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ABSTRACT. 

The purpose of this thesis is to study the properties of two types 

of waves that can exist in the magnetized, non equilibrium plasma of 

closed cycle MHD generators. They are electrothermal waves and the so 

called magnetosonic waves. Both of these can be unstable, their ampli-

tude growing exponentially with time from the linear theory, and can 

lead to a significant non-uniformity in the working fluid of a generator. 

The effect of this non-uniformity on the generator performance, and the 

significance of the instabilities in the present stage of development 

of MElD generators are discussed. 

Using a linear, plane wave analysis the growth and movement of 

electrothermal waves is analysed. The dependence of the growth rate 

on various plasma parameters, in particular the electron temperature, 

is investigated. The linear dispersion relation derived here is more 

complete than previous dispersion relations in that it contains more 

of the relevant physics. Special attention is given to the description 

of the physical nature of the waves. 

Using once again a linear, plane wave analysis a general disper-

sion relation for waves in an MB]) generator, including both electro-

thermal and magnetosonic waves, is derived. 

The interaction between electrothermni waves and the apparatus walls 

is analysed using a linearized theory. The results show that in general 

an initial perturbation of the plasma will be split into an infinite 

1. 
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number of modes. Usually only a finite number of these are unstable, 

and it is shown that by varying the external circuitry the plasma 

can, under some normally unstable circumstances, be completely stabilized. 

Lastly a non-linear theory of electrothermal waves, in which second 

order terms are retained in the perturbation of the basic equations, 

is presented. From this theory the steady finite amplitude of the waves 

and the effect of the consequent non-uniformity on the generator charac-

teristics are derived. 
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NOMENCLATURE. 

a = sound velocity of heavy gas (Chapter 3). 

Al, A2  = ionization and recombination rate coefficients. 

adj ( )= adjoint of matrix ( ) 

B 	= magnetic field 

R 	= Hall parameter 

cf ( ). cofactor of element ( ) 

d = electrode separation (Chapter 1). 

= wall separation (Chapter 4) 

ds = element of area 

dl = line element 

= range of angles for instability of electrothermal waves 

from the infinite plasma theory 

A e = range of angles spanned by the KEls of the modes (Chapter 4) 
det( )= determinant of matrix ( ) 

Av.=width of collisismabroadened resonance line of Caesium 

E = electric field 

j5 	= electron elastic energy loss to the heavy particles 

e = electric charge 

Eo = permittivity of free space 

Es = energy density of a sound wave 

E 
E 

= energy density of an electrothermal wave 

= seed fraction 
11,m  

17 = power extraction efficiency of an MHD generator E 

97L Rp÷ 	
= load factor 

G = Rosa factor (Chapter 1) 

6. 



= ratio of specific heats of the heavy gas (Chapter 3) 

g = growth rate of electrothermal wave 

gi =degeneracy of a.
th 
 excitation state. 

g
G = degeneracy of ground state 

h = Planck's constant 

Ip  = ionization potential of the seed 

IE  = excitation energy coefficient 

4 ( ) = imaginary part of ( ) 

electrical current density 

Boltzmann's constant 

wave vector 

thermal conductivity of k- species 

length of electrode (Chapter 1) 

length of channel (Chapter 4) 
th 

wavelength at line centre of i line of Caesium 

-/L = wavelength of MIlD wave 

_Al.. = wavelength of MHD wave in i-direction 
3 y 

= /27r Co 3 Two 	
i 

 

. th absorption coefficient at line centre of a. emission line 

permeability of free space 

coefficient of viscosity of heavy particles (Chapter 3 and 

Appendix C) 

nk 	= number density of k-species 

7. 

j = 

k = 

K = 

mk 

my  

. 
mPI 

= 
= 

= 

11,2_0  
particle mass of k-species 

absorption coefficient at frequency )) 
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n 	= nn + ns (Chapter 3) 

a 	number density of Caesium atoms in the ground state ct  
. n .am 	
th number density of Caesium atoms in the m excitation state 

num( )= numerator of fraction ( ) 

1) 	= photon frequency 

1) 	= electron-ion collision frequency 

Ym  = electron-noble gas collision frequency 

= electron-seed atom collision frequency (Chapter 3) 

= total electron collsiion frequency 

2)-  = frequency at centre of ith line of Caesium 

total ion collision frequency (Chapter 1) 

GO = complex frequency 

0,4z = cyclotron frequency of k-species 

Pk = pressure of k-species 

/Tout = power delivered to the load of a generator 

= electrostatic potential 

= current stream function 

q
en= electron-noble gas collision cross-section 

R = Radiation transfer 

load resistance 

Rp  = plasma resistance 

. . mth R 	 m Ei  = energy emitted per unit volume n 	line 

th. RAi  = energy absorbed per unit volume in m line 

= mass density of heavy particles,ormod ( —1271-17C ) (Chapter 2) 

Ci = impact parameter for Van der Waals collision broadening. 



SUBSCRIPTS 

o = 

e = 

i = 

s = 

a = 

n = 

) = real part of ( ) 

r = position vector 

S = stagger length of diagonally connected segmented electrodes 

(Chapter 4). 

= plasma electrical conductivity 

Te = electron temperature 

T = heavy particle temperature 

electron collis ion time 
e 

ion collision time (Chapter 1) 

lifetime of i
th excitating state of Caesium (Chapter 2) 

= growth time of magnetosonic wave 
= growth time of electrothermpl wave 

0 = arg 11.'4% -re: 	(Chapter 2). 
-V-  = heavy particle gas velocity 

wave phase velocity —p 
width of electrodes 

" x, yt  z = unit vectors in x,y,z directions 

Z = Laplace transform parameter (Chapter 4). 

9. 

steady state quantities 

electrons 

th 
ions, or 

. excitation state of Caesium (Chapters 2, 5 and 
Appendix B), or i

th shell of Caesium (Appendix A). 

seed particles 

seed atoms 

noble gas particles 



h = heavy particles (seed and noble gas) 

1 = component perpendicular to the wall (Chapter 4), 

= component perpendicular to jo  (Chapter 5). 

component parallel to the wall (Chapter 4), 

component parallel to jo  (Chapter 5), 

xly, z = vector components 

es = electrostatic 

eff = effective quantity 

<( )) = average over space of ( ) 

SUPERSCRIPTS. 

= linear perturbation quantities 

non linear perturbation quantities 

( )1  = 	fluctuation quantities, ( )* = 	, 0 Y 
) 

Laplace transform 

10. 
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2)1,0-9-ra 
meter to be the 

10. Therefore, defining the fluctuation of a Fara-

ratio of its perturbation to its steady state value, 

11. 

CHAPXER 1.  

INTRODUCTION. 

