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Effect of Surface Curvature on Contact Resistance between
Cylinders

Michael Mayer? Marc Hodes! Toby Kirk! and Darren Crowdy?®
December 19, 2018

Abstract

Due to the microscopic roughness of contacting materials, an additional thermal resistance arises from
the constriction and spreading of heat near contact spots. Predictive models for contact resistance typi-
cally consider abutting semi-infinite cylinders subjected to an adiabatic boundary condition along their
outer radius. At the nominal plane of contact an isothermal and circular contact spot is surrounded by
an adiabatic annulus and the far-field boundary condition is one of constant heat flux. However, cylinders
with flat bases do not mimic the geometry of contacts. To remedy this, we perturb the geometry of the
problem such that, in cross section, the circular contact is surrounded by an adiabatic arc. When the
curvature of this arc is small, we employ a series solution for the leading-order (flat base) problem. Then,
Green’s second identity is used to compute the increase in spreading resistance in a single cylinder, and
thus the contact resistance for abutting ones, without fully resolving the temperature field. Complemen-
tary numerical results for contact resistance span the full range of contact fraction and protrusion angle
of the arc. The results suggest as much as a 10-15% increase in contact resistance for realistic contact
fraction and asperity slopes. When the protrusion angle is negative, the decrease in spreading resistance
for a single cylinder is also provided.

1 Introduction

Flux-based thermal resistance, R”, subsequently referred to as thermal resistance, is the temperature drop
(AT) per unit heat flux (¢”) in the direction of heat flow as per

AT
= q// (]‘)

In general, it may capture multi-dimensional conduction and convection effects. In the elementary case of
one-dimensional, steady-state, Cartesian heat conduction, it is

R/I

L
/!
2
D~ 7 (2)
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where L is the length of the material through which heat conducts and k is its thermal conductivity. When
conduction is multi-dimensional because of the size of the heat source (sink) on a flat base of a domain, the
total thermal resistance (RY{') is based upon the mean heat flux through it (¢”) and can be decomposed into
¢ = Rip + R§, (3)
where R is the spreading (constriction) resistance. It accounts for the additional temperature drop due to
spreading or constriction of isotherms (ATg,) per unit heat flux in the direction of heat flow as per

AT,
Ry = S @

where ATy, = Ty — Ty 1 , where T is the mean temperature of the source (sink) and T, that of the plane
of the source (sink). The concept of spreading resistance on account of the width of a heat source being
smaller than that of a semi-infinite, Cartesian domain for an isoflux source as per a solution by Mikic [1] is
illustrated in Fig. 1.

For one-dimensional, steady-state, Cartesian heat transfer between solid materials 1 and 2, in the idealized
limit where temperature continuity is imposed across a flat interface between them, i.e., Kapitza resistance

is neglected, the thermal resistance (R{}..,) is

Ly  Le
/!
ideal kl + k2 ( )
In reality, the thermal resistance to heat transfer though the materials (R!)) is
Ly L
real = PRy Ry, (6)

where R}, is the (thermal) contact resistance. It captures the additional resistance to heat transfer that

arises due to the roughness of real surfaces. A consequence of the roughness of real surfaces is that, typically,
only 1-2% of their projected surface area is in physical contact [2]. Contact occurs only on the the tips
of asperities, elsewhere leaving an interspatial gap. As the thermal conductivity of the interspatial fluid
(typically air) is generally negligible compared to those of the contacting materials, heat flowing between the
two surfaces will constrict and spread near the contacts. This constriction and spreading gives rise to contact
resistance, depicted in Fig. 2 as per the solution by Crowdy [3] discussed by Hodes et al. [4] in this context
for the Cartesian-geometry problem. When the lengths of materials 1 and 2 are large compared to the scale
of the pitch of the contacts, as tends to be the case in real systems, contact resistance may be interpreted as
a temperature discontinuity at the nominal plane of contact.

The typical approach to the modeling of contact resistance is to use surface profiles and thermophysical
properties of the contacting materials to develop a distribution of contact locations and sizes. This distri-
bution is combined with spreading resistance expressions derived from the modeling of a single contact [5].
Because of this, much research has been done on the modeling of single contacts, our focus here. Consid-
ering heat conduction between geometrically-identical contacting materials not necessarily of equal thermal
conductivity, it follows from the symmetry arguments discussed in Cooper et al. [5] and generalized by Das
and Sadhal [6] that the contact regions are isothermal. Thus the contact resistance problem reduces to a
spreading resistance one. Decomposing the temperature field in an arbitrary domain with an isothermal
contact spot into one-dimensional (1D) and perturbative (p) parts, Eq. (3) becomes

Ry Rip Ry,
—
Ts - Too _ TlD,s - TlD,oo +Tp,s - Tp,oo (7)
q// - (7” q//
2
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Figure 1: Isotherms and adiabats for a two-dimensional temperature field when an isoflux heat source is of
smaller width than a semi-infinite, Cartesian domain.
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Figure 2: Nlustration of contact resistance in Cartesian-geometry domain with materials of differing conduc-
tivities. A
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where the subscripts co and s denote far-field and source temperatures, respectively. Thus,

Ts - TlD,s Too - TlD,oo
- =11 (8)

q’ q

"o
Ry, =

This definition provides a means of calculating the spreading resistance in a contact with arbitrary shape
by either specifying a temperature drop and solving for heat flux, or vice versa. As discussed further below,
contacts are typically modeled with a flat base and an isothermal contact spot. Then, by choosing to impose
that Ts7pl = 0, the perturbative problem has zero average temperature; hence, T, = T'p o, simplifying the
expression for spreading resistance. When a contact has a non-flat base, Eq. (8) must be used.

