected RISs optimized with
the S-parameters achieve the same performance as single-/forest-/tree-connected RISs
optimized with the Y-parameters, respectively, in agreement with [80]. In our case study,
forest- /tree-connected RISs are preferred over group-/fully-connected RISs since they are

characterized by a reduced circuit complexity [80].

8.7 Conclusion

We introduced a universal framework to perform multiport network analysis of an RIS-
aided communication system. The proposed framework is used to analyze the RIS-aided
system based on the Z-, Y-, and S-parameters. Based on these three independent anal-
yses, three equivalent channel models are derived accounting for the effects of impedance
mismatching and mutual coupling at the transmitter, RIS, and receiver. Subsequently,
to gain insights into the role of the RIS in the communication model, these models are
simplified by assuming large transmission distances, perfect matching, and no mutual cou-
pling. The equivalence between the obtained simplified models is shown by providing the
mappings between the different parameters of the three representations. The derived sim-
plified channel model is consistent with the channel model widely used in related literature.
However, we show that an additional approximation is commonly considered in related
literature, whose impact in terms of received signal power vanishes as the number of RIS
elements increases. To analyze the impact of this approximation, i.e., the omission of the
RIS structural scattering, in practical RIS-aided scenarios, including when the RIS is used
in hybrid reflective and transmissive mode, constitutes an interesting research direction.
Since Z-, Y-, and S-parameters are equivalent representations, we discuss the advan-
tages of each of them in the characterization of the RIS architecture and its optimization.
To this end, we present three case studies and show that it is convenient to solve each
of them by using a different multiport network model representation. Numerical results

further support the equivalence of the three analyses.
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Chapter 9

BD-RIS With Long and Lossy

Interconnections

Although BD-RIS working in hybrid mode and multi-sector BD-RIS have shown great
coverage improvements [65] [66], an RIS effectively enhances the link between a transmitter
and a receiver only when placed close to one of them [13]. For this reason, an RIS can be
particularly beneficial only to users in its proximity, yielding reduced coverage capabilities.
This reduced coverage limitation arises from the fact that RIS has been commonly regarded
as a localized array of scattering elements, here denoted as localized RIS. In this chapter,
we overcome this limitation by investigating RIS made of a distributed array of elements,
in which the inter-element distance can be much longer than the wavelength, referred
to as distributed RIS. Our focus will extend specifically to distributed BD-RIS, as they
are expected to achieve particularly enhanced performance due to the presence of tunable
impedance components interconnecting the RIS elements. These interconnections have the
potential to effectively guide the EM signal toward the receiver by enabling its propagation
within the RIS. Distributed BD-RIS could be implemented by integrating the RIS elements
into long cables, forming long linear arrays. Specifically, distributed BD-RIS could drive
the EM signal from a fixed base station (BS) to the mobile user equipments (UEs) within a
coverage area proportional to their array length in highly obstructed indoor environments,
e.g., smart factories, as well as in urban outdoor settings.

The investigation of distributed BD-RIS requires modeling the interconnections in the
BD-RIS architecture by accounting for their losses, which is a challenge overlooked in
previous literature on BD-RIS. In previous works, BD-RIS has been modeled through
a lumped-element circuit model, valid when the physical dimensions of the RIS recon-
figurable impedance network are much smaller than the wavelength. According to the
lumped-element model, voltages and currents are constant along the interconnections,
which simplifies the BD-RIS modeling and optimization. However, the length of the in-
terconnections between the RIS elements in BD-RIS can be a considerable fraction of the
wavelength in localized BD-RIS, or many wavelengths in distributed BD-RIS. For exam-
ple, even when the inter-element distance is half-wavelength, the interconnections are at
least half-wavelength long. In the case the interconnections are not much smaller than the

wavelength, two critical effects take place. First, voltages and currents vary in phase along
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the interconnections. Second, voltages and currents may vary in magnitude along the in-
terconnections due to losses. Thus, it is crucial to develop a BD-RIS model accounting for
these two effects, as they may lead to undesired changes of phase and dissipation of power
within the BD-RIS circuit. To this end, in this chapter, we model and optimize localized
and distributed BD-RIS by characterizing its interconnections through transmission line
theory. Our contributions are summarized as follows.

First, we propose the concept of distributed RIS, in which the antenna elements are not
localized in a specific site but distributed over a wide region. We analyze their scaling laws
and quantify the gain of distributed RIS over localized RIS, and of distributed BD-RIS over
distributed conventional RIS. The derived scaling laws show that lossless distributed BD-
RIS can offer substantial gains over distributed conventional RIS and localized BD-RIS,
as high as several orders of magnitude. These gains are enabled by the interconnections
within BD-RIS, which allow the guided propagation of the EM signal within the BD-RIS.

Second, we model BD-RIS (localized and distributed) with lossy interconnections by
using transmission line theory. Specifically, we model the interconnections present in the
BD-RIS circuit topology as tunable impedance components in series with lossy transmis-
sion lines. Thus, we derive the expression of the BD-RIS admittance matrix as a function
of the tunable impedance components and the transmission line parameters.

Third, since it is difficult to derive engineering insights from the derived BD-RIS model,
we obtain three simplified models. First, by making specific assumptions on the intercon-
nection lengths, we show how losses impact the BD-RIS admittance matrix elements.
Second, by assuming lossless interconnections, we illustrate how the presence of long in-
terconnections affects the lossless BD-RIS model. Third, by assuming lossless interconnec-
tions with specific lengths, it is shown how the derived model boils down to the BD-RIS
model widely considered in previous literature.

Fourth, we optimize lossy BD-RIS based on the proposed models and assess its per-
formance, compared with conventional RIS. Numerical results show that the performance
of localized BD-RIS is only slightly impacted by losses given the short interconnection
lengths. Besides, the performance of distributed RIS, even with losses, can achieve orders
of magnitude of gains over conventional RIS.

Organization: In Section we introduce the localized and distributed BD-RIS-aided
system model. In Section we derive and compare the scaling laws of localized and
distributed BD-RIS. In Section we model BD-RIS with lossy interconnections through
transmission line theory. In Section we derive three simplified models for lossy BD-
RIS. In Section we optimize BD-RIS characterized with the proposed models. In
Section we present the numerical results. Finally, Section concludes this chapter.

The content of this chapter has appeared in [I01].

9.1 Localized and Distributed BD-RIS-Aided System Model

Consider a MIMO system between an Np-antenna transmitter and an Ng-antenna receiver
aided by an N-element BD-RIS. The N elements of the BD-RIS are connected to a N-

port reconfigurable impedance network, with scattering matrix ® € CV*¥. Given the
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matrix @, the wireless channel H € CVNe*XNT writes as H = Hpp + HR®Hyp, where
Hpr € CNeXNr Hp € CNE*N and Hy € CVXNT refer to the channels from transmitter
to receiver, RIS to receiver, and transmitter to RIS, respectively [16].

