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Abstract

Reconfigurable intelligent surface (RIS) is expected to be a key technology in 6G to enhance

wireless systems by efficiently and cost-effectively manipulating the propagation environ-

ment. In conventional RIS, each RIS element is independently controlled by a tunable load

and it is disconnected from the other elements. Thus, conventional RIS is characterized

by a diagonal scattering matrix, also known as a phase shift matrix, which has limited

passive beamforming capabilities. To enhance the flexibility of RIS, beyond diagonal RIS

(BD-RIS) has been introduced as a generalization of conventional RIS, in which the scat-

tering matrix is not restricted to being diagonal. Motivated by the promising benefits

unlocked by BD-RIS, in this thesis, we explore the fundamental performance limits of this

technology with ideal hardware models and explore how hardware non-idealities impact

the performance limits. First, we explore the optimization of the two main existing BD-

RIS architectures, i.e., group- and fully-connected RISs. We derive a closed-form global

optimal solution to optimize the scattering matrix of group- and fully-connected RISs and

optimize the grouping strategy in group-connected RIS based on the channel statistics,

showing the benefits of an optimized static grouping strategy. Second, we propose novel

BD-RIS architectures to approach the best trade-off between achieved performance and

BD-RIS circuit topology complexity. In particular, we propose forest- and tree-connected

RISs as novel low-complex BD-RIS architectures and we derive the fundamental limits of

the performance-complexity trade-off enabled by BD-RIS. Third, we model and optimize

BD-RIS architectures in the presence of hardware impairments. Specifically, we consider

BD-RIS with a practical discrete-value scattering matrix, with electromagnetic (EM) mu-

tual coupling between the RIS elements, and with lossy interconnections. In the three

technical parts of this thesis, we provide numerical results to corroborate our theoretical

insights, confirming the significant superiority of BD-RIS over conventional RIS in EM

wave manipulation.
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Chapter 1

Introduction

The ongoing research and development in wireless communications are critical to address-

ing the expanding demands of our connected society. With the proliferation of mobile

devices and emerging technologies such as internet of things (IoT), virtual/augmented

reality, and autonomous vehicles, there’s an urgent need for more efficient and reliable

wireless networks. To meet the growing expectations of users and applications, research

endeavors focus on enhancing data rates, extending coverage, and minimizing latency, by

facing two main challenges. First, the radio frequency (RF) spectrum available for wireless

communication is finite and increasingly congested, which limits the capacity of wireless

networks. Second, the wireless channel varies over space and time, often in unpredictable

and complex ways, depending on the location, speed, and material of the objects in the

propagation environment.

Over the last decades, multiple-input multiple-output (MIMO) emerged as the pivotal

technology in advancing the capabilities of wireless systems while addressing these two

challenges [1]. Specifically, MIMO technology employs multiple antennas at the transmit-

ter and receiver ends to enable the efficient exploitation of the spatial dimension. The

use of multiple antennas was originally proposed at one end of the wireless link, namely

at the transmitter in the so-called multiple-input single-output (MISO) systems or at the

receiver in single-input multiple-output (SIMO) systems to improve wireless communica-

tions through beamforming and spatial diversity. On the one hand, beamforming is a

technique used to focus RF energy in a specific direction, enhancing the strength of the

received signal. It involves manipulating the phase and amplitude of the transmitted or

received signal by an antenna array to create a directive radiation pattern. On the other

hand, spatial diversity is used to improve the robustness of the communication link by

leveraging independent copies of the signal due to the spatial variations in the wireless

channel. The advent of MIMO in the 1990s significantly increased the capacity of wire-

less links even under limited spectrum usage by turning the multipath characteristic of

challenging propagation environments into an advantage [2, 3]. Through signal process-

ing algorithms, MIMO techniques enable the simultaneous transmission of multiple data

streams, i.e., spatial multiplexing, further improving the spectral efficiency and enhancing

system performance in single- as well as multi-user systems.
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Figure 1.1: (a) Conventional and (b) smart radio environment.

1.1 Smart Radio Environments

MIMO processing has been developed based on the assumption that the wireless channel

is given by the propagation environment, and cannot be engineered. Thus, the objec-

tive of MIMO processing has been to design precoding strategies at the transmitter side

and combining strategies at the receiver side as a function of the wireless channel, often

assumed to be known through channel estimation techniques. The channel knowledge,

also known as channel state information (CSI), is critical to unlocking the full benefits of

MIMO systems. However, while the channel should be known at the transmitter and/or

receiver, it remains beyond our control in conventional radio environments, as shown in

Fig. 1.1(a).

In the last years, the assumption that the wireless channel cannot be controlled has

been overcome by a paradigm shift referred to as smart radio environment (SRE) [4,

5]. In a SRE, the wireless channel can be engineered to improve the quality of wireless

communications, as shown in Fig. 1.1(b). This can be achieved by electrically adjusting

the reflection coefficients of the objects within the propagation environment such that the

EM signal paths interfere constructively at the receiver, with a consequent increase of the

received signal power. Besides, the network coverage can be also extended by steering the

signal impinging on obstacles toward the direction of the intended receiver, and effectively

bypassing blockages.

The history of SREs traces back to the early 2000s. In [6], a “smart surface” with

controllable reflective and transmissive capabilities was realized through a metafilm, or

metasurface, i.e., the two-dimensional equivalent of a metamaterial. In [7], the concept

of “intelligent wall” was introduced as a wall equipped with a frequency-selective surface
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able to control the radio coverage. Furthermore, electronically tunable metasurfaces have

been studied to realize spatial microwave modulators and shape the impinging EM waves

[8, 9, 10]. More recently, the number of studies on SRE has increased significantly, and

reconfigurable intelligent surface (RIS), or intelligent reflecting surface (IRS), has emerged

as the key technology to enable SREs in wireless networks [11, 12, 13, 14].

RIS is a technology that involves deploying arrays consisting of numerous individu-

ally controllable elements. The reflection coefficients of these elements can be adjusted in

real-time to manipulate electromagnetic waves, allowing for dynamic control over the wire-

less communication environment and the realization of SREs. RIS-aided communication

systems benefit from several advantages. RISs with passive elements are characterized

by ultra-low power consumption and do not cause any additive thermal noise or self-

interference phenomena. In addition, RIS is a low-profile and cost-effective solution, since

it does not include RF chains and expensive active devices [15]. Owing to these benefits,

RIS has gained widespread attention.

1.1.1 Diagonal RIS

In a conventional RIS, also known as diagonal RIS or single-connected RIS, the reflection

coefficient of each element is independently controlled through a tunable impedance com-

ponent. This results in conventional RIS having a diagonal scattering matrix, commonly

known as a phase shift matrix [16]. Conventional RIS with diagonal scattering matrix has

been widely used to enhance different wireless communication systems, such as single-cell

[17, 18, 19, 20] and multi-cell systems [21], and systems based on orthogonal frequency

division multiplexing (OFDM) [22, 23], non-orthogonal multiple access (NOMA) [24], and

rate splitting multiple access (RSMA) [25]. RIS has been also applied to further improve

the data rate by modulating and encoding data into the reconfigurable elements [26, 27].

Beyond communication systems, RIS has been used to improve the performance of wire-

less power transfer (WPT) [28], simultaneous wireless information and power transfer

(SWIPT) [29], RF sensing [30], and localization systems [31].

The study of RIS poses several challenges, which have been addressed in recent litera-

ture. Path-loss models for RISs under different propagation conditions have been proposed

in [32, 33]. In addition, research has been conducted to optimize RIS based on imperfect

CSI [34, 35], in multi-RIS scenarios [36, 37], and with discrete phase shifts to account for

practical hardware impairments [38, 39]. Channel estimation protocols with reduced pilot

overhead for RIS-aided systems have been proposed [40, 41, 42]. Active RIS have been

proposed to overcome the multiplicative fading effect limiting the gains of passive RIS

by amplifying the reflected signals via amplifiers integrated into their elements [43, 44].

Furthermore, RIS prototypes have been realized in [45, 46, 47], showcasing the benefit of

this technology in real-world scenarios.

1.1.2 Beyond Diagonal RIS

Diagonal RIS has shown promising gains but has limited flexibility since each element is

independently controlled. To enhance the flexibility of RIS, beyond diagonal RIS (BD-
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RIS) has been proposed as a generalization of diagonal RIS, in which the scattering matrix

is not limited to being diagonal [48]. The key novelty of BD-RIS is the presence of tunable

impedance components interconnecting the RIS elements, adding further reconfigurability

at the expense of additional circuit complexity.

Several BD-RIS architectures have been introduced, as shown in the classification tree

in Fig. 1.2. BD-RIS was first introduced in [16], where the fully-connected RIS has been

proposed by interconnecting all the RIS elements to each other through tunable impedance

components. To bridge between the single- and fully-connected architectures, the group-

connected RIS has been also proposed in [16], in which the RIS elements are divided into

groups and there are no interconnections between elements in different groups. Group-

and fully-connected RISs have been optimized in various wireless systems, showing their

superiority over conventional RIS. Specifically, these RIS architectures have been optimized

through closed-form globally optimal solutions in single-user systems [49] and through low-

complexity optimization algorithms in multi-user systems [50, 51]. A unified approach to

optimize power consumption, energy efficiency, and sum-rate in group-connected RIS-

aided systems has been proposed in [52]. The capacity of a MIMO link aided by a fully-

connected RIS has been characterized in [53], where a solution to reach such a capacity

has been proposed. A channel estimation protocol for passive group- and fully-connected

RIS-aided systems has been proposed in [54], not requiring expensive and energy-hungry

RF chains at the RIS. Group- and fully-connected RISs have been modeled and optimized

in the presence of mutual coupling in [55]. Finally, BD-RIS have shown high-performance

gains over conventional RIS in RSMA systems [56, 57, 58], massive MIMO systems [59],

unmanned aerial vehicle (UAV)-aided systems [60], mobile edge computing (MEC) systems

[61], and SWIPT systems [62].

Beyond achieving higher performance gains than conventional RIS, BD-RIS is able

to both reflect and transmit the incident signal, allowing us to serve users on both sides

of the RIS. Specifically, the concept of simultaneously transmitting and reflecting RIS

(STAR-RIS), or intelligent omni-surface (IOS), has been introduced in [63, 64]. This RIS
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architecture is able to reflect and transmit the incident signal, differently from conven-

tional RISs working only in reflective mode. BD-RIS architectures enabling full-space

coverage are denoted to work in the so-called hybrid reflective and transmissive mode [65].

In [65], a BD-RIS model has been developed unifying different BD-RIS working modes

(reflective/transmissive/hybrid) and different BD-RIS architectures (single-/group-/fully-

connected). In [66], multi-sector BD-RIS has been introduced, where the elements are

divided into multiple sectors, each covering a narrow region of space. Owing to the nar-

row antenna radiation patterns, multi-sector BD-RIS enables highly directional full-space

coverage with further gain over BD-RIS working in hybrid mode. BD-RIS with reflective

and transmissive capabilities has proved to enlarge the coverage and improve the sum-rate

in RSMA systems [67], and to improve communication capacity and sensing precision in

dual-function radar-communication (DFRC) systems [68].

Different from the BD-RIS architectures in [16]-[68], which have fixed interconnections

between the RIS elements, dynamic BD-RIS have been proposed to further improve the

performance by dynamically reconfiguring the interconnections on a per channel realization

basis. Dynamically group-connected RIS has been proposed in [69], as a group-connected

RIS in which the group size and the grouping strategy can be dynamically reconfigured

through a switch network. Besides, a BD-RIS architecture with a non-diagonal phase shift

matrix has been proposed in [70, 71], able to achieve a higher rate than conventional RISs.

Exploiting its non-reciprocal nature, non-diagonal RIS can enable attacks to break the

uplink-downlink channel reciprocity [72].

Motivated by the promising opportunities enabled by BD-RIS, in this thesis, we ex-

plore the fundamental limits of this technology under ideal models and analyze the impact

of hardware non-idealities on the BD-RIS performance limits. Specifically, we develop our

technical contributions in three sequential parts, each constructed upon the foundation

laid by the previous. First, we focus on the optimization of the two main existing BD-RIS

architectures, i.e., group- and fully-connected RISs. We derive a closed-form global op-

timal solution to optimize the scattering matrix of group- and fully-connected RISs and

optimize the grouping strategy in group-connected RIS based on the channel statistics,

showing the benefits of an optimized static grouping strategy. Second, we develop novel

BD-RIS architectures to achieve a better trade-off between performance and circuit com-

plexity. In particular, we propose forest- and tree-connected RISs as novel low-complex

BD-RIS architectures and we derive the fundamental limits of the performance-complexity

trade-off enabled by BD-RIS. Third, we model and optimize BD-RIS in the presence of

hardware impairments. Specifically, we consider BD-RIS with a practical discrete-value

scattering matrix, with EM mutual coupling between the RIS elements, and with lossy

interconnections.

1.2 Contributions

The original contributions of this thesis can be summarized as follows.

1. We derive a closed-form solution for the global optimal scattering matrix of group-

and fully-connected RIS. Thus, we prove that their corresponding theoretical perfor-
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mance upper bounds can be exactly achieved for any channel realization. We first

consider the received signal power maximization in single-user single-input single-

output (SISO) systems aided by a BD-RIS working in reflective or transmissive

mode. Then, we extend our solution to single-user MIMO and multi-user MIMO

systems. We show that our algorithm is less complex than the iterative optimization

algorithms employed in the previous literature. The complexity of our algorithm

grows linearly (resp. cubically) with the number of RIS elements in the case of

group- (resp. fully-) connected architectures.

2. We explore how to optimally group the elements in group-connected RISs to max-

imize the performance while maintaining a low-complexity circuit. Specifically, we

propose and model BD-RIS with a static grouping strategy optimized based on the

channel statistics. After formulating the corresponding problems, we design the

grouping in single- and multi-user systems. Numerical results reveal the benefits of

grouping optimization, i.e., up to 60% sum rate improvement, especially in highly

correlated channels.

3. We propose novel modeling, architecture design, and optimization for BD-RIS based

on graph theory. This graph theoretical modeling allows us to develop two new ef-

ficient BD-RIS architectures, denoted as tree-connected and forest-connected RIS.

Tree-connected RIS, whose corresponding graph is a tree, is proven to be the least

complex BD-RIS architecture able to achieve the performance upper bound in MISO

systems. Besides, forest-connected RIS allows us to strike a balance between perfor-

mance and complexity, further decreasing the complexity over tree-connected RIS.

To optimize tree-connected RIS, we derive a closed-form global optimal solution,

while forest-connected RIS is optimized through a low-complexity iterative algo-

rithm. Numerical results confirm that tree-connected (resp. forest-connected) RIS

achieves the same performance as fully-connected (resp. group-connected) RIS, while

reducing the complexity by up to 16.4 times.

4. We investigate the fundamental limits of the trade-off between performance and

circuit complexity enabled by the various BD-RIS architectures. Specifically, we

derive the expression of the Pareto frontier for the performance-complexity trade-off

in BD-RIS. In addition, we characterize the optimal BD-RIS architectures reaching

this Pareto frontier.

5. We propose two solutions to realize discrete-value group- and fully-connected RISs.

First, we propose scalar-discrete RISs, in which each entry of the RIS impedance

matrix is independently discretized. Second, we propose vector-discrete RISs, where

the entries in each group of the RIS impedance matrix are jointly discretized. In both

solutions, the codebook is designed offline such as to minimize the distortion caused

in the RIS impedance matrix by the discretization operation. Numerical results show

that vector-discrete RISs achieve higher performance than scalar-discrete RISs at the

cost of increased optimization complexity. Furthermore, fewer resolution bits per

impedance are necessary to achieve the performance upper bound as the group size
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of the group-connected architecture increases. In particular, only a single resolution

bit is sufficient in fully-connected RIS to approximately achieve the performance

upper bound.

6. We propose a universal framework for the multiport network analysis of RIS-aided

systems. With our framework, we model RIS-aided systems and RIS architectures

through impedance, admittance, and scattering parameter analysis. Based on these

analyses, three equivalent models are derived accounting for the effects of impedance

mismatching and mutual coupling. The three models are then simplified by assum-

ing large transmission distances, perfect matching, and no mutual coupling to un-

derstand the role of the RIS in the communication model. The derived simplified

models are consistent with the model used in related literature, although we show

that an additional approximation is commonly considered in the literature. We dis-

cuss the benefits of each analysis in characterizing and optimizing the RIS and how

to select the most suitable parameters according to the needs. Numerical results

provide additional evidence of the equivalence of the three analyses.

7. We investigate distributed RIS, whose elements are distributed over a wide region,

in opposition to localized RIS commonly considered in the literature. The scaling

laws of distributed BD-RIS reveal that it offers significant gains over distributed con-

ventional RIS and localized BD-RIS, enabled by its interconnections allowing signal

propagation within the BD-RIS. To assess the practical performance of distributed

BD-RIS, we model and optimize BD-RIS with lossy interconnections through trans-

mission line theory. Our model accounts for phase changes and losses over the

BD-RIS interconnections arising when the interconnection lengths are not much

smaller than the wavelength. Numerical results show that the performance of lo-

calized BD-RIS is only slightly impacted by losses, given the short interconnection

lengths. Besides, distributed BD-RIS can achieve orders of magnitude of gains over

conventional RIS, even in the presence of low losses.

1.3 Organization

The rest of this thesis is organized as follows. In Chapter 2, we review the background

information required to introduce the concept of BD-RIS. Subsequently, we discuss three

technical parts. Part I is composed of Chapters 3 and 4. In Chapter 3, we globally

optimize in closed-form group- and fully-connected RISs. In Chapter 4, we optimize

the static grouping strategy of group-connected RISs. Part II includes Chapters 5 and

6. In Chapter 5, we propose two novel BD-RIS architectures to achieve the maximum

performance with reduced circuit complexity, namely forest- and tree-connected RISs. In

Chapter 6, we characterize the Pareto frontier of the performance-complexity trade-off

enabled by BD-RIS. Part III contains Chapters 7, 8, and 9, where we investigate BD-RIS

with hardware impairments, namely discrete-value scattering matrices, mutual coupling,

and lossy interconnections, respectively. Finally, Chapter 10 concludes this thesis. The

overview of this thesis is illustrated in Fig. 1.3.
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Figure 1.3: Overview of the thesis.

1.4 Notation

Vectors and matrices are denoted with bold lower and bold upper letters, respectively.

Scalars are represented with letters not in bold font. ℜ{a}, ℑ{a}, |a|, arg(a), and a∗ refer

to the real part, imaginary part, modulus, phase, and conjugate of a complex scalar a, re-

spectively. [a]i and ∥a∥ refer to the ith element and l2-norm of a vector a, respectively. A∗,

AT , AH , [A]i,j , ∥A∥, and ∥A∥F refer to the conjugate, transpose, conjugate transpose,

(i, j)th element, l2-norm, and Frobenius norm of a matrix A, respectively. A ∼ B means

that the matrices A and B are equivalent. umax(A) and vmax(A) denote the dominant

left and right singular vectors of a matrix A, respectively. N, N∗, R, and C denote the

natural, positive natural, real, and complex number sets, respectively. j =
√
−1 denotes

the imaginary unit. 0 and I denote an all-zero matrix and an identity matrix, respectively,

with appropriate dimensions. CN (0, σ2) denotes the distribution of a circularly symmetric

complex Gaussian (CSCG) random variable whose real and imaginary parts are indepen-

dent and normally distributed with mean zero and variance σ2/2. CN (0,R) denotes the

distribution of a CSCG random vector with mean vector 0 and covariance matrix R and

∼ stands for “distributed as”. diag(a1, . . . , aN ) refers to a diagonal matrix with diagonal

elements being a1, . . . , aN and diag(a) refers to a diagonal matrix with diagonal elements

being the element of the vector a. diag(A1, . . . ,AN ) refers to a block diagonal matrix

with blocks being A1, . . . ,AN . ones(N) refers to an N ×N matrix whose elements are 1.
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Chapter 2

Fundamentals of BD-RIS

In this introductory chapter, we review the fundamental concepts that underpin the work

presented in this thesis. We model a single-user SISO communication system aided by

a BD-RIS with multiport network theory and show that BD-RIS is a generalization of

conventional RIS, as firstly presented in [16].

The content of this chapter has appeared in [73].

2.1 BD-RIS-Aided System Model

Let us consider a single-user SISO scenario in which the communication is aided by an

NI -antenna RIS. The NI antennas of the RIS are connected to a NI -port reconfigurable

impedance network, with scattering matrix Θ ∈ C
NI×NI [74]. As widely adopted in the

literature [16], we assume all the RIS antennas perfectly matched and we assume no mutual

coupling between the RIS antennas throughout this thesis, unless otherwise specified1.

Defining x ∈ C as the transmitted signal with power PT = E[|x|2] and y ∈ C as the

received signal, we have y = hx+n, where n is the additive white Gaussian noise (AWGN)

at the receiver. In particular, the channel h can be written as a function of the scattering

matrix Θ as

h = hRT + hRIΘhIT , (2.1)

where hRT ∈ C, hRI ∈ C
1×NI , and hIT ∈ C

NI×1 refer to the channels from transmitter to

receiver, from RIS to receiver, and from transmitter to RIS, respectively.

In addition to the scattering matrix Θ, the NI -port reconfigurable impedance network

can also be characterized by its impedance matrix ZI ∈ C
NI×NI , and its admittance

matrix YI ∈ C
NI×NI [74]. According to microwave theory [74], the scattering matrix Θ

and the impedance matrix ZI are related by

Θ = (ZI + Z0I)
−1 (ZI − Z0I) , (2.2)

where Z0 refers to the reference impedance used to compute the scattering matrix Θ,

1In practice, these two assumptions can be achieved by individually matching each RIS antenna to a
reference impedance, e.g., Z0 = 50 Ω, and by keeping the spacing between the RIS elements larger than
half-wavelength. The effects of imperfect matching and mutual coupling are explored in Chapter 8.
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usually set as Z0 = 50 Ω. Besides, Θ and YI are related by

Θ = (I+ Z0YI)
−1 (I− Z0YI) , (2.3)

since YI = Z−1
I . In the case of an RIS implemented with a reciprocal and lossless re-

configurable impedance network, the matrices ZI , YI , and Θ are subject to the following

constraints. First, assuming the RIS to be reciprocal, ZI , YI , and Θ are symmetric, i.e.,

ZI = ZTI , YI = YT
I , and Θ = ΘT . Second, assuming the RIS to be lossless, ZI is purely

reactive and writes as ZI = jXI , where XI ∈ R
NI×NI denotes the reactance matrix of

the NI -port reconfigurable impedance network. Similarly, YI is purely susceptive and

writes as YI = jBI , with BI ∈ R
NI×NI being the susceptance matrix of the NI -port

reconfigurable impedance network. As a consequence, Θ write as

Θ = (jXI + Z0I)
−1 (jXI − Z0I) , (2.4)

or, equivalently, as

Θ = (I+ jZ0BI)
−1 (I− jZ0BI) , (2.5)

meaning that it is unitary, i.e., ΘHΘ = I. Depending on the circuit topology of the

NI -port reconfigurable impedance network, the matrices ZI , YI , and Θ satisfy different

constraints, resulting in conventional RIS and BD-RIS2.

2.2 BD-RIS Architectures

In the following, we review the conventional single-connected RIS architecture and present

other two BD-RIS architectures, recently proposed in [16].

2.2.1 Single-Connected RIS

The single-connected RIS is the conventional RIS architecture commonly adopted in the

RIS literature. In single-connected RIS, the nIth port is connected to ground through

a tunable impedance denoted as ZnI , for nI = 1, . . . , NI , and is not interconnected to

the other ports. Hence, its impedance matrix ZI and admittance matrix YI are diagonal

matrices, written as

ZI = diag (Z1, Z2, . . . , ZNI ) , (2.6)

YI = diag (Y1, Y2, . . . , YNI ) , (2.7)

where YnI = 1/ZnI , for nI = 1, . . . , NI . Furthermore, according to (2.2), also the scattering

matrix Θ is diagonal, and writes as

Θ = diag (Θ1,Θ2, . . . ,ΘNI ) , (2.8)

2In some of the following chapters, the number of RIS elements NI is denoted as N and the matrices
ZI , YI , XI , and BI , are denoted as Z, Y, X, and B, respectively, to ease the notation.
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where ΘnI is the reflection coefficient corresponding to ZnI , i.e.,

ΘnI =
ZnI − Z0

ZnI + Z0
, (2.9)

for nI = 1, . . . , NI . In the case of a lossless RIS, we have ZnI = jXnI , yielding

ΘnI =
jXnI − Z0

jXnI + Z0
= ejθnI , (2.10)

where θnI is the phase shift for the nIth RIS port, for nI = 1, . . . , NI . Thus, the scattering

matrix assumes in this case the form of the well-known phase shift matrix

Θ = diag
(
ejθ1 , ejθ2 , . . . , ejθNI

)
, (2.11)

which is commonly used in RIS literature [12, 13]. This single-connected circuit topology is

the simplest RIS circuit topology, which is characterized by limited flexibility and enables

limited performance [16]. In a single-connected RIS, there are NI tunable admittance

components, each connecting an RIS element to ground, yielding a circuit complexity

CSingle = NI . (2.12)

As an illustrative example, we report the circuit topology of a 4-element single-connected

RIS in Fig. 2.1(a).

2.2.2 Fully-Connected RIS

The first two BD-RIS architectures, namely the fully- and group-connected, have been

proposed in [16]. The fully-connected RIS architecture is obtained by connecting every

port of the reconfigurable impedance network to all other ports. Therefore, the matrices

ZI and YI are not restricted to be diagonal and can be any arbitrary symmetric matrices.

In the case of a lossless and reciprocal fully-connected RIS, Θ is a complex symmetric

unitary matrix, i.e.,

Θ = ΘT , ΘHΘ = I, (2.13)

as a consequence of (2.4). Comparing the constraints (2.11) and (2.13), we notice that the

fully-connected architecture is a generalization of the single-connected one. More precisely,

the scattering matrix Θ of the fully-connected architecture is not limited to being diagonal

with unit-modulus entries because of the presence of reconfigurable impedances connecting

the ports to each other. Since every RIS element is connected to ground and to all other

elements, the circuit complexity of a fully-connected RIS is given by

CFully = NI +

(
NI

2

)
=

NI(NI + 1)

2
. (2.14)

The fully-connected RIS has the most general constraint on Θ and achieves the highest

received signal power [16]. This is enabled by the circuit topology, which is characterized

by the highest complexity since every RIS port is connected to all other ports. We report
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Single-Connected RIS Fully-Connected RIS

Port 1 Port 1Port 2 Port 2

Port 3 Port 4 Port 3 Port 4

Group-Connected RIS

Port 1 Port 2

Port 3 Port 4

Port 5 Port 6

Port 7 Port 8

Figure 2.1: (a) 4-element single-connected RIS, (b) 4-element fully-connected RIS, and (c)
8-element group-connected RIS with group size 4.

a 4-element fully-connected RIS in Fig. 2.1(b).

2.2.3 Group-Connected RIS

The group-connected RIS architecture has been proposed as a trade-off between the single-

connected and the fully-connected to achieve a favorable trade-off between performance

and complexity [16]. In a group-connected RIS, the NI elements are divided into G groups,

each having NG = NI/G elements. Each element is connected to all other elements in its

group, while there is no connection between elements in different groups. Thus, ZI is a

block diagonal matrix given by

ZI = diag (ZI,1,ZI,2, . . . ,ZI,G) , ZI,g = ZTI,g, ∀g, (2.15)

where ZI,g ∈ C
NG×NG is the impedance matrix of the NG-port fully-connected recon-

figurable impedance network for the gth group. In the case of a lossless and reciprocal

group-connected RIS, we have ZI = jXI , with XI satisfying

XI = diag (XI,1,XI,2, . . . ,XI,G) , XI,g = XT
I,g, ∀g, (2.16)
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whereXI,g ∈ R
NG×NG is the reactance matrix of the gth group. Similarly, also the matrices

YI and BI are symmetric and block diagonal. Thus, according to (2.4), the scattering

matrix is subject to

Θ = diag (Θ1,Θ2, . . . ,ΘG) , Θg = ΘT
g , Θ

H
g Θg = I, ∀g, (2.17)

which show thatΘ is a block diagonal matrix with each blockΘg being a complex symmet-

ric unitary matrix, for g = 1, . . . , G. Since the group-connected architecture is composed

of G fully-connected architectures with NG elements each, its circuit complexity is given

by

CGroup = G
NG(NG + 1)

2
=

NI(NG + 1)

2
, (2.18)

depending on the group size NG. Remarkably, the single- and fully-connected architectures

can be seen as two special cases of the group-connected RIS, i.e., with group size NG = 1

and NG = NI , respectively. As an example, we report an 8-element group-connected RIS

with NG = 4 in Fig. 2.1(c).
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Part I

Optimization of Existing BD-RIS

Architectures
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Chapter 3

Global Optimization of Group-

and Fully-Connected RISs

Group- and fully-connected RISs have been proposed in [16] as BD-RIS architectures with

more flexibility than the conventional RIS architecture. However, a closed-form solution

for the global optimal scattering matrix of group- and fully-connected architectures is not

yet available. The scattering matrix has been optimized in recent literature by employing

costly iterative optimization algorithms [16]. For this reason, it was possible to show that

the theoretical performance upper bounds are tight only numerically.

In this chapter, we provide a closed-form global optimal solution for the scattering

matrix of group- and fully-connected RISs. The resulting scattering matrix is proved to

exactly achieve the received signal power upper bounds derived in [16] for SISO systems.

Thus, we mathematically prove that these upper bounds are tight. Furthermore, we show

that our algorithm is less complex than the iterative optimization methods applied to

design the scattering matrix in the recent literature [16]. The complexity of our algorithm

grows linearly with the number of RIS elements in the case of group-connected architec-

tures, while it grows cubically in fully-connected architectures. Given the non-convexity of

the involved optimization problems, this is the first study deriving a closed-form global op-

timal solution for BD-RISs. Our solution for single-user SISO systems is also proven to be

general enough to allow the optimization of multiple problems in RIS-aided multi-antenna

systems. The contributions of this chapter are summarized as follows:

First, as the main contribution, we provide a low-complexity closed-form global optimal

solution for the scattering matrix of BD-RISs working in reflective mode applied to single-

user SISO systems. In these systems, group- and fully-connected RISs designed with our

solution exactly achieve their performance upper bounds. The upper bound-achieving

property of our solution is valid for any channel realization, with no assumptions on its

distribution and correlation.

Second, we consider BD-RISs working in transmissive mode, enabled by the cell-wise

group-connected architecture proposed in [65]. We show how our optimal solution can be

exploited to also globally optimize these BD-RISs. Also in the case of transmissive mode,

the performance upper bounds are always exactly achieved by BD-RISs optimized through

our solution.
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Third, we exploit our optimal solution to optimize the RIS scattering matrix in single-

user MIMO systems, including MISO systems as a special case. For systems aided by a

fully-connected RIS and with negligible direct link, we derive a tight upper bound on the

received signal power. We show that such an upper bound can be always exactly achieved

with our optimal strategy. In addition, we also propose an efficient sub-optimal solution

for the case in which the direct link is not negligible. In this case, a tight upper bound on

the received signal power is not known.

Fourth, we study the weighted sum power maximization problem in multi-user MISO

systems. In the case of systems aided by a fully-connected RIS and with negligible direct

links, we provide a tight performance upper bound and an optimal solution to achieve it.

Also for multi-user MISO systems, we provide a sub-optimal solution to design the RIS

in the case the direct links are not negligible. In fact, a tight performance upper bound is

not available in this case.

Organization: In Section 3.1, we derive the upper bound-achieving closed-form solution

for the scattering matrix in single-user SISO systems. In Section 3.2, we show that our

solution can be also applied to optimally design BD-RISs working in transmissive mode. In

Sections 3.3 and 3.4, we extend our closed-form solution to single-user MIMO, and multi-

user MISO systems, respectively. In Section 3.5, we assess the obtained performance

through numerical simulations. Finally, Section 3.6 contains the concluding remarks.

The content of this chapter has appeared in [75]. For reproducible research, the code

is available at https://github.com/matteonerini/optimization-of-bdris.

3.1 BD-RIS-Aided Single-User SISO Systems: Reflective

Mode

Consider the single-user BD-RIS-aided SISO system model introduced in Section 2.1. In

this section, the BD-RIS is assumed to work in reflective mode, as typically considered in

the literature. Our goal is to design Θ for group- and fully-connected RISs to maximize

the received signal power given by PR = PT |hRT + hRIΘhIT |2. Thus, the optimization

problem for group-connected RISs writes as

max
Θ

PT |hRT + hRIΘhIT |2 (3.1)

s.t. Θ = diag (Θ1, . . . ,ΘG) , Θg = ΘT
g , Θ

H
g Θg = I, ∀g, (3.2)

where PT = E[|x|2] is the transmitted signal power. Since fully-connected RISs can

be viewed as a special case of group-connected RISs, the analogous problem for fully-

connected RISs can be readily obtained by setting G = 1 in (3.2). Remarkably, the term

hRIΘhIT can be always combined in phase with hRT by applying a suitable phase shift

to Θ. Thus, we first maximize (3.1) by omitting hRT and then we adjust the phase of the

resulting Θ depending on arg (hRT ). We assume unit PT and introduce the normalized

channels ĥRI = hRI/ ∥hRI∥ and ĥIT = hIT / ∥hIT ∥ such that our problem becomes to

maximize

P̂R = |ĥRIΘĥIT |2. (3.3)
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For traditional single-connected architectures, it is known that the scattering matrix

can be simply optimized in closed-form. The maximum normalized received signal power

is

P̂ Single
R =

(
NI∑

nI=1

∣∣∣[ĥRI ]nI [ĥIT ]nI
∣∣∣
)2

, (3.4)

which is achieved by designing Θ as in (2.11) with

θnI = − arg
(
[ĥRI ]nI

)
− arg

(
[ĥIT ]nI

)
, ∀nI . (3.5)

However, an exact solution for the optimal Θ in group- and fully-connected RISs is not

known given the non-convexity of problem (3.1)-(3.2). In the following, we consider the

global optimization of fully-connected RISs in Section 3.1.1. To this end, we provide an

upper bound on the objective function (3.3) and a necessary and sufficient condition to

achieve it. This condition is subsequently transformed into an equivalent condition, for

which a closed-form solution is available. We generalize our approach to group-connected

RISs in Section 3.1.2.

3.1.1 Closed-Form Solution for Optimal Fully-Connected RIS

We begin by observing that constraints (3.2) are equivalent to (2.4) and (2.16). Since

XI is real symmetric, we can use the eigenvalue decomposition to write XI = VΛVT ,

where Λ = diag (λ1, . . . , λNI ) ∈ R
NI×NI is a diagonal matrix containing the eigenvalues

of XI ordered in decreasing order and V ∈ R
NI×NI is orthonormal. Applying (2.4), the

scattering matrix Θ is given by

Θ =
(
jVΛVT + Z0I

)−1 (
jVΛVT − Z0I

)
= VDVT , (3.6)

where D = diag
(
ejd1 , . . . , ejdNI

)
∈ C

NI×NI is a diagonal matrix with ejdnI =
jλnI−Z0

jλnI+Z0
.

Note that the complex diagonal elements of the matrix D have unit modulus by construc-

tion. Using the decomposition of Θ given by (3.6), the normalized received signal power

P̂R in (3.3) can be expressed as

P̂R = |ĥRIVDVT ĥIT |2 =
∣∣h̄RIDh̄IT

∣∣2 , (3.7)

where h̄RI = ĥRIV and h̄IT = VT ĥIT . Note that (3.7) is the squared modulus of the dot

product between h̄RI and Dh̄IT . Thus, using the Cauchy-Schwarz inequality, we have

P̂R ≤
∥∥h̄RI

∥∥2 ∥∥Dh̄IT
∥∥2 = 1, (3.8)

where the equality P̂R = 1 is achieved if and only if

∣∣∣
[
h̄RI

]
nI

∣∣∣ =
∣∣∣
[
h̄IT

]
nI

∣∣∣ , ∀nI . (3.9)

Since we are interested in achieving the received signal power upper bound, our goal is now

to find a real orthonormal matrix V = [v1, . . . ,vNI ] such that condition (3.9) is satisfied.
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It is easy to recognize that if the channels hRI and hIT are linearly dependent, the

optimal V is V = I. Consequently, D can be designed according to (3.5) and the matrix

Θ = VDVT is readily obtained. For this reason, in the following discussion, we assume

that the channels hRI and hIT are linearly independent.

Our objective is now to transform the optimality condition (3.9) into an equivalent

condition for which a closed-form solution can be derived. Noting that
[
h̄RI

]
nI

= ĥRIvnI

and
[
h̄IT

]
nI

= vTnI ĥIT , condition (3.9) becomes equivalent to

∣∣∣ĥRIvnI
∣∣∣
2
=
∣∣∣vTnI ĥIT

∣∣∣
2
, (3.10)

which can be in turn rewritten as

vTnIRRIvnI = vTnIRITvnI , (3.11)

where RRI = ĥHRI ĥRI ∈ C
NI×NI and RIT = ĥIT ĥ

H
IT ∈ C

NI×NI . The left- and right-hand

sides of (3.11) are quadratic forms. Since vTnIRRIvnI = vTnIR
T
RIvnI and vTnIRITvnI =

vTnIR
T
ITvnI , we can replace in (3.11) the matrices RRI and RIT with their symmetric parts

ARI = 1/2
(
RRI +RT

RI

)
∈ R

NI×NI and AIT = 1/2
(
RIT +RT

IT

)
∈ R

NI×NI , respectively,

without changing the two quadratic forms. Thus, (3.11) is equivalent to

vTnIARIvnI = vTnIAITvnI , (3.12)

which in turn becomes

vTnIAvnI = 0, (3.13)

where the symmetric matrix A = ARI − AIT ∈ R
NI×NI has been introduced. To

solve (3.13), let us consider the eigenvalue decomposition A = U∆UT , where ∆ =

diag (δ1, . . . , δNI ) ∈ R
NI×NI is a diagonal matrix containing the eigenvalues of A ordered

in decreasing order and U ∈ R
NI×NI is orthonormal. By introducing the orthonormal vec-

tors tnI = UTvnI ∈ R
NI×1, for nI = 1, . . . , NI , (3.13) can be reformulated as a diagonal

quadratic form

tTnI∆tnI = 0. (3.14)

In other words, we need to solve snIδ = 0, where snI = [[tnI ]
2
1 , . . . , [tnI ]

2
NI

] ∈ R
1×NI and

δ = [δ1, . . . , δNI ]
T ∈ R

NI×1. Note that we need to find NI orthonormal vectors tnI which

are solutions of (3.14). This task is hard in general since the solution space of (3.14) is a

non-linear space. However, in our case, we can rely on the special structure of the vector

δ. As proved in the following, δ contains only two, three, and four non-zero elements when

NI = 2, NI = 3, and NI ≥ 4, respectively. Thus, we can solve (3.14) in closed-form by

separately studying these three cases. The following proposition is introduced to simplify

(3.14) in the cases NI ∈ {2, 3}.

Proposition 1. For any linearly independent hRI ∈ C
1×NI and hIT ∈ C

NI×1, with

NI ∈ {2, 3}, the matrix A has rank r (A) = NI and trace Tr (A) = 0.

Proof. Please refer to Appendix 3.7.1.
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Case NI = 2

In the case of fully-connected RISs with NI = 2, A has two eigenvalues, both non-zero

and one opposite of the other, as a consequence of Proposition 1. Denoting the two

eigenvalues of A as δ1 and δ2, we have that the vector δ writes as δ = [δ1, δ2]
T , where

δ2 = −δ1. Applying Proposition 1, we simplify (3.14) as

δ1 [tnI ]
2
1 − δ1 [tnI ]

2
2 = 0. (3.15)

Thus, we need to solve 


[tnI ]

2
1 − [tnI ]

2
2 = 0

[tnI ]
2
1 + [tnI ]

2
2 = 1

, (3.16)

where the first equation is derived from (3.15) and the second equation is the unitary

norm constraint on tnI , ∀nI ∈ {1, 2}. Solving by substitution, we obtain [tnI ]
2
1 = [tnI ]

2
2 =

1/2. Finally, we choose t1 = [
√
1/2,

√
1/2]T and t2 = [

√
1/2,−

√
1/2]T to guarantee

orthonormality.