1.1 Waves in Partially Ionized Plasmas. 

If, in a partially ionized plasma, the electron density is in 

Saha equilibritm at the electron temperature, then small fluctuations 

in the electron temperature can lead to large fluctuations in the 

electron density. This is due to the steep slope of the Saha function 

in the partially ionized regime. 

For instance Fig. (1.1) shows ne/ns plotted against Te for 

Caesium at a density of 1022  1 and we see that at Te 
= 2000°K 

14:55 in 32- 

fluctuations in electron temperature lead to fluctuations in 

ii.e. 1114 _ 
• e• 

rn../20  

electron 

Teo 
density which are larger by an order of magnitude, 

This assumes of course that the characteristic time of the fluctuations 

is long compared with the characteristic Saha relaxation time determined 

by the ionization recombination rates. 

Spatial fluctuations in the electron density and temperature will 

alter the local values of the plasma parameters, such as the electrical 

conductivity and, if there is a magnetic field present, the Hall para-

meter. Therefore in a current carrying plasma fluctuations in the 

current field will appear. This will alter the local energy and 

momentum equations in such a way that the spatial fluctuations will 
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propagate as a wave, and, under certain circumstances, grow in 

amplitude. 

We will be concerned with the propagation and stability of these 

waves in this thesis. 

Two types of waves can be distinguished, viz. magnetosonic and 

electrothermal waves. The different situations in which the two 

types dominate are characterized by the value of the electron-heavy 

particle energy transfer cross section (heavy particles include positive 

ions and all neutrals). When this cross section is large, so that 

T
e 

T to a good approximation, then the heavy particles must par-

ticipate in the wave. We then have a magnetosonic wave which is basically 

a propagating sound wave distorted by fluctuating j x B forces and 

Ohmic heating. 

However, when the cross section for energy transfer is small we 

have T
e k T and, in the steady state, the electron Ohmic heating is 

which 
locally balanced by the collision losses to the heavy particlesv/losing 

heat by convection or conduction, act as a thermal sink. Then the 

temperature and density can fluctuate independently of the heavy 

particle properties, which remain approximately constant. This is 

the electrothermal wave, and it is characterized by propagating 

fluctuations in the electrical dissipation of the plasma, rather than 

by dynamical oscillations of the gas as in the magnetosonic case. 
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The perturbed energy balance in the electrothermal wave can lead to 

growth as well as propagation. 

Magnetosonic waves can also occur when Te  X T and the fluctua-

tions arising from this wave can be important when the electrothermal 

wave is damped. 

The growth of both the magnetosonic and electrothermal waves 

requires not only the partially ionized nature of the plasma, but 

also the presence of a strong magnetic field. Consequently these 

waves are a possible mode of instability of the plasma in low tempera-

ture (i.e.",  2000°K) magneto-hydrodynamic (MUD) devices, both power 

generators and accelerators, where such conditions are present. The 

highly nonuniform distribution of electrical conductivity and Hall 

parameter that results from the unstable wave is damaging to the 

performance of both these types of devices. Therefore the behaviour 

of the waves is of interest in these fields of technology, and a 

considerable amount of research both theoretical and experimental, 

has been carried out in recent years, especially in the power generator 

field. 

For this reason the bulk of this thesis will be written with MID 

power generator technology and plasmas in mind. However the wave 

phenomena described may appear wherever the conditions of a partially 

ionized, current carrying plasma in a magnetic field are present. 

In view of our present interest then, the next section gives a 

brief description of the philosophy and technology of MHD power genera-

tion in order to establish the significance of the magentosonic and 



electrothermal waves in this field. 

1.2 Historical and Technical Background.  

a) FED devices. 

In an MHD power generator electrical energy is extracted from 

a conducting fluid moving through a magnetic field between two 

electrodes, which are connected through an external load, (see 

Fig. (1.2)). 

The electric field induced in the fluid, v x B, drives a current 

round the circuit. The energy delivered to the load comes from the 

work done by the fluid under the action of the decelerating j x B 

force, which acts in a direction opposite to v. 

Conversely the same apparatus can be used as a fluid accelerator 

by replacing the load in the circuit by a voltage source larger than, 

and opposed to, the v x B electromotive force. This drives a current 

through the fluid in such a way that the j x B force accelerates the 

fluid. 

These of course are the same principles as the conventional, solid 

armature dynamo and electric motor, and have been known since the time 

of Faraday. What then are the relative merits of MHD power generators 

and conventional steam-cycle-dynamo generators? 

Firstly conventional generators have a great advantage over MHD 

generators in that their working substance, say copper, has a typical 

conductivity 106  to 107  times greater than the most optimistic estimates 

14. 
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for the gases available to MHD systems. This means that their specific 

power density, which is defined by Irs  = lir, J X 63  es. 0',g-181- 

assuming Id I -' 	is much higher than in MHD systems. 

This is true even allowing for the fact that higher velocities are 

attainable in the simple expanding gas flow than in the highly stressed 

rotor system. 

The MHD system however can be made to produce a similar amount of 

power to the conventional systems by making it large enough in volume. 

This is relatively easy to do since the gas flow is not limited by the 

mechanical stresses of a rotor. In addition, many of the losses of 

an MHD system are surface losses, such as heat loss to the walls, 

mechanical erosion of the walls etc., hence these losses decrease in 

importance as the generator volume is increased, and MHD systems are 

most suited to large scale power production. 

The MHD process is a direct conversion process where the directed 

energy of a flowing gas, expanding through a nozzle from a heating 

stage, is converted directly into electrical energy; in contrast to 

the indirect process of flowing steam driving a solid turbine, which 

in turn drives a dynamo. There is a consequent saving in conversion 

losses and simplicity of design. Partly due to the simplicity of design, 

and partly due to the ionization requirements for electrical conducti—

vity the MHD process is most suited to the production of energy from 

high temperature gases. The liquid metal MHD generator may be useful 

for certain special applications but will not be discussed here. 
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The source of hot gas may be either a combustion process or heat 

exchange with a fission reactor. In either case the TD system may 

be used to extract energy from the gas at the high temperature end, 

while the cooled, but still energetic, gas may be used to drive a 

steam cycle to obtain further electrical energy. Utilisation as a 

topper in this way seems the most promising application economically 

for MHD power generation. However it must be noted that a minimum 

conductivity of the order of 1 - 100 mho/m is required for the system 

to be economically viable. This can be seen from the following argument. 

