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Abstract  

In Part I the analysis of spin-spin multiplets 

encountered in nuclear magnetic resonance spectra is 

presented with particular reference to the program- 

ming of A2B2 and ABC systems. 	Applications to 

practical spectra are given. 

Part II describes theoretical studies of the 

ring current contribution to the chemical shift and 

diamagnetic anisotropy. The factors influencing the 

shielding of protons in aromatic systems are reviewed. 

A new perturbation theory for a self-consistent field 

treatment is presented, results for a number of 

molecules are obtained and compared with those of a 

more approximate theory developed by McWeeny. It is 

shown that the new theory improves appreciably the 

value for the ring current contribution to these two 

quantities, when heteroatoms are present in the mole-

cule. The method has been applied to naphthalene, 

azulene, 1-Me-2-pyridone, 1-Me-4-pyridone, 1-Me-2-cyclo-

pentadieny1-1,2--dihydropyridine, 1-Me-4-cyclopenta-

dieny1-1,4-dihydropyridine, 4-(1-Indenylidene)-1-Me-

-1,4-dihydropyridine, cyclazine, pyridine, pyrimidine, 

S-triazine, cyclopentadienyl ion, tropilium ion, and 

where possible compared with experiment. 



This theory is developed in a general form, based 
it 

on Schrodinger formulation, which should be applicable 

to molecules where the 6-- and 1r-electronic systems 

are not separable. 
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1. 

Analysis of Spin-Spin Multiplets  

I. 	Introduction  

The mathematical theory of spin-spin coupling is 

well developed1'2'3'4. 

The Hamiltonian of a system of nuclei is built up 

from two terms 

11( ° ) 	(2 A) yi  Hi  Iz  (i) 

H(1) . 2: Jig 	(1)  . 	0)  
i(J 

where ei  is the magnetogyric ratio of nucleus i, Hi  is 

the magnetic field experienced by nucleus i, and the 

direction of the applied magnetic field Ho  is considered 

as the negative z direction. 	Iz is the component of 

the spin in the z direction. Jib  are the coupling con-

stants. We can put 

Hi = Ho (1 - 	) 

dl being the shielding constant. 

The simplest set of functions describing this many-

spin system would be the 2P  basic product spin functions 



H(1)1to 1 
4 	 j Ji  T.. i(j 

2. 

ylf,; . a (1) p (2) a (3) 	 p (p) and the Hamiltonian 

can be simplified if the molecule possesses elements 

of symmetry, using a linear combination of basic product 

function Yn° 

It can also be shown2 that for nuclei with I = 

1) H(0)is a diagonal matrix with elements 

< \fr/rn• I 	° krm 	( 2  ) -1 

where lIz(i)l in  is a  if nucleus i has a spin in 	and 

-2 1  if it has p spin. 

2) The matrix elements of 1-1
(1) 
 are, 

1 
2 

H( 1)1 1/40 = 

whereTi  .j  = - 1 depending on whether spins i and j are 

parallel or antiparallel in Y-", and lf= i if y 
differs from 1)4.-ci  by an interchange of spins i and j, 

and zero if otherwise. 

3) No mixing occurs between functions with different 

values of the total spin component Fz  neither between 



3. 

functions of different symmetry. 

4) The number of possible transitions is limited by 

the selection rule 6Fz = t 1. 

With these rules, the Hamiltonian can be constructed, 

and the eigenvalues, and hence transition energies, and 

eigenvectors found by solving the secular equation 

t Emn -;E mai =  

The eigenvectors of the Hamiltonian yield the intensities 

of the transitions since the intensities of the lines are 

proportional to the transition probability in the x direc-

tion: 

412  R q t Eli 	( ) I q')2 2 
	

(1) 

for the q--.4q 1  transition. 

Returning to the Hamiltonian H, it can be seen that 

the problem of the analysis of spectra can be divided 

into two main categories: 

a) The Hamiltonian is such that explicit expressions for 

the energies can be derived. 

b) No explicit expressions can be derived and solution 

of the problem involves iterative methods. 
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In the last case the technique developed by Reilly 

and Swalen5  has been followed. 

Estimates are made of the spectral parameters, and 

the corresponding Hamiltonian is built up. The eigen-

values and eigenvectors of this Hamiltonian, H, are 

found. From the experimental spectrum, a transition 

energy diagram is constructed, from which the experi-

mental energy levels, i.e. the experimental eigenvalues 

3 

1 2 

1. 
-2 

3 
-2 

  

Numbers refer to transitions in table 6 

Aiexpl are derived. The iterative process oonsists 

of applying the following transformation to the diagonal 

matrix -- xp* 

= H1 
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where Vis the matrix, the columns of which are the 

eigenvectors of the approximate Hamiltonian H. 	H1  

is a better approximation. 	From H1  improved values 

of the parameters are obtained, a new Hamiltonian is 

formed, and the process is repeated. 

In connection with certain chemical and stereo-

chemical problems it was necessary to analyse A2B2 * 

and ABC spectra. The problem investigated here consists 

essentially of rewriting Reilly's method in a form which 

allows the matrix interpretive Scheme B programme of 

DEUCE computer to be used. 

The Scheme B programme is a form of orthocode which 

enables nearly all operations with matrices to be per-

formed. 

Groups of equivalent nuclei for which the chemical 

shifts and coupling constants are of the same order are 

symbolized by An  Bm 	 where the subscripts refer 

to the number of nuclei in the group and A,B ... are in 

order of increasing = 10 - A(me14si). 106 	(6)  
oscillator frequency(cM 

where 4Sin c/s is the difference in chemical shift 

bEtween the proton and the proton of Me14Si being 

considered + if the latter is at higher field. 
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II. COMPUTATIONAL PROCEDURES FOR A THREE SPIN AND A  

FOUR SPIN SYSTEM. 

1) A2B2  SPIN SYSTEM. 

The A2B2  spin system consists of two pairs of 

equivalent protons in which the chemical shift between 

the pairs is of the same order as the coupling constants 

for the interaction between them. 

The resonance frequency of the two groups in the 

absence of spin coupling, are 

"9,4 = (2 10-1  YA  Ho (1- 6-10 

-))B = (2 31)-1  YB Ho  (1- 6B ) 

Following Pople et al.2 we suppose \)A  >\)B and define 

K = JA + JB 

M = JA - JB 

L = J -J' 

N=J +J' 

in which the J's are given in fig. I, and where 



cos 2ga: sin 29a: 1 = K 	: 	L 	(K2 4. L2)2  

cos 29' : sin 	: 1 = voce 	N 	:ZV0S)2  + N. 

cos 2y+: sin *+: 1 = (VoSt M) 	M)2  + L_271.  

A(1) J A 	A(2) 

JB 

J 	Fig. I. 

B(4) 	 B(3) 

Tables 1, 2, 3 give the matrix elements, explicit 

eigenvalues, and explicit transition frequencies res-

pectively. 

7. 
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TABLE 1. BASIC FUNCTIONS AND COMPLETE MATRIX OF HAMILTONIAN H FOR 

FOUR NUCLEI A2B2 

1 2 3 1+ 5 

62 

lsi 

2s1  

lso 

2s0  

3s0  

4e0  

is
..1. 

2s-1 

s 
-2 

lal  

2a1  

lao 

2a0  

la
-1 

2a 
--1 

act i  

2 2( ap+13a) 

au 

PO 

as 

2 L-(4-Pm) 

2 2(aP+Pm) 

1 
2 2(«43-Fiacf..) 

pp 

RP 
1 

2 2(4-134 

as 
3. 

2-2(4+13m) 
_2. 
2 2(4-13a,) 

2 2(m13-13m) 

pp 

as 

aa., 
i 

2 2(4.0a) 

COM 

PO 

2- (miii -0a) 

2 2(m0+12a) 

pp 

2 2(48+0a)

RD 

as 
1 

2 2(4-0o) 
1 

2-2(4-Pm) 
3. 

2 2(a43+13a,) 

f30 
1 

2-2(mp-pm) 

4A +11.B-4-N  

"VB 

1)A  

- 1) + 1) -N A 	B 2  

1)A- 10B-2N 

-K 

0 

,1 -113 

-10A 

- 
4A  -V +N 

1)334K-2M 

14 -L-K+LM 

-2K+1M 

-2K-1M 

-' B  2 -2  -1K 1M 

-"VA-1K+1M 22 

( is 1 I H 12s1) = L-N 

N 
7 lsoi,H1i = 0 (2s01H1 I2so \ 

( lso 1 Hi3s0) = iL (2soi H 1 

Os01111460) = 2l(3801H) 

( is 
'"a 

 I HI2s 
"").

) = ii\T 

(lailll12a2.) = -LL 

{ lao(lit2a0) = -L-L 

/1a_i  1 HI2a 
-1

= -LL \  

so)=LS 

sod 

s0) 

1.- Function aaPP means m(1)m(2)g3)0(4)„ the numbering being as in Fig.I 

2.- Nuclei A. 	3.- Nuclei B. 

4.- Diagonal matrix elements, from which iK has been subtracted. 
5.- Off-diagonal matrix elements. 



S2 

ls, 
1 

2s, 
1 

is,-1 

2s, 
-1 

*2 

la, 
1 

2a, 
1 

la, 

2a, 

la, 

2a, 
-1 

S2  

(lsi)cos 0 -(2s1)sin 0 

(1s1)sin 0 +(2s1)cos 0 

0 +(2s )sin 0 
-1 

0 +(2s )cos 0 
-1 

(lai)cosV+ (2a1)sin:11 

-(lai)sint+ (2a1)cos 

(lao)cosGa-(2a0)sinGa  

(lao)sinGa+(2a0)cosga  

(la )co+-(2a_ 1) sin 

(la )si0=*+(2a 

9 

TABLF 2. EXPLICIT EXPRESSION FOR ENERGIES AND WAVE FUNCTIONS FOR 

FOUR NUCLEI A2B2. 

Wave Function State Energy 

1)A+ 1)B + 2N 

h( v A+ VB) -LTV o 	. )2+N 

h( 	A+ VB) *4-2-LN 0 g 
1 

-1 251) 0 g )2-FN 

-25190 g )2+N, 

-2K-hgvog 144) 24-T2 

2(A)-2K422-Vog+M)2+I 

_hic+h(m2+1,2)?: 

2 2 1 
-1K-2(M +L )`

-b(VA+ VB)-LK+L-Z(400S -M)2+1, 

-h q+ 1)13) -2K-Ltliog -14)2+1,3  

-2()A+1.0B) 

-2(9A+10B) 

- C9e49B)  

2(l)A+ TB) 



TABLE 3. ENERGIES AND INTENSITIES OF A TRANSITIONS FOR FOUR 

10. 

NUCLEI A2B2. 

Transition 	Energy relative to h( 1)A+  Intensity 

1*. 1s , 	, s2  

2*. ls(--41s:  

3*. s 	, 

	

-2 	-1 
4*. is ,—) 2s To 1 - 
5*. 3s ,-42s,  

6*. 2s 
-1  4s To 

7*. 4s 	2s, ' o 
8*. 2s 1--) 3s 

	

- 	o 2. 
9*. 2a 	2a, 

10*. 2aT-31a10 
11*. la f---) 2a 

12*. 2a1 ---; 2a,0 

iN-FL(1).(;))24-Nflh 

4N-Fir(1) 0 g )2+NY 

iff-90g+m)244,!7i 12(m2+1,2)h 
LT)414/024.1, 7i .41.(m24.1,2)  

Arvog+m)24.1„2_7h 40,42+L20 

21(--v0S-m)2+1, 	_ mm2+1,20 

1 - sin20 

1 + sin20 

sin2( 	)11+  ) 

cos2( a+ 	) -- 
0°22( ga-

sin2(ga+ ) 
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From these expressions it follows that: 

N = 1* - 3* 

,g. (1* x 3*) + {2(9* x 11* + 10* x 12*))2  

M = (9* x 11* - 10* x 12*)/1)0  S 

L = V1(9* - 11*)2  23 + (10* -12*)2  

is, = -1/790.E )2  + N 	-2* 

2s, = 2L(*1)0 g )2 + N_/ 2-, 
2  +4* 

0 

3s, 

4s, = 
0 

W3* -5*) 

L(6* -7*) 

Although it has been stated2  that the transition involv-

ing So  states can only be investigated by iterative 

methods, inspection of the eigenvalues and observable 

transition energies show that all of the former can be 

evaluated from the latter. 

