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Abstract

Recent years have witnessed a surge in the routine creation of large amounts of data. While tra-
ditional tools of linear algebra are still adequate for their analysis when the considered datasets
are not particularly voluminous or complex, the unprecedented changes associated with Big
Data have also highlighted the limitations of flat-view matrix models. This calls for the devel-
opment of sophisticated tensor and multi-linear algebra algorithms that are naturally able to
efficiently manipulate multi-dimensional data.

The overarching theme of this thesis is hence to develop novel, interpretable tensor algo-
rithms and to show their practical utility in signal processing and machine learning applica-
tions. In the first part of the thesis, fundamental and advanced concepts commonly expressed
with mathematical formulae are elucidated through graphical representations via Tensor Net-
works (TNs), which allow to visualize tensor equations as an interaction of nodes and edges.
This has made it possible to provide new perspectives on core principles, as well as paving
avenues for novel results, such as a method to perform tensor contractions through graphical
representations of Tensor-Trains (TTs). Then, methods to ease the computational burden on the
renowned Canonical Polyadic Decomposition (CPD) are presented. Firstly, it is shown how
a prior TT-decomposition can reduce the CPD computational cost with respect to the tensor
order from exponential to linear. Secondly, a lower bound on the tensor rank, R, is introduced
along with conditions under which it is attained, allowing for an increased efficiency of the
CPD computation.

In the second part of the thesis a framework for TN summation is introduced through an
analogy with feature fusion. A practical application on the ETH-80 dataset has shown that
the proposed framework preserves feature locality. Through a process of deflation, it is also
demonstrated how TN summation can be employed for eigenvalue extraction of large scale
matrices. Next, a method to allow the use of kernels in the Support Tensor Machine (STM), the
tensor extension of the well-known SVM, is developed. This has made it possible to success-
fully apply it to a problem of financial forecasting.

In the third and final part of this thesis, tensors are applied to deep learning. The intro-
duction of the Tucker Tensor Layer (TTL) as an alternative to the fully connected matrices in
Neural Networks (NNs), has achieved a more than 60-fold compression on NNs applied to
the classification of the MNIST and Fashion-MNIST datasets, at a small sacrifice in accuracy.
Moreover, the novel analytical derivation of the tensor-valued back-propagation algorithm al-
lows to gain insights into the training process, thus mitigating the notorious “black-box” issue
inherent to NNs. Practical benefits of this result have been shown on the CIFAR-10 dataset.
Finally, Tensor-Train Recurrent Neural Networks (TT-RNNs) have been applied to financial
forecasting, further highlighting the compression and interpretability properties of tensors.
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Chapter 1

Introduction

You can have data without information
but you cannot have information without
data.

Daniel Keys Moran

1.1 Perspective

The widespread use of sensor technology and the emergence of ever increasing complex and
voluminous datasets are becoming exceedingly common to the extent which renders standard
analysis methods and algorithms inadequate [1, 3]. Such datasets fall under the umbrella of
Big Data, that is, datasets consisting of multidimensional, multi-modal information character-
ized by one or more of the so-called “4V’s” of Big Data outlined in Figure 1.1, each of which
represents a research challenge in its own right [4, 5, 6]:

e Volume: The amount of information produced. Recent years have seen unrivalled pro-
portions in a surge of generated data. For example, there are more than 2.2 billion active
users on social media, each producing information by clicking on ads, writing comments,
updating profiles and other activities. This calls for the need of scalable algorithms able

to cope with the sheer size of datasets and their associated required storage memory;

e Variety: The multi-modality inherent to such datasets. This demands for reliable meth-
ods to fuse different data types, e.g. continuous, discrete, binary, time-series, text, video,

multi-view, or probabilistic;

e Velocity: The rate of information flow. This creates the need for algorithms capable of

processing large data-streams in near or in real-time;

e Veracity: The uncertainty in data. This calls for robust and predictive algorithms to pro-

cess noisy, incomplete, and inconsistent data.

Owing to the increasingly affordable recording devices, extreme scale volumes and a large
variety of data are appearing across science and engineering disciplines. Such massive datasets
may have billions of entries and are typically represented in the form of very large block ma-
trices, and tensors. This has spurred a renewed interest in the development of algorithms that
are suitable for huge datasets, with a particular attention given to tensors and their ability to
efficiently manipulate multidimensional data. An overview of potential applications of tensors

is given in diagrammatical format in Figure 1.2.
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VOLUME

Terabytes

VERACITY
VARIETY

Micro-batch

Near real-time

Streams

VELOCITY

Figure 1.1: The 4V’s of Big Data. Figure adapted from [1].

1.2 Historical Background

A tensor is a geometric object used in mathematics and physics to extend concepts such as
scalars, vectors, and matrices to higher dimensions (an “N-way” or “N-th order” tensor in-
dicates the number of dimensions present - as shown in Figure 1.3). The origin of the word
“tensor” comes from the Latin term tendere, i.e. “to stretch”, which first appeared in the 17th
century in anatomy to denote muscle’s stretch [7]. Tensor calculus, which is closer to the word’s
current meaning, was introduced in the early 20th century by Italian mathematicians Grego-
rio Ricci-Curbastro and Tullio Levi-Civita [8]. In 1915, the term “tensor” was used by Albert
Einstein in general relativity for mathematical tools which were used to describe the geome-
try of space-time [9]. Moving towards signal processing and data analysis applications, the
first principles of Tensor Decompositions (TDs) were introduced by American mathematician
Frank Hitchcock in 1927 [10]. These faced a major surge in interest from the 1940s to the 1970s,
thanks to psychologists such as Raymond Cattell [11, 12], Ledyard Tucker [13, 14, 15], and
Richard Harshman [16] who were pioneers in extending tensor decompositions applications
within their field. In particular, Tucker is known for the renowned Tucker Decomposition
(TKD), and Harshman for the PARAllel FACtor model (PARAFAC), which was independently
rediscovered by Carroll and Chang and put into an application within Psychometrics under
the name of CANonical DECOMPosition (CANDECOMP) [17]. Nowadays, it takes the name
of Canonical Polyadic Decomposition (CPD) [18].

Following their success within the Chemometrics community, thanks to the works of Ap-
pellof and Davidson in 1981 [19], tensors saw a considerable interest within the signal process-
ing realm in the early 1990s, when it was realized that, for multivariate cases, Higher-Order
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Figure 1.2: Signal Processing and Machine Learning methods for Big Data. Notice the 4V’s on

the left. Figure adapted from [1].

Statistics (HOS) are effectively higher-order tensors [20, 21, 22, 23]. Around 2000, De Lathauwer
showed that the TKD can represent a higher-order generalization of the Singular Value Decom-
position (SVD), now called Higher Order SVD (HOSVD) [24] .
tensors in applied mathematics and computing in very high dimensions [18, 25, 26, 27]. Since
the 1990s, tensors have been shown successful in a myriad of signal processing applications,

some of which include:

The HOSVD spurred interest in

e Process control: Tensor multi-way methods can be seen in the monitoring of batch pro-
cesses, with the goal of understanding the major sources of batch-to-batch variations [28],
real-time detection of faulty batches, and using them to improve operation policies. The
multi-way data follows the pattern of Batchx Measurementx Time;

Environmental monitoring: It is now feasible to analyze several ecological parameters
through different locations and times. Due to spatiotemporal variations in such data, the
need of tensor analysis naturally emerged within this domain. Tensors have been applied
in water quality monitoring [29, 30, 31], control of air pollution [32, 33], and monitoring of
soil quality [34, 35]. The related data generally follows the scheme of Variablesx Sampling
Sitex Sampling Time;

Video surveillance: Owing to their multi-way natures, tensors are natural data models
for video data, and can, for example, provide a more accurate framework for abnormal
activity discovery for security reasons [36, 37]. Video data can be represented as a 4D
tensor spanning RGB Colourx Image Rowx Image ColumnxTime;

Neuroscience: Brain data is inherently spatiotemporal, as every occurring activity within
the brain is managed via different regions during a specific period of time. The two
most known tools for capturing the brain’s activities in a machine-readable format are the
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Figure 1.3: Types of data: From scalars to tensors. Figure adapted from [1].

Electroencephalography (EEG) and the Functional Magnetic Resonance Imaging (fMRI).
The data extracted in such a way can be analyzed via tensor models to detect abnormal
activities or specific patterns within the brain [38, 39]. The most common tensor model
for EEG data is Frequencyx Channel x Time;

e Medical applications: Tensors are also used for analysis of electronic medical records.
For example, in [40] Tensor Decompositions were applied to Electronic Health Records
(EHR) for prediction of heart failure, having the data arranged as Medication x Patient x
Diagnosis.

Other applications of tensors include, but are not limited to, modelling spectral changes of
substrates and products (Wavenumberx Time x Activity) [41], tracking the analysis of proteins
(Contact Matrix x Time) [42], and seismology (Space x Time x Frequency) [43].

1.2.1 Curse of Dimensionality

Tensors are closely intertwined with the so-called curse of dimensionality, term which was first
coined in [44], to indicate that the number of samples needed to estimate an arbitrary function
grows exponentially with the number of parameters of the function itself. Within the realm
of signal processing, the Curse of Dimensionality may refer to the exponentially increasing
number of parameters required to describe a system. In particular, in the context of tensors, the
Curse of Dimensionality is associated with the phenomenon whereby the number of elements
IV, of an N-th order tensor of equal dimensionality along all of its modes, that is a tensor of
size I x I x --- x I, grows exponentially with the tensor order, V. This implies that the tensor
volume, i.e. the number of its elements, can become prohibitively big for multi-way arrays for
which the number of dimensions is relatively high.
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A tensor is said to be in full format when it is represented as an original, raw, multidimen-
sional array [45]. The storage and processing of higher-order tensors in full format is often
infeasible due to the Curse of Dimensionality. This, however, can be alleviated, or completely
dealt with, through low-rank tensor approximations obtained via those known as Tensor De-
compositions (TDs) (presented in detail in Section 2.2), which in turn lead to more complex and
expressive Tensor Networks (TNs) formats. As in standard linear algebra matrix decomposi-
tions can be effectively used to compress matrices by obtaining low-rank representations, the
concept of compression of multidimensional data through TDs can be intuitively explained as
follows [46]. Consider an N-variate function, f, defined as,

f(x) = f(z1,22,...,2N) (1.1)

Supposing f has to be represented by a product of individual functions, in the simplest case it
can be approximated by

F@y, o, aen) = fO (@) fP (@) - fNV (zy) (1.2)

Let the size of each mode n = 1, ..., N be denoted by I,,, and define I = max,{I,,}. Then the
memory requirement to store this approximation of the full tensor is 25:1 I, < IN. Unfor-
tunately, the case in which all modes of a tensor are completely separable as in (1.2) is rare in
practice. Instead, the concept of TDs is considerably more flexible, as it relies on the partial
separability of the variables of a higher-order tensor [1].

It has been shown that TDs naturally cater for the excessive volume, veracity, and vari-
ety of data, and they are supported by algorithms involving relatively simple mathematical
operations. Moreover, they “break down” a full tensor into smaller, lower-order, and more
manageable core tensors. These are relatively easy to handle, enabling super-compression of the
raw full tensor formats. The core tensors may also be distributed among different machines,
further tackling storage issues.

Remark 1.1. It is important to note that, in general, a tensor cannot be compressed or decom-
posed without incurring compression errors, since any lower-rank representation is merely an
approximation of the original full format tensor.

1.2.2 Blessing of Dimensionality

The higher dimensionality of tensors does not necessarily always come as a curse. Indeed, it
can represent an opportunity to exploit the multi-way structure encoded in the data within.
Hence, a curse turns into a blessing. While a significant amount of data is originally in vector
and matrix format, as grey-scale images for example, tensors are often constructed solely for the
mathematical benefits they provide in data analysis. For instance, it seemed natural to stack
together excitation-emission spectroscopy matrices in chemometrics into a 3-rd order tensor
[18, 47].

The procedure of formulating a data tensor from lower-order original data is referred to as
tensorization, the techniques of which are summarized in the following:

23



1. Introduction

1. Rearrangement of lower-dimensional data structures: Large scale matrices or vectors
can be readily tensorized, i.e. reshaped into a tensor format, so that they can be compressed
through tensor decompositions. This principle has been shown to facilitate data analysis
[48, 49, 50]. More details are provided in Section 2.1.2.

2. Mathematical construction: Certain vector-valued and matrix-valued entities can be con-
verted into tensors by exploiting the structure of the data, via mathematical operations
[18]. For example, snapshots of covariance matrices of time-series, obtained via a slid-
ing window, can be stacked to form a tensor. Also, a Channel x Time data matrix can
be transformed into a Channel x Time x Frequency 3-rd order tensor via time frequency
representations, which has shown to be a useful procedure in multi-channel Electroen-
cephalogram (EEG) analysis [51, 52].

3. Experiment design: Multi-signal data can be naturally stacked into a tensor. For exam-
ple, in wireless communications, the so-called signal diversity, that is, temporal, spatial,
spectral, and so on, can form a tensor if stacked together [53]. Another example could be
the arrangement of medical data: if an experiment involves collection of signals from dif-
ferent channels, for different trials, for different patients, then the data can be organized
in a Time x Channel x Trial x Patient 4-th order tensor [54].

4. Natural tensor data: Some data sources are readily available in tensor format. For exam-
ple, RGB images are inherently 3-rd order tensors [18], while sequences of images in a
coloured video become a 4-th order tensor.

Remark 1.2. Although data in tensor format can be preferable due to the flexibility of multi-
linear algebra and the decompositions inherent to tensors, a tensor only “makes sense” if its
structure can be physically justified. In other words, tensorization is useful only when there
are grounds for it and is performed as a consequence of a prior hypothesis.

1.3 Problem Statement

Tensor operations and factorizations are not merely a form of matrix algebra with additional
subscripts. For example, even basic notions such as the rank of a tensor have a more subtle
meaning, and uniqueness conditions for tensor decompositions are generally more relaxed
than those for their matrix counterparts [55, 56]. More generally, this implies that, although
a large portion of tensor algorithms derive from matrix and linear algebra tools, tensors offer
several avenues for both theoretical and practical research, that go beyond mitigating the curse
of dimensionality.

An aspect that need not to be underestimated is how to visualize tensor operations, for
better interpretability of results. The most common approach to tackle this issue is to employ
those known as Tensor Networks (TNs), which diagrammatically represent tensor operations
as a series of interconnected nodes and edges to elegantly overcome the need of cumbersome
notation, at no expense in rigour [3]. These are applied extensively within the signal processing
community, see, for example, [1, 27, 57, 58, 59, 60] to name but a few. Despite their extensive
usage, however, their full potential is yet to be uncovered, given the vast scope of tensors and
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their applications. Where standard tensor algebra stumbles upon a roadblock, novel insights
into the mechanics of how tensor decompositions operate can be obtained through a TN ap-
proach, potentially unveiling new algorithms for original applications.

Indeed, it is well accepted that, although tensor decompositions first appeared in 1927 [10],
they remain a thriving and active area of research [61, 62, 63, 64, 65, 66]. Some draw inspi-
ration from their matrix counterparts, such as the Canonical Polyadic Decomposition (CPD)
or the Higher Order Singular Value Decomposition (HOSVD) [24], while others are specific to
tensors, such as the Tensor-Train (TT) [57] decomposition. In either case, each tensor decom-
position presents properties yet requiring full explanation, including uniqueness and conver-
gence conditions. Moreover, significant efforts are devoted towards improving their efficiency
in terms of computational or storage requirements [67, 68, 69], and towards the development
of novel decompositions to overcome potential shortcomings of previously existing ones [70].

Consequently, insights into tensor decompositions and operations open the path for novel
and practically significant applications. In addition to the possible applications presented in
Section 1.2, tensors may also be applied to image processing [71, 72, 73], time-series analysis
[74, 75], and, more recently, to neural networks [57, 76, 77, 78, 79]. The general aim of these
applications can always be summarized in three points: (i) use tensors to reveal and exploit the
underlying data structure; (ii) leverage on the super-compression abilities of tensors and their
decompositions to obtain more efficient models in terms of storage requirements or computa-
tional costs; (iii) employ the flexibility of multi-linear algebra to improve model expressiveness
and increase interpretability.

The research undertaken for this thesis is therefore motivated by: (i) the need to provide
further insights into tensor decompositions; (ii) the opportunities for novel tensor applica-
tions within the fields of image processing, time-series analysis, and deep learning; and (iii)
the necessity to improve interpretability and mitigate the “black-box” nature of existing sig-
nal processing and machine learning models. The main research objective can therefore be
summarised as “to develop novel, interpretable tensor algorithms and to show their practical utility
in signal processing and machine learning applications”. This thesis aims to achieve the goal from
various angles which include giving new perspectives and insights to some well-established
tensor methods and decompositions, formulating new algorithms and uncovering their learn-
ing behaviour in the case of neural networks, and testing algorithms on real-world data.

1.4 Thesis Contribution and Organization

The contributions of this thesis can be divided into four areas, which roughly correspond to
how the thesis is organized.

1. A New Perspective to the Representation of Tensor Operations
The representation of TNs to effectively describe tensor operations in a synthetic and in-
tuitive way is a widely applied concept within the research community [1, 27, 57, 58].
However, they are often applied to describe involved mathematical expressions, while
those involving tensor basics are most of the times expressed purely algebraically. These

still may not be trivial, and a new researcher in the field may feel that they require further
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justification. Chapter 3 tackles this issue by showing how any tensor decomposition can
be interpreted as a TN, which demystifies tensor fundamentals by providing immediate
intuition behind their mechanics. It is also shown, how a graphical representation of ten-
sors, which is a common theme among most chapters of this thesis, is a powerful concept
promoting novel insights and new findings. These, among others, include the possibility
to combine various TNs by introducing a TN summation framework in Chapter 5, which
is demonstrated to be applicable to feature fusion and eigenvalue extraction of large-scale

matrices.

Relevant Publications:

[80] G. G. Calvi, I. Kisil, Y. L. Xu, A. Cichocki, and D. P. Mandic, “A tale of nodes and
edges: From basic tensor operations to advanced concepts”, In Preparation for IEEE
Signal Processing Magazine.

[81] G. G. Calvi, L. Kisil, and D. P. Mandic, “Feature fusion via tensor network sum-
mation” In Proceedings of the 26th European Signal Processing Conference (EUSIPCO),
pp. 2623-2627, 2018.

2. Insights into the Canonical Polyadic Decomposition

The Canonical Polyadic Decomposition (CPD) decomposes a tensor as a sum of rank-1
tensors, and is one of the pillar decompositions together with the Tucker and the Tensor
Train [63, 82]. The fundamental problems of the CPD are (i) its computation is a rather
expensive procedure, which involves an Alternating Least Squares (ALS) approach and is
hence prone to local minima; (ii) there exists no deterministic method for the choice of the
rank-1 elements (i.e. the rank), R, that the tensor needs to be decomposed in, implying
that an optimal value has to be searched iteratively. Chapter 4 addresses these problems.
First, a novel method to estimate the CPD of a higher order tensor is presented, which
is based on approximating a tensor through a TT decomposition followed by individual
CPDs of the TT factors. Secondly, a lower bound on the tensor rank, R, is proposed, with
the aim of reducing the search space for R. Mild conditions under which the bound is
attained are also provided.

Relevant Publications:

[83] A. H. Phan, A. Cichocki, I. Oseledets, G. G. Calvi, S. A. Asl and D. P. Mandic,
“Tensor networks for latent variable analysis: Higher order canonical polyadic de-
composition”, IEEE Transactions on NEural Networks and Learning Systems, vol. 31,
no. 6, pp. 2175-2188, 2019.

[84] G. G. Calvi, B. Scalzo Dees and D. P. Mandic, “A lower bound on the tensor rank
based on its maximally square matrix unfolding”, Elsevier Signal Processing, vol. 180,
Art no. 107862, 2020.
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3. A Financial Application for the Support Tensor Machine

The Support Tensor Machine (STM) is a tensor extension of its matrix counterpart, that
is, the Support Vector Machine (SVM). Because the STM operates on tensors rather than
vectors, if the data are in tensor format and present underlying structure, the STM is ex-
pected to perform better [1]. Although the STM has found applications in fields such
as image processing [85], it had yet to be applied to time-series analysis. Chapter 6 ad-
dresses this by applying the STM to the problem of financial forecasting, by predicting
the direction of movement of price of the S&P 500. Results show that the STM applied to
an appropriately tensorized dataset outperforms the SVM.

Relevant Publications:

[86] G. G. Calvi, V. Lucic, and D. P. Mandic, “Support tensor machine for finan-
cial forecasting”, In Proceedings of the 44th IEEE International Conference on Acoustics,
Speech and Signal Processing (ICASSP), pp. 8152-8156, 2019.

4. Merging Tensors and Neural Networks
In recent years, there has been a surge in interest for bridging the gap between neural
networks and tensors. Owing to the desirable compression properties of tensors, the
merging of networks and tensors has the main aim of reducing the huge number of pa-
rameters required for training deep learning models [57, 76, 77, 78]. Despite these verified
benefits, little has been done to derive the back-propagation algorithm [87] in terms of the
tensor factors (most applications rely on specific software packages), or exploiting the ex-
pressiveness of tensors to improve model interpretability. These issues are addressed in
Chapter 7, wherein the Tucker Tensor Layer (TTL) is introduced. In addition to achiev-
ing network compression, the tensor valued back-propagation algorithm is fully derived
analytically. This deepens the mathematical understanding of the model training pro-
cess, hence mitigating the black-box issue inherent to neural networks. Moreover it is
shown how this knowledge may be used to train larger networks more efficiently. While
Chapter 7 is mostly theoretical, Chapter 8 takes a more practical approach by adequately
tensorizing a Recurrent Neural Network through the TT decomposition and applying it
to finance, with the goal of forecasting the direction of price movement of the Japanese
Yen. The compression and regularization properties of the so called TT-RNN are demon-

strated.

Relevant Publications:

[88] G. G. Calvi, A. Moniri, M. Mahfouz, Q. Zhao and D. P. Mandic “Compression
and interpretability of neural networks via tucker tensor layer: From first principles
to tensor-valued back-propagation”, Submitted to Neural Computation, 2020.

[89]1 Y. L. Xu, G. G. Calvi, and D. P. Mandic, “Tensor-train recurrent neural networks
for financial forecasting”, Submitted to the Proceedings of the 46th International Confer-
ence on Acoustics, Speech, and Signal Processing (ICASSP).
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Part 111

Figure 1.4: Thesis Structure.
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Figure 1.4 shows an overview of the structure of the thesis which is organized as follows:

1. Part I: Insights into Tensor Decompositions
This part focuses on providing novel insights pertinent to tensor decompositions and
new techniques for their application. Chapter 3 deals with TNs, and shows how any
decomposition can be interpreted as a diagrammatic TN. This implies that tensor decom-
positions can be studied through intuitive graphical representations, paving the way for
new perspectives even on the most fundamental concepts, including tensor contractions,
inner products, and unfoldings. The importance of this concept is further demonstrated
through the introduction of a new algorithm for tensor contractions, the Tensor Train
Contraction Product (TTCP), solely based on a graphical approach. The ideas introduced
in Chapter 3 are a recurring theme throughout this thesis, as they are employed to elu-
cidate important concepts. In Chapter 4, the focus is shifted towards the CPD, a pillar
tensor decomposition, which is put under closer mathematical scrutiny. A TT-based ap-
proach to compute the CPD for higher order tensors is introduced, and a lower bound on
the tensor rank is proposed, both with the aim of mitigating the computational burden

associated to this decomposition.

2. Part II: Tensors for Shallow Learning

This part of the thesis focuses on developing tensor methods from well established signal
processing techniques. Drawing an analogy with feature fusion, Chapter 5 introduces a
framework for TN summation, which is shown to be beneficial through an application to
an image classification problem. Moreover, it is also demonstrated how such a framework
can be employed to perform eigenvalue extraction for very large scale matrices, which is
extremely relevant for numerous signal processing and machine learning applications.
Chapter 6 extends the notion of the well-known Support Vector Machine (SVM) to the
tensor domain, by presenting the Support Tensor Machine (STM). Emphasis is given on
how to adequately preprocess data for the STM, on how to employ kernel methods, and,
in particular, on how the STM can be applied to financial forecasting.

3. Part III: Tensors for Deep Learning

This part focuses on the integration of tensors and neural networks. Chapter 7 introduces
the Tucker Tensor Layer (TTL) as an alternative to the fully connected layers often used
in neural networks applications. Back-propagation is fully derived in terms of the tensor
factors, and the TTL is applied to several synthetic and real-world datasets. Owing to
the compressive properties of tensors, the TTL is shown to be able to significantly reduce
the number of parameters of the network, at a small sacrifice in performance. More-
over, drawing from the concepts presented in Chapter 3, novel insights into the training
process of the network are presented, thus mitigating the well-known “black-box” issue
inherent to neural networks. While Chapter 7 is highly theoretical, Chapter 8, is more
practically oriented. A different type of tensorized neural network, namely the Tensor-
Train Recurrent Neural Network (TTRNN) is considered and, similarly as in Chapter 6,
is applied to a financial application. Its compression and regularization properties are
demonstrated, and, analogously to the TTL, the TTRNN is able to gain insights into the
network’s training process thanks to the expressiveness of tensors.
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Chapter 2

Tensor Notations and Decompositions

You'll see, you'll come to understand.
These big things, these terrible things, are
not the important ones. If they were, how
could one go on living? No, it is the
small, little things that make up a day,
that bring fullness and happiness to a life.

Benedict Freedman

Chapter Overview

This chapter provides the required background in tensor algebra, also referred to as multi-linear
algebra, for the ideas presented in this thesis. A list of necessary definitions are first presented,
then the main nomenclature is introduced, and fundamental concepts, such as tensorization, are
outlined. The main tensor decompositions are presented, these are the Canonical Polyadic, the
Tucker, and the Tensor Train decompositions. For each, algorithms for the computation are
outlined, together with notions on their uniqueness conditions. This chapter concludes with
the introduction of the building blocks of Tensor Networks are also outlined, which represent
tensors and their operations graphically through interactions of nodes and edges.

2.1 Nomenclature and Notation

This section introduces the general knowledge and background required for this thesis. Refer
to Table 2.1 for the basic nomenclature used throughout.

2.1.1 Basics

The following definitions are required. These terms will be used extensively.

Definition 2.1. A tensor is a multi-way array having N indices, and it is written as X € RIv< I,
Definition 2.2. The n-th mode of a tensor is an the n-th index of the tensor.

Definition 2.3. The order of a tensor is the number of its modes.

Definition 2.4. A fiber of a tensor X € R XIN ig the collection of entries obtained by fixing all
but one index, e.g. x(:,12,13, ..., in) is obtained by fixing all i,, forn =2,3,..., N.

Definition 2.5. A slice of a tensor X € R X1~ ig the collection of entries obtained by fixing all
but two indices, e.g. X(:,:,1s, ..., in) is obtained by fixing all i, forn = 3,4,..., N.
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2. Tensor Notations and Decompositions

Table 2.1: Basic Tensor and Matrix Notation

X c Rllxlgx-~-><IN

X

xiliQ“‘iN - X(i1»i27 e ?ZN)
T, x, X

X(n) c RInxIilzIpn_1lnyr--In

An)
O OO

0,®,0,®

vec(X) =x € RItl2In
I
Iy

1y

<'7'>

Tensor of order N of size I1 x Iy X -++ X In

Tensor Network representation of tensor X' € RI>f2x-xIn
(41,49, ,in) entry of X

Scalar, vector, matrix

Mode-n unfolding of tensor &

Factor matrices, in tensor decompositions

Transpose, inverse, and Moore-Penrose pseudoinverse
operators for matrices

Outer, Kronecker, Hadamard
and Khatri-Rao products

Vectorization of tensor X
Frobenius norm

Identity matrix of size M x M
Vector of ones of size M

Inner product

Definition 2.6. The mode-n unfolding of tensor X € RIv12%xIx s denoted by X ), and is a

matrix with entries

(X(n))in,il...i71,,1i7,,+1...iN = Liy i, inN (2.1)

where, according to the Little-Endian convention [46]:

1189 ... iy = i1+ (i — D)1 4+(is — Do+ 4+ (6 — D1 ... In—1 (2.2)

This is sometimes referred to in the literature as “classical” or “Kolda-unfolding” [63, 70].

Unless stated otherwise, when a tensor is said to be unfolded the Kolda-unfolding is implied.

The unfolding of a 3-rd order tensor, along each of its modes, is shown in Figure 2.1.

mode-1 unfolding, X, m m m m m [

JN0angan

A Y
7%
r Yy .

il

9%

| @
mode-2 unfolding, X, m m m m D} [ m
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Figure 2.1: lllustration of the mode-1, mode-2, and mode-3 unfoldings of a 3-rd order tensor
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2. Tensor Notations and Decompositions

Given an N-th order tensor A € RI1*xInx-XIN and another M-th order tensor B <
R X mxxIuwith sizes of I, = Jp,, their (m,n)-contraction , x™, yields a third tensor
C c RIvx<XIn—1xIppa X xXIn X1 XX Tmo1 X Imp1 XX Im - of grder (N + M — 2), with entries

In
in

The operator x,, is equal by convention to x2, and referred to as “mode-n” contraction or
product. It is used for contraction between tensors and matrices. A few properties of the
mode-n product are in order and summarized below:

e YV=Xx,U <= Y(n)ZUX(n)
e XX Ax, B=Xx,Bx, A ifm#n
e X X, Ax,B=2X x, (BA)

The Kronecker product of matrix A € R1*/2 and matrix B € R71*’2 yields a matrix C €
RI171x12 2 with entries

Cliv—1)J1441.(i2—1) Jo+j2 = ahizbjljz (2'4)
whereas the Khatri-Rao product of A = [ay,...,ag] € R"™*F and B = [by,...,bg] € R/¥F
yields a matrix C € R!/*£, with columns

¢ =a, b, (2.5)

The above is summarized in Table 2.2.

