HARDY INEQUALITIES FOR LANDAU HAMILTONIAN AND
FOR BAOUENDI-GRUSHIN OPERATOR WITH
AHARONOV-BOHM TYPE MAGNETIC FIELD. PART 1.

ARI LAPTEV, MICHAEL RUZHANSKY, AND NURGISSA YESSIRKEGENOV

ABSTRACT. In this paper we prove the Hardy inequalities for the quadratic form
of the Laplacian with the Landau Hamiltonian magnetic field. Moreover, we obtain
Poincaré type inequality and inequalities with more general families of weights, all
with estimates for the remainder terms of these inequalities. Furthermore, we estab-
lish weighted Hardy inequalities for the quadratic form of the magnetic Baouendi-
Grushin operator for the magnetic field of Aharonov-Bohm type. For these, we show
refinements of the known Hardy inequalities for the Baouendi-Grushin operator in-
volving radial derivatives in some of the variables. The corresponding uncertainty
type principles are also obtained.

1. INTRODUCTION

The purpose of this paper is to prove the weighted Hardy inequality for the qua-
dratic form of the Landau Hamiltonian and for the magnetic Baouendi-Grushin oper-
ator with Aharonov-Bohm type magnetic field. In Part II of this paper we investigate
and present the corresponding Caffarelli-Kohn-Nirenberg inequalities for the Landau
Hamiltonian and for the Baouendi-Grushin operator, with and without magnetic
fields.

The classical Hardy inequality for functions f € C5°(R™\0) is

/Rn |V f(w)]*dw > (RT%)Q/ %dw, n >3, (1.1)

where the constant (”772)2 is sharp but not attained. There exists a large literature

concerning different versions of Hardy’s inequalities and their applications. However,
since we are interested in the inequalities associated with the Landau Hamiltonian
and with the Baouendi-Grushin operator, let us only recall known results in these
directions.

1.1. Baouendi-Grushin operator. The Hardy inequality (1.1) has been gener-
alised for Baouendi-Grushin vector fields by Garofalo | ],

_ 2 xZ'y
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where z € R™, y € RF withn =m +k, m,k > 1, v >0, Q = m+ (1+ )k and
[ € CP(R™xR"\{(0,0)}). Here, V,.f and V, f are the gradients of f in the variables
x and y, respectively. The inequality (1.2) recovers (1.1) when v = 0.

Let us put this result in perspective. Let z = (z1,...,Zm, Y1, ..., yx) = (z,y) €

R™ x R¥ with k,m > 1, k+m =n and v > 0. Let us consider the vector fields
0 0
Xi=—,i=1,..m, Y;=|z|"—, j=1,..., k.
G 1= L Yi=lel g

The corresponding sub-elliptic gradient, which is the n dimensional vector field, is
then defined as

V= (X1, X, Y1, V) = (Vo |27V, (1.3)

The Baouendi-Grushin operator on R™** is defined by
m k
Dy =S"X2+ 3 V= A+ 20, =V, Y, (1.4)
i=1 j=1

where A, and A, are the Laplace operators in the variables x € R™ and y € RF,
respectively. The Baouendi-Grushin operator for an even positive integer ~ is a sum
of squares of C'™ vector fields satisfying Hormander condition

rank Lie[ X1, ..., X;n, Y1, ..., Yi] = n.

We can define on R™** the anisotropic dilation attached to A, as

o(z,y) = Az, Ny
for A > 0, and the homogeneous dimension with respect to this dilation is

Q=m+(1+7)k. (1.5)

A change of variables formula for the Lebesgue measure implies that

dody(x,y) = \daxdy.
It is easy to check that

Xi(0x) = A0x(Xi),  Yi(dr) = Aoa(Y7),

and hence
VW o 5>\ = )\(5)\V7.

Let p(z) be the corresponding distance function from the origin for z = (x,y) €
R™ x R*:

p=plz) = (2P 4 (L+ 7y, (1.6)
By a direct calculation one obtains
|z]”
Vapl = R (1.7)

The described setup may be thought of as a special case of the setting of homogeneous
groups, see e.g. | ].
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The weighted LP-versions of (1.2) have been obtained by D’Ambrosio | ):
Let 2 C R™ be an open set. Let p > 1, k,m > 1, o, 5 € R be such that m+ (1+~)k >
o — 3 and m > yp — 3. Then for every f € DIP(Q, |x]P~wp(+7P~2) we have

— p B
/ |va\p|xlﬁ_'ypp(1+7)p‘adxdy > (M) / |f|pﬁdxdy, (1.8)
0 p Q pe
where D1(Q, w) denotes the closure of C§°(€2) in the norm ([, |V, f[Pwdzdy) P for
we L} (Q) with w > 0 a.e. on Q.

loc

If 0 € Q, then the constant <%>p in (1.8) is sharp. The inequality (1.8) has

also been established in | |, and in | | for Q = R™ with sharp constant.
Moreover, in | |, a Hardy-Rellich type inequality for the Baouendi-Grushin oper-
ator is obtained in L? with sharp constant:

Q—a—2 ? 2 « 2 a+2 -2
5 ’v'yfl p- < ’A'yf‘ p ’vwl)’ )
Rn Rn

where p > 1, % <a<@Q-2, feCFR"\{0}).

The inequalities of this type have been also studied for some sub-elliptic operators of
different types (see e.g. | Nl L N L1 N ] and
[ ]). For Hardy and Caffarelli-Kohn-Nirenberg inequalities on more general
homogeneous Carnot groups and the literature review including the Heisenberg group
we refer to | , ], for the anisotropic versions of the usual L? and L? Cafarelli-
Kohn-Nirenberg inequalities we refer to | | and | |, respectively, and for
Hardy inequalities for more general sums of squares of vector fields we refer to | ].

Here we obtain the following refinement of Hardy inequalities for the Baouendi-
Grushin operator:

e (Weighted refined Hardy inequalities for Grushin operators) Let
(z,y) = (21,0, Ty, Y1, -, Uk) € R™ x R¥ with k,m > 1, k+m = n. Let
Q@+ a; —2>0and m+ yas > 0. Then we have the following Hardy type
inequality for all complex-valued functions f € C§°(R™\{0})

(%} a2 d

+op -2\’ o o | V0l
> (T3 [ o T ey, 19

2

+ \:c|27]Vyf|2> dxdy

9n\2 .
where the constant (W) is sharp.