Case NI = 3

Considering fully-connected RISs with NI = 3, we still rely on proposition 1 to simplify

(3.14). As a consequence of Proposition 1, A has three eigenvalues, all non-zero. Denoting

the three eigenvalues of A as δ1, δ2, and δ3, we have that the vector δ writes as δ =

[δ1, δ2, δ3]
T . Applying Proposition 1, we simplify (3.14) as

δ1 [tnI ]
2
1 + δ2 [tnI ]

2
2 + δ3 [tnI ]

2
3 = 0. (3.17)

We choose the vector t1 with only the first and the third entries non-zero. Such a vector

always exists since Proposition 1 implies δ1 > 0 and δ3 < 0. Thus, we need to solve




δ1 [t1]

2
1 + δ3 [t1]

2
3 = 0

[t1]
2
1 + [t1]

2
3 = 1

, (3.18)

where the first equation is derived from (3.17) and the second equation is the unitary norm

constraint. Solving by substitution, we obtain




[t1]

2
1 =

−δ3
δ1−δ3

[t1]
2
3 = 1− −δ3

δ1−δ3 = δ1
δ1−δ3

, (3.19)

giving t1 =
[√

−δ3
δ1−δ3 , 0,

√
δ1

δ1−δ3

]T
. Now, we select the two remaining vectors in the form

t2 =

[
1

K

√
δ1

δ1 − δ3
,

√
1− 1

K2
,− 1

K

√
−δ3

δ1 − δ3

]T
, (3.20)

t3 =

[
− 1

K

√
δ1

δ1 − δ3
,

√
1− 1

K2
,
1

K

√
−δ3

δ1 − δ3

]T
, (3.21)
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whereK is a positive constant. It is easy to recognize that t1, t2, and t3 are an orthonormal

basis of R3 for any K ̸= 1. Thus, K must be designed such that t2 and t3 satisfy (3.17),

that is
δ21

K2 (δ1 − δ3)
+ δ2

(
1− 1

K2

)
− δ23

K2 (δ1 − δ3)
= 0. (3.22)

Equation (3.22) can be simplified by substituting δ2 = −δ1 − δ3, which is always valid

according to Proposition 1. Eventually, (3.22) gives K =
√
2, yielding

t2 =

[√
δ1

2 (δ1 − δ3)
,

√
1

2
,−
√

−δ3
2 (δ1 − δ3)

]T
, (3.23)

t3 =

[
−
√

δ1
2 (δ1 − δ3)

,

√
1

2
,

√
−δ3

2 (δ1 − δ3)

]T
. (3.24)

Case NI ≥ 4

In the case of fully-connected RISs with NI ≥ 4, we introduce the following proposition

to simplify (3.14).

Proposition 2. For any linearly independent hRI ∈ C
1×NI and hIT ∈ C

NI×1, with

NI ≥ 4, the matrix A has rank r (A) = 4 and trace Tr (A) = 0. Furthermore, among its

four non-zero eigenvalues, two are positive and two are negative.

Proof. Please refer to Appendix 3.7.2.

Denoting the first two eigenvalues of A as δ1 and δ2, and the last two as δNI−1 and δNI ,

we have that the vector δ writes as δ = [δ1, δ2, 0, . . . , 0, δNI−1, δNI ]
T . Applying Proposi-

tion 2, we simplify (3.14) as

δ1 [tnI ]
2
1 + δ2 [tnI ]

2
2 + δNI−1 [tnI ]

2
NI−1 + δNI [tnI ]

2
NI

= 0. (3.25)

We notice thatNI−4 orthonormal solutions to (3.25) are given by the vectors e3, . . . , eNI−2,

where ei ∈ R
NI×1 denotes the vector with the ith entry being 1 and the others being 0, for

i = 3, . . . , NI−2. Thus, we now want to find the remaining four orthonormal vectors t1, t2,

t3, t4 ∈ R
NI solutions of (3.25), all orthogonal to e3, . . . , eNI−2. To make them orthogonal

to e3, . . . , eNI−2, it is sufficient to set [ti]nI = 0 for i = 1, 2, 3, 4 and nI = 3, . . . , NI − 2.

We choose the first vector t1 with only the first and the (NI − 1)th entries non-zero.

Note that such a vector always exists since δ1 > 0 and δNI−1 < 0. Thus, we need to solve




δ1 [t1]

2
1 + δNI−1 [t1]

2
NI−1 = 0

[t1]
2
1 + [t1]

2
NI−1 = 1

, (3.26)

where the first equation is derived from (3.25) and the second equation is the unitary norm

constraint. Solving by substitution, we obtain




[t1]

2
1 =

−δNI−1

δ1−δNI−1

[t1]
2
NI−1 = 1− −δNI−1

δ1−δNI−1
= δ1

δ1−δNI−1

, (3.27)
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which gives t1 =

[√
−δNI−1

δ1−δNI−1
, 0, . . . ,

√
δ1

δ1−δNI−1
, 0

]T
. Similarly, we choose the second

vector t2 with only the second and NIth entries non-zero. Also this vector always exists

since δ2 > 0 and δNI < 0. With a similar procedure, we obtain




[t2]

2
2 =

−δNI
δ2−δNI

[t2]
2
NI

= 1− −δNI
δ2−δNI

= δ2
δ2−δNI

, (3.28)

giving t2 =

[
0,

√
−δNI
δ2−δNI

, . . . , 0,
√

δ2
δ2−δNI

]T
. Note that these first two vectors t1 and t2

are orthonormal by construction.

The remaining two vectors t3 and t4 must be linear combinations of a basis of the null

space of the matrix M = [t1, t2]
T . Such a basis is readily given by two vectors b1 and b2

in the form

b1 = [[t1]NI−1 , 0, . . . ,− [t1]1 , 0]
T , (3.29)

b2 = [0, [t2]NI , . . . , 0,− [t2]2]
T , (3.30)

whose nIth entry is zero, for nI = 3, . . . , NI − 2, in addition to the vectors e3, . . . , eNI−2.

Thus, t3 and t4 can be expressed as a generic linear combination c = a1b1 + a2b2 given

by

c =
[
a1 [t1]NI−1 , a2 [t2]NI , . . . ,−a1 [t1]1 ,−a2 [t2]2

]T
. (3.31)

Now, our objective is to find a1 and a2 satisfying (3.25) and the unitary norm constraint,

that is 


δ1a

2
1 [t1]

2
NI−1 + δ2a

2
2 [t2]

2
NI

+ δNI−1a
2
1 [t1]

2
1 + δNIa

2
2 [t2]

2
2 = 0

a21 [t1]
2
NI−1 + a22 [t2]

2
NI

+ a21 [t1]
2
1 + a22 [t2]

2
2 = 1

. (3.32)

Substituting in (3.32) the entries of the vectors t1 and t2 given by (3.27) and (3.28),

respectively, we obtain




(δ1 + δNI−1)a

2
1 + (δ2 + δNI )a

2
2 = 0

a21 + a22 = 1
. (3.33)

Solving by substitution, we have




a21 =

−δ2−δNI
δ1+δNI−1−δ2−δNI

a22 = 1− −δ2−δNI
δ1+δNI−1−δ2−δNI

=
δ1+δNI−1

δ1+δNI−1−δ2−δNI

. (3.34)

Note that this always means a21 = a22 = 1/2 since Proposition 2 gives δ1+δNI−1 = −δ2−δNI .
Finally, we choose t3 =

√
1/2b1 +

√
1/2b2 and t4 =

√
1/2b1 −

√
1/2b2 to guarantee

orthonormality.

In conclusion, we construct an orthonormal matrix T ∈ R
NI×NI depending on the

number of RIS elements NI . If NI = 2, T = [t1, t2]; if NI = 3, T = [t1, t2, t3]; and if

NI ≥ 4, T = [t1, t2, t3, t4, e3, . . . , eN−2]. Note that the columns of T are orthogonal with
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Algorithm 1 Optimal fully-connected RIS design for single-user SISO systems

Input: hRI ∈ C
1×NI , hIT ∈ C

NI×1.

Output: Θ̄.

1: ĥRI =
hRI

∥hRI∥ , ĥIT = hIT
∥hIT ∥ , RRI = ĥHRI ĥRI , RIT = ĥIT ĥ

H
IT .

2: ARI =
RRI+RT

RI
2 , AIT =

RIT+RT
IT

2 , A ≜ U∆UT = ARI −AIT .

3: δ ≜ [δ1, . . . , δNI ]
T = diag (∆).

4: if NI == 2 then

5: T =



√

1
2

√
1
2√

1
2 −

√
1
2


.

6: else if NI == 3 then

7: T =




√
−δ3
δ1−δ3

√
δ1

2(δ1−δ3) −
√

δ1
2(δ1−δ3)

0
√

1
2

√
1
2√

δ1
δ1−δ3 −

√
−δ3

2(δ1−δ3)

√
−δ3

2(δ1−δ3)


.

8: else

9: t1 =

[√
−δNI−1

δ1−δNI−1
, 0, . . . ,

√
δ1

δ1−δNI−1
, 0

]T
, t2 =

[
0,

√
−δNI
δ2−δNI

, . . . , 0,
√

δ2
δ2−δNI

]T
.

10: t3 =
1√
2

[
[t1]NI−1 , [t2]NI , . . . ,− [t1]1 ,− [t2]2

]T
.

11: t4 =
1√
2

[
[t1]NI−1 ,− [t2]NI , . . . ,− [t1]1 , [t2]2

]T
.

12: T = [t1, t2, t3, t4, e3, . . . , eN−2].

13: end if

14: V = UT.

15: dnI = − arg
(
[ĥRIV]nI

)
− arg

(
[VT ĥIT ]nI

)
, ∀nI , D = diag

(
ejd1 , . . . , ejdNI

)
.

16: Θ̄ = VDVT .

17: Return Θ̄.

each other, have unitary norm, and solve (3.14). At this stage, all the building elements

of the optimal scattering matrix, denoted as Θ̄, are available. Applying (3.6), we can

write Θ̄ = VDVT , where V = UT by definition of the columns of T, and D is designed

according to (3.5). We summarize the steps necessary to build the optimal Θ̄ in Alg. 1.

Note that the solution provided by Alg. 1 is proved to be global optimal by the following

two facts. First, it solves (3.14) by construction. Second, since (3.14) is equivalent to

(3.9), it allows to exactly achieve the objective upper bound P̂R = 1. To maximize PR in

the presence of the direct link hRT , the scattering matrix can be adjusted as

Θ⋆ = ej arg(hRT )Θ̄, (3.35)

such that the term hRIΘ
⋆hIT is made in phase with hRT .

3.1.2 Closed-Form Solution for Optimal Group-Connected RIS

Now, we extend our closed-form strategy to design fully-connected architectures to group-

connected ones. As previously discussed, we initially omit the direct link hRT and assume

unitary transmitted signal power. Thus, the received signal power for group-connected
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architectures writes as

PR =

∣∣∣∣∣∣

G∑

g=1

hRI,gΘghIT,g

∣∣∣∣∣∣

2

(3.36)

where hRI = [hRI,1, . . . ,hRI,G] with hRI,g ∈ C
1×NG and hIT = [hIT,1, . . . ,hIT,G]

T with

hIT,g ∈ C
NG×1 [16]. It is easy to recognize that (3.36) is maximized when the terms

hRI,gΘghIT,g are all individually maximized in absolute value and they are all co-phased.

Recalling the constraint onΘg given by (2.17), the optimalΘg that maximizes the absolute

value |hRI,gΘghIT,g| is given by Alg. 1 applied to the truncated channels hRI,g and hIT,g,

∀g. Note that Θg constructed by Alg. 1 ensures that the complex number hRI,gΘghIT,g

has phase zero. Thus, (3.36) is maximized when the matrices Θg are constructed by Alg. 1

since all the terms hRI,gΘghIT,g are co-phased. The block diagonal matrix Θ is finally

obtained from the matrices Θg applying (2.17). To maximize PR in the presence of the

direct link hRT , also for group-connected architectures Θ can be adjusted as in (3.35).

3.2 BD-RIS-Aided Single-User SISO Systems: Transmis-

sive Mode

In Section 3.1, we assumed the BD-RIS to work in reflective mode. This implies that both

the transmitter and the receiver are covered by all the RIS elements. In other words, all

the entries of hRI and hIT are non-zero in general. In this section, we study the case

in which the BD-RIS works in transmissive mode, as modeled in [65]. Following [65], we

consider a BD-RIS made of NI = 2MI elements, where MI is the number of RIS cells.

Each RIS cell is formed by two RIS elements placed back to back and connected to each

other through a reconfigurable impedance. Specifically, we assume that the mIth cell is

formed by the (2mI − 1)th and (2mI)th RIS elements, for mI = 1, . . . ,MI . With this

notation, the RIS elements can be partitioned into two sectors, where sector 1 is formed

by the odd RIS elements and sector 2 is formed by the even RIS elements. Thus, the

whole space is divided into two sides, respectively covered by the two sectors. When the

BD-RIS is working in transmissive mode, the transmitter and the receiver are located in

opposite sectors. In the following, we assume the transmitter to be in sector 1 and the

receiver in sector 2.

Denoting as h̃RI ∈ C
1×2MI the channel from the RIS to the receiver, and as h̃IT ∈

C
2MI×1 the channel from the transmitter to the RIS, the received signal power maximiza-

tion problem writes as

max
Θ

PT

∣∣∣hRT + h̃RIΘh̃IT

∣∣∣
2

(3.37)

s.t. Θ = diag (Θ1, . . . ,ΘG) , Θg = ΘT
g , Θ

H
g Θg = I, ∀g, (3.38)

where the odd entries of the channel h̃RI are zero, as well as the even entries of the

channel h̃IT . To solve (3.37)-(3.38), we can readily apply our optimal solution presented

in Section 3.1.2, with the only difference that half of the entries of h̃RI and h̃IT are zero

when the BD-RIS is working in transmissive mode. The reader is referred to [65] for
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detailed information about the optimization of BD-RISs supporting hybrid transmissive

and reflective mode in multi-user scenarios.

3.3 BD-RIS-Aided Single-User MIMO Systems

In this section, we extend our optimal design strategy to single-user MIMO systems. W

consider an NT antenna transmitter and an NR antenna receiver, whose communication

is aided by a BD-RIS working in reflective mode. The equivalent channel writes as H =

HRT +HRIΘHIT , where HRT ∈ C
NR×NT , HRI ∈ C

NR×NI , and HIT ∈ C
NI×NT are the

channels from the transmitter to receiver, from the RIS to the receiver, and from the

transmitter to the RIS, respectively. Considering single-stream transmission, we denote

as w ∈ C
NT×1 and g ∈ C

1×NR the precoding and combining vectors, respectively, subject

to the constraint ∥w∥ = 1 and ∥g∥ = 1. Thus, the received signal power is PMIMO
R =

PT |g(HRT +HRIΘHIT )w|2, with corresponding maximization problem

max
w,g,Θ

PT |g (HRT +HRIΘHIT )w|2 (3.39)

s.t. Θ = diag (Θ1, . . . ,ΘG) , Θg = ΘT
g , Θ

H
g Θg = I, ∀g, (3.40)

∥w∥ = 1, ∥g∥ = 1, (3.41)

which is solved by jointly designing w, g, and Θ.

3.3.1 Fully-Connected RIS-Aided Systems Without Direct Link

We first consider a system aided by a fully-connected RIS, and we assume that the direct

channel between transmitter and receiver HRT ∈ C
NR×NT is negligible compared to the

channel reflected by the RIS. This assumption reflects real scenarios where the direct

channel is highly obstructed and significantly weaker than the RIS-aided link. In this

case, the optimal precoder and combiner are given by the dominant eigenvectors of the

equivalent channel HRIΘHIT . Thus, the maximum received signal power is given by

PT ∥HRIΘHIT ∥2, which is upper bounded by

P̄MIMO
R = PT ∥HRI∥2 ∥HIT ∥2 , (3.42)

following the sub-multiplicativity of the spectral norm. To achieve this upper bound, it is

possible to prove that Θ must satisfy

vRI = ΘuIT , (3.43)

where vRI is the dominant right singular vector of HRI and uIT is the dominant left

singular vector of HIT . Note that the equality (3.43) is to be intended up to a phase shift

since the complex singular vectors of a matrix are only defined up to a phase shift. Thus,

condition (3.43) is satisfied when the cosine similarity

ρ =
∣∣vHRIΘuIT

∣∣2 (3.44)
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Algorithm 2 BD-RISs design for single-user MIMO systems

Input: HRT ∈ C
NR×NT , HRI ∈ C

NR×NI , HIT ∈ C
NI×NT , NG, ϵ.

Output: Θ.

1: if Pdir
R ≥ Prefl

R then

2: w = vRT , g = uHRT .

3: else

4: w = vIT , g = uHRI .

5: end if

6: while The fractional increase of the objective PMIMO
R is above ϵ do

7: heffRT = gHRTw, heff
RI = gHRI , h

eff
IT = HITw.

8: Compute Θ by applying Alg. 1 to heff
RI , h

eff
IT .

9: Θ = ej arg(h
eff
RT )Θ.

10: w = vmax (HRT +HRIΘHIT ), g = uHmax (HRT +HRIΘHIT ).

11: end while

12: Return Θ.

is maximized, i.e., ρ = 1. Maximizing (3.44) is similar to the problem of maximizing

the normalized received signal power in (3.3), exactly solved for the SISO setting in Sec-

tion 3.1.1. Thus, the optimal Θ satisfying (3.43) can be found by applying Alg. 1 to the

vectors vHRI and uIT and the upper bound (3.42) is tight. In the MISO setting, the optimal

Θ is given by Alg. 1 applied to the vectors hRI and uIT .

3.3.2 Fully-/Group-Connected RIS-Aided Systems With Direct Link

In single-user RIS-aided MIMO systems, tight upper bounds on the received signal power

are not available in general, i.e., when group-connected RISs are considered or the direct

link is not negligible. For these cases, we propose a sub-optimal solution to maximize

the received signal power in which the matrix Θ and the beamforming vectors w and g

are alternatively optimized, as established in the literature on single-connected RISs [13].

Afterw and g are initialized to feasible values, this optimization process alternates between

the two following steps until convergence is reached. With fixed w and g, we update Θ

by optimally maximizing the objective |gHRTw + gHRIΘHITw|2 as proposed for SISO

systems. The optimal Θ is obtained by applying the strategy proposed in Section 3.1.2

to the channels heffRT = gHRTw, heff
RI = gHRI , and heff

IT = HITw. With fixed Θ, we

update w and g as the dominant right and left singular vectors of HRT + HRIΘHIT ,

respectively. The convergence is considered reached when the fractional increase of the

objective PMIMO
R in a full iteration is below a certain parameter ϵ.

Depending on the direct link strength, we consider two possible initializations for the

beamforming vectors w and g. In the following, we define the left and right dominant

singular vectors of the matrices Hij as uij and vij , respectively, for ij ∈ {RT,RI, IT}.
If the direct link is particularly strong, we set w = vRT and g = uHRT to capture the

energy in the direct channel dominant eigenmode. In this case, at the first iteration of the

optimization process, it is possible to design Θ through our optimal solution to achieve a
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received signal power

P dir
R = PT


∥HRT ∥+

G∑

g=1

∥hR,g∥ ∥hT,g∥




2

, (3.45)

where hR = uHRTHRI and hT = HITvRT . Conversely, if the direct link is weak or a high

number of RIS elements is employed, we set w = vIT and g = uHRI to capture the energy

of the reflected link. In this case, at the first iteration of the optimization process, Θ can

be optimized to achieve a received signal power

P refl
R = PT

(
∣∣uHRIHRTvIT

∣∣+ ∥HRI∥ ∥HIT ∥
G∑

g=1

∥∥vHRI,g
∥∥ ∥uIT,g∥

)2

. (3.46)

Because of the initialization strategy, a lower bound on the received signal power achieved

in MIMO systems is given by PMIMO
R = max{P dir

R , P refl
R }, which is the received signal

power obtained after the first iteration of our optimization process. Note that this is a

lower bound since the objective function PMIMO
R is non-decreasing over iterations.

We summarize the steps necessary to optimize Θ in single-user MIMO systems in

Alg. 2. The convergence of Alg. 2 is guaranteed by the following two facts. First, at

each iteration, the objective PMIMO
R is non-decreasing. Second, the objective function is

bounded from above by PT (∥HRT ∥+ ∥HRI∥ ∥HIT ∥)2 because of the triangle inequality,

and the sub-multiplicativity of the spectral norm. Note that Alg. 2 can be readily applied

to the MISO setting, as it is a special case of the MIMO setting, in which NR = 1. Single-

user MIMO systems aided by a BD-RIS working in transmissive mode can be similarly

optimized by directly applying the discussion made in Section 3.2.

3.4 BD-RIS-Aided Multi-User MISO Systems

In this section, we study the weighted sum power maximization in multi-user MISO sys-

tems, which is a problem particularly relevant in WPT applications [76]. Let us consider

an NT antenna transmitter serving K single-antenna receivers through the support of a

BD-RIS working in reflective mode. We denote the channel from the transmitter to the

kth receiver and from the RIS to the kth receiver as hRT,k ∈ C
1×NT and hRI,k ∈ C

1×NI ,

respectively. Consequently, the equivalent channel seen by the kth receiver is denoted as

hk = hRT,k + hRI,kΘHIT .

In general, the transmitted signal writes as

x =
√

PT

K∑

k=1

wksk, (3.47)

where the precoding vectors wk are subject to the constraints
∑K

k=1 ∥wk∥2 = 1 and sk are

the energy-carrying signals subject to E[|sk|2] = 1. Thus, the received signal power at the
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kth receiver writes as

PR,k = PT

K∑

j=1

|hkwj |2 . (3.48)

Denoting by αk > 0 the power weight of the kth receiver, the weighted sum power writes

as SR =
∑K

k=1 αkPR,k, with corresponding maximization problem given by

max
wk,Θ

K∑

k=1

αkPR,k (3.49)

s.t. Θ = diag (Θ1, . . . ,ΘG) , Θg = ΘT
g , Θ

H
g Θg = I, ∀g, (3.50)

K∑

k=1

∥wk∥2 = 1. (3.51)

Substituting (3.48) into (3.49), we obtain

SR =
K∑

k=1

αkPT

K∑

j=1

|hkwj |2 =
K∑

j=1

PTw
H
j Swj , (3.52)

where we introduced S =
∑K

k=1 αkh
H
k hk. From (3.52), we notice that the optimal pre-

coding vectors wj should be all aligned with the dominant eigenvector of S, denoted as

vmax (S). As in [76], we consider a single-stream precoding given by w = vmax (S), with

no loss of optimality. With this optimal precoding, the weighted sum power is

SR = PT ∥S∥ = PT
∥∥HHH

∥∥ = PT ∥H∥2 , (3.53)

where we introduced H =
[√

α1h
H
1 , . . . ,

√
αKhHK

]H
. To maximize SR, it is convenient

to rewrite (3.53) by explicitly highlighting the role of Θ. Defining the matrices GRT =[√
α1h

H
RT,1, . . . ,

√
αKhHRT,K

]H
and GRI =

[√
α1h

H
RI,1, . . . ,

√
αKhHRI,K

]H
, we can write

H = GRT +GRIΘHIT .

3.4.1 Fully-Connected RIS-Aided Systems Without Direct Links

We first consider a system aided by a fully-connected RIS, and we assume that the direct

channels between transmitter and receivers are negligible compared to the channels re-

flected by the RIS. Consequently, the equivalent channel seen by the kth receiver is given

by hk = hRI,kΘHIT , yielding H = GRIΘHIT . Thus, the maximum weighted sum power

is given by PT ∥GRIΘHIT ∥2, which is upper bounded by

S̄R = PT ∥GRI∥2 ∥HIT ∥2 , (3.54)

because of the sub-multiplicativity of the spectral norm. Using the discussion carried out

for the single-user MIMO setting, we introduce the vectors tRI and uIT as the dominant

left singular vectors of GH
RI and HIT , respectively. Thus, the global optimal Θ achieving

(3.54) can be found by applying Alg. 1 to the vectors tHRI and uIT . This proves that the

upper bound (3.54) is tight.
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3.4.2 Fully-/Group-Connected RIS-Aided Systems With Direct Links

For general systems in which group-connected RISs are considered or the direct links are

not negligible, tight performance upper bounds are not available. In this case, we notice

that maximizing (3.53) is equivalent to maximizing

SR = PT |z1 (GRT +GRIΘHIT ) z2|2 , (3.55)

where z1 ∈ C
1×NR and z2 ∈ C

NT×1 are auxiliary variables such that ∥z1∥ = 1 and

∥z2∥ = 1. Furthermore, maximizing (3.55) is similar to the problem of maximizing the

received signal power in (3.39), solved through Alg. 2 in Section 3.3.2. Thus, our sub-

optimal strategy provided by Alg. 2 can be readily applied to solve also this maximization

problem. Multi-user MISO systems aided by a BD-RIS working in hybrid mode can be

similarly optimized by directly applying the discussion made in Section 3.2.

3.5 Performance Evaluation

Let us consider a two-dimensional coordinate system, in which the y-axis represents the

height above the ground in meters (m). The transmitter and the receiver are located at

(0, 0) and (52, 0), respectively. The RIS is located at (50, 2) and is equipped with NI

antennas. Note that the simulation setting is similar to the setting adopted in [16], with

the RIS close to the receiver to maximize the gain brought by the RIS. Nevertheless,

the conclusions drawn in this chapter are not impacted by the position of the RIS. The

distance-dependent path loss is modeled as Lij(dij) = L0d
−αij
ij , where L0 is the reference

path loss at distance 1 m, dij is the distance, and αij is the path loss exponent for

ij ∈ {RT,RI, IT}. We set L0 = −30 dB, αRT = 3.5, αRI = 2.8, αIT = 2, and PT = 10

W. For the small-scale fading, the channels are modeled with both Rayleigh and Rician

fading, given by

hij =
√
Lij

(√
KF

1 +KF
hLoS
ij +

√
1

1 +KF
hNLoS
ij

)
, (3.56)

where KF refers to the Rician factor, while hLoS
ij and hNLoS

ij ∼ CN (0, I) represent the

small-scale line-of-sight (LoS) and non-line-of-sight (NLoS) (Rayleigh fading) components,

respectively, for ij ∈ {RT,RI, IT}. To model Rician fading channels, we consider KF = 3

dB.

We start by analyzing the performance of SISO systems aided by single-, group-, and

fully-connected RISs working in reflective mode. In Fig. 3.1, we report the average received

signal power given in (3.1) obtained by optimizing the scattering matrix Θ through our

optimal strategy proposed in Section 3.1.2, for different group sizes. We compare these

results with the average received signal power upper bound given by

P̄Group
R = PT


|hRT |+

G∑

g=1

∥hRI,g∥ ∥hIT,g∥




2

, (3.57)
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Figure 3.1: Average received signal power in SISO systems aided by single-connected
“SC”, group-connected “GC”, and fully-connected “FC” BD-RISs working in reflective
mode.
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Figure 3.2: Average received signal power in SISO systems aided by cell-wise single-
connected “CW-SC”, group-connected “CW-GC”, and fully-connected “CW-FC” BD-
RISs working in transmissive mode.

as derived in [16]. The upper bound (3.57), valid for group-connected RISs, boils down to

P̄ Single
R = PT

(
|hRT |+

NI∑

nI=1

∣∣∣[hRI ]nI [hIT ]nI
∣∣∣
)2

(3.58)

for single-connected RISs and to

P̄Fully
R = PT (|hRT |+ ∥hRI∥ ∥hIT ∥)2 (3.59)

for fully-connected RISs1. As expected, we observe that the upper bounds are exactly

achieved by our closed-form solution. The upper bounds (3.57), (3.58), and (3.59) can be

numerically achieved also by the quasi-Newton method used in [16]. However, the conver-

gence of the quasi-Newton method to a global optimum cannot be mathematically proved.

1The upper bounds (3.58) and (3.59) scale as O(Γ(1.5)4N2
I ) and O(N2

I ), respectively, where Γ(·) refers
to the gamma function, in the presence of Rayleigh fading channels [16]. Thus, fully-connected RISs
provide a power gain of 1/Γ(1.5)4 = 16/π2 over the single-connected RISs when NI → ∞.
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Figure 3.3: Average received signal power in NR ×NT systems without direct link aided
by fully-connected RISs working in reflective mode.
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Figure 3.4: Average received signal power in NR ×NT systems aided by single-connected
“SC”, group-connected “GC”, and fully-connected “FC” BD-RISs working in reflective
mode and optimized through Alg. 2.

Fully-connected RISs achieve the same performance in both Rayleigh and Rician fading

conditions. Besides, single and group-connected RISs benefit from the LoS component,

achieving higher power with Rician fading, agreeing with [16]2. Remarkably, the SISO

system without RIS can only achieve an average received signal power of 9.88 nW.

We now consider SISO systems aided by a BD-RIS working in transmissive mode. The

receiver is now located in (52, 4) and we set αRT = 4 to model a weak direct link. As

previously discussed, we assume the transmitter to be in sector 1 and the receiver in sector

2. Thus, the odd entries of the channel hRI and the even entries of the channel hIT are

forced to zero. In Fig. 3.2, we report the received signal power achieved by the optimal

design strategy proposed in Section 3.1.2 and its upper bounds. We observe that the

received signal power upper bounds are exactly achieved by our solution involving Alg. 1.

Thus, our optimal design strategy can be successfully applied to BD-RIS working in both

reflective and transmissive modes.

2Considering correlated Rayleigh fading distributed according to the exponential correlation model with
coefficient ρ = 0.5, the performance of single and fully-connected RISs remains unchanged compared to
i.i.d. Rayleigh fading. Besides, the performance of group-connected RISs slightly reduces.
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Figure 3.5: Average received sum power in multi-user MISO systems with NT = 4 without
direct link aided by fully-connected RISs working in reflective mode.
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Figure 3.6: Average received sum power in multi-user MISO systems with NT = 4 aided
by single-connected “SC”, group-connected “GC”, and fully-connected “FC” BD-RISs
working in reflective mode and optimized through Alg. 2.

We analyze the performance of RIS-aided single-user MIMO and MISO systems, in

which the RIS works in reflective mode. In Fig. 3.3, we report the received signal power

(3.39) for NR×NT systems aided by a fully-connected RIS, and with negligible direct link.

The received signal power obtained by the exact solution provided by Alg. 1 is compared

with its upper bound (3.42). We observe that the performance upper bounds are exactly

achieved by our solution. Furthermore, higher performance is obtained by increasing the

number of antennas NR and NT . Rayleigh fading channels allow reaching a slightly higher

received signal power since they offer richer scattering. In Fig. 3.4, we consider single-user

MIMO and MISO systems aided by a single-, group-, or fully-connected RIS. Alg. 2 is used

to maximize the received signal power (3.39) by optimizing the RIS scattering matrix. As

expected, fully-connected RISs achieve higher received signal power than group-connected

RISs, which in turn outperform single-connected RISs. The performance gap between

fully-connected and single-connected architectures is slightly higher in Rayleigh fading

conditions.

We now consider the weighted sum power maximization problem in RIS-aided multi-
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Figure 3.7: Computational complexity versus the number of RIS elements. Alg. 1 is
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connected “FC” BD-RISs.

user MISO systems, with the RIS working in reflective mode. In our simulations, all K

receivers are placed in (52, 0), and we set NT = 4 and αk = 1 ∀k. In Fig. 3.5, we consider

multi-user MISO systems aided by a fully-connected RIS, and with negligible direct links

between transmitter and receivers. The received sum power (3.49) is maximized by apply-

ing the optimal precoding w = vmax (S), and by designing Θ through Alg. 1. We compare

this received sum power with its upper bound (3.54). As expected, the solution offered

by Alg. 1 is optimal as it exactly achieves the performance upper bounds. In Fig. 3.6, we

report the weighted sum power of multi-user MISO systems aided by a single-, group-, or

fully-connected RIS, as given in (3.49). In these systems, Alg. 2 is used to optimize the

RIS scattering matrix. Fully-connected RISs achieve the highest performance over group

and single-connected BD-RISs, while single-connected RISs obtain the lowest weighted

sum power. Besides, the weighted sum power increases with the number of receivers K

because of the higher diversity offered.

Finally, we assess the computational complexity of our optimal design strategy. In

fully-connected architectures, the complexity growth of Alg. 1 as a function of NI is

given by the complexity of eigenvalue decomposition, that is O(N3
I ). This is less than

the complexity of the quasi-Newton optimization adopted in previous literature, which is

O(N2
I (NI + 1)2/4) for each iteration [16]. In group-connected architectures with group

size NG, the block diagonal scattering matrix is designed by running G = NI/NG times

Alg. 1, with complexity O(N3
G). Thus, the complexity of our solution is O(N2

GNI) in this

case, less than the complexity of quasi-Newton optimization, given by O(N2
I (NG+1)2/4)

for each iteration [16]. In Fig. 3.7, the computational complexity of Alg. 1 is compared

with the complexity of the quasi-Newton method used in [16].

3.6 Conclusion

We provide a low-complexity closed-form solution to design the global optimal scattering

matrix in the case of group- and fully-connected RISs. The resulting scattering matrix is

proved to achieve exactly the received signal power upper bounds derived in [16]. Our solu-
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tion is upper bound-achieving for any channel realization since we do not pose assumptions

on the channel distribution. We first present a closed-form global optimal design strategy

for RIS-aided single-user SISO systems. Subsequently, our strategy is extended to single-

user MIMO and multi-user MISO systems. For systems aided by fully-connected RISs

and with negligible direct links, we provide tight performance upper bounds. We show

that such upper bounds can be exactly achieved with our optimal strategy. Finally, we

show that our algorithm is less complex than the iterative optimization methods applied

to design BD-RISs in recent literature. The complexity of our algorithm grows linearly

(resp. cubically) with the number of RIS elements in the case of group- (resp. fully-)

connected RISs.

3.7 Appendix

3.7.1 Proof of Proposition 1

The matrix A is a linear combination of four outer products matrices, i.e.,

A =
1

2
RRI +

1

2
RT
RI −

1

2
RIT −

1

2
RT
IT = BBH , (3.60)

where the matrix B ∈ C
NI×4 is introduced as B = 1/

√
2[ĥHRI , ĥ

T
RI , jĥIT , jĥ

∗
IT ]. Since B

is full rank, we have r (A) = r (B) = min{4, NI}. Note that we assumed hRI and hIT

to be independent in this discussion since the linearly dependent case has been trivially

addressed. Thus, it holds r (A) = NI if NI ∈ {2, 3}. The trace of A can be readily

computed from (3.60) by observing that Tr (RRI) = 1 and Tr (RIT ) = 1 since ∥ĥRI∥ = 1

and ∥ĥIT ∥ = 1. By applying the trace linearity property, we have Tr (A) = 0.

3.7.2 Proof of Proposition 2

To prove that r (A) = 4 and Tr (A) = 0, we can directly apply the Proof of Proposition 1.

To prove that A has two positive and two negative eigenvalues, we use the fact that

A = ARI −AIT is given by the sum of two symmetric matrices. This proof is carried out

by treating differently the cases NI = 4 and NI > 4.

In the case NI = 4, A is a full rank matrix, i.e., det (A) ̸= 0. We denote the de-

creasingly ordered eigenvalues of ARI as δRI,1, . . . , δRI,NI and the decreasingly ordered

eigenvalues of AIT as δIT,1, . . . , δIT,NI . According to [77], det (A) can be lower bounded

by

min
P

NI∏

nI=1

(δRI,nI − δIT,PnI ) ≤ det (A) , (3.61)

where the minimum is taken over all permutations of indices 1, . . . , NI . Since ARI and

AIT are rank-2, it is always possible to find a permutation P such that

min
P

NI∏

nI=1

(δRI,nI − δIT,PnI ) = 0. (3.62)

Thus, recalling that det (A) ̸= 0, we obtain det (A) > 0. Since A has four non-zero
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eigenvalues and Tr (A) = 0, det (A) > 0 implies the presence of two positive and two

negative eigenvalues. This concludes the proof for NI = 4.

In the case NI > 4, we begin by noticing that ARI and AIT have two non-zero

eigenvalues, both positives. The reason is that the matrices are rank-2 by construction

and positive semi-definite since both are the sum of two positive semi-definite matrices.

This means that δRI,nI , δIT,nI = 0 if nI > 2. Furthermore, since ARI and AIT are

Hermitian, we can apply Weyl’s inequalities to study the eigenvalues of A. According to

Weyl’s inequality, we have

δi ≤ δRI,i−j − δIT,NI−j , (3.63)

valid for i = 1, . . . , NI and j = 0, . . . , i− 1 [78]. Considering (3.63) with i = 3 and j = 0,

we have

δ3 ≤ δRI,3 − δIT,NI = 0, (3.64)

since δRI,3 = 0 and δIT,NI = 0. Additionally, the dual Weyl’s inequality gives

δRI,i+k−1 − δIT,k ≤ δi, (3.65)

valid for i = 1, . . . , NI and k = 1, . . . , NI − i + 1 [78]. Considering (3.65) with i = 3 and

k = 3, we have

0 = δRI,5 + δIT,3 ≤ δ3, (3.66)

since δRI,5 = 0 and δIT,3 = 0, yielding δ3 = 0. Now, we consider (3.63) with i = NI − 2

and j = 0 to obtain

δNI−2 ≤ δRI,NI−2 − δIT,NI = 0, (3.67)

since δRI,NI−2 = 0 and δIT,NI = 0. Additionally, (3.65) with i = NI − 2 and k = 3 gives

0 = δRI,NI + δIT,3 ≤ δNI−2, (3.68)

since δRI,NI = 0 and δIT,3 = 0, yielding δNI−2 = 0. Since δ3 = 0 and δNI−2 = 0, it has to

be δ1, δ2 > 0 and δNI−1, δNI < 0. This concludes the proof for NI > 4.
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Chapter 4

Static Grouping Strategy Design

for Group-Connected RISs

In previous works on group-connected RIS [16, 75], the RIS elements are grouped sim-

ply by collecting adjacent RIS elements into a group, without considering the grouping

strategy optimization. In [69], a dynamic group strategy for BD-RIS supporting hybrid

transmitting and reflecting mode has been proposed, where the groups are dynamically

optimized in real-time on a per-channel realization basis. However, to implement the dy-

namic group strategy optimization, the circuit requires additional switches, which leads to

higher circuit complexity compared to conventional group-connected RIS [69]. Therefore,

it is worthwhile to consider the design of a static grouping strategy, which does not require

additional switches and control overhead, to enhance the performance of group-connected

RIS while maintaining the same circuit complexity. To that end, in this chapter, we inves-

tigate how to effectively group the RIS elements of group-connected RIS to maximize the

performance while not increasing the circuit complexity. Our contributions are outlined

as follows.

First, we provide the model of group-connected RIS with an optimized static grouping

strategy, designed based on the channel statistics. Second, we formalize the corresponding

optimization problems for single- and multi-user MISO systems and propose novel and

efficient algorithms for the grouping strategy optimization. Third, we present numerical

results to assess the gains derived from optimizing the grouping strategy, which can be of

up to 60% sum rate improvement in highly correlated channels.

Organization: In Section 4.1, we model group-connected RISs with optimized static

grouping strategy. In Section 4.2 and 4.3, we optimize the static grouping strategy of

group-connected RISs in single- and multi-user systems, respectively. In Section 4.4,

we evaluate the performance gains obtained by optimizing the static grouping strategy

through numerical simulations. Finally, Section 4.5 contains the concluding remarks.

The content of this chapter has appeared in [79].
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4.1 BD-RIS Model

Consider an N -element BD-RIS, modeled as N antenna elements connected to an N -port

reconfigurable impedance network, with scattering matrix Θ ∈ C
N×N . To maximize the

power reflected by the BD-RIS, we consider the N -port reconfigurable impedance network

to be lossless. Thus, it can be described through its purely imaginary impedance matrix

Z = jX ∈ C
N×N , where X ∈ R

N×N is the reactance matrix. According to network theory

[74], X and Θ are related by (2.4), where Z0 denotes the reference impedance according

to which the scattering parameters are computed, typically set to 50 Ω.

