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Abstract 

The pre-failure behaviour of overconsolidated clays is now well known to be highly 

non-lmear and inelastic. Conventional constitutive soil models fail to predict this 

observed behaviour and recently a family of elasto-plastic soil models, the kinematic 

hardening models, has been developed to overcome these limitations. The kinematic 

hardening models allow for plasticity and non-linearity to be invoked within the 

conventionally defined yield surface, through the introduction of kinematic surfaces. 

The aim of this thesis is to improve the predictions of the behaviour of overconsolidated 

clays, particularly the pre-failure behaviour, through the study of elasto-plastic 

constitutive models based on this concept. 

Two existing kinematic hardening models, formulated within the framework of critical 

state soil mechanics, were chosen to be implemented into the Imperial College Finite 

Element Program (ICFEP), the two-surface model developed by Al-Tabbaa (1987), and 

the three-surface model developed by Stallebrass (1990). Both models were generalised 

in order to make their implementation into a finite element code possible. 

Although these models form a substantial improvement in modelling the behaviour of 

overconsolidated clays they cannot predict a smooth transition from elastic to elasto-

plastic behaviour. This feature of behaviour, which proves to be an important drawback 

when simulating pre-failure non-linearity, was improved by changing the hardening 

modulus of each model and in this way two new generalised models were formulated. 

The implementation of the four models into ICFEP was validated through a number of 

single finite element analyses. The performance of the models was then evaluated 

through simulation of a series of laboratory tests on overconsolidated clays and 

comparison of the predictions with experimental data, where possible. The models were 

further used in the finite element analyses of two boundary value problems. The first of 

these modelled an embankment founded on a soft clay deposit. The second boundary 

value problem involved the analyses of tunnels excavated within the heavily 

overconsolidated London Clay. An analysis of the twin tunnels beneath St. James's 

Park, London, constructed as part of the Jubilee Line Extension of the London 

Underground network, is also presented. The predictions of the models were compared 

with field data, where available. 
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Chapter 1 

Introduction 

1.1 General 

Construction in an urban environment requires the accurate calculation of the stresses 

and ground movements around geotechnical structures. In most cases the engineer is not 

only interested in the stresses and movements at failure, but also in the stresses and 

movements under working loads and the effect that these may impose on existing 

structures. 

A method of analysis which is capable of analysing complex soil-structure interaction 

problems is numerical analysis. However, although numerical analysis is a powerful 

tool, the predictions obtained are dependent on the constitutive soil models adopted. 

Clearly, the use of appropriate soil models that can describe satisfactorily the observed 

soil behaviour is necessary in order to obtain realistic predictions. 

In the past, the calculation of ground movements under working loads was commonly 

based on the assumption that the pre-failure behaviour of overconsolidated clays is 

linear elastic. Nowadays, it is well known that the behaviour of such soils is highly non-

linear and inelastic from the early stages of loading (Jardine et al. (1984)). Moreover, 

examination of the straining induced in the ground under engineering construction 

shows that it is within this non-linear range that geotechnical structures operate under 

working loads (Burland (1989)). Hence, in order to obtain accurate predictions of the 

deformational response it is necessary to investigate and model the soil behaviour within 

this range of strains. 
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Constitutive models which incorporate non-linear behaviour have been used in the 

numerical analysis of geotechnical structures and have been shown to improve 

considerably the predictions of ground movements for overconsolidated clays (e.g. 

Simpson et al. (1979), Jardine et al. (1986)). Although these models are a substantial 

improvement over linear elastic models, they are usually derived by fitting empirical 

expressions to the observed stress-strain curves. In addition, the pre-failure behaviour of 

overconsolidated soils is still modelled as being mainly elastic. 

During the past two decades a number of elasto-plastic constitutive soils models have 

been developed which allow for plastic strains to develop from the early stages of 

loading, simulating in this way both non-linearity and irrecoverable strains. A family of 

models that falls within this category are the kinematic hardening models. These allow 

for plasticity and non-linearity to be invoked within the conventionally defined yield 

surface (termed bounding surface) by the introduction of a number of kinematic 

surfaces. Models that are based on this concept and which simulate the behaviour of 

overconsolidated clays are usually extensions of existing constitutive models for 

normally consolidated clays and have a more sound theoretical basis than non-linear 

elastic pre-failure models. 

1.2 Aims of research 

The aim of this research was to improve the predictions of the behaviour of 

overconsolidated clays, and especially the pre-failure behaviour, through the study of 

constitutive models based on the kinematic hardening concept. In particular to: 

i) Choose existing constitutive models that are based on this concept and can 

describe important features of the behaviour of overconsolidated clays and 

improve them, where possible. 

ii) Implement the constitutive models into a finite element program, which is 

capable of analysing geotechnical problems, evaluate them, and then use them to 

analyse a number of boundary value problems. 
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1.3 Outline of thesis 

Two existing kinematic hardening models were chosen to be implemented in ICFEP, the 

two-surface model, developed by Al-Tabbaa (1987), and the three-surface, developed by 

Stallebrass (1990). The two-surface model is an extension of the modified Cam Clay 

model and introduces a single kinematic yield surface within the modified Cam Clay 

bounding surface. The three-surface model is an extension of the two-surface model and 

employs an additional kinematic surface within the bounding surface. As a part of this 

work these two models were further improved (for example by introducing different 

shapes for the yield and plastic potential surfaces in the deviatoric plane) and were 

generalised so as to make their implementation into a finite element code possible. Both 

models were then implemented into the Imperial College Finite Element Program 

(ICFEP). Although these two models constitute a significant improvement in modelling 

the behaviour of overconsolidated clays, early use of the models revealed that they 

predict a non-smooth transition from elastic to elasto-plastic behaviour. This feature of 

behaviour, which proves to be a significant deficiency when simulating pre-failure non-

linearity, was improved by changing the hardening modulus in both models. In this way 

two new models were formulated, the modified two-surface and modified three-surface 

models. The two new models were implemented into ICFEP and were evaluated 

together with the two previously implemented models. The two-surface and modified 

two-surface models were then used in the finite element analyses of an embankment on 

soft clay. All four models were used in the finite element analyses of tunnels excavated 

in overconsolidated London Clay. 

The outline of the work presented in this thesis is the following: 

The remaining part of this chapter introduces the definitions of the stress and strain 

variables used in this thesis. 

Chapter 2 is subdivided into two main parts. The first part reviews the current 

knowledge of the pre-failure deformational behaviour of overconsolidated clays. A 

discussion on the behaviour of overconsolidated clays within the critical state framework 

and the limitations of the framework is included. Existing schemes of pre-faiiure soil 

behaviour are reviewed and the main factors that influence pre-failure soil stiffness are 

summarised and discussed. Particular emphasis is given on the effects of rccent stress 

history and stress path direction and the influence that ageing periods have on them. The 

second part presents a review of the existing elasto-plastic constitutive models for 
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overconsolidated soils. In particular the capability of the models to simulate the pre-

failure behaviour is examined. 

Chapter 3 gives a brief description of the finite element method and discusses some 

basic modifications necessary to enable the theory to be used in geotechnical 

engineering. 

Chapter 4 presents the two-surface kinematic hardening model. A brief description of 

the modified Cam Clay model, which is the basis of the two-surface model, is also 

included. The original formulation of the model in triaxial stress space, as proposed by 

Al-Tabbaa (1987), is presented first. This is followed by the formulation of the model in 

general stress space and the improvements made as a part of this work. The 

implementation of the general formulation of the model into ICFEP and the validation of 

the model through a series of single finite element analyses is also given in this chapter. 

Chapter 5 presents the three-surface kinematic hardening model. This includes the 

original description of the model in triaxial stress space, after Stallebrass (1990), the 

formulation of the model in general stress space and the improvements made during this 

work, the implementation of the general formulation of the model into ICFEP and the 

validation of the implementation through single finite element analyses. 

Chapter 6 introduces the new hardening modulus adopted in the modified two-surface 

and modified three-surface kinematic hardening models and demonstrates that this 

results in a smooth elasto-plastic transition for both models. 

Chapter 7 presents an evaluation of all four kinematic hardening models presented in 

Chapters 4-6 and is divided into three parts. In the first part a set of triaxial tests on 

reconstituted London Clay is simulated. Particular emphasis is given on the ability of the 

models to predict pre-failure non-linearity. The second part examines the capability of 

the models to simulate the effect of recent stress history, while the third part investigates 

the way the models can reproduce the effect of stress path direction. 

Chapter 8 presents the finite element analyses of an embankment founded on soft clay. 

Two studies are presented m this chapter. The first study involves a comparison of the 

pre-failure deformational behaviour predicted by the two-surface, modified two-surface 

and modified Cam Clay models, when the same undrained strength profile is assigned to 

all three models. The second study examines the effect of the shape of the yield and 

plastic potential surfaces in the deviatoric plane on the predicted failure height of the 
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embankment. 

Chapter 9 investigates the behaviour of kinematic hardening models in tunnelling 

problems. Two studies are presented. The first study examines the effect of the initial 

configuration of the kinematic surfaces and the Ko profile on the behaviour of a tunnel 

excavated in overconsolidated London Clay, for each of the four kinematic hardening 

models described in Chapters 4-6. The effect of the rate of decay of stiffness assumed in 

the models is also explored. The second study models the twin tunnels, which were 

constructed as part of the Jubilee Line Extension beneath St. James's Park. In this study 

the predictions of the models are compared with field data. In both studies the 

predictions of the kinematic hardening models are compared with the predictions of a 

non-linear elastic pre-yield model. 

Finally, Chapter 10 gives a summary of the work carried out in this thesis and the 

conclusions reached, and gives recommendations for further research. 

1.4 Definitions of stress and strain variables 

Stress is a second order tensor which is defined by six components. Equation 1.1 gives 

the effective stress tensor: 

G = 

.̂V .̂v 

r,., a : 

r. 

S'--
cr' 

( 1 . 1 ) 

where t„, = r,.„ r,- - t-r and r-y - r,,;. 

The stress tensor can be divided into two components, the volumetric component and the 

deviatoric component: 

< P' 0 0 ' 

a' = ŷ.v 
= 0 p' 0 + 

0 0 p'_ 

Volumetric 
component 

CT^-p 

r̂.v (t' - p' 

Deviatoric 
component 

ct[ - p' 

( 1 . 2 ) 

In the above equationp' is the mean effective stress. 
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P'=^(<+<+^'r) (1.3) 

Equation 1.2 can be rewritten as follows: 

a' = p'l + 5 (1.4) 

where a' is the effective stress tensor, p' is the mean effective stress, s is the deviatoric 

stress tensor and I is the second-rank identity tensor (the tensor quantities are 

represented by bold-faced characters). 

It is common to represent the state of stress with three stress invariants, the mean 

effective stress, p', the deviatoric stress, J ox q and the Lode's angle, 6. The mean 

effective stress,/*', can be calculated from Equation 1.3. The deviatoric stress, J or q, and 

the Lode 's angle, 9, are defined as follows: 

J = 

(a-; - p)' + (cr', - p') + (cr_' - p')' + 2 r „ ; + + 2 r . / 

(1.5) 

= V 3 J ( 1 . 6 ) 

6 — — 
1 . 
—sm 
3 

3 ^ 3 d e t ( s ) (1.7) 

where det(s) is the determinant of the deviatoric stress tensor s. 

These three invariants can be expressed in terms of the principal effective stresses n \ , o'. 

and cr'3 as follows: 

p ' = ^(cr, ' + cr; +0-3) ( l . X ) 
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J = (cTi'-O-j) + ( o " 2 - ^ 0 ' +("^1 (1.9) 

or q = ((Ti'-cTj) +[(7'j-al) + ( c r [ - a Q (110) 

0 = tan 
1 

. ( c - ; - c r ; ) 
(1.11) 

Alternatively: 

0 = tan (112) 

where: 

b = ( ^ 2 - ^ 0 

( o - i ' - f f O 
(113) 

The above three quantities, jt?', / or q, and 6, have a geometrical significance in principal 

effective stress space. Figure 1.1a shows the principal effective stress space with the 

space diagonal (a'l = <t 2 = cr'3) and a deviatoric plane (defined as any plane perpendicular 

to the space diagonal). Figure 1.1b shows the projection of the principal stress spacc 

Deviatoric Plane 

Deviatoric Plane 

diagonal 

8 = 0 ° 

( G , r 8730° 

Figure 1.1: a) Principal stress space and b) deviatoric plane (figure after Potts and 
Zdravkovic (1999)) 
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onto the deviatoric plane. It can be seen that the mean effective stress,;?', is a measure of 

the distance of the current deviatoric plane from the origin along the space diagonal. The 

deviatoric stress, q or J, is a measure of the distance of the current stress state from the 

space diagonal in the deviatoric plane. Finally the Lode's angle, 6, defines the 

orientation of the stress state within the deviatoric plane, and varies between +30° 

(which corresponds to triaxial extension, o'\ = o'l > cr'3 and b = \) and -30° (which 

corresponds to triaxial compression, a'l > a'l = a'] and b = 0). 

The three stress invariants, p', J or q and 6 are commonly used in order to define the 

stress state of a loaded body. However, although they define the overall magnitude of 

the stress state, they do not provide any information on the direction of the planes on 

which the principal effective stresses act. This is not necessary if the material considered 

is isotropic, in which case the material properties are the same in all directions. 

However, if the material considered is anisotropic (i.e. its properties are directional 

dependent), then the direction of the principal effective stress planes becomes significant 

and the use of just the three stress invariants,;?', J or q and 6 is not sufficient. This is the 

reason why these stress invariants have been used extensively in the formulation of 

isotropic constitufive models, whereas in the case of anisotropic constitutive models the 

formulaUon usually involves the calculation of the whole stress tensor. 

Strain, like stress, is a second order tensor, defined by six components. 

s = (1.14) 

where = yyx, y.t.- = 7-t and - y,,;. 

The strain tensor can be divided into two components, the volumetric and dcviatoric 

components: 

/ 2 ^9' / 2 

/,r.v / l yy-

0 0 ' 

0 0 + 

0 0 

Volumetric 
component 

Deviatoric 
component 

(1.15) 
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In the above equation ê . is equal to: 

1 / \ 1 
(116) 

where e,, is the volumetric strain. 

Equation 1.15 can be rewritten as: 

1 r (1.17) 

where E is the strain tensor, Sy is the volumetric strain and g, is the deviatoric strain 

tensor. 

The strain invariants corresponding to the previously described stress invariants are the 

volumetric strain, e.,, given by Equation 1.16 and the deviatoric strain Ej, if the stress 

invariant J is chosen, or if the stress invariant q is used. These are defined from the 

following equations: 

/ \ 2 / \ - / \ 2 1 2 1 2 , 1 : 

+ K - ^ v ) + - / = 

(1 18) 

_ 1 ^ 

' • ' T i ' 
(1 19) 

The above equations are expressed in terms of the principal strains, 6|, ei and as 

follows: 

— 6", + 6'2 + 6"̂  ( 1 2 0 ) 

( ] . 2 i ; 

or £•, (122) 
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Triaxial stress space 

In triaxial stress space the most commonly adopted stress and strain invariants are the 

mean effective stress,/?', the shear stress, q, the volumetric strain, g,,, and the shear strain, 

Ss. In this case of axially symmetric conditions Equations 1.8, 1.10, 1.20 and 1.22 reduce 

to: 

9 = 

s,, = s+ 2g 

(123) 

(124) 

(125) 

(126) 

where c r a n d a'r are the axial and radial effective stresses and and e,. are the axial and 

radial strains respectively. 

For triaxial conditions the increments of stresses are related to the increments of strains 

as follows; 

ds. 

1 1 

K K W 
1 1 

3 0 

\dp'\ (127) 

where K is the bulk modulus, G is the shear modulus and the parameters J,,,, and J,„, arc 

coupling moduli that express the cross dependence of the volumetric strain on the shear 

stress, q, and of the shear strain on the mean effective stress, p'. Hencc, the shear 

modulus G can be calculated from a test where dp' = 0 and the bulk modulus K can be 

calculated from a test where dq = 0: 

3G = 

K = 

dq 

ds, 

dp' 

( 1 2 K ) 

(129) 
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For any other stress path the cross coupling of the shear and volumetric components 

does not allow direct calculation of the bulk and shear moduli. For a material that is 

elastic and isotropic J^p = Jpq = co, and the shearing and volumetric components are 

essentially decoupled. In this case the bulk and shear moduli, K and G, can be calculated 

from any stress path directly from Equations 1.28 and 1.29. Moreover for such a 

material K and G are related through the Poisson's ratio, 

^ ^ 3 ( 1 - 2 / / ) ^ (1.30) 
2(1 + //) 

For undrained conditions, where there is no volume change, the undrained Young's 

modulus, Eu, can be calculated as follows (for an elastic isotropic material): 

It should be noted that, unless otherwise stated, all plots of stiffness data presented in 

this thesis are in terms of tangent stiffness (rather than secant). 
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Chapter 2 

Literature review 

2.1 Introduction 

This chapter is divided into two parts. The first part presents a review of the current 

knowledge of the pre-failure deformational behaviour of soils, with particular reference 

to the behaviour of overconsolidated clays. The main factors that affect soil stiffness arc 

summarised and discussed. In the second part a review of the constitutive models that 

have been developed to simulate overconsolidated soil behaviour is presented. The basic 

concepts of the elasto-plastic framework, within which many of these models have been 

developed, are also described. 

2.2 Pre-failure deformation of overconsolidated clays 

2.2.1 Introduction 

Prior to the 1980's common practice for the prediction of soil defomiations under 

working loads was to assume that the behaviour of overconsolidatcd clays was linear 

elastic. Moreover, in the critical state theory (which has been used with great success for 

the prediction of the behaviour of normally consolidated clays) the pre-failure behaviour 

of overconsolidated clays is assumed to be elastic and slightly non-linear; the stiffness is 

linked to the values of the mean effective stress, p ' , and the specific volume, v. However, 

later developments in laboratory instrumentation revealed that the pre-failure behaviour 

of overconsolidated clays is in reality highly-non-linear and inelastic. Over the last two 

decades the knowledge concerning the pre-failure characteristics of overconsolidatcd 
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clays has developed considerably and now it is well known that there is a wide variety of 

factors that influence the pre-failure soil stiffness. 

The first part of this section gives a brief description of the critical state theory and 

shows how overconsolidated clays behave within this framework. A discussion on the 

limitations of the framework follows, since the models used in this thesis are extensions 

of the critical state models and the critical state theory will be used as a general frame of 

reference. The second part of this section reports the developments in the laboratory 

techniques that helped realise the highly non-linear pre-failure soil behaviour and points 

out the relevance of this non-linearity to practice. The third part reviews existing 

schemes of pre-failure soil behaviour. Finally, the last part discusses the main factors 

that influence pre-failure soil stiffness. 

2.2.2 Critical state framework 

The critical state framework was formulated in the 1960's at the University of 

Cambridge. It essentially combined the work of Rendulic (1937) for normally 

consolidated clays and that of Hvorslev (1937) for overconsolidated clays. The 

framework was developed from the results of tests on reconstituted clays. Its main 

hypotheses are the following; 

i) If a sample of normally consolidated clay is compressed isotropically then this will 

follow the isotropic compression line. This is assumed to be a straight line in the v-\np' 

space, see Figure 2.1, and is given by the following equation: 

v = N-A.\np' (2.1) 

where N is the specific volume of the isotropic compression line for />' = 1 kPa and I is 

the slope of the line in the v-ln;?' space. 

If the sample is isotropically swelled then this will move up a swelling line, sec Figure 

2.1. The swelling line is also assumed to be a straight line in the v-\np' space and is 

described by an equation of the form; 

v = v^.-K\np' (2.2) 

where is the specific volume of the swelling line for p ' = 1 kPa and K is the slope of 

the line in the v-ln;?' space. 
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ii) When sheared, all soils ultimately reach a critical state at which large shear 

distortions occur with no change in stress or specific volume. The critical state line is 

defined in the v-\np'-q space. Its projection onto the q-p' space and the v-\np' space is 

described by Equations 2.3 and 2.4 respectively: 

q = Mp' (2 3) 

and 

v = r-l\n p' (2.4) 

where M i s the gradient of the critical state line in the q-p' space and F is the specific 

volume of the critical state line for p' = 1 kPa. The projection of the critical state line 

onto the v-lnp' space can be seen in Figure 2.1. 

V 

N 

i I 

\ Isotropic compression line 

Critical state line 
L 1 
\ i / \ Swelling line 

• 
p' = 1 kPa Inp' 

Figure 2.1: Isotropic compression line, swelling line and critical state line 

iii) A unique state boundary surface exists, which separates possible from impossible 

states. The state of the soil described by the stress parameters p', q and v always lies 

within or on the state boundary surface. When a sample of clay is sheared then its stress 

path will rise up to the state boundary surface and then it will traverse the surfacc until it 

reaches the critical state line. The state boundary surface in normalised stress space can 

be seen in Figure 2.2, after Atkinson and Bransby (1978) (/?', is the equivalent pressure 

on the isotropic compression line at the current specific volume). It consists of the 

Hvorslev surface for heavily overconsolidated clays and the Roscoe surface, for 

normally consolidated and lightly overconsolidated clays. The Roscoe surfacc was based 

on the results of Rendulic (1937). As shown in Figure 2.2 the two surfaces meet at the 
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critical state line. The state boundary surface in v-p'-q space can be seen in Figure 2.3. 
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Figure 2.2: State boundary surface of the critical state framework in normalised stress 
space (after Atkinson and Bransby (1978)) 
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failure 

Figure 2.3: State boundary surface of the critical state framework in v-p'-q space (after 
Atkinson and Bransby (1978)) 

iv) The behaviour of a sample within the state boundary surface is assumed to be clastic; 

this means that only recoverable strains occur. The behaviour of a sample on the state 

boundary surface is assumed to be elasto-plastic; in this ease both recoverable (clastic) 

and irrecoverable (plastic) strains develop. Above each swelling line an "elastic wail" 

exists within which behaviour is purely elastic, see Figure 2.4. This clastic wall 

intersects the state boundary surface along a line which is called yield locus. The critical 

state models, Cam Clay (Roscoe and Schoficld (1963)) and modified Cam Clay (Roscoc 
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and Burland (1968)), give an equation to this line. 

Cntical stale line 
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Hvorslcv 
surface 
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l i n e 

Normal consolidat ion 
line 

Figure 2.4: Elastic wall (after Atkinson and Bransby (1978)) 

Overconsolidated soils result from unloading of the soil and are represented by stress 

states within the state boundary surface. (In natural soils 'apparent' overconsolidation 

can also result from other processes, such as for example ageing). The critical state 

framework predicts that when an overconsolidated soil is sheared, elastic behaviour 

occurs until the stress state reaches the state boundary surface. Thereafter elasto-plastic 

behaviour is predicted. The elastic bulk modulus, K, is linked to the values of the mean 

effective stress, p ' , and the specific volume, v: 

K 
(2.5) 

The elastic shear stiffness, G, is related to the clastic bulk modulus, AT, through the 

Poisson's ratio, //. 

G 3 ( 1 - 2 / / ) 

" 2 ( l + /y) 
(2.6) 

An infinite shear modulus was assumed in the initial formulations of the critical state 

models. In subsequent applications of the models cither a constant shear modulus, G, or 

a constant Poisson's ratio, //, was usually assumed. For a constant Poisson's ratio, //, the 

shear stiffness is also linked to p' and v (Zytynski et al. (1978) have demonstrated that 
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this formulation is not conservative and can lead to the development of permanent shear 

strains for a loading-unloading cycle that remains within the yield surface). The 

dependence of stiffness on p' and v results in a slightly non-linear elastic behaviour, 

since no significant changes in both p' and v are expected until the stress path reaches 

the state boundary surface. 

2.2.2.1 Limitations of the critical state framework 

This thesis is concerned with the stress-strain behaviour of overconsolidated clays for 

stress states that remain mainly within the state boundary surface. For such soils the 

critical state framework assumes an approximately linear elastic behaviour. This is a 

limitation of the initial critical state models, since, as it will be discussed later, it is well 

known now that the pre-failure behaviour of overconsolidated clays is highly non-linear 

and inelastic from the very early stages of loading. This limitation seems to have been 

overcome with the development of models, which are extensions of the critical state 

models, and allow for plasticity and high non-linearity to be invoked for stress paths that 

remain within the state boundary surface. Examples of such models will be discussed in 

the second part of this chapter. 

A second limitation of the critical state framework has to do with the assumption that all 

clays ultimately reach a critical state. This is not always true for overconsolidated clays. 

While lightly overconsolidated soils reach an ultimate critical state, heavily 

overconsolidated clays often tend to form shear bands, where clay particle alignment 

takes place in preferred directions, giving rise to strengths much lower than the critical 

state strength (Atkinson and Bransby (1978)). This is particularly the case for high 

plasticity clays. Since this thesis is concerned with constitutive models that arc 

extensions of the critical state models, this drawback will still exist. However, since the 

investigation is concentrated in the pre-failure behaviour of overconsolidated clays this 

drawback will not be considered significant for the problems considered in this study. 

Finally, it is important to remember that the critical state framework was based on the 

results of tests on reconstituted clays. Natural clays differ from reconstituted clays in a 

number of ways, due to the different structure that they posses compared with that of the 

reconstituted clays. Structure is defined as the combination of fabric (arrangement of 

particles) and interparticle bonding (Lambe and Whitman (1969)). The difference in the 

structure between the natural and reconstituted clays causcs the natural clays to exist at 

stress states that plot outside the state boundary surface of the reconstituted clays. In this 
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way a natural state boundary surface is defined. When sheared, natural clays tend to 

destructure moving towards the reconstituted state boundary surface. Several 

frameworks have been developed trying to bring coherence to many aspects of the 

behaviour of natural clays (Leroueil and Vaughan (1990), Burland (1990), Cotecchia 

and Chandler (2000)), and a number of constitutive models have been developed to 

model the effects of destructuration in natural clays. However, as this thesis is concerned 

with modelling the pre-failure deformational behaviour of overconsolidated clays it is 

outside its scope to investigate further such destructuration effects in natural clays. 

2.2.3 Realisation of non-linearity 

In the 1970's conventional laboratory measurements of stiffness of overconsolidated 

clays showed values much lower than those estimated from the back analysis of the field 

performance of structures. Figure 2.5 shows the variation of the undrained Young's 

modulus, Eu, back analysed from a number of different field studies, with the mean 

effective stress, p' (after St. Jolm (1975)). Also shown in this figure are the laboratory 

triaxial tests on samples f rom Ashford Common (Bishop et al. (1965)). It can be seen 

that there is a big difference between the laboratory stiffness data and the back analysed 

Eu (MPQ) 

W W 80 1W 

Range - Ashford Common 
friaxiol f e s t s 

X / ^ \ Verficol in s i tu t e s t s 

[•.'•.'•.•J Horizontal n s i t u t e s t s 

Figure 2.5: Variation of the undrained Young's modulus, with mean effective stress 
for a number of sites on London Clay (after St. John (1975)) 
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Figure 2.6: Typical London Clay unconsolidated undrained test data f rom Canons Park 

a) initial stress-strain behaviour; b) stiffness-strain characteristics (after Jardine ct al. 

(1985)) 

values of stiffness. 

Similar differences were also found when the laboratory stiffness data was compared 

with values of st iffness derived f rom in situ field tests. Marsland (1971) reported that 

values of st iffness derived f rom plate loading tests were between 1.8 and 4.8 times those 

determined f rom undrained triaxial tests. At the time the low stiffness values determined 

in laboratory tests were attributed to sample disturbance and the applicability of 

laboratory measurements as a reliable method of determining in situ stiffness was 

questioned. 
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However, developments in the measurements of soil stiffness in the laboratory have 

since shown that the reported discrepancies were due to inaccurate measurements of 

stiffness at small strains. Local measurements of strains on the samples revealed that the 

stress-strain behaviour of overconsolidated clays is strongly non-linear, with high values 

of stiffness at small strains, which were not measured correctly with the earlier 

conventional overall measurements of strain (Costa-Filho and Vaughan (1980), Burland 

and Symes (1982) Jardine et al. (1984)). Figure 2.6a shows the initial stress-strain 

behaviour of a sample of undisturbed London Clay from Canons Park subjected to 

unconsolidated undrained triaxial compression (after Jardine et al. (1985)). Both the 

conventional external and the local measurements are shown in the figure. It can be seen 

that the external measurements show an apparently linear initial stress-strain behaviour. 

However, the local measurements show a much stiffer non-linear behaviour. Figure 2.6b 

plots the stiffness determined from the local measurements in terms of EJversus log 

strain where is the secant undrained Young 's modulus. The strongly non-linear 

behaviour of the sample, with stiffness reducing rapidly with strain, is evident. Jardine et 

al. (1985) demonstrated that when the local instrumentation on the samples was used for 

the measurements of strains then close agreement was found between laboratory and 

field tests. 

Burland (1989) demonstrated the importance of the non-linear behaviour of the soil at 

small strains by examining the amount of straining that the ground is subjected to under 

engineering construction. He showed that for a range of construction projects the direct 

straining in the ground under working loads is generally less than 0.1%. As indicated by 

Figure 2.6b, it is within this range of strains, that the behaviour of the soil is expected to 

be highly non-linear. Therefore the small strain non-linearity plays an important role on 

the overall deformation response of the ground to engineering structures. 

2.2.4 Simplified schemes of pre-failure behaviour 

The stiffness-strain curve of overconsolidated clays is often idealised as an S-shapcd 

curve, shown in Figure 2.7 (Atkinson and Sallfors (1991)). The stress-strain behaviour is 

highly non-linear as demonstrated by the stiffness variation with strain. Moreover at 

very small strains a region exists where the stiffness is almost a constant and behaviour 

is approximately linear. It is often assumed that in this region the soil behaviour is linear 

elastic. Once this region is crossed irrecoverable strains start to develop and the 

behaviour becomes highly non-linear. The stiffness-strain curve is often divided in three 

regions as shown in Figure 2.7. The very small strains region where stiffness is almost 
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constant with strain, this usually corresponds to strains generally less than 0.001%, the 

small strains region where the stress-strain behaviour is highly non-linear, this 

corresponds to strains generally between 0.001% and 1%, and the large strains where the 

st iffness is low and the soil is approaching failure, this correspond to strains generally 

larger than 1% (Atkinson and Sallfors (1991)). 

very small small 

Figure 2.7: An idealisation for the variation of st iffness with strain for soil (after 

Atkinson and Sallfors (1991)) 

Zone in 

Z o n e I 

Z o n e I I 

Figure 2.8; Scheme of kinematic strain regions (after Jardine (1992)) 

Jardine (1985), (1992), based on the results of an extensive series of tests on a 

reconstituted low plasticity clay (Magnus till), proposed the following scheme of prc-

failure behaviour, shown in Figure 2.8. It was suggested that three distinct zones of 

behaviour exist. The boundaries of these zones are considered as sub-yield surfaces, 

which are kinematic (i.e. move with the current effective stress point) and arc termed Y| 

and Yz- The behaviour within Zone I is assumed to be linear elastic. As soon as the Y, 

surface is engaged, the soil enters Zone II. Within this zone the stress-strain behaviour is 

non-linear and hysteretic but load-unload cycles show recoverable behaviour. The 

mechanical behaviour within this region is thought to be the result of micro-yielding and 
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fretting at particle contacts, with stiffness being highly dependent on recent stress 

history. When the Y] surface is engaged, (Zone III), irrecoverable strains start to 

develop, which increase significantly as the bounding surface is approached. It is 

thought that in this zone, particles start to sHde relative to one another and load columns 

break and reform continuously. 

Undmined compres s ion 
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0CR--2.0 
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• Data points A £ = 0 . 0 1 V t . ^ 
Zone 11 b o u n d a r y 

O Data points A E = 0 . 1 
0.1 V . c o n t o u r 

© Local s t r e s s o r ig ins 

Figure 2.9: Movement and evolution of kinematic strain regions due to Ko swelling: 
Magnus till (after Jardine (1992)) 

Figure 2.9 shows the movement and evolution of the kinematic strain regions due to 

swelling of Magnus till. Zone I could not be found with the resolution of the local 

instrumentation (g, ~ 0.001%). The Zone II boundary was approximated with a contour 

representing axial strains of 0.01%. The contour that represents axial strains of 0.1% is 

also drawn on the same figure; this falls within Zone III and does not represent any 

particular boundary. The distance of the current stress point from a given strain contour 

in a certain direction represents a measure of the stiffness response of the soil for loading 

along that direction. The fact that the strain contours are not symmetrical around each 

current stress point and their shape and size is different at the various overconsolidation 

ratios, implies different stiffness response for different loading paths at each 

overconsolidation ratio and indicates the effect of stress history. For example, at 

OCR = 1 the loading response is softer than that for unloading, whereas the opposite is 
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true for heavily overconsolidated states. Other tests suggested that the material 's stress-

strain behaviour is time dependent and that ageing periods cause the surfaces to expand 

and/or change position. 

Jardine (1985), (1992) defined the kinematic regions in terms of the magnitude of the 

major principal strain. Burland (1989) pointed out that the definition of the regions 

needs more study and suggested the use of the incremental strain energy. (For a 

definition of strain energy see section 2.3.3.1.) 

In any case the idealisation of pre-failure behaviour involves the assumption that at very 

small strains the behaviour of the soil is linear elastic. Such an assumption is particularly 

attractive because of its conceptual simplicity; however the question arises whether such 

a region exists at all in reality. This is discussed further in the next section. 

2.2.4.1 Existence of linear elastic region 

The assumption of linear elasticity at very small strains stems from the observation that 

the initial values of stiffness measured in triaxial tests with local instrumentation were 

comparable with the values obtained in dynamic tests, in which by definition the 

behaviour is assumed to be linear elastic. Figure 2.10 compares stiffness curves obtained 

from undrained triaxial compression tests and resonant column tests on Vallericca clay 

(Georgiannou et al. (1991)). It can be seen that the initial values of stiffness obtained 

from the triaxial tests are in close agreement with the maximum level recorded in the 

resonant column tests. This could be considered as an indication of the existence of a 

linear elastic region. However, the results of the resonant column tests have to be 

examined with caution since the interpretation of the test assumes a linear elastic soil 

response and therefore the test is not applicable outside that region. Moreover, rate 

dependency effects could make the linear elastic plateau, seen in resonant column tests, 

extend further than in static constant strain rate tests (Isenhowcr and Stokoe (1981)). 

Also the local instrumentation used in the triaxial tests had relatively poor accuracy and 

the stiffness data was limited to a strain of 0.01% showing no plateau of constant 

stiffness with strain. (Recent studies (Lings et al. (2000)) have demonstrated that an 

agreement between the stiffness measured in undrained triaxial tests and dynamic tests 

can only be expected for an isotropic soil.) 

Nowadays developments in the local instrumentation allow the stiffness of the soil to be 

determined at much smaller strain levels. Figure 2.11 shows the initial part of stiffness-

strain curves obtained in undrained triaxial compression tests for three geomateriais. 
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Chalk, London Clay and Bothkennar Clay (Clayton and Heymann (2001)). The stiffness 

of all three geomaterials appears to be constant for strains up to approximately 0.001% 
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Figure 2.10: Comparison between shear stiffness obtained in resonant column and 
undrained triaxial compression tests: Vallericca clay (after Georgiannou et al. (1991)) 
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Figure 2.11: Initial portion of stiffness-strain curves for three gcomatcrials (after Clayton 
and Heymann (2001)) 
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Figure 2.12: Undrained stress-strain response of undisturbed Tokyo Bay Clay and 

reconstituted kaolin a) stress paths b) stress-strain curve of isotropically consolidated 

kaolin (c) stress-strain curve of anisotropically consolidated kaolin d) stress-strain curvc 

of anisotropically consolidated Tokyo Bay Clay (after Tatsuoka and Shibuya (1992)) 

to 0.002%. This plateau is indicative of linear stress-strain behaviour; however the error 

bands shown in the figure have to be taken into account when examining the validity of 

linear behaviour. 

In order to prove that the behaviour at small strains is not only linear but also elastic then 

the behaviour has to be shown to be totally recoverable, so that load-unload loops show 

no hysteresis. Figure 2.12 shows the results of consolidated undrained triaxial tests 

carried out on natural samples of Tokyo Bay Clay and reconstituted kaolin (Tatsuoka 

and Shibuya (1992)). The Tokyo Bay Clay sample (AT3-1) was anisotropically 

consolidated to the estimated in situ stresses and the kaolin samples were cither 

consolidated isotropically (sample IK2-1) or anisotropically (sample AKl -3 ) , see Figure 

2.12a. All three specimens were sheared undrained and were subjected to a number of 

unloading-reloading cycles. Figures 2.12b, 2.12c and 2.12d show the initial portion of 
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the stress-strain curves at very small strains for the samples 1K2-1, A K l - 3 and AT3-1 

respectively. Although not shown in the figures, the limit of linear behaviour extended to 

approximately 0.002% axial strain for the Tokyo Bay Clay (AT3-1) and to 0.001% for 

the kaolin. The first unloading-reloading cycle at very small strains did not show fully 

recoverable behaviour in any case. This could be attributed to the fact that the cycles 

were carried out outside the limit of linear behaviour. However, an indication of elastic 

behaviour in these tests is the fact that the initial stiffness during the first loading is the 

same with the initial stiffness during reloading. 

From the evidence presented above it can be concluded that although the existence of a 

small linear elastic region has not be proven fully up to date, there are strong indications 

that the behaviour at very small strains can be considered as linear elastic. This together 

with its conceptual simplicity makes the linear elastic idealisation an assumption 

commonly adopted in numerical analysis. 

2.2.5 Factors that affect soil stiffness 

There is a great number of factors that affect soil stiffness. Here only the most important 

ones will be reviewed. These can be suimnarised as: current stress state-volume state, 

soil structure, ageing, recent stress history and stress path direction. Each of these factors 

is discussed in the next sections. Particular emphasis is given on the effects of recent 

stress history and stress path direction, and the influence that ageing has on them, sincc 

these are the effects that have been explored in the numerical analyses carried out in this 

thesis. In many cases the soil response is going to be considered in terms of very small 

strains, small strains and large strains as defined in section 2.2.4. A more extensive 

review of factors that affect soil stiffness can be found in Atkinson and Sallfors (1991), 

Jardine (1995) and Heymann (1998). 

2.2.5.1 Current stress state-volume state 

The dependence of the soil stiffness on the current stress state has been approachcd by 

either idealising the soil as an assembly of elastic spheres or considering its mcchanical 

behaviour to be essentially frictional. If the mechanical behaviour of the soil is assumed 

to be purely frictional then its strength and stiffness is directly proportional to the mean 

effective stress, p'. If the soil is idealised as an assembly of elastic spheres then the 

theoretical work by Hertz and Mindlin (as reported by Richart et al. (1970)) suggests 

that the soil stiffness varies with the mean effective stress, p', raised to the power of n 
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equal to 1/3. Viggiani and Atkinson (1995) suggested that at very small strains the soil is 

expected to follow the theory of the elastic spheres while at large strains the purely 

frictional case is expected to apply. 

Very small strains 

Experimental evidence suggests that at very small strains the power coefficient, n, is 

higher than 1/3. Apart f rom small slippage and rearrangement, which would indicate 

inelastic behaviour, this could also be attributed to the soil particles having different 

sizes, shapes and angularity within a real soil (Jovicic (1997)). A number of equations 

have been proposed in the literature for the calculation of stiffness at very small strains. 

Although relying on a theoretical background, these relationships are generally derived 

from dynamic tests and are therefore semi-empirical. 

Hardin and Black (1968), based on the resuhs of resonant column tests on normally 

consolidated kaolin and Boston Blue clay, proposed the following relationship for the 

shear stiffness at very small strains: 

(7, = , 4 ( 7 ) (2.7) 

Equation 2.7 shows the dependence of the stiffness on the mean effective stress and the 

void ratio. In this equation F(e) is a function of the void ratio, n is the power coefficient 

which for the material tested was found equal to 0.5, and A(T) is a constant which 

groups together the influence of all other factors. 

Hardin and Black (1969), based on the results of resonant column tests on a range of 

clays, extended the above equation to account for overconsolidated stress states: 

G , = (2.8) 

In the above equation OCR is the overconsolidation ratio, defined as the ratio of the 

maximum past vertical stress to the current vertical stress, and k is the corresponding 

power coefficient which depends on the plasticity index. 

Hardin (1978) combined Equation 2.8 with the work of Janbu (1963) and the clastic 

stress-strain relationships by Rowe (1971) and proposed a more general equation of the 

following form: 
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(2.9) 

The introduction of the atmospheric pressure, p^, in the above equation makes the 

parameter A dimensionless. 

It can be seen that the above equations make use of the three variables; mean effective 

stress, void ratio and overconsolidation ratio. Within the f ramework of critical state soil 

mechanics these three variables can be interrelated, if the overconsolidation ratio is 

redefined as the isotropic overconsolidation ratio, Rg. This is equal to the ratio of the 

max imum past mean effective stress, to the current mean effective stress, Ro = p'pip', as 

shown in Figure 2.13 (Viggiani and Atkinson (1995)). In this case only two of the three 

variables are necessary in the above equations. 

Isotropic compression line 

Swelling line 

P Pp Inp' 

Figure 2.13: Definition of isotropic overconsohdation ratio 

Viggiani (1992), based on the results of bender element tests on reconstituted samples of 

a number of clays, proposed the following equation for the small strain shear modulus, 

making use of only two variables, the mean effect ive stress, p\ and the isotropic 

overconsolidation ratio Ro'. 

-^ = a 
Pr Pr 

R (2.10) 

In the above equation pr is a reference pressure which is usually taken equal to 1 kPa and 

A, n and m are dimensionless parameters which depend on the plasticity index, see 

Figure 2.14. For normally consolidated clays R„ becomes equal to unity and the equation 

reduces to the one proposed by Wroth and Houlsby (1985) for the shear modulus of 

sands. 
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Figure 2.14: Variation of stiffness parameters A, n and m with plasticity index (after 
Viggiani and Atkinson (1995)) 

Small to large strains 

As it was mentioned before, at large strains the soil is expected to resemble an assembly 

of rigid frictional particles, in which case the stiffness varies linearly with the mean 

effective stress, and n is equal to 1. This is confirmed by the work of Gens (1982) on 

Lower Cromer Till, who showed, from undrained triaxial tests on normally consolidated 

and overconsolidated samples, that the behaviour at large strains is linearly normalisable 

by the mean effective stress. 
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Figure 2.15; Effects of strain on stress level exponent n (after Jardine (1995)) 

In the intermediate range of small strains it is expected that the stress level dependency 

of the stiffness varies with strain level, from the value of n at very small strains to the 

value of rt = 1 at large strains. Jardine (1995) presents a summary of the way the 

exponent n varies with strain level, for a range of soils, see Figure 2.15. It can be seen 

that n increases with strain level tending to unity at large strains. Viggiani and Atkinson 

(1995) suggested that Equation 2.10, which was originally derived for the very small 
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strain range, is also applicable at higher levels of strain, but with values oi A, n and m 

that vary with the strain level. Figure 2.16 shows the variation of the parameters A and n 

with strain level, derived from a set of constant p' drained triaxial compression tests 

carried out on normally consolidated samples of kaolin clay. Again it is shown that the 

exponent n increases from the value determined from the bender element test towards 

unity at large strains, while the exponent A is shown to decrease with strain level. 
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Figure 2.16: Variation of the parameters A and n with strain (after Viggiani and 
Atkinson (1995)) 

2.2.5.2 Soil structure 

As it has already been mentioned, structure is the combination of fabric and bonding. In 

this section two issues of the influence of soil structure on soil stiffness are discussed. 

The first one is the effect of the different structure that the natural clays possess 

compared to the reconstituted clays and the second one is the effect of the anisotropic 

fabric that both natural and reconstituted clays can exhibit. 

i) Effect of different structure bet^veen natural and reconstituted clays 

Rampello and Silvestri (1993) examined the very small strain stiffness of natural and 

reconstituted Vallericca clay, a stiff overconsolidated clay, using resonant column tests. 

The stiffness of the natural samples was shown to be generally higher than the stiffness 

of the reconstituted samples, see Figure 2.17. This difference was attributed to the 

different location of the isotropic compression lines. The natural isotropic compression 

line plotted well to the right of the reconstituted one (termed intrinsic, after Burland 

(1990)), showing the effect of the difference in structure between the natural and the 

reconstituted material. Rampello and Silvestri (1993) went on to show that when the 

stiffness data was normalised with respect to the equivalent pressure on the appropriate 
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isotropic compression line then the stiffness of the natural and reconstituted samples plot 

very closely, see Figure 2.18. 
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Cotecchia and Chandler (1997) compared the pre-failure behaviour of natural and 

reconstituted Pappadai clay, a stiff overconsolidated clay, in undraincd triaxial 

compression tests. They showed that there is little difference between the normalised 

stiffness G/(p')" of the natural and reconstituted samples in the small to intermediate 

strain range, if this is plotted against either the isotropic overconsolidation ratio, R,„ in 

the case of the reconstituted samples or the yield stress ratio in isotropic compression, 

YSRis, in the case of the natural samples. Figure 2.19. Similar findings were reported by 

Coop et al. (1995), who showed that there was no clear distinction between the stiffness 

of natural and reconstituted Boom clay (a stiff overconsolidated clay), in the small to 

intermediate strain range, if the state relative to the appropriate natural or intrinsic 

isotropic compression line was taken account o f 
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Figure 2.19; Normalised shear stiffness of both natural and reconstituted Pappadai clay 
(after Cotecchia and Chandler (1997)) 

ii) Effect of anisotropic fabric 

Soils generally posses an anisotropic fabric. This can be the result of a number of 

factors, like deposition, anisotropic consolidation and subsequent stress history. This 

anisotropic fabric on a macro scale gives rise to mechanical anisotropy of the soil, which 

means that its properties become directional dependent (Mitchell (1976)). 

Anisotropy of the soil results in anisotropic state boundary surfaces that are no more 

centred around the isotropic axis, as is the case for the state boundary surfaces of 

isotropically consolidated soils (eg. Parry and Nadarajah (1973), Graham et al. (1983)). 

The initial anisotropy of a soil at a current stress state can change with straining due to 

subsequent loading, causing the shape, size and orientation of the initial anisotropic state 

boundary surface to change as well. 

In terms of small strain deformations, soils are often assumed to behave as cross-

anisotropic materials, due to the way they were deposited. This means that they arc 

assumed to have symmetry around the vertical axis so that they behave the same way in 

any of the two horizontal directions and differently in the vertical direction. 

Jamiolkowski et al. (1995) investigated the anisotropy of the very small strain stiffness 

of six natural clays. The tests were performed using an oedometer equipped with bender 

elements so that the shear wave velocities propagating at three different directions could 

be measured. They found that the ratio of the shear modulus in the horizontal plane to 

the shear modulus in the vertical plane, Gi,i,/G/,y, which is an expression of the degree of 

anisotropy, varied between 1.2 and 2. Jovicic and Coop (1998) examined the very small 

strain stiffness anisotropy of London Clay by conducting bender element tests on 
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natural and reconstituted samples. The reconstituted samples followed the geological 

history of the natural deposit. The ratio G/,/,/G/„, was found to be equal to 1.5 for both 

natural and reconstituted samples. Furthermore the values of G,./, and G/,,. (shear moduli 

in either vertical planes) were found to be equal for the natural samples, indicating that 

London Clay behaves as a cross-anisotropic material at very small strains. 

2.2.5.3 Ageing 

Ageing generally increases the soil stiffness with two mechanisms; increased 

interparticle bonding and volume reduction under constant stress due to creep. Since 

there is not much data available for overconsolidated clays, this section will include 

work undertaken on normally consolidated clays. 

Som (1968) was one of the first to note the effects of ageing in the laboratory. In some 

of his oedometer tests, he observed that after keeping the loading constant for an 

extended period of time, an exceptionally high stiffness was recorded for the next small 

increment of applied strain. 
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Figure 2.20; The effect of creep on the yield stress of normally consolidated clay (after 
Bjerrum (1967)) 

Bjerrum (1967) discussed the effect of ageing on the compressibility of soft Norwegian 

clays. It was shown that when a normally consolidated clay was kept under constant 

effective stress, volume reduction occurred due to secondary consolidation and the yield 

stress recorded on subsequent loading was much higher than the current stress. Figure 

2.20 shows the system of lines that Bjerrum used to illustrate the effect of creep. It can 

be seen that when a soil element is loaded after a certain rest period then this yields on 
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the compression line that the same soil element would have followed if no creep had 

occurred. This demonstrates only the effect of ageing due to volumetric creep. Bjerrum 

(1967) recognised that apart from the effect of creep, increased interparticle bonding can 

develop during the rest period which leads to further increase of the yield stress, Figure 

2.21. It has to be noted that f rom Figure 2.21 it seems that the effect of increased 

interparticle bonding acts in addition to the effect of creep. Both effects result in an 

increased resistance to compression. 
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Figure 2.21: The effect of cementation on the yield stress of normally consolidated clay 
(after Bjerrum (1967)) 

Leonards and Ramiah (1959) investigated the effect of ageing on the one dimensional 

compression of normally consolidated reconstituted clays. Figure 2.22 shows some of 

their results (after Burland (1990)). The first curve, in this figure, represents a standard 

oedometer test, the second curve represents a standard oedometer test with a rest period 

of 12 weeks at cr',, = 40 kPa and the third curve shows the results of a test with a rest 

period of 12 weeks at a'y = 40 kPa but in which creep was prevented during the rest 

period. The fourth curve represents a test with a 12 week rest period at 40 kPa, 

conducted with a lucite oedometer (the side friction of which was known to be very 

small (Burland (1990)). It can be seen that after the rest period there is an increase in the 

yield stress irrespective of whether or not creep was allowed. This is evidence that the 

increased resistance due to ageing is not just because of the effect of crccp but also 

because of the bonding developing during the rest period. 

Schmertmann (1991) reviewed many results in which the effect of ageing was to 

increase the stiffness of the soil. However, his examples showed no evidence of increase 

of bonding during the rest period and it was argued that it was the mechanical features of 

ageing that resulted in increased stiffness. This is in contrast to the examples discussed 

in this section. Heymann (1998) argued that Schmertmann's conclusion should be 

regarded with caution. This is because his technique can generally be considered 
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reliable only at strains in excess of 0.5%. According to Heymann, at these strains 

destructuring could have reduced the effects of bonding, which is important at lower 

levels of strain but can break down under loading, as also shown in Figure 2.21. 

Jardine (1992) demonstrated that ageing influences the kinematic strain regions shown 

in Figures 2.8 and 2.9 and discussed in section 2.2.4. The effect of ageing on normally 

consolidated Magnus till resulted in the Y ; surface and the bounding surface growing 

away from the maintained stress point with time. 
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Figure 2.22: The effect of ageing on the yield stress of normally consolidated clay 
(redrawn by Burland (1990) after Leonards and Ramiah (1959)) 

2.2.5.4 Recent stress history 

Atkinson et al. (1990) studied the effect of recent stress history on the stiffness of 

overconsolidated soil by performing drained triaxial constant p' and constant q tests on 

reconstituted overconsolidated samples of London Clay. The tests involved bringing the 

samples to a common stress state by following different approaching paths and then 

shearing along a common loading path, path OA in the cons tantp ' tests, sec Figure 2.23. 
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Figure 2.23: Stress paths followed in constantp ' tests (after Atkinson et al. (1990)) 

This resulted in an angle, 6, between the approaching path and the loading path equal to 

0°, +90°, -90° and 180°. Plots of tangent stiffness against strain are presented in Figure 

2.24. The accuracy of the equipment allowed strain measurements in the small to large 

strain range. It can be seen that at small strains the highest stiffness is observed for the 

case of (9 = 180°, where there is a complete reversal in the stress path direction, whereas 

the lowest stiffness is observed for 0 = 0° where there is no change in the stress path 

direction. This effect of the direction of the approaching path relative to the direction of 

the loading path is termed the effect of recent stress history. 

120 T 

fl=lBO' • 

0 = 00" • 
100 -

(?--90* + 
(?-0* • 

SO -

I 1 I I I I I I I I I I I 1 ' 
- 5 . 0 - 1 . 0 - 0 . 5 -O . I - 0 . 0 5 - 0 . 0 1 - 0 . 0 0 5 0.005 0.01 0.05 0.1 0 .5 1.0 5.0 

(%) 

Figure 2.24: Stiffness of reconstituted London Clay versus strain measured in constant p' 
tests (after Atkinson et al. (1990)) 
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Figure 2.24 shows that this effect seems to decrease as the soil is loaded and becomes 

negligible after strains of about 0.5%. Before loading along the path OA the samples 

were held at a constant stress for a period of three hours. This was twice the time 

required for primary consolidation but was probably not sufficient in order to minimise 

the effect of creep, as suggested by Heymann (1988). Therefore it is possible that the 

results presented by Atkinson et al. (1990) are influenced by the effect of creep and in 

this case it is reasonable to measure an increased stiffness after a stress path reversal and 

a reduced stiffness in the case of no stress path reversal. 

The effect of recent stress history is also shown in the data of Smith (1992), on natural 

Bothkennar Clay. Figure 2.25 shows plots of shear stiffness with strain for two 

'identical' block quality samples subjected to undrained triaxial compression. A 

different reconsolidation path was used for each sample; one followed the most direct 

route ED, whereas the other followed the indirect route ABCD. Local instrumentation 

allowed the measurement of stiffness in the small strain range. It can be seen that the 

stiffness of the sample that followed route ABCD, in which case there was a reversal in 

the stress path direction is much higher than the stiffness of the sample that followed 

route ED, where there was no change in the stress path direction. Before the start of 

shearing along the common path, ageing periods were maintained at stress state D. A 

limiting axial creep rate of 0.05% per day was adopted. Although this ageing period was 

much longer than the three hours adopted by Atkinson et al. (1990), the effect of recent 

stress history is still evident in the results presented in Figure 2.25. 
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Figure 2.25: Undrained compression stiffness of natural Bothkennar Clay for two 
different reconsolidation paths (after Smith (1992)) 

70 



Gross yield 
surface 

Figure 2.26: Stress paths followed in a single sample of natural Bothkennar Clay (after 
Clayton and Heymann (2001)) 

Clayton and Heymann (2001) investigated the effect of recent stress history on natural 

Bothkennar Clay by conducting tests similar to Atkinson et al. (1990). Figure 2.26 

shows the stress paths followed in a single sample. The incoming stress paths BA, CA 

and DA had relative angles to the outgoing stress path starting from A equal to 180°, 

+90° and -90° respectively. A rest period was applied at point A before the beginning of 

the common loading stage. This rest period varied f rom 1 to 3 days and ensured that the 

locally measured creep rates were less than 0.01% per day at the start of each shearing 

stage. Local instrumentation allowed the measurement of strains at the very small to 

small strain range. Figure 2.27 presents plots of undrained stiffness with strain for the 

three repeated loading paths. As it can be seen, no perceptible difference in the three 

stiffness-strain curves was observed, in either the very small strain region or in the small 

strain region. Based on these results, Clayton and Heymann (2001) suggested that if 

enough time is allowed for the effect of creep then there is no effect of recent stress 

history. 

When comparing the results of Smith (1992) and Clayton and Heymann (2001), it seems 

that the stricter limiting creep rate in the latter case results in erasing the effect of recent 

stress history. However there is also an important difference between the two 

investigations. The stress paths conducted by Smith were closer to the gross yield 

surface and involved more straining before the start of the common loading path than the 

stress paths conducted by Clayton and Heymann, and this could also explain part of the 

discrepancy between their results. 

From the evidence presented above, one could postulate that the recent stress history is 

an effect which itself depends on time. It seems to be very important if little time is 

allowed between the incoming and outgoing stress paths and seems to diminish and even 

vanish as long rest (ageing) periods are allowed between the stress paths. In terms of 
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kinematic regions surrounding the current stress point, Jardine (1992) -has already 

showed that these change with ageing time, which could explain the effect of recent 

stress history diminishing with time. Moreover the effect of recent stress history seems 

also to depend on the amount of straining that takes place before the outgoing stress 

path, the more the straining the more evident the effect seems to be. 
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Figure 2.27: Stiffness versus strain for a single Bothkennar Clay specimen subjected to 
tliree identical repeated loading paths (after Clayton and Heymann (2001)) 

2.2.5.5 Stress path direction 

Clayton and Heymann (2001) suggested that what really influences stiffness is the 

direction of the current loading path, rather than recent stress history. This observation 

was based on the results of undrained triaxial compression and extension tests on natural 

samples of Bothkennar and London Clay. Figure 2.28 shows the stress paths applied to 

the samples. Each sample was initially reconsolidated to its estimated in situ stresses, 

point B, and was used for both the compression and extension tests. Before the start of 

each shearing stage, pause periods were again maintained so that the locally measured 

creep rates were less than 0.01%. Figures 2.29 and 2.30 show the normalised 
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stiffness-strain curves for the Bothkennar Clay sample and the London Clay sample 

respectively. 
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Figure 2.28: Stress paths applied to a) Bothkennar Clay and b) London Clay (after 
Clayton and Heymann (2001)) 

It can be seen that the very small strain stiffness of each sample is the same for 

compression and extension but the rate of stiffness degradation with strain, in the small 

strain range, is affected by the shearing mode. In the case of the Bothkennar Clay sample 

the stiffness in compression is softer than the stiffness in extension whereas for the 

London Clay sample the opposite is true. Clayton and Heymann (2001) suggested that 

these results are reminiscent of those reported by Atkinson et al. (1990), in the sense that 

the stress path that shows the higher stiffness in the small strain range is also the one 

involving a stress path reversal (Figure 2.28). However, the fact that the very small 

strain stiffness does not seem to be influenced by the direction of the previous stress path 

combined with their results on recent stress history shown in Figure 2.27 led them to 

suggest that what is shown in Figures 2.29 and 2.30 is the result of the effcct of the 
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outgoing stress path direction relative to the gross yield surface. It seems that in both 

cases the stress path that takes the loading close to the gross yield surface shows softer 

behaviour than the stress path that takes it away from the gross yield surface. Therefore 

it was concluded that it is the effect of the current stress path direction that is important. 

Loading in extension 

Loading in compression 
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3 600 

Iff 1^1 
Local axial strain: % 

Figure 2.29: Bothkennar clay: normalised stiffness versus strain from undrained triaxial 
compression and extension tests (after Clayton and Heymann (2001)) 

This effect can also be seen in the work of others, but in some cases it is difficult to 

isolate it from the effect of recent stress history. Jardine (1985) and Fouric (1984) 

presented a series of tests on reconstituted London Clay. The samples were onc-

dimensionally compressed and swelled to various overconsolidation ratios and then 

subjected to undrained triaxial compression and extension. The results can be seen in 

Figure 2.31; LR denotes the compression tests, LRE denotes the extension tests and the 

following number denotes the overconsolidation ratio. A limiting creep rate of 0.05% 

per day, greater than the limiting creep rate of Clayton and Hcymann, was adopted 

before the start of each shearing stage. For overconsolidation ratios of 3 and 7 the 

stiffness in compression was higher than the stiffness in extension as can be seen in 

Figure 2.31. One could postulate that this is an effcct of the direction of the currcnt 
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stress path. However this could also be interpreted as an effect of recent stress history, 

since the path that involves a stress reversal (i.e. compression loading), and gives the 

highest stiffness, coincides with the path that takes the stress state away from the gross 

yield surface. In this case it is difficult to assess whether it is solely an effect of stress 

path direction or recent stress history, or a combination of both. However, for an 

overconsolidation ratio of 1.5 the stiffness in compression is still higher than the 

stiffness in extension, although the compression path takes the stress path closer to the 

gross yield surface. This clearly indicates an effect of stress history rather than stress 

path direction. 
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Figure 2.30: London Clay: nonnalised stiffness versus strain from undraincd triaxial 
compression and extension tests (after Clayton and Heymann (2001)) 

Smith (1992) reported typical stiffness-strain curves from undraincd compression and 

extension tests carried out on natural samples of Bothkennar Clay, Figure 2.32. The 

samples were reconsolidated back to their in situ stresses along the stress path ABCD, 

shown in Figure 2.25, retracing in this way their lightly overconsolidated stress history. 

Again pause creep periods with limiting axial creep rate of 0.05%, greater than the 

limiting creep rate of Clayton and Heymann, were imposed at point D, before the start of 
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shearing. Figure 2.32 shows that the stiffness in compression is initially higher than the 

stiffness in extension. This indicates an effect of recent stress history since the 

compression loading involves a stress reversal, however, it does not indicate an effect of 

current stress path direction since this is also the path that brings the loading closer to 

the gross yield surface. 
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Figure 2.31; Reconstituted London Clay: results from undrained triaxial compression 
and extension tests (redrawn by Hight et al. (2003) after Jardine (1985)) 
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Figure 2.32: Bothkennar Clay: typical normalised stiffness versus strain characteristics 
from undrained triaxial compression and extension tests (after Smith (1992)) 
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It has to be noted that the instrumentation used in the work of Jardine (1985) and Smith 

(1992) had lower resolution than the one used by Clayton and Heymann (2001) and 

there is no information on the stiffness at very small strains, so as to see whether the 

same initial stiffness is observed for both loading paths. 

Intuitively, one would tend to think that a stress path that takes the loading closer to the 

gross yield surface would generally show softer response, or at least a faster decay in 

stiffness with strain, than a stress path that takes it away from the gross yield surface. 

From the results of Jardine (1985) and Smith (1992) it seems that this effect could be 

influenced from the effect of recent stress history. However, as recent stress history 

seems to diminish with ageing time, one could postulate that the effect of stress path 

direction becomes more pronounced. 

From the evidence presented above, it is obvious that more research is required in order 

to clarify the effect of recent stress history and stress path direction and the influence 

that ageing periods have one them. 

2,3 Constitutive models for overconsolidated clays 

2.3.1 Introduction 

Most constitutive models for soils have been developed within the framework of elasto-

plasticity. For this reason, before reviewing existing models for overconsolidated soils, a 

description of the classical theory of elasto-placity will first be given. 

2.3.2 Classical theory of elasto-plasticity 

This section presents a description of the basic concepts of the theory, followed by the 

formulation of the elasto-plastic constitutive matrix. A more detailed description can be 

found in Potts and Zdravkovic (1999) and Zienkiewicz et al. (1999). 

2.3.2.1 Basic concepts 

In order to formulate an elasto-plastic constitutive model four main ingredients need to 

be defined: an equation for the yield surface, a flow rule, a hardening rule and finally the 

elastic part of the model. These will be explained briefly in the next sections. 
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i) Yield surface 

A yield surface separates purely elastic behaviour f rom elasto-plastic behaviour. The 

yield function, F, is a function of the stress state, {a}, and the hardening (or otherwise 

termed state) parameters, {k}: 

= 0 (2.11) 

For stress states that remain within the yield surface, that is F < 0, purely elastic 

behaviour occurs, whereas for stress states on the yield surface, F=0, the behaviour is 

elasto-plastic. 

ii) Flow rule 

The f low rule determines the plastic strain increments. This is usually constructed with 

the assumption of a plastic potential surface, whose outward normal vector at the current 

stress state represents the plastic strain increment vector. The f low rule can be expressed 

as following: 

da 
(2.12) 

where {ds^} is the plastic strain increment vector, P({cr},{w}) = 0, is the plastic potential 

function and A is an unknown scalar multiplier. The values of the vector {m} are 

immaterial since only the differentials of the plastic potential function with respect to the 

stress components are required in the f low rule. 

It has to be noted that in Equation 2.12 the plastic potential function defines just the 

relative magnitudes of the plastic strain increments and it is the scalar multiplier, A, 

which determines their actual magnitude. The way the scalar multiplier, A, is determined 

will be discussed later. 

If the plastic potential function is assumed to be the same as the yield function, 

P{{a},{m})= F({a},{k}), the f low rule is said to be associated and a normality condition 

applies. In the general case, where the plastic potential function is different from the 

yield function, P{{a}F{{a},{k}), the flow rule is said to be non-associated. 
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Hi) Hardening rule 

The hardening rule describes the evolution of the yield surface in the course of plastic 

deformation. It defines how the hardening parameters {k} change with plastic straining. 

If the elasto-plastic model is assumed to be perfectly plastic then the hardening 

parameters {A:} are constant and no hardening rule is needed. Otherwise the hardening 

parameters are usually assumed to be a function of either the plastic work or the plastic 

strains. 

iv) Elastic part 

The elastic part of the model defines the purely elastic behaviour, when the stress state 

remains within the yield surface, as well as the elastic deformations which occur as part 

of the elasto-plastic behaviour, when the stress state is on the yield surface. 

Determination of the scalar multiplier, A 

The scalar multiplier. A, is determined by employing the consistency condition. When 

the soil is yielding the consistency condition requires the stress state to remain always on 

the yield surface, so that dF = 0. As mentioned previously the yield function depends on 

the stress state, {cr}, and the hardening parameters, {k}, so the chain rule of 

differentiation gives: 

If the hardening parameters are a function of the plastic strains then: 

dk 
{d%} = 

So Equation 2.13 becomes: 

( c k ' } (214) 

dk 
(Gkf} = 0 (115) 

ds 

By substitution of the flow rule in the above equation this becomes 
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(2.16) 

Af ter a simple manipulation, the scalar quantity, A, is obtained as: 

A = — [ d a ] ( 2 1 7 ) 

where A denotes the hardening modulus (or otherwise termed plastic modulus) given by 

the following equation; 

A = - dF 
aA; 

dk dP 
6(7 

(2.18) 

The plastic strains can then be calculated f rom the f low rule given by Equation 2.12. 

