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Abstract

The particle-in-cell (PIC) method is a well-established and widely used kinetic plasma
modeling approach that provides a hybrid Lagrangian—Eulerian approach to solve the plasma
kinetic equation. Despite its power in capturing details of the underlying physics of plasmas,
conventional PIC implementations are associated with a significant computational cost,
rendering their applications for real-world plasma science and engineering challenges
impractical. The acceleration of the PIC method has thus become a topic of high interest, with
several approaches having been pursued to this end. Among these, the concept of reduced-order
(RO) PIC simulations, first introduced in 2023, provides a uniquely flexible and computationally
efficient framework for kinetic plasma modeling—characteristics that are extensively verified in
various plasma configurations. In this two-part article, we report on the latest progress achieved
on RO-PIC. Part I revisits the original RO-PIC formulation and introduces refinements that
substantially enhance the cost-efficiency and accuracy of the method. We discuss these
refinements in comparison against the original formulation, illustrating the progression to a
“first-order’ implementation from the baseline ‘zeroth-order’ one. In a detailed step-by-step
verification, we first test the newly updated reduced-dimension Poisson solver in the first-order
RO-PIC against its zeroth-order counterpart using test-case Poisson problems. Next, comparing
against the zeroth-order version, we examine the performance of the complete first-order
RO-PIC code in two-dimensional plasma problems. One adopted plasma problem corresponds
to electron plasma oscillations undergoing Landau damping, and the other to the diocotron
instability. The detailed verifications demonstrate that the improvements in the RO-PIC
formulation enable the approach to provide full-2D-equivalent results at a substantially lower
(up to an order of magnitude) computational cost compared to the zeroth-order RO-PIC.

Keywords: kinetic simulations, particle-in-cell method, PIC acceleration, reduced-order PIC,
formulation refinements, detailed verifications
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1. Introduction

Existing computational tools and numerical simulations being
used today to predict the plasma behavior and to study the
involved physical processes differ significantly in terms of
complexity, computational cost and fidelity. Fluid and hybrid
fluid-kinetic simulations, while often computationally effi-
cient, are limited by the lack of rigorous and generaliz-
able closure models, which undermines their predictiveness.
Despite numerous efforts over the years [1-5], closure models
that are not reliant on a-priori assumptions or experimental
tuning are yet to be realized [6]. Excellent progress has been
recently made [7] to develop first-principles closure models
that work well to explain some of the non-classical instability-
induced effects that are not captured within conventional flu-
id/hybrid simulations. Nonetheless, even these models do not
fully obviate the need for ad-hoc empirical data for practical
modeling applications [7].

Particle-in-cell (PIC) simulations offer a first-principles
approach to particle dynamics and are particularly well-suited
for studying the kinetic behavior of complex plasmas such
as those in E x B discharges, where plasma is immersed in
perpendicular electric (E) and magnetic (B) fields. As PIC
simulations provide high-fidelity, self-consistent predictions,
they can in principle play a crucial role for understanding the
performance and operation of advanced plasma technologies.
However, the significant computational and memory resources
required by conventional PIC codes, which is driven by their
stringent numerical stability requirements, strongly limit the
practicality of these kinetic models in real-world applications.

Recent techniques have been developed to alleviate the
numerical constraints of traditional PIC simulations. Two key
approaches include the energy conserving (EC) [8] and direct
implicit (DI) PIC methods [9]. EC PIC allows for larger cell
sizes by strictly conserving energy [8], although it sacrifices
momentum conservation and is usually unsuitable for prob-
lems involving accelerated particle beams [10]. DI PIC, on the
other hand, modifies the standard PIC algorithm to permit lar-
ger cell sizes and timesteps [9, 11], though it requires care-
ful selection of numerical parameters of the simulation and
does not necessarily guarantee energy conservation [11, 12].
The sparse grid (SG) method [13, 14], a technique from com-
putational mathematics, has been applied to PIC simulations
[15, 16] to reduce the number of grid cells, offering notable
computational speed-ups, particularly for three-dimensional
simulations [17]. All these methods provide different trade-
offs between computational efficiency and accuracy in plasma
modeling.

As a unique solution to address the pressing computa-
tional challenge of PIC simulations—distinct from the above
works—we introduced in 2023 the reduced-order (RO) PIC
scheme [18, 19], which provides an approximation to the con-
ventional PIC solution, resulting in a quasi-multi-dimensional
representation of the problem at hand. The RO-PIC scheme
relies on an innovative dimensionality-reduction treatment. It
tackles multi-dimensional problems by breaking them down
into a series of coupled one-dimensional (1D) problems, solv-
ing which are much more computationally affordable [20].

The number of these 1D problems controls the level of approx-
imation, allowing for a flexible trade-off between simulation
accuracy and computational cost [20].

The RO-PIC scheme has been extensively verified across
various 2D plasma configurations [18, 20-23]. The performed
verifications entailed in-depth comparisons between the RO-
PIC predictions and the results from conventional full-2D PIC
simulations over a wide range of problem approximations
determined by the number of ‘regions’ used in RO-PIC (refer
to section 2 for the definition of regions). The rigorous assess-
ments of the prediction fidelity of RO-PIC relative to its com-
putational speedup were conducted in well-established bench-
mark cases, including the 2D axial-azimuthal Hall thruster
benchmark problem of [24], the radial-azimuthal E x B bench-
mark case of [25], and the recently introduced Penning dis-
charge benchmark described in [26]. Across all these cases,
the RO-PIC scheme was shown to reproduce the full-2D res-
ults with an error of less than 10% while achieving speedup
factors ranging from 5 to 12. Notably, if we are willing to
accept an error of up to 20%, the speedup factor increases to
25. This highlights the RO-PIC’s significant efficiency gains
in computational performance while maintaining reasonable
accuracy, making it a powerful tool for plasma simulations.

Accordingly, the RO-PIC has enabled conducting studies
of both scientific and applied significance that were previ-
ously impractical with conventional PIC codes. These com-
prised: (1) unprecedentedly extensive high-fidelity parametric
explorations of variations in plasma phenomena and behavi-
ors across vast parameter spaces defined by electromagnetic
field’s strength and topology [27-30], as well as discharge
parameters [31, 32], (2) self-consistent kinetic simulations of
a full-size 20 kW-class industrial Hall thruster over time dur-
ations of real-world relevance [33].

