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Abstract

This thesis focuses on electron and radiation beams produced in laser wakefield ac-

celerators (LWFAs). The first part presents two radiation computation codes (RCCs)

built to model x-ray beams from LWFAs. One RCC models the temporal intensity

profile and photon fluence spectrum at different positions. The other RCC models

the angular energy density distributions. Six experiments were modelled. The mod-

elled radiation beams have a duration between 40 and 100 fs, a peak spectral fluence

of 3× 102 to 7× 104 photons/mrad2/0.1% bandwidth (BW) and a peak brightness of

2 × 1021 to 6× 1022 photons/s/mrad2/mm2/0.1% BW. The modelled angular energy

density distributions are compared with experimental results and discussed.

The second part considers simulating an LWFA for future light source applications. A

machine learning algorithm was used to optimise the peak energy and total charge

from simulated LWFAs driven by a 30 mJ, 7.5 fs laser. In optimising the peak energy,

the algorithm primarily adjusted the plasma density, plasma length, laser focal position

and plasma density up-ramp length. The optimised electron beams had a local max-

imum in their spectra at 125 MeV. Optimising the total charge, the algorithm adjusted

the plasma density, up-ramp length, laser focal position and spectral phase coeffi-

cients. The optimised electron beams had a total charge of 200 pC above 10 MeV.

Finally, an experiment was performed using a 44 mJ, 12 fs laser pulse to drive LW-

FAs at a 10 Hz repetition rate. The first electron beams produced with this system

are reported, with energies of up to 60 MeV and a total detected charge between 2.0

and 3.5 fC above 10 MeV. In scans of the plasma density and focal position, elec-

tron beams with the highest energy and charge were produced at plasma densities of

4.5× 1019 cm-3 when focusing the laser at least 0.2 mm into the plasma.
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1. Introduction

Fundamental to many physical discoveries since their inception, the capabilities of

particle accelerators have grown considerably over the last century. The first purpose-

built particle accelerator was the “Cockcroft-Walton” generator constructed in 1930 by

J.D. Cockcroft and E.T.S. Walton [1]. They were able to accelerate protons through a

potential of 300 kV in vacuum [1]. Since the successful demonstration of the Cockroft-

Walton generator, much work has gone into increasing the achievable energies in

particle accelerators by increasing the accelerating electric field. Modern particle

accelerators use radio-frequency (RF) cavities, which are metallic cavities that can

support a number of resonant modes [2]. RF cavities can support electric fields of up

to 100 MV/m before they start to undergo electrical breakdown [2]. This is a factor of

105 greater than the field strengths that were achieved by Cockcroft and Walton.

The present day applications of particle accelerators are wide-ranging. In this work,

we focus on the capabilities of electron accelerators. Perhaps the most famous use

of particle accelerators is the generation of “bremsstrahlung,” first discovered in the

late nineteenth century [3]. These are x-rays produced by the collision of electrons

with an anode made of a dense material such as tungsten. The electrons are usu-

ally accelerated across a potential difference produced by two electrodes to keV-order

energies [3]. The radiation produced by the electrons’ deceleration is used in a num-

ber of areas, for example imaging in medicine and security. Since then, the use of

electron accelerators as sources of electromagnetic radiation, or “light,” has expan-

ded hugely. Synchrotron light sources are particle accelerators that take advantage

of the emission of radiation by electrons following a curved path. The electron beams

in synchrotron light sources are multi-GeV or higher. The electrons produce ultraviolet

or x-ray beams that are many orders of magnitude brighter than bremsstrahlung [4].

Their radiation beams are used for probing of many material, biological and biomed-

ical samples using a variety of scattering, spectroscopy and imaging techniques [4].

In addition to their uses as bright light sources, electron accelerators also have many

applications in medicine. While x-rays and gamma-rays are used in most cases of

radiotherapy, electrons beams with energies up to 25 MeV are useful for treating tu-

18
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mours closer to the surface of the skin [5]. There has recently been a proposal to use

electron beams with energies between 50 MeV and 250 MeV to deliver high doses

deeper into the body [6]–[8], a concept known as very high electron energy (VHEE)

radiotherapy. The advantage of electron beams over proton beams is that they are

less sensitive to inhomogeneities in density [7], [8]. The concept of VHEE has been

demonstrated in both simulation and experiment. VHEE is also a candidate for FLASH

radiotherapy, in which the required doses from the accelerated beam would be de-

livered at higher dose rates [9]–[11]. Pre-clinical data suggests that FLASH radiother-

apy spares normal tissue, causing fewer and milder side effects [11], [12]. Potential

accelerator layouts for VHEE-FLASH radiotherapy are being investigated [13]–[15].

1.1 Synchrotron Light Sources

The first generation of synchrotron radiation sources were electron storage rings that

were built for high energy particle and nuclear physics experiments [4]. Electrons

travel in ring-shaped devices: they are accelerated by RF cavities in straight sections

and are deflected by dipole magnets around the ring [2], [4]. The advantage of ac-

celerator rings over linear accelerators is that charged particles can be accelerated

over many revolutions to higher energies. When deflected by the dipole magnets, the

total radiation power emitted by each electron is proportional to the fourth power of

the electrons’ energy [16]:

P =
1

6πϵ0c7

(
e

me

)2
(γmec

2)4

m2
eρ

2
, (1.1)

where γmec
2 is the total energy of the electron and ρ is the bending radius of the di-

pole magnets. As the electrons are accelerated, their power loss becomes a greater

fraction of their total energy. Because electrons have large charge-to-mass ratio, they

experience larger energy losses than other charged particles.

The electron energies reached in first generation synchrotron light sources were un-

der or just over 1 GeV [4], [17], producing radiation beams with a high-flux, high po-

larisation, high collimation and containing photons with energies up to soft x-rays [4].

Compared to bremsstrahlung, first generation of synchrotron light sources have a

peak brightness that is several orders of magnitude greater [18]. The brightness of

a radiation source is the rate of photons per solid angle in the radiation beam, per

unit area of the electron beam, per unit bandwidth [16]. The brightness value cannot

be changed using optical techniques such as focusing the radiation beam [16], [17],

[19]. While focusing can decrease the size of the radiation beam, it also increases

its divergence, thus decreasing the number of photons per solid angle. In the early
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1960s, the increased peak brightness of first generation synchrotron light sources at-

tracted interest from the condensed matter community, who used the radiation beams

for x-ray absorption spectroscopy and crystallography experiments [17], [20].

Approval for a second generation of synchrotron light sources dedicated to light emis-

sion was granted in the mid-1970s [4], [17]. This included the National Synchrotron

Light Source at the Brookhaven National Laboratory, USA, the Synchrotron Radiation

Source at Daresbury, UK and other facilities in Germany and Japan [17], [20]. These

sources were still electron storage rings, but the electron beams in them were accel-

erated to energies above 1 GeV. For example, the SRS was a 2 GeV storage ring

[17]. This was to produce radiation beams that had a higher brightness and con-

tained higher photon energies [17]. The light beams produced at these facilities had a

peak brightness between 1013 and 1016 photons/s/mm2/mrad2/0.1% bandwidth (BW)

and consisted of photon energies up to hard x-rays [18], [21]. This allowed for more

advanced experimental techniques such as the study of electronic structure of sur-

faces, x-ray absorption fine structure spectroscopy and crystallography experiments

of small, unstable samples [17], [20].
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Figure 1: Electron beam oscillating in the periodic magnetic field in an insertion
device, emitting synchrotron radiation as it oscillates.

As the demand for increasingly bright synchrotron light sources grew, third genera-

tion synchrotron light sources started to be designed and constructed in the 1970s

[17], [19], [22]. These devices consist of an array of evenly spaced magnets, usu-

ally inserted into the straight sections between the bending magnets in storage rings

[17], [19]. For this reason they became known as “insertion devices.” The periodic

magnetic field causes the trajectory of an electron beam to oscillate as its passes

through the device, as shown in Figure 1. The electrons emit synchrotron radiation as

they oscillate, producing a radiation beam propagating in the direction of travel of the

electron beam. The first insertion devices were built at the Stanford Synchrotron Ra-

diation Light Source in 1979 [22] and 1981 [23]. However, it was not until 1994 at the

European Synchrotron Radiation Facility that one was built whose radiation spectrum
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extended up to the photon energies of hard x-rays [24].

Insertion devices can be categorised in two groups: undulators and wigglers. Prin-

cipally, they are distinguished by the values of their K-parameter, which is a dimen-

sionless parameter proportional to the magnetic field strength of the magnets and

the spacing between them. In an undulator, K ≲ 1 and the radiation spectrum is

discontinuous, consisting of a number of harmonics with a small bandwidth [2], [25].

The harmonics arise from the constructive interference of the radiation emitted from

different periods in the electrons’ oscillation [25]. Conversely, in a wiggler, K ≫ 1

and the radiation spectrum is continuous, like the radiation spectra produced in a di-

pole bend in a storage ring [2], [25]. For electrons with some energy, the constituent

wavelengths of the radiation beam that they produce can be changed by adjusting the

magnetic field strength of the magnets [25].

Owing to the increased radiation flux and the reduced area over which the radiation

is emitted, insertion devices have a higher peak brightness than earlier synchrotron

sources, with values up to 1023 photons/s/mm2/mrad2/0.1% BW [19]. The improved

peak brightness provides an improved spatial resolution and also allows for faster

data taking, which is useful for a variety of techniques, including x-ray microscopy,

spectroscopy and crystallography [17], [19]. Moreover, the radiation spectrum is tun-

able by changing the field strength in the magnets [4]. The successful construction of

insertion devices opened up the possibility of using their radiation for different areas

of research, including atomic and molecular physics, chemistry, surface physics, ma-

terials science, microscopy, and life sciences [26].

Fourth generation synchrotron light sources, known as free electron lasers (FELs),

were designed to produce radiation beams with even higher peak brightness. FELs

comprise an undulator; the radiation spectrum consists of a single harmonic at one

wavelength, as explained earlier. Because the electrons oscillate with a small amp-

litude and travel at nearly the speed of light, the electrons keep up with the synchro-

tron radiation. The interaction of the electric field of the radiation with the electrons

in the bunch produces a train of microbunches that are each separated by a distance

equal to the radiation wavelength [27], [28]. Each microbunch effectively becomes

a point source, emitting coherent radiation at the same wavelength [29]–[31]. The

microbunches continue to oscillate, producing coherent radiation that causes further

microbunching while also amplifying the light beam [29]–[31]. The intensity of the ra-

diation from a single microbunch containing N electrons is proportional to N2 [31].

The output radiation beam from an FEL is high in flux, highly collimated and tem-
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porally coherent, producing radiation beams with a peak brightness several orders of

magnitude greater than third generation synchrotron light sources. The first x-ray FEL

(XFEL) was the Linac Coherent Light Source at the Stanford Linear Accelerator, with

a peak brightness of 1032 photons/s/mm2/mrad2/0.1% BW [32]. Now, XFELs can have

a peak brightness up to 1035 photons/s/mm2/mrad2/0.1% BW [33]. XFELs are used in

a variety of fields, including atomic physics, plasma and warm dense matter and con-

densed matter physics [28], [34]. As they also produce radiation pulses shorter than

100 fs [35], the field of “femtochemistry,” probing the molecular dynamics in chemical

reactions, has been opened up by these machines [34], [35]. XFELs continue to be

built and developed at numerous sites around the world [34].

1.2 Laser Wakefield Acceleration

Laser wakefield accelerators (LWFAs) could be a compact and less expensive altern-

ative to conventional electron accelerators. The basic idea is for an intense, ultrashort

laser pulse to drive a wave in a plasma that supports a high electric field that can

accelerate electrons, a concept initially proposed by Tajima and Dawson in 1979 [36].

The wakefield supports electric field strengths on the order of 100 GV/m [36], three

orders of magnitude greater than the maximum achievable field in RF cavities. At

least in principle, an LWFA could accelerate electrons to the same energy as in a

conventional accelerator but over one thousandth of the distance. Electrons could

be accelerated to GeV-order energies over centimetre scales, rather than in storage

rings which are hundreds of metres in circumference.

To drive an LWFA, a laser pulse is focused down to a radius of ∼ 10 µm to increase

its intensity and also match the scale of the electric field structure that accelerates

electrons. The focused laser pulse pushes electrons out of its path. The ions remain

stationary as their mass is many times larger. The charge separation between the

displaced electrons and stationary ions causes the electrons to move back towards

their original positions. As the electrons have some non-zero momentum upon their

return, they overshoot and start to oscillate, setting up a wave of electron density, or

“plasma wave.” The plasma wave has an electric field due to the charge separation,

known as the “wakefield.” The wakefield can used to accelerate electrons, which can

be injected into the wakefield either from the plasma itself or from an external source

such as a dopant gas ionised by the laser pulse.

The plasma wave has a characteristic frequency proportional to the square root of

the electron number density in the plasma: ωp ∝
√
ne. The front of the pulse pushes

electrons forward and the back of the pulse pushes electrons backwards [37]. If the
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pulse duration is smaller than or equal to the period of oscillation of the electrons, a

resonant excitation of the plasma wave occurs [37]. The forced forward and backward

motion of electrons is then synchronised with their natural frequency of oscillation.

This produces the largest electron displacements in the plasma wave, and thereby

the largest electric field strengths in the wakefield. For example, a plasma with an

electron density of 1 × 1019 cm-3 has a plasma frequency of 1.78 × 1014 Hz, which

corresponds to a period on the order of 10 fs. Hence, a laser pulse with a duration on

the order of 10 fs would be required for resonant excitation of the plasma wave.

When the principle of laser wakefield acceleration was first proposed in 1979 [36],

laser pulses shorter than 100 fs were not available [37]. As a workaround, a plasma

beat-wave accelerator (PBWA) scheme was proposed in 1984 [38]. A PBWA is driven

by two laser pulses with different frequencies such that ω1 − ω2 = ωp [38]. The two

laser pulses interfere to form a series of “beats” with a duration on the timescale of the

period of the plasma wave [38]. A maximum electric field of 1 GV/m was first meas-

ured in 1985 [39], and later in 1993 externally injected electrons were accelerated in

the PBWA up to 9 MeV, corresponding to an electric field of 0.7 GV/m [40]. The elec-

tric field strength was limited to such values because the increase in the relativistic

electron mass at larger plasma wave amplitudes produced a decrease in the plasma

frequency and shifted the laser beats out of resonance [41].

The limitation of PBWAs was first overcome by self-modulated laser wakefield accel-

erators (SM-LWFAs), where the plasma wave itself modulates a long laser pulse into

smaller pulselets with durations equal to the period of the plasma wave [42], [43]. The

first SM-LWFAs were demonstrated experimentally in 1995, accelerating electrons to

tens of megaelectronvolts [44], [45]. Electron beams with energies up to 100 MeV

were subsequently produced in SM-LWFAs [46]–[49].

By the early 2000s, laser pulses with a duration shorter than 100 fs could be produced

and amplified to TW-order power [50]. The main advancement in laser technology

that eventually allowed for such laser pulses to be produced was chirped pulse amp-

lification [50]–[53], which was first demonstrated by Strickland and Mourou in 1985

[51]. The timescale of laser pulses shorter than 100 fs is approximately equal to the

period of a plasma wave. Laser pulses with TW-order power or higher can be fo-

cused to intensities greater than 1022 W/m2. This is sufficient to drive a plasma wave

with a large amplitude. In 2004, three groups produced near-monoenergetic electron

beams: Mangles et al. produced a beam between 50 MeV and 80 MeV with 3% en-

ergy spread [54], Faure et al. produced a beam of 170 MeV with 24% energy spread

[55], and Geddes et al. produced ∼ 100 pC, low emittance electron beams at ener-
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Figure 2: Maps of electron density and laser intensity in a plasma wave in the bubble
regime. Electrons are accelerated in the bubble.

gies above 80 MeV with a percent-level energy spread [56]. The obtained energies

and acceleration lengths corresponded to acceleration gradients of ∼ 100 GeV/m, or

electric fields of 100 GV/m. The reduced energy spread was a marked improvement

on the continuous, near-100% spread electron spectra produced in SM-LWFAs [54].

Simulations of sub-picosecond, intense laser pulses in plasma performed by Mora

and Antonsen in 1996 first demonstrated plasma electron cavitation due to the pon-

deromotive force of a laser [57]. The so-called “bubble regime” was first studied for the

purposes of electron acceleration by Pukhov and Meyer-ter-Vehn in 2002 [58], who

performed simulations showing that hundred-megaelectronvolt electron beams with a

relatively small energy spread could be produced by focusing joule-level, sub-100 fs

laser pulses into plasma. The bubble regime formed the theoretical basis for the ac-

celeration of the aforementioned electron beams in 2004 [54]–[56]. At laser intensities

equal to or higher than 2× 1022 W/m2, the motion of displaced electrons becomes re-

lativistic and the structure of the plasma wave in the wake of the laser pulse takes

the form of a series of “bubbles” of low electron density [58]. In effect, electrons are

expelled in the path of the laser pulse, leaving behind a “bubble” devoid of electrons

like the one shown in Figure 2. In being expelled by the laser pulse, some of these

electrons loop round to the back of the bubble, are trapped and accelerated.

1.2.1 X-ray Beams from LWFAs

In the bubble regime, the wakefield has both a longitudinal and a transverse com-

ponent. A map of the transverse electric field component of the wakefield is shown

in Figure 3. While the longitudinal component accelerates electrons, the transverse

component exerts a force on the electrons that moves them towards its central longit-
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Figure 3: An electron oscillating in the bubble regime in an LWFA and producing a
synchrotron radiation beam.

udinal axis, along which the laser pulse and the wakefield propagate. This focusing

force is essential for keeping the electrons in the bubble so they can be accelerated

over millimetre or centimetre-scale distances. As electrons are often injected slightly

off-axis and with some transverse momentum, they overshoot the central axis and

begin to oscillate [59]. Similarly to electrons oscillating in an insertion device, the os-

cillating electrons in the bubble regime emit synchrotron radiation [59]. A radiation

beam of this kind was first measured by Rousse et al. in 2004 [60]. The radiation had

a divergence of 50 mrad and photon energies extending to soft x-rays [60]. The x-ray

pulse has a similar ∼ 10 fs duration to the electron beam producing it [59]–[63], be-

cause the electron beam travels at approximately the same speed as the x-ray beam.

X-ray beams with greater intensity, smaller divergence and higher energy photons

have since been produced by LWFAs, due to the availability of lasers with higher

power than the 30 TW laser used by Rousse et al.. This has enabled electron ac-

celeration to higher energies [59]. The x-ray beams from LWFAs have photon yields

of up to 1010, divergences of tens of milliradians and a broadband synchrotron-like

spectrum stretching up to hard x-rays and in some cases γ-rays [59], [64]. The amp-

litudes of oscillation of the electrons producing the radiation are on the micrometre

scale [65], [66]. LWFA-based light sources thus have a peak brightness that has been

inferred to be in the range of 1022 − 1023 photons/s/mm2/mrad2/0.1% BW [59], which

is comparable to third generation synchrotron light sources.
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For certain applications, the radiation beams from LWFAs are a compact, inexpensive

alternative to conventional synchrotron light sources. This micrometre-scale source

size and the small x-ray beam divergence have allowed for micrometre-scale biolo-

gical samples to be imaged using phase contrast imaging [67]–[71]. Tomographies

of some of these samples have been made by producing hundreds of phase contrast

images at different angles of rotation [70], [71]. The tens of femtosecond duration

of these x-ray pulses has also been exploited by imaging ultrafast processes occur-

ring at hundreds of kilometres per second, for example shock waves in high energy

density physics [72]. Their broadband spectrum has also been used to perform x-ray

absorption spectroscopy [73], [74].

LWFAs thus offer a smaller and less expensive alternative to synchrotron light sources

in some areas. X-ray beams are produced in LWFAs over millimetre and centimetre

scales, in contrast to conventional wigglers which have lengths of a few metres [19].

A large-scale synchrotron facility costs over £100 million to construct, for example the

Diamond light Source in the United Kingdom cost £300 million to build [59], [75]. An

LWFA-based light source could cost on the order of £10 million [59].

1.2.2 LWFAs from High Repetition Rate, Few-Cycle Laser Pulses

In the last twenty years, there have been many LWFA experiments using lasers with

10 TW to 1 PW power. These systems deliver laser pulses, and thereby electron

beams, with repetition rates lower than 1 Hz (1 pulse per second). The system with

the highest repetition rate at these powers is BELLA in Berkeley, USA, with a repetition

rate of 1 Hz [76], [77]. Increasing the repetition rates of laser pulses driving LWFAs

would be advantageous for a number of reasons [78], [79]. In terms of applications,

electron beams delivered at a higher repetition rate would allow for active feedback

control to provide more stable electron beams, fast data acquisition, integration and

averaging of data over multiple shots to increase signal-to-noise ratio and to poten-

tially generate higher dose rates for radiobiological applications [78], [79].

There have been many experiments where LWFAs have been driven by laser pulses

at kHz repetition rates. In the first experiments of this kind, the laser pulse had a dur-

ation of tens of femtoseconds and a total energy on the order of 10 mJ, producing a

sub-TW power [80]–[85]. The LWFAs driven by these laser pulses produced electron

beams with continuous spectra with small peak energies ranging between 100 keV

and 3 MeV [80]–[85]. In an experiment by Salehi et al. in 2017, the length of the laser

pulse was so much longer than the period of the plasma wave at the high plasma
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densities they used that electrons were accelerated in a SM-LWFA [83], [86]. How-

ever, uses of these kHz electron beams were found in the probing of various materials

using electron diffraction [80]–[82].

In the mid to late 2000s, laser systems delivering sub-10 fs duration, multi-TW power

pulses at high repetition rates started to be produced [87]–[90]. Laser pulses with

such short durations are often referred to as few-cycle, owing to the small number of

oscillations in the electromagnetic fields within the short laser pulse duration. With

tens of millijoules of total energy giving them multi-TW power, few-cycle laser pulses

are capable of driving an LWFA in the bubble regime. The advent of these laser

systems was the result of the development of a technique known as optical paramet-

ric chirped pulse amplification [87]–[90]. There are now a number of laser systems

producing multi-TW few-cycle laser pulses at repetition rates of 10 Hz, with powers

ranging up to 20 TW and total energies on the order of 100 mJ [90]–[92].

The first few-cycle laser system used to drive an LWFA was the Light Wave Synthesizer-

10, delivering pulses of 50 mJ total energy and 8 fs duration at a repetition rate of

10 Hz. This laser system was used by Schmid et al. in 2009 [93]. The LWFA driven

by this laser system produced quasi-monoenergetic electron beams with energies up

to 25 MeV [93]. Since then, experiments using ∼ 10 fs, few-cycle laser systems to

drive LWFAs have been sparse. There was one set of experiments using a 60 mJ,

6.6 fs laser pulse, producing electron beams with similar spectra, with peak energies

between 20 and 30 MeV [94]. More focus has been placed on the generation of lower

energy electron beams with few-mJ, few-cycle laser pulses at kHz repetition rates,

which have been more widely available [95]–[98]. Electron beams with energies ran-

ging from 100 keV up to 15 MeV have been produced with these laser systems, ideal

for applications such as ultrafast electron diffraction [78], [86], [99]. Single-cycle laser

pulses with energies between 1 and 10 mJ have also been used to accelerate electron

beams to hundred-keV to MeV-order energies [78], [100], [101].

1.2.3 eSYLOS

The SYLOS laser system at ELI-ALPS, Hungary aims to be one of the first multi-TW,

few-cycle systems that operates at a repetition rate of 1 kHz [102]. Currently, the

SYLOS laser system is in the second stage of its development, in which the laser sys-

tem delivers 30 mJ laser pulses with a duration potentially down to 6.6 fs [102]. This

laser is known as the SYLOS-2 laser. One of its target applications is the acceleration

of electrons in an LWFA at the so-called eSYLOS facility. The first measurement of

an electron beam produced by a similar 1 kHz laser system was made recently by
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Lazzarini et al. at ELI-Beamlines, Czech Republic. 1 pC, 50 MeV electron beams with

25% energy spread were produced in an LWFA driven by a laser pulse with a total en-

ergy of 26 mJ and a duration of 15 fs [103]. In simulations of LWFAs driven by similar

laser pulses, electron beams reach peak energies of 100 MeV and have total charges

of up to 10 pC [104].

The main advantage of using a few-cycle laser pulse is that the conversion efficiency

of the laser pulse energy to the total energy in the electron beam is meant to be

higher. This is because few-cycle laser pulses have higher power and intensity for

a given total energy and also the short laser pulse fits inside the bubble so most of

the pulse self-focuses and compresses inside rather than diffracting away at its front

[105], [106]. In simulations of LWFAs driven by the SYLOS-3 laser, which is planned

to produce 100 mJ, 9 fs FWHM pulses at 1 kHz [107], [108], conversion efficiencies of

27% were obtained [105]. This is a significant improvement on the few-percent con-

version efficiencies inferred in previous experiments using laser pulses with joule-level

energy and ∼ 30 fs duration [105], [109], [110]. Although, more recently, the conver-

sion efficiency of an LWFA driven by a 6 J, 50 fs laser was optimised to 20% [106].

The eSYLOS facility promises to deliver electron beams and radiation beams at kilo-

hertz repetition rates for a variety of applications. Electron beams with tens to hun-

dreds of megaelectronvolt energies can be used for radiation generation. X-ray beams

will be produced in LWFAs by the betatron oscillations of the accelerated electrons.

X-rays and γ-rays can also be produced when the electrons strike a dense metal tar-

get in their path [111]. THz radiation, which covers the infrared and microwave parts

of the electromagnetic spectrum, could also be produced either from the laser-plasma

interaction or by placing an aluminium foil in the path of the electron beam [111], [112].

The electron beams could also be ideal for VHEE radiotherapy [113]–[115].

1.3 Thesis Outline

The remainder of this thesis is structured as follows. In Chapter 2, we walk through

the theoretical background of the generation of laser-driven plasma waves, the accel-

eration of electrons and the generation of x-ray beams in LWFAs. After this point, the

thesis is split into two parts: computation of properties of radiation beams from LW-

FAs and electron beam optimisation at eSYLOS. The first part is covered in Chapters

3 and 4 and the second part is covered in Chapters 5 and 6.

Radiation computation codes (RCCs) have been built to model the properties of ra-

diation beams produced in simulated LWFAs. In Chapter 3, we describe the com-
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putational methods used to model the temporal intensity profiles, the energy density

spectra and the angular energy density distributions of the radiation, using electron

trajectories and momenta tracked in particle-in-cell (PIC) simulations. In Chapter 4,

these radiation computation codes are applied to LWFA-based light source experi-

ments reported in literature, and report on the properties of the modelled radiation.

In the second part of this thesis, electron beams at the eSYLOS facility were op-

timised in simulations and experiment. In Chapter 5, we first describe the machine

learning methods applied to PIC simulations of LWFAs driven by the SYLOS-2 laser

and then report the results of optimisations of the peak energy and total charge in the

simulated electron beams. In Chapter 6, we describe the experimental methods used

to measure and optimise the electron beam properties in LWFAs using the SEA laser,

which can deliver 42 mJ, 12 fs pulses at a repetition rate of 10 Hz [102]; this laser

system was used due to the unavailability of the SYLOS-2 laser at the time of the ex-

periment. We report on the measured cutoff energies and total charge of the electron

beams produced in this experiment, which are the first electron beams generated at

the eSYLOS facility.



2. Theoretical Background

In this chapter, we review the relevant theory for the setting up of a wakefield, the

acceleration of electrons and the emission of x-ray beams in LWFAs. Most equations

of motion for electrons in LWFAs can be derived from the Lagrangian for a relativistic

charged particle in an electromagnetic potential. First, a brief overview of the basic

principles of Lagrangian mechanics is given. We then move on to describe the dynam-

ics of a laser pulse in plasma and the properties of laser-driven plasma waves. The

dynamics of electrons in the wakefield are then described, including their injection,

acceleration and oscillation in the wakefield. Finally, we investigate the properties of

the radiation beams produced by electrons performing betatron oscillations.

2.1 Lagrangian Mechanics

Lagrangian mechanics will be used to derive many of the equations of motions of

electrons in LWFAs. It is beneficial to review the fundamental equations for deriving

equations of motion in Lagrangian mechanics. The states of the system being con-

sidered are described by a quantity called the Lagrangian, whose integral in time rep-

resents the action on the system [116]. The Lagrangian is effectively the function that

minimises the action [116]. From the Lagrangian describing the motion of a particle

in any arbitrary system, its equations of motion are derived from the Euler-Lagrange

set of equations [116]:
d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0, (2.1)

where L is the Lagrangian, i denotes the axis being considered in the chosen co-

ordinate system, qi is the coordinate of the particle and q̇i is its time derivative. The

derivations of the Euler-Lagrange equation are quite mathematically involved; a deriv-

ation is outlined in Goldstein’s book, “Classical Mechanics” [116]. The Euler-Lagrange

equations show that the rate of change of a generalised momentum, known as the ca-

nonical momentum, is equal to some generalised force. The canonical momentum is

calculated from the Lagrangian of the system [116]:

ui =
∂L

∂q̇i
. (2.2)

30
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Another useful quantity in Lagrangian mechanics is the Hamiltonian. The Hamiltonian

relates to the total energy of the system and is defined in terms of the canonical

momentum and the Lagrangian [116]:

H =
∑
i

uiq̇i − L. (2.3)

The equations of motion of the particle in the system can also be derived using

Hamilton’s equations [116]:

q̇i =
∂H

∂pi
, (2.4)

ṗi = −∂H
∂qi

, (2.5)

where pi is the kinetic momentum of the particle and ṗi is its time derivative. While,

in an n-dimensional system, the Euler-Lagrange equations produce n second-order

differential equations describing the motion of the particle in the system, Hamilton’s

equations produce 2n first-order differential equations.

2.2 Single Charged Particle in an Electromagnetic Wave

The equations of motion for a charged particle in an electromagnetic wave can be de-

rived from the Lagrangian describing a relativistic charged particle in an electromag-

netic potential, which will be used to derive a number of different equations of motion

for electrons interacting with the laser pulse or its wakefield in plasma. A derivation of

this Lagrangian is shown in Appendix B.1 and the result is given by Equation 2.6:

L = −
√

1− v2

c2
mc2 + q(v ·A(t, r))− qϕ(r), (2.6)

where v is the velocity of the particle, m is its mass, q is its charge, c is the speed of

light in vacuum. A(t, r) is a vector electromagnetic potential and ϕ(r) is the scalar

electromagnetic potential, which depend on time, t, and position, r. In the case of

a charged particle interacting with an electromagnetic wave, the potentials are the

potentials of the wave, which are oscillating functions of time and space.

2.2.1 Charged Particle in an Electromagnetic Plane Wave

To derive expressions describing the evolution of the laser pulse in the plasma and the

formation of plasma waves, it is also important to consider the interaction of a plasma

electron with the oscillations in the laser pulse. The interaction of charged particle in a

monochromatic electromagnetic plane wave is considered. Two equations of motion
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are derived in Appendix B.3 that describe the motion of the particle in the longitudinal

direction and the transverse direction:

dr

dξ
= a, (2.7)

dz

dξ
=
a2

2
, (2.8)

where z is the longitudinal coordinate, r is its transverse coordinate, ξ is a comoving

coordinate defined as ξ = ct − z and a is the size of the potential of the electro-

magnetic wave in normalised units: a = qA
mc

, which is also defined in Appendix A.1.

Another result that comes out of the derivation in Appendix B.3 is γ = 1 + Pz, with

Pz =
1
2
a2 being the longitudinal momentum of the charged particle in normalised units

of P = p
mc2

. The relativistic Lorentz factor of the charged particle can thus be related

to the normalised potential:

γ = 1 +
1

2
a2. (2.9)

This is a useful relation which will be used in later derivations. However, one point

that this equation shows is that when a ≳ 1, the Lorentz factor becomes significantly

higher than unity, so the charged particle’s motion becomes relativistic.

The normalised vector potential, pointing in the transverse direction, can be written

as a function of the comoving coordinate: a = a(ξ) = a0 cos(kξ), where a0 is the

amplitude of the potential and k is the wavenumber. This expression is substituted

into Equations 2.7 and 2.8 before integrating with respect to the comoving coordinate,

with the initial conditions z = 0 and r = 0 for t = 0. Equations 2.10 and 2.11 are the

solutions to the equations of motion of the particle:

r =
a0
k
sin (kξ), (2.10)

z =
a20
8k

(
2kξ + sin (2kξ)

)
. (2.11)

These equations show that the charged particle oscillates in the transverse direction

at the same frequency as the electromagnetic wave, and in the longitudinal direction

at double this frequency. While the time average of the trigonometric term in Equa-

tion 2.11 is zero, the first term shows that the particle has an average motion in the

direction of propagation of the plane wave. Differentiating Equation 2.11 with respect

to time and taking the time-average produces an expression for the average velocity

of the particle, known as the drift velocity:

vdrift =
c

4
a20

+ 1
. (2.12)
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When a0 ≳ 1, the drift velocity becomes relativistic. In a frame of reference moving at

this drift velocity along the z-axis, the particle follows a ‘figure of eight” motion, which

is shown in the left plot of Figure 4. The trajectories of charged particles in three

different monochromatic electromagnetic plane waves with a0 = 0.5, 1.0 and 2.0 are

shown. In the comoving frame in the left panel of Figure 4, the amplitudes of oscil-

lation in the transverse and longitudinal directions are proportional to the normalised

potential and its square, respectively. The trajectory of the particle as viewed in the

laboratory frame of reference is shown in the right panel of Figure 4. In this frame, the

trajectory has sharp peaks at its turning points.

0.4 0.2 0.0 0.2 0.4
k(z vdriftt)

2

1

0

1

2

kr

0 2 4 6 8
kz

a0 =  0.5
a0 =  1.0
a0 =  2.0

Figure 4: Trajectory of a charged particle in an electromagnetic plane wave as viewed
in (left) a frame of reference moving at the drift velocity given by Equation 2.12 and
(right) in the laboratory frame.

2.2.2 Ponderomotive Force

The ponderomotive force of a laser pulse repels charged particles away from regions

of high intensity. The high-frequency oscillations in the laser pulse potential are neg-

lected. This is of particular importance when the resonant frequency of oscillation of

the electrons in a plasma is much smaller than the frequency of the laser pulse. Tak-

ing the Lagrangian for a relativistic charged particle in an electromagnetic potential,

given by Equation 2.6, an equation of motion for the particle is obtained by applying

the Euler-Lagrange equations:

d

dt
(p+ qA) = q∇(−ϕ+ v ·A). (2.13)



34 Chapter 2: Theoretical Background

For simplicity, the quantities in this equation of motion are re-expressed as normalised,

dimensionless quantities:

P =
p

mc
, β =

v

c
, Φ =

qϕ

mc2
, a =

qA

mc
. (2.14)

These normalised quantities are also defined in Appendix A.1, and are used for the

remainder of this section. The equation of motion expressed in terms of these norm-

alised quantities is given by Equation 2.15:

d

dt
(P+ a) = c∇(−Φ + β · a). (2.15)

The normalised kinetic momentum can be written as the product of the relativistic

Lorentz factor and speed factor: P = γ�mv

�mc
= γ v

c
= γβ, where γ is the relativistic

Lorentz factor. The normalised canonical momentum is given by u = P + a. The

equation of motion can be re-expressed in terms of the canonical momentum and the

electromagnetic potentials:

du

dt
= −∇Φ +

c

γ
u · ∇a− c

γ
∇a2

2
. (2.16)

This equation of motion describes the general case for a relativistic charged particle in

an electromagnetic potential. In the case of an LWFA, the electromagnetic potentials

describe a laser pulse and the charged particle is an electron in the plasma. The

motion of the ions in the plasma is neglected owing to their significantly larger mass.

The ponderomotive force is the time-averaged force on the electron, which is derived

in Appendix B.2:

Fp = −
〈
c

γ
∇a2

2

〉
, (2.17)

where the triangular brackets indicate time-averaged quantities. As I ∝ a2, where I

is the intensity of the laser, the ponderomotive force pushes charged particles away

from regions of high laser intensity. As this equation contains the quantity a2, the force

acts in the same direction for both positively and negatively charged particles.

2.3 Electromagnetic Waves in Plasma

The evolution of a laser pulse in plasma is governed by the wave equation for an

electromagnetic wave in plasma. Derived in Appendix C.1, this equation describes

the spatial variation and temporal evolution of the fields in the electromagnetic wave:

∇2E = µ0
∂j

∂t
+

1

c2
∂2E

∂t2
, (2.18)



2.3. Electromagnetic Waves in Plasma 35

where E is the electric field of the wave and j is the current density in the plasma.

In contrast to the wave equation for an electromagnetic wave in vacuum, Equation

2.18 has an extra term containing the current density, known as the plasma response

term. Currents in the plasma are induced by its interaction with the laser pulse, as

described in Section 2.2. As will be shown in Section 2.4, this affects the evolution of

the structure of the laser pulse.

2.3.1 Dispersion Relation

The dispersion relation for an electromagnetic wave in plasma is derived from its wave

equation by considering the electromagnetic wave as a plane wave. This is an approx-

imate description of a laser pulse with τ ≫ 2π
ω0

and w0 ≫ λ0, where τ is the duration,

ω0 is the angular frequency, w0 is the transverse width and λ0 is the wavelength of the

wave. The dispersion relation is derived in Appendix C.2. The plasma response term

adds an extra term to the dispersion relation for an electromagnetic wave in vacuum:

c2k2 = ω2 − ω2
p, (2.19)

where k is the wavenumber of the electromagnetic wave, ω is its angular frequency

and ωp is the plasma frequency, which is the natural frequency of oscillation of an

electron displaced from a position of equilibrium in plasma. The plasma frequency is

given by Equation 2.20:

ωp =

√
e2ne

meϵ0
, (2.20)

where ne is the number density of electrons in the plasma, usually called the “plasma

density”. This equation is derived in Appendix C.3. When ω2 < ω2
p, the right-hand

side of Equation 2.19 becomes negative and as such the wavenumber becomes an

imaginary number. The solution to the wave equation becomes E ∝ E0e
−kz. The

electric field of the electromagnetic wave decreases exponentially with distance into

the plasma. The electromagnetic wave thus does not travel in the plasma. By setting

the right-hand side of the dispersion relation to zero and substituting Equation 2.20, a

parameter known as the critical plasma density can be derived:

nc =
ω2meϵ0
e2

. (2.21)

This is the maximum electron density for the electromagnetic wave to propagate in

the plasma. A plasma with an electron density under this threshold is said to be

“underdense”, meaning that an electromagnetic wave with some frequency, ω, can

propagate through it. It is these plasmas that are of interest for producing LWFAs,

since they produce a travelling solution to the wave equation.
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The phase velocity and the group velocity of the wave, defined by the relations vph = ω
k

and vg = ∂ω
∂k

respectively, are derived from the dispersion relation:

vph = c

(
1−

ω2
p

ω2

)− 1
2

, (2.22)

vg = c

(
1−

ω2
p

ω2

) 1
2

. (2.23)

When ω ≫ ωp, vp > c but vg < c, so a laser pulse in plasma propagates slower than

the speed of light in vacuum.

2.3.2 Refractive Index of Plasma

The refractive index of the plasma is the ratio of the speed of light in vacuum to the

phase velocity of the electromagnetic wave:

η =

√
1−

ω2
p

ω2
. (2.24)

This expression is valid when electrons displaced by the electromagnetic wave in

the plasma move at subrelativistic speeds. For relativistic electron motion, the natural

frequency of oscillation is modified by their Lorentz factor, due to their relativistic mass

increase. This modifies the plasma frequency:

ωp,rel =

√
nee2

⟨γ⟩meϵ0
. (2.25)

Derived when considering a single charged particle in an electromagnetic wave, Equa-

tion 2.9 can be used to relate the Lorentz factor of the electrons to the intensity of the

electromagnetic wave. Equation 2.9 is substituted into the expression for the refract-

ive index of the plasma. Expanding that expression in a Taylor series, as performed

in Appendix C.4, produces Equation 2.26:

η ≈ 1− 1

2

ω2
p

ω2

(
1− a20

4

)
. (2.26)

Because of the Taylor expansion, this equation is only valid for laser pulses with

a0 ≤ 1, where the electron motion is only weakly relativistic. The refractive index

approaches unity as the normalised potential is increased.
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2.4 Laser Pulse Evolution in Plasma

As a laser pulse drives a plasma wave in an LWFA, spatial gradients in the plasma

density and laser intensity produce gradients in the refractive index of the plasma. As

shall be shown, a longitudinal gradient in the refractive index within the laser pulse

produces gradients in its phase velocity and group velocity. This causes the laser

pulse to compress and its wavefronts to bunch or separate. A transverse gradient in

the refractive index produces a gradient in the phase velocity across the wavefronts,

causing them to bend and the laser pulse to self-focus in the plasma.

2.4.1 Perturbations to the Refractive Index

The refractive index of the plasma is also altered by perturbations in the electron

density or the laser frequency, and as such often has some spatial variation. The

expression for the refractive index in a plasma experiencing small perturbations in the

electron density and the frequency of the electromagnetic wave is derived in Appendix

C.4 and given by Equation 2.27:

η ≈ 1− 1

2

ω2
p,0

ω2
0

(
1 +

δne

ne,0

− 2
δω

ω0

− a20
4

)
, (2.27)

where δne

ne
≪ 1, δω

ω
≪ 1 and a0 ≤ 1. This is applicable to situations where the

electron density is non-homogeneous and where the electromagnetic wave has a

non-homogeneous, non-constant frequency, for example in a plasma disturbed by the

ponderomotive force of a laser pulse.

2.4.2 Pulse Compression

A gradient in the refractive index across the length of the laser pulse produces a

gradient in its group velocity. Considering two points at different comoving coordinates

in the laser pulse, like those shown in Figure 5, the group velocity is different at each

of these points. After a small time interval, the laser pulse propagates some distance

and the separation of the points changes by a small amount:

∆L = (vg, 2 − vg, 1)∆t, (2.28)

where ∆L is the change in separation of the two points over the time interval, ∆t, and

vg, 1 and vg, 1 are the group velocities at the two points in the laser pulse. The change

in the points’ separation can be re-expressed in terms of the longitudinal gradient in

group velocity: ∆L = L∂vg
∂z

∆t = −L∂vg
∂ξ

∆t, where ξ = ct − z. Using the relation

between the group velocity and refractive index, vg = cη, the rate of hange of the
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z
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L L- ΔL
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ξ

Figure 5: Compression of a laser pulse in plasma due to a positive refractive index
gradient with respect to ξ, the comoving coordinate. The red arrow points in the
direction of increasing refractive index. The laser pulse is propagating in the positive
z-direction, to the right of the page.

pulse length can be expressed in terms of the longitudinal gradient in refractive index.

Considering an infinitesimal time interval, ∆t→ 0, the rate of change of separation of

the two points can be expressed by a differential equation:

∂L

∂t
= −Lc∂η

∂ξ
. (2.29)

Equation 2.29 shows that a positive longitudinal gradient in the refractive index with

respect to the comoving coordinate causes the pulse to compress as it travels through

the plasma. In Figure 5, there is a positive gradient with respect to the comoving

coordinate, where the refractive index increases along the red arrow, from the front to

the back of the laser pulse travelling to the right of the page. After a time interval, ∆t,

the pulse becomes shorter. Conversely, a negative gradient in refractive index would

cause the laser pulse to elongate. In an LWFA, the laser pulse compresses as the

front of the laser pulse pushes electrons out of its path. In the bulk of the laser pulse

behind the front, there is a negative gradient in electron density: ∂ne

∂ξ
< 0 so ∂η

∂ξ
> 0,

causing the laser pulse to compress.

2.4.3 Photon Acceleration

A longitudinal gradient in refractive index that is comoving with the laser pulse causes

the phase velocity to change over the length of the laser pulse. Two consecutive

wavefronts in the laser pulse are considered, like the two on the left diagram in Figure

6. Their initial separation is equal to the initial wavelength of the laser: z1 − z2 = λ0,

where z1 and z2 are the longitudinal positions of the wavefronts and λ0 is the initial

wavelength. A comoving gradient in refractive index between these wavefronts gives
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them different phase velocities, which are labelled in Figure 6. After some time inter-

val, the wavefronts move different distances to new longitudinal coordinates.

t=0 t=Δt

z

∇𝜂 ∇𝜂

vph, 1 vph, 2 vph, 1 vph, 2

z1 z2 z’1 z’2

λ0 λ'

ξ

Figure 6: Overview of stretching between wavefronts in a laser pulse due to a positive
refractive index gradient with respect to ξ, the comoving coordinate. The laser pulse
is propagating in the positive z-direction, to the right of the page.

In Figure 6, there is a positive refractive index gradient in the laser pulse with respect

to the comoving coordinate. This means that the phase velocity of the leading wave-

front is larger than for the trailing wavefront. The diagram on the right shows that after

some time interval, ∆t, their separation has increased. The new wavelength, λ′, is

the distance between the wavefronts’ new positions, which is related to the difference

in their phase velocities:

z′2 − z′1 = λ0 + (vph,2 − vph,1)∆t, (2.30)

where z′2 and z′1 are the new positions of the wavefronts and vph,2 and vph,1 are their

phase velocities. Equation 2.30 demonstrates that a longitudinal gradient in the re-

fractive index of the plasma changes the wavelengths in the laser pulse, depending

on the longitudinal position of the wavefronts in the laser pulse. In Appendix C.5, the

rate of change of frequency in the laser pulse is related to the comoving gradient in

refractive index of the plasma:

1

ω

∂ω

∂t
= − c

η2
∂η

∂ξ
. (2.31)

A negative gradient in the refractive index with respect to the comoving coordinate,
∂η
∂ξ
< 0, causes the frequency of the laser pulse to increase over time. This process

is known as photon acceleration, named after the change in energy of laser photons.
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Figure 7: Forward bending of wavefronts in a laser pulse due to a negative transverse
gradient in refractive index in the plasma.

