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ABSTRACT'

There are two classical problems which fall into the
category of Simultaneous Approximation and which are the subject
of this thesis, The first is the problem of determining the
best approximation to a set of functions Dbelonging to a
normed linear space,from a linear subspace or a nonlinear subset,
subject to a measure of t*distance' -~ the norm.

In the Introductory Chapter, wevshow the progression of
s fundamental characierising property in Approximation Theory
known as the Kolmegoroff criterion' from the uvniform norm to
its generalistion by +ile Hahn- Banach theorem to an arbitrary
norm.

In Chapter Two, we obtain a unifying theory for the
simultaneous approximation problem by a nonlinear subset in
an arbitrary norm. The approach is based én a Lemma in [?j]

developed by Blatt in [6] for the case of the uniform norm.
We also consider the characterisation preperty of an element
of V which is only locally a best approximation ,illustrated
by the family of generalised raticnals.

" The second problem is that of obtaining a polynomial
(or rafional) expression in x to approximate a function while
at the same time, the derivative of the polynomisl approximates
the derivative of the function. In the situation that our function
is the solution of a linear second order differential eguation,
we consider instead, determining a pair of polynomials which
satisfy exactly a perturbed system, This technique is Known. as
the Lanczos Tau MNethod. An error analysis is given for a variety

of problems treated in the three Parts of Chapter Three.
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CHAPTER  ONE 5.

INTRODUCTION  AND REVIEW

1, Tie APPROXIMATION OF A SINGLE FUNCTION
l1.1. Definition of the Problem

Given a normed linear space (N.L.S.) X (see below), V a subset of X with

fe X but £¢ V°, the closure of V.
If there exists a vo-e V such that
€= v || s [}£ = v|| forall vev
then v, is said to be a best approximation (b.a,) to £ from V,

It is called a local best approximation if it is a best approximation to f
in some norm neighbourhood of v,
The aspects that concern us in this thesis are the existence, characterisation

ana uniqueness of vy

We shall set pv(f) ¢ = inf [ E = v]]
vev

We define the metric projection associated with f to be

P (f) : ={vevV: [[£ = v]] = py(£)}

If ?V(f) # ¢ we shall say V is proximinail.,
If Pv(f) contains exactly one element for each £ € X we shall say V is

Chebyshev.

The following normed linear spaces are of interest to us:
(1) C(B,H) The space of continuous functions mapping B, a compact
Hausdorff space, into an inner product space H over the

real or complex numbers.

The inner product induces a nmorm on H € H which we write
Hh]]H = /<h,h>

We now define the norm of £ ¢ C(B,H) by

el = = sup  [l2GO]] o
X €B H

(i) c() This is the space C(B,H) with H either the reals R or the

complex numbers ¢.



(11i) CO(B) The space of real valued continuous functions on B, B a locally
compact Hausdorff space, that vanish at infinity. Thus f € CO(B)
if and only if f is continuous and for eachh € > 0,

{xeB: |[f(x)| 3 ¢} is compact,

The spaces in (ii) and (iii) are assumed endowed with the supremum (or

Chebyshev) norm

HEll & = sup  [£00]
X € DB

(iv) LP (8, Z, u), p 2 1 (see Appendix I)

We note that an atom is a set A.é L with 0 < p(A) < =
such that A' € &, A' © A implies that either p(A') = 0 or
p(A') = p(A). (5, I, w) is called purely atomic if S is the

union of atoms,

1l.2. V a Linear Subspace
The Classical Existence and Uniqueness Theorem

1f V is finite dimensional then V is proximinal.

1f, furthermore, X is strictly convex, i.e. ||£]| = ||s]|] = 1 and £ # g
imply ||4(£ + g)|| < 1, then V will be Chebyshev,

The normed linear spaces 2p and Lp [a,ﬁ], 1 <p <= are strictly convex
but not C(i) nor Ll[a,b].

All these results are proven in the Intreduction of [§3].

1.2.1. Linear Uniform Approximstion on c(B)

The Kolmogoroff (k=) criterion I, formulated in 1948, is the fundamental
characterisation of the best approximation, (see E48] Theorem 18) namely

v_ is a best approximation to f if and only if

0
min Re {sgn (f(x) - vo(x)) v(x)} ¢ 0 for all v €V
X €M
f-vo
. - = *+ -
where Mf'“o : = xeB i £(x) = vyx) A IF: v0||m}

z )
and  sgn(z) = {:12T when z # 0

0 when z = 0
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Now suppose V is n(finite)-dimensional and satisfies the Haar condition,

namely every function in V can have at most n-l1 zeros or vanishes identically,

Equivalently, for every set of n distinct points X1, «.., X € B
det {¢i(xj)} # 0 where V = span {¢1, cery Gt

Then amony the properties enjoyed by the best approximation are the following:
(P1l) The best approximation is unique;

(P2) The best approximation possesses strong unicity in the sense of
Newman and Shapiro [531 , 1.e. for cach £ € X there exists a number
vy = y{(£) with 0 < y & 1 such that .
I]f - VI! 2 ||f - Pv(f)l| + YlIPV(f) - v|| for every ve v;

(£3) Bviis pointwise Lipscihitz continuvous, i,e. for each f e X,
there exists a number A(£) > 0 such that

Hl’v(f) - Pv(g)H s A€ - gll for every g = x;

(P4) The best approximation possesées an alternant (or extremal

signature) of lengtn n + 1 (the classical equioscillation theorem);

(P5) De la Valleefoussin's Theorem provides a lower bound for # ,(f).

1.2.2, Linear Approximation on LI(S,Z i)
"When S 1s the interval p,l] and M is the Lebesgue measure, the characterisation
of the best approximation has been obtained by the analytic study of the

Lebesjue inteyral (see [62], ciuapter 4). Yor a comprehensive paper see [Zd] .

“he haar condition on V. is sufticient to jsvarantee uniqueness wien f is

continuous and V < C(B). This was first found by Jackson L31Jfor the real case.

The approach that interests us here vas mainly -

aeveloped by Singer [53] as a unifying theory for all normed spaces. (Other
contributions are in’ [6i} and [23] ,) It is based ou the tiahn-Banach
theory that to any element g of an N.L.S. X there exists a complex-valued linear

functional L in the dual space X* with

Re L(g) = |lgll ana [lL]] = 1.



We denote by B* the set of {L €X* : ||L]|| = 1},

The generalisation of the K-criterion I is the following version IL:

v, is a best approximation to £ 1f and only if

- min Re L v £ 0 for all vev
LEZL
f"'Vo
where Zf‘vo : = {L e B*% : L(f - vo) = [|[£ = v ||}
We remark that zf-v can be replaced by the extreme points (ext) of that
o

set, denoted by Ef-vo (see [15] » Lemma 2) and by [14], p.30,

Ef"vo = {L e ext (s5%) : L(f.- v) = ||£ - voll}

We can re-express K-criterion II for an N.L.S. for which L € ext(s*) has an

explicit representation, as follows. Assume f,g,h € X.
(i) C(B) and CO(B)
Lg = e(x) L g where Lyg = g(x) is the point evaluation functional

at X € B and e(x) =

L(f - v,) = ||f = Vo

+ 1, In fact e(x) = sgn (£(x) - v06§7) in order that

lHence we can rederive K—criterion I,

ou‘

(1i) L, (S, %, W)

(a) 1If S is the interval [p,l] and p is the Lebesgue measure,

then 1 -
Lg = f sgn Lf(x) - vO(x)] g(x) dx z_f0(§)g(x)dx

o Z tfvo

where Z(h) = {x € [b,l] ;. h(x) = 0} and |o(x)| = 1 on Z(f = v,)

(b) If s= U A; , A; an atom, I countable, then
1 €1
Leg= L sgn [£AD) - voap]ls@puai) + T o(ai) a(a;)
1 €1 . iGZ(f-VO)

where Z(h) = {i € I,n(a;) =0}, |o(a))] =1

and g(A;) denotes the constant value which g has a.e. on 4.
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Now suppose V is n~dimensional and is an interpolating subspace,
that is for every set of n linearly independent functionals,

Lis eeey L in ext (B%)
det [L;(¢)] # O where V.= span [¢;,0ees 4]

For X = C(B) or CO(B) this 1s equivalent to V satisfying the Haar condition

(see [3J » Theorem 3.,2.)

For X = L,(S, &, W) we have the result tnat it contains on interpolating
subspace of dimension n > 1, if and only if, S is the union of at least
n atoins (see [3] , LTheorem 3.3, leﬂ,Section 2).

Now the important consequence is that the best approximation from an
interpolating subspace enjoys properties (£1) - (¥3) ana generalisations

of (P4) and (P5). (See [3] ).

In Chapter II section 5 , we will find it advantagcous
to restrict the interpolating condition det [ Li(¢)j) 14#0
to a subset of ext(BX) of finite cardinality, say m > n.

We shall then say V is an interpolating subspace on { Likizl
We may then assert that inf | det [Li(®j)] | >0 where the inf

is taken over selections of n linearly independent functionaols.
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1.3. V a2 DNon-linear Subset

The existence of a best approximation cannot in general be guaranteed and

S0 we assume Pv(f) # 0,

We now state some useful examples of non~linear subsets which depend on a

finite-dimensional parameter set D, i.e. V = {v(a) : a € D}.

(1) The gencralised rationals

Let {gl, ceey gn} and {hl, cees hm} be fixed sets of linearly
independent real-valued continuous functions on B,
Let P = span {g§ , eee, 8.}

1 n

9 = span {hl’ ceey hm}

and Q" {q e q, g(x) > O on B},

Then we have the following rational families:—

4

{p/q: peP,qeq q#0}

n,m
"N
ot C {p/q : pEP, q€Q q201!}, assumed noa~empty
H
; a = {p/q : pe P, q€ Q+}, assumed non—-empty.
L

(ii) The y-polynomials (see [62] Chapter8 )

Let y(t,x) be a real valued function on TxED,l] wvhere T is a subset

of (-~,»), Yor a fixed positive integer N
N
V= (] a, v(t.,w) t a. €R; £t. €T; j =1, eouy N}
j=lJ J J J

Illustrations of y-polynomials

(a) The sums of exponentials

Take vy(t,x) = ¥ with T = R

(b) The sums of elementary rational functions

. 1 cor o L -
Take v(t,x) = T with T = (0,%).
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1.3.1. Non-linear Uniform Approximation on C(B)

A sutfficient condition for v(a) to be a best approximation to f is that

it satisfies the K-criterion III

min Re sgn [f(x) = v(b,x)] [y(b,x) ~v(a,x)] ‘¢ O
XEMp_
v(a)
for all v(a) € V

(see [43] Theorem 86)

It was found by Meinardus and Schwedt @9] tnat if V is asymptotic convex

then K~criterion III is also necessary for a best approximation,

Definitiaon: V is asymptotic convex if for each pair (a,b) of elements in
D and each real t, 0 £ t < 1, there exists a parameter a(t) € D and a
continuous real-valued function g(x,t) on B x{b,]] with g(x,0) > 0 on B,
such that A
(-t g(x,t)) (v(a,x)) + t g(x,t)v(b,x) = v(alc),x)|{= 0(t)
as t -+ 0,

A certain differentiability property equivalent to asymptotic convexity

is shown in [3§]. The following are asymptotic convex

~

i) convex sets
.o +
ii) R

T,m

iii) The sums of exponentials.

1.3.2. Suns and Regularity
Suns were introauced by Efimov  and Steckin in [3@] to assist in characterising
Chebyshev sets by geometrical properties. For exawple, in a finite dimensional
norm ed linear space, every Chebyshev set is a sun. DMoreover, using the concept
of suﬁs, Brosowski was able to characterise the subsets of C(b) for which the

K-criterion III is necessarily satisfied by a best approximatiomn.

Definition. A proximinal subset V of a normed linear space X is a sun (a—~sonne
in [15] and strict sum in [;g]) if for any £ € X and for all v, € Pv(f), we have
v, € Pv(vO + A(f-vo)),.xal, that is, all elements of the form fA: = vo+A(f—vo),
with A1, have, likewise, v as their best approximation from V.

A comprehensive account of properties of suns is in ﬂﬁﬂ .
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We observe that this concept is valid in arbitrary normed spaces,

It is possible to characterise suns by properties not referring to 'best

approximation' by using the concept of regularity, first introduced for the
space C(B,H), (see [11], [13] ana [15] ).
Definition. A subset V of C(B,H) is regular I
if (i) for each pair of elements v, v e V and
(ii) - for eacn clésed subset A < B and
'(iii).for each f € C(B,H) with

(R*). Re C£(x), v(x) - vo(x)2 > 0 for x € A,

and (iv) for each real number A > 0 , we have that

there exists an’ element v, € V satisfying the following properties :

(R1) 2 Re < £(x), VA(X) = vy (x> > [Ivk(x) - vo(x)||i for x € A

(R2) Ilvx - vo|| < A

In [1@, (ii) is dropped and A =" {x € B : ||f(x)||u = | |£]]}.

We reter to this definition of regularity as version Il.
If H = K, then version I can be simplified.(R¥) reduces to |v(x)*vo(x)| >0
for x € A
while (Rl) becomes
(£(x) - vo(xD;(vA(x) - vo(x)) >0 for x € A.

We call this regularity version III.
1f we let K(vo,f) denoﬁe the cone

{veV: inf ReL(v=-v) >0}
- (o]

LEL

£=vy

then version II becomes, for H = R, the followiny version IV,(sce [16] ):
K(£, vo) NV # 0 implies that v, is in the closure of the set

{vevVv: (f(x) - vo(x)).(v(x) - vo(X)) >0 for all x € M __ 1.
: o
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We can now state that for X = C(B,H) (C(B,R)) and V a proximinal subset

of X, the following are equivalent ([8] s Theorem 4.1.):
(a) v, €V is a best approximation to £ € X implies that v
satisfies K-criterion III.
(ﬁ) V is a sun.
(C) V is regular I or II.(III or 1IV),
(D) Every local best approximation in V is a global best approximation.

A comprehensive survey is in [8] with a section on characterising Chebyshev

sets.

1.3.3. Local Linearisation in Uniform Approximation

If D is taken to be an open subset of E" and V has a Fréchet derivative
at eacn a € D (see Chapter LI, Section 4), further recults can be
obtained by considering the linear tangent SpaCCcﬁ Ev(a)q, with dimension

d(a), at tne best approximation v(a).

Non-linear Uniqueness Theorem ([48] , Theorem 90)

The best approximation, v(a) is unique if all the follcwing are satisfiecd:

(Ul) V has a ¥récuet derivative at each a € D,

_(UZ):K [v(a)] satisfies the Haar condition,

(U3) V has property Z of degree d(a) at a, i.e. for all b € D,
v(a,.) - v(b,.) possesses at most d(a) - 1 zeros on B or

vanishes identically
(U4) V is asyumptotic convex.

Tangential characteristics are further discussed in f?l] .

We note that the K-criterion I is not necessarily satisfied by a local
best approximation (see [1@, p.27)., However, the K-criterion I is
necessarily satisfied ondﬁ[v(a)] by a (local) best approximation even

though it is not in general sufficient (see [1ﬂ, p-374).

Rational approximation by real-valued ordinary polynomials was first
considered by Chebyshev and De la Vallée Poussin who obtained existence,
uniqueness and (¥4),(¥5) type results (see [48], Theorem 95).,

Further investigations were carried out by ‘Cheney and Loeb

[19] . In [18] , chapter §, properties (P1) - (P5) are derived.
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1l.3.4. Characterisation of a (local) best approximation in an N.L.S.

Brosowski in Llo] and [14] extended K-criterion II and found that a
sufficient condition for vV, € V to be a best approximation to £ is that
"it satisfies the global K-criterion IVa

min Re L(Vv - vo) £ 0 for all v e V,

L ek
f~vo

To obtain the most general necessary condition satisfied by a local best
approximation, Brosowski, in [15], developed the following concept .

Let K[Vo, j] be the non—empty cone with apex O comsisting of the set of
elements g € X such that for each uneighbourhood U of g and for all £ > 0,
there exists a real number n, 0 < n < € and an element g' € U with

t

 Now if Vo € V is a (local) b.a. to £, then it satisfies tiwe following local
K-criterion IVb
min Re L(h) £ 0 for all h € K[VO,V].
L€E

f-vo

A full review of these k—criteria ana how various Fréchect and Gatcaux tangent

spaces are included in K[vo, V] is in [26].

Brosowski, in [15],showed that the K-criterion IVa will be satisfied
by the best approximation if V is a sun. He also generalised the
definition of regularity I and II1 to the following version X
adopted in Chapter II ( with the suffix ¥ ommitted) and showed that

if V is regular X than it is a sun,

Definition V <X. is regular ¥ at a point v, € V if for each v eV
and for each closed subset A of B¥with Re L(v - v,) 70 for 211 Led,

and for each real number X\ >0, there exists a vy eV with
(R1) Re L (v, - vo) >0 forall L e
(R2) I Vi =V, I

The subset V of X is regular ¥ if it is regular ¥ at every point of V,
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Lenma_

If V is star—shaped with respect to v, € V, then V is regular ¥ at v,
This result is given by brosowski [15]p.155.

PROOF

Let ve V and v # Ve
kurthermore, let A be a w® closed subset of B* with Re L(v -~ vo) >0

for all L € A

For A > 0 set v, = (1 - S — + L

A = ) v TV -V
‘ Y7 Yl Y 7 el

with 0 < u <min (]|v - vOII,A).

Then v, € V and (R1) and (R2) are satisfied.
It follows that we have the important cases of linear spaces and convex
sets for the approximating family included in the category of regular¥

subsets of X.

A variation is to gemeralise version IV 1o the following version

VI based on E :
f—vo -

A subset V of X is regular VI (or & ‘moon' in [[2] ) if
(M) Ky, )NTY £¢ = v e (K, £)av)’

A sun in any normed linear space satisfies condition (¥). Those spaces X for
which the condition (M) on V implies that V 15 a sun are called M5 spaces.
Examples of MS spaces, given in [ 2], are (a) C(3,R), (b) C,(B),

(¢) Ly(s, %, u) wnere (S, I, p) is ao-finite measure space wnich is purely
atomic. ‘

Kelatea results are in [16].

The conditions of regularity ¥V can be further modified (sce [17]) so that

Vis a sun¢& V is'regular',

A recent survey on nonlinear approximation in an N.L.S. is.in [9].

For vV = R; o’ I have derived, in L32 ], ceneralisations of (Pl), (P2),
’

(¢4), (P5), for a local best approximation from an interpolating subspace.
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SIMULTANEQUS APPROXIMATION OF A SET ¥ OF FUNCTIONS

2,1, F a BSet of Real-valued Functions

2.1.1. V a Linear Subspace of C(B,R)

For f, a real-valued bounded function defined on the closed interval I,

and V = T tiie polynomials of degree less than or equal to n, Remes
showed in 1934, that the determination of q € m, such that

£ =all, = Ppm®

was equivalent to the simultaneous and one-sided approximation of two

bounded- functions £,(x) and f,(x), on I, where

f (x): = lim sup £(y) or inf sup £(y)
1 yx §>0  0g|x-y|<é

is the upper envelope of f and is upper semi-continuous (u.s.c.);

f (x): = lim inf £(y) or sup inf f(y)
2 — |
y*= 6>0 Oslx yl-d

is the lower envelope of f and is lower semi-continuous (l.s.c.).