In a group-connected RIS, the N RIS elements are divided into G groups, each in-

cluding NG = N/G elements1 [16]. Each RIS element is connected to ground and to all

other elements in its group through a tunable impedance component, while there is no

connection between groups. In previous literature, the RIS elements have been grouped

in sequential order according to their indices. In this way, the gth group is composed of

the NG elements indexed by

Gg = {(g − 1)NG + 1, . . . , gNG} , (4.1)

for g = 1, . . . , G. As a result of this grouping, X and Θ are block diagonal matrices in

previous works [16].

Differently from previous literature, in this chapter, we optimize the grouping strategy

to additionally enhance the performance of group-connected RIS. The grouping strategy

can be described by a permutation π of the N RIS elements such that the gth group is

composed of the elements indexed by

Gg = {π ((g − 1)NG + 1) , . . . , π (gNG)} , (4.2)

for g = 1, . . . , G. Accordingly, the reactance matrix is a permuted block diagonal matrix

given by

X = PπX̄PT
π , (4.3)

where Pπ = [eπ(1), . . . , eπ(N)] is the permutation matrix associated to π, with en ∈ R
N×1

denoting the vector with the nth entry being 1 and the others being 0, and X̄ ∈ R
N×N is

a block diagonal matrix fulfilling

X̄ = diag
(
X̄1, . . . , X̄G

)
, X̄g = X̄T

g , ∀g, (4.4)

with X̄g ∈ R
NG×NG being the reactance matrix of the NG-port fully-connected reconfig-

urable impedance network for the gth group, which is symmetric for a reciprocal network.

As a consequence of (2.4) and (4.3), the scattering matrix writes as

Θ = PπΘ̄PT
π , (4.5)

1Note that in this chapter we focus on equally sized groups to ensure that the number of tunable
components does not depend on the grouping strategy. However, grouping strategies allowing non-equally
sized groups have been explored in [69] and will be discussed in Chapter 6 of this thesis.

53



where Θ̄ ∈ C
N×N is a block diagonal matrix satisfying

Θ̄ = diag
(
Θ̄1, . . . , Θ̄G

)
, Θ̄g = Θ̄

T
g , Θ̄

H
g Θ̄g = I, ∀g, (4.6)

with Θ̄g ∈ C
NG×NG being the gth group scattering matrix.

To reconfigure Θ given by (4.5), we optimize the grouping strategy π, impacting on

Pπ, offline based on the channel statistics, while we optimize Θ̄ online on a per-channel

realization basis. In the following, we formulate the corresponding optimization problems

for single- and multi-user systems.

4.2 Grouping Strategy Optimization for Single-User Sys-

tems

Consider a single-user RIS-aided MISO system where the transmitter is equipped with M

antennas. The channel h ∈ C
1×M between the transmitter and the receiver is expressed

as h = hRΘHT , where hR ∈ C
1×N and HT ∈ C

N×M denote the channels from the RIS

to the receiver and from the transmitter to the RIS, respectively. The transmitted signal

is x = ws, where w ∈ C
M×1 and s ∈ C are the precoding vector and data symbol. The

precoding vector is subject to ∥w∥22 = 1 while the data symbol is subject to the transmit

power constraint E[|s|2] = PT . Thus, the received signal is given by y = hRΘHTws+ n,

where n ∼ CN
(
0, σ2

n

)
is the AWGN, with received signal power given by

PR = PT |hRΘHTw|2 , (4.7)

which we want to maximize by optimizing Θ and w. Observing that (4.7) is maximized

when w is given by maximum ratio transmission (MRT), i.e., w = hH/∥h∥2, our problem
reduces to maximize the channel gain ∥h∥22 by optimizing Θ.

The resulting optimization problem can be formalized as a bi-level problem composed

of a lower- and upper-level problem. The lower-level problem, solved on a per-channel

realization basis, is given by

max
Θ̄

∥∥hRPπΘ̄PT
πHT

∥∥2
2

(4.8)

s.t. Θ̄ = diag
(
Θ̄1, . . . , Θ̄G

)
, Θ̄g = Θ̄

T
g , Θ̄

H
g Θ̄g = I, ∀g, (4.9)

according to which the matrix Θ̄ is optimized given a fixed permutation matrix Pπ de-

pending on the static grouping strategy π. Besides, the upper-level problem, solved offline,

optimizes π based on a training set of C channel realizations representative of the channel

statistics. This problem is formalized as

max
π

1

C

C∑

c=1

∥∥∥h(c)
R PπΘ̄

(c)
PT
πH

(c)
T

∥∥∥
2

2
(4.10)

s.t. Pπ = [eπ(1), . . . , eπ(N)], (4.11)

Θ̄
(c)

solves (4.8)-(4.9), ∀c, (4.12)
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where h
(c)
R and H

(c)
T are the cth channel realizations in the training set, for c = 1, . . . , C.

Remarkably, the bi-level problem (4.8)-(4.12) is hard to solve since it involves two nested

optimization problems.

4.2.1 Optimizing the Static Grouping Strategy Offline

To efficiently optimize π by solving (4.10)-(4.12), we first remove the dependence on the

variables {Θ̄(c)}Cc=1 from the objective (4.10). By introducing h̄
(c)
R = h

(c)
R Pπ and H̄

(c)
T =

PT
πH

(c)
T , the objective ∥h(c)

R PπΘ̄
(c)
PT
πH

(c)
T ∥22 can be lower bounded by

∥∥∥h̄(c)
R Θ̄

(c)
H̄

(c)
T

∥∥∥
2

2
≥
∣∣∣h̄(c)
R Θ̄

(c)
H̄

(c)
T v

(c)
T

∣∣∣
2

(4.13)

=
∥∥∥H(c)

T

∥∥∥
2

2

∣∣∣h̄(c)
R Θ̄

(c)
u
(c)
T

∣∣∣
2
, (4.14)

where v
(c)
T ∈ C

M×1 and u
(c)
T ∈ C

N×1 are the dominant right and left singular vectors

of H̄
(c)
T , respectively. According to [75], we can find in closed-form the optimal Θ̄

(c)

maximizing the terms |h̄(c)
R Θ̄

(c)
u
(c)
T |2, denoted as Θ̄

⋆(c)
, yielding

∣∣∣h̄(c)
R Θ̄

⋆(c)
u
(c)
T

∣∣∣ =
G∑

g=1

∥∥∥∥
[
h̄
(c)
R

]

Gg

∥∥∥∥
2

∥∥∥∥
[
u
(c)
T

]

Gg

∥∥∥∥
2

, (4.15)

where Gg = {(g − 1)NG + 1, . . . , gNG}, for g = 1, . . . , G. Thus, problem (4.10)-(4.12) can

be simplified into

max
π

1

C

C∑

c=1




G∑

g=1

∥∥∥∥
[
h̄
(c)
R

]

Gg

∥∥∥∥
2

∥∥∥∥
[
u
(c)
T

]

Gg

∥∥∥∥
2




2

(4.16)

s.t. Pπ = [eπ(1), . . . , eπ(N)], (4.17)

which no longer contains a nested optimization problem as the objective solely depends

on the permutation matrix Pπ.

To solve problem (4.16)-(4.17) through exhaustive search has prohibitive complexity

because of the high number of possible grouping strategies π. Specifically, in an RIS with

N elements grouped into G groups, each containing NG elements, the number of possible

grouping strategies NS is given by

NS =
1

G!

(
N

NG

)(
N −NG

NG

)
· · ·
(
NG

NG

)
=

1

G!

N !

(NG!)
G
, (4.18)

growing with N !. To decrease the search space, we solve problem (4.16)-(4.17) through

a local search process, as shown in Alg. 3. Specifically, we find the optimal grouping

strategy π⋆ maximizing the objective (4.16) as follows. The grouping strategy is initialized

to the trivial permutation. Thus, denoting as π0 the initial grouping strategy, we have

π0(n) = n, for n = 1, . . . , N . At the ith iteration, we generate all possible grouping

strategies obtainable by swapping two elements in πi−1, where the swapping operation

consists of selecting two elements belonging to two different groups and assigning each of
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Algorithm 3 Optimizing the grouping strategy

Input: NG, {h(c)
R ,H

(c)
T }Cc=1.

Output: The optimized grouping strategy π⋆.

1: i← 0.

2: π0(n) = n, ∀n.
3: while πi ̸= πi−1 do

4: i← i+ 1.

5: Update Πi as the set of all the grouping strategies obtainable by swapping two

elements in πi−1.

6: Update πi by solving problem (4.19)-(4.21).

7: end while

8: Return π⋆ ← πi.

them to the group of the other. The resulting set of grouping strategies is denoted as Πi

and it is possible to show that its cardinality is N(N −NG)/2. Then, the objective (4.16)

is computed for each grouping strategy in Πi. Finally, πi is given by the grouping strategy

in {Πi ∪ πi−1} maximizing (4.16), namely

max
π

1

C

C∑

c=1




G∑

g=1

∥∥∥∥
[
h̄
(c)
R

]

Gg

∥∥∥∥
2

∥∥∥∥
[
u
(c)
T

]

Gg

∥∥∥∥
2




2

(4.19)

s.t. Pπ = [eπ(1), . . . , eπ(N)], (4.20)

π ∈ {Πi ∪ πi−1}, (4.21)

which can be solved by an exhaustive search given the limited search space. We update

π iteratively until the convergence is reached, i.e., when πi = πi−1. Note that Alg. 3 is

ensured to converge by the following two properties. First, the same grouping strategy

is never selected in multiple iterations since (4.16) is strictly increasing over iterations.

Second, the total number of grouping strategies is limited.

4.2.2 Optimizing the Scattering Matrix Online

When π is fixed, we optimize Θ̄ by solving problem (4.8)-(4.9) on a per-channel re-

alization basis. Introducing the equivalent channels h̄R = hRPπ and H̄T = PT
πHT ,

we solve (4.8)-(4.9) by alternatively optimizing Θ̄ and the auxiliary variable w sub-

ject to ∥w∥2 = 1 to maximize |h̄RΘ̄H̄Tw|2. First, with fixed Θ̄, we update w as

w = (h̄RΘ̄H̄T )
H/∥h̄RΘ̄H̄T ∥2. Second, with fixed w, we update Θ̄ through the global

optimal solution provided in [75]. These two steps are iterated until the objective (4.8)

converges.
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4.3 Grouping Strategy Optimization for Multi-User Sys-

tems

Consider a multi-user RIS-aided MISO system where the transmitter is equipped with

M antennas and there are K single-antenna receivers. The channel hk ∈ C
1×M between

the transmitter and the kth receiver can be expressed as hk = hR,kΘHT , where hR,k ∈
C
1×N and HT ∈ C

N×M are the channels from the RIS to the kth receiver and from the

transmitter to the RIS, respectively. The transmitted signal is x =
∑K

k=1wksk, where

wk ∈ C
M×1 and sk ∈ C are the precoding vector and data symbol for the kth receiver,

which are subject to
∑K

k=1 ∥wk∥22 = 1 and E[|sk|2] = PT . Thus, the signal at the kth

receiver can be expressed as yk = hk
∑

iwisi + nk, where nk ∼ CN
(
0, σ2

n

)
is the AWGN

at the kth receiver, yielding a sum rate given by

SR =
K∑

k=1

log

(
1 +

|hkwk|2∑
i ̸=k |hkwi|2 + σ2

n

)
. (4.22)

To maximize (4.22) by jointly optimizing Θ and w1, . . . ,wK is a hard problem given

the non-convex objective function. Thus, we optimize the BD-RIS and the precoding

vectors in two different stages, as also adopted in [50]. First, the BD-RIS is optimized

to maximize the sum of the channel gains of all users
∑

k ∥hk∥22 = ∥H∥2F , where H =

[hT1 , . . . ,h
T
K ]T ∈ C

K×M . Second, the precoding vectors w1, . . . ,wK are designed through

zero-forcing beamforming.

When optimizing the grouping strategy and the tunable impedance components of the

BD-RIS, the resulting optimization problem can be formalized as follows. The lower-level

optimization problem is given by

max
Θ̄

∥∥HRPπΘ̄PT
πHT

∥∥2
F

(4.23)

s.t. Θ̄ = diag
(
Θ̄1, . . . , Θ̄G

)
, Θ̄g = Θ̄

T
g , Θ̄

H
g Θ̄g = I, ∀g, (4.24)

where we introduced HR = [hTR,1, . . . ,h
T
R,K ]T ∈ C

K×N and Pπ is fixed. In addition, the

upper-level optimization problem writes as

max
π

1

C

C∑

c=1

∥∥∥H(c)
R PπΘ̄

(c)
PT
πH

(c)
T

∥∥∥
2

F
(4.25)

s.t. Pπ = [eπ(1), . . . , eπ(N)], (4.26)

Θ̄
(c)

solves (4.23)-(4.24), ∀c, (4.27)

which results in a challenging bi-level problem.

4.3.1 Optimizing the Static Grouping Strategy Offline

Similarly to the single-user case, we optimize π through (4.25)-(4.27) by removing the

dependence on the variables {Θ̄(c)}Cc=1 from the objective (4.25). To this end, introducing
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H̄
(c)
R = H

(c)
R Pπ, we can lower bound the objective ∥H(c)

R PπΘ̄
(c)
PT
πH

(c)
T ∥2F as

∥∥∥H̄(c)
R Θ̄

(c)
H̄

(c)
T

∥∥∥
2

F
≥
∥∥∥H̄(c)

R Θ̄
(c)
H̄

(c)
T

∥∥∥
2

2
(4.28)

≥
∣∣∣u(c)H
R H̄

(c)
R Θ̄

(c)
H̄

(c)
T v

(c)
T

∣∣∣
2

(4.29)

=
∥∥∥H(c)

R

∥∥∥
2

2

∥∥∥H(c)
T

∥∥∥
2

2

∣∣∣v(c)H
R Θ̄

(c)
u
(c)
T

∣∣∣
2
, (4.30)

where u
(c)
R ∈ C

K×1 and v
(c)
R ∈ C

N×1 denote the dominant left and right singular vectors

of H̄
(c)
R , respectively. Remarkably, the terms |v(c)H

R Θ̄
(c)
u
(c)
T |2 can be maximized through

a closed-form expression for the optimal matrix Θ̄
⋆(c)

[75], giving

∣∣∣v(c)H
R Θ̄

⋆(c)
u
(c)
T

∣∣∣ =
G∑

g=1

∥∥∥∥
[
v
(c)
R

]

Gg

∥∥∥∥
2

∥∥∥∥
[
u
(c)
T

]

Gg

∥∥∥∥
2

, (4.31)

where Gg = {(g − 1)NG + 1, . . . , gNG}, for g = 1, . . . , G. Consequently, problem (4.25)-

(4.27) can be rewritten as

max
π

1

C

C∑

c=1




G∑

g=1

∥∥∥∥
[
v
(c)
R

]

Gg

∥∥∥∥
2

∥∥∥∥
[
u
(c)
T

]

Gg

∥∥∥∥
2




2

(4.32)

s.t. Pπ = [eπ(1), . . . , eπ(N)], (4.33)

which the dependence on {Θ̄(c)}Cc=1 has been removed. Since the objective in (4.32)-(4.33)

solely depends on the permutation matrix Pπ, it can be solved through Alg. 3 by replacing

(4.32) into the objective of problem (4.19)-(4.21).

4.3.2 Optimizing the Scattering Matrix Online

Once π has been fixed offline, Θ̄ is reconfigured by solving problem (4.23)-(4.24) for

each given channel realization. Constraint (4.24) indicates that Θ̄ is a block diagonal

matrix with each block being a complex symmetric unitary matrix, which complicates

the optimization. Thus, the relationship between Θ̄ and X̄ deriving from (2.4) can be

exploited to equivalently reformulate (4.23)-(4.24) as

max
X̄g

∥∥H̄RΘ̄H̄T

∥∥2
F

(4.34)

s.t. Θ̄ = diag
(
Θ̄1, . . . , Θ̄G

)
, (4.35)

Θ̄g =
(
jX̄g + Z0I

)−1 (
jX̄g − Z0I

)
, ∀g, (4.36)

X̄g = X̄T
g , ∀g, (4.37)

where we introduced the equivalent channels H̄R = HRPπ and H̄T = PT
πHT , which

can be directly transformed into an unconstrained problem. More precisely, exploiting the

constraints (4.35)-(4.37), the objective (4.34) can be expressed as a function of X̄1, . . . , X̄G.

Since X̄g is an arbitrary NG×NG real symmetric matrix, X̄g is an unconstrained function

of the NG(NG + 1)/2 entries in its upper triangular part. Thus, problem (4.34)-(4.37) is
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Figure 4.1: Power gain in single-user systems aided by fully- and group-connected RISs
with non-optimized grouping “NG” and optimized grouping “OG”.

Figure 4.2: Optimized grouping for RISs with 2× 8, 4× 8, 6× 8, and 8× 8 elements and
group size 4.

an unconstrained problem in the variables [X̄g]i,j , with i ≤ j, ∀g, and can be solved by

using the quasi-Newton method to find the optimal upper triangular part of each block

X̄g without any constraints.

4.4 Performance Evaluation

We now evaluate the performance of single- and multi-user MISO systems aided by a

group-connected RIS with an optimized grouping strategy. The transmitter, the RIS, and

the receiver(s) are located at (0, 0), (50, 2), and (52, 0) in meters (m), respectively. The

transmitter is equipped with an uniform linear array (ULA) composed of M = 4 antennas,

while the RIS is an uniform planar array (UPA) composed of NH × NV antennas, with

NV = 8 and NHNV = N . The path loss of the channels is given by the distance-dependent

model Li(di) = L0(di)
−αi , where L0 is the reference path loss at distance 1 m, di is the

distance, and αi is the path loss exponent for i ∈ {R, T}. We set L0 = −30 dB, αR = 2.8,

and αT = 2. The small-scale fading effects are modeled as correlated Rayleigh fading,

i.e., hR,k ∼ CN (0, LRRRIS), for k = 1, . . . ,K, and vec(HT ) ∼ CN (0, LTRT ). The

covariance matrix RRIS ∈ R
N×N is given by the Kronecker correlation model for UPAs

RRIS = RH ⊗ RV , where RH ∈ R
NH×NH and RV ∈ R

NV ×NV are defined through the

exponential correlation model as [RH ]i,j = ρ|i−j| and [RV ]i,j = ρ|i−j|, with ρ being the

correlation coefficient. Besides, RT is given by the Kronecker correlation model for MIMO
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Figure 4.3: Sum rate in multi-user systems aided by group-connected RISs with non-
optimized grouping “NG” and optimized grouping “OG”.

channels RT = RRIS ⊗ RTX , where RTX ∈ R
M×M is defined as [RTX ]i,j = ρ|i−j|. We

consider mildly correlated channels by setting ρ = 0.6 and highly correlated channels with

ρ = 0.8.

In Fig. 4.1, we investigate the impact of the grouping strategy optimization in single-

user systems. To this end, we report the power gains of fully- and group-connected RISs

over single-connected RIS, defined as GFully = PFully
R /P Single

R and GGroup = PGroup
R /P Single

R ,

respectively, where PFully
R , P Single

R , and PGroup
R are the received signal power of fully-, single-

, and group-connected RISs, respectively. As a baseline, we consider the non-optimized

grouping strategy given by (4.1), obtained by grouping adjacent RIS elements, as in previ-

ous works [16]. We observe that an optimized grouping strategy can significantly improve

the performance of group-connected RIS, for any group size, particularly in the presence

of highly correlated channels.

In Fig. 4.2, we illustrate the resulting optimized grouping strategy in single-user sys-

tems with ρ = 0.8, for RISs with group size NG = 4, where RIS elements in the same

group have the same color. Interestingly, we notice that the optimized grouping tends to

maximize the distance between RIS elements grouped together. Note that an optimized

static grouping strategy does not require additional hardware and online optimization

complexity, different from an optimized dynamic grouping strategy [69].

In Fig. 4.3, we report the sum rate obtained by group-connected RISs in multi-user

systems with K = 2 users and σ2
n = −80 dBm. As expected, the sum rate increases with

the number of RIS elements N and the group size NG. Besides, we notice that optimizing

the grouping strategy can also visibly contribute to improving the sum rate by maintaining

the same circuit complexity. Also in multi-user systems, the grouping strategy especially

impacts the performance in highly correlated channels. Specifically, with ρ = 0.8, the sum

rate is improved by up to 60% in the case N = 64 and NG = 4.
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4.5 Conclusion

We address the problem of optimally grouping the RIS elements in group-connected RIS

based on the channel statistics, to improve the performance of BD-RIS while not increas-

ing the circuit complexity. To this end, we model and optimize group-connected RIS with

an optimized static grouping strategy. Specifically, we show how to optimize the grouping

based on the channel statistics (offline) to maximize the ergodic performance. Besides, we

optimize the tunable impedance components on a per-channel realization basis (online)

to maximize the received signal power and sum rate in single- and multi-user systems,

respectively. Numerical results show the gain of optimizing the grouping strategy offline,

especially in the presence of highly correlated channels. Remarkably, this gain is achieved

without increasing the circuit complexity or the online optimization computational com-

plexity.
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Part II

Development of Novel BD-RIS

Architectures
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Chapter 5

Forest- and Tree-Connected RISs

The fully-connected RIS architecture provides the highest flexibility and best performance,

which is however at the expense of high circuit complexity since it has a large number

of tunable impedance components [16]. Although the group-connected architecture can

simplify the circuit complexity, it still remains an open problem to develop a systematic ap-

proach to design BD-RIS architecture achieving the optimal trade-off between performance

and circuit complexity, that is achieving the best performance with the least complexity.

To address this issue, in this chapter, we propose novel modeling, architecture design, and

optimization for BD-RIS by utilizing graph theory. The contributions of this chapter are

summarized as follows.

First, we propose a novel modeling of BD-RIS architectures utilizing graph theory. To

the authors’ best knowledge, it is the first time that BD-RIS (or any other RIS) architec-

tures are modeled through graph theory. Specifically, we model each BD-RIS architecture

by a graph, whose vertices characterize the RIS ports and whose edges characterize the

tunable impedance components connecting the RIS ports. This graph theoretical modeling

lays down the foundations for developing new efficient BD-RIS architectures.

Second, we derive a necessary and sufficient condition for a BD-RIS architecture to

achieve the performance upper bound in MISO systems. Consequently, we characterize

the least complex BD-RISs achieving such an upper bound. The resulting least-complexity

BD-RIS architectures are referred to as tree-connected RIS since their corresponding graph

is a tree. In addition, two specific examples of tree-connected RIS are proposed, namely

tridiagonal RIS and arrowhead RIS. Tree-connected RIS achieves the same performance

in MISO systems as fully-connected RIS with a circuit complexity significantly reduced

by 16.4 times, when 64 RIS elements are considered.

Third, we prove that there always exists one and only one global optimal solution to

optimize tree-connected RIS. To find this solution, we derive a closed-form algorithm valid

for any tree-connected architecture. With this algorithm, tree-connected RIS achieves a

performance improvement of 51.7% over single-connected RIS. We show that the proposed

algorithm is optimal in single-user as well as multi-user systems.

Fourth, we propose forest-connected RIS as an additional BD-RIS family to reach a

trade-off between performance and circuit complexity. Forest-connected RIS serves as a

bridge between single- and tree-connected RIS. We propose a low-complexity iterative
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algorithm to optimize forest-connected RIS. Numerical results show that forest-connected

RIS achieves the same performance as group-connected RIS, while reducing the circuit

complexity by 2.4 times.

Organization: In Section 5.1, we introduce the graph theoretical modeling of BD-RIS.

In Section 5.2, we derive tree- and forest-connected RIS architectures and provide two

examples of tree-connected RIS. In Section 5.3 we provide a global optimal closed-form

solution to optimize tree-connected RIS and an iterative approach to optimize forest-

connected RIS. In Section 5.4, we evaluate the performance of the proposed BD-RISs.

Finally, Section 5.5 concludes this chapter.

The content of this chapter has appeared in [80]. For reproducible research, the code

is available at https://github.com/matteonerini/bdris-utilizing-graph-theory.

5.1 BD-RIS Modeling Utilizing Graph Theory

Consider a MISO system with an M -antenna transmitter and a single-antenna receiver,

which is aided by an N -element RIS. The N -element RIS can be modeled as N antennas

connected to an N -port reconfigurable impedance network that is characterized by the

scattering matrix Θ ∈ C
N×N [16]. We assume the direct channel between the transmitter

and receiver is blocked and thus is negligible compared to the indirect channel provided

by RIS. Therefore, the overall channel h ∈ C
1×M between the transmitter and receiver

can be written as

h = hRIΘHIT , (5.1)

where hRI ∈ C
1×N and HIT ∈ C

N×M are the channel matrices from the RIS to the

receiver, and from the transmitter to the RIS, respectively. We denote the transmit signal

as x = ws, where w ∈ C
M×1 is the precoder satisfying ∥w∥ = 1 and s ∈ C is the transmit

symbol with power PT = E[|s|2]. Hence, the received signal is given by y = hx+n, where

n is the AWGN.

In BD-RIS, the RIS ports can also be connected to each other through additional

tunable admittance components. We denote the tunable admittance connecting the nth

port to the mth port as Yn,m. According to [81], given the admittance components Yn and

Yn,m, the (n,m)th entry of the admittance matrix Y is given by

[Y]n,m =




−Yn,m n ̸= m

Yn +
∑

k ̸=n Yn,k n = m
. (5.2)

Thus, by selecting Yn,m = − [Y]n,m and Yn =
∑

k [Y]n,k, we can implement an arbitrary

symmetric Y so that the admittance matrix Y and the scattering matrix Θ are beyond

diagonal. Particularly, there are two special categories of BD-RIS, namely fully-connected

and group-connected RIS [16]. Due to the enhanced flexibility in Y and Θ, BD-RIS is

proven to outperform single-connected RIS [16].

To model the general circuit topology of BD-RIS, we resort for the first time to graph

theoretical tools [82]. Specifically, we represent the circuit topology of BD-RIS through a

graph G = (V, E), where V represents the vertex set of G and is given by the set of indices
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of RIS ports, i.e.

V = {1, 2, . . . , N} , (5.3)

and E represents the edge set of G and is given by

E = {(nℓ,mℓ) | nℓ,mℓ ∈ V, Ynℓ,mℓ ̸= 0, nℓ ̸= mℓ} . (5.4)

Thus, there exists an edge between vertex nℓ and vertex mℓ if and only if there is a tun-

able admittance connecting port nℓ and port mℓ, namely the ℓth admittance. Accordingly,

given a graph G with edge set E = {(nℓ,mℓ)}Lℓ=1, the corresponding BD-RIS admittance

matrix has 2L non-zero off-diagonal entries, i.e. [Y] nℓ,mℓ and [Y]mℓ,nℓ for ℓ = 1, . . . , L,

while the other off-diagonal entries are zero. In the following, we define the circuit com-

plexity of a BD-RIS architecture as the number of tunable admittance components in its

circuit topology. Thus, the circuit complexity of a BD-RIS represented by a graph with

L edges is given by N + L since it includes N tunable admittance components connect-

ing each element to ground, and L tunable admittance components interconnecting the

elements to each other.

To better clarify our graph theoretical modeling of BD-RIS, we show a 4-element single-

connected RIS with its associated graph in Fig. 5.1(a), and four examples of 4-element

BD-RISs with their associated graphs in Fig. 5.1(b)-(e). We also use Fig. 5.1 to illustrate

the graph theoretical definitions [82] that are used in this chapter, as briefly summarized

in the following.

• A graph is empty when there is no edge.

• A graph is connected when there is a path, i.e., a finite sequence of distinct edges

joining a sequence of distinct vertices, from any vertex to any other vertex.

• A graph that is not connected is called disconnected.

• A cyclic graph is a graph containing at least one cycle, i.e., a finite sequence of

distinct edges joining a sequence of vertices, where only the first and last vertices

are equal.

• A graph that is not cyclic is called acyclic, or a forest.

• A tree is defined as a connected and acyclic graph.

• A graph is complete when each pair of distinct vertices is joined by an edge.

• A graph is simple when there is no edge with identical ends (called loops) and no

multiple edges joining the same pair of vertices.

Given these definitions, we recognize that the graph for the single-connected RIS in

Fig. 5.1(a) is empty, the graph in Fig. 5.1(b) is disconnected and acyclic, the graph in

Fig. 5.1(c) is connected and acyclic, i.e., a tree, the graph in Fig. 5.1(d) is connected

and cyclic as it presents the cycle 1 − 2 − 3, and the graph for the fully-connected RIS
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Figure 5.1: Examples of 4-port BD-RIS architectures (left) and their corresponding graphs
G (right), where G is (a) empty, (b) disconnected and acyclic, (c) connected and acyclic,
i.e., a tree, (d) connected and cyclic, (e) complete.

in Fig. 5.1(e) is complete. In addition, graphs associated with BD-RIS are always sim-

ple1. Therefore, graph theory is effective to characterize and model the circuit topology

of BD-RIS and the corresponding admittance matrix Y.

Utilizing graph theory, we propose two novel families of BD-RIS with remarkable

properties, which are referred to as tree-connected RIS and forest-connected RIS, in the

following section.

1In this chapter, we consider graphs where the edges are not oriented since we assume the RIS to have
a reciprocal reconfigurable impedance network. BD-RIS architectures with non-reciprocal reconfigurable
impedance networks could be modeled through directed graphs, i.e., graphs with oriented edges, but are
beyond the scope of this chapter.
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5.2 BD-RIS Architecture Design Utilizing Graph Theory

5.2.1 Tree-Connected RIS

As a starting point, we investigate how the graph of BD-RIS influences the system perfor-

mance. To that end, we formulate the BD-RIS optimization problem for MISO systems

utilizing graph theory. Specifically, we assume the BD-RIS is lossless and purely suscep-

tive and aim to maximize the received signal power PR = PT |hRIΘHITw|2 by jointly

optimizing w and Θ2. Thus, we can formulate the problem as

max
Θ,w

PT |hRIΘHITw|2 (5.5)

s.t. Θ = (I+ jZ0B)−1 (I− jZ0B) , (5.6)

B = BT , B ∈ BG , ∥w∥ = 1, (5.7)

where BG represents the set of possible susceptance matrices of BD-RISs characterized by

the graph G = (V, E) and is written as

BG = {B| [B] n,m = 0, n ̸= m,n,m ∈ V, (n,m) /∈ E} (5.8)

which means that an off-diagonal entry is zero if there exists no corresponding edge in

the graph. The graph G is fixed in (5.5)-(5.7) since the interconnections between the RIS

elements are fixed to avoid additional circuit complexity. Note that problem (5.5)-(5.7)

considers the optimization of the RIS based on the instantaneous channel, as typically

performed in related literature [13].

From (5.5)-(5.7), we can deduce that the maximum received signal power depends on

the graph of the BD-RIS. Specifically, when the graph G has more edges, the susceptance

matrix B is more flexible so that the maximum received signal power is higher. However,

the enhanced performance is achieved at the expense of higher circuit complexity (more

connections from the increased number of edges). Thus, it is worth designing the graph

of BD-RIS to achieve the best performance with the least complexity.

To that end, we first consider the case that the graph G is complete, that is the fully-

connected RIS. As shown in [16] and [75], maximum ratio transmission (MRT) gives the

optimal w and subsequently the fully-connected RIS can achieve the upper bound of the

received signal power given by

P̄R = PT ∥hRI∥2 ∥HIT ∥2 , (5.9)

following the sub-multiplicativity of the l2-norm and that ΘHΘ = I. Leveraging this

upper bound, herein we define a BD-RIS that achieves the performance upper bound

P̄R for any channel realization as MISO optimal. Thus, the fully-connected RIS is MISO

optimal. More generally, the following lemma provides a sufficient and necessary condition

for a BD-RIS to be MISO optimal.

2Maximizing the received signal power or the achievable rate are equivalent problems in single-user
systems. Thus, we consider the received signal power since it is independent of the noise power.

67



Figure 5.2: Tridiagonal RIS with N = 8.

Lemma 1. A BD-RIS with associated graph G is MISO optimal if and only if G is a

connected graph.

Proof. Please refer to Appendix 5.6.1.

Using Lemma 1, we have the following proposition providing the least complexity for

MISO optimal BD-RIS.

Proposition 3. The minimum number of edges in the graph of a MISO optimal BD-RIS

is N − 1, with N denoting the number of RIS elements.

Proof. Please refer to Appendix 5.6.2.

Remarkably, a connected graph G on N vertices with N − 1 edges is a tree. To

show this, we observe that removing any edge from G makes the graph disconnected

because of Proposition 3. Thus, G cannot have a cycle and must be a tree (connected and

acyclic). Therefore, to minimize the BD-RIS circuit complexity while maintaining optimal

performance, we propose tree-connected RIS as BD-RIS whose corresponding graph is a

tree. According to this definition, tree-connected RIS includes N admittance components

connecting each port to ground and N − 1 admittance components interconnecting the

ports to each other, yielding a total of 2N − 1 admittance components, which is much less

than the N(N + 1)/2 admittance components in fully-connected RIS.

5.2.2 Two Examples of Tree-Connected RIS

Tree-connected RIS refers to a family of BD-RISs, including multiple possible architec-

tures. To clarify the concept of tree-connected RIS, in this subsection we provide two

specific examples of tree-connected RIS, referred to as tridiagonal and arrowhead RIS.

Tridiagonal RIS

We define tridiagonal RIS as tree-connected RIS whose graph G is a path graph. In graph

theory, the degree of a vertex is defined as the number of edges incident with it, and a

path graph is defined as a graph where two vertices have degree one and all the others (if

any) have degree two [82]. The vertex set of the graph associated with tridiagonal RIS is

defined as

VTri = {n1, n2, . . . , nN} , (5.10)

and the edge set can be expressed accordingly as

ETri = {(nℓ, nℓ+1) | ℓ = 1, . . . , N − 1} . (5.11)
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Figure 5.3: Arrowhead RIS with N = 5 where port 1 is the central vertex.

Interestingly, the tridiagonal architectures have also been proposed to realize low-complexity

impedance matching networks for multiple antenna systems [81]. In Fig. 5.2, we provide

an illustrative example of tridiagonal RIS with N = 8. As a consequence of such architec-

ture, the susceptance matrix of tridiagonal RIS is symmetric and tridiagonal ([B]i,j = 0 if

|i− j| > 1), written as

B =




[B]1,1 [B]1,2 · · · 0

[B]1,2 [B]2,2
. . .

...
...

. . .
. . . [B]N−1,N

0 · · · [B]N−1,N [B]N,N



. (5.12)

Note that if the port indexes in VTri are permuted, B is a permuted tridiagonal matrix.

Arrowhead RIS

We define arrowhead RIS as tree-connected RIS whose graph G is a star graph. In graph

theory, a star graph is defined as a graph where at most one vertex, called central, has

degree greater than one and all the others have degree one [82]. Accordingly, the vertex

set of the graph associated with arrowhead RIS is defined as

VArrow = {c, n1, n2, . . . , nN−1} , (5.13)

where c denotes the central vertex, while the edge set is consequently expressed as

EArrow = {(c, nℓ) | ℓ = 1, . . . , N − 1} . (5.14)

In Fig. 5.3, we provide an illustrative example of arrowhead RIS with N = 5 where port

1 is the central vertex. As a consequence, the susceptance matrix of arrowhead RIS is

symmetric and arrowhead ([B]i,j = 0 if i ̸= c, j ̸= c, and i ̸= j) [83]. Assuming port 1 is
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the central vertex, the susceptance matrix of arrowhead RIS can be written as

B =




[B]1,1 [B]1,2 · · · [B]1,N

[B]1,2 [B]2,2 · · · 0
...

...
. . .

...

[B]1,N 0 · · · [B]N,N



. (5.15)

Note that if the central vertex is not port 1, B is a permuted arrowhead matrix.

It should be noted that all tree-connected RISs satisfy the necessary condition to be

MISO optimal and contain the same number of tunable admittance components. Thus,

tridiagonal and arrowhead RIS have the same circuit complexity and MISO optimality. In

practice, we can select the suitable tree-connected RIS architecture according to the use

case. On the one hand, tridiagonal RIS can be easily implemented with cables or tapes,

thanks to the path graph circuit topology, so it enables the practical development of tree-

connected RIS with ULAs. In addition, tridiagonal RIS is the tree-connected architecture

that minimizes the length of the interconnections since it connects only adjacent RIS ele-

ments. On the other hand, arrowhead BD-RIS is more suitable to develop tree-connected

RIS with UPAs.

5.2.3 Forest-Connected RIS

To further reduce the circuit complexity of tree-connected RIS, especially for the large-

scale case, we propose forest-connected RIS. A forest-connected RIS is defined as a BD-RIS

where the N RIS elements are divided into G = N/NG groups with group size NG and

each group utilizes the tree-connected architecture (i.e. the graph for each group is a tree

on NG vertices)3. Therefore, the graph G associated with the forest-connected RIS is a

forest, and the corresponding vertex and edge sets can be represented as

V = ∪Gg=1Vg, E = ∪Gg=1Eg, (5.16)

where Vg and Eg denote the vertex and edge sets of the graph associated with the gth

group for g = 1, . . . , G, with Vg1 ∩ Vg2 = ∅ for all g1 ̸= g2.

More specifically, the tree-connected architecture for each group in the forest-connected

RIS can be either tridiagonal or arrowhead. When the tridiagonal architecture is used,

the vertex and edge sets of the graph associated with forest-connected RIS are defined as

VTriForest = ∪Gg=1 {ng,1, ng,2, . . . , ng,NG} , (5.17)

ETriForest = ∪Gg=1 {(ng,ℓ, ng,ℓ+1) | ℓ = 1, . . . , NG − 1} , (5.18)

similarly to (5.10) and (5.11). Accordingly, the susceptance matrix of forest-connected

RIS with tridiagonal architecture for each group is block diagonal with each block being

symmetric and tridiagonal. On the other hand, when the arrowhead architecture is used,

3Note that the tree-connected RIS is a special case of the forest-connected RIS, i.e., with G = 1. This
is consistent with the fact that in graph theory a tree is a special case of forest.
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the vertex and edge sets of the graph associated with forest-connected RIS are defined as

VArrow
Forest = ∪Gg=1 {cg, ng,1, ng,2, . . . , ng,NG−1} , (5.19)

EArrow
Forest = ∪Gg=1 {(cg, ng,ℓ) | ℓ = 1, . . . , NG − 1} , (5.20)

where cg is the index of the central vertex for the gth group, similarly to (5.13) and (5.14).

Accordingly, the susceptance matrix of forest-connected RIS with arrowhead architecture

for each group is block diagonal with each block being symmetric and arrowhead.

The forest-connected RIS achieves a good performance-complexity trade-off between

the single-connected and the tree-connected RIS. Note that the single-connected and tree-

connected RIS can be viewed as two special cases of the forest-connected RIS, with NG = 1

and NG = N , respectively. In addition, forest-connected RIS is equivalent to group-

connected RIS when NG = 2 [16]. The number of tunable admittance components in

forest-connected RIS with group size NG is N(2− 1/NG).

5.3 Optimization of Tree- and Forest-Connected RIS for

MISO Systems

In this section, we optimize tree-connected and forest-connected RIS to maximize the

received signal power in MISO systems. For tree-connected RIS, we show that any tree-

connected RIS is MISO optimal and provide a closed-form global optimal solution. For

forest-connected RIS, we provide a low-complexity iterative solution.

5.3.1 Tree-Connected RIS Optimization

The tree-connected RIS optimization to maximize the received signal power in MISO

systems can be formulated as (5.5)-(5.7) plus a constraint that graph G is a tree. Recall

that the received signal power in BD-RIS-aided MISO systems is upper-bounded by P̄R =

PT ∥hRI∥2 ∥HIT ∥2. In the following, we prove that there is always one and only one

solution for the optimal susceptance matrix B of tree-connected RIS to achieve the upper

bound P̄R, and propose an algorithm to find such optimal B.