It is seen that the eigenvalues and eigenvectors 

corresponding to the states labelled lsol  2s0, 3so, 4so  

in Table 1, require solution of a 4th order problem 

However an expression for K has been derived taking into 

account the diagonal sum rule: 

K = 2 + 3* - 1* - 4* + 25* + 7* - 6* -8*) 



12. 

In this way it is possible to circumvent the iterative 

procedure in cases where all transitions are separately 

resolved in the experimental spectrum. 

The energies for the lines 2*, 4*, 5*, 6*, 7*, 8*, 

are found: 

Energy 	2* = ls i  - 1s 1  1 
	0 

4* = 2 	- is, -1 

5* = 2s, - 3s, 1 	0 

6* • 4s,
o 
- 2s, 

-1 

7* • 2s, 
1 

8* . 3s,0  

where 	is 1 	
_0-1)8)2 + 

is -1 

Applying formula (1), the expressions for the inten- 

sities of the lines 2*, 4*, 5*, 6*, 7*, 8*, are derived: 

Intensity 2* 

4* . 

5* 

6* 

7* 

8*  

ZTospi.(b2+b4) 

2TosX.(c2+c4) + 

ZEos91.(d1+d4) 

ZFos%.(d2+d4) + 

L6-64.(ci+c4)  

2 
sin/. a2+a4g 

2 
sin/. ( b +b417 

2 
s 	( c +e417 

2 
sin/. ( d2+d417 

2 
sin%. ( di-f-d417 

2 
sin/. ( c2+c 417 

▪ Labs'. ( a i+a4) - 



where 
al  a2  a3  a4  

b1  b2  bs  b4  

ci c2 Cs C4 

d1 d2  d3  d4  

is the matrix of the eigenvectors corresponding to the 

4 x 4 determinant in the secular equation. 

Corresponding programmes for these arithmetic opera- 

tions have been written for the DEUCE computer in Alpha- 

code and the diagonalization of the 4th order matrix 

has been carried out with the Givens programme of the 

DEUCE library. 	This method consists of applying successive 

plane rotations to a symmetric matrix to form a codiagonal 

matrix,roots of which are the same as those of the orig- 

inal matrix. 	These roots are found one by one, by 

bisection, starting with the algebraically largest. 

The vectors, if required, are then found. 

2) ABC SPIN SYSTEM  

No elements of symmetry are present in this system 

of 3-non-equivalent nuclei each of spin A. 	Table 4 

gives the Hamiltonian of the system.2 

13. 



3/2 

TABLE 4. BASIC FUNCTIONS AND MATRIX OF HAMILTONIAN 

14. 

Basic 
function 

H FOR THREE NUCLEI ABC. 

Diagonal Matrix Elements Off-diagonal 
Elements 

F 
z 

h (VA+ I+A )+1111( JAB+jBc+JcA 

(vA+VB-1)C)+1/4( JAB-jBC-jCA)  

(vA-vB+Vc )+1/4  ( --JAB-JBc+JcA )  

( -:VA+ 1)B+14c ) +1/k ( -JAB+JBc -LICA ) 

-1/2 2 (1)p1.-1)13-1)+1/11(-J - AB+jBC-jCA)  

-1/2 2  (.A+VB-1ic)+1/4( -JAB-jBejCA) 

-1/2 1.(-1-1,15+16)+1/4( JAB-JBC-jCA)  

1. aaa 

2. aaj3 

3.. Oa 

4. km 

5. aPP 

6. PO 

7. PPa 

(2 (1.1 13)=. 2JBC 
(309. 2JAB 

( 2 IHM= 2JCA 

(511116)= 2JAB 
(611117)-- 2JBC 

2JCA 

8. ppp 	-3/2 
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If the eigenvalues and eigenvectors of this Hamiltonian 

are: 

TABLE 5. 	EIGENVALUES 

Basic 
function 

AND EIGENVECTORS 

NUCLEI ABC 

Eigenvalue 

FOR THREE 

Eigenvector 

1. aaa L1 1 

2. 	aa3 L2 022 023 C24 

3. aPa L3 C32 033 034 

4. 	Paa L4 C42 C43 C44 

5. aPP L5 Css C56 C57 

6. 	pap Le C65 C66 067 

7. 	Pk( L7 C75 C76 C77 

8. 	PPP L6 1 

the transition lines and intensities are calculated 

following the rules given above. 	For example, the 

calculation of the intensity for the transition 2-45 

is performed as follows. 	After diagonalisation, the 

eigenfunctions 2 and 5 are respectively: 
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2. 	c22aaP + c23af3a + c243aa 

5. 	essaPP + csePaP + c57PPa 

Applying the formula (1) for the intensity, and ignoring 

constants: 

I2 	s
=kc22aap+c23a(3a+c24paaCY. Ix  (i)1 essaPP+c56130+c57PPa) I 2  

--{c22c55 + C22C56 	C23C55 	C23C57 	C24C56 	C24c542  

+22(C55-1-056) C23(C554-057) C24(C56+C57)}2  

where the probability of the transition 023aaP --,c57P13a 

is zero, because from aaP to 1313a involves more than one 

change of spin, and U = 0 (rule 2). 	Table 6 gives the 

transition energies and relative intensities for three 

nuclei ABC. 
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TOLE 6. TRANSITION ENERGIES AND RELATIVE INTENSITIES FOR 

THREE NUCLEI ABC. 

Transition Origin* Energy Relative Intensity 

1 1--i2 C L1  - L2 
, 

(022+023+024)
2 
 

2 1-43 B L1  - L3  
N  

(032+033+034)
2  

3 1--14 A L1  - L4  (c42+c43+ C44) 2 

4 B L2  - L5  [C22(6554-656) + c23(c55+c57)  + 024(056+057  2--35 

5 2-16 A L2  - L6 EC22(065+056) + 023(065+067) + 024(066+067 

Comb. L2  - L7 [022(075-1-C76)  + C23(075+677) + C24(076+077  2---37 

6 3 -15 C L3  - Ls E332(055+056) + 033(055+057) + 034(056+057  

3 	)6 Comb. L3  - L6  C332(065+066) + 033(065+067) + C34(666+067  

7 3 )7 A L3 - L7 r°32(C75+076) + 033(075+077) + 034(076+077 

4 --)5 Comb. L4 - L5 [042(055+055) + 045(C55+C57) + c44(c56+c57 

8 Li- --)6 C L4 - L6 (1 	(0 	+c, 	1  + (1 	(0 	+e 	1  + 044(066+067 (42.-6566. 	-43.-65.-67. 

9 B L4  - L7 [342(375+076) + 043(075+077) + 044(076+077 4--37 

0 5 --)8 A L5  - L8  (055+05e+057)2  

1 6 ---18 B 1
N 

Le, - L8 
2 

(665+066+067) 

2 N 
2 7 ---58 C L7  - L6  (075+076+077) 

The various transitions may be classified according to the first-order 

transitions that they reduce to as the chemical shift is steadily in-

creased. 	In this limit, the so-called combinations lines are forbidden. 

22 

)12 
)]2 
)12 

2 

g2 

)]2 
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In the ABC case, the form of H is 

The diagonalisation process is performed by means of 

the Givens programme used twice for the two 3 x 3 

matrices. 	The transformation U.-Nxp.  .0
-1  is performed 

by a Scheme B programme, from which two matrices 3 x 3 

are obtained. 	In the first approximation, the values 

of JAB' JBC' JCA obtained from the diagonal elements are 

not consistent with the values derived from the off-diagonal 

ones. 	In practice we have used the values from the 

diagonal elements and iterated until values consistent 

with the off-diagonal ones were obtained. 	This choice 

speeds convergence as it has been observed that if mean 

values of the J's are used for the iterations, the process 

leads to the diagonal values. The construction of the 

new H matrices (3 x 3) from H1  is done by another Scheme 

B programme which first punches the J's from the off-

-diagonal and diagonal elements in decimal, in order to 

facilitate testing of the consistency of the different 

J's. 	Punching of results in decimal proceeds at the 

middle of the programme, and at the end the H's matrices 

for the next iteration are produced. 
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When consistency of the J's is achieved, another 

Scheme B programme is used for computing the energies 

and intensities. 	If the theoretical spectrum is not 

consistent with the practical one, the original transi-

tion energy diagram is known to be incorrect and alterna-

tive assignment has then to be investigated. 

The annexed block diagram explains the sequence of 

these operations. 



BLOCK DIAGRAM FOR THREE NUCLEI ABC  

20. 

Read approx. values of N.M.R. 

Parameters and form Hamiltonian H 

(Aiphacode) 

Blockfloat Hamiltonian H 

(Scheme B) 

Calculate Eigenvalues and 

Eigenvectors (Givens) 

Form U..A.xp.  .0-1  (Scheme B) e 

Punch Parameters from the diagonal 

Terms and from the off-diagonal 

ones. - Calculate better H 

(Scheme B) 

Calculate Energies and Intensities 

(Scheme B) 



The values of the N.M.R. parameters are taken 

from the practical spectrum, where the following 

notation and origin are supposed: 

H 

0 	C 	B 	A 

It is convenient for the purpose of the calculation to 

set up the origin at 100 c/s on the high field side C, 

in order to weight the diagonal elements in preference 

to the off-diagonal ones. 

The Alphacode programme accepts the approximate 

values of )) 1) -9 
A' B' C 

Hamiltonian matrix. This Hamiltonian is punched out 

in fully-floating form (binary). 	It is then converted 

to block-floating form, and read into the Givens pro- 

gramme for the eigenvalues and eigenvectors. 	In fact, 

the Alphacode programme forms the Hamiltonian in four 

matrices, two 1 x 1 and two 3 x 3. 	The last are put 

into the Givens programme consecutively to give two 

eigenvectoris matrices U1  and U2. 

and JAB'JBC'JCA and forms the 
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The operation U.A
exp.

.0-1 is performed separately 

for each U (1.11  and U2) with two A 	and exp.' jtexp.1   
Aexp. 

2
, by a Scheme B programme which has to be read 

only once by the computer. 

The Givens programme does not give the matrix U, 

but U', the transpose, and the eigenvectors are not 

normalized, so the Scheme B programme carried out the 

following operations: read U' - normalize U' - transpose 

- etc. 

Now the results H1  and H2 are read in another 

Scheme B programme which punches the valuesJ 
Aid BC JCA 

and -))A' 1)B' C 1) from the diagonal and off-diagonal elements 

directly in decimal, and while the computer is calculating 

a better H from thesavalues, these values are read on an 

off-line printer in order to decide if it is necessary 

to iterate, or to go to the next programme and calculate 

the intensities. 

A scheme of the arithmetic is given below. 



I Extract diagonal 

Hge H77 

H22 H33 H44I 	H55 H66 

Compound,columns 

I H22 H33 H44 H55 

O 1. 	1 	1 	1 0 2 2 -2 -2 

A 

C 

B 

111) V 
A B C Transpose next page  

Transpose ljABljBC JCA x H22 

H33 

H44 

Hss 

H66 

H77 

23. 

I T 
H22  ajBC 2uCA 

I 
ajBC H33 2  AB 

2JAC aJAB H44 

2MB 	2j  AC 

Hee 2J BC BC 

2 j BC H77 

---)Select Elements 1,2,5 
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The next programme in Scheme B punches out the 
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There is not necessarily a unique solution5'7  

for a given spectrum and it is possible that the 

iterative method could converge on an incorrect set 

of parameters. 	However, the intensities are very 

sensitive to the choice of parameters, and in general 

a correct solution is recognisable from empirical 

considerations. 	Ideally spectra should be determined 

at more than one field strength in order to eliminate 

possible ambiguities. 

28. 
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III. Applications  

1) A2B2  

The stereochemistry of the pigment carotenoid 

Bixin has been an outstanding problem for a long 

time:
59 
 N.M.R. spectroscopy has been used to solve 

the problem. The stereochemistry of bixin is shown 

in formula (I) and the N.M.R. proof of the cis-config- 

uration of the 4,5-double bond is based on the observed 

deshielding of 6-proton by the 2,3-double bond. 	To 

confirm the existence of this shielding effect esters 

(II) and (III) have been studied. 	The olefinic protons 

of these compounds form an A2B2  system. The spectra 

(at 40 Mc/s) of (II) and (III) are reproduced together 

with the positions of the lines. 	It is seen that the 

A protons are interActingiweakly with the methyl groups. 

However, the analysis can be carried out with B-band. 

The coupling constants obtained for (II) and (III) 

were at 40 Mc/s in c/s: 

J34 J35 J38 J45 

2 11.5 -o.6 ±0.3 14.6 

3 12.5 -1.0 ±0.2 10.7 
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The spectrum of (II) was also measured at 56.4 Mc/S 

and lines 7 and 10 were observed where they had been 

theoretically predicted. 