2 Previous Work

Contact resistance in single contacts is well documented in the literature. We note that rectangular and
circular-cross section domains are referred to as flux channels and flux tubes, respectively. Cooper et al. [5]
solved the canonical problem for the spreading resistance in a semi-infinite flux tube with a circular isothermal
source surrounded by an adiabatic annulus along its base. A heat flux distribution resulting in an almost
isothermal source was used to avoid a mixed boundary condition along the base of the domain. The heat flux
is discontinuous along the circle separating the source from the adiabatic annulus. The results are accurate
to within 2% for ratios of contact spot radius to cylinder radius up to 0.4, but then becomes inaccurate.
Mikic [1] supported and expanded on the results from [5], developing results for contact resistance in flux
tubes with constant heat flux at the source, as well as solving for contact resistance in flux channels with
various contact spot boundary conditions. Negus and Yovanovich [7] used a superposition of flux distributions
to extend the results of [5] to higher ratios of contact radius to cylinder radius. Hunter and Williams [8]
discretized the integral equations developed by Sneddon [9] to compute spreading resistance in a flux tube for
a true isothermal contact, solving for the so-called constriction alleviation factor (also called the constriction
resistance parameter) from which spreading resistance follows. The analyses of these authors and the vast
majority of subsequent ones assume a flat plane of contact. This is in contrast to the topography of real
surfaces, in which micro-scale roughness is relevant.

Modeling of contact resistance sometimes considers micro-roughness indirectly as values of the average
height and slope of the asperities on contacting surfaces are used to define a relationship between the distri-
bution and size of contacts and other factors such as the load pressure and material hardness as per models by
Cooper et al. [5] and Greenwood and Williamson [10]. The height and slope values can be captured through
surface topography measurement techniques, such as profilometry, or estimated from the mean square rough-
ness values typical of a manufacturing technique. The distributions are then coupled with spreading resistance
expressions from models of single contacts with a flat plane of contact as discussed above. Combined they
provide a model for contact resistance on the macro-scale. We develop spreading resistance expressions for
non-flat contacts that better mimic the topology of real surfaces, and thus, when integrated into existing
models, provide a better estimation of contact resistance.

Rather than focusing on the non-flatness of contacts, recent work has mainly focused on solving for
spreading resistance assuming a flat plane of contact with increasing complexity; e.g., computing spreading
resistance through stacks of thin materials as is often encountered in microelectronics packaging. This is
made clear by comprehensive reviews of spreading and contact resistance by Yovanovich [11] in 2005 and
later Razavi et al. [12] in 2016. Notably, however, some authors have examined the effect of non-flatness
on single contacts. Madhusudana [13] used finite-difference simulations to quantify spreading resistance in
conically-capped flux tubes. A flat, circular, isothermal source was placed at the truncated tip of a conical cap
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on a semi-infinite flux tube. They considered two cases: one in which the gap created by this conical cap was
adiabatic and another in which it was filled with a fluid of low thermal conductivity. Sano [14] analytically
studied the effect of non-flatness on electrical contact resistance for a single contact by modeling the shape of
the contact as a hyperboloid of one sheet. This enabled them to solve for spreading resistance in a non-flat
halfspace. Das and Sadhal [6] considered the Cartesian-geometry problem for flat contacts between semi-
infinite materials of different thermal conductivities adjacent to sparsely distributed, circular-arc geometry
gaps (not assumed to be of equal protrusion angle) filled with a third material of finite thermal conductivity.
Bipolar coordinates were used and further details are provided by Das [15]. Das and Sadhal [16] then used
their solution to the single-gap problem as a basis for the (symmetric) multi-gap one to capture higher-order
interactions between gaps. To preserve analytical tractability, it was further assumed that the gaps were
thin, which simplified the temperature distribution in them and their interaction. The temperature field was
computed to O[(1 —~)°], where + is the contact fraction, from which the contact resistance follows, although
the closed-form expression is not provided due to its length.

Notably, this paper was inspired, in part, by work done to calculate apparent thermal and hydrodynamic
slip lengths for flows over (biomimetic) superhydrophobic surfaces. When both problems are made dimen-
sionless, solving for the apparent hydrodynamic slip length in linear-shear flows in the Cassie state over
parallel ridge-type superhydrophobic surfaces is identical to solving for thermal spreading, and thus contact,
resistance in Cartesian coordinates with an isothermal contact spot [17]. Indeed, solving for one immediately
provides the result for the other; as such, one is able to pull liberally from the robust literature on apparent
slip lengths. In Cartesian problems, contact resistance for the full range of geometric parameters is provided
by Hodes et al. [4] for mating rough surfaces. The methodology and setup of the perturbation analysis in
this paper is outlined by Sbragaglia and Prosperetti [18] and Lam et al. [19] in their work on apparent hy-
drodynamic and thermal slip, respectively, along superhydrophobic surfaces. Unlike those authors, however,
we use reciprocity arguments based on Green’s second integral identity following a perturbative approach
introduced by Crowdy [20], also in the context of apparent hydrodynamic slip on superhydrophobic surfaces.