We recall thnat £:T »- R is upper (lower) semi-continuous if for each x € I

and each real number c with ¢ > ©£(x) (c < £(x)) there exists an open

neighbournood U(x): = (y:Iy—xI < §) with ¢ > £(y) (c < ©(y)) for all
y € U(x).
The above approximation is simultaneous and one~sided in the sense that

o (f) = inf max {max (£ x)-p(x)), max (p(x) - £ (x))}
n pEnn xeL 1 xel 2

Dunham [28] extended the scopcof this problem to approximating a family F
of a finite number of continuous real-valued functioms by P;, an
n-dimensional naar subspace of C(B,R), i.e. determining
op ) = inf swp ||£ - pl],
- o
n per, ief
by reducing it to the simultaneous approximation of the two continuous

functions max f£(x) and min f(x).
fer fer
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Finally, Diaz and McLaughlin showed in [}4J tnat the simultaneous
approximation of a non-empty family F of real-valued beunued functions

from P, a linear subspace of C(B,R), can be reduced to approximating

F¥: = lim sup sup £(y)
y-»x feF
ana F : = lim inf inf £(y)

y>x feF

. N L e A+ - _
with pP(h) = inf max {||F pllm » ||F pllw}
pe?
However, tnis result can be misleaadinj, since a more carecful analysis of

[24] reveals tnat, in fact, the approximation is one-sided and

(x¥M1) pP(F) = inf mwax {sup (F+(x) - p(x))., sup () - F-(x))}
pep xel ' xel

pefinition: v, € V is a simultaneous best approximation (s.b.a.) to F if

sup ||£ - voll = pV(F).

fer
A practical motivation for determinin, the s.b.a., to a set of functions
arises when we try Lo approxirniate a single function that depends on a

finite set of parameters; for example x + f(xl,...,xm; X) X € B,
It may be that Al""’Am are not known exactly, for instance if they are

obtained Lrom experimental data or from computational programs based on
interval arithmetic. However, suppose that upper ana lower bounds are

available, i.e. A € [ui, Bi] and that the corresponaing set of functions

F is bounded uniformly on B. It would be reasonable that we should want to
obtain one s,b.a. to the wiole family ¥ defined by this spread, from the
approximating family V.

We shall set A(v): = sup ||[£ - v|| and denote by vt the set
feF

{L € %% ¢ Lv = 0 for all v € V},
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V a linear subspace of an N,.L.S.

The simultaneous approximation of a compact set F by a closed convex
subset G of an arbitrary N.L.S., X, was first treated by Laurent and Tuan
in [}6]. They based their characterisation of the s.b.a. on an expression
for the sub-differential of a convex functional, a technique developed by
Laurent in [4ﬂ.

They took K, a symmetric weak* compact and norm~bounded subset of X* and

derfinea a continuous semi-norm p, on X, by

p(x) = max k(x), x e X
keK

They introduced the convex, l.s.c. function d, on X, given by

d(g) = max p(g ~- £), g eX
feF

and sought the 'solution' g* € G such that
d(g*) < d(g) for all g € G.

They took H, a weak* compact and norm~bounded subset of X* and a weakly

continuous functional w on H, and defined a convex subset C by

C: = {x € X: for all h € H, h(x) < w(h)}

¥or G = C N V, where V,; is an n-aimensional subspace of X and under the
assumption that there exists a g, € V, such that
h(gg) < w() for all h e k

they obtained

(LT) (Theorem 2.1) g* € C n V, is a solution if and only if there exist
(i) r functionals ky, «s., kp €K (x > 1),

(ii) r elements £., ++s, £y € F (not necessarily distinct), satisfying

1’

ki (g® = £1) = p(g* — £1) = max p(g* = £i), 1 = L,...,x.
' feFr

(iii) s functionals hl’ ees, hg € H (s » 0), satisfying

hj(g*) = wlnj), 1 = lyeee,s, with r + s ¢ n + 1,

(iv) r + s positive scalars A,, seey Aps Jyseese, hgy Stch that
P 1 rs W) s

}

s

L

= . 0 3 . e L4
i=1 iy * iélulhl v
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Under the further assumption that K and H are convex and the functional

wconcave, the K and H in (LT) can be replaced by their extreme points,

In the applications, knowledge of expressions for the extreme points plays
_an important role.

In particular, when K = E¥* then p(x) = le ll, and for G = V, they

obtained

Corollary. g*e€e V_ is a s.b.a. toF if and only if there exist
gi) r functionals kl,..., kr € ext (B%)
(ii) r elements L5 vees fr_e F (not necessarily distinct)

(iii) r positive scalars A, , ...y A with 1 € r < n + 1 such that
1 X
@ ke -£) = Her-mll = 2@, i=1, .0, x

by
-
2) YAk eV,
i=1 +1

They gave applications with numerical illustrations employing Remes' alyorithm
proviaed K = B* and V = L for the cases when X was
(1) C(B,R) with the added constraint H = {positive point evaluation
functionals on a compact

subset: U of B},

(i1) C‘[a,ﬁ] the space of real differentiable functions on fa,B] with
the norm

Hellr = max lee)l + v max l£r(e) | ; V>0
te[a,b_ t€|a,b]

(1ii) Ll(S,z,u) with § = [p,lJ and V¥, the Lebesgue measure.
Freilich and McLaugnlin [33] supgest a direct approach for the problem of

simultaneous approximation in an N.L.S. by P, a linear subspace,encoumpassing

the special cases of ¥ being cowpact and F being only norm bounded.
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We take K, a subset of B¥%, such that (1) K is weak® compact and

(2) for every £ € F and p € 7. there exists an L € K with L(i - p)= ||f—pl|.
We define UF(L): = sup Lf for L€ K and B(L): = Lp.
fer
We find
M2) o) = swp (U - pL)].
LeK '

We now obtain the upper envelope of UF(L) by taking the collection n(L), of

all w® open neignbourhoods in K of L and setting

U;(L): = inf sup UF(Q).
wen(L)  feW

Wwe obtain the followinyg results:

+ . .
(¥13) UF'(L) is u.s.c. in the W¥ topology on K and

P AP .
A(p) = sup [CF L) - p)]
LeK
(¥r4) P, € P is a s.b.a. to ¥ if and only if for each p ¢ P there exists
an L € K suci that (12 UE%(L) - po(L) = A(po) and

(2) p(L) <0,

(¥pi5) If F is a compact subset of X tnen

+
(1) UF(L) is w* continuous on bL* ana UE(L) = Uy L),

(ii) for every L € B%, tnere exists an L € F such that UF(L) Lf,

(1ii) UF(L) is a convex function on B¥,

(k116) P, €Y is a s.b.a. to F, a compact subset of X, if and only if for

each p € P, there exists an L € ext(p*) and an f € F such that
(1) L(f = pg) = &(py)
(2) Lp § oO.

Vhen P = V_ we obtain an equivalent result to the corollary of Laurent and

Tuan.
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(¥}7) If F is a bounded subset of C(5,R) and K = ext(B*) then

F' (x)

[
~
vl
~
4]

UF+(-LX) -F (%)

X € B

where Lx is the point evaluation functional at x € B,

nence from (¥M4), we obtain the 1ollowing cnaracterisation of (F:l).

(k118) P, € ¥ is a s.b.a. to F, a boundea subset of C(B,R) it and only if

for each p € P, there exists an x € B such that

+
either F (x) - po(x)

and p(x)
or po(x) - F (x)
and p{x)

7

A\

bGoy)

0
alp,)

o,

This is a reduced version of Theorem 3.1, in [25 ].
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¥ a set of Complex-Valued Functions
V a linear Subspace of C(B)

hen the functions in F are complex-valued and bounded on B, which is

now a compact metric space containing at least n points, and V = P, an

n-aimensional Haar subspace of C(b), Uiaz and bcLauzhlin, in [25],
transformed the problem into the 'approximation' of a set-valued function
h*,

The; defined h(x)

1

..

{zet | f(x) =2, £eF} xeB

and Wi (x) ¢ = n ( v hiy))° xeB
e >0 |xry|<e

h* is u.s.c, on B and h* : B » K(€), the non—-empty compact subsets of €,

We recall that for topological spaces X and Y, a set-valued function
£ : X > A(Y), the non-empty subsets of Y, is u.s.c. on B if for each x € B
and tor every open set G < ¥, with £(x) < G, therc exists an open neighbour-

hood U(x) with f(U(x)) < G.
The following lemma played a fundamental role

(Lhl) (Lemma 1.1,) Let x € B, ‘fThen z € h#(x) if ana only if there¢ exists

a seyuence of ordered pairs {(xn,zn)} sucih that

(1) x € B, (2) x, *xasn+e, (3) z € n(x,), (4) z; >z as n > o,
Setting A(p) : = sup ||f - pl]
. ek

]

and D[h*,p] : {(x,2) e B x ¢ I 7z € n*(x) I px) - zl = A(p)}

they showed

It

sup  sup lp(x) - z|

(Dte2) (Lemma 1.3) a(p)
) %€l zeh* (x)

(D#3) (Theorems 2.1, 2.3) q € Pn is a s.b.a, to F if and only if for each
p € F, there exists an (x,z) € D[h*,q] satisfying

Re {(q(x) - 2z) p(x)} 0.
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(Dri4) (Theorem 2.2) If g P, is a s.b.a, to F and if

(Lt*) ior every two poiuts (x,z) (%,z') in D[;*,ﬁl one has
Re {{(q(») = z) (g(x) = z")} > 0;

then q is unique,

2,2.2. V a Hen=Linear Subset of C(B)

Blatt in [6:I extended the approach of [}5] to nonlinear subsets,

Letting a(A,b) : sup |a - b

aca
he set gv(x) t o= AR (x), vx))
and M(v) : = {x€3B: gv(x) = A(v)}.

He obtained the following results
(61) (Lemma 2.3.) gy is u.s.c. on B.

(b2) (Lenmas 2.4, 2.5) M(v) ana D[h*,v] are non—empty and compact,

(B3) (Theorem 3.2) A sufficient condition for v, € V to be a s.b.a. to F

o}

or equivalently a b.a. to an u.s.c. h%:B » K(€) is the folloving

K-criterion Ya on b[n%,v ].

min _ ) Re {(z = vo(x))(v(x) - vo(x))} £ 0 for all ve Vv

(X,z)eDLh*,voJ

Blatt now defined V to be strong,ly regular wnen
(i) for each pair of elements v, vg € V and
(i1) for eacn compact subset B < B x ¢ with
(R*) Re [(z - vo(x))(v(x) - vo(x))] >0 for (x,z) € B , and

(iii) for eacn real number A > Ojthere exists a v, € V satisfying

A
(R1) 2 ke {(z - vo(x))(vx(x) - vo(x))} > IVA(X) - vo(x) |2 for (x,2) € B

(RZ) ”.V}"'VOII <,)"
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(84) (Theorems 3.5, 3.6) The following are equivalent
) v, €V is a b.a, to an u.s.c, h* : B =+ K(C) implies that v,
satisiies K-criterion Va on D[h*,vOJ

(¥) V is strongly regular.

vefinition. A compact subset I of BxC is an extremal set for v, if

K-criterion Va is satisfied on I .
(B5) (Theorem 3.13) If V is stronly regular and v, € V is a b.,a. to an
u.s.Cc, h* : B =+ K(L), then Vo is unigue if v(x) = v (x) on X, an

extremal set for v, with I < D[n*,vO] implies that v(x) = v,(x) on B.

Blatt proceeded to consider Fréchet differentiable V.

(56) (theorem 3.9) If v(a) € V is a b.a. to an u.s.c, h* : B -+ K(¢)

then v(a) satisfies the following K-criterion Vb

min _ Re {(z —~v(a,x)ﬁrﬂ},a] (x)} 0 for all b e
(x,z)GD[h*,v(a)J
where v'[.,a] is the Fréchet derivative of v(a) at a. (sce Chapter II,
Section 4.)
Under further conditions on V, ne founa K-criterion Vo to be suificient for

v(a) € V to be a b.a. to h¥,

(7) (Theorem 3.15) Lxtension of the Nonlinear Uniqueness Theorem.
if v(a) € V is a b.a. to an u.s.c. h% : B- i(C) then v(a) is unique if
(i) (Ul) and (U2) nold
(ii) (ui*) nolds with ¢ replaced by v(a)
(iii) V has property Zof degrece o[a] + 1 at a,

(iv) V is strongly regular.

blatt gave a furtiner characterisation and illustrations of strong regularity.
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In particular the asymptotic convex sets are strongly regular (Example 3.2).
Furthermore, in C(B), if V is strongly regular themn it is regular I, while

in C(B,R), if V is regular III then it is strongly regular (Theorems 3.3, 3.4),

Continuation of this Section to Chapter Tyo

In chapter II, we produce a.unifying characterisation theory for the non-linear
simultaneous approximation problem in an arbitrary N.L.S., X, The main aim is
to extend the K-criterion IV to characterise the s.b.a. when ¥ is a bounded
subset.of X. We achieve this aim by first modifying the definition of h* for
the envelope of F so that it is u.s.c, on the dual space.

We proceed to obtain (almost) equivalent results to (BLl) - (B6) with an

appropriate concept of regularity (Definitiom 1.7).

¥urthermore, in Section 2, Lemma 2.7, we relate the two definitions for &the
envelopes of F when X is a real valued N.,L.S. We can thereby derive the
characterisation result (FM4) as a subcase of this unifying theory. This

resolves the question inherent in L25Jsection 3, case 3.

Finally we develop the characterisation of a local s,b.a. or, equivalently,

. . . L . . . +
a local best approximation to h*, This has application for the case V = Rm n
3

which we treat in Section 5.

Generalisations of (Y1), (P2). and (P4) for a local s,b.a. from an interpolating
subspace are apain readily obtained.
We remark that the characterisation theorems of Chapter II are valid

for . functions defined in more than one variable (see [62],Chapter 12).

It is envisaged that the results of Chapter II would be instrumental

in the development of Remes type algorithms for determining an Se.b.a.

The theory could also be developed on similar lines in the case when

we require our s.b.,a. to satisfy constraints.
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2.4, Existence of the s.b.a. in an N.L.S.

We now give a brief review on this important aspect.

We shall assume throughout that pV(F) < w , otherwvise any v €Vis a

S.b.a.
2.4.1 Some Classical Existence Results

The first existence result for the simultaneous approximation problem was

obtained by Diaz and McLaughlin in [25] Theorem 1.1, Thus:

Theorem 2,1. For X = C(B), V = P, a finite-dimensional subspace of X,
ana F, a uniformly bounded subset of X we have that pP(F) # ¢

The proof, in outline, is as follows: .

(i) We can take a sequence {pn} < P such that
lim A(pn) = pp(¥)
n-re
(ii) {pn] is uniformly bounded and hence contains a convergent

subsequence with limit q € P
(ii1)  a@) = pp@¥) -

and therefore q is a s.b.a.

We note tnat the proof is still valid for X, an arbitrary N.L.S.

Furthermore, we can extend the scope oi Theorem 2.,1. to the following,
Let us say V is simultaneous approximatively compact (s.a.c.) in an N.L.S.

if to every sequence {VJ} in V with

lim A(VJ) = pV(F)

j-)oo
there exists a subsequence converging in norm to some element of V. We
can now assert

Theorem 2.2. If F is a norm~bounded subset of X, an N,L.S., and V is s.a.c.,

then pV(F) #F ¢

Illustration. Take X = LP[O,I] l<p<wand V=R . Then V is s.a.c.

’

see [7 ].
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The following two theorems were obtained in [34] for F = {t X £ } and

~are stated in [3@ for F, a compact subset of X,

Theorem 2.3. If V is a finite dimensional subspace of X then pv(F) # ¢

.and if X is strictly convex the s.b.a. is unique.

Theorem 2.4. If V is a closed convex subset of a uniformly convex

banach space X, then pv(F) is a singleton,

We can ‘extend the existence proofs devised for F, a singleton, for the
tollowing non-linear approtlmatlnb families on L (S,Z,u)y, 1 £ p < ®

when § = {b 1J and u is the Lebesgue measure,

The Existence of the s.b.a. from the Rationals

Here we can adapt the technique developed by Dunham in [ég].
He framed the existence problem in the more general settiny

. of a generalised integral norm which includes all Lp norms 0 < p < «,

Let T be a non-negative continuous function such that t(t) + « as t - o,
Let f denote the Lebesgue integral on [p,I] and uefine '||g||' = ft(g) when
g 1s measurable on [b,l].

In particular, t(t) = Itlp, 0 < p < », relates to Lp norns.
We introauce the following parametrisation for Ry me

n+m
Let A: = {al, seey an; Bl! LA Bm} € E

and
aigi(x)

| o2
-

n

R(A, X):

He-1s | 1o p
=
B

=

Blnl (x)

[

Without loss of generality we can introduce the following normalisation for
R(A,x)

.? |8
i=1

owever, by ||A|| we understand max{[a;|: 1< i n}.
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We further make the assuwption tnat

Q: = span {hl’ ooy hm}
has the zero-measure property , namely

meas [Z(q)] = 0 for all q e Q, q £0.
Theorem 2.5. If F is a 'set of bounded measurable functions, then under
the above assumptions, there exists a s.b.a., to I from Rn o

»

We shall require the following Lemma proven in [29].

Lemma 2.1, If {IIAkII} + « , then there exists a non degenerate closed
interval I such that

M - = inf {If(x) - R(Ak, x)l: x€e I} +o as k + o

Proof of Theorem 2.5.

Let R(Ak,.) be a sequence in R with
’

K-+ feF n,m

1L {IIAkI[m} is unbounded, we have for each £ € F

fT(f - R(Ak, D) > ft(f - R(Ak, D) > fmin[t(f(x) - R(Ak, x)]
i I

"where I is as in the Lemma.
The extreme right side tends to infinity as k =+ =,

It follows that sup Ilf - R(Ak, || + =, giving a contradiction,
fer

Heuce {||Akllw} is bounded and {A*} has a limit point A,
Then {R(Ak, .)} converges to R(A,.) € Rp,m except on 2(Q(A,.)).
nence for each £ € F, 1(f - R(Ak, .)) converges pointwise to T(f = R(4,.))

except on 2(Q(A,.)) which has zero measure.
Applying Fatou's Theorem ([60], p.28) we have for each f € F

CJt(E - RGA, W) s lim Ju(E - RGE, L)
Koo

lim ||£ - R, ]|

}l{-)m

Slim sup Hf = R(Akr o)l]
ko p€F '

Therefore sup ||f = R(a, .)]|| < pg (F)
fer n,m

R
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The proof is valid for R_n o
]
Furthermore it can be shown, as in [?9] section 4, that there exists a
+ . :
s.b.a. from Rn m " the Lﬁ.norms 1 £ p < »vhen P and Q are the ordinary

’
polynomials.,

2.4.3. The existence of the s,b,a, from the y-polynomials

here we can adapt the technique developed by Barrar and Leeb in [4].
Y(t,x) must satisfy certain assumptions (BL) stated in [4 7, which for the
examples (a) and (b) of section 1,3(ii) is the case. We must also allow the

best approximation to be in the closure of the approximating family,

Theorem 2.6, Under the assumptions (BL), each set F < L [b,l] has a s.b,a.
in V°, g

We shall require the following Lemma proven in E4J.

Lerma 2.2. Let {Vk} < V be bounded in the Lp norm,

Then under the assumptions (BL) there exists a v € V° and a sequence of

closed sets {Uj} so that

(a) Uj < Uj+1 < [b,l] and LJUj differs from [b,i] on a set of measure zero.
J
(b) ¥or each Uj’ some subsequence of {vk} converges to v in the H) normn

restricted to Uj i.e, Ilvii - v||j + 0,

Proof of Theorem 2,6,

We can choose a sequence {vg} < V with

lim sup ||f - Vkll = pvo(F)
k+o  fer

By the Lemma part (b), for each j

sup ||f - v||. = lim sup ]If - v _IL
feF J i+ -feF ki1
¢ lim sup || - Vkill
i1+ feF
= on (F)
Therefore sup ||f£ - v|| ¢ pyo (F)
fe¥ :

and so v is a s.b,a. to F,
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SUMMARY
There are still cases of nonlinear approximations in an N.L,S, where no
proof has been provided to guarantee the existence of a best approximation
for a single function,
"In particular for Lp(S,z,p), where S5 is the union of the atoms and U is the

counting measure, ¥

hovever it would appear irom the above Theorems that where there is such a
proof, one can generally formulate an existence proof for the corresponding

simultaneous problem,

o

It can still occur that an s.b,a, happens to exist for a particular set F
and approximating family V without a priori guarantee and a characterisation

of the s,b,a, as derived in Chapter 11, will still be valid.

