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Investigation of ultrasonic backscatter using three-dimensional
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Theoretical models are commonly used to describe ultrasonic backscattering in polycrystalline
materials. However, although a full multiple scattering formalism has been derived, due to the diffi-
culty in evaluation, currently only the single and double scattering effects have been evaluated.
Three-dimensional finite element (3D FE) models have recently been demonstrated to be capable
of predicting ultrasonic attenuation in polycrystalline materials and thereby show great potential in
overcoming this limitation. In this paper, the application of 3D FE models is extended to the back-
scatter problem. First, longitudinal-to-longitudinal backscattering amplitudes from single grains are
predicted, where the setup and configuration of the finite element (FE) model are verified with an
isotropic spherical inclusion for which an exact solution is available. Subsequently, backscatter in
terms of the root-mean-square noise levels in two different pulse-echo scenarios is investigated; the
first is an idealised configuration with plane wave transmission and point reception; the second rep-
resents a more realistic finite-size transducer acting with the same apodization in both transmission
and reception. Comparisons of FE predictions and approximate theoretical solutions within a range
of validity show good agreement; however, the results demonstrate that 3D FE is useful where the
simple Independent Scatterer models break down. As computing power increases, 3D FE is an
increasingly viable tool to further the understanding of wave propagation in polycrystalline materials.
© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative

Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
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I. INTRODUCTION

Ultrasound locates and characterises defects in a mate-
rial by the scattering of waves from the defects, which is
shown as echoes in the received signals. Similarly, the ultra-
sound waves can also be scattered from the grain/colony
boundaries in polycrystalline materials due to the acoustic
impedance contrast caused by different alignments of princi-
pal axes of the grains/colonies (Mech et al., 1977). The grain
boundary scattering causes two phenomena: attenuation of
the coherent waves and microstructural noise. Good under-
standing of the two phenomena is important for Non-
Destructive Evaluation (NDE) inspection and material
characterisation of polycrystalline materials. The first phe-
nomenon, scattering induced attenuation has been widely
researched (Stanke, 1985; Stanke and Kino, 1984; Yang and
Rokhlin, 2012) and in recent years, various approaches, e.g.,
Weaver (1990), and extensions to more complicated micro-
structures (Ahmed and Thompson, 1996; Turner, 1999;
Yang et al., 2011; Yang and Rokhlin, 2013) have been inves-
tigated. In addition to the theoretical models, the finite ele-
ment method has been proposed as an approach for the study
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of attenuation (Chassignole et al., 2009; Feuilly et al., 2009).
Our group has achieved the first realistic three-dimensional
(3D) simulation of wave propagation in polycrystals with a
highly efficient GPU based solver POGO (Huthwaite, 2014),
with which scattering induced attenuation in different
regimes has been predicted. Systematic studies on various
ingredients of the simulations, such as the meshing, the rep-
resentation of grains, the description of grain statistics, ran-
domising of crystal orientations, understanding of choices of
boundary conditions and verification of correct propagation
in anisotropic crystals, have been carried out and reported in
several preceding papers (Van Pamel et al., 2015; Van
Pamel et al., 2016; Van Pamel et al., 2018; Van Pamel et al.,
2017). Recently, another group has also achieved realistic
3D simulations with a commercial finite element (FE) soft-
ware PZFLEX, a study on the influence of grain morphology
on attenuation in polycrystalline materials being carried out
(Ryzy et al., 2018).

Backscattered ultrasonic grain noise, another phenome-
non caused by the scattering, has also attracted much interest
in the past decades. The Independent Scatterer Model (ISM),
which predicts absolute noise levels, was developed and val-
idated with experiments (Margetan et al., 1991; Margetan
et al., 1994). This model accounts for system effects by
adopting the Thompson and Gray (1983) model and for the
material by a characteristic material parameter, termed the

©Author(s) 2019.
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figure of merit (FOM). The FOM is identical to the square
root of the backscattering coefficient used in Rose (1991,
1992, 1993), which relates the backscattered ultrasonic noise
to the microstructure and has been experimentally validated
(Thompson et al., 1992). More recently, another theoretical
model of single scattering response in polycrystalline materi-
als for longitudinal-to-longitudinal (L-L) scattering was
evaluated (Ghoshal et al., 2007), being able to capture the
overall behaviour observed in Margetan et al. (1991). The
model was then extended to include ultrasonic wave propa-
gation through a fluid-solid interface and experimentally val-
idated (Ghoshal and Turner, 2010). Following a similar
formalism, models describing longitudinal-to-transverse
scattering (Hu et al., 2013) and transverse-to-transverse scat-
tering (Hu and Turner, 2017) have been developed. Based on
these models, research has been carried out to study materi-
als with more complicated microstructures (Arguelles et al.,
2016; Han and Thompson, 1997; Lobkis et al., 2012; Yang
and Rokhlin, 2013).

Most of the noise models established in these studies are
based on a single scattering assumption, which assumes the
reflection from one grain is not affected by other grains. This
assumption limits the validity of the models to weakly scat-
tering regimes because the interaction between grains is not
negligible if the scattering is high (Margetan et al., 2005).
To estimate the range of the validity, based on a multiple
scattering framework (Ghoshal et al., 2007), the double scat-
tering effect has been derived and evaluated in Hu and
Turner (2015), the results of which allow the uncertainty of
the single scattering approximation to be determined and
show the potential of solving highly scattering problems.
However, significant difficulties remain to develop a theoret-
ical ultrasonic backscattering model which includes the full
multiple scattering events. Apart from the theoretical meth-
ods, FE modelling is an alternative approach to study the
noise behaviour. Unlike the theoretical models, the FE
modelling is capable of solving the scattering problem with-
out major simplifying assumptions, which makes it a promis-
ing tool to give an accurate prediction of grain noise in both
weakly and highly scattering regimes. Until recently, com-
putational costs have limited FE simulations to two-
dimensional (2D) (Bai et al., 2018; Ghoshal and Turner,
2009). Even though it has shown that some representative
features of the 3D ultrasonic scattering can be captured by
the 2D model, 3D simulation remains necessary to investi-
gate the grain noise behaviour due to the inherent 3D nature
of the physical phenomenon.