In related literature, an RIS has been regarded as an antenna array with an inter-
element distance comparable with the wavelength. We refer to this type of RIS as localized
RIS, as its elements are all localized in a specific site. With a localized RIS, the channels
Hpr and Hy have been commonly modeled as HI;%OC = \/,@I:I r and H%OC = WﬁT, where
pr and pp are the path-gains while Hp € CNoXN and Hyp € CV*N7 are the small-scale
fading effects. Opposed to localized RISs, we investigate in this chapter the performance
of distributed RISs, i.e., RISs whose elements are distributed over a wide region, with an
inter-element distance that can be much longer than the wavelength. In the presence of a
distributed RIS, the channel Hpy is expressed as Hgis =H RR}%/Q, where Ry = diag(pp),
with pp € RVX! introduced such that [pg], is the path-gain from the nth RIS element to
the receiver. Similarly, we have HPS = RIT/ *Hy, where Ry = diag(py), with pp € RVX1
introduced such that [pr], is the path-gain from the transmitter to the nth RIS element.

In this BD-RIS-aided system, we denote the transmitted signal as x = ws € CN7 <1,
where w € CV7*!1 is the precoding vector subject to ||w| = 1, and s € C is the transmitted
symbol with average power Pr = E[|s|?]. Denoting the received signal as y € CVrX1 we
have y = Hx+n, where n € CV&*! is the AWGN at the receiver with power ¢2. By using
a combining vector g € C'*Vr subject to ||g|| = 1, the signal used for detection § = gy
can be expressed as

$=gMHpr + HR®OHyr) ws + 7, (9.1)

where 7 = gn is the AWGN with power o2. Thus, when reconfiguring the BD-RIS, © is

optimized jointly with g and w to maximize the received signal power, given by
Pr = Prlg (Hpr + HR®H7) w|°. (9.2)

In the following, we analyze and compare the received signal power scaling laws of localized
and distributed BD-RIS.

9.2 Scaling Laws

To compare the fundamental limits of localized and distributed BD-RIS, we derive their
received signal power scaling laws. For simplicity, we consider a SISO system, i.e., Ng = 1
and Np = 1, with obstructed direct channel, i.e., Hgry = 0, and lossless BD-RIS, i.e., with
unitary . With no loss of generality, we assume transmit power Pr = 1, such that the
received signal power writes as Pr = |hg®hy|?. We model the path-gain of the channels
hr and hp through the distance-dependent model and their small-scale fading as i.i.d.
Rayleigh distributed. Specifically, for localized BD-RIS, we have hZI-‘OC ~ CN(0, p;I), with
pi = Cod;?, for i € {R,T}, where Cy refers to the path-gain at the reference distance
1 m, a is the path-loss exponent, and dr (resp. dr) is the distance between the RIS
and the receiver (resp. the transmitter). Similarly, for distributed BD-RIS, we have
hPs ~ CNV(0,R;), with R; = diag(p;), [p;]n = Coldi];?, for i € {R,T}, where [dg],
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(resp. [dr]) is the distance between the nth RIS element and the receiver (resp. the
transmitter).

In the following, we study the localized and distributed versions of single- and fully-
connected RIS, which are the least and the most complex BD-RIS architectures, respec-
tively. Single-connected RIS is the conventional RIS characterized by a unitary and diag-
onal scattering matrix, i.e., ® = diag(e’?1,...,e%V), with 6,, € [0,27), forn =1,...,N.
Besides, fully-connected RIS is the BD-RIS architecture with the highest flexibility as it
is characterized by an arbitrary symmetric and unitary scattering matrix [16].

For localized single-connected RIS, it is possible to optimize the phase shifts 6,, to

obtain a received signal power given by

N 2
PII%IOC-SC _ (Z | [h%oc]n| Hh%oc]n‘> ) (93)

Furthermore, the expected value of (9.3) can be derived by exploiting the i.i.d. channels
assumption, and that E[|[n°],[2] = p; and E[|[hloc],|] = ¥ /5, for i € {R, T} and
n =1,..., N, because of the moments of the chi distribution with 2 degrees of freedom.

Thus, it is possible to show that

2

Loc-SC
E [P = <N+ G

TN (¥ - D) Gzt (9.4)
giving the scaling law of localized single-connected RIS [16].
In the case of localized fully-connected RIS, it has been shown that it is always possible

to optimize the RIS to achieve a maximum received signal power given by

PLoc FC _ HhLocH ‘}h%oc‘ 2 (9'5)
whose expected value writes as
E [PEeFC] = N2 CFdy d.”, (9.6)

following the i.i.d. channels assumption and the moments of the chi distribution with 2
degrees of freedom [16].

For distributed single-connected RIS, the achievable received signal power writes as

2
P]R?is-SC _ (Z} ths thslﬂ‘) 7 (97)

similarly to (9.3). By exploiting the i.i.d. channels assumption, and that E[|[hP¥*],|?] =
[p;]n and E[|[hP"],|] = @\/[pi]n, fori € {R,T} and n =1,..., N, it is possible to show
that

=z

a

E [PDIS—SC Z dT ¢4 1; Z ([dR]n [dT]n [dR]m [ClT]m)i5 , (98)

n=1 n#Em
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Figure 9.1: (a) Localized and (b) distributed RIS-aided communication system.

giving the scaling law of distributed single-connected RIS.
Finally, in the case of distributed fully-connected RIS, the achievable received signal

power is
P}]{?is—FC _ thisHQ Hh%iSH2, (9.9)
with expected value
N N
E[PR*FC] =3 " [dal,* Y [dr],“, (9.10)
n=1 n=1

following again the i.i.d. channels assumption and the moments of the chi distribution
with 2 degrees of freedom [[}

In the following, we compare the four scaling laws derived in , , , and
by analyzing four gains: i) the gain of fully- over single-connected localized RIS,
i1) the gain of fully- over single-connected distributed RIS, i) the gain of distributed
over localized single-connected RIS, and 4v) the gain of distributed over localized fully-
connected RIS. First, we carry out a theoretical discussion valid for any values of the
distances dg, dp, dg, and dp. Second, to numerically quantify these gains, we consider
a three-dimensional coordinate system where the transmitter and receiver are located at
(0,0,0) and (20,0,0) in meters (m), respectively. In the case of localized RIS, the RIS
is located in (20,0, 2), as shown in Fig. In the case of distributed RIS, the RIS
elements are spread out over a long line. Specifically, the RIS is a ULA with elements
uniformly placed between (0,0,2) and (40,0, 2), as shown in Fig.[9.1(b)|