Already in the absence of weights, i.e. for a; = ay = 0, the estimate (1.9) is new.
Moreover, it is also new as a family of inequalities in the case v = 0: for k = 0 it
reduces to the classical Hardy inequality (1.1), while for m = 0 it reduces to the
radial version established in [ |, see also | | (always for v = 0). We note

that since we can estimate ﬁ f| < |V.f|, inequality (1.9) also gives a refinement to

the inequality (1.8) for p = 2.
The estimate (1.9), in addition to its own interest, will play an important role in
the derivation of estimates for magnetic operators.
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1.2. Magnetic Baouendi-Grushin operator. In | ] and | ], Hardy in-
equalities for some magnetic forms were obtained. For example, in [ ] for the
quadratic form of the following magnetic Grushin operator

Ga=—(Va+ifA)?,
the following Hardy inequality for —% <p< % was proved:

/RB|(VG+2'BA0)f]2dzdt2 (1+52)/ 2P EL fl2dzat, (1.10)

where

2q
d’d Vd
Vg = (ax,ay,Q:cat,ant) with z = (z,y), |2| = V22 + 9% 5 € Ris a “flux” and
d(z,t) = (Jz|* + £2)1 is the Kaplan distance.

The following results extend the estimate (1.10). While the most physical setting

is 4 € R!, we can obtain the results for any y € R¥.

AO:(Al,AQ,Ag,A4)=<8ydad dud &)7

e (Hardy inequality for the magnetic Baouendi-Grushin operator) Let
(z,y) = (21, 72,y) € RZxR*. Let ay, ay, 8 € R be such that a; +k(y+1) >0
and sy + 2 > 0. Let us define the Aharonov-Bohm type magnetic field

~ v gl
A:Z (_ax2p7ax1p7_‘x| Vyﬂj ‘.’ﬂ’ vyp) 7 (111)
PP N2 p V2 op
and the corresponding gradient
S 0 90 hlgy Il
= 1.12
VFY <8$1 81'2 \/_vy’ \/_ ( )

Then for any complex-valued function f € C5°(R?***\{0}) we have the follow-
ing weighted Hardy inequality for the magnetic Baouendi-Grushin operator

2
/ pa1|€;p|a2|(€; + Z'/BAV)deIdy > ((W) + ﬂ2>
R2+k

2

i g 217
o

where the constant ((%ﬁﬂ)) + 52) is sharp (so that the constant in

(1.10) is actually also sharp). Moreover, we have the estimate for the remain-
der term in this inequality:

2
/W+ P V|2 |(V + iBA) | dxdy><(%(7+l)> WQ)

o as 127
></RQ P V0] 2+2|f| dzdy

— 2 _ 2
+/ pallv’yp‘a2|f| |f0(|x|7y)| dxdy,
R2+k

|z
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where fo(|z],y) = 5= 02” f(z|, ¢, y)de with (|z|, ¢) being the polar decompo-
sition of x, so that the last term in the above inequality is nonnegative.

e (Uncertainty type principle) Let (z,y) = (z1,72,7y) € R? x R*. Let
aq, e, 8 € R be such that a; + k(7 + 1) > 0 and asy + 2 > 0. Then for any
complex-valued function f € Cg°(R?*™*\{0}) we have

10 Tl 2 (T, + Al saggesir | L pocaern)

ar+k(v+ D\ L\ oo e 2]t
z((f wt) [ % Py

e (Magnetic Baouendi-Grushin operator with constant magnetic field)
In Remark 3.9, we also give inequalities for the magnetic Baouendi-Grushin
operator on C™ with the constant magnetic field

La=Y (0, +11(y;)* + (il]Dy; +a(,))?).

J=1

1.3. Landau Hamiltonian. Let us recall that the Landau Hamiltonian (or the
twisted Laplacian) on C™ is defined as

L= g [(i@xj + yQ—J)Q + (i, - %)2] . (1.13)

Setting
=~ 1. ~ 1,
Xj = 0., — 51 and Y; = 0, + 30T,
we have
L==> (X247} (1.14)
j=1

The twisted Laplacian can be also written as £ = —A + (|z|? + |y|?) + iV, where

N = (y;0,, — x;0y;) (1.15)
j=1
is the rotation field. Let V, be the gradient operator associated with L:
Vef =Xk oo Xafs iy oo Yof). (1.16)
Let W,*(C™) be the Sobolev space defined by
WACY = {f € LX(C): X;f Yif € A(C), 1< <m}. (LIT)
In the recent paper | |, a version of the Hardy inequality for the twisted

Laplacian with Landau Hamiltonian magnetic field was established for real-valued
functions f € W,?(C"), namely, the inequality

1
n IfIQW(Z)dZS/ Ve flPdz,
4 Cn Cnrn
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_(IVCBE P
o= (Mgt + BF).

where [E is a fundamental solution to the twisted Laplacian on C™.

In this paper we obtain the versions of Hardy inequalities for the Landau Hamil-
tonian for both complez-valued and real-valued functions, as well as estimates for the
remainders. _

In fact, we obtain also results for more general operators £, of the form

with the weight

n

> : 2 . 2
Lo =3 (10, + 0lzDy) + (0, = v(lzD2;)%)
j=1
where 1(|z|) is a radial real-valued differentiable function, z = (z,y). Setting
Xj =05, —¢(2])y; and Y; =9y, + v(|z])z;,
we write - ) } ) )
mf = (Xifoo Kaf Vafs Vo). (1.18)
We note that for ¢(|z|) = 5 we recover the classical Landau Hamiltonian, i.e.