Table 2.2: Definition of Main Products

(m, n)-contraction product of tensor A € RIv> > 1nxxIy

C=Ax"B and tensor B € R/1<xJmxXX a1 yields
1Xe Xy 1 Xy p 1 X XUN XS X Xy — 1t X p 1 X X g
CecRr! Loy x Loy InxJ Ty X Ty J

Mode-n products of tensor A € RI1*12-xIn

C=Ax,B
" and matrix B € R7 % yields € € RV T XJuxlusaxcoxly

Mode-n tensor-vector contraction of tensor A € RI1x 72X xIn

C=Ax,b and vector b € R!» yields the (N — 1)-th order tensor
Cec Rll><-~><Iv,,,1><I,,1,+1><~»><IN

C=[ABY B® .. BW] Full multilinear product C = A x; BN x5 B®) x3... x5y BW)

Outer product of vectors a™ ¢ RU=) n=1,... N,
yields a rank-1 tensor X’ € RIxf2xxIn

Kronecker product of A € R/1*%2 and B € R/1* 2
yields C € RNVixT2 72

Khatri-Rao product of A € R™* and B € R/*F
yields C € RI/xE

X—aWoa@o...0a™

C=A®B

C=A®B
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2. Tensor Notations and Decompositions

2.1.2 Tensorization via Rearrangement of Lower-Dimensional Data

2.1.2.1 Reshaping or Folding

One of the simplest ways to perform tensorization is by reshaping or “folding” the original
data [90]. This method preserves the original sequential ordering and the original number of

elements, not requiring any additional storage space.

Definition 2.7. An N-th order tensor X ¢ RIvI2XXIN s said to be a folding of vector x €
RIIIQH-IN zf

forall1 <, < I, wherei =1+ " (i, — )T, I

For example, consider a vector x € RY. This is tensorized into a matrix X € REXE/! by

(1) z(I+1) ... z(L—I+1)
o ;L-('z) a;(I.+2) :L'(L*.I+2) 2.7)
o(I)  z(2]) z(L)

2.1.2.2 Hankel Folding

A Hankel matrix is a structured matrix in which each ascending skew diagonal from left to
right is constant, and has found numerous applications in signal processing and control theory
[91].

Definition 2.8. A Hankel matrix X € R!*7 is defined as

z(1) z(2) z(J)
X :C(Q) 1:(3) . ZC(J.-I- 1) 28)
z(I) z(I+1) --- x(L)

It can be convenient to tensorize a vector or a matrix via a process that injects such a structure,
known as “Hankel Folding” [60]. Then, the following definition follows

Definition 2.9. An N-th order Hankel tensor X € RIv12>*In s constructed from a generating
vector x € R”, where L = 25:1 I,, — N + 1, with entries

X(i1,09,...,in) =%x(i1 +i2+ - +in — N +1) (2.9)

2.2 Tensor Decompositions

Following their original application in chemometrics and psychometrics, Tensor Decomposi-
tions (TDs) have expanded to several other fields over the last two decades [63]. Examples
include signal processing [64, 82, 92], linear algebra [24, 61] , computer vision [85, 93], graph
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analysis [94], and more. In the following the main TDs are introduced, that is, the Canonical
Polyadic, the Tucker, and the Tensor Train Decompositions (CPD, TKD, and TT, respectively).

2.2.1 Canonical Polyadic Decomposition

The first to propose the idea of a polyadic form of a tensor was Hitchcock in 1927 [10], that is,
expressing a tensor as the sum of a finite number of rank-1 tensors. In 1944, Cattell proposed
ideas for having multiple axes for analysis in psychology [11], but it was not until the 1970s
that it became popular thanks to Carroll and Chang [17], after they applied it within the psy-
chometrics community under the name of CANonical DECOMPosition (CANDECOMP), and
to Harshman who named it PARAllel FACtor model (PARAFAC) [16]. Today it is known as
Canonical Polyadic Decomposition (CPD).

Definition 2.10. An N-th order tensor is rank-1 if it can be written as an outer product of N vectots,
that is
X=aWoa®o...0a®™ (2.10)

In other words, each element of the tensor is the product of the corresponding vector elements

Tiginin = aMe® .. -agg), foralll <i, <I, (2.11)

11 2

The CPD decomposes a tensor into a sum of rank-1 tensors. Consider, for example, a 3-rd
order tensor X € R11*/2xIs The CPD expresses it as

R
~3 Aall oa® oa® 2.12)

where a) € R71,a(®) ¢ R'z, a(®) ¢ R/s. If the approximation in (2.12) is exact, then I is said to
be the rank of the tensor.

Definition 2.11. The rank of a tensor X, rank(X') = R, is the smallest number of rank-1 tensors the
sum of which generates X exactly.

Elementwise, (2.12) takes the form of

R
21, 12, 13 Z /\,.agiz Efi E:i)” (213)
and if the rank-1 component vectors are collected into matrices, e.g. A1) = [a(ll), agl), I ag)],
the CPD can be expressed with multi-linear products as
XaDxi AW xy A® x5 AG)
(2.14)

— [D;A(l),A(2),A(3)]]

where A ¢ RIXE AQ) ¢ REXEAG) ¢ REXE and D € RFEXEXE jg 3 tensor having only
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the A\,’s on its diagonal, that is

Ar, ifry =ro=r3=r
D(ryrars) =4 (2.15)
0, otherwise

The CPD for the 3-rd order case is shown in Figure 2.2.

a’ al)
. N s

(o RIETRRPRTREN . T s I @
e B \

(1l x 1y x 1) alt) aly) (I x )

Q
|

(Rx RxR)

Figure 2.2: Illustration of the CPD for a 3-rd order tensor X € R/1*/2x1s,

The CPD can also be written in matrix form, which consists in unfolding the decomposed
tensor X in terms of its CP factors. For the 3-rd order case, this becomes

X 1) zA(l)(A(g) ® A(2))T
X2 ~AP (AP @ AD)T (2.16)
X (3) zA(?’)(A(z) ® A(l))T

For an N-th order tensor X € RI1*[2xxIn the CPD takes the general form of

R
X %Z)\Tag) oa£,2) o.uoaan)
r=1

2.17
=D x; AW x5 A® x ... xny AW 217)
=[D; AM, AP AN
whereby its mode-n unfolding is expressed as
X () & A("')D(A(N) ® - APTHUACD o o A(l))T (2.18)

where D = diag(A) and A = [Ay,...,Ag]. If A = 1, then a tensor in the CPD format can
simply be written as X ~ [A() A®) . AN,

2.21.1 Uniqueness

It is in order to note that rank decompositions of higher-order tensors are often unique, whereas
the analogous matrix decompositions are not. For example, consider a matrix X € R/*7, and
assume it is of rank R. Then, a rank decomposition of this matrix could be

R
X=AB" =) a,ob, (2.19)
r=1
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However, if the SVD is performed, X = UXVY7, one could choose (i) A = AX and B =V, or
(ii)) A = UEXW and B = VW, where W € R¥*# is any orthogonal matrix.

The CPD decomposition, on the other hand, is unique under much milder conditions, up
to a permutation and scaling ambiguity [63]. For example, if a 3-rd order tensor admits a CPD
decomposition X = Y% A al oal® 0 al® = [D; A1) A® AB)], permutation ambiguity
means that

X =[D:AD AP AP = [D; AVP,APP ACP] (2.20)

for any P € RF*® permutation matrix. Instead, scaling ambiguity refers to

R
X =Y M(wal)o (B.a?) o (yal?) .21)

r=1

as long as a7, = 1 forallr = 1,..., R. On the other hand, the mild conditions required for
CPD uniqueness are due to Kruskal [55, 95] and depend on the so called Kruskal rank or k-rank.

Definition 2.12. The k-rank of a matrix A, denoted by ka, is the maximum possible k such that any
k columns of A are linearly independent.

Note that the above is not the same as the classical definition of matrix rank, which is the
maximum number of independent column (or row) vectors of a matrix (both definitions are
equivalent). The subtle but significant difference in k-rank lies in the word “any”. The result by
Kruskal states that a sufficient condition for uniqueness for the 3-rd order case is

kA(l) + kA(z) + kA<3> >2R+2 (2.22)

This was extended to the general case for an IN-th order tensor by Sidiropolous and Bro [96],

whereby sufficient conditions for CPD uniqueness are given by

N
> kam =2R+ (N 1) (2.23)

n=1

2.2.1.2 Computation

There exists no finite algorithm for determining the rank of a tensor, as it is an NP-hard problem
[95]. Therefore, the first issue arising when computing a CPD is the choice of the rank, R. If
the tensor to be decomposed is noise-free, then the computation can be done for increasing
values of R until the model fits the underlying tensor 100%. However, most tensors are noisy,
so either specific “rank consistency diagnostics” need to be performed (such as CORCONDIA
by Bro and Kiers [97]), or a satisfactory value for R is arbitrarily chosen [63].

For a 3-rd order tensor X € RI1*/2xIs CPD solves the following optimization problem

argmin || X — X||
x

R (2.24)
st X = Z/\Taﬁl) oca®oal® = [D; AN AR AG)]

r=1
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The most common approach to solve the above is to use an Alternating Least Squares (ALS)
procedure. That is, any matrix A n =1,...,N,is estimated one at a time while keeping the

others fixed. For example, A1) is estimated via
A =X (AP @ AD)ACTAG) o ART AT (2.25)

where A = AD, D = Diag(\), and A®), A® are kept fixed. These are then computed in an
analogous way, until convergence [63]. The procedure for an N-th order tensor is summarized
in Algorithm 1.

Algorithm 1. ALS for the CP decomposition of an N-th order tensor
Input: Data tensor X € R/1*/2X*INn and rank R
Output: Factor matrices A € RI»*% forn =1,..., N and vector A
1: Initialize A" € RI»*F
2: while not converged or max iterations reached do
3: forn =1to N do

4 U AOUTAD ... Ar-DTAM=1) 5 AR+DT A(+1) ... ) AT AW)
5 A X (AUV) ® @At @ A-D g ...9 AD)UL

6 end for

7: Normalize columns of A (™ and store them in vector A

8: end while

9: Return A, forn =1,...,N,and .

2.2.2 Tucker Decomposition

The Tucker Decomposition (TKD) was first introduced by Tucker in 1963 [13], and is a higher-
order form of the well known Principal Component Analysis (PCA). It decomposes a tensor
into a core tensor which is transformed by a factor matrix along each mode. Elementwise, for
a 3-rd order tensor, it takes the form of

Ry R> Rs

21’22713 Z Z Z Grirars @ 217‘1 537)"20’5537)”3 (226)

rT1= 17") 17"3 1

Similarly as with the CPD, given a tensor X € R1*/2*Is the TKD can be compactly written
as

X~ Zl ZQ igrngTd () oa( ) o av(ﬂi)

21 122 1 23
= g X1 A(l) X9 A(z) X3 A(B)
- [[g;A(l)?A(Z),A(fB)]]

(2.27)

where AD ¢ RIE AR ¢ RIE2¥Ez AB) ¢ RIs*Hs are called factor matrices, and can be
thought of as the principal components in each mode, whereas the tensor G € RF1xf2xRs
is referred to as the core tensor and its entries determine the level of interaction between the
different components. An illustration of the TKD for a 3-rd order tensor is shown in Figure 2.3.
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(L x I x I3) R

Figure 2.3: Illustration of the TKD for a 3-rd order tensor X € Rf1>*/2x1s,

The original tensor X can also be unfolded in terms of its TKD factors, as

X2 = AP G (AB) @ AT (2.28)
X(g) = A(3>G(3) (A(2) & A(l))T

For a general N-th order tensor, the TKD takes the form of

X=Gx; AW x5 A® x5...xy AW

=[G, AW AP AN (229)

whereby its mode-n unfolding is expressed as
Xy = A(n)G(n)(A(N) @ @A) @ A g ... g AT (2.30)
where A" ¢ RI»*Fn are the factor matrices. The tuple (Ry, ..., Ry) is referred to as the

multilinear rank.

2.2.21 Computation

Two principal computation methods for the TKD are considered: the Higher-Order Singular
Value Decomposition (HOSVD), and the Higher-Order Orthogonal Iteration (HOOI), both pro-
posed by De Lathauwer in [24], and in [64], respectively. The HOSVD is a a direct generaliza-
tion of standard matrix SVD, in the sense that the factor matrices are composed of the singular
vectors, for each mode, which interact with each other according to the singular values in the
core tensor. Moreover, the factor matrices are orthogonal, and the core tensor is all-orthogonal,
meaning that slices in each modes are mutually orthogonal (see [3] for further detail). The
procedure for the HOSVD is provided in Algorithm 2.
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Algorithm 2. HOSVD for an N-th order tensor
Input: Data tensor X € R71*/2>xIn and multilinear rank (R, ..., Ry)

Output: Factor matrices A € R/»*% forn =1,..., N and core tensor G € Rff1xxfin

: forn=1to N do

A(™ « R, principal singular vectors of X,

C G X xg ADT 5y AT ooy AT

1
2
3: end for
4
5 Return Gand A", forn=1,...,N.

The HOSVD may also be truncated for compression, however, this approximation is not
optimal in terms of Frobenius norm. It can be, nonetheless, a good starting point for iterative
procedures, sush as the HOOI. Assuming a tensor X € R/** >/~ HOOI solves the following

optimization

min ‘X—[[Q;A(l),...,A(N)]]H
G.AM, . AN P

st. G e R BN gnd A ¢ RIn*Fn (2.31)

where A™ are columnwise orthogonal, forn =1,...,N

The procedure computing HOOI is summarized in Algorithm 3.

Algorithm 3. HOOI for an N-th order tensor

Input: Data tensor X € Rft*/2X*In and multilinear rank (R1, ..., Ry)

Output: Factor matrices A ¢ R»*% forn =1,..., N and core tensor G € Rft1xxEn
1: Initialize A™ € RI"*En forn =1,..., N, using HOSVD
2: while not converged or max iterations reached do
3: forn =1to N do

4. Y X xq A(l)T Xo +++ Xp_1 A(”_l)T X 41 A(""‘l)T Xp42 - " XN A(N)T
5: A « R, principal singular vectors of Y,
6: end for

7: end while
8 G+ X x4 A(l)T X9 A(2)T X3+ XN A(N)T
9: Return G and A, forn=1,...,N.

2.2.3 Tensor Train Decomposition

The Tensor Train (TT) decomposition was first introduced by Oseledets in [98] and [27], with
the purpose of overcoming the curse of dimensionality, as algorithms which operate on tensors
can become intractable if their order, IV, is high. Perhaps the most common (and simplest) form
of TT is the one referred to as the Matrix Product state (MPS or TT-MPS), within the quantum
physics community [3]. This consists in decomposing an N-th order tensor, X € Rf1x/2xxIn,
into N, 2-nd or 3-rd order, tensors

G e RFn-1XInxBu 1 N (2.32)
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where Ry = Ry = 1. By defining G (ix), ix = 1,..., I} as the i,-th vertical slice of tensor
G the MPS assumes the elementwise form of

X (i1yig, .. ,in) = GW(i1)GP(iy) - G (iy)

Rin-1)
=D YD SUNED DR B -
- 91217‘197‘1227‘2 gT‘(N 1)21\{1
ri=1ro= 1 T(N— 1)—1
Here the tuple (Ry, ..., Ry_1) takes the name of TT-rank, and the tensors G as is the case for

the TKD, are referred to as core tensors. The conditions on Ry and Ry ensure that the output of
(2.33) is a scalar. An illustrative example of the TT-decomposition is provided in Figure 2.4.

g(l) g(‘z) [ g(fV—l) g

Rh

R(n—l)

I, i 2 i3 tv-1) i

Figure 2.4: Illustration of the TT-decomposition for an N-th order tensor.

The TT decomposition in (2.33) may also be expressed as a series of (m,n)-contractions

(refer to Table 2.2) as

X =gW x1g® x1g® 1. xlg™ -
—(gW,6g® ... gW) '

Remark 2.1. Because G") and G"V) are matrices, often they are denoted by G(V) = A € RI1xF1,
g(N) =B c REw~-1xIn
2.2.3.1 Computation

The algorithm computing the TT-decomposition for a tensor X € RI1*12x*Iv in the MPS
consists in iteratively applying standard SVD to different unfoldings of the underlying tensor,
hence its name: TT-SVD [27]. More precisely, the TT-SVD approximates an original tensor via
a TT, with a prescribed accuracy e. In other words, X € RI1*/2>XIx jg approximated by the
TT-representation of Y € RItx72>XIn such that

|X = Vllr < el|X|lp (2.35)

For completeness, the procedure is reported in Algorithm 4.
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Algorithm 4. TT-SVD for an N-th order tensor

Input: Data tensor X € RI1*/2X-"xIx and prescribed accuracy e

Output: Core tensors GV, ..., GV) approximating X € RI1x/2xxIn
1: Initialize cores gV, ..., g®")
2: Compute truncation parameter ¢ = ﬁ”k’ || F
3 Ry=1
4 Z <+ X,and Z < Zy
5. forn=1to N —1do
6:  Compute d-truncated SVD: Z = USV + E, s.t. ||[E||r < §; U € RE-1InxEn
7: G reshape(U, [R(,,—1), In, Ry])
8  Z < reshape(SV”, [Rul(ni1)s Imioylinis) - - In])
9: end for
10: GV 7

: Return g, g2 ... gV

[y
[

2.3 Tensor Networks

A precise description of tensor operations via standard conventions and mathematical terms
can easily become cumbersome and lose intuition. To tackle this issue, researchers have drawn
inspiration from quantum physics and quantum chemistry methodologies wherein mathe-
matical operations are represented diagrammatically [1]. Tensors, and hence tensor decom-
positions, can be represented as a connection of nodes and edges, yielding structures resem-
bling mathematical graphs [3, 80]. Such structures are referred to as Tensor Networks (TNs)
[1, 3, 60, 80].

Within a TN, any tensor of any order (including scalars, vectors, and matrices) is repre-
sented as nodes, while the number of edges connect to it is an indication of its order, as shown
in Figure 2.5. The dimensionality of each mode is labelled on the corresponding edge in an
anti-clockwise fashion.

:o :

(II X IQ)

- O 9.

]1 ([1 XIQX 13)

S

Figure 2.5: Basic building blocks for TNs. From left to right, top to bottom: 0-th order (scalar),
1-st order (vector), 2-nd order (matrix) and 3-rd order tensors.

The basics of TN operations are summarized in Figure 2.6. Notice how this representation

has the potential to intuitively represent complex operations, often involving several tensors at
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once. Moreover, it offers avenues for insights even in the most simple tensor decompositions,
not only benefiting new researchers in the field, but also allowing familiar researchers to attain
a deeper grasp of this fascinating field. Indeed, the way tensors interact within the context of
TNs requires special attention, which provides the focus of the next chapter.

XT

I, Ll @ 1, o bl

I

Figure 2.6: Basics of TN operations. From top to bottom: matrix X € R7**%2 and its transpose;
contraction between matrices X € R/1*/2 and Y € R/1*/2 along the common mode I, = J;;
contraction between tensors X € R11*/2x%: and B € R/1*/2X/2 aglong the common mode I3 =
J1; contraction between tensors X and Y along all modes; unfolding of tensor X € Rf1x/2x1s
along its first mode I;.

2.4 Chapter Summary

The main tensor notation and operations have been reviewed in Section 2.1, wherein Tables 2.1
and 2.2 will often be referred to in later chapters. Implications of both the blessing as well as the
curse of dimensionality have also been provided, while Section 2.2 has presented the main tensor
decompositions, namely the Canonical Polyadic (Section 2.2.1), the Tucker (Section 2.2.2), and
the Tensor Train (Section 2.2.3) decompositions, which underpin most of the ideas presented
in this thesis. Finally, Section 2.3 has introduced the main building blocks of Tensor Networks
(TNs), and their fundamental operations are portrayed in Figure 2.6. The next chapter builds
on the concept of TNs by showing how they and tensor decompositions are in reality two sides
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of the same coin, notion which is exploited to gain new insights and deeper understanding of

tensor operations.
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Chapter 3
A Tale of Nodes and Edges

Nothing sticks in your head better than a story.
Stories can express the most complicated ideas in
the most digestible ways.

Sam Balter

Chapter Overview

This chapter aims to offer new understandings of the underlying mathematical operations
involving tensors and tensor decompositions, via the graphical representation introduced in
Chapter 2, Section 2.3, which is commonly adopted within Tensor Networks (TNs). In the fol-
lowing it is shown how a tensor decomposition implies a TN, in fact, the simplest TNs merely
are a consequence of direct decompositions, implying a duality between the two entities. In
other words, tensor decompositions can be studied via intuitive graphical representations, re-
ducing the interaction of its components to connections between nodes and edges. Moreover,
this chapter reveals how the power of intuition offered by a graphical depiction of mathemat-
ical formulae can be crucial in attaining new grasps even on the most fundamental concepts,
benefiting not only new researchers in the field, but also those familiar with the topic, by offer-
ing efficient tools promoting new findings. A practical example of this is shown in later sections
of this chapter, wherein an efficient algorithm for performing (1, n)-contractions between any
two tensors of any order is devised through a purely graphical approach.

3.1 Introduction

By inspecting Tables 2.1 and 2.2, together with the main operations and tensor decompositions
introduced in Chapter 2, it becomes immediately clear that precise description of tensor op-
erations via conventional mathematical terms and equations may become cumbersome and
confusing, especially for higher order tensors. Hence, methodologies have been developed to
interpret such operations diagrammatically, as outlined in later sections of Chapter 2. Any
N-th order tensor, X € RI1*2>XXIN can be represented as a node with edges, where the
number of edges represents its order, as illustrated in Figures 2.5 and 2.6. This, in turn, allows
for intuitive ways to correctly portray even the most complex operations. For instance, Figure
3.1 portrays two interactions among tensors which would translate in an extremely tedious and
hard to follow formula, as several matrices, 3-rd order, and 4-th order tensors are present. Even
the relatively concise multilinear operations, such as (2.29) for the Tucker (TKD) and (2.34) for
the Tensor Train (TT) decompositions, would be difficult to outline.

In fact, even single decompositions may lose their immediate intuition for higher order
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Figure 3.1: Example of two relatively involved tensor operations, but easily comprehensible
through a graphical representation. Image adapted from [1].

tensors. Already for 4-th order tensors, illustrations such as those in Figures 2.12, 2.3, 2.4, be-
come infeasible. To tackle this issue, researchers indeed do represent single decompositions
as Tensor Networks in graphical format, an approach which is summarized in the following.
Moreover, in later sections of this chapter it is shown how such representations may be ex-
ploited to deepen understandings of the fundamental concepts, as well as they promote new
findings and novel applications.

3.2 Tensor Decompositions as Tensor Networks

In this section, the tensor decompositions presented in Section 2.2 are revisited under the lens of
the diagrammatical approach introduced in Section 2.3. Observe Figure 3.2. The conventional
way of representing the CPD, TKD, and TT in an illustrative fashion is portrayed in the left
column, while their graphical equivalent, using the building blocks shown in Figure 2.5 and
the operations in Figure 2.6, are portrayed in the right column. For ease of representation,
3-rd order tensors are shown as red nodes, while matrices as blue nodes. In Figure 3.2b, the
diagonal core of the CPD is represented as a white node with a diagonal stripe. In all cases, a
connection between two nodes mathematically represents a contraction.

Indeed, it is now possible to fully appreciate the meaning of the (m, n)-contraction product
expressed as the operator X}, as opposed to a summation over common indices defined in
(2.3). Contraction products are an intuitive and efficient way of simplifying tensor operations,
and their expressiveness fully becomes evident in light of graphical tensor representations.

3.3 Tensor Operations via Tensor Networks

3.3.1 Insights in the Tucker Decomposition

Consider, for example, the TKD of a 3-rd order tensor, X € R{1*22xI:_[f orthogonality con-
straints are imposed [24], then the following holds:

X=6Gx AW x5 A® x; A®) = g =x x; AWT x, AT x, ABT (3.1)
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(a) Conventional illustration of CPD.
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(d) Graphical illustration of TKD.

(c) Conventional illustration of TKD.
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(e) Conventional illustration of TT.

¢V =B
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(f) Graphical illustration of TT.

Figure 3.2: Comparison between conventional (left) and graphical (right) representations of
tensors decompositions.

where G € RE1xR2xRs and AW ¢ RI=XBa The above derives from the fact that AWT A =
Ir,, but an immediate full intuitive understanding of (3.1) can be difficult to grasp. However, if
the problem is analyzed graphically as shown in Figure 3.3, it becomes immediately clear that
the right-hand side of (3.1) reduces to G € RF1*R2X/: peing multiplied by an identity matrix
IR, along each mode, which causes no effect.

Graphical representations may be employed as a tool to tackle even more complicated
mathematical problems. Consider the optimization problem for the Higher-Order Orthogonal
Iteration (HOOI), shown in (2.31). This is equivalent to minimizing the square of the objective
function, that is

2
% 1G: AW AW X 2 (G AD, L A (G A, AN

=[| X7 —2([x; ANT, AT G) +[1G]1F
= X% - 2(G,6) + I9]I%
=[x — 1I1G1[%

=[5 — []& x1 AT x5y AT
(3.2)
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Figure 3.3: Graphical representation of G = X x; AT xy AAT x5 A®T, By starting from
the TKD of X and exploiting the fact that A(WT A = I, , the equality becomes evident.

The above can be reformulated as a series of subproblems and solved via an ALS approach [63].
What is shown next is a justification of the steps in (3.2), by virtue of the introduced graphical
approach.

First, consider the equivalence

(X,16; AN, AN = ([a; AWT . ANT] gy (3.3)

The reason why this holds becomes obvious by observing Fig. 3.4, in which, for simplicity, a
3-rd order tensor, X € RI1*12XIs ig considered. An inner product between any two tensors
equals contraction along all modes [63], represented in the top-right corner of Fig. 3.4. It is
possible to manipulate these graphical representations: instead of considering G and factor
matrices A (") together, we consider X and A7 (lower portion of Fig. 3.4). Notice that in the
case of X the contracting modes are I,,, while for G contractions are carried out on modes R,,.
As a result the lower-left section of Fig. 3.4, and hence (3.3), follow [80].
The same approach can be used to justify

1[G; AD, ..., A2 = |G| 1% (€X))
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Ry
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I Ry
A4
X I = R g
A4
I3 -~ Jis)
A d

Figure 3.4: A tensor inner product, from a graphical perspective. Treating the matrices as
individual blocks and changing the order of contraction, it is possible to manipulate the original
inner product into one expressed differently, but ultimately equivalent.

Because (X, X) = || X||? [1], the procedure portrayed in Fig. 3.4 is repeated with
(16: A0, ..., AN [G;AD,... AM]) (3.5)

Grouping the matrices A(™ by contracting them on their common modes I,, results in N prod-
ucts AT A = Tp . Therefore this leads to

(lg:10.....1V]1.6) = (6.9) = 6]} (3.6)

justifying (3.4).

Remark 3.1. The above properties about inner products are valid for any tensor, but were
presented in the light of the TKD for convenience, as a way to show some of the benefits of

graphical representations of TNs.

3.3.2 Tensor Unfoldings

It is often convenient to unfold a tensor into a matrix, while in the TKD format. This allows
to comfortably operate within the realms of the well-known matrix algebra, while at the same
time preserving the advantages and structure of multi-linear algebra, as shown in (2.28) and
(2.30). Although not particularly complicated, these equations might be difficult to accept if
no justification is provided. To this end, observe Figure 3.5. The question is how do matrices
A®) and A®) take part in the operation? The second and third dimension of X € R/1*/2x/s,
I and I3, are multiplied, so a Kronecker product between A(? and A®) follows intuitively.
This results in a matrix K, € R2/2XR28s To maintain dimensionality matches and allow for
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3. A Tale of Nodes and Edges

contraction it also becomes natural to unfold G along its 1-st mode, yielding G ;) € R *R2fs,
By observing the resulting final graph, it is now clear that X ;) = AN G ;) K where K = K! =
(A(3) ® A(Q))T c RR2Rax 21y

AV Go o K
A4 W

Iy Ry I3

Figure 3.5: Graphical justification of (2.28). By performing the 1-st mode unfolding graphically,
it becomes clear that X (1) = AW G(;)K, where K = (A®) @ A?)T,

Remark 3.2. Note that the same approach is valid to justify unfoldings in the light of the CPD,
as it can be considered a special case of the TKD.

3.3.3 A Note on Topology

Together with the elements composing it, the topology of a TN defines the TN itself. This means
that any two TN, even if they are represented differently but have the same topology and
elements, are equal. This result is intuitive and a foundation of Graph Theory [99]. However it
is possible to express the same graphical representation of a tensor with different equations. In
other words, any TN has multiple mathematical representations, which are all equivalent.

To illustrate this, consider a tensor X € RIt*12%Is in the TKD format, that is

X=Gx; AW x; A® x3 A® (3.7)
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3. A Tale of Nodes and Edges

The above is equivalent to
X =AW X} (G xg A®) <] ABT (3.8)

The equality of (3.7) and (3.8) is evident upon observation of Figure 3.6, which shows a TKD
expressed with the same notation which is normally used for a TT, hence the requirement of
the transpose on A%,

Figure 3.6: Simple example to show that different expressions for the same topology are possi-
ble. In this case X € R/1*/2X/s can be written as in (3.7), on the left-hand side in the figure, or
as in (3.8), on the right-hand side.