Section B Section A

Section A
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Plane wave excitation
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Symmetry boundary condition

The recent 3D simulations have predicted realistic atten-
uation and wave speed dispersion (Van Pamel et al., 2015;
Van Pamel et al., 2016; Van Pamel et al., 2018; Van Pamel
et al., 2017), but have not yet been used for backscatter. This
paper makes use of this proven capability to a new and
important application: realistic 3D simulations of backscat-
ter. Initially, a FE model which considers the scattering
response from grains on an individual basis is developed and
the measured backscattering amplitudes are compared to the
theoretical predictions of the established theories. Then a FE
model with the entire aggregate of grains is considered with
two transmit-receive configurations, one with a plane wave
excitation and incoherent average of the received signals and
another one with a finite transducer and coherent average of
the received signals. The root-mean-square (rms) noise lev-
els of both configurations are compared with the theoretical
solutions developed following the derivation of the ISM in
Margetan et al. (1993). The contribution of shear waves and
multiple scattering and the effect of the coherent attenuation
on the grain noise are discussed.

Il. PREDICTION OF BACKSCATTERING AMPLITUDE
FROM SINGLE INCLUSIONS IN AN ISOTROPIC HOST
MATERIAL

Before using the three-dimensional finite element (3D
FE) approach to study the grain noise, which is a result of
the scattering from an aggregate of grains, it is important to
show that this approach can accurately predict the scattering
response from a single grain. The theoretical models to
describe the L-L scattering of a plane wave by an inclusion
in an isotropic host material have been well established; for
example, the exact solution for an isotropic spherical inclu-
sion has been given in Ying and Truell (1956), and a more
general solution applicable to a small weakly-scattering
inclusion, shown in Gubernatis et al. (1977) and Schmerr
and Song (2007) has been developed based on the Born
approximation. This enables the implementation of the FE
model for this study to be verified on a known problem for
which an established analytical solution is available.

To measure the L-L backscattering amplitude, a “single-
grain” FE model, shown in Fig. 1 is developed. This model
has dimensions of 10 x 10 x 35mm® and contains 85 x 10°
degrees of freedom. It is meshed with uniform hexahedral
elements and the inclusion, located on the central axis, is
modelled by the aggregate of elements whose material prop-
erties are different from those of the medium. The medium
made from an isotropic material, of which the Young’s

Section B

FIG. 1. (Color online) “Single-grain”
model (10 x 10 x 35mm>): an inclu-
sion located at the central axis along
the excitation direction in an isotropic
7 host material is subject to a plane wave
excitation. A point receiver used to
capture the first backscattered longitu-
dinal reflection from the inclusion is
located on the central axis.

D Inclusion
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modulus, Poisson’s ratio and density are 214 GPa, 0.3 and
8000 kg/m3, respectively, will be used in all the cases dis-
cussed in this section. Symmetry boundary conditions are
used on the model surfaces parallel to the z-axis, which mir-
ror the model on the boundaries so effectively generate an
infinitely wide model with repeating grain structures. All the
nodes on one of the model surfaces in the x—y plane, which
is indicated by the blue arrows in Fig. 1, are used as trans-
mitters, with which a plane wave propagating in the z-direc-
tion is effectively generated. The centre frequency of the
excitation considered in this section is in the range from 2 to
6 MHz. As the longitudinal velocity of the host material is
6000 m/s, compromising between accuracy and efficiency
(Drozdz, 2008), the element edge length is set as 0.05 mm,
so there are at least 20 elements per wavelength. A point
receiver located on the central axis is used to capture the first
backscattered longitudinal reflection from the inclusion.

When calculating the backscattering amplitude, apart
from the amplitude of the reflection from the inclusion, the
amplitude of the incident wave illuminating the inclusion is
also needed. In addition, as the reflection from the inclusion
is relatively small in the following cases, the noise caused by
numerical error cannot be ignored. Therefore, another FE
model, which is referred to as the reference model, is devel-
oped with the same properties and dimensions but without
the inclusion. Two point receivers, one at the same location
as the centre of the inclusion in the “single-grain” model and
the other at the same location as that of the receiver in the
“single-grain” model, are used to capture the incident wave
arriving at the position of the inclusion and a reference sig-
nal which can be used to remove the numerical error from
the raw signal obtained with the “single-grain” model,
thereby revealing a clear reflection from the inclusion.

We begin with a simple case, an isotropic spherical
inclusion, and then consider more complicated cases, such as
an inclusion with anisotropic material properties or an irreg-
ular shape. It is assumed that in all cases, there is no varia-
tion in density from the inclusion to the medium, in which
case the L-L scattering amplitude in the Born approximation
can be written as (Rose, 1992)

B ACW
4mpv?

Jy(y)u?,,-ui,, dv, (1)

where AC;;, denotes the difference between the elastic con-
stants of the inclusion and the medium; i, j, k, [ indicate the
directions of the 1-2-3 coordinate system; p is the density; v

w
n

is the longitudinal wave speed of the host material; V is the
volume of the inclusion; y(y) is defined to be unity if y is
inside of the inclusion and zero otherwise; u’ is the incident
displacement field; repeated subscripts indicate summation,
while subscripts following commas indicate derivatives.

If the excitation signal is assumed to be a unit harmonic
plane wave propagating in the z-direction, which can be
expressed as u’ = [0,0, e*] in the x—y—z coordinate system
(corresponding to the 1-2-3 system), Eq. (1) can be written as

KA
A C3333

. 2jkz
dpr? J p(y)e ™ dv, 2

where ACz333, which will be written as ACzs in the follow-
ing text, denotes the difference between the 3333 elastic con-
stant of the inclusion and the medium.

A. A spherical inclusion

In this section, the backscattering amplitude from an
isotropic spherical inclusion under a 4 MHz plane wave exci-
tation is predicted. The radius of the inclusion is 0.31 mm,
i.e., 0.24. The Young’s modulus, Poisson’s ratio, and density
of the inclusion are 223 GPa, 0.3, 8000 kg/m>, respectively.
The relatively small impedance difference (2%) between the
inclusion and the medium is to ensure the validity of the
Born approximation, and therefore the accuracy of the theo-
retical prediction based on that.