2.4.4 Self-Focusing

A gradient in refractive index transverse to the laser’s propagation direction produces

a gradient in the phase velocity across the pulse. This gradient runs parallel to the

surface of a flat wavefront in the laser. Two points on an initially flat wavefront in

the laser pulse are considered: one at the centre of the pulse and one at the edge

of the pulse. After a short time interval, these points in the same wavefront move

different distances in the laser’s direction of travel. The angle between a straight line

connecting the two points and the transverse axis, shown in Figure 7, is the “bending”

angle between the points. For sufficiently short time intervals, the bending angle is

small. The small angle approximation can be used to equate the bending angle to the

difference in phase velocities between the two points:

tan θ ≈ θ = (vph, 1 − vph, 2)
∆t

w
, (2.32)

where θ is the bending angle, vph, 1 and vph, 2 are the phase velocities at each of the

points in Figure 7 and w is the distance between them. For a sufficiently small laser

pulse width and phase velocity difference, the angle can be written in terms of the

phase velocity gradient with respect to r. As ∆t→ 0,

∂θ

∂t
=
∂vph
∂r

. (2.33)

A transverse gradient in the refractive index of the plasma causes the wavefront to

bend. As the wavefront bends, the direction of energy propagation gains a radial

component. This is because the direction of energy propagation is always perpen-

dicular to the wavefront. When the laser pulse travels faster at its edges than at the
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centre, energy is directed towards the central axis in the direction of propagation of

the laser pulse. This is the case in Figure 7, where there is a negative transverse

gradient in refractive index.

Derived in Appendix C.6, the acceleration in the width of the laser pulse is governed

by Equation 2.34:
∂2w

∂t2
=
c2

η2
∂η

∂r
. (2.34)

The second derivative of the pulse width with respect to time can be seen as an

“acceleration” of the pulse width, describing the focusing force of the plasma on the

laser pulse. The second derivative of the pulse width with respect to time is hereon

referred to as the pulse width acceleration. Recalling Equation 2.26 for the nonlinear

refractive index in terms of the normalised potential of the laser pulse, and expanding

in a Taylor series up to its first-order term,

∂2w

∂t2
≈
c2ω2

p

8ω2

∂a2

∂r
. (2.35)

This equation assumes that perturbations to the plasma density, which affect the re-

fractive index according to Equation 2.27, are negligible. Equation 2.35 shows that

negative gradients in the laser intensity produce a negative “acceleration” in the laser

pulse width. One example is a Gaussian laser beam, whose intensity falls away from

its centre. If the laser starts travelling as a collimated beam in the plasma, it will start

to self-focus, increasing its intensity in the process.

Self-Focusing Threshold for a Gaussian Laser Pulse

The pulse width only decreases when the self-focusing is stronger than the natural

diffraction of the laser pulse. The condition for this is determined by finding the point

where the self-focusing of a laser pulse in plasma is balanced by its natural diffraction

after its focal position. This condition is derived in Appendix C.6.1 for a Gaussian

laser pulse by equating the pulse width accelerations of each of these effects, which

produces the following condition:

a20w
2
0 =

32c2

ω2
p

, (2.36)

where a0 is the normalised potential of the laser pulse and w0 is the distance from the

beam centre where the laser intensity at its focal point falls to 1/e2 of its peak value

at its centre, known as the beam waist. Because the quantity a20w
2
0 is proportional to

the intensity of the laser pulse multiplied by the area that it covers, we can derive a
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threshold power for the laser pulse to self-focus in a plasma [117]:

Pc = 17.4
ω2
0

ω2
p

[GW], (2.37)

where ω0 is the central frequency in the spectrum of the Gaussian laser pulse. Equa-

tion 2.37 is the critical power for self-focusing, above which the laser pulse self-

focuses in the plasma. The condition for the laser pulse to self-focus depends on

its power rather than intensity. This is because a laser pulse focused to smaller waist

sizes and thereby higher intensities will experience a larger focusing force from the

plasma, but an equally large defocusing force due to the larger divergence angle of

the incoming beam.

2.5 Laser-Driven Plasma Waves

In an LWFA, the ponderomotive force of the laser pulse pushes electrons out of its

path. The displaced electrons experience an electrostatic restoring force that causes

them to move back towards their initial equilibrium positions. The electrons overshoot

and start to oscillate. This produces a wave in electron density, which is the plasma

wave. The structure of the plasma wave depends primarily on the intensity profile of

the driving laser pulse. It is shown that plasma waves governed by linear wave equa-

tions are driven by low-intensity laser pulses and nonlinear plasma waves are driven

by high-intensity laser pulses. The solutions to their wave equations are discussed.

The wave equation for a linear plasma wave can be derived by considering perturb-

ations to the electron density, the electrons’ velocities and the electric fields when

electrons are perturbed by small distances from their equilibrium positions. The de-

rivation is performed in Appendix C.7; the wave equation for a linear plasma wave is

given by Equation 2.38: (
∂2

∂ξ2
+ k2p

)
Φ =

k2p
2
a2, (2.38)

where kp is the wavenumber of the plasma wave. This equation applies when a0 ≪ 1,

and hence n1 ≪ n0, where n1 is the perturbed electron density and n0 is the initial

electron density in the plasma. The plasma wave is driven by the potential of the laser

pulse. Taking the spatial derivative of this expression produces an expression for the

electric field in the plasma wave. The driving term in this equation is proportional to

the ponderomotive force of the laser pulse, where Fp ∝ ∇a2 as given by Equation

2.17. Equation 2.38 is in the form of an inhomogeneous Helmholtz equation, which
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can be solved with the Green’s functions [118], [119]:

Φ = kp

∫ ξ

0

sin (kp(ξ − ξ′))
a2

2
dξ′. (2.39)

The scalar potential, the electric field and the electron density perturbation in the

plasma wave follow a sinusoidal function of space and time behind the laser pulse.

When electrons are displaced by distances greater than the plasma skin depth, 1/kp,

layers of electrons in the plasma begin to overlap and the linear plasma wave structure

begins to break down. Electron displacements of this size produce electric fields

greater than the wave breaking limit, which is the electric field produced by the charge

separation of electrons displaced by the skin depth [120]:

Ewb =
mecωp

e
. (2.40)

This equation can be derived using Gauss’ law, by integrating the charge density over

the plasma skin depth in the plasma. Evaluating the constants and substituting Equa-

tion 2.20, Equation 2.40 equates to Ewb = 96
√
ne [cm-3] GV/m. The electric field at

the wave breaking limit depends only on the electron density of the plasma.

Equations for one-dimensional, nonlinear plasma waves have been derived in a num-

ber of ways [121]–[124]. The wave equation is a second order, nonlinear, inhomogen-

eous differential equation [121]–[123]:

∂2Φ

∂ξ2
= γ2pk

2
p

(
βp

[
1− 1 + a2

γ2p(1 + Φ)2

]− 1
2

− 1

)
, (2.41)

where γp is the relativistic Lorentz factor of the plasma wave, βp is its speed factor and

kp is its wavenumber. The Lorentz factor of the plasma wave relates to its phase ve-

locity, equal to the group velocity of the laser pulse that drives it: γp = 1/
√

1− v2g/c
2.

As vg = ηc, this parameter can be related to the refractive index of the plasma by

γp = 1/
√

1− η2. Substituting Equation 2.24 for the refractive index of the plasma,

γp =
ω0

ωp

, (2.42)

or γp =
√
nc/ne. When the displaced electrons travel at ultrarelativistic speeds, such

that βp → 1 and γp ≫ 1, a simpler wave equation for a one-dimensional nonlinear

plasma wave can be derived [125], [126]:

∂2Φ

∂ξ2
=
k2p
2

(
1 + a2

1 + Φ2
− 1

)
. (2.43)



44 Chapter 2: Theoretical Background

The assumption made in this derivation is that the laser pulse duration must be greater

than the period of the central frequency of the laser pulse [126]: τ ≫ 2π/ω0. Equa-

tions 2.41 and 2.43 generally do not have analytical solutions and must be solved

numerically [121]–[123], [125], [126].
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Figure 8: Nonlinear (black) and linear (blue) solutions for the scalar potential (top
row), electric field (middle row) and electron density perturbation (bottom row) of a
plasma wave driven by Gaussian laser pulses with normalised potentials of 0.1 (left
column), 1.0 (middle column) and 2.0 (right column). (Red) Envelopes of the (top row)
normalised potential and (middle row) electric field of laser pulses.

Figure 8 shows numerical solutions to Equation 2.41 for different Gaussian laser

pulses driving the plasma wave. Each laser pulse has a FWHM duration of 30 fs,

which is a typical pulse duration, chosen so that τFWHM < 2πc/ωp for resonant excit-

ation of the plasma wave. Each solution has been computed assuming that Φ = 0 at

the front of the laser pulse at ξ = −2τFWHM c, where τFWHM is the FWHM duration

of the laser pulse. In each column in Figure 8, the driving laser pulse has one of

a0 = 0.1, 1.0 or 2.0. The corresponding solution to the linear wave equation, given by

Equation 2.38, is also plotted as the dashed blue line in each plot.

As a0 → 1, the linear solution is no longer sufficient to describe the plasma wave.
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The spatial period of the plasma wave becomes longer, as shown in the middle and

right columns of Figure 8. As a0 increases, the potential of the plasma wave becomes

more parabolic. The electric field becomes a sawtooth-like function of the comov-

ing coordinate. When a0 = 2, the amplitude of the electric field is greater than the

wave breaking limit, which in this case is equal to 140 GV/m for a plasma density of

2× 1018 cm-3. The amplitudes of the electric fields are on the order of 100 GV/m, three

orders of magnitude greater than the electric fields produced in state-of-the-art con-

ventional RF particle accelerators. The electric field increases linearly from the back

to the front of each spatial period in the wave. The electron density is sharply peaked

at the back of each spatial period, with regions of approximately constant electron

density of n1/n0 = c/(c− vz) in between, where n0 is the initial electron density in the

plasma. Derived in Appendix C.8, this places a lower limit on the electron density in

the plasma wave of n1/n0 = −1/2, in any regions where vz = −c.

2.6 The Bubble Regime

The bubble regime refers to three-dimensional nonlinear plasma wave generation

driven by a laser pulse with a normalised potential greater than 1 and a duration

shorter than λp = 2π/kp. In three dimensions, electrons can be expelled transversely

by the laser pulse. The ponderomotive force of the laser pulse is chiefly respons-

ible for the formation of a nonlinear plasma wave, as this force acts over the longest

timescale compared to the oscillation of the electromagnetic fields of the laser and

the wakefield, proportional to 1/ω0 and 1/ωp respectively. In the bubble regime, a

series of ion cavities, or “bubbles”, is produced behind the laser pulse as electrons

have been expelled by the ponderomotive force. Behind each ion cavity is a narrow

sheath of electrons where the majority of the trajectories of the expelled electrons

overlap [127], [128]. The electron density in the sheath is at least an order of mag-

nitude higher than in the cavity.

An analytical description of the highly nonlinear plasma wave structure in the bubble

regime was derived by Lu et al. in 2006 [127]. The result is a second order, nonlin-

ear differential equation describing the outermost radial coordinate of the ion cavity

in terms of the comoving coordinate. The equation contains many terms, but can be

simplified for cases when the thickness of the electron sheath is much smaller than

the radius of the cavity:

rb
d2rb
dξ2

+ 2

(
drb
dξ

)2

+ 1 = −d|a|
2

dr

1(
1 +

βr2b
4

)2 , (2.44)
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where rb is the outermost radial coordinate of the cavity, β ≈ ln (1 + ∆
rb
)2− 1 and ∆ is

the thickness of the electron sheath [127], [128]. The term on the right-hand side of

Equation 2.44 is the driving term. Comparing this term to Equation 2.17, the driving

term is proportional to the ponderomotive force of the laser pulse. At the back of the

ion cavity where d|a|2
dr

≈ 0, the driving term vanishes:

rb
d2rb
dξ2

+ 2

(
drb
dξ

)2

+ 1 = 0. (2.45)

This equation is very similar to the differential equation describing a sphere. By writ-

ing the equation for a sphere as r2b + ξ2 = R2, where r2b = x2 + y2 and R is the

bubble radius, a similar differential equation to Equation 2.45 is obtained by finding

the implicit double derivative. The only difference is that there is no factor of two in

the first-order differential’s term like there is in Equation 2.45.
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Figure 9: Electron density (left) and longitudinal electric field (right) inside the plasma
in the bubble regime simulated using the PIC code, Smilei. Their values along the
central longitudinal axis at kpr = 0 are plotted in the bottom panels.

The geometry of the ion cavity in an LWFA can be examined in three-dimensional PIC

simulations, an example of which is shown in Figure 9, on the next page. The laser

pulse driving the plasma wave has a0 = 2.3, producing a plasma wave in the bubble
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regime. The top left plot is a map of the electron density in the plasma. As predicted

by Equation 2.45, the ion cavity takes on a spherical shape at its rear. In the top left

plot, the black dashed circle fit to the first bubble behind the laser pulse has a radius of

rb = 3/kp. The bubble radius is related to the normalised potential of the laser pulse

and the plasma density by a condition for the laser pulse to be guided in the plasma

with an almost constant beam waist. This condition can be estimated by balancing the

ponderomotive force of the laser pulse with the electric field inside the bubble [127],

[129], which produces a proportionality: kprb ∝ √
a0. A more refined condition was

produced by Lu et al. in 2007 by comparing the bubble radius with the plasma density

and the normalised potential of the laser pulse in PIC simulations [129]. This scaling

law contains the same proportionality:

kprb = 2
√
a0. (2.46)

In the example PIC simulation in Figure 9, kprb = 2
√
2.3 = 3.0, as shown by the black

dashed circle. Along the central axis, the electron density follows the same sharply

peaked profile as predicted by Equation 2.41. This can be seen by comparing the

bottom left plot of Figure 9 with the bottom right plot of Figure 8. In three dimensions,

the sharp peak in electron density is the on-axis density profile of the electron sheath.

The top right plot of Figure 9 is a map of the longitudinal electric field component

of the same plasma wave. The normalised potential of the laser pulse along the

central longitudinal axis is plotted in red. This map shows that the structure of the ion

cavity deviates from a spherical shape at the front where the laser fields and potential

are stronger. The longitudinal electric field component along the central longitudinal

axis is plotted in the bottom right plot of Figure 9. Similarly to the one-dimensional

nonlinear solution shown in the middle right plot of Figure 8, the longitudinal electric

field increases linearly from the back to the front of the ion cavity.

2.7 Injection of Electrons into the Wakefield

For an electron to be accelerated in a plasma wave, it must first be trapped in an

accelerating phase in the wakefield. While there are a number of possible injection

mechanisms, the main mechanisms of interest in this work are self-injection and ion-

isation injection. Overviews of both of these injection mechanisms are given.

2.7.1 Self-Injection

In the bubble regime, background electrons in the plasma can become trapped in

the wakefield. For this to occur, the trajectories of different displaced electrons need
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to overlap in some way such that some electrons arrive at the back of the bubble

with sufficient longitudinal momentum to keep up with the bubble, which travels with a

phase velocity equal to the group velocity of the laser pulse in the plasma. A number

of conditions for self-injection to occur have been derived. A trapping condition was

first produced by Kostyukov et al. in 2004 [130] by numerically integrating Hamilton’s

equations for an electron in the laser field. This was later supported by Kostyukov and

Nerush in 2009, who derived an analytical relation in a similar form [131]:

γpc

ωprb
≲

1√
2
. (2.47)

By taking the bubble radius given by Equation 2.46, the condition can be rewritten in

terms of the normalised potential of the laser pulse: a0 ≳ γ2p/2. As noted by Thomas

in 2010 [61], this condition requires the normalised potential to be abnormally large

at low plasma densities. Thomas derived a less conservative trapping condition by

assuming that displaced electrons follow elliptical trajectories [61]. An electron is said

to be trapped if the distance that the electron slips back relative to the bubble is smaller

than the bubble’s radius, producing the following trapping condition [61]:

c
√

ln (2γ2p)− 1

ωprb
≲

1√
2
. (2.48)

Again, substituting Equation 2.46 into this condition produces the trapping condition

in terms of the normalised potential of the laser pulse: a0 ≳ ln (2γ2p) − 1. In Figure

10, the threshold normalised potentials in the conditions of Kostykov and Thomas

are compared at a range of plasma densities. At all densities, Kostukov’s condi-

tion requires significantly higher normalised potentials than Thomas. At low plasma

densities, Kostyukov’s condition requires a0 ≳ 100, whereas Thomas’ condition re-

quires a0 ≳ 10. The threshold potentials of the two potentials become comparable

as ne/nc → 0.1. For example, for ne/nc = 0.1, Thomas’ trapping condition becomes

a0 ≳ 2.0 and Kostyukov’s condition produces a0 ≳ 4.9.

Mangles et al. in 2012 [132] took Thomas’ trapping condition and applied pre-existing

scaling laws for the laser pulse properties in plasma. They initially produced a threshold

for the energy and duration of a Gaussian laser pulse focused in a plasma with some

electron density [132]:

αE >
πϵ0m

2
ec

5

e2

[
ln

(
2nc

3ne

)
− 1

]3
nc

ne

τ(l), (2.49)

where E is the energy of the laser pulse, α is the fraction of the total energy within

the FWHM of the Gaussian laser pulse and τ(l) is the duration of the laser pulse as
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Figure 10: Threshold normalised potentials required by conditions derived by (blue)
Kostyukov and (red) Thomas.

a function of the propagation distance in the plasma. For the case where the laser

pulse energy depletes completely in the plasma, a trapping condition in terms of the

power of the laser pulse was produced [132]:

αP

Pc

>
1

16

[
ln

(
2nc

3ne

)
− 1

]3
, (2.50)

where Pc is the critical power for the laser pulse to self-focus in the plasma, given by

Equation 2.37. For a laser pulse with a total energy of 0.7 J and a duration of 40 fs,

good agreement was found between the measured threshold electron density and

the threshold density given by Equation 2.50. Threshold electron densities between

1× 1018 cm-3 and 3× 1018 cm-3 were found for α = 0.1 to 0.4 [132].

It was shown by Kalmykov et al. in 2009 [133] that self-injection is also caused by

the expansion of the bubble. This theory also explains the idea behind the density

down-ramp injection mechanism [134]–[136], as the bubble expands through regions

of decreasing electron density. In a frame of reference comoving with the bubble, they

considered the change in the Hamiltonian of a displaced electron in the plasma due to

an increase in the bubble radius, which was assumed to be linear in time [133], [137].

By relating the change in the Hamiltonian to the rate of bubble expansion, a trapping

condition was derived [133], [137]:

∆H = ϵRin

∫
∂H

∂R

dξ

vg − vz
< −1, (2.51)

where ϵ is the bubble expansion rate, Rin is the bubble radius at the point of injection,

∆H is the change in the Hamiltonian of the electron in the comoving frame, R is the

bubble radius and vz is the longitudinal velocity of the electron. As normally vz > vg,
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this condition shows that the for self-injection to take place ϵ > 0 and should be above

some threshold determined by the dynamics of the electron being considered. The

slippage time is another important factor determining whether the electron becomes

trapped, which is the duration of the interaction between the electron and the bubble

potential, given by Tslip =
∫
dξ/(vg − vz) [133], [137]. While this trapping condition

is analytically complex and is analysed by numerically integrating trajectories of elec-

trons displaced by the laser pulse, it was found that a small number of electrons are

self-injected when this condition is satisfied [133], [137]. PIC simulations of lasers of

1-2 PW in plasmas with densities on the order of 1017 cm-3 were used to demonstrate

this self-injection during periods of rapid bubble expansion [133], [137], [138].

2.7.2 Ionisation Injection

An alternative injection mechanism that offers some control over the injection threshold

is ionisation injection. In ionisation injection, the accelerator medium is a low Z (atomic

number) gas such as helium, which the laser pulse ionises as it travels through. The

accelerator medium is doped with a low, typically 0.1 − 10% concentration of high Z

gas such as nitrogen [139]–[143]. In regions where the laser intensity is high enough,

typically around the centre of the laser pulse, K-shell electrons in the high Z gas are

ionised and can be injected in the wakefield [139], [140].

For electrons from the high Z species to become trapped in the wakefield, they must

be ionised at a particular phase in the plasma wave. If they are ionised at earlier

phases, the ionised electrons acquire a potential that is too large and thus stream

back through the wakefield. A trapping condition accounting for these considerations

was derived by Chen et al. in 2012 [144]. The condition requires that the Hamiltonian

of the ionised electron be smaller than the Hamiltonian of some electron following a

closed orbit in phase space inside the bubble. Expressed in terms of the properties

of the plasma wave and laser pulse,

1− Φ(ψion) ≤
√
1 + a2⊥(ψion)

γp
− Φmin, (2.52)

where Φ is the potential of the plasma wave, Φmin is the minimum potential, ψion is

the phase in the wakefield where the electron is released from its molecule, atom or

ion and a⊥ is the transverse component of the vector potential of the laser.

However, the phase in the plasma wave at which the above condition is satisfied also

needs to coincide with the front half of the laser pulse, where, assuming that the laser

pulse intensity peaks at its centre, the laser pulse is most likely to ionise the high
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Figure 11: Normalised scalar potential of plasma wave (black) and normalised poten-
tial of laser pulse (red) plotted against phase in plasma wave. ψi (dashed blue line),
the earliest phase satisfying the condition given by Equation 2.52, is marked on these
plots for two different cases: (left) when a0 = 1.7, kpσz = 1.5 and ψi < 0, and (right)
a0 = 1.0, kpσz = 1.0 and ψi > 0.

Z atoms. We consider the earliest phase in the plasma wave satisfying the above

trapping condition, denoted as ψi. If ψi coincides with the back of the laser pulse,

then electrons would have been ionised by the front of the laser pulse, which lies at

even earlier phases that do not satisfy the above trapping condition. They will not

be trapped in the wakefield. The left panel of Figure 11 shows one such example,

where the laser pulse potential is plotted in red and the potential of the plasma wave

is plotted in black against the phase of the plasma wave. ψi is plotted as the vertical

blue dashed line, which coincides with the back of the laser pulse. By contrast, an ex-

ample where the earliest phase satisfying Equation 2.52 is shown on the right panel

of Figure 11. ψi is earlier in the plasma wave and coincides with the front of the laser

pulse. In this case, trapping the electrons is possible.

In Figure 11, ψi was changed to a more advantageous position by adjusting both the

peak potential and the duration of the laser pulse, which are included in the caption

of Figure 11. In Figure 12, ψi is plotted against the peak potential of the laser pulse

for lasers with six different pulse durations. ψ = 0 is the phase where the peak of

the laser pulse lies, with the front of the laser pulse at ψ < 0. Increasing the peak

potential of the laser pulse moves ψi earlier in the plasma wave, pushing it towards

the front of the laser pulse. This is due to the general increase in the right hand side of

Equation 2.52, which contains a term containing a⊥ but also the term −Φmin becomes

smaller. ψi is pushed to the phases of smaller potentials at the front of the plasma

wave. Figures 11 and 12 also show that increasing the length of the laser pulse is

also a method of making ψi < 0. While a longer laser pulse drives the plasma wave

out of resonance, and thus at a lower amplitude, the plasma wave is effectively shifted
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Figure 12: Peak normalised potential of a Gaussian laser pulse against phase re-
quired for electrons from a high Z species to be ionised and trapped, plotted for differ-
ent laser pulse lengths at an electron density of 2× 1018 cm-3.

in phase, which turns out to be advantageous for trapping K-shell electrons.

Threshold Laser Intensity for Ionisation

Another factor to consider in the ionisation injection mechanism is the intensity of

the laser pulse required to release the K-shell electrons in the high Z species. By

modelling the potential barrier binding the electron in an ion, atom or a molecule as a

Coulomb barrier in one dimension, a threshold intensity to release the electron from

a binding potential can be estimated [145]:

It =
π2ϵ30c

2e6
Eion

Z2
, (2.53)

where Eion is the ionisation energy of an ion with a charge of Z − 1. Equating the in-

tensity to the normalised potential of the laser pulse, a = e
√

1
2
cϵ0It/ωmec, a threshold

potential can be estimated:

at ≈ 0.29Z−2 λ [µm] Eion [eV]. (2.54)

As an example, the ionisation energy required to produce N7+ is 552 eV [146]. Ac-

cording to Equation 2.54, the laser pulse needs to have a0 ≥ 2.7. At laser potentials

that are lower but still comparable, the binding potential is lowered and there is some

probability of the electron tunnelling through the potential [147], [148].
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2.8 Electron Acceleration in the Bubble Regime

Electrons injected into the wakefield are accelerated by the longitudinal electric field

component of the wakefield. When electrons are accelerated to γmec
2 ≳ 10 MeV, they

are said to be ultrarelativistic and travel at approximately the speed of light. Mean-

while, the wakefield moves in the same direction with a velocity equal to the group

velocity of the laser pulse in the plasma. As vg < c, the ultrarelativistic electron ad-

vances in phase in the wakefield.

The energy progression of an electron in the bubble regime is derived in Appendix

D.1, by calculating the work done by the electric field as the electron advances in

phase in the bubble. The variation of the longitudinal electric field along the z-axis

can be derived using Gauss’ law by assuming that the bubble is a spherical cavity

with a constant charge density of ρ = nee, so Ez = (ene/ϵ0) ξ. Assuming that a non-

evolving electric field structure in the bubble, an electron injected at the back of the

bubble is found to follow a quadratic relation in time:

E(t) = γpmec
2 +meω

2
pc

2

(
− 1

4γ2p
t2 +

rb
c
t

)
. (2.55)

In this model, the electron eventually reaches a maximum energy at the centre of

the bubble, where the longitudinal electric field component is zero. The electron then

enters a region in the bubble where this electric field component changes direction,

decelerating the electron. This process is known as dephasing. The peak energy

reached by the electron due to dephasing can be found by locating the vertex of

this quadratic function of time: Edph = γpmec
2 + meω

2
pγ

2
pr

2
b at t = 2γ2prb/c. Using

Equation 2.46 for the radius of the bubble, the maximum energy of the electron due

to dephasing can be written in terms of the normalised potential of the laser pulse.

Neglecting the initial energy of the electron upon injection,

Edph ≈ 4γ2pmec
2a0. (2.56)

As γ2p = nc/ne, Equation 2.56 shows that decreasing the plasma electron density

and increasing the laser intensity increases the peak energy reached by electrons

in an LWFA in the bubble regime. That is, assuming that the length of the plasma

is sufficient to accommodate the electrons reaching their peak energy and that the

laser pulse does not deplete before this occurs. Moreover, Equation 2.56 was derived

assuming no evolution in the wakefield structure nor its phase velocity. In the next

section, it is shown that the peak energy of the electron is modified by a slowing of

the phase velocity of the wakefield due to the evolution of the laser pulse [129].
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2.9 Limits of Electron Acceleration

As described in Section 2.8, dephasing is the process of an electron accelerated in

the wakefield reaching a phase where Ez = 0 in the wakefield and then decelerating,

as the electron travels at a greater speed than the phase velocity of the wakefield.

The distance in the plasma over which an electron reaches Ez = 0 in the wakefield

is known as the dephasing length. The phase velocity of the wakefield is given by

the group velocity of the laser pulse, given by vg = ηc. If the electron travels at

approximately the speed of light in vacuum,

Ldph =
∆ξ

1− η
, (2.57)

where ∆ξ is the comoving distance between the comoving coordinate where the elec-

tron is injected and where Ez = 0. It is assumed that the acceleration starts at the

position in the wakefield where the longitudinal electric field is most negative, as in

the case of self-injection where electrons are injected at the back of the bubble. An

electron dephases after traversing half of the spatial period of the plasma wave. In the

bubble regime, the electric field follows a sawtooth-like function like the one shown in

Figure 9; the electron dephases after traversing the bubble radius, given by Equation

2.46. Approximating vg/c = η ≈ (1− 1
2
ω2
p/ω

2
0), which applies when a0 ≲ 1 [129],

Ldph =

1
2
γ2pλp, 1D linear

4
3
γ2pk

−1
p

√
a0, 3D nonlinear

(2.58)

By comparing the dephasing length in the 3D nonlinear case with the location of the

vertex of Equation 2.55 at ct = 2γ2prb = 4γ2pc/ωp
√
a0, it an be seen that a factor of

2/3 has been introduced. This factor was introduced by Lu et al. in 2007 [129] and

accounts for the slowing of the phase velocity of the wakefield due to etching of the

front of the laser pulse as it travels through the plasma. By integrating the wakefield

in each case from z = 0 to z = Ldph, in a similar way to the derivation performed in

Appendix D.1, the peak energy reached by an electron accelerated in the wakefield

can be expressed:

Edph =

2γ2pmec
2, 1D linear

2
3
a0γ

2
pmec

2, 3D nonlinear
(2.59)

This is the peak energy reached by electrons provided that the length of the LWFA is

longer than the dephasing length. By comparing Equation 2.59 in the 3D nonlinear

case to Equation 2.56, the peak energy is decreased by a factor of 1/6 when consid-

ering the slowing of the phase velocity of the wakefield.
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Another factor limiting the energy gained by an electron accelerated in the wakefield

is the loss of energy of the laser pulse to the plasma wave, often referred to as pump

depletion. The pump depletion length is the distance that laser pulse travels in the

plasma before its energy is depleted. In a one-dimensional, linear plasma wave,

the pump depletion length can be calculated by equating the energy densities of the

initial laser pulse and the plasma wave at the pump depletion length. Decker et al. in

1996 [149] showed that the laser depletes locally and that the front of the laser pulse

is etched at a speed of vetch = cω2
p/ω

2
0. This was verified in two-dimensional PIC

simulations [149], and later in three-dimensional PIC simulations by Lu et al. in 2007

[129]. In the bubble regime in three dimensions, an expression for the pump depletion

length was produced [129]. The results for both the one-dimensional linear case and

the three-dimensional nonlinear case are summarised in Equation 2.60 [129], [149]:

Lpd =


γ2
p

a20
λp, 1D Linear

γ2pcτFWHM , 3D Nonlinear
(2.60)

The ratio of the depletion length and the pump depletion length for the 3D nonlinear

case is given by Ldph/Lpd = (4/3)
√
a0/(kpcτFWHM). If this ratio is greater than unity,

the LWFA is dephasing-limited; otherwise it is depletion-limited. If the length of the

laser pulse is cτFWHM ≈ k−1
p , the ratio becomes Ldph/Lpd = (4/3)

√
a0. As a0 > 1 in

a nonlinear plasma wave, Ldph/Lpd > 1 if this condition is satisfied.
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Figure 13: (Left) Map of transverse electric field in the bubble regime. (Right) Along
different transverse axes in the map, shown in the left plot, the transverse electric field
of the electric field is plotted.

2.10 Betatron Oscillations

In the bubble regime, an injected electron encounters not only a longitudinal electric

field but also a transverse component. While the longitudinal component gives the

electron a greater total energy, the transverse component produces a focusing force

on the electron towards the central longitudinal axis of the bubble. On the left panel

of Figure 13, the transverse electric field in a PIC simulation of the bubble regime is

mapped, showing that the transverse electric field in the bubble increases in mag-

nitude away from the central longitudinal axis at r = 0, where the transverse field is

approximately zero. The transverse electric field is plotted along different transverse

axes in the bubble in the right panel, which are indicated by the coloured lines on the

left. The right panel shows that all along the bubble, the magnitude of the transverse

electric field component increases linearly away from the central axis where it is zero.

2.10.1 Electron Trajectory at Constant Energy

An electron with a constant total energy experiences a strong transverse force direc-

ted towards the central longitudinal axis in the bubble. An equation of motion of the

electron in terms of its transverse coordinate can be derived from the Lagrangian for

a relativistic charged particle in an electromagnetic potential, which is outlined in Ap-

pendix D.3. The equation of motion describes a particle performing simple harmonic

oscillations about the central longitudinal axis in the bubble:

d2r

dt2
= −

ω2
p

2γ
r. (2.61)
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The frequency of the oscillations is called the betatron frequency. In the case of an

electron with constant energy, and thereby a constant Lorentz factor, the betatron

frequency is constant in a plasma with constant density:

ωβ =
ωp√
2γ
. (2.62)

The solution to the simple harmonic equation of motion is a sinusoidal function of time

with some amplitude:

r(t) = rβ cos (ωβt), (2.63)

where rβ is the amplitude of oscillation. The transverse component of the velocity

factor of the electron is found by differentiating this solution with respect to time and

dividing it by the speed of light:

βr(t) = −rβωβ

c
sin (ωβt). (2.64)

As the energy of the electron is constant, and so is its total speed factor, the longit-

udinal velocity factor must be perturbed by small amounts by the periodically varying

transverse velocity. Making the approximation βz(t) =
√
β2 − βr(t)2 ≈ β(1− 1

2
βr(t)

2),

βz(t) = β

(
1−

ω2
βr

2
β

4c2

)
+ β

ω2
βr

2
β

4c2
cos (2ωβt). (2.65)

An expression for the longitudinal coordinate of the oscillating electron is then derived

by integrating the longitudinal speed factor component with respect to time:

z(t) = β

(
1−

ω2
βr

2
β

4c2

)
ct+ β

ωβr
2
β

8c
sin (2ωβt), (2.66)

where the constant of integration has been set to zero such that z = 0 when t = 0. In

Equations 2.65 and 2.66, the first term represents the drift motion of the electron as

it travels through the plasma. The drift velocity is the average velocity of the electron

in the plasma. The second terms are the perturbations in the drift motion due to

the transverse oscillations. As γ → ∞, ωβ → 0 so the size of these perturbations

becomes zero and βz = 1. For an ultrarelativistic electron, γ ≫ 1 so βz ≈ 1 and the

size of these perturbations can be neglected. The top panel of Figure 14 shows that

the electron follows a sinusoidal trajectory for γ ≫ 1.

2.10.2 Trajectory of an Electron Accelerated in the Bubble

A more realistic electron trajectory in the bubble regime is produced by considering

the effect of the longitudinal as well as the transverse electric field component of the
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Figure 14: Example trajectories (black) and energy progressions (red dashed) of ul-
trarelativistic electrons oscillating in the bubble regime, (top) for an electron with con-
stant energy and (bottom) an electron following a parabolic energy progression ac-
cording to Equation 2.55 and a trajectory following Equation 2.68. Trajectories plotted
for typical LWFA parameters of ne = 5× 1018 cm-3, a0 = 3 and r0 = 2 µm.

bubble on the electron. While the longitudinal component gives the electron a greater

total energy, the transverse component produces a focusing force on the electron

towards the central longitudinal axis of the bubble. The Lorentz factor is no longer a

constant of the electron’s motion. However, as outlined in the derivation in Appendix

D.4, if the rate of change of the Lorentz factor of the electron is significantly smaller

than the rate of change of the radial speed factor, an approximately simple harmonic

equation of motion can be derived for the electron’s transverse motion:

d2r

dt2
=

ω2
p

2γ(t)
r, (2.67)

where the Lorentz factor is a slowly varying function of time. As stated in Appendix

D.4, this equation of motion is valid if βr
dγ
dt

≫ γ dβr

dt
. This is true for an ultrarelativistic

electron, which has γ ≫ 1 and βr < 1; differentiating Equation 2.55 with respect to

time, dividing by mec
2 and setting t = 0 shows that the Lorentz factor is accelerated

over a minimum timescale of 1/ω2
p, whereas the transverse speed factor oscillates

over a timescale of 1/ωβ. Therefore, as γ ≫ βr and 1/ωβ ≫ 1/ω2
p, the equation of

motion is valid for an ultrarelativistic electron.

Because the equation of motion is still of simple harmonic form, the electron is expec-

ted to oscillate about the central longitudinal axis of the bubble with a slowly varying

frequency: Ωβ(t) = ωp/
√
2γ(t). A solution to the equation of motion can be derived

by applying the Wentzel-Kramers-Brillouin (WKB) approximation, which is performed
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in Appendix D.4. In that derivation, it is shown that the WKB approximation is valid

when dΩβ(t)

dt
≪ Ωβ(t)

2. Substituting the expression for the slowly varying frequency of

oscillation, that condition is satisfied when dγ
dt

≪ ωp/
√

2γ(t). Expressed qualitatively,

the Lorentz factor and thereby the frequency of oscillation must be slowly varying com-

pared to the timescale of the oscillations performed by the electron. Originally derived

by Kostyukov et al. in 2004 [130], the solution to the equation of motion describes an

electron oscillating with a slowly varying frequency and amplitude:

r(t) =
pr0
meωp

√
2

γ0

(
γ0
γ(t)

) 1
4

sin

[ ∫
Ωβ(t) dt

]
, (2.68)

where γ0 is the initial Lorentz factor of the electron and pr0 is its initial transverse mo-

mentum when injected into the bubble. In the bottom panel of Figure 14, the trajectory

of the electron following this equation is plotted for an electron following the quadratic

energy progression given by Equation 2.55, plotted in red. The ultrarelativistic elec-

tron travels at approximately the speed of light in the z-direction, and is approximated

as z ≈ ct. The plot shows that the increase in energy of the electron is accompanied

by a decrease in oscillation amplitude and an increase in the oscillation wavelength.

The amplitude of oscillation follows a function in time, which can be inferred from

Equation 2.68:

rβ(t) = r0

(
γ0
γ(t)

) 1
4

, (2.69)

where r0 = pr0/(meωp)
√

2/γ0 is the initial amplitude of oscillation.

The solution for the transverse momentum component of the oscillating electron is

also derived in Appendix D.4:

pr(t) = pr0

(
γ(t)

γ0

) 1
4

cos

[ ∫
Ωβ(t) dt

]
. (2.70)

The transverse momentum component of the electron is plotted against its longit-

udinal coordinate in the top panel of Figure 15, showing the increase in the amp-

litude of the transverse momentum with the electron’s energy. This is due to the

increase in the transverse force on the electron, which scales with the Lorentz factor:

Fr = dpr
dt

= γ d2r
dt2

. By contrast, the amplitude of the betatron oscillations decreases

with the Lorentz factor according to Equation 2.69. While this may be somewhat

counter-intuitive, it should be remembered that the longitudinal momentum compon-

ent of the electron is approximately proportional to the Lorentz factor. This means that

as the electron’s energy increases, its momentum becomes more strongly directed in

the longitudinal direction, as pr/pz ∝ γ−
3
4 . The bottom panel of Figure 15 is a plot of
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Figure 15: (Top) (Black) Transverse momentum component of electron and (red) en-
ergy progression against longitudinal coordinate, where ne = 5 × 1018 cm-3, a0 = 3
and r0 = 2 µm. (Bottom) Ratio of transverse and longitudinal momentum components
of the same electron.

pr/pz against the electron’s longitudinal coordinate, where it has been assumed that

pz ≈ p. In this plot, pr/pz ∼ 10−3 apart from at the start of the acceleration where

pr/pz ∼ 10−2. The amplitude of the oscillations of pr/pz, shown in the bottom plot,

decreases with increasing electron energy.

2.11 Synchrotron Radiation

A charged particle moving with some non-zero acceleration emits electromagnetic

radiation called synchrotron radiation [2]. Synchrotron light sources typically consist of

a series of dipole magnets that cause charged particles to follow a curved trajectory,

which mean that they undergo some transverse acceleration. In this section, the

general properties of synchrotron radiation produced by electrons following curved

trajectories are derived and discussed. These properties include the time progression

of the electromagnetic fields, the spatial and spectral intensity distributions.

2.11.1 Retarded and Observed Times

The trajectory of the electron describes its position as a function of time. The observer

of the synchrotron radiation lies at another position and is stationary with respect to

the laboratory frame of reference, as shown in Figure 16. The relative position of the

electron with respect to the observer is a function of time, equal to the difference of
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these displacement vectors:

r(t) = rp −R(t), (2.71)

where rp is the position of the observer relative to a pre-defined origin and R is the

trajectory of the electron relative to the same origin. At some point in time, the electron

emits radiation in the direction of the observer. The radiation arrives at the observer

after some time interval determined by the distance that the radiation has to travel to

reach the observer’s position. The time when the radiation meets the observer thus

depends on this distance:

tobs = tret +
|r(tret)|

c
, (2.72)

where tret is the time at which the radiation is emitted, known as the retarded time.

R(t)

r(t)

rp

e-

Origin

Figure 16: Displacement vectors for an electron following a curved trajectory and an
observer of its synchrotron radiation. Their positions are defined with respect to a
pre-defined origin.

An observed time interval in the radiation depends on the motion of the electron. To

demonstrate this, we consider the following example. An electron moves from one po-

sition R1 at some retarded time tret, 1 to R2 at tret, 2. The electron-observer distances

at these retarded times are r1 and r2. Considering the radiation produced at each of

these retarded times, the corresponding times of observation can be calculated using

Equation 2.72. The difference between these times of observation is the observed

time interval:

∆tobs = ∆tret +
∆r

c
, (2.73)

where ∆tret = tret, 2 − tret, 1 and ∆r = r2 − r1. If the electron is travelling towards

the observer, ∆r < 0, so the observed time interval is shorter than the corresponding

retarded time interval. If the electron is travelling away, ∆r > 0 so ∆tobs > ∆tret.

Considering an infinitesimal time interval in the retarded time, the corresponding ob-

served time interval becomes

dtobs =

(
1 +

1

c

d|r|
dtret

)
dtret, (2.74)

which is derived by differentiating Equation 2.72 with respect to the retarded time.
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This expresses the rate of change of the observed time with respect to the retarded

time. Substituting Equation 2.71 into Equation 2.74 and differentiating with respect to

time produces an alternative expression for Equation 2.74:

dtobs = (1− n · β) dtret, (2.75)

where n = r/|r| is the unit vector pointing in the direction of the observer from the

electron’s position and β = 1
c

dr
dtret

is the velocity factor of the electron.

2.11.2 Liénard-Wiechert Fields

The potentials of the radiation produced by a charged particle being accelerated were

derived by Liénard in 1898 [150] and independently by Wiechert in 1901 [151]. From

these expressions, the electromagnetic fields of the radiation as functions of time were

derived, and are known as the Liénard-Wiechert fields [25]:

E(tobs) =
e

4πϵ0γ2

(
n− β

r2(1− n · β)3

)
ret

+
e

4πϵ0c

(
n× ((n− β)× β̇)

r(1− n · β)3

)
ret

, (2.76)

B(tobs) =
eµ0

4π

(
n× βγ2

r2(1− n · β)3

)
ret

+
eµ0

4π

(
n× (n× ((n− β)× β̇))

r(1− n · β)3

)
ret

. (2.77)

where β̇ is the rate of change of the relativistic speed factor of the particle with re-

spect to the retarded time. Derivations of the Liénard-Wiechert potentials of radiation

from accelerating charge and the Liénard-Wiechert fields can be found in Hoffman’s

book, “The Physics of Synchrotron Radiation” [25]. Comparing the equations for the

electromagnetic fields, there is a simple relation between the two fields [25]:

B(tobs) =
1

c
n× E(tobs). (2.78)

All of the parameters describing properties of the particle in Equation 2.76 are func-

tions of time. All of these parameters describe the electron in the retarded time, rather

than as measured by the observer.

2.11.3 Angular Intensity Distribution

The first term in Equation 2.76 is the near-field contribution to the electric field of the

synchrotron radiation, and the second term is the far-field contribution. At large dis-

tances, where r ≫ 1, the far-field contribution is several orders of magnitude greater

than the near-field contribution. If γ ≫ 1, the far-field contribution is also greater by

even more orders of magnitude, due to the squared Lorentz factor in the denomin-

ator of the near-field term. In most synchrotron light sources, γ ≫ 1 and r > 1 m.
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Therefore, only the far-field term in the Liénard-Wiechert fields is used to describe the

spatial power distribution of the synchrotron radiation.

The angular distribution of the power emitted per solid angle by an electron under-

going some acceleration can be derived from the Poynting vector produced by its

Liénard-Wiechert fields. This is performed in Appendix E.1 and the result is given by

Equation 2.79:
dP

dΩ
=

e2

(4π)2ϵ0c

(
n× ((n− β)× β̇)

)2
(1− n · β)5

. (2.79)

This is the angular distribution emitted by the electron in the retarded time, rather than

the distribution according to the observer.

Total Radiated Power

The total radiated power by the electron is derived by integrating the power distribution

over the entire solid angle covered by the radiation distribution. An expression for the

total radiated power is derived in Appendix E.1.1. The result is the relativistically-

corrected Larmor formula, also known as the Liénard formula [2]:

P =
e2

6πϵ0c
γ6
(
β̇2 − (β × β̇)2

)
. (2.80)

This expression for the total radiated power can be broken down into two contribu-

tions: one due to an acceleration parallel to the electron’s velocity and one due to

the acceleration perpendicular to its velocity. When the acceleration and velocity of

the electron are parallel, the angle between them is zero, so |β̇ × β| = β̇β sin 0 = 0.

Then in the relativistically-corrected Larmor formula, β̇2 − (β × β̇)2 = β̇2, producing

an expression for its contribution to the radiated power:

P|| =
e2

6πϵ0c
γ6β̇2

||. (2.81)

When the velocity and acceleration of the electron are perpendicular, the vector product

has its largest magnitude: |β̇ × β| = β̇β sin 90◦ = β̇β. In the relativistically-corrected

Larmor formula, β̇2 − (β × β̇)2 = β̇2(1 − β2) = β̇2γ−2. The power contribution due

to the acceleration perpendicular to the electron’s velocity can also be expressed:

P⊥ =
e2

6πϵ0c
γ4β̇2

⊥. (2.82)

The forces on the electron producing an acceleration in either direction are given by

meβ̇||c = γ−3 dp||
dt

and meβ̇⊥c = γ−1 dp⊥
dt

. These force components can be substituted
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into their corresponding power contributions:

P|| =
e2

6πϵ0c

1

m2
ec

2

(
dp||

dtret

)2

, (2.83)

P⊥ =
e2

6πϵ0c

γ2

m2
ec

2

(
dp⊥

dtret

)2

. (2.84)

These equations are of the same form, but Equation 2.84 contains an extra factor

of γ2. A force applied perpendicular to the direction of motion of the electron will

lead to the emission of synchrotron radiation that is a factor of γ2 greater than the

radiation produced by an electron accelerated in its direction of travel. For an electron

experiencing both a parallel and a perpendicular acceleration, when γ ≫ 1, the power

contribution from the parallel acceleration component emitted becomes negligible.