In this work, we present the latest advancement on the
RO-PIC, which involves revisiting the underlying formula-
tion by improving the core ansatz. The original formulation
of RO-PIC in [18] represents a ‘zeroth-order’ approximation,
whereas the revised formulation corresponds to a ‘first-order’
approximation for multi-dimensional problems. The revised
formulation leads to substantial improvements in both com-
putational cost-efficiency and the overall accuracy character-
istics of RO-PIC. As a result, the revisited RO-PIC can either
achieve significantly greater computational speedups (beyond
what was already offered by the original method) for the same
accuracy level or deliver a significantly higher level of accur-
acy with the same computational resources. The original and
revised RO-PIC formulations are discussed in section 2 so
as to establish how the legacy zeroth-order RO-PIC is trans-
formed to the novel first-order one. This is then followed in
sections 3 and 4 by the presentation of verification results in
several test cases and comparison of the respective predictions
from zeroth-order and first-order RO-PIC implementations.

2. Description of the RO-PIC implementations in 2D

The order-reduction or dimensionality-reduction technique
that underlies RO-PIC is enabled through introducing a
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Figure 1. Schematic of the domain decomposition corresponding to the RD grid system for (a) zeroth-order RO-PIC and (b) first-order
RO-PIC; (left) decomposition into multiple ‘regions’ using a coarse grid, (right) the 1D computational cells (fine grids) for the discretization
of each region along the x and y directions. In subfigure (a), the red lines represent the boundaries between the regions and the blue lines are
the computational grids. In subfigure (b), the computational grids coincide with the regions’ boundaries.

bespoke and innovative computational grid system, that we
refer to as the ‘reduced-dimension’ (RD) grid. The adoption
of this grid system in PIC allows increasing the cell size bey-
ond the Debye scale along one (for 2D) or two (for 3D) sim-
ulation dimension(s) at a time by an arbitrary amount, while
maintaining the cell size along the other dimension(s) compat-
ible with the requirements of the standard explicit momentum-
conserving PIC method [34, 35]. Accordingly, the number of
computational cells—and consequently, the total number of
macroparticles—decreases, leading to a reduction in the over-
all computational cost.

The schematic of the RD grid in 2D, which we had also
called a quasi-2D (Q2D) grid in [20], is illustrated in figure 1.
In this figure, subfigure (a) represents the RD grid system
utilized in the original zeroth-order RO-PIC, whereas subfig-
ure (b) presents the modified RD grid system underlying the
revised first-order formulation.

In the RD grid system, the computational domain is divided
into rectangular (in 2D, cubic in 3D) regions denoted by 2
using a ‘coarse’ grid. In common between the zeroth-order and
the first-order RO-PIC versions, each region (2 is then discret-
ized independently along each involved simulation dimension
using ‘fine, elongated’ 1D cells. For the zeroth-order RO-PIC,
these fine computational cells are placed within the regions
(see the blue grids and the blue-shaded cells in figure 1(a)).
Whereas, in the first-order version, the fine 1D computational
cells are modified to coincide with the boundaries of the
regions (see the blue-shaded cells in figure 1(b)).

It is important to note that the cell sizes along each
fine grid, i.e. Ax and Ay, must be smaller than the Debye
length in order to satisfy the stability requirements of explicit

PIC schemes [35]. However, along the elongated side of the
cells, the sizes [, and [, can be considerably larger than
the Debye length. As pointed out in the beginning of this
section, this yields a substantial reduction in the total num-
ber of cells, thereby decreasing the overall number of required
macroparticles.

The key difference between the zeroth-order and the first-
order formulations lies in how, within each region, they treat
the variation of grid-based data on the x -grid and the y -grid
perpendicular to the respective grid directions. In the zeroth-
order formulation, the data within each cell is assumed to
remain constant across the entire elongated extent of the cell,
i.e. over /, on the x -grid and over /; on the y -grid. In con-
trast, the first-order formulation assumes that the grid-based
data vary linearly across the elongated extent of the cells.
This means that, instead of being constant, the data changes
smoothly from one side of the cells to the other, providing a
higher level of accuracy compared to the zeroth-order method.

The RD grid system underpins ‘quasi’-multi-dimensional
numerical simulations. Such a simulation can provide an
approximation of multi-dimensional problems with arbitrary
closeness to the corresponding ‘full’-multi-dimensional solu-
tion. It offers the flexibility to trade-off between prediction
accuracy and computational cost as best suited for the spe-
cific purpose of the simulation. The degree of approximation
of a RO simulation relative to a full-2D/3D simulation—and
thus its computational cost savings—is contingent upon the
fineness of the coarse grid, which corresponds to the num-
ber of regions employed. In the 2D implementation of the
RO scheme, the total number of cells and the microparticles
count scale with O (N;N,) rather than O (N?), where N; and N,
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Figure 2. Schematic illustration of the exchange of data between the particles and the RD grid in (a) zeroth-order, and (b) first-order

RO-PIC.

are the number of (fine) computational cells and the number
of regions along one dimension, respectively. As a result, the
aspect ratios of the fine cells—I, /Ax and [,/ Ay—are directly
proportional to the speedup factor achieved through the RO
scheme.

The incorporation of the RD grid and the associated
dimensionality-reduction formulation—to be discussed in
the subsequent sections—into the PIC algorithm yields the
RO-PIC scheme. The corresponding quasi-multi-dimensional
PIC code is referred to as Q2D when accounting for two
dimensions and as quasi-3D (Q3D) in a three-dimensional
configuration.

A new PIC code suite called PICxelsior was independently
developed by MR and FF for this research. It comprises a
zeroth-order and a first-order Q2D branch, a conventional 2D
branch, and a Q3D branch (part I [36]) based on the first-order
formulation. PICxelsior is written entirely in Julia language.

The RO PICxelsior code overall follows the standard
algorithm of the explicit, momentum-conserving PIC method
[34, 35]. As discussed above, the key distinction between an
RO-PIC and a conventional PIC lies in the computational grid.
The grid is used for solving the electric potential and the elec-
tric field, as well as for depositing the particle-based data on
the grid (handled by the ‘scatter’ function) and gathering the
grid-based data from the grid onto the particles’ position (per-
formed by the ‘gather’ function). Therefore, the formulation
and implementation of the functions and modules in RO-PIC
that use or interact with the grid system must be adjusted.

These include the scatter and the gather functions in addition to
the Poisson solver. The following subsections provide details
of these routines and modules for both the zeroth-order and
the first-order PICxelsior.

2.1. Scatter and gather functions

Figure 2 shows a schematic of the zeroth-order and the first-
order RD grids. A generic particle p is also shown within the
computation domain as a sample to aid explain the scatter and
gather functions.