By dividing the frequency response of the reflection from
the inclusion by that of the incident wave arriving at the inclu-
sion and multiplying it by the distance to account for the spheri-
cal divergence of the scattered field, the FE backscattering
amplitude can be obtained (Schmerr and Song, 2007). This result
is plotted as the red dots in Fig. 2(a), along with the prediction of
the theoretical solution based on the Born approximation, shown
as the blue curve, and that of the exact solution (Ying and Truell,
1956), shown as the purple curve. The x axis shows the product
of the wave number, denoted by &, and the radius of the inclu-
sion, denoted by b (b is constant at 0.31 mm in Fig. 2). Good
agreement between the three predictions can be seen, verifying
the FE simulation for the scattering from an isotropic spherical
inclusion. As the staircase mesh approach is relatively slow to
converge (Drozdz, 2008), discrepancies can be seen at relatively
high kb. (There are 24 elements per wavelength at the highest
frequency in the range covered in the FE simulation.)

As cubic single-crystal symmetry is considered in this
study, it is of great importance to verify the FE simulation for

w
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FIG. 2. (Color online) Comparison of
FE and theoretical backscattering
amplitudes of a spherical inclusion
with (a) an isotropic material and (b) a
cubic material with a Zener anisotropy
factor [A,=2C4/(Cy; — C12)] (Lau
and McCurdy, 1998) of 1.4. One hun-
dred random orientations for the cubic
material are considered. The rms of the
100 FE results are plotted as red dots
in (b) and the error bars show their
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the scattering from an inclusion with this symmetry. Therefore,
we will consider the same spherical inclusion under the same
excitation but with a cubic material, of which the Voigt aver-
ages are the host material properties given in the beginning of
Sec. II. Density and Poisson’s ratio are the same as those of the
isotropic inclusion, while the elastic constants Cy;, Cy,, and
Cyy are 266.7, 134.1, and 92.9 GPa, respectively. One hundred
realisations with random crystallographic orientations of the
inclusion are run and the rms of the 100 backscattering ampli-
tudes is shown as the red dots in Fig. 2(b), along with the error
bars showing their standard deviation.

The theoretical prediction of the rms backscattering ampli-
tude of the inclusion with random crystallographic orientations
can be calculated using Eq. (2), where ACs; is replaced by

(AC3;), which is the rms difference between the 3333 elas-
tic constant of the inclusion, averaged over all grain orienta-
tions, and that of the medium. The expression of (AC3;) for a
cubic material is given by Margetan et al. (1993)

16(Cyy — Ci2 — 2C44)2
AC2,) = .
(AC33) 525 3

The theoretically predicted rms backscattering amplitude
is plotted as the blue curve in Fig. 2(b), from which good agree-
ment between the FE and theoretical predictions can be seen. A
relatively large standard deviation can be seen in the FE results,
which shows that the crystallographic orientation of a grain has
significant influence on its backscattering amplitude.

B. An irregular shaped inclusion

So far, the implementation of the 3D FE model has been
verified for the scattering from a spherical inclusion. However,
the shape of a real grain is usually far more irregular than a
sphere. Therefore, we consider an inclusion with an irregular
shape, which is more representative of a real grain.

In order to get an inclusion with a representative shape
of a real grain, a FE model with an aggregate of grains,
which will be referred to as a “multi-grain” model, is gener-
ated using Voronoi tessellation (Quey et al., 2011). This
“multi-grain” model has the same size as the ‘“single-grain”
model and contains 28 000 grains with an average linear
dimension of 0.34mm (the averaged grain volume is
0.125 mm3). Structured meshes, which have been shown to
perform well with sufficiently fine discretisation in model-
ling a grained material (Van Pamel et al., 2015), are used
here. The element size (element edge length) needs to meet

x1073 %107

T<;z

FIG. 3. (Color online) An irregular shaped inclusion modelled with uniform
hexahedral elements with an edge length of 0.05 mm.

two requirements, at least ten elements per wavelength
(Smith, 1975), and at least ten elements per cubic root of the
averaged grain volume (Van Pamel et al., 2015). From the
model parameters given above, it can be seen that the ele-
ment size adopted here is restricted by the latter requirement
and therefore, it is set to be 0.05mm. (As all the “multi-
grain” models used in this paper have the same mean grain
size, the same element type and size will be adopted in their
discretisations.) Using the same discretisation in the “multi-
grain” model and the “single-grain” model enables a grain in
the “multi-grain” model to be “moved” to the “single-grain”
model to represent an inclusion, as shown below.

Then a grain, of which the FE model is shown in Fig. 3,
is randomly picked from the “multi-grain” model. Its geome-
try is used to model the inclusion, replacing the spherical
one, in the “single-grain” model. Similarly, we first consider
the inclusion with an isotropic material and then a cubic
material. The results are shown in Fig. 4, where the x axis
shows the product of the wave number k and half of the aver-
age linear dimension of the grains in the “multi-grain”
model, denoted by b (b is constant at 0.17 mm in Fig. 4). A 4
MHz excitation is used in the FE simulations for the isotro-
pic inclusion and two centre frequencies, 2 and 4 MHz, are
used in the FE simulations for the inclusion with cubic sym-
metry in order to cover a large range of kb. Good agreement
between the FE and theoretical predictions can be seen for
both the isotropic and cubic inclusions. Similar to Fig. 2(b),
a large standard deviation can be seen in the FE results,
showing the significant influence of the crystallographic ori-
entation of a grain on its backscattering amplitude. As the
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FIG. 4. (Color online) Comparison of
FE and theoretical backscattering ampli-
tudes of an irregular inclusion with (a)
an isotropic material and (b) a cubic
material with a Zener anisotropy factor
of 1.4. One hundred random orientations
for the cubic material are considered.
The rms of the 100 FE results are plotted
as red dots in (b) and the error bars
show their standard deviation. Two cen-
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aim of the comparison is to verify the implementation of the
FE model, the material properties of the inclusion and host
material are set to ensure a small difference between the
impedance of the inclusion (averaged over all orientations)
and that of the host material, and hence the validity of the
Born approximation. This is the precondition of good agree-
ment seen in Fig. 4. There is no doubt that the Born approxi-
mation would break down if the impedance contrast was
larger, in which case a discrepancy between the FE and theo-
retical prediction would be expected.