51/2 = —L and Vﬁl/g = VL.

e (Hardy inequalities for the Landau-Hamiltonian £N¢) Let ¥(]z]) be

a radial real-valued differentiable function. For a function f we will use the

notation fy(|z]) := % OQW f(|z], ¢)d¢. Then we have the following inequalities:

(i) (Hardy-Sobolev inequality) For any ¢, € R we have

Ve fI? > [P
o |2 dz — 0} |z]291+2 ’ |291 2|f| dz

fP—1f
vf "HLQILL' : (119)

for all complex-valued functions f € Cg°(R?\{0}).
(ii) (Logarithmic Hardy inequality) We have

— 1
[ 19t log stz =5 [ 1z = [ el tos =Pl Pa:
2
/|f| ‘f0| ’ | |10g|2‘|2d2, (1.20)

|22

for all complex-valued functions f € C§°(R?\{0}).

(iii) (Poincaré inequality) Let © be a bounded domain in C and R =
sup{|z|}. Then we have
2€Q

— 1
| 19tz / s > / ERERHEE
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for all complex-valued functions f € £4%(€) satisfying ﬁ [ € L*(Q), where
the space 5(1)2((2) is defined in (3.9).

(iv) (Hardy-Sobolev inequality with superweights) Let 65, 05,04, a,
b€ R with a,b > 0, 0503 < 0 and 26, < 65,63. Then we have

blz|f2)ls  ~ 005 — 20 b|z|02)0s
/((l+ ‘ | ) |v£f|2dzz 2 32 4/(G+ |Z’ ) |f|2d2
C

‘ZPQ ‘Z|294+2

Ry RS E LI Rl PR
C

2|20a—2 |2 [264+2

for all complex-valued functions f € C§°(R?\{0}). Weights of this type has
appeared in | | as well as in | |, and are called the superweights
due to the freedom in the choice of indices.

All terms on the right hand sides of inequalities (1.19), (1.20), (1.21) and
(1.22) are non-negative, therefore, they give the remainder estimates as well
as Hardy’s inequalities:

Ve P, P
/ ‘Z[ﬁ@ 62/| |’29‘ +2d _'_/‘
[ 1Fe.rPllog lPdz = / P+ [ wlel?lePlloglel PPl (120
C
| eras= gz [ 1rPa+ [ o(alpipispa: (1.25)

(1.23)

and

blz|f2)l ~ 0005 — 20 b|z|02)0s
/(C(a—{_ ‘Z| ) |v£f|2dzz 232 4/C(a+ ’Z’ ) |f|2d2

|Z|294 ‘Z|294+2

z|)*(a 0203
/1/}| | +b| | ) |f|2d2 (1.26)

|294 —2

For (|z]) = 5 this yields Hardy inequalities and remainder estimates for the
classical Landau Hamiltonian operator.

The Hardy inequalities for a magnetic Baouendi-Grushin operator with Aharonov-
Bohm type magnetic field are proved in Section 2. In Section 3 we prove the Hardy
inequalities for the twisted Laplacian with the Landau-Hamiltonian type magnetic

field.

2. WEIGHTED HARDY INEQUALITIES FOR MAGNETIC BAOUENDI-GRUSHIN
OPERATOR WITH AHARONOV-BOHM TYPE MAGNETIC FIELD

In this section we establish weighted Hardy inequalities for the quadratic form of
the magnetic Baouendi-Grushin operator with Aharonov-Bohm type magnetic field.
We adapt all the notation introduced in Sections 1.1 and 1.2, namely, V,, p and @
defined in (1.3), (1.6) and (1.5), respectively. Recalling these for conveniece of the
reader, we have

V,=(Va,|2'V,), (7,y) ER™" xR Q=m+ (1+~)k, v>0, (2.1)
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and the magnetic filed A is defined here as

A= Vg” - <V;p, |x|vvgp> € R™ x RF. (2.2)

We start with a simple inequality showing the best constants one can expect.

Lemma 2.1. Let Q C R"™ be an open set. Let (x,y) = (T1, ..., Ton, Y1, -, Yr) € R™ xRF
with k,m > 1, k+m =n. Let ay, a0, B € R be such that

Q+a;—2>0and m+ ayy > 0.

Then for any real-valued function f € C§°(S2) we have the following weighted Hardy
inequality for the magnetic Baouendi-Grushin operator

2
/Qpal|vw,az|(v7 +iBA) fl2dady > ((W) +52>

(%1 a2 |x|2’7 2
X 0 p ‘v’)’p| p27+2 |f| dl’dy, (23)
Moreover, if 0 € Q, then the constant in (2.3) is sharp.

Proof of Lemma 2.1. By opening brackets we have

ﬂfﬂvmmma+mwﬁmw:[}MVMWWJWMy

+ﬁKfMVMMAWM@. (2.4)

Taking into account (1.7) and putting p =2, a = y(as +2) + 2 — aq, = (s + 2)
in (1.8), we have for any @ + a; — 2 > 0 and m + ayy > 0 that

a1 a2 Q+Oé — 2 ? (e %1 azvp2
ol sy = (CEG=2) [ 9 ot ey 25

Taking into account the form of the magnetic field A = (A;, A) = (%, \x!”%))

in (2.2), and by a direct calculation one finds

N N N oo | Vap? + |22V pl?
ﬁAfWVMﬂAmezﬁlfwmmJ / ;”WUWM@
o 0y | VP
262/90 Va0l Q%Iffdxdy (2.6)

Then by (2.4), (2.5) and (2.6) we obtain
: +og —2\?
| o957, + i) s > (<9“%L“) +¢P>

aryg oz VPl
< [ o190l FoEE Py 27
Q
Then using (1.7), we observe that (2.7) yields (2.3). Since the constant in (2.5) is

sharp when 0 € Q by (1.8), then the constant in the obtained inequality is sharp
when 0 € . ]
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We obtain the following corollary in R*** for the Aharonov-Bohm potential of the
type considered in | ].

Corollary 2.2. Let Q C R** be an open set. Let (x,y) = (21, 22,y) € R? x RF.
Let ay, a9, € R be such that a; + k(v + 1) > 0 and agy +2 > 0. Then for any
real-valued function f € C§°() and for the following Aharonov-Bohm type magnetic
field

5 Ousp Ouip |27 Vyp |27V p)
A: <_ : ’ - s ! ) ! ) 2.8
PP N2 p V2o (28)

we have the following weighted Hardy inequality for the magnetic Baouendi-Grushin

operator
k(v +1)\?
/Q a1|v,yp|a2’< +ZﬁA) ‘dedy 2 ((%) +ﬁ2>

(5} a2||
< Tl Py, 29)
where
s (0 0 |zp IiL“I7
V”_(aml TRV AV AL (2.10)

Moreover, if 0 € Q, then the constant <<%ﬁ+l)> + 52> in (2.9) is sharp.