We capture the effect of the non-flat nature of real contacts on spreading resistance in a flux tube, where
the analog with superhydrophobic surfaces no longer holds. We use a boundary perturbation of the solution
of Hunter and Williams [8] to model the annulus outside of the contact spot as an adiabatic-arc, rather than
a flat surface. In using this technique, we find contact resistance to the first order in €, where € is one half the
dimensionless curvature of the arc, and, importantly, without the need to fully resolve the correction to the
temperature field due to boundary deflection. We quantify the increase in dimensionless contact resistance
due to the curvature of the boundaries for the full range of contact angle (defined below) and constriction
ratio (the ratio of contact spot radius to the radius of the entire cylinder) by using a numerical method for
sufficiently large boundary deflection. Finally, when contact angle is negative we provide the decrease in
spreading resistance.

3 Problem Formulation and Analysis

Figure 3 illustrates the axisymmetric nature of the flat and non-flat contacts under consideration. We require
the formulation of two problems, i.e., the temperature field of a flat contact Ty as shown in Fig. 4a) and
that of a non-flat contact 7. We exclusively consider a circular, isothermal region along the center of the
base of the domain surrounded by an adiabatic annulus in a plan form view. When the annulus is flat
we refer to the problem as the flat-contact problem and when it is not flat we refer to it as the non-flat
contact problem. As the shape of the surface asperities is often unknown, the geometry of the nominal
plane of contact is somewhat arbitrary. For example, the adiabatic region outside the contact area could be
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b)

Figure 3: Schematics of the flat-contact modeling geometry a) and non-flat-contact modeling geometry b) .
The contact spot is the circular section on the base.

modeled as concave, as in Fig. 4b), convex, as in Fig. 4c), or a straight line as in the numerical study by
Madhusudana [13] and in Fig. 4d). We define T as the solution to the boundary value problem depicted in
Fig. 4b); however, the methodology presented can also be used to solve for contact resistance of the geometry
in Fig. 4c), which may be more physically realistic. This is discussed briefly in the Section 3.1. Again, we
only need to consider the spreading resistance problems shown in Fig. 4, from which contact resistance for a
symmetric contact follows [6]. We define ¢ as the contact radius, b as the cylinder radius and ¢ = ¢/b as the
constriction ratio. The contact angle «, is that between the tangent of the adiabatic-arc where it intersects
the contact and the horizontal. It can be set equal to the average asperity slope of a surface. A positive
contact angle corresponds to the arc penetrating into the solid, the relevant geometry for contact resistance.

For problems Ty and 7" heat conduction is governed by the Laplace equation in axisymmetric, cylindrical
coordinates as per
V2Ty = V2T =0 (9)

There is no singularity at » = 0, and an adiabatic boundary condition exists along the outside radius of the
cylinder such that

0Ty, 01
= — = = >
5 5 0 for r=0, 2>0 (10)
and Ty, oT
0
>
o _87"_0 for r=5b  2z2>0 (11)

A constant heat flux leaves the domain as z — co as per

oT, 0T q’
P % ? for 0<r<b, z— o0 (12)
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Figure 4: a) Dimensional flat-contact problem. b) Dimensional non-flat-contact problem with concave
adiabatic-arc. ¢) Dimensional non-flat-contact problem with convex adiabatic-arc. d) Dimensional non-
flat-contact problem with adiabatic-line. All problems are axisymmetric.
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(0.—VRZ= (b - 0)?)

Figure 5: Depiction of the adiabatic circular-arc at the lower left-hand side of Fig. 4b).

We prescribe an isothermal boundary condition at the contact spot such that

To=T=T, for 0<r<e¢ 2=0
The adiabatic condition along the area flanking the contact spot is

T,
on for e<r<b
0z

n-VI'=0 for c<r<b

where n is the vector normal to the adiabatic arc.
The z-coordinate along the adiabatic arc in Fig. 4b) is

c== (VR = =02 - VR = (b cP?)

and depicted in Fig. 5. Taylor expanding the square roots yields
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1/r—b\> 1/b—c\* b

=+<R|[1— = —R[1-— O —= 16

: { (%) 2<R>}+ (%) 16)
The (+) sign corresponds to the arc protruding upwards as in Fig. 6a), while the (—) sign corresponds to it
protruding downwards as in Fig. 6b) and is relevant to spreading, but not contact resistance as the abutting
cylinders cannot overlap. We non-dimensionalize lengths by b and we place a tilde over our dimensionless
quantities. The shape of the arc becomes

z=—&(r) + 0 (&) (17)
where € is a small parameter defined by
1
o5 (18)
and 7(7) is a shape function defined by
i(r) = (F = 1)* = (1 - ¢)? (19)

where ¢ = ¢/b is the constriction ratio. Positive and negative € correspond to the arc protruding upward and
downward and as per Figs. 6a) and 6b), respectively. Recall that the fraction of the projecting area of mating
surfaces in contact is typically 1%-2%. This corresponds to approximately 0.1 < ¢ < 0.15; therefore, even
for an unrealistically high contact angle with magnitude 90 degrees, € is, at most, approximately 0.6 [2]. The
cases of & = +90° are illustrated in Figs. 6¢) and 6d), respectively, to highlight the range of angles considered
in our study, but are only of theoretical interest. We note that € represents one half of the dimensionless
curvature of the arc, and from geometrical considerations

sin(a)
2(1-9)

It is important to note that the subsequent analysis is valid for any arc shape in which one half the
dimensionless arc curvature is the small parameter and can be separated from a shape function. For example,
in the case of a convex arc as depicted in Fig. 4c) a circle with radius R centered at 7 = ¢ and z = R takes

the form z = £+ (—\/R2 —(r—e?+ R), where the (4+) and (—) refer to positive and negative values of «,
respectively. Performing a binomial expansion of the square root yields

zzi(—R 1—;<T}_%C)2 +R>+O(f;> (21)

We again nondimensionalize length by b and we place a tilde over our dimensionless quantities such that

g:

(20)

zZ= _gﬁconvex + @ (€3) (22)

where € is the same as above and
ﬁconvex = _(7: - ¢)2 (23)

To calculate spreading resistance with the convex arc geometry one only needs to replace 77 with 7jeonvex and
proceed with the analysis below.