C. rms backscattering amplitude of single inclusions
with random shapes and material orientations

Up to now, it has been shown that the FE implementa-
tion correctly calculates the backscattering of a single grain
with an isotropic or a cubic material in a homogeneous iso-
tropic host, for a case that is within the validity of the Born
approximation. In this section, a further test will be carried
out to assess whether it can give an accurate statistical pre-
diction of the rms backscattering amplitude of single random
shaped inclusions.

The theoretical prediction of the rms backscattering
amplitude of single grains, which can be regarded as random
shaped inclusions, can be written as (Margetan et al., 1993;
Rose, 1992, 1993)

2,3 2 00
%J Lsin (4nfL>w(L)dL
Arms = . N ; 4)

where n, is the grain density; f is the frequency; p is the den-
sity; v is the Voigt averaged longitudinal velocity, for cubic
symmetry which is given by

5p ®)

- \/3C11 +2C1p +4Cyy
- )
w(L) is the two point correlation function, which shows the
probability that two arbitrarily placed points a distance L
apart in the specimen are located in the same grain, assuming
the model is statistically isotropic and homogeneous. Here,
w(L) is obtained by fitting a 4-exponential series to the real
correlation function obtained from the “multi-grain” model
(Van Pamel et al., 2018).

To predict the rms backscattering amplitude with FE
simulations, a number of inclusions which are representative
of real grains are needed. The same “multi-grain” model,
which is made from the same cubic material used in Secs.
IT A and IIB, with different orientations to different grains,
is used here to provide the geometry and material informa-
tion for inclusion in the “single-grain” model. Five hundred
grains are randomly picked from the “multi-grain” model.
For each of them, the geometry and material information are
used to define the inclusion, which is at the central axis in
the “single-grain” model, as shown in Fig. 1, and the back-
scattering amplitude from it is calculated.

1588  J. Acoust. Soc. Am. 145 (3), March 2019
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FIG. 5. (Color online) Comparison of FE and theoretical rms backscattering
amplitudes of single random shaped grains with a cubic material whose
Zener anisotropy factor is 1.4. Five hundred random grains with random ori-
entations for the cubic material are considered as the inclusion at the central
axis in the “single-grain” model. The rms of the 500 FE results are plotted
as red dots and the error bars show their standard deviation. Two centre fre-
quencies, 3 and 6 MHz, are used in the FE simulations.

Figure 5 shows the comparison of the FE and theoretical
predictions, where the x axis shows the product of the wave
number k and half of the average linear dimension of the
grains in the “multi-grain” model, denoted by b (b is con-
stant at 0.17 mm in Fig. 5). The FE predicted rms backscat-
tering amplitude is plotted as the red dots and their standard
deviation is shown with the error bars. Two centre frequen-
cies, 3 and 6 MHz, are used in the FE simulations in order to
cover a large range of kb, therefore there are two sections of
the FE results. The theoretical prediction calculated using
Eq. (4) is plotted as the blue curve. The good agreement
between the FE and theoretical predictions shows that the
implementation of the 3D FE model for the scattering
response from single grains is correct and therefore it has
strong potential to predict grain noise, as discussed in Secs.
IIT and IV. Discrepancies up to 10% can be seen in the FE
results compared to the ISM predictions. A possible reason
for this difference is that 500 realisations are not sufficient;
however, a compromise has to be made between the accu-
racy and computational time.

lll. PREDICTION OF GRAIN NOISE MEASURED WITH
PLANE WAVE EXCITATION AND POINT RECEIVERS

In this section, the grain noise generated with plane
wave excitation will be investigated. A theoretical model
will be developed following the derivation of the ISM in
Margetan et al. (1993) and the noise predicted by the model
will be compared with that given by the 3D FE approach
verified in Sec. II. The capability of 3D FE to model the
physics of wave scattering in polycrystals has been proved in
recent FE modelling papers (Van Pamel et al., 2015; Van
Pamel et al., 2016; Van Pamel et al., 2018; Van Pamel et al.,
2017) and this paper introduces a new application of it to the
backscatter problem. Therefore, the adaptation of the ISM to
the case studied in this paper and comparing the FE result
with this theoretical prediction was done to verify the imple-
mentation of the FE model, rather than to validate the FE

Liu et al.



approach. Although the ISM is not the up-to-date model in
this field, it is simple and has been experimentally validated
to give accurate noise prediction within the range of validity,
so it is used here; it is clear that the FE results will depart
from the analytical solution at lower kb values than from the
double scatterer model, but since the aim was to check the
implementation rather than repeat the model validation of
Van Pamel er al. (2015), Van Pamel er al. (2016), Van
Pamel et al. (2018), and Van Pamel er al. (2017), this was
deemed sufficient.

We will start with the development of the adapted theo-
retical model. The assumptions adopted during the deriva-
tion are:

(1) Only longitudinal-to-longitudinal wave scattering is
considered.

(2) There is no multiple scattering phenomenon, i.e., the
reflection from one grain is not affected by other grains.

(3) Total grain noise is the incoherent sum of the reflections
from single grains, i.e., the phases of the individual
reflections are not correlated.

(4) No attenuation is considered, which is a direct conse-
quence of assumption 2 above that stipulates that the
reflection from one grain is not affected by other grains.
This is different from the ISM (Margetan et al., 1993),
which included attenuation in the derivation.

(5) As the configuration with a plane wave excitation and
point receivers is adopted, considering the duration of
the excitation pulse, the reflections arriving at a given
time instant are from the grains in between two parabo-
loid surfaces. Here for computational convenience, the
surfaces are only approximated as hemispherical surfa-
ces, i.e., the grains contributing to the grain noise at a
given time instant are located in between two hemispher-
ical surfaces. As a result of this approximation, the
Nrwms(?) calculated in Eq. (15) is actually independent of
time ¢.

(6) Only the normal component of the received displace-
ment contributes to the received signal. This assumption
is made to enable a direct comparison with the FE result,
which is also captured in the backward direction.