Proof of Corollary 2.2. In this case m = 2, then ) = 2 4 k(1 + 7). Since we have
|AfI? = |AfI?, Va0l = |Vap| and |V, f[? = |V, f]?, then in the exact same way as
in the proof of the Lemma 2.1 one obtains (2.9). O

As another corollary of Lemma 2.1 we obtain the following uncertainty principle.

Corollary 2.3 (Uncertainty type principle). Let (x,y) = (Z1, ..., Tm, Y1, -, Yk) €
R™ x R¥ with k,m > 1, k+m =n. Let Q C R™ be an open set. Let ai,as,3 € R
be such that Q +a; —2 > 0 and m + asy > 0. Then for any real-valued function
f € C§°(92) we have

a1 oy : +ap —2\2
||p 2 |V7,0| 2 (V,y +Z/8.A>f”L2(Q)”f||L2(Q) > ((QL) _|_62>

[N

2

xXr
< [ o%1901% EE oy @2.11)

Proof of Corollary 2.5. By Lemma 2.1 we get

o1 Qg . —+ -2 2
1= V501 (Vs + iBA) | 2| fll 2y (<Q+) +62)

o=

Ex |va

fH 120
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Q+ay—2\? 3
> ((T> w0 [ 190008 B oy

The proof is complete. O

We now give the main theorem of this section for complex-valued functions f.

Theorem 2.4. Let (x,y) = (11,22,y) € RZ x R*. Let ay, a0, 3 € R be such that

a; + k(y+1) >0 and ay + 2y > 0. Recall V,y, A and p defined in (2.10), (2.8),
(1.6), respectively.

Then for any complez-valued function f € C$(R***\{0}) we have the following
weighted Hardy inequality for the magnetic Baouendi-Grushin operator

/ V0l |(F + i84) f Pdedy
R2+k

041+k(7+1) ’ 2 ™ 042‘ ’2
> ((f ) [ ol sy

N 2 2
+/ pa1|v’yp’a2|f’ |f0(’x|7y)‘ dilj’dy, (212)
R2+k

|2

. . 2 .
with the remainder term, where fo(|z|,y) = 5= [;" f(|z], ¢,y)d¢, (|z|,¢) is the polar
decomposition of x. The latter remainder term is non-negative, therefore, we also
have the following inequality with sharp constant for any complex-valued function

f € Ce®R*M\{0})

[ ST + i34 Pdady
R2+k

ay +k(y+1) ? 2 o o |2 | >
- ((f +5 /RQ+ V.0l MQW dxdy. (2.13)

The proof of Theorem 2.4 will be based on the following theorem:

Theorem 2.5. Let (2,y) = (T1, .., Tm, Y1, -, Yr) € ROXRF with k,m > 1, k+m = n.
Let aq, a9 € R be such that

Q+a; —2>0 and m+ yay > 0.

Then we have the following Hardy type inequality for all complex-valued functions
f e G (R™\{0}),

(e%} a2 d

2

+ |x]27\Vyf]2) dxdy

Q+ay —2\° N s VP
> (T2 [ o T ey, 209

with sharp constant (W)2
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Remark 2.6. Theorem 2.5 implies the following inequality

/R PVl (IVaf [P + 2|V, f1?) dady

Q+a=2\" [ oo 0|Vapl
> (C5=2) [ el Py, 215)

2
with sharp constant, which gives the result of D’Ambrosio (1.8) when p = 2 and
2 = R". We also mention that inequality (2.15) has been established in | ] and

[5J12].

Proof of Theorem 2.5. We denote r = |z| and B(r,y) = p*|V,p|*>. Then, using
(1.6) and (1.7), one has

Q] —a2

B(T’, y) — pa1’v’yp‘a2 — T,Ocz’ypal—az’y — rozz’y<7,,2(l+'y) + (1 + 7)2|y|2) Q(HW)'Y' (2.16)
Let us first calculate the following
\V4
(vy ta ;’p ) f

L (|02

— / / (10,12 + 721, £ ) 7 B(r, y)drdy
Rk JO

[

L 90Re / / Ob A B NOLT - fdrdy
RE Jo P

2
+ 2

2
) rm’IB('r, y)drdy

Vb

2
% +T2’Y
P

2
) | f>r™ ' B(r,y)drdy

+2aRe/ / Vyp . Vyf,r,Q’ermle(r’ y)fd’r’dy
Rk JO

p
= ]1+Ig+[3+]4. (217)
Using
Op _ 0 Vup _ (0 L)y
e N T, T T

we calculate

2 2

N e Vi T -2V
P p - p4’y+4 - p27+2 - p2 : :
Thus, we obtain
00 o) v 2
I, = aQ/ / %|f|2rm_13(r, y)drdy. (2.19)
—o0 J0 P

Now we proceed using integration by parts for I3

hi=—a [ [ @yt meqagmen ot fdry
Rk JO

—Cl// / (al — Y — 2,}/ _ 2)pal—a27—4’y—4r4'y+m+'ya2+1|f|2drdy‘
R* JO
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Since B(r,y) = r**7p*1 =27 by (2.16), then we have

o) 2y 4y+2
L=—a / / ((27 - yag) s+ (ar — agy — 2y — 2) ) U B(r,y)| f2drdy
Rk Jo P P

242

* r V.pl? _
_—a/ / (27+m+7a2+(a1—0z27—27—2) 5 +2> | WQP| |fPPr™ 1 B(r, y)drdy.
Rk J0 P p

Similarly, we have for I,

I, = —a/ / div, (B(r, y)w> P27t 12 drdy
Rk J0O P

_a<fy + 1) /k / diVy <pa1*a2772'yf2y) ra27+2'y+mfl|f|2drdy
R

2
— —Oé/ / (al — a7y — 2’}/ 2) a1 —ay—27— 3<7+1) |y| )Ta27+2'y+m—1|f|2d7,dy
Rk

2v4+1
p’Y+

_a/ / k?(’}/ + 1)pa1—a27—27—2ra27+27+m—1|f|2drdy
Rk JO

M 02y 01—y .
Since 27+2 = =7 and B(r,y) = r*"p by (2.18) and (2.16), respectively, then
we obtaln