9.2.1 Gain of Fully- over Single-Connected Localized RIS

The gain of fully-connected over single-connected localized RIS, which is defined as GH°¢ =
E[PLocFC] /E[PLoSC] writes as

N

1+ T (N-1)

ghoe = (9.11)

following (9.4) and (9.6)), in agreement with [16]. Remarkably, we observe that Gtoc which
depends only on N, is lower bounded by G*¢ > 1 and upper bounded by GM°¢ < i—g ~

'Under LoS small-scale fading, i.e., [h}°], = \{pﬁ'e”’im and [hP*], = /[p;]ne’¥im, for i € {R, T}
and n = 1,..., N, it is possible to prove that E[P5°°F¢] and E[PR*™¥FC] remain as in and ,
E[PE°“SC] = E[PF°FC], and E[PR™5°] = C¢(3, ([dr]x[dr]n)~*/?)?. Given the similarity between the
scaling laws under Rayleigh and LoS fading, the following insights on localized and distributed RIS obtained
considering Rayleigh fading are also valid under more general Rician fading.
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1.62. Thus, localized fully-connected RIS is beneficial over localized single-connected RIS,

enabling a gain of at most 62% in a SISO system [16].

9.2.2 Gain of Fully- over Single-Connected Distributed RIS

We define the gain of fully-connected over single-connected distributed RIS as GP% =
E[PRsFC]/E[PRI-SC]. By noticing that is upper bounded by

N

E [PR™5C] < CF <Z<[dR1n [dT]nr‘%) , (9.12)

n=1
we obtain that

Dis Zfzvzl [dR];a Zgzl [dT];a _ M*% (dR ® dT) a
o (Zgﬂ ([drl, [dT]n)—%) (M_a (dp) M_q (d7) | (9.13)

2

where M,(€) = (3, [¢]h/N)'/P denotes the generalized mean of the elements of & €

n=1
]Rf *1 with exponent p € R,, and ® denotes the Hadamard product. Thus, we have
GPs > 1 from the Cauchy-Schwarz inequality. Furthermore, since min(§) < M_,(§) <

{/Nmin(¢), we have

Dis min (dg © dr) “
G”"® > (Wmin (dgr) min (dT)) ’ (9.14)

indicating that GP® increases exponentially with a and can be significantly high when
both min (dgr) and min (dr) are reduced, i.e., there is at least an RIS element close to the
receiver and another one close to the transmitter.

We numerically quantify G in Fig.[9.2(a)l where we consider the system represented
in Fig. with different values of path-loss exponent a and number of RIS elements
N. From Fig. we observe that GP* can be as high as several orders of magni-
tude, differently from G“°¢, which is limited to 1.62. Fig. confirms that G grows
exponentially with a, and shows that the gain is only slightly affected by N.

Besides, in Fig. we report the gain GP® for different locations of the receiver,
located in (z,y,0), where z € [—10,70] and y € [—40,40], with « = 4 and N = 64.
From Fig. we observe that GP™ is particularly high when the receiver is close to the
distributed RIS and at the same time far from the transmitter. As visible from , Gghis
assumes high values when both the transmitter and the receiver are close to the distributed
RIS. Thus, the high gains in Fig. can be observed also for different locations of the
transmitter, as long as it is located in proximity to an RIS element. Conversely, GP*
decreases, approaching 1, when both the transmitter and the receiver are located far from
all the RIS elements.

9.2.3 Gain of Distributed over Localized Single-Connected RIS

Consider now the gain of distributed over localized single-connected RIS, defined as G5¢ =

E[PRSSC)/E[PESC]. To gain useful insights into G5C, we approximate this gain by
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Figure 9.2: (a) GP#, (b) G5, and (c) G¥C for different values of path-loss exponent and
number of RIS elements.
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Figure 9.3: (a) G, (b) G5¢, and (c) GFC for different locations of the receiver.

deriving an upper and a lower bound. First, by noticing that is lower bounded by

2
E [PR5C] > 016 (Z ([drl, [d7],,) ‘;) , (9.15)

and that (9.4]) is upper bounded by

E [PE°5C) < N2C3dy d;", (9.16)
we obtain that
7'('2 -2 2 a
gic 5 18 (S0 (nl, (el o drdr (9.17)
NQdIEO«d;U« 16 M_% (dr ®dry) '
Second, by recalling (9.12) and noticing that is lower bounded by
2
E [PEoSC] > I—GNQngﬁad;a, (9.18)
we have
_a\2 a
-y (Z’L (ldzl, [d7],) 2) _ 16 drdr (9.19)
71T_éN2dl—%adrEa 2 M_% (drodr) ) - '
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Thus, considering (9.17) and (9.19), we can approximate G5© as

drd ‘s
SC RUT A ASC
~ = 9.20
g (M_; (dRQdT)> g ’ ( )

which can be greater or less than one, depending on the positions of the localized and
distributed RISs.

Since distributed single-connected RIS is not always beneficial over localized single-
connected RIS, we provide intuitive sufficient and necessary conditions for G5€ > 1. First,
since M_a(dp ©®dr) < V/N2min (dg ® d7), we have

55C drdr ’
) 9.21
o= <va szin(dR(DdT)> 6-21)

and a sufficient condition for G5¢ > 1 is given by drdr > Vv/N2min (dg ® dr). Second,
since M_a(dg © dr) > min(dg ® dr), we have

53C drdr ¢
g7 < <min (dRQdT)) ’ (9.22)

and a necessary condition for G5€ > 1 is given by drdy > min(dr ® dr).

In Fig. we numerically evaluate G5¢ considering the systems represented in
Fig. [9.1l Interestingly, we always have G5© < 1, meaning that the distributed single-
connected RIS is not beneficial over the localized single-connected RIS in the considered
scenario. This is because the receiver is located close to the localized RIS, yielding a
particularly small drdy, which deteriorates the gain, as given in (9.20)).

In addition, in Fig. we report G5C for different locations of the receiver. Re-
markably, we observe that G5¢ < 1 only when the receiver is in close proximity to the
localized RIS, while it can reach high values when the receiver is far from the localized
RIS. Thus, distributed single-connected RIS offers better coverage than localized single-

connected RIS, improving the received signal power over a much wider area.