10
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Figure 6: a) Upward-protruding adiabatic arc corresponding to positive € with ¢/b = 0.3 and o« = 25°. b)

Downward-protruding adiabatic arc corresponding to negative ¢ with ¢/b = 0.3 and @ = —25°. ¢) Upward-
protruding adiabatic arc with ¢/b = 0.05 and o = 90°. d) Downward-protruding adiabatic arc with ¢/b = 0.05
and o = —90°.

11
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Figure 7: a) Dimensionless flat-contact problem. b) Dimensionless non-flat-contact problem.

We define the dimensionless temperature fields as

- To - T
Ty = e T = T (24)
which results in a unit temperature source. The dimensionless problems for the flat and non-flat contacts
are shown in Figs. 7a) and 7b), respectively. To solve for spreading resistance in the flat contact problem we
calculate the dimensionless heat flux through a semi-infinite cylinder with a specified temperature drop due
to constriction or spreading (ATpsp = To.s — To.s.p1)- Then, we assign this calculated heat flux to the non-flat
contact problem to solve for the dimensionless temperature drop due to the combined effects of constriction
or spreading and non-flatness, i.e., ATSP — (TS - T1D,s) - (Too - T1D,oo)-
We summarize the solution of Hunter and Williams [8] which provides the dimensionless temperature
field and dimensionless contact resistance of a flat contact. The governing equation is Laplace’s Equation
in axisymmetric (7, 2) cylindrical coordinates. It follows from Eq. (8) and our subsequent prescription of a

mean temperature of zero along z = 0 that in the dimensional problem ATp g, = T, implying R, = T5/q".

Then, defining non-dimensional spreading resistance as R{, = R{]

equation in the dimensionless problem become

ok /b, the boundary conditions on Laplace’s

B To=1 0<r<¢
Z = 0 81:,0 . O <1 (25)
9z =0 ¢<r=
oT, 1
=0 Z— 00 (26)
0z R
sp
12

Downloaded From: https://heattransfer.asmedigitalcollection.asme.org on 01/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



oTy
or

=0 7=0,1 (27)

where R{ is unknown.
Using separation of variables, the series solution which satisfies the homogeneous boundary conditions on
7= 0,1 and the inhomogeneous one as z — oo is

=24+ > A Cado () exp(=An2) (28)

sp,0 n=1

To(7,2) = —

where Jj is a Bessel function of the first kind of zeroth order and C,, are unknown coefficients. The eigenvalues
An satisfy Ji(\,) = 0. Applying Eq. (25) yields dual-series equations for C,, as

1= A\ 'Cudo(An7) for 0<7 <o (29)
n=1
1 = y _
0= —F > CudoMnf) for ¢<i<1 (30)
sp,0 n=1

Sneddon [9] provides a semi-analytical means to solve a more general form of these dual-series equations. It
follows from his result that

D! 1
sp,0 — (31)
2 [ h(t)dt
2 [ h(costen,) (32)
C, = / h(t)cos(t\,)dt 32
where h(t) is defined as the solution to the integral equation
¢ 2
h(t) — / h(uw)Gq(t,u)du = — (33)
0 ™
where
4 4 [*K
i) = 2+ 5 [ B o1, ) peosh(ug)eosh(ty)ldy (59

r o yh(y)

and I; and K; are first-order modified Bessel functions of the first and second kind, respectively. We dis-
cretize and evaluate the integrals numerically using quadrature. We invert the resulting matrix to determine
discrete values of h(t) from which Ré’p’O and C,, are computed via Egs. (31) and (32). We note that solving
for spreading resistance in the flat-contact problem does not require the evaluation of C),; however, these
coeflicients are needed for the non-flat-contact one.

Turning to the non-flat contact problem (see Fig. 4b)) and expressing the dimensionless temperature
field for it as an expansion in € < 1, it takes the form

T(7, %) = Ty + eI + O(&%) (35)

13
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where €7} is the change in T to the first order in € that results from the deflection of the boundary. Hence,

N 1 s -
T=———2+Y A'Codo(AnF) exp(—AnZ) + €Ty + O(&%) (36)
sp,0 n=1

Since the far-field boundary condition on 7 is constant heat flux, as Z — co, €1} must converge to a constant,
denoted as ATp, such that as Z — oo, T — Tip OO+AT For a not-flat contact with T, = 1, the temperature
change due to spreading or constriction is given by A =(1- Tib s) — (T —Tip 00), evaluated in this
case as ATy, = 1 — AT,

It is convenient in the application of Green’s second identity for the source temperature in both problems
to be Z€ro. Hence, we introduce dimensionless temperature fields T0 To—1land T =T — Ts, where T0
and T represent the flat contact and non-flat problems with zero source temperature, respectively, as per