2
\Y
= [ [ (0= =2 -0 i 1)) R vy
R

Then, taking into account the definition (1.6), we get

00 \V4 2
Is+1, = —a/ / (041—a27—2fy—2—|—2’y+m+’ya2+k(”y—|—1))%|f]2rm1B(r, y)drdy,
Rk
using that @ = m + (1 4+ )k in (1.5), one has
\Y
heti=-a [ [TQ+a-nTA ””‘ PR y)drdy. (220)
Rk

Putting (2.19) and (2.20) in (2.17), we have

L ([ a22) ] 4| (ma™)

= / /OO (|8rf|2 + 7“27|Vyf|2) ™ B(r, y)drdy
RF
—((Q+a1—-2)a / / |V7p| |f1Pr™ ! B(r, y)drdy.

By substituting o = % and taking into account (2.16), we obtain (2.14).
Let us now show the sharpness of the constant in (2.14). Taking into account (2.5)
and (2.14), we have

2

2
) rm_lB(r, y)drdy

| o 19l (Va4 11V, ) dady

o as d
2/ PVl (‘mf

2

+ |x|27|Vyf|2) dxdy
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Q+C¥1—2 ’ fe! a|VP‘2
> | —F P V| = P dady,
2 R 1%
which proves the constant (%)2 in (2.14) is sharp. O]
We are now ready to prove Theorem 2.4.

Proof of Theorem 2.j. By polar coordinates for z-plane x; = r cos ¢, x5 = rsin ¢, we
have r = |z| and

Ouip r277 1 cos ¢ Ousp r?27 1l sin ¢
p 0 (L+9)2yl2 p 200 4 (T4 9)2y[
Vyp o (1 + '7)9

po 2O (14 9)2
Thus, we can write

/ pal|€’p|a2|<€¥ +iBA) fPdwidrady = I + I, (2.21)
R2+k
where

sin ¢ r?7 1l sin ¢ 2
L= - B drdpd
1= /Rk/ / <cos¢a aqﬁ i 200 1 (11 )y P f| rB(r,y)drdedy

2

rB(r,y)drdody

2'y+1

COS¢ cos ¢ ) f
2009 4+ (1 +7)2|y?

&p-{-lﬁ

<sm 00, +

Ny

‘/Rk / / '(V”ﬁ 2<1+v><—1k?1gyv>2|y|2>f
/// ‘(V 8 e (1+)v> W)

By opening brackets we obtain

[1:Ak/02W/0m (|arf|2+|aj—f|2+52

27 ') 7"27 B
—2 " FrB(r.y)drdéd
Re/m/o /0 5 (el B y)drdedy

27 e’}
]2:/ / / |Vyf|2r27+lB(7’,y)drdgbdy
Rk

2m 2
+B2(1+7)2// / Tglﬂ)f'l'ﬂw eI r U B(r,y)drdgdy.

Integrating the second integral in I; by parts we see that

2w o] 7"27 B
- frB drdeod
Re/m/o /0 T2(1+’Y)+(1+’7)2|y|28¢f frB(r,y)drdody

27 o0 7”2’7
=R As(|f1)rB(r,y)drdedy = 0.
e/Rk/o /0 72149 4 (1 + )2|y? o(|f17)rB(r,y)drdody

2

7L B(r, y)drdedy

2
M B(r, y)drdedy.

2’y+1

P24 4 (14 )2 |y)?

2
) rB(r,y)drdpdy

and
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Using the Fourier series for f we can expand

y) = Z fk(rvy)eik¢7

k=—o00

and by a direct calculation, we get

—/ 0,1Pdo = 2 S RIA(r) = S Rfdry)

k£0
zijmm(k?)erk(r,y)P:T% [t Bir = [0t P
0

where fo(|z],y) = " f(|z], #,y)d¢. Now putting the obtained estimates for I,
and I in (2.21) we have

/ p |V7p|a2|( + iBA) f|2dxydaady

/Rk / / (041 + 7V, £ ) B, y)drdady

0

2w 00 4’y+2+ 1+,}/) ‘y’2 2y
v [ [T 2 ) 1#r B )drdody
o o NG @ aee ) TR0

/ /-27r \f|2 _ |f20(r’ y)|2rB(7", y)drdody
Rk JO

2m 00
[ |8f|2+r2”|Vyf| )rB(r. y)drdody

27 o0
2rB(r, y)drded
Rk/o /0 r2v+2 1_}_7) |y|2|f| r (T’,y) rdody

I g iy
Rk

Since \VN7p| = |V,pl, then putting m = 2 in (2.5) and taking into account (2.16) we
obtain the following estimate for the first integral in (2.22)

27 e’}
/ / / (10nf1? 4 r2 |V, f1)r B(r, y)drdédy
Rk JO 0

ay+ k(v + 1)\ = Vo)
> (D) [ e o ey, )
R2+k P

2
Let us calculate the second integral in (2.22)

27 [ee] 2'7
2 T 9
B drdod
ﬁ /]Rk/ / r27+2 (1+,}/)2|y|2|f| r (7”, y) r ¢ Yy

rArt2 o2 ¢
B 52 /Rk / / (r2+2 + (1 +7)2[y|?)? |f|27“B(7“, y)drdody

2 [ 7 4'”2sm2¢ 2, B(r. y)drdod
0 /]Rk/ / (r2+2 + (1 4 )2 |y,2)2|f| rB(r,y)drdedy
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2 1 + ’7 2 Q'y Y 2
+ /k / / 7“27+2 4 |f|2rB(r, y)drdody
R

+ (1 4+7)2|y[*)?
= 0r,p Orsp |2 Vyp |2 Vyp\|”
— A2 1|\ o2 z1 T2 Y y
5/]R2+kp | “/p‘ (

p V2 p V2o
T\
=t [t L vy (2.21)
R2+k P
Putting the estimates (2.23) and (2.24) in (2.22), we obtain (2.12). Since we have

. 2 2
/ poc1|v’yp|a2|f’ ‘fO(’$‘>y)| dxdyZO
R2+k

|z

2dxdy

and (2.13) with sharp constant for all real-valued functions by Corollary 2.2, then
this constant is sharp also in the class of complex-valued functions in (2.13). O

We record the corresponding uncertainty principle.