(7) The directionality of the scattering from the grain within
the narrow receiving angle of the transducer is neglected.

In connection with assumption 4 above, we should point
out that studies (Margetan et al., 1993; Nagy and Adler,
1988; Nagy et al., 1987) have found that the attenuation
coefficient determined by the decay of grain noise is signifi-
cantly less than that determined by coherent frontwall and
backwall signals. A modified attenuation coefficient
weighted by a forward-scattering factor was introduced by
Weaver (1990) that accounts for the reduced attenuation
observed in the early part of incoherent grain backscattering
and recent analytical models treat this reduced attenuation as
a fitting parameter. However, as our purpose was to demon-
strate that the FE simulation results asymptotically approach
the theoretical predictions in the weak scattering approxima-
tion where scattering induced attenuation is weak, ignoring
this attenuation is reasonable. Furthermore, in some cases
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shown in Margetan et al. (1993), the attenuation coefficients
deduced by the depth dependence of the grain noise are close
to zero, which also indicates that it is reasonable to adopt
this assumption in our theoretical model.

There is no surprise that if the assumptions break down,
a discrepancy will be seen. However, observing the discrep-
ancy and understanding the reason for it is still helpful to
have a good understanding of the FE result.

Consider a 3D model with an infinite width. The points
on one of the model surfaces, referred to as the transmitting
and receiving plane in Fig. 6, are used to transmit a plane
wave excitation into the model (in the normal direction) and
receive the reflected signals. According to assumption 3, we
first calculate the reflection received by a point receiver from
a single grain in the model and then sum the reflections from
all the grains to obtain the total grain noise observed at the
receiver. Finally, the rms of the noise received at different
point receivers is discussed.

Assume all the transmitters are excited by a toneburst

uo(t) = E(t)e”, (6)

where E(?) is the envelope function of the excitation signal,
whose peak amplitude is unity, o is the angular frequency,
and ¢ is time.

Consider the reflection from a grain with an index of i.
This grain is located at (r;, 0;, ¢,) in the spherical coordinate
system. According to assumptions 6 and 7, the amplitude of
the reflection from this grain received by one of the point
receivers located at the origin can be written as

A; 0,‘ E(t — to; Jor(r—toi)
us(tv 1’,‘,9,’,%) = COS( ) ( O)e 9 (7)

i

where 7o, = 2r;/v, (according to assumption 5, where v is the
longitudinal velocity), A; is the L-L backscattering amplitude
from the grain, and the meanings of other symbols are shown
in Fig. 6. The cos function is introduced to account for the
angle of incidence of the scattered wave at the location of
the point receiver, as it is assumed that only the normal com-
ponent of the received displacement contributes to the
received signal.

4. . . .
transmitting and receiving plane ¢ | infinite direction

N\

i-th grain
>
scattered wave us _— plane wave excitation uy
)i
point recerver

—
— .

model surfaces

FIG. 6. (Color online) A schematic of a 2D section of the 3D theoretical
model used for grain noise prediction with the plane wave configuration.
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For convenience, Eq. (7) can be rewritten as
us(t,ri, 0;, ;) = Biel” =), ®)
where

Bi _ A,‘ COS(G[)E(I — Z‘(),') . (9)

ri

Under assumptions 2 and 3, the grain noise received by
the point receiver at a given time instant is the sum of the
reflections from individual grains arriving at the receiver at
that time instant (Margetan et al., 1993)

u(t) = u(t,ri, 0, ;). (10)
i=1

Compared with coherent averaging, incoherent averag-
ing enables more information of the grain noise to be shown
in the averaged signals, rather than cancelled out during the
averaging. Therefore, here, instead of the mean of the
received signals, the rms of them will be used to quantify the
grain noise level. As it is understood that the physical value
of the reflection amplitude is the real part of its complex
counterpart (Margetan et al., 1993), the normalised rms of
the noise received by multiple point receivers is defined as

Nrus (1) = 1/ (Re?(u(r))), (11)
where () denotes the average over all the point receivers on
the transmitting and receiving plane

According to Margetan et al. (1993)

NS}

Re(u(0)) = £ > (B, (12)

Substituting Eq. (9) into Eq. (12) and replacing the sum
over grains by an integral over the volume of the model

(Re2(u(1))) = 3 na A

x J J Jmﬂ sin(0)drdode,

72
13)

where t =2r/v.

According to assumption 5, the grains contributing to
the grain noise at a given time instant are located in between
two hemispherical surfaces with radii of r; and r,. This
assumption is not accurate at a large reflection angle 0.
However, due to assumption 6, the main contribution to the
noise comes from the grains located at a relatively small
reflection angle 0, which makes this simplification applica-
ble. In this case, Eq. (13) can be rewritten as

21 /2
(Re?(u(t)) = %ng‘<|A,<|2> Jo do L cos?(0)sin(0)do
X leEz(z — to)dr. (14)

1
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Substituting Eq. (14) into Eq. (11), Nrms(?) can be
expressed as

Nrws (1) = /figArms (15)

where Arms = <|A,-|2> and can be obtained using Eq. (4).
The choice of time origin in Eq. (15) is arbitrary. Here, it is
chosen as the centre of the excitation signal, which means
that ry =v(t + 1,)/2 and r, =v(t 4+ 7,)/2, where 7 is a time
coordinate which is defined to be zero at the centre of the
excitation signal and the envelope function of the excitation
signal is non-zero between 7; and t,. In this case, Eq. (15)
can be expressed as

Nrws (1) = \/ngArms (16)

From Eq. (16), it can be seen that without the attenua-
tion, the noise rms is independent of time. This is because,
although the reflection from single grains at larger depth is
smaller than their counterparts close to the receiver, the total
number of grains increases with depth, which compensates
for the decrease of the contribution from single grains.

Next, we will use the 3D FE approach to predict the nor-
malised noise rms and compare the results with the theoreti-
cal predictions. Another “multi-grain” model, which has
dimensions of 13 x 13 x 50mm? and contains 67 600 grains
(with an average linear dimension of 0.34 mm), will be used
in the FE simulations.