Angular Intensity Distribution from an Electron Following a Circular Trajectory

While many electrons producing synchrotron radiation do not follow circular trajector-

ies, for example electrons oscillating in an insertion device, many electron trajectories

over short distances can be approximated by arcs of a circle with some radius of

curvature. It is thus instructive to examine the spatial power distribution produced by

an electron following a circular trajectory, for which dp⊥
dt

= 0. The angular intensity

distribution, derived in Appendix E.1.2, is given by Equation 2.85:

dP

dΩ
=

e2

(4π)2ϵ0c

β̇2

(1− β cos θ)3

(
1− cos2 ϕ sin2 θ

γ2(1− β cos θ)2

)
, (2.85)

where the angles are defined in Figure 17. This equation expresses the power radi-

ated per unit solid angle, which is proportional to the intensity of the emitted radiation.

e-

z

y

x

ϕ

θ

Figure 17: Setup of Cartesian and angular coordinates in deriving the angular intens-
ity distribution of synchrotron radiation from an electron following a circular trajectory.
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As predicted by Equation 2.79, as the direction of the electron-observer displacement

approaches the direction of the electron’s velocity, θ → 0, the angular intensity dis-

tribution approaches its peak value. In the direction perpendicular to the direction of

travel of the electron, when ϕ = 90◦, the flux of the radiation falls as (1 − β cos θ)3

away from the axis of travel of the electron.
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Figure 18: Surface plots of angular intensity distribution of radiation from electrons
following a circular trajectory. Each electron has βz ∼ 1011 s-1 with (left) γ = 1000 and
(right) γ = 2000.

In Figure 18 are two plots of the angular intensity distribution given by Equation 2.85

for two electrons with different Lorentz factors. For a more intuitive visualisation of the

angular intensity distribution, the angles θ and ϕ have been transformed to angles of

divergence from the z-axis, θx and θy. In both plots, the angular intensity distribution

is concentrated in a cone with an opening angle of ∼ 1/γ around the axis of travel

of the electron. The cone thus gets narrower as the Lorentz factor of the electron is

increased. Also, the peak intensity at the centre of the cone increases, which is due

to the increase in the power emitted by the electron.

For θ ≪ 1, small angle approximations can be applied to the trigonometric functions

in Equation 2.85: sin θ ≈ θ and cos θ ≈ 1 − 1
2
θ2. For ultrarelativistic electrons, the

relativistic speed factor can be approximated as β ≈ 1− 1
2
γ−2, so the angular intensity

distribution can be expressed in the following simplified form:

dP

dΩ
=

e2

2π2ϵ0c

γ6β̇2

(1 + γ2θ2)3

(
1− 4γ2θ2 cos2 ϕ

(1 + γ2θ2)2

)
. (2.86)

The angular distribution of radiated power varies with the angle approximately as
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(γ−2 + θ2)−3. Setting ϕ = 0, Equation 2.86 falls to zero at some maximum angle

in the radiation cone:

θmax = ±1

γ
. (2.87)

The angular flux distribution only falls to zero at this angle only for ϕ = 0. When

ϕ ̸= 0, the flux distribution approaches zero without ever reaching it for increasing

angles from the electron’s axis of travel.

2.11.4 Angular Energy Density Spectrum Produced by an Elec-

tron Following a Circular Trajectory

e-
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ρ
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Figure 19: Synchrotron radiation produced by an electron following a circular traject-
ory reaches a stationary observer when the electron is travelling within an arc with an
angle equal to the opening angle of the radiation.

As the trajectory of an oscillating electron can be approximated by a circular arc over

short distances, it is instructive to understand the synchrotron radiation spectrum pro-

duced by an electron following a circular trajectory. The observed radiation spectrum

is continuous and is characterised by a parameter known as the critical frequency,

above and below which half of the energy of the radiation is produced [2]. The critical

frequency is determined by the duration of the short flash “seen” by the stationary

observer as the radiation cone sweeps across the observer like a flashlight moving

around its curved trajectory, as shown in Figure 19. The duration of a flash produced

by a electron following a circular arc is derived in Appendix E.4:

∆tflash =
4ρ

3γ3c
, (2.88)

where ρ is the radius of curvature of the electron’s trajectory. Scaling as γ−3, the

duration of the radiation pulse is very short, so the spectrum of the radiation is expec-

ted to be broad. From the time-bandwidth product, the critical frequency is given by

ωc ≈ 2/∆tflash, quantifying the frequencies that the spectrum extends to [2]. Substi-
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tuting the expression for the radiation flash duration,

ωc =
3

2

γ3c

ρ
, (2.89)

where ρ is the radius of curvature of the electron trajectory. The corresponding critical

photon energy, Ec = ℏωc, can be written:

Ec =
3ℏ
2

γ3c

ρ
. (2.90)

A derivation of the angular energy density spectrum of an electron following a uniform

circular trajectory can be found in Wiedemann’s book, “Particle Accelerator Physics”

[2]. Due to the many steps involved in deriving this relation, the derivation is not

reviewed here. Its result is given in Equation 2.91 [2]:

d2W

dΩ dω
=

e2

16π3ϵ0c
γ2
(
ω

ωc

)2

(1 + γ2θ2)2

[
K2

2/3(ξ) +
γ2θ2K2

1/3(ξ)

1 + γ2θ2

]
, (2.91)

where ξ = 1
2

ω
ωc
(1 + γ2θ2)

3
2 and K1/3(ξ) and K2/3(ξ) are modified Bessel functions of

the second kind. The spectrum in terms of the photon energy can also be expressed:

d2W

dΩ dE
=

1

ℏ
d2W

dΩ dω
, (2.92)

where E is the photon energy.

On the surface plot in Figure 20, this equation is mapped and the on-axis spectrum is

plotted for different values of the Lorentz factor. The electron’s total energy is 3 GeV

and its trajectory’s radius of curvature is 7.15 m, which are the parameters of the

storage ring at the Diamond Light Source in the United Kingdom [152], [153]. A

significant amount of radiation energy is produced at photon energies up to 100 keV.

The surface plot in Figure 20 shows that the radiation beam has a different divergence

at each photon energy. The divergence of the radiation beam decreases at increasing

photon energies. The peak intensity is observed on-axis, at a frequency just above

the critical frequency of the on-axis spectrum.

On the right of Figure 20, the on-axis intensity spectra produced by electrons with a

range of Lorentz factors are plotted. The spectra have critical photon energies ranging

up to 100 keV, which are shown as the vertical dashed lines. Increasing the Lorentz

factor of the electron increases both the peak intensity and the critical photon energy

of the spectrum. A higher critical energy means that the spectrum stretches to higher

photon energies.
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Figure 20: (Left) Surface plot of angular energy density spectrum from an electron
in a storage ring with γ = 6000 and ρ = 7.15 m. (Right) On-axis angular energy
density spectra produced by storage ring electrons with different Lorentz factors, all
with ρ = 7.15 m.

2.12 Synchrotron Radiation from LWFAs

It was shown in Section 2.10 that electrons accelerated in the bubble regime in an

LWFA perform oscillations about the central longitudinal axis of the bubble. In doing

so, these electrons emit a form of synchrotron radiation, often called betatron radi-

ation. The exact form of the angular and spectral intensity profiles of this radiation

is generally not well-described analytically, owing to the large, sometimes near-100%

energy spreads in the electron beams in LWFAs, causing large variations in the prop-

erties of the radiation produced by different electrons in the beam. The basic prin-

ciples of the radiation emission from a single electron in an LWFA are described here.

2.12.1 Angular Energy Density Distribution

An electron oscillating in an LWFA emits radiation over the range of angles of di-

vergence from the longitudinal axis in its trajectory. The angle of divergence of its

trajectory from the z-axis is θe = arctan (pr/pz), which for an ultrarelativistic electron

can be approximated using the small angle approximation if θe ≪ 1: θe ≈ βr/βz ≈ βr,

as βz ≈ 1. Over a few oscillations when the electron is at its highest energies, the

trajectory of an electron in an LWFA may be described by a sinusoidal function of time,

as was done for an electron with a constant energy performing betatron oscillations.

Using Equation 2.64,

θe ≈ −kβrβ sin (ωβt), (2.93)
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Figure 21: The maximum angles of divergence of the electron trajectory from the z-
axis compared with the smaller opening angle of the instantaneous radiation cone
emitted at each point along the trajectory.

where kβ is the wavenumber of the betatron oscillations, given by kβ = ωβ/v ≈ ωβ/c.

In an insertion device, where the trajectories of an electron can also sometimes be

described by a sinusoid, the electron is described in terms of a dimensionless “K-

parameter”, which describes the strength and the period of the magnetic field pro-

duced by the magnets causing the electron beam to oscillate [2]. In an LWFA, we

define the betatron strength parameter, which is the product of the betatron oscillation

amplitude, the oscillation wavenumber and the Lorentz factor [61], [154]:

K = γrβkβ. (2.94)

Physically, the K-parameter quantifies the amplitude of the oscillation in the transverse

momentum of the electron. The betatron strength parameter can be used to quantify

the maximum angle of divergence of the electron’s trajectory from the z-axis:

θe =
K

γ
sin (ωβt). (2.95)

The maximum angle of divergence in the electron trajectory is thus K/γ and the

range of angles covered in the trajectory is 2K/γ. An example trajectory is shown in

the schematic in Figure 21, emitting synchrotron radiation at each point. The radiation

cone produced at each point has an opening angle of 2/γ, as deduced from Equa-

tion 2.87. When K ≫ 1, 2K/γ ≫ 2/γ, so the range of divergence angles covered

in the electron trajectory is larger than the opening angle of the instantaneous radi-

ation cone, as shown in Figure 21. Hence, the angular energy density distribution

of the radiation produced by the oscillating electron is determined primarily by the

power radiated by the electron as it travels in each direction within its trajectory, rather

than the angular intensity distribution of the instantaneous radiation cone. The oscil-

lation amplitude and wavenumber in an LWFA are typically on the order of 1 µm and

107 m-1, respectively, whereas in an insertion device these parameters are generally
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on the order of 1 µm and 2π · 103 m-1 [155]–[157]. Thus, for electrons accelerated to

hundred-MeV and GeV-order energies in an LWFA, K ≫ 1.

By considering the power of the radiation emitted when the electron is travelling at

each angle of divergence, an expression for the angular energy density distribution of

its radiation beam can be produced. Considering an electron following a sinusoidal

trajectory, an expression for the rate of change of transverse momentum of the elec-

tron can be produced by differentiating Equation 2.64 with respect to time, which can

then be substituted into the expression for the radiated power given by Equation 2.84:

P (tret) =
e2

6πϵ0c3
γ4ω4

βr
2
β cos

2 (ωβtret). (2.96)

The largest contribution to the angular energy density distribution comes from the ra-

diation emission when the electron is at a turning point in its trajectory. This is where

its rate of change of transverse momentum is largest, which, according to Equation

2.84, means that the electron radiates at the highest power. The top panel of Figure

22 shows that most of the power emitted by the electron is around its turning points,

where the divergence angle of the electron’s direction of travel is around zero, as

shown in the middle panel Figure 22.
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Figure 22: (Top) Sinusoidal electron trajectory. (Middle) Angle between electron’s
direction of travel and z-axis. (Bottom) Power emitted by electron. All three plots
are colour-coded against emitted power. (Right) Histogram of the power per unit
angle emitted (orange) compared with two-dimensional model for the angular energy
density distribution given by Equation 2.97 (black).
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By considering the power emitted by the electron at each angle and the time spent

by the electron travelling through each angle, the energy radiated per unit angle is

derived in a two-dimensional model in Appendix E.2:

dW

dθe
=

e2

6πϵ0c
γ4ωβ

√
K2

γ2
− θ2e , (2.97)

which is the angular energy line density distribution produced by an electron perform-

ing one sinusoidal oscillation. The angular energy distribution is semi-circular along

the axis of θe. As expected from Equation 2.93, the angular distribution falls to zero

at θ = K
γ

, equal to the maximum angle between the electron’s trajectory and the z-

axis. Equation 2.97 is plotted as the black dotted line in the left panel of Figure 22.

It is compared with the power emitted by the electron at each angle integrated into

bins with small angular ranges. This is the orange line in the plot, which is also a

semi-circular distribution. There is good agreement between Equation 2.97 and that

numerically calculated distribution.

The above two-dimensional model only produces an energy per unit angle of the ra-

diation. In three dimensions, an expression can be derived for the energy per unit

solid angle radiated by the electron, which is a quantity that is more easily measured

in experiment. The derivation is outlined in the second part of Appendix E.2, but is

less intuitive than the two-dimensional case. The following expression describes the

energy radiated per unit solid angle of the radiation beam produced by the electron

having performed a single oscillation:

d2W

dθy dθe
=

e2

16πϵ0c
γ5ωβ

√
K2

γ2
− θ2e

[
1

(1 + γ2θ2y)
5
2

(
3− 5

4(1 + γ2θ2y)

)]
. (2.98)

where θy is the angle of divergence in the plane perpendicular to the plane of oscil-

lation; the electron oscillates in the x-z plane. The energy density distribution is a

semi-circular function of θe, falling to zero at a divergence angle of K/γ. In the direc-

tion perpendicular to the plane of oscillation, the intensity of the radiation beam from

the electron should still fall rapidly at divergence angles larger than 1/γ.

The energy density distribution described by Equation 2.98 is compared with a nu-

merical model in Figure 23. In the numerical model, the Liénard-Wiechert fields are

calculated at a grid of observation points spanning the solid angle covered in Figure

23, from which the intensity is calculated and then integrated over the time of obser-

vation. The main difference between the numerical and analytical models is that the

analytical model seems to be slightly broader in the y-direction. This is due to the
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Figure 23: Numerical and analytical energy density distributions of radiation beams
produced by an electron following a sinusoidal trajectory, with K = 10, γ = 1000 and
in a plasma with ne = 4× 1018 cm-3.

approximations made in producing Equation 2.86 from Equation 2.85 for the angular

intensity distribution of the instantaneous radiation cone. The other difference is that

in the analytical model, there is no value for the distribution when θe > K/γ. In Figure

23, the distribution has been set to zero when θe > K/γ.

In the plane of oscillation of the electron, when θy = 0,

d2W

dθe dθy
=

7e2

64πϵ0c
γ5ωβ

√
K2

γ2
− θ2e . (2.99)

Equation 2.99 is of a similar form to Equation 2.97, but contains an extra factor of γ

and a slightly different constant at the front of the equation, which account for the non-

zero divergence of the instantaneous radiation cone in the direction perpendicular to

the plane of oscillation. In the two dimensional case, it is effectively assumed that all
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Figure 24: Comparison of numerical and analytical models for energy density of a ra-
diation beam in the plane of oscillation of electrons following a sinusoidal trajectories.
The plasma has an electron density of ne = 4× 1024 cm-3.
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of the radiation power in the cone is contained in the plane of oscillation.

The analytical energy density distribution described by Equation 2.99 is compared

with the numerically calculated distribution in Figure 24. The distributions are pro-

duced by an electron following the sinusoidal trajectories with different Lorentz factors

and K-parameters. The numerical method is the same as used to produce the nu-

merical distribution in Figure 23; the observation points are in an arc in the plane of

oscillation of the electron. There is clearly good agreement between the analytical

and numerical distributions.

2.12.2 Energy Density Spectrum

Before investigating the spectral characteristics of the radiation produced by an oscil-

lating electron in an LWFA, it is helpful to understand temporal profile of the radiation.

The temporal electric field profile is best understood in terms of the K-parameter of

the electron. Plotted on the left column of Figure 25 are the Liénard-Wiechert fields

at an on-axis point of observation produced by electrons with different K-parameters,

each with γ = 500 and in a plasma with ne = 4 × 1018 cm-3. When K ≪ 1, some

part of the radiation cone is always pointing along the axis. This produces the quasi-

sinusoidal temporal profile at the top of Figure 25. When K ≥ 1, K/γ > 1/γ; there

are parts of the electron’s trajectory when the radiation cone is not directed towards

the observer. The electron radiates toward the observer in short flashes, interspersed

with regions of zero electric field, as shown in the middle profile in Figure 25. When

K ≫ 1, these flashes become shorter because K/γ ≫ 1/γ, as the proportion of the

electron trajectory where the radiation cone points towards the observer is smaller.

In the right column of Figure 25, the energy density spectrum calculated from each

Liénard-Wiechert field is plotted. These spectra were calculated from the fast-Fourier

transform of the Liénard-Wiechert fields. The spectrum of the radiation when K < 1

consists of one main peak that is three orders of magnitude in energy density greater

than at other photon energies, as shown in the top spectrum in Figure 25. When

K = 1, the spectrum consists of a series of harmonics with comparable energy dens-

ity at higher photon energies. Comparing the top and the middle panels, the first

harmonic is at a similar photon energy as in the case of K < 1.

When K ≫ 1, many harmonics are produced at high photon energies, with a higher

energy density than the fundamental. In the bottom spectrum in Figure 25, the spec-

trum starts to look continuous at photon energies above 1 keV. The spectrum also

looks like the energy density spectrum produced by an electron following a circular
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trajectory, which was introduced in Section 2.11.4. This was described by Equation

2.91, plotted as the black line in the bottom spectrum in Figure 25. For a critical photon

energy of 9 keV, there is good agreement between Equation 2.91 and the numerical

spectrum. This suggests that the trajectory of the oscillating electron with K ≫ 1 can

be modelled by a circular arc at the points where the radiation cone points towards

the observation point. A circular arc could be fitted to the electron trajectory using the

formula for the radius of curvature of a function [158]:

ρ(z) =

∣∣∣∣
(
1 +

(
dr
dz

)2) 3
2

d2r
dz2

∣∣∣∣. (2.100)

Using Equation 2.93 for the direction of travel of the electron and the approximation

z ≈ ct, the radius of curvature can be written as a function of this parameter:

ρ(θe) =

∣∣∣∣ (1 + θ2e)
3
2

kβ

√
K2

γ2 − θ2e

∣∣∣∣. (2.101)

For an on-axis observation point like the one used in Figure 25, θe = 0 so the radius

of curvature becomes ρ = 1/k2βrβ. This describes the radius of curvature of the si-

nusoidal trajectory at its turning points, where the electron emits radiation on-axis. In

the case of K = 10 in Figure 25, γ = 500, kβ = 1.2× 104 m-1 and rβ = 1.7 µm, pro-

ducing a radius of curvature of 4.2 mm. Substituting this into Equation 2.90 produces

a critical energy of 9 keV, which is also the critical energy producing the best fit in the

bottom spectrum of Figure 25.

The energy density spectrum of the radiation produced by an electron oscillating in

an LWFA can thus be described by the spectrum produced by an electron following

a circular trajectory. Figure 26 shows the on-axis synchrotron spectra produced by

electrons with different Lorentz factors that are typically reached in LWFAs. A typical

oscillation amplitude of 2 µm was chosen. In these parameter regimes, the critical

energies are between 10 and 100 keV, which are comparable to those reached in

the storage ring of the Diamond Light Source, analysed earlier. The spectral energy

densities reached are not as high as those reached in the storage ring plotted in

Figure 20, which is due to the smaller Lorentz factors of the electrons in the LWFA.
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3. Radiation Simulation Methods

The synchrotron radiation from an LWFA was modelled by simulating the particle

trajectories and momenta of particles in a PIC simulation and then calculating the

Liénard-Wiechert fields at different positions on a user-defined grid. The intensity and

energy density of the radiation can then be calculated. The first radiation computa-

tion code (RCC) computes the temporal and spectral intensity profiles at each point

in the grid. The second RCC computes the angular energy density distribution of the

x-ray beam, which is run at a higher spatial resolution than the first. The computation

procedures of both RCCs are described here.

3.1 Particle-in-Cell Simulations

The PIC code “Smilei” was used to simulate an LWFA and track the trajectories and

momenta of electrons accelerated in the wakefield. A detailed description of the work-

ings of this PIC code is given by Derouillat et al. [159]. A brief overview is given here.

The spatial domain of the plasma is set up as a grid of small cells. Each cell contains

a number of macroparticles, each of which represent some number of electrons, de-

termined by the initial electron density of the plasma and the pre-defined number of

macroparticles per cell.

The initial number density, mean velocity and temperature of the electrons are pre-

scribed by the user [159]. For simulating an LWFA, whose plasma is formed from a

cold, ionised gas, the number density should mimic the gas density profile. The PIC

simulation loads the macroparticles with statistical weights such that the plasma has

this number density. They are distributed uniformly in each grid cell [159], and are

initialised to have zero momentum and zero mean velocity. The laser pulse is loaded

at its initial position outside the plasma.

The motion of the particles is simulated using the Maxwell-Vlasov system of equations

in a series of discrete time-steps. Each grid cell has some charge and current density,

determined by the number of constituent macroparticles and their motion in the cell. In

77
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each time-step, the charge and current densities in each grid cell are calculated, from

which the electromagnetic fields are calculated using Maxwell’s equations. Then, the

motion of the macroparticles due to these fields are calculated from the Lorentz force

due to those fields [159].

3.1.1 PIC Simulations for Modelling X-rays from LWFAs

In this work, the LWFAs were simulated using Smilei in a cylindrical geometry with

azimuthal mode decomposition, which decreased the computational load and compu-

tation time. As shown by Lifschitz et al. in 2009 [160], the scalar and vector fields can

be decomposed into a Fourier series containing a number of azimuthal modes. The

electromagnetic fields in each mode are solved using Ampère’s law and Faraday’s law

in Fourier space [160], which has some advantages in the simulation of LWFAs. This

method removes certain numerical dispersion effects that can result in the slowdown

of electromagnetic waves in plasma [161], and counteracts the numerical emittance

growth of ultrarelativistic electron beams [162].

To model the synchrotron radiation from PIC simulations from an LWFA, the traject-

ories and momenta of accelerated electrons are required to calculate their Liénard-

Wiechert fields. To obtain the particle trajectories and momenta, the PIC simulation is

run with a particle tracking diagnostic. So that only electrons accelerated in the wake-

field are considered, to save computation time, a filter is applied to this diagnostic such

that electrons with an energy above some threshold are tracked. This threshold is set

to a minimum of 10 MeV. When electron beams are accelerated to GeV-order ener-

gies the threshold is set higher at 200 MeV. It is assumed that the radiation produced

by electrons at lower energies is negligible, as implied by Equation 2.99.

3.2 Model Setup

The synchrotron radiation properties are computed at the positions of different points

on a user-defined grid, as shown in Figure 27. The grid is centred on the longitudinal

axis along which the centre of the laser pulse, the wakefield, the electron beam and

the radiation beam propagate. In these RCCs, this axis is set to be the z-axis. The

accelerated electrons in the LWFA thus oscillate in the planes perpendicular to the z-

axis. In the first RCC computing the temporal and spectral properties of the radiation,

the grid typically consists of 9 × 9 observation points. Computing the temporal and

spectral intensity profiles requires more computational steps that involve processing

large arrays that can have over 106 elements. As such, in the second RCC computing

the spatial energy density distribution, the grid typically consists of 32× 32 points.
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Figure 27: Setup of observation radiation computation model, consisting of a grid of
observation points centred on the longitudinal axis.

3.3 Temporal Intensity Profile

The temporal intensity profile is the radiation property that is most computationally

challenging and expensive to model. Most of the effort in the first RCC is put into

counteracting the “retarded-observed time problem,” which arises when calculating

the Liénard-Wiechert fields from the trajectories and momenta of tracked particles in

the PIC simulation. Considering two particles accelerating at the same time-step in

the PIC simulation and emitting synchrotron radiation, corresponding to the retarded

time, two different distances from a stationary observer (one observation point), the

times of observation of the radiation that they produce are given by Equation 2.72:

tobs, 1 = tret +
r1
c
, (3.1)

tobs, 2 = tret +
r2
c
. (3.2)

tret tobs

e-

e-

r1 ≠ r2

r1

r2

Figure 28: Schematic of the retarded-observed time problem considering two elec-
trons whose data points correspond to the same array of retarded times.
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r1 and r2 are the distances of the respective electrons from the observer, as shown in

Figure 28. In this conceptual diagram, r1 ̸= r2, so tobs, 1 and tobs, 2 are different. The

radiation emitted by the first electron is observed at a different time to the radiation

from the second electron.

In the particle tracking diagnostic of the PIC simulation, the trajectory of every particle

is recorded at the same set of times. In terms of radiation emission, this is a set of

retarded times, as the electrons emit the radiation at these times. When calculating

the Liénard-Wiechert field produced by an electron at these retarded times, the results

correspond to a sequence of times of observation, calculated using Equation 2.72.

Considering another electron following a different trajectory, its Liénard-Wiechert field

array corresponds to a different sequence of times of observation. To calculate the

total electric field, the arrays of these two Liénard-Wiechert fields can only be added

together if the arrays correspond to the same sequence of times of observation. This

is highly unlikely because their trajectories, and thereby their distance to the observer

at each retarded time, are different.

3.3.1 Workaround to the Retarded-Observed Time Problem

For the arrays representing the Liénard-Wiechert fields of the radiation from different

electrons to be superposed at some position of observation, their elements need to

correspond to the same sequence of times of observation. Each Liénard-Wiechert

field array computed needs to be transformed onto the same sequence of times of

observation. Thus, an array of times of observation is defined with a constant, user-

defined difference between its elements, represented by the axis in Figure 29. The

resolution of this axis is chosen based on the discussion in Section 3.6. The starting

and ending times on the axis are the minimum and maximum times of observation

from all of the tracked electrons, calculated from their positions in the first and final

time step of the PIC simulation. Alongside this sequence of times, an array of the

same length is defined for each component of the total electric field, initially set with

zeros as all of its values.

In Figure 29, a single electric field component computed from a single electron at a

single observation point is considered. The electron’s Liénard-Wiechert field is calcu-

lated using Equation 2.76, repeated here:

E(tobs) =
e

4πϵ0γ2

(
n− β

r2(1− n · β)3

)
ret

+
e

4πϵ0c

(
n× ((n− β)× β̇)

r(1− n · β)3

)
ret

. (3.3)

The calculation is performed by taking the arrays representing the trajectory and mo-
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Figure 29: Overview of transformation of the Liénard-Wiechert field onto a temporal
axis, defined by an array of times increasing linearly. The output electric field is added
to an array for the total observed electric field, defined on the same temporal axis.

mentum progression of the electron in the plasma, which produces an array of electric

field values corresponding to some array of times of observation dependent on the

electron’s trajectory. This set of times of observation is calculated from Equation 2.72;

an array of times of observation is produced. The times of this array’s first and last

elements are used to locate the corresponding starting and ending elements on the

pre-defined temporal axis. The top array in Figure 29 is the initially calculated Liénard-

Wiechert field array located on the pre-defined temporal axis. However, this array’s

elements do not align exactly with the pre-defined temporal axis and have different

temporal separations. A linear interpolation is then performed on the initial Liénard-

Wiechert field array, producing an array of interpolated electric field values shown as

the second array in Figure 29. The interpolated array lines up with the elements of

the pre-defined temporal axis. This interpolated electric field array can then be added

to the pre-defined total electric field array between the starting and ending elements.

The above procedure of calculating the Liénard-Wiechert field array, interpolating that

array and then adding the interpolated array to the total electric field array is repeated

for each particle, one by one. It should be remembered that each particle is a mac-

roparticle from the PIC simulation, representing a many electrons. Once all of the

particles have been processed, the total electric field array is the electric field of the

radiation pulse produced by all of the electrons represented by those particles.
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3.3.2 Intensity Calculation

The instantaneous radiation intensity is given by the magnitude of the Poynting vector

of the electromagnetic fields [163]:

I = |S| = 1

µ0

|E×B|. (3.4)

Using the identities B = n × E/c and 1/µ0 = c2ϵ0, the intensity can be written in

terms of the electric field magnitude only:

I = cϵ0|E||E|���
1

|n| ����:1
sin 90◦ ����:1

sin 90◦ = cϵ0|E|2. (3.5)

This spares the RCC the steps of calculating the magnetic field and performing the

vector product of the Poynting vector. The intensity of the radiation pulse is calculated

using just the total electric field array:

I(tobs) = cϵ0
(
|Ex(tobs)|2 + |Ey(tobs)|2 + |Ez(tobs)|2

)
. (3.6)

3.4 Spectral Intensity Profile

The intensity spectrum is calculated from the temporal profile of the total electric field,

obtained via the procedure described in the previous section. At one observation

point at a time, the fast-Fourier transform of each electric field component is taken.

Then, the intensity spectrum is calculated similarly to the temporal intensity profile:

I(ω) = cϵ0
(
|Ex(ω)|2 + |Ey(ω)|2 + |Ez(ω)|2

)
. (3.7)

To calculate the energy density spectrum, the intensity spectrum is multiplied by the

duration of the x-ray pulse: U(ω) = τI(ω). The pulse duration is calculated by dividing

the total energy density of the temporal intensity profile by the numerically calculated

mean intensity:

τ =

∫∞
0
I(tobs) dtobs

⟨I(tobs)⟩
. (3.8)

The energy density spectrum can be used to calculate the spectral brightness of the

x-ray beam, which is the commonly reported quantity from experimental measure-

ments of x-ray beams from LWFAs [59], [60], [65], [67], [70]–[72], [164]. The spectral

brightness is written in units of photons/s/mrad2/mm2/0.1% BW. First, the photon flu-

ence spectrum is calculated by dividing the energy density spectrum by the photon

energy, N(ω) = U(ω)/ℏω, and then integrating the spectrum into bins of 0.1% band-

width. Then, the peak spectral brightness is calculated by dividing the peak on-axis
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spectral fluence by the area of the electron beam and the duration of the x-ray pulse:

B =
1

πr2β τ

(
d2N

dΩdE

)
. (3.9)

As the peak spectral brightness is produced on-axis, the source size is determined by

the average oscillation amplitude of the electrons.

3.5 Angular Energy Density Distribution

The angular energy density distribution of the radiation beam is computed using fewer

computational steps than for the temporal and spectral intensity profiles. Each particle

is still processed individually; each particle’s Liénard-Wiechert field is calculated using

its trajectory and momentum in Equation 2.76. The temporal intensity profile of this

field is then computed using Equation 3.6, which is then integrated over the time of

observation to produce an energy density:

U(tobs) =

∫ ∞

0

I(tobs) dtobs. (3.10)

Because the radiation beam is temporally incoherent, which is explained in Section

3.7, the total energy density of the radiation beam can be calculated by adding the

energy density of the individual waves from the electrons. This energy density is then

added to a pre-defined energy density array, whose values are initially set to zero.

3.6 Temporal Resolution

It was shown in Section 2.12.2 that an oscillating electron with K ≫ 1 produces a

Liénard-Wiechert field that consists of a series of flashes, emitted when the electron

is travelling in the direction towards the point where the radiation is observed. The

angular range over which some part of the radiation cone is directed towards the

observer is well-approximated by 2/γ. By approximating the trajectory of the electron

as a circular arc and assuming that the electron travels at the speed of light in vacuum,

the time taken for the electron to travel through an angle of 2/γ can be expressed:

∆t2/γ =
2ρ

γc
, (3.11)

where ρ is the radius of curvature of the electron’s trajectory, which can be calculated

using Equation 2.101. As a typical example in an LWFA driven by a 10 TW-class

laser, an electron in a plasma with ne = 1 × 1019 cm-3 oscillating with rβ = 5 µm and

γ = 600 produces ∆t2/γ = 7 fs. For a 100 TW-class laser, an electron in a plasma
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tobstret

r Er

Figure 30: Data points produced from a particle trajectory with ∆tret ≈ ∆t2/γ and
interpolated functions for (left) the particle trajectory against retarded time and (right)
the Liénard-Wiechert field against time of observation.

with ne = 2 × 1018 cm-3 oscillating with rβ = 5 µm and γ = 1500 this becomes

∆t2/γ = 30 fs.

For the flashes in the Liénard-Wiechert field to be resolved, the condition ∆tret < ∆t2/γ

must be satisfied, where ∆tret is the retarded time interval between successive data

points in the particle trajectories must be smaller than this retarded time interval. How-

ever, having a PIC simulation record the particle trajectories and momenta after every

short time interval of ∆t2/γ can consume a lot of memory and time. Instead, the PIC

simulation records the electrons’ positions and momenta at around ∆tret, PIC ∼ ∆t2/γ ,

and a higher temporal resolution is obtained in the RCC by performing a quadratic in-

terpolation of the particle trajectories and momenta at a resolution of ∆tret < ∆t2/γ .

In Figure 30, we consider the example of an electron following a sinusoidal trajectory,

travelling with constant energy. On the left plot, the pre-interpolated data points for

the particle trajectory are plotted as the blue points. The temporal resolution of these

data points is ∆tret, PIC ∼ ∆t2/γ . The blue points on the right plot show the calculated

Liénard-Wiechert field if it was calculated from the pre-interpolated data points in the

particle trajectory. The flashes made up of blue points should all have the same amp-

litude, but as their temporal resolution is too low the peaks of the flashes are often

missed. The red curve on the left plot is the electron trajectory that has been inter-

polated at ∆tret < ∆t2/γ . Calculating the Liénard-Wiechert field from this trajectory

produces the field given by the red curve on the right plot. All of the flashes in the

Liénard-Wiechert field are then resolved.
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3.6.1 Interpolation Procedure of Trajectories and Momenta

Δl > cΔtret,int

Δl < cΔtret,PIC

Actual Particle Trajectory

z

r

Data points from
PIC simulation

Data points from
interpolation

Figure 31: Schematic of problem interpolating trajectories from PIC simulation directly.

Sometimes, interpolating the trajectories of electrons directly can produce trajectories

whose data points are separated by a distance of ∆l > c∆tret. For this to occur,

the electron would have to travel faster than the speed of light in vacuum, which is

obviously unphysical. The interpolated trajectory can differ slightly from the actual

trajectory followed by the electron, as shown in Figure 31. In this schematic, the red

points are the data points of the interpolated trajectory, which has a slightly larger

curvature than the actual trajectory. The distance between some of these points is

∆l > c∆tret. The reason for this is because an interpolation sees the trajectory simply

as a mathematical function. The interpolation is not constrained by any physical laws

and is not “aware” of the electromagnetic forces experienced by an electron as it

passes through the plasma.

The interpolation of each particle trajectory needs to be performed in such a way to

satisfy the following condition:√
(∆x)2 + (∆y)2 + (∆z)2 < c∆tret, (3.12)

where ∆x, ∆y and ∆z are the components of the displacement between consecutive

interpolated electron positions at tret and tret + ∆tret. Instead of interpolating the

trajectories directly, the components of the momentum of the electron are interpolated,

from which the velocity components are calculated:

v(tret) =
p(tret)

γ(tret)me

, (3.13)

where γ(tret) =
√
p(tret)2 +m2

ec
4/mec

2. This produces a velocity of the electron

that is physical. The trajectory of the electron can then be computed by numerically
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integrating its velocity from its initial position at injection:

R = R0 +

∫ tret

0

v(tret) dtret, (3.14)

where R0 is the initial position of the electron. The acceleration of the electron is

calculated numerically as the time derivative of the velocity:

v̇ =
dv

dtret
(3.15)

The interpolated trajectory, velocity, acceleration and Lorentz factor of the electron are

then used to calculate the Liénard-Wiechert fields produced by the electron.

3.6.2 Temporal Resolution of Liénard-Wiechert Fields

Equation 2.75 showed that a short interval in the retarded time corresponds to some

observed time interval in its radiation. When the electron is travelling towards the

observation point, the retarded time interval is shortened by the factor (1 − n · β). A

result of this temporal shortening is that the Liénard-Wiechert field, calculated from the

interpolated electron trajectory and momentum in the retarded time, has its temporal

resolution shortened by the same factor:

∆tobs = (1− n · β)∆tret. (3.16)

As the electron travels towards an observation point so n · β = nβ cos 0 = β, the

retarded time interval is shortened by the factor (1−β), which approximates to 1/2γ2,

as derived in Appendix E.3. This is the strongest possible temporal shortening factor

for an electron with some Lorentz factor, γ. The temporal resolution of the observed

Liénard-Wiechert field can also be approximated using the electron’s Lorentz factor:

∆tobs ≈
∆tret
2γ2

. (3.17)

Equation 3.11 for the retarded time interval can be substituted into Equation 3.17. As

∆tret ≪ ∆t2/γ ,

∆tobs ≪
ρ

γ3c
. (3.18)

The duration of each radiation flash according to the observer also takes this form,

which is derived in Appendix E.4:

∆tflash =
4ρ

3γ3c
. (3.19)
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The ratio of ∆tobs and ∆tflash shows that the interval between the observed times of

the data points in the Liénard-Wiechert field is much smaller than the duration of the

radiation of the radiation flash:

∆tobs
∆tflash

≪ 0.75. (3.20)

This means that so long as ∆tret < ∆t2/γ , there are enough data points inside each

radiation flash to temporally resolve them. In practice, the energies of the electrons

change over time in the LWFA, so ∆tret needs to be shorter than the shortest value

of ∆t2/γ , which occurs when the electrons reach their peak energy.

3.6.3 Interpolation of the Liénard-Wiechert Fields for the Tem-

poral Intensity Profile

In Figure 32, the Liénard-Wiechert field has been calculated from a single sinusoidal

electron trajectory with K = 10, which is a typical betatron strength parameter seen

in PIC simulations of LWFAs. In the top plot, the time difference between neighbour-

ing data points in that Liénard-Wiechert field is plotted. The top plot shows that even

when the energy of the electron is constant, the sampling time changes. This is be-

cause the time shortening factor (1 − n · β) changes as the direction of travel of the

electron changes. The factor is smallest when the electron is at the turning points in

its trajectory, as n ·β = nβ cos 0 = β, which is its largest possible value. In the bottom

panel of Figure 32, the Liénard-Wiechert field is plotted, showing that the minimum

in the time shortening factor coincides with when the electron produces the flashes

in the Liénard-Wiechert field. Plotted in red is the Liénard-Wiechert field at the times

of observation calculated from tobs = tret + r/c. Plotted in black is the interpolated

Liénard-Wiechert field. The interpolation does not change the form of the Liénard-

Wiechert field; it only applies a transformation to the elements in the array.

It should be stressed that the interpolation of the Liénard fields is not to increase

the temporal resolution, but to align the electric field data points onto the same tem-

poral axis. If a user wants to resolve higher frequencies in the radiation, the retarded

time interval in the interpolation of the electron trajectories and momenta should

be increased. Generally, the electron trajectories and momenta are interpolated to

a temporal resolution of ∆tret = 0.1 fs. With electrons reaching energies of hun-

dreds or thousands of megaelectronvolts, this allows frequencies of at least 1020 Hz

(∼ 100 keV photon energies) to be resolved.

In practice, a temporal resolution at which to perform the electric field interpolation
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Figure 32: (Top) Difference in time between successive data points in the calculated
Liénard-Wiechert field as a fraction of the time interval at which the field is interpol-
ated. (Bottom) Plots of the calculated Liénard-Wiechert field and times of observation,
compared with the interpolated field along the pre-defined temporal axis.

is not as straightforward to choose as in Figure 32, owing to the significant spread

in the energy and K-parameter of electrons in the accelerated beam. Generally,

∆tobs, i = ∆tret/2γ
2
max is used, where γmax is the Lorentz factor of the electrons with

the highest energy in the beam, when at the highest energies in their acceleration.

Then, the shortest radiation flashes produced by the electrons with the highest ener-

gies should be resolved.

3.7 Temporal Coherence of Radiation from a Single

Macroparticle

As explained in Section 3.1, the particles in a PIC simulation are macroparticles that

each represent a number of electrons in the plasma. The number of electrons that

a macroparticle represents is often referred to as the statistical weight of the macro-

particle. In PIC simulations with cells with longitudinal and transverse dimensions of

18.75 × 187.50 nm, which is the resolution used in the PIC simulations in this work,

the macroparticles have weights on the order of 105. These 105 electrons follow the

same trajectory and momentum progression, and crucially produce identical Liénard-

Wiechert fields. In effect, their Liénard-Wiechert fields are exactly in phase with each

other and interfere totally constructively. The intensity of the radiation would scale as

I ∝ N2, where N is the statistical weight of the macroparticle [31]. In this case, the

electric fields would add linearly and the total field would look like the one plotted in
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Figure 33: (Left) Normalised electric field produced by 105 coherently oscillating elec-
trons, each producing an identical Liénard-Wiechert field with an amplitude of E0.
(Right) Normalised total electric field produced by N = 105 electrons with uniformly
distributed random starting positions within a 1 nm range.

the left panel of Figure 33, where each electron produces a Liénard-Wiechert field

with an amplitude of E0. The amplitude of the total electric field is NE0.

For an electron beam with a typical total charge of ∼ 100 pC and dimensions of

∼ 10× 1× 1 µm, assuming an approximately constant charge density, the average

distance between electrons can be calculated to be on the order of 1 nm. As this is

longer than the wavelength of the radiation that they produce, the electric fields add

according to
√
N and the intensity scales as I ∝ N , like the radiation from a tem-

porally incoherent source [31], [165]. In the right panel of Figure 33, the total electric

field from the superposition of the Liénard-Wiechert fields of N = 105 electrons has

been calculated; each electron has been given a uniformly random starting position

within a 1 nm range. The plotted total electric field shows that the amplitude of the

total electric field increases proportionally with
√
N . Hence, the macroparticles are

not a realistic representation of the the electrons producing the radiation. In the RCC,

the charge of the macroparticle is taken as q =
√
Ne.



4. Modelled X-ray Beams from LWFAs

In this chapter, we report on the output temporal, spectral and angular intensity pro-

files produced by the radiation computation codes (RCCs) described in the previous

chapter, which have been applied to six different LWFA light sources. In Section 4.2,

the modelled temporal intensity profiles produced by the first RCC are reported and

analysed. In Section 4.3, we report on the photon fluence spectra produced by the

first RCC. Section 4.3 investigates the properties of the intensity spectra modelled by

the first RCC, both on-axis and off-axis. Finally, Section 4.4 reports on the output

angular energy density distributions of the second RCC.

4.1 Simulated LWFAs

The x-ray beams of six different LWFAs were modelled by performing a PIC simulation

of the LWFA and then running the RCCs on the tracked particles. For each LWFA, a

PIC simulation was run with a longitudinal, radial and temporal resolution of 18.75 nm,

187.50 nm and 0.06 fs. The electron beam properties were found to converge around

these resolutions. The physical input parameters in these experiments are presented

in Table 4.1. From this point onward, the experiment labels in this table will be used to

refer to whatever LWFA being modelled. In the cases of Rousse (2004), Kneip (2010)

and Wenz (2015), listed above the dashed line in Table 4.1, the laser pulses were

sub-100 TW and were focused into millimetre-long plasmas with electron densities of

1019 cm-3. In the cases of Wood (2018) and Bloom (2020), laser pulses with ∼ 100 TW

powers were focused into centimetre-long plasmas with densities around 1018 cm-3.

Finally, the Extreme Photonics Applications Centre (EPAC) is an upcoming facility at

the Rutherford Appleton Laboratory in the United Kingdom [166]; a possible LWFA

setup was simulated. A 1 PW laser [167] is focused into a plasma with an electron

density of 1018 cm-3 and a length of 40 mm.

90
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Table 4.1: Experimental input parameters of LWFAs whose radiation was modelled

Experiment Label E / J τ / fs P / TW a0 w0 / µm ne / cm-3 Lplasma / mm
Rousse (2004) [60] 1.0 30 33 1.2 18.0 1.1× 1019 3
Kneip (2010) [65] 2.3 32 72 4.7 9.5 8.0× 1018 5
Wenz (2015) [70] 1.6 28 57 2.2 18.7 1.1× 1019 6
Wood (2018) [72] 10.5 50 210 3.3 16.1 2.5× 1018 10

Bloom (2020) [164] 12.0 55 210 3.0 18.7 3.8× 1018 10
EPAC 30.0 30 1000 1.7 54.0 1.3× 1018 40

4.2 Modelled Temporal Intensity Profiles

We first consider the temporal profile of x-ray beams from LWFAs, which have not yet

been fully characterised. In experiment, this is difficult due to the ultrashort pulse dur-

ation of the radiation. A temporally resolved measurement would require very sophist-

icated pump-probe techniques. So far, attempts to model the temporal intensity profile

of these radiation beams have been sparse. One attempt by Horný et al. in 2017 [168]

used numerical methods similar to those described in Section 3.3. The femtosecond

duration of the radiation pulses was demonstrated, but their code was only applied to

PIC simulations of short LWFAs up to 2 mm in length [168]. The first RCC in this work

models temporal intensity profiles of the radiation from electron beams accelerated to

higher energies in larger LWFAs. The radiation is also modelled at different points of

observation, not just on-axis, allowing for the angular variation of the temporal intens-

ity profiles to be studied.

Before reporting on the temporal intensity profiles produced by the first RCC, an ex-

pression is derived for the on-axis intensity of the radiation. This model is compared

with the on-axis temporal profiles produced by the RCC. It is shown that these pro-

files help describe the acceleration of different electron bunches within the beam. The

temporal profiles at different points of observation, lying at different divergence angles,

are also shown and analysed.