9.2.4 Gain of Distributed over Localized Fully-Connected RIS

Finally, we consider the gain of distributed over localized fully-connected RIS, defined as
GFC = E[PRFC] /E[PLoFC]. From and (9.10)), we directly obtain

N — N _ a
FC _ Don=1 [Ar]," Doy A7), ( drdr )
o= N2dR%d " T \M_,(dg) M_,(dr)/ (9:23)

indicating that G¥C > G5C by the Cauchy-Schwarz inequality. Since

gFC > deT ’
V/N2min (dg) min (d7) /)

(9.24)
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Figure 9.4: (a) Port m connected to ground through Z,, and (b) ports m and n intercon-
nected through Z,, ,, and a transmission line of length £, ,,.

a sufficient condition for G¥¢ > 1is drdr > Vv/N2min (dg) min (dz), which is more relaxed

than the sufficient condition for QSC > 1. In addition, since

FC drdr a
o< <min(d3)min(dT)> ’ (9.25)

a necessary condition for G¥¢ > 1 is drdr > min (dg) min (dr), which is more relaxed

than the necessary condition for G5¢ > 1.

In Fig. we numerically evaluate GFC considering the systems represented in
Fig. Remarkably, we always observe GFC > 1, meaning that the distributed fully-
connected RIS always outperforms localized fully-connected RIS in the considered scenario.
Furthermore, Fig. shows that G¥C grows exponentially with a, reaching values as
high as several orders of magnitude, and is only minimally impacted by N.

Besides, we report GFC for different locations of the receiver in Fig. Remarkably,
we observe that GFC > 15 dB for all receiver locations, indicating that distributed fully-
connected RIS offers better performance than localized fully-connected RIS over the whole
considered area. In particular, GFC is significantly high when the receiver is far from the
localized RIS while being close to the distributed RIS.

9.3 General Lossy BD-RIS Model

We have introduced the concept of distributed RIS, showing that distributed BD-RIS can
enable significant gains over distributed single-connected RIS and localized BD-RIS. In this
section, we study the impact of the losses within the BD-RIS architecture by developing
a model for BD-RIS that accounts for lossy interconnections.

We model a BD-RIS with lossy interconnections as an N-port network with a circuit
topology described as follows. First, port m is connected to ground through a tunable
impedance Z,,, for m = 1,..., N, as represented in Fig. (9.4(a). Second, port m and port
n, if interconnected in the BD-RIS architecture, are interconnected through a tunable
impedance Z, ,, in series with a transmission line of length ¢, ,,, for n,m =1,..., N, as
represented in Fig. [9.4(b).

Given an N-port network implemented with this circuit topology, our goal is to char-
acterize its scattering matrix . Since it is hard to directly derive ® from the BD-RIS
circuit topology, we characterize the BD-RIS admittance matrix Y € CN*N

related to © by ([2.3]), where Z is the reference impedance, typically set to Zy = 50 € [74],

, which is
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Figure 9.5: Equivalent circuit to be studied to compute (a) the off-diagonal entry [Y],
and (b) the diagonal entry [Y ]y, m.

Chapter 4]. According to the definition of Y, each entry [Y], , is obtained by driving
port m with a voltage V,,, short-circuiting all other ports, measuring the short-circuit
current I, at port n, and computing the ratio

[Ylnm = ln : (9.26)

Vin V=0 km
forn,m =1,..., N [74, Chapter 4]. In the following, we separately model the off-diagonal

entries [Y], m, with n # m, and the diagonal entries [Y ], .

9.3.1 Modeling the Admittance Matrix: Off-Diagonal Entries

To derive the off-diagonal entries [Y], ., with n # m, given by , we make two
observations that allow us to study a simplified circuit. First, the current flowing on the
transmission lines interconnecting port j and port k, with j, k % m, is zero since these
transmission lines are short-circuited at both ends according to . Consequently, these
transmission lines can be removed from the circuit when computing . Second, the
current flowing on the transmission lines interconnecting port m and port k, with k # n,
do not influence the current I,,. Thus, also these transmission lines can be removed from
the circuit as they do not impact on . Following these two observations, we have
that each off-diagonal entry [Y],, ., with n # m, can be derived by studying an equivalent
circuit made of a single transmission line, as represented in Fig. [9.5(a)

To study the circuit in Fig. and determine [Y], »,, we begin by solving the
telegrapher equations in the sinusoidal steady-state condition [74, Chapter 2|, giving the
voltage V(z) and current I(z) on the transmission line interconnecting port m and port

n as
Vb—ﬁ-efwz _ ‘/0— ez

Z ’

V(z) = Vi e "+ Vy e, I(2) (9.27)

respectively, where VO+ € Cand V;” € C are constants, v € C is the propagation constant
of the transmission line, and Zy € R is the characteristic impedance of the transmission
lineﬂ In the following, we characterize the voltage and current on the transmission line

by determining the constants VOJr and V.

*Note that Zy is real for both lossless and the so-called low-loss transmission lines [74, Chapter 2],
which are considered in this chapter.
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Since the transmission line in Fig. [9.5(a)| is terminated in a short circuit, the voltage
at z = 0 is zero. Thus, by using ([9.27)), we have V(0) = V;" + V;” = 0, giving V;” = —V;".
By substituting V;~ = —V;" into (9.27), V(2) and I(2) simplify to

+

V) =V (77 = ), 1) = S (7 40, (9.28)

respectively. Furthermore, we can determine VO+ by using the input impedance of the

transmission line, defined as
V (—lnm)
Tip = ———=, 9.29
I(—lnm) ( )

)

and that can be expressed as

6'7£n,m _ 6_’Y€n,m

Zin = ZO

T —T (9.30)

by using (9.28). Specifically, we determine V" from the voltage at z = —£, , given by

Z;
“Lnm) = Vm 31
V() = Vi g (9.31)
=V (ew"”" - e_w"”“> , (9.32)

where (9.31)) is a direct consequence of (9.29), and (9.32)) is obtained by expressing
V(—=4y,m) through (9.28). By equating (9.31)) and (9.32), we obtain the expression of

+
Vo' as

A
Y (Zin + Znm) (e¥tnm — e=tnm)
2
Znm (ewmm + e*Wn,m) + Z (evﬂn,m _ e—wn,m) ;

where (9.34)) is derived by using (9.30)).
We can now derive the off-diagonal entry [Y],, m, with n # m, given by (9.26). Specif-

ically, I, is obtained through (9.28) as

Vot = (9.33)

=V (9.34)

I, = —1(0) = —2-0 (9.35)

with V" given by (9-34). Thus, by substituting (9.35) into (9.26)), we finally obtain

-2
Zn,m (e'Yen,m + e—’%n,m) + Z (e'yén,m _ e_'YZn,m) :