The particle data, denoted by f3,, is deposited once onto the
fine grid along the x -direction (the x-grid) and once onto the
fine grid along y (the y-grid) using equation (1),

ﬁ; (xi) = Z/BPW}}’CI,i (ri’ rp) ’ an (yj)
p

=Y BW (riry); Vri=(xi, 3) € Q. (1)
p

Note that bold notations represent the position vectors. The
summation over p accounts for all the simulation particles.
The average of the values on the two grids x and y will then
reconstruct the distribution of the data on a full-2D grid using
B (xi, yi) = 5 (By (x) + B (37))-

Furthermore, we can gather grid-based data, 5* and 5, at
a particle’s location separately from the x-grid and the y -grid
using equation (2),
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By (Xp,¥p)

(Zﬂx xz rurp)

+Zﬂl}n W, rza rp) |5 V= (%, ¥p) € Qum
@)
where, 3, is the gathered data at the particle’s position, denoted

by x, and y,.

In the above relations, Wy ; and W), ; are the interpolation
weight functions that are dependent on the particle’s position
r, relative to the neighboring grid nodes’ location r;. These
weight functions are defined in a manner consistent with the
core assumption of either the zeroth-order or the first-order

(eI
Wn,i
0,
[
WmJ
0

)

2.2. Poisson solver

The discretization of the differential equations for solving the
electromagnetic fields must be modified in RO-PIC for com-
patibility with the RD grid configuration.

In this work, we focus on the electrostatic PIC method,
which relies on solving the Poisson’s/Gauss’s equation to
obtain the electric potential. Accordingly, we derive in the

),

RO-PIC method as discussed earlier in section 2 and will be
further specified in section 2.2.

Accordingly, the weight functions for the zeroth-order RO-
PIC scheme are provided by equations (3) and (4)

1— x—”gxxi , y”;y 1 < 1and x” Y
W, .= ' €)]
t 0 yp Vi Xp—Xi ’
, — > Lor |2~ >1
, 1— y—’g}jvf , X—”ZX’” 1 and "’ } 1 <1
W .= 4@
" 0 Xp —Xm Y —Yi ,
, >1or ~ | > 1

and, for the first-order RO-PIC are given by equations (5)
and (6)

Yp—In Xp —Xi
)
)
YW;.V" >1 or XI’ —Xi > 1
Xp:xm < 1 and )’pA)y/ < 1
(6)
Xp—Xm Yo=Y
> 1 or ’A} " > 1

following the formulation of the RD (Q2D) Poisson’s equation
that will be in turn incorporated within the electrostatic (Q2D)
RO-PIC.

We start by applying Gauss’s law ([, E.dl = 1/¢y [, pdA)
to the cells along the x and the y grids, as shown in figure 3, sub-
stituting E = —V¢ and dividing by the respective cell sizes,
Ax and Ay, to obtain equations (7) and (8)
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where p is the charge density distribution.

We now need to substitute the core ansatz of RO-PIC for
the solution of ¢ in equations (7) and (8). For clarity, we first
do this to derive the zeroth-order formulation, followed by the
presentation of how the first-order equations are obtained.

A) Zeroth-order Q2D Poisson’s equations: the zeroth-order
Q2D approximation to the Poisson’s equation is grounded
in the core ansatz that, within each region €2, ,, (where m =
1,2,...M andn=1,2,..., N), the two-dimensional distribu-
tion of the electric potential (¢) is approximated as the direct
superposition of potential functions ¢, and ¢,

¢ (x,y) = ¢y, (x) + b3, (¥) s

In equation (9), ¢ is assumed to remain constant across
the vertical extent (/,) of region €2, ,,, while ¢ is constant
across the horizontal extent (I,) of the region €2,, ,,. Substituting
equation (9) in equations (7) and (8) yields

L (oon, o
+Ax/<8xx5_8xxw>dy

ys

OPm OPm a9y, 99,
+ <ay|yN - ay|ys> + <8y|yN - Tylys

Vx,y € Qum, - (€))

d’¢?
b3

YN
1
= —*/pd% (10)
€0
ys
dgn 1 [loer 0
tdy? +Ay/(3y b = dy ys)dx
ooy, 005 don, O
+< Ox b = Ox |XW> +< ox F ox v
1T
=—— [ pdx (11)
€0

Xw

B) First-order Q2D Poisson’s equations: in the first-order
approximation, the potential functions ¢, and ¢, are assumed
to vary linearly across their respective regions. In other words,
at any given position within region €2, ,,,, the two-dimensional
electric potential is approximated as the linear superposition

of ¢, and ¢, calculated on the boundaries of the regions, res-
ulting in the following modification to equation (9)
¢ (x,y) = (1 =3) ¢, (x) + 30541 (x) + (1 = %) &3, (y)

F30 (), VET € D, (12)

y— \n

where, ¥ = = and y = are linear interpolation weights,

I
which are the normahzed relative coordinates within the
region.

Replacing equation (12) in equations (7) and (8) leads to

2 x X
8 <d ¢n 1+6d2¢n_|_aa¢n+l>

dx? dx? dx?

~ 8¢m 8¢m
+(1—x)< 9 vy I\S)

o9 dg)
+x ( - ‘)’N = |ys>

dy dy
1
+7( =200+ dni)
y
1 YN
+7/( 2 — 2001 +00,)d ***/de (13)

Js

ll d2¢;‘;171_’_6d2¢} dz¢m+1
8 dy? dy? dy?

[ 0¢* 0p*
+(1—y)< ;;” ley — ;;" |XW>

_ (0%, o,
-H’( ax—H |XE - 8):_1 xw>

1
+ 7( ) 72¢m+¢m+1)
1 L
+7/(¢n+2 2¢)n+1+¢ ) 7/pdx (14)
y €0 .

The RD Poisson’s system of coupled differential equations
described by either equations (10) and (11) for the zeroth-order
approximation or by equations (13) and (14) for the first-order
approximation are solved numerically. The PICxelsior fea-
tures a bespoke electric potential field solver, which we have
termed RD Poisson solver (RDPS) [18-20]. The RDPS numer-
ically solves either of the above systems of equations using
Julia’s built-in direct matrix solve algorithm based on the LU
decomposition method.

3. Standalone verifications of the RDPS

We compare the approximate Q2D solutions as provided by
RDPS at various number-of-regions against the correspond-
ing full-2D solutions to the Poisson’s equation. This com-
parison is conducted for several test cases featuring different
source terms and boundary conditions to assess the conver-
gence behavior of RDPS for a wide range of gradients involved
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Table 1. Definition of the 2D Poisson problems for standalone verification of the reduced-dimension Poisson’s solver.