4.2.1 Approximate On-Axis Temporal Intensity Profile

An approximate expression for the on-axis temporal intensity profile is now derived.

The electron beam is split into short ∼ 1 µm length slices across its length, such that

each slice has a different longitudinal coordinate. It is assumed that in each slice,

the electrons’ energy progression and amplitude of oscillation is the same. It is also

assumed that the radiation intensity is dominated by the radiation emitted when the

electrons are at the peak energy in their acceleration. Equation 2.99 expresses the

energy density of the radiation emitted by a single oscillating electron. By substituting
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K = γkβrβ into this equation and using Equation 2.62, then setting θe = 0, the

energy density radiated on-axis by a single electron can be expressed. The total

energy density radiated by a slice in the electron beam is approximated by multiplying

this expression by the number of electrons in the slice:

Utot, slice =
7Ne2

128πϵ0c2
ω2
prβγ

4
peak, (4.1)

where N is the number of electrons in the slice. Dividing the total energy density

radiated in the slice by the effective duration of the slice, ∆t = ∆ξ/c, produces an

average radiation intensity for the slice:

I =
Utot,slice

∆ξ
c, (4.2)

where ∆ξ is the length of the slice. The on-axis intensity radiated by electrons as a

function of their position in the beam is proportional toN(ξ)γ4peak(ξ). TheN(ξ)γ4peak(ξ)

profile is effectively a predicted intensity profile of the radiation pulse.
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Figure 34: (Top) Longitudinal profiles of the total electrons and total N(ξ)γ4peak(ξ) at
the end of each plasma, in arbitrary units. (Bottom) Map of electron density at the
same positions in the plasma. The laser pulse is propagating to the left of the page.

The profiles of N(ξ) and N(ξ)γ4peak(ξ) at the end of the plasma are plotted in Figure

34, for the examples of Rousse (2004) and Wood (2018). The electron beams at

the end of the plasma are used because all electrons producing radiation have been

injected and accelerated by that point. In the top panels, the red lines are the predicted

intensity profiles calculated using Equation 4.2 and the black dotted lines are the

longitudinal electron number distribution in the electron beam. In the bottom panels

are maps of the electron density in the plasma, showing the electron beam in the

plasma wave. In all plots, the laser pulse is propagating to the left of the page.

In the PIC simulation of the low power case of Rousse (2004), the N(ξ) profile is
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roughly constant in the first 10 µm of the electron beam. However, the N(ξ)γ4peak(ξ)

profile peaks in the first 3 µm. It is these electrons that must be accelerated to the

highest energies. In the bottom panel of Rousse (2004), the electrons at the front of

the electron beam almost reach the front of the bubble at ξ = 3 µm by the end of the

plasma. The bubble and the electron beam are elongated due to the merging of the

two electron bunches in the first and second bubbles behind the laser pulse, once the

electrons in the second bubble have traversed the bubble’s length. Consequently, the

expected x-ray profile in the top panel of Rousse (2004) is one continuous pulse.

Conversely, in the high power case of Wood (2018), the N(ξ)γ4peak(ξ) profile in the top

panel consists of two short peaks at the front, followed by a long period of low values

between ξ = 15 µm and 35 µm. The difference in structure of the expected profile of

Wood (2018) to Rousse (2004) is principally due to the difference in the LWFAs’ self-

injection processes. The two peaks at the front of the N(ξ)γ4peak(ξ) profile align with

two electron bunches at the front of the electron beam in the bottom panel. Therefore,

electrons in the second bunch at ξ = 10 µm are expected to produce the highest x-ray

intensities. These leading electron bunches are accelerated to the highest energies

in the beam. The predicted intensity is higher for the second bunch because its N(ξ)

peak is higher than for the first bunch.

4.2.2 Modelled Temporal Intensity Profiles

The N(tobs)γ
4
peak(tobs) profiles at the end of the plasma are now compared with the

on-axis temporal intensity profiles modelled by the RCC. The comoving coordinate in

the electron beam has been transformed into a time of observation in the x-ray beam

by tobs = (ξ − ξ0)/c, where ξ0 is the comoving coordinate of the front of the electron

beam. The N(tobs)γ
4
peak(tobs) profile is the part of Equation 4.2 that varies with the

temporal coordinate in the electron beam; the profile is converted to an intensity by

multiplying by the constants in Equation 4.2. The peak value of the N(tobs)γ
4
peak(tobs)

profile is scaled to the peak value of the RCC-modelled on-axis temporal intensity pro-

file by adjusting rβ, which is a parameter in Equation 4.2. The values of rβ used are

reported and discussed in Section 4.2.3. Here we discuss the form of the temporal

intensity profiles, which can be understood from the longitudinal energy and charge

distributions in the electron beam.

The left columns of Figure 35 and later Figure 36 demonstrate that theN(tobs)γ
4
peak(tobs)

profiles are in general a good approximation for the temporal intensity profile. The

main discrepancies between the N(tobs)γ
4
peak(tobs) and RCC-modelled profiles, for ex-

ample at the start of the x-ray pulses of Kneip (2010) and Wenz (2015) in the first
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10 fs, arise from differences in the oscillation amplitudes between different electron

bunches. In a “real” LWFA, the amplitude of oscillation is not constant along the elec-

tron beam, which is assumed in the scaling of the N(tobs)γ
4
peak(tobs) profile. In the

examples just mentioned, the oscillation amplitudes at the front of the electron beam

are smaller than in the main part of the beam that produces the highest intensities.

Low Laser Power Cases: Rousse (2004), Kneip (2010) and Wenz (2015)

The RCC-modelled temporal intensity profiles and the N(tobs)γ
4
peak(tobs) of Rousse

(2004), Kneip (2010) and Wenz (2015), the “low” laser power cases, are plotted in

the left column of Figure 35. The coloured lines are the temporal profiles at different

observation points lying at different angles of divergence from the z-axis. These ob-

servations points lied on a 9 × 9 grid spanning the expected divergence of the x-ray

beam, taken from the literature reporting their experimental measurements or estim-

ates. The lines’ transparency increases at increasing divergence angles. The black

dotted line is the predicted temporal profile given by the N(tobs)γ
4
peak(tobs) profile of

the electron beam at the end of the plasma, scaled according to Equation 4.2.
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Figure 35: (Left) Modelled temporal intensity profiles of Rousse (2004), Kneip (2010)
and Wenz (2015) from (black)N(tobs)γ

4
peak(tobs) profile and (coloured) RCC at different

angles of divergence from the z-axis. (Right) Energy progression of electrons in each
case, colour-coded against their distance behind the laser pulse in the plasma.
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For each case in Figure 35, the RCC-modelled on-axis temporal intensity profile can

now be compared withe its prediction from the N(tobs)γ
4
peak(tobs) profile. The highest

on-axis x-ray intensities in the temporal intensity profile of Rousse (2004) are pro-

duced at the front of the x-ray pulse. In the case of Rousse (2004), the peak intensities

are produced by the front of the electron beam, as predicted by the N(tobs)γ
4
peak(tobs)

profile. The intensity falls gradually from 90 GW/m2 towards zero by 60 fs. By con-

trast, the modelled x-ray pulses of Kneip (2010) and Wenz (2015) consist of multiple

peaks. This multi-peak structure has never been measured nor modelled, to the best

of our knowledge. The on-axis temporal profile of Kneip (2010) in Figure 35 consists

of three peaks of comparable intensity. The three peaks are produced by three elec-

tron bunches accelerated to similar energies, with similar numbers of electrons per

unit length. The third peak has the highest intensity of 2.0 × 103 GW/m2 and also

the longest duration of 50 fs. The modelled intensity profile of Wenz (2015) is similar,

consisting of four short peaks. The second peak is the longest and most intense. This

peak reaches an intensity of 1.2× 103 GW/m2 and has a duration of 20 fs.

The differences in the form of the three intensity profiles in Figure 35 are the result of

differences in the injection and energy progression of electrons accelerated in each

LWFA. In the case of Rousse (2004), there is a high-energy electron bunch at the

front of the beam accelerated to energies up to 350 MeV by 1.5 mm in the plasma, as

shown in the right column of Figure 35. Electrons behind this bunch are accelerated

to a maximum of 200 MeV, causing the decrease in the modelled x-ray intensity from

front to back. The electron bunch has a length of Lbunch = 18 µm, corresponding

to a duration of Lbunch/c = 60 fs, matching the duration of the modelled x-ray pulse.

In the PIC simulation of Kneip (2010), the increased laser energy allows for multiple

injection events. There are three electron bunches injected in the ranges of 0.6 mm

to 0.9 mm, 0.8 mm to 1.1 mm and 0.9 mm to 1.6 mm in the plasma. The first bunch

is accelerated up to 450 MeV, the second to 420 MeV and the third to 400 MeV. As

all three bunches are accelerated to similar peak energies, they produce x-ray peaks

with similar intensity. 9 × 109 electrons are accelerated in the third electron bunch

behind the laser pulse, producing the longest x-ray peak, which contains the majority

of the electrons in the simulated beam containing 1.1 × 1010 electrons. In the case

of Wenz (2015), on the right column of Figure 35, electrons in the first bunch only

reach 300 MeV. Electrons in the second bunch reach energies up to 400 MeV, and

later bunches reach progressively smaller peak energies of 200 MeV and 150 MeV.
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High Laser Power Cases: Wood (2018), Bloom (2020) and EPAC

The RCC-modelled temporal intensity profiles of the high laser power cases of Wood

(2018), Bloom (2020) and EPAC are shown in Figure 36. The temporal intensity pro-

file of Wood (2018) consists of three peaks. The second peak reaches the highest

on-axis intensity of 6.0× 103 GW/m2, whereas the first peak only reaches a maximum

of 1.8×103 GW/m2. A third 80 fs, 1.9×103 GW/m2 peak is produced by a longer elec-

tron bunch, most likely accelerated to lower energies than the first two. The temporal

intensity profile of Bloom (2020) consists of just one main peak with a high maximum

intensity of 1.7 × 104 GW/m2. The intensity reached in this peak is three times the

highest intensity reached in the case of Wood (2018). The on-axis temporal intensity

profile of EPAC consists of two peaks. The first has a duration of 10 fs and the second

40 fs. The intensities reached in this intensity profile are up to an order of magnitude

greater than in the cases of Wood (2018) and Bloom (2020). This is because the first

and second electron bunches producing these peaks are accelerated to energies that

are twice as high, as will be shown.
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Figure 36: (Left) Modelled temporal intensity profiles of Wood (2018), Bloom (2020)
and EPAC from (black) N(tobs)γ

4
peak(tobs) profile and (coloured) RCC at different

angles of divergence from the z-axis. (Right) Energy progression of electrons in each
case, colour-coded against their distance behind the laser pulse in the plasma.
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In general, the x-ray intensities produced in the high power cases are at least an or-

der of magnitude greater than in the cases of Rousse (2004), Kneip (2010) and Wenz

(2015) because the electrons reach GeV-order energies rather than a few-hundred

megaelectronvolts. In the case of Wood (2018), the first two electron bunches produ-

cing the first two x-ray peaks are accelerated to peak energies of 1.2 GeV, 6 mm into

the plasma, as shown in the right column of Figure 36. In the temporal intensity profile

of Wood (2018), the second peak has a much higher intensity because the second

electron bunch has twice the number of electrons as the first. A small number of

electrons are continually injected into the wakefield behind the second bunch. These

electrons are accelerated to a range of energies up to 800 MeV. Similarly, in the elec-

tron energy progression plot of Bloom (2020), electrons in one bunch are accelerated

to a wide range of energies up to 1.3 GeV by 6 mm in the plasma, followed by a small

number of electrons accelerated to lower energies.

The difference in peak x-ray intensities produced in the cases of Wood (2018) and

Bloom (2020) is mainly due to the difference in the number of electrons in their elec-

tron bunches, as they are accelerated to similar energies of 1.3 GeV and 1.2 GeV.

The slice in the electron beam producing the highest x-ray intensities has an elec-

tron density of 8 × 108 electrons/µm, versus 5 × 108 electrons/µm in the PIC simu-

lation of Wood (2018). The scaling of Equation 4.2 predicts that the maximum in-

tensity of Bloom (2020) should be greater than that of Wood (2018) by a factor of

(8× 108/5× 108)× (1.3/1.2)4 ≈ 3, which agrees with the modelled peak intensities.

In the PIC simulation of EPAC, the first and second electron bunches are acceler-

ated to higher energies of 2.4 GeV and 1.5 GeV, respectively. The electron bunches

reach their dephasing limits 20 mm into the plasma. In Figure 36, the electron energy

progression has only been plotted up to 20 mm to make the energy progression of

electrons in the shorter LWFAs of Wood (2018) and Bloom (2020) more visible. The

electrons decelerate in the remaining length of the 40 mm plasma.

4.2.3 Scaling the N(tobs) γpeak(tobs)4 Profiles

As mentioned in Section 4.2.2, the peak value of theN(tobs)γ
4
peak(tobs) profile is scaled

to the maximum value in the RCC-modelled on-axis temporal intensity profile by ad-

justing the parameter rβ in Equation 4.2. The values of rβ used in the fits, denoted

by rβ, fit, are included in Table 4.2. Also included in Table 4.2 is the mean oscilla-

tion amplitude calculated from the tracked particle trajectories in each PIC simulation,

rβ, PIC . In each case, the two values for the oscillation amplitude are roughly the

same, with the exceptions of the values for Wood (2018) and Bloom (2020). In this



98 Chapter 4: Modelled X-ray Beams from LWFAs

case, there is a short, prominent spike in the N(tobs)γ
4
peak(tobs) profile that is fit to the

peak of the on-axis temporal intensity profile using rβ, fit. This spike is about double

the height of the next highest peak in the N(tobs)γ
4
peak(tobs) profile. Fitting that second

peak to the temporal intensity profile produces rβ, fit = 1.6 µm, which is closer to the

value of rβ, PIC for Wood (2018). In the case of Bloom (2020), the discrepancy is put

down to the abundance of low-energy electrons oscillating with larger amplitudes of

oscillation than in the bunch producing the high-intensity x-ray peak in the temporal

intensity profile. This is now discussed in detail in this section.

Table 4.2: Betatron oscillation amplitudes used to scale Equation 4.2 to RCC-
modelled intensity, compared with mean amplitude from PIC simulation.

Experiment Label rβ, fit / µm rβ, PIC / µm
Rousse (2004) [60] 0.7 1.0
Kneip (2010) [65] 2.2 1.7
Wenz (2015) [70] 2.0 1.7
Wood (2018) [72] 0.8 1.9

Bloom (2020) [164] 1.1 1.9
EPAC 4.0 3.7

One drawback of using rβ,fit as a scaling parameter of the intensity profile is that

it assumes that the amplitude of oscillation of electrons in different bunches is the

same. In the cases of Rousse (2004), Kneip (2010) and Wenz (2015), the amplitude

of oscillation in the electron bunches producing lower intensity x-ray peaks is larger

than in the electron bunch producing the highest intensity x-rays. This is partly due

to the scaling of the amplitude of oscillation with the Lorentz factor, rβ ∝ γ−1/4 as in

Equation 2.69, but also the initial amplitude of oscillation of these electron bunches

is larger. This arises from the dynamics of their injection. As the N(tobs)γ
4
peak(tobs)

profile has been scaled with a smaller oscillation amplitude than the parameter de-

scribing the later bunches, it underestimates the intensity of the radiation in later x-ray

peaks produced by these bunches.

Two examples where there are electron bunches with distinctly different amplitudes

are those of Rousse (2004) and Wenz (2015). In Figure 37, a side-view of their PIC

simulations’ electron trajectories are plotted and colour-coded against their energy

progression. In the case of Rousse (2004), the first electron bunch accelerated to

400 MeV contains electrons oscillating with a range of amplitudes up to 2 µm. Elec-

trons in the second bunch, accelerated to energies of up to 200 MeV, have oscillation

amplitudes up to 4 µm. This larger amplitude of oscillation means that in the trailing

part of the x-ray pulse, the N(tobs)γ
4
peak(tobs) underestimates the RCC-modelled in-
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Figure 37: Sample of 25000 tracked electron trajectories colour-coded against the
electrons’ energy progression in PIC simulation of Rousse (2004) and Wenz (2015).

tensity. In the case of Wenz (2015), the electron bunch accelerated to 400 MeV is the

narrow band with amplitudes up to 3 µm in its plot in Figure 37. The electrons accel-

erated to lower energies are in the wider 5 µm band. This electron bunch produces

the first peak in the x-ray pulse of Wenz (2015), which was underestimated by the

N(tobs)γ
4
peak(tobs) profile.

In the cases of Wood (2018) and Bloom (2020), the main x-ray peaks are followed

by long periods of low-intensity x-rays. These are produced by electrons behind the

main electron bunch, accelerated to lower energies. In both cases in Figure 38, the

main electron bunches are surrounded by a “mess” of electrons, injected throughout

the plasma. These electrons oscillate with a wide range of oscillation amplitudes that

are generally larger than in the main electron bunches. These electrons produce long

periods of low x-ray intensity in the modelled temporal profiles, which were underes-

timated by the N(tobs)γ
4
peak(tobs) profiles.

In the case of EPAC, both rβ, fit and rβ, PIC are notably larger than in the other cases.

The simulated electron trajectories of EPAC are plotted and colour-coded against their

energies in Figure 39. Indeed, electrons appear to oscillate with an amplitude of

multiple micrometres, reaching over 5 µm by 30 mm in the plasma, at which point

the electrons have comparably high energies to their dephasing limit reached around

z = 20 mm. Moreover, the amplitude of oscillation grows as electrons travel across
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Figure 38: Sample of 25000 tracked electron trajectories colour-coded against the
electrons’ energy progression in PIC simulation of Wood (2018) and Bloom (2020).

the plasma. This seems to violate the scaling law given by Equation 2.69 [130], which

states that the amplitude is inversely proportional to the quarter power of an electron’s

energy. Upon initial analysis of the electric fields in this PIC simulation, the growth in

amplitude is due to the weakening of the wakefield as the laser pulse loses energy in

the plasma, which is put down to the weak self-focusing and compression of the laser

pulse in the low density plasma.

Figure 39: Tracked electron trajectories colour-coded against the electrons’ energy
progression in PIC simulation of EPAC.



4.3. Modelled Photon Fluence Spectra 101

4.3 Modelled Photon Fluence Spectra

A full spectral characterisation of synchrotron radiation from LWFAs has also not yet

been achieved. For a full experimental spectral characterisation over the broad band-

width of the radiation spectrum, some sort of large bandwidth detector or many high

photon energy filters would be required. In the absence of such measurements, there

have been some attempts over the last fifteen years to model the on-axis spectral

profiles, using either analytical equations for the on-axis radiation intensity or similar

numerical methods to those described in Chapter 3 [168]–[171]. While these meth-

ods have been used to demonstrate the keV-order photon energies and broadband

nature of the spectrum, they have only been applied to short LWFAs or small num-

bers of electrons following near-sinusoidal trajectories. Our first RCC also models the

spectral intensity profiles of the radiation from electron beams accelerated to higher

energies in larger LWFAs. The radiation is also modelled at different points of obser-

vation, not just on-axis.

In this section, we report on the photon fluence spectra produced by the first RCC. We

start by plotting the modelled on-axis spectra and comparing them with analytical and

semi-analytical models. Accounting for the transmission of the materials between

the LWFA and the detector and the quantum efficiency of the detector, the on-axis

spectra are then transformed into the spectra that would have been detected in the

experiments. The constituent photon energies and the peak fluences of these spectra

are compared with the reported values of each experiment. Finally, the photon flu-

ence spectra at off-axis observation points are plotted. The variation of the spectrum

with the angle of divergence from the z-axis is discussed.

4.3.1 Modelled On-Axis Spectral Fluence

The photon fluence spectrum, or spectral fluence, is the number of photons received

per unit solid angle, integrated into bins with a bandwidth of 0.1% of their central

photon energy or frequency. The on-axis spectral fluence of the x-ray beam from each

LWFA is plotted in Figure 40. An analytical spectrum derived by Thomas in 2010 is

fitted to each RCC-modelled spectrum. This expression was derived by summing the

circular orbit spectra that would be produced by an electron at each of the turning

points of its trajectory, following the parabolic energy progression given by Equation

2.68 and the trajectory given by Equation 2.55 [61]:

d2W

dE dΩ
=

3e2

2π3ϵ0c
γ2peak A

(
E

Ec,max

)
, (4.3)
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where Ec,max is the critical energy of the circular orbit spectrum produced by the

electron at its peak energy, and

A(x) = x2
∫ 1

−1

1

(1− µ2)
3
2

K2
2
3

(
x

(1− µ2)
7
4

)
dµ. (4.4)

This equation thus accounts for the radiation produced over the entire acceleration

and deceleration of the electron. These spectra have been normalised to the total

energy density in the RCC-modelled spectrum. The best fits of the maximum critical

energy, taken as the value that minimised the mean χ2-parameter, are included in the

legends of Figure 40.
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Figure 40: On-axis photon fluence spectra of low laser power cases (left) and high
power cases (right), fitted with theoretical spectrum derived by Thomas in 2010 [61].

As expected, the spectra produced by electron beams accelerated to higher energies

have a higher peak fluence and stretch to higher photon energies. The spectrum of

Rousse (2004) has the smallest peak fluence and stretches to the smallest photon

energies. The spectrum reaches 100 keV with a fluence of 10−3 of its peak. In the

cases of Kneip (2010) and Wenz (2015), whose electron beams are accelerated to

similar energies of around 400 MeV, the spectrum stretches to multiple 100 keV before

dropping to 10−3 of their peak fluence. The peak spectral fluence of these two radi-

ation beams are also similar. In the cases of Wood (2018) and Bloom (2020), where

the electron beams are accelerated to energies around 1 GeV, the peak spectral flu-

ence is an order of magnitude higher. The spectra stretch up to photon energies of

around 1 MeV. In the case of EPAC, the peak photon fluence is an order of magnitude

higher and the spectrum stretches into MeV-order photon energies.

In all six cases in Figure 40, the RCC-modelled on-axis spectra are broader than

the spectra produced by Equation 4.3. This is due to the large spread in energy of

electrons in the accelerated beams. At a turning point of an electron’s trajectory, the
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spectrum of the radiation produced at that point is assumed to be a single-energy

synchrotron spectrum of the same form as produced by an electron following a circu-

lar orbit. The critical energy of that spectrum can be expressed if Equations 2.62 and

2.101 are substituted into Equation 2.90:

Ec =
3ℏ
4c
ω2
prβγ

3. (4.5)

Due to the near-100% ranges in the electrons’ energies and oscillation amplitudes,

there is a large spread in the critical energies of the individual spectra produced by

each single electron in the electron beam, at the turning points of their trajectories. In

Figure 41 are two examples of two-dimensional histograms of the electrons’ Lorentz

factors at their turning points against the predicted critical energy of the spectra that

they produce at these turning points. The predicted critical energies in the example of

Bloom (2020) are generally an order of magnitude higher than the example of Kneip

(2010), due to the higher energies to which electrons are accelerated in that LWFA.

The critical energies span an order of magnitude at almost all Lorentz factors in both

cases. This variation is due to the near-100% spread in the oscillation amplitudes of

the electrons at any energy.
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Figure 41: Example two-dimensional histograms of electrons’ Lorentz factors and the
critical energy of the circular orbit spectra that they would produce, at each turning
point in their trajectories.

If each electron contributes a circular orbit spectrum at each turning point in its traject-

ory, the total spectrum is the sum of all of the spectra produced by all of the electrons.

As the critical energies in each of the individual electrons’ circular orbit spectra are so

wide-ranging, the total spectrum is broad. A total photon fluence spectrum has been

estimated by integrating a circular orbit spectrum over the distributions in Figure 41:(
d2W

dE dΩ

)
tot

=

∫ γmax

γmin

∫ Ec,max

Ec,min

N(γ, Ec) ·
d2W

dE dΩ
(γ,Ec) dEc dγ, (4.6)
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where N(γ, Ec) is the two dimensional distribution like the ones in Figure 41 and
d2W
dE dΩ

is the circular orbit spectrum given by Equation 2.91. This integral is evaluated

numerically and the resultant photon fluence spectra are plotted in Figure 42 as the

dashed lines, which are compared with the RCC-modelled on-axis photon fluence

spectrum. The estimated spectra replicate the broad nature of the RCC-modelled

spectra and have a peak fluence that is within an order of magnitude of the RCC-

modelled value. Particularly, in the low energy part of each spectrum, the predicted

and RCC-modelled fluence are similar. The best fits between the spectra from Equa-

tion 4.6 and from the RCC come in the cases of Kneip (2010) and Wenz (2015),

where there is good agreement at almost all photon energies in the spectra. In the

cases of Rousse (2004) and the three spectra in the right plot, the spectral fluence

is overestimated at higher photon energies. We put this down to intricacies in the

electron trajectories, for example changes in the betatron oscillation frequency due to

the evolution of the wakefield.
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Figure 42: On-axis spectral fluence estimated assuming each electron contributes a
circular orbit spectrum at each turning point in its trajectory, compared with modelled
spectrum produced by the RCC.

4.3.2 “Detected” Energy Spectrum

To understand what the RCC-modelled spectra would look like if they were measured

in their respective experiments, we will now attempt to transform them into “detected”

spectra using information about their experimental setups. In experiments, the x-ray

beam often has to pass through a variety of materials before reaching the detector.

The most common example of this is a sheet or foil of aluminium placed behind the

LWFA to block excess laser light that has passed through the plasma. The spectrum of

the x-ray beam leaving the LWFA is modified by the total transmission of the materials
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between the LWFA and the detector:(
d2N

dE dΩ

)
trans

= Tmat(E) · (1− Tdet(E)), (4.7)

where Tmat is the total transmission of the materials. When there are multiple mater-

ials, the total transmission is the product of the transmissions of all of the materials.

The transmission is an exponential function of the material thickness [172]:

T =
I

I0
= exp

(
− µ(E)d

)
, (4.8)

where µ(E) is the x-ray absorption coefficient as a function of photon energy and d

is the material thickness. The absorption coefficient as a function of photon energy is

taken from the databases available at the National Institute for Standards and Tech-

nology (NIST) [173]. The detected photon spectrum is obtained by multiplying the

transmitted spectrum by the quantum efficiency of the detector, which is taken as the

absorption coefficient of its scintillator screen, 1 − Tdet, where Tdet is the transmis-

sion of the scintillator screen. The constructed experimental spectrum can thus be

expressed in terms of the spectrum produced by the RCC:(
d2N

dE dΩ

)
exp

=

(
d2N

dE dΩ

)
RCC

· Tmat(E) · (1− Tdet(E)). (4.9)

The overall fraction of photons leaving the LWFA that actually make a signal on the

detector are plotted as the solid red lines in Figure 43, for each of the low laser power

experiments. The plots show that there is only a small bandwidth between 10 keV

and 50 keV over which the detected spectrum is similar to the spectrum of the original

x-ray beam leaving the LWFA.
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Figure 43: Fraction of detected intensity due to transmission of materials between the
plasma and the x-ray detector and the detector’s quantum efficiency.
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The total transmission of the materials between the LWFA and the detector is plotted

against photon energy by the blue dashed lines in Figure 43. In the experiment of

Rousse (2004), there was a 25 µm-thick beryllium filter to block photons with energies

below 0.8 keV [60]. In the absence of any reported materials, in the case of Kneip

(2010), an aluminium foil with a thickness of 12 µm was assumed to have been placed

behind the LWFA, as in the experiment of Wood (2018) performed by the same re-

search group at the same laser facility [65], [72]. Finally, in the case of Wenz (2015),

there was a 20 µm-thick aluminium foil placed between the LWFA and the x-ray CCD

camera [70]. The materials attenuate low energy photons with energies below 10 keV.

Above photon energies of 10 keV in the case of Rousse and 20 keV in the cases of

Kneip (2010) and Wenz (2015), the transmission is almost unity so virtually all photons

pass through the materials.

The quantum efficiency of the detector is plotted as the green dashed line in Figure

43, for each of the low laser power experiments. In the cases of Kneip (2010) and

Wenz (2015), the scintillator is taken to be a 150 µm-thick caesium iodide sheet, as in

the case of Wood (2018) [72]. In the case of Rousse (2004), there is an upper limit of

10 keV on the photon energies that could be detected with their detector [60], so the

detection efficiency was set to zero above 10 keV. At photon energies below 10 keV,

the detection efficiency was assumed to be approximately unity, as in the other two

cases in Figure 43. The green dashed lines show that the detectors are less sensitive

to photons with energies above 50 keV, which is because high energy photons can

pass through the detector without being attenuated.
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Figure 44: (Coloured) On-axis spectra fluence modelled by RCC and (black) expec-
ted on-axis spectral fluence that would have been detected, accounting for the x-ray
transmission through materials between the LWFA and the detector and the detector
efficiency. (Grey dashed) Circular orbit spectrum fitted to detected spectrum.

In Figure 44, the “detected” photon fluence spectra have been calculated from Equa-

tion 4.9 and are plotted in black, with the original spectra produced by the RCC plotted
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in their usual colour. The black spectra have a dramatically smaller bandwidth than the

spectrum of the original x-ray beam leaving the LWFA, which stretches across band-

widths on the order of 100 keV. In the case of Rousse (2004), the detected spectral

flux at photon energies between 3 and 10 keV is almost the same as in the original

spectrum. In the cases of Kneip (2010) and Wenz (2015), the “detected” and ori-

ginal spectra are comparable between 10 and 50 keV. Over these small bandwidths,

Tmat(E) (1− Tdet(E)) ≈ 1.

Over the small ∼ 10 keV bandwidths over which the spectrum of the radiation beam

spectra were experimentally measured, the energy density spectrum has been as-

sumed to take the form of a circular orbit spectrum [174]. In many experiments, the

measured radiation spectrum has been fitted with a circular orbit spectrum [65], [67],

[70]–[72], [164]. In Figure 44, analytical circular orbit spectra given by Equation 2.91

have been fitted to the “detected” spectra and are plotted as the grey dashed lines.

Values for the critical photon energy producing the best fits to the black spectra were

obtained by minimising the quantity Σi(Sana, i(E) − Sdet, i(E))
2, where Sana(E) is the

analytical spectrum and Sdet(E) is the “detected” spectrum. The critical energy val-

ues producing the best fits are included in their respective legends in Figure 44. In

the cases of Kneip (2010) and Wenz (2015), the best-fit critical energies are consist-

ent with the values deduced from the experimental results [65], [70]. In the case of

Rousse (2004), a synchrotron spectrum was not fitted to the experimental spectrum

data [60], probably due to the small bandwidth over which x-rays were detected.
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Figure 45: (Coloured) On-axis spectral fluence modelled by RCC and (black) expec-
ted on-axis spectral fluence that would have been detected, accounting for the x-ray
transmission through materials between the LWFA and the detector and the detector
efficiency. (Grey dashed) Circular orbit spectrum fitted to detected spectrum.

In Figure 45, circular orbit spectra have been fitted to the “detected” spectra of Wood

(2018) and Bloom (2020) using the same method as before. The critical energies

of the circular orbit spectra are included in the legends of the respective plots and
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are consistent with the values deduced in their experiments [72], [164]. It should be

noted that the exact value of the so-called critical energy of the detected spectrum is

determined by the absorption efficiency of the x-ray detector, which is a function of

photon energy. Changing the detector or the materials in front of it would change the

critical energy of the measured spectrum. Also, in these experiments, the spectra at

100 keV-order photon energies, which form a large part of the modelled spectra, were

not measured and were ignored.

4.3.3 Peak Spectral Fluence

The peak spectral fluence is the peak fluence in the on-axis spectrum, which is where

the intensity of the x-ray beam is highest. In the top panel of Figure 46, the modelled

peak spectral fluences are compared with their corresponding experimental values,

which were inferred from the reported peak spectral brightness in each experiment.

This is with the exception of EPAC, which, as of yet, has no attributed experimental

values as it is still being built [175]. The modelled and experimental peak spectral

fluence are also compared to an analytical scaling law for the peak spectral brightness

derived by Kneip et al. in 2012 [62], which has been modified to relate the peak

spectral fluence to the input laser power:

Speak
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(4.10)

where P is the input laser power. The last factor in this equation gives the source size

[62]. The second to last factor is the length of the electron beam, assumed to span

the bubble radius, which gives the x-ray pulse duration [62]. Equation 4.10 is a rough

scaling that ignores the nonlinear evolution of the wakefield [61], [62].

Both the experimental and modelled peak fluence are within an order of magnitude of

the scaling laws at the laser power of the LWFA, with the exception of EPAC whose

modelled result lies much lower. This is primarily due to the small amount of charge

in its simulated electron beam. In the bottom panel of Figure 46, the red points plot-

ted are the ratio of the ratios of the simulated and experimental total charges of the

electron beams that leave the plasma, Qsim and Qexp respectively. The values are

the total charge above a threshold energy set in the experiment, which was also set

in the simulation; for example, in the case of Wood (2018), the threshold was set at
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spectral fluence, compared with modified scaling law given by Equation 4.10 [62].
(Bottom) Ratio of RCC-modelled and experimentally measured peak spectral fluence
(blue) and ratio of the simulated and measured total electron beam charge (red).

200 MeV. In cases where a total charge measurement was not made, an estimate

of the total charge was made using a scaling law relating the laser power to the total

charge [129]. In the case of EPAC, the total charge in the simulated electron beam

is about half of that expected from the scaling law. It should also be noted that the

scaling law was derived with 100 TW laser pulses in mind [62] and not necessarily the

1 PW laser power of EPAC.

In the top panel of Figure 46, the points for the RCC-modelled peak fluence are a

few times higher than the points of the measured values. As the simulated electron

beams seem to have similar peak fluences in their spectra to the values measured,

as suggested in the previous section, the most likely reason for this is the increased

number of electrons in the simulated electron beams than measured or expected from

a scaling law, with the exception of EPAC as just described. PIC simulations have a

tendency to overestimate the amount of self-injected charge in the electron beam

[176]–[178]. In the bottom panel of Figure 46, the ratio of the modelled, Ssim and

the experimental peak fluence, Sexp is plotted in blue. They are compared with the

ratio of the simulated and measured charge of the electron beam. The ratios given

by the blue and red points are similar in the cases of Rousse (2004), Kneip (2010),

Wenz (2015) and Bloom (2020). Rousse (2004) has the best agreement between its
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experimental and modelled results because both the peak fluence and the total charge

ratios are around unity. In the cases of Kneip (2010), Wenz (2015) and Bloom (2020),

the modelled peak fluence is several times the measured peak fluence. Similarly, the

simulated total charge is several times the measured of predicted total charge. The

two ratios for each case in the bottom plot are indeed close to each other. An outlier

to the matching of Ssim/Sexp and Qsim/Qexp is the data of Wood (2018). In this case,

the modelled and measured peak fluence are in good agreement, despite there being

five times the charge in the simulated electron beam than was measured.

Peak Brightness

To place these modelled LWFAs in the context of other synchrotron light sources and

compare them with other LWFA-based light sources, the peak spectral brightness has

been calculated. In the experiments modelled in this work, the peak brightness has

been calculated by dividing the peak spectral fluence by the duration of the x-ray pulse

and the source size of the electron beam:

B =
Speak

πr2β τ
, (4.11)

where S is the peak spectral fluence and τ is the duration of the x-ray pulse. As the

peak spectral fluence is produced on-axis, the source size is taken as the full cross

sectional-area of the electron beam, with the amplitude of oscillation of the electrons

as its radius. In these experiments, the source size was determined using a number

of different methods, and the pulse duration was usually assumed to be equal to the

duration of the laser pulse [60], [65], [70], [72], [164]. From our modelled temporal

intensity profiles, however, we have values for the x-ray pulse duration and also the

amplitude of oscillation from Section 4.2.
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Figure 47: Peak brightness against input laser power.
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The peak brightness calculated in the experiments and in the models are plotted in

Figure 47 against the power of the input laser pulse. The plot shows the general trend

of the peak brightness increasing with the power of the input laser pulse. The calcu-

lated peak brightness values are also compared to the scaling law given in Equation

4.10, divided by the pulse duration and the source size. In Section 4.2.2, we obtained

more precise values for the x-ray pulse duration, which were used in this scaling law

instead of assuming that the duration is equal to that of an electron beam spanning

the bubble length [66]. We also find that the source size predicted in the scaling law

is around an order of magnitude smaller than the source size obtained in the PIC

simulations, which causes the scaling law to overestimate both the experimental and

the simulated peak brightness. The source size obtained in the PIC simulations was

used instead in the scaling law. Accounting for the uncertainties in the oscillation amp-

litudes, typically around 0.5 µm, produces a range of values at each input laser power.

The scaling laws for all of the modelled experiments have been morphed together into

the grey region in Figure 47 for neatness.

In Figure 47, both the experimental and simulated values for the peak brightness lie

within the grey region covering the predictions of the adapted scaling law. There is

only one outlier, which is the simulated peak brightness of EPAC, which is smaller

than the prediction of the scaling law and also the values obtained for Wood (2018)

and Bloom (2020). However, the laser power of EPAC is four to five times higher than

the laser used in these two experiments; a higher peak brightness would be expec-

ted according to existing scaling laws like the one used here [62]. The small peak

brightness from the modelling of EPAC is due to two factors. First, the simulated peak

spectral fluence is small as the amount of charge injected into the wakefield in the

PIC simulation was smaller than expected. Second, the electrons in the PIC simula-

tion had large amplitudes of oscillation, meaning a large source size.

The experimental and the modelled values are within an order of magnitude. This is

probably the best agreement that one can hope for with regards to spectral bright-

ness, owing to the difficulty of measuring the source size and the duration of the x-ray

pulse in experiment. The largest discrepancy is in the case of Wenz (2015), where the

simulated value is almost an order of magnitude smaller than the experimental. This

is because the pulse duration used in the experimental calculation was 5 fs, deduced

from numerical studies [70]. In the modelled temporal intensity profile in this work,

the pulse duration is 55 fs. The modelled pulse durations of Rousse (2004) and Kneip

(2010), 60 fs and 80 fs, are also longer than the 30 fs pulse duration assumed at the

time of the experiments [60], [65].
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4.3.4 Angular Variation of Spectral Photon Fluence
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Figure 48: Spectral fluence at different points of observation produced by the RCC.
Each point of observation lies at a different angle of divergence from the z-axis.

Another advantage of the RCC presented in this work is that it can model the spec-

trum of the radiation at different positions on a detector screen in a single run. This

capability can be used to improve our understanding of the angular dependence of

the spectrum. As a preliminary study, in Figure 48, the spectral fluence is plotted at

different points of observation lying at different angles of divergence from the z-axis.

The transparency of the plotted lines increases with increasing angle of divergence.

Modelling the spectral fluence of the radiation beams at different angles of divergence

has shown that a quantitative, analytical understanding of the angular variation of the

spectra is difficult to come by and requires further study. The RCC at least provides

a qualitative understanding. In each plot, the peak spectral fluence decreases with

increasing angle of divergence. Proportionally, the spectral fluence decreases by

more at higher photon energies. Looking at the examples of Kneip (2010) and Bloom

(2020), at photon energies over 100 keV, the spectral fluence decreases by two or-

ders of magnitude over the angle between the observation points on-axis and at the

edge of the beam. At photon energies on the order of 1 keV, the decrease is around

one order of magnitude. The other plots show a similar behaviour. The high energy

photons are produced by electrons at the highest energies, which also produce radi-

ation beams with a smaller divergence, as implied by Equation 2.93.
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The angular variation of the spectrum is determined by three complex and interplaying

factors. The first is the angular dependence of the critical energy of the spectrum pro-

duced by an oscillating electron, which is due to the change in the radius of curvature

of the trajectory of an electron as it moves towards and away from a turning point,

changing its direction of travel as it moves. An expression for the radius of curvature

against angle of divergence was derived in Chapter 2 and is given by Equation 2.101.

The second factor is the variation of the intensity of the radiation cone produced in

different directions as the electron travels along its trajectory. The final factor is the

overlapping of the energy density distributions of the radiation beams produced by

electrons oscillating in different planes, and thereby the addition of their spectra. The

overlapping of the angular energy density distributions in different planes is discussed

in more detail later in this chapter.

4.4 Modelled Angular Energy Density Distributions

While numerous measurements of the angular energy density distributions of x-ray

beams from LWFAs have been made, there is little quantitative understanding of their

scaling with the energies and oscillation amplitudes of the constituent electrons in the

accelerated beam. Measurements of the angular distribution are made by placing

an x-ray camera in front of the x-ray beam [60], [65], [70], [72], from which the K-

parameter of the electrons has often been deduced using θmax = K/γ. In reality,

the x-ray beam is produced by many electrons with a wide variety of energies and

K-parameters. In this section, we report on the outputs of the second RCC, which

models the angular energy density distribution of the radiation beam. The divergence

of the modelled x-ray beams are reported and discussed. The output distributions

are then compared with mathematical models predicting the angular energy density

distributions from the energies of the electrons in the accelerated beam. This is to

gain insight into the electron beam properties that produce the angular energy density

distribution of the radiation beam.

4.4.1 Modelled Angular Energy Density Distributions

Maps of the normalised angular energy density distributions produced by the second

RCC are shown in Figure 49. The distributions are normalised in order to compare

the divergences of the x-ray beams rather than their energy densities, which differ by

orders of magnitude as shown later. As expected, the angular energy density distribu-

tions peak on-axis, where θx = 0 and θy = 0. However, the shapes of the distributions

vary from case to case. For example, in the case of Kneip (2010), the x-ray beam
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is more sharply peaked at its centre and the energy density falls away quickly from

its peak value. In the cases of Rousse (2004) and Wenz (2015), the angular distri-

bution is flat at its centre, before falling away at divergence angles larger than 10 mrad.
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Figure 49: Map of modelled angular energy density distributions of x-ray beams from
LWFAs. (White lines) Line-out of energy density along central vertical and central
horizontal axes in map.

Comparing the divergence ranges in the top and bottom rows of Figure 49, the diver-

gence of the x-ray beams in the top row are larger. These beams are produced in the

LWFAs driven by sub-100 TW lasers. The larger divergence of these x-ray beams is

because electrons are only accelerated to energies of up to 400 MeV, as opposed to

the GeV-order energies reached in the high laser power cases, whose angular energy

density distributions are shown on the bottom row of Figure 49. These angular distri-

butions point towards some scaling of the x-ray beam divergence with the constituent

energies of the electron beam, which should be expected considering Equation 2.99.

This is discussed in Section 4.4.3.

4.4.2 Modelled X-ray Beam Divergence

The FWHM divergence of each modelled x-ray beam was calculated along the axes

of θx = 0 and θy = 0, and is included in Table 4.3. The experimentally measured x-ray

beam divergence is also included where available. The best agreement between the

experimental and modelled values is found in the case of Rousse (2004), where the
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divergence of the x-ray beam modelled by the RCC falls within the uncertainty of the

experimental result. In the cases of Kneip (2010) and Wenz (2015), the divergences

of the modelled x-ray beams are significantly larger than the experimental values.

These experimental values are surprisingly small considering that the electrons in

these experiments were accelerated to 400 MeV. As a rough calculation, substituting

these small divergences into the relation θe,max = K/γ, deduced from Equation 2.93,

produces K ≈ 1 and rβ ∼ 0.1 µm for the oscillating electrons. This oscillation amp-

litude is not consistent with the values obtained in Section 4.2.3; moreover, source

size measurements of 2 µm and 3 µm were reported in these experiments [65], [70].

Table 4.3: Experimentally measured and RCC-modelled FWHM divergence of energy
density distributions of radiation beam from each LWFA.

Experiment Experimental Divergence RCC-Modelled Divergence
∆θx / mrad ∆θy / mrad ∆θx / mrad ∆θy / mrad

Rousse (2004) [60] 50± 20 50± 20 31 33
Kneip (2010) [65] 4 13 20 20
Wenz (2015) [70] 6.0± 1.1 6.0± 1.1 26 28
Wood (2018) [72] 8.9± 0.7 20± 2 12 12

Bloom (2020) [164] n/a n/a 14 17
EPAC n/a n/a 7 7

As explained in Section 4.3.2, the fraction of detected photons in experiment varies

with the photon energy. The measured angular energy density distributions are dis-

tributions of the detected photons, whereas the modelled distributions are integrated

over all photon energies. To better understand this, the FWHM divergence of the

x-ray beam was calculated at different photon energies using the first RCC, which

contains the spectral information of the x-ray beam at different observation points but

with a lower spatial resolution. The modelled energy density spectrum was taken at

each observation point along the y-axis. At each photon energy, an angular energy

density distribution was constructed by taking the energy density at each observation

point and then interpolating the energy density against the divergence angle. The

FWHM divergence of this angular energy density distribution was then determined.

The FWHM divergence at each photon energy in the modelled spectrum was determ-

ined by constructing an angular distribution at each photon energy.

Plotted in Figure 50 are the modelled FWHM divergences of the x-ray beams at

each photon energy. The shaded regions represent the uncertainty on the calculated

FWHM divergence, which were calculated from the variance in the RCC-modelled en-

ergy density spectrum: ∆θ = |∂θFWHM

∂U
|∆U , where U is the energy density and θFWHM

is the FWHM divergence at a given photon energy. In general, it is found that the di-
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Figure 50: Modelled FWHM x-ray beam divergence against photon energy in different
cases. The shaded regions are the errors on the divergence.

vergence of the x-ray beam decreases at larger photon energies. However, in the

cases of Kneip (2010) and Wenz (2015), at all photon energies, the modelled FWHM

divergences in Figure 50 are closer to the outputs of the second RCC rather than the

experimental results.