Corollary 2.7 (Uncertainty type principle). Let (x,y) = (21, 72,y) € R?> x R, Let
ag,an,f € R be such that oy + k(v +1) > 0 and asy +2 > 0. Then for any
complez-valued function f € Cg°(R*™\{0}) we have

1o (VoI # (Vo + iBA) f | 2o | f [l 2gosr)

1

ar +k(y+1) 2 2\’ a S 2 ||
z((f) +ﬁ> L o H 19 0l% 2 ey, (229

Proof of Corollary 2.7. Using (2.13) and in a similar way as in the proof of the Corol-
lary 2.3, one obtains (2.25). O

3. HARDY INEQUALITIES FOR LANDAU-HAMILTONIAN

In this section we show the Hardy inequalities for the twisted Laplacian with
Landau-Hamiltonian type magnetic field.

We adapt the notation of Section 1.3, namely, we have V. the gradient operator
associated with L:

Vﬁf: (le,...,an,ﬁf,...,?nf), (31)
for the vector fields )Z'j =0y — %iyj and 17'] =0y, + %zxj
Let us introduce now the generalised form of the twisted Laplacian

L= [(i0n, +(Dw)” + (0, — v(lz))"]

where 9(|z|) is a radial real-valued differentiable function. Setting
Xj = 0, — ¢(l2))y; and Y; = 0, + ¥(|2])a;,
we write .
Vef=(Xof oo X, o Y k). (3.2)
The classical Landau Hamiltonian is a special case of this with the choice of the
constant function ¢(|z|) = 2
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Theorem 3.1. Let 91,02,63,94,&,1) € R with a,b > 0, 0203 < 0 and 20, < 0505. Let
¥(|2]) be a radial real-valued differentiable function. Let Q be a bounded domain in C

and R = sup{|z|}. For a function f, we will be denoting fo(|z]) == 5= 0% f(z|, ®)do.
Q

ze
Then we have the following inequalities with remainders:
(1) the weighted Hardy-Sobolev inequality

NefPy o [ P, 112 = 1 fo(2]) 2
c |z|** B |Z|291Jr2 /| 2012 ‘f| dz +/ |2[20:+2 dz, (3.3)

for all complez-valued functions f € C°(R*\{0});
(1) the logarithmic Hardy mequal@ty

—~ 1
[ erPlog iz = 5 [ 1Pz = [ waD?lep)tog 2|17z
C C C

/W 1ol=DE g 121 a2, (3.4)

|22

for all complez-valued functions f € C(R*\{0});
(111) the Poincaré inequality

_ 1
[ etz = g5 [ 1rPas = [ wll==p e

i CE
/ e z, (3.5)

for all complez-valued functions [ € 20’ (Q) satisfying Wf € L*(Q), where the space

33’2(9) is defined in (3.9);
(iv) the Hardy-Sobolev inequality with more general weights

blz|?2)0s ~ 0,605 — 26 b|z|02)0s
/(CL+ |Z| ) |Vﬁf|2d22 2 32 4/(6L+ |Z| ) |f\2dz
C C

|Z|204 ‘Z|294+2
D(l2)*(a +bl2|")* (a+0[=")™ (Lf* — fo(lzD]?)
/ Pt | Pz dz,  (3.6)

for all complez-valued functions f € C5*(R*\{0}).

The proof of Theorem 3.1 will be based on the following family of weighted Hardy

inequalities and Poincaré type inequality that were obtained in | , Theorem 3.4
and Theorem 5.1] and | , Theorem 8.1], where E = |z|R is the Euler operator
and R = d‘ | is the radial derlvatlve
Theorem 3.2. | , Theorem 3.4] Let G be a homogeneous group of homogeneous
dimension Q) and let € R. Then for any complez-valued function f € C§°(G\{0}),
1 < p < o0, and any homogeneous quasi-norm | -| on G for Op # Q we have
7o <72l |7
— < — (3.7)
el (G) Q—06p|||z|° LP(G)
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If Op # Q) then the constant ‘ﬁ

f

x| *

1s sharp. For Op = () we have

log Iﬂf\

<p
LP(G)

Ef (3.8)

|x| LP(G)

with sharp constant.

Let © C G be an open set and let Z}é’p(ﬂ) be the completion of C§°(2\{0}) with
respect to

[ llgr@) = Il + Sl r), 1 <p < oo
In the abelian case, when G = (R? +) and p = 2, let us give this definition: Let

Q) C R? be an open set and let 3(1)2(9) be the completion of C§°(Q\{0}) with respect
to

1 lg120) = [fllz2@) + 1z - Vfllr2()- (3.9)
Theorem 3.3. | , Theorem 5.1] Let Q be a bounded open subset of G. If
1<p<oo, feLP(Q) and Rf € LP(Q), then we have
Rp Rpil 1
ey < IR v = | Bt (3.10)
Q@ | Lr(Q)
where R = sup|x|.
€N
Theorem 3.4. | , Theorem 8.1] Let G be a homogeneous group of homogeneous

dimension Q). Let a,b > 0, 6505 < 0 and pd, — 0203 < Q — p. Then for any complez-
valued function f € C§(G\{0}), 1 < p < oo, and any homogeneous quasi-norm | - |
on G, we have

Q — ply + 0205 — p
p

(a+ blz|®) 7

P (3.11)

L7(G)
If Q # pBy + p — 0203, then the constant % is sharp.

LP(G)

We briefly recall their proof for the convenience of the reader but also since these
will be useful in our argument.