Considering an RIS implemented through a reciprocal and lossless circuit, the key

to achieving the upper bound P̄R given by (5.9) is to find a complex symmetric unitary

matrix Θ satisfying

ĥHRI = ΘuIT , (5.21)

where ĥRI = hRI/ ∥hRI∥ and uIT = umax(HIT ) is the dominant left singular vector of

HIT
4. Substituting (2.5) into (5.21), we can equivalently rewrite (5.21) as

(I+ jZ0B) ĥHRI = (I− jZ0B)uIT , (5.22)

4Condition (5.21) is derived by considering PR ≤ PT max
∥x∥=1

∥hRI∥2 ∥ΘHITx∥2 ≤

PT max
∥x∥=1

∥hRI∥2 ∥ΘHIT ∥2 ∥x∥2. Note that the equality holds in the two inequalities when ĥ
H
RI is

equal to the dominant left singular vector of ΘHIT , i.e., ΘuIT .
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which can be expressed in a compact form as

Bα = β, (5.23)

where α = jZ0

(
uIT + ĥHRI

)
∈ C

N×1 and β = uIT − ĥHRI ∈ C
N×1. The equation in (5.23)

is composed of N linear equations with 2N −1 unknowns. The linear equation coefficients

α and β are complex vectors, while the 2N − 1 unknowns are real since they are the

entries of the susceptance matrix B of the tree-connected RIS, which are not constrained

to be zero as shown in (5.12) and (5.15). We aim to solve (5.23) as it is a sufficient and

necessary condition to achieve the performance upper bound P̄R. To that end, we rewrite

(5.23) as 2N linear equations with real coefficients and 2N − 1 real unknowns, namely

[
B

B

]
a = b, (5.24)

where a ∈ R
2N×1 and b ∈ R

2N×1 are defined as

a =

[
ℜ{α}
ℑ {α}

]
, b =

[
ℜ{β}
ℑ {β}

]
. (5.25)

To solve (5.24), we further rewrite the equation such that the 2N − 1 real unknowns are

explicitly collected in a vector x ∈ R
(2N−1)×1. Specifically, given a tree-connected RIS

whose graph has an edge set E = {(nℓ,mℓ)}N−1
ℓ=1 such as (5.11) or (5.14), the 2N − 1 real

unknowns are collected as

x =
[
[B]1,1 , . . . , [B]N,N , [B]n1,m1

, . . . , [B]nN−1,mN−1

]T
, (5.26)

where [B]n,n for n = 1, . . . , N denote the N diagonal entries of B and [B]nℓ,mℓ for ℓ =

1, . . . , N − 1 denote the N − 1 off-diagonal entries of B specified by the edge set of graph.

Accordingly, (5.24) can be equivalently rewritten as

Ax = b, (5.27)

where A ∈ R
2N×(2N−1) is the coefficient matrix given by

A =

[
ℜ{A1} ℜ {A2}
ℑ {A1} ℑ {A2}

]
, (5.28)

where A1 ∈ C
N×N and A2 ∈ C

N×(N−1). Because the real and imaginary parts of A1

are multiplied by the N diagonal entries of B in (5.27), to build the equivalence between

(5.24) and (5.27), A1 should be given by

A1 = diag (α) . (5.29)

On the other hand, the real and imaginary parts of A2 are multiplied by the N − 1 off-

diagonal entries of B including [B]n1,m1
, . . . , [B]nN−1,mN−1

. For this reason, the structure
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Algorithm 4 Closed-form global optimization of tree-connected RIS for MISO systems

Input: hRI ∈ C
1×N , HIT ∈ C

N×M .

Output: B.

1: Obtain ĥRI =
hRI

∥hRI∥ , uIT = umax (HIT ).

2: Obtain α = jZ0

(
uIT + ĥHRI

)
, β = uIT − ĥHRI .

3: Obtain A1 and A2 by (5.29) and (5.30), respectively.

4: Obtain A and b by (5.28) and (5.25), respectively.

5: Obtain x =
(
ATA

)−1
ATb.

6: Obtain B by (5.26).

7: Return B.

of A2 depends on how the RIS ports are connected to each other, that is the specific graph

associated with the tree-connected RIS. Accordingly, the entry of the ℓth column of A2

for ℓ = 1, . . . , N − 1 is given by

[A2] k,ℓ =





[α]nℓ if k = mℓ

[α]mℓ if k = nℓ

0 otherwise

. (5.30)

Remarkably, the constraint on the tree-connected architecture, i.e., the position of the

non-zero elements of B, is dealt with by properly constructing A2 as in (5.30).

The following proposition provides a useful property of tree-connected RIS, which we

can leverage to solve the linear equations (5.27).

Proposition 4. For any tree-connected RIS with N elements, the coefficient matrix A ∈
R
2N×(2N−1) has full column rank, i.e., r (A) = 2N − 1.

Proof. Please refer to Appendix 5.6.3.

According to Proposition 4, the linear equations (5.27) has one solution or no solu-

tion [84]. Furthermore, we show that it has exactly one solution by using the following

proposition.

Proposition 5. For any tree-connected RIS with N elements, the augmented matrix

[A|b] ∈ R
2N×2N has rank r ([A|b]) = 2N − 1.

Proof. Please refer to Appendix 5.6.4.

According to the Rouche-Capelli theorem [84], a system of linear equations is consistent

if the rank of the coefficient matrix A is equal to the rank of the augmented matrix [A|b].
Thus, according to Proposition 5, the system of linear equations (5.27) is consistent and

has exactly one solution. As a result, we can find the solution of (5.27) as x = A†b,

where A† =
(
ATA

)−1
AT is the Moore-Penrose pseudo-inverse of A, and subsequently

the optimal susceptance matrix B of the tree-connected RIS can be found through (5.26).

To conclude, we prove that for any tree-connected RIS there is always one and only

one global optimal solution for the susceptance matrix B to achieve the upper bound P̄R
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for any channel realization. In Alg. 4, we summarize the steps required to optimize tree-

connected RIS for MISO systems. Interestingly, Alg. 4 can be used to globally optimize

tree-connected RISs in single-user MIMO and multi-user MISO systems. More precisely,

in single-user MIMO systems using single-stream transmission, the received signal power

is maximized by applying Alg. 4 to the vectors vRI and uIT , with vRI being the dominant

right singular vector of HRI . In addition, in multi-user MISO systems, the sum power is

maximized by applying Alg. 4 to tRI and uIT , with tRI being the dominant right singular

vector of GRI =
[
hHRI,1, . . . ,h

H
RI,U

]H
, where hRI,u ∈ C

1×N denotes the channel from

the RIS to the uth receiver. The computational complexity of Alg. 4 is driven by the

complexity of Step 5, i.e., it is the complexity of computing the inverse of ATA. Since

ATA ∈ R
(2N−1)×(2N−1), the computational complexity of Alg. 4 is O(8N3).

5.3.2 Forest-Connected RIS Optimization

The forest-connected RIS optimization to maximize the received signal power in MISO

systems is formulated as

max
Θ,w

PT |hRIΘHITw|2 (5.31)

s.t. Θ = (I+ jZ0B)−1 (I− jZ0B) , (5.32)

B = diag (B1, . . . ,BG) , (5.33)

Bg = BT
g , Bg ∈ BG,g, ∀g, ∥w∥ = 1, (5.34)

where the susceptance matrix B of the forest-connected RIS is a block diagonal matrix

with Bg being the gth block and BG,g represents the set of the gth block written as

BG,g = {Bg| [Bg] n,m = 0, n ̸= m,n,m ∈ Vg, (n,m) /∈ Eg} , (5.35)

where Vg and Eg are the vertex and edge sets of the graph for the gth group for g = 1, . . . , G.

Specifically, Vg and Eg can be found by (5.17) and (5.18) when the tridiagonal architecture

is used for the gth group, or by (5.19) and (5.20) when the arrowhead architecture is used.

Different from optimizing the tree-connected RIS, it is hard to find a tight upper bound

on the received signal power in forest-connected RIS-aided MISO systems due to block

diagonal characteristics of the susceptance matrix, which makes it hard to derive a closed-

form global optimal solution. To solve the challenging forest-connected RIS optimization

problem, we propose an iterative optimization approach, where the precoder w and the

RIS susceptance matrix B are alternatively optimized.

Optimizing B with Fixed w

When the precoder w is fixed, we introduce heff
IT = HITw as the effective channel between

the transmitter and RIS so that the forest-connected RIS-aided MISO system is equiva-

lently converted to a forest-connected RIS-aided SISO system. Thus, we can equivalently
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Algorithm 5 Optimization of forest-connected RIS for MISO systems

Input: hRI ∈ C
1×N , HIT ∈ C

N×M .

Output: B and w.

1: Initialize w.

2: while no convergence of objective (5.31) do

3: Update Bg by Alg. 1 with input hRI,g, h
eff
IT,g, ∀g.

4: Obtain Θ from B = diag (B1, . . . ,BG) by (2.5).

5: Update w = (hRIΘHIT )
H /∥hRIΘHIT ∥.

6: end while

7: Return B and w.

rewrite the problem (5.31)-(5.34) as

max
Θg

PT

∣∣∣∣∣∣

G∑

g=1

hRI,gΘgh
eff
IT,g

∣∣∣∣∣∣

2

(5.36)

s.t. Θg = (I+ jZ0Bg)
−1 (I− jZ0Bg) , (5.37)

Bg = BT
g , Bg ∈ BG,g, ∀g, ∥w∥ = 1, (5.38)

where hRI,g ∈ C
1×NG and heff

IT,g ∈ C
NG×1 consist of the NG entries of hRI and heff

IT

corresponding to the RIS elements of the gth group, respectively [16]. To solve the problem

(5.36)-(5.38), we first consider the case that the graph for each group is complete, that is

the group-connected RIS where Bg can be arbitrary symmetric matrix. As shown in [16]

and [75], the received signal power in the group-connected RIS-aided SISO system, i.e.

PT

∣∣∣
∑G

g=1 hRI,gΘgh
eff
IT,g

∣∣∣
2
, is upper bounded by

P̄ eff
R = PT




G∑

g=1

∥hRI,g∥
∥∥∥heff

IT,g

∥∥∥




2

. (5.39)

The key to achieve such upper bound (5.39) is to find complex symmetric unitary matrices

Θg for g = 1, . . . , G satisfying

ĥHRI,g = Θgĥ
eff
IT,g, ∀g, (5.40)

where ĥRI,g = hRI,g/∥hRI,g∥ and ĥeff
IT,g = heff

IT,g/∥heff
IT,g∥. Recall that each group in the

forest-connected RIS utilizes the tree-connected architecture. Thus, referring to the tree-

connected RIS optimization shown in Section 5.3.1, it is straightforward to show that for

each group of the forest-connected RIS there is always one and only one solution for Bg

whose corresponding Θg satisfying (5.40), so that the upper bound (5.39) can be achieved.

Moreover, the optimal Bg for each group can be found by Alg. 4 with the input of the

channels hRI,g and heff
IT,g. Therefore, the susceptance matrix B of the forest-connected

RIS can be globally optimized to achieve the upper bound (5.39) when w is fixed.
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Optimizing w with Fixed B

When the RIS susceptance matrix B is fixed, it is obvious that the optimal w is the

MRT given by w = (hRIΘHIT )
H/ ∥hRIΘHIT ∥, where Θ can be computed by (2.5) as a

function of B.

The precoder w and the RIS susceptance matrix B are alternatively optimized until

convergence of the objective (5.31). We summarize the steps to optimize forest-connected

RIS in MISO systems in Alg. 5. The iterative algorithm is initialized by randomly setting

w to a feasible value. In addition, the convergence of Alg. 5 is guaranteed by the following

two facts. First, at each iteration, the objective given by the received signal power PR

is non-decreasing. Second, the objective function is upper bounded by PT ∥hRI∥2 ∥HIT ∥2

because of the sub-multiplicativity of the spectral norm. The computational complexity

per iteration of Alg. 5 is driven by the complexity of Step 3, i.e., it is the complexity of ap-

plying N/NG times Alg. 4 to an NG-element BD-RIS. Thus, the computational complexity

per iteration of Alg. 5 is O(8NN2
G).

5.4 Performance Evaluation

In this section, we provide the performance evaluation for the proposed tree- and forest-

connected RIS. We consider a two-dimensional coordinate system, where the transmitter

and receiver are located at (0, 0) and (52, 0) in meters (m), respectively. The RIS is

located at (50, 2) and it is equipped with N elements. For the large-scale path loss, we

use the distance-dependent path loss modeled as Lij(dij) = L0(dij/D0)
−αij , where L0 is

the reference path loss at distance D0 = 1 m, dij is the distance, and αij is the path loss

exponent for ij ∈ {RI, IT}. We set L0 = −30 dB, αRI = 2.8, αIT = 2, and PT = 10

mW. For the small-scale fading, we assume that the channel from the RIS to the receiver

is Rayleigh fading. The channel from the transmitter to the RIS is modeled with Rician

fading, given by

HIT =
√

LIT

(√
K

1 +K
HLoS
IT +

√
1

1 +K
HNLoS
IT

)
, (5.41)

where K refers to the Rician factor, while HLoS
IT and vec(HNLoS

IT ) ∼ CN (0, I) represent the

small-scale LoS and NLoS (Rayleigh fading) components, respectively. We consider two

scenarios, with Rician factor K = 0 dB and K = 10 dB.

We first evaluate the performance of the tree-connected RIS to verify that it is MISO

optimal. Specifically, the tree-connected RIS is optimized through Alg. 4 and compared

with the performance upper bound (5.9) achieved by the fully-connected RIS. We recall

that in the fully-connected RIS, all the RIS ports are connected with each other, so that

B is an arbitrary symmetric matrix and Θ satisfies (2.13). In Fig. 5.4, we provide the

received signal power achieved in MISO systems aided by fully- and tree-connected RIS.

We can make the following observations. First, as expected, the tree-connected RIS can

always achieve the performance upper bound. However, it has much lower circuit com-

plexity than the fully-connected RIS, which will be quantitatively shown in the following.
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Figure 5.4: Received signal power in MISO systems aided by fully- and tree-connected
RIS.

Second, higher received signal power can be obtained by increasing the number of transmit

antennas M for both fully- and tree-connected RIS. Last, Rician fading channels with a

lower Rician factor offer richer scattering, allowing to reach a slightly higher performance.

We next evaluate the performance of the forest-connected RIS. Specifically, the forest-

connected RIS is optimized through Alg. 5 and it is compared with tree-, group-, and

single-connected RIS. For the group-connected RIS, we recall that the N elements are

divided into G groups and all the RIS ports within the same group are connected with

each other, so that B is a symmetric block diagonal matrix and Θ satisfies (2.17). In

Figs. 5.5 and 5.6, we provide the received signal power in MISO systems aided by tree-,

group-, forest-, and single-connected RIS, with M = 2 and M = 8, respectively. Group-

connected and single-connected RIS are optimized as proposed in [75, Alg. 2]. We can

make the following observations. First, the forest-connected RIS can always achieve the

same received signal power as the group-connected RIS with the same group size. However,

it has a much lower circuit complexity than the group-connected RIS with the same group

size, as quantitatively shown in the following. Second, the forest-connected RIS achieves a

higher received signal power than the single-connected RIS. For example, forest-connected

RIS with group size 8 brings an improvement in the received signal power of 44.6%, when

M = 2, N = 64, and K = 0 dB. On the other hand, it achieves a lower received signal

power than the tree-connected RIS due to the simplified circuit complexity. Therefore, it

is shown that the forest-connected RIS achieves a good performance-complexity trade-off

between the single- and tree-connected RIS. Third, the received signal power increases

with the group size in the forest-connected RIS, which is because increasing the group size

can provide more flexibility to the BD-RIS. Fourth, higher received signal power can be

obtained by increasing the number of transmit antennas M . Last, BD-RIS is particularly

beneficial over single-connected RIS in the presence of fading channels with lower Rician

factors, in agreement with [16].

We finally evaluate the circuit topology complexity of the proposed tree- and forest-

connected RIS. As analyzed in Section 5.2, the circuit topology complexity in terms of the

number of the tunable admittance components of the tree- and forest-connected RIS is
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Figure 5.5: Received signal power in MISO systems aided by tree-, group-, forest-, and
single-connected RIS, with M = 2.
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Figure 5.6: Received signal power in MISO systems aided by tree-, group-, forest-, and
single-connected RIS, with M = 8.

2N−1 andN(2−1/NG), respectively. For comparison, we also consider the circuit topology

complexity of fully-, group-, and single-connected RIS, given by N(N+1)/2, N(NG+1)/2,

and N , respectively [16]. In Fig. 5.7, we provide the number of tunable admittance com-

ponents in the fully-, group, tree-, forest-, and single-connected RIS. We can make the

following observations. First, compared with the fully-connected RIS, the tree-connected

RIS has much lower circuit topology complexity. For example, the number of tunable

admittance components is decreased by 16.4 times when N = 64 in the tree-connected

RIS compared to the fully-connected RIS, but they achieve the same performance. Sec-

ond, compared with the group-connected RIS with same group size, the forest-connected

RIS has much lower circuit topology complexity. For example, the number of tunable

admittance components is reduced by 2.4 times when N = 64 in the forest-connected

RIS compared to the group-connected RIS with group size 8, but they achieve the same

performance. Third, increasing the group size in the forest-connected RIS will increase the

number of tunable admittance components while also enhancing the performance. Fourth,

compared with the single-connected RIS, the tree- and forest-connected RIS introduce

appropriate complexity but achieves an improvement in the received power.
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Figure 5.7: Circuit topology complexity, i.e., the number of tunable admittance compo-
nents, of fully-, group-, tree-, forest-, and single-connected RIS.

To conclude, we demonstrate that the benefit of the tree-connected (resp. forest-

connected) RIS over the fully-connected (resp. group-connected) RIS lies in their highly

simplified circuit complexity while maintaining optimal performance. Therefore, the

proposed tree- and forest-connected architectures significantly improve the performance-

complexity trade-off over existing BD-RIS architectures.

5.5 Conclusion

We propose novel modeling, architecture design, and optimization for BD-RIS by utilizing

graph theory. In particular, we model BD-RIS architectures as graphs, capturing the pres-

ence of interconnections between the RIS elements. Through this modeling, we prove that

a BD-RIS achieves the performance upper bound in MISO systems if and only if its associ-

ated graph is connected. This remarkable result allows us to characterize the least complex

BD-RIS architectures able to achieve the performance upper bound in MISO systems, de-

noted as tree-connected RIS. We also propose forest-connected RIS to bridge between

the single-connected and the tree-connected architectures. To optimize these novel BD-

RIS architectures, we derive a closed-form global optimal solution for tree-connected RIS,

and an iterative algorithm for forest-connected RIS. Numerical results confirm that tree-

connected (resp. forest-connected) RIS achieve the same performance as fully-connected

(resp. group-connected) RIS, with a significantly reduced circuit complexity by up to

16.4 times. We leave the optimization and performance evaluation of the proposed tree-

and forest-connected RISs in other scenarios such as multi-user systems as the object of

future research. In addition, the study of the optimal graph topologies in the presence

of hardware impairments, such as mutual coupling, also constitutes an interesting future

direction.
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5.6 Appendix

5.6.1 Proof of Lemma 1

We prove the necessary condition by showing that if G is not a connected graph, the

corresponding BD-RIS is not MISO optimal. If G is disconnected, it has C ≥ 2 con-

nected components, where the cth component includes N (c) ports, for c = 1, . . . , C, with
∑C

c=1N
(c) = N . With no loss of generality, we assume that each component includes

adjacent ports. Thus, the admittance matrix Y given by (5.2) is block diagonal, with the

cth block having dimensions N (c)×N (c), for c = 1, . . . , C. As a consequence of (2.3), also

the scattering matrix Θ is block diagonal, and writes as Θ = diag (Θ1, . . . ,ΘC), where

Θc ∈ C
N(c)×N(c)

, for c = 1, . . . , C. Thus, the received signal power (5.5) in the case of a

disconnected graph G is

PDisC
R = PT

∣∣∣∣∣

C∑

c=1

hRI,cΘcHIT,cw

∣∣∣∣∣

2

, (5.42)

where hRI,c ∈ C
1×N(c)

and HIT,c ∈ C
N(c)×M contain the N (c) elements of hRI and rows of

HIT corresponding to the N (c) RIS elements grouped into the cth component, respectively.

The received signal power PDisC
R is upper bounded by

P̄DisC
R = PT

(
C∑

c=1

∥hRI,c∥ ∥HIT,cw∥
)2

, (5.43)

following the Cauchy-Schwarz inequality and that ΘH
c Θc = I, for c = 1, . . . , C. Further-

more, it holds that

P̄DisC
R

(a)

≤ PT ∥hRI∥2 ∥HITw∥2
(b)

≤ P̄R, (5.44)

where (a) follows by the Cauchy-Schwarz inequality and (b) follows by the definition of

the spectral norm. Note that (b) is an equality if and only if w is the dominant right

singular vector of HIT . However, (a) is in general a strict inequality if w is the dominant

right singular vector of HIT , which thus proves the necessary condition of the lemma.

On the other hand, we prove the sufficient condition by showing that if G is a connected

graph, the corresponding BD-RIS is MISO optimal. This is straightforward to prove

because 1) for a connected graph, we can always remove some edges to make it a tree, i.e.

setting the corresponding off-diagonal entries of B zero, 2) there exist one and only one

solution for any RIS whose associated graph is a tree to achieve the performance upper

bound (i.e., to be MISO optimal) as shown in Section 5.3.1.

5.6.2 Proof of Proposition 3

Applying Lemma 1, we need to prove that a connected graph with N vertices has at least

N − 1 edges. This is achieved by induction. The base case is easily verified: a connected

graph with a single vertex has at least zero edges. As the induction step, we consider

a connected graph with N vertices. From this graph, we remove edges (at least one)

until we obtain a disconnected graph with two connected components. Assuming the two
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components have K and N −K vertices, they have at least K−1 and N −K−1 edges by

the induction hypothesis, respectively. Since we removed at least one edge to disconnect

the graph, it had originally at least (K − 1) + (N −K − 1) + 1 = N − 1 edges.

5.6.3 Proof of Proposition 4

This proof is conducted by induction. As the base case, we consider the only tree-connected

RIS that can be realized with N = 2 ports. This RIS includes two tunable admittance

components connecting the two ports to ground and a further tunable admittance con-

necting the two ports to each other.

Based on the susceptance matrix B ∈ R
2×2, the left-hand side of the system (5.27) is

built by setting x = [[B]1,1, [B]2,2, [B]1,2]
T . Accordingly, A ∈ R

4×3 is given by (5.28) with

A1 ∈ C
2×2 as in (5.29) and A2 ∈ C

2×1 given by A2 = [[α]2, [α]1]
T . Thus, it is easy to

recognize that A has in general full column rank, i.e., r (A) = 3. The proposition is hence

verified for the case N = 2.

As the induction step, we prove that if the proposition is valid for RISs with N − 1

ports, it also holds for RISs with N ports. We consider a tree-connected RIS with N − 1

elements, whose coefficient matrix is given by

A(N−1) =


 ℜ

{
A

(N−1)
1

}
ℜ
{
A

(N−1)
2

}

ℑ
{
A

(N−1)
1

}
ℑ
{
A

(N−1)
2

}


 . (5.45)

To this (N − 1)-port tree-connected RIS, we connect an additional port creating an N -

port tree-connected RIS. With no loss of generality, we assume that the additional port is

connected to the (N − 1)th port through a tunable admittance. In this way, the resulting

N -port BD-RIS has the coefficient matrix

A(N) =


 ℜ

{
A

(N)
1

}
ℜ
{
A

(N)
2

}

ℑ
{
A

(N)
1

}
ℑ
{
A

(N)
2

}


 , (5.46)

where A
(N)
1 ∈ C

N×N and A
(N)
2 ∈ C

N×(N−1) are given by

A
(N)
1 =

[
A

(N−1)
1 0(N−1)×1

01×(N−1) [α]N

]
, A

(N)
2 =




A
(N−1)
2

0(N−2)×1

[α]N

01×(N−2) [α]N−1


 , (5.47)

with 0R×C denoting an R × C all-zero matrix. To prove the induction step, we need to

show that r(A(N−1)) = 2(N − 1) − 1 implies r(A(N)) = 2N − 1. To this end, A(N) is

rewritten as

A(N) ∼




A(N−1) 0(2N−2)×1

0(N−2)×1

ℜ{[α]N}
0(N−2)×1

ℑ{[α]N}

02×(2N−3)

ℜ{[α]N}
ℑ {[α]N}

ℜ
{
[α]N−1

}

ℑ
{
[α]N−1

}




, (5.48)
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by applying appropriate row and column swapping operations. From (5.48), we notice that

ifA(N−1) has full column rank and the vectors [ℜ{[α]N} ,ℑ{[α]N}] and
[
ℜ
{
[α]N−1

}
,ℑ
{
[α]N−1

}]

are linearly independent, then A(N) has full column rank. Since [ℜ{[α]N} ,ℑ{[α]N}] and[
ℜ
{
[α]N−1

}
,ℑ
{
[α]N−1

}]
are in practice linearly independent with probability 1, the

induction step is proven and the proof is concluded.

5.6.4 Proof of Proposition 5

To prove that r ([A|b]) = 2N − 1, we show that it is always possible to obtain a zero row

in [A|b] by applying appropriate row operations. Firstly, we execute on [A|b] the N row

operations

rN+n = rN+n −
ℑ{[α]n}
ℜ {[α]n}

rn, (5.49)

for n = 1, . . . , N , where rn denotes the nth row of [A|b]. The resulting matrix is given by

[A|b] ∼
[
ℜ{A1} ℜ {A2} ℜ {β}
0N×N A′ b′

]
, (5.50)

where we introduced A′ ∈ R
N×(N−1) and b′ ∈ R

N×1. The matrix A′ has exactly two

non-zero elements in each column, in the same positions as the non-zero elements in A2.

Specifically, 



[A′]nℓ,ℓ = ℑ
{
[α]mℓ

}
−

ℑ
{

[α]nℓ

}

ℜ
{

[α]nℓ

}ℜ
{
[α]mℓ

}
,

[A′]mℓ,ℓ = ℑ
{
[α]nℓ

}
−

ℑ
{

[α]mℓ

}

ℜ
{

[α]mℓ

}ℜ
{
[α]nℓ

}
,

[A′]p,ℓ = 0, ∀p ̸= mℓ, nℓ,

(5.51)

for ℓ = 1, . . . , N − 1, with nℓ and mℓ being the row indexes of the two non-zero elements

in the ℓth column of A2. The vector b′ writes as

[
b′]

n
= ℑ{[β]n} −

ℑ{[α]n}
ℜ {[α]n}

ℜ {[β]n} , (5.52)

for n = 1, . . . , N . Secondly, we execute on the resulting [A|b] the N row operations

rN+n = ℜ{[α]n} rN+n, (5.53)

for n = 1, . . . , N , followed by the N − 1 row operations

r2N = r2N + rN+n, (5.54)

for n = 1, . . . , N − 1. The resulting matrix is given by

[A|b] ∼
[
ℜ{A1} ℜ {A2} ℜ {β}
0N×N A′′ b′′

]
, (5.55)

where we introduced A′′ ∈ R
N×N−1 and b′′ ∈ R

N×1.

We now show that (5.55) has rank 2N − 1 since its 2Nth row is all-zero. To this end,
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we need to prove that [A′′]N,ℓ = 0, for ℓ = 1, . . . , N − 1, and that [b′′]N = 0. Indeed, we

have
[
A′′]

N,ℓ
= ℜ

{
[α]nℓ

} [
A′]

nℓ,ℓ
+ ℜ

{
[α]mℓ

} [
A′]

mℓ,ℓ
= 0 (5.56)

for ℓ = 1, . . . , N − 1, with nℓ and mℓ being the row indexes of the two non-zero elements

in the ℓth column of A2. Furthermore, the Nth entry of vector b′′ is given by

[
b′′]

N
=

N∑

n=1

ℜ{[α]n}
[
b′]

n
=

N∑

n=1

ℜ{[α]n}ℑ{[β]n} − ℑ{[α]n}ℜ{[β]n} , (5.57)

where

ℜ{[α]n}ℑ{[β]n} − ℑ{[α]n}ℜ{[β]n} (5.58)

=jZ0

(
ℑ
{[

ĥHRI

]

n

}2
−ℑ{[uIT ]n}2 + ℜ

{[
ĥHRI

]

n

}2
−ℜ{[uIT ]n}2

)
(5.59)

=jZ0

(∣∣∣
[
ĥHRI

]

n

∣∣∣
2
− |[uIT ]n|2

)
. (5.60)

Thus, recalling that ∥ĥHRI∥2 = 1 and ∥uIT ∥2 = 1, we have

[
b′′]

N
= jZ0

(∥∥∥ĥHRI
∥∥∥
2
− ∥uIT ∥2

)
= 0, (5.61)

proving that the 2Nth row of (5.55) is all-zero.
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Chapter 6

Performance-Complexity Trade-off

in BD-RIS

When designing new BD-RIS architectures, the critical issue is the trade-off between per-

formance and circuit complexity, given by the number of tunable impedance components

in the BD-RIS architecture [16, 80]. On the one hand, the single-connected RIS is the

architecture with the lowest circuit complexity since there are no interconnections among

the RIS elements. Due to its limited flexibility, the single-connected RIS can only achieve

a reduced performance. On the other hand, the fully-connected RIS has the highest circuit

complexity since each RIS element is connected to all others through a tunable impedance

component, enabling the highest performance. Several BD-RIS architectures have been

proposed to trade performance and complexity. However, the fundamental limits of this

trade-off are still unexplored. To fill this gap, we investigate how to optimally trade the

achievable performance and the circuit complexity in BD-RIS architectures.

The contribution of this chapter is twofold. First, we derive the Pareto frontier for

the performance-complexity trade-off offered by BD-RIS in SISO systems. Second, we

characterize the optimal BD-RIS architectures allowing to achieve this Pareto frontier.

Organization: In Section 6.1, we formulate the problem of finding the Pareto frontier

of the performance-complexity trade-off enabled by BD-RIS. In Section 6.2, we derive the

expression of the Pareto frontier. In Section 6.3, we show the numerical results. Finally,

Section 6.4 concludes this chapter.

The content of this chapter has appeared in [85]. For reproducible research, the code

is available at https://github.com/matteonerini/pareto-frontier-for-bdris.

6.1 Problem Formulation

Consider a SISO communication system aided by an N -element RIS. The N elements

of the RIS are connected to a N -port reconfigurable impedance network, with scattering

matrix Θ ∈ C
N×N . Defining x ∈ C as the transmitted signal and y ∈ C as the received

signal, we have y = hx+ n, where h ∈ C is the wireless channel and n ∈ C is the AWGN

at the receiver. Assuming that the direct link between the transmitter and the receiver

is negligible compared to the RIS-aided link, the channel h writes as h = hRΘhT , where
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hR ∈ C
1×N and hT ∈ C

N×1 refer to the channels from the RIS to the receiver and from

the transmitter to the RIS, respectively [16]1. We assume independent and identically

distributed (i.i.d.) Rayleigh channels to obtain fundamental insights, having unit channel

gains with no loss of generality, i.e., hR ∼ CN (0, I) and hT ∼ CN (0, I).

When reconfiguring an RIS, the scattering matrixΘ is typically optimized to maximize

the performance given by the received signal power

PR = PT |hRΘhT |2 , (6.1)

where PT = E[|x|2] is the transmitted signal power. Considering passive RISs with lossless

and reciprocal impedance networks, the matrix Θ is in general subject to the constraints

ΘHΘ = I and Θ = ΘT [74]. Furthermore, additional constraints on Θ, limiting the

received signal power, are present depending on the BD-RIS architecture [16, 80].

Conventional RIS, also known as single-connected RIS, is the least complex architecture

achieving the lowest performance, given by

P̄ Single
R = PT

(
N∑

n=1

|[hR]n [hT ]n|
)2

, (6.2)

since it includes only N tunable impedance components [16]. In contrast, tree-connected

RIS is proved to be the least complex architecture achieving the performance upper bound

P̄Tree
R = PT ∥hR∥2 ∥hT ∥2 , (6.3)

with 2N −1 tunable impedance components [80]. In this chapter, our goal is to determine

the maximum performance achievable by BD-RIS architectures with circuit complexity

C ∈ [N, 2N − 1], representing the number of tunable components2. In other words, we

want to characterize the Pareto frontier of the performance-complexity trade-off enabled

by BD-RIS. Furthermore, we are interested in which BD-RIS architectures allow us to

reach such a frontier, denoted as “optimal” BD-RIS architectures in the following.

We begin by characterizing the maximum received signal power achievable by a given

BD-RIS architecture. To this end, we consider the modeling of BD-RIS based on graph

theory developed in [80]. According to [80], each BD-RIS architecture can be described

through a graph G capturing the presence of tunable impedance components between its

RIS elements. We denote as G the number of connected components of such a graph

G, where a connected component of a graph is defined as a connected subgraph that is

not part of any larger connected subgraph [82]. Besides, Ng ≥ 1 is the number of RIS

elements included in the gth component, with
∑G

g=1Ng = N . In agreement with previous

work on BD-RIS [16], we refer to the connected components of G as the “groups” of

the corresponding BD-RIS architecture. According to [80], the maximum received signal

1Since hRΘhT can always be co-phased with the direct link, our conclusions are not impacted by
the direct link. In the case of a non-negligible direct link, the performance would merely be scaled up,
depending on its strength. Thus, we neglect the direct link to gain fundamental insights not depending on
its strength.

2In our analysis, we preclude BD-RISs with dynamic interconnections, since they require switches and
hence additional circuit complexity.
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power obtained by the BD-RIS associated with G is given by

P̄R = PT




G∑

g=1

∥hR,g∥ ∥hT,g∥




2

, (6.4)

where hR,g ∈ C
1×Ng and hT,g ∈ C

Ng×1 contain the Ng elements of hR and hT correspond-

ing to the Ng RIS elements included into the gth group, respectively. In the case of i.i.d.

fading channels, we can assume that each group includes adjacent RIS elements with no

loss of generality, such that hR = [hR,1, . . . ,hR,G] and hT = [hTT,1, . . . ,h
T
T,G]

T . Thus, the

maximum received signal power P̄R achievable by a given BD-RIS solely depends on G

and the group sizes N1, . . . , NG.

To express the maximum received signal power P̄R achievable with a circuit complexity

C as a function of C, we introduce the following three results. First, we characterize the

optimal BD-RIS architectures through the following lemma.

Lemma 2. All the optimal BD-RIS architectures have a corresponding graph being acyclic,

also known as a forest.

Proof. Please refer to Appendix 6.5.1.

In other words, a BD-RIS architecture can be optimal only if its graph does not contain

any cycle, i.e., a finite sequence of distinct edges joining a sequence of vertices, where only

the first and last vertices are equal [82]. Second, we use the following result from graph

theory [82].

Lemma 3. If a graph G is a forest, then it has G = N − L connected components, where

N is the number of vertices and L is the number of edges.

Proof. Please refer to Appendix 6.5.2.

Third, by using Lemma 2 and Lemma 3, we can derive the following proposition.

Proposition 6. An optimal BD-RIS architecture with N elements and circuit complex-

ity C, with C ∈ [N, 2N − 1], has a corresponding graph with G = 2N − C connected

components.

Proof. Please refer to Appendix 6.5.3.

According to Proposition 6, given a circuit complexity C, the number of groups G in

the corresponding optimal BD-RIS is fixed. Thus, our problem is to find the group sizes

N1, . . . , NG of the BD-RIS architecture that maximize the performance E
[
P̄R
]
, with fixed

G. The corresponding optimization problem is given by

max
N1,...,NG

E
[
P̄R
]

(6.5)

s.t. Ng ≥ 1, ∀g,
G∑

g=1

Ng = N, (6.6)

where G = 2N − C is fixed depending on the complexity C.
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6.2 Pareto Frontier

We now solve problem (6.5)-(6.6) by rewriting and simplifying the objective (6.5), then

we use the obtained optimal group sizes N1, . . . , NG to derive the desired Pareto frontier.

To solve problem (6.5)-(6.6), we assume PT = 1 with no loss of generality and we write

the average received signal power (6.4) as

E
[
P̄R
]
=

G∑

g=1

E
[
∥hR,g∥2

]2
+
∑

g1 ̸=g2
E [∥hR,g1∥]2 E [∥hR,g2∥]2 , (6.7)

where we exploited the i.i.d. channels assumption and the fact that hR and hT are

identically distributed. Using the moments of the chi distribution with 2Ng degrees of

freedom, we have that E[∥hR,g∥] = Γ(Ng + 1/2)/Γ(Ng) and E[∥hR,g∥2] = Ng, ∀g, where
Γ(·) is the gamma function. Thus, we can write

E
[
P̄R
]
=

G∑

g=1

N2
g +

∑

g1 ̸=g2

(
Γ (Ng1 + 1/2)

Γ (Ng1)

)2(Γ (Ng2 + 1/2)

Γ (Ng2)

)2

. (6.8)

The expression of E
[
P̄R
]
in (6.8) can be now simplified by using the relationship

(
Γ (M + 1/2)

Γ (M)

)2

= M − 1

4
+

1

32M
+O

((
1

M

)2
)
, (6.9)

given by the Laurent series expansion at M =∞ [86]. Remarkably, the function (Γ(M +

1/2)/Γ(M))2 is well approximated by M − 1/4 + 1/(32M) for any positive integer M ,

despite the series being computed at M =∞. Thus, we can approximate (6.8) as

E
[
P̄R
]
=

G∑

g=1

N2
g +

∑

g1 ̸=g2

(
Ng1 −

1

4
+

1

32Ng1

)(
Ng2 −

1

4
+

1

32Ng2

)
. (6.10)

By developing the product and reorganizing the terms, we get

E
[
P̄R
]
=

G∑

g=1

N2
g +

∑

g1 ̸=g2

(
Ng1Ng2 +

1

16
− Ng1

4
− Ng2

4

+
Ng1

32Ng2

+
Ng2

32Ng1

− 1

128Ng1

− 1

128Ng2

+
1

1024Ng1Ng2

)
. (6.11)

Recalling that Ng ≥ 1, ∀g, the term 1/(1024Ng1Ng2) in (6.11) is negligible since it is

at least 1024 times smaller than the term Ng1Ng2 . Thus, omitting 1/(1024Ng1Ng2) and

completing the computations, we obtain

E
[
P̄R
]
= N2 +

G (G− 1)

16
− N (G− 1)

2

+
∑

g1 ̸=g2

(
Ng1

32Ng2

+
Ng2

32Ng1

− 1

128Ng1

− 1

128Ng2

)
. (6.12)
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Observing that

∑

g1 ̸=g2

Ng1

32Ng2

=
∑

g1 ̸=g2

Ng2

32Ng1

=

G∑

g=1

N −Ng

32Ng
, (6.13)

∑

g1 ̸=g2

1

128Ng1

=
∑

g1 ̸=g2

1

128Ng2

=
G∑

g=1

G− 1

128Ng
, (6.14)

we can eventually rewrite E
[
P̄R
]
as

E
[
P̄R
]
= N2 +

G− 1

16
(G− 8N)− G

16
+

4N −G+ 1

64

G∑

g=1

1

Ng
. (6.15)

We notice from (6.15) that maximizing E
[
P̄R
]
is equivalent to maximize

∑G
g=1 1/Ng.

Thus, problem (6.5)-(6.6) can be equivalently expressed as

max
N1,...,NG

G∑

g=1

1

Ng
(6.16)

s.t. Ng ≥ 1, ∀g,
G∑

g=1

Ng = N, (6.17)

which is solved in the following proposition.

Proposition 7. The solution to problem (6.16)-(6.17) is given by

N1 = N2 = . . . = NG−1 = 1, (6.18)

NG = N −G+ 1, (6.19)

up to a permutation of the group sizes.

Proof. Please refer to Appendix 6.5.4.

