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Abstract

Various forms of performance assessment are applied to public service institu-
tions, such as hospitals, schools, police units and local authorities. Difficulties
arise in the interpretation of the results presented in some established formats
because they require a good understanding and appreciation of the uncertainties
involved. Usually the results have to be adapted to the perspectives of the users
— managers of the assessed units, a consumer, or a central authority (a watch-
dog) that dispenses awards and sanctions. We present a decision-theoretical
approach to these and related problems in which the perspectives are integrated
in the analysis and its results are choices from a finite list of options (alternative
courses of action).
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1 Introduction

Performance assessment of institutions (units) entails various comparisons of units on

the basis of their outcomes recorded on a common scale and over a common period

of time, such as a year. The forms of comparison include identifying the best and

the worst units, classifying them into a small number of ordinal categories, comparing

two units (which of them is superior), and ranking (compiling a league table) as their

extreme form. The results of a performance assessment have nontrivial consequences

on the units, especially those that are highlighted for unusual performance. They

often spawn a variety of secondary analyses. The units’ managers face a difficult task

of drawing appropriate conclusions from the assessment and selecting from a set of

contemplated courses of action or devising actions that best respond to the results and

to the uncertainties they involve. Goals related to future assessments, such as to move

up the league table, to be classified more favourably, and the like, are often based

on the assumptions of stationarity (that the other units will not perform differently)

and they ignore the uncertainty associated with the statements made or implied by a

performance assessment report.

The general subject of performance assessment has received a lot of high-profile at-

tention recently ([1] and references therein). The solutions proposed and implemented

are based on hypothesis testing and confidence intervals, and their adaptations for bi-

nary choices, such as z-scores and funnel plots, [2]. They are an outgrowth of methods

for comparing two units [3]. In this paper, we present decision-theoretical solutions to

several common problems in performance assessment or, more generally, in the analy-

sis of a collection of units k = 1, . . . , K, each with a set of elementary outcomes yik ,

i = 1, . . . , nk , which are summarised by respective statistics θ̂k . We assume that each

θ̂k is an unbiased estimator of a characteristic of the performance, and the purpose is

to compare their targets θk .

The key innovation of our approach is integration of the perspective (value judge-

ments and preferences) and of the consequences of incorrect statements made in the

analysis. In the ideal implementation of our approach, the result of the analysis is the

course of action that is optimal in a well defined sense. It requires no interpretation.

The solution we propose is not without difficulties — it requires input additional to the
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data used by established methods. Obtaining it, by elicitation, is often a contentious

exercise, but some leeway is afforded by specifying so called plausible ranges instead

of values of the elicited parameters. A similar approach is applied to educational eval-

uation, [4]. It can be motivated as a sensitivity analysis, evaluating the results for a

range of plausible settings. For general background to decision theory, see [5]–[7].

The next five sections deal with distinct tasks related to performance assessment:

comparing two units’ averages or a unit’s and the overall (national) averages, classi-

fying the units to a small number of a priori defined ordinal categories, identifying

exceptional units, the best and worst units, and units that are almost as good as the

best or almost as poor as the worst. They are adapted to the context of health-care

institutions from [4], where an application to educational research is presented. These

methods involve no substantially new developments, but novel is their application to

performance assessment in health care in Section 7, where we analyse data from the

National Neonatal Audit Programme (UK). We compare the rates of compliance with

an established standard in the neonatal care networks (groups of hospitals) in England,

Scotland and Wales in 2015. Section 8 deals with the corresponding problem for hos-

pitals. It presents an application involving beta distributions. The concluding section

summarises the strengths of the presented approach, discusses its full potential and

addresses some peripheral issues. Difficulties with implementing our general proposal

are also discussed.

2 Comparing two units

We outline the proposed approach on the elemental problem of deciding which unit

has a better (or worse) outcome. Let θ̂1 and θ̂2 be estimators of θ1 and θ2 , with

respective sampling distributions N (θ1 , σ
2
1) and N (θ2 , σ

2
2). We have to choose one of

three contemplated statements:

1. θ1 ≺ θ2 ;

2. θ1 ≃ θ2 ;

3. θ1 ≻ θ2 .

Statement 2 stands for ‘θ1 and θ2 differ insubstantially, or not at all.’ The inequalities

≺ and ≻ in respective statements 1 and 3 are defined so that the three statements are
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mutually exclusive (disjoint) and exhaustive (they cover all the possibilities). Details

of these definitions are discussed below. We distinguish between the state — one of

the statements 1, 2 or 3 which corresponds to the unknown reality, and a verdict — a

data-based choice of one of these statements.

Let ∆θ = θ1 − θ2 . In an established approach, the hypothesis H0 : ∆θ is tested and

verdict 1 or 3 is issued if the hypothesis is rejected; the choice between the two verdicts

is based on the sign of ∆θ̂1 . The method is commonly abused by issuing verdict 2 if

the hypothesis is not rejected because the verdict is not supported by any evidence.

Also, the qualifier ‘insubstantial’ (or approximate) in statement 2 is rarely specified

with any rigour. For a cogent discussion of deficient practice of hypothesis testing, see

[8]. For our perspective, see [9] and [10].

In the solution we propose, we partition the real interval (−∞,+∞) to three subsets

that correspond to the three states. For each state, a different course of action would

be applied. The three or another finite number of verdicts may be associated with any

partitioning of (−∞,+∞), but here we consider only partitioning to three intervals

defined by two thresholds T1 ≤ T2 . This includes settings with only two intervals, for

which T1 = T2 . The partitioning is usually symmetric, T1 = −T2 , but our development

is not restricted to this condition.

The consequences of issuing an incorrect verdict, that is, a verdict v different from

the state V , are quantified by means of losses . We refer to the unit of loss as a lossile,

and treat it like a unit of currency (for error). An essential property of the loss is

linearity: the loss of l1 lossiles in one instance and of l2 lossiles in another is for all

purposes equivalent to the loss of l1 + l2 lossiles in a single instance. When verdict v

is issued but the state is V , the loss of LvV lossiles is incurred. Correct verdict entails

no loss; LV V = 0 for all V .