2) ABC. 

The rotenone derivative, isorotenolone acetate 

has been shown8 to possess either structure (IV) or (V 

Stereochemical considerations allow a decision between 

these two structures since the conformation about the 

CHCHB - CHA 
bond differs considerably in the two structures. 

The conformational relation between the three protons can 

be established by measurement of the coupling constants 

AB and  JAC' 
 since it has been shown that these coupling 

— 
constants are functionally related to the dihedral angles 

between the planes HACC and HBCC, and HACC and HcCC, res-

pectively. 

The absorption of the three protons is an ABC multi- 

plet (figure ). 	The assignment in the figure permits 

the construction of the energy diagram (page 4 ) which 

gives the elements of A.exp. 	Application of the iterative 

method yields the following values 

JAB = 2'5 c/s 	jBC = 11.5 c/rs 	J 	= 6.8 c/S AC 
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SAB = 41 c/s 	ISBC  = 20 c/s 

after iteration. 	These parameters reproduce the 

observed spectrum within experimental error (and 

correspond to assignment 1 in Table 7 ). The values 

of JAB fc JAC correspond to dihedral angles of 50°  

and 70°, respectively, and are compatible with structure 

(IV). 

There are four reasonable assignments for the 12 

lines of the observed spectrum. These assignments 

are given in table 7. 

TABLE 7 

LINES 1 2 3 4 

103.93 12 6 1 8 

110.12 6 12 8 1 

115.15 8 1 6 12 

121.93 1 8 12 6 
129.62 im 11 2 2 
132.28 4 4 9 9 
141.12 9 9 4 4 
144.03 2 2 11 11 
171.97 10 7 3 5 
174.80 5 3 7 lo 
178.53 7 10 5 3 
187.07 3 5 lo 7 
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The observed and theoretical 
spectra at 40 Mc./sec. of 
methyl "all-trans" -2,7-di-
methylocta-2,4,6-trienoate 
(II). 	Lines 6 and 11 of the 
B half-spectrum overlap the 
A half-spectrum. 	The band a 
arises from transitions of 
the A nuclei. 

The observed and theoretical 
spectra at 40 Mc./sec. of 
methyl 2,7-dimethylocta-trans 
-2,cis-4,trans-6-trienoate 
(III). 



1  

The observed and theoretical spectra of isorote- 
nolone C acetate at 	Ac./sec. 

t. 
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The Chemical Shift in Aromatic Compounds  

1. Introduction  

Protons attached directly to aromatic nuclei give 
,to 

rise/absorption in a characteristic region of the 

proton magnetic resonance spectrum. 	As this region 

corresponds to fields considerably weaker than observed 

for the resonances of olefinic protons it is clear 

that the peculiar g-electron configuration of aromatic 

molecules is associated with a specific shielding 

effect. Furthermore, it is known that the introduction 

of substituents or heteroatoms causes considerable 

variation in the chemical shifts of aromatic protons. 

Thus a study of the chemical shifts of aromatic protons 

should provide data, referring to the ground states of 

aromatic molecules, which might well be useful for 

investigating the various quantum mechanical methods 

currently employed in the study and description of 

aromatic a-electron systems. 	In particular, such 

data could form the basis of a new approach to the pro-

blem of evaluating parameters employed in semi-empirical 

quantum-mechanical treatments. 

In the general case, the shielding of an aromatic 

proton can be separated into a number of terms, some 
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of which are more ameniable to theoretical consideration 

than others. These terms are listed and discussed in 

the next section. 	The remaining sections are princip-

ally concerned with the theoretical treatment of one 

of these terms, namely that associated with the induced 

circulations (ring currents) of o-electrons. 

2.1 Origin of the Proton Chemical Shift. 

The nuclear magnetic screening effect of the 

electrons for a hydrogen atom (neglecting electron spin) 

in a uniform magnetic field has been derived (Lamb9). 

The screening occurs because the applied magnetic field 

causes the whole electronic structure to rotate about 

the nucleus with the Larmor angular frequency eH/2mc. 

In a non-spherical environment, however, this free 

circulation is partly quenched. 	The shielding of a 

proton attached to a molecule arises from two types of 

magnetic fields. 	The larger contribution is by fields 

associated with induced circulations of the pair of 

electrons of the X-H bond which is derived in part from 

the ls-orbital of the H atom in question. 	Pople10  has  

classified shielding of this type as 'local diamagnetic 

shielding', since it is shown that the diamagnetic 
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current jdia  arises approximately from 'localized' 

Larmor precession in each atom and corresponds to the 

usual source of diamagnetism. 

2  / j's jr-r ) x e 	oo 
jdia = 	— s 

2mc s 

Strictly speaking there is also a paramagnetic term 

which in the case of hydrogen is believed to be small.11 

The derivation of this formula involves the neglect 

of interatomic terms, and, as Pople points out, this 

is most serious when there is a possibility of dia-

magnetic current flowing in a closed path between two 

or more atoms. The magnitude of local diamagnetic 

shielding is influenced by electrostatic perturbations 

of the H atomic wave function, an effect which has 

been treated by Marshall and Pople12. 	Their analysis 

shows that an electric field reduces the magnetic 

screening by altering the paramagnetic term referred 

above. 	The reduction occurs for all directions of 

the electric field with respect to the magnetic field 

and is greatest when both are perpendicular. 	This 

lowering of the screening constant is only partly due 

to the paramagnetic term, for the diamagnetic Lamb 
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term is also reduced. 	This corresponds to the removal 

of electrons from the vicinity of the nucleus by the 

electric field. 	The weak diamagnetic shielding is 

influenced by an electrostatically induced variation 

in the ionic character of the X-H bond. Buckingham  

has calculated the diamagnetic shielding due to the 

presence of neighbouring electric poles and dipoles. 

It is shown below that the electric field at a particu-

lar proton, which arises from polar groups in other 

parts of the molecule, can lead to chemical shifts 

proportional to the first power of the field strength 

66... -2 x 10-12Ez - 
10-18 E2 

where Ez is the component of E in the bond direction 

and is given in e.s.u. 	A field along the X-H bond 

thereby causing 

field strength. 

direction leads 

electrons in the en-

away from the proton, 

its resonance to occur at lower magnetic 

Conversely a field in the opposite 

to resonance at higher fields because 

and directed towards X draws the 

riched region between the nuclei 

this electronegativity governs the electron distribu- 

tions between the atom and the proton. 	The shielding 

would be proportional to the population of the is 

orbital of the proton in the bond. 
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The local diamagnetic shielding will also depend on 

the effective electronegativity of the atom to which 

the proton is bonded. 

McConnell14 has studied the effect of the aniso-

tropy of induced circulations of electrons about one 

or more neighbouring atomic centres. 	This is a long-

-range shielding effect and can be estimated using a 

point dipole approximation, provided the principal 

susceptibilities of the pertinent group of electrons 

are known. The formula found is 

= 

  

(1-3 cos2)ay. (for axial 
symmetry) 

 

3R3L0 

where WG  is the anisotropy in the molar susceptibil-

ity of group G and ?cis the angle between R and the 

symmetry axis of the group G. 	The quantitative applica-

tion of the formula is beset with two important diffi-

culties. First, very few magnetic data for VG  are 

available, and second, with decreasing R the shielding 

field becomes larger and more important, but the point 

dipole approximation becomes less and less accurate. 

Variation of structure in aromatic systems influences 

the chemical shifts of aromatic protons, It its effect 
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on either or both the above shielding contributions 

in the manner now discussed. 

2.2 Hybridisation of the carbon atom bearing the proton. 

The polarity of the C-H bond is, in part, deter-

mined by the hybridisation of the carbon atom, since 

its effective electronegativity is influenced by the 

amount of s-character of the px carbon atomic orbital 

involved in the C-H bond. 	In aromatic hydrocarbons, 

the major factor controlling the hybridisation of the 

carbon atoms is ring size. 	At present there is no 

definite information as to the magnitude of this effect. 

It is possible that it is significant and should be 

taken into account in treating azulene in which the 

sequence of proton resonances is incorrectly predicted 

if only ring currents and v-electron densities are 

considered15  (see below). 

2.3. The diamagnetic anisotropy of the Tr-electron system. 

(ring currents). 

For alternant hydrocarbons the most important 

shielding term is that associated with the induced 

circulations of the 7c-electrons.16'
17 

It is these 
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circulations or ring currents which are responsible 

for the exaltation of the diamagnetic susceptibility 

and the pronounced diamagnetic anisotropy of aromatic 

hydrocarbons, (18, and references mentioned therein). 

The theoretical methods for investigating the shielding 

associated with ring currents are discussed below. 

2.4 The diamagnetic anisotropy of the (-framework. 

There is no reason to suppose19 that the magnetic 

polarizabilities of carbon-carbon bonds constituting 

the framework of aromatic molecules will be isotropic, 

and thus the possibility exists that these bonds make 

a contribution, to the shielding of aromatic molecules. 

The magnitude of this effect, like that of the if-elec-

tron contribution, will depend on the geometric relation 

of the proton to the bonds concerned. 	No estimate of 

this contribution has been made but as the polariza-

bilities of 6--bonds will certainly be much less than 

that of the ir-electron system, neglect of this term 

is possibly justified. 

2.5 it-Electron charge densities  

Partial localisation of g-electrons takes place 

in non-alternant and heterocyclic aromatic molecules 
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and can profoundly effect the chemical shifts of aro- 

matic protons. 

The simplest approximationl8,20,21,22  for the  

calculation of these shifts involves the assumption 

that only local diamagnetic shielding is affected and 

that the change in this is proportional to the A-electron 

charge density at the carbon atom to which the proton 

is attached. 	As yet this theory has not been adequately 

tested. 	A more rigorous treatment would take into 

account the partial charges at other atoms and the 

change in the paramagnetic term for each atom in the 

molecule. 

2.6 Inductive and direct field effects of hetero-atoms. 

The introduction of a heteroatom into an aromatic 

nucleus causes polarisation of the 6-bonds. The bond 

dipoles which result will give rise to an electric field 

at a proton, and, in general, there will also be a com-

ponent acting along the bond attaching the proton to 

the nucleus. 	If a reliable estimate of the 6-bond 

dipoles can be made their effect on the local diamagnetic 

shielding can be calculated by Buckingham's theory. 

It is doubtless this effect which is responsible for 



ko. 

the abnormally low shielding of a-protons in pyridine 

and related nitrogen heterocycles. 

Of these various terms which contribute to the 

shielding of aromatic protons that arising from the 

ring current is most easily handled by theoretical 

methods. Furthermore, an attempt has been made to 

separate the ring current contribution to the observed 

chemical shift in heterocyclic systems12 so that com-

parison between theory and experiment is now possible. 

3. Ring Current  

3.1 Free electron model. 

The model of a conjugated hydrocarbon in which the 

mobile electrons are treated as free electrons moving 

in a one-dimensional framework has been shown to be 

surprisingly good both as a qualitative explanation of 

the various properties of these molecules, and as a 

method of estimating their magnitudes. 

Pauling23  used this model to explain the large 

dimagnetic anisotropy of benzenoid aromatic molecules. 

He pointed out that an applied magnetic field would 

cause induced currents to flow around the various rings 

of the molecule, and that these currents would produce 



a secondary magnetic field. 	Since all rings lie in 

one plane a large diamagnetic anisotropy results. 	His 

treatment begins with benzene, setting the Hamiltonian 

for an electron in a constant magnetic field of strength 

H, parallel to the z axis as 

H = H°  + H + H f  

in which H°  is the Hamiltonian for zero field strength 

arid 
H 	 He = 	(xP - YPx) 

2 me 

H
ff H2e2 (x2 + y2) 

8 mc2  

where the origin of the co-ordinate system is at the centre 

of the hexagon. 	If the potential function in H° vanishes 

and the contribution to the susceptibility (per mol.) of 

the electron is given by the Pauli expression 

Net / 2 = - 
ay. 

4 mc2  

in which (f 2  ay. is the mean square of the distance of )  

the electron from the z axis. 	This expression is only 

valid for atoms and has to be corrected for the term in 
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H for molecules. 	But the It-electrons in benzene, 

occupying orbitals with antisymmetrical wave function 

with respect to the plane of the nuclei, have a probab-

ility distribution function large only in two ring-

-shaped regions, one above and one below the ring. 