If we ignore the Hall effect the current density generated by 

the v x B electromotive force is given by 

j = o- CEes + v B) 

where E
es is the electric field due to the voltage drop across the load, 

>1/45 L = 
	d i.e. Ees 

= - 	, where  

RL w  

hence 	j = Cr'v B 

1 + 0- 
L 

and the power delivered to the load is given by, 

,i,tr,t  oC _ 	a- 2  4J-  2 BL  

Maximising thisthis with respect toe,assuming Cr' constant, we obtain 

the familiar condition that the external and internal impel-lances should 

be equal for maximum power output, i.e. 0-.0i Hence 71 ma x= 0—  lr 132 id, Z.
4-  out 

Defining the extraction efficiency of a generator as the ratio of rex 
out 

11.  out = 



to the directed energy flowing into the system per second, i.e., 
'YVICCX- 

1)?15 	
1 1  out  

j2-. 	3  iAr 

we have, 
E 	2 r 

Typically the density and velocity of the gas are 1 kg./m3 and 

103 m/sec respectively, hence for a magnetic field of 1 tesla and a 

generator length of 10m an extraction efficiency of 10% would be 

obtained from a conductivity of 10 mho/m. 

The economic ass.6sment of MHD power generators is a complex 

problem involving the system as a whole, i.e. capital cost of plant, 

fuel costs, efficiency and economics of cycling processes etc., most 

of which do not concern us here. However, it is sufficient for our 

purposes to regard 10% extraction efficiency as the absolute minimum 

for MElD topping to be economically viable. 

Increasing the magnetic field strength would, of course, be an 

apparently effective way of increasing E, however it must be remem-

bered that the capital cost of the magnet and the Ohmic losses in 

the magnet coils, which have not been considered here, become prohibi-

tively large as B increases. It is now recognised in fact that only 

cryogenic magnets, with low Ohmic losses but large capital cost, will 

be suitable for IIHD generators. 

17. 
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In addition there are more fundamental limitations on B which occur 

due to the electron and ion gyrations in the magnetic field. When 

(YYLe  Va.. 
becomes of the order of 1 the Hall 

effect appears and the electrical conductivity becomes a tensor, 

E = 
2. 

where E = Lorentz field = E 	v x B, and p . a vector /het° B 1" 	 es  
".•• 

of magnitude We  -re , p ----, C )e  tc2. • 

The effective impedance of the system in Pig. (1.2) is increased 

0"" 
This is because El7Et= 0 and hence ,) x 	 y 

For this reason the presence of the Hall effect has led to various gene-

rator types which attempt to mitigate its effects using the electrode 

geometry and external circuits. A comprehensive account of these has 

(1.1)   
been given by Brogan along with an account of the basic principles 

of power generation. The introduction of complicated electrode systems, 

segmentation etc., has not been entirely successful and the Ball effect 

is still something of an embarrassment in NHD power generation. 

When the magnetic field is increased even further so that 00,1't 
B42- ( = 	) becomes of the order of 1, then the ions become uncoupled 

from the neutrals and ion slip occurs. The flow velocity of the charged 

particles through the duct is then reduced below v, the neutral gas 

velocity. A reduction in the electromotive force therefore occurs so 

that the power density does not keep increasing with B but levels off 

by a factor 1 + p2. 
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at some limiting value. 

In order to produce an economic value of /7E, therefore, a great 

deal of the research in the physics of MID generators has been con-

cerned with the determination and enhancement of the conductivity of 

partially ionized plasmas. 

The first serious investigation of the possibility of DM power 

generation was carried out by Karlowi 	(1.2) 
tz et. al. 	from 1938 to 

1947. The sort of generator that was envisaged ran at a low gas 

temperature, below 1000°K, sufficient ionization being produced by 

a beam of high energy electrons bombarding the gas before it entered 

the generator section. It was hoped that the electron density would 

stay "frozen" at the inlet level in transit through the duct. However 

the recombination rates proved to be larger than anticipated and a 

sufficiently high conductivity was not achieved. 

It seemed at the time that the most likely alternative method 

of producing the necessary conductivity was by thermal ionization 

at the gas temperature. This obviously required much higher gas 

temperatures, and therefore serious problems of duct erosion and 

cycle design. Since the technology required to produce and handle 

gas flows of a high enough temperature were not available at the time, 

research in RED power generation petered out. 

However, with the advent of the jet and rocket age, this technology 

was quickly developed in connection with aeronautics and space flight. 



New and effective sources of high temperature gases were developed, 

and new materials were produced to withstand the eroding blast of 

high temperature gas flows similar to those envisaged for II[iD 

generators. Consequently there was a re-awakening of interest in 

NHD power generation around the late 1950's. 

The experiments embarked upon at this time were designed to produce 

a uniform gas flow of sufficiently high electrical conductivity for 

economic generation, and to develop the necessary cycle engineering 

technology. The experiments can be divided into two groups, open 

cycle and closed cycle systems. 

b) Open Cycle and Closed Cycle Generators. 

As their names suggest, these two systems differ in that in the 

first one the gas from the heat source flows through the generator 

section and is exhausted from the system, while in the second the 

gas is recycled through the heat source after leaving the generator. 

In principle this should make no significant difference to the generator. 

However, in practice open cycle generators are almost always associated 

with a combustion heat source with the combustion gases as the working 

fluid, while the closed cycle generators are almost always associated 

with a fission reactor heat source, with a noble gas as the working 

fluid. 

Although in both cases the working gas has to be seeded with a 

small amount of an alkali metal to obtain sufficient ionization, the 

cross sections for momentum sna energy transfer are entirely different 

20. 
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due to the different atomic properties of the ambient or buffer gas. 

The atomic and molecular properties of combustion gases are 

extremely complicated and the numerous excitation modes make the 

electron-heavy particle collision cross section large due to inelastic 

collisions. Consequently the electron and heavy particle temperatures 

are almost identical. This means that only thermal ionization of the 

alkali metal seed is possible. However this is not a serious drawback 

since combustion temperatures of over 3000°K can be attained giving 

high enough ionization for suitable conductivities even with the high 

inelastic momentum transfer cross section between the electrons and 

the combustion gas. 

In the case of closed cycle MHD systems coupled to fission reactors 

as a heat source, the available gas temperature is determined by the 

working temperature of the reactors. In the foreseeable future tempera-

tures in the range 1500°K - 2000°K will be obtainable from these sources, 

but not temperatures higher than 2000°K. Thermal ionization at these 

temperatures would be insufficient to give the electron conductivity 

necessary for power production. However the completed shell atomic 

configuration of the noble gas gives it a low cross section for in-

elastic collisions, and therefore, provided the seed fraction is low,  

enough, the electrons can be partially uncoupled from the heavy particles 

thermally. 

3) 
It was therefore suggested by Kerrebrock 

(1.
that a suitable degree 

of ionization could be obtained by elevating the electron temperature 

above that of the ambient gas using the Ohmic heating intrinsically 

present in MHD generators. 