Wolfe in [YQ] treats the existence problem of the best approximatien to

f € S(B), the linear space of real-valued functions defined on the finite
set B, B: = {xl, ey xN} < [é,ﬂ] and endowed with an lp noxrm, 1 € p < o,
frou the approximating family Rn,m and its pointwise closure in S(BL},
denoted LRn’m(b)]O.

By making the additional requirement that P and Q are iiaar subspaces of
C[a,b] of dimension n and m respectively with N 2 n + n + 1, he obtaias

an explicit represen;ation of ERn’m(D)]O.
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SIMULTANEOUS APPROXIMATION OF A FUNCTION AND ITS DERIVATIVE IN THE
UNIFORM nOKM.

The Approximation Theory Approach
Let Cl[I] be the space of continuous real-valued differentiable functioms

on tne closea interval I-amd V = V + The norm of an elewent f € CI[I] is

defined to be the double sup norm -

HEl] ¢+ = max [max |£(x)| , max If'(x)l]
%€l Xel

The element v, €V which is a best approximation to f enjoys the additional
property that its derivative is approximating the derivative of f£.

In order to develop a Kolmogoroff characterisatiom into practical application,
we need to kunow the extremal functionals of the unit ball of Cl[i]. These

have been found by P, J. Laurent in [44] to be of the form

L

ef(x;) or e'f(xy) where x|, xp € I and €, e' are

In [4{], interest centres on the norm

FIEF]Y 2 = max [£()] + max [£'(x)]
XG1 X€1

and an extensiou of Remes' algoritum for determining tue b.a. with this

norm is yiven tuere, wanile im [46], it is appliea to the simultaneous

~approximation problem.,

Aspects of unicity for this type of b,a, with the double sup norm are
considered im [5é].
Tneorctical considerations in Lp norms p > 1 are in [51]} where constraints

are adaded.
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Tau Method Solution of First Order Differential Equations

Introauction

‘Consider the first order difierential equation

Dy = 0w . o= S

Dy 0 where Dy : ax y
subject to the single initial value condition, y(o) = 1. The solution
is of course y(x) = exp(x).

In the Tau method, we obtain the exact polynomial solution Yn of

Dy = T

()
n n

where o is a pre~determined polynomial of degree n the simplest case being

n
X .

We usually want to find a good approximation to y over an interval J. In [41],
Lanczos suggested to use for li; the Chebyshev polynowmials of the first kind
shifted to J, as these pive the best polynomial approximations to zero.

If y,* satisfies Dyp* = Tﬁﬂ T,*, then D(yy* = y) has the equi-oscillation

property anu the error in the image of D is more evenly distributed on J.
This is not to say that yp* 1s then a best uniform approximation to y from

w,+ however, it can be shown that yn© is asymptotically of the same order

of approximation as the best, The tecnnique, devised by Meinardus and Strauerx
ct.[SO]js basically to invert the operator D using the Green's function.

This was further refined in lﬁfﬂ by periorming an integration by parts.

Validation of the use of Chebyshev Polynomials

To justify tne use of Chebyshev perturbations,Kivlin and weiss in [66]
argued as follows. Suppose we seek a polynomial approximation ¥y € w, to
exp(x) on J = [Fl,lj such that yp*(0) =1

and || vyp*||, s wall,

for all y, € my with yn(0) = 1.
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Let vn(x) = b +bx +.,,, + bnxn
ana yn(x) = a *+ alx + be. + anxn
witn yn(O) = 1 and Dyn AT

Comparing coefficients in the differential equation, we obtain

_ L
a. = —
J R R

Jdie— P
'—l
- -
o
H

In particular, since a, = 1 we have

n
)y ¢ Z id bi = 1.
1=V
e have reduced our problem to finding Vh such that IlvnH00 S leh!l;
among all "admissable" Vn satisfying tne constraint Lv, = 1.

We sketch one approach adopted in [66] for waich the following two Lemnmas

were reyuired,

Lemma 3.1. Suppose the roots, xl, sery Xy 0of W

ae 0 > 1 are all real and

satisiy X, £1, 3 =1,ie., nwith strict inequality holding for

. B - . v >
at least one j. If bn 1 then Ll b - O

Lenma 3.2. Let L be any linear functional on V, a k—ailmensional subspace

of C(L). ‘hen there exist points Xis eees X, € 1, r ¢k and

non-zero constants al’ «eey @ sucn that for any v €v

r
Lv = z a. V(x:)
3=1 J d
r
and IILII = .Z Iajl .
: j=1
If we take V = m then K = n+l 1in Lemma 3.2,

Lemma 3.2 appears in [65] Corollary 3 and in [64] Theorem 2;13 .
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We canapply Lemma 3.2 to our functional Lj. For Vv = (x-x1)... (x=x.)

we have by Lemma 3.1. that r camnot be less then n, so r = n + 1, But this

implies there exists a v * e n, with Ilvn*llm = 1, rLan*l = |5} |

‘and 'v: (XJ” =1, for j =1, ... , nil; see [65] Remark 2, p.676.

This can only be if vn* = ¥ T . (see [65] Leama 2). Thus
-]{L1|l=lL1Tnl 2 ILIKJ for all Vn‘e L with IliJlm = 1 and hence
HT(“)TnH°° s [lvll, for a1l v satistying LV, =1, when t™ = _L1° |
L.T
1l™n

In [67]'Riv1in extended this reasoning to the differential operator

with the boundary condition y(0) = K and showed that for a large class of

intexrvals and values for K,

min || Uy, . = | Uyn*llw
YT

¥, (0)=K

=

. wiere % 1s tne soluti jy % = T
re y % is tune solution of Uyn Lo

The case of D being the second order differential operator
Dy = y" + ¢y

with the - single initial condition given eitiner by y(0) = 1 or y'(0) =1, was

also considered in ‘§€ﬂ. The use of Chebyshev pertuxrbations was justified and

erxor bounas were found that were again asyuptotically best possible.

3.2,3. The Canonical Polynomials and the Tau Solution
For an efficient way of aetermining yn*, there is the method of canonical

polynomials introduced by Lanczos, see [4%], and developed by Ortiz, see [55].
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Let D be any linear differential operator with polynomial coefficients,

Then D : Wﬂ'* LI where m » n. The canonical polynomials {Qn(x)} for D
can be derined by

D Qn(x) = x" for all n € N, the non-negative integers,

If we use the Chebysihev perturbation and set

. n
T *(x) = 2 c(n) xk
n k=0 Kk
n
then *(x) = T(H) c(n) ).
Y, () Lo o
We determine T(n) from the initial comdition y(0) =0,
Thus n .
T Q0.
k=0 Ik ~

{Qn(x)} can generally be found by a recursive tecimique, when D is a linear

operator, as follows. Suppose we know Q.(x) for r < m,

m
and that D x" = z a(n) Xr:
r=0 r
Th n=1 ) .
en m
D |~y (=" - ! a™ o )| = x
an r=0 .

yielding an expression for Qm(x).

Special attention has to be paid to situations where m is greater than n

. n) . . .
and wnere aé ) is zero for some values of n. In both these cases there will

be, in general, gaps in the sequence {Q;}, i.e. there will be an index ses S
of undetined canonical polynomials sucn that no Q, is known to generate x ,

v € S, in the expansion of Tn*(x). lie remark that S has finite cardinality,
see 54]. We set

v
R. = span {x v e S}

S

and redefine {Qn(x)}by

D Qn = x" 4 Rn(x) where Rn € RS'



36.

|

We now have the following diagrammatic representation of the application

of D to tne canonical polynomials

P = span { ¥ 3 neN}

) ——

A further point is that for some n, tinere may be several Q. for wiich
1 .

n A S - - : .
L Q“i = X + R,.. However it is readily shown that in such cases
1 .

i an € UD’ the kernel of the operator D.

Hence we are lead to define classes or equivalence

{£_} ne N-§, modular up.

If we let b denote thnis equivalence relationship then we have a quofient set

) = Q) /s n € N-S.

There is now a bijection between

L = {411} with n € N-5 and ¥- RS’

as well as a unique correspoundence between L and D, see B4].

In the numerical computation of yn* it will be necessary to eliminate any
contribution rrom Kge This is achieved in practice by having one free para-
meter ror each v € $ to match the coeificient of the weighted sum of residuals,
with tie coefficient of x° in It 7This eliminates the component of Qye For

. , (n) . % (n) ¥ .
exanple, if card(8) = 1, we could let I = DN The same

..1'
device is employed if there is an extra conmstraint to be satisfied. In eitner
case, tne egui-oscillation property ana the argument of 3,2.2, is lost,
although good results are nevertheless obtainable,

In [55, Urtiz treats the evaluation of the coefficients of the expansion of

yn* in an arbitrary system of polynomials which span T

In r56, he discusses the direct generation of the canonical polynomials for

a Chebysnev perturbation,
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3.3, Continuation ot this Section to Chapter -Three

ln chapter ILI, we suppose the function y. we wish to approximate
.satisfies a linear second order differential equation with variable
rational coefficients and is subject to two initial conditioms v(0) = o,
y'(0) = p,We treat this subject in three parts., In Parts I and II,

we shall be interested in determining two polynomials (yn, zn) € TXT
L] L . . - N . [ t . -

Wltq.yu approximating y and -z  approximating y' on J = [b,]J. (yu, zn)

is a feasible solution if y,(0) = o, zu(o) = =p,

We note that this method requires that we store coefficients of two

polynomials, but that there is little disadvantage from tiiis.

According to 3,1, we ought to be minimising max[||y - yu||w,]|y' + anlmj

over all feasible solutions. However, since y and y' are knoun only

implicitly through
y = (9
v (70 = (§)

where D is now a pair of first order linear differential equations, we

serrch for a feasible solution (yn*, zn*) satisfying

% . o
D (Yn ) = (Tl(n) Tn.‘)
zn* Tz(n) ’n*

L]

with the object of minimising tne errxor in tne image of D. In Part I,

We extend 3.2.2, to validate the use of shifted Chebyshev perturbations for
the simple case y" +y = 0 subject to y(0) = 1 and y'(0) = O.

We also introduce the vectorial form of canonical polynomials to

aid the construction of the solution (yﬁf, zgk) y and then perform

an error analysis., In Part II, we cosider applications of some of

these ideas to a variety of linear second order differential equations.

In Part III, we consider the use of Legendre perturbations for the
case of y'' + y = 0 with the modification that we produce a pair of
rational forms as our approximation .The error analysis demonstrates

an improvement in accuracy for nj 4,though at extra cxzpense.
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CHAPTER THO >

SIMULYANEOUS APPROXIMATION OF A SET OF BOUNDED COMPLEX-VALUED FUNCTIONS

INTRODUCTION OF PROBLEM WITH BASIC DEFINITIONS AND RESULTS

Let B be a compact space and S(B) be the linear space of complex-valued

functions endowed with a norm ||.]].

For o, a positive real number, denote by F( = F(x)) a noncmpty class of

complex~valued functions defined on B such that if f € F then ||f|| fa.

Let C(B) be the set of complex-valued continuous functions defined on B

and V(B) be a non-linear subset of C(B).

Je wish to characterise the best approximation v, from V to F, if it

0
exists, .
given by sup Ilf-voll = inf sup -|!£-v||
fek veV f¢fF
the case of the uniform norm has been treated in [ 6 ].

In section 2, we show that this problem is equivalent to finding
the best one-sided approximation from V to a ¥ upper semi-continuous
function h* (Definition 1.4) where h®* and V are defined now to be on 2

w* compact subset of the dual space and h¥* is set-valued.

In section 3, we obtain a sufficient condition that v, satisfies by
generalising the Kolmogoroff criterion. Furthermore, by imposing on V
that it is regular (Definition 1.7), the Kolmogoroff criterion is found
to be a necessary condition for a global best approximation and we can

further deduce a uniqueness result,

In section 4, we develop the characterisation of a local
best approximation for approximating families which depend on a parameter,

with respect to which they have a Fréchet derivative.

This includes the case when V is a set of generalized rational polynomials.
For this example,we develop our results further in section 5, to
show that,under appropriate conditions, a local best approximation is
(i) locally unigue (ii) locally strongly unique and (iii)characterised

by a generalised "alternation" t{heorem .
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Notation

|

Let R, be the fields of real, complex numbers respectively endowved with

the usual metric topologies given by d(x,y) = |x - y|.

Let X and Y be topological spaces, X* the dual of X, i.e. the set of

complex-valued bounded linear functionals X » C
Let AQ): =[E <Y| E # ¢]

and K@)y = [ E C‘YI E compact in the topology on Y and E # ¢ l

E® denotes the closure of E, £(E) the complement of E and co(E) the
convex hull or cover of E. W(L,8,g) is a w* open neighbourhood (nbhd) of
N .

i.e. WL, 6e): ={gfeXx* . |(2 - L)x |<€ for all xe 6,

where 6 is some finite subset of X and € » 0}
Where there is no loss of clarity we abbreviate W(L, €,e) by W (L)or W.

Definition l.1.

£:X* » A(Y) is w* upper semi-continuous (u.s.c.) at L ¢ X¥ if tou every
open set G with £(L) € G there exists a w* open-nbhd V(L) such that

£G1 (L)) « G.

Definition 1.2.

f:%% > R is w* u.s.c. at L ¢ X* if to every real number ¢ > £(L) there

exists a w® open nbhdli(L) with f£(2) < ¢ for all £ e y(L).

The following Theoreﬁs can be obtained by generalisations of standard

topological argumeunts [3ﬂ :

Theorem 1.1. If E ¢ X* is w* compact and £:E »K(Y) is w* u.s.c. on E

then £(E) is compact in Y.

Theorem 1.2. If E < X% is w* compact and £:E » R is w* u.s.c. on E

then tuere exists an L, ¢ E such that

f(Lo) = sup f£(L).
LCE

We recall that to each x € X ve can associate the cvaluation %:X% » R given
. . _ . , N . - . . .
by ﬁ(L) £ Lx. Wwe remark tioat X 18 continuous. We shall omit tne cap in the

sequel wuen portraying x as a function on o subset ofi X+,
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Definition 1.3.

Let K be a subset of B*, the unit ball in X%, satisfying

(i) K is w* closed
(ii) For every £ € F and v € V, there exists an L € K

with ReL(f - v) = ||[f - v |]

Remark: The existence of L in B* is guaranteed by the Hahn Banach Theorem.
We shall henceforth take all neighbourhoods of L to be in K.
We understand by gn ¥ L that ror tnis €¢and any g >0, there exists an

B
n, = no(e’e) such that %]E W{L,9, & for all n=> n,.

The following definitions are generalisations of corresponding ones in [?5].

Definition 1.4

Let h(L): = {z e € Ithere exists an £ € F with £(L) Lf = z} for L € K

Define h*(L): = U h(ﬁ)} © for L € K

9;e>0 [leW(L,e;e)

h*(L) is a set-valued mapping from K into A(C).

Theorem 1.3.

W) = { ze C | for any 6 there exists a sequence {(Zn,zn)}

such that (1) & € K, 2) & ks L
n ne
(3) z € h(ln) (4) z *z. )
PROOF
By definition, z € h*(L) implies =z € U h() ° for all & > o,
2eW (L, 0,€)

and all g. For each 6 then, we have =z € [ze%(L 6. 1 h(g)]o and so there

’ —

’n)'

exists  a sequence {(zn,zn)} depending possibly on 6, with |z - znl < %

and z € h(zn) where 2n € K and £n € W(L,B,%). Conversely, if for each © and

€ > 03‘theré exists a sequence {(Eh,zn)} satisfying the four conditions,
then there exists an n, such that for n 2 n s £n € ¥(L,9,€) aad by (3)

z eh(2) < U - h(g).
n n 2e H(L, 6, ¢)
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Now z = lim z_, therefore z € v nEN° .
€W (L, 8,e)

Since the arbitrary intersection of closed sets is again closed,

z€ N ( h(.?.)]o and finally, since this is true for each
e>0 Lell(L,0,e)

finite 6, the intersection may be taken over all such &,

Corollary. If L = AL; + (1 = X)Ly ‘where L, Ly, Lp € Kand 0 < A <1
tnen h*(L) < Ah*(L;) + (1 - A)h*(Ly)

PROOF
(6]
For any 6 and € > 0, let W (Li,e,a) be a w* open nbhd of Li’ i=1, 2.

1 2
Then )\H( ) + (1 - A) W( ) is a w* open nbhd of AL] + (1 - A) L,

setting h (L) = 2) h(Q)) Q@

A U
6,€>0 (zem‘-“+ (1~ '

it is obvious that h*(L) < h(L).
ow h(L) = {z € ¢ |for any 8, there exists a sequence {(Qn,zn)}
satisfying (l) = (4) where &_ = Ap_ + (1-}) EHCI) € W(Z)}
ying n - Py qn’Pn :qn

w . -
Furthermore pn » Ly 9 $ Ly and since there exists an £ e F with
e e

y,nf =z ,we have va ('eh.(pn) ana v € h(qn)

and z, = )Wu + (l--)‘)wn with lim 2y = z.

Extracting a subsequence if necessary, we are assured the existence of
v € h*(L;) and w e b*(L,) such that

z = W+ (1-)w
and h(L) © Ah*(L3) + (1L = A)h#(Lj)
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Definition 1.5

A non-void subset of Y <« X is an extremal subset of X if a proper
convex combination ix; + (L = A%, , 0 < A < 1,0f two points x;, x, € X,

is in Y only if both x, and x, are in Y.

An extremal subset of X consisting of just one point is called an
extremal point of X.

The collection of extremal points of X is denoted by ext (X).

Lenma 1.1.

If C is a convex and compact subset in R? then C = colext (C).

(See e.g. [60] p.232 ),

Lemma 1.2

Let ¢ be a continuous lincar mapping of E; into E, (two Hausdorff locally
convex topological spaces) and M be a compact subset of Ej. Then for
every extremal point e of @¢{i) there exists at least one extremal point

e] of M such that ‘¢(ey) = ez. (See [3@, p.333)

Lefinition 1.6.

A non-empty subset I of B®* is sign-extremal for v, € VeX

if min Re L(v - v ) g0 for all v e V.
LEL °

Lemma 1.3.

If 3 is a " closed subset of B¥ then & is sign~extremal for voe_V

if and only if ext(T ) is sign-extremal for Ve

The proof is given in [15] Lemma 2.

We definc regular subsets of X in the scnse of Brosowski.

Lefinition 1.7

V < X 1s regular at a point v, €V if for each v € V and each real aumber
X > 0 and for each w* closed subget A of B* satisfying Re L(v - vo) > 0 for

all L € A, there exists a v, € V with

A
(k1) Re L (VA - vo) >0 for all L € A
(R2) II vy TV, || < X

The subset V of X is regular if it is regular at every point of V.



2.

CONVERSION OF PROBLEM TO APPRUXIHATION OF h*
We first deduce a basic properiy of h¥.
Lemma 2.1.

h*(L) is * u,s.c. on K and h*:K » ¥X(g),

~ _PROOF

Suppose at L € K it is not w* u.s.c.
Then there exists an open neighbourhood G of h*(Lo) such that for every

w® gpen neighbourhood U(Lo) there exists at least one & € U(Lo) with

¥ (2) ¢ G.
¥or any 8, let {Un} be a neighbourhocod basis for Lo
i.e. Uy oUp o ,i0 Un p S

; %
with ¢ e U but h (2) ¢ G

i.e, t ists 2 %(g._) but z. .
here exists a z € h (gn; - t z ¢ G

Yor n + o, 24 E Lo and z, hds a cluster point z, since it is a bounded

sequence,

i . . . . (n) o
Now 2 € h*(ln) implies that there exists a sequence {(qi, 4£B} with

o () w ) o) . M)
(1) q € K, (2) qk ;.zn , (3) ne € h(qk , (&) M ™ 2y
Yor(z_,2 ) choose k such that (i) é@ € U ana (ii) l#“‘ -z I <1
n’"n n kn n ' kn n
() n) o ()
Hence for {(qk , M )} we have (1 4 € K
n n “n
n ny W ' n D G 1)
@ ¢ % L @ ehld ) @ W& >z
n n n n

1 - *
(1Y - (4) imply z € h“(Lo) < G.
but 2 € ¢(G) implies that z, € G(G)‘hence a contradiction.
The proof that h*(Lo) is a closed set is similar and is omitted.
Furtheruore, h*(Lo) is bounded since Ilfll < a for all £ € F and the
neighbourhoods of L are subsets of K.