Therefore the potential function is cylindrically sym-

metrical. Then,(J9
2)

ay. = R2  , R being the radius of 

the hexagon; with these values 6K = -49.2 x 101'6  and 

the experimental value is tAK = -54 x 10 6. 

In considering the condensed aromatic ring systems, 

the Maxwell's equations have to be solved, and a magnetic 

dipole of equivalent strength has to be calculated. 

The result is 1\K = -38.0 x 10
6 x 116-f; 	where 6is 

the electron density per C-C bond assumed uniform, and 

f a correction factor because the outermost lines have 

been replaced by circular arcs. 

The effect of the induced magnetic field on the 

chemical shift of an attached proton was first pointed 

out by Pople.16 He noted that, whereas the induced 

field opposes the external field in the region inside 

the ring, it augments it in the neighbourhood of the 

proton and so contributes to the chemical shift. 	The 

six electrons in benzene give a total current of 
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3e2H 	 3e2Ha2  
which is equivalent to a magnetic dipole of 

2g me 
at the centre of the hexagon, a being the radius 

of the circle. 	The secondary field due to the magnetic 

dipole at the proton position is then 

H 3e2Ha2  = 

2mc2(a+b)3  

where b is the C-H length. 	Averaging over all orienta-

tions of the molecule requires multiplication by a 

factor A (This arises as (cos2  G ay.' where Q is the 

angle between the hexagonal axis and the field). 

Bernstein et al.
25 extended this treatment to poly- 

cycles by placing point dipoles at the centres of all 

the rings and calculating the resulting field. 	They 

found the formula (in p.p.m.) for the chemical shift 

X = 10
6 H 

H 

106 e2a2 R. 

2 mc2  i 

where R. is the distance to the centre of the ith hexagon. 

Perhaps the most serious inadequacy of these treat-

ments is the use of a point dipole instead of the ring 

current. 	A better approximation to the true field would 

be the use of a uniform magnetic shell. 	The calculations 

2 mc2  
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for this modification have been performed by Waugh and 

Fessenden26 and represent a considerable improvement. 

In particular, the way in which the field falls off with 

distance is more realistic. 	The averaged total current 

e 2  H of the six electrons in benzene I = 	give rise to 
► 4 g me 

a magnetic field H whose z-component in cylindrical 

co-ordinates (P, 0, z) is 

Hz 
=Ik 	

L 
koc42 	(1-f)2 z2 

	

K(k) +  1f2  - z2 	E(k)] 

where 

k2 
 _ 4f)  

(1-T)2 Z
2 

and K(k) and E(k) are complete elliptical integrals. 

The expectation value of the induced field averaged over 

the motions of the molecule, in the direction Ho  is 

► 
Heff = 

► 
and eliminating HIP 

► 
Heff = 

ne2H0  

24g mc2  a 

.1 

Ho 

• H
t 
 d 

Bo 

where Bo is 

Bo = 	 1 	ric(k) 	1'152  — Z2 	E(k)] 

25tf 	(1—)9)2  Z2 
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in which n is the number of Tr electrons. 	The function 

Bo is tabulated. 

3.2. The 1.c.a.o. theory. 

The free electron model leads to estimates of the 

diamagnetic anisotropy which are surprisingly good, and 

yet are not accurate enough for a detailed understanding 

of the experimental results. 	A treatment which is to 

be preferred theoretically, is that of London24, which 

is based on an expansion of the molecular orbitals as 

linear combinations of atomic orbitals, and this leads 

to an improved agreement with experiment18. 	The 

one-electron Hamiltonian in the presence of a magnetic 

field with vector potential A takes the form: 

H - 
1 	

(p + 	A)2  
2 m 

where Vis the potential energy of one electron in the 

field produced by the rest of the molecule and E.  the 

momentum. 	For a uniform field Ho, A can take the form: 

A = - 1  r x Ho 
2 — 

where r is the position vector of the electron referred 

to any origin. 
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If /s  are the 2131( carbon atomic orbitals in the 

absence of the field, the molecular orbitals Y./J. in 

presence of the field can be expressed as linear com-

binations of the modified atomic orbitals: 

ie As. IL 

and 	

)./ 	
c .S  /\ 1J 	s J 	S 

with these modified atomic orbitals, London overcame 

the gauge difficulties because 

(p 	e 	)2X = e 
	ie As  •r 	

- As)J 2 
 
0s 

The variational method leads to the secular 

equation for cis  

I Hst - E Asti = ° 

2(s • s e`ic 

where Hst * H Xt  d'u" 

s t 	PYS * 2t/  t d  
and usually .!/_st = o if s # t and 1 if s = t. 



So Hst is : 
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Hst = 
1 ie 

c (A
s-At)  . r 

)h 

 

4 m2 

   

The London method involves two further approximations 

1) the term A-At  is omitted, because it measures the 

basic energy of the atomic orbital, as modified by the 

local diamagnetic circulation and 2) r is set equal to 

a(R 	+ Rt  ) Rs  and Rt  being the position vectors of 

the nuclei s and t. 	Then, 

ie 
2hc , 
	 ( 	(14s  + ht) 

Hst = pst e 

where 

Now, if As  = - aRs  x H, the expression for the Hst  

transforms into 

ie 
-E7 Sst H Hst = pst e 

where Sst is the signed area of the triangle formed by 

the origin (at which A=o) and the bond s--it, counted 

positive if s--4t is right handed about H (if s=t, Hst= a 
ri 

in Huckel theory). 
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From this expression the total energy can be calcu-

lated as a power series in H and the diamagnetic aniso-

tropy is found from the coefficient of H2. 

This theory can also be applied to calculate the 

chemical shifts due to ring current. 	A first attempt 

to do this was made by Pople.17 	Pople's treatment 

differs in that it does not involve an explicit form 

for A as in the London method putting A = 

The expansion of the secular equation 

Hst - 4sst I  

leads to a polynomial in x, the coefficients all being 

expressible in terms of closed cyclic products of the 

type 	
Hid Hjk Hkl 	Hpq H ./ p

n 

n being the number of factors. 	These expressions will 

appear as products of a number of irreducible products, 

corresponding to the number of rings in the molecule. 

If for each irreducible circuit, the London's notation is 

e2 vif 
Hid j H. H.k  .... Hqi  = Pn  

where f = e 	 ' (As  - At) • (Rs + R1 t 2hc 
1 

the sum 2 being over ordered pairs around the ring. 

used, 
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This sum can be approximated by using 

A - At  = 27-(5-fit)• 7_7 
and then 

f = he 0 Rp  (Va Ap) dRa 

where the greek suffixes refer to tensor notation. 

Then using Stokes' theorem 

f = - 
e 

h 
fH.ds 

If H is uniform and equal to Hol  Poplels treatment 

leads to the same formula as London. 	f is then pro- 

portional to the flux of the magnetic field through the 

ring. 	Pople then introduces a testing field H the 

nature of which is not specified and replaces the 

quantities fir s by f. 	fir , where fir is - he  times 

the flux of the testing field through the ith circuit. 

The first complete theory of the ring current 

contribution to the chemical shift was given by McWeeny
.27 

He considers the molecule in the presence of an external 

uniform magnetic field and a point dipole fields origin 

of which is at the proton in question. 	Thus the whole 

problem is treated as a unity and not divided into a 



separate problem of calculating a current and then a 

field. 

If m is the proton dipole moment, 

A= qrxH - r x m  

r3 

and Hst is now 

ie 	Sst (H + 	+ 
H 	= p(o)  e 	R3 	R3  
st 	st 	s 	t 

(n o 
/''st

) 
 63st 

The total energy is found in terms of the external field 

H and the dipole moment m and the coefficient of Hm in 

this energy leads to the shift required. 

Using ordinary perturbation theory, McWeeny shows 

that the solution can be expressed in terms of the bond 

orders and what he calls imaginary polarizabilities, 

because there - is no restriction to the real perturba- 

tions. 	These are similar to the Coulson and Longuet-

-Higgins polarizabilities: 

7t(rs)(tu) = nrs,tu 	Itrs ut 	/csr,ut 	/tsr,tu 

fec  
C 	CsK CtK Cuj where rs,tu = 2 	rJ  

J K 	EJ  - EK 

50. 



and the els are coefficient of the unperturbed MO's. 

If K. = 1 	+ 1 1j R. R3  
the final formula is: 

e2 
EEmag = -2P 112 c2 (CI  +6-2) Hm 

51. 

where = ij Pij . . 	ij Sij K 

C2 = ij 
i7 , 

kl r 
A -

(ij)(k1) Sij 
S 	ij K + K 
kl 	kl 

2 

Because the evaluation of these sums would evidently be 

excessively tedious if the molecule under consideration 

was a large polycyclic, by a change of basis defined by 

where the f's are the old functions and Afis a diagonal 

matrix 

I  dia(1,6YL, 012 423'  C412 0 23 (4  345 • • • ) 

the problem may be reduced to one in which only the bond 

of each ring is perturbed. 	If 
	

Sij.. and 

eK (4) 
circuit, 

j S.. ij  Ki are ordered sums around the 4th 
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P (11) f)(1-L) 7<(P-) 

6-2  = (
4) (1\0 13  (4) (9 ) 	{f (1-t) X(f9 	[I) T(19)) 

It turns out that the induced field calculated in this 

theory is much larger than in the point dipole theory 

and comparable with that in the uniform magnetic shell 

theory. 

The observable differences are not so large, how-

ever, since the ratio of the fields to that at the 

benzene proton are fairly close to those of the simpler 

model. 

For modern calculations on conjugated molecules the 

Huckel theory, which underlies the London theory and 

its extensions, has been found inadequate. 	This is 

partly because it does not take the electron repulsion 

properly into account and partly because its basic 

assumptions are not clearly stated. 	In order to clarify 

the foundation of the theory and to give a formulation 

which includes all the minor corrections a more accurate 

and more mathematical theory is required. 



4. 	Localized orbitals in a magnetic field  

The molecular orbital theory of conjugated mole-

cules is based on the use of a set of localized func-

tions and their linear combinations to define the 

molecular orbitals of the mobile electrons. 	The 

simplest way of defining these functions, especially 

when their analytical form is unknown, is in terms of 

the standard excited state.28,30 In this state all 

the mobile electrons are in singly-occupied orbitals 

but the internuclear distances are kept fixed at their 

ground state values in order to preserve the orbitals 

of the remaining electrons. 	This highly excited state 

is used merely to provide a definition of the localized 

orbitals. 

In the absence of a field the localized orbitals 

are defined in terms of the singly-occupied orbitals. 

These orbitals can be transformed linearly among them-

selves and, if their orthonormality is preserved, the 

molecular waveikunction and the corresponding total 

energy are unchanged. 	On the other hand the total 

self-energy, 

S= 4, jt xr(1)12 txr(2)12 1/r3.2  c(C3.2.• 

53. 
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will change depending on the concentration or localiza-

tion of the orbitals. The orbitals X for which S 

becomes a maximum, are defined as the localized orbitals. 

One advantage of this definition is that the orbitals 

become independent of the sets of basis functions used 

to describe them in a calculation from first principles. 

When the basis functions are atomic orbitals it is 

necessary to orthogonalize as well as to maximize S. 

The resulting )(r' as has been shown in a calculation 

on butadiene29, are more localized than the original 

atomic orbitals and have a larger S. 	The localization 

would probably be even greater if several atomic orbitals 

were used at each atom so that the orthogonalization 

need not mix functions on different centres. 

The equations which the localized orbitals satisfy 

are: 

(-0241 Zia. +2 jrT;WIT- dC2  -ETN4-01°6--- cfr2+  
ara r12  	ri2 -  E rAPYt  d,52 	= x  e  
ti 	i s 	rr rs 

r12 

Ep(t "A't  d,t2  
t r12 

(4.02) 

where 6is an orbital of the framework and P an operator 

which permutes the/variables in the two orbitals which 

follow it. 	The self-energy condition ensures that 

the remaining part of the exchange potential, 



r,  e-x/  p 
At 	A t 

disc'  

r12 	2/ 
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(4.03) 

 

  

is as small as possible. 	The omission of this term 

would reduce the equations to the same form as in the 

Hartree theory. 	This is known to give substantially 

the same results for atomic orbitals in atoms and should 

do also for these localized orbitals. 	Since the 

number of singly-occupied orbitals is equal to the 

number of electrons each is fully occupied and all the 

atoms in the molecule are neutral as far as the mobile 

electrons are concerned. 	There are, therefore, no 

long range forces and the ers  decrease rapidly as XI" 

and 	become further apart. 