Case No. Source terms (p (x,y)) Boundary Conditions
1 p=0 ¢ (0,y) = ¢ (Ly,y) =sin(nwy); n=1, 2, 3, 4,5
¢ (x,0)= ¢ (x, Ly) =sin(nwy); n=1, 2, 3, 4,5
2 p = sin (27 r) cos (nf) exp (—Srz); n=2,3456 ¢ (0,y) = ¢ (Ly,y) =0
r=/(x—0.57 + (y-05)%, ¢ x,0) =6 (x,Ly) =0
0=tan"" (353

in the problem. The definition of the source terms (p (x,y)) and
the boundary conditions are presented in table 1.

‘We would underline that the solution in case 1 is dominated
by the boundary condition, whereas in case 2, the solution is
primarily influenced by the charge distribution. In either case,
various wavenumbers (n) indicate different levels of gradient
in the resulting potential distribution.

In all cases, the domain is a Cartesian (x — y) plane of unit
length along the x and y directions. For simplicity, the permit-
tivity of free space (¢g) is assumed to be unity for all problems.
The number of computational cells along both the x and y dir-
ections are N; = N; = 100 for all tests performed.

As a first set of results, the solutions of the zeroth-order
and the first-order RDPS, using different number-of-regions,
are compared for case 1 with n =1 and for case 2 withn =2
in figures 4(a) and (b), respectively.

These results clearly demonstrate that the first-order formu-
lation yields a remarkable improvement, enhancing both the
smoothness of the solution and its overall accuracy in compar-
ison to the full-2D solution. The improvement is particularly
significant for lower number-of-regions (M and N10). In par-
ticular, the smoothness of the zeroth-order solution with 25
regions is comparable to that of the first-order solution with
only 3 or 5 regions. This observation suggests an additional
fivefold speedup that the first-order RO-PIC could provide on
top of that already achieved via the zeroth-order RO-PIC. This
will be further demonstrated for the plasma test case 2, to be
discussed in section 4.2.2.

The first-order solutions from RDPS for case 1 with n =
2, 3, 4 and 5, and for case 2 withn = 3, 4, 5 and 6 are presen-
ted in figures 5 and 6, respectively.

It is noticed from these figures that, at the low number-
of-regions limit, i.e. M, N5, the first-order RDPS successfully
provides a reasonable approximation to the full-2D results.
At the intermediate number-of-region (M = N = 10), the first-
order RDPS’ solutions are almost indistinguishable from the
full-2D ones from the visual qualitative point of view.

In order to establish a quantitative framework of assess-
ment, the error convergence characteristics of the RDPS’ solu-
tions for the studied test cases are provided in figure 7.

In the plots of this figure, the errors of the zeroth-order and
the first-order RDPS are compared as the number-of-regions
increases. The error term has been defined by equation (15)
as the normalized L2 norm of the difference between the Q2D

approximation (¢ g2p) from RDPS with different number of
regions and the full-2D solution (¢ 2p),

VEN S (020 (i) — daan (i:1))°

Error = 100 = — >
VIS (6o (1))

5)

The plots of figure 7 illustrate that the error in the first-
order RDPS drops much faster than in the zeroth-order RDPS.
As a result, the first-order RDPS can achieve over an order
of magnitude greater accuracy than the zeroth-order solver for
the same number of regions. This advancement allows us to
achieve the same level of accuracy with significantly fewer
regions (coarser grid), thereby further reducing computational
costs. In this regard, the ratio of the number of cells used in the
RDPS (Nceii,g2p) to those in a full-2D Poisson solver (Neeji2p),
displayed on the plots of figure 7, is directly correlated with the
corresponding ratio of computational times between the RDPS
and the 2D Poisson solver.

We would also point out that the RDPS’ convergence beha-
vior is seen from figure 7 to vary depending on the specific case
and the significance of the involved gradients. However, even
in the presence of notably steep gradients in case 1 withn =15
and in case 2 with n = 6, the errors remain below 2% and 5%,
respectively, when using ten regions.

The corresponding two-dimensional error maps of the
RDPS solutions relative to the full-2D reference results are
provided in appendix A for further comparison.

Before moving to the next Section, we also highlight that
additional comparisons between the first-order and the zeroth-
order RDPS for a wider variety of test cases, including Poisson
problems with periodic or Neumann boundary conditions, are
presented in appendix B. The results in appendix B demon-
strate similar improvements in the first-order solutions com-
pared to the zeroth-order ones, reinforcing the arguments and
the conclusions provided in the section.

4. RO-PIC verifications

We now aim to verify the first-order RO-PIC code in rep-
resentative plasma test cases. To this end, we present the
results the first-order Q2D PIC simulations for two plasma
problems: (1) the problem of electron plasma oscillations
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Figure 4. Comparison of the zeroth-order and the first-order RDPS’ solutions with various number of regions against the corresponding
full-2D solution (bottom-most row) for (a) case 1 withn =1 and (b) case 2 with n = 2. The numbers of regions are equal along both

dimensions (M = N), which are denoted by NumR.

undergoing Landau damping [37], and (2) the problem of dio-
cotron instability [38, 39]. For test case 2, we also compare
the performance of the first-order RO-PIC against that of the
zeroth-order version.

For all the Q2D simulations discussed in this section, equal
numbers of regions with uniform extents are used along the x
and the y directions of the computational domain. The refer-
ence full-2D results—against which the outcomes of the Q2D
simulations are compared—are obtained using the PICxelsior-
2D code.

4.1. Test case 1: electron plasma oscillations

4.1.1. Description of the problem setup. The computa-
tional domain is a 2D Cartesian (x — y) plane, as illustrated in
figure 8, with equal dimensions of 2 ¢m along both simulation
axes.

Initially, electrons are sampled from a Maxwellian distri-
bution function with an electron temperature (7t ) of 0.1eV
and loaded into a quarter of the domain, specifically within
the region x € [0,L,/2 ), y € [0,L,/2), with a uniform density
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Figure 5. Comparison of the first-order RDPS’ solutions with various number of regions against the corresponding full-2D solution
(bottom-most row) for case 1 with different mode numbers (n). The numbers of regions are equal along both dimensions (M = N), which

are denoted by NumR.

of ng = 1 x 10" m~=3. The ions are loaded uniformly over the
entire domain with the same density as the electrons (1) and
no initial velocity (T; o = 0). The ions used in this simulation
are oxygen ions (O-+), and their positions and velocities are
continuously updated throughout the simulation.