[Y]nm = (9.36)
Remarkably, (9.36) provides the general expression of the off-diagonal entry [Y],,, as a
function of the tunable impedance Z, ,, and the transmission line parameters ¢y, ,,, v, and
Zy. Because of the reciprocity of the circuit, Y is symmetric and we have [Y],m = [Y]mn-
Furthermore, if port m and n are not interconnected in the BD-RIS architecture, Z,, ,,, is

an open circuit, i.e., Zy, ;, = 00, yielding [Y], m = [Y]mn = 0.
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9.3.2 Modeling the Admittance Matrix: Diagonal Entries

To derive the diagonal entries [Y |y, m, we observe that the current flowing on the transmis-
sion lines interconnecting port j and port k, with j, k # m, is zero since these transmission
lines are short-circuited at both ends according to (9.26[). Thus, these transmission lines
do not impact on and can be removed from the circuit. Following this observation,

we have that each diagonal entry [Y],, », can be derived by studying the equivalent circuit

represented in Fig. to find the ratio [Y]m m = Im/Vin-
From the circuit in Fig.[9.5(b)| we directly notice by Kirchhoff’s first law that

Vin )
I, = 7+ M1, (9.37)

n#Em

where I] can be computed through (9.28) as

V+
I = (~tam) = - (2t 4 ) (9.38)

Vn # m, with VOJr given by (9.34). Thus, by substituting (9.37)) into (9.26[), we obtain

1 !/
Y = — L 9.39
n#m
readily giving
1 e'}’en m + e*’Y‘en,m
[Y]mm = Z - Z 9 [YTnm; (9.40)

by using (9.38)), where [Y], , is given by (9.36). Remarkably, the diagonal entry [Y],, n
is a function of Z,,, Z,, m, ¥n # m, and the transmission line parameters.

9.4 Simplified Lossy BD-RIS Models

We have modeled the RIS admittance matrix Y by determining its entries in ((9.36) and
(9.40)). In (9.36) and (9.40), the propagation constant of the transmission line v = a + j3

is in general a complex number, with real part o denoted as the attenuation constant and
imaginary part 3 denoted as the phase constant [74, Chapter 2]. Given the complex nature
of 7, it is hard to gain engineering insights into the entries of Y from and .
For this reason, we simplify this general model into three simplified models by making

different assumptions on the interconnection lengths ¢, ,,, and the attenuation constant .

9.4.1 Model with Specific Interconnection Lengths

Consider the case when /,, ,, is a multiple of \/2, with the wavelength A defined as A = %’r,
i.e., when ¢, ,, = %Kn’m, for some K, ,, € Z. In this case, we have eIBlnm — g=iBlnm —
(—1)%nm_ In addition, we assume the tunable impedance components of the RIS to be

purely reactive, i.e., Z,, = jX,, with X,, € R and Z,,,, = j X, » with X,,,,, € R. Thus,
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Figure 9.6: Possible values of [Y], ,, modeled as in (9.42), with Zy = 50 Q and ¢,,,, =
0.1 m.

(9.36]) can be simplified into

[Y]n m = _2(_1)Kn’m (941)
) an7m (eaén,m + e—aén,m) + ZO (eOéen,m _ e_ae’n,m)

= . 9.42
JXnm cosh (aly, ) + Zosinh (aly, ) (942)
Remarkably, in (9.42) the term jX,, ,, cosh(aly, ) is purely imaginary and the term
Zpsinh (aly ) is purely real. Thus, if [Y], ., # 0, [Y],,m must have a non-zero real
part, which dissipates real power. More interestingly, it can be easily verified that the set
of possible values of Y], given by (9.42) is a circle in the complex plane with radius

1
~ 2Zysinh (alym)’

r (9.43)
and centered in ¢ = (—(—1)%mm7 0), where any point on the circle can be achieved by
properly tuning X, ,,,. Thus, [Y], ., has always a negative real part when K, ,, is even,
i.e., the interconnection length /,, ,, is multiple of the wavelength A, and has always a
positive real part when K, ,, is odd.

For better clarity, we report in Fig. the possible values of [Y],, ,, considering dif-
ferent parameters, by fixing Zo = 50 2 and /,,,, = 0.1 m. From Fig. @, we can make
the following two observations. First, when o/, ,, = 0, we have r = 400 according to
, meaning that [Y], ,, can assume an arbitrary imaginary part with always zero real
part. In this ideal case, the BD-RIS has full flexibility and does not dissipate real power.
Second, r decreases as the value of a/,, ,, increases, reducing the flexibility of the BD-RIS
since [Y],,m has imaginary part constrained within the interval [—r, +r].

In the case £y, is a multiple of A\/2 for all the interconnections departing from port
m, i.e., by m = %Kn,'rrw for some Ky, ,, € Z, Yn # m, simplifies as

1

— Kn,m
(Y] m = X > " (=1)Fm cosh (alnm) [Ynm (9.44)
n#m
1 1
= — . 9.45
JiXm + T;ﬂ JXnm + Zo tanh (aly, ) ( )
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Remarkably, [Y],, » has always a positive real part, VK, ,, € Z, given by

Zo tanh (alp )

: 9.46
X2, + Z3 tanh* (aly,m) (9.46)

R {[Y]m,m} = Z

n#m

while it can have an arbitrary imaginary part depending on the tunable value X,,.

9.4.2 Model with Lossless Interconnections

Consider the case of lossless interconnections, i.e., & = 0, and do not assume any con-

straints on the lengths ¢, ,,. In addition, we assume purely reactive tunable impedance

components, i.e., Z,, = jXp, and Z,, »,, = j X5 m. In this case, (9.36) can be simplified into
-1

Y n,m — . . N 5 4
[Yln, JXnm cos (Blnm) + Zosin (Bl m) (9.47)

which is purely imaginary. Interestingly, [Y],, can be any imaginary number according
to the tunable impedance component X, ,,.
Besides, with a = 0, (9.40)) boils down to

1
[Y]m,m = ij - Z COs (Bgn,m) [Y]n,m (948)
n#m
1 1
= 4
X " n;n T X + j Zo tan (Blnm)’ (9.49)

which is also purely imaginary. Note that [Y],, ,,, can be set independently of the val-
ues of [Y],m by properly choosing X,,,. Thus, the whole admittance matrix Y is purely
imaginary, indicating that the RIS is lossless and does not dissipate any real power. This
is consistent with the fact that the RIS is assumed to be made of lossless tunable com-
ponents and lossless transmission lines. Remarkably, when the transmission lines of the
RIS interconnections are lossless, their only effect is the variation in phase of voltages and

currents along them.