3.3.4 Contraction of Tensors in the TT-Format

As long as mathematical rigour is maintained, the sole topology of a TN is sufficient to obtain
insights which otherwise would be difficult to access. To illustrate this, a novel method to per-
form tensor contractions is devised, stemming solely from a graphical approach. Recalling the
elementwise definition in (2.3), it is clear that a direct implementation would be computation-
ally expensive as it would incur a significative number of iterations, especially for higher-order
tensors. However, the graphical representation of the TT in Figure 3.2f suggests that the same
problem could be tackled using TTs, as each core has information regarding the corresponding
original tensor mode [80]. In particular, the first and last cores are always matrices. In the fol-
lowing it is shown how this can be exploited to reduce an x}* contraction product to a simple
matrix multiplication.

For simplicity, suppose it is required to perform a x 3 contraction between a 4th-order tensor
X e RIvxxIsxIs and a 3rd-order tensor Y € R71x2%Js where I3 = .J,. This would result in

X ng:ZGR11X12XI4XJ1XJ3 (3'9)

Tensors X and Y can also have their indices permuted to yield X? € RI:*/1xL2xl4 and Yr ¢
R72xJ1xJ: ‘guch that the contracting modes, I3 for X, and .J, for Y become the first modes.
Performing a TT decomposition on X and Y” respectively yields cores

G{M € REm->xLuxRu 'y = 1,93 4

) o p (3.10)
gym cR (m—1)XJIm X moom = 172’3

This implies that, since I3 = .J3, the desired contraction in (3.9) can be obtained as a simple
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matrix product GV — A, e Rl and g{,” =A, e R/ 55
ATA, =K c R (3.11)

This is the centre of the proposed Tensor-Train Contraction Product (TTCP) [80], a method
to perform contractions between tensors in the TT-format. Observe Figure 3.7. First, the cores
A, and A, of tensors X* and Y are joined by a normal matrix multiplication AT A, connect-
ing the two TTs of X* and Y*. This yields matrix K € Rf1*”1 which in the newly formed
TT is the link introduced by the contraction product. Reconstructing the tensor represented by
the union of the two TTs yields Z° € RIax2x1ixJixJs which is a permuted version of tensor
Z in (3.9). In order to obtain the latter it is sufficient to permute Z” such that the resulting
dimensions follow the natural order obtained by the original contraction. The procedure is
summarized in Algorithm 5, where the operator (-)71:3 permutes any given tensor such that
the first and third modes are exchanged.

Algorithm 5. Tensor-Train Contraction Product (TTCP) on X € RI1*XIn and Y € R/1x*/m
along modes n and m respectively.

1: Input: X € RIVxIn and Y € R **Im pnand m.

2 Output: Z=X Xnm Yst Z¢€ RIuX X Tna X L X oo XAN X J1 X X T X T X X T

3:

4: Procedure:

5. Define X? € RIn>xliXXIn_1XInj1XIN and Y e RIm XXX 1 X Img1- X Iy by permut-
ing X and Y accordingly.

6: Obtain TTs of X? and Y*:

XP=A, x1G? xlx...xigWWN- 1B,

(3.12)
Y =A, x%g?(f) X5 X - X3 Q;M_l) x5 B,

7. Perform X7 contraction by:

K=ATA, (3.13)
8: Obtain
zZP c RIN><~~~><In,+1><In,1><-~~><11><J1-~~><Jm,1><J,,,,+1><~~-><JM (3.14)
by
N—1)Tp . N—=2)T 4 5 _

Z, « B,yxbgl VT gl AT 1 g BT L 1K gD id G B, (3.15)

9: Permute Z, to obtain Z € R X Ln 13T X INX Tt o i X S 1 T

Remark 3.3. Benefits of the TTCP are two-fold:
1. It provides a more efficient alternative to the actual contraction, in comparison to (2.3);

2. The resulting tensor Z = X x| Y is automatically yielded in the TT-format, whereby its
cores still contain modal information with respect to the individual tensors X and Y.

Remark 3.4. An (m,n)-contraction between X € RI1*I2xxIN and Y ¢ R/1xJ2XXJm can

also be performed by Z, = X%;)Y(m) c Rlllz...f(n—l)1<n+1)~..IN><J1Jz...J(m_1)J(m+1>mJM’ followed
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3. A Tale of Nodes and Edges

by an appropriate reshaping of Z,. However, doing so would lose modal information of the
individual original tensors, as pointed out in Remark 3.3.

Computational benefits of the TTCP can be observed in Figure 3.8. Two tensors X and Y are
drawn from a zero-mean, unit-variance Gaussian distribution, and three different cases are con-
sidered, that is (i) X, Y € R20x20x20_(ij) x, Y ¢ R20*20x20X5 and (iii) &, Y € R20x20x20x5x4,
For each case, the contraction X x} Y is computed via (2.3) and via the TTCP algorithm, and
computational times are recorded for both cases. TTCP shows a significant computational ef-
ficiency advantage in all cases, especially for the 4-th and 5-th order scenarios. This suggests
that for higher-order tensors (2.3) tends to become intractable, and the advantages of the TTCP
become apparent.

15 mmm TTCP

m Definition
1.0

- -
- -- ]

Time (s) in log-scale

3

4

i

Tensor Order

Figure 3.8: Comparison of computational cost (in seconds, log-scale) between (2.3) and TTCP
for the X x| Y contraction. The 3-rd, 4-th and 5-th order cases are considered. Stemming
from a graphical intuition, TTCP is more computationally efficient than the direct definition of
contraction.

Remark 3.5. The TTCP stems purely from graphical foundations, by making full use of the
topology of the TT representations of tensors X and Y [80].

Remark 3.6. In the same fashion that a contraction product can be represented as a matrix
multiplication, in specific cases contractions along multiple modes can be carried out in a single
operation. Consider, for example, two N-th order tensors X € R/1*XIv and Y € RI>> v,
Assuming that I, = Jj;, Vk # n, a contraction along all modes except the n-th one (“all-but-n”)
is denoted as [51]

(X, Y) =X Y[, e Rl (3.16)

To graphically justify this, consider the 3-rd order case for two general tensors X € RI1*/2xIs
and Y € R*%2x% with I} = J;, I, = Jp, shown in Figure 3.9. Unfolding is performed on
the 3-rd mode, i.e. the mode not taking part in the contraction, for both X and Y, and the
transpose on Y3 is taken in order to avoid a dimension mismatch. It is not difficult to extend
and accept this result for any pair of higher order tensors.
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I3

o)
~ = ~
I [ I
= ~ =

S

o
YT

Js Js (3)

Figure 3.9: Graphical illustration of an “all-but-n” contraction. (X,Y)_3 = X(3)Y(7;) on X €
R11X12X13, Yye RJlXJ?XJ3, with I; = J1, 1o = Js.

3.4 Chapter Summary

This chapter has presented avenues leading to deeper understanding of tensor operations. This
has been achieved by appealing to the graphical representations of tensors introduced in Chap-
ter 2, referred to as Tensor Networks (TNs). Implications of such representation have first been
explored in light of the TKD (Section 3.3.1) and tensor unfoldings (Section 3.3.2), offering novel
interpretations of their corresponding mathematical operations. The Tensor-Train Contraction
Product (TTCP) has then been introduced in Section 3.3.4, further emphasizing how the graph-
ical approach promotes not only intuition, but, as a consequence, also the discovery of new
techniques. Benefits of the TTCP over the standard definition of contraction have been por-
trayed in Figure 3.8. This chapter can be interpreted as the main “theme” of this thesis (refer to
Figure 1.4). Indeed, the notions here presented will be recalled throughout to elucidate impor-

tant concepts.
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Chapter 4

Easing the Computational Burden on the Canon-

ical Polyadic Decomposition

Reduce the complexity of life by eliminating the
needless wants of life, and the labours of life reduce
themselves.

Edwin Way Teale

Chapter Overview

While Chapter 2 provided an overview of the main tensor decompositions, namely the Canon-
ical Polyadic (CPD), Tucker Decomposition (TKD) and Tensor-Train (TT) decompositions, and
Chapter 3 presented intuitive ways to represent them graphically, this chapter takes a closer
scrutiny at the CPD. Differently from the TKD and TT decompositions, which can be computed
in a non-iterative approach (that is, just one iteration across all modes is required), the CPD is
generally computed through an Alternating Least Squares (ALS) procedure, which makes it
prone to local minima. This, combined with the fact that the tensor rank, R, may be greater
than any of the tensor dimensions, and that the best low-rank tensor approximation may not
always exist [63, 100], makes a practical usage of the CPD rather complicated.

To this end, two approaches to ease the computational burden on the CPD are introduced.
Firstly, a novel method to estimate the CPD of higher order tensors is presented [83], which
relies on approximating a tensor through a TT-MPS decomposition followed by individual
CPDs of the corresponding 3-rd order cores. It is shown that the factor matrices of the original
higher order tensor are reliably estimated from the compressed TT model. Secondly, a lower
bound on the tensor rank, R, based on matrix unfoldings of the associated tensor is proposed
[84]. Not only knowledge of lower bounds on R lowers the computational costs by reducing
the search spaces for R, but mild conditions under which the proposed bound is attained are

provided.

4.1 Introduction

The Canonical Polyadic Decomposition (CPD) has maintained its role as one of the workhorses
of tensor decompositions. Since the 1990s the CPD has attracted attention from signal process-
ing researchers [92, 101, 102], including applications in audio and speech processing, biomed-
ical engineering, and chemometrics [38, 47], and also wireless communications [20]. Recent
developments in machine learning have instead opened up new applications of the CPD in

feature extraction, data reconstruction, and image completion [70, 103, 104]. The CPD is also
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4. Easing the Computational Burden on the Canonical Polyadic Decomposition

well-known for its ability to provide great advantages in dimensionality reduction [105, 106]
and also for determining the complexity of matrix multiplication, as this problem corresponds
to finding the rank of certain tensors [107, 108].

Over its history, the CPD has been the subject of study of many researchers. Efficient algo-
rithms for its computation have also been developed, and the model has been extended with
various additional constraints in order to promote interpretability [109]. Despite its successes,
there are still many challenging problems related to the computation of the CPD and its repre-
sentation. The main stumbling block in computing the CPD for big data is that computation for
higher order tensors (i. e. order NV > 10) is quite complicated and involves non-trivial technical
difficulties, related to the fact that, due to the Curse of Dimensionality, computational costs of
most existing algorithms for the CPD increase exponentially with the tensor order. Assuming
equal dimensions for an N-th order tensor, X € RIi>2xxIN thatis, [} =, =--- = Iy =1,
the CPD has a computational cost of O(NRI”) [110, 111], which explains why most CPD algo-
rithms are efficient only for 3-rd order tensors. Possible solutions to this have been proposed,
such as a prior compression of the tensor using a TKD, which can reduce the computational
cost of the CPD to O(N RV +1). However, this is applicable when the rank, R, is smaller than the
tensor dimensions, but it is a well-known fact that this may not always be the case. Moreover,
the computational costs for such an approach still remain high for N > 4 [83], and, in some
cases, to obtain a good tensor approximation the choice of R may be higher than the tensor
dimensions.

To address these issues, this chapter introduces two approaches, both having the aim to
ease the computational burden associated with the CPD. Firstly, it is shown how the CPD can
be reliably estimated from a compressed TT-MPS model of the original tensor. A bidirectional
mapping between tensors in the CPD and TT formats is demonstrated, which makes the pro-
posed approach quite general and able to serve a wide variety of purposes [83]. Secondly, a
lower bound on R, based on the so-called maximally square tensor unfolding (i.e. unfolding with
aspect ratio closest to unity) is introduced [84], with the aim to reduce the search space for the
choice of R. Implications of this result are illustrated through numerical examples.

4.2 Tensor Train — Canonical Polyadic Decomposition Duality

The key idea behind the computation of the CPD from a TT-MPS formulation finds its physical
meaning in the properties of the TT-format, whereby any rank-R tensor has an equivalent
TT representation with TT-rank (R, R,..., R) and any tensor in the TT-format with TT-rank
(R1,R2,...,Ry_1) has an equivalent CPD representation of rank-R; Ry ... Ry_; [83]. This is
referred to as TT-CPD duality and is summarized in the following lemmas.

Lemma 4.1. ([27]) A tensor, X € RI1*12X=xIv yhich is expressed in the CPD format as X =
[AMA@ AN, with A ¢ RI»*F» and scaling factors absorbed within (see Section
2.2.1), can be equivalently expressed as a TT, X = (G(V), G2 ... gV)), with G € RExIn xR
forn=2,...,N—1,and ) = AW, g) = AN)_ The i-th vertical slices of the core tensors
G are diagonal matrices of the i-th rows A" (i,:), fori = 1,2,...,I,. Thatis, G (:,i,:) =
diag(A™(4,:)).
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Lemma 4.1 indicates that if a TT of rank-(R, R, ..., R) is fit to a tensor A/, then the approx-
imation error of the tensor in the TT-format will not be worse than that of the best rank-R

approximation of X, that is
|2 —16M.6@ ... .gM)||2 < [|x ~[AD AD AN (1)

As part of the TT-CPD duality, a tensor in the CPD format can be equivalently expressed in
the TT-format, as shown in the following.

Lemma 4.2. A tensor in the TT-format X = (G, G, ..., g\N)) with rank-(R;, Ry,...,Rx_1)
has an equivalent CPD representation X = [A(), A®) ... AM]ofrank-R R; ... Ry_1, where
the factor matrices AW € RI»*F1RzRn-1 are given by

A(n) = GE;)) (1£>n & IRH*IRH X 1£<n—1) (42)

with R<n_1 = R()Rl .. .Rn_g and R>n = Rn+1 . RN—IRN~

The TT-CPD duality represents the physical meaning serving as the motivation behind the
proposed approach, that is the conversion of a tensor in the TT-format with rank-(R, R, ..., R)

to a CPD representation of rank-R.

Remark 4.1. Since the factor matrices are of dimensionality I,, x R1R> ... Ry_1, the CPD rep-
resentation of a tensor in the TT-format according to Lemma 4.2 implies a rank R1 Ry ... Ry_1,
which usually exceeds the true rank of the underlying tensor. This is not convenient from a
storage perspective as redundancies are being introduced. Hence, a better technique is pro-
posed in the next section.

4.3 Conversion from the TT Format to the CPD Format

Differently from the results of Lemma 4.1, the proposed approach assumes a tensor in the TT-
format X = (G, GP ..., G)) with dense core tensors G € RF*1»xE 1In other words, to
efficiently compute the CPD and avoid the computational cost O(NRI™), an N-th order tensor,
X € RIvxlxxIn g first expressed as a TT, which is then converted to a CPD. This is done by
retrieving the factor matrices A n =29 .. N —1from CPDs of the 3-rd order tensors G,

and separately computing A1) and A,
Lemma 4.3. Assume that a rank-R, N-th order tensor X € RI1X[22%XIx has a unique CPD
and a TT representation of rank-(R, R, ..., R), that is

x=[AW A® ANM]=(GW . g? .. GcW) (4.3)

where G = G and GWY) = gV). Then G(™ can be expressed by tensors in the CPD
format of rank-R, the second factor matrices of which are A(™, up to scaling and permutation
ambiguity, as

G = [Qn, A™ S,], n=2,...,N—1 (4.4)

58



4. Easing the Computational Burden on the Canonical Polyadic Decomposition

where matrices Q™ S(") ¢ RE*F satisfy
$.Qni1 =D, e REXE =92 N-2 (4.5)

and matrices D,, are diagonal. Matrices A®) € Rf*% and AY) € RF*E are then given by

AW =G
1Q2 46)
AWM = GLsy_ 1D
where D = Diag(\) € RF*E and
A=X0A30 - O AN_1 (47)

witheach A\, c R®,n=2,...,N —1, being found as the scaling factors of the CPDs for G (") in
(4.4), but absorbed in the last factor matrix A",

An outline of the proof is provided next. Define

G<n = (G(l) X% g(Z) Xé . xé g(n—l))(n) c RRXII'”In—l

(4.8)
G., = (G(n+1) ><§ G(n+2) Xé Xé g(N))

RxIpi1-In
) € R

and

A<TL = A(n_l) €3] A(n_l) ® - ® A(]-) c RIl"'In,leR
4.9
A>n = A(N) ® A_(N_l) ®-® A(n+1) c ]RInJrl"'INXR ( )

Next, reshape the tensor from (4.3) to a tensor of size I1Iy--- 1,1 X Iy X Int1Ipio--- Iy, to
yield

[Ac, AT, A= G™ %1 GL, x5 GL, (410)
Because G is contracted with matrices along its first and third mode, both of dimensionality

R, then it can also be expressed as a CPD of rank-R, of which, due to the identity in (4.10), the
mode-2 factor matrix is A, that is

g(n) = [[Qn»A(n)»Snﬂa n= 27 o '7N -1 (4'11)

The CPDs for G(™ can be found in closed form through Direct Three-Linear Decomposition
(DTLD) for which the solution can be found through the generalized eigenvalue decomposition
[112]. Replacing (4.11) in the TT formulation of X € R2*/2X X/~ yields

X =GW x1g®xl...xlgW-1 g™
= G %} [Q2, AP, So] x5 [Qa, AW, S3] x5 - x5 [Qu—1, AV, Sy 1] x3 GV
(4.12)
Defining an N-th order tensor, H € REXExxE ag

H=T3 x3 Dy x5 T3 x3--- x3 Dy_o x5 T3 (4.13)

where D,, = S,,Q,.11 € RE*E and Z; € RFE*EXE ig a 3-rd order tensor with ones on its
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diagonal, that is

1,ifry =ro =13, r1,7r2,r3=1,..., R
Z3(ry,72,73) = (4.14)
0, otherwise

then (4.12) can be rewritten as
X =[H;GVQy, A® A® AN GgMNTg ] (4.15)

This is shown in Figure 4.1 for the 4-th order case. Because (4.15) must be identical to the CPD
representation in (4.3), # must admit a CPD of rank-R, and diagonal matrices Dy, Dy € Rf*F

must exist, such that
Iy =D x3H X%N—l) Dy

AWM = cMQ,D;? (4.16)
AN = cMTsy DY,

where Iy € REXEXxR jg an N-th order tensor, analogously defined as in (4.14).

Figure 4.1: Graphical representation of (4.15) for a 4-th order tensor. The big grey nodes repre-
sent the CPD of G(@ and G®), while H is obtained as a contraction of D5 and the two Zs. This
is represented as the grey rectangle in the lower part of the figure, where the green node is D5.
Unlabelled modes have dimensionality R.

Remark 4.2. Note the slight abuse of notation in (4.16), which, at first glance, seems to be in
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contrast with Lemma 4.2. In reality, this makes it such that the full contractions are

AW = GQ,D'D, = GQ,

(4.17)
AN =GgWTSy Dy Dy =GWTSy

hence conforming with what the lemma states. Matrix A(Y) then has the scaling factors of the
CPDs for G, n =2,..., N — 1, absorbed within, as in (4.6)-(4.7).

In other words, the presence of D; and Dy_; is required merely to ensure diagonality of the
CPD core. Moreover, it can be shown [83] that the diagonal matrices D,, = Diag(v,) € REXE
n=1,...,N — 1satisfy

MOV O Oyn_1=1g (4.18)

In turn, this allows X € R11>[2x %Iy to be expressed as

X =[GIQy, AP A®  AN-D gMTgy ] (4.19)

4.4 Solving the Permutation Ambiguity

The permutation ambiguity refers to a possible arbitrary ordering of the columns of the factor
matrices A(™ in the CPDs of G(™). These permutations can be determined through the products
STQ 11 forn =2,..., N — 2. In practice, these products are not always diagonal matrices, but
exhibit some form of permutation, that is

S7Q,+1 = D, P,, = Diag(v,)P» (4.20)

where P,, € RF* are the permutation matrices. By identifying the dominant entries in the
rows of STQ,41, it is possible to determine P, and ~,. Consequently, the components of
G("+1) expressed in the CPD format,

Ut = A1 Qupr, ATV, S, 4] (4.21)
can be permuted and normalized to give
G = D1 ©PpYn; QuiiPrDiag(lp 0 yn), ATTVP,, SpiPr]  (4.22)

where @ indicates the elementwise (Hadamard) division. This correction is applied sequen-
tially for factor matrices A p =2 .. N—1, while A® and AN are given as in Lemma
4.2. The full procedure to convert a tensor from the TT format with TT-rank (R, R,...,R) toa
rank-R CPD format is summarized in Algorithm 6.

The computational complexity of Algorithm 6 is O(RR?I> + RR?I3 + -+ + RR?In_1) =
O(R? Zﬁ;}l I,). If I = I, = --- = Iy, the computational cost becomes O(NIR?), which,
compared to that of the CPD applied directly on an N-th order tensor, O(NRIV), or that of the
CPD applied on a TKD compressed tensor, O(N RV +1), is substantially cheaper, as shown in
Figure 4.2. Clearly, this is of high practical importance.
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Algorithm 6. Exact Conversion from the TT-Format to the CPD Format

1: Input: N-th order tensor X € RIt*2XXIN in a rank-(R,R,...,R) TT-format X =
qg(l),g@)’ . .7Q(N_1)7G(N)|)
:forn=2,...,N—-1do
Compute CPD 6™ = [A,; Q,, A™ S, ]
end for
forn=2,...,N —2do
Find permutation matrix P,
S;I;Q’IZJrl = Dlag(’Yn)Pn
A(n+1) — A("+1)Pn
Sn+1) S(n+1)Pn
A Au O Py
: end for
A=A 0A30 - O AN
AL =GQ,
: AN = GINTS N Diag(\)
Return: Tensor X € RIx%2x %I in the CPD format X = [A(D, A . AN)]

O RN AR

[ S e S S G S Y

4.5 The Need for a Lower-Bound on the Tensor Rank

The previous section presented a method to efficiently compute the CPD for higher order ten-
sors. This section also deals with easing the CPD computational burden, but, differently from
above, this is done by adopting a more theoretical approach to determine techniques to more
efficiently estimate the rank of the tensor, . Indeed, the first issue which arises when comput-
ing a CPD is the choice of R, however, determining the rank of a tensor is an NP-hard problem
[100]. Although the computation can be performed successively for increasing values of R,
until the model fits the underlying tensor arbitrarily well, it is a well-known fact that a perfect
fit may not always exist, which implies that a value for R has to be arbitrarily chosen [63]. Be-
cause the CPD is intrinsically multilinear, the most common approach for the computation of
the CPD is through an Alternating Least Squares (ALS) procedure, whereby the CP factors are
estimated one at a time, while the others are kept fixed. The presence of local minima in this
approach, combined with the fact that an acceptable value for R has to be sought iteratively,
makes CPD a rather computationally expensive procedure.

This calls for the need to relax the computational burden associated with the CPD, by study-
ing the properties of lower bounds on the tensor rank through matrix unfoldings of the associ-
ated tensor. Knowledge of lower bounds on R would, in turn, lower the computational cost by
reducing the search space for R. In the following it is shown that the maximum of such abound
is equal to the maximum matrix rank attainable by any unfolding of the tensor in hand [84].
Starting from the definition of a “flattened CPD” to allow for a manipulation of the CP factors
using standard linear algebra, the theory behind the proposed lower bound is developed, and
it is demonstrated that said lower bound relies on a specific permutation of the original tensor.
From Sylvester’s rank inequality, is subsequently shown how, for generic tensors, the bound is
attained under very mild conditions. This, in turn, allows for the tensor rank to be detected by
simply inspecting the matrix rank of associated tensor unfoldings. The practical implications

of this result are shown through numerical examples.
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Figure 4.2: Computational cost for the CPD computed through different methods. Top: direct
CPD on N-th order tensor. Middle: CPD on a tensor first compressed through the TKD. Bottom:
CPD computed from the conversion of a tensor in the TT format to the CPD format.

4.6 Lower Bound Derivation

The following definitions serve as a starting point to arrive at a lower bound on tensor rank, R.

Definition 4.1. The n-unfolding of a tensor, X € RIV*12XXIx s denoted by X < ,~, and represents
a matrix with entries

(X )i i = Tivia.in (4.23)

Definition 4.2. The n-rank of a tensor, X € RI1*12XXIn s rank(X_,,~), i.e. the matrix rank of

its n-unfolding.
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Remark 4.3. Recall that the CPD of an N-th order tensor, X € RI1*12X=XIv jg expressed as

R
x~3 raoa@ o oal™

r=1
D x  AD s A® 5y A
=[D; AN, A® AN]

(4.24)

If the above approximation is exact, in the following, the underlying tensor is said to admit a
CPD.

Note that if an N-th order tensor admits a CPD, then its n-mode unfolding is given by

X ops = (A(") ®--- @A(l))D(A(N) ®--- @A(n+1))T

n—+1

_ ( @;2 Au)) D (@V AmT) (4.25)

ERIL - InXR eRBRXInt1IN

Using the fact that, for matrices,
rank(ABC) < min{ rank(A), rank(B), rank(C)} (4.26)

and that D € REX is diagonal, the following well-known result is determined,

n+1

A(“T>, rank( ) A(i)T), rank(D)}

®-

rank(X<,>) < min { rank(

=n i=N
= min { rank( é‘)n A(i)T>, rank( l(:j?; A(i)T) 7 R} (4.27)
<R

Because rank(X.,s) < Rforalln =1,..., N, this implies that the tensor rank, R, is bounded
from below by its maximum n-rank, that is

axN{ rank(X<,~»)} <R (4.28)

n=1

Let k denote the argument index of the n-unfolding of tensor X € R ¥ 12X XN with maximum
n-rank, that is

k = arg max{ rank(X <> )} (4.29)
n=1,...,N

and consider now the subsequent k-unfolding of &,

X = (AP @ @ ADYDAM g ... @ Al+)T (4.30)

I I xR IpqIn xR
A eRIt X A, eRlet1 I x

From Sylvester’s rank inequality [113], for any matrix triplet A € RV*M B € RM*F C ¢
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RFP*E the following holds
rank(ABC) > rank(A) + rank(B) + rank(C) — M — P (4.31)
Hence, from (4.30), the next result is obtained
rank(Xcgs) > R1+R+Ry— R—R (4.32)
where Ry = rank(A,), Ry = rank(A,). Combining the above result with that in (4.28), yields
Ry + Ry — R< rank(X<is) <R (4.33)

whereby, for the equality Ry + R; — R = R to hold, then rank(X.%-~) = R. Consequently,
R1 = Ry = R is required. Generically, for matrices A € R’*%, and B € R7*%, the following
identity holds [65, 114]

rank(A ® B) = min{lJ, R} (4.34)

Remark 4.4. The same terminology as in [65, 114] is adopted. Writing that, generically, rank(A®
B) = min{IJ, R}, for A € RI*E B € R7*% indicates that the property should hold with prob-
ability one for matrices A, B, drawn from a continuous probability density function over their
respective subspaces.

As aresult, for generic A; and A,,
(4.35)

This implies, in turn, that Ry = Ry = R is equivalent to satisfying R < Hle I, and R <
Hf\; w41 Li simultaneously, that is

k

N
R < min { 11z 11 Iz} (4.36)
3 1

i=1 i=k+

In other words, if a tensor, X € RI1*x/2x:xIn admits a CPD and if (4.36) holds, then R =
rank(X x> ), where k = arg max,,{ rank(X ., )}. Moreover, notice that the strict inequality

k N
rank(X ;) < {HIi, 11 L} (4.37)

i=1 i=k+1

implies
k
R < min {

IV
L, I IZ} (4.38)
1

i=k+1

and, as a result, (4.36) is satisfied. Thus, if X~ is rank-deficient (4.38), generically it follows
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that rank(X<>) = R.
Next, it is shown that it is possible to find a value r such that rank(X ) <7 = R. This is

achieved by considering permutations of the indices of the original tensor X’.

Definition 4.3. For a tensor, X € RI1>I2xxIx s N indices admit N permutations, denoted by

p = 1,..., N\, with the corresponding permuted tensor, X* ¢ R xTox-xIx]"

. The permuted tensor
has the same elements as X, but with their indices permuted according to a permutation scheme p.

Therefore, X" is referred to as a permutation of X.

For example, consider a 3-rd order tensor, X € R{1*/2*!s_ Based on its indices {I1, I3, I3},
we can define up to p = 1,...,3! = 6 permutations, which include X! € RUxI2x1a)" = 1 ¢

5 2 b ]
RI1xT2xls or 2 ¢ RIxxlsl = x2 ¢ RIxsxT2 all the way to X0 € RI1xT2x0s]” = x6 ¢
RI;;XIQXIl‘

Definition 4.4. The arqument index of the n-unfolding for a permutation p which exhibits a maximum
n-rank is denoted by k,, that is

k, = argmax{rank(X2,.)}, p=1,..., NI (4.39)
n=1,...,N
By continuity, a maximum n-rank permutation (or maximal permutation, for brevity) of tensor
X € RIvlexxIn g denoted by X°*, where p* satisfies

p* = argmaxk, (4.40)
p=1,...,N!

Remark 4.5. A tensor, X € RI1>/2XXIv may admit multiple maximal permutations.

Remark 4.6. If a tensor, X € R/1>*/2xxIN "admits a CPD of rank R, then any permutation
of X, given by &7 € Rl1xxxInl" admits a CPD of rank R which shares the same factors
with the CPD of X, but rearranged following the permutation scheme of the indices. In other
words, if

X =[D;AW, .. AW] (4.41)

then,
xr =[D:; AV, ..., AN)] (4.42)

and rank(X) = rank(X”) = R. Note that, upon defining Z = {I1,I5,..., Iy} and I* = J =

{J1,J2, ..., N}, the maximal permutation, p*, can be interpreted as the bijection p* : 7 — J.
The above findings can be summarized as follows.