. 1 . = _ -
TO = —RTZ + Z )\nICnJO(Anr) exp(—)\nz) -1 (37)
sp,0 n=1
-, I . . _ - > =2
T=-% . + > A Cudo(AaF) exp(=AnZ) — 1+ ET1 + O(&) (38)
sp, n=1

as shown in Fig. 8. Then, in the limit as z — oo,

-, 1
sp,0
i 1 . - "
T = - 2= ATy + 0(@) (40)
sp,0

The following steps emulate the approach of Crowdy [20] for a mathematically similar problem. Green’s
second identity on the domain D of the non-flat contact states that

IR N ot -, 0T
25 2 _ Oig
///D (T V2T, — ToV2T ) av # < o~ To- )dA (41)

where n is the direction of the outward pointing unit normal. The volume integral disappears as both fields
are governed by Laplace’s Equation. Using the adiabatic boundary condition at 7 = 1, zero temperature
boundary condition at the source and adiabatic boundary condition along the arc and noting that the
derivatives for the prime functions are the same as those of the original ones, Eq. (41) simplifies to

0= // T’% - T(;aTdA + // T/%dA (42)
Z—00 6” a —E€n

Evaluating the far-field integral yields
a +/1 T'(F, )aTO(T =)\ 1 (97 ymrar +O@)
- —&n)————= —|é= | 2m €
R @ 1 on dr

1 ~ 1
0= [( _ 2+ATSP> - <~,,5+ 1)
Rsp,O RSP70 sp,0
(43)

Plugging in for 7" and rearranging results in

14
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Figure 8: Domain D (dashed region) with all relevant boundary conditions
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on

~ R// 1
ATy, —1= —27ri’0/
T Jg

(To(ﬁ —é&ij) + Ty (7, —é) — 1) aT"(T_E")] 1- (637;)27:(1? LO@@) (44)

Taking the outward facing unit normal vector as n = (1/|n|) [—€(d7/d7)t — 2],

T, 1 (_.dqj 0T, T, (45)
Z0 = [
on | [n| \ dr OF 0z
Z=—¢&n z=—€n F=—en
Taylor expansions of 0Ty /97 and 9T, /9% about Z = 0 are
Ty 0Ty .
Z=—¢n z=0
6T0 6T0 aQTO ~2
4
oz | 0z | gz | 1O (47)
Z=—¢€n zZ=0 zZ=0
respectively. Substituting Eqs. (46), (47) and |n|= 1 + O(€?) into Eq. (45), it becomes
oTy | 0Ty -
on | ledf ( o7 | +O<€)>
Z=—¢€n i z=0 i (48)
0Ty _ 0?Ty 9
oz | _ T | _TO@

However, since the integral is evaluated outside of the contact spot, Ty / 82‘ = 0 and Eq. (48) becomes
0

zZ=

Ty _( d oTy _ 02Ty I
270 — _¢ | 2 220 _ 4
on ‘ (df or T oz +0() (49)
Z=—€n =0 =0
Also, Taylor expanding Ty about 2 =0
T =T ,T00 (50)
Z=—¢€n zZ=
Then,
s -z 0Ty - a7 9T, 0%, s
( 0 Z=—&i teh £=—€f]> on| cto =0 <df or | K 072 | o +0(€) (51)
Z=—¢n = Z=

i.e., we can ignore Ty to the first-order in €. Using Eq. (51) and expanding the square root term on the
left-hand side as per the binomial theorem gives
1 T ~ N\ 2 1 ~ ~
T d ~ dn 0T
/ 0o\ [ _ <ef‘> Oridi = —27r€/ F (TO - 1) dn ot
& on dr P 5=0 dr oF L

0T
"oz

(TO + el — 1)
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Thus, substituting Eq. (52) into Eq. (44) gives

) o
~ . T
ATy, —1=2eR" , / f(TO —1) g 0To)
0 & =0 dr or o

It follows from our prescription of dimensionless heat flux as 1/R”, b0 that R’ = ATSpR o and
5 2 1/ di T, 02T,

R — R// 2 ( ) / w7 1 n 0 = 0

= o P2 B0 ) [T 0] @ o | _ |

The integral can be evaluated, with g(¢) and h(¢) given in Appendix B of Mayer [21], yielding

_9%Ty
o5

) dif + O(&%) (53)

z=0

) dif + O(&?) (54)

- 2
Rl = Ry + 28 (R o) [9(0) = (o)) (55)
The dimensional spreading resistance is
A 56
sp T % Sp ( )
From this we can calculate an expression for Rf. by adding two spreading resistance in series such that
2b
R{. = ?R” (57)
where
1 1/1 1
— =4 = 58
Fiz 2(k1+k2> (58)

where k1 and ky are the thermal conductivities of contacting materials 1 and 2, respectively. Often, this
dimensional thermal contact resistance expression of a single contact is written as a heat transfer (contact
conductance) coefficient he, i.e., he = 1/Ry{. [5].