9.4.3 Model with Lossless Interconnections of Specific Lengths

Consider the case when ¢, ,, is a multiple of \/2, i.e., when ¢, ,, = %Kn,m, for some
K,m € Z, and the interconnections are lossless, i.e., a = 0. In this case, we have
eYinm = e=vnm — (—I)K"’m. In addition, we assume purely reactive tunable impedance
components, i.e., Z,, = j X, and Zy ;m = j X5 m. Thus, can be simplified into

—(1r

Ynm: .
Yln JXnm

5 (9.50)
which can be an arbitrary imaginary number depending on the tunable impedance com-

ponent X, ;.

In the case £, ,, is a multiple of A\/2 for all the interconnections departing from port
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m, ie., by m = %Kn,m, for some Ky, ,, € Z, Vn # m, (9.40) simplifies as

1

(Y] = —— = D (D) Y] (9.51)
JAm
n#m
1 1
- .52
X %jxn,m’ (9:52)

which can be an arbitrary imaginary number. Remarkably, when all the interconnection
lengths ¢, ,, are a multiple of A, i.e., K, ;,, is even, Vn,m, the transmission lines have no
visible effect as they apply a phase shift of a multiple of 27 to the voltages and currents
propagating along them. In this case, the simplified model in and is equivalent
to the model with no transmission lines, i.e., with ¢, ,, = 0, widely considered in previous
literature on BD-RIS [16, 80].

9.5 Lossy BD-RIS Optimization

We have modeled the admittance matrix Y of BD-RIS with lossy interconnections and
derived three simplified models. In this section, we optimize BD-RIS characterized by

these simplified models to assess the impact of losses on the performance of BD-RIS.

9.5.1 Optimizing Lossless BD-RIS

Consider the lossless BD-RIS model of Section[9.4.2] The received signal power maximiza-
tion problem in a BD-RIS-aided MIMO system writes as

max  Prlg(Hgr + HR®Hy) w/|? (9.53)
Xn,M)Xm)g7W

st (2.3), (947), (949, llgll =1, llgll =1, (9.54)

which is solved by jointly optimizing X, ,,, X, g, w. To this end, we initialize g and w
to feasible values and alternate between the following two steps.

When g and w are fixed, we update X,, ,,, and X,, by solving

max  Pr|hpr + hp®hr|* st @3), (047, (949). (9.55)

X‘IL,’HLva

where hrr = gHprw, hg = gHpg, and hy = Hpw, which is apparently hard given the
non-convex constraints. Nevertheless, (9.55)) can be simplified by noticing that Y given by
(9.47) and (9.49) can be any purely imaginary symmetric matrix with [Y], , = 0 if ports

m and n are not interconnected, i.e., Y = jB, B = BT, with [Bl,,, = 0 if Z,,, = oo,
where B € RV*Y denotes the RIS susceptance matrix. Thus, (9.55) can be rewritten as

_ _ _ 2
max Pr|hrr +he (I+Z0B) " (1-jZB) hT‘

(9.56)
st. B=BT, [B],m=0if Z,,, = oo, (9.57)

which is an unconstrained problem in the upper triangular entries of B that are not forced
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to zero. This problem has been solved through the quasi-Newton method in [16] for group-
/fully-connected RISs, and through global optimal closed-form solutions in [75] and [80],
for group-/fully- and forest-/tree-connected RISs, respectively. Given the optimal suscep-
tance matrix B* solution to —, the values of the tunable reactance components
Xpnm and X,, can be obtained by inverting (9.47)) and (9.48) with Y = jB*, respectively,

ie.,

Xom = o En;) F Zotan (), (9.58)
-1
[B*]m,m + Zm&m cos (Bln,m) [B*]nm’
When X, ,,, and X, are fixed, also © is fixed, as given by , where Y is determined
by and . Thus, g and w are updated as the dominant left and right singular
vectors of Hrpr + HrR®Hy, respectively, which is globally optimal.
These two steps are alternatively repeated until convergence of the objective .

Notably, this optimization framework is also valid for the model of Section [9.4.3]as it is a

Xm =

(9.59)

special case of the model of Section [9.4.2

9.5.2 Optimizing Lossy BD-RIS

Considering the lossy BD-RIS model of Section [9.4.1] the received signal power maximiza-

tion problem writes as

max  Prlg(Hgrr + HR®H7) w|? (9.60)

Xn,m,Xm»ng

st (2.3), (942), (949), llell =1, ll&ll =1, (9.61)

which is solved by initializing g and w to feasible values and by alternating between the
following two steps.

When g and w are fixed, X, ,, and X,,, are updated by solving

max  Pr her +hr®hr|® st. @23), ©0-42), ©.49). (9.62)

Xn,m: m

Interestingly, the constraints of problem (9.62)) can be tightened as a consequence of the

following proposition.

Proposition 9. The average real power dissipated by an RIS with admittance matriz 'Y
modeled as in Section is reduced if any |R{[Y]; ;}| is reduced, with i # j.

Proof. Consider the following two RISs: the first has admittance matrix Y and dissi-
pates a power P,,; the second has admittance matrix Y’ obtained from Y by reducing
IR{[Y]:;}| by A > 0 for some ¢, 7, i.e, [R{[Y']i;} = |R{[Y]i;}| — A, and dissipates a
power P/ . According to (9.42) and ((9.44)), introducing G = R{Y} and G’ = R{Y'}, we
have [G'];m = [Gln,m for m,n ¢ {3, j}, and

[G/L,j = [Gh,j + (_1>Ki’jA7 [G/] T [G]j,i + (‘UKMA? (9~63)

J7Z

[G'] k= (Gl . — cosh (al; ) A, (9.64)
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for k € {i,j}. Given these two RISs, our goal is to prove that P., < P,,. To this
end, we first recall that average real power dissipated by an N-port network is defined as
Py = R{vTi*}/2, where v,i € CV*! are the voltage and current vectors at the N ports,
respectively [74, Chapter 4]. Thus, if the admittance matrix Y of this N-port network is
symmetric, it is possible to show that

1 T * 1 *
P,=-v'Gv :§Zvnv G]

: . (9.65)

n,m’?’
m,n

where v = [vy,...,vn]T, giving the power dissipated by the first RIS. Similarly, the power
dissipated by the second RIS is

1 *
P = g 2ot € (9.66)
1 * 1 * /
=5 2 (Gl ty Y. vn[G], (9.67)
m,ng¢{i,j} m,ne{i,j}
since [G'],, ., = [G],,, for m,n & {i,j}. By substituting (9.63) and (9.64) into (9.67)), we

obtain

1
Pziv = Pav — 5 (‘UZ'|2 cosh (Olgi,j) A-f-

|vj|? cosh (el ;) A — (—1)%0 (viv;-‘ +vjvj) A). (9.68)
Finally, since cosh (a/; ;) > 1, we have
1
Phy < Pay = 5 lvi = (—1)%ivPA, (9.69)

indicating that P, < P,y. O

From Proposition [9] we deduce that it is convenient to select the off-diagonal entries
[Y],, » with a small real part in magnitude to reduce the power dissipated by the RIS.
Interestingly, Fig. shows that we can select [Y],,, with any imaginary part in the
interval [—r,+r], with the real part constrained by |R{[Y],m}| < r. This constraint
means that we can select [Y], », in the right semicircle of its possible values if K, ,, is
even, and in the left semicircle if K, ,, is odd, to reduce the dissipated power.