Theorem 4.4. If a tensor, X € RI1>¥2>XXIn admits a CPD of rank R, its maximal permutation,
xr* € RIx2xxIn also admits a CPD of rank R. Hence, R is bounded from below by the
rank of the k-unfolding, X*”,

D~ With k = arg max, rank(XZ, . ), that is

rank(X?

V<R (4.43)
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Moreover, if X~ is rank-deficient, i.e. if

k N
rank(X?”, ) < min { 117 11 Ji} (4.44)

i=1 i=k+1
then, generically, rank(X” _) = rank(X**) = R.

Proof. By (4.28) and Remark 4.6, rank(X”, ) < R, while the rest of Theorem 4.4 follows from

(4.33)~(4.37). 0

4.7 Rank Detectability

Theorem 4.4 implies that it is generically possible to detect (compute) the rank of a tensor X ¢
RIxI2xXIn gimply by computing the maximum n-rank of its maximal permutation, provided
that (4.44) holds, in which case, the rank of the tensor is automatically given as the rank of the
unfolding. The problem then boils down to finding the maximal permutation p*, which is

generically given as the solution to,

arg max IIliIl{ H I, H IZ} (4.45)
SuS2 €81 €Sy
where S; U Sy = {Il,...,IN}, SINS = g, |81| = Ny, |32| = Ny, and N1 + No = N. The
problem in (4.45) is then equivalent to finding the matrix unfolding of the original tensor X &
R d2xxIn which is “as square as possible”, referred to as maximally square unfolding.
The problem in (4.45) can hence be expressed as determining its maximally square unfold-
ing (aspect ratio = 1), that is

arg min

S
iesi i 1’ (4.46)
51,55

HiESz Ii

which is equivalent to

arg min | log (Hze—sl> ‘
S1,52 HiESQ I
= arg min | log ( H Ii) — log ( H L:) (4.47)
51,52 €S €S,
= arg min Z log(I;) — Z log(1;)
51,52 €S, 1€S2

The above is a variant of the well-known number partitioning problem, and has been extensively
studied in the literature [115, 116, 117]. Although the partitioning problem is NP-complete, it
can be solved efficiently in practice via dynamic programming. The optimal sets, S; and S;,

then immediately give the maximal unfolding, X7, _ .

The practical implications of Theorem 4.4 are two-fold:

i. Given an N-th order tensor, X € R/**/2X"*Iv of rank R, if R > rank(X? _), ie. if the
p*

¥~ is full rank, a search for R may commence from rank(X?

maximal unfolding X s )

ii. Perhaps more importantly, if X,

2~ is rank-deficient, then, generically, R = rank(X?

<k>)f
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logyo(Rimax)

0 20 40 60 80 100

Figure 4.3: Maximum detectable rank for N-th order tensors, X € RI1*X12X-XIn with [,, = [
forn=1,...,N,where N =1,...,11, and increasing values of I.

i.e. the rank is detected, and no search as in (i) is required.

The maximum detectable rank is therefore equal to the highest attainable rank by a rank-
deficient maximally square unfolding, that is

Roaz = min{ H I -1, H I; — 1} (4.48)

1€S1 1€ESs

Figure 4.3 illustrates the range of R in (4.48) for N-th order tensors, whereby equal dimension-
ality across modes has been assumed for simplicity, such that Ry,q; = I 13 —1and I . = I for
alli = 1,..., N. For such configuration, the maximum detectable rank is exponential in [ % ].
Consider for example an N-th order tensor X € R20x20x-x20 1f N — 2 3 then Ry, = 19,
while if N = 4,5, then Ry,q, = 399 and Rya. = 7999 if N = 6,7. This means that, generically,
the tensor rank, I?, can immediately be found if rank(X?, _
folding is rank-deficient, which removes the need for iterative procedures. The simplicity of

) < Rinaz, i.e. if the maximal un-

such test makes it very useful in practice.

4.8 Example Application: EEG Data

A common biomedical application of tensors is the study of multi-channel electroencephalo-
gram (EEG) in brain science [52], whereby data can be arranged in a multi-way array as time x
frequency x channels or as time x channel x subject. This allows for the use of tensor decom-
positions, which yield a significantly more interpretable representation of latent features over
their flat-view matrix counterparts [18]. The CPD is naturally suited for such problems and it is
shown in the next section how the proposed lower bound may be used to make the CPD more
efficient, through direct application of Theorem 4.4.

We consider data from 10 different subjects and 8 EEG channels, arranged as a 1'x channel
x subject 3-rd order tensor. (32107 x 8 x 10). Each participant had to focus on balancing on
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Figure 4.4: Rank estimation of a real-world data tensor (EEG) through (i) subsequent CPD
decompositions (blue curve), (ii) Theorem 1 (red curve). The red curve was obtained almost 24
times faster.

a hard surface for one minute, with their eyes closed. The 8 channels of EEG covered frontal,
central, parietal and occipital areas of the brain. As is common practice, a bandpass filter 1-
95Hz and a notch filter at 50Hz were first applied. CPDs were subsequently performed, and
the tensor rank can be estimated to be R = 4 from Figure 4.4 (blue curve).

The same result can be obtained via Theorem 4.4. The 3-rd order tensor was first unfolded
into a 32107 x 80 matrix, M. Due to presence of noise, M is obviously full rank, however, a low
rank representation can still be obtained. Upon computing the eigenvalues of M”M € R80x80
we examined the position of the elbow in their cumulative sum (explained variance). If such an
elbow occurs at r < 80 eigenvalues, then r can be taken as the rank of the unfolding matrix, and
hence as the rank of the original tensor (red curve in Figure 4.4). This was observed again at
r = 4, indicating that the rank of M is 4 (in the absence of noise), which matches the rank of the
tensor, as stated in Theorem 4.4. The estimation of the tensor rank for the blue curve (standard
way) took 3.35 seconds and 0.14s for the red curve (proposed method), corresponding to almost
a 25-fold improvement in computation speed, demonstrating a clear benefit of the proposed
lower bound. (CPDs were performed using the freely available software HOTTBOX [118]).

Remark 4.7. Such an approach assumes that the considered real-world data is not overly cor-
rupted by noise. This would spread the overall variance among subsequent eigenvectors and
eigenvalues, making rank detectability more difficult. However, this would also affect the effi-
ciency of a standard iterative search for R, and that of any estimation method, in general.

4.9 Chapter Summary

Two approaches to ease the computational burden associated to the Canonical Polyadic De-
composition (CPD) have been introduced. Firstly, it has been shown that a CPD of an /N-th
order tensor can be reliably estimated from a compressed TT-MPS model of the original tensor.
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This has been achieved by exploiting the TT-CPD duality, outlined in Lemma 4.1 and Lemma
4.2, which was employed to provide a method that allows converting a tensor in the TT format
to the CPD format, as explained in Section 4.3. This approach has been demonstrated to reduce
the computational cost of the CPD from O(NRIV) to O(NIR?), which is particularly suited
for higher order tensors.

Secondly, a lower bound on the tensor rank, R, has been proposed with the aim to re-
duce the search space for R, hence further easing computational costs on the CPD. The de-
sired bound of R has been shown to be equal to the maximum possible matrix rank attainable
from any unfolding of the tensor. Determining this so-called maximal unfolding which has
been shown to be equivalent to solving the number partitioning problem on the indices of the
original tensor, which can be done efficiently through dynamic programming. For a generic
tensor, the bound has been demonstrated to be attainable when the maximal unfolding is rank-
deficient, thereby providing a simple test for rank detectability, while numerical examples in
Figure 4.3 and a practical application in Figure 4.4 illustrate the practical benefits of this result.

Conclusion to Part I

In Part I, important insights in major tensor decompositions have been provided. Chapter 3
drew the analogy between Tensor Decompositions (TDs) and Tensor Networks (TNs), empha-
sizing that any TD can be interpreted as a TN and can be represented via nodes and edges.
This has been used to elucidate fundamental tensor operations, such as unfolding, tensoriza-
tion, and inner products, as well as to introduce a novel algorithm for tensor contraction based
upon the Tensor Train (TT) decomposition, called the Tensor-Train Contraction Product (TTCP).
Chapter 4 specifically focused on the Canonical Polyadic Decomposition (CPD), and proposed
means to alleviate its computational burden by employing TTs to compute the CPD of higher
order tensors and by introducing a lower bound on the tensor rank. Chapter 4 utilized the
insights from Chapter 3 to elucidate important concepts, as for example in Figure 4.1. Indeed,
the notions from Chapter 3 are crucial for the understanding of central ideas presented in later
sections of this thesis, that deal with the development of tensor-based machine learning algo-

rithms.
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Tensors for Shallow Learning
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Chapter 5

Tensor Network Summation

Beauty is a summation of the parts
working together in such a way that
nothing needed to be added, taken away
or altered.

Elio Carletti

Chapter Overview

The following two chapters will focus on machine learning applications for tensors and tensor
networks, drawn from important signal processing concepts, involving feature fusion, eigen-
value extraction, and the Support Vector Machine. This chapter expands on the graphical rep-
resentations of tensors and tensor networks (TNs) presented in Chapter 3, by introducing a
framework to combine TNs via summation. Despite the obvious benefits that come with their
ability to tackle the Curse of Dimensionality through the representation of large-scale tensors
via smaller-scale interconnections of their intrinsic features, the current treatment of TNs as
stand-alone entities does not take full advantage of their underlying structure and the associ-
ated feature localization. To this end, the analogy with feature fusion is exploited to propose a
rigorous framework for the combination of TNs. The proposed framework is shown to allow
for feature combination of any number of tensors, as long as their TN representation topolo-
gies are isomorphic. The properties of TN summation ar formalized by introducing the inverse
(subtraction) operator and the identity element. The benefits of the proposed framework are
demonstrated through simulations involving multi-class classification of the ETH-80 image
dataset, and by introducing a novel approach for eigenvalue extraction of large-scale matrices.

5.1 Introduction

Any Tensor Decomposition (TD) can be considered a special case of the more general concept of
a Tensor Network (TN), which represents a high order tensor as a set of sparsely interconnected
small scale core tensors and the associated factor matrices. In other words, TNs can be viewed
as multi-core interconnections of features of the original tensor. The advantages of representing

a tensor as a TN are:

1. TNs are perfectly suited to deal with the Curse of Dimensionality, as a high order ten-
sor, represented as a TN, can be stored on different machines which deal with only the

individual cores;

2. Each core may be representative of a specific characteristic of the underlying tensor thus

implying inherent feature extraction from the original data.
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Despite these advantages, open problems in practical design of TNs still include:
1. The choice of TD for a particular application;
2. Minimization of the number of the parameters necessary for a TN representation;
3. Arigorous framework to combine TNs.

This chapter addresses issue (iii), and introduces a TN summation operator for TNs of the same
topology. Summation is the most natural way to reduce the number of entities, and we show
that a sum of multiple tensors (summands), in their TN format, preserves their underlying
structure. In this way, the sum of TNs yields another isomorphic TN, the cores of which are a
combination of the corresponding cores of the summand TNs. It is shown that in the TN con-
text, the physical interpretation of summation represents feature fusion of the original tensors
in the raw format and provides a starting point for new theoretical avenues in TN applications.

The framework for the summation of TNs is achieved by intelligent block arrangement of
the corresponding original cores [81]. The fact that the interconnections among the cores in a
TN describe the coupling of data structures in the original tensor serves as a basis to explore
ways to combine the corresponding individual cores of two TNs with the same topology in
order to obtain a new TN, the cores of which carry information jointly present in the individual
original cores. This is related to the recently introduced concept of common feature extrac-
tion in [109, 119], however, unlike matrices, the proposed framework enables this operation on
tensors of any order, with the only condition that the original tensors are represented as iso-
morphic TNs. General properties of TN summation are defined, clarified through illustrative
examples, and found to be analogous to those of standard scalar and matrix addition involving
associativiy, commutativity, the identity element, and the inverse operator.

Practical advantages are firstly demonstrated through an image classification application
based on the ETH-80 dataset [120], whereby every dataset entry is represented as a TN, and
their features are combined via the tensor summation framework. This makes it possible to
extract relevant shared information in the original data, which is shown to yield significant
advantages in terms of classification rates when used in conjunction with standard machine
learning classifiers.

Secondly, the TN summation framework is applied to the problem of eigenvalue and eigen-
vector estimation for very large scale matrices. This is achieved through the Rayleigh Quotient
(RQ) by applying relevant TDs and by representing the related cost function in tensor format
[60]. A deflation scheme based on Hotelling’s deflation [121] is implemented via the proposed
framework of TN summation through the inverse operator (subtraction). This allows to esti-
mate the largest K eigenvalues and associated eigenvectors of large-scale matrices in an itera-
tive fashion. Results show that eigenvalues and eigenvectors can be reliably computed in such

way.

5.2 Summation Framework

To establish a framework for the summation of two or more TN, the following assumptions
are made about the summand TNs:
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1. The physical modes of the summands are of equal dimensions;
2. The same topology.

In the following, relevant definitions, the proposed framework, and related mathematical for-
malism are provided. Also, in reference to Figure 2.6 in Chapter 2, when representing tensors
and TNs as nodes and edges, “dangling” edges will be referred to as physical modes, as these
represented the actual dimensions of the underlying tensor, while the rest will be referred to as

contraction modes.

Definition 5.1. A block tensor is a tensor that is arranged into sub-tensors called blocks, that is, its
entries are tensors of the same order but not necessarily of the same dimensionality.

Definition 5.2. The superdiagonal of a block tensor X € RIV>IN s the collection of entries

X(i1,12,...,10n), where iy =ia = -+ = 1y,

With the above, the method of TN summation can be summarized in the following. The TN
representation of tensor X € Rf1*2XxIn jg denoted by underline boldface uppercase letters,
X.

Sum of TNs Framework. Consider two tensors X,y € RI1*/11XIN represented as TNs de-
noted by X and Y which have equivalent topologies, but not necessarily the same dimension-
ality of contraction modes. The sum Z = X'+ can then be thought of as anew TN, Z, with an
equivalent topology to X and Y. Its contraction nodes are in the form of a block tensor which
is obtained by stacking the corresponding contraction nodes of X and Y along its superdiag-
onal. The physical nodes of Z are obtained by arranging the corresponding physical nodes of
X and Y in such a way that the dimensionality of all contracting modes is increased but the

dimensionality of the physical modes is kept fixed.

5.2.1 Analysis and Examples

Proposition 5.1. The proposed framework for a sum of TNs is valid for chains of matrices.

Proof. Suppose X = AjAy---Ay, Y = B;By---By, where X, Y € R/*7, and A,,,B,, <
RE~xBnt1 with Ry = I, Ry = J. Define a new chain of matrices Z = C;Cs - - - Cy, where
eachC,,n =1,...,N,is an arrangement of A,,, B,, according to the proposed framework. By

a direct inspection of Z, we have

chlcQCN

A 0 AN_ 0 AN
Z[A1 31} 2 1
0 B, 0 Bny_1| |Bn (5.1)
:A1A2...An+B1B2...Bn
=X+Y
O

Figure 5.1 shows a graphical illustration of Proposition 5.1.
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Remark 5.1. The above result for matrices is well-known, and serves here as a specific and
straightforward intuition behind the general concept of TN summation.

A, A, Ay g Ay

- 1 Ry Ry Ry_» Ry J

=<

Z 00——% Rﬁ_zcbmloc
Ly Ly
Figure 5.1: Topology preservation for the TN summation operator, illustrated for a sum of
matrices X and Y, expressed as a matrix chain. The matrices (nodes) C,, are composed of

the matrices A,, and B,,, which are arranged according to the sum of TNs framework, either
through (i) concatenation or (ii) block-diagonal arrangement.

Proposition 5.2. The TN summation operator is valid for any tensor expressed in the TKD

format.

Proof. For simplicity, we here provide proof for 3-rd order tensors, but without loss of general-
ity the result holds for sum of tensors of any order. Fig. 5.2 shows the tensors X',y € RI1x[2x1s

in the TKD format, expressed as

X:ggc XlAm ><2Bz XBCI
y:gyxlAy ><2By chy

(5.2)

with the respective TN representations, X and Y. A new TN, Z, is then obtained by combining
X and Y according to the proposed framework (see Figure 5.2), and the so generated tensor,
Z, can be described by

Z=G,x1A, x3B, x3C, (5.3)

We next show that Z = X + Y, based on the mode-1 unfolding, however, note that the same
procedure can be applied to any mode. Define A, = [Am Ay] ,and G, as an arrangement of
G, and G, along the superdiagonal of G, and consider

K, = (C,®B,)"

54
K, = (Cy & By)T G4

Upon performing the mode-1 unfolding of X and Y, and combining the matrices X (1), Y () in

their TN formats, then from Proposition 5.1 the resulting matrix, Z.., can be expressed as

Z.— A, A ngu) G;’(l)] [, KQ]T (5.5)
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Therefore, in order to prove Proposition 5.2 it is sufficient to show that Z(;, = Z., where
Z,) is the mode-1 unfolding of Z, represented as in (5.3). To this end, consider

Z(l) = AZGZ(l)(CZ ® Bz)T

- [A. A Gz(l)( e ¢]=[B B) >T (5.6)

For convenience, denote X,Y,G,,G, € R?>***2, and define G, (:,:,j) = Ga(j), where a €
{z,y}. Hence,

G.(1)0G,(2)00 0 0 © ] 57)

G. = ) )
W lo 0 0 00G,1)0G,@2)

Without loss of generality, assume the concrete values

1 2 3 4
o] a | o

to give

(5.9)

Upon substituting G (;) and U into (5.6) and making use of the sparse nature of (5.7), we arrive
at

Za) =A.G,)UT

1BT 5BT
_[A A] G.(1) G.(2) © 0 oB! 6¢B”
I B 0 Gy(1) Gy(2)| [3BT 7BT
4BT  SB!
Gm(l) 0 K’{
:[Ax Ay] L
L 0 Gy |Kg
G, 0 T
:[Am Ay] & [Kl Kz] ~ 7, (5.10)
0 Gy

Proposition 5.3. The TN summation framework is valid for tensor trains.

Proof. Without loss of generality we consider two 3-rd order tensors of low dimensionality (to
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Figure 5.2: Topology of a sum of tensors X € RI1*2XIs and ) € RI1*/2X1s jn the TKD format.

make the equations more tractable) X,y € R?*2*2

X — l Tr1 T2 | s Tg ]
Tr3 T4 | Ty XTg
(5.11)
Y= [ Yir Y2 | Ys Ye ]
Ys Y4 | Y7 Ys

where the vertical bars represent separations among the tensors’ frontal slices. Then suppose

we decompose them as TTs
X =A, x3G, x3B]
rormRme T (5.12)
Y=A, x%gy X§B5

The transpose operator on matrices By, , is preferred for representation purposes, as we can

manipulate X', Y in
X =A, x}(G, x,T) xi BT
:gz Xle XQIXgBm
(5.13)
Y= A, 3 (G, x> 1) x} B!
:gy XlAy XQIXgBy
where I is the identity matrix. We have Gy, 3 € R**?*2, A, 4 B, oy, T € R?*2. From

Proposition 5.2 we know that

z:x+y=g*><1[Ax Ay] X2 [I I] X3 [Bm By] (5.14)
=G.x1 A, x2 K, x3B, |

where [AI Ay] — A, € R4, [I I] — K, € R4, [BI By] — B, € R% and G, ¢

R4*4x4 was formed by concatenating G,, G, along the superdiagonal.
We want to show that Z = Z,,, where

Z,=G. x1 A, x3B, (5.15)
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and G. € R¥2*4 obtained by stacking G, and G, s.t. the dimensionality of all modes except
for the physical ones is increased, following the rules of the TN sum conjecture. Therefore all
is required is to show that

G.=6G. x2K, (5.16)

Which is equivalent to showing that
G.o) = K. G, (5.17)

Define G, (:,:,j) = Ga(j), where a € {z,y}. Hence, by direct unfolding

G.(D"0G,(2"00 0 0 0 ] (5.18)

G2 = ) )
@ [ 0 0 0 00G,M70G,©2T

By substituting (5.11) into (5.17) and by recalling that K, = [I I} , after carrying out the
necessary algebraic steps, we conclude that

K.Gu) = [Go(1) 0 G,(2) 00 Gy (1) 0 Gy (2)] (5.19)

but the last equality is G (2), obtained by direct unfolding. Therefore the proposition is proven.
O

In other words, Proposition 5.3 states that given tensors in TT format, for example X',y €
R I2xIs expressed as
X=A,x5G, x\B,
Y=A,x;G,%x3By
where A, € RIvF G e RFixbxRe B ¢ RRxI: and B, € RIxL1, g, e RLixlaxle
B, € RE2*%: then the sum X +Y = Z € RI1*12X5 can be visualized as a new TN Z expressed

as

(5.20)

Z=A.xlg. xlc, (5.21)

where

_— [A A ] e RIvx(RatLy)
o (5.22)
B, —

[Bx By] c RISX(R2+L2)

and G, € R(Er+Ly)x2x(Ra+L2) - Ap jllustration of the TN sum for two 3-rd order tensors ex-

pressed as TTs is shown in Figure 5.3.

5.2.2 General Properties

In a way analogous to scalar and matrix summation, TN summation presents properties of
associativity and commutativity, as well as identity and inverse operators. The identity TN
O is composed of cores O™ consisting only of zero-entries. In other words, O is generated

from the conceptual TD of a tensor © € R/1*/2>XXIxN with elements 0;,4,...;, = 0. Figure 5.4
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G.
Ry+ Ly

Az gt BJ.‘ Ay g.U A; z
Ry Ry Ly Ly R+ Ly
I 1 i I3 I I i I3 Il/l/ Ig/i/ [34/
X Y v/

Figure 5.3: Graphical representation of the sum of tensors X, Y expressed in the TT/MPS
format.

graphically represents the commutativity and the inverse operator properties, summarized in
TABLE 5.1. Further properties of associativity and distributivity involving scalar multiplication

can also be defined, and these are given in TABLE 5.2.

Table 5.1: Summation

Associativity (A+B)+C=A+B+CO)

Commutativity A+B =B+ A

Identity A+O0=A

Inverse A+(-A)=(-A)+A=0
A-B=A+(-B)

Table 5.2: Scalar multiplication

Associativity  (ai1a2)A = a1(a2A)

a(A+B)=aA+a;B

Distributivity (a1 + a2)A — a1 A+ asA

Remark 5.2. TN summation properties require that the summed TNs conform to the assump-

tions listed at the beginning of Section 5.2.

5.3 Feature Fusion via TN Summation

The TN summation operator is validated through a practical example of feature fusion in image
classification. The benchmark ETH-80 dataset is considered, which consists of 3280 images,
composed of 8 classes, with 10 objects per class and 41 images per object (sample images shown
in Figure 5.5). For the following simulations, the images were rescaled to 32 x 32 pixels. Given
the RGB format of the considered images, the dataset is conveniently represented through 3-rd
order tensors X, € R3X32X3 yy — 1 ... M (where M = 3280). Simulations were performed
in the freely available software package for tensors: HOTTBOX [118].

Figure 5.6 shows that for each image, &, in the training set, upon performing TKD, the
size of the corresponding core tensors G,, € RIf1*R2XFs wag set to Ry = Ry = Ry = 3.
These values were empirically found to offer a good approximation of the original images,
while at the same time maintaining a small size core tensor. To emphasize the features of each
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et
Eﬂlﬂl

Figure 5.5: Sample images from the ETH-80 dataset.

image without affecting the TKD approximation, each core tensor G,,, was normalized to unit
norm and the factor matrices {A,,, B,,, C,,} were scaled by mln/ 3 where Nm = ||Gm||. Through
TN summation, the scaled factor matrices {A,,, B, C,,} were concatenated into the matrices
{A., B, C.} and the corresponding core tensors into G.. Because the goal was to examine the
mixture of actual features, focus was given on the factor matrices {A., B, C.}, onto which an
SVD was subsequently applied. For dimensionality reduction, the first { R1, Rs, R3} singular
vectors were retained (this operator is referred to as tSVD()), to yield matrices {A,,B;, C;}.

Finally, for each image, X,,, a new core tensor was computed as

gom =X, X1 AtT X9 Bf X3 C? (5.23)

The vectorized versions Vec(gom), m = 1,..., M, were then fed to standard machine learning
classifiers for performance evaluation. During the testing stage, for each new element X, G.
was computed via (5.23) using the {A;, B;, C;} matrices obtained during training, and subse-
quently vectorized.

Figure 5.6: An example of TN summation for the TKD representations of the images in the
training set, where {A/ B! C/ } = nl/g{Am,Bm, C,.} and G/, = G,/nm Left: A TKD ar-
rangement of matrices and core tensors. Right: Sum of the Tucker factors represented in the
TN format. Notice that upon TN summation the dimensions of the physical modes remain
unchanged.

Remark 5.3. The physical meaning of equation (5.23) is a projection of the raw images onto the
feature space that is common to the whole dataset, which greatly reduces the risk of overfitting,
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hence ensuring that G,,, can be used for classification purposes.

Algorithm 7. Sum of TNs for image classification

: Input: Dataset {X,,}}_,, core size { Ry, R, R3}
. Initialize {A.,B.,C.}

: for each element m in dataset do

Xm — gm X1 ><lAm X2 Bm X3 Cm

<= ||Gml|F

A+~ [AC ’r/,ln/SAm]

7: B, « |:BC n}){BBm}

8  C, < [Cc ! 3cm]

9: end for

10: Ay < tSVD(A., R1)

11: B; < tSVD(B,, R»)

12: C, «+ tSVD(C,, R3)

13: for each element m in dataset do
14: G — Xy X1 Al xo BY x3 CF
15: end for .

16: Train classifier on {vec(G,,)}M_,.

The procedure outlined in Algorithm 7 was applied to the ETH-80 dataset by randomly
selecting 75% of the available images to serve as training data. The classifiers used were:

1. The Support Vector Machine (SVM), which employed an RBF kernel and a one-vs-one

approach for multi-class classification;

2. K-Nearest-Neighbours kNN with the number of neighbours (Euclidean distance) set to

three;

3. A feed-forward Multi-Layer Perceptron (MLP) neural network with two hidden layers
and a ReLU activation function;

4. A Random Forest (RF) with 10 trees, the nodes of which were expanded until all leaves

were pure.

Each classifier was trained based on the data features obtained via the proposed TN summa-
tion, as well as on the original data. For a fair comparison, the features extracted via another
tensor method were also employed, which involves stacking the images into a higher-order
tensor (see [122] for details), referred to as “tensor stacking”. The classification rates were com-
puted as an average of 50 realizations and the results are summarized in Table 5.3. Observe
the benefits of the proposed method for the SVM, kNN and MLP based classifiers. In particu-
lar, with TN summation, the SVM classifier attained an improvement of about 2% over tensor
stacking, and almost 5% with respect to a direct usage on the original data.

5.4 Eigenvalue Extraction via TN Summation

This section focuses on how the proposed framework of TN summation can be used for eigen-

value and eigenvector extraction of large-scale matrices. Before showing how this is done,
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Table 5.3: Classification rates for the ETH-80 dataset, in %.

SVM kNN MLP RF
Original images 89.84% 88.31% 85.43% 83.33%
Tensor stacking  92.94% 88.55% 88.28% 89.75%
Sum of TNs 94.81% 90.51% 89.23% 86.20%

some additional notions are required, namely the TT decomposition in the Matrix Product Op-
erator format (TT-MPO) [3, 123], and how tensor decompositions can be used to extract the
largest eigenvalue of large matrices, and associated eigenvector. Specifically, it will be shown
how the TN summation framework can be employed to extract the first K largest eigenvalues
through integration with Hotelling’s deflation [121].

54.1 TT-MPO Decomposition

Similarly to the TT-MPS, the TT-MPO can be achieved through an iterative procedure by suc-
cessively applying the SVD decomposition [3]. It decomposes an N-th order tensor, usually
N > 6, in a set of interconnected 3-rd and 4-th order tensors, as illustrated in Figure 5.7 for an
8-th order tensor. Mathematically, for a 2N-th order tensor X € R/1x/2x-*In the TT-MPO
decomposition is expressed as

X =6M x1G? x1...x1gM

- (]g(l)’g@)’ N 7g(N)D (5.24)

Llgh p Llg® p  Llg® p Il gW
I I3 I I;

Figure 5.7: TT-MPO representation of an 8-th order tensor X € R/1**/s_ Notice that, differ-
ently from the TT-MPS, the first and last cores of the TT-MPO are 3-rd order tensors instead of
matrices, while the middle cores are 4-th order tensors.

5.4.2 Largest and Smallest Eigenvalue from Large Scale Matrices

Machine learning algorithms often involve the computation of the largest or smallest eigen-
value of symmetric matrices. In other words, given a matrix A € R’*/, the eigenvalue (EVD)
problem consists of finding solutions to

AXZ' = )\Z'XZ', 1= ]., . .,I (525)
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where )\; are the eigenvalues and x; the associated eigenvectors. The eigenvector with the
largest eigenvalue indicates the direction of maximum variance of the data, and is often of high
importance in practical applications. This can be found by maximizing the so called Rayleigh
Quotient (RQ), R(A, x) [60], that is

Amax = max R(A, x)

xT Ax

x  xTx

(5.26)

The critical point of R(A, x) is the associated eigenvector of Amax. The procedure to solve the
above is very similar to inverse iteration, and is summarized in Algorithm 8.