In the cases of Kneip (2010), Wenz (2015) and Wood (2018), the experimentally

measured angular distributions are also more elliptical than the modelled distribu-

tions. For the RCC-modelled beam, the divergence values in Table 4.3 are similar

along the x-axis and y-axis, suggesting that the RCC-modelled x-ray beam has a high

degree of circular symmetry. This implies that the amplitude of oscillation of electrons

in the beam does not really change depending on their plane of oscillation. This cir-

cular symmetry is because the PIC simulation is performed in a cylindrical coordinate

system using azimuthal mode decomposition, with two or three azimuthal modes. To

simulate elliptical lasers and electron beams, the PIC simulations would need to be

run with more azimuthal modes. However, this would increase the computation time

and memory load of the simulation. For example, in the case of Wood (2018), the
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experimental focal spot size of the laser was actually (24 ± 5) × (15 ± 1) µm [72]. In

the PIC simulation, the mean of these values, 19 µm, was used as the laser’s focus

size. In this case, the FWHM divergence of the modelled energy density distribu-

tion has a circular symmetry and lies between the experimental values for the FWHM

divergence along the x-axis and the y-axis.

4.4.3 Scaling of the Angular Energy Density Distributions

Broadly speaking, electron beams that reach higher energies produce x-ray beams

with a smaller divergence. This is principally down to the range of angles covered

by electrons’ trajectories, scaling as K/γ. An analytical relation for the angular en-

ergy density distribution of the x-ray beam produced by a single electron following a

sinusoidal trajectory was derived in Chapter 2, which takes the form of a semi-circular

function of angle in the plane of oscillation of the electron and depends strongly on

the electron’s energy, but also its K-parameter. Using Equations 2.62 and 2.69, the

K-parameter of an electron in an LWFA can also be scaled with just its energy:

K = Bγ
1
4 , (4.12)

whereB = r0ωpγ
1/4
0 /

√
2c. This allows Equation 2.98 to be expressed with the Lorentz

factor, or the energy of the electron, as its only variable:

d2W

dθy dθe
=

e2

16
√
2πϵ0c

ωpγ
9
2

√
B2

γ
3
2

− θ2e

[
1

(1 + γ2θ2y)
5
2

(
3− 5

4(1 + γ2θ2y)

)]
. (4.13)

In a “real” LWFA, the electron beam comprises a wide range of energies at any given

time, due to the range of times and positions at which they are injected into the wake-

field. The energy progression of these electrons also varies. The angular energy

density distribution of the radiation beam is produced over the entire acceleration of

the electrons. In any calculation or prediction of the angular energy density distribu-

tion, the range of energies covered by the electrons over the entire acceleration of the

beam should be accounted for, as done by the second RCC. In the remainder of this

section, the scaling of the angular energy density distribution with the electron beam

spectrum integrated over the entire acceleration is described and discussed.

Time-Integrated Electron Spectra

The total angular energy density distribution of the radiation beam is the time-integrated

distribution produced over the entire duration of the electrons’ acceleration. It is thus

the time-integrated or time-averaged energy spectrum of the electron beam that de-

termines the angular energy density distribution. The time-averaged electron spec-
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trum in a PIC simulation is calculated from the particle tracking data by summing

histograms of the electron beam’s constituent energies in each time-step, summing

them and dividing by the number of time-steps. This could be achieved experiment-

ally by averaging the measured spectra of the electron beams leaving plasmas with

different lengths, which can be changed when using variable length gas cells.
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Figure 51: Time-averaged electron spectrum of each LWFA: number of electrons per
megaelectronvolt per milliradian (map) and total number of electrons per megaelec-
tronvolt (white dotted line).

The time-averaged electron spectra calculated from each PIC simulation are presen-

ted in Figure 51. The colour map represents the number of electrons per unit energy

per unit y-divergence, which show the divergence of the electrons decreasing with

increasing electron energy. In the case of Rousse (2004) the divergence angles span

over 100 mrad. By contrast, the electrons in the case of EPAC span only 10 mrad. As

a rough sanity check of the angular distributions produced by the RCC, the range of

divergence angles spanned by each electron beam are similar to the angles spanned

by their modelled x-ray beam. The numbers of electrons per unit energy, integrated

over all divergence angles of the electrons, are represented by the white dotted lines.
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Integrating over the Time-Averaged Electron Spectra

It could be assumed that each electron in the beam produces an angular energy

density distribution given by Equation 2.98. The addition of the angular distributions

from electrons oscillating in different planes is first ignored for convenience. Then, the

total angular distribution produced by the electron beam is produced by integrating the

product of Equation 2.98 and the time-averaged electron spectrum over the energies

of the spectrum:(
d2W

dθxdθy

)
tot

=

∫ Emax

Emin

d2W

dθxdθy
·N(E) ·Nosc(E) dE, (4.14)

where N(E) is the time-averaged electron spectrum and Nosc(E) is the number

of oscillations performed by an electron in the plasma with some constant energy:

Nosc(E) =
Lplasma

2π ωβ(E)−1 , with the betatron frequency given by Equation 2.62.

The integral in Equation 4.14 was evaluated numerically. In Figure 52, slices of the

energy density profile along the axis θy = 0 are shown for each modelled x-ray beam.

The central slice of the RCC-modelled angular energy density distribution is shown in

black and the distribution from the numerical integration of Equation 4.14 is plotted as

the red dashed line. The width and the height of the angular distribution produced by

the evaluated integral was changed by adjusting the parameter r0, as both the height

and width of the distribution are proportional to this parameter. r0 has been adjus-
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Figure 52: (Black) Slice along θy = 0 of angular energy density distribution produced
by RCC, (red dashed) distribution produced by Equation 4.14 and (blue dashed) dis-
tribution produced by Equation 4.16.
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ted such that the peaks of the black and red lines are roughly equal. For example,

r0 = 2 µm in the case of Kneip (2010) and r0 = 1 µm in the case of Bloom (2020).

It seems that r0 needs to be scaled down to match the peak intensities, to the point

where it is sometimes smaller that the source sizes estimated earlier.

In Figure 52, the shape of the red angular distribution from the evaluated integral is

very different from those of the black distributions from the RCC. The RCC-modelled

angular distributions are more concave, falling away from their peak value at the centre

of the beam faster than the more Gaussian-like angular distributions of the evaluated

integral. Also, adjusting r0 does not change the general shape of the distribution. This

indicates that modelling the angular energy density distribution of the radiation beam

by considering electrons oscillating in a single plane is inaccurate.

Angular Energy Density Distribution from Electrons Oscillating in Different Planes

The most likely reason for the difference in shape between the black and red distri-

butions in Figure 52 is that the oscillation of electrons in different planes cannot be

ignored. The angular energy density distributions produced by electrons oscillating

in different planes overlap and sum together, which is neglected in the single integral

model described above. Two conceptual energy density maps are shown in Figure

53: on the left is the energy density distribution produced by electrons oscillating in

just the x-z plane; on the right is a map of the energy density distribution of electrons

oscillating in six different planes. It should be noted that the peak energy density in

the right plot is higher than in the first and the colour-maps are in arbitrary units.

x
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x

Figure 53: Conceptual diagram to show the effect of adding energy density distri-
butions produced by electrons oscillating in different planes. (Left) angular energy
density distribution produced by electrons oscillating in a single plane. (Right) An-
gular energy density distribution produced by electrons oscillating in a six different
planes. (White lines) Line-outs of distributions along axes of θx = 0 and θy = 0.
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While in reality the oscillation of electrons is not constrained to just six planes, the

right panel in Figure 53 shows that the total energy density distribution becomes

much more prominent around the centre where the individual distributions overlap

more. This explains why the distributions produced by Equation 4.14 and the RCC

in Figure 52 produce comparable peak values on-axis, as this is where the energy

density distributions of all of the electrons oscillating in different planes intersect and

add together. The line-outs on the right panel show the general form of the energy

density distribution becoming more similar to those of the RCC-modelled angular en-

ergy density distributions. The scaling of the divergence of distributions like this will

now be discussed.

The summation of different energy density distributions in different planes is now con-

sidered. The angle of the plane of oscillation of an electron is defined, ϕe, which is

the angle of the plane from the x-axis. This is effectively a polarisation angle in the

radiation beam. In the simplest case of a circularly symmetric electron beam, there is

no ϕe-dependence of the oscillation amplitude nor the energy of electrons. The time-

averaged electron spectrum can be converted quite simply into a distribution of the

number of electrons per polarisation angle through N(E)/π. The energy density dis-

tribution per polarisation angle is then calculated similarly to the numerical integration

performed in the previous section:

d3W

dθx dθy dϕe

=

∫ Emax

Emin

d2W

dθxdθy
· N(E)

π
·Nosc(E) dE. (4.15)

This is an adaptation of Equation 4.14, considering the angular distribution produced

by electrons oscillating in a single plane. The adaptation is the factor of π for a cyl-

indrically symmetric beam. The total angular energy density distribution of the radi-

ation beam is found by integrating this equation over all polarisation angles:(
d2W

dθx dθy

)
tot

=

∫ π

0

∫ Emax

Emin

d2W

dθxdθy
· N(E)

π
·Nosc(E) dE dϕe. (4.16)

This integral is also evaluated numerically. The resulting distributions are also plotted

in Figure 52 as the blue dashed lines. The shapes of these distributions are more

akin to those produced by the RCC, but their divergence is much smaller. For the

distributions given by Equation 4.16, adjusting the parameter r0 does not change the

width of the distribution significantly, apart from around its edges where the energy

density is much lower. The distributions are dominated by the region of the central

spike because this is where the angular distributions from electrons oscillating in dif-

ferent planes overlap. The size of this region scales strongly with the energy of the

electrons in the accelerated beam, because it is determined by the width of the angu-
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lar distributions from the individual electrons. The angular distribution of an electron

following a sinusoidal trajectory, given by Equation 2.98, has a width of around 1/γ.

At low electron energies, this width is larger so there is a larger region over which the

individual angular distributions overlap. At high energies, the overlap region is small.

4.4.4 Simulated Electron Trajectories in Three Dimensions

The spatial energy density distribution of the x-ray beam seems to be determined by

a combination of the distributions described by Equations 4.14 and 4.16. The diver-

gence of the x-ray beam modelled by the RCC is much closer to that of the distribution

described by Equation 4.14, which does not account for the addition of the energy

density spectra from electrons oscillating in different planes. When this is accounted

for in Equation 4.16, the general shape of the angular distribution is more like that

of the RCC, but with a much smaller divergence. Another issue is that to match the

peaks of the distributions produced by Equations 4.14 and 4.16 to the RCC-modelled

distribution, the parameter r0 had to be set to values smaller than the source sizes

calculated earlier in Table 4.2. This suggests that the peak energy density at the

centre of the distribution is actually smaller than these models expect.
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Figure 54: Two randomly sampled electron trajectories from each PIC simulation,
plotted in three dimensions.

In the three-dimensional plots in Figure 54 are two randomly sampled electron traject-

ories from each PIC simulation. Some electrons do indeed oscillate quasi-sinusoidally

in a single plane as assumed, but many trajectories also seem to rotate around the
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central longitudinal axis. Many electrons in these plots follow elliptical spirals, for ex-

ample the trajectory in red in the plot of Wenz (2015). This could be due to space

charge effects in the electron beam, magnetic field effects [179] or some electrons

could have an azimuthal momentum component when injected into the wakefield.

The energy density distribution produced by an electron following such a trajectory is

an ellipsoidal ring, as observed and calculated by Phuoc et al. in 2006 [180]. This per-

haps explains why the divergence of the RCC-modelled angular distributions is larger

than produced by Equation 4.16, as not all of the angular distributions from individual

electrons overlap on-axis.

The trajectories shown in Figure 54 show that analytically or semi-analytically mod-

elling the angular energy density distributions from the electron beam properties is

more complicated than assumed in Equations 4.14 and 4.16. Not only does the el-

lipticity of the trajectories change from particle to particle, but so does the angle of

the major axis of the ellipses in the x-y plane. At least, this is further motivation for

the building and use of the RCC, which can process such complicated particle traject-

ories. Analytical or semi-analytical angular distributions could potentially be derived

using an equation for the angular distribution produced by an electron following an

elliptical trajectory. However, the distribution of the electron trajectories’ ellipticity, the

distribution of their oscillation amplitudes and the overlapping and adding together of

their individual angular distributions would need to be carefully considered.

4.5 Summary

Two RCCs have been built to model the temporal intensity profile, photon fluence

spectra and angular energy density distributions of x-ray beams produced by PIC-

simulated electron beams from LWFAs. The first RCC models the temporal intensity

profile and the photon fluence spectra of the x-ray beam at different observation points

in a single run. The second RCC models the angular energy density distribution. The

calculation procedure of these RCCs was outlined in Chapter 3.

The RCC-modelled temporal intensity profiles have a duration on the order of 10 fs

that depends on the length of the electron beam and the injection dynamics in the

LWFA. Many modelled x-ray beams had a multi-pulse structure, produced by the dif-

ferent electron bunches accelerated in the LWFA. The intensity profile was shown to

be closely linked to the energy distribution of these bunches, following a profile given

by Equation 4.2, proportional to the N(tobs)γ
4
peak(tobs) profile of the electron beam at

the end of the plasma. The peak value of Equation 4.2 was matched to the peak

RCC-modelled intensity by adjusting the parameter rβ. Similar values to the mean rβ
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of the accelerated electrons in the PIC simulation produced the best fits.

The first RCC also produced on-axis photon fluence spectra with ∼ 100 keV and

∼ 1 MeV bandwidths, which are significantly larger than the ∼ 10 keV bandwidths

over which the x-ray spectra have been measured [174]. The broadness of the spectra

is due to the near 100% spread in the electrons’ energies and oscillation amplitudes.

The large bandwidth and peak photon fluence of the spectra was supported by pre-

dicted spectra, calculated by adding the assumed circular orbit spectra produced by

the electrons at the turning points in their trajectories. We then constructed the spec-

tra that would be detected in the experiments modelled, by taking the RCC-modelled

spectral and multiplying them by the transmission factors of the materials in front of

the detector and the quantum efficiency of the detector. Circular orbit spectra were

fitted to these “detected” spectra, which had critical energies consistent with those

obtained in experimental analysis [65], [70], [72], [164].

For each LWFA modelled, the peak spectral fluence produced by the RCC was within

an order of magnitude of its experimentally measured value. The peak fluence pro-

duced by the RCC was often a number of times higher due to the increased charge

in the electron beam compared to experiment, which is put down to the tendency

of PIC simulations to overestimate the amount of self-injected charge [176]–[178].

Armed with values for the x-ray pulse duration and the source size, the modelled

LWFA light sources were calculated to have a peak brightness between 2× 1021 and

6× 1022 photons/s/mrad2/mm2/0.1% BW.

The angular energy density distributions produced by the second RCC were com-

pared with predicted angular distributions derived using Equation 4.13. This equation

describes the angular distribution produced by a single sinusoidally oscillating elec-

tron and relates it to the electron energy. The first predicted angular distribution of

the radiation beam was derived by integrating Equation 4.13 and the time-averaged

electron spectrum over the energy range of the spectrum. The second predicted an-

gular distribution spread the first predicted angular distribution over an angle of π,

accounting for the overlapping of the distributions from electrons oscillating in differ-

ent planes. The first predicted angular distributions had divergences closer to those of

the RCC-modelled distribution, but a different shape. The second had a similar form,

but with a much smaller divergence. Three-dimensional plots of example electron tra-

jectories in PIC simulations showed that some electrons in the beam follow elliptical

spirals, rather than performing oscillations in a single plane, as was assumed in both

predicted angular distributions.



5. Bayesian Optimisation of PIC Sim-

ulations for eSYLOS

The SYLOS laser system is planned to deliver few-cycle pulses with energies of up to

100 mJ at a repetition rate of 1 kHz. At the time that this work was done, the laser was

expected to be in the second stage of its development, SYLOS-2. The SYLOS-2 laser

is planned to deliver 30 mJ laser pulses, 8 fs in duration at a repetition rate of 1 kHz

[102]. The 4 TW power of this laser is an order of magnitude lower than the lowest

laser power used in the simulations in Chapter 4. As will be shown, the SYLOS-2

laser could drive LWFAs producing electron beams with energies up to ∼ 100 MeV at

the eSYLOS facility, producing x-ray beams with a lower intensity. This could be com-

pensated for by using a higher repetition rate, like the 1 kHz SYLOS system, which

would increase the average flux and average brightness of the radiation produced.

The resulting x-ray beam would be pulsed at a high repetition rate, which would be

useful for many applications [111].

As eSYLOS is a new facility, the first step in producing x-ray beams with high bright-

ness is to generate and optimise the electron beams. As a preemptive study, a

Bayesian optimisation (BO) algorithm has been used to optimise the input parameters

in successive PIC simulations of LWFAs driven by a laser pulse like SYLOS-2. In this

chapter, we start by describing the methods used to calculate the width and intensity

of the laser focus that is used in the PIC simulations. An overview and discussion of

the computational methods used in this algorithm is then given. Then, we report and

discuss two separate optimisations by the BO algorithm: the peak energy and total

charge of the output electron beams.

5.1 Laser Focusing

At eSYLOS, the laser pulse is focused into the gas using an f/9 parabolic mirror

[107]. The transverse spatial profile of the laser beam at its focal point is known as

the focal spot. In this design of the eSYLOS facility, the radius of the focal spot has

125
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been calculated analytically to be w0 = 2.58λ0/π × (f/#) = 6.6 µm [107], which is

the radius of the beam where the intensity falls to 1/e2 of its peak value, often referred

to as a beam waist. The planned total energy and FWHM duration of the SYLOS-2

laser are 30 mJ and 7.5 fs [102], from which the intensity of the focused laser pulse

can be calculated. The intensity distribution of the focused laser beam is assumed to

be Gaussian along the radial and temporal axes of the laser:

I(r, t) = I0 exp

(
− 2r2

w2
0

)
exp

(
− 2t2

τ 2

)
, (5.1)

where I0 is the peak intensity of the laser pulse at its centre and τ the temporal

coordinate at which the intensity falls to I0/e
2. In this coordinate system, I = I0 at

t = 0 and r = 0. The total energy of the laser pulse is found by integrating this

expression over all space and time. The peak intensity of the laser pulse can then be

written in terms of the total laser energy:

I0 =
4
√
ln 2EL

τFWHM π
3
2 w0

2
, (5.2)

where EL is the total energy and τFWHM =
√
2 ln 2 τ is the FWHM duration of the

laser pulse. This equation can be simplified to a more easy-to-use expression:

I0 ≈
1.88EL

τFWHM πw0
2
, (5.3)

The peak normalised potential of the focused laser pulse, often referred to as just the

normalised potential, can be calculated from the peak intensity:

a0 = 0.855λ0 [µm]

√
I0 [1018 W/cm2]. (5.4)

Using the above parameters for the SYLOS-2 laser, when at its full energy and

transform-limited duration, Equation 5.2 produces a peak intensity of 4.3×1018 W/cm2,

corresponding to a normalised potential of 1.6.

5.2 Bayesian Optimisation (BO) of FBPIC Simulations

Machine learning algorithms are a useful way of exploring the parameter space as well

as optimising properties of the electron beams accelerated in LWFAs [181]–[184]. A

BO algorithm has been built to select the input parameters in successive PIC simu-

lations of the SYLOS-2 laser focused in plasma, to optimise user specified electron

beam properties. The PIC code, FBPIC, was used because its run-script is written in

the programming language, Python and can be easily integrated into the BO algorithm
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Table 5.1: Input parameters and their scales in the Bayesian optimisation algorithm

Parameter Symbol Scale
Helium Gas Density nHe Logarithmic

Nitrogen Dopant Concentration Nconc Logarithmic
Plasma Length Lplasma Linear

Laser Focal z-position zfocus Linear
Density Up-Ramp Length lup Linear

Density Down-Ramp Length ldown Linear
Second-Order Spectra Phase ϕ(2) Linear

Third-Order Spectra Phase ϕ(3) Linear
Fourth-Order Spectra Phase ϕ(4) Linear

which is also written in Python. FBPIC works in a similar way to Smilei when run in

a cylindrical coordinate system using azimuthal mode decomposition, described in

Section 3.1 [159], [185].

5.2.1 FBPIC Simulations

In every simulation, the input laser pulse had a Gaussian spatial and temporal in-

tensity profile, a total energy of 30 mJ and a transform-limited FWHM duration of 8 fs,

which were chosen to mimic a pulse from the SYLOS-2 laser. The laser pulse is fo-

cused to a focal spot waist of 6.6 µm, which is the waist that is obtained when the

laser is focused using an f/9 focusing optic like in the experimental setup [107]. The

laser pulse was focused into a neutral helium gas doped with a small, variable con-

centration of nitrogen. This is one of multiple input parameters that could be varied by

the BO algorithm to optimise the output electron beam, which are included in Table

5.1. To cover the order of magnitude ranges in the ranges of available values of the

helium gas density and nitrogen concentration, the base-10 logarithm of their values

are used in the fitted model in the BO algorithm.

In a PIC simulation, the entire plasma is not simulated throughout the entire simula-

tion, but instead the LWFA is simulated in a small box encompassing the laser pulse

and the part of plasma wave where electrons are accelerated. This box moves at the

group velocity of the laser pulse in plasma, given by Equation 2.23, which reduces

the computational load of the simulation. However, as the laser and plasma para-

meters are changed in each simulation run by the BO algorithm, the simulation box

dimensions need to be set at the start of each simulation. The box width is set to

accommodate the entire width of the defocused laser at the start of the simulation,

before it has reached its focal position: wbox = 6w(z0), where w is the 1/e2 waist of

the laser pulse and z0 its initial position in the simulation, which is before the laser

reaches its target focal position. The box length is set to accommodate the entire
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length of the laser pulse plus the bubble length: Lbox = 3cτFWHM +2rb, where τFWHM

is the FWHM duration of the laser pulse. The bubble length is estimated as Equa-

tion 2.46 multiplied by two. The FWHM duration of the laser pulse is estimated by

multiplying its transform-limited FWHM duration, τFWHM , 0 , by a stretch factor, which

is dependent on its second-order spectral phase coefficient: τFWHM = sτFWHM , 0 ,

where s =
√
1 + 16(ln 2)2(ϕ(2))2/τ 2FWHM , 0 [186].

In this work, all simulations were run with three azimuthal modes and 1, 2 and 4

particles per cell along the longitudinal, transverse and azimuthal axes. The cell di-

mensions were different for each electron beam property being optimised, which are

discussed in the results of their optimisation in Section 5.3. Particles accelerated

to longitudinal momenta above 10 MeV/c were tracked. This energy threshold was

chosen to reduce the computational load of the simulation, as electrons with lower

energies are generally not trapped in the wakefield.

5.2.2 Algorithm Structure

Explore Parameter Space or Optimise?

Choose random
input parameters

Load input parameters
and outputs to model

Predict optimum input
parameters from model

Run FBPIC Simulation

Calculate electron beam property from
particle tracking data

Save input parameters and output beam
property to .csv file

Explore
Optimise

Figure 55: Overview of structure of Bayesian optimisation algorithm

An overview of the BO algorithm structure is given in the flowchart in Figure 55. The

algorithm repeats this procedure for a pre-defined number of epochs, or until the user

stops it. The “explore” and “optimise” branches in Figure 55 are the two possible

methods that the algorithm may choose input parameters for the PIC simulation of

each epoch, which are described in the following sections. Once the input parameters

have been selected, the FBPIC simulation is run. The details of how each electron
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beam property is calculated from the particle tracking data is discussed in Section

5.3. Once calculated, the output electron beam property and the input parameters

are saved in a .csv file for training the BO model in future epochs.

5.2.3 “Explore” Branch

The starting input parameters used in the first simulation are a “best guess” expected

to produce strong values for the electron beam property of interest, based principally

on the scaling laws in Chapter 2. The starting input parameters in each optimisation

are included and explained in the results section. The result of this initial simulation

will be improved in subsequent simulation through BO. The parameter ranges avail-

able for exploration are pre-defined by an upper and a lower bound for each input

parameter, included and explained in the results section. In the second and third sim-

ulations, the upper and then the lower bounds are used as the input parameters. This

ensures that the entire range of the parameter space is explored.

For the next n epochs, where n is set by the user, typically in the range 10 ≤ n ≤ 40,

the BO algorithm does not try to optimise the electron beam property but simply ex-

plores the parameter space. The BO algorithm follows the “explore” branch in Figure

55, where a random value of each input parameter is used in the simulation. This

random value is taken from a normal distribution centred on the input parameter’s

starting value, with a standard deviation (STD) such that 2σ = xupper − xstart, where

xstart and xupper are the upper and lower bounds of the input parameter.

5.2.4 “Optimise” Branch

If the epoch number is greater than a user-defined number and does not satisfy any

user-defined conditions, the BO algorithm then follows the “optimise” branch in Fig-

ure 55. The input parameters for the next simulation are chosen using BO. A model

is fitted to the parameter space using Gaussian process regression (GPR). The the-

ory behind GPR is quite mathematically involved and beyond the scope of this work,

but there are a number of resources available if this is of interest, including a book

by Rasmussen and Williams, “Gaussian Processes for Machine Learning”, written in

2005 [187]. From the GPR-fitted model, a so-called acquisition function is construc-

ted, which quantifies the expected improvement in the output electron beam property

at each point in the parameter space. The input parameters are then taken from the

coordinates of the peak of the acquisition function. In each epoch, new input para-

meters for the next simulation are chosen through this procedure, which is repeated

until the output electron beam property has converged over a number of epochs.
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In this algorithm, the Python classes used to load data to the machine learning model

and select the input parameters in the simulations were the same ones as used by

Shalloo et al. in 2020 [181], which were developed by Stephen Dann. The classes

use the scikit-learn package to perform the GPR, which can automatically tune the hy-

perparameters of the model using a maximum log-marginal likelihood method [188],

within pre-specified ranges. The hyperparameters include the length scale and the

variance of the model, which determine the closeness of the fitting and its sensitivity

to stochastic noise. The mathematical meaning of these hyperparameters and the

method of their optimisation is outlined in detail on the scikit-learn webpages [188]

among other resources [187].

GPR Model

The GPR model is effectively a probability distribution of all possible functions describ-

ing the parameter space. The most probable model is described by a mean function

giving the expectation value of the electron beam property in the parameter space. A

covariance function describes both the uncertainty on each mean value and the cor-

relation between different parameters. In this algorithm, the covariance function is a

Gaussian radial basis function added to a white noise function. A white noise function

is included as a correction to the often underestimated statistical error on the electron

beam property being modelled. The error is estimated from the noise in the electron

spectrum data in each simulation, as described in Section 5.2.5, but it is difficult to

predict statistical error due to numerical factors such as the resolution of the simula-

tion. A separate model is fit to the error estimates of the simulations using GPR; the

mean function of this model for the errors is used as the variance in the radial basis

function for the output electron beam property. While this variance varies at different

points in the parameter space, the white noise function provides a global estimate for

the noise in the data.

Acquisition Function

In this algorithm, the acquisition function of choice is the expected improvement in the

fitted model. This is defined as the expectation value of the difference between a new

model if sampled at each point and the maximum of the current fitted model:

A(x) = E(f(x)−max (f(xopt)), (5.5)

where x is an arbitrary position vector in the parameter space, xopt is the position

vector of the maximum in the model and f(x) is the mean function of the model in

the parameter space. The input parameters of the simulation are taken from the point
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in the parameter space where this function is maximised: xnew = argmax(A(x)).

Equation 5.5 is evaluated at 100 different randomly generated position vectors, before

selecting the vector that produces the highest value.

5.2.5 Analysis of Particle Tracking Data

In calculating the peak energy and the total charge of the output electron beam, the

electron spectrum in the final time-step of the simulation is calculated from the particle

tracking data. At this time in the simulation, the electron beam has left the plasma so it

is no longer subject to the electromagnetic fields in the plasma. In some simulations,

this can be a noisy function like the example “raw” spectrum in Figure 56. A smoothed

electron spectrum is obtained through a kernel regression fit, which is the black line.

The electron beam property is calculated from this fitted function. The noise level

of the electron spectrum is calculated as the RMS difference between the raw and

smoothed spectra.
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Figure 56: Example raw and smoothed electron spectra from analysis of particle track-
ing data, with calculated peak energy and total charge

Peak Energy

In the optimisations in this work, the peak energy was not taken as the maximum

electron energy in the spectrum, but the highest energy in the spectrum where a local

maximum lies. A constraint was placed on this energy: this local maximum must have

a height of at least 10% of the spectrum’s maximum height. The peak energy was

calculated in this way to ensure that a significant portion of the beam is accelerated to

comparable energies rather than a small fraction of the total electrons. For example,

the spectrum in Figure 56 is dominated by electrons at high energies. This is advant-

ageous for x-ray beam generation.
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The statistical error on any energy in the spectrum is calculated from the noise in the

electron spectrum at the peak energy:

∆E =
∂E

∂N
∆N, (5.6)

where ∂E
∂N

is the gradient of the inverse function of the spectrum, with respect to the

number of electrons per unit energy. ∆N is the noise level in the spectrum. To find

the error on the peak energy, this equation is evaluated at the peak energy.

Total Charge

The total charge of the electron beam is the area under the curve of the electron

spectrum, as shown by the shaded red region in Figure 56. This is calculated by

numerically integrating the smoothed electron spectrum over its entire bandwidth. The

error on this total charge is the quadrature sum of the errors in each bin, multiplied by

the energy range of each bin.

5.3 Results of Optimisations

Two different electron beam properties, the peak energy and the total charge, were

optimised in two separate runs of the BO algorithm. In this section, commentaries of

both optimisations are given and the effects of the key parameters changed in each

optimisation are analysed.

In the optimisation of the peak energy, a cell size of ∆z = 0.04 µm and ∆r = 0.30 µm

were used in the PIC simulations, with 1, 2 and 4 particles per cell in the longitudinal,

transverse and azimuthal directions. In the optimisation of the total charge, a cell size

of ∆z = 0.02 µm and ∆r = 0.25 µm was used. This higher spatial resolution was

required due to the highly nonlinear self-injection process being optimised.

5.3.1 Optimising Peak Energy

The input parameters used in the first simulation of the peak energy optimisation are

included in Table 5.2. In the first simulation, an nHe of 1019 cm-3 was used, which

lies comfortably above the threshold density of 6 × 1018 cm-3 for the laser pulse to

self-focus, according to Equation 2.37. A small Nconc was chosen similar to other

experiments using ionisation injection as the injection mechanism [141], [143], [189]–

[191]. Such a small concentration would not alter the plasma density significantly. lup
was set to 0.1 mm and zfocus was set to 0.2 mm in the plasma. lup and zfocus were set

at these values so that the first electrons are injected after the start of the gas density
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Table 5.2: Starting values, upper and lower bounds of input parameters in Bayesian
optimisation of the peak energy

Parameter Unit Starting Value Lower Bound Upper Bound
nHe log10 [cm-3] 19.0 18.0 20.0
Nconc log10 [%] -0.5 -2.0 1.0
Lplasma mm 0.6 0.2 1.2
zfocus mm 0.20 0.00 0.40
lup mm 0.10 0.01 0.50
ldown mm 0.10 0.01 0.50
ϕ(2) fs2 0 -50 50
ϕ(3) fs3 0 -500 500
ϕ(4) fs4 0 -5000 5000

plateau, where the accelerating field should be stronger than at the lower densities

in the up-ramp itself. The length of the plasma, Lplasma , was set such that the end of

the plasma coincided with where the electrons reach their dephasing limit, calculated

from Equation 2.58 for the dephasing length. Finally, the spectral phase coefficients

of the laser pulse were all set to zero for the shortest, highest intensity laser pulse

with a Gaussian shape focused into the plasma.
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Figure 57: Output peak energy of electron beam against simulation number.

In the first simulation, an electron beam with a peak energy of 109 MeV was pro-

duced. This is the first data point in Figure 57, after which a succession of electron

beams with smaller peak energies were produced while the parameter space was

being explored. In simulations 3 to 25, the input parameters were random values

from normal distributions, with means equal to the starting values and STDs of half

the difference between the upper and lower bounds in Table 5.2. The dashed blue

lines in Figure 57 indicate simulations when random input parameters were chosen

like this. The solid blue lines indicate that the BO algorithm was trying to optimise the

peak electron beam energy. After 25 simulations, every tenth simulation had its input
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parameters chosen randomly to check that the BO algorithm was not just exploiting a

local maximum in the parameter space. The input parameters were optimised for the

peak electron beam energy in simulations 26 to 155. In Figure 57, after 100 simula-

tions, the data points for the output peak energy converge on 125 MeV, as well as the

optimal value predicted by the algorithm shown by the red line.
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Figure 58: Scatter plots of input parameters of each simulation in the optimisation.
Each scatter point is colour-coded against the peak energy of the output electron
beam of its simulation.

While the optimisation only results in a 15 MeV improvement in the peak energy in

this case, it is still worth understanding the electron energies that can be obtained

in a parameter space like this one for SYLOS-2. In Figure 58, the input parameters

of each simulation are plotted in different scatter plots and colour-coded against their

output peak energy. This provides an overview of the multi-dimensional input para-

meter space and gives insight into the key parameters used to optimise the peak en-

ergy. Along the axes of nHe and ϕ(2), the bright regions in which peak energies above

100 MeV were produced are particularly small. This implies that the peak energy is

particularly sensitive to these input parameters within these regions in the parameter

space. Along the axes of zfocus and Lplasma in their respective scatter plots, there is a
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gradual change in colour of the points in the optimal regions. Along the axes of zfocus ,

Lplasma and lup, the optimal bright regions are wider. Adjusting these parameters over

the ranges in these plots decreases the peak energy by up to 60 MeV.

The locations of the initial and optimal simulations in the input parameter space are

plotted in red in Figure 58, showing how far each the input parameter has been adjus-

ted in the optimisation. Within the ranges in Figure 58, only small adjustments needed

to be made to nHe , Nconc and ϕ(2), to which the peak energy seems to be particularly

sensitive. The largest changes from the initial to the optimal simulations in Figure 58

are along the axes of lup , zfocus and Lplasma . In the optimal simulations, lup has been

increased, the laser pulse has been focused further into the plasma and the plasma

has been made longer than in the initial simulation.
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Figure 59: Scatter plot of nHe against Lplasma . Each point corresponds to a different
simulation and is colour-coded against the output peak energy.

The scatter plot of nHe against Lplasma re-plotted in Figure 59 shows that electron

beams are accelerated to energies above 100 MeV for nHe between 7× 1018 cm-3

and 1 × 1019 cm-3. This is the region just above the self-focusing threshold of the

laser, shown as the dashed vertical line in Figure 59. Assuming that electrons start

to be injected at the start of the plasma density plateau at z ≈ 0.2 mm, the position

where electrons at the front of the beam reach their dephasing limit was calculated by

adding this to the dephasing length given by Equation 2.58, plotted as the black solid

line. In the yellow optimal region where electron beams are accelerated to around

100 MeV, the input nHe and Lplasma roughly follow the expected dephasing position of

the electrons. Lplasma has been adjusted such that the end of the plasma coincides

with where the highest energy electrons in the beam reach their dephasing limit.
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Figure 60: (Left) Model of peak electron beam energy against nHe and Lplasma pro-
duced by BO algorithm. (Right) BO model of peak energy against zfocus of the laser
and plasma lup . In both plots, all other input parameters are fixed at their values from
the optimal simulation.

The reason why the optimal nHe does not lie closer to threshold density for self-

focusing is because the laser pulse gradually loses power as it drives the wakefield,

effectively increasing the self-focusing threshold. The laser diffracts and ceases to

drive a wakefield before the end of the plasma. The laser pulse evolution is a complex

and highly nonlinear process that is optimised more easily by the BO algorithm than

could be done manually. The left plot of Figure 60 is a map of the model fitted by

the BO algorithm to the nHe-Lplasma slice in the parameter space, with all other input

parameters fixed at their values in the optimal simulation. This plot shows that the

BO algorithm successfully models the decrease in the peak energy at lower nHe . As

should be the case, the location of the input parameters of the optimal simulation lies

at the maximum of the model.

On the right of Figure 60 is a map of the model fitted by the BO algorithm in a slice of

lup-zfocus in the parameter space. All other input parameters are fixed at their values

from the optimal simulation. While the model predicts almost no change in the peak

energy if lup is changed, moving the zfocus to 0.0 mm decreases the peak energy to

60 MeV, according to the model. A scan of zfocus was performed by running simula-

tions with different values of zfocus , while keeping all other input parameters the same

as in the optimal simulation. The peak energies produced in each of these simulations

are consistent with the predictions of the model in Figure 60 within 5 MeV.
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laser pulse and peak electric field in the wakefield as the laser travels through the
plasma. The laser’s focal position in each simulation are plotted as the vertical dashed
lines. All other input parameters are at their optimal values.

In the top three panels of Figure 61, the progression of the normalised potential, 1/e2

waist and FWHM duration of the laser pulse are plotted for each simulation in a scan

of zfocus . In these three panels, the progression of the laser pulse is very similar when

focused between 0.2 mm and 0.5 mm, just separated by 0.1 mm distances. In the bot-

tom panel, the peak accelerating electric field in the wakefield progresses in much the

same way in all four of these simulations. For zfocus = 0.0 mm and zfocus = 0.1 mm,

shown by the red and orange lines, the laser pulse reaches its focal position before

the start of the plasma density plateau at 0.1 mm. In the top panel, the intensity of the

laser pulse does not reach as high values as in simulations with zfocus ≥ 0.2 mm. In

the second and third panels, the minima in the two red lines and orange lines are at

different z-positions. In these simulations, the 1/e2 waist of these laser pulses pass

their minimum values at focus and then defocus before the laser pulse is compressed

to its shortest duration in the plasma.

In the bottom panel of Figure 61, the progression of the peak accelerating electric field

in the wakefield is plotted. Due to the similar evolution of the laser pulse when the laser

is focused between 0.2 mm and 0.5 mm, the progression of the wakefield is also sim-

ilar in these simulations, producing similar electron beams. When zfocus = 0.1 mm, the

peak accelerating field does reach similar peak values as in simulations with higher

zfocus , but the distance over which this peak electric field is sustained is about half of
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the distance achieved in the other simulations. For zfocus = 0.0 mm, the peak acceler-

ating field of the laser pulse does not reach as high values as in the simulations with

a higher zfocus , so electrons are not accelerated to as high energies.
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Figure 62: (Top) Normalised potential and (bottom) pulse duration of laser pulses in
plasma with different second-order spectral phase coefficients.

The other input parameter that the peak electron beam energy has a strong depend-

ence on is the second-order spectral phase coefficient of the laser. The highest elec-

tron beam energies were obtained when ϕ(2) = 0, so the duration of the input laser

pulse was at its transform limit. In the bottom panel of Figure 62, the duration of the

laser pulse at its focal position is shortest when ϕ(2) = 0. This is also when the in-

tensity of this laser pulse reaches the highest values, shown in the top panel, driving

the wakefield with the strongest accelerating fields. Laser pulses with larger ϕ(2) have

a lower intensity, and hence drive weaker wakefields.

Simulation with Optimal Input Parameters

A peak energy of 125 MeV was simulated after optimisation by the BO algorithm. The

output electron spectrum of the optimal simulation is shown in the left panel of Figure

63 in red, which is compared with the electron spectrum of the initial simulation in blue.

As shown in earlier analysis, the main improvement from 110 MeV to 125 MeV comes

from the optimisation of nHe and also the adjustment of Lplasma to where the electrons

dephase. In the right panels of Figure 63, the progression of the electron spectrum

through the plasma is plotted for both the initial and optimal simulations. Owing to the

lower plasma density in the optimal simulation, the dephasing length is longer than

in the initial simulation. According to Equation 2.59, a lower plasma density means a

higher electron energy at the dephasing length. That is, provided that the normalised

potentials of the laser pulse are similar. Plotted in black in the right panels of Figure

63 is the progression of the normalised potential of the laser in each plasma, showing

that the intensity progression and the peak intensities reached by the laser pulse in

each simulation are indeed similar.
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Figure 63: (Left) Output electron spectra of initial (blue) and optimal (red) simulations
in peak energy optimisation. (Right, left axis) Progression of electron beam spectrum
through plasma in initial (blue) and optimal (red) simulations. (Right, right axis) pro-
gression of normalised potential of the laser pulse (black line).

The electron beam in the optimal simulation was injected into the wakefield via ionisa-

tion injection. This was confirmed by running the optimal simulation with no nitrogen

dopant, which produced no electron beam. The absence of an electron beam in this

simulation means that virtually no electrons enter the wakefield via self-injection. In

the optimum simulation, Nconc = 0.2%, so the absence of nitrogen should not affect

the plasma density significantly.

5.3.2 Optimising Total Charge

At the start of the optimisation of the total electron beam charge, the initial simulation

was run with the input parameters in Table 5.3. The input parameters are largely the

Table 5.3: Starting values, upper and lower bounds of input parameters in Bayesian
optimisation of total electron beam charge

Parameter Unit Starting Value Lower Bound Upper Bound
nHe log10 [cm-3] 19.6 18.0 20.0
Nconc log10 [%] -1 -2.0 1.0
Lplasma mm 0.7 0.2 1.2
zfocus mm 0.10 0.00 0.40
lup mm 0.10 0.01 0.50
ldown mm 0.10 0.01 0.50
ϕ(2) fs2 0 -100 100
ϕ(3) fs3 0 -500 500
ϕ(4) fs4 0 -5000 5000
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same as in the initial simulation in the peak energy optimisation, except for nHe and

zfocus , which were adjusted to try to satisfy the conditions for self-injection and ion-

isation injection, given by Equations 2.48 to 2.49 and Equation 2.52. A higher nHe

of 4× 1019 cm-3 and an earlier zfocus of 0.1 mm were used. These parameters were

chosen to maximise the growth in the intensity of the laser pulse. The laser was ex-

pected to experience the strongest self-focusing and pulse compression in the density

plateau; focusing the laser at the front of the plateau minimises the depletion of the

laser pulse before reaching its intended zfocus .

The initial simulation produced an electron beam with a total charge of 120 pC above

an energy of 10 MeV. The total charge was optimised after 150 simulations to 210 pC

through the adjustment of several input parameters. In Figure 64, the input paramet-

ers of each simulation are plotted in different scatter plots and colour-coded against

the output total charge. Along the axes of nHe and Nconc in these plots, the red cross

of the initial simulation always lies outside the brighter regions where near-optimal or

optimal total charges were produced. This suggests that it was the changes in these
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Figure 64: Scatter plots of input parameters of each simulation in the optimisation.
Each scatter point is colour-coded against the total charge of the output electron beam
of its simulation.
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parameters that produce the largest changes in the total charge output. The bright,

optimal regions in these plots are narrowest along the axes of nHe , Nconc and also

ϕ(2). The total charge falls rapidly toward zero outside of these regions, suggesting

that the total charge is particularly sensitive to these parameters. Other input para-

meters are still important in optimising total charge, although changing their value in

the plots in Figure 64 alters the output by ∼ 10 pC rather than ∼ 100 pC. For zfocus ,

lup , Nconc and ϕ(3), there is a more gradual change in the colour across the optimal

regions in the scatter plots.

In simulations producing electron beams with the highest total charges, the electrons

are injected via self-injection. On the left plot of Figure 65 is a map of the model of

the total charge in the parameter space in the nHe − Nconc plane, with all other input

parameters fixed at their values from the optimal simulation. Along the axis of Nconc,

the predicted total charge in the electron beam does not change. This was verified by

running a new PIC simulation with the optimal input parameters but with no nitrogen

dopant. An electron beam with the same total charge of 200 pC was produced. The

BO algorithm thus adjusted the other input parameters to optimise the self-injection

process. It should be noted that the BO algorithm may have found that larger total

charges are produced through self-injection owing to the tendency of PIC simulations

to overestimate the amount of self-injected charge [176]–[178]. However, there is still

some physics in the simulated injection processes worth studying.

1019 1020

nHe / cm 3

10 2

10 1

100

101

N
co
nc

. /
 %

Best shot
Initial shot

0

50

100

150

M
od

el
 Q

to
t /

 p
C 0

10

a 0

0

10

l b
 / 

m

0.0 0.1 0.2 0.3 0.4 0.5 0.6
z / mm

0

200

Q
to
t /

 p
C

ne = 2×1019 cm 3

ne = 3×1019 cm 3

ne = 4×1019 cm 3

Figure 65: (Left) Model of total electron beam charge against nHe and Lplasma pro-
duced by BO algorithm. All other input parameters are at their optimal value accord-
ing to the model. (Right) Progression of normalised potential of laser pulse, estimated
bubble length and total electron beam charge in LWFAs with different nHe .

Along the axis of nHe in the left plot of Figure 65, the fitted model ranges from nearly

zero to 200 pC in the range 1019 to 1020 cm-3. The model peaks at nHe = 3× 1019 cm-3.

On the right panel of Figure 65, the progression of the normalised potential of the
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laser, an estimate of the bubble length using Equation 2.46 and the total electron

beam charge are plotted in green for this optimal density. All other input parameters

are fixed at their values in the optimal simulation. In the bottom plot, a large amount

of charge is self-injected around z = 0.2 mm. This coincides with an increase in the

bubble length in the middle plot, which is a mechanism of self injection described in

Section 2.7, which is induced by the increase in the normalised potential of the laser

pulse, as shown in the top plot. This intensity increase is caused by the compression

and self-focusing of the laser pulse in the plasma, which is navigated more easily and

precisely by the BO algorithm than could be achieved manually.

On the bottom right plot of Figure 65, the rate of charge injection in the optimal case of

nHe = 3× 1019 cm-3 in green is higher than in the case of nHe = 2× 1019 cm-3 in red.