Given the optimal group sizes N1, . . . , NG provided by Proposition 7, we can derive in

closed form the expression of the desired Pareto frontier. Specifically, plugging (6.18) and

(6.19) into (6.8), we obtain

E
[
P̄R
]
= G− 1 + (N −G+ 1)2 + (G− 1) (G− 2) Γ (3/2)4

+ 2 (G− 1)

(
Γ (N −G+ 3/2) Γ (3/2)

Γ (N −G+ 1)

)2

, (6.20)

giving the maximum performance achievable with a BD-RIS architecture having G groups.

Finally, recalling that G = 2N−C, the expression of the maximum performance achievable

with a circuit complexity C ∈ [N, 2N − 1] is given by

E
[
P̄R
]
= (C −N)2 + C + (2N − C − 1) (2N − C − 2) Γ (3/2)4

+ 2 (2N − C − 1)

(
Γ (C −N + 3/2) Γ (3/2)

Γ (C −N + 1)

)2

, (6.21)
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Figure 6.1: Pareto frontier for the performance-complexity trade-off achieved by BD-RISs,
with N = 64.

representing the Pareto frontier of the performance-complexity trade-off offered by BD-

RISs.

6.3 Numerical Results

In Fig. 6.1, we report the Pareto frontier given by (6.21), delimiting the region of feasible

BD-RIS architectures3. Specifically, the feasible region is delimited by (6.21) when C ∈
[N, 2N − 1] since (6.21) gives the maximum performance achievable with complexity C,

and by the horizontal line E[P̄R] = N2 when C > 2N − 1 since N2 is the performance

upper bound [16]. We fix N = 64 in Fig. 6.1 to obtain a fair comparison in terms of the

space occupied by the RIS.

The derived frontier is compared with the performance-complexity trade-off achieved

by the BD-RIS architectures recently proposed in [16, 80]. Since each BD-RIS is charac-

terized by its circuit complexity C and average received signal power E[P̄R], each BD-RIS

is represented as a point in Fig. 6.1 with coordinates (C,E[P̄R]). More precisely, we report

group- and forest-connected RISs, both achieving a performance

E
[
P̄Group
R

]
=

N2

G
+G (G− 1)

(
Γ (N/G+ 1/2)

Γ (N/G)

)4

, (6.22)

and with complexity CGroup = N(N/G+1)/2 and CForest = 2N−G, respectively, depend-

ing on the group size N/G [16, 80]. Note that (6.22) is obtained by setting Ng = N/G,

∀g, in (6.8). The four forest-connected RISs in Fig. 6.1 have group sizes 2, 4, 8, and

16, while the three group-connected RISs have group sizes 4, 8, and 16 since forest- and

group-connected RISs with group sizes 2 are equivalent [80]. Besides, we report fully- and

tree-connected RISs, both achieving

E
[
P̄Fully
R

]
= N2, (6.23)

and with complexity CFully = N(N+1)/2 and CTree = 2N−1, respectively [16, 80], where

3Note that the average received signal power has no units since is computed with unit transmit power
and unit channel gains with no loss of generality.
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(6.23) is derived by setting G = 1 in (6.22). Finally, we report the single-connected RIS

architecture, achieving a performance given by

E
[
P̄ Single
R

]
= N +N (N − 1) Γ (3/2)4 , (6.24)

and with complexity CSingle = N [16], where (6.24) is derived by setting G = N in (6.22).

We make the following remarks. First, on the one hand, the single-connected RIS is the

least complex architecture, achieving the lowest performance due to its limited architec-

ture. On the other hand, the tree-connected RIS allows us to reach the performance upper

bound, with the lowest possible complexity. Second, forest-connected RISs approach the

Pareto frontier, but they are slightly suboptimal. This is because forest-connected RISs

have equally sized groups, i.e., they all have group size N/G. However, the optimal

group sizes are not all equal, as given by (6.18)-(6.19). Third, the fully-connected (resp.

group-connected) RIS achieves the same performance as the tree-connected (resp. forest-

connected) RIS, but with higher circuit complexity. Thus, in SISO systems, fully- and

group-connected RISs are highly suboptimal. Note that the exact shape of the Pareto

frontier depends on the channel distribution. Specifically, with Rician or correlated chan-

nels, the gain of the tree-connected over the single-connected RIS decreases, and less

complex BD-RIS architectures are expected to approach the performance upper bound

[16, 80].

6.4 Conclusion

We derive the Pareto frontier for the performance-complexity trade-off in BD-RISs. This

frontier provides the BD-RIS architectures that can be optimally used to bridge between

the single-connected RIS and the tree-connected RIS. The presented fundamental results

are expected to drive the development of novel BD-RIS architectures and prototypes.

Remarkably, a multi-dimensional Pareto frontier could be derived accounting for multiple

parameters in addition to the circuit complexity, such as the number of RIS elements, the

channel estimation overhead, and the optimization complexity, thus representing a future

research direction.

6.5 Appendix

6.5.1 Proof of Lemma 2

To prove Lemma 2, we show that any BD-RIS whose corresponding graph is not a forest,

is not optimal. Consider a BD-RIS with circuit complexity C with a corresponding graph

G that is not a forest, i.e., it has at least one cycle [82]. According to (6.4), the received

signal power achievable by a BD-RIS solely depends on its number of groups G, and the

group sizes N1, . . . , NG. Thus, by removing one edge from a cycle in G, the resulting

BD-RIS has complexity C−1 and achieves the same performance as the original one since

its graph still has G connected components with sizes N1, . . . , NG. Since this resulting

BD-RIS achieves the same performance as the original one with reduced complexity, the
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original BD-RIS is not optimal, and Lemma 2 is proved.

6.5.2 Proof of Lemma 3

Consider a forest G with G connected components, where the gth component has Ng

vertices, with
∑G

g=1Ng = N . Since G is a forest, each component is a tree, i.e., is a

connected forest, and the gth component includes Ng − 1 edges [82, Theorem 2.2]. Thus,

the number of edges in G is

L =

G∑

g=1

(Ng − 1) =

G∑

g=1

Ng −G = N −G, (6.25)

proving that G = N − L.

6.5.3 Proof of Proposition 6

According to [80], a BD-RIS with N elements and C tunable impedance components has

a corresponding graph with L = C − N edges since N tunable impedance components

are used to connect each RIS element to ground. Besides, we know from Lemma 2 and

Lemma 3 that the graph of an optimal BD-RIS with N elements and complexity C is a

forest, having G = N−L connected components. By plugging L = C−N into G = N−L,

we obtain G = 2N − C.

6.5.4 Proof of Proposition 7

The proof is conducted by induction on the number of groups G. As the base case, we

consider G = 2, where problem (6.16)-(6.17) boils down to

min
N1,N2

N1N2 (6.26)

s.t. N1 ≥ 1, N2 ≥ 1, N1 +N2 = N. (6.27)

The solution to this problem is clearly given by N1 = 1 and N2 = N − 1, or vice versa.

The proposition is consequently verified for the case G = 2.

As the induction step, we prove that if the proposition is valid for G−1 groups, it also

holds for G groups. To this end, we rewrite problem (6.16)-(6.17) as

max
N1,...,NG

G−1∑

g=1

1

Ng
+

1

NG
(6.28)

s.t. Ng ≥ 1, ∀g,
G−1∑

g=1

Ng = N −NG. (6.29)

By the induction hypothesis, we have

N1 = N2 = . . . = NG−2 = 1, (6.30)

NG−1 = N −NG −G+ 2. (6.31)
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Using (6.30) and (6.31), problem (6.28)-(6.29) can be simplified as

min
NG−1,NG

NG−1NG (6.32)

s.t. NG−1 ≥ 1, NG ≥ 1, (6.33)

NG−1 +NG = N −G+ 2, (6.34)

where the only unknown are NG−1 and NG. By solving this problem as done for the base

case, we obtain NG−1 = 1 and NG = N −G+ 1, proving the induction step.
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Part III

BD-RIS With Hardware

Impairments
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Chapter 7

BD-RIS With Discrete-Value

Scattering Matrices

The group- and fully-connected RISs proposed in [16] have been studied assuming continuous-

value scattering matrices. However, the scattering matrix of a RIS can be reconfigured by

choosing among a finite number of discrete values in practical implementation, and it is

not clear how to design these BD-RIS architectures with discrete-value scattering matrices.

Discrete-value single-connected RISs have been typically realized by considering uniform

discretization of the phase shifts in the interval [0, 2π). This is made possible by the di-

agonal structure of the scattering matrix of these RISs, which is completely described by

its phase shifts. Thus, this discretization design cannot be applied to group- and fully-

connected RISs, whose scattering matrices are not diagonal. This gap is addressed in this

chapter, where we propose a design strategy for discrete-value group- and fully-connected

RISs. The contributions of this chapter are summarized as follows.

First, we propose a strategy to design discrete-value group- and fully-connected RISs

that assigns a finite number of bits to each entry of the RIS impedance matrix. The

resulting RISs are denoted as scalar-discrete RISs, since they are obtained with a scalar

quantization approach. Firstly, a suitable codebook is designed in the offline learning

stage. Secondly, the discrete elements of the impedance matrix are optimized based on

the resulting codebook in the online deployment stage.

Second, we prove that our codebook always achieves a received signal power growth of

O(N2
I ) in group-connected architectures, where NI is the number of RIS elements. Thus,

the proposed discretization strategy does not degrade the growth of the received signal

power as a function of NI .

Third, we develop a different discretization strategy for group- and fully-connected

RISs, exploiting the block diagonal structure of their impedance matrices. According

to this strategy, we jointly discretize and optimize the entries in each block of the RIS

impedance matrix through vector quantization. RISs designed with this strategy, denoted

as vector-discrete RISs, achieve higher performance than scalar-discrete RISs at the cost

of increased optimization computational complexity. Vector discretization has never been

considered for conventional RISs since their impedance matrix is diagonal.

Fourth, we assess the performance in terms of received signal power of single-, group-
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, and fully-connected RISs employing different numbers of resolution bits. We verify

that the more connections are present in the reconfigurable impedance network, the less

resolution is needed to achieve the optimal performance of continuous-value RISs. Because

of this property, in the fully-connected architecture, a single resolution bit allocated to

each reconfigurable impedance is sufficient to achieve the performance of ideal RISs.

Organization: In Section 7.1, we introduce the system model and the problem formula-

tion. In Sections 7.2 and 7.3, we present our novel discrete group- and fully-connected RIS

design based on scalar and vector quantization, respectively. In Section 7.4, we assess the

performance of MIMO systems aided by discrete RISs in terms of received signal power.

Finally, Section 7.5 contains the concluding remarks.

The content of this chapter has appeared in [87].

7.1 System Model

Let us consider an RIS-aided MIMO system, where we denote as NT the number of

antennas at the transmitter, NR the number of antennas at the receiver, and NI the

number of antennas at the RIS. The NI antennas of the RIS are connected to a NI -port

reconfigurable impedance network, with scattering matrix Θ ∈ C
NI×NI . By assuming

perfect matching and no mutual coupling at the RIS antennas, the channel matrix seen

by the receiver H ∈ C
NR×NT can be written as

H = HRT +HRIΘHIT , (7.1)

where HRT ∈ C
NR×NT , HRI ∈ C

NR×NI , and HIT ∈ C
NI×NT are the channels from

transmitter to receiver, RIS to receiver, and transmitter to RIS, respectively [16].

We consider a single-stream MIMO transmission scheme, to exploit the diversity gain

offered by the multiple antennas at the transmitter and receiver, and by the reflecting

elements at the RIS. We denote the transmit signal as x = ws ∈ C
NT×1, where w ∈ C

NT×1

is the precoding vector subject to the constraint ∥w∥ = 1, and s ∈ C is the transmit

symbol with average power PT = E[|s|2]. Denoting the receive signal as y ∈ C
NR×1, we

have y = Hx + n, where n ∼ CN
(
0, σ2

nI
)
is the AWGN at the receiver with variance

σ2
n. Thus, the signal used for detection is given by z = gy ∈ C, where g ∈ C

1×NR is

the combining vector subject to the constraint ∥g∥ = 1. Finally, we can express z as

z = gHws+ ñ, where ñ = gn is the AWGN with variance σ2
n.

In the following, we propose two novel strategies to design discrete-value group- and

fully-connected RISs. In the first, scalar-discrete RISs, B resolution bits are allocated to

each reactance matrix entry [XI ]i,j . In the second, vector-discrete RISs, BV bits are set

to each reactance matrix block XI,g.

7.2 Scalar-Discrete Group-/Fully-Connected RIS

Our goal is to design the discrete-value matrix Θ and the vectors g and w to maximize

the received signal power, given by PR = PT |g (HRT +HRIΘHIT )w|2. In the case of
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single-stream transmission, the optimal precoding and combining vectors are given by

the dominant eigenmode transmission. Thus, maximizing the received signal power is

equivalent to maximize ∥HRT +HRIΘHIT ∥2. To investigate the design of discrete-value

group- and fully-connected RISs, it is necessary to first consider the design of group- and

fully-connected RISs with continuous-value Θ. Then, the continuous-value optimization

is used to optimize Θ with discrete values.

7.2.1 Continuous-Value Group-/Fully-Connected RIS

The received signal power maximization problem for continuous-valueΘ in MIMO systems

can be formulated as

max
XI,g

∥HRT +HRIΘHIT ∥2 (7.2)

s.t. Θ = diag (Θ1, . . . ,ΘG) , Θg = ΘT
g , Θ

H
g Θg = I, ∀g, (7.3)

where the constraints derived from (2.17) indicate that the scattering matrix Θ is a block

diagonal matrix with each block being a complex symmetric unitary matrix. These con-

straints complicate the optimization problem, which needs to be reformulated. Thus,

the relationship between Θ and the reactance matrix XI given by (2.4) is exploited to

equivalently rewrite problem (7.2)-(7.3) as

max
XI,g

∥HRT +HRIΘHIT ∥2 (7.4)

s.t. Θ = diag (Θ1, . . . ,ΘG) , (7.5)

Θg = (jXI,g + Z0I)
−1 (jXI,g − Z0I) , XI,g = XT

I,g, ∀g, (7.6)

which can be transformed into an unconstrained problem. More precisely, exploiting the

constraints (7.5) and (7.6), the objective ∥HRT +HRIΘHIT ∥2 can be expressed as a

function of XI,g, ∀g. Since XI,g is an arbitrary NG × NG real symmetric matrix, XI,g

is an unconstrained function of the NG (NG + 1) /2 entries in its upper triangular part.

Thus, the obtained problem is an unconstrained optimization problem in the variables

[XI,g]i,j , with i ≤ j and ∀g.
Problem (7.4)-(7.6) has been solved for RIS-aided SISO systems in [16] by using the

quasi-Newton method to find the optimal upper triangular part of each XI,g without any

constraints. For RIS-aided MIMO systems, we propose to solve it by alternatively op-

timizing XI and the beamforming vectors g and w, as established in the literature on

single-connected RISs [13]. After g and w are initialized to feasible values, this optimiza-

tion process alternates between the two following steps until convergence is reached. With

fixed g and w, we update XI by maximizing the objective |gHRTw + gHRIΘHITw| with
the quasi-Newton method as in [16], where Θ is a function of XI given by (2.4). With

fixed XI , and consequently fixed Θ, we update g and w as the dominant left and right

singular vectors of the matrix HRT +HRIΘHIT , respectively. Note that this method is

proven to converge to a stationary point of the objective.
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7.2.2 Problem Formulation for Discrete-Value RIS

In (7.4)-(7.6), the reactance matrix entries are allowed to assume arbitrary real values,

which is hard to realize in practice. Thus, we are interested in an RIS design strategy in

which each reactance matrix entry is selected from a codebook. We consider a discrete

reactance codebook C symmetric around zero, written as

C = {±c1,±c2, . . . ,±c2B−1} , (7.7)

where cb > 0, for b = 1, . . . , 2B−1. When selecting each reactance matrix entry from a

codebook, the RIS optimization problem cannot be simply solved as an unconstrained

problem. Thus, instead of (7.4)-(7.6), the following optimization problem can be consid-

ered to optimize XI

max
XI,g

∥HRT +HRIΘHIT ∥2 (7.8)

s.t. Θ = diag (Θ1, . . . ,ΘG) , (7.9)

Θg = (jXI,g + Z0I)
−1 (jXI,g − Z0I) , XI,g = XT

I,g, [XI,g]i,j ∈ C, ∀g. (7.10)

Since the entries of XI are not distributed in a finite interval, to define the optimal code-

book C is not as straightforward as in the single-connected case [13]. Thus, we introduce

a second optimization problem to design C as

max
C

E
[
∥HRT +HRIΘHIT ∥2

]
(7.11)

s.t. Θ = diag (Θ1, . . . ,ΘG) , (7.12)

Θg = (jXI,g + Z0I)
−1 (jXI,g − Z0I) , XI,g solves (7.8)-(7.10), ∀g, (7.13)

where the objective is the ergodic received signal power and the expectation operator

E[·] represents the average over the channel realizations1. Note that in (7.11)-(7.13),

XI,g implicitly depends on C because of constraint (7.13). These two nested optimization

problems form a bilevel programming problem, in which (7.11)-(7.13) is the upper-level

problem, and (7.8)-(7.10) is the lower-level problem. This bilevel problem is difficult to

solve since in the upper-level problem we do not have an expression for the constraint

(7.13), and we cannot explicitly write XI,g as a function of C.
For this reason, when considering the optimization of discrete group- and fully-connected

RISs, two problems arise. Firstly, during the offline learning stage, a suitable discrete re-

actance codebook has to be defined for the elements of XI . Secondly, during the online

deployment stage, the discrete values of XI are optimized by choosing among the values of

the fixed codebook. In the following, these two stages are described. The offline learning

stage is performed differently for binary-level (B = 1) and multi-level (B > 1) codebooks

since a lower complexity solution is available when B = 1.

1Note that the received signal power in (7.8)-(7.13) can be replaced by any objective function depending
on the CSI and the RIS scattering matrix. Thus, the proposed codebook design and optimization framework
is general enough to accommodate any objective function, including the metrics typically considered in
multi-user systems, e.g., the sum rate.
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7.2.3 Offline Learning for Binary-Level Codebook

During offline learning, we assume that the codebook design can exploit a training set of

N0 channel realization triplets. Such a training set can be practically collected through a

sampling campaign to be conducted offline. During this offline sampling campaign, channel

realizations are collected and stored with dedicated transceiver devices. The n0th triplet

is denoted as H[n0] = (H
[n0]
RT ,H

[n0]
RI ,H

[n0]
IT ) and includes the channels from transmitter to

receiver, RIS to receiver, and transmitter to RIS, respectively. Thus, the training set is a

set of triplets defined as

H0 =
{
H[1],H[2], . . . ,H[N0]

}
. (7.14)

When the number of resolution bits per reconfigurable reactance is B = 1, the entries

of the reactance matrix XI can assume only the two values in C = {−c1,+c1}, where c1

is a positive real number. Exploiting this special structure of binary-level codebooks, we

can obtain the optimal codebook value c1 and binary-value reactance matrix X̄I for each

channel triplet in the training set by solving the bilevel optimization problem (7.8)-(7.13).

Firstly, problem (7.8)-(7.10) can be solved given a fixed value of c1 through alter-

nating optimization. With this method, each non-zero entry of the reactance matrix is

optimized individually by searching among the two possible values in C, while fixing the

other NI (NG + 1) /2− 1 entries. This procedure is repeated for all the reactance matrix

entries, iterating multiple times until the convergence is reached. In this way, we can

evaluate the optimal XI,g as function of c1 in constraint (7.13). Secondly, the upper-level

problem (7.11)-(7.13) is solvable with one-dimensional pattern search since its objective

can be readily evaluated as a function of c1. We employ pattern search since it is an opti-

mization algorithm that only requires the evaluation of the objective function in a series

of points until the convergence is reached, without using derivatives [88]. Thus, we build

the two sets

C1 =
{
c
[1]
1 , c

[2]
1 , . . . , c

[N0]
1

}
, X̄I =

{
X̄

[1]
I , X̄

[2]
I , . . . , X̄

[N0]
I

}
, (7.15)

where c
[n0]
1 and X̄

[n0]
I are the optimal codebook value c1 and binary-value reactance matrix

X̄I associated to the channel triplet H[n0], respectively.

Given the two sets C1 and X̄I , we design the optimal value for c1, denoted as c⋆1. We

obtain c⋆1 as the value that minimizes the distortion caused in the reactance matrix

c⋆1 = argmin
c1

1

N0

N0∑

n0=1

∥∥∥X̄[n0]
I −XI

∥∥∥
2

F
(7.16)

s.t. XI = diag (XI,1, . . . ,XI,G) , [XI,g]i,j ∈ {−c1,+c1} , ∀g, (7.17)

where (7.16) is a sample average computed over the channel triplets in the training set.

In (7.16), each non-zero squared entry of the matrix X̄
[n0]
I −XI is given by (c

[n0]
1 − c1)

2

because of the symmetry of the codebook. Thus, problem (7.16) can be reformulated as

c⋆1 = argmin
c1

NING

N0

N0∑

n0=1

(
c
[n0]
1 − c1

)2
. (7.18)

98



By setting the derivative of the objective function in (7.18) with respect to c1 to zero, we

obtain

c⋆1 =
1

N0

N0∑

n0=1

c
[n0]
1 . (7.19)

Finally, the binary-value codebook is given by C = {−c⋆1,+c⋆1}.
The complexity of the offline learning for binary-level codebook is driven by the

complexity of solving the bilevel problem (7.8)-(7.13) N0 times to find C1. Since one-

dimensional pattern search requires computing twice the objective function per iteration,

the complexity per iteration is given by O(2N0NI(NG + 1)).

7.2.4 Offline Learning for Multi-Level Codebook

Pattern search can be used to solve the upper-level problem (7.11)-(7.13) only when the

optimization involves a one-dimensional search, that is only when B = 1. When more

resolution bits are considered, pattern search becomes highly sub-optimal since it is likely

to converge to a local maximum in a multi-dimensional search space. For this reason, we

rely on a different method to define multi-level codebooks. The main idea is to learn the

codebook from the distribution of the optimal continuous-value XI which solve (7.4)-(7.6).

More precisely, we find the optimal set of values {c⋆1, . . . , c⋆K}, with K = 2B−1, such that

the distortion on the optimal continuous-value reactance matrix is minimized. The process

leading to the multi-level codebook C = {±c⋆1, . . . ,±c⋆2B−1} is detailed in the following.

We firstly solve (7.4)-(7.6) for each training set triplet by alternatively optimizing XI

and the beamforming vectors g and w. As a result, we construct the set

XI =
{
X

[1]
I ,X

[2]
I , . . . ,X

[N0]
I

}
, (7.20)

where X
[n0]
I is the optimal continuous-value reactance matrix associated to the channel

triplet H[n0]. Given the set XI , the optimal values {c⋆1, . . . , c⋆K} are determined by solving

{c⋆1, . . . , c⋆K} = argmin
{c1,...,cK}

1

N0

N0∑

n0=1

∥∥∥X[n0]
I −XI

∥∥∥
2

F
(7.21)

s.t. XI = diag (XI,1, . . . ,XI,G) , [XI,g]i,j ∈ {±c1, . . . ,±cK} , ∀g.
(7.22)

To simplify problem (7.21), we introduce the vectors x[n0] ∈ R
1×NING containing the non-

zero entries of X
[n0]
I . Then, the N0 vectors x[n0] are concatenated in x0 ∈ R

1×N0NING as

x0 = [x[1], . . . ,x[N0]]. In this way, problem (7.21) becomes

{c⋆1, . . . , c⋆K} = argmin
{c1,...,cK}

1

N0

N0NING∑

n=1

|[x0]n − [xI ]n|2 (7.23)

s.t. [xI ]n ∈ {±c1, . . . ,±cK} , ∀n. (7.24)

where the vector xI ∈ R
1×N0NING has been introduced as an auxiliary variable. Exploiting
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the symmetry of the codebook C, (7.23) can be further reformulated as

{c⋆1, . . . , c⋆K} = argmin
{c1,...,cK}

1

N0

N0NING∑

n=1

||[x0]n| − [xI ]n|2 (7.25)

s.t. [xI ]n ∈ {c1, . . . , cK} , ∀n, (7.26)

which is a K-means clustering problem in a one-dimensional space, with K = 2B−1 [89].

For each data point xn = |[x0]n| we introduce the binary indicator rnk ∈ {0, 1} such that

rnk = 1 if xn is assigned to ck, and rni = 0 otherwise. The resulting K-means clustering

problem is formalized as

{c⋆1, . . . , c⋆K} = argmin
{c1,...,cK}

N0NING∑

n=1

2B−1∑

k=1

rnk |xn − ck|2 (7.27)

To solve (7.27), we iteratively optimize the sets {rnk|n = 1, . . . , N0NING, k = 1, . . . ,K}
and {c1, . . . , cK}. Firstly, when the values {c1, . . . , cK} are fixed, we set {rnk} by assigning

the nth data point xn to the closest cluster, i.e.,

rnk =




1 if k = argminj |xn − cj |2

0 otherwise
, (7.28)

for n = 1, . . . , N0NING and k = 1, . . . ,K. Secondly, when {rnk} are fixed, the cluster

centers {c1, . . . , cK} are updated. This can be done in close form by setting the derivative

of the objective function in (7.27) with respect to ck to zero

ck =

∑
n rnkxn∑
n rnk

, (7.29)

for k = 1, . . . ,K. The two steps of assigning data points to clusters and updating the

cluster centers are repeated alternatively until there is no further change in the cluster

assignment. Finally, the multi-value codebook is given by C = {±c⋆1, . . . ,±c⋆2B−1}.
The complexity of the offline learning for multi-level codebook is given byO(N0(NI(NG+

1)/2)2+N0NING2
B−1), where the first term is due to solving (7.4)-(7.6) N0 times to find

XI , and the second term is due to the K-means clustering algorithm used to solve (7.27).

7.2.5 Online Deployment

Once the codebook has been learned offline, the discrete XI entries are optimized dur-

ing the online deployment stage. This is achieved by solving (7.8)-(7.10) depending on

the instantaneous CSI HRT , HRI , and HIT and on the designed codebook C. To solve

this problem, an exhaustive search could be employed since each reactance matrix entry

can assume a finite number of values. However, to reduce the search space, we employ

an alternating optimization method. In this sub-optimal method, each non-zero entry of

the reactance matrix is optimized individually by searching among all possible 2B val-

ues, while fixing the other NI (NG + 1) /2 − 1 entries. This procedure is repeated for all

NI (NG + 1) /2 reactance matrix entries, iterating multiple times until the convergence
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Algorithm 6 Scalar-Discrete RISs Design

Input: B, H0, HRT , HRI , HIT , NG.

Output: C, XI .

Offline Learning

1: if B == 1 then

2: Calculate C1 by the bilevel problem (7.8)-(7.13).

3: Calculate c⋆1 by (7.19).

4: C ← {−c⋆1,+c⋆1}.
5: else

6: Calculate XI by (7.4)-(7.6).

7: Calculate {c⋆1, . . . , c⋆K} by iteratively solving (7.27), with K = 2B−1.

8: C ← {±c⋆1, . . . ,±c⋆K}.
9: end if

Online Deployment

10: Initialize XI,g = 0, ∀g.
11: while no convergence of objective (7.8) do

12: for g ← 1 to G do

13: for i← 1 to NG do

14: for j ← i to NG do

15: Update [XI,g]i,j ∈ C by searching among the 2B possible values.

16: [XI,g]j,i ← [XI,g]i,j .

17: end for

18: end for

19: end for

20: end while

is reached. The convergence is considered reached when the fractional increase of the

objective value in a full iteration is below a certain parameter ϵ. The convergence is

guaranteed by the following two facts. First, at each iteration, the objective function

∥HRT +HRIΘHIT ∥2 is non-decreasing. This holds since each reactance matrix entry is

optimized by exhaustively searching among the possible values in the codebook C. Second,
the objective function is bounded from above by (∥HRT ∥ + ∥HRI∥∥HIT ∥)2. The design

of scalar-discrete RISs is summarized in Alg. 6, which solves the problem (7.8)-(7.13).

Note that we assume that the statistical properties of the channels are unchanged

during the offline learning and online deployment stages. This is necessary since we ap-

proximate the expectation of the received signal power with its sample average, computed

over the training set. However, numerical simulations showed that learning the codebook

based on outdated channel statistics only slightly degrades the performance. Besides,

perfect instantaneous CSI is assumed during the online deployment stage, which can be

obtained with the semi-passive channel estimation strategy proposed in [13].

7.2.6 Scaling Law

To analyze the optimality of the codebook in (7.7), we characterize the scaling law of the

received signal power as a function of the number of RIS elements NI , when C is used to
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discretize the reactance matrix. Note that this analysis is necessary since the scaling law

of the proposed discrete RIS architectures is not known and not straightforward given the

novel constraints of BD-RISs. To obtain fundamental insights, we consider a SISO system,

i.e., NT = 1 and NR = 1. Furthermore, the direct link hRT is negligible in comparison

with the reflected signal power for asymptotically large NI . Considering unitary transmit

power, the received signal power is given by PR = |hRIΘhIT |2, where Θ is obtained

by discretizing the reactance matrix XI . Such a scaling law is given in the following

proposition.

Proposition 8. Assume i.i.d. Rayleigh fading channels, i.e., hRI ∼ CN (0, I) and hIT ∼
CN (0, I). A group-connected RIS whose reactance matrix entries are chosen from C can

achieve an average received signal power in the order of O
(
N2
I

)
as NI increases, even with

one resolution bit per each reactance.

Proof. Let us consider the worst case B = 1, and assume that the matrix block XI,g can

only assume two values XI,g = ±c1ones (NG). Note that proving Proposition 1 for the

case C = {±c1} also establishes its validity for all codebooks C = {±c1,±c2, . . . ,±c2B−1}.
Through eigenmode decomposition, we write XI,g = VgΛgV

T
g , where Λg = diag (λg) is

diagonal containing the eigenvalues of XI,g and Vg is orthonormal. Among the eigenvalues

of XI,g, only [λg]1 is non zero since XI,g is rank one. By applying (2.4), the scattering

matrix Θg can be expressed as Θg = VgDgV
T
g , where Dg = diag (dg) is a diagonal

matrix with [dg]nG =
j[λg ]nG−Z0

j[λg ]nG+Z0
. According to [16], the average received signal power for

group-connected RISs is written as

E [PR] = E




∣∣∣∣∣∣

G∑

g=1

hRI,gΘghIT,g

∣∣∣∣∣∣

2
 = E




∣∣∣∣∣∣

G∑

g=1

NG∑

nG=1

[
h̄RI,g

]
nG

[dg]nG

[
h̄IT,g

]
nG

∣∣∣∣∣∣

2
 , (7.30)

where we considered Θg = VgDgV
T
g and introduced h̄RI,g = hRI,gVg and h̄IT,g =

VT
g hIT,g. Recalling that [dg]nG = −1 if nG ≥ 2, we have

E [PR] = E




∣∣∣∣∣∣




G∑

g=1

[
h̄RI,g

]
1
[dg]1

[
h̄IT,g

]
1


−




G∑

g=1

NG∑

nG=2

[
h̄RI,g

]
nG

[
h̄IT,g

]
nG




∣∣∣∣∣∣

2
 (7.31)

> E




∣∣∣∣∣∣

G∑

g=1

[
h̄RI,g

]
1
[dg]1

[
h̄IT,g

]
1

∣∣∣∣∣∣

2
 (7.32)

= E




∣∣∣∣∣∣

G∑

g=1

∣∣[h̄RI,g
]
1

∣∣ ∣∣[h̄IT,g
]
1

∣∣ ej[arg([dg ]1)−θ⋆g ]
∣∣∣∣∣∣

2
 , (7.33)

where we introduced θ⋆g = −arg
(
[h̄RI,g]1

)
−arg

(
[h̄IT,g]1

)
. We denote as θ1 = arg

(
j[λ+

g ]1−Z0

j[λ+
g ]1+Z0

)
∈

(0, π), where [λ+
g ]1 is the non zero eigenvalue of X+

I,g = +c1ones (NG). Thus, we have

−θ1 = arg
(
j[λ−

g ]1−Z0

j[λ−
g ]1+Z0

)
∈ (−π, 0), where [λ−

g ]1 = −[λ+
g ]1 is the non zero eigenvalue

of X−
I,g = −c1ones (NG). We consider a quantization approach giving arg ([dg]1) = θ1

if θ⋆g ∈ [0, π), or arg ([dg]1) = −θ1 otherwise. The quantization error is denoted as
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θ̄g = arg ([dg]1)− θ⋆g . Thus, (7.33) can be rewritten as

E [PR] > E

[
G∑

g=1

∣∣[h̄RI,g
]
1

∣∣2 ∣∣[h̄IT,g
]
1

∣∣2

+
∑

g ̸=f

∣∣[h̄RI,g
]
1

∣∣ ∣∣[h̄IT,g
]
1

∣∣ ∣∣[h̄RI,f
]
1

∣∣ ∣∣[h̄IT,f
]
1

∣∣ ejθ̄g−jθ̄f
]
. (7.34)

Noting that
∣∣[h̄RI,g]1

∣∣,
∣∣[h̄IT,g]1

∣∣, and ejθ̄g are independent with each other, with E
[∣∣[h̄RI,g]1

∣∣2
]
=

1, E
[∣∣[h̄RI,g]1

∣∣] = √π/2, and E
[
ejθ̄g

]
= E

[
e−jθ̄g

]
= 2

π sin (θ1), we have

E [PR] > G+G (G− 1)

(√
π

2

)4(
2

π
sin (θ1)

)2

> N2
I

(
sin (θ1)

2N2
G

)2

. (7.35)

Since sin (θ1) > 0, (7.35) proves that C can achieve an average received signal power growth

of O
(
N2
I

)
as NI increases.

According to Proposition 8, the entries of an RIS reactance matrix can be chosen from

a codebook C with no degradation in the received signal power growth. This justifies the

use of a symmetric codebook for our discrete-value design strategy.

7.3 Vector-Discrete Group-/Fully-Connected RIS

In this section, we propose a second discretization strategy based on vector quantization.

To realize vector-discrete RISs, we assign BV resolution bits to each reactance matrix

block XI,g. Thus, we introduce the codebook CV as a set of vectors

CV = {c1, c2, . . . , c2BV } . (7.36)

where ck ∈ R
NG(NG+1)

2 , for k = 1, . . . , 2BV . Here, ck is a possible value that the upper

triangular part of each block XI,g can assume.

7.3.1 Offline Learning

Similarly to the scalar discretization case, CV can be obtained with K-means clustering

through an offline learning phase, with the difference that a multi-dimensional feature

space with dimension NG (NG + 1) /2 is now considered, and K = 2BV . To construct

the codebook CV , let us consider the set XI containing the optimal reactance matrices

associated with the N0 training channel triplets. To formalize the K-means clustering

problem, we introduce the matrices X[n0] ∈ R
NG(NG+1)/2×G containing in their gth column

the entries of the upper triangular part of X
[n0]
I,g , for g = 1, . . . , G. Then, the N0 matrices

X[n0] are concatenated in X0 ∈ R
NG(NG+1)/2×N0G as X0 = [X[1], . . . ,X[N0]]. In this way,

the resulting K-means clustering problem writes as

{c⋆1, . . . , c⋆K} = argmin
{c1,...,cK}

N0G∑

n=1

2BV∑

k=1

rnk |xn − ck|2 , (7.37)
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where the nth data point xn ∈ R
NG(NG+1)/2×1 is the nth column of the matrix X0.

Remarkably, (7.37) is in the form of a K-means clustering problem. Thus, we solve (7.37)

by alternatively optimizing the sets {rnk} and {c1, . . . , cK}, as described in the following.

Firstly, with fixed {c1, . . . , cK} are fixed, we set {rnk} by assigning the nth data point xn

to the closest cluster center ck, yielding

rnk =




1 if k = argminj ∥xn − cj∥2

0 otherwise
, (7.38)

for n = 1, . . . , N0G and k = 1, . . . ,K. Secondly, with fixed {rnk}, the cluster centers

{c1, . . . , cK} are optimally updated in closed-form as

ck =

∑
n rnkxn∑
n rnk

, (7.39)

for k = 1, . . . ,K. These two steps are alternatively repeated until convergence. Finally,

the vector-quantization codebook is given by CV = {c⋆1, . . . , c⋆K}.
The complexity of the offline learning for vector-discrete group- and fully-connected

RISs is given by O(N0(NI(NG + 1)/2)2 + N0NI(NG + 1)2BV −1), where the first term is

due to solving (7.4)-(7.6) N0 times to find XI , and the second term is due to the K-means

clustering algorithm used to solve (7.37).

7.3.2 Online Deployment

Once the codebook has been learned offline, the online optimization problem is given by

max
XI,g

∥HRT +HRIΘHIT ∥2 (7.40)

s.t. Θ = diag (Θ1, . . . ,ΘG) , (7.41)

Θg = (jXI,g + Z0I)
−1 (jXI,g − Z0I) , XI,g = XT

I,g, ∀g, (7.42)

XI,g ∈
{
c⋆1, . . . , c

⋆
2BV

}
, ∀g. (7.43)

Alternating optimization is the selected strategy to solve this problem, in which the G

blocks XI,g are iteratively optimized by searching among their possible 2BV values con-

tained in CV . The convergence of this iterative process can be proved as done for scalar-

discrete RISs in Section III E. The proposed design of vector-discrete RISs is summarized

in Alg. 7, where problem (7.37) is solved offline to design the codebook while (7.40)-(7.43)

is solved online to optimize the RIS reactance matrix.

The cost of vector-discrete RISs relies on their optimization complexity. For example,

if B bits are allocated to each reactance element, the number of clusters needed to quantize

a vector of NG (NG + 1) /2 elements is k = 2B
NG(NG+1)

2 , growing exponentially with the

square of NG. Consequently, the number of search times in a complete iteration of the

alternating optimization algorithm becomes G2B
NG(NG+1)

2 . However, this discretization

strategy based on vector quantization brings two benefits. First, for the same number of

total resolution bits, vector quantization is inherently more efficient than scalar quanti-
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Algorithm 7 Vector-Discrete RISs Design

Input: BV , H0, HRT , HRI , HIT , NG.

Output: C, XI .

Offline Learning

1: Calculate XI by (7.4)-(7.6).

2: Calculate {c⋆1, . . . , c⋆K} by iteratively solving (7.37), with K = 2BV .

3: C ← {c⋆1, c⋆2, . . . , c⋆K}.
Online Deployment

4: Initialize XI,g = 0, ∀g.
5: while no convergence of objective (7.40) do

6: for g ← 1 to G do

7: Update XI,g ∈ CV by searching among the 2BV possible values.

8: end for

9: end while

zation. Second, the number of total resolution bits can be chosen with more degrees of

freedom, since it is no longer limited to B bits for each reactance element.

7.4 Performance Evaluation

In this section, we evaluate the performance of an RIS-aided MIMO system with different

discrete RIS configurations, each characterized by its number of elements NI , number of

resolution bits, and group size NG. The performance is measured in terms of received

signal power, given by PR = PT ∥HRT +HRIΘHIT ∥2.
Let us consider a three-dimensional coordinate system (x, y, z), in which the z-axis

represents the height above the ground in meters (m). The transmitter, the RIS, and

the receiver are ULAs composed of NT , NI , and NR antennas, respectively, with half

wavelength antenna spacing2. We set NT = 4 and NR = 2, while considering several

values of NI as specified in the following. The transmitter is located at (5,−250, 25) and
its antennas are arranged along the x-axis. The RIS is located at (0, 0, 5) and its antennas

are arranged along the y-axis. Finally, the receiver is located at (5, 5, 1.5) with random

orientation. The path loss is modeled as Lij(dij) = L0d
−αij
ij , where L0 is the path loss at

distance 1 m, dij is the distance, and αij is the path loss exponent for ij ∈ {RT,RI, IT}.
We set L0 = −30 dB, αRT = 4, αRI = 2.8, αIT = 2, and PT = 10 W.