Algorithm 8. Rayleigh Quotient

. Input: Matrix A € R’*!, initial eigenvalue x € R, initial eigenvector x € R/, threshold e
:x < x/|[x]|r

y < (A — ,uI[)71X

A —yT'x

C 1/

 err < |ly — xle/Ilyll e

: while err > ¢ do

x < y/llyllr

y « (A —plp)~x

A yTx

o+ 1/

err < ||y = Ax|[r/||yl|F
: end while

: Return: )\, x

© P N U e W N e

N el
B W N P2

Although generally effective, the above method becomes prohibitive for very large scale
matrices due to computational bottlenecks. This issue can be tackled through low-rank ten-
sor approximations, by representing the cost function in suitable tensor format [60]. Specifi-
cally, a large-scale eigenvalue optimization problem can be converted to a set of smaller op-
timization problems. Assuming that I = I;I5--- Iy, this is achieved by directly considering
the TT-MPO representation of a structured matrix A € R'*/, thatis A = (AD,..., AN)),
where AW ¢ REn-—1xInxluxFa implying an underlying conceptual 2N-th order tensor A €
RO Iix-xInxIn = The eigenvector x € R! is computed by sequential optimization of the
cores of the TT-MPS representation of the N-th order tensor X € RI1X/2XXIN thatis X =
(XM, ..., 2WN), where x = vec(X). The expression x’ Ax from (5.25) is represented in TN

format as shown in the top part of Figure 5.8.

Remark 5.4. The full matrix A € R’*! and vector x € R’ are never stored in “full” format,
but an underlying structure is assumed such that A can be considered directly in the TT-MPO

format, whereas the eigenvector x is computed by sequential core optimization [60].
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Defining,
X<" — (]X(l), X(Z), s X(n—l)D c Rll><12><---><I,,,,1><R,,,,,1

X" = (]X(n+1), X(n+2), e X(N)D c REaXIng1xxIn (5-27)
and their corresponding unfoldings
X<n c RIllz---In,lan,l
(5.28)
X>n c RR" XIni1lnyoIn
it results that
x = X,xM ¢ ROz In (5.29)
where x(™ = vec(X (™) € RE:-11.Fn and
X;ﬁn — (X>n)T ® II,,L ® X<n c RhIgn-INXR,L_JnR,, (530)
Maximizing the RQ is equivalent to (see [60] for details)
max R(A,x) = max R(A, X, x™)
X x(n
TR Tx(), x(yy T hmax
where
A" = (Xn)T AX o, € REn IR R LRy (5.32)

Each x(™) is computed separately as the critical point of (5.31) and folded back into X ™). For
relatively small TT-ranks, the matrices A" are much smaller than the original matrix A, so that
a large-scale eigenvalue problem can be converted into smaller sub-problems, which require
solving the set of equations

Ay — Ax™ ) forn=1,2,...,N (5.33)

as shown in the bottom part of Figure 5.8.

Remark 5.5. Matrix A" is never computed directly via (5.32), but is instead calculated by
iteratively computing £<" and R~™ at each step n = 1,2,..., N and contracting them with
A" This allows for an efficient and practical solution to the problem.

5.4.3 Further Eigenvalues through Deflation via TN Summation

Given a symmetric, large scale matrix A € R’/ it was shown in the previous section how
TNs can be employed to compute the RQ and hence extract its largest eigenvalue and the as-
sociated eigenvector. Although effective, this method allows only for the computation of one
eigenvalue. Given its efficient implementation, it is of interest to explore whether the same ap-
proach can be used to compute the first K largest eigenvalues and corresponding eigenvectors
of A. To this end, a deflation scheme based on TN summation is proposed, so that the same
procedure can be applied in an iterative fashion.
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[ < ) R"
XT X(l) ..... (n—1 X(n) ‘(71+1i X(N)
R1 Rnfl j Rn ﬁn+1 \
I 1, 1, Iny1 Iy
QOO O
L] Ln—l Ln n+1
I] ]2 -[n In+1 IN
X () S (n—1 _@ /('n:} G(N)
Ry R, R, Un+1

Rn—l R’l Rn—lLLRn
Rn—l R’l Rn—IIan

Figure 5.8: A TN composed from a combination of two TT-MPS and one TT-MPO to compute
the largest (or smallest) eigenvalue of a large scale matrix A € R/*!, and the corresponding
eigenvector x € R’. Top: Overall representation. Bottom: graphical representations of (5.32)
and (5.33) for sequential optimization.

The proposed method stems from the well-known Hotelling’s deflation. That is, given a
diagonalizable matrix A; € R with eigenvalues Ai, Ag,..., A; and associated eigenvectors
X1,Xg,...,X7, a matrix A;;; € RIXI having the same spectral factorization as A; but with
A; = 0, can be obtained as

A=A = A\xx] (5.34)

The combination of the RQ and Hotelling’s deflation provides a powerful tool to iteratively
compute the eigenvalues and eigenvectors of a diagonalizable matrix, in which the largest
eigenvalue is computed via the RQ), then removed via deflation and the process is repeated K
times, K < I.

Therefore, the question is how to incorporate the results from Section 5.4.2 within the TN
summation framework. If the matrix A € R!*! is of huge dimensionality, e.g. I > 10'%,
then a simple operation of deflation as in (5.34) may become problematic due to storage issues.
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However, from the properties of TN summation in Table 5.1, this can be achieved in the TN
format through a TN subtraction, as explained in the following.

Assuming that the largest ¢ eigenvalues and eigenvectors have been appropriately com-
puted and deflated, and that the (i+1)-th eigenvalue \;;; and associated eigenvector x;41 € R!
have to be found, the first task consists in computing the outer product x;x; within a TN en-
vironment. This is done by performing contractions among the individual cores Xi(n). Specif-
ically, one can consider X" € RIx1xR1 x(" ¢ RR.ixlx1xRa forp — 2. N — 1 and

x™N) e REN-1%IN X1 Then the following can be defined

Xi(l) x% Xi(l) _ yz_(l) € RIxBixhixRy forn=1
X 3 2 Z Y0 ¢ R XRx R xR forn Z3 N1 (539)
XM 3 2N — YWN) ¢ REN-xINxBNaxIn - forg = N

With a slight abuse of notation the above can be permuted and reshaped such that

yi(l) ERIlXIlXR%, forn =1
yi(n) c RRi—lebe'xRi, forn=2,...,.N -1 (5.36)
yi(N) c RRiLﬁdNXIN’ forn = N

where R? = R1Ry, R2_, = R,_1R,_1, R%_, = Rn_1Ry_1. An illustration of this procedure

is shown in Figure 5.9.

R'nfl ( ) Rn ] ]
(' n n
XL‘ Ru,fl Rn R5]71 Rz
P i@ -g
R'n—l R'n R R

n—1 n
X(n) I, I,

Figure 5.9: Graphical representation of how to perform the outer product x;x;, where x; =
vec(A;), by utilizing only the cores obtained from the TT representation X; = (]Xi(l) s X;N) ).

This defines a new TT-MPO Yy, = (]yf”, cee ny)[), referred to as Y, which is physically
equivalent to the outer product x;x.. Notice that Y is topologically equivalent to A, the TT-
MPO representation of matrix A. This implies that A and Y can be combined via the proposed
framework of TN summation. Specifically, at each iteration i = 1,2,..., K, where K is the
required number of eigenvalues (and eigenvectors) to be computed, TN A can be updated as
A, =A, — )Y, asshown in Figure 5.10.

Remark 5.6. Although at each iteration the dimensions of the cores A; = (]Agl), ... ,AEN)[)
increase due to concatenation with &X; = (]Xi(l), e XZ.(N) ), this has limited impact on compu-

tational efficiency for the following reasons.

1. Since TDs attempt to have the fewest possible number of parameters, in general L,,, R,, <
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I,

2. Optimizations are done sequentially on the individual X (™)’s, and the overall dimensions
of matrix K(n) (equation (5.32) ) are not affected.

3. The single cores A; = Q.AZ(-D, e .AZ(-N)[) may be stored on individual machines, further

ensuring computational and storage memory tractability.

4. Although the dimensions of the cores A; = (]AZ(»D, ey AZ(N)D increase at each iteration,
i.e. every time that a new eigenvalue and eigenvector of the underlying matrix A € R/*!
is computed, generally, the requested number of eigenvalues K is s.t. K < I, as it is
well-known that only the few largest eigenvalues and eigenvectors carry most of the
physically relevant information.

5.5 Chapter Summary

A framework for Tensor Network (TN) summation has been proposed. This has been achieved
via an intelligent block arrangement of the cores of two or more TNs, on the condition that they
are isomorphic and have physical modes of equal dimensionality. This yields a new, isomor-
phic, TN mathematically equivalent to the sum of the underlying tensors. The approach has
been formally validated for chains of matrices, for TNs in the Tucker format, and for Tensor
Trains (TTs). The proposed framework has been further formalized by introducing properties
of addition for TNs in Section 5.2.2, which are found to be analogous to their counterparts in
standard scalar and matrix addition. These are the associativity and commutativity properties,
and the existence of the identity element and the inverse operator.

Benefits of the TN summation framework have first been demonstrated through an anal-
ogy with feature fusion in Section 5.3, whereby a new algorithm for image classification was
proposed, which rests solely upon the proposed sum of TNs. Tests on the ETH-80 dataset
have demonstrated that the mixture of features obtained via TN summation can significantly
enhance classification rates of standard machine learning classifiers.

Further advantages of the proposed framework have been explored in light of eigenvalue
and eigenvector extraction for huge matrices. This was achieved through employment of
the Rayleigh Quotient (RQ) expressed in tensor format, followed by an implementation of
Hotelling’s deflation executed directly in TN format in Section 5.4.3. Expanding on the method
presented in Section 5.4.2, which allows to extract only the single largest eigenvalue and associ-
ated eigenvector, the proposed approach, which lies on the TN summation framework, allows
to iteratively extract several largest eigenvalues and associated eigenvectors of matrices of high
dimensionality, carrying a high practical importance in large scale problems.
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Chapter 6

The Support Tensor Machine and its Appli-
cations to Financial Forecasting

Every success story is a tale of constant
adaption, revision and change.

Richard Branson

Chapter Overview

This chapter introduces the Support Tensor Machine (STM) as an extension of the well-known
Support Vector Machine (SVM) to the tensor realm, with a focus on time-series analysis. The
fundamental difference between the two is that while the SVM deals with vector inputs, the
STM operates directly on tensors. Vectorization of the original data destroys its underlying
structure, implying that it is expected for the STM to perform better than the SVM if the input
data has underlying patterns from which useful information can be retrieved.

The chapter first opens with an overview of the SVM. The mathematical theory of the SVM
is then smoothly extended to accommodate tensors, presenting the STM. A computationally
efficient least-squares formulation of the STM (LS-STM) is considered, while a novel method
to allow kernel usage in the LS-STM is introduced. Equipped with this new functionality, the
usefulness of the LS-STM is investigated within the financial application of forecasting the daily
direction of movement of price of the S&P 500 financial index. The LS-STM based results are
interpreted probabilistically via Platt scaling, while performance is evaluated comprehensively
in terms of accuracy rate, annualized Sharpe ratio, and annualized volatility. All performance
metrics conclusively demonstrate the superiority of LS-STM over standard SVM.

6.1 Introduction

Analysis of time-series underpins numerous practical applications, and is a major paradigm
for the Statistical Signal Processing and Machine Learning (ML) communities. Among the ex-
isting methods, the Support Vector Machine (SVM), introduced by Cortes and Vapnik in 1995
[124], is particularly interesting as it employs the Structural Risk Minimization (SRM) princi-
ple [125]. The aim is thereby to minimize the upper bound of the generalization error, instead
of minimizing the training error [126], which significantly reduces the risk of overfitting. In
addition, since the training of the SVM is equivalent to solving linearly constrained quadratic
programming problems, the SVM solution is both unique and always attains the global min-
imum. The underpinning flexibility and physical intuition behind SVMs made them an algo-
rithmic workhorse in a wide variety of applications, from biological sciences, through to text
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categorization, to image classification, and time-series prediction [127, 128, 129, 130].

Motivated by recent results across different research areas [18, 24, 63, 81] which show that
the exploration of structural information can lead to better expressive power of the employed
algorithms, the SVM framework has been extended to its tensor version, referred to as the
Support Tensor Machine (STM) [85]. The STM operates directly on tensor-valued inputs, which
has shown to bring noticeable improvements over vector-valued SVMs in applications such as
real world image and video processing [131]. However, the full potential of the STM is yet
to be explored, especially within the time-series forecasting paradigm. To this end, in this
chapter the problem of financial time series forecasting is considered [86], as it is one of the
most challenging and practically-relevant problems in time-series in general. Also, given that
the SVM has been extensively used within a financial context, it is natural to ask whether a
generalization to the STM would inherit the advantages of tensor-variate vs matrix- and vector-
variate modelling of multichannel data. Examples of the SVM in finance include the works in
[130, 132, 133, 134].

The focus in this chapter will be devoted to the least-squares (LS) formulation of STM [60],
a more computationally efficient variant over standard STM, similarly to LS-SVM over stan-
dard SVM [135]. A rigorous method to allow for kernel usage in LS-STM is proposed, based
on a mode-wise least-squares approximation of the related weighting parameters. The impor-
tance of tensorization in exploiting structural information is highlighted, then training is per-
formed using a Radial Basis Function (RBF) kernel, and the outputs of L5-STM are interpreted
probabilistically via Platt scaling [136]. The so established LS-STM framework is employed to
forecast the daily direction of movement of the S&P 500, over the period from January 2006 to
January 2017, using as predictors past samples from the VIX (the implied index of volatility for
the S&P 500), the GC1 gold commodity, and the S&P 500 itself. The S&P 500 has been chosen for
its efficiency [137, 138], as, according to the Efficient Market Hypothesis (EMH) [139], it reflects
well the available information in markets, thus making forecasting rather difficult. A compre-
hensive evaluation is performed by comparing the results obtained with LS-STM against those
obtained with SVM on the same dataset. The superiority of the L5-STM based proposed frame-

work is demonstrated, in terms of both accuracy rates and other common financial metrics.

6.2 From the Support Vector Machine to the Support Tensor
Machine

In the following, the theories behind the SVM and STM are introduced, and it is shown how

the STM can be thought of an ensemble of SVMs, one per mode, acting on tensor inputs.

6.2.1 Support Vector Machine

The classical SVM is a binary classifier which aims to determine a hyperplane able to discrim-

inate elements within a dataset of size M into a “positive” or “negative” class. That is, given

M
m=1r

a dataset {x,, } X, € RY, the SVM operates on the pairs {X,,, t,, }, where the binary label
tm € {+1, -1} indicates the membership of x,, to the positive or negative class, respectively.

The separating hyperplane is entirely defined by a projection vector w € R and a bias term
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b € R, and an unlabelled, or test, datapoint x,. € RY is assigned a label, t., by

y(xi) = wix, +b
(6.1)
t. = sign(y(x.))

The optimal w and b are determined from the training data, by solving the following quadratic

programming problem,
M

1
wrgmin g [wl[}+C S &

m=1

(6.2)
s.t. tm(WTxm +b)>1-¢,
>0, m=1,....M
where the slack variables &,,,m = 1,..., M are introduced to deal with non-linearly separable

data, and C' > 0 is a regularization parameter. Due to the presence of slack variables, (6.2) is
also referred to as “soft-margin” SVM.

The classical SVM can be simplified into its least-squares formulation, the LS-SVM, pro-
posed in [135], where the optimization problem is modified to

M
1 2 7 2
argmin —||W||p + — €
g min 5| [w QmZﬂm 63)

stoty(Wixm +0)=1—¢6p, m=1,...,M

where €, m = 1,..., M are the losses with respect to the targets ¢,, € {+1, —1}. The replace-
ment of the slack variables in (6.2) with the square losses in (6.3), and the inequalities with
equalities, makes it such that the problem can be expressed as a series of linear equations, al-
lowing the L5-SVM to be solved with simple matrix multiplications, making it computationally
cheaper than the soft-margin SVM, while still being able to maintain comparable performance
[60, 135].

6.2.2 Support Tensor Machine

Consider now a set of M measurements {X,,,t,}*_,, where each sample is an N-th order
tensor X, € RI1x[2x*Iv The STM trains an N-th order weight tensor W € RI1x[2XxIx jn

order to assign a label to X, in a way analogous to (6.1), by

y(X) = (W, X.) +b

, (64)
t. = sign(y(X.))
Representing the weight tensor W as a rank-1 tensor, that is,
W:W10W20~-~OWN (65)

92



6. The Support Tensor Machine and its Applications to Financial Forecasting

where, w,, € R™»,n =1,..., N, then the classification problem of STM can be formulated as
11 2 2 M
arg min — ®wn —}—C’me,n:l,...,N
Wi,b 2 n=N F m=1

N (6.6)
s.t. t (xm, X W, + b) >1-&n
n=1

>0, m=1,....M

where X, x_ 1w, = X, XWX X yWN.

Remark 6.1. From the formulation in (6.6), the STM can be thought as an ensemble of SVMs,
each acting on one mode of the tensor.

The above comprises N quadratic programming sub-problems, where the n-th sub-problem

can be reformulated via the following optimization,

Wi, ,b

N M
o1
argm1n§||wn||%rH (Ilwill%) +C Z Em
=1

1= m=1

i#£n

N 6.7)
s.t. t, (WZ (Xm X WZ'> + b) >1-¢n

iZn

En >0 m=1,.... M

Analogously to the SVM, also the STM admits a least-squares version, namely the LS-STM.
Its solution is obtained by the following ALS iteration, through the procedure summarized in

Algorithm 9.
i#n

1 v
arg min §||VVn||2 H (Ilw:ll?) + §€T€
Wb 1<i<N
N
— 6.8
s.t. t, <wg (Xm X wi> + b) =1—€n (6:8)
Zn

m=1,...,.M

Finally, a label is assigned to a new datapoint &, by

t, = sign(y(X.)) = sign(X, x1 Wi Xa -+ Xy Wx + D) (6.9)

6.2.3 Visualizing the STM

Due to its nature, it is difficult to visualize the STM in a similar fashion to the SVM, which can
be easily represented on a 2-dimensional plane with vectors shown as points. However, one
can visualize the decision operation in (6.9) by noting that an inner product (X, W) is taking
place, which can be represented diagrammatically. An example 3-rd order tensors is shown
in Figure 6.1. The inner product of a 3-rd order tensor with the outer product of three vectors
yields a scalar: notice no free edges on the right-hand side of the figure.
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Algorithm 9. Least-Squares Support Tensor Machine (LS-STM)
Input: Dataset {X,,,t,,},m = 1,..., M, with X, € RIv*-xIn
Output: Set of weights {w,, },n =1,..., N and bias b.

1: Initialize randomly {w,},n=1,...,N

2: while not converged or max iterations reached do

3: forn =1to N do

4 n < Hi#n_”wi||2
5: Xm = X XiznW;
6: Find w,, by optimizing;:
- 2, Cor
Jnin o flwa[["+ Seve
s.t. tm(w,z;xm +b)=1—-¢€¢,, m=1,....M
7: end for

8: end while
9: Return {w,},n=1,..., N andb.

Figure 6.1: Graphical representation of the inner product (X., W), where X, € RI1*2xIs)
W = wjowsyows, and wy € RIY, wy € R2, wy € R,

6.3 Kernel Usage in STM

To rectify issues related to linear non-separability of a dataset, in classical SVM and LS-SVM,

{Xm} =1, a mapping
p:xeRY —» p(x)eRF, L>N (6.10)

can be defined to make the data separable in a higher L-dimensional space. The class label, t,,
of a new datapoint, x,, is now obtained by taking the sign of y(x..) = w’ ¢(x.) +b. The weights
w are then found as

M
W = Z Amtm®(Xm) (6.11)

m=1
where a,,,, m = 1,..., M are the Lagrange multipliers associated to the dual of the original

problem [124]. Hence, a test point x, is assigned a label by taking the sign of

M
y(x,) = Z Wt (G(xm) T G(x.)) +b (6.12)
m=1

Notice that it is often intractable to compute ¢ explicitly, as the dimension of a space re-
sulting from the mapping in (6.10) may be significantly higher than the original one, or even
infinite. To this end, the kernel trick is used, where the inner product ¢(x)? ¢(x.) is implicitly
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performed in the original space by the kernel function
k(% %) = k(% %) = ¢(x) " p(x.) (6.13)

Therefore, the label in (6.12) becomes

M
y(X*) = Z amtmk(xm7x*) +0b (6.14)
m=1

which implies that w is not calculated explicitly; the same is valid for LS-SVM [135]. However,
foreachmoden =1,..., N, the L5-STM (Algorithm 9) computes w,,, which is strictly required
since, at each iteration and for each mode, a set of {x,, = X, ii;&nwi}%:l needs to be com-
puted. The use of kernels is known to generally increase the performance of SVM and LS-SVM
significantly, and it is thus natural to explore the same concept in LS-STM.

To circumvent the problem of requiring a w,, for each mode, an approach is proposed [86]
in which the associated «,,’s are found using the kernel and then (6.14) is employed to compute
Wy, in a least-squares fashion. Specifically, consider a dataset {Xm}%zl, X, € RlvxxIN and

define
T
Q, = [xl, X3, ..., xM} e RMXIn forp = 1,... N (6.15)
Now, assume that the x,,,’s are descriptive of the features in the dataset and also assume a large
enough M, to yield
M
(%) 2 YK i = 3 Qb k(Xm, %) +b =97 +b (6.16)
A
where
M
Y= amtmk(Xm, X.) (6.17)
m=1
m##i

By splitting the dataset £2,, into M smaller data subsets, each consisting of (M — 1) training
elements and one validation element, the optimal w,, can be found using the values of y(x,,),

i.e. using the elements in the training set. Upon defining (X )m+i = Ym, €ach y,, is computed
by

v, v, - yM]T = [wt w3, ., z/;%]Ter (6.18)

where b is found by solving the LS-SVM problem in Algorithm 9. Finally, the w,,’s are found
through an equality constraint

T

T
s Y2,y e, = XTW,XTWn,...,XTWn] +b
[y1 Y2 yM} [ 1 Wny X5 M (6.19)

=Q,w, +b

95



6. The Support Tensor Machine and its Applications to Financial Forecasting

Fory = [y1,92,...,ym|?, a w,, is required such that
y=Q,w, +0b (6.20)
It is generally true in practice that if M > I,,, then Q; Q,, = I; where
Q' = ('9,) 'l (6.21)
Therefore, w,, can be estimated in a least-squares fashion as
w, = Qb (y —b) (6.22)

When executing the LS-STM algorithm, the above is achieved for every moden = 1,..., N,
until convergence. This allows for the usage of a kernel, while at the same time retrieving the
required w,,. For the application of financial forecasting, an RBF kernel is employed due to its
suitability to work with non-linearly separable data, that is

_ 2
k(x,X.) = exp < — HXQ—XQ*HF) (6.23)
o

The parameter o is selected using a data driven approach, as described in [140, 141].

6.4 Implementation

This section is devoted to explaining how the data was prepared for the LS-STM to be em-
ployed on the problem of forecasting the S&P 500.

6.4.1 Financial Terms

First, some financial definitions are in order. Daily closing prices, S; and traded volumes, V;
are considered. Daily percentage returns, r, are defined as

S-S

= 6.24
"t Si—1 (6.24)
while percentage change in traded volume, v, takes the form of
Vi = Vi
-t 't 6.25
Uy Vi . ( )
The annualized return, R 4, is defined as
R4 = 2507 (6.26)
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where 7 = ¢ Zle r; and L is the total number of samples. Annualized volatility, 04, is given
by

L
1
— _ )2
o4 = V250 - ;(rt 7) (6.27)
Finally, the Sharpe ratio, SR4, used to quantify the “goodness” of a financial strategy, is given

as
Ra

oA

SR, (6.28)

The following terms are also defined

1. Long position: Buying an asset unit at market open and selling it at market close, for a
given trading day;

2. Short position: Selling a borrowed asset unit at market open, purchasing it back at market

close and returning it to the lender.

Remark 6.2. Long positions are profitable if the asset increases in value, short positions if the
asset decreases in value.

6.4.2 Data Tensorization

In this application, the goal is to forecast the daily direction of movement of the S&P 500, using
historical data from the VIX, the implied index of volatility of the S&P 500, and the GC1 gold
commodity (data freely available online). The VIX and gold are chosen for the investigation
since they are generally considered to be good predictors of the S&P 500 [142, 143]. Moreover,
the S&P 500 itself is added as a predictor, in an attempt to infer additional information about its
future movements from its past. Daily closing prices and volumes for these three time-series
were collected from January 2006 to January 2017.

Owing to the flexibility of the tensor framework, the data were arranged into a third order
tensor and the analysis performed with sliding windows of 250 days (one financial year), as
shown in Figure 6.2. The second frontal slice is the replicated matrix from the first slice, but
lagged by one sample, so as to introduce additional autocorrelation structure among the re-
turns of the three time series. For each slice, columns were standardized using a hyperbolic

tangent, to reduce the possibility of introducing biases in LS-STM.

248

-, is formed

Given a “tensor batch” of 250 time samples, the training dataset, {X,,,t,
by selecting each &, € R?*3*3 as shown in Figure 6.2, while the label t,,, is assigned as t,,, <
sign(rm41), Where rp, 4 is obtained from the S&P 500 column of the first tensor slice. For each
sliding window, the test data consists of a single pair {X},?;}, at the time instant ¢ = 249. In
other words, the test label is the sign of the bottom-right entry of the first slice of the current
batch. Essentially, at time ¢, the model aims to predict the direction of movement of the S&P

500 for the time instant (¢ 4 1), using all information available up to time ¢.

6.4.3 Platt Scaling

For better performance, the outputs of the LS-STM are interepreted probabilistically via Platt
scaling. Standard binary classifiers do not take into account posterior probabilities. In order to
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GC1 VIX S&P GC1 VIX S&P GC1 VIX S&P
Xt Te—1 | Tt=1 | Tt—1 Te—2 | Tt—2 | Tt—2 Vi-1 | V-1 | V-1
e e Tt Te—1 | Tem1 | Te-1 Ve Ut Ut
Xt+1 Tt+1 | Tt+1 | Tt+1 T Tt Tt Vty1 | Vt+1 | Ut
Tt+248 | Tt+248 | Tt+248 Tt+247| Tt+247| Tt+247 Ve+248| Ve+248| Ve+248
Slice 1 Slice 2 Slice 3
/
| | ‘/ /
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Figure 6.2: One batch of tensor data obtained through a sliding window of 250 time samples,
i.e. one financial year. The first (and second) slice include (lagged) percentage change in prices,
r;, while the third slice comprises daily percentage change in trading volume, v,.

assess the level of confidence in the classification model, its outputs (or scores) may be trans-
formed into a distribution over classes. This can be achieved via Platt scaling, a method devised
by John Platt in 1999 [136].

Consider a new test sample, x, € RY, and the value of the discriminant function, y, :=
y(x.), then Platt scaling produces probability estimates in the form

1
1 +exp(Ay. + B)

P(t. = 1]y.) (6:29)
which is a logistic transformation of the classifier score, y., where A, B € R are parameters
learnt by fitting a sigmoid to the model outputs. Platt-scaling has shown to be effective in
improving and understanding classifications models in general [144].

6.5 Simulations and Discussions

An RBF kernel was employed within the LS-STM according to the method presented in Section
6.3, and tuned according to the data-driven method outlined in [140]. For each time sample,
the assigned label of +1 indicates a long position (forecasting an increase in price), and a label of
—1 a short position (forecasting a decrease in price). The accuracy was calculated as the percent-
age of LS-STM correctly forecasting the S&P 500 price movement, with true movements from
historical data serving as ground truth. The performance of LS-STM was evaluated against
that of SVM, for a varying C' = {0.001, 0.1, 1, 10, 30,50, 100}. A summary of results is shown in
Table 6.1, while the corresponding generated profits are presented in Figure 6.3.

For almost all the considered values of C, simulation results generally show the superiority
of LS-STM over SVM. The SVM only outperformed LS-STM in certain metrics, and for values
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(a) SVM profits. Top: pre-Platt scaling. Bottom: post- (b) L.S-STM profits. Top: pre-Platt scaling. Bottom:
Platt scaling. post-Platt scaling.

Figure 6.3: Cumulative profits generated using SVM and LS-STM based strategies, for varying
values of C.

of C = {0.001,0.1,1}. For C = {0.001, 0.1}, the Platt-scaled SVM, SVM p, attained better values
in terms of o 4, while the accuracy rates and SR 4 were still superior for LS-STM and LS-STMp.
Although for C = 1 SVM did perform better than LS-STM in all three metrics, a closer in-
spection on the top graph in Figure 6.3a reveals that such promising results were mostly a
consequence of the high market predictability of 2008, due to the sub-prime mortgage crisis. In
fact, the profits associated to C' = 1 tend to decrease in more recent times, and become compa-
rable to those generated by other values of C. This suggests that the overall SVM performance
for C = 1 can mostly be attributed to a lucky choice of parameters, which, moreover, was par-
ticularly beneficial over a relatively short time-frame as in later years it clearly lost its initial
momentum. To further emphasize this point, notice how the use of Platt scaling did not bring
any major advantage to the SVM output, although the method is generally known to improve
performance.

On the other hand, results for LS-STM and, in particular, LS-STM p exhibit far better stability
than their SVM counterparts. Of particular interest is the effect that Platt-scaling has on LS-
STM, as shown in Figure 6.3b. For the vast majority of testing points, adding a probabilistic
interpretation on LS-STM causes its outputs to converge to equal values independently from
the choice of parameters used. Differently from SVM in which it had no positive effect, the
advantages that Platt scaling brings to L5-5TM are mostly two-fold:
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1. It introduces enhanced “stability” to LS-STM, in the sense that results can be attributed
mostly to data-driven information and not to convenient parameter tuning. For the con-
sidered problem of S&P 500 forecasting, this is significantly useful in practice as informed

decisions can be made based on data structure and thus with a reduced risk of overfitting.