In the case of nHe = 4× 1019 cm-3 in blue, the rate of charge injection is higher but

the distance over which electrons are injected is smaller than in the optimal case. The

BO algorithm has found the optimal combination of these two competing factors. In

the high density case, the bubble expands more rapidly, but is followed by a period of

bubble compression as the laser pulse depletes faster. In the low density case, there

is a long period over which the laser potential increases and the bubble expands, but

the bubble expansion is slower. There is a trade-off between having a fast bubble

expansion where charge is injected rapidly but over a short distance, versus having a

sustained bubble expansion over which electrons are injected over a longer period of

time more slowly.
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Figure 66: BO model of total charge against zfocus and plasma lup . All other input
parameters are at their predicted optimal values by the model.

In Figure 66, the predicted total charge of the model is mapped against the laser’s

focal position and the density up-ramp length, zfocus and lup , with all other input para-

meters fixed at their values in the optimal simulation. The total charge is particularly
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sensitive to zfocus , as the peak is thinner along this axis. The total charge falls away

more slowly along the axis of lup . For the optimum total charges, the laser pulse

should be focused just before the start of the gas density plateau at zfocus = 0.10 mm

and lup = 0.14 mm, where the model peaks. The slight slant in the peak away from

the vertical suggests some weak relation between zfocus and lup and the total electron

beam charge. As lup is increased, the start of the density plateau moves further into

the plasma so the laser should be focused further in, where pulse compression and

self-focusing is strongest.
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Figure 67: Scans of (left) lup and (right) zfocus , while keeping the others at their values
in the optimum simulation. (Top to bottom) Total electron beam charge, z-position
where laser pulse depletes and peak normalised potential of laser pulse in simulation.

Univariate scans of lup and zfocus have been performed by running simulations with

different values of these input parameters along the white axes in Figure 66. In Figure

67, the total charge and two properties of the laser pulse in these scans are plotted.

In the top panels, the total charge is plotted against each input parameter and com-

pared with the total charge predicted by the model, plotted in grey. The simulated total

charge indeed peaks around zfocus = 0.10 mm and lup = 0.14 mm. In the top right

panel, the total charge decreases similarly to the model as zfocus is changed. Around

the peak in the model in the top left panel, the simulated total charge is similar to that

of the model, but at values of lup greater than 0.3 mm, the model predicts a decrease

of over 50%, whereas the total charge of the simulated beams only falls by around

20%. The STD in the model, which is a measure of its error, is also larger when lup is

greater than 0.2 mm. This difference is probably because fewer simulations were run

in that part of the parameter space, further away from the optimum.
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In the left column of Figure 67, two properties of the laser pulse in the scan of lup
have also been plotted. In the middle panel, the z-coordinate at which the laser

pulse depletes is plotted, defined as the point in the plasma where the normalised

potential of the laser pulse falls below 1. The z-coordinate at which the laser pulse

depletes increases with increasing lup . The point of depletion changes when lup is

comparable to the total length of the plasma, because lengthening the density up-

ramp decreases the average density that the laser propagates through. When lup

is increased, the depletion point is further into the plasma, as predicted by Equation

2.60 where Lpd ∝ γ2p ∝ 1/ne. The bottom plot shows that increasing lup results in a

decrease in the peak normalised potential reached by the laser pulse, which has been

plotted as a measure of the growth in the laser intensity that causes the bubble expan-

sion and subsequent self-injection. The highest potential reached by the laser pulse is

produced at lup = 0.1 mm, which is near the value of lup producing the highest charge

is produced, as shown in the top panel. This implies that a slower bubble expansion

and hence a lower rate of self-injection. lup has been adjusted mainly to maximise the

initial bubble growth rather than sustain the bubble growth.

In the middle and bottom panels in the right column of Figure 67, the two properties

of the laser pulse progression have been plotted in the scan of zfocus . In the middle

panel, the depletion point of the laser does not change with zfocus . The depletion

length depends on the plasma density and the duration of the laser pulse, according

to Equation 2.60, so it should not change with zfocus . In the bottom right panel, the

highest normalised potential is reached for zfocus = 0.1 mm and decreases as zfocus is

increased after that point. This implies that the rate of charge injection is optimised at

zfocus = 0.1 mm and slowly decreases at higher values of zfocus .

The final input parameter that was changed during the optimisation was ϕ(3), which

was zero in the initial simulation and −40 fs3 in the optimal simulation. In Figure 68,

the progression of the laser pulse and the electron beam are plotted for LWFAs driven

by laser pulses with each of these values, with all other input parameters set to those

of the optimal simulation. On the left panels, the electric field of the laser pulse is

plotted at the start of the simulation at the top and at the point where charge starts

to be injected at the bottom. The basic shapes of the two laser pulses are almost

the same, with their phases slightly displaced. The progression of the laser pulse

intensities are also similar, as shown in the top right plot of Figure 68. Nevertheless,

in the case of ϕ(3) = −40 fs3, charge is always injected at a higher rate, as shown in

the bottom right plot, producing an electron beam with 20% more charge by the end of

the plasma. Similar variations in the total charge in response to subtle changes in the
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Figure 68: (Top left) Initial electric field slices of laser pulses and (bottom left) electric
field slices at the start of self-injection process at z = 0.15 mm. (Top right) Progression
of normalised potential of laser pulses in the plasma. (Bottom right) Progression of
total charge in the accelerated electron beams.

laser pulse shape were found by Shalloo et al. in 2020 using a BO algorithm to op-

timise the total charge [181]. This increase in charge is difficult to predict analytically,

further motivating the use of a machine learning algorithm.

Simulation with Optimal Input Parameters

In the optimal simulation, the output electron beam had a total charge of 216 pC above

an energy of 10 MeV, which is a 70 pC improvement from the initial simulation run with

the “best guess” input parameters. The spectra of the initial and optimal output elec-

tron beams are shown in the left panel of Figure 69. In terms of total charge, the main

difference between the two spectra is that there is an increased number of electrons

at energies between 0 and 30 MeV in the optimal simulation in red. The spectrum of

the optimal simulation extends to 80 MeV and the spectrum of the initial simulation ex-

tends to 64 MeV, which is because the plasma density is 2× 1019 cm-3 in the optimal

simulation and 4× 1019 cm-3 in the initial simulation. However, the electron beam in

the optimal simulation does not contain significantly more total energy than in the

initial simulation, suggesting that optimising the total charge as a raw parameter is

simplistic. Optimising more complex parameters such as the laser-to-electron beam

energy conversion efficiency or the spectral brightness of the electron beam could

produce electron beams more suited to potential radiation generation applications.

This will be left to future investigations.

In the top right panel in Figure 69, the progression of the normalised potential of the

laser pulse is plotted. The red line shows that in the optimal simulation, the growth in

the laser pulse potential is slower than in the initial simulation plotted in blue. In the

optimal simulation, the normalised potential falls below 1 after a distance of 0.5 mm,
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Figure 69: (Left) Electron spectra of initial and optimal simulations in total charge
optimisation. (Right) (Top) Progression of normalised potential of the laser pulse,
(middle) length of bubble and (bottom) total charge in electron beam.

whereas in the initial simulation, this happens after only 0.25 mm. This is primarily be-

cause of the higher nHe of 5× 1019 cm-3 in the initial simulation. In the middle panel,

the progression of the estimated bubble length is plotted, which shows that the bubble

expansion in the optimal simulation starts later in the plasma than in the initial simu-

lation. While the bubble expansion is slower in the optimal simulation, it lasts longer,

up to 0.4 mm into the plasma. Charge is injected over a longer distance.

In the bottom right plot in Figure 69, the progression of the total charge in the electron

beams is plotted, confirming that the injection of charge occurs over a longer distance

in the optimal simulation. At z = 0.1 mm, the initial rate of charge injection is actually

larger in the initial simulation, but in that simulation almost all electrons have been in-

jected by 0.2 mm in the plasma. In the optimal simulation, most electrons are injected

between z = 0.1 mm and 0.3 mm.

5.4 Summary

A BO algorithm has been built to optimise different properties of electron beams pro-

duced in PIC simulations of LWFAs. In two separate optimisations, the algorithm was

used to maximise the peak energy and the total charge of electron beams accelerated

in LWFAs driven by a 30 mJ, 8 fs laser pulse focused to a 1/e2 waist of 6.6 µm, similar

to the parameters of the SYLOS-2 laser at the eSYLOS facility at ELI-ALPS.

The peak energy optimisation showed that electron beams with energies up to 125 MeV
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could be produced using a laser system like SYLOS-2. This was achieved, through

the adjustment of multiple parameters. nHe was minimised to the point where the laser

pulse does not self-focus through the whole plasma and Lplasma was adjusted such

that the end of the plasma coincides with where the electrons reach their dephasing

limit. zfocus was also shown to change the peak energy by up to 60 MeV when varied

between 0.0 and 0.2 mm. The BO algorithm adjusted this parameter such that the

laser pulse had compressed to its shortest duration by its focal point, where electrons

were injected into the wakefield via ionisation injection. This produced the highest

laser intensity, and thereby the strongest accelerating field. The adjustment of nHe

and zfocus optimised the highly nonlinear evolution of the laser pulse in the plasma,

which is done more easily with the BO algorithm than with analytical scaling laws.

In the optimisation of the total charge, electron beams with a total charge of 210 pC

above and energy of 10 MeV were produced. By adjusting nHe , lup and zfocus , the ex-

pansion of the bubble was optimised to maximise the amount of self-injected charge

in the wakefield. By adjusting these parameters, the BO algorithm was able to find

the best balance between maximising the initial expansion of the bubble and sustain-

ing the bubble expansion over a long distance. This, once again, is a highly nonlinear

and complex process that a machine learning algorithm is better placed to manipulate

than someone using analytical relations. In the optimal simulations, all 210 pC was

self-injected over a distance of 0.2 mm in the plasma density plateau; the peak intens-

ity of the laser pulse was not as high as in simulations with higher nHe and smaller

lup , but in those simulations charge was injected over a shorter distance of around

0.1 mm. The BO algorithm also found that 20% more charge was injected into the

wakefield when ϕ(3) = −40 fs -3 compared to ϕ(3) = 0 fs -3.



6. Electron Beams from LWFAs Driven

by the SEA Laser at eSYLOS

This chapter reports on the first experiment performed at the eSYLOS facility. At the

time of the experiment, the SYLOS-2 laser was not available so its alignment laser,

the SEA laser, was used instead. The SEA laser delivers laser pulses with energies of

up to 44 mJ with a duration shorter than 13 fs [102]. The main difference between the

SYLOS-2 and SEA lasers is that the SEA laser operates at a repetition rate of 10 Hz,

rather than 1 kHz. The first half of this chapter reports on the experimental methods

used to measure the laser focal spot, plasma density and electron beam spectrum. In

the second half of this chapter, we report on the results of the first experimental work

at the eSYLOS facility, where electron beams were produced in LWFAs driven by the

SEA laser. Preliminary scans of the plasma density and laser’s focal position were

performed, where the peak energy and total charge were measured.

6.1 Experimental Setup and Methods

In this section, we recount the experimental methods used in the first LWFA experi-

ment at the eSYLOS facility. An overview of the basic experimental setup of eSYLOS

is given in Figure 70. The drive beam is the SEA laser, which was focused into a

nitrogen-filled gas cell by an f/9 parabolic mirror, which drove the LWFA. The resid-

ual laser light was reflected out of the path of the accelerated electron beam with a

mirror with a 3 mm diameter hole at its centre. Electrons leaving the gas cell passed

through this hole, and then passed though an approximately uniform magnetic field of

1.0 T, between the poles of a dipole magnet. The magnetic field deflected electrons

through different angles depending on their energy, so they reached different posi-

tions on a scintillator screen, from which a spectrum of the electrons was produced,

as described in Section 6.1.4.

148
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Figure 70: Schematic of basic experimental setup of eSYLOS.

Before the laser beam reached the focusing optic, it was reflected off of a mirror with a

hole at its centre, which is the first “holey mirror” in Figure 70. The centre of the laser

beam passed through that hole, was reflected off of a series of mirrors and passed

across the gas cell perpendicular to the drive beam. This beam was used to probe the

density of the plasma channel forged by the drive beam ionising the nitrogen gas in the

cell. The plasma density was measured using interferometry, a technique described

in Section 6.1.2.

6.1.1 Gas Target

In this experiment, the SEA laser was focused into a gas cell containing nitrogen.

A drawing of the gas cell is shown in Figure 71. The laser was focused through a

pinhole at the centre of a ceramic plate at the front of the cell. The pinhole had an

initial aperture of 60 µm. At the back of the cell is also a ceramic plate with a pinhole

Gas Inlet

Front Plate
(ceramic)

Window

Probe Beam

Drive Beam

Actuator

Actuator

Gas Inlet

Window

Window
Front Plate
(ceramic) Back Plate

(ceramic)

Corner View Side View

Figure 71: Drawing of gas cell used in experiment. Drawing was made by Andy
Rochester and recoloured by the author for this work.



150 Chapter 6: Electron Beams from LWFAs Driven by the SEA Laser at eSYLOS

at its centre, through which the laser pulse exited the cell. The ceramic plates often

needed to be replaced as the edges of the laser ablated the perimeter of the pinholes,

making them larger with a diameter of up to 200 µm. Larger pinholes would allow for

gas to escape the cell more quickly, reducing the achievable densities in the cell. A

larger pinhole diameter also lengthens the up-ramp at the front of the gas density

profile [192], which unfortunately could not be measured with interferometry as the

front of the cell blocked the incoming probe beam.

The nitrogen came in through the gas inlet at the front of the cell, which was connected

to a bottle of pressurised nitrogen. The gas density was adjusted by changing the

backing pressure in the gas system connecting the gas bottle to the gas cell. The

backing pressure was measured using a barometer with a precision of 1 bar and the

plasma electron density was measured using interferometry, a technique described in

Section 6.1.2. Given the few-TW power of the SEA and SYLOS-2 lasers, the electron

density needed to be above a threshold of 6 × 1018 cm-3 to self-focus in the plasma,

calculated from Equation 2.37.
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Figure 72: Backing pressure against electron density in gas cell. (Points) Mean elec-
tron density measured from multiple frames at same density with (error bars) standard
deviation in the measurements. (Line) Linear regression of measured data.

In Figure 72, the measured electron density is plotted against backing pressure, show-

ing that plasma densities on the order of 1019 cm-3 were accessible in this experiment.

The error bars indicate the standard deviation in the ∼ 200 measured electron density

measurements at the same backing pressure. The straight line is a linear regression

of the density measurements, which gives the expected plasma density if the nitrogen

behaves as an ideal gas in a closed volume and is fully ionised. At the gas pressures

and densities, it is suspected that there is more leakage through the windows of the

gas cell, so a linear relation is only a rough prediction. If a density measurement was
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not available, which is not the case in this work, then the linear regression would be

used to predict the plasma density.

The gas cell also has an actuator that varies the position of the exit plate, changing

the length of the gas by ∼ 0.1 mm distances. At the ∼ 1019 cm-3 electron densit-

ies in this experiment, the dephasing and pump depletion lengths of the LWFA are

both on the order of 0.1 mm. When ne ∼ 1020 cm-3, these lengths are even shorter:

Ldph ≈ 0.02 mm and Lpd ≈ 0.05 mm. With these considerations in mind, the gas cell

was initially set to a length of 0.1 mm.

6.1.2 Interferometry

An electromagnetic wave passing through a plasma experiences a phase shift, relat-

ive to an identical electromagnetic wave propagating through vacuum. This is due to

the smaller refractive index of the plasma, which is typically lower than unity. Over the

entire width of the plasma, the total phase shift of the wave is found by integrating the

refractive index over the width of the plasma:

∆ϕ(y, z) =
2π

λ0

∫ wplasma

0

(
η(x, y, z)− 1

)
dx, (6.1)

where λ0 is the central wavelength and wplasma is the width of the plasma. In this

equation, the wave travels in the x-direction. If the electromagnetic wave is a laser

with some transverse size, then the phase shift undergone at different transverse

points in the wave can be different. The spatial distribution of the phase shift provides

a measure of the distribution in the refractive index of the plasma. The electron dens-

ity distribution can then be inferred using Equation 2.24.

Interferometry is an experimental technique that provides a quantitative measure of

the electron density profile, by determining the relative phase shift between an elec-

tromagnetic wave that has passed through a plasma and a reference wave that has

passed through vacuum. In this case, the electromagnetic waves are laser beams,

both of which originate from the same laser beam often referred to as the “probe

beam.” The phase-shifted beam interferes with the reference beam. If a detector

is placed at a position where the two beams overlap, it detects the intensity of the

superposing beams [193]:

I(y, z) ∝ 1 + V (z) cos
(
k0z sin θ +∆ϕ(y, z)

)
, (6.2)

where θ is the angle between the wavevectors of the two beams, which is taken to

be in the x-z plane. The oscillatory term means that across the cross-sections of the
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Figure 73: (Left) Layout of probe beam and drive beam in gas cell. (Right) Basic setup
of a Michelson interferometer.

interfering beams, in the y-z plane, there is a series of fringes showing where the

beams interfere constructively and destructively. V (z) is a function that relates to the

contrast of the fringes. If the phase difference between the two beams is constant,

then the fringes have a constant spacing. If there are phase-shifted regions in the

cross-section of the laser beam, an additional phase is introduced by a nonzero ∆ϕ

in the oscillatory term; the interference fringes are bent in these regions.

Experimental Setup

The density of the plasma was probed by a probe beam that traversed the width of

the plasma. The probe beam propagated perpendicular to the laser beam that drove

the LWFA, known as the drive beam, as shown on the left side of Figure 73. The

pulses of the drive beam and the probe beam must cross the plasma at the same

time. The cross-section of the probe beam contains the phase information relating

to the electron density distribution in the y-z plane in the plasma. This is particularly

useful because the electron density can vary along the z-axis as the intensity of the

drive beam changes due to pulse compression, self-focusing and depletion. A map of

the electron density of the plasma channel can be produced from the phase informa-

tion contained in the cross-section of the probe beam.

In this experiment, a Michelson interferometer was used to retrieve the phase inform-

ation in the probe beam. The basic setup of the interferometer is shown on the right

of Figure 73, in which the incoming laser beam is split into two identical beams by

a 50:50 cube beamsplitter. Each beam has half the intensity of the incoming laser

beam. The two beams are reflected off of mirrors, pass through the beamsplitter and

recombine at the detector, which is the CCD camera at the bottom of the schem-
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Figure 74: Overview of retrieval of electron density from the image obtained from
the interferometer. This image consists of interference fringes which are bent in the
region of interest in the red rectangle. The phase shift of the probe beam and then
the electron density distribution are calculated in this region of interest.

atic. An image of the plasma is focused onto the CCD chip via a two lens imaging

system; two convex lenses were placed between the plasma and the interferometer

setup. The CCD camera observes the fringes produced by the interference of the

two beams. The two beams are directed and offset such that the region of one beam

whose phase has been shifted by the plasma overlaps with a region in the other beam

that has not passed through the plasma. The relative direction of the beams also de-

termines the direction in which fringes move in relation to phase delays.

An example of the signal measured by the CCD camera is shown in the left image

of Figure 74. The signal consists of a series of diagonal fringes. They are diagonal

because in the Michelson interferometer the direction of travel of the two beams is

coupled with the position of the beam in the image. Two images of the plasma are

produced in the regions where the fringes are curved, one from each beam in the in-

terferometer. The region inside the red rectangle is the region of interest for retrieving

the electron density. This region contains the bent fringes produced by the plasma,

where they are not obscured by the diffraction patterns from the edges of the gas cell.

Phase and Density Retrieval

The phase shift in the probe beam and thereby the electron density distribution in the

plasma are obtained from the interference patterns using a Python code written by

Michael Backhouse [192]. In brief, the phase distribution in the cross-section of the

probe beam is obtained by comparing the detected image with a reference image in

which the probe beam passed through an empty gas cell so it has not undergone any

phase shift. The phase difference of the two beams is the argument of the ratio of

these two images [192]. A plot of the phase can be produced like the one shown in

Figure 74, from which the refractive index of the plasma is obtained using Equation

6.1. However, this equation integrates the phase shift along an axis in a Cartesian
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coordinate system, whereas the plasma channel is assumed to be more cylindrical in

shape owing to the circular shape of the laser beam producing it. Applying an Abel

transform to Equation 6.1 [192], [193] produces an electron density distribution along

the radial and longitudinal axes in the plasma, like the example shown by the electron

density on the right of Figure 74.

6.1.3 Laser Focal Spot

The focal spot of the laser was imaged using an apochromatic microscope objective

lens connected to a CCD camera some distance behind it. The imaging system used

in this experiment produced a magnified image of the focal spot with a resolution of

0.99 µm/pixel. The images were taken when the laser was at a low power, with an

energy of 100 µJ and a duration of multiple picoseconds, to avoid damaging the com-

ponents of the imaging system. The focal spot camera was used as a monitor to

optimise the intensity and the propagation of the focused laser into the nitrogen gas.

The shape of the focal spot was changed using the deformable mirror (DM), whose

position in the optical setup was included in Figure 70. The DM comprises a reflect-

ive membrane whose shape could be adjusted with actuators behind it, changing the

shape of the wavefronts in the laser beam [194].
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Figure 75: (Left) Typical image of focal spot intensity. (Right) Intensity profiles of focal
spot along the x-axis and y-axis.

An example image of the focal spot after optimisation is shown on the left of Figure 75.

At the SEA laser’s maximum energy of 44 mJ, a peak intensity of 1.5× 1018 W/cm2

was estimated, corresponding to a peak normalised potential of 0.94. This lies at the

centre of the intense central spot, which is surrounded by a series of rings. These

rings are normally produced when a laser beam with a flattened-Gaussian spatial

intensity profile is focused [195], like the SEA laser. On the right of Figure 75, the

intensity along the central x and y axes is plotted. These intensity profiles are ap-
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proximately Gaussian near the peak intensity in the focal spot, but at the edges the

intensity rises again. The widths of these two profiles also vary slightly. The 1/e2

radius of the focal spot was estimated from the contour of Ipeak/e2 around the peak

intensity, which was achieved by modifying a Python code written by Michael Back-

house. Because the focal spot is slightly elliptical, it is perhaps more informative to

measure the radius along the major and minor axes in the ellipse. The radius of this

focal spot along its major axis is 8 ± 1 µm and along its minor axis 7 ± 1 µm, where

the error is due to the pixel-limited resolution of the focal spot image.

6.1.4 Electron Spectrometer

In this experiment, the electron spectrometer comprised a dipole magnet and a single

scintillator screen. The dipole magnet had a gap of 10 mm between its poles, which

had dimensions of 100× 30 mm, as shown in the map of the electron spectrometer

in Figure 76. The magnetic field between the poles of the magnet was approximately

uniform, with a flux density of 1.0 T. Directed along the y-axis, this magnetic field

deflects electrons. Inside the field, the electrons follow circular paths with radii de-

pendent on their energies: ρ = γmec
2/(eBc). Electrons with different energies leave

the magnetic field at different angles from the axis along which they entered. The de-

flected electrons were detected on the scintillator screen, which was a 200 × 50 mm

strip of Lanex as used in previous electron spectrometers [196], [197]. The scintillator

screen was imaged onto a CCD camera using a camera lens attached to its front,

which had an f/1.4 aperture.
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Figure 76: Layout of electron spectrometer, including a map of the magnetic field and
the trajectories of electrons with different energies through the setup. The electrons’
energies are colour-coded against their energy.

The layout of the electron spectrometer is plotted in Figure 76. This includes a map of
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the magnetic field, which was measured using a Hall probe on two motorised transla-

tion stages. The position of the scintillator screen is represented by the thick black line

in Figure 76. Its normal is at an angle of 30◦ from the z-axis at a distance of around

0.4 m from the magnet, which allows electrons with energies in the range of 10 MeV

to 200 MeV to hit the screen. The trajectories of electrons with different energies are

plotted as they pass through the magnetic field and on to the scintillator screen. Their

trajectories were computed using a tracking code written by Matthew Streeter. In Fig-

ure 76, the colours of the plotted trajectories correspond to their energy.
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Figure 77: Plot of position of electrons on scintillator screen against energy, including
a ±15 mrad error in their initial direction of travel.

In Figure 77, the electron energy is plotted against the expected position on the scin-

tillator screen. From an image of the fluorescing scintillator screen from the interaction

with the dispersed electron beam, the electron spectrum can be extrapolated from the

plotted curve. The gradient in this curve is smaller at higher energies, which means

that some unit width on the screen corresponds to a larger bandwidth in the electron

spectrum. The error on the electron energy, which stems from the 15 mrad uncertainty

in the initial direction of travel, thus increases. This is represented by the shaded re-

gion around the curve. At angles of divergence larger than 15 mrad, electrons would

not travel through the hole in the mirror between the gas cell and the magnet and

would instead be scattered by the mirror.

Background Subtraction

An example image of the scintillator screen is shown on the left panel of Figure 78.

This image is a cut of the original image taken by the CCD camera and has been

warped to obtain effectively a front-on view of the screen, which was achieved using

a Python code also written by Matthew Streeter. The image is noisy and obscured

by background light produced by electrons scattered off of the holey mirror hitting the
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Figure 78: (Left) Initial image of scintillator screen in electron spectrometer. (Middle)
Calculated background from filtering the edges of the initial image. (Right) Resultant
image from subtracting the background image from the initial image.

scintillator screen and reflections of the light off of metal and glass objects in the va-

cuum chamber. To remove this background, the parts of the image where there is

no electron beam signal were taken. The main part of the signal is the bright patch

near the centre of the left-most image in Figure 78, produced by the electrons passing

through the hole in the mirror. The upper and lower strips of the image were taken as

a sample of the background, either side of the main patch. A median filter was applied

to these edges, before performing a two-dimensional linear interpolation between the

two strips to obtain a background estimate for the central strip of the image. A smooth

image is produced, like in the central image of Figure 78. This is the estimated back-

ground. The background is largest at horizontal positions around where the main

signal would be and towards the low energy end of the image, which is to the right.

The smooth background in the middle panel of Figure 78 is subtracted from the initial

image on the left, producing the background-subtracted image on the right of Figure

78. The signal in the middle of the right-most image is clearer than in the original

image, but the image is still noisy.

Estimation of Electron Beam Charge

The electron beam charge on the scintillator screen was estimated from the signal on

the CCD camera, the properties of the camera, the imaging system and the scintil-

lator screen. Each count on a pixel in the CCD camera corresponds to a number of

electrons released in the CCD. As a high gain was used on the camera, the number

of counts needed to be calculated from the signal of the pixel; from this, the number

of electrons in the pixel could be calculated:

Ne =
Spixel√
100.1G

(
dNcounts

dNe

)−1

, (6.3)
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where Spixel is the signal of the pixel, G is the gain used in the camera in decibels

and dNcounts

dNe
is the number of counts per electron in the pixel. dNcounts

dNe
is a property of

the camera. In this experiment, the camera imaging the electron spectrometer was

a LUCID-ATLAS-028S camera, which has a value of dNcounts

dNe
of 0.15 counts/electron

[198]. The total number of photons incident on the pixel is the number of electrons

divided by the quantum efficiency of the camera:

Nph =
Ne

ηCCD

. (6.4)

The wavelength at which the scintillator screen emits light is 543 nm [197]; at this

wavelength, the quantum efficiency of the camera sensor is 0.73 [199]. Assuming it to

be constant with respect to angle, the number of photons emitted per solid angle was

calculated by dividing the number of observed photons by the solid angle covered by

the imaging system:
dNph

dΩ
=

Nph

Ω
F
TNsurf

, (6.5)

where Ω is the solid angle covered by the camera lens, F is the F-number of the

camera lens, T is the transmittance of the glass surfaces between the scintillator

screen and the CCD chip and Nsurf is the number of surfaces. At each uncoated

surface, a portion of the light is reflected, which is accounted for by the TNsurf factor.

The transmittance of the uncoated glass surfaces was estimated to be 0.96 [200].

There were 10 surfaces between the screen and the CCD chip; one window and four

glass components inside the camera lens.

For each unit charge on the scintillator screen, the screen emits a certain number of

photons. The total number of photons emitted per unit solid angle per unit charge

of the scintillator is a value that can be quoted from literature values or from the

manufacturer. In this case, the scintillator screen was a piece of Kodak Regular Lanex,

with a literature value of 7×109 photons/sr/pC [197]. The total charge on the scintillator

screen was calculated by dividing the estimated total photons emitted per unit solid

angle by the quoted number of photons emitted per unit solid angle per unit charge

on the Lanex:

Q =
dNph

dΩ

(
d2Nph

dΩ dQ

)−1

LANEX

. (6.6)

When dNph

dΩ
corresponds to the photons incident on a single pixel, then this equation

produces the total charge on that pixel in the image of the scintillator. When dNph

dΩ

corresponds to the total number of photons on the CCD chip, then this equation pro-

duces an estimate for the total charge on the scintillator screen.
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6.2 Experimental Results

In this section, we report on the spectra of the electron beams produced in scans of

the plasma electron density and laser focal position. We compare the cutoff energies

in the spectra to scaling laws derived in Chapter 2 and with FBPIC simulations. Finally,

we discuss the total charge in the detected electron beams, calculated from the signal

on the scintillator screen of the electron spectrometer.

FBPIC simulations of the SEA laser in initially neutral nitrogen gas were performed to

compare with the experimental results. These simulations had a spatial resolution of

∆z = 0.02 µm and ∆r = 0.25 µm, with 1, 2 and 4 particles per cell in the longitudinal,

transverse and azimuthal directions. The input laser pulse had a total energy of 44 mJ,

a 12 fs FWHM duration and a 1/e2 radius of 7.2 µm at focus. In every simulation, the

gas density profile had a plateau length of 0.275 mm, equal to the spacing between

the front and back plates in the gas cell that was set in all of the shots reported here.

The density up-ramp and down-ramp were given lengths of 0.3 mm, which is based

on the initial radii of the pinholes in the entrance and exit plates of the gas cell [192],

[201]. However, it should be noted that the pinhole diameter was measured to be

0.1 mm after use, which is because the plates are ablated by the laser, gradually

widening the holes over many shots.

6.2.1 Plasma Electron Density

A scan of the plasma electron density was first performed, from which the cutoff en-

ergy in the electron beams were determined. In each shot, the distance between

the entrance and exit plates in the gas cell was 0.275 mm and the laser pulse was

focused 0.5 mm into the plasma, which seemed to produce the strongest signal on

the electron spectrometer at that time in the experiment; a scan of the laser’s focal

position in the plasma is presented and discussed in the next section. In Figure 79,
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Figure 79: Average electron spectra per shot produced in scan of electron density.
Electron density values at the top are in units of cm-3.
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the electron spectra produced in a scan of the plasma electron density are presen-

ted. Each spectrum is an average spectrum produced from an averaged image of the

scintillator screen over 200 shots. Even still, the signal-to-noise ratio of the spectra is

low, primarily due to the low charge of the detected electron beams. In Section 6.2.3,

we estimate the total charge of the measured electron beam to be around 3 fC.

At an electron density of 4.6× 1019 cm-3, the electron spectrum stretches to the highest

energy of around 50 MeV, before the electron beam signal disappears into the back-

ground noise. Above this density, both the cutoff energy and the signal strength de-

crease to under 35 MeV by a density of 9.8 × 1019 cm-3. Below 4.6× 1019 cm-3, the

signal on the electron spectrum consists mainly of noise. In Figure 80, the cutoff en-

ergy in each spectrum is plotted against the electron density. The black dots are the

cutoff energies in the electron spectra above which the central slice in the electron

spectrum falls below 5σn, where σn is the average noise level in the spectrum. The

error bars are from the noise level in the spectra around their cutoff energies. The

cutoff energies are lower than the ∼ 100 MeV energies reached in the simulations of

LWFAs driven by the SYLOS-2 laser in Chapter 5. This is mainly put down to the im-

perfect nature of the focused laser pulse in contrast to in simulations, where a smooth

Gaussian profile is defined. A smaller laser pulse intensity would produce weaker

accelerating fields in the plasma wave.
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Figure 80: Cutoff energy in electron spectrum against plasma electron density in
(black) experiment and (red) simulations, compared with scaling law for dephasing
limit in wakefield driven by a laser with (red) a0 = 2.2 and (black) a0 = 2.5.

The red squares in Figure 80 are the highest electron energies in the output beams

of FBPIC simulations at different electron densities. In general, the simulated cutoff

energies are slightly lower than the measured cutoff energies. However, at the densit-

ies around 5× 1019 cm-3, the cutoff energies of the measured and simulated electron
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beams are roughly equal. The simulated cutoff energy is highest at a plasma dens-

ity of 4.5× 1019 cm-3, falling gradually at progressively higher densities. At densities

immediately below 4.5× 1019 cm-3, the simulated cutoff energy falls rapidly. In these

simulations, the electrons have not reached their dephasing limit by the end of the

plasma. A longer plasma would be required.

At plasma densities above 7.5× 1019 cm-3, the wakefield producing the highest en-

ergy electrons is driven by the front of the electron beam rather than the laser pulse.

The cutoff energies in these simulations are not plotted because the strength of a

beam-driven wakefield is dependent on the amount of charge in the electron beam

driving it [202], [203] and PIC simulations have a tendency to over-inject charge

through self-injection [176]–[178]. Thus, the strength of the simulated wakefield driven

by the electron beam is too strong. The simulated cutoff energies at these densities

exceed the experimental values by at least 10 MeV and as such are not plotted.

The black and red lines in Figure 80 represent the scaling law for the cutoff energy

reached by electrons at their dephasing limit in the bubble regime, given by Equation

2.59. This equation can be used if there is continual injection of electrons into the

wakefield, as seen in the PIC simulations, so there will always be some electrons in-

jected at the right place in the plasma to exit at their dephasing limit. In Equation 2.59,

Epeak ∝ a0/ne. By adjusting a0, these lines have been fitted to the experimental and

simulated cutoff energies for densities above 4.5× 1019 cm-3. For the black line fitted

to the experimental data, the normalised potential was set to 2.5. For the red line, the

normalised potential was set to 2.2 to best fit the line to the simulated data. These

values are greater than the normalised potential vacuum of 0.9, which is due to the

compression and self-focusing of the laser in the plasma increasing its intensity, as

was seen in the simulations in Chapter 5.

Figure 81 gives an overview of the electron beam and laser pulse progression in the

PIC simulation at an electron density of 4.5 × 1019 cm-3, taken as 7 times the atomic

nitrogen density in the simulation. In the top panel, the progression of the electron

beam spectrum is plotted as the blue colour map, while on the right axis the expected

electron density profile, is plotted in orange. The highest energy electrons leaving the

plasma are accelerated at the start of the density down-ramp. The region in which

they are accelerated is covered by the grey shaded region, between 0.65 mm and

0.75 mm. At the start of this region, the electron density is just starting to fall, but is

still close to the plateau density of 4.5× 1019 cm-3. In the bottom panel of Figure 81,

the normalised potential of the laser pulse is plotted against its longitudinal position in

the plasma. In the grey acceleration region, the normalised potential falls from 2.2 to
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below 1. The normalised potential falls below unity around 0.7 mm in the plasma.
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Figure 81: Simulation of LWFA driven by the SEA laser with a plasma density of
4.5× 1019 cm-3. (Top) Progression of (blue) electron spectrum in the plasma and
(orange) longitudinal electron density profile of plasma. (Bottom) Progression of nor-
malised potential of laser pulse in plasma.

The cutoff energy reached by the electrons is thus determined by a combination of the

increasing phase velocity of the wakefield, the changing electric field strength and the

expanding bubble, all caused by the decrease in plasma density and the laser intens-

ity. However, the scaling laws fitted in Figure 80 assumed a constant plasma density

of 4.5× 1019 cm-3 for all electrons accelerated in the plasma. At the average dens-

ity of 4.0× 1019 cm-3 over the acceleration region that neglects the evolution of the

wakefield, using Equation 2.59 for an approximate calculation, a normalised potential

of 1.5 produces a dephasing limit of 48 MeV. This is around the average potential

in the acceleration region, shown in the bottom panel of Figure 81. Equation 2.59

at least provides a rough understanding of the cutoff energies of the electron beams

accelerated in these plasmas.

6.2.2 Focal Position of Laser

After the plasma density scan, a scan of the laser’s focal position was performed at

an electron density of 4.5× 1019 cm-3. This plasma density was selected because the

electron beams with the highest energies and total charge were produced at this dens-

ity in the previous scan. Figure 82 shows the electron spectra produced in the focal

position scan. At the top of each spectrum, the distance written in millimetres is how

far the laser was focused into the gas density profile, zero being the start of the dens-

ity up-ramp. The spectra show that the electron beam’s signal gets stronger and the

cutoff energy increases when the laser pulse is focused 0.25 mm into the plasma or
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Figure 82: Average electron spectra per shot produced in scan of laser’s focal position.

further, so the electron beam properties are clearly sensitive to 0.1 mm-scale changes

in the focal position of the laser, as shown in the previous chapter. At focal positions

further into the gas cell, neither the cutoff energy nor the total charge in the electron

change significantly when inspecting their spectra by eye, similarly to the focal scan

performed when analysing the peak energy in the previous chapter.

In Figure 83, the measured cutoff energy is plotted against the focal position. When

the laser is focused further than 0.2 mm into the plasma, electron beams with cutoff

energies between 40 and 60 MeV were measured. Comparing the measured cutoff

energies with those in the output electron beams of FBPIC simulations, plotted as the

red squares in Figure 83, there is a general agreement in the scale of the energies

reached at focal positions higher than 0.2 mm. This should not be surprising after

comparing the experimental and simulated data of the previous scan. However, the

cutoff energies in the simulated electron beams do not vary in the same way as the

in the measured beams. This is put down to differences in the laser pulse evolu-

tion in the plasma. In experiment, the laser does not maintain a smooth, symmetric,
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Figure 83: Cutoff energy against laser’s focal position obtained (black) in experiment
and (red) in simulations.
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Gaussian-like intensity profile as it defocuses, as it does in simulations. This may af-

fect the self-focusing and compression of the laser pulse away from its focal position

in the plasma, and thereby the structure and strength of the wakefield that it drives.

At focal positions less than 0.2 mm, no electron beam signal could be distinguished

above the spectrum’s noise level. This suggests that the electron beam has a lower

total charge, so fewer electrons are injected into the wakefield when the laser pulse is

focused before the start of the gas density plateau. In simulations with focal positions

less than 0.2 mm, electron beams with similar charge and cutoff energies are pro-

duced as compared to other simulations with larger focal positions. This discrepancy

is likely due to the imperfect nature of the laser away from its focal position in exper-

iment, as the laser does not maintain a smooth, symmetric, Gaussian-like intensity

profile away from its focal position, unlike the simulated laser pulse. When the focal

position is smaller than 0.2 mm, the laser pulse is focused towards the front of the

density up-ramp. The plasma density around the focal position of the laser is not suf-

ficient to cause the laser to self-focus and compress. Further into the plasma where

the plasma density is high enough, the imperfect nature of the defocused laser may

result in a lack of self-focusing and compression. The wakefield driven by this laser

pulse would be weaker than simulated and fewer electrons may be injected.

6.2.3 Estimated Total Charge

The total charge in the electron beam was estimated from the amount of signal pro-

duced on the scintillator screen of the electron spectrometer. It is expected that this

is only a portion of the electron beam, as many electrons should exit the plasma

at a divergence angle larger than 10 mrad, which is the maximum divergence that

they can have to pass through the hole in the mirror positioned between the gas cell

and the magnet. This was confirmed in simulations, where electrons left the plasma

divergences up to 100 mrad. Many electrons are thus scattered when they hit the

mirror, though some still reach the scintillator screen after being scattered, adding

background noise to the images. In the processing of the above electron spectra, the

background signal from these scattered electrons was removed, as described in Sec-

tion 6.1.4. However, a total charge calculation without a background subtraction was

also performed, although a background subtraction of the room light was still made

for this calculation too.

In Figure 84, the estimated total charge above an energy of 10 MeV is plotted in the

scans of the plasma electron density and the laser’s focal position. In the top plots,

the total charge estimates were produced by integrating the electron spectra shown



6.2. Experimental Results 165

2.0

2.5

3.0

3.5
Q
to
t /

 fC
Total Charge in Spectrum

0.4 0.6 0.8 1.0
ne / cm 3 ×1020

5

10

Q
to
t /

 fC

Total Charge with Background

2.5

3.0

Q
to
t /

 fC

Total Charge in Spectrum

0.10 0.15 0.20 0.25 0.30
zfocus / mm

10

15

Q
to
t /

 fC

Total Charge with Background

Figure 84: Predicted total charge in electron beams in scans of (left) electron density
and (right) laser’s focal position. The total charge was estimated from the scintillator
screen signal (top) without and (bottom) with the low energy background.

in Figures 79 and 82. The top plots show that a total charge on the order of 1 fC

reached the scintillator screen per shot, having passed through the electron spectro-

meter. In the bottom plots, the total charge has been estimated from the scintillator

screen signals without the background subtraction, as described above. This does not

account for the charge of the entire electron beam leaving the plasma, as many elec-

trons would have been scattered in other directions. The bottom plots suggest that

the electron beams that initially left the gas cell had a total charge of tens of femtocou-

lombs. This is still much smaller than the total charge of the electron beams produced

in the PIC simulations, which usually had on the order of 100 pC above 10 MeV. While

PIC simulations have a tendency to overestimate the amount of self-injected charge in

LWFAs [176]–[178], this suggests that a more thorough exploration of the parameter

space and optimisation of the total charge is needed, which is planned for future runs.

In the top left plot of Figure 84, the highest total charge estimate in the density scan is

at 4.5×1019 cm-3, which is also roughly where the electron beams with the highest en-

ergies were produced. In the top right plot, the highest charge estimates are at focal

positions above 0.2 mm, again where the electron beams with the highest energies

were produced. This is different to what was suggested in Chapter 5 by the BO al-

gorithm when optimising the total charge, where the increasing the total charge in the

beam was to the detriment of the energies reached in the spectrum. The coinciding of

the high cutoff energy and total charge could be because of the reduced divergence

of electron beams containing electrons with higher energies, so more electrons pass

through the hole in the mirror and into the electron spectrometer. To validate this,

a measurement of the spatial profile of the electron beam would be useful, which is

planned for future runs at the eSYLOS facility. Another explanation could be that the
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electron beams with higher charge produced spectra with a higher signal-to-noise ra-

tio, so high cutoff energies could only be picked out of these spectra. Sophisticated

methods of noise removal such as deep learning would likely be required to confirm

this [204], as the noise in the electron spectra presented here could not be removed

just by using median or Gaussian filtering [205].

6.3 Summary

In this chapter, we have reported on the first experimental work performed at the

eSYLOS facility. The 44 mJ, 12 fs SEA laser was focused into a gas cell containing

nitrogen to drive an LWFA. The gas cell had a variable length, position and back-

ing pressure, which allowed the plasma length, focal position in the plasma and the

plasma density to be adjusted. The plasma density was measured using interfero-

metry and the energy spectrum and the total charge of the output electron beams

were measured using an electron spectrometer.

In a scan of the plasma density, electron beams with cutoff energies of up to 50 MeV

were measured. The electron beams had this cutoff energy at a plasma density of

4.5× 1019 cm-3, consistent with a PIC simulation performed with the same plasma

density. Above this density, the measured and simulated cutoff energies fell approx-

imately according to Equation 2.56. At lower plasma densities, no electron beam

could be distinguished from the background noise in the electron spectrum. In a PIC

simulation at a plasma density of 4.5× 1019 cm-3, the energetic electrons that left the

plasma were accelerated at the start of the density down-ramp at the back end of the

plasma density profile.

It was also shown that the cutoff energy and total charge of the electron beams were

sensitive to the focal position of the laser in the plasma, over 0.1 mm scales. In a scan

of the focal position, the electron beam energies were as high as 57 MeV, produced

at a focal position of 0.325 mm in the plasma. At focal positions later than 0.225 mm,

PIC simulations produced electron beams with comparable cutoff energies between

50 and 60 MeV. However, in the experimental scan, no electron beams were distin-

guishable from the background noise of the measured spectra when the laser was

focused earlier than 0.225 mm.

The electron beam signal on the electron spectrometer was measured to be from

a total charge of 2.0 to 3.5 fC. This was measured from the background-subtracted

electron beam signal on the scintillator screen, from electrons that passed through

the hole in the mirror between the gas cell and the magnet. Including the signal from
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electrons that were scattered off of the mirror onto the scintillator screen produced

values for the electron beam charge of up to 18 fC. As most electrons would not be

scattered towards the scintillator screen, this implies that the electron beams leaving

the plasma had a total charge on the order of 10 fC.



7. Conclusions

This thesis has focused on the generation of x-rays and electron beams from LWFAs.

In this final chapter, we summarise the main conclusions of the models developed

and the experimental work carried out in each chapter. Overviews of potential future

work are also given.

7.1 Modelled X-ray Beams from LWFAs

In Chapters 3 and 4, we reported on two radiation computation codes (RCCs) that

have been built to model the properties of x-ray beams produced by oscillating elec-

trons in LWFAs. These RCCs have been applied to PIC simulations of six different

LWFA light source experiments. The LWFAs in these experiments had lengths of up to

20 mm and lasers with powers from 30 TW to 1 PW. As far as we are aware, numer-

ical modelling of LWFA-based x-ray beams have not been performed on these scales

before. The first RCC models the temporal intensity profile of ∼ 10 fs and ∼ 100 fs

x-ray pulses with sub-femtosecond resolution and energy density spectra containing

photon energies up to 2 MeV. The second RCC models the angular energy density

distribution of the x-ray beams with milliradian or sub-milliradian resolution.

In Section 4.2, a relation was derived for the on-axis temporal intensity profile of the

x-ray pulse, Equation 4.2, which is proportional to the N(t)γ(t)4 profile of the elec-

tron beam. The on-axis temporal intensity profiles produced by the RCC were plotted

in Section 4.2.2 with the N(t)γ(t)4 profiles of the electron beams at the end of the

plasma, and showed good agreement. Discrepancies arise mainly from the differ-

ences in the oscillation amplitudes of different electron bunches, as Equation 4.2 was

scaled to the RCC-modelled profile by adjusting the parameter rβ, the betatron oscil-

lation amplitude of the electrons, to which Equation 4.2 is directly proportional. This

also produced estimates for the source size. The temporal intensity profiles produced

by the RCC and theN(t)γ(t)4 profile revealed the multi-pulse structure of x-ray pulses

from LWFAs, produced by the constituent bunches of the electron beam. The tem-

poral profile could thus be used to help describe the energy progression of electron

beam during its acceleration.