When a magnetic field is present, the momentum of 

an electron is changed from p to p + aA, where A is 

the vector potential of the field in atomic units and a 

the fine structure constant. 	The kinetic energy 

operator changes correspondingly to 

4(7+ iaA)2 
	

(4.o4) 

Now the vector potential for a uniform field H is 

A = 2HAr 
	(4.o5) 
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where the origin of the vector r can still be chosen 

arbitrarily, and this variation of A with position means 

that the kinetic energy operator depends on the choice 

of origin and is no longer the same around equivalent 

nuclei. 	This undesirable feature can be removed by 

introducing a phase factor into the orbitals. 	Thus 

if the localized orbitals in the presence of the field 

are (.4.)s and satisfy 

(-2ur
+laA) L 	+ 	1/6 	_ L 	r0-  d 1,2  + 

1 	• 	\ 2 	Z 	 1 *Id 

kinetic energy operator is then 

1 
-2 1  (\-7 	) 2  (A.) = -2 e ig -s(vC  + iaA + 1\7 g ) 

2 
s 	 s 	 (4.o8) 

and, when gs  is fixed by 

gs = -aA .r —s — (4.09) 

with A the value of the vector potential at the sth 

nucleus, this becomes 

a --- 
67 r12 ra 	6- 	r12 

r   
wtwt  arC2 - Ft  f`")IL4'L di; ) W 
rs 

 —1 tA" rs J: a -12 	 r12  
then new functions Xs  are introduced by the equation 

igs  
G. = 	 (4.07) 

where gs  is a function of position. 	The effect of the 



t * 
Ws 6.3 s 't d 2 

J r12 
/\ 

* 
s s 6'112  
r12 

(4.11) 

/112 dT,
2) 7(s  - 

eia (""sA --Ar)  

(4.12) 

Xt PXt + 
t 
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2 

—2 e s 	—s 	(4.1o) 

and so becomes the same around equivalent nuclei. 	Since 

the equation determining 
	

becomes: 

21s......7)  2 _ 

a 
Za  + 2 r 	6-  6- 	+ 

;t16. \P6-  d1'2  - 	yr didd2  
r 	r12 a 	6-  r12 

where the small term in (4.03) is treated approximately. 

It is possible to solve this equation by perturbing the 

field-free equation (4.02) since the vector potential 

terms vanish at the nucleus. 	The zero-order solution 

is just X. 	Now, for a uniform magnetic field F.:, 

(A-A )•Ti = )1H A(r-r )•V AH•(r-r )A =1" H•L 	(4.13) 
2 



where L is the angular momentum around the nucleus s; 

and if s is pz-like, 

L 	= 0 	 (4.14) 

so that, for a field in the z direction, 

2 
-1(7+ialA -A S 1)2 1S = -2 1V2 a  

7  IA-A 2.ik/s  (4.15) — —  

(Equation 4.14 can be satisfied, when )(s  is constructed 

from atomic orbitals, if the orthogonalization is per-

formed by mixing 2pz-like and 3pz-like orbitals on one 

centre instead of using functions on other centres). 

Thus the choice of phase in (4.09) not only ensures that 

the effective Hamiltonian in (4.12) is equivalent around 

equivalent nuclei but also that the terms of first order 

in the field have no effect. 	The first correction to 

the orbital is then quadratic in the field i.e. 

5(s =Ys 	0(H2 ) 
	

(4.16) 

The values of the matrix elements g rs  are found 
by multiplying (4.12) by )(411 and integrating to give 

58. 
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e 	+ 112 
	

1 2  )( 	f,-v ia(-6 r  -A ).r 
A 	 dt us 2 	s 	s dS=  r s ue 

(4.17) 

The final integral can be expanded as 

ryi-- 
U

(1+ia(A6  -Ar  ).r - LTA6  -Ar  ) 2 =- -  'r 2-F)Cit= 

=Sur+ia(8,s-4).,rXu0.rdi -7 X 	 2X-,d1'4  
(4.18) 

and, if 2(u  and 2(r are sufficiently localized for the 

transition integral to be negligable, this becomes 

ia(Ls-Ar)•rr a2f 2 
ur 	2r

zEs_Lr)-(E.../111 Xrd1") (4.19) 

and rT  is the position of the rth nucleus. Thus the 

result becomes 

)*r  
= Le-  + 	A-A 1 2 	diL7 e us us ,2-'2gusfxs _s 71s 

a2 	 2 
7 	e  US XS J-As--sA ).--r--sr 	Xsdfr' (4.20) 
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at least as far as the terms linear and quatratic in 

H are concerned. 	The exponential is often put into 

the more symmetric form 

e 
2ia(Au-As)•(ru + rs) 	

(4.21) 

which has the same value when H is uniform. 

5. 	The molecular ground state in a magnetic field  

The purpose of the discussion of the standard 

excited state is to provide a definition of the localized 

orbitals which takes account of their molecular environ-

ment but avoids the problems of delocalization, move-

ment of charge and ring current which complicate the 

ground state. 	Once these orbitals are obtained they 

are used to describe the ground state without further 

reference to the excited state. 	The ground state 

molecular orbitals are 

Ws asn 
	

(5.01) 

and the bond order matrix is 

occ 
pst = 2 ..J 	asn atn 
	(5.02) 



of cf  
' 	d'r2=E is ss 

 

dt2- 
r12 

 

r12 

where the sum includes only the occupied molecular 

orbitals. 

The equation determining the molecular orbitals, 

in the presence of the field, is 
za 21; 

4.1Tdt'24 4"16-d1; 
6- 	r12 
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—a(V+iocA)2  
, a ra  

(5.03) 

and, on substituting (5.01), multiplying by4 and 

integrating, the matrix form of (5.03) is obtained as 

(Yrs - En Srs ) asn = 
	

(5.04) 

where 

= rs trs 	 (tui 	i, rs)- (uuirs)-1 utp ut 	 5:7111put(tstru)+ 

	

+ 	(us jru) (5.05) 

* 	* (ablcd) --164a(1) GOb(1)=- 4.Jc (2)G0d(2)d14.2 	(5.06) 
r12 

When the orbitals are orthogonal and as localized as 

these the Pariser-Parr approximation, 
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(ablcd) 
	

6ab'
2 

 ed f Wa(1) Wa(1)  r12 W-(2) dt12 

it 	
*1S.li = (Cab gcdf 	

r X a(1) Xa(l) 1  X (2) d. biz 3.2  

.aAd Y'ac 

(5.07) 

has been shown29 to be a close approximation and (5.05) 

simplifies to 

= 	- 	
( L  cl .08) rs C/rs 2  Prs Yrs + c)rs‘ P 	-Z 	) (5tt Ytr 	etr t/r 

The total electronic energy of the molecule in its 

ground state can be written as 
occ 

W = T.4  (En + Hn 	(e, , 	(5.09) 

where 

Tin =1)Yn H(V+iaL1)241: 22j\rnee a r a  
(5.10) 

and En can be defined as in (5.04), or as 



En=Hn+26.4y:(1)‘pn(1)—iy(2)/6-(2)citi2- 

-E f\ilin,C( 1  )W6-  ( 1 	2  )1Pn ( 2 )d-c 12 
r12 

rs 
IA' Prsj(4(1),(1).--1 r(2)Y11(2)dr,12- 

r12  

prs j(A)s  (1)U1n  (1)-1  [0(2)(„Or(2)dt12  rs 	112 
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rig 

(5.11) 

Thus, for the mobile electrons alone, the contribution 

to the total energy is 

c 

rid  
(En+Hn) ---- 1  

Prs 
/r. 
(7sr hsr)  (5.12) 

where 
2  
	

Za  it
=p41-_--(7+ia21) sr 	 r 

a ra 
(5.1 ) 

The core electrons must also be considered because of 

their interaction with the mobile electrons so that the 

total electronic energy becomes 

W=E(2Hz+2L lc( ) 7)6_(1)-Lycl((2)Yit(2)dt/12- 
6- 	ri2 

-? 	1 ) ;v/c 	vt(2)WC(1)d112 + 
r12 

31- 
(1)4(1)-=y,c(2)111  Prs E 

	

	t(2)dt12- Ys rs 	r12 

EPrsZSIA:(1)Wc(1)---L tp,r14 (2) Gor(2)dt12+ (5.14) rs r12 

A E rs  Prs(rsr hsr) 
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but 
* 

hsr +2E ''w:(1)(A.)1,(1)—= WT 
 
,(2) 1,1t(2)d 51.2-

dT:12 = 

r12 

to:(1)T,_,(1)--q,t (2)4(2) 
ri2 

NO 
= r 

--/sr 

so that 

-Dttlsr)+E (trIst) (5.15) 

W = W6- +a rs rs ,•• sr 	sr i(ttisr) +Z(trIst)t 
 

(5.16) 

and using (5.07) this becomes 

w w,_+ a 	p rs rs sr 	sr Ytr egsr) (5.17) 

where Wcris quite independent of the mobile electrons. 

6. 	The shielding of a magnetic dipole  

In order to calculate the shielding effect of the 

ring current on an attached proton the molecule is 

subject to two perturbations. 	The first of these is 

the uniform magnetic field Ii, which is imposed on the 

molecule, and the second is the field due to the 

magnetic dipole of moment m, located at the proton and 
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directed perpendicular to the ring. 	These two fields 

combine to give a vector potential which has the form 

A = 	m  nAr (6.ol) 

 

rs  

where the proton is chosen as the origin of r and n is 
2 

the normal to the molecular plane .
7 
 The total energy,is, 

then, a function of both H and m and the ring current 

contribution to the diamagnetic anisotropy is derived 

from the coefficient of H2  in its power series expansion 

while the ring current contribution to the chemical 

shift is the coefficient of -Hm. 	These coefficients 

can be calculated by perturbation theory carried to 

second order. 

Since the ring current contributions are to be 

isolated from the contributions localized in the separate 

orbitals the matrix elements Eus  are taken as 
is (A -A )*(r +r ) 

us = eus  e 	—u 	 1" "9  

= 	eUS  l+ 124AU  -AS NI,-U  -1-r-S 	8 
)- a 2[(A -AS  )*(rU  +r 

2 
 + - - 	- 	-  2  

	} (6.02) 
If Sus is the signed area of the triangle formed by 

the proton and the nuclei u and s, i.e. 
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s is = 2(EuAr,$) 
	

(6.03) 

and Kus  is the geometrical factor 

K
us 
 = r + -u 

-3 r53 
 (6.00 

then for a field normal to the molecular plane and a 

dipole in the same direction 

1(Au -As)*(ru, +r-6)  =HSUS + mSUS KUS (6.05) -  

Thus the expansion becomes 

,„2 	
\ 

tus =eUS  {1 + iaSUS  (H+mKus  2  )- 	us (H4+2HmKus  +m
2 Kus  )+...1 2 

(6.06) 

It is to be noted that us remains Hermitean since 

Sus is a skew matrix. The first order perturbations 

are, then, purely imaginary. 

7. 	The perturbation theory  

Although the formulae required to apply perturba-

tion theory to the self-consistent equations are well-

-known for simpler forms of perturbation they require 



2 	it 	1 

H 	P  rs 	Hm P  rs 	 

(7.02) 

(7.03) 

- a
m asn) (7.04) 

, 

n 
- am 	asn ) (7.05) 

expansion 

0 

P :=P 	iHp rs 	im 	- rs rs 	rs 

o 
= prs arnasn 

where 

occ , 

Prs = 2 EJrn asn n 

o 

prs 	

ce 
 ( = 2 El 	arn a°sn 

some extensions before they can be applied here. 

The molecular orbital coefficients, asn, are 

expanded as power series in iH and im in order to 

keep the remaining factors real. This gives 

asn = asn + iHalsn + imlasn - n - Hm la'sn 

(7.01) 

and, hence, the bond order matrix has a similar 

67. 

It 	occ 	 11 

P = 2 CI  (a 	a 	+ aolni sn a 	) etc. 
rs 	rn asn-a rn En 

n 

(7.06) 



It follows from these equations that the first order 

	

changes in the charges vanish. 	In a similar way the 

formal expansion of )cs  is 
t 

sr = Fsr 	

I 
+ iHF 	+ im sr 	Fsr - H

2 it 	I t 

Fsr -Hm Ysr - "" 

(7.07) 

and, from (6.06) and (5.02), Frs  is the usual field-

-free matrix, 

F  2 Fsr  = aS e 	- sr sr 	Psr ellsr, 	(7.08)  

1 Fsr = aSsrKsresr -2 Psr Ysr 	(7.09) 

11 	a2 	2 	 11 1 
- 	

tt 
2  Fsr 	2 Ssr esr 	Psr Ysr + sr Lt  p ttotr 

(7.10) 
I 	I 	t I 	/ 

= a2S2  K e 	p 6 	g 	• t I sr 	sr sr sr 	sr sr 	sr t• Ptt tr 

(7.11) 

The self-consistent equations become to zero order 

(Fsr _gsr E°)  a°rn  = o 	(7.12) 

68. 

to first order 
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(Fsr _g srE  n ) rn Eln 8sr 	s - Flrr  )aon 	(7.13) 

Y1  

	

( F
sr 

-g
sr
E
n

) tarn = 	( 'En Ssr - F ) a°  sr rn 

(7.14) 

and to second order 

(F -S E)a" 	(E;1. 	+DEmg 	)a°  
sr 	sr n rn 	sr sr rn 	n sr sr rn 

(7.15) 

(F sr Eo 	= 	) a + sr n) a rn 	(E n sr sr 	rn t-f 	n sr- Fsdaril + 

,1 	I 	►, 
+( En sr sr rn (7.16) 

where the eigenvalue En  has been similarly expanded. 

Since Eo is an eigenvalue of Fsr' the equations (7.13) 
can be solved only if 

o (E' 	-F' )a°  = 
rs a 

	

	o sn n sr sr rn (7.17) 

but since Fsr is skew this implies 

En = o 

and similarly, from (7.14), 

'En = o 



En L.4 
sr 
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the corresponding relation for (7.15) is 

rt 	 11 	0 	0 	 1 	1 
En = L F sr sr am asn + 

sr  Fsr am sr 	asn 

so that 

occ 
c*-1 	11 	\-1 	0 4.,  En P 2 Li  F 	

1 ("Ir 
rs + 7 L Fsr Prs sr sr 	sr  

and for (7.16) 

(7.20) 

(7.21) 

1 t 	o o 	o 	t 1 Fsr arnasn+L Fsr am asn+ 4-1 Fsr am asnsr 	sr 
(7.22) 

occ T 1 	\--1  T 1 	o 	1 V-1  1 	1 	1 C---I 	t t 

E 	 Fsr rs 

	

En -4.  L' Fsr Prs + 7 L- 	 P 4-  7 / 	1 Fsr Prs n 	sr 	sr 	sr 

	

On the other hand, from (5.12), 
	(7.23) 

OCC 
clit 	 " 0 + 1 	1 	1 F p 	F rs 

o 	p 
11 

L En  —1  —2 	Prs 	2 	sr rs+ 2 	sr n 	sr 	sr  

(7.24) 
and, therefore, 

. Ft pt = -2 	F 	ptt 
sr sr rs 	r sr rs (7.25) 

and, similarly, 
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IP 	
71 	

-2 
	W 	

I 

sr - sr Prs + / 	Fsr Prs = 	'sr Prs 	(7.26) 
sr sr 

The changes in the total energy are most conveniently 

obtained by using a modified form of (5.17) viz. 

0 
w = w6-+

„  
) En + 1  2 	) .27) 

rs 	rs ( 	tr gsr) P 	(7  tr 

so that 

0 C I I 
W = 2 Li 	Gtr rs 

11 

)p +S e p + sr rs sr sr rs 

2 
e po + 1  2S sr sr rs 

= Ell 
occ, 

 En +2 Li  (esr- I Ytr Ssr ) t  Prs --,t u 

 
1 \ t  

rs 	tr' n 
+S K e p + S2  K e p°  sr sr sr rs 	sr sr sr rs 

1 

These equations can be simplified using (7.21), 

(7.25), (7.26) to give 

W 	a
2 	

S2  e p°  a2 
2 rs sr sr rs 2  	ss  sresrPrs 

w I 

(7.29) 

(7.23), 

(7.30) 

(7.28) 

+S e 1 p + sr sr rs 

► \ 	a2 cr W =a2 	 S2  K e p°  + 	S e p rs sr sr sr rs 	2 rs sr sr rs 

a2 
L,S Kesrprs  (7.31) 
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It can be easily deduced from (7.13) and (7.i+) that 

the last two terms in (7.31) are equal so that 

W 	a2 	S Kepo + a
2 
Yi SKe 

\---1 	2 
LI 	sr sr sr rs 	sr sr srp  rs rs 	rs 

(7.32) 

Thus the final expressions for the two coefficients of 

interest involve only the unperturbed bond orders 

rs 
0 and their first order change in the presence of the 

uniform field nrs' 	The calculation of this second -  

matrix is more difficult since the basic equation 

(7.13) involves the matrices F 	and F1  sr 	sr' 

8. 	Numerical Procedure  

The first step in the numerical calculation of 

the coefficients is to solve the field-free equations 

and so obtain Fsr 	pr  s. D
o 
s' 	The second step is to 

solve the perturbation equation (7.13). 	If the matrix 

Flsr is assumed known, the equations can be solved for 

the various 	using either the method of expanding 

in terms of the unperturbed eigenvectors as in ordinary 

perturbation theory or by solving the linear equations 

with the additional condition, which can be imposed 
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without loss of generality, that the perturbed eigen-

vector is orthogonal to the unperturbed one i.e. 

, 
am am = ° (8.01) 

These arn  are then used to produce a new Fsr  and 

the process is repeated until this matrix is consistent. 

Unfortunately this procedure converges slowly but it 

can be accelerated by using an extrapolation formula 

such as 

(Fsr)ext 

, 	t 	1 	1 
(Fsr )1(Fsr  )3  - (Fsr  )2(Fsr  )2  

, 
(Fsr )1  - 2(Fsr )2 + (Fsr  )3 

which implies that the matrix elements in successive 
1 

iterations are in geometric progressions. 	Once F sr 

has been found, the evaluation of the coefficients 

from (7.30) and (7.32) is immediate. 

This entire calculation has been programmed for 

the English Electric computer 'Deuce'. 	The solution 

of the field-free equations is continued until the 

elements of prs are consistent to within 0.0002. 

Similarly, the iteration of the perturbation equations 
1 

continues until the elements of prs  are consistent 

to within 0.0002. 
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9. Results  

For purposes of calculation, the unit of energy 

was chosen to be 

13 = -4.79 eV 

so that t3cc  and 130N  for nearest neighbour elements 

are 0.513 and 0.53813 respectively.31,32 
	

For the electro-

static integrals grs  the values of McWeeny and Peacock
31,32 

in units of 13 have been chosen, and when necessary, have 

been calculated by the Pariser and Parr34 formula 

ar + br2 = 0-PP(pp) 	(PPIqq) 

for r, distance between centres, ...12.80 A. 	a and b 

were fixed by the McWeeny and Peacock values. 	When 

r) 2.80 A, interpolation in the Pariser table35  was used. 

The unit of length was chosen to be 1.40 R, the 

C-C internuclear distance in benzene. 	Both Ssr  and 

Ksr were calculated in terms of this unit. 	All C-C 

and C-N bond distances were assumed to have this value 

and the rings are assumed to be regular polygones. 
0 

The C-H bond distance was taken to be 1.09 A. 
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The zero order S.C.F. Hamiltonian was calculated 

using McWeeny steepest descent method,33  which has the 

advantage of not requiring diagonalization of jt in 

each iteration. 

For each heteromolecule, three different values 

ofgN and 80  were chosen, where 

x  =  axac- 

The reason for doing this is that there is no certainty 

concerning these values and chemical shift data might 

ultimately lead to correct empirical evaluation of 

X. 	In Huckel treatment, the values S.c'2,0.5
,*
and 

(3e 1-11.1 reproduce experimental dipole moments.
36-44 If 

0 

the electron-density distribution given by S.D.F. calcu- 

lations are sought, the values of 4 = 0.1-0.35, 

g- = 2 and g• = 0.15 are found.31,32,45-47 So, the 0 

values of 4 = 0.2, 0.5, 0.8, 	= 1, 1.5, 2 

g' ! = 0.19, 0.49, 0.79 in the 0 	
Huckel treatment have 

been chosen. 	The corresponding values for S.C.F. 

treatment are found by using the approximative formula31 

( 	(°)) Huckel 	Zr  SCF 	r rr-  c 

* The dots over the N and 0 refer to the number of g 
electrons.52 
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The corresponding values are: (% = 0.35, 0.65, 0.95; 

2.50, 3.00, 3.50; So  = 0.40, 0.70, 1.00. 	In 

the presence of the field the total energy of the mole- 

cule is 

W = Wo  - H2  W" 	
t 

- Hm W
t 

since the terms in H and m vanish for a normal molecule 

with doubly-occupied orbitals. 	The diamagnetic suscepti- 

bility is 

 

w 

 

- 2 W 

 

H2  

 

and the chemical shift 

-"214r  

 

1 	I 
W 

    

-611.bm 

It is necessary to emphasize that the calculations 

include only the ring current contribution to both 

magnitudes and are based on a field which is normal to 

the molecular plane, since a field in the molecular 

plane produces no ring current. 	In practice, the 

chemical shift is averaged over all orientations and 

reduces to s  ► W I . 

The results of these calculations are shown together 

with the corresponding results in the Huckel-London theory. 
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This theory can be derived formally from the self-

-consistent theory by putting rs = " 

It is important to consider the accuracy of the 

experimental measurements with which the calculated 

results are to be compared. 	Chemical shift measurements, 

by means of nuclear magnetic resonance are considered 

first. 	The compound under investigation is dissolved 

in a suitable solvent and another substance is added 

as internal reference. 	The chemical shift is then 

determined relative to the internal reference. 	This 

procedure is necessary because it is not feasible to 

measure absolute resonance frequencies. 	There are a 

number of possible sources of error in this technique, 

the most important being the solvent effect.53 This 

effect is composed of six major parts: 	a) Bulk suscep-

tibility, b) anisotropy in the susceptibility of the 

solvent, c) solvent-solute complexing, d) Van der Waals 

forces, e) Polar effect and f) self-complexing of solute. 

Comparison of experiment with theory ideally should be 

made with experimental results at infinite dilution in 

a suitable solvent or better in gazeous state. 	A 

suitable solvent should be magnetically isotropic, chemi-

cally inert and non-polar so that when employed with 
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an internal reference, the factors a), b), and c) will 

be negligible. 	By extrapolating to infinite dilution 

it is then possible to reduce the importance of factors 

e) and f). 	It is then necessary to assume that effect 

of non-bonding interaction d) on the chemical shift 

are negligible or are constant for a series of compounds 

under investigation. 	This latter assumption could 

introduce errors of as much as 5 cps. in extreme cases,53 

but is likely to be unimportant for a series of closely 

related compounds. 

Elvidge and Jackman48 have an experimental technique 

for the estimation of the aromatic character, defined by 

ability to sustain an induced ring current, of the 2-

-pyridone ring system, by comparing the chemical shifts 

of methyl groups attached to this ring with those 

derived from non-aromatic model compounds. 	A second 

approach used by these authors was to subtract the 

estimated contribution of the ring current (assumed to 

be the same as in benzene), from the shifts of methyl 

groups and protons attached to the ring in pyridine and 

pyridinium salts models and then compare these values 

with those observed in the 2-pyridones. 	It was found 

that the pyridine model overestimated the ring current 

contribution whereas the pyridinium model underestimated 
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The authors therefore suggested that a linear combina-

tion of the form 

Teal r4v...tA -x  (1-.A -'CB) 4. (1  - x) r  

where I:A  and "6B are the shifts observed in pyridine 
and pyridinium models respectively, r is the estimated 

ring current contribution and x the functional aromaticity, 

should give a more accurate result. 	By comparing the 

observed shifts with those calculated from this equation 

a value for x was obtained. 

The methods gave 0.36 and 0.31 based on methyl 

protons and ring protons, respectively as the fractional 

aromaticity of the 2-pyridone ring compared with benzene. 

In the case of the diamagnetic anisotropy, the 

measurements are made on single crystals in a torsion 

balance and this, clearly, involves a big difficulty in 

comparing with theoretical results. 	Once again, it is 

important to draw attention to the fact that this theory 

calculates the London diamagnetic anisotropy and that 

this only accounts for of the total diamagnetic aniso-

tropy of benzene.18,56,57,58 The rest is made up from 

the 2pg atomic orbitals and the 6-framework. 	This 

6-contribution is known to be very small. 
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Table 1 contains the results for naphthalene and 

azulene. 	For naphthalene, no significant difference 

between the two methods is found. 	This is expected as 

naphthalene is an alternant hydrocarbon and has unit 

A-electron charge densities at each carbon atom. 	In 

the case of azulene, a non-alternant hydrocarbon in 

which some degree of non-uniformity of the A-electron 

distribution develops, the S.C.F. model predicts signi-

ficantly lower shielding of the protons attached to 

the five membered ring. This results in an improved 

agreement with experiment since the 3- and 2-protons 

are known to be less shielded than the 5- and 6-protons, 

respectively, even though the A-electron charge densities 

(table 1) at positions 3 and 2 are respectively higher 

than at 5 and 6. 	Even better agreement might result 	if 

a correction for the different hybridisation of the 

carbon atoms of five and seven membered rings (see however 

reference 20) could be made in addition to corrections 

for ring current and charge densities. 	The two methods 

predict almost the same value for the diamagnetic 

susceptibility of azulene. 
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Table 1  

Calculated chemical shifts and diamagnetic anisotropies 

(relative to benzene) in naphthalene and azulene. 

Naphthalene  

Chemical Shifts 	Diamagnetic anisotropy 
f I 

Position Huckel S.C.F. 	Huckel 	S.C.F. 

1 	1.31 1.28 1.3111  2.18 	2.14 

2 	1.17 1.15 1.12 

Azulene  

Chemical Shifts 	Diamagnetic anisotropy 
n 	 it 

Position Huckel S:C.F obs.-1  a 	Huckel 	S.C.F. 

1,3 1.27 1.37 1.04 +0.113 2.26 2.28 

2 1.14 1.23 1.37 -0.011 

4,8 1.34 1.32 1.61 -0.128 

5,7 1.22 1.18 0.82 +o.o4o 

6 1.20 1.16 1.11 -0.082 

A. Nett 7c-electron charges 

Based on an experimental estimate of 1.55 p.p.m. for 

the ring current shift in benzene.22 

2-Ref. 49 

Ref. 20. 
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The real value of the S.C.F. method becomes apparent 

in the treatment of molecules such as 1-methyl-2- 

-pyridone (I) in which considerable s-charge separation 

occurs. 
Table 2  
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Tables 3 and 4 give the results of calculations of the 

ring current contribution to the chemical shift of the 

ring protons in 1-methyl-2-pyridone (I), 1-methy1-4-

-pyridone (II), 1-methyl-2-cyclopentadieny1-1, 2-dihydro-

pyridine (III), 1-methyl-k-cyclopentadienyl-1, k-dihydro-

pyridine (IV) and 4-(1-Indenylidene)-1-methy1-104-dihydro- 

pyridine (V). 	It is seen that the Hilckel method sub-

stantially overestimates the ring current since it allows 

for a greater contribution by the zwitter-ionic structures 

of the types (VII) and (VIII) to the ground states of 

these molecules. Furthermore, the Huckel method predicts 

similar magnitudes in the 2- and 4-series whereas the 

results of the S.C.F. method suggest that the ring current 

in the 4-compounds is significantly less than in 2-compounds, 

in accordance with the smaller separation between oxygen 

and nitrogen in the latter compounds. 

Although a detailed study of the chemical shifts 

associated with ring currents has been made only for 

1-methyl-2-pyridone, some data are available for (II), 

(III), and (IV). 	The shifts of protons a to nitrogen 

and of the protons of the 1-methyl groups are particularly 

sensitive to the charge on nitrogen. 	Thus, for these 

protons, large ring currents will be associated with 
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Table 3  

Calculated chemical shifts and diamagnetic anisotropies 

(relative to benzene) in the heterocycles I and II. 

(I) 	(II) 

~N g6 Huckel 	S.C.F. Huckel S.C.F. 

1.02 0.19 0.52 0.33 0.53 0.18 

1.02 0.49 0.64 0.49 0.65 0.37 

1.02 0.79 0.71 0.62 0.73 0.52 

1.52 0.19 0.42 0.23 0.44 0,14 

1.52 0.49 0.55 0.37 0.56 0.29 

1.52 0.79 0.63 0.48 0.64 0.41 

2.02 0.19 0.34 0.16 0.36 0.11 

2.02 0.49 0.47 0.28 0.48 0.23 

2.02 0.79 0.55 0.38 0.56 0.33 



Table 4  

Calculated chemical shifts (relative to benzene) in 

the heterocycles III, IV and V. 

85. 

SK 	Position. Huckel S.C.F. Huckel S.C.F. Huckel S.C.F. 

1.02 A 0.82 0.56 0.83 0.44 0.79 0.36 

B 0.81 0.38 

1.52 A 0.74 0.42 0.75 0.34 0.70 0.27 

B 0.72 0.29 

2.02 A 0.65 0.31 0.67 0.26 0.61 0.21 

B 0.64 0.22 
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Table 5  

Chemical Shifts ('C-values) of protons of some heterocycles 
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a) reference 48 b) reference 50 	c) reference 51. 
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shifts to lower fields, not only because of the shielding 

arising from the ring current, but also because large 

ring currents are provided by contributions of the 

zwitter-ionic structures in which the nitrogen carries 

a positive charge. 	Table 5 lists ft-values (low values 

correspond to low shielding) for molecules of the types 

(I) - (IV). 	These data suggestthe following orders 

for the ring currents in the four types 

(I) 	(II) 
(III) > (Iv) 

(III) (,,J (I) 

The first two inequalities are clearly in accord with 

the S.C.F. calculations, irrespective of the values of 

the parameters employed. 	The Huckel treatment does 

not predict these results. 	The third relation is 

consistent with the S.C.F. predictions for the most 

likely values of the parameters for oxygen and nitrogen. 

In the present calculations the value of So  should 

presumably be kept small in order to compensate for 

the assumption that p for the partial double bond between 

carbon and oxygen is equal to that for benzene. 

It is interesting to note that the experimental 

estimate of 0.35 ± 0.05 for the ring current in 
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1-methyl-2-pyridone48 is reproduced by the S.C.F. 

treatment using reasonable values for the oxygen and 

nitrogen parameters. 

The ring current in (III) has been shown to be 

very close to that in 1-Me-2-pyridone (I).51  

For the heterocycle (V) experimental shifts 

suggest virtually no ring current.51 This is not in 

agreement with the calculated chemical shift and is 

probably due to steric deformation caused by the prox-

imity of protons attached to carbons 1 and 14 (see 

table 2), which would require a smaller f3 value for 

the bond between the two rings 6-7. 

For the pyridones (I), (II) the calculated Magnetic 

Susceptibilities expressed as ratios to benzene are 

identical with chemical shift ratios. 	Table 6 gives 

calculated values of the diamagnetic anisotropy in 

compounds (III), (IV) and (V). 	The difference in 

the results of two treatments is even more pronounced 

Table 6  

Calculated diamagnetic anisotropies (relative to benzene) 

in the heterocycles III, IV and V. 

(III) 	(IV) 	(V) 
I I 

Huckel S.C.F. 
IT 

Huckel S.C.F. Huckel S.C.F. 

1.02 1.24 0.79 1.25 0.59 2.28 1.49 

1.52 1.15 0.58 1.15 0.42 2.15 1.33 

2.02 1.05 0.41 1.06 0.28 2.04 1.20 



Table 7  

Calculated chemical shifts (relative to benzene) in 

the heterocycle VI. 

N Position 
tt 

Huckel S.C.F. 

1.02 A 1.41 1.44 

B 1.51 1.54 

C 1.20 1.22 

D 1.08 1.09 

1.52 A 1.44 1.47 

B 1.55 1.59 

C 1.31 1.36 

D 1.19 1.24 

2.02 A 1.46 1.48 

B 1.58 1.61 

C 1.39 1.45 

D 1.27 1.33 

89. 
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than for the chemical shifts. 	Table 7 gives the 

calculated chemical shifts in cyclazine (VI). 	It is 
YO ca, 

seen **at—an increase in the value of chemical shift with 

increase in 81K. This can be explained by the fact 

that the bigger is 	the more the molecule approaches 
rr 

the Huckel type of 4n + 2, where n is the number of 

7r-electrons, because with ON increasing the electrons 

are" localized in the nitrogen. 	This can be confirmed 

by calculations in the hypothetical molecule formed by 

the perimeter of (VI), which conforms to the Huckel rule 

of 4n + 2 (in this case 10) 2T-electrons. 	The results 

are 1.5-1.6 for the chemical shift, higher than those 

for cyclazine. Table 8 gives the diamagnetic anisotropy 

Table 8  

Calculated diamagnetic anisotropies (relative to benzene) 

in the heterocycle VI. 

d.. 	 Huckel 
	

S.C.F. 

1.02 2.53 2.58 

1.52 2.69 2.78 

2.02 2.80 2.89 
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E.0 tke (Liam- ettiiso. 

for this molecule, and the same reasons apply/(the 

value for the hypothetical molecule is 3.09). 

Table 9 gives the calculated chemical shifts 

and diamagnetic anisotropies for pyridine, pyrimidine 

and S-triazine. There are two main features in this 

Table 9  

Calculated chemical shifts and diamagnetic anisotropies 

(relative to benzene) in Pyridine, Pyrimidine and 

S-Triazine. 

Pyridine 	Pyrimidine 	S-Triazine 

g. 
N Huckel S.C.F. Huckel S.C.F. Huckel S.C.F. 

	

0.20 1.00 1.02 	0.99 1.03 	0.98 1.04 

	

0.50 0.98 0.99 	0.95 0.96 	0.90 0.89 

	

0.80 0.96 0.95 	0.87 0.83 	0.76 0.67 

table. 	First, there is no appreciable change in the 

results for pyridine as cC)1, increases. 	Mason55  thinks 

that this could be explained by the small localization 

of the n-electron charge in small size molecules, for 
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there is now some experimental evidence that from 

acridine to 1,2-5,6-dibenzoacridine the localization 

of the charge doubles from 0.1 electrons to 0.2 

electrons. 	The second feature is that the S.C.F. 

value for pyridine with g= 0.2 gives a value greater 

than for the Huckel value and the value for benzene. 

This can be explained by the influence of the value 

of  RCN = 0.538. 	If the pyridine molecule is calcu- 

lated with 	= 0.2 and RCN = 0.5, the S.C.F. result 
if 

is 0.99, lower than the Huckel value and the value for 

benzene. 
diamag. anisotropy for 

The experimental value of the/S-triazine is unknown; 

only the value for trichloro-S-triazine is available,56 

of 
and comparison is not possible because/the presence of 

the three chlorine atoms in the molecule. 

Table 10 gives the chemical shifts and diamagnetic 

Table 10 

Calculated chemical shifts and diamagnetic anisotropies 

(relative to benzene) in Cyclopentadienyl, Tropilium. 

Huckel 
	

S.C.F. 

Cyclopentadienyl  Chem. Shift 
diamag. anisot. 

	

0.69 	0.69 

	

0.51 	0.51 

Tropilium Chem. Shift 	1.26 

diamag. anisot. 	1.61 

1.26 

 

1.61 
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anisotropies in cyclopentadienyl, tropilium. 	These 

are only of pure theoretical interest since comparison 

with experiment is difficult because of the magnitude 

of solvation and ion-pairing effects.21 

The values of the diagonal elements of the density 

matrix in S.C.F. treatment are set out in subsequent 

tables. These values will be of importance when more 

experimental values become available, and a detailed 

comparison of calculated and observed chemical shifts 

can be attempted. 



S.C.F. Diagonal Elements of  

the Density Matrix. 



6 
5  

4 

 

1\T 
• • 	 1 

go  = o.19 go  = 0.49 So = 0.79 

1 .6602 .7333 .7969 

2 .4842 .4436 .410 

3 .8o46 .7871 .7712 

S,=1.02 N 
4 .4955 .4983 .4995 

5 .5519 .5461 .5402 

6 .4868 .4819 .4784 

7 .5147 .5097 .5035 

1 .6340 .7079 .7739 

2 .4711 .4258 .3871 

3 .878o .8645 .8517 

L-
N

1.52 4 .4807 .4785 .4765 

5 .5410 .15383 .5354 

6 .4866 .4789 .4726 

7 .5o85 .5061 .5028 

1 .6147 .6891 .7565 

2 .4637 .4151 .3726  

3 .9217 .9121 .9028 

S- 2.02 N=  4 .4741 .4693 .4649 

5 .5329 .5321 .5309 

6 .4869 .4774 .4690 

7 .5059 .5050 .5033 

94. 



10 

g.o. o.19 Cfs o=0.49 cc0-0.79 

1 .6176 .6937 .7630 

2 .4784 .4341 .3961 

S'14=1.02 3,7 .5257 .5188 .5112 

4,6 .5179 .5145 .5118 

5 .8168 .8057 .7948 

1 .6006 .6772 .7479 

2 .4745 .4281 .3874 

S 
N4=1.52 3,7 .5218 .5163 .5102 

4,6 .4992 .4936 .4887 

5 .8829 .875o .867o 

1 .5888 .6657 .7371 

2 .4721 .4242 .3817 

4=2.02 3,7 .518o .5134 .5083 

4,6 .4897 .4825 .476o 

5 .9236 .9182 .9127 

95. 



1.02 1.52 2.02 1.02 1.52 2.02 

1 0.5083 0.5102 0.5100 0.7672 0.8521 0.9052 

2 0.5105 0.4873 0.4751 0.4983 0.4760 0.4659 

3 0.7855 0.8626 0.9110 0.5278 0.5254 0.5222 

4 0.5105 0.4873 0.4751 0.4765 0.4718 0.4699 

5 0.5083 0.5102 0.5100 0.5012 0.5021 0.5030 

6 0.4459 0.4416 0.4395 0.4558 0.4376 0.4281 

7 0.5489 0.5391 0.5314 0.5858 o.5685 0.5545 

8 0.5612 0.5549 0.5509 0.5439 0.5434 0.5429 

9 0.5298 0.5260 0.5231 0.5394 0.5331 0.5282 

10 0.5298 0.5260 0.5231 0.5280 0.5250 0.5224 

11 0.5612 0.5549 0.5509 0.5760 0.5649 0.5576 

96. 



• 

3 

4=1.02 4=1.52 S'-N 	'=2 02 

1 .5126 .5137 .5130 

2 .5095 .4889 .4786 

3 .7960 .8701 .9160 

4 .5103 .4897 .4794 

5 .5145 .5148 .5136 

6 .4631 .4609 .4602 

7 .5593 .5459 .5362 

8 .5276 .5269 .5265 

9 .5366 .5293 .524o 

10 .5085 .5079 .5077 

11 .5003 .4991 .4982 

12 .5177 .5145 .5122 

13 .5156 .5125 .5103 

14 .5143 .5115 .5094 

15 .5141 .5144 .5147 

97. 



C•11.=1.02 SK=1.52 A=2.02 

1 .5136 .5078 .5042 

2,10 .4966 .4998 .5016 

3,9 .5281 .5119 .5018 

4,8 .5583 .548o .5395 

5,7 .5o/1 .5040 .5036 

6 .5759 .5512 .5340 

11 .7360 .8137 .8669 

98. 



3 

2 	4 

1 	N/ 5  
6 

Pyridine  

S1\1=0.2 S' N=0.5 Svo .8 

1,5 .4757 .4405 .4078 

2,4 .5053 .5130 .5201 

3 .4891 .4732 .4582 

6 .5488 .6199 .6860 

Pyrimidine  

3 	 5 

2 L.N.  i\T..." 6 

1 

4=0.2 Sfr0.5 Sr0.8 

1,3 .5534 .6304 .7002 

2 .4525 .3836 .3201 

4,6 .4651 .415o .3708 

5 .51o6 .5254 .5379 

99. 
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S-Triazine  

1 
N 

e .-'' N)2 

5 I\  113  

4 

Q k=0.2 J•=0.54=0.8 

1,3,5 .5580 .6401 .7113 

2,4,6 .4420 .3599 .2887 
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10. 	A General Theory,  

The form of perturbation theory developed in 

Chapter 7 has been adapted to suit conjugated mole-

cules since it assumes a separation into Land H 

electrons, and is formulated in matrix terms. 	For 

more general applications it is convenient to have 

a form of the theory which is written in differential 

equation form and has no further restrictions. 	This 

is needed, in particular, in order to discuss small 

molecules. 	Since the argument is almost the same as 

before, it is presented more briefly. 

Consider doubly occupied m.o. with Hamiltonian of 

the form: 

fi(H) + 	gii  
i<j 

where H is the external field, fi  the Hamiltonian operator 

for the ith electron moving in the field of the muclei 

and gij  the Hamiltonian operator corresponding to inter- 

action between electrons. 

The orbitals satisfy, 

heff. 0n = En On 
	(10.1) 
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with 	= 0/1(H) 

En = En(H) 

n 
heff = f(H) + On(2) g(1,2) (2-P12) &(2) dV2 

  

where P12 is the permutation operator which interchanges 

variables in the two orbitals following it. Expanding 

in powers of H it is found that: 

f = fo + Hf + m f + H2  f it + Hm 'f t  + 

0 	1 	II 

ff  heff = heff + H hteff  + m heff + 	e + Hm heff eff 

on 
,It 	1,1 

H n + m xn  + H2 n + Hm 

„ 	I I 
En = En + HEn +m En  + 11 En + Hm En 

Because the problem deals with a non-degenerate singlet 

state and the magnetic field does not perturb such a 

state in first order, En  = o, En = o and the last equa-

tion becomes: 

tr 	I 
En = En + H2  En + Hm E. 

substituting in (10.1) and dropping the subscript eff, 



h°  d°dun 	n )u  = E°  d°  n 

(h°-4)4 = -h! wn 

(ho_Eon) n = h 00 

(h°-4)91:11  = 	+ (41.1  -h"" )wn 

1 	! 	
1 	1 

(h°- 1°1) On = -h 7n  h pn  + ( En  - 
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(10.2a) 

(10.2b) 

(10.3a) 

I I ,n 
h ) 9,17, (10.3b) 

(10.4a) 

(10.4b) 

(10.5a) 

From (10.2a) and (10.2b): 

(h°-4)011) = 	h 

(ron, (h°-4)1/11) = -(1/, ih) 

From (10.3a): 

	

, 	
+ 	hi  4) 

	

En  = ( 	h
wn) 

From (10.3b): 

En = ( 	h"/n) + (01I, f h 0:1) 	h t  yin) 

(10.5b) 

The normalization condition (lc, fen) = 1, gives 
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(0°, 	(4,  401) = 0 

10n)+ ( 10n, 	= 0  
(10.6) 

crtn, 
fnc 

 ) ▪ (4,  4) O) = o 

• (4, f or)+ Con, 	▪ (X, 	= 0 

By expansion of 9(n, 

= f'  + 	(4)  g(2-P)4) + E(4, g(2-P)4) (10.6a) 

h = f + g(2-P)1/n) + 	(01.1, g(2-P)4) 

11 
h = f + n 

(10.6b) 

g(2-P)4) + 	g(2-1))4) + 

E 	g(2-04) 
n 

1 	I 	I 

n 
h = f + 	(OS g(2-P)'0111) + n 	n g(2-p)1/11) 

(IXn, g(2-P)4) (r cn, g(2-P)On)  

The total energy can be written as: 

W(H) = 1.i (%n, (h+f)/n) = 	En  + n  (/n, f/n) 
„ 	It 

= Wo + HW + m W + H` W + Hm W + 	 
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o 7 W = 7
n 
 0 .„. En  + L, (0n   fo co ' n 

1 	c.' o 
W = Ej(9f°  c'  e) + z (4, f In ) + L (P'n, CO  0';;) n' 	n n n 	n 

	

= ) (4,  if  On) 	% (41 f°  1/n) +) ('On, f°  On)  

W'r 

u cl 
= 	En 

 + n (yin, 
do 

f 0°) + )7_1(4, f
1 	

) -0_ 	
o 

1_1(0°,f 0 ) 

	

l 	 ( 0 	00 + 	(in, 	7̀ n) 	n' f 1  n ) 	n' 
fo4 ) 

(10.7a) 

,,,,t 	c--1 i 	v-i 	+' 	o 	t 1 
C 	0 )+E(0 ,T fsen ) w = L, En + L_, ( 	f  4)  	(On, 	n n  n n n 

+Z  (flin'' fo '0'n) I-E (4, 
,
f0n) +E

' 
 ( '56

n 
 ,f.° i)n  )v  

	

n 	n 	n 

('sif f o) gfn'  fo  00) + 

▪ E (0°,  Co 
'0') 

is 
Using the expression for h in (10.5a): 

, h" = 	
vt 

(910  f n 

-1  
+ c(521n 0' g(2-P) 01: n1 

+
1 
 (0 4,g(2-P) 	01°1) + 

+ 11 	
n 

(0° 	g(2-P) wl  011) 
n1 

(10.7b) 
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91(n), h 0 	
H 

(0°  f 0°) = 	) ' 

(0, (11°-f ° )4 ) 	(/ i) (h°-f°)/;) 

E (4, 

From (10.2a) 

(h°-4) = (10.8) 

(0n' 	n h 0) = E°  (9n1, 0n) - ( 	h
o 
 n) 

so, 
u 	o L., En  = E (011, fil 4) + Y (4, (h°-f°)K) +ID (4,h°- n 	n 	n 	n 

,--+ ( II 	pii 	\ 
+ 	 h 0'n)+ \L /11, (h°-f°)4) 	(4,  ° 	Z En ( ia,' /-1)  n  

and the expression for the energy (10,7a) becomes: 

17
N  id°  W

rr 
= 2 	, kPn' 

" HO 

	

P/
+ 
 ), 	

1  
f On) 	fl  0°) n 	 n 	 n 

(fin, h° 0n ) 	(0n. 1  h°  011) + 	(Orn, 4)) 

The sum in brackets can be written: 

En {(01°1, 	) 	(0/1, 0'1°1) 	4)) 

This sum is zero by the third relation (10.6). 	So: 
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W m = 2 T (X, f" 	+ 	(e, f t/) 	(1n, f t  4) (10.9) 

In the same way, the expression for W is found. 	Using 

the expression for h 

Picr )  = 	(4' ?ft  4)  + 

+
n1 - 

(ye"  6, g(2-P) 154 cl  + 	(011  011, g(2-P)'01  ea) 
n1 

+ 	1 	(0°n X  01, g(2-P) 01 n'  0°) 	g(2-P)6 
n1 	n1 

) 

= 	(0°, f 0) 

. + 	n • (Xn' (h
o  -fo) EJ (01 , (ho-e)I011)+Ekre-f°41) 

n 
(101, (h°-&)4) 

From (10.2b) 

(h°  - En) = 
	h 

f la 	= En (10.11,  0:-1) 	h° 

and from (10.8): 

o h 	On) 	E° 	10(11) - (0:1, h 0//a) 



So, 

f /(1)1) 	E(0
-
,  (h°-f°) I/) 

n 
En  = 

(h°-f°) 
ri  
Yjn' (h°-f°)I0n) + 

n 
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( n (h°-f°)4) 	('O 	(h°-f°) /) 

0 En  (
1
n 	n ) 	 - 	Co'n, h° 	-   

h° 1/11) 

And the expression for the energy (10.7b): 

2 L., 	f  rn' 	` OP) 	(
rn
d°, fl  'd n) 	I_ le srn,  

(r/ 
`rn' f On) 	(tOn' ft  On) + 

+(/ En 	 h° En  (1/11, 	+ 	E° 	'0 ) 	(1°, -i n n n 

(1/;1.,  h°  /1°)) 

and the Sun) in brackets can be written: 

En ° 

I 	, 

Øn) CIn 	n )) 	('O 	) 	(San' I0n)} n 	n'  
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which is zero by the fourth relation (10.6). 

So: 

1 	 I 	_do  
W 	= 2 	1(?).) 	c04n-, f!  /11)4-  4,1 (On" t f 0n)  

S-1  
(0n) f 00 ) + f 

(10.1o) 

If in (10.9), the Hamiltonian character of the f's gives: 

„ N  C l  0) = (f' 
	°vo)*  

1-1 	= (4, 

and so: 

1 
= 2 	f 
	

2 E 	CI  4) 

And in (10.10), similarly: 

1 	I 	 * 
'f 	= ( 	011.' 

1 

f 

(C ' I 

( 	 0°  ) = 	 ) n' 	' 10n)  

and (10.10) becomes: 

'W' 	,n 
= 2 L (9;r7i., f1 
	

2 E 	f"c)+2 	I f 01.11 



) )an. 

E (en', f. ' 'pin) = 
I 

f 0n) 
and 
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As for the terms (4, f 

(10.2a) and (I0.2b), : 

and 
tI 

f on) ,  from 

(t/n, (h°-E) 0) = -(
! 

	ht  wn) n n 	n' 

(c/n, (ho-En) 0) = -Wri5 th 

(4, h 0n) = 	t h 

t 	I 
and substituting for h and h, the expressions from 

(10.6a) and (10.6b), it is seen after simplifying: 

IW 	= 2Y (0n°' If t r)  + 4 	
t 
f 0n) -4  
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