Loss is a random variable, so it is natural to consider its expectation. In the

Bayesian paradigm, the expectation is evaluated with respect to the posterior distribu-

tion of the focal parameter (∆θ). Below we refer to posterior probabilities, distributions

and expectations, but we emphasize that the methods are equally applicable in a fre-

quentist analysis by adopting the fiducial argument, [11]–[13]. See Longford [10] for

a recent application. Lindley [14] established a correspondence between posterior and

fiducial distributions.
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Prior to realising the data, ∆θ is a fixed (unknown) quantity and its estimator ∆θ̂ is

a random variable. Once ∆θ̂ is realised it becomes an estimate, with a fixed value, and

∆θ becomes a random variable. When ∆θ̂ = ∆θ+ε is originally a normally distributed

random variable, Bayes theorem with a flat prior can be interpreted as ∆θ = ∆θ̂ − ε,

and hence ∆θ ∼ N (∆θ̂, σ2
1+σ2

2), assuming that prior to their realisation θ̂1 and θ̂2 were

independent. We consider the expected loss with respect to this posterior distribution.

Denote ∆σ2 = σ2
1 + σ2

2 and ∆σ =
√
∆σ2.

If we choose verdict 1 (∆θ < T1), then the expected loss is

Q1 = L12

∫ T2

T1

φ
(

x; ∆θ̂,∆σ2
)

dx+ L13

∫ +∞

T2

φ
(

x; ∆θ̂,∆σ2
)

dx

= L13 − L12Φ
(

T1 ; ∆θ̂,∆σ2
)

− (L13 − L12) Φ
(

T2 ; ∆θ̂,∆σ2
)

,

where φ(x;µ, σ2) is the density and Φ(x;µ, σ2) the normal distribution function of

N (µ, σ2). We drop the arguments µ and σ2 when µ = 0 and σ2 = 1. Thus, φ(x;µ, σ2) =

φ{(x−µ)/σ}/σ and Φ(x;µ, σ2) = Φ{(x−µ)/σ}. Denote uh = (Th−∆θ̂)/∆σ, h = 1, 2,

so that

Q1 = L13 − L12Φ(u1)− (L13 − L12) Φ(u2) .

Verdicts 2 (T1 < ∆θ < T2) and 3 (∆θ > T2) are associated with respective expected

losses

Q2 = L23 + L21Φ(u1) − L23Φ(u2)

Q3 = (L31 − L32) Φ(u1) + L32Φ (u2) .

We choose the verdict v for which Qv is smaller than for the two alternatives. In any

reasonable setting, larger error is associated with greater loss: L13 > L23 , L13 > L12 ,

L31 > L32 and L31 > L21 . We assume these inequalities, unless stated otherwise.

However, L13 and L31 , as well as similar pairs, may differ. The assumption of additivity,

that L13 = L12 + L23 and L31 = L32 + L21 is often, but not always, reasonable.

The properties of Q1 , Q2 and Q3 as functions of ∆θ̂ are easy to explore. In partic-

ular, Q1(∆θ̂) is increasing, with limits of zero as ∆θ̂ → −∞ and L13 as ∆θ̂ → +∞,

and Q3(∆θ̂) is decreasing from L31 at −∞ to zero at +∞. Therefore verdict 1 is inap-

propriate for sufficiently large ∆θ̂ and verdict 3 for sufficiently small ∆θ̂. The balance
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equation for verdicts 1 and 3, Q1 = Q3 , has a unique solution that can be found by

numerical methods. The solution is zero in some symmetric settings.

The behaviour of Q2(∆θ̂) depends on the relative sizes of L12 and L23 and the

distance T2 − T1 , since

∂Q2

∂∆θ̂
=

1

∆σ
{L23φ(u2)− L21φ(u1)}

may have either sign at the thresholds T1 and T2 .

Figure 1 presents an example of the three expected loss functions for the setting

with T1 = −1, T2 = 1, ∆σ = 0.39 and losses L12 = 1.0, L13 = 2.5, L21 = L23 = 0.5,

L31 = 2.5 and L32 = 1.0, described by the loss matrix






0.0 1.0 2.5
0.5 0.0 0.5
2.5 1.0 0.0





 . (1)

The diagonal of this matrix corresponds to correct verdicts which are associated with

no loss.

FIGURE 1

The borderline between verdicts 1 and 2 is at B12 = −1.165 and between verdicts 2

and 3 at B23 = 1.165. Verdict 1 is issued when ∆θ̂ < B12 , verdict 2 when B12 < ∆θ̂ ≤
B23 (grey shading in the diagram) and verdict 3 when ∆θ̂ > B23 . The expected loss

with this selection of the verdict is drawn by full solid line. This function attains its

twin maxima at B12 and B23 , equal to 0.336. It converges to zero as ∆θ̂ → ±∞. The

local minimum of Q2 attained at ∆θ̂ = 0 is positive, albeit very small, equal to 0.005.

The domain of verdict 2, the interval (B12 , B23) in Figure 1, is wider than the inter-

threshold range (T1 , T2). This is a consequence of the balance of the losses L12 = 1.0

and L21 = 0.5, which can be interpreted as an aversion to the (inequality) verdicts 1

and 3. For sufficiently large L21 and L23 , Q2(0) > Q1(0) and Q2(0) > Q3(0); then

verdict 2 is not issued for any value of ∆θ̂. For example, verdict 2 is not issued for

any ∆θ̂ when L21 = L23 = 2.0, L12 = L32 = 1.0, L13 = L31 and ∆σ = 2. In this case,

Q2(0) = 1.234 whereas Q1(0) = Q3(0) = 1.154. In general, verdict 2 has a domain for

sufficiently small ∆σ2, when Φ(u2)− Φ(u1) is sufficiently large.

As the inter-threshold range is made narrower (and other parameters are held fixed),

the domain of verdict 2 also becomes narrower. For T1 = T2 = 0, which has some afinity
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to the setting of a null hypothesis, verdict 2 is ruled out. We motivate this as follows.

We would choose the alternative θ 6= 0, without any data analysis, because the solitary

zero is a very poor bet against the continuum of values of θ, uncountably many of them

in arbitrarily close distance from zero. The only exception might be a setting in which

there is prior information in favour of the exact zero. But in this context even 10−20

differs from zero and belongs to the alternative.