168
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In Section 4.3, we reported on the photon fluence spectra of each x-ray beam mod-

elled by the first RCC. The modelled spectra have a large bandwidth, stretching

to photon energies of ∼ 100 keV and 1 MeV, from LWFAs driven by sub-100 TW,

100 TW-order and PW-order laser powers [60], [65], [70], [72], [164]. In experiments,

the x-ray beam’s spectrum is detected over a small 10 keV to 50 keV bandwidth in ex-

periments, restricted by the transmission of the materials between the LWFA and x-ray

detector and the quantum efficiency of the detector. Over this narrow bandwidth, ana-

lytical circular orbit spectra are often fitted to the experimental spectra. However, the

significantly larger bandwidth of the RCC-modelled spectra of the initial x-ray beam

that leaves the plasma throws this fitting procedure into question.

The modelled x-ray beams had a peak spectral fluence ranging from 3 × 102 to

7× 104 photons/s/mrad2/0.1% BW, scaling loosely with the power of the input laser

pulse. With the x-ray pulse duration and the source size obtained from the RCC

and the PIC simulation, the modelled x-ray sources were calculated to have a peak

brightness in the range of 2× 1021 to 6× 1022 photons/s/mrad2/mm2/0.1% BW using

an assumed x-ray pulse duration and imprecise source size measurements [60], [65],

[70], [72], [164]. This quantity has always been inferred in experiments. The modelled

peak brightness values are generally lower than the corresponding experimental val-

ues, due mainly to the longer modelled x-ray pulse duration than assumed in the

experimental calculation.

The first RCC also modelled the photon fluence spectra at off-axis observation points.

This could be a useful tool as the angular variation of the radiation spectra are difficult

to model analytically, owing to the variation in the spectra within their instantaneous

radiation cones and the spectra emitted at each point in an electron’s oscillating tra-

jectory. Moreover, it was shown in the following section that there is an overlapping of

the angular distributions of the radiation from electrons oscillating in different planes,

which could also modify the angular variation of the radiation spectrum.

In Section 4.4, the angular energy density distributions of the x-ray beams produced

by the second RCC were presented. The RCC-modelled angular distributions were

compared with predicted angular distributions derived from mathematical relations.

The first predicted angular distribution was derived by integrating the product of the

time-averaged spectrum of the electron beam throughout its acceleration and Equa-

tion 4.13, describing the angular energy density distribution from a single electron fol-

lowing a sinusoidal trajectory. The resulting distribution had a similar divergence but

a different form to the RCC-modelled angular distribution. Considering the overlap-
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ping of the angular energy density distributions from electrons oscillating in different

planes, an angular distribution was produced with a similar form to the RCC-modelled

angular distributions, but with a much smaller divergence. Three-dimensional plots

of example electron trajectories in PIC simulations showed that some electrons in

the beam follow elliptical spirals, rather than performing oscillations in a single plane.

These trajectories are more complicated than assumed in the derived distributions,

and could be due to space charge effects in the electron beam, magnetic field ef-

fects [179] or some electrons could have an azimuthal momentum component when

injected into the wakefield.

7.1.1 Future Work

The main limitation of the RCCs’ computation process is that in PIC simulations, a

high number, N , of electrons are represented by single macroparticles. The radiation

from a single macroparticle is equivalent to the radiation of N electrons radiating co-

herently, which was shown to be untrue for many electron beams in LWFAs in Section

3.7. To remedy this, the amplitude of the Liénard-Wiechert field from each macro-

particle was set to be proportional to
√
N , equal to the amplitude of N incoherently

radiating particles. Without resorting to modelling more particles representing fewer

electrons, which would be detrimental to the RCCs’ computation time, a more real-

istic approach could be to use a form factor to pre-define the spatial distribution of the

electrons of each macroparticle [165].

The elliptical spirals followed by many electrons is a reason for the discrepancy between

the RCC-modelled angular energy density distribution and the predicted angular distri-

butions presented in Section 4.4. The ability to reconstruct the measured or simulated

angular energy density distribution from the electron spectrum could provide a new

way of inferring the source size of the x-ray beams from LWFAs. Deriving analytical

relations for the angular distributions produced by electrons following elliptical traject-

ories would be a good first step in improving the predicted angular distributions. From

this, scaling laws equating the amplitudes of oscillation and the energies in the elec-

tron beam to the x-ray beam divergence could potentially be derived. The distribution

of the electron trajectories’ ellipticity, the distribution of their oscillation amplitudes and

the overlapping and adding together of their individual angular distributions need to

be carefully considered.
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7.2 Bayesian Optimisation of PIC Simulations of eSYLOS

In Chapter 5, a BO algorithm was used to optimise the peak energy and the total

charge in PIC simulations of a 30 mJ, 8 fs laser pulse in an LWFA. The BO algorithm

was demonstrated to be a useful tool to optimise the highly nonlinear evolution of the

laser pulse in the plasma, which is difficult to do using analytical scaling laws. This,

in turn, optimised the accelerating electric field and the self-injection process in the

plasma wave.

Section 5.3.1 reported on the optimisation of the peak energy of the electron beam.

After 100 epochs, the optimised electron beams had a local maximum in their spectra

at energies of 125 MeV. This was achieved by minimising the density of the helium

gas to 9× 1018 cm-3, below which the laser pulse diffracts away after its power falls

below the threshold for self-focusing. The length of the plasma was set to 0.7 mm,

such that the end of the plasma coincides with the point where the electrons reach

their dephasing limits. It was shown that in this regime, the focal position of the laser

is also important in optimising the electron spectrum. Focusing the laser 0.24 mm into

the gas optimised the compression of the laser in the plasma to produce the highest

intensities, driving the strongest accelerating fields in the wakefield and accelerating

electrons to the highest energies of 125 MeV.

The other electron beam property optimised by the BO algorithm was the total charge,

reported in Section 5.3.2. The BO algorithm maximised the self-injected charge in the

electron beam by maximising the bubble growth caused by the increase in intensity

of the laser pulse. The BO algorithm optimised the total charge injected by balancing

the rate of bubble growth and charge injection with the distance over which charge is

injected, which is a difficult task to perform analytically. The main parameters adjusted

in this optimisation were the helium gas density, the laser’s focal position and the

length of the density up-ramp. The BO algorithm also adjusted the third-order spectral

phase coefficient of the laser pulse to −40 fs3, producing a 20% increase in charge,

which is difficult to predict analytically. After 150 epochs, the BO algorithm converged

on a total charge of 200 pC above 10 MeV.

7.2.1 Future Work

Optimising the simulated electron beam properties was a first step in looking to optim-

ise the radiation produced in LWFAs driven by laser systems like SYLOS-2. In future

optimisations, the intensity of modelled x-ray beams could be optimised by calculat-

ing the radiation properties using one of the RCCs, then using the BO algorithm to
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optimise the chosen radiation property. However, this would at least double the com-

putation time of each epoch, making the optimisation a much longer process. A faster

but more approximate approach would be to calculate and optimise a property of the

electron beam that correlates with the radiation intensity, for example the integrated

N(t)γ4peak(t) profile, at different points along the plasma.

In terms of optimising the electron beam for radiation generation applications, optim-

ising basic electron beam properties like the peak energy and total charge is perhaps

too simplistic. Calculating and optimising more complex quantities such as the laser-

to-electron beam conversion efficiency could be useful for such applications. Op-

timising the conversion efficiency, for example, would maximise the total energy in the

accelerated electron beam, producing higher photon yields in the radiation generated.

7.3 Electron Beams from LWFAs Driven by the SEA

Laser at eSYLOS

Chapter 6 is a report on the first experiment performed at the eSYLOS facility, where

the 44 mJ, 12 fs SEA laser was focused into a nitrogen gas cell with variable density,

length and position. The laser pulse was focused into the plasma with a density plat-

eau length of 0.275 mm and an assumed up-ramp length of 0.3 mm. The measured

electron spectra consisted of energies of up to 60 MeV before falling below a back-

ground noise level. The total charge in the beam above 10 MeV was measured to be

on the order of 10 fC to 100 fC.

A plasma density scan was performed, which is reported in Section 6.2.1. The laser

pulse was focused 0.53 mm into the plasma. Focusing the laser this far into the

plasma seemed to produce the highest signal on the electron spectrometer at the

time of the experiment. The highest cutoff energy of 48 MeV in the electron beam

was produced at an electron density of 4.5× 1019 cm-3. The cutoff energies fell gradu-

ally at higher densities and there was good agreement between the experimental and

simulated cutoff energies within a density range of 4.5× 1019 cm-3 to 8.0× 1019 cm-3.

In simulations, the electron beam was seen to be accelerated at the start of the down-

ramp in density at the back of the LWFA.

A scan of the laser’s focal position in Section 6.2.2 demonstrated the sensitivity of

the acceleration to this parameter. When the laser was focused after 0.2 mm, the

cutoff energy varied between 40 and 60 MeV. Similar energies were obtained in PIC

simulations when focusing at these positions. When the laser pulse was focused be-
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fore 0.2 mm in the plasma, the electron beam signal was not distinguishable from the

noise in the electron spectrum, implying that the electron beam had less charge. At

these focal positions, however, electron beams with ∼ 100 pC above 10 MeV were

obtained in PIC simulations. This discrepancy is put down to the imperfect nature of

the intensity profile of the laser after its focal position, which becomes important when

the laser is focused towards the start of the plasma density up-ramp and defocuses

before the density plateau.

In Section 6.2.3, the total charge in the electron beam was estimated from the meas-

ured signal on the scintillator of the electron spectrometer. A total charge of up to

5 fC per shot was measured to have passed through the magnet of the electron spec-

trometer and hit the scintillator screen. The total charge was also estimated without

a background subtraction, which could have been produced by scattered electrons

that did not pass though the central hole in the mirror between the gas cell and the

magnet. Then, a total charge of up to 15 fC was produced, implying that the electron

beam leaving the plasma had a total charge on the order of 10 fC. This is significantly

lower than the total charge in the simulated electron beams, which were on the order

of 100 pC, suggesting scope for further exploration and optimisation.

7.3.1 Future Work

The main issue in obtaining the cutoff energies and total charges in the electron

beams in the scans presented here was the low signal-to-noise ratio in the electron

spectra. The most obvious way to increase the the signal-to-noise ratio is to increase

the total charge incident on the scintillator screen through a more thorough optimisa-

tion. The most simple suggestion would be to use a more sensitive scintillator screen

in the electron spectrometer, as more sensitive Lanex screens can produce up to

three times the photons per unit charge than the type of Lanex that was used in this

experiment [197].

In any case, a good first step would be to do a more thorough exploration of the para-

meter space of the focal position, plasma density and plasma length. An exploration

could also be done to decrease the divergence of the electron beam so that more

electrons pass through the hole in the mirror between the gas cell and the electron

spectrometer and also decrease the noise due to scattering of electrons with a high

divergence. This would primarily involve increasing the average energy of the electron

beam. For monitoring the electron beam divergence, a measurement of the spatial

profile of the electron beam would be useful, which is planned for future runs at the

eSYLOS facility.



174 Chapter 7: Conclusions

Producing the first electron beams at the eSYLOS facility is a first step in producing

radiation beams. Measurements of any radiation beams are yet to be made, but inter-

mediate steps should include a more thorough optimisation of the peak energy and

charge in the output electron beam, perhaps using a machine learning algorithm like

the one described in Chapter 5. Other electron beam properties such as the spectral

brightness and conversion efficiency could also be optimised for radiation generation

applications. For the purposes of radiation generation, it would be advantageous to

use the SYLOS-3 laser, which has a higher energy and a shorter pulse duration than

the SEA laser of 100 mJ and 8 fs [107]. This laser system would produce electron

beams with higher energies and thereby x-rays beams with higher intensity than are

accessible to the SYLOS-2 and SEA lasers. The SYLOS-3 laser will be available in

future experimental runs.
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A. General Definitions and Equations

A.1 Normalised Parameters

The interaction of a laser pulse with a plasma and the motion of charged particles in

plasma are often described in terms of normalised parameters. These quantities are

defined in Table A.1. They are normalised by constants such as the particle’s mass,

m, the particle’s charge, q, and the speed of light in vacuum, c.

Table A.1: Normalised Parameters used in Laser-Plasma Calculations

Original Quantity Normalised Quantity Definition
Electromagnetic Vector Potential (A) a a = qA

mc

Electromagnetic Scalar Potential (ϕ) Φ Φ = qϕ
mc2

Particle Velocity (v) β β = v
c

Particle Kinetic Momentum (p) P P = p
mc

A.2 Maxwell’s Equations

Maxwell’s equations form the basis of the theory of electromagnetism. They describe

the spatial structure and time evolution of electric and magnetic fields due to charges,

currents and nonzero rates of change in the fields in the considered system [163].

Gauss’ Law

Gauss’ law relates the electric field originating from an object to its charge density. In

its differential form, Gauss’ law states that at a given position near the object the flux

density of the electric field, denoted by its divergence, is directly proportional to its

charge density [163]:

∇ · E =
ρ

ϵ0
, (A.1)

where E is the electric field, ρ is the charge density distribution in the object and ϵ0 is

the permittivity of free space.
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Faraday’s Law

Faraday’s law relates the electric field induced by a change of a magnetic field over

time. In differential form, the curl of the electric field is equal to the negative rate of

change of the magnetic field [163]:

∇× E = −∂B
∂t
, (A.2)

where B is the magnetic field.

Ampère’s Law

Ampère’s law describes the magnetic field induced by a current density or a change

in electric field over time. Ampère’s law in differential form relates the curl of the

magnetic field to the rate of change of the electric field and the current density [163]:

∇×B = µ0j+
1

c2
∂E

∂t
, (A.3)

where j is the current density.

A.3 Electromagnetic Potentials

In the theory of electromagnetism, the potentials of an electromagnetic field are defined

such that they are related to their fields by the following relations [163]:

E = −∇ϕ− ∂A

∂t
, (A.4)

B = ∇×A, (A.5)

where ϕ is the scalar potential and A is the vector potential.

A.4 Poisson’s Equation

A gauge invariance may exist for some electromagnetic fields, where different electro-

magnetic potentials produce the same electromagnetic field solutions. An example of

this is for a monochromatic electromagnetic plane wave in vacuum. The potential of

an electromagnetic wave can be written in the Coulomb gauge [163]: ∇·A = 0. In the
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Coulomb gauge, Gauss’ law can be written in terms of the electromagnetic potential:

∇ · E =
ρ

ϵ0
= ∇ ·

(
−∇ϕ+

dA

dt

)
(A.6)

= −∇2ϕ+
���

���*0
d

dt

(
∇ ·A

)
, (A.7)

This expression for Gauss’s law is known as Poisson’s equation:

∇2ϕ = − ρ

ϵ0
. (A.8)

A.5 Continuity Equation

Ampère’s law can be used to derive the continuity equation relating the flow of charge

in or out of a system to the gradient in the current density. Taking the divergence of

Ampère’s law, given by Equation A.3,

∇ · (∇×B) = ∇ · (µ0j) +∇ ·
(
1

c2
∂E

∂t

)
. (A.9)

As the divergence of the curl of any vector field is equal to zero,

0 = µ0

(
∇ · j

)
+

1

c2
∂

∂t

(
∇ · E

)
. (A.10)

Recalling Gauss’ law, given by Equation A.1, the divergence of the electric field is

equal to the enclosed charge density divided by the permittivity of free space. Equa-

tion A.1 is substituted into Equation A.10:

0 = µ0

(
∇ · j

)
+

1

ϵ0c2
∂ρ

∂t
. (A.11)

The equation for the speed of light, c = 1√
ϵ0µ0

, where µ0 is the permeability of free

space, can be used to further simplify this expression:

0 = ��µ0

(
∇ · j+ ∂ρ

∂t

)
. (A.12)

This produces the continuity equation for any electromagnetic system, given by Equa-

tion A.13 [163]:

∇ · j+ ∂ρ

∂t
= 0. (A.13)

This equation expresses the conservation of charge locally in a system. A gradient

in the current flowing in or out of a point in the system corresponds to an increase or

decrease in the charge density at that point, respectively.



B. Single Charged Particle Interactions

with Electromagnetic Waves

B.1 Lagrangian of a Relativistic Charged Particle in an

Electromagnetic Potential

The Lagrangian for a relativistic charged particle in an electromagnetic potential can

be derived by considering the Lorentz force on the particle. If there are no other

external forces acing on the particle, then the net force on the particle is given by the

Lorentz force. According to Newton’s second law of motion, the net force on a particle

is equal to the rate of change of its kinetic momentum:

F =
dp

dt
= q(E+ v ×B), (B.1)

where F is the net force on the particle, p is its kinetic momentum and v is its velocity

in the electromagnetic field. Equations A.4 and A.5 expressing the electromagnetic

fields in terms of their vector and scalar potentials are substituted into Equation B.1:

dp

dt
= q

(
−∇ϕ− ∂A

∂t
+ v ×∇×A

)
. (B.2)

The triple vector product in this expression can be expressed using the following iden-

tity: v ×∇×A = ∇(v ·A)−A(v · ∇). This is then substituted to Equation B.2:

dp

dt
= q

(
−∇ϕ− ∂A

∂t
+∇(v ·A)−A(v · ∇)

)
. (B.3)

The partial time derivative of the vector potential is now expressed in terms of its full

time derivative. Because the vector potential is a function of position and time,

dA

dt
=
∂A

∂r

∂r

∂t
+
∂A

∂t
. (B.4)
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Writing ∇ = ∂
∂r

and v = ∂r
∂t

, the full time derivative of the vector potential is thus

expressed in terms of the differential operator and the particle velocity:

dA

dt
= (v · ∇)A+

∂A

∂t
. (B.5)

Rearranging Equation B.5, the partial time derivative of the vector potential is sub-

stituted into Equation B.3, producing a simplified expression for the Lorentz force in

terms of the electromagnetic potentials:

dp

dt
= q

(
−∇ϕ− dA

dt
+�����(v · ∇)A +∇(v ·A)−�����(v · ∇)A

)
. (B.6)

An equation of motion is produced that is of the form of the Euler-Lagrange equation:

d

dt
(p+ qA) = q∇(−ϕ+ v ·A). (B.7)

The general expression for the Euler-Lagrange equation is given by Equation 2.1. The

quantity in the time derivative on the left-hand side of Equation B.7 is the canonical

momentum of the particle:
∂L

∂v
= p+ qA. (B.8)

The relativistic kinetic momentum of the particle is expressed in terms of its velocity:

p = γmv, where γ = 1/
√

1− v2/c2 is the relativistic gamma-factor of the particle.

Substituting this definition into the canonical momentum,

∂L

∂v
=

mv√
1− v2

c2

+ qA. (B.9)

Comparing the right-hand side of Equation B.7 to the Euler-Lagrange equation, given

by Equation 2.1,
∂L

∂r
= q∇(−ϕ+ v ·A). (B.10)

Integrating Equations B.9 and B.10 with respect to the velocity and position vectors of

the particle, respectively, produces two expressions for the Lagrangian of the system:

L1 =

∫
∂L

∂v
dv = −mc2

√
1− v2

c2
+ q(v ·A) + C1(r), (B.11)

L2 =

∫
∂L

∂r
dr = −qϕ+ qv ·A+ C2(v). (B.12)

To satisfy the Euler-Lagrange equation, L = L1 = L2. The constants of integration

can be inferred by inspection to be C1(r) = −qϕ and C2(v) = −mc2
√

1− v2/c2.

This produces the expression for the Lagrangian of the relativistic (or subrelativistic)
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charged particle in an electromagnetic potential:

L = −mc2
√

1− v2

c2
+ q(v ·A)− qϕ. (B.13)

B.2 Ponderomotive Force

In section 2.2.2, the equation of motion for an electron in a plasma interacting with a

laser pulse was derived from the Lagrangian for a charged particle in an electromag-

netic potential. This equation was then expressed in terms of normalised units, as

given in Appendix A.1:
d

dt
(P+ a) = c∇(−Φ + β · a). (B.14)

Terms containing the scalar potential can be neglected by assuming that the duration

of the laser pulse is much greater than its period: τ ≫ T , where τ is the FWHM

duration of the laser pulse and T is its period of oscillation. Typically in an LWFA,

τ ∼ 10 fs and T ∼ 1 fs. The laser pulse can be approximated as a plane wave,

whose potential can be written using the Coulomb gauge: ∇ · a = 0. As shown in

Appendix A.4, Gauss’ law can then be rewritten as Poisson’s equation, which is given

by Equation A.8. As there is zero charge density in the system, the plane wave has a

scalar potential of Φ = 0. This simplifies the equation of motion:

d

dt
(P+ a) = c∇(β · a). (B.15)

The time-averaged rate of change of canonical momentum of the electron interacting

with the laser pulse is described by averaging this equation of motion over one period

in the laser pulse:

1

T

∫ tstart+T

tstart

du

dt
dt′ =

1

T

∫ tstart+T

tstart

(
− c

γ
∇a2

2
+
c

γ
u · ∇a

)
dt′, (B.16)

where t′ is the time in the laser pulse’s oscillation. Equation B.16 describes the time-

averaged rate of change of canonical momentum of the system. Evaluating the integ-

rals in Equation B.16,〈
du

dt

〉
= −

〈
c

γ
∇a2

2

〉
+

[
c

γ
∇⟨a⟩ · u

]tstart+T

tstart

−∇⟨a⟩ ·
∫ tstart+T

tstart

c

γ

∂u

∂t
dt′, (B.17)

where time-averaged quantities are expressed in triangular brackets. When τ ≫ T ,

the time-average of the normalised potential over one period is zero: ⟨a⟩ ≈ 0. The

final two terms in Equation B.17 hence average to zero. The time-averaged rate of

change of canonical momentum yields an expression for the time-averaged rate of



206 Appendix B: Single Charged Particle Interactions with Electromagnetic Waves

change of canonical momentum:〈
du

dt

〉
= −

〈
c

γ
∇a2

2

〉
. (B.18)

As u = P+ a, 〈
du

dt

〉
=

〈
dP

dt
+
da

dt

〉
(B.19)

=

〈
dP

dt

〉
+

�
�

�
��
0〈

da

dt

〉
(B.20)

=

〈
dP

dt

〉
(B.21)

The time-averaged rate of change of canonical momentum therefore describes the

net force on the electron. Equation B.22 is the ponderomotive force of the laser pulse

acting on the electron:

Fp = −
〈
c

γ
∇a2

2

〉
. (B.22)

B.3 Charged Particle in an Electromagnetic Plane Wave

The equation of motion for a charged particle in an electromagnetic plane wave can

be derived from the Lagrangian for a relativistic charged particle in an electromagnetic

potential. This Lagrangian, given by Equation 2.6, is written in terms of the normalised

parameters defined in Appendix A.1:

L = −
√
1− β2 + (β · a)− Φ. (B.23)

The potential of an electromagnetic plane wave can be written in the Coulomb gauge,

as shown in Appendix A.4. In the Coulomb gauge, Gauss’ law can be written in terms

of the scalar potential as Poisson’s equation, given by Equation A.8. The plane wave

is considered to propagate through vacuum. As there is no charge density in the

system, Poisson’s equation dictates that the scalar potential is zero: Φ = 0. The

Lagrangian is thus simplified:

L = −
√
1− β2 + (β · a). (B.24)

From this Lagrangian, equations of motion in terms of the vector potential of the plane

wave are derived by relating the longitudinal and transverse momenta of the charged

particle to its total energy and then the vector potential during the interaction. For a

wave propagating in the z-direction, the transverse axes are the x-axis and y-axis.
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Transverse Momentum

The directions of the electromagnetic vector potential of the wave is transverse to the

direction of propagation. The transverse components of the canonical momentum of

the particle are calculated from the Lagrangian:

ux,y =
∂L

∂βx,y
(B.25)

=
βx,y√
1− β2

+ ax,y (B.26)

= γβx,y + ax,y (B.27)

= Px,y + ax,y. (B.28)

This canonical momentum is conserved because the generalised force in the Euler-

Lagrange equations equals zero:

dux
dt

=
∂L

∂x
= 0, (B.29)

duy
dt

=
∂L

∂y
= 0, (B.30)

This means that the canonical momentum of the particle interacting with the electro-

magnetic potential is zero throughout the interaction. Consequently,

Px,y = −ax,y. (B.31)

This is a useful relation that is used at multiple stages in the derivation of the equations

of motion for this system.

From its definition given by Equation B.32, the Hamiltonian is then expressed:

H =
∂L

∂β
· β − L (B.32)

= β ·P+���β · a +
√

1− β2 −���β · a (B.33)

= β ·P+ γ−1. (B.34)

Using the identities γ = 1/
√

1− β2 and P = γβ for the normalised quantities,

H = β2γ + γ−1 (B.35)

= γ(β2 + γ−2) (B.36)

= γ(��β
2 + 1−��β

2 ) (B.37)

H = γ. (B.38)
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This is result that will be used later to relate the rate of change of the Lagrangian to

the rate of change of the relativistic γ-factor.

Hamiltonian of the Interaction

It has been shown from the Euler-Lagrange equations that the canonical momentum

is constant and equal to zero. The rate of change of the Hamiltonian is then equal to

the negative rate of change of the Lagrangian:

dH

dt
=

d

dt

(
∂L

∂β
· β − L

)
(B.39)

=
���

����*0

β · d
dt

(
∂L

∂β

)
+

�
�

�
�
�>
0

∂L

∂β
· dβ
dt

− ∂L

∂t
(B.40)

dH

dt
= −∂L

∂t
. (B.41)

The time derivative of the Lagrangian is expressed in terms of a comoving coordinate:

∂L

∂t
=
∂L

∂ξ

∂ξ

∂t
, (B.42)

where ξ is the comoving coordinate defined as ξ = ct− z. The comoving coordinate

denotes the difference in the longitudinal coordinates of a considered phase point in

the wave and the particle at some point in time. Normalising the comoving coordin-

ate by the wavelength of the plane wave such that ξ = λ−1(ct − z), where λ is the

wavelength, then
∂ξ

∂t
=
c

λ
= f, (B.43)

where f is the frequency of the wave. Substituting this expression into Equation B.42

and then Equation B.41,
dH

dt
= −∂L

∂t
= −f ∂L

∂ξ
. (B.44)

Recalling Equation B.38, dH
dt

= dγ
dt

, which can be substituted into Equation B.41:

−f ∂L
∂ξ

=
dγ

dt
. (B.45)

This is a relation that will later be used to relate the rate of change of the relativistic

γ-factor to the kinetic momentum of the particle.

Longitudinal Momentum

The motion of the particle in the longitudinal direction is now considered. The relations

of the longitudinal and transverse momenta of the particle to its relativistic γ-factor
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are used to derive the equations of motion in both directions. The Euler-Lagrange

equation is first written in terms of normalised units by multiplying by c:

d

dt

(
∂L

∂βz

)
− c

∂L

∂z
= 0. (B.46)

Then, the spatial derivative of the Lagrangian is changed to be with respect to the

normalised comoving coordinate, as in the previous part of the derivation:

∂L

∂z
=
∂L

∂ξ

∂ξ

∂z
(B.47)

=
∂L

∂ξ

∂

∂z

(
λ−1(ct− z)

)
(B.48)

= −λ−1∂L

∂ξ
. (B.49)

Substituting this into the normalised Euler-Lagrange equation, with f = c/λ,

d

dt

(
∂L

∂βz

)
+ f

∂L

∂ξ
= 0. (B.50)

The longitudinal canonical momentum is first evaluated, remembering that longitud-

inal component of the electromagnetic potential is zero:

∂L

∂βz
=

βz√
1− β2

+��>
0

az (B.51)

= γβz (B.52)

= Pz. (B.53)

Applying this to the normalised Euler-Lagrange equation,

−f ∂L
∂ξ

=
dPz

dt
. (B.54)

The term on the left-hand side of this equation is the generalised force in the longitud-

inal direction on the particle, which is the same quantity that is described in Equation

B.45. Subtracting Equation B.54 from Equation B.45,

d

dt
(γ − Pz) = 0. (B.55)

Throughout the interaction, the difference in the relativistic γ-factor and the longitud-

inal kinetic momentum of the particle is equal to its initial value. As the particle was

initially stationary, the starting values of the parameters are Pz = 0 and γ = 1. This
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value is constant during the interaction:

γ − Pz = 1. (B.56)

Relating the Longitudinal and Transverse Momenta

The longitudinal and transverse momenta of the particle can then be related by taking

the square of Equation B.55:

γ2 = (1 + Pz)
2 (B.57)

= 1 + 2Pz + P 2
z . (B.58)

When the total energy and total momentum of the particle are normalised by the rest

mass energy, γ2 = 1+P 2, where P is the total momentum. This quantity is expressed

in terms of the particle’s momentum components:

γ2 = 1 + P 2
x + P 2

y + P 2
z . (B.59)

Equations B.58 and B.59 can be treated as a pair of simultaneous equations. Their

subtraction from one another produces a relation for the momentum components:

Pz =
P 2
x+P 2

y

2
. Because the transverse momenta are equal to their respective elec-

tromagnetic potential components, as given in Equation B.31, the components of the

momentum and electromagnetic potential can be related:

Pz =
a2x + a2y

2
(B.60)

As a2 = a2x + a2y,

Pz =
a2

2
. (B.61)

Similarly, for the transverse momentum,

Pr =
√
P 2
x + P 2

y (B.62)

=
√
a2x + a2y (B.63)

Pr = a. (B.64)

For electromagnetic waves with weak potentials, a < 1, the momentum of the electron

is directed more closely in the transverse direction. For waves with stronger potentials,

a > 1, the longitudinal momentum component dominates. This is confirmed by the

solutions to the equations of motion of the electron, which are derived in Section 2.2.1.
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Equations of Motion

The longitudinal and transverse equations of motion for the interaction are derived

by equating the momenta expressed in Equations B.61 and B.64 as first order deriv-

atives of time. These derivatives are transformed to become derivatives of the non-

normalised comoving coordinate, ξ = ct− z. To perform this procedure, the following

identity is needed, which is derived using Equation B.56:

γ

c

dξ

dt
=
γ

c

d

dt
(ct− z) (B.65)

=
γ

c
(c− vz) (B.66)

= γ − γβz (B.67)

= γ − pz = 1. (B.68)

Following the procedure for both the longitudinal and transverse momenta,

Pz = γβz =
γ

c

dz

dt
(B.69)

=
γ

c

dz

dξ

dξ

dt
(B.70)

=
dz

dξ
. (B.71)

Pr = γβr =
γ

c

dr

dt
(B.72)

=
γ

c

dξ

dt

dr

dξ
(B.73)

=
dr

dξ
, (B.74)

Using Equations B.61 and B.64, the equations of motion of the electron are then

related to the potential:

dz

dξ
=
a2

2
, (B.75)

dr

dξ
= a. (B.76)

These are the equations of motion describing a charged particle in the potential of an

electromagnetic plane wave.



C. Laser-Plasma Interactions

C.1 Electromagnetic Wave Equation in Plasma

The wave equation for an electromagnetic wave in plasma is derived from Faraday’s

law and Ampère’s law, which are introduced in Appendix A.2. Taking the curl of

Faraday’s law,

∇× (∇× E) = − ∂

∂t
(∇×B). (C.1)

Using the vector identity ∇ × (∇ × E) = ∇2E − ∇(∇ · E), Equation C.1 can be

simplified. The second term on the right-hand side of this identity contains the diver-

gence of the electric field, which can be calculated using Gauss’ law. Although the

electromagnetic wave displaces electrons in the plasma, there is zero net charge in

the plasma. Thus, the term for the divergence of the electric field is equal to zero:

∇2E−������:0
∇(∇ · E) =

∂

∂t
(∇×B). (C.2)

The term on the right-hand side of Equation C.2 is the partial time derivative of the

curl of the magnetic field. This quantity can also be expressed by taking the partial

time derivative of Ampère’s law:

∂

∂t
(∇×B) = µ0

∂j

∂t
+

1

c2
∂2E

∂t2
. (C.3)

Equating Equations C.2 and C.3 produces the wave equation for an electromagnetic

wave in plasma:

∇2E = µ0
∂j

∂t
+

1

c2
∂2E

∂t2
. (C.4)

C.2 Dispersion Relation for an Electromagnetic Wave

in Plasma

The dispersion relation is derived by considering an electromagnetic plane wave in

plasma: Ex = E0e
i(kz−ωt), where E0 is the amplitude of the electric field of the wave,

212
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k is its wavenumber and ω is its angular frequency. In this case, the wave propagates

along the z-axis and is polarised in the x-axis. An electron in the plasma is accelerated

in the direction of the electric field vector of the wave. Using Newton’s second law of

motion to express the force exerted by the electric field on the electron, an expression

for its acceleration is obtained in the sub-relativistic limit:

∂vx
∂t

= −eEx

me

, (C.5)

where vx is the speed of the electron in the x-direction. The motion of the electron

produces a current in the plasma in the same direction as the electric field and can be

expressed as jx = −neevx, where ne is the number density of electrons in the plasma.

Taking the partial time derivative of the current density allows the acceleration of the

electron to be related to the current density:

∂jx
∂t

= −nee
∂vx
∂t

. (C.6)

Equation C.5 is then substituted into Equation C.6, expressing the plasma response

term in the wave equation:
∂jx
∂t

=
nee

2

me

Ex. (C.7)

Substituting this into the wave equation, given by Equation C.4,

∇2Ex = µ0
nee

2

me

Ex +
1

c2
∂2Ex

∂t2
. (C.8)

This expression can be re-written in terms of the plasma frequency, which is the nat-

ural frequency at which electrons oscillate in the plasma. The equation defining the

plasma frequency is derived in Appendix C.3 and given by Equation C.18. Also using

the relation c = 1√
ϵ0µ0

, the resulting wave equation is expressed in Equation C.8:

∇2Ex =
1

c2
ω2
pEx +

1

c2
∂2Ex

∂t2
. (C.9)

Substituting the equation for the electric field of the electromagnetic plane wave into

this wave equation and performing the differentiations of the electric field produces

the dispersion relation for an electromagnetic wave in plasma:

c2k2 = ω2 − ω2
p. (C.10)
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C.3 Plasma Frequency

When an electron is displaced by a small distance in a plasma, the ions remain sta-

tionary owing to their greater mass. The charge separation leaves behind a charge

density of ρ = ene. The electrostatic potential produced by this charge density is given

by Poisson’s equation:

∇2ϕ = − ρ

ϵ0
, (C.11)

= −nee

ϵ0
, (C.12)

where ϕ is the scalar potential of the electric field. Solving this equation for the electric

scalar potential,

ϕ = −ene

2ϵ0
x2, (C.13)

assuming that the electron has been displaced in the x-direction. The equation of mo-

tion for the electron can then be derived from the Lagrangian for a relativistic electron

in an electric potential. From Equation 2.6,

L = −mec
2

√
1− v2

c2
− eϕ, (C.14)

where v is the speed of the particle. Substituting this Lagrangian into the Euler-

Lagrange equation, given by Equation 2.1,

d

dt

(
mev√
1− v2

c2

)
= −e

2ne

ϵ0
x. (C.15)

As the relativistic gamma-factor of the electron is given by γ = 1/
√

1− v2/c2,

d(γv)

dt
= − nee

2

meϵ0
x. (C.16)

In the subrelativistic limit where γ ≈ 1, this equation simplifies. Then, as dv
dt

= d2x
dt2

,

this equation becomes a simple harmonic equation of motion:

d2x

dt2
= − nee

2

meϵ0
x. (C.17)

An electron is thus expected to oscillate about its equilibrium position from which it

was displaced. The characteristic frequency of oscillation is the plasma frequency:

ωp =

√
nee2

meϵ0
. (C.18)
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C.4 Nonlinear Refractive Index of a Plasma

When electrons in the plasma are moving at relativistic speeds, the refractive index of

the plasma is expressed in terms of the relativistic plasma frequency:

η =

√
1−

ω2
p

γω2
. (C.19)

An approximate expression for the refractive index can be obtained by performing the

Taylor series expansion of Equation C.19 with respect to the plasma frequency:

η ≈ 1−
ω2
p

2γω2
. (C.20)

Equation B.56, derived in Appendix B.3, expresses the relativistic γ-factor of an elec-

tron in an electromagnetic plane wave in terms of its longitudinal momentum com-

ponent. Using Equation B.61, also derived in Appendix B.3, the relativistic γ-factor is

expressed in terms of the normalised potential of the electromagnetic wave:

γ = 1 +
1

2
a2. (C.21)

As this electromagnetic potential describes an electromagnetic plane wave, the time-

average of the squared potential is just equal to half of the square of the potential’s

amplitude: ⟨a2⟩ = 1
2
a20. The time-averaged relativistic γ-factor is expressed in terms

of the normalised potential amplitude:

⟨γ⟩ = 1 +
a20
4
. (C.22)

This expression can be substituted into Equation C.20:

η = 1− 1

2

ω2
p

ω2
(
1 +

a20
4

) . (C.23)

This expression can be expanded as a Taylor series around a0 = 0. Expanded up to

the second-order term in the Taylor series, this produces the following expression for

the refractive index of the plasma:

η = 1− 1

2

ω2
p

ω2

(
1− a20

4

)
. (C.24)

The refractive index of the plasma depends not only on the plasma frequency and

the frequency of the electromagnetic wave, but also the amplitude of the normalised

potential of the wave.
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C.4.1 Perturbations to the Refractive Index

Small variations in the refractive index of the plasma are also caused by small per-

turbations in the plasma frequency and the electromagnetic wave frequency. A per-

turbation in the plasma frequency from its initial value is produced by a perturbation

in the electron density in the plasma:

ne = ne,0

(
1 +

δne

ne,0

)
, (C.25)

where ne,0 is the initial plasma density and δne is the perturbation. This expression can

be used if it assumed that δne

ne,0
≪ 1. Similarly, for a perturbation in the electromagnetic

wave frequency,

ω = ω0

(
1 +

δω

ω0

)
, (C.26)

where ω0 is the initial wave frequency and the δω is the perturbation. Again, this

expression is used assuming that δω
ω0

≪ 1. Substituting these perturbative expressions

into Equation 2.24 produces an expression for the perturbed refractive index:

η ≈ 1− 1

2

ω2
p,0

ω2
0

(
1 + δω

ω0

)2(1− a20
4

)(
1 +

δne

ne,0

)
. (C.27)

This expression can be simplified by performing a Taylor series expansion of the per-

turbation of the electromagnetic wave frequency. Assuming that δω
ω0

≪ 1, the expan-

sion is performed around δω
ω0

≈ 0, just up to the first order term:

η ≈ 1− 1

2

ω2
p,0

ω2
0

(
1− a20

4

)(
1 +

δne

ne,0

)(
1− 2

δω

ω0

)
. (C.28)

After expanding the brackets in this expression, it is assumed that the terms that con-

sist of the product of one or more small perturbations terms are negligible. This leaves

an expression with only the first-order terms in the perturbations and the normalised

potential of the electromagnetic wave:

η ≈ 1− 1

2

ω2
p,0

ω2
0

(
1 +

δne

ne,0

− 2
δω

ω0

− a20
4

)
. (C.29)

C.5 Photon Acceleration

A longitudinal gradient in refractive index that is comoving with a laser pulse in plasma

produces a gradient in its phase velocity. The distance between two consecutive

wavefronts travelling with different phase velocities in a laser pulse after propagating
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for a short time interval in plasma is given by Equation 2.30, which is also written here:

z′2 − z′1 = λ0 + (vph, 2 − vph, 1)∆t, (C.30)

where z′2 and z′1 are the longitudinal positions of each of the wavefronts after the time

interval, ∆t, vph, 2 and vph, 1 are their phase velocities and λ0 is the wavelength of

the laser at t = 0. The wavelength is simply the distance between the two consec-

utive wavefronts. Assuming a small difference between the phase velocities of the

wavefronts, the longitudinal gradient in the phase velocity between these points is ap-

proximately constant. The distance between their new longitudinal coordinates can

then be expressed in terms of the gradient in phase velocity across the pulse:

z′2 − z′1 ≈ λ0 +
∂vph
∂z

λ0∆t. (C.31)

The rate of change of the wavelength between the two wavefronts can be determined

in the limit that ∆t→ 0. From first principles of the time derivative,

∂λ

∂t
= lim

∆t→0

(
(z′2 − z′1)− (z2 − z1)

∆t

)
, (C.32)

= lim
∆t→0

(
(z′2 − z2)− (z1 − z′1)

∆t

)
, (C.33)

= vph,2 − vph,1. (C.34)

Comparing this result with Equations C.30 and C.31, the rate of change of the wavelength

is related to the gradient in phase velocity:

vph, 2 − vph, 1 =
∂λ

∂t
=
∂vph
∂z

λ0. (C.35)

Because the refractive index gradient is comoving with the laser pulse, the gradient in

phase velocity is written in terms of the comoving coordinate at any point in time:

∂vph
∂z

=
∂vph
∂ξ

∂ξ

∂z
, (C.36)

=
∂vph
∂ξ

∂

∂z
(ct− z), (C.37)

= −∂vph
∂ξ

. (C.38)

Using vph = c
η
, Equation C.35 describing the rate of change of wavelength can then

be written in terms of the comoving gradient in the refractive index:

∂λ

∂t
= λ0

c

η2
∂η

∂ξ
. (C.39)



218 Appendix C: Laser-Plasma Interactions

It is often useful to find the rate of change of frequency in the laser pulse, rather

than for the wavelength, where ω = 2πc/λ. The result of this conversion is given by

Equation C.40:
1

ω

∂ω

∂t
= − c

η2
∂η

∂ξ
. (C.40)

C.6 Self-Focusing of a Laser Pulse in Plasma

A gradient in refractive index that is transverse to the laser’s direction of propagation

causes the wavefronts to bend. The angle between the centre and the edge of the

laser pulse bends at a rate given by Equation 2.33, which is included here:

∂θ

∂t
=
∂vph
∂r

, (C.41)

where θ is the bending angle, vph is the phase velocity at an arbitrary transverse

coordinate, r, in the laser pulse. The rate of change of the pulse width is expressed

in terms of the group velocity and the angle of the wavefront:

∂w

∂t
= −vg sin θ, (C.42)

where w is the width of the laser pulse, vg is the group velocity at an arbitrary trans-

verse coordinate in the laser pulse. Using the small angle approximation,

∂w

∂t
≈ −vgθ ≈ −cθ. (C.43)

This expression is differentiated with respect to time to produce the second time de-

rivative the laser pulse width:
∂2w

∂t2
= −c∂θ

∂t
. (C.44)

The transverse gradient in the phase velocity of the laser pulse from Equation C.41 is

then substituted into Equation C.44:

∂2w

∂t2
= −c∂vph

∂r
. (C.45)
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As vph = c
η
,

∂vph
∂r

=
∂

∂r

(
c

η

)
= c

∂

∂r

(
1

η

)
, (C.46)

= c
∂

∂η

(
1

η

)
∂η

∂r
, (C.47)

= − c

η2
∂η

∂r
. (C.48)

Equation C.45 can thus be expressed in terms of the refractive index gradient:

∂2w

∂t2
=
c2

η2
∂η

∂r
. (C.49)

C.6.1 Self-Focusing Threshold for a Gaussian Laser Pulse

The condition for the self-focusing of a laser pulse in plasma to overcome the pulse’s

diffraction after reaching its focal position is found by equating the acceleration of the

laser widths due to self-focusing and diffraction:

∂2w

∂t2

∣∣∣∣
diffraction

+
∂2w

∂t2

∣∣∣∣
self−focusing

= 0, (C.50)

where w is the width of the laser pulse.

The pulse width acceleration due to diffraction is now determined analytically for a

laser pulse with a Gaussian intensity profile. The width of a Gaussian laser pulse is

quantified by the beam waist, which is the transverse distance from its centre where

the intensity falls to a factor of 1/e2 of the intensity at the centre. The pulse width as a

function of the longitudinal coordinate is given by Equation C.51 [206]:

w(z) = w0

√
1 +

z2

z2R
, (C.51)

where w0 is the beam waist at focus, z is the longitudinal coordinate of the laser pulse

and zR =
πw2

0

λ
is the Rayleigh range. The Rayleigh range is the longitudinal distance

that the laser pulse travels from its focal position for its pulse width to double [206].

When the laser pulse is near its focal point, z ≪ zR so w ≈ w0. The expression for

the pulse width can be expanded as a Taylor series around z = 0:

w(z) ≈ 1

2

z2

z2R
w0. (C.52)
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The rate of change of the pulse width is then calculated by taking the time derivative

of this expression. The only quantity in the expression that varies with time is the

longitudinal coordinate, which is differentiated with respect to time:

dw(z)

dt
=

z

z2R
w0
dz

dt
. (C.53)

As the laser travels at approximately the speed of light through the plasma, dz
dt

≈ c.

This is used in the calculation of the time derivative:

dw(z)

dt
=

z

z2R
w0c. (C.54)

Taking the second time derivative and applying the same procedure,

∂2w

∂t2
=
c2

z2R
w0. (C.55)

Substituting the expression for the Rayleigh range,

∂2w

∂t2
=

4c4

w3
0ω

2
. (C.56)

This expression describes the pulse width acceleration of the Gaussian pulse due to

its diffraction past its focal position.