It follows that h*(Lo) is compact,

P
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The following '"distance" function is most suitable for our problem.

Definition 2.1.

d(A,b) = sup Re (a - b)
aei

We are now able to take the first step towards an equivalent formulation

of our origimal problem.

Lemma 2.2. .
sup |lf - vll = sup &(h*(L), v(L»_
feF Lex

PROOF

For any £f € F and L € K, ReL(f - v) $sup Re(z - Lv) & sup Re(z - Lv)
.zen(L) - zeh* (L)

But there exists an L € K such that ReL(f = v) = [[|f - v ][]

Therefore ]]f - v]l < é(h*(L), v(L)) < sup 3(h*(L),v(L))
LEex
The right hand bound is independent of f£.

Therefore sup |[|£ - v]| s sup d(h* (L), v(L)).
feF LeK

On the other hand, consider the sequence {Lp, z,} with L, € K and

z2, € h*(Ln) and

lim Re(zn - LnV) = sup sup Re(z — Lv)
n-w LeK zeh# (L)

. (n .
By Theorem 1.3. for 6 = v, there exists a sequence { qg , ﬁ;ﬁ with

(. w (m tn)
W qek, @ a > Ly ) moeh), @ oz,

. . (n 1 .. (n) - 1
Choose k_ so that (i) '”k - zn! << and (ii) ]qkn v-Lyv| <z
1 T @ @) () )
Then £, - v > Re q (£, =v) = Re(n - q V
kn kn kn kn kn
_ . - (fn\ . o
2 Re( an * Zn * an kY * L zn)
n n

W

Re(z_ - L v) = [Re(L_ - éh))v[ - [Re(#m -~z )|
n n n kn kn n

2
> Re(zn an) =

Therefore sup llf - vllz lim ]lfk - v]] > lim Re(z_ - L v) = sup ﬁ(h*(L),v(L))
feFl n® n n-re n n LeK
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A consequence of Lemma 2.2. is that we can reformulate our problem as
that of finding the best approximation from V to h* on K using the
distance function d on € for approximating a set valued function.

It is desirable to investigate further the functionm on the right hand

side of Lemma 2.2.

Lemma 2.3
set g (L): = d(h*(@), v(L)) for L € K

Then g, is a mapping of K into R and gv(L) is ¢* u.s.c. on K for each v.

PROOY
: ) s 8- gv(Lo)
‘Let L €K and B > gv(Lo) with e = — and
O: U O (2) whereQ (z)=z {u: |w-z| <e}"
zeh*(Lo) & - €

Q is w* open and h*(Lo) <0.

By Lemina 2i1, h* is % u.s.c. at L . Hence there exists a " open nbhd
WI(LO) such that for all 2 ew_l (Lo), h¥ (L) co;

But for each n e h®(g) where 2 € WI(LO)’ thexe exists a zy € h* (Lo)

such that |r| - zn|< ¢ by definition of Q.

Therefore for 2 e W (L)), 5(11*(2), v(L )) = sup Re(n - v(L)))
1 (o] O X o
¢ neh*(g)
< sup Re {(z. - v{L) - (z_ -n!}
neh* () s © n

A

sup Re (z - v(Lo)) t ¢
z'.eh*(Lo)

8y (Lo) + ¢

Now g (1) = sup Re(z = v(2)) < sup Re(z - v(L))) + [v(2) - v(L )|

zeh*(2) zeh®(2)
= |v(a) = v@ )|+ d* (), VL))
Take a * open nbhd W (L)) such that [gv - L vl <e for all ¢ e W, (L)
Then for all 2 e W (Ly) n W, (Lo)
g,(2) < g, (L) + 2= 8

which completes the proof.

ke remark that by Theoxem 1.2, g, attains its supremum on K.
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Lemma 2.4
gv(L) is a convex tunctional on K in the folleowing seunse. Suppose
L=2a;+ (-2 L, wherelL, L), L, eKand O ¢ ) ¢ 1. Then

g, (L) £ xg (L) + (1 -0 g, L)

- The proof follows from considering sup Re z and applying the corollary

) zeh® (L)

to Theorem 1.3. We now restate our problem as that of finding inf sup g (L)
' veV LeK

and for convenience introduce the following notations:

A(v) = sup gv(L), pv(h*) = inf A(v)
- LekK veV

Furthermore, we set M(V)

L ek | g, (L) = A(v)]

m

D [h*,v] [(L,z)eK x C|zeh*(L), Re(z-Lv) = 4(v)]

-

n[h*,v,L] [z € h*(L)| Re(z - Lv) = gv(L)]

Since K and h*(L) are compact, M(v), D[h*,v] and n[h*,v,Ll are non—empty.

Wie observe .

{(L,2z) l L e M(V), z é n[h*,v,L]} = D[h*, v]

Lenma 2.5

M(v) is w* compact in K.

PROOF
If L € ¢M(v) then gv(L) < A(v).
Since, however, By is w* u.s.c. on K, there exists a w* open nbhd U(L) such

that
gv(k) < A(v) for all 2 € U(L)

hence CM(v) is w® open and therefore M(v) is ¢* closca and the result follows.

Lemma 2.6

ext(M(v)) < ext(K)

PROOF
Suppose to the contrary, there cxists an L e ext(M(v)) and L ¢ ext K.

Then there exists Ly, Lyze K and A, 0 < ) < 1 with L = L; + (1-))L,.
Heunce gv(L) = A(v) ¢ Agv(Ll) + (1 - A)gv(Lz) by Lemma 2.4,

But g,(L) £ 4(v) for all L €K
Therefore gv(Ll) = g,(L2) = A(v), i.e. Ly, Ly € M(v), which contradicts

L€ ext(M(v)).
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We now consider relating two separate approaches to describing the eanvelope

of F,

First we define F+(L): = sup Re gz,
zeh* (L)
+ . .
Since gv(L) = F (L) - Re v(L) we have that F+(L) is w* u.s.c, on K,
Now define U_ (L) = sup Re Lf,
F
fer

Let n(L) denote the collection of all w* open nbhds in K of L .
Let UF+(L): = inf sup UF(R).

Wen(L) eV

The characterisation of the s.b.a. from a linear subspace has lLeen obtained
in [33] in terms of UF+(L). It is now obtainable from the results in

section 3 by employing the following Lemma,
Lemma 2.7, U *(L) is idemtical to F (L) on K.

Proof
Suppose to the contrary there exists an L € K with F+(L) = a and a > UF+(L)‘
Then there exists a ; W e n(L) with a > sup sup Re &f

‘ Lew fer

= sup sup Re z
L€l zeh(R)

= sup {Re ziz e [ u h(QX]O}
’ Rel |
On the other hand

a <sup {Rezs:z€e N [v 2]}
wen() el

ssup (Rez: ze[ u ()]}
ReW
leading to a contradiction. '

. . + +
Now suppose there exists an L € K with F (L) = r and r < UF L),

Since F' is wk u.s.c. on K, there exists a W € n(L) such that

F'() <t for all 2 e ¥
but h(R) < h*(2) for all & €y,
Therefore sup Rezsg sup Rez = F () for all g e ¥
zeh (1) zeh*® (L)
and sup {Re ziz € [!Leg"(L) h(2)]® < ¢ b,

Lowever, sup sup Re 2f > r, leading to a contradiction,
ey fer
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CHARACTERISATION OF THE BEST APPROXIMATIQN TO h*

"We first fina circumstances uunder wihilch pv(h*) is bounded between two

real numbers.

- Theorem 3.1.

Suppose v, € V and Q a subset of K have the following properties:
(1) Re(% - Lvo) # 0 for all L e @ and z e rﬂﬁ*,vo,L.]
(i1) For no v in V do we have the inequality Re L(v—vo) >0

satisfied for éll L € Q.

Then inf &(* (L), v (L)) ¢ p. (%) < A(v).
Leg 0 v o

YROOF

Suppose Dv(h*) < inf ach#(L), v (@)).
o
Lefl

Then there exists a v € V with pv(h*) g A(v) < inf d(h*(L),vo(L)).
R Leq
hence for every L € , d(b*(L), v(L)) < d(i*(L), vy(L)).

Tnherefore for all L € € ana zezn[h*, Voo Lw

Re(z = v(L)) € sup Re(z = v(L)) < Re(z - v (L)).
z€h¥* (L) 0

Hence 0 < Re[}(L) - vo(Lil contradicting (ii).

We are now 1in a position to generalise tne global Kolmogoroff criterion

for a sufficient condition for the best approximation from V.
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v, € V is a best approximation to LW¥ if for all ve V

min Re L(v - vo) £ 0.
LEM(VO)

YROOF
Take B = H(vo) in Theorem 3.1.

If there exists a (L,z) € D[h*, VA] » such that z - Lvo

v is a best approximation.
If tor all (L, z) € D[h*, vo] s, Re(z - Lvo) # 0,

then by Theorem 3.1.

8(v) = imf (@), vyL) € e (bF)

e v
L M(vo)

ana hence v, is a best approximation.

= 0, then obviously

A(vo)

Tne conuition of Tneorem 3.2. is not always necessarily satisfied by a best

-

approximation from V.

However, if V is regzular, we can prove the following.
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Theorem 3.3

If V<X is regular at v, then v 1s a best approximation to h* if and

only if for all v € V min Re L(v-v) <0
o
LeM(vo)

PROOK

The sufficiency of the condition follows from Theorem 3.2. It remains to

show the necessity,

Suppose there exists a v € V with min Re L(v - vo) =a >0,
Let(v )
. o
Set U: = {LeKIReL(v-vo)>%}

U is w*® open in K and contains M(vo).Ebf all L € U? Re L(v - vo) ;-%

by the regularity of V at vy for all real A > 0, there exists a v, € V
I
with Re L(vA - vo) >0 for all L € u®

and : IIVA - voll < A,

¥Yor L € U and z € h*(L), Re(z - Lv Rc(z‘- Lvo) + Re(LvO - Lv))

A
- < Re(z - Lvo)
Since h*(L) is compact for each L € U, a(h*(L), LVA) < a(h*(L), Lvo).

On the other hand, K\ U is weak® compact and is disjoint from M(vo).

Therefore sup &(h*(L), VO(L)) = E% < A(vo)

Lek\U
If we set X: = A(vo) - E% then for z € h%(L) we have
Re (z-LvA) = Re(z.- Lvo) + Re (Lvo - LVA) < A(vo)

hence  d(h*(L), VA(L» < A(vo)
and A(v =  sup a(h*(L), vA(L)) < A(vo)

)
A LeK
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We now formulate a uniqueness result for the best approximation,

analogous to Theorem 3,13 in|:6].

Theorem 3.4

If Ve X is regular and v, is a best approximation to h* from V,
then the best approximation is unique,in the case that Re L(v - vo) =0

on a subset of M(vo) which is sign—extremal for v, implies v = v, on K.

YROOF
Suppose v, is another best approximation to h¥.

¥or any (L,z) € lihf, VOJ

Re (z-Lv;) = Re(z - Lv.) + Re L(v, = v1)

A

d (% (L), vy (L))

d (*@), vy (L)

A

Re(z - Lvo)-

Therefore Re L(v1 - vo) > 0 for all L e M(vo)

But by Theorem 3.3. min _ Re L(v. - vo) <0
LM (v, ) 1

Hence L': {L € M(vo) | Re L(v, - vo) =0} # ¢

Assume £' # M(vo), otherwise the result follows trivially.

It follows by Lemmas 8 and 9 in ﬁﬁ] that £' is sign—extremal and by the

condition of our theorem vy = v, omn K.
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4. APPROXIMATING FUNCTIONS WITh A FRECHET DERIVATIVE

Let D be an open subset of a Banach space E with norm ||'IIE .
Let V be the set of elements v(a) e X which depend on the parameter a € D.
i.e. V:D +Xand V= {v(a) eX, a eD}

We shall henceforth assume that v(a) has a Fréchet derivative with

respect to a for each a e D.

i.e. for any b € E there exists a linear bounded mapping v; t E+X

which we denote by v'[b,a] with
[lv(a + b) = v(a) - v'[b,a]l|l = °(Hb”r;) as [leE > 0.
Letiﬁ[a] denote the linear subspace of X consisting of all elements
v! [b,a] b € E.

Let N be the dimension of.ﬁ{a] and ®1,>,.. ¢ be a basis foruﬂ[a].

We observe that if v(a) has a Fréchet derivative at a, then

l]v(a + tb) - v(a)ll = (Q(t) for any b € E,

We can therefore say that for 0 < t & to, v(a + tb) lies in the e-locality

of v(a) deiined by the norm sphere S(v(a),e) for some € > O.

v(a) ,then,is a local best approximation to in* when A(v(a)) & A(v(c)), for

all v(c) ¢ V and in an e-locality of v(a) for some ¢ > O.
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Theorem 4.1.

v(a) is a (local) bpest approximhtion to h* implies that for all b €E

nin Re L v'[b,a] s0
LedM(v(a))
PROOF
Suppose to the contrary, there exists a b € E with min Re Lv'[b,a] > 0.

LeM(v(a))
We show there exists a better approximation to h* than v(a).
Let U be the sét of L € K for which
Re Lv][b,a] > 20 > 0.
Since D is an open set in LE, there existsa > O for al'l t in 0 < t < to
a+the D (v(a + tb) lies in an e-locality of v(a)).
For Le U
Re L[v(a + tb) - v(a)] = Re L[v' [cb,a]] + ke L[v(a + tb) = v(a)-v'[th,d]]

>

v 20 t_0<t).

lience there exists a glwitn 0< t g tO such that for all ¢, 0 ¢ t g ty and
LE U )

Ke L[ v(a + tb) - v(a)] 2o0t> 0

ana therefore

Re [z - Lv(a + ts)] = Re [z - Lv(a)] + Re EL(v(a) - v(a + tb))]

< Re [z - Lv(aﬂ

LTherefore dkh*(L),v(a+tb)(L)) < A(v(a)) for all Le U.

We observe here that

[ via + tb) - v(@)l|| « Ih‘[tb,a]ll + |f(a + tb) - v(a) - v'[tb,a] |[]
=t |p'[b,a]|]+ 0(t)..

Hence there exists a typ O < t2 gt) such that for all t in 0g tg ty

[lv(a + tb) - v@a) || s 2¢ [[v'[b,a] ||
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We now consider the set W= K\ U.

This is weak* compact and does not contain any member of M(v(a)).

Therefore sup d(*(L), v(a)(L)) = E* < Q(V(a))
LEW

Let T be such that 0 < T < min (t.z' ﬁl(‘i’f’?)u)) ;]lﬁ
’ ’

For L € W, z € h%(L)
‘Re [z - Lv(a +._-;b)] < Re [z - Lv(a)]r-f Re [L(v(a) - v(a + Tb))]

< sup Re [z - v@@] + llv@) - v(a + 1b) ||
zeh* (L) )

A

Ex + 27T IIV'[b,a] ||

Therefore a(h*(L), v(a + t™)(L)) < A(v(a)) for all L € W

Hence b (v(a +@b)) < 4A(v(a)).

We remark that in this tneorem, we can replace M(v(a)) by its extremal
points, denoted by EO(M), by applying Lemma 1.3. Likcwise, ve have
the following equivalence of two convex hulls,relating to the sequel.
. Let [M,8] denote [(Le, ...y LQSN)T over all L < H(v(a)) ].
‘This is a compac set 'in Euclideon N-space as is its convex hull [18]
p.18, How ext[co [M,8]] < ext[i,&] < [ Eo(lfi),cﬁ] by Lemma 1.2 .
Applying Lemma 1.1, ocp[li,8] = co[ext(co[li,&] )] < co[ Eo.(I-T),Q] .
Obviously, col Eo.(M),éj < co[l,&] and hence ths two are identical.

Corollary 4.1.

If v(a) is a (local) best approximation to h* from V, then

0 € co [(L‘Pl,..., L‘I’N)‘L over all L EM(v(a))J

PROOF
Suppose to the contr'ar-y tinat O does not belong to the convex hull.
Since L(L‘Ph ooy Lq’i‘.)T over all L € I-I(v(a))] is a compact set in Euclidean

N-space, there exists an N-dimensional vector ¢ € E so that
N

I\
Re () c; L& ) >0 for all L €H(v(a))
i=1 ‘
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N
But b c; & € L [a]
i=1
N
and Re L ( Z cy ¢i)> 0 for all L ¢ M(v(a))
i i=1

would imply that v(a) could not have been a (local best approximation by the

previous theorem.

For any b € E, let a + tb be represented by a(t) with a(0) = a.

Suppose v(a(t)) satisfies now a further condition (T) namely that

v(a(t)) - v(a)
t

is in the linear span of {cbi(a(t))‘] . where
i=1

]Iél(a(t)) - @i(a)ll = 0(l) as t » 6 for 1 ='1,c.., N.

Theorem 4.2

Ii v(a(t)) satisfies (L), then a sufficient condition for v(a) to be a local
best approximation to h* from V is that

0 € interior co [(L¢1(a)3..., LQN(a))E over all L € Eoﬂiﬂ

PROOF

By the assumed, condition and the Appendix II _

, . ., T

for any b € E, there exists an €g > 0 with 0 ¢ co [(L¢l(a(t)),. ..,Léﬂ(a(t)))
over all L € EO(Mﬂ

for 0 < t ¢ g

Suppose to the contrary v(a) is not a local best approximation to h*.

Then for all e >0, there exists at, 0 <t g e and b € E such that a(t) € D
ana p_(0%) € 8(v(a(£)) < A(v(a))
i.e. for all L e K

d(h* (L), v(a(t))(L)) < sup Q& (h*(L), v(a) (L))
LeK

hence for all L € EO(M) and z € h*(L)

Re(z - v(a(t)) (L)) < ke (z = v(a) (L))
i.e. Re [L(v(a(c)) - v(a))] < 0 for all Le E QO
Dividing through by t, we find

T
0 ¢ co [(Ld&(a(c)),..., Lo, Calt)))” over all L e EO(Mﬂ
Hence a contradiction follows by taking € = €,
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5e APPROXIMATION OF REAL~-VALUED FUNCTIONS BY GENERALISED

RATIONALS 1IN  INTERPOLATING SUBSPACES (F Ll

Ve may relate the results of section 4 to the following
setting. Suppose we are working in the space Ll(B,X s B)
abbreviated Ll(u-) s where B, with an appropriate topology
is a compact Hausdorff space, and . is a O-finite measure
( see Appendix I ) . If we further assume that B is the

union of at most countably many atoms, say B = U Ai
iel

then it can be shown -that ext(B*) is weak ¥ closed and that

each Le ext(B¥) has the representation

L(f) = ] £(Aapa()ula) £eL (W)
iel _
where Io(Ai)| =1 and £(a;) denotes the constant

value of £ a.e. on Ai .

The relevance of these points is immediate if we take K in
section 4,to be B¥ or ext(B¥) and recall Lemma 2.6 that

EO(H)<: ext(K) i.e. the above representation is valid for Eo(Iﬁ).
Furthermore, the presence of atoms enables us to use the

concept of interpolating subspaces ( see p.9 ).

We remark that in computational work with the L, norm, we are

1

obliged to discretise and hence our setting is a practical one.

Suppose we are given a set of real-valued functions FcLl(}-L)

+

and we wish to characterise local best approximations from V = Rn m
' .