By adding the constraint |R{[Y]nm}| < 7 for n # m to (9.62), the resulting problem

can be reformulated by expressing Y as a function of an auxiliary variable A € RV*N ag

Y = (1 | e | g (070
[(Ylmm = Z cosh (o) [R{[Y]nm } + J[Almm, (9.71)
n#Em

where A has been introduced such that S{[Y],, } varies in the interval [—r, +r] as [A], n

varies in [—oo, +oo], with n # m, and S{[Y]mm} = [Almm. Furthermore, in the case
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of a lossless RIS, i.e., r = +oo, (9.70) and (9.71)) boil down to [Y]nm = j[A]sm and
[Y]mm = j[A]m,m, respectively. Thus, the resulting problem writes as

_ _ _ 2
max Pr ’hRT Y hr I+ Z0Y) " (I - Z5Y) hT‘ (9.72)
st. (9.70), (0.71), A = AT, [A]pm = 0 if Z,,, = o0, (9.73)

which is an unconstrained problem in the upper triangular entries of A that are not

forced to zero. Remarkably, — is a generalization of — since in
the case of a lossless RIS, constraints ([9.70) and (9.71) become [Y]nm = j[A]nm and
[Y]m,m = j[Alm,m, respectively, reducing (9.72)-(9.73) to (9.56)-(9.57). Since (9.72)-(9.73)
is unconstrained, it can be solved with the quasi-Newton method to find a stationary point.
Given the optimal A* solution to —, the admittance matrix Y is first obtained
throguh and . Then, the values of the tunable reactance components X, ,,
and X, are obtained from Y by inverting and , respectively.

When X, ,,, and X, are fixed, also © is fixed, as given by , where Y is determined
by and . Thus, g and w are updated as the dominant left and right singular
vectors of Hrr + Hr®Hr, respectively, which is globally optimal.

These two steps are repeated until convergence of .

9.6 Numerical Results

To evaluate the performance of localized and distributed BD-RIS with lossy interconnec-
tions, we consider the system represented in Fig.[9.1], where the transmitter and receiver are
located at (0,0, 0) and (20,0, 0), respectively. In the case of localized RIS, the RIS is a ULA
centered in (20,0,2) and with an inter-element distance 0.05 m, as shown in Fig. [9.1(a)|
We model the path-gain of the channels HI]“%OC and H:I;"C through the distance-dependent
model and their small-scale fading as i.i.d. Rayleigh distributed, i.e., H,{HOC = \//TZIA:IZ,
where p; = Cod; * and H; ~ CN(0,1), for i € {R,T}. In the case of distributed RIS, the
RIS is a ULA with elements uniformly placed between (0,0,2) and (40, 0,2), as shown in
Fig. m Accordingly, the channels are given by H]I%is —H RR}%/2 and H%is = R%F/ QﬁT,
where R; = diag(p;), [piln = Colds];®, and H; ~ CN(0,1), for i € {R,T}. The direct
channel is assumed to be fully obstructed, i.e., Hrr = 0, and we set Cy = —30 dB, a = 4,
and Pr = 10 W. In the following, we report the performance of tridiagonal BD-RIS, a
tree-connected BD-RIS that is proven to be the least complex BD-RIS architecture able to
achieve the performance upper bound in single-user systems [80], and compare it with con-
ventional RIS. Recalling that tridiagonal BD-RIS presents interconnections only between
adjacent RIS elements [80], its interconnection lengths are all equal to the inter-element
distance.

In Fig. 9.7, we report the received signal power obtained with localized RIS versus
the number of RIS elements, with Ngp = 1 and Np = 1 for simplicity. We can make
the following observations. First, BD-RIS achieves a higher received signal power than
conventional RIS thanks to the additional flexibility, both with lossless and lossy inter-

connections. Second, lossless BD-RIS achieves the highest received signal power since no
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Figure 9.7: (a) Received signal power and (b) gain of BD-RIS over conventional RIS versus
the number of RIS elements, for localized RIS.
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Figure 9.8: (a) Received signal power and (b) gain of BD-RIS over conventional RIS versus
the number of RIS elements, for distributed RIS.

power is dissipated by the BD-RIS circuit. Specifically, Fig. |9.7(b)| shows that lossless
BD-RIS offers a gain over conventional RIS of up to 1.62, as discussed in Section [9.2.1
Third, the received signal power achieved by BD-RIS decreases as the attenuation constant
« increases. However, the performance of localized BD-RIS is only slightly impacted by
the losses given the short inter-element distance.

In Fig. we report the received signal power obtained with distributed RIS versus
the number of RIS elements, with Ng = 1 and Np = 1. We can make the following
observations. First, BD-RIS always achieves a higher received signal power than conven-
tional RIS. Second, lossless BD-RIS achieves the highest received signal power, offering
gains of up to 30 dB over conventional RIS. These massive gains are because the EM
signal can propagate without losses between the BD-RIS elements, which are spread over
a long line. Third, the received signal power of distributed BD-RIS visibly decreases as
the attenuation constant « increases, given the significantly long inter-element distance.
Nevertheless, lossy BD-RIS can still achieve more than an order of magnitude of gain over

conventional RIS.
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the number of transmit antennas, for distributed RIS.
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versus the x coordinate of the receiver, for distributed RIS.

To investigate the impact of Ng and N7 on the system performance, we report in
Fig. the received signal power of distributed RIS versus the number of transmit an-
tennas, with V = 32 and Nr = 2. We observe that the received signal power of BD-RIS
and conventional RIS increases with Np, given the diversity gain offered by the multiple
transmit antennas. Besides, the gain of BD-RIS over conventional RIS is approximately
stable for any value of Np.