2.3.2.2 Formulation of the elasto-plastic constitutive matrix 

In this section it will be shown how the elasto-plastic constitutive matrix can be 

formulated in terms of the basic ingredients described in the previous section. 

In an elasto-plastic constitutive model, the elasto-plastic constitutive matrix, [D'"''], 

provides the relationship between the changes in stresses and strains. 

{da}=[d-']{de] (2.19) 

The changes in total strains can be divided into two components, the elastic strains and 

the plastic strains: 

(2.20) 

where and {d^'} are the changes in elastic and plastic strains respectively. 

The changes in stresses are related to the changes in elastic strains through the clastic 

constitutive matrix [/)] as follows: 

[da] - [ D j j i / f I (2.21) 

Substituting Equation 2.20 into Equation 2.21 gives: 
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[ d < y ] ^ [ D \ ^ d £ - d £ ^ ^ (2.22) 

Substitution of the f low rule in the above Equation gives: 

{rfCT} = [ i ) ] { d £ } - [ Z ) ] A | £ | (2,23) 

If Equation 2.23 is substituted in Equation 2.17 then the scalar multiplier, a, becomes: 

Substitution of the above equation in Equation (2.23) gives: 

— - f i F 
Equation 2.25 provides a relationship between changes in stresses and strains. Therefore 

f rom Equation 2.19 the elasto-plastic constitutive matrix is: 

IE 
(2.26) 

2.3.3 Elasto-plastic constitutive models 

The classical theory of elasto-plasticity has been used extensively for the development 

of constitutive models that simulate the behaviour of clays. The original critical state 

models, the Cam Clay model and the modified Cam Clay model, are classical examples 

of models formulated within the elasto-plastic f ramework. In these models an equation is 

ascribed to the yield surface that lies above each swelling line, as discussed in section 

2.2.2. The critical state models have been shown to be very successful in simulating the 

behaviour of normally consolidated clays. However, the behaviour within the yield 

surface is assumed to be elastic. The consequence of this is that these models cannot 
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reproduce satisfactorily the behaviour of overconsolidated clays, which has been shown 

to be inelastic from very early stages of loading. This is a limitation of the classical 

theory of elasto-plasticity, rather than the critical state models themselves, since the 

framework cannot allow for plastic deformations to develop within the yield surface. 

Models that try to simulate the behaviour of overconsolidated clays fall within three 

categories. The first category includes models that are based on the classical theory of 

elasto-plasticity and therefore assume elastic strains within the yield surface. The second 

category includes models that are based on extensions of the classical theory of elasto-

plasticity, which allow for plastic strains to develop within the conventionally defined 

yield surface in the classical theory. Finally, the third category includes models that are 

elasto-plastic but are not based on either the classical theory of elasto-plasticity or 

extensions of the classical elasto-plastic framework discussed in the second category. 

2.3.3.1 Models based on the classical theory of elasto-plasticity 

Although these models cannot simulate plasticity f rom early stages of loading, they 

generally adopt non-linear stress-strain behaviour pre-yield, in order to reproduce the 

highly non-linear behaviour of the overconsolidated clays from the early stages of 

loading. 

The model LC (Simpson et al. (1979)) was developed to specifically predict the 

behaviour of London Clay. The model adopted a kinematic yield surface defined as a 

sphere in strain space. Figure 2.33. When enough straining occurred so that the soil 

reached the kinematic yield surface, then further straining caused it to move (hence 

"kinematic"). Although this sphere was named kincmatic yield surface, in reality it was 

not a yield surface since the strains that occurred once it was engaged continued to be 

elastic. The behaviour within this small region was assumed to be cross anisotropic and 

the stiffness was ten times higher than that beyond this region. Plastic strains were 

delayed until a state boundary surface was engaged. The state boundary surface was 

based on curve-fitting of laboratory test results. If the direction of straining reversed then 

the high stiffness within the kinematic yield surface applied, until this started moving 

again. In this way the model predicted a bi-linear response with high stiffness at very 

small strains, until the stress state engaged the state boundary surface, and high initial 

stiffness at stress reversals. The model was shown to predict improved surface 

settlement troughs behind diaphragm walls, as compared to those predicted by analyses 

assuming linear elastic behaviour. 

82 



o Previous s l a tes 
• Current s la tes 

Kinemalic yield su r l ace (radius e j 

^ Axes X, y a r e c o m p o n e n t s ol s t ra in^ 

SI ^ 2 - 3 " ^ 4 - 5 ^ Sti l lness ou l s ide KYS 

strain 
(e) 

Figure 2.33: Diagram showing the kinematic yield surface in strain space adopted in 

model LC (after Simpson et al. (1979)) 

Jardine et al. (1986) and Jardine et al. (1991) developed an empirical soil pre-yield 

model, based on the results of high quality test data obtained with local measurements of 

strain. The high pre-yield non-linearity was modelled by adopting periodic logarithmic 

functions which related the shear and bulk modulus, G and K, to the shear and 

volumetric strains, and Sy respectively. The secant shear, Gsec, and bulk moduli, 

were given as: 

3G_ 
= v4 + 5 c o s 

r 
a log, 

V C" yy 
(2.27) 

= R + S COS log 10 
T 

W 

J J 
(2.28) 

where the deviatoric and volumetric strains arc given by Equations 1.22 and 1.20 

respectively. 

The tangent shear and bulk moduli were obtained by differentiation of Equations 2.27 

and 2.28. The constants A, B, C, R, S, T, a, y, S and ;/ were obtained from a fit to the 
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laboratory data. This pre-yield model is independent of the way plastic behaviour is 

modelled at large strains. Jardine et al. (1991) used it in conjunction with a Mohr 

Coulomb yield surface. The model has been used in a wide range of geotechnical 

problems, including deep excavations, tunnels and offshore structures and the results 

have compared satisfactorily with field observations, highlighting the importance of 

modelling the highly non-linear behaviour of overconsolidated soils. 

Hird and Pierpoint (1997) used a cross-anisotropic non-linear elastic model to reproduce 

the stress-strain behaviour of the heavily overconsolidated Oxford Clay. In this model 

the material non-linearity was dependent on the incremental strain energy. As mentioned 

before, the incremental strain energy criterion was suggested by Burland (1989) for the 

definition of the kinematic regions proposed by Jardine (1985), (1992). This is expressed 

as: 

au = ^ a - i - ^ actjtfe, + ^ a (2.29) 

where aa\, AcrS, A C T 3 are the changes in the principal stresses a',, a'l, cr'3 during the 

strain increments ssi, 5s2, 5sz-

The stiffness in the model was also dependent on the stress path direction, with different 

stiffness assigned for compression and extension paths. The model was used in the 

numerical analysis of a trial excavation in Oxford Clay. It was shown to predict the 

horizontal displacements more satisfactorily than the vertical displacements. 

Figure 2.34: Kinematic regions of high stiffness (after Puzrin and Burland (1998)) 

Puzrin and Burland (1998) developed a small strain pre-yield model based on the 

concept of kinematic regions proposed by Jardine (1985), (1992). The linear clastic 

region, (LER), in Figure 2.34, was associated with Zone I, in Figure 2.8 and the small 

strain region, (SSR), was associated with Zone II. The boundaries of these two regions 
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were elliptical surfaces. Behaviour within the LER was assumed to be anisotropic linear 

elastic, whereas within the SSR a non-linear deviatoric and volumetric stress-strain 

behaviour was modelled, by means of a logarithmic function. The work of Puzrin and 

Burland (1998) was concentrated on the behaviour within the SSR boundary. However, 

they noted that it is possible to use an elasto-plastic model for the SSR boundary and 

therefore associate it with the Y? surface and initial yielding. Alternatively, this non-

linear pre-yield model can be used in conjunction with any plastic model that can model 

the bounding surface. A stress path reversal in the model results in the relocation of the 

local stress origin at the reversal point and in this way a high stiffness is reinvoked. The 

model was validated against the results of triaxial tests on undisturbed Bothkennar Clay. 

2.3.3.2 Models based on extensions of the classical theory of elasto-plasticity 

As it has already been mentioned, the classical theory of elasto-plasicity assumes that 

the interior of the yield surface is an elastic domain. Although this is sufficient in order 

to simulate the gross yield of soils, it is not possible to predict realistically either the 

inelastic behaviour of overconsolidated soils from the very early stages of loading, or 

cyclic loading behaviour. This led to extensions of the elasto-plastic framework so that 

plastic deformations are allowed for stress states within the conventionally defined yield 

surface in the classical theory. These extensions were originally developed in order to 

simulate the behaviour of metals under cyclic loading and were later applied to soils. 

Many terms have been used in order to describe the conventionally defined yield 

surface, with the most common being the bounding surface. Other terms arc the 

consolidation surface, or the normal-yield surface. Here the term bounding surfacc is 

going to be used for this reason, although in the original publications a different name 

might have been used. 

In these models the hardening modulus, a, varies within the bounding surfacc, usually 

from a high value far from the bounding surfacc to a smaller value on the bounding 

surface. This results in plastic deformations occurring, within the bounding surfacc, in a 

progressive rate and gives rise to a non-linear stress-strain behaviour. The variation of 

the hardening modulus. a, within the bounding surface is an extra ingredient that has to 

be defined in this type of models, in addition to the four main ingredients required in the 

conventional theory of elasto-plasticity. Models based on these extensions of the clasto-

plastic framework can be divided into two groups, due to their different structures. The 

first group includes the bounding surface models and the subloading surfacc models 
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whereas the second one includes the kinematic hardening models. 

i) Bounding surface models and subloading surface models 

The bounding surface models and the subloading surface models have similar structures. 

The bounding surface models were initially developed by Dafalias and Herrmann 

(1980), (1982). The calculation of the plastic deformations for stress states within the 

bounding surface was based on the following idea. Each stress point within the bounding 

surface was associated to a unique image point on the bounding surface according to a 

specific rule (Dafalias and Herrmann applied a simple radial rule). The hardening 

modulus for each stress point within the bounding surface depended on the distance 

between this stress point and the image point and reduced to the bounding surface 

hardening modulus when the stress point reached the bounding surface, see Figure 2.35. 

The loading-unloading direction was defined by the gradient of the bounding surface at 

the image point. During unloading only elastic behaviour was predicted. This resuhed in 

a stress-strain curve with an open hysteresis loop for an unloading-reloading cycle, see 

Figure 2.36. 

Current 
stress point 

Image pomt 

7 
B O U N D I N G S U R F A C E 

F ( a [ j . q„) = 0 

Figure 2.35: Schematic illustration of the bounding surfacc and definition of image 
points in general stress space (after Dafalias and Herrmann (1982)) 

Whittle (1993) incorporated the bounding surface plasticity concept in an anisotropic 

model for normally to moderately overconsolidated clays, referred to as MIT-E3. The 

bounding surface adopted was an anisotropic form of the elliptical modified Cam Clay 

yield surface. The model used a closed, symmetric, hysteresis loop during unloading, 

combined with bounding surface plasticity to develop plastic strains during reloading. 
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see Figure 2.37. In this way, although the strains were elastic during unloading, the open 

hysteresis loop of the original formulation was avoided. The model requires 15 material 

parameters. Whittle (1993) demonstrated the capability of the model to predict 

satisfactorily the anisotropic behaviour of three clays over a wide variety of laboratory 

tests. It has also been shown to adequately predict the behaviour of a deep excavation in 

Boston Blue Clay (Whittle et al. (1993)). The model has since been used in a parametric 

study of the pull-out capacity of bucket foundations in soft clay (Zdravkovic et al. 

(2001)) and was shown to predict successfully the failure height of an embankment 

founded on soft clay at Saint-Alban, Quebec (Zdravkovic et al. (2002)). 

Figure 2.36: Open hysteresis loop during unloading and reloading due to the elastic 
behaviour predicted on unloading 

O b a A (7 B 
log© (mean effective s t ress o ' ) 

(b) 

Figure 2.37: Conceptual model of unload-reload used by MIT-E3 for hydrostatic 
compression: a) perfect hysteresis b) hysteresis and bounding surface plasticity (after 

Whittle (1993)) 
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The subloading surface models were initially proposed by Hashiguchi and Ueno (1977) 

and Hashiguchi (1980) and they use a similar idea to the bounding surface models. The 

basic idea of the model was the assumption of a subloading surface which always passes 

through the current stress point and retains a gometrical similarity to the outer bounding 

surface (here termed normal-yield surface). In this model the hardening modulus 

depended on the ratio of the size of the subloading surface to that of the normal yield 

surface. On unloading elastic behaviour was predicted resulting again in an open 

hysteresis loop during a cycle of unloading-reloading. This was overcome with later 

modifications of the model (Hashiguchi (1989)), where the centre of similarity of the 

subloading and normal yield surfaces was allowed to translate with plastic deformation. 

ii) Kinematic hardening models 

These models introduce a number of kinematic yield surfaces within the bounding 

surface. Mroz (1967) was one of the first to develop such a model for metals. In order to 

describe the variation of the hardening modulus, Mroz (1967), introduced a set of 

kinematic nesting surfaces of constant hardening moduli. The behaviour within the first 

kinematic nesting surface was assumed to be elastic. As soon as the stress state reached 

the first kinematic nesting surface the behaviour became elasto-plastic, the hardening 

modulus associated with this surface applied and the nesting surface was dragged along 

the stress path. Subsequent loading led to the next nesting surface, the hardening 

modulus associated with the new surface applied and both surfaces were dragged along 

the stress path. Therefore the "field of hardening moduli", as tenned by Mroz was 

defined by the configuration of these surfaces in stress spacc and consequently a 

piecewise linear stress-strain behaviour was predicted. Iwan (1967) developed 

independently a model similar to the one proposed by Mroz (1967) by introducing a 

collection of yield surfaces. 

The first ones to apply the concept of multi-surface models to soils were Prcvost (1977), 

(1978a) who applied the concept of a field of hardening moduli to a model formulated 

for the undrained deformation of clays, and Prevost (1978b) and Mroz et al. (1978) who 

applied the same concept to models that dealt with both drained and undraincd soil 

conditions. Figure 2.38 shows an example of the multi-surfacc model developed by 

Mroz et al. (1978). In this figure the surfaces fo = 0 and f| = 0 are in contact at the point 

Pi and they translate towards the surface f|+i = 0. The surfaces arc not allowed to 

intersect but are assumed to come in contact at points with the same outward normal 

vector (termed conjugate points). An interpolation rule is postulated, in order to spccify 
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the variation of the hardening moduli at the conjugate points, see Figure 2.38b (in the 

horizontal axis n is the total number of the nesting surfaces and k is the number of the 

current nesting surface, k = 0, 1, 2, . . .n). In these models, the configuration of the 

surfaces in stress space provides a memory of the previous loading history. 

A q = [ 3 J , | ' : 

f i . i = 0 

0 25 0 50 0 75 X 1 00 

Figure 2.38: Multi-surface model a) nesting surfaces; b) variation of hardening moduli at 
conjugate points on nesting surfaces (redrawn by Mroz and Norris (1982) after Mroz et 

al. (igryg)) 

Mroz et al. (1978), (1979) simplified the above multi-surfacc models to a tvvo-surfacc 

model by considering only one kinematic yield surface within the bounding surfacc, 

Figure 2.39. The behaviour within this kinematic yield surface was assumed to be 

elastic; it became elasto-plastic when the stress state reached the surfacc. For further 

loading the kinematic yield surface followed the stress path. The variation of the 

hardening modulus was described by using an interpolation rule between the values of 

the hardening modulus on the yield and the bounding surfaces and depended on the 

distance between the stress point and a conjugate point (with the same outward normal) 

on the bounding surface. Similar modifications of the field of hardening moduli had 

already been developed independently by Krieg (1975) and Dafalias and Popov (1975), 

(1976) for metals. 
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Figure 2.39; Two-surface model: kinematic yield surface and bounding surface (redrawn 
by Mroz and Norris (1982) after Mroz et al. (1979)) 

Figure 2.40: Model with an infinite number of surfaces: a) first reverse loading 
b) second reverse loading (after Mroz and Norris (1982)) 
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Mroz and Norris (1982) discussed an alternative modification of the field of hardening 

moduli in which an infinite number of nesting surfaces was assumed within the 

bounding surface, see Figure 2.40. The elastic domain was reduced to a point and the 

hardening modulus depended on the ratio of the diameters of the current nesting surface 

and the bounding surface. When a stress reversal occurred the nesting surface associated 

with the stress reversal point became a stress-reversal surface. For example in Figure 

2.40a a stress reversal takes place at the stress point Pc and the surface Fc = 0 becomes 

the stress-reversal surface for the reverse loading path Pc-S. If a second stress reversal 

takes place at the stress point Pi, as shown in Figure 2.40b, then the surface f|, becomes 

the second stress-reversal surface. However if the reverse stress path from stress point P, 

continues to the stress point P3 then the second stress-reversal surface and the second 

reverse loading P1-P3 is erased from the material memory. In this way the memory of 

past loading events was incorporated into a stack of stress reversal surfaces and the 

memory of any reverse loading event was erased by any subsequent loading event of 

larger amplitude. 

D i s t i n c t - y i e l d s u r f a c e 

S u b y i e l d s u r f a c e 

L o a d i n g s u r f a c e 

Figure 2.41: Typical configuration of surfaces in the three-surface model (after 
Hashiguchi (1985)) 

Hashiguchi (1985) proposed a two-surface model similar to the model described by 

Mroz et al. (1979). In order to obtain a smooth elasto-plastic transition he introduced a 

third surface (loading surface) within the kinematic yield surface (termed here subyield 

surface). This loading surface was co centric with the subyield surfacc (which in reality 

was not a yield surface anymore) and passed always through the currcnt stress state. 

Figure 2.41. It behaved as a subloading surface with respect to the subyield surfacc in 

the sense that the hardening modulus within the subyield surface depended on the ratio 

of the size of the loading surface to that of the subyield surface. 
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bounding surface 

y ie ld 
surface 

Figure 2.42; Two-surface model (after Al-Tabbaa (1987)) 

Al-Tabbaa (1987) and Al-Tabbaa and Wood (1989), based on the previous models of 

Mroz et al. (1979) and Hasliiguchi (1985), formulated a two-surface model within the 

framework of critical state soil mechanics, Figure 2.42. A single kinematic yield surface 

was introduced within the modified Cam Clay yield surface, which in this model acted 

as the bounding surface. The behaviour within the kinematic yield surface was assumed 

to be isotropic elastic. The hardening modulus depended again on the degree of 

approach of the two surfaces. The model degenerates to the modified Cam Clay model 

for monotonic loading and for continuous yielding. It requires seven parameters, five of 

which have their origin in the modified Cam Clay model. Al-Tabbaa (1987) showed that 

the model is capable of predicting satisfactorily the cyclic behaviour of speswhite kaolin. 

Stallebrass (1990) and Stallebrass and Taylor (1997) extended the two-surface model 

proposed by Al-Tabbaa (1987) by incorporating a third surface within the modified Cam 

Clay bounding surface. Figure 2.43. This surfacc was introduced in order to provide a 

better memory of the previous loading path and in this way simulate more realistically 

the effect of recent stress history on overconsolidatcd soils, as reported by Atkinson et 

al. (1990) and Stallebrass (1990). The model requires one additional parameter to the 

seven of the two surface-model and has been applied to a number of boundary value 

problems. 

Puzrin and Burland (2000) incorporated the small strain pre-yield model described 

earlier (Puzrin and Burland (1998)), into the framework of kinematic hardening 

plasticity. In this new model the boundaries of the LER and SSR were assumed to be 

kinematic yield surfaces (Y, and Yi respectively) and were represented by rotated 

ellipses of the same shape. The modified Cam Clay surface was adopted as the 
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bounding surface. The behaviour within the Y, surface was assumed to be elastic with 

cross-coupling between the shear and volumetric stress-strain components. As soon as 

the Yi surface was engaged the behaviour became elasto-plastic. The hardening modulus 

between the Y, and Y] surfaces was governed by an infinite number of loading surfaces, 

after Mroz and Norris (1982), so as to have a reahstic simulation of soil behaviour at 

small strains. The hardening modulus between the Y? surface and the modified Cam 

Clay bounding surface depended on the distance between these two surfaces. The model 

requires 12 parameters. 

bounding surface 

history surface 

yield surface 
I 

P 0 P b Pa 

Figure 2.43: Three-surface model (after Stallebrass (1990)) 

During the last few years, the kinematic hardening models have been extended to 

account for the effects of structure in natural soils. Recent developments include the 

models proposed by Kavvadas and Amorosi (2000), Rouainia and Muir Wood (2000), 

which is an extension of the two-surface model developed by Al-Tabbaa (1987), and 

Baudet (2001), which is an extension of the three-surface model developed by 

Stallebrass (1990). Moreover the models presented by Gajo and Muir Wood (2001) and 

Callisto et al. (2002) incorporate additional effects of anisotropy. However it is outside 

the scope of this thesis to review these models here in greater detail. 
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2.3.3.3 Other models 

The Brick model (Simpson (1992)) is an example of an elasto-plastic model, which is 

based on neither the classical framework of elasto-plasticity nor any extensions of the 

classical theory of elasto-plasticity, presented in the previous section 2.3.3.2. The model 

is based around an analogue of a man dragging a series of bricks inside a room and 

simulates the S-shaped curve of stiffness degradation with strain and the recent stress 

history effect, as reported by Atkinson et al. (1990) and Stallebrass (1990). The 

S-shaped curve is treated as a graph showing what proportion of the soil behaves 

plastically as straining proceeds, see Figure 2.44. Initially, at very small strains the 

material behaves elastically, however, as strains develop the proportion of the material 

that behaves plastically increases. 

100% 

i f 
LU O a. 

log (strain) 
(a) 
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• Elastic: : 

log (strain) 

(b) 

100% 

Figure 2.44: The S-shaped curve (after Simpson (1992)) 

Simpson (1992) postulated that there is a striking resemblance between the behaviour 

reported by Atkinson et al. (1990), see Figure 2.24, and a physical analogue of a man 

walking around a room and pulling a series of bricks behind him, each on a separate 

string. Figure 2.45 shows some possible paths for the man and the bricks. Figure 2.45a 

shows the man pulling the bricks in a continuous direction and the bricks lined up 

behind him. If the man reverses, the bricks initially do not move (Figure 2.45b), then the 

bricks on the shorter strings start to move followed by the bricks with the longer strings 

(Figure 2.45c). If the man turns through 90° then the bricks initially continue moving in 
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their previous direction and then gradually align behind him (Figure 2.45d). 

(a) (b) 

(c) (d) 

) Man o Brick 

Figure 2.45: A man pulling bricks attached to him by strings (after Simpson (1992)) 

\ 1 

Plastic 

Elasbc 

string length 
= strain 

Step height = 
proportion of material 

log (strain) 

Figure 2.46: The S-shaped curve represented in stepwise fashion (after Simpson (1992)) 

Simpson regarded the room in this physical analogue as strain spacc, with the man 

representing the point within that strain space of a soil element. Each brick represented a 

proportion of the soil element. Movement of a brick was considered to represent plastic 

strain. The elastic strain was given by the difference between the movement of the man 

and the sum of the movements of the bricks, each weighted by the proportion of the soil 

it represented. Therefore Figure 2.45b represented an initially clastic behaviour, when 

none of the bricks were moving, which became elasto-plastic when the first bricks 

started to move, followed by predominantly plastic behaviour when all the bricks 

aligned behind the man, as in Figure 2.45a. It was also assumed that only clastic strains 
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can cause changes in stresses. 

The brick analogue was used to represent the S-shaped curve in a stepwise fashion as 

shown in Figure 2.46. The height of each step was considered to be the proportion of the 

material represented by each brick, whereas the length to each step was considered to be 

the strain at which the brick starts to move and is represented by the string length in the 

analogue. 

The model was formulated in plane strain conditions. A number of additional 

assumptions taken from critical state soil mechanics were used in conjunction with the 

brick concept in order to complete the model. The model requires five parameters and a 

series of data (the string lengths together with the proportion of the material that each 

represents) in order to simulate the S-shaped curve. The model was used by Simpson 

(1992) in the analyses of two deep excavations (British Library in London Clay and 

United Overseas Bank in soft Singapore clay) and compared well with measurements of 

ground movements. It has since been used in the analysis of another deep excavation in 

Gault Clay at Lion Yard, Cambridge, and showed generally good agreement with field 

observations (Ng and Lings (1995)). 

2.4 Summary 

The literature review presented in the first part of this chapter has emphasized the fact 

that, unlike what used to be the common belief in the past, nowadays it is well known 

that the pre-failure deformation of overconsolidated clays is highly non-linear and 

inelastic. This non-linear and inelastic nature of deformation is exhibited from the early 

stages of loading, except at very small strains where a region of almost constant stiffness 

with strain is usually identified. Behaviour within this region is often idealised as linear 

elastic. 

The pre-failure deformation of overconsolidatcd clays is influenced by a great number of 

factors. The most important ones were identified as: stress state-volume state, soil 

structure, ageing, recent stress history and stress path direction. Each of these factors 

seems to affect the stress-strain behaviour of clays in a different way and this was also 

discussed in the first part of this chapter. 

The review of existing constitutive models for overconsolidated clays showed that three 

classes of models exist. The first class includes the models that arc based on the classical 

96 



framework of elasto-plasticity. These models assume elastic pre-failure behaviour and 

usually simulate high pre-yield non-linearity by fitting empirical expressions to the 

observed stress-strain curves (with exception the model developed by Puzrin and 

Burland (1998)). 

The second class of models is based on extensions of the classical theory of elasto-

plasticity. These extensions allow for plastic strains to develop within the conventionally 

defined yield surface, which is now termed the bounding surface. Plastic deformations 

occur in a progressive rate within the bounding surface, which results in a non-linear 

stress-strain behaviour. From this class of models, the kinematic hardening models have 

also the additional advantage that they permit the retention of some information 

concerning the recent stress history of the material. 

The third class includes the Brick model, which is an elasto-plastic model based on the 

physical analogue of a man walking around a room and pulling a series of bricks behind 

him. The model is capable of simulating non-linearity and plasticity from early stages of 

loading as well as the effect of recent stress history. 
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Chapter 3 

The finite element method 

3.1 Introduction 

The finite element method is a complex form of numerical analysis that has been 

relatively recently introduced in geotechnical engineering. Unlike classical methods of 

analysis (e.g. limit equilibrium, limit analysis, etc.) it is capable of satisfying all four 

basic requirements for a complete theoretical solution: equilibrium of forces, 

compatibility of displacements, material constitutive behaviour and boundary 

conditions. 

The analyses presented in this thesis have been carried out with a program which makes 

use of the displacement based finite element method and has been developed specifically 

for the analysis of geotechnical stnictures, the Imperial College Finite Element Program 

(ICFEP). ICFEP is capable of performing both two-dimensional and three-dimensional 

analysis, however, only plane strain and axisymmetric analyses were performed in this 

study. 

This chapter gives a brief description of the finite element method, with particular 

reference to the approach followed in ICFEP. The first part presents the basic theory for 

linear materials and the second part some basic modifications necessary to enable this 

theory to be used in geotechnical engineering. Since soil can rarely be considered as a 

linear material, the finite element theory for linear materials has to be extended, in order 

to make use of non-linear elastic or elasto-plastic constitutive models. This is discussed 

in the last part of this chapter. A more detailed description of the finite element theory 

formulation can be found in e.g. Potts and Zdravkovic (1999). 
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3.2 Finite element theory for linear materials 

The finite element method consists of the following steps: element discretisation, 

primary variable approximation, formulation of the element equations, assembly of the 

global equations, formulation of the boundary conditions and solution of the global 

equations. Each of these steps is discussed briefly in the following sections. 

3.2.1 Element discretisation 

The first step in the finite element method is to divide the domain under consideration 

into discrete regions, called finite elements. These are usually triangular or quadrilateral 

in shape, for two-dimensional analysis, and are connected at their nodes. The assembly 

of the finite elements is called a finite element mesh. The nodes are usually located at 

the comers of the elements, although additional nodes, usually at the midpoints of the 

sides, can also be used, resulting in 6-noded triangular and 8-noded quadrilateral 

elements. The smaller the finite elements are, the higher the accuracy of the solution is, 

at the cost though of longer computational time. 

3.2.2 Primary variable approximation 

In the finite element method a primary unknown quantity has to be chosen. All other 

quantities are then treated as secondary quantities which can be detennined once this 

primary unknown quantity has been calculated. In the displacement based finite element 

method, the primary unknown quantity is the displacement field, as suggested by the 

name. The stresses and strains are considered as secondary quantities. 

The displacement field varies over the problem domain and it is assumed that the 

displacements within each element can be expressed as a function of its nodal 

displacements through a set of functions called the shape functions. In two-dimensional 

analyses the displacement field is characterised by the two displacements u and v, in the 

X and y directions respectively. In this case the displacement field within an element is 

given by: 

where [TV] is the matrix of the shape functions. The nodal displacements are often 
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referred to as unknown degrees of freedom. 

Equation 3.1 reduces the problem of determining the displacement field over the entire 

problem domain to determining the displacement components at a finite number of 

nodes. 

The elements used in ICFEP are isoparametric. An example of an 8-noded quadrilateral 

isoparametric element is shown in Figure 3.1. For an isoparemetric element the global 

element, as it appears in the finite element mesh, is derived from a parent element, 

which has the same number of nodes but is defined with respect to a natural coordinate 

system (-1 <5'< 1 and -1 < T< 1). Such an element is called isoparameteric because the 

same shape functions [N] that are used to define the displacement field within the 

element, as a function of its nodal displacements, are also used in order to map the 

geometry of the element from the global to the natural coordinate system. 

The global coordinates of a point in the element are expressed as: 

, y = ^N.y, x = 2_J^.x, 
/=i 

(3.2) 
1=1 

where x, and y,- are the global coordinates of the eight nodes of the element and TV, are 

interpolaUon funcdons. For isoparametric elements the interpolation functions are used 

as the shape functions in Equation 3.1. The interpolation functions are expressed in 

terms of the natural coordinates S and T and for an 8-noded quadrilateral isoparametric 

element can be found in e.g. Potts and Zdravkovic (1999). 

c t ( 1 , 1 ) 

( - 1 , - 1 ) 

a) Parent Element 

61 
- > ' ^ C 

b) Global Element 

Figure 3.1: 8-noded isoparametric element (after Potts and Zdravkovic (1999)) 
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3.2.3 Element equations 

The element equations govern the deformational behaviour of each element by 

combining the compatibility, equilibrium and constitutive behaviour. These will be 

described here for an element subjected to plane strain conditions. 

The compatibility expressions for such an element, considering a compression positive 

sign convention, are given as: 

dAu dAv dAu dAv 
As, = — , As^ = — — , Ar,y = — ; — , Af . = Ar^_ = A/ , , = 0 (3.3) 

dx ^ Ac 

By replacing the displacements in Equation 3.3 with the approximations given in 

Equation 3.1, the strains can be expressed as a function of the nodal displacements. 

(3.4) 

where the matrix [5] contains the global derivatives of the shape functions Nj and {Ad}^ 

contains the nodal displacements of the element. 

The constitutive behaviour of the material provides a relationship between stresses and 

strains and therefore provides a link between equilibrium and compatibility. This can be 

expressed as: 

{ A c t } = [ D ] { A 4 (3.5) 

where [D] is the constitutive matrix. The constitutive matrix for isotropic linear elastic 

materials and for plane strain conditions takes the following form: 

( 1 - / 4 0 

A c t , , E yU ( 1 - ^ 0 0 

A c t . ( 1 - / 4 0 

0 0 0 ( 1 / 2 -

A^, 

A^,, 

Ae, 

A r . . , 

(3.6) 

where is the Poisson's ratio and E is the Young's modulus. 

The element equations are obtained by applying the principle of minimum potential 

energy. The incremental potential energy of a single element is defined as: 
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Incremental potential energy = Incremental strain energy {^AW^ 

- Incremental work done by the applied loads [NL) ^ 

In the above equation the incremental strain energy and incremental work done by the 

applied loads are given by Equations 3.8 and 3.9 respectively: 

AW = — j [AsY [Aa] dVol (3.8) 
2 Vol 

AL= |AF}JFo/+ I [AdY {^T^dSurface (3.9) 
Kb/ 

where {AdY = {Au, Av) = displacement vector, {AF)^ = {AF^, AF^] = body force vector 

and {AT}^ = {AT ,̂ ATy} = surface tractions vector. 

According to the principle of minimum potential energy, a loaded body exists in a static 

equilibrium condition when the potential energy is at a minimum. This can be expressed 

as: 

SAE = SAW — SAL = 0 (3.10) 

By substituting Equations 3.8 and 3.9 into Equation 3.10 and using Equations 3.1, 3.4 

and 3.5 it can be shown that the equilibrium equations for each element take the 

following form (Potts and Zdravkovic (1999)): 

~ (3-11) 

where [Z)][.S](iF(9/ is the element stiffness matrix and 
Vol 

| A / ? ^ } = | A F } c / F o / + I ^nY {AT^ dSur/dce is the right hand side 

load vector. 

As mentioned earlier the shape functions depend only on the natural coordinates S and T. 

Therefore the global derivatives of the shape functions with respect to the global 

coordinates x and y in the matrix [5] cannot be detennined directly. The global 

derivatives of the shape functions can be calculated from the natural derivatives using 

the chain rule of differentiation: 
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l a s a r j ^ J j c k c ^ J 

where [J\ is the Jacobian matrix: 

(3.12) 

M = 

Ac ^ 

& c ^ 

dT ^ 

(3 13) 

Equation 3.13 can be inverted to give the global derivatives of the shape functions as: 

dx 1 dT 
dx dx 

, ^ . 
[dT^ 

(3.14) 

where |J| is the determinant of the Jacobian matrix. 

The volume and surface integrals in Equation 3.11 are expressed in tenns of the global 

coordinates x and y. However, for an isoparametric element these can be evaluated using 

the natural coordinate system of the parent element T and S. For example the 

isoparametric coordinate transfonnation of the volume integral for an element of 

thickness t is given by the following equation: 

dVol = tdxdy - t\j\dSdT 

For plane strain conditions the thickness t is taken equal to unity. 

(115) 

The main advantage of the isoparametric formulation is that the element equations need 

only be evaluated in the parent element coordinate system. The integrations can be 

performed over a square, with S and T varying between -1 and 1. Therefore, for each 

element in the mesh a standard procedure can be used to evaluate the integrals that 

constitute the stiffness matrix and the right hand side vector. 

3.2.3.1 Numerical integration 

In most cases the explicit evaluation of the integrals in Equation 3.11 is not possible and 

therefore numerical integration is usually employed. ICFEP uses a Gaussian integration 

scheme. In this scheme the integral of a function is replaced by a weighted sum of 
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the function evaluated at a number of integration points. For example, the one 

dimensional integral of a function/x) (i.e. -1 <%<1) is given as: 

- I i = l 

(3.16) 

where /(x,) are the values of the function at the n integration points and Wi are the 

corresponding values of the weighting coefficients. The number of integration points 

determines the integration order. The accuracy of the integration increases with the 

integration order, but this results in longer computational time since the number of 

function evaluations increases too. 

In the Gaussian integration scheme the integration points are often referred to as Gauss 

points. Figure 3.2 shows the location of the Gauss points for a 2x2 and 3x3 integration 

order for an 8-noded quadrilateral element. The 2x2 and 3x3 integration orders are 

usually referred to as reduced and full integration respectively. In the analyses 

performed in this thesis a 2x2 order (reduced integration) was adopted. 
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Figure 3.2: Location of Gauss points for an 8-noded isoparametric element (after Potts 
and Zdravkovic (1999)) 
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3.2.4 Global equations 

Once the element equations have been formulated the global equations can be obtained 

by assembling the separate element equations. The resulting global equations have a 

form similar to Equation 3.11: 

(3 17) 

where [Kg] is the global stiffness matrix, {Ad}„G is the vector of the unknown nodal 

displacements (degrees of freedom) for all the nodes of the finite element mesh and 

{ARg} is the global right hand side load vector. 

3.2.5 Boundary conditions 

The next step in the finite element formulation is the incorporation of the appropriate 

boundary conditions. Boundary conditions fall into two categories, the loading 

conditions and the displacement conditions. 

The loading conditions affect the right hand side vector {ARg} of the global system of 

equations. Examples of such conditions are line loads, surcharge loads, body forces, 

excavation, construction etc. 

The displacement conditions affect the list of nodal displacements {Ad}nG- Sufficient 

displacement conditions must be prescribed to make sure that rigid body motion of the 

whole finite element mesh is not possible. 

3.2.6 Solution of global equations 

The last stage in the finite element formulation is the solution of the global equations to 

give the list of unknown nodal displacements {Ad}„G- These mathematically form a large 

system of simultaneous equations. One mathematical technique for solving large 

systems of equations, adopted by most finite element programs, is the Gaussian 

elimination method (Potts and Zdravkovic (1999)). Once the nodal displacements have 

been found, which are the primary unknown quantity, the secondary quantities such as 

stresses and strains can be calculated by Equations 3.4 and 3.5 respectively. 
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3.3 Geotechnical considerations 

The finite element theory presented in the previous section is applicable to any linear 

continuum. However in order to apply this theory to geotechnical engineering a number 

of modifications have to be made. 

3.3.1 Pore water pressure considerations 

Soil is generally considered as a two phase material composed of the soil skeleton and 

the water which fills the pores of the soil skeleton. In some cases the voids between the 

soil particles can be filled with a mixture of air and water and then the soil is treated as a 

three phase material, but this will not be considered in this thesis. 

The finite element theory described previously can be applied to any single phase linear 

material. If this theory is to be applied to geotechnical analysis then the two phase nature 

of the soil has to be taken into account. In this case the equations governing the flow of 

the water through the soil skeleton have to be combined with the equations governing 

the deformation of the soil and the pore water pressure is introduced as an extra degree 

of freedom. Such a theory is called coupled because it couples together the pore water 

flow and the soil deformation. Details on coupled analysis can be found in Potts and 

Zdravkovic (1999). 

The analyses considered in this thesis adopt two extreme conditions of the above 

coupled process, the fully drained and undrained conditions. Fully drained conditions 

occur when loading is applied slowly on a soil with very high permeability. In this case a 

steady state drainage pattern is assumed to exist and the pore water pressures are 

independent of the soil deformation. Undrained conditions occur when loading is 

applied rapidly on a soil with very low permeability. In this case pore water flow is 

assumed to be prevented and the pore water pressures developed are linked in a unique 

way to the deformation of the soil. In both cases the problem reduces to that of a single 

phase material and with minor modifications the finite element theory already presented 

is still valid. 

3.3.1.1 Undrained analysis 

The constitutive behaviour in Equation 3.5 is expressed in tenus of total stresses. The 

principle of effective stress relates the changes of the total stress to the changes of the 

1 0 6 



effective stress and the pore water pressure: 

{ A o - } = { A o - ' } + { A o - ^ } ( 3 . 1 8 ) 

where Acr is the change in total stress, Act' is the change in effective stress and Act/ is the 

change in pore water pressure. The vector Aoyis given as: 

jAo-yj^ ={Aw Au All 0 0 0} (3.19) 

In undrained conditions no flow of water is assumed to occur and the solid and water 

phases are assumed to deform together. This results in the total constitutive matrix, [/)], 

being expressed as a function of the effective constitutive matrix, [/)'], and the pore 

water stiffness matrix, [£)/], as follows: 

[D] = [D']*[D,'] (320) 

The pore water stiffness matrix, [D/], is related to the bulk modulus of the pore water, K/, 

and it has the following form in the general three dimensional case: 

[Dj.'\ = K^{m}{mY (3.21) 

where K^=Au/A£^ (3.22) 

and [ m Y = [ \ 1 1 0 0 0} (3.23) 

It can be shown (Potts and Zdravkovic (1999)) that can be approximated by K/ SO that 

the total constitutive matrix is given by: 

[D] = [D'] + Kj{m}{mY (3.24) 

Equation 3.24 can be incorporated in the finite element theory presented in the previous 

section in the following way. The components of the effective constitutive matrix, [£)'], 

are calculated and the bulk modulus of the pore water, Kf, is specified. These are then 

combined through Equation 3.24 to give the total constitutive matrix [D], which is then 

used in the procedure outlined in section 3.2 to determine the unknown nodal 

displacements. Once these have been found the effective stresses are calculated by using 

the effective constitutive matrix, [D'], and the pore water pressures by using the pore 
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water bulk modulus, Kj. The total stresses are either calculated using the total 

constitutive matrix, [D], or through Equation 3.18. 

Alternatively if the constitutive model is formulated in terms of total stresses, as it is 

usually the case for simple constitutive models, the total constitutive matrix [D] can be 

used directly in Equation 3.5. However, in this case it is not possible to obtain any 

information on the changes in pore water pressure. Moreover most advanced models 

including all the models described in the previous chapter are formulated in tenns of 

effective stresses. For these models the approach described earlier is adopted. 

3.3.1.2 Drained analysis 

In drained conditions no change in the pore water pressure, u, is assumed to occur and 

the change in the total stress is assumed to be equal to the change in the effective stress. 

In this case the total constitutive matrix, [D], is equal to the effective constitutive matrix, 

[D']. The decomposition of the total constitutive matrix, [D], into the effective 

constitutive matrix, [D'], and the pore water stiffness matrix, \Pj\, as described in the 

previous section, can still be used but in this case the pore water bulk modulus, Kf, is set 

equal to zero. 

3.4 Finite element theory for non-linear materials 

The finite element theory presented so far is applicable only to linear elastic materials. If 

non-linear elastic or elasto-plastic constitutive models are to be used to simulate more 

realistically the observed soil behaviour, then the finite element theory has to be 

extended. In the case of non-linear elastic constitutive models the elastic constitutive 

matrix [Z)] is no longer constant but varies with stress and/or strain. In elasto-plastic 

models this is replaced by the elasto-plastic constitutive matrix [D'''], given by Equation 

2.26, which varies with stress and the hardening parameters. In any case the resulting 

global stiffness matrix [Kg] is not constant but changes during a finite element analysis. 

In order to deal with the changing global stiffness matrix the boundary conditions are 

applied in a series of increments and Equation 3.17 is expressed in an incremental form: 

where [Kc^ is the incremental global stiffness matrix, [AcIYm is the vector of the 

incremental nodal displacements and {ARc,}' is the incremental right hand side load 
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vector. For each increment Equation 3.25 is solved and the final solution is obtained by 

adding together the results of each increment. However, the global stiffness matrix still 

varies over the increment and this should be taken into account when solving Equation 

3.25. A number of different solution strategies exist, e.g. the tangent stiffness method, 

the visco-plastic method, the Newton-Raphson method, etc. For a solution strategy to be 

sufficiently accurate, this should not be sensitive to increment size. The analyses 

presented in this thesis were carried out using the modified Newton-Raphson scheme 

and this is explained briefly in the next section. 

3.4.1 The modified Newton-Raphson method 

In the modified Newton-Raphson method each increment is solved in a number of 

iterations. The first iteration essentially consists of the solution of Equation 3.25 using a 

global stiffness matrix [Kaf, which is calculated using the current stresses at the 

beginning of the increment. The technique recognises that due to the variation of the 

global stiffness matrix over the increment, the solution obtained from the first iteration is 

in error. The predicted displacements from the first iteration, Ad\ are used in order to 

calculate a measure of the error in the prediction, the residual load vector, y/. This 

process is illustrated in Figure 3.3. The way the residual load vector is calculated will be 

explained later. The residual load vector, (//', is then used as the right hand side vector in 

Equation 3.25 which is solved again, to obtain the predicted displacements Ad~. The 

residual load vector, yr, at the end of the second iteration is then calculated and this is 

used as the new right hand side vector in Equation 3.25 which can be rewritten as: 

where j is the iteration number and for the first iteration }'. 

The procedure continues until some convergence criteria are satisfied. The incremental 

displacements are then equal to the sum of the iterative displacements. In ICFEP 

convergence limits are set on the norms of both the iterative displacements {{Ad]'„ai 

and the residual loads {y//, given by equations 3.27 and 3.28 respectively. 

(327) 
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[y^Y [y^Y (3.28) 

The value of Equation 3.27 is checked against the norms of the incremental and 

accumulated displacements and the value of Equation 3.28 is checked against the norms 

of the incremental and accumulated global right hand side vectors. The default 

convergence limits set in ICFEP are such that the values of Equations 3.27 and 3.28 are 

less than 2% of the equivalent incremental and accumulated norms and these are also the 

limits used in this thesis. 

Load 

A/?,. 

True solution 

[KG]"/ ' 4 

/ I Arf' 

/ P * 
/ 

" ! 
M, 

/ r * 

• 
Displacement 

Figure 3.3: Graphical representation of the modified Newton-Raphson scheme (after 
Potts and Zdravkovic (1999)) 

The residual load vector at the end of each iteration is obtained from the following 

process. The current estimate of the incremental displacements is calculated and these 

are used to find the corresponding strains. The constitutive model is then integrated 

along the incremental strain path and an estimate of the stress changes is calculated. 

These stress changes are added to the stresses at the beginning of the increment and used 

to evaluate the equivalent nodal forces. The residual load vector is the difference 

between these nodal forces and the externally applied loads. The integration of the 

constitutive model along the incremental strain path is carried out with methods which 

are called stress point algorithms. 

In the modified Newton-Raphson method the global stiffness matrix, [Keif, which is 

calculated and inverted at the beginning of the increment, is then used for all the 

iterations within this increment. This reduces the computational time compared with the 

original Newton-Raphson method in which the stiffness matrix is calculated and 

inverted at the beginning of each iteration. In the modified Newton-Raphson method 
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used in ICFEP the option exists for the stiffness matrix to be updated every certain 

number of iterations. Another option that exists is to calculate the incremental global 

stiffness matrix by using the elastic constitutive matrix, [D], rather than the elasto-plastic 

constitutive matrix, This is because, as mentioned before, the direct solution of 

Equation 3.25 is anyway in error (due to the incremental global stiffness matrix varying 

over the increment) and it is within the iterative technique employed that the constitutive 

equations are satisfied in order to obtain the correct solution. 

3.4.1.1 Stress point alogorithm 

The algorithm used in the analyses presented in this thesis is a substepping algorithm 

with a modified Euler integration scheme. The procedure starts with the determination of 

the elastic proportion of the increment. Once this has been calculated the remaining 

elasto-plastic strain increment is split into a series of substeps. A modified Euler 

approximation is used for the integration of the constitutive equations over each substep. 

The size of the substep can be determined by estimating the error in the numerical 

integration. The overall stress changes at the end of the iteration are obtained by 

summing the stress changes from each substep. 

This can be explained in more detail as follows: If the elastic part of the increment is 

equal to a, then the remaining strain increment is equal to (1 - a){Ae} and is associated 

with elasto-plastic behaviour. At the beginning of the remaining elasto-plastic increment 

the stresses and strains are equal to: 

{(?} = (3.29) 

( A f J = ( l - a ) { A g } (3.30) 

where {CTo} are the stresses at the beginning of the increment, {ACT"} is the elastic portion 

of the stress increment and {Aejis the elasto-plastic part of the strain increment, {Ac}, 

which is then split into a number of substeps. The first substep strain is equal to: 

{A«„) = Ar{A£,} (3,31) 

where AT expresses the proportion of the elasto-plastic part of the strain increment that 

the current substep represents. Initially it is assumed that only one substep is necessary. 

In this case AT is equal to unity. A first estimate of the associated changes in stresses, 

plastic strains and hardening parameters are calculated using a first order Euler 
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approximation: 

_ r { A ( 7 , } = [ D ' ^ ({(%},{A:})]{Ag^} (3.32) 

= (3.33) 

{ A A j = {AA({Ag,''})} (3.34) 

Using Equations 3.33 and 3.34 the stresses and hardening parameters at the end of the 

substep are obtained as {(7}+{A(7i} and {A:}+{M|}. These are then used to obtain a 

second estimate of the stress, plastic strain and hardening parameters changes over the 

substep as follows: 

{ Act, } = ({o* + ACT, }, {^ + A^,})] {Ag^} (3.35) 

{Agf} = A({cr + Acr,},{^ + A^ i} ,{Ag^J )^^^^^^^J ' ^ ' ' ^ " ' ' ^ ^ (3.36) 

{A^,} = {AA;({Agf})} (3.37) 

In this way a more accurate modified Euler estimate of the changes in stress, plastic 

strain and hardening parameters can be obtained as: 

{ A ( r } = ^ ( { A o - , } + { A o - J ) (3.38) 

(A^ ' '}=l ({A^r} + M}) (3.39) 

1 ' ^ ^ } + (3.40) 

The error in the prediction is expressed as a function of the difference between the two 

stress changes Acr, and Am, given by Equations 3.32 and 3.35 respectively. This is 

checked against a user defined tolerance and if the error is unacceptable then the substcp 

size is reduced. The same procedure is repeated with a new value of AT" in Equation 3.31 

until the error becomes less than the tolerance and the substep size is accepted. The 

1 2 



accumulated stresses, plastic strains and hardening parameters are then updated and the 

next substep can be applied. This procedure is based on a scheme proposed by Sloan 

(1987) and further information on the calculation of the error in the prediction, the user 

defined tolerance and the estimate of the size of the substep can be found in Potts and 

Zdravkovic (1999). If the elastic part of the increment is also non-linear then a similar 

substepping procedure has to be carried out within the elastic region a{Ae}. 

3.5 Summary 

The first part of this chapter detailed the basic steps that are required in the formulation 

of the finite element method for linear materials. These are: element discretisation, 

primary variable approximation, formulation of the element equations, assemblage of 

the global equations, formulation of the boundary conditions and solution of the global 

equations. 

The second part of the chapter concentrated on the two phase nature of the soil and the 

pore water pressure considerations that need to be taken into account in order to make 

possible the application of the finite element theory in geotechnical engineering. Only 

two extreme conditions were considered, the fully drained conditions in which there is 

no change in the pore water pressure and the fully undrained conditions in which there is 

no flow of water. In both of these extreme conditions the problem reduces to that of a 

single phase material, so only minor modifications are required in the original finite 

element theory. However for any other conditions the flow of water has to be coupled to 

the deformation of the soil, although this was not considered in this thesis. 

The theory presented up to this point is applicable to any linear elastic continuum. The 

last part of the chapter presented the modifications in the finite element theory for linear 

materials necessary to accommodate non-linear elastic or elasto-plastic constitutive 

models. In these cases the global stiffness matrix is not a constant any more, the 

boundary conditions have to be applied in a number of increments and the global 

equations have to be solved for each increment. The modified Newton-Raphson method, 

which was used as a solution strategy for all the analyses carried out for this thesis, and 

the stress point algorithm adopted in the modified Newton-Raphson scheme were also 

discussed in this last part of the chapter. 
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Chapter 4 

Two-surface model 

4.1 Introduction 

Chapter 2 emphasized the fact that the pre-failure behaviour of overconsolidated clays is 

highly non-linear and inelastic, except at very small strains where stiffness is almost 

constant with strain. The review of constitutive models available in the literature showed 

that models which are capable of predicting both non-linearity and plasticity from the 

early stages of loading are those which are based on extensions of the conventional 

elasto-plastic framework, in which plastic strains are allowed for stress states within the 

conventionally defined yield surface (termed the bounding surface). The kinematic 

hardening models, particularly, introduce kinematic yield surfaces within the bounding 

surface and in this way are capable of retaining some memory of the previous stress 

history. 

From the kinematic hardening models reviewed in Chapter 2, the simplest and most 

theoretically attractive is the two-surface model developed by Al-Tabbaa (1987). As 

already mentioned, this is an extension of the modified Cam Clay model, which has 

been used successfully in the prediction of the behaviour of nonnally consolidated clays. 

The model introduces a single kinematic yield surface within the modified Cam Clay 

bounding surface. The development of the model was based on the slow cyclic response 

of speswhite kaolin and the model was shown to successfully match many of the 

important aspects of the observed response, like hysteresis and accumulation of 

permanent strains for loading-unloading cycles that remained within the bounding 

surface. The model has not been developed and used specifically for modelling the pre-

failure behaviour of overconsolidated clays; however, it seems to be able to reproduce 
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important features of the behaviour of such soils, like non-linearity and inelasticity from 

early stages of loading. It has the additional advantage that it requires only a small 

number of parameters - seven, five of which have their origin in the modified Cam Clay 

model. For the above reasons the two-surface model proposed by Al-Tabbaa (1987) was 

the first model implemented into ICFEP. 

The next model chosen to be implemented into ICFEP was the three-surface model 

developed by Stallebrass (1990), which is an extension of the two-surface model. This 

model introduces a second surface within the modified Cam Clay bounding surface and 

was shown to predict better the effect of recent stress history. This model is discussed in 

further detail in the next chapter. 

This chapter starts with a brief description of the modified Cam Clay model, which was 

used by Al-Tabbaa (1987) as the basis for the formulation of the two-surface model, in 

section 4.2. The original formulation of the two-surface model, which was developed in 

triaxial stress space, follows in section 4.3. In order to implement a constitutive model 

into a finite element program this has to be formulated in general stress space. The 

general formulation of the two-surface model and the improvements that have been 

made as part of the author's research are presented in section 4.4. Section 4.5 describes 

the implementation of the general formulation of the two-surface model into ICFEP and 

section 4.6 presents the validation of the model through a series of single finite element 

analyses. Further evaluation of the model is given in Chapter 7. 

4.2 Modified Cam Clay model 

The modified Cam Clay model is based on the critical state framework, discussed in 

section 2.2.2. The original formulation of the model is described in detail by Roscoe and 

Burland (1968). This section gives a brief description of the version of the modified 

Cam Clay model used by Al-Tabbaa (1987) in order to facilitate the derivation of the 

two-surface model. 

The development of the model is based on laboratory results from triaxial tests. Hence, 

the stress and strain invariants used in the model are the mean effective stress, the 

deviatoric stress, q, the volumetric strain, £•,,, and the deviatoric strain, i:,, given by 

Equations 1.23-1.26. 
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critical state line 

yield surface 

(a) 

isotropic compression line 

critical state line 

swelling line 

p' = 1 kPa 2p'o Inp' 

(b) 

Figure 4.1; The modified Cam Clay model in a) g-p'space b) Inv-ln/;'space 

In the modified Cam Clay model the projection of the yield surface, that lies above each 

swelling line, onto the plane is elliptical (see Figure 4.1a) and can be expressed as; 

M' Po (4.1) 

where M is the slope of the critical state line in q-p' space and p'o is half the value of the 

mean effective stress at the intersection of the current swelling line with the isotropic 

compression line. (In the original formulation of the model p'„ was used in order to 

denote the whole value of the mean effective stress at the intersection of the current 

swelling line with the isotropic compression line, rather than half the value used in this 
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version of the model.) 

The normaUty rule is assumed to apply and hence the plastic strain increment vector is 

normal to the yield surface at the current stress state. 

In this version of the model the natural compression law proposed by Butterfield (1979) 

is adopted such that the isotropic normal compression and swelling lines are assumed to 

be straight in Inv-lnjo'space, rather than v-lnp'space assumed in the original formulation. 

The slopes of the isotropic normal compression and swelling lines in Inv-ln/?' space are 

denoted by 1* and k respectively, as shown in Figure 4.1b. Soils that exist at stress states 

to the right and left of the critical state line in Figure 4.1b are known as 'wet of critical' 

and 'dry of critical' respectively. 

An isotropic hardening rule is used in order to define the change in size of the yield 

surface, linking the parameterp'o to the plastic volumetric strain, Sy. 

Po 
(4.2) 

Consideration of the consistency condition of the yield surface results in the following 

expression for the calculation of the plastic strains: 

( / - X ) 
M - M-

(4.3) 

Equation 4.3 can be obtained by calculating the scalar multiplier, yf, from the 

consistency condition of the yield surface (Equation 2.17) and substituting this into the 

flow rule (Equation 2.12) (see section 2.3.2.1). 

If the stress path remains within the yield surface the deformation of the soil is purely 

elastic and isotropic. The elastic volumetric strains can be calculated from the equation 

of the elastic swelling line: 

dsl = K . dp' 
(4.4) 

This gives the elastic bulk modulus, K, as: 
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K = -
K 

(4.5) 

In the original formulation of the model no elastic shear strains were considered. In later 

applications of the model the elastic shear strains were usually computed by assuming 

either an elastic shear modulus, G, or an elastic Poisson's ratio, /i. 

4.3 Original formulation in triaxial stress space 

4.3.1 Introduction 

The development of the two-surface model was based on axially symmetric test results 

(triaxial and oedometer tests) and hence the stress and strain invariants described by 

Equations 1.23-1.26 were used for the original formulation of the model in triaxial stress 

space. 

4.3.2 Equations of the surfaces 

The bounding surface in this model is represented by the modified Cam Clay yield 

surface: 

(4.6) 

qa -

bound ing surface 

yield 
sur face 

Figure 4.2: Diagram showing the yield and bounding surfaces and the symbols chosen 
for their centres (after Al-Tabbaa (1987)) 
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The kinematic yield surface, enclosing the truly elastic region, has the same shape as the 

bounding surface, but is smaller in size. The equation for this surface is: 

(jo' - f C ) = J?';?:' (4.7) 

where R is the ratio of the size of the kinematic yield surface to that of the bounding 

surface and (p'a, is the centre of the kinematic yield surface. Figure 4.2. 

4.3.3 Flow rule 

The plastic strain increment vector is assumed to be normal to the kinematic yield 

surface at the current stress state. Consequently, the flow rule of the model is associated 

and the plastic potential is given by Equation 4.7. 

4.3.4 Hardening rules 

The evolution of the bounding surface is described by isotropic hardening; this means 

that the surface either expands or contracts during plastic flow. The evolution of the 

kinematic yield surface is described by a combination of kinematic and isotropic 

hardening, in which the surface translates in the stress space following the current stress 

point and changes size simultaneously. This combination of kinematic and isotropic 

hardening forms the translation rule of the kinematic yield surface. 

4.3.4.1 Isotropic hardening of the bounding surface 

The model adopts the volumetric hardening rule of the modified Cam Clay model. The 

change in size of the bounding surface is controlled by the change in plastic volumetric 

strain. 

'4-4^ («) 

In the above equation X and K represent the slope of the isotropic normal compression 

line and the slope of the swelling line, for an unloading path lying entirely within the 

kinematic yield surface, in Inv-lnp'space. 
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4.3.4.2 Translation rule of the kinematic yield surface 

The translation mle of the kinematic yield surface is formulated in a manner that 

guarantees that the two surfaces can come in contact at a common nonnal but never 

intersect. This is achieved by making sure that the centre of the kinematic yield surface 

moves always along a vector, p, which joins the current stress state, C, to its conjugate 

point, D, on the bounding surface, see Figure 4.3. The conjugate point D is defined as 

the point on the bounding surface with the same outward normal as point C. The vector 

P is given as: 

/? = 
P - . P . 

R 
(y-x) 

9 - 9 , 
R 

(4.9) 

Figure 4.3: Assumed relative translation of the kinematic yield surface along the vector 
joining the current stress point C to its conjugate point D (after Al-Tabbaa (1987)) 

The translation rule is divided into two components. One is associated with the change 

in size of the kinematic yield surface due to isotropic expansion or contraction of the 

bounding surface, the other is associated with the movement of the kinematic yield 

surface along the vector p. The resulting translation rule is the following: 

+ s 

- p . 

R 
( y - x ) 

9 - 9 . 
R 

(4.10) 

In the above equation the first part is the change in (/?'„, fy„) due to change in p'„ and the 

second part is the assumed translation along the vector fi. The scalar quantity 5 can be 
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obtained by substituting dp'a and dqa from Equation 4.10 into the consistency condition 

for the kinematic yield surface (Equation 2.13) and using Equation 4.7. 

S = • V Po 
+ 9 - 9 , 

m' 

( / - X ) 
P -Pa 

R 
( y - x ) 9 - 9 . 

M-
9 - 9 , 

R 
-q 

(4.11) 

When the two surfaces are in contact at the current stress state, the vector /? is equal to 

zero and the translation rule reduces to: 

1^9, j X 1 9 , . 
(4.12) 

4.3.5 Hardening modulus 

The hardening modulus is defined in such a way that, when the two surfaces are in 

contact and for continuous yielding, the model predicts the same behaviour as the 

modified Cam Clay model. It is initially formulated for the special case that the two 

surfaces are in contact and then modified for the other cases when the two surfaces are 

not in contact and the stress state is within the bounding surface. The hardening modulus 

in these last cases depends on the degree of approach of the kinematic yield surface to 

the bounding surface and reduces to the value of the hardening modulus on the bounding 

surface when the two surfaces come in contact. 

For the special case when the two surfaces are in contact the plastic strain increments on 

the kinematic yield surface are the following: 

\ds: 
( / - y ) 

( / - y ) 
M-

9 - 9 . 
M' 

9 - 9 

2 

a 
) 

\dp'] 
l ( / 9 j 

(4.13) 

where the hardening function is given by the following equation: 

(4.14) 

Equation 4.13 can be obtained as follows. The scalar multiplier,/I, is calculated from the 
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consistency condition of the kinematic yield surface when the two surfaces are in 

contact, through the use of Equations 4.8 and 4.12, and then this is substituted into the 

flow rule (see section 2.3.2.1). The hardening function, hg, is equal to hg = V^{A), where 

A is the hardening modulus as defined in Equation 2.18. A comparison between 

Equations 4.13 and 4.3 shows that, when the two surfaces are in contact, the plastic 

strain increments calculated from Equation 4.13 become equal to those calculated using 

the modified Cam Clay model (Equation 4.3) since in this case the vector p is equal to 

zero and {p'-p'„)IR = {p'-p'„) and {q - qa)IR = q. 

In order to calculate the plastic strains whenever they occur, whether or not the 

kinematic yield surface and the bounding surface are in contact, Al-Tabbaa (1987) 

replaced ho in Equation 4.13 with a more general expression: 

h = h+H (4.15) 

where hg is given by Equation 4.14 and / / is a scalar quantity which is a function of the 

stress state. 

unstable 

stable 

stable 

unstable 

Figure 4.4: Diagram showing singularity points and unstable regions on the yield surface 
due to the function h„ (after Al-Tabbaa (1987)) 

Al-Tabbaa (1987) observed that in Equation 4.15 a value of H equal to zero would not 

be appropriate because the hardening function falls to zero at four "singularity 

points", which implies unlimited plastic strains. Two singularity points exist for p' = p',„ 

this is when the stress state is at the top or bottom of the kinematic yield surface (see 

points gi and g? in Figure 4.4). The other two singularity points exist at the points where 

the vector that joins the origin with the current stress state becomes perpendicular to the 

vector normal to the kinematic yield surface at that stress state. In this case the term 
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\p' ip' - P'a) + <J {(] - <Ja) IM'] in the hardening function ho becomes equal to zero. The 

position of these points depends on the location of the kinematic yield surface relative to 

the origin. Figure 4.4 shows one example of these two points (points g; and g^). These 

four singularity points define two unstable regions as can be seen in Figure 4.4. An 

unstable region is defined by Al-Tabbaa (1987) as the region in which the plastic shear 

strain increment is in the opposite direction to the shear stress increment i.e. where the 

hardening flinction becomes negative and softening behaviour is predicted. 

A number of constraints were introduced on the values that H could take. First of all 

since unstable behaviour had not been observed for stress states where rj = q I p' < M/\i 

was required that /?„ + / / > 0 in that region. Then for the plastic strain increments on the 

kinematic yield surface to be less or equal than those on the bounding surface, H is 

required to be greater or equal to zero. Finally H should reduce to zero only when the 

two surfaces come in contact at the current stress state. 

Al-Tabbaa (1987) assumed, after Hashiguchi (1985), that / / is a function of a measure, 

b, of the proximity of the kinematic yield surface to the bounding surface. The measure, 

b, used in this model is the scalar product of the vector p and a vector normal to the yield 

surface at the current stress state, n, see Figure 4.5, divided by a measure of the size of 

the yield surface. 

b = • 1 
( y - x ) 

p -pa 
r 

- ( y - x ) + 9 - 9 , 
m-

9 - 9 , 
r 

(4.16) 

For M < 1 the function b has its maximum value for the configuration of the surfaces 

shown in Figure 4.6. 

Figure 4.5: Diagram showing the v e c t o r a n d the vector n (after Al-Tabbaa (1987)) 
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conjugate 

Figure 4.6: Diagram showing the position of the stress point A for the maximum value 
of 6, (after Al-Tabbaa (1987)) 

(4.17) 

The hardening function / / w a s assumed to be of the form: 

/ / = • 
1 • * A, — K V ^max J 

(4.18) 

where if/ is an experimentally determined positive real exponent. Al-Tabbaa (1987) 

noted that the choice of the function H is not unique and different interpolation rules 

could be used. 