All four boundaries are grounded, with a zero-volt Dirichlet
condition applied for the potential solver. For the particle
boundary conditions, any particle that reaches the boundar-
ies is specularly reflected back into the domain. The physical
and numerical parameters used in the simulations are provided

in table 2. This test case is inspired by the example problem
in [37].

The imposed charge separation in this problem repres-
ents an electrostatic perturbation driving plasma oscillations,
which are damped over time by Landau damping [40]. Landau
damping is a non-collisional mechanism which damps the
plasma oscillations due to resonant interactions between the
oscillating electric field and electrons in the plasma. When the
phase velocity of the plasma wave (vpp) is close to the velo-
cities of electrons in the tail of velocity distribution function,
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a resonant energy exchange occurs. Electrons with velocities
slightly below v,,;, gain energy from the wave. The net effect is
a transfer of energy from the wave to the particles, leading to
a gradual decay in the wave’s amplitude.

4.12. Results.  The electron plasma oscillations and their
rate of damping can be observed in the evolution of the electric
potential energy (Ep) of the system and the kinetic energy
(Exin) of the particles (figure 9). These quantities are obtained
from equations (16) and (17), respectively

N
1
Epo = aZ|E,~|2vh (16)
i=1
1 K
Exin = EZW"’”"W"'Z’ (17)

k=1

In equation (16), |E;| represents the magnitude of the elec-
tric field in each cell, V; is the volume of the computational
cell, and the summation is taken over total number of cells
(N). In equation (17), |v| denotes the magnitude of particle’s
velocity, my is the particle’s mass, Wy is the macroparticle’s
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Figure 8. Schematic of the computational domain and setup of test
case 1.

weight, with the summation encompassing all macroparticles
in the system, including both ions and electrons.

Looking at the plots in figure 9, we find that the evolution
of the potential and kinetic energies captured in the Q2D sim-
ulations closely aligns with the corresponding results from the
full-2D simulation. Additionally, the total energy of the sys-
tem is shown to remain nearly constant across the simulations,
with a maximum variation of less than 5% observed in the Q2D
simulation with low number-of-regions (M, N = 3 and 5).

Figure 10 presents three sample snapshots of the resolved
axial electric field (E,) at different time instants through
the simulations. These figures provide an illustrative com-
parison of how effectively each approximation of the Q2D
simulations captures the evolving electric field during the

Table 2. Summary of the main computational and physical
parameters used for simulations of test case 1.

Parameter Value (unit)

Physical parameters

Initial plasma density (n9) 1x 10" (m™?)

Initial electron temperature (7¢ o) 0.1 (eV)

Initial ion temperature (7 o) 0.0 (eV)

Potential at walls (¢ ) 0 (V)

Ton mass 2.65686x 1072 (kg)
Computational parameters

Time step (Ar) 1x107° (s)

Time averaging for outputs 1% 1078 (s)

Total simulation time (Zy,) 30 (us)

Domain length (L, = L) 2 (cm)

Cell size (Ax = Ay) 5% 1072 (cm)

Number of computational nodes along 40

each direction (N; = Nj)

Initial number of macroparticles per 50

cells (Nppe)

oscillations. In particular, the simulation with M =N = 20
regions closely replicates the full-2D results, accurately cap-
turing the detailed structure of the evolving electric field.
Simulations with fewer regions still resolve the essential fea-
tures of the oscillations, though they exhibit minor differences
in finer details, reflecting the trade-off between computational
efficiency and accuracy.

Finally, to provide a quantitative measure of accuracy, we
have presented in figure 11 the errors associated with the char-
acteristics of the oscillations resolved in the Q2D simulations.
In particular, the errors are related to the oscillation frequency
and the average damping rate, as observed in the variations
of electric potential and particles’ kinetic energies (figure 9).
The damping rates are calculated over the time interval of
0 — 100 ps. The frequency of the oscillations predicted by the
Q2D simulations is approximately 3 MHz, with less than 2%
error across all numbers of regions. This value closely matches
the theoretical electron plasma oscillation frequency at the ini-
tial electron density, which is w,, ~ 2.8MHz. Additionally, the
captured damping rates of the oscillations are consistent with
those from the full-2D simulation, with a maximum error of
9% in the simulation with the fewest regions (M = N = 3).

4.2. Test case 2: diocotron instability problem

4.2.1. Description of the problem setup.  This case captures
the development of the diocotron instability [38, 39] with the
overall setup of the simulation similar to those in [16].
Diocotron instability [38, 39] typically occurs in plasmas
confined within cylindrical or annular geometries and is char-
acterized by the growth of azimuthal density perturbations. It
results from the interplay between the radial electric field and
the magnetic field applied parallel to the axis of the cylinder
or annulus. The radial electric field causes the plasma to have
varying rotational speeds across its radius, leading to sheared
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Figure 9. Time evolution of the total electric potential energy
(Epot), the total particles’ kinetic energy (Exin), and the total energy
of the system (Etot = Epot + Exin) from the first-order Q2D and the
full-2D simulations for test case 1. The results from the full-2D
simulations are superimposed as dotted lines on the Q2D plots. The
normalization factor (Emax) is the maximum of the respective
energies (potential and kinetic) from the full-2D simulation over the
simulated duration.

flow—a situation where different layers of the plasma rotate
at different rates. This shearing effect amplifies the azimuthal
disturbances and leads to the growth of instability modes into
strong density variations and vortices. These evolving struc-
tures can significantly disrupt the plasma’s intended confine-
ment and stability.

The simulation case of the Diocotron instability repres-
ents a 2D (x — y) Cartesian domain of length L, = L, = 25\p,
where \p denotes the Debye length. A schematic of the simu-
lation domain is illustrated in figure 12.
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Figure 10. 2D snapshots of the normalized axial electric field
(Ex/Ex, max, With Ex, qx being the peak Ey in the respective snapshot
from the full-2D simulation) from the first-order Q2D and the
full-2D simulations at three different time instants of through the
oscillations for test case 1.

At the beginning of the simulation, electrons are sampled
from a Maxwellian distribution with an initial temperature of
T,o=1eV. These electrons are loaded in space according
to a hollow Gaussian distribution with a radius Rjp,q = L, /4
centered atx = L, /2 andy = L,/2 and a standard deviation of
o =0.03L,. A small perturbation is applied to the azimuthal
position of the electrons on the Gaussian ring to expedite the
formation of the instability. The ions form a uniform and
immobile background with a density of n; =1 x 10'> m—3,
A uniform magnetic field with an intensity of B, = 2.5mT is
imposed perpendicular to the simulation plane. All domain
boundaries are grounded with zero potential and a reflective
boundary condition is applied to particles crossing the bound-
aries. The numerical and physical parameters of the simulation
are summarized in table 3.