2. The LS-STMp generates better values than LS-STM in terms of accuracy rate, SR4, and
o4, for all considered values of C, with the sole exception of the accuracy rate for C =
0.001, which is higher for pre-Platt scaled LS-STM. Moreover, for C = {10, 30, 50, 100},
the LS-STMp always attains the best overall performance for all three metrics.

6.5.1 Effects of Platt-Scaling

The effects of Platt-scaling can be explained through inspection of its parameters, as shown in
Figure 6.4, where the A parameter (the slope of the sigmoid) was the same for every choice of C,
whereas the parameter B (the bias of the sigmoid) followed similar patterns for all considered
values of C. This outcome may be attributed to the superior encoding of structural informa-
tion that tensors inherently have over vectors. Tensorizing the data as described in Figure 6.2
introduced additional information along each mode which was captured by the optimized LS-
STM weights {w, }2_,. This further highlights the general benefits of tensors over vectors,
and indicates that the chosen method for tensorization was indeed suitable for the considered

application.

A Parameter

2
O L A
2 w w w w
g o0 500 1000 1500 2000
>
g B Parameter
4r —C=0.01 ——C=10 C=100 ]

0 500 1000 1500 2000
Time-sample

Figure 6.4: The time evolution of the A and B parameters of the sigmoid in (6.29), obtained by
applying Platt-scaling on LS-STM.

6.5.2 Introducing Confidence Measures

Given the nature of the application, it is of practical interest to devise a methodology that
would aid making decisions with an added degree of confidence. One way to achieve this is to

101



6. The Support Tensor Machine and its Applications to Financial Forecasting

add an additional possible label, 0, to the predicted data, which indicates neither a long nor a
short strategy. In this way, when the algorithm is not confident enough in prediction, it decides
not to take any action, or to pass. The outputs of LS-STM and LS-STMp are combined to yield
LS-STM(, the outputs of which, indexed by ¢, are

1, if LS-STM(t) = LS-STMp(t) =1
LS-STM¢ (i) = ¢ —1, if LS-STM(t) = LS-STMp(t) = —1 (6.30)

0, otherwise

In addition, the actual value of the LS-STM decision function defined in Equation (6.9) is
incorporated to quantitatively define a confidence interval. This generates a thresholded LS-
STM, denoted by LS-STMy, the outputs of which are defined as

1, ifLS-STM¢(t) =1, and y(X;) > T
LS-STMyp(t) = (6.31)
0, otherwise

where T' > 0 is an arbitrary threshold. Notice that LS-STMr generates only pass or long signals.
This has the advantage of avoiding shorting the S&P 500, which is generally a more complicated
process than going long, and, from a practical perspective, incurs into higher transaction costs.

An example of the benefits of the added degree of confidence is shown in Figure 6.5, for the
choice of C' = 0.001 and 7" = 0.07. Notice how no activity is present during the crash of 2008,
and how the generated profits always tend to keep a positive trend, even for 2015 onwards
which was never the case for the results shown in Figure 6.3. The associated accuracy rate,
SR4 and o4 are 55.23%, 0.64, and 0.10, respectively. This shows that introducing a degree of
confidence in the decision making does in fact improve the LS-STM performance, generating
very promising results for the considered application.
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Figure 6.5: Cumulative profits generated using LS-STMr for C' = 0.001 and 7" = 0.07.
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6.6 Chapter Summary

The Support Tensor Machine (STM), a generalization of the Support Vector Machine (SVM)
to tensor valued data, has been proposed for financial forecasting, in the form of its least-
squares variant (LS-STM). A viable technique has been proposed for data tensorization, and
a novel method to introduce kernels in LS-STM has been devised, allowing to employ the
well-known Radial Basis Function (RBF) kernel. The proposed framework has been validated
on the prediction of the daily direction of movement of the S&P 500 financial index for the
period from January 2006 to January 2017, whereby the implied index of volatility, VIX, the
gold commodity, GC1, and the S&P 500 itself have been employed as predictors. Simulation
results have verified the superiority of LS-STM over SVM, while a probabilistic interpretation
of the results via Platt scaling has demonstrated robustness to parameter changes, owing to
the exploitation of cross-modal information which is inherent to tensors. Furthermore, it has
been shown how performance can be improved by incorporating the output of the decision
function of LS-STM as well as confidence measures. This resulted in a significant increase of
the accuracy rate and Sharpe ratio, and at the same time lower volatility, which translates to
generating robust profits based on a daily forecast of price movement for the S&P 500.

Conclusion to Part 11

In Part II, tensors and Tensor Networks (TNs) have been applied to machine learning applica-
tions stemming from important signal processing concepts, such as feature fusion, eigenvalue
extraction, and the Support Vector Machine (SVM). The TN summation framework draws an
analogy with feature fusion, whereby the cores of the sum are a combination of the cores of the
summand TNs, and provides a methodology to extract eigenvalues from large scale matrices.
The Support Tensor Machine (STM) can similarly be interpreted as an ensemble of SVMs, each
acting on one mode of the tensor, which harnesses the underlying data structure to make better
predictions. The ability of tensors to exploit latent structure is further emphasized in the next

and final part of this thesis, which is devoted to merging tensors with neural networks.
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Tensors for Deep Learning
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Chapter 7

Compression and Interpretability of Neural

Networks via the Tucker Tensor Layer

It is not knowledge, but the act of
learning, not possession but the act of
getting there, which grants the greatest
enjoyment.

Carl Friedrich Gauss

Chapter Overview

This chapter aims to help resolve the two main stumbling blocks in the application of Deep
Neural Networks (DNNs), that is, the exceedingly large number of trainable parameters and
their physical interpretability. This is achieved through a tensor valued approach, based on the
proposed Tucker Tensor Layer (TTL), as an alternative to the dense weight-matrices of DNNs.
This allows the weight-matrices of general DNNs to be treated as a matrix unfolding of a higher
order weight-tensor. By virtue of the compression properties of tensor decompositions, this
makes it possible to introduce a novel and efficient framework for exploiting the multi-way
nature of the weight-tensor in order to dramatically reduce the number of DNN parameters.
The tensor valued back-propagation algorithm is derived within the TTL framework, by ex-
tending the notion of matrix derivatives to tensors. In this way, the physical interpretability of
the Tucker decomposition is exploited to gain physical insights into the NN training, through
the process of computing gradients with respect to each factor matrix. The proposed frame-
work is validated on both synthetic data, and the benchmark datasets MINIST, Fashion-MNIST,
and CIFAR-10. Overall, through the ability to provide the relative importance of each data
feature in training, the TTL back-propagation is shown to help mitigate the “black-box” nature
inherent to NNs. Experiments also illustrate that the TTL achieves a 66.63-fold compression
on MNIST and Fashion-MNIST, while, by simplifying the VGG-16 network, it achieves a 10%

speed up in training time, at a comparable performance.

7.1 Introduction

Deep Neural Networks (DNNs) are the state-of-the-art machine-learning methodology which
has delivered improved performance in numerous areas involving large-scale data, such as
computer vision, speech recognition, and time-series analysis [145]. Within DNNs, Recurrent
Neural Networks (RNNs) are among the most successful machine learning approaches for se-
quence modelling [146, 147], while Convolutional Neural Networks (CNNs) are particularly
well-suited for image classification [148, 149]. However, despite the involvement of specialised
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high performance hardware, the application of DNNSs has also highlighted the necessity to re-
duce the typically very long processing times, as DNN models often comprise thousands of
nodes and millions of learning parameters [150].

One way to tackle this issue is by employing a tensor approach to reduce the sheer scale
of the DNN learning problem through the super-compression ability inherent to tensors. In-
deed, owing to their compression properties, tensor decompositions (TDs) are just emerging as
means to optimise NNs, by approximating an original “raw” network with its low-rank tensor
representation which exhibits several orders of magnitude fewer parameters, while minimally
affecting its overall performance.

In [57], the Tensor Train (TT) decomposition was employed to efficiently represent the dense
weight matrix of the fully connected layers NNs, requiring only a few parameters. The ability
of this approach to super-compress the NN weight matrix at a little sacrifice in accuracy was
demonstrated on standard datasets. The work in [76] proposed the Tensor Contraction Layer
(TCL) and Tensor Regression Layer (TRL) approaches, to reduce input dimensionality while
preserving its multilinear tensor structure, and expressing the outputs as a mapping between
two tensors. This work was extended in [77] with low-rank constraints imposed on the TRL,
while the work in [78] tackled the question of improving training time by merging CNNs and
the Canonical Polyadic Decomposition (CPD). Further research in the area, in particular in-
volving the combination of the TKD with NNs, includes the work in [79] and [151]. In [79] the
Tucker Decomposition (TKD) was used as a convolution kernel for mobile applications, while
the authors in [151] adopt a more theoretical approach and propose a method to adaptively
adjust the dimensions of the weight tensor in a layer-wise fashion. Both methods have been
shown to achieve significant NN parameter compression and consequent reduction in training
time.

Despite these advances, there is still a void in the literature when it comes to directly de-
riving the back-propagation algorithm for DNNs in terms of tensor latent factors within TDs,
while at the same time providing physical meaning to the model. The authors of the seminal
paper [57] are the only to have analytically re-derived back-propagation [87] in terms of the
tensor factors stemming from the TT decomposition, however, the dimensionality and order
of the employed TTs were arbitrarily chosen, so that, despite the achieved compression, the
results were not physically interpretable. Most other research in the field tends to rely on au-
tomatic differentiation for back-propagation [76, 77, 79, 151]. Although this is convenient for
implementation purposes, as automatic differentiation is quite efficient, there is still a necessity
for a deep analytical understanding of how the errors are propagated; this is fundamental to
the explainability of DNNSs. In this work, this void is addressed by introducing the Tucker Ten-
sor Layer (TTL) [88], which replaces the dense weight-matrix of a fully connected layer within
DNNSs with TKD factors. The TKD is chosen by virtue of its ability to provide low-rank rep-
resentations of tensors while at the same time preserving the latent information within their
structure [24]. Within this approach, the weight-matrix is treated as the unfolding (flattening)
of a higher order weight-tensor, and back-propagation is fully derived in terms of the underly-
ing tensor factors, that is, directly in the employed tensor format.

This work [88] therefore aims to introduce a novel analytical framework for the optimiza-
tion of NNs through compression of their fully-connected layers, together with increasing the
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interpretability of DNN models by exploiting the desirable properties of TKD. For rigour, the
problem is addressed starting from the very core aspects, basing the analysis on the fundamen-
tals of vector and matrix derivatives, and extending these to tensors, while providing rigorous
mathematical arguments for their manipulation. In this way, this novel and theoretically well-
founded derivation is demonstrated to be a prerequisite for obtaining physical insights into
the training process. For example, it is shown that the ability of the proposed approach to keep
track of the evolution of the gradients of each TKD factor during training makes it possible
to reveal valuable information regarding the significance of input features within the DNN
model. This, in turn, promises to be of high practical importance as:

1. New physically meaningful insights are provided into how NNs perform classification,

thus mitigating their inherent well-known “black-box” nature;
2. Inherent means to perform computationally cheap data augmentation follow naturally.

The proposed approach is verified through application case studies on synthetic data and
the benchmark MNIST [152], Fashion-MNIST [153], and CIFAR-10 [154] datasets. In addition,
owing to its compressive properties, the TTL achieves a 66.63 fold compression for NNs trained
on MNIST and Fashion-MNIST. It also allows to simplify the VGG-16 CNN [149] applied to
CIFAR-10, resulting in a 10% training time speed up, at a little accuracy trade-off thanks to data
augmentation based on gradient information. Comparable performance to the uncompressed
NN is achieved in all cases.

The contributions of this chapter can be summarized as follows:

1. The proposed Tucker Tensor Layer (TTL) is introduced and a full analytic derivation of
back-propagation directly in terms of the TKD factors is provided;

2. it is demonstrated that the TTL can achieve significant compression of DNN parameters
while maintaining comparable performance to uncompressed NNs;

3. By leveraging on the developed theoretical framework, novel insights into the training
process are provided via gradient inspection, hence offering a new interpretability to

results;

4. The information from point (3) is employed to perform cheap data augmentation, ulti-
mately leading to the simplification and training speed-up of more complex NNs.

7.2 Preliminaries

This section provides additional theoretical background required to develop the theory behind
the proposed TTL.

7.2.1 Properties of the Kronecker Product

If A € RM*N and B € R”*?, then the operation A ® B yields a matrix C € RMP*NQ with
elements cp(,_1)4v,0(s—1)+w = @rsbuw. The Kronecker product is a bilinear and associative
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operator, that is
AR (B+C)=A®B+A®C

(A+B) e C=A®C+B®C

7.1)
(kA)®B = A® (kB) = k(A ® B)
(AB) g C=A® (BxC)
The Kronecker product is non-commutative
ARB#B®A (7.2)
but it is permutation equivalent, that is
AB=PB®A)Q (7.3)

for some permutation matrices P and Q. Throughout this chapter, the transpose property of
the Kronecker product,
(AoB) = AT @ BT (7.4)

and the following identity
vec(AXB) = (BT © A)vec(X) (7.5)

will be extensively used.

7.2.2 Vector and Matrix Derivatives

Here the theory related to vector and matrix derivatives is presented, which will be extended
to tensors in later sections. For convenience, a similar notation as in [155] is adopted.

Definition 7.1. Let ¢ be a differentiable scalar function of a vector x € RN*1. Then the vector in
RNx1

99(%) _ Tae 89(x2 20 ’
Do(x) = 520 = [20m) | 200w 2lon) | (7.6)

is called the derivative of ¢. If f is an M x 1 vector function of x, i.e. f(x) € RMX1 then the matrix in
RMxN

9 T
Df(x) = % = [DA®). DLE), ... D) (7.7)
is called the derivative or Jacobian of f.

Definition 7.2. A ball in RN*® of radius r is denoted by
B(C;r) = {X: X e RV*? ||IX = C||p < 1} (7.8)

where C € RN*Q is an interior point of a set S in RN*©.

Definition 7.3. Let S be a set in RN*@, and let F : S v RM*F be a matrix function operating on S.
Let the matrix C € RN*® be an interior point of S, and let B(C;r) C S be a ball with centre C and
radius r. Let E be an arbitrary matrix in RN*9, with ||[E||r < r, so that (C + E) € B(C;r). If there
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exist a matrix A € RMPXNQ which depends on C but not on E so that
vec(F(C + E)) = vec(F(C)) + A(C)vec(E) + vec(Rc(E)) (7.9)

for all E € RVN*Q with ||[E||p < 7, where the remainder Rc(E) is of smaller order than ||E||r as
E — 0, that is

Rc(E)
im = 7.10
E—0 HEHF ( )
then the function F is said to be differentiable at C. Define
A(C)vec(E) = vec(dF(C; E)) (7.11)

then the matrix dF (C; E) € RM*F is called the first differential of F at C with increment E.

In view of the previous definition, the calculus properties of vector functions can be im-
mediately extended to the matrix case, because, instead of considering the matrix function
F: S — RM*P we can consider the vector function f : vec(S) — RMF*1 defined by

f(vec(X)) = vec(F(X)) (7.12)
Then the differentials of F' and f are related by
vec(dF(C;E)) = df (vec(C); vec(E)) (7.13)

and this justifies the following definition.

Definition 7.4. Consider a matrix X € RN*® and the differentiable matrix function F : X s RM*P,
Then the matrix in RMP*NQ

dF(X)
X

_ Of(vec(X))

= D(F(X)) = Df (oec(X)) = =5 2 (7.14)

is called the derivative or Jacobian of F' at X.

Remark 7.1. From Definition 7.3 and the “identification theorems” in [155], it follows that the
conditions on the first differential in (7.11) hold if and only if A(C) = D(F(C)).

For example, let A € R'*’, B € RM*? be matrix constants, and X € R’*M be a matrix
variable. Define F(X) = AXB. Then,

~ Of(vec(X))  9(BT @ A)vec(X)
DF(X) = ovec(X) dvec(X)

(7.15)
— (BT ® A) € RRI*MJ

7.3 Tensor Derivatives

To map the parameters of DNNs into the proposed tensor framework, it is a prerequisite to
extend the notion of vector and matrix derivatives to higher-order tensors. To this end, Defini-
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tions 7.2 to 7.4 need to reformulated as in the following.

Definition 7.5. A ball in R!+*12>XIN of radius r and centre C is denoted by
B(C;r) = {X: X ¢ RIvI2xxIv |\ x || <7} (7.16)

where C € RO I2XXIn jg ap interior point of a set S in RI > [2xxIn,

Definition 7.6. Let S be a set in RIVxXD2XXIn aud jet F @ § — RIXT2XXIn be g tensor-valued
function operating on S. Notice that, in general, N # M, that is, F' does not necessarily map a tensor
to a tensor of the same order. Let the tensor C € RIV12XXIN pe an interior point of S, and let
B(C;r) C S be a ball with centre C and radius r. Let € be an arbitrary tensor in RI1> 12X XIN qyith
||E||F < 7, s0that (C+E) € B(C;r). If there exists a matrix A € R/ /2 InixDilaIn which depends
on C but not on E, so that

vec(F(C + E)) = vec(F(C)) + A(C)vec(E) + vec(Re (E)) (7.17)

forall € € RIvI2xXIn with ||E||p < 7, where the remainder, Re (), is of a smaller order than ||E||p
as € — 0, that is

. Re¢(E)
lim =0 7.18
£ TiEl (7.18)

then the function F is said to be differentiable at C. Define

A(C)vec(€) = vec(dF(C; E)) € RI72Tm (7.19)

then the tensor dF(C; E) € RI1*J2XxJIu g called the first differential of F at C with increment E.

In view of Definition 7.6, the properties of vector calculus can be readily extended to tensors,
because, instead of considering the tensor function F': § +— RJ1xJ2xxJum the vector function
f:vec(S) s R7172Jux1 defined by

f(vec(X)) = vec(F (X)) (7.20)
may be considered. Then it follows that
vec(dF(C; E)) = df (vec(C); vec(E)) (7.21)

This justifies the following definition.

Definition 7.7. Consider a tensor X € RIv*12XXIn gnd the differentiable tensor function F : X
R30I Then, the matrix in R/ /2 JaxhilaIn | gjpen by

OF(X)
X

_ Of(vec(X))

= D(F(X)) = Df(vec(X)) = Soee (0] (7.22)

is referred to as the derivative of F at X.

Remark 7.2. From Definition 7.6 and the “identification theorems” in [155], it follows that the
conditions on the first differential in (7.19) hold if and only if A(C) = D(F(C)).
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With the above analysis, a connection between tensor differentiability and the permutation
of tensor entries can now be established.

Theorem 7.1. Consider a matrix X € RM*? and the differentiable tensor function F : X
RI1xf2xxIn Consider the tensor mapping Y = F(X), and denote by Y, the mode-n un-
folding of Y. Then ¥n < {1,2,--- , N}, D(Y () is a permuted version of D(Y) = D(F(X)), i.e.
D(Y) and D(Y (,,)) are matrices containing the same elements, but arranged differently. This
can be written as

D(Y ) =P(DD)) (7.23)

where P is a permutation operator.

Proof. Let X € RM*F and Y = F(X) € RI1x%2>XxIn From Definition 7.4,

_ 0y Ovec(Y) e RIlaInxMP

D _ Y _ T\ 7.24
) 0X  0Ovec(X) (7.24)

At the same time, this results in Y,,) € Rf»*/tf2n-ilniaIn Next,
D(Y(n)) _ 8Y(n) _ 8veC(Y(n)) c R1n11--~1n—11n+1-~11v><MP (7.25)

oX  odvec(X)

Hence, D(Y) and D(Y (,,)) have the same dimensionality. Because vec()’) and vec(Y ,)) clearly
have the same elements but arranged differently, D(Y ) is a permuted version of D(Y). [

Corollary 1. Consider a matrix X € R™*¥ and the differentiable tensor function F' : X

RI2xxIn - Tet Y = F(X), and denote by Y(,,) and Y|, respectively the mode-n and
mode-m unfoldings of Y. Then D(Y ,,y) and D(Y (,,,)) are of the same dimensionality, but with
permuted elements. This can be formalized as

D(Y (n)) = P(D(Y (m))) (7.26)

where P is a permutation operator.

Proof. Follows immediately from Theorem 7.1. O

7.4 The Tucker Tensor Layer and Tensor-Valued
Back-Propagation

In this section, the Tucker Tensor Layer (TTL) is introduced. Tensor-valued back-propagation
is derived, and the analytically obtained gradients are rigorously verified. For simplicity, non-
linearities shall initially be omitted, although they are considered later.

7.4.1 Representation

In general, a fully connected layer within a NN can be expressed as

y=Wx+b (7.27)
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where y € RM is the output, x € R” the input, and W € RM*F is the connecting matrix
of weights. Now, consider an input tensor of order N, X ¢ RI1*/2xxInv and a weight ten-
sor W € RIvI2xxIni1 of order (N + 1). The proposed tensor-valued derivation of back-
propagation will be based on the investigation of the function ' : X R/~+1, where Iy, is
the number of classes, defined by

F(X) = W(yypvec(X) +b (7.28)

where b € R/¥+1 is a bias vector, Wy ;1) € RIN+1X11l2Iv s the (N + 1)-mode unfolding of
tensor W, and vec(X) € R1112I¥ i the vectorization of tensor X. As shown in the following,
the representation in (7.28) has the advantage of allowing for a compressed version of the NN
layer, thanks to tensor decompositions.

Recall that a tensor W can be represented in the TKD format as
W=06x1 AW x5 A® x4 x g AN (7.29)

where G € RF1XR2xxEn+1 g the core tensor, and A € RI»*Fn» the corresponding factor
matrices. This implies that the (/V + 1)-mode matrix unfolding of W, denoted by W 1), can
be expressed as

W(ni1) = A(NH)G(NH)(A(N) ® e ® A(l))T

Vit L (7.30)
= AMUG(yv.) @ AW
i=N
Substituting (7.30) into (7.28) yields
1 .
F(x) = |ANG (1) @ ADT |vec(X) +b (7.31)

i=N

Remark 7.3. The compression of the DNN parameters through the TTL approach is achieved
by selecting the size of the modes of the core tensor G within the TKD to be smaller than those
of the weight tensor W, thatis R,, < I,,, forn=1,2,...,N + 1.

7.4.2 Learning via Tensor-Valued Back-Propagation

Neural networks are generally trained with stochastic gradient descent algorithms, where at
each step the gradient is computed using the back-propagation procedure [87]. Back-propagation

starts by computing the gradient of a loss function L with respect to the NN output, then, given

the gradient %, proceeds sequentially through the layers of the NN, but in a reversed order.

When applied to the fully connected layer as expressed in (7.28) back-propagation computes
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[57]

OL oL
ovec(x) WHDIF(Xx)
oL L
b 9F(X)

oL 0L
OW Ny OF(X)

(7.32)

vec(X)T

Since L is a scalar, the gradients in (7.32) are of dimensionality

oL
Ovec(X)
oL

22 e RINH 7.33
55 © R (7.33)

oL
OW (N1

c R11]2~-~1N

c RINJrl xI1Iz--IN

This allows, at each iteration of the algorithm, for an update of the weight matrix as

oL
Wi = W, + S~ (7.34)

where 1 is a step size.

To derive the tensor-valued back-propagation based on the Tucker model in (7.29), first note
¢ _OL IF(X) OW(ni1

that the gradient 2L is a function o , to give the derivative

B5A (™ OR(X)” OW (N i1y’ OALY
oL oL IF(X) OW(nyin (735)
OA™M — T\ OF(X) OW (yi1) OAM '
Then, define the following shorthand notation for the dimensionalities involved:
R_,=RiRy---Ry 1Rpy1---RBnpa
I =Ll L ilpp1- INg1 7.36)
Iy=nILI---Iy
Iy =hl - Ing
From the rules of the Kronecker product,
F(x
X)) o) I, € RIviXIng (7.37)
OW (n41)

A closer inspection of equation (7.35) shows that B?Aﬁ;” € RivixFnln by Corollary 1,
can be found as a permutation of %, which is a matrix of the same dimensionality and
containing the same elements. In other words,

OWinyy S (OWm\ o OW(y,
oA~ "\ 9am ) = Prgaw 739)
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where P,, € RIv+1*Ivi1 is a permutation matrix that satisfies
VeC(W(n)) = PnVEC(W(N_H)) (7.39)

The task hence boils down to computing

oL oL OF(X) p OW () (7.40)
OAMm) 6F(X)’ 8W(N+1) o GA(n) '
The mode-n unfolding of the weight tensor W € R1*12X*In+1 g given by
W, = A(")G(n) (A(N+1) @A) g A o ... g A(l))T
1
—AMG,, ® AT R, (7.41)
i=N+1
i#n
while its partial derivative with respect to A(™ now becomes
oW
aA<(:>) — (AN . g A @ A o g AD)GT o1,
! , (7.42)
= @ AWG], ®I;, € Rivyxfnln
i;N-‘,—l

From (7.35), % € RI»*Fn s required, which is the matrix of W € REnIn Therefore,

to find 5555 € RI*Fn it is sufficient to compute W € REI» and reshape the result
accordingly. Since
oL
RIN+1
OF(X) ©
—aF(X) c RIN+1 XLy
OW (N1
i (7.43)
(n) c RlNHXR"I"
oL
RRnIn
Ovec(A() <
this results in .
0L _ (p W)\ 9F(X) " oL 7.44)
aVBC(A(")) N " 8A(n) 8W(N+1) OF(Xx) ’
Similarly, since 8G?£+1) € REv+1XExn can be computed by considering Wﬁwl)) € Rftv+,
then
oL  OW4yy | OF(X) T 8L (7.45)
ovec(Gnt1) 0G4 OW(nir1) OF(X) '
where,
aW—(N+1> (N) (1) (N+1) I xR
—:(A R--- QA )@A c RiN+17 8N4 (7.46)
0G(N+1)
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7.4.3 Gradient Verification

Equations (7.44) and (7.45) can be verified based on Definition 7.6. In particular, defining the

cost function as a general function

L:(F(X).d)—R (7.47)

where d is a desired output and F(X) is defined as in (7.31), the gradient %

version of #ﬁw)) can be verified by treating all inputs to L as constants except for A (™), and

confirming that

(i.e. a permuted

Rao(E
lim —AH( )

=0 7.48
E—o0 ||E||p (748)

where, from Remark 7.1,

Raw (E) = LA™ + B) — L(A™) — A(A™)vec(E)

oL
Ovec(A )

(7.49)

T
= LA™ + E) - L(AM™) — ( ) vec(E)

Similarly, to verify the gradient 53 (i.e. a permuted version of TGy ), it is necessary

to treat all inputs to L as constants, except for G, and confirm that

Rg(€)

Jlim W =0 (7.50)
where
Rg(E)=L(G+E)—L(G) — A(G)vec(€E)
T (7.51)
=L(G+E) - L(G) - (%L(QO vec(€)

To demonstrate the correctness of this approach, a 3-rd order data tensor X € R>*°*5 was

defined, the elements of which were drawn from a normal distribution, such that
vec(X) ~ N(0,1) (7.52)

and a 4-th order weight tensor W € R5*5%5%3 also with elements drawn from a normal dis-
tribution, i.e.
vec(W) ~ N(0,1) (7.53)

From W, the core tensor G and the factor matrices A(™, n = 1,...,4 were obtained through
a TKD with multi-linear rank (5, 5,5,3). The desired output d € R* was arbitrarily assigned,

and the squared error was employed as a cost function, that is

L= %HF(X)—dHi (7.54)
implying
oL
s~ F&) —d (7.55)
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The gradients were computed according to the procedure in Section 7.4.2, and were verified
according to (7.48)-(7.51). The results are shown in Figure 7.1, and conform with the above

analysis.
60000 200
20000
50000
150
15000 40000
gl 30000 Sk
< 10000 = <100
20000
5000 50
10000
0% ) =) —2 -6 053 0 ) s -6 052 0 -2 —4 -6
10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
IIE|lF [IE|lF l1€lle

Figure 7.1: Verification of the gradients by confirming that the remainder tends to O faster than
the magnitude of the perturbatlon as per (7.48) and (7.50). Left: Gradient verification for 53%; A(Q)

Centre: Gradient verification for 59%;. Right: Gradient verification for 6L Notice the inverted
abscissa and the logarithmic scale.

7.5 Algorithm Implementation

To illustrate the algorithmic implementation of the results obtained in Section 7.4, consider a
dataset consisting of N-th order tensors X € R11*/2X-XIN and their corresponding labels, that
is { X, ym M, m = 1,..., M, where M is the size of the dataset. For an efficient representation,

the data are organized in a matrix X € RI~n*M defined as
X = [VEC(X1)7 vec(Xs), ..., VeC(X]\,[)j| (7.56)
so that Equation (7.28) can be re-written as
F(X)=WuinX+B=FeR/NxM (7.57)

. . . Oy
where B € R/¥+1*M js a matrix of biases. Note that B") € R/~*1*M must apply the same

biases to each element in the dataset, and, as such, has the structure of B®) = b® 1{4
BY =p®1T, (7.58)

where b() € R/~*1 are the actual biases.

Consider now a neural network composed of layers indexed by | = 0,1,2,..., L, where
| = 0is the input layer, [ = L is the output layer,and [ = 1,..., L — 1 are the hidden layers. For
generality, assume that all layers are TTLs. With a slight modification in our notation, for each
layer we denote inputs and outputs as summarized in Table 7.1.