As shown in Fig. 7, symmetry boundary conditions,
which have been argued to be an acceptable approximation
in Van Pamel et al. (2017), are used on all the model surfa-
ces parallel to the z direction; one of the model surfaces on
the x—y plane is used as the transmitting plane, where all the
nodes are sending a 3-cycle Hann-windowed force toneburst
into the model [For a Hann window with the peak amplitude
of 1, f:f E?*(t)dr in Eq. (16) is 3(t, — 7,)/8], thereby produc-
ing a plane wave excitation propagating in the z direction;
the same nodes are also used as receivers to measure the
grain noise. For each case discussed in this section, five real-
isations with random crystallographic orientations of the
model are run. In each realisation, an incoherent average
(rms) is taken over the signals received by all the receivers.
Then the rms of the five incoherently averaged signals will
be used for discussion. This configuration represents a

symmetry boundary condition

transmitting and receiving plane

y symmetry boundary condition
FIG. 7. (Color online) Multi-grain model (13 x 13 x 50 mm?) with plane

wave excitation. Point transmitters/receivers are uniformly distributed on
the transmitting and receiving plane.
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FIG. 8. (Color online) Spatial rms of signals received by all the point
receivers. The centre frequency of the excitation is 3 MHz. Three anisotropy
factors, 1.4, 2.2, and 3.0, are discussed here. The frontwalls and backwalls
are clipped where needed to highlight the grain noise.

phase-insensitive measurement of the backscattered incoher-
ent ultrasonic field (Johnston and Miller, 1986).

Figure 8 shows the rms signals under a 3 MHz excitation.
Three cubic materials are considered. They have the same
density, Poisson’s ratio and longitudinal wave speed calcu-
lated by the Voigt approximation, as 8000kg/m>, 0.3, and
6000 m/s, respectively, but a different degree of anisotropy,
which is described by the Zener anisotropy factor A, (Lau and
McCurdy, 1998) here. The elastic constants of the materials
are listed in Table I, along with their Zener anisotropy factors,
which will be used to refer to the materials. To highlight the
grain noise, the frontwalls and backwalls are clipped in the
figure. It can be seen that a higher noise level can be observed
with a higher anisotropy factor. In addition, it is observed that
with relatively low anisotropy factors, 1.4 and 2.2, the grain
noise is independent of time, which is consistent with the the-
oretical solution, while with a relatively high anisotropy fac-
tor, 3.0, the noise decreases with time, which indicates that
scattering induced attenuation occurs. The scattering induced
attenuation is inherently a multiple scattering effect, as under
the single scattering approximation, backscattering from any
given scatterer is not affected by scattering from other scatter-
ers. However, as mentioned earlier, the theoretical model
ignores multiple scattering effects and predicts a noise level
constant with time. Therefore, the FE results received in an
early time range, from 5 to 8 us, which is less affected by the
scattering induced attenuation, will be used later for compari-
son with the theoretical predictions.

Figure 9 shows the comparison of the FE and theoretically
predicted noise rms. The centre frequency used in the FE simu-
lations is in the range from 0.6 to 3 MHz. The blue, red, and
green curves show the predictions of cubic materials with

TABLE 1. Elastic constants and anisotropy factors of the cubic materials
discussed in this section.

AZ = 2C44/(C11 - C12)

Cy (GPa) C1» (GPa) Cy4 (GPa) (Lau and McCurdy, 1998)
266.8 134.0 92.9 1.4
242.0 146.4 105.3 2.2
228.1 153.4 112.2 3.0
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FIG. 9. (Color online) Comparison of FE, theoretical noise rms, and seven-
fold theoretical noise rms. The points on the dashed lines are the rms noise
(as shown in Fig. 8) within a rectangular time window between 5 and 8 us at
different centre frequencies.

anisotropy factors of 1.4, 2.2, and 3.0. The theoretical predic-
tions are plotted as the solid curves and the FE results are
shown as dashed curves. The points on the dashed lines are the
rms noise, as shown in Fig. 8, within a rectangular time win-
dow between 5 and 8 us (to reduce multiple scattering effects,
as mentioned above) at different centre frequencies. From the
figure, a big discrepancy between the two predictions can be
seen and significantly higher backscattering is observed in the
FE predictions. After multiplying the theoretical results by
seven (the dotted line), relatively good agreement can be seen,
which shows that the FE results indicate a similar frequency
dependence to the theoretical predictions.

A possible reason for this discrepancy is the contribution
of shear waves, which is not accounted for in the theoretical
model, but is implicitly captured in the FE simulations. This
contribution can be particularly strong when the shear wave
reflection hits a point receiver at an oblique angle, as shown
in Fig. 10. It is to be expected that shear waves would be the
dominant component of the noise seen by a point receiver, as
without spatial filtering, each point receiver acts as a phase-
insensitive device that essentially measures the incident
energy (Nagy et al., 1987), and both theoretical and experi-
mental studies have shown that in the Rayleigh regime about
80% of the energy in an incident longitudinal wave is scat-
tered as shear waves (Papadakis, 1981).

As can be inferred from Fig. 10, the shear waves inci-
dent at oblique angles will be cancelled out quickly by tak-
ing a coherent average over the receiving plane, since the
phase varies rapidly over the receiver face. Figure 11 shows
the relationship between the noise rms and the edge length of
a square coherent averaging area (expressed in shear

incident plane wave  point receiver

+ /
/,D)%(

shear wave reflection

grain —|

FIG. 10. (Color online) A schematic showing how a shear wave contributes
to a signal received at a point receiver.
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FIG. 11. (Color online) Noise rms vs edge length of the square coherent
averaging area (expressed in shear wavelengths and denoted by m). Each
point on the blue curve is obtained in a similar way as that used to plot Fig.
9, except that the spatial rms is taken over the signals obtained by coherently
averaging the signals on areas with dimensions of m x m wavelength square
across the receiving plane. The red line is proportional to 1/m.