That the elevation of electron temperature gives an enhanced non-

equilibrium degree of ionization requires that the ionization is determined 
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by the Saha relation at the electron temperature. Previously the belief 

in this being correct has depended on the heuristic argument that the 

faster moving electrons determine the statistics of the ionization - 

recombination processes, and therefore Te, rather than T, must appear 

in the Saha relation. However, there has recently been some more con- 

(1.4), (1.5) 
crete evidence 	to show that this is indeed true above a 

critical value of the electron density. 

Elevation of the electron temperature is of course a well established 

phenomenon in gas discharge physics, where the discharge is produced by 

an external voltage, and different electron and ion temperatures are not 

at all unknown in plasma physics as a whole. However, the production of 

nonequilibrium ionization by a v x B induced discharge proved an elusive 
Ai N 

quarry, and it is only within the last three years that it has been 

demonstrated experimentally. Several laboratories have now reported 

the presence of nonequilibrium ionization in their experiments (1.6) 

The general consensus of opinion seems to be that there is a mini-

mum initial electron density, achieved either by a pre-ionizing electric 

field discharge or by a high enough initial gas temperature, necessary 

for the nonequilibrium ionization due to the elevation of the electron 

temperature in the duct to appear. This minimum value of electron den-

sity is presnmnbly connected with the critical value above which ioniza-

tion is determined by Saha at the electron temperature, though this has 

not yet been clearly established. 
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In any case the experiments of the last ten years have shown that 

values of the local electrical conductivity compatible with economic !HID 

power generation can be achieved in both open and closed cycle generators. 

To build an economic system it remains to remove or reduce the various 

phenomena which make the performance of the several generator types 

non-ideal. 

Among these phenomena are plasma non-uniformities, electrode shorting, 

insulator leakage, end effects, and plasma to earth shorting. Of these)  

only the effects of non uniformities in the bulk of the plasma will 

concern us here, and a brief description of their influence on the 

generator performance is given in the next sub-section. 

c) The Rosa Effect. 

In 1962 Rosa (1.7) first analysed the effect of plasma non-unifor-

mities on the electrical properties of MHD generators. A brief account 

of his simple and illuminating argument will be given here. 

If B is in the z-clr. and Ez = 0, so that j is confined to the 

x-y plane, then the Ohm's Law with Hall effect, equation 1.1, can be 

written in the component form, 

J x  1+32 (Ex- p E 
1 — (1.2) 

J 	( 	2,_ ± E 	 (1.3) 

where R 	wee) is the Hall parameter, and we neglect ion slip effects. 
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If Cr' and p are functions of 9 only, see Fig. (1.3), then the steady 
state field equations, i.e. 

E o 

require that j and E are constants. Averaging (1.3) over y (denote 

f (y) dy by ( f (y)> ), we obtain 

Rearranging (1.2) and (1.3) we can write the x-compt of Ohm's Law in 

the form, Jx  = cr.  E - 	which when averaged 

over y, gives 

x> = <ce>E,, — < 13> j 
	

(1.5) 
It will be most illustrative if we consider a particular generator 

type, viz. the Faraday generator. In this type the continuous electrodes 

of Fig.1.2 are replaced by segmented electrodes with the expection that 

an electric field in the X- dn.will appear in such a way as to make 

j =0. 

Substituting jx = 0 into 1.2 and 1.3, the equations for a uniform 

plasma, we obtain E = p E and j= WE E. However substituting 	0 9 	. 	< ce> where into equations (1.4) and (1.5) we obtain _1 
2 2 CT 

G = <V> < ----L— e> 0 
i.e. the effective conductivity has been reduced by a factor .1 	If 

there are only conductivity fluctuations in the gas, which are, say, 

sinusoidal around some steady state, then 

G = 	( 1- 2) A2   
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where A = amplitude of o'* fluctuations. 
°--c; 

For large values of p the value of G can be significantly greater 

than one even for small values of o,*. A similar deviation from the 

ideal behaviour of other generator types results from the presence of 

non uniformities. 

The reduced output and efficiency due to the Rosa effect make non-

uniformities an important factor in the economic viability of MHD 

generators. 

1.3 Instabilities in MED Generators. 

The two wave types discussed in section(1.1)are possible instabili-

ties of MHD generators, leading to a damaging non uniformity in the plasma 

parameters. As we would expect from the properties of the two types, 

magnetosonic waves are dominant in open cycle generators, while electro-

thermal waves are dominant in closed cycle generators. 

The existence of the magnetosonic instability was first suggested 

by Velikhov (1.8) in 1962, and since then it has been studied theoreti- 

cally by various authors (1.9)  - (1'13) 	However, not much in the way 

of experimental observations has been published. Basically it is a sonic 

fluctuation distorted by the j x B forces and Ohmic heating, and, in a 
ti 

uniform atmosphere, there are three modes. In references (1.9) - (1.13) 

these modes and their separate properties are not clearly distinguished, 

14) however Hougen 
(1.

has recently given an excellent analysis of the 

various modes. 
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We can obtain an estimate of the characteristic growth time of the 

amplitude of this type of wave by equating the rate of increase of the 

fluctuating momentum to the fluctuating j x B force, i.e. 

I 
J 

now j* ,•-• 	ne* 	10T* , the last step following from the slope of 

the Saha function. 

In a sound wave T*,,, v* hence j* ^10 v*, and since je,,o; vo  B, 

we have 

i.e. / --v.  cr' 
12  

where m  = characteristic growth time for a magnetosonic wave, and 

= 	
(00 

m 
0 a-o,  132-- 

Substituting 0= 1 kg./m3, or = 100 	B = 1 tesla, we obtain 
ko 

m 
= 103 secs. A similar estimate would be obtained by considering 

the rate of change of the fluctuating temperature and the fluctuating 

Ohmic heating. 

Note that the waves treated in this thesis have approximately zero 

fluctuation in the magnetic field, due to the low value of the magnetic 

Reynolds number in NED generators. The validity of this approximation 

will be discussed in Chapter 2. It follows that B simply represents 

the applied field. 



It is interesting to ask what relation these partially ionized 

waves have to the conventional magnetosonic waves, i.e. the Alfven, 

fast and slow types. The canonical theory of the conventional waves 

assumes oo conductivity, and the introduction of finite conductivity is 

known to produce damping, not growth. However the theory of the damping 

of the conventional waves assumes constant conductivity in space, while 

the source terms of the magnetosonic and electrothermal waves come from 

the fluctuations of the conductivity. 

These fluctuations are significant here due to the partially ionized 

nature of the plasmas we are considering. It may be said that the con-

ventional magnetosonic waves concentrate on the Faraday induction effects 

and ignore dissipation, while in the partially ionized wave theory 

presented here we concentrate on the dissipation and ignore Faraday 

induction effects. 