4 Numerical Analysis

We validated our asymptotic model and extended it to arbitrary contact angle using the finite element
method (FEA). The partial differential equation solver in MATLAB was used to compute the dimensionless

temperature field in the solid, T,,. It was compared to that with no adiabatic annulus, TlD , having the same
height, width, and dlmensmnless heat flux through it, to find spreading resistance as per Eq. (8) such that
Rl = R = R = R [ (Tos = T ) = (Tips = Tins )| (59)

The axisymmetric Laplace’s equation was solved with relevant boundary condtions. Tip s was set to 0 and
T, s set equal to 1 on the isothermal contact spot. In solving for T, an adiabatic arc was placed outside of the
isothermal contact. The edges of the domain were specified as adiabatic and the heat flux at the far-field was
specified as —1/ Rsp o- The height of the domain was 5 times the width of the domain as this was sufficient
to ensure one dimensional flow at the far-field. A triangular mesh was adapted and refined multiple times
to ensure mesh independence and until the difference in far-field temperature between subsequent iterations
was less than 1078, This resulted in an average of around 800,000 elements in the domain. We captured the
singularity at (¢,0) as discussed later in Section 6.
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5 Results

To solve the flat contact problem we truncated our infinite series at N = 1500. The N coefficients were solved
by numerically evaluating the integrals given by Sneddon [9] to generate an N x N matrix that satisfied
Eq. (33). We did this for 1000 evenly-spaced constriction ratios in 0 < ¢ < 1. Using these calculated
coefficients, we then evaluated Eq. (54) for different contact angles in the same domain. Dimensionless
spreading resistance against constriction ratio is plotted in Fig. 9 for a range of contact angles from —30° to
30°. It includes FEA numerical data. Recall that negative contact angles are not relevant to contact resistance
as opposed to spreading resistance. In the limit as ¢ — 0, the spreading resistance asymptotes to resemble
that of an adiabatic boundary at Z = 0, i.e., infinity. Conversely, in the limit as ¢ — 1, it disappears. As
the base of the contacting cylinders is perturbed from the flat baseline, the spreading resistance is noticeably
affected. For arc protrusion into the cylinder, corresponding to a > 0°, the total available volume for heat
conduction is decreased, increasing spreading resistance. Conversely, for a < 0°, the available volume for
heat conduction is increased, decreasing spreading resistance.

As expected, the effect of non-flatness is most apparent for lower constriction ratios, showing, e.g., a
15% increase in spreading resistance when compared to the flat contact for @ = 20° at ¢ = 0.01. Since
the increase in spreading resistance is most notable for small constriction ratio, spreading resistance in real
contacts is greatly affected. The interval 0.1 < ¢ < 0.2 captures the range of constriction ratios that
most contacts exhibit [7] and we see significant effects on spreading resistance in this range, even for small
boundary deflection. For example, when a = 5° we see a rather modest increase in spreading resistance of
approximately 3.5% for ¢ = 0.1 and 3.4% for ¢ = 0.2. However, when o = 20°, we see a significant increase of
approximately 13% for ¢ = 0.1 and 11% for ¢ = 0.2. This highlights the importance of including non-flatness
in the modeling of single contacts when modeling contact resistance.

Additionally, we see good agreement with the numerical results from Madhusudana [13] in their analysis
of conical-tipped cylindrical contacts with adiabatic gaps for small ¢ and a. For their geometry corresponding
to a contact angle of v = 22.5°, they report a dimensionless spreading resistance of around 8 for ¢ = 0.1 and
around 2.4 for ¢ = 0.25 as per Fig. 3 in their paper. Our analytical method with o = 22.5° gives R;’p =7.70
for ¢ = 0.1 and ]%;’p = 2.30 for ¢ = 0.1 as per Fig. 9, differences of 4.00% and 4.35% respectively. This
agreement is expected at sufficiently small contact angle because the parabolic shape of our adiabatic-arc
geometry closely resembles a straight line, as per Fig. 6a).

Table 1 compares dimensionless spreading resistance obtained in the perturbation method, R;’p, to that
numerically obtained, R;/I)7N. Percent error is calculated as 100x [(R;’p — Rypn)/ R;’p] such that it is negative
when our asymptotic model underestimates spreading resistance. Interestingly, the percent error calculated
is always negative. For positive contact angle this is because the adiabatic-arc is circular in the numerical
analysis, whereas in the asymptotic analysis it is approximated as parabolic. The domain volume is higher in
the case of the parabolic boundary and thus spreading resistance is reduced. However, if this argument were
used for negative contact angles, one would expect the analysis to overestimate spreading resistance, which is
not the case. For negative contact angle, the underestimation of spreading resistance is due to the assumption
in the analysis that the effect on spreading resistance of a boundary deflection has negative mirror symmetry
about Z = 0, i.e, €|,= —€|_, for the same constriction ratio. However, this assumption incorrectly assumes
that in the two cases heat flow is affected similarly. In the case of positive contact angle, the heat is forced
through a narrowed domain. For negative contact angle, heat is not forced through the new domain in the
same way. Rather, the boundary deflection creates a small volume addition with adiabatic edges for heat to
pool. Therefore, one would expect alleviation of spreading resistance due to a negative contact angle to be
less than the increase in spreading resistance due to a positive contact angle of the same magnitude. Hence,
our assumption of mirror symmetry leads the analysis to underestimate spreading resistance for cases with
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Figure 9: Dimensionless spreading resistance versus constriction ratio, ¢, for selected contact angles, a.
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10) Q € R;’p R;’pm % Error
0.01 20 0.17 88.8 92.5 -4.21
0.01 15 0.13 86.0 87.9 -2.24
0.01 10 0.09 83.2 84.0 -0.93
0.01 5 0.04 80.3 80.5 -0.19
0.01 -5 -0.04 74.5 74.9 -0.49
0.01 -10 -0.09 71.7 72.6 -1.24
0.01 -15 -0.13 68.8 70.6 -2.53
0.01 -20 -0.17 66.1 68.7 -4.04
0.1 20 0.19 7.60 7.85 -3.26
0.1 15 0.14 7.39 7.52 -1.74
0.1 10 0.10 7.18 7.23 -0.73
0.1 5 0.05 6.97 6.98 -0.15
0.1 -5 -0.05 6.53 6.54 -0.16
0.1 -10 -0.10 6.32 6.36 -0.63
0.1 -15 -0.14 6.12 6.2 -1.35
0.1 -20 -0.19 5.90 6.04 -2.32
0.25 20 0.23 2.27 2.33 -2.53
0.25 15 0.17 2.22 2.25 -1.36
0.25 10 0.12 2.16 2.17 -0.56
0.25 5 0.06 2.11 2.11 -0.11
0.25 -5 -0.06 2.00 2.00 -0.11
0.25 -10 -0.12 1.94 1.95 -0.48
0.25 -15 -0.17 1.89 1.91 -1.04
0.25 -20 -0.23 1.83 1.86 -1.64