We analyze two scenarios with different small-scale fading effects: i.i.d. Rayleigh

fading and correlated fading. In the former scenario, the small-scale fading of all channels

is assumed to be i.i.d. Rayleigh distributed. Thus, we have HRT ∼ CN (0, LRT I), HRI ∼
CN (0, LRII) and HIT ∼ CN (0, LIT I). In the latter scenario, we generate the small-

scale effects with QuaDRiGa version 2.4, a Matlab based statistical ray-tracing channel

simulator [90]. An urban macrocell propagation environment is simulated, with LoS in

the transmitter-RIS link, and with NLoS in the transmitter-receiver and RIS-receiver

links. The channel models “3GPP 38.901 UMa LOS” and “3GPP 38.901 UMa NLOS”

2Our discrete design for BD-RIS is valid for any RIS array shape.
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Group size 4 - i.i.d. Rayleigh fading
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Group size 8 - i.i.d. Rayleigh fading
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Fully-conn. - i.i.d. Rayleigh fading
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Figure 7.1: Average received signal power versus the number of RIS elements for different
values of group size.

have been used to simulate the LoS and NLoS channels, respectively. The ULAs at the

transmitter, the RIS, and the receiver are modeled as “3gpp-3d” array and the carrier

frequency is set to fc = 2.5 GHz.

For both scenarios, offline learning stages have been carried out to define the optimal

codebooks. We employ a training setH0 composed of N0 = 100 channel realization triplets

for scalar-discrete RISs, and N0 = 500 triplets for vector-discrete RISs. These values of

N0 have been set such that in the K-means clustering problems involved in Alg. 6 and

Alg. 7, the number of training samples is always higher than the number of clusters. In the

alternating optimizations, convergence is considered reached when the fractional increase

of the objective value is below ϵ = 10−3. Finally, the average received signal power has

been computed for each RIS configuration using the Monte Carlo method.

Before comparing discrete-value group- and fully-connected RISs with discrete-value

single-connected RISs, we briefly review how single-connected RISs have been discretized

in the literature. In single-connected RISs, Θ is completely described by the phase shifts

θnI . The phase shifts have been typically discretized uniformly in [0, 2π). By assigning B

resolution bits per phase shift, they are chosen in the codebook

CSingle =
{
0, δ, . . . ,

(
2B − 1

)
δ
}
, (7.44)

where δ = 2π
2B

is the quantization step. Thus, the received signal power maximization

problem is formulated in the discrete case as

max
θnI

∥HRT +HRIΘHIT ∥2 (7.45)

s.t. Θ = diag
(
ejθ1 , . . . , ejθNI

)
, θnI ∈

{
0, δ, . . . ,

(
2B − 1

)
δ
}
, ∀nI . (7.46)

To solve this problem, we employ the widely adopted alternating optimization method [38].

In this method, each of the NI phase shifts is optimized individually by searching among

all the possible 2B values, while fixing the other NI − 1 phase shifts. This procedure is

repeated for all NI phase shifts, iterating multiple times until the convergence is reached,
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Figure 7.2: Average received signal power versus the group size, with NI = 64.

i.e., until the fractional increase of the objective value is below a certain parameter ϵ.

We first evaluate the received signal power in the case of scalar-discrete RISs. In

Fig. 7.1, we show the received signal power when group-connected (with group size NG ∈
{2, 4, 8}) and fully-connected RISs are used in the presence of i.i.d. Rayleigh fading chan-

nels and correlated channels. The performance of scalar-discrete RISs is compared with the

performance of continuous-value RISs, optimized by solving (7.4)-(7.6). We observe that

the higher the group size, the fewer resolution bits are necessary to reach the performance

of continuous-value RISs. The rationale behind this behavior is given by the necessary and

sufficient condition for Θ to achieve the maximum PR with no direct link. By extending

the analysis in [16] to MIMO settings, it is possible to prove that this condition is given

by

uRI,g = ΘguIT,g, ∀g, (7.47)

where uRI = [uRI,1,uRI,2, . . . ,uRI,G] with uRI,g ∈ C
NG×1, and uIT = [uIT,1,uIT,2, . . . ,uIT,G]

T

with uIT,g ∈ C
NG×1, are the dominant left singular vectors of HH

RI and HIT , respectively
3.

This condition consists of an underdetermined system of NI equations in NI (NG + 1) /2

unknowns. Thus, a higher group size NG implies more degrees of freedom, and fewer

resolution bits are required to satisfy it. In particular, in the fully-connected architecture,

a single resolution bit is sufficient to obtain approximately the same performance as the

optimized continuous-value RISs.

We now compare the performance obtained with different group sizes when the num-

ber of RIS elements NI is fixed. To this end, we optimize RISs with NI = 64 elements

considering all the possible group sizes, spanning from the single-connected architecture

(NG = 1) to the fully-connected (NG = 64). In Fig. 7.2, the upper bound of the received

signal power is reported together with the power maximized with different resolutions.

We notice that the received signal power increases with the group size for every B con-

3Condition (7.47) is derived by considering PR ≤ PT max
∥x∥=1

∥HRI∥2 ∥ΘHITx∥2 ≤

PT max
∥x∥=1

∥HRI∥2 ∥ΘHIT ∥2 ∥x∥2. Note that the equality holds in the two inequalities when uRI is

equal to the dominant left singular vector of ΘHIT , i.e., ΘuIT , which is equivalent to (7.47) in the case
of block diagonal Θ.
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Figure 7.3: Average received signal power versus the number of RIS elements in the scalar-
discrete and vector-discrete group-connected architectures, with NG = 2.

0 8 16 24 32 40 48 56 64

Number of RIS elements

0

0.5

1

1.5

R
e
c
e
iv

e
d
 s

ig
n
a
l 
p
o
w

e
r 

[n
W

]

i.i.d. Rayleigh fading

Group size 8, B
V

 = 8

Group size 4, B
V

 = 4

Group size 2, B
V

 = 2

Single-connected, B = 1

0 8 16 24 32 40 48 56 64

Number of RIS elements

0

1

2

3

4

5
R

e
c
e

iv
e

d
 s

ig
n

a
l 
p

o
w

e
r 

[n
W

]

Correlated fading

Group size 8, B
V

 = 8

Group size 4, B
V

 = 4

Group size 2, B
V

 = 2

Single-connected, B = 1

Figure 7.4: Average received signal power versus the number of RIS elements for different
group sizes, with NI total resolution bits.

sidered. Furthermore, the performance of discrete-value RISs with B = 1 approaches the

performance of continuous-value RISs as the group size increases, converging to it in the

fully-connected architecture.

Let us analyze the performance of vector-discrete RISs, in comparison with scalar-

discrete RISs. To this end, we set the number of resolution bits assigned to each block

XI,g to BV = BNG(NG+1)
2 . This is equivalent, in terms of total bits employed, to assign-

ing B bits to each reactance element, allowing a comparison between scalar-discrete and

vector-discrete RISs. Fig. 7.3 shows the performance achieved by vector-discrete group-

connected RISs with group size NG = 2, when the number of resolution bits considered

is BV ∈ {3, 6, 9}. In terms of total resolution bits employed, BV ∈ {3, 6, 9} bits per

impedance network block are equivalent to B ∈ {1, 2, 3} bits per impedance element, re-

spectively. Thus, for the sake of comparison, we report in Fig. 7.3 also the performance

of scalar-discrete group-connected RISs with B ∈ {1, 2, 3}. We notice that vector dis-

cretization brings a significant performance improvement over scalar discretization. In

particular, BV = 9 resolution bits per impedance network block are sufficient to approach
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Figure 7.5: Optimization computational complexity versus the number of RIS elements.
The quasi-Newton method “QN” is compared with alternating optimization for scalar-
discrete RISs (on the left) and vector-discrete RISs (on the right).

the performance of continuous-value RISs. However, B = 3 resolution bits per impedance

element are not sufficient to reach the performance of continuous-value RISs when scalar

discretization is considered.

We now compare the performance of RISs with different group sizes when the same

number of total bits is employed. To this end, we fix the number of total bits used to

NI , which are required by the single-connected architecture with B = 1. To use NI total

bits, the feature space having NG (NG + 1) /2 dimensions is quantized with BV = NG

resolution bits. Fig. 7.4 shows the received signal power achieved with different values of

group size. Here, we can notice that higher group sizes achieve better performance than

lower group sizes. This is due to the optimality condition (7.47), which has more degrees

of freedom as the group size increases. Thus, it can be more easily satisfied when higher

group sizes are considered.

To conclude our discussion, we compare continuous-value RISs with discrete-value

RISs in terms of optimization computational complexity. On the one hand, when the

quasi-Newton method is used to optimize the continuous values of XI , the computational

complexity of each iteration is O((NI(NG + 1)/2)2) [16]. On the other hand, when alter-

nating optimization is used to optimize the discrete values of XI , we distinguish two cases,

namely scalar-discrete RISs and vector-discrete RISs. In the case of scalar-discrete RISs,

the total number of search times in a complete iteration of the alternating optimization

algorithm is GNG(NG+1)
2 2B in group-connected architectures. This number boils down to

NI2
B in single-connected and to NI(NI+1)

2 2B in fully-connected architectures. Instead, in

the case of vector-discrete RISs, the number of search times per iteration becomes NI
NG

2BV .

The values of these computational complexities are reported in Fig. 7.5. In the case of

scalar-discrete RISs, we observe that our RIS design strategy based on discrete-value

impedance networks is beneficial also in terms of optimization computational complexity.

Even with B = 4, the complexity is far less than the complexity of the quasi-Newton

method for medium-high numbers of RIS elements.
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7.5 Conclusion

We propose a novel BD-RIS design based on discrete-value group- and fully-connected

architectures. Our strategy is composed of two stages. Firstly, through the offline learn-

ing stage, we build the codebook containing the possible values for the reconfigurable

impedances. Secondly, during the online deployment stage, we optimize the reconfig-

urable impedances with alternating optimization on the basis of the designed codebook.

Two different approaches are developed, namely scalar-discrete and vector-discrete RISs,

based on scalar and vector quantization, respectively. Vector-discrete RISs achieve higher

performance than scalar-discrete RISs at the cost of increased optimization computa-

tional complexity. Numerical results show that a single resolution bit per reconfigurable

impedance is sufficient to achieve optimality in fully-connected RISs. In a practical sce-

nario, this simplifies significantly the hardware complexity of the fully-connected RIS.
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Chapter 8

BD-RIS With Imperfect Matching

and Mutual Coupling

While most of the research on conventional RIS and BD-RIS has primarily focused on

system-level RIS optimization and on RIS architecture development, only a few works

have been devoted to model and analyze RIS-aided communication systems accounting

for the EM properties of the RIS [91]. With a focus on RIS modeled as an antenna array

connected to a reconfigurable impedance network, three equivalent analyses are available

to show the role of an RIS in wireless networks from different perspectives. First, in [16],

an RIS-aided communication model has been derived using multiport network analysis

based on scattering parameters. Second, in [92], another RIS-aided communication model

has been developed by using the impedance parameters. Interestingly, it has been shown in

[93] that the scattering parameters analysis of [16] and the impedance parameters analysis

of [92] lead to the same conclusion under the assumptions of perfect matching and no

mutual coupling. Third, another equivalent analysis based on admittance parameters

has been proposed in [80] to model BD-RIS with sparse interconnections among the RIS

elements. However, there is currently no universal framework for modeling RIS-aided

systems according to impedance, admittance, and scattering parameters and clarifying

the meaning of the different components in each model. Such a universal framework

would improve our understanding of the different EM-compliant models for RIS-aided

systems, and would provide additional tools to perform system level RIS optimization.

Furthermore, it would enable a thorough analysis of the impact of each approximation

and assumption necessary to simplify existing RIS-aided communication models based on

the different parameters.

Motivated by the above considerations, in this chapter, we depart from existing works

on EM-compliant RIS-aided communication modeling [16, 92, 93] and derive a universal

framework to analyze RIS-aided communication systems. This universal framework can

be used to carry out a rigorous multiport network analysis of RIS-aided communication

systems based on impedance, admittance, and scattering parameters, also denoted as Z-,

Y -, and S-parameters, respectively. As a result of these analyses, we can derive three

RIS-aided communication models accounting for mutual coupling effects and impedance

mismatching at the transmitter, RIS, and receiver. Our universal framework shows the
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equivalence between channel models based on Z-, Y -, and S-parameters also under differ-

ent assumptions and approximations. This is achieved by providing the mappings between

the terms of the models based on the three different parameters. The contributions of this

chapter are summarized as follows.

First, we propose a universal framework to derive the communication model of an

RIS-aided system. We exploit the proposed universal framework to analyze RIS-aided

communication systems based on the Z-, Y -, and S-parameters. Through these three in-

dependent analyses, we first derive three general channel models, accounting for the effects

of impedance mismatching and mutual coupling at the transmitter, RIS, and receiver.

Second, since it is difficult to interpret the derived general channel models, we approxi-

mate them by considering the so-called unilateral approximation, applicable in the case of

large transmission distances1. Interestingly, the derived simplified models have tractable

expressions yet capture the effect of impedance mismatching and mutual coupling.

Third, we further simplify the channel models to get engineering insights into the role

of the RIS by assuming that all the antennas are perfectly matched and there is no mutual

coupling. We show that these models are consistent with the model widely accepted in

related literature, although an additional approximation is commonly considered in the

literature. We numerically quantify the impact of such an approximation and show that

it vanishes as the number of RIS elements increases.

Fourth, we characterize conventional RIS and BD-RIS architectures by using Z-, Y -,

and S-parameters. Since the three descriptions are equivalent, we discuss how to select the

most suitable parameters to describe the RIS architecture according to the needs. While

Z- and S-parameters have been widely used to characterize conventional RIS with and

without mutual coupling, respectively, we show that Y -parameters are particularly useful

for BD-RIS. In addition, we illustrate the advantages of the three parameters in optimiz-

ing conventional RIS and BD-RIS in different scenarios by studying three optimization

problems.

Organization: In Section 8.1, we provide the multiport network analysis. In Sec-

tion 8.2, we derive the general RIS-aided communication models based on Z-, Y -, and

S-parameters. In Section 8.3, we simplify the derived models by using the unilateral ap-

proximation. In Section 8.4, we further simplify the models assuming perfect matching and

no mutual coupling, and compare them with the widely used RIS-aided channel model.

In Section 8.5, we discuss the advantages of using the different parameters in characteriz-

ing and optimizing an RIS. In Section 8.6, we evaluate the performance of an RIS-aided

system obtained by solving the presented case studies. Finally, Section 8.7 concludes this

chapter.

The content of this chapter has appeared in [95].

1The unilateral approximation consists in setting to zero the feedback channel between a transmitter
and a receiver, i.e., the channel from the receiver to the transmitter, and holds when the electrical properties
at the transmitter are independent of the electrical properties at the receiver [94].
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Figure 8.1: Multiport model of an RIS-aided communication system.

8.1 Multiport Network Analysis

We consider a MIMO communication system aided by an RIS, where there areNT antennas

at the transmitter, NR antennas at the receiver, andNI antennas at the RIS, as represented

in Fig. 8.1. As in [16], we model the wireless channel as an N -port network, with N =

NT +NI +NR. According to the multiport network analysis [74, Chapter 4], this N -port

network can be characterized by using its impedance, admittance, or scattering matrix,

as described in the following.

8.1.1 Modeling Based on the Impedance Parameters

The N -port network modeling the wireless channel can be characterized by its impedance

matrix Z ∈ C
N×N , such that

v = Zi, (8.1)

where v ∈ C
N×1 and i ∈ C

N×1 are the voltages and currents at the N ports, respectively.

We can partition v, i, and Z as

v =




vT

vI

vR


 , i =




iT

iI

iR


 , Z =




ZTT ZTI ZTR

ZIT ZII ZIR

ZRT ZRI ZRR


 , (8.2)

where vi ∈ C
Ni×1 and ii ∈ C

Ni×1 for i ∈ {T, I, R} refer to the voltages and currents at the

antennas of the transmitter, RIS, and receiver, respectively. Accordingly, ZTT ∈ C
NT×NT ,

ZII ∈ C
NI×NI , and ZRR ∈ C

NR×NR refer to the impedance matrices of the antenna arrays

at the transmitter, RIS, and receiver, respectively. The diagonal entries of ZTT , ZII , and

ZRR refer to the antenna self-impedance while the off-diagonal entries refer to antenna
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mutual coupling. ZRT ∈ C
NR×NT , ZIT ∈ C

NI×NT , and ZRI ∈ C
NR×NI refer to the

transmission impedance matrices from the transmitter to receiver, from the transmitter

to the RIS, and from the RIS to the receiver, respectively.

At the transmitter, the nT th antenna is connected in series with a source voltage vs,nT

and a source impedance ZT,nT , for nT = 1, . . . , NT . Therefore, vT and iT are related by

vT = vs,T − ZT iT , (8.3)

where vs,T = [vs,1, vs,2, . . . , vs,NT ]
T ∈ C

NT×1 refers to the source voltage vector and ZT ∈
C
NT×NT is a diagonal matrix given by ZT = diag(ZT,1, ZT,2, . . . , ZT,NT ). At the RIS, the

NI antennas are connected to an NI -port reconfigurable impedance network and vI is

related to iI by

vI = −ZI iI , (8.4)

where ZI ∈ C
NI×NI is the impedance matrix of the NI -port reconfigurable impedance

network. At the receiver, the nRth antenna is connected in series with a load impedance

ZR,nR , for nR = 1, . . . , NR. Therefore, vR and iR are related by

vR = −ZRiR, (8.5)

where ZR ∈ C
NR×NR is a diagonal matrix given by ZR = diag(ZR,1, ZR,2, . . . , ZR,NR).

8.1.2 Modeling Based on the Admittance Parameters

The wireless channel can also be characterized by its admittance matrix Y ∈ C
N×N , with

Y = Z−1, such that

i = Yv. (8.6)

Similar to Z, also Y can be partitioned as

Y =




YTT YTI YTR

YIT YII YIR

YRT YRI YRR


 , (8.7)

where Yij ∈ C
Ni×Nj for i, j ∈ {T, I, R}.

At the transmitter, vT and iT are related by

iT = is,T −YTvT , (8.8)

where is,T ∈ C
NT×1 refers to the source current vector and YT ∈ C

NT×NT is a diagonal

matrix given by YT = Z−1
T . At the RIS, vI and iI are related by

iI = −YIvI , (8.9)

where YI ∈ C
NI×NI is the admittance matrix of the NI -port reconfigurable impedance
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network, given by YI = Z−1
I . At the receiver, vR and iR are related by

iR = −YRvR, (8.10)

where YR ∈ C
NR×NR is diagonal given by YR = Z−1

R .

8.1.3 Modeling Based on the Scattering Parameters

Finally, the wireless channel can be characterized by its scattering matrix S ∈ C
N×N , so

that we have

b = Sa, (8.11)

where a ∈ C
N×1 and b ∈ C

N×1 are the incident and reflected waves at the ports, respec-

tively. We partition a, b, and S as

a =




aT

aI

aR


 , b =




bT

bI

bR


 , S =




STT STI STR

SIT SII SIR

SRT SRI SRR


 , (8.12)

where ai ∈ C
Ni×1 and bi ∈ C

Ni×1 for i ∈ {T, I, R} refer to the incident and reflected waves

at the antennas of the transmitter, RIS, and receiver, respectively, and Sij ∈ C
Ni×Nj for

i, j ∈ {T, I, R}. Remarkably, according to [74, Chapter 4], the vectors v and i are related

to a and b though

v = a+ b, i =
a− b

Z0
= Y0 (a− b) , (8.13)

respectively, where Z0 is the characteristic impedance used to compute the S-parameters,

typically set as Z0 = 50 Ω, and Y0 = 1/Z0 is the characteristic admittance. In addition,

the matrix S can be expressed as a function of Z as

S = (Z+ Z0I)
−1 (Z− Z0I) . (8.14)

At the transmitter, aT and bT are related by

aT = bs,T + ΓTbT , (8.15)

where bs,T ∈ C
NT×1 refers to the source wave vector and ΓT ∈ C

NT×NT is diagonal with

its (nT , nT )th element being the reflection coefficient of the nT th source impedance, i.e.,

ΓT = (ZT + Z0I)
−1 (ZT − Z0I) . (8.16)

At the RIS, aI and bI are related by

aI = ΘbI , (8.17)

where Θ ∈ C
NI×NI denotes the scattering matrix of the NI -port reconfigurable impedance

network, written as

Θ = (ZI + Z0I)
−1 (ZI − Z0I) . (8.18)
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At the receiver, aR and bR are related by

aR = ΓRbR, (8.19)

where ΓR ∈ C
NR×NR is diagonal with its (nR, nR)th element being the reflection coefficient

of the nRth load, i.e.,

ΓR = (ZR + Z0I)
−1 (ZR − Z0I) . (8.20)

8.2 General RIS-Aided Communication Model

We have characterized the relationships between the electrical properties at the transmit-

ter, RIS, and receiver of an RIS-aided communication system. In this section, we determine

the channel H ∈ C
NR×NT relating the voltage vector at the transmitter (transmitted sig-

nal) vT and the voltage vector at the receiver (received signal) vR through vR = HvT .

To this end, we introduce a universal framework enabling three equivalent analyses, based

on Z-, Y -, and S-parameters.

8.2.1 Universal Framework

Consider the following mathematical problem. Given two variable vectors x ∈ C
N×1 and

y ∈ C
N×1, and a constant matrix A ∈ C

N×N , respectively partitioned as

x =




x1

x2

x3


 , y =




y1

y2

y3


 , A =




A11 A12 A13

A21 A22 A23

A31 A32 A33


 , (8.21)

where xi ∈ C
Ni×1, yi ∈ C

Ni×1, Aij ∈ C
Ni×Nj for i, j ∈ {1, 2, 3}, and N1 +N2 +N3 = N ,

our goal is to solve 



y = Ax,

x1 = c1 +A1y1,

x2 = A2y2,

x3 = A3y3,

(8.22)

where c1 ∈ C
N1×1 and Ai ∈ C

Ni×Ni for i ∈ {1, 2, 3} are constant. In other words, we

want to characterize the two variable vectors x and y as functions of the constants A,

c1, A1, A2, and A3. Remarkably, system (8.22) provides a universal framework that

can be used to describe the equations of the multiport network analysis based on Z-, Y -,

and S-parameters. In Tab. 8.1, we report the relationship between the variables in this

framework and the quantities in the three different parameters introduced in Section 8.1.

To solve system (8.22), we rewrite it in a compact form




y = Ax,

x = c+Ay,
(8.23)

116



Table 8.1: Relationship between the universal framework and the three parameters.

Framework Z-parameters Y -parameters S-parameters

x v i a

y i v b

A Z−1 Y−1 S

c1 vs,T is,T bs,T

A1 −ZT −YT ΓT

A2 −ZI −YI Θ

A3 −ZR −YR ΓR

where we introduce c ∈ C
N×1 and A ∈ C

N×N as

c =




c1

0

0


 , A =




A1 0 0

0 A2 0

0 0 A3


 . (8.24)

System (8.23) can be solved by noting that

x = c+AAx, (8.25)

gives

x =
(
I−AA

)−1
c. (8.26)

Thus, by introducing Ã =
(
I−AA

)−1
, partitioned as

Ã =




Ã11 Ã12 Ã13

Ã21 Ã22 Ã23

Ã31 Ã32 Ã33


 , (8.27)

we have

x1 = Ã11c1, x2 = Ã21c1, x3 = Ã31c1, (8.28)

providing an expression for the vector x. Given x, the vector y is determined by applying

y = Ax and system (8.22) is solved.

8.2.2 Z-, Y-, and S-Parameters Analysis

With the Z-parameters, the channel H is derived by solving the system of the four linear

equations (8.1), (8.3), (8.4), and (8.5). According to Section 8.2.1, this system gives

v =
(
I+ ZZ−1

)−1
vs, (8.29)
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where we define vs ∈ C
N×1 and Z ∈ C

N×N as

vs =




vs,T

0

0


 , Z =




ZT 0 0

0 ZI 0

0 0 ZR


 . (8.30)

Thus, by introducing Z̃ =
(
I+ ZZ−1

)−1
, partitioned as

Z̃ =




Z̃TT Z̃TI Z̃TR

Z̃IT Z̃II Z̃IR

Z̃RT Z̃RI Z̃RR


 , (8.31)

we have

vT = Z̃TTvs,T , vR = Z̃RTvs,T . (8.32)

As a consequence of (8.32), we obtain

vR = Z̃RTvs,T = Z̃RT Z̃
−1
TTvT , (8.33)

yielding

H = Z̃RT Z̃
−1
TT , (8.34)

which is the general channel model based on the Z-parameters.

With the Y -parameters, the channel H is derived by solving the system of the four

linear equations (8.6), (8.8), (8.9), and (8.10). According to Section 8.2.1, this system

gives

i =
(
I+YY−1

)−1
is, (8.35)

where we define is ∈ C
N×1 and Y ∈ C

N×N as

is =




is,T

0

0


 , Y =




YT 0 0

0 YI 0

0 0 YR


 . (8.36)

Thus, by introducing Ỹ =
(
I+YY−1

)−1
, partitioned as

Ỹ =




ỸTT ỸTI ỸTR

ỸIT ỸII ỸIR

ỸRT ỸRI ỸRR


 , (8.37)

we have

iT = ỸTT is,T , iR = ỸRT is,T . (8.38)

As a consequence of (8.8), (8.10), and (8.38), we obtain

vR = −Y−1
R iR = −Y−1

R ỸRT is,T = Y−1
R ỸRT

(
ỸTT − I

)−1
YTvT , (8.39)
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yielding

H = Y−1
R ỸRT

(
ỸTT − I

)−1
YT , (8.40)

which is the general channel model with the Y -parameters.

With the S-parameters, the channel H is derived by solving the system of (8.11),

(8.15), (8.17), and (8.19). According to Section 8.2.1, and using b = Sa, this system gives

b = S (I− ΓS)−1
bs, (8.41)

where we define bs ∈ C
N×1 and Γ ∈ C

N×N as

bs =




bs,T

0

0


 , Γ =




ΓT 0 0

0 Θ 0

0 0 ΓR


 . (8.42)

Thus, by introducing S̃ = S (I− ΓS)−1, partitioned as

S̃ =




S̃TT S̃TI S̃TR

S̃IT S̃II S̃IR

S̃RT S̃RI S̃RR


 , (8.43)

we have

bT = S̃TTbs,T , bR = S̃RTbs,T . (8.44)

As a consequence of (8.13), (8.15), (8.19), and (8.44), we obtain

vR = aR + bR = (ΓR + I) S̃RTbs,T = (ΓR + I) S̃RT

(
I+ ΓT S̃TT + S̃TT

)−1
vT , (8.45)

yielding

H = (ΓR + I) S̃RT

(
I+ ΓT S̃TT + S̃TT

)−1
, (8.46)

which is the general channel model based on the S-parameters, in agreement with [16].

8.2.3 Equivalence Between General Models

We have derived three general channel models in (8.34), (8.40), and (8.46), based on Z-,

Y -, and S-parameters, respectively. We now confirm, for the first time, that these channel

models are equivalent representations of an RIS-aided system.

For this purpose, it is necessary to relate the vectors is,T and bs,T to the vector vs,T

by observing that (8.3), (8.8), and (8.15) are three equivalent descriptions of the electrical

properties at the transmitter. By equating (8.3) and (8.8), and recalling that YT = Z−1
T ,

we obtain

is,T = YTvs,T , (8.47)

giving the relationship between is,T and vs,T . In addition, by equating (8.3) and (8.15),
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and using (8.13) and (8.16), we obtain

bs,T =
I− ΓT

2
vs,T , (8.48)

giving the relationship between bs,T and vs,T .

We first show that the general channel model based on the Z-parameters (8.34) is

equivalent to the general channel model based on the Y -parameters (8.40). To this end,

we note that (8.34) is a direct consequence of (8.29) and that (8.40) is a direct consequence

of (8.35). Thus, it is convenient to just show that (8.29) and (8.35) are equivalent. By

using Z = Y
−1

and Z = Y−1, we can rewrite (8.29) as

v =
(
I+Y

−1
Y
)−1

vs. (8.49)

Then, recalling that i = Yv and observing that (8.47) gives vs = Y
−1

is, from (8.49) we

obtain

i = Y
(
I+Y

−1
Y
)−1

Y
−1

is =
(
I+YY−1

)−1
is, (8.50)

giving (8.35). Thus, we have that the general channel models (8.34) and (8.40) are equiv-

alent since they are a direct consequence of equivalent equations.

We now show that the general channel model based on the Z-parameters (8.34) is also

equivalent to the general channel model based on the S-parameters (8.46). Since (8.34) is

a direct consequence of (8.29) and (8.46) is a direct consequence of (8.41), it is convenient

to just show that (8.29) and (8.41) are equivalent. By using Z = Z0 (I+ Γ) (I− Γ)−1 and

Z = Z0 (I+ S) (I− S)−1, we can rewrite (8.29) as

v =
(
I+ (I+ Γ) (I− Γ)−1 (I− S) (I+ S)−1

)−1
vs (8.51)

= (I+ S) (I− ΓS)−1 (I− Γ)vs/2. (8.52)

Then, recalling that b = (S−1 + I)−1v and observing that (8.48) gives vs = 2(I−Γ)−1bs,

from (8.52) we obtain

b =
(
S−1 + I

)−1
(I+ S) (I− ΓS)−1

bs = S (I− ΓS)−1
bs, (8.53)

giving (8.41). Thus, the general channel models (8.34) and (8.46) are equivalent since they

are a direct consequence of equivalent equations, in agreement with microwave theory [74,

Chapter 4]. By the transitive property of the equivalence relation, we also have that the

general channel models based on the Y - and S-parameters are equivalent.

8.3 RIS-Aided Communication Model with Unilateral Ap-

proximation

We have derived three general channel models based on the Z-, Y -, and S-parameters.

They account for imperfect matching and mutual coupling at the transmitter, RIS, and

receiver as they have been obtained without any approximation or assumption. However,
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it is difficult to obtain insights into the role of the RIS in the communication model due

to the presence of matrix inversion operations. To gain a better understanding of the

communication models, in this section, we approximate the general models by assuming

sufficiently large transmission distances.

8.3.1 Universal Framework

We begin by simplifying the universal framework introduced in Section 8.2.1. Specifically,

we consider the matrix A to be block lower triangular given by

A =




A11 0 0

A21 A22 0

A31 A32 A33


 . (8.54)

Remarkably, system (8.22) with A given by (8.54) provides a universal framework that can

be used to describe the equations based on Z-, Y -, and S-parameters with the unilateral

approximation [94], as it will be clarified in Section 8.3.2. With the simplification in (8.54),

the solution to system (8.22) given by (8.28) simplifies as

x1 = (I−A1A11)
−1

c1, (8.55)

x2 = (I−A2A22)
−1

A2A21 (I−A1A11)
−1

c1, (8.56)

x3 =
(
A−1

3 −A33

)−1
(
A31 +A32

(
A−1

2 −A22

)−1
A21

)
(I−A1A11)

−1
c1, (8.57)

allowing to explicitly express x in terms of A, c1, A1, A2, and A3. In the following, we use

this universal framework to derive the channel model based on Z-, Y -, and S-parameters.

8.3.2 Z-, Y-, and S-Parameters Analysis

To simplify (8.34), we observe that with a large transmission distance between a transmit-

ter and a receiver, the electrical properties at the transmitter are approximately indepen-

dent of the electrical properties at the receiver. The minimum transmission distance at

which this phenomenon occurs is a function of the number of antennas at the transmitter

and receiver, their radiation pattern, and the antenna spacing, as discussed in [94]. Thus,

assuming that the transmission distance is large enough, we can consider the so-called uni-

lateral approximation and set ZTI = 0, ZTR = 0, and ZIR = 0 [94]. Note that with this

approximation we do not assume the wireless channel to be non-reciprocal. Conversely,

we set to zero the upper block triangular part of Z as it does not impact the expression

of H. Thus, we can express vT and vR as

vT =
(
I+ ZTZ

−1
TT

)−1
vs,T , (8.58)

vR = ZR (ZR + ZRR)
−1
(
ZRT − ZRI (ZI + ZII)

−1
ZIT

)
(ZT + ZTT )

−1
vs,T , (8.59)
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according to Section 8.3.1. Consequently, the channel model based on the Z-parameters

is given by

H = ZR (ZR + ZRR)
−1
(
ZRT − ZRI (ZI + ZII)

−1
ZIT

)
Z−1
TT , (8.60)

explicitly clarifying the impact of Z, ZT , ZI , and ZR, in agreement with [92, Corollary 1].

As discussed for the Z-parameters, we can also simplify (8.40) by considering the

unilateral approximation. Setting ZTI = 0, ZTR = 0, and ZIR = 0, and recalling that

the entire matrix Y is related to Z through Y = Z−1, we obtain YTI = 0, YTR = 0, and

YIR = 0, allowing us to express iT and iR as

iT =
(
I+YTY

−1
TT

)−1
is,T , (8.61)

iR = YR (YR +YRR)
−1
(
YRT −YRI (YI +YII)

−1
YIT

)
(YT +YTT )

−1
is,T , (8.62)

according to Section 8.3.1. Thus, the channel model based on the Y -parameters with the

unilateral approximation is given by

H = (YR +YRR)
−1
(
−YRT +YRI (YI +YII)

−1
YIT

)
, (8.63)

explicitly defining the effect of Y, YT , YI , and YR.

As done for the Z- and Y -parameters, we simplify (8.46) by considering the unilateral

approximation to better understand the role of the RIS. Setting ZTI = 0, ZTR = 0, and

ZIR = 0, and recalling (8.14), we obtain STI = 0, STR = 0, and SIR = 0, which allow us

to express bT and bR as

bT = STT (I− ΓTSTT )
−1

bs,T , (8.64)

bR = (I− SRRΓR)
−1
(
SRT + SRI (I−ΘSII)

−1
ΘSIT

)
(I− ΓTSTT )

−1
bs,T , (8.65)

according to Section 8.3.1. Thus, the channel model based on the S-parameters with the

unilateral approximation is given by

H = (ΓR + I) (I− SRRΓR)
−1
(
SRT + SRI (I−ΘSII)

−1
ΘSIT

)
(I+ STT )

−1 , (8.66)

clearly highlighting the role of S, ΓT , Θ, and ΓR.

Remarkably, the three models (8.60), (8.63), and (8.66) effectively show the impact

of ZI , YI , and Θ on the communication, while still capturing the impact of imperfect

matching and mutual coupling at the transmitter, RIS, and receiver.

8.3.3 Mappings Between Parameters

Under the unilateral approximation, we can derive simplified mappings that allow us to

express the Y - and S-parameters as functions of Z-parameters.
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Table 8.2: Channel models based on Z-, Y -, and S-parameters with corresponding as-
sumptions and approximations.

Z-parameters Y -parameters S-parameters

Channel model Z̃RT Z̃
−1
TT Y−1

R ỸRT

(
ỸTT − I

)−1
YT (ΓR + I) S̃RT

(
I+ ΓT S̃TT + S̃TT

)−1

A1: Sufficiently large transmission distances⋆ ZTI = 0, ZTR = 0, ZIR = 0 YTI = 0, YTR = 0, YIR = 0 STI = 0, STR = 0, SIR = 0

Channel model with A1 ZR (ZR + ZRR)
−1
(
ZRT − ZRI (ZI + ZII)

−1
ZIT

)
Z−1
TT (YR +YRR)

−1
(
−YRT +YRI (YI +YII)

−1
YIT

)
(ΓR + I) (I− SRRΓR)

−1
(
SRT + SRI (I−ΘSII)

−1
ΘSIT

)
(I+ STT )

−1

A2: Perfect matching and no mutual coupling at TX and RX ZTT = Z0I, ZRR = Z0I YTT = Y0I, YRR = Y0I STT = 0, SRR = 0

A3: Impedances at TX and RX equal to Z0 ZT = Z0I, ZR = Z0I YT = Y0I, YR = Y0I ΓT = 0, ΓR = 0

Channel model with A1, A2, and A3 1
2Z0

(
ZRT − ZRI (ZI + ZII)

−1
ZIT

)
1

2Y0

(
−YRT +YRI (YI +YII)

−1
YIT

)
SRT + SRI (I−ΘSII)

−1
ΘSIT

A4: Perfect matching and no mutual coupling at RIS ZII = Z0I YII = Y0I SII = 0

Channel model with A1, A2, A3, and A4 1
2Z0

(
ZRT − ZRI (ZI + Z0I)

−1
ZIT

)
1

2Y0

(
−YRT +YRI (YI + Y0I)

−1
YIT

)
SRT + SRIΘSIT

⋆ Distances larger than the critical distance provided in [94].

From Z- to Y -Parameters

To express the matricesYRT , YRI , andYIT as functions of Z, we consider the relationship

Y = Z−1 where Z has been simplified through the unilateral approximation, i.e., ZTI = 0,

ZTR = 0, and ZIR = 0. Thus, by computing Y, we have

YRI = −Z−1
RRZRIZ

−1
II , YIT = −Z−1

II ZITZ
−1
TT , (8.67)

YRT = Z−1
RR

(
−ZRT + ZRIZ

−1
II ZIT

)
Z−1
TT . (8.68)

From Z- to S-Parameters

To express the matrices SRT , SRI , and SIT as functions of Z, we consider the relationship

(8.14) where ZTI = 0, ZTR = 0, and ZIR = 0. Thus, it can be proved that

SRI = 2Z0 (ZRR + Z0I)
−1

ZRI (ZII + Z0I)
−1 , (8.69)

SIT = 2Z0 (ZII + Z0I)
−1

ZIT (ZTT + Z0I)
−1 , (8.70)

SRT = 2Z0 (ZRR + Z0I)
−1
(
ZRT − ZRI (ZII + Z0I)

−1
ZIT

)
(ZTT + Z0I)

−1 . (8.71)

Interestingly, these mappings further clarify the equivalence of the three analyses and the

meaning of the different terms. In the following, we show that these mappings play a

fundamental role in relating the EM-compliant models derived in this chapter with the

channel model widely used in related literature.

8.4 RIS-Aided Communication Model with No Mutual Cou-

pling

We have derived three general channel models based on the Z-, Y -, and S-parameters,

and we have simplified them by considering the unilateral approximation. In this section,

we further simplify the obtained models to gain engineering insights into the role of the

RIS in the communication system.

8.4.1 Z-, Y-, and S-Parameters Analysis

To further simplify (8.60), we consider two assumptions in addition to the unilateral

approximation. First, we assume that the antennas at the transmitter and receiver are
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perfectly matched and have no mutual coupling, yielding ZTT = Z0I and ZRR = Z0I.

Second, we assume that the impedances at the transmitter ZT,nT and the receiver ZR,nR

are all Z0, i.e., ZT = Z0I and ZR = Z0I. With these assumptions, the channel model

(8.60) simplifies to

H =
1

2Z0

(
ZRT − ZRI (ZI + ZII)

−1
ZIT

)
. (8.72)

In addition, assuming perfect matching and no mutual coupling at the RIS, i.e., ZII = Z0I,

we obtain

H =
1

2Z0

(
ZRT − ZRI (ZI + Z0I)

−1
ZIT

)
, (8.73)

giving the simplified channel model based on the Z-parameters with perfect matching and

no mutual coupling. By further assuming the RIS elements to be canonical minimum

scattering antennas [96], the channel without the RIS is equivalent to the channel when

the RIS elements are open-circuited, i.e., ZI = ∞I, given by H = ZRT /(2Z0) following

(8.73).

To further simplify (8.63), we consider the two additional assumptions as discussed for

the Z-parameters. First, assuming perfect matching and no mutual coupling at the trans-

mitter and receiver, and noting that, with the unilateral approximation, the relationship

Y = Z−1 implies Yii = Z−1
ii , for i ∈ {T, I, R}, we obtain YTT = Y0I and YRR = Y0I.

Second, considering all the impedances at the transmitter and receiver to be Z0, and re-

calling that YT = Z−1
T and YR = Z−1

R , we have YT = Y0I and YR = Y0I. With these

assumptions, the channel model (8.63) simplifies to

H =
1

2Y0

(
−YRT +YRI (YI +YII)

−1
YIT

)
, (8.74)

In addition, assuming perfect matching and no mutual coupling at the RIS, i.e., YII = Y0I,

we obtain

H =
1

2Y0

(
−YRT +YRI (YI + Y0I)

−1
YIT

)
, (8.75)

giving the simplified channel model based on the Y -parameters with perfect matching and

no mutual coupling.