Given by Equations 2.35 and C.55, the pulse width accelerations due to self-focusing

and diffraction are substituted into the self-focusing condition given by Equation C.50:

c2ω2
p

8ω2

∂a2

∂r
+

4c4

w3
0ω

2
= 0. (C.57)

The spatial derivative of the square of the normalised potential of the laser pulse

must now be evaluated. The potential of the Gaussian laser pulse is defined as

a(r, z) = a0(z)e
− r2

2w(z)2 [206]. Near the focal point of the laser pulse where z ≈ 0,

w(z) ≈ w0. The square of the normalised potential is calculated and then differenti-

ated with respect to the transverse coordinate:

∂a2

∂r
= −a20

(
2r

w2
0

)
e
− r2

w2
0 . (C.58)

Evaluating this result at r = w0, where the intensity of the laser pulse has reduced by

over half from its peak,

∂a2

∂r
= −a20

(
2r

w2
0

)
e−1 ≈ − a20

w0

. (C.59)
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Substituting this result into Equation C.57, the condition for the laser pulse to self-

focus can then be rearranged and simplified:

a20w
2
0 =

32c2

ω2
p

. (C.60)

When this condition is met, the diffraction of the laser pulse after its focal position is

balanced by its self-focusing in the plasma.

C.7 Linear Plasma Waves

The wave equation for a plasma wave driven by a laser pulse is derived using the fluid

momentum equation, the continuity equation, and Gauss’ law.

Fluid Momentum Equation

The collective motion of electrons displaced by the ponderomotive force of a laser

pulse in a plasma is described by the fluid momentum equation. The Lorentz force on

a small fluid element in the plasma is given by the fluid momentum equation:

me

(
dv

dt
+ (v · ∇)v

)
= −e(E+ v ×B). (C.61)

As the electrons in an LWFA are displaced by a laser pulse, the electromagnetic fields

in Equation C.61 are those of the laser pulse. Expressing the magnetic field and the

electron quiver velocity in terms of the electromagnetic vector potential of the laser

pulse, B = ∇×A and v = eA
me

, the fluid momentum equation is re-expressed:

me
∂v

∂t
= −eE− e2

me

(
(A · ∇)A+A× (∇×A)

)
. (C.62)

Using the following identity, ((A · ∇)A) +A× (∇×A) = 1
2
∇A2, Equation C.62 can

be simplified:

me
∂v

∂t
= −eE− e2

2me

∇A2 (C.63)

Using the normalisation given in Appendix A.1, Equation C.63 is written in terms of

the normalised potential of the laser pulse:

me
∂v

∂t
= −eE− 1

2
mec

2∇a2. (C.64)

This is the fluid momentum equation for an electron in a plasma interacting with the

electromagnetic potential of the laser pulse.
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Continuity Equation

The continuity equation, derived in Appendix A.5, expresses the local conservation of

charge in the plasma:
∂ρ

∂t
+∇ · j = 0. (C.65)

The charge density due to their separation is given by ρ = −e(ne − ni), where ni is

the number density of ions in the plasma. There is also a current density due to the

velocity of the displaced electrons: j = −enev. These expressions are substituted

into Equation C.65:

−e ∂
∂t

(ne − ni)− ene

(
∇ · v

)
= 0. (C.66)

This is the continuity equation for displaced electrons in a plasma.

Gauss’ Law

Gauss’ law is used to determine the electric field produced by the charge separation

as electrons are displaced by the laser pulse:

∇ · E = −e(ne − ni)

ϵ0
. (C.67)

In the derivation of the wave equation for a plasma wave, the divergence of the electric

field is required rather than the electric field vector itself. This form of Gauss’ law is

later substituted into the derivation.

Perturbations to Variables

A perturbative approach is used to derive the wave equation for linear plasma waves.

The electron density in the plasma, the electron velocity, and the electric field due to

the charge separation are perturbed by small amounts from their original values when

the electrons are at their equilibrium positions:

v = v0 + v1, (C.68)

n = n0 + n1, (C.69)

E = E0 + E1. (C.70)

The equilibrium values of these quantities are constants of the motion. In the case of

the electric field, E0 = 0. These quantities are substituted into Equations C.64, C.66,

and C.67. Respectively,

me
∂v1

∂t
= −eE1 −

1

2
mec

2∇a2, (C.71)
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∂n1

∂t
+ n0

(
∇ · v1

)
= 0, (C.72)

∇ · E1 = −en1

ϵ0
. (C.73)

The divergence operator is then applied to the linearised fluid momentum equation,

given by Equation C.71, and the time derivative is applied to the continuity equation,

given by Equation C.72:

me
∂

∂t
(∇ · v1) = −e(∇ · E1)−

1

2
mec

2∇2a2, (C.74)

∂2n1

∂t2
+ n0

∂

∂t
(∇ · v1) = 0, (C.75)

∇ · E1 = −en1

ϵ0
. (C.76)

The linearised continuity equation and Gauss’ law are then substituted into the fluid

momentum equation, given by Equation C.74, producing an equation for a linear

plasma wave driven by a laser pulse:(
∂2

∂t2
+ ω2

p

)(
n1

n0

)
=

1

2
c2∇2a2. (C.77)

This is the wave equation for a linear plasma wave in terms of electron density. The

wave equation can be written in terms of the scalar potential of the plasma wave using

Poisson’s equation, in terms of the normalised units in Appendix A.1:

∇2Φ =
e2n1

mec2ϵ0
. (C.78)

As n0 = ω2
pmeϵ0/e

2,
n1

n0

=
c2

ω2
p

∇2Φ. (C.79)

Substituting this into the wave equation in Equation C.77 and integrating the expres-

sion produces the wave equation in terms of the scalar potential of the plasma wave:(
∂2

∂t2
+ ω2

p

)
Φ =

ω2
p

2
a2. (C.80)

Defining a comoving coordinate with the laser pulse as ξ = z − vgt, where vg is the

group velocity of the laser pulse in the plasma, the wave equation can be expressed

in the spatial domain: (
∂2

∂ξ2
+ k2p

)
Φ =

k2p
2
a2, (C.81)

where kp is the wavenumber of the plasma wave.
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C.8 Electron Density in a Plasma Wave

The motion of electrons in a plasma wave is described by the continuity equation,

given by Equation A.13. Expressed in terms of the electron density and speed in a

plasma wave in one dimension,

∂n

∂t
+

∂

∂z
(nvz) = 0, (C.82)

where n is the density and vz is the velocity of electrons at some position in the

plasma wave. The density of the plasma is perturbed by some amount from its original

value, given by n = n0 + n1, where n0 is the original electron density and n1 is the

perturbation. Substituting this into the continuity equation,

∂n1

∂t
+

∂

∂z

(
(n0 + n1)vz

)
= 0. (C.83)

Defining a comoving coordinate with the laser pulse as ξ = z − ct, where it has been

assumed that vg ≈ c in the plasma, both derivatives can be re-expressed in terms of

the comoving coordinate:
∂

∂t
= −c ∂

∂ξ
, (C.84)

∂

∂z
=

∂

∂ξ
. (C.85)

Substituting these identities into the continuity equation produces an expression that

contains the same spatial derivative:

−c∂n1

∂ξ
+

∂

∂ξ

(
(n0 + n1)vz

)
= 0. (C.86)

This expression can be integrated, producing a relation between the density and the

velocity of electrons in the plasma:

−cn1 + (n0 + n1)vz + const. = 0. (C.87)

The constant is found to be zero by applying the condition vz = 0 when n1 = 0. Then,

the equation is rearranged to make the density perturbation the subject:

n1 =
n0vz
c− vz

. (C.88)



D. Electron-Wakefield Interactions

D.1 Electron Acceleration in the Bubble Regime

The energy change of the electron is calculated from the work done by the longitudinal

electric field component in the bubble. Assuming a uniform charge density inside the

bubble, ρ = ene, the longitudinal electric field component along the z-axis inside the

bubble can be derived using Gauss’ law:

dEξ

dξ
=
ene

ϵ0
, (D.1)

where ξ = vgt− z is the comoving coordinate for the electron in the wakefield moving

with a phase velocity equal to the group velocity of the laser pulse in the plasma.

Integrating Equation D.1 with respect to the comoving coordinate,

Eξ =
ene

ϵ0
ξ (D.2)

The force exerted on an electron by this electric field is given by Fξ = −eEξ, which

can be rewritten as Fξ = −meω
2
pξ. As the comoving coordinate points in the opposite

direction to the z-axis, the force with respect to the z-coordinate is given by Fz = −Fξ.

To simplify the algebra involved in this derivation, the comoving coordinate is set such

that at t = 0, ξ = rb; it can then be written as ξ = (vg − c)t + rb. The force on an

electron along the z-axis can then be written:

Fz = meω
2
p((vg − c)t+ rb). (D.3)

The energy gain of the electron due to the work done by this force can then be derived:

W (z) =

∫
Fzdz, (D.4)

= meω
2
p

∫
((vg − c)t+ rb) dz. (D.5)

(D.6)
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As ξ = vgt−z = −(vg−c)t+rb, z = −rb+ct and so dz
dt

= c. This can be applied to the

expression for the work done by the force on the electron, to produce an expression

for the energy gained by the electron against time:

W (t) = meω
2
pc

∫
((vg − c)t+ rb) dt, (D.7)

= meω
2
pc

(
1

2
(vg − c)t2 + rbt

)
, (D.8)

where the constant of integration is found to be zero as the work done is zero at

t = 0. Equation D.5 can be simplified if it is written in terms of the Lorentz factor

corresponding to the phase velocity of the wakefield:

W (t) = meω
2
pc

2

(
− 1

4γ2p
t2 +

rb
c
t

)
, (D.9)

where (1− vg/c) approximates to half of the inverse square of the Lorentz factor:(
1− vg

c

)
= (1− βg) (D.10)

, =
1 + βg
1 + βg

(1− βg), (D.11)

=
1− β2

g

1 + βg
, (D.12)

=
1

γ2p(1 + βg)
, (D.13)

≈ 1

2γ2p
. (D.14)

The time-progression of the total energy of the electron is simply the initial energy of

the electron at injection added to the work done: E = E0 +W . If it assumed that the

initial energy of the electron is high enough such that its speed is equal to the phase

velocity of the wakefield,

E(t) = γpmec
2 +meω

2
pc

2

(
− 1

4γ2p
t2 +

rb
c
t

)
. (D.15)

Substituting ξ ≈ −t/2γ2p + rb into Equation D.9, it can also be expressed in terms of

the comoving coordinate:

W (ξ) =
1

2
meω

2
pγ

2
p(r

2
b − ξ2), (D.16)

which matches the equation derived by Thomas in 2010 [61].
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D.2 Transverse Scalar Potential in the Bubble Regime

If the electromagnetic potential in the bubble does not evolve over time, then its electric

field is equal to the negative gradient in the scalar potential:

E = −∇ϕ+
�
�
��7
0

∂A

∂t
, (D.17)

= −∇ϕ. (D.18)

Gauss’ law then equates to the second spatial derivative of the scalar potential, pro-

ducing Poisson’s equation. The charge density enclosed in the bubble is estimated

as ρ = ene. The scalar potential can then be calculated from Poisson’s equation in

cylindrical coordinates:

∇2ϕ =
1

r

∂

∂r

(
r
∂ϕ

∂r

)
=
ene

ϵ0
. (D.19)

The scalar potential of the bubble is produced by solving Poisson’s equation:

ϕ =
ene

4ϵ0
r2. (D.20)

D.3 Betatron Oscillations at Constant Energy

The equation of motion for an electron with constant energy is derived inside a cyl-

indrically symmetric, non-evolving bubble in plasma. Using Equation 2.6 for the Lag-

rangian of a relativistic charged particle in an electromagnetic potential, the Lag-

rangian for the transverse motion of an off-axis relativistic electron in the bubble re-

gime can be written:

L = −mec
2
√
1− β2

r − e(vrAr) + eϕ. (D.21)

The transverse equation of motion for the electron is then derived from the Euler-

Lagrange equation:
d

dt

(
γmevr − eAr

)
= −e∂ϕ

∂r
. (D.22)

If the field structure in the bubble is non-evolving, then dA
dt

= 0, or dAr

dt
= 0. The scalar

potential in the non-evolving bubble is expressed in terms of the electron density in the

plasma in Equation D.20, derived in Appendix D.2. The result of the Euler-Lagrange

equation is then simplified and re-written:

d

dt

(
γmevr

)
= −e

2ne

2ϵ0
r. (D.23)
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For an electron with constant energy, the Lorentz factor is a constant of the motion.

Rewriting the rate of change of the radial velocity as the second time derivative of

the radial coordinate of the electron, the equation of motion describes the simple

harmonic oscillation about the central axis of the bubble:

d2r

dt2
= − e2ne

2γmeϵ0
r. (D.24)

Recalling Equation 2.20, this simple harmonic equation of motion can be expressed

in terms of the plasma frequency:

d2r

dt2
= −

ω2
p

2γ
r. (D.25)

D.4 Electron Trajectories in the Bubble Regime

In the bubble regime, an injected electron experiences both a longitudinal force accel-

erating it and a transverse focusing force towards the central longitudinal axis of the

bubble. The transverse motion of the electron in the bubble is considered. The Lag-

rangian describing the transverse motion of the electron initially off-axis in the bubble

can be written:

L = −mec
2
√
1− β2

r − e(vrAr) + eϕ. (D.26)

The transverse equation of motion for the electron produced from the Euler-Lagrange

equation. The scalar potential as a function of the transverse coordinate is derived in

Appendix D.2 and given by Equation D.20. It is also noted that if the field structure in

the bubble is non-evolving, then dA
dt

= 0, or dAr

dt
= 0. These equations are substituted

into the equation of motion:

cβr
dγ

dt
+ cγ

dβr
dt

= −e
2ne

2ϵ0
r. (D.27)

Recalling Equation 2.20 defining the plasma frequency,

cβr
dγ

dt
+ cγ

dβr
dt

= −1

2
ω2
pr. (D.28)

This is different to the result for an electron in the bubble with constant energy be-

cause the Lorentz factor is not a constant of the motion in this case. However, if

βr
dγ
dt

≪ γ dβr

dt
, then the first term in Equation D.28 can be neglected. It is shown that

this is valid in Section 2.10.2. Rewriting the rate of change of the transverse velocity

as the second time derivative of the transverse coordinate then produces a simple
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harmonic equation of motion:
d2r

dt2
= −

ω2
p

2γ
r, (D.29)

where the Lorentz factor is a parameter that varies slowly in time.

D.4.1 Solution for the Electron Trajectory

The equation of motion is in the form of a differential equation describing an electron

performing simple harmonic motion; however, the frequency factor on the right-hand

side is also a function of time. The electron is expected to oscillate about the central

longitudinal axis of the bubble with a slowly varying frequency: Ωβ(t) =
ωp√
2γ(t)

, where

the Lorentz factor is a function of time. An initial guess of the solution to the equation

of motion could be of the form of a trigonometric function of time:

r(t) ∝ sin

[ ∫ t

t0

Ωβ(t) dt

]
, (D.30)

∝ i

2

(
e
i
∫ t
t0

Ωβ(t) dt − e
−i

∫ t
t0

Ωβ(t) dt
)
. (D.31)

The validity of this trial solution can be checked by substituting this expression into

the equation of motion:

i
dΩβ(t)

dt

((
e
i
∫ t
t0

Ωβ(t)dt + e
−i

∫ t
t0

Ωβ(t)dt
)
−������

Ωβ(t)
2r(t) +������

Ωβ(t)
2r(t) = 0. (D.32)

The trial solution only satisfies the equation of motion when the rate of change of

the frequency is zero. However, the solution approximately satisfies the equation of

motion when dΩβ(t)

dt
≪ Ωβ(t)

2, when the frequency of oscillation is slowly varying. The

WKB approximation is applied to derive solution, as was performed by Kostyukov et

al. in 2004 [130]. The trigonometric function in Equation D.31 is used as a zeroth

order approximation for the solution:

r(t) = R
i

2

(
eiu(t) − e−iu(t)

)
, (D.33)

= R
i

2

(
ψ1(t) + ψ2(t)

)
, (D.34)

where u(t) is an arbitrary function of time and R is the amplitude of oscillation , which

will be determined later in the derivation. ψ1(t) = eiu(t) and ψ2(t) = e−iu(t) both satisfy

the equation of motion of the electron, which will be shown. Because the equation of

motion is a homogeneous, linear differential equation, ψ1(t)+ψ2(t) is also a solution.
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Substituting ψ1(t) into the equation of motion,

i
d2u(t)

dt2
���eiu(t) −

(
du(t)

dt

)2

���eiu(t) + Ωβ(t)
2
���eiu(t) = 0. (D.35)

i
d2u(t)

dt2
−
(
du(t)

dt

)2

+ Ωβ(t)
2 = 0. (D.36)

If d2u(t)
dt2

=
dΩβ

dt
≈ 0, valid as Ωβ(t) is slowly varying, it follows that an initial zeroth order

approximation for the unknown function can be made:

u0(t) = ±
∫ t

t0

Ωβ(t)dt. (D.37)

This function produces a solution that has a constant amplitude, which perhaps neg-

lects any change in amplitude due to the evolution of the transverse momentum of

the electrons as it is accelerated. Rearranging Equation D.36 with u(t) = u0(t), a first

order approximation for the unknown function can be made:

u1(t) =

∫ t

t0

√
Ωβ(t)2 + i

d2u0(t)

dt2
dt. (D.38)

Expanding the integrand in this expression as a Taylor series around dΩβ

dt
= 0,

u1(t) =

∫ t

t0

Ωβ(t)

√
1± i

Ωβ(t)2
d2u0(t)

dt2
dt, (D.39)

≈
∫ t

t0

(
Ωβ(t)±

i

2Ωβ(t)

dΩβ(t)

dt

)
dt, (D.40)

=

∫ t

t0

Ωβ(t) dt±
i

2

∫ t

t0

dΩβ

Ωβ

, (D.41)

=

∫ t

t0

Ωβ(t) dt±
i

2
ln (Ωβ(t)). (D.42)

This result for u(t) is substituted into ψ1(t):

ψ1(t) =
√

Ωβ(t)e
i
∫ t
t0

Ωβ(t) dt. (D.43)

Following the same procedure for ψ2(t) produces a result in a similar form:

ψ2(t) =
√
Ωβ(t)e

−i
∫ t
t0

Ωβ(t) dt. (D.44)

Equations D.43 and D.44 can then be substituted into the initial approximation for

the solution, given by Equation D.34. Defining a temporary constant, R′, such that
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R =
√
Ωβ(t)R

′,

r(t) = R′
√
Ωβ(t)

i

2

(
e
i
∫ t
t0

Ωβ(t)dt + e
−i

∫ t
t0

Ωβ(t)dt

)
, (D.45)

= R′
√
Ωβ(t) sin

[ ∫ t

t0

Ωβ(t) dt

]
. (D.46)

The time progression of the transverse momentum of the oscillating electron is now

derived. This not only provides a more comprehensive description of the dynamics of

the electron’s motion, but also allows the amplitude of oscillation to be expressed in

terms of the initial properties of the electron at the point of injection. The transverse

velocity component of the electron is first calculated by differentiating Equation D.46

with respect to time:

vr(t) =
dr(t)

dt
=
1

2
R′dΩβ(t)

dt
Ωβ(t)

− 1
2 sin

[ ∫
Ωβ(t) dt

]
+

R′Ωβ(t)
3
2 cos

[ ∫
Ωβ(t) dt

]
.

(D.47)

To compare the two terms, the second term is written in the same form as the first:

vr(t) =
dr(t)

dt
=
1

2
R′dΩβ(t)

dt
Ωβ(t)

− 1
2 sin

[ ∫
Ωβ(t) dt

]
+

R′Ωβ(t)
2Ωβ(t)

− 1
2 cos

[ ∫
Ωβ(t) dt

]
.

(D.48)

The WKB approximation requires that dΩβ(t)

dt
≫ Ωβ(t)

2, which is valid for the case of

an ultrarelativistic electron in the bubble regime, as explained in Section 2.10.2. The

first term in Equation D.48 is thus neglected:

vr(t) ≈ R′Ωβ(t)
3
2 cos

[ ∫
Ωβ(t) dt

]
. (D.49)

The transverse momentum of the electron is then calculated by pr(t) = γ(t)mevr(t).

In the expression, the time-varying frequency of oscillation is expressed in terms of

the Lorentz factor, Ωβ(t) = ωp/
√

2γ(t), producing the following expression for the

transverse momentum against time:

pr(t) =
meω

3
2
p R′

2
3
4

γ(t)
1
4 cos

[ ∫
Ωβ(t) dt

]
. (D.50)

At t = 0, the initial transverse momentum of the electron is determined by its initial
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Lorentz factor:

pr0 =
meω

3
2
p R′

2
3
4

γ
1
4
0 , (D.51)

where the zero subscript denotes the initial values at injection. From this expression,

the temporary constant can be expressed in terms of these initial parameters:

R′ =
2

3
4pr0

meω
3
2
p

γ
− 1

4
0 . (D.52)

Substituting Equation D.52 into Equation D.50 produces the equation for the time

progression of the transverse momentum of the electron:

pr(t) = pr0

(
γ(t)

γ0

) 1
4

cos

[ ∫
Ωβ(t) dt

]
. (D.53)

Substituting Equation D.52 into Equation D.46 produces the equation for the progres-

sion of the transverse coordinate of the electron:

r(t) =
pr0
meωp

√
2

γ0

(
γ0
γ(t)

) 1
4

sin

[ ∫
Ωβ(t) dt

]
. (D.54)

Equations D.53 and D.54 are solutions for the transverse momentum and coordinate

of the oscillating electron in the bubble regime, written in terms of its initial transverse

momentum and Lorentz factor.



E. Synchrotron Radiation Properties

E.1 Angular Intensity Distribution of Radiated Synchro-

tron Radiation

The Poynting vector describes the energy flux of the radiation and can be calculated

from the far-field terms of the electromagnetic fields:

S =
1

µ0

E×B =
E2

cµ0

n, (E.1)

where E and B are the electic and magnetic fields of the radiation, and n is the

unit vector in the direction of the observer from the electron’s position. It is taken

that n · E = 0 for the far-field. The Liénard-Wiechert fields are the electromagnetic

fields of the synchrotron radiation produced by an accelerating charged particle. In

this work, the charged particle being considered is an electron. The far-field term in

the Liénard-Wiechert field, given in Equation 2.76, can be substituted into the above

Poynting vector expression:

S =
e2

(4π)2ϵ0c

∣∣∣∣n× ((n− β)× β̇)

r(1− n · β)3

∣∣∣∣2
ret

n. (E.2)

This Poynting vector describes the energy flux of the observed radiation. To describe

the energy flux of the emitted radiation, in terms of the retarded time, the difference

between corresponding time intervals in the retarded and observed needs to be ac-

counted for. This difference arises from the motion of the electron and its distance

from the observer, as described in Section 2.11.1. Using Equation 2.74, the Poynting

vector of the emitted radiation can be expressed:

Sret =
dS′

dtret
=

dS′

dtobs

dtobs
dtret

, (E.3)

= S
dtobs
dtret

, (E.4)

= S (1− n · β), (E.5)

233
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where S′ =
∫
S dtobs =

∫
S dtret, which describes the direction along which the energy

density is radiated. At any point along an electron’s trajectory, the total power emitted

by the electron is calculated by integrating the Poynting vector over the entire surface

area enclosing all of the emitted radiation:

P =

∫
Ω

Sret · n r2 dΩ, (E.6)

where Ω is the solid angle covered by the radiation, n is the unit vector in the direction

of the observer from the electron’s position and r is the distance of the electron to the

observer. The angular distribution of emitted power can thus be expressed:

dP

dΩ
= (Sret · n) r2. (E.7)

The expression for the Poynting vector, given by Equation E.2, is substituted into

Equation E.7 and the result is simplified:

dP

dΩ
=

e2

(4π)2ϵ0c

(
n× ((n− β)× β̇)

)2
(1− n · β)5

. (E.8)

E.1.1 Total Radiated Power

The total power radiated by an accelerating electron is derived by integrating the en-

tire angular power distribution over the solid angle that it covers. To simplify the in-

tegration, the triple vector product is re-expressed in terms of scalar products using

the identity a× b× c = (a · c)b− (b · c)a. Then, expanding the square of the triple

vector product,

P =
e2

(4π)2ϵ0c

∫ 2π

−2π

(
− (1− β2)(n · β̇)2 + (1− n · β)2β̇2 +

2(1− n · β)(β · β̇)(n · β̇)
)

dΩ

(1− n · β)5
.

(E.9)

The angle between the electron velocity and the electron observer displacement is

defined as cos θ = n · β. The angle between the velocity and acceleration is defined

as cosϕ = β · β̇

|β̇| . The angle between the acceleration vector and the electron-

observer displacement is simply the difference in these angles. Expressing the scalar

products in Equation E.9 in terms of these angles,
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P =
e2

(4π)2ϵ0c

∫ 2π

−2π

β̇2

(
(1− 2β2 cos2 θ + β2) cos (θ − ϕ)−

2(cos2 (θ − ϕ)− β cosϕ cos (θ − ϕ))(1− β cos θ) +

1− 2β cos θ + β2 cos2 θ)

)
dΩ

(1− β cos θ)5
.

(E.10)

Using the trigonometric identity, cos(θ − ϕ) = cos θ cosϕ− sin θ sinϕ, this expression

can be simplified:

P =
e2

(4π)2ϵ0c

∫ 2π

−2π

β̇2

(
(β2 − 1)(cos2 θ cos2 ϕ+

1

2
(1− cos2 θ) sin2 θ)

2 cos2 ϕ cos θβ(1− β cos θ) +

(1− 2β cos θ + β2 cos2 θ)

)
dΩ

(1− β cos θ)5
.

(E.11)

The infinitesimal solid angle element can be written as dΩ = 2π d(cos θ). Defining

u = cos θ, then du = d(cos θ) and dΩ = 2π du. Thus, the integral can be rewritten:

P =
e2β̇2

8πϵ0c

∫ 1

−1

(
(β2 − 1)(u2 cos2 ϕ+

1

2
(1− u2) sin2 ϕ) +

2 cos2 ϕuβ(1− βu) + 1− 2βu+ β2u2
)

du

(1− βu)5
.

(E.12)

Expanding the integrand,

P =
e2β̇2

8πϵ0c

∫ 1

−1

(
(1− u2) +

sin2 ϕ

((
3

2
+

1

2
β2

)
u2 − 2βu− 1

2
(1− β2)

))
du

(1− βu)5
.

(E.13)

The integration can be performed by introducing the variable v = 1 − βu, and thus

dv = −β du. Substituting these variables into Equation E.13,

P =
e2β̇2

8πϵ0cβ3

∫ 1+β

1−β

(
(β2 − 1 + 2v − v2) +

sin2 ϕ

(
1

2
(3− 4β2 + β4) + (β2 − 2)v +

1

2
(3 + β2)v2

))
dv

v5
.

(E.14)
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The integral is now in a form that can be evaluated analytically:

P =
e2β̇2

4πϵ0cβ3

[(
β2 − 1

4v4
+

2

3v3
− 1

2v2

)
+ (E.15)

sin2 ϕ

(
(3− β2)(1− β2)

8v4
+
β2 − 3

3v3
+

3 + β2

4v2

)]1+β

1−β

, (E.16)

After some tedious algabraic manipulation, this result produces an expression for the

total power radiated by the accelerating electron:

P =
e2β̇2

8πϵ0cβ3
γ6
(
2

3
β3 − 2

3
β5 sin2 ϕ

)
, (E.17)

=
e2

6πϵ0c
γ6(β̇2 − β̇2β2 sin2 ϕ). (E.18)

The second term in this expression is the square of the vector product of the velocity

and acceleration vectors of the electron. The total radiated power can be written in

terms of the velocity and acceleration vectors of the electron:

P =
e2

6πϵ0c
γ6
(
β̇2 − (β̇ × β)2

)
. (E.19)

E.1.2 Angular Intensity Distribution Radiated by an Electron Fol-

lowing a Circular Trajectory

The spatial distribution of the power emitted by an electron undergoing some sort of

acceleration was derived earlier in the appendix and is given by Equation E.20:

dP

dΩ
=

e2

(4π)2ϵ0c

(
n× ((n− β)× β̇)

)2
(1− n · β)5

. (E.20)

The angular power distribution depends on the angle between the vectors in this equa-

tion. It is more convenient to express the angular power distribution in a spherical

coordinate system, while the vectors are often expressed as Cartesian vectors. The

Cartesian unit vectors (ϵ1, ϵ2, ϵ3) are related to the angular unit vectors (n, θ̂, ϕ̂) by

the rotation matrix:ϵ1

ϵ2

ϵ3

 =

sin θ cosϕ cos θ cosϕ − sinϕ

sin θ sinϕ cos θ sinϕ cosϕ

cos θ − sin θ 0


n

θ̂

ϕ̂

 . (E.21)

The angle between the electron velocity and the electron observer displacement is

defined as cos θ = n · β. The angle between the velocity and acceleration is defined
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as cosϕ = β · β̇

|β̇| . For an electron following a circular trajectory, the coordinate system

is set up such that β = βϵ1 and β̇ = β̇ϵ3. The first vector product in Equation E.20

can thus be expressed in terms of the angular unit vectors:

(n− β)× β̇ = n× β̇ − β × β̇, (E.22)

= β̇(n× ϵ1)− ββ̇(ϵ1 × ϵ3), (E.23)

= β̇(0ϵ1 + n cosϕϵ2 + n sinϕϵ3)− ββ̇ϵ2, (E.24)

= β̇(0ϵ1 + cosϕϵ2 + sinϕϵ3)− ββ̇ϵ2, (E.25)

= β̇(cos θ cosϕϕ̂+ sinϕθ̂) −

ββ̇(sin θ sinϕn+ cos θ sinϕθ̂ − sin θϕ̂) (E.26)

= β̇
(
(β sin θ sinϕ)n+ (sinϕ− β cos θ sinϕ)θ̂ + (E.27)

(cos θ cosϕ− β cosϕ)ϕ̂
)
.

Then, calculating the second vector product in Equation E.20,

n×
(
(n− β) × β̇

)
= (n+ 0θ̂ + 0ϕ̂)×

β̇
(
(β sin θ sinϕ)n +

(sinϕ− β cos θ sinϕ)θ̂ + (cos θ cosϕ− β cosϕ)ϕ̂
)
, (E.28)

= β̇
(
0n+ (β cosϕ− cos θ cosϕ)θ̂ +

(sinϕ− β cos θ sinϕ)ϕ̂
)
. (E.29)

The square of this vector product is then calculated:

(
n×

(
(n− β) × β̇

))2
= β̇2

(
cos2 ϕ(β − cos θ)2 + sin2 ϕ(1− β cos θ)2

)
, (E.30)

= β̇2
(
cos2 ϕ sin2 θ(1− β2) + (1− β cos θ)2

)
. (E.31)

This result can then be substituted into Equation E.20:

dP

dΩ
=

e2

(4π)2ϵ0c
β̇2

(
cos2 ϕ sin2 θ(1− β2) + (1− β cos θ)2

(1− n · β)5

)
. (E.32)

The denominator of Equation E.20 can also be written in terms of the angle between

the vectors: (1 − n · β)5 = (1 − β cos θ)5. Also, (1 − β2) = γ−2. The angular power

distribution of the radiation can then be expressed solely in terms of the magnitude of

the vectors describing the motion of the electron and the angular coordinates relative

to the electron’s position:

dP

dΩ
=

e2

(4π)2ϵ0c

β̇2

(1− β cos θ)3

(
1− cos2 ϕ sin2 θ

γ2(1− β cos θ)2

)
. (E.33)
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E.2 Angular Energy Density Distribution in an LWFA

A two-dimensional and a three-dimensional model for the angular energy density dis-

tribution of the radiation beam are derived for an electron following a sinusoidal traject-

ory with K ≫ 1. The two-dimensional model produces an distribution of the energy

radiated per unit angle; the three-dimensional model produces an expression for the

energy radiated per unit solid angle.

E.2.1 Two-Dimensional Model

The total energy radiated by an electron can be obtained by integrating the angular

intensity distribution over the whole angular range covered in its trajectory:

W =

∫
U(θe) dθe, (E.34)

where U(θ) = dW
dθe

is the energy radiated per unit angle and θe is the angle between

the electron’s direction of travel and the z-axis. This is the direction that the electron

emits its radiation cone. The quantity dW
dθe

can be re-expressed using the chain rule:

dW

dθe
=
dW

dtret

dtret
dθe

, (E.35)

where tret is the time at which the electron emits the radiation. The first derivative is

the rate at which the electron emits energy, which is the power emitted by the electron:

dW

dθe
= P (tret)

dtret
dθe

. (E.36)

The second derivative is the rate of change if time with respect to the direction of travel

of the electron; this accounts for the amount of time spent by the electron travelling in

each direction. If the power emitted in a specific direction is considered, so the power

is written in terms of the angle rather than time, then:

dW

dθe
= P (θe)

dtret
dθe

. (E.37)

Both of these derivatives will be evaluated and expressed in terms of the angle of

divergence in the electron’s trajectory, θe.

Power Emitted by Electron

The power emitted by the electron is given by the Liénard formula. For an electron fol-

lowing a sinusoidal trajectory, the transverse acceleration dominates the power emit-
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ted. Only this contribution to the emitted power is considered, which is given by Equa-

tion 2.84. The transverse momentum of the electron can is given by pr = γmeβrc,

where βr is the transverse component of the velocity factor of the electron. An expres-

sion for this quantity was derived in Section 2.10 for an electron following a sinusoidal

trajectory, moving with constant energy. The expression is given by Equation 2.64,

which is repeated here:

βr(tret) = −kβrβ sinωβtret, (E.38)

where kβ is the wavenumber, rβ is the amplitude and ωβ is the frequency of oscillation

of the electron. Substituting this into pr = γmeβrc and differentiating this with respect

to time produces an expression for the rate of change of angular momentum:

dpr
dtret

= meω
2
βrβ cos (ωβtret). (E.39)

Substituting this into the expression for the transverse contribution to the emitted

power, given by Equation 2.84, then produces an expression for the power emitted

by the electron as a function of time:

P (tret) =
e2

6πϵ0c3
γ4ω4

βr
2
β cos

2 (ωβtret). (E.40)

This equation can be written in terms of the angle between the electron’s trajectory

and the z-axis. It was shown in Section 2.12.1 that, when much smaller than unity, the

angle of divergence of an ultrarelativistic electron’s trajectory can be expressed as a

function of the retarded time:

θe(tret) = −K
γ

sin (ωβtret) (E.41)

where ωβ is the frequency of the betatron oscillations and K is the dimensionless

K-parameter of the electron. Expressing the square of this angle,

(
θe(tret)

)2
=
K2

γ2
sin2 (ωβtret), (E.42)

=
K2

γ2
(
1− cos2 (ωβtret)

)
. (E.43)
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By substituting Equation E.43 into Equation E.40 for the emitted power,

P (tret) =
e2

6πϵ0c
ω2
βK

2γ2(1− sin2 (ωtret)), (E.44)

=
e2

6πϵ0c
ω2
βγ

4

(
K2

γ2
− K2

γ2
sin2 (ωtret)

)
, (E.45)

=
e2

6πϵ0c
ω2
βγ

4

(
K2

γ2
− θe(tret)

2

)
. (E.46)

Hence,

P (θe) =
e2

6πϵ0c
ω2
βγ

4

(
K2

γ2
− θ2e

)
. (E.47)

Rate of Change of Time with respect to Angle

To evaluate the derivative dtret
dθ

in Equation E.37, Equation E.43 is first rearranged:

tret =
1

ωβ

arcsin

(
− γ

K
θe

)
. (E.48)

Then, differentiating this expression,

dtret
dθe

=
1

ωβ

−γ
K√

1− γ2

K2 θ2e

, (E.49)

=
−1

ωβ

√
K2

γ2 − θ2e

. (E.50)

However, a negative gradient in time does not make any real physical sense. The

negative sign is due to the decrease in the angle over time. It is the magnitude of this

derivative that is of interest, as it quantifies the amount of time spent by the electron

radiating in any chosen direction. Equation E.37 could be written to account for this:

dW

dθe
= P (θe)

∣∣∣∣dtretdθe

∣∣∣∣. (E.51)

Energy Radiated per unit Angle

Substituting Equations E.46 and E.50 into Equation E.51, an expression for the angu-

lar energy density distribution is produced:

dW

dθe
=

e2

6πϵ0c
γ4ωβ

√
K2

γ2
− θ2e . (E.52)
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E.2.2 Three-Dimensional Model

The main difference between the two-dimensional and the three-dimensional model

derived here is that in this derivation the intensity distribution of the radiation cone is

considered, rather than assuming that all of the radiation power is emitted in the plane

of oscillation of the electron. The total power radiated by the electron can be found by

integrating the angular intensity distribution of the radiation cone over all solid angles,

which would produce a function of time for the total radiated power. The total energy

radiated by the electron during its trajectory is found by integrating this function with

respect to time:

W =

∫∫∫
dP

dΩ
dθy dθx dtret, (E.53)

where dP
dΩ

is the power radiated per unit solid angle in the radiation cone and θx and

θy are the angles of divergence along the x-axis and y-axis. If this expression is

differentiated with respect to θy,

dW

dθy
=

∫∫
dP

dΩ
dθx dtret. (E.54)

Similarly to the derivation of the two-dimensional model, this expression can be written

in terms of the direction of travel of the electron by applying the chain rule:

dW

dθy
=

∫∫
dP

dΩ
dθy dθx

dtret
dθe

dθe, (E.55)

Rearranging,
d2W

dθy dθe
=

∫
dP

dΩ
dθx

dtret
dθe

. (E.56)

The derivative dtret
dθe

can be interpreted as the amount of time taken for the electron to

pass through each angle covered by it trajectory. This is the key quantity in determin-

ing the divergence of the angular energy density distribution produced by the electron

over its entire trajectory.

Integrating the Intensity Distribution of the Radiation Cone

While a sinusoidal electron trajectory is being considered here, it has been shown

that most of the radiation power is emitted around the turning points of the traject-

ory. It is shown in Section 2.12.2 that a circular arc can be used to approximate the

trajectory around its turning points. For an ultrarelativistic electron following an ap-

proximately circular trajectory, the angular intensity distribution of the radiation cone

is approximated by Equation 2.86, which is repeated here:
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dP

dΩ
=

e2

2π2ϵ0c

γ6β̇2

(1 + γ2θ2)3

(
1− 4γ2θ2 cos2 ϕ

(1 + γ2θ2)2

)
, (E.57)

where β̇ is the rate of change of the speed factor of the electron and θ is the polar

angle in the angular intensity distribution of the radiation cone. It is important to note

that θ ̸= θe; θe is the direction of travel of the electron, whereas θ refers only to the

angular distribution of the radiation cone at a specific point in time.

The angular intensity distribution of the radiation cone is written in a spherical polar

coordinate system. However, it is easier to understand the intensity of the radiation

while the electron oscillates in a Cartesian coordinate system. The angles in the

spherical coordinate system are transformed to angles of divergence along the x-axis

and y-axis:

θx = θ cosϕ, (E.58)

θy = θ sinϕ. (E.59)

The angular intensity of the radiation cone can ten be written in terms of these angles:

dP

dΩ
=

e2

2π2ϵ0c

γ6β̇2

(1 + γ2θ2x + γ2θ2y)
3

(
1− 4γ2θ2x

(1 + γ2θ2x + γ2θ2y)
2

)
, (E.60)

where the electron oscillates in the x-z plane. To derive the angular energy density

distribution in Equation E.56, the angular distribution of the radiation cone needs to

be integrated with respect to θx:∫ π

−π

dP

dΩ
dθx =

e2

2π2ϵ0c
γ6β̇2

∫ π

−π

1

(1 + γ2θ2x + γ2θ2y)
3

(
1− 4γ2θ2x

(1 + γ2θ2x + γ2θ2y)
2

)
dθx,

(E.61)

=
e2

2π2ϵ0c
γ6β̇2

(
3π

8γ(1 + θ2y)
5
2

− 5π

32γ(1 + γ2θ2y)
7
2

)
(E.62)

For an electron following a sinusoidal trajectory, the acceleration of the electron can

be written in terms of the K-parameter and the direction of travel of the electron:

β̇ =
dβr
dtret

=
d

dtret
(−kβrβ sin (ωβtret)), (E.63)

= −
ω2
β

c
rβ cos (ωβtret), (E.64)

= −
ω2
β

c
rβ

√
1− γ2θ2e

K2
. (E.65)
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Substituting this into Equation E.62,∫ π

−π

dP

dΩ
dθx =

e2

16πϵ0c3
γ5ω4

βr
2
β

(
1− γ2θ2e

K2

)
F (θy), (E.66)

where F (θy) is a function of the divergence angle in the direction perpendicular to the

plane of oscillation:

F (θy) =
1

(1 + γ2θ2y)
5
2

(
3− 5

4(1 + γ2θ2y)

)
. (E.67)

Rate of Change of Time with respect to Angle

The quantity dtret
dθe

was already derived in the two-dimensional case, and is briefly

recapped here. Equation E.43 expresses the direction of travel of the electron as a

function of time. This equation is first rearranged:

tret =
1

ωβ

arcsin

(
− γ

K
θe

)
. (E.68)

Then, differentiating this expression,

dtret
dθe

=
− γ

K

ωβ

√
1− γ2θ2e

K2

. (E.69)

Energy Density Distribution

Substituting Equations E.66 and E.50 into Equation E.56 , an expression is produced

for the angular energy density distribution of the radiation produced by an electron

over its entire sinusoidal trajectory:

d2W

dθy dθe
=

∫
dP

dΩ
dθx

dtret
dθe

, (E.70)

=
e2

16πϵ0c3
γ3ω4

βr
2
β F (θy)

(
1− γ2θ2e

K2

) − γ
K

ωβ

√
1− γ2θ2e

K2

, (E.71)

=
e2

16πϵ0c3
γ6

K
ω3
βr

2
β F (θy)

√
1− γ2θ2e

K2
, (E.72)

=
e2

16πϵ0c
γ5ωβ F (θy)

√
K2

γ2
− θ2e . (E.73)

Written in full,

d2W

dθy dθe
=

e2

16πϵ0c
γ5ωβ

√
K2

γ2
− θ2e

[
1

(1 + γ2θ2y)
5
2

(
3− 5

4(1 + γ2θ2y)

)]
. (E.74)
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E.3 Inverse Doppler Shifting Factor

A time interval in the retarded time corresponds to a time interval in the time of obser-

vation according to Equation 2.75:

dtobs = dtret (1− n · β). (E.75)

When the speed of an electron is close to the speed of light, so β ≈ 1, the factor can

be approximated when the electron is travelling in the direction towards the observer:

(1− n · β) ≈ (1− β) (E.76)

= (1− β) · 1 + β

1 + β
(E.77)

=
1− β2

1 + β
(E.78)

≈ 1

2γ2
. (E.79)

E.4 Duration of a Synchrotron Radiation Flash

An electron performing instantaneous circular motion produces synchrotron radiation

in a cone with an opening angle given by Equation 2.87: θcone = 2
γ
. As the elec-

tron moves around its trajectory, the radiation is seen as a flash by a stationary

observer, whose duration depends on the amount of time that the radiation cones

spends sweeping across the observer’s position. The front of the observed radiation

flash is emitted when one edge of the cone points in the direction of the observer, as

can be seen in Figure 19. The back of the observed radiation flash is emitted when

the other edge of the cone points in the direction of the observer. The duration of

the observed radiation flash is the difference in time between the first photon passing

through the ending position of the electron and when the last photon is emitted at that

ending position:

∆tflash = tend − tstart. (E.80)

The arc made by the electron trajectory producing the radiation flash has an angle

equal to the angle of the radiation cone, as shown in Figure 19. Its length is also

determined by the radius of curvature of the electron’s trajectory. The time taken for

the radiation to travel in a straight line from the starting point of the electron to the

ending point can be written:

tstart =
2ρ sin 1

γ

c
, (E.81)
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where ρ is the radius of curvature. The electron emits the final photon in the flash after

travelling the length of the arc: s = ρθcone = 2ρ/γ. The time taken for the electron to

travel this length depends on the speed of the electron:

tend =
2ρ

βcγ
. (E.82)

Substituting Equations E.81 and E.82 into the definition for the duration of the radiation

flash, given by Equation E.80,

∆tflash =
2ρ

βcγ
−

2ρ sin 1
γ

c
. (E.83)

Considering an ultrarelativistic electron in instantaneous circular motion, the recip-

rocal of the Lorentz factor is close to zero. The trigonometric function is expanded as

a Taylor series up to its third order term:

sin
1

γ
=

1

γ
− 1

6γ3
. (E.84)

This expansion is then substituted into Equation E.83:

∆tflash =
2ρ

βcγ
− 2ρ

c

(
1

γ
− 1

6γ3

)
(E.85)

=
2ρ

βcγ

(
1− β

(
1− 1

6γ2

))
, (E.86)

=
2ρ

6βcγ

(
6− 6β +

1

γ2

)
. (E.87)

Using the identity γ−2 = 1− β2 derived in Appendix E.3,(
6− 6β +

1

γ2

)
= 6(1− β) +

1

γ2
, (E.88)

= 6(1− β)
1 + β

1 + β
+

1

γ2
, (E.89)

= 6
1− β2

1 + β
+

1

γ2
, (E.90)

=
6

γ2(1 + β)
+

1

γ2
, (E.91)

=
1

γ2

(
6

1 + β
+ 1

)
, (E.92)
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The factor in Equation E.87 can be simplified when considering an ultrarelativistic

electron, as β ≈ 1: (
6− 6β +

1

γ2

)
=

1

γ2
6 + (1 + β)

1 + β
, (E.93)

≈ 4γ−2. (E.94)

Substituting this factor into Equation E.87 produces the expression for the duration of

the synchrotron radiation flash:

∆tflash =
4ρ

3cγ3
. (E.95)
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