4.2.2. Results. The results of the first-order Q2D simula-
tions of test case 2 are presented in terms of snapshots of elec-
tron number density at different instances of the instability
development in figure 13, as well as the time-averaged plasma
profiles along the x -axis at y = 0 in figure 14. For comparison,



Plasma Phys. Control. Fusion 67 (2025) 085008

M Reza et al

10 15 20

5
Number of regions

Figure 11. Variation of the error in predictions of the frequency (f)
and the damping rate () of the oscillations in the electric potential
energy (Epor) from the first-order Q2D simulations compared to
full-2D results in test case 1. The computational time ratio between
the Q2D and full-2D simulations are also plotted against the number
of regions used for the Q2D simulations.

y
L,

B,(®

N\

AANRAAN

X

Figure 12. Schematic of the computational domain and setup of test
case 2.

the plasma profiles obtained from the zeroth-order Q2D sim-
ulations of test case 2 are also presented in figure 14.
Additionally, appendix C provides the corresponding snap-
shots of the electric potential from both the first-order and
zeroth-order RO-PIC simulations, along with the snapshots of
the electron number density from the zeroth-order RO-PIC.
The presented snapshots in figure 13, as well as those in
appendix C, facilitate a direct comparison of how effectively
each approximation degree in the Q2D simulations captures
the evolving dynamics of the instability. The time-averaged
plasma distributions in figure 14 serve as a more quantitative
comparison between the outcomes of the simulations.
Figures 13 and 14 show that the first-order Q2D simulations
with 25 and 50 regions closely reproduce the outcomes derived
from the full-2D simulation. More specifically, the snapshots
in figure 13 illustrate that the detailed structure and temporal
evolution of the instability is accurately represented with these
approximation orders. Furthermore, the time-averaged profiles
from these simulations in figure 14 are almost indistinguish-
able from the full-2D profiles. The close agreement between
the time evolution of the total electrons’ kinetic energy and the

Table 3. Summary of the main computational and physical
parameters used for simulations of test case 2.

Parameter Value (unit)

Physical parameters

Initial electron temperature (7¢,o) 1 (eV)
Background ion density 1 x 102 (m™)
Applied magnetic field (B;) 2.5 (mT)
Potential at walls (¢ ) 0 (V)
Computational parameters
Time step (Af) 0. lwpe
Time averaging for outputs Wpe
Total simulation time () 100cwpe
Domain length (L, = Ly) 25Xp
Cell size (Ax = Ay) 0.1\p
Number of computational nodes along 250
each direction (N; = N;)
Initial number of macroparticles per cells 100

(Nppc)
Initial maximum plasma frequency (wpe)
Initial minimum Debye length (Ap)

5.64 x 107 (rads™")
7.43x 107" (cm)

electric potential energy from the 25- and 50-region simula-
tions and from the full-2D simulation, provided in appendix C,
further supports the faithful representation of the underlying
physics at these approximation levels.

With fewer regions (10 regions), the first-order Q2D simu-
lation still manage to resolve the fundamental characteristics
of the oscillations but exhibit subtle differences in finer details.
The plasma profiles closely approximate the full-2D results.

Conversely, the Q2D simulation employing four regions
shows greater discrepancies in the resolved structure of the
instability. However, it provides an overall qualitative under-
standing of the behaviors and the processes to be expec-
ted. This is further evidenced from the time-averaged plasma
profiles from the four-region first-order Q2D simulation in
figure 14, which are not far off from those obtained from the
full-2D simulations.

This variation in the resolution accuracy underscores a fun-
damental trade-off inherent in RO modeling, i.e. the need
to balance computational efficiency against results accuracy.
While using fewer regions leads to a great reduction in com-
putational load, it may also risk oversimplifying the com-
plex dynamics involved, potentially leaving out key physical
characteristics of the system. It is important to note that this
trade-off must be considered in the context of the simulation’s
objectives. When high accuracies are not essential, a simplified
representation provided by faster approximations can be suffi-
cient. This is particularly the case when investigating the relat-
ive impact of a parameter or conducting an extensive paramet-
ric study to obtain an overview of the plasma system’s beha-
vior across a vast parameter space, which may be impractical
or unnecessary with higher-accuracy approximations. Another
example is during the preliminary design optimization phase
of a plasma technology, where a detailed understanding of the
underlying physics may not be critical. On the other hand,
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instants of the diocotron instability evolution.

when the aim is a rigorous physics study of a phenomena, opt-
ing for higher approximation accuracy provided by the RO-
PIC becomes essential to capture the intricacies of the involved
dynamics accurately, while still gaining significant speedups
relative to conventional PICs.

Now, we would spend some words discussing the relat-
ive performance of the first-order and the zeroth-order RO-
PIC. Comparing the time-averaged profiles obtained from
the zeroth-order and first-order simulations in figure 14,
along with the snapshots in figure 13 and those presented in
appendix C from the zeroth-order version, reveals that the first-
order formulation leads to marked improvement in the result’s
accuracy, particularly at lower number of regions. However,
it is worth noting that the zeroth-order Q2D simulations with
higher number-of-regions (50 regions, e.g.) still show good
agreement with the full-2D simulation.

The improvements in the accuracy of the entire RO-PIC
scheme in this plasma test case when adopting the first-
order formulation is consistent with the differences that we
observed in section 3 between the zeroth-order and the
first-order solutions from the RDPS for standalone Poisson
problems.

To conclude the discussion on the comparison between the
accuracy of the zeroth-order and the first-order schemes, as
well as the trade-off between the accuracy and computational
cost, we refer to figure 15.

This figure provides the convergence of the L2 errors in pre-
dicting various plasma properties from both schemes vs the
number of regions used. The L2 error quantifies the average
normalized difference between the time-averaged plasma pro-
files obtained from the Q2D and full-2D simulations, calcu-
lated on a node-by-node basis.
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Figure 15. Variation of the L2 error in predictions of plasma profiles from the zeroth-order (dotted lines) and first-order (solid lines) Q2D
simulations compared to full-2D results in test case 2. The computational time ratio between the Q2D and full-2D simulations are also
plotted against the number of regions in the Q2D simulations. The yellow lines represent the errors in electron temperatures (7e,) in the
Q2D simulations with the macroparticle counts equivalent to those in the full-2D.