As done for Z- and Y -parameters, we now further simplify (8.66). First, assuming

perfect matching and no mutual coupling at the transmitter and receiver, and noting

that, with the unilateral approximation, (8.14) implies Sii = (Zii + Z0I)
−1 (Zii − Z0I), for

i ∈ {T, I, R}, we obtain STT = 0 and SRR = 0. Second, considering all the impedances

at the transmitter and receiver to be Z0, and recalling (8.16) and (8.20), we have ΓT = 0

and ΓR = 0. With these two assumptions, (8.66) simplifies to

H = SRT + SRI (I−ΘSII)
−1

ΘSIT . (8.76)

In addition, assuming perfect matching and no mutual coupling at the RIS, i.e., SII = 0,

we obtain

H = SRT + SRIΘSIT , (8.77)

which is the simplified channel model based on S-parameters with perfect matching and no

mutual coupling, commonly used in communications in agreement with [16]. We summa-
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rize the main results of the three analyses based on Z-, Y -, and S-parameters in Tab. 8.2.

8.4.2 Mappings Between Parameters

Under the assumptions of perfect matching and no mutual coupling, we can derive more

simplified mappings that allow us to express the Y - and S-parameters as functions of

Z-parameters. By using such mappings, it is possible to directly show that the simplified

channel models (8.73), (8.75), and (8.77) are equivalent.

From Z- to Y -Parameters

Considering the unilateral approximation and perfect matching and no mutual coupling

at the transmitter and receiver, the matrices YRT , YRI , and YIT can be expressed as

functions of Z by setting ZTT = Z0I and ZRR = Z0I in (8.67) and (8.68), yielding

YRI = −
ZRIZ

−1
II

Z0
, YIT = −Z−1

II ZIT

Z0
, YRT =

1

Z2
0

(
−ZRT + ZRIZ

−1
II ZIT

)
. (8.78)

In addition, with perfect matching and no mutual coupling at the RIS, i.e., ZII = Z0I,

(8.78) boils down to

YRI = −
ZRI

Z2
0

, YIT = −ZIT

Z2
0

, YRT =
1

Z2
0

(
−ZRT +

ZRIZIT

Z0

)
. (8.79)

Interestingly, by substituting YI = Z−1
I and (8.79) into (8.75), we directly obtain (8.73),

confirming that the two analyses based on Z- and Y -parameters lead to the same result.

From Z- to S-Parameters

To express the matrices SRT , SRI , and SIT as functions of Z with the unilateral approxi-

mation and perfect matching and no mutual coupling at the transmitter and receiver, we

can set ZTT = Z0I and ZRR = Z0I in (8.69), (8.70), and (8.71), yielding

SRI = ZRI (ZII + Z0I)
−1 , SIT = (ZII + Z0I)

−1
ZIT , (8.80)

SRT =
1

2Z0

(
ZRT − ZRI (ZII + Z0I)

−1
ZIT

)
. (8.81)

In addition, with perfect matching and no mutual coupling at the RIS, i.e., ZII = Z0I,

(8.80) and (8.81) boil down to

SRI =
ZRI

2Z0
, SIT =

ZIT

2Z0
, SRT =

1

2Z0

(
ZRT −

ZRIZIT

2Z0

)
. (8.82)

Interestingly, by substituting (8.18) and (8.82) into (8.77), we directly obtain (8.73), con-

firming that the two analyses based on the Z- and S-parameters lead to the same conclu-

sion.
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8.4.3 Relationship with the Widely Used Model

We have derived three equivalent simplified channel models under the assumptions of

perfect matching and no mutual coupling. In this section, we relate these models with the

RIS-aided channel model widely used in related literature.

In RIS literature [13], the notation

HRT = SRT , HRI = SRI , HIT = SIT , (8.83)

is commonly used to denote the channel matrices from the transmitter to the receiver, from

the RIS to the receiver, and from the transmitter to the RIS, respectively. By substituting

(8.83) into the simplified channel based on the S-parameters (8.77), we obtain

H = HRT +HRIΘHIT , (8.84)

which is the RIS-aided communication model widely used in related literature. Thus, we

can conclude that the widely used model (8.84) is derived by considering the unilateral

approximation and under the assumptions of perfect matching and no mutual coupling,

in agreement with [16].

An interesting aspect of the channel model (8.84) is the dependence of HRT on HRI

and HIT as a result of (8.82) and (8.83). However, this aspect is commonly neglected in

related literature, where it is implicitly considered

SRT ≈
ZRT

2Z0
, (8.85)

as an approximation of (8.82). Remarkably, (8.85) can be obtained by considering the

relationship

Z = 2Z0 (I− S)−1 − Z0I, (8.86)

which is derived from (8.14), by applying the first-order Neumann series approximation

(I− S)−1 ≈ (I+ S). With this approximation, from (8.86) we obtain Z ≈ Z0 (I+ 2S),

directly giving (8.85). Note that the first-order Neumann series approximation holds as

long as ∥S∥F is small, which is typically valid in wireless communication scenarios given

the high losses suffered from the propagating signal.

According to the approximation in (8.85), when the direct channel between transmitter

and receiver is completely obstructed, i.e., ZRT = 0, we have HRT = 0, as widely accepted

in related literature. However, according to (8.82), a completely obstructed direct channel,

i.e., ZRT = 0, gives HRT = −HRIHIT , which is in general non zero, as correctly noticed

in [93]. The physical meaning of having HRT ̸= 0 in the case of a completely obstructed

direct channel, i.e., ZRT = 0, lies in the structural scattering of the RIS.

Since the approximation in (8.85) causes an inconsistency, especially when ZRT = 0,

it is worth quantifying the difference between (8.84) and the channel model resulting from

(8.85), widely used in the literature. To this end, we assume a completely obstructed

direct channel, i.e., ZRT = 0, and consider a SISO system, i.e., NR = 1 and NT = 1,
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where (8.84) boils down to

h = −hRIhIT + hRIΘhIT , (8.87)

where the term −hRIhIT represents the structural scattering of the RIS, and, considering

the approximation in (8.85), to

h ≈ hRIΘhIT ≜ h′. (8.88)

In the following, we derive the scaling laws of the received signal power achieved under the

channel models in (8.87) and (8.88) when a conventional RIS architecture is considered.

As for the model in (8.87), the received signal power is given by PR = | − hRIhIT +

hRIΘhIT |2, where a unit transmit power is assumed with no loss of generality. Thus, the

maximum received signal power is given by

PR =

(
|hRIhIT |+

NI∑

nI=1

∣∣∣[hRI ]nI [hIT ]nI
∣∣∣
)2

, (8.89)

achievable by co-phasing the terms −hRIhIT and hRIΘhIT through an appropriate phase

shift introduced by Θ.

As for the widely used model h′, the received signal power is equal to P ′
R = |hRIΘhIT |2.

Thus, it is possible to optimize the RIS to achieve a received signal power of

P ′
R =

(
NI∑

nI=1

∣∣∣[hRI ]nI [hIT ]nI
∣∣∣
)2

. (8.90)

We define the relative difference between the average received signal power E[PR] and

E[P ′
R] as

δ =
E [PR]− E [P ′

R]

E [PR]
. (8.91)

To gain numerical insights into (8.91), we consider LoS channels given by hRI =

[eϕ1 , . . . , eϕNI ] and hIT = [eψ1 , . . . , eψNI ]T . With these channels, in the case of the model

h, we have

E [PR] = E
[
|hRIhIT |2

]
+N2

I + 2NIE [|hRIhIT |] . (8.92)

Approximating the term hRIhIT as a sum of NI independent and identically distributed

(i.i.d.) random variables with mean 0 and variance 1, it holds hRIhIT ∼ CN (0, NI) by the

Central Limit Theorem. Thus, by using E[|hRIhIT |] =
√

π
4NI and E[|hRIhIT |2] = NI , we

have

E [PR] = N2
I +

√
πNINI +NI . (8.93)

Besides, in the case of the widely used model h′, we have

E
[
P ′
R

]
= P ′

R = N2
I . (8.94)

Considering (8.93) and (8.94), the relative difference between E[PR] and E[P ′
R] under LoS
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Figure 8.2: (a) Average received signal power obtained with the model h and the widely
used model h′ and (b) relative difference between them.

channels is equal to

δ =

√
πNI + 1

NI +
√
πNI + 1

, (8.95)

giving δ → 0 for NI →∞.

In Fig. 8.2(a), we report the average received signal power achieved with h and the

approximated model h′. We observe that the received signal power for the channel h is

higher because of the additional term −hRIhIT . In addition, in Fig. 8.2(b), we report the

relative difference between the average received signal power achieved with h and with the

approximated model h′. We observe that, despite the difference vanishes when NI →∞,

it is non-negligible for a practical number of RIS elements since it vanishes slowly with

NI .

8.5 RIS Architectures and Optimization

We have shown that Z-, Y -, and S-parameters can be equivalently used to characterize the

RIS-aided communication model. Similarly, they can be equivalently used to characterize

the NI -port reconfigurable impedance network implementing the RIS. In this section, we

discuss how the matrices ZI , YI , and Θ can be used to characterize different RIS archi-

tectures, including conventional RIS and BD-RIS. In addition, we discuss the advantages

of Z-, Y -, and S-parameters in optimizing the RIS.

8.5.1 RIS Architectures

In conventional RIS, also known as single-connected, each RIS port is solely connected

to ground through a tunable impedance [16]. Hence, the resulting impedance, admit-

tance, and scattering matrices are diagonal, as given in Tab. 8.3, where ZnI is the tunable

impedance connecting the nIth RIS port to ground, YnI = Z−1
nI

, and ΘnI is the reflection

coefficient corresponding to ZnI , given by ΘnI = (ZnI − Z0)/(ZnI + Z0), according to

(8.18), for nI = 1, . . . , NI . Furthermore, in the case of a lossless single-connected RIS, ZnI

and YnI are purely imaginary, and |ΘnI | = 1, for nI = 1, . . . , NI , as shown in Tab. 8.3.

This conventional circuit topology is the simplest RIS circuit topology, offering limited

flexibility [16].
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Table 8.3: Constraints of lossless and reciprocal RIS architectures based on Z-, Y -, and
S-parameters.

Z-parameters Y -parameters S-parameters

Single-connected
ZI = diag (Z1, . . . , ZNI ),
ZnI = jXnI , XnI ∈ R, ∀nI

YI = diag (Y1, . . . , YNI ),
YnI = jBnI , BnI ∈ R, ∀nI

Θ = diag (Θ1, . . . ,ΘNI ),

ΘnI = ejθnI , θnI ∈ [0, 2π), ∀nI
Fully-connected ZI = jXI , XI = XT

I , XI ∈ R
NI×NI YI = jBI , BI = BT

I , BI ∈ R
NI×NI ΘHΘ = I, Θ = ΘT

Group-connected
ZI = diag (ZI,1, . . . ,ZI,G),
ZI,g = jXI,g, XI,g = XT

I,g, XI,g ∈ R
NG×NG , ∀g

YI = diag (YI,1, . . . ,YI,G),
YI,g = jBI,g, BI,g = BT

I,g, BI,g ∈ R
NG×NG , ∀g

Θ = diag (Θ1, . . . ,ΘG),

ΘH
g Θg = I, Θg = ΘT

g , ∀g

Tree-connected⋆ − YI = jBI , BI = BT
I , BI ∈ R

NI×NI ,
[BI ]i,j = 0 if |i− j| > 1

−

Forest-connected⋆ −
YI = diag (YI,1, . . . ,YI,G),
YI,g = jBI,g, BI,g = BT

I,g, BI,g ∈ R
NG×NG ,

[BI,g]i,j = 0 if |i− j| > 1, ∀g
−

⋆ For these RIS families, the tridiagonal RIS architecture is considered [80], and the constraints cannot
be expressed in terms of the Z- and S-parameters.

To overcome the limited flexibility of conventional RIS, the ports in BD-RIS can also

be connected to each other through additional tunable impedance (or admittance) com-

ponents. By denoting the tunable admittance connecting the nIth port to the mIth port

as YnI ,mI , the (nI ,mI)th entry of the admittance matrix is given by

[YI ]nI ,mI =




−YnI ,mI nI ̸= mI

YnI +
∑

k ̸=nI YnI ,k nI = mI

, (8.96)

as discussed in [16]. Thus, the admittance matrix of BD-RIS is not limited to being

diagonal. The same holds for the impedance and scattering matrices of BD-RIS, as it can

be easily noticed by applying ZI = Y−1
I and (8.18). Depending on the topology of the

interconnections between the RIS ports, multiple RIS architectures have been proposed.

In Tab. 8.3, we report the constraint of fully-/group-connected RIS [16], and tree-/forest-

connected RIS with the tridiagonal architecture [80] based on the three parameters. In

group- and forest-connected RIS, the elements are grouped into G groups, each with

size NG = N/G, such that ZI,g ∈ C
NG×NG , YI,g ∈ C

NG×NG , and Θg ∈ C
NG×NG are

the impedance, admittance, and scattering matrix of the gth group, for g = 1, . . . , G,

respectively [16, 80]. The NI -port network of the RIS is often assumed to be reciprocal

(not including non-reciprocal media) and lossless (to maximize the scattered power). If

the RIS is reciprocal, the impedance, admittance, and scattering matrices are symmetric.

Furthermore, if the RIS is lossless, the impedance and admittance matrices are purely

imaginary while the scattering matrix is unitary, as shown in Tab. 8.3.

8.5.2 RIS Optimization Based on the Z-, Y-, and S-Parameters

Since Z-, Y -, and S-parameters can be used interchangeably to characterize the RIS

architecture, we now highlight the advantages of using the different parameters to optimize

the RIS. To this end, we consider three case studies derived from the received signal power

maximization problem in an RIS-aided MIMO system. In this communication system, the

transmitted signal is expressed as vT = ws, where w ∈ C
NT×1 is the normalized precoder

subject to ∥w∥ = 1, and s ∈ C is the transmitted symbol with average power PT = E[|s|2].
Besides, the signal used for detection is given by z = gvR ∈ C, where g ∈ C

1×NR is the
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normalized combiner subject to the constraint ∥g∥ = 1, and vR = HvT is the received

signal. Thus, the received signal power is given by PR = PT |gHw|2.
Z-parameters proved to be the effective representation when optimizing the RIS with

mutual coupling [97, 98, 99, 100]. Specifically, RIS characterized through the Z-parameters

have been optimized by applying the Neumann series approximation [97, 98], by iteratively

optimizing the tunable loads in closed-form [99], and trough gradient ascent [100]. Fur-

thermore, it has been shown that Z-parameters facilitate the optimization of BD-RIS in

the presence of mutual coupling at the RIS [55].

As a case study, we consider the received signal power maximization problem in an

RIS-aided system in the presence of mutual coupling, with the RIS being group-connected,

including single- and fully-connected as two special cases [16]. Considering lossless and

reciprocal RIS, i.e., with ZI = jXI and XI = XT
I , where XI is the RIS reactance matrix,

and H given as in (8.72), our problem writes as

max
w,g,XI

PT
4Z2

0

∣∣∣g
(
ZRT − ZRI (jXI + ZII)

−1
ZIT

)
w

∣∣∣
2

(8.97)

s.t. XI = diag (XI,1, . . . ,XI,G) , (8.98)

XI,g = XT
I,g, ∀g, (8.99)

∥w∥ = 1, ∥g∥ = 1, (8.100)

which is solved by jointly optimizing w, g, and XI . To solve (8.97)-(8.100), we initialize

XI to a feasible value and alternate between the following two steps. First, with XI fixed,

w and g are updated as the dominant right and left singular vectors of ZRT −ZRI(jXI +

ZII)
−1ZIT , respectively, which is globally optimal. Second, with w and g fixed, XI is

updated by solving

max
XI

∣∣∣zeffRT − zeffRI (jXI + ZII)
−1

zeffIT

∣∣∣
2
s.t. (8.98), (8.99), (8.101)

where zeffRT = gZRTw, zeffRI = gZRI , and zeffIT = ZITw, as proposed in [55]. These two steps

are alternatively repeated until convergence of the objective (8.97).

RIS optimization based on Y -parameters is necessary in the case of BD-RIS whose

admittance matrix YI is sparse, i.e., there is only a limited number of tunable admittance

components interconnecting the RIS elements, such as in tree- and forest-connected RISs

[80]. In this case, Y -parameters are the effective representation since the entries of YI are

directly linked to the tunable admittance components in the BD-RIS circuit topology, as

given by (8.96).

As a case study, we consider the received signal power maximization problem in an RIS-

aided system, with the RIS being forest-connected, including single- and tree-connected

as two special cases [80]. Considering lossless and reciprocal RIS, i.e., with YI = jBI and

BI = BT
I , where BI is the RIS susceptance matrix, and H given as in (8.75), assuming
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no mutual coupling, our problem writes as

max
w,g,BI

PT
4Y 2

0

∣∣∣g
(
−YRT +YRI (jBI + Y0I)

−1
YIT

)
w

∣∣∣
2

(8.102)

s.t. BI = diag (BI,1, . . . ,BI,G) , (8.103)

BI,g = BT
I,g, [BI,g]i,j = 0 if |i− j| > 1, ∀g, (8.104)

∥w∥ = 1, ∥g∥ = 1, (8.105)

where (8.104) indicates that the gth block of the susceptance matrix Bg has a tridiagonal

architecture, as introduced in [80]. To jointly optimize w, g, and BI , we initialize BI to

a feasible value and alternate between the following two steps. First, with BI fixed, w

and g are updated as the dominant right and left singular vectors of −YRT +YRI(jBI +

Y0I)
−1YIT , respectively, which is a global optimal solution. Second, with w and g fixed,

BI is updated by solving

max
BI

∣∣∣−yeffRT + yeff
RI (jBI + Y0I)

−1
yeff
IT

∣∣∣
2
s.t. (8.103), (8.104), (8.106)

where yeffRT = gYRTw, yeff
RI = gYRI , and yeff

IT = YITw. Remarkably, (8.106) has been

solved in [80], where a globally optimal solution for each block BI,g has been proposed.

These two steps are alternatively repeated until convergence of (8.102).

S-parameters have been commonly used to optimize conventional RIS in the vast ma-

jority of related works [13]. S-parameters own their popularity to the widely used channel

model (8.77), in which Θ = diag
(
ejθ1 , . . . , ejθNI

)
in the case of a lossless single-connected

RIS. For single-connected RIS, S-parameters allow to directly optimize the phase shifts

θnI ∈ [0, 2π) through several optimization techniques, such as semidefinite relaxation

(SDR) [17]. For BD-RIS, the S-parameters enable the use of manifold optimization by

exploiting the unitary constraint on Θ [65]-[67]. In addition, the S-parameters allow

for efficient optimization of BD-RIS by using tailored decompositions of Θ [75], through

symmetric unitary projection [50], and by solving the orthogonal Procrustes problem [68].

As a case study, we consider the received signal power maximization problem in an RIS-

aided system, with the RIS being group-connected. Considering lossless and reciprocal

RIS, i.e., with ΘHΘ = I and Θ = ΘT , and H given as in (8.77), assuming no mutual

coupling, our problem writes as

max
w,g,Θ

PT |g (SRT + SRIΘSIT )w|2 (8.107)

s.t. Θ = diag (Θ1, . . . ,ΘG) , (8.108)

Θg = ΘT
g , Θ

H
g Θg = I, ∀g, (8.109)

∥w∥ = 1, ∥g∥ = 1, (8.110)

which is solved by jointly optimizing w, g, and Θ. To this end, we initialize Θ to a feasible

value and alternate between the following two steps. First, with Θ fixed, w and g are

updated as the dominant right and left singular vectors of SRT + SRIΘSIT , respectively,
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Figure 8.3: Average received signal power maximized using Z-, Y -, and S-parameters.

which is globally optimal. Second, with w and g fixed, Θ is updated by solving

max
Θ

∣∣∣seffRT + seffRIΘseffIT

∣∣∣
2
s.t. (8.108), (8.109), (8.111)

where seffRT = gSRTw, seffRI = gSRI , and seffIT = SITw. Remarkably, (8.111) has been solved

for group-connected RIS through a closed-form global optimally solution in [75]. These

two steps are alternatively repeated until convergence of (8.107).

8.6 Performance Evaluation

In this section, we evaluate the performance obtained by solving the three optimization

problems presented in Section 8.5, using Z-, Y -, and S-parameters. The transmitter,

RIS, and receiver are located at (0, 0), (50, 2), and (52, 0) in meters (m), respectively. We

set NT = 2 and NR = 2, and assume that the direct channel between the transmitter

and receiver is completely obstructed, i.e., ZRT = 0. For the large-scale path loss of the

channels from the RIS to the receiver and from the transmitter to the RIS, we use the

distance-dependent path loss model Lij(dij) = L0d
−αij
ij , where L0 is the reference path loss

at distance 1 m, dij is the distance, and αij is the path loss exponent, for ij ∈ {RI, IT}.
We set L0 = −30 dB, αRI = 2.8, αIT = 2, and PT = 10 mW. For the small-scale fading,

we model the channels as i.i.d. Rayleigh, i.e., SRI ∼ CN (0, LRII) and SIT ∼ CN (0, LIT I).

Given ZRT , SRI , and SIT , we obtain the rest of the off-diagonal blocks of Z, Y, and S

through (8.79) and (8.82).

In Fig. 8.3, we report the average received signal power obtained by optimizing the

RIS through Z-, Y -, and S-parameters. In the case of group- and forest-connected RISs,

the group size is NG = 4. The schemes “w/o Mutual Coupling” are obtained by setting

ZII = Z0I. Besides, the schemes “w/ Mutual Coupling” in Fig. 8.3(a) are obtained by

modeling ZII as follows: its diagonal entries are set to Z0, assuming perfectly matched RIS

elements, while its off-diagonal entries are modeled as in [55], considering the RIS antennas

being dipoles with length ℓ = λ/4 and inter-element distance d = λ/4, where λ = c/f is the

wavelength with frequency f = 28 GHz. We make the following observations. First, BD-
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RIS outperforms single-connected RIS in the presence of mutual coupling because of its

higher flexibility, in agreement with [55], and also with no mutual coupling since Rayleigh

small-scale fading is considered [16, 80]. Second, the presence of mutual coupling between

the RIS elements increases the performance, in accordance with [100]. We observe this

gain for all the considered RIS architectures by assuming that the RIS mutual coupling

matrix ZII is perfectly known during the optimization process. Third, in the absence

of mutual coupling, single-/group-/fully-connected RIS architectures optimized with the

Z-parameters achieve the same performance as the same architectures optimized with

the S-parameters, providing additional evidence of the equivalence of the two analyses.

In our case study, optimizing based on the S-parameters is preferred since closed-form

solutions are available, leading to a low-complexity optimization process [75]. Fourth,

in the absence of mutual coupling, single-/group-/fully-connected RISs optimized with

the S-parameters achieve the same performance as single-/forest-/tree-connected RISs

optimized with the Y -parameters, respectively, in agreement with [80]. In our case study,

forest-/tree-connected RISs are preferred over group-/fully-connected RISs since they are

characterized by a reduced circuit complexity [80].

8.7 Conclusion

We introduced a universal framework to perform multiport network analysis of an RIS-

aided communication system. The proposed framework is used to analyze the RIS-aided

system based on the Z-, Y -, and S-parameters. Based on these three independent anal-

yses, three equivalent channel models are derived accounting for the effects of impedance

mismatching and mutual coupling at the transmitter, RIS, and receiver. Subsequently,

to gain insights into the role of the RIS in the communication model, these models are

simplified by assuming large transmission distances, perfect matching, and no mutual cou-

pling. The equivalence between the obtained simplified models is shown by providing the

mappings between the different parameters of the three representations. The derived sim-

plified channel model is consistent with the channel model widely used in related literature.

However, we show that an additional approximation is commonly considered in related

literature, whose impact in terms of received signal power vanishes as the number of RIS

elements increases. To analyze the impact of this approximation, i.e., the omission of the

RIS structural scattering, in practical RIS-aided scenarios, including when the RIS is used

in hybrid reflective and transmissive mode, constitutes an interesting research direction.

Since Z-, Y -, and S-parameters are equivalent representations, we discuss the advan-

tages of each of them in the characterization of the RIS architecture and its optimization.

To this end, we present three case studies and show that it is convenient to solve each

of them by using a different multiport network model representation. Numerical results

further support the equivalence of the three analyses.
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Chapter 9

BD-RIS With Long and Lossy

Interconnections

Although BD-RIS working in hybrid mode and multi-sector BD-RIS have shown great

coverage improvements [65, 66], an RIS effectively enhances the link between a transmitter

and a receiver only when placed close to one of them [13]. For this reason, an RIS can be

particularly beneficial only to users in its proximity, yielding reduced coverage capabilities.

This reduced coverage limitation arises from the fact that RIS has been commonly regarded

as a localized array of scattering elements, here denoted as localized RIS. In this chapter,

we overcome this limitation by investigating RIS made of a distributed array of elements,

in which the inter-element distance can be much longer than the wavelength, referred

to as distributed RIS. Our focus will extend specifically to distributed BD-RIS, as they

are expected to achieve particularly enhanced performance due to the presence of tunable

impedance components interconnecting the RIS elements. These interconnections have the

potential to effectively guide the EM signal toward the receiver by enabling its propagation

within the RIS. Distributed BD-RIS could be implemented by integrating the RIS elements

into long cables, forming long linear arrays. Specifically, distributed BD-RIS could drive

the EM signal from a fixed base station (BS) to the mobile user equipments (UEs) within a

coverage area proportional to their array length in highly obstructed indoor environments,

e.g., smart factories, as well as in urban outdoor settings.

The investigation of distributed BD-RIS requires modeling the interconnections in the

BD-RIS architecture by accounting for their losses, which is a challenge overlooked in

previous literature on BD-RIS. In previous works, BD-RIS has been modeled through

a lumped-element circuit model, valid when the physical dimensions of the RIS recon-

figurable impedance network are much smaller than the wavelength. According to the

lumped-element model, voltages and currents are constant along the interconnections,

which simplifies the BD-RIS modeling and optimization. However, the length of the in-

terconnections between the RIS elements in BD-RIS can be a considerable fraction of the

wavelength in localized BD-RIS, or many wavelengths in distributed BD-RIS. For exam-

ple, even when the inter-element distance is half-wavelength, the interconnections are at

least half-wavelength long. In the case the interconnections are not much smaller than the

wavelength, two critical effects take place. First, voltages and currents vary in phase along
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the interconnections. Second, voltages and currents may vary in magnitude along the in-

terconnections due to losses. Thus, it is crucial to develop a BD-RIS model accounting for

these two effects, as they may lead to undesired changes of phase and dissipation of power

within the BD-RIS circuit. To this end, in this chapter, we model and optimize localized

and distributed BD-RIS by characterizing its interconnections through transmission line

theory. Our contributions are summarized as follows.

First, we propose the concept of distributed RIS, in which the antenna elements are not

localized in a specific site but distributed over a wide region. We analyze their scaling laws

and quantify the gain of distributed RIS over localized RIS, and of distributed BD-RIS over

distributed conventional RIS. The derived scaling laws show that lossless distributed BD-

RIS can offer substantial gains over distributed conventional RIS and localized BD-RIS,

as high as several orders of magnitude. These gains are enabled by the interconnections

within BD-RIS, which allow the guided propagation of the EM signal within the BD-RIS.

Second, we model BD-RIS (localized and distributed) with lossy interconnections by

using transmission line theory. Specifically, we model the interconnections present in the

BD-RIS circuit topology as tunable impedance components in series with lossy transmis-

sion lines. Thus, we derive the expression of the BD-RIS admittance matrix as a function

of the tunable impedance components and the transmission line parameters.

Third, since it is difficult to derive engineering insights from the derived BD-RIS model,

we obtain three simplified models. First, by making specific assumptions on the intercon-

nection lengths, we show how losses impact the BD-RIS admittance matrix elements.

Second, by assuming lossless interconnections, we illustrate how the presence of long in-

terconnections affects the lossless BD-RIS model. Third, by assuming lossless interconnec-

tions with specific lengths, it is shown how the derived model boils down to the BD-RIS

model widely considered in previous literature.

Fourth, we optimize lossy BD-RIS based on the proposed models and assess its per-

formance, compared with conventional RIS. Numerical results show that the performance

of localized BD-RIS is only slightly impacted by losses given the short interconnection

lengths. Besides, the performance of distributed RIS, even with losses, can achieve orders

of magnitude of gains over conventional RIS.

Organization: In Section 9.1, we introduce the localized and distributed BD-RIS-aided

system model. In Section 9.2, we derive and compare the scaling laws of localized and

distributed BD-RIS. In Section 9.3, we model BD-RIS with lossy interconnections through

transmission line theory. In Section 9.4, we derive three simplified models for lossy BD-

RIS. In Section 9.5, we optimize BD-RIS characterized with the proposed models. In

Section 9.6, we present the numerical results. Finally, Section 9.7 concludes this chapter.

The content of this chapter has appeared in [101].

9.1 Localized and Distributed BD-RIS-Aided System Model

Consider a MIMO system between an NT -antenna transmitter and an NR-antenna receiver

aided by an N -element BD-RIS. The N elements of the BD-RIS are connected to a N -

port reconfigurable impedance network, with scattering matrix Θ ∈ C
N×N . Given the
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matrix Θ, the wireless channel H ∈ C
NR×NT writes as H = HRT + HRΘHT , where

HRT ∈ C
NR×NT , HR ∈ C

NR×N , and HT ∈ C
N×NT refer to the channels from transmitter

to receiver, RIS to receiver, and transmitter to RIS, respectively [16].

In related literature, an RIS has been regarded as an antenna array with an inter-

element distance comparable with the wavelength. We refer to this type of RIS as localized

RIS, as its elements are all localized in a specific site. With a localized RIS, the channels

HR and HT have been commonly modeled as HLoc
R =

√
ρRH̃R and HLoc

T =
√
ρT H̃T , where

ρR and ρT are the path-gains while H̃R ∈ C
NR×N and H̃T ∈ C

N×NT are the small-scale

fading effects. Opposed to localized RISs, we investigate in this chapter the performance

of distributed RISs, i.e., RISs whose elements are distributed over a wide region, with an

inter-element distance that can be much longer than the wavelength. In the presence of a

distributed RIS, the channel HR is expressed as HDis
R = H̃RR

1/2
R , where RR = diag(ρR),

with ρR ∈ R
N×1 introduced such that [ρR]n is the path-gain from the nth RIS element to

the receiver. Similarly, we have HDis
T = R

1/2
T H̃T , where RT = diag(ρT ), with ρT ∈ R

N×1

introduced such that [ρT ]n is the path-gain from the transmitter to the nth RIS element.

In this BD-RIS-aided system, we denote the transmitted signal as x = ws ∈ C
NT×1,

where w ∈ C
NT×1 is the precoding vector subject to ∥w∥ = 1, and s ∈ C is the transmitted

symbol with average power PT = E[|s|2]. Denoting the received signal as y ∈ C
NR×1, we

have y = Hx+n, where n ∈ C
NR×1 is the AWGN at the receiver with power σ2

n. By using

a combining vector g ∈ C
1×NR subject to ∥g∥ = 1, the signal used for detection ŝ = gy

can be expressed as

ŝ = g (HRT +HRΘHT )ws+ ñ, (9.1)

where ñ = gn is the AWGN with power σ2
n. Thus, when reconfiguring the BD-RIS, Θ is

optimized jointly with g and w to maximize the received signal power, given by

PR = PT |g (HRT +HRΘHT )w|2 . (9.2)

In the following, we analyze and compare the received signal power scaling laws of localized

and distributed BD-RIS.

9.2 Scaling Laws

To compare the fundamental limits of localized and distributed BD-RIS, we derive their

received signal power scaling laws. For simplicity, we consider a SISO system, i.e., NR = 1

and NT = 1, with obstructed direct channel, i.e., HRT = 0, and lossless BD-RIS, i.e., with

unitary Θ. With no loss of generality, we assume transmit power PT = 1, such that the

received signal power writes as PR = |hRΘhT |2. We model the path-gain of the channels

hR and hT through the distance-dependent model and their small-scale fading as i.i.d.

Rayleigh distributed. Specifically, for localized BD-RIS, we have hLoc
i ∼ CN (0, ρiI), with

ρi = C0d
−a
i , for i ∈ {R, T}, where C0 refers to the path-gain at the reference distance

1 m, a is the path-loss exponent, and dR (resp. dT ) is the distance between the RIS

and the receiver (resp. the transmitter). Similarly, for distributed BD-RIS, we have

hDis
i ∼ CN (0,Ri), with Ri = diag(ρi), [ρi]n = C0[di]

−a
n , for i ∈ {R, T}, where [dR]n
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(resp. [dT ]n) is the distance between the nth RIS element and the receiver (resp. the

transmitter).

In the following, we study the localized and distributed versions of single- and fully-

connected RIS, which are the least and the most complex BD-RIS architectures, respec-

tively. Single-connected RIS is the conventional RIS characterized by a unitary and diag-

onal scattering matrix, i.e., Θ = diag(ejθ1 , . . . , ejθN ), with θn ∈ [0, 2π), for n = 1, . . . , N .

Besides, fully-connected RIS is the BD-RIS architecture with the highest flexibility as it

is characterized by an arbitrary symmetric and unitary scattering matrix [16].

For localized single-connected RIS, it is possible to optimize the phase shifts θn to

obtain a received signal power given by

PLoc-SC
R =

(
N∑

n=1

∣∣[hLoc
R

]
n

∣∣ ∣∣[hLoc
T

]
n

∣∣
)2

. (9.3)

Furthermore, the expected value of (9.3) can be derived by exploiting the i.i.d. channels

assumption, and that E[|[hLoc
i ]n|2] = ρi and E[|[hLoc

i ]n|] =
√
π
2

√
ρi, for i ∈ {R, T} and

n = 1, . . . , N , because of the moments of the chi distribution with 2 degrees of freedom.

Thus, it is possible to show that

E
[
PLoc-SC
R

]
=

(
N +

π2

16
N (N − 1)

)
C2
0d

−a
R d−aT , (9.4)

giving the scaling law of localized single-connected RIS [16].

In the case of localized fully-connected RIS, it has been shown that it is always possible

to optimize the RIS to achieve a maximum received signal power given by

PLoc-FC
R =

∥∥hLoc
R

∥∥2 ∥∥hLoc
T

∥∥2 , (9.5)

whose expected value writes as

E
[
PLoc-FC
R

]
= N2C2

0d
−a
R d−aT , (9.6)

following the i.i.d. channels assumption and the moments of the chi distribution with 2

degrees of freedom [16].

For distributed single-connected RIS, the achievable received signal power writes as

PDis-SC
R =

(
N∑

n=1

∣∣[hDis
R

]
n

∣∣ ∣∣[hDis
T

]
n

∣∣
)2

, (9.7)

similarly to (9.3). By exploiting the i.i.d. channels assumption, and that E[|[hDis
i ]n|2] =

[ρi]n and E[|[hDis
i ]n|] =

√
π
2

√
[ρi]n, for i ∈ {R, T} and n = 1, . . . , N , it is possible to show

that

E
[
PDis-SC
R

]
= C2

0




N∑

n=1

([dR]n [dT ]n)
−a +

π2

16

∑

n ̸=m
([dR]n [dT ]n [dR]m [dT ]m)

−a
2


 , (9.8)
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(a) (b)

Figure 9.1: (a) Localized and (b) distributed RIS-aided communication system.

giving the scaling law of distributed single-connected RIS.

Finally, in the case of distributed fully-connected RIS, the achievable received signal

power is

PDis-FC
R =

∥∥hDis
R

∥∥2 ∥∥hDis
T

∥∥2 , (9.9)

with expected value

E
[
PDis-FC
R

]
= C2

0

N∑

n=1

[dR]
−a
n

N∑

n=1

[dT ]
−a
n , (9.10)

following again the i.i.d. channels assumption and the moments of the chi distribution

with 2 degrees of freedom 1.

In the following, we compare the four scaling laws derived in (9.4), (9.6), (9.8), and

(9.10) by analyzing four gains: i) the gain of fully- over single-connected localized RIS,

ii) the gain of fully- over single-connected distributed RIS, iii) the gain of distributed

over localized single-connected RIS, and iv) the gain of distributed over localized fully-

connected RIS. First, we carry out a theoretical discussion valid for any values of the

distances dR, dT , dR, and dT . Second, to numerically quantify these gains, we consider

a three-dimensional coordinate system where the transmitter and receiver are located at

(0, 0, 0) and (20, 0, 0) in meters (m), respectively. In the case of localized RIS, the RIS

is located in (20, 0, 2), as shown in Fig. 9.1(a). In the case of distributed RIS, the RIS

elements are spread out over a long line. Specifically, the RIS is a ULA with elements

uniformly placed between (0, 0, 2) and (40, 0, 2), as shown in Fig. 9.1(b).

9.2.1 Gain of Fully- over Single-Connected Localized RIS

The gain of fully-connected over single-connected localized RIS, which is defined as GLoc =
E[PLoc-FC

R ]/E[PLoc-SC
R ], writes as

GLoc = N

1 + π2

16 (N − 1)
, (9.11)

following (9.4) and (9.6), in agreement with [16]. Remarkably, we observe that GLoc, which
depends only on N , is lower bounded by GLoc ≥ 1 and upper bounded by GLoc < 16

π2 ≈
1Under LoS small-scale fading, i.e., [hLoc

i ]n =
√
ρie

jϕi,n and [hDis
i ]n =

√

[ρi]ne
jψi,n , for i ∈ {R, T}

and n = 1, . . . , N , it is possible to prove that E[PLoc-FC
R ] and E[PDis-FC

R ] remain as in (9.6) and (9.10),
E[PLoc-SC

R ] = E[PLoc-FC
R ], and E[PDis-SC

R ] = C2
0 (
∑

n([dR]n[dT ]n)
−a/2)2. Given the similarity between the

scaling laws under Rayleigh and LoS fading, the following insights on localized and distributed RIS obtained
considering Rayleigh fading are also valid under more general Rician fading.
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1.62. Thus, localized fully-connected RIS is beneficial over localized single-connected RIS,

enabling a gain of at most 62% in a SISO system [16].

9.2.2 Gain of Fully- over Single-Connected Distributed RIS

We define the gain of fully-connected over single-connected distributed RIS as GDis =

E[PDis-FC
R ]/E[PDis-SC

R ]. By noticing that (9.8) is upper bounded by

E
[
PDis-SC
R

]
< C2

0

(
N∑

n=1

([dR]n [dT ]n)
−a

2

)2

, (9.12)

we obtain that

GDis >

∑N
n=1 [dR]

−a
n

∑N
n=1 [dT ]

−a
n(∑N

n=1 ([dR]n [dT ]n)
−a

2

)2 =

(
M−a

2
(dR ⊙ dT )

M−a (dR)M−a (dT )

)a
, (9.13)

where Mp(ξ) = (
∑N

n=1[ξ]
p
n/N)1/p denotes the generalized mean of the elements of ξ ∈

R
N×1
+ with exponent p ∈ R∗, and ⊙ denotes the Hadamard product. Thus, we have

GDis ≥ 1 from the Cauchy-Schwarz inequality. Furthermore, since min(ξ) < M−p(ξ) <
p
√
Nmin(ξ), we have

GDis >

(
min (dR ⊙ dT )

a
√
N2min (dR)min (dT )

)a
, (9.14)

indicating that GDis increases exponentially with a and can be significantly high when

both min (dR) and min (dT ) are reduced, i.e., there is at least an RIS element close to the

receiver and another one close to the transmitter.

We numerically quantify GDis in Fig. 9.2(a), where we consider the system represented

in Fig. 9.1(b) with different values of path-loss exponent a and number of RIS elements

N . From Fig. 9.2(a), we observe that GDis can be as high as several orders of magni-

tude, differently from GLoc, which is limited to 1.62. Fig. 9.2(a) confirms that GDis grows

exponentially with a, and shows that the gain is only slightly affected by N .