In Fig. |9.10] we report the received signal power obtained with distributed RIS for
different locations of the receiver. Specifically, the receiver is located in (x,0,0), where
x € [10,50], while we fix N = 32, Ng = 2, and Np = 2. We observe that the received signal
power decreases as x increases since x also represents the distance between the transmitter
and receiver. The received signal power decreases significantly after x = 40 m, as this is
the location of the last distributed RIS element. Besides, Fig. |9.10(b)| shows that the
gain of lossless BD-RIS over conventional RIS increases with = reaching values as high as

several orders of magnitude until x = 40 m.
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9.7 Conclusion

We propose the concept of distributed RIS, whose elements are distributed over a wide
region, in opposition to localized RIS, as commonly considered in previous literature. We
derive its scaling laws and analyze the gain of distributed RIS over localized RIS, and
of distributed BD-RIS over distributed conventional RIS. The derived gains show that
lossless distributed BD-RIS can offer gains as high as several orders of magnitude over
distributed conventional RIS and localized BD-RIS. In particular, these substantial gains
are enabled by the tunable impedance components interconnecting the BD-RIS elements,
which allow the EM signal to effectively reach the receiver by propagating within the
BD-RIS circuit.

To assess the practical performance of distributed BD-RIS, we model BD-RIS with
lossy interconnections by using transmission line theory. More precisely, we model the
BD-RIS interconnections as tunable impedance components in series with lossy transmis-
sion lines and derive the expression of the BD-RIS admittance matrix. Since it is hard to
gain engineering insights from the obtained model, we also derive three simplified models
through different assumptions. Finally, we optimize lossy BD-RIS based on the proposed
models and evaluate its performance. Numerical results show that the performance of
localized BD-RIS is only slightly impacted by losses because of the short interconnec-
tion lengths. Furthermore, distributed BD-RIS can achieve orders of magnitude of gains
over conventional RIS, even with low losses. The validation of the proposed modeling
of distributed RIS through full-wave simulators constitutes an intriguing future research

avenue.
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Chapter 10

Conclusion and Future Works

In this thesis, we investigate BD-RIS, a technology recently proposed as a generalization
of conventional RIS. We analyze the fundamental performance limits of BD-RIS with ideal
hardware and communication models and explore how hardware non-idealities impact the
performance limits. Specifically, our three main contributions are as follows. First, we opti-
mize the scattering matrix of group- and fully-connected RISs through a closed-form global
optimal solution and optimize the grouping strategy in group-connected RIS based on the
channel statistics. Second, we propose two novel BD-RIS architectures, namely forest-
and tree-connected RISs, to approach the best trade-off between performance and circuit
complexity, and characterize the Pareto frontier of such a trade-off. Third, we model and
optimize BD-RIS architectures in the presence of hardware impairments, namely discrete-
value scattering matrix, presence of EM mutual coupling, and lossy interconnections. In

the following, we delineate six future research directions for BD-RIS.

Further BD-RIS Architectures

A crucial challenge is to identify the BD-RIS architectures offering the optimal trade-off
between achieved performance and circuit complexity. In this thesis, we have presented
the forest- and tree-connected BD-RIS architectures and showed how to achieve the Pareto
frontier of the performance-complexity trade-off in single-user systems [80, [85]. However,
the fundamental limits of such a trade-off are still unknown for more complex wireless

systems, such as multi-user, which constitute an interesting future research direction.

New Applications for BD-RIS

Beyond improving the performance, BD-RIS enables full-space coverage through the hy-
brid and multi-sector modes [65, [66]. Interestingly, this application is enabled by the
interconnections present in BD-RIS and is not feasible through conventional RIS. Thus,
an open research direction is to investigate whether BD-RIS can unlock completely new

opportunities that are not possible with conventional RIS.

Interplay Between BD-RIS and Other Technologies

Recent works explored the interplay of BD-RIS with other technologies, namely RSMA
[56], 57, 58], massive MIMO [59], UAV [60], MEC [61], and SWIPT [62], showing promising
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advantages. However, additional research is needed to show the benefits of BD-RIS inte-
grated with novel technologies and in other wireless scenarios such as WPT, RF sensing,
and integrated sensing, communication, and WPT. In particular, a new direction has been
recently opened by implementing stacked intelligent metasurface (SIM), i.e., an emerging
technology enabling wave domain beamforming through multiple stacked RISs, through
BD-RIS [102]. Given the promising benefits of BD-RIS in realizing SIM [102], the interplay

between BD-RIS and SIM represents a brand new avenue for research.

Codebook-Based BD-RIS Design and Optimization

In recent literature on BD-RIS, it is commonly assumed that the BD-RIS scattering matrix
can be optimized with arbitrary values based on perfect channel knowledge. However, in
practice, the BD-RIS scattering matrix cannot be reconfigured with arbitrary precision and
channel estimation protocols may cause high communication overhead [54, 87]. To address
these two problems, a codebook-based optimization for BD-RIS could be investigated.
Specifically, a low-cardinality codebook of candidate scattering matrices could be built
in an offline stage according to the channel statistics. Based on this codebook, at every
coherence time interval, the BD-RIS switches between all the candidate scattering matrices
while pilot signals are sent from the transmitter to the receiver. After comparing the
received pilots, the receiver feeds back the index of the best BD-RIS scattering matrix,

allowing BD-RIS optimization based on discrete values with no explicit channel estimation.

Physically Consistent Models of BD-RIS

In most of the related literature, BD-RIS has been modeled by assuming ideal hardware
and RF design. Despite BD-RIS with hardware impairments has been studied in this
thesis, more work has to be done to develop physically consistent models of BD-RIS.
Specifically, we identify three relevant research avenues. First, models for BD-RIS with
lossy tunable impedance components should be studied, and the corresponding achievable
performance should be assessed. Second, in this thesis and in the related literature, the
studied BD-RIS-aided communication systems are implicitly assumed to be narrowband,
such that the RIS scattering matrix is constant in frequency. However, in wideband
communication systems, e.g., employing OFDM, the properties of the RIS tuning circuit
made of positive-intrinsic negative (PIN) diodes or voltage-controlled varactor change with
the frequency. Thus, further work is needed to model these frequency-dependent variations
and to optimize BD-RIS in wideband systems. Third, further effort is needed to bridge the
model of RIS-aided systems based on multiport network theory developed in Chapter

with other models based on different formalisms, such as the method of moments [103].

BD-RIS Prototyping

As BD-RIS is a very recent concept [16], the deployment of BD-RIS prototypes is still in
progress. The main difference over conventional RIS prototypes lies in the reconfigurable
impedance network connected to the RIS antenna array, which includes additional tunable

impedance components interconnecting the RIS elements. Since such components can be
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realized through passive and low-cost devices, such as PIN diodes or voltage-controlled

varactor, the cost of BD-RIS is expected to be similar to that of conventional RIS.
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