2.1 Multiplicity

Unlike in hypothesis testing, making many comparisons by our approach raises no

issues of having to adjust for multiplicity, [15] and [16], because the complex calculus

of probabilities (for events that are not independent) is replaced by a simple linear

calculus for (expected) loss — the losses, or the expected losses, are simply added up.

This advantage does not come for free; the losses have to be defined on a scale that is

linear, so that they could be treated as a currency for error. As more comparisons are

made, the compound expected loss is bound to be greater. It may be useful to define

a ‘fee’ for a comparison, to control the incentive to conduct comparisons without any

restraint. This fee could be specific to the comparison made, reflecting its a priori

importance. The units for the fee have to be lossiles, so that the investment made in

a comparison can be related to the (expected) loss.

3 Classification

The task dealt with in the previous section is a special case of assigning the units to

a set of ordinal categories. We partition the real axis according to a set of cut-points

C1 , . . . , CJ−1 , and seek an assignment of each unit k to one of the states (classes) 1,

. . . , J ; state j is for units k for which Cj−1 ≤ θk < Cj , where C0 = −∞ and CJ = +∞.

For each unit k we evaluate the posterior probabilities

rk,j = Φ

(

Cj − θ̂k
σk

)

− Φ

(

Cj−1 − θ̂k
σk

)

,

j = 1, . . . , J . The losses are defined by a J × J matrix {LvV } for verdicts v and states

V . The simplest example of such a matrix is given by LvV = | v − V |, 1 ≤ v, V ≤ J ,

counting the number of cut-points that separate verdict v from state V . More generality
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is afforded by introducing a loss ratio R > 0 and specifying losses that satisfy the

identity LvV = RLV v for v > V . Further, some cut-points may be regarded as more

(or less) important and more (or less) than one lossile (R lossiles) is charged for an

error involving them. An example of a loss matrix with these features is

L =











0 4 8 20
1 0 4 16
2 1 0 12
5 4 3 0











.

Here J = 4, R = 4 and the cut-point between classes 3 and 4 is regarded as three times

more important than between classes 1 and 2 or 2 and 3. There is a strong aversion

to understatement; for example L14 = 20 is R = 4 times greater than L41 = 5. Thus,

erring on the side of overstatement is a good strategy, but this has to be done in good

measure because issuing verdict 4 without any discrimination would be associated with

excessive expected loss.

4 Exceptional units

Units whose performance is characterised by their values θk as very good or very poor

are often identified by means of criteria for (statistical) outliers, [17] and [18]. A unit

is regarded as an outlier if by removing it the remainder of units would fit the adopted

model much better. A similar definition is used for a set of units. A unit may on its

own be not an outlier, even when it is an element of a set of outliers. We want to

refrain from assuming a model, especially when it plays a key role in as contentious an

analysis as identifying units for a special treatment, such as an award or a sanction.

Further ambiguity arises when the values of θk and θ̂k are confused — outliers found

among θ̂k are put forward as outliers among θk .

We address these concerns by the following approach. We specify a value G > 0,

called the gap, and declare a set of units X as exceptionally poor if

min
k/∈X

θk − max
k∈X

θk ≥ G ; (2)

that is, when there is a gap at least G wide between the exceptional and the other

(mainstream) units. The equation for exceptionally high values is obtained by ex-

changing the roles of X and its complement, or by applying the definition in (2) to
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−θk . The location (centre) Λ of the interval (Λ− 1

2
G,Λ+ 1

2
G) is not specified, only its

width is given. The size of the set X is not specified either, but it is understood that

it is less than half the sample size.

We evaluate the posterior probability of the event given by (2) for a range of loca-

tions of the gap and assess informally whether the set X is non-empty. Note that this

process may establish whether there are some exceptional units; it does not identify

the actual units. Some ambiguity may arise for a unit with large σk , when the value

of the estimate θ̂k does not provide a clear indication as to whether θk lies on one side

of the gap or the other. The posterior probability of a gap G centred at Λ is

P(Λ, G) =
K
∏

k=1

{

1− Φ
(

Λ + 1

2
G; θ̂k , σk

)

+ Φ
(

Λ− 1

2
G; θ̂k , σk

)}

. (3)

Evaluating this probability for several values of Λ raises no concerns related to capital-

isation on chance (multiplicity) because we want to declare a set of units as exceptional

if any location Λ can be found for which P (Λ, G) is substantial. A threshold P ∗ for

P can be specified directly. If maxΛ P (Λ, G) > P ∗, then units k with θ̂k < Λ − 1

2
G

are declared as exceptionally poor if the number of such units is smaller than 1

2
K;

otherwise units with θ̂k > Λ + 1

2
G are declared as exceptionally good. We refer to the

interval (Λ∗ − 1

2
G; Λ∗ + 1

2
G) or to Λ∗ for which P (Λ, G) attains a local maximum that

is substantial as a separator.

The term ‘substantial’ is qualified by decision-theoretical considerations. Suppose

inappropriate declaration of a separator results in the loss of one lossile, and failure

to declare a separator is associated with the loss of R lossiles. Then the respective

expected losses are 1−P and RP , where P = P (Λ, G) is evaluated at a local maximum.

By comparing the two expected losses we obtain the criterion P > 1/(R + 1), so we

set P ∗ = 1/(R + 1).

The gap G and the loss ratio R are set by elicitation from experts. Ambiguity over

their values can be addressed by specifying plausible ranges of their values, (GL , GH)

and (RL , RH), and solving the problem on a fine grid of points in the rectangle they

define. This can be usually reduced to solving it for the four vertices of the rectangle.

If the four solutions coincide, then the common solution defines an unequivocal verdict

on every unit. Otherwise ambiguity (impasse) arises about one or several units because

for some plausible configurations of G and R they would be declared as exceptional
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and for others they would not be. This highlights the role of elicitation. On the one

hand, plausible ranges should be as narrow as possible. On the other, their integrity

is maintained only if all values of the parameters outside the plausible ranges can be

ruled out.