To return to our estimate ofT we see that the waves will e-fold 

only once in a generator of length 1 m., assuming v = 103 m/sec. 

Depending on the initial amplitude of the fluctuation, the magnetosonic 

instability may not be a serious loss mechanism in open cycle generators, 

except if the generator is longer than 1 metre say 10 metres. 

The conditions in closed cycle MHD generators, where every effort 

is made to reduce electron energy losses etc. so that the steady state 

electron energy equation can be written as, 

.21 3 	T) y~h mw 
4‘, 

27. 
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are exactly the conditions required for the propagation of electro- 

thermal waves. The existence and instability of these waves was first 

15) 
suggested independently by Velhikhov et. al. 

(1.
in the U.S.S.R. 

16) and by Kerrebrock (1. in the U.S.A. Since then a considerable 

(1.20)  -  14), (1.17) amount of both theoretical (1. and experimental 

(1.21) - (1.26) 
studies of the waves have been reported. A somewhat 

more complete bibliography of the literature on the electrothermal 

instability (under the name of Magnetic Striations) has recently been 

given by Nedaspasov (1.27). 

As stated in section(1.1)y electrothermn1 waves are characterised 

by fluctuations in the electron density and temperature, with the heavy 

particle properties remaining constant. The perturbations of the 

plasma parameters and the consequent perturbation of the electron energy 

balance cause the fluctuations to move and, under certain circumstances, 

grow. 

The source of the instability is the enhanced local Ohmic heating 

in the regions of increased electroncbnsity. If the fluctuations in 

the energy loss mechanisms (elastic collision losses, radiation and ther- 

mn1  conduction) are unable to remove the excess heat, the electron tempera- 

ture will rise leading, by ionization, to a further increase in the 

electron density, and so the wave grows. 

We can obtain an estimate of the characteristic growth time by 

equating the energy required for ionization to the fluctuating Ohmic 

28. 
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joules and typical values are 

, hence'rE 	105  secs. 

10 

Hence, if the transit time of the gas in the generator is 103 

secs, the wave may e-fold about 100 times. 

The growth rate of both the magnetosonic and electrothermal insta-

bilities are dependent on the direction of the wave vector relative to 

B and jo• They grow only in some well defined range of angles. 

However the magnetosolic instability grows for all non zero values 

of B, within the appropriate range of angles, while the electrothermi1 

instability will grow only for values of B above a certain value deter-

mined by a critical Hall parameter. This is because below the critical 

Hall parameter the fluctuations of the energy losses, collisions etc. 

are greater than the fluctuations in the Ohmic heating. The critical 

Hall parameter usually has a value of the order of 1. 

It should be noted that the conditions for a large elevation of the 

electron temperature induced by the v x B field require a value of the 

Hall parameter of this order of magnitude. This can be seen by writing 

29. 

heating 

i•e• 



the energy balance in the approximate form, 

M1  2 
3 	. 	— / tyyl 
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where h represents the most 

J 
hence 	e 

and 	a j  

therefore  

dominant heavy particle for collisions. Now, 

B 1 	3 	(T-, ---1) 
frt, .2 z  
111,e, )2e h- 

3 k. 	- 	11/1  ))e' 

The Hall parameter is given by p- t3 	hence we have, 

/699- 	
3 

"tr 
for a flow in the region of Mach No. 1_ 	rinh 	ALT 	hence, 

2 p 	3  ( Te  _ 1) 
T 

For a temperature elevation 
-r 	

2 we therefore require 

In view of the high value of the electrothermal growth rate under 

the conditions encountered in closed cycle MID power generators, and 

the damaging effect of plasma non-uniformities as demonstrated by 

Rosa, the electrothermal instability may have a serious effect on the 

economics of this type of generator. For this reason the behaviour of 

the waves and any possible means of stabilizing them are of great 

interest. 
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1.4 	Synopsis of Chapters 2-5.  

In Chapter 2 a dispersion relation for electrothermal waves in an 

alkali seeded noble gas is derived from a simple linear, infinite plasma 

analysis. The dispersion relation differs from previous dispersion 

relations in that it is more complete containing the effects of finite 

ionization - recombination rates,finite degree of ionization, radiation 

transfer, electron thermal conduction, and the combination of both neutral 

and Coulomb collisions. 

The expressions for the complex frequency derived previously, 

although usually of a simplified form, are nevertheless fairly complicated 

and it is difficult to obtain a clear picture of how the growth rate 

varies with different plasma situations. In Chapter 2 the dispersion 

relation is solved numerically, and the complek frequency is plotted 

as a function of various plasma parameters. By doing this it is hoped 

that the properties of the wave are clarified. In addition the nature 

of the waves, both their motion and the source of their growth, are 

investigated in detail. 

The influence of magnetosonic waves in non-equilibrium plasmas is 

discussed and analysed in Chapter 3. The various magnetosonic modes 

are described and their interaction with the electrothermal modes is 

investigated. A unified dispersion relation involving linear, plane-

wave fluctuations of all the gas parameters, i.e. including both 

magnetosonic and electrothermal effects, is derived. 

In chapter 4 the infinite plasma assumption for the analysis of 
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electrothermal waves is dropped. The interaction of the waves with 

various types of boundaries is investigated, with particular interest 

in the influence of the various boundaries on the linear growth rate. 

Non-linear effects in electrothermal waves are investigated in 

Chapter 5. Experimentally the waves are observed to attain a steady 

non-linear amplitude, and the value of this amplitude is derived from 

a second order theory. The existence of the steady state is closely 

related to the Rosa effect, which is also second order, and the effec-

tive conductivity resulting from the instability is derived in a straight-

forward way from the non-linear theory. 
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Fig.(1.2) Geometry of a simnle MHD generator. 

y 

Fig.(1.3) Topology of plasma nonuniformity for Rosa 
effect(shaded layers represent regions of 
higher electron density,blank areas,of lower 
electron density). 



CHAPTER 2. 

ANALYSIS OF THE NATURE AND GROWTH OF -LECTNOTHERMAL 

WAVES. 

2.1 Introduction. 

The object of this chapter is to derive a linear dispersion 

relation from the basic electrothermal equations, including as 

much of the relevant physics as possible. The dispersion relation 

will then be solved for the complex frequency, and the variation 

of this frequency with various plasma and wave parameters examined. 

From this analysis we hope to find the ranges of plasma and wave 

parameters, especially electron temperature, for which the waves 

are stable. 

Among the physical mechanisms included are finite ionization - 

recombination rates, finite degree of ionization, radiation transfer, 

electron thermal conduction, and the combination of both neutral 

and Coulomb collisions. 