/!

Table 1: Comparison of perturbaton method values of Ré’p to numerical values of it, Rsp’n.

negative contact angles as well.

As expected, we see excellent agreement with the analytical results for small € and increasing divergence
for larger values of it. Figure 10 compares dimensionless spreading resistance from our two models for
0.1 < ¢ < 0.25, arange that captures the typical range of constriction ratios for contact resistance problems [7]
and shows good agreement between our asymptotic model and the FEA. After validating our model with
numerical simulation for small € we also used it to show when our analytical model diverges from the
numerical model. Figure 9 depicts numerical, as well as analytical, results for contact angles between —30°
and 30°. It is clear that the numerical model matches our model fairly well for a < 20°; but at a = 30° it
exhibits around a 10% error.

Numerical results for the spreading resistance results include the full —90° and 90° contact angle range,
completing the parameter space. Figure 11 depicts dimensionless spreading resistance for all contact angles
> 0°, revealing a very large increase in thermal resistance at high contact angles. Indeed, as a — 90°, the
cross section of the adiabatic-arc becomes a quarter circle centered at (1,0) with radius of 1 — ¢ as depicted
in Fig. 6¢). Thus the adiabatic surface formed by this perturbed arc constricts heat flow for much greater
distances from the source plane than for lesser contact angles. This too explains large asymptotic growth in
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Figure 10: Dimensionless spreading resistance (solid lines) and numerical results (x) for range of constriction
ratio and contact angle of typical real contacts.
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Figure 11: Dimensionless spreading resistance calculated numerically for contact angles higher than 40
degrees.

22

Downloaded From: https://heattransfer.asmedigitalcollection.asme.org on 01/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



R;'p’n as ¢ — 0. Figure 12 shows dimensionless spreading resistance for contact angles from -40 degrees to -90
degrees, showing a significant alleviation of spreading resistance at large negative angles due to the increase
in overall volume available for heat transfer as illustrated in Fig. 6d). Additionally, comparison of Figs. 11
and 12 reveals that the decrease in spreading resistance caused by negative contact angles is less than the
increase in spreading resistance caused by positive contact angles of the same magnitude. This is consistent
with our reasoning for why the asymptotic analysis underestimates spreading resistance for negative contact

angles.

6 Singularity Analysis

Kirk et al. [22] and Game et al. [23] used local analyses in Cartesian problems with similar geometries and
boundary conditions to investigate the singularity in the partial derivative of temperature that arises due to
the mixed boundary condition at (¢,0). We do the same to look at the convergence of the series solution
for the flat-contact problem and to ensure the expected singularity behavior is captured by the FEA. The
analytical solutions in our paper are based on truncating infinite series at n = N as is sufficient for the series
to converge. The rate of convergence depends on the decay of each term in the summation and is related
to the strength of the singularity in the derivative of the temperature field due to the mixed-boundary
condition. All terms in the flat-base temperature field decay exponentially for Z > 0; however, at Z = 0, the
decay becomes algebraic and a local analysis can be used to reveal the type of singularity at 7 = ¢.

To center the local analysis at (¢,0) we introduce new variables ' and 2’ defined by 7 = ¢ + dr’ and
z = 62',where § < 1. Laplace’s Equation in axisymmetric cylindrical coordinates is

10 (.0 92T
w(’“af)*z@‘o (60)

Plugging in for 7, Z and keeping only the leading-order terms in § yields

2T  9°T

oz T gzr =0 (61)

the Laplace Equation in Cartesian coordinates. Correspondingly, in the local problem the adiabatic arc
becomes a straight line as per
2" = tan(a)r’ (62)

To more easily solve this problem, we transform to polar coordinates (p, ) centered at (1, 2") = (0,0), where
p is the radial coordinate and v is the azimuthal one with the clockwise direction as positive. The isothermal
condition on the contact spot is given by T(p,0) = 1 for p > 0. The adiabatic condition along the tangent
line is given by GT/&/J\,/,:W_Q: 0. The problem takes the form of a wedge, as depicted in Fig. 13.