wavelengths and denoted by m). Each point on the blue curve
is obtained in a similar way as that used to plot Fig. 9, except
that the spatial rms is no longer taken over the signals
received by the point receivers, but is taken over the signals
obtained by coherently averaging the received signals on
areas with dimensions of m X m wavelength square across
the receiving plane. This simulates the signals received by a
transducer with the same dimensions at different locations
(i.e., different locations of a m x m wavelength square trans-
ducer are simulated and the rms of the signals obtained at the
different transducer locations is taken). It can be seen that the
noise rms drops rapidly after the edge length of the coherent
averaging area reaches the shear wavelength. Some of this
effect could be due to the cancellation of longitudinal waves.
However, the oblique longitudinal waves are relatively weak
as longitudinal scattering is stronger close to the normal direc-
tion, and the longitudinal waves are slower to cancel as their
wavelength is longer than the shear wavelength. Therefore,
the decrease of the noise rms is mainly due to the cancellation
of the shear waves, which indicates that oblique shear waves
are a significant contributor to the noise seen by a point
receiver and so explains the discrepancy between the FE
results and the analytical solution for L-L scattering with
point receivers, shown in Fig. 9. It can also be seen from Fig.
11 that the noise rms decreases with 1/m, as indicated by the
red line, rather than 1/./m, which is because the coherent
averaging is over a 2D surface rather than a line.

IV. PREDICTION OF GRAIN NOISE MEASURED WITH A
FINITE TRANSDUCER

Having discussed a basic configuration, in which the
grain noise is excited by a plane wave and received by indi-
vidual point receivers, in this section, we will investigate a
more practical configuration with a finite contact transducer,
and predict the grain noise that it generates and receives.
This section will follow a similar procedure to that described
in the last section. First, a theoretical model predicting the
grain noise level will be given and then the result will be
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compared with that obtained by FE, where the contribution
of shear waves and multiple scattering will be discussed.

We will start with a brief introduction of how to establish
the theoretical model using a similar procedure to that used in
Margetan et al. (1994). During the derivation, all the assump-
tions mentioned in the last section, except assumption 5, are
adopted and it is also assumed that the grains are small com-
pared to the beam diameter, in which case, the excitation inci-
dent on each grain can be regarded as a quasi-plane wave.

In Margetan et al. (1994), the Thompson and Gray
(1983) model, which was developed for rigid piston trans-
ducers, was used to calculate the reflection coefficients from
single grains. According to Schmerr and Sedov (1996), this
model can be used without any modification for apodized
transducers if the apodization is the same in transmission
and reception, which is the case that we consider in this sec-
tion. Therefore, the normalised change of the displacement
received by an apodized transducer induced by a grain
located at (x;, y;, z;) can be expressed as

2‘/2(0)73@‘7)’1‘7 Zi) A,((,U)
V2 jk(w)a?’

SFS(wvxiayi;Zi) = (17)

where a, p, v, A;, k denote transducer radius, medium den-
sity, longitudinal wave speed, backscattering amplitude of
the grain and wave number. V is the peak particle velocity at
the location of the grain. V|, is the peak velocity amplitude at
the centre of the transducer.

Assume the transducer is excited by a toneburst
So(t) = E(t)e)’. The peak amplitude of E(¢) is unity and the
Fourier transform of Sy(#) is denoted by Uy(w). The reflec-
tion signal in the frequency domain can be expressed as

OU,(w, xi, i, zi) = OLs(w,x;, yi,2i) Up(@). (18)

In the time domain, it is denoted by 8S(7 + foi, Xi, Vi, Zi)),
where ty; = 2z;/v. If we replace t + #,; with ¢ and collect all the
constants and functions, which are slowly varying with o into
a term H and evaluated at w = w,, S, can be written as

O :
SSs(tvxiv)’hZi):H(wmxh)’i;zz‘)ﬁj Uo()e!'dw

= H(wOaxiayia Zi)E([ — foi)ejwo(tit(")’

—00

(19)
where

2V2(wo, X, yi, 2i) Ai(w)

% jk(wo)a? (20)

H<w07-xiayi7zi) =

From Eq. (20), we follow a similar procedure with that used
in Margetan et al. (1994) and obtain

Nrws (1) = \/%M

VZk(wo)a?
X \/J “ [V (w0, x,,2)|E*(t — to)dxdydz.
21
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transducer
radius = 5 mm

FIG. 12. (Color online) “Multi-grain” model (13 x 13 x 20 mm>). A 5mm
radius focused transducer is outlined by the white circle. Focusing is
achieved through adding time delays to the excitation and reception of indi-
vidual nodes. A Hann-window is applied on the excitation amplitude over
the plane of the transducer to remove surface waves.

Equation (21) can be simplified by introducing

G(wo,z) = ‘ ”v“(wo,x,y, z)dxdy’. (22)
Similar to Sec. III, Eq. (21) can be rewritten as
Arms (@o)
N 1) = Mgy ———=
Rwms (1) ngv Vak(o)a
72 V(IE+1)) .
X G wO,T E*(1)dr. (23)
Tl

The G[wg, v(t + 1)/2] required in Eq. (23) can be approxi-
mated by a Gaussian model or a Gauss-Hermite model
(Margetan et al., 1993), or obtained by a FE simulation, as
discussed in the following example.

Next, an example case will be given to compare the
grain noise predicted with the theoretical model described
above and the FE approach. A focused contact transducer,
which has a radius of Smm and an actual focal length of
6 mm, is used, exciting the testpiece with a 3-cycle Hann-
windowed force toneburst, of which the centre frequency is
4 MHz. The amplitude distribution of the excitation across
the transducer surface follows a 2D Hann-window. The
cubic materials listed in Table I will be used.

As a comparison of the theoretical and FE predictions
will be carried out, the peak amplitude of the velocity excita-
tion at the centre of the transducer [V in Eq. (21)] and the

. . 3
Anisotropy factor: 1.4 50 12X 10

Anisotropy factor: 2.2

velocity field [V(wy, x, v, z) in Eq. (21)] used for theoretical
noise calculation will be measured with FE to ensure that the
same excitation and wave field are considered.

The multi-grain model used in the FE simulations is
shown in Fig. 12. The white circle outlines the focused trans-
ducer, where focusing is achieved through adding time
delays to the excitation and reception of individual nodes.
Symmetry boundary conditions are used on all the surfaces
normal to the transducer plane. For each case discussed in
this section, 50 realisations with random crystallographic
orientations of the model are run. For the sake of computa-
tional efficiency, the tessellation of the grain structure is
kept the same (Van Pamel et al., 2017). In each realisation, a
coherent average over the transducer surface is taken, simu-
lating a signal received by the transducer at one position.
Then the rms signal of the 50 averaged signals is used for
comparison with the theoretical prediction.