It is expected that the effect of finite ionization rates will 

be to damp the waves at low temperatures. If we look at the equation 

for the rate of change of electron density, in the gas frame of 

- reference, using the collisional-radiative theory (2.1) (2.3), for  

the recombination coefficient and assuming that the equilibrium 

state is Saha equilibrium at the electron temperature we have, 

35. 
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where 

and 
p 

(In view of the importance of the ionization-recombination mechanism 

to electrothermal and magnetosonic waves, a brief outline of the 

collisional radiative theory is given in Appendix A). 

Suppose we have a perturbation, eke , in the electron density, 
we can then find the characteristic time it takes for equilibrium to 

be re-established in the absence of destabilising effects. Lineari-

zing with respect to inequation (2.1) becomes, 

1_ 
where tr.s, the Saha relaxation time, is given by T5  z: 

eY1  
ff  'TO 

Physically it seems likely that the relaxation rate jj/n- will Ls  
be an upper limit to the growth rate of an electrothernal instability, 

since the wave grows by ionization in the peaks and recombination in 

the troughs. Sincel/y decreases rapidly with electron temperature 1-5  

(see Fig. 2.1), there ought to be a significant damping effect on 

A zo 



the waves at low temperatures, but a negligible effect at high 

temperatures. 

) (1 4),.5,  The recent work (1.4),(1.5) on the validity of the Saha 

relation for the steady state in a current carrying plasma has 

shown that there is a critical value of electron density above 

which Saha holds. With no other analytical expression for the 

steady state available, the existence of this critical density 

has been ignored and the Saha relation is used for the steady 

state over the whole range considered. The effect of a reduced 

electron density at equilibrium is equivalent to reducing the 

ionization rate, and hence will tend to stabilize the electro-

thermal waves. Using Saha equilibrium for the steady state there-

fore gives an upper limit for the growth rate of the waves. 

Since the instabilities are dependent on the partially ionized 

nature of the caesium seed it is expected that when the seed becomes 

fully ionized the instabilities will die away. The important para- 
.?) Ler5 

meter here is 	
Te. 	(Fig. 1.1) which we have seen is of bcr5  

the order 10 at 2000°K for Caesium, but decreases to below 1 above 

5000°K. We expect therefore that the growth rate of the electro-

thermal instability will have a maximum as a function of electron 

temperature, falling of at low and high temperatures due to the 

effects of finite ionization- recombination rates and finite degree 

37. 



of ionization respectively. 

The effects of radiation and thermal conduction will be to 

damp the wave by transferring energy from the peaks to the troughs. 

The radiation term used in the calculations is that derived by 

Lutz 
(2.4). The basic assumption employed is that the first doublet 

excitation level of the caesium seed atoms, which dominates the 

radiation transfer is populated at L.T.E. with respect to the elec-

tron temperature; i.e. we assume that the level is populated by 

inelastic and super-elastic collisions with electrons, and radia-

tive de-excitations play only a small role. Due to the large self 

absorption which increases the effective lifetime of an excited 

state, and the him electron densities this is a good approximation 

in the one atmosphere plasmas with .1% seed fraction that we consider 

here. We will discuss the possibility of enhancing the radiation 

transfer to damp the waves. 

At the low temperature end of the range consideredIneutral 

collisions dominate the electron collision frequency, while at the 

high temperature end, due to the large increase in ionization, 

Coulomb collisions dominate. To examine the temperature dependence 

of the wave it is therefore necessary to include both types in 

evaluating the collision frequency. 

Some, but not all, of these physical mechanisms have been 

38. 
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considered by previous authors. For instance Kerrebrock (1.16) 

has a section with finite ionization rates, Nedaspasov (1.17)  

includes finite degree of ionization, and Hougen (1.14) includes 

all the physical effects used here except finite degree of ioniza-

tion. A more complete range of the relevant physics is therefore 

included here to obtain a more complete picture of the properties 

of the waves. In addition, the physical nature of the waves, how 

they move and grow, was previously unclear, and this is examined 

here in detail. A comparison of the results obtained here and 

previous theoretical and experimental results is given in section 

7 of this chapter. 

2.2 Basic Assumptions of Electrothermal Theory. 

The plasmas we will consider throughout this thesis have four 

components, viz. electrons, seed ions, seed atoms and neutral 

buffer atoms. The seed is considered to be an alkali metal (usually 

Caesium), and the buffer a noble gas (usually Argon). Under the 

conditions of 1 atmosphere pressure, seed fraction of the order of •.1./o, 
and temperatures of the order of 

/thousands of degrees Kelvin we make the following assumptions:- 

1) The electrons have a Maxwellian distribution in velocity 

space. 

This is an implicit assumption in the evaluation of the colli-

sion frequencies and is of course intimately connected with the 

assumption of Saha equilibrium, and the use of the ideal gas laws 



for the electron gas. The calculations of refs. (1.4) and (1.5) 

show that this is not a good approximation at low temperatures 

and densities. However it is a good approximation in the electron 

temperature range of most interest to MHD generators, viz. 2500°K 

to 3000°K. 

2) The electron number density Tle  and the ion number density 

72. are equal. 

Essentially we are removing high frequency plasma oscillations 

from our equations. The assumption is not strictly true since 

space change electric fields exist in the fluctuations. However 

the difference in electron and ion number densities required to 

produce these fields is very small compared to the fluctuation 

amplitudes of the two densities. This can be seen as follows. 

Poisson's equation for the perturbed state gives us, 

Q. E '  2:-rr-  E. I 	0/1-i -1-1 2) -e-- 

 

€ 

 

where. 	= fluctuation wavelength. 

From the linearized Ohm's law, which will be described in section 

(2.5), we have, 

11: 
hence, 

Ito. 
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3) The heavy particles have the same temperature, i.e. 

Ti = 	Ta = Tn 	= T, but Te p' T. 

The equality of the ion, seed and neutral temperatures follows 

from their approximately equal mass. Thermal coupling between 

them is strong, while the much lighter electrons are partially 

uncoupled thermally from the other components. 

4) The heavy particles have the same centre of mass velocity, 

it 	 i.e. no ion or seed slip. vc, 
5) 17, -Iv-, 	,,ns  are all constant in space and time. 

We assume therefore that the steady state is "uniform", i.e. 

that L >>-11. where L = characteristic length over which the 

steady state variables change. Furthermore we assume that the 

heavy particles do not participate in the waves, apart from varia-

tions in the degree of ionization. This is equivalent to assuming 

that the inertia and thermal capacity of the waves is so large 

that their properties under the influence of the fluctuating 

x 	forces and collision energy transfer do not have time 



to change within the characteristic times of the wave (period and 

growth time). The validity of this assumption and the interaction 

between electrothermal and sonic effects are discussed in Chapter 

3. 