We define T = 1 + ’f’local, where 1 is the particular solution that satisfies the inhomogeneous boundary
condition at ¢ = 0 and Tlocal is the solution to the homogeneous problem. The solutions to Laplace’s
Equation in polar coordinates are

(App + Brp=#7) [(Cr cos(pinth) + Dy sin(pint))] (63)

where p,, are the eigenvalues and, A,, B,, C,, and D,, are constants. Temperature in this region is not
infinite; therefore, B,, = 0. Moreover, due to the isothermal condition on the contact spot, C,, = 0. The
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Figure 12: Dimensionless spreading resistance calculated numerically for contact angles less than negative
40 degrees.
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Figure 13: Domain of local analysis

eigencondition is given by the adiabatic boundary condition on the tangent line as i, (1—aw/180°) = 7/2+nr.
The most singular part occurs at n = 0 and as this solution dominates the singularity behavior [23] we take

,flocal ~ P#O Sin(,UOw) (64)

where pg = 7/[2(m — an/180°)] when n = 0.
_ Equation (64) shows a square root singularity in the derivative for the flat-contact problem, i.e., that
To(7,0) = O(|F — ¢|'/?), as # — ¢T. For large n, \, satisfying Ji(\,) = 0 are known [24, 25| and are given

by
T 3 1
/\n_nﬂ+1_8n7r+27r+0<n3> (65)

such that \, = O(n) as n — oo. Since it is also known that Jo(\,7) = O(n~/?) as n — oo and that
C, = O(1) as confirmed by Fig. 14, then C, A1 Jo(\,7) = O(n~3/2). Thus, as n — oo the series in Eq. (28)
decays like a Fourier series with a square root singularity [22]. This validates our choice of N = 1500.

Additionally, we can use the local analysis solution for non-zero contact angle to verify that the FEA
captures the correct singularity behavior at (¢,0). The singularity on the contact spot arises in the partial
derivative with respect to z, i.e.,

oT 10T
o:|_ Ts 07| (66)
which in local polar coordinates (p, ) becomes
1 0T 1197
507 "~ 5500 (67)
z'=0 P =0
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Figure 14: Decay rates of coefficients C,, A, as n — oo for a) ¢ = 0.2 and b) ¢ = 0.4.

Substituting T = 1+Tiocal, where Tioca is given to within a multiplicative constant by Eq. (64) and evaluating
the partial derivative on the contact spot, we get

oT
— Ho—1
EF O(p°™") (68)
5=0
Plugging in for p,
oT
a5 = O0Ug—7m (69)
z=0
For local behavior,
T
- — Alp — FlHo—1 70
|~ Ao (70)
where A is a constant. Taking the logarithm results in
or 1
1 S =log A+ (1-— 1 1
og((% _0> og A+ ( uo)0g<¢_f> (71)

To confirm that the FEA captured the correct behavior of the singularity, we plot log(07T},/d%) against
log|1/(¢ — 7)|. Then as 7 — ¢, log(9T,/d%) should asymptote to a straight line with slope 1 — o where,
again, po(a) = 7/[2(m — am/180%)]. This behavior is verified by Fig. 15 for « ranging from 0° to 90° and
0.01 < ¢ < 0.316. We see agreement for all contact angles as log|1/(¢ — 7)|— oco. Of note, the red lines in
Fig. 15a-d) depict the case when o = 90°, which the local analysis suggests does not have a singularity. This
is supported by the constancy of the dimensionless numerical gradient for a = 90" as 7 — ¢~ . Furthermore,
we see an increase in the singularity as « decreases, consistent with the local analysis. Importantly, Fig. 15
confirms the FEA correctly captured the singularity behavior at (¢, 0).
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Figure 15: Log-log plot of numerical gradient at z =0 as r — ¢~ for ¢ = 0.01, 0.1, 0.2, 0.316 and various
values of a chosen to span the range of positive values of a. The dotted lines are lines with slope 1 — po(a)
for the values of « depicted in the legend.
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7 Conclusions

We have developed analytical thermal spreading expressions for a single, isothermal, circular contact for
contact geometries accounting for the non-flat nature of real contacts. By using reciprocity arguments,
we solved them with only knowledge of the temperature field in a flat contact, a known quantity in the
literature. The analytical model is applicable for a range of small protrusion angles and constriction ratios
which are typical of contact geometries generated between contacting materials after machining [7, 26]. Our
model shows that small perturbations from a flat contact can have significant effects on spreading resistance,
which is readily converted to contact resistance. Importantly, the non-flatness of contacts has the most
significant effect on contact resistance at lower constriction ratios relevant to real surfaces. In addition, we
conducted an FEA that validated our analytical results for small contact angle and constriction ratios. We
used the numerical simulation to complete the parameter space, evaluating spreading resistance for arbitrary
contact angles and constriction ratios. By performing a local analysis we were able to show that the FEA
correctly captured the singularity in the derivative at the edge of the contact spot. For practical purposes,
since constriction ratios and contact angles follow from knowledge of asperity heights and slopes, parameters
already used in existing models for contact resistance, our expressions can be easily implemented into existing
models to allow for better estimates of it. Further work is needed to include the presence of a conducting
fluid in the gap, as well as to determine the effect of interactions between neighboring contacts on the overall
contact resistance. Additionally, work is needed to perform this analysis where the isothermal boundary
condition on the contact spot is replaced by an isoflux boundary condition, which is known to significantly
change spreading resistance [27]. We note that one can use our model to perform this analysis for different
contact geometries such as the convex shape illustrated in Fig. 4c).
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