5 Winners and losers

The posterior probability that unit k has the highest (best) value θk among the K

units is obtained by integrating the conditional probability of this event given θk :

P
(

θk ≥ max
k′

θk′
)

=
∫ +∞

−∞

φ(zk)

Φ(zk)

K
∏

k′=1

Φ(zk′) dx , (4)

where zk = (x− θ̂k)/σk is a function of x. This probability, denoted by Pk , is evaluated

numerically. We treat the issue of declaring a unit as a winner as a decision-theoretical

problem. Suppose inappropriate declaration of a unit is associated with the loss of one

lossile, whereas a failure to declare a (worthy) unit as the winner results in the loss

of R lossiles. Then the expected loss related to inappropriate declaration of unit k is

1−Pk and for the failure to declare unit k when it is the winner it is RPk . Therefore,

we declare unit k as a winner if Pk > 1/(R+ 1), and leave it out of the list of winners

otherwise. Define the balance for unit k as Bk = (R + 1)Pk − 1, so that unit k is

declared as a winner if Bk > 0. For sufficiently small R, k is not declared a winner. If

Pk > 0, then k is a winner for sufficiently large R.

Although we make assumptions (of normality and known variance) about the sam-

pling distribution of each estimator θ̂k , we make no assumptions about the distribution

of the values θk , which are required in a hierarchical model. In particular, we do not

assume that this distribution is (absolutely) continuous, and so we do not rule out a tie,

in which case there may be multiple winners. However, we draw a distinction between

being a winner (a state V ) and being declared a winner (a verdict v); v is error-prone.

With the assumption of continuity of the distribution underlying θk , ties are ruled

out, so there is only one winner. No winner or several winners could be declared

nevertheless. In these cases, the loss is positive with probability 1. However, the

expected loss may be smaller than for declaring a single winner, which may incur zero

loss with positive probability.
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The preference for declaring a single winner can be implemented by introducing a

sequence of losses (penalties) Sm , m = 0, 1, . . ., that apply when m = |M| winners
are declared. Thus BM =

∑

k∈M Bk + S|M| is the corresponding balance. Only non-

decreasing sequences S1 , S2 , . . . are meaningful, with S1 = 0, although S0 > 0 can be

set as the loss when no winner is declared. Suppose a set of winners M is obtained

by minimising the expected loss with no penalty for sample size; S0 = S1 = . . . = 0.

If BM > 0, we keep discarding from M the unit with the largest value Bk until we

obtain a set M′ with BM′ < 0. Declaring a single winner can be enforced by setting

S0 and S2 to sufficiently large values.

We may impose on the winner k a condition additional to being superior to the

other units, namely that θk > U , where U is an externally defined standard. This is

implemented by defining a pseudo-unit K + 1 with θK+1 = U and σ2
K+1 = 0. If in the

contest of these K + 1 units no winner is declared, or unit K + 1 is the only declared

winner, then, in effect, no winner is declared. If a penalty sequence Sm is defined, it

has to be adjusted to reflect the special status of pseudo-unit K + 1. There should be

no penalty if no winner, not even the pseudo-unit, is declared, nor if the pseudo-unit

is declared a winner together with a sole unit k ≤ K.

6 Being one of the best

Unit k is said to be one of the best, if its value of θk is sufficiently close to θmax =

maxk′ θk′ . We adapt the method introduced in Section 4 by defining a gap G and

regarding unit k as one of the best if θk > θmax − G. For a given location (centre) Λ,

we evaluate the probability that θk′ < Λ + 1

2
G for every unit k′ and that θk > Λ− 1

2
G

for the focal unit k. The probability of this event is

Wk(Λ, G) =







1−
Φ
(

Λ− 1

2
G; θk , σk

)

Φ
(

Λ + 1

2
G; θk , σk

)







K
∏

k′=1

Φ
(

Λ + 1

2
G; θk′ , σk′

)

. (5)

We choose the location Λ for which this probability attains its maximum and issue a

verdict by relating it to an adopted loss ratio R. Just as in Section 4, no issues of

multiplicity related to maximising Wk(Λ, G) as a function of Λ arise here either. The

optimal value of Λ can be found by a numerical method, such as the Newton-Raphson

algorithm, although evaluation of Wk on a dense grid of values of Λ is a practical
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alternative. It is easy to show that Wk is an increasing function of G; by G we control

the inclusiveness of the list of units declared as being among the best. Instead of

specifying G upfront, we may search for the smallest value Gk for which unit k would

be declared as being one the best. If this value Gk is plausible (small enough), then

the declaration of unit k as being one of the best is warranted.

By dropping all factors in (5) that involve units k′ 6= k and exploiting the symmetry

of the normal distribution, we obtain the inequality Wk < 2Φ(1
2
G/σk)− 1. It implies

that the value of G has to be informed by the prevailing values of the sampling variation

of θ̂k . The method based on Wk has a simple adaptation for identifying units that are

not much better than the worst unit. Verdicts on being above the national rate or

another threshold (standard) can be derived similarly.

7 Application

The National Neonatal Audit Programme (NNAP) conducts an annual audit of the

care for infants born preterm (with gestational age lower than 37 weeks) and with low

birthweight (less than 1500 grams). In 2015, the care was provided in 177 participating

neonatal care units (hospitals) in England and Wales, and part of Scotland. The units

were organised in 16 geographically contiguous neonatal networks. The audit reports

the estimates of the rates (percentages) of compliance with several well established

practices and standards in neonatal care. These estimates, evaluated for units and net-

works, are based on the data extracted from the National Neonatal Research Database

(NNRD).

The first of the eleven standards (measures) that are subject to the audit is con-

cerned with timely first measurement of body temperature of the newborn and keep-

ing the infant warm immediately after birth. According to the standard established

by NNAP, every infant born at a gestational age lower than 32 weeks should have its

temperature taken within 60 minutes of birth, and this temperature should be within

the ‘healthy’ range 36.5 – 37.5◦C. The treatment of an infant is in compliance if both

of these conditions (timeliness and range) are satisfied. Compliance, or its failure,

is defined for every infant in the specified population. Some records are incomplete.

Compliance is classified as missing if the data entry is missing for both conditions or
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if one of the two conditions is recorded as having been satisfied and the record for the

other condition is missing. Compliance is classified as a failure if at least one of the

two conditions is recorded as not satisfied.

We focus on the network-level rates because care for the mother, especially in the

last few days before giving birth, may be provided in one hospital, and delivery takes

place in another. In some cases, the newborn is transfered from the unit of birth to

another unit for specialised care. Most of these transfers take place within a network.

We keep the networks (and hospitals in Section 8) anonymous; their identity is not

relevant to the analysis.