	

6) The magnetic field, B = 	(0,01B), is constant in space 

and time, i.e. zero magnetic Reynolds number. 

This is a good approximation for the characteristic conduc-

tivities, dimensions and velocities in MHD generators. To compare 

B* with 114,!, we use Ampere's law, i.e., 

o 	}ADA" 	
Now J 

44. 

and hence 	cr,; 1r 	irt 	since 	cr,;, -V-  & 

Therefore 	 it4.0  
42.4, 

.2- 7i 

The expression in the brackets is the usual magnetic Reynolds 

number with the reciprocal of the wave number substituted for the 

characteristic length. 

Using Cr:. 100 mho/m, -tr. 103  M/sec and A = 10 2  m, we have 
—4. * 

B 	iv  1 0 	tne 	hence fluctuations in B are negligible. 

All these assumptions are made throughout this thesis, with 

the exception of assumption (5) which is dropped in chapter 3. 

42. 



2.3 Basic Equations of the Electrothermal Theory. 

Under the foregoing approximations the plasma state can be 

described by three electron equations (density, momentum, and 

energy), and two field equations. In the frame of reference of 

the heavy particles, i.e. U-  = 0, these equations have the fol-

lowing form:- 

Electron density. 

This is equation (2.1) given in section (2.1). 

Electron momentum (Ohm's law) 

43. 

- ,) F,) ,c 	-t- (37-  

J 9 	pi (P F2e- -k F9) 
(note we assume E-2:=o 2 	= 0 

where 	F 	E 	1:).42  

--- (2.2) 

— (2.3) 

11- rir e es 7 

(Vt. 42_ 	 2-  
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the electron collision frequency is the sum of the Coulomb and 

neutral collisions 



i.e. 

where  

a)c.  -1- 241, 
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Electron energy equation 

V. 

.2  

6; 3 fri.x_k 	 )),„, 

R 	17 (icy p Te) 
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where the internal energy is given by L/J2. = 

the thermal conductivity by;  

Tz 5/2  

.273  1112 k 	and 

The radiation in the plasma is dominated by the lowest order 

Caesium doublet ( 1  Sv2  - (01  Pv2 2 G 2  S - 6 2  P3/2. ) • 
Since the absorption length of this resonance radiation is small 
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compared with the plasma dimensions the radiation is largely trapped. 

Using the expression derived by Lutz(2.4)for an infinite plasma we 

obtain, assuming the plasma to be uniform 

R()   f 2-'7r 6(:(9) L));. 171-ei. 

in the .9 - direction 
(''n1  pi. 17)2) 
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The summation is over the two resonance lines, and, 
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The first term represents emission from the volume element 

and the other two terms represent absorption from the rest of 

the plasma. It is assumed that the population density rrl.ai of 

each excited state is dominated by electron collisional excitation 



and de-excitation, so that, 

PYL • — 
94  

state degeneracy 

i'l ciA. + Z. 11-cLi. 
and 	(.. 
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The dominant absorption line broadening mechanism is Van der 

Waals broadening by the neutral atoms. The values of 	L 
(2.6) and 1.%1Z, used are those given by Conies and Ozman 	and ()- t. 

(2.7) is calculated from a formula given by Griem 	. 

Charge Conservation 

C) 
	.— (2 .5) 

This follows from assumption (2) 

Faraday's Law. 

77  X EE := C) 	 (2.6) 

This follows from assumption (6). 

We have then a set of six equations in the six variables 

	

J 	and E, . We can linearize these to 

obtain equations for electrothermal fluctuations about a steady 

state. In chapter 4 these equations are solved under boundary 

	

conditions on J 	and E . In this chapter we assume that 
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the plasma is infinite and apply plane wave solutions. The justi-

fication for this is that often nearly plane wave fluctuations 

are observed experimentally, and also the relatively simple 

plane-wave approach enables us to examine in detail the mechanisms 

of movement and growth without boundary complications. 

2.4 The Steady State 

The steady state of the plasma is assumed to be uniform and 

the equations (2.1) - (2.4) reduce to, 

2 
"YL-eo 	AID 

(2.1) 
fY1 s 	e 0 Ago 

i.e. Saha 

2-  
cr  

(2.2) 	Jci)C  — 	 ( fox --- Pp E 0  0 .'  
I -+ (3. 

(2.3) 	ic), -=1 
± 
c'7: 	v (PtEoc + E01.9) 

(2.4) 	Jo 	.7:. 3 'n,„ k (7;0 —7-) (.2ic 0 PYYL—frn ee  
.2.  

The last of these of course represents the nonequilibrium 

elevation of the electron temperature. The radiation transfer 

term is zero in the steady state (evaluation of the integrals in 

R for a uniform plasma easily demonstrates this), since each part 

of the plasma is absorbing as much as it emits. 

For a finite plasma, however, the limits of the integral 

would be different and R would be non-zero. Physically this means 

Equilibrium, 

2)-rt 0 (71712' 



we have radiation escaping from a finite plasma; however, for the 

resonance radiation the absorption length (typically 10-5  m in 

the centre of the line) is very much smaller than the dimensions 

of typical laboratory MUD plasmas, and the radiation escape is 

small compared to the elastic loss to the heavy particles. 

Similarly the short collision length ("1 10-5  m) means that 

the electron thermal conduction losses from the bulk of a typical 

laboratory MElD plasma are small compared to the elastic losses. 

We assume therefore that the steady state of our infinite 

plasma model is a good approximation to that in a finite plasma. 

Unfortunately this also means that radiation and thermal conduction 

will be ineffective in damping wavelengths of the order of the 

dimensions of a typical apparatus, however they will have an impor-

tant damping effect on short wavelength modes. 

Note that strictly speaking our assumptions of a uniform 

steady state and Ohmic heating of the heavy particles via the 

equipartition elastic loss term are incompatible. The heavy par-

ticles must lose the energy either by convection or conduction, or 

both. The implicit assumption therefore is that either the velocity 

of convection or the heavy particle thermal conductivity is large 

enough for the condition L.)>IL to hold. 
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2.5 First order perturbation of equations, and the Dispersion 

Relation. 

We perturb the set of equations (2.1) - (2.6) about the steady 

state defined in section 4. Neglecting terms of higher than first 

order, we take into account the functional dependence of all the 

plasma parameters on /1-,2  and It  in the perturbation. The 

linearization is straightforward, but algebraically tedious. 

Equation (2.1) linearizes to 

'6114. 	Tr2_ 	60  en 42.4  
2r-t --- (2.7) 

where 
11- -e o 

( 3 4_  IP 
' t2 Teo 
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The linearization of equations (2.2) and (2.3) can be facili- 

tated by applying the plane wave solution for the perturbations to 

equations (2.5) and (2.6). If the y- axis defines the direction 

of the wave vector (i.e. all perturbed quantities are proportional 

to jott. (( Lot - L Ky) ) 	, we have 

-2) 
• 11, 	7r, =0 	and 

(2.5) and (2.6) respectively. 