(see p. 10 ). To recall, let 8yree+18,ihyr000yh  Dbelong to the

subspace of Ll(p.) consisting of real-valued continuous functions.
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’ . m
Let D: = {(&l,,..,un ;F’l.,...,ﬁm Ve Enﬁj 2Zp.h.(x) >0o0n B2

1 $21 14
|

FOn' (al,ooc"an;bl,....,bm) e D

(volyoooo'.cn;dl'oooo'dm) c En+m and real A

(ai+lci) gl (x)

n
L
, . L i=
Bet rl(x). — .
n
Th ;= izlaigi‘(X) ¢ RT
en r, (x)f =5 n,m
iZlbihi(x)

i

For any & (dl,....,dm) we can always find a

H "S- . ¥ N - V
A =i (a)>o0 and a A¥ =a*(2,g)j 0<{A < A such that
AT mbh (x) on B
|31 agpg ] < L sty O

and r';\ belongs to an & - locality of I‘0 for l)\]g:\x

We shall use the following abbreviations. -
m n
qm()\rg_lx) = izl (bi_ldl)hi(x) and qm(X) HE izlbihl(x) .

We can present a simplification of our problem to that

of approximating 2 single valued w¥ u.s.c. function I:"+

F': X >R defined by T (L) = max 2 ( see p.4T top )
. z & h%(L)

For now we have

A(r) = sw e (1) = sup [ T°1) - 7,(1)]
LeK "o LeK

A T L T oy o 4 8 < 4 P e = e - e s 6o eemane s

CgTmTT e mmeem S memmn e

XS VTP PURUIE 7k TN PO VU 1
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THEOREM 5.1

Let p  €P = span (gyreeerg,]

sSpan [hl peee l‘hm]

and qg eQ

Ph - +

and suppose r : = — gRT
0. qm

If (a) r, is a locally best L, approximation

- to FT

and (b)
OZ[TO] = (—;{E- + r,

polating subspace of

éL is an N-dimensional inter-
m
Ll (u) ,“Iith baSiB (pl,'co' ¢H *

Then

(i) There exist N + 1 independent functionals

Lyseeesbyyy in ext (H(x,)) abbreviated E,(if), such that

T .
0 & interior co [(Lg &, severly ¢y ) i=l,...,N+1] .

P 0
(ii) 0 is the only element ¢ of 5 +r, -
m m ] )
having the property Li¢ >0 for i=1l,.,..,N+1 , L; as in (1)
*
(1ii) Jo 0 <o ¢ A such thatV A, |A] ¢ o

«

P Q . . . N+l
oo o} — e - 1 ]
SO r, RN, is an interpolating subspace wq{LJizl

(iv) r, 1is a unique locally best approximation in the

¢- locality of T, restricted to |A| < ¢ and denoted

by U ( I‘O,O’)



PROOF,
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(1)
By Corollary 4.}Lthe origin of N space lies

in the convex hull of the set

: T .
[(Li ¢1.”"’Li ¢N ) for i=1,...,k]l .

By Caratheodory's Theorem, (cf. (4] p.58) k¢ N + 1.
.k

Now for each j, 0 = izleiLi ¢j with 8, 20 .

Hence, by the interpolating condition,

k 2N+1 and so k =N+ 1,

Furthermore, the origin cannot lie on the

boundary; for then k would be equal to N .

Hence the origin of N space lies in the in-

terior of the convex hull of the set

~

T .
[(Li ¢1 "’OILi q)N ) for l=l’..n’N+l] .

Finally we roemark that it also follows that this convex hull

does not lie in a plane, and hence is a body

3

in Buclidean N space.



(ii) Suppose ¢ 1is a non-zero element of 2. r 2
. A o a,
)
¢ = a.é
j=lJJ
)
L.¢ = a L. (¢5)
1 j=1 J17]
NEl
Now 0 = 0.L. (62)
i=1 +t )

and multiplying this equation by aj and summing

over j
Nfl %
0 = 6, a.[L; (¢.)]
= R £=5 R R
N+1
0 = 121 6,L;¢ .

By the interpolating condition at most N - 1 of the
numbers Li¢ can vanish. Hence at least one of the

L;¢ is positive and at least one is negative.

Hence ¢ 1is zero.
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(iii) Let X . be sufficiently small

- Im .
Then ¢1(>"Q)E Wfbi i=l,...,N

is a basis for ——TE——T-+ r ;—Tg—v— .

By continuity of determinants, we have

P Q : : :
—_—— 4 ——— s an interpolatin
oo Yrhgo.y Y P 7

N+1 . . -
subspace - on { L.} .1:1 since inf | det[Ligbb()\,g)] | > o0

We note that the argument in (ii) is valid

for this subspace also, since 0O Dbelongs

to the perturbed convex hull, by (i) and APPENDIX II.

(iv) Let r,(x) e U(r ,0) be another locally

best L, approximation to F¥in the vicinity

of r, .
T k (p: = r - - -—.P_.._.... -.—-_Q_-._.
ake r rAE:qm(A,Q) + r, 00D
— '*-
and L (ry-1y) = ( F(L,) - r(1,) ) = ( F+(Li) - 7, (1;) )

A

0 i=i,...,N+1 ; L; es in (1),

But from (i) znd the Appendix 1I

~ ~ T
0 € convex hull [(Li¢l(A,g),...,Li¢N(A,g))

i=l’.s.’N+l] .

Hence Dby the note to (iii)

r = r
o~ ~A



We now strengthen (iv) of Theorem 5.1. and show that under suitable
conditions there is local strong unicity in the sense of Newman and
Shapiro.

- We will need the following lemma adapted from @8] p.162,

Lemma 5.1.
P

If r:= -2 e¢Rr"  such that
o Q. n,m
(c)” dim f“— + Efl— ] = dim f——] + dim {9—} -1
qm qm qm -

and if p € P, q € Q satisfy

W laqll q,| |

(ii) . P = 14

(1i1) q(x) % 0 on B,
Then p = p., 9 =4
THEOREM 5, 2.

Under conditions (a) and (b) of Theorem 5.1 and (c) of Lemma 5.1,
there exists a constant Y > 0 such that

for all r}‘(x) € U(ro,c)

aCt,) ;M%)+ﬂyﬁ—%ﬂ

PROOF

For O < IAl £ 0 , define for the set U(xy,9)

b(ry) - b(xy)
(173~ %

Y(rA) =

and suppose to the contrary, there exists a sequence {rxk} e U(xrg,0)

r., #r_ and y(r, ) =+ 0.
)‘k Q Ak

62,
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. 1
! < >
We may suppose Y(rAk) > for k 2 n_.
Then we can show O < ler - T l| <o, kzn.,
K 0 )

For take any £ € F

llr}‘k'roll S llr;‘k'fll # |lr, - £]]
€ sup ||rr}\k-’f|| * sup [lx, - £l
S A(rAk) +. A(ro)
s 20(x)) + %{lrkk- rOIJ for k » n_ by our supposition.
Therefore [er - roll < 40 (r)) < ba | k>mn ,

Next we show there exists a sequence of r relabclled the same, such that

k
lim r, = 1,
oo k
Since 0 < IAPI ¢ o , either lim A = 0 for avery subsequence in which
* koo
case lim r, = r, or there exists a subsequence relabelled the same with
ke Tk ‘
llvak = A, where 0 <A <o,
koo
Assume the latter to be the case.
jul m :
Now q (A, d,) = z ng)h.(x) vhere Z Ing)I = 1 by our normalisation
m k> —k io1 * i ' j=1

convention cf chapter 1, section 2.4,2,

hence for each i, 1 £ i €m, and for all k we have

(k)

(k) )
lBi l ¢ 1 and therefore bi 1 g Akdi < bi + 1,

It follows that for each i, {dik)} is a bounded sequence and we can extract

) _ 40

a convergent subsequence such that lim di i and hence

o
lim q (X, , d,) = g (A, d))
K m k® —k m o’ —o
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|

By definition

y(r, ) ||r - || = A(r, ) - A(x)
Ak Ak o} Ak 0

> max L.(x - x.)

j=l,..,N41 1 O Ay

With k = and our knowledge concerning the left hand side we apply-the

note to(iil)of Theorem 5.1, to obtaiﬁ
Now by Lemma 5.1,

qm(xo,go> =.q .

Consequently as ko= ,

P Q P Q
e 4 P b > —— 4 b
qm(xk’£k> © qm(xk’gk) 4 ° ™

~

Finally we reason as follows.

P . Q

T —————————————— r ————
d (A0 dy) ° qp(Apsdy)

¥or Lj € EO(M) and ¢ €

we have by virtue of results (iii) and (ii) of Theorem 5.1 that for all Kk,

including the limiting case,

c. = min max® L.¢ > O,
k ]|¢|]1=1 j=l,e.,n¢l 3

But, y(r, ) |z, -z || > max L.(xr, =1 )

A AR 0 jel,..,8¢1 3 O A
and Yo T TAp c P + r —Q ___  and is of norm

1%g = T2 || U Ay ° a5 (0yody)
o} IRATARD

one.
Tncrgxore 'Y(rA ) pt ¢ ? 0

k
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Fﬁrthermore, if we let ¢_= min max L.Q ﬁé«f[r
- ° 1P 1=1 j=1,..,n+17 ol

with ¢ _» 0 as already deduced, we can show that for all €,
o

0<t <« c,6 1 We have that cLY -¢ for k sufficiently large.

To prove this last conjecture, assume k to be large enough that

qm(lkyik) = qm and hence ¢i(1k’g'k) = fé

Suppose now to the contrary there exists a convergent sequence(in \")

(k) P + r with ()yy
Vegmm T amem AR

and lim max L. ﬂﬂ(k) = cke cO - €
P Fe0 J 1,.0’N+1 J

that is there exists an N(k) such that for v > N(k)

max L. ﬁj(k) £ C -
j=l'o-,N+1

=T

i

Assumev:> T(k) . If we represent ﬁsk) as }: a; ) g p. (1.1,, )
i=1

are bounded by our assumption on

then {agv)}ig o0

1
N

and }'/vl= ﬂl al(v) ﬁi satisfies ”% - ﬁ(vk)” <
1=

£
4
- - £ . llv £
by our a.ssumptn.on on k. Hence 1 ~% ¢ H'y Il <1+ i
Now r= is of norm one, belongs to r
% H‘“ﬂ e belongo fo L [x]
k k
and lh@-—xé(v)lh 1% = %11+ 1% = 850
£
< - R
(1-1pl1) 5
< €/2
Consequentl i < max L., ¥ - max L }ZS(k)c £ J=lyee N+l
d y 2 i jFy <2 1009
and max L, v<co - % which is clearly impossible

J=1’ L) ,N+l J

Thus we have shown that for k sufficiently large, Y(rA ) is
k
bounded away from zero and we have been led to a contradiction.
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We now re-formulate fTheorems 5.1 and 4.2

in terms of the more familiar "alternation'" +theorem.

THEOREM 5.3

Suppose £ + r, 2 is an N-dimensional intex-

o A
polating subspace of L, (u) with basis ¢, ,...,8y .

*
Let Ll,..’,LN'*‘l € Ll(u) .

Define ‘A, by

1
L ()., S TN CIRE PR C 10 PRI AT
b, = : y
1 . .
Lo () -+ oD O Ty g (O e eI (8))

Then r, 1is a locally best L, approximation to pYif

and onlf if ~

(af there exist N +,l linearly independent functionals
ool in E (M) .
<0 for i=1,...,N .

L'l’.'. ,L
(b) 45844
Note that by the interpolating condition A, # 0, i=l,...N+L

PROOF. Fox necessity it remains to prove (b).

Since by the Characterization Theorem 51

0 ¢ interior convex hull [(Li¢1""’Li¢W)TILiEEo(M)i=l’"‘ﬂ+n’

there exist positive scalars 6, , i=l,...,N+1 and



N
izleiLi¢k = - Oyp1 Dyep9y £Or  k=l,...,N

S5clving for ei by Cramer's rule

N-i+1 B4 5

AN+1 N+1

ei = (—l)

from which the result follows.

Conversely, the system of equations

T

i=1

has a unique solution given by

N-i+1 23

x, = (-1)
B+l

1

and {xi} are positive i=1,...,N .

Hence 0 ¢ interior convex hull

[(Ly¢,renerDsd) |LieB (M), i=1,... N+1]

67
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APPENDIX I = ‘Measure Theory and Lp (S.Sq &)

A g —algcbra over aset S isafamily S, of subsets of S such that

il $S e S,
(i) 1 A e s, then A e s

o0
(iii) If {An} is a sequence of setsin S then L1) A, € S,

The sets in SO are called measurable sets

An extended-real-valued function f on S is called (SO—) measurable if for each real «, the set

{seS:f(s)> « } is measurable.

A measure on (S,So) is a function u assigning to each A¢ So an extended real number u (A} such that

(i) pig)=0
(il  w(A)=0 forall A

{(iii)  u is countably additive on disjoint sets.

i iscalled ¢—finite if there is a sequence of sets {An} such that u (A ) < oo forall n andy A= S.
n

Example. Let S = Z,, the class of all subsets of aset S and define u (A) to be the number of

hoints in A if this is finite and + oo otherwise. This i is referred to as the counting measure.

Itis o—finite if and only if S is countable.

The Characteristic Function of a set E,‘IJE

1 forxckE . ) .
= 0 forxcE - is a measurable function{—) E isa

measurable set,

A simple function (sf) is a real valued function on (S, SO) with the canonical representation
n
sf = Z ci ‘I'Ei where E; = {x: sf (x) =g } and c;eR
i=1 -
sf is a measurable function &= E; is measurable for all i.

The class N is defined to be the (c— algebra of) subsets N €S such that 1 (N} =0. Its members

are called y—null sets.

If the set of points in S, for which a property P does not hold true, belongs to N, we say P holds

1 —almost everywhere (u—a.e.)




(i)

(i)

(i)

69,

For a simple measurable function {s.m.f.}) ® > O, the integral of ® w.r.t. g is f Odp=

n, |
z c; M (Ei) which is also positive but may be infinite.

1
[This integral has LINEARITY PROPERTIES]

For a real-valued function f 2 0 and measurable on S theintegral of f wurt. u is

Sfdu=sup [f O du: O s.m.f., 0 < O < fonS] and if thisis finite, f is said to be integrable.

An arbitrary real-valued measurable function f is called integrable if its positive and negative parts have

finite integrals.

; (S, So,u) is the set of all everywhere—finite measurable functionson S such that | f|P is
integrable, where p is real and > 1. Itisalinear space. If wesetthenormoffe £ to be
(R || = (f 11 |Pau /p and count the functions which are equal p —a.e. as one equnvalence

class, we obtam the Lebesgue Space Lp (S,S_ 1 )which is a complete normed space.

SPECIAL CASES OF Lp

Lp [0,1] is the case when p is Lebesgue measure on the interval [0,1] and S are the Lebesgue

measurable subsets of [C,1].

¢) is the space RC™) with [|x[[ 5 = (Ix71P+... 1%, PP 1<p< o
Take S tobetheset (1,.., n} and u to be counting measure. Identify functions f on S with

n-tuples (f;, ... ).

The integral of g on S, g real-valued and positive is just E g

i=1
- p,1

Hence || f || = (Elfil ) /p

£ p isthe sequence space X = (x1, Xy o ) with Z |x p converging together with the

norm ||x “ i=1

Take S = N (the set of natural numbers) and u the counting measure and employ the (canonical)

identification of the previous example.
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APPENDIX II

Given ﬁl,s...,ﬁH. elements of X, an N.L.S. , and H a &* closed
subset of BX the unit ball of the dual space.

T <
Let é denote ([6 gecsecy ;25 )" and O the origin of N-space.

- set co Li, §] := convex mull[ (1 ,....,Lf 7o Len]
and suppose this is a body in Buclidean N-space. || 8| | denotes max]| |¢ H}

LEMMA; If O is an interior point of co[M,§1 then there exists an

£ 0 such that for all §' satisfying [l § -'_62‘ ll<¢ , 0 e co[H,q]
PROOF nﬂ

Suppose to the contrary that for everye>0, there exists a Q(&)

with |[|§ ~fE)||<e and O ?. co[H,§(e)]..

Then since co[ﬂ,@(&)] is compact there exists a separating hyperplane.

That is there exists constants cl(E), ceeey O (E) not all zero,
N

and a real number Y(E&) such that Re . 1S5 (C)Lﬁ (e)z> v(e)> o0

for all L e M. Without loss of generality, we can normalise cl(&)

so that |c.(e)] € 1 for all i
Let €~ 0. Then L}f).(e) - Ljé. for each i, and we can also extract a

subsequence from c, (8) such that 11mo ci(‘c‘,) = C, for each i,
C -2 A

Hence we can deduce . inf Re Z c; yﬁ
Lel

It follows that colM,§] lies to one side of this hyperplane.
Furthermore, O belongs either outside co[IvI,@] or on a hyperplane
supporting co[M,d] at Q.

It could not however be in the interior of the convex hull for then
there would be points of the convex hull to either side of this
hypefplane.

Hence we have been led to a contradiction ,
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CHAPTER  THREE ' . L.

SIMULTANEOUS APPROXIMATION OF A FUNCTION AND ITS DERIVATIVE

WITH THE TAU NETHOD, PART I

FOREWORD: In this par£-we discuss the extension of the recursive form
of the Tau method (cf.’artiz 541) to a simple case of a system of two
linear differential equations with constant coefficients, perturbed
by a linear combination of Chebyshev polynomials. The problem is
closely related to that of finding simultaneous approximations of a
function and its derivative.

We use duality arguments, introduced into this type of problem
by T.J. Rivlin {64 p.98], to show that the Chebyshev polynomials are
the only extremals for the functionals associated with our particular
perturbation problem. We discuss tﬁe effective construétion of the
approximate solution of the system w;th the Tau method and find upper

and lower bounds for the error. We also show that the best and the

Tau approximations are, in the case considered, asymptotically comparable.

1.1. - INTRODUCTION

We consider the second order differential equation

y(x) + yv(x) =0
with the initial conditions
y(0) = 1; y'(0) =0

which defines the solution y(x) = cos x.

d
If we let z = - aﬁ-, the 2nd order differential equation may be reposed

as two simultaneous lst order equations

_dz
dx 0
¥y, =0
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For conciseness let:iLE [y,z]T and D represent the 2-dimensional operator

ad
1 dax
. X
ax 1

* _
We are now looking for the solution y , on some compsct interval J,

- to the system

Dy = 0 yloy = [1,0]7T . (1)
We assume an approximate solution to (1) is sousht on J. In the method des—
cribed here we obtsin separate polynomial anproximstions of degree n to y

. . . . . * *T =
and its derivative by computing the exact solution [yn, zn] orlzn of +the

erturb ;
per ur'ed system (n) _*

*
DY = ( () *) where Tn(x) = cos 2narc cos x12 (2)
2 n ’
when J = [O,l].
The choice of the shifted Chebyshev polynomial on the right hand
*

side of (2) signifies that the error vector e

* %
L, )%1-25 satisfies the

equioscillation property on [0,1] in each component, in the image space
of the operator p.
The error vector may be measured by any 1 sum

of the individual 1p norms of its components, for 1 € p £ oo.

However, our interest lies in the double or vectorial uniform norm
11D g, = maxt| 22 e 0] ) = 2772 maxt [0 ] ], 1)
In section we show that, with the Chebyshev perturbation,
the system (2) satisfies °

”D,G&,:I'w <11 Dﬁnllm for alllﬂm g Xy
where 7Tn is the space of polynomials of degree less than or

equal to n.

.
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|, 2. THE DUAL PROBLEM AND THE CHEBYSHEV PERTURBATION.

§

PROBT.EM A, Our problem is to find [yn ; znj o) %,

such that [yifnzﬁﬂl D (ZE) |L5= {lD (zi) ,L

over all[yn ,zn] satisfying yn(O) =06 ; zn(O) =0 ..(a)

YnV. ( Vn
PROBLEM B. If we write D ( Zn) - (wn)’ [Vn ) wn]E T Ty,
then the supplementary conditions (a) = becoms
= = oC
P(v,) < (w,) = )
Fo(w,) = }3' (vn) =B

where F, , F, are linear functionzls. We will call Problem B

“—

that of finding @& vector LV, » w,1 such that for any
‘ admissable " ordered pair [_vn ’ wn] satisfying (b), we
nave (1Tl Slivgll 5 IRl < Ml

A solution of (B) leads “to ~a solution of (4) .