In 2015, 177 neonatal care units from 16 networks contributed data to NNRD.

Their total caseload in the studied population was 7783 infants. Compliance is not

established for 26 infants (0.3%). The highest count of such cases in a network is 5,

and it accounts for 0.8% of its infants. To simplify the discourse, we ignore the issue of

missing data. A simple way of dealing with it is by applying the two kinds of extreme

imputation — to set all missing entries to Y (complying with the standard) in one

instance and to set them to N (failing to comply) in the other — and reporting the

corresponding sets of results. This is sufficient for estimating the rates of compliance

with the standard for temperature, but not for some other standards. A principled

approach to this problem is by multiple imputation, [19] and [20].

7.1 Network vs. country

Figure 2 displays the estimated network-level rates of compliance (θ̂k , k = 1, . . . , K =

16) in a caterpillar plot. The caseloads of the networks are printed at the top margin,

and the national (overall) caseload, with the 26 missing entries removed, at the hor-

izontal dashes that mark the estimated national rate, 58.4%. The standard error of

this rate is estimated by 0.56%. The 95% confidence interval for the national rate is

indicated by the darker grey strip around the estimated rate. The diagram suggests

that the network-level rates vary substantially, and that there may be one network

with exceptionally low and one with exceptionally high rate.

FIGURE 2
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We compare each network’s rate with the overall (national) rate. The variance of

the contrast of the estimators of a network’s and the national rates is

∆σ2
k =

θk(1− θk)

nk

− 2θk(1− θk)

n
+

K
∑

k′=1

nk′

n2
θk′(1− θk′) , (6)

where nk is the number of infants, n = n1 + · · · + nK ; θ̂k = mk/nk , where mk is

the number of cases of compliance in network k and θk is the underlying rate. In

the expression for ∆σ2
k , we replace each instance of θk and θk′ by its estimate. This

introduces only slight additional uncertainty because θ(1− θ) is a flat function of θ in

the range of the observed rates (40 – 75%). The second and third terms in (6) can be

ignored whenever nk ≪ n and θk is not very distant from 0.5.

We assume that a difference within ±2.5% is insubstantial, T1 = −0.025 and T2 =

0.025; this is indicated in Figure 2 by the faint-grey horizontal strip. We set the loss

matrix to

L =







0 1 5
2 0 2
5 1 0





 . (7)

That is, failure to detect a substantial difference incurs twice as high loss as detecting

it incorrectly, and confusing the two inequalities is regarded as a grave error, incurring

the loss of 5 lossiles.

The expected losses for the three options are listed in Table 1, with the smallest

value for each network underlined. Networks 1 – 7, with the lowest rates, are issued

verdict 1 (θk ≺ θ), networks 8 – 10 verdict 2 (θk ≃ θ), and networks 11 – 16, with the

highest rates, are assigned verdict 3 (θk ≻ θ).

TABLE 1

There may be some contention about the verdicts for networks 7 and 10, because

the second smallest expected losses for them (for respective verdicts 2 and 3) are only

slightly greater. Relatively small changes in matrix L may result in a different verdict

for one or the other network. We say that the verdicts for these two networks are

equivocal. The uncertainty and ambiguity about the 16 verdicts is summarised by the

total expected loss, equal to 4.73 lossiles. By definition, such a summary is meaningful

only if the loss used is a good (linear) currency for error. The expected loss is distributed

13



unevenly across the districts. It is smaller than 0.1 for networks 1, 2, 3, 15 and 16,

whereas units 7 and 11 account for over 30% of the total.

Ambiguity about the loss matrix L is addressed by sensitivity analysis, evaluating

the versions of Table 1 for alternative (plausible) loss matrices. If we reduce its entries

L31 and L13 from 5 to 4, we obtain the same verdicts as in Table 1, even though the

expected losses for the extreme verdicts 1 and 3 are reduced. Verdicts 1 and 3 become

more attractive because the loss for issuing them inappropriately is less harsh. An

increase of L31 and L13 , say, from 5 to 7, is appropriate for a client who is more averse

to the verdicts of inequality. One verdict is then changed, from 1 to 2 for network 7.

A distinctly asymmetric loss matrix L is appropriate for a client who is liberal

with praise for good performance (high rate θk), but reluctant to sanction a poor

performance, or vice versa. The loss matrix







0 1 10
3 0 1
5 3 0







represents such a perspective. With it, the verdicts for networks 11 and 14 are changed

from 3 to 2, whereas the verdicts for networks 12 and 13 remain at 3. The verdicts are

not aligned with the estimates θ̂k , because of the influence of the sampling variances

of estimators. Large variance increases the plausibility of higher values of θk ; indeed,

the standard errors of θ̂11 and θ̂14 are much greater than the standard errors of θ̂12

and θ̂13 . This can be interpreted as networks 11 and 14 being granted the ‘benefit’ of

greater plausibility of high rates of compliance.

To underline the dependence of the verdicts on the loss matrix L, consider the

matrix

L =







0 1 6
3 0 2
15 8 0





 ,

which reflects a strong aversion to overstatement as well as to confusion of the two

extreme categories. The result is a ‘boost’ to category 2, at the expense of category

3. Now verdict 1 is issued to networks 1 – 7, verdict 2 to networks 8 – 14, and verdict 3

only to networks 15 and 16.

The inequality verdicts 1 and 3 become more attractive when the similarity range

(T1 , T2) is made narrower. Indeed, by setting T1 = T2 verdict 2 is eliminated altogether.
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7.2 Exceptional networks

Figure 3 presents the plot of the exceptionality functions P (Λ, G), given by (3), in the

range Λ ∈ (40, 75)% and for values of the gap G between 2 and 6%, indicated on the

curves. The curve for G = 4% is highlighted. The diagram confirms that a narrower

gap is associated with uniformly greater probability of presence of exceptional obser-

vations. The functions attain their local maxima about halfway between consecutive

observations that are further apart. Their local minima are at the observed rates,

marked by black discs at the top and bottom of the diagram.

FIGURE 3

One of a set of local maxima is close to Λ1 = 45.3% for all values of G; P (Λ1 ; 0.02) =

0.771 and P (Λ1 ; 0.03) = 0.659. (The maxima are not exactly at the same value of Λ.)