The FE predicted grain noise is plotted as the blue
curves in Fig. 13, along with the theoretical predictions,
shown as the red curves, and relative errors (theoretical
noise—FE noise)/theoretical noise), shown as the green
dashed curves with the right-hand y axis scale. Figure 13(a),
where the anisotropy factor is 1.4, shows very good agree-
ment. However, relatively large discrepancies can be seen in
Figs. 13(b) and 13(c) with anisotropy factors of 2.2 and 3.0,
where the peaks caused by focusing in the FE predictions
appear at earlier times than those in the theoretical curves.
This is because the peak of the noise predicted by FE shifts
to an earlier time with a higher anisotropy factor, while that
given by the ISM theory is independent of anisotropy factor.
The discrepancies of noise levels are dependent on time (or
depth), indicating that this is caused by the scattering
induced attenuation, which is not accounted for in the theo-
retical model.

To test whether the scattering induced attenuation is the
reason for the discrepancies, the theoretical solution was
multiplied by an attenuation term. The attenuation term fol-
lows an exponential function exp(-2¢:z), where z is depth and
o is attenuation coefficient, which is deduced by comparing
the amplitude of the average of the backwall reflection to
that of the excitation obtained in Sec. III with the plane
wave model. As the attenuation term is determined by coher-
ent echoes, it is referred to as coherent attenuation. The unat-
tenuated and attenuated theoretical predictions are compared
with the FE results using a dB scale in Fig. 14. It can be seen
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FIG. 13. (Color online) Comparison of FE and theoretical grain noise obtained with a contact-focused transducer with anisotropy factors of (a) 1.4, (b) 2.2,
and (c) 3.0. The green lines show the relative error to the theoretical predictions. Attenuation of noise is not taken into account in the theory.
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FIG. 14. (Color online) Comparison of theoretical grain noise with and without coherent attenuation and FE results. The anisotropy factors are (a) 1.4, (b) 2.2,
and (c) 3.0, respectively. Coherent attenuation is considered by multiplying the theoretical solution by an attenuation term exp(—20z), where z is depth and o
is attenuation coefficient, which is deduced by comparing the amplitude of the average of the backwall reflection to that of the excitation obtained in Sec. III

with the plane wave model.

that attenuation decreases the noise levels more significantly
at a later time, as expected. When the anisotropy factor is
2.2 and 3.0, it smooths out the peak around the focal point.
This makes the curves more similar to the FE results than
the unattenuated solutions, which indicates the discrepancies
could be due to the attenuation. However, it can also be seen
that the attenuated theoretical solutions are significantly
lower than the FE results. This means that the scattering
induced attenuation has a more significant influence on the
coherent waves than the grain noise, so the attenuation coef-
ficient deduced using the coherent waves is much higher
than that deduced by the incoherent noise, which has been
reported in Margetan et al. (1993), Nagy and Adler (1988),
and Nagy et al. (1987).

In this section, the grain noise excited and captured by a
finite contact transducer has been predicted with the adapted
theoretical model and the FE approach, the contributions of
shear waves and multiple scattering being included in the FE
analysis but not in the analytical solution. From the results
shown in Fig. 13(a), good agreement between the unattenu-
ated theoretical prediction and the FE result can be seen,
which implies that the contribution of shear waves is negligi-
ble, as expected due to the spatial averaging over the trans-
ducer surface, and multiple scattering has little influence on
the grain noise level, as the anisotropy factor is relatively
low and the backscattering is weak. However, with relatively
high anisotropy factors, discrepancies are observed in Figs.
13(b) and 13(c), indicating the occurrence of multiple scat-
tering. In conclusion, good agreement between the FE and
theoretical noise predictions can be seen in the weakly scat-
tering case; the discrepancies seen in the highly scattering
cases demonstrate that FE is attractive in describing the
backscattering noise behaviour as it does not involve some
of the important simplifying assumptions included in the the-
oretical model and therefore is able to capture multiple scat-
tering which is ignored in the theory.

V. CONCLUSIONS

Theories describing the ultrasonic backscattered noise
behaviour in polycrystalline materials have been widely
researched. Most of them are based on a single scattering
assumption, which limits their application. In this paper, an
alternative 3D FE approach, which can solve the scattering
problem without major simplifying assumptions and so has
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the potential of overcoming the limitations, has been pre-
sented. It has been used to predict the longitudinal-to-longi-
tudinal backscattering amplitudes from single grains and the
rms noise levels with different transmit-receive configura-
tions. By comparing the FE predictions with those given by
the existing theoretical models, the main conclusions are:

(1) The 3D FE results of the rms of L-L backscattering
amplitudes from single grains agree well with the theo-
retical predictions. The maximum discrepancy between
the FE and theoretical predictions of the rms backscatter-
ing amplitude of single random grains is around 10% in
the case discussed in Sec. II C.

(2) With a transmit-receive configuration of a plane wave
excitation and point receivers, which represents a phase-
insensitive measurement of the backscattered incoherent
ultrasonic field, FE gives a significantly higher noise pre-
diction than the ISM solution. The shear wave compo-
nent is expected to be a major factor for the difference,
but the investigation of this is left as a challenge for the
future.

(3) With a finite transducer, the FE predicted noise level
agrees well with that given by the ISM theory when the
scattering is relatively weak. When the scattering is rela-
tively high, discrepancies are seen between the FE and
theoretical results, which is largely due to multiple scat-
tering, which is only accounted for in the FE simulations
but not in the theory.

Therefore, good agreement between the 3D FE and the-
oretical noise predictions can be seen when the scattering is
relatively weak so that it is within the validity of the ISM
theory. 3D FE can implicitly capture longitudinal-to-trans-
verse scattering and multiple scattering, which enables it to
be used for phase-insensitive scattering problems and highly
scattering problems. As computer power increases, 3D finite
element analysis is likely to find increasing application and
to further our understanding of elastic wave propagation and
scattering in polycrystalline materials.
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