For our example, suppose we write

Yo = Zajxj Z, = Ecjxj
n n

vn=§3bxJ wn=§j,’dxJ

then yp t y; = v, + w! | and z, * Zr’: =W, -vv'
a, = bn cy = dn
qp1 T MCy T Ppg na + c, g = dp

ay + (j+2)(j+l)aj+2 = bj + (3+1) dj+1
e +(j+2)(j+1)cj+2 = 4 - (5+1) Dy

for Jj= n-2,.. P O B
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Let us restrict ourselves to the case of n even, for simplicity.

h4 i [»] ] = Y > e 2 3 T —
Then we find f ri=jg OT i’, n/ y setting b . Ay =0
9 - PR R PP
(n=2j)! 8,23 iZ%( 1) (n-2i)! b o
=3 .
_ JERY S NP \
D DRGSO
and similarly
i=3 _—
. _ i+3 ¢ 0
(n-23)! Cpapj = 55)(—1) (n-21i)! d oy
= i+j
- ~24 1
+ iZ% (-1) (n 21+1).bn_2i+l
Since a, =& and ¢, = P we can write for j=n/2
173 P43 :
Fylv)) = izzjo(—.l). (n-21)t b .
i=j <.
— i — l+J — 3 - ~
= -O"I- i§o( 1) (n-2i+1)! dponjel =
1= i+
. — - -3 !
Pplvy) = B (-1 (n-21)1 0,
=3 s
- - YEtHd (oo P -
= jz%( 1) (n-2i+1)! b 041 B
We observe thet for our example Fl ='F2 =F
Let S ¢ m_ be such that
n n
s, = v oem : ||vn|| = 1}
Definition vn* E Sn is an extremal element of Fl if
IFl(vn*)I = ||F1|| . Suppose sign(Fl(vﬁf) ) = €

Lemma 1 For all v e m , Fy @ Fl(vn) = q, ;£==£avn*/llfj| we have
v * extremal for Fy = ||vn|| > Il;gll

Proof: Assume that v * is an extremal for Fl. If ¢ = O the result
—_— n

is trivial. If a # O
[o] = |r o< [E vl

and [lvn||;[ml/||Fl||, from which the result follows.
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Conversely, S1nce bounded.linear functlonals have extremal< yit is
readily found that if [1¥,l] ¢ |lvyl] for all v, SaulsfylngF’(¥)_ o
then ?L/Il;;ll is an extremal element of Fl’ provided o £ 0 ,

Remark: In this argument W is arbitrary but fixed and ;£ is irrespectively

a multiple of v *, an extremal element.

A similar result follows for F2 and the wn: ve set.ﬁé = Bwn

Furthermore, it follows by consistenéy considerations that o« and [}

are non zero for ¢ =1 snd § =

Since we require Voo Wy to be minimal tcgether, both must be non-cerc
. . K *
multiples respectively of Voo Y.

Ve require the following Lemma for our example.
n

Lemma 2, If v (x) = Ej b, x? , with b_ =1,
—_— n =0 ] n

where 3ll the roots x, are resl, conteined in O £ x £ 1 and not sll

equal to zero, then F(vn) A 0.

Proof. Obviously

k+2 k
mox ¢ 0 %
i=1 i=1

and by considering the relationship between the roots of v and
its coefficients we have

(-1)5(n-k) 1 > (-1 (n-k-2)1 b, , for k 22,

bn—k

> 0 , for s odd,

s
— '
;é 1 (n-2i)1 bn_2i

and certsinly for s even.

&3

With this Lemma we can derive, as in @4J y Theorem 2.20 and using the

SI 3

canonical representstion of F, that the only extremsls of ¥ are + T

- e—
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L 3. CONSTRUCTION OF THE  TAU SOLUTTON

Following Ortiz [54} y we introduce for the matrix operator D, a

sequence of canonical polynomials @ = ’gn(x) where each element

is a vector ,_gn(x) = ( Qfll] (x) , Q1E2] (x) _)T such that
n
D [Qil](x>] = ) and D [ng](x)] =

In fact simple recurrence relationships exist for these polynomials.

- ¥l W ey L
dx
consider a n =
= 1 - (n+l)x 0
- [1] [1]
= D[Qn+l] + n(n+l) D [Qn-l]
Xn-!-l
.1l ( ) [1]
.0 = - n{n+l)Q
n+l —(n+1)xn n—-1
1 - prd
. (1] _ [l _
since QO = (O) and Ql = (_l)

we hav [1] = ( X2_2 ) d [1] (XB-GX )
€ e QZ - -2xX an Q3 B —3x2+6

2 3

QU T\ -axeoax Q =\ -sx%+60x2-120



7.

'Likewise we obtain for the second series

. d - n :
1 - " {(n+l)x o]
d_ 1 \ xn+l - n(n+l)xn-l+xn+1
dx
_ [2] [2]
= n(m+1) D [ 7 1+ 0D [g 7]
(n+1)x®
. [2] _ ( ) _ [2]
S N Ll n(n+1)Qn_1
0 1
" Since Q[z] = ( ) and Q[z] = (_ )
(o] 1 1
X

2% - 3x°-6
we have Q£2] = ( 2 )r ng] ( 3 )

x" =2 X —-bX ¢

[2] 4X3"24X [2] 5X4“6OX2+120
0 = r Qe = etc.
4 4 2 5 5 3

X —12x"+24 X =20x"+120x

Now T:(x) = I Cén) xk where the coefficients Ck are available to us
k=0
* ' n n
and hence 75 Y - Tl(n) 7 Cén)Q£1]+ TZ(n) 5 Cén)9£2]
* k=0 ; k=0
“n
; (n) (n) _._ . e -
vhere Tl ’ T2 are determined by the initial conditions.
If we set z_(n) =Qr§n) ,Tgn) ) we can present the solution in
; Ao (n) % . (n)
vector notation i, = X kEOCk B—k(x)

The form of the solution when there are gaps in the sequence 9
(i.e. the case of undefined canonical polynomials ) follows trivially
from the algebraic theory developed by Ortiz in [54]

Example : Let us take n=4 , then

3
T4(x) = 128 x"- 256 % + 160 x= - 32 % + 1
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The initial coditions of the problem provide us with a system

of linear algebraic: equations

128%x24 - + (256 - 3:
(1) L@ ( x 160x%2 1}) L @) (6x26 2 )
0 1 -6%256 + 32 2 128x%24 - 2x160 + 1

giving us 1{4) = 2%22 and Té4) = 1204 where D4 = (2753)2 + (1504)2
4 4
= 9841025

. * 1 . 4 3 2

We find Y, = 5o (352384x " + 65280x~ - 4943200x" + 1504 x + D4)
4

* 1 4 3 2

and z, = 3~ (192512x° - 1794560x~ + 44800x“ + 9838272x)
4

Ve con as well gencrate the approximete solution directly in fterms
of Chebyshev polynomials,or in any other complecte system TR | by
means of a technique described by Ortiz[ﬁi}which essentially con-
sists of wusing canonical\polynomials reprcsented in the besis W
which are mapped by D into the generators of the same basis., In our

case, we can introduce

1 T
a0 = Cal¥en, oPleo

such that "
[Th(x)

D‘gn(x) =

3 .
M,
T (%)

The approximate solution has then 2 simple expression

gfl(x) :z(n) ooa, ().

~

We henceforth ommit the superscript* on y:(x) wikthout loss of

clarity.
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1.4, THE TAU SOLUTION

1.4.1 CHEBYSHEV EXPANSIOHS OF THE TAU SOLUTIOH

£ write (2) -2z' = T(n)T*
If we rewr as Y, n 1 N
(n)_»
A ! ! =
7n + Zn Ta Tn

we obtain by differentiating the second equation and adding

_(n) * (n), =
n — 1
Yp T ¥y T N1 Tn T T :n (3)

Repeated differentiation of this equation and alternate subtraction leads

us to the following expansion of yn(x) where we have set n = 2[-12-1]

(n) . * * tgj * (n)
yn(x) =T [Tn(x)~Tn"(x)+ ..... +(-1) Tn (%) ]
bl .
B TS I s PR ] LAt LR (4)
2 n n n

The initial condition Y, (0) =1 gives then

o =]
2 2
1=t n T oy 4 o (R I (1T (g (5)
1 n 2
r=0 r=0

\
On the other hand, differentiating the first equaticn of (2) and
subtracting it from the second, we obtain

z +tz" = Tz(n)'r; - Tl(n)'r:' (6)

Applying the same process to this equation leads us to

[Z],
z_(x) = Tén) [T: (x)—T:" (x)+.....+(-l)2T;(n) (x) ]

) o r e R 4z e
Ly ['rn (k) = T " (x)+..... +(-1) T (x) ] (7)
and
n S
() 2 ro*(or) (n) 2 rp *(2r+1)
o = T, r (-u°'T o) -1 r (=0T (0) (8)
n 1 n
r=0 r=0
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*
We shall use the following exprossion for T (cfe 31  sect. 3.7 )

T (x) = 2[22n n . 2 (-1)3 (2n j-1 52%3: 22n-2jxn-j + 20-1)"] (9)
n . n-2j
j=1
- - - 1
Hence T*(n)(O) = 22"l i T:(n l)(O) = 22n 1n1(- ) while
n
for 2<k<n
k. -2k
- - - -k-1)..... 2n-2k+1)
T*(n k)(O) _ 22n ln! [( 1)72 2n (2n-k-1) (2n ]
n k! n(n-1)  .e... (n-k+1)
k,-k (k+1) (2k-1)
on-1 (<172 7 ( 5 ) eeenen (n > )]
= 2 n.
k! (n-1) ceves (n={k-1))
k.=k
2n-1_, r(-1)"2 (k-1) __(k-2) 1.
= 2 nt [ ” Q- sm? @ ™ 3y e -3 Gha
' (10)

We observe that we may reedily derive the initial conditions for yﬁ

and zﬁ. If we differentiate (4) we obtain

5]
2
5 (-1)TFp"2r) )

1 n

(n)

(0) + To

') = (n) (-1)F T:(2r+1)

rm
RS
ey g
™

|
O
i3

and applying (8) we find

. _ (n)

Similarly differentiating (7) and epplying (5) we find

(n)

1 - -
zn(O) 1 T,

T {0)
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1. 4.2. SOLUTION OF (2) BY GREEN'S FUNCTION

|

The general solution of (3) is

o) (n) &
y,(x) = c; sin x + ¢, cos x + f[r T (t) + Tzn I

o)

T (t)]51n (x-t)dat
which, on a single integration by parts, becomes

(n)

yn(x) = (c 17Ty ) sin x + ¢ (n)

x
cos x + f T T (t)sin({x-t)dt + f T(
' 0] 1 (0]

2 n>T (t)cos (x-t}3

Applying the Leibﬁitz formula for differentiating integrals

y (x) = (cl—Tén)T (0))cos x - <, sin x + Tin) é T (t)cos(x-t)dt

(n) ¥ _* . (n) *
- f T (t) sin(x-t)dt + T cos (O)T (x)
o) n n

T2 2

(n)

5 T (0) to be satisfied,

But for the initial conditions Y, (0) =1, y;(O)-=
(n)

we must have c, = 1, c; =T, T *(0)

(n)

r':(n)sin(x—t) + 1,

(ty cos(x—t)]T;(t)dt (11)

R yn(x) - cos(x) =

O— X

The general solution of (6) is

%
zn(x) = (cl + Tin))sinx + c, cos x + é[rén)sin(x-t) - T;n)cos(x—t)]T:(t)dt

Hence

z'(x) = (c +'T(n)T (0) )cosx-c,sin x + f (n )sin(x—t)+r(n)cos(x—t)]T*(t)dt
n 1 1 2 1 n

o}

(n)

-1,

*
cos(O)Tn(x)
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' *
and with the initial conditions zn(O) = 0, zﬁ(o) =1 - Tin)Tn(O)
we have ¢, = 0, ¢, + T(n)T*(O) =1
2 R § 1 "n
%) (n) *
N zn(X) - sin(x) = f [T2 sin (x-t) - T cos(x—t)]Tn(t)dt (12)
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1. 5. . ERROR BOUNDS FOR THE TAU SOLUTION
1,5.1 mBouNDpS FOR T{n), r-z(n)
n
(n) [—2—] - *(2r)
If we set § = 1 (7T (0)
E n
r=0
n
(n) 2 r  *(2r+l)
and S = I -0~ T (0)
(0] -0 n
o . (n) (n)
then, dropping the super-script, we can solve (5) and (8) for T, 0Ty
T(n) _ Sg
1 h 2 2
SE + SO
(n) _ 5o _
2 s 2 + 8 2

We can now apply (10) to deduce that for n even

7

4

0 4r+2
1-r B B a -2 20 - Ema - 2
r=0 (4r+2)! 41
n
(-1)%%g = ? 1
< S <L )
2 n! r=0 (4r)! 2! 2 {n-1)
and
n
o 4r-1 (1)5]«3 w 4r+1 3
1 5 (%) < - E)l < 3 (%) =) [ - 2 ) (1 - 1 )]
2 y=1 (4r-1)° 207 0 r=0 (4r+1)! 3! 2 (n-1) 2 (n-2)
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If we take n > 4 and make use of expansions for sin(x), sinh(x); cos(x),
: Z

4
cosh(x) we obtain

[,

L [geshC)-costn)y . (0 €1) E_coshlrcost) _ ()% 5

1 — 1
2 41 22n ln: 2 2% 6
[2] N
. , ] 24 S
L [sinh () —sin () (21):°7 0 sinh(D) + sin(h) (DY
P N 2 5!
_Hence -
n
. 5]
£l SE
.875304('—‘2—;1——- < .898438
2 n!
2
(1)°s;
.479165< BT < .492448
2 - "n!
S 2 + S 2

E o

L O o (.875304)%4+(.472165)% = .0957
[22n"‘ln' ]2

1.0497 = (.898438)%+(.492448)%

[2°" a1 e3sse) <M 2P (Lo02267)

ovr--o(l3)
(2% 101 )7 (La5648) <|r§n\< [2*" 1] ™ (La0455)
. (n)
1 .898438
and o < 479165 = 1.875001
2

For n odd,qrgn) and T §n) have to be interchanged in (13)
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1.5.2 INTEGRALS OF CHEBYSHEV POLYNOMIALS
We shall require the following result, concerning the integral of

a Chebyshev polynomial between two consecutive roots, which is easy to

derive.
*
- Lemma 3, Let the roots of Tn (%) be xn X k=1,...,n
2 {n-k+# )
where X = Ccos _________(n ko)
n—-k 2n
= cene eae < < = .
and x = 0 < xn—l < xO 1 x_l
X,
j-1 *
Then I, = f T (t)dt
n
X,
J

= (107 () sinil for § = 1,...., n-1

where ¢ (n) = ; cos %;— - %-[1 + 0(150 ]
n -1 n
(—l)j T .
and I, = — [n sin P 1] for j =0 orn
J 2 (n*-1)

We shall now restrict ourselves to the case of n being even

as the treatment for n odd is similar.

*
Theorem 1, Let us set € 1(z) = yn(x) - cos x in (11)1

* —
then 208519 dzal(ln) < ”‘51(3‘)“ < 1.5022 (1+ O(n) )
|

n} 228 n'(n-1)

where q‘)*(n) =¢(n) (1 + 0(;11‘) )



Proof

To find an upper bound for ]lel(x)l] we can proceed as follows

* *

X, 1 T T x)
Put I(x) = é’l‘n(t)dt = [ - =]
+ ——-é———-coé (n+l) ™
2(n"-1)
Then II(x)l 2(nll) Furthermore, integrating by parts in (11)
T T (%) '
x n
_ _2 r’ntl _ n-1 _ (=1 . ]
e, x) = — [ i) —) ] 5 () sin x + 1, cos x)
2(n"-1)
X
+ [ T(t) (-1 cos (x-t) + T, sin (x-t))at
O .
) TN Tlsinx+Técos(x) T2(l—cosx)+rlsinx
Iel(x)l < —5—+ 5 +
2(n"-1) 2(n"~1) 2(n-1)
T, (A+2) sinx + T,[ (2n+1) - n cosx)]
2(n2—1)
and
Ile x)|| < e k2 -cos (1)) +lt,l sin(1)) [ l) + 0(—%) ]
n
< |7 j[1.4597 + 1.87501x .84247) [y 1) + o(—l—2—)]
n

1.5022 (1 + 0(2)
22n

| A

n! (n-1)

86.
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[fo find a lower bound for Hel(x) H

1 3w T 1 1
i : =={1 + —t = =1 - —
consider El(hgg? where Xgﬂ. 2[1 005(4 2n)] - 2[ 5 ]
4 4
If n is not divisible b take x
3n 4
4 *
- - - +
é COS(XEE. t)T_(£)dt > cos xgﬂ.In + cos(xgg' xn_z) [In—2 IIn_ll]
4 4 4
+oaaa.. cc>_s;(x§r—1 - 3n 1)[I§E-+1— T3, +2|]
4 4 4 4
2
4 k ki
> cos %, |I_+4¢n) T .(-1)" sin -]
3n  n n
= k=1
4
g-1
. m U A (¥
= cos x3n[In + 2 sin o~ ¢(n) I cos (2k-3) - ]
=2 k=1
4
n
o gt .
> cos Xg - 2 sin 5;-¢(n) L cos 2k o
- k=1
4 a1
n_, ©2im im 2im
8 n 4 - n
But I cos 2 %—TL:Re[e e ) -e )]
k=1

2(1 - cos Zﬂ_)
n

23 m 3 in
—_— i(— - 29) —
4 4+e 4 n e4

2(1 - cos 230
n

. e
Re

cos2™ - 1 2 sin(* -1y sin &
n 4 n

= 5 +
2(1l-cos LR 2.2 sin = sin
n n

=R

I

2nV2

+ 0(1)
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*3n 2-v2

¥
Vs . cos { 4 Y (n)
For n large f cos (X3 -t)T_(t)dt >
0 a n 2/2

'

x3n
1 g *(0)a [sin( )I_ _+ si T L]
f 51n(x§£ t)Tn(t t > |sin X_Z@_ Xn—l n=1 s:.n(xgﬂ kn—3 02
"0 4 4 4
oo t[sin(x, -x_ I + 0.]
3n "n-3""3n
4 4 2
But 51n(x§£- b4 _3) > sin (x_;’il_- X —l) (= _3—x _l)cos (XEQ—X _3')
4 4 4
T
. - < s5in — ; - <
In—l + In—2 > 0; X 3 Xn-l sin o ccys(xgll b4 3) 1
4
e
3n
—_— * ) T 21 anw n ™
T, i - ~ sin — in =— + sin — + sin (7 -2) —
. f4 sin (X3_n__ t)Tn(t)dt > sin — ¢ (n) [sin n sin = sin (2 ) n ]
0 4
. igm  im _ 2im
= -1
8 (en—e4)(1-e my
. 2kTm
z sin —— = Imag o7
=1 2(1L - cos =)
n
sinz—ﬂ+ sin(l— 2my si T
- n 4 n ny
2.2 sin? us
n
cos = - cos(= -1 l_L
V2
- > 2m
2 sin — LAl
n
3n
4 Vz
. * 3% -
. f sin{x, - t)T_{(t)dt > - ¢ (n) 2 L
3n n
o} 4— 2 V2



n

] X%
2 ¢ (n) ;
oo(=1)T e x, ) > = Ik lcos ¢
1 zn 2 /3 2

2 - /2

y ) —lrlk/f - 1]

€

$Fole |
>

[cos(.1465) ~ 1.87501(.414)]
2/2

&n).45648 (21303 )
e @l > ,2n-1 :

n! 2.2828
Theorem 2 Let us set 82(x) = z:(x) - sin x in (12)
* (1+0(3))
Then  ,49468 %—g—’l < ”82(X)H < 1.76971 35 .
2"n | 2°%n | (n~1)

Proof: An upper bound for IEQ(X)Il is obtained as before.