Since Λ1 separates θ̂1 from θ̂k for k > 1 by a wide margin, we conclude that network

1 is very likely to be exceptionally poor for G ≤ 2%. Similarly, based on the local

maxima close to Λ15 = 69.3%, where P (Λ15 ; 0.04) = 0.753, we conclude that network

16 is very likely to be exceptionally good for G ≤ 4%. Of course, we have to qualify

the term ‘very likely’; we defined it as P > 0.75.

Let R be the loss ratio for failing to declare a gap between consecutive ordered

observations (e.g., at 69.3%) as a separator — separating exceptional networks in the

tail of the distribution from the mainstream networks. Then choosing a separator is

associated with expected loss 1−P (Λ, G), owing to the possibility that the declaration is

inappropriate (a false positive), and failing to choose it (a false negative) with expected

loss RP (Λ, G). This leads to the rule

P (Λ, G) >
1

R + 1

(or R > 1/P − 1) for declaring a separator of width G at Λ. The loss ratio R may

incorporate the number of networks at stake. More conservative attitudes correspond

to lower values of R, and higher values of R reflect more liberal attitudes to identifying

exceptional networks. The choice of R = 1 might appear as a good compromise. It

should not be regarded as a default because it corresponds to a particular attitude or

perspective, and would make the method too restrictive. Ambiguity about R can be
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dealt with by sensitivity analysis — reporting the results for a range of plausible values

of R. This is equivalent to reporting the results for the limits of the plausible range of

R.

For G = 4%, the exceptionality function P (Λ, G) attains its local maximum of

0.548 at Λ = 45.3%. This value, or the associated gap Λ ± 1

2
G, separates network

1 from the rest, and network 1 is exceptionally poor for R > 1/0.548 − 1 = 0.825.

The function P (Λ, 0.04) attains another local (and the global) maximum of 0.756 at

Λ = 69.3%. It separates network 16 from the rest. The network is exceptionally

good for R > 0.323. If the lower limit of the plausible range for R is RL > 0.323,

then network 16 has performed exceptionally well, and this verdict is unequivocal for

G ≤ 4%. If RL > 0.825, then we have an unequivocal verdict that network 1 has

performed exceptionally poorly.

7.3 Winners and losers

Figure 3 suggests that identifying the networks with the highest and lowest rates of

compliance entails relatively little uncertainty. This is confirmed by evaluating the

probabilities of the corresponding two events. These probabilities are 0.997 for network

16 and 0.969 for network 1. The probability of network 2 being a loser is 0.017, so it

would be singled out together with network 1 only for R > 57.3. Network 14 has a

higher probability of being a winner than network 15, 0.0012 vs. 0.0008. This is not a

contradiction with the inequality θ̂14 < θ̂15 , but a consequence of the disparity of the

standard errors of the two estimators. The probability of the event θ14 > 0.70 is very

small, but nevertheless greater than for θ15 , even though θ̂14 < θ̂15 .

If we introduce the hurdle for a winner that it must exceed 75%, then the probability

of network 16 being a winner is only 0.298; the pseudo-network 17 is the winner with

probability 0.702. If we intended to sanction the loser only if its rate of compliance is

below 45%, then network 1 would still be sanctioned. The probability that the pseudo-

network with θ17 = 0.45 is a loser is smaller than 0.001, and the high probability for

network 1 is unaffected.
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7.4 Classification

Suppose classes are defined by the cut-points at 50, 60 and 70%, and the loss is defined

as the number of cut-points missed, LvV = | v − V |. Then network 1 is assigned to

class 1 (θ1 < 50%), networks 2 – 10 to class 2 (50 – 60%), networks 11 – 15 to class 3

(60 – 70%) and network 16 to class 4 (> 70%). There may be some contention about

the classification of two networks, 2 and 10, because the respective classes 1 and 3 are

close contenders for them. For network 2, Q1 = 0.545 and Q2 = 0.455, and for network

10, Q2 = 0.489 and Q3 = 0.511. The classification of these two networks is altered

by introducing a slight asymmetry in the loss. Preferring the error of overstating the

class (that is, aversion to understatement) is introduced by a loss ratio R < 1. The

verdict for network 10 is changed from 2 to 3 for R ≤ 0.95. Aversion to overstatement

is introduced by setting R > 1. For R ≥ 1.2, the verdict for network 2 is changed from

2 to 1.

Loss ratio R < 1 is appropriate if the audit is keener to highlight good performance

than to identify poor performance. In contrast, R > 1 is appropriate if the focus of

the audit is on identifying poor practice. Even within a single industry or service, such

as health care, the foci of the various audits are different and cannot be characterised

by a single loss ratio. In areas where the scope for improvement is relatively easy to

pinpoint, and where most units lag behind a standard or a goal, the audit may be

liberal with naming institutions as poor performers and maintain a high bar for any

rewards for outstanding performance. In other settings, liberal distribution of rewards

may have a positive effect on the morale of staff and management and may encourage

cooperation in initiatives aimed at improving the service. Without a clearly one-sided

objective of the audit, R > 2 and R < 0.5 are unlikely to be appropriate, and (0.5, 2)

or its subinterval can be used as a plausible range for R.

The error of crossing one cut-point may be associated with greater loss that the

errors of crossing other cut-points. Also, the errors of crossing cut-points need not be

additive. For example, L31 may be set to a value greater than L32+L21 . These features

of loss are easy to incorporate by specifying the loss matrix L directly.
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7.5 Being one of the best

The top panel of Figure 4 presents the probabilities maxΛ Wk(Λ, G) of network k being

one of the best for a range of tolerance gaps G. It confirms that network 16 has a peer in

network 15 only for a very wide gap G and a very liberal assessment, characterised by a

small value of the loss ratio R. ForG = 10%, maxΛ W15 = 0.326 and maxΛ W14 = 0.170,

so network 15 would be declared as one of the best only by a very liberal criterion even

with such a wide gap. Network 14 is included only with an extremely liberal criterion.

FIGURE 4

For the poorest performing networks we have similar verdicts. Networks 2 and 3

join network 1 as one of the worst only for very wide gaps and liberal criteria.

8 Comparing hospitals

Although the focus of our study is on networks, we illustrate the methods on comparing

hospitals as an example of dealing with many units. From the 177 hospitals in the data

we exclude 25 that have fewer than 10 infants each in the studied population. Their

assessment is associated with too much uncertainty.