The resulting hardening function is: 

h=- 1 * * A — /c 
( / - X ) 

b 
V ^ m a x J 

(4.19) 

4.3.6 Elastic part of the model 

If the stress path remains within the kinematic yield surface, the predicted behaviour is 

isotropic elastic. The elastic bulk modulus, K^, is the same as in the case of the modified 

Cam Clay model: 

(4^0) 
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For the calculation of the elastic shear strains a constant Poisson's ratio, /i, was assumed. 

This results in the following elastic shear modulus G^: 

Therefore the elastic strain increments are given as follows: 

\ds: 

ids: 

1 1 
0 

0 
1 

3G. 

\dp'] 
(4 22) 

where the elastic bulk and shear moduli, and G^, are given by Equations 4.20 and 

4.21 respectively. 

4.3.7 Model parameters 

The seven material parameters required to define the model are: 

i*: the slope of the isotropic normal compression line in Inv-lnp'space 

K*: the slope of the swelling line in Inv-In/?'space for a stress path that lies entirely 

within the kinematic yield surface 

/ii: the Poisson's ratio 

M: the slope of the critical state line in q- space 

R: the ratio of the size of the kinematic yield surface to that of the bounding surface 

the exponent in the hardening function H 

N: one additional parameter is required to fix the model in Inv-ln/?'space and this is 

usually taken as the specific volume of the isotropic compression line at 

p'= 1 kPa 

Al-Tabbaa (1987) noted that the model parameters can be obtained from simple standard 

tests or alternatively from a multi-stage test using the triaxial apparatus. Figure 4.7 

shows an example of such a test. The test starts with an isotropic compression stage 

from which the value of A can be determined. An isotropic swelling stage follows. The 
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initial part of the swelling curve can be used to derive the values of k and r, while the 

later part of this curve can be used to determine the value of the parameter y/. The 

parameter ij/ cannot be measured directly from test data and has to be determined by 

varying the value in a series of simulations of the test. The sample can then be 

isotropically compressed to a lightly overconsolidated state and from then on either an 

undrained test with pore pressure measurement or a drained test to failure can be 

performed, from which the values of M and can be derived. A volume measurement at 

a known stress state on the isotropic compression line fixes the model in Inv-ln/?'space. 

Inv 

isotropic compression line critical state line 

swelling line 

undrained test 

drained test 

to critical 
state line 

Inp' 

Figure 4.7: Example of one triaxial multi-stage test from which all the model parameters 
can be obtained (after Al-Tabbaa (1987)) 

4.3.8 Discussion 

This discussion will be concentrated on the translation rule of the kinematic yield 

surface assumed in the model and the derivation of the hardening function, for the 

special case that the two surfaces are in contact. 

As mentioned in section 4.3.4, when the two surfaces are in contact at the current stress 

state, the vector P becomes equal to zero and the translation rule is given by Equation 

4.12. However, as Stallebrass (1990) noted, Equation 4.12 is only sufficient in the 

special case that the loading is always in the direction of the outward normal to the two 
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surfaces at the current stress state. For all other cases the rule does not make sure that the 

two surfaces remain in contact. Therefore, for the case that the two surfaces are in 

contact a new translation rule has to be assumed so that contact between the two surfaces 

is maintained for any further loading. 

However, the assumption of a different translation rule for the case that the two surfaces 

are in contact is not consistent with the derivation of the hardening function, ho 

(Equation 4.14), for the same special case that the surfaces are in contact. This is 

because, as mentioned in section 4.3.5, the hardening function, ho, is calculated by 

substituting Equation 4.12 into the consistency condition of the kinematic yield surface. 

Therefore the use of a translation rule different than that described by Equation 4.12 

together with a hardening function, kg, given by Equation 4.14 would result in the non-

satisfaction of the consistency condition of the kinematic yield surface for the special 

case that the two surfaces are in contact. 

Gajo and Muir Wood (2001) noted that the interpolation rule chosen in the model is such 

that the incremental response tends asymptotically to the response on the bounding 

surface and for this reason the yield and bounding surfaces can never actually make 

contact. If this is true then there is no need for a different translation rule for all the 

stress states that start within the bounding surface, since the surfaces never actually 

come in contact. However, for normally consolidated states, which start on the bounding 

surface and for which the two surfaces are assumed to be in contact, a different 

translation rule is still required, in order to maintain the surfaces in contact for further 

loading. 

In the formulation of the model in general stress space a different translation rule is 

adopted for the special case that the surfaces are in contact and the way in which the 

resulting inconsistency is dealt with is discussed. 

4.4 Formulation in general stress space 

4.4.1 Introduction 

This section describes the extension of the two-surface model from triaxial to general 

stress space, which is necessary in order to implement the model into a finite element 

program like ICFEP. Before the formulation of the model in general stress space is 
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presented, three issues will be discussed; the stress and strain variables adopted in this 

general formulation, the shape of the yield and plastic potential surfaces assumed in the 

deviatoric plane and the translation rule adopted for the special case that the two 

surfaces are in contact. 

4.4.1.1 Stress and strain variables 

As mentioned in Chapter 1, if a constitutive model is isotropic then it can be fomiulated 

in general stress space in terms of the stress invariants, p', J ox q, and 0 and the strain 

invariants, and E j or e .̂ However, if a model is anisotropic then it cannot be 

formulated in terms of the above stress and strain invariants, since this would inevitably 

lead to an isotropic formulation. In the case of the two-surface model the bounding 

surface is centred around the isotropic axis and therefore behaviour on the bounding 

surface is isotropic. However, yielding is controlled by the kinematic yield surface 

which is not centred around the isotropic axis. This means that depending on the position 

of the kinematic yield surface the predicted behaviour can be anisotropic. More 

specifically the model could predict anisotropic yielding and stiffness for stress paths 

that initiate within the bounding surface, but isotropic failure conditions since this is 

controlled by the bounding surface which is isotropic. Therefore the model requires an 

anisotropic formulation and the use of stress and strain invariants has to be abandoned. 

The model is formulated instead in terms of the volumetric and the deviatoric 

components of the stress and strain tensors, described by Equations 1.2-1.4 and 1.14-

1.17 respectively. 

4.4.1.2 Yield and plastic potential surfaces in the deviatoric plane 

The extension of the model in general stress space requires some assumption of the 

shape of the yield and plastic potential surfaces in the deviatoric plane. Early 

generalisations of the modified Cam Clay and other models assumed a circular shape of 

the yield and plastic potential surfaces (and hence the failure surface) in the deviatoric 

plane. However, a circle implies that the model is independent of the Lode's angle, 0, 

and consequently of the magnitude of the intennediate principal stress. Experimental 

evidence shows that if the circular shape is chosen to match the strength in triaxial 

compression then it overestimates the strength in triaxial extension and does not 

generally represent well the failure conditions for soils. A better approximation is the 

use of a Mohr Coulomb hexagon, see Figure 4.8. This is superior to a circle and is 

consistent with conventional practice. However, a Mohr Coulomb hexagon assumes an 
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angle of shearing resistance which is independent of the intermediate principal stress. 

Experimental results show that the angle of shearing resistance varies with the 

magnitude of the intermediate principal stress, although there is not always a very strong 

dependence. For this reason, alternative continuous shapes have been proposed in the 

literature for the failure conditions of soils, with the better known being the ones 

suggested by Matsuoka and Nakai (1974) and Lade (Lade and Duncan (1975)), see 

Figure 4.8. In the present formulation the yield surface can take either the shape of a 

Mohr Coulomb hexagon, or the general shape proposed by van Eekelen (1980). The 

latter, depending on the choice of the input parameters can simulate different shapes in 

the deviatoric plane, including the one proposed by Lade and a circular shape. The 

plastic potential surface can take the general shape suggested by van Eekelen (1980). 

Matsuoka-Nakai Circle 
Mohr-Coulomb 

Figure 4.8: Failure surfaces in the deviatoric plane 

4.4.1.3 Translation rule for the case that the two surfaces are in contact 

In this general formulation of the two-surface model a different translation rule is 

adopted for the special case that the kinematic yield surface and the bounding surfacc 

are in contact, so that the two surfaces remain tangential for any further loading. As 

discussed in section 4.3.8, this new translation rule is inconsistent with the hardening 

modulus in the case that the two surfaces are in contact and results in the non-

satisfaction of the consistency condition of the kinematic yield surface for this special 

case. To overcome this problem when the two surfaces are in contact the active yield 

surface is changed from the kinematic yield surface to the bounding surface. For 

example, when the kinematic yield surface moves within the bounding surface the active 

yield surface is the kinematic yield surface and the plastic potential and hardening 

129 



modulus associated with this surface apply. In the special case that the two surfaces are 

in contact the bounding surface is the one that becomes the active yield surface and the 

model reduces to the modified Cam Clay model. In this case the plastic potential surface 

and the hardening modulus associated with the bounding surface apply, and the now 

inactive kinematic yield surface is just dragged by the current stress state. In this way the 

consistency condition of the bounding surface, which is now the active yield surface is 

satisfied. If the stress path reverses so that the stress state re-enters the kinematic yield 

surface and for further loading touches it then this becomes again the acdve yield 

surface. This concept will be explained in greater detail in the course of the chapter. 

4.4.2 Notation 

As already mentioned, the extension of the two-surface model in general stress space 

requires the model to be described in terms of the volumetric and deviatoric components 

of the stress and strain tensors. The notation used to represent tensorial magnitudes in 

chapters 2 and 3 was a vector-matrix notation. Second order tensors, like stress and 

strain, were represented by vectors, e.g. {a}, and fourth order tensors, like the 

constitutive matrix, were represented by matrices, e.g. [£)]. This notation is very useful 

in numerical computations and for this reason it was followed in the previous chapters. 

However for the description of the two-surface model in general stress space a tensor 

notation is going to be adopted, in which the tensor quantities will be represented by 

bold-faced characters. 

4.4.3 Equations of the surfaces 

The equation of the bounding surface in general stress space is formulated as follows: 

(4,23) 
V 2 2 g ' W 4 

The symbol : indicates the tensorial contraction. In the above equationp'„ represents the 

value of the mean effective stress at the intersection of the current swelling line with the 

isotropic compression line, in accordance with the original formulation of the modified 

Cam Clay model, rather than half the value used in the triaxial formulation of the two-

surface model. The function g(0h), where 0/, is the value of the Lode's angle for the 

bounding surface, defines the shape of the bounding surface in the deviatoric plane. The 
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choice of the function g(0h) will be discussed later. The Lode's angle, is given as: 

^b = 1 • - 1 
— sin 

3 

s V s d e t ( s ) 

( s : s ) 

(4 24) 

The equation of the kinematic yield surface in general stress space is: 

(4 25) 

In Equation 4.25 p'a and Sa are the mean effective stress and the deviatoric stress tensor 

at the centre of the kinematic yield surface respectively, and the function defines 

again the shape of the kinematic yield surface in the deviatoric plane. The Lode's angle, 

6y, for the kinematic yield surface is calculated by using as origin the centre of the 

kinematic yield surface: 

1 • - 1 
— s i n 

3 

3 ^ 3 d e t ( 5 - s j 
(4.26) 

The representation of Equations 4.23 and 4.25 in the triaxial stress space can be seen in 

Figure 4.9a. 

As mentioned earlier two options are adopted for the function g{0). The first one gives 

the shape of a Mohr-Coulomb hexagon in the deviatoric plane, see Figure 4.9b. In this 

case the function g(9) is given as: 

g ( 2 ) = 
s i n ^ 

cos 6* + 
sin <9 sin (g' 

(427) 

where p' is the angle of shearing resistance. 
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critical state line 

bounding surface 

yield 
surface 

(a) 

Mohr-Coulomb 

(b) 

Figure 4.9: Two-surface model a) Representation of the yield and bounding surfaces in 
triaxial stress space b) Deviatoric section through the yield and bounding surfaces (with 

the van Eekelen equation taking the Lade shape) 

The second option gives the family of continuous surfaces in the deviatoric plane 

proposed by van Eekelen (1980): 

% 
( l + X s i n S P y 

( 4 J ^ ) 

where x, y and Z are material constants. In particular x = sin(^Vy=o-) where o is the 

angle of shearing resistance associated with a Lode's angle 0 = 0°. In order to obtain 

convex surfaces, certain restrictions apply on the values of y and Z and these arc 

discussed in detail by van Eekelen (1980). As mentioned before, depending on the 
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values of these constants, different shapes can be obtained in the deviatoric plane, 

including a Lade shape, see Figure 4.9b. A circular shape can be obtained by setting 

y = 0 and Z = 1.0. In the latter case the function g{6) is a constant and equal to 

X = m / V s , where M is the gradient of the critical state line in the triaxial q-p' plane. 

It should be noted that the kinematic yield surface and the bounding surface always have 

the same shape in the deviatoric plane, given either by Equation 4.27 or 4.28, with 9 

equal to Oy for the kinematic yield surface and % for the bounding surface. 

4.4.4 Flow rule 

The plastic potential surface associated with the bounding surface is given by the 

following equation: 

p,= 

\ / Op 

Equation 4.29 is the same as Equation 4.23, but with the function g{6h) replaced by the 

function gp{9b)- The function gpiOb) defines the variation of the plastic potential surface 

in the deviatoric plane. 

The plastic potential surface associated with the kinematic yield surface is; 

= 0 (430) 
2 g , («, ,) 4 

Again Equation 4.30 is the same as Equation 4.25 but with g(0^) replaced by g,,{0^). 

The function gp{6) is assumed to be given by the family of surfaces proposed by van 

Eekelen (1980), which in the case of the plastic potential surfaces takes the following 

form: 

where Yp and Zp are material constants and Xp varies such that when the soil is yielding 

the current plastic potential surface always passes through the current stress state. 

133 



Depending on the choice of parameters it is possible that the shapes of the active yield 

and plastic potential surfaces are different in the deviatoric plane. In this case the flow 

rule of the model becomes non-associated. 

4.4.5 Hardening rules 

The formulation of the hardening rules in general stress space is the following: 

4.4.5.1 Isotropic hardening of the bounding surface 

The isotropic hardening of the bounding surface is given by Equation 4.8. 

4.4.5.2 Translation rules of the kinematic yield surface 

Two different translation rules are adopted, one for the case when the kinematic yield 

surface moves within the bounding surface and one for the special case when the two 

surfaces are in contact. 

i) Translation rule when the kinematic yield surface moves within the bounding surface 

In this case the translation rule proposed by Al-Tabbaa (1987) is formulated in general 

stress space: 

Po 

a —G i f 

R 

j \ 

2 
(4J2) 

The above equation can be written in terms of the isotropic and deviatoric components 

of the stress tensor as follows: 

d p - . ' ^ k + s 
Po 

P -Pa 
R 

i \ po 

2 y 
(4 33) 

Po 

s-s,. 

R 
( 4 J 4 ) 

The scalar quantity 5 can be obtained as before by substituting Equations 4.33 and 4.34 

into the consistency condition for the kinematic yield surface and using Equation 4.25. 

The consistency condition of the kinematic yield surface can be written as: 
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The scalar quantity S is calculated as: 

(4 35) 

S = • V Po y 
1 

+ -2 ds I J 4 

( / - X ) R 
1 

+ -2 
ck L a J 

(4.36) 

Equation 4.36 requires the partial differentials of the kinematic yield surface with 

respect to the deviatoric stress tensor, dFJds. In the case that the shape of the kinematic 

yield surface is circular in the deviatoric plane, the function g{6,) is a constant and equal 

to X, and the differentials can be calculated from the following equation: 

s-s„ 
& 

In this case, substitution of Equation 4.37 into Equation 4.36 gives: 

S = • 
( / - X ) 

p. J 

1 

2y^-
L-'p'-s] 
I / 

( / - X ) R ('-fi: 
1 

+ , 

(4 37) 

(438) 

However, if the shape of the kinematic yield surface is other than circular in the 

deviatoric plane, then the calculation of the partial differentials of the kinematic yield 

surface with respect to the deviatoric stress tensor, dFJds, becomes more complicated. 

In order not to interrupt the flow of this section the calculation of these derivatives will 

be presented in the next section which describes the implementation of the model into 

ICFEP. 

ii) Translation rule when the two surfaces are in contact 

The translation rule adopted in the special case that the two surfaces are in contact is in 

accordance with Stallebrass (1990) and ensures that the two surfaces remain tangential 

to each other for further loading: 
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da[ ={\- R^da' + (4 39) 

In terms of the isotropic and deviatoric components of the stress tensor Equation 4.39 

can be rewritten as: 

(4.40) 

ds^ =[\-R)ds (4.41) 

4.4.6 Hardening modulus 

The hardening modulus is formulated for the two different cases; the first one when the 

kinematic yield surface moves within the bounding surface and the second one when the 

two surfaces are in contact. In the first case the kinematic yield surface is the active yield 

surface and the formulation of the hardening modulus follows the one proposed by Al-

Tabbaa (1987) and described in section 4.3.5. In the second case the active yield surface 

is the bounding surface and the hardening modulus reduces to the modified Cam Clay 

hardening modulus. 

i) Hardening modulus when the kinematic yield surface moves within the bounding 
surface 

The hardening modulus, A, is formulated in general stress space as follows: 

A=-
A -X-

5 . 
ds 

: s„ \ELeL 
J 

/ , \ 

V ^max y I 2 J 
0L42) 

Equation 4.42 is divided into two parts. The first part is the hardening modulus, 

which is equivalent to the hardening function h„ in the original triaxial formulation: 

A -K ds 
•: s_ (4.43) 

The second part of Equation 4.42 is the additional component of the hardening modulus. 
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a j, which is a function of the degree of proximity of the kinematic yield surface to the 

bounding surface. This is equivalent to the hardening function h in the original 

formulation and reduces to zero when the two surfaces are in contact: 

a, =-
1 * * A -K \ m̂ax y v 2 y 

(4.44) 

In the original triaxial formulation the hardening function ho was derived from the 

consistency condition of the kinematic yield surface for the special case that the two 

surfaces are in contact. In this general formulation of the model a new translation rule 

has been assumed for the case that the two surfaces are in contact (Equation 4.39), and 

in this way the above expression of the hardening modulus, Ag, cannot be derived 

anymore. However, the use of Equation 4.42 as the hardening modulus, a, does not 

represent a problem for the case that the kinematic yield surface moves within the 

bounding surface. This is because in this case, the consistency condition of the kinematic 

yield surface is satisfied anyway through the calculation of the scalar multiplier s (in 

Equation 4.32), which is derived exactly though the use of the same consistency 

condition. In fact any hardening modulus could be assumed for the case that the 

kinematic yield surface moves within the bounding surface and the consistency 

condition of the kinematic yield surface would still be satisfied. The problem arises for 

the case that the two surfaces are in contact. In this case the consistency condition of the 

kinematic yield surface is not satisfied anymore. However, since in this case both 

surfaces predict the same plastic strains, the active yield surface can be changed to the 

bounding surface and the model then reduces to the modified Cam Clay model. In this 

way the consistency condition of the bounding surface, which is the active yield surface, 

is satisfied and the inactive kinematic yield surface is just dragged along the current 

stress path, following the new translation rule (Equation 4.39). 

The measure, b, of the proximity of the kinematic yield surface to the bounding surfacc 

takes the following form in general stress space: 

b = - 1 

jiEsl 
( y - x ) 

p -pa 
r ' ' " f , 

V 

1 
& 

s - s,. 
r 

(4.45) 

The maximum value of the function, b, is: 
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^ m a x - P o ( l 04.46) 

Equations 4.42 and 4.45 require the partial differentials of the kinematic yield surface 

with respect to the deviatoric stress tensor, dFy/ds. As mentioned before, for the cases 

that the shape of the kinematic yield surface is other than circular in the deviatoric plane, 

these become complicated and will be given in the next section. For a circular shape of 

the yield surface in the deviatoric plane, substitution of Equation 4.37 into Equations 

4.42 and 4.45 results in: 

A = -
1* * A -K 

( / - X ) 
r b 

v f p' ^ 
+ 

K ^max V 2 j 

(4.47) 

b = • ( / - X ) 
P -Pa 

R 
Y - f . +- S - S ' . 

'' s-s ^ 
•-S 

R 

(4.48) 

ii) Hardening modulus when the two surfaces are in contact 

When the two surfaces are in contact the bounding surface is the active yield surface and 

the hardening modulus. A, reduces to the hardening modulus of the modified Cam Clay 

model: 

A=-
1 * * 

/t — k 
p Po (449 ) 

4.4.7 Elastic part of the model 

The elastic stress tensor is related to the elastic strain tensor through the elastic 

constitutive tensor: 

da = D' •. ds" ( 4 ^ 0 ) 

The elastic constitutive tensor, D', is expressed in terms of the isotropic elastic bulk and 

shear moduli, Kc and 

The elastic bulk modulus, is given by Equation 4.20. In the present formulation four 
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options exist for the elastic shear modulus, The first one assumes a constant 

Poisson's ratio, /i, as in the original formulation. In this case the resulting shear modulus, 

Ge, is given by Equation 4.21. The second option assumes a constant shear modulus, G^. 

The third option assumes that the shear modulus Ge is dependent on the mean effective 

stress p'. Finally, the last option assumes that the elastic shear modulus is described by 

the equation proposed by Viggiani (Equation 2.10) which in this case takes the form: 

Pr Pr 
(4 51) 

where A, n and m are material parameters, Rg andpr is taken equal to 1 kPa. 

4.4.8 Overview of the model 

An overview of the way the model is formulated in general stress space is important in 

order to understand how the model works and will also be used later in the 

implementation of the model. 

Elastic behaviour: 

When the stress state is within the kinematic yield surface the behaviour is elastic and is 

described by Equation 4.50. 

Elasto-plastic behaviour: 

i) When the stress state is on the kinematic yield surface and this moves within the 
bounding surface 

In this case the kinematic yield surface is the active yield surface. The yield and plastic 

potential functions associated with this surface are given by Equations 4.25 and 4.30 

respectively. The hardening modulus in this case is calculated from Equation 4.42. The 

isotropic hardening of the bounding surface is given by Equation 4.8 and the translation 

of the kinematic yield surface is described by Equation 4.32. The consistency condition 

of the kinematic yield surface which is the active yield surface is satisfied, since the 

scalar multiplier 5 in Equation 4.32 is derived from the same consistency condition. 

ii) When the two surfaces are in contact at the current stress state 

In this case the bounding surface is the active yield surface and the model reduces to the 
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modified Cam Clay model. The yield and plastic potential functions associated with the 

bounding surface are described by Equations 4.23 and 4.29 respectively. The hardening 

modulus is given by Equation 4.49. This is consistent with the isotropic hardening of the 

bounding surface described by Equation 4.8 and in this way the consistency condition of 

the bounding surface is satisfied. The kinematic yield surface is inactive in this case but 

still follows the stress state, obeying the translation rule described by Equation 4.39, 

which ensures that the two surfaces remain tangential to each other for any further 

loading. 

4.4.9 Model parameters 

The above formulation of the model in general stress space requires either nine 

parameters, when a Mohr-Coulomb hexagon is chosen for the shape of the yield surface 

in the deviatoric plane, or eleven parameters, when a general shape is adopted. 

Additionally the use of Equation 4.51 for the calculation of the elastic shear modulus, 

Ge, introduces two more extra parameters. The parameters required are the following: 

A*: the slope of the isotropic normal compression line in Inv-lnp'space 

K\ the slope of the swelling line in Inv-lnp'space for a stress path that 

lies entirely within the kinematic yield surface 

jj. or Gg, or GJp'\ the Poisson's ratio or the elastic shear stiffness. If Equation 4.51 is 

used then the material parameters A, n and m must be provided 

cp' ox X, y and Z: the angle of shearing resistance or the constants A'= sin(^'o-o-), ^ a n d 

Z in Equation 4.28 at the critical state 

Yp and Zp\ the constants Yp and Zp in Equation 4.31 

R\ the ratio of the size of the kinematic yield surface to that of the 

bounding surface 

[jj\ the exponent in the hardening function A 

N: one additional parameter is required to fix the model in Inv-ln/ji'space 

and this is usually taken as the specific volume of the isotropic 

compression line a t ^ ' = 1 kPa 
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4.5 Implementation 

4.5.1 Introduction 

The implementation of a constitutive model into a finite element program, like ICFEP, 

involves: 

i) The calculation of the elasto-plastic constitutive matrix, [D"'']. As described in Chapter 

3, this is used in the formulation of the incremental element stiffness matrix, [KE\, from 

which the incremental global stiffness matrix, [A^g], is obtained. The incremental global 

stiffness matrix, [Kg], is then used in order to form the global set of equations. The 

elasto-plastic constitutive matrix, can be calculated from Equation 2.26. 

Alternatively the elastic constitutive matrix [D] can be used in the formulation of the 

global set of equations, instead of the elasto-plastic matrix {D"'']. In this case the 

calculation of the elastic constitutive matrix [£)] is sufficient. 

ii) The calculation of the residual load vector, at the end of each iteration, in the 

case that a modified Newton-Raphson scheme is used as a non-linear solver. As 

described in Chapter 3 the residual load vector, is calculated by integrating the 

constitutive equations along the estimated incremental strain path (through the use of the 

stress point algorithm) and obtaining an estimate of the stress changes. In order to obtain 

this estimate of the stress changes the stress point algorithm requires the calculation of 

the changes in stresses, plastic strains and hardening parameters during each substep 

(section 3.4.1.1). The changes in stresses and plastic strains can be obtained from 

Equations 2.22 and 2.12 respectively. 

If the constitutive model is formulated in terms of effective stresses then Equations 2.11 

to 2.26 are also expressed in terms of effective stresses. In this case, inspection of 

Equations 2.12, 2.22 and 2.26 shows that in order to solve them the calculation of the 

following terms is required: the partial derivatives of the yield function with respect to 

stress, {dFlda'}, the partial derivatives of the plastic potential function with respect to 

stress, {dPIdo'), the elastic constitutive matrix, [£)], and the hardening modulus, A. 

This section describes the calculations which were required in order to implement the 

two-surface model into ICFEP. These involved the calculation of the terms {dFlda'), 
{dPIda'}, [Z)] and A in Equations 2.12, 2.22 and 2.26, and the changes in the hardening 

parameters required in the stress point algorithm. A flowchart of the ICFEP subroutine 

which is used by the stress point algorithm to calculate the changes in stresses, 
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plastic strains and hardening parameters during a substep, is presented in Appendix II. 

Additionally, the calculation of the partial derivatives of the kinematic yield surface with 

respect to the deviatoric stress tensor, dFyJds, which is required in Equations 4.36, 4.42 

and 4.45 of the previous section, is also presented here. 

4.5.2 Calculation of the partial derivatives of the yield function 

The derivatives of the yield function are calculated by the program for the surface that is 

the active yield surface at the time. 

i) When the kinematic yield surface is the active yield surface 

In this case the yield function is given by Equation 4.25. The calculation of the partial 

derivatives of the kinematic yield surface with respect to the deviatoric stress tensor, 

d F y / d s , will first be given, followed by the calculation of the derivatives of the yield 

function with respect to stress, { d F y / d a ' } . For the numerical computations it is 

convenient to represent the partial derivatives of the kinematic yield surface with respect 

to the deviatoric stress tensor by the vector {dF^Jds} where {5} is given by: 

(4.52) 

Calculation of terms (dF^dsj 

If we set: 

<2 = ( s - - s , ) : ( s - - s , ) (4.53) 

then Equation 4.25 can be rewritten as: 

The partial differentials of Equation 4.54 with respect to {.?} can then be calculated by: 

,4.55) 
1 as J dQ\ds] ae, [ ds J 

where the term {dOylds} is given as: 
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ds 
2 c o s ( 3 S , ) f i G 

, 3 / 2 

3 d e t ( 5 - 5 „ ) \dQ] _ [ a d e t ( y - j f j 

2 6 1 8 ^ J 1 (4 56) 

Substitution of Equation 4.56 into Equation 4.55 gives: 

df^ 8f^. 3 V 3 d e t ( y - y „ ) 

5F,, [ 5 d e t ( s - s „ ) 

2 c o s ( 3 0 , , ) -Q 
ds 

(4 57) 

Equation 4.57 can be written in a more compact way as: 

OLSS) 

where the constants oti and a? depend on dFy/dQ and dFJdOy as can be seen by 

comparison of Equations 4.57 and 4.58. 

The calculation of the derivadves {dQIds} and {5det(s-sa)/5s} is given in Appendix I. 

The derivative dFy/dQ is calculated as: 

OF 1 1 

sq 2g'-{0,) 
( 4 ^ 9 ) 

The derivative dFJdOy depends on the choice of the function g{0,). If a Mohr Coulomb 

hexagon is adopted for the shape of the kinematic yield surface in the deviatoric plane, 

then the function g{6^) is given by Equation 4.27 and the derivative dFy/dOy is calculated 

as: 

8F., e cos0„ sin i9„ 

^ sin(p' 
( 4 ^ 0 ) 

If a general shape is adopted then the function g{0,) is given by Equation 4.28 and the 
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derivative dFyldOy is equal to: 

_ 3 g Z y c o s ( 3 < 9 ^ ) 
(4.61) 

Calculation of terms { d F / d a ' } 

The derivatives dfyldT^y, dfyldzy^, dFyldx.:, have already been calculated from Equation 

4.55. The remaining derivatives, in order to form the vector { d F J d a ' } , are the following: 

dFylda\, dFylda'y and dFyJdo'.. These are calculated from the derivatives dFJd{a':,-p'), 

dFyld{a'y-p') and dFyld{a\-p') as follows: 

da'^ dp da'^ ds d(j[ 

= '^{p'-p'a) + \ 
8F.. 5F„ dF.. 

a(cr; - jo') g(cr; - f / ) c)(cr; - jo') 

(4 62) 

dF.. 
- + 2 

dF dF.. 
8 ( o - : - y ) 

(4.63) 

dF.. 
+ 2 -

5F . 

8(Gr;--jD') c)(cr;, - p ' ) c)(cr; -jO') 
(4^4) 

a) When the bounding surface is the active yield surface 

In this case the yield function is given by Equation 4.23. Inspection of Equations 4.23 

and 4.25 shows that the former can be obtained from the latter if in Equation 4.25 p',, is 

set equal to half the value of p'o, s,, is set equal to zero and R equal to 1.0. This means 

that the derivatives {dFi,/da'} can be obtained from the same equations that were 

described earlier for the calculation of the derivatives { d F y / d a ' } , by setting p\„ s,, and R 
equal to the values just mentioned. For the calculation of the yield function derivatives 

the program uses Equations 4.53-4.64 with temporary valuesp 'J , {.v,,}' and R', depending 

on which is the active yield surface. If the kinematic yield surface is the active yield 

surface the temporary values are set equal to the real values, p'J = p\„ {.v,,}' = .v„ and 

R' = R. If the bounding surface is the active yield surface the temporary values are set 

equal to p'J = 0.5 p'o, {j^}' = 0 and R' = 1.0. 
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4.5.3 Calculation of the partial derivatives of the plastic potential function 

The derivatives of the plastic potential function are calculated for the surface that is the 

active yield surface at the time. 

i) When the kinematic yield surface is the active yield surface 

The plastic potential function is given by Equation 4.30. Substitution of Equation 4.53 

into Equation 4.30 gives: 

Equation 4.65 is of the same form as Equation 4.54 but with g(6',,) replaced by the 

function gp{6y). For the calculation of the derivatives of the plastic potential function a 

similar process to section 4.5.2 can be followed, the derivatives {dPylds} can be 

calculated first, followed by the calculation of the derivatives {dPyldo'}. 

Calculation of terms {dP^/ds} 

The derivatives {dPJds} can be calculated by the following expression: 

,4.66) 
[ a s J a e I as J de, I Ss J 

The ternis in the above equation can be obtained from similar equations to those used to 

calculate the yield function derivatives (Equations 4.57-4.59) but with g{0^) replaced by 

the function gp{6^). The only difference arises in the calculation of the derivative dPy/dOy. 

The plastic potential function can only take the general shape in the deviatoric plane and 

the function gp{9^) is given by Equation 4.31. The derivative dPy/dOy is calculated as: 

SP,._ 3QZJ^cos{30,.) 

g ' ( e „ ) [ i + y , s i n ( 3 e „ ) ] 

Calculation of terms {dP^da'} 

The derivatives {dPJda'} can be calculated by equations similar to Equations 4.62-4.64. 
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ii) When the bounding surface is the active yield surfa ce 

The plastic potential function is given by Equation 4.29. Similar to the process followed 

in section 4.5.2, the plastic potential derivatives are calculated by using temporary 

values p'J, {sa}' and R', depending on which is the active yield surface. Again, if the 

kinematic yield surface is the active yield surface the temporary values are p'J = p\„ 

{jg}' = {jajand R' = R whereas if the bounding surface is the active yield surface these 

become equal top'J = 0.5p'o, {5^}'= 0 and i ? '= 1.0. 

4.5.4 Calculation of the hardening modulus, A 

The hardening modulus, A, is calculated for the surface that is the active yield surface at 

the time. 

i) When the kinematic yield surface is the active yield surface 

The hardening modulus, A, is given by Equation 4.42. If the derivatives of the kinematic 

yield surface are represented by the vector {dFytds} then Equation 4.42 can be rewritten 

as: 

A=-
1 ' 

A - / C 
( / - X ) 2 ds 

R^P'; + 

b 
2 V ^max y \ -6 y 

(4^8) 

where 

b = -
R Po 

( / - X ) 
P - Pa 

R 

\ 

V 

OF.. 
+ —< 

2 R 
- - S (4.69) 

i) When the bounding surface is the active yield surface 

The hardening modulus is calculated by Equation 4.49. 

4.5.5 Calculation of the elastic constitutive matrix, \D'\ 

The elastic matrix [ D ] can be expressed in terms of the elastic shear modulus, G,., and 
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the elastic bulk modulus, K^, as follows: 

[D'] = 

3 

'4' 

4 

sym 

0 0 0 

0 0 0 

0 0 0 

0 0 
0 

Ge 

(4 70) 

The elastic shear modulus, Ge, and the elastic bulk modulus, K^, have already been 

discussed in section 4.4.7. 

4.5.6 Calculation of the changes in hardening parameters 

The hardening parameters in this model are the parameter p'^, which defines the size of 

the bounding surface and the centre of the kinematic yield surface, which in vector 

notation is described byp 'a and {Sa}. 

i) When the kinematic yield surface is the active yield surface 

The change in p'o is described by Equation 4.8 and the changes in p'„ and {5,,} can be 

obtained from Equation 4.32. The change in p'a is given by Equation 4.33, while 

Equation 4.34 can be written in vector notation in order to obtain the change in {.v,,}: 

s-s„ 
R 

(4 71) 

If the derivatives of the kinematic yield surface are represented by {dFy/ds}, then the 

scalar multiplier S in Equation 4.32 can be rewritten as: 

S = • 
+ -2 i & l 

P -Pa 
R 

EL 

2 

'dF^ 
( 4 J 2 ) 

s - s„ 
R --S 

ii) When the bounding surface is the active yield surface 

The change in p'o is described by Equation 4.8 and the changes in p'„ and {.v,,} can be 
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obtained from Equation 4.39. The change in p'„ is given by Equation 4.40 and the 

change in {s„} can be obtained by writing Equation 4.41 in vector notation: 

(4.73) 

4.6 Validation 

4.6.1 Introduction 

This section presents a series of single finite element analyses performed in order to 

validate the implementation of the two-surface model and the improvements that have 

been made in this version of the model and demonstrate some of its capabilities and 

limitations (further evaluation of the model is presented in Chapter 7). The first part of 

this section involves the simulation of a number of stress paths quoted by Al-Tabbaa 

(1987) and the comparison of the results with the already published data. The second 

part explores different shapes of the yield and plastic potential surfaces in the deviatoric 

plane and the third part demonstrates the performance of the model at stress paths 

involving rotation of the principal stresses. Finally, the last part discusses the hardening 

function assumed in the model and the resulting elasto-plastic transition. 

4.6.2 Comparison with stress paths from Al-Tabbaa (1987) 

Al-Tabbaa (1987) used the two-surface model in order to reproduce a number of slow 

cyclic oedometer and triaxial tests on speswhite kaolin and compared the model 

predictions with the experimental results. A number of monotonic stress paths were also 

simulated and the failure conditions obtained were investigated. 

The stress paths repeated in this thesis are a slow cyclic stress path at constant shear 

stress and a number of monotonic undrained stress paths. 

i) Slow cyclic constant q triaxial test 

This slow cyclic triaxial test at constant shear stress, q, with p' varying was initiated 

from a one-dimensionally normally consolidated state. Figures 4.10a and 4.1 la show the 

experimental results and Figures 4.10b and 4 . l i b show the model calculations presented 

by Al-Tabbaa (1987). The model parameters were derived from the slow cyclic 
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Figure 4.10: Slow cyclic constant q triaxial test: i] = q Ip' against c,, a) experimental 
observations (after Al-Tabbaa (1987)) b) model predictions (after Al-Tabbaa (1987)) 

c) predictions of two-surface model as implemented into ICFEP 
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Figure 4.11: Slow cyclic constant q triaxial test: rj = q Ip' against g, a) experimental 
observations (after Al-Tabbaa (1987)) b) model predictions (after Al-Tabbaa (1987)) 

c) predictions of two-surface model as implemented into ICFEP 
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r K M R 

0.085 0.0078 0.3 0.9 0.2 1.5 

Table 4.1: Material parameters used by Al-Tabbaa (1987) in the two-surface model for 
the simulation of tests on speswhite kaolin 

r K Z = M / V 3 Y Z R W 

0.085 0.007 0.3 &52 0.0 1.0 0.0 1.0 0.2 1.5 

Table 4.2: Material parameters used in the current version of the two-surface model 
implemented into ICFEP for the simulation of tests on speswhite kaolin 

oedometer and triaxial tests and are given in Table 4.1. In order to repeat this stress path 

with the current version of the two-surface model a circle has to be assumed for the yield 

and plastic potential surfaces in the deviatoric plane and the equivalent parameters are 

quoted in Table 4.2. Figures 4.10c and 4.11c present the model predictions obtained 

from the two-surface model as implemented into ICFEP. Comparison of Figures 4.10b 

and 4.1 lb with Figures 4.10c and 4.11c shows that the predictions of the current version 

of the two-surface model are the same as those presented by Al-Tabbaa (1987). 

Comparison of the model predictions with the experimental results shows that the 

overall response predicted by the model is similar to that observed experimentally. 

Important aspects of the observed behaviour, like hysteresis loops on unloading-

reloading cycles and the continuous accumulation of shear strains in a test where the 

shear stress is kept constant and the stress path remains within the state boundary surface 

are well represented (such features of behaviour would not be predicted by the modified 

Cam Clay model which assumes elastic strains within the state boundary surfacc). 

It can be seen in Figures 4.10b-c and 4.1 Ib-c that a number of kinks are observed in the 

model predictions. These are the points at which the stress state reaches the kinematic 

yield surface and the state changes from elastic to elasto-plastic. These points can be 

seen as kinks because the model does not predict a smooth elasto-plastic transition and 

hence there is an abrupt change in stiffness on reaching the kinematic yield surface. Al-

Tabbaa (1987) noted that this feature is related to the form of the hardening function 

assumed in the model and could be improved by modifying it. 
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ii) Monotonic tri axial stress paths 

Figures 4.12a and 4.13a show a number of predicted undrained stress paths initiated 

from isotropically and one-dimensionally normally and overconsolidated states, quoted 

by Al-Tabbaa (1987). The parameters used in the model calculations are those given in 

Table 4.1. Superimposed on these two figures are also two experimental undrained tests; 

however, these were performed in reality after a number of stress cycles and hence are 

not directly comparable to the model predictions. Al-Tabbaa (1987) noted that Figures 

4.12a and 4.13a compared well with experimental results on lightly overconsolidated 

spestone kaolin (Parry and Nadarajah (1973)), which are shown here in Figures 4.14a 

and 4.14b. The predictions of the version of the two-surface model implemented into 

ICFEP can be seen in Figures 4.12b and 4.13b and the parameters used in the analyses 

are those quoted in Table 4.2. Comparison of Figures 4.12a and 4.13a with Figures 

4.12b and 4.13b respectively, shows that the implemented version of the two-surface 

model reproduces the same stress paths to the ones presented by Al-Tabbaa (1987). 

Translation mle for the case that the two surfaces are in contact 

It should be noted, that for the stress paths initiating from normally consolidated states, 

the two surfaces are in contact at the start of shearing. Therefore, in the current version 

of the two-surface model, and in accordance with the formulation described in section 

4.4 and the implementation in section 4.5, if in these cases the shearing stress path is one 

of continuous yielding, then this is calculated with the bounding surface being the active 

yield surface and the new translation rule is employed for the kinematic yield surface 

(Equation 4.39), different to the one assumed in the original formulation (Equation 

4.12). In Figure 4.12 both compression and extension paths starting from normally 

consolidated states are stress paths of continuous yielding, whereas in Figure 4.13 only 

the compression path is one of continuous yielding, the extension path enters the 

kinematic yield surface, hence the kink in the stress path. 

An attempt to calculate the above stress paths with the equations of the kinematic yield 

surface together with the translation rule described in the original fomiulation (Equation 

4.12) results in the stress paths shown in Figure 4.15. It can be seen that the stress paths 

of continuous yielding predicted in this case are different from the ones obtained with 

the current version of the two-surface model (which actually coincide with the modified 

Cam Clay predictions). This is because, as discussed in section 4.3.8, Equation 4.12 docs 

not ensure that the two surfaces remain in contact for further loading. Figure 4.16 shows 
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Figure 4.12: Predicted undrained stress paths after an isotropic stress history a) model 

predictions (after Al-Tabbaa (1987)) b) predictions of two-surface model as 

implemented into ICFEP 
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Figure 4.13: Predicted undrained stress paths after a one-dimensional stress history 
a) model predictions (after Al-Tabbaa (1987)) b) predictions of two-surface model as 

implemented into ICFEP 
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Figure 4.14: Experimental undrained stress paths using spestone kaolin a) after an 
isotropic stress history b) after a one-dimensional stress history (Figure 10.33 of Al-

Tabbaa (1987) after Parry and Nadarajah (1973)) 
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Figure 4.16; Predicted relative motion of kinematic yield and bounding surfaces during 
undrained triaxial compression after an isotropic stress history a) original translation rule 

b) current version of the two-surface model 
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Figure 4.17: Predicted relative motion of kinematic yield and bounding surfaces during 
drained triaxial compression after an isotropic stress history a) original translation rule 

b) current version of the two-surface model 
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the position of the kinematic yield and bounding surfaces for the compression path 

starting from isotropic conditions and shown in Figure 4.15. In Figure 4.16a the stress 

state ends up within the bounding surface and the stress path predicted is different from 

the one predicted by the current version of the two-surface model and the modified Cam 

Clay model. It is not clear how Al-Tabbaa (1987) obtained the stress paths initiating 

from normally consolidated states in Figures 4.12a and 4.13a. 

The inability of the original translation rule to maintain the two surfaces in contact for 

further loading can also be seen, probably more clearly, in a drained triaxial compression 

path starting from normally consolidated isotropic conditions. Figure 4.17 shows the 

positions of the two surfaces for such a path. In Figure 4.17a, although the two surfaces 

are in contact at the start of the shearing stage, they do not remain in contact during 

further shearing. On the contrary. Figure 4.17b shows that in the current version of the 

model the two surfaces remain tangential to each other. Therefore Figures 4.16a and 

4.17a confirm that the original translation rule assumed in the model does not ensure that 

the two-surfaces remain in contact for further loading. If this original translation rule is 

used together with the equations of the kinematic yield surface then the model cannot 

predict the modified Cam Clay behaviour for normally consolidated stress paths of 

continuous yielding. This confirms the need to use a translation rule which guarantees 

that the two surfaces remain tangential for further loading. In this case the bounding 

surface has to be the active yield surface, as already discussed, since otherwise the 

consistency condition of the kinematic yield surface is not satisfied. 

Undrained strength 

The undrained strength predicted by the two-surface model can be calculated 

analytically if the size of the bounding surface (i.e. the hardening parameter is 

known at the beginning of the undrained shearing. The derivation of the expression is 

given in Appendix III. Tables 4.3 and 4.4 give the values o f a n d g,,, (p' and q at the 

critical state) calculated from the Equations of Appendix III, for the previous undraincd 

stress paths of Figures 4.12 and 4.13 (the values o^p'o at the start of the shearing arc also 

quoted in the table). There is no difference between the values calculated for 

compression or extension since a circular shape was adopted in the deviatoric plane. 

These values of and can be seen to agree with the values of p' and cj at the 

ultimate states shown in Figures 4.12 and 4.13. 

However, it should be noted that the size of the bounding surface changcs depending on 
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p'\ (kPa) 400 390 300 200 100 40 

p'o (kPa) 400 400 3984 38?\6 365 j 327^ 

p'cs (kPa) 231.1 212.6 206^ 194.4 172.8 143.9 

(kPa) 192.0 191.6 18&3 175.1 155.7 130 

Table 4.3: Values ofp'cs and calculated from the equations of Appendix III for the 
undrained stress paths of Figure 4.12 and values ofp 'o at the start of shearing {p', is the 

mean effective stress at the start of shearing) 

p'\ (kPa) 3&13 298J 200 100.5 

p'o (kPa) 394.7 3942 384^ 35&3 

/? '„(kPa) 20&7 204^ 193 170 

qcs (kPa) 188 184.4 173^ 153 

Table 4.4: Values of/7 '„ and calculated from the equations of Appendix III for the 
undrained stress paths of Figure 4.13 and values o f p a t the start of shearing (p- is the 

mean effective stress at the start of shearing) 

the stress path followed to reach the stress state at the start of shearing and consequently 

it is not always easy to estimate p'o. This implies that the undrained strength predicted by 

the model depends on recent stress history rather than distant history. The same was 

concluded by Al-Tabbaa (1987) for the failure conditions predicted in both undrained 

and drained tests. 

Peak drained strength for overconsolidated states 

As discussed in Chapter 2, the peak drained strength of heavily ovcrconsolidatcd clays is 

typically found to lie on the so-called Hvorslev surface. In the modified Cam Clay 

model the peak failure stresses of such clays are overestimated, since the stress state has 

to reach the elliptical yield surface before softening of the material starts. 

In the two-surface model, the function H was introduced in the hardening function 

h = H + ho so as to discourage strain softening for stress states on the unstable regions of 

the kinematic yield surface when this is not in contact with the modified Cam Clay 

bounding surface, as discussed in section 4.3.5. However, as Al-Tabbaa and Wood 
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(1989) note, the influence of H reduces as the kinematic yield surface approaches the 

bounding surface and strain softening can eventually develop within the bounding 

surface when H = -hg. This results in lower peak stresses than those predicted by the 

modified Cam Clay model. 

4.6.3 Different yield and plastic potential surfaces in the deviatoric plane 

As it has already been mentioned in the formulation of the model in general stress space, 

an improvement that has been made in this current version of the model is that the yield 

and plastic potential surfaces do not necessarily have a circular shape in the deviatoric 

plane, but can take different shapes. The shapes implemented in this work are a Mohr-

Coulomb hexagon and a general shape proposed by van Eekelen (1980), for the case of 

the yield surface, and a general shape (van Eekelen (1980)), for the case of the plastic 

potential. Depending on the selection of the model parameters, the general shape can 

take a variety of forms, including the one suggested by Lade (Lade and Duncan (1975)) 

and a circular shape. 

The objective of this section is to show that the different deviatoric plane shapes have 

been implemented correctly into this version of the two-surface model. In order to prove 

this, three of the monotonic undrained triaxial compression and extension tests starting 

f rom isotropic conditions (p' = 400 kPa, p' = 300 kPa and p' = 100 kPa), and shown in 

Figure 4.12, were repeated for different shapes of the yield and plastic potential surfaces. 

Moreover, an undrained plane strain compression test was performed for each ease. The 

obtained failure conditions of the triaxial and plane strain tests can demonstrate whether 

the different shapes have been implemented correctly. 

Four different cases were considered for the deviatoric shapes of the yield and plastic 

potential surfaces. In the first case (case A) the yield and plastic potential surfaces were 

assumed to have a circular shape in the deviatoric plane. This is the same ease as that 

shown in Figure 4.12. In the second case (case B) the yield surface had the shape of a 

Mohr-Coulomb hexagon and the plastic potential had a circular shape. In the third case 

(case C) both the yield and plastic potential surfaces had the shape proposed by Lade. 

Finally in the last case (case D) the yield surface took the Lade shape and the plastic 

potential took a circular shape. In cases A and C the flow rule was associated whereas in 

cases B and D the flow rule was non-associated. 

The reasoning behind these different combinations of yield and plastic potential shapes 
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is as follows. The yield surface defines the shape of the failure surface in the deviatoric 

plane and is therefore important. However, for problems involving plane strain 

deformation, Potts and Gens (1984) have demonstrated that the shape assumed for the 

plastic potential is also important because it actually determines the value of the Lode's 

angle, 9j, at which failure takes place. Moreover, Potts and Gens (1984) showed that in 

some cases it is necessary to assume a different shape for the yield and plastic potential 

surfaces in the deviatoric plane. For example, if a Mohr-Coulomb hexagon is adopted 

for the shape of the yield surface (and hence the failure surface) in a critical state model, 

then a different shape must be adopted for the plastic potential surface, otherwise plane 

strain failure occurs at either 0 /= 30° or d f = -30° which is clearly unrealistic. This is the 

reason why in case B where the yield surface takes the shape of the Mohr-Coulomb 

hexagon, a circular shape was adopted for the plastic potential. If the general shape is 

adopted for the plastic potential, then the Lode 's angle, 9f, at failure can be detennined 

from the following equation: 

t a n ^ = . 
( l + F ^ s i n 3 ^ ) 

(4 74) 

The parameters adopted for the shape of the yield and plastic potential surfaces in the 

deviatoric plane for each case can be seen in Table 4.5, the rest of the parameters are 

given in Table 4.2. The parameters of Table 4.5 have been chosen such that all four 

cases predict the same strength in triaxial compression. Table 4.6 gives the values of Of 

and g{Oj) calculated for each case, as well as the equivalent values of at failure. The 

values of g{9j) have been obtained from Equations 4.27 and 4.28 and the values of 0/ for 

plane strain failure have been calculated from Equation 4.74. Figure 4.18 shows the 

shape of the failure surfaces for each case and the g{6j) values tabulated in Table 4.6. 

Case X Y Z yp 4 

A 0.52 0.0 1.0 0.0 1.0 

C 0.47 036 &25 036 OJ^ 

D 0.47 0J# 0.25 0.0 1.0 

v' - - Yp 4 

B 23° - - 0.0 1.0 

Table 4.5: Model parameters defining the shape of the yield and plastic potential 
surfaces in the deviatoric plane 
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Case 

Triaxial Compression Triaxial Extension Plane strain Compression 
Case 

Oj- (P'f df <P'f % g(%) V'f 

A -30° 0.52 23° 30° 0J2 32° 0° 0.52 3L3° 

B -30° 0.52 23° 30° 0.4 23° 0° 0J9 23° 

C -30° 0.52 23° 30° 0.43 25^° -14.5° 0.5 26.8° 

D -30° 0.52 23° 30° 0.43 25^° 0° 0.47 27.7° 

Table 4.6: Values of Of, g{6j) and equivalent values of cp'f for the four cases analysed 

Mohr-Coulomb 

Lade 
Circle 

Case A 

• Case B 

• Case C 

Case D 

Figure 4.18: Failure surfaces in the deviatoric plane and the values of g(0/) obtained for 
each case 

Figures 4.19, 4.20, 4.21 and 4.22 show the undrained stress paths in J-p' space for the 

first, second, third and fourth cases, respectively. On each plot the failure lines 

corresponding to the values of g (^ ) , tabulated in Table 4.6, for each case are shown. It 

can be seen that in all four cases the undrained stress paths predict satisfactorily the 

expected failure conditions, indicating that the implementation of the different shapes of 

the yield and plastic surfaces in the deviatoric plane is corrcct. 

Moreover, comparison of Figures 4.19-4.22 shows that although all four cases predict 

the same strength in triaxial compression, the assumption of different yield (and 
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Figure 4.19: Predicted undrained stress paths after an isotropic stress history for case A 
circular shape for the yield surface and the plastic potential in the dcviatoric plane 

a) triaxial compression b) triaxial extension c) plane strain compression 
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Figure 4.20; Predicted undrained stress paths after an isotropic stress history for ease B -
Mohr-Coulomb shape for the yield surface and circular shape for the plastic potential in 

the deviatoric plane a) triaxial compression b) triaxial extension c) plane strain 

compression 
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Figure 4.21: Predicted undrained stress paths after an isotropic stress history for case C 
Lade shape for the yield surface and the plastic potential in the dcviatoric plane 

a) triaxial compression b) triaxial extension c) plane strain compression 
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Figure 4.22: Predicted undrained stress paths after an isotropic stress history for case D -

Lade shape for the yield surface and circular shape for the plastic potential in the 

deviatoric plane a) triaxial compression b) triaxial extension c) plane strain compression 
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therefore failure) surfaces in the deviatoric plane results in significantly different 

strengths predicted under triaxial extension and plane strain conditions. As discussed 

earlier, in the latter case the strength is not only dependent on the shape of the yield 

surface, but also on the shape of the plastic potential. In case A, Figure 4.19, the values 

of J at failure, J f , predicted by all three stress paths are the same, which is expected since 

a circular failure surface is independent of the Lode 's angle, 9. In case B, which assumes 

a Mohr Coulomb failure surface in the deviatoric plane. Figure 4.20, the values of J, 

predicted in plane strain compression and triaxial extension conditions are much smaller 

than the value of J/ predicted in triaxial compression; with the value of J/ in plane strain 

compression being slightly lower than the value of Jf in triaxial extension. In case C, 

which assumes a Lade shape for both the yield and plastic potential surfaces, Figure 

4.21, the values of J/ predicted by the plane strain and triaxial extension stress paths are 

again smaller than the value of Jf in triaxial compression. However, in this case the J, in 

plane strain compression is higher than the Jf in triaxial extension and both of these 

values are higher than the equivalent ones obtained from a Mohr Coulomb failure 

surface. As mentioned before, the strength under plane strain conditions is also 

dependent on the shape of the plastic potential surface. This is emphasised by 

comparison of the cases C and D which both assume a Lade shape for the yield surface 

but adopt different plastic potential shapes. Figures 4.21 and 4.22 show that the strengths 

under triaxial compression and extension are the same in both cases, since these arc 

governed by the adopted failure surface. However under plane strain conditions different 

values of the Lode 's angle, Of, at failure are predicted for each case and hencc different 

strengths are obtained. It is interesting to note that although the value of g(6'/) for case C 

is higher than the value of g{9j) for case D under plane strain conditions, the equivalent 

value of ^y-for case C is lower than the value of (p'fiox case D (see Table 4.6). 

4.6.4 Stress paths involving rotation of the principal stresses 

In order to demonstrate the anisotropic formulation of the two-surface model, a number 

of single element analyses were performed, modelling stress paths in the hollow cylinder 

apparatus (HCA). In the HCA, hollow cylindrical soil samples can be subjected to axial 

load, torque about the central vertical axis and external and internal radial pressures 

(Hight et al. (1983)), see Figure 4.23. This allows control over four of the component 

stresses a., Or, ao and x-o, while Xro and T,~ are zero. In this way the magnitude and 

direction of the major and minor principal stresses, as well as the magnitude of the 

intermediate principal stress, can be controlled. In the HCA the component stresses a-. 
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Hollow cylinder coordinates: 

Element component 
strains: 

Element component 
stresses: 

Element principal 
stresses: 

Figure 4.23: Stress and strains within the hollow cylinder apparatus (figure after Potts 
and Zdravkovic (2001)) 

Or, (To and x-o can be expressed as a function of the control parameters t, p, b and a: 

O": =p-t 
2 6 - 1 

• c o s 2 ( 2 (4 75) 

(J^=p-t 
2(1-26) 

(4.76) 

crg=p-t 
2 6 - 1 

+ c o s 2 ( 2 (4.77) 

= ? s i n 2 ( 2 (4.78) 

where: 

p = + (72 + (r])/3 is the mean total stress, f = (a, - is half of the dcviator stress, 

b = {ai - - 0-3) is the parameter controlling the intermediate principal stress and 
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a is the angle of the major principal stress direction with respect to the vertical. 

An eight nodded isoparametric brick element (with a node at each comer) was used to 

simulate the behaviour in the HCA. The first stress path simulated is an undrained stress 

path that started from normally consolidated conditions w i t h p = p ' = 200 kPa, t = 75 kPa 

{J = 75 kPa), b = 0.5 and ot = 0° (point A in Figure 4.24). The first stage of the test 

involved undrained unloading to ? = 45 kPa ( J = 45 kPa) (i.e. point B), keeping b and a 

constant. The second stage involved undrained rotation of the major principal stress 

direction from 0° to 30° at constant t and b. Finally an undrained shearing stage followed 

in which t was increased monotonically to failure while keeping a and b constant at 30° 

and 0.5 respectively. The mean total stress, p, was kept throughout the whole test 

constant and equal to 200 kPa. 

This first stress path was simulated using both the two-surface model and the modified 

Cam Clay model. The parameters used in the two-surface model are those quoted in 

Table 4.2. The modified Cam Clay analysis was obtained by using the two-surface 

model but with the size of the kinematic yield surface equal to the size of the bounding 

surface, R =1 .0 , and the rest of the parameters equal to the values given in Table 4.2. 

Figure 4.24 shows the predicted stress paths in J-p' space. It can be seen that the 

modified Cam Clay model does not predict any plastic strains for the principal stress 

100 

Modif ied Cam Clay 

Two-surface model 

100 150 
p' (kPa) 

250 

Figure 4.24: Predictions of hollow cylinder stress paths involving: undrained unloading, 
undrained rotation of the principal stresses (a = 30°) and undrained shearing to failure at 

constant /? = 0.5 
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Figure 4.25: Predictions of iindrained shearing stage at constant a. and b = 0.5 a) stress 
paths b) stiffness-strain curves 

rotation stage, which is not surprising since it is an isotropic model. On the contrary, the 

two-surface model does predict plastic strains during this stage and demonstrates in this 

way anisotropic behaviour. However, the undrained shearing stage that follows shows 

that the same ultimate conditions are obtained from both models. This confinns the fact 

that the two-surface model has anisotropic yielding but isotropic strength governed by 

the isotropic bounding surface. 
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Figure 4.26: Predictions of undrained shearing stage at constant a and h = 0.5 and the 
kinematic yield surface centred around the current stress state at the beginning of 

shearing a) stress paths b) stiffness-strain curves 

In order to investigate the stiffness anisotropy of the two-surface model a similar stress 

path to the one described above was undertaken. In this case the first undraincd stage 

involved complete unloading of the sample. At ? = 0 (,/ = 0) undrained rotation of the 

principal stresses does not apply any loading on the sample. The following undraincd 

shearing stage was repeated for a number of different values of a. The resulting stress 

paths in J-p' space can be seen in Figure 4.25a and the corresponding plots of tangent 

stiffness in general stress space God = dJ/dfi',/ versus shear strain E j can be seen in Figure 
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4.25b. Figure 4.25a shows that the model predicts different stress paths depending on the 

rotation angle a. The lower the angle a is the stiffest the stress path seems to be. 

Inspection of Figure 4.25b reveals that the highest initial stiffness is observed for a = 0° 

whereas the lowest stiffness is observed for a = 90°. More specifically the stiffness 

degradation curves corresponding to a = 0°, 30° and 45° show an elastic plateau, which 

is smaller the higher the value of a is, whereas the curves corresponding to a = 60° and 

90° initiate from gradually lower stiffness values. This is due to the fact that as the angle 

a increases, the corresponding stress path changes from a complete stress reversal to the 

previous stress path direction (for a — 0°) to a complete continuation of the previous 

stress path direction (for a = 90°). (It should be noted that a = 0° corresponds to a 

compression path, whereas a = 90° corresponds to an extension path). Hence, this 

anisotropy in stiffness is attributed to the position of the kinematic yield surface relative 

to the stress state at the start of shearing. 

The last undrained shearing stage of this stress path was then repeated, with the only 

difference that the kinematic yield surface was centred around the current stress state 

(and hence around the isotropic axis) before the beginning of shearing. The resulting 

stress paths and stiffness degradation curves can be seen in Figure 4.26. It can be seen 

that the model predicts the same response irrespective of the angle a. This isotropic 

behaviour is attributed to the fact that the kinematic yield surface is centred around the 

isotropic axis. (As it will be shown in Chapter 7, for a stress path initiating from 

Kg 96 1.0, the stiffness predicted by the model, once yielding is initiated, is anisotropic 

even if the kinematic surface is centred around the current stress state). 

4.6.5 Elasto-plastic transition 

As it has already been discussed in section 4.6.2 the form of the hardening function 

chosen is such that the model does not predict a smooth elasto-plastic transition when 

the stress state reaches the kinematic yield surface and the behaviour changes from 

elastic to elasto-plastic. This can be seen as kinks in the stress paths shown in Figures 

4.10b-c and 4.1 Ib-c. It can also be seen as kinks in Figure 4.25a, in the stress paths 

corresponding to a = 0° and 30°, and as a drop in stiffness in Figure 4.25b, for the same 

values of a. 

This feature of behaviour may not be very important for the reason that the two-surface 

model was originally developed, which is the prediction of slow cyclic behaviour. In this 

case one is interested in reproducing the overall patterns of behaviour, rather than, for 
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N r K* A n m <P' 4 R 

3.43 0.097 0.003 590.0 0.87 0J# 22.5° 0.0 1.0 0.016 

Table 4.7: Material parameters used in the current version of the two-surface model for 
the simulation of the triaxial test in Figure 4.27 
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Figure 4.27: Normahsed stiffness-strain curve (p', is the mean effective stress at the start 
of shearing) for an undrained triaxial compression test on overconsolidated reconstituted 

London Clay (experimental results after Jardine (1985)) 

example, just accurately predicting the first cycle. However, if the rnodel is to be used in 

modelling the pre-failure behaviour of overconsolidated clays, then this abrupt elasto-

plastic transition is an important drawback in simulating accurately the highly non-linear 

stiffness degradation with strain. Figure 4.27 shows the predictions of the two-surface 

model for an undrained triaxial compression test on reconstituted London Clay. Before 

shearing, the sample was one-dimensionally compressed and then swelled to an 

overconsohdation ratio, OCR, of 7. This is one of the tests repeated in Chapter 7 and will 

not be discussed here in great detail (the experiinental data is taken from Jardinc (1985)). 

The model parameters used are given in Table 4.7. It should be noted that Al-Tabbaa 

(1987) used a much bigger size of the kinematic yield surface in order to reproduce the 

cyclic behaviour of the speswhite kaolin than was used here in order to simulate the 

extend of the assumed elastic plateau of the pre-failure behaviour of reconstituted 

London Clay. Figure 4.27 shows that the drop in stiffness predicted by the two-surface 

model makes it difficult to reproduce the observed non-linear stiffness degradation with 

strain in the small strain range. Therefore, it seems that, while the hardening function 

chosen in the model may predict satisfactorily cyclic behaviour, it cannot simulate 
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realistically the highly non-linear behaviour of overconsolidated clays. Moreover, as 

discussed in Chapter 2, since the amount of straining that the ground is subjected to falls 

within the small strain range, it is important that within this strain range the pre-failure 

behaviour is modelled accurately. Al-Tabbaa (1987) noted that the hardening function 

chosen in the model is not unique and could be modified. This is attempted in Chapter 6 

where a new hardening function is adopted for the two-surface model, so that more 

realistic predictions of the stiffness curves in the small strain range can be obtained. 

4.7 Summary 

This chapter was divided into five parts. The first part described briefly the modified 

Cam Clay model, which forms the basis of the two-surface model, developed by Al-

Tabbaa (1987). The description of the original fonnulation of the two-surface model 

followed in the second part of the chapter. The two-surface model introduces a single 

kinematic yield surface within the modified Cam Clay bounding surface. This allows the 

simulation of non-linearity and early yielding for stress paths within the bounding 

surface, which are important aspects of the pre-failure behaviour of overconsolidated 

clays. The model requires seven parameters, five of which are based on the modified 

Cam Clay model. A discussion at the end of this second part, concerning the fonnulation 

of the model, showed that for the special case that the two surfaces are in contact, the 

translation rule assumed in the model cannot ensure that the two surfaces remain in 

contact for any further loading. However, the assumption of a different translation rule 

would not be consistent with the derivation of the hardening function for that special 

case. 

The original formulation of the two-surfacc model applied only to triaxial stress 

conditions. In order to implement a constitutive model into a finite element program, this 

has to be formulated in general stress space. The generalisation of the two-surfacc model 

and the improvements that have been made to the model as part of this work were 

described in the third part of the chapter. The model has an anisotropic general 

formulation; it is formulated in terms of the volumetric and deviatoric components of the 

stress and strain tensors. This is because yielding in the model can be anisotropic, 

although the strength predicted is isotropic. An improvement made in this general 

fonnulation of the model is that the yield and plastic potential surfaces (and hence the 

failure surface) are not necessarily circular in the deviatoric plane but can take a number 

of different shapes, simulating in this way more realistic failure conditions. Moreover, 
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an additional improvement is that a different translation rule has been assumed for the 

case that the two surfaces are in contact so that they remain in contact for any further 

loading. The way the resulting inconsistency was dealt with was to change the active 

yield surface from the kinematic yield surface to the bounding surface when the two 

surfaces are in contact and this was discussed in detail in this third part of the chapter. 