* *

-T T (x) T (x) n
£ _ 1 n+l n-1 (-1) .
z(x) =— { T T T 1 + —— [Tl cos x - T, sin %)
2(n"-1)
x
+ é I(t) [T2 cos (x-t) - Tl sin (x-t)] dt
fo[(2n+l) - n cos x] +|TJ[(n+2)sin x]
|52(x)| < 5
2(n"-1)
. 1 1
l|ez(x)|l < HTlHZ - cos (1)) +1¢2i51n(l)] [ o) T O(;Eﬁ]

1
1.76971(1L + O(n))

2201 (n-1)

890
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| To find a lower bound for HEZ ||

1
consider €, (xg) where Xp_ > 35
2 2
x
n
*
This time fz cos (x-—t)Tn(t)dt > cos (x-rl)2 sin lzr—n- ¢ (n) ( -121- +0(1))
(@) ) )
+ 2 cos(z) ¢n)
x
n A
®
and f2 sin(x—t)Tn(t)dt < sin (x-rl) 2 sin Izr—ﬁ-cb(n) ( 121,, + 0(1))
0 2
i1 . ,1 &
> E-SLn(EO $?n)
. L 1
(-1)252(xn) < ﬁz(—r-l—)— [112\ s:.n(-2—) —|-rll cos (E)]
: 2
. Stn)  [.49455x.479426 - .83386x.877582]
2n .
2 n.
3¢
Ile (Y)H N ${n) .49468
2 2n
. 2 n.
1 1 g 1 1
Remark Since ) o (n) ~ = L1 + O(n)]

we see from Theorems ] and 2 that

Nepll,= _x_ [1+od]
22n(n+1)l
where 49468 < K < 1.76971 for n even ,

This is comparable to the results of Meinardus in [48]p.80

for the minimal deviation on [0, 1] except that then K = % .
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SIMULTANEOUS APPROXIMATION OF A FUNCTION AND ITS DERIVATIVE

WITH THE TAU METHOD, PART II

FOREWORD: In this part we generalize the Tau method technique developed
in gart I for the numerical solution of systems of two first order linear
differential equations, to the cases of: (a) the general second order
differential equation with constant coefficients, (b) the Euler eguation
and (c) The Airy equation. In this last example we deal with the case
of undefined canonical polynomials.

In each case we give.error bounds in the uniform norm for the
function and derivative.

Although we have modelled our arguments on systems of order two,
the same method could be extended to systems of higher order with corres-

ponding approximations to higher derivatives,

1. The General Second Order Linecar Differential Equation

with Constant Coefficients

In this part we continue the analysis of the numerical solution of
systems of linear differential equations with the Tau method, initiated
in Part I.

We begin our discussion with the general second order linear differential

equation with constant coefficients

vy x) + a,y'({x) + aoy(x) = 0 (1)

1
subject to the supplementary conditions y(0) = a. y'(0) = B.
As a system of first order linear differential equations, the

" Toperator form of (1) is



_ 8 -a
o) ax 1
d
dx 1

with the derived initial conditions

yn(O) = o, Tn(O) = -B
' = ¢ Mo

y n(O) =T, Tn(O) + B

z '"(0)y= -T (n)T*(O) + a.o + a.B
n 1 n 0 1

92-

(2)



93."

2.1.1 DETERMINATION OF THE TAU

We proceed as in 4.1 of Part I. Conmbining (2) we obtain

' (n) (n)
t t
y  tay " +tay = T T [a T + T '] (3)

By repeated differentiation and back substitution, we find assuming a = 1,

B =0Oandn =4

a 3a =. (4)[ a

o3 = T latar, 2T*l(0)+aT*'J(O)-aT’€L(O)]

* —
T,*0) - 3, 0 1

(4) * 2 prii llL 2 *iv
1y la mr0) - aPrrilo) + aja mittho) + (a) - a, Py, V(00
Likewise we obtain from
ii i - (n) « _ (M) 4 :
Zn + alzn + aOzn Ta aOTn T Tn (4)

iv

2 2 3 (4) 2 2 _ |
(aO ay o ) T [(aoal - ay )T4*(O) - a, 1T4*(O) + a T, H (0) = T4* (C) ]
(4) 20 wi %333 v
+ T, [a o ay 4*(0) - a, T4*1(O) + aOT4 (0)~ alT4 (0)]

We solve these two equations for Ty and Tor and in table I, we illustrate

the result for particular values of aqr ay-

TABLE I. Evaluation of Tau for certain valuszs of ao, a, when n = 4
Ex ao al Tl T2
-4 -4
1 -1 1 -7.7667 x 10 4.3971 x 10
, L -3 , -3
2 -1 -1 -3.8373 x 10 -2.3499 x 10




94.

(n) (n)

For a general prescription for Ty 1 T, wWe take the r-th derivative of
. ' . l,r+l
equaticen (3), r =0,1,...,n and multiply through by (X—Q i=1,2
S §
where Al” Az are the roots of the characteristic equation.

With each system i = 1,2, we add all the equations together, making

use of the fact that

]
(—
0%

1 . r+l

1 2
(=) [1 + al(xz? + a

)] = 0
Ay :

to reduce the system,

Subtracting one system from the other and setting

e AN S E AL

(0)
r=0 At -AZ

(]
i
™33

1l .r 1 r, (r)
1 [(Al) (Az) ]'I‘n (0)

=
lita 33

r
we find that

. _(n) (n) -
0\2 - Al)yn(O) = '['1 SO + Ty [also + .JE]

Similarly from (4)

s g

Ay =)z (0) = oo 1 Sg

When ¢ = 1, B = O we have that

(n) %°0

T
1 2 2
(5 + 2955, f 3550 1 (A

2 T Ay)



(n) _ E
2 7 2 2
(Sg *+ a8 + 385 ).(A, = A,)
If
[Ty L
Ay LTI
© > lim inf 7 7 > 1
r>0 | 1697 = 7]
-1 "2
we may deduce the asymptotic results
1+ 06y
1im lT.'l(.n)l = 1 :+1 1 n+l|  *(n)
—>co — ——— — e
n EN Azll(A A A | SRR )
1 2
lk-%—)n - (%—)n| 1+ 0(%))
Lim ITz(n)l - — 1 2+1 1 ntl 2, *(n)
<o SN R c o R o Rl b S (o)
12 >\l )‘2 n
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ANALYTIC SOLUTIONS OF THE HOMOGENECUS EQUATIONS
Both the function y and its derivative -z satisfy
" =
u" (x) + alu(x) + aou(x) 0.

The basis for the solution space of this equation, ¢l(x), ¢2(x), depends

on the nature of the roots, Al' A2' of the characteristic eguation.

We have
) y(x) = cl¢l(x) + c2¢2(X)
z{x) = d1¢l(x) + d2¢2(x)

where,ci, di’ 1= 1,2; are determined by the initial conditions.

We shall assume the roots are real and distinct. Then

S ALX A x
b0 = el ) = e’

Furthermore, if we set x{(x,t) = ¢2(x)¢l(t) - ¢l(x)¢2(t), then

Ax+A_t A.x+A_t
K{x,t) = e 2 1 e 2

Now vy (t) = (AZ - X )e(Al+A2)t is the Wronskian of ¢l and ¢2.

1

Az(x—t) Al(x—t)

K(xlt) = ] - e
w(t) Az - A
A {x-t) AL (x-t)
' Aet - e 2
anda 4_K(x,t) _ - _1 2
dt wi(t) )\ -.A
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2.1.3 THE TAU SOLUTION BY THE GREEN'S FUNCTION

The solution of {3) is

y () = 81¢1(x) + 8,9, (x)
o™ _(o) Eiéﬂéi-+ ? G, (x,t) dt
w(0) o 1
where G, (5,t) = [ +ai™)r (e - o )w(t)Tn(t)g—— K"f,j’]/v (£)

Hence we have yn(O) = &l¢1(0) + ez¢2(0) .
Moreoﬁer from
T (0)

vy 00 = 800" () + 658,700 - N e 19,7 004 (0) - 6y (06, (0)]

X

d

* 6 ,x) + [ 2=G (x,t)dt
- 0

we find y '(0) = 61¢l'(o) +\62¢2'(0)

. d k(x,t) - .
since at wit) t=x -1 .

From the initial conditions for y and Y, ve obtain

oy (o)q5 o) rz‘n’T ©,(0)
&, - = - P & ~-c, = L
17 % w (0) 2 2 w (0)

K{x,t)
w(t)

d klx,t)

dat  w(t) dt

X
We set kg (x) = f T, (t)dt and k,(x) = f T (£) ==
0



Then

(n) (n) _(n)

el(x) = yn(x) -y(x) = (Tl + a T, )k (x) - T, kz(x) (5)
similarly
Sl Tz 0 -zt = agrUR G+ 1V, (6)

2.1.4 UPPER BOUNDS FOR THE ERROR FUNCTIONS

These follow from (5) and (6) by finding bounds on kl(x), kz(x).
Performing an integration by parts and using the bounds for I(x), determined

in 5.3 of Part I, we obtain

‘ X
1 1 K‘(Xll) d K(Xrt)
+ [ ===l | g
lk (x)l < 2(n-1) nt+l | w(l) é at wi(t) | t}
|y w | < 1 { a  kix,t) 1 a rklx, + ? 'dz ki, t) ' at)
WIS ' aE Two) tex| T L] at w(t) e=0|* ) 52 v
Now using the positivity of ext, Azext and convexity of Aexx, A >0, we
find
| | 1 e)\l - e)\ 1
max |k, (x) \ 1+ —)
0<x<1 2(n-1) Al AZ n+l
AZ Al
1 1 Aze - e
max |k, (x)]| < = {1 + ———Omax(l,‘ — ) + 2}
0<x<1 2 — 2(n-1) n+l AZ Al

We illustrate with the same examples as in2l.l.with n = 4,



TABLE II. UPPER BOUNDS FOR ERROR TERMS

99.

TR T T

11 eyl
1 .1l4821 .46459 2.5423 x 10 ¢ 4.2601 x 10 °
2 .40286 1.09298 3.1677 x 10> 5.1408 x 10 °
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2.2. THE EULER EQUATION

Suppose xzy"(x) + a; x y'(x) + aoy(x) = 0
subject to y(1) = &, y*(1) = B

The operator D is now

a 0 -X ‘& -a lx
a 1
- dx

‘'For the perturbed system we compute the exact solution [yn+l’zn]T of

(n) ~
Tl Tn+l
Y (7)

(n} -
2 n

where in is the Chebyshev polynomial of degree n shifted to the interval J.

2.2.1 THE CANONICAL POLYNOMIALS

a ~x2 4 . a.x xk xk
0 dx 1
g 1 = [ao + k(k-1) + kal]
E}—{- l —kX 0]
k
. . . X
. (1, 1 [1] 1
. . forkz_l Q (x) = = ~ k-1, © - =
k a, + k(k-1) + ka1 kx | 0 a5
+
(2] 1 (al+k)xk 1
while 0. " (x)
k a5 + (k+1) (k+a1) a xk

0



2.2.2 THE TAU SOLUTION

- n
Setting Tn(x) = %

k=0

section of Part I, we have

E}En)xk

Y (x) \
n+l . n+l n -
_ T{n) 5 E£n+l)Q£l](x) + T2(n) 5 Eén)Qizl(x)
zn(x) k=0 k=0
- (n) - (n) . hi _
1 and 5 can be found by solving this system at x = 1.

We shall assume ¢ = 1, B =0, J = [1,2]

and inverting the operator D, as in

101,

%3(x) = 32x° - 144x% + 210x - 99
~ _ 4 3 2 _
T4(x) = 128x - 768x~ + 1696x~ - 1632 x +577
Hence, if
a; = 1, aO = =a< 0
(3), 577 1632 1696 768 , 128 (3) ,-99 420 432 . 128
= - - + + + -
L=t It s T 5a T 1ea T2 TRt T "5 T Tema
D
(3),1632 3392 2304 512 2 [ 92 210 ]
0=r1,"I - + - 1+ - -
1 l-a 4-a 9-a 16-a a l-a 4-a 16-a
E¥AMPLE a = .25 ¢
11(3) = -0.259 10 ° ; 12(3) = 1.08 10°° .

It is clear that for values.of 'a'close to r2, r =20, 1,2,3; the

dominating terms in the system are the r-th ones and the tau-s will be

found to be small < 10_3

The same is true for 'a'close to zero on the negative side, i.e.

1 X , U . .
- = < a < 0, in which case the indicial eguation has complex conjugate

10

roots, but not in general, for'a' negative.

]
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2.2.3 ANALYTIC SOLUTIONS OF THE EULER HOMOGENEOUS EQUATION

2 '
xy+ale'+aOy=O vy(1) = qr y'{1) = B

We are looking for two linearly independent solutions q;l(x)r ¢2(x) such

that vy = cl¢l + cz¢2 where the constants ¢yr c, are uniquelyldetermined
by the initial conditions.

Suppose $(x) = %" is a solution.
Then m must satisfy the indicial equation m(m-1) + a.m+ a_ = O,

1 o]
The following exhaust all the possibilities:
(1) -The indicial equation has 2 distinct real roots My, My;
(ii) m is a repeated root
Then ¢l(x) = X" and ¢2(x) = x" log x

(iii) There are 2 complex conjugate roots my = ¢ + id, m, = ¢ - id

Then ¢l(x) = x° cos d log x and $,(x) = xC sin d log x

We set Kl(x,t) ¢2(x)¢1(t) - ¢l(X)¢2(t)

where Kl(x,x) = O and wl(t) is the wronskian of ¢ and ¢.,.

We note that

m2 -m in (1)
wl(l) = 1 in (ii)
a in (iii)
For all r,
m r—-m1 m, r-m,
k. (x,t) - {r+l-m,)X "t + (r+l-m )x 't
d_ = 1 2 (8)
dat wl(t) M. - m

2 1
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2.2.4 THE TAU SOLUTION BY THE GREEN'S FUNCTION

First, we stipulate that

= 0 : = - b = PR . 7
yn+l(l) . Zn(l) g and hence for consistency with (7)
_(n)
1 =
yn+l(l) B + T, Tn(l),
z "(1) = _T(n)%. (1Y + a0 + a,B
n 1 n+l 0 1

From (7) we also find that Yo+l satisfies the equation

(n) - X “(n) - 2~
1 Tn+1(h) + T, [a, % Tn(x) + x Tn(x)]

2n,, 1 =
XY ) Fag Xy, G sagy ) =T 1

The general solution of this, is

Yo B0 = 8p0; () + 80,00 - Tén)%n(l) Eléf%;;
X ~.
+ { G, (x,t) dt
~ (n)~ a tzrl(x,t)]
where Gl(x,t) _ T{n) fn+l(t)}<1(x,t)+'r2 Tn(t)[altKl(x,t) - wl(t)az'——;1727"~
wl(t)

is obtained after performing an integration by parts on

5 -~
X Kl(x,t)t dTn

(t) dt de.
1 Y
a_ £y ) 2 (1), (i) and (iii)
= e ——————— = - for all cases (i 11) an 111}.
Now Gl(x,x) At w(D) X '

t=x

Hence we have yn+1(l) = 61¢1(1) + 62¢2(1)
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~

: T _ (1)
[ - & 1 _ (n) n . —
Q. ypy B = S0 00 by 0 - T gy 60+ 456
X . .
+ Gy (x,%) + { 77 G (x,8) at
and
Y;+1(l) = ?f’i(l) + e24’:'2(1) for all cases (i), (ii) and (iii).

It follows, as in 2,1,3 , that

X
y () - y(x) = { G, (x,t)dt

(9)

2.2.5 UPPER BOUNDS FOR THE ERROR FUNCTIONS IN TERMS OF THE TAU

We restrict ourselves to case (i) and to improve the bounds, assume

< . <
al 2; ml, m2 1.

From (8) we have

(n) I . e a8 & _e. asasae
DK k. (x,1) X K, (x,t)
1 1 |5 a ]
|yn+1(x) -y Z T n+t2 | w_ (1) l * I at w. (t) } at}
1 1 1
-_4n) 2
. |12 —a, Ky (%,1) +1 a t Kl(x,t)] . 2
2(n-1) n+l wl(l) (n+l) 4t wl(t) t=1
X C Ko (x,t) Kk, (x,t)
d 1 d 2 1
+ [l =lat = - & £ = ' at}
1 qt 1 wl(t) ' dt wl(t)
Applying (8)
(n) m m
e -olleiatlatoaeh
Yoer ~ YU 2750 ]ml - mzl n+2
m m
Irén)l (3—al—ml)2 1. (3—al—m2)2 2' 1 '
+ {max (1, YA+ =)+ 8)

2(n-1) my - m,, l
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2.2.6 THE ERROR FUNCTION FOR THE DERIVATIVE AND ITS BOUND

zn(x) satisfies the eguation

= (n)~
Tn+1(x) + a.T Tn(x)

(n)
-t 0’2

2 1"t T a—
x“z (x) + Q+al) X zn (x) + (a0 + al)zn = 1

Suppose wl(x), wz(x) are a basis for the solution of the homogeneous

equation with corresponding Kz(x,t) and wz(t).

v, , \ '
If Y(x) = x is a solution then v must satisfy v(v-1l) + (2+a1)v + (ao+a1) = 0.

We again restrict ourselves to case (i) -and assume V_, V_ < 0. Then

1' 72
x B (EYR (e, £) RCRS
_ - _(n) "n 27 (n); Lo a2 .
2, () - 200 = f 872 W (£) Y T T
1 . 2 2
and
IR
lag7, ||2 Yo 1
lz_ - z[] < 1+ ==)
n — 2(n-1) |v1 - v2| n+l
AV v
'rl(n) 1 (1—v1)2 o (1—\)2')2' 2
+ —
on {(1 + n+2)max(1, -, ) + 2}

2.2.7 EXAMPLE

Referring to our example of section2.2,2,we find

1 1 3 !
L T U S S T SIS Sl

and ||y4 - y|| < 2.5342 x 10“3

1.6797 x 10 2

A

2, - 2|
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2.3. THE AIRY EQUATION

We consider the form of Airy egquation

1
-

y"(x) + xy

~ - subject to y(0) = 0o, y'(0) = B

A numerical solution fdr y(x) with the Tau method can be found in [58]

We compute the exact solution [yn,én]T of the perturbed system

. a vy (n)
- 1 * T *
yn % dx yn (n) r'I‘n+]. 2 © Tn
= = + +
D i _é_ 1 } o Tl o o T(n) _—
n dx “n 3/ n

(10)

where J is [0,1].

2.3.1 THE CANONICAL POLYNOMIALS

ol
(1} _ L 11
Qip®) = ( K ) k(k+l) O, (x)

- {k+1)x
Qéll undefined, Q{l] = (é) ' Qél](x> = (fl)
We note that le](o) = ‘ZQél]
[1] _ 1
Q4 (o) = -6 (O)
[2] (et [2]
Qk-l-l = K+l - (k"l) (k+l> Qk—2
X
[2] o [2] _ 0 (11 _[2] 2
QT = e 9T =) QT = (~x2
Again, we note that ngl(o) = -3(2)

_8951]

]

0 (0



107,

2,3.2 THE TAU SOLUTION

Inverting the operator D of (10), we have

n nt+l .
= Qéll + rl(n) g o{PDIl ()

c(n) [1] T(n)
n j=o 3 .3 2

n
Q7 + Ty X

cfn)ngl
J =0

n
Z .
Z

(n)

where cj are the coefficients of Tn*.