The assumption of normality is problematic for several hospitals with small caseloads

and the highest and lowest observed rates θ̂k because we have to recon with the bound-

aries of 0 and 1 for θk . This is addressed by applying a beta empirical prior. (The

beta distribution is conjugate for the binomial distribution.) Suppose there are mk

instances of compliance among nk infants, and let the prior for the underlying rate θk

be beta with parameters α and β. Then the posterior distribution of θk is also beta,

with parameters mk + α and nk − mk + β. The prior parameters α and β can be

interpreted as additional (prior) numbers of cases of compliance and failures. In an

empirical Bayes approach, α and β are estimated by maximum likelihood.

All the formulae derived in Sections 2 – 6 are adapted straightforwardly by replac-

ing each value of the normal probability with the probability of the appropriate beta

distribution. The only exception is for comparing the rates of a hospital and the coun-

try in equation (6), where the (small) uncertainty about the national rate θ could be

dealt with by integrating the conditional expected losses given the value of θ over its
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posterior distribution. This is not necessary because even the largest caseload of the

hospitals, maxk nk = 162, is a small fraction of the overall caseload n = 7783.

Figure 5 presents the caterpillar plot of the hospital-level rates of compliance with

the standard for first measurement of temperature. It incorporates the comparisons of

each hospital with the national rate for the thresholds T1 = −5% and T2 = 5%, and

the loss matrix given in (7). The estimates for hospitals are marked by black, grey

and white discs for the respective verdicts 1 (θk ≺ θ), 2 (θk ≃ θ) and 3 (θk ≻ θ). The

respective verdicts 1 – 3 are issued to 50, 33 and 69 hospitals. These hospitals do not

have a contiguous set of ranks because the sampling variation of their estimators is a

non-trivial factor — for large hospitals (with small σ2
k) verdict 2 is more attractive.

The verdict for hospitals 82 and 85 is 3, whereas for hospitals 83 and 84 it is 2.

FIGURE 5

The numbers of hospitals in the categories 1 – 3 (i.e., the sizes of the categories) are

not necessarily well estimated by counting the verdicts. The estimator with minimum

mean squared error is defined by the totals of the posterior probabilities of belonging

to the categories. The mean squared error may not represent the client’s perspective

well. In an analysis that adheres more closely to our general proposal, a loss function

is declared and each count is estimated by minimising the expected loss.

For classifying hospitals into categories defined by the cut-points 40, 50, . . . , 70%,

we consider the loss ratios in the range (0.8, 1.2). The verdicts are unequivocal (iden-

tical for all plausible values of R) for 11, 19, 31, 37 and 28 hospitals, 126 in total, to

respective categories 1 – 5. For each of the remaining 26 hospitals, the verdicts are in

two adjacent categories, for 2, 4, 12 and 8 hospitals in the respective pairs of categories

1–2, . . . , 4–5. In all instances, the verdict switches to a lower category as R is increased.

The probabilities of separation of units with exceptionally low rates of compliance

are plotted in Figure 6 for the gaps of 1 – 5%. The diagram shows that the three units

with estimated rates lower than 30% are likely to be exceptional for relatively narrow

gaps and a liberal perspective. Unlike in the corresponding Figure 3 for networks, the

functions P (Λ, G) are quite smooth, with only a slight ‘bump’ between the estimates

θ̂3 and θ̂4 which are wide apart. This is a consequence of the large sampling variation
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of these estimators — the relative distances of the estimates θk are a poor indication

of the distances of the targets θk .

FIGURE 6

Figure 7 displays the probabilities Wk of being nearly as good as the winner, as

functions of the tolerance gap G. These probabilities are very small for most hospitals;

a few hospitals with the highest probabilities are indicated on their curves. Even for

gap G = 10% and the hospitals with the largest values of θ̂k , this probability is smaller

than 0.5. This is a consequence of the sizeable sampling variation of the rates — a

large value of θ̂k does not preclude having a value θk much smaller than the maximum.

FIGURE 7

9 Discussion

In everyday life, we make numerous decisions, both momentary and after carefully

weighing the possible advantages and drawbacks of the contemplated courses of action,

together with the uncertainties involved. In many instances, a short list of options is

available. We choose one of the options not solely based on their likelihood of being

the best, but consider also the repercussions (ramifications) should the choice not be

optimal.

We prefer to integrate these two statistical activities, inference and selection (deci-

sion), into a single evaluation that concludes with the preferred course of action. The

analysis is not objective (universal or multipurpose) but is tailored to the particular

perspective of the client or the sponsor of the analysis. The approach requires a close

cooperation of the analyst with the client to quantify this perspective. Established ap-

proaches based on hypothesis testing are objective, but they correspond to a particular

(default) perspective that may be distant from the client’s perspective.

The loss (matrix), thresholds, cut-points and related parameters represent the

client’s perspective. They are essential inputs in our approach. The approach is open

to abuse if the client, possibly in cooperation with the analyst, attempts to second-

guess the inputs for which an a priori choice (a rigged verdict) would be obtained. In

this case, the analysis serves a false purpose because the perspective is not formulated
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independently of the observed data. Similar problems arise when the analyst commu-

nicates with the client indirectly through an intermediary. For example, the client may

be a party, such as the general public, with whom direct communication is not feasible.

An authority charged with representing the public may misjudge the public’s priorities

or deliberately misrepresent them, and further biases or errors may be introduced in

the process of elicitation. An organisation may appoint a representative to deal with

the analyst; his or her good faith and accurate communication of the organisation’s

perspective are imperative for the validity of the analysis. These threats to validity of

the method should not discourage the analyst because the alternative is an analysis

with a default perspective which may not be relevant.

Interpretation of the results of an analysis concluding with verdicts of hypothesis

tests, estimates (with the associated standard errors), confidence intervals, or the like, is

subject to similar threats, except that even an honest client has to face insurmountable

difficulties in converting them to effective action without familiarity with statistical

evaluations and intimate understanding of uncertainty.

The methods presented in Sections 2 – 6 are based on normally distributed posterior

distributions and piecewise constant losses. Extensions to other common distributions,

such as Student t, beta (see Section 8) and gamma, are straightforward because the

evaluations do not use any properties that are specific to the normal distribution.