Expectedly, the errors decrease with increasing number of  absolute error values are consistently lower compared to those
regions in both the zeroth-order and the first-order Q2D simu-  in the zeroth-order scheme.
lations. However, not only does the first-order scheme exhibit The higher error levels observed in the zeroth-order sim-
a significantly steeper rate of error reduction, but also the ulations can be of course attributed, in part, to a slight
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Figure 16. Comparison of the time-averaged (over 0 — 60wpe) profiles of several plasma properties for test case 2 along the x-direction at the
mid-plane (y = L,/2) of the domain from the Q2D simulations with the Q2D macroparticle counts (solid lines) and full-2D macroparticle
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number of regions; (a) and (b) electron number density (nc), (c) and (d) plasma potential (¢), and (e) and (f) electron temperature (7¢).

misalignment between the predicted Q2D profiles and the cor-
responding 2D profiles, as was seen in figure 14. In any case,
the zeroth-order simulations with 25 and 50 regions exhibit
errors below 5% across all relevant plasma profiles, while
errors in the first-order simulations with the same number-of-
regions remain under 0.05% for all the plasma profiles except
for the electron temperature profile, which has an error of
about 2%-3%. It is noted that these accuracies are achieved
with simulations that have only 10%—-20% of the computa-
tional time of the full-2D.

In the first-order simulations, even with as few as four
regions, the errors in both the electron number density (7)
and the electric potential (¢) distributions remain within 5%.
Additionally, the electron temperature (7 ) profile, has an error
of approximately 15%. These error levels could be particularly
acceptable for some purposes, especially given that they are
obtained with only 1.6% of the computational time of a full-
2D simulation.

The electron temperature profiles were observed to gen-
erally exhibit higher error levels. To further investigate this,
we conducted Q2D simulations with an increased number of
macroparticles per cell, with the associated results discussed
in section 4.2.2.1.

4.2.2.1. Analysis of sensitivity to the number of macroparticles
percell.  As pointed out above, predicting the electron tem-
perature accurately appeared more challenging than estimat-
ing quantities like density or potential. The reason is that the

electron temperature is directly related to the average thermal
energy, which depends on the square of particles’ velocities.
The particles’ velocity distribution is highly sensitive to stat-
istical noise, and when under sampled, it can lead to non-
negligible errors in temperature calculations. This noise res-
ults from the limited number of macroparticles used in the
simulations, which may introduce fluctuations in the velocity
moments of the distribution functions deposited on the com-
putational grid. Increasing the number of macroparticles per
cell reduces this noise, yielding a more statistically represent-
ative velocity distribution and, consequently, a more precise
electron temperature estimation.

With the above in mind, to assess the sensitivity of the
Q2D predictions to the number of macroparticles per cell, we
repeated the RO simulations of test case 2 using a higher num-
ber of macroparticles per cell. For these new simulations, the
total number of macroparticles matched that in the full-2D
simulation, regardless of the number-of-regions used.

The comparison between the time-averaged plasma profiles
obtained from the Q2D simulations using the original macro-
particle counts (corresponding to the respective Q2D approx-
imations) and those with a higher macroparticle count (corres-
ponding to full-2D simulation) is presented in figure 16.

The comparison using figure 16 reveals that increasing the
number of macroparticles does not appreciably impact the
electron number density and the plasma potential profiles, as
both remain consistent across different macroparticle counts.

However, the electron temperature profiles from the low-
number-of-region simulations show notable improvement
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different instants of time during the diocotron instability evolution.

with higher macroparticle counts as more statistically repres-
entative particle velocity distributions now lead to more accur-
ate representations of the electron temperature. This observa-
tion aligns with the earlier discussion on the sensitivity of the
electron temperature to macroparticle sampling.

It is noted that the total macroparticle count in the original
Q2D simulations, with higher number of regions, was already
relatively close to that of the full-2D simulations. As a result,
further increasing the macroparticle count has a limited impact
on the temperature profiles for those approximation degrees.

The errors in the temperature profiles from various Q2D
simulations with higher macroparticle counts were presented
in figure 15. Additionally, figure 17 compares several electron
density snapshots from a first-order Q2D simulation with four
regions, with two different macroparticle counts. This com-
parison further demonstrates that increasing the number of
macroparticles does not significantly alter the density profile;
rather, it enhances the quality and resolution of the velocity
distribution function, leading to improved estimations of the
temperature.

5. Conclusions

This paper presented advancements in the RO PIC scheme,
focusing on the development of the first-order Q2D formula-
tion. Compared to the original zeroth-order version published
in 2023 [18], the first-order approach significantly improved
computational efficiency and accuracy. These were demon-
strated through verifications of the RDPS module within RO-
PIC in standalone Poisson problems, as well as the complete
RO-PIC code in representative plasma test cases involving
electrons plasma oscillations with Landau damping and dio-
cotron instability.

The first-order Q2D formulation introduces a linear vari-
ation of data across regions, unlike the zeroth-order formula-
tion, which assumes data to be constant within each region.

This distinction enables the first-order Q2D to achieve greater
accuracy and smoothness while requiring fewer computational
resources. The verifications of the upgraded RDPS showed
that the first-order formulation can match the full-2D solution
accuracy with far less computational cells, making it suitable
for integration within large-scale plasma simulations.

Following this, in the plasma test cases, the first-order
Q2D simulations with higher number of regions accurately
captured key plasma behaviors, with results closely match-
ing those from the full-2D simulations while offering up to
10 times speedup compared to a standard 2D PIC. Even
with fewer regions, the Q2D simulations effectively resolved
essential dynamics, balancing accuracy and computational
efficiency.

The first-order formulation consistently showed improved
accuracy compared to the zeroth-order one, especially at lower
approximation levels to the full-2D problems. Furthermore,
faster convergence rates were observed in the first-order sim-
ulations, which suggests that, as the number of regions con-
tinues to increase, the method reach near-exact accuracy with
significantly fewer regions compared to the what was the case
with the zeroth-order approach.