Proof of Theorem 3.2. Integrating by parts gives for 6p # @)

[FACOI /0 h /6 |f (r) Pr@= =2 (y)dr

T
L[ remme [ D astyan

Q—0p
Ef@If@P |Ef<x>||f<x>|p-1
= ep‘/ 2] ‘@ o Jo  Japrion

Using Holder’s inequality, we obtain

|f (@)l P Ef@)  \* ([ 1f@P \7
o ol dxg‘@—@pKG B dx) ( 2o d“”) ’
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which implies (3.7).
In order to show the sharpness of the constant, let us check the equality condition
in above Holder’s inequality. We consider the function

gi(z) = ’m% (3.12)

where C' € R,C' # 0 and Qp # (. Then, a direct calculation implies

Egi ()| \" [ lou(a)[P\ 7T
of () - ()™ )

which satisfies the equality condition in Hélder’s inequality. Thus, the constant ’ﬁ’

is sharp in (3.7).

Now we show (3.8). Taking into account & := {z € G : |z| = 1} and applying the
polar decomposition on homogeneous groups G, then using integration by parts, one
calculates

[ = [7 [ 1wpe-2datyyar

= —p /0 log rRe /6 If(Ty)lp‘Qf(Ty)%dd(y)dr

Ef @IS @) _ [ [Ef@)log el £ )P
<p [ FHEE g alldz = p | .

Q Q(p—1)
x| |7

Using again the Holder’s inequality, we get

|f ()P IEf(2)[P|log |z|P . \7 F@P  \ 7
[ dxgp(/G wE d:):) ( C dx) |

which gives (3.8).
As in the case of (3.7), we consider the following function to show the sharpness of
the constant in (3.8)

3

g2(x) = (log |z])“,
where C' € R and C' # 0. Then, one has

P (1Ega(o)oglall\ [ lga(e)r 7
( 2 Q = 2Q(p ) ) (3.14)
PE 2

o

which satisfies the equality condition in Holder’s inequality. 0
Before proving Theorem 3.3, we first show the following proposition.
Proposition 3.5. | , Proposition 5.2] Let Q C G be an open set. If 1 < p <
0o, f € L7(Q) and Ef € LP(Q), then we have
p
[fllzriy < @IIEfIIme)- (3.15)

Proof of Proposition 3.5. Let us consider the function ¢ : R — R, which is an even
and smooth function, satisfying

e 0 < (<,
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o ((r)=1if r| <1,
e ((r)=0 if |r| >2.
We set (\(z) := ((A|z]) for A > 0. We have the inequality (3.15) for f € C’OO(G\{O})

by (3.7) when 6 = 0. There is {f,}52, € Cc°(Q\{0}) such that f, — f in £:7(Q) as
¢ — oo. Let A > 0. From (3.7) when 6 = 0 one gets

15 fell ey < = (||(]EC/\)fe||LP + I ES) | (@)
for any ¢ > 1. Then, we can 1mmed1ately see that
Kliglo OJe= O,
ZIL%O(ECA)fz = (EQ\) f,
Zli_glo OG(ESf) = }Hgo(Q@(I)) (AVfy) = Q(e(z) - AV )
in LP(Q). By these properties we obtain
63 llri@y < & {IEG) oy + IGE v}

Since
sup |[EC|, if A7t < |z| <2271
[(EG) ()] < .
0, otherwise,
one obtains (3.15) in the limit as A — 0. O
Proof of Theorem 3.3. Since R = sup|z| by Proposition 3.5 one has
z€eQ)
<P _Rpj1
Iy < 1By < IR umer = 1 | Bl
Q Lr(@)
which implies (3.10). O

Proof of Theorem 3.j. Since for () = p4 + p — 0265 there is nothing to prove, let us
only consider the case Q) # pf, +p —6205. Using polar coordinates (r,y) = (|z|, é—|) €

(0,00) X & on G, where & is the unit quasi-sphere
S:={reG: |z|=1}, (3.16)

and by polar decomposition on G (see, for example, | | or | |) and using the
integration by parts, one calculates

(a+b|x|92)93 (a + brf2)% B
/G | [pOatp x)|Pde = T — |f(ry)[Pr9= do (y)dr. (3.17)

Since 03605 < 0 and ply — 02605 < Q —p we get

[ e,
G

|$’p94+p

o 702 a L —
S/ /(a+br92)937“Q1p94p< b + © )|f(7"y)|pda( )dr

at+br " atbr® Q- p94—p+92

a_|_bT02 GSTQ 1 p94 P 9 9 b?"eQ
/ / Q —pby — p+ 6505 <a2—|—3b7"92 +Q — pby — p> ’f(ry”pda(y)dr




20 A. LAPTEV, M. RUZHANSKY, AND N. YESSIRKEGENOV

a -+ breg)GgrQ—p&;—p »
- L (G5a=rmam ) oo

= — 0203 .Q—pls—p p 2
Q—p94—p+9295/0 (a+b7“ ) Re/|f 7‘y| (Ty) dr da(y)dr

< b /(a+b|l”|92)93|73f( Ollf @It
T | Q —phy —p+ 0505 |x’p94+p—1
03(p—1) 05
= P (a+blz™) "7 |f (@)~ (a+bla|™)
~ Q—pby—p+ 005 / 2@ D(p-1) 2P |Rf(z)|dx.

Here the Holder’s inequality gives

(a + blx|?2)%
/GW—@WV(»’CWW

p—1 1
p (a + bla|™)* a / (a + bla|)* ’
< Pd P
T Q —ply—p+ 0505 (/(G |x|p94+p |f($)| X o |:E|p94 |Rf(l‘)| T )
which implies (3.11).