Upon calculating the gradient of the cost function L w.r.t. the input of the last layer of the
network Z(L ), that is
(7.59)

the error is then back-propagated through layers ! = L—1,L—2,...,1. As aresult the gradients

116



7. Compression and Interpretability of Neural Networks via the Tucker Tensor Layer

Table 7.1: Inputs and outputs of network layers.

Output of layer [ = 0: the input

V=X to the network

WE%H) Weight matrix for layers{ =1,...,L

AP GO Factoz‘l matrices and core tensor associated
(1) 7 T (N+1) to W(N+1) forlayersl =1,...,L

E(l) = WE%H)Z(FI) +BW® Input to layers ! =1,...,L

Output of layers [ = 1,..., L, where
= = o(+) is a point-wise activation function

of the cost function with respect to the factor matrices and the core tensor of the [-th Tucker
tensor layer are computed as

[ONNI o T
—81’ o) :( DWn)> 812) vec(Q(l))
dvec(A ) 6A(l) OW (N1
(7.60)
oL aw(” Togpo T
0) 0 o vee(d)
Ovec(Gy 1) ) aG'(N+1 OW (341
where o
oz .
,92(% R — 3§(LLM ifl="L
DO - (7.61)
wii D Ves ®D), ifl=L—1,...,1
and W
OF
W AR § 0, (7.62)
(N+1)

Substituting (7.46) and (7.62) into (7.60), allows the gradients for the factor matrices AE?)) and

the core tensors G\ to be written as

(ORI
oL | N <Pn¥> VeC(D(I)Z(l—I)T)

(n) (n)
(9vec(A(l) A 7.63)
oL _A(N+1 D(z)z(z HT ® A
oW @) @
(N+1)

Moreover, if n = N + 1, by making use of (7.42), the following result is obtained

oL
) (1—1)T l)T
Ao — DYz <® Am) (N+1) (7.64)

@
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Similarly, -2 ab<l> € R'V41 can be computed first by considering -2 BB”) € ]RINHXM
oL oF "
DO
Frec(B0) B0 ) 765)

= (IM X II(l) )VQC(D(I))
Nt1

Hence, from the rules of the Kronecker product, 3B<l> = Q(”, which implies that,
oL oBONT
_ )
b0~ ( b0 ) vee(D™)

(7.66)
= (]3\;[ (9 II”) )VGC(Q(I))
Nt1

The forward and back-propagation procedures are summarized in Algorithm 10.

Algorithm 10. Forward and back-propagation for TTLs

Input: Dataset X € RInxM

Z(O) = X, and initialize all AEZ and G(%H)
. Forward propagation:
forl=1,...,Ldo

Compute WE\),H) via (7.30)

D _w® -1
O =W, )27 +BY
zV = o(FWY)
Store E(l), Z(l)
Compute and store o/ (F"))
: end for

Y P N a RN

e = T
Ll

Back-propagation:
forl=L,L—-1...,1do

Compute DY via (7.61)

Compute the gradients via (7.63)-(7.66)

M A oL
Ap <Aw (aAg;;>

. 0} 0 oL
19 Giyyy < Gy — n(W)

(N+1)
2 b e bl _ n<_6L )

= e
N o

—
*

b0
21: end for

7.6 Simulation Results

A comprehensive experimental validation of the proposed concept includes the discussion of
physical interpretability, followed by intuitive simulation results on synthetic data as well as

standard benchmark datasets.
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7.6.1 Physical Interpretability

Based on the general equation for the TTL model in (7.31), it is natural to ask whether the
matrices AW € RI»*%n are physically related to the data tensors X € RIt*11xxIn To this
end, consider the identity,

1
F(x)= |AY"YG .y @ ADT |vec(X) +b
z:N (767)

= ANTDG v yvec(X x1 AT 5y ABT 5oy AT b

This implies that the n physical modes, of dimensionality I,,, of tensors X are directly inter-
twined with the corresponding factor matrices A™). As a direct consequence, certain gradient

terms 9L will carry more significant information than others, depending on which modes

oA
I,, of the original data tensors are richer in structure. This is of great practical importance, as
one of the most well-known problems with NN is their black-box nature, while the proposed
method offers viable means to aid the understanding of which data features have a higher

influence on their training process. Figure 7.2 offers a graphical representation of (7.67).

Remark 7.4. From Figure 7.2, it becomes apparent that each factor matrix, A™ and hence

each gradient is associated with the respective mode-n, suggesting that the gradients

r) A(n) 7
themselves will carry valuable information related to the underlying data structure.

Remark 7.5. A more rigorous mathematical argument for the above can be provided via in-
spection of (7.44) and (7.42), which shows that A(,,
Also, the unfolding of the weight tensor along mode-n directly reveals the connection with

y is dependent on G,,), and hence W .

has modal information

mode-n of the input data X, and it is therefore natural that each - A(M

embedded within. This conclusion could not have been reached without a solid underlying

mathematical analysis.

Figure 7.2: Graphical representation of (7.67).
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7.6.2 Synthetic Data

To provide more concrete intuition into the above discussion, the proposed model was evalu-
ated on two synthetic datasets, referred to as Synthetic Dataset 1 (SD1), and Synthetic Dataset
2 (SD2). Each dataset was composed of 28 x 28 grey-scale images (2-nd order tensors), which
were white everywhere except for randomly selected rows for SD1 and randomly selected
columns for SD2, designated black. Examples of images from these datasets are shown in Fig-
ure 7.3.

15

20 20

Vertical Pixel #

25

0 5 10 15 20 25 0 5 10 15 20 25

Horizontal Pixel #

Figure 7.3: Sample images from two synthetic datasets. Left: Synthetic Dataset 1. Right: Syn-
thetic Dataset 2.

Such a structure was chosen for SD1 and SD2 to ensure that one tensor mode is far richer
in structure than the other. It is therefore expected that 5 5255 will be more important than
3 A<2) for SD1, and vice-versa for SD2. For quantitative assessment, at each epoch we stored the
normalized Frobenius norm of each gradient, defined as

oL
OA ) A(n)

‘ / (InRn) (7.68)

Simulations were run for 50 epochs and the results are shown in the left-most column of
Figure 7.4, which suggest that the proposed model is capable of capturing well the relative
importance of the modal structure within data In the case of SD1, mode-1 is richer in structure,
and this is indicated by the fact that A(l) > 5 A<2>
This demonstrates that the TTL implicitly resolves the notorious black-box nature of NNs, by

for all epochs. The converse is true for SD2.

offering physically meaningful information inferred from the gradients of the trained weights.

7.6.3 MNIST Dataset

The desirable compression properties of the TTL are now demonstrated by applying it to the
MNIST dataset [152] for the task of handwritten digit recognition. The MNIST dataset is com-
posed of 60000 28 x 28 greyscale images for training and 10000 for testing. Samples from the
dataset are shown in Figure 7.5. A neural network with 1 hidden layer comprising 300 nodes
was employed. A Rectified Linear Unit (ReLU) activation function was used, and the hidden
layer was next substituted by the proposed TTL. The weight tensor, W € R28>x28x300 g jn un-
compressed format if its core G € R?8*28x390 The compression factor (CF) was computed as
the ratio of the number of elements of a “full” core tensor and factor matrices to the number of
elements in a compressed core and its respective matrices. Table 7.2 shows results for different
CFs, over a training period of 500 epochs.
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Figure 7.5: Sample images from the MNIST dataset.

The model achieved a compression factor (CF) of 18.73 with accuracy of 95.6%, and CF of
66.63 with accuracy of 93.3%, corresponding to a decrease of only slightly over 2% from the
original uncompressed network. Figure 7.4 shows scatter plots of the normalized gradients,
3 A<1) and aim , for both the compression factors in Table 7.2. Observe that, for MNIST, both
modes have comparable structural significance, as suggested by a simple visual perspective on

the images (white numbers on black background).

7.6.4 Fashion-MNIST Dataset

The proposed TTL model was further evaluated on the Fashion-MNIST dataset [153], which
is intended to serve as a direct, more complex replacement of the original MNIST. Fashion-
MNIST consists of 28 x 28 greyscale images depicting fashion products belonging to a total of
10 different classes, examples of which are shown in Figure 7.6. The training and testing sets
consist of 60000 and 10000 images, respectively. A neural network with 2 hidden layers of sizes
300 (I = 1) and 200 (! = 2), with ReLU activation functions was employed. The layer | = 1
was replaced with the proposed TTL, and the layer was compressed by the same degree as for
MNIST. The uncompressed network attained an accuracy of 86.3%, while, at a loss of less than
4% accuracy, the TTL achieved a CF of 66.63, obtaining a 82.3% performance.

ATLEMOE
BRAE |l.
ﬁﬂﬂﬂ“l;glﬁ

R =~agigha sy
) &l ‘--a.‘—,&!‘;r-kn:? ‘ J.‘-‘

Figure 7.6: Sample images from the Fashion-MNIST dataset.

Differently from MNIST, Fashion-MNIST entails a disparity in modal structural informa-
tion. For example, a coat and a dress occupy roughly the same vertical space on the images
(refer to Figure 7.6), while the difference between the two products is revealed horizontally
— mode-1 and mode-2. This disparity implies that mode-2 should play a relatively more im-
portant role than mode-1 in training. This is reflected in Figure 7.4, where it is shown that,

on average This further supports the arguments in Section 7.6.1, that, within

AL 9L
' 9AD ~ AT
the proposed TTL, each gradient %

3 A( is directly intertwined with its corresponding mode-n.
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Table 7.2: TTL performance for various Compression Factors (CF).

Dataset  CF Core Size Accuracy (%)

1 28 x 28 x 300 95.9%
MNIST | 18.73 | 10 x 10 x 30 95.6%
66.63 5x5x10 93.3%
1 28 x 28 x 300 86.3%

Fashion
18.73 | 10 x 10 x 30 85.4%

MNIST
66.63 5x5x 10 82.3%

Some gradients will be more informative about the training process, depending on which data
mode carries more structure. This is made explicit owing to the analytical derivation of back-
propagation, in terms of the TKD, which allowed to gain insight from the expressive power of

tensors.

7.6.5 CIFAR-10 Dataset

Figure 7.7: Sample images from the CIFAR-10 dataset.

The same network employed in Sections 7.6.3-7.6.4 was applied on the CIFAR-10 dataset
[154], with the TTL substituting the first hidden layer comprised of 300 nodes. Since CIFAR-10
is composed of 32 x 32 x 3 RGB images (50000 for training), the decomposed uncompressed
weight tensor corresponds to a core of size G € R32*32x3x300 Gamples from the dataset are
shown in Figure 7.7. The layer was compressed by a factor of 152.45 by employing a core of size
G € R10x10x3x10 "Gimylations were ran for both the uncompressed and compressed networks,
achieving accuracy rates of 53.8% and 48.03% respectively. Such a drop in performance com-
pared to the MNIST and the Fashion-MNIST datasets was expected as the CIFAR-10 dataset is
naturally more complex. However, by virtue of the proposed framework, it was possible to an-
alyze the relative importance of the modal structure within the NN. Indeed, Figure 7.8 shows
that mode-3, corresponding to RGB information, is more significant than the other two for
classification purposes; in turn, it can be used as an additional input feature to more complex

networks.
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7. Compression and Interpretability of Neural Networks via the Tucker Tensor Layer

’ Input Images ‘ ’ Modal Features ‘
] Simplified VGG-16 \ ] Fully Connected \
= Add -

’ Fully Connected ‘

’ Output ‘

Figure 7.9: Modal-VGG architecture. Modal features are passed to the network in vector format
as expressed in (7.69), while the simplified VGG-16 is the normal VGG-16 without the last two
convolutional layers.

This was achieved by combining the well-known VGG-16 convolutional network [149] with

a simple network consisting of a single fully connected layer, of 512 units, which receives as

input modal information for each sample image, as illustrated in Figure 7.9. This model is

referred to as Modal-VGG. Specifically, for each image X € R32¥32%3 the vectorized 3-rd mode
covariance was fed, that is

x = vec(X(5X(3)) € R (7.69)

To highlight the significance of the 3-rd mode, the VGG-16 was first simplified by removing its

last two convolutional layers, then trained on CIFAR-10 in two ways:
1. Alone;
2. In combination with another network which analyzes modal information.

The outputs of the first fully connected layer of the simplified VGG-16 were added to those of
the second network, before being fed through a final fully connected layer.

Remark 7.6. The Modal-VGG is an example of a straightforward methodology which is very
useful in practice. Namely, if simple networks fail, instead of discarding completely their re-
sults, the TTL offers opportunities to retain some information of their training, which can then
be fed to more complex networks. This, in turn, allows large NNs to be simplified and reduce

their computational costs thanks to the so performed data augmentation.

Simulations were ran on an NVIDIA GeForce RTX 2080 Ti GPU. Table 7.3 shows that, for
case (i) above, training speed was increased by over 12%, but the model accuracy decreased
from 91.3% (for the full VGG-16) to 86.2%. The benefits of the proposed framework are evi-
dent in case (ii), where augmenting the data with the relevant modal features allowed for the
accuracy to increase to 89.2%, while still maintaining about a 10% reduction in overall training
time when compared to the full VGG-16 model. For rigour, the same experiment was carried
out on the 1-st and 2-nd mode vectorized covariances, for which the Modal-VGG in Figure 7.9
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Table 7.3: Modal-VGG performance.

Network Accuracy (%) Training Time Speed-up (%)
Original VGG-16; 91.3 -

Modal-VGG; no modal information 86.2 ~ 12
Modal-VGG; mode-1 86.4 ~ 10
Modal-VGG; mode-2 86.9 ~ 10
Modal-VGG; mode-3 89.2 ~ 10

attained accuracies of 86.4% and 86.9%, respectively. This further highlights the importance
of mode-3 for the CIFAR-10 dataset and demonstrates that the TTL can indeed capture modal
information, which, in turn, may be exploited to enhance physical meaning in training and
reduce training time while at the same time maintaining comparable performance.

7.7 Chapter Summary

The Tucker Tensor Layer (TTL) has been introduced as an alternative to the dense weight ma-
trices of fully connected layers in Deep Neural Networks (DNNs). This has been achieved by
treating the weight-matrix as an unfolding of a higher-order tensor, followed by its decomposi-
tion and compression via the Tucker decomposition (TKD). By extending the notion of matrix
derivatives to tensors, the tensor-valued back-propagation was derived within the proposed
framework and the physical interpretability of the proposed model has been demonstrated.
Experiments on synthetic data, Fashion-MNIST and CIFAR-10, show that, owing to the expres-
sive power of tensors and in particular the TKD, the proposed framework has been able to
provide insights into the network training process, by providing explicit information on the
relative importance of each data mode in training. The exploitation of the relative importance
of data modes has made it possible to train a data-augmented network comprising a simplified
version of the VGG-16, which resulted in a 10% decrease in training time, at a small cost in
terms of final accuracy. Moreover, the compression benefits of the proposed model have been
demonstrated on both the MNIST and Fashion-MNIST datasets, with the TTL achieving a 66.63
fold compression while maintaining comparable performance to the uncompressed NN. This
further illustrates the ability of the proposed TTL to help resolve the two main bottlenecks of
NNs, namely their black-box nature and more efficient training of its millions of parameters.
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Chapter 8

Tensor-Train Recurrent Neural Networks for

Financial Forecasting

Life is a train, get on board.

Khaled Hosseini

Chapter Overview

This chapter is to serve as an extension to the results from the previous chapter. A more
practical-oriented approach is adopted, and, similarly to Chapter 6, results are focused on fi-
nancial applications. In particular, attention is given to Recurrent Neural Networks (RNNs),
which are well known to be the de facto standard machine learning tool for sequence mod-
elling, owing to their expressive power and long memory. Despite their advantages, however,
the corresponding exponential increase in the number of parameters represents a computa-
tional bottleneck when dealing with large dimensional data. This has highlighted the necessity
to equip RNNs with the ability to deal with the curse of dimensionality, which has led to the de-
velopment of the Tensor-Train RNN (TT-RNN) model [57]. Despite promising results, the full
potential of the TT-RNN is yet to be explored, especially in large-scale multi-modal scenarios,
as in financial modelling. To address this issue, the potential of the TT-RNN is examined in the
financial forecasting of currencies, based on financial indices from four different asset classes.
Simulation results highlight the superiority of the TT-RNN over standard RNNs, both in terms
of enhanced regularization and model accuracy, leading to higher generated profits. Similarly
to Chapter 7, it is shown through the analysis of the gradients of the TT-factors how the TT-
RNN model aids the interpretability of results, thus mitigating the notorious “black-box” issue
associated with neural networks.

8.1 Introduction

Recurrent Neural Networks (RNNs) [147] and their variants, such as LSTMs and GRUs [156,
157, 158], have proven to be among the most successful machine learning approaches for se-
quence modelling, and have found application in Natural Language Processing (NLP), video
data, and general time-series analysis [146, 159, 160]. Despite considerable success, RNNs are
notoriously difficult to train when considering large-dimensional inputs [161]. One way to
tackle these issues is through the inherent expressive power and super-compression properties
of tensors.

Although substantial research has been carried out on the topic [76, 79, 86, 151], tensors
and multilinear algebra have firstly been considered in conjunction with neural networks only
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in [57]. The authors employed the TT decomposition to compress a fully connected neural
network via TT-layers while maintaining comparable performance. Extensions of this work in
[162] and [163] considered sequence modelling, through a compression of RNN architecture
via TT decomposition (TT-RNN).

These advances have further highlighted the enormous potential stemming from joint con-
sideration of multilinear algebra and neural networks such uncharted territory is the applica-
tion to financial modelling, an area of great global importance which despite a huge volume
and variety of data, still relies on “flat-view” matrix methods. One such uncharted territory
is the application to financial modelling, an area of great global importance which despite a
huge volume and variety of data, still mostly relies on “flat-view” matrix methods, although
the Support Tensor Machine in Chapter 6 and [86] has been already shown to bring practical
advantages. To address this issue, the work [89] presented in this chapter sets out to extend the
findings of [57] and [162], and employs TT-RNNs to predict the direction of movement of the
Japanese Yen based on a collection of financial assets and indicators.

Financial forecasting is a linchpin of modern investment strategies, however, the perfor-
mance of corresponding machine learning models tend to vary massively, depending on the
type of analysis, assumptions, underlying assets, and time frames [164]. While there are no
standard templates for comparing such models, the general consensus is that the models with
strong regularization characteristics, such as Support Vector Machines, are preferred in this
high uncertainty environment. This further underpins the use of TT as a regularization tool for
RNNSs, a subject of this study.

The results presented in this chapter demonstrate the benefits of the TT-RNN over a stan-
dard RNN trained on the same features, with accuracy increasing by as much as 30%. Owing
to their super-compression capabilities, TTs were able to compress the model by a factor of
244, while vastly reducing overfitting. Finally, analogously to the findings of Chapter 7 the
inherent expressiveness of tensors has enabled the TT-RNN to offer new perspectives on the
interpretability of results, by indicating which TT-cores, and consequently which tensor modes
[86], play a more prominent role in forecasting, thus mitigating the “black-box” nature of neu-
ral networks.

8.2 Tensor-Train Neural Networks

This section outlines hot the TT decomposition can be integrated into neural networks, starting
from fully connected networks, then extending the concept to recurrent networks.

8.2.1 Application to Fully Connected Networks

Recall from Section 2.2.3 that an N-th order tensor, X € R/1>/2%XI~ can be expressed in the
TT-format as

X(i1,io, ... in) = G (i1)GP (iy) -GN (iy)

Rl R2 R(N—l)
D ST SR 1)
nglTlgT‘ligTQ gr(N,l)le
7"1=1T‘2=1 T(N,U:l
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where G (™) (ig),ix = 1,..., Iy are the ig-th vertical slices of the core tensors
G g Rftn-1xXInxBu oy — 9 N (8.2)

with Ry = Ry = 1. Also, a neural network fully connected layer can generally be expressed as

y=Wx+b (8.3)

with y € RM being the output, x € R the input, W € RM*F the weight matrix, and b € RM
the bias vector. Under the assumption that P = ngl I,, and that M = H711V=1 Jy, vectors
y, %, b can be folded into N-th order tensors Y € R/1x/2xxJIn x ¢ RIvxlaxxIN and B e
R71xJ2x%Jn while matrix W can be folded into a 2N-th order tensor W € RI1*J1xxInxJn
Moreover, a bijection g can be established between the coordinate m € {1,..., M} of vectors x
and b and the N-dimensional vector index of the corresponding tensors X and B, that is

pem s (u(m), .. (m)) (8.4)
where yi,,(m) € {1,...,.J,}. An example for the 3-rd order case is shown in Figure 8.1.
(1.1.1) @
Eﬁfl, - i; g
1.2, 1) [
(n.2 .1)
(1 .21 7
Ein R AY ifgg g
RN AN
(h. s Ty

Figure 8.1: Example of bijection of the indices of a general vector x € RM to a 3-dimensional
vector index (Jy, Ja, J3) of a 3-rd order tensor X € R/1xJ2xJs,

Similarly, bijections
prmo= (pa(m), ..., pn(m))
vip— (vi(p),.-.,vn(p))

(8.5)

map row and column indices m and p of matrix W € RM*? to the 2N-th order tensor W €
RIxJixexIvxIv With a slight abuse of notation, the latter can be folded into an N-th order

tensor W € RI/ixlaJoax-xInJn swhich, in turn, can be converted into the TT-format as,

W (m,p) = W((p1(m),v1(p)), - - ., (un(m),vn(p)))

(8.6)
= G(”((ul(m), vi(p)) -G (v (m), v (p))

Therefore, the linear transformation (8.2) of a fully connected layer can be expressed in the
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TT-format as,

V(v dor-vin) = Y, GO in) -GN (in,in) X (ir,da, . in) + Bir, ia, .. in) (87)
For further details, refer to [57, 89].

8.2.2 Application to Recurrent Networks

Recurrent neural networks (RNNs) capture time-varying dependencies via feedback weights

that contain information related to previous time steps [147], that is
h; = o(W""h,_; + W*'x, + b") (8.8)

where o(-) is an element-wise activation function, and the hidden state at time ¢, h; € RM s
generated as a function of

1. The previous hidden state h; ; € RY;

2. The input x; € R”;

3. The recurrent matrix Wh" ¢ RMxM,

4. The input weight matrix W € RM*F;

5. A bias vector b"* € RM.

It has been shown that the hidden state h; € R can be folded into an N-th order ten-
sor [162], H, € R/1xJ2x*JIn yhile the input x, € R” into an N-th order tensor X <
RIxI2xxIn This allows the input matrix W € RM*P o be expressed into the TT-format

according to (8.6).

Remark 8.1. The storage complexity for W=" within the TT-RNN decreases from an exponen-
tial Hfj:l I,J, = PM in the original format to a linear Zivzl I,JnR,,—1R,, which is highly
efficient for small TT-ranks and mode sizes.

8.3 Application to Finance and Discussions

In this section the TT-RNN is applied to the concrete problem of financial forecasting. First, the

input data structure is outlined, then experimental results are presented and analysed.

8.3.1 Input Data Structure

The task is to predict the movements of JPYUSD. To this end, 24 information sources were
considered, spanning four different asset classes: equities, currencies, commodities, and fixed
income. Each class comprises six assets or indicators (financial components). In other words,
to make full use of expressive power of tensors, several financial time-series with multi-way
structure were selected from Bloomberg, as shown in Table 8.1. The input feature vector at time
instant ¢ for i-th component, x! € R?%, consists of 20 features, outlined below
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1. Daily log-differences,
ry = log(S¢) — log(S¢—1) (8.9)

where S, is the daily closing value (1 feature);

2. Rolling statistics of log-differences, that is the average, standard deviation, skewness, and
kurtosis over 5, 10, and 22 time-steps, corresponding to 1 week, 2 weeks, and 1 month of
trading data (12 features);

3. Relative price min-max, Py,

P, e — HlinteT.(Pt) (8.10)
max;er (p;) — minger(pr)

where T = {t — L+ 1,...,t — 1,t} and L is a window of 5, 10, and 22 time-steps (3

features);

4. Relative high-low-close, HLC,,

HLC, = Pt

where [; and h; are the low and high price for day ¢ (1 feature);

(8.11)

5. High-low spread, HLS,,

HLS, = @ (8.12)
t

corresponding to (1 feature);
6. Amount traded, i.e. the volume v, at time t (1 feature);
7. Units of unsettled future contracts at time ¢ (1 feature).

For every time-step, ¢, all 24 feature vectors x! € R?°, i = 1,...,24, were arranged into a
3-rd order tensor, Z, € R20%6x4 (features x components x asset classes), which was further
reshaped into a 5-th order tensor, X; € R?*2X5%6x4 gych that the first three modes correspond
to the 20 features while the last two correspond to the components and asset classes. Note that
a value of 0 is given to any missing feature from Bloomberg.

Remark 8.2. The choice of a 5-th order tensor X, instead of the original 3-rd order tensor Z;,
improves compression due to smaller mode sizes. This comes without loss in physical in-
terpretability, as the modes corresponding to features, components, and asset classes are not
mixed.

8.4 Experimental Results

The obtained results are portrayed in this section [89]. The considered financial data is shown in
Table 8.1 in the period from May 2006 to May 2019. The first 90% of data, up to February 2018,
was used for training, and the remaining 10% for testing. Each feature was centred about its
mean and normalized by its standard deviation. A neural network consisting of one recurrent
and one fully connected layer was employed, the architecture of which is specified in Table 8.2

131



8. Tensor-Train Recurrent Neural Networks for Financial Forecasting

Table 8.1: Multi-way financial data selected from Bloomberg.

Asset Class Symbol Description
Equities (Index) SPX US stock index
Equities (Index) MXCA Canadian stock index
Equities (Index) UKX UK stock index
Equities (Index) FTSEMIB Italian stock index
Equities (Index) SHSZ300 Chinese stock index
Equities (Index) NKY Japanese stock index

Currencies (FX Pair) CHFUSD Swiss Frank
Currencies (FX Pair) CADUSD Canadian Dollar
Currencies (FX Pair) GBPUSD British Pound
Currencies (FX Pair) EURUSD Euro
Currencies (FX Pair) CNYUSD Chinese Yuan
Currencies (FX Pair) JPYUSD Japanese Yen
Commodities (Futures) GC1 Gold
Commodities (Futures) HG1 Copper
Commodities (Futures) CL1 Crude Oil
Commodities (Futures) NG1 Natural Gas
Commodities (Futures) S1 Soybeans
Commodities (Futures) C1 Corn

Fixed Income (Index) = USGG10YR US 10 Yrs Yield
Fixed Income (Index) = GCAN10YR Canadian 10 Yrs Yield
Fixed Income (Index) GUKG10 UK 10 Yrs Yield
Fixed Income (Index) GBTPGR10 Italian 10 Yrs Yield
Fixed Income (Index) = GCNY10YR  Chinese 10 Yrs Yield
Fixed Income (Index) GJGB10 Japanese 10 Yrs Yield

for the uncompressed case. The output labels {+1,0, —1} were assigned to the Japanese Yen
time-series, according to whether the price at time step (¢ +1) increased (+1) or decreased (—1)
with respect to time step ¢; the value 0 was assigned if |r,| < 10~%. Each input sample consisted
of 10 time-steps.

The TT-RNN model was employed to compress the weight matrix W*"* € RM*F given in
Table 8.2 by reshaping and expressing it in the TT-format, in accordance to the dimensions of
the input tensors &, such that P =2 x2x5x 6 x4and M = 4 x4 x4 x4 x 4. An illustration of
the interaction between input X;, and the tensorized weight matrix, W=k is shown in Figure
8.2.

Remark 8.3. Figure 8.2 indicates that keeping track of the variation of each core throughout
the training can reveal hidden information about the relative importance of the each mode, as
shown in Chapter 7 [86, 89].
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Table 8.2: Recurrent neural network architecture

RNN element Recurrent Layer Fully-Connected Layer
Weight Matrix, W" (480,1024) (1024, 3)
Feedback Matrix, W"" (1024, 1024) N.A.
Bias Vector, b" (1024, 1) (3,1)
No. of Parameters 1541120 3075
Activation tanh softmax

Figure 8.2: Modal connections between every mode of the input data tensor, X}, and the TT-
cores, G, of the tensorized weight matrix W=k in TT-format.

The established TT-RNN model was trained using stochastic gradient descent with a learn-
ing rate of 10~° over 20 epochs, with a batch size of 66 and using the categorical cross-entropy
loss function. The TT-ranks (R, R2, R3, R4) for the TT-RNN model were empirically found to
be optimal for rank R; = 6,7 =1, ..., 4. It was also found that higher values of R; would result
in overfitting, and lower values in under-fitting. In turn, this suggests that the TT-ranks may
be used for regularization in addition to compression, which is extremely useful in practice as
RNNSs are generally prone to overfitting [165].

Figure 8.3 shows the model loss and accuracy as a function of epochs, with the blue and
green plots showing respective results for training and validation samples. The loss monoton-
ically decreased both for the training and validation data, while the accuracy rate increased
to 56.63% for the training data and increased on average for the validation data, attaining a
final value of 52.98% for the test set. In the process, the weight matrix, W= ¢ R1024x480 yag
compressed by a factor of 244 with the number of free parameters decreasing from the original
12, I, J,, = 491520, to an affordable >>_, I,,J,, R, _1 R,, = 2016.

Remark 8.4. Recall from Chapter 6 that performance of above 50% in accuracy is considered

significant for financial applications.

The benefits of the TT-RNN model were further illustrated through a comparison with its
uncompressed RNN counterpart, trained using the same configuration of hyper-parameters.
The corresponding learning curves are shown in Figure 8.3. Observe the clear case of over-
fitting, as the training and validation losses diverged, resulting in an accuracy of 64.83% for
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8. Tensor-Train Recurrent Neural Networks for Financial Forecasting

training and 21.32% for testing (most were classified as 0).