Besides, in Fig. 9.3(a), we report the gain GDis for different locations of the receiver,

located in (x, y, 0), where x ∈ [−10, 70] and y ∈ [−40, 40], with a = 4 and N = 64.

From Fig. 9.3(a), we observe that GDis is particularly high when the receiver is close to the

distributed RIS and at the same time far from the transmitter. As visible from (9.14), GDis

assumes high values when both the transmitter and the receiver are close to the distributed

RIS. Thus, the high gains in Fig. 9.3(a) can be observed also for different locations of the

transmitter, as long as it is located in proximity to an RIS element. Conversely, GDis

decreases, approaching 1, when both the transmitter and the receiver are located far from

all the RIS elements.

9.2.3 Gain of Distributed over Localized Single-Connected RIS

Consider now the gain of distributed over localized single-connected RIS, defined as GSC =

E[PDis-SC
R ]/E[PLoc-SC

R ]. To gain useful insights into GSC, we approximate this gain by
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Figure 9.2: (a) GDis, (b) GSC, and (c) GFC for different values of path-loss exponent and
number of RIS elements.

Gain [dB]

0  10 20 30 40 50 60 70 

x [m]

30 

20 

10 

0  

-10

-20

-30

-40

y
 [

m
]

5

10

15

20

25

30

35

40

(a) GDis.

Gain [dB]

0  10 20 30 40 50 60 70 

x [m]

30 

20 

10 

0  

-10

-20

-30

-40

y
 [
m

]

-10

0

10

20

30

40

50

(b) GSC.

Gain [dB]

0  10 20 30 40 50 60 70 

x [m]

30 

20 

10 

0  

-10

-20

-30

-40

y
 [

m
]

20

25

30

35

40

45

50
Transmitter

Distributed RIS

Localized RIS

(c) GFC.

Figure 9.3: (a) GDis, (b) GSC, and (c) GFC for different locations of the receiver.

deriving an upper and a lower bound. First, by noticing that (9.8) is lower bounded by

E
[
PDis-SC
R

]
> C2

0

π2

16

(
N∑

n=1

([dR]n [dT ]n)
−a

2

)2

, (9.15)

and that (9.4) is upper bounded by

E
[
PLoc-SC
R

]
< N2C2

0d
−a
R d−aT , (9.16)

we obtain that

GSC >

π2

16

(∑N
n=1 ([dR]n [dT ]n)

−a
2

)2

N2d−aR d−aT
=

π2

16

(
dRdT

M−a
2
(dR ⊙ dT )

)a
. (9.17)

Second, by recalling (9.12) and noticing that (9.4) is lower bounded by

E
[
PLoc-SC
R

]
>

π2

16
N2C2

0d
−a
R d−aT , (9.18)

we have

GSC <

(∑N
n=1 ([dR]n [dT ]n)

−a
2

)2

π2

16N
2d−aR d−aT

=
16

π2

(
dRdT

M−a
2
(dR ⊙ dT )

)a
. (9.19)
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Thus, considering (9.17) and (9.19), we can approximate GSC as

GSC ≈
(

dRdT
M−a

2
(dR ⊙ dT )

)a
≜ G̃SC, (9.20)

which can be greater or less than one, depending on the positions of the localized and

distributed RISs.

Since distributed single-connected RIS is not always beneficial over localized single-

connected RIS, we provide intuitive sufficient and necessary conditions for G̃SC > 1. First,

since M−a
2
(dR ⊙ dT ) <

a
√
N2min (dR ⊙ dT ), we have

G̃SC >

(
dRdT

a
√
N2min (dR ⊙ dT )

)a
, (9.21)

and a sufficient condition for G̃SC > 1 is given by dRdT >
a
√
N2min (dR ⊙ dT ). Second,

since M−a
2
(dR ⊙ dT ) > min(dR ⊙ dT ), we have

G̃SC <

(
dRdT

min (dR ⊙ dT )

)a
, (9.22)

and a necessary condition for G̃SC > 1 is given by dRdT > min(dR ⊙ dT ).

In Fig. 9.2(b), we numerically evaluate GSC considering the systems represented in

Fig. 9.1. Interestingly, we always have GSC < 1, meaning that the distributed single-

connected RIS is not beneficial over the localized single-connected RIS in the considered

scenario. This is because the receiver is located close to the localized RIS, yielding a

particularly small dRdT , which deteriorates the gain, as given in (9.20).

In addition, in Fig. 9.3(b), we report GSC for different locations of the receiver. Re-

markably, we observe that GSC < 1 only when the receiver is in close proximity to the

localized RIS, while it can reach high values when the receiver is far from the localized

RIS. Thus, distributed single-connected RIS offers better coverage than localized single-

connected RIS, improving the received signal power over a much wider area.

9.2.4 Gain of Distributed over Localized Fully-Connected RIS

Finally, we consider the gain of distributed over localized fully-connected RIS, defined as

GFC = E[PDis-FC
R ]/E[PLoc-FC

R ]. From (9.6) and (9.10), we directly obtain

GFC =

∑N
n=1 [dR]

−a
n

∑N
n=1 [dT ]

−a
n

N2d−aR d−aT
=

(
dRdT

M−a (dR)M−a (dT )

)a
, (9.23)

indicating that GFC ≥ GSC by the Cauchy-Schwarz inequality. Since

GFC >

(
dRdT

a
√
N2min (dR)min (dT )

)a
, (9.24)
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Figure 9.4: (a) Port m connected to ground through Zm and (b) ports m and n intercon-
nected through Zn,m and a transmission line of length ℓn,m.

a sufficient condition for GFC > 1 is dRdT >
a
√
N2min (dR)min (dT ), which is more relaxed

than the sufficient condition for G̃SC > 1. In addition, since

GFC <

(
dRdT

min (dR)min (dT )

)a
, (9.25)

a necessary condition for GFC > 1 is dRdT > min (dR)min (dT ), which is more relaxed

than the necessary condition for G̃SC > 1.

In Fig. 9.2(c), we numerically evaluate GFC considering the systems represented in

Fig. 9.1. Remarkably, we always observe GFC > 1, meaning that the distributed fully-

connected RIS always outperforms localized fully-connected RIS in the considered scenario.

Furthermore, Fig. 9.2(c) shows that GFC grows exponentially with a, reaching values as

high as several orders of magnitude, and is only minimally impacted by N .

Besides, we report GFC for different locations of the receiver in Fig. 9.3(c). Remarkably,

we observe that GFC > 15 dB for all receiver locations, indicating that distributed fully-

connected RIS offers better performance than localized fully-connected RIS over the whole

considered area. In particular, GFC is significantly high when the receiver is far from the

localized RIS while being close to the distributed RIS.

9.3 General Lossy BD-RIS Model

We have introduced the concept of distributed RIS, showing that distributed BD-RIS can

enable significant gains over distributed single-connected RIS and localized BD-RIS. In this

section, we study the impact of the losses within the BD-RIS architecture by developing

a model for BD-RIS that accounts for lossy interconnections.

We model a BD-RIS with lossy interconnections as an N -port network with a circuit

topology described as follows. First, port m is connected to ground through a tunable

impedance Zm, for m = 1, . . . , N , as represented in Fig. 9.4(a). Second, port m and port

n, if interconnected in the BD-RIS architecture, are interconnected through a tunable

impedance Zn,m in series with a transmission line of length ℓn,m, for n,m = 1, . . . , N , as

represented in Fig. 9.4(b).

Given an N -port network implemented with this circuit topology, our goal is to char-

acterize its scattering matrix Θ. Since it is hard to directly derive Θ from the BD-RIS

circuit topology, we characterize the BD-RIS admittance matrix Y ∈ C
N×N , which is

related to Θ by (2.3), where Z0 is the reference impedance, typically set to Z0 = 50 Ω [74,
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(a) (b)

Figure 9.5: Equivalent circuit to be studied to compute (a) the off-diagonal entry [Y]n,m
and (b) the diagonal entry [Y]m,m.

Chapter 4]. According to the definition of Y, each entry [Y]n,m is obtained by driving

port m with a voltage Vm, short-circuiting all other ports, measuring the short-circuit

current In at port n, and computing the ratio

[Y]n,m =
In
Vm

∣∣∣∣
Vk=0,∀k ̸=m

, (9.26)

for n,m = 1, . . . , N [74, Chapter 4]. In the following, we separately model the off-diagonal

entries [Y]n,m, with n ̸= m, and the diagonal entries [Y]m,m.

9.3.1 Modeling the Admittance Matrix: Off-Diagonal Entries

To derive the off-diagonal entries [Y]n,m, with n ̸= m, given by (9.26), we make two

observations that allow us to study a simplified circuit. First, the current flowing on the

transmission lines interconnecting port j and port k, with j, k ̸= m, is zero since these

transmission lines are short-circuited at both ends according to (9.26). Consequently, these

transmission lines can be removed from the circuit when computing (9.26). Second, the

current flowing on the transmission lines interconnecting port m and port k, with k ̸= n,

do not influence the current In. Thus, also these transmission lines can be removed from

the circuit as they do not impact on (9.26). Following these two observations, we have

that each off-diagonal entry [Y]n,m, with n ̸= m, can be derived by studying an equivalent

circuit made of a single transmission line, as represented in Fig. 9.5(a).

To study the circuit in Fig. 9.5(a) and determine [Y]n,m, we begin by solving the

telegrapher equations in the sinusoidal steady-state condition [74, Chapter 2], giving the

voltage V (z) and current I(z) on the transmission line interconnecting port m and port

n as

V (z) = V +
0 e−γz + V −

0 eγz, I(z) =
V +
0 e−γz − V −

0 eγz

Z0
, (9.27)

respectively, where V +
0 ∈ C and V −

0 ∈ C are constants, γ ∈ C is the propagation constant

of the transmission line, and Z0 ∈ R is the characteristic impedance of the transmission

line2. In the following, we characterize the voltage and current on the transmission line

by determining the constants V +
0 and V −

0 .

2Note that Z0 is real for both lossless and the so-called low-loss transmission lines [74, Chapter 2],
which are considered in this chapter.
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Since the transmission line in Fig. 9.5(a) is terminated in a short circuit, the voltage

at z = 0 is zero. Thus, by using (9.27), we have V (0) = V +
0 +V −

0 = 0, giving V −
0 = −V +

0 .

By substituting V −
0 = −V +

0 into (9.27), V (z) and I(z) simplify to

V (z) = V +
0

(
e−γz − eγz

)
, I(z) =

V +
0

Z0

(
e−γz + eγz

)
, (9.28)

respectively. Furthermore, we can determine V +
0 by using the input impedance of the

transmission line, defined as

Zin =
V (−ℓn,m)
I (−ℓn,m)

, (9.29)

and that can be expressed as

Zin = Z0
eγℓn,m − e−γℓn,m

eγℓn,m + e−γℓn,m
, (9.30)

by using (9.28). Specifically, we determine V +
0 from the voltage at z = −ℓn,m, given by

V (−ℓn,m) = Vm
Zin

Zin + Zn,m
(9.31)

= V +
0

(
eγℓn,m − e−γℓn,m

)
, (9.32)

where (9.31) is a direct consequence of (9.29), and (9.32) is obtained by expressing

V (−ℓn,m) through (9.28). By equating (9.31) and (9.32), we obtain the expression of

V +
0 as

V +
0 = Vm

Zin

(Zin + Zn,m)
(
eγℓn,m − e−γℓn,m

) (9.33)

= Vm
Z0

Zn,m
(
eγℓn,m + e−γℓn,m

)
+ Z0

(
eγℓn,m − e−γℓn,m

) , (9.34)

where (9.34) is derived by using (9.30).

We can now derive the off-diagonal entry [Y]n,m, with n ̸= m, given by (9.26). Specif-

ically, In is obtained through (9.28) as

In = −I(0) = −2V
+
0

Z0
, (9.35)

with V +
0 given by (9.34). Thus, by substituting (9.35) into (9.26), we finally obtain

[Y]n,m =
−2

Zn,m
(
eγℓn,m + e−γℓn,m

)
+ Z0

(
eγℓn,m − e−γℓn,m

) . (9.36)

Remarkably, (9.36) provides the general expression of the off-diagonal entry [Y]n,m as a

function of the tunable impedance Zn,m and the transmission line parameters ℓn,m, γ, and

Z0. Because of the reciprocity of the circuit, Y is symmetric and we have [Y]n,m = [Y]m,n.

Furthermore, if port m and n are not interconnected in the BD-RIS architecture, Zn,m is

an open circuit, i.e., Zn,m =∞, yielding [Y]n,m = [Y]m,n = 0.
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9.3.2 Modeling the Admittance Matrix: Diagonal Entries

To derive the diagonal entries [Y]m,m, we observe that the current flowing on the transmis-

sion lines interconnecting port j and port k, with j, k ̸= m, is zero since these transmission

lines are short-circuited at both ends according to (9.26). Thus, these transmission lines

do not impact on (9.26) and can be removed from the circuit. Following this observation,

we have that each diagonal entry [Y]m,m can be derived by studying the equivalent circuit

represented in Fig. 9.5(b) to find the ratio [Y]m,m = Im/Vm.

From the circuit in Fig. 9.5(b), we directly notice by Kirchhoff’s first law that

Im =
Vm
Zm

+
∑

n ̸=m
I ′n, (9.37)

where I ′n can be computed through (9.28) as

I ′n = I(−ℓn,m) =
V +
0

Z0

(
eγℓn,m + e−γℓn,m

)
, (9.38)

∀n ̸= m, with V +
0 given by (9.34). Thus, by substituting (9.37) into (9.26), we obtain

[Y]m,m =
1

Zm
+
∑

n ̸=m

I ′n
Vm

, (9.39)

readily giving

[Y]m,m =
1

Zm
−
∑

n ̸=m

eγℓn,m + e−γℓn,m

2
[Y]n,m, (9.40)

by using (9.38), where [Y]n,m is given by (9.36). Remarkably, the diagonal entry [Y]m,m

is a function of Zm, Zn,m, ∀n ̸= m, and the transmission line parameters.

9.4 Simplified Lossy BD-RIS Models

We have modeled the RIS admittance matrix Y by determining its entries in (9.36) and

(9.40). In (9.36) and (9.40), the propagation constant of the transmission line γ = α+ jβ

is in general a complex number, with real part α denoted as the attenuation constant and

imaginary part β denoted as the phase constant [74, Chapter 2]. Given the complex nature

of γ, it is hard to gain engineering insights into the entries of Y from (9.36) and (9.40).

For this reason, we simplify this general model into three simplified models by making

different assumptions on the interconnection lengths ℓn,m and the attenuation constant α.

9.4.1 Model with Specific Interconnection Lengths

Consider the case when ℓn,m is a multiple of λ/2, with the wavelength λ defined as λ = 2π
β ,

i.e., when ℓn,m = π
βKn,m, for some Kn,m ∈ Z. In this case, we have ejβℓn,m = e−jβℓn,m =

(−1)Kn,m . In addition, we assume the tunable impedance components of the RIS to be

purely reactive, i.e., Zm = jXm with Xm ∈ R and Zn,m = jXn,m with Xn,m ∈ R. Thus,
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Figure 9.6: Possible values of [Y]n,m modeled as in (9.42), with Z0 = 50 Ω and ℓn,m =
0.1 m.

(9.36) can be simplified into

[Y]n,m =
−2(−1)Kn,m

jXn,m

(
eαℓn,m + e−αℓn,m

)
+ Z0

(
eαℓn,m − e−αℓn,m

) (9.41)

=
−(−1)Kn,m

jXn,m cosh (αℓn,m) + Z0 sinh (αℓn,m)
. (9.42)

Remarkably, in (9.42) the term jXn,m cosh (αℓn,m) is purely imaginary and the term

Z0 sinh (αℓn,m) is purely real. Thus, if [Y]n,m ̸= 0, [Y]n,m must have a non-zero real

part, which dissipates real power. More interestingly, it can be easily verified that the set

of possible values of [Y]n,m given by (9.42) is a circle in the complex plane with radius

r =
1

2Z0 sinh (αℓn,m)
, (9.43)

and centered in c = (−(−1)Kn,mr, 0), where any point on the circle can be achieved by

properly tuning Xn,m. Thus, [Y]n,m has always a negative real part when Kn,m is even,

i.e., the interconnection length ℓn,m is multiple of the wavelength λ, and has always a

positive real part when Kn,m is odd.

For better clarity, we report in Fig. 9.6 the possible values of [Y]n,m considering dif-

ferent parameters, by fixing Z0 = 50 Ω and ℓn,m = 0.1 m. From Fig. 9.6, we can make

the following two observations. First, when αℓn,m = 0, we have r = +∞ according to

(9.43), meaning that [Y]n,m can assume an arbitrary imaginary part with always zero real

part. In this ideal case, the BD-RIS has full flexibility and does not dissipate real power.

Second, r decreases as the value of αℓn,m increases, reducing the flexibility of the BD-RIS

since [Y]n,m has imaginary part constrained within the interval [−r,+r].

In the case ℓn,m is a multiple of λ/2 for all the interconnections departing from port

m, i.e., ℓn,m = π
βKn,m, for some Kn,m ∈ Z, ∀n ̸= m, (9.40) simplifies as

[Y]m,m =
1

jXm
−
∑

n ̸=m
(−1)Kn,m cosh (αℓn,m) [Y]n,m (9.44)

=
1

jXm
+
∑

n ̸=m

1

jXn,m + Z0 tanh (αℓn,m)
. (9.45)
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Remarkably, [Y]m,m has always a positive real part, ∀Kn,m ∈ Z, given by

ℜ{[Y]m,m} =
∑

n ̸=m

Z0 tanh (αℓn,m)

X2
n,m + Z2

0 tanh
2 (αℓn,m)

, (9.46)

while it can have an arbitrary imaginary part depending on the tunable value Xm.

9.4.2 Model with Lossless Interconnections

Consider the case of lossless interconnections, i.e., α = 0, and do not assume any con-

straints on the lengths ℓn,m. In addition, we assume purely reactive tunable impedance

components, i.e., Zm = jXm and Zn,m = jXn,m. In this case, (9.36) can be simplified into

[Y]n,m =
−1

jXn,m cos (βℓn,m) + jZ0 sin (βℓn,m)
, (9.47)

which is purely imaginary. Interestingly, [Y]n,m can be any imaginary number according

to the tunable impedance component Xn,m.

Besides, with α = 0, (9.40) boils down to

[Y]m,m =
1

jXm
−
∑

n ̸=m
cos (βℓn,m) [Y]n,m (9.48)

=
1

jXm
+
∑

n ̸=m

1

jXn,m + jZ0 tan (βℓn,m)
, (9.49)

which is also purely imaginary. Note that [Y]m,m can be set independently of the val-

ues of [Y]n,m by properly choosing Xm. Thus, the whole admittance matrix Y is purely

imaginary, indicating that the RIS is lossless and does not dissipate any real power. This

is consistent with the fact that the RIS is assumed to be made of lossless tunable com-

ponents and lossless transmission lines. Remarkably, when the transmission lines of the

RIS interconnections are lossless, their only effect is the variation in phase of voltages and

currents along them.

9.4.3 Model with Lossless Interconnections of Specific Lengths

Consider the case when ℓn,m is a multiple of λ/2, i.e., when ℓn,m = π
βKn,m, for some

Kn,m ∈ Z, and the interconnections are lossless, i.e., α = 0. In this case, we have

eγℓn,m = e−γℓn,m = (−1)Kn,m . In addition, we assume purely reactive tunable impedance

components, i.e., Zm = jXm and Zn,m = jXn,m. Thus, (9.36) can be simplified into

[Y]n,m =
−(−1)Kn,m

jXn,m
, (9.50)

which can be an arbitrary imaginary number depending on the tunable impedance com-

ponent Xn,m.

In the case ℓn,m is a multiple of λ/2 for all the interconnections departing from port
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m, i.e., ℓn,m = π
βKn,m, for some Kn,m ∈ Z, ∀n ̸= m, (9.40) simplifies as

[Y]m,m =
1

jXm
−
∑

n ̸=m
(−1)Kn,m [Y]n,m (9.51)

=
1

jXm
+
∑

n ̸=m

1

jXn,m
, (9.52)

which can be an arbitrary imaginary number. Remarkably, when all the interconnection

lengths ℓn,m are a multiple of λ, i.e., Kn,m is even, ∀n,m, the transmission lines have no

visible effect as they apply a phase shift of a multiple of 2π to the voltages and currents

propagating along them. In this case, the simplified model in (9.50) and (9.52) is equivalent

to the model with no transmission lines, i.e., with ℓn,m = 0, widely considered in previous

literature on BD-RIS [16, 80].

9.5 Lossy BD-RIS Optimization

We have modeled the admittance matrix Y of BD-RIS with lossy interconnections and

derived three simplified models. In this section, we optimize BD-RIS characterized by

these simplified models to assess the impact of losses on the performance of BD-RIS.

9.5.1 Optimizing Lossless BD-RIS

Consider the lossless BD-RIS model of Section 9.4.2. The received signal power maximiza-

tion problem in a BD-RIS-aided MIMO system writes as

max
Xn,m,Xm,g,w

PT |g (HRT +HRΘHT )w|2 (9.53)

s.t. (2.3), (9.47), (9.49), ∥g∥ = 1, ∥g∥ = 1, (9.54)

which is solved by jointly optimizing Xn,m, Xm, g, w. To this end, we initialize g and w

to feasible values and alternate between the following two steps.

When g and w are fixed, we update Xn,m and Xm by solving

max
Xn,m,Xm

PT
∣∣h̄RT + h̄RΘh̄T

∣∣2 s.t. (2.3), (9.47), (9.49), (9.55)

where h̄RT = gHRTw, h̄R = gHR, and h̄T = HTw, which is apparently hard given the

non-convex constraints. Nevertheless, (9.55) can be simplified by noticing that Y given by

(9.47) and (9.49) can be any purely imaginary symmetric matrix with [Y]n,m = 0 if ports

m and n are not interconnected, i.e., Y = jB, B = BT , with [B]n,m = 0 if Zn,m = ∞,

where B ∈ R
N×N denotes the RIS susceptance matrix. Thus, (9.55) can be rewritten as

max
B

PT

∣∣∣h̄RT + h̄R (I+ jZ0B)−1 (I− jZ0B) h̄T

∣∣∣
2

(9.56)

s.t. B = BT , [B]n,m = 0 if Zn,m =∞, (9.57)

which is an unconstrained problem in the upper triangular entries of B that are not forced
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to zero. This problem has been solved through the quasi-Newton method in [16] for group-

/fully-connected RISs, and through global optimal closed-form solutions in [75] and [80],

for group-/fully- and forest-/tree-connected RISs, respectively. Given the optimal suscep-

tance matrix B⋆ solution to (9.56)-(9.57), the values of the tunable reactance components

Xn,m and Xm can be obtained by inverting (9.47) and (9.48) with Y = jB⋆, respectively,

i.e.,

Xn,m =
1

cos (βℓn,m) [B⋆]n,m
− Z0 tan (βℓn,m) , (9.58)

Xm =
−1

[B⋆]m,m +
∑

n ̸=m cos (βℓn,m) [B⋆]n,m
. (9.59)

When Xn,m and Xm are fixed, also Θ is fixed, as given by (2.3), where Y is determined

by (9.47) and (9.49). Thus, g and w are updated as the dominant left and right singular

vectors of HRT +HRΘHT , respectively, which is globally optimal.

These two steps are alternatively repeated until convergence of the objective (9.53).

Notably, this optimization framework is also valid for the model of Section 9.4.3 as it is a

special case of the model of Section 9.4.2.

9.5.2 Optimizing Lossy BD-RIS

Considering the lossy BD-RIS model of Section 9.4.1, the received signal power maximiza-

tion problem writes as

max
Xn,m,Xm,g,w

PT |g (HRT +HRΘHT )w|2 (9.60)

s.t. (2.3), (9.42), (9.45), ∥g∥ = 1, ∥g∥ = 1, (9.61)

which is solved by initializing g and w to feasible values and by alternating between the

following two steps.

When g and w are fixed, Xn,m and Xm are updated by solving

max
Xn,m,Xm

PT
∣∣h̄RT + h̄RΘh̄T

∣∣2 s.t. (2.3), (9.42), (9.45). (9.62)

Interestingly, the constraints of problem (9.62) can be tightened as a consequence of the

following proposition.

Proposition 9. The average real power dissipated by an RIS with admittance matrix Y

modeled as in Section 9.4.1 is reduced if any |ℜ{[Y]i,j}| is reduced, with i ̸= j.

Proof. Consider the following two RISs: the first has admittance matrix Y and dissi-

pates a power Pav; the second has admittance matrix Y′ obtained from Y by reducing

|ℜ{[Y]i,j}| by ∆ > 0 for some i, j, i.e., |ℜ{[Y′]i,j}| = |ℜ{[Y]i,j}| − ∆, and dissipates a

power P ′
av. According to (9.42) and (9.44), introducing G = ℜ{Y} and G′ = ℜ{Y′}, we

have [G′]n,m = [G]n,m for m,n /∈ {i, j}, and

[
G′]

i,j
= [G]i,j + (−1)Ki,j∆,

[
G′]

j,i
= [G]j,i + (−1)Ki,j∆, (9.63)

[
G′]

k,k
= [G]k,k − cosh (αℓi,j)∆, (9.64)
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for k ∈ {i, j}. Given these two RISs, our goal is to prove that P ′
av ≤ Pav. To this

end, we first recall that average real power dissipated by an N -port network is defined as

Pav = ℜ{vT i∗}/2, where v, i ∈ C
N×1 are the voltage and current vectors at the N ports,

respectively [74, Chapter 4]. Thus, if the admittance matrix Y of this N -port network is

symmetric, it is possible to show that

Pav =
1

2
vTGv∗ =

1

2

∑

m,n

vnv
∗
m [G]n,m , (9.65)

where v = [v1, . . . , vN ]
T , giving the power dissipated by the first RIS. Similarly, the power

dissipated by the second RIS is

P ′
av =

1

2

∑

m,n

vnv
∗
m

[
G′]

n,m
(9.66)

=
1

2

∑

m,n/∈{i,j}
vnv

∗
m [G]n,m +

1

2

∑

m,n∈{i,j}
vnv

∗
m

[
G′]

n,m
, (9.67)

since [G′]n,m = [G]n,m for m,n /∈ {i, j}. By substituting (9.63) and (9.64) into (9.67), we

obtain

P ′
av = Pav −

1

2

(
|vi|2 cosh (αℓi,j)∆+

|vj |2 cosh (αℓi,j)∆− (−1)Ki,j
(
viv

∗
j + v∗i vj

)
∆
)
. (9.68)

Finally, since cosh (αℓi,j) ≥ 1, we have

P ′
av ≤ Pav −

1

2
|vi − (−1)Ki,jvj |2∆, (9.69)

indicating that P ′
av ≤ Pav.

From Proposition 9, we deduce that it is convenient to select the off-diagonal entries

[Y]n,m with a small real part in magnitude to reduce the power dissipated by the RIS.

Interestingly, Fig. 9.6 shows that we can select [Y]n,m with any imaginary part in the

interval [−r,+r], with the real part constrained by |ℜ{[Y]n,m}| ≤ r. This constraint

means that we can select [Y]n,m in the right semicircle of its possible values if Kn,m is

even, and in the left semicircle if Kn,m is odd, to reduce the dissipated power.

By adding the constraint |ℜ{[Y]n,m}| ≤ r for n ̸= m to (9.62), the resulting problem

can be reformulated by expressing Y as a function of an auxiliary variable A ∈ R
N×N as

[Y]n,m = (−1)Kn,m

 r√

[A]2n,m
r2

+ 1

− r


+ j

[A]n,m√
[A]2n,m
r2

+ 1

, (9.70)

[Y]m,m =
∑

n ̸=m
cosh (αℓn,m) |ℜ{[Y]n,m}|+ j[A]m,m, (9.71)

where A has been introduced such that ℑ{[Y]n,m} varies in the interval [−r,+r] as [A]n,m

varies in [−∞,+∞], with n ̸= m, and ℑ{[Y]m,m} = [A]m,m. Furthermore, in the case
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of a lossless RIS, i.e., r = +∞, (9.70) and (9.71) boil down to [Y]n,m = j[A]n,m and

[Y]m,m = j[A]m,m, respectively. Thus, the resulting problem writes as

max
A

PT

∣∣∣h̄RT + h̄R (I+ Z0Y)−1 (I− Z0Y) h̄T

∣∣∣
2

(9.72)

s.t. (9.70), (9.71), A = AT , [A]n,m = 0 if Zn,m =∞, (9.73)

which is an unconstrained problem in the upper triangular entries of A that are not

forced to zero. Remarkably, (9.72)-(9.73) is a generalization of (9.56)-(9.57) since in

the case of a lossless RIS, constraints (9.70) and (9.71) become [Y]n,m = j[A]n,m and

[Y]m,m = j[A]m,m, respectively, reducing (9.72)-(9.73) to (9.56)-(9.57). Since (9.72)-(9.73)

is unconstrained, it can be solved with the quasi-Newton method to find a stationary point.

Given the optimal A⋆ solution to (9.72)-(9.73), the admittance matrix Y is first obtained

throguh (9.70) and (9.71). Then, the values of the tunable reactance components Xn,m

and Xm are obtained from Y by inverting (9.42) and (9.44), respectively.

When Xn,m and Xm are fixed, also Θ is fixed, as given by (2.3), where Y is determined

by (9.42) and (9.45). Thus, g and w are updated as the dominant left and right singular

vectors of HRT +HRΘHT , respectively, which is globally optimal.

These two steps are repeated until convergence of (9.60).

9.6 Numerical Results

To evaluate the performance of localized and distributed BD-RIS with lossy interconnec-

tions, we consider the system represented in Fig. 9.1, where the transmitter and receiver are

located at (0, 0, 0) and (20, 0, 0), respectively. In the case of localized RIS, the RIS is a ULA

centered in (20, 0, 2) and with an inter-element distance 0.05 m, as shown in Fig. 9.1(a).

We model the path-gain of the channels HLoc
R and HLoc

T through the distance-dependent

model and their small-scale fading as i.i.d. Rayleigh distributed, i.e., HLoc
i =

√
ρiH̃i,

where ρi = C0d
−a
i and H̃i ∼ CN (0, I), for i ∈ {R, T}. In the case of distributed RIS, the

RIS is a ULA with elements uniformly placed between (0, 0, 2) and (40, 0, 2), as shown in

Fig. 9.1(b). Accordingly, the channels are given by HDis
R = H̃RR

1/2
R and HDis

T = R
1/2
T H̃T ,

where Ri = diag(ρi), [ρi]n = C0[di]
−a
n , and H̃i ∼ CN (0, I), for i ∈ {R, T}. The direct

channel is assumed to be fully obstructed, i.e., HRT = 0, and we set C0 = −30 dB, a = 4,

and PT = 10 W. In the following, we report the performance of tridiagonal BD-RIS, a

tree-connected BD-RIS that is proven to be the least complex BD-RIS architecture able to

achieve the performance upper bound in single-user systems [80], and compare it with con-

ventional RIS. Recalling that tridiagonal BD-RIS presents interconnections only between

adjacent RIS elements [80], its interconnection lengths are all equal to the inter-element

distance.

In Fig. 9.7, we report the received signal power obtained with localized RIS versus

the number of RIS elements, with NR = 1 and NT = 1 for simplicity. We can make

the following observations. First, BD-RIS achieves a higher received signal power than

conventional RIS thanks to the additional flexibility, both with lossless and lossy inter-

connections. Second, lossless BD-RIS achieves the highest received signal power since no
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Figure 9.7: (a) Received signal power and (b) gain of BD-RIS over conventional RIS versus
the number of RIS elements, for localized RIS.
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Figure 9.8: (a) Received signal power and (b) gain of BD-RIS over conventional RIS versus
the number of RIS elements, for distributed RIS.

power is dissipated by the BD-RIS circuit. Specifically, Fig. 9.7(b) shows that lossless

BD-RIS offers a gain over conventional RIS of up to 1.62, as discussed in Section 9.2.1.

Third, the received signal power achieved by BD-RIS decreases as the attenuation constant

α increases. However, the performance of localized BD-RIS is only slightly impacted by

the losses given the short inter-element distance.

In Fig. 9.8, we report the received signal power obtained with distributed RIS versus

the number of RIS elements, with NR = 1 and NT = 1. We can make the following

observations. First, BD-RIS always achieves a higher received signal power than conven-

tional RIS. Second, lossless BD-RIS achieves the highest received signal power, offering

gains of up to 30 dB over conventional RIS. These massive gains are because the EM

signal can propagate without losses between the BD-RIS elements, which are spread over

a long line. Third, the received signal power of distributed BD-RIS visibly decreases as

the attenuation constant α increases, given the significantly long inter-element distance.

Nevertheless, lossy BD-RIS can still achieve more than an order of magnitude of gain over

conventional RIS.
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Figure 9.9: (a) Received signal power and (b) gain of BD-RIS over conventional RIS versus
the number of transmit antennas, for distributed RIS.
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Figure 9.10: (a) Received signal power and (b) gain of BD-RIS over conventional RIS
versus the x coordinate of the receiver, for distributed RIS.

To investigate the impact of NR and NT on the system performance, we report in

Fig. 9.9 the received signal power of distributed RIS versus the number of transmit an-

tennas, with N = 32 and NR = 2. We observe that the received signal power of BD-RIS

and conventional RIS increases with NT , given the diversity gain offered by the multiple

transmit antennas. Besides, the gain of BD-RIS over conventional RIS is approximately

stable for any value of NT .

In Fig. 9.10, we report the received signal power obtained with distributed RIS for

different locations of the receiver. Specifically, the receiver is located in (x, 0, 0), where

x ∈ [10, 50], while we fix N = 32, NR = 2, and NT = 2. We observe that the received signal

power decreases as x increases since x also represents the distance between the transmitter

and receiver. The received signal power decreases significantly after x = 40 m, as this is

the location of the last distributed RIS element. Besides, Fig. 9.10(b) shows that the

gain of lossless BD-RIS over conventional RIS increases with x reaching values as high as

several orders of magnitude until x = 40 m.
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9.7 Conclusion

We propose the concept of distributed RIS, whose elements are distributed over a wide

region, in opposition to localized RIS, as commonly considered in previous literature. We

derive its scaling laws and analyze the gain of distributed RIS over localized RIS, and

of distributed BD-RIS over distributed conventional RIS. The derived gains show that

lossless distributed BD-RIS can offer gains as high as several orders of magnitude over

distributed conventional RIS and localized BD-RIS. In particular, these substantial gains

are enabled by the tunable impedance components interconnecting the BD-RIS elements,

which allow the EM signal to effectively reach the receiver by propagating within the

BD-RIS circuit.

To assess the practical performance of distributed BD-RIS, we model BD-RIS with

lossy interconnections by using transmission line theory. More precisely, we model the

BD-RIS interconnections as tunable impedance components in series with lossy transmis-

sion lines and derive the expression of the BD-RIS admittance matrix. Since it is hard to

gain engineering insights from the obtained model, we also derive three simplified models

through different assumptions. Finally, we optimize lossy BD-RIS based on the proposed

models and evaluate its performance. Numerical results show that the performance of

localized BD-RIS is only slightly impacted by losses because of the short interconnec-

tion lengths. Furthermore, distributed BD-RIS can achieve orders of magnitude of gains

over conventional RIS, even with low losses. The validation of the proposed modeling

of distributed RIS through full-wave simulators constitutes an intriguing future research

avenue.
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Chapter 10

Conclusion and Future Works

In this thesis, we investigate BD-RIS, a technology recently proposed as a generalization

of conventional RIS. We analyze the fundamental performance limits of BD-RIS with ideal

hardware and communication models and explore how hardware non-idealities impact the

performance limits. Specifically, our three main contributions are as follows. First, we opti-

mize the scattering matrix of group- and fully-connected RISs through a closed-form global

optimal solution and optimize the grouping strategy in group-connected RIS based on the

channel statistics. Second, we propose two novel BD-RIS architectures, namely forest-

and tree-connected RISs, to approach the best trade-off between performance and circuit

complexity, and characterize the Pareto frontier of such a trade-off. Third, we model and

optimize BD-RIS architectures in the presence of hardware impairments, namely discrete-

value scattering matrix, presence of EM mutual coupling, and lossy interconnections. In

the following, we delineate six future research directions for BD-RIS.

Further BD-RIS Architectures

A crucial challenge is to identify the BD-RIS architectures offering the optimal trade-off

between achieved performance and circuit complexity. In this thesis, we have presented

the forest- and tree-connected BD-RIS architectures and showed how to achieve the Pareto

frontier of the performance-complexity trade-off in single-user systems [80, 85]. However,

the fundamental limits of such a trade-off are still unknown for more complex wireless

systems, such as multi-user, which constitute an interesting future research direction.

New Applications for BD-RIS

Beyond improving the performance, BD-RIS enables full-space coverage through the hy-

brid and multi-sector modes [65, 66]. Interestingly, this application is enabled by the

interconnections present in BD-RIS and is not feasible through conventional RIS. Thus,

an open research direction is to investigate whether BD-RIS can unlock completely new

opportunities that are not possible with conventional RIS.

Interplay Between BD-RIS and Other Technologies

Recent works explored the interplay of BD-RIS with other technologies, namely RSMA

[56, 57, 58], massive MIMO [59], UAV [60], MEC [61], and SWIPT [62], showing promising
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advantages. However, additional research is needed to show the benefits of BD-RIS inte-

grated with novel technologies and in other wireless scenarios such as WPT, RF sensing,

and integrated sensing, communication, and WPT. In particular, a new direction has been

recently opened by implementing stacked intelligent metasurface (SIM), i.e., an emerging

technology enabling wave domain beamforming through multiple stacked RISs, through

BD-RIS [102]. Given the promising benefits of BD-RIS in realizing SIM [102], the interplay

between BD-RIS and SIM represents a brand new avenue for research.

Codebook-Based BD-RIS Design and Optimization

In recent literature on BD-RIS, it is commonly assumed that the BD-RIS scattering matrix

can be optimized with arbitrary values based on perfect channel knowledge. However, in

practice, the BD-RIS scattering matrix cannot be reconfigured with arbitrary precision and

channel estimation protocols may cause high communication overhead [54, 87]. To address

these two problems, a codebook-based optimization for BD-RIS could be investigated.

Specifically, a low-cardinality codebook of candidate scattering matrices could be built

in an offline stage according to the channel statistics. Based on this codebook, at every

coherence time interval, the BD-RIS switches between all the candidate scattering matrices

while pilot signals are sent from the transmitter to the receiver. After comparing the

received pilots, the receiver feeds back the index of the best BD-RIS scattering matrix,

allowing BD-RIS optimization based on discrete values with no explicit channel estimation.

Physically Consistent Models of BD-RIS

In most of the related literature, BD-RIS has been modeled by assuming ideal hardware

and RF design. Despite BD-RIS with hardware impairments has been studied in this

thesis, more work has to be done to develop physically consistent models of BD-RIS.

Specifically, we identify three relevant research avenues. First, models for BD-RIS with

lossy tunable impedance components should be studied, and the corresponding achievable

performance should be assessed. Second, in this thesis and in the related literature, the

studied BD-RIS-aided communication systems are implicitly assumed to be narrowband,

such that the RIS scattering matrix is constant in frequency. However, in wideband

communication systems, e.g., employing OFDM, the properties of the RIS tuning circuit

made of positive-intrinsic negative (PIN) diodes or voltage-controlled varactor change with

the frequency. Thus, further work is needed to model these frequency-dependent variations

and to optimize BD-RIS in wideband systems. Third, further effort is needed to bridge the

model of RIS-aided systems based on multiport network theory developed in Chapter 8

with other models based on different formalisms, such as the method of moments [103].

BD-RIS Prototyping

As BD-RIS is a very recent concept [16], the deployment of BD-RIS prototypes is still in

progress. The main difference over conventional RIS prototypes lies in the reconfigurable

impedance network connected to the RIS antenna array, which includes additional tunable

impedance components interconnecting the RIS elements. Since such components can be
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realized through passive and low-cost devices, such as PIN diodes or voltage-controlled

varactor, the cost of BD-RIS is expected to be similar to that of conventional RIS.
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