"DG x 
= 0 	, from 

That is, 
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K ji; =0 	and 	L is E = 0 

,./ _ .--. 	E-.• ix  s--- 0 therefore 	 J ,. -- Li 
:7 	

and 

I 

Since 	EEO 	it follows from E x  = O that F,"_ ---: 0. ?J>c 
Rearranging (2.2) and (2.3) to obtain 

Jx  we can linearize this simply 

to get, cr- E02 
- 

1  
Linearization of equation (2.3) simply gives us the F9 that 

./ 
must exist in the wave to make J ,,,, -=:. 0 ..., 	

and is not necessary 

to obtain the dispersion relation. 

From the functional dependence of o and 1
-3 on Ta  and k, 

and assuming that 40makes an angle x with K (more specifically, 

Jo  K BI 
we can write J 	as, 

— 	 L.0)(sifb...x +pc vis3x)÷ 

er- 	_ (do 	cos— Ts,_*  E- 

+ 
where 	-7- "VC°  
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Linearizing the energy equation we get, 

&•03..../1-co 
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Where 	= equipartition elastic loss term. Note that 

-• • has been substituted for 37- . The perturbation of the 

radiation and the equipartition terms are described in Appendix B. 

01 
Substituting for six  the final form of the linearized energy 

equation can be written as 

	

k 0  ?Ia.* 	oLo  11,2 E 	,f0  Tc2if  (2.8) 
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in the form 
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where we have assumed that Teo Ct—e''' 

 

cte,p -r-rz 

Substituting LW for 1,NA,(2.7) and (2.8) can be written 
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and, 

Hence, using the condition for a non trivial solution for 

andl we get the dispersion relation 

LW -be  
Oft 

Thus we have a quadratic 

— a, 

O 
Ewli o-J-0/ 

for the complex frequency w, with 

coefficients which are complicated functions of Teo , x , po and K. 

The variation of the solution of this quadratic as a function of 

the four variables will be described in the next section. 



2.6 Results of the Solution of the Dispersion Relation.  

a) Procedure of the Calculations. 

In most of the numerical evaluations of w the plasma considered 

was an Argon gas seeded with Caesium; however some calculations 

were also carried out for Argon and Potassium, Helium and Potassium, 

and Helium and Caesium. In all cases the neutral gas has a number 

density of 1025 
L3 

 andthe seed fraction is .1%. 

The calculations were usually carried out with the heavy 

particle temperature fixed at 1500°K, and the variations of lrt.0  

and B were made to correspond as closely as possible to experimen-

tally realisable situations. For instance Teo was varied for fixed 

B. This corresponds to increasing the internal Ohmic heating by 

decreasing the external load in the generator circuitry. Of course 

in the real situation this would also cause T to rise slightly, the 

magnitude of the rise depending on the thermal capacity and energy 

loss mechanisms of the heavy gas. Assuming the consequent rise 

in T to be small its effect on the growth rate will be small; 

and even if it is not small it will not qualitatively affect the 

way in which the growth varies with Teo. 

Once Teo is arbitrarily fixed, 'fl.  and the plasma parameters, 

such as collision frequency, conductivity and Hall parameter, can 

be calculated and the magnitude of 	deduced from the steady 
".• 

state energy balance. Fixing 'C and K then determines all the 
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coefficients of the quadratic dispersion relation, which can then 

be solved. 

Teo was also varied by varying T, keeping(Teo-T)and B constant. 

This corresponds to varying the incoming gas temperature as well as 

the external load of a generator. This variation was employed to 

examine the wave behaviour at electron temperatures approaching 

2  1500°K without „c/c/' e going to zero. 

These two methods of varying Teo keep B constant, and for 

completeness another method of varying Teo was tried. This consists 
L  

of keeping the load factor ( 	
p R ) and T constant but varying Rt  

the ir X B induced field by varying B. This varies the Ohmic 

heating, and a load factor of 0.75 along with a velocity of 103m/sec. 

were used. Because of the difficulty of solving the steady state 

energy balance for Teo given the it X (3 field and load factor, 

the procedure was inverted, Teo fixed and the required B derived. 

All the parameters % 2  po  and K were also varied keeping the 

others constant. Each time the plasma parameters etc. had been 

fixed the coefficients of the quadratic dispersion relation were 

calculated and used as inputs to a computer subroutine to obtain 

w. 	In addition, the ratio of ne* to Te* in the wave was cal- 

culated for each solution w. 

b) Wave Modes. 

Since the dispersion relation is a quadratic its solution 
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gives two independent modes for electrothermal waves. Essentially 

they are a high frequency mode, which is always severely damped, 

and a low frequency mode which is unstable under certain conditions 

(See Figs. (2.2) and (2.3). Note that the complex frequency is 

written as (,j = 	— 1,3 	so that U.) . real frequency, and g = 

growth rate). In what follows the high and low frequency modes are 

referred to as the fast thermal mode (F.T.M.) and the ionization 

mode (I.M) respectively. 

If we define ()and e by 
Ce 

we can see from Fig. (2.4) that, at Teo = 2500°K, ().<0 for 

the F.T.M., while (:-.40 for the I.M; also from Fig. (2.5) we see 

that 9 ".Z.- n for the F.T.M. and 42:0 for the I.M. Therefore the 

F.T.M. mode has small fluctuations in ne* compared to Te*, with 

the two out of phase, while the I.M. has the expected large fluc-

tuations of ne* compared to Te*, with the two in phase. It is not 

surprising therefore that the I.M. is the unstable mode. 

For both modes the values of all the wave parameters are 

identical far 2C and X+ n, except for the sign of the real 

frequency and e. That is, given an orientation of the wave front 

w.r.t. o  , the waves travel in one direction only. For this 

reason quantities plotted as a function of % are plotted in 

the range /216/‹.  7ci: 	only. 

At temperatures below 4600°K the F.T.M. and the I.M. travel 



in opposite directions, the former has a wave vector such that 

-o • p <0 ( .1.r 	k1111) and the latter has ,--  
That is the F.T.M. travels in the same sense as the electrons 

while the ionization mode travels in the opposite sense. However, 

above 4600°K the phase velocity of the ionization mode reverses. 

The physical reason for this wave kinematics will be explained in 

section (2.6g). 

c) 
	

Dependence of the instability on X. 

The wave quantities g,(2, e and lip  for the I.M. are plotted 

as functions of 96 in the interval - 	for various values 

of Teo in Figs. (2.6) - (2.9) respectively. 

These curves have constