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Abstract

Quantum computing holds the potential to transform fields ranging from cryptography to
materials science by tackling problems that exceed the reach of classical computation. Yet,
moving beyond proof-of-concept demonstrations to practical large-scale quantum systems
requires overcoming two major challenges: the exponential increase in control complexity
as the number of qubits grows and the inherent fragility of quantum operations in realistic
experimental conditions. While high-fidelity control of individual qubits has been demon-
strated, scalable architectures demand protocols that maintain precision across thousands

of qubits, even in the presence of imperfections.

This thesis addresses these challenges through advances in quantum control and error re-
silience. First, we introduce a resource-efficient control framework that mitigates the expo-
nential scaling of state-vector representations, enabling precise manipulation of many-qubit
systems that were previously beyond reach. This approach supports the development of
efficient protocols for state preparation and quantum simulation — both essential for re-
alizing practical quantum technologies. Second, we develop error-mitigation strategies to
suppress decoherence in multi-qubit arrays. Key contributions include shuttling protocols
for trapped-ion systems that minimize motional heating during transport, noise-robust en-
tangling gates that remain resilient to simultaneous frequency errors, initial motional exci-
tation, and motional heating due to environmental coupling, as well as spectral engineering
techniques that remove the need for mode selectivity and resolved sideband requirements

in multi-ion operations.

Together, these advances refine the control of large-scale qubit systems and provide concrete

steps toward scalable, fault-tolerant quantum processors.
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Chapter 1

Introduction

“It was as if the ground had
been pulled out from under one,
with no firm foundation to be
seen anywhere upon which one

could have built.”

— Albert Einstein, 1949 [5]

The early decades of the 20th century witnessed a profound crisis in classical physics. Es-
tablished theories, which had long excelled at describing macroscopic phenomena, failed
when confronted with atomic and subatomic systems. For example, classical electrodynam-
ics predicted that orbiting electrons would spiral into atomic nuclei within picoseconds due
to continuous energy loss—an outcome that directly contradicted the observed stability of
matter and the discrete emission spectra of atoms [6]. Similarly, the ultraviolet catastrophe
revealed that classical thermodynamics incorrectly predicted infinite energy radiation at
short wavelengths |7, 8|, a result so unphysical that it threatened the foundations of sta-
tistical mechanics. These failures highlighted a fundamental truth: the microscopic world
operates according to principles that defy macroscopic intuition, prompting a radical re-

thinking of physical laws— an intellectual shift that gave rise to the quantum revolution.

Max Planck’s 1900 proposal of energy quantization — the radical idea that electromagnetic
energy is exchanged in discrete packets called quanta —resolved the black-body radiation
paradox and ignited a paradigm shift [9]. Einstein’s 1905 explanation of the photoelectric
effect further cemented the particle-like behavior of light [10], while Bohr’s 1913 model of
quantized electron orbits bridged atomic stability with spectral observations [11|. By the
1920s, Schrodinger’s wave mechanics [12], Heisenberg’s matrix mechanics [13], and Dirac’s
operator formalism [14] converged into the mathematical framework of modern quantum
mechanics. This revolution not only explained microscopic phenomena but also catalyzed
transformative technologies, from semiconductors [15] and lasers [16] to magnetic resonance

imaging (MRI) [17], reshaping modern life.
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Today, the legacy of these breakthroughs continues in the pursuit of quantum computing, a
field poised to transform domains from cryptography to materials science by tackling prob-
lems that lie beyond the reach of classical computation. Unlike classical bits, qubits exploit
superposition and entanglement to explore exponentially large solution spaces simultane-
ously, enabling exponential speedups for specific tasks —such as integer factorization via
Shor’s algorithm [18] and quantum simulations that promise to revolutionize materials
science [19] and drug discovery [20]. For example, quantum phase estimation could elu-
cidate the electronic structure of transition-metal catalysts critical for sustainable energy

technologies [21].

However, moving beyond proof-of-concept demonstrations to practical, large-scale quan-
tum systems requires overcoming two major challenges. First, there is the exponential
increase in control complexity as the number of qubits grows — today’s noisy intermediate-
scale quantum (NISQ) devices operate with only hundreds of error-prone qubits [22], while
scalable architectures demand protocols that maintain high precision across thousands
of qubits even in the presence of imperfections. Second, quantum operations are inher-
ently fragile, with decoherence, crosstalk, and hardware imperfections threatening reliable
computation. While theoretical frameworks such as surface codes [23] and topological
qubits [24] offer error-correction strategies, their experimental realization remains highly

demanding.

Central to overcoming these obstacles is quantum control — the precise engineering of ex-
ternal fields (e.g., laser pulses, microwave signals, or magnetic gradients) to manipulate
quantum states while mitigating decoherence and noise [25]. Even minor deviations in
control parameters can disrupt quantum superpositions, leading to errors that accumulate
over time. Advances in optimal control theory, such as gradient-ascent pulse engineering
(GRAPE) [26] and shortcuts to adiabaticity [27]|, have transformed these challenges into
tractable problems, enabling high-fidelity quantum gates across various platforms, includ-

ing trapped ions [28], superconducting circuits [29], and photonic architectures [30].

Among these platforms, trapped-ion systems stand out for their versatility and excep-
tional performance. In these systems, atomic ions— confined in ultrahigh vacuum by
precisely engineered electromagnetic fields— serve as robust qubits encoded in long-lived
electronic states. Laser-induced transitions mediate entanglement by exploiting spin-
dependent forces that couple to shared vibrational modes [31], while microwave fields and
magnetic field gradients offer alternative control pathways with reduced sensitivity to opti-
cal phase noise. These diverse control strategies have yielded record-breaking gate fidelities
exceeding 99.9% [28, 32|, comparable to the precision of atomic clocks that once validated
quantum theory. Nonetheless, scaling trapped-ion architectures to practical, large-scale
quantum processors presents significant challenges, including mode crowding, crosstalk in

dense ion arrays [33, 34|, and the susceptibility of laser frequencies and amplitudes to noise.

This thesis advances scalable quantum computing by addressing fundamental challenges

in quantum control and error resilience through novel theoretical approaches. At its core,
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we introduce a quantum control framework inspired by the properties of quantum invari-
ants, which circumvents the exponential scaling of state-vector-based methods. Instead of
explicitly constructing quantum states, our approach formulates control directly in terms
of quantum operators that implicitly encode the system’s evolution. The efficiency of this
framework stems from the algebraic structure of these operators, which form a closed al-
gebra of small dimension under the action of the Hamiltonian. This structure enables a
compact representation of the system’s dynamics, allowing us to unify a broad class of con-
trol problems and obtain solutions that would otherwise be computationally intractable.
We apply this framework to quantum state preparation and quantum simulation, devel-
oping efficient protocols for generating highly entangled states, such as cluster states and

Greenberger-Horne-Zeilinger (GHZ) states, and simulating complex many-body dynamics.

In parallel, we develop optimized pulse engineering techniques to achieve high-fidelity quan-
tum logic operations in multi-qubit systems. In the context of trapped-ion architectures,
we design motional control protocols that minimize excitation, even in fast diabatic pro-
cesses, ensuring that any transient heating is fully reversed by the end of the evolution.
Additionally, we introduce a novel control strategy that enhances error resilience by simul-
taneously mitigating multiple error sources. Unlike conventional methods, which typically
suppress a single dominant error at the risk of amplifying others, our approach system-
atically accounts for the leading sources of error within a unified optimization process.
This capability is crucial for scalability, as it ensures robust performance in the presence
of hardware imperfections that inevitably arise in large-scale quantum processors. More-
over, we develop an entanglement generation strategy for multi-ion chains that operates
beyond conventional constraints, avoiding the need for mode selectivity or sideband resolu-
tion. Instead, it harnesses all accessible motional modes and extends beyond weak-coupling

limitations, offering a versatile route to scalable entanglement generation.

By integrating these advances, this thesis contributes to the foundational development
of scalable and resilient quantum computing architectures, bridging theoretical quantum

control with practical implementation challenges.

1.1 Thesis Outline

This thesis explores the intersection of theoretical quantum physics, advanced control meth-
ods, and numerical optimization to tackle key challenges in quantum computing. It is
divided into two parts: the first (Chapters 2-4) develops the core theoretical foundations,
while the second (Chapters 5-9) introduces new quantum control methodologies, both at

a general level and specifically for trapped-ion systems.
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Foundational Chapters (2—4)

e Chapter 2: Mathematical Framework of Quantum Mechanics
We establish the mathematical framework of quantum theory, including Hilbert
spaces, state vectors, and operators. Key postulates—such as the Born rule and
the Schrédinger equation — are formalized, with extensions to open quantum systems
using density matrices and master equations. A unifying theme is the application
of Lie theory to characterize symmetries and dynamics, providing tools essential for

quantum control.

e Chapter 3: Optimal Quantum Control
At the heart of manipulating quantum systems lies the challenge of balancing pre-
cision, speed, and resilience against noise—a challenge addressed by the principles
of quantum control theory. This Chapter explores the mathematical and concep-
tual tools for designing protocols that steer quantum states and operations toward
desired outcomes, with an emphasis on using quantum invariants to circumvent the
slow pace of adiabatic methods. Foundational questions of controllability (can the
system reach a target?) and reachability (under what conditions?) are examined
alongside numerical strategies like GRAPE, illustrating how tailored control fields
emerge from theoretical frameworks. Through applications in state preparation and
quantum simulation, the Chapter underscores the transformative potential of control

theory in overcoming inherent quantum fragility and advancing scalable technologies.

e Chapter 4: Quantum Computing Architectures: Trapped Ions
Focusing on one of the most mature quantum architectures, we detail how electro-
magnetic fields trap ions, encode qubits in electronic states, and mediate entangle-
ment via spin-dependent forces. We compare laser-based photon momentum transfer
and magnetic gradient-induced coupling, highlighting their roles in high-fidelity gate

operations for modern ion-trap processors.

Original Contributions (5-9)

e Chapter 5: Quantum Control without Quantum States
We present a novel framework for quantum control that bypasses the need for explicit
simulations of system dynamics, which typically rely on state-vector representations.
Instead, our approach focuses on the evolution of operators that encode the quantum
state implicitly. This shift in perspective enables exponential reductions in computa-
tional effort for certain classes of problems. Crucially, our method remains effective
even in scenarios where traditional techniques, such as tensor networks, struggle to
provide accurate results. By identifying polynomial-sized operator sets — collections
of operators that grow only modestly with system size and remain algebraically closed
under the Hamiltonian’s action —we unlock efficient protocols for state preparation

and analog quantum simulation.
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e Chapter 6: Quantum Control of Trapped Ion’s Motion
Leveraging multidimensional quantum invariants, we develop optimized ion-shuttling
protocols that achieve ground-state-to-ground-state motional state transfer during
rapid, non-adiabatic transport. By exploiting the tunable degrees of freedom inher-
ent to this framework, we engineer trajectories that directly address experimental
bottlenecks. For instance, we minimize ion displacement from the trap center to
suppress distortions from potential anharmonicities, or achieve tightly confined wave
packets even in weak trapping potentials — a common limitation imposed by geomet-
ric constraints in experimental setups. This approach ensures robust, high-fidelity

ion transport, critical for scaling up trapped-ion quantum processors.

e Chapter 7: Generally Noise-Resilient Quantum Gates for Trapped Ions
We present a noise-resilient entanglement protocol that achieves orders of magnitude
higher fidelity than conventional methods. A tailored driving strategy simultaneously
excites multiple sidebands across all motional modes, enabling robust entanglement
even with “hot” ions, motional heating, and detuning errors. This relaxes the need

for ground-state cooling, significantly advancing scalability.

e Chapter 8: Entangling Gates of Trapped lons Mediated by Spectrally
Crowded Modes
Addressing the critical bottleneck of mode crowding — spectral overlap of vibrational
modes in long ion chains — we propose a magnetic gradient-based protocol that elim-
inates mode selection. By engineering a spin-dependent force coupling qubits to all
modes collectively, we generate geometric phases proportional to total ion displace-
ment. This enables fast, scalable entanglement gates immune to spectral crowding,

bypassing limitations and approximations of traditional techniques.

e Chapter 9: Concluding Remarks
We summarize the main advances of the thesis and explore potential future applica-

tions.
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Chapter 2

Mathematical Framework of

Quantum Mechanics

“Our scientific work in physics
consists in asking questions
about nature in the language
that we possess and trying to
get an answer from experiment

by the means at our disposal.”

— Werner Heisenberg, 1949 [35]

Every physical theory depends on a well-defined mathematical framework that connects
abstract concepts with observable phenomena. In classical mechanics, this correspondence
is relatively transparent: quantities like position, velocity, and force are represented by real
numbers and vectors, in harmony with Newton’s laws. In contrast, quantum mechanics
requires a more abstract approach. Some of its fundamental elements —such as wave
functions or quantum entanglement — do not have direct classical analogues and can seem
counterintuitive. Nevertheless, just as Newton’s laws and Maxwell’s equations form the
backbone of classical physics and electrodynamics respectively, quantum mechanics is built
on a set of core principles that rigorously explain the behavior of systems at the smallest

scales.

2.0.1 Quantum states

Central to quantum mechanics is the mathematical description of physical systems through
the concept of a state, which encapsulates our knowledge of a system at any given moment.
While the classical state offers a precise, deterministic description where all measurable
observables (position, momentum, energy, etc.) can be determined exactly at any given

time, the quantum state provides a probabilistic description.

In quantum theory, the state of a microscopic system A is represented by a vector in an

abstract Hilbert space H 4 equipped with an inner product. Using Dirac’s formalism [14],
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state vectors are expressed in the standard bra-ket notation. To describe the most general
state [1), it is convenient to define a reference basis {|is)} in H4, satisfying the orthogo-

nality and completeness conditions

(ialja) =0i, Y lia)ial =14, (2.1)

%
where 4;; is the usual Kroneker symbol and I4 the identity operator in H 4. The subscript
“A” in T4 or |ig) will be omitted when the context makes it clear. With this basis, any

state |¢) in H 4 can be expressed as a superposition of the basis vectors

(2

) = (ki) lia) = D" i lia) 22

in terms of the complex coefficients ¢; = (ia|y)). This is a crucial distinction between
quantum and classical systems: while classical physics only requires real numbers to define

states, complex numbers are indispensable in quantum theory [36].

While Eq. (2.2) is a standard result in linear algebra, it carries profound implications
in quantum mechanics. In particular, it shows that a quantum system can exist in a
superposition of multiple states simultaneously, giving rise to the concept of quantum
coherence, which is crucial to explaining many of the non-classical predictions of quantum
mechanics. Eq. (2.2) suggests that, in general, it is not possible to deterministically observe

the system in a particular state |iq); instead, each outcome is associated with a finite
probability [(i4|i)[* = |¢]2.

To ensure the consistency of the probabilistic interpretation of quantum mechanics, the
normalization condition (¢[1)) = 1 must hold. This implies that the components of the

state vector satisfy
> lbilP=1, (2.3)
7

ensuring that the total probability of all possible outcomes sums to one. This principle
aligns with the Copenhagen interpretation, which maintains that measurement outcomes
are inherently probabilistic, with probabilities determined by the square modulus of the
wavefunction [6]. The requirement of normalization naturally leads to the first postulate

of quantum mechanics, which formalizes how physical systems are described:

Postulate 1: A physical system A is described by a Hilbert space H 4, and the

state of the system is represented by a ray with norm 1 in H 4.

In some situations, however, the exact state of a system may not be fully known. For
instance, in experimental settings where a quantum state is prepared in a laboratory, the
system might not be in a single known state but instead be in one of a set of possible states

|1i), each with a certain probability p;. Each state |1);) is referred to as a pure state, as its
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properties can be determined with certainty. In such cases, the system is described by an
ensamble of pure states {p;, |1;)} that is typically known as a mized state. To represent

this ensemble, it is convenient to introduce the concept of a density operator p.

A density operator is a positive semi-definite (p > 0), Hermitian operator (p = p', where
the dagger ' indicates the Hermitian conjugate) with trace one (Trp = 1). It acts on the
Hilbert space H 4 of the system and provides a compact representation of the ensemble of

pure states
p= Zpi i)Wl (2.4)

with Zl p; = 1.

Often, we encounter systems composed of multiple subsystems {4;} (say w of them), each
with its Hilbert space H4,. The total Hilbert space for the system is the tensor product of
these individual spaces, i.e., Ha, ® -+ ® Ha,. Thus, any pure state that can be written

in the form

) =¢1) @ @ |¢hw), (2.5)

i.e. as a tensor product of the subsystem states |1);), is called a separable state. In such
states, measurements on one subsystem do not influence the state of the others, implying
that measurement results from different subsystems are uncorrelated. Pure states that

cannot be expressed in this form are called entangled states.

For mixed states, separability generalizes to the following convex sum
p=> pip\ @@ pd, (2.6)
i

where the probabilities p; represent classical mixtures of product states. Any mixed state

that cannot be expressed in this form is considered entangled.

Entangled states are a defining feature of quantum mechanics and play a central role
in various applications, including quantum information processing, quantum computing,
quantum metrology, and quantum communication. Their unique property lies in the fact
that measurements performed on one subsystem instantaneously affect the state of the
remaining subsystems, even when separated by large distances—a phenomenon known as

quantum non-locality [37].

2.0.2 Quantum observables

Within this formalism, measurable physical quantities—such as energy, momentum, or
spin —are represented by linear operators acting on the Hilbert space H 4 associated with
the system A. Each observable is mathematically described by a Hermitian operator

M , which ensures that the possible outcomes of a measurement are real numbers. The
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Hermiticity of these operators also guarantees that their eigenvectors form a complete or-
thonormal basis for the Hilbert space, meaning that any quantum state |¢)) can be expressed
as a superposition of these eigenstates. This leads to the second fundamental postulate of
quantum mechanics, which formalizes the relationship between physical observables and

operators:

Postulate 2: Every physical observable M is represented by a Hermitian operator
M acting on the Hilbert space H 4. The eigenvalues of Me correspond to the possible
outcomes of a measurement, and its eigenvectors form a complete orthonormal basis

for H4.

“For simplicity, the hat notation will generally be omitted unless explicitly needed to distinguish
the operator from the observable.

When a measurement of an observable M is performed, the only possible outcomes are
the eigenvalues m; of the corresponding Hermitian operator. The probability of obtaining
a specific outcome is determined by the Born rule. If the system is in the quantum state
described by a density matrix p, the probability p(m;) of measuring the eigenvalue m; is

given by the trace of the projection of p onto the corresponding eigenspace. Formally:

Postulate 3: The probability p(m;) of obtaining the outcome m; when measuring

an observable M is given by the Born rule:
p(m;i) = Tr[ILp] , (2.7)

where II; is the total projection operator onto the eigenspace associated with m;.

If the eigenvalue m; is k-fold degenerate, the eigenspace is spanned by a set of

k

orthonormal eigenstates { ]mz(»j )> j—1, and the total projection operator is

k
=Y [m@Xm?| . (2.8)
j=1

The measurement process also affects the quantum state. Immediately after measuring an
observable and obtaining a particular outcome m;, the system collapses to the correspond-
ing eigenspace associated with that outcome [38]. If the eigenspace is non-degenerate,
the system collapses to a single eigenstate. However, if the eigenspace is degenerate, the
post-measurement state becomes a mixture of eigenstates within that subspace. Mathe-
matically, this collapse is described by applying the appropriate projection operator to the
pre-measurement state, followed by normalization. For a system described by a density

matrix p, the post-measurement state p’ is determined by the following rule:
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Postulate 4: If a measurement of an observable M yields the outcome m;, the
quantum state of the system immediately collapses to the corresponding eigenspace.

The post-measurement state is given by

, ipll;

) (2.9)

where II; is the total projection operator onto the eigenspace associated with m;,
and p(m;) is the probability of obtaining that outcome, as defined in Postulate 3.
For a system initially in a pure state [¢), the post-measurement state reduces to
IL |¢)
Py = —"1_ | (2.10)
Y= T
If m; is degenerate, [¢)') is not uniquely determined but remains within the

eigenspace spanned by the eigenstates { \mgj )>}

Different operators M; and My may have distinct sets of eigenstates, indicating that the
corresponding measurements are incompatible. The degree to which these observables can

be simultaneously measured is quantified by their commutator

[My, Ma) = My My — My M, . (2.11)
Another useful operation, employed throughout this thesis, is the anticommutator

{Mn, M} = My My + MM, (2.12)

which represents the symmetrized product of two operators.

2.0.3 Imperfect measurements

Postulates 3 and 4 describe the idealized quantum measurement process, where each out-
come is associated with a projector onto an orthogonal eigenstate. However, real-world
measurements are often imperfect due to noise and inefficiencies. For instance, a photon
detector may occasionally fail to register an incoming photon, leading to missed detections.
These imperfections necessitate a more general framework for describing measurements.
To account for these imperfections, measurement outcomes are modeled probabilistically.
Instead of associating each outcome with a single projector, a measurement apparatus is
described by a distribution {gi(m;)}, where gx(m;) represents the likelihood that the de-
tector registers outcome m; when the system is actually in the eigenstate |my). In this

framework, the probability of observing outcome m; for a system in state p is given by

pmi) =Y qp(m;) Te[yp] = Tr
k

> qr(mi)ip

k

= Tr[E;p| , (2.13)
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where I, = |my)(myg| are the projectors associated with the ideal measurement outcomes.
This expression naturally extends to degenerate eigenspaces by replacing II; with the total

projector onto each eigenspace.

The operators E; = ), qi(m;)Il) are known as the elements of a Positive Operator-Valued
Measure (POVM), which generalizes the notion of projective measurements to encompass
noisy, incomplete, or otherwise generalized measurement processes that cannot be described
solely by orthogonal projectors. Since the total probability of all possible outcomes must

sum to one, we impose the normalization condition

doplm)=1 = > T[Ep =T —1, (2.14)

Z Eip
i

which must hold for any state p. By the cyclic property of the trace and its linearity, this

implies the completeness relation
> E =1, (2.15)
i

ensuring that the measurement covers all possible outcomes. Upon obtaining the outcome
m;, the system transitions to a new state p’. In the presence of measurement imperfec-
tions, this post-measurement state is given by a weighted sum over the possible underlying

eigenstates, 1.e.

;S ak(mi)TplT
Tr[Eip] ’

(2.16)

where the denominator normalizes the state to preserve the trace. This expression captures
the probabilistic nature of imperfect measurements, where the system collapses not to a
single eigenstate but to a mixture of possible states. A more compact form of this update

rule is obtained by introducing the so-called Kraus operators

Api = v/ qr(mi) 1y, (2.17)

in terms of which the POVM elements can be rewritten as
B =Y Al A, (2.18)
k

and the post-measurement state becomes

)2k AripAl,

TE (2.19)

This Kraus representation offers a rigorous and versatile formalism for describing general
quantum measurements, particularly in scenarios where information is partially lost or
measurements are intrinsically noisy. Moreover, this representation extends naturally to

describe non-unitary evolution in open quantum systems. When no specific measurement
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outcome is registered — or when the system interacts with an external environment without

direct observation —the state transformation is given by
p=E(p) =) ArpA (2:20)
k

where £ is a quantum operation defined by a set of Kraus operators { A} that satisfy the

completeness relation
S AlA=1. (2.21)
k

These conditions (Egs. (2.20) and (2.21)) define a quantum channel, the most general
class of physically admissible quantum evolution. Formally, such channels are Completely

Positive Trace-Preserving (CPTP) maps [39], which enforce two critical properties:

e Trace preservation: The total probability is conserved, as shown by

Tr ()) = Tr (Z AkpAL> =3 T (4ppa}) = v (Z ALAkp> = Tr(p) .
k k k

(2.22)

e Complete positivity: The map remains physically valid even when the system is
entangled with an auxiliary system E. For any positive semidefinite operator ¢ €
Hs ® Hg and vector |u) in the composite space, the extended map € ® I (where Ig

is the identity on the auxiliary system) satisfies

(u(E®@1E) (o) |m) = 0. (2.23)

To verify this, expand the action of £ ® Iy on o. For an arbitrary |u), we have

(€ @Ip) (o) ) = (ul A ®Tpo AL © g ) = Y (uelo ), (224)
k k

where |ug) = AJ,L ® g |p). Using the spectral decomposition o = A\, [Ap XA |, with
Am > 0 (since o > 0), this becomes

(ul (€ ©Tm) (@) ) = D Gl (32 A )l ) L) = - Al el Am)* 2 0.,
k m k,m
(2.25)
where non-negativity follows from A, > 0.

By satisfying both trace preservation and complete positivity, £ is guaranteed to map
valid quantum states (positive semidefinite, unit-trace operators) to valid states, even
in the presence of entanglement with an external environment. This CPTP structure
underpins quantum error correction, noise mitigation, and the study of open quantum
systems, offering a unified framework for dynamics spanning controlled measurements to

complex environmental interactions.
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2.0.4 Quantum dynamics
Closed quantum systems

A complete description of a quantum system requires specifying how it evolves over time.
In the canonical formulation of quantum mechanics, the evolution of a closed quantum
system —one that does not interact with its environment (where “environment” refers to
everything external to the system)—is governed by unitary dynamics. This principle en-
capsulates the deterministic and reversible nature of quantum evolution, ensuring that the

total probability is conserved over time. Formally, this is captured by the fifth postulate:

Postulate 5: The time evolution of a closed quantum system is governed by a
unitary transformation. If the system is in the state |1)(tg)) at time ¢y, its state at

a later time t is given by

[ (2)) = Ut to) |1h(to)) (2.26)

where U(t;tp) is the unitary time-evolution operator satisfying
U (t; to)U" (8 o) = U (t;20)U (t:20) =T, (2:27)

which ensures the preservation of the norm of the state vector.

The unitarity condition guarantees that the total probability of all measurement out-
comes remains equal to one, maintaining the physical consistency of the theory. The
time-evolution operator U(t;ty) encapsulates how the system evolves between two time
points ty and ¢t. For convenience, the initial time ¢y is often omitted in the notation, so

U(t) typically refers to the evolution from some implicit initial time.

Imposing the composition property on U(t;ty) —that is, requiring that time evolution
over successive intervals is equivalent to evolution over the combined interval —leads to

the equation of motion for the time-evolution operator [40]

Z,(?U(t; to)

S = HU (o) | (2.28)

where H(t) is the system’s Hamiltonian, which acts as the generator of the dynamics and
represents the system’s total energy. Throughout this thesis, we adopt natural units with

h =1, such that energy and frequency share the same units.

Substituting this result into Eq. (2.2) yields the Schrédinger equation of motion

@) _
i—o o = HE) () - (2.29)

This result naturally extends to mixed states with density matrix p. For isolated systems,
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the time evolution of p is governed by the equation

= [H(0), 0] + 757 (2.30)

Op(t)

where the additional term =5~ accounts for explicit time dependence in the probabilities
pi of the mixed state p = >, pi(t) [¥r)¥k|. In most cases, however, the probabilities py
are time-independent, and this term vanishes, simplifying Eq. (2.30) to the Liouville-von
Neumann equation

O _ (r1(0), p(r) (231)

The time-evolved density matrix is then given by
p(t) = Ult;to)p(to)UT (£ to) - (2.32)

In many contexts, such as designing quantum gates for quantum algorithms, rather than
the time-evoled states, the time-evolution operator U (¢;t) itself is the primary interest.
To find U(¢;tg), one solves Eq. (2.28). If the Hamiltonian is time-independent (i.e. it is a

conservative system), the solution is straightforward

Ult; tg) = e 10 H (2.33)
If the Hamiltonian depends on time but commutes at different times ([H(¢1), H(t2)] = 0),
the solution generalizes to

—i ftto drH(T) ‘

U(t;to) =e (2.34)

For general time-dependent Hamiltonians that do not commute at different times, finding
an exact solution is challenging. One common approach involves discretizing time into N

intervals

o<t < - <tn-1 <IN (235)

with a time step At =¢;,41 —t; = tj\fo. If At is sufficiently small, the Hamiltonian can be
approximated as constant within each interval, allowing the time-evolution operator to be

approximated (according to Eq. (2.33)) in the interval from ¢; to t;4; as
U(tzq_l; ti) ~ e_iAtH(ti) . (236)

Extending this approximation across all intervals yields

0
Ultito) = Ultnitn-1) - Ultast)U(tisto) =[] Ultiait) (2.37)
i=N-—-1

where the product is ordered such that operators for later times appear on the left.
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In the limit N — oo (i.e. At — 0), this solution converges to the exact result. For piecewise
constant Hamiltonians, the intervals can be chosen to coincide with regions of constant
Hamiltonian, making the approximation exact even for finite N. However, for highly
oscillatory Hamiltonians, truncating the product at a finite IV can lead to inaccuracies. In
such cases, alternative approaches, like the Dyson series or Magnus expansion [41], may

be more suitable.

To derive the Dyson series, one begins by integrating Eq. (2.28), yielding

t . t
z/ dtlaU(;lt’tO):/ At H (60U (113 10) | (2.38)
to to

which, using the initial condition U (tg;ty) = I, leads to

t
Ultitg) =1 —i / Aty H (1)U (11 1) - (2.39)
to
This relation expresses the time-evolution operator at time t in terms of the Hamiltonian
and the time-evolution operator at an earlier time ¢;. By applying the same argument

recursively, one obtains the Dyson series

t
U(t;tg):]l—i/ dtlH(tl)—/dtl/ dtoH (t1)H (t2) + - - -
to to to
t
+(—¢)m/ dtl/ dts - / Aty H(0)H(t2) - H(b) + -, (2.40)
to to
which can be compactly written as
Ut to) = Te o 4@ (2.41)

Here, T is the time-ordering operator that ensures that operators with later times appear

to the left of those with earlier times, i.e.

'TA(t )B(t ) _ A(tl)B(tQ), if t1 > to s (2 42)
' ? B(tz)A(tl), if to > t1 . .

While Eq. (2.41) formally solves the Schrodinger equation, its practical application is
limited due to the complexity of time-ordering and potential divergence for large time
intervals or strong interactions. Truncating the Dyson series can also lead to significant

non-unitary errors, compromising the physical interpretation of the approximation [42, 43].

An alternative approach to solving the time-dependent Schrédinger equation is the Magnus
expansion [42], which provides an iterative solution while preserving unitarity at each order
of approximation. Unlike conventional perturbative methods, the Magnus expansion often
exhibits better convergence properties, making it particularly useful in quantum control

and driven quantum systems. The method starts by assuming an ansatz for the time-
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evolution operator in the form of an exponential map
U(t;to) = exp(Qt; to)) , (2.43)
where (¢;tp) is an effective generator, expanded as a power series

Qtito) = Y U(tito) - (2.44)
P

To derive an equation for Q(t; to), we differentiate both sides of Eq. (2.43) using the identity

for the derivative of the exponential map (for a detailed derivation, see Appendix A.1)

0 ! 1) OS2 . :
—exp(Q(t; tp)) = (/ do eo‘Q(t’tO)e_aQ(t’tO)) eftto) (2.45)
ot 0 ot

Substituting this into the Schrédinger equation for U(t;ty) (Eq. (2.28)) yields the integral

equation

! R o B
/ da eaﬂ(tvto)ae*a (tt0) — _jH(t) . (2.46)
0

Using the identity from Eq. (A.18), the left-hand side can be rewritten as

! o0 ,
/0 da exp(aadg(t;to)) <8t> =—iH(t), (2.47)

where ad4(X) = [A, X]. Integrating the left hand-side (using Eq. (A.10) from the Ap-

pendix), we arrive at

1 o0 )
(adg(t;to)) (exp(adg(t;to)) — ]I) ((%) = —iH(t) . (2.48)
Rearranging to isolate %—?,
o0 -1 .
E = (exp (adQ(t;tO)) — H) (adQ(t;tO)) ( — ’LH(t)) . (249)
Using the standard expansion,
(e —De =3 T (2.50)
k=0
where B,, are the Bernoulli numbers, we express the inverse operator as
—1 >0 Bk k
(exp(adagry)) =) (adagr)) = D 77 8d0wk0) - (2.51)
k=0
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Thus, the evolution equation for €2 takes the recursive form
00 =Bp . .
=2 ?a—ad{nt¢0)< —-zfi(t)) . (2.52)
k=0
Expanding the first few terms explicitly,
00 =B j j

ot k! 12
k=0

k commutators

With the initial condition €(0) = 0, this equation is solved iteratively, yielding the Magnus

expansion [42]

4. (2.54)

Each term in this expansion involves nested time integrals and commutators of the Hamil-
tonian evaluated at different times. Importantly, since H(t) is Hermitian and the com-
mutator (Eq. (2.11)) is anti-Hermitian, §2(¢;tg) remains anti-Hermitian to all orders in
the expansion. This guarantees that the time-evolution operator (Eq. (2.43)) is unitary,

preserving the norm of quantum states and ensuring physical consistency.

This structure-preserving property is a central strength of the Magnus expansion. However,
it comes with a significant caveat: convergence is not always guaranteed. A commonly
cited sufficient condition for convergence is that the time-integrated operator norm of the

Hamiltonian remains below a critical threshold [42],

t
/dﬂH@ﬂ<w, (2.55)

to

where the operator norm is defined as [|Al| = supyjyyj=1 [[A4|¢)[. When this condition is
satisfied, the operator (exp(adg(t;to)) — ]I)_1 (adQ(t;tO)) in Eq. (2.51) remains well-defined,
and the series for Q(¢;ty) converges absolutely (see Appendix A.5).

30



While practical and easy to apply, this bound is merely sufficient, not necessary. More
generally, convergence of the Magnus expansion occurs if and only if the exact evolution
operator U (t; tp) admits a single-valued, analytic logarithm near the identity in the complex
plane. This implies that the eigenvalues of U(¢;ty) must not encircle the origin. In terms
of Q(t;tg) this requirement translates into a spectral condition: the eigenvalues of Q(t; 1)
must lie within a horizontal strip of width 27 in the complex plane. For example, if
the time-averaged Hamiltonian ®(t) = ftz dsH (s) is diagonalizable with eigenvalues \;,

convergence is ensured provided [42]
[Tm(N; — Ap)|| <27 forall j, k| (2.56)

which avoids ambiguities in the logarithm introduced by branch cuts in the exponential

map.

Thus, although norm bounds offer a convenient check, the true convergence criteria depend
on deeper spectral and analytic properties of the evolution operator. When satisfied,
these conditions allow the Magnus expansion to serve as a rigorous, unitarity-preserving

framework for solving time-dependent quantum dynamics.

Open quantum systems

While the standard formulation of quantum mechanics describes isolated systems, practi-
cal implementations —such as ion traps performing quantum gates —inevitably interact
with their environment. Environmental influences, including electric field noise, magnetic
field fluctuations, and collisions with residual gas molecules, induce decoherence and the

degradation of quantum information.

Rather than merely postulating these effects, we derive the dynamics from first principles
by extending the system’s description to include its environment. Building on the Kraus
representation introduced above, we systematically account for system—environment in-
teractions and characterize their impact on the system’s evolution. By considering the
reduced dynamics of the system under appropriate assumptions—such as weak coupling
and a memoryless (Markovian) environment — we arrive at the Lindblad master equation,
which provides a general framework for describing open quantum systems. For a more

comprehensive treatment, see [44].

Consider a quantum system with Hilbert space Hg interacting with an environment with
Hilbert space Hg. The joint system, including both the system of interest and its en-
vironment, forms a closed quantum system and evolves unitarily under the Schrodinger

equation, as stated in Postulate 5, i.e.

pse(t) = U(t;to)pse(to)U' (i to) (2.57)

where U(t;tg) is the joint unitary evolution operator acting on Hg ® Hg and tg is the

initial time. Assuming the system and environment are initially uncorrelated, the initial
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state of the total system takes the form

pse(to) = ps(to) ® pe(to) (2.58)

where pp(tp) is the initial state of the environment, which can be expressed in its spectral

decomposition as
to) = > A AN (2.59)
J

where \; are the eigenvalues (satisfying » ; A; = 1) and |A;) the corresponding orthonormal
eigenvectors. The reduced state of the system at time ¢ is obtained by tracing over the

environmental degrees of freedom

ps(t) = Tre(pse(t)) . (2.60)

Expanding the trace over the orthonormal basis {|\g)} of Hp from Eq. (2.59) gives

ps(t) = Ol Ut to)pse(to)UT(t;to) i) - (2.61)
k

Substituting the spectral decomposition of pg(to) yields
ps(t) =30 O Utto) (ps(to) @ pi(to) ) Ut (tto) M)
= Z (ARl U( t'to)<05(to) ® Aj (A XA )UT(t; to) [ k)
_ Z( Ol Ut t0) 13) ) ps(to) (V5 4l U 8:20) ) )

= ZAkj t;to)ps (to) AL (t: to) | (2.62)
k,j

where we have defined the Krauss operators
Apj(tito) = VA5 (Al Ut to) [Ag) - (2.63)

This allows us to recognize the familiar Kraus representation of the system’s evolution, as
seen in Eq. (2.20). To confirm the physical validity of this representation, we can explicitly
verify the completeness relation (Eq. (2.21)),

> ALt t0) Agj (£ to) = ZA el U (E:20) 1A7) (A UT (5 20) [ M)
k.j

_Z(Zp\k >\k|) MUt t0)U (85 t0) |A5)
:HZAjZH- (2.64)
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Finally, for notational convenience, we can relabel the indices (j, k) as «, leading to the

compact and often-used form
ps(t) = Aa(tito)ps(to) ALt to) - (2.65)

Our goal now is to derive the equation of motion for the system in the limit of short time

evolution, starting from tg. We begin by Taylor-expanding pg(t) around to,
ps(to + 0t) = ps(to) + ps(to + 5t)dt + O(5t%) . (2.66)
Using the Krauss representation in Eq. (2.62), we also have

ps(to + dt) = Z Aq(to + 6t; to) ps (to) AL (to + 5t o) - (2.67)
o

In the perturbative regime of infinitesimal d¢, the Kraus operators must be carefully ex-
panded to ensure consistency with both the Taylor series and the structure of quantum
stochastic calculus. Here, the evolution of pg(t) is interpreted as a combination of de-
terministic and stochastic processes, loosely analogous to classical stochastic differential
equations. The deterministic component includes both coherent dynamics and non-unitary
damping due to environmental interactions, while the stochastic component explicitly rep-

resents discrete quantum jumps induced by the environment.

To formalize this analogy, consider the expansion of the Kraus operators. The dominant
term, labeled Ap, must approximate the identity operator as 0t — 0 to recover pg(tp) in

the absence of evolution. This operator is expanded as
Ap(to + dt;to) = Ig + Moot (2.68)

where My encodes deterministic first-order corrections to the identity, including contribu-
tions from both coherent dynamics (e.g., a Hamiltonian) and decoherence. The remaining
Kraus operators Ag~q account for stochastic effects —namely, quantum jumps arising from

interactions with the environment. These are scaled as
Ap(to + 6t;t0) = LvVot (k> 0), (2.69)

where Lj, are general operators, not necessarily Hermitian. Notably, the /6t scaling in
Eq. (2.69) is rooted in the principles of stochastic calculus [45], specifically the Ito for-
malism. In classical stochastic differential equations, fluctuations are modeled by Wiener
processes W, whose increments satisfy dW; ~ v/6t, with variances E[(dW})?] = 6. This
ensures that stochastic terms contribute to the evolution at leading order in §¢. Similarly,
in quantum stochastic calculus [46], noise increments like the quantum annihilation oper-
ator da; obey datdai = §t, again indicating an amplitude scaling of v/6t. Thus, assigning
this scaling to the dissipative Kraus operators Ag~ guarantees that their contributions to

the density matrix, through terms like AkpAT, appear at order 6t in the full Kraus map.
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Substituting these expansions into the Kraus representation (Eq. (2.62)) yields

ps(to + 6t) = (Is + Modt) ps(to) (115 + Mg5t> +6t>" Lips(to) L, - (2.70)
k>0

Expanding this expression to first order in 6¢ and neglecting O(6t2) terms (which is justified

under the weak-coupling (Born) approximation) leads to

ps(to + 0t) = ps(to) + ot [Mops(to) + Ps(to)Mﬂ +0tY " Lips(to)L} - (2.71)
k>0

Thus, the infinitesimal change in the density matrix is

ps(to + 0t) — ps(to) = ot [Mops(to) + ps (to) M + ) Lkps(to)L;t;] : (2.72)
k>0

Dividing by dt and taking the limit ¢ — 0 yields the time-local master equation

o) = Tim ps(to + 0t) — ps(to)
=

_ T T
Jim 50 = Mops(to) + ps(to) My + Z Li(to)ps(to) Ly, -

k>0
(2.73)

To ensure that the evolution is trace preserving (i.e. that the dynamical map is CPTP),

we require that the Kraus operators satisfy the completeness relation (Eq. (2.21))
Al(to + 6t,t0) Ao (to + 0t to) + > _ AL (to + 0t, to) Ax(to + 0t to) = I , (2.74)
k>0
which implies

(Is + M{ot)(Is + Modt) + 6t > LELy =T . (2.75)
k>0

Expanding and neglecting O(6t?) terms, this relation reduces to

Mg+ Mo =~ LLL , (2.76)
k>0

condition that ensures the preservation of trace (and hence total probability) in the evolu-
tion of pg (o). It is then customary to decompose the operator My into its Hermitian and
anti-Hermitian parts, My = Lg — tH, with both H and Ly Hermitian operators on Hg.
This decomposition separates the coherent and dissipative contributions to the system’s

dynamics. The above trace-preservation condition then implies

1
Lo=—; S L. (2.77)
k>0
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Substituting this decomposition into the master equation yields

3Ol = ~ilH,ps(to)] + 3 (Lepsto)Ef — L {LiLe ps(t)}) . (279)
k>0

At this stage, we observe that the operators L are not dimensionless; rather, they carry
dimensions of 1/v/time. To make them dimensionless, we introduce a rescaling by defin-
ing Lp — \/kLk, where 7} has units of 1/time. Substituting this transformation into
Eq. (2.78), we obtain

POy = —ilH, ps(to)] + kzka (Leps(to)L} - é{L,th,ps@o)}) . (2.79)

This expression remains valid as a short-time expansion near t = ty3. To extend its validity
to all times t > tg, we introduce a crucial assumption: we postulate that Eq. (2.79) holds
at all times. This assumption corresponds to the Markovian limit, which informally states
that the system’s evolution has no memory, meaning that it resets at each infinitesimal time
step dt. This assumption is physically motivated by considering the unitary component
of the evolution. Focusing on the first term in Eq. (2.79), ps(t)|, = —i[H, ps(to)], we
recognize that this equation remains valid for arbitrary ¢ in the absence of dissipative
effects, as it simply describes unitary evolution governed by the Liouville-von Neumann
equation, ps(t) = —i[H, ps(t)]. By analogy, we assume that Eq. (2.79) also holds for all

times under the Markovian approximation. With this, we arrive at the Lindblad equation,

dstS = —i[H, ps(t)] + > (Lkps(t)L,TC — %{L};Lk,ps(t)}> = L (ps(t)) , (2.80)
>0

which describes the Markovian evolution of the system’s state under the influence of its
environment through the Lindbladian superoperator £. The first term, involving the com-
mutator with H, represents the unitary evolution governed by the effective system Hamil-
tonian, recovering the Liouville-von Neumann equation (Eq. (2.31)) when dissipation is
absent. The second term, parameterized by the jump operators L and their correspond-
ing rates 7y, encodes the non-unitary effects arising from the system’s interaction with
the environment, such as relaxation and decoherence. This form explicitly highlights how
Markovian open-system dynamics can be understood as a balance between coherent evo-

lution and irreversible processes induced by environmental coupling.

2.1 Lie groups and Lie algebras

Symmetry principles play a foundational role in quantum mechanics, underlying the math-
ematical framework used to describe quantum systems. Symmetries correspond to trans-
formations that leave certain properties of a system invariant. For instance, the symmetries
of a square include rotations of 0,7 /2, 7, and 37 /2 radians about its center, forming a fi-
nite set known as a discrete group. In contrast, a unit circle exhibits continuous rotational

symmetry, as any angle of rotation about its center preserves its shape. This infinite set
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of transformations forms a continuous group.

The study of continuous symmetries is formalized using Lie theory [47, 48, 49]. Central
to Lie theory is the concept of a Lie group, a group that is also a smooth manifold. A
smooth manifold, a concept rooted in differential geometry, is a geometric space that looks
locally like flat Euclidean space R™, where smooth (infinitely differentiable) transitions
between regions are possible. This smooth structure, combined with the smooth group
operations of multiplication and inversion, enables the analysis of infinitesimal transfor-
mations, giving rise to the concept of Lie algebras. While general Lie groups are abstract
mathematical objects within group theory and representation theory, matriz Lie groups—
a specific subclass — are particularly relevant to quantum mechanics and offer a more ac-

cessible treatment using linear algebra.

A matrix Lie group G is a closed subgroup of GL(n,C), i.e. the group of n X n invertible
matrices with complex entries, that possesses smooth group operations. It satisfies the

following properties

o Closure under matrix multiplication: For any two elements A, B € GG, their product
AB is also in G.

o Associativity: For any three elements A, B,C € G, A(BC) = (AB)C.

o FEristence of identity: There exists an identity element I such that for any A € G,
Al =TA = A.

e Existence of inverse: For every element A in the group, there exists an inverse element
A7 such that AA"'=A"1A=1

e Closure under non-singular limits: If a sequence of matrices Ay, A, Az, - in G
converges to a non-singular matrix A (i.e., A = limy_, o, Ag), then A also belongs to

G.

These properties ensure that group elements (matrices) can be continuously transformed
into each other through smooth functions. The group operation (matrix multiplication)
and the inverse operation (matrix inversion) are smooth functions, making the group both

algebraically and geometrically well-behaved. Examples of matrix Lie groups include
e The unitary group U(n) that consists of n X n unitary matrices.

e The special unitary group SU(n) that consists of n X n unitary matrices with deter-

minant 1, often used to describe symmetries in quantum mechanics.

e The special orthogonal group SO(n) of all n Xn orthogonal matrices with determinant

1, representing rotations in n-dimensions.
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Each transformation h(f) in a matrix Lie group G can be expressed in the exponential

form
h(0) = exp(fo) , (2.81)

where 6 € R is a continuous parameter and o is the generator of the transformation which,

in an n-dimensional space, is represented as a n X n matrix.

The set of generators {c;} that allow constructing any element h(f) in G defines the
Lie algebra g of the (matrix) Lie group G. Since exp(fo) ~ I + o, the Lie algebra
provides a linear approximation to the group structure near the identity element and thus
captures the infinitesimal structure of a Lie group. The Lie algebra is equipped with a
binary operation, the commutator (or Lie bracket), defined in Eq. (2.11), that satisfies the
following key properties

e Bilinearity: [aoq + bog, 03] = alo1, 03] + bloa, 03] and [01,aoe + bos] = aloy,02] +

blo1, 03] for all 01,09,03 € g and a,b € C.
e Alternating: [01,01] =0 for all o7 € g.
e Jacobi identity: [o1, [02,03]] + [02, [03,01]] + [03, [01,02]] = 0 for all 01,092,053 € g .

Unlike Lie groups, Lie algebras are closed under the commutator operation, not matrix
multiplication. This means that for any two elements o1, 09 € g their products o109 or o901
might not belong to g but their commutator [o1, 03] belongs to g. This closure property

can be formalized as
[oj,08] =Y Mo, (2.82)
l

where the constants )\fl are known as the structure constants.

The exponential map, exp : g — G, is a fundamental tool in Lie theory that establishes
a connection between Lie algebras and Lie groups. It is defined by the following series

expansion
1
exp(o) = Z ﬁan , (2.83)
n=0 "

where o € g. This map is essential for generating (matrix) elements of the Lie group G

from the (matrix) elements of its Lie algebra g.

The relationship between the multiplication rules of the Lie group and its Lie algebra is
captured by the Baker-Campbell-Hausdorff (BCH) formula, which gives a series expansion

for the product of two exponentiated Lie algebra elements

0102 — o102+ 5[01,02]+ 5 (01 [o1,02]] - 1502, [01,02] ]+

e , (2.84)

37



where €1, €72 are elements of the Lie group, and o1, oy are elements of the corresponding
Lie algebra. A particularly valuable application of the BCH formula arises in the context of
unitary transformations, as it facilitates the construction of the conjugation of any algebra

element o9, by a group element ¢!

. 1 1
e7toge” 7! =Gz+[01,02]+§[01,[01,02H+§[017[01,[01702m+'“ ; (2.85)

operation that will be frequently applied throughout this thesis.

The mathematical structure of quantum mechanics is deeply intertwined with Lie theory,
as quantum operators often exhibit Lie algebraic properties. For example, the ladder
operators a and a' involved in the quantization of a harmonic oscillator (discussed in

detail in Sec. 4.1.2) satisfy the commutation relation
[a,aq =1, (2.86)

which reflects the underlying Lie algebraic structure. Similarly, the Pauli matrices

0 1 0 — 1 0
o, =X = , oy =Y =1 ! , o, =7 = , (2.87)
1 0 1 0 0 —1

used to describe spin-1/2 particles and other two-level quantum systems, obey the com-

mutation relations
[Uaa Ub] = 2iEabco-c s (288)

where €y is the Levi-Civita symbol, and a, b, c € {x,y, z}. These matrices are the gener-
ators of the su(2) Lie algebra, which is associated with the SU(2) group of unitary 2 x 2
matrices with unit determinant. This group plays a pivotal role in quantum information

theory.

The influence of Lie theory extends to quantum dynamics as well. The time evolution
of a quantum system, governed by the Schrodinger equation (Eq. (2.29)), is described by
a unitary time-evolution operator (Eq. (2.28)). This operator can be understood as the
exponential map from the Lie algebra of quantum operators to the Lie group of unitary

transformations.

The Magnus expansion (Eq. (2.54)) provides a concrete realization of this connection. It
reveals that the exponent Q(¢) in the unitary operator U = exp(§2(t)) is a series involving
nested commutators of the system’s Hamiltonian H (t), structure that is directly linked to
the BCH formula. Thus, by examining the time-evolution operator and its expansion, one
can see the explicit manifestation of Lie algebraic and Lie group structures in the dynamics
of quantum systems. This interplay between the Hamiltonian, its associated Lie algebra,

and the corresponding Lie group will be a central theme explored throughout this thesis.
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Chapter 3

Quantum Control Theory

"The imagination of nature is
far, far greater than the

imagination of man."

— Richard Feynman, 1982 [50]

Quantum control theory provides a rigorous framework for manipulating and directing the
evolution of quantum systems [51, 52]. Unlike classical systems, quantum systems exhibit
phenomena such as superposition and entanglement, which necessitate a fundamentally
quantum-mechanical approach to their dynamics. The primary goal of quantum control is
to achieve precise and deterministic control over a system’s evolution, which involves not
only driving the system toward specific target states but also might involve shaping the
time-evolution operators that govern its dynamics. This process often requires the careful
modulation of external fields—such as laser or microwave pulses—to induce targeted

quantum transitions and steer the system toward the desired behavior.

Quantum control theory has found widespread applications, revolutionizing fields like quan-
tum information processing (enabling quantum computation and communication) [53],
quantum sensing (enhancing the sensitivity of quantum sensors) [54], and physical chem-
istry (controlling chemical reactions with unprecedented precision) [55]. Moreover, it has
significantly advanced our fundamental understanding of quantum mechanics by provid-
ing experimental platforms for probing and manipulating quantum phenomena, leading to

profound insights into the quantum world [25].

A typical quantum control problem involves a quantum system initially prepared in an eas-
ily accessible state (e.g., a product state) and the objective of driving the system towards
a specific target state or inducing desired dynamics. The evolution of the quantum system
is governed by the system Hamiltonian H(¢), which typically comprises a drift Hamil-

tonian, Hy, describing the intrinsic dynamics of the system, and a control Hamiltonian,
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_q Uk k, representin € 1mteraction wi h €xXternal contro elas, 1.e.
g, (t)by, representing the interaction with Nj, external control fields, i

Np,
H(t)=Ho+ Y up(t)by - (3.1)
k=1

The goal is to determine a set of time-dependent control functions, ug(t), and the duration
of the control process, T', that drive the system to achieve the desired objective. This
objective can either involve reaching a specific target state or implementing a particular
time-evolution operator. In the first case, the goal is to drive the system from an initial
state [¢1) to a target state |i7), with the system dynamics governed by the time-dependent
Schrodinger equation (Eq. (2.29)), i.e.

Np,
) _ (3 el 10)) 32

k=1
with the initial condition |¢(0)) = |¢r). Although this formulation can be generalized to
density matrices to encompass mixed states, the focus is often on pure states due to the
high fidelity with which they can be experimentally prepared. When environmental inter-
actions become significant, master equations (Eq. (2.80)) can be employed to incorporate

decoherence and other perturbative effects into the system’s dynamics.

In the second case, the goal is to achieve a target gate Uy at t = T', compatible with the

differential equation

Np,
A ;uk@)hk)mw , (3.3)

with the initial condition U(0) = 1.

3.1 Controllability and reachability

The set of states that a quantum system can reach is fundamentally determined by its initial
state and the properties of the Hamiltonian governing its time evolution. The Hamiltonian
defines the system’s dynamics, specifying the pathways available from the initial state and,
consequently, constraining the set of accessible states. Importantly, not every state in the
system’s Hilbert space can be reached from a given initial state; the accessible states are
limited by the structure of the Hamiltonian and the nature of the control fields. In closed
systems, these dynamics are described by the Schrodinger equation (Eq. (2.29)), while in
open systems, they are governed by a master equation (Eq. (2.80)).

To illustrate this concept, consider a single qubit initialized in the ground state |,.(0)) =
lg) and suppose that the system evolves under a Hamiltonian of the form H(t) = f(t)oy,
where f(t) is any real, time-dependent control function. The most general pure state
of a qubit is given by [1hy) = cos(0/2) le) + e*®sin(0/2) |g), where 6 € [0,7] and ¢ €

[0,27) are arbitrary parameters. However, the evolution of the qubit under the Hamil-
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tonian H(t) yields a restricted subset of states, given by [, (T")) = cos (fOT dtf(t)) le) +

"37/2 sin ( fOT dtf (t)) |g), where the relative phase between |g) and |e) is fixed at e®7/2,
This fixed relative phase demonstrates that the reachable states do not span the full set of
general qubit states [1)4), as arbitrary relative phases e'® cannot be achieved with a real-
valued control function f(¢). Similarly, for the same Hamiltonian H (t), the target unitary
evolution Ur = exp(—ifoy) represents an example of a non-realizable gate, starting from
the trivial unitary U(0) = I, for any 6 # {0, 7}.

To formalize these concepts, the notions of state controllability and operator controllability
are introduced. A quantum system is said to be state controllable if, for every pair of initial
and final states {|vY1), [t1)}, there exists a set of control functions ug(t) in the system
Hamiltonian H(t) and a time 7" such that the system, initialized in state |¢(0)) = |¢1)
evolves to the final state |¢(7T)) = |[¢)7) in accordance to Eq. (3.2). Similarly, the system is
said to be operator controllable if there exist control functions u(t) that drive the unitary
operator from U (0) = I to any desired Uy in SU(N), the special unitary group of dimension
N, in accordance to Eq. (3.3).

A unified criterion for assessing whether a quantum system is both pure state controllable
and operator controllable relies on the properties of its dynamical Lie algebra. Specifi-
cally, the system satisfies both controllability conditions if and only if the corresponding
dynamical Lie algebra is su(NN), the Lie algebra of traceless Hermitian matrices that gen-
erate the special unitary group SU(N). Moreover, operator controllability implies pure
state controllability, as the evolution of any quantum state can be expressed through the
relation |¢(t)) = U(¢) [¢(0)). The Lie algebra method provides a rigorous and systematic

mathematical framework for analyzing controllability in closed quantum systems.

To construct the dynamical Lie algebra § associated with the system Hamiltonian in
Eq. (3.1) for an N-level system (N = 2" in the case of a n-qubit system), a systematic
procedure is employed. Begin by forming an initial set of operators composed of all terms
in the Hamiltonian, i.e., b = {b1,---,bn,, Ho}, where Hy is the drift Hamiltonian and
{by} are the operators in the control Hamiltonian. If the drift Hamiltonian can be decom-
posed as the sum of N, operators, Hy = gil ckhio) , then the set is expanded to include

these components: h = {h1,--- ,bn,, hgo), e ,6582}. Next, compute all possible commuta-
tors between the elements in b, including the nested commutators [h;, by, [f)j, f),(co)] and
[b§-0), b,(co)} for all indices j and k. Each new operator generated by these commutators that
is not already in b is added to the set. This iterative process is repeated, expanding the set

bh at each step, until no additional operators are generated. At this point, the construction

of h is complete, and the resulting set represents the dynamical Lie algebra of the system.

For an n-qubit system, the Lie algebra su(N = 2") of the SU(N = 2") group can be
constructed from tensor products of Pauli matrices. In particular, a basis for su(2") is

given by elements of the form
0j, ®0j, Q- ®0oj, , (3.4)
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with o;, € {I,04,0y,0.} for each qubit k, and at least one o, # L. Since each qubit can
be associated with any of the four Pauli matrices (excluding the identity), the dimension
of the Lie algebra is [su(N = 2")| = N2 — 1 = 4™ — 1. While this basis involves individual
tensor products, linear combinations of these elements can also generate a Lie algebra that
is maximal, allowing for complete controllability of the quantum system. A necessary and
sufficient condition for complete controllability is that the Lie algebra generated by the

control Hamiltonians has dimension N? [56].

3.2 Optimal quantum control

When a quantum system satisfies the conditions for controllability, it guarantees that any
quantum state or gate can, in principle, be reached using the available physical platform
and control functions. However, this theoretical assurance does not translate directly into
practical guidance. In most real-world scenarios, the focus is not on accessing all possible
states or gates— many of which are neither useful nor relevant — but rather on achieving a
well-defined objective, such as preparing a specific target state or implementing a particular
quantum gate. Consequently, full controllability, while sufficient, is often unnecessary.
What truly matters in many cases is whether the system’s Hamiltonian, initial state, and
controls are capable of realizing the desired outcome, and, crucially, whether the time-
dependent control functions uy(t) required for this goal can be explicitly designed and

implemented.

Optimal control theory offers a robust framework for addressing these challenges [57].
Within this approach, the quantum control problem is recast as the task of finding admis-
sible control functions u(t) that satisfy the system’s dynamical equations while optimizing
a cost functional. This functional is tailored to the specific requirements of the task, such
as minimizing control time, reducing power consumption, maximizing fidelity to a target
state or gate, or maximizing the robustness to noise or parameter fluctuations. By com-
bining theoretical guarantees with practical optimization tools, this methodology provides

a clear pathway to achieving precise and efficient quantum control.

In optimal quantum control, the primary objective is to determine the temporal profiles of
the control functions u(t) that drive a quantum system from its initial state [1/(0)) to a
final state |¢(T")) while optimizing a specific performance metric. This metric quantifies the
deviation between the target state |¢)r) and the final state [¢)(T)), often using a measure
of fidelity, distance, or other relevant criteria. The cost functional typically also includes a
regularization term or additional constraints, such as limits on control amplitude, energy
consumption, or other properties of the control fields, as well as some state-dependent
running cost that could encode time-dependent control targets or to penalize population

in a subspace. Thus, the overall loss functional can be written as

L(¢r), [9(T)), u(t)) = C([¢r), [P(T)) + A - R (ur(t), [4(2))) (3.5)

where 0 < \ < 1 is a parameter that balances the tradeoff between optimizing the primary
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objective and satisfying the additional constraints. Here, C (|¢7),|¢(T))) quantifies the
similarity between the achieved and target states, while R (ug(t), |1 (t))) is a regulariza-
tion term accounting for other dynamical features to be optimized. The optimal solution

corresponds to the set of control functions uy(t) that minimize

min £( [r) , [0(T)) k(1)) (3.6)
ug(?)

The choice of C depends on the specific problem. Typical choices include the gate infidelity
C =1—|(Wr[Y(T))[?, the L2norm C = || [¢7) — |1(T)) ||?, or the impurity of the density
matrix, C =1 — Tr(p(T)Q) when working with mixed states targeting a pure state.

The regularization term R is included to impose additional constraints or promote desir-
able properties in the control parameters, ensuring that the optimized solution remains

experimentally feasible and robust. Some common regularization choices include:

e Minimizing control amplitude: This can be achieved using R = fOT At S, Jug(t)?,

which also corresponds to minimizing the total energy consumed by the control field.

e Limiting the mazimum control amplitude: This can be enforced by the constraint
R = max g [ur(t)|]> = Umaz, ensuring the control fields do not exceed a specified

maximum value Uqz.

o FEnsuring smooth control pulses: To avoid sharp transitions that could introduce

2 2
noise, the regularization term can take the form R = fOT ey, (6 gt’;(t)) , promoting

smoother control profiles.

e Promoting robustness to perturbations: When the system is sensitive to noise or
uncertainties, regularization can penalize the sensitivity of the control outputs to

changes in the control fields or the Hamiltonian. This can be expressed as R =

2
fOT ey, (%) , where C is the cost functional in Eq. (3.5).

If the objective of the quantum control problem is not a specific quantum state but rather
a target unitary evolution Ur, the optimization functional typically measures the devia-
tion between Uy and the implemented unitary at the gate time 7', U(T'). The total cost

functional, along with its minimization, is expressed as
LU, U(T),u(t)) =CUr,U(T)) + X R(ux(t),[4(1))) ,
where the goal is to minimize

g}%g LUr,U(T), ux(t)) - (3.7)

The functional C can take various forms depending on the optimization goal. One of the

2
most commonly used performance estimates is the gate infidelity, C =1 — d% }Tr L{:TFU (7| ,

where d is the Hilbert space dimension. Alternatively, the average gate infidelity C =
2
1- ézgl:l (¢Z|Z/{F}U(T) |i)| can be used, with {]1);)} denoting a set of orthonormal
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states. Another option is the gate deviation C = max sy =1 [|[(Ur — U(T)) [h) ||, over all
possible states {|¢)}.

A wide range of optimization strategies exist for minimizing functionals, which can gener-
ally be categorized into two main approaches. The first category consists of standard direct
search algorithms, such as the Nelder-Mead simplex method [58], Powell’s conjugate di-
rection method [59], particle swarm optimization [60], Monte Carlo optimization [61], and
evolutionary algorithms like differential evolution [62]. These methods are particularly
advantageous in scenarios where gradient information is unavailable, the functional land-
scape is noisy or non-differentiable, or the parameter space is low-dimensional and highly
non-convex. The second category consists of gradient-based techniques, which leverage the
functional’s derivatives with respect to the control parameters to navigate the multidimen-
sional landscape toward an optimal solution. Gradient-based approaches are especially
suitable for high-dimensional, smooth optimization problems where gradients can be com-

puted efficiently and accuracy is critical.

Within quantum optimal control, several prominent methods illustrate these two strategies.
The CRAB algorithm [63] (Chopped Random Basis Optimization) represents a gradient-
free approach, optimizing control fields parameterized in a truncated basis via direct search
techniques. In contrast, GRAPE [26] (Gradient Ascent Pulse Engineering) and Krotov’s
method [64] are gradient-based. GRAPE refines control pulses by explicitly computing
and ascending the gradient of the performance functional, while Krotov’s method ensures
monotonic convergence by iteratively updating control fields through coupled forward and
backward propagation of the system’s dynamics. A brief summary of these methods can

be found in Appendix C.

3.3 Challenges in classical quantum control simulations

In Sec. 3.2, quantum control problems were formulated as optimization tasks where a
cost function guides the tuning of control parameters to steer a quantum system toward
a desired state or evolution. However, classical computational methods based on explicit
state-vector representations face severe limitations when applied to large quantum systems
due to the exponential growth of the Hilbert space dimension with qubit count. Specifi-
cally, an n-qubit system requires a state vector in a 2"-dimensional complex Hilbert space.
Storing this vector demands 2™ complex amplitudes, where each amplitude requires 16
bytes of memory (8 bytes for both the real and imaginary components). For a system with
50 qubits, this results in 16 x 2°° ~ 16 petabytes (PB) of memory. This exceeds the mem-
ory capacities of state-of-the-art supercomputers, which currently range between 4 and 5
PB [65, 66], thereby limiting the feasibility of direct classical simulations for large-scale

quantum systems.

Representing the Hamiltonian poses an even greater challenge, requiring 2" x 2™ = 4"
entries for an n-qubit system. Storing the Hamiltonian for a 20-qubit system, thus de-

mands about 16 terabytes (TB), while a 30-qubit system would require a staggering 16
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exabytes (EB)—far surpassing the memory capacity of even the largest supercomputers.
While sparse representations can mitigate this growth to some extent, their effectiveness
diminishes with increasing qubit numbers, particularly for systems lacking exploitable sym-

metries or sparsity patterns.

These memory limitations are further compounded by the computational complexity of
simulating quantum dynamics. Solving the time-dependent Schrodinger equation involves
repeated matrix-vector multiplications, requiring O(4™) operations per time step. Sim-

018

ulating a 30-qubit system involves approximately 1 operations per time step, while a

024 operations per step. Even with the fastest

40-qubit system requires an astonishing 1
exascale supercomputers (capable of 10'® operations per second [65, 66]), simulating the

dynamics of a 40-qubit system for a single time step would take hours or even days.

These computational and memory limitations necessitate alternative approaches to quan-
tum control. One promising direction is the use of compact representations of quantum
states, such as tensor network methods (see Sec. 3.4.3), which exploit the structure of
entanglement in many-body systems to reduce the effective dimensionality of the problem.
These methods approximate the quantum state using a compressed representation, signifi-
cantly reducing the memory and computational resources required. While highly effective
for one-dimensional systems with limited entanglement, their application becomes chal-
lenging for higher-dimensional systems or systems with highly entangled states. Another
emerging approach involves machine learning techniques, which can learn control strate-
gies directly from data or simulations, bypassing the need to model the full quantum state
explicitly and offering scalability in complex or poorly understood systems [67]. However,
these methods often require extensive training data, lack interpretability, and may struggle

to generalize beyond the regimes in which they were trained.

3.4 Quantum simulation

The limitations of classical simulations underscore the growing importance of quantum
simulation —the use of controllable quantum systems to emulate complex quantum phe-
nomena that are otherwise intractable with classical methods [19]. A quantum simulator
is a well-controlled quantum platform (such as trapped ions, superconducting circuits, or
ultracold atoms) designed to replicate the dynamics of a more complex target model [68].
By evolving under a carefully constructed Hamiltonian Hy,, that approximates the target
Hamiltonian Hp, quantum simulators enable the study of phenomena such as quantum

phase transitions, quantum magnetism, and high-7,. superconductivity.

Quantum simulation methods can be broadly categorized into three types [19]: digital
quantum simulation, which approximates evolution via quantum circuits; analog quantum
simulation, where the simulator naturally follows the dynamics of the target system; and
quantum-information-inspired classical algorithms, which leverage quantum principles to

enhance classical simulations.

For successful emulation, the simulator must reproduce the target system’s dynamics with
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high fidelity. Given an initial state [¢(0)) in the simulator and |¢(0)) in the target system,

their respective time evolutions are

V() = Usys () [9(0)) s [0(t)) = Ur(t) [$(0)) - (3.8)

Thus, faithful emulation demands a bijective mapping between the two systems

[¥(0)) < [¢(0)) ,  [¥(t) < [o(t)) ,  Usys(t) < Ur(t), (3.9)

guaranteeing that the simulator’s dynamics and states consistently mirror those of the

target system.

This level of precision is achievable because, unlike many naturally occurring quantum
systems, simulators are experimentally controllable. While the target system may be
inaccessible or difficult to manipulate, the simulator allows for precise state preparation
(|%(0))), controlled time evolution (Usys(t)), and measurement of the final state (|4 (t))),
thereby providing insights into the target system’s behavior.

While quantum simulators are powerful tools, their scope differs from that of universal
quantum computers. Unlike a universal quantum computer, which implements arbitrary
quantum algorithms through a programmable gate set, a quantum simulator typically fo-
cuses on reproducing the dynamics of a particular class of models, trading generality for
experimental scalability and fidelity. Nevertheless, the distinction is increasingly fluid:
modern platforms such as Google’s Sycamore [22| and IBM’s superconducting proces-
sors |[69] are built as universal gate-based quantum computers, yet they are routinely used
to digitally simulate many-body Hamiltonians. Conversely, analog quantum simulators —
such as those based on ultracold atoms or trapped ions — excel at simulating specific models

with high precision but limited flexibility.

3.4.1 Digital quantum simulation (DQS)

A target unitary evolution Ur is typically expressed as the exponential of a target Hamil-
tonian Hr, i.e. Up(t) = e~ Hr  However, in general, Ur represents a complex many-qubit
unitary transformation that cannot be directly implemented in an experimental system, as
physical devices are usually limited to applying single- and two-qubit gates. In DQS, Ur(t)
is realized by decomposing it into a sequence of these fundamental gates. Since any unitary
operation can be expressed in terms of single- and two-qubit gates, DQS is theoretically

universal — capable, in principle, of simulating any quantum system [70].

However, universality does not imply efficient simulation. Some unitary operations may
require an exponential number of gates, making their simulation infeasible. Finding an
efficient decomposition in terms of universal gates is often itself a difficult computational
problem [71]. Additionally, the implemented unitary evolution is generally an approxima-
tion of the desired evolution. While increasing the number of gates can improve accuracy,

it comes at the cost of higher computational resources.
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Suppose the target Hamiltonian can be decomposed into a sum of local interaction terms

Hj., where each b acts on a finite number of qubits
Hp = Z by . (3.10)
k

Since these terms typically do not commute (i.e., [hg, h;] = 0 for k # 1), the correspond-
ing unitary evolution cannot be exactly factorized as a product of unitaries, Ur(t) =
[ 1 exp(—ith). To circumvent this, one approximates the evolution using small time steps
of duration At (similar to Eq. (2.37)) so that

Z/[T(t) _ (efiAtHT)t/At ]

(3.11)
Each short-time evolution e *A*HT can then be further approximated in terms of local

gates. Using the BCH identity (Eq. (2.84)), we obtain the first-order Trotter formula [53]

e AT = TT exp(—iAthy) + O(AF) . (3.12)
k

This expression demonstrates that the complex unitary evolution e **H7 can be approx-
imated by a sequence of local unitaries exp(—iAthy), each of which can be directly imple-
mented in the quantum simulator. The error in this approximation scales as At?, meaning
that as the timestep At decreases, the approximation becomes more accurate. In the limit
of infinitely many steps, the exact evolution is recovered. Higher-order Trotter decomposi-
tions, such as the second-order formula and beyond [72], reduce the error scaling further,

but at the cost of a more complex decomposition that requires additional resources.

3.4.2 Analog quantum simulation (AQS)

In analog quantum simulation (AQS), a controllable quantum system emulates another
quantum system by reproducing its effective many-body dynamics or properties, such as
ground states or time evolution [19]. This requires establishing a mapping between the
Hamiltonian Hr of the system to-be-simulated and the Hamiltonian H,,, of the con-
trollable “toy” system. A paradigmatic example is simulating the Dirac equation, which
governs relativistic quantum particles [73]

0

i = Hro = (cpoy +mc*o.)p , (3.13)

where c is the effective speed of light, p the momentum operator, m the mass, and o, o,
Pauli matrices. Remarkably, this equation can be emulated using a single trapped ion,

which is addressed by two lasers.

The setup involves selecting two electronic levels of the ion to encode a qubit, while the ion’s
motional degrees of freedom (oscillations in the trap) simulate the momentum dependence.
The interaction between the ion and bichromatic laser fields generates a coupling between

the internal qubit states and its motional modes. For example, one laser configuration
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results in the Hamiltonian (see Sec. 4.1.4)
Hyys1 = inQ(a’ —a)oy (3.14)

where 7 is the Lamb-Dicke parameter (quantifying the coupling strength), €; the Rabi
frequency, and a', @ the creation and annihilation operators of the ions’s motional modes.
The momentum operator along the quantization axis (here, the z-axis) is related to the
motional modes via p = i(a’ — a)/(22), where z represents the spatial spread of the ion’s

zero-point wavefunction. Substituting p into H,y, 1 yields
Hgys1 = 2020 poy . (3.15)
A second laser, tuned to induce a Stark shift (see Sec. 4.1.3), adds a term proportional to
Hgys o = Qo0 . (3.16)

Combining these contributions gives the full Hamiltonian
Hyys = 2020Q1po, + Qo0 . (3.17)

By identifying 2020 = ¢ and Qy = mc?, the trapped-ion system directly emulates the
Dirac equation. This mapping illustrates how precisely controlled, engineered quantum
systems can emulate the dynamics of quantum models that are otherwise experimentally

inaccessible.

In AQS, however, the goal is not always to employ systems that are fundamentally different
from the target system, but rather to simulate a complex many-body Hamiltonian using
a simpler, more controllable Hamiltonian. A generic time-dependent Hamiltonian can be
expressed as H(t) = >, fx(t)bi, where fi(t) are time-dependent control functions and by,
are local terms of the controllable “toy” system. The corresponding unitary time-evolution
operator, as suggested by the Magnus expansion (see Eq. (2.54)), generally involves nested
commutators of H(t) evaluated at different times. These commutators can generate effec-

tive dynamics that include terms not explicitly present in the original Hamiltonian H (¢).

By carefully designing the control functions fy(t), it is possible to suppress or eliminate
undesired contributions to the time-evolution operator, leaving only the desired compo-
nents [74]. This approach allows for the engineering of effective Hamiltonians that mimic
the behavior of more complex systems, even if the underlying interactions in the simulator
are simpler. Thus, through precise control of the time-dependent parameters, one can tai-
lor the dynamics of the simulator to reproduce the physics of interest, enabling the study

of otherwise inaccessible many-body systems.

A notable example of this approach is the Mglmer—Sgrensen gate [75], which will be ex-

plored in detail in this thesis (see Sec. 4.1.4). In an n-ion chain, this gate implements a
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non-local entangling operation with a target Hamiltonian of the form
Hr=oM @ - ®al" (3.18)

despite being derived from a system Hamiltonian (as in Eq. (3.14)) that involves only local
operators acting on individual subsystems (each qubit or the collective motional degrees
of freedom). Through the careful design of the control fields fi (), the local interactions
are combined in a way that produces the desired effective many-body entangling term (see
Sec. 4.1.4).

3.4.3 Quantum-information-inspired algorithms

Classical numerical algorithms offer a third approach to simulating quantum many-body
systems. Emerging from research in quantum information theory, these methods pro-
vide powerful tools for addressing problems that would otherwise be computationally in-
tractable. The main challenge arises because an exact representation of a many-body
quantum state typically requires an exponentially large number of parameters, making di-
rect computation infeasible for large systems. To address this, techniques such as matrix
product states (MPS) and projected entangled-pair states (PEPS) have been developed
(see |76, 77| for an extensive review). These methods provide efficient ways to represent
and manipulate quantum states by exploiting their inherent structure and entanglement

properties.

Matrix Product States (MPS)

MPS is a one-dimensional tensor network representation particularly well-suited for sys-
tems with low entanglement, such as the ground states of gapped one-dimensional Hamil-
tonians. In a conventional description, the wavefunction of an n-site system is written

as

[9) =D Carysn o 81) @ [82) © - @ [sn) (3.19)
{si}

where the amplitudes Cy, s,,... s, can be understood as the entires of a p"-dimensional

tensor C' (for qubits, p = 2). The MPS approach factorizes this large tensor C into a
product of local tensors or reduced dimension
051,32,~~-,sn _ Z AST AS2  AS3 ol AR

apfraragt oo Qn—1 7
{ai}

(3.20)
with A% representing matrices associated with the local basis states at site |s;) at site
i and o € {1,---,D}. The bond dimension D of these matrices controls the amount of
entanglement that can be captured by the MPS. By limiting D, MPS provides a compressed
representation of the state (of polynomial dimension 2pD + (n — 2)pD? ~ npD?), enabling

efficient computation of physical quantities such as expectation values and correlation

functions.
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Projected Entangled-Pair States (PEPS)

PEPS generalizes the MPS framework to higher dimensions, making it suitable for simu-
lating two-dimensional and higher-dimensional quantum systems. In PEPS, the quantum
state is represented as a network of tensors, where each tensor is associated with a lattice
site and connected to its neighbors via auxiliary indices. This structure allows PEPS to

capture the more complex entanglement patterns that arise in higher-dimensional systems.

Both MPS and PEPS have been successfully applied to a wide range of problems, including
the simulation of spin chains, fermionic systems, and quantum phase transitions. However,
their efficiency is closely tied to the entanglement structure of the system. In cases where
the quantum state exhibits high entanglement —such as in critical systems or during long-
time dynamics — the required bond dimension can grow significantly, thereby limiting the

practicality of these methods.

3.5 Quantum Invariants

While many of the numerical methods discussed in Sec. 3.4 require explicit construction
of quantum states (either exactly or approximately) to design optimal control pulses for
the simulator, alternative approaches circumvent this limitation by avoiding direct state
representations. These methods instead leverage operator-based frameworks to implicitly
encode the system’s properties. A foundational example is the stabilizer formalism [78],
which defines quantum states through algebraic constraints imposed by a set of stabilizing
operators. Formally, a quantum state [¢)) is uniquely determined by a stabilizer group
S = (51, -+, Sk), where each stabilizer S; satisfies S; [1)) = [¢)). The state |¢) is the simul-
taneous eigenvector of all S; with eigenvalue +1, effectively encoding the state through the
algebraic relations of the stabilizers rather than an explicit vector representation. This ap-
proach is computationally efficient because stabilizers are typically Pauli operators (tensor
products of Pauli matrices X, Y, Z), which admit compact descriptions and enable efficient

manipulation of their group structure.

A related strategy is found in adiabatic quantum computation [79]. Here, the system’s
state is continuously associated with the instantaneous ground state of a time-dependent
Hamiltonian H(t). Provided the evolution is slow enough (i.e., adiabatic), the system re-
mains in the ground state of H (t) throughout the process. Thus, specifying H (t) implicitly
defines the state at all times, eliminating the need for an explicit state-vector description.
This approach leverages the fact that Hamiltonians (often local or sparse) are typically
easier to engineer and analyze than high-dimensional state vectors. However, its validity
depends on maintaining adiabaticity, which requires evolution to be slow enough to prevent

excitations out of the ground state.

For systems evolving rapidly or non-adiabatically, quantum invariants [80, 81, 82| provide
a powerful generalization of operator-based state representations. These invariants are

Hermitian, time-dependent operators whose expectation values remain constant over time,
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even when the Hamiltonian explicitly depends on time. Formally, this is expressed as

d

o OIZ@) [¢(8)) =0 (3.21)

Rather than solving the full time-dependent Schriédinger equation to obtain the state
|1(t)), one can construct an operator Z(¢) that satisfies Eq. (3.21). As demonstrated in
the following sections, this provides an implicit description of the state [1(¢)). Crucially,
unlike adiabatic methods, which require slow evolution to keep the system in its ground

state, the invariant approach holds for arbitrary timescales.

3.5.1 Equation of motion

As with any quantum operator, the explicit form of Z(¢) depends on the chosen dynamical
picture (for a detailed overview of the main pictures, see Appendix B). In the Schrédinger
picture, we denote it as Zg(t), but the subscript “S” is often omitted when the context is
clear. In this picture, quantum states evolve according to the time-dependent Schrédinger
equation, and the invariants themselves have explicit time dependence through their func-
tional form. For example, if an invariant is written as Zg(t) = f(t)o,, where o, is the
Pauli-X operator, then the time dependence comes solely from the scalar function f(t).
Consequently, the time derivative of the invariant is given by %Lts = f (t)oz, while oy

remains constant, as is generally the case for operators in the Schrédinger picture.

To derive the equation of motion for the invariant, we expand Eq. (3.21)

0= 2Oy oty + 0l B2 oty + o) zs A
= i HOTs0) W) + 0] T jp0) — i ) T o)
= (ol (B 4 i), z50)]) o) (3.22)

where we have used the Schrodinger equation (Eq. (2.29)). Since this must hold for all

states |¢(t)), the invariant operator must satisfy the equation of motion

IZs(t)
ot

— —i[H(t),Zs(%)] . (3.23)

This equation resembles the Heisenberg equation of motion for a time-independent opera-
tor, but with an opposite sign (see Eq. (B.10)). However, it describes the explicit time de-
pendence of Zg(t) in the Schrodinger picture, rather than the evolution of an operator in the
Heisenberg picture. Indeed, a generic time-independent operator involves the transformed

Hamiltonian Hp, and thus evolves in the Heisenberg picture as %’im =i[Hp(t),Ou(t)].

The Heisenberg version of an invariant is related to its Schrodinger counterpart by the
unitary transformation in Eq. (B.4), i.e. Ty(t) = UT(t)Zs(t)U(t). In this picture, the

evolution of a quantum invariant follows Heisenberg’s equation of motion (see Eq. (B.9) in
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Appendix B),

0Ly (1)
ot

0Zs(t)
ot

— i[Hy(t), Zg(t)] + U'(t) Ult) . (3.24)

Substituting the previously derived equation (Eq. (3.23)), we find

Ly (1)
ot

= i[Hy (), Zu ()] — iU (O)[H (), Zs (1)U (t)

=i[Hpg(t),Zu(t)] — i[Hu(t), Zu(t)]

=0. (3.25)
Thus, in the Heisenberg picture, the invariant is completely time-independent

OTp (t)
at

=0. (3.26)

3.5.2 Time-independence of invariant eigenvalues

A key implication of the invariant’s equation of motion (Eq. (3.23)) is that the eigenvalues
A of an invariant operator Z(¢) remain constant over time—even though its eigenstates
|\, k;t) may evolve, property that is deeply connected to the invariant’s role as a dynamical

anchor for the system.

The eigendecomposition of an invariant Z(t) is given by [80]

Z(t) |\ K3ty = XA K3 t) (3.27a)
<)\, E/; t )\, /il; t> = 5)\>\’5kk’ y (3.27]:))

where A denotes the eigenvalue, and the label x runs over all quantum numbers besides the
eigenvalues A to uniquely characterize the time-dependent eigenstates |\, k;t). To show
that A does not change with time, we differentiate the eigenvalue equation (3.27a) with

respect to time

OZL(t) I\ k;t) O O\, K;t)
— ; I(t)———— = — ; — 2
which, operating with (X' x/;t| on the left-hand side, results in the matrix element
OZ(t) oA |\ K;t)
A A s . oy A s Ry
<)\,/<a,t e |\, k5 t) <>\,/€,t|—at IA, k5 t) + (A )\)<)\,Ii,t o - (3.29)

An alternative expression for the matrix element (X', &';¢| Bg—g) |\, k;t) can be obtained
by sandwiching the equation of motion for the invariant (Eq. (3.23)) between (X, &’; t| and
A, ki t)

OI(t) (X, ks t) = —i(A = N) (N, 65 t| H(t) |\ k5 t) (3.30)

/o,
</\,/<;,t 5t
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Comparing these two expressions and setting A = )\’ directly leads to

oA

5 =0 (3.31)

which proves the time-independence of the eigenvalues A.

3.5.3 Eigenstates of the invariant and the Schrodinger equation

The time-independence of the eigenvalues has a significant consequence: all time-dependence
of the operator Z(t) is entirely contained within its eigenstates |\, x;t). These eigenstates,

according to Eq. (3.29), satisfy the following equation of motion

/ /o, a|)\,l-€;t> AVAA 81(75) .
()\—)\)<>\,/€,t T—<)\,K/,t W|>\,Kl,t>
— i (N R [0, Z()] A s )
= —i(A=N) (N, & t| H(t) [\ k5t) (3.32)

where Eq. (3.23) has been applied in the second line. Consequently, for A # X', we obtain

i<)\', ﬁ';t} 76 Mé:; 2 = <)\’, Kt

H(t) [\ ki t) (3.33)

which is reminiscent of the Schréodinger equation (Eq. (2.29)), in matrix form, with the
system state |¢(t)). To make the connection explicit, we express the Schrodinger equation

in the eigenbasis of Z(t) as

H{(t) (1)) - (3.34)

: a[y(t))

i Z ‘)\/,lil;t><)\/, Kt T Z |A/,/€/;t><>\/,/<{//;t
N k! N, K!

By comparing Eq. (3.33) and Eq. (3.34), one might be tempted to conclude that [i)(t)) =

|\, k;t). However, this conclusion is not yet fully justified, as Eq. (3.33) is only valid for

A # N, whereas Eq. (3.34) must hold for all values of A, k, including A = X. Our goal is

therefore to demonstrate that

oW ‘W = (0Kt HE) N kst (3.35)

also holds. To achieve this, we note that all conclusions drawn for the eigenstates |\, ;)

also apply to the states modified by an arbitrary time-dependent phase factor,
ePm® I\ kst) (3.36)

This phase freedom, known as a gauge transformation, allows us to prove Eq. (3.35).

Substituting the phase-modified eigenstates into Eq. (3.35) yields, after rearranging,

9
(A i3t <ZE—H(t)) A mit) = b (3.37)
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For k # &/, this equation simplifies to
<)\ n"t| (z— - H(t)) A, Kk;t) =0 (3.38)
) ) 9t ) ) )

which holds if (i% — H(t)) I\, k;t) = p|A, k;t) for some scalar p. Since (A, K5 t|A, k;t) =
0w, this is satisfied if |\, k;t) is an eigenstate of the operator (i% — H(t)) This condition
can always be imposed because (i% -H (t)) is Hermitian and thus can be diagonalized.
For the case k = /, Eq. (3.37) holds if the phase ) .(t) is chosen as

am(t)z/o dt’ (X, ki 1] (z';/—H(t’)) I\ ft) (3.39)

It thus follows that the general solution of the Schrodinger equation can be written in

terms of the eigenstates of the invariant Z(t) as

(1) = exne®™= O |\ kst) (3.40)

AR

where c) ,, are time-independent coefficients!.

3.5.4 Quantum invariants and the harmonic oscillator

Quantum invariants were originally introduced as a framework for determining the exact
quantum state [¢(t)) of a system at any time ¢, given a known time-dependent Hamil-
tonian H(t). By identifying an invariant Z(¢), one can directly construct solutions to
the Schrodinger equation, as described in Eq. (3.40), without requiring explicit time in-
tegration. A fundamental example of this approach is the harmonic oscillator with a

time-dependent frequency [80]
1
Ht) = 2+ -mQ2(t)a? . (3.41)
To construct a dynamical invariant Z(¢), one assumes an ansatz of the form

Z(t) = (al(t)x2 + as(t)p? + as(t)(pz + zp)) , (3.42)

DN |

Hnvariants with degenerate eigenspaces complicate the construction of solutions to the Schrédinger

ot
this task is generally computationally demanding. Ensuring non-degenerate eigenspaces for Z(t) avoids this
challenge: in such cases, solving the Schrédinger equation reduces to diagonalizing Z(t) alone. Moreover,
in many practical applications, even this step can be bypassed — knowledge of key eigenstates (e.g., the
ground state) is often sufficient to determine the system’s evolution.

equation, as they necessitate diagonalizing the operator (i@ - H (t)) While possible for some systems,
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where the time-dependent coefficients a;(t) must satisfy the condition for invariance (Eq. (3.23)),

which leads to the constraint equation

ay ()2 + as(t)p® + as(t)(px + xp)
—2a3(t)p2 n m2Q2(t)az(t) — a1 (t)

= 2mO?(t)as(t)z® +

(px + zp) . (3.43)

By matching coefficients, the following system of coupled differential equations for a;(t) is
obtained
—2as(t 20%(t)az(t) — aq (t
anl) = 22 as(t) , an(t) = =280 gy 2 e —alt) g,

m m

Solving this system [80] yields the explicit form of the invariant

7(0) = 5 (e + (O — mi(0)2)?) (3.45)

where p(t) is a time-dependent scaling function satisfying the auxiliary nonlinear differen-

tial equation

m2i(t) + m2Q2 (t)u(t) — =0. (3.46)
Any particular solution of Eq. (3.46) defines a valid invariant of the form given in Eq. (3.45).
Once p(t) is specified, the exact analytic form of Z(t) follows directly. By diagonalizing
Z(t), one can obtain its eigenstates and thus construct an exact expression for the quantum
state |¢(t)) for any choice of the time-dependent frequency €2(¢) in the Hamiltonian H ()
of Eq. (3.41).

3.5.5 Invariant-based inverse engineering

From a complementary perspective, quantum invariants can be employed not merely as a
tool to determine the quantum state from a given Hamiltonian (as in the example above),
but also to design a Hamiltonian that drives the system along a desired state evolution.
In this inverse-engineering approach, one constructs a Hamiltonian that transitions the
system from an initial state [¢)(0)) to a target state [¢r). To illustrate this, consider a

time evolution operator of the form

Ultito) = > e |\ ki t) (A, kst (3.47)
K

which maps the eigenstate |\, k;tg) of a dynamical invariant Z(¢) at t = to to their
time-evolved counterparts |\, x;t) at time ¢. Since U(¢;to) satisfies the evolution equa-
tion in Eq. (2.28), the Hamiltonian generating the desired dynamics is given by H(t) =
i%U T(t). This equation encapsulates the inverse-engineering paradigm: instead of solv-
ing for U(t;ty) from a given H(t), we design H(t) directly from a predefined U (t;tg) that

encodes the desired state evolution.
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A particularly useful scenario for invariant-based inverse engineering occurs when the
system 1is initially prepared in a single eigenstate |[\*,k*;0) of the invariant Z(t), i.e.,
|1(0)) = |A*, k*;0). In this case, the expansion in Eq. (3.40) reduces to a single term with
ek = 0,Y{\, k} # {\*,k*}. In this scenario, it follows from Eq. (3.40) that the quantum

state will remain confined to this single eigenstate of the invariant,
’d}(t)) — 61‘9/\*7N*(t) |>\*,I€*,t> , (348)

at all times. The evolution of the system is thus governed solely by an accumulated phase
factor e *=* () which does not affect the physical state of the system, and the inherent

time evolution of the eigenstate |\*, k*; ).

This observation underscores the fundamental utility of dynamical invariants in quantum
control. Once an invariant Z(t) is constructed and its eigenstates are determined — whether
analytically or numerically —one can predict the system’s evolution without solving the
Schrédinger equation explicitly. In quantum control protocols, if the desired target state is
associated with a specific eigenstate of Z(t), then preparing the system in that eigenstate at
t = 0 guarantees that it will follow the intended trajectory. Specifically, if the target state
|¢7) is identified as the (non-degenerate) eigenstate |A*, k*;t) at a specific time t =T, i.e.
|r) = |\*, k*; T), then it follows that the Hamiltonian H(t) can be designed to drive the
system to |p) at t =T.

A multidimensional Gaussian quantum invariant

The inverse-engineering framework based on dynamical invariants provides a powerful ap-
proach to designing control protocols in quantum systems. However, its direct applicability
has traditionally been limited to systems where an invariant can be explicitly constructed.
This limitation motivates the reformulation introduced in Chapter 5, which extends the

framework to systems where such invariants are not readily available.

In the preceding section, we examined one such analytically solvable invariant: the well-
established case of a one-dimensional harmonic oscillator, where the invariant takes the
form in Eq. (3.45). This construction has played a crucial role in a range of control
protocols, including fast adiabatic-like transport and quantum state expansions and com-
pressions [83, 84]. These methods have been experimentally implemented in trapped-ion
platforms, where they enable precise and rapid control over motional states while mitigat-
ing motional heating. Nevertheless, their restriction to one-dimensional systems inherently
limits their applicability in practical quantum technologies, which require control in mul-

tiple spatial dimensions to accommodate scalability and increased system complexity.

Recent theoretical advancements have addressed this limitation by generalizing the in-
variant framework to arbitrary spatial dimensions for single-particle systems [85]. This
extension opens new possibilities for controlling trapped ions in fully three-dimensional

configurations, a topic that will be explored further in Chapter 6.

o6



To establish such an invariant, it is convenient to reformulate the harmonic oscillator
problem in the language of multidimensional phase-space variables. In this approach, the

position and momentum operators, ¥ and p, are combined into a single compact operator

X = (Tl)"' y'dy P1y 7pd) ) (349)

where d is the number of spatial dimensions. As a generalization of the commutation

relation [xj,pg] = id;i, the components of X satisfy the commutation relation
(X, Xk] = iSjk (3.50)

with the elements S;; belonging to the symplectic matrix

S <(Dd><d ded) 7 (3.51)

—lixa Oaxad

which satisfies ST = —S. In this compact notation, the Hamiltonian of a multidimensional

displaced harmonic oscillator can be expressed as
1 I
H(t) = 5XTK(lt)X +XT.V(t), (3.52)

in terms of the 2d x 2d-dimensional symmetric matrix given by

K(t) = (mM(t) (Dd)‘d) : (3.53)

1
Oaxda  ;;laxa

with the positive-definite matrix M encoding the oscillator’s curvature, and the 2d-dimensional
vector

— =,
9

VT (t) = (=F(t),0) (3.54)

where F' (t) corresponds to the restoring force that arises when the system is displaced from
the oscillator’s center C. Indeed, the role of F becomes explicit upon rewriting H(t) in a
displaced coordinate system. By completing the square, Eq. (3.52) transforms to

H(t)==(X - D)TK(t)(X - D), (3.55)

DN | =

where D = (5 , 6d) shifts the spatial coordinates of X to the oscillator’s center C , which is

related to F via

M~'F . (3.56)
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To inverse-engineer control protocols, we aim to find an operator Z(t) that satisfies Eq. (3.23)
with the Hamiltonian H(¢) in Eq. (3.52). Following Ref. [85], we adopt a quadratic ansatz

for this operator
I(t) = %(X’ _ W(t))TI‘(t) (X-7) . (3.57)

where W (t) is a yet-to-be-determined 2d-dimensional vector, and T'(t) is a to-be-determined
2d x 2d real antisymmetric matrix. Substituting this ansatz into the equation of motion

for the invariant (Eq. (3.23)) yields the coupled equations

I'(t) = KST'(t) - T(t)SK , (3.58a)
W(t) = SKW(t) + SV (t) . (3.58)

Solving Eq. (3.58a) provides an explicit expression for the matrix I'(¢) [85]

m (R2 + Re( [R, R]A . RA2R)) %(J _ {R, R})

o= 27+ {rR}) 1R

(3.59)

where [A, B = ACB — BCA and {A, B} = AB + BA. The auxiliary matrices A and J

are determined via
N P |
A=iR +§[R ,R]+§R JR (3.60a)
(7R = |[R R+ [R,R7, (3.60D)

in terms of the real, positive semidefinite d X d matrix R(t). Since R(t) ultimately deter-
mines I'(¢), the quadratic invariant in Eq. (3.57) is fully characterized by the choices of
R(t) and W (t).

Due to the defining conditions of the invariant Z(t) (Eq. (3.23)), the operators in Z(t)
are linked to the operators in the Hamiltonian H(¢) in Eq. (3.52). This interplay is what
enables the inverse-engineering of a valid Hamiltonian H(t) for control problem solutions.
Notably, R(t) is related to the quadratic component of the Hamiltonian M (¢) — which in
turn determines K () in Eq. (3.52) —in a highly nonlinear manner [85]

{R* M} =2|R.R| —{RR}-2RA’R. (3.61)

In practice, to isolate M, we apply the vectorization (see Eq. (5.86)) to both sides of
Eq. (3.61), yielding the linear equation

M) = [(B) w1+Ie R |Y) (3.62)

where |Y')) is the vectorized form of Y = 2 [R, R} A {R, R} —2RA?R. Thus, from the

vectorized form |M)), we can then reconstruct the matrix M (t).
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On the other hand, W (t) is related to the vector F(t) in the Hamiltonian — which deter-
mines V(t) in Eq. (3.52) — in the following manner

—.

F(t) = mM &)Wy (t) + W, , (3.63)

where we have defined W (t) = (Wa(t), Wp(t)), with the d-dimensional vectors W, (¢) and
W, (t).

Thus, for any choice of R(t) and W (t) in the invariant Z(¢), the Hamiltonian H(t) is
uniquely determined through Egs. (3.62) and (3.63). The Hamiltonian obtained in this
fashion has the key property that, as discussed in Sec. 3.5.5, if the quantum system is
initially prepared in a unique eigenstate of the invariant (such as the ground-state), it will
remain in that eigenstate throughout the dynamics—a feature that can be exploited to

design state transfer protocols on diabatic timescales, as discussed in Chapter 6.
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Chapter 4

Quantum Computing Architectures:

Trapped Ions

"Nature isn’t classical, dammit,
and if you want to make a
simulation of nature, you’d
better make it quantum
mechanical, and by golly it’s a
wonderful problem, because it

doesn’t look so easy."

— Richard Feynman, 1982 [86]

The transition from classical to quantum computing represents more than just an engi-
neering challenge — it redefines how information can be processed at a fundamental level.
Classical computation, rooted in deterministic logic and binary states, has driven tech-
nological progress for decades. Yet, as we probe the limits of classical systems— from
cryptographic security [87] to simulating quantum many-body dynamics [68] —it becomes
increasingly evident that these frameworks are inadequate to capture the full complexity
of natural phenomena. Quantum computing, by contrast, leverages the intrinsic properties
of quantum mechanics, such as superposition, entanglement, and interference, to process
information in ways that classical systems cannot replicate. This paradigm shift invites a
critical question: How can we systematically exploit quantum mechanics to solve problems

that are otherwise computationally intractable?

The theoretical promise of quantum computing is well-established. Shor’s algorithm [18],
revolutionized the field by demonstrating that quantum systems can factor large integers
exponentially faster than any known classical algorithm, challenging the security of widely
used cryptographic protocols. Grover’s search algorithm [88] provides a quadratic speedup
for unstructured search problems, while quantum simulation techniques [19] offer unpar-
alleled capabilities to model complex physical phenomena, including molecular dynam-

ics, topological phases of matter, and high-energy physics. These breakthroughs suggest
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far-reaching applications in fields such as secure communication, materials science, and
drug discovery. Yet, realizing these possibilities requires overcoming significant practical
challenges, particularly the translation of abstract quantum circuit models into physically

realizable systems.

Among the various platforms under development — superconducting circuits [89], photonic
networks [90], topological qubits [91], and Rydberg atom arrays [92], to name a few—
trapped-ion systems [93, 94| have emerged as a leading contender. Their exceptional co-
herence times [95], precise qubit control [96], and high-fidelity entangling operations [32]
make them an ideal medium for exploring the fundamental limits of quantum information

processing [97].

Unlike superconducting circuits, which achieve rapid gate operations on nanosecond time-
scales at the cost of coherence times typically ranging from hundreds of microseconds
to a few milliseconds 98], or photonic networks, which excel at long-distance quantum
communication but struggle with implementing deterministic two-qubit interactions [99],
trapped ions uniquely combine multi-second coherence [100]| with high-fidelity entangling
gates. In contrast, Rydberg atoms exploit strong interactions between highly excited states
to enable fast, parallelized gates across large neutral-atom arrays [92], offering a promising
path to massive scalability, albeit at the cost of increased technical challenges in laser
stabilization, atom trapping, and maintaining Rydberg-state coherence. Similarly, while
topological qubits promise intrinsic fault tolerance through non-Abelian anyons [91], their
experimental realization remains at a nascent stage compared to the mature trapped-ion

platforms.

This thesis is primarily concerned with advancing methodologies for trapped-ion systems.
However, the techniques developed —such as error-resilient gate designs or ion-shuttling
protocols— are intended to be adaptable across different quantum architectures. For in-
stance, gate engineering strategies that mitigate sensitivity to control errors could benefit
superconducting qubits [69], while modular ion-shuttling schemes may inspire scalable
routing architectures for photonic or Rydberg-based networks. By addressing challenges
common to multiple architectures, the insights presented here contribute broadly to the

advancement of quantum engineering.

4.1 Trapped ion quantum computing

Trapped-ion quantum computing exploits individual ions confined and manipulated us-
ing electromagnetic fields [96]. These ions act as qubits, with their internal electronic
states representing computational basis states. Different conventions exist for labeling
these states, with |0) and |1) being the most widely adopted in the quantum computing
community, while |g) and |e) are more commonly used in the quantum optics community.
In this thesis, we will use both notations as needed for clarity, ensuring that the meaning
is unambiguous in each case. Trapped-ion systems satisfy several key criteria required for

quantum computation, known as the DiVincenzo criteria [101]:
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e Well-defined qubits: Trapped ions provide naturally isolated and highly stable
quantum states, making them resilient to environmental noise. Depending on the
energy splitting between |0) and |1), ion qubits fall into four main categories (see
Fig. 4.1):

— Hyperfine qubits: These qubits rely on energy splittings between hyperfine lev-
els of the electronic ground state, typically in the gigahertz range. Their key
advantage is exceptionally long coherence times, often exceeding hundreds of
seconds in magnetically insensitive clock states [100], far surpassing the mil-
lisecond coherence typical of superconducting transmon qubits [102] and the
1-10 ms lifetimes of Rydberg atoms [92]. Hyperfine qubits can be manipulated

using microwave or Raman laser transitions [103].

— Zeeman qubits: These are formed from magnetic sublevels within a single elec-
tronic state, with energy splittings in the tens of megahertz, depending on the
applied magnetic field. While Zeeman qubits are simpler to implement than
hyperfine qubits, they are more susceptible to magnetic field fluctuations, ne-

cessitating active stabilization techniques [94].

— Fine-structure qubits: These qubits utilize energy levels from the fine structure
splitting in the electronic excited states, which typically lie in the tens of tera-
hertz range. They are less commonly used for computation due to their shorter
coherence times but can enable faster gate operations [93], mirroring the speed-
versus-coherence trade-offs seen in semiconductor spin qubits [104] and Rydberg

atom systems [92].

— Optical qubits: Defined using electronic transitions between ground and excited
states with splittings in the hundreds of terahertz, optical qubits are manipu-
lated using narrow-linewidth lasers. While they benefit from fast gate operations
and well-defined energy levels, they require stringent laser phase stability and
ultra-low-noise environments to maintain coherence [94], challenges shared with

photonic qubit platforms [99] and Rydberg atom arrays [92].

e State initialization: High-fidelity qubit initialization is achieved via optical pump-
ing, a process that selectively excites population from undesired states and relies
on spontaneous emission to populate the target state. By tuning laser polariza-
tion and frequency, specific transitions are addressed, ensuring near-unity initializa-
tion fidelity. For hyperfine and Zeeman qubits, fidelities exceeding 99.9% have been
demonstrated [105, 106], surpassing the 99% thresholds typical of superconducting
qubits [102].

e Long coherence times: Trapped-ion qubits exhibit exceptional coherence times
due to their isolation from environmental noise. Hyperfine qubits, particularly in
magnetically insensitive clock states, achieve coherence times exceeding 600 s [100],

orders of magnitude longer than the 0.1-1 ms coherence times of superconducting
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or semiconductor qubits [98, 104] and the 1-10 ms lifetimes of Rydberg states [92].
Optical qubits, limited by spontaneous emission, typically achieve coherence times
around 0.2 s [107]. These extended coherence times enable the execution of complex

quantum algorithms.

e Universal gate operations: Quantum gates are implemented using laser- or microwave-
driven interactions. Single-qubit gates, performed on microsecond timescales, involve
resonant transitions driven by focused lasers or global microwave fields. Two-qubit
gates, such as the Mglmer—Sgrensen |75] and Cirac—Zoller [31] gates, rely on ion-ion
interactions mediated by shared motional modes. With gate times ranging from 10
to 100 us, these operations are completed well within qubit coherence limits, though

they are slower than the nanosecond-scale gates of superconducting circuits [98].

e High-fidelity measurements: State readout is performed via fluorescence detec-
tion, where a resonant laser drives a cycling transition in one qubit state, causing it
to fluoresce while the other remains dark. This binary discrimination achieves fideli-
ties exceeding 99.9% [105|, comparable to the best superconducting qubit readout

fidelities [102], with measurement times of a few milliseconds.

While trapped-ion systems demonstrate excellent coherence, control, and readout, scaling
up to hundreds or thousands of qubits presents substantial challenges. These include in-
creasing physical resources, mitigating crosstalk, and maintaining gate fidelity across large
systems. Recent advances have focused on modularity, integration, and error correction to

address these obstacles:

e Modular architectures with photonic interconnects: Instead of scaling a sin-
gle monolithic trap, photonic links allow individual ion-trap modules to be networked
together [93]. Each module operates a medium-sized quantum processor, and entan-

glement between modules is generated via probabilistic photon-mediated gates.

e Multi-zone traps and QCCD architecture: The Quantum Charge-Coupled De-
vice (QCCD) paradigm enables ion transport between dedicated zones for memory,
logic, and readout [108]. This dynamic reconfiguration supports parallel operations

and minimizes local heating or laser crosstalk.

e Integrated optics and microfabrication: Advances in microfabricated ion traps
with embedded waveguides and optics [109] allow for compact, scalable delivery of

laser control and detection, critical for high-qubit-count systems.

e Fault-tolerant operations and error correction: Trapped-ion systems are well-
suited for implementing surface code error correction [110], thanks to long coherence
times and high gate fidelities. Combined with robust ion-shuttling protocols and

error-resilient gate designs, this makes fault-tolerant computation within reach.
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4.1.1 Dynamics of single trapped ions

Trapped-ion quantum processors rely on the careful engineering of electromagnetic fields
to confine individual ions. However, achieving stable confinement in all three spatial di-
mensions is not possible using static electric fields alone. This limitation arises from a
fundamental principle of electrostatics. According to Gauss’s law, in regions devoid of free

charges, the divergence of the electric field must vanish [111]
V-E(ft)=0. (4.1)

Given that the electric field is related to the electrostatic potential by V (7,t) by E(7,t) =

—6V(F, t), Gauss’s law directly implies Laplace’s equation,
VAV (7,t) =0. (4.2)

Laplace’s equation imposes a significant constraint on the potential V (7, ¢): the curvature
of the potential cannot be positive (i.e., confining) in all three spatial dimensions simulta-
neously. For example, if the potential is confining in two dimensions, it must necessarily

be anti-confining in the third.

To address this limitation, various ion trap geometries have been developed, combining
electric and magnetic fields. The Penning trap [112, 113, 96|, for example, uses static mag-
netic and electric fields to confine charged particles. The quadrupole electric field provides
axial confinement, while the strong magnetic field confines particles radially. Penning traps
can create large, two-dimensional ion crystals that rotate at a constant angular velocity
when the axial frequency exceeds the radial frequencies. This rotation enhances the trap’s
resistance to stray electric fields, making it suitable for applications such as mass spec-
trometry, spectroscopy, and fundamental physics. However, the rotation poses challenges

for quantum computing, which requires a stationary array of ions.

Paul traps [114, 115, 96| utilize a combination of static (DC) and oscillating radiofrequency
(RF) fields to provide three-dimensional confinement for ions. RF voltages are applied to
selected trap electrodes, creating a time-dependent potential. Although the instantaneous
potential may contain anti-confining regions, the rapid oscillations of the RF field cause
these regions to average out over time, resulting in an effective potential that ensures net
confinement. This dynamic stabilization arises from the fact that ions cannot respond
instantaneously to the high-frequency oscillations, instead experiencing a smooth, time-

averaged potential.
The total time-dependent potential in such traps is typically expressed as

V(i t) = VPO F) + VIO () cos(w, ) | (4.3)
where 7 = (z,y, z) represents the ion’s position, VP (7) and VEF)(7) are the static

and RF components of the potential, respectively, and w,; is the RF frequency.
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Figure 4.1: Level structure and qubit encodings in monovalent ions (energy splittings not to scale), inspired by [96]. Panel (a) shows the basic
electronic structure of ions, with levels labeled using spectroscopic notation (s, p, d, and f corresponding to orbital angular momentum quantum
numbers [ = 0,1,2,3). Colored lines represent transitions allowed by dipole, quadrupole, or octupole selection rules. In panel (b), the application
of a magnetic field causes energy level splitting due to the Zeeman effect, with the number of sublevels determined by the total angular momentum
j. For example, the ground-state s-levels (25, /2) split into two Zeeman sublevels, which can be used for Zeeman qubits. Fine-structure qubits are
encoded within levels differing by the spin-orbit interaction (e.g., within the D manifold); optical qubits are typically defined between s and d levels.
Panel (c) focuses on the 25, /2 manifold, where nuclear spin further splits the Zeeman sublevels into hyperfine levels. This hyperfine splitting occurs
in all levels with nuclear spin, though only the 25, /2 hyperfine structure is shown. Levels are labeled using the spectroscopic notation 2s“Lj, where
s is the total spin quantum number, L is the orbital angular momentum quantum number, and j is the total angular momentum quantum number.



Near the trap center, the potentials VP (7) and VEF)(7) are engineered to exhibit a

quadrupole spatial structure, allowing for approximate representation as

. 1 ATMF 1 FINF
V(rt) = §VDC 2 + §VRF COS(wrft) 2 (4.4)
0 0

where Vpe and Vip are the peak amplitudes of the static and dynamic (RF) fields, respec-
tively, M and N are dimensionless, symmetric matrices defining the potential’s geometry,
and rq is the effective trap radius (typically 7o ~ 107° m for planar traps), representing
the characteristic distance from the trap axis to the electrodes. In the simplest case, where
the matrices M and N are diagonal, Eq. (4.4) simplifies to the familiar form of a harmonic

potential

2 2
Vbe Ti Vrp Ti
V(z,y,z,t) = N ;Mzz (7’0 + 5 Cos(wrft) ;Nu % ) (4.5)
where r; corresponds to the spatial coordinates (x,y, z), and A;; denotes the element in the
i-th row and j-th column of matrix A. This simplified form is a reasonable approximation
for static scenarios or when ions move along a single dimension. However, in general
cases, off-diagonal terms in the matrices M and IN can couple different spatial dimensions,

resulting in a more complex potential landscape.

The coefficients in M and N can be tuned by adjusting the voltages applied to the elec-
trodes, but these coefficients must always satisfy the condition imposed by Laplace’s equa-
tion (Eq. (4.2)), which ensures that the potential remains consistent with the electrostatic

boundary conditions
Tr(M) =Y M;=0, Tr(N)=) N;=0. (4.6)

These conditions ensure that the potential corresponds to a saddle point in the potential
landscape, with some directions being confining and others anti-confining. A common
choice for the coefficients in linear (Paul) traps [116] that satisfies Eq. (4.6) is

M3z = —(My1 + M) >0, Nip = —Nag , N33 =0. (4.7)

This configuration results in static confinement along the z-direction and dynamic con-
finement along the x and y directions (note that the choice of these axes is arbitrary). In
this scenario, the z-axis is referred to as the azial direction, while the x and y axes are

considered radial directions.

The classical motion of an ion with charge Z|e| and mass m can be determined from

Newton’s second law
mr = —Z|e|VV(F t) (4.8)
where e &~ 1.602 - 107 C is the elementary charge, Z is the atomic number, and the
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dot denotes the temporal derivative (i.e., a = %).
time parameter 7 = wgf t, scaled by the RF drive frequency, the equation of motion can be

By introducing the dimensionless

transformed into the following system of coupled Mathieu-like equations [117, 118|, written

in matrix form

&2 )
=+ (P + 200s(27)Q>r ~0, (4.9)

with the symmetric matrices P and Q with dimensionless elements

P.—= 4Z|€|VDCMij Q _ 2Z|6|VRFNZ‘j (4 10)
Y mwzf 7“(2) ’ K mwff T% ' .

This system of equations is well-documented in the literature [115]. Solving them typically
involves perturbative techniques, with particular attention to identifying stability regions
in parameter space where the solutions remain bounded. For a more detailed discussion of
solution methods and stability criteria, refer to Appendix D. In the simplest scenario where
the potential is aligned with the coordinate axes (i.e. P and Q are diagonal matrices),
the system of equations in Eq. (4.9) decouples. This decoupling enables simple analytical
solutions for the ion’s motion along each spatial dimension. In this scenario, the ion
exhibits oscillatory motion along each axis, as described by specific solutions to Eq. (D.9)
in Appendix D. Under the constraints given in Eq. (4.7), and in the limit of a high-frequency
oscillatory RF field (i.e., Pij, Q;; < 1), these solutions take the approximate forms

x(t) =~ g cos(vyt) <1 - % cos(wrft)> , (4.11a)
y(t) = yo cos(vyt) (1 — % cos(wat)> , (4.11b)
2(t) = zg cos(v,t) , (4.11c¢)

where the constants xg, o, zo are determined by the initial conditions. The effective
oscillation frequencies along the z-, y- and z-axis, derived as specific solutions to Eq. (D.12)

in Appendix D, are

w 2 w 2 w
Vp R ;fﬂpn—l-%, Uy & ;f\lpgg—l-%, vV, & ;f\/Pg , (412)

which, for the standard choices for Paul traps (Eq. (4.7)), take the form

w 4Z\e|Vpe M 222e|*Vigp N7
Ve e it le| 2)02 u o ’2’ BF T (4.13a)
2 MW maw, ¢To
w 47elVpe M- 272|e|*VipN?
yyzif le] 202 2 |2’ RECTLL (4.13Db)
2 MWL MW gTo
Ot —4Z|e|[Vpc (M1 + Ma,) ' (4.13c)
? 2 mwffr%

Notably, while the frequencies in the radial directions (z and y) depend on both the DC
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and RF field contributions, confinement along the azial direction (z-axis) arises solely from
the static DC component of the field.

Eq. (4.11) reveals a characteristic feature of the motion. In the radial directions (z and
y), the ion undergoes a combination of two distinct oscillations: a slow secular oscillation
at frequency v, and a faster, smaller-amplitude oscillation at the drive frequency w; s,
referred to as micromotion. When the condition v, < w, is satisfied, the micromotion’s
influence becomes negligible, allowing the radial motion to be effectively approximated as
simple harmonic oscillation at the secular frequency v,. In the axial direction (z), the

motion corresponds to a simple harmonic oscillation of frequency v,.

This analytical description of motion, as given by Eq. (4.11), holds when the trap axes
perfectly align with the coordinate axes, establishing a clear correspondence between radial
and axial directions. However, in general scenarios where the potential exhibits significant
coupling between axes, this simple picture breaks down. The radial and axial directions
appear in rotated frames, making analytical approximations more challenging and often

necessitating numerical methods to estimate the equations of motion.

Pseudopotential

While solutions based on Mathieu’s equation (Eq. (4.9)) provide an accurate description of
the classical motion of the ion, a semiclassical or quantum treatment of the dynamics often
benefits from a more tractable approximation of the potential experienced by the trapped
ion. Such an approximation is advantageous because it avoids the complexities associated
with non-positive semidefinite matrices in the exact potential, while still capturing the
net, confining effects of the field in all directions. To achieve this, instead of relying on
the precise form of the electric potential, one can derive an approximate time-averaged
potential. This simplified potential, known as pseudopotential [119, 120], captures the
average confining nature of the field and allows for a more straightforward determination

of the ion’s dynamics.

Although the exact form of Eq. (4.11) may not hold for potential landscapes that couple
different axes, it still provides valuable insights into the ion’s dynamics. Specifically, it
reveals that the motion can be decomposed into two components: a slow, high-amplitude
oscillation 7g(¢) and a fast, small-amplitude oscillation 7#(¢). In general, thus, the total

motion can be expressed as [121]
7(t) = 7s(t) + 7p(t) . (4.14)

Since the amplitude of the fast component 7r(¢) is much smaller than that of the slower
component 7g(t), the ion’s motion remains approximately centered around 7g(t). This

allows for a Taylor expansion to approximate the dynamics. Starting from the equation of

68



motion mi = —Z|e|VV (7,t), it follows that

o FF(t)—i—---) ) (4.15)

where the Jacobian matrix is J;; = 88:,/57;” and we applied Eq. (4.14). Assuming ||7z()]|

7r(t) can be neglected.

T=Tg

On the faster timescale of 7r(t), 7s(t) can be treated as approximately constant, and
changes in 7' (t) are dominated by the rapidly oscillating field component V(75 (7) cos(w,. st).
Thus,

Fot) ZIe!vvRF F)‘ cos(wyft) - (4.16)

77'3

Integrating this expression yields

cos(wrst) . (4.17)

Fs(t) = 2 <W<DC> (7

m r=r%
A -
+ 3o ) €l vV PO (7) _ cos(wyyt)
T=rg mwrf T=Ts
A -
+ 30 F=r mi;'fv‘/(RF) (F)‘F:FS cos? (wrst) + - > ’ e
where J|  =JWPO| 47 RF)‘ _ cos(wyst), with J(DC/RF) %'
F=rg T=rg F=Tg '

In the regime where w, s is much larger than the characteristic timescales of 7s(t), the

)
T=Tg

where (-) = %fOT- dt, {cos(wyft)) = 0, {cos®(w,rt)) = 1/2 and we used the relation

ey (V)" = aaklz (a>

This result shows that the slow oscillatory motion 7s(t) is governed by an effective force

dynamics averaged over an RF period T = 27/w, s are given by

Zlel

=Tg me rf

- Z2lel? /- 2
v <Z|erv<DC> )+ 2L (v i) >

4mwr [

+ JED

VV(RF)(”)‘

T=Fg

92V oV ;
- 22 S o = <J : vv)k . (4.20)
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derived from a pseudopotential with time-averaged energy
Z|ef?

4mw3 ¥

Upseudo(f‘) = Z|€’V(DC) (7#) + <6V(RF) (F))2 . (421)

For practical trapping, the potentials V(PC) () and V/(BF) () are designed to approxi-
mate harmonic confinement in a small region around the ion (see Eq. (4.4)). Under the

assumptions that the spatial dimensions are decoupled and that the electrode symmetry

constraints from Eq. (4.7) hold, the pseudopotential can be written as

— Zle| Z‘C‘N121V1~22F 2 2 2
U, = — | M11|V; M3V, 4.22
pseudo(T”) 5 ( 2mwffr§ |Mi11|Vpe | (2% 4+ y*) + | M33|Vpcz (4.22)

Here, we have assumed additional radial symmetry (Mj; = Myy) and applied the elec-
trode polarity conditions Mj; = —|Mi1| and Mss = |Mss| from Eq. (4.7). Crucially, this
formulation demonstrates that effective three-dimensional confinement is achievable —as
long as the radial RF confinement is strong enough to overcome the deconfining effect of
the DC potential in the radial directions. Specifically, the condition
Zle
lel. ‘2 NHVip > [Mii|[Vpe (4.23)
2mw; f

ensures a net restoring force in the (z,y) plane. When this condition holds, the system

exhibits effective time-averaged confinement in all three spatial dimensions.

In more general scenarios where residual coupling between spatial axes is present, the
pseudopotential Upseyudo(7) can be locally approximated by a second-order Taylor expansion

around its minimum, the trap center C,

- 1 AT
UPSEUdO(F) ~ Upseudo(c) + 5 ('F— C) HY)

e (F— 6) : (4.24)

(U) _ aQUpseudo(F)
where HZ] = W

pseudopotential. Importantly, the positive semidefiniteness of H

represents the Hessian matrix of the second derivatives of the
(U) ensures that the pseu-
dopotential exhibits a local minimum at c , reflecting the confining nature of the effective
potential in all directions. The eigenvectors and eigenvalues of H(U) reveal the trap’s
principal axes and the corresponding trapping frequencies, respectively. This harmonic
approximation holds when the ion’s motion is confined near 57 rendering higher-order
anharmonic terms negligible —a condition met through cryogenic cooling or laser cooling

techniques.

The resulting quantum Hamiltonian that governs the dynamics of a single trapped ion can

thus be expressed as

m=Z o) mo|_ (r-0) . (4.25)

where p = (px,py,pz)T represents the momentum operator, and m is the ion’s mass. In
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this expression, the term Upseydo(C'), which depends only on the position of the trap center,
is omitted because it contributes merely an overall phase to the quantum state and does

not affect the ion’s dynamics.

Given the resemblance of this Hamiltonian to that of a harmonic oscillator, it is convenient

to rewrite it in the form

H:fiJr;m (F—é)TM(F—6> , (4.26)

where the matrix M encapsulates the effective harmonic trapping frequencies and is defined

as

M = iH(U)

— (4.27)

=C

This reformulation highlights the harmonic nature of the trapping potential, enabling
straightforward connections to the standard quantum harmonic oscillator framework. Since
M is symmetric, the Hamiltonian can alternatively be written in a form that will prove

useful in Chapter 6,

P 1 5 AT
H=—4+ -—-mr Mr—-F'7 4.2
5 + 2mr T 7, (4.28)

where the static offset %méTMé has been omitted, and the vector F , defined as

F=HY %ﬁ : (4.29)

represents an effective force that drives the ion towards the center of the potential.

4.1.2 Dynamics of multiple trapped ions

Trapping a single ion is, in itself, a remarkable achievement, requiring precise engineering
of the trapping potential with the necessary characteristics to confine the ion effectively as
explained in the previous section. This process is further complicated by the need to miti-
gate perturbative influences from the surrounding environment, such as stray electric fields,
thermal noise, and vibrations, all of which can disrupt the stability of the ion’s position.
Reaching this level of control reflects the advanced capabilities of modern experimental

techniques and technologies.

However, building a functional quantum computer — one capable of leveraging a significant
number of qubits to solve complex problems—goes far beyond trapping just one ion. It
demands the ability to confine and control multiple ions simultaneously within the same
trap while ensuring they remain isolated from external disturbances yet strongly coupled

to one another for effective quantum operations.

For a system of N ions, the trapping potential is similar to the single-ion case, but the
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system Hamiltonian must account for the Coulomb repulsion between ions,

H=) 55+

j=1 J j=1

N
. 1 22 2
m; (7 — C)TM (7 — C) + el

(4.30)

N | =

471'60 i<j=1 ’TZ' — Ty
where 7 and 7; denote the positions of the i-th and j-th ions, respectively, and ¢ is the
permittivity of free space. Here, all ions are assumed to carry the same charge, Z (i.e.,
Z; = Z,¥1). The Coulomb interaction depends on the relative distance between ion pairs,
introducing a position-dependent coupling mechanism that is essential for the generation

of entangling gates—key components for implementing quantum logic operations.

In static scenarios, where ions are confined to fixed locations, the potential’s center is sta-
tionary, and the matrices of curvatures M; remains constant. However, when dealing with
time-varying potentials, such as those required to move ions, both the potential’s center

and curvatures evolve dynamically to achieve effective ion displacement (see Chapter 6).

When the primary objective is not ion shuttling but rather implementing quantum oper-
ations, it is typically sufficient to consider only one spatial dimension for gate operations.
This direction is conventionally chosen as the axial direction along the trap axis, simplify-
ing individual ion addressing by eliminating the need for complex stroboscopic techniques.
This simplification is justified by the significantly stronger confinement along the radial
directions, which effectively suppresses motion in those directions and confines the ions
to a near-one-dimensional chain along the axial direction. Under these conditions, the

approximate potential can be expressed as

V—Zlm VA + Z Zilel (4.31)
N - g"Mi¥ 471'60 |Az; — Azj| 7 '

where Az; = z; — C,, represents the displacement of the j-th ion relative to the center of
the potential. For sufficiently cold ions (i.e., ions with low kinetic energy), their motion
consists of small oscillations around equilibrium positions, determined by the minima of the
potential. These equilibrium positions are obtained by setting the gradient of the potential
with respect to the ions’ positions to zero. This results in a set of coupled differential
equations, which can be solved analytically for two and three ions but generally require
numerical methods for larger ion chains. This work considers chains of identical ions for
simplicity, where all ions have equal mass (i.e., m; = m for all 7). By introducing the

scaled variables

22’6‘2 1/3
Az = A ithA=| ——— 4.32
2k 3k, W1 (47’[’60777,]/3) ) ( )

the equations simplify to
k-1 N

1 oV 1 1

P ( _ 7) —0. (4.33)
A2mu2 O3, = 3k —35)° jzgi-l Gk —35)° ]




The values {31} that satisfy Eq. (4.33) are denoted by {5,(:(1)} (or {Azl(fQ)} in the original

variables). For two and three ions, the equilibrium positions {3,(:q)} are given by

35@(1) _ _272/3 ’ 3geq) — 2*2/3 , (4.34)

and

3geq) — _pl/39-2/3 Zé@q) —0, 3(69) 51/3972/3 (4.35)

respectively (see Fig. 4.2). For larger ion chains, the equilibrium positions can be deter-
mined numerically. Eq. (4.33) determines the equilibrium positions of the ions relative
to the center of the potential (C_”), defined as the point where the potential energy, in the
absence of Coulomb interactions, is minimized. The kinetic energy of the ions induces oscil-
lations around these equilibrium positions. This behavior can be understood by expanding

the potential in a Taylor series around the equilibrium positions,{;),(:Q) }

Z 83 ({%k‘ (eq)}ézjézk s (4.36)

where Z V| (eq is omitted as it represents a constant energy offset and does not affect

the dynamics of the system, and dz; = 3; — 55 ed) represents the displacement of ion j from

its respective equilibrium position. The linear term in the Taylor expansion vanishes at
the equilibrium points, as the gradient of the potential is zero at these points by definition.

To further analyze the system’s dynamics, we define the matrix J with entries

1 9%V
Tjn = ﬁﬁ‘ (ca)

myz; 0303k {3}

r k—1 N

I G — ey 4 o Y - 5%‘”)

r N

= o1+ Y 2 s |- 20 =0m) | (4.37)
L eq)  (eq) (eq) (eq)
L m#k, m=1 3 3m ]

The matrix J, being real and symmetric, is diagonalizable. Thus, there exists a set of

eigenvectors, X, and corresponding eigenvalues, Ky, satisfying

I=> kpXe- X (4.38)
k
where )Z;‘g = (X1k," - , Xx~k). These eigenvectors represent the normal modes of the system,

describing collective oscillations of the ion chain. By transforming to this normal mode
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Figure 4.2: Schematic illustration of a harmonic trapping potential V' along the z-axis

(black curve). Two ions are depicted by their quantum wavefunctions—red and blue,

respectively —located at their equilibrium positions, separated by a distance Az§eq) from

the trap center C,. The spatial spread of each ion’s wavefunction is on the order of zg,
while the typical separation between the ions is characterized by the length scale .

basis, the potential energy can be expressed as
-T _ -
Nmy2sz Joz

Som(vrn) (W2 x) - (W 62)

k=1

M 2 N
Som(vms) (xF-€) (4.39)

k=1

N = N

(NN

where &7 = (&1, ,&N) = Aol = )\(Zﬂ_z’geq)’_.. 75]\[_55\?61)) _ (Azl—Az{eq),-" Az —
Az](\?q)) denotes the vector of displacements from the equilibrium positions of the ions, and
the summation runs over M normal modes— which in the case of a one-dimensional mo-
tional system corresponds to M = N, though we retain M for generality. This expression
reveals that the potential can be decomposed into a sum of independent harmonic oscil-
lator potentials, each corresponding to a normal mode with frequency vy = \/kiv.. The

transformation to normal mode coordinates is given by

Q1 X110 XN1 &1
=1 : - : . (4.40)

Qum X1M '* XNM N

This shows that each normal mode coordinate (Jj, is a linear combination of the displace-
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ments of all ions in the chain, with the coefficients x ;i quantifying the contribution of
the displacement of the j-th ion to the k-th normal mode, i.e. Q = Zévzl X;k€j- By
applying the same transformation to the momenta, i.e. P, = Z;V:1 XjkPj,z» Where p; . is
the z-component of the momentum operator pj of ion j, the system Hamiltonian simplifies

to
M opy | M
— k 292
H = kg_l 5 + 3m kg_l v, Qi (4.41)

where the sum now runs over the motional modes, rather than individual ions. This
demonstrates that the system can be effectively described as a collection of independent

harmonic oscillators, each corresponding to a distinct normal mode of the ion chain.

Since the transformation matrix in Eq. (4.40) consists of the eigenvectors of the matrix J,
it is invertible. This invertibility allows us to express the displacement ; of each ion in

terms of the normal mode coordinates @)y as

M
&= XK@ - (4.42)
k=1

This relationship reformulates the motion of individual ions in terms of the collective

dynamics of independent harmonic oscillators (normal modes).

The normal mode coordinates can then be quantized in the standard manner of the har-

monic oscillator by defining the position and momentum operators for each mode as

Qr = 2k (ak + a,t) , (4.43a)

i
P, = ( _ T) , 443D
e 220 ag — ay, (4.43b)

where aL and ay are the creation and annihilation operators, respectively, that satisfy the

. . S _
commutation relation [a],ak = 0jk and Zk,0 = \/ Zmon,

is the zero-point motion amplitude

for mode k. This results in the Hamiltonian taking the form
M
H=>Y wala, (4.44)
k=1

up to the constant factor ), /2. This Hamiltonian describes a system of uncoupled
quantum harmonic oscillators, where each mode k vibrates at a characteristic frequency
V. This is evident from the diagonal structure of the Hamiltonian in the normal mode
basis, and implies that the dynamics of one mode do not influence the others. However,
the situation is quite different in the original basis of ion displacements. Since each normal
mode is a linear combination of the individual ion displacements, the motion of each
oscillator influences a subset of ions—specifically those with a non-zero coupling element
Xjk 7 0. This interdependence is crucial because it enables the collective motion of the

ions to mediate interactions between them —a fundamental mechanism underpinning the
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implementation of most quantum gates.

Although Eq. (4.44) provides an excellent approximation for the Hamiltonian in most sce-
narios, it is essential to consider the conditions under which this model holds. While
examining these conditions is beyond the scope of this thesis, it is important to note
that deviations from the assumptions can require a more detailed treatment. For exam-
ple, higher-order terms in the Taylor expansion of the potential around the equilibrium
positions, such as cubic or quartic terms, may introduce perturbative corrections to the
mode frequencies and alter the corresponding eigenvectors [122]. Similarly, in ion chains
consisting of non-homogeneous species, variations in mass can significantly affect the dy-
namics [122]. Moreover, if the trap axes are not perfectly aligned, coupling between the
axial and radial modes (in the z- and/or y-directions) could become significant, necessi-
tating an expansion of the Hamiltonian to include additional vibrational modes. In such
cases, a more refined model would be needed to accurately describe the system’s dynamics

and ensure the precision of gate operations.

4.1.3 Light-matter interaction

The interaction between an atom (or a molecule) and a classical electromagnetic field con-
stitutes a fundamental basis for realizing quantum gates. In the semi-classical framework
adopted in this thesis, the atom is modeled as a quantum system, while the electromagnetic

field is treated classically.

In the standard treatment, the atomic model assumes a stationary nucleus, with dynam-
ics confined to the outer electrons. The electromagnetic field is described by a vector
potential ff(f',t), and a scalar potential, U(7,¢) [111], which include the internal fields
generated by the nucleus as well as externally applied fields, such as trapping or control
fields used for implementing quantum gates. The system’s dynamics are governed by the
Hamiltonian {123, 111]

- 2
(F— Zlel A1)
H= o + Z|e|U (7, 1) (4.45)

where the momentum operator ' is shifted by the vector potential /Y(F, t), with a coupling

strength proportional to the atomic charge Z|e.

—

The electromagnetic potentials A(7,t) and U(7,t) are not uniquely defined due to gauge

freedom: transformations of the form

E%E+6F,U%U—gx

preserve the physical fields (E and B) for any scalar function F [124, 123] (see Appendix E).
To resolve this ambiguity, the Coulomb gauge is adopted, defined by the condition

V- A(7t) =0 (see Appendix E).
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In this gauge, the vector potential /Y(F, t) simplifies to a transverse plane wave (see Ap-

pendix E), enabling analytical tractability.

Expanding the interaction Hamiltonian H from Eq. (4.45), we obtain

—

52 5 A(Ft) + A7 t) - P A2(7t
H=2 7oyt -2l AN T ATD B gy p AT (4.46)
m 2m 2m
Hbare Hlight-matter HA2

where Hiy e represents the unperturbed Hamiltonian containing kinetic and electrostatic
potential energy. The second term (Hijght-matter) describes the linear coupling between the
electromagnetic field and the particle’s momentum, while the third term (H 42), propor-
tional to /YQ, is negligible for typical field strengths but becomes significant in extreme
regimes (e.g., ultra-intense lasers), where it induces nonperturbative distortions of the

molecular binding potential.

Given the quantization of momentum, p = 71'6, and the Coulomb gauge condition, it can
be shown that the momentum operator p’and the vector potential fT(F, t) commute. This

can be demonstrated by applying the commutator to an arbitrary function 1,

7. Ay = (5 A A-p)v

=iV - (Ay) +id- (V)
= ~iV - (AY) +iV - (AY) (V- Ay
= _Z(ﬁ . _’)w =0, (4.47)
where we used the identity
V- (Ap) = A (V) + (V- A)gp . (4.48)

This result simplifies the light-matter interaction Hamiltonian to

Zle| -, .
Hlight-matter = _717,|A(r7 t) *p - (449)

To refine this expression further, the plane wave form of the vector potential A(7,t)
(Eq. (E.9)) is substituted into the interaction Hamiltonian, yielding
Zle L . ol - A
Hlight—matter = _')’L‘ (AOET -pexp(z(kT T Wt)) + AOGT ' pexp(—l(k‘T = Wt)>) )
(4.50)

where € is the polarization vector, w is the field frequency, and k is the wave vector.

Letting 7y be the center of mass of the atom (i.e. the classical position of the atom), the
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spatial component of the exponential can be expanded as
exp(iET . F) = exp(iET : ﬁ)) [1 +i(kT - (F= 7)) + - ] , (4.51)

which explicitly separates the dependence on the center of mass 7y and the relative dis-

placement 7 — 7.

Electric dipole Hamiltonian

In typical atom-light interactions, the wavelength A of the electromagnetic field far ex-
ceeds the atomic dimensions [125, 126]. For instance, hydrogen atom transitions corre-
spond to wavelengths of at least 100 nm, compared to the atomic size on the order of
the Bohr radius ap = 0.053 nm. Under these conditions, the inequality ‘E‘ P =Tl < 1

holds true. This allows us to approximate the exponential term as exp (z(ET -7 — wt)) =

exp <’L(ET - Ty — wt)). This approximation essentially reflects that when the field’s wave-
length is very large, its effect on the atom is practically independent of the electron’s
instantaneous position and depends primarily on the classical position of its center of
mass. This approximation is known as long-wavelength approzimation. Consequently, the

interaction Hamiltonian takes the form

—27|e|

Hlight—matter ~ |A0‘ COS (ET : FO —wt + ¢) (gT : ﬁ) = Helec—dipole y (452)

where Ag = |Agle. Substituting E (from Eq. (E.11a)) leads to

—Zle| =, .
1 g7 oty (4.59

Helec—dipole =

where the electric field E now depends on time and the position of the atom’s center of

mass (7). Eq. (4.53) represents the electric dipole Hamiltonian.

Another formulation of the interaction Hamiltonian in Eq. (4.53), which will be used
throughout this thesis, is expressed in terms of the energy eigenstates {|s)} of the bare

Hamiltonian Hy,e. To obtain this expression, we use the commutation relation

1 ., ip;
[Tj7Hbare] = % [Tj7p2:| = EJ ) (454)

which links the matrix elements of the momentum and position operators. This leads to

1 . . s l .

— (sl 1) = =i (sl [y, Hoarel 1) = i (B =BG ) (sl 1) = i (sl 1), (4:55)
with Hpare |8) = E(gs) |s) and wg = E(gs) — E(gl). Substituting the matrix elements in
Eq. (4.53),

—iZ|e|lwsg

<3’ Helec-dipole ’l> = <S| FT : E(Fo, t) ‘l> ) (456)

w
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which simplifies to

—iwsl

<3| Helec—dipole |l> = <S| l_jT : E_:('F07 t) ’l> ) (4'57)

where the transition dipole moment operator 6, 127 is defined as
= Zle|r . (4.58)

Eq. (4.57) provides a key insight: the transition amplitude between any two given energy
eigenstates |k) and |s) is proportional to the scalar product of the transition dipole moment
D and the polarization vector of the electric field €. This effect, known as the linear Stark
effect, highlights that the efficiency of radiation absorption depends on the electric field’s
ability to induce a redistribution of charge within the system. This redistribution enhances
the overlap between the initial and final states, facilitating transitions between energy
levels [128].

Magnetic Dipole and Electric Quadrupole Transitions

The electric dipole Hamiltonian Hejec-dipole is the dominant contribution to the light-matter
interaction Hamiltonian Hiight-matter Under typical conditions, particularly when the wave-
length of the radiation field is significantly larger than the atomic length scales. However,
this approximation breaks down in scenarios where the wavelength is comparable to these
scales, or when the effective coupling elements (s| DT - E(, t) |k) in the interaction Hamil-
tonian Eq. (4.57) vanish due to selection rules or symmetry constraints. In such cases,
other interaction terms become relevant. Among these, the leading contributions are the
electric quadrupole and magnetic dipole interactions, both arising from the first-order term
in the Taylor expansion of the electromagnetic field (Eq. (4.51)), which is linear in the
position operator. Specifically, the interaction Hamiltonian associated with this order can

be expressed as
Zle o . iw
thht matter = — ‘ | ( ( “)(kT : 7") —iA ( T ﬁ)(kT ) t) . (459)
m
Expanding (7 - 7) (k7T - 7), yields
- 1 5
T T = _ (= — T L (oo T
(e -p)k' -T)=¢ ( )k: (p?“ +7p )k+ 5€ (pr P )k: , (4.60)

where symmetric and antisymmetric terms are added and subtracted in the final equality.
These terms lead to two distinct interaction mechanisms. Specifically, the interaction

Hamiltonian can be expressed as Hiight-matter ~ Helec-quad + Hmag-dipole , With

€l 5 —— —— —1 * 1
Helee-quad = —1 21n| T( Ty rpT>k‘(Aoe it _ Aoe“"t) , (4.61)
H . _ Z|€’ —'T —T - E A —iwt Ax iwt 4.62
mag-dipole — 2?’)7, pr- —Tp o€ 0€ ) ( : )
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where Hejec-quad corresponds to the electric quadrupole Hamiltonian and Hpyag dipole to the
magnetic dipole Hamiltonian. To understand the terminology, we evaluate these expres-
sions further. For Hejec.quad; We focus on the symmetrized operator ol + 75T . Since this
represents an outer product, it contains terms of the form p;r; (with 4, j € {z,y, 2}). Using
Eq. (4.54), we find

(s|pirj |k) = —tm (s| [ri, Hoare)7j |k) (4.63)
(s|ripj [k) = —im (s|ri[rj, Hpare] k) , (4.64)
leading to
—im (| [1i, Hpare|7j + 7i[rj, Hoare) |k) = —im (][5, Hpare) |k) - (4.65)
Thus,

Z’e‘ - . .
= ST —iwt * t
Helec-quad = - 9 € - [TT 7Hbare] ’ k<AO€ - Aoelw >

VA o ) )
— 24’€’€T . [FFT, Hbare] . k(E'Oe—zwt + ESezwt)
W

A
= iﬂgT.

o €« [ Hyare] - K| Eo| cos(wt — ¢) . (4.66)

Defining the quadrupole operator Q = Z|e|Fi!, we arrive at
i = .
Helec—quad - %ET(Oat) . [Qa Hbare] -k 5 (467)

and, in matrix form,

iwsl

<S‘ Helec—quad |l> = <8| ET(Oa t)Q];: “> . (468)

2w

For Hpag-dipole; the antisymmetric term simplifies as follows

& (" — " )k =Y (kies — hyei) (rivs — rimi)

1<J
= (huey = kyer ) Lo + (Koo = hipes ) Ly + (yes = ey ) L
- T
—(Fxe) L, (4.69)

where [ = 7 X p is the angular momentum. Substituting this into Hpag-dipole; We find

Zle|

o T ) .
Hmag-dipole = —Z‘% (k X €) . L(A()eiw’t — Agew')t>

A A A .
— _ ’dgT(BOe—zwt _|_Ba<ezwt> . L
4m
Zle| - B
— ——|e|BT(0,t) L, (4.70)

2m
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where B (7o, t) represents the magnetic field, with polarization direction given by b=k x
&/||k|| and field amplitude By = 2i||k||Ag. With the magnetic dipole moment fij, = %E,

we finally obtain
Hunagdipole = — i+ - B(0,t) . (4.71)

This expression indicates that the interaction energy depends on the projection —or over-
lap — of the magnetic field B (0,t) onto the dipole moment jiy. In essence, the stronger
the alignment between these two vectors, the larger (in magnitude) the interaction energy

becomes.

Thus far, our semiclassical derivation has focused on the coupling of the magnetic field with
the electron’s orbital angular momentum L. However, a complete quantum mechanical
treatment must also include the coupling of the magnetic field to the electron’s intrinsic
spin angular momentum S. Unlike orbital angular momentum, which arises from the
electron’s spatial motion, spin is an inherent property of the electron. Correspondingly,

the spin magnetic dipole moment is given by [6]

—

fis = —75 | (4.72)

where g; & 2 is the Landé factor for intrinsic spin and v, = gsup is the gyromagnetic ratio,
with up = Z|e|/2m being the Bohr magneton. As demonstrated in the early Stern-Gerlach
experiments [6], when a magnetic dipole is placed in a magnetic field B , it experiences a
torque that tends to align it parallel to the field. This interaction is modeled by the

Hamiltonian

—

Hg = —jis - B(7,t) . (4.73)

Therefore, the complete magnetic dipole interaction Hamiltonian, which includes both

orbital and spin contributions, is
Hunagaipote = = (71, - B(O0,8) + 15 - BG1)) . (4.74)

where it is crucial to note that the magnetic field B is evaluated at the origin 7 = 0 for
the orbital contribution and at the electron’s position , which can be approximated as the

position of the atom 7 = ), for the spin contribution.

4.1.4 Quantum gates with trapped ions

Once an ion is stably confined within the electromagnetic trap, it can serve as a physi-
cal qubit. The qubit is encoded in two well-defined electronic states, |g) and |e), which
satisfy the DiVincenzo criteria (see Section 4.1). The static Hamiltonian describing these

electronic states can thus be expressed as

Hy = 22 (e)e] — |g)g]) = “Lo, (4.75)



where the energy reference is chosen at half the energy difference between the |g) and

le) states, and where the states are labeled according to the standard convention used in

€)= [0y = <(1)> g =)= (2) , (4.76)

which results in the relations o, |e) = + |e) and ¢, |g) = — |g). The alternative notation |0)

quantum optics, i.e.

and |1) in Eq. (4.76) will be used interchangeably with |e) and |g), respectively. Similarly,
we will occasionally refer to |g) as the ground state (or GS), and |e) as the ezcited state

(ES).

Notably, the term w4 in in the Hamiltonian (Eq. (4.75)) represents the energy difference
between the ground and excited states in the bare ion (without any external electromag-
netic field). As will become clear in the next section, when an electromagnetic field is
introduced, the energy levels can shift due to the Zeeman effect. This phenomena arises
from the interaction between the ion’s spin magnetic moment (fig) and the external mag-
netic field (B), as described by the Hamiltonian in Eq. (4.73). Since the two qubit states
are typically characterized by distinct spin quantum numbers (mg), the Zeeman effect in-
troduces an energy shift. In the simplest case of a spatially uniform and time-independent

magnetic field along the z-axis, the Zeeman effect results in a static Hamiltonian Hyz
Vs
Hy = §Bzaz ) (4.77)

which contributes to the bare Hamiltonian Hp, modifying the resonance frequency to weg +
Vs Bz

Crucially, the Zeeman effect plays a vital role in defining qubit states within the Zeeman
states of an atom (see Fig. 4.1(b)). In the absence of a magnetic field, these states are
degenerate (wey = 0). However, the interaction with the magnetic field lifts this degeneracy,
introducing an energy splitting that effectively distinguishes the two states. In this specific
case, the energy difference between the qubit states is solely determined by the Zeeman
shift 'ysle.

'In some cases, this description represents a simplification, as the protons in the nucleus themselves
possess a magnetic dipole moment, giving rise to a nonzero nuclear spin, denoted as S;,. The magnetic dipole

moment of the proton, fi,, is significantly smaller than that of the electron due to the proton’s comparatively
ng‘e‘
2m

g- factor) According to classical mechanics, the proton’s magnetic dlpole moment generates a magnetic
field B at the position of the electron, which interacts with the electron’s spin S. This interaction, known
as spin-spin coupling, introduces an additional correction to the energy levels, commonly referred to as
hyperfine splitting (see Fig. 4.1(b)). The magnitude of this splitting is proportional to the scalar product
S §p7 reflecting the coupling between the electron’s spin and the nuclear spin [6].

larger mass, appearing in the denominator of the expression ji, = 5 (where gp =~ 5.59 is the proton’s
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Single qubit gates

Single-qubit rotations are described by a unitary operator of the form
U = e exp(—ifii’ -5/2) = em(cos(é?/Q)]I —isin(f/2)Al - 5) , (4.78)

where 7l = (

Nz, My, Nz) s a unit vector specifying the rotation axis on the Bloch sphere,
6 is the rotation angle, o is a global phase factor, and &7 = (02,0y,0;) represents the
vector of Pauli matrices. A fundamental property of unitary matrices, known as the Euler
decomposition [53], is that they can always be decomposed into a product of three unitary

rotations

U= eiae—iﬁan/Qe—i'yam/Qe—iéan/Q ’ (4'79)

where 0, and o, are distinct Pauli matrices (where m and n can be any non-parallel
unit vector combination of x, y and z) and exp(—ixoy/2) represents a rotation about the
k-axis by an angle x. This decomposition implies that any arbitrary single-qubit rotation
described U can be effectively implemented provided that individual rotations around any

two distinct axes (e.g., oy and o) can be performed for arbitrary angles 3, v and 4.

In trapped-ion systems, single-qubit gates are typically implemented by applying laser
pulses that induce transitions between the qubit states. These rotations are based on
coherent interactions between the ion’s internal electronic states and the applied electro-
magnetic field, typically governed by either the electric dipole Hamiltonian Eq. (4.57),
the electric quadrupole Hamiltonian Eq. (4.67), the magnetic dipole interaction Hamil-
tonian Eq. (4.74), or, in some cases, higher-order multipole terms. While electric dipole
interactions are generally dominant, some atomic species exhibit forbidden electric dipole

transitions, requiring magnetic dipole or electric quadrupole interactions.

The specific coupling mechanism depends on the chosen qubit states. For instance, dipole
couplings are allowed for transitions between ‘2S1 /2> and |2P1 /2> while quadrupole cou-
plings are required for transitions between ‘251 /2> and |2D5 /2>. In certain cases, even
higher-order couplings, such as octupole couplings, may be required for specific state tran-
sitions (see Fig. 4.1(a)). These transitions are governed by selection rules based on the
quantum numbers my, [, and j associated with the angular momentum, which dictate the

allowed interactions and determine the appropriate coupling mechanisms [123].

When the ion is approximated as a two-level system, the interaction Hamiltonian for any

coupling mechanism can be written in the basis {|g), |e)} as

Hiignt-matter(t) ~ Qeg (70, 2) le)(g] + Q24 (70, ) [g)Xel + Qgg (70, ) [9)g] + Qee (70, 1) [eXe]
(4.80)

where €, represents the Rabi frequency, quantifying the strength of the interaction be-
tween the levels |a) and |b). This form of the Hamiltonian is general and encompasses

any coupling mechanism with the electromagnetic radiation, including electric and mag-
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netic dipole interactions, as well as higher-order processes such as quadrupole or octupole
couplings. While the analysis here focuses on magnetic and electric dipole interactions,
the same structure applies to higher-order mechanisms, with the Rabi frequencies €4

appropriately redefined to account for the nature of the specific interaction.

For the electric dipole interaction, the Rabi frequency is expressed as
- N
Qu(Fo,t) = —2 (a DT - E(Fo,t) b) (4.81)
w

where wyp, is the transition frequency between states |a) and |b), and w is the laser frequency.

Importantly, dipole coupling vanishes when |a) and |b) are the same state (i.e. Q44 = 0).

For the magnetic dipole interaction, the Rabi frequency is given by
Qu(o 1) = — (al (L - BO,8) + 75 - B(7o. 1)) o) (4.82)

where [i; and iig denote the orbital and spin magnetic moments, respectively, and B is
the magnetic field. Unlike the electric dipole interaction, magnetic dipole interactions
can include non-zero diagonal terms 4, (70,t) |a){a| in the Hamiltonian. These terms
describe energy shifts in the level |a) due to interactions with the magnetic field. In
particular, when the magnetic field B is both time-independent and spatially uniform,
the term (al il - Bla) in Eq. (4.82) gives rise to the static Zeeman splitting described
in Eq. (4.77). More generally, a magnetic field that varies in space or time can induce
position-dependent energy shifts, which are pivotal for the implementation of quantum

gates.

With the raising and lowering operatos o4 = |e)g| and o_ = |g)e|, and their relations

with the Pauli operators

1
ox =3 (02 X ioy) , (4.83)

the total Hamiltonian of the system can be written as

Weg
2

H(t) = HO + Hlight—matter(t) = 0+ Qeg(t)a+ + Q:g(t)a— + Qgg(t) ‘g><g‘ =+ Qee(t) ’€><€‘ )

(4.84)

where we set the position of the centre of mass at the origin (7 = 6) for simplicity, and Hy
is defined in Eq. (4.75). In the interaction picture with respect to the bare non-interacting

Hamiltonian Hy, the system Hamiltonian transforms as

H'(t) = Ug(t)HIight—matter(t)UO(t) = Qeg(t)eiw€9t0+ + ng(t)e_i“’egt(L
+ Qgq(t) [gXg] + Qee(t) e)e] - (4.85)
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where Uy(t) = exp(—itHp) and the following transformations are used

Wegl

exp(itHy)o4 exp(—itHy) = o4 + 5 [0.,00] 4+ =04 (1 +iwgt+ ) = oyeest
e '
exp(itHp)o_ exp(—itHy) = o_ + zw;g [0, 0 |+ =0_(1—idwpt+ ) =0c_e Wl
(4.86)

Including the explicit time dependence in the Rabi frequency, the Hamiltonian can be

written as
/ Qeg (weg+w)t ,—ip —i(w—weg)t i QZQ —i(weg+w)t i (w—weg)t ,—id
H(t):7<e coTle™? 4 e calbe )0‘+—|—7<6 oWl 4 e ealte )a_
+ % (e“"te*“z’ + e*’“te“é) lgXg| + % (ewfe*“t’ + e*Wtew) le)e] - (4.87)

When w is close to the qubit’s resonant frequency we, , the interaction Hamiltonian contains
two terms that slowly rotate at the frequency § = w — wey, known as the detuning, and six
terms that rotate at a much higher frequency w + wey and w. These fast-rotating terms
contribute to the dynamics at a rate proportional to (w + weg) ™! and w™!, which become
negligibly small. The rotating wave approzimation (RWA) involves neglecting these rapidly
oscillating terms, providing an accurate approximation as long as €0,y < wey. Under the
RWA, the Hamiltonian simplifies to

H'(t) ~ $62¢6_’6t0+ + %e_zd)e“;ta, . (4.88)
When the driving field is tuned to match the resonance frequency of the qubit (i.e., § = 0),

the Hamiltonian becomes time-independent

H = |Qeg|(cos(d> + @)o, — sin(¢ + cp)ay> , (4.89)

with Qcg = [Qeg]e’?, and leads to the unitary time evolution operator

U(T) = eXp(—i|Qeg| ( cos(¢ + )Ty — sin(é + cp)Toy>> . (4.90)

By carefully adjusting the phases ¢ and ¢ along with the evolution time 7', one can gener-
ate any desired single-qubit rotation about an arbitrary axis within the x-y plane. Conse-
quently, by combining three such rotations with appropriately chosen phases and durations,

one can implement the most general single-qubit gate U, as described in Eq. (4.79).

Spin-motion coupling

Coupling qubits to an external electromagnetic field enables the execution of arbitrary
single-qubit gates. However, scaling to multiqubit gates—operations that entangle or
conditionally evolve the states of two or more qubits — introduces a fundamental challenge.
While the electromagnetic field mediates interactions between individual qubits and their
environment, it does not inherently create direct interactions between qubits themselves.

Without such qubit-qubit coupling, the field acts independently on each qubit, leaving their
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states uncorrelated. Thus, generating entanglement or conditional logic requires additional
mechanisms, such as shared motional modes (e.g., phonons in trapped ions) or auxiliary

quantum systems (e.g., microwave resonators in superconducting circuits).

In trapped-ion systems, the Coulomb repulsion between ions provides a natural collective
coupling mechanism [96]. This electrostatic interaction allows distant ions to influence one

another’s motion, enabling entanglement through shared vibrational modes.

Consider a linear chain of N ions confined within an electrostatic trap. The Hamilto-
nian describing this system can be written as the sum of two components: the electronic

Hamiltonian, given by Eq. (4.75), and the motional Hamiltonian, expressed in Eq. (4.44),

Hy=) = “’ev" ) 4+ Z valay | (4.91)

=1

where M represents the number of collective motional modes of the ion chain (typically
equal to the number of ions when considering motion along a single spatial dimension).
The first term describes the internal energy levels of the ions, with qubit frequency wég) for
the j-th ion (potentially including the contribution due to the Zeeman effect), while the
second term accounts for their collective motion, with mode k characterized by a frequency
vk. Next, consider an electromagnetic plane wave of frequency w propagating along the z-
direction, such that k= ké,. The interaction Hamiltonian describing the coupling between

the wave and a system of N ions can be expressed as a generalization of Eq. (4.80)

Hlight—matter i < Z], (J) + Q*(])(Zj’t)o.(j)
7=1
+00) (2, 1) ‘g<j>>< ‘H) (2, )‘e<j>><e<j>‘> , (4.92)

where ‘ g(j)> and ‘e(j)> represent the ground and excited states of ion j, respectively. The
time-dependent coupling strengths ngb)(zj, t) exhibits both spatial and temporal depen-

dence due to the oscillatory nature of the electric field. Explicitly, they take the form
Q) (2, t) = Q) cos(kz; —wt + ¢) | (4.93)

where Qg} depends on the specific coupling mechanism (electric dipole, magnetic dipole,
etc.). The spatial dependence arises from the ion’s position z; along the z-axis, while the

temporal dependence follows from the wave’s oscillations.

Since each ion’s position can be decomposed as z; = Z(EQ) +&j, where zj( “d) is the equilib-

rium position and &; represents its displacement, the couphng strength varies with both
equilibrium positions and motional fluctuations. To systematically account for these fluc-
tuations, we express the displacement &; in terms of the system’s normal modes, combining
Eq. (4.42) and Eq. (4.43a). Each of the M vibrational modes is characterized by a fre-

quency vy, and associated creation (aL) and annihilation (ay) operators, leading to the
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expansion

M
&= xpzola + al) (4.94)

=1
where 290 = \/1/2muy; is the zero-point displacement, which defines the characteristic
length scale of the harmonic oscillation for the I-th motional mode, and x; are the mode
participation coefficients that describe the extent to which ion j participates in the [-th

normal mode. Substituting in Eq. (4.92),

gt = 3 (%o + 9 )|+ 57 o))

J=1

( —i(wt—a;) Hexp (znﬂ(al + a; )) + h.c. ) +h.c., (4-95)

=1

q)

where h.c. denotes the Hermitian conjugate and ¢; = ¢ + k:zj(.e . Here, we introduced the

Lamb-Dicke parameters

it = kX210 » (4.96)

which characterize the coupling strength between each ion-state transition and each motional-
mode transition. These parameters are directly proportional to the ion’s displacement
relative to the wavelength of the driving field. In typical trapped-ion experiments, 7;; is
significantly smaller than 1, typically ranging from 1/100 to 1/10, depending on factors
such as the ion species, trap frequency, and the driving field’s wavelength. This smallness
of n;; facilitates the development of a simplified interaction model, as we will demonstrate
in the following section, but also inherently limits the speed of gate operations by reducing

the effective coupling strength between spin and motion.

The full system, including the ions and the electromagnetic fields, is governed by the total
Hamiltonian H = Hgy + Hiight-matter, Where Hp represents the bare, non-interacting part
(Eq. (4.91)) and Hiight-matter describes the coupling to the electromagnetic field (Eq. (4.143)).
The dependence on the bare, non-interacting component Hy can be removed by transform-

ing to the interaction picture with respect to this Hamiltonian, yielding

/
Hlight—matter = I{light—matter7 coupling + Hlight—matter, Zeeman

with N o)
Hy; ing = Z erg —i((w—wt]) t—0;) it f it
light-matter, coupling = 9 € H exp ZT]JZ(CLIG + a;e )
Jj=1 =1

(1) i
P i( w+we7g —¢;) Hexp( Zn]l ae wzt+aT€wzt))>o__(g) +h.C.,

(4.97)
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and

N (4) M
0 T ) . .
I_‘I‘light-matter7 Zeeman — E g 7721m (6 H(wt=¢;) | | exXp (anl (ale wit + a}ézu;t))
=1 me{g.e} =1

+ elwt=9) ﬁexp(—inﬂ(alei’”t + a;ei”lt))> ’m(j)><m(j)‘ +h.c. .
(4.98)

When the driving field frequency w is close to the qubit resonance frequencies w§§> of the

qubits (and that these frequencies are similar), one can apply the RWA. This allows us to
neglect terms oscillating at w —i—wg,) and w and retain only those terms with small detuning
0j =w — w,%), resulting in

N ) M
Hllight—matter = Z %6_1(6]‘15_(%) H eXp (injl(ale_u/lt + a;ezult)>o_gz) + h.c. . (499)
j=1 =1

To simplify this expression, standard approaches work on a regime where the Lamb-Dicke
parameters satisfy 1, < 1, commonly referred to as the Lamb-Dicke regime. In this regime,
the ion’s displacement due to motion is much smaller than the wavelength of the driving
field. As a result, the exponential terms in Eq. (4.99) can be approximated by their linear

expansion, yielding

N W) M
Hiight-matter = E %e‘z(‘%t_‘f’j) | I (]I—i—injl(ale_wlt + a;re“'lt)>am + h.c.. (4.100)
=1 =1

To further simplify Eq. (4.100), it is common to assume a regime where the driving fields
are tuned in close resonance with the vibrational frequency of a single motional mode —
and no others. In many practical scenarios, this mode is chosen to be the center-of-
mass (COM) mode, as it corresponds to the motional mode with the highest spin-motion
coupling n;c, owing to its lowest frequency v, which allows for faster gate operations.
This approximation is based on an additional RWA, which requires the driving fields to
satisfy njcQ%) < lve —y| for all 1 # C. In other words, the detuning frequencies d; + y;
of modes other than the selected one must be clearly off-resonant, and thus the associated

terms oscillate rapidly, ensuring that their contributions average out over time.
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Under this approximation, the interaction Hamiltonian simplifies to

N ~ . . ~ .
Hight-mater(t) = Z (6_2(6jt_¢j)0$) + 61(6jt_¢j)0(_])>

T Z nici—r! (aceﬂ((ucwj)twnagp —al, ez((uc+5j)t—¢j>a<_a>)
)Qeg . | o
+i Z nic ( Z((Vc—(sj)t+¢j)o.$) _ ace—z((l/c—(sj)t-&-qﬁj)o.(j)) ’ (4101)
where the phase in Q ‘Q €'¢i has been absorbed into (;3]-, and creation and annihila-

tion operators aTC, ac only refer to the chosen motional mode. In this form, the Hamiltonian

Hllight-matter describes three types of processes, each of which can be enhanced by setting
the driving frequency w to be in close resonance with specific transition frequencies. In

particular,

o Carrier transitions: Setting the frequency of the driving field to w = wg]) +A; results

in a near-resonant Hamiltonian given by

N, o
H/arr( ) = Z 2 (e_Z(Ajt_¢]) ( ) + e (Ajt_¢])09)> . (4102)
j=1

o Red sideband transitions: Setting the frequency of the driving field to w = wé@) —

vc + Aj results in a near-resonant Hamiltonian given by

— (ace_i(AJ’t—J’j)ag) — a%eimit-éi)a(j)) . (4.103)

o Blue sideband transitions: Setting the frequency of the driving field to w = w(J ) +

vc + Aj results in a near-resonant Hamiltonian given by

o

Hbs - ZZUJC

( NI (J) acez‘(A]’t—&j)g(j)> , (4.104)

In all three cases, depicted in Fig. 4.3 for a single motional mode, A; represents a small
detuning from the characteristic transition frequency between the ground state ‘ gl )> and
excited state ’e(j)> of ion j. Carrier transitions, shown by the green arrow in Fig. 4.3,
occur when the driving fields are slightly detuned from the qubit frequencies ngé), affecting
only the internal states of the ions without causing any motional transitions (Eq. (4.102)).
In contrast, the red and blue sideband transitions (represented by the red and blue arrows

in Fig. 4.3) couple the internal states of the ions to the motional mode. A red sideband
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|n; = 3)

Iny = 2)
Iny = 1)
m-o "
|ny = 3)
|ny = 2)
Iny = 1)
[ny = 0)

Figure 4.3: Schematic representation of sideband transitions for an ion, considering a single
motional mode. Here, |g) and |e) represent the qubit’s electronic states (with resonance
frequency wegy), while |ny; = m) denotes the Fock states of the motional mode 1 with oc-
cupation number m. Carrier transitions, indicated by the green arrow, do not change the
phonon number (An; = 0), whereas red and blue correspond to the subtraction or addition
of a motional phonon when starting in the state |g), leading to Any = —1 and Any =1,
respectively. A similar schematic can be extended to a multimode system, where each
mode is treated as an independent harmonic oscillator.

transition corresponds to the removal of a phonon from the motional mode while simul-
taneously exciting the ion’s internal state. Conversely, a blue sideband transition results
in the excitation of the internal state and the addition of a phonon to the motional mode.
Each of these transitions is accompanied by its Hermitian conjugate, which involves the
reverse processes: de-excitation of the ion’s internal state and either the loss or gain of

phonons.

Entangling gates

The first proposals for generating two-qubit gates in trapped ion systems leveraged the
idea of employing a shared motional mode to achieve spin-motion coupling, which can
then be transformed, using the appropriate control scheme, into an effective interaction

that entangles their internal electronic states.

Cirac-Zoller gate

The Cirac-Zoller (CZ) gate |31] was the first proposed method for entangling trapped ions.
It operates via sequential red sideband transitions, governed by the interaction Hamiltonian
in Eq. (4.103). A key feature of the scheme is the use of a single ground state and two
excited states for each ion, which can be individually addressed using polarization-selective
()
+

transitions. As a result, the standard ladder operators o}’ are replaced by ag’k), with

k € {1,2} indexing the two excited states ‘e(j’k)> of ion j.
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In the standard configuration, one sets A; = 0 and ¢~>j = 37/2, and an appropriate polar-
ization of the driving field. This enables a resonant red-sideband transition that selectively
couples a specific ion j to one of its excited states k. Under these conditions, the interaction

simplifies to a time-independent red-sideband Hamiltonian

(k)
ch(t):njcng |<a ot aboM) (4.105)

Time evolution under this Hamiltonian for a duration ¢ = mﬁ/(njcmgjk)]), then yields

the unitary operator

Ucz(t) :eXp( n”;ﬂ (acai k)—i—a U(]k))) .
The operator inside the exponential,

A= acagf’ )+ aga(j’k) , (4.106)

preserves the total excitation number N, = agac + 0( k) (J’ ), since [A, Nez] = 0. This

conservation law restricts transitions to states sharing the same N, coupling
’g(j),n + 1> “ ‘e(j7k),n> . (4.107)

As a result, the Hilbert space decomposes into a direct sum of invariant two-dimensional
subspaces spanned by {‘ g9 n+ 1> , }e(j""), n>}, for n > 0, and a one-dimensional subspace
So = span{‘ g(j),()>}, which is invariant and decoupled from the dynamics. Within each

two-dimensional subspace, the operator A takes the matrix representation

_ 0 vn+1)
A, = <\/m 0 ) =+vn+1log, (4.108)

in the basis {|g @) n+ 1> ’ (7:k) n>} Therefore, the exponential operator reduces in each

subspace to a spin rotation
Up = exp <—igAn> = cos (%\/n + 1) I—isin (g n+ 1) Oy - (4.109)
Combining all subspaces, the full evolution operator takes the form

Ucz(t) = Ls, ® @ Un , (4.110)

where [, is the identity on the decoupled subspace Sy, and U, acts nontrivially only

within the two-dimensional subspace associated with the excitation manifold labeled by n.
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In particular, for the lowest-lying excitation manifolds, the unitary acts as

1) = cos (X ‘ 1) — jgin (2T ‘ (3:k)
Ucz(t) )g ,1> cos( 5 ) g ,1> zsm( 5 ) e ,O> , (4.111a)
Gk 0 = cos (X ‘ Gk o) ‘
Ucz(t) )e ,0> cos( 5 ) 0> zsm( ) g > . (4.111Db)
Hence, if the motional mode is initialized in the ground state |0), Eqgs. (4.111) fully capture

the system’s dynamics. This forms the basis of the three-stage protocol:
e [lirst stage: A red-sideband m-pulse (i.e., m = 1) is applied to ion j = 1, coupling
its ground state to the excited state kK = 1. This realizes the transformation
’g(l) 1> ‘ L, 1>,0> : (4.112a)

‘6(1,1)70> i ‘g(l), 1> : (4.112D)

i3m/2

imprinting a phase of e while leaving other computational states unaffected.

e Second stage: A red-sideband 27-pulse (i.e., m = 2) is applied to ion j = 2, targeting

its ground state and the second excited state k = 2. This induces the transformation

’g@), 1> o ’g@), 1> , (4.113a)
’6(2’2),0> - ‘e(“),o> . (4.113b)

e Third stage: The initial red-sideband w-pulse is re-applied to ion j = 1, disentangling

the motion and returning the system to the motional ground state.

Crucially, this sequence realizes a conditional gate involving the states ’ gl )> and ‘e(j’1)>,
while the state ‘e(j’2)> serves solely as an intermediate auxiliary state, with no net popu-
lation transfer. When initialized in the motional ground state |0), the composite unitary

enacts the following transformations

‘g(n (2) 0> - ’gu) )70> - ’g<1>,g(2>,0> N ‘g<1>,g<2>70>7
’ 70> N ‘g<1>7e(2,1>,0> - )g(1>76(2,l>70> N ’g<1)7e<2,1>70>7
‘ SR 70> _ ‘gm >’1> N ‘g >,1> N ‘em) g<2>’0>’
‘ ,0> — —1 ‘g( ),8(2’1),1> — —1 )g(l) 6(2’1),1> —

which corresponds to the action of a controlled-Z gate, where the state ‘6(1’1),6(2’1),0>

acquires a —1 phase, while all other computational states remain invariant.

The fidelity of the CZ gate is highly sensitive to two experimental prerequisites: (1) near-
perfect ground-state cooling of the shared motional mode (72 =~ 0) and (2) spatially resolved

addressing of individual ions, as encoded in the position-dependent Rabi frequencies ng)
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of Eq. (4.103). Residual thermal phonons (n > 0) populate off-resonant motional side-
bands, corrupting the spin-motion coupling dynamics, while addressing errors—arising
from laser intensity fluctuations or spatial beam inhomogeneity — introduce coherent phase
miscalibrations and incoherent leakage via inter-ion crosstalk. These limitations underscore

the necessity for protocols resilient to thermal and addressing imperfections.

Mglmer-Sgrensen gate

The Mpglmer-Sprensen (MS) gate [75] circumvents key CZ gate limitations by exploit-
ing spin-motion coupling via bichromatic laser fields. Instead of sequential state trans-
fers, the MS protocol drives simultaneous red and blue sideband transitions (Egs. (4.103)
and (4.104)) using two-frequency lasers, generating a spin-dependent optical dipole force.
This force mediates effective spin-spin interactions through the ions’ shared motional mode.
The MS gate offers two key advantages over the CZ gate. First, its reliance on global laser
illumination eliminates the need for individual ion addressing, enabling parallel entan-
gling operations across entire ion chains. Second, the protocol exhibits thermal resilience:
it remains functional under finite thermal phonon populations (7 > 0), as long as the
system remains within the Lamb-Dicke regime. This tolerance arises from the gate’s de-
sign, which employs closed motional phase-space trajectories to ensure disentanglement
of spin and motion at the cycle’s conclusion. To understand its mechanism, consider two
electromagnetic fields propagating along the z-axis, characterized by driving frequencies
wa = wéjg) —vo + Ayj and wp = wéjg) + ve + Apj, as well as phases &;A) and <;~5§-B)
associated with each ion j. The frequency w4 is tuned to drive the red sideband transi-
tions, while wp drives the blue sideband transitions. The detunings are chosen to satisfy
A;A) fA(B) = A;, and the Rabi frequencies of both fields are set equal for each ion,

;. The resultlng interaction Hamiltonian can be expressed as

o, AN _5B) B _g(®)

N . .
Has(t Z 7 S50, ) (ace Mt el eidte )
=1

(4.115)

where the subscript eg in the Rabi frequency has been omitted for simplicity, as it is
implicit, and the spin operator for ion j, S;, depends on the choice of phases $§A), quB)

and is defined as

¢(A)+¢>(B) , ,J>§.A)+J>§B)

(d) qb(B ) =ie'" 2 a(ﬁ) — et o) (4.116)
Crucially, the phases gz~5 ,gb (gb- ,gzb ) can be adjusted to select any qubit op-
erator within the z-y plane of the Bloch sphere. For instance, choosing ¢~$§-A) = ngg-B) =7

results in the convenient operator Sj(m,7) = o*éj ), which is often used for practical imple-

mentations, with the Hamiltonian simplifying to

Hars(t Z nic 22l o)) (ace it 4 a};emﬂ) . (4.117)
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A key feature of the Hamiltonian Hjss(t) in Eq. (4.115) is the separation of spin and
motional operators into distinct, factorizable components. This structure enables precise
control over the spin-motion coupling via the temporal evolution of the driving field. During
the dynamics, the interaction entangles the electronic states of the ions with the shared
motional states. However, by carefully tuning the parameters of the driving field, the
dynamics can be designed such that the spin and motional degrees of freedom become
disentangled at the end of the interaction, leaving the motional mode in its original state

while inducing entanglement solely between the electronic states.

This behavior becomes apparent when constructing the time-evolution operator U(t). Due
to the commutativity properties of the operators in Eq. (4.115), the Magnus expansion
provides an exact analytical expression for U(t), requiring only the first two terms of the
expansion. Explicitly, U(t) = exp(K1(t) + Ka(t)), where K;(t) and K(t) correspond to
the first and second terms in Eq. (2.54). Furthermore, since [K(t), Ki(t)] = 0, Uns(t)

can be expressed in closed form as

Ups(t) = exp Z S; ® <aj(t)aTC - a;(t)ac) exp fiZEjk(t)SjSk ®I|, (4.118)
J Jk

where the time-dependent coefficients are given by

S(A)_2(B)

nicll , in. I B
a;(t) = ]zfAjj (e —1)e PR (4.119)
= (f) = njcmkc| U1 (sin(Ajt +&x) —sin(§x)  sin((Ag — Aj)t + &) — sin()
=ik AN, A; Ap— A

(4.120)

and &5, = (<5§.A) —(555‘) —ég.B)—f—(g,(fB))/Q. Notably, the tensor product in Eq. (4.118) explicitly
distinguishes between the spin and motional components, but it should be understood

between any operators acting on subsystems with a different Hilbert space.

The structure of Upsg(t) provides insight into the underlying dynamics. The first expo-
nential encodes spin-dependent displacements in the motional phase space, governed by
the time-dependent functions «;(t). These displacements evolve along circular arcs in the

complex plane, with each trajectory given by
0j(t) = Rye™ (¢® — 1) | (4.121)

where R; = 1;c|$2;]/2A; sets the radius of the trajectory, 6;(t) = At is the accumulated

phase, and ¢; determines the direction of rotation in the complex plane.

At t = 0, all displacements vanish (a;(0) = 0), and the system starts at the origin of
phase space. As time progresses, the displacement traces a circular arc centered at C; =
+o(m/A;)/2, sweeping out a loop. After a full rotation (i.e., when 6;(t) = 2mq, or
equivalently ¢ = 2mq/A; for integer ¢) the trajectory returns to the origin. These specific
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times mark points where the spin and motion naturally disentangle, as the motional state

closes its loop and the corresponding displacement vanishes.

The second exponential in Upsg(t) captures the spin—spin entanglement accumulated during
this evolution. It arises from the time-dependent coefficients = (¢), which reflect the area
swept out by the relative motion of the displaced trajectories. In the case of a single

motional mode (j = k), the phase simplifies to

=,(t) = —R? (t - Sm(g”) - _71 /Ot dsla; (s)[? | (4.122)

indicating that mode j acquires a geometric phase proportional to the area enclosed by the
trajectory in phase space. Crucially, this phase depends only on extent of the trajectory in
phase space and remains independent of both the traversal rate and the specific path shape.
Moreover, since the term =Z;;(t) appears twice in the spin-spin interaction (Eq. (4.118)),

the total contribution effectively corresponds to the full enclosed area.

When multiple motional modes contribute, the structure of the accumulated phase becomes
richer. The cross-mode terms Z;(t) for j # k arise from the relative geometry between
the spin-dependent displacements. These can be interpreted as the oriented area swept in
the mixed plane defined by the pair (x;(t), yx(t)), where x;(t) = Rela;(t)] and yx(t) =
JIm[o(t)]. Explicitly, the cross-phase (Eq. (4.120)) can be written as

1

Ejr(t) = ;/t (z5(s)gk(s) — 2;(s)yn(s)) ds = 5 ]g (@ dye — yi dxj) |

0 J

where Cjy, is the closed contour formed by the trajectories in this mixed phase space. This
contour integral gives the signed symplectic area enclosed by the pair of displacements.
Although the integrand is antisymmetric under j <> k, the orientation of the integration
contour also reverses, leading to a cancellation of signs and ensuring that Z;;(t) = Z;(t),
consistent with the symmetric nature of the spin—spin coupling in Eq. (4.118). Unlike the
single-mode case, where the phase depends only on the area traced by a single trajectory,
the cross-terms involve relative geometry between displacements, reflecting the interference
and correlation between motional modes. Nevertheless, these phases remain geometric in
character, as they depend solely on the shape and orientation of the trajectories in phase

space, and not on their rate of traversal.

Thus, the explicit form of Upsg(t) enables precise control over the gate’s operation by
imposing conditions on the driving field parameters (i.e., Rabi frequencies, phases and
detunings) and gate duration. To illustrate this, consider the standard configuration where
the laser phases are set to gZ)EA) = gZ)EB) = m. In this case, the spin operators reduce to

Sj(m,m) = az(,j ), resulting in a collective Y — Y coupling across all ion pairs.

Assume further that the center-of-mass mode serves as the bus, the detunings are uniform
across the chain (A; = A) —as is typical for a single-species ion chain — the Rabi frequen-

cies are uniform (Q; = Q), and the phases coincide (%‘A) = (;~S§-B) for all j). Under these
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conditions, choosing a gate time 7' = 27 /A ensures complete spin-motion disentanglement

at the end of the evolution, resulting in a purely spin-dependent transformation

2
Uums (g) =exp| —i0 ) S;S| ®I, (4.123)
ik
a2 |Q2
where the accumulated phase is ¥ = %‘f' In the specific case where the detuning is

set to A = 21, the geometric phase simplifies to ¥ = —7/8, which leads to the unitary
gate Uprs = exp (z% Zj<k Sj5k> that creates Bell states from initially unentangled ions.

This analysis demonstrates the generation of entanglement in trapped ions through a dy-
namical process mediated by electromagnetic radiation. The process relies on phonon-
mediated interactions to couple the ions’ electronic states with their shared motional mode.
Specifically, the interaction induces state-dependent motion, which accumulates a condi-
tional geometric phase, ultimately creating entanglement in the ions’ electronic degrees of
freedom. In both the CZ and MS protocols, the coupling is achieved through the photon
momentum ||p]] = E/c = w/c = ||k|| of the oscillating electromagnetic field, which must
be sufficiently large to implement the quantum gate within the coherence times of the
ions. However, the energy splittings between the electronic ground states of trapped ions
typically fall in the microwave and radio frequency range, where the photon momentum
produces a negligible coupling strength between the spin and motional states. As a result,

microwave radiation alone is not sufficient for effective coupling.

To overcome this limitation, conventional implementations of the MS scheme involve a third
state with a much larger energy difference, which serves as an intermediate state between
the two qubit states. Transitions from the qubit states to this third state necessitate
higher frequencies, allowing the use of laser pulses with stronger photon momenta, thereby

enabling efficient coupling.

Magnetic field gradient

An alternative approach to spin-motion coupling in trapped-ion systems avoids the chal-
lenges associated with photon-momentum gates by utilizing a static magnetic field gra-
dient. This method exploits the linear Zeeman effect (see Egs. (4.73) and (4.77)) [129].
Essentially, instead of relying on the photon momentum term kz;o, this scheme employs

a magnetic field gradient ag—iz) to generate an interaction of the form agf) zjo,. This

mechanism achieves spin-motion coupling in a manner analogous to photon-momentum
gates but replaces the optical interaction with a magnetic one, offering a distinct set of

advantages and trade-offs.

To implement this approach, a position-dependent magnetic field B(z) is applied. Near

the origin at z = 0, the magnetic field at the axial position z; of ion j can be approximated
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Figure 4.4: Energy diagram of an ion in a magnetic field of the form given in Eq. (4.124),
which varies linearly with position z;. Here, ng ) denotes the resonance frequency between
the qubit levels ‘g(j)> = ’253)2,}7: 1,mp = —1> and ‘e(j)> = ‘258)2,}7: 1,mp = 1>,
which are encoded in magnetically sensitive states with magnetic quantum number mp =
+1 and experience a Zeeman shift.

by a first-order Taylor expansion

B(zj) = B(z=0)+0.B

i (4.124)

z=

Unlike photon-momentum mediated gates— which drive transitions between qubit states

via the o4 operators— the position-dependent magnetic field modifies the resonance fre-

quency wég)(zj) between the electronic states ‘ g(j)> and |e(j)> through the o, operators.

In particular, using the Zeeman splitting relation (Eq. (4.77)), one obtains

2ol (4.125)

¢ z=0

W () = wlf) + 5Bz =000 + 0.8

(4)

where weé on the right-hand side is the bare resonance frequency (without a magnetic field).
The term %823 2j agj ) introduces a spin- and position-dependent shift to the resonance
frequency, as illuszt?ated in Fig. 4.4. This gradient-induced frequency shift generates a spin-
dependent dipole force along the axial z-direction. For ion j, the force F' derived from the

Zeeman Hamiltonian Hyz(z;) is

o). (4.126)

2=0

Since the force depends on the spin state, ions in ‘e(j)> and ‘ g(j)> experience equal and
opposite forces (see Fig. 4.5(a)). This force displaces the equilibrium position of the har-
monic oscillator in a direction determined by the ion’s electronic state. To analyze this

displacement, consider the total potential V(z;) governing the ion’s motion, which com-
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Figure 4.5: Panel (a) illustrates the combined effects of the harmonic axial trapping poten-
tial and the Zeeman energy shifts. For an ion in state ‘e(j )>, the Zeeman energy increases
linearly with the z-coordinate, while for an ion in state ‘ g(j)> it decreases linearly. This
magnetic field gradient produces an effective force F' that shifts the ion’s equilibrium po-
sition Z§GQ); the magnitude and direction of this shift depend on the ion’s electronic state.
As a result, the ion is set into an oscillatory motion (indicated by the red arrows). In
Panel (b), this motion is depicted as a phase-space trajectory that reaches a maximum
deviation of 2Az; from zj(-eq), with the specific orientation of the trajectory determined by
the electronic state.

bines harmonic confinement from the trap and the linear Zeeman potential

1 e\ 2
V(zj) =Vo+ §muz2 (zj — zj( q)> - Fzj, (4.127)

(eq)

where V) is a constant offset and zjeq is the equilibrium position of ion j in the absence of

the magnetic force. Minimizing V'(z;) (i.e., solving 37‘; = 0) yields the shifted equilibrium

position

(ea) _ _(eq) , T

with the direction of the shift Az; = 20" — ;€0 — —L determined by the spin state via
J J J mu2

o) (see Fig. 4.5(a)). This shift displaces the ion from its original equilibrium, driving an
oscillatory motion analogous to that of a harmonic oscillator under an external force. The
dynamics of this motion are governed by Heisenberg’s equations of motion (Eq. (B.10))
with Hyae = p?/Qm + V (), yielding

(t
% = i[Hoare, 2] = pfri) , (4.129a)
Py = ilHyue, pg) = —m? (55(8) =2V ) = LB _ oV (4.129b)
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For an ion initially at its unperturbed equilibrium (z;(0) = z(-eq), p;(0) = 0), the solution

J
for its displacement and momentum are given by
&i(t) = z(t) — z](»eq) = —Az; (cos(v:t) — 1) , (4.130a)
pj(t) = my,Azjsin(v,t) , (4.130Db)

(

where the time-dependent displacement £;(¢) from the equilibrium position szQ) describes
a trajectory in phase space that is elliptical in shape, with the orientation determined by
the ion’s spin state (see Fig. 4.5(b)).

Overall thus, the magnetic field gradient effectively “kicks” the ion, initiating a motional
oscillation while simultaneously modifying the energy splitting between its electronic states.
Crucially, the resulting phase-space trajectories differ for each spin state, leading to a
conditional geometric phase —an effect analogous to that in photon-momentum-mediated
gates. While this phase remains unobservable in a single isolated ion, it becomes a critical
resource in multi-ion systems, where differential phase accumulation between ions enables

spin-spin entanglement.

In an ion chain, this mechanism couples not to individual ion motion but to collective

vibrational modes, which arise due to Coulomb interactions. To describe this, we express

the position of each ion as z; = zj(-eq) + &;, where z](-eq) is the equilibrium position and §; is

the displacement from equilibrium. The total Hamiltonian in the laboratory frame is then

N () M N
W ; ]
Hyp =) "o+ malag + %@BL_O > o) (4.131)
j=1 k=1 =1

where we introduced the modified resonance frequency

3G =)+, (B(z=0) + 0.8

z:O) : (4.132)

that incorporates the Zeeman shift due to the magnetic field offset B(z = 0) and increases

linearly with the static equilibrium positions z](-CQ) of the ions (see Fig. 4.4).

To simplify the analysis, we express the displacements &; in terms of normal modes, which
diagonalize the ion chain’s vibrational motion (see Eq. (4.94)). Substituting this into the

Hamiltonian, we obtain

N~ () M
w . .
HMF — Z ;9 Ugj) + Z ukazak + Z ijz(az + a;)a—gﬂ) , (4.133)
j=1 k=1 gl

This expression makes explicit the spin-motion coupling, which is characterized by an

effective Lamb-Dicke parameter

Vs Xj1Z1,0
= ——>0,B 4.134
77]1 21/[ z z2=0 ’ ( )

where x;; describes the mode participation of the ions, z; o represents zero-point motion
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amplitude of mode [, and v; its frequency.

Unlike laser-based schemes, where the effective coupling 7; is primarily determined by
the photon momentum HE ||, in the case of magnetic field gradients, the coupling strength
depends on the gradient’s magnitude and inversely on the trapping frequency v. Strong
spin-motion coupling with long-wavelength radiation can be achieved by either reducing
v, which is undesirable as it increases motional heating that complicates gate implementa-
tion [103], or by increasing the magnetic field gradient. While the latter approach is more
viable, achieving gradient strengths that result in coupling 7; comparable to laser-based

schemes remains a practical challenge [94, 130].

Since the critical ingredient for entangling gate implementation is the existence of a spin-
motion coupling term in the Hamiltonian, H;r provides a pathway for realizing entangling
gates, such as the MS scheme. However, deriving an expression analogous to that of laser-

based gates from Eq. (4.133) requires additional steps.

In the absence of the spin-motion coupling term (al—i—alT)agj )in Eq. (4.133), the Hamiltonian
Hjs reduces to a simpler form, consisting of independent qubits with energy splittings d)g,)

and uncoupled harmonic oscillators with energy splittings v;. In this case, the motional
states correspond to the Fock states |n;) of a standard harmonic oscillator, which serve as
the eigenstates of the motional component of the Hamiltonian. However, the inclusion of
the spin-motion coupling term fundamentally alters this picture. The motional and spin
degrees of freedom become inherently entangled, making it impossible to treat them as
independent. As a result, the eigenbasis of the full Hamiltonian can no longer be expressed
as a direct product of separate spin and motional states. Instead, it becomes necessary
to adopt a transformed basis that decouples these degrees of freedom. To address this,
we employ a transformation known as the polaron transformation, defined by the unitary

operator [129]

Up = exp Z (azr - al> njlagj) . (4.135)
j?l
This unitary operator Up corresponds to a displacement operator for each motional mode [,

Dy (Zj nﬂagj)), which shifts the motional states in phase space by an amount Zj ! njlagj)

along the position axis while leaving the momentum unaffected.
In the frame defined by Up, the Hamiltonian becomes diagonal

N ~(4) M
~ ) - .
Hyp =UpHypUb = ngg) +> uaja + Y vimumaePe®) (4.136)
=1

J=1 Jkl

where the creation and annihilation operators transform as

ap — a; — anlagj) =aq, alT — a; - anlagj) = Ele . (4.137)
J J
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From these transformations, it follows that the original Hamiltonian can be rewritten in

terms of the transformed operators d;r and a as

N ~()
We ; it .
HMF - Z 729 Ugj) + Z Vl(lg‘al — ZijmklUgj)ng) , (4138)
l

J=1 Jkl

demonstrating that the motional component of the Hamiltonian corresponds to a harmonic
oscillator in the new operator’s basis. Consequently, the transformed operators dzr and
a; provide a picture in which the original Hamiltonian exhibits the form of a harmonic
oscillator with an energy shift € that depends on the instantaneous electronic states of
the ions. Specifically, for an ion chain in the electronic state ’s(l) ‘e s(”)>, where s\ e

{g(j), e(j)}, the energy shift is given by

€= Z(_l)strskJermjmkl 7 (4.139)
Jikl

where s, = 0 if sP) = e(P) and sp = 1if s®) = ¢P),

In this transformed picture, the motional component of the eigenstates of Hysp are Fock
states with respect to the transformed ladder operators. These states are defined by the
condition @; |n; = 0) = 0, where |7 = 0) represents the vacuum state in the transformed
basis. Crucially, these Fock states in the transformed basis do not directly correspond to the
Fock states of the original motional oscillators. This arises from the spin-motion coupling
present in the original Hamiltonian. In the original basis, the annihilation operator g,
does not annihilate the state |7; = 0), i.e. a;|n; =0) # 0 (but a;|n; =0) = 0). Using
Eq. (4.137), we find instead

aj |ﬁl = 0) = anlagj) ‘ﬁl = 0> . (4.140)
J

This equation reveals that the state |7; = 0) in the transformed basis acts as an eigenstate
of the original annihilation operator a;. This implies that |7; = 0) corresponds to a coherent
state ‘Z j njla,(zj )> in the original Fock state basis, which is, indeed, a direct consequence
of the polaron transformation. As previously discussed, the polaron transformation acts
as a displacement operator on the motional states. Therefore, it is expected that Fock
states in the transformed basis will correspond to coherent states in the original basis.
This relationship holds more generally, as any excited Fock state in the transformed frame,

|;) —and not only the vaccum — corresponds to a displaced state in the original basis,

Dy (Ej szagj)) ).

Another consequence of the action of the displacement manifests in the expected position of
the ions. Specifically, the displacement of ion j depends on the electronic state of the whole
chain. Thus, when the ions are in the electronic state ‘5(1) e s(”)>, where sU) ¢ {g(j), e(j)},

the displacement of ion j relative to its equilibrium position in the absence of the magnetic

101



field gradient is given by

N

(_1)8p+1zl,0lenpl ; (4.141)
p=1

NE

<3<1> ™

co_ e lgD) g =
& §]’s s > 2l

Il
—

where s, = 0 if s®) = e® and sp = 1if s®) = ¢ Thus, for example, when all
ions are the ground state !g(l) ‘e g(”)>, the relative displacement of ion j is given by
2 21]\11 Zévzl 21,0Xj1Mpl, While for all ions in the excited state ‘e(l) . e(")>, the displacement

is in the opposite direction, —2 Zl]\il Zévzl 2L,0Xj17pl-

This provides a complete picture of the transformed basis. In the new frame, the Hamil-
tonian Hjsg can be understood as describing harmonic oscillators with an energy shift &
that depends explicitly on the spin states of the ions. Moreover, the motional state asso-
ciated with each oscillator corresponds to a coherent state displaced in position space by
an amount 2 Y"1 Z;V:l(—l)sf'“zhoxjmpl depending on the collective spin state of the ion
chain. This result builds upon the observations in Fig. 4.5(a), revealing that the displaced
oscillators and corresponding energy shifts are now influenced by the collective spin state
of the ion chain, rather than the individual spin states of each ion.

Another significant feature of Eq. (4.136) is the final term, Zj,k,l ijmklagj)agk), which rep-
resents a spin-spin entangling interaction. This term, absent in single-ion systems, emerges
naturally from the interaction with the magnetic field gradient and provides a promising
mechanism for generating entanglement [130]. Notably, this approach is particularly at-
tractive because it relies solely on the magnetic field gradient, potentially eliminating the
need for external electromagnetic fields [95]. While experimental demonstrations have
successfully utilized this term to generate entanglement in ion chains [131], a significant
drawback is the relatively weak coupling strength between ion pairs. This coupling strength
is determined by the sum ), vimjinki, which exhibits a quadratic dependence on the mag-

netic field gradient 0,B o and inverse dependence on the trapping frequency v, (i.e.,
z=

x (GZBL_O)2 /v). Consequently, achieving fast gate operation times requires sufficiently
strong magnetic field gradients. To date, generating entangled states using this approach
within competitive timescales compared to entangling gates based on photon momentum
kicks has proven challenging due to limitations in achieving the necessary magnetic field
gradients [131].

For this reason, in most practical implementations, the spin-spin entangling term

Z ijz??klff,gj)a,(zk) (4.142)
gikeil

is typically treated as a perturbative contribution. Instead, entangling gates are imple-
mented using sideband transitions, analogous to laser-based gates. In this context, the
entangling term is often regarded as an error source, which can be mitigated using tech-

niques such as dynamical decoupling or pulse shaping [95, 131].
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To enable such gates, the system is subjected to a magnetic field gradient in the pres-
ence of an additional oscillating electromagnetic field of frequency wjs, tuned close to the
qubit resonance frequencies wgg). Crucially, this oscillating field can operate at low fre-
quencies (and thus long wavelengths), allowing the long-wavelength approximation to be
employed. Under this approximation, terms like etk 7 which would otherwise introduce
photon momentum effects, can be safely neglected [130]. This simplification facilitates
the design of gate protocols while maintaining compatibility with the magnetic gradient

coupling mechanism.

Adapting the expression from Eq. (4.143), the interaction Hamiltonian in the presence of

this field is given by

N fol) o od W)
Hlight—matter = Z <Q2@go_—(g) + Q% ‘g(J)><g(J)) + Q%
j=1

e<j>><e<j>‘> | (e-«m_@ . ei(wt_@)
+he., (4.143)

where the states ’g(j)> and |e(j)> are in the original frame. In the frame of the polaron

transformation, this interaction Hamiltonian takes the form

LANG) () ()
N Q) o a2 , , QL .
Higntmatier = 3 (29096221( (o 4 28 ‘ g<y>><g(y>‘ += e(y)><eu>)>
j=1
: (ei(”Mtd’) + e“”Mt‘f’))) +he. . (4.144)

The complete Hamiltonian is therefore composed of H MS + fllight_matter. Here, the en-
tangling term in ﬁMS is treated as negligible, such that Zj,k,l Z/mjmklagj)agk) ~ 0. To
isolate the effects of the interaction, we move to the interaction picture with respect to
Hys. Applying the rotating wave approximation (RWA) to neglect terms oscillating at
(7)

frequencies wys and wyr + we]g , the interaction Hamiltonian simplifies to

N (7)
- 0 . T . . ‘ .
Hllight—matter = Z (;g ez(5Jt+¢)€2 >-i(a] exp(ivit)—ay eXp(Wlt))ﬁJlo.Eg)> + h.c. , (4145>
j=1
with §; = wg,) — wys. From this expression, the Lamb-Dicke approximation can be ap-
plied by expanding the exponential term containing the ladder operators to first order
in ;. This leads to a Hamiltonian analogous to those used in photon momentum-based
implementations (Eq. (4.100)).
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Chapter 5

Quantum Control without Quantum
States

CONTRIBUTIONS

All the work in this Chapter was conducted in collaboration with
Dr. Nguyen H. Le and Florian Mintert. I, along with Florian, led
the theoretical development and I performed some of the numerical
calculations, while Nguyen H. Le handled the majority of the nu-
merical work and contributed to several of the proofs. The results

presented here were also published in Ref. [1].

5.1 Introduction

The rapid development of well-controlled quantum systems has opened unprecedented op-
portunities for leveraging quantum phenomena across diverse applications, from quantum
simulation of complex materials and chemical processes [132, 133, 134] to fault-tolerant
quantum computation [135, 136, 137]. At the heart of these prospects lies the exponen-
tial growth of the Hilbert space with the number of quantum degrees of freedom. This
scaling implies that even modestly sized quantum systems could surpass classical compu-
tational capabilities for specific tasks, such as simulating quantum many-body dynamics
or solving optimization problems [135, 68]. While this potential has driven remarkable
progress in quantum hardware development—evidenced by demonstrations of quantum
advantage [138, 139, 140, 141] —it simultaneously exposes a critical challenge: the curse
of dimensionality [142] makes exact classical simulations of quantum dynamics intractable

for even moderate system sizes [143].

This tension between quantum advantage and classical simulability profoundly impacts
strategies for controlling quantum systems. Existing approaches often rely on exact an-

alytical or numerical methods restricted to small-scale systems [144, 145], approximate
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heuristics for scaling to larger regimes [146, 63|, or specialized techniques tailored to sys-
tems with inherent symmetries or geometric constraints [147, 148]. While such methods
provide valuable insights, they struggle to generalize to arbitrary quantum architectures,
leaving a gap between theoretical control paradigms and the demands of real-world quan-

tum devices.

As briefly mentioned in Sec. 3.5, a promising avenue to circumvent these limitations lies in
the identification of quantum states that admit efficient descriptions. For instance, states
with low entanglement entropy can be represented compactly using tensor networks [149]
or machine learning-inspired ansatz [150]|, bypassing the need for explicit Hilbert-space
parametrization. A particularly elegant framework for implicit state characterization is
the stabilizer formalism, where quantum states are defined not by their wavefunctions but
by the operators that stabilize them [78, 151|. This approach underpins fault-tolerant quan-
tum error correction and measurement-based quantum computation, where complex en-

tangled states like cluster states are succinctly specified by their stabilizer generators [152].

Similarly, ground states of many-body Hamiltonians —such as those exhibiting topolog-
ical order [153, 154] — further exemplify the power of implicit descriptions. While their
explicit wavefunction representations are intractably complex, these states are compactly
defined by the interaction geometry and parameters of their parent Hamiltonian. Such im-
plicit specifications, requiring only polynomial resources, form the foundation of adiabatic
quantum computation (AQC) [79], where solutions are encoded in the ground state of a
problem-specific Hamiltonian. By adiabatically evolving from a trivial initial state, AQC
avoids explicit tracking of the wavefunction —relying instead on the adiabatic theorem,

which ensures the system remains in the ground state if the evolution is sufficiently slow.

However, AQC’s reliance on adiabatic timescales introduces a critical limitation: computa-
tional runtime is dictated by the Hamiltonian’s spectral gap, which typically shrinks with
system size or problem complexity. This constraint not only limits computational speed
but also exacerbates vulnerability to decoherence. While AQC circumvents explicit state
representations, its dependence on slow evolution highlights a broader challenge: reconcil-
ing the exponential complexity of Hilbert space with the need for scalable, robust quantum

control.

This work addresses these challenges by unifying implicit state characterization with op-
timal control theory. We introduce an operator-centric framework that avoids explicit
quantum state representations while operating beyond adiabatic constraints. By encoding
control objectives directly in the dynamics of operators, the method avoids the exponential
overhead of state-vector simulations. This enables precise solutions to control problems
that are classically intractable under conventional approaches, such as high-fidelity ma-
nipulation of large-scale entangled systems or error-resilient gate design in many-body
architectures. Crucially, the framework operates without approximations or restrictive
adiabatic assumptions, combining the scalability of implicit descriptions with the rigor of

optimal control.
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The framework builds on the concept of quantum invariants (see Sec. 3.5) — Hermitian
operators that act as constants of motion in the sense of Eq. (3.21). In the Schrédinger
picture, invariants evolve according to the equation of motion in Eq. (3.23), and they
possess a crucial property for quantum control: their time-dependent eigenvectors |¥(t)),

which satisfy

Z(t)[W(t)) =~[¥(®) , (5.1)

with a time-independent eigenvalue 7, generate expanding modes [83]. These modes gener-
alize the notion of adiabatic eigenstates to non-adiabatic timescales, providing a powerful
tool for controlling quantum systems under rapidly changing Hamiltonians. To illustrate
this, consider a system initialized in the instantaneous ground state of a time-dependent
Hamiltonian H(¢). Under adiabatic evolution, the system remains in the instantaneous
eigenstate of H(t) at all times. In contrast, if the system is initialized in an expanding
mode of the invariant Z(¢), it will remain in that evolving mode even under rapid (non-
adiabatic) changes to H(t), as highlighted in the discussion following Eq. (3.47). Crucially,
these expanding modes need not align with the instantaneous eigenstates of H(t); they
may instead span multiple eigenstates of the adiabatic basis. This property enables robust
state control without requiring slow parameter variation, circumventing the limitations of

traditional adiabatic protocols [155].

Physically, this implies that expanding modes provide a dynamical pathway for the system
to evolve in a controlled manner, even when the Hamiltonian changes rapidly. This is
particularly useful in scenarios where adiabaticity is impractical, such as in systems with
short coherence times or when fast operations are required. The ability to remain in an ex-
panding mode under rapid changes suggests that these modes are resilient to perturbations

and can be harnessed for high-fidelity quantum control.

Existing applications of quantum invariants in optimal quantum control rely on identifying
analytical time-dependent forms of operators that satisfy Eq. (3.23) for specific types of
Hamiltonians. For example, such invariants have been successfully derived for systems like
the driven harmonic oscillator (see Egs. (3.41) and (3.45)) and a single driven spin [83,
156, 157]. Once an analytical invariant is found, it provides an elegant way to design
time-dependent Hamiltonians that generate desired dynamics. However, this approach is
limited to simple systems, as finding analytical invariants becomes impractical for quantum

systems with many interacting subsystems

To overcome this limitation, the goal of this Chapter is to develop a new framework for
quantum control that leverages the advantages of invariant-based methods without requir-
ing analytical expressions for invariants. Traditional invariant-based approaches depend
on closed-form solutions, which are rarely available for complex or interacting systems.
Our approach addresses this challenge by combining ideas from invariant-based quantum
control [155] with established numerical techniques typically applied to state vectors or

propagators [132, 158|.
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At the core of our methodology is the iterative numerical refinement of a time-dependent
Hamiltonian. Unlike conventional methods that numerically integrate the Schrédinger
equation, our framework integrates the equation of motion for quantum invariants (Eq. (3.23)).
This shift eliminates the need for analytical invariants while preserving their dynamical
benefits. Importantly, this approach extends invariant-based control to interacting quan-
tum systems — where analytical methods often fail —by working directly with the invari-

ant’s evolution equation rather than its explicit form.

In this operator-centric formulation of quantum control, control targets are not defined in
terms of state vectors or propagators, nor are they included in the cost functions to be
minimized, as is common in standard approaches (see Sec. 3.2). Instead, the control ob-
jectives are formulated directly in terms of the time-dependent operators Z(t) that satisfy
the invariant equation of motion, Eq.(3.23). This eliminates the need to track quantum
states, avoiding the exponential computational cost typically associated with their evolu-
tion. As demonstrated through explicit examples, this approach remains computationally
manageable for interacting quantum systems, even in cases where state-based methods

would become intractable.

5.2 Implicit quantum control

Traditional approaches to quantum dynamics typically involve the direct numerical prop-
agation of the time-dependent Schrodinger equation for a state vector |¢(t)). In contrast,
the proposed method, termed Implicit Quantum Control (IQC), focuses on propagating an
operator Z(t) governed by Eq. (3.23). While the eigenvalue relation Eq. (5.1) inherently
encodes full information about the quantum state |¢)(¢)), this information remains implicit
as long as Z(t) is not explicitly diagonalised. This operator-centric framework shifts com-
putational effort from state vector dynamics to the propagation of Z(t), enabling novel

strategies for control and optimization.

To apply this framework for control, we define a target operator Zp that guides the evolu-
tion of Z(t) under Eq. (3.23). Control objectives are translated into constraints on Z(7'),
allowing standard numerical pulse-shaping techniques to be applied directly to the opera-
tor dynamics. The resulting time-dependent Hamiltonian H(t), derived from this process,
inherently generates the desired quantum dynamics in the underlying Schrodinger equa-
tion. This approach generalizes control problems from state-based formulations to the
Liouville-von Neumann equation Eq. (3.23), which governs operator evolution. While this
translation does not universally improve computational efficiency, specific cases — such as
systems with Hamiltonians of the form in Egs. (5.36) and (5.37), and others detailed in
Sec. 5.5— achieve exponential efficiency gains by reducing the effective dimensionality of

the problem.
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5.2.1 Operator expansion

Conventional quantum control involves two key steps: (i) specifying an equation of motion
and (ii) defining initial conditions and control targets. These are typically expressed either
as a set of initial and final states (for state preparation or transfer) or as a target unitary
operator (for quantum simulation). In our framework, the equation of motion is given by
Eq. (3.23), while the initial conditions and control targets are specified in terms of initial

and final operators—or equivalently, a desired unitary.

The advantage of the operator formulation lies in the efficient propagation of the invariant
operator Z(t). This efficiency is determined by the dimension d of the operator space
in which Z(t) evolves—that is, the span of operators generated by evolving the initial
operator Z(0) under Eq. (3.23). Naturally, the dimension d will depend on the choice of
Z(0). To ensure the control problem is well-posed, the initial operator Z(0) must be chosen

so that its ground state corresponds to the initial state [¢)(0)) of the system, i.e.

Z(0) [¢(0)) = Ao [¥(0)) (5.2)

with Ao = min{\; | Z(0) |¢i) = Ai|¢i)}. Indeed, while one can formulate the control
problem by transferring any nondegenerate eigenstate of the invariant (i.e. also excited
states), we focus here on the ground state because it is typically easier to characterize.
Moreover, since multiple choices for Z(0) may satisfy the ground-state condition, one can
optimize this choice to minimize the propagation space’s dimension d, thereby improving

computational efficiency.

To formalize the preceding discussion, we first define the system Hamiltonian. Without

lost of generality, the Hamiltonian is expressed as a linear combination of a fixed set of dy

basis operators {h; }?0:1 with time-dependent scalar coefficients,
do
H(t) =Y hi(t)b; , (5.3)
j=1

where some coefficients may be constant (representing the drift Hamiltonian, denoted by

Hp in Eq. (3.1)) and others are tunable (representing the control Hamiltonian).

We propose an ansatz for the invariant operator Z(¢) in the form
d
I(t)=> a;(t); (5.4)
j=1

with a set of d time-independent operators {a; };-l:l and time-dependent scalar expansion
coeflicients a;(t). This expansion provides a general solution to the equation of motion
(Eq. (3.23)) for Z(t) provided that the operators a; form a closed algebra under com-

mutation with the Hamiltonian basis operators. Specifically, we require that for every
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je{l,---,d} and k€ {1,--- ,do},

aj,bk zZ)\l]al ) (5.5)

where the coefficients )\fj are real. This relation ensures that the evolution of Z(¢) remains

confined to the span of {a;}.

If the initial choice for the operator set {a;} does not yield a closed algebra— that is, if
for some jo and ko the commutator [a;,, hy,] lies outside the span of {aj}?zl—then the

set can be enlarged. In this case, one defines a new operator

Ad4+1 = Z'[ajov hko] 5 (56)

thereby increasing the dimension of the operator space by one. This iterative process is

continued until the closed commutator condition of Eq. (5.5) is satisfied for all pairs (a;,

bk)-

In practice, the construction may start with a single operator a;, i.e. with d = 1, and
the final dimension d will depend on the initial choice of Z(0) and the structure of the
Hamiltonian. Since the computational effort required to integrate the evolution equation
(Eq. (3.23)) increases with d, it is beneficial to identify the smallest operator basis that
satisfies the closed commutator algebra. However, even with an optimal choice of Z(0),
the effective dimension d generally exceeds dy, reflecting the increased complexity of the

operator dynamics.

5.2.2 Relation with Lie algebras

The construction of the operator set {a;} described above is closely related to— but distinct
from—the standard construction of a Lie algebra. In a conventional Lie algebra, one

considers a set of d operators {h ]} _, satisfying a closed commutator relation

[, bi] = —i Z A (5.7)

for all j,k € {1,---,d}, with real structure constants )‘Z* Often, one begins with a
smaller set of dy operators (with dy < d) and then systematically enlarges the set until all

commutators between the elements close within the expanded set.

In our approach, however, the closure condition is imposed on the operator being propa-
gated rather than on the Hamiltonian’s generators. In other words, the set {a;} is chosen
so that the time-evolution of the operator Z(0) remains confined to its span. This has sub-
tle implications: it is possible that the Lie algebra generated by the Hamiltonian operators
is much larger than the minimal algebra needed to satisfy the closure relation (Eq. (5.5)).
In such cases, the dynamics of Z(t) occur in a considerably smaller subspace, which can

yield computational advantages.
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In the explicit examples provided in Secs. 5.3 and 5.4, the time-dependent operator Z(t) is

expanded using the Lie algebra generated by the Hamiltonian operators {b; ?021, that is,

d

we set the propagation basis {aj};l:l equal to the full Lie algebra {h;}7_;. However, to

minimize the effective propagation space—and thus enhance computational efficiency —it
can be beneficial to consider operator sets that extend beyond the Lie algebra framework,
as further illustrated in Sec. 5.6.2.

5.2.3 Equations of motion

By expanding the time-dependent operator Z(t) in terms of the operator sets {a;} and
{br}, the equation of motion (Eq. (3.23)) becomes [159]

?}f =iy aj(t)he(®)]aj,bi] = D aj(t)hi(t) A - (5.8)
7.k

Jok,l

Given that the operators a; are linearly independent (i.e. no operator in the set can be

written as a linear combination of the others), this leads to the differential equation
a(t) = Aja;(t)h(t) , (5.9)
j7k

which can be written compactly in matrix form as
a(t) = K(t)a(t) , (5.10)
with the vector a and a matrix K with elements

Kij(t) = hi(t)Af; - (5.11)
k

If we choose the Hermitian operators a; to be mutually orthonormal (i.e. to satisfy
Tr(ajax) = d;i), then Eq. (5.5) implies

Ny = i Tr([aj, bylay) - (5.12)
Invariance of the trace under cyclic permutation implies

In this case, the matrix K is real and anti-symmetric [156] such that the induced dynamics

is orthogonal, 7.e. unitary and real.

5.2.4 Reachability

In quantum control theory, the concept of reachability (defined in Sec. 3.1) concerns the
set of quantum operations or states attainable from a given initial condition under the

time-dependent dynamics governed by a Hamiltonian H(¢). While standard reachability
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analysis aims to determine if any target operation or state can be reached, this work adopts
a different perspective. Our primary objective is not to guarantee universal reachability,
but rather to optimize the efficiency of control methods for solving specific quantum tasks.
As a result, we do not require the ability to reach any arbitrary target, but rather prioritize

the ability to achieve a desired target effectively.

A foundational requirement for universal reachability is that the operator set {a;} used in
the expansion of the control operator Z(t) spans the entire space of Hermitian operators.
For an m-qubit system, this would imply a dimensionality of d = 4". Satisfying this
condition would replicate the complexity associated with full density matrix propagation
and offers no computational advantage over standard state-vector propagation, which scales
as 2". Crucially, universal reachability is not only computationally prohibitive but also
unnecessary for our framework, which targets specific control objectives. By restricting
Z(t) to a low-dimensional subspace of operators, we bypass the exponential overhead of full
operator-space propagation while retaining the ability to solve practical control problems

efficiently.

To further understand the achievable set of operators for a given Hamiltonian H(t), it is
important to recognize that the propagator generated by H(t) (Eq. (5.3)) is not generally

expressible in the simple form
do
U(t)=exp| —i Y _bi(t)h; | (5.14)
j=1

where b;(t) are scalar functions and {f)j}?():l are the operators appearing explicitly in
H(t). Rather, because the time-evolution operator involves series of nested commutators
(see Eq. (2.53)), contributions from additional operators (i.e. for indices j > dp) typically
arise. Indeed, the full Lie algebra {bj};l:l is required to correctly capture the evolution.
This highlights an important point: a relatively small set of operators {b; }?0:1 can generate
a remarkably rich landscape of evolutions, resulting in a diverse set of accessible target
operators and dynamics. Thus, even a small set of generators can significantly expand
the available control options, making it possible to achieve the desired control objectives

efficiently without resorting to universal reachability.
A direct consequence of this structure is that propagators of the form
U =exp(—iK) , (5.15)

where the operator K cannot be expressed as a linear combination of the elements in the
Lie algebra of H(t) (i.e. if no set of coefficients {c;} exists such that K = Z?Zl cih;), are
fundamentally unreachable under the dynamics induced by H(t). This reflects a key struc-
tural constraint: the set of accessible transformations is strictly limited to those generated
by the Lie algebra of H(t). While this restricts universal controllability, it does not under-

mine our objective. Rather, it aligns with our priority of optimizing efficiency for targeted
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control over arbitrary reachability. In practice, many relevant quantum operations reside
within a much smaller subspace of the full operator space, making exhaustive reachability

unnecessary for achieving the desired control goals.

5.2.5 Formulation of the control problem

When expressed in terms of Eq. (5.10) rather than the underlying Schrédinger equation, the
effective dimensionality of the control problem is determined by the number of operators

in the set {a;}, d, rather than by the dimension of the Hilbert space itself.

In general, d can be quadratically larger than the Hilbert space dimension. However, as we
will illustrate, there are several practically relevant cases where d is significantly smaller.
The key objective of the following discussion is to exploit this reduced dimensionality to

enhance the efficiency of optimal control strategies.

While standard control problems are typically formulated in terms of achieving a target
state or implementing a target quantum gate, the present framework requires defining a
control objective for the operator, denoted by Z7, and defining this requires some care.
In the following sections, we will address this formulation explicitly for two fundamental

tasks: state preparation and realization of propagators.

A. State preparation

State preparation is a natural application for this operator-based framework due to a fun-
damental asymmetry in quantum mechanics: while Hamiltonians for interacting systems
can often be specified efficiently (e.g., through sparse matrix representations or local inter-
action terms), their eigenstates — such as highly entangled many-body states or fractional
quantum Hall ground states [160] —are often challenging to describe explicitly. By re-
framing control objectives in terms of parent Hamiltonians (operators for which the target
state is an eigenstate), the framework bypasses direct state manipulation and leverages the

Hamiltonian’s inherent efficiency of representation.

In conventional state-preparation protocols, the target is a specific quantum state, and the
natural choice for the target functional is one explicitly defined in terms of this state (see
Sec. 3.2), which requires full knowledge of the state —a prohibitive demand for complex
systems. The present approach leaves much more freedom, since there are many operators
Ir that have a given target state as ground state. There are thus many conceivable
choices for Z7 and a good choice is a central part of the control problem within the present

approach.

In state preparation, the goal is to design a time-dependent Hamiltonian H () that drives
the system from the ground state of an initial operator H; to the ground-state of a final
operator Hp. A seemingly natural approach is to set the initial condition as Z(0) = Hy and
the control target Zr = Hp. However, unitary dynamics impose a critical constraint: the
spectrum of Z(t) is preserved over time. Thus, H; and Hp must share identical spectra—

a severe restriction that rules out the target Zr = Hp to transfer states separated by
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quantum phase transitions (e.g., crossing a critical point to reach a topologically ordered
phase). This spectral rigidity highlights the need for a different target Zr that encodes the

target state without making it coincide with the final Hamiltonian Hrp.

Moreover, even when H; and Hp share spectra, achieving the desired transformation de-
pends on the dynamical Lie algebra g generated by the control operators {h;} in the
Hamiltonian (Eq. 5.3). If g is not full rank (i.e., it fails to span the entire operator space
excluding the identity), the system is not fully controllable, as certain unitary propagators
cannot be realized within the constraints of the available control fields, as discussed in
Sec. 5.2.4. This limitation implies that even when spectral constraints are satisfied, an
operator Z(t) initialized as Z(0) = H; may not be able to evolve toward the desired final
value Z(T') = Hr, i.e. the target Zp = Hr is not reachable.

As an explicit example, consider a two-qubit system where the goal is to prepare the

entangled Bell state, which corresponds to the ground state of the target Hamiltonian
1
Hr = 5 (X1X2 + Y1Y2) . (516)
The system is governed by the control Hamiltonian
H(t) = fi() X1 + fo(t) X2, (5.17)

and the initial state is the separable state |11), which corresponds to the ground-state of

the initial operator

1

I(O) = (Zl + ZQ) . (5.18)

|

Although both Z(0) and Hr share the same eigenvalues ({—1,0,0,1}), the target Zp =
Hrp is not reachable under this control scheme. Intuitively, this is because the initial
state — the ground-state of Z(0)—is separable, while the target state—the ground state
of Hr—1is entangled. Generating entanglement requires a unitary transformation that
acts simultaneously on both qubits, but H(t) is restricted to local rotations (single-qubit
X operations). Mathematically, the Lie algebra generated by H(t) acting on Z(0) consists
only of single-qubit Pauli operators (i.e., g = {X1,Y1, Z1, Xo,Y2,Z2} ). Any reachable
target operator Zr must be expressible in terms of this algebra, implying that only separable

ground states can be achieved.

Further examples demonstrating when specific targets can or cannot be achieved within

this framework are discussed in Sec. 5.3.2.
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Step-by-step formulation

Box 1: IQC Framework for State Preparation

Given an initial Hamiltonian H; and a target Hamiltonian Hr, the following steps are
required to apply the invariant-based quantum control (IQC) framework to a problem

of state preparation:

Step 1: Choose a compatible initial operator.
Select an initial operator Z(0) such that the initial state |¥7) (an eigenstate of Hy)

satisfies:

Z(0) W) = v[¥p),

where 7 is a non-degenerate eigenvalue of Z(0).

Insights: In most control problems, the initial Hamiltonian Hj is chosen to be non-
interacting—typically a sum of single-qubit (or more generally, single-particle) terms.
Consequently, Z(0) can also be designed as a non-interacting operator. If the single-
qubit components of Z(0) are non-degenerate, the operator will have a unique, non-
degenerate ground state. The corresponding eigenvalue v is simply the sum of the
ground-state eigenvalues of the individual terms. However, when Z(0) includes inter-
acting components, verifying ground-state non-degeneracy becomes non-trivial. One
practical approach is to demonstrate unitary equivalence between Z(0) and a non-
degenerate, non-interacting operator. This ensures that the ground state remains

unique and well-defined.

Step 2: Define a compatible control target.
Construct a control target Zr such that the target state |Ur) (an eigenstate of Hr) is

also an eigenstate of Zr with the same eigenvalue ~:
Iy [W7) =~ |¥7).

This condition ensures compatibility with the preserved spectral properties of Z(t).

Insights: There is a general approach to numerically construct targets Zr when the
operator set {a;} spans the Lie algebra generated by the Hamiltonian operators {b;}
in Eq. (5.3).
Given an initial condition Z(0), one can numerically evolve Z(¢) under a Hamiltonian
that adiabatically interpolates between H; and Hp (as demonstrated in Sec. 5.3.2).
This requires integrating Eq. (5.10) numerically, but crucially, the computational com-
plexity scales polynomially with the operator space dimension d, rather than the ex-
ponentially large Hilbert space. The final operator Z(T') obtained this way:

e preserves the spectrum of Z(0) due to unitarity,

e has a ground state corresponding to that of Hr by adiabaticity, and

e is reachable through the dynamics of the system Hamiltonian.
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Step 3: Ensure dynamic reachability.
Verify that the control target Zp is dynamically reachable, meaning there exists a
time-dependent Hamiltonian H(t) within the allowed control parameters such that

the evolution governed by

a(t) = Aja;()hi(t)
7.k
can transform Z(0) into Zr.

Insights: Given Eq. (5.10), the question of reachability of an operator Zp from an initial
operator Z(0) is equivalent to the reachability of a coefficient vector a(t). Specifically,
if Z(t) is expanded as in Eq. (5.4), the evolution of a(t) is governed by a linear dif-
ferential equation involving the time-dependent matrix K (¢) (Eq. (5.11)). Thus, the
problem of operator reachability is mapped onto a standard vector reachability prob-
lem under linear dynamics — analogous to state control governed by the Schrodinger
equation [161].

The requirements (i), (ii), and (iii) for operator reachability do not uniquely determine
the initial condition Z(0) or the target Zp. This flexibility can be leveraged to select
an operator Z(0) that expands in a small operator set {a;} while ensuring closed
commutation relations (Eq. (5.5)).

Practical implementations often rely on numerically constructing control targets
through simulated adiabatic dynamics (Sec. 5.3). While this approach is generally
applicable, there are also cases where analytic target definitions are possible, as exem-
plified in Secs. 5.3.2 and 5.3.2.

Objective function for state transfer

Once a consistent definition for the initial condition Z(0) and control target Zr has been

established, a natural objective function to minimize is the infidelity

Tr(Z(T) Zr)

T @y

(5.19)
where T is the final time at which the goal of the control problem is intended to be
reached. This infidelity measure quantifies the deviation of the evolved operator Z(T')
from the target operator Zr and, crucially, can be equivalently expressed in terms of the

vector representations a(T') and ar of Z(T) and Zrp, respectively,

a(T)-ar
lar|?

J=1- (5.20)

This highlights that the effort to evaluate the infidelity scales with the dimension d and

not with the dimension of system’s Hilbert space.

If Z(T) coincides exactly with the control target Zp, the system state is guaranteed to
coincide with the desired non-degenerate eigenstate of Zp, i.e. the target state |¥rp).
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Moreover, since both the state infidelity and the operator infidelity defined in Eq. (5.19)
are continuous functions, a vanishing operator infidelity J for Z(7T) guarantees that the
state infidelity will also approach zero. This continuity ensures that small deviations in
the operator translate to small deviations in the state, providing a robust foundation for

control protocols.

While the operator infidelity J provides a useful measure of control performance, practical
applications often require a more direct assessment of the achieved state fidelity. To derive
such a measure, we decompose the final state |¥ (7)) into its overlap with the target state

|Wr) (i.e. the ground-state of Hr) and its projection onto the excited states of Hp,
(U(T)) = (U |¥(T)) V1) + Pe [¥(T)) , (5.21)

where P, is the projector onto the subspace spanned by the excited states of Hr, and we

have used the completeness relation I = P, + |UpXUrp|.
The expectation value of Hy with respect to |¥(T)) reads
(U(T)| Hr [9(T)) = | (U |¥(T)) [*Eo + (¢| Hr |9) (5.22)

with |¢) = P.|U(T)) and the ground state energy Ey of Hpr. From the completeness

relation, we have
(U(T)| Pe [¥(T)) =1 — | (7| ¥(T)) |* . (5.23)

This implies that the norm of |¢) is directly related to the state fidelity F' = | (¥ |W(T)) |?

as

(¢lg) =1—F . (5.24)
Rearraging Eq. (5.22) and using Eq. (5.24) ,

Eo — (U(T)| Hr [Y(T)) + (9| Hr [¢)
Ey

= (¢l9) - (5.25)

It follows that

Ol Hrlé) _ (YD) Hr [¥(T)) — By | p (5.26)

(9]9) 1-F

where we substituted (¢|¢) in the denominator of the right-hand side. With the inequality

Gl Hrl) | o

@ - (5:27)

in terms of the energy F; of the first excited state of Hr, and rearranging, we obtain

(W(T)| Hr |¥(T)) — Eo

B, <
L= 1—F

+Eq . (5.28)
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Hence, rearranging this expression, we arrive at an upper bound on the state infidelity

(W(T)| Hy [(T) ~ By

1-F<
- Ei - Ey

(5.29)

The state infidelity 1 — F' can thus be bounded in terms of the ground state energy
Ey, the first excited state energy E7 of the Hamiltonian Hp and the expectation value
(¥(T)| Hr |¥(T)). While it might initially appear that calculating this expectation value
necessitates explicitly constructing the final state vector |¥ (7)), this is not the case. In-
stead, we can leverage the unitary dynamics of the system to evaluate the expectation

value efficiently.

Since the state vector |¥(t)) = U(t)|¥(0)) evolves according to the unitary dynamics

induced by the system Hamiltonian, the expectation value can be rewritten as
(U(T)| Hr [¥(T)) = (¥(0)| UN(T)HrU(T) [2(0)) - (5.30)

The right-hand side shows that the expectation value can be computed equivalently by
evolving the operator Hr backward in time, rather than evolving the state forward. Specif-
ically, the transformed operator U (T)HyU(T) represents the backward-evolved version of
Hp under the dynamics described by Eq. (3.23).

A key advantage of this approach is that if Hp can be expressed as a linear combination

of the basis operators {a; };l:l, this backward propagation can be computed with the same
O(d) effort required to evolve Z(t). Moreover, as long as expectation values with respect to
the initial state |¥(0)) can be specified efficiently — which is typically the case in problems
such as state preparation, adiabatic quantum computation, and quantum approximate
optimization algorithms, where initial states are product states [162, 79, 163] — the state

fidelity F' can be efficiently bounded using Eq. (5.29).

B. Quantum simulation

The framework of IQC can also be applied to quantum simulation, particularly in the
context of analog quantum simulation (AQS) (see Sec. 3.4.2). The goal here is to realize
a specific unitary transformation Up, which is generated by a complex many-body target
Hamiltonian H7 that may not be directly implementable or controllable in an experimental

setting.

This scenario contrasts with the state preparation problem discussed in the previous sec-
tion. There, for a given initial condition Z(0), multiple operators can have the target state
as their ground state, so there is no unique choice for the control target Zp. For AQS,
however, no such freedom exists. The control target corresponding to the initial condition

Z(0) must be uniquely given by

Ty = UrZ(O)U],. . (5.31)
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This equation suggests that if the operator Z(0) evolved via Eq. (3.23) reaches Zp at the
final time 7', then the propagator Ur has been implemented. However, the situation is
more subtle. If there exists a unitary V that commutes with the target operator Zr, i.e.
[V,Zr] = 0, then also the relation

Ir = VIV = VurZ(0)ulL v (5.32)

holds. In this case, reaching the target Z; does not necessarily confirm that the specific
propagator Ur has been realized, since an alternative unitary Vi would produce the same

target operator.

In summary, while evolving the operator Z(¢) from the initial condition Z(0) toward the
target Ir = LITI(O)LL} is necessary for simulating the desired dynamics, it does not by

itself guarantee that the intended unitary Ur has been implemented.

Thus, just as a faithful objective function in quantum control is defined using a set of
initial and final states, the present approach requires a set of initial conditions Z;(0) and

corresponding targets
Trj = UrT; (0)U, (5.33)

to construct an objective function that is minimized exactly when the desired unitary Ur
is realized. Unlike standard gate characterization methods, which typically require an ex-
ponentially large set of input and output states [164, 165], this operator-based formulation

often requires only a small number of initial conditions [166].

Objective function for quantum simulation

A possible choice for a faithful objective function is given by

N,
_ Z UTI( ) (5.34)

0)%

with a sufficiently large number N, of initial conditions Z;(0). These initial conditions can,
for example, always be chosen as a minimal set of operators from {a;} such that there is
no operator in SU(2") that commutes with all the transformed operators UrZ; (O)Z/{}. This

ensures that minimizing 4, unambiguously verifies the implementation of Uz.

Since each summand in Eq. (5.34) can be evaluated analogously to Eq. (5.19), the objective

function Jy4, can indeed be evaluated with polynomial effort as

Jutr =1 =37 D =i - (5.35)



5.2.6 Numerical propagation and optimization

Numerical propagation in the IQC framework is performed entirely within the d-dimesional
space spanned by the basis operators {a;}. This implies that the state of the operator Z(t)
at any time ¢ can be completely reconstructed from the expansion coefficients a;(t) (as
defined in Eq. (5.4)). Once a control target Zr and an objective function—such as J
(Eq. (5.19)) or Ju, (Eq. (5.34)) —are specified, any numerical pulse-shaping algorithm
(e.g., [132]) can be employed to design a time-dependent Hamiltonian that steers the
system from Z(0) to Z(T'), at a final time T, that is close to Zr. Since Eq.(5.10) describes
dynamics governed by an antisymmetric matrix K, it preserves orthogonality, leading to
real and unitary evolution. Consequently, numerical algorithms designed for solving the
Schrodinger equation — such as Krotov [167], GRAPE [144] or CRAB [63] — can be applied
directly. Additionally, standard techniques for computing gradients with respect to control
parameters naturally extend to Eq. (5.10), enabling efficient optimization. Appendix F.2
provides a detailed discussion of gradient computation, along with strategies to enhance

optimization performance and achieve optimal values more effectively.

The complete algorithm is detailed in Box 2.

Box 2: A Birdseye View on the Algorithm of IQC

The core algorithm of IQC, which involves finding the optimal time-dependent Hamil-
tonian for solving state preparation or quantum simulation problems, can be summa-

rized as follows:

Given:

1. A time-dependent Hamiltonian (Eq. (5.3))

2. A set of operators {a;} satisfying the closed commutator relations in Eq. (5.5).
Algorithm Steps:

Step 1: Define the initial condition

Choose an initial operator

Z(0) = > a;(0)a,

with a non-degenerate ground state |¢/(0)) that can be easily prepared experimentally
(e.g. a product state). This ensures that the preparation is feasible and that the

optimal pulses can be applied in a real experimental setting.

Step 2: Define the target
Determine a control target Zp encoding the desired quantum state [¢)7) as its ground

state, and ensure that Zp is dynamically reachable from Z(0).

Step 3: Optimize the Hamiltonian’s time dependence
Design time-varying parameters (in Eq. (5.3)) to minimize an objective function that
compares Z(T) and Zrp, expressed in terms of the expansion coefficients of Z(T') and

Ir in the operator set {a;}. Apply any suitable optimal control algorithms for linear
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differential equations (e.g. GRAPE) to optimize the dynamics described by Eq. (5.10),

ensuring the objective function is minimized.

Outcome:
Under the optimized Hamiltonian, the system evolves from the ground state of Z(0)

to the ground state of Zp.

Extension to quantum simulations:
To implement a unitary evolution U that mimics the dynamics of a target complex

Hamiltonian Hrp, several modifications are necessary:

Step 1:
Requires multiple distinct initial conditions Z;(0), though their eigenstates do not need

to be easily prepared experimentally.

Step 2:
Requires multiple distinct control targets Zr; to uniquely specify the target gate Ur.

5.3 State preparation in a driven spin chain

The control framework introduced in Section 5.2 applies universally to any operator set
satisfying Eq. (5.5), though its practical utility crucially depends on the dimension d the
operator algebra {a;}. While no general algebraic theory currently exists (to our knowl-
edge) for identifying system Hamiltonians with operator sets substantially smaller than
the Hilbert space dimension, concrete evidence for such systems emerges through explicit

constructions.

Section 5.5 presents several spin systems with polynomial-sized operator sets (d ~ (’)(nk),
for spin number n), though these technical examples benefit from contextualization. To
demonstrate the framework’s implementation, we focus subsequent analysis on the paradig-
matic case of a linear spin chain with nearest-neighbor interactions—a minimal model
shown schematically in Figure 5.1. This illustrative case study will clarify both the

method’s core principles and its operational requirements.
The system dynamics in this configuration are governed by the Hamiltonian
n—1 n
Ht)=g> X;Xjn+ Y fiZi+ Y wit)X;, (5.36)
Jj=1 J=1 je{l,n}
which combines three key components:
(i) a static nearest-neighbor interaction term (g Z;‘:—ll X;Xj+1) with Pauli-X operators,
(ii) time-dependent local control fields (f;(t)Z;) acting via Pauli-Z operators, and

(ili) boundary control terms (w;(t)X;) targeting the chain’s end spins (see Fig. 5.1) via

Pauli-X operators.
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Figure 5.1: A linear spin chain of n qubits with nearest-neighbor X X interactions. Single-
qubit Z-driving and X-driving oon the end qubits facilitate the efficient preparation of
various quantum states, such as GHZ and cluster states, and enable the realization of
effective dynamics involving multi-qubit interactions.

This structure generalizes the conventional Ising model —recovered when w;(t) = 0—
while introducing critical differences. The standard Ising model conserves parity sym-
metry, restricting the achievable dynamics and possible state transitions, while enabling
fermionic mapping techniques [168| to mitigate exponential simulation costs. By contrast,
the generalized Hamiltonian in Eq. (5.36) breaks these limitations: for g # 0 and arbi-
trary time-dependent functions f;(t) and w;(t), no non-trivial conserved quantities exist.
Formally, no operator A (except scalar multiples of the identity) commutes with all com-
ponents of H(t), including the single qubit drivings Z;, the boundary terms X;, X, and
the interaction term 27;11 X;Xj+1 (see Appendix F.1 for the proof).

The Lie algebra generated by nested commutators of the individual terms in the Hamilto-
nian (Eq. (5.36)) contains d = 2n% + 3n + 1 terms as discussed in Sec. 5.5.1, and they are

given by
Z: | (5.37a)
with i € [1,n],
XjZikXjrk+1 s (5.37b)
YiZikYjrkt1 (5.37¢)
X, ZjYyenen | (5.37d)
YiZjkXjrrtr (5.37e)

with j € [1,n — k — 1], k € [0,n — 2|, and the short-hand notation Z;, = Hle Zitj,

Z0iXj41 | (5.37f)
Z0jYjt1 (5.37g)
X i Z i » (5.37h)
YoiZn )i (5.371)
with j € [0,n — 1], and finally
12 - (5.37j)
i=1



While the system Hamiltonian (Eq. (5.36)) includes only two-body interactions (X;X 1)
and single-qubit terms (Z;, X1 and X,,), the operator Z(t) needs to be expanded in terms
of the full set of Eq. (5.37) to satisfy the commutator closure condition (Eq. (5.5)) and
ensure the ansatz in Eq. (5.4) remains general enough for integrating the equations of
motion (Eq. (5.8)).

Since Eq. (5.37) contains a quadratic number of terms, the present framework reduces a
control problem in an exponentially large Hilbert space to a problem in a vector space of
quadratic growth. Thanks to this quadratic scaling, it is possible to design optimal control
protocols for spin chains of lengths that are inaccessible for approaches based on quantum

states.

The following examples are motivated by typical problems of quantum simulation and state
preparation or stabilisation. They exploit the fact that the Lie algebra given in Eq. (5.37)
contains three-body interactions such as X;Z;1X;,2 or even n-body interactions that

cannot be realised by static means.

In Secs. 5.3.1 and 5.4.1 , we address this gap by designing time-dependent controls f;(¢) and
w;(t) in the system Hamiltonian H(t) (Eq. (5.36)) that ensure that the system dynamics,
governed solely by two-body interactions, effectively facilitate preparation of states or

realization of propagators that require higher-order multi-spin couplings.

5.3.1 Target Hamiltonians

Building on the framework established in Sec. 5.2.5, we aim to design time-dependent
control parameters f;(t) and w;(t) in the system Hamiltonian H(¢) (Eq. (5.36)), such that
the system evolves from an initial state to a desired final state. Typical choices for an
initial state are given by separable states that can be specified efficiently, but final states
of interest are often highly entangled states. The following discussion will thus avoid the
explicit specification of a state vector, but both the initial state and the final state to be

realized will be specified in terms of a Hamiltonian to which they are the ground state.

A natural choice of non-interacting Hamiltonian based on Eq. (5.36) is given by the initial
conditions f;(0) = fx(0) for all j, k, f;(0) > g and w;(0) = 0 for all j, i.e. non-interacting

spins with single-spin-Z Hamiltonian.

Crucially, the Hamiltonians defining the final state to be realized do not need to be of the
form of the system Hamiltonian in Eq. (5.36). Instead, any Hamiltonian constructed from
the operators in Eqs. (5.37) —including those that incorporate three-spin interactions or
even couplings among more than three spins—is a viable choice. This flexibility arises
because, given a sufficiently long evolution time, the dynamics induced by Eq. (5.36) will

generate any element of the Lie algebra.

The discussion of target Hamiltonians includes several key examples, each chosen to high-
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light distinct aspects of the control framework. The first is the Hamiltonian
n—1 n
He=-Y X;X;1—- ][ % (5.38)
j=1 i=1

whose ground state is a GHZ state. GHZ states are of broad interest across quantum
technologies, playing a central role in quantum sensing [169]|, quantum communication
protocols [170, 171], and foundational studies of macroscopic quantum phenomena [172].
Their experimental realization has been a major focus in recent years [173, 174|, further

motivating their inclusion as a target state.

A second example is the Hamiltonian

n—2
Ho=71X5+ ZXij+1Xj+2 + Xn_ 12, , (5.39)
j=1

whose ground state corresponds to the one-dimensional n-qubit cluster state —a resource
state for measurement-based quantum computation [175]. Cluster states are particularly
notable for their role in enabling universal quantum computing through local measurements

alone.

Finally, to demonstrate the generality of the approach, we consider the Hamiltonian

n—1
Hp=He+ Y X;Xj1, (5.40)
j=1

which, unlike the examples Hg and Ho above, lacks an analytically constructible target
operator. In particular, this example illustrates that the framework does not rely on the
existence of analytic solutions, a key advantage over methods such as matrix product state-
based optimal control [63], which fail for systems like Hp due to its vanishing spectral gap

in the thermodynamic limit n — oo.

5.3.2 Control targets

As outlined in Sec. 5.2.5, a natural initial condition for the operator Z(0) is
To=> 7, (5.41)
J

a choice well-suited for the problem at hand. This selection is motivated by the fact that (i)
each Z; belongs to the operator algebra {a;}, ensuring compatibility with the framework’s
algebraic structure; and (ii) the ground state of Z(0) is non-degenerate and straightforward

to prepare experimentally.

However, defining the corresponding control target requires careful consideration and must
be addressed separately for the three distinct control problems defined by the Hamiltonians
Hg,Ho and Hp.
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Control target for GHZ-state Hamiltonian

Although it is generally not possible to define the control target Zr directly in terms of
the Hamiltonian whose ground state is to be realized, this is feasible for Hg. Specifically,

since Hg can be expressed as

Hg = WLToWg , (5.42)
with
n—1
We = (H e_iZ(X’“Y’““)) etd(X1=Xn) (5.43)
k=1

where the factors in the product are in increasing order in the index k, the two operators
Hg and Zy have the same spectrum. Since every factor in W is induced by elements of
the Lie Algebra (Eq. (5.37)), it follows that the unitary W¢ can indeed be realized with
the Hamiltonian H(¢) in Eq. (5.36). The control target Zg = H¢ is thus a valid choice for
the task of realising the ground state of Hg.

Control target for cluster-state Hamiltonian

The construction of the control target Zo for the task of realising the ground state of H¢

is very similar to the case of Hg above. H¢o can be expressed as
Ho = WiToWe (5.44)

with

n—1
We = (H e(‘l)kiZ(XkX'“+l)> 5 (Xt Xn) (5.45)
k=1

Also here, all the terms in W¢ are induced by elements of the Lie Algebra (Eq. (5.37)).
Since W is unitary, the control target Zo = Hg is thus a valid choice for the task of
realising the ground state of Hg starting from the ground state of Zg.

Control target for Hp

Unlike the cases of Hg and H¢, the control target for Hp cannot be defined analytically
and requires a numerical construction. This is because Zp = Hp is unreachable from Z(0)
with unitary dynamics. Instead, a numerical target Zp sharing the same ground state as

Hp must be constructed.

One approach to construct such an Zp is to propagate Z(t) from Z(0), which naturally
yields operators reachable within the available dynamics. By choosing a Hamiltonian
H,(t) with adiabatically slow time dependence, one can identify an operator Z,(7,) whose
ground state matches that of H,(T},) at the end of the adiabatic evolution.

124



The following example is based on the choice

t t t t
H, =(1—— | H —H — (1 —— | H A4
a(t) ( Ta> 1+ 7. D + T ( Ta> B s (5.46)

where the last term with

n—1
HB:ZZj+ZXij+1+X1+Xn (5.47)
J Jj=1

vanishes at the initial and final point in time (f = 0 and ¢ = T},), but turns some level
crossings into avoided crossings, so that adiabatic dynamics does indeed ensure transfer

from the ground-state of H; to the ground-state of Hp.

By choosing a sufficiently large adiabatic evolution time T, a viable control target Zp =
Z,(T5) can be constructed numerically. In our examples, we chose T, = 25007, where 7,

is the characteristic timescale set by the pairwise interaction strength g.

In an ideal adiabatic process, every eigenstate of Z(0) would evolve into a corresponding
eigenstate of Hp, ensuring that Z(T,) commutes with Hp. To verify this commutativity,
one can propagate Z(t) with Hp for an additional random duration T}, € [507,, 1007,]. In
the ideal adiabatic limit, since Z(7,) commutes with Hp, further evolution should leave
the system unchanged, yielding Z (7T + 1p) = Z(1,). Any deviation from this equality is a

measure of adiabatic error, and the infidelity

Te(Z(To)Z(Ty + Tp))
Tr(Z(T,)?)

1- (5.48)

can be used as an estimate of this error.

This adiabatic construction of target operators leverages the quadratic scaling of compu-
tational effort associated with the dimension of the Lie algebra (Eq. (5.37)), bypassing the
exponential complexity associated with the Hilbert space. Once the control target Zp is
defined in this fashion, it can be used to design a time-dependent Hamiltonian H(¢) that
achieves the target state transfer diabatically — that is, within a finite protocol duration

T —, avoiding the impractical requirement of asymptotically slow adiabatic evolution.

5.3.3 Results — State transfer

Fig. 5.2 depicts the infidelity J (Eq. (5.19)) in realizing the ground states of the target
Hamiltonians using numerically optimized time-dependent Hamiltonians for spin chains of
length n = 5 to 50. Results are shown for three target states (discussed in Sec. 5.3.1):
the GHZ-state of the Hamiltonian Hg (Eq. (5.38), red diamonds), the cluster-state of Hc¢
(Eq. (5.39), blue squares) and the ground-state of the gapless Hamiltonian Hp (Eq. (5.40),
black triangles). The optimisations for Hg and H¢ are intentionally stopped when infideli-
ties fall below 107, while the optimization for Hp requires longer runtime and is therefore

terminated once a maximum number of iterations, around 102, is reached.
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Figure 5.2: Infidelities (on a logarithmic scale) associated with preparing the ground states
of Hg, Ho and Hp using optimized control pulses, plotted as a function of system size
n for a linear spin chain governed by the Hamiltonian in Eq. (5.36). Solid shapes repre-
sent operator infidelities 7 (Eq. (5.19)). Open diamonds and squares indicate theoretical
upper bounds on the corresponding state infidelities (Eq. (5.29)), open triangles represent
state infidelities calculated using matrix product state representations. As result of the
optimization, the values of the infidelities J are largely independent of the system size n.
Although state infidelities do grow with system size, they remain well below 10™3 across
the entire range studied, and can be further reduced with refined pulse shaping.

The empty red diamonds and empty blue squares depict the bound of Eq. (5.29) on the
state fidelity for the ground states of Hs and He. The gap between the infidelities for
the operators and the bounds on the state infidelity grows approximately linearly with the
number of qubits (for more details, see Appendix F.3). However, this growing gap does not
appear to pose a significant limitation in practical implementations, as state infidelities on
the order of 107 are well below typical experimental noise levels, even for small system
sizes [176].

The Hamiltonian Hp is gap-less, i.e., the gap between the ground state and the first
excited state vanishes in the thermodynamic limit. For finite-size chains, this gap gets
progressively smaller with increasing system size, making the bound of Eq. (5.29) unsuited
for Hp. The state fidelity in this case is thus estimated from numerical propagations
with matrix product states' (see Sec. 3.4.3) for qubit numbers n < 30, as depicted by the
empty triangles in Fig. 5.2. Despite the efficient MPS representation of the initial and
final states, the states at in-between times created by the controlled dynamics for n > 35

require bond dimensions exceeding 500, rendering numerical propagation impractical. Both

!The ground state of Hp is computed with DMRG, and the final state is obtained by evolving the initial
state |Wo) with the MPO (matrix product operator) W/ method [177], where each time bin is further
divided into 20 smaller steps to reduce error. All MPS calculations are done using the Tenpy package [178].
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operator infidelities (Eq. (5.19)) and state infidelities are larger than for Hg and H¢. This
is mostly due to the closing gap of Hp that results in increasing errors in the adiabatic
evolution used to obtain the target Zp. The optimization of the control pulses is made
consistent with the estimated error of Zp, i.e. the optimization algorithm is terminated
when infidelities of the order of the accuracy of Zp are reached. For finite systems, this

error can be further minimized if desired.

The state fidelities achieved across all cases in Fig. 5.2 demonstrate that optimal control
remains effective for system sizes where direct state manipulation proves impractical. Any
deviations from perfect fidelity are attributed to finite numerical accuracy. In the figure,
the chosen accuracy does not exceed typical experimental tolerances, but higher precision

can be achieved if technological advances demand more accurate solutions.

Interestingly, because of the constant interaction term g in the system Hamiltonian, there
is a minimal time required for the state transfer, also referred to as quantum speed limit
[179]. In order to obtain infidelities as low as in Fig. 5.2, the duration of the controlled
dynamics needs to increase with the system size, but a modest approximately linear increase
~ nt,/4 for Hg and Hc, and ~ n1y/2 for Hp, with the qubit number n and the timescale
7, = 2m/g given by the interaction constant g in Eq. (5.36), is sufficient for the ground
state transfer. The time-dependence in the system Hamiltonian is parametrized in terms
of piecewise constant pulses that are suitable for numerical optimization algorithms. To
maintain a linear scaling of gate time with system size while keeping the control duration
per time bin constant, the number of time bins in the pulse must also scale linearly with
the system size n. For the results shown in Fig. 5.2, pulses were constructed with 10n
time bins, except for Hg which required 20n bins to achieve the desired precision. The
exact number of bins, however, can be adjusted based on the target infidelity, allowing for

flexibility in balancing computational effort and control accuracy.

Despite the challenging goal of realizing eigenstates of Hamiltonians beyond pairwise inter-
actions, the necessary control pulses do not exhibit undesired characteristics like excessively
high amplitudes or frequencies. Even optimizations without penalty for high amplitudes
do not yield amplitudes exceeding the coupling strength g by a factor of 2. The spectral
width obtained with a standard optimization (see Appendix F.2) is not excessive, but it is
broader than necessary. It is thus possible to smooth pulses with only a moderate increase

in infidelity, and to use these smoothed pulses as initial condition for further optimization.

Fig. 5.3 displays the optimized control pulses for a 50-spin chain, showing the time-
dependent amplitudes of the Z-drive terms f;(t) (for each qubit ¢ = 1,---,50) and the
boundary X-drive w(t) (applied equally to both ends of the chain, wy = w,, = w). The
heat-map organizes the controls vertically, with each row corresponding to a specific control
parameter ug(t), color-coded from approximately —2 (blue) to 2 (red). The horizontal axis
represents normalized time in units of the interaction timescale 7,4, tracing the evolution

of each control ug(t) from protocol start to finish.
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Figure 5.3: Optimal control amplitudes used for state preparation in a spin chain with
n = 50 qubits. The figure is divided into three panels, each corresponding to one of the
control problems: preparation of the ground states of Hg, Ho and Hp. It depicts f;(t) (for
i=1,---,50) and w(t) (where the boundary X-terms are driven equally, i.e. w; = w for
all ) for the Hamiltonian H(t) in Eq. (5.36). The heat-map organizes the controls along
the y-axis, with each row representing a specific control ux(t) and its amplitude ranging
approximately from —2 to 2 (from blue to red). The z-axis represents the protocol time,
normalized to the interaction timescale 7,. Thus, for each row, moving from left to right
traces the time evolution of a single control ug(¢).

For the GHZ state (top left panel), the Z-drive pulses f;(¢) exhibit a sequential activation
pattern: spins at the chain’s left end (lower indices j) peak first, followed progressively
by spins toward the right. This diagonal structure in the heat-map suggests a wave-like
propagation of control across the chain. In contrast, the cluster state (top right panel)
requires intense Z-drive activity concentrated in the first third of the protocol, predomi-
nantly involving a subset of spins, followed by weak but essential driving (faint heat-map

coloring) to achieve high fidelity.

The preparation of Hp’s ground state (bottom panel) demands the most intricate con-

trol profile. While a sequential activation akin to the GHZ case is faintly visible, nearly
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all Z-drive terms f;(t) remain active throughout the protocol, reflecting the heightened

complexity of preparing states governed by gapless Hamiltonians.

The pulse shapes for smaller chains exhibit qualitatively similar structures, but both the
duration and the number of time bins scale approximately proportionally to the system
size. The pulse data for all spins and system sizes ranging from 5 to 50 is provided in
Ref. [180].

5.4 Realization of propagators

The preparation of eigenstates for Hamiltonians with tailored interactions plays a piv-
otal role in computational problems such as quantum optimization and adiabatic algo-
rithms [181, 182]. In quantum simulation, however, it is of interest to explore the dynamics
induced by a given Hamiltonian. Such applications require —in addition to an initial state
preparation and a final measurement — the realization of propagators (see Sec. 3.4 for a
detailed discussion on the topic). Realizing propagators governed by Hamiltonians beyond
pairwise interactions —such as Hg, Ho, Hp discussed above in Sec. 5.3.1 —is inherently
infeasible using static interactions alone. Such multi-spin couplings can only be achieved
through time-dependent control, making IQC well-suited for this task. To this end, we
design time-dependent control functions f;(t), wi(t) and wy,(t) in the system Hamiltonian
H(t) (Eq. (5.36)), such that the resultant propagator is of the form exp(—iHrT) with a

Hamiltonian including more-than-pairwise interactions at a given time 7.

The realization of such effective Hamiltonians is commonly pursued based on Floquet
theory [183] and the present approach allows us to go beyond the common perturbative

treatment that is typically required [184].

The realization of desired propagators is exemplified here in more detail for
T LT T
Ug = exp(—ngg> , Uc = exp(—zgﬂc) , Up = exp(—zgﬂp) , (5.49)

where Hg, Ho and Hp are the Hamiltonians defined in Eqgs. (5.38), (5.39), and (5.40),
respectively. These propagators are to be implemented through the system dynamics

governed by the time-dependent Hamiltonian H () in Eq. (5.36).

5.4.1 Objective function

As discussed in Sec. 5.2.5, implementing a deterministic quantum gate typically requires
more than a single pair of initial and final operators, {Z(0),Zr}. Instead, multiple pairs
{Z;(0),Zr;} must be considered to evaluate the infidelity Jy, in Eq. (5.34). The key
challenge, which ultimately dictates the computational cost, is determining how many and

which initial conditions Z;(0) are necessary to construct a reliable objective function.
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In the present case, for the initial conditions

I](O) = Zj , for j € [1,n] , (550&)
Ij—i—n(o) = Xij+1 , for j € [1,n — 1] R (550b)
Ton(0) = X1 + X, (5.50¢)

the infidelity Jy, in Eq. (5.34) vanishes exactly for the target gate Up, provided Up
is realizable with the Hamiltonian H(¢) in Eq. (5.36). That is to say that the relation
UZ;(0)UT = UrZ; (O)th can be simultaneously satisfied for all these choices Z;(0) only if
U = Urexp(ip), where exp(ip) is a global phase factor. To see that this is indeed the
case, it is helpful to notice that the set of relations UZ;(0)UT = Z/{TIj(O)Z/{} is equivalent

to the set of commutation relations
UiU, Z;(0)] = 0 . (5.51)

As shown in Sec. F.1 of the Appendix, the only operators that commute with each of the
operators in Eq. (5.50) are multiples of the identity, which leaves M:TFU = exp(ip)l as the
only solution. While this provides a faithful objective function, its use in an optimisation
implies the evaluation of 2n summands in Eq. (5.34) at any step in the optimisation. For
the sake of efficiency, it can be preferable to use the objective functional Ji,, with only

five initial conditions

i(0) = ) Zoky1 (5.52a)
k

T(0) =Y Zog , (5.52b)
k

T3(0) = > Xoks1 Xoks2 (5.52c)
K

Z4(0) = ) XowXoni1 (5.52d)
k

Z5(0) = X1 + X, - (5.52¢)

While the initial conditions given by Eq. (5.52) theoretically permit minimization of
the objective function with propagators other than the target Ur, in practice, numerical
optimizations do not appear to converge to such solutions. Since verification requires
only a single propagation, it is numerically advantageous to use this objective function
(with Egs. (5.52) as initial conditions) for the optimisation, and eventually use the faithful
objective function (with Egs. (5.50) as initial conditions) only for verification of the final

solution.

5.4.2 Results — Propagators

Fig. 5.4 depicts the infidelities Jy,, defined in Eq. (5.34), using the initial conditions in
Eq. (5.50), as function of system size n. The solid red diamonds, blue squares, and black

triangles correspond to the target unitaries Ug = exp(—in/8 Hg), Uc = exp(—in/8 He)
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Figure 5.4: Infidelities (on a logarithmic scale) associated with simulating the quantum
gates Ug, Uc and Up using optimized control pulses, plotted as a function of system size
n for a linear spin chain governed by the Hamiltonian in Eq. (5.36). Solid shapes represent
operator infidelities Jr7,, (Eq. (5.34)), while empty shapes depict gate infidelities. As result
of the optimization, the values of the infidelities [Ji7,, are largely independent of the system
size n. Although gate infidelities do increase with system size, they remain below the error
threshold necessary for fault-tolerant quantum computation.

and Up = exp(—in/8 Hp), respectively. The optimized protocols employ piecewise con-
stant pulses with durations ~ nr, (using 20n time bins) for Ug, and ~ 7, (using 10n bins)
for Uz and Up.

The empty shapes in the figure show actual gate infidelities, 1 — ‘tr (U1L (T)Z/IT) |2 /22", ob-
tained with numerically exact integration of the Schrédinger equation. Since this type of
verification is limited by the exponential scaling of the Hilbert space, actual gate infidelities
are shown for up to n = 10 only. Within what is numerically achievable, the gate infideli-
ties do confirm the success of the control protocols designed with the present framework,
and similarly to the task of state preparation, the realisation of desired propagators is
achieved with infidelities far below of what could be experimentally resolved with existing
technology [136, 137].

Also, the duration of controlled dynamics required for the realization of a desired propa-
gator has a fundamental limit given by the physical timescale 7, = 27/g. The numerically
observed minimal time required to implement the unitaries induced by Hg and Hp is
independent of the system size, but the minimal time required to implement the unitary
induced by Hg scales linearly in the number of qubits. Given that Ho and Hp contain
at most three-body interactions, whereas Hg contains an n-body interaction — where the

interaction range increases with the system size n—the observed scaling of the minimal
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durations for controlled dynamics appears consistent with the complexity of the underlying
problem. This consistency suggests that the obtained solutions are likely close to the true

global optimum of the control problem.

Fig. 5.5 depicts optimized driving patterns f;(¢) and w(t) (with w(t) = wa(t) = w(t) for
simplicity), obtained using the same smoothing and reoptimization procedure as in the
state preparation protocols. The optimal driving pattern for Ug (top left panel) reveals
a two-phase structure. During the first half of the evolution (¢t € [0,257,]), all Z-drives
fi(t) and X-drives w(t) are activated uniformly across qubits, while the second half (¢ €
(2574, 507,]), is dominated by uncontrolled dynamics under the always-on XX couplings.
This suggests that the initial controlled dynamics prepares the system into a state that
evolves naturally under X X-interactions toward the target state. The full duration of 507,
appears essential for achieving high fidelity, highlighting the intricate interplay between

controlled and uncontrolled dynamics.

The driving patterns for Uc (top right panel) exhibit a distinct profile. Here, the Z- and
X-drives f;(t), w(t) follow a slowly decaying sinusoidal profile, oscillating between —4g to
4¢ initially and gradually narrowing to —g to g over time. This low-frequency modulation

contrasts sharply with the uniform activation seen in Ug.

Finally, the driving profiles for Up resemble those of U, featuring similar sinusoidal oscil-
lations with decaying amplitude. This similarity suggests that the additional X X-coupling
term Y, Xy Xp41 in Hg (compared to He) requires only minor adjustments to the optimal
pulses designed for Ug, along with a slightly longer gate duration.

Crucially, the notably longer duration required for Ug (507,), compared to Uc and Up
(both of which are shorter than 7,/2), arises from the inherent difficulty of simulating
the n-body interaction [[}" ; Z; (see Eq. (5.38)) using a Hamiltonian restricted to pairwise
couplings X; X1 and single-qubit terms (X, Z;). To see why, consider how effective
multi-spin interactions are synthesized iteratively through commutators of the available

terms.

When two noncommuting operations A and B are applied sequentially for a short time
At, the combined effect is not merely A + B, but includes a correction from their nested

commutators. Specifically, the BCH expansion gives
A . 1
e ARt TIBAL — oy <—¢(A + B)At — S[4, B]At? + O(At3)> , (5.53)

which reflects the leading correction is proportional to [A, B], appearing at order O(At?).
For example, starting with the two-qubit operators X; X1 (naturally present in the Hamil-
tonian) and Yj;1X;42 (which arises via the commutator [X;1X, 2, Z;41]), their nested

commutator produces a three-qubit interaction

(X3 Xj41, Vi1 Xjo] < X;Zj11 X542, (5.54)
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which emerges after a total duration of 2At, and with an effective strength proportional
to At

Building on this concept, synthesizing an n-body interaction requires iteratively construct-
ing higher-order commutators. Each additional step introduces another factor of At, such
that an n-body interaction term emerges at order (At)"~!. This scaling implies a total

required evolution time of approximately
(n—1)At ~nA . (5.55)

To ensure the generated interaction strength is physically meaningful within the system
Hamiltonian H(t) in Eq. (5.36), the elementary time step At must be comparable to the
natural timescale 7, (i.e. At ~ 7,4). Substituting this, we conclude that the total duration
required to synthesize the n-body interaction [[]_; Z; scales as ~ n1g, consistent with the

observed ~ 507, for n = 50.

Finally, pulse data for smaller system sizes, ranging from n = 5 to 50 are provided in

Ref. [180], with the optimal solutions exhibiting the same qualitative behavior.

5.5 More sets of operators with polynomial scaling

While the discussion in Secs. 5.3 and 5.4 is meant to exemplify the use of IQC for actual
control problems, a similarly detailed discussion for further examples would be repetitive.
The goal of this section is thus to provide further insight into sets of operators for which
the present approach provides an advantage over treatments in terms of state vectors.
In the following, a few exemplary algebras with polynomial scaling are provided for dif-
ferent interaction geometries. The corresponding commutation relations are available at

Ref. [180].

5.5.1 Spin chain

The Lie algebra defined in Eq. (5.37) (discussed in Section 5.3) corresponds to that of an
extended one-dimensional Ising model. While the elements of this Lie algebra are listed
in that section, we now provide a detailed analysis of how its dimension scales with the

number of qubits n. The system Hamiltonian includes
b =7 , (5.564)
with j € [1,n],

Djtn = X X541, (5.56b)
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Figure 5.5: Optimal control amplitudes used for quantum simulation in a spin chain with
n = 50 qubits. The figure is divided into three panels, each corresponding to one of
the control problems: simulation of the gates Ug, Uc and Up. It depicts f;(t) (for i =
1,---,50) and w(t) (where the boundary X-terms are driven equally, i.e. w; = w for
all i) for the Hamiltonian H(t) in Eq. (5.36). The heat-map organizes the controls along
the y-axis, with each row representing a specific control uk(¢) and its amplitude ranging
approximately from —2 to 2 (from blue to red). The z-axis represents the protocol time,
normalized to the interaction timescale 7,. Thus, for each row, moving from left to right
traces the time evolution of a single control ug/(t).

with j € [1,n — 1], and

bon = X1, (5.56¢)
boni1 = Xy . (5.56d)

Commutators between terms in Eq. (5.56a) and terms in Eq. (5.56b) yield operators of
the form X;Y;;q and Y; X1, and commutators between those and terms in Eq. (5.56a)
yields operators of the form Y;Y; ;. The Lie algebra thus contain the terms

Xij-i-l ’ X]')/j-i-l > }/ij-H > }/j}/j-f-l : (557)
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Commutators between such terms yield operators of the form A;7Z; 1B o (with A and B
€ {X,Y}), and nested commutators with several terms of Eq. (5.57) yield operators of the

form
AjZjg1 o ik Bigrs - (5.58)

Commutators between these k+2-body interactions and the terms X; and X,, (Egs. (5.56¢)
and (5.56d)) yields the terms

Zl N ZlAl+1 y (5.593)
ApiZp_141 - Zn (5.59b)

and
Zy... T (5.59¢)

Those are exactly the terms specified in Eq. (5.37), and they do indeed form a closed Lie
algebra.

With n terms in Eq. (5.56a), 2n(n — 1) terms in Eq. (5.58) (that include Eq. (5.56b) and
Eq. (5.57) as special cases), 2n — 1 terms from Eqgs. (5.59a) and (5.59b) each, as well as one
term in Egs. (5.56¢), Egs. (5.56d) and (5.59¢) respectively, the total number of elements
in the Lie algebra is d = 2n? + 3n + 1.

5.5.2 Driven spin comb

The interaction geometry shown in Fig. 5.6(a) —a comb-shaped lattice — generates a Lie
algebra whose dimension scales quadratically with the number of qubits n. This structure,
inspired by protocols for topologically protected quantum information processing [185],
comprises two interconnected chains: a primary chain of m = n/2 qubits with nearest-
neighbor interactions, and a secondary chain of m qubits, each coupled exclusively to its
corresponding qubit on the primary chain. Within this geometry, Pauli operators are
labeled with two indices: the lower index denotes the qubit’s position within its chain,
while the upper index distinguishes the chain itself, with 1 assigned to the primary chain
and 2 to the secondary chain. For example, the operator X jl acts on the j-th qubit of the

primary chain, whereas ZJ2 acts on the j-th qubit of the secondary chain.

The elementary Hamiltonian terms b; (for the definition of a system Hamiltonian in

Eq. (5.3)) are given by

b, =277, (5.60a)
with 7 € [1,m],
bjrm = X7, (5.60b)
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Figure 5.6: Spin comb with nearest-neighbor XY interactions in the top chain and ZZ
interactions between spins of different chains (inset (a)). Single-spin X-driving (inset
(a)) enables the realization of effective dynamics with four-spin interactions matching the
Toric-code plaquette operators Eq. (5.63) (inset (b)).

with 7 € [1,m], and
bjtom = X;Y} (5.60¢)

with j € [1,m — 1].

In order to understand the Lie algebra generated by Egs. (5.60), and, in particular its
scaling with m, it is instructive to start with the Lie algebra generated by the terms in
Eq. (5.60c) only. The terms in Eq. (5.60c) form a subset of the terms in Eq. (5.57), and

similarly to the discussion in Sec. 5.5.1 the resultant Lie algebra is comprised of the terms

X ZiY} it s (5.61)

with j + k& +1 < m and the short-hand notation Z;, = Hle Zi1+j.

Commutation between the terms in Eq. (5.61) and the terms in Eq. (5.60a) yields the

terms
V' ZpYiiwn Z3 (5.62a)
X}ijX}-l-k—i—l Z]2+k+1 ) (5.62b)
V! ZiXj i1 2725 e - (5.62¢)

With m(m —1)/2 terms in Eq. (5.61) (that includes the elements in Eq. (5.60¢)), 3 terms
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in Eq. (5.62), and m elements in Eq. (5.60a), the Lie algebra generated by the terms in
Eq. (5.60a) and Eq. (5.60c) thus contain 2m? — m terms.

Commutation with the terms in Eq. (5.60b) yields terms of similar structure to the terms in
Eq. (5.62), but with operators ij and /or Z?HH
of X or Y type. The number of operators of the type in Egs. (5.62a) and (5.62b) is

thus increased by a factor of 3, and the number of operators of the type in Eq. (5.62c¢) is

, replaced by the corresponding operator

increased by a factor of 9. The Lie algebra generated by all the terms in Eq. (5.60) thus
has 3m(3m — 1)/2 terms. Within this Lie algebra are terms of the form
1y/1 2 32

Qj = X; Y YiXi, (5.63)
corresponding to a four-body interaction on four spins forming a square as depicted in
Fig. 5.6(b). The operators @; and Q41 act on two different quartets of spins with an
overlap on two spins (with index j 4+ 1). The factor of @; on these spins is given by
Yj1+1X J2 1, and the factor of ;11 on these spins is given by X ]1 +1Y32+1' All the operators
() are thus mutually commuting, even though their single-spin factors on overlapping spins
are not mutually commuting. The present example is thus suitable for the realization of a

ribbon of plaquette operators of the toric code [153].

5.5.3 Hexagonal spin ladder

Fig. 5.7 depicts a spin-ladder with hexagonal structures, similar the Kitaev honeycomb
model [153], but with the two interactions of the spin at the bottom of each hexagon com-
muting with each other. This interaction geometry results in a Lie-algebra of dimension
(25m? — 40n + 12)/32 with n = 4ny, + 2 spins, where ny, is the number of hexagons. In
contrast, the interaction geometry of the original Kitaev honeycomb model scales expo-
nentially (2"n (n —1) /2).

The individual operators h; entering the system Hamiltonian read

by =Yy 1Y . (5.64a)
bjrtm—1)/2 = Z3; 23541 » (5.64b)
Dj+m—1 = X22jX22j+1 ) (5.64c¢)
bt am-3)/2 = Z3;1X3; | (5.64d)
biom—2 = Xp_1 Y511 (5.64e)

with m =n/2, j € [1,(m —1)/2], 1 € [1,(m + 1)/2]. The corresponding Lie algebra can
be constructed systematically, following a similar approach to the discussion in Sec. 5.5.1.
However, due to the more intricate interaction geometry, the explicit form of its elements

is more complex. For clarity, the full derivation is provided in Appendix F.4.

Crucially, the Lie algebra contains the 6-body plaquette operators

Py = Z21j—1X21jY§1j‘+11/§2g‘—1X22jZ22j+1 ) (5.65)
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Figure 5.7: A spin-ladder with hexagonal structures, where each spin interacts with its
nearest neighbors. In contrast to the Kitaev honeycomb model, that includes only mutually
non-commuting interactions for any spin, there is one spin (at the bottom of each hexagon)
that has two commuting interactions (inset (a)). This interaction geometry results in a
Lie algebra of quadratic size with elements including the plaquette operators (Eq. (5.65),
inset (b)) that are crucial in the field of topological stabilizer codes.

which are depicted schematically in Fig. 5.7b. These operators, that commute with the Ki-
taev honeycomb Hamiltonian [153], form a central part in the realization of error-correcting
surface codes on hexagonal lattices [186, 187]. In particular, plaquette operators together
with two-body operators like X21l_1Y221_1, can form the basis for stabilizer operators, as
exemplified by the XY Z2 topological stabilizer code [188]. The present framework can

thus be used to aid the realization of quantum error correction.

5.6 Beyond Lie algebras

In the examples discussed so far, the operator sets {a;} used to expand the operator Z(t)
have been chosen to coincide with the Lie algebra generated by the elements of the system
Hamiltonian {h;}. However, this alignment is not a strict requirement. In fact, in many
cases, the Lie algebra associated with {h;} grows exponentially or with a high polynomial
degree in the system size, making it impractical for expanding Z(t). Despite this, it is still
possible to construct a set {a;} of polynomial size that can be effectively used for IQC,

and in the following we present a systematic approach for this construction.
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5.6.1 Block diagonalization of the structure constant matrices

This section formalizes a systematic procedure to decompose a set of operators into dynam-
ically independent subsets under the action of a Hamiltonian. The objective is to identify
substructures within the operator algebra that evolve independently, allowing the dynamics
of Z(t) to be analyzed within lower-dimensional, decoupled subspaces, thereby simplify-
ing the overall complexity of the simulation. Consider a physical system governed by the
Hamiltonian with generators {hk}z‘)zl, and let {aj}?zl be a set of operators representing
the basis of expansion for Z(¢). The dynamics of Z(t) are encoded in the commutation

relations

[aj, bi] = Z Ao - (5.66)

To isolate independent dynamical sectors, we introduce a linear transformation defined by
an invertible d x d matrix M € GL(d,C) that maps the original operators {aj};-lzl to a

new set new operators {b; };-l:l, such that

d
bj = Z Mjpay , (5.67)
with the inverse transformation given by
T (5.65)

The objective is to select M such that the transformed operators {b;} partition into dis-
joint subsets {bgl)}, {bf)}, .-+, each satisfying closed commutation relations within their

respective subsets. For a subset labeled by s, the commutation relations take the form
68, by] = —zz AP (5.69)

with ws < d, and 5\@(5) are subset-specific structure constants. When all subsets are
combined, the full set {b;} satisfies

b]?bk ZZ)\ljbl ) (570)

with the structure constants matrix AF assuming a block-diagonal form

AF) 0 0
- 0 AF®@ ... 0
T e (5.71)
0 0 AK()
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where each block A*() corresponds to the structure constants of subset s.

The transformation matrix M is determined by enforcing the block-diagonal structure of
AF. Substituting the expressions for b; and a, into the commutation relations, we derive
the conditions that M must satisfy. Specifically, inserting Eq. (5.67) into Eq. (5.70) yields
d d d
> Mjplap, bl = =i ) > AiMyga, . (5.72)
p=1

=1 g=1

Applying Eq. (5.66) to the left-hand side leads to

d d
DO MMk am = Z Z)\UMlqaq : (5.73)
p=1m=1

Lg=14g=1
Using the antisymmetry of the structure constants, )\k )\];m, on both sides, we obtain
d d d d
Yk
Z Z MJP pmam - Z Z )‘lelqaq ) (574)
p=1m=1 =1 g=1

which implies the relation in matrix form

MA* = A*M, for all k| (5.75)

or equivalently
A = MAFMTY ) forall k. (5.76)

This equation reveals that M acts as a similarity transformation, conjugating the original
structure constant matrices A¥ into the block-diagonal form A*. Each block A¥() in Ak
corresponds to a subset {b§s)}, ensuring that the commutation relations within a subset de-
pend only on its own operators. The physical significance of this decomposition lies in the
decoupling of dynamical evolution. Operators within a subset {bgs)} evolve independently
of those in other subsets, effectively partitioning the system into non-interacting subsys-
tems. This mirrors the concept of normal modes in classical and quantum mechanics,

where collective coordinates diagonalize the equations of motion.

The problem of finding a matrix M that simultaneously block-diagonalizes a set of matrices
{A*} has been explored in various fields, particularly in mathematical programming and
semidefinite programming (SDP), and has been subjected to both numerical and analytical
treatments. In order to determine the matrix M, it will prove useful to consider a Hermitian
matrix X that commutes with A* [189)], i.e.

[A’“,X} —0, foralk. (5.77)
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Since X is Hermitian, it admits a spectral decomposition of the form

X =PDP", (5.78)
which, when rearranged, gives

D=PiXpP, (5.79)
where D = diag(o1,...,04) is a diagonal matrix with real entries (potentially with some

repeated eigenvalues o;), and P is a unitary matrix whose columns correspond to the
eigenvectors of X. If Eq. (5.77) holds, then

pt (AkPPT X — xppt A’“) P=0. (5.80)
Using Eq. (5.78), this simplifies to
(PTAkP) D-D (PM"’P) =0. (5.81)

Expanding in components,

> [PTA*Pl;iDjp = Y Dign[PTAF Pl (5.82)
j m

which, since D is diagonal, implies
[PTA*Pli. Dy = Dis[PTA* Pl . (5.83)
Substituting D, = 0,, we obtain
[PTARPip(of — 05) =0 . (5.84)

This equation implies that whenever o; # o, we must have [PTAkP]ik = 0, meaning that

PTAFP must be block-diagonal, with blocks corresponding to eigenspaces of X.

If two indices a,b correspond to the same eigenvalue, o, = o3, then the corresponding
elements [PTAkP]ab may be nonzero, indicating that the matrix has nontrivial structure
within the degenerate subspaces. The dimension of each invariant subspace is determined
by the multiplicity of its associated eigenvalue: higher multiplicities correspond to larger

subspaces.

Thus, we conclude that P block-diagonalizes A*, leading to the final form

Ak 0 0
0 Ak ... 0

PiAFp = | :2 B (5.85)
0 0 AR



where each block Ag‘? corresponds to a different eigenspace of X. The size of each block is

determined by the degeneracy of the corresponding eigenvalue of X.

Hence, the problem of finding a matrix that simultaneously diagonalizes all the matri-
ces AF can be reformulated as finding a matrix X that commutes with every A, i.e.
Eq. (5.77). However, this commutation relation does not directly yield X. To address this,

we introduce the concept of vectorization.

For an operator A =}, . A;; [i)}(j| acting on a d-dimensional Hilbert space, its vectoriza-

tion, denoted by |A)), is a d? -dimensional vector defined by
A) =Y Al ®li) (5.86)
0,

where {|7)} is an orthonormal basis. A key property of the vectorization operation is its
effect on operator products. For two operators A and B, the vectorized form of its product

is

|AB)) ZAszkj l7) ® |9) ZZBkJ lj) ® ZAM (5.87)

1,5,k

Noting that
Alk) = Z )] A k) = ZAjk 1) (5.88)

BT k) =Y 156 BT k) = Bijli) (5.89)
J J
this implies the following useful identity

IAB)) =) BT k)@Y Apli)y=(B" @D _ Axlk) @iy =(B" ®D)|A)), (5.90)

or, alternatively,

4B = Y Byl @ Al = 1o )Y Byl @ k) = (o A)B) . (591
k j J.k

Hence, if we apply the vectorization to both terms in the commutator Eq. (5.77), we obtain
‘AkX>> - (11 ® A’“) X)) (5.92)

‘XA’“>> ((Ak) ® 11) X)), (5.93)

and thus the linear equation

(1eA%) - ((Ak)T ®]1>
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Eq. (5.94) implies that the d-vector | X)) corresponding to the matrix X must lie in the

null space of the d? x d? matrix

M, = (H@Ak) - ((A’“)Tm) . (5.95)

Thus, finding a solution X reduces to computing the null space of My for each k, a
task that can be efficiently handled using standard numerical techniques. However, a key
point to note is that a vector | X)) satisfying Eq. (5.94) does not necessarily correspond
to a Hermitian matrix. To guarantee that the resulting matrix is Hermitian, we need
an additional constraint. Specifically, the solution | X)) must also satisfy the analogous

condition for the Hermitian conjugate (Ak)T,
Mg X)) =0, Mi|X)=0, (5.96)

i = (10 (4)') - ((a) 1) (5.97)

T *
and we have used the identity <(Ak)T> = (Ak) . When these two conditions are satisfied,
the symmetrized form Herm(X) = (X + XT1)/2 is a valid Hermitian solution to Eq. (5.94).

This follows because

[Ak,Herm(X)} - %[Ak,x} +é[A’€,XT} - %[A’“,X] - ;[(M)T ,X] —0, (5.98)

where we used [A, BT] = AB' — BTA = (BA")T — (ATB) = — [AT, B], and the conditions
in Eq. (5.96) ensure that both commutators vanish (i.e., [A¥, X] = 0 and [(AI‘C)Jr ,X} =0).

To find a Hermitian matrix Herm(X) that commutes with all A*, we must identify a
vector | X)) that satisfies both conditions in Eq. (5.96) for all k. A practical approach is
to combine the conditions by constructing the following positive semidefinite Hermitian

matrix

L= MMy + MM, . (5.99)
k

Since L is a sum of positive semidefinite matrices, its null space consists of the vectors | X))
that simultaneously satisfy both conditions in Eq. (5.96). The eigenvectors of LL satisfy the

eigenvalue equation
L |Ul> = € ‘Uz> N (5.100)
and those corresponding to zero eigenvalues span the null subspace

L ‘v§°)> ~0. (5.101)
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Any vector in this null space provides a solution to the simultaneous commutator condi-
tions. In particular, a general solution can be constructed as a linear combination of these

zero-eigenvalue eigenvectors

u) = ‘v§0)> , (5.102)

J

where the coefficients a; satisfy the normalization condition \aj\Q = 1. This vector

defines a Hermitian matrix Herm(X') through the relation | X)) = |u).

To see why any vector in the null space of L satisfies the required conditions, observe that

if |u) is in the null space, we have

0= (u|L |u)
— Z (ul M,LI\/JI;C lu) + (ul MLM/% |u)
k

= 3 M o) 2+ 198 ) [ (5.103)
k

Since each term in the sum is nonnegative, the only way for the total to be zero is if every

individual term vanishes
My |u) =0, My|u)=0, forallk, (5.104)

which is precisely the condition required by Eq. (5.96). Therefore, any vector |u) in the
null space of IL corresponds to a Hermitian matrix Herm(X) that commutes with all AF.

For a step-by-step description of the Block-diagonalization process, refer to Box 3.

The following algorithm outlines the process for transforming the structure constant

matrices AF into a form A* with potentially disjoint subspaces:

Step 1: Define Operators

e Identify the operators {h;} defining the Hamiltonian.

e Select the basis {a} for expanding the invariant operator Z(t).
Step 2: Compute Structure Constants

e Compute the structure constant matrices A*.

e Determine their adjoints (Ak)T.
Step 3: Compute Auxiliary Matrices

e Use Egs. (5.95) and (5.97) to obtain the matrices M, and M.
Step 4: Construct Aggregate Matrix

e Form the matrix L as defined in Eq. (5.99).
Step 5: Solve for Null Subspace

e Solve Eq. (5.101) to find the null subspace of L.

e Construct the vector |u) from the null-space solution.
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Step 6: Reshape Solution
e Reshape |u) into a matrix X such that |u) = |X)).
Step 7: Compute Hermitian Form
e Construct the Hermitian version of X, given by Herm(X).
Step 8: Eigendecomposition
e Compute the eigendecomposition of Herm(X) as in Eq. (5.78).
e The resulting eigenvectors define the unitary matrix P.
Step 9: Transform Structure Constants
e Apply Eq. (5.85) to transform A* into its block-diagonal form.
e Identify the disjoint subspaces.

5.6.2 Examples beyond Lie algebras

While the previous examples in Sec. 5.5 demonstrate that certain Lie-algebras, generated
by the Hamiltonian operators {h;}, have dimensions that scale polynomially with the
number of qubits n, the following example illustrate sets of operators {a;} that form a
small (polynomial-sized) algebra under the action of the Hamiltonian, even if the Lie-

algebra associated to the Hamiltonian scales unfavourably.

For example, consider the spin ladder depicted in Fig. 5.8 with the set of Hamiltonian

operators
. n
bi € {Zok—1Z2k41, Yor—1Yok, ZopZogt2} with k € [1, 5 1] (5.105)

and open boundary conditions. The corresponding Lie algebra has 22 (n2 — n) /8 elements,
i.e. it is exponentially large. It is, however, possible to find a set of operators {a;} with

linear scaling that satifies the required commutation relation [a;, hy| = —i Z;izl )\g‘?lal.

This construction follows the algorithm outlined in Box 3. Because the method requires
handling high-dimensional matrices L (see Eq. (5.99)), it is computationally practical only
for systems with a limited number of qubits. However, the solutions obtained for small
systems reveal a systematic way to construct the operators a; for any number of qubits.
Once the underlying structure of these operators is identified, the full set can be generated
sequentially for an arbitrary n. The procedure begins by selecting an initial operator, aj,
from which the remaining operators are obtained iteratively through nested commutators

with h. This recursive construction starts with

(n—2)/4
o= Y XiZj, (5.106)
k=0

where Z7, denotes the symmetric sum over all permutations of the product of 2k pairs
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Figure 5.8: A driven spin ladder with nearest-neighbor ZZ interactions in the top and
bottom chains and Y'Y interactions between spins of different chains.

ZajZoji1 of Pauli Z operators on spins 2 to n. For instance, for n = 10, those read

Z8 =1
2y = Lo 232y Zs + ZoZizZig Zig + ZoZisZg Zg + ZaZis Zig Zip + ZaZsZgZig + ZiZin Zig Zg
78 = 52374252671 Zs Zo (5.107)

In general, a; is a sum over 2("~%/2 individual operators. The second operator can be
readily constructed noting that a; commutes with all the elements h; of the Hamiltonian

except for Z1Z3. In particular, one can define

o X Z [Xlek, Z123] y (5.108)
k

which now commutes with all the elements h; in the Hamiltonian except for Z;Z3 and
Y5Y3. This defines the third element

as o [ag, Y2Y3] | (5.109)
that, since anti-commutes with YsY3, Z27, and Z3Z5 defines the fourth element
ay o [as, ZoZy| = [ag, Z3Z5] . (5.110)
In turn, a4 anti-commutes with ZsZ,, Z3Z5 and Y4Y5 and determines
as o [ag, Y1Y5] . (5.111)
This process can be repeated until the last element is derived:
ap, X [ap—1, Zn—22Zp] . (5.112)

Since this operator only anti-commutes with Z,,_27,, it follows that the algebra {ai,...,a,}

is closed under the Hamiltonian’s action and, specifically, is of n size.
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Within the set of elements {a;}, the n-body operator (after the appropriate relabeling)

[(n—4)/4]
> Zi(XaproYn-an-4)"Zn (5.113)
k=0

with (Xygr12Yn_4—4r)® being the symmetric sum over all permutations of the product of
2k pairs Xo; X041 and (n — 2k — 4) pairs Yo Y94 is composed of mutually commuting

operators and of interest for the implementation surface codes. For n = 10, those read

(XoY6)® = XoX3Yy - Yo+ YoV Xy X5V - Yo+ Yo - Y5 X X7YsYg+ Yo - Y7 Xg Xy

(X6Y2)® =YoY3Xy - Xg + Xo X3V V5 X6 Xog+ Xo- - X5YY7 Xg Xg + Xo - - X7Y3Yy .
(5.114)

5.7 Conclusions

The techniques developed in this Chapter expand the toolbox of quantum optimal control
by addressing a critical limitation of traditional invariant-based methods: the reliance on
analytically derived dynamical invariants Z,(t). For systems governed by Hamiltonians
such as H(t) (Eq. (5.36)), constructing such invariants requires enforcing strict compati-
bility conditions to ensure the dynamics involve only experimentally accessible terms— Z;
(7 € [1,n]), X1, X,, and the nearest-neighbor interaction Z;L:1 X; X1 — while rigorously
excluding nonphysical terms like those listed in Eq. (5.37). Deriving these invariants is
exceptionally challenging, as they must satisfy both the equation of motion (Eq. (5.8))
and the algebraic constraints of the hardware. By replacing the need for explicit analytic
invariants with numerical optimization, our approach avoids these challenges entirely. In-
stead, it leverages the closed commutation relations of the system’s operators (Eq. (5.5)) to
generate control fields that keep dynamics confined to the desired interaction space. This
ensures that the resulting protocols are both numerically exact and experimentally feasible,
bypassing the impractical step of deriving invariants while preserving the Hamiltonian’s

physical realizability.

This methodology contrasts with counterdiabatic driving (CD) [190, 191, 192, 193], which
mimics adiabatic dynamics by adding terms like those in Eq. (5.37) to the Hamiltonian.
However, these terms often involve interactions (e.g., three-body couplings or higher non-
local spin operators) that cannot be directly implemented in platforms such as super-
conducting qubits or trapped ions. While other CD methods approximate these terms
using time-dependent modulation or perturbative expansions [190], such approximations
introduce errors that limit fidelity. Our framework circumvents this issue by exploiting the
system’s inherent algebraic structure (Eq. (5.5)), enabling exact control without unphysical
terms. Similarly, Floquet engineering [194, 195]— which synthesizes effective Hamiltoni-
ans via periodic driving —relies on perturbative methods and stroboscopic approximations,
restricting its utility to systems with periodic modulation. Our approach generalizes this

by enabling exact propagator design (Sec. 5.4) for arbitrary time-dependent Hamiltoni-
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ans, opening avenues for controlling aperiodic processes like quantum quenches or non-

equilibrium dynamics.

A key strength of this framework lies in its compatibility with diverse quantum control
algorithms. While we employ the GRAPE algorithm [144] for gradient-based optimiza-
tion, the mathematical equivalence between our dynamical equations (Eq. (5.10)) and the
Schrédinger equation allows seamless integration of advanced methods. For instance, recent
gradient computation techniques [196] could accelerate optimization in high-dimensional
systems, while parametrizing control fields as Gaussian pulses [63] might improve noise
robustness. Gradient-free approaches [197] could further enhance experimental applicabil-
ity where gradient measurements are impractical. This flexibility ensures adaptability to

evolving hardware capabilities and algorithmic advancements.

The exponential scaling of Hilbert space dimensionality presents a fundamental challenge
in controlling composite quantum systems, as the resources required to simulate or ma-
nipulate such systems grow rapidly with the number of qubits. However, this challenge
can be alleviated in certain cases by utilizing operator sets with favorable scaling prop-
erties. In platforms such as superconducting qubits [198], trapped ions, and Rydberg
atom arrays [199], the native interaction geometries enable control protocols to exploit
the hardware’s intrinsic connectivity. This allows for efficient use of the available qubit
count — now reaching up to 256 in state-of-the-art devices [199] — without resorting to
long gate sequences that amplify decoherence and accumulate errors. By tailoring control
strategies to these interaction geometries, our approach minimizes the need for complex
gate decompositions, preserving coherence and enhancing the overall fidelity of quantum

operations.

At the same time, verifying the functionality of quantum devices remains a significant
challenge, particularly as systems scale beyond the limits of classical simulation [200]. Here,
the invariant-based description of quantum dynamics offers a powerful tool for experimental
validation. By providing precise predictions for the expected dynamics, our framework
enables direct comparison with measured observables, helping to identify discrepancies
caused by unmodeled noise, calibration errors, or hardware imperfections. This predictive
capability not only aids in debugging and optimizing quantum devices but also establishes
a feedback loop between theory and experiment, fostering iterative improvements in both

control protocols and hardware design.

The emergence of multi-body interactions in the dynamics governed by the spin Hamilto-
nian (Eq. (5.36)) further underscores the versatility of our approach. These interactions,
such as three- and four-body terms, naturally arise in systems with native coupling geome-
tries and can be harnessed to implement error-correcting codes [201, 202] and topologically
protected quantum operations [185]|. For instance, in platforms like Rydberg atom arrays,
where interactions can be tuned to create complex entanglement structures, our control
framework enables the direct realization of stabilizer operations or non-Abelian anyons

without the overhead of decomposing them into elementary gates. This capability is par-
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ticularly valuable as quantum devices grow in size and complexity, pushing beyond the

limits of classical simulation [199] and demanding control techniques with efficient scaling.

Moreover, the ability to optimize control sequences within this framework reduces the need
for costly experimental tuning [173, 203], accelerating the development of high-fidelity pro-
tocols. By minimizing trial-and-error optimization, our approach not only saves time and
resources but also enhances reproducibility across different experimental setups. Finally,
the capacity to engineer quantum states at the Heisenberg limit — enabled by precise con-
trol over entanglement and coherence — positions this framework as a valuable tool for
quantum sensing applications. From magnetic field detection to gravitational wave ob-
servation, the ability to create highly sensitive quantum states could transform metrology,

underscoring the broader impact of this work on the development of quantum technologies.
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Chapter 6

Quantum Control of Trapped Ions’
Motion

CONTRIBUTIONS

All the work in this Chapter was carried out by me, under the
supervision of Florian Mintert. Some of the numerical tests were
inpired by the experimental challenges suggested by Selwyn Simsek,
Sahra A. Kulmiya, Samuel J. Hile and Winfried K. Hensinger.
The results were also published in Ref. [2].

The development of quantum technologies has reached a pivotal stage where scalability
is no longer a distant goal but an immediate challenge. While early proof-of-principle
demonstrations of quantum information processing relied primarily on controlling discrete
degrees of freedom — such as qubits —scalable architectures demand mastery over motional
quantum states as well [96]. This shift is particularly evident in trapped-ion systems,
a leading platform for quantum computing [204], where scalability hinges on modular
architectures with ions partitioned into interconnected clusters [205]. To perform quantum
operations across these clusters, individual ions must be shuttled between trapping zones

with high precision.

To meet these demands, experimental platforms increasingly aim to realize two-dimensional
(2D) arrangements of trapped ions, moving beyond linear chains to planar configurations
that offer greater flexibility and parallelism. These 2D layouts are achieved using vari-
ous techniques. In RF Paul traps, anisotropic confinement can enable planar Coulomb
crystals under strong radial confinement [206]; in Penning traps, a combination of static
magnetic and electric fields stabilizes rotating 2D ion lattices [207]; and in surface-electrode
traps, tailored control voltages create trapping potentials above a chip surface, allowing for
reconfigurable 2D arrays of individually addressable ions [208, 109]. These architectures
enable critical capabilities like junction crossings, ion reordering, and parallel operations —

features essential for scalable quantum processing.
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However, these added capabilities introduce significant control challenges. Trapped-ion
logic gates— especially entangling operations —require ions to remain near their motional
ground state, as excess energy leads to reduced gate fidelity due to breakdowns in the Lamb-
Dicke approximation [209] (see Sec. 4.1.4). While adiabatic shuttling protocols can main-
tain low motional excitation, they are too slow to be compatible with the finite coherence
times of trapped-ion qubits [32]. On the other hand, diabatic transport offers much faster
operation but often induces motional excitations, especially in multidimensional trapping
environments where multiple vibrational modes can couple non-trivially [210]. Although
ground-state transport has been demonstrated in one-dimensional geometries [211], gener-
alizing these results to large-scale 2D architectures remains an outstanding experimental

and theoretical hurdle.

This challenge has driven the development of shortcuts to adiabaticity (STA), a class of
techniques designed to achieve the outcomes of adiabatic processes in significantly shorter
times [155]. Among STA strategies, quantum dynamical invariants— particularly the
Ermakov-Lewis invariant [212] defined in Eq. (3.45) — have proven to be powerful tools [80].
These invariants enable the inverse engineering of control Hamiltonians and have been suc-
cessfully applied to a broad range of theoretical and experimental problems, including atom
cooling [83], fast ion separation [84], and one-dimensional transport in harmonic traps [213].
Moreover, when combined with variational methods or integrated into master equation for-
malisms, invariants have addressed problems that defy standard treatments, such as trans-
port in anharmonic potentials [214] or population inversion in atomic states [215]. Their
versatility extends to mitigating experimental imperfections, such as control parameter
fluctuations and environmental noise, making them indispensable for practical quantum
control [216].

Despite these successes, a critical limitation remains: most invariant-based protocols have
been developed for systems with a single motional degree of freedom [155]. Yet, real-
world applications—such as the shuttling of ions in multidimensional trapping poten-

tials— demand invariants capable of handling multiple degrees of freedom simultaneously.

In this Chapter, we tackle this problem by utilizing the recently developed Gaussian in-
variant for multidimensional systems [157], which we introduced in Sec. 3.5.5. We examine
its potential for quantum optimal control through theoretical examples inspired by current
ion shuttling experiments, showing how it can aid designing fast, precise, and efficient con-
trol protocols for complex geometries. Ultimately, by extending the invariant framework
to higher dimensions, we aim to facilitate the translation of theoretical control strategies

into practical solutions for scalable quantum technologies.

6.1 Quantum dynamics in quadratic Hamiltonians

Although real-world trapping potentials are never perfectly harmonic, they can often be
approximated as quadratic near equilibrium for sufficiently cooled and spatially confined

ions. This approximation generally holds during shuttling protocols, where the ion’s mo-
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tion remains tightly localized within the potential well. Under these conditions, the ion’s
dynamics along a d-dimensional trajectory 7(t) are governed by the time-dependent Hamil-
tonian in Eq. (4.28) —which is expressed in terms of phase-space variables in Eq. (3.52).

This Hamiltonian depends critically on two parameters:

e The trapping matrix M(t), a d X d positive-definite matrix derived from the Hessian
of the pseudopotential (Eq. (4.27)), which encodes the effective harmonic frequencies

of the trap.

e The restoring force F (t), a time-dependent vector that drives the ion toward the
instantaneous trap center C(t) = %Mfl(t)ﬁ(t), corresponding to the potential min-

imum.

Unlike static traps (Sec. 4.1.1), shuttling requires explicit time dependence in M(¢) and
F(t) (or equivalently C(t)). These parameters are dynamically modulated through con-
trolled variations in the confining electromagnetic fields, enabling precise ion transport

with minimal heating.

For initial quantum states that are Gaussian—such as the ground state of Eq. (3.52) —the
time evolution preserves Gaussianity. This simplifies the description of the system’s dy-
namics to two essential quantities: the classical phase-space trajectory A , which represents
the expectation values of the position and momentum operators, and the covariance matrix
3., which encodes all variances and covariances of the phase-space operators X (defined in
Eq. (3.49)). Specifically,

Z(t) = Tr[p(t)X] , (6.1a)

mw:ﬂp@ﬁx_@xx—@ﬂ}, (6.1b)

where {4, B} = AB + BA is the anticommutator. Explicitly distinguishing the position

and momentum components, we express the phase-space trajectory as
Z(t) = (Fu(t), mi(t)) , with 7.(t) = Tr[p(t)r] (6.2)

which is given in terms of the classical position r.(t) and classical momentum m?c(t) of

the particle. In the Heisenberg picture (see Appendix B.2), Z(t) and 3(¢) evolve in time,

following the equations of motion

7 =SKZ+SV , (6.32)
> =SKX - XKS, (6.3b)

where S is the symplectic matrix (defined in Eq. (3.51)), and K and V are the matrices
defined in Eqgs. (3.53) and (3.54), respectively.
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6.2 Invariant-based ion shuttling

The central challenge in ion shuttling is designing a time-dependent control protocol for the
Hamiltonian H(t) in Eq. (3.52) that transports an ion—initially in the motional ground
state of a Hamiltonian H; — to the ground state of a distinct final Hamiltonian Hp. This

requires addressing two critical differences between H; and Hrp:

e Spatial displacement: The trap center shifts from the initial position C'r to the final

position C’}u.

e Trap reconfiguration: The shape of the confining potential may change, reflected
in the differing trapping matrices My (initial) and My (final), which encode the

harmonic frequencies.

The objective is to minimize motional excitation during the transport process, ensuring
that the ion ends up in the final ground state with no residual phonon excitation. While this
can be framed as an optimization problem — searching for parameter trajectories M (t) and
F (t) that minimize excitations—a more elegant approach leverages quantum invariants.
These invariants offer a direct and analytic method for engineering H(t), ensuring that
the system’s quantum state is transferred from the initial ground state to the final ground

state, even during rapid trap displacements.

In this invariant-based approach, the focus shifts to identifying an invariant operator Z(t)
with respect to the time-dependent Hamiltonian H (¢) in Eq. (3.52). For Z(t) to be a valid
invariant, it must satisfy the equation of motion in Eq. (3.23). The eigenstates of this

invariant operator provide the framework for quantum state transfer.

A ground-state-to-ground-state transfer is achieved when the quantum state of the ion
evolves along a non-degenerate eigenstate |\;t) of the invariant that smoothly interpolates
between the ground states of the initial and final Hamiltonians. That is, the eigenstate
coincides with the ground state the initial Hamiltonian |g;) at ¢ = 0 (i.e., |X\;0) = |g1))
and with the ground state of the final Hamiltonian |gr) at the end of the protocol t = T
(te, |N\T) = |gr)). Crucially, at intermediate times, the eigenstate |A;t) may involve a
superposition of excited states of the instantaneous Hamiltonian H (), allowing transitions
that overcome the limitations of adiabaticity. This feature provides a pathway to shuttling

the ion efficiently, bypassing the slow time scales typically required in adiabatic processes.

To ensure this behavior, the boundary conditions must be satisfied
[2(0), H(0)] = [Z(T), H(T)] = 0 . (6.4)

These commutation relations guarantee that Z(0) and H(0) share a common eigenbasis, as
do Z(T) and H(T). Consequently, if the initial quantum state of the ion is in the ground
state of H(0)—which is typically the case in an experimental setting— this initial state
must also be the ground state of Z(0), due to the commutation relation. Similarly, at the

final time ¢ = T, if the quantum state is in the ground state of Z(7T'), it will also be in the
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ground state of H(T).

Furthermore, since the eigenstates of the invariant have time-independent eigenvalues, the
ground state of Z(0) will deterministically evolve into the ground state of Z(T"), which is
to say that the quantum state of the system will be transferred from the ground-state of
H(0) to the ground-state of H(T).

A shuttling protocol can thus be formulated in terms of the dynamical invariant Z(t), where
Eq. (3.23) serves as the defining condition for determining a time-dependent Hamiltonian
H(t) that implements the desired protocol. However, it is crucial to ensure that, when
defining Z(t), the resulting Hamiltonian takes the form specified in Eq. (3.52), comprising
both a kinetic-energy term and a time-dependent potential. This ensures experimental
feasibility, rather than yielding an operator that is physically impractical. The relationship
between a Hamiltonian and its induced dynamics is nonlinear, and as such, identifying
conditions on Z(t) that guarantee an experimentally realizable Hamiltonian remains an

open problem, with only a few known solutions, which are inherently unintuitive.

One such solution is the multidimensional quantum invariant Z(¢) introduced in Sec. 3.5.5,
which is explicitly given in Eq. (3.57) in terms of a time-dependent matrix I'(¢) and vec-
tor W (t). These quantities evolve according to Eq. (3.58), with I'(¢) fully determined
by a freely chosen matrix R(t) (Eq. (3.59)). Thus, constructing a suitable invariant Z(t)
amounts to selecting appropriate functions for R(t) and W(t) Once these are specified,
one can inverse-engineer the corresponding Hamiltonian: the trapping matrix M (t) is
obtained from Eq. (3.62), while the restoring force F(t) follows from Eq. (3.63). This
approach directly links the mathematical structure of the invariant to experimentally tun-
able parameters, enabling the design of shuttling protocols that achieve rapid ion transport

while suppressing motional excitations.

The physical interpretation of R(t) and W(t) emerges from their connection to the quantum
state’s dynamics. Specifically, W(t) coincides with the classical phase-space trajectory Z (t)
defined in Eq. (6.1a) (see also Eq. (3.58b)), which describes the expectation values of the
ion’s position and momentum. Substituting W (t) = Z(t) into the invariant’s structure

reveals that the restoring force F (t) satisfies the vector Newton equation
F(t) = m(M@O7(1) +7(1)) | (6.5)

where 7.(t) and %’C(t) are the classical displacement and acceleration of the ion as given
in Eq. (6.2). This equation mirrors the classical equation of motion for a particle in a
harmonic potential, establishing a direct correspondence between the quantum invariant’s

parameters and the ion’s macroscopic trajectory.

Equally significant is the role of R(¢) in quantifying quantum fluctuations. The matrix
R(t) is directly related to the covariance matrix 3(¢), which encodes the positional and
momentum uncertainties of the ion’s Gaussian wavepacket. In particular, the spatial sub-

matrix of 3(¢) is equal to  R?(t), making R(t) a dynamical measure of the wavefunction’s
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spatial spreading during transport. This relationship becomes especially intuitive in the
slow-modulation regime, where R(t) varies adiabatically (R ~ 0). Here, R(t) ~ M~/4(t),
linking the trapping potential’s curvature M (t) to the wavepacket’s instantaneous width.
This approximation offers a simple method to estimate motional heating during transport
without solving the full nonlinear dynamics —though by design, the final heating remains

Z€ero.

Hence, for Z(t) in Eq. (3.57) to be an invariant of motion for the quadratic Hamiltonian
H(t) in Eq. (3.52), T'(t) must satisfy Eq. (3.59), and W (¢) must correspond to the phase-
space trajectory Z(t). The freedom to choose R(t) and Z(t) thus allows for the construction
of infinitely many valid invariants. Given a choice of R(t) and Z(t), one can then inverse-
engineer a Hamiltonian H(t) that is compatible with the chosen time-dependency in the
invariant. This Hamiltonian is specified by K (t) and V (t), according to Eq. (3.52). K(t)
is obtained by first calculating M (t) from R(t) using Eq. (3.62), while V(¢) is determined
by Eq. (3.54), with F(t) given by in Eq. (6.5).

The Hamiltonian obtained in this fashion is guaranteed to yield a time evolution that pre-
serves the structure of the chosen invariant, ensuring that the system follows the prescribed
phase-space dynamics. This framework thus provides a systematic way to construct dynam-
ically invariant protocols for quadratic systems, enabling precise control over the motion
by appropriately selecting R(¢) and Z (t). In particular, by tailoring R(t), one can shape
the effective potential landscape in a nontrivial yet controlled manner, while A (t) dictates

the desired phase-space trajectory within this landscape.

However, not all choices of R(t) and A (t) are suitable for realizing ground-to-ground state
transfer. To ensure that the system transitions between the ground states of the initial and
final Hamiltonians, the boundary conditions in Eq. (6.4) must be satisfied. The necessary
commutativity between the invariant and the Hamiltonian at any instant ¢ is achieved if

the following relations hold

Fc(ﬂ = C_:(t) > ?c(t) = %c(t) = 6 ) (6'63)
R(t) = M~ V41) RtH)=R(t)=0. (6.6b)

Physically, the first set of conditions ensures that the classical trajectory of the ion co-
incides with the position of the trap center, and that both its velocity and acceleration
vanish. The second set of conditions guarantees that the Gaussian state is consistent with
the Hessian of the potential, while the trapping potential remains at rest, with zero velocity

and acceleration.

If these boundary conditions are satisfied at ¢ = 0 and at t = T', with C/(0), C(T'), M (0) and
M (T) determined by the initial and final Hamiltonian, then the time-dependent ground
state of the invariant indeed defines a shuttling protocol in which an ion evolves from the

ground state of an initial Hamiltonian towards the ground state of a final Hamiltonian.
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6.3 Optimal control with the multidimensional invariant

Beyond the constraints imposed by the boundary conditions (Egs. (6.6)), the flexibility in
choosing the time evolution of 7.(¢) and R(t) allows for a wide range of possible dynamics.
This non-uniqueness in the compatible Hamiltonians enables the identification of protocols
that are optimal in a sense to be defined. To achieve this, a variational analysis over 7.(t)
and R(t) must be performed while ensuring consistency with the boundary conditions

given by Egs. (6.6).

For this purpose, it is convenient to introduce a set of N, + 1 basis functions {Zi(t)}ivz"o,
where Z(t) satisfies the boundary conditions specified in Eq. (6.6) (i.e. Z(0) = C(0) and
Z(T) = C(T)), while each function Z(t) with i > 0 satisfies the homogeneous boundary

conditions, i.e. Eqs. (6.6) with vanishing right-hand sides. The parameterization

() = 20+ aiz(t) (6.7)

then guarantees that the boundary conditions are satisfied for any choice of the N, expan-

sion coefficients q;.

A parametrization of the matrix R(t) can be constructed analogously, using a reference
matrix Ry(t) that satisfies the inhomogeneous boundary conditions and a set of matrices
{Ri(t)}fv:bl that satisfy the homogeneous version of Eqs. (6.6). This ensures that the

parameterized form
Ny
R(t) = Ro(t) + Y biRi(t) (6.8)
i=1

automatically satisfies the boundary conditions for any choice of the N, free parameters
b;. Ensuring the positivity of R(t), however, requires additional considerations. Imposing
that all matrices R;(t), including Ry(t), are positive and restricting the coefficients b; to be
non-negative does not fully explore the space of positive matrices within the spanning set.
Therefore, in the optimizations that follow, no explicit constraints are placed on the coef-
ficients b;, and the positivity of R(t) is instead verified numerically using subdeterminants

(via Sylvester’s criterion [217]), moments, or numerically computed eigenvalues.

For a detailed discussion on the specific form of the vectors Z;(¢) and matrices R;(t), please

refer to Appendix G.1.

6.4 Applications

To illustrate the advantages of this invariant-based control framework, we analyze three
distinct control scenarios with clear experimental motivations, each addressing key limita-

tions currently hindering progress in ion shuttling.
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Figure 6.1: (a) Example of a corner trajectory (red solid line) from Cy to Cr constrained
to pass through 7y. Dashed black lines are drawn to facilitate the three-dimensional view
of the problem. (b) Displacement d as a function of normalized time (7 = ¢/T"). Solid
lines represent optimal solutions using a diagonal form (D) of R(t), while dashed lines
correspond to the optimization of all entries of R(t) (F). Colors indicate different numbers
of control functions (i.e., free parameters) used in the optimization.

6.4.1 Three-dimensional shuttling with reduced displacement from the
potential center

Achieving fast, diabatic shuttling necessitates strong acceleration and deceleration at the
beginning and end of the transport process. The simplest way to implement such rapid
changes in velocity often involves allowing the ion to undergo significant displacement from
the center of the trapping potential. However, in practical setups, large displacements can
push the ion into regions where the trapping potential exhibits substantial anharmonicity,
leading to unwanted excitations or loss of control. Consequently, minimizing the ion’s

deviation from the potential center is a crucial optimization goal.

As a concrete example, we consider the problem of minimizing the ion’s maximum dis-
placement while it is transported around a corner in a structured potential landscape (see

Fig. 6.1a). The initial and final positions are specified by the vectors
Co=(0,r,h) and  Cp=(r,0,h). (6.9)
Additionally, an intermediate boundary condition,
7yt =T/2) = (r,r,h) (6.10)

is introduced to account for the fact that, in realistic experimental implementations, the
ion’s trajectory may not always maintain a strictly constant z-coordinate throughout the
motion. This constraint ensures that the ion’s path aligns with the structural limitations

imposed by the trapping potential.

The potential landscape governing the ion’s motion is described through the time-dependent

matrix M (t), defined in accordance with Eq. (3.52), and constrained by the boundary con-
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ditions

w? 0 0 20 0
My=|0 w? 0 and Mr=1|0 w? 0], (6.11)
0 0 w? 0 0 w?

T

with an axial frequency w; that is substantially smaller than the radial frequency w,, so
that the preferred direction of motion is initially along the z-axis and, finally, along the
y-axis. Since the displacement required for acceleration or deceleration can be arbitrarily
reduced by increasing the confining potential along the relevant axis, the optimization is

subject to the constraints

M, <min(My,,M.,) < 2w, , fort<T/2, (6.12a)
My, < min(My,, M) < 2w, , for t>T/2. (6.12b)

These constraints ensure that, during the first half of the transport, the strongest confine-
ment remains in the y-z plane while allowing modulation of M.,. In the second half, the
role of x and y is switched, maintaining symmetry in the optimization process. The upper
bound of 2w, prevents the potential from becoming excessively stiff, which could introduce

technical limitations in control hardware.

Under these conditions, adiabatic shuttling— where the transport duration T is long
enough for the ion to remain in its motional ground state throughout — can achieve near-
perfect transport fidelities (F' > 99%) for shuttling times 7' > 200/w;. However, in many
practical scenarios, such long durations are undesirable, as they limit the overall speed of

quantum operations and increase susceptibility to decoherence.

Here, we focus on diabatic transport, where shuttling is performed significantly faster than
the adiabatic limit. Specifically, a protocol with a duration of 7" = 10/w; is considered,
corresponding to an order-of-magnitude reduction in transport time compared to the adia-
batic regime. Unlike in adiabatic transport, where the ion remains in the motional ground
state throughout the process, diabatic transport generally induces motional excitation.
However, by ensuring that the ion follows the ground state of the invariant rather than the
instantaneous ground state of the Hamiltonian, it is guaranteed to return to the motional

ground state upon completion of the transport.

As described above, both the classical trajectory of the ion 7. and the matrix R(t) can
be parameterized such that the boundary conditions are satisfied for any value of the
expansion coefficients. To illustrate the capability of the proposed framework in solving
control problems under constraints on achievable potentials, two distinct parameterizations
of R(t) are considered:

e Case 1: Diagonal R(t) (no coupling between spatial dimensions): In this case, R(t)
is constrained to remain diagonal at all times, with only the three diagonal elements

subject to optimization. This ensures that the principal axes of the trapping poten-
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tial remain aligned with the xz, y and z directions, allowing only modulation of the
confinement strength along each axis. While this constraint simplifies implementa-
tion, it limits flexibility, as the potential cannot rotate to optimally align with the

ion’s trajectory.

e Case 2: Fully optimized R(t) (potential coupling between spatial dimensions al-
lowed): Here, all elements of R(t) are treated as free parameters, allowing for both
strength modulation and dynamic rotation of the trapping potential. This addi-
tional degree of freedom enables continuous adaptation of the potential to the ion’s
motion, reducing motional excitation and improving transport performance. By dy-
namically reshaping the potential, this approach can mitigate unwanted excitations

more effectively.

Fig. 6.1b illustrates the ion’s displacement d = ||d||, where d = 7.(t) — C(t), from the
center of the potential as a function of normalized time (7 = t/T") for various optimization
strategies. The color code corresponds to the number of control functions included in the
optimization, while the line styles distinguish between solutions where the matrix R(t)
is restricted to a diagonal (D) form or fully optimized (F'). The red curve represents the
unoptimized solution. For 7 < 0.15, the ion is progressively separated from the trap center,
reaching a maximum displacement of approximately 0.147. This initial displacement occurs
as the ion is accelerated away from the center, where the potential gradient is steep.
Following this, the ion is decelerated and begins moving back towards the trap center,
before experiencing another phase of separation. Due to the symmetry in trap geometry
and time dependence of the invariant, the trajectory is symmetric around the instant
T=1/2.

The large displacements observed in the early and late stages of the protocol are physically
anticipated. Strong acceleration and deceleration are required at the beginning and end
of the shuttling process to minimize the duration of the protocol. These forces are most
effectively applied when the ion is located further from the center of the trap, where the
potential is less harmonic and the trapping forces are stronger. Consequently, the ion

experiences more significant forces, enabling faster motion during these phases.

Achieving strong acceleration and deceleration without significant displacement from the
trap center requires a carefully designed time dependence in the shuttling protocol. The
green curves represent a numerically optimized protocol using three control functions for
each independent component of 7.(¢) and R(t). Both forms of R(¢) lead to a reduction
in the maximum displacement compared to the initial unoptimized solution. However,
rotating the trapping potential by using the full R(¢) matrix (dashed line) provides a

slight improvement over the diagonal form.

Further optimization using five control functions (light blue curves) yields an even more
significant improvement, with the maximum displacement reduced to below 0.04r. Addi-
tionally, allowing for the rotation of the principal axes of the trapping potential (dashed

line) leads to a further enhancement in the solution. To achieve even smaller displacements,
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a substantial increase in the number of control functions is necessary. Optimizing up to
25 control functions (i.e., 225 free parameters when using the full R(¢) matrix, and 150
when using the diagonal R(¢) matrix) results in a maximum displacement smaller than
0.02r (dashed purple line). In this case, the effect of allowing for rotation in the trapping

potential becomes minimal.

Notably, for any given number of control functions per matrix element, the maximum
displacement obtained in the optimization with a general R(t) matrix is slightly smaller
than that in the corresponding optimization with a diagonal R(t) matrix. However, op-
timizations with a diagonal R(t) matrix can outperform those with a full R(¢) matrix if
the number of control functions in the diagonal case is only moderately larger than in the
full-matrix case. This suggests that constraints on the experimentally realizable rotating
potentials can be mitigated by introducing an additional temporal degree of freedom in the
tunable trapping parameters, which provides an effective means to improve the transport

protocol without the need for more complex experimental setups.
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Figure 6.2: (a) Optimal time evolution of (a) My, My,, M., and (b) F,, F, and F,, in
units of \/1/(mw), for w,/wy =5 and w,T = 10, based on 25 control functions and R(t)
in diagonal form.

While the discussion has thus far focused on optimizing the trajectory of the ion, achieving
a true motional ground-state-to-ground-state protocol requires more than just minimizing
displacement. The covariances of the Gaussian state must also evolve to their correct
values throughout the shuttling process. This is critical because, for the ion to remain in
the motional ground state at the end of the protocol, the uncertainties in its position and

momentum must be in accordance with the final Hamiltonian.

Fig. 6.2 provides insight into this aspect of the process by depicting the time-dependent
components of the trapping potential, My,, M,,, and M., (Fig. 6.2a), alongside the cor-
responding linear force (Fig. 6.2b). Initially, the trapping potential provides weak confine-
ment along the z-axis, followed by weak confinement along the y-axis at the final stage.
Between these phases, two periods of increased confinement occur. These intervals are
necessary to accelerate or decelerate the ion sufficiently to reach the target positions. The

strength of the trapping potential during these periods directly influences the forces expe-
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rienced by the ion, as shown in Fig. 6.2b. In particular, the force is concentrated in the
directions in which the ion is being moved: along the y- and z-axes in the first half of the

protocol, and along the z- and z-axes in the second half.

However, simply increasing the confinement throughout the protocol to ease control over
the ion’s trajectory is not a viable strategy. Excessive confinement would cause undesirable
dynamics in the covariances, preventing the ion from reaching the ground state of the
final Hamiltonian. To achieve optimal control, the protocol must therefore balance strong
confinement and weak confinement. Strong confinement should only be applied during
the phases of the protocol that require significant acceleration or deceleration, while weak
confinement is necessary during the remaining intervals to allow the ion’s motional state

to evolve smoothly into the desired final configuration.

So far, the primary goal has been to minimize the ion’s displacement. However, in practical
applications, the maximum allowable displacement is often constrained by experimental
limitations rather than being a freely tunable parameter. Since the ion’s acceleration is
directly related to its displacement from the center of the potential, imposing a limit on
the displacement introduces a corresponding constraint on the protocol’s duration. As the
displacement increases, the ion’s motion can be slowed or accelerated more, but this can
only be sustained for a limited period. Therefore, achieving perfect motional ground-state
fidelity is only feasible within specific timescales, a concept that will be explored further

in the subsequent analysis.

To formalize this relationship, consider the Hamiltonian H(t) expressed in terms of the
trap center C(t), as in Eq. (4.26). The ion’s classical acceleration can be derived from
Hamilton’s equations of motion as follows

= 2210 e - ) = - M@ | (6.13)

m  Or,

and thus depends linearly on the ion’s displacement d and the inverse of the trapping

potential’s curvature.

Next, we introduce a constraint on the ion’s displacement. We assume that for all times
t within the shuttling duration [0,7], the maximum displacement is bounded by a value
e, i.e. ||| < ||&]'. In some cases, € may depend on the spatial position of the ion, i.e.
€ = €(7.), reflecting variations in the trap landscape. Such variations could arise from
inhomogeneities in the trapping potential, control limitations, or the need to account for
experimental constraints, such as noise or imperfect calibration. In this case, we take the

minimum value of € along the trajectory 7¢(t), i.e. €= ming, € (7).

Assuming that the trapping frequencies M (t) are bounded from above, i.e., |M(t)|| <

"While one could analyze this constraint component-wise along each spatial dimension, we consider the
norm of the displacement for simplicity.
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Mpaz, we can derive a constraint on the acceleration from Eq. (6.13)
|7t < Minaz|1€]] - (6.14)

This inequality provides a limit on the minimum time required to achieve perfect motional
state fidelity during the transfer of the ion over a distance greater than zero. Specifically,
we find that

2A
T>,|——— (6.15)
Miaz||€]

where A represents the distance to be traveled.

Thus, if the transport protocol does not satisfy this inequality, some residual motional
excitation will inevitably persist at the conclusion of the protocol. In other words, the
ion’s motional state will not perfectly match the ground state of the final Hamiltonian but
will instead remain in a superposition that includes excited states. Importantly, a larger
allowable displacement ||€]| enables faster transport by permitting greater accelerations.
Likewise, stronger trapping potentials (higher M,,,,) allow for increased accelerations even

when the maximum permitted displacement is more restricted.

6.4.2 Narrow wave packets in weak confinement

The spatial extent of the wave packet in diabatic dynamics is dictated by the strength of
the confining potential. In a weak potential, the wave packet naturally broadens, making it
more susceptible to anharmonicities in the potential landscape. However, during diabatic
shuttling, the wave packet does not necessarily expand to match the equilibrium width
dictated by the local trapping potential. This is because the timescale of the transport can
be fast enough to prevent significant broadening, limiting the extent to which the wave

packet can adjust to the local confinement.

More importantly, by carefully preparing the initial wave packet shape, one can exploit the
system’s natural dynamics to counteract broadening. If the wave packet is squeezed before
entering a region of weak confinement — while still under strong control from the trapping
potential —its narrow profile can persist for a longer duration, effectively delaying the
impact of weak trapping on its spatial spread. This controlled evolution allows the wave
packet to navigate through regions of varying confinement without excessive distortion,

reducing the influence of anharmonic effects.

To illustrate this concept, consider the problem of dynamically reducing the spatial width
S22 (t) of a wave packet — where X, (t) = Tr[p(t){ (7 — 7%), (7 — 7.)" }| denotes the spatial
component of the covariance matrix X(¢) associated with the Gaussian state. The wave
packet is confined by a time-dependent trapping frequency w(t), which must satisfy the
boundary conditions w(0) = w(7") = wp, ensuring that the wave packet evolves from the
ground state of the initial Hamiltonian to the ground state of the final Hamiltonian. During
the intervals 0 < t < T'/4 and 3T7/4 < t < T, the trapping frequency can be modulated
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Figure 6.3: Squared trapping frequency w?(t) and spatial uncertainty ., of the quantum
state as a function of normalized time 7. The red curve shows the evolution of X, under
the optimal protocol, while the green curve corresponds to adiabatic transport. Dashed
black lines mark the upper and lower frequency limits. All quantities are expressed in units

of ﬁ , with woT =1 in this case.

0
up to a maximum value of /2wy, whereas in the central interval T/4 < t < 3T/4, it
is constrained to a maximum of wy. The goal of the optimization involves minimizing a
weighted average of the maximum wave packet width ¥,,(¢) and the maximum trapping

frequency w(t). Specifically, the cost function to be minimized is defined as
C= a max (3zz(t)) + (1 — ) max (w(t)) (6.16)

for T/4 < t < 3T/4, where o determines the relative importance of reducing the wave

packet width versus minimizing the trapping frequency within the constrained interval.

The protocol depicted in Fig. 6.3 involves the optimization of 25 control functions. The left
panel shows the evolution of the squared trapping frequency w? (in blue) as a function of
normalized time. The optimal trajectory of w?(t) begins by increasing the trapping strength
to approximately twice its initial value, followed by a gradual reduction in confinement.
During the central time window, T'/4 < t < 3T'/4, the trapping potential weakens. The
squared trapping frequency reaches a minimum close to zero at ¢t = T'/2, after which it

exhibits a symmetric evolution relative to this time.

The red curve in the figure illustrates the temporal evolution of the wave packet’s spatial
width X, (t) under this optimal time-dependent trapping potential. Notably, the uncer-
tainty in the wave packet’s position does not increase during the protocol; instead, it even
slightly decreases in the central region where the confinement is weakest (see inset). The
minimum uncertainty occurs at t = T'/2, coinciding with the point of minimal confinement.
This highlights an intriguing result: in weakly confined potentials, the wave packet can

achieve a minimum width, but only under non-adiabatic conditions.
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In contrast, if the protocol duration is increased by a factor of 10, i.e. T" = 10T, radically
different results are obtained. In this case, the uncertainty evolves inversely proportional
to the confinement, as indicated by the green curve in Fig. 6.3. In the first quarter of the
protocol, the wave packet width slightly decreases due to stronger confinement. However,
as the potential strength weakens, the wave packet broadens, reaching its maximum width
in the central time window. As the confinement is increased again in the second half of the

protocol, the wave packet re-localizes before settling into the final motional ground state.

6.4.3 Shuttling based on null control over the curvature of the potential

The challenge of shuttling around a corner, as discussed in Sec. 6.4.1, illustrates how con-
straints on realizable trapping potentials can be mitigated by leveraging temporal degrees
of freedom. More generally, limitations in control over certain system parameters can
often be compensated by precisely tuning others. This principle is exemplified in the fol-
lowing scenario, where only the linear force terms can be dynamically controlled, while the

curvature of the potential remains fixed, allowing only the trap center to be adjusted.

Crucially, although the potential’s curvature is time-independent, the curvature experi-
enced by the ion depends on its position along the trajectory. In realistic settings, trapping
potentials are typically anharmonic, resulting in position-dependent curvature variations.
Since the ion’s trajectory determines which regions of the potential it explores, it effectively
modulates the confinement it experiences. By carefully designing the trajectory, one can

thus compensate for restrictions on direct control over the trap’s confinement strength.

This effect is illustrated by considering the potential

f[f2
v = (2 il mi)?) 61

which describes a tapered trap where the confinement in the x-direction varies along the
y-axis. The trapping parameters w,, wy, and y. remain fixed, while only the trap center
yo(t) can be dynamically controlled. Importantly, the local confinement in the a-direction
is governed by the frequency w, \/@ , which depends on the particle’s trajectory. Since
y(t) can be controlled in terms of the trap center yo(t), this allows for effective modulation

of the confinement strength in the x-direction, despite the absence of direct tunability.

Since the quadratic components of the trapping potential are not directly controllable,
the current invariant-based control framework does not inherently guarantee ground-state-
to-ground-state shuttling. Applying the framework without modification results in an
overdetermination of the quadratic potential term, represented by M (t) in Eq. (3.52).
Specifically, M (t) is constrained by two distinct and potentially conflicting conditions:

(i) Framework prescription: The standard control framework defines M (t) through
a designated matrix R(t), according to Eq. (3.61).
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(ii) Physical potential curvature: The actual trapping potential (Eq. (6.17)) imposes

a curvature constraint along the ion trajectory (x(t),y(t)):

m

wQ
M(a(t).y(0) = = (W;‘

" (6.18)

y(t) w%x(t))

(1) Wzyc

While the framework prescription via Eq. (3.61) is intended to ensure that the ion remains
in the ground state of the invariant operator throughout the shuttling process, the physical
curvature defined by Eq. (6.17) governs the actual forces experienced by the ion. The lack
of inherent compatibility between these two constraints means that achieving ground-state-

to-ground-state transfer is not guaranteed by the framework alone.

Nevertheless, the discrepancy between these constraints can be mitigated by numerically
optimizing the ion’s trajectory (x(t),y(t)) to ensure that the curvature of the physical
potential along the path closely matches a quadratic term M (t) that remains compatible
with a matrix R(t) prescribed by the invariant. If an optimized trajectory exists such
that the resulting M (t) satisfies both the curvature constraint imposed by the potential
and the compatibility condition with R(t), then a viable shuttling protocol is achieved.
In this case, the ion remains in the ground state of the invariant operator throughout the

transport, ensuring a successful ground-state-to-ground-state transfer.

To illustrate this, consider the control problem of moving the trap center from its initial
position yo(0) = y; to its final position yo(7') = y; ensuring that the particle evolves from
the ground state of the initial Hamiltonian to that of the final Hamiltonian. The specific
parameter values chosen for this example are y; = 10y., y5 = 1000y,, and w, = 10w;. In
this setting, adiabatic transport corresponds to protocol durations 7' > 70/w,, yielding
a fidelity F' > 99% or, equivalently, a final motional occupation 7 < 1072. The results
presented here correspond to a significantly shorter duration, T' = 3 /w,, where an adiabatic

approach would instead lead to 7 = O(103).

Fig. 6.4a shows the optimal trajectory of the trap center yo(t) in black (zo(t) = 0 for
all t), derived from the optimal choices of the matrix R(t) and vector 7(t). The result-
ing trap center exhibits oscillations well beyond the spatial interval through which the
ion is intended to be transported. However, the ion trajectory (red) remains confined
within this interval. The ion moves relatively slowly during the first 60% of the total
transport duration, with the majority of the displacement occurring within a brief win-
dow — approximately 20% of the total time— before slowing down again during the final
10% of the protocol.

As a consequence of this motion, the confinement along the x-direction remains relatively
weak during the first half of the transport and increases toward its final value only later,
as shown in Fig. 6.4b (red). The time-dependent confinement required for perfect ground-
state-to-ground-state transfer, as derived from the invariant framework, is shown in blue.
The deviation between the two remains small —in fact, the protocol achieves an infi-

delity below 0.02% (corresponding to a final motional excitation of 7 < 10~%) — indicating
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Figure 6.4: (a) Trajectory of the ion along the y-axis as a function of time, following the
optimal temporal evolution (red) and the corresponding trajectory of the trap center yo
(black). (b) The red curve shows the indirect modulation due to the position-dependent
curvature of the tapered trap, while the blue curve represents the curvature required for
perfect ground-state transfer, achieved through direct dynamic control. (¢) Wave-packet
spread in x (in normalized units) as a function of time. The red line shows the dynamics
resulting from following the trajectory y(¢) (with the appropriate velocity), while the green
curve represents the instantaneous spread corresponding to the trajectory’s curvature My,
ignoring the dynamics of the full trajectory.

that the ion’s dynamics closely approximate those of an ideal ground-state-to-ground-state

transport, even in the absence of direct control over the potential curvature.

The near-perfect fidelity of the shuttling protocol also suggests that the ion’s covariances
evolve toward values characteristic of the ground state of the final Hamiltonian. This is
illustrated in Fig. 6.4c, where the evolution of the covariance matrix is compared between
the adiabatic limit and the diabatic, fast protocol. The green curve represents the evolution
of the instantaneous spatial covariance during slow, adiabatic transport actual trajectory
of the ion (shown in red in Fig. 6.4a). In this adiabatic limit, the ion’s quantum state

continuously evolves along the ground states of the instantaneous Hamiltonian.

In contrast, the red curve depicts the dynamics of 3., (¢) along the same trajectory, but
accounting for the actual velocity of the ion during the fast transport. Despite the strong
accelerations the ion experiences, as indicated by the high amplitudes of the trap centre in
Fig. 6.4a, and the intervals of slow dynamics that result in plateaus in the instantaneous
covariance (green curve in Fig. 6.4c), the dynamics of the ¥,, exhibit a remarkable sim-
plicity. The wave packet width decreases monotonically, reaching its desired final value at
the end of the shuttling process. Therefore, the covariance evolves exactly as it would in

an adiabatic protocol, even though the protocol operates far outside the adiabatic regime.
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6.5 Conclusions

In Chapter 5, we introduced an operator-based formulation of quantum control designed to
mitigate the exponential complexity of solving system dynamics. While this approach does
not require analytical solutions, such solutions can offer major advantages when available.
For instance, in the case of a multidimensional harmonic Hamiltonian for a single ion, the
solution can be embedded directly into the control formulation, provided the constraint
equation (Eq. (3.62)) and boundary conditions (Eq. (6.6)) are satisfied. This enables
efficient exploration of remaining degrees of freedom in the invariant for refining state

transfer in meaningful ways.

Looking forward, incorporating more realistic effects into the framework will be impor-
tant for practical applications. For example, models of decoherence and dissipation would
account for interactions between the ion and its environment, such as collisions with back-
ground gas or thermal fluctuations. This would improve predictions of ion dynamics in
noisy settings, enabling protocols that compensate for these effects. Similarly, expand-
ing noise models to multidimensional traps — where anisotropic forces influence motion —
would enhance accuracy in advanced architectures with complex geometries. Such ex-
tensions are vital for modern traps, which increasingly use intricate electrode layouts to

manipulate multiple ions or degrees of freedom.

While invariants provide a rigorous foundation for protocol design, practical implementa-
tion requires balancing theoretical principles with experimental constraints. For instance,
the physical layout of trap electrodes restricts the range of achievable electric fields, mak-
ing some mathematically optimal protocols impractical. Constructing invariants tailored
to arbitrary trap geometries remains challenging, but our approach minimizes deviations
between idealized models and experimentally feasible solutions. By focusing on optimiza-
tions that align with hardware limitations — such as refining the timing of potential changes
rather than their amplitude — we bring theoretical insights closer to practical implemen-
tation. This adaptability ensures that protocols remain viable in real-world quantum pro-
cessors, where factors like fabrication tolerances and control bandwidth limitations must

be accounted for.

In summary, analytic invariants offer a compelling strategy for precise, efficient, and ro-
bust ion transport. By combining solid theory with practical flexibility, we move closer
to scalable quantum technologies that can operate reliably under real-world conditions.
Future work will focus on extending the framework to incorporate environmental effects
and multi-ion shuttling, ensuring its continued relevance as quantum hardware grows in

complexity.
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Chapter 7

Generally Noise-Resilient Quantum

(Gates for Trapped Ions

CONTRIBUTIONS

This work was carried out in collaboration with Wasim Rehman,
under the supervision of Florian Mintert. Wasim contributed to
the initial development of high-fidelity entanglement for two non-
identical species, while I generalized the approach to arbitrarily long
chains and motional modes, incorporating the effects of environ-
mental decoherence and operational imperfections, and conducted

the numerical tests. The results are available in Ref. [3].

Resilience to noise is a critical requirement for the practical viability of quantum devices.
While proof-of-principle experiments, such as those in trapped-ion systems, often rely
on time-intensive cooling and meticulous calibration to achieve idealized conditions like
ground-state operation [126, 115|, real-world applications cannot afford frequent recalibra-
tion or re-cooling once a task begins. Practical implementations must inherently tolerate
deviations from theoretical ideals, such as imperfect ground-state cooling or finite-strength
interactions, which are unavoidable in experimental settings (218, 219, 220]. Optimal con-
trol techniques provide a pathway to engineer such resilience by tailoring quantum dynam-
ics to suppress sensitivity to specific noise sources [221, 222, 4, 223|. However, as quantum
systems scale toward practical utility, the number of fluctuating parameters —such as laser
intensities, trap frequencies, or environmental couplings — grows rapidly [96, 223]. A key
challenge lies in ensuring that efforts to mitigate one source of imperfection do not in-
advertently amplify sensitivity to others. Achieving robust performance thus demands a
unified control framework that addresses multiple noise sources simultaneously, rather than

solving isolated optimization problems [224].

In this Chapter, we address this challenge for trapped-ion systems, where entangling gate

fidelity is threatened by anharmonic trap dynamics, fluctuations in laser control fields,
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and thermal excitations. While our explicit solutions focus on trapped ions, the princi-
ples underlying these imperfections —such as parameter drift, environmental decoherence,
and nonlinear system responses — are shared across quantum platforms. For instance, su-
perconducting qubits face analogous issues with flux noise and charge fluctuations [102],
while neutral atom arrays contend with laser intensity variations and positional inhomo-
geneities [225]. By developing protocols that balance robustness across multiple noise
channels, we advance not only trapped-ion technologies but also provide a blueprint for
error-resilient quantum control in diverse architectures. This approach underscores the
necessity of harmonizing theoretical models with the imperfections inherent to real-world

hardware, ensuring scalability without compromising performance.

7.1 Trapped-ion quantum gates

Geometric phase gates are a cornerstone of trapped-ion quantum computing, leveraging
the shared motional modes of ions to mediate entangling interactions through precisely
controlled laser fields. In Sec. 7.1, we introduced the fundamental principles of trapped-
ion quantum computing, and discussed in Sec. 4.1.4 the implementation of geometric gates,
including the MS gate (Eq. (4.115)), which has demonstrated fidelities exceeding 99% in
both optical and hyperfine qubits [226, 227, 131, 228]. These gates exploit the accumulated
geometric phase of the ions’ internal states as they traverse closed trajectories in phase
space, offering intrinsic robustness against certain types of noise [115, 75]. However, despite
these advantages, current implementations remain susceptible to a range of experimental

imperfections that limit their fidelity and scalability.

One of the primary challenges in implementing high-fidelity entangling gates is the cou-
pling of qubit states to motional degrees of freedom. While geometric gates are designed
to be insensitive to the initial motional state, they remain vulnerable to motional heating
and mode-frequency fluctuations, both of which degrade gate performance [229, 230]. Ad-
ditionally, systematic errors arising from laser intensity fluctuations, detuning drifts, and
phase instability introduce further sources of infidelity [231, 75]. The interplay among these
error sources presents a fundamental challenge: optimizing gate parameters to mitigate one
type of error often exacerbates another. For instance, increasing laser power can reduce the
gate duration and improve resilience to detuning errors, yet it also enhances off-resonant
coupling to carrier transitions, introducing additional decoherence [229, 232|. Similarly, in
multi-ion systems, strategies to suppress motional mode cross-talk by slowing down gate

operations can lead to reduced coherence times and imperfect coupling [233, 234].

Beyond these technical limitations, geometric gates face additional challenges when scaling
to larger ion chains. As the number of ions increases, the motional mode structure becomes
increasingly complex, with coupling strengths varying across the chain and different modes
becoming comparable in magnitude (235, 236, 237]. This complexity makes it difficult to
selectively address a single mode without inadvertently exciting spectator modes, leading
to residual spin-motion entanglement and degraded gate fidelities [234]. The need for

robust control strategies that can suppress these effects is therefore essential for scalable
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implementations of geometric gates in trapped-ion quantum processors.

Several approaches have been proposed to enhance the robustness of entangling gates. One
strategy involves shaping the phase-space trajectory of the ions by modulating the sideband
field parameters—such as phase, frequency, or amplitude —to minimize susceptibility to
motional heating [238, 239]. Another approach employs multi-tone driving schemes, where
carefully detuned fields are applied to engineer interference effects that suppress unwanted
motional excitations [240]. While these techniques have demonstrated improved resilience
against motional noise, they remain constrained by the requirements of the Lamb—Dicke
regime, where weak laser-ion interactions are necessary to maintain high fidelity. This
constraint not only limits gate speeds but also necessitates near-ground-state cooling of
the motional modes, posing a scalability bottleneck for architectures that rely on active
ion shuttling {205, 2.

Moving beyond the Lamb-Dicke regime presents an alternative path toward more robust
and scalable entangling operations. In this regime, stronger spin-motion coupling en-
ables faster gate times, reducing sensitivity to decoherence and allowing for high-fidelity
operations even with elevated motional states. One approach in this direction involves em-
ploying complex pulse sequences to induce state-dependent kicks that exceed the motional
frequencies, effectively accelerating the gate operation [241]. While this technique achieves
significant speed improvements, it introduces new challenges related to experimental com-
plexity and unwanted coupling to additional motional modes. Another method relies on
higher-order sideband transitions, carefully engineered to cancel undesired contributions
from the non-linear spin-motion coupling effects that arise beyond the Lamb—Dicke approx-
imation [240]. While promising, these approaches require careful balancing of additional

sideband excitations, which may introduce increased sensitivity to motional heating.

Another significant challenge faced by current entangling gates involves scaling to larger ion
chains with a complex multi-mode structure [235, 236, 237|. This scaling not only amplifies
noise sensitivity due to increased crosstalk between ions [234], but also significantly com-
plicates control protocols, particularly when operating far from the Lamb-Dicke regime. In
these larger systems, the coupling strength for each motional mode becomes comparable,
and it varies across different ions in the chain. Selectively driving a single mode in such
a system inevitably triggers higher-order phonon exchange processes, unintentionally cou-
pling non-targeted spectator modes to the qubit states. This makes achieving high-fidelity
gates more difficult and necessitates control strategies that differ from those used in systems

with fewer modes, where precise control over individual modes is typically sufficient.

To address these challenges, this Chapter presents a gate scheme that integrates multiple
strategies to mitigate various error sources in trapped-ion quantum computing. Our control
framework ensures high-fidelity entanglement with hot trapped ions in a multi-mode sys-
tem, demonstrating resilience against motional heating and improved robustness against
fluctuations in both qubit frequencies and normal-mode frequencies. This is achieved

through a polychromatic driving field that includes tones near-resonant with the first-
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order sideband of a designated central mode, which serves as the primary driver for the
gate, as well as second-order sidebands of both central and spectator modes. By expand-
ing the interaction Hamiltonian to higher-order terms in the Lamb-Dicke parameter 7, we
derive specific driving functions that guarantee purely entangling dynamics, eliminating

residual spin-motion coupling and unwanted spin-flip processes.

7.1.1 Hamiltonian model

The dynamics of a system composed of N' trapped ions and their M collective vibrational
modes are governed by the Hamiltonian Hy, as defined in Eq. (4.91). This Hamiltonian
contains two distinct contributions: the first describes the energy splitting of the electronic
states of the ions, while the second accounts for the quantized collective motion of the ion

chain, which is modeled as M independent harmonic oscillators with frequencies v;.

When the system is subjected to an external electromagnetic field —such as a laser —the
interaction between the field and the ions simultaneously excites both the internal and
motional degrees of freedom. As discussed in Sec. 4.1.3, this coupling arises from terms in
the multipole expansion of the field-matter interaction, including electric dipole, magnetic
dipole, and higher-order contributions. For classical fields with sinusoidal time dependence
(Eq. E.11), the interaction can be transformed into the interaction picture with respect to
Hy, yielding an effective interaction Hamiltonian of the form given in Eq. (4.143), which
encapsulates the coupling between the ions’ spin states and their collective motion induced
by the external field.

Modern experimental techniques extend beyond simple sinusoidal driving fields. By engi-
neering temporally modulated electromagnetic fields, it is possible to synthesize waveforms
with arbitrary time dependence. For instance, the electric field can be decomposed into a

superposition of plane waves

E(7,t) = Re

Z Epei(EP-prtJr%)] 7 (7.1)

p

where each component is characterized by its amplitude £, wavevector Ep, frequency w,,
and phase ¢,,. Such multichromatic fields enable precise control over the system’s dynamics

by leveraging interference effects between frequency components.

A critical regime for scalable quantum control arises when the wavevectors of the applied
fields approximately align (i.e. Ep ~~ E) This alignment ensures a uniform spatial phase
profile across all field components, effectively decoupling the spatial and temporal dynamics
of the interaction. Under this condition, the electric field (Eq. (7.1)) simplifies to

E(7t) =" f(t) + h.c., (7.2)

'Note that in this chapter, N represents the number of ions, replacing the lowercase n used in previous
chapters to refer to the system’s constituents. This change ensures that n is reserved for labeling the
Fock-state occupations of the motional modes.

171



where f(t) = Zp %e‘i(wf’t—%). By synthesizing a sufficiently broad spectrum of tones,
f(t) can approximate arbitrary time-dependent functions through spectral engineering,
enabling Fourier-synthesized waveforms. This capability is central to quantum optimal
control, where f(t) is dynamically optimized to enhance gate fidelity, suppress decoherence,

or minimize operation times.

Modern trapped-ion platforms further extend this paradigm by enabling site-selective con-
trol of individual ions. Through tightly focused laser beams or frequency-space multi-
plexing, distinct time-dependent modulations f;(t) can be applied to each ion. This pro-

grammability generalizes the interaction Hamiltonian Eq. (4.97) to

0 J)
Hllight-matter = Z - (f]( u%g t H exp (zn]l(ale it + aTewlt))

j=1 =1

zwegtHeXp( ,”7][ aze —iygt +aT wﬂ)))ag)

QO (4)
+ Z Z — (f] Hexp (“7]1 aie —int g aTewlt))

J=1me{g,e} =

Hexp< inji(aze —int —i—aT wit) )> ‘m(j)><m(j)’

+he. . (7.3)

The first summation in H{ight_matter describes coherent transitions between the internal
states ‘ g(j)> > ‘e(j)> of each ion j, driven by a site-dependent modulation function f;(t).
These transitions are mediated by the interaction between the ions and the collective
motional modes, with a coupling strength proportional to the Rabi frequency Qg,) . The
modulation function f;(t), which encodes the applied electromagnetic field, dynamically

controls the amplitude and phase of the interaction, enabling tunable, site-selective driving.

The second summation accounts for AC Stark shifts, which induce energy level shifts
in ‘ g(j)> and {e(j)> due to off-resonant couplings to the motional modes. These shifts
depend on the Rabi frequencies Q%)m and contribute an effective state-dependent potential,

modifying the internal energy landscape of each ion.

The products Hf\il exp (iinﬂ(ale*i”lt + a;ei”lt)) in Eq. (7.3) represent the multimode dis-
placement operators, entangling the internal state of ion j with all M motional modes.
Here, v; denotes the frequency of the [-th motional mode, and n;; = x ;A is the Lamb-Dicke
parameter quantifying the spin-motion coupling strength. The parameter x;; corresponds
to the normalized eigenvector component of ion j in mode [ (see Eq. (4.40)), reflecting the
spatial structure of the collective vibrations, while A = )\ 1 is the intrinsic coupling

factor. This factor depends on the laser wavevector k = 27/ )\ and the ion mass m.

Expanding f;(t) as a Fourier series with non-negative frequency components w;, > 0, the

()

()4
terms f7(t)e eiwes  introduce oscillatory contributions at frequencies wjp + wey , while terms
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proportional to f;(t) oscillate at wj,. When the frequency components wj, are tuned

close to the qubit resonance frequencies, i.e. wj, ~ wéjg), the RWA can be applied to

eliminate rapidly oscillating terms at w;, and wj, + wég), which vary rapidly compared to
the interaction timescale, retaining only terms oscillating at w;j, — wég) This reduces the

interaction Hamiltonian to

Hl/ight-matter Zg] uueg U Hexp (anl(ale wt + azr wﬁ)) +h.c., (74)
=1

Qg;

where g;(t) = fj(t) defines the effective time-dependent coupling strength.

To express the interaction Hamiltonian in a more convenient form, the BCH formula
(Eq. (2.84)) can be applied to expand the exponential term in Eq. (7.4). This allows
the expression to be rewritten as the product of two exponentials, each containing only

creation or annihilation operators. Expanding these exponentials yields

/ EN iwt Sy () 1 EOO i(p—q)vit(; p+q (a;f)pagl
Hlight-matter = gj(t>e vle 2 &l JlU+ H € (anl) T +h.c. .
= 1=1p,q=0 Pe
(7.5)

By introducing a new index m = p — ¢, this expression can be rewritten more concisely as

M

N
L), =1 (a;)1
Hl/ight—matter — Zgj (t)ees toz 2 77310- H Z Z ezml/zt(lnﬂ)%—i—m (ql+ i l
j=1 '

=1 m=—o00q=0,q>—m

+ h.c., (7.6)

where the constraint ¢ > —m in the second sum ensures that the exponent of the creation

operator (a})‘ﬁm remains non-negative.

To further clarify the structure of the Hamiltonian, it can be expressed in terms of operators
that directly describe the creation and annihilation of phonons in each motional mode.

These operators are defined as

i 2q+ a;rq+maz
Diym(n) = (i) S (7.7)
q:07q2_m (q + m)q
and satisfy the relation
Dy-m(n) = (=)D}, (n) . (78)

for m > 0. These operators encapsulate all processes involving the creation (m > 0) and

annihilation (m < 0) of m phonons in mode [, providing a compact notation for describing
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motional dynamics. Using this formalism, the interaction Hamiltonian takes the form

N M oo
Hllight-matter(w = Zg] (t)USf) H Z elmyltDl,m(njl) + h.c., (79)
j=1 I[=1m=—o0

where

— . (D)
(1) = €= S i (1) (7.10)

represents a renormalized driving function.

The operators D, capture the k-th order sideband transitions of the motional mode /. To
realize a coherent gate operation that relies on excitations of phonons, it is beneficial to
define driving functions g;(t) that enable the spectral selection of specific processes. This

can be achieved by parameterizing the driving pattern as follows

gi(t) = —ie? Zi=1 3 1 3 FY (t)e— el (7.11)
Mjt ’
I k

; (Y . . .
where the factors e~ #k”1+wes)t introduce the time-dependence necessary to achieve res-

onance with a specific sideband transition. The functions Fl(?c) (t) exhibit a slow time-
dependence compared to the motional frequencies v; and account for finite detuning and
temporal modulation that can be used to achieve the desired robustness. Finally, the factor
nj_ll reflects the fact that weaker interaction (smaller 7);;) requires proportionally stronger

driving fields to maintain constant interaction strength.

Substituting Eq. (7.11) into Eq. (7.9) yields

N
LM o2 2y L ()67
Hllight—matter(t) =—1 Z (Ug)egz:l_l(nj/l njl)el(w’é 7w‘5]9 )t
j?jl:]-
1 Mo oo -
<y —> 11 > & iry, (t>Dl,m(77jl)>
[ —— ’

which represents the exact generator of the dynamics induced by the light-matter interac-

tion.

Notably, the derivation of Eq. (7.12) does not assume a priori individual addressing of
ions, meaning that residual cross-talk terms naturally emerge. These terms arise from the
summation over j’, accounting for unintended couplings where a laser addressing ion j
also interacts with ion j’. These undesired couplings, however, are strongly suppressed
because the spatial profile of the driving fields ensures that the amplitudes F(,] ,i(t) decay
rapidly for ions j’ # j outside the targeted region, a consequence of the Gaussian intensity

distribution of focused laser beams.
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Furthermore, the structure of Eq. (7.12) reveals multiple distinct timescales governing

. oG G . . .
the dynamics. The factors eilweg —weg Dt ogcillate at the frequency differences of the qubit
transitions, which are significant only when the ions belong to different species. In addition,

i(my—kuvy )t

the exponential e introduces vibrational frequencies, with resonant processes

occurring when m = k and [ = [’; other combinations lead to rapidly oscillating, off-
(")

resonant terms. Finally, the driving functions F, , ,, (t) vary on a much slower timescale, as

they are engineered to only contribute with a small detuning from the resonant transitions.

To simplify the analysis, we employ a RWA, which neglects terms in Eq. (7.12) that oscillate
with frequencies v; and /or wéjg), while retaining the time dependence of the driving functions

Fl(? (t). The resulting resonant Hamiltonian thus reads

N
. l k
Hiight-matter (1) = _ZZ (U ) Z Dl k(1 HDZ’ 7731)) +h.c., (7.13)

j=1 V£l

where the operator

0 4. \2n
Dz,o(n)zz(m) a)"ap (7.14)

nl?
n=0

describe phonon-conserving, but phonon-number-dependent energy shifts. At first order,
these shifts correspond to carrier transitions, while higher-order terms involve processes
where phonons are temporarily created and annihilated, resulting in no net change in the

phonon number.

This approximation is justified by the significant separation of timescales in the system:
the phonon frequencies v, which scale with the trap frequency v, are typically orders of
magnitude smaller than the qubit resonance frequencies wg,) of the ions [96]. The quality
of the rotating-wave approximation is thus determined by the ratio of the trap frequency v
to the characteristic frequency in the functions Fl%) (t). In typical experiments this ratio is
of the order 1/100 to 1/1000 [96, 242, 131, 130, 243, so that the employed approximations

are consistent with currently targeted fidelities of entangling gates.

To rigorously validate this approach, we provide a quantitative error analysis in Sec-
tion 7.1.4. By explicitly calculating contributions from far off-resonant terms omitted
under the RWA, we demonstrate that their impact on gate fidelity is suppressed to levels

below 10~° — consistent with fault-tolerant quantum computing requirements.

7.1.2 Driving patterns

To implement a coherent quantum gate based on the Hamiltonian in Eq. (7.13), the func-
tions Fl(?g) (t) must be carefully designed to ensure that the motional state is unaffected by

the internal state of the ions. This is achieved with driving patterns in which the driving
)

amplitude Fl( ;. for any blue sideband transition (k > 0) is given by the driving amplitude
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)

Fl(i for the corresponding red sideband transition following the relation
FD, = (-1f (B9 (7.15)
where the factor (—1)F has its origin in Eq. (7.8).

With any such driving pattern, the interaction Hamiltonian Eq. (7.13) reduces to

ANPR H0
Hllight—matter(t) = ZO’Z(/J) Z - ] th HDZ’70 +h.c., (716)
=1 eso M Il
with the Pauli-Y operator J?Sj ) = '(a(j) — aﬁf)). This simplified Hamiltonian provides

the foundation for engineering the desired quantum gate dynamics. With the sideband
symmetry constraint (Eq. (7.15)) now enforced, the remaining task reduces to designing
the time-dependent profiles of Fl(i) (t) (for k > 0) to engineer the unitary transformation

that generates entanglement in the electronic states of the ions.

Crucially, not all motional modes of the ion chain are required for entanglement generation.
Only a subset of these modes, along with a finite number of their sideband transitions,
play a crucial role. This selective coupling is central to many quantum gate schemes, as it
enables targeted state manipulation while minimizing decoherence from unnecessary mode
interactions. For example, the MS entangling gate achieves entanglement by selectively

driving only the first sideband of a specific motional mode or a targeted group of modes.

As we have seen in Sec. 4.1.4, the implementation of this approach relies on operating in
the weak coupling regime or restricting motional states to be near their ground states. In
this regime, the displacement operators for the driven modes d can be approximated to
the lowest order in 7 (see Eq. (4.100)) as

Dy ~ indag , (7.17)
while the displacement operators for the spectator modes effectively reduce to the identity,
Dl’,O ~1. (718)

This first-order approximation implies that spectator modes remain effectively decoupled
from the driven modes (see Eq. (7.16)), allowing them to be safely neglected in the dynam-
ics. As a result, the interaction Hamiltonian simplifies to the form derived in Eq. (4.117)

(in the case of global driving)

Hs(t) = i8, Y (Fa(t)ah - Fi(Haa) . (7.19)
d

where the collective spin operator is given by S, = > j O'?Sj ), Together with suitable driving

functions Fy(t) (see Sec. 4.1.4), this effective Hamiltonian enables implementation of the
(4) (k)
Ty Ty

entangling gate U = €7 2.k across all ion pairs (see Eq. (4.118)) .
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Non-identical ion species and multi-mode systems

Although the Hamiltonian Hj;g provides a conceptually simple framework for generating
entangled states, its practical implementation faces key limitations. While a global driving
field (f;(t) = F(t) for all ions j) works for identical ion species, two key challenges arise
when dealing with non-identical ions.

First, non-identical ions possess different resonance frequencies wg,), causing them to ac-

cumulate distinct phase factors €™t during their evolution. This frequency mismatch
disrupts the coherent buildup of entanglement, requiring additional control mechanisms
to compensate for phase discrepancies. Second, ions with different internal structures ex-
perience varying coupling strengths to the shared motional modes, characterized by their
Lamb-Dicke parameters 7;. These variations lead to different scaling factors e%"?l ap-
pearing in the interaction Hamiltonian (Eq. (7.9)), making it difficult to obtain uniform

entangling interactions across the system.

While these challenges can be addressed through refined individual addressing techniques
or frequency stabilization schemes, a more fundamental limitation arises from the very
foundation of the MS gate: the Lamb-Dicke approximation. This approximation, which
underpins the derivation of the simplified first-order Hamiltonian Hjsg, is only valid in the
weak coupling regime or when motional states remain close to their ground state. This
restriction is formalized by the inequality (77?1 /2)n; < 1 (244, 240], where n; represents the
phonon occupation number in mode [. If this condition is not met —such as in systems
with higher phonon excitations or strong ion-motion coupling— the standard MS formu-
lation breaks down, necessitating alternative approaches for robust high-fidelity quantum

operations.

Beyond the Lamb-Dicke approximation

Moving beyond the Lamb-Dicke approximation — whether due to stronger ion-motion in-
teractions or the presence of higher motional excitations — fundamentally alters the struc-
ture of the interaction Hamiltonian. In this regime, the displacement operators in Eq. (7.7)
must incorporate higher-order phonon-exchange processes, leading to more intricate spin-
motion interactions. For a driven motional mode, this results in an expansion of the form
(1'77)16+2 t(k+1)

(in)* 4

Dl,k)(n) ~ k' a’l

Crucially, this breakdown of the lowest-order approximation introduces indirect couplings

between driven and spectator modes, as seen in the expansion

Do [ (0= n2afar + ) (7.21)
£l

appearing in Eq. (7.16). These terms highlight an intricate interplay between different

collective vibrational modes that is absent in the standard Lamb-Dicke treatment.
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This inter-mode coupling fundamentally changes how the system evolves under the inter-
action Hamiltonian. A notable example occurs in a two-ion system, where driving the
first sideband of the center-of-mass mode induces not only the expected first-order phonon
process 7;1a1 but also higher-order terms such as (7739-’1 / 2)a12a1, which become significant
for larger values of 7;. Even when the stretch mode is not directly addressed, it still
contributes dynamically through these indirect couplings, introducing additional phonon-
exchange terms like 77]2-2a£a2. Consequently, spectator modes are no longer passive; they
become entangled with the driven modes in a nontrivial way, potentially impacting the

fidelity of entangling operations.

To design high-fidelity entangling gates beyond the Lamb-Dicke regime, these higher-order
phonon processes must be explicitly accounted for in the extended interaction Hamiltonian
H(t). This refined description exposes additional phonon-mediated exchange terms that
are neglected in the standard treatment, revealing new error channels that can degrade gate
performance. Thus, developing robust entangling gates in this regime requires a carefully
crafted control strategy: rather than simply selecting a driving field that targets a single
motional mode, the approach must actively suppress unwanted phonon couplings while

ensuring that only the desired processes contribute to entanglement.

A systematic gate design strategy begins with the selection of an appropriate set of driven
motional modes L and the corresponding sidebands K () that will be resonantly driven.
These choices define the dominant phonon processes shaping the interaction. The next

J)

crucial step is engineering the time-dependent driving functions Fl( . to achieve entangle-

)

ment at the desired gate time T while actively suppressing the unwanted processes and

maximizing the gate’s overall robustness.

Driven sidebands for entanglement generation

The specific construction presented here enables the implementation of an entangling gate
in a multi-mode system of N trapped ions with high motional states and offers enhanced
resilience against both motional heating and combined errors in qubit and vibrational fre-
quencies. While alternative choices exist, the proposed configuration minimizes the number
of driven sidebands required for achieving the desired robustness, offering a practical ad-

vantage for experimental implementation.

In a system with M motional modes, the proposed gate implementation involves simul-
taneous driving of all modes (L = M). The first-order sideband (k = 1) of a designated
central mode, typically chosen for its stronger spin-motion coupling, acts as the primary
bus mode of the entangling process. Meanwhile, other modes (together with the central
one) contribute through second-order sidebands (k = 2) to actively suppress unwanted

contributions arising from higher-order terms in the Hamiltonian.
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With such choice, the Hamiltonian in Eq. (7.16) simplifies to

N o) M pG)

=Y o) | D 1D1—|—Z—D12Dl +h.c., (7.22)
j=1 it

with Dy, =[], 2k Dy o being the product of phonon-conserving operators in the spectator

modes.

The specific time-dependence of the driving functions Fl(jl) and Fl(]z) plays a crucial role
in shaping the system’s dynamics. These functions dictate how the spin-motion coupling
in Eq. (7.22) evolves over time, ultimately determining whether entanglement between
the electronic states of the ions can be robustly generated. Designing an appropriate
modulation strategy for these driving functions is therefore essential for achieving high-
fidelity quantum operations. To obtain the required time dependence, we analyze the

time-evolution operator generated by Eq. (7.22), applying two successive approximations:

e Hamiltonian truncation: The displacement operators D(n;;), which involve an
unbounded sum of phonon creation and annihilation operators, make H.(t) formally
an infinite series. To resolve this, we perform a perturbative expansion in the Lamb-
Dicke parameter 7, truncating at third order (n®). This truncation is physically
justified by the rapid convergence of the series: each term scales as 7¥, making
higher orders negligible for n < 1. For typical experimental values (n = 0.05), the
ratio of the n* term to the n3 term is only O(5%), while the n° effects are O0(0.25%).
Thus, truncating at 7% introduces errors well below standard gate error tolerances
(1073 — 10~%), while retaining all nonlinear features up to cubic order in 1. With

this approximation, the truncated Hamiltonian becomes

He(t) =

J

() (5 1
Lpl(,]l)‘féj)aI (H 277J1a1a1 Z%zal az) - *ZWFIQ oWaf?| +h.c.
(7.23)

where aJ{ and a; denote the creation and annihilation operators for the designated

central motional mode. Terms proportional to 1 and n? reflect the inclusion of
higher-order motional effects, which contribute to non-trivial modifications of the
gate dynamics beyond the standard first-order theory, while 73 terms do not appear
in this expression due to the intrinsic n~! scaling of the driving fields (see Eq. (7.11)).

Compared to first-order models (e.g., MS gates), this third-order expansion signifi-
cantly improves fidelity by capturing nonlinear dynamics critical for modern trapped-

ion experiments, where first-order approximations often prove insufficient.

e Time evolution via Magnus expansion: Even with the truncated form of H.(t),
solving the time-evolution operator U(T') = T exp (—i fOT dtHc(t)) remains challeng-

ing due to the explicit time dependence and non-commutativity of H.(t). To address
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this, we use the Magnus expansion [42] (see Sec. 2.0.4), which approximates U(T")
as a single exponential of a series of nested commutators. Truncating the Magnus
expansion at third order in 7, we write U(t) = exp (Z?Zl Qi(t)), where the opera-
tors Q;(t) (defined in Eq. (2.54)) encapsulate contributions from increasingly complex
integrals of H.(t).

The validity of this approximation relies on three crucial considerations that ensure
convergence of the Magnus expansion. First, the Lamb-Dicke parameters must satisfy
n < 1, which guarantees that higher-order terms remain perturbatively small —a
condition automatically met in typical light-matter interaction scenarios. Second,
the time-dependent driving functions Fl(Jl) and FZ(JQ) must maintain smooth, well-
behaved temporal profiles to prevent uncontrolled growth of higher-order terms, a
requirement naturally fulfilled by our chosen parametrization. Finally, the integration
time 7" must be sufficiently short to keep the Hamiltonian’s integrated norm below
the critical threshold in Eq. (2.55), thereby avoiding series divergence —a condition

that presents no practical limitation for entangling gate operations.

The Magnus expansion results in a unitary evolution operator U(T') that can be written
as the exponential of a sum of operators. Each of these operators can be written in the

form

o(T) <H a;pla?l> (aé”)T (02(12))5 , (7.24)
l

where py, q;, 7, s are integers, and ©(7') is a function dependent on nested integrals of the

time-dependent driving functions Fl(gg) (t).

Crucially, not all terms in U(T') contribute to the desired entangling operation. To achieve

(

i) must be meticulously
1,2
Yy

pure entanglement at the gate time T, the driving functions F,
chosen to eliminate all terms except the entangling term i(Z)TO'l(/ ). This selective elimi-
nation imposes a set of constraints on the driving functions (via the functions ©(7")), which

have been provided in electronic format for convenience [245].

A direct verification confirms that the following monochromatic driving functions satisfy

the required constraints, effectively eliminating any undesired processes

F{) = F%) = et | (7.25a)
Fly) = sy e (7.25b)
’ nu
F2 = s 0L it (7.25¢)
’ 121
where [ = 1,--- , M refers to the motional mode, sj = sign(n;;) and 7 := 72 77% + 17%1.

Furthermore, to achieve entanglement at the gate time 7' = 27/0 for any chosen detuning
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6 or Rabi frequency €2, the following entangling condition must be satisfied

o\? 0\? é
‘3<5> > +(5) 243 i) = (7.26)
J L,j

This condition implies that as long as the ratio /6 fulfills Eq. (7.26), the specific values
of § and €2 can be chosen freely. This flexibility allows for independent tuning of the gate
time 7" and the drive amplitud 2, though with a tradeoff: lower power consumption (i.e.,
smaller ), requires a longer gate time, as a smaller § is needed to satisfy Eq. (7.26).
Conversely, stronger driving fields shorten the required interaction time to achieve the

desired coupling.

The time-dependent drives in Eq. (7.25) define an optimal driving strategy for generating
entangled states by leveraging interactions with the electromagnetic field. However, the so-
lution is not unique — various alternative strategies, such as driving higher-order sideband

transitions or employing different modulation schemes, could also achieve entanglement.

In the following, we refine this driving scheme to enhance its robustness against experimen-
tal noise sources. This refinement ensures that the advantages of achieving a high-fidelity
solution are preserved even when the system is subject to realistic imperfections, thereby

making the entanglement protocol more resilient to practical implementation challenges.
To achieve this, we first construct a Hamiltonian model that accounts for the system’s

interaction with its environment.

Lindblad master equation

While the drivings in Eq. (7.25) facilitate high-fidelity entangling gates under ideal coher-
ent dynamics, in practical implementations, the motional modes inevitably couple to the

environment, leading to processes such as heating and dephasing that degrade gate fidelity.

A convenient way to model these effects is through the master equation formalism [44],
introduced in Sec. 2.0.4 (see Eq. (2.80)),

p = —ilHc(t), pl + Lp(p) , (7.27)

where p is the system density matrix, H.(¢) the Hamiltonian in Eq. (7.16), and £p repre-
sents dissipative processes through the Lindbladian (see Eq. (2.80))

1 1
Lo(p) =Y Y <a§paz ~ laa, p}> +3 40 (azpalT ~ 5ldfa, p}>
z z
+ Z’y(l) nypn; — 1{712 ot - (7.28)
l d 2 l Y

Here, a; and a; are the creation and annihilation operators for phonon mode [, and n; = azral

is the corresponding number operator. The terms with rates fysrl) and fy(_l) describe phonon
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creation and annihilation due to thermal fluctuations. When the trap electrodes are at
room temperature while the ions are laser-cooled, the environmental temperature can be
approximated as infinite, making *y_(:) and *y(_l) coincide. The final term in Eq. (7.28)
accounts for dephasing, where phase coherence is lost without introducing motional exci-

tations.

While the optimal pulse sequences derived in the following Sec. 7.1.2 and the overall en-
tangling framework will be applicable for any combination of decay rates, our numerical
simulations in Sec. 7.1.3 will, for simplicity, assume uniform dissipation across all motional

modes, 7.€.
l l l
fy()_—’y()_—*y(l)——'y. (7.29)

This assumption, while simplifying the numerical analysis, does not limit the generality of
the derived solutions. The essential physical behavior of the system is preserved under this
simplification, allowing for a clearer understanding of the impact of decoherence without

the need to analyze each noise source individually.

Robustness to motional heating

The master equation Eq. (7.28) describes the system’s dynamics when interacting with its
environment. Motional heating and dephasing can reduce gate fidelity, but careful design

of the driving functions Fl(i) (t) can mitigate these effects and improve gate performance.

In the absence of dissipation (i.e. with Lp = 01in Eq. (7.28)), the target gate U is perfectly
implemented and thus transforms the initial state p(0) into the desired final state p(T) =
Up(0)U*. However, in the presence of motional heating and dephasing, the implemented
gate deviates from the ideal unitary transformation. This deviation is captured by the
non-unitary map € : p — £(p), which is influenced by the evolution of the motional state
(following Eq. (7.27)), making the choice of driving functions g;(t) in Eq. (7.4) crucial
for the gate’s resilience to dissipative effects. The MS gate is particularly vulnerable to
motional heating due to its non-centered phase-space trajectories, but alternative choices
of the driving functions Fl(i) (t) (which then define g;(t)) can significantly enhance gate’s

resilience to heating [231].

In the time-dependent frame defined by the target unitary U(T) = ’Texp(—i fOT dtHC(t)>,

and assuming the drivings Fl({c) (t) are chosen as described in Sec. (7.1.2), the coherent
evolution reduces to the identity I. Consequently, the master equation (Eq. (7.27)), in this

frame, becomes purely dissipative

p=Lnlp) . (7.30)

In the interaction picture defined by the unitary U(T'), the jump operators al,alT and

n; become time-dependent, transforming as @;(T) = UT(T)a;U(T), with analogous trans-

formations for the other operators. Due to the generally complex structure of U(T'), the
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resulting time-dependent expressions for the jump operators involve intricate combinations
of operators and nested integrals of the driving functions Fz(] )(t). For convenience, their

explicit expressions up to third order in 7 are provided in electronic format at Ref. [245].

Assuming that the decay rates are much smaller than the typical gate timescales (i.e.
~T < 1), the system’s dynamics can be accurately approximated to first order using the
propagator Lot T+ fot dt’ﬁp(t’). This implies that the spin state evolves to a final state
that, tracing out the motion, can be expressed as ps(7T) = ps(0) + Apg, with

T
Aps = TrM/ dt'Lp(t)ps @ pu] (7.31)
0

where Trj; denotes the partial trace over the motional degrees of freedom, and the initial
state is assumed to be a tensor product of spin and motional states, p(0) = ps® ppsr. While
Eq. (7.31) vanishes in the ideal, dissipation-free scenario, motional heating and dephasing
introduce a non-zero correction Apg modifying the spin state. In general, this correction

can be expressed in a form analogous to the Kraus representation (Eq. (2.20))

Aps = Z XomnAmps(0) Al (7.32)

m,n

where the operators A,, belong to the set { I, JZ(,j ),U?Sj )Jg(ﬁ)}. Here, xmn are the process

matrix elements whose norm characterizes the infidelity of the gate and depend on the
motional properties of the state (e.g. (n;)), as well as on the temporal shaping of the
driving functions Fl(j )(t). Therefore, since each element X, is weighted with a factor of
7, it is possible to devise schemes that are robust to a particular order of 7. Formulated
as an optimisation problem, this entails determining the form of the drivings Fl%) (t) that

)

minimize a set of constraints.

Resilience to order 7

The first-order-in-n contributions to the motional heating and dephasing are found to be
functionals of the driving functions Fl(jl) (t) (with 7 = {1,2}) associated with the central

motional mode. In particular, optimizing the drive requires minimizing the cost function
C:‘F(Cla"' aCQ) ) (733)

where F is a chosen function (e.g. max,» ) such that minimizing C yields the optimal

solution, and the individual terms ¢; are defined as

c ={ai}, o ={aj}, c3 = {aia;}
¢ = {|euloy} s = {aja;’}, c6 = {lail*}
cr = {aaj} cg = {\ai|2]aj\2} , cy = {a?a;} , (7.34)

with @ # j, o := {FI(JI)} and with the short-hand notation {f} = fOT dt’' f(t') to indicate

time-integrated functionals.
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To identify the optimal drive that minimizes motional heating and dephasing, it is useful
to express the driving functions FZ(Q (t) in terms of a Fourier series of the form

0

Fl(jc) (t) = ZAI(72,meiwl’k’m (7.35)

where Al(jg . and wl(‘Q ., represent the amplitudes and frequencies, respectively, which are

to be determined. Crucially, by imposing the constraint

m n#m

on the functions Fl(Jl) we ensure that all terms ¢;, except for c¢g and cg, vanish. This sim-
plification allows us to achieve optimal motional heating resilience at first order in n by
minimizing a cost function that depends solely on ¢ and cg, i.e. C = F(cg,cs). In our

optimization, we choose F to correspond to the maximum function.

Resilience to order 7% and 73

Contributions to motional resilience beyond first order in 7 involve a significantly larger
number of functional constraints. These higher-order contributions become appreciable
primarily in the regime of large Lamb-Dicke parameters or with highly excited motional

states.

The number of independent conditions required to enforce motional robustness grows dra-
matically with order. In a two-ion system, there are 186 distinct conditions ¢;, at second
order, while at third order, this number rises to 2543. These conditions, analogous in
structure to those in Eq. (7.34), ensure that unwanted motional excitations and dephasing
effects remain suppressed at progressively higher orders. Given the number and complexity
of these constraints, their explicit expressions are provided in electronic format in Ref. [245]

for convenience and ease of reference.
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Figure 7.1: Energy level diagram for two identical ions and two motional modes. Solid
blue (red) sidebands represent transitions with a phonon gain (loss) in motional mode
1. Dashed blue (red) sidebands represent similar processes for motional mode 2. Levels
depicted with grey lines are highly off-resonant, while those shown with black lines are
driven nearly resonantly by multiples of the detuning ¢, as defined in Eq. (7.37). For
clarity, the deviations from the exact resonance § have been exaggerated, as they are
significantly smaller than the energy spacing between oscillator levels.
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Driven sidebands for entanglement generation and robustness

Achieving robustness against motional heating and dephasing requires a more intricate
driving scheme. Typically, this involves either driving additional sidebands or implement-
ing more complex time dependencies in the modulation of each sideband. Balancing the
trade-off between complexity and feasibility, we introduce a scheme that is resilient to de-
coherence effects up to first order in 7, specifically minimizing the nine functionals defined

in Eq. (7.34). The corresponding driving functions are given by

. 3 ..
F1(711) — F1(,21) e <6215t _ 2631615) (7.37&)
FY =501 ciot (7.37b)
’ N
F? =s,0 1 ciot (7.37¢)
' m21
where [ = 1,--- , M labels the motional modes and the effective Lamb-Dicke parameter is

defined as 7 := § n?%, + n3,. The parameter ¢ defines the gate duration T = 27/4, and

can be freely chosen within experimental constraints

Beyond enabling fast gate operation, increasing ¢ also mitigates the impact of off-resonant
transitions. However, as in the previous driving scheme (Eq. (7.25)), larger values of ¢§
require stronger driving fields, imposing practical limitations. In an experimental setting,
the optimal choice of § is thus determined by the maximum achievable drive strength while

maintaining gate fidelity.

To understand the specific implementation of this robust driving scheme, consider a pair of
ions selected for entanglement generation within the N-ion chain. According to Eq. (7.37a),
both ions receive identical bichromatic modulation with detunings 26 and 34 ions targeting
the first sideband of the primary motional mode (see Fig. 7.1 for the case of two identical
ions). This bichromatic modulation is crucial for enhancing resilience against motional

heating, while the specific detuning ratio optimizes gate speed.

Egs. (7.37b) and (7.37¢) specify different driving fields for each ion within the pair, targeting
second-order sidebands of all vibrational modes (see Fig. 7.1). These additional drives
suppress unwanted processes arising from higher-order (in 7) contributions to the system’s
dynamics. Notably, the amplitudes of these drives are mode-dependent, compensating for

the varying coupling strengths across the different modes.

Finally, the Rabi amplitude 2 is determined by solving the equation

0 2 02 2 2¢p
J lL,j

for a specified detuning &, which ensures the desired entangling phase ¢7 in the unitary
gate U.
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As the solution to Eq. (7.38) depends on the specific coupling strengths 7;;, the amplitude

(1 is generally a function of these parameters. In the weak-coupling regime, where n;; < 1,

Eq. (7.38) reduces to %22 = % whereas the corresponding condition for the conventional
MS gate reads %22 = ‘g—ﬁ. For any given value of §, the value of € in the present case is thus

larger by a factor of 24/2/5 than with conventional gates, but with stronger coupling, i.e.

larger values of 7;;, the value of {2 decreases.

While €2 directly corresponds to the Rabi frequency of the driving fields in the conventional
MS, the maximal Rabi frequency in the present case, following Eq. (7.37a), is given by
5/2|Q|. In the weak-coupling limit, this maximum Rabi frequency is /10 times larger than
the constant Rabi frequency of the MS gate. However, this ratio decreases to approximately

~ 2.5 for stronger spin-motion coupling (see Appendix H.1).

The key distinction between the two gate schemes lies in the inclusion of drives on second-
order sidebands in the present approach. As defined by Eqgs. (7.37b) and (7.37c), the
Rabi frequencies of these second-order sidebands are slightly larger than €2, but remain
smaller than those of the first-order sidebands. Consequently, the present scheme generally
requires only slightly stronger driving fields compared to the conventional MS gate (see

Appendix H.1 for more details).

7.1.3 Results

The proposed control strategy enables high-fidelity entangling gates for trapped ions, even
in noisy environments. It fully accounts for all collective vibrational modes of the ion chain
and does not rely on the Lamb-Dicke approximation. As a result, it remains effective even

at high motional excitations, reducing the need for extensive cooling.

Gate performance can be quantified using the gate fidelity, which is given by

d
Floa) = - 3 (U Trar (E(J)(Bl ® par) U1B), (7.39)

where the states |a) , |3) span the d-dimensional Hilbert space of spin states (with d = 2V),
pu is the initial density matrix of motional states, U represents the target unitary and

E(+) the actual (potentially non-unitary) channel corresponding to the implemented gate.

In practical settings, the motional states of ions are rarely Fock states, which are required

to evaluate Eq. (7.39). Instead, they typically correspond to thermal states, defined as

oxp (3ol
Tr [exp(—ﬂ Dk VkaLak>] ’

Pth = (7.40)

with 8 = 1/kgT, where kp is the Boltzmann constant and 7' is the temperature of the
ion trap. Given this, it is useful to derive an expression for the gate fidelity adapted to

thermal states.
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To do so, we first express the thermal state as a sum over Fock states,

[o¢]
Pth = Z P(ny, - ,nar) [ng, -+ snar)fng, -+, nl (7.41)

ny,,ny=0
where the probability distribution is given by

exp(—B(vini1 + -+ vpnar))
E;’Z mar=0 exp(—f >y, Vi)
exp(—B(vini + -+ vmna))

(Z;’izo 6*51/1111) . (ZZCI)W:O efﬁl/MnM)
__exp(=f(mn + -+ vunu))
(=tm) -+ (=)

— H (1 _ e*ﬁ%) e~ Brini+-tvynn) (7_42)
k

P(nla"' anM):

To simplify this further, we note that the mean phonon number in each mode [ is given by

n; = Trlp ny]
o

= Z (ni, - ,np|mP(ng, -+ nar) |ng, -+ )

ni,+,mpr=0

(e o]
_ H (1 _ e*ﬁ”k) Z e Bvinit+-Fvapmar) (ni,--- ,na|ngng, - nar)
k

ni,np=0

Hk (1 B eiﬁyk) i 6—ﬂwmnl

— Hk;gl/ (1— e—ﬁuk) =

oo
=(1- eiﬁ"l) Z e Py,

n;=0
—(1— —57/5 —Byiny
( )% @/3 Z
-1 0
1 — e B 1 — e Bv)—1
—(-etn Tl e
= (M -1, (7.43)
which implies that e " = nl_+1 Substituting this into P(nqy,--- ,nas) yields
M - n1 = nym
nq v
P = ce
(1, - H(nk—i-l) <n1+1> <nj\/1+1>
M s
| e — )

o
—
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Consequently, a thermal state can be conveniently rewritten as

00 M UL
Pth = Z (H W) [na, -+ mar)na, - nal (7.45)

ni,ny=0 \k=1

This decomposition represents a thermal state as a statistical mixture of Fock states, each
weighted by its thermal occupation probability. Since gate fidelity is a linear function of
the density matrix, it follows that the fidelity of a thermal state can be directly obtained

as a weighted sum of the fidelities for individual Fock states

F(pM): Z P(”l)"'?”M)F(n17'”7nM)7 with
ni,,np=0
d
> (alt Teag (X8I @ o, nardn, -+ na)) )UIB)

()[76:1

F(n17”' 7nM):ﬁ

(7.46)

where we exploited the linearity of both the trace and the quantum map, and P(ny,--- ,nar)
is the thermal occupation probability given in Eq. (7.44). This formulation not only sim-
plifies the fidelity calculation but also provides direct physical insight: understanding the
behavior of the gate fidelity for Fock states is sufficient to characterize its performance for
a thermal state. The final expression further reveals that for small thermal occupations
(low g ), the vacuum components (n; = 0) dominate, making the fidelity approach that of
the ideal Fock-state scenario. Conversely, as thermal excitations increase, higher-ny, states
contribute more significantly, leading to a reduction in the average fidelity and emphasizing

the growing impact of motional fluctuations.

To gain deeper insight into the gate performance, the following discussion examines the
dependence of the fidelity F(p) on experimentally relevant parameters. Specifically, we
explore the role of system size N, the initial motional occupations |ni,--- ,nr), and the
effects of non-idealities such as motional heating and frequency shifts. The latter include
both errors in the vibrational mode frequencies €, and fluctuations in the spin transition
frequencies €, which can degrade fidelity by introducing unwanted phase shifts and deco-
herence. Understanding these dependencies is crucial for optimizing gate performance in

realistic implementations.

Multi-mode systems with no dissipation or frequency errors

Unlike simpler two-ion systems, designing entangling gates for larger, multi-mode, systems
requires accounting for variations in coupling strengths 7; across ion pairs. This key
challenge is directly addressed by the proposed control scheme. Fig. 7.2(a) exemplifies this
point by depicting the infidelity 1 — F' of the present gate in a 4-ion system under ideal
conditions (no dissipation or frequency errors). The x-axis represents the initial motional
Fock state |n>®4, but it is important to emphasize that the driving patterns are not tailored

to a specific initial motional state. Instead, all infidelities correspond to the same fixed
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Figure 7.2: Infidelity 1 — F' of the entangling gate as a function of the initial Fock state
occupation n for a 4-qubit (left panel) and 2-qubit (right panel) systems (where n; = n for
all modes [). The left panel illustrates coherent dynamics, and each data point represents
the average infidelity across all qubit pairs, with the shaded area showing the range of
values found across the different pairs. The infidelity is compared for the standard MS
gate (green), the MS gate with the interaction mediated by all four modes (orange), and
the present gate (blue). Different values of the coupling strength A are shown with different
markers. The right panel depicts the impact of heating and dephasing on the dynamics
of the motional modes according to the Lindbladian Eq. (7.28). All results in the right
panel use fixed spin-motion coupling A = 0.1, and varying rates v (Eq. (7.29)) for the
dissipative processes of the phonon modes, specified in units of the detuning § and thus
gate time T' = 27/§. Marker styles differentiate the standard MS gate (crosses) from the
proposed robust scheme (circles). In all simulations, the amplitude of the driving fields
in the present scheme is limited to match the amplitude of the MS gate, ensuring a fair
comparison.

driving sequence. The shaded region indicates the spread of infidelities across different
ion pairs, with marker points showing the average value. Different marker styles further
distinguish the results for varying coupling strengths A, highlighting the robustness of the

scheme against inhomogeneities in ion coupling.

To assess the performance of the proposed gate (shown in blue in Fig. 7.2(a)), it is compared
to two alternative approaches. The first approach is the standard MS implementation
(depicted in green), which achieves spin-spin coupling by driving only the first sideband
transition of a selected motional mode, with the remaining modes acting as spectators.
The second approach (depicted in orange) extends the MS drives to all available modes
(four in this case), employing a scheme that excites the first sideband transition of each
mode with the same frequency and half the amplitude (2/2) used in the standard MS
gate. This adjustment distributes power equally among the four modes while preserving
the total Rabi angle Q2 [237].

Crucially, under ideal conditions, the present gate consistently outperforms both MS vari-
ants across all initial states and coupling strengths. This advantage is particularly evident
in weak-coupling regimes (A = 0.05, circles). Even with high motional states (n = 10), it
achieves infidelities below 1074, a remarkable two orders of magnitude lower than any MS

variant. Notably, this performance is independent of the specific ion pair within the four-
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ion system, demonstrating its robustness across various configurations, a crucial feature

for practical applications.

While the current analysis is limited to Fock states with n = 10 for a four-ion system,
numerical evidence suggests this trend persists for significantly higher levels of motional
excitation, indicating the gate’s high performance even under substantial thermal noise. In
fact, fidelities exceeding 99% remain achievable even at mean phonon occupations as high as
f ~ 100, as demonstrated in App. H.2 for a two-ion system using the same driving scheme
as in Fig. 7.2(b). This highlights the gate’s ability to maintain high performance well
beyond the low-temperature regime, making it highly relevant for experimental settings

where motional heating is a concern.

Motional heating and dephasing

The previous results demonstrate that the proposed entangling protocol enables high-
fidelity gates even in the absence of near-ground-state motional cooling, making it partic-
ularly beneficial in systems with weak spin-phonon coupling. However, a crucial question
is whether this advantage comes at the expense of increased sensitivity to motional deco-

herence due to the additional sideband driving.

A key feature of this protocol is its resilience to motional heating, which is achieved through
the temporal modulation of the driving fields in Eq. (7.37). Specifically, the bichromatic
driving terms in F1(,11) and F: 1(21) are designed to suppress the leading-order effects of motional
noise. This suppression arises because the modulation ensures that motional excitations
induced by heating do not accumulate coherently over the gate duration. Instead, the drive
structure counteracts these incoherent processes to first order in 7, as discussed in Sec. 7.1.2.
Physically, this means that while motional heating may still introduce small errors, their
impact remains bounded rather than growing uncontrollably with time. Further enhanced
robustness could be achieved by implementing a polychromatic version for all drivings in

Eq. (7.37), although at the cost of a more intricate driving scheme.

Fig. 7.2(b) illustrates the performance of the proposed gate in the presence of motional
heating and dephasing for a two-ion system of identical species. The infidelity 1 — F' is
represented as a function of the motional occupation for a fixed coupling strength A = 0.1
and different decay rates v (Eq. (7.29)), obtained by numerically solving the Lindblad
master equation Eq. (7.28). The crosses correspond to the performance of the MS gate
applied to the center-of-mass mode, while circles represent solutions derived from the
parametrization in Eq. (7.37). The results demonstrate a significant performance advantage
of the present scheme over the MS approach across all decay rates, particularly in low-
dissipative environments. This enhanced robustness achieved with bichromatic driving
enables fidelities close to 10™3 for motional occupations of up to n = 10 in low and medium
dissipative environments (v < 0.01), compared to an infidelity close to 10~! for the MS
gate. Notably, while this improved performance typically requires individual addressing of
the ions, the specific symmetry of the two-ion system (717 = 721 and 712 = —722) implies
that the driving functions in Eq. (7.10) are identical for both ions (f; = f2) and, hence,
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Figure 7.3: Combined impact of vibrational and spin frequency errors on the performance
of the present entangling scheme (robust) compared to the standard MS gate in a two-ion
system. Each panel shows the ratio of MS gate infidelity to the infidelity of the robust
scheme Iprs/IRpobust for a specific initial motional state |n,n) and a fixed coupling strength
A = 0.1. Panels from left to right show results for increasing heating and dephasing,
as modeled by the master equation Eq. (7.28). Coherent motional dynamics correspond
to a decay rate v = 0, while increasing dissipation is captured by higher decay rates
(Eq. (7.29)), which are expressed in terms of the detuning 6 of the driving fields. The
x-axis represents (in log scale) errors in vibrational frequency €,, while the y-axis depicts
symmetric errors in spin frequencies €, both scaled by the detuning §. Contour lines reveal
actual fidelities achievable by each method. Solid lines enclose regions where infidelities
remain below 10~%, dashed lines correspond to 10~3 and dotted lines to 1072. Green lines
represent the MS gate, while white ones represent the robust scheme.

that both ions can be driven collectively using a global field.

Detuning errors

Even small deviations in vibrational and spin frequencies can substantially impact gate
fidelity. These errors, though typically minor relative to the resonant frequencies (i.e.,
€ < w), can be modeled as frequency shifts of the form w — w + e. Specifically, errors
in motional frequencies appear as shifts in each vibrational mode, v; — v; + €,, while
(symmetric) spin frequency errors are modeled as w; — w; + €, affecting spin transition
resonances. Such drifts introduce a mismatch between the actual transition frequencies and
the intended driving frequencies in Eq. (7.11), effectively generating an unwanted detuning

that alters the system dynamics and can degrade performance.

Importantly, the same properties that suppress the effects of motional heating—namely,
closed phase-space trajectories and vanishing time-integrated displacement (see Sec. 7.1.2) —
also play a key role in mitigating errors from motional detuning [230]. As a result, the
proposed gate is inherently robust against such detuning effects. While it is not specifically
designed to counteract spin frequency errors, it still exhibits notable resilience to them, as

demonstrated in Fig. 7.3.
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Fig. 7.3 depicts the combined impact of detuning errors in vibrational and spin frequencies
for a two-ion system also experiencing motional heating and dephasing. Each panel repre-
sents the ratio in infidelities between the MS gate (mediated by the center-of-mass mode)
and the present robust protocol, Inss/Irepust, using a color code ranging from purple (sim-
ilar performance) to yellow (significant improvement). The panels vary across different
initial motional states |n,n) and decay rates v; and the x and y axes correspond to errors
in the vibrational €, (assumed to be the same across all modes for simplicity) and spin

frequencies ¢, respectively.

The first row of panels shows the infidelity ratio for the initial motional ground state (n = 0)
with increasing decay rates from left to right. Here, the present scheme (robust) exhibits
substantial improvement over the MS gate for small and moderate errors in motional
frequencies (€,/6 < 0.5%), even with spin frequency shifts of up to €,/d < 0.1%. Notably,
reductions in infidelity of up to two orders of magnitude are achieved in the case with no
motional heating and small frequency errors (yellow region in leftmost panel). While this
advantage diminishes with increasing motional heating (moving right within the first row),
the present scheme maintains superior performance across all decay rates depicted, within

the studied range of frequency errors.

Overall, when restricting motional frequency errors to a maximum of 1.5% of the detuning
0, the proposed gate achieves fidelities exceeding 99.99% (as delimited by the green contour
line), which represents an improvement of at least a factor of five, and up to two orders of

magnitude, over the standard MS approach.

Moving to higher motional states (n = 5), the present scheme demonstrates a more signif-
icant advantage. The region with very substantial improvement (in red and yellow tones)
expands to encompass larger errors across both axes. This improvement also decays more
gradually with higher decay rates compared to the case with motional ground states (first
row). Importantly, the MS gate fails to achieve fidelities exceeding 99% for any frequency
error within the studied range. In contrast, the robust scheme maintains high fidelities
exceeding 99% within a broad range of errors (up to €,/6 < 3% and €,/6 < 2%) and
even achieves exceptional fidelities exceeding 99.9% with frequency errors of any type of
up to 0.7% of the detuning ¢. This advantage persists even for high motional occupations
(n ~ 100), where the robust scheme still maintains fidelities exceeding 99% with moderate

frequency errors.

7.1.4 Quantifying off-resonant contributions

While the results in Sec. 7.1.3 demonstrate significant improvements in gate fidelity for
both ideal and dissipative environments, a critical question remains: do these gains persist
when the underlying approximations are relaxed? In particular, off-resonant terms ne-
glected under the rotating-wave approximation (RWA) could potentially accumulate phase
errors or induce spurious transitions during the gate operation. These terms oscillate at
frequencies ~ £kv; and were neglected in deriving the effective Hamiltonian in Eq. (7.13)
from Eq. (7.12).
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In this section, we establish rigorous bounds on their impact by analyzing the critical ratio
v/d, where v is the trap frequency and J is the detuning of the driving fields from the qubit

transition frequency, which sets the characteristic timescale of the gate.

To ensure consistency with the perturbative framework used to derive optimal control so-
lutions (which truncates the Lamb-Dicke expansion at third order in 1), we expand the full
Hamiltonian in Eq. (7.12) to the same order, as detailed in Appendix H.4. This expansion
reveals residual off-resonant interactions arising from higher-order sideband processes and

nonlinear couplings.

Off-resonant processes stem from terms in the expanded Hamiltonian in Eq. (H.2) with
time-dependencies on the motional frequencies v;. These include off-resonant carrier tran-
sitions that induce spin-flips o4 and o_ without altering the motional state, corresponding

to processes of the form

~ie ) ST§9) +he. (7.47)
p

with ) defined in Eq. (F.3).

Sideband transitions involve spin-flips accompanied by phonon excitations or de-excitations
in motional modes near-resonant with the driving fields, with the dominant process given
by

[Z njr (f(] —zAl/tal/ f1 () zAl/ta,) Zml ( (4) g—ivy ”tal/+f ; civprt 1)] ,

vz it it P
(7.48)

where Ay = vy — vp and vy = 21, — vy are non-zero detunings.

Other off-resonant processes, involving multiple phonon exchanges, can be similarly iden-
tified and included in the off-resonant Hamiltonian. These terms, oscillating at frequencies
that are linear combinations of the motional frequencies ) . ¢V, contribute to the effec-
tive Hamiltonian on timescales scaling as inverse powers of the trap frequency v—!. Given
that the gate time is dictated by the detunings 0 (as discussed in the following sections),

1

off-resonant processes, evolving on the slower timescale of the trap frequency v—*, can be

neglected when v > 4, as they average out over the gate duration.

For the two-ion case, Fig. 7.4 shows the gate infidelity of the proposed scheme as a function
of the trap frequency v on a log scale. Grey dots represent data from numerical simulations
using the full system Hamiltonian, with all off-resonant contributions, and specific values
of v in the range [1,300] with step size of 0.1. The black dashed line, depicting the v 2
scaling, serves as an upper bound for infidelity across the entire frequency range. This

—it

scaling can be understood through a perturbative analysis, as the factors e induce

—igt

a perturbation on the state with dependence of the form [ dte x v L Given that

infidelity is bilinear in the state, this translates to the overall =2 scaling of the infidelity.
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Figure 7.4: Gate infidelity, including all off-resonant terms, for the two-ion gate as a
function of trap frequency v, in units of the detuning §. Grey dots show infidelities for
specific values of v in the range [1,300] with a step size of 0.1, while the black dashed
line represents the v~2 scaling that bounds the infidelity. Blue stars highlight specific
values of the ratio v/§ that satisfy Eq. (7.51) with an error tolerance e < 1073, while the
red diamonds highlight those that satisfy the same equation with a tighter tolerance of
e< 1074

While this bound provides insights into the ratio /6 required for specific fidelity levels, it is
desirable to identify practical conditions on gate parameters that enable high-fidelity gates
without excessively large ratios v/§. This can be achieved by minimizing the influence of

off-resonant terms in Eq. (H.2) on the effective Hamiltonian.

Carrier transitions (Eq. (7.47)) vanish at first order when
uT =2k | 1e(l, M] (7.49)

for any integers kl(l). Similarly, vanishing first-order off-resonant sideband transitions
(Eq. (7.48)) requires

(1 —w)T =27k | 1e2,M], (7.50a)
(20p — )T =27k | ple1,M], (7.50b)

for integers k:l(i), k;?.
Similar constraints can be derived for the remaining off-resonant terms in Eq. (H.2). No-
tably, to simultaneously satisfy all these conditions and the gate time constraint §71 = 27k,

only the following relation must hold

<e, (7.51)
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System Size Smallest ratio v/§ for varying e
(N) e=10"1 e=10"%2 e=10"2% e=10""
2 3 11 41 56
3 3 15 71 485
4 3 22 212 765
5 3 31 201 1534
6 3 34 157 1362
7 5 29 292 1791
8 5 31 318 2280
9 5 44 288 1437
10 5 33 328 2385

Table 7.1: Smallest ratios v/§ of trap frequency v to detuning § required to satisfy
Eq. (7.51) for different system sizes N, subject to a maximum error tolerance e and the
constraint 07 = 2.

for integers ki, ko, with € = 0. While exact cancellation of off-resonant effects requires

€ = 0, a sufficiently small € can be enough to achieve low infidelity in practice.

To exemplify this, Fig. 7.4 depicts the ratios v/d (in different colored shapes) required
to satisfy Eq. (7.51) for two precision levels € in a two-ion system. Blue stars represent
solutions satisfying Eq. (7.51) with a tolerance of € = 1073, while red diamonds correspond
to a tighter tolerance of € = 10™*. The looser tolerance of € = 10~ allows for numerous
solutions for v/d, generally yielding infidelities below 1073, which is sufficient for most
applications. However, with the tighter tolerance of ¢ = 10~* infidelities even lower than
1077 can be achieved. Notably, all the required ratios v/§ are well within experimental

reach.

Optimizing gate fidelity for larger systems requires adjusting the ratios v/§. Table 7.1
presents the minimum ratio /0 required to solve Eq. (7.51) with a given tolerance e for
up to 10 ions (with the motional mode frequencies listed in Table H.1 for convenience).
However, the framework can be extended to arbitrary system sizes by solving Eq. (7.51)

to the desired precision e.

As demonstrated in this section, while the resonant Hamiltonian employed in Eq. (7.13)
does not impose specific conditions on the detunings § or trap frequencies v, constraining

the ratio v/, enables the elimination of off-resonant contributions with arbitrary precision.
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7.2 Conclusions

Trapped-ion quantum computation has emerged as a leading candidate for scalable quan-
tum information processing, yet the realization of high-fidelity entangling gates continues
to pose significant challenges. Existing gate schemes, while effective at mitigating specific
error mechanisms, are limited by their inability to address the interplay of thermal exci-
tations, control field imperfections, and environmental decoherence. These factors intro-
duce unwanted spin-motion couplings, detuning instabilities, and motional heating, which
degrade gate performance and require highly controlled environments and sophisticated

control techniques, even to achieve moderate entanglement fidelities with small ion chains.

In this Chapter, we have presented a robust entangling gate protocol designed to suppress
multiple error mechanisms simultaneously. By leveraging a multi-sideband driving strategy,
the scheme dynamically cancels inhomogeneous spin-motion interactions across all avail-
able motional modes, significantly enhancing fidelity even in large ion chains. Crucially,
the approach remains effective under substantial thermal excitations — a key advantage for
scalability, as thermal noise becomes increasingly problematic with system size. Moreover,
the protocol demonstrates resilience against motional heating, vibrational frequency fluc-

tuations, and detuning errors, easing experimental constraints and improving feasibility.

Future work should focus on experimental validation across different trapped-ion hardware
configurations, considering variations in ion species, trap geometries, and motional mode
structures. Integration with quantum error correction and exploration of multi-qubit ex-
tensions will be crucial for fault-tolerant architectures. Further refinements could optimize
driving parameters for specific experimental constraints, such as laser power limitations
or mode-frequency crowding, enhancing practical implementation. Additionally, assessing
the protocol’s compatibility with real-time feedback and dynamic circuit execution will be

essential for its role in algorithm-driven quantum processing.

Beyond its immediate application to trapped ions, this method offers insights for error
mitigation in other quantum platforms, such as superconducting qubits and neutral atom
arrays, where control imperfections similarly impact performance. By reducing dependence
on extreme cooling and highly isolated environments, the protocol enables more flexible and
modular quantum architectures, bringing us closer to the realization of practical quantum

computers.
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Chapter 8

Entangling Gates of Trapped Ions
Mediated by Spectrally Crowded
Modes

CONTRIBUTIONS

All the work in this Chapter was carried out by me, under the

supervision of Florian Mintert.

8.1 Introduction

In trapped-ion quantum computing, the implementation of quantum gates typically follows
one of two main approaches: laser-based control or magnetic-field-based control. Laser-
driven gates—such as the MS gate discussed in earlier sections — exploit the coupling be-
tween internal qubit states and the collective vibrational modes of an ion chain, mediated by
focused laser beams. These gates typically rely on the Lamb-Dicke approximation [246, 3],
which assumes the ions’ motional amplitudes are small compared to the laser wavelength,
simplifying the interaction Hamiltonian and enabling analytical solutions. However, as
previously discussed, this approximation imposes strict operational constraints: ions must
be laser-cooled to their motional ground states [209], and the qubit-motion coupling must

remain weak to prevent excitations beyond the Lamb-Dicke regime [96].

In the previous Chapter, we proposed a control scheme that mitigates many of these
issues by selecting specific sidebands and modulating the time-dependence of driving fields.
However, a significant scalability challenge arises from the laser infrastructure itself. As the
number of ions increases, the complexity of the optical system grows exponentially [204].
Individual addressing of ions in long chains necessitates tightly focused laser beams with
rapid reconfiguration or frequency multiplexing [95], both of which introduce technical noise

and crosstalk. Additionally, maintaining laser phase stability and uniform power across
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the ion chain becomes increasingly difficult, which affects gate fidelity [232]. The heating
of ion motion from electric field noise in trap electrodes further exacerbates these issues,

as residual thermal motion reduces the coherence of phonon-mediated interactions [210].

In contrast, magnetic-field-controlled gates, such as those using a magnetic field gradi-
ent [129], employ microwave or radiofrequency fields to induce qubit-motion coupling.
These methods replace complex laser systems with global microwave fields to manipu-
late qubits, as seen in scalable architectures like the “Blueprint” ion trap design [205]. The
gradient creates a position-dependent Zeeman shift, enabling spin-motion coupling propor-
tional to the ion’s displacement [227] (see Sec. 4.1.4). This approach doesn’t require the
Lamb-Dicke approximation, as coupling strength is linearly related to displacement[129],
enabling operations with larger motional amplitudes and reducing cooling requirements

while improving robustness against heating effects [131].

However, practical magnetic field gradients —on the order of 100 T/m from microfabri-
cated wires or permanent magnets [229] —result in weaker coupling strengths compared
to optical dipole forces, leading to slower gate times. These typically range from microsec-
onds to milliseconds, while laser-driven gates operate in the nanosecond to microsecond
range [96]. Although high-fidelity entangling gates have been demonstrated with mag-
netic gradients [131], scalability is still limited by the need to maintain gradient uniformity
over large ion arrays and mitigate decoherence during prolonged gate durations [205]. Re-
cent advancements, such as cryogenic trap integration to reduce thermal noise [247] and

dynamic gradient modulation [248], aim to address these challenges.

Both laser and magnetic-field gates rely on coupling qubits via shared motional modes,
acting as a quantum bus. To entangle specific ion pairs, control pulses are tailored to
resonantly drive selected modes while suppressing off-resonant excitations [209]. For laser-
driven gates, frequency combs synchronized to mode frequencies are used [228], while
magnetic-field gates employ oscillating gradients modulated at mode frequencies [130].
However, as the ion count increases, the vibrational mode spectrum becomes densely
packed, with mode frequencies scaling inversely with the square root of the ion num-
ber [249]. This spectral crowding complicates the resolution of individual modes without
crosstalk, necessitating longer gate times to preserve spectral selectivity [250]. As a result,
most high-fidelity gates to date have been limited to two-ion crystals or small chains with

well-separated modes [251].

In this Chapter, we propose a novel control strategy that completely eliminates the need
for spectral mode selection. By applying a time-dependent magnetic field gradient with
a carefully designed temporal profile, we can engineer the interaction between qubits and
motional modes to accumulate a geometric phase proportional to the collective displace-
ment of ions, irrespective of the motional mode structure. This is achieved by shaping
the gradient waveform to impart a spin-dependent force that does not require selectively
driving specific sideband transitions and instead can simultaneously use all available modes

of vibration.
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8.2 Hamiltonian model

The Hamiltonian for a set of trapped ions and motional degrees of freedom, coupled via a
constant magnetic field gradient of the form in Eq. (4.124), is given by the Hamiltonian
in Eq. (4.133). In the following, however, it will be convenient to consider a more general

magnetic field with a constant offset but a gradient that can be modulated in time, 7.e.

B(Zj,t) = B(Z = 0) + f(t)aaf z:Ozj , (81)

where z; is the axial position of the j-th ion and f(t) is the time-dependent gradient (in
the static case, f = 1). Consider the magnetic field gradient to be bounded by a maximum
value 0B/0z, so that —1 < f(t) < 1 for any time ¢. The interaction Hamiltonian takes

the form

~(4)

We i .

H=Y_ - o+ " vpafar + £(6) Y vimji(ar + af)o) (8.2)
J k 4.l

()

where &eé is the qubit frequency for ion j, accounting for the Zeeman shift due to the

magnetic field (defined in Eq. (4.132)), and o) the corresponding Pauli Z-operator. The
terms a;r and q; are the creation and annihilation operators for the harmonic oscillator
modes with frequency v, and the coupling strength 7; between ion j and motion in

normal mode [ is given by Eq. (4.134) and we reproduce here for convenience

L= JsXGlELO0 5 b 8.3

it 2y, N 2=0 ( ’ )

The time-dependent function f(t) controls the amplitude of the magnetic field gradient
and, since it is challenging to engineer independent gradients for each ion, this modulation

affects all ions uniformly, manifesting as a global prefactor in the interaction Hamiltonian.

In the case of a static field gradient (i.e. time-independent f), the qubit-motion interaction
(a; + a;)a(j ) results in an effective qubit-qubit interaction in terms of a polaron transfor-
mation that accounts for the qubit-state-dependent displacement of the trapping potential
center [129]. This interaction can be used for entangling quantum gates, but since the in-
teraction constant is quadratic in f and thus in the magnetic field gradient, it is typically

weaker than effective interactions realised with additional driving or in laser-driven gates.

The gate speed can be increased with a periodic modulation of the gradient [130]. If
the frequency of this modulation is close to the eigenfrequency of one of the motional
modes, then the effective interaction is amplified by a factor 1/d, where ¢ is the detuning
between the modulation frequency and the eigenfrequency. The requirement that motional
and qubit degrees of freedom are uncorrelated after the gate operation requires the gate
time to be an integer multiple of 27/d. By setting the detuning proportional to the
coupling strength of a selected driven mode [, § o ngv;, it becomes possible to engineer
an effective interaction between a pair of ions 7,7 that scales linearly with the gradient,

(mmjmk_ll)ag)agj ) x (0,B )oy)agj ), rather than quadratically. Given typical restrictions to
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system parameters, most notably the magnetic field gradient, effective interactions induced

by an oscillating field gradient can thus be stronger than with a static gradient [130].

This enhanced spin-spin interaction, however, comes with certain limitations. The driv-
ing fields are tuned near the resonance of a selected motional mode, which serves as the
mediator for the gate operation. The detuning from these resonances determines the gate
timescale, and processes occurring on significantly faster timescales are neglected under
the rotating-wave approximation, which imposes upper limits on achievable fidelities and
restricts the method to slower gate operations. Furthermore, the mode-specific nature of
this approach limits its scalability. The increasing spectral density of motional modes in
larger chains makes it difficult to target specific modes without unintentionally driving oth-
ers. Also, the decreasing interaction strength between each qubit and each motional mode
with increasing ion number (scaling roughly as o 1/4/n) implies that fast gates necessarily
require several motional modes participating actively, rather than relying on a single one

as the mediator.

In order to overcome these limitations, we aim at a treatment that takes into account

the qubit motion interaction (a; + a;)agj ) exactly without resort to any rotating wave

approximation that is the basis for spectral selection of individual motional modes.

Similar to the case of a static field gradient, the Hamiltonian can be diagonalized with a
polaron transformation (see Eq. (4.135)), but a time-dependent gradient requires a time-
dependent transformation. For this purpose, we adopt the specific time-dependent polaron

transformation
Up = exp ZZ (gl* (t)a; + g; (t)a}) njlagj) , (8.4)
Jsl

where g;(t) are time-dependent functions to be determined. The transformed Hamiltonian
is given by H = UpH U}; + iU pUIT_-,. After expanding and reorganizing terms by their

operator structure, H simplifies to

H= Z VlalTal
!

+ 3 (wf +ingt — g amuc?) + > (uf —ivg — ¢1) ajnjct?

j?l j7l
+> <Vlgz g+ i fgr =90 — 5 (979 — 9di )) njmoPe) . (8.5)
L.y’

The central aim of this transformation is to decouple the spin degrees of freedom from the
motional modes. This decoupling is achieved only if the coefficients of the spin-motion
coupling terms alagj ) and a;ra,g] ) vanish identically. Enforcing this condition leads to a set

of first-order differential equations for g;(t)
gi(t) +ivgi(t) = n f(t) , (8.6)
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which mirror the classical equations of motion for a driven harmonic oscillator. The formal
solution to Eq. (8.6),

) = (o) 4 [ t e () (5.7)

encodes the interplay between the global driving field f(¢) and the vibrational mode’s
natural dynamics. The first term, e ~¥*1g;(0), represents free evolution of the mode under
its intrinsic frequency v;, while the integral term describes the cumulative phase-space
displacement driven by f(¢). This structure mirrors the response of a classical harmonic
oscillator to an external force: the displacement ig;(t) arises from the resonant interplay

between the driving field f(¢) and the mode’s oscillation at v;.

Crucially, ¢;(t) acts as a spin-dependent displacement in phase space. The displacement
magnitude depends on the collective electronic (spin) state of the ions via the Pauli op-
erators o) in the polaron transformation Up. For example, in a two-ion system, the
displacement becomes conditional on the ions’ spin states (|ee) , |eg) , |ge) , |gg)), as seen in

the matrix representation of Up ,

Up = H (D (igi(t)(nu + n2)) |ee)ee]

1
+ D (igi(t)(nu — n2)) leg)eg|
+ D (igi(t)(—nu + n2)) |ge)ge|

+ D (igi(t)(—nu — n21)) 199X 99 ) : (8.8)

Here, D(a) = exp (ozaT — a*a) is the displacement operator, which shifts the motional state
in phase space by an amount «. This conditional displacement is central to entanglement.
As the ions are displaced along spin-dependent paths, they accumulate phases proportional
to their trajectories in phase space. When two ions are subjected to such state-dependent
forces simultaneously, their relative phases become correlated through the shared motional
mode. Over time, this correlation transfers entanglement from the motional state to the
internal spin states of the ions. By carefully choosing g;(t), the motional states are steered
back to their original configurations at the end of the operation, eliminating any residual

motion and leaving behind purely entangled spin states.

With g;(t) chosen to satisfy the constraints, the transformed Hamiltonian H simplifies to

. ~() N
H(t) =y oD + Y nafar+ ) aijollal) (8.9)
k

J ]

with coupling elements «;;(t) = >, n7an;P;(t) given in terms of the real functions
Oy(t) = v f(t)Im(g(t)) , (8.10)
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with the Jm(g;(¢)) denoting the imaginary component of ¢;(¢t). Although the Hamiltonian
H(t) is generally time-dependent, the commutator [H (t;), H(t2)] = 0 holds for all ¢; and
ty. This property ensures that the time-evolution operator U(t) induced by H(t) is of the

simple form

~ t ~
U(t) = exp(—i/ dTH(T)) ) (8.11)
0
eliminating the need for time-ordering.

The evolution governed by U(t) accumulates a phase fOT ®;(t)dt, determined by the oscil-
lator mode I’s trajectory in phase space. To uncover the physical origin of this phase, we
express the displacement function as ¢;(t) = X;(t) + iF(t), where X;(t) and P(t) are the
real canonical quadrature components (normalized such that they form a conjugate pair).

The accumulated phase then becomes

T T
/ O;()dt = v, / FOP(t)dt . (8.12)
0 0

Using the driven-oscillator equation (Eq. (8.6)), we rewrite this as

T T . .
[ atea = [ 1)+ 0 + inXite) - uP O (8.13)

Taking the real part (since the Hamiltonian and couplings must be Hermitian), we get

me/Ochl(t)dt_/OTXl(wPZ(t)dt—u, /TPlZ(t)dt. (8.14)

0

The first term is of geometric origin, representing the area enclosed by the oscillator tra-
jectory in phase space. The second term corresponds to a dynamical phase, dependent on
the detailed time dependence of the trajectory. If the oscillator’s motion is cyclic over the
interval [0,7] (i.e. X;(0) = X;(T) and F;(0) = F,(T)), then the geometric contribution

simplifies to the closed-loop integral

T
%2/ O(t)dt = %Pl dX; , (8.15)
0

which is the signed area enclosed by the trajectory (X;(t), P;(t)) in phase space. This
geometric phase is central to entanglement generation in trapped-ion systems. In the case
of a static gradient (i.e., time-independent g;), the phase accumulates linearly in time,
yielding a contribution proportional to Tyl%—]f’ , consistent with a constant displacement

in phase space. In contrast, time-dependent dri;ing g1(t) enables nonlinear trajectories and

thus richer phase-space structures and entanglement dynamics.

The polaron transformation captures the displacement of the ion’s motional states depen-
dent on the ion’s internal states. In the following, we will consider time-independent initial

and final Hamiltonian with potentially a finite gradient, but between the initial and final
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point in time, the gradient can be time-dependent. In order to ensure that the ions’ initial
and final motional states differ only in terms of the displacement corresponding to the
difference of initial and final gradient, but there are no motional excitations as a result of

the oscillating gradients, the boundary conditions

q(t) = —if(t) (8.16)
need to be satisfied at both the initial time ¢ = 0 and the final time ¢t = T for all modes .

Given the ability to implement a suitable driving function f(¢), this allows for the re-
alization of n independent phase shifts D; = fOT dt®;(t). The most general achievable

interaction in the effective qubit dynamics is thus of the form

> [nDn")ijePeld) (8.17)
(4]

with a diagonal matrix D, i.e. the manifold of achievable interactions is n-dimensional,

whereas the most general case is n(n — 1)/2 dimensional.

As a consequence, a desired interaction matrix Ay can be perfectly realized only if it is

diagonalizable by 0’ i.e., if it admits a decomposition of the form
T _

with D being diagonal, and where the diagonal elements of A; can be chosen at will. If this
decomposition exists, the diagonal elements of D directly correspond to the phase shifts

fOT ®;(t) required to achieve the desired interaction geometry.

While the diagonalizability condition Eq. (8.18) limits the set of achievable matrices Ay
with a global driving f(¢), a more flexible approach combining 7-pulses and entangling

dynamics with the global drive can enable the realization of arbitrary coupling matrices.

)

A m-pulse acting on ion k is defined by the operator P = exp(—iw / 203(Ek ) Applying this

m-pulse followed by entangling dynamics within a time window [¢1,t9] yields the unitary

transformation
UT(tQ;tl,/\)UO(tQ;tl)P]zr s (8.19)

where Up is the unitary propagator corresponding to the non-interacting dynamics of Hy =
2 wi/2Zi+3 Vla;al, and Up(to;t1,N\) = exp(—i >0 /\isz-Zj> the entangling operation
with coupling matrix A = fttf dta(t).

A second 7-pulse with opposite phase gives the overall transformation

U = P "Urp(ta;t1, NUo(t2; t1) P
= Ur(ta; t1, SINSF)Up(ta; t1) (8.20)
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where the interaction matrix A turns into Sk/\S,z, with a diagonal matrix S, with —1 at
the k-th index and 1 elsewhere. The transformed non-interacting propagator ﬁo(tg;tl)
accounts for the energy level shifts of ion k£ induced by the m-pulse and has no impact in

the desired coupling.

Thus, by strategically applying m-pulses to selected ions before and after entangling dy-
namics, the interaction matrix A can be transformed into a new matrix SAST, where the

signs of specific matrix elements are inverted.

A sequence of such transformations can be concatenated, resulting in an effective entangling

matrix Ap of the form

Ap = Z SOAGD (SUNT (8.21)
J

In particular, a sequence involving the application of —A, followed by m-pulses on ion k,

and subsequent entangling dynamics with interaction matrix A results in

A=A+ Se(=NST =237 Ay 1K)+ Agi 1)K ) - (8.22)

J#k
Given the symmetry Aji = Ag;j, the resulting interaction matrix has only /N —1 independent
entries, which are located along row and column k. By adjusting the N Rabi-angles D,
it is therefore possible to choose all the N — 1 entries, and the last free parameter can be

optimized to minimize the gate time for implementing a given interaction pattern.

This iterative approach enables the construction of any interaction geometry that couples
ion k to the other ions in the chain. By iteratively applying this sequential scheme to
each ion in the chain, any desired interaction geometry, including the most general form
Zij NijZ;Z;, can be realised.

However, this sequential approach may not be optimal, as m-pulses are applied to only one
ion at a time. Applying m-pulses to multiple ions simultaneously could potentially lead
to shorter pulse sequences. According to Eq. (8.22), a single sequence involving a global
field f(t), preceded and followed by appropriately chosen 7-pulses, is sufficient to produce
a desired Ay if

(SO TAg(SWn) = DD, (8.23)

where D) ig diagonal. Otherwise, one can replace DM by DW 4 M where eV contains
the off-diagonal elements such that (SMn)TAg(SMn) = DM 4 (M and aim at finding a

second sequence such that
(5T (s (5Wn)T (5Pn) = DB (8.24)

with D@ diagonal. If such a decomposition exists, one has found a two-sequence solution

involving entangling dynamics with m-pulses before and after to achieve the desired Ay.
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Figure 8.1: Hlustration of various entanglement geometries, where arrows indicate interact-
ing elements, and their thickness and color represent interaction strength (thin and light
for weak, thick and dark for strong). In (a), uniform coupling is shown across all ions,
with equal interaction strength between each pair. In (b), a rainbow-style entanglement
geometry is depicted, where symmetric pairs of ions are coupled with equal strength. In

(¢), distance-dependent coupling is represented, with ion 1 interacting with the rest of the
chain, and interaction strength decreasing with distance.

2)

If not, one repeats with a new off-diagonal matrix €. In general, this iterative process

continues until a matrix S is found that satisfies
(ST (8U=p) =D (gU=D) T (80 ) = pU) | (8.25)

with a diagonal DU).

8.3 Results

To illustrate the methodology, consider a time-dependent magnetic field gradient with

f(t) = Z A; cos(wit +9;) (8.26)

J

expressed in terms of real amplitudes A;, frequencies w; and phases ¥;. Notably, this
parametrization, or any other suitable choice, must offer enough degrees of freedom (4;, w;,
¥;) to satisfy the boundary conditions (Eq. (8.16)) and offer flexibility for optimizing the
time-dependence to achieve the desired entanglement pattern. For a given motional mode

[ with frequency v;, the boundary conditions are met if

Asws
0= Z 2]7%2 |:I/l sin(yT") sin(¥;) + wj cos(w; T +9;) — wj cos(yT') cos(ﬁj)] , (8.27a)
j

— U — W
J

Ajw;
0= Z VQ%(,JUQ [yl cos(yT') sin(¥;) — vy sin(w;T + ¥;) + w; sin(yT) cos(ﬁj)} . (8.27b)
4 1 j
J
A natural choice to solve Eq. (8.27) is to use at least 2M sets of parameters (A;,w;, ;) for a
system with M motional modes, as this provides enough flexibility to solve the constraints.
However, introducing additional frequency components in the expansion Eq. (8.26) can
further refine the dynamics, allowing better control over entanglement generation and

robustness against imperfections.

For a specific example of a four-ion chain, nine sets (A4;,w;,?;) are sufficient to satisfy
boundary conditions (Eq. (8.16)) and optimize the dynamics as desired, though more
optimal choices may exist. With such a decomposition, one can generate a wide range of

effective couplings ZZ j Aijagi)U gj)-
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To determine which interaction strengths A;; are achievable from the field parametrization
(Eq. (8.26)), it helps to derive explicit formulas for the accumulated phases D;, which
directly determine the interaction matrices A by the congruence transformation of D with
7, the matrix of Lamb-Dicke parameters (see Eq. (8.17)). To facilitate this derivation, we
first determine the imaginary part of g;(¢)

A
Jm(g) = — E - [ulz cos(wj;t + ;) — wjz cos(yt) cos(¥;) + w;vy sin(yt) sin(4;)
(8.28)

This expression leads to the derivation of the explicit time-dependent phases for each

motional mode [

u(t) Z —Aj A
2

2 2
L : t+ 0+ — W)t + 05—
” o7y 1 con((y )t 405 ) o cos( (g — )+ = 0

Ik
2

— wj cos(V;) cos((vy + wp)t + k) — w]2- cos(v;) cos((v; — wg)t — V)

+ wjyysin(Y;) sin((v; + wi)t + Yx) + wjy sin(¥;) sin((v; — wg)t — 9%) |
(8.29)

and, then, the accumulated phases D; = fOT ®;(t) can be expressed in the closed form

Dy Z —AjAg | vEsin((w; +w)T + 95 + ) — v sin(d; + V)
2 — w?) wj + Wk

N Z/l2 sin((wj — wg)T + 95 — Ug) — Vz2 sin(d; — )

wj — wg
w]2- cos(V;) sin((v; + wi)T + I) — wjz cos(¥;) sin(Vy,)
B v+ Wi
w]2- cos(¥;) sin((v; — w)T — Ig) — wjz cos(¥;) sin(—1y)
v — Wk
wjvsin(¥;) cos((v; + wi)T + V) — wjy sin(¥;) cos(Vy,)
- v+ wg

_ wyysin(¥;) cos((vy — wi)T — Jy) — wjvy sin(V;) cos(—g)

— . (8.30)
To exemplify this, consider the task of generating an effective homogeneous Ising interaction
Zi’j gagi)agj), where each pair is coupled with the same strength ¢ (see Fig. 8.1a). Since
a decomposition of the form in Eq. (8.18) exists with A; = gJ (where J is the matrix
filled with ones), this interaction can be implemented using a single global driving pulse
f(t). Fig. 8.2 presents one such pulse, although other solutions are possible. To achieve
a uniform coupling strength of ¢ = /4, the required gate duration is T = 94.2111/v,
typically corresponding to a few microseconds in practical implementations, and represents

the time needed to decouple all motional states.
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Figure 8.2: Global modulation f(¢) of the magnetic field gradient as a function of time t,
in fractions of the total gate time 7". Panels (a), (b), and (c) illustrate different modulation
patterns to engineer specific quantum operations: a uniform Ising interaction (g = 7/4,
T = 8.12556/27v) in (a), a rainbow entanglement pattern (¢ = 7/4, T = 134.51/v) in (b),
and an entangling gate with decaying coupling strength between the first qubit and the
rest of the chain (¢ = 7/4 in Eq. (8.34), T' = 153.78 /v) in (c). Simulations with (a) and
(b) assume a magnetic field gradient of 100 T/m and a trap frequency of v/27w = 100 kHz
leading to a maximum spin motion coupling of ;1 ~ 0.1196. In (c), the magnetic field
gradient is set to 200 T /m, yielding n;1 ~ 0.2392.

The effectiveness of the protocol can be verified with a numerical simulation of the gate

using the original system Hamiltonian Eq. (8.2) with the optimal driving f(t).

Considering an initial state p(0) = pg ® pas composed of spin (pg) and motional (pas)
components, and the target gate U = exp(fig > j ng)d(])), the target spin state is given

by ps(T) = Trys (U,osUT ® PM), where Trj; denotes the trace over the motional degrees
of freedom. Denoting the actual implementation of the gate by the map £(p(0)), one can
estimate the performance of the protocol with the gate fidelity defined in Eq. (7.39).

By employing the driving field f(¢) in Fig. 8.2(a), we achieve a fidelity exceeding F =
0.9999. Importantly, this value represents a stopping point in the optimization process;
in principle, the infidelity 1 — F' can be made vanishingly small, approaching arbitrarily
close to zero, through systematic refinement of the pulse parameters. The framework
avoids common approximations such as the weak-coupling assumption or the rotating wave
approximation, ensuring that the solution’s accuracy is limited solely by the precision
of the numerical pulse-shape optimization — provided the target entangling operation is

physically realizable.

Another key advantage of this method is that it eliminates the need to spectrally resolve op-
tical transitions associated with specific mode sidebands. Instead, it enables the simultane-
ous excitation of all motional modes by fully accounting for both resonant and off-resonant
processes. With motional mode frequencies {v1, va, v3, 4} ~ {v,1.731,2.41v,3.05v} (where
v is the trap frequency), the optimal driving scheme for generating the Ising interaction
utilizes frequencies {wi,ws,...,wg} ~ {0.88r,1.05v,1.11v, 1.86v, 2.43v, 2.82v, 2.86v, 2.91v,
3.04v}. These tones are distributed around the characteristic frequencies of the motional
modes, with several being near-resonant with specific sideband transitions, particularly

those associated with modes 1, 3, and 4, and to a lesser extent, mode 2. This configuration
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Figure 8.3: Temporal evolution of the mean phonon number (n;) for each motional mode
in a four-ion linear chain, ordered by increasing motional frequency. Panels (a), (b),
and (c) depict the evolution when engineering different entangling patterns: a uniform
Ising interaction, a rainbow entanglement pattern, and an entangling gate with decaying
coupling strength between the first qubit and the rest of the chain, respectively. The specific
driving pulses used and the simulation parameters are detailed in Fig. 8.2. Importantly, the
pulses are determined once and are independent of the initial motional state. To illustrate
this, the initial motional states for (a) and (c) are chosen as ground states [0)®* (i.e.,
(ny(t = 0)) = 0), while for (b), they are set to [1)®* (i.e., (ny(t = 0)) = 1).

show that the optimal dynamics involves the excitation of multiple motional modes.

The impact of this optimal driving is evident in the evolution of the phonon population
(n;) across the different modes ! during the gate operation (Fig. 8.3(a)). Starting with
all modes in the ground state [0)%°, the center-of-mass mode (blue line in Fig. 8.3(a)) is
the primary mediator of the gate and gains more than a phonon of excitation. While the
remaining modes (orange, green, and red) exhibit mostly virtual excitations due to weaker
spin-motion coupling, these virtual excitations cannot be neglected. This is evidenced by
the comparable phase shifts across all modes D~ [52.6,—12.1, —32.7, —66.3], which clearly
demonstrate the active role of all motional modes in the overall dynamics and generation

of entanglement.

An alternative effective coupling, mediated by a global field, can generate the so-called
rainbow state [252, 253|. This state describes a one-dimensional chain of N sites (with
N even) partitioned into N/2 singlet pairs, where each singlet is the maximally entangled

state

1
V2

The full rainbow state is then given by the tensor product

™) (l01) —[10)) - (8.31)

N/2

|‘Ijrainbow> = ® W_>j’ N—jt1 ° (8.32)
j=1
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pairing sites symmetrically about the chain’s center. Specifically, for each i satisfying
1 <i < N/2, asinglet is formed between the site at position N/2 — (i — 1) and the site at
position N/2 + i (see Fig. 8.1(b)).

This symmetric pairing has profound implications for entanglement. A bipartition of the
chain into two contiguous blocks cuts a number of singlet bonds proportional to the block
size, resulting in an entanglement entropy that scales linearly with the subsystem size—a
volume law. This contrasts sharply with the area law entanglement typically observed
in local, gapped systems. The volume law entanglement of rainbow states makes them a

valuable resource for exploring quantum entanglement and its scaling properties.

Notably, these rainbow states can be generated by applying the unitary

N/2
U=exp| ig Z oWgN=7+1) | (8.33)
j=1

which couples spins in symmetric pairs (see Fig. 8.1b), followed by optimal single-qubit
rotations. Since the exponent in U matches the form in Eq. (8.17), this can be achieved
using our method. The corresponding optimal driving profile to produce this entangling

pattern is shown in Fig. 8.2(b).

Furthermore, the optimal driving profiles determined by our method are completely inde-
pendent of the initial motional state. For example, the simulation of the gate dynamics
shown in Fig. 8.3(b) assumes an initial motional state with one phonon per mode, [1)®*.
However, the driving profile remains equally effective for any other initial state. As the
figure demonstrates, the desired entangling pattern does not rely predominantly on the
center-of-mass mode; rather, multiple motional modes contribute comparably, with signif-

icant excitations distributed across several modes during the gate evolution.

While the previous examples can be realized with a single global drive f(t), more complex
interaction geometries require a sequential approach involving m-pulses on specific ions.
This feature can be exemplified with the generation of an entangling gate that couples the
first spin to the other spins in the chain (with no interactions between the other spins),

where the coupling strength decays linearly with distance, i.e. with a coupling matrix

Nij = 2g (5;1 - (%1) ; (8.34)

i
and any chosen coupling constant g (see Fig. 8.1c).

This gate can be implemented using the two-step procedure outlined in Eq. (8.20). First,
a specific matrix A is implemented by applying a set of phase shifts D; to each mode I.

Then, a m-pulse is applied to ion 1, followed by the application of —A. Finally, a m-pulse

is applied to ion 1 to complete the gate. With such a sequence, the resulting entangling
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matrix reads

5
Ar =2 (Z(!l)@'\ + UXU) Zmﬂ%mz) : (8.35)

Jj=2 l

Each motional mode contributes a specific entry D;, providing sufficient free parameters

to satisfy the conditions

g g g
D' he =5, D0l =5, [Dn'hu=7, (8.36)
required to achieve the desired entanglement pattern. Crucially, the factor of 2 in Eq. (8.35)

ensures that these conditions indeed reconstruct the coupling matrix in Eq. (8.34)

The driving pulse f(¢) shown in Fig. 8.2(c) satisfies these conditions, along with the bound-
ary conditions for g;(t). Notably, this scheme does not rely on weak spin-motion coupling,
allowing the pulse f(t) to be tailored to achieve the desired coupling matrix Eq. (8.34)
even with an exceptionally strong magnetic field gradient of 9,B = 200 T/m (i.e., a very

strong spin-motion coupling of n;; ~ 0.2392).

Numerical simulations of the dynamics driven by this optimal pulse indicate that all mo-
tional modes are actively driven (see Fig. 8.3(c)). Interestingly, the mode with the weakest
spin-motion coupling appears to be the primary mediator of the gate (see n4 in Fig. 8.3(c)),

and explains the highly oscillatory nature of the required optimal drive (Fig. 8.2(c)).

8.4 Conclusions

The rapid advancement of quantum computing relies on the ability to scale systems while
maintaining precise control over qubits, particularly as algorithms demand increasingly
complex entanglement patterns. Trapped-ion systems have emerged as a leading candi-
date due to their long qubit coherence times and high-fidelity operations. However, scaling
these systems beyond a few dozen ions has posed significant challenges, primarily due
to the difficulty of controllably entangling large arrays without introducing errors or re-
quiring prohibitively complex hardware. Current methods often rely on spectrally selective
addressing of individual ions or motional modes, which becomes impractical as the number
of qubits grows. These approaches are further constrained by approximations like the rotat-
ing wave approximation — which neglects counter-rotating terms in oscillating fields — and

the assumption of weak spin-motion coupling, limiting gate speeds and accuracy.

The control scheme we introduced in this Chapter addresses these bottlenecks through the
strategic combination of a global, time-dependent magnetic field gradient and w-pulses.
Unlike traditional methods that selectively excite specific vibrational (motional) modes
via narrowband lasers or microwaves, this approach harnesses all motional degrees of free-
dom in the ion crystal. By avoiding spectral selectivity, the scheme eliminates the need
for finely tuned, frequency-resolved addressing, thereby reducing hardware complexity and

mitigating crosstalk errors. Furthermore, by operating outside the constraints of the RWA

211



and weak-coupling regimes, the method enables faster, stronger interactions between spins
and motion. This not only accelerates gate operations but also improves fidelity by preserv-
ing the full physical dynamics of the system, which are often oversimplified in conventional

models.

The implications of this advancement are profound. First, it simplifies the control infras-
tructure required for large ion chains, as global magnetic gradients and w-pulses are more
straightforward to implement than arrays of frequency-selective actuators. Second, the
ability to engineer arbitrary entanglement patterns unlocks the potential for implementing
complex algorithms—such as quantum error correction, simulation of correlated materi-
als, or large-scale Shor’s and Grover’s algorithms — that demand flexible, high-connectivity
qubit interactions. Finally, by enhancing gate speeds and fidelities in larger crystals, this
method advances the transition from near-term demonstrations to fault-tolerant quantum
computing. As trapped-ion systems scale, such techniques will be critical in realizing prac-
tical quantum advantage, positioning ion-based platforms at the forefront of the race to

build scalable, universal quantum computers.
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Chapter 9
Concluding Remarks

The path to scalable quantum computers is fraught with challenges that grow exponen-
tially with system size. At its core lies a fundamental tension: quantum systems must
remain isolated enough to preserve coherence, yet be precisely controllable to perform
computations. As qubit counts rise, maintaining this balance becomes increasingly dif-
ficult. Noise— decoherence, thermal fluctuations, and control imperfections — amplifies,
while resource demands for calibration and operation scale unsustainably. Shared physi-
cal degrees of freedom, such as collective ion motion or superconducting circuit crosstalk,
introduce correlated errors that evade conventional mitigation strategies. These hurdles
demand a paradigm shift in control methodologies, emphasizing three pillars: resource
efficiency, noise resilience, and hardware-aware design — a framework we have established

and validated in this work.

A critical bottleneck in quantum control is the curse of dimensionality, where classical
resources scale exponentially with qubit count. To address this, we introduced Implicit
Quantum Control (IQC), a framework that leverages the principles of quantum invariants
to bypass full state-vector simulations. By parameterizing objectives through operators
rather than exponentially large state vectors, IQC enables the design of protocols that
suppress excitations during diabatic operations (e.g., ion shuttling) or simulate complex
Hamiltonians with minimal overhead. Looking ahead, hybrid frameworks offer a promising
avenue to amplify these advantages. Classical optimization, guided by IQC, could design
efficient control sequences for problems like combinatorial optimization, while quantum
hardware might execute tasks such as ground-state preparation, which are intractable
for classical systems. By strategically partitioning roles between classical and quantum
resources, such frameworks could circumvent exponential memory demands, potentially

enabling scalable solutions to problems that are otherwise classically intractable.

For instance, NP-hard problems like the Shortest Vector Problem (SVP) or Traveling
Salesman Problem (TSP) can be encoded as Hamiltonian ground-state searches. While
classical methods require exponential resources to solve such problems at scale (despite

polynomial-time verification), IQC optimizes control protocols to guide quantum systems
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from simple initial states to the desired ground states. Quantum hardware then executes
these protocols, revealing solutions that evade classical computation. This synergy be-
tween operator-based control and quantum execution highlights a transformative pathway
for solving computationally prohibitive problems, with far-reaching implications for cryp-

tography, logistics, and materials science.

Noise resilience is equally critical. Entanglement operations, often mediated by fragile
motional or photonic “bus” modes, are particularly vulnerable. Traditional methods, reliant
on weak-coupling approximations or idealized hardware, falter at scale. Our protocols,
such as multi-sideband driving in trapped ions, dynamically cancel undesired couplings
across all motional modes, mitigating thermal noise, frequency instabilities, and initial
excitations. As validated in this work, these methods enhance gate fidelities in simulations
while reducing sensitivity to imperfections, both features that are essential for scaling. This
proactive error suppression, embedded directly into control design, preempts the need for

resource-heavy post-correction.

Scalability further demands control schemes aligned with physical constraints. In trapped-
ion systems, we demonstrated that global time-dependent fields enable arbitrary entangle-
ment patterns without individual qubit addressing, circumventing a key bottleneck in large
ion chains. By harnessing all motional modes and operating beyond weak-coupling regimes,
our protocols achieve faster, stronger interactions while eliminating crosstalk and approx-
imations like adiabatic or rotating-wave assumptions. These principles can be broadly
applied to other platforms, such as superconducting qubits or neutral atoms, where de-
signs that minimize hardware complexity reduce the reliance on high spectral precision

and individual qubit control.

Ultimately, scaling quantum computers involves more than just increasing the qubit count;
it requires a fundamental shift in control paradigms to address the challenges posed by
noise, complexity, and hardware limitations. The integration of operator-based control,
hybrid workflows, and platform-specific optimizations, as outlined in this thesis, offers a
strategic framework for advancing quantum technologies. By focusing on robustness, re-
ducing classical overhead, and exploiting the distinctive physics of each platform, these
strategies form the foundation for quantum systems that exceed the limitations of cur-
rent technology. Whether in simulating quantum materials, optimizing complex networks,
or securing cryptographic systems, these advances hold the potential to solve classically

intractable problems and unlock computational frontiers previously beyond reach.
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Appendix A

Relevant Mathematical Relations

This Section contains the proofs of important mathematical relations that are referenced
throughout the thesis.

A.1 Differentiation of the matrix exponential map

Consider the exponential map defined by
=1
exp(A0) = 3= 1y (A1)

where A(t) is an operator that may depend on a scalar t. To compute the derivative with

respect to t, we differentiate term by term using the product rule

n! Ot

[e’s) ') n—1
0 1 0A"™ 1 n—k—1 i
aexp(A)zE:——:§:ﬁ§:A k=144 (A.2)
n=0 n=0 " k=

where A = 8t Next, we exchange the order of summation. It is convenient to introduce
anew index j =n —k — 1, so that n = j + k + 1. With this change of variables, the sum

becomes

e}

a .
AT AAR A.3
eXp ; (J+ k +1)! (A.3)

To separate the sums over j and k, we use a standard integral representation that expresses
the factorial in the denominator in terms of an integral. Specifically, the Beta-function

identity reads

(]—i—T 'k" / dCY Oé] 1-— Oé . (A4)
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Inserting this representation into the sum yields

0 ! /
— k
5 exp(A) = /0 kg 'k' AJAA (A.5)

Recognize that the sums over j and k are just the power-series definitions of exponential

functions, leading to the desired expression for the derivative of the exponential map

1
0 exp(A) :/ da e®A Ael1=2)4
ot 0

1
= (/ do eaAAeaA> et (A.6)
0

A.2 Integral of the matrix exponential map

Consider the exponential map e*4 as defined in Eq. (A.1) for a generic operator A, which

is given by the power series expansion
e =3"—4A". (A7)

Our goal is to evaluate the integral

1
/0 da e (A.8)

Integrating term by term, we obtain

/ do e* Z/ do —A”
= ; (nt 1).‘;‘4”
- g(nin!ﬂ (A.9)

To simplify this expression, we rewrite the sum as

o0

1 > 1
= A" T A—l = pntl
7;)(%1)! * nzl (n+ 1)

=1
=1+ A" (ZMA”—]I—A)
n=0

=T+ At A1
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which simplifies to

1
/ da et = A1 (eA ~1). (A.10)
0

A.3 Similarity transformation via the adjoint action

A similarity transformation of the operator X under the exponential map generated by A

is given by
Y(a) = et Xe 4 (A.11)

where « is a scalar parameter, and A and X are operators. By construction, Y (0) = X
and X does not depend on a. Our goal is to derive a closed-form expression for this map

in terms of the adjoint action of A.

Differentiating Y («v) using the product rule yields the differential equation

Y (a)  0et 4 a4 0eA
oo Oa Xe e Oa

= AeAXe N — oA xemAY
= [A,eO‘AXe_O‘A]
=[A4,Y(a)] . (A.12)

To solve this differential equation, let us expand Y («) in power series in «,
o0
Y(a)=> Yo", (A.13)
n=0

where the boundary condition imposes Yy = X. Differentiating term by term gives

oy =
(@) = ZnYnanfl , (A.14)
which, when substituted into the differential equation, leads to the relation

inYna”_l = i a"[A, Y] . (A.15)
n=0 n=0

Matching powers of a on both sides, we obtain the recurrence relations

Y1 =[A, Y], (A.16a)
2Y, = [A, 1], (A.16b)
(A.16¢)

nY, =[A,Y,_1] . (A.16d)
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Since Yy = X, we explicitly compute the first few terms

¥i = A, X] , (A17a)
Yy = %[A, 4,X]] , (A.17b)
Yy = %[A 4,4, X]]] , (A.17¢)

(A17d)
Vo= Ak A X]) = adi(X) (A7)

n commutators

where ad’j(X) denotes the n-fold nested commutator with A. Thus, summing over all

orders, we obtain

e xe o4 = 3" Coady(X) = exp(aada)(X) (A.18)
=0 .

which expresses the similarity transformation in terms of the adjoint action of A.

A.4 Directional derivative of an operator function

The directional derivative of an operator function quantifies how the function changes
when its argument is perturbed in a specific direction. For an operator function F'(2), the

directional (Gateaux) derivative at € in the direction A is defined as

F(Q+ eA) — F(Q)

DAF(Q) = lim (A.19)
e—0 €
Since a first-order expansion gives
OF ()
FQ+eA)=F(Q)+e éé) )A+O(€2) , (A.20)

where agézﬂ) is the Fréchet derivative of F' at (). Substituting this into the definition of

the directional derivative, we obtain

DAF(Q) = (aggz)) A. (A.21)

A particularly instructive example is the case F(Q2) = QF, for which

(@4 ed)t - 0F (an> A. (A.22)

k1.
Daf¥" = limy ¢ BRI

Expanding (2 + €A)* to first order in € using the product rule (and noting that operators

may not commute) gives

(Q+eA)k = QF 4 ¢ (AQ’f—l FOAQF 2 4 QR 240 + Qk_1A> FO@) (A.23)
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Substituting in Eq. (A.22) yields

[l
(%Q ) A=A 41 QA2 1. 4+ QF 240+ QF 1A (A.24)
In the special case where 2 and A commute, i.e., [, A] = 0, every term in the sum

is identical, and the expression reduces to (89 )A = kQFTA, which is analogous to
the familiar result for scalar functions. However, when ) do not commute, the order of

multiplication is crucial, and the full sum must be retained.

A.5 Adjoint representation for derivatives of operator powers

Given an operator {2, the derivative of its k-th power with respect to 2 is defined in
Eq. (A.24). One can rewrite Eq. (A.24) in a more convenient form involving only powers

of € and nested commutators of 2 and A. For that, it is convenient the following relation
Q[Q, A] = [Q, A]Q + [Q, [, A]] . (A.25)

By applying this identity recursively, Eq. (A.24) can be rewritten in a compact form. For

instance, for k = 2 and k = 3, one obtains

AQ+ QA =240 +[Q, 4] , (A.26a)
AQ% + QAQ + Q%A = 3QAQ + [Q,[Q, A]] = 3AQ% + 3], A|Q + [Q,[Q, A]],  (A.26b)

respectively. The general expression for arbitrary integer k > then reads

(-5 oo

Jj commutators

-1

= <j r 1>ad§2(A)ij1 , (A.27)
=0

<.

where we define ad®(A4) = [, [---,[Q, A]]] = A, and for j > 1, adg)(A) = [Q,adg{l(A)}.

0 commutators
From Eq. (A.27), one can derive the derivative of the matrix exponential exp(€2) with re-

spect ot 2, i.e., 8e’§;2(9) . Using the series expansion of the exponential function (Eq. (A.7)),

the derivative reads

0 exp(Q > 1 i
_ - . k—i—1
( > A= Z k! <’L + 1> ’ [Q, A]H Q (A28)
k=0 = j commutators
oo k—1
=22 1 [0, [0, A0
P 7+ 1Y —]—1)!_,_1

Jj commutators

:<A+ [Q, A] + ;[Q,[Q,H]]+~--)(]I+Q+;Q2+§!QB+~-->.
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Using convenient notation, we define the linear operator

1

dexpg(A) = e

[Qv [ ) [Q7 Am ) (A-QQ)
j —

j commutators

so that the derivative of the exponential simplifies to

<aexp(Q)

89) A = dexpg(A)exp(Q) . (A.30)

The operator dexpq in Eq. (A.29) is invertible in a neighborhood of @ = 0, and more
generally, in any region where adgn has no nonzero eigenvalues equal to integer multiples

of 2mi. A sufficient condition for invertibility is
lada|| < 27, (A.31)

which is guaranteed, for instance, when ||| < 7 (in operator norm). For a detailed
discussion, see [41, 42, 254].

In this case, the inverse of the differential of the exponential map, dexp(_zl, admits the

formal series expansion

B;

ﬁ [97 [ ) [Qv A]H ) (A'32)

J commutators

dexpg'(A) = Z

where B; are the Bernoulli numbers, defined via the generating function

oo

Bj .
S Dl = ro (A.33)
= 4! et —1

This identity plays a central role in the construction of the Magnus expansion, particularly
in the derivation leading to Eq. (2.49).
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Appendix B

Dynamical Pictures in Quantum

Mechanics

In quantum mechanics, there are three fundamental dynamical pictures, also referred to as
representations, that offer distinct perspectives on the time evolution of quantum systems.
Each picture provides a different approach to describing how quantum systems change over

time. This Section outlines the key features and differences of these representations.

B.1 Schrodinger picture

In the Schrodinger picture, the quantum state of a system evolves dynamically over time,
while operators representing observables remain static unless they possess explicit time
dependence. For example, consider an operator Og(t) designed to transition between mea-
suring spin along the z-axis at t = 0 and the y-axis at ¢ = T'. Such an operator can be

explicitly time-dependent, as illustrated by

Os(t) = (1 - ;) o, + %ay , (B.1)

where 0, and o, are fixed Pauli operators. Here, Og(t) evolves explicitly due to its para-
metric dependence on time, even though the underlying spin operators themselves remain

constant in this picture.

The time evolution of a quantum state [1(t)), on the other hand, is governed by the

Schrédinger equation

.0
i [9(0) = H() [¥(t)) (B.2)

where H (t) is the Hamiltonian of the system, which may itself be time-dependent. Solving

this equation for an initial state [1(0)) yields the time-evolved state
[¥(8)) = U(t) [4(0)) (B.3)
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where U(t) is the time-evolution operator.

B.2 Heisenberg picture

In the Schrédinger picture, quantum states [1(t)) evolve dynamically over time, while op-
erators (representing observables) remain static unless they have explicit time dependence.
Conversely, in the Heisenberg picture, states remain fixed at their initial value [1(0)), and
operators evolve instead. The two pictures are related via the time-evolution operator U (t)
associated with the Hamiltonian H(t). Specifically, a Heisenberg-picture operator O (t)

is connected to its Schrodinger-picture counterpart Og(t) by
On(t) =UN(H)0s(OU () , (B.4)

where U(t) solves the Schrodinger equation :0,U(t) = H (t)U(t).

The physical equivalence of the two pictures is ensured by matching expectation values at
all times. At ¢ = 0, the boundary condition O (0) = Og(0) guarantees agreement. For

any later time ¢, the expectation value of an observable must satisfy

((1)]5 Os(t) [¥(1)) s = ((0)| UT()Os()U (1) [¢(0)) = ((0)| O (1) [4(0)) . (B.5)

where |¢(t))g = U(t) [1(t)) (Schrédinger picture) and [¢(t)); = [¢(0)) (Heisenberg pic-

ture). This equivalence underscores that measurable outcomes are picture-independent.

From these relations, we can find the equation of motion for the operators Op(t) in the

Heisenberg picture. Differentiating Eq. (B.4) yields

80y (t) U (t)
ot ot

Os(t)U(t) + UT(t)aO;t(t)U(t) + UT(t)OS(t)algit) . (B.6)

Substituting i0,U (t) = H(t)U(t) and —id,UT(t) = UT(t)H(t), we simplify the expression
to

90y (1)
ot

90s(t)
ot

= iUT(t)H()Os(t)U(t) + UT(t) U(t) — iU () Os()HHU () . (B.7)

Recognizing Hy (t) = Ut (t)H(t)U(t) and Og(t) = UT(t)Os(t)U(t), we rewrite this as

90y (1)
ot

905 (t)
ot

= iHp(t)Ou(t) + U'(t) U(t) —iOn(t)Hp(t) . (B.8)

Thus, we obtain the equation of motion for O (t) in the Heisenberg picture

90y (1)
ot

= i[Hy,Ox] + UT(t)aO;pU(t) : (B.9)

which represents the general form of the Heisenberg equation of motion.

In some simpler cases, Eq. (B.9) can be further simplified. For instance, many observables

Og in the Schrodinger picture are time-independent, such as the position or momentum
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operators. Additionally, if the Hamiltonian H(¢) and propagator U(t) commute at any

time ¢, the equation simplifies to

90y (1)
ot

= i[H,Opg] . (B.10)

B.3 Interaction picture

The interaction picture provides an intermediate framework between the Schrédinger and
Heisenberg pictures, proving particularly useful when the Hamiltonian comprises two dis-
tinct components. One component, the bare Hamiltonian, Hy(t)), represents a well-
understood term (typically time-independent, but more generally a Hamiltonian with
a known time-evolution operator), such as harmonic oscillator states or atomic internal
states. The other component, Hy(t), is a time-dependent term, typically more challenging
to analyze, that can have arbitrary magnitude (and therefore does not admit a perturba-
tive treatment), such as a coupling between the two components or a coupling to external

motion. The total Hamiltonian is given by
H(t) = Ho(t) + H(t) . (B.11)

In the interaction picture, the goal is to isolate the effects of the bare Hamiltonian from
those of the time-dependent perturbation H;(t). To achieve this, consider a state initialized
in [1)(to))g in the Schrodinger picture. This state evolves to |1(t)) ¢ according to the usual
Schrodinger equation (Eq. (2.29)) with H(t).

To isolate the effect of H(t), a new state vector is defined

[¥(t) g = Ur(t) [9(t))s (B.12)

where Ug(t) is a time-dependent unitary transformation that defines a new dynamical
frame. The choice of this rotation operator Ug(t) is crucial for decomposing the dynamics

induced by the bare Hamiltonian from those of the perturbation H(t).

Differentiating the above expression yields

=i 2700 )+ Un) (D) [010)
= (12Ot 1) + U HOUR®) (0 (B.13)

This shows that [(t)) , obeys the Schrodinger with a modified Hamiltonian H (t)

A(t) = iaUC,ft(t) UL(t) + Ur() HOUL (1) . (B.14)

A particularly useful choice for Ug(t) in the interaction picture is Ugr(t) = Ug (t), i.e. the
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Hermitian conjugate of the time-evolution operator associated with the bare Hamiltonian
Hy(t). Substituting this into the first term of Eq. (B.14) and using Eq. (2.28) yields

U (1)

2 Uo(t) = ~U§ (1) Ho(t)Uo(t) - (B.15)

i
Consequently, the modified Hamiltonian simplifies to

(1) = U§(8) (H () = Ho(t) ) Ui 1)
= US () Hy(H)Us(t) | (B.16)

which corresponds to the perturbation Hamiltonian H(¢) in the rotated frame. This trans-
formation effectively remowves the dynamics generated by the bare Hamiltonian, which is
often analytically solvable and considered less relevant, leaving only the transformed pertur-
bation term H(t). Notably, if the perturbation induces trivial dynamics (i.e., Hr(t) = 1),

the transformed Hamiltonian reduces to the identity, H(t) = I, as expected when the bare

evolution is completely removed.

An important property that greatly simplifies the computation of the transformed Hamilto-
nian is the ability to systematically transform composite operators. Consider a perturbative

Hamiltonian expressed as a product of operators
Hi(t) =) ajpe PPQ" = (aol + ar P+ agP> + -+ ) (bol + 01Q + 5,Q% +--+) ,  (B.17)
2%

where P/ and QF are operators acting in the Hilbert space associated with H; raised to
the powers of j and k respectively, and a; and by, are scalar coefficients. The transformed

Hamiltonian under the unitary transformation Ug (t) can be written as

H(t) =U§(1) " ;b PPQ Uy (t)
7,k

=Y ast (V0P TO®) (U@ To(0)) - (B.13)
7,k

Using the relation U] (t)PIUy(t) = UJ (£) PUs(t) UL (£) P~ 1Uy (1), yields

H(t) = Y ajb [(U3 () PUO) (U (H)QU ()]

7.k
=" a;b PP (1)QF(t) (B.19)
7.k
where
P(t) = UJ()PUL(t), Q(t) = UJ(t)QUol(t) (B.20)

are the transformed operators in the interaction picture.
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This result highlights that transforming any polynomial or product of operators reduces to
transforming the individual operators. Consequently, only the transformations of the fun-

damental operators, P and @), need to be computed, significantly simplifying the analysis.

An essential observation is that operators which are time-independent in the Schrédinger
picture may acquire explicit time dependence in the interaction picture due to the time
evolution of the unitary transformation Uy(t). To derive the time evolution of a transformed

operator, one computes the time derivative of P

P aUl(t) . 0P c Ut
E Y PU()(t) + UO (t)EUo(t) + UO (t)P BN
. OP .
= iUJ (t)Ho(t)PUy(t) + U} (1) Volt) - iUJ (£)PHo(t)Up(t)
— iHo(t)P + U} (t)%on(t) — PHy(t) , (B.21)
which yields the equation of motion
oP 1. 4 N
= [Ho(t), P} + UJ () 55 Uo(®) (B.22)

Crucially, the time derivative on the left-hand side applies to the transformed operator
P, whereas the derivative on the right-hand side is performed over the operator in the
original (Schrédinger) picture. Furthermore, the transformed bare Hamiltonian, I:I()(t),
matches its Schrédinger form if Hy is time-independent, as demonstrated by the relation
etHo flpe=Ho — [, This equivalence, however, does not generally hold when Hy is time-

dependent.
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Appendix C

Methods for Quantum Control

In this Section, we provide an overview of the most widely used methods in quantum
control: CRAB, GRAPE, and Krotov. These approaches are particularly relevant to the
control problems discussed in this thesis, especially in relation to the method developed
in Chapter 5. These techniques are designed to optimize control functions {u;(¢)} in the

control Hamiltonian, which takes the general form

Np
H(t)=Ho+ Y _u;(t)h; , (C.1)

j=1

where Hj is the system’s intrinsic Hamiltonian, b; are control operators, and u;(t) are time-
dependent control fields. By tailoring u;(t), these methods enable precise manipulation of
quantum systems, making them indispensable tools for solving a wide range of quantum

control problems.

C.1 The CRAB algorithm

The core principle of the Chopped RAndom Basis (CRAB) algorithm [63, 255] is to utilize
a sufficiently complex parametrization for the control fields u;(t) to enable solutions to
complex optimization problems. The method involves decomposing each control field,
uj(t), into a set of basis functions, typically chosen randomly, in order to capture the
necessary time-dependence required for optimization. The algorithm starts with an initial

(0)

guess u;

f(t) - u§-0) (t), where f;(t) are correction functions that adjust the time-dependence of the

(t) for the control fields and iteratively generates refined solutions of the form

controls to minimize the loss functional £. These corrective functions f;(t) are expanded
in a simple function basis, such as a Fourier series, with parameters {1;, that characterize
the expansion. Formally, the correction function for the j-th control field can be expressed

as

£ = ¢k - (R t) (C.2)
k
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where g;i(€;, t) are the basis functions, and cj;, are the corresponding coefficients. In the
specific case of a Fourier series, gj; would encompass sinusoidal and cosinusoidal compo-
nents, while €2;; would represent both the frequencies and the amplitudes of each frequency
component. To facilitate the exploration of the parameter space and accelerate the con-
vergence process, the CRAB algorithm introduces a randomization scheme. This involves
introducing a random variable, 7, which perturbs the parameters of the basis functions.

Specifically, the parameters €1, are modified as
ij — ij(l + Tjk) , (0.3)

where 0 < 7 < 1. This random perturbation effectively introduces variability in the shape
and characteristics of the basis functions, broadening the search space. This randomness
serves to enhance the algorithm’s ability to avoid local minima and accelerate the search
for an optimal solution by introducing variability into the function space spanned by the

basis functions.

The optimization problem within the CRAB framework then translates to minimizing a
multivariable cost function £ with respect to the parameters c;; and the total evolution
time 7. This process requires evaluating £ for specific choices of c¢j; and determining
the optimal values of these coefficients that minimize the cost function. To do so, the
state |[¢(T)) at the final time 7" must be constructed, which entails numerically solving
the Schrédinger equation — because the time-evolution operator U(t) cannot be computed
exactly. As a result, only a numerical estimate of £ is available, making the optimization
problem inherently numerical. To identify the optimal solution, numerical methods are
employed to explore the parameter space. These include gradient-based techniques such
as conjugate gradient, steepest descent or direct search methods [256], or direct search
methods that do not require any estimate of the gradient, such as Nelder-Mead or Simplex
algorithms [257].

C.2 The GRAPE algorithm

The GRadient Ascent Pulse Engineering (GRAPE) algorithm [26] operates by iteratively
refining control parameters w;(t) through gradient descent. Specifically, GRAPE seeks to
minimize the cost function £ by adjusting the control parameters in the direction of its
gradient 0L/0u;(t). The core principle of GRAPE lies in its efficient computation and

utilization of these gradients, enabling the identification of optimal control solutions.

To facilitate the computation of the time evolution and the associated gradients, GRAPE
assumes that the control parameters u;(t) within the system Hamiltonian are piecewise
constant. This approximation is often a good representation of real experimental setups
where control signals are inherently discretized or can be approximated by step functions.

Under this assumption, the total evolution time 7" is divided into M intervals (usually of
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equal duration), during which the control amplitude remains constant, i.e.

Uj(t):uj'o for0<t<t,

uj(t) = Uj1 fort;1 <t <ty

Uj(t) = Uj(M-1) forty_ 1 <t<ty=T. (04)

This discretization translates the continuous control problem into a finite-dimensional op-
timization over the set of w;, where j indexes the control fields, and k indexes the time
intervals. Within the piecewise-constant framework, the Hamiltonian at time tj is given
by

Np,
H(ty) = Ho+ > _ujrh; - (C.5)
j=1

The time evolution of the system over each interval [tg,t;—1] is then described by the

propagator
Uty tp_y) = e BrH ) (C.6)

with Ag = tp—tr_1, and the total evolution from ¢ = ty = 0 to tj is obtained by sequentially
multiplying these propagators

1
U(t:0) = [] Ultms tr) = e @HH@) midea ) midiB0) Q)

m=k

This structure enables efficient numerical computation of the forward-evolved states, |[1)(tx))
U(ty;0) [4(0)), and the backward-evolved states, |1/(0)) = UT(t1;0) [¢(tx)), a crucial aspect

for accurately estimating the gradients.

The gradient of the cost function £ with respect to the control parameters u;; guides the
search for optimal control sequences. In the piecewise-constant framework where each con-
trol is discretized into M steps, this translates to optimizing over a (N, - M)-dimensional
space. The exact expression for the gradient of £ with respect to u;; depends on the specific
forms of the cost term C and the regularization term R. While an analytical expression
for the gradient is often desirable, it may not always be feasible, particularly for com-
plex or non-smooth functionals. In such cases, numerical methods such as finite-difference
approximations or quasi-Newton methods (e.g., the Broyden—Fletcher-Goldfarb—Shanno
(BFGS [258]) algorithm) can be employed to estimate the gradient and facilitate the opti-

mization process.

To illustrate the computation of the gradient, consider the scenario where the cost term
C is defined as the state infidelity, C = 1 — |(¢p[4(T))|?, and no additional regularization
is applied (R = 0). Since the final state |¢)(T)) is related to the initial state [¢(0)) via
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[Y(T)) = U(T;0)|¢(0)), the gradient of £ with respect to uj; is given by

oL ou(T;0)

oUt(T;0)
e P Ty T Ouy,
gk Ujk

8Ujk

% (0)X3(0)] [Yr) (C.8)

where the derivative of the propagator with respect to u;; can be expressed as

k+1 1
oU(T;0) aU(tk,tk 1)
Ut b Ut tm1) C.9a
au]k mHM " 1 aujk ml_kI—l ( 1) ( )
t T k—1 M
UNT;0) _ Uty 1) 2 =13 10) (-1 th) [T Uttm-stm) . (C.9b)
8ujk el Gu]k “hi1

with the adjoint property Uf(tx;tx_1) = U(tp_1;tx) applied in the second line. For the
derivative of the single-interval propagator, the matrix exponential expansion for non-
commuting operators [259] yields

OU (tg;tr—1) A? @

= U(tk;tk—1)< — iAgh; + 7k[H(tk)’ b;| + 5 [H (tx), [H (tx), bjl]

+ O(Aﬁ)) . (C.10)

8ujk

Defining the forward-evolved state as [1(t;_1;0)) = [[h _p_; Ultm;tm—1)[#(0)) and the
backward-propagated target state as (Vp(tg—1)| = (Vr| an:M U(tm;tm—1), the gradient

simplifies to

2
o = —‘ Wt )] ( —iteb; + SE[H (1),
Ujk
ZA3 2
+ SR, (H (), 0,] + O(Ai)) [ (th_1:0)) (C.11)

This expression captures the overlap between the forward-evolved state (up to t;x_1) and
the backward-propagated target state (from T to tx_1), linked via the operator encoding
the propagator’s control dependence. The gradient expression essentially quantifies how
the control parameters should be adjusted to align these states perfectly, ensuring optimal

connectivity between the forward-evolved and backward-propagated trajectories.

Finally, the control parameters are iteratively updated from iteration ¢ — 1 to iteration

as

i i oL
ng) = ng 1) + «

A2

where « is the learning rate controlling the update step size.
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C.3 The Krotov algorithm

The Krotov’s method [260, 261| follows a similar approach to GRAPE in seeking the
optimality of the control parameters u;(t). Likewise, the core idea is to iteratively refine
the control fields using both forward and backward propagations of the quantum system,
ensuring efficient convergence toward the desired solution. Starting with an initial guess
for the control fields, denoted ugo) (t), the fields are updated at each iteration ¢ according

to the update rule
() = w7V () + A (1) (C.13)
(@)

J
tion. The main difference between Krotov’s method and GRAPE lies in the construction of

where Au;’(t) represents the calculated adjustment to the control fields at the i-th itera-
Augi) (t). In Krotov’s method, the update is not based on the gradient of the cost function
L with respect to the control parameters, but rather on the derivative of the Hamiltonian
with respect to the control field. This guarantees a monotonic reduction of the cost func-
tion in each iteration by directly updating the control pulses using a deterministic update
rule derived from the variational principle. In contrast, GRAPE guarantees convergence
only when second-order or higher expansions of the derivative U /Ouj;, (Eq. (C.10)) are

included.

In Krotov’s method, the forward-propagated state |¢)(¢)) is obtained by numerically inte-

grating the time-dependent Schrédinger equation (e.g., using the Runge-Kutta or Crank-
(4)

Nicholson method) with the updated controls from iteration i, u;”(t),

20— 100 (o) (C.14)

where the superindex (i) indicates that the Hamiltonian employs the controls ug.i) (t), and
the initial condition is [¢)(0)) = [¢r). Similarly, the backward-propagated state |x(t))

evolves backward in time using the optimal controls from iteration (i — 1) as

O |x(t i
OO 60y oy (©15)
with the boundary condition
aC
IX(T)) = - (C.16)

O (W (D)) -

Here, the right-hand side is evaluated for the state |¢(T")), which results from the forward
propagation of the initial state |1(0)) = [¢;) with the optimal controls from the previous
iteration (i —1). In the case where the cost function is C = 1 — |(¢(T)|¢r)|?, the boundary

condition simplifies to

X() = ((rlo(@) )| 1or) (€a7)

(i—1
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which is the target state |¢)7) scaled by the overlap with the state at final time 7" with the

current optimal controls.
With these definitions, the update rule reads [261]

. A (4)
A (t) = 210, <<X(t)| mw») , (C.18)

where S;(t) is a scaling factor that determines the magnitude of the update at each itera-

. . . (#) . . . . . .
tion, « is the learning rate, and 852 (t(; ) is the partial derivative of the system Hamiltonian
J

H (t) with respect to the control w;. Using the expression for the Hamiltonian in Eq. (3.1),
OH (1)

this simplifies to 9u;0)
J

= b;. The imaginary part guarantees that the update Aug-i) (t) is

real.

(
Intuitively, the overlap (x(t)| 8;; zg) |1(t)) measures how much the action of a specific
J

control u;(t) can push the current forward-evolved state |¢(t)) towards the backward-
evolved state |x(¢)) (which contains information about how changes in the final state
depend on earlier parts of the trajectory). When the forward and backward states exhibit
high overlap, the system is already evolving near-optimally. In this case, the action of
the Hamiltonian term bh; associated with control w;(t) is likely to diminish the overlap
between these states. This implies that the optimal adjustment to the control Aug-i)(t) will
be relatively small. Conversely, when the forward and backward states are significantly
different, a substantial modification to the control w;(t) is often necessary. If the action
of h;(t) increases the overlap between these states, it suggests that this control should be

adjusted accordingly.
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Appendix D

Mathieu Equation

This Section presents a detailed solution to the multi-dimensional Mathieu equation (Eq. (4.9)),
which models the behavior of particles in traps, such as Paul traps. The coupled system

of Mathieu equations is given by

27

2 + (P - 2cos(27')Q>F': 0, (D.1)

where P and Q re symmetric matrices with dimensionless elements defined as

P—= 4Z‘6|VD0M1'J‘ Q _ —2Z|6|VRFN1']' (D 2)
K mwffrg ’ " mwffrg . '

Note that the minus sign in Q is consistent with the formulation in Eq. (4.9) due to extra
sign in Eq. (D.1).

In order to solve Eq. (D.1), it is convenient to define the ansatz

(r) = i Cop, (bei(2n+”)7 + ce*"(szr”)T) ; (D.3)

n=—0oo

with real vectors C_"gn, real phases v and complex coefficients b, ¢ that are determined by

the initial conditions. Substituting in Eq. (D.1) yields the recursive relation
R0 Con — Q(Can—z + Cony2) =0, (D.4)
with the compact matrix form
Ro, =P — (2n+0v)21. (D.5)

From Eq. (D.4), it follows a recursive relation that specifies the coefficients C, in terms

of the anterior and posterior terms Con—o and C_"2n+2, respectively, namely

Con = R51Q (C;2n72 + 62n+2) . (D.6)
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Similarly, setting n = 1 in Eq. (D.4), yields
QC, = RoCr — QCy . (D.7)
Substituting recursively Eq. (D.6) into Eq. (D.7) yields
Qlo = (R2— QR;'Q - QR;'QR;'QR;'Q -+ )Gy , (D.8)
which allows finding an expression for C, in terms of the matrices Q, Ry, and C_"O
S -1 -1 -1 -1 1.5
¢y = (R:~ QR;'Q - QR'QR;'QR;'Q ) QG . (D.9)

This expression generalizes for any égn. In order to determine the exponents v in Eq. (D.3),
it is convenient to use a different arrangement of Eq. (D.4) an evaluate for n = 0, which
results in Qég =RoCy — Qé_g and, hence, allows finding an alternative formulation for

62, namely
~ —1 —1 -1 —1 —1 ~
> = Q7' (Ro ~ QRZ}Q - QRTIQRTIQRTIQ — - ) (i . (D.10)

Comparing Egs. (D.9) and (D.10), yields the relation
-1
W= Q[R2 —QRZIQ—QRZIQREIQRZIQ—---] Q
- [Ro ~QR7;Q - QRI;QRIQR7;Q — - ] =0. (D.11)
The values of the frequencies v in Eq. (D.3) thus correspond to the solutions to

det(W) =0 , (D.12)

and are thus given in terms of the dimensionless variables in Eq. (D.2).

Solving Eq. (D.12) and subsequently determining the coefficients Ca, (Eq. (D.10) ) that
characterize the ion trajectory requires constructing an infinite series. To simplify the
analysis, a common approximation truncates this series at the lowest order (i.e., n =
+1), assuming C_"i4, éiﬁ, .+ ~ 0, resulting in a finite expansion. This approach typically
provides an accurate estimate of the ion’s trajectory, 7(¢), which depends on the specific

values of the parameters in Eq. (D.2).

Not all parameter combinations yield bounded solutions and stable dynamics. Stable
orbits occur when the field parameters satisfy F;;,Q;; < 1. These conditions require a
sufficiently high w; s to ensure that the rapidly oscillating field reverses polarity fast enough
to prevent the ion from escaping along the transiently anti-confining direction. This rapid
oscillation creates a time-averaged potential well that effectively confines the ion in all

three dimensions, leading to the solutions in Eq. (4.11) of the Main text.
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Appendix E

Classical Electrodynamics

This Section provides an overview of the key equations describing electromagnetic fields,
which are essential for understanding the light-matter interactions discussed throughout
this thesis.

The fundamental equations of classical electrodynamics govern the interaction between
charged particles and electromagnetic fields. Maxwell’s equations establish the relation-

ships between the electric and magnetic fields as follows [111]

R 1
\& E(Fv t) = 7p(777 t) ) (Ela)
€0
V- -B(ft)=0, (E.1b)
v x B = -2 (B.10)
= o 1AEFt) 1 -
VX B(t) = 57 6002(1(7«,75) , (E.1d)

—

where p(7,t) is the charge density, J(7, t) is the current density, E(7, ) is the electric field,
and B (7, t) is the magnetic field. The electromagnetic fields can be expressed in terms of

a scalar potential U(7,t) and a vector potential ff(f’, t), which are related to the fields by

. A(F -
Bty = -2 g;’t) VU 1), (E.2a)
B(F,t) =V X A(7t) . (E.2b)

The potentials {ff(f’, t),U(7,t)} are not uniquely defined, as different pairs of potentials
can produce the same electromagnetic fields. Such pairs are related through a gauge

transformation [111]

A7 t) = A(F,t) + VE(7t) (E.3a)
Uit = U - 2D (E:3b)



where F(7,t) is an arbitrary scalar field. The freedom associated with the potentials can
be constrained by imposing specific gauge conditions. Common choices include the Lorentz
gauge, the Coulomb gauge, and the dipole gauge. For the purposes of this analysis, the

Coulomb gauge is adopted, characterized by the condition
V-A(Ft)=0. (E.4)

Assuming a charge-free region (i.e. p = 0, J = 0), Egs. (E.1d) and (E.2b) yield the

following relation
OB % x B(7t) = V x (6 X A’(f,t)) . (E.5)
Using the vector identity for the curl of a curl, one obtains
V x (Vx A1) = V- (VA7) - VAT . (E.6)
Imposing the Coulomb gauge (Eq. (E.4)), implies

1 OE(F,t) =5
————+=-V*A(7,t) . E.7

el (7.1) (.7
Substituting this into the equation for the electric field E (7, t) from Eq. (E.2a), the equation

of motion for the vector potential A(7,t) is obtained

1 O2A(F 1) <y,
This is a wave equation with a plane wave solution in charge-free space, given by

A(F,t) = Ageexp (z’(ET . wt)> v Aggexp<—i(ET P wt)) . (E.9)

where Ag = |Ag|e’® denotes the amplitude of the vector potential, € is a unit vector repre-
senting the polarization direction of the wave, k is the wave vector indicating the direction

of propagation, and w is the wave frequency. These quantities satisfy the dispersion relation

- w
1l = = (E.10)

c .

From the vector potential (Eq. (E.9)), the electromagnetic fields E (7, ¢) and B(7,t) can be

derived as
E(7,t) = | Eolecos (K- 7= wt +6) | (E.11a)
B(7t) = \BO\ECOS(ET-F—wtm) , (E.11b)
where the identity
A (@7) - (W) X G+ ¢<6 x 17) (E.12)
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was employed, and defined the following quantities
Ey = 2iwAy, By =2i|k| A, (E.13)

where the magnetic field polarization vector b is given by

kx €

Il

g:

1

(E.14)
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Appendix F

Supplementary Information for
Chapter 5

In this Section, we provide further details on various aspects related to Chapter 5, includ-
ing proofs of key claims, additional insights into numerical optimization, and examples

demonstrating the applicability of the method.
F.1 Absence of symmetries in the system Hamiltonian
We will show here that there is no symmetry in the Hamiltonian

n n—1
Ht) =Y fi0Zi+9> X Xju+ Y wi(t)X; (F.1)
j=1 j=1

jeftn}
for g # 0 and general time-dependent functions f;(t) and w;(t), i.e.

there is no n-qubit operator A™ (besides multiples of the identity) that com-
mutes with each of the operators Z1, Zs, ..., Z,, X1, X, and Z?:l XX

The requirement to commute with each of the operators Zi, Zs, ..., Z, implies that A"

can be expanded in terms of tensor-products of 1 and Z terms only.

The requirement to also commute with X7 and X,, then implies that A,, is of the form
A"=1D"®1, (F.2)

with an n — 2-qubit operator D" that can be expanded in terms of tensor-products of 1

and Z terms, or more explicitly as
A"=11F"®1, 101, +11G"® Z,_1 ® 1, , (F.3)

with n — 3-qubit operators F,, and G,, that can be expanded in terms of tensor-products

of 1 and Z terms,
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In order to address commutativity with

n—1
Y XX =HY (F.4)
j=1
it is instructive to express H as
H} = H;L_l RIL,+ 11 19X 1@ X, . (F.5)

The commutator [A", H)] thus reads

[A" H) =1, 9G"® Z,_1, H Y@ 1, (F.6)
+2iL 9G"RY,1®X,
+ []ll & F" & ]lnfbH;;’L_l] X ﬂn .
Since the term in (F.7) is the only term with a factor X,,, the commutator can vanish only

if G™ vanishes. If this is the case, however, then also the right-hand-side in (F.6) vanishes,

such that the commutator reduces to
A" H! =i @ F" @ 1,1, H 7 ® 1, , (F.9)
with an operator
A1 =1, 0 F"®1,_1, (F.10)

that is exactly of the form of Eq. (F.2), but for n — 1 instead of n qubits.

The result to be proven thus holds for an n-qubit system, provided that it holds for an
n — 1 qubits system, and since one can readily verify it explicitly for a 2 qubits system,

the proof is completed by induction.

F.2 More details on numerical optimisation

Computing infidelity and gradient

In the numerical optimizations of Chapter 5, we employ the GRAPE (Gradient Ascent
Pulse Engineering) methodology (see Appendix C) to optimize the control fields of the
system Hamiltonian. GRAPE is chosen primarily for its efficient gradient computation,
which accelerates convergence in high-dimensional optimization problems. However, other
optimization methods, such as those described in Appendix C, are equally compatible and

could be used depending on the specific requirements of the problem.

The time-dependent Hamiltonian H(¢) (Eq. (5.3)) is decomposed into two parts: a con-

stant, non-controllable component Hy and a controllable part Zévzhl uj(t)H;, where Ny, is
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the number of control terms. We assume the control parameters u;(t) are piecewise con-
stant, with the total pulse duration 7" divided into M intervals of equal length At. Within
each interval, the driving amplitude u;(t) is held constant, simplifying the numerical im-

plementation.

The optimization process aims to minimize the infidelity, defined by Eq. (5.19) or Eq. (5.34),
by tuning the set of control amplitudes {uj; : 1 < j < Nj,1 <1 < M} and the total
duration T. To facilitate efficient evaluation of the infidelity during optimization, the
operator basis elements {a;} are normalized such that Tr(aja) = ;5. This normalization
simplifies the propagation of operators according to Eq. (5.10) and the computation of
the overlap between the target coefficient vector ar and the final coefficient vector a(7T),

obtained from an initial condition a(0).

Within the IQC framework, the control problem is thus formulated as finding the final co-
efficient vector a(7') that minimizes the infidelity given in Eq. (5.20) for state preparation,
or Eq. (5.35) for quantum gate implementation. The evolution of a(t) is governed by the
adjoint representation matrix K (t) of the system Hamiltonian H(t), which can be written

as

K(t) =Ko+ Y u(t)K; (F.11)

where K and K are the adjoint representations of Hg and Hj, respectively (see Eq. (5.11)).

For a piecewise-constant control, the solution to a(t) = K(t)a(t) is given by

1
a(T) =U(tastm—1) - Ultas t)U (15 t0)a(0) = H Uti;ti-1)a(0) , (F.12)
=M
for t; € {to = 0,--- ,tpy = T}, and where the time-evolution operator in each interval

[ti—1, %] is simply

Ulty; tr1) = AU unke) (F.13)
Importantly, since K(t) is anti-hermitian, U (¢;;¢;—1) is unitary.
To illustrate the computation of gradients, we focus on the cost function J from Eq. (5.20),

as the result generalizes to Eq. (5.35) for gates. Following standard GRAPE (see Ap-

pendix C), we define the forward and backward propagated vectors

a(tm) = Z/[(tm; tm_l)Z/[(tm_l; tm_g) e U(tl; to)a(O) ;
bT(tm) = G;U(tM; tM_l)U(tM_l; tM_Q) .. .U(tm_H; tm) .

These vectors represent the operator Z(t) and its time-reversed counterpart Zp(T — t) at

t = mAt in the vector space of the basis elements.
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The gradient of J with respect to ¢k can be computed similarly to Eq. (C.8), yielding

0T OU(T;0) 2
Oukl - Ter 8Ckl a(O
+1 1 2
OU (ty;t—
=—lar [ Ultmitm-) ((9lu =) [T ¢(tm:tm-1)a(0)
m=M kl m=I[—1
Ut 2
= oty MU o, (F.14)
Ukl

The derivative OU(t;;t;—1)/Ouy; is approximated by the 2nd-order method [259], which is
derived by retaining the first two terms of the expansion in Eq. (C.10) and replacing each

Hamiltonian term —¢Hy, with its corresponding adjoint Ky,

2

8U(tl;tl—1) _ u(tl;tl—l) (Ath . ATt

Ouy

Ko+ > upKy, Ky
p

) +0O(A?),  (F.15)

resulting in the gradient of the objective function

2

97 , (F.16)

Ougy

A 2
b (1) (Ath - Tt

Ko+ Z up Kp, Kk] ) a(t;—1)
P

which is efficiently computed using matrix-vector multiplication. The most computation-
ally demanding step is the multiplication of a matrix exponential with a vector to obtain
a(ty,) and bi(t,), but it can be done efficiently with the Krylov subspace method [262]
owing to the sparsity of K (t).

Since the optimization relies on numerically exact integration of Eq. (5.10), it is not con-
strained by adiabaticity. Consequently, the control protocol duration 7' can be minimized,

limited only by the physical constraints of the system.

To compute the derivative of J with respect to the duration T', J is evaluated again for
a slightly perturbed duration T+ dT, while keeping the control amplitudes cy; fixed. The

derivative is then approximated as

0J _JT+dT)—J(T)
oT "~ dT '

(F.17)

Navigating the optimization landscape

Given suitably chosen initial and final conditions {Z(0),Zr} (or multiple pairs for quantum
simulation tasks), the goal in IQC is to optimize the system Hamiltonian H (¢) such that it
drives Z(0) to Zp. This is accomplished by minimizing a cost function 7, which quantifies
the deviation from the desired target. The control parameters in H(t) are fine-tuned
iteratively to minimize 7, guided by the gradient-based optimization strategy derived in

the previous Sec. F.2.

To efficiently navigate the optimization landscape, we analytically compute the gradient

260



of J with respect to the control parameters. Additionally, to accelerate convergence and
improve stability, we approximate the Hessian of 7 using the L-BFGS method, which pro-
vides a reliable estimate of the curvature of the optimization landscape while maintaining
low memory requirements, making it particularly suitable for large-scale problems. Once
both the gradient and Hessian are determined, they are supplied to Matlab’s fmincon func-
tion, which optimizes the control parameters and refines the system evolution toward the

desired target.

In most cases, this optimization strategy succeeds after testing a few initial guesses for
the controls. However, certain problems require more careful handling and a tailored
approach. These challenging cases typically arise when the target Hamiltonian involves an
effective interaction that scales with system size —such as the n-body operator [], Z in
Ug. As n increases, the optimization landscape becomes more complex, characterized by
numerous shallow local minima and extended plateaus, making convergence significantly

more difficult.

To systematically overcome these challenges, we employ a three-step procedure. First, we
impose the inherent symmetry of the control problem onto the control variables, ensuring

that the optimization starts from a structured, physically meaningful ansatz

n—1

Hi(t) =g  XiXj + [i(t) Y Zi+ fo(t)(Z1 + Zy) + w(t)(X1 + Xo) (F.18)
Jj=1 =

which maintains symmetry across the chain except at the boundaries. This choice ensures
consistency with the control targets and simplifies the optimization landscape. The opti-
mization is performed sequentially for increasing system sizes, from n = 5 to n = 50 in

steps of five, using the optimal control from n — 5 as the initial guess for n.

Once a solution is obtained for H{(t), we refine it by optimizing with a system Hamiltonian

that preserves only inversion symmetry

L(n+1)/2]
= gZX X+ Z FiO(Z5 4 Zny1—5) + wt) (X1 + X,) (F.19)

allowing for more flexibility in the control landscape while retaining some symmetry con-
straints. The final control from the previous step serves as the initial guess. Finally, we

remove all symmetry constraints and optimize using the fully general control Hamiltonian

—QZX X]+1+ij Z +Zw] . (F20)

je{1,n}

This step provides the highest degree of flexibility, enabling the control parameters to adapt
freely to the optimization landscape. Each optimisation step is done with a maximum of
1000 function-and-gradient evaluations. To further enhance convergence and avoid local

traps, we introduce small random perturbations to the initial guess at every step and
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explore 12 nearby solutions in parallel. In many cases, the target infidelity is already

reached with H{(t) or H5(t), eliminating the need for the fully unconstrained optimization.

As explained in Chapter 5, IQC not only optimizes the control parameters of H(t), but
also allows for the optimization of the total time 7" required for the task. The optimal time
T is thus system-dependent, and we have found the following results: for the optimizations
of Hg,Heo, T = nw/2g; for Hp, T ~ nz/g for Hp. In all three cases, the number of time
bins in the piecewise control pulse is M = 10n. For Up and Up, T ~ 2wg and M = 10n.
For Ug, T =~ 2n7/g and M = 20n.

F.3 Relation between the state infidelity bound and the op-
erator infidelity

Given the system Hamiltonian H(t) (Eq. (5.36)), the initial condition Z(0) = >_, Z; and a
control target Zp that coincides with the target Hamiltonian Hp (which includes the cases
of Hg and H¢ defined in Sec. 5.3.1), the bound

(W(T)| Hr [¥(T)) — Eo

B= S (F.21)

in the state infidelity defined in Eq. (5.29) depends on the operator infidelity J via the

linear relation

B_ nJg —s

= F.22
. (F.22)

with a term s that, under assumptions on typicality, becomes vanishingly small in the limit

n — oo. This is proven in the following.

Given the requirement that Zp = Hp, the expectation value in Eq. (F.21) satisfies the
equality

(U(T)| Hr [9(T)) = (¥(0)| Z(T) |2(0)) , (F.23)

where Z(T') = U (T)ZyU(T), |¥(0)) is the ground state of Z(0), and Ey the ground energy
of both Hy and Z(0). Using the relations

tr(Z(T)Zr) = te(U(T)Z0) U (T)Zr) = tr(Z(0)Z(T)) (F.24)

and tr(Z%) = tr(Z%(0)), the operator infidelity in Eq. (5.19) can be expressed as

_ e (Z(0)Z(T))
tr(Z2 '

J=1" @)

(F.25)

If the control target is reached exactly, the identity Z(T") = Z(0) holds, and any imperfec-
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tion of the optimal control solution can be captured by the deviation
AT =T(0) — Z(T) . (F.26)

The deviation AZ can be expanded in terms of the operators a; (Eqgs. (5.37)) as AZ =

>_jc(aj)a;, with expansion coefficients

Tr(a; AZ
o(ay) = 0 AT (F.27)
Tr (a?)
The operator infidelity can be expressed as
tr(Z(0)AZ)
=~/ F.28
I = u@0) (F-28)

With Z(0) = >, Z;, tr(Z2(0)) = n2", and the overlaps tr(Z(0)Z;) = 2", and tr(Z(0)a;) = 0
for all operators a; that are not single-spin Z operators (i.e. Egs. (5.37b) to (5.37j)), the

operator infidelity reduces to

J==i220 (F.29)
in terms of the expansion coefficients ¢(Z;) defined in Eq. (F.27).

Given the ground state energy (¥(0)|Z(0) |¥(0)) = Ep, the bound B can be expressed as

(P(0)|AT[¥(0))

B=-—
E, — E,

(F.30)

With AZ expanded in terms of the operators a; (Egs. ((5.37)) and the expectation values
(W(0)| 2, 1(0)) = —1, (RO T, Z [(0)) = (—1)", and {(0)]a; | ¥(0)) = 0 for all other
cases (i.e. Egs. (5.37b) to (5.371)), this yields

2.c(Z5) =

B:
E,—Ey

(F.31)

where s = (—1)"¢([]; Z;), and the expansion coefficient ¢([[; Z;) is defined in Eq. (F.27).
Together with Eq. (F.29), this results in Eq. (F.22).

While it is conceivable that AZ is proportional to the operator [] ; Zj, one would expect
that, typically, AZ would have contributions from all operators a; in Eq. (5.37). In es-
timating the magnitude of s, we will thus assume the expansion coefficients c(a;) to be
random with each coefficient resulting from a distribution with zero mean and standard

deviation §. The typical magnitude of the term
ng =Y c(Z;) (F.32)
j=1

is then given by its standard deviation, i.e. by y/nd. The typical magnitude of ¢ (H j Zj>,
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on the other hand, is given by §. The term s thus becomes negligible as compared to the

term nJ for large systems.

Fig. F.1 depicts the deviation of the actual results of Fig. 5.2a from the linear dependence

B = E1n;7Eo as a function of the system size n. The figure shows that the deviation decays

rapidly with n. The actual results thus follow the linear dependence in good approximation.

10° 5 ,
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O
o ©
@ O
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o o o g
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107101 )

0 10 20 30 40 50
System size (n)

Figure F.1: Deviation D = |1 — (E1 — Eo)B/nJ| = |s|/nJ, in log-scale, from the linear
relation between the bound B on state infidelity and operator infidelity 7 that is expected
to hold in the limit n — oo following Eq. (F.22). The deviation obtained from the data
shown in Fig. 5.2a decays rapidly with n, consistently with Eq. (F.22).

F.4 Lie algebra of the hexagonal spin ladder

In this Section, we construct the Lie algebra generated by the operators in Eq. (5.64) for
the spin ladder depicted in Fig. 5.7 and determine its scaling with the number of qubits n.
Specifically, we show that the dimension of the Lie algebra grows as (25n2 — 40n + 12)/32

for a system of n = 4nj + 2 spins, where ny is the number of hexagons.

To derive this scaling, we begin by analyzing two non-interacting spin chains. The Lie alge-
bra for the top chain is generated by the operators in Egs. (5.64a) and (5.64b). Introducing
the shorthand notation Xz = Hle Xi1+j’ we define the following operators

YZj =Y} XjhZj pin s (F.33a)
ZY jp = Zi XkY g (F.33b)
YYjr =Y XYy (F.33¢)
ZZjk = Z} XjnZj\ pyr » (F.33d)
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where j and k are indices specifying the positions and lengths of the operators. The Lie
algebra is then spanned by the operators v, with j € [1,m — 1] and k € [0,m — j — 1],
defined as

ﬁjk, for odd j and odd k

YY i, forodd j and even k ,
Vik = (F.34)
ZY ji, for even j and odd k ,

\ﬁjk, for even j and even k .

The Lie algebra for the bottom chain is generated by Egs. (5.64c) and (5.64d), and it
includes (besides Egs. (5.64c) and (5.64d))

X3,V 1 X300 (F.35)

with j € [1,(m —3)/2]. With s € {—1,1}, j € [1,(m —1)/2] , k € [0,m — j — 1], and with

I'y; adopting the four different values

X3 X3,
[y = ;J_l 2% (F.36)
Y2j7112j )
for s = —1,
X272 .
Iy = 221 22J+1 (F.37)
IL2]‘}/2]'4—1 )

for s =1, the Lie algebra generated by the full set of operators in Eq. (5.64) contains the

additional terms

X3i4s02 (F.38a)

ZY 35151025 (F.38Db)

ZY 95 1-kyskl2j (F.38c¢)

for even k, and

77 5iT2; | (F.38d)
W2j+s,kr2jy22j+k+s+1 ) (F.38e)
W2j+s,kr2jX22j+k+5Z22j+k+s+1 ; (F.38f)
ZY 915k 2i X5 ot 11 D3 v (F.38g)
YYoj1—ktskl2, (F.38h)
W2j717k+s,ky229'_1_k+sr2j , (F.38i)
WijlkarS,kXszfokJrsZ22jflfk‘+sr2j ) (F-38j)
ZY 3j-1-krs b X3 -1 ks XjhesL'2 (F.38k)
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for odd k.

Given that Eqgs. (5.64c)-(5.64d) contain (n—2)/2 elements, Eq. (F.34) includes (n?/8—n/4)
elements (encompassing Eqgs. (5.64a) and (5.64b)), Eq. (F.35) contributes with (n — 6)/4
elements, and Eq. (F.38) adds (21n% — 56n + 92)/32 operators, the size of the Lie algebra
grows as (25n2 — 40n + 12)/32 with the number of qubits n = 2 + 4n;, defined in terms of
the number of hexagons ny,.

Fork=1,s=1and I'y; = X22jZ22j+1, the operator in Eq. (F.381) reduces to the 6-body
plaquette operators Py = Zy;  X3,Yos Yy | X3, 73,1 in Eq. (5.65).
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Appendix G

Supplementary Information for
Chapter 6

In this Section, we provide additional details regarding Chapter 6, focusing on the parametriza-
tions used to determine the optimal form of the invariant operator Z(¢) in Eq. (3.57). These
parametrizations are designed to achieve ion shuttling with no motional excitation while

satisfying additional optimality conditions.

G.1 Parametrization for invariant-based shuttling

Designing a control Hamiltonian H () of the form given in Eq. (3.52) to transport an ion
from the ground state of an initial Hamiltonian to the ground state of a final Hamiltonian
requires appropriately defining the matrix M (¢) and vector F (t). These are determined by
their relationship with the invariant’s defining quantities: the matrix R(t) and the vector
Te(t). Notably, for any arbitrary selection of R(t) and 7.(t), the corresponding M/(t)
and F (t) will yield valid shuttling protocols that guarantee ground-state-to-ground-state

transport.

This inherent flexibility in the choice of R(t) and 7.(t) not only ensures the desired state
transfer but also provides valuable degrees of freedom for optimizing additional criteria.
These criteria may include minimizing the ion’s displacement from the trap center, reduc-
ing energy consumption, or enhancing robustness against experimental imperfections. By
strategically tailoring these parameters, one can systematically construct protocols that

achieve a desirable balance between theoretical efficiency and practical feasibility.

In this Section, we explore a specific parametrization for R(t) and 7.(t) that effectively

leverages this inherent freedom.
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As outlined in the Main text, we introduce a set of N, + 1 basis functions {Z(t) }lN:"O and

Ny, + 1 basis matrices {Ri(t)}f\g’o to express these quantities as

Ng
() = Zo(t) + Z aiZi(t) , (G.1a)
zfj\lfb
R(t) = Ro(t) + > _biRi(t) . (G.1b)
=1

The functions zy(t) and Ry(t) are chosen to satisfy the boundary conditions specified in
Eq. (6.6), meaning that setting 7.(t) = 25(¢t) and R(t) = Ry(t) would already provide a
valid solution. However, to enhance the flexibility of the parametrization, we introduce the
remaining vectors Z;>o(t) and matrices R;~o(t). These functions are designed to vanish
at the boundaries, along with their first and second time derivatives, ensuring that they
satisfy homogeneous boundary conditions. As a result, they influence the dynamics exclu-
sively within the interior of the time interval without perturbing the prescribed boundary

behavior.

The vector Zp(t) can be conveniently chosen as the lowest-degree polynomial that satisfies
the associated boundary equations for each component. Specifically, each component of

Zo(t) can be parametrized by the following function
f(r) = Cr+10(Cp — C)7* = 15(Cp — C1)7* + 6(Cp — Cp)7° (G-2)

where C7 and Cp refer to the initial and final values, respectively, and 7 = t/T denotes

the normalized time.

If additional constraints beyond the boundary conditions are imposed, higher-order polyno-
mials become necessary. For instance, if the function is required to satisfy an intermediate
constraint such as f(7 = 1/2) = C}, the polynomial must be modified accordingly to incor-
porate this condition while simultaneously preserving the original boundary requirements.

One such suitable parametrization is given by

f(1) = Cr +2(~11CF — 21C1 + 32C;) 73 + (81CF + 111C; — 192C) 74
4 2(—45CF — 51C1 + 96C ;)75 + 32(Cp 4 Cp — 2C5)7° . (G.3)

The remaining functions Z;~o(t) are required to satisfy the homogeneous boundary con-
ditions. While a similar polynomial expansion can be employed for each component of
Zi>0(t), the following parametrization is often more suitable for problems involving fast

dynamics

1+ 2w

g(7) = sin(m(1 + 2wy)7) — 17 20,

sin(m(1 + 2w2)7) , (G.4)

where the coefficients wy,ws € Z are free parameters. Since ¢g(0) = g(1) = ¢(0) = ¢(1) =
§(0) = g(1) = 0, the function g(7) indeed satisfies the homogeneous boundary conditions.
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As in the case of Zy,it may also be necessary to impose additional constraints on the function
g(7) for specific control problems. Of particular interest is the condition g(7 = 1/2) = 0.
To satisfy both the homogeneous boundary conditions and this additional constraint, a

suitable set of functions is given by

_ w3 — w5 —wi5s £ wsS

1Sy — S sin(mwaT) + sin(mwsT), (G.5)

g9(7)

= sin +
w1S2 — waS1 (ww17)

where we introduced the notation S; = sin(7mw;/2) and consider integer frequencies wy, w2, ws €

7 subject to wy # wa.

Similarly, matrix Ro(¢) that satisfies the boundary conditions in Eq. (6.6) can be conve-

niently expressed as

fit) 0 0
Ry = | PO (G6)
0 gl

where the functions f;(¢) are polynomials of degree p that remain positive for all ¢. The

boundary conditions are given by

Fi(0) = Mt f(T) = Mt (G.7a)

£i(0) = fi(0) = f(T) = fi(T) =0, (G.7b)

where My ;; and MFp;; denote the diagonal elements of the curvature matrices M and

M, which define the boundary conditions of the control problem.

These conditions are fulfilled by the control function defined in Eq. (G.2). Note that the
non-negativity is also guaranteed because C7, Cr > 0 and the control function in Eq. (G.2)

has no minimum for 7 € (0,1).

The matrices R;~o(t) can be chosen following two different approaches. In the first ap-
proach, each matrix R;(t) is constructed with entries comprising functions that individually
satisfy the homogeneous boundary conditions. Subsequently, the positive definiteness of
R(t) can be numerically verified at every instant of time using various methods, including

eigenvalue analysis, the Sylvester criterion [217], or the calculation of moments.
Alternatively, each matrix R;so(t) can be decomposed using the Cholesky decomposi-
tion 263, 264| as

R;(t) = LiL]

70

(G.8)
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where L; is a lower-triangular matrix given by

gu(t) 0 0
Li(r) = 921:(’5) 92.2.(75) 0 . (G9)
gd1 o gda(t)

Thus, it is sufficient to impose homogeneous boundary conditions on all functions g;;(t) to

ensure that LiL;.r satisfies them as well.

For LiL;r to be positive semi-definite, its diagonal elements must remain non-negative
throughout the time domain [264]. This condition is automatically satisfied if the off-
diagonal functions are selected from Eq. (G.4) and the diagonal elements are parame-
terized with g?(7), where each g(7) is taken to correspond to a function of the form in
Eq. (G.4). Ensuring that the expansion coefficients b; are positive guarantees that R(t)

remains positive semi-definite for all .

Note that, although this method guarantees the positivity of R(t) at any time ¢, also limits

the spectrum of valid solutions.
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Appendix H

Supplementary Information for
Chapter 7

This Section presents additional proofs, numerical evidence, and further explanations to

complement the content of Chapter 7.

H.1 Power requirements

To assess the practicality of the entanglement generation control scheme presented in Chap-
ter 7, we must consider its power consumption. This Section will compare the power

requirements of our method with those of traditional approaches.

In the standard MS gate, spin-spin coupling is achieved by driving the first sideband
transition of a designated central mode with a Rabi frequency ,ss that is independent
of the coupling strength 7; and satifies (Q5/0)> = ®7/87. This Rabi frequency thus

specifies the maximum required power.

In the present scheme, the Rabi frequencies are determined by solving Eq. (7.38) and, thus,
depend on the ion-mode coupling strengths 7;; of each ion j and motional mode I. The

solutions are given by

Q#1104+ 5¢+ /252 + ()% — 240997 /7 D)
5 215 9 ’

where ¢ =3 17]21, =2 77]2'1' Typically, the solution that minimizes || is chosen.

In the limit of vanishing couplings, n;; — 0, the Rabi frequency becomes 2/ = \/W,
which corresponds to a factor of |Q/Qars| = 24/2/5 ~ 1.26 relative to the MS Rabi fre-
quency. As the spin-motion coupling strength increases (larger ¥ and ¢ in Eq. (H.1)),
the required €2 diminishes. This can be attributed to the fact that higher-order processes,
emerging from the expansion of the displacement operators (Eq. (7.7)), contribute to entan-

glement generation, with their effect becoming more pronounced as the coupling strengths
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Figure H.1: Ratio [©2/Qass]| of the Rabi frequency for the robust gate €2 to that of the MS
scheme 75, plotted as a function of the coupling strength A for a two-ion system.

n; increase. Fig. H.1 illustrates this behavior for a two-ion system. For weak coupling, the
Rabi frequency ratio |2/Qass]| is indeed around 1.26. As the coupling strength A grows,
however, the required Rabi frequency decreases. In strong coupling regimes, the Rabi

frequency of the proposed solution can even become smaller than the MS Rabi frequency.

While the peak power demand for the MS implementation coincides with the Rabi fre-
quency, this is not the case for the present scheme. Here, the peak power is determined
by the maximum amplitude of the driving functions specified in Eq. (7.37). First-order
sideband transitions (Eq. (7.37a)) require time-varying drive amplitudes, reaching a maxi-
mum of 3|Q|. Second-order sideband transitions (Egs. (7.37b), (7.37c)), on the other hand,

require constant drive amplitudes ~ |Q|.

Hence, while the proposed solution requires a modest increase in drive amplitudes compared
to MS implementation (a factor of V10 for first-order sideband transitions), as well as
including second-order sidebands of comparable power to the first-order sidebands of the
MS gate, this is far outweighed by the substantial performance gains. In fact, stronger spin-
motion coupling can further alleviate these requirements, reducing the maximum power

for first-order sideband transitions to ~ 5/2Q/s.

H.2 Highly excited thermal states

While Fig. 7.2 in the Main text showcases the performance of the proposed gate for various
ion chain sizes and scenarios including ideal conditions or motional heating, the results are

limited to motional Fock states |n1,- -+ ,nps) with occupation numbers of up to n; = 10.

Fig. H.2 depicts the infidelity of a two-ion system for thermal states with thermal excitation

of up to 7; = 100 and different spin-motion coupling strengths A. The figure demonstrates
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Figure H.2: Infidelity 1 — F' for N = 2 qubits as a function of the mean occupation n
(with ;1 = ng = n ) of a thermal state (on log scale). Increasing line thickness represents
increasing values of the coupling parameter A (defined in the Main text), while the color
line distinguishes between the conventional MS approach (orange) and the present robust
gate scheme (blue). No motional heating or detuning errors are considered.

that the proposed scheme outperforms the standard MS approach for any value of 7; and
A. Remarkably, fidelities exceeding 99% are achieved with spin-motion couplings A of
0.05, a value commonly encountered in experiments, which represents more than an order

of magnitude improvement compared to the standard MS approach.

H.3 Analytical derivations and numerical simulations of trapped

ion gates

The symbolic computation package SymPy [265] was employed to derive high-order ex-
pansions of the system Hamiltonian, calculate the time-dependent propagator using the
Magnus expansion, determine the exact form of transformed jump operators in the master

equation Eq. (7.28), and calculate the control solutions Eq. (7.37).

Numerical simulations of the gate dynamics were performed using the Qutip package [266].
Both unitary (dissipation-free) and dissipative dynamics were simulated using Qutip’s me-
solve function. For unitary dynamics, the time-evolved quantum states were obtained by
numerically solving the Schrodinger equation. For dissipative dynamics, the density ma-
trix was constructed using the Lindblad master equation. In both cases, strict numerical
tolerances were employed: an absolute tolerance of 10712 and a relative tolerance of 10712

The finite difference evolution was performed using 10° time steps.

The Hilbert space dimension used in the simulations was adjusted to include all relevant
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states that could be populated during the dynamics. For an initial motional Fock state |n),
a dimension of at least d = n+ 50 was used for each mode. For two-ion gates, where initial
Fock states up to |250>®2 were simulated, the truncated Hilbert space had a dimension of
up to d = 3002. For the 4-ion gate, with initial Fock states up to ]10)®4, the motional
Hilbert space dimension was set to d = 60*. The validity of these choices was confirmed by
observing negligible changes in fidelity upon further increasing the Hilbert space dimension

or expanding the set of initial states.

H.4 Hamiltonian expansion with off-resonant contributions

To align with the perturbative framework in Chapter 7, which truncates the Lamb-Dicke
expansion at third order in 7, we expand the Hamiltonian in Eq. (7.12) to the same order,

exposing residual off-resonant interactions from higher-order sideband processes.

M M M
- § - § 27 —ivpt E 2 vt T2 —2ivpt 2
= —ZO'_(i_]) o fﬁ,‘j) {H +1 £ n]l/ (6“/[ a;/ + (& W CLZ/) — 5 T njl’ <€ " ag./ + & " al/>

. M
7 . 3 o
. 6 E : 77?1/ <@3ZVl’ta2L/ +e 3“’l/ta?,>
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E T]]l/ ]l” |: g Vl/+yl”)tCLT QZL// +e Z(Vl/+ylu) apapr
Ui=1
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2 — 12
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+e—i(ul/+2ul//)tal/al2” n ei(ul/—Zul//)taT alﬂ

i2uy vt 12 F 2y —v )t 12
Z njz/mz"[ vyn) af?al, + e i(2vy —vynr) af2ay
y =1

+e_i(2”l’+”l”)tal%alu + = 2”l’+”l”)ta al,,]

M
— Z Mg e [eZ(Vl’+Vl”+Vl///)taZr/a;//a;[m + eZ(Vl/—H/lN_Vl///)tazr/a;//al”’
l/,l//7l///:1
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(H.2)
where
) F(j)e—iult _ F*(j)eiult ) F(j)e—Qiupt + F*(j)eiZth
j) = L1 L1 o) = Tp2 P2 , 1<p<M. (H3)
0 i1 P Nip
J
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GLC

System Size (N) | v1/v  vy/v vs /v vy /v vs /v ve /v v /v vg/v vy /v vio/v
2 1 V3 - - - - - - - -
3 1 V3 2408319 - - - - - - -
4 1 V3 2410381 3.050959 - - - - - -
) 1 V3 241199  3.054857  3.670809 - - - - -
6 1 V3 2413296 3.058092 3.676123  4.27384 - - - -
7 1 V3 2414388 3.060842 3.680698 4.280253 4.863726 - - -
8 1 V3 241532  3.063224 3.684702 4.285907 4.871014  5.44292 - -
9 1 V3 241613  3.065319 3.688254 4.290956  4.87755  5.450923 6.013165 -
10 1 V3 2416842 3.067182 3.69144  4.295509 4.883469 5.458192 6.021762 6.575752

Table H.1: Frequencies of normal modes, v, obtained from the normal mode decomposition of a chain of ions confined in a harmonic trap. Each y;
is expressed as a fraction of the characteristic trap frequency v, for system sizes ranging from 2 to 10 ions.



	Introduction
	Thesis Outline

	Mathematical Framework of Quantum Mechanics
	Quantum states
	Quantum observables
	Imperfect measurements
	Quantum dynamics

	Lie groups and Lie algebras

	Quantum Control Theory
	Controllability and reachability
	Optimal quantum control
	Challenges in classical quantum control simulations
	Quantum simulation
	Digital quantum simulation (DQS)
	Analog quantum simulation (AQS)
	Quantum-information-inspired algorithms

	Quantum Invariants
	Equation of motion
	Time-independence of invariant eigenvalues
	Eigenstates of the invariant and the Schrödinger equation
	Quantum invariants and the harmonic oscillator
	Invariant-based inverse engineering


	Quantum Computing Architectures: Trapped Ions
	Trapped ion quantum computing
	Dynamics of single trapped ions
	Dynamics of multiple trapped ions
	Light-matter interaction
	Quantum gates with trapped ions


	Quantum Control without Quantum States
	Introduction
	 Implicit quantum control
	Operator expansion
	Relation with Lie algebras
	Equations of motion
	Reachability
	Formulation of the control problem
	Numerical propagation and optimization

	State preparation in a driven spin chain
	Target Hamiltonians
	Control targets
	Results – State transfer

	Realization of propagators
	Objective function
	Results – Propagators

	More sets of operators with polynomial scaling
	Spin chain
	Driven spin comb
	Hexagonal spin ladder

	Beyond Lie algebras
	Block diagonalization of the structure constant matrices
	Examples beyond Lie algebras

	Conclusions

	Quantum Control of Trapped Ions' Motion
	Quantum dynamics in quadratic Hamiltonians
	Invariant-based ion shuttling
	Optimal control with the multidimensional invariant
	Applications
	Three-dimensional shuttling with reduced displacement from the potential center
	Narrow wave packets in weak confinement
	Shuttling based on null control over the curvature of the potential

	Conclusions

	Generally Noise-Resilient Quantum Gates for Trapped Ions
	Trapped-ion quantum gates
	Hamiltonian model
	Driving patterns
	Results
	Quantifying off-resonant contributions

	Conclusions

	Entangling Gates of Trapped Ions Mediated by Spectrally Crowded Modes
	Introduction
	Hamiltonian model
	Results
	Conclusions

	Concluding Remarks
	Relevant Mathematical Relations
	Differentiation of the matrix exponential map
	Integral of the matrix exponential map
	Similarity transformation via the adjoint action
	Directional derivative of an operator function
	Adjoint representation for derivatives of operator powers

	Dynamical Pictures in Quantum Mechanics
	Schrödinger picture
	Heisenberg picture
	Interaction picture

	Methods for Quantum Control
	The CRAB algorithm 
	The GRAPE algorithm
	The Krotov algorithm

	Mathieu Equation
	Classical Electrodynamics
	Supplementary Information for Chapter 5
	Absence of symmetries in the system Hamiltonian
	More details on numerical optimisation
	Relation between the state infidelity bound and the operator infidelity
	Lie algebra of the hexagonal spin ladder

	Supplementary Information for Chapter 6
	Parametrization for invariant-based shuttling

	Supplementary Information for Chapter 7
	Power requirements
	Highly excited thermal states
	Analytical derivations and numerical simulations of trapped ion gates
	Hamiltonian expansion with off-resonant contributions