In order to show the sharpness of the constant, we check the equality condition in
above Holder’s inequality. We consider the function

g3(x) = [z,
where C' € R, C # 0 and @ # ply + p — 6:03. Then, a direct calculation gives

p ((a+b‘x’92)6§|7€g3(x)‘)p: ((a+b!x\92) sl )!p‘l)pl, (3.18)

B o)

3(;0

C

‘ 1

which satisfies the equality condition in Holder’s inequality. This shows the sharpness
of the constant w in (3.11). O

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let r(|z]) # 0 be a radial function. By polar coordinates for
the z-plane x = r cos ¢, y = rsin ¢, we have

/|V£f|2dz_/(|(¢am+y¢(|z|))f|2+|(i8y—$1/)(|z|)) *) (|z|)

/ / zsm¢ ) 2 dr
(z cos ¢O, — Op +Y(r )rsmgb) f rdgb%

o] I 2
+/0 /02 (‘ (z sin @0, + ZCOS¢6¢ —(r)rcos qb> f ) rdqb%

[ [ (s

Integrating the second integral in this equality by parts we see that

2Re/ /27r (r)0sf - frd<b— = 2Re/ /27r (r)s(|fI? )rdgbﬁ =0.

g, f2
|(:i5| +¢(r)2r2|f|2) dgb——?R/ / (r)0s.f frdﬁbﬂ
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Let us represent f via its Fourier series

= Z fk(r)eiw.

k=—o00

Then we obtain

5| oarpas - %Zkﬂfk = S R

k40

o L 2 L[
> r—jgg(kzg )P = / o= 1) = [ (I = 1alr) P,
where fo(|z]) = " f(lz], o)do

Thus, we arrlve at

ik 1 | d ? - ’
Sl [ L [P ey, [ VR BGDE,
c (l2]) c £(l2]) |dlz] o izl e |2Ps(lz])
(3.19)
Putting /<a(|z]) = |z|*, it follows that
2 2 _
s> [ /] o=+ [ s B
(3.20)
In the abelian case G = +), p=2and 0 =0, + 1, (3.7) implies
o [ ISP
/ B e Ry AR

Putting this in (3.20), we obtain (3.3).
Putting x(|z|) = |log|z||72 in (3.19), one has

/ llog 2|21V fPdz >

Cdo / Bl 1P og 21121 £ 12d=

2
/|f| |'~’|”g' ' I tog |22z (3.21)

In the abelian case G = (R?, +) and p = 2, (3.8) implies

/ log | s / P

Putting this in (3.21), we obtain (3.4).
Putting x(|z]) = 1 in (3.19), we get

N d |
v f2d22/‘—f
/@' cffdz=z | |5

P = 1fol=DP
/ B (3.22)

dxt / N EDRERRE
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In the abelian case, when € is a bounded domain in (R?, +), and p = 2, (3.10) implies
d
Q d\z|

> 5 [ 5P
Putting this in (3.22), we obtain (3.5).
Putting x(|z]) = (atble2) 7% ) (3.19), we have

\z| 204

(a+blz")" S (a+b!Z\92)93 V(120 (a + bl=[")%
J etz [ e [ PG
(a+b|2|92)9‘°’(|f|2 |fo(|Z|)| )

L /C REne dz. (3.23)
Again, in the abelian case G = (R? +) and p = 2, (3.11) gives
0205 — 20, [ (a+b|z[%)% / (a+bl2)% | d |7
dz < d
o A e e U
for a,b > 0, 0205 < 0 and 2604 < 605. Putting this in (3.23), we obtain (3.6). O

Now we give some inequalities for real-valued functions to show the best estimates
one can expect. While estimates for real-valued functions have less physical meaning
than those for complex-valued functions, they also find their use in applications to
the existence of real (or positive) solutions to some nonlinear equations.

Remark 3.6. By a direct calculation we have

[CHIVLfIQdZZji;An(( (yj—g)f))

2 | |2
d dz. .
[ wipas [ S (3:24)

. Y; 2
i0,, + 5) f\ +

Using the well-known Hardy inequality for n > 1 for any f € W*(C"), we obtain

2 2
/Cn IVefPdz > (n—1) /(C mzd +/ il T\ fPdz, (3.25)

for all real-valued functions f € Wr*(C") and n > 1. Here W} is defined in (1.17).

Let Q is a bounded domain in C with 0 € Q and R > e-sup{|z|}. Then, in the case
z€Q

n = 1 we can use the critical Hardy inequality with sharp constant for f € WEQ(Q)
(see for example | 1 [ )):

2 2
/Q]VEf]deZ 111/9 |f| g +/‘ 2F fias, (3.26)

|2[? log‘ |

for all real-valued functions f € W2*() and n = 1. Since the constants in the
Hardy and critical Hardy inequalities are sharp, then the constants in the obtained
inequalities (3.25) and (3.26) are sharp.
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Corollary 3.7 (Uncertainty type principle). Let 2 be a bounded domain in C with
0€Q and R > e-sup{|z|}. Then we have

z€Q

Vel e = | <\/ et ) fPdz (32

for n > 1 and all real-valued functions f € WE’Q(C”), and

1 z|?
Vel e = [ e IR
@ 4]z|? (log %)
forn =1 and all real-valued functions f € WLM(Q)
Proof of Corollary 3.7. By (3.25) we get for n > 1

(n—17 P
W EC 4>f
(n—1)2 |Z|2
z/<\/ e )If\d

which gives (3.27). Similarly, using (3.26) we obtain (3.28). The proof is complete.
0J

IVefllezemyll fllz2cny > lfllz2(cny

L2 (Cn)

Remark 3.8. In the case n = 1 of the Remark 3.6, we also can use the another type
of the critical Hardy inequality (see for example Solomyak ]) in (3.24):

IS =P
Lverfaz 0 [ e [ ERiga,

where C' is a positive constant.

Remark 3.9. Let L5 be the magnetic Baouendi-Grushin operator on C" with the
constant magnetic field

n

Lo =Y (00, +(y;))* + (i, + va()))?),

j=1

where |z = \/|z1]2 4 ... |z,|?. Setting )A(j = 10,, +11(y;) and EA/j = 1|x[70,, + s (x),
we write

Vacf = (Xaf, ., Xo Yok Y f).

Then, a direct calculation gives

[ o 19 pl Ve iz

= Z/ P V0|2 (\ (8, + 1(yy)) F|* + | (i2]8y, + a(a;)) f|2> dz
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Z/C /f’“|V7P|O‘2|val2dz+2:/(C P N2 ([a() [P + [ () )| £z
n i1 n
Then putting m = k = n in (2.5), and hence @ = n(2 + ), we obtain the following

Hardy inequality for magnetic Baouendi-Grushin operator on C" with the constant
magnetic field and for any real-valued function f € C§°(R**\{0}) with sharp constant

[ o0l e
(Cn

n(2+7) +og —2 o o 12
> ( ) [ ool S

2

23 [T e + (P
i=1 7"
where n(2+7) + a3 —2 > 0 and n + ayy > 0.
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