We take n = 3, o = 3723 (L/3), B8 = _371/3; (2/3)

[1]

In order for the contribution of the undefined canonical polynomial QO

to vanish, we have the constraint

Qél% 1+ T{3)[Cé4) - 2c§4)] + Té3)[CéB) - 2c§3)] + TéS) ci3) } =0

From the initial conditions, we have

1.287899

- (3) _ 1 (e} -6
“ 93gge3) = Ty [-32() # 160(_;) + 128( )]

(

(3) 1 0 (3) 0 2 0
T,7 [18() = 48( ) + 37010 - 48(,) + 32(_;).

+

Hence we find

£33 _ L011766 . (3) _  -.,006330 . (3) | -,003164
3 7 2 1

2.3,3 BANALYTIC SOLUTION OF THE AIRY EQUATION

yv'+xy = 1

Two linearly independent solutions of the homogeneous equation are given by

’ 2 3/2 ' 2 372
¢l(X) =/;J1/3 (gx/), ¢2(x) = /}?J_l/B(gx/)



We set K(x,t) = ¢2(X)¢l(t) - ¢1(X)¢2(t)

|

and w(t) is the Wronskian of ¢l and ¢2

From the relationships

o

a = _ B

ar JP(E) JP_l(E) 3 JP(E)
a_ B _

i Jp(g) : Jp(g) Jp+l(g)

we obtain respectively

a = 2 3/2, @ _- - 2
T 1% = % T, a5, gk = - kT, 0

2 ' 2 s
d - 2 _3/2 d A 2 .
‘—2¢1(X) ==X 31/3(3}{ ) e '_2¢2(X) -X Jl/3(

ax

From the series expansion of the Bessel functions we have

.00 = 0, $,(0

=" 330

32/3/r(%o $,'(0) =0

$,' ()

wo) =3/[rz rd]

However w(t) = w(0) for all t, cf [5] p.29.

108.
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2.3.4 THE TAU SOLUTION BY THE GREENS FUNCTION

The derived initial conditions for the perturbed system (9) are
yn(o) = O zn(o) = -

and for consistency

(n)

yn‘(O) = Bp+1y T *(0)
. o - * " (n)
znl (0) = -1 T, Tn+1 (0) - T, T *(0)

'Y, 2, are the solutions respectively of

(n) " (n) “(n)

yn" + Xy = 1 +"rl T;"H_l( x) + T, T *(x) + T, T;;' (%) ©(11)
e R LI R Lo (12)
The solution of (11) is
x
yn(x) = eltbl(x) + 62¢2(x (n)T *(O) —K—%-)'—-O—)—-l-f -C-;-v(v—}%-)——dt
(0]
where G(x,t) = [1 + r{n’ L)+ oMk ) 1 (=, 0) - o™ (6) S et t)
We deduce, as in 2.1.3 that
?oletx,t) - k(x,t)]
Y,(x) -yl = I ; w (0) , dt
(0]

On the other hand, one readily obtains from (12)

. X
z (x) - z00) = [ tly (v) - y(©)lat - f [T(n
0

) “(n)

(t) + T, T* (t)lat
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From the expansion

&GV :
2 F.(vil; -z2/4)

7, (2) = o 1

v

I'(v+1)

we obtain for & real v > -1

UPPER BOUNDS FOR THE ERROR FUNCTIONS IN TERMS OF THE TAU

COLET
2
l5,®1 =t
He.nce for 0 < x _%_l
e @3
ol < —=—— + [o,0] 5
I‘(g) re)
(%_)-2/3 (%)2/3
lorear| < = o] 3
P('é‘ P('3')
[« 0)] < —5 2 — = 2|w|
P(E)P(E)
I g—K(X,t)l < —2 = é-‘w(o)[
at = 1.2 2
2I‘(3‘)I‘('5)
2 .
§_2K(x,t) < 2|w(o)]
dat :
3wt (1) 1
Hyn—y[[ < Img |T.n I vhere m,™" = 5= [1.5 +
i=1 *
(1 1 L L _ 1
m = el TS My somen B
2 @ 2 @ 1
||zn - Z” o2 iil m, Iril where m, = m, + Dy
(2) _ _(1) 1 . (2) _ (1)
my =my  tomen ¢ M3 T M3

110,



111.

Hence we find, for n=3 , the following upper bounds for the

error functions:

lly, - ¥l < .01323 ;  lzg -zl < .02415

For this value of n, these bounds compare Tavourably with the

standard Tau method solution +to this problem adopted in E56}.
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SINULTANEQUS APPROXINMATION OF A FUNCTION AlID ITS DERIVATIVE

WITH THE TAU METHOD, PART 1IJI

IN'KRUDUCTION : LEGENDRE PERTURBATIONS AND RATIONAL APPROXIMATIONS

It has been found in practice, see [21] and [57], that the Tau approximations

generated with a Legendre perturbation P_, have the advantage that they

n?
provide more accurate cnd-point estimations than those generated with a
Chebyshev perturbation Tn . This feature is of consequence in designing a
suitable step~by-step Tau solution of a problem over a segmented range, see
[57] for a detailed.description,

A heuristic proof to justify the use of Legendre perturbations was first given
by Lanczos in 1962 and is to bé found in [h}].

It was based on the approximation by the Tau method of the Greens function
G(x,t) associated with the differential operator at x = 1.

We further support this view in the sequel by arguing on the following lines.

X
Suppose we write y - Yy, = €&, = T(n) f Pn(t) G(x,t) dt,
o

Now by Rodrigues’ definition of the Legendre Polynomial shifted to EO,%]

1) ()
Pn(t) = :HT w (t) where w = tn(l - t)n
, i ovive o o @ gy L @) oy L
the superscript (n) denotes the n~th derivative and w ) = w (1) =0

for i=0, 1, ..., n~-1.

Hence by performing repeated integration by parts, we can reduce the integral,
o
in the expression for eﬁ(l), to the integral of a smooth function Y G(x,t)

at

against w(t) which behaves increasingly like a delta function as n increases.
Consequently the error function diminishes rapidly with n and precise bounds

: n
can be found depending on 52; G(x,t).
t
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Luke (see [4?] Chapter X and also lél]) extended the error analysis of

the Tau solution of the simple differential equation

y'-y = 0 withy@©) =1
Lo.the solution of
y ' =y = 1 (@8 Q) (1)
=1,

on [O,Y]with yn(O)

¢ (@,8) (¢) is a shifted Jacobi polynomial on [0,1] which has the hyper-

n

geometric form

2 Fl ( T m, mt A t) where ) =g + g8 + 1
g +1
('-%' —%) 'n %
We note that ¢ (t) =_ (-1 Tn (t)
while ¢n(°’°) © = DY ().

For a given value of y, the solution of (1) is a polynomial of degree n in
x/y. When the initial conditions are accounted for, the solution y, takes the
form of a rational function. If x is now set equal to Y, then y, can be

expressed as the quotient of two polynomials of degree n in x (see [;3] p. 195).

By this means a rational approximation for exp(x) was obtained with little more

effort than before and yet with considerably improved accuracy,

In the foregoing we extend these ideas to a particular simple second-order
linear differential equation to obtain approximations to both the function and its
derivative and which basically are the quotient of two polynomials of degree n

in xz,
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3.2, THE PROBLEM AND ITS SOLUTION USING THE GREENS FUNCTIUN

Let us consider the second order differential equation

y'(x) +yx = 0, xe [p,ll

with the initial conditions y(0) =1, y'(0) = 0 vhich we write as the system

~d
1 —_ y 0
dx
= (2)
d
E:TC- 1 Z Lo

with the conditions y(0) = 1, z(0) = O.

We now look for an approximate solution of the system (2) in the interval
[b,f], Y ¢ 1, by means of the Tau method. We shall use as a perturbation term
for y, and z,» the Legendre polynomials P _(x/Y) defined in the interval

[b,f]. Thus [yn, sz is the exact solution of

1 4 y w1y )
prye n o n
- (3)
_(_}__ - (n’Y) .
- 1 z T Pn(h/Y)
The error functions for y and z are defined respectively as
e (%) =y GoY) -y ()
8§ (&y) = zn(X,Y) = z(x,Y)
¥rom (2) and (3)
12
d ; = ny) (n,y) _d _
o2 e (7)) + e (%) T P G/v) o+ Ty T P&/ (4~a)
2 , = - (n’Y)_‘i r (n’Y) < —
d 6 (x,v) + & (x,v) Ty o Pa (/) + 1y P x/Y) (4-b)

dx?



115.
The solution of (4~a) in terms of its GreenS function is

x X
e Guy) = 7Y [ sinGew P, /) du s () / cos (x=u)= P_(u/Y) du

Yl ' .
= vy /[ [Tén’Y) sin(x-yt) + Tﬁn’Y)cos(x—Yt)] Pn(t) dt (5~-a)
o

Similarly,

5 (e,) = vf [ 7 o5 (x-ve) + Tf“’”sm(x—w] P (£) d (5-b)

Following Luke (Vol. 1, p. 28l), the repeated integrals of l’n(t) are

denoted by
Pn,'r(};) = 7‘;_——1- j (X“'t) Pn(t) dt
with P = Pn' It follows that
9
= . = for r=1(1)n .
. 0) Py (D 0 o (1)

Furthermore, using Rodrigues' formula, P, n(t) = (n}) (1 - t)?
: 1

Repeated integration by parts of (5-a) yields

r—-1
k+1 Y .k Y
an(x,Y) = 'lzg'( {J-r(()n’ ) sm—;?r + (n ) 0s 2] 1,k (x/Y)

[T(EnaY) sin (x +_1£27_r ) + TEH’Y) cos (x + %):I Pn,k+l(o)}

(n Y) r_; - Ye) + T(n,\r) cos (x + 5% _Yt)JPn,r(t)dt'

+
s:.n (x 1

x/ Y
AL

If y is identified with the current point x € [0,1] and r =n, we have that

1 ' .
gn(x,x) = xn+1 ! {T(()n,x) sin[n——-;r + x(l—t)] + Tgn’x)cos l’m x(1- t)] n(t) dt
1
We set ,Am,n(x) = g sin (o + x(1-t) ] t°(1-t)" at

1 1
= sin(u+ x)g cos(xt)t"(1-t)*dt - COS(«-{-X)J sin(xt)tn(l"t)ndt'



|
3.3

Since

1 .
f elxt tn(l-t)ndt

(o}

where

we have

Applying (6)

Aa’n(X)

Finally,

en(x,x)

Similarly,

iSn (x,x)

A CLOSED FORM TOR THE ERROR TERHS

116.

- /;elx/zn! Ciz)
Gt T2
. .=V v
I, (ix) = i J ¢x) = (1) J (=), (6)
/n n'-{sin(a+x) ;ix/Z I Lii) + e-ix/Z T (:iﬁ)
* n+% t 2 n+l Y 2
T T
(ix)n+f (-ix) "2
. ) ix/2 ix -ix/2 -ix, |
+ i cos{(o+x) {e In+%( %) e el R, I }
——T
L (i) RO
., % ., X
- =i ots) ix i(a+s) -ix, -
Gnti| &2 T ) e 2 Ty &)
1 T
(ix)n-!-: (-i)’.)n+2
. ' PRSI 5, i X
v [ SR 0 -0 ]
xn 2 .1 n+y n+z
yan! . ' X
—ﬁ%z sin (o + %) Jn+£6§).
x
(-l)n Y% Jn+1(§) [}én’x)sin%(nn+x) + Tin’x)cos£(nw+x)J (7-a)
2
(n,x) . (n,x) .
N R X sin} (na+x) - 7 cos} (nm+x) (7-b)
(-1)" Vmx Jn+5(2) [Tl o
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Repeated differentiation of (4—a) and alternate subtraction leads to

R R N R SR ]

+ Tfn’Y) l:Pn'(X/Y) - P;"(X/Y) + s + (_1)9 Pr(128+1) (X/Y)] (8)

where g = [n/i]. A similar expression is found for zn(x).

1f we now impose oun yn(x), zn(x) the conditions of (2) remembering that

a’ -r d"
— P _(x/Y) = Y —=P (t)
ax®t " x=0 dac* .n t=0,
- we obtain
0 0
1 = Tsn,Y) ) -1)F Y—2r PéZr)<O) . Tl(n,)') ) -1)F Y-(2r+1) P§2r+1)(0)
r= r=0
(9)
(@,1) § (_jyT y-2r (21) (1) § (21+1) | (2r+1)
= ’ - - r - n, _ r . - r r .
0 = 1 rzg( DR A O RN r=ZO(1) Y N (0).

We remark that the series expansion of Pn(t) in f0,1],

n
- n2 4, .07k Kk
Pn(t) hd k-_-o (k) (t l) t s

is the Bernstein polynomial of order k of a function £ which takes the values

£, 0= () D" for k = 0(L)n.
Thus,
n
- n Ak- k
P_(t) kzo SR
2
with P_(0) = (-1)" and
a’ , - v My AT
;;; Falt) - £e () L
t=0
+r
o (oiyntr _, Longory (—1)n (n+r)!
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Furthermore, if we set

0
(n, Y -26 6 2r _(20-
SE = 5én, ) = 2 -1) z (_1)r y r 8 2r)(o) a1
- n
r=0
0
- -(26+1 8 2r {26~
s, = sV o (T ()8 § gy 42E JR0m2rH) (12)
- n
r=0
the solution of (9) can be expressed in terms of SE’ S0 as
Y -
ré“’Y) = Sg , rgn’) = %0 (13)
Z 7
SE +Soz SE7+ 302
; 2,52 <Tgl
We shall see, in (16-c) below, that Syt 8y # 0 for 0 <rgl .
Consequently, T gn,Y) y T gan) are both well defincd in that range.
Error Bounds in the Range O < v § 1
Taking into account (10) we obtain for (11)
g = (_1)n/2 -n u§2(_1)r [2(-0)]} 4T
E L 20 (=2r)! (2r).
Thus
2 n/2 n 2 y
Y v (-1) n! Y _ 3y Y
=% * Tes0 (Zn) ! e < lTog t o3 (14)
i
From(12) s (_1)n/2 Y—n—lnf“ (-l)r+1 (2n = 2r + 1)! y2r
0 21 (n - 2r+1)!12r - 1!
and 3 _yR/2 o, 3
y-L oL m Y o oy o X (15)
24 (2n)! 0 42

For the range O < y g1, (14) - (15) give us the following bounds for

SE and bo rounded to 6D:
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_30/2 _, in
675395 < X 1)(2n)?' s, < 1.000000 (16-a)
_y/2 4
.000000 < ¢ 1)(2n)?' ! 5o < 0.488095 (16-b)
aéd
0.766667 < oy |? s.245 ) < 1.238237 (16~
* (2n)! E "0 * c)

We can now reconsider (7-a) and (7-b).

Since n/2
(-l)n/2 T(n,Y) < max £:£J7-
, © 0<¥sl sé“’ )

we derive, on applying (16-2) = (16-c), the following bounds on the interval
0 <xg1l:

_1y0n/2 Cn) 1y (n,Y) . x (n,Y) X
0 < (1) Y“ﬂT_ L sin 3 + T, cos < 1,1842

) t
~1.142080 < (-1)™/? ,E—Zﬁ)T- [rf“ﬂ) sin ¥ - t{™7) cos%:] < -0,315340.

Furthermore, since

n!

J _(ED/H
___111; 2 m [l + (_)(}:2)]

]
n+i
x ?

we obtain for n even, n > 4 and 0 < x &1

] ] .
0 (ntl): (gn). e (x,x) < 1,1842 x2n41 [1 + O(XZ)]
n
_ (nl)
- ! ' .
L2l P s o] <UL oy < -0031534 50 140 (3]

(!)?
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ERROR BOUNDS AT THE END POINT OF TIE INTERVAL [0,1]

We now come back to consider the problem of the error at the matching
points of our segmented Tau approximation. For Y= 1 and taking the

case n = 4 for our upper bound, we derive from (14) and (15)

A

(- 1)1'1/2 '
(2n).

0,875595 s(n,l) < 0.893452
L

/2
_ DY ! _(n,1) < 0.488095
0.479166 < "—"Cﬁi)' S

[ngéf- <Fi“ 11 [én 1“ ) < 1.036492

and

A

0.996266

hence

0,462295 <

n/ |
(—1)__§ggg Tfn,l) < 0.489924

n!

d
an T(n,l)

1.793902 < '%E”TT < 1.864598
T H
1

(n,1)
Erom'(7-a) 2 e (1,1) (= 1)n/2 +|( )“ﬁ T(n l)tT(E—TT sin(}) + cos(%;]

which yields, on applying the above bounds,

(2n+1)! (Zn)
(n-)

(1 - —=—=) 0.80329 < - € (1,1) < 0.86791

16 11

(n,1)

From (7-b): 6_(1,1) = -1)™/2

from which we find

2n+l) ! (2n)!
(h?

-0,56679 <

Jn+;(§)¢% Tgn'l) sin(3) - {%;fTT cos(%)]
2 l » S

6, (LL,L) < -0.50615 ( -

120,

—2_
16x11
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WORKED EXAMPLE
We consider first the end point estimation for the case when the interval

of approximation is p,~g]. lie make use of the tabulated values of

e

. _ o : : X
Jn(x) = T n+|(x) to be found in Ll] and replace /ux Jn+£(2) by

X jn(g) in (7-a) and (7-b). tence for n even,

I I L e NIA
s (2, Iy = (-1 )“/2 TT (___) (n 7/8) cos I 4 CHsn/8) . ]
n* 8 * 8 5716 T sln 16 |

We employ the half angle formula

- T .
nem . /_1_+ cos () +1950903200
T6 ———— 7 1 307852807

n(TB) was determined by a ilnlLe difference interpolation formula based on

the pOil’ItS Xr = O, ul, .2, .3, 01}0

T(n,m’S) Tgn,n/a)

o , were determined directly from equation (13).

The results are compared with the nodal error at % for the function and its

derivative in the standard two t—-term Legendre perturbation obtained in [57]

. s .S .
and designated € 6n respectively

. : S
T T ] € $ €.
n n n 1

-1.252 E-5 [-2,491 E-3 |2.5631394k~3 4,918E-5 |-1.187k-4 | 9.463L-4 | -1,

1.384540k-5 | 2,754034E~6 [1.56997 E-6| 3.33E-12 |-8.04E~12 | 2.719k-9| 5.

65
n

753E-4

321E-10
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To evaluate, for example, y, and z,, we proceed as follows,

6t2 - 6t + 1 we derive

Yrom P z(t)

(2,v) _ 4, .12 (2,7 _b

Hence from (8) and (13) we obtain, after scaling

144 -~ 60x2 + xb
144 + 12x2 + xk

yz(xz, x2)

x (144 = 12x2)
Tht + 12x2 + x4

zz(xz, x2)

"CONCLUDING REMARKS

¥or higher values of n, one nced not determine explicitly the rational

(n,x)
E

expressions for y, and z, . It is more economical to use the terms § and

(n, %) as follows,

bo -

From our knowledge of Legendre polynomials on [—1, 1] in particular,

P (-x) = -1)" P (x) and
Pn'(x) = (2n - 1) Pn_l(x) + (2n -~ 5) Pn_3(x) oo, 0 = 1,2,...
we obtain b7 -1 = ™R @) ks o0

hence using the same symbol for the Legendre polynomial shifted to [0,£I

(k) ek LK)
PT) = (D) LN CY k2 O
Thus recalling (11) and (12)
6 .
D R 2N DU S DL and
r=0 n

6 .
D D N R D



Inserting these expressions into (8) and employing (13)

7,62, x2)

and similarly

.2 2
Z2 (X X
G2, %)

‘(H,X) - N¢ y X )
n {[sh' ]2 B’on h]z}

[Sén’x)] 2 4 [Sén,x)]z

"

(-1)

D™ 2 s gl

ol s

We can make the following observations.

E

S. and SO require together O(n) multiplications for their evaluation at

123,

U = x2. hence this is the order of multiplications to evaluata both yﬁ and

z at U = x2 as opposed to the direct method requiring 0(3n).

We further observe that our solution satisfies yr-l2 + z

2
n

The same technique, used along the lines of Partllcan be extended to nore

general cases, to provide casily computed approximations foxr both the function

and its derivative, with appropriate error bounds.
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