In summary, the first-order RO-PIC offers an effective solu-
tion to the computational challenges of traditional PIC simula-
tions, enabling quasi-multi-dimensional approximations with
flexible trade-offs between cost and accuracy. This method
is both efficient and versatile, making self-consistent plasma
modeling more practical for a wide range of scientific and
applied applications. In this regard, the range of approxima-
tions offered by the RO-PIC provides users with a unique flex-
ibility to choose the right balance between computational cost
and fidelity based on their simulation needs. Low number-of-
regions are ideal for rapid exploratory studies and prelimin-
ary designs, while higher number-of-regions deliver the high
accuracy needed for detailed physics studies, still providing
substantial computational savings compared to traditional PIC
methods.
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Having introduced the first-order PICxelsior implementa-
tion in a 2D configuration in this part I, and encouraged by the
extensive verification results, we extend the first-order formu-
lation to 3D configuration in part II and examine in detail the
resulting Q3D PICxelsior code.
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Appendix A. Error maps of the standalone Poisson
problems solutions

To complement the quantitative convergence analysis of the
reduced-dimension Poisson solver (RDPS) discussed in the
main text, we present here the two-dimensional (2D) error
maps for selected standalone Poisson problems. These maps
visualize the spatial distribution of the local error in the RDPS
solutions relative to the corresponding full-2D solution and
are computed using equation (18) (normalized pointwise error
metric).

|¢2p (i,7) — dqap (i,))] '

Error = 100 —
max (|¢ap (i,)])

(18)

Figure 18 compares the error maps of the zeroth-order and
first-order RDPS for two representative cases, highlighting the
improved spatial accuracy and faster convergence behavior
of the first-order formulation, especially at low numbers of
regions (NumR).

Figures 19 and 20 show the error maps from the first-order
RDPS across various mode numbers and region counts for
cases 1 and 2, respectively,

These visualizations support the main conclusions by
showing how the error magnitude and structure evolve with
increasing NumR and reinforce the superiority of the first-
order formulation in capturing the underlying solution features
even at coarser resolutions.
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Figure 18. 2D error maps (calculated using equation (18)) of the zeroth-order and the first-order RDPS’ solutions with various number of
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Appendix B. Additional Poisson problems

Completing the test cases presented in section 3 for standalone
verifications of the first-order RDPS, we provide a set of addi-
tional cases in this appendix, which are detailed in table 4.

In this regard, unlike cases 1 and 2 in section 3 and 3-6
here, which all involve Dirichlet boundary conditions, case 7
features periodic/Neumann condition along the y-direction.

The contour maps of the solutions from the first-order and
the zeroth-order RDPS with various number of regions are
presented in figure 21 for cases 3 and 4, and in figure 22 for
case 5 and 6.

21

These figures again illustrate the enhanced accuracy and
smoothness of the first-order solutions compared to the zeroth-
order results, particularly at low numbers of regions. Indeed,
the approximate first-order solutions obtained using only a few
regions (M,N = 3, 5) are seen to qualitatively well resemble
the full-2D solution.

Figure 23 shows the solutions of the first-order RDPS
for case 7 across different numbers of regions. As evid-
ent from the depicted contour plots, the solutions exhibit
seamless periodicity along the y-axis in figure 23(a) and
zero gradient (consistent with the Neumann condition) in
figure 23(b).
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Table 4. Definition of additional 2D Poisson problems for standalone verifications of the first-order RDPS.

Case No.  Source terms (p (x,y) ) Boundary conditions

3 p=0 $(0,y) = 525 ¢ (Le,y) = 715
d) ()C,O) :0; ¢(x7 Ly) = (ITI)Z_H

4 p=x"+y ¢ (0,y) = sin(my)

¢ (Lx,y) = exp (m Ly) sin (1y) + 0.5y
¢ (x,0) =0;¢ (x, Ly) = 0.5x

[S)

5 p=exp(xy) ¢ (0,)=50%—y); ¢ (Le,y) = —y(y—1)*
¢ (x,0) = 0.5sin (67x); & (x, Ly) = sin (27 x)
6 p=100(x—0.5)* ¢ (0,y) =0; ¢ (Ly,y) =0
¢ (x,0) = —(0.5)% 6 (x, Ly) = (0.5)°
7 p= ysin(57x) +exp (—50 ((x —0.5)+(y— 0.5)2)) 6 (0,y)=0; ¢ (Li,y) =0

Aty =0,Ly : Periodic B.C./ Neumann B.C.

oth order 1st order

NumR = 3

NumR =5

NumR =10

=25

NumR

NumR = 50

2D

Figure 21. Comparison of the zeroth-order and the first-order RDPS’ solutions with various number of regions against the corresponding
full-2D solution (bottom-most row) for (a) case 3 and (b) case 4. The numbers of regions are equal along both dimensions (M = N), which
are denoted by NumR.
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Figure 22. Comparison of the zeroth-order and the first-order RDPS’ solutions with various number of regions against the corresponding

full-2D solution (bottom-most row) for (a) case 5 and (b) case 6. The numbers of regions are equal along both dimensions (M = N), which
are denoted by NumR.
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Figure 23. Comparison of the first-order RDPS’ solutions with various number of regions against the corresponding full-2D solution
(rightmost column) for case 7 with (a) periodic boundary condition and (b) Neumann boundary condition along the y-direction. The numbers
of regions are equal along both dimensions (M = N), which are denoted by NumR. Potential is solved only for y/L, € [0,1] and is duplicated
twice along the y-direction to illustrate the satisfaction of periodicity in (a) and the zero-gradient condition in (b) for the respective cases.

Appendix C. Additional results for the diocotron
instability test case

This appendix contains additional results from the Q2D sim-
ulations of the diocotron instability case, providing further
support for the arguments presented in the main text within
section 4.2.2.

In particular, supplementary results from the first-order
Q2D simulations for this test case are illustrated in figure 24,
which displays 2D snapshots of the electric potential at
different moments during the evolution of the instability.
Additionally, figure 25 shows the time variations of the total

24

kinetic energy of the electrons and the electric potential
energy from the first-order Q2D simulations with 25 and
50 regions.

The results from the zeroth-order Q2D simulations of the
diocotron instability case are provided in figures 26 and 27,
showing, respectively, the snapshots of the electron number
density and the electric potential at four distinct time instants
during the development of the instability. These figures, when
compared against the snapshots obtained from the first-order
Q2D simulations, highlight the effectiveness of the first-
order formulation in enhancing the prediction accuracy of the
RO-PIC.
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Figure 24. 2D snapshots of the electric potential (¢) from the first-order Q2D and the full-2D simulations at four different time instants
during the diocotron instability evolution.
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Figure 25. Time evolution of (a) total electrons’ kinetic energy (Ey;n) and (b) electric potential energy (Epot), from the Q2D (with 25 and 50
regions) simulations and the full-2D simulations for the diocotron instability case.
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Figure 26. 2D snapshots of the electron number density (ne) from the zeroth-order Q2D and the full-2D simulations at four different time
instants during the diocotron instability evolution.
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Figure 27. 2D snapshots of the electric potential (¢) from the zeroth-order Q2D and the full-2D simulations at four different time instants

during the diocotron instability evolution.
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