The implementation of the above general formulation of the two-surface model into 

ICFEP was subsequently described in the fourth part. In the finite element method the 

constitutive model influences both the formulation and solution of the global equations. 

This was discussed in this part of the chapter and the calculation of the terms required in 

the implementation of the model was presented. 

Finally, the last part of the chapter presented the validation of the version of the two-

surface model implemented into ICFEP through a series of single finite element 

analyses. This involved the following: Firstly, a number of stress paths simulated by Al-

Tabbaa (1987) were repeated and the results were compared with the already published 

data. Secondly, different shapes of the yield and plastic potential surfaces in the 

deviatoric plane were explored and the failure conditions obtained were validated 

through comparison with analytical calculations. Thirdly, the anisotropic perfonnance of 

the model was demonstrated in a number of stress paths involving rotation of the 

principal stresses. Finally, the elasto-plastic transition predicted by the two-surface 

model was discussed. It was shown that the hardening modulus assumed in the model 

results in a non-smooth elasto-plastic transition when the stress state reachcs the 

kinematic yield surface. Although this may not be very important in the simulation of 

cyclic behaviour (for which the model was originally developed), it proves a significant 

drawback in the simulation of pre-failure behaviour. However, since the hardening 

modulus is not unique and could be altered, a new hardening modulus is assumed for the 

two-surface model in Chapter 6. Further evaluation of the currcnt version of the two-

surface model is presented in Chapter 7. 
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Chapter 5 

Three-surface model 

5.1 Introduction 

As mentioned in Chapter 4, the second model chosen to be implemented into ICFEP is 

the three-surface model proposed by Stallebrass (1990). In order to simulate both non-

linearity and the effect of recent stress history on the behaviour of reconstituted 

overconsolidated clays, Stallebrass (1990) extended the two-surface model developed by 

Al-Tabbaa (1987) by incorporating an additional kinematic surface. The first kinematic 

surface in the three-surface model is a yield surface, which defines the onset of plastic 

deformations (similarly to the two-surface model). The second kinematic surface defines 

the end of the influence of recent stress history and hence is named the history surface. 

The model requires one additional parameter to the seven required by the two-surface 

model. 

This chapter starts with the description of the original formulation of the three-surface 

model, as developed by Stallebrass (1990), in secfion 5.2. Similarly to the two-surfacc 

model, the three-surface model was originally developed in triaxial stress space. The 

formulation of the model in general stress space and the improvements made during this 

thesis are presented in section 5.3. Secfion 5.4 presents the implementation of the 

general formulation of the model into ICFEP. The validation of the implementation of 

the model, through a number of single finite element analyses, is described in section 

5.5. Further evaluation of the three-surface model follows in Chapter 7. 
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5.2 Original formulation in triaxial stress space 

5.2.1 Introduction 

This section describes the formulation of the three-surface model in triaxial stress space 

as originally presented by Stallebrass (1990). The model is formulated in terms of the 

triaxial stress and strain invariants described by Equations 1.23-1.26. 

5.2.2 Equations of the surfaces 

The modified Cam Clay yield surface is used in order to represent the bounding surface 

in this model. The equation of the bounding surface is: 

P'o' (5.1) 

where p'o represents half the value of the mean effective stress at the intersection of the 

current swelling line with the isotropic compression line and M is the slope of the critical 

state line in space, see Figure 5.1. 

bounding surface 

history surface 

yield surface 
1 

2p „ p' P o P b p a 

Figure 5.1: Diagram showing the yield, history and bounding surfaces (after Stallebrass 
(1990)) 
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The two inner kinematic surfaces are similar in shape to the bounding surface but 

smaller in size by constant ratios. The equation of the history surface, which represents 

the limit of the influence of recent stress history, is: 

= (5.2) 

where T is the ratio of the size of the history surface to that of the bounding surface and 

ip'a, go) represents the centre of the history surface, see Figure 5.1. 

The yield surface, which defines the region in stress space within which only elastic 

behaviour occurs, is represented by the following equation: 

i p ' - p ' > f + ^ ^ j ^ = T ' S ' p ' : (5.3) 

where S is the ratio of the size of the yield surface to that of the history surface and 

(p'b, qb) is the centre of the yield surface in stress space. 

5.2.3 Flow rule 

The flow rule of the model is assumed to be associated and therefore the plastic potential 

surface is described by Equation 5.3. 

5.2.4 Hardening rules 

The bounding surface follows an isotropic hardening rule, as in the two-surface model. 

The inner kinematic surfaces follow translation rules which control their movement as 

these are dragged by the current stress state. For a monotonic stress path starting within 

the yield surface, the behaviour is initially elastic and remains elastic as long as the 

stress path stays within the yield surface. As soon as the stress state touches the yield 

surface the behaviour becomes elasto-plastic and the yield surface is dragged along the 

stress path, approaching the history surface. As long as the stress state remains on the 

yield surface and within the history surface, the history surface expands or contracts 

isotropically. When the yield surface touches the history surface then both surfaces arc 

dragged along the stress path moving towards the bounding surface. 

Stallebrass (1990) realised that the single translation rule employed by Al-Tabbaa (1987) 
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guaranteed that the surfaces came in contact tangentially and never intersected, but did 

not make sure that when the surfaces did come in contact they also remained in contact 

for any further loading, as already discussed in section 4.3.8. Consequently, the 

translation rules of each surface, in the three-surface model, are divided into two 

expressions: the first one is similar to that adopted by Al-Tabbaa (1987) and controls the 

movement of a surface when it is translating within another surface, the second one 

controls the movement of a surface which is in contact with one or more surfaces. 

5.2.4.1 Isotropic hardening of the bounding surface 

The model adopts the volumetric hardening rule of the modified Cam Clay model, in 

which the change in size of the bounding surface is controlled by the change in plastic 

volumetric strain: 

f o a 

As in the two-surface model, the parameters A* and k* represent the slope of the isotropic 

normal compression line and the slope of the swelling line, for an unloading path lying 

entirely within the kinematic yield surface, in Inv-ln/?'space. 

5.2.4.2 Translation rules for the history surface 

The two translation rules that govern the movement of the history surface are the 

following: 

i) Translation rule for the history surface when it is moving within the bounding surface 

When the current stress state is on the history surface the translation rule for this surface 

when it is moving within the bounding surface is given by an equation similar to the one 

adopted by Al-Tabbaa (1987): 

p - p. 

T 

9 - 9 , 
T 

- ( y - p i ) 

-q 

(5.5) 

This translation rule is a combination of isotropic and kinematic hardening and therefore 

can be divided into two components. The first one represents the expansion or 
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contraction of the history surface due to isotropic expansion or contraction of the 

bounding surface. The second represents the translation along a vector, p, which joins 

the current stress state A with the equivalent conjugate point on the bounding surface 

see Figure 5.2. The scalar quantity ^ can be obtained by substituting dp'a and dqa from 

Equation 5.5 into the consistency condition for the history surface and using Equation 

5.2: 

( / - X ) 
w=-

d p ' - ^ p ' 
Po . 

+ 9 - 9 . 
M- Po . 

(p ' -x) p - . p . 
( y - x ) + 9 - 9 . 

M-
9 - 9 . 

T 

(5.6) 

When the current stress state is inside the history surface the surface will still move to 

allow for the expansion or contraction of the bounding surface. In this case the 

movement of the history surface is just given by the first part of Equation 5.5: 

1^9. J X 1 9 . . 
(5.7) 

Figure 5.2: Diagram illustrating the definition of a conjugate point and the translation of 
the history surface along the vector/? (after Stallebrass (1990)) 
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li) Translation rule for the history surface when it is in contact with the bounding 

surface 

When the history surface is in contact with the bounding surface the translation rule that 

is employed ensures that the surfaces remain tangential for any subsequent loading: 

(5.8) 

5.2.4.3 Translation rules for the yield surface 

The following two translation rules govern the movement of the yield surface: 

i) Translation rule for the yield surface when it is moving within the history surface 

The translation rule adopted is of a similar form to Equation 5.5: 

f x 

/ 9 J X 196 
+ Z 

(y-x) 
5 

9 - 9 6 
5 

(5.9) 

Figure 5.3: Diagram illustrating the definition of a conjugate point and the translation of 
the yield surface along the vector y (after Stallebrass (1990)) 
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Similar to Equation 5.5, Equation 5.9 can be divided in two parts. The first part governs 

the expansion/contraction of the yield surface due to isotropic expansion/contraction of 

the bounding surface and the second governs the translation of the yield surface along a 

vector, y, joining the current stress state, D, to its conjugate point Dc, on the history 

surface (Figure 5.3). The scalar quantity Z can be derived by employing the consistency 

condition for the yield surface. 

( y - x ) 

z=-
d p ' - ' j f p ' 

Po . 

9 - 9 6 
M- Po ) 

( / - X ) 9 - 9 6 9 - 9 6 
5 

( 9 - 9 . ) 

(5.10) 

ii) Translation rule for the yield surface when it is in contact with the history surface 

When the yield surface is in contact with the history surface the translation rule 

becomes: 

/ 9 6 j M 9 J 
(5 11) 

5.2.5 H a r d e n i n g modulus 

The hardening modulus is formulated in the same way as for the two-surface model. It is 

initially formulated for the special case that all three surfaces are in contact and then 

modified for all the other cases that the surfaces are not in contact and the stress state is 

within the bounding surface. For these cases the hardening modulus depends on the 

degree of approach of the yield surface to the history surface and the degree of approach 

of the history surface to the bounding surface and reduces to the value of the hardening 

modulus on the bounding surface when all three surfaces are in contact. 

The expression for the calculation of the plastic strain increments on the yield surfacc, 

when all three surfaces are in contact, is the following; 

( / - x y ( / - A ) 

( y - x ) 
m-

9 - 9 6 

, \ 9 - 9 6 9 - 9 6 
m' 

m' 
\2 

J 

\dq\ 
(5.12) 

where the hardening function is given by an expression similar to the one employed in 
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the two-surface model: 

y - x k = • 

1 * * A - / C 
(513) 

When all three surfaces are in contact Equation 5.12 predicts the same plastic strain 

increments as those calculated by the modified Cam Clay model (Equation 4.3), since in 

this case {p' - p'b)ITS = {p' - p'o) and {q - qb)ITS = q. Stallebrass (1990) noted that the 

above expression of the hardening function, hg, cannot be derived from the consistency 

condition of the yield surface when all surfaces are in contact and hence is not consistent 

with the translation rules for this special case. This inconsistency of the model will be 

discussed in further detail later. 

Following Al-Tabbaa (1987) the function ho in Equation 5.12 is replaced with a more 

general expression of the form: 

h = h ^ + H ^ + H 2 (5.14) 

where ho is given by Equation 5.13, / f t is a function of the degree of approach of the 

history surface to the bounding surface and H j is a function of the degree of approach of 

the yield surface to the history surface. 

Similar to Al-Tabbaa (1987) a number of restrictions were introduced on the values that 

H\ and H2 could take. First of all for t] < M, where instability had not been observed, 

ho + H\ + Hi had to be greater than zero. Then when all three surfaces are in contact 

/ / ] + 7/2 = 0 so that they all predict the same strains. Moreover when the stress point lies 

on the history and yield surfaces and within the bounding surface Hi = 0, so that the two 

surfaces in contact predict the same strains. Finally the plastic strains had to be lowest 

on the yield surface, therefore Hi was required to be greater or equal to zero; and 

greatest on the bounding surface, hence H\ was required to be greater or equal to zero. 

The above criteria were fulfilled by linking H\ and Hj to the position of the yield and 

history surfaces respectively. The measure of the degree of approach of the history 

surface to the bounding surface used in the model, b\, is the scalar product of the vector 

P and a vector normal to the history surface, /!/„ at the conjugate stress point (p\, q,), see 

Figure 5.4, divided by a measure of the size of the history surface: 
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6, = 
% 

P ~Pt 
TS 

^ i 

5 
+ 

( 5 ^ 5 ) 
9 - 9 6 9 - 9 6 

ST 
9 - 9 6 

5 
+ 9 . 

Similarly the measure of the proximity of the yield surface to the history surface, 6?, is 

the scalar product of the vector, y, and a vector normal to the yield surface at the current 

stress state, /j,,, see Figure 5.4, divided by a measure for the size of the yield surface: 

= -
1 

( / - X ) 

9 - 9 * 
m-

9 - 9 6 
( 9 - 9 , ) 

(5.16) 

The functions b\ and 6? take their maximum values when the surfaces are in the 

configuration shown in Figure 5.5. These maximum values are; 

A,™, = 2 p ; ( i - r ) (5.17) 

(5 18) 

Figure 5.4: Diagram defining the main components of the parameters A, and hi (after 
Stallebrass (1990)) 
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Figure 5.5: Diagram showing the position of the surfaces when b\ and bi are at a 
maximum (after Stallebrass (1990)) 

Stallebrass (1990) adopted the following functions for H\ and Hy. 

H, =• 1 * * 
X -K V ^1 max J 

(5.19) 

h . = • 

T * 
a - k V 2̂max y 

(5.20) 

where y/ is an exponent which controls the rate of decay of stiffness. 

Therefore the resulting hardening function is: 

h = • 
1 * * ( y - x ) 

^ 1 \ 

V max J 

Tb, 

V ^2 max J 

, \3 
( f C ) 

(5.21) 

It can be shown that when the yield and history surfaces are in contact, ^2 = 0 and H j = 0 

and the model predicts the same plastic strain increments as the two-surface model for 

the case that the kinematic surface moves within the bounding surface. 
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5.2.6 Elastic part of the model 

As in the two-surface model, the elastic bulk modulus, Kc, is equal to; 

(5.22) 

For the calculation of the elastic shear strains an elastic shear modulus is assumed. 

Therefore the elastic strain increments are the following: 

\de: y 0 

1 

3G„ 
1:1 

where the elastic bulk modulus, K^, is given by Equation 5.22 and the elastic shear 

modulus, Ge, is an input parameter. 

5.2.7 Model parameters 

The three surface model is defined by eight parameters: 

1*: the slope of the isotropic nonnal compression line in Inv-ln/?'space 

K\ the slope of the swelling line in Inv-ln^o'space for a stress path that lies entirely 

within the kinematic yield surface 

Gi. the elastic shear modulus 

M\ the slope of the critical state line in q-/>'space 

T. the ratio of the size of the history surface to that of the bounding surface 

S\ the ratio of the size of the yield surface to that of the history surface 

(y: the exponent in the hardening function H 

N: one additional parameter is required to fix the model in Inv-in/?'space and this is 

usually taken as the specific volume of the isotropic compression line at 

p'= IKPa 

The parameters, A*, k , M and N have the same definition as in the two-surface model 
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and can therefore be derived in the same way. The elastic shear stiffness, Gc, can be 

estimated from the start of a constant p' shearing test following a complete stress 

reversal, if strain measurements can be made with sufficient accuracy. Alternatively, this 

can be determined from dynamic measurements. The parameters S and T can be 

estimated from two isotropic stress paths in which the same loading stage is repeated for 

two different stress histories, one with Or = 0° and the other with Or = 180°, where 0,. is 

B, = 0° 

stress-strain response 
measured along 0-C 

(a) 
0r= 180° 

K 

K 

Y is derived by trial and error 

end of elastic strains 
(not usually measurable in triaxial tests) 

, = 180 

2TSpo 

3r = 0 

2Tp; 

Ap' 

(b) 

Figure 5.6: Sketch showing a) isotropic stress paths required to determine values for the 
parameters Tand 5 b ) typical stiffness plots from which Tand Scan be estimated (after 

Stallebrass (1990)) 
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used to denote here the angle between the approaching and loading paths, see Figure 

5.6a. In Figure 5.6b the bulk modulus, k, is plotted against Ap', for two such tests. (The 

initial values of AT for 0^ = 180° give an estimate of the parameter K). The parameter s 

can be calculated from the stress change for which strains are elastic. Stallebrass (1990) 

noted that since the elastic region is generally difficult to measure, it is advisable to 

check this against shear stiffness curves. The stress change at which the two stiffness 

curves seem to converge can be assumed to define the end of the extent of the effect of 

recent stress history and can be used to estimate the parameter t. Again it is suggested 

that this is checked against shear stiffness curves. Finally the parameter y/ cannot be 

measured directly and its value has to be derived from parametric studies. 

5.2.8 Discussion 

As mentioned before, the expression for the hardening function, hg, given by Equation 

5.13 is not consistent with the rule that describes the translation of the surfaces when 

they are in contact, given by Equations 5.8 and 5.11. This ultimately leads to the non-

satisfaction of the consistency condition of the yield surface when all three surfaces are 

in contact. Moreover when the yield and history surfaces are in contact the resulting 

hardening function, h = ho + Hi {Hi = 0 in this case), is not consistent with the 

translation rule of the yield surface when this is in contact with the history surface, given 

by Equation 5.8. This would lead to the non-satisfaction of the consistency condition of 

the yield surface in the case that the yield and history surfaces are in contact. Stallebrass 

(1990) noted that further work is required in order to derive a more consistent version of 

either the translation rule or the hardening function. In the next section, which describes 

the formulation of the model in general stress space, it will be shown that in order to 

make the model consistent it is not necessary to derive a new expression of either the 

translation rule or the hardening function, but it is sufficient to adopt the same concept 

of changing the current active yield surface as in the general formulation of the two-

surface model. 

It is interesting to note that, as already discussed in section 5.2.5, the interpolation rule 

of the model reduces to the interpolation rule of the two-surface model, when the yield 

and history surfaces are in contact. This implies that the same argument of Gajo and 

Muir Wood (2001) for the two-surface model is also valid for the three-surface model. 

According to their argument, since the incremental response tends asymptotically to the 

response on the bounding surface, then the yield and history surfaces can never actually 

come in contact with the bounding surface. If this is true then there is no need to have 
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different translation rules for the yield and history surfaces for the case that all three 

surfaces are in contact. However, similar to the two-surface model, for normally 

consolidated states which start on the bounding surface, and for which the three-surfaces 

are in contact, it is still necessary to have different translations rules, which ensure that 

the three surfaces remain in contact for further loading. 

Moreover, one could argue that the same situation applies in the case that the yield 

surface moves within the history surface, since when bj = 0 the hardening modulus 

reduces to the hardening modulus of the two-surface model. This would then imply that 

the yield and history surfaces cannot actually come in contact. However, this is not true 

since the behaviour of the three-surface model reduces to the behaviour of the two-

surface model for the case that the history surface translates within the bounding surface 

according to Equation 5.5 and not for the case that the history surface expands or 

contracts isotropically according to Equation 5.7. 

5.3 Formulation in general stress space 

5.3.1 Introduction 

In order to implement the three-surface model into a finite element program, like ICFEP, 

it has to be formulated in general stress space. This section describes the extension of the 

three-surface model from triaxial to general stress space. 

5.3.1.1 Stress and strain variables 

Similarly to the two-surface model the three-surface model can predict anisotropic 

yielding depending on the position of the yield and history surfaces, although the 

strength predicted by the model is isotropic, since this is governed by the isotropic 

bounding surface. Stallebrass and Taylor (1997) carried out the first generalisation of the 

model in which q in the triaxial fomiulation was replaced by the deviatoric stress tensor 

s. This is equivalent to formulating the model in terms of the volumetric and deviatoric 

components of the stress and strain tensors, described by Equations 1.2-1.4 and 1.14-

1.17 and already used in the general formulation of the two-surface model. 
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5.3.1.2 Yield and plastic potential surfaces in the deviatoric plane 

In the first generalisation of the three-surface model, Stallebrass and Taylor (1997), 

assumed a circular shape of the yield and plastic potential surfaces in the deviatoric 

plane. However, as mentioned before, the circular shape in the deviatoric plane 

overestimates the strength in triaxial extension and does not represent satisfactorily the 

failure conditions of the soil. In the current formulation of the model in general stress 

space, this feature of the model has been improved. The yield surface can take either the 

shape of a Mohr Coulomb hexagon or the general shape proposed by van Eekelen 

(1980), which, depending on the chosen values of the input parameters, can take 

different shapes in the deviatoric plane, including the shape proposed by Lade (Lade and 

Duncan (1975)) and a circular shape. The plastic potential surface can take the general 

shape suggested by van Eekelen (1980). 

5.3.1.3 Concept of changing the active yield surface 

In this general formulation of the three-surface model the same concept of changing the 

current active yield surface every time the surfaces come in contact, as in the two-

surface model, was adopted. This can be explained as follows; when the stress state is on 

the yield surface and this moves within the history surface, then the yield surface is the 

active yield surface and the plastic potential and hardening modulus associated with this 

surface apply. When the yield surface comes in contact with the history surface and both 

of them move within the bounding surface, then the history surface becomes the active 

yield surface, the plastic potential and hardening modulus associated with this surface 

apply and the model reduces to the general fonmilation of the two-surface model. In this 

case the yield surface is inactive and is just dragged by the current stress state. Finally, 

when all three surfaces are in contact, the bounding surface becomes the current active 

yield surface, the plastic potential and hardening modulus associated with this surface 

apply and the model reduces to the modified Cam Clay model. In this case the yield and 

history surfaces are inactive and are just dragged by the current stress state. When the 

stress path direction changes so that the stress state re-enters the yield and history 

surfaces, then the yield surface becomes the active yield surface, until this comes in 

contact with the history surface, in which case the latter becomes the active yield surface 

and the inactive yield surface is again just dragged by the current stress state. This 

concept of changing the current active yield surface was found to be the solution to the 

problem of the inconsistent hardening modulus and translation rules discussed in section 
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5.2.8 and will become clearer in the course of this section. 

5.3.2 Equations of the surfaces 

The equation of the bounding surface is formulated in general stress space as follows: 

f , = P ' - l l 
2 

+ 
1 s:s Po = 0 (5.24) 

where p'o represents the value of the mean effective stress at the intersection of the 

current swelling line with the isotropic compression line, rather than half the value used 

in the original formulation of the three-surface model, the function g(6'/,) defines the 

shape of the bounding surface in the deviatoric plane and will be discussed later and Ot, is 

the Lode 's angle for the bounding surface, which is given by the following equation: 

^6 = 
1 . 
—sin 
3 

3 ^ 3 d e t ( s ) 

i t * : : ) 

(5.25) 

The equation of the history surface in general stress space is: 

(5.26) 

where p'„ and s„ are the mean effective stress and the deviatoric stress tensor at the 

centre of the history surface respectively, the function g(Oi,) defines the shape of the 

history surface in the deviatoric plane and 0/, is the Lode's angle for the history surface, 

which is calculated by using the centre of the history surface as origin: 

0,.=- 1 . 
— sin 
3 

3 ^ d e t ( s - s j 
(5.27) 
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bounding surface 

history surface 
\ 

yield surface 

P b P P o P 

(a) 

Mohr-Coulomb 

(b) 

Figure 5.7; Three surface model a) Representation of the yield, history and bounding 
surfaces in triaxial stress space b) Deviatoric section through the yield, history and 

bounding surfaces (with the van Eekelen equation taking the Lade shape) 

The yield surface is represented in general stress space by an equation of the form: 

(5.28) 

where p'h and Sb are the mean effective stress and the deviatoric stress tensor at the 

centre of the yield surface respectively, the function g{6^) defines the shape of the yield 

surface in the deviatoric plane and 0,. is the Lode's angle for the yield surface, which is 

calculated by using the centre of the yield surface as origin: 
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e = 1 . 
— s i n 

3 

3V3 d e t ( s - 5 , ) 
(5.29) 

The representation of the bounding, history and yield surfaces in the triaxial stress space 

can be seen in Figure 5.7a. 

Two options are adopted for the function g{9). The first option gives the shape of a 

Mohr-Coulomb hexagon in the deviatoric plane and the second option gives the family 

of continuous curves suggested by van Eekelen (1980), see Figure 5.7b (in this figure 

the van Eekelen curve takes the Lade shape). These two options are the same as those 

adopted in the general formulation of the two-surface model and have already been 

discussed in section 4.4.3. The Mohr-Coulomb hexagon is described by Equation 4.27 

and the general shape proposed by van Eekelen (1980) is given by Equation 4.28. 

The bounding, history and yield surfaces always have the same shape in the deviatoric 

plane, given either by Equation 4.27 or 4.28, with 9 replaced by 9,, for the yield surface, 

9i, for the history surface and % for the bounding surface. 

5.3.3 Flow rule 

The plastic potential surface associated with the bounding surface is represented by the 

following equation: 

p,= 
V y 

= 0 (5.30) 

where the function gp{9b) defines the variation of the plastic potential surface in the 

deviatoric plane. 

The plastic potential surface associated with the history surface is: 

(5.3 1: 

where the function gp{9h) defines again the variation of the plastic potential surface in 
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the deviatoric plane. 

Finally, the plastic potential surface associated with the yield surface is formulated as 

follows: 

= o (5.32) 
2 g , ( f , ) 4 

As in the general formulation of the two-surface model, the function gp{0) is given by 

the general shape proposed by van Eekelen (1980). This is described by Equation 4.31 

and has already been discussed in section 4.4.4. 

5.3.4 H a r d e n i n g rules 

The formulation of the hardening rules in general stress space is the following: 

5.3.4.1 Isotropic hardening of the bounding surface 

This is described by Equation 5.4. 

5.3.4.2 Translation rules for the history surface 

The two translation rules that govern the movement of the history surface are fomuilated 

in general stress space as follows: 

i) Translation rule for the history surface when it is moving within the bounding surface 

When the current stress state is on the history surface and this moves within the 

bounding surface, the history surface is the active yield surface. The translation rule of 

the history surface is given in general stress space as follows: 

Po 

a -a,. 
2 V 

(5.33) 

Equation 5.33 can be rewritten in terms of the isotropic and deviatoric components of 

the stress tensor: 
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Po 

P -Pa 
R V 

(5.34) 

ds„ 
P'o 

s+W 
T 

(5.35) 

As in the original triaxial formulation, the scalar quantity W can be obtained by 

substituting Equations 5.34 and 5.35 into the consistency condition of the history surface 

and using Equation 5.26. The consistency condition of the history surface is: 

^ ck ck c b ' dp' ds dp^ 

The scalar quantity P^is calculated as: 

(5.36) 

W = - V Po 

1 
- k -

J 2 ds I / 4 

P'-P'a 
T 1 

2 J_ 

1 
+ -2 Gk "L r j 

(5.37) 

Equation 5.37 requires the partial differentials of the history surface with respect to the 

deviatoric stress tensor, dF/Jds. Similarly to the two-surface model, in the case that the 

shape of the history surface in the deviatoric plane is a circle, the function g(%) is a 

constant and equal to X, and the differentials are: 

ds x-
(5.38) 

However, for any other shape of the history surface in the deviatoric plane the 

calculation of the differentials dFjJds becomes much more complicated. The calculation 

of these derivatives will be presented in the next section which describes the 

implementation of the three-surface model into ICFEP. 

When the stress state is within the history surface then the yield surface is the current 

active yield surface and the translation of the history surface is given by the first part of 

Equation 5.33: 

Po 
(5.39) 
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ii) Translation rule for the history surface when it is in contact with the bounding 

surface 

When the history surface is in contact with the bounding surface, the latter is the active 

yield surface, and the history surface is just dragged by the current stress point. The 

translation rule of the history surface ensures that the history and bounding surfaces 

remain tangential for further loading and is formulated in general stress space as follows; 

da[ = [\-T)da' + T ^ (5.40) 

5.3.4.3 Translation rules for the yield surface 

The two translations rules that govern the movement of the yield surface are fomiulated 

in general stress space as follows: 

i) Translation rule for the yield surface when it is moving within the histoty surface 

In this case the yield surface is the active yield surface and its translation rule is given 

as: 

Po 

a -a^ (5.41) 

The above equation can be rewritten in terms of the isotropic and deviatoric components 

of the stress tensor: 

dpl=^p'>+z 
Po 

p -Pb 
s - ( y - f O (5.42) 

ds,=^-s,+z 
Po S 

(5.43) 

The scalar quantity Z is derived by using the consistency condition for the yield surface: 

a F gf" a p 
dF =—-dp' + —--.ds^-—-dpi +—--ds^ +—-dp' = 0 

dp' ds % sp'o 
(5.44) 

Substitution of Equations 5.42 and 5.43 into Equation 5.44 and use of Equation 5.28 
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gives the expression for Z: 

( / - X ) 

z = 
\ + — 2 

df^_ 

ds V Po 

( / - X ) 
p -Pt 

s - ( y - f i ) 
1 p F , , 

+ -
2 ds 

(5.45) 

The calculation of Equation 5.45 requires the partial differentials of the yield surface 

with respect to the deviatoric stress tensor, d F J d s . As before, if the shape of the yield 

surface in the deviatoric plane is circular then the differentials are calculated as; 

ds 
s-s, 

X-
(5.46) 

For any other shape of the yield surface in the deviatoric plane the calculation of the 

above differentials is complicated and will be given in the next section. 

ii) Translation rule for the yield surface when it is in contact with the his toiy surface 

In this case the history surface is the active yield surface. The translation rule of the 

inactive yield surface is formulated in general stress space as: 

da'^ =[l- S)d(T' + Sdal (5.47) 

5.3.5 Harden ing modulus 

The hardening modulus is formulated for three different cases. The first one is the case 

that the kinematic yield surface moves within the history and bounding surfaces, the 

second one is the case that the kinematic yield surface is in touch with the history 

surface and they both move within the bounding surface and the third case is the one that 

all three surfaces are in contact. In the first case the yield surface is the active yield 

surface and the formulation of the hardening modulus follows the one proposed by 

Stallebrass (1990) and described in section 5.2.5. In the second case the history surface 

is the active yield surface. The hardening modulus in this case reduces to the hardening 

modulus of the two-surface model for the case that the kinematic surface moves within 

the bounding surface. Finally in the third case the bounding surface is the active yield 

surface and the hardening modulus reduces to the modified Cam Clay hardening 
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modulus. 

i) Hardening modulus for the yield surface when it is moving within the history and 

bounding surfaces 

The hardening modulus, A, is formulated in general stress space as follows: 

A=- ( y - x ) p'b{p' - p'b)-^-
ds J 

+ 

V ^ 1 max J 

pjl 
V 2 y 

S- + Ik. 
V ^ 2 max y 

Po. 
2 \ / 

(5.48) 

Equation 5.48 is divided into three parts. The first part is the hardening modulus A^, 

which is equivalent to the hardening function ho in the triaxial fonnulation: 

= • 

1 * * a - k 
( / - X ) p'b{p' - p'b)+-

djf^ 

ds 
: St + (5.49) 

The second part of Equation 5.49 is the additional component of the hardening modulus, 

A\, associated with the degree of approach of the history surface to the bounding surface: 

A, =• 
A - r I 2 y V ^ 1 max J 

s- (5.50) 

This is equivalent to the hardening function in the original triaxial fomiulation. 

The third part of Equation 5.49 is the additional component of the hardening modulus 

Aj, associated with the degree of proximity of the yield surface to the history surface: 

a=-
1 * * 

A - / T V ^ 2 max J V 2 y 
(5.51) 

This is equivalent to the hardening function Hi in the original triaxial formulation. 

Similarly to the hardening function ho in the triaxial formulation, the above expression 

of Ao in general stress space cannot be derived from the consistency condition of the 

yield surface when all three surfaces are in contact, because of the translation rule 

adopted for the yield surface when the surfaces are in contact (Equation 5.47). However, 
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Equation 5.48 can still be used as the hardening modulus, A, in the case that the yield 

surface moves within the history and bounding surfaces. This is because the derivation 

of the scalar multiplier Z (in Equation 5.41) from the consistency condition of the yield 

surface ensures that the consistency condition of the active yield surface is satisfied. As 

in the two-surface model, any hardening modulus could be assumed in this case and the 

consistency condition of the yield surface would still be satisfied anyway. The problem 

arises when the yield surface is in contact with either the history surface or both the 

history and bounding surfaces. In any of these cases the consistency condition of the 

yield surface is not satisfied. However, since in the first case the plastic strain 

increments calculated by the yield and history surfaces are the same, the active yield 

surface can be changed to the history surface and the model then reduces to the general 

formulation of the two-surface model. In this way the consistency condition of the 

history surface is satisfied while the yield surface is inactive and just follows the current 

stress point according to Equation 5.47. Moreover, in the second case all three surfaces 

predict the same strains and hence the active yield surface can be changed to the 

bounding surface and the model then reduces to the modified Cam Clay model. Both the 

yield and history surfaces are then inactive and are dragged along the current stress path 

following Equations 5.47 and 5.40 respectively. 

The formulation in general stress space of the degree of approach of the history surface 

to the bounding surface, 6,, is: 

6 , = I 

J' po 

p -Ph 
TS 

' f 

1 

IS 

d f ^ 

ds ST 

+ 

S 
- + s.. 

(5.52) 

The maximum value of the function b\ is: 

(5,53) 

The degree of proximity of the yield surface to the history surface, bj, becomes: 

b, = 

s t ^ 
( / - X ) 

- P A - ( p ' - p l ) 4 - -

& 
S - S,. 

s 

(5.54) 
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The maximum value of the function hi is: 

(5.55) 

Equations 5.48, 5.52 and 5.54 require the partial differentials of the yield surface with 

respect to the deviatoric stress tensor, dFylds. As previously mentioned, if a circle is 

adopted as the shape of the yield surface in the deviatoric plane then the differentials are 

calculated by Equation 5.46. For any other shape the calculation of the differentials is 

given in section 5.4. 

ii) Hardening modulus for the history surface when it is in contact with the yield surface 

and they are both moving within the bounding surface 

In this case 62 is equal to zero, A2 is equal to zero, the history surface becomes the active 

yield surface and the hardening modulus. A, reduces to the hardening modulus of the 

two-surface model: 

A = -
A -K-

( / - X ) 
ds 

t ' p : 

b, f 

\ Imax / \ 

& 
(5.56) 

Equation 5.56 is divided into two parts. The first part is the hardening modulus A„ which 

is of the same form as the hardening modulus A^ of the two-surface model but with R 

replaced by T and Fy replaced by F/,: 

a„ =• 
1 * * A - / T 

( / - X ) 
ds 

; 
t ' p l 

(5.57) 

The second part is the component of the hardening modulus Ai which is of the same 

form as the hardening modulus ^4, of the two-surface model, but with b replaced by A,: 

A, =• 
1 * * 

a — k V ^ 1 max J V 2 y 
(5.58) 

Similar to the general formulation of the two-surface model, the above expression of the 

hardening modulus, Ao, cannot be derived from the consistency condition of the history 

surface when all three surfaces are in contact because of the translation rule adopted 
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for the history surface when the surfaces are in contact (Equation 5.40). However, 

Equation 5.56 can be used as the hardening modulus for the case that the history and 

yield surfaces are in contact and they both move within the bounding surface. This is 

due to the fact that the scalar parameter W (in Equation 5.33) is derived from the 

consistency condition of the history surface, which is the active yield surface in this case 

and in this way the consistency condition of the active yield surface is always satisfied. 

However, the consistency condition of the history surface is not satisfied when all three 

surfaces are in contact. In this case, as previously mentioned, the bounding surface can 

become the active yield surface and the model then reduces to the modified Cam Clay 

model. 

The degree of proximity, bi, of the history surface to the bounding surface is fonnulated 

in general stress space as follows: 

4 =• 
1 

•Po 
( / - X ) 

P -Pa 
T \ 

+ -
1 5 . 

ds T 
--S (5.59) 

The degree of proximity, b\, is again of the same form as the degree of proximity, b, in 

the two-surface model but with R replaced by T and F,. replaced by Ft,. 

Equations 5.56 and 5.59 require the calculation of the partial differentials of the history 

surface with respect to the deviatoric stress tensor, dF/Jds. As mentioned before, for a 

circular shape of the history surface in the deviatoric plane these are given by Equation 

5.38, whereas for any other shape they are calculated in section 5.4. 

Hi) Hardening modulus for the bounding surface when all three surfaces are in contact 

In this case the bounding surface is the active yield surface and the hardening modulus 

reduces to the modified Cam Clay hardening modulus: 

A=-
1 * * 

A — AT 

p 
2 J 

Po (5.60) 

5.3.6 Elastic p a r t of the model 

The elastic stress tensor is calculated from the elastic strain tensor through the elastic 

constitutive tensor: 
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d(T = D':de' (5.61) 

where the elastic constitutive tensor, D', is a function of the isotropic elastic bulk 

modulus, Ki;, and the shear modulus, G^. 

The elastic bulk modulus, Ke, is given by Equation 5.22. For the calculation of the elastic 

shear stiffness, Ge, four options exist. These are the same as in the general fonnulation 

of the two-surface model and have already been discussed in section 4.4.7. 

5.3.7 Overview of the model 

An overview of the model serves to clarify the way the model operates in this general 

formulation and is the basis of the implementation of the model into ICFEP. 

Elastic behaviour; 

When the stress state is within the yield surface the behaviour is purely elastic and is 

described by Equation 5.61. 

Elasto-plastic behaviour: 

i) When the stress state is on the yield surface and this moves within the history and 

bounding surfaces 

The yield surface is the active yield surface. The yield and plastic potential functions 

associated with this surface are described by Equations 5.28 and 5.32 respectively. The 

hardening modulus is provided by Equation 5.48. The isotropic hardening of the 

bounding surface is given by Equation 5.4 and the translations of the yield and history 

surfaces are described by Equations 5.41 and 5.39 respectively. The scalar multiplier Z 

in Equation 5.41 is derived from the consistency condition of the yield surface and 

therefore the consistency condition of the active yield surface is satisfied. 

a) When the stress state is on the yield and history surfaces and these move within the 

bounding surface 

In this case the history surface is the active yield surface, and the model reduccs to the 

two-surface model. The yield and plastic potential functions of the history surfacc are 

given by Equations 5.26 and 5.31 respectively. The hardening modulus is described by 

Equation 5.56 and the isotropic hardening of the bounding surface is again given by 
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Equation 5.4. The translation of the history surface is described by Equation 5.33 and the 

consistency condition of this surface, which is now the active yield surface, is satisfied, 

since the scalar multiplier W in Equation 5.33 is derived directly from the same 

consistency condition. The yield surface is inactive but follows the current stress state 

according to Equation 5.47. 

Hi) When the stress state is on all three surfaces 

The bounding surface is the active yield surface and the model reduces to the modified 

Cam Clay model. The yield function and plastic potential, in this case, are provided by 

Equations 5.24 and 5.30 respectively. The hardening modulus is given by Equation 5.60, 

which is consistent with the isotropic hardening of the bounding surface described by 

Equation 5.4. In this way the consistency condition of the bounding surface, which is the 

active yield surface, is satisfied. The translation of the inactive yield and history surfaces 

is described by Equations 5.47 and 5.40 respectively. 

5.3.8 Model p a r a m e t e r s 

The formulation of the three-surface model in general stress space described in this 

section requires either ten parameters, when a Mohr-Coulomb hexagon is adopted for 

the shape of the yield surface in the deviatoric plane, or twelve parameters, when a 

general shape is chosen. If the elastic shear modulus, G .̂, is calculated by Equation 4.51, 

then two additional parameters are required. The model parameters are: 

A*: the slope of the isotropic normal compression line in Inv-ln/?'space 

K\ the slope of the swelling line in Inv-ln;?'space for a stress path that 

lies entirely within the kinematic yield surface 

/i or Gg, or GJp'\ the Poisson's ratio or the elastic shear stiffness. If Equation 4.51 is 

used then the material parameters yj, n and m must be provided 

(p' or X, / a n d Z: the angle of shearing resistance or the constants X= sin(^'o o ), Fand 

Z in Equation 4.28 at the critical state 

Yp and Z^: the constants Yp and Zp in Equation 4.31 

T: the ratio of the size of the history surface to that of the bounding 

204 



surface 

S- the ratio of the size of the yield surface to that of the history surface 

yj' the exponent in the hardening function A 

N': one additional parameter is required to fix the model in Inv-lnp'space 

and this is usually taken as the specific volume of the isotropic 

compression line atp'= IKPa 

5.4 Implementation 

5.4.1 Introduction 

The implementation of a constitutive model into a finite element program has already 

been discussed in the implementation of the two-surface model into ICFEP, section 

4.5.1. Similarly to the two-surface model, the implementation of the three-surface model 

into ICFEP involved the calculation of the following terms: the partial derivatives of the 

yield function with respect to stress, {dF/da'}, the partial derivatives of the plastic 

potential function with respect to stress, {dP/da'}, the elastic constitutive matrix, [D% 

the hardening modulus. A, and the change in the hardening parameters. A flowchart of 

the ICFEP subroutine which is used by the stress point algorithm in order to calculate 

the changes in stresses, plastic strains and hardening parameters during a substep, for the 

three-surface model is presented in Appendix IV. This section also presents the 

calculation of the partial derivatives of the yield surface with respect to the deviatoric 

stress tensor, dFy/ds, which are required in Equations 5.45, 5.48, 5.52 and 5.54, and the 

partial derivatives of the history surface with respect to the deviatoric stress tensor, 

dFiJds, which are required in Equations 5.37, 5.56 and 5.59 of the previous section. 

5.4.2 Calculation of the partial derivatives of the yield function 

The derivatives of the yield function are calculated by the program for the surfacc that is 

the active yield surface at the time. 

i) When the yield surface is the active yield surface 

In this case the yield function is given by Equation 5.28. For convenience in the 
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numerical computations, the partial derivatives of the yield surface with respect to the 

deviatoric stress tensor, dFy/ds, will be represented by the vector {dFy/ds}, where is 

given by Equation 4.52 (Chapter 4). The derivatives {dFy/ds} will be calculated first, 

followed by the calculation of the derivatives { d F y / d a ' } . A similar process to the one 

adopted in the two-surface model will be followed. 

Calculation of terms {dF/ds} 

The terms {dFy/ds} can be calculated in the same way that they were calculated for the 

two-surface model by rewriting Equation 4.53 as: 

2 = (5.62) 

Equation 5.28 is then rewritten as follows: 

(5.63) 

The partial derivatives can be obtained by differentiating Equation 5.63: 

& J dQlds ) dO \ ds 
(5.64) 

In the above Equation the term {dd^Jds} is: 

0^ 
2 C O S 

A 3/2 

2 

3det(s-5j \dQ 5 d e t ( s - s ^ ) 

2 6 ds 
(5.65) 

Substitution of Equation 5.65 into Equation 5.64 gives: 

8^ 

5F,, df^. 3 V 3 d e t ( ^ - ^ J 

2cos(3«,) - 0 

s e 

5^ 

[ 5 d e t ( 5 - S f t ) 

& 

(5.66) 
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Equation 5.66 is of the same form as Equation 4.57 (Chapter 4) but with replaced by 

Sfc. Equation 5.66 can be rewritten as: 

& 
= « , 

a g l f a d e t ( . - . . ) ^ 

. J ' I g j 
(5.67) 

where the constants ai and a? depend on dFyJdQ and dFyldOy. These can be calculated by 

Equations 4.59-4.61 with Q f rom Equation 5.62 and 0,, f rom Equation 5.29. The 

derivatives {dQIds} and {5det(s-si)/3s} in Equation 5.67 can be calculated from 

Appendix I by replacing Sa with 

Calculation of terms {dF/da'} 

The derivatives dFyJdxxy, dFy/dty:, dFy/di^x have already been calculated from Equation 

5.67. The remaining derivatives, dFy/da',„ dFy/da'y and dFylda'-_, can be calculated from 

the derivatives dFyld{o'^-p'), dFyld{a\,-p') and dFyld{a'--py. 

dF, dF. dF.. 

3 ( 0 - ; - y ) 
(5.68) 

dF. 
• + 2 

dF.. dF.. 

6 ( ( r : - y ) 
(5.69) 

dF.. dF.. 
+ 2 -

dF.. 
(5.70) 

ii) When the histoiy surface is the active yield surface 

The yield function is given by Equation 5.26. Inspection of Equations 5.26 and 5.28 

shows that the former can be obtained from the latter by setting //,, equal to p\„ s,, equal 

to Sa and S equal to 1.0. Therefore the derivatives {dFiJds] and {dFiJda') can be 

calculated from the same equations used to calculate the derivatives {dFylds} and 

{ d f y t d a ' } , by settingp 'h, si, and S equal to the above values. 

Hi) When the bounding surface is the active yield surface 

The yield function is given by Equation 5.24, which can be obtained from Equation 5.28 
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by setting equal to half the value ofp'o, Sh equal to zero and S and 7 equal to 1.0. The 

same equations used for the calculation of the derivatives {dFyldo'] can also be used for 

the calculation of the derivatives {dFiJda'} by setting p'l,, Si,, S and T equal to the values 

just mentioned. 

For the calculation of the yield function derivatives a similar process to the one used in 

the two-surface model is followed. The program calculates the yield function derivatives 

f rom Equations 5.62-5.70 with temporary values p'b, {sh}', S' and T, depending on 

which is the active yield surface. If the yield surface is the active yield surface, the 

temporary values are set equal to the real va luesp ' l ! = p'h, {j*}' = {j*}, 5' = 5" and f = T. 

If the history surface is the active yield surface then the temporary values are equal to 

p'b "= p'a, = {Sfl}, 5' = 1.0 and T = T. Finally if the bounding surface is the active 

yield surface the temporary values are set equal to p'h = O.Sp'o, {j^}' = 0.0, S' = 1.0 and 

f = 1.0. 

5.4.3 Calculation of the partial derivatives of the plastic potential function 

The program calculates the plastic potential derivatives associated with the current 

active yield surface at the time. 

i) When the yield surface is the active yield surface 

Substitution of Equation 5.62 into Equation 5.32, which describes the plastic potential 

function associated with the yield surface gives: 

(5,71) 

A similar process to the calculation of the yield function derivatives is followed. The 

partial derivatives {dPJds] are calculated first, followed by the calculation of the partial 

derivatives {dPyldo'}. 

Calculation of terms {dP^dsj-

The partial derivatives {dPylds} can be calculated as follows: 

20* 



The temis in Equation 5.72 are obtained f rom similar equations to those used to 

calculate the yield function derivatives {9^^/55} but with g(0,) replaced by the function 

gp{Oy). The only difference is in the calculation of the derivative dPJdOy. This can be 

calculated by Equation 4.67 with the appropriate values of Q and 0,.-

Calculation of terms (dFy/da'j 

The derivatives {dPy/da'} can be calculated from the derivatives {dPy/ds} by using 

equations similar to Equations 5.68-5.70. 

ii) When the history surface is the active yield surface 

The plastic potential function is given by Equation 5.31 and the derivatives can be 

calculated f rom the equations used to calculate the derivatives of the plastic potential 

function when the yield surface is the active yield surface by setting p'h equal to p\„ 

equal to Sa and S equal to 1.0. 

Hi) When the bounding surface is the active yield surface 

The plastic potential is described by Equation 5.30 and the derivatives can be calculated 

as in the case that the yield surface is the active yield surface by setting p',, equal to half 

the value o f p ' o , Sb equal to zero and S and T equal to 1.0. 

A similar process to section 5.4.2 is fol lowed and the derivatives of the plastic potential 

function are calculated from Equations 5.71-5.72 by using temporary values p'h, {.?/,}', 5' 

and T , depending on which is the active yield surface. 

5.4.4 Calculation of the hardening modulus, A 

i) When the yield surface is the active yield surface 

If the derivatives of the yield surface are represented by the vector {dFJds), Equation 

5.48 can be rewritten as; 
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A = -
1 * * A - / T 

( / - X ) 
2 

/ 6, 

V ^1 max J 

& 
V 2 y 5 ' + 

j \ 

\ ^ 2 max J 

4 

v 2 . 

(5.73) 

where 

1̂ = 
1 

2 

P - P h 

S 

P - P b 

TS 

/—f —f f \ 
+ 

1 

2 S (% 
s-sh 

ST 

s-s. 
- + S„ 

(5.74) 

b-, =• 

ST 
Po 

( / - X ) 
p - P b 

( p ' - X ) 
i f & ^ l f j - i 
2 8.y 

ii) When the history surface is the active yield surface 

Equation 5.56 can be rewritten as: 

(5.75) 

A = -
1 * * 

A - / r 
( / - X ) 

2 ds 

v ^ y V max J 

(5.76) 

where 

bx = P - Pa 

T " • - i 

i \ 
+ -<^ 

[8F,. 

2 [ 5^ 

s - s, 

T 
- - S (5.77) 

Hi) When the bounding surface is the active yield surface 

The hardening modulus is calculated by Equation 5.60. 
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5.4.5 Calculation of the elastic constitutive matrix, \D'\ 

The elastic constitutive matrix is the same as for the two-surface model and this has 

already been discussed in section 4.5.5. 

5.4.6 Calculation of the changes in hardening parameters 

The hardening parameters are the parameter p'o and the centres of the yield and history 

surfaces which in vector notation are represented b y p ' b , {sa} a n d p ' a , {jo} respectively. 

i) When the yield surface is the active yield surface 

The change in p'o is given by Equation 5.4. The changes in p\ and {s/,} can be obtained 

from Equation 5.41 if this is written in a vector notation forni (an example of this 

process is given in section 4.5.6). The changes inp '^ and {j,} can be similarly obtained 

from Equation 5.39. If the derivatives of the kinematic yield surface are represented by 

{dFy/ds}, then the scalar multiplier Z in Equation 5.41 can be calculated as: 

Z = I A, J I Po 

( y - x ) 
p -ph 

( y - x ) + -2 

(5.78) 

ii) When the history surface is the active yield surface 

The change in p'o is given by Equation 5.4, the changes in p'h and {s/,} can be obtained 

from Equation 5.47 and the changes in p',, and {5„} from Equation 5.33. If the 

derivatives of the kinematic yield surface are represented by {dFJds}, then the scalar 

multiplier Win Equation 5.33 is rewritten as; 

( / - X ) 
w = - Po 2 & p : " " 4 

P - Pa 
T P 

2 & 

(5.79) 
.V - .V 

T 
-s 

Hi) When the bounding surface is the active yield surface 

The change in p'o is described by Equation 5.4, the changcs in p'h and {.v/,} can be 
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obtained from Equation 5.47 and the changes inp'^ and {jg} from Equation 5.40. 

5.5 Validation 

5.5.1 Introduction 

This section presents a number of single finite element analyses performed in order to 

validate the implementation of the version of the three-surface model described in 

section 5.3. In the first part of the section the simulation of a number of triaxial tests 

quoted by Stallebrass (1990) is repeated and the results obtained are compared with the 

already published data. In the second part the implementation of different yield and 

plastic potential surfaces in the deviatoric plane is examined. When subjected to stress 

paths involving rotation of the principal stresses, the model can be shown to predict 

anisotropic stiffness characteristics (depending on the position of the kinematic surfaces) 

and isotropic strength, similar to the two-surface model, however, this set of tests will 

not be repeated here. Finally, in the last part of the section the hardening function 

assumed in the model and the resulting elasto-plastic transition are discussed. The above 

single finite element analyses do not only validate the implementation of the current 

version of the three-surface model but also serve to demonstrate some of its capabilities 

and limitations. Further evaluation of the three-surface model is presented in Chapter 7. 

5.5.2 Comparison with stress paths from Stallebrass (1990) 

Stallebrass (1990) used the three-surface model in order to reproduce a number of 

triaxial tests which investigated the effect of recent stress history on the behaviour of 

reconstituted speswhite kaolin. 

The stress paths repeated in this thesis are three constant p ' tests taken to failure, in order 

to show typical failure characteristics of the three-surface model, and a multi-stage test, 

in which the stress-strain behaviour along a common constant p' loading path was 

investigated after four different approaching paths. 

i) Constant /?' tests to failure 

Stallebrass (1990) simulated three constant p' tests to failure, initiating from highly 

overconsolidated stress states, and compared the predictions of the three-surface model 
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with corresponding predictions of the modified Cam Clay model, see Figure 5.8a. The 

model parameters used in the three-surface model can be seen in Table 5.1 and have 

been derived by Stallebrass (1990) for speswhite kaolin. Each initial stress state 

represents a different overconsolidation ratio as all three tests were subjected to a 

maximum mean effective stress of 400 kPa. Figure 5.8a shows that the three-surface 

model predicts lower peak stress ratios than the modified Cam Clay model. As 

Stallebrass (1990) noted, this happens for two reasons. The first one is that within the 

bounding surface, plastic dilatant deformations are occurring for these stress paths and 

therefore the surfaces contract and in this way it is difficult to reach the high peak state 

predicted by the modified Cam Clay model. The second reason is that as Al-Tabbaa 

(1987) and Al-Tabbaa and Wood (1989) observed for the two-surface model, the 

hardening function can become equal to zero and softening behaviour can be observed 

for stress states within the bounding surface (see section 4.6.2). In the case of the three-

surface model this condition may arise when the term hg + H\ + Hi becomes equal to 

zero. 

In order to reproduce the stress paths of Figure 5.8a with the current version of the three-

surface model implemented into ICFEP, a circular deviatoric shape has to be assumed 

for the yield and plastic potential surfaces. The equivalent parameters are quoted in 

Table 5.2. Figure 5.8b shows the corresponding predictions for the three constant p' tests 

of Figure 5.8a. Comparison of Figures 5.8a and b indicates that the implemented version 

of the three-surface model gives the same predictions as the ones presented by 

Stallebrass (1990). 

n A' K Gg (kPa) m t 5' ¥ 

3J^9 0.073 0.005 60000.0 (189 &25 0.08 2.5 

Table 5.1: Material parameters used in the three-surface model for the simulation of tests 
on speswhite kaolin (after Stallebrass (1990)) 

n r K* C, (kPa) y Z yp 4 t 5 v 

1139 0.073 0.005 60000.0 0.51 0.0 1.0 0.0 1.0 OJ^ 0.08 2.5 

Table 5.2: Material parameters used in the current version of the three-surface model 
implemented into ICFEP for the simulation of tests on speswhite kaolin 
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Figure 5.8: Drained constant/?'triaxial tests a) model predictions after Staiiebrass (1990) 
b) predictions of threc-surfacc model as implemented into ICFEP 
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ii) Multi-stage test investigating the effect of recent stress history 

This multi-stage test on speswhite kaolin investigated the behaviour along a common 

c o n s t a n t l o a d i n g path after four different stress path rotations, 0, = 90°, 0°, -90° and 

180° {Or is the angle by which the incoming path has to rotate to follow the outgoing 

path and is taken as positive when the rotation is in a clockwise direction, see Figure 5.9. 

It is denoted here as 0,-, as opposed to 9 used in Chapter 2 to avoid any confusion with 

the Lode's angle 9). This rotation of the stress path should not be confused with the 

rotation of the principal stress directions which are fixed in a triaxial test. Stallebrass 

(1990) followed similar procedures to the work of Atkinson et al. (1990) (reviewed in 

Chapter 2) and her results showed similar effects of the recent stress history. Figure 

5.10a shows the experimental stiffness against stress change curves obtained for the 

constant p' loading path. It can be seen that the stiffness along the common path is 

strongly influenced by the direction of the approaching path. 

Figure 5.10b shows the model predictions presented by Stallebrass (1990). The test was 

reproduced by following the same stress paths, in the same order and the parameters 

used are given in Table 5.1. The configuration of the surfaces at the start and end of each 

shearing stage can be seen in Figure 5.11a. Comparison of Figures 5.10a and b shows 

that the patterns of behaviour are reasonably well reproduced. However, for 0,- = -90° 

and 9r = 180° a drop in the stiffness curves can be observed. This is the point at which 

the current stress state reaches the first kinematic surface and the behaviour becomes 

elasto-plastic. Similarly to the two-surface model, this observed drop in stiffness can be 

attributed to the fact that the model does not predict a smooth elasto-plastic transition 

and is related to the form of the hardening function assumed in the model. 

.: P 

Figure 5.9: Definition of the angle 0,-
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Figures 5.10c and 5.11b show the predictions of the version of the three-surface model 

implemented into ICFEP (the model parameters are given in Table 5.2). Comparison of 

Figures 5.10b and 5.11a with Figures 5.10c and 5.11b respectively, indicates that the 

predictions of the current version of the three-surface model are in agreement with the 

predictions presented by Stallebrass (1990). 

Figure 5.12a presents the measured and predicted stress-strain data for the constant p' 

cycle between Or = -90° and 6, = 180° (after Stallebrass (1990)). The location of the 

surfaces at the start and end of each cycle can be seen in Figure 5.12c. The model seems 

to overpredict the reduction in stiffness at the end of loading, resulting in higher shear 

strains. Figure 5.12b shows the predictions of the current version of the three-surface 

model which agree with those of Figure 5.12a. 

The strain paths obtained for the common stress path can be seen in Figure 5.13a. 

Whether the initial response is dilatant or compressive seems to be influenced by recent 

stress history. Figure 5.13b shows the model predictions obtained by Stallebrass (1990). 

Comparison with the experimental results shows that the general pattern of the strain 

paths is similar to the observed ones (apart from 9r = 0°), but in general the volumetric 

strains predicted are higher than the ones observed. Figure 5.13c shows the predictions 

obtained from the current version of the three-surface model. These are the same as the 

predictions presented by Stallebrass (1990) in Figure 5.13b. Further discussion of this 

multi-stage test will follow in Chapter 7 where this is used for the evaluation of all 

models. 

5.5.3 Different yield and plastic potential surfaces in the deviatoric plane 

In order to show that the different deviatoric shapes have been implemented correctly in 

this version of the three-surface model, the same undrained tests of section 4.6.3 were 

repeated (section 4.6.3 investigated the implementation of the different deviatoric shapes 

for the two-surface model). These involved the simulation of a number of undrained 

triaxial compression, triaxial extension and plane strain compression tests, starting from 

isotropic normally and overconsolidated stress states. Four different cases were 

considered for the deviatoric shapes of the yield and plastic potential surfaces. In case A 

the yield and plastic potential surfaces were assumed to have a circular shape. Case B 

assumed a Mohr-Coulomb hexagon for the shape of the yield surface and a circular 

shape for the plastic potential. In Case C both the yield and plastic potential surfaces had 

a Lade shape. Finally, in Case D a Lade shape for the yield surface and a circular shape 
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for the plastic potential were assumed. These combinations are the same as in section 

4.6.3 and the reason for choosing them has already been discussed there. 

For the above simulations the set of model parameters for speswhite kaolin (Table 5.2) 

was used, with the only difference that the parameters defining the shape of the yield 

and plastic potential surfaces in the deviatoric plane are those given in Table 5.3 for each 

of the four cases. These parameters were chosen such that all four cases predict the same 

strength in triaxial compression. The values in Table 5.3 are slightly different than the 

equivalent ones in Table 4.5 (section 4.6.3) since Stallebrass (1990) assumed a slightly 

smaller value of M for speswhite kaolin than Al-Tabbaa (1987). Table 5.4 presents the 

values of Of and g{6j) calculated analytically for each case as well as the equivalent 

values of at failure (the values of g{9j) have been obtained from Equations 4.27 and 

4.28 and the values of Of for plane strain failure have been calculated from Equation 

Case X Y Z y. 4 

A 0.51 0.0 1.0 0.0 1.0 

C 0.46 0.35 &25 

D 0.46 0.35 0.0 1.0 

v' - - yp 4 

B 22.8° - - 0.0 1.0 

Table 5.3: Model parameters defining the shape of the yield and plastic potential 
surfaces in the deviatoric plane 

Case 

Triaxial Compression Triaxial Extension Plane strain Compression 

Case 

Of <P'j Of <P'f Of <P'f 

A -30° 0.51 22.8° 30° 0.51 31.5° 0° 0.51 30.9° 

B 0.51 :)2.8° 30° 0.4 2Z8° 0° 0J9 22.8° 

C -30° 0.51 :22.8° 30° 0.43 24^° -14.4° 0.5 26.5° 

D -30° 0.51 :22.8° 30° 24^° 0° 046 27.4° 

Table 5.4: Values of Of, g{Oj) and equivalent values of (g} for the four cases analysed 
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Mohr-Coulomb 
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Circle 

Case A 
Case B 

• Case C 
Case D 

Figure 5.14: Failure surfaces in the deviatoric plane and the values ofg(0/) obtained for 
each case 

4.74). Figure 5.14 shows the shape of the failure surfaces for each case and the g{6,) 

values tabulated in Table 5.4. 

Figures 5.15, 5.16, 5.17 and 5.18 present the predicted undrained stress paths in J-p' 

space for cases A, B, C and D respectively. The failure lines plotted on each graph are 

those corresponding to the values of g{9j) calculated analytically and quoted in Table 

5.4. Figures 5.15 to 5.18 show that the failure conditions predicted by the current version 

of the three-surface model are in agreement with the analytical calculations. Moreover, it 

can be shown that the undrained strength for each case can be calculated analytically 

from the equations of Appendix III and that this agrees with the one predicted from the 

finite element analyses. 

5.5.4 Elasto-plastic transition 

As already discussed in section 5.5.2 the model does not predict a smooth elasto-plastic 

transition when the stress state reaches the kinematic yield surface and this is due to the 

hardening function assumed in the model. Similar to the two-surface model, this proves 

to be a drawback of the model when trying to simulate the small strain prc-failurc 

behaviour of overconsolidated clays. Figure 5.19 shows the experimental and predicted 

results for an undrained triaxial compression test on reconstituted London Clay. Before 

the start of the shearing stage the sample was one-dimensionally compressed and then 
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Figure 5.15: Predicted undrained stress paths after an isotropic stress history for case A 

circular shape for the yield surface and the plastic potential in the deviatoric plane 

a) triaxial compression b) triaxial extension c) plane strain compression 
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Figure 5.16: Predicted undrained stress paths after an isotropic stress history for case B -
Mohr-Coulomb shape for the yield surface and circular shape for the plastic potential in 

the deviatoric plane a) triaxial compression b) triaxial extension c) plane strain 

compression 
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Figure 5.17: Predicted undrained stress paths after an isotropic stress history for case C 
Lade shape for the yield surface and the plastic potential in the deviatoric plane 

a) triaxial compression b) triaxial extension c) plane strain compression 
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Figure 5.18: Predicted undrained stress paths after an isotropic stress history for case D -

Lade shape for the yield surface and circular shape for the plastic potential in the 

deviatoric plane a) triaxial compression b) triaxial extension c) plane strain compression 
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swelled to an overconsolidation ratio, ocr, of 7. The parameters used in the model 

simulation are given in Table 5.5 and will be discussed in more detail in Chapter 7. 

Figure 5.19 shows that the model predicts a drop in stiffness when the stress state 

becomes elasto-plastic. Similar to the two-surface model, this feature of behaviour 

results in unrealistic stiffness-strain curves in the small strain range. 

n r K a n m v' t 5 

3.43 0.097 0.003 59&0 0.87 0.28 :Z2.5° 0.0 1.0 0.2 0.08 

Table 5.5: Material parameters used in the current version of the three-surface model for 
the simulation of the triaxial test in Figure 5.19 
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Figure 5.19: Normalised stiffness-strain curve (/?', is the mean effective stress at the start 
of shearing) for an undrained triaxial compression test on overconsolidated reconstituted 

London Clay (experimental results after Jardine (1985)) 

5.6 Summary 

This chapter was divided into four parts. The first part described the original formulation 

of the three-surface model, developed by Stallebrass (1990). This model is an extension 

of the two-surface model (Al-Tabbaa (1987)) and incorporates an additional kinematic 

surface within the bounding surface so as to simulate non-linearity and plasticity from 

the early stages of loading, as well as the effect of recent stress history, on the behaviour 

of overconsolidated clays. In the three-surface model the first kinematic surface defines 

the onset of yielding and is termed the yield surface and the second surface defines the 

extent of the influence of the recent stress history and hence is named the history 
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surface. The model requires one additional parameter to the seven of the two-surface 

model. In terms of the formulation of the model, consideration of the consistency 

condition of the kinematic yield surface when all three surfaces are in contact shows that 

the expression of the hardening function used in the model is not consistent with the 

translation rule of the surfaces when they are in contact. 

The second part of the chapter described the extension of the three-surface model from 

triaxial to general stress space, as well as the improvements that were made in the model 

during this work. The model is formulated in terms of the volumetric and deviatoric 

components of the stress and strain tensors, in a similar way to the general formulation 

of the two-surface model. The improvement made in this general formulation is that the 

yield and plastic potential surfaces (and hence the failure surface) are not only circular in 

the deviatoric plane, as assumed in the original formulation, but can take a number of 

different shapes; hence the model can predict more realistic failure conditions. This 

general formulation of the model also dealt with the aforementioned inconsistency of the 

hardening modulus with the translation rule of the surfaces when they are in contact. 

This problem was solved by changing the active yield surface each time one or more 

surfaces were in contact and the way this was done was discussed in this second part. 

The third part of the chapter discussed the implementation of the general formulation of 

the model into ICFEP and presented the calculation of the terms required in the 

implementation. 

The validation of the version of the three-surface model implemented into ICFEP was 

presented in the last part of the chapter. This was done by, firstly, repeating a number of 

stress paths presented by Stallebrass (1990) and comparing the obtained predictions with 

the published ones and, secondly, comparing the failure conditions obtained for a 

number of different combinations of the yield and plastic potential surfaces in the 

deviatoric plane with analytical calculations. Finally, the elasto-plastic transition 

predicted by the model was discussed. Similar to the two-surface model, the three-

surface model does not predict a smooth elasto-plastic transition and this can be a 

problem in simulating the highly non-linear pre-failure behaviour of overconsolidated 

clays in the small strain range. This non-smooth transition can be attributed to the form 

of the hardening function assumed in the model. In the next chapter, a new hardening 

function will be adopted for the three-surface model. Further evaluation of the model is 

given in Chapter 7. 
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Chapter 6 

Modified two- and three-surface models 

6.1 Introduction 

As already discussed in Chapters 4 and 5, the two-surface and three-surface models 

predict a non smooth elasto-plastic transition when the stress state engages the first 

kinematic surface and the behaviour changes from elastic to elasto-plastic. This proves 

to be an important drawback when trying to simulate the non-linear pre-failure 

behaviour of overconsolidated clays in the small strain range. This feature of behaviour 

is related to the forni of the hardening modulus adopted in the models. In this chapter a 

new hardening modulus is proposed for the two- and three-surface models and in this 

way two new models are formulated, the modified two-surface and modified three-

surface models. As it will be shown, the new hardening modulus ensures a smooth 

elasto-plastic transition and consequently the two new models are capable of simulating 

realistically pre-failure non-linearity. 

6.2 Modified two-surface model 

6.2.1 Introduction 

This section begins by examining the reason why the hardening modulus of the two-

surface model cannot predict a smooth elasto-plastic transition. Before the new 

hardening modulus for the modified two-surface model is presented, the ideas which led 

to its formulation are initially described. In particular, two formulations were tested 

before the third and final formulation was adopted, and these are presented briefly, in 
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order to help the understanding of the problem. The proposed hardening modulus for the 

modified two-surface model is then described, followed by the implementation into 

ICFEP. Finally, in the last part of the section the general characteristics of the modified 

two-surface model are discussed and the capability of the model to simulate non-linear 

pre-failure behaviour is evaluated. Further evaluation of the new model is presented in 

Chapter 7. 

6.2.2 Original hardening modulus of the two-surface model 

The hardening function adopted in the two-surface model has been described in detail in 

section 4.3.5 as part of the original triaxial formulation and in section 4.4.6 as part of the 

general formulation of the version of the two-surface model implemented into ICFEP. 

Here only the information relevant to the discussion that follows will be presented. 

When the kinematic surface moves within the bounding surface, the hardening modulus 

assumed in the model is: 

A=- 1 * * A - / r 
( / - X ) x ( y - x ) + j 

ds •'s„ + 

V^max y V 2 y 

(6.1) 

Equation 6.1 is made up of two components. The first component, a„, reduces to the 

modified Cam Clay hardening modulus when the two surfaces are in contact and is 

given by the following equation: 

W =-
1 * * A — /C 

: s„ r^p'; 
(6.2) 

The second component, y^i, depends on the degree of approach of the yield surface to the 

bounding surface and becomes equal to zero when the two surfaces are in contact: 

4 =-
1 * * 

a — k V ^max J 

'7 AY 
v 2 v 

(6.3) 

where 6 is a measure of the degree of approach of the kinematic surface to the bounding 
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Figure 6.1: Representation in triaxial stress space: diagram defining the main 
components of the parameter b and the position of the kinematic surface for the 

maximum value of b, b^ax 

surface. In general stress space the measure b is the product of the tensorial contraction 

of the direction tensor p (which joins the current stress state at the kinematic surface 

with its conjugate point on the bounding surface) and a direction tensor normal to the 

kinematic surface at the current stress state, n, (Figure 6.1) divided by a measure of the 

size of the kinematic surface; 

b = • 
R 

Pc 
( / - X ) 

P - P a 

R ' ' - f 
1 + — 2 

OS R 
(6.4) 

The maximum value of the function b, b„^^, is equal to: 

(6.5) 

In order to predict a smooth elasto-plastic transition, the value of the hardening modulus 

should be infinite when the stress state engages the kinematic surface. This is because 

when the stress state is within the kinematic surface the strains predicted are elastic and 

the plastic strains are equal to zero. When the stress state touches the kinematic surface 

both elastic and plastic strains are predicted, so in order to have a smooth transition the 

plastic strains should be initially equal to zero and hence the hardening modulus equal to 

infinity. 

Inspection of Equation 6.1 shows that, when the stress state engages the kinematic 

surface, a finite value of the hardening modulus is calculated. This explains why the 

model predicts a non-smooth elasto-plasfic transition. 
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6.2.3 Investigating a new hardening function 

As aforementioned, two formulations of the hardening modulus were tried before the 

final hardening modulus was adopted. In this section the ideas behind these two initial 

fonnulations are briefly described and the shortcomings of each one of them are 

discussed. Moreover, the basic idea on which the chosen hardening modulus is based on 

is briefly presented (a detailed presentation of the hardening modulus of the modified 

two-surface model is given in the next section). 

Following the comments made in the previous section, the hardening modulus required 

in order to have a smooth variation in sfiffness should vary from infinity when the stress 

state touches the kinematic surface to the value of the hardening modulus on the 

bounding surface when the two surfaces are in contact. This can be achieved by 

choosing a function Ai which varies from infinity, when the stress state first becomes 

elasto-plastic, to zero, when the two surfaces are in contact. 

First formulation 

The hardening function, adopted in the first fonnulation is of the following fomi: 

a 
' b ^ 

(6.6) 

where 6 is a measure of the proximity of the kinematic surface to the bounding surface, 

and is associated with the direction tensor p, and is its maximum value. The value 

of is reset equal to the value of b each time yielding is initiated. Hence, upon 

initiation of yielding b = imax and ~ oo and when the two surfaces are in contact 6 = 0 

and Ai = 0. Equation 6.6 is essentially an interpolation rule between these two values of 

A I. Therefore, it seems that a function Ai of the form of Equation 6.6 is capable of 

predicting a smooth variation in stiffness. (The idea of resetting b = x upon re-

initiation of yielding has been used by Kavvadas and Amorosi (2000) in a different 

formulation of the hardening modulus). 

However, when such a function was implemented into ICFEP, the predicted stiffness 

variation with strain was not as satisfactory as expected. Figure 6.2b shows a schematic 

representation of a typical stiffness-strain curve predicted for an undrained triaxial 

compression test. It can be seen that, although there is not a sudden drop in stiffness 

when the stress path touches the kinematic yield surface, a relatively fast decay 
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£•, 
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Figure 6.2: Schematic representation of typical results of the first formulation for an 
undrained triaxial compression test a) stress path b) stiffness-strain curve c) ratio /V/5,„ax 

versus strain 

of stiffness with strain can be observed, soon after the stress state becomes elasto-plastic. 

This feature of behaviour was attributed to the variation of the tensor fi (or vector [i since 

triaxial conditions apply), and therefore the distance h, at the initial stages of elasto-

plastic behaviour. Figure 6.2a shows the variation of the vector /? in the initial loading 
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stages and Figure 6.2c shows a schematic representation of the variation of the ratio 

^/^max with strain. It seems that for small changes of stress the vector p reduces 

significantly. This is due to the initial translation of the kinematic surface, which results 

in the position of the conjugate point moving on the bounding surface. Hence, small 

movements of the kinematic surface result in significant reductions of the distance b in 

Equation 6.6 and a fast decay in the values of the hardening function /i]. This results in a 

fast decay in stiffness in Figure 6.2b. This problem was found to be more pronounced 

the smaller the kinematic surface is. This is because smaller kinematic surfaces 

reorientate faster than larger ones, resulting in greater initial variations of the vector P 

and the distance b. 

Second formulation 

The hardening function, Ax, adopted in the second formulation is also of the form of 

Equation 6.6. Similar to the first formulation, 6max is set equal to the value of b, when the 

stress state first becomes elasto-plastic. However, for any subsequent stage, is 

updated with reference to the initial configuration of the kinematic surface upon 

initiation of yielding. For example, if the change in the size of the bounding surface (p'„) 

is ignored, then the value of 6max can be calculated as shown in Figure 6.3. Let the 

current stress state be denoted by C, and the conjugate point on the bounding surface by 

D. The point E represents the stress state with the same outward normal as D on the 

position of the kinematic surface upon initiation of yielding. The distance is 

calculated from the direction tensor which connects the conjugate point D with the 

point E. In this way the calculation of 6max can account for variations of the position of 

/ " ^ p o s i t i o n at initiation 
of yielding 

Figure 6.3: Representation in triaxial stress space: calculation of A âx for the second 
formulation (ignoring changes inp',,) 
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the conjugate point on the bounding surface. Each time yielding is re-initiated the new 

configuration of the kinematic surface, upon initiation of yielding, is stored and the 

calculation of 6max for any subsequent stage refers to the new stored position. Figure 6.3 

can be modified to account for the change oip 'o between the initial stage and the current 

posi t ion at initiation 
o f y ie ld ing 

(b) 

b/bmax 
1 . 0 -

0.0 

(c) 

Figure 6.4: Schematic representation of typical results of the second formulation for a 
cons tantp ' test following isotropic swelling a) stress path b) stiffness-strain curve 

c) ratio 6/6^3% versus strain 
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stage, however, for the sake of simplicity this will not be presented here. In this 

formulation, Equation 6.6 again varies f r o m ~ oo when b = 6max, t o ^ , = 0 when 6 = 0. 

Implementation of the above formulation into ICFEP revealed that this second 

formulation does predict smooth stiffness-strain curves for stress paths of the type 

shown in Figure 6.2 and, therefore, the formulation was considered satisfactory at the 

time. However, new problems began to arise for stress paths in which the direction was 

abruptly changing without a re-initiation of yielding. Figure 6.4a presents such a stress 

path. This is a simulation of a triaxial test, involving a path of isotropic swelling 

followed by a constant p' loading path (for simplicity changes of p'o have been ignored 

when plotting the figure). A schematic representation of typical stiffness-strain curves 

predicted along the constant p' path, by the second formulation, can be seen in Figure 

6.4b. Figure 6.4c shows the variation of the ratio with strain for the same path. 

The unrealistic increase in stiffness initially in Figure 6.4b can be attributed to the 

increase in the ratio 6/6max in Figure 6.4c. Clearly when there are abnipt changes in the 

direction of the stress path, without a re-initiation of yielding, it is not reasonable to 

calculate with reference to the initial configuration of the kinematic surface upon 

initiation of yielding. 

Third formulation 

This third formulation forms the basis of the chosen hardening modulus for the modified 

two-surface model. A hardening function, ^ i , of the fonn of Equation 6.6 is also adopted 

here. Similar to the first and second foraiulations, the value of is set equal to the 

value of b, when the stress state first becomes elasto-plastic. However, the results of the 

Figure 6.5: Representation in triaxial stress space: calculation of b„ for the third 
formulation (ignoring changes inp',,) 
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second formulation led to the idea of an incremental calculation of for any 

subsequent stage. This can be explained as follows. If i is used in order to denote the 

current loading stage and /-I is used to denote the previous loading stage, then the value 

ofbmJ at the current loading stage i is calculated from the following equation: 

^max ^/_1 h /-I (6-7) 

where b' '/bmzx ' is the ratio of b/bmax at the previous loading stage /-I and the distance bo 

is calculated as shown in Figure 6.5. For simplicity, the change in the size of the 

bounding surface (p'o) is ignored in Figure 6.5. Let the current stress state at the current 

loading stage i be denoted by C and the conjugate point on the bounding surface by D. 

The point E is the stress state with the same outward normal as D on the position of the 

kinematic surface at the previous loading stage M . The distance bo is calculated from 

the direction tensor /?„, which connects the point D with the point E. This incremental 

calculation of 6max accounts for both changes in the position of the conjugate point on 

the bounding surface, as well as changes in the stress path direction. This idea can then 

be modified to account for the changes of p'o. As it will be shown subsequently, the 

calculation of in this way does not depend on the increment size. 

The proposed hardening modulus for the modified two-surface model, which is based on 

this idea, is presented in greater detail in the next section. 

6.2.4 Proposed hardening modulus for the modified two-surface model 

The hardening function, /I i, chosen for the modified two-surface model, is: 

a ~ ^ 
A — A" V ^max ^ J 2 

a " (&8) 
\ / 

In the above equation, b* is a measure of the proximity of the kinematic surface to the 

bounding surface, 6'max is its maximum value and a is a parameter which controls the 

rate of decay of stiffness with strain. The measure of the proximity of the kinematic 

surface to the bounding surface is denoted by 6 , a s compared to b, which is used in the 

two-surface model, because a slightly different expression is used here. The measure b' 

is the product of the tensorial contraction of the direction tensor, f}, and the direction 

tensor normal to the kinematic surface, n, (Figure 6.1): 
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P - P a 

R 

f \ 
P 

psl 
2 

1 + — 2 5 . 
ds R 

(6.9) 

As mentioned in the previous section, the maximum value of b\ 6'max is calculated as 

follows. When the stress state first becomes elasto-plastic 6'max = b*. For any other stage 

i the value of 6 max' can be obtained from the following equation: 

bL = (6.10) 

where b ' ' and b ^ax'' are the values of b and b max at the previous loading stage /-I 

respectively and 6% is calculated as shown in Figure 6.6. Figure 6.6 shows the 

modifications necessary in order to account for the change in p'o between the previous 

and the current loading stages. Figure 6.6a plots the previous loading stage ;-l and 

Figure 6.6b plots the current loading stage i. As before, the current stress state at the 

current loading stage i is denoted by C and the conjugate point on the bounding surface 

by D. Figure 6.6c shows the position of the kinematic and bounding surfaces from which 

the value of 6% can be calculated. This is essentially a homothetic transformation of 

Figure 6.6a, in which the kinematic and bounding surfaces have the same relative 

position as in Figure 6.6a, but are scaled by the factor (pV - p ' o ' ' ) l p ' J ' ' so as to account 

for the change in size of the bounding surface from stage /-I to stage i. The stress state E 

in Figure 6.6c has the same outward nonnal with the conjugate point D. The distance b\, 

is the value of b* corresponding to the direction tensor p„ which connects the conjugate 

point on the bounding surface, D, to the stress state E. Hence, b*,, is the product of the 

tensorial contraction of the tensor Po and a tensor normal to the kinematic surface at the 

stress state E, Since the stress states C, D and E have the same outward normal 

/j„ = n. The direction tensor is: 

I i-1 1 + Po - P o 

po~' 

•i-l \ 
( 6 . 1 1 ) 

where: 

P = 
R 

(6.12) 

and a " and a ' a ' refer to the current stress state C and the centre of the kinematic surface 
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( C ) 

Figure 6.6: Representation in triaxial stress space of a) previous loading stage /-I 
b) current loading stage i c) configuration of the surfaces for the calculation of the value 

of b*o 

at the current loading stage i respectively. 

The resulting b',, is: 
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2 8^ 
(&13) 

where the t e r m s p ' o - p ' s and Sd - Se can be calculated from Equation 6.11. 

To summarise, Equation 6.8 is an interpolation rule between ~ oo, upon initiation of 

yielding {b = b max), and Ai = 0, when the two surfaces are in contact (b* = 0). 

Moreover, the term {p'o / i f is an average value of the hardening modulus on the 

bounding surface, which is scaled by the factor R- for the kinematic yield surface. 

The complete proposed hardening function for the case that the kinematic surface moves 

within the bounding surface is; 

A = -
1 * * ( / - X ) x(/-x)+ . V 

ds 
: 5„ 

2 , 2 

+ 
\ y 

/• 

a 

+ 

rxY 
V 2 , 

R-

(6.14) 

Incorporation of the above equation into the framework of the two-surface model results 

in the modified two-surface model. This new model retains the same yield and plastic 

potential functions, hardening rules and elastic part as the generalised version of the 

two-surface model described in section 4.4 of Chapter 4. The only ingredient that is 

different in this new model is the hardening modulus for the case when the kinematic 

surface moves within the bounding surface and Equation 6.14 is used instead of 

Equation 4.42 (or 6.1). 

6.2.5 Model p a r a m e t e r s 

The new model has the same number of parameters as the generalised version of the 

two-surface model. The parameter a in the current hardening modulus replaces the 

parameter yj in the previous hardening modulus, whereas the rest of the parameters 

remain the same. The new model parameters are: 

A : 

k : 

the slope of the isotropic normal compression line in Inv-ln/;'space 

the slope of the swelling line in Inv-ln/?'space for a stress path that 

lies entirely within the kinematic yield surface 
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/< or Gc, or GJp'\ the Poisson's ratio or the elastic shear stiffness. If Equation 4.51 is 

used then the material parameters n and m must be provided 

cp' or X, Fand Z: the angle of shearing resistance or the constants X = sin(^'o=o-)> ^ a n d 

Z in Equation 4.28 at the critical state 

Yp and Zp\ the constants Yp and Zp in Equation 4.31 

R\ the ratio of the size of the kinematic yield surface to that of the 

bounding surface 

«: parameter in the hardening modulus A 

n: one additional parameter is required to fix the model in Inv-lnp'space 

and this is usually taken as the specific volume of the isotropic 

compression line a t /» '= 1 kPa 

The new parameter a (which controls the rate of decay of stiffness) cannot be obtained 

directly from experimental data (similar to the parameter y/ in the two-surface model) 

and its value has to be determined by trial and error. 

6.2.6 Implementation 

The implementation of the modified two-surface model into ICFEP follows the 

implementation of the generalised formulation of the two-surface model described in 

section 4.5 of Chapter 4. The only difference arises in the implementation of the new 

hardening modulus, for the case when the kinematic surface moves within the bounding 

surface, which actually requires the calculation of some extra terms. 

The hardening modulus A for this case can be expressed in vector notation as follows: 

A=- 1 ' 
A - / T 

( / - X ) 
2 [ 8^ 

+ 

a 
V 2 y 

r" 

(6 15) 

where 
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p -pa 
r V 2 y 

(6.16) 

The value of b max is set equal to b* upon initiation of yielding and for any subsequent 

stage can be calculated from Equation 6.10. The temi b\ can be written in vector 

notation form as: 

(6.17) 

where p' and p'a refer to the current stage and the terms p'O - P'E and {SD - SG} can be 

calculated from Equation 6.11. 

The flowchart of the subroutine which is used by the stress point algorithm for the 

modified two-surface model is given in Appendix V. 

6.2.7 General characteristics 

The modified two-surface model retains the following general characteristics of the 

general formulation of the two-surface model. The undrained strength predicted by the 

model can be calculated from the equations of Appendix 111. It can be shown that, 

similar to the two-surface model, the modified two-surface model can predict lower peak 

drained stresses for highly overconsolidated states than the modified Cam Clay model. 

Moreover, the model is capable of predicting anisotropic yielding, depending on the 

position of the kinematic surface, but isotropic strength. The model also adopts the same 

range of deviatoric shapes of the yield and plastic potential surfaces, and hence the 

failure surface, as the general formulation of the two-surface model. 

The major improvement of the modified two-surface model over the original two-

surface model is the capability to predict a smooth elasto-plastic transition and hence 

realistic non-linear pre-failure behaviour. 

6.2.7.1 Elasto-plastic transition and non-linearity 

Figure 6.7 presents the predictions of the model for an undrained triaxial compression 

test on overconsolidated reconstituted London Clay (ocr = 1). Values of « = 3, 6 and 9 

have been used with all other model parameters being summarised in Table 6.1. The 
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N r K A n in v' 4 R 

3 ^ 3 0.097 0.003 590.0 22.5° 0.0 I.O 0.016 

Table 6.1: Material parameters used in the modified two-surface model for the 
simulation of the triaxial test in Figure 6.7 
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Figure 6.7: Predictions of the modified two-surface model for an undrained triaxial 
compression test on overconsolidated reconstituted London Clay (test data after Jardine 
(1985)): Normalised stiffness-strain curve (p) is the value o f p ' a t the start of shearing) 

predictions of the two-surface model for the same test were discussed in section 4.6.5 

and can be seen in Figure 4.27. Figure 6.7 shows that the modified two-surface model 

predicts a smooth stiffness variation with strain, with no abrupt drop in stiffness once 

yielding begins. This is true for all values of the material parameter a. In this way, the 

new model can simulate much more satisfactorily than the two-surface model the non-

linear pre-failure behaviour in the small strain range. (Satisfactory predictions are also 

obtained for stress paths of the type shown in Figure 6.4, see Chapter 7). 

In order to show that the calculation of the new hardening modulus for the modified 

two-surface model is not increment size dependent, the undrained triaxial test presented 

in Figure 6.7 was repeated for a = 6 and for different increment sizes. Figure 6.8 

presents the variation of the ratio with strain and the resulting stress-strain 

curves. As it can be seen the ratio b lb max does not depend on the increment size (Figure 

6.8a). Hence, the new hardening modulus (Equation 6.14) is not increment size 

dependent. Figure 6.8b confinns that the resulting stress-strain curves do not depend on 

the increment size. 
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Figure 6.8: Predictions of the modified two-surface model for an undrained triaxial 
compression test and for different increment sizes a) ratio versus strain b) stress-

strain curve 

6.3 Modified three-surface model 

6.3.1 Introduction 

This section introduces the new proposed hardening modulus for the modified three-

surface model. The implementation of the new hardening modulus and the general 

characteristics of the model, with particular reference to the elasto-plastic transition 

predicted by the new model are also discussed. Further evaluation of the model follows 

in Chapter 7. 
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6.3.2 Proposed hardening modulus 

As already discussed in section 6.2.2, the requirement for a smooth elasto-plastic 

transition is that the hardening modulus should tend to infinity when the stress state 

engages the first kinematic surface. The original hardening modulus of the three-surface 

model (discussed in detail in section 5.2.5 as part of the original triaxial formulation and 

in section 5.3.5 as part of the general formulation of the version of the model 

implemented into ICFEP) does not fulfil this requirement and this explains the drop in 

stiffness observed when the stress state becomes elasto-plastic. 

In this section a new hardening modulus is presented for the two following cases; when 

the kinematic yield surface moves within the history and bounding surfaces and when 

the yield and history surfaces are in contact and move within the bounding surface. The 

new hardening modulus is based on the same idea as the proposed hardening modulus 

for the modified two-surface model. 

i) Hardening modulus for the case when the yield surface is moving within the histoiy 
and bounding surfaces 

In this case the kinematic yield surface is the active yield surface and the hardening 

modulus proposed is the following: 

A = -1 * * A - / C 
( / - X ) p'b{p' - p'h)+- 5 : 

ds 
: Si 

1 
3 

r 6 : 1 (p'A 
b* -b* V l̂max 1̂ y V 2 ; 

3 

v^2max ~ ^2 ) V 2 , 
r - s -

(6.18) 

Equation 6.18 is made up of three components. The first component, a,„ reduces to the 

modified Cam Clay hardening modulus when all three surfaces are in contact and is 

given by the following equation: 

a„ =• 
/I - k 

( / - X ) X ( y - X ) + : 5 . : Si + (6.19) 

The second component is a function of the degree of approach of the yield surfacc to 

the bounding surface, b*\-. 
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Figure 6.9: Representation in triaxial stress space: diagram defining the main 

components of the parameters b*\ and 6% 

a = 
~ j* ' 

A -K - ^ 1 y v 2 y 
^,2^2 (6.20) 

where a\ is a material parameter, h*\ is the product of the direction tensor d (which 

connects the current stress state C to the conjugate point on the bounding surface Db) 

and a direction tensor normal to the yield surface at the current stress state, n, see Figure 

6.9, and 6*imax is the maximum value of b*\ which will be discussed later. 

p -ph 
TS 

f f 
P pjl 

2 
+ -

1 
ds TS 

--s (6.21) 

The third component A2 is a function of the degree of approach of the yield surface to 

the history surface, b*2-

= - 7 

A 
-a. I 2 y b* -b* , 

V^2max <̂1 y 

(6.22) 

where a? is a material parameter, 6 2 is the product of the direction tensor y (which 

connects the current stress state C to the conjugate point on the history surface D,,) and 

the direction tensor nonnal to the yield surface at the current stress state, n, see Figure 

6.9, and is the maximum value of 6%. 

62 = ( y - x ) 
p -ph 

- ( / - p i ) 
1 

+ — 
2 ds s (6.23) 
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The maximum values b ,max and b 2max are calculated as follows. Upon initiation of 

yielding b ,max = b , and b imax - b i- For any subsequent stage i the maximum values 

6*tmax' and 6\max' Can be obtained from the following Equations 6.24 and 6.25 

respectively. 

6'max = / ' I (6.24) 

62™* = ,.,-1 /'C (6.25) 
ft! /ftrmx 

where b\"\ ^V"' and i*2max'"' are the values of b\, 6*,max, 6% and b\,,,„ 
respectively at the previous stage /-I and 6%^ and can be calculated as shown in 

Figure 6.10. Figure 6.10a plots the previous loading stage /-I and Figure 6.10b plots the 

current loading stage i. The current stress state, at the stage /, is denoted by C and the 

conjugate points on the history and bounding surfaces are denoted by Di, and Dy 

respectively. Figure 6.10c, which is actually a homothetic transformation of Figure 

6.10a, shows the position of the three surfaces from which the functions 6*1,0 and 6%,, 

can be determined. The relative positions of the three surfaces in Figure 6.10c are the 

same as in Figure 6.10a but these are scaled by the factor {p'J - p'o ' ) ! s o as to 

account for the change in size of the bounding surface from stage /-1 to stage i. In Figure 

6.10c, the stress state Eh on the history surface and Ey on the yield surface, have the 

same outward normal as the conjugate point Dy on the bounding surface. The function 

b*\ o is the value of b*\ corresponding to the direction tensor which connects the 

conjugate point Dy to the stress state Ey on the yield surface. The function b'lj , is the 

value of b*2 corresponding to the direction tensor which connects the stress state E,, on 

the history surface to the stress state Ey on the yield surface. Therefore 6*1.,, is the 

product of the tensor d„ and a tensor normal to the yield surface at the stress state Ey, //,„ 

and b*2.o is the product of the tensors y„ and n„. Since the stress states C, Dy and Ey have 

the same outward normal, n„ = n. The direction tensor d„ is: 

1 I Po -Po 
pt' 

(6 .26) 

where; 
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(c) 

Figure 6.10: Representation in tri axial stress space of a) Previous loading stage /-I 

b) Current loading stage i c) Configuration of surfaces for the calculation of the values 

of b\^o and b'i_„ 

d = a" -a' 
TS 

t i \ 

(6.27) 
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and a ' ' and a ' t ' refer to the current stress state C and the centre of the kinematic surface 

at the current loading stage i respectively. 

The resulting o is: 

t = ( f " - P ' > ) [ p k - P ' e , : ( ' o . - S e , ) « 5 - 2 8 ) 

where the termsp'ob -p'sy and - SEy can be calculated from Equation 6.26. 

The direction tensor y„ is: 

Vo = - ( T f , = / + < ' + < ' - + O'a"' ) 
//-I (6.29) 

V Po ) 

where: 

a" - a'' 
(6.30) 

and c " , a ' b ' and cr'„' refer to the current stress state C, the centre of the kinematic yield 

surface and the centre of the history surface, at the current loading stage i, respectively. 

The resulting is: 

6 L = ( p ' - X ) - P k ) + J (6.31) 

where the terms a and SEH - Ssy can be calculated from Equation 6.29. 

In Equation 6.18, upon initiation of yielding b\ = b\ = and A ~ co. Hcncc 

Equation 6.18 fulfils the requirement for a smooth elasto-plastic transition. 

a) Hardening modulus for the case when the yield and history surfaces are in contact 
and they are both moving within the bounding surface 

In this case the history surface is the active yield surface, 6% = 0, and the hardening 

modulus is: 
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1 * * A - / T 
( / - X ) p X / - X ) + -

r dF,. 

r 
a , 

+ 
t ' p ; 

h — hi V l̂max ^1 

+ 

V 2 y 
t -

(6.32) 

The first component of the hardening modulus, Ag, becomes: 

1 * * A - A T 
( / - X ) x(y-x)+^ 

ds 
: s„ + (6.33) 

The second component of the hardening modulus, ^4], is: 

a =• 
1 * * A -K 

-a. 
h -b' V l̂max ^1 

t -
\ y 

(6.34) 

where the measure of the approach of the history surface to the bounding surface, b\, 

now becomes: 

6, ( / - X ) 
P -Pa 

T ' ' - f : 
1 + -2 ds T 

--S (6.35) 

The maximum value b*\,„ax can still be calculated from Equation 6.24. In this case the 

direction tensor d„ is: 

<5„ — c'n — (7L — 3 + <t„' — tr ' ' ^0 " E, 1 + po-p'o"'^ 

po~' j 
(6.36) 

where 

3 = a" - a" 
T 

(6.37) 

and a " and a ' a ' refer to the current stress state C and the centre of the history surface, at 

the current loading stage i, respectively. 
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The resulting is: 

( / ) " - X ' - p l j + ) ko = s (6.38) 

where the termsP'OB -p'EH and s^b - sEH can be calculated from Equation 6.36. 

Inspection of 6.32 shows that this is of the same forni as the hardening modulus of the 

modified two-surface model, but with R replaced by T, Fy replaced by f , , and b* replaced 

by b\. 

The new modified three-surface model adopts the above proposed hardening modulus 

but retains the same yield and plastic potential functions, hardening rules and elastic part 

as the generalised version of the three-surface model implemented into ICFEP. These 

have been described in Chapter 5 and the reader is referred to section 5.3 for further 

details. In this model. Equation 6.18 replaces Equation 5.48 and Equation 6.32 replaces 

Equation 5.56. 

6.3.3 Model parameters 

In the modified three-surface model the parameters a\ and ai replace the parameter i// in 

the generalised version of the three-surface model while the rest of the parameters 

remain the same. Hence, the new model has one extra parameter. The model requires 

either eleven parameters, when a Mohr-Coulomb hexagon is used for the shape of the 

yield surface in the deviatoric plane, or thirteen parameters when a general shape is 

used. If Equation 4.51 is used for the calculation of the elastic shear modulus, G,., then 

two additional parameters are required. The model parameters are: 

X*-. the slope of the isotropic normal compression line in Inv-ln/;'space 

K : the slope of the swelling line in Inv-ln/;'space for a stress path that 

lies entirely within the kinematic yield surface 

or Gc, or GJp'\ the Poisson's ratio or the elastic shear stiffness. If Equation 4.51 is 

used then the material parameters A, n and m must be provided 

(p'or X, y and Z: the angle of shearing resistance or the constants s i n ( ^ ' o o ) , / a n d 

Z in Equation 4.28 at the critical state 
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Yp and Zp. the constants Yp and Zp in Equation 4.31 

T'- the ratio of the size of the history surface to that of the bounding 

surface 

s'. the ratio of the size of the yield surface to that of the history surface 

ccu parameter in the hardening function Ai 

ay. parameter in the hardening function Aj 

n: one additional parameter is required to fix the model in Inv-ln/i'space 

and this is usually taken as the specific volume of the isotropic 

compression line atp'= IKPa 

The new parameters a , and a2, (which control the decay of stiffness), cannot be 

measured directly and have to be obtained from parametric studies similar to the 

parameter i// in the original model. The parameter oci controls the decay of stiffness only 

for the part of the stress path that remains within the history surface, whereas the 

parameter ai controls the stiffness degradation for stress paths both within and outside 

the history surface. From the equations of the new hardening modulus it can be seen that 

for a constant value of the parameter a\, the higher the value of oti is, the higher the 

stiffness within the history surface and hence the influence of this surface is. In any case 

the parameter ai should always be greater than the parameter a\. 

6.3.4 Implementation 

The implementation of the modified three-surface model follows the implementation of 

the general fonnulation of the three-surface model described in section 5.4 of Chapter 5, 

with the only difference being the implementation of the new hardening modulus. The 

flowchart of the subroutine used by the stress point algorithm is presented in 

Appendix VI. 

i) Hardening modulus for the case when the yield surface is moving within the history 
and bounding surfaces 

Equation 6.18 can be written in a vector-notation form as follows: 
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A = -
1 * * 

A - / r 
( / - X ) 

a, / 6 ; 

6 - 6 ' 
V'̂ Imax ^1 J 

po. 
2 \ / 

b. 

V 2̂max ^2 / V 2 y 
r's-

(6.39) 

where 

p -pb 
TS 

+ 1 ^ | i z % 
2 & i r s 

(6.40) 

p - P b 

s - (y -x) 
2 I 8^ J I ^ 

(6.41) 

The values of 6 ,max and b 2max are set equal to b , and b ? upon initiation of yielding and 

for any subsequent stage can be calculated from Equations 6.24 and 6.25 respectively, in 

which: 

1 

^ 2 l 8^ ^ 
(6.42) 

62.. - ( / - X (6.43) 

where p' and p'b refer to the current stage. In Equation 6.42 the terms p'oh - p'EV and 

SDb - SEy can be calculated from Equation 6.26 and in Equation 6.43 the terms p',:,, - p',r, 
and Sei, - Se,. can be calculated from Equation 6.29. 

a) Hardening modulus for the case when the yield and history surfaces are in contact 
and they are both moving within the bounding surface 

Equation 6.32 can be re-written in vector notation form: 
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A = -1 * * 
A - / r 

(p'-x) X ( p ' - X ) + i ^ | " k } + 
L 9^ 

a, 
b — h V Imax 1̂ 

+ 

p. 

V 2 y 
t -

(6.44) 

where: 

b,=S ( / - X ) 
- p . 

2 y 2 I T 
(6.45) 

and b i o becomes: 

(6.46) 

where p' and p'a refer to the current stage and the terms p'oh - p'ei, and Sd^ - Seh can be 

calculated from Equation 6.36. 

6.3.5 General characteristics of the model 

The model has the same following general characteristics as the general formulation of 

the three-surface model. The undrained strength predicted by the model can be 

calculated from the equations of Appendix III. The peak drained stress states obtained 

for highly overconsolidated states can be shown to be lower than the ones predicted by 

the modified Cam Clay model. The model can also exhibit anisotropic yielding 

characteristics in stress paths involving rotation of the principal stresses, but it always 

predicts isotropic strength. Moreover, it adopts the same shapes of the yield and plastic 

potential surfaces (and hence the failure surface) in the deviatoric plane as the general 

formulation of the three-surface model. The model is also capable of predicting the 

effect of recent stress history and this will be demonstrated in Chapter 7. 

The major advantage of the new model over the three-surface model is that it can predict 

a smooth elasto-plastic transition, simulating in this way more realistically the non-linear 

small strain pre-failure behaviour of overconsolidated clays. 
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6.3.5.1 Elasto-plastic transition and non-linearity 

Figure 6.11 presents the predictions of the modified three-surface model for an 

undrained triaxial compression test on reconstituted overconsolidated London Clay 

{OCR = 7). The model parameters used in the simulation of the test are summarised in 

Table 6.2. The predictions of the three-surface model for the same test can be seen in 

Figure 5.19 and were discussed in section 5.5.4. Figure 6.11 shows that the hardening 

modulus adopted in the modified three-surface model can predict a smooth elasto-plastic 

transition and stiffness variation with strain, independently of the value of the parameter 

«!. In the following chapter it will be shown that this is also true independently of the 

values of the parameter m-

N r K A n m v' 4 T s 0-2 

3.43 0.097 0.003 590.0 0.87 0.28 22.5° 0.0 1.0 0.1 0.16 3 5 ^ 

Table 6.2: Material parameters used in the modified three-surface model for the 
simulation of the triaxial test in Figure 6.11 
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Figure 6.11: Predictions of the modified three-surface model for an undrained triaxial 
compression test on overconsolidated reconstituted London Clay (test data after Jardine 
(1985)): Normalised stiffness-strain curve (p', is the value of p ' at the start of shearing) 

6.4 Summary 

This chapter presented two new models, the modified two-and three-surface models. The 

modified two- and three-surface models have the same yield and plastic potential 

functions, and elastic part as the generalised versions of the two- and three-surface 
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models respectively (described in Chapters 4 and 5), but different hardening modulus. 

Unlike the previous hardening modulus of the two- and three-surface models, which 

results in abrupt drops in stiffness once the stress state becomes elasto-plastic, the new 

hardening modulus adopted in the modified two- and three-surface models ensures a 

smooth elasto-plastic transition. The new models were shown to predict smooth stiffness 

degradation curves and in this way simulate much more realistically pre-failure non-

linearity in the small strain range. Further evaluation of the new models follows in 

Chapter 7. 
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Chapter 7 

Evaluation 

7.1 Introduction 

This chapter presents an evaluation of the four kinematic hardening models described in 

Chapters 4, 5 and 6. It is divided into three parts. The first part presents the simulation of 

a set of triaxial tests on reconstituted London Clay. In this part particular emphasis is 

given to the ability of the models to simulate pre-failure non-linearity. The second part 

investigates the capability of the models to reproduce the effect of recent stress history 

in a multi-stage triaxial test. Finally, the last part looks into the way the models can 

simulate the effect of stress path direction. 

7.2 Modelling triaxial tests on reconstituted London Clay 

7.2.1 Introduction 

This part involves the simulation of a series of triaxial tests on reconstituted London 

Clay from the Canons Park site, London (Jardine (1985) and Fourie (1984)). This set of 

tests has been discussed in Chapter 2 as part of the literature review of the factors that 

influence soil stiffness (Figure 2.31). The samples were one-dimensionally compressed 

and then swelled to three overconsolidation ratios (1.5, 3 and 7), and from then on 

subjected to undrained triaxial compression and extension. 
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7.2.2 Model parameters 

The derivation of the parameters that are common to all four models is presented first. 

These are the following seven parameters: N, A\ k , G„ cp', Yp and Zp. The derivation of 

the rest of the parameters then follows. These remaining parameters define the behaviour 

of the kinematic surfaces and are R and y/, in the case of the two-surface model, R and a, 

in the case of the modified two-surface model, T, S and in the case of the three-

surface model and T, S, a , and a? in the case of the modified three-surface model. 

i ) # a n d y 

The compression parameter 2." is the slope of the isotropic nonnal compression line in 

Inv-Inp' space. In the critical state framework the compression lines resulting from 

normal compression at any constant stress ratio have the same gradients. Therefore, in 

theory, the parameter 2.* can also be determined from constant stress ratio compression 

tests. Figure 7.1 shows a one-dimensional compression curve, from an oedometer test on 

reconstituted London Clay, plotted in Inv-ln/?' space. The values of p' have been 

calculated from the oedoemeter data using an assumed kg = i - sinks', where cp' = 22.5° 

(this value of (p' will be discussed later). The best line of the forni Inv = ItiNko - A* In/;' 

fitted through the data gave values of A* = 0.097 and N^o = 3.34, where N^,, is the 

specific volume of the Kg compression line atp' = 1 KPa. This corresponds to a value of 

# = 3.43, where # is the specific volume of the isotropic compression line atp' = 1 KPa. 

ii) K 

The swelling parameter k is the gradient of the initial (elastic) part of an isotropic 

swelling line, in \nv-\x\p' space, and actually determines the elastic bulk modulus, K,., 

within the kinematic yield surface. An estimate of k can be obtained by plotting the 

normalised value of the bulk modulus AT//?' against the change in stress or strain for an 

isotropic swelling path, or for any isotropic path following a complete stress path 

reversal. The value of k is equal to the inverse of Kip' at the start of the curve. In reality, 

reliable measurements of the bulk modulus are difficult to obtain. Here no such data was 

available. Figure 7.2 shows the bulk modulus decay curves selected for analysis for the 

London Clay strata at the proposed new terminal at London's Heathrow Airport (T5), on 

the basis of back-analysis of oedometer swelling tests. The value o f ^ ' = 0.003 that was 

chosen for the work presented in this chapter corresponds to Kip' = 333.3, which plots 

between the two curves in Figure 7.2. 

258 



Oedoemeter test data 
lnv = ln(3.34)-(0.097)lnp' 
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Figure 7.1: Determination of compression parameters ( # a n d A*) for reconstituted 
London Clay (test data from Jardine (1985)) 
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Figure 7.2: Normalised bulk modulus decay curves selected for analysis at T5 (after 
Hight et al. (2003)) 

in )C^ 

The elastic shear stiffness, G^, can be detennined from dynamic measurements. 

However, no such data was available and G,. was assumed to be described by the 

equation proposed by Viggiani (1992) (Equation 2.10 or 4.51). The constants A, n and ni 

used, were based on the trend lines of Figure 2.14 for a plasticity index of 50, which is 

an average value of the plasticity index of London Clay at the Canons Park site. The 

values chosen are slightly higher than the exact values of the trend lines in Figure 2.14, 

since in some cases the latter predicted values of elastic stiffness lower than the values 

measured experimentally in the small strain range. The adopted values are A = 590, 

n = 0.87 and m = 0.28. 
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i v ) p ' 

According to Jardine (1985) the ultimate states for all stress paths fall close to a Mohr 

Coulomb line with (p' = 22.5 . Hence a Mohr-Coulomb hexagon was assumed for the 

shape of the yield function in the deviatoric plane, with c p ' = 22.5° at the critical state. 

v) Yp and Zp 

The shape of the plastic potential was assumed to be a circle in the deviatoric plane. 

Therefore the adopted values are Yp = 0.0 and Zp = 1.0. 

vi) Parameters that define the behaviour of the kinematic surfaces 

The rest of the parameters that need to be determined are the parameters R and t//, for the 

two-surface model, R and a, for the modified two-surface model, T, S and i//, for the 

three-surface model and T, S, a , and a? for the modified three-surface model. The 

parameter R and the product TS define the extent of the elastic behaviour. This could be 

determined from an isotropic loading path following a complete reversal in the stress 

path direction (Al-Tabbaa (1987) suggested that R could be defined from the initial part 

of the isotropic swelling line (Chapter 4)). Stallebrass (1990) suggested that since this 

region is not easily measurable in triaxial tests, the values chosen should be checked 

against shear stiffness curves. Unfortunately, in the current stiffness data of reconstituted 

London Clay no elastic region could be identified. Hence, in this work, the parameter R 

and the product TS were derived from a parametric study. The parameter T, which 

defines the extent of the influence of recent stress history, could be detennined from two 

isotropic stress paths following two different stress histories, as proposed by Stallebrass 

(1990) (Chapter 5). However, the tests on reconstituted London Clay did not include 

such stress paths, and again a parametric study was employed in order to determine the 

value of T. Finally, the parameters i//, a, a , and which are the parameters in the 

hardening modulus A and control the decay of stiffness, cannot be measured directly 

from the experimental data and can only be determined by trial and error. Hence, a small 

parametric study was employed for each model in order to determine the values of the 

parameters that define the behaviour of the kinematic surfaces. 

Although the primary objective of this study is the choice of the remaining parameters, a 

secondary aim is the investigation of the sensitivity of each model to each of these 

parameters. For this study the predictions of the models for the undraincd triaxial 

compression path initiating from an OCR of 7 are examined (LR7 in Figure 2.31) and 
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compared with the experimental data. In these analyses the parameters N, A*, k , G„ (p', 

Yp and Zp were set equal to the values chosen above. 

Two-surface model 

For these predictions the value of the parameter \fj was set to 5 and the value of the 

parameter R varied between 0.01 and 0.03. Figure 7.3 shows the effect of varying R on 

the stress-strain and stiffness-strain response predicted by the two-surface model (the 

stiffness curve in Figure 7.3 is normalised by which is the value o f / ? ' at the start of 

the shearing stage). It can be seen that variations in the value of R influence significantly 

the predicted behaviour. Increasing R results in a wider elastic plateau, but also in a 

greater drop in stiffness immediately after the elastic region and hence, in a softer 

overall behaviour. 

b) yj 

Figure 7.4 illustrates the sensitivity of the model to the parameter y/. In these analyses 

the parameter/? was equal to 7? = 0.016 and the parameter if/ varied between 4 and 6. The 

parameter y/ has a similar effect to the parameter R. For higher values of y/ there is a 

more dramatic reduction in stiffness when plastic straining first occurs and a softer 

behaviour at both small and large strains. Comparison with the experimental data shows 

that it is difficult to reproduce a realistic stiffness degradation curve, as already 

discussed in Chapter 4. 

Based on the comparison between model predictions and experimental results (Figures 

7.3 and 7.4) the values chosen for the two-surface model are 7? = 0.016 and y/ = 6. 

Modified two-surface model 

a ) / ; 

The influence of the parameter R on the stress-strain and stiffness-strain response 

predicted by the modified two-surface model can be seen in Figure 7.5. In these analyses 

the parameter a was kept constant at a = 8 and the parameter R varied between 0.01 and 

0.03. Similar to the two-surface model, increasing R results in a wider clastic plateau. 

However, unlike the two-surface model, the modified two-surface model does not seem 
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Figure 7.3; Effect of varying R for the two-surface model - Test LR7 a) normalised 
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to be very sensitive to the variations in the values of R. Figure 7.5 shows that increasing 

R results in a small increase of stiffness once the stress state becomes elasto-plastic. 

b) a 

The effect of the parameter a is illustrated in Figure 7.6. Here R was set equal to 

R = 0.016 and a varied between 3 and 9. Unlike R, varying a has an effect on the overall 

behaviour. Lower values of a result in a faster rate of decay of stiffness once yielding 

occurs, and therefore in a softer behaviour. Figure 7.6 shows that for all values of a the 

obtained stiffness degradation curves are smooth. 

Based on the results shown in Figures 7.5 and 7.6, the values chosen for the modified 

two-surface model are ./? = 0.016 and a = 6. 

Three-surface model 

a ) ^ 

For these analyses the values of T and y/ were kept constant at 7 = 0.2 and y/ = 1.5 and 

the value of S varied between 0.05 and 0.15 so that the product TS, representing the size 

of the elastic region, varied between 0.01 and 0.03 (the same as in the two-surface 

models). The effect of varying the parameter S on the behaviour predicted by the three-

surface model can be seen in Figure 7.7. Increasing the parameter S results in a greater 

drop in stiffness when the stress state becomes elasto-plastic, and also in a wider elastic 

plateau. This is similar to the effect that R has in the two-surface model, however, unlike 

R, the effect seems to influence the behaviour only for stress states within the history 

surface. 

b) T 

In order to investigate the effect of the size of the history surface, the values of T and S 

varied so that the product TS (defining the size of the kinematic yield surface) was kept 

equal to 0.016 for all the analyses. The value of y/ was set equal to 1.5. The effect of the 

parameter T is illustrated in Figure 7.8. It seems that within the history surface 

increasing T has the opposite effect of increasing S, it results in a smaller decrease in 

stiffness once the elastic region is reached. However, once the stress slate reaches the 

history surface (the stress and strain required to reach the history surface increases with 

the value of T), the higher value of T results in a lower stiffness. This can be seen very 
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clearly in the stress-strain curves of Figure 7.8b. For T = 0.4 the behaviour is initially 

stiffer and then softer as the strain increases. 

c) y/ 

Figure 7.9 shows the effect of varying the parameter Here the values of T and 5" were 

kept constant at 7"= 0.2 and S =0.08. Increasing the value of y/ results in a more dramatic 

decrease in stiffness when plastic straining first occurs and hence in a softer overall 

response. 

The optimum values chosen for the above parameters of the three-surface model are 

r = 0.2, S = 0.08 and ^ = 1.5. 

Modified three-surface model 

a ) ^ 

In these analyses the values of the parameters T, a , and aj were kept constant at 7 = 0.2, 

ai = 6 and a? = 35 and the values of the parameter 5 varied between 0.05 and 0.15 so 

that the product TS varied between 0.01 and 0.03. Figure 7.10 illustrates the effect of 

varying the size of the elastic region in the predictions of the modified three-surface 

model. Increasing S results in a wider elastic plateau and in a small increase in stiffness 

for stress states inside the history surface. The stiffness response within the history does 

not seem to be as sensitive to the variations of S as the one predicted by the three-surface 

model is. 

b) T 

The effect of changing the size of the history surface can be seen in Figure 7.11. For 

these predictions the values of o.\ and m were set at a, = 6 and a? = 35 and the values of 

the parameters T and S varied so that the product TS was kept constant at TS = 0.016. It 

seems that for higher values of T a stiffer behaviour is observed within the history 

surface. Although not shown very clearly in Figure 7.11a, when the history surface is 

engaged, increasing T results in a slightly lower value of stiffness, which is not as 

significant as in the case of the three-surface model and does not result in the stress-

strain curve for T = 0.4 becoming the softest one. Although the modified three surface 

model seems to be sensitive to the values of the parameter T this effect is not as 

pronounced as in the three-surface model. 
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c ) a i 

The influence of the parameter a, is shown in Figure 7.12. Here the parameters T, S and 

ot2 were equal to 2" = 0.2, S = 0.08 and a? = 35 and a, varied between 3 and 9. Figure 

7.12 indicates that lower values of cti result in a faster rate of decay of stiffness and 

hence in a softer overall response. The stiffness degradation curves obtained in any case 

are smooth with no abrupt change in stiffness when the stress state engages the 

kinematic yield surface. 

d) 0(2 

For these predictions the parameters T, S and a, were kept constant at 7 = 0.2, 5 = 0.08 

and «! = 6 and % varied between 10 and 70. Figure 7.13 indicates that the parameter a? 

influences the response for stress states within the history surface. The higher the value 

of ct2 the stiffer the behaviour is. The stiffness-strain curves obtained in any case are 

smooth irrespective of the value of the parameter ai. 

Based on the comparison between model predictions and experimental data (Figures 

7.10-7.13), the following parameters were chosen for the modified three-surface model, 

7 = 0.1, 5=0.16 , a, = 6 and ai = 35. 

It has to be noted that in Figures 7.3c to 7.13c, depending on the values of the 

parameters that define the behaviour of the kinematic surfaces, the models may not have 

reached the critical state at an axial strain of 10%. This has the consequence that, 

depending on the choice of the input parameters, the undrained strength predicted by the 

equations of Appendix III may be mobilised at very high strains or may never be 

practically fully mobilised. 

Summary of parametric study 

a) Sensitivity of each model to the remaining parameters 

The two-surface model seems to be sensitive to variations of both the parameters R and 

y/. This is because the values of both R and i// control the amount by which the stiffness 

drops once yielding is initiated. The modified two-surface model seems to be sensitive 

to the variations of a but not as sensitive to the variations of the size of the kinematic 

yield surface as the two-surface model is, since in any case no abrupt reduction in 

stiffness is observed. The three-surface model is mostly sensitive to the variations of T 

and y/, whereas the parameter S influences in a lesser extent the behaviour within the 
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history surface. All three parameters seem to affect the reduction in stiffness observed 

when the limit of the elastic region is reached. The modified three-surface model does 

not show any such effect and is less sensitive to the variations of the parameters T and S 

than the three-surface model is. The modified three-surface model is sensitive to the 

value of the parameter a, whereas the parameter influences the behaviour within the 

history surface. 

b) Choice of the remaining parameters 

As aforementioned, based on the comparison between model predictions and 

experimental data the following optimum parameters were chosen: for the two-surface 

model R = 0.016 and = 6, for the modified two-surface model R = 0.016 and a = 6, for 

the three-surface model T = 0.2, S = 0.08 and ^ = L 5 and for the modified three-surface 

model r = 0.1, 5" =0.16, a, = 6 and OC] = 35. It has to be noted that the size of the history 

surface that gives the best fit to the experimental data is not the same for the three-

surface and the modified three-surface model, and this is a result of deriving this 

parameter through a parametric study. However, if one wanted to assume the same size 

of the history surface for both models then the values of T = 0.2 and S =0.08 could be 

assumed for the modified three-surface model, since for this model variations in the 

values of the parameter T do not have as drastic effect as for the three-surface model. In 

this case a slightly stiffer behaviour would be predicted for the modified three-surface 

model as can be seen in Figure 7.11. The set of optimum parameters for each model will 

be used subsequently in the evaluation of the models, which follows in the next section. 

N r K A n m v' y,> 4 R ¥ 

1 4 3 0.097 0.003 5 9 a 0 0.87 0.28 :Z2.5° 0.0 1.0 0.016 6.0 

Table 7.1: Material parameters for the two-surface model for the simulation of tests on 
reconstituted London Clay 

N r K A n m <p' 4 R a 

3.43 0.097 0.003 59&0 0.87 0.28 :)2.5° 0.0 1.0 0.016 6.0 

Table 7.2: Material parameters for the modified two-surface model for the simulation of 
tests on reconstituted London Clay 
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N r K A n m v' 4 T 5 

3.43 0.097 0.003 590.0 0.87 0.28 22.5° 0.0 1.0 0.2 0.08 1.5 

Table 7.3: Material parameters for the three-surface model for the simulation of tests on 
reconstituted London Clay 

N r K A n m v' Yp 4 T 5 a , 0.2 

3 ^ 3 0.097 0.003 590.0 0.87 0 J # 215° 0.0 1.0 0.1 0.16 6.0 3 5 ^ 

Table 7.4: Material parameters for the modified three-surface model for the simulation 
of tests on reconstituted London Clay 

7.2.3 Evaluation of the models' predictions 

In this section each of the four models is evaluated by comparing the model predictions 

with the experimental data for the stress paths LR1.5, LR3, LR7, LRE1.5, LRE3 and 

LRE7 (as mentioned in Chapter 2, LR denotes compression tests, LRE denotes 

extension tests and the following number denotes the OCR). 

The values assigned to the model parameters used in the following analyses are the soil 

properties derived in section 7.2.2 and summarised in Table 7.1, for the two-surface 

model. Table 7.2 for the modified two-surface model, Table 7.3 for the three-surface 

model and Table 7.4 for the modified three-surface model. The simulation of the tests 

involved the modelling of the complete stress history (compression and swelling stages 

starting from the initial condition of the sample in the stress path cell) before the 

modelling of the shearing stage. 

For each model the stress-strain curves in the small strain range (strains up to 1 %) and in 

the relatively large strain range (strains up to 10%) are compared with the experimental 

predictions. Moreover, the corresponding stiffness-strain curves are plotted against the 

experimental results. Particular emphasis is given on the capability of the models to 

predict behaviour in the small strain range. At the start of loading, a plot of tangent 

stiffness against strain is a better indicator of small strain response than a simple stress-

strain curve. However, at later loading stages the latter provides a better comparison. 

It has to be noted that in order to evaluate the tangent stiffness for the initial part of the 
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LR1.5 

experimental stress-strain curves, polynomial curves were fitted to the raw stress-strain 

data and the tangent modulus was then obtained from differentiation of the polynomial. 

An example of such a curve is given in Figure 7.14. 

7.2.3.1 Two-surface model 

Figure 7.15 presents the predictions of the two-surface model, plotted against the test 

data, for the compression paths. Figures 7.15b and 7.15c illustrate the stress-strain 

curves in the small and large strain range. The predicted curves for LR3 and LR7 seem 

to compare reasonably well with the experimental curves in the small strain range, 

however, for large strains the curves are significantly underpredicted. For the test LR1.5 

the model significantly underpredicts the experimental stress-strain response. Figure 

7.15a shows the corresponding plots of the tangent undrained Young's modulus, E,„ 

nomialised by the mean effective stress at the start of the shearing stage against axial 

strain. The model predicts a drop in stiffness once yielding is initiated for all three tests. 

Moreover, the fonn of the predicted stiffness curves does not compare favourably with 

the test data. For the tests LR3 and LR7 the model underpredicts the initial part of the 

stiffness degradation curve whereas for LR1.5 the model predicts a very low stiffness 

throughout the small strain range. 

The prediction of the two-surface model for the extension paths can be seen in Figure 

7.16. The stress-strain response for strains up to 1% and 10% is shown in Figures 7.16b 

and 7.16c respectively. For LRE1.5 the model significantly overpredicts the stress 
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Figure 7.15: Predictions of the two-surface model for the triaxial compression paths 
a) normalised stiffness-strain curve b) stress-strain curve c) stress-strain curve - larger 

strains (test data from Jardine (1985)) 
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Figure 7.16: Predictions of the two-surface model for the triaxial extension paths 
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changes up to strains of approximately 2.4% and then underpredicts the stress-strain 

response. For the paths LRE3 and LRE7 better agreement with the experimental results 

seems to exist. The corresponding stiffness-strain curves are illustrated in Figure 7.16a. 

The stiffness for LRE1.5 is overpredicted up to strains of 0.3%. For LRE3 and LRE7 the 

stiffness is significantly underpredicted for strains up to 0.03% and 0.2% respectively. 

7.2.3.2 Modified two-surface model 

Figure 7.17 presents the predictions of the modified two-surface model for the 

compression paths. For the test LR1.5 the stress-strain response is initially 

underpredicted but agrees well with the experimental data for strains higher than 3%. 

The stress-strain curves for LR3 and LR7 are reasonably well reproduced throughout the 

whole strain range. The corresponding stiffness-strain plots in Figure 7.17a indicate that 

for LR1.5 the stiffness is underpredicted up to strains of approximately 0.2% (although 

to a lesser extent than for the two-surface model). On the contrary, for LR3 and LR7 

there is a good agreement with the experimental stiffness curves. 

Comparison of the experimental and predicted stress-strain curves for the extension 

paths (Figures 7.18b and 7.18c) indicates that the model generally underpredicts the 

measured stress-strain response for all three paths, and particularly for LRE1.5, although 

the difference seems to decrease at higher strains for LRE1.5 and LRE7 (for LRE7 there 

is a reasonably good agreement for strains higher than 2%). The test LRE3 stopped 

earlier so there is no data at large strains. Figure 7.18a shows the corresponding stiffness 

curves. It can be seen that the model significantly underpredicts the stiffness response 

for strains up to 0.2%. 

7.2.3.3 Three-surface model 

Figure 7.19 illustrates the predictions of the three-surface model for the compression 

paths. The model seems to underpredict the stress-strain response for the test LR1.5, 

although the predicted and experimental curves converge at large strains. The 

predictions for LR3 and LR7 agree well with the experimental results throughout the 

whole strain range. The corresponding stiffness-strain curves, shown in Figure 7.19a, 

indicate that the shape of the curves is such that it is difficult to get complete agreement 

with the experimental data. For LR1.5 the model generally underprcdicts the stiffness 

curve but plots much closer to the experimental results than the two-surface model. For 

LR3 the opposite is true for strains up to 0.06%. For the test LR7 the model 
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Figure 7.19: Predictions of the three-surface model for the triaxiai compression paths 
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Figure 7.20: Predictions of the three-surface model for the triaxial extension paths 
a) normalised stiffness-strain curve b) stress-strain curve c) stress-strain curve - larger 

strains (test data from Jardine (1985)) 

285 



underpredicts the stiffness for strains up to 0.02% but then follows quite closely the 

experimental curve. It should be noted that the drops in stiffness predicted by this model, 

once yielding is initiated, are smaller than the ones predicted by the two-surface model. 

This can be attributed to the presence of the history surface in this model, as well as the 

values chosen for the model parameters. 

The predictions of the three-surface model for the extension paths can be seen in Figure 

7.20. The stress-strain response for LRE1.5 is initially underpredicted for strains up to 

- 0 . 5 % but then overpredicted. The same is true for LRE3 but for strains up to -0 .3%. 

For the test LRE7 the model agrees with the experimental curve for strains up to 0.2% 

but then significantly overpredicts the response for higher strains. The corresponding 

stiffness-strain curves in Figure 7.20a show that the model predicts significantly lower 

values of stiffness than the experimental data shows for strains up to 0.1% and 0.04% 

for the tests LRE1.5 and LRE7 respectively, and from then on seems to overpredict the 

stiffness response. Better agreement is shown for the test LRE7 for strains up to 

approximately 0.02% but for higher strains the stiffness is again overpredicted. 

7.2.3.4 Modified three-surface model 

Figure 7.21 shows the predictions of the modified three-surface model for the 

compression paths. For LR1.5 the model underpredicts the stress-strain response in the 

small strain range (Figure 7.21b) although for strains higher than 3% the model predicts 

well the experimental curve (Figure 7.21c). For the tests LR3 and LR7 the predicted 

stress-strain curves agree well with the test data. Figure 7.21a shows the corresponding 

stiffness-strain curves. For LR1.5 the model generally predicts lower stiffness values 

than the experimental data but to a much lesser extent than in the case of the two-surface 

model. For LR3 the stiffness is overpredicted for strains up to 0.04% but the predicted 

curve has the correct shape and agrees well with the experimental results for higher 

strains. Finally, for LR7 there is a very good agreement between the predicted and 

measured response. 

The predictions of the modified three-surface model for the extension paths can be seen 

in Figure 7.22. Figures 7.22b and 7.22c illustrate the predicted stress-strain curves. The 

model underpredicts the stresses for the LRE1.5 test, although the curves seem to 

converge at large strains. For LRE3 the stresses are also underpredicted but there is no 

data at large strains. However, for LRE7 there is a better agreement with the 

experimental response. Inspection of Figure 7.22a, which presents the corresponding 
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stiffness-strain curves, shows that the model significantly underpredicts the stiffness in 

the small strain range. 

7.2.4 Summary 

This section evaluated the capability of the four kinematic hardening models to 

reproduce the behaviour of overconsolidated reconstituted London Clay. A set of model 

parameters was derived for each model and the sensitivity of each model to the 

parameters that control the behaviour of the kinematic surfaces was examined. The 

ability of the four models to predict, in particular, the highly non-linear behaviour of 

overconsolidated London Clay in the small strain range can be summarised as follows; 

i) Compression paths 

All four models seem to underpredict the small strain behaviour of the test LR1.5; this 

can be seen in both the stress-strain curves for strains up to 1% and the stiffness-strains 

curves for all four models, and is particularly pronounced in the case of the two-surface 

model. For the tests LR3 and LR7 all four models predict reasonably well the stress-

strain curves for strains up to 1% (the modified two-surface model, the three-surface 

model and the modified three-surface model also show good agreement for larger 

strains). In terms of the stiffness-strain curves, the modified two-surface and modified 

three-surface model predict better shapes and agree better than the two-surface and the 

three-surface model with the experimental data (the three-surface model gives much 

better predictions and smaller drops in stiffness, once yielding is initiated, than the 

two-surface model). 

ii) Extension paths 

All four models seem to significantly underpredict the initial part of the stiffness-strain 

curves for the extension paths (with the exception the test LRE1.5 for the two-surface 

model and the test LRE7 for the three-surface model). This feature of behaviour could 

be attributed to two reasons. First, for the kinematic hardening models the extension 

paths constitute a continuation in the direction of the previous swelling path, in the 

sense, that the configuration of the kinematic surfaces at the end of the swelling path is 

such that for the extension paths the models carry on behaving plastically, and hence 

predict low values of stiffness at the start of shearing. (On the contrary the compression 

paths constitute a reversal in the swelling path direction, the stress state re-enters the 

kinematic surface and the high elastic stiffness is re-invoked). Second, as mentioned in 
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Chapter 2, the experimental stress paths were carried out after an ageing period was 

allowed before the start of each shearing stage. In the case of the extension paths, this 

may have resulted in higher stiffness in the small strain range than if immediate shearing 

had taken place. 

7.3 Modelling the effect of recent stress history 

7.3.1 Introduction 

The effect of recent stress history has been introduced in Chapter 2. According to 

Atkinson et al. (1990) and Stallebrass (1990) the stiffness along a certain loading path 

depends on the direction of the previous approaching path. The highest stiffness is 

observed for a stress path rotation of Or = 180°, which constitutes a complete reversal in 

the stress path direction, and the lowest for 9r = 0°, which is a continuation of the 

previous stress path direction. 

In the kinematic hardening models the configuration of the kinematic surfaces relative to 

the current stress state provides some information of the previous loading history and 

dictates the stiffness obtained along a subsequent loading path. Stallebrass (1990) 

suggested that in order to simulate satisfactorily the effect of recent stress history a 

second surface had to be introduced within the two-surface model. 

This section investigates the capability of all four kinematic hardening models, used in 

this thesis, to simulate the effect of recent stress history on the pre-failure deformation of 

overconsolidated clays. For the three-surface model a short discussion has already been 

presented in Chapter 5 as part of the validation of the model. Here this discussion will be 

extended and the same multi-stage test will be repeated for the other three models. 

As described in Chapter 5, this multi-stage test on speswhite kaolin investigates the 

behaviour along a common constant p' loading path after four different stress path 

rotations. Or = 90°, 0°, -90° and 180° (the angle Or has been defined in Figure 5.9). 

7.3.2 Model parameters 

The parameters used in the three-surface model for the simulation of the test have been 

derived by Stallebrass (1990)) for speswhite kaolin and can be seen in Tabic 5.1. Table 
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5.2 gives the parameters used in the version of the three-surface model implemented into 

ICFEP. The parameters adopted for the remaining three models were chosen as follows. 

The parameters common to all four models, N, 1*, k , G,,, Y, Z, Yp and Zp were kept the 

same as those of the three-surface model. The size of the kinematic surfaces in the 

modified three-surface model were kept the same as for the three-surface model. The 

size of the kinematic yield surface in the two-surface and modified two-surface model 

was set equal to the product TS, which defines the size of the elastic region, so R= 0.02. 

Since it was outside the scope of this thesis to derive a complete set of parameters for 

speswhite kaolin for each model, a reasonable value of the remaining parameters, which 

control the decay of stiffness, y/, a, a , and a? was chosen. Hence, it has to be noted that 

what is of interest here are the general trends predicted by the models, rather than the 

exact reproduction of the experimental results. The model parameters used in the 

analyses are given in Table 7.5 for the two-surface model. Table 7.6 for the modified 

two-surface model and Table 7.7 for the modified three-surface model. 

N r K* Ge (kPa) Y Z yp 4 R ¥ 

3Ji39 0.073 0.005 60000.0 0.51 0.0 1.0 0.0 1.0 0.02 6.0 

Table 7.5: Material parameters used in the two-surface model for the simulation of the 
multi-stage test on speswhite kaolin 

N r K Ge (kPa) X Y Z 4 R a 

3 ^ 3 9 0.073 0.005 60000.0 0.51 0.0 1.0 0.0 1.0 0.02 3.0 

Table 7.6: Material parameters used in the modified two-surface model for the 
simulafion of the multi-stage test on speswhite kaolin 

N r K Ge (kPa) Y z 4 T 5 «i «2 

3 J ^ 9 0.073 0.005 60000.0 0.51 0.0 1.0 0.0 1.0 O J ^ 0.08 1.5 2 5 ^ 

Table 7.7: Material parameters used in the modified three-surface model for the 
simulation of the multi-stage test on speswhite kaolin 
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7.3.3 Evaluation of the models' predictions 

7.3.3.1 Two-surface model 

Figure 7.23 presents the stiffness against stress change curves, for the constant jc' loading 

path after the four different stress path rotations, predicted by the two-surface model. 

The configurations of the surfaces at the start and end of each shearing stage can be seen 

in Figure 7.24. Figure 7.23 indicates that initially a different stiffness curve is predicted 

for the four different approaching paths, with the highest stiffness predicted for 

Or = 180°. However, as soon as yielding initiates for 0,. = 180°, the stiffness drops to the 

value predicted for 6r = 0° and from then on the model predicts approximately the same 
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Figure 7.23: Constant/?' loading after four stress path rotations: G against q 
a) experimental data (after Stallebrass (1990)) b) predictions of two-surfacc model 
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Figure 7.24: Configuration of the surfaces at the start and end of each cycle for the two-
surface model 

stiffness curves for all four stress path rotations. This is not in agreement with the trend 

revealed by the experimental data which shows that the stiffness curves do not seem to 

converge until a much higher stress change. Similar predictions to Figure 7.23 are also 

obtained for different y/ values. 

Figure 7.25 illustrates the strain paths for the common constant p' path predicted by the 

two-surface model. The model predicts that all strains paths are dilative apart from the 

strain path for 0,. = -90° which shows a slightly compressive initial response. This is in 

contrast to the experimental data which shows that only the stress path for (),. = 90° is 

dilative, but can be explained by considering the flow rule of the model. Because of the 

normality rule assumed in the model, whether the behaviour is dilative or compressive, 

along a constant p' test, depends on the position of the stress state relative to the 

kinematic surface. If this is to the right of p \ the behaviour will be compressive, which 
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is the case initially for Or = -90°. However, since the kinematic yield surface is not 

stationery and translates, the position of the stress state relative to the kinematic yield 

surface changes and the behaviour can change from compressive to dilative. If the stress 

state is dry of critical, as is the case here for 6^ = -90°, then the translation of the surface 

is such that the centre of the kinematic surface moves to the right of the stress state and 

the behaviour becomes dilative. How quickly this happens depends on the size of the 

kinematic yield surface, smaller kinematic yield surfaces, like in this case, orientate 

quicker than larger ones. 
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7.3.3.2 Modified two-surface model 

The predictions of the modified two-surface model for the stiffness against stress change 

curves are illustrated in Figure 7.26. The configurations of the surfaces at the start and 

end of each cycle can be seen in Figure 7.27. 

Figure 7.26 shows that the model is capable of predicting higher stiffness for 0, = 180° 

than for 9r = 0°, which is consistent with the experimental results. Unfortunately for 

Or = 90 and Or = -90° the model predicts initially high stiffness which quickly reduces to 

very low values close to the predictions for 0;. = 0°. This can be explained by considering 

again the normality rule assumed in the model and will be explained subsequently in the 

discussion for the modified three-surface model. 
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The predictions of the modified two-surface model for the strain paths along the constant 

p' path can be seen in Figure 7.28. The model predicts that the strain paths for 

6r = 0° and 9,- = 90° are dilative and the strain paths for Or = -90° and 0^ = 180° are 

compressive. Similar to the two-surface model, whether the behaviour is compressive or 

dilative, along a constant p' test, depends initially on the position of the stress state 

relative to p'a and subsequently on whether the stress state is dry or wet of critical. (For 

9r = 90° and Or = 0°, the stress state is dry of critical, whereas for Or = -90° and Or = 180° 

the stress state is wet of critical). 

7.3.3.3 Three-surface model 

The predictions of the three-surface model have already been presented in Chapter 5. 

Figure 5.10 presents the stiffness versus stress change curves predicted by the three-

surface model for the four stress path rotations together with the experimental results. 

The configuration of the surfaces at the start and end of each cycle can be seen in Figure 

5.11. Figure 5.10b shows that the model is capable of predicting different stiffness 

curves for the four different approaching paths and that the general pattern of behaviour 

is reasonably well reproduced. However, as mentioned in Chapter 5, for 0,. = -90° and 

Or = 180° there is a drop in the stiffness curves at the point which the stress state engages 

the kinematic yield surface. This drop results in the stiffness predicted for 0,. = -90° 

being lower than the stiffness for Or = 90° up to a stress change of 45 kPa. However, 

inspection of the configuration of the surfaces at the start of the cycle reveals that the 

opposite would seem more reasonable. Figure 5.11 shows that for 0,. = -90° the 

kinematic surfaces have not completely re-aligned along the approaching path and hence 

the constant p' path enters the kinematic yield and history surfaces. For Or = 90° the 

stress state is already on the history surface at the beginning of the cycle. Clearly it is 

more reasonable to expect a higher stiffness for /?,. = -90° than for Or = 90° unlike what 

the three-surface model predicts in Figure 5.10b. 

The pattern of strain paths predicted by the three-surface model together with the 

corresponding experimental data can be seen in Figure 5.13. As mentioned in Chapter 5, 

the general pattern of the strain paths is similar to the experimental results, with the only 

difference that the model predicts that for Or = 0° the soil will dilate, whereas the 

experimental data shows that it compresses. In the three-surface model whether the 

behaviour is compressive or dilative, along a constant p' test, depends on the position of 

the stress state relative to the active yield surface. Similar to the two-surface model, if 
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this is to the right of the centre of the kinematic surface then the predicted behaviour is 

compressive, whereas if this is to the left then the behaviour is dilative. However, in this 

model the kinematic yield surface translates relative to the history surface, and hence 

when the kinematic yield surface is the active yield surface the position of the stress 

state relative to the history surface is more important than its position relative to the 

bounding surface. For example, although not shown very clearly in Figure 5.11, for 

9,- = 180° the stress state reaches the kinematic yield surface slightly to the right of p'h 

and initially the behaviour is compressive. The behaviour remains compressive within 

the history surface although the stress state is dry of critical, because the translation of 

the kinematic yield surface relative to the history surface is such that the stress state 
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Figure 7.29: Constant /?' loading after four stress path rotations; G against q 
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remains to the right of p'h. However, once the stress state is on the history surface, the 

model behaves in the same way as the two-surface models do. The translation of the 

history surface is relative to the bounding surface and the response eventually depends 

on whether the stress state is dry or wet of critical. Again how quickly the possible 

reorientation of the history surface happens depends on the size of the surface. Since 

history surfaces are larger than the kinematic yield surfaces these would re-orientate 

slower. 

7.3.3.4 Modified three-surface model 

The predictions of the modified three-surface model for the stiffness versus stress 

change curves are illustrated in Figure 7.29. Figure 7.30 presents the configurations of 

the surfaces at the start and end of each cycle. 
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Figure 7.29 shows that the model is capable of reproducing well the stiffness curves for 

Or — 90°, 0° and 180° and that no drops in the stiffness curves can be observed. The only 

difference from the experimental trend is the stiffness curve for 9r = -90°, which predicts 

higher stiffness than the curves for 9r = 90° and 180° for a stress change up to 

approximately 60 kPa. However, it can be shown that, although this does not agree with 

the experimental results, it is consistent with the model formulation. For a start it can be 

shown that the hardening modulus along the stress path for Or = 180° is higher than the 

hardening modulus for Or = -90°, although in Figure 7.29 the shear stiffness for 0,. = 180° 

is lower than the shear stiffness for Or = -90° up to ^ ~ 60 kPa. The explanation for this is 

again the normality condition assumed in the model. Figure 7.31 shows the direction of 

the plastic strain increment vector at a deviatoric stress q = 30 kPa for Or = -90° and 

Or = 180°. It can be seen that if the plastic strain increment vectors had the same 
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q = 2iO kPa for the modified three-surface model 
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magnitude, the plastic shear strain predicted for Or — 180° would have been much higher 

than the one predicted for 0,. = -90°. Therefore, although the value of the hardening 

modulus for 9,- = 1 8 0 is higher than for 6,- = -90°, the resulting plastic shear strain 

calculated for 6,. = 180 is higher than for 6,- = -90°, and the shear stiffness predicted for 

6r = 180° is lower than for Q,. = -90°. At the later stages of the loading path the translation 

of the kinematic surfaces results in similar directions of the plastic strain increment 

vector and then the shear stiffness predicted for 0,. = 180° becomes higher than the one 

for 0, =-90° . 

The associated flow rule assumed in the models can also explain the fact that for the 

modified two-surface model the shear stiffness for 6r = 90° and Or = -90° quickly reduces 
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to very low values, unlike the predictions of the modified three-surface model. Figure 

7.32 illustrates the plastic strain increment vector for the loading path after 6,- = 90° at a 

stress change of ^ = 20 kPa, for the two models. The hardening modulus at this stage can 

be shown to be similar for the two models. However, Figure 7.32 shows that for the 

same magnitude of the plastic strain increment vectors, the direction of the vectors is 

such that the plastic shear strain for the modified two-surface model would have been 

much higher than for the modified three-surface model. Hence, although the hardening 

modulus is similar for both models, the resulting shear stiffness is much lower for the 

modified two-surface model. The different direction of the plastic strain increment 

vectors can be attributed to the fact that the history surface (which is the active yield 

surface) in the modified three-surface model is larger than the kinematic surface in the 

modified two-surface and the latter re-orientates quicker than the former one. 

The predicted strain paths for the modified three-surface model can be seen in Figure 

7.33. The model predicts correctly that the strain paths for Or = 0°, -90° and 180° are 

compressive and that the strain path for 0^ = 90° is the only one which is dilative. 

Whether the behaviour is compressive or dilative, along a constant p' test, depends on 

the same factors discussed for the three-surface model. For 9,- = 0° the behaviour 

predicted is compressive, due to the fact that the stress state remains on the history 

surface and it is wet of critical. 

7.3.4 Summary 

This section investigated the capability of the four kinematic hardening models to 

predict the effect of recent stress history on the pre-failure behaviour of 

overconsolidated clays. A multi-stage test, in which the behaviour along a constant p' 

test was examined after four stress path rotations, was repeated for each model. 

The two-surface model was shown not to be able to predict satisfactorily the stiffness-

strain curves after the four stress path rotations, since the model predicts approximately 

the same stiffness curves soon after the stress state engages the kinematic yield surface 

for Or = 180°. This is a consequence of the drop in stiffness predicted by the model and 

results in the model being unable to retain a memory of the previous stress history, once 

the stress state becomes elasto-plastic (at least for kinematic yield surfaces of this size). 

The modified two-surface model was shown to predict well the stiffness curvcs for 

Or = 180° and Or = 0°. However, the predictions for Or = 90° and Or = -90° were not so 

satisfactory; the model predicts that for these stress paths the stiffness values quickly 
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reduce to low values close to = 0°. The three-surface model was shown to predict well 

the different stiffness curves after each of the four stress path rotations, however, there is 

still the problem of the drop in stiffness once the stress state becomes elasto-plastic. 

Finally, the modified three-surface model was shown to be capable of predicting 

satisfactorily the stiffness curves for Or = 90°, 0° and 180°, whereas the high stiffness 

predicted for Or = -90° can be explained by considering the normality rule assumed in the 

model. 

The strain paths predicted by the models can be explained by considering the flow rule 

adopted in the models. Whereas for the two-surface and modified two-surface models 

whether behaviour is dilative or compressive, along a constant p' test, depends on the 

position of the current stress state relative to the centres of the kinematic yield and 

bounding surfaces, for the three-surface and modified three-surface models it depends 

on the position of the stress state relative to all three surfaces. This results in a better 

qualitative prediction of the strain paths for the three-surface and modified three-surface 

models. 

Overall the presence of the history surface provides a better memory of the previous 

stress history, as already shown in the work of Stallebrass (1990), who compared the 

two-surface and three-surface models. Still, the modified two-surface model results in 

some memory of the previous loading path as it can predict well the stiffness curves for 

Or = 180° and 0,. = 0°, unlike the two-surface model which does not retain any memory of 

the previous stress history, once the stress state becomes elasto-plastic. 

7.4 Modelling the effect of stress path direction 

7.4.1 Introduction 

As already discussed in section 2.2.5 of Chapter 2, Clayton and Heymann (2001) 

suggested that once creep is accounted for, recent stress history has no effect on soil 

stiffness. Moreover, it was suggested that, after a rest period, the stiffness at very small 

strains reverts back to the maximum value and the stiffness in the small strain range 

depends on the direction of the stress path relative to the gross yield surface. For 

example, according to Clayton and Heymann (2001), compression and extension loading 

initiating from the stress state C in Figure 7.34a would show initially similar high very 

small strain stiffness, but the rate of decay of stiffness in the small strain range would be 
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higher for the stress path that takes the loading closer to the gross yield surface i.e. in 

this case the extension path. 

For the kinematic hardening models the configuration of the kinematic surfaces relative 

to the current stress state determines the stiffness obtained along a subsequent loading 

path, as previously mentioned. If the stress state C in Figure 7.34a was reached by the 

stress history in Figure 7.34b, then loading in compression would re-invoke the high 

elastic stiffness within the kinematic yield surface, whereas loading in extension would 

result in lower initial stiffness since the model would continue to behave plastically. If 

the soil element was brought to the stress state C along a different stress history e.g. the 

one shown in Figure 7.34c, then the relationship between further compression and 

extension paths would be different. 

(a) (b) 

(c) ( d ) 

Figure 7.34: Schematic diagram showing a) current stress state C b), c) configuration of 
kinematic surfaces at the end of two possible previous stress histories d) centring of the 

kinematic surfaces around the current stress state 
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One way of simulating the effect of the stress path direction in the kinematic hardening 

models is to centre the kinematic surfaces around the current stress state C at the end of 

the previous stress history, see Figure 7.34d. In this way further loading either in 

compression or extension would start from inside the elastic region and the models 

would predict the high elastic stiffness initially. On further loading the stress state would 

reach the kinematic yield surface and since in these models the hardening modulus 

depends on the relative distance of the kinematic yield and - history and - bounding 

surfaces, the stress path that takes the loading closer to the bounding surface would show 

a faster rate of decay of stiffness than the one that takes it away. 

In this section this way of modelling the effect of stress path direction is evaluated for all 

four models. A stress history of an overconsolidated clay deposit (involving one-

dimensional compression, swelling, due to erosion, and re-compression, due to 

subsequent deposition, see Figure 7.34c) is followed and the kinematic surfaces are 

centred at the end of the stress history around the current stress state, before further 

undrained triaxial compression (TXC) and extension tests (TXE) are simulated. The 

behaviour predicted by the compression and extension tests are compared for each 

model. These predictions are fiirther compared with similar compression and extension 

analyses in which no centring of the kinematic surfaces at the end of the stress history 

took place, simulating in this way the effect of the previous stress history (how 

satisfactorily each of the four models can simulate the effect of recent stress history was 

investigated in the previous section). 

7.4.2 Model parameters 

The parameters used in the simulations are the parameters derived from the reconstituted 

London Clay tests in section 7.3 and can be seen in Tables 7.1, 7.2 and 7.3 for the two-

surface, modified two-surface and three-surface model respectively. For the modified 

three-surface model the same size of the history surface as for the three-surface model is 

assumed, hence T = 0.2, 5 = 0.08 and the rest of the parameters are kept the same as in 

Table 7.4. 

7.4.3 Evaluation of the models' predictions 

The first set of analyses, in which the surfaces were centred at the end of the stress 

history before further shearing took place, is denoted by the letters 'sh-c ' , whereas the 

second set, in which there was no centring and the shearing was simulated dircctly after 
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the stress history, is denoted by the letters ' sh ' . 

Figures 7.35, 7.36, 7.37 and 7.38 show the normalised stiffness-strain curves in 

undrained triaxial compression and extension, predicted by the first set of analyses 

( 'sh-c ') , for the two-surface, modified two-surface, three-surface and modified three-

surface models respectively. 

It can be seen that for all four models the stiffness predicted initially in both 

compression and extension is equal to the high elastic stiffness. Moreover, when 

yielding is initiated the stiffness predicted in extension is lower than the stiffness 

predicted in compression, which is in agreement with the fact that the extension path 
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Figure 7.35: Predictions of the two-surface model for analyses 'sh-c ' : normalised 
stiffness-strain curves 

d 
UJ 

1600 

1200 

800 

400 

0 

1 1 1 1 1 M 1 j 1 1 i 1 1 M 1 j I 1 1 1 1 1111 1 1 1 1 1 t it 

- \ X TXC sh-c -

_ \ \ \ \ \ \ TXE sh-c 
-

\ 
\ \ _ -

-

: —1—1 1 1 1 11 
0.001 0.01 1 10 0 .1 

E.C%) 
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Figure 7.37; Predictions of the three-surface model for analyses 'sh-c'; normalised 
stiffness-strain curves 
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Figure 7.38; Predictions of the modified three-surface model for analyses 'sh-c'; 
normalised stiffness-strain curves 

takes the loading closer to the bounding surface. The stiffness curves seem to converge 

at an axial strain of approximately 1%. 

Figures 7.39, 7.40, 7.41 and 7.42 compare the two sets of analyses ( 'sh ' and 'sh-c') for 

the two-surface, modified two-surface, three-surface and modified three-surfacc models 

respectively. A schematic representation of the configuration of the surfaces at the end 

of the stress history for the set ' sh ' is given in Figure 7.34c. As it can be seen, the 

configuration of the surfaces is such that in the compression mode the model keeps on 

behaving plastically, whereas the extension mode constitutes a stress path reversal which 

enters the elastic region. Hence, it is expected that the stiffness in the extension mode 

would be higher than the stiffness in the compression mode, at least initially. 
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Figure 7.39, which presents the predictions of the two-surface model, indicates that in 

the analyses 'sh ' the stiffness in extension is higher than the stiffness in compression 

only when the stress state remains within the kinematic surface. As soon as the stress 

state engages the surface a drop in stiffness is observed and the stiffness in extension 

becomes lower than the stiffness in compression and actually equal to the extension 

stiffness predicted by the analysis 'sh-c' . This is not surprising since in the previous 

section was shown that the model predicts the same stiffness curves for Br = 0° and 180° 

after yielding occurs. Similarly, the compression stiffnesses predicted by the two sets of 

analyses become the same as soon as yielding is initiated in the analysis 'sh-c ' . This is a 

consequence of the hardening fiinction assumed in the model and results in the two sets 

of analyses predicting the same behaviour after the stress state becomes elasto-plastic. 
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Figure 7.39: Comparison of the predictions of the two-surface model for analyses 'sh-c' 
and 'sh ' ; normalised stiffness-strain curves 
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Figure 7.40: Comparison of the predictions of the modified two-surfacc model for 
analyses 'sh-c' and ' sh ' : nonnalised stiffness-strain curves 
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The predictions of the modified two-surface model in Figure 7.40 show that this is not 

the case for this model. In the analyses 'sh ' the stiffness predicted in extension remains 

higher than the stiffness in compression after yielding in extension occurs, and up to an 

axial strain of 0.02%. Moreover, the extension stiffnesses predicted by the two analyses 

do not become the same as soon as the stress state engages the kinematic surface but 

converge at higher strains. The same is true for the stiffness predicted in compression. 

This results in different stiffness response predicted by the two sets of analyses. 

Figure 7.41 indicates that in the analyses 'sh ' for the three-surface model there is a drop 

in the extension stiffness curve when the stress state touches the kinematic yield surface, 

but the stiffness remains higher than the stiffness in compression. This is due to the 
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Figure 7.41: Comparison of the predictions of the three-surface model for analyses 
'sh-c ' and 'sh ' ; normalised stiffness-strain curves 
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Figure 7.42: Comparison of the predictions of the modified three-surface model for 
analyses 'sh-c ' and ' sh ' : normalised stiffness-strain curves 
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presence of the history surface. In this way the extension stiffness curves predicted by 

the two sets of analyses do not become the same as soon as yielding occurs but converge 

at much higher strains. The same is true for the compression curves. Unlike the two-

surface model, for the three-surface model the two sets of analyses give different 

predictions. 

The predictions of the modified three-surface model for the analysis ' sh ' , Figure 7.42, 

show that the stiffness in extension remains higher than the stiffness in compression 

after yielding for the extension path starts. Again the extension curves predicted by the 

two analyses converge at much higher strains. The same can be observed for the 

compression curves. Therefore, the two sets of analyses predict different stiffness 

response for the modified three-surface model. 

7.4.4 Summary 

This section showed that the effect of stress path direction can be simulated in the 

kinematic hardening models by centring the kinematic surfaces around the current stress 

state. In this way further compression or extension results in the high elastic stiffness 

predicted initially. For further loading, once yielding is initiated, the models predict 

lower stiffness for the stress path that takes the loading closer to the bounding surface. 

Simulations of undrained triaxial compression and extension tests after the kinematic 

surfaces were centred at the end of the previous stress history (modelling in this way the 

effect of stress path direction) were compared with similar analyses in which no centring 

of the kinematic surfaces at the end of the stress history took place (simulating in this 

way the effect of recent stress history). The analyses showed that for the two-surface 

model there is practically no difference between the two sets of analyses once the stress 

state becomes elasto-plastic. This is a consequence of the model being unable to retain a 

memory of the previous stress path and predicting the same stiffness response along a 

certain loading path (once the stress state becomes elasto-plastic), irrespective of the 

previous configuration of the kinematic surface (at least for kinematic yield surfaces of 

this size). On the contrary, for the modified two-surface, three-surface and the modified 

three-surface model a different stiffness-strain response is predicted for each set of 

analyses. This predicted stiffness response depends on the previous configuration of the 

kinematic surfaces. 
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7.5 Summary 

This chapter evaluated the capability of the four kinematic hardening models to predict 

the pre-failure behaviour of overconsolidated clays. In the first part of the chapter a set 

of triaxial tests on reconstituted London Clay was simulated and the ability of the 

models to reproduce the observed behaviour, with particular reference to the high pre-

failure non-linearity, was examined. The second part of the chapter investigated the 

capability of the models to reproduce the effect of recent stress history. A multi-stage 

triaxial test was simulated, in which the behaviour along a constant p' path was 

examined after four different stress path rotations. Finally, the last part of the chapter 

examined the way in which the kinematic hardening models can model the effect of 

stress path direction. A summary on the evaluation of the models' predictions was given 

at the end of each of the three parts. 

312 



Chapter 8 

Analysis of an embankment on soft clay 

using the kinematic hardening models 

8.1 Introduction 

This chapter investigates the predicted behaviour of an embankment, when its soft clay 

foundation is modelled with kinematic hardening models. It is divided into two parts. 

The first part is concerned with the pre-failure behaviour of the embankment. It presents 

a comparison of the deformational behaviour predicted by the two-surface model, the 

modified two-surface model and the modified Cam Clay model, when the same 

undrained strength is assigned to all models. The second part of the chapter studies the 

failure of the embankment. Different shapes of the yield and plastic potential surfaces in 

the deviatoric plane are assumed and the effect that these have on the predicted failure 

height of the embankment is examined. 

8.2 Boundary value problem analysed 

The embankment analysed in this work was part of a research programme undertaken by 

Laval University, Canada, in order to study the behaviour of embankments on soft clay 

deposits. The programme involved the construction of four test embankments on a soft 

Champlain clay deposit at Saint-Alban, Quebec. The embankment studied here, test 

embankment A, was built to failure (La Rochelle et al. (1974)). 
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8.2.1 Ground conditions at Saint-Alban 

The typical soil profile at Saint-Alban consists of approximately 2 m of weathered clay 

crust, overlying a soft silty marine clay deposit, which extends to a depth of 

approximately 9.7 m, see Figure 8.1. Below the clay there is a layer of clayey silt with 

sand, which extends to a depth of 13.7 m. This is underlain by a deep layer of dense 

sand, extending to depths of more than 24 m. The clay deposit beneath the crust is 

lightly overconsolidated with an OCR of approximately 2. The water table is located at a 

depth of 0.7 m below the ground surface. The bulk unit weight of the soil is 19 kN/m^ 

above the water table and 16 kN/m^ below it. The permeability of the clay deposit is of 

the order of 10"'° to 10"'̂  m/s (Tavenas et al. (1983)). 

The undrained strength profile at the site was measured from field vane tests and 

isotropically consolidated undrained triaxial (CIU) tests, see Figure 8.2 (La Rochelle et 

al. (1974)). Lefebvre and Pfendler (1996) subsequently carried out a number of direct 

simple shear tests (DSS), which agreed well with the average field vane strength. 

(Lefebvre et al. (1988) found that for eastern Canadian clays field vane tests and DSS 

tests give similar values of undrained shear strength.) As it can be seen in Figure 8.2, the 

field vane tests show an increased undrained strength at the crust. 

2.0 m 

7.7 m 

4.0 m 

^ 0 . 7 m | v . . 
Clay crust 

Silty clay 

Clayey silt 
with sand 

Fine to medium 
dense sand 

Figure 8.1: Soil profile at the site of Saint-Alban 

314 



Undrained strength, Su (kPa) 

0 10 20 30 40 

S" 4 
Q 

50 

1 

CIU tests 

Range of vane tests 

Figure 8.2: Undrained strength profiles for the clay at Saint-Alban (data after La 
Rochelle et al. (1974)) 

8.2.2 Geometry and construction of test embankment A 

A plan view and typical cross section of test embankment A can be seen in Figure 8.3. 

Conventional stability analysis, performed before the embankment construction, 

indicated that the failure height of the embankment would be 4.6 m. The crest length 

would then have been 30.5 m and the width 7.6 m. The three sides of the embankment, 

with a slope of 2:1 and a 1.5 m high berm, ensured that the failure would be confmcd to 

the fourth side which had a slope of 1.5:1. The fill material of the embankment was a 

uniform medium to coarse sand. 

In the event, failure of the embankment occurred at a height of 3.9 m, less than what was 

predicted by the conventional analysis. The total period from the start of the construction 

to failure was 10 days. Due to the low permeability of the clay, negligible consolidation 

would be expected to have taken place during the construction period in this deposit. 
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Figure 8.3: Test embankment A a) plan view b) cross section A-A 

8.3 Previous finite element analyses of test embankment A 

Zdravkovic et al. (2002) performed a number of plane strain finite element analyses of 

the test embankment A, investigating the effect of strength anisotropy on the behaviour 

of the embankment. The constitutive models used in the analyses, in order to model the 

soft clay deposit, included the anisotropic MIT-E3 model (see section 2.3.3.2 of Chapter 

2) and the isotropic Modified Cam Clay (MCC) model. The M1T-E3 model has been 

shown to successfully reproduce soil strength anisotropy (Whittle (1993)), whereas in 

the isotropic MCC model the strength is independent of the orientation of the principal 

stresses. 

The parameters chosen for the MIT-E3 model predicted the undrained strength profiles 

shown in Figure 8.4. It can be seen that the undrained strength predicted by the MIT-E3 

model for the CIU tests is in good agreement with the experimental ClU profile. 

Moreover, the predicted direct simple shear (DSS) profile compares well with the 

average vane strength. Also shown in the figure are the undrained strength profiles in 

triaxial compression (TXC), plane strain compression (PSC) and plane strain extension 

(PSE) predicted by the M1T-E3 model for samples at their in-situ states. The finite 
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element analyses of the embankment using these parameters showed that the anisotropic 

MIT-E3 model predicted the correct failure height of 3.9 m. 

In the MCC model, the prescribed OCR profile was varied so that the model predicted a 

number of different undrained strength profiles in triaxial compression. Zdravkovic et al. 

(2002) showed that an analysis with the MCC model, in which the predicted isotropic 

undrained strength profile in triaxial compression corresponded to the TXC profile in 

Figure 8.4, overpredicted the embankment failure height by 1.0 m. A further analysis 

with the predicted isotropic undrained strength profile in triaxial compression matching 

the DSS profile in Figure 8.4 underpredicted the embankment failure height, by 0.6 m. 

Back-analysis using the MCC model showed that in order to predict the correct failure 

height of 3.9 m, the model had to match, in triaxial compression, a profile which was 

1.25 times the DSS profile. 

It should be noted that in the forai of the MCC model used in the analyses of Zdravkovic 

et al. (2002) the shapes of the yield and plastic potential surfaces in the deviatoric plane 
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Figure 8.4: Undrained strength profiles for the clay at Saint-Alban - comparison of 
MIT-E3 predictions with field and experimental data (after Zdravkovic et al. (2002)) 
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were given by a Mohr-Coulomb hexagon and a circle respectively (Potts and Zdravkovic 

(1999)). This resulted in the undrained strength predicted by the MCC model varying 

with the Lode's angle, 0, and therefore with the parameter b. Hence, although the model 

is isotropic, the undrained strength profile predicted under plane strain conditions was 

different than the one predicted in triaxial compression. 

8.4 Constitutive models used in the analyses 

8.4.1 Clay deposit 

In the analyses presented in this thesis, the soft clay, on which the embankment was 

built, was modelled using the version of the two-surface model implemented into ICFEP 

(Chapter 4), the modified two-surface model (Chapter 6) and the modified Cam Clay 

model. The modified Cam Clay analyses were perfonned using the two-surface model 

and setting the size of the kinematic yield surface equal to the size of the bounding 

surface. The version of the modified Cam Clay model obtained in this way differs from 

the one used by Zdravkovic et al. (2002) in that the isotropic normal compression and 

swelling lines are assumed to be straight in Inv-lnp'space, rather than vAnp' space. For 

abbreviation, the models will be referred to as 2-SKH for the two-surface kinematic 

hardening model, M2-SKH for the modified two-surface kinematic hardening model and 

MCC for the version of the modified Cam Clay model used in the analyses of this 

chapter. 

As already discussed in Chapter 4, the 2-SKH and M2-SKH models predict isotropic 

strength, which is governed by the isotropic bounding surface. Moreover, the yielding 

and stiffness, for stress paths initiating within the bounding surface, can be anisotropic 

depending on the position of the kinematic yield surface relative to the stress state at the 

beginning of the stress path. 

In the analyses presented in this chapter no modelling of the previous stress history of 

the deposits was simulated. Instead, it was assumed that at the start of the analyses the 

kinematic surface was centred around the initial stress state. This is equivalent to 

assuming that there is no effect of the previous stress history and that stiffness depends 

on the stress path direction, once the stress state becomes elasto-plastic (section 7.4 of 

Chapter 7). 
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8.4.2 Fill material 

The fill material was modelled as linear elastic with a Mohr-Coulomb yield surface and 

a non-associated flow rule (after Zdravkovic et al. (2002)). A brief summary of the 

plastic part of the model is presented in section 9.4 of Chapter 9. 

8.5 Pre-failure behaviour of the embankment 

8.5.1 Introduction 

This study compares the pre-failure deformational behaviour of the test embankment A, 

when its soft clay foundation is modelled using the 2-SKH, M2-SKH and MCC models. 

As already discussed in the previous chapters, the kinematic hardening models differ 

from the MCC model in that they predict plasticity and high non-linearity from early 

stages of loading. Moreover, as discussed in Chapter 7, for the case that the kinematic 

surface is centred around the initial stress state, the stiffness along a subsequent loading 

path depends on the direction of the stress path relative to the bounding surface, once 

yielding is initiated. In most cases (i.e. Kg ^ 1.0), this results in a different stiffness 

response between compression and extension paths. On the contrary, the stiffness within 

the yield surface of the MCC model is independent of whether the path is of a 

compression or an extension nature. 

Figure 8.5 shows typical stress paths followed by soil elements along the potential 

failure surface beneath an embankment (Bjemmi (1973)). It can be seen that the stress 

path, imposed by the construction of the embankment, changes from a compression path 

Compression Extension 

Simple shear 

Figure 8.5: Relevance of laboratory tests to the stress paths followed by soil elements 
along the failure surface beneath an embankment (after Bjerrum (1973)) 
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to an extension path. Hence, the stiffness predicted by the constitutive model in both 

compression and extension is expected to influence the pre-failure deformational 

behaviour. 

It should be noted that, as shown in the previous chapters, the 2-SKH model differs from 

the M2-SKH model in that it predicts a non-smooth elasto-plastic transition, which 

results in an unrealistic drop in stiffness, once the stress state touches the kinematic 

surface, and in the model being unable to simulate realistically pre-failure non-linearity. 

This feature of the model is also expected to influence the predicted deformational 

behaviour of the embankment. 

The study presented in this section is divided into two parts. The first part examines the 

pre-failure behaviour of the test embankment A, when the same undrained strength 

profile is assigned to the 2-SKH, M2-SKH and MCC models. The second part examines 

the effect of the drop in stiffness, predicted by the 2-SKH model, on the pre-failure 

behaviour of the embankment. In this case, the same undrained strength is assigned to 

the 2-SKH and M2-SKH models but K o = 1.0 is assumed. This, combined with the fact 

that the kinematic surface is centred around the initial stress state, results in the same 

compression and extension stiffness for each model (see section 4.6.4). In this way the 

effect of the non-smooth elasto-plastic transition can be assessed separately from the 

effect of different compression and extension stiffness. 

8.5.2 Analyses with kinematic hardening models and modified Cam Clay model 

8.5.2.1 Introduction 

As the 2-SKH, M2-SKH and MCC models predict isotropic strength, the analyses 

presented in this part do not intend to fonn a back-analysis of the test embankment A, 

but rather to investigate the effect that each model has on the deformational behaviour of 

the embankment when the same undrained strength profile is prescribed to all three 

models. 

8.5.2.2 Analyses details 

Four analyses were performed, two analyses in which the clay layer was modelled with 

the 2-SKH and M2-SKH models and two analyses in which the clay layer was modelled 
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Figure 8.6; Finite element mesh 

with the MCC model. These last two analyses differed only in the prescribed elastic 

shear stiffness profile. In each of the two MCC analyses the elastic shear stiffness was 

chosen so that the MCC model predicted the same secant undrained Young 's modulus, 

Eu, as either the 2-SKH or the M2-SKH model at a stress level of 50% of the failure 

stress in triaxial compression (this becomes mores clear in the derivation of the model 

parameters, which is presented in the next section). 

All four analyses were carried out undrained, in the manner described in section 3.3.1.1. 

The building of the embankment involved the construction of successive layers until 

failure occurred. 

The finite element mesh used in the analyses can be seen in Figure 8.6. All the analyses 

performed were plane strain. Eight nodded isoparemetric quadrilateral elements with 

2x2 integration were used. 

8.5.2.3 Model parameters 

Clay deposit 

The derivation of the parameters for the 2-SKH and M2-SKH models is given first, 

followed by the derivation of the parameters for the MCC model. For all three models, 

the shapes of the yield and plastic potential surfaces in the deviatoric plane were 

assumed to be a Mohr-Coulomb hexagon and a circle respectively. 

a) 2-SKH and M2-SKH models 

i) N and X* 

As already explained in Chapter 7, the compression parameters N and ) ' can be derived 

from any constant stress ratio compression test. These were derived here from an 

oedometer test from a depth of 6.5 m (data from Leroueil (1977)). Figure 8.7 plots the 

oedometer data in Inv-lnp'space. The values of p' were calculated from the oedomctcr 
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Figure 8.7: Determination of compression parameters (TV and A*) for the clay at Saint-
Alban (test data from Leroueil (1977)) 
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Figure 8.8: Determination of parameter k* for the clay at Saint-Alban (test data from 
Leroueil (1977)) 

test with an assumed Kg = I - sin^', where tp' = 27°. The best line of the form 

Inv = \nNKo - a ' In/?' fitted through the data gave values of A* = 0.215 and Nĵ „ = 7.099, 

where Nko is the specific volume of the Ko compression line at p' = 1 KPa. 'fhis 

corresponds to a value of TV = 7.58, where N is the specific volume of the isotropic 

compression line atp'= 1 KPa. 

ii) K 

The swelling parameter k* can be determined from the initial (elastic) part of the 

isotropic swelling line in Inv-ln/?'space. In the absence of such data, the parameter k 

was estimated by plotting the swelling line of the previous oedomctcr test, in inv-in/;' 

space, see Figure 8.8. The values of p' were calculated in this case with the value of A',, 
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given by the Mayne and Kulhawy (1982) equation, A'o = (1 - sm(p')OCR""''', where 

(p' — 21°. Also shown in Figure 8.8 are elastic swelling lines corresponding to k values 

of 0.005 and 0.007. A value of k equal to 0.005, which corresponds to the initial part of 

the swelling line, was assumed. It is very important to note though, that this is not 

equivalent to determining the parameter of K from an isotropic swelling line. However, 

it still provides an indication of the value of the parameter. 

iii) G, 

The elastic shear stiffness, G^, assumed in the analyses was based on dynamic field 

measurements of the elastic shear modulus of the clay deposit (Lefebvre et al. (1994)). 

Figure 8.9 shows the profile determined by Lefebvre et al. (1994) and the profile 

assumed in the finite element analyses. It can be seen that the elastic shear modulus 

profile shows an increased stiffness in the crust and seems to vary with depth in a similar 

way to the undrained strength profile. 

i v ) p ' 

The value of at the critical state was taken equal to 27°, after Zdravkovic et al. (2002) 

(based on the work of Leroueil (1977)). 
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Figure 8.9: G,. profile for the kinematic hardening models 
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v) Yp and Zp 

As aforementioned the shape of the plastic potential was assumed to be a circle in the 

deviatoric plane. Hence, the adopted values were Yp = 0.0 and Zp = 1.0. 

v i )R and ^ o r a 

The remaining parameters are R and ^ for the 2-SKH model and R and a for the 

M2-SKH model. Since no test data was available with measurements of strains in the 

very small and small strain region, a value of R equal to 0.06 was adopted for both 

models, a value of if/ equal to 1.5 was assumed for the 2-SKH model and a value of a 

equal to 20.0 was adopted for the M2-SKH model. The parameters ^ and a were chosen 

2 0 -

(£ 15 

10 -

2-SKH 
M2-SKH 

(a) 

Figure 8.10: Predictions of the 2-SKH and M2-SKH models for an undrained triaxiai 
compression test at a depth of 2.0 m a) stiffness-strain curve b) stress-strain curve 
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so as to give similar stress-strain curves in triaxial compression. Figure 8.10 plots the 

stress-strain and stiffness-strain curves obtained from single finite element analyses, 

modelling an undrained triaxial compression test at a depth of 2.0 m. Figure 8.10a shows 

that it is difficult to predict exactly the same response for both models, since the 2-SKH 

model will always predict a drop in stiffness once the stress state touches the kinematic 

yield surface, and hence lower values of stiffness than the M2-SKH model in the initial 

part of the small strain range. It should be noted that significant differences in stiffness 

in the initial part of the small strain range in Figure 8.10a plot as relatively small 

differences in the stress-strain curves of Figure 8.10b. 

The parameters used in the 2-SKH and M2-SKH models are summarised in Tables 8.1 

and 8.2 respectively. 

N r K* Ge v' yp 4 R V 

7.58 0.215 0.005 see Fig. 8.9 27° 0.0 1.0 0.06 1.5 

Table 8.1: Material parameters for the two-surface model for the clay at Saint-Alban 

N r K v' 4 R a 

7.58 0.215 0.005 see Fig. 8.9 11° 0.0 1.0 0.06 2 ^ 0 

Table 8.2: Material parameters for the modified two-surface model for the clay at Saint-

Alban 

b) MCC model 

i) N and 

The compression parameters N and X* for the version of the modified Cam Clay model 

used here are derived in the same way as for the kinematic hardening models. Therefore, 

the values of7V= 7.58 and A* = 0.215 were also assumed for the MCC model. 

ii) K 

In this version of the modified Cam Clay model, the parameter k is the gradient of the 

isotropic swelling line in Inv-ln/?'space. Similar to the derivation of the parameter k' for 

the kinematic hardening models, a value of the parameter k for the MCC model can be 

estimated from the oedometer swelling line plotted in Inv-lnp' space in Figure 8.8. 
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Figure 8.11: Ge profile for the modified Cam Clay model 

However, in the MCC model the parameter k represents the gradient of the whole 

swelling line, rather than the gradient of just the initial part of this line, which is the case 

for the kinematic hardening models. Hence, for the MCC model an average value of the 

gradient was estimated and k' was taken equal to 0.007. 

iii) G, 

Two profiles of the elastic shear modulus, G^, were assumed for the MCC model. The 

first profile, profile A, was chosen so that the MCC model predicted the same secant 

undrained Young's modulus, E,„ as the 2-SKH model at a stress level of 50% in triaxial 

compression. Figure 8.11. The profile B in Figure 8.11 was chosen so that the MCC 

model predicted the same E„ as the M2-SKH model at a stress level of 50% in triaxial 

compression. Figure 8.12 shows an example of the response predicted by the 2-SKH and 

M2-SKH models and the two Ĝ , profiles for the MCC model, for single finite element 

analyses modelling an undrained triaxial compression test at a depth of 2.0 m. MCC-A 

and MCC-B, in the figure, correspond to the analyses with the MCC model for the 

sfiffness profiles A and B respectively. 
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Figure 8.12: Predictions of the 2-SKH, M2-SKH and MCC models for an undrained 
triaxial compression test at a depth of 2.0 m a) stiffness-strain curve b) stress-strain 

curve 

i v ) p ' 

Similar to the kinematic hardening models, the value of at the critical state was taken 

equal to 27°. 

v) Vp and Zp 

The assumed values of Vp and Zp were 0.0 and 1.0 respectively, defining a circle in the 

deviatoric plane. 

The parameters used in the MCC model are summarised in Table 8.3. 
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Figure 8.13: OCR profile assumed in the analyses 
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Figure 8.14: Undrained strength profiles predicted by the 2-SKH, M2-SKH and MCC 
models 
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N r K Ge <P' 4 

7.58 0.215 0.007 see Fig. 8.11 27° 0.0 1.0 

Table 8.3: Material parameters for the modified Cam Clay model for the clay at Saint-
Alban 

The initial prescribed conditions involved an effective stress ratio, Kg, of 0.67. The OCR 

profile with depth, shown in Figure 8.13, was chosen so that all three models predicted 

the same undrained strength profile in triaxial compression, see Figure 8.14. This 

undrained strength profile can be calculated from the equations of Appendix III (there is 

practically no difference in the undrained strength profile due to the different values of 

K assumed in the kinematic hardening models and the MCC model). The kinematic 

hardening models and the MCC model predict the same undrained strength profile in 

plane strain compression and extension and this can also be seen in Figure 8.14. Also 

shown in Figure 8.14 is the undrained strength profile in triaxial compression back-

calculated by Zdravkovic et al. (2002), in order to predict the correct embankment 

failure height of 3.9 m using the isotropic MCC model. As aforementioned, this 

corresponds to a profile which is 1.25 times the DSS profile in Figure 8.4. 

Fill material 

A Young's modulus, E, of 10000 kPa and a Poisson's ratio, //, of 0.3 were assumed for 

the fill material. The angle of shearing resistance, cp', was determined by triaxial tests on 

samples of the fill, compacted at densities comparable to field densities, and equalled 

44° (La Rochelle et al. (1974)). The angle of dilation was assumed equal to 22°. 

8.5.2.4 Analyses results 

A comparison of the predictions of the kinematic hardening models is given first, 

followed by a comparison of the predictions of the kinematic hardening models with the 

MCC model. 

All four analyses predicted the same embankment failure height of 3.9 m. Figure 8.15 

shows the vectors of incremental displacement at failure for the MCC-B analysis. This 

plot gives an indication of the mechanism forming at failure. Similar failure mcchanisms 

were obtained for the other three analyses. 
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Figure 8.15: Vectors of incremental displacement at failure for analysis MCC-B 

In the following figures the sign convention followed is that upwards vertical 

movements and right horizontal movements are plotted as positive, see Figure 8.3. 

Comparison of the kinematic hardening models 

Figure 8.16 presents the vertical settlement at the centreline of the embankment (point A 

in Figure 8.3) plotted against the embankment height for the 2-SKH and M2-SKH 

models. The M2-SKH model predicts smaller settlement than the 2-SKH model up to an 

embankment height of approximately 2.7 m. Thereafter the M2-SKH model predicts 

larger settlement. 

Figure 8.17 compares the vertical settlement of the embankment, measured at the bottom 

of the settlement gauge R23 (point A on Figure 8.3), with the vertical settlement 

predicted by the two finite element analyses. It should be noted that the settlement gauge 

was installed after the first 0.6 m of the fill was constructed. The predictions of both 

models compare reasonably well with the measured data. The 2-SKH model predicts a 

generally stiffer behaviour, whereas the M2-SKH model predicts a stiffer behaviour up 

Embankmen t height (m) 
0 1 2 2 5 3 1 5 4 

i i i i i i i i u l_ ' ' ' ' ^ ' i i i i i i i i i i i i i i i i i i l -

- 0 . 0 8 -

El - 0 . 1 6 -
2-SKH 
M2-SKH 0̂  

> -&2 

-0.24 

Figure 8.16: Vertical settlement at the centreline of the embankment versus embankment 
height predicted by the 2-SKH and M2-SKH models 
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Figure 8.17: Comparison between observed and predicted vertical settlement at the 
centreline of the embankment 
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Figure 8.18: Horizontal displacement at the toe of the embankment versus embankment 
height predicted by the 2-SKH and M2-SKH models 

to an embankment height of 3.5 m and thereafter a softer behaviour. 

Figure 8.18 plots the horizontal displacement at the toe of the embankment (point B in 

Figure 8.3) against the embankment height. The response shown in this figure is similar 

to the response presented in Figure 8.16. The M2-SKH model predicts smaller 

displacement than the 2-SKH model up to a height of approximately 2.7 m. For higher 

embankment heights the M2-SKH model predicts larger displacement than that 

predicted by the 2-SKH model. 

This behaviour can be explained by examining the stiffness response of soil elements 

when subjected to a compression and an extension path. Figure 8.10 illustrates the 
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Figure 8.19; Predictions of the 2 -SKH and M2-SKH models for a plane strain 

compression and extension test at a depth of 2.0 m a) stiffness-strain curve b) stress-

strain curve 

behaviour predicted for an undrained triaxial compression test. However, since the finite 

element analyses perfomied are plane strain, what is of relevance here is the stiffness 

response in plane strain compression and extension. Figure 8.19 presents the stress-strain 

and stiffness-strain response predicted by the two models for single finite element 

analyses modelling an undrained plane strain compression and extension test at a depth 

of 2.0 m. (It is reminded that the tangent st iffness God is defined as G„ct = d.//d£j.) Due 

to the value of Ko being lower than 1.0 and the fact that the kinematic surface is centred 

around the stress state at the start of shearing, the stiffness in compression is softer than 

the stiffness in extension, for each model, once the stress state becomes elasto-plastic. 

Figure 8.19b shows that the predicted response in plane strain compression is similar to 
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Figure 8.20: Movements predicted by the 2-SKH and M2-SKH models for embankment 
heights of 0.9 m and 3.3 m a) vertical displacement at the centreline of the embankment 

b) horizontal displacement under the toe of the embankment 

the response predicted for the triaxial compression path (Figure 8.10b). However, the 

predicted response in plane strain extension is different and although the response of the 

M2-SKH model in the extension path is initially stiffer, it soon changes to become softer 

than the response predicted by the 2-SKH model. This observation explains why in the 

embankment analysis the M2-SKH model predicts an initially stiffer behaviour than the 

2-SKH model, which as the embankment height increases, becomes softer than the 

response predicted by the 2-SKH model (Figures 8.16 and 8.18). 

Figure 8.20a shows the vertical movements below the centreline of the embankment 

(line AC in Figure 8.3) against depth for two embankment heights, 0.9 m and 3.3 m. 

Figure 8.20b presents the distribution of horizontal movements under the toe of the 

embankment (line BD in Figure 8.3) with depth for the same embankment heights. 

Comparison of the movements predicted by the models, for an embankment height of 

0.9 m, shows that the M2-SKH model predicted significantly smaller movements than 

the 2-SKH model. For an embankment height of 3.3 m the M2-SKH model predicted 

larger vertical movements than the 2-SKH model up to a depth of 5.0 m and larger 

horizontal movements up to a depth of 10.0 m. Table 8.4 summarises the percentage 

differences between the maximum vertical movement, beneath the centreline, and the 

maximum horizontal movement, beneath the toe of the embankment, predicted by the 

two kinematic hardening models, for four embankment heights. 
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Embankment height (m) 0.9 1.8 2.4 3.3 

1 1 1 

v '»- 1 
1 ^l-SKH 1 

6 2 7 3 5 ^ 10.4 -33.09 

|,,max 1 1 max , 
1 "2-5A:// 1 \^M2-SKH\ ^ qq 

1 '^2-SKH 1 

4&9 2&4 -1.0 -30.2 

V : ver t ica l m o v e m e n t b e l o w the cen t r e l ine of the e m b a n k m e n t 
u ; ho r i zon ta l m o v e m e n t b e l o w the toe o f the e m b a n k m e n t 

Table 8.4: Percentage difference between the maximum movements predicted by the 

2-SKH and M2-SKH models 

E m b a n k m e n t height (m) 
0 0.5 1 1.5 2 2.5 3 3.5 4 
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Figure 8.21: Vertical settlement at the centreline of the embankment versus embankment 

height predicted by a) the 2-SKH and M C C tnodels (analysis MCC-A) b) the M2-SKH 

and MCC models (analysis MCC-B) 

334 



Comparison of the kinematic hardening models with the MCC model 

In this section, the predictions of the 2-SKH model are compared with the predictions of 

the MCC model for the stiffness profile A (analysis MCC-A) and the predictions of the 

M2-SKH model are compared with the predictions of the MCC model for the stiffness 

profile B (analysis MCC-B). 

Figure 8.21 plots the vertical settlement at the centreline of the embankment against the 

embankment height. Both analyses with the MCC model predict higher vertical 

settlement than the kinematic hardening models at the early stages of the embankment 

construction and smaller settlement at the later stages of the construction. Comparison of 
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Figure 8.22: Horizontal displacement at the toe of the embankment versus embankment 
height predicted by a) the 2-SKH and MCC models (analysis MCC-A) b) the M2-SKH 

and MCC models (analysis MCC-B) 
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Figures 8.21a and b shows that, at the later stages of the embankment construction, there 

is a smaller difference in the predicted movements in Figure 8.21a than in Figure 8.21b. 

Figure 8.22, which plots the horizontal movement at the toe of the embankment against 

the embankment height, reveals a similar behaviour. The MCC analyses predict 

displacements larger than the ones predicted by the kinematic hardening models 

initially, but smaller after a certain embankment height. Moreover, at the later stages of 

the construction the difference in horizontal movements in Figure 8.22a is again smaller 

than the one in Figure 8.22b. 
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MCC-A PSC 

£ - 2-SKH PSE 
^ ^ — • — MCC-A PSE 

O 

Ed (%) 
0.001 

(a) 

compress ion 

extension 

Figure 8.23: Predictions of the 2-SKH and MCC models (analysis MCC-A) for a plane 
strain compression and extension test at a depth of 2.0 m a) stiffness-strain curve 

b) stress-strain curve 
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The observation that the MCC model shows a softer response than the kinematic 

hardening models initially, but stiffer as the embankment height increases, can be 

attributed to the linear behaviour of the MCC model, within the yield surface, as 

compared to the highly non-linear behaviour of the kinematic hardening models, within 

the bounding surface. As shown in Figure 8.12, if an average stiffness is chosen for the 

MCC model then this is initially softer and then stiffer than in the kinematic hardening 

models. 

The fact that the difference in the movements predicted by the M2-SKH and MCC-B 

analyses is higher than the one predicted by the 2-SKH and MCC-A analyses, at the later 

stages of the analyses, can be explained by examining the response experienced by the 
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Figure 8.24: Predictions of the M2-SKH and MCC models (analysis MCC-B) for a plane 
strain compression and extension test at a depth of 2.0 m a) stiffness-strain curve 

b) stress-strain curve 
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soil elements during undrained plane strain compression and extension. Figures 8.23 and 

8.24 plot the stress-strain and stiffness-strain response predicted by the models for single 

finite element analyses modelling two such stress paths at a depth of 2.0 m. The MCC 

model predicts the same stiffness in triaxial compression, plane strain compression and 

plane strain extension. However, as already shown, the kinematic hardening models 

predict different stiffness in plane strain compression and plane strain extension. Hence, 

although the behaviour in compression is relatively similar between Figures 8.23 and 

8.24, the behaviour in extension is different, with the MCC model in Figure 8.24 being 

generally much stiffer than the kinematic hardening model after a deviatoric strain of 

0.2%, as compared to Figure 8.23. This explains the higher difference in movements 

between the MCC-B and M2-SKH analyses than between the MCC-A and 2-SKH 

analyses. 

Figures 8.25a and 8.26a present the distribution of vertical movements with depth below 

the centreline of the embankment for two embankment heights (0.9 m and 3.3 m) and for 

the 2-SKH and MCC-A analyses and the M2-SKH and MCC-B analyses respectively. 

Figures 8.25b and 8.26b illustrate the distribution of horizontal displacements with depth 

beneath the toe of the embankment for the same embankment heights and for the 2-SKH 

and MCC-A analyses and the M2-SKH and MCC-B analyses respectively. For the 

embankment height of 0.9 m the MCC analyses predicted higher movements than the 
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Figure 8.25: Movements predicted by the 2-SKH and MCC models (analysis MCC-A) 
for embankment heights of 0.9 m and 3.3 m a) vertical displacement at the centreline of 

the embankment b) horizontal displacement under the toe of the embankment 
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Figure 8.26: Movements predicted by the M2-SKH and MCC models (analysis MCC-B) 
for embankment heights of 0.9 m and 3.3 m a) vertical displacement at the centreline of 

the embankment b) horizontal displacement under the toe of the embankment 

Embankment height (m) 0.9 1.8 2.4 3.3 

1 ^1-SKH 1 1 ^MCC-A 1 1 Q Q 

1 V ™ " 1 
1 ^2-SKH 1 

-85.0 -19.2 4.0 17.0 

l - l 7 7 1 
\''^2-SKH\ \'^MCC-A\ 2 Q Q 

1 u™" 1 
1 "2-SKH \ 

-43.7 4.8 20.1 3 5 ^ 

v : vertical movement below the centreline of the embankment 
u : horizontal movement below the toe of the embankment 

Table 8.5: Percentage difference between the maximum movements predicted by the 
2-SKH and MCC models (analysis MCC-A) 

Embankment height (m) 0.9 1.8 2.4 3.3 

1 1)'™* 1 1 , 1 
1 ^M2-SKII 1 1 ^MCC-B 1 2 0 0 

1 v'™" 1 1 ^M2-SKI! 1 
-192.8 -10.2 3&6 6Z8 

\"M2-SKn \ 1 " A / C C - S 1 1 0 0 
I max 1 
1 "A/ 2~SKI! I 

-73.1 2 7 ^ 5 Z 0 69 2 

V : vertical movemen t be low the centrel ine of the e m b a n k m e n t 
u ; horizontal m o v e m e n t be low the toe of the e m b a n k m e n t 

Table 8.6: Percentage difference between the maximum movements predicted by the 
M2-SKH and MCC models (analysis MCC-B) 
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equivalent kinematic hardening models, whereas for the embankment height of 3.3 m 

the opposite is true. Tables 8.5 and 8.6 summarise the percentage difference between the 

maximum vertical movement, beneath the centreline, and the maximum horizontal 

movement, beneath the toe of the embankment, predicted by the MCC and 2-SKH 

models and the MCC and M2-SKH models respectively. 

8.5.3 Analyses with kinematic hardening models and K„ = 1.0 

8.5.3.1 Introduction 

In the previous section it was shown that the stiffness in both compression and extension 

influence the deformational behaviour of the embankment. It was also shown that when 

the parameters for the two kinematic hardening models were chosen so that the models 

predicted similar response in compression, the predicted response in extension differed 

significantly. In order to have a more direct comparison between the two kinematic 

hardening models the analysis of the embankment was repeated for a Ko value of 1.0. In 

this case, and with the condition that the kinematic surface is centred around the initial 

stress state at the start of the analysis, the stiffness in plane strain compression is the 

same as the stiffness in plane strain extension for each model. In this way it is possible 

to assess separately the effect of the drop in stiffness, predicted by the two-surface 

kinematic hardening model, on the defonnational pre-failure behaviour of the 

embankment. 

8.5.3.2 Analyses details 

Two analyses were performed, one where the clay layer was modelled with the 2-SKH 

model and one where the clay layer was modelled with the M2-SKH model. Both 

analyses were carried out undrained. 

In order to have approximately the same stress-strain response for both models, it was 

necessary to prescribe two different values of the parameter a, one for the soil within the 

clay crust and one for the soil beneath the crust. In order to achieve this, the original 

mesh was slightly modified such that the surface crust could be represented as a separate 

layer. The new mesh can be seen in Figure 8.27. Again both analyses were plane strain 

and used eight nodded isoparametric elements with 2x2 integration. 
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Figure 8.27: Finite element mesh 

N r K Y Z Yp R V 

7.58 0.215 0.005 500.0 0.454 0.0 1.0 0.0 1.0 0.06 1.5 

Table 8.7: Material parameters for the two-surface model for the analyses with K, = 1.0 

N r K Y Z 4 R a 

7.58 0.215 0.005 500.0 0.454 0.0 1.0 0.0 1.0 0.06 20.0 

Table 3.8: Material parameters for the modified two-surface model for the analyses with 
Ko= 1.0 - soil within the crust 

N r K Gel P' Y Z Yp 4 R a 

7.58 0.215 0IW5 50&0 0.454 0.0 1.0 0.0 1.0 0.06 30.0 

Table 8.9: Material parameters for the modified two-surface model for the analyses with 
K a = 1 . 0 - soil below the crust 

8.5.3.3 Model parameters 

Clay deposit 

The parameters of the kinematic hardening models used in these two analyses are the 

following: 

The parameters N, l* and k were kept at the same values as in the previous analyses. 

The elastic shear modulus, G^, was assumed to vary with the mean effective stress, as 

GJp'= 500.0. A circle was assumed for the shape of both yield and plastic potential 

surfaces in the deviatoric plane. Hence, Y = = 0.0 and Z = Z,, = 1.0. The value of A' 

was taken such that these two analyses predicted the same value of g(fJ) in plane strain 

conditions as the analyses of the previous section. The parameter /? was kept equal to 

0.06. The parameter ifj in the 2-SKH model was kept at 1.5. In order to match 
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approximately the same stress-strain response for both models two values of the 

parameter a in the M2-SKH model were assumed. A value of a equal to 20.0 was 

assumed for the soil within the crust and a value of a equal to 30.0 was assumed for the 

soil below the crust. The parameters adopted in these analyses for the 2-SKH model are 

summarised in Table 8.7. Tables 8.8 and 8.9 summarise the parameters adopted for the 

M2-SKH model for the soil within and below the crust respectively. 

As already mentioned the prescribed initial conditions involved a Ko value of 1.0 

constant with depth. In order to make easier the prediction of similar stress-strain 

behaviour for the two models within the crust a constant average value of OCR equal to 

6.0 was assumed. The OCR value below the crust was kept equal to 2.0. 

40 ~1 I I TTTTT] 1 1—I—I I I I I I 1 1 1—I I' I III 1 1 1—I I I I! 
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Figure 8.28: Predictions of the 2-SKH and M2-SKH models for an undrained triaxial 
compression test at a depth of 2.0 m for K„ = 1.0 a) stiffness-strain curve b) stress-strain 

curve 
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Figure 8.29: Predictions of the 2-SKH and M2-SKH models for an undrained triaxial 
compression test at a depth of 0.9 m for Ko = 1.0 a) stiffness-strain curve b) stress-strain 

curve 

Figures 8.28 and 8.29 present the stress-strain and stiffness-strain response predicted by 

the two models at a depth of 2.0 m and 0.9 m respectively, during an undrained triaxial 

compression test. Since = 1.0 and a circle was assumed for the shapes of the yield and 

plastic potential surfaces in the deviatoric plane, the same stress-strain and stiffness-

strain response can be shown to be predicted also in plane strain compression and plane 

strain extension. Figures 8.28 and 8.29 show that, due to the drop in stiffness, a softer 

initial response is predicted for the 2-SKH model, than for the M2-SKH model. 

Fill material 

The fill material was modelled in the same way as in the previous analyses. The 
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parameters used are given in section 8.5.2.3. 

8.5.3.4 Analyses results 

Both analyses predicted a failure height of 2.7 m. Figure 8.30 presents the vectors of 

incremental displacement at failure for the analysis with the 2-SKH model. It can be 

seen that the failure mechanism is quite different to the one shown in Figure 8.15. The 

failure surface in Figure 8.30 is shallow and does not involve a great depth of the clay 

crust and the layer beneath. This is due to the constant value of OCR prescribed in the 

clay crust, which results in the soil becoming gradually weaker close to the surface. 

Although this failure mechanism may be unrealistic, the early stages of the analyses, 

before the failure mechanism starts to form, still provide important information on the 

deformational behaviour predicted by the two models. A similar failure mechanism was 

also observed for the analysis with the M2-SKH model. 

Figure 8.30: Vectors of incremental displacement at failure for the 2-SKH model and 
^ „ = 1.0 
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Figure 8.31: Vertical settlement at the centreline of the embankment versus embankment 
height predicted by the 2-SKH and M2-SKH models for K„ = 1.0 
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Figure 8.32: Horizontal displacement at the toe of the embankment versus embankment 
height predicted by the 2-SKH and M2-SKH models for K„ = 1.0 

Figure 8.31 illustrates the vertical settlement at the centreline of the embankment plotted 

against the embankment height. The horizontal displacement at the toe of the 

embankment is plotted against the embankment height in Figure 8.32. Figure 8.32 shows 

that there is a sudden increase of the horizontal displacement at the toe, at an 

embankment height of 2.4 m, which is a sign of the subsequent failure. No such sign can 

be seen in the vertical settlement in Figure 8.31. This is because the failure mechanism 

does not involve this area. However, inspection of the movements in Figures 8.31 and 

8.32, for embankment heights lower than 2.4 m, shows that both plots reveal similar 

behaviour. The movements predicted by the M2-SKH model are significantly lower than 

those predicted by the 2-SKH model. This means that the stiffness-strain behaviour at 

the small strain range influences significantly the predicted movements, with the drop in 

stiffness for the 2-SKH model resulting in a considerably softer behaviour for this 

model. 

Although no analyses with the three-surface and modified three-surface models are 

presented here, a similar behaviour can be expected for the three-surface model, which 

also exhibits a non-smooth elasto-plastic transition and a drop in stiffness. As shown in 

Chapter 7, the three-surface model can predict smaller drops in stiffness than the 

two-surface model, due to the presence of the history surface, and depending on the 

chosen model parameters. The amount by which the pre-failure movements arc under-

predicted is expected to depend on the magnitude of the predicted drop in stiffness. 
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Figure 8.33: Movements predicted by the 2-SKH and M2-SKH models for ATq = 1.0 and 
embankment heights of 0.9 m and 1.8 m a) vertical displacement at the centreline of the 

embankment b) horizontal displacement under the toe of the embankment 

Embankment height (m) 0.9 1.8 2.4 

1 1 1 i/TW* 1 
1 ^2-SKH 1 1 2-SKH 1 jqq 

1 V™"" 1 1 ^2-SKH 1 
5&3 4&8 3 8 3 

1 "2-SA:// 1 l".V/2-5A7/l 2QQ 

1 '''2-SKH 1 
4 4 ^ 33 0 16.0 

V ; vert ical m o v e m e n t be low the centrel ine of the e m b a n k m e n t 
u : hor izonta l m o v e m e n t be low the toe of the e m b a n k m e n t 

Table 8.10: Percentage difference between the maximum movements predicted by the 
2-SKH and M2-SKH models: K„ = 1.0 

Figure 8.33a presents the distribution of vertical movements with depth below the 

centreline of the embankment for two stages of the analyses (embankment heights of 

0.9 m and 1.8 m). Figure 8.33b plots the horizontal movements with depth beneath the 

toe of the embankment for the same embankment heights. For both stages the 

movements predicted by the M2-SKH model are lower than those predicted by the 

2-SKH model. Table 8.10 summarises the percentage difference between the maximum 

vertical movement, beneath the centreline, and the maximum horizontal movement, 

beneath the toe, predicted by the two analyses. It can be seen that for an embankment 

height of 1.8 m there is still a high percentage difference in the predicted movements as 

compared to Table 8.4. Moreover, the predicted movements remain always lower for the 
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M2-SKH model. This is because in this case the predicted stiffness in plane strain 

extension is the same as the one in plane strain and triaxial compression and this does 

not become significantly softer for the M2-SKH model as it happens in the analyses 

presented in the previous section. 

8.6 The effect of the deviatoric shapes on the failure height of 

the embankment 

8.6.1 Introduction 

This section investigates the effect of the shape of the yield and plastic potential surfaces 

in the deviatoric plane on the failure height of the embankment. Four different 

combinations of the yield and plastic potential deviatoric shapes are considered. The 

same undrained strength profile in triaxial compression is prescribed to all four cases 

and the failure height of the embankment obtained for each case, under plane strain 

conditions, is examined. 

8.6.2 Analyses details 

In the analyses presented in this section only the 2-SKH model was used. It can be 

shown, though, that similar results can be obtained for the M2-SKH model, since the 

failure conditions in both models are governed by the same bounding surface. 

The four cases considered are described as follows. In case A the yield and plastic 

potential surfaces were assumed to have a circular shape in the deviatoric plane. In case 

B the yield surface had the shape of a Mohr-Coulomb hexagon and the plastic potential 

surface had a circular shape. In case C both the yield and plastic potential surfaces were 

assumed to have a Lade shape in the deviatoric plane. Finally, in case D, the yield 

surface had a Lade shape and the plastic potential had a circular shape in the dcvialoric 

plane. These four combinations are the same as those examined in the single clement 

analyses of sections 4.6.3, of Chapter 4 and 5.5.3, of Chapter 5. Moreover, case B is the 

analysis of the 2-SKH model presented in section 8.5.2. 

All the analyses were carried out undrained (see section 3.3.1.1). The finite element 

mesh used in the analyses is that shown in Figure 8.6. This mesh was generated for a 

failure height of 4.6 m. In the analyses in which the embankment failure height exceeded 
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this value, the additional layers were modelled by applying stress increments on the 

crest, in order to represent the weight of the layers. 

8.6.3 Model parameters 

Clay layer 

For the 2-SKH model the parameters N, X*, k , Ge, R and y/ were kept at the same values 

as in Table 8.1. A = 0.67 and the OCR profile of Figure 8.13 were prescribed as 

initial conditions, similar to section 8.5.2. 

The parameters defining the shape of the yield and plastic potential surfaces in the 

deviatoric plane are summarised in Table 8.11. These parameters were chosen so that all 

four cases predicted the same values of ^ ' a n d g ( 6 ) in triaxial compression (Table 8.12). 

Case % Y Z Yp 4 

A 0.618 0.0 1.0 0.0 1.0 

C 0.54 0.416 &25 0.416 a 2 5 

D 0.54 0.416 &25 0.0 1.0 

(p' - - 4 ' 4 

B 27° - - 0.0 1.0 

Table 8.11: Model parameters defining the shape of the yield and plastic potential 
surfaces in the deviatoric plane 

Case 

Triaxial Compression Plane strain Conditions 

Case 

0 g(0) <P' 0 v' 

A -30° 0.618 27° 0° 0.618 3&2° 

B -30° 0.618 27° 0° 0.454 27° 

C -30° 0.618 27° -16.5° 0.594 3L3° 

D -30° 0.618 27° 0° 0.54 3 2 J ° 

Table 8.12: Values of 0, giO) and equivalent values of (p' for the four cases analysed 
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Undrained strength, Su (kPa) 

^ 4 
a. 
OJ 
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T X C cases A, B, C & D 

P S C & P S E case A 

— — P S C & P S E case B 

P S C & P S E case C 

P S C & P S E case D 

Figure 8.34: Undrained strength profiles predicted by cases A, B, C and D 

M o h r - C o u l o m b 

Lade 

Circle 

Case A 

• Case B 

Case C 

Case D 

Figure 8.35: Failure surfaces in the deviatoric plane and the values ofg(/'/') obtained at 
plane strain conditions 

This resulted in all four cases predicting the same undrained strength profile with depth 

in triaxial compression, see Figure 8.34. The values of 0, g(0) and the equivalent values 

of cp' obtained under plane strain conditions for each case can be seen in Table 8.12. 

These values resulted in four different undrained strength profiles under plane strain 
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conditions which can be seen in Figure 8.34. Figure 8.35 shows the shape of the 

yield/failure surfaces in the deviatoric plane and the values of g{6), which are tabulated 

in Table 8.12. It is interesting to note that, under plane strain conditions, although the 

value of ^ ' for case D is higher than the value of for case C, the value of g(0) for case 

D is lower than the value of g(6') for case C and so is the plane strain undrained strength 

profile in Figure 8.34. 

Fill material 

The fill material was modelled in the same way as in the previous analyses. The 

parameters used are given in section 8.5.2.3. 

8.6.4 Analyses results 

The four analyses predicted different failure heights for the embankment. This was 

expected as all four cases predicted different undrained strength profiles under plane 

strain conditions. 

Figure 8.36 presents the vertical settlement at the centreline of the embankment against 

the embankment height for the four analyses. The horizontal displacement at the toe of 

the embankment against the embankment height can be seen in Figure 8.37. 

Table 8.13 quotes the failure height predicted for each case. It can be seen that case B, 

which is the analysis with the 2-SKH model presented in section 8.5.2, predicted the 

Embankmen t height (m) 
0 1 2 3 4 5 6 

J I I I I I I I I I I I I I I I I I I I L 
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case B 

case C 

case D 0.12 -
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% -0.08 — 

o 
D > 

Figure 8.36: Vertical settlement at the centreline of the embankment versus embankment 
height predicted by cases A, B, C and D 

350 



Embankmen t height (m) 
0 1 2 3 4 5 

I ' l l I I I I I I I I I I I I I I I I I I I I I I I L . 

O - 0 . 0 2 -

5 -0 .04 4 
E 
y ^ .06 

6 - 0 . 0 8 -
"O 

- 0 . 1 -

o - 0 . 1 2 -
N 
o -0 .14 4 
X 

-0 .16 

case A 

case B 

ca se C 

- — case D 

Figure 8.37: Horizontal displacement at the toe of the embankment versus embankment 
height predicted by cases A, B, C and D 

Case A B C D 

Failure height (m) 5.7 3.9 5.2 4.9 

Table 8.13: Predicted embankment failure heights 

failure height of 3.9 m. Case A, which assumed a circular shape for both yield and 

plastic potential surfaces, predicted a failure height of 5.7 m. This is approximately 46% 

higher than the embankment height predicted by case B. Case C, in which both yield and 

plastic potential surfaces had the Lade shape, predicted a failure height of 5.2 m, which 

is 33% higher than what case B predicted. Finally, case D (Lade shape for the yield 

surface and circular shape for the plastic potential) predicted a failure height of 4.9 m. 

This is almost 26% higher than the height predicted by analysis B. Comparison of 

analyses C and D, which differed only in the shape of the plastic potential surface, 

shows that case C predicted a failure height which is 6% higher than case D. It is 

interesting to note again that case C predicted a higher failure height than case D 

although the cp' under plane strain conditions for case C is lower than the cp' for case D. 

Clearly what controls failure in plane strain analyses is the Lode's angle 0 and the 

corresponding g{6) value obtained under plane strain conditions. 

It is also interesting that in the analyses of Zdravkovic et al. (2002), with the MCC 

model, the analysis which matched the TXC profile in Figure 8.4 predicted an 

embankment failure height which was 48% higher than the failure height predicted by 

the analysis which matched the DSS profile in Figure 8.4. This implies that, for a model 
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which predicts isotropic strength, the shape of the yield and plastic potential surfaces in 

the deviatoric plane is equally important as the undrained strength profile chosen for 

design (i.e. TXC profile or DSS profile). Clearly these should be chosen to be consistent. 

8.7 Summary and conclusions 

This chapter examined the behaviour of an embankment when the soft clay deposit on 

which it is founded was modelled with kinematic hardening models. Two studies were 

presented. The first one investigated the pre-failure defonnational behaviour of the 

embankment, predicted by the two-surface and modified two-surface models, when the 

same undrained strength was assigned to both models. The behaviour predicted by the 

two kinematic hardening models was also compared with predictions of the modified 

Cam Clay model. The second study explored the effect of the shape of the yield and 

plastic potential surfaces in the deviatoric plane on the predicted failure height of the 

embankment. 

a) First study; Pre-failure behaviour of the embankment 

The main differences between the kinematic hardening models and the modified Cam 

Clay model can be briefly summarised as follows. The kinematic hardening models 

predict high non-linearity and plasticity from the early stages of loading, while the 

modified Cam Clay model predicts an elastic almost linear behaviour within the yield 

surface. Moreover, the kinematic hardening models are capable of predicting different 

stiffness between compression and extension paths, which is not the case for the 

modified Cam Clay model. An important difference between the two kinematic 

hardening models is that the two-surface model shows a non-smooth elasto-plastic 

transition, which results in an unrealistic drop in stiffness once the stress state becomes 

elasto-plastic. On the contrary, the modified two-surface model is capable of predicting 

a smooth elasto-transition, which results in a realistic representation of pre-failure non-

linearity. 

This study was divided into two parts. The first part examined the deformational 

behaviour of the embankment, when the same undrained strength profile was assigned to 

the two-surface, modified two-surface and modified Cam Clay models. The second part 

assessed the effect of the drop in stiffness predicted by the two-surface model, by 

comparing the behaviour predicted by the two kinematic hardening models for a 
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1 . 0 . 

i) Analyses with kinematic hardening models and the modified Cam Clay model 

The conclusions that can be drawn from this part of the study are the following; 

• When the same undrained strength profile is prescribed to all models, then these 

predict the same failure height of the embankment. However, a different 

deformational behaviour is predicted by each model. 

• The pre-failure deformations are influenced by non-linearity, as well as the 

stiffness response in both compression and extension paths. 

Comparison of the two kinematic hardening models 

• For similar stress-strain curves in compression the models predict a different 

response in extension. This combined with the drop in stiffness predicted by the 

two-surface model resulted in the modified two-surface model predicting 

smaller movements than the two-surface model, up to an embankment height of 

approximately 2.7 m, and larger movements than the two-surface model, for 

higher embankment heights. 

• For an embankment height of 0.9 m the maximum vertical movement, below 

the centreline, and the maximum horizontal movement, beneath the toe of the 

embankment, predicted by the modified two-surface model, were 63% and 50% 

lower respectively, than those predicted by the two-surface model. For an 

embankment height of 3.3 m these were 33% and 30% higher respectively. 

Comparison of the kinematic hardening models with the modified Cam Clay model 

• When an average stiffness, applicable to a stress level of 50% in triaxial 

compression, is chosen for the modified Cam Clay model, then this study shows 

that the modified Cam Clay model overpredicts in the initial stages, and 

underpredicts, in the later stages of the embankment construction, the prc-failure 

movements, as compared to the kinematic hardening models. 

• The difference in the movements predicted at the later stages of construction is 

even more pronounced when the modified Cam Clay model is compared with 

the modified two-surface model. This is due to the predicted response depending 
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not only on linearity but also on the stiffness response in both compression and 

extension paths. 

• For an embankment height of 0.9 m the maximum vertical movement, below the 

centreline, and the maximum horizontal movement beneath the toe of the 

embankment, predicted by the modified Cam Clay model, were 85% and 44% 

higher respectively, than those predicted by the two-surface model. For an 

embankment height of 3.3 m these were 17% and 36% lower respectively. 

• For an embankment height of 0.9 m the maximum vertical movement, below the 

centreline, and the maximum horizontal movement, beneath the toe of the 

embankment, predicted by the modified Cam Clay model, were 193% and 73% 

higher respectively, than those predicted by the modified two-surface model. 

For an embankment height of 3.3 m these were 63% and 69% lower 

respectively. 

ii) Analyses with kinematic hardening models and Ko= 1.0 

In these analyses, each kinematic hardening model predicted the same stiffness in 

compression and extension. In this way, this part of the study isolated the effect of the 

non-smooth elasto-plastic transition, predicted by the two-surface model, on the prc-

failure deformation of the embankment. 

The conclusions that can be drawn from this study are the following; 

• The drop in stiffness predicted by the two-surface model results in the model 

significantly overpredicting the pre-failure movements, as compared to the 

modified two-surface, which predicts a smooth stiffness degradation curve. 

• For an embankment height of 0.9 m the maximum vertical movement, below the 

centreline, and the maximum horizontal movement, beneath the toe of the 

embankment, predicted by the modified two-surface model, were 56% and 45% 

smaller respectively, than those predicted by the two-surface model. For an 

embankment height of 1.8 m these were 49% and 33% lower respectively. 

b) Second study: The effect of the deviatoric shapes on the failure height of the 

embankment 

In this study four different combinations of the shape of the yield and plastic potential 
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surfaces in the deviatoric plane were examined. In all four cases the same undrained 

strength profile in triaxial compression was prescribed. This resulted in a different 

undrained strength profile under plane strain conditions. The shapes examined included 

a Mohr Coulomb shape, a circular shape and a Lade shape for the yield surface and a 

circular shape and a Lade shape for the plastic potential. 

The following conclusions can be drawn from this study: 

• All four cases predicted a different failure height for the embankment. 

• The highest failure height was predicted for the case in which both yield and 

plastic potential surfaces had a circular shape. This was 46% higher than the 

case where the yield surface had the shape of a Mohr Coulomb hexagon and the 

plastic potential had a circular shape. This latter case also predicted the lowest 

failure height. The case in which both yield and plastic potential surfaces had a 

Lade shape and the case in which the yield surface had a Lade shape and the 

plastic potential had a circular shape predicted a failure height which was 33% 

and 26% higher respectively than the lowest predicted failure height. 

» Hence, it can be concluded that the shape of the yield and plastic potential 

surfaces in the deviatoric plane can have a significant effect on the predicted 

failure height of the embankment. 

• For a model which predicts isotropic strength the choice of the shape of the 

yield and plastic potential surfaces in the deviatoric plane is as important as the 

undrained strength profile chosen for design (i.e. triaxial compression profile or 

direct simple shear profile). 
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Chapter 9 

The behaviour of kinematic hardening 

models in tunnelling problems 

9.1 Introduction 

This chapter investigates the behaviour of the four kinematic hardening models, 

presented in this thesis, in problems involving tunnel construction. Two studies are 

presented. The first study explores the behaviour of a tunnel in London Clay. The 

influence of the configurations of the kinematic surfaces at the end of an assumed 

geological history and of different initial stress conditions is examined for each model. 

The second study models the twin tunnels of the Jubilee Line Extension (JLE) of the 

London Underground network beneath St James's Park (London, UK). In both studies 

the predictions of the kinematic hardening models are compared with analyses using a 

non-linear elastic pre-yield model. 

Before the two studies are presented, a short literature review of the use of constitutive 

models in the finite element analysis of tunnels will first be given. 

9.2 Constitutive models in tunnelling problems 

This review will be mostly concentrated on tunnels excavated in overconsolidatcd clays. 

Finite element analyses of tunnel excavation in such soils generally predict shallower 

and wider surface settlement profiles than observed in practice. 

Gunn (1993) demonstrated the importance of modelling the non-linear small strain 

356 



behaviour of the soil in the prediction of the surface settlement trough. The use of a non-

linear elastic perfectly plastic model improved the predicted settlement profile as 

compared with linear elastic pre-yield models. 

Addenbrooke et al. (1997) reached similar conclusions when investigating the influence 

of different elastic pre-yield models combined with the same plastic behaviour (Mohr-

Coulomb yield surface with a non-associated flow rule). The elastic pre-yield models, 

used in their analyses, included a linear elastic model, the non-linear model presented by 
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Figure 9.1: The effect of non-linearity on the predicted surface settlement trough; St. 
James's Park (after Addenbrooke et al. (1997)) 
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Figure 9,2: The effect of anisotropy on the predicted surface settlement trough: St. 
James's Park (after Addenbrooke ct al. (1997)) 

357 



Jardine et al. (1986) and Jardine et al. (1991) and the non-linear model developed by 

Puzrin and Burland (1998) (these last two models have been reviewed in section 2.3.3.1 

and in the work of Addenbrooke et al. were referred to as models J4 and L4 

respectively). The models were used to analyse the twin tunnels of the Jubilee Line 

Extension beneath St. James's Park, which were constructed within the overconsolidated 

London Clay stratum. Figure 9.1 shows the predicted surface settlement troughs above 

the westbound tunnel plotted against the field data. Both non-linear models (J4 and L4) 

predicted similar profiles which were deeper and narrower in comparison with the linear 

elastic model. However, the predictions of the non-linear models were still too shallow 

and wide when compared with the field measurements. 

Simpson et al. (1996), on the basis of finite element analyses of the Heathrow Express 

trial tunnel, suggested that introducing anisotropy improved the predicted surface 

settlement profile. However, Addenbrooke et al. (1997) found that the use of an 

anisotropic pre-yield model improved substantially the predicted settlement trough, 

above the westbound tunnel at St. James's Park, only if a very soft anisotropic shear 

modulus was used, which cannot be justified from test data on London Clay. Figure 9.2 

presents the predictions of two analyses using an anisotropic version of model J4 

(referred to as model AJ4). Analysis AJ4i adopted anisotropic ratios based on the work 

of Burland and Kalra (1986) {m' = GyiJE,.' = 0.444) whereas in analysis AJ4ii an 

unrealistically small ratio m' = 0.2 was assumed. Figure 9.2 shows that the analysis AJ4i 

improved slightly the predicted settlement trough whereas analysis AJ4ii predicted a 

much deeper settlement trough closer to the field observations. 

The first use of kinematic hardening models in tunnelling problems was carried out by 

Stallebrass et al. (1994), who used the three-surface kinematic hardening model to 

perform an investigation into the effect of recent stress history on ground movements 

around tunnels. A deep and a shallow tunnel were considered. A number of different 

stress histories relevant to overconsolidated clays were simulated before the excavation 

of the tunnels. The Kg values resulting at the end of the stress histories were similar in all 

the analyses. Figures 9.3a and 9.3b present the surface settlement profiles for the 

shallow and the deep tunnel respectively (it should be noted that the volume loss varied 

between 1.06% and 1.29% for the shallow tunnel and between 2.78% and 3.27% for the 

deep tunnel). The key in the figure gives a sketch of the recent stress paths followed by 

the soil in the vicinity of the tunnel, together with the approximate positions of the two 
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Figure 9.3: The effect of recent stress history on the predicted surface settlement trough 

a) shallow tunnel b) deep tunnel (after Stallebrass et al. (1994)) 

kinematic surfaces, the yield and history surfaces, before excavation. Figure 9.3 

indicates that the recent stress history has a strong effect on the predicted surface 

settlement trough. 

All the analyses reported above are plane strain analyses. In reality tunnel construction is 

a three dimensional process. The inability to predict the surface settlement troughs above 

tunnels excavated in overconsolidated clays, in plane strain analyses, has often be 

attributed to the two dimensional nature of the analyses. However, rcccnt three 

dimensional finite element analyses (Dolezalova (2002), Franzius (2004)) have shown 

that 3D modell ing does not improve substantially the transverse surface settlement 

profile predicted by the 2D analyses in a high K,, regime. Moreover, both 2D and 3D 

analyses indicate that the predicted surface settlement trough is highly dependent on the 

value of Ko. It has been shown that a deep and narrow settlement trough close to the 

field observations can be achieved if Ko = 0.5 is assumed (Dolezalova (2002)), or 

introduced locally around the tunnel (Addcnbrooke (1996)). However, this value of K„ is 

clearly relatively low when considering highly overconsolidatcd clays. 
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9.3 Geometry of the problem 

For both studies the geometry of the twin tunnels at St. James's Park was used. The soil 

profile at St. James's Park can be seen in Figure 9.4. It consists of a layer of Made 

Ground underlain by Alluvium. This is in turn underlain by a layer of Terrace Gravel. 

Below the Terrace Gravel there is a deep layer of London Clay. Nyren et al. (2001) 

reported that the London Clay at St. James's Park extends to depths in excess of 40 m 

below the ground level. The water table is located at the top of the Terrace Gravel. 

The finite element mesh used in the analyses is presented in Figure 9.5. All the analyses 

performed were plane strain with 2x2 integration and used eight nodded isoparametric 

quadrilateral elements. 

5.5 m 

2.7 m 
V 

21.5 m 

Eas tbound 

Wes tbound 

Tunnel d iameter : 4 .75 m 

M a d e Ground /Al luv ium 
y = 18 kN/m^ 

Terrace Gravel 
y = 20 kN/m^ 

London Clay 
y = 20 kN/m^ 

Figure 9.4: Soil profile and tunnel geometry at St. James's Park 

9.4 Constitutive models used in the analyses 

9.4.1 London Clay 

All four kinematic hardening models, described in Chapters 4, 5 and 6, were used in 

order to model the London Clay deposit. In abbreviation, the models will often be 
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Figure 9.5: Finite element mesh 

referred to as 2-SKH for the two-surface kinematic hardening model, M2-SKH for the 

modified two-surface kinematic hardening model, 3-SKH for the three-surface 

kinematic hardening model and M3-SKH for the modified three-surface kinematic 

hardening model. Moreover, the model J4 used by Addenbrooke et al. (1997) for the 

analyses of the twin tunnels at St. James's park was also used in these analyses. As 

already mentioned, this model combines the non-linear elastic model presented by 

Jardine et al. (1986) and Jardine et al. (1991) (see section 2.3.3.1), with a Mohr-

Coulomb yield surface and a non-associated flow rule. 

Model J4 

The expressions that describe the variation of the tangent shear modulus, G, and bulk 

modulus, K, with mean effective stress, p', and strain level in the non-linear elastic 

region, as implemented into ICFEP, are given as follows: 

3G y = A + BcosiyaX^y BayX 
2.303 

y~\ 

(9.1: 

K SSrjY"-
2303 

-sin ( a y ) (9.2) 

where: 

X = \og 10 V 3 C , 
(9.3) 

r = iog 10 (9.4) 
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In the above equations the deviatoric strain, Ej , and the volumetric strain, £,., are 

described by Equations 1.21 and 1.20 respectively, and B, C, R, S, T, a, y, d and ;/ are 

material constants. 

Due to the trigonometric nature of Equations 9.1 and 9.2, minimum (Ej ,„i,„ Sy ,„i„) and 

maximum {Ej „„„, e,, strain limits are set, below and above which the tangent shear 

and bulk moduli vary only with mean effective stress. Furthemiore, the magnitude of the 

stiffness is prevented from falling below specified minimum values, G,„,„ and 

The Mohr-Coulomb yield surface can be expressed in terms of the invariants, p ' , J and 9, 

described by Equations 1.8, 1.9 and 1.11 respectively, as follows: 

f = y - ( a + y ) g ( 2 ) = o (9.5) 

where a is the tensile limit o f p ' and is related to the cohesion, c', as a = c'lg{0 = 0°), 6 is 

the Lode's angle and g{6) is given by Equation 4.27; 

g(e)-
smcp 

C O S 0 + 
sin ^ sin 

(9.6) 

where (p' is the angle of shearing resistance. 

The representation of the yield surface in J -p ' space and the deviatoric plane can be seen 

in Figure 9.6. 

(a) (b) 

Figure 9.6: Mohr-Coulomb yield surface a) J-p' space b) Deviatoric plane 
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Figure 9.7: Mohr-Coulomb yield surface and plastic potential surface 

The plastic potential adopted in the model has a similar form to Equation 9.5 but with (p' 

replaced by the angle of dilation, v: 

(9.7) 

where ctp is akin to a in the yield function, see Figure 9.7, and gp{0) is given by the 

following equation: 

s m v 

' s i n 6 ' s i n v 
cos 6' + -

(9.8) 

No hardening law is adopted in the model and hence the yield surface stays fixed in 

J-p'-d space. 

9.4.2 Terrace Gravel 

The Terrace Gravel was modelled with model J4 in all the analyses. 

9.4.3 Made Ground/Alluvium 

The layers of Made Ground and Alluvium were modelled as a single layer using an 

isotropic linear elastic model. 
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9.5 Analyses of a tunnel in London Clay 

9.5.1 Introduction 

This study investigates the effect of initial conditions on the behaviour of a 30.5 m deep 

and a 20 m deep tunnel in London Clay, for each of the four kinematic hardening 

models. The initial conditions examined involve the configuration of the kinematic 

surfaces, and the Kg profile before the excavation of the tunnel. The above analyses are 

compared with analyses using the model J4. Moreover , in this study, the effect of the 

rate of decay of st iffness assumed in the constitutive models is also investigated. 

The effect of the configuration of the kinematic surfaces is examined by considering a 

typical geological history of the London Clay deposit, involving erosion of the overlying 

deposits and the upper part of the London Clay, fol lowed by deposition of the gravel 

layers. Figure 9.8a shows a typical stress path fol lowed by a London Clay element in the 

vicinity of the tunnels, during the above geological history, and the configuration of the 

kinematic surfaces at the end of it. This is the first configuration of the surfaces 

considered in the analyses (configuration A). Since in the kinematic hardening models 

the configuration of the kinematic surfaces provides a memory of the previous stress 

history, configuration A simulates the effect of the recent stress history on the 

subsequent excavation of the tunnel (how satisfactorily each of the four models can 

(a) 
Configuration A 

(b) 

Configuration B 

Figure 9.8: a) Configuration of the kinematic surfaces at the end of the assumed 

geological history for an element of London Clay in the vicinity of the tunnels 

b) centring of the kinematic surfaces at the end of the geological history 
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simulate the effect of the recent stress history has been investigated in section 7.3). The 

second configuration of the surfaces considered in the analyses is shown in Figure 9.8b 

(configuration B). In this configuration the kinematic surfaces are centred around the 

current stress state at the end of the geological history. This configuration simulates the 

effect of stress path direction on the subsequent excavation of the tunnel (see section 

7.4). As mentioned in section 2.2.5 of Chapter 2, Clayton and Heymann (2001) 

suggested that once ageing is taken into account, then there is no effect of the recent 

stress history and in this case the stiffness depends on the stress path direction. 

The effect of the initial profile and the rate of decay of stiffness assumed in the model 

is investigated for the configuration of the kinematic surfaces shown in Figure 9.8b 

(configuration B). 

In this study, the geometry of St. James 's Park, shown in Figure 9.4, was used. 

However, since only one tunnel was considered at a time, the two tunnels are not 

referred here as westbound or eastbound, but rather as 30.5 m and 20 m deep tunnels. 

9.5.2 Model parameters 

London Clay 

As aforementioned the London Clay stratum was modelled with all four kinematic 

hardening models and model J4. The parameters used in the kinematic hardening models 

were those derived from the set of tests on reconstituted London Clay presented in 

Chapter 7 and are summarised in Tables 7.1, 7.2 and 7.3 for the two-surface, modified 

two-surface and three-surface model respectively. For the modified three-surface model 

the same size of the history surface as for the three-surface model is assumed, hence 

r = 0.2, S== 0.08 and the rest of the parameters are kept the same as in Table 7.4. 

For the model J4 the use of the parameters adopted by Addenbrooke ct al. (1997) for the 

non-linear elastic part of the model was initially considered. Figure 9,9 compares the 

stiffness-strain curve resulting from these parameters (curve J4-1) with the experimental 

data from tests LR1.5, LR3 and LR7 (see Chapter 7). It can be seen that the overall 

predicted response is softer (up to axial strains of approximately 0.2%) than all three 

experimental curves. For this reason a new set of parameters was adopted for the non-
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Figure 9.9: Choice of parameters for the non-linear elastic part of model J4 

linear elastic part of the model, with the view of matching the stiffness curve for LR7 

{OCR = 7) which is more relevant for these analyses. The new parameters are 

summarised in Table 9.1. The resulting stiffness-strain curve plots as curve J4-2 in 

Figure 9.9. Table 9.3 summarises the adopted yield and plastic potential parameters. 

Terrace Gravel 

The parameters for the Terrace Gravel, which was modelled with model J4, were taken 

f rom Addenbrooke et al. (1997). Table 9.2 summarises the parameters required in the 

non-linear elastic part of the model and Table 9.3 gives the Mohr-Coulomb yield and 

plastic potential parameters. 

Made Ground/Alluvium 

A Young ' s modulus E = 5000 kPa and a Poisson 's ratio = 0.3 were assumed for the 

layer of Made Ground and Alluvium. 

A B C(%) a }' Edmin (%) Eli /;„; v G/tiin 

1600.0 1550.0 1.0x10^ 1.2 0.617 3.464x10'^ 0.69282 2 3 3 1 3 

R 5 r (%) d n min ( ^min 

600.0 58&0 1.0x10'^ 1.9 0.420 5.0x10'^ 0.15 3000 0 

Table 9.1: Material parameters for the non-linear elastic part of model .14 for London 

C b y 
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A B C(%) a y Ed mi,, (%) Ed ,„ax ^ mi,. 

1380.0 1248.0 5.0x10^ 0.974 0.940 8.833x10^ 0.34641 2000.0 

R 5 r ( % ) J n i„in ( /o) ll,U.X ^„U,l 

2 7 ^ 0 2 2 ^ 0 2 0 x 1 0 ^ 0.998 1.044 2.1x10'^ &20 5000.0 

Table 9.2: Material parameters for the non-linear elastic part of model J4 for Terrace 

Gravel 

Parameters Terrace Gravel London Clay 

c ' 0 0 

<P' 35.0° 22.5° 

V 17.5° 11.25° 

Table 9.3: Mohr-Coulomb yield and plastic potential parameters for model J4 

9.5.3 Analyses details 

i) Analyses with the kinematic hardening models modelling the London Clay stratum 

The following sets of analyses were performed with the kinematic hardening models 

modelling the London Clay deposit. Sets 1 and 2 investigate the effect of tiie 

configuration of the kinematic surfaces; set 3 investigates the effect of the initial K„ 

profile for the kinematic surface configuration B (Figure 9.8b). Finally set 4 investigates 

the effect of the degradation of st iffness also for the kinematic surface configuration B. 

Set 1: 

Consists of 8 analyses. This set of analyses modelled the geological history of the 

London Clay deposit and the subsequent excavation of the tunnel. The configuration of 

the surfaces at the end of the geological history, in the vicinity of the tunnels, and before 

the tunnel excavation, can be seen in Figure 9.8a (configuration A). The initial 

conditions at the start of the geological history represented the London Clay strata before 

erosion during the last ice age took place (point A in Figure 9.8a). The elements 

representing the Made Ground/Alluvium and the Terrace Gravel in the finite element 

mesh (Figure 9.5) were absent and an overburden stress of 1835 kPa existed at the 
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surface of the mesh, representing approximately 180 m of overburden material. An 

indication of the possible overburden depth is provided by Chandler (1999), who noted 

that for Ashford Common geological evidence suggests that approximately 200 m of the 

upper part of the London Clay and the overlying deposits have been eroded. The 

assumed overburden stress results in an overconsolidation ratio OCR of approximately 6 

and 8 at the tunnel axis of the 30.5 m and 20 m deep tunnels respectively. The water 

table was assumed to be located 2.7 m below the current water level (i.e. on the top of 

today 's London Clay) and the pore water pressure distribution was hydrostatic with 

depth. An initial effective stress ratio Kg = 0.617 (Â o = 1 - s in^ ' where cp' = 22.5°) was 

prescribed. The modelling of the geological history involved the gradual removal of the 

overburden stress, representing erosion (point A to point B in Figure 9.8a), followed by 

the construction of the Terrace Gravel and Made Ground/Alluvium layers, modelling the 

reloading of the London Clay due to subsequent deposition (point B to point C in Figure 

9.8a). At the same time the water level was raised by 2.7 m to the top of the Terrace 

Gravel, maintaining the pore water pressure distribution hydrostatic with depth. An 

effective stress ratio Kg = 0.5 was prescribed for the Made Ground/Alluvium and 

Terrace Gravel. This first stage of the analysis was carried out drained. The Kg and 

/ j ' o / ;? 'p rof i les obtained at the end of the modelling of the geological history can be seen 

in Figures 9.10 and 9.11 respectively. The subsequent excavation of the tunnel was 

carried out undrained (in the manner described in section 3.3.1.1). This analysis was 
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Figure 9.10: K,, profiles predicted at the end of the geological history 
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Figure 9.11: p'o /p' -profiles predicted at the end of the geological history 

carried out for each of the kinematic hardening models and for each of the 30.5 m deep 

and 20 m deep tunnels. 

Set 2: 

Consists of 8 analyses. In this set of analyses the geological stress history was simulated 

as described in set 1. However, at the end of the geological history and before the 

excavation of the tunnels the kinematic surfaces were centred around the current stress 

state. The configuration of the surfaces before the excavation of the tunnel can be seen 

in Figure 9.8b (configuration B). The excavation of the tunnel was carried out 

undrained. This process is equivalent to analyses in which no geological history is 

modelled before the excavation of the tunnel, but instead the K,, and p'„ / p' profiles of 

Figures 9.10 and 9.11 are prescribed as initial conditions and at the start of the analyses 

the kinematic surfaces are centred around the current stress states. This analysis was 

repeated for each of the kinematic hardening models and for each of the 30.5 m deep and 

20 m deep tunnels. 

In the following sets of analyses, only the kinematic surface configuration B was 

considered. For these analyses no geological history was modelled. Instead the initial 

conditions involved a prescribed Ko and / /„ / p ' profile and the kinematic surfaces were 

centred around the current stress state at the start of the analysis. The water table was 
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located at the top of the Terrace Gravel and the pore pressure profile was hydrostatic 

with depth. The excavation of the tunnels was carried out undrained (see section 

3.3.1.1). 

Set 3: 

Consists of 24 analyses. Three Ko profiles were considered in the analyses, see Figure 

9.12. Profile A, which is a Ko profile of 0.5 constant with depth, profile B, which is the 

Ko profile predicted by the three-surface model in Figure 9.10 and profile C, which is a 

Ko profile of 0.5 in the Made Ground/Alluvium and Terrace Gravel and 1.5 constant 

with depth in the London Clay. The same i n i t i a l o / / p ' profile was prescribed for all four 

models, and this was the profile predicted by the three-surface model in Figure 9.11. 

These three profiles were examined for all four models and two tunnel depths. 

Set 4: 

Consists of 3 analyses. In this set of analyses only the two-surface model was employed. 

The initial prescribed conditions involved the K , and p'o I p ' profiles predicted by the 

two-surface model in Figures 9.10 and 9.11 respectively. In these analyses the value of 

the parameter ij/ was varied between 4 and 6. The analyses were carried out only for the 

3 0 . 5 m deep tunnel. 

Ko 

Profile A Profile B Profile C 

60 

Figure 9.12: Assumed Ko profiles for the analyses of set 3 
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i) Analyses with model J4 modelling the London Clay stratum 

The following set of analyses was performed with model J4 modelling the London Clay 

deposit: 

Set 5: 

Consists of 8 analyses. In this set of analyses the prescribed initial conditions were the 

following. The water level was located at the top of the Terrace Gravel, with pore 

pressure distribution hydrostatic with depth. Four Ko profiles were considered in the 

analyses, profiles A, B and C shown in Figure 9.12 and the profile predicted by the 

modified two-surface model in Figure 9.10, which was named profile D, see Figure 

9.13. The excavation of the tunnel was carried out undrained. The analyses were carried 

out for both the 30.5 m deep and the 20 m deep tunnels. 
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Figure 9.13: Assumed K,, profiles for the analyses of model J4 - set 5 

As already mentioned, all the above analyses were plane strain. In order to model the 

three-dimensional tunnel excavation using plane strain analyses the 'volume loss 

control ' method was adopted (Addenbrooke (1996), Schroeder (2003)). According to 

this method the tunnel excavation is simulated by reducing incrementally the nodal 

forces around the tunnel perimeter. Throughout the excavation process the volume of the 

developing surface settlement trough is monitored. The 'ground loss' or 'volume loss' is 

defined as the volume of soil excavated in excess of the final tunnel volume and is 
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expressed as a percentage of the theoretical volume of the tunnel. If the tunnel 

excavation takes place in a low permeability clay, like London Clay, then the excavation 

conditions can be considered undrained. This means no volume change, in which case 

the volume loss is equal to the volume of the surface settlement profile. In the 'volume 

loss control ' method once the desired volume loss is achieved, the tunnel lining can be 

constructed. The excavation of the tunnel is then completed, allowing the forces in the 

tunnel lining to build up. 

In the following analyses the volume loss during the tunnel excavation was monitored 

and the results are presented at the same volume loss of 1% (unless otherwise stated). In 

these analyses no tunnel lining was constructed. 

9.5.4 Analyses resul ts 

9.5.4.1 Sets 1 and 2 - Effect of the configuration of the kinematic surfaces 

Figure 9.14 illustrates the Kg profiles obtained at the end of the geological history 

together with the Kg profile estimated by the equation proposed by Mayne and Kulhawy 

(1982). It can be seen that the M2-SKH, 3-SKH and M3-SKH models predict similar 
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Figure 9.14: Ko profiles predicted at the end of the geological history and the K„ profile 

calculated from the equation of Mayne and Kulhawy (1982) 
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shapes of the Kg profile in the London Clay stratum. This is a profile gradually reducing 

with depth. On the contrary, the profile predicted by the 2-SKH model is of a different 

shape and seems to gradually increase with depth, up to a depth of 45 m f rom where on 

it stays approximately constant. The shape of the profile predicted by the Mayne and 

Kulhawy (1982) equation seems to have a shape between the two and within, or close to, 

the range of values predicted by the kinematic hardening models. The p'o Ip' profiles 

predicted by the kinematic hardening models at the end of the geological history have 

already been presented in Figure 9.11 and reveal a similar trend; the M2-SKH, 3-SKH 

and M3-SKH models predict very similar profiles whereas the 2-SKH model predicts a 

profile of different shape and of lower values. 

The effect of the configuration of the kinematic surfaces will be initially presented for 

the 30.5 m deep tunnel and then for the 20 m deep tunnel. The notation used in the 

following figures is the following; the name of the constitutive model used for the 

modelling of the London Clay deposit is given first, fol lowed by a number which 

denotes the set of analyses. For example 3 -SKH- l denotes the analysis of set 1 carried 

out with the three-surface model. The sign convention fol lowed in the figures of this 

chapter is that upwards vertical movements and right horizontal movements are plotted 

as positive, see Figure 9.4. 

i) 30.5 m deep tunnel 

Figure 9.15 presents the surface settlement profiles for the analyses of set 1 

(configuration A in Figure 9.8a). It can be seen that all four models give quite similar 

Distance f r o m tunnel axis (m) 
20 40 60 80 

J 1 1 I _ J . . J 1., 
100 

2-SKH-1 
M2-SK.H-1 
3-SKH-l 
M3-SKH-1 

Figure 9.15: Surface settlement profiles predicted by set 1: 30.5 m deep tunnel 
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predictions, with the M3-SKH model predicting the deepest and the 2-SKH model 

predicting the shallowest trough. Table 9.4 gives the volume loss and the percentage of 

unloading at which the volume loss was obtained for each analysis. It is evident that 

different degrees of unloading were required to achieve the same volume loss, with the 

two-surface model (2SKH-1) obtaining it at a much lower percentage of unloading than 

the other analyses. If a tunnel lining had been constructed at the same volume loss of 

1%, then constructing this earlier in the case of the analysis 2-SKH-1 would have 

resulted in higher forces in the tunnel lining, in the short term, as compared to the other 

analyses. 

Figure 9.16 illustrates the surface settlement troughs predicted by the analyses of set 2 

(configuration B in Figure 9.8b). Here the M2-SKH, 3-SKH and M3-SKH models give 

similar predictions, whereas the 2 -SKH model predicts a deeper settlement trough than 

the other three models. Table 9.5 summarises the volume loss and the percentage 

unloading for the analyses set 2. Similar to set 1, the analyses of set 2 obtained the same 

volume loss at different percentages of unloading, indicating different forces in the 

tunnel lining. Inspection of both Tables 9.4 and 9.5 shows that the highest percentage of 

unloading is achieved by the M3-SKH model, followed by the M2-SKH model, then the 

3-SKH model and finally the 2-SKH model which achieves much lower percentages of 

unloading. As it will be discussed subsequently, the percentage of unloading at which a 

certain volume loss is obtained can be related to the decay of st iffness employed in each 

model. 

Distance f r o m timnel axis (m) 
20 40 60 80 

2-SKH-2 
M2-SKH-2 
3-SKH-2 
M3-SKH-2 

Figure 9.16; Surface settlement profiles predicted by set 2: 30.5 m deep tunnel 
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Analysis 2 -SKH-l M2-SKH-1 3-SKH-l M3-SKH-1 

Volume loss (%) 1.04 1.03 1.04 L03 

Percentage of 
unloading (%) 

28 50 44 56 

Table 9.4: Volume loss and percentage of unloading for set 1: 30.5 m deep tunnel 

Analysis 2-SKH-2 M2-SiCH-2 3-SKH-2 M3-SKH-2 

Volume loss (%) 1.03 1.02 &96 1.02 

Percentage of 
unloading (%) 

28 58 46 60 

Table 9.5: Volume loss and percentage of unloading for set 2: 30.5 m deep tunnel 
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Figure 9.17: Comparison of surface settlement profiles predicted by sets 1 and 2: 30.5 m 
deep tunnel a) two-surface model b) modified two-surface model c) Ihree-surfacc model 
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Figure 9.17 compares the settlement profiles for configurations A and B (sets 1 and 2) 

and for each kinematic hardening model. Figure 9.17a shows that for the two-surface 

model there is a very small difference between the two sets of analyses. On the contrary, 

for the other three kinematic hardening models, set 1 (configuration A) predicts deeper 

and narrower settlement profiles than set 2 (configuration B). 

The reason behind the above observations can be attributed to the stiffness response 

experienced by the soil elements during each analysis. The tunnel excavation subjects 

some elements to compression paths and other elements to extension paths. As it will be 

shown, the relative stiffness response between the elements subjected to compression 

and the elements subjected to extension seems to influence the predicted surface 

settlement profile. 

In the analyses of sets 1 and 2, due to the different configuration of the kinematic 

surfaces at the start of the tunnel excavation, a different relative stiffness response in 

compression and extension would be expected for each set of analyses (see section 7.4). 

An example of an element subjected to a compression path, during the tunnel 

excavation, is the element at the springline of the tunnel, whereas an example of an 

element subjected to an extension path is the element at the crown of the tunnel (see 

Figure 9.18). Figure 9.19 plots the shear stiffness-strain curves experienced by the soil 

elements at the crown and springline of the tunnel for both sets 1 and 2 and for each 

kinematic hardening model (it is reminded that the tangent stiffness G,,,., is defined as 

Gael = dJ/dEj). Figure 9.19a shows that for the 2-SKH model there is practically no 

difference between the stiffness responses predicted by sets 1 and 2 after a deviatoric 

strain of approximately 0.02%. This behaviour of the two-surface model is not 

surprising and has been encountered before in Chapter 7 (Figure 7.39 of section 7.4). As 

already discussed in Chapter 7, this is a consequence of the drop in stiffness observed in 

extension 

compression 

Figure 9.18: Forces imposed on the tunnel boundary due to excavation 
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Figure 9.19: Comparison of stiffness-strain curves at the springline and crown of the 

tunnel for sets 1 and 2: 30.5 m deep tunnel a) two-surface model b) modified two-

surface model c) three-surface model d) modified tliree-surface model 

the two-surface model, which results in the model being unable to retain a memory of 

the previous stress history, and hence predicting approximately the same stiffness 

response once the stress state becomes elasto-plastic, irrespective of the previous 

configuration of the kinematic surface (at least for the size of the kinematic surface 

assumed in the analyses). The practically same stiffness response predicted by the two-

surface model in Figure 9.19a for configurations A and B could explain the very small 

difference in the settlement profiles predicted by sets 1 and 2 in Figure 9.17a. Figures 

9.19b, c and d show that this is not the case for the other three models and that a 

different st iffness response is obtained for each set of analyses. For set 1 the element at 

the springline of the tunnel (subjected to compression) shows initially much lower 

stiffness than the element at the crown of the tunnel (subjected to extension), which is 

consistent with the kinematic surface configuration A. For set 2 (configuration B) the 

stiffness response at the springline is similar to the one at the crown. In the latter case 
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this happens due to the Kg value being close to unity. The different st iffness response 

predicted for the two configurations A and B seems to be the reason why a different 

surface settlement trough is predicted by sets 1 and 2 for the three remaining models, 

since this is the only difference in the analyses. It seems that the deeper settlement 

trough is obtained for set 1 rather than set 2. As already discussed, the configuration of 

set 1 can be considered to simulate the effect of recent stress history on the tunnel 

excavation, whereas the configuration of set 2 simulates the effect of stress path 

direction. It should be noted that inspection of Figures 9.19a-d shows that the 2-SKH 

model predicts a softer response than the other three models for deviatoric strains up to 

0 . 1 % . 

Comparison with the Gaussian distribution 

The empirical approach to the prediction of the transverse settlement profile caused by 

tunnel construction is to assume that it follows a Gaussian error curve (Peck (1969)): 

(9.9) 

where S is the vertical settlement at a distance x f rom the centreline of the tunnel, S,„ax is 

the maximum vertical settlement at the centreline of the tunnel and i is the distance of 

the point of inflexion of the curve f rom the centreline of the tunnel. On the basis of field 

observations (O'Reil ly and New (1982), Rankin (1988)) a value of i equal to half the 

depth of the tunnel axis is usually adopted for clays and is used here. 
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Figure 9.20: Comparison of normalised surface settlement profiles with the Gaussian 

distribution; 30.5 m deep tunnel 

37X 



Figure 9.20 compares the Gaussian distribution with the ranges of normalised surface 

settlement troughs predicted by the M2-SKH, 3-SKH and M3-SKH models for sets 1 

and 2 (range 1 and 2 respectively in the figure). The predictions of range 1 can be seen 

to plot closer to the Gaussian distribution than the predictions of range 2. 

ii) 20 m deep tunnel 

The surface settlement profiles predicted by the analyses of set 1 for the 20 m deep 

tunnel are presented in Figure 9.21. The deepest settlement trough is predicted by the 

2-SKH model, fol lowed by the 3 -SKH model, then the M3-SKH model and finally the 

M 2 - S K H model. 
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Figure 9.21: Surface settlement profiles predicted by set 1; 20 m deep tunnel 
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Analysis 2 -SKH-l M2-SKH-1 3 -SKH- l M3-SKH-1 

Volume loss (%) 1.05 1.02 &98 1.02 

Percentage of 
unloading (%) 

30 62 54 68 

Table 9.6: Volume loss and percentage of unloading for set 1: 20 m deep tunnel 

Analysis 2-SKH-2 M2-SKH-2 3-SKH-2 M3-SKH-2 

Volume loss (%) 1.02 1.01 &98 1.00 

Percentage of 
unloading (%) 

28 72 58 74 

Table 9.7; Volume loss and percentage of unloading for set 2: 20 m deep tunnel 
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Figure 9.22 illustrates the predictions of the analyses set 2. Here the predictions of the 

M2-SKH, 3-SKH and M3-SKH models are very close, whereas the 2-SKH model 

predicts a much deeper settlement profile. As it will be shown later, the much deeper 

trough predicted by the 2-SKH model can be attributed partly to the Kg value at the axis 

of the tunnel (and the effect that this has on the behaviour of the model) and partly to a 

softer response predicted by the 2-SKH model when compared with the other three 

models. 

Tables 9.6 and 9.7 summarise the volume loss and the corresponding percentage of 

unloading for each analysis. Similar to the 30.5 m deep tunnel, inspection of Tables 9.6 

and 9.7 indicates that for the same volume loss the highest percentage of unloading is 

obtained by the M3-SKH model, fol lowed by the M2-SKH model, which is in turn 
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Figure 9.24: Comparison of stiffness-strain curves at the springline and crown of the 

tunnel for sets 1 and 2: 20 m deep tunnel a) two-surface model b) modified two-surface 

model c) three-surface model d) modified three-surface model 
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followed by the 3-SKH model. Again the 2-SKH model predicts much lower unloading 

percentages than any of the other three models. 

Figure 9.23 compares the surface settlements troughs for the kinematic surface 

configurations A and B (sets 1 and 2) and for each model. It can be seen that, similar to 

the 30.5 m deep tunnel, the predictions of the 2-SKH model are very similar for both 

configurations. This is not the case for any of the other three models which predict a 

deeper and narrower settlement profile for the configuration A than the configuration B. 

Inspection of the stiffness-strain curves experienced by the soil elements at the 

springline and crown of the tunnel (Figure 9.24) shows that the 2-SKH model predicts 

approximately the same stiffness response for the two sets of analyses. This explains the 

similar profiles in Figure 9.23a. On the contrary, the other three models predict different 

st iffness response for each configuration. Similar to the 30.5 m deep tunnel, for the 

configuration A, the models predict a much lower initial st iffness for the element at the 

springline (which is subjected to compression) than the element at the crown (which is 

subjected to extension). For the configuration B, which also gives the shallowest profile, 

similar stiffness is predicted for both elements. 

Comparison with the Gaussian distribution 

Figure 9.25 compares the ranges of predictions of the M2-SKH, 3-SKH and M3-SKH 

models for sets 1 and 2 (ranges 1 and 2 respectively) with the Gaussian distribution. 

Similar to the 30.5 m deep tunnel the predictions of range 1 plot much closer to the 

Gaussian distribution than the predictions of range 2. 
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Figure 9.25: Comparison of nomialised surface settlement profiles with the Gaussian 
distribution; 20 m deep tunnel 
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9.5.4.2 Sets 1, 2 and 5 - Comparison with the non-linear model J4 

i) 30.5 m deep tunnel 

Figure 9.26 presents the settlement troughs predicted by analyses J4-5B and J4-5D (J4 

denotes the constitutive model used for modelling the London Clay, 5 denotes the sets of 

analyses and the last letter denotes the Ko profile assumed in the analysis, see Figure 

9.13). In the same figure the ranges of predictions of the models M2-SKH, 3-SKH and 

M3-SKH for the analyses sets 1 and 2 (range 1 and 2 respectively in the figure) are 

plotted for comparison. It can be seen that the predictions of model J4 fall within or 

close to range 2 (kinematic surface configuration B). This is because the J4 model 
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Figure 9.26: Surface settlement profiles predicted by model J4 {K„ profiles B and D); 
30.5 m deep tunnel 
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predicts similar stiffness in compression and extension, which is similar to the stiffness 

that models M2-SKH, 3-SKH and M3-SKH predict for the configuration B. This is 

demonstrated by comparison of Figure 9.27, which plots the stiffness-strain curves at the 

springline and crown of the tunnel for the analysis J4-5B, with the equivalent stiffness-

strain curves for the analyses M2-SKH-2, 3-SKH-2 and M3-SKH-2 in Figure 9.19. The 

volume loss and the corresponding percentage unloading for the analyses J4-5B and 

J4-5D are given in Table 9.8. Figure 9.28, which presents a comparison with the 

Gaussian distribution, shows that the predictions of model J4 plot close to range 2. 
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Figure 9.28: Comparison of normalised surface settlement profiles predicted by model 

J4 {Ko profiles B and D) with the Gaussian distribution: 30.5 m deep tunnel 
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ii) 20 m deep tunnel 

Figure 9.29 illustrates the predictions of the analyses J4-5B and J4-5D, together with the 

ranges of predictions of the models M2-SKH, 3-SKH and M3-SKH for sets 1 and 2 

(range 1 and 2 respectively in the figure) for the 20 m deep tunnel. Figure 9.29 indicates 

that, similar to the previous findings, the settlement troughs of the J4 model plot close to 

range 2. Figure 9.30 plots the stiffness-strain curves of the soil elements at the crown 

and the springline of the tunnel for the analyses J4-5B. It can be seen again that the 

model J4 predicts similar stiffness in compression and extension, which is similar to 

what the M2-SKH, 3-SKH and M3-SKH models predict for the kinematic surface 

configuration B in Figure 9.24. Figure 9.31 compares the predictions of model J4 with 
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Figure 9.30: Comparison of stiffness-strain curves at the springline and crown of the 

timnel for analysis J4-5B: 20 m deep tunnel 
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the Gaussian distribution and the normalised ranges 1 and 2. Similar to Figure 9.28 the 

predictions of model J4 plot close to range 2. The volume loss and the corresponding 

percentage unloading for the analyses J4-5B and J4-5D can be seen in Table 9.8. 

Tunnel 30.5 m deep tunnel 20 m deep tunnel 

Analysis J4-5B J4-5D J4-5B J4-5D 

Volume loss (%) 1.01 1.04 1.00 a 9 9 

Percentage of 
unloading (%) 

66 65 70 68 

Table 9.8: Volume loss and percentage of unloading for analyses J4-5B and J4-5D 

9.5.4.3 Sets 3 and 5 - Effect of AT,, profile 

i) 30.5 m deep tunnel 

As already mentioned in section 9.2, the Ko profile assumed in the finite element 

analyses of tunnel excavations is known to influence significantly the predicted surface 

settlement profile (Addenbrooke (1996), Gens (1995)). Figure 9.32 shows the 

predictions of two analyses, in which the London Clay stratum was modelled as linear 

elastic with stiffness constant with depth {E = 180000 kPa and /; = 0.2), for the K„ 

profiles A and C, in Figure 9.12. The results are presented at a volume loss of 0.7% 

(since the analysis for the profile A did not reach the volume loss of 1%). It can be seen 

that the Ko profile of 0.5 in the London Clay predicts a deeper and narrower settlement 

trough than the Ko profile of 1.5. The shear stiffness of the springline and crown is the 

same for both Ko values and can be seen in Figure 9.33. 
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Figure 9.32: Surface settlement profiles predicted by linear elastic model with constant 
stiffness {K„ profiles A and C): 30.5 m deep tunnel 
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Figure 9.34: Surface settlement profiles predicted by set 3 {K„ profiles A, B and C): 30.5 

m deep tunnel a) two-surface model b) modified two-surface model c) three-surface 

model d) modified three-surface model 

In the kinematic hardening models and for the kinematic surface configuration B the 

assumed Kg value also dictates the relative stiffness between the elements subjected to 

compression paths and the elements subjected to extension paths. This in turn has been 
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shown to influence the predicted settlement trough (section 9.5.4.1). Figure 9.34 

presents the settlement profiles predicted by the analyses of set 3 for the Kg profiles A, B 

and C (Figure 9.12). It can be seen that the 2-SKH model seems to be influenced 

significantly by the assumed Kg profile. As expected, the lower the value of Ko is, the 

deeper and narrower the settlement trough is (the prediction for the profile C, in 

particular, is also of the wrong shape). The same trend seems to be valid for the 

M2-SKH model, but the assumed Ko profile seems to influence the predictions to a much 

lesser extent. For the 3-SKH and M3-SKH models the effect of the Ka profile seems to 

be even smaller, although the same trend of the lower Kg profile giving the deeper 

settlement trough still applies. Figure 9.35 plots the stiffness-strains curves experienced 
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by the soil elements at the springline and crown of the tunnel (which are subjected to 

compression and extension respectively) for the Kg profiles A and C and for each model. 

Figure 9.35 indicates that for the Kg profile of 0.5 {Ko profile A) all models predict a 

generally softer behaviour for the element at the spingline than the element at the crown 

of the tunnel. The opposite holds for the Ko profi le of 1.5 in the London Clay {Kg profile 

C). In this case the element at the spingline of the tunnel shows a stiffer behaviour than 

the element at the crown. According to what was shown in section 9.5.4.1, this relative 

shear stiffness between compression and extension would result in a deeper settlement 

trough for the Kg profile of 0.5 than for the Kg profile of 1.5. This is probably added to 

the effect that Kg on its own has on the predicted settlement trough for the same 

springline and crown stiffness (e.g. Figure 9.32). The reason that Kg influences much 

more the 2-SKH model than any other kinematic hardening model is that, as shown in 

Figure 9.35, there is a big difference in the relative shear stiffness between compression 

and extension predicted for each Kg profile by this model. The remaining kinematic 

hardening models predict a much smaller difference in relative stiffness, hence showing 

a smaller influence of the value of Kg. 

Figure 9.36 presents the effect of Kg on the non-linear model J4. A deeper settlement 

profile is predicted by the lower value of Kg. Figure 9.37 shows the stiffness-strain 

curves for the elements at the springline and crown of the tunnel and for the K„ profiles 

A and C. It can be seen that, although the pre-yield model predicts similar non-linear 

degradation of stiffness with strain for both elements (Figure 9.27), for the K, profile of 

0.5 (profile A) the element at the springline becomes plastic earlier, hence resulting in a 

softer response than the element at the crown. For the K„ profile of 1.5 in the London 

Clay (profile C) it is the element at the crown which becomes plastic and thus softer 
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earlier. Similar to what was shown above for the kinematic hardening models, this 

relative difference in stiffness between compression and extension is additive to the 

effect that Ko would have on its own. 
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Figure 9.37: Comparison of stiffness-strain curves at the springline and crown of the 

tunnel for model J4 {Kg profiles A and C): 30.5 m deep timnel 
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i) 20 m deep tunnel 

Figure 9.38 illustrates the surface settlement troughs predicted by each kinematic 

hardening model for the 20 m deep tunnel and for the three Kg profiles, A, B and C. A 

similar effect of Ko on the predictions of each model, as for the 30.5 m deep tunnel, can 

be observed. All models are influenced by Kg and predict a deeper and narrower profile 

for the Ko profile A. Kg seems to affect more significantly the predictions of the 2-SKH 

model and to a lesser extent the predictions of the other three kinematic hardening 

models. Figure 9.39 presents the stiffness-strain curves at the springline and crown of 

the tunnel for each model. Similar to the previous findings for the 30.5 m deep tunnel, 

the Ko profile A results in the springline element showing a generally softer response 

than the crown element, whereas the opposite is true for the Kg profile C. Again this 
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relative difference in stiffness is more pronounced for the 2-SKH model than the other 

three models. 

The effect of Kg on the predictions of the 2-SKH model can also partly explain the 

deeper settlement trough predicted by the analysis 2-SKH-2, as compared to the analyses 

M2-SKH-2, 3-SKH-2 and M3-SKH-2 in Figure 9.22. The lower value of for the two-

surface model, at the 20 m deep tunnel axis, resulted in the element at the springline of 

the tunnel being softer than the element at the crown for the analysis 2-SKH-2 (Figure 

9.24), whereas the opposite is true for the other three analyses of set 2. 

Figure 9.40 presents the surface settlement troughs predicted by the model J4 for the Kg 

profiles A, B and C. Inspection of Figures 9.40 and 9.38 shows that Ko seems to 

influence the predictions of model J4 significantly, but in a lesser extent than the 2-SKH 

model. 
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Figure 9.40: Surface settlement profiles predicted by model J4 {K„ profiles A, B and C): 
20 ni deep tunnel 

9.5.4.4 Set 4 - Effect of rate of decay of stiffness 

Figure 9.41 shows the surface settlement profiles predicted by the two-surface model for 

three values of the parameter Table 9.9 summarises the volume loss and the 

unloading percentage achieved in each analysis. The effect of varying the parameter i// in 

the 2-SKH model has been investigated in Chapter 7. As it was shown (Figure 7.4) the 

higher value of y/ results in a softer response once the stress state becomes eiasto-plastic. 

Figure 9.41 illustrates that for a higher value of t// and, hence a softer response, a deeper 

settlement trough is predicted. Moreover, Table 9.9 indicates that the softer response 

accelerates the development of volume loss with percentage unloading and hence the 

same volume loss is obtained quicker or otherwise at a smaller percentage of unloading. 

The same conclusions are reached if different rates of decay of stiffness are adopted in 
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the remaining three models. 

These conclusions can explain why in the analyses of sets 1 and 2 the predictions of the 

2-SKH model achieved the same volume loss at a much smaller percentage of 

unloading, as compared to the predictions of the other three models. This is because the 

value of y/ adopted in the analyses resulted in a big drop of stiffness once the stress state 

became elasto-plastic and hence in a softer response as compared to the other three 

models and as shown in Figures 9.19 and 9.24. 

For the 3-SKH model, the drop in stiffness predicted, once the stress state becomes 

elasto-plastic, is smaller than for the 2-SKH model and does not result in such a softer 

initial response as for the 2-SKH model. However, inspection of Tables 9.4-9.7 shows 

that the 3-SKH model always reaches the volume loss of 1% in a lower percentage of 

unloading than the M2-SKH and M3-SKH models. 

Distance f rom tunnel axis (m) 
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Figure 9.41: Surface settlement profiles predicted by the two-surface model - set 4: 
30.5 m deep tunnel 

Analysis y/ = 4.0 1// = 5 . 0 1// = 6.0 

Volume loss (%) 1.00 &97 1.03 

Percentage of 
unloading (%) 

54 38 28 

Table 9.9: Volume loss and percentage of unloading for set 4 (2-SKH model): 30.5 m 
deep tunnel 
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9.6 Analyses of the twin tunnels at St. James's Park 

9.6.1 Introduction 

The analyses in this study model the twin tunnels which were constructed as part of the 

Jubilee Line Extension (JLE) beneath St. James's Park. The soil profile and the 

geometry of the tunnels have been presented in Figure 9.4. The westbound tunnel was 

driven first, followed by the excavation of the eastbound tunnel 8.5 months later. 

Ground movements due to tunnelling were measured extensively as part of the JLE 

project and are presented in Standing et al. (1996) and Nyren (1998). A volume loss of 

3.3% was measured for the westbound tunnel. This volume loss was unexpectedly high 

compared with the previously measured values for tunnels driven in the London Clay, 

which usually varied between 1.0 and 2.0%. This is believed to be a result of a number 

of reasons, including lower than usual undrained strengths, varying permeabilities and 

excavation methods associated with a rapid rate of advance (Nyren et al. (2001)). The 

measured volume loss for the eastbound tunnel was 2.9% (Standing et al. (1996)). 

As mentioned in section 9.2, the geometry of the twin tunnels at St. James's Park has 

been analysed before by Addenbrooke et al. (1997) using a variety of pre-yield elastic 

hnear and non-linear constitutive models, including model J4. As already discussed, 

their work showed that non-linear elastic pre-yield models predict deeper settlement 

troughs than linear elastic pre-yield models. 

In this chapter the twin tunnels are analysed using the four kinematic hardening models. 

Moreover, an analysis with the non-linear model J4 is repeated (with slightly different 

pore pressure and Ko profiles than those used by Addenbrooke et al. (1997)). All 

analyses are compared with the measured field data. 

9.6.2 Model parameters 

London Clay 

The London Clay was modelled with all four kinematic hardening models and model J4. 

When trying to use the parameters adopted in section 9.5 it was found that the analysis 

with model J4 did not reach the required volume loss of 3.3% for the westbound tunnel. 

Moreover, the analyses with the kinematic hardening models achieved the volume loss 

of 3.3% at high percentages of unloading, 88% for the M2-SKH model, 78% for the 
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3-SKH, 95% for the M3-SKH model, with the exception of the two-surface model which 

reached it at 50%. The high percentages of unloading for all models (apart from the two-

surface model) can be attributed to two reasons. First, as aforementioned, the volume 

loss of 3.3% is unusually high for tunnels in London Clay (a typical volume loss of e.g. 

1.5-2% was achieved in the finite element analyses at much smaller unloading 

percentages). Second, as shown in the previous section, the percentage unloading at 

which the volume loss is reached is a consequence of the stiffness-strain response 

assumed in the model. This implies that, apart from the two-surface model, the rest of 

the parameters used in section 9.5 could be too stiff for modelling the London Clay at St. 

James 's Park (the parameters for the two-surface model have been shown to result in 

softer response than the other models). This could be a result of attempting to use 

parameters derived from tests on reconstituted London Clay from another site (Canons 

Park site). In the absence of test data f rom the St. James's Park site, the parameters used 

in the constitutive models for the London Clay stratum were chosen as follows. For the 

model J4, the parameters used by Addenbrooke et al. (1997) for the non-linear elastic 

part of the model were adopted, see Table 9.10. As shown in section 9.5.2 (Figure 9.9) 

these parameters result in softer response for the model J4 than the parameters adopted 

in the previous section 9.5.2. For the two-surface model the parameters were kept the 

same as in section 9.5.2 (Table 7.1), since these resulted in softer overall response than 

the other models. For the rest of the kinematic hardening models new values of the 

parameters that control the decay of stiffness were adopted and the rest of the parameters 

were kept the same as in section 9.5. The parameters that control the decay of stiffness 

are a, for the modified two-surface model, xj/, for the three-surface model and a, and ai 

for the modified three-surface model. These parameters were chosen on the basis of 

single finite element analyses simulating an undrained triaxial compression test and an 

undrained triaxial extension test at the westbound tunnel axis. The initial stress 

conditions were taken from Figures 9.10 and 9.11 and the configuration of the kinematic 

surfaces at the start of shearing was the configuration A in Figure 9.8a. The new 

parameters are summarised in Tables 9.11-9.13 and the predictions tor the undraincd 

triaxial compression and extension tests, based on these parameters, can be seen ni 

Figures 9.42 and 9.43 respectively. 

Terrace Gravel 

The Terrace Gravel was modelled with the same parameters as in section 9.5.2. 
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Figure 9.42: Predictions of the models' parameters for an undrained triaxial compression 
test at the westbound tunnel axis a) nonnalised stiffness-strain curve b) stress-strain 

curve 

Made Ground/Alluvium 

The Made Ground/Alhivium was also modelled with the same parameters as in section 

9.5.2. 

Tunnel Lining 

In these analyses a tunnel lining was constructed once the desired volume loss was 

reached. This was modelled with beam elements, as a continuous elastic ring of 

concrete. The parameters used are listed in Table 9.14, defining a linear clastic material 

model. The unit weight of the tunnel lining was taken equal to 24 K N / m \ 
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Figure 9.43: Predictions of the models' parameters for an undrained triaxial extension 
test at the westbound tunnel axis a) nonnahsed stiffness-strain curve b) stress-strain 

curve 

A B C(%) a (%) ^(1 nh:.\ 

1120.0 1016.0 1.0x10"" 1335 0.617 8.660x10^ 0.69282 23313 

R 5 r(%) d >l mill ( /w) K„.„. 

54^0 50&0 1.0x10' 2.069 0.420 5.0x10"^ 0.15 3000 0 

Table 9.10: Material parameters for the non-linear elastic part of model J4 for London 
Clay used in the analysis of the twin tunnels at St. James's Park 
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N r K A n m v' 4 R a 

3JW 0.097 0.003 59^0 0.87 0.28 22.5° 0.0 1.0 0.016 2.0 

Table 9.11: Material parameters for the modified two-surface model for London Clay 
used in the analysis of the twin tunnels at St. James's Park 

N r K A n m (P' 4 T W 

1 3 4 0.097 &003 590.0 0.87 0.28 22.5° 0.0 1.0 0.2 0.08 2.2 

Table 9.12; Material parameters for the three-surface model for London Clay used in the 
analysis of the twin tunnels at St. James's Park 

N r K A n m v' yp 4 T 5 a, a2 

3 3 4 0.097 0.003 59&0 0.87 0 J # :Z2.5° 0.0 1.0 0.1 0 J 6 2.0 10.0 

Table 9.13: Material parameters for the modified three-surface for London Clay used in 
the analysis of the twin timnels at St. James's Park 

Young's modulus, E (kPa) 28x10* 

Poisson's ratio, /i 0.15 

Cross-sectional area (m'/m) 0.2 

Second moment of area (m^'/m) 6.6667x10^ 

Unit weight (kN/m^) 2 4 ^ 

Table 9.14: Tunnel lining parameters 

9.6.3 Analyses details 

In the following analyses the 'volume loss control' method (described in scction 9.5.3) 

was adopted in order to model the three-dimensional tunnelling problem with plane 

strain finite element analyses. 
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i) Analyses with the kinematic hardening models modelling the London Clay stratum 

The analyses with the kinematic hardening models modelling the London Clay stratum 

were carried out as follows: 

At the start of the excavation of the westbound tunnel the Kg and p'o ! p' profiles of 

Figures 9.10 and 9.11 were prescribed for each model, with the configuration of the 

kinematic surfaces A (Figure 9.8a). The water table was at the top of the Terrace Gravel 

and the pore pressure distribution was hydrostatic with depth. The westbound tunnel was 

excavated undrained. Once the volume loss of 3.3% was reached the tunnel lining was 

constructed. The undrained excavation of the eastbound tunnel then followed (no rest 

period between the excavation of the two tunnels was modelled). Once the volume loss 

of 2.9% was achieved the tunnel lining in the eastbound tunnel was constructed. 

ii) Analyses with model J4 modelling the London Clay stratum 

The analyses with model J4 modelling the London Clay deposit were carried out as 

follows: 

At the start of the excavation of the westbound tunnel the initial conditions involved the 

Kg profile D in Figure 9.13. The pore pressure conditions were the same as in the 

analyses with the kinematic hardening models. Similar to these analyses, the westbound 

tunnel was excavated first, undrained, and the tunnel lining was constructed once the 

volume loss of 3.3% was obtained. The undrained excavation of the eastbound tunnel 

followed, with the tunnel lining being constructed at a volume loss of 2.9%. 

An additional analysis was carried out with model J4, which followed the same 

procedure as above, but before the excavation of the eastbound tunnel high initial 

stiffness was re-invoked across the entire mesh. This was done by zeroing the strains 

throughout the whole mesh, before starting the eastbound tunnel excavation, and hcncc 

forcing the model J4 to start again from the high initial stiffness. This is an approach 

suggested by Jardine et al. (1991) in order to simulate the high stiffness observed on 

stress path reversals. Unlike the kinematic hardening models, which automatically dctcct 

stress path reversals wherever these are happening, model J4 can only re-invoke high 

stiffness at the beginning of a user-defined increment in the elements of the mesh 

defined again by the user, regardless of the actual location of the reversals. This analysis 

will be referred to as analysis J40. 
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9.6.4 Analyses results 

9.6.4.1 Westbound tunnel 

Figure 9.44 presents the surface settlement profiles above the westbound tunnel for all 

models. Field data (after Standing et al. (1996)) are also plotted for comparison. The 

M2-SKH, 3-SKH and M3-SKH models predict similar settlement troughs which are 

deeper and narrower than the ones predicted by the 2-SKH and J4 models (these last two 

models predict also similar profiles). However, comparison with the field observations 

shows that the finite element predictions are still wider and shallower than measured. It 

should be noted, though, that the measured settlement profile does not follow exactly a 

Gaussian distribution (Standing et al. (1996) and Nyren et al. (2001)). 

Table 9.15 summarises the volume loss and percentage unloading before the tunnel 

lining was constructed. It can be seen that the measured volume loss was achieved at 
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Figure 9.44: Surface settlement profiles: westbound tunnel 

Analysis 2-SKH M2-SKH 3-SKH M3-SKH J4 

Volume loss (%) 3.31 3.31 3 3 6 3 2 8 3 J 2 

Percentage of 
unloading (%) 

50 57 51.4 60 68 

Table 9.15: Volume loss and percentage of unloading before the lining was constructed 
to achieve the volume loss of 3.3% for the westbound tunnel cxcavalion 
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different degrees of unloading, which, however, varied only between 50% and 60% for 

the kinematic hardening models. The model J4 obtained this at 68%. 

Figure 9.45 presents the subsurface vertical movements with depth predicted by all 

models directly above the centreline and at a distance of 4 m from the centreline of the 

tunnel at both sides. The displacements measured at the extensometers at the same 

locations are also plotted on the same figure (after Standing et al. (1996)). All models 

predict an increase in vertical movement with depth, which agrees with the trend 

revealed by the field measurements. At the locations Ax and Cx the predicted 

movements always remain smaller than the measured values. At the location Bx the 

predicted movements are generally lower than the measured ones, but they increase 

close to the tunnel crown and compare reasonably well with the maximum measured 

value. Moreover, Figure 9.45 shows that, although the M2-SKH, 3-SKH and M3-SKH 

models predict similar surface settlement troughs and hence values of the vertical 

movement at the surface, the M3-SKH model predicts a different distribution of vertical 

movements with depth than the other two models. The M2-SKH and 3-SKH models 

give similar distributions. The 2-SKH and J4 models, which predicted similar surface 

settlement profiles, also predict different vertical movement distributions. For locations 

Ax and Cx and location Bx, from the surface up to approximately a tunnel diameter 

above the crown of the tunnel, the highest vertical displacements are predicted by the 

M3-SKH model and the lowest by the 2-SKH model. It should be noted that the 

distribution of vertical movements predicted by the finite element analyses at locations 

Ax and Cx is symmetrical whereas the field measurements in Figure 9.45 show a slight 

asymmetry. 

Figure 9.46 plots the distribution of subsurface horizontal movements with depth 

predicted at a distance of 4 m from the centreline of the tunnel at both sides. Figure 9.46 

shows that the field data (after Nyren (1998)) show a pronounced asymmetry. Moreover, 

at the location Ai the horizontal movements are always directed towards the tunnel 

whereas at the location Ci the displacements up to a depth of 20 m below ground level 

are in the opposite direction. This is surprising since the excavation of the westbound 

tunnel is not influenced by any existing structure and hence, one would expect similar 

horizontal movements on either side of the tunnel. As expected, the movements 

predicted by the finite element analyses are symmetrical at the two locations. All models 

predict horizontal movements towards the excavated tunnel. If the measured values at 

location Ai are taken as correct, then all models seem to overpredict the maximum 
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horizontal movement. However, because of the marked asymmetry revealed by the 

measurements, no definite conclusion can be drawn from the comparison of the finite 

element predictions with the field data. 

9.6.4.2 Eastbound tunnel 

Figure 9.47 presents the surface settlement profiles predicted by all models above the 

eastbound tunnel, plotted against the field data, as a result solely of the excavation of the 

eastbound tunnel. Figure 9.47 indicates that the shallowest settlement trough is predicted 

by the model J4 whereas the deepest one is predicted by the 2-SKH model. The deep 

settlement trough predicted by the latter model can be explained by the value of Ko at the 

eastbound tunnel axis and the effect that this has on the pardcular model (see section 

9.5.4.3). The field measurements in Figure 9.47 show an asymmetry about the tunnel 

axis, with the profile being wider on the side of the previously constructed westbound 

tunnel than on the opposite side. From the profiles predicted by the kinematic hardening 

models, the M3-SKH model shows an asymmetry about the centreline of the tunnel, 

whereas the other models do no predict any marked asymmetry. Similar to the results 

presented by Addenbrooke et al. (1997), the analysis J40 predicts deeper settlement 

trough than the analysis J4, but the asymmetry of the surface settlement profile predicted 

by the analysis J4 is lost. 

Table 9.16, which summarises the volume loss and corresponding percentage of 

unloading before the construction of the lining, indicates that the measured volume loss 

was obtained at different degrees of unloading, varying between 46 to 76%. 
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Figure 9.47; Surface settlement profiles: eastbound tunnel 
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Analysis 2-SKH M2-SKH 3-SKH M3-SKH J4 J40 

Volume loss 2.98 2.98 3.0 2 j # 2^7 2.96 

Percentage of 
unloading (%) 

46 76 62 72 62 68 

Table 9.16: Volume loss and percentage of unloading before the lining was constructed 
to achieve the volume loss of 2.9% for the eastbound tunnel excavation 

It is interesting to examine the stress path followed by an element close to the eastbound 

tunnel axis due to the construction of the westbound tunnel. Figure 9.48 presents such a 

stress path. The element is subjected to compression, with J increasing up to point A. 

This point represents the increment of the analysis at which the required volume loss is 

achieved and the tunnel lining is constructed. The excavation of the tunnel is then 

completed allowing the forces on the tunnel lining to build up. Point B in Figure 9.48 

represents the end of the tunnel construction. It can be seen that from A to B the value of 

J is decreasing. The excavation of the eastbound tunnel then follows with J increasing 

again. It is obvious that from A to B a small stress reversal takes place. In the kinematic 

hardening models this causes the stress state to move within the kinematic yield surface. 

On the subsequent excavation of the eastbound tunnel, after point B, the high elastic 

stiffness is therefore re-invoked. In the case of the 2-SKH and 3-SKH models, due to the 

drop in stiffness that takes place once the stress state becomes elasto-plastic, this small 

stress reversal is not expected to influence significantly the results. However, in the case 

of the M2-SKH and M3-SKH models which predict smooth elasto-plastic transition, the 

a 
O H 

265 270 
p'(KPa) 

275 

Figure 9.48: Stress path experienced by an element close to the eastbound tunnel axis 
due to construction of the westbound tunnel 
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stiffness predicted after the point B, is much higher than what would have been 

predicted if no stress reversal had taken place. Hence, in this case, the stress reversal, 

after the constmction of the tunnel lining, is expected to influence the predicted 

settlement trough above the eastbound tunnel. It should be noted, though, that in reality 

tunnel excavation is a three-dimensional process. In these analyses the 3-D nature of the 

problem was represented with plane strain analyses using the 'volume loss control' 

method. Hence, it is not known whether this kind of stress reversal is a result of the 

plane strain modelling of the problem or would also happen in a 3-D finite element 

analysis or even in reality. 

9.7 Summary and conclusions 

This chapter explored the behaviour of the kinematic hardening models, presented in this 

thesis, in tunnelling problems. Two studies were carried out; a study of the behaviour of 

a tunnel excavated in London Clay (for two tunnel depths) and a case study of the twin 

tunnels of the Jubilee Line Extension beneath St. James's Park. The analyses of the 

kinematic hardening models were compared with analyses using a non-linear elastic pre-

yield model (model J4). 

a) First study: Analyses of a tunnel in London Clay 

This study investigated the influence of the initial conditions before the excavation of 

the tunnel for each kinematic hardening model. The initial conditions considered were 

i) the configuration of the kinematic surfaces at the end of the geological history and ii) 

the assumed initial Kg profile. Moreover, a set of analyses looking into the effect of the 

stiffness degradation with strain assumed in the models was also carried out. The 

geological history followed in the analyses was one of unloading due to erosion 

followed by reloading due to deposition of the overlying layers. Two configurations of 

the kinematic surfaces were considered in the analyses. The first one resulted from the 

assumed geological history and simulated the effect of recent stress history. In the 

second one the surfaces were centred around the stress state at the end of the geological 

history simulating in this way the effect of stress path direction. The effect of A',, and the 

stiffness degradation assumed in the models were examined for the second configuration 

of the kinematic surfaces. 

406 



The conclusions that can be drawn from this study are the following: 

• For the same Ko profile the predicted surface settlement trough is controlled by 

the relative stiffness response between the soil elements subjected to 

compression paths and the soil elements subjected to extension paths. 

• The modified two-surface model, the three-surface model and the modified 

three-surface model predict a deeper and narrower surface settlement trough for 

the first kinematic surface configuration, resulting from the geological history 

and simulating the effect of recent stress history, than the second configuration, 

which simulates the effect of stress path direction. The surface settlement 

troughs, predicted by these models, for the first kinematic surface configuration 

plot also much closer to the Gaussian distribution, than the predicted profiles for 

the second kinematic surface configuration. In the first configuration the 

stiffness in compression is softer than the stiffness in extension, whereas in the 

latter case the stiffness in compression and extension is similar. It should be 

noted that Clayton and Heymann (2001) have recently suggested that if ageing 

is taken into account then there is no effect of recent stress history and in this 

case the effect of stress path direction is the one that becomes important. 

• The two-surface model gives very similar predictions of the surface settlement 

trough for the two configurations of the kinematic surface. This can be 

explained by the inability of the model to retain a memory of the previous stress 

history and hence predicting approximately the same stiffness response once the 

stress state becomes elasto-plastic, irrespective of the previous configuration of 

the kinematic surface (at least for the size of the kinematic surface considered in 

the analyses). 

• The surface settlement profiles predicted by the non-linear model J4 fall within 

or close to the range of profiles predicted by the modified two-surface model, 

the three-surface model and the modified three-surface model for the second 

configuration of the kinematic surfaces. Hence, the profiles predicted by the 

non-linear J4 model are also shallower and wider than the ones predicted by the 

same kinematic hardening models for the first kinematic surface configuration. 

This is because the model J4 predicts similar stiffness in compression and 

extension and similar to the stiffness that the modified two-surface model, the 

three-surface model and the modified three-surface model predict for the second 
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configuration of the kinematic surfaces. 

• For the second kinematic surface configuration, which was investigated in this 

study, the initial Kg profile assumed in the analyses influences the surface 

settlement troughs predicted by all four kinematic hardening models. For all 

models the lower value of Ko results in the deepest and narrowest settlement 

trough. For the second kinematic surface configuration, the value of Kg dictates 

the relative stiffness between the elements subjected to compression paths and 

the elements subjected to extension paths (once the stress state is elasto-plastic). 

This effect is additive to the effect that Ko already has for the same compression 

and extension stiffness. The two-surface model is influenced significantly by the 

assumed Kg profile. The modified two-surface model is influenced to a lesser 

extent, whereas for the three-surface model and the modified three-surface 

model there is an even smaller effect. 

• The non-linear model J4 seems also to be influenced significantly by the 

assumed Ko profile but to a lesser extent than the two-surface model. 

• A softer behaviour assumed in the kinematic hardening models, once the stress 

state becomes elasto-plastic, results in a relatively deeper settlement trough and 

in achieving the same volume loss at a smaller percentage of unloading. 

• In the case of the two-surface model the drop in stiffness predicted, once 

yielding is initiated, results in a much softer behaviour than the other models. 

Hence, the two-surface model reaches the same volume loss at much lower 

percentages of unloading. In the case of the three-surface model the predicted 

drop in stiffness results also in the model reaching the same volume loss in 

lower unloading percentages than the modified two- and three-surface models. 

However, since the drop in stiffness is smaller than what the two-surface model 

predicts, there is also a smaller difference in the obtained unloading percentages. 

If a tunnel lining were to be constructed, then constructing this earlier would 

have resulted in higher loading forces in the lining. 

b) Second study: Analyses of the twin tunnels at St. James 's Park 

In this study the predictions of the kinematic hardening models and the non-linear model 

J4 were compared with field data from the instrumented case study of the construction 

of the two tunnels beneath St. James's Park. The following conclusions can be drawn 
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from this study: 

i) Westbound tunnel 

• The modified two-surface, three-surface and modified three-surface models 

gave similar predictions of the surface settlement profile above the westbound 

tunnel. The two-surface model and model J4 also predicted similar settlement 

troughs, which, however, were shallower than those predicted by the other 

models. 

• The models achieved the measured volume loss at different degrees of 

unloading (50-68%), therefore predicting different forces in the tunnel lining. 

• All predicted surface settlement troughs were too wide and shallow when 

compared to the field observations. 

• Although the modified two-surface, the three-surface and modified three-surface 

models predicted similar settlement troughs, the modified three-surface model 

predicted higher values of vertical movements with depth than the modified 

two-surface and the three-surface models. The two-surface model, which 

predicted similar settlement troughs to the model J4, predicted lower vertical 

movements with depth than the model J4. From the surface to one diameter 

above the tunnel crown, the highest vertical movements were predicted by the 

modified three-surface model and the lowest by the two-surface model. 

• All predicted subsurface vertical movements with depth, at a distance of 4 m 

from the centreline of the tunnel, on either side of the tunnel, were smaller than 

the observed ones, for all models used in the analyses. The same was true for the 

predicted distribution of vertical movements with depth directly above the 

tunnel. However, the predicted vertical movement close to the crown of the 

tunnel compared reasonably well with the measured value. 

• The field observations of the distribution of horizontal movements with depth at 

a distance of 4 m from the centreline of the tunnel, show a marked asymmetry, 

although the excavation of the tunnel is not influenced by any existing structure. 

Therefore no definite conclusion can be drawn from the comparison of the finite 

element predictions with the field observations. 
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ii) Eastbound tunnel 

• The deepest settlement trough, closer to the field observations, was predicted by 

the two-surface model and the shallowest by the J4 model. The deep settlement 

trough predicted by the two-surface model can be explained by the value of 

at the eastbound tunnel axis and the effect that this has on the particular model. 

• The models achieved the volume loss at different unloading percentages varying 

from 46% to 76%. 

• The 2-D modelling of the westbound tunnel construction can cause stress 

reversals prior to the eastbound tunnel excavation. This is not expected to 

influence the predictions of the two-surface and three-surface models, but causes 

hardening of the relevant soil elements in the case of the modified two-surface 

and modified three-surface models, hence influencing the predicted response. 

• The predicted settlement troughs are still shallower and wider than the field 

observations. 
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Chapter 10 

Summary and conclusions 

10.1 Introduction 

The main aim of this research was to improve the predictions of the behaviour of 

overconsolidated clays, and in particular the predictions of the pre-failure behaviour, 

through the study of constitutive models based on the kinematic hardening concept. The 

methodology followed was to choose two existing constitutive models that are capable 

of capturing important features of the behaviour of overconsolidated clays, the two-

surface (Al-Tabbaa (1987)) and the three-surface (Stallebrass (1990)) kinematic 

hardening models. As part of this work the two models were improved and fomuilated in 

general stress space. The models were then implemented into the Imperial College Finite 

Element Program (ICFEP). Although these models offer a substantial improvement in 

modelling the behaviour of overconsolidated clays, it soon became apparent that both 

models predict a non-smooth transition from elastic to elasto-plastic behaviour. This 

proves to be a significant drawback when simulating the non-linear pre-failure behaviour 

of overconsolidated clays. As part of this work this feature of behaviour was improved 

by proposing a new hardening modulus for both models and in this way two new models 

were formulated and implemented into ICFEP, the modified two-surface and modified 

three-surface kinematic hardening models. The four kinematic hardening models were 

evaluated and compared to experimental results where possible. The models were then 

used in the finite element analysis of two boundary value problems. The two-surface and 

modified two-surface models were used in the analyses of an embankment founded on a 

lightly overconsolidated clay deposit, while all four models were used in the analyses of 

tunnels excavated within the heavily overconsolidated London Clay. 
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10.2 Typical characteristics of overconsolidated clays 

The pre-failure deformation of overconsolidated clays is highly non-linear and inelastic, 

except at very small strains, where a region of almost constant stiffness is usually 

identified and within which the behaviour is often assumed to be elastic. 

The pre-failure behaviour of overconsolidated clays is well known to depend on many 

factors. The ones explored in this work are the effect of recent stress history and the 

effect of stress path direction. According to the effect of recent stress history, as reported 

by Atkinson et al. (1990), the stiffness along a certain loading path depends on the 

direction of the previous stress path. The highest stiffness is observed when the new 

stress path constitutes a complete reversal in the previous stress path direction 

(0,. = 180°), and the lowest stiffness is observed when the new stress path is a 

continuation of the previous stress path direction {0,- = 0°). However, Clayton and 

Heymann (2001) have recently suggested that once creep is accounted for, then there is 

no effect of the previous stress history. According to Clayton and Heymann (2001), a 

rest period results in the stiffness at the very small strains reverting back to the 

maximum value and the rate of decay of stiffness in the small strain range depending on 

the stress path direction; the softer response exhibited by the stress path that takes the 

loading closer to the gross yield surface. 

10.3 Kinematic hardening models 

The kinematic hardening models introduce a number of kinematic yield surfaces within 

the conventionally defined yield surface, termed the bounding surface. The behaviour 

within the first kinematic surface is assumed to be elastic. When the stress state touchcs 

the first kinematic surface the behaviour becomes elasto-plastic and the kincmatic 

surface is then dragged along the stress path. In this way, the kincmatic hardening 

models are capable of simulating plasticity and non-linearity from the early stages of 

loading. Moreover, in these models, the configuration of the kinematic surfaces in stress 

space provides some memory of the previous loading history. 

The two existing kinematic hardening models chosen to be implemented into ICFEP 

were the two-surface model, developed by Al-Tabbaa (1987) and the three-surfacc 

model, developed by Stallebrass (1990). Both models were originally developed in 

triaxial stress space. 
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The two-surface model is an extension of the modified Cam Clay model. It introduces a 

single kinematic yield surface within the modified Cam Clay bounding surface. The 

model requires seven parameters, five of which have their origin in the modified Cam 

Clay model. 

The three-surface model is an extension of the two-surface model. It introduces an 

additional kinematic surface, the history surface, so as to simulate satisfactorily the 

effect of recent stress history. The model requires one additional parameter to the seven 

required by the two-surface model. 

As aforementioned, both models were formulated in general stress space, as part of this 

work. The models were further improved by introducing different shapes of the yield 

and plastic potential surfaces in the deviatoric plane. Moreover, in the case of the two-

surface model a new translation rule was adopted for the case that the two surfaces are in 

contact. The new translation rule guarantees that the surfaces remain in contact for 

further loading. 

Both models were shown to predict an abrupt elasto-plastic transition, which results in a 

drop in stiffness once yielding is initiated. This feature of behaviour is attributed to the 

hardening modulus assumed in both models. In order to improve this deficiency, two 

new models were formulated, the modified two-surface and modified three-surface 

models. The new models differ from the generalised versions of the two- and three-

surface models only in the adopted hardening modulus. The new hardening modulus for 

the modified two- and three-surface models ensures a smooth elasto-plastic transition 

and stiffness degradation curves. The two new models were formulated directly in 

general stress space. 

Common features of the generalised versions of the two- and three-surface models and 

the modified two- and three-surface models are the following: 

• The models are formulated in terms of the volumetric and dcviatoric 

components of the stress and strain tensors and therefore have an anisotropic 

formulation. 

• The models can predict anisotropic yielding and stiffness characteristics, for 

stress paths that initiate within the bounding surface, depending on the 

configuration of the kinematic surfaces relative to the initial stress state. 

However, the strength predicted by the models is isotropic, since this is 
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governed by the isotropic bounding surface. 

• The shape of the yield and plastic potential surfaces in the deviatoric plane is not 

necessarily circular but can take a number of different shapes, simulating in this 

way more realistic failure conditions. The yield surface can take either the shape 

of a Mohr-Coulomb hexagon or the general shape proposed by van Eekelen 

(1980), while the plastic potential takes the latter shape. Depending on the 

choice of the input parameters, the general shape proposed by van Eekelen 

(1980) can simulate different shapes including the one proposed by Lade (Lade 

and Duncan (1975)) and a circular shape. 

• When all surfaces are in contact and for continuous yielding all four models 

degenerate to the modified Cam Clay model. 

• The concept of changing the active yield surface each time one or more surfaces 

are in contact was adopted in all models, overcoming, in this way, the problem 

of the inconsistent hardening modulus and the translation rule of the surfaces 

when these are in contact. 

• The elastic shear strains can be calculated by assuming a constant Poisson's 

ratio, /(, a constant elastic shear modulus, G^, a constant ratio GJp', or an elastic 

shear modulus calculated by an equation of the form proposed by Viggiani 

(1992) (Equation 4.51). 

The introduction of different shapes of the yield and plastic potential surfaces in the 

deviatoric plane and the use of Equation 4.51 introduce additional model parameters. 

The generalised version of the two-surface model and the modified two-surface model 

require either nine parameters when the shape of the yield surface in the deviatoric plane 

is a Mohr-Coulomb hexagon or eleven if a general shape is adopted instead. The 

generalised version of the three-surface model requires ten or twelve parameters 

depending on the shape of the yield surface in the deviatoric plane, while the modified 

three-surface model requires eleven or thirteen parameters. 

For all four models, five of the parameters have their origin in the modified Cam Clay 

model. In the two-surface and the modified two-surface models two additional 

parameters are required in order to define the behaviour of the kinematic surface. In the 

three-surface model three parameters are required in order to define the behaviour of the 

two kinematic surfaces, whereas in the modified three-surface model four parameters arc 
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required. The adopted hardening modulus in the latter model introduces an additional 

parameter as compared to the hardening modulus of the three-surface model. These 

parameters can be derived from standard isotropic and triaxial tests as described in 

Chapters 4, 5 and 6 (the elastic shear modulus Ge can also be deduced from dynamic 

measurements). The rest of the parameters required in the generalised formulations of 

the models control the shape of the yield and plastic potential surfaces in the deviatoric 

plane. For all four models, if the elastic shear modulus, Ge, is defined by Equation 4.51, 

then two extra parameters are required. 

The four models were implemented into ICFEP. The calculation of the terms required 

for the implementation of the models and the flowcharts of the subroutines of the models 

have been presented in detail. 

10.4 Evaluation of the kinematic hardening models 

The evaluation of the four kinematic hardening models was subdivided into three parts. 

In the first part a set of undrained triaxial tests on reconstituted London Clay was 

simulated and the capability of the models to simulate pre-failure non-linearity, in 

particular, was investigated. In the second part the ability of the models to simulate the 

effect of recent stress history was studied. Finally, the last part examined the way the 

models can simulate the effect of stress path direction. 

The conclusions drawn from these studies can be summarised as follows: 

a) Pre-failure non-linearity 

Compression tests: 

• The modified two-surface, the three-surface and the modified three-surface 

models predicted reasonably well the stress-strain curves at OCR values of 3 and 

7 up to large strains. The two-surface model predicted reasonably well the same 

stress-strain curves up to strains of 1%. 

• The modified two- and three-surface models predicted smooth stiffness 

degradation curves which agreed better with the experimental data than the ones 

predicted by the two- and three-surface models. Hence, the modified models arc 

an improvement over the original models. 
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• Both the two- and three-surface models predicted drops in stiffness once 

yielding was initiated. However, the three-surface model predicted smaller drops 

of stiffness and compared better with the experimental data than the two-surface 

model. This is due to the presence of the history surface in this model, as well as 

the chosen model parameters. 

Extension tests; 

• The simulation of the extension tests was less satisfactory. All models generally 

underpredicted the initial part of the stiffness-strain curves. This was attributed 

to the rest period allowed before shearing the samples in the laboratory, which 

possibly resulted in increased stiffness in the small strain range. However, no 

such time effects were modelled in the numerical simulation of the tests and, for 

the extension tests, the models kept on behaving plastically, hence, predicting 

low values of stiffness initially. 

b) Effect of recent stress history 

• The two-surface model is unable to retain a memory of the previous stress 

history, once the stress state touches the kinematic yield surface (at least for the 

size of the kinematic yield surface examined in this work). 

• The modified two-surface is capable of retaining some memory of the previous 

loading path, since it can predict qualitatively the stiffness curves for (),• = 0° and 

Or = 180°, but not the ones for 0,. = 90° and 6,- = -90°. Hence, this is another 

improvement over the two-surface model. 

• The three-surface model predicted reasonably well the stiffness curves after 

each of the four stress path rotations. However, not all curves are smooth and a 

drop in stiffness is still predicted once yielding is initiated. 

• The modified three-surface model predicted satisfactorily the stiffness curvcs for 

0,. = 0°, Or = 90° and 0,. = 180°, but predicted high stiffness for Or = -90°. 

However, the high stiffness predicted for this path can be explained by 

considering the normality rule assumed in the model. 

• Overall, the presence of the history surface in the threc-surfacc and modified 

three-surface models provides a better memory of the previous stress history 

over the two-surface and modified two-surface models. It also results in a better 
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qualitative prediction of the observed strain paths. 

c) Effect of stress path direction 

• The effect of stress path direction, as reported by Clayton and Heymann (2001), 

can be simulated in the four kinematic hardening models by centring the 

kinematic surfaces around the current stress state at the end of the previous 

stress history. 

Comparison of undrained triaxial compression and extension tests in which the 

kinematic surfaces were centred around the current stress state at the end of a previous 

assumed stress history (simulating in this way the effect of stress path direction), with 

similar analyses in which there was no centring of the kinematic surfaces at the end of 

the previous stress history, showed the following: 

• For the two-surface model there was practically no difference between the two 

sets of analyses, once the stress state touched the kinematic surface. This was 

attributed to the inability of the model to retain a memory of the previous stress 

history and resulted in the stiffness response predicted by the model being 

independent of the previous configuration of the kinematic surface, once 

yielding is initiated. 

• For the other three models each set of analyses resulted in a different stiffness 

response, which depended on the configuration of the kinematic surfaces at the 

start of shearing. 

• In general, the kinematic hardening models predict a different stiffness response 

between compression and extension paths (at least for K„ ^ 1.0). 

10.5 The use of kinematic hardening models in the analyses of 

an embankment 

The predicted short term behaviour of an embankment, when its soft clay foundation is 

modelled with the kinematic hardening models, was investigated through two studies. 

The first study compared the pre-failure deformational behaviour of the embankment 

predicted by the two-surface and modified two-surface models. The predictions of the 

two kinematic hardening models were also compared with the predictions of the 
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modified Cam Clay model. The second study examined the effect of the shape of the 

yield and plastic potential surfaces in the deviatoric plane on the predicted failure height 

of the embankment. 

The conclusions reached from these studies can be summarised as follows: 

a) Pre-failure deformational behaviour of the embankment 

• When the same undrained strength profile was assigned to all three models 

(two-surface, modified two-surface and modified Cam Clay), then these 

predicted the same failure height, but different deformational behaviour of the 

embankment. 

• The pre-failure defonnations were found to be influenced by both non-linearity 

and the difference in the stiffness response between compression and extension 

paths. 

Concerning the comparison of the two kinematic hardening models; 

• When the model parameters were chosen so that both models predicted similar 

response in compression, the modified two-surface model predicted smaller 

movements in the initial stages and larger movements in the later stages of the 

embankment construction than the two-surface model. This was attributed to the 

different response predicted by the two models in extension, as well as the non-

smooth elasto-plastic transition predicted by the two-surface model. 

• When Ko = 1.0 was assumed in the analyses, in which case the stiffness in 

compression was the same as the stiffness in extension, for each model, the two 

kinematic hardening models still predicted a different deformational behaviour. 

The modified two-surface model predicted considerably smaller movements 

than the two-surface model. This was attributed to the non-smooth clasto-piastic 

transition predicted by the two-surface model, which resulted in an 

underprediction of the stiffness, once yielding was initiated, and hence in a 

softer response as compared to the modified two-surface model. Although no 

analyses were carried out with the three-surface model, a similar response is 

expected, since this model also shows an abrupt clasto-piastic transition. The 

amount by which the pre-failure movements arc undcrpredicted is cxpccted to 

depend on the magnitude of the drop in stiffness. 
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Concerning the comparison of the kinematic hardening models with the modified Cam 

Clay model: 

• When an average stiffness applicable to a stress level of 50% in triaxial 

compression was chosen for the modified Cam Clay model, then this 

overpredicted in the initial stages and underpredicted in the later stages of the 

embankment construction the pre-failure movements, as compared to the 

kinematic hardening models. The difference was attributed to the non-linear 

behaviour predicted by the kinematic hardening models, as compared to the 

almost linear behaviour of the modified Cam Clay model within the yield 

surface, as well as the fact that the kinematic hardening models predict a 

different stiffness response between compression and extension, as compared to 

the same stiffness in compression and extension predicted by the modified Cam 

Clay model, within the yield surface. 

b) Failure height of the embankment 

• When the same undrained strength is prescribed in triaxial compression, the 

predicted failure height of the embankment, under plane strain conditions, is 

strongly influenced by the shape of the yield and plastic potential surfaces in the 

deviatoric plane. 

• For a model which predicts isotropic strength the choice of the shape of the 

yield and plastic potential surfaces in the deviatoric plane is as important as the 

undrained strength profile chosen for design (i.e. triaxial compression profile or 

direct simple shear profile). 

10.6 The use of kinematic hardening models in tunnelling 

problems 

The behaviour of the four kinematic hardening models in tunnelling problems was 

examined through two studies. The first study explored the influence of i) the initial 

configuration of the kinematic surfaces, ii) the initial K„ profile and iii) the stiffness 

degradation with strain on the surface settlement profiles induced by the undraincd 

excavation of a tunnel, within the heavily overconsolidated London Clay. The sccond 

study modelled the twin tunnels of the Jubilee Line Extension, beneath St. James's Park 
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and the predictions were compared with available field data. The analyses of the 

kinematic hardening models were also compared with analyses using a non-linear elastic 

pre-yield model, combined with a Mohr-Coulomb yield surface and a non-associated 

flow rule. 

The conclusions drawn from these studies can be summarised as follows; 

a) Analyses of a tunnel in London Clay 

Concerning the effect of the configuration of the kinematic surfaces prior to tunnel 

excavation: 

• For the modified two-surface, three-surface and modified three-surface models 

the predicted surface settlement trough was shown to depend on the 

configuration of the kinematic surfaces at the start of the tunnel excavation. This 

was attributed to the fact that different kinematic surface configurations resulted 

in different relative stiffness responses between compression and extension 

paths. 

» For the above three models a deeper and narrower settlement trough was 

predicted for the kinematic surface configuration which resulted from the 

simulation of the previous geological history (modelling erosion and subsequent 

deposition) than for the configuration in which the surfaces were centred around 

the initial stress state and which simulated the effect of stress path direction. In 

the former configuration the stiffness response in compression was softer than 

the stiffness response in extension, whereas in the latter configuration the 

stiffness response in compression and extension was similar. The profiles 

predicted in the first case also plot much closer to the Gaussian distribution 

curve than for the second case. 

• For the two-surface model the predicted surface settlement trough was shown to 

be almost independent of the configuration of the kinematic surface prior to 

tunnel excavation. This was attributed to the inability of the model to retain a 

memory of the previous stress history, once yielding is initiated, and hence 

predicting approximately the same relative stiffness response between 

compression and extension paths independently of the previous kinematic 

surface configuration (at least for the size of the kinematic surface considered in 

these analyses). 
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Concerning the comparison of the predictions of the kinematic hardening models with 

the predictions of the non-linear elastic pre-yield model: 

• The non-linear elastic model predicted settlement troughs which plot close or 

within the range predicted by the modified two-surface, three-surface and 

modified three-surface models for the configuration simulating the effect of 

stress path direction. These were shallower and wider than those predicted by 

the same three kinematic hardening models for the kinematic surface 

configuration resulting from the simulation of the geological history. This was 

attributed to the fact that the non-linear model predicted similar stiffness 

response in compression and extension, which was comparable to the stiffness 

response predicted by the three kinematic hardening models for the 

configuration simulating the effect of stress path direction. 

Concerning the effect of the initial Ko profile for the kinematic surface configuration 

which simulates the effect of stress path direction; 

• All four kinematic hardening models are influenced by the K,, profile but to a 

different extent. The two-surface model is influenced significantly, the modified 

two-surface model is influenced in a lesser extent, while the three-surface and 

modified three-surface models show an even smaller effect. This is due to the 

fact that, apart from the effect that the Ko profile has if the soil has the same 

compression and extension stiffness, the value also controls the relative 

stiffness response between compression and extension paths. For the two-

surface model the variations in the values of K„ resulted in a bigger relative 

difference between the stiffness response in compression and extension than for 

the other three models. 

Concerning the effect of the rate of decay of stiffness: 

• A quicker rate of stiffness decay with strain resulted in a relatively deeper 

settlement trough and in achieving the same volume loss at lower percentage of 

unloading. If a tunnel lining were to be constructed, then constructing this earlier 

would have resulted in higher loading forces on the lining. 

• The two-surface model achieved the same volume loss at much lower unloading 

percentages than the other models. This is due to the drop in stiffness predicted 

by the model, once the stress state becomes elasto-plastic, which resulted in a 
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much softer behaviour for this model as compared to the other models. 

• The three-surface model also obtained the same volume loss quicker than the 

modified two-surface and modified three-surface models. However, due to the 

smaller drop in stiffness predicted by the model, as compared to the two-surface 

model, the same volume loss was achieved later than for the two-surface model. 

b) Twin tunnels at St. James Park 

Westbound tunnel: 

• The surface settlement profiles predicted by all models are too shallow and wide 

when compared to the field measurements. 

• For similar surface settlement troughs, the models predicted different profiles of 

subsurface vertical movements. However, all the predictions are too small when 

compared with the measured movements at a distance of 4.0 m from the 

centreline of the tunnel. The predicted vertical subsurface movements directly 

above the tunnel are generally smaller than the observed ones, apart from the 

vertical movement close to the crown of the tunnel, which compared reasonably 

well with the measured value. 

No definite conclusion can be drawn from the comparison of the horizontal 

movements at a distance of 4.0 m from the centreline of the tunnel with the 

observed data. This is because the measured profiles show an unexpected 

marked asymmetry. 

Eastbound tunnel; 

The surface settlement profiles predicted by all models are too shallow and wide 

when compared to the field measurements. 

The deeper settlement trough, closer to the field observations, which is predicted 

by the two-surface model, can be explained in terms of the K„ value at the 

eastbound tunnel axis for this model and the effect that this has on the behaviour 

of the particular model. 

Modelling of the construction of the westbound tunnel lining in plane strain 

analyses causes stress path reversals prior to the eastbound tunnel excavation. 

While this is not expected to affect the response predicted by the two- and three-
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surface models, it influences the behaviour of the modified two- and three-

surface models by causing hardening of the relevant soil elements. 

10.7 Recommendations for further research 

The following recommendations for further research are presented for four areas of 

interest: experimental studies, evaluation of kinematic hardening models, numerical 

studies and constitutive modelling. 

10.7.1 Experimental studies 

The finite element analyses presented in Chapter 9 investigated two scenarios. In the 

first scenario it was assumed that stiffness depends on the previous stress history. The 

second scenario assumed that stiffness is independent of the previous stress history and 

that it only depends on the stress path direction. Comparison of the results obtained 

demonstrated that a different predicted response is obtained for each scenario. Therefore, 

this study suggests that more experimental investigations are needed in order to assess 

and clarify the effect of recent stress history, the effect of stress path direction and the 

effect that ageing periods have on them. 

10.7.2 Evaluation of kinematic hardening models 

In terms of the evaluation of the kinematic hardening models presented in this thesis: 

The evaluation of the kinematic hardening models presented in this thesis has mostly 

concentrated on modelling the undrained behaviour of overconsolidated clays. However, 

the models could be further evaluated by also simulating a set of drained tests and 

comparing the predicted behaviour with the experimental results. 

In terms of the evaluation of any kinematic hardening model: 

The behaviour of the kinematic hardening models has often been evaluated in the past 

by examining only the predicted behaviour along compression paths, and hence, the 

behaviour along extension paths has often been overlooked. However, the work 

presented in this thesis has highlighted the importance of the soil stiffness response in 

both compression and extension paths. Since any kinematic hardening model predicts a 

different stiffness response between compression and extension paths, it is important 
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that in the evaluation of the kinematic hardening models the predicted response against 

extension paths is equally examined. 

10.7.3 Numerical studies 

A main advantage of the kinematic hardening models over linear and non-linear elastic 

models is the fact that the former allow for the development of plastic strains from the 

early stages of loading and therefore are capable of capturing the hysteretic behaviour 

observed during cycles of unloading and reloading. Unfortunately, the boundary value 

problems considered in this thesis did not investigate this feature of behaviour. Hence, it 

would be interesting to use these models in boundary value problems involving cyclic 

loading. For example Kovacevic et al. (2004) have recently used the two-surface model 

in the finite element analysis of a dam subjected to cycles of reservoir drawdown and 

impounding. The predictions of the two-surface model were compared with the 

predictions of another two constitutive models, the modified Cam Clay model and 

Lade's single hardening model, and also compared with available field data. The 

conclusion reached was that the two-surface model gave better predictions than the other 

two models and the reason for this was attributed to the capability of the model to 

predict the hysteretic behaviour observed during cycles of unloading and reloading. 

In addition, both boundary value problems, analysed as part of this thesis, were 

concerned with the undrained behaviour of overconsolidated clays. However, it would 

be interesting to examine the performance of the models also in drained or coupled finite 

element analyses. 

10.7.4 Constitutive modelling 

Obvious improvements of the kinematic hardening models presented in this thesis arc 

extensions of the models to account for i) the effects of structure in natural soils, 

ii) additional effects of anisotropy and iii) time effects. 

Effects of structure and additional effects of anisotropy: 

As mentioned in the literature review of this thesis, Baudet (2001) has already extended 

the three-surface model and Rouainia and Muir Wood (2000) have extended the two-

surface model in order to model the effects of structure. Moreover, the kinematic 

hardening models proposed by Gajo and Muir Wood (2001) and Callisto et al. (2002) 
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introduce rotated yield and bounding surfaces to account for anisotropy in strength. 

However, although these models constitute a significant improvement in modelling the 

behaviour of clays, they still predict a non-smooth elasto-plastic transition, which has 

been shown to be an important deficiency when simulating pre-failure non-linearity. 

Similar to the two-surface and three-surface models, the problem of the abrupt elasto-

plastic transition in these more advanced models can be solved by modifying the 

hardening modulus. For example, the new hardening modulus adopted in the modified 

two-surface and modified three-surface models can be easily incorporated within those 

existing models. 

Time effects: 

The models in their present form cannot account for time effects. Stallebrass (1990) 

proposed a way time effects could be included in the three-surface model. It was 

suggested that creep can be included by allowing plastic volumetric strains to develop at 

a constant stress state at a rate controlled by a creep equation. In this way the surfaces 

would expand while the stress state would remain the same and hence the stress state 

would end up within the elastic region. For any subsequent loading the high elastic 

stiffness would be predicted initially. Another way of modelling time effects in the 

kinematic hardening models would be to allow a time dependent movement of the 

kinematic surfaces in a way that after sufficiently long enough time the surfaces would 

end up being centred around the current stress state. However, both approaches have an 

obvious drawback. This is that as soon as the stress state ends up within the elastic 

region, high elastic stiffness would be predicted on any subsequent loading. Hence, 

unfortunately it would not be possible to simulate a gradual increase of stiffness with 

time. 
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Appendix I 

Calculation of the derivatives {dQIds} and 
{ ^ d e t ( 5 - 5 a ) / 5 s } 

Calculation of derivatives {5Q/5s}: 

From Equation 4.60 the term Q is equal to: 

+ 

(o-: - p ' - o - ; , + p i ) ' + 2 ) " + (1.1) 

The derivatives {dQIds} can be calculated by differentiating Equation 1.1: 

2 2 .--==:z(cr; - j D ' ^ ) U 2) 

c)(cr; - jD ' ) 
-T = l{cr\.-p'-(7'^,,+p[) (1-3) 

<9(cr ; - jP ) 

(1.5) 
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r-

^ = (1.7) 

Calculation of derivatives {5det(s-sa)/^s}; 

The determinant of the tensor {S-Sa) is: 

det (& - s , ) = ( o - ; - p ' - + X ) ( < - p ' - + p i ) (o-; - p ' - + p , ; ) -

« - p ' - < + p i ) )" -

( < - + p i ) ) ' - (1-

[(y[-p'- cr_'„ + p[)(r,,, - r,.^) + 

2 ( ̂ .VV - ^ ) ( ̂ yz - ^r--a ) ( ̂ zx " ^zm ) 

8) 

The derivatives {9det(s-sa)/5s} are calculated by differentiating Equation 1.8: 

8 d e t ( g (1.9) 

P') 

5 d e t ( 5 -'a) 
8 ( < - •P') 

9 d e t ( s 

8 ( c r ; - •P') 

ddet[s 

5 d e l ( 5 -'a) 
8 r , . 

(o-;. -p'- cr',, + p[) (cr' -p' - cr'„ + p[) - (r, - ) (1.10) 

= p'-^[a+ p'-^\a+ P'u)-(^»-'^y.u) 

= - 2 (cr' - jt?' - + pI ) ( r , , - r ) + 2 (r,,, - ) 

( 1 . 1 2 ) 

(1.13) 

440 



5 d e t ( s - 5 „ ) 
= - 2 ( c r ; _ p ' _ ) + 2 (r^. - ) 

(1.14) 
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Appendix II 

Flowchart for the two-surface model 

The following flowchart is used by the stress point algorithm to calculate the changes in 

stresses, plastic strains and hardening parameters during a substep. The yield and plastic 

potential derivatives are calculated by using appropriate temporary values of {5,,} 

and R, depending on which is the active yield surface, as explained in Chapter 4. In any 

case the equations in which the temporary values p'J, {5„}' and R' are used will be 

indicated. The parameter JTOUCH is used in order to identify the relative positions of 

the surfaces. 

JTOUCH = 0 : If the kinematic yield surface and bounding surface are not in contact. In 

this case the kinematic yield surface is the active yield surface. The 

temporary values are p'J =p\„ = {^.Jand R' = R. 

JTOUCH = 1 : If the two surfaces are in contact. In this case the bounding surface is the 

active yield surface. The temporary values are p\! = 0 . 5 / ; { . v „ | ' = 0 and 

1 . 0 . 
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START 

Read material properties 

Set stresses - Calculatep' and {5} 

Set hardening parameters; p'o, p'a and {5,,} 

JTOUCH = 0 

Sel p'J = p'a, 

{Ju} {Jj}, 

and R' = R 

JTOUCH = 1 

S e t p ' J = 0.5/1 o, {Sa}' = 0 and R' = 1.0 

Calculate Q from Equation 4.53 

and 0 from Equation 4.26 

with Pa = p'a', {Jo} = {Sa}' and R = R' 

YES 
• STOP PROGRAM 

Illegal 
hardening 
parameters 

STOP PROGRAM 
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Mohr Coulomb 
hexagon for 

deviatoric shape 
of the active 
yield surface 

YES 

General shape for 
deviatoric shape of the 
active yield surface. 
Calculate g{0) from 
Equation 4.28 

Calculate g{6) from Equation 4.27 

Calculate {dFlds] f rom Equations 4.55-4.61 

and {dPIds] from Equations 4.65-4.67 

with p'a=p'J, {5„} = {jo}' and R = R' 

JTOUCH = 0 

Calculate /) from Equation 4.49 

YES 

Calculate b from Equation 4.69 

Calculate A from Equation 4.68 

r 

Calculate and {dPIdcj') from 

Equations 4.62-4.64 with / /„ = p\,, 
' and R = R' 

T 
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NO JTOUCH = 0 

YES 

The kinematic yield 
surface is touching 

the bounding 
surface at the end of 

the substep 

NO 

YES 

Calculate dp'o from Equation 4. 

Calculate dp'„ 

and {dsa} from 

Equations 4.40 

and 4.73 

Calculate changes in stresses 

from Equation 2.23 

Calculate changes in plastic 

strains from Equation 2.12 

Calculate a from Equation 2.24 

Calculate 5 from Equation 4.72 

Calculate dp'a and {dsu} from 

Equations 4.33 and 4.71 
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END 

Calculate proportion of the 

sub step to reach the bounding 

surface 

Go back to calculate the remainder of 

the substep with the bounding surface 

as the active yield surface 

Set JTOUCH = 1 
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Appendix III 

Undrained strength for the two- and 
three- surface models 

In this appendix the expressions for the calculation of the undrained strength, S,„ 

predicted by the two- and three-surface models are given. As mentioned in Chapter 4 

this can be calculated if the size of the bounding surface (i.e. the parameter p'„) is known 

at the beginning of undrained shearing. 

The undrained strength at failure can be expressed as a function of the deviatoric stress 

at failure, Jf, as follows: 

5",, = Jf COS 9 (111-1) 

Each stress state within the bounding surface plots on an elastic wall. This can be 

explained as follows. When the stress state is within the yield surfacc the behaviour 

predicted is elastic and the stress path moves within the currcnt elastic wall; however, 

when the stress state reaches the yield surface, yielding occurs, the behaviour becomcs 

elasto-plastic and the stress path moves to new elastic walls. A representation of this 

process is shown in Figure III.l for an isotropic swelling path. For the path AB the 

behaviour is elastic and the path moves within the currcnt elastic wall. At B the stress 

state reaches the yield surface and the path BCD moves to new elastic walls. Therefore 

although the behaviour along the stress path BCD is elasto-plastic, each stress state, B, 

C, or D plots on a different elastic wall. 

447 



P o.A.B p 

(a) P'o.C P'o.B 

Inv 

isotropic compression line 

P o.D , P O.A.I) Inn' 
P o.C 

(b) 

Figure III . l : Diagram showing how the stress state moves to new elastic walls 

Therefore the stress state at the beginning of undrained shearing,// , , can be related to the 

size of the current bounding surface, p',, and the equivalent pressure on the isotropic 

compression line at the current specific volume, p',, see Figure 111.2, as follows: 

P. 
7. 7.) 

( 1 1 1 . 2 ) 

When the soil is at the critical state the stresses ,/„ and //,,• are related as follows: 

44X 



Inv i I 

\ isotropic compression line 

\ elastic swelling line 

1 ' \ 1 ' \ 1 1 X 
' ' \ 1 ' \ 1 ' \ 1 ' \ 1 1 
! 1 • 

P e P o Inp' 

Figure III.2: Diagram showing the equivalent elastic swelling line corresponding to the 

stress state at the beginning of undrained shearing 

(111.3) 

Since an undrained test is a stress path at constant specific volume (no volume change) 

the mean effective stress at the critical state, p'cs, can be related to the equivalent 

pressure, p'e, and the size of the bounding surface at the critical state, through an 

equation similar to Equation III.2: 

Po, 
Pes 

(111.4) 

Also at critical state: 

(111.5) 

Combining Equations 111.4 and III.5 gives: 

P L 

Substitution of Equation I1I.2 in Equation 111.6 gives: 

( 1 1 1 . 6 ) 
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M l " ' 
p'o 

(1II.7) 

Substitution of the above in Equation III.3 gives the deviatoric stress at the critical state, 

Jr/. 

(̂ ) 
p'o V 

(III.8) 

If the deviatoric stress at the critical state, is also considered to be the deviatoric 

stress at failure, Jf, then substitution of Equation III.8 into Equation IIl.l gives the 

expression for the calculation of the undrained strength; 

p'o y 

COS 6 (111.9) 

It has to be noted that, as it is discussed in Chapter 7, depending on the values of the 

input parameters that control the behaviour of the kinematic surfaces, the models reach 

the critical state at different strain levels. This has the result that the undrained strength 

predicted by Equation III.9 may be mobilised at very high strains or may never be 

practically fully mobilised. 
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Appendix IV 

Flowchart for the three-surface model 

The following flowchart is used by the stress point algorithm to calculate the changes in 

stresses, plastic strains and hardening parameters during a substep. The yield and plastic 

potential derivatives are calculated by using appropriate temporary values ofp'l,, { 5 / , } , S 
and T, depending on which is the active yield surface, as explained in Chapter 5. Any 

case in which the temporary values p'tl, {5^}', S' and T are used will be indicated. The 

parameter JTOUCH is used in order to identify the relative positions of the surfaces. 

JTOUCH = 0 : If none of the surfaces are in contact. In this case the yield surface is the 

active yield surface. The temporary values are p'/,' = p),, {.v/,}' = [.v/,}, 

JTOUCH = I : If the yield and history surfaces are in contact. In this case the history 

surface is the active yield surface. The temporary values arc ///,' = //,„ 

{sh}' = = 1.0 and T = T. 

JTOUCH = 2 : If all three surfaces are in contact. In this ease the bounding surface is the 

active yield surface. The temporary values are p)' = 0.5/;',,, - 0.0, 

S' = 1.0 and T = 1.0. 
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YES JTOUCH = 2 

NO 

YES JTOUCH = 1 

NO 

START 

T=t 

Set p'h = 0.5p[ 
{s/,}' = 0.0, 

Calculate Q from Equation 5.62 

and 0 from Equation 5.29 

Read material properties 

Set stresses - Calculatep' and {s} 

Set hardening parameters: p'o,p'a and {Sa},p'h and {st,} 

Set Ji = 0 
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Illegal 
stresses 

YES 

NO 

Illegal 
hardening 
parameters 

YES 

NO 

Mohr Coulomb 
hexagon for 

deviatoric shape 
of the active 
yield surface 

NO 

YES 

STOP PROGRAM 

STOP PROGRAM 

Calculate g{0) from Equation 4.27 

General shape for 
deviatoric shape of the 
active yield surface. 
Calculate g{0) from 
Equation 4.28 

Calculate {dF/ds} from Equations 5.62-5.67 

and {dP/ds} from Equations 5.68-5.69 
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YES JTOUCH = 2 

NO 

YES JTOUCH = 1 

NO 

Calculate A from 

Equation 5.60 

Calculate 6, from 

Equation 5.77 

Calculate A from 

Equation 5.76 

Calculate A from Equation 2.24 

S = S'and T= T 

Calculate {dFlda'} and [DP I da'} 

from Equations 5.68-5.70 

JTOUCH = 0 

Calculate 6, from Equation 5.74 

Calculate bi from Equation 5.75 

Calculate A from Equation 5.73 
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Calculate changes in plastic 

strains from Equation 2.12 

1 
Calculate changes in stresses 

from Equation 2.23 

r 

Calculate dp'o from Equation 5.4 

r 

JTOUCH = 2 

Calculate dp'b and {cls/,} from 

NO Equation 5.47 and clp\, and {dsa} 

from Equation 5.40 

JTOUCH = 1 

NO 

Calculate from Equation 5.79 

Calculate dp), and {dsi,} from 

Equation 5.47 and dp'a and {ds„} 

from Equation 5.33 

JTOUCH = 0 

Calculate S from Equation 5.78 

Calculate dp\ and {dsh) from 

Equation 5.41 and dp\, and [ds,,] 

from Equation 5.39 
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NO 
JTOUCH = 0 at 
the beginning of 
the substep and 

The yield surface is 
touching the history 

surface at the end 
of the substep 

NO 

YES 

Calculate proportion of the 

substep to reach the history 

surface 

1 ' 

The new stress 
state is outside 
the bounding 

surface 

Set JI = I and 

JTOUCH 

Set JTOUCH = 1, 

5 ' = l .Oand f = T 

Go back to calculate the remainder of 

the substep with the history surface as 

the active yield surface 

r 
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(JTOUCH = 1) 
or (JTOUCH = 
0 and S = 1.0) 

NO 

YES 

(Ji = 0 and the yield 
surface is touching 

the bounding surface 
at the end of the 

substep) or (J| = 1) 

NO 

YES 

END 

Calculate proportion of the 

substep to reach the history 

surface 

Go back to calculate the remainder of 

the substep with the bounding surface 

as the active yield surface 

Set JTOUCH = 2, 
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Appendix V 

Flowchart for the modified two-surface 
model 

The following flowchart is used by the stress point algorithm to calculate the changes in 

stresses, plastic strains and hardening parameters during a substep. The yield and plastic 

potential derivatives are calculated by using appropriate temporary values of p'a, {.s„} 

and R, depending on which is the active yield surface, similarly to the two-surface 

model. The parameter JTOUCH is again used in order to identify the relative positions 

of the surfaces. 

JTOUCH = 0 ; If the kinematic yield surface and bounding surface are not in contact. In 

this case the kinematic yield surface is the active yield surface. The 

temporary values a r e p ' J = p',,, {5,,}' = {Ja}and R' = R. 

JTOUCH = 1 : If the two surfaces are in contact. In this case the bounding surface is the 

active yield surface. The temporary values are p'J = 0.5/;',,, {.v,,}' = 0 and 

R'= 1.0. 

In this model the maximum value of b\ 6'max, is set equal to h' upon initiation of 

yielding. For any subsequent stage the calculation of the value o f x (Equation 6.10) 

requires information from the previous loading stage. Therefore, the value of A ,„;,x that is 

required at the beginning of a substep can be calculated from the end of the previous 

substep. This means that in the stress point algorithm the value of//max can be treated as 

a hardening parameter (see section 3.4.1.1). The calculation of at the end of the 

substep also requires the additional calculation of the yield function derivatives at the 

end of the substep. 
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START 

1 r 

Read material properties 

Set stresses - Calculate jc' and ( 4 

Set hardening parameters: p'o,p'a and {s^} 
Set 6 max 

JTOUCH = 0 

Set p'J = p'a. 
{j,}, 

and R' = R 

JTOUCH = 1 

Setp'J = O.Sp'o, {^a}' = 0 and R' = 1.0 

Calculate Q from Equation 4.53 

and 6 f rom Equation 4.26 

w i t h = p \ , ' , {5„} = {s,,}' and R = R' 

YES 
• STOP PROGRAM 

Illegal 
hardening 
parameters 

STOP PROGRAM 
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Mohr Coulomb 
hexagon for 

deviatoric shape 
of the active 
yield surface 

NO 

YES 

NO JTOUCH = 0 

YES 

Calculate g{9) from Equation 4.27 

Calculate A from Equation 4.49 

Calculate b' from Equation 6.16 

Calculate A from Equation 6.15 

General shape for 
deviatoric shape of the 
active yield surface. 
Calculate g{6) from 
Equation 4.28 

Calculate {dFldo'} and {cPldcr'] from 

Equations 4.62-4.64 with p',, = p'J, 

!i'„l = and R = R' 

Calculate {dFlds} from Equations 4.55-4.61 

and {dPIds} from Equations 4.65-4.67 

withjc a =p\l, {5fl} = {5„}' and R = R' 
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1 f 

Calculate A from Equation 2.24 

1 r 

Calculate changes in plastic 

strains from Equation 2.12 

1 r 

Calculate changes in stresses 

from Equation 2.23 

1 r 

Calculate dp'o from Equation 4.8 

1 r 

JTOUCH = 0 

YES 

r 

Calculate S from Equation 4.72 

Calculate clp'„ and {els,,} from 

Equations 4.33 and 4.71 

Calculate dp\, 

and {elsa} from 

Equations 4.40 

and 4.73 

Calculate stresses and hardening 

parameters at the end of the substep 

Calculate {dF/ds} from Equations 4.55-4.61 

from the stresses and hardening parameters 

at the end of the substep 
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The kinematic yield 
surface is touching 

the bounding 
surface at the end of 

the substep 

NO 

YES 

END 

Calculate proportion of the 

substep to reach the bounding 

surface 

Calculate 6% from Equation 6.17 

Calculate 6'max from Equation 6.10 

Calculate 

Set JTOUCH = 1 

p'J = O.Sjo'o, {5„}' = 0 and y?' = 1 

Go back to calculate the remainder of 

the substep with the bounding surface 

as the active yield surface 
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Appendix VI 

Flowchart for the modified three-surface 
model 

This flowchart is used by the stress point algorithm to calculate the changes in stresses, 

plastic strains and hardening parameters during a substep. The yield and plastic potential 

derivatives are calculated by using appropriate temporary values of p'/„ {.?/,}, S and T, 

depending on which is the active yield surface, similarly to the three-surface model. The 

parameter JTOUCH is used in order to identify the relative positions of the surfaces. 

JTOUCH = 0 : If none of the surfaces are in contact. In this case the yield surface is the 

active yield surface. The temporary values are p),' = {si,}' = 
S' = Sand 7"= T. 

JTOUCH = 1 : If the yield and history surfaces are in contact. In this case the history 

surface is the active yield surface. The temporary values arc ///,' = //,„ 

{sh}' = {Jw}, S'= 1.0 and T = T. 

JTOUCH = 2 ; If all three surfaces are in contact. In this case the bounding surface is tiic 

active yield surface. The temporary values are p),' = 0.5/;',,, = 0.0, 

S' = 1.0 and T = 1.0. 

The maximum values b imax and b 2ma,x are set equal to h , and h i upon initiation ol 

yielding and for any subsequent stage can be calculated from Equations 6.24 and 6.25 

respectively. Similar to the implementation of the modified two-surface model, the 

values of and 6 r e q u i r e d at the beginning of a substep arc calculated from the 

end of the previous substep and in the stress point algorithm and b 2,„,,x are treated 

as hardening parameters. 
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START 

Read material properties 

Set stresses - Calculate /?' and {5} 

Set hardening parameters: /?' o,p'a and {Sa},p'h and {sh} 

Set b imax and b 2max 

Set Ji = 0 

Set p'h = 0.5/?' 

{.?/,}' = 0.0, 

S'= 1.0, 

r = 1.0 

JTOUCH = 2 

JTOUCH = 1 

Set D /, =p 

{Jh} = {.?«}, 

S'= 1.0, 

JTOUCH = 0 

Set/?'/,'=/?'/„ {.?/,}' = 

S' = S and r=T 

Calculate Q from Equation 5.62 

and 0 from Equation 5.29 

with/?'/, =/?'/,', {sh} = { .V / ,} ' , 

^ = 5 'and r = 7" 

T 
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NO 
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hardening 
parameters 
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NO 

Mohr Coulomb 
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deviatoric shape 
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yield surface 

NO 

YES 

STOP PROGRAM 

STOP PROGRAM 

Calculate g{0) from Equation 4.27 

deviatoric shape of the 
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Calculate g(()) from 
Equation 4.28 

Calculate {dFlds} from Equations 5.62-5.67 

and {5F/&} from Equations 5.68-5.69 
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YES JTOUCH = 2 

NO 

YES JTOUCH = 1 

NO 

Calculate A from 

Equation 5.60 

Calculate b*\ from 

Equation 6.45 

Calculate A from 

Equation 6.44 

Calculate A from Equation 2.24 

Calculate {dF/da'} and {dP/da' 

from Equations 5.68-5.70 

5 = 5 'and T= T 

JTOUCH = 0 

Calculate b*\ from Equation 6.40 

Calculate b ' l from Equation 6.41 

Calculate yj from Equation 6.39 
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i 
Calculate changes in plastic 

strains from Equation 2.12 

r 

Calculate changes in stresses 

from Equation 2.23 

r 

Calculate dp'o from Equation 5.4 

f 

JTOUCH = 2 

Calculate dp), and {cLsf,} from 

NO Equation 5.47 and clp[, and 

from Equation 5.40 

JTOUCH = 1 

NO 

Calculate from Equation 5.79 

Calculate dp), and {ds/,} from 

Equation 5.47 and dp',, and {c/.v,,} 

from Equation 5.33 

JTOUCH = 0 

Calculate S from Equation 5.78 

Calculate dp), and [dsh] from 

Equation 5.41 and dp',, and {ds„) 

from Equation 5.39 
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Calculate stresses and hardening 

parameters at the end of the substep 

Calculate {dF/ds} from Equations 5.62-5.67 

from the stresses and hardening parameters 

at the end of the substep 

JTOUCH = 1 

Calculate b i,„ from Equation 6.46 

Calculate from Equation 6.24 

Calculate c//?*i,rax 

Calculate b*i „ from Equation 6.42 

Calculate 6*i„,ax from Equation 6.24 

Calculate c/6'imax 

Calculate b% o from Equation 6.43 

Calculate b'jm ,x from Equation 6.25 

Calculate db*2 
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the substep and 
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of the substep 
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NO 
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(JTOUCH = 1) 
or (JTOUCH = 
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the bounding surface 
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END 
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470 