Several examples are analysed in [7]. The loss may depend not only on the kind of the

error committed (e.g., false positive or false negative), but also on the magnitude of

the error. This perspective is catered for by piecewise linear, quadratic and other loss

functions. The loss structures can be defined separately for the distinct kinds of error.

Further flexibility is afforded by linearly combining loss functions. The key property of

a loss function is linearity, that it can be treated like a (monetary) currency for error

and that it faithfully reflects our intent to be frugal in its expenditure on the process

of making well informed decisions.

Hierarchical (two-level) models are commonly applied to performance assessment,

[21] and [22], with the two levels represented by elements (patients) and aggregate-level

units (networks), or three levels (elements, hospitals and networks). These models as-

sume that the aggregate units are a random sample from a (super-)population. Our

objection to these models in the frequentist paradigm is based on considering hypo-
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thetical replications of the study. Since the assessment is for specific networks (or

hospitals), a replication of the study would involve a different set of elements (pa-

tients), but the same set of hospitals and networks. Thus, hospitals and networks are

fixed units of analysis. In contrast, in hierarchical models these aggregate-level units

are random, so the replication scheme would involve a different set of aggregate-level

units.

Our main objection is not to using estimators based on hierarchical models, but

to claims and, more generally, assessments of estimators, that are based on the as-

sumptions associated with these models. For example, the (empirical Bayes) shrinkage

estimators are regarded by many as unbiased and efficient. In Appendix we show that

this is not the case. In particular, they are problematic for units that are extreme

— that have the smallest or largest values. In some assessments, these units are the

focus of the analysis. In the spirit of Box [23], we do not object to applying models

that are invalid, but to assessment of the estimators they yield on the terms of these

models. The assessment should be based on a model that is more realistic. In our

case, it entails evaluations based on the assumption that θk are fixed. The maximum

likelihood estimator based on this assumption is dismissed not because it is invalid,

but because it is inefficient, involving too many parameters (degrees of freedom).

The additional (extra-data) input that our approach requires introduces a com-

plexity and in some settings also contention. However, it is essential for tailoring the

analysis to the client’s purpose and enables us to move a step closer to making informed

and practically relevant decisions. Difficulties with quantifying the client’s perspective

are addressed by using plausible ranges of the relevant parameters, which can be re-

garded as a form of sensitivity analysis. The approach we propose integrates statistical

analysis, as currently perceived, with decision making, which is often left unattended

or left for the client to contend with.
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Appendix

Suppose in addition to the assumptions about the sampling distributions (θ̂k | θk) ∼
N (θk , σ

2
k) we also have that θk , k = 1, . . . , K, are a random sample from N (θ, τ 2).

For simplicity, we assume that θ and τ 2 are known. The empirical Bayes (shrinkage)

estimator of θk is

θ̃k = (1− bk) θ̂k + bk θ ,

where bk = σ2
k/(σ

2
k + τ 2). In fact, θ̃k is the conditional expectation of θk given the

data and the values of the parameters. As a substitute for its sampling variance, the

conditional variance of θk ,

var
(

θk | θ̂k ; θ, τ 2
)

=
σ2
k τ

2

σ2
k + τ 2

, (8)

is commonly used.

If θk is regarded as fixed, then the bias of θ̃k is Bk = −bk(θk − θ) and its sampling

variance is Vk = (1− bk)
2σ2

k . Therefore its mean squared error is

MSE
(

θ̂k ; θk
)

= Vk + B2
k

=
σ2
k τ

2

(σ2
k + τ 2)

2

{

τ 2 + σ2
k

(θk − θ)2

τ 2

}

.

This is equal to the expression in (8) only when θk = θ ± τ , that is, when θk is in the

‘typical’ distance from θ. The MSE exceeds var(θ̂k) = σ2
k when

(θk − θ)2 > 2τ 2 + σ2
k .

This occurs for a few units k with the highest and lowest values of θk . They are

not necessarily outliers. For example, if σ2
k = 1

2
τ 2, this condition is equivalent to

θk > θ + 1.58τ or θk < θ − 1.58τ , and this is satisfied in a typical dataset by about

11.5% of units. In conclusion, the empirical Bayes estimator is problematic for extreme

units which happen to be the most important in a typical analysis.
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Table 1: Expected losses for the comparisons of the networks’ rates with the national
rate for the standard of first measurement of body temperature after birth. The thresh-
olds are T1 = −2.5% and T2 = 2.5% and the loss matrix is given in (7).

Network

1 2 3 4 5 6 7 8

Q1 0.000 0.024 0.038 0.101 0.210 0.257 0.849 0.957

Q2 2.000 1.953 1.924 1.798 1.613 1.501 0.944 0.490

Q3 5.000 4.905 4.848 4.596 4.210 3.995 2.567 1.778

9 10 11 12 13 14 15 16

Q1 1.046 2.089 2.946 3.119 4.035 3.942 4.937 5.000

Q2 0.539 0.548 1.055 1.071 1.519 1.489 1.969 2.000

Q3 1.762 0.733 0.637 0.488 0.244 0.291 0.016 0.000

Note: The labels of the networks, 1 – 16, are the same as in Figure 2.
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Figure 1: Expected losses as functions of the estimate ∆θ̂ (standard error ∆σ = 0.39)
and loss matrix given in (1) for comparing two means with thresholds ±1.
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Figure 2: Caterpillar plot of the network-level rates of compliance with the standard
for the first measurement of body temperature. The caseloads (numbers of qualifying
infants in care) for the networks are printed at the top margin. The national caseload
is printed at the horizontal dashes that mark the national rate. The grey horizontal
strips are explained in the text.
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Figure 3: Exceptionality plot for the network-level rates of compliance with the stan-
dard for the first measurement of body temperature.
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Figure 4: Probabilities maxΛ Wk(Λ, G) as functions of the gap G. Some of the networks
are identified at the right-hand margins.
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Figure 5: Caterpillar plot of the hospital-level rates of compliance. The estimates θ̂k
are marked according to the verdict by black (verdict 1), grey (2) or white discs (3).
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Figure 6: Exceptionality plot for the hospital-level rates of compliance with the stan-
dard for body temperature.
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Figure 7: Hospital-level probabilities maxΛ Wk(Λ, G) as functions of the gap G. Some
of the hospitals are identified on the curves.
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