Figure 8.4 shows simulated cumulative profits generated from model predictions, which
further highlights the superiority of the TT-RNN model, that managed to outperform both
the RNN model and the long-only (i.e. buy and hold) trading strategies. The profits were
generated by being long or short (i.e. betting for or against the underlying asset) according to
the predictions of the model. The trading decisions were updated on a daily basis using the
features from previous days, while the sizes of trades were scaled according to the probability
estimates of the model, which ranged from 0 (not holding a position at all) to 1 (fully invested).

—— Long-Only
= TT RNM Model
= Simple RNN Model

Cumulative Profit

2018.03 201805 2018.07 201809 201811 2018.01 2015.03 018.05
Date

Figure 8.4: Cumulative profits generated from the long-only strategy, shown in black, the TT-
RNN predictions, shown in red and the simple RNN predictions, shown in purple.

Following a similar approach as from Section 7.6, the architecture of the TT-RNN can be
exploited to gain insights into the network’s training process, by inspecting how the gradients
corresponding to different factors evolve over time. Figure 8.5 shows the normalized core
change, that is

1AG8 12,
_— 8.13
In Jan— an ( )
where
AGM =glm — g™ (8.14)

and G{™ is the value of G at epoch e = 2,...,20. Results show that the cores G) and G(*)
exhibited greatest changes, suggesting that the features mentioned in Section 8.3.1, and the
asset classes from Table 8.1, account for most of the predictive power of TT-RNN for our prob-
lem. Inspecting the changes in individual factors throughout training aids the interpretability
of results. For instance, the greater change in G(®) over G(*) suggests larger importance of inter-
class dependencies over intra-class ones. This insight is only possible with the neural network
represented in its TT format, which brings the benefit of interpretability in addition to that of
compression.
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Figure 8.5: Normalized change of core weights of TT-RNN.

8.5 Chapter Summary

Traditional currency forecasting models are typically based on intra-class variables only, de-
spite the wide availability of other strongly or weakly related asset classes. To address this
issue, the ability of the Tensor-Train Recurrent Neural Network (TT-RNN) has been investi-
gated in the context of financial forecasting of currencies. This has been achieved based on
multi-way financial data from four asset classes: equities, currencies, commodities, and fixed
income. The model has been trained on tensorized data from May 2006 to February 2018, and
tested on the period from February 2018 to May 2019. Simulation results have verified the
desirable compression and regularization properties of the TT-RNN, which outperformed its
standard RNN counterpart by over 30% in accuracy, while reducing the number of parameters
by a factor of 244. Moreover, the TT-RNN has been demonstrated to allow for interpretabil-
ity, thus mitigating the well-known black-box issue inherent to neural networks. Indeed, the
inspection of individual TT-cores during the training process, has suggested the greater impor-
tance of inter-class over intra-class dependencies for forecasting the movements of the Japanese
Yen.

Conclusion to Part II

This chapter concludes the third and final part of this thesis, devoted to the application of
tensors to neural networks. Chapter 7 introduced the Tucker Tensor Layer (TTL) as an alter-
native to the dense fully connected layers of neural networks, while Chapter 8 applied the
Tensor Train (TT) decomposition to Recurrent Neural Networks (RNNs). All considered ap-
plications have demonstrated a significant compression of network parameters owing to the
desirable properties of tensors, at a small cost in accuracy. Moreover, the notions from Chap-
ter 3 were once again employed to elucidate important concepts, finding practical relevance in
both chapters through the development of methodologies to gain insights into the networks’

training process, via gradient inspection of the core factors.
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Chapter 9
Conclusions & Future Work

Reasoning draws a conclusion, but does
not make the conclusion certain, unless
the mind discovers it by the path of
experience.

Roger Bacon

9.1 Conclusion

This thesis addressed the problem of developing novel and interpretable tensor algorithms and
showing their utility in practical applications. The key motivators for this were the existence
of opportunities to apply tensors within the fields of image processing, time-series analysis,
and deep learning, together with the necessity to improve interpretability and mitigate the
“black-box” nature of existing models. Drawing upon tensor fundamentals, and, in particular,
their graphical representation, it was possible to achieve this goal and introduce new results
in the fields of tensor decompositions, signal processing oriented machine learning, and deep
learning. This chapter presents a brief overview of the contributions of the thesis and outlines
the directions for future work.

e Chapter 1: Introduction. This first chapter provided the general perspective on tensors
for signal processing, by introducing the 4V’s of Big Data and summarizing the field’s his-
torical background. The Curse of Dimensionality was defined, together with the Blessing
of Dimensionality, which is based upon the superior expressiveness that tensor algebra
offers over matrix algebra. The problem statement was formulated, and the thesis outline
was provided.

e Chapter 2: Tensor Notations and Decompositions. Chapter 2 provided the required
background for multi-linear algebra, by presenting important decompositions and fun-
damental concepts, such as tensorization, folding and unfolding, and contractions. The
main tensor decompositions were introduced, that is, the Canonical Polyadic, Tucker, and
Tensor Train decompositions (CPD, TKD, TT, respectively). Notions on their computation
and uniqueness properties were provided. The building blocks of Tensor Networks (TNs)
were also briefly outlined and explored in depth in the following chapter.

e Chapter 3: A Tale of Nodes and Edges. Chapter 3 is the first chapter of Part I: In-
sights into Tensor Decompositions of this thesis. It extensively introduced the graphical
methodologies to represent tensors and tensor operations as TNs, via diagrams com-
posed of nodes and edges. This chapter demonstrated that any decomposition can be
interpreted as a TN, which promotes the use of graphical representations to gain intu-
itive insights which would otherwise be difficult to uncover. New perspectives on even
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the most fundamental concepts such as folding and inner products were provided, which
would then be of use in later sections of the thesis. To emphasize the benefits of a graph-
ical approach, a concrete example was provided by introducing the novel Tensor-Train
Contraction Product (TTCP), the computational benefits of which were demonstrated
through numerical simulations. Each chapter of this thesis makes use of at least one
occasion of the concepts presented in Chapter 3, which are thus to be considered as a
central theme of this work.

o Chapter 4: Easing the Computational Burden on the Canonical Polyadic Decomposi-
tion. This was the second chapter of Part I, and put the CPD under closer mathematical
scrutiny. A practical usage of the CPD can be rather complicated, due to its computa-
tional procedure which may be prone to local minima, as it employs an Alternating Least
Squares (ALS) approach, and due to the difficulties associated with the choice of the ten-
sor rank, R. For these reasons, two approaches to ease the computational burden on the
CPD were introduced. The first one proposed to exploit the so-called TT-CPD duality
to reduce the CPD of higher order tensors to computing the CPD of 3-rd order tensors.
This was done by operating on a tensor in the TT-format, then appropriately converting
it to the CPD format. The proposed approach was shown to reduce the complexity of a
“direct” CPD from O(NRIY) to O(NIR?). The second approach focused instead on the
choice of the tensor rank, R, by introducing a lower bound on its value. This was done by
considering various tensor unfoldings, and it was shown that the highest possible bound
is obtained as the matrix rank of the maximally square unfolding of the underlying ten-
sor. Mild conditions for the attainment of such a bound were also provided, allowing for
rank detectability, the significance of which was shown through numerical examples.

o Chapter 5: Tensor Network Summation. This was the first chapter of Part II: Tensors for
Shallow Learning. This chapter heavily relied on the concepts from Chapter 3 and intro-
duced a framework to combine TNs via summation, motivated by the feature localization
associated with TNs which results in feature fusion through their combination. It was
found that summation is achieved through an intelligent block arrangement of the cor-
responding TN cores, and that two or more TNs can be summed if they present physical
modes with equal dimensions and if they are isomorphic (same topology). The proper-
ties of TN summation were formalized by introducing the inverse (subtraction) operator
and the identity element. Benefits of the proposed framework were first demonstrated by
devising an algorithm for image classification which was tested on the ETH-80 dataset.
Further advantages of the proposed framework were explored in light of eigenvalue and
eigenvector extraction for huge matrices. This was achieved through employment of the
Rayleigh Quotient (RQ) expressed in tensor format, followed by an implementation of
Hotelling’s deflation executed directly in TN format. This was shown to allow to itera-
tively extract several largest eigenvalues and associated eigenvectors of matrices of high

dimensionality, which is of practical significance in applications.

e Chapter 6: The Support Tensor Machine and its Applications to Financial Forecast-
ing. This chapter focused on the tensor extension of the Support Vector Machine (SVM),
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namely the Support Tensor Machine (STM). A description of the technique was first pro-
vided, with aiding graphical representation where required. A computational efficient
least-squares formulation of the STM (LS-STM) was considered, and a novel method to
allow kernel usage in LS-STM in an analogous way to SVM and LS-SVM was introduced.
The usefulness of the LS-STM was investigated within the financial application of fore-
casting the daily direction of movement of price of the S&P 500 financial index, using the
implied index of volatility, VIX, the GC1 gold commodity, and the S&P 500 itself as pre-
dictors. Results were interpreted probabilistically via Platt scaling, which demonstrated
robustness to parameter changes. Furthermore, evaluation of the LS-STM with common
financial metrics showed its superiority over standard SVM.

e Chapter 7: Compression and Interpretability of Neural Networks via the Tucker Ten-
sor Layer. This was the first chapter of Part III: Tensors for Deep Learning. Chapter
7 aimed to help resolve the two main stumbling blocks in the application of Deep Neu-
ral Networks (DNNs), that is, the exceedingly large number of trainable parameters and
their physical interpretability. To achieve this, a tensor valued approach was employed by
introducing the Tucker Tensor Layer (TTL) as an alternative to the dense weight-matrices
of DNNs, which allowed the weight-matrices of general DNNs to be treated as a ma-
trix unfolding of a higher order weight-tensor. In this chapter, the tensor-valued back-
propagation algorithm was derived in terms of the tensor factors, and verified through
rigorous mathematical analysis. The proposed framework was validated on synthetic
data, and the MNIST, Fashion-MNIST and CIFAR-10 benchmark datasets. Experiments
showed that, owing to the expressive power of tensors and in particular the TKD, the
proposed framework was able to provide insights into the network training process, by
providing explicit information on the relative importance of each data mode in training.
The exploitation of the relative importance of data modes made it possible to train a data-
augmented network comprising a simplified version of the VGG-16, which resulted in a
10% decrease in training time, at a small cost in terms of final accuracy. Moreover, the
compression benefits of the proposed model were demonstrated on both the MNIST and
Fashion-MNIST datasets, with the TTL achieving a 66.63 fold compression while main-
taining comparable performance to the uncompressed NN.

e Chapter 8: Tensor-Train Recurrent Neural Networks for Financial Forecasting. This is
the last chapter of Part III and of this thesis. Differently from Chapter 7, a more practical-
oriented approach was adopted, and results were focused on financial applications, anal-
ogously to Chapter 6. In this chapter, the Tensor-Train decomposition was merged with
Recurrent Neural Networks (RNNs), known to be the de facto standard machine learning
tool for sequence modelling, to yield the so called TT-RNN. This was applied to forecast-
ing the Japanese Yen, using four different asset classes as predictors. Simulation results
demonstrated the superiority of TT-RNNs over standard RNNSs, in terms of enhanced
regularization, model accuracy, and generated profits. Similarly to the previous chap-
ter, it is shown through the analysis of the gradients of the TT-factors how the TT-RNN
model aids the interpretability of results, thus mitigating the notorious “black-box” issue
associated with neural networks.
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9.2 Future Work

While this thesis has addressed the development of novel tensor algorithms and demonstrated
their utility in several applications, this thesis also provides many opportunities for extending
its scope. In this section, some pertinent ideas that allow for the generalisation of the concepts
explored thus far shall be briefly outlined.

Find further practical applications for TN summation. While the theory for TN summa-
tion was developed in Chapter 5, and the technique was applied to feature fusion and eigen-
value extraction, opportunities for further applications exist. For example, it may be explored
how the summation framework can be integrated with other tensor decompositions, such as
the CPD and the TT. The question of how to integrate TN summation and neural networks is
also still open.

Extensions of the Support Tensor Machine. This thesis has considered the least-squares
interpretation of the STM, and proposed a way to allow the usage of the Radial Basis Function
(RBF) kernel which further relies on a least-squares approximation. It would be interesting
to expand on this method, and formalize the limits and benefits of such an approximation.
Leveraging on the multilinearity of tensors could indeed show that there is no need to perform
higher dimensional mappings, as all relevant information is already contained in the structure
of the data. A further extension could be related to asymptotic behaviours. For instance Sup-
port Vector Machines are known to exhibit asymptotic behaviours as the sample size, M, and
the number of features KX, tend to infinity, provided that /M stays constant [166]. Extend-
ing this to tensors comes as a natural research question, whereby one could also consider how
the order, N, of the multi-dimensional data in R71*/2X-"XI~ affects the asymptotic behaviour.
As with SVM, this may provide practical benefits in parameter tuning, significantly reducing
computational costs.

Integration of Tensors and Reinforcement Learning. Reinforcement Learning (RL) has
been a long-standing active area of research within the machine learning community, in par-
ticular its Actor-Critic agents [167]. The question of integrating tensors with RL remains an
open problem. An RL framework is characterized by an agent, an environment, and a state,
which is most of the times encoded as a vector. The effectiveness and applicability of a state
tensor, able to leverage the compression properties and interpretability of tensors, is yet to be
explored. This could provide novel opportunities in the field of RL and machine learning in
general, whereby an agent could also find its roots in tensor decompositions. For instance, one
could define a state tensor and employ as agents neural networks containing the Tucker Tensor
Layer from Chapter 7.

Bridging the Gap between Graphs and Tensors. Graph signal processing has recently been
rediscovered as an active area of research within the signal processing community [2, 168, 169].
Despite advancements, it is still unclear how tensors can be linked with graphs, or whether, in
fact, they represent different sides to the same coin. One of the greatest challenges inherent to
tensors is the question of how to tensorize the data, as tensorization may rely on some specific
assumptions, as outlined in Chapter 2. On the other hand, graph are natural tools to represent

data having some notion of spatial information. One could hence ask the question of whether
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graphs may be employed to meaningfully tensorize spatial data, to allow for an effective use
of tensor methods. This point is presented and expanded in Appendix A.
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Appendix A

Graph Tensorization

A.1 Perspective

As outlined in the Introduction and in Chapter 6, there is no unique or right way to perform
tensorization. Appropriate methods to tensorize data are usually data-specific, and aim to
leverage on the structure within the data. For example, if the data are heavily correlated one
could perform the Hankelization approach, or if some data elements are believed to be inter-
related in some way, tensors can be artificially constructed via simple stacking, as was the case
for the problem of forecasting the S&P 500.

An interesting scenario occurs if the data contains spatial information. This could be the
case of power grids, EEG sensors, or weather stations. Spatial data can be effectively repre-
sented using graphs, mathematical structures describing the interaction of single elements in
space. In the following, it is shown how tensors can be thought of as a special kind of graph,
and how graph properties may be exploited to perform tensorization based on spatial infor-

mation.

A.2 Theoretical Background

This section outlines the mathematical notation and notions on Graph Theory necessary for the

analysis.

A.2.1 Preliminaries

Given square matrices A € RY*YN and B ¢ RM*M  their Kronecker sum, denoted by @, is
defined as
AOB=A®Iy+1I B =CcRVMXNM (A.1)

where the symbol ® denotes the Kronecker product. Note that, due to the rules of the Kro-
necker product, the Kronecker sum is non-commutative. It is also useful to recall here impor-
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tant rules of the trace operator for square matrices,

tr(A + B) = tr(A) + tr(B) (A.2)

tr(cA) = ctr(A) (A.3)

tr(A) = tr(AT) (A.4)

tr(ABC) = tr(CAB) = tr(BCA) (cyclic property) (A.5)

tr(A ® B) = tr(A) tr(B) (A.6)

Moreover, the symbol “ : 7, will refer to the Frobenius inner product between matrices A, B €
RNVXN defined as

A :B=tr(ATB) (A7)

Also, recall that the outer product of vectors x(™) € R», n = 1,..., N, yields yields a rank-1
tensor of order N, that is

X =xWox@o...ox(V) ¢ RItxI2xxly (A.8)
with entries
1) (2 N
Liyig..in :$§1>I§2) "':BEN), (A9)

whereby the vectors x(") are referred to as Canonical Polyadic (CP) factors.

A.2.2 Graphs

Following the notation employed in [2, 170], a graph G = {V, £} is defined as a set of IV vertices
V ={1,2,..., N}, which are connected through a set of edges, £ C V x V. The order of a graph,
G, is the number of vertices it has, denoted by |G| = N, while the existence of an edge between
vertices m and n is denoted by (m,n) € £.

The graph connectivity of an N-vertex graph is represented by the adjacency matrix, A €

RNXN whereby the vertex connectivity is described by

1, (m,n)€g,

A = (A.10)

0, otherwise.

In regards to the directionality of vertex connection, a graph can be undirected or directed. A
graph is undirected if (m,n) € £ <= (n,m) € &, thatis, if A = A" In general this property
does not hold for directed graphs.

The edges may also convey information about the relative importance of connections among
vertices via a weighted graph. Analogously to the adjacency matrix, the weight matrix, W &
RN*N, corresponds topologically to the set of edges, £, with elements W,,,,, > 0. A non-zero
element designates both the existence of an edge (m,n), and the relative importance of the
connection between vertices and m and n, while an element W,,,,, = 0 implies no edge (m, n).
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The Cartesian product G, O G of two disjoint graphs Gi = (V1,81), Ga = (V2, B2), yields a
graph G = G; OGy = (V, B), where V = V; x V; is the direct product of the sets V;, Vs, and
((m1,n1), (ma,ne)) € Biff

my = mg and (n1,n2) € Bs or (A1)
ny = N9 and (ml, mg) € B
The adjacency matrix of G, A, is the Kronecker sum of the respective adjacency matrices of G;
and G,, A; and A,. Thatis, A = A; & A,. An illustrations of the graph Cartesian product is

shown in Figure A.1.

Figure A.1: Cartesian product of two graphs. Figure adapted from [2].

A.3 Graph-Tensor Duality

This section establishes a link between tensors and graphs:
1. By considering tensors as a collection of samples on regular lattices;

2. By highlighting how the connectivity of the Cartesian product of path graphs can be

interpreted as rank-1 tensors.

A.3.1 Sampling on Regular Lattices

To establish a relationship between graph signals and tensors, we begin by considering a I’-
vertex graph, denoted by G = (V, ). For each vertex on the graph, a variable (signal), denoted
by z(n) € R, which maps a vertex number, n € V, can be associated to a real number, that is,
z : V — R. In other words, each vertex represents a scalar-valued field in a single-dimensional
coordinate system. When considering all P vertices in V, one can form the vector, x € RT,
which defines the mapping x : V — R”.
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If the topology of the graph takes place in an N-dimensional space, R", then each vertex

number, n € V, has a one-to-one correspondence to a unique coordinate vector in this space,

denoted by (i1,...,in) € RY, where i,, is the coordinate associated with the m-th axis. In
other words, there exists a unique mapping n — (i1, ..., ix), thatis, each vertex can be defined
equivalently as z(n) = z(i1,...,in) € R.

When discrete points in RY, are sampled using a regular lattice of dimensions (11 x- - - xIy),
thereby sampling a total of H::;l I,, = P discrete points, the collection of samples naturally
form the tensor X € R/ >IN with the (iy,...,iy)-th entry defined as

X(iy,...in) = 2(i1,...,in) in €N, Vn (A.12)

Figure A 2 (same as Figure 8.1, but further reported here for better clarity) illustrates a collection
of discrete points in a 3D-coordinate system, which together form a 3-rd order tensor. This
procedure is referred to as tensorization. As previously seen, tensorization can be performed:

1. By directly rearranging vectors or matrices into higher-order tensors, most effective if the

original data admits low-rank decompositions [49, 50];
2. Through mathematical construction and augmentation [20, 23, 52];

3. Via experiment design by stacking together multifaceted data [53, 93].

amoama

Figure A.2: Tensorization of discrete samples in R3.

Moreover, if the underlying continuous field, x : RY — R, is defined as a multilinear map of
the form

T:Rx---xR—R (A.13)
—_————

N times

then it is said to be linearly separable, and therefore admits the following decomposition

Q’?(il,...,iN):.’El(il)-“.’L‘N(iN) (A.14)
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which is analogous to the rank-1 CPD in (A.8) and (A.9).

A.3.2 Cartesian Product of Path Graphs vs Rank-1 Tensors

It is next shown that the tensor structure inherent to X € R1>~ /¥ can be modelled naturally
as a graph. This is achieved by exploiting the well-known property whereby lattice-structured
graphs can be decomposed into constituent single-dimensional path graphs. An undirected
path graph is a graph composed of N vertices, such that (n,m) € £€ <= m = n £ 1, for
n=2,...,N —1, for the limit cases n = 1 and n = N, the conditions (1,2) € £ and (N, N —1) €
€ must hold. The Cartesian product of N disjoint I,,-vertex path graphs, G, = (V,,&,) for
n =1,..., N, yields a graph with an N-dimensional regular lattice structure, denoted by G =
GO ---0OGny = (V,€). In this way, the resulting vertex set takes the form V = V; x --- x Vy,
and the resulting graph contains a total of ngl I,, = P vertices.

For illustration purposes, Figure A.3 shows the Cartesian product of 3 disjoint path graphs,
which results in a graph, G, with 3-dimensional lattice structure. The resulting graph would
naturally represent the connectivity between the entries of a 3-rd order tensor, X € R?*3X2. A
visual comparison of Figure 8.1 and Figure A.3 asserts that they are equivalent representation
of an original data vector x € R”, the elements of which are arranged on a regular lattice.
Figure 8.1 shows a general tensorization of the data, whereas Figure A.3 presents an underlying
physical structure inherent to the interaction of path graph factors. Specifically, it represents a
rank-1 tensor in terms of its CP factors, which in turn can be represented as path graphs, that
is

Xg = x(gll) o x(g? o x(g‘z) (A.15)

where |G| = 12, |G1] = 2, |G2| = 3 and |G3| = 2.

DO—O—ODf:
4
/

Figure A.3: Cartesian product of 3 disjoint path graphs.

Remark A.1. A new method for tensorization that has its foundations in data spatial informa-

tion can hence be proposed.

Given data xg € R originally represented on a graph g, the objective is to find the N path
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(@) xg € R” on graph G, where (b) G ~ G = G1 0 G> 0 G, where () G rearranged as a 3-rd order
|Gl =P =8 |Gn| =2forn=1,2,3. tensor X € R2%2%2

Figure A4: Tensorizing data, xg € R”, originally on graph g, through the best path graph
approximation.

graph factors that best describe G by
G~G=Gi0G0---0Gy (A.16)

The tensorization is then inferred by
N
Xg ERPHQzQ=7EIQn<—> Xz € RIvfaxmxdn (A.17)

where |G, | = I,, |G| = Hﬁizl I, = P. This is illustrated in Figure A 4.

Remark A.2. The fundamental assumption here is that the original data is characterized by
a structured spatial information. In other words, it can be represented as a graph G with P
vertices and associated adjacency matrix A or weight matrix W. If the weight matrix of the
n-th path graph, G,, is denoted by A,, € RI»*!» then the weight matrix of the resulting M-

dimensional regular lattice graph, G, is given by

W= (A& ©Ay) € REF (A.18)

A4 Graph Separability

Following the discussion in the previous section, given a graph G, |G| = P, the task is to find
its best V-path graph approximation, as expressed in (A.16). Due to (A.18), this is equivalent
to finding the best Kronecker sum approximation of its weight matrix W € RP*F.
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Hence the problem can be formulated as,

2
arg min
A A

W(GNBAW)

n=1

F

s.t. W and A™are weight matrices, (A.19)

forn=1,...,N

where W € RVXP A(M) ¢ RInxIn gnd P = Hf:le I,,. The above can be solved by considering
a specific case for which the solution can be generalized. For N = 2, we can write

argmin J(A,B) =
AB

2
(A.20)

arg min

gmin || W - (A@B)

F

s.t. W, A, B are weight matrices

where A € RIi*I1 B € R2%%2, The cost function J(A, B) can be rewritten as

2
J(A,B) = HW—A®112 —1,1®BHF

= tr(W?) +2tr(A ® B) + tr(A? ®I,) + tr(I, ® B?) — 2tr (A® I;,)W) — 2tr ((I;, ® B)W)

(A.21)
where the cyclic property of the trace has been applied as well as the facts that A = A7,
B = BT, and W = W7. By removing the terms independent of A and B and by noting that
tr(A) = tr(B) = 0, the minimization problem in (A.20) degenerates to

argmin J*(A,B) =
AB

(A.22)
arimin <Ig tr(A?) + I tr(B?) — 2tr (A ® I,)W) —2tr (I, ® B)W))
B

where the trace of a Kronecker product property in (A.6) has been employed.
Because J*(A, B) is a linear combination of functions of A and of functions of B, its global
minimum can be computed by minimizing its partial derivatives separately [155, 171, 172]. The

minimum to (A.22) w.r.t. A is attained by computing

oJ* 1
=20LA —20% =0 A=_—0" A23
A 2 - T ( )
where QA = %m € R which can be computed by making use of the Frobenius
inner product notation. Define
p=W' AxI,=W:AxI, (A.24)
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The Pitsianis decomposition [173] is employed to express W as a sum of Kronecker products

W-YY.ez (A.25)

where Y; € RIv*!i and Z; € R2>*!2, Substituting (A.25) in (A.24) and taking the differential
yields
dp =) Y,®Z :dA®]1,

(A.26)
=3 (Zi :11,)(Yi: dA) = dAD> tr(Z)Y;
which results in d
d) Z tr(Z (A.27)
Analogously,
07 _ 9L A-20B —0 — B— —QB (A.28)
oB ! I ’
where QF = w € R2*!2 which is computed by considering
p=W:I;, ®B
(A.29)

=> Y, ®Z:I,@B=> (Y;:1,)(Z; : B)
: %

where Y; € Rl'*!1 and Z; € R™2*%2. Computing the differential and taking the gradient yields
= > u(Y)Zi (A.30)

Reconsider now the original problem in (A.19). Upon its expansion following the same

procedure as for N = 2, we arrive at

argmin J(AW . AN =

A AN
N-1
argmin tr(W?) —2{r(A<1)®I )—l— tr(I i1, @AV ST )—l—
A(l)'_g_’_“Auw 5 ] [Tt Mo In (A.31)
N N
+tr (Il% ® A(N)ﬂ W+ 3 [ L tr((A9)?)
i=1n=i
n#i
The solution is found by solving for A in 32@) =0,forn=1,..., N, where
N
a0J n
A =2 [T nA®™ —202™ (A.32)

i#n
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dtr ((A“)@IL)W)
1
FAT , n=1
r® —{ou((1poa)w) (A33)
DA g n=N
dtr ((IQ®A(">®IK)W)
AT , otherwise

with Q = [['2)' I;, and K = [[/* _—
(A.27) and (A.30), respectively, whereas QA" can found by considering

I Gradlents A" and QA" are given according to

¢:W:IQ®A®IK:ZYi®Zi:IQ®A(”)®IK
[

— ZYi ® ZXE” 2X? Ig @AM @ Ik

(A.34)
=S Y viexVex?P 1,0 A oIk
=33 (Vi I)(XY  AMYXEP 1)
(2
which implies
do_ qam @)y (1)
AT = Z Z tr(Y;) tr(X;)X; (A.35)

where Y; € R%Q, Z; € RInKxInK XD ¢ RInxTn and X{?) € RFXK,
The elementwise entries of the partial derivatives (A.27), (A.30) and (A.35) are obtained by

inspection and provided in the following.

1. The partial derivative
otr((A®1I7,)W)

QA =
oA

e Rivxh (A.36)

with A € RI*/t and W € R112%1112 hag elementwise entries given by

0, j=q
0A — J (A.37)

ij I o

o1 Wil (o= D) 4k) (I (G=1)4k), ¢ 7 J

2. The partial derivative
I B
QB _ atr(( Iég )W) c RIQXIQ (A.38)
with B € R’2%/2 and W € R/1/2%/112 has elementwise entries given by
0, ifi=4

op =" ! (A.39)

IL— o
k1=01 Wik G+kryy, i
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3. The partial derivative

QA" = o ((IQ ®ait> - IK)W) € RI-xIn (A .40)

with Q = [T/)' I, and K = v
by

i1 Ly W € ROIEXQI K hag elementwise entries given

Q-1 K
Al
i Z ; (K(=1)+htal, K) (K(i—1)+h+ql, K) (A41)

A.41 A Note on Computational Costs

Despite the rigour of the above method, the computational requirements for solving such a
problem are prohibitive, and require further study. This is due to the fact that the original
weight matrix, W € RP*¥ is dependent on the numbering of the corresponding graph’s nodes,
which has P! possible combinations. It has not yet been shown whether the above method
is permutation invariant. This, combined with the facts that the same argument applies to
the path graph’s factor matrices and that the Kronecker sum in non-commutative, leads to a

number of possible solutions which is, as it stands, a major obstacle to Graph Tensorization.

A.4.2 Concluding Remarks

A method to tensorize spatial data, referred to as Graph Tensorization, has been proposed.
This was achieved by exploiting the duality between the Cartesian product of path graphs and
rank-1 tensors, allowing to find the desired tensorization as the solution to an optimization
problem involving the original graph’s weight matrix and the Kronecker sum of the corre-
sponding weight matrices of the path graph factors. Further research on the computational

complexity on such method is still required to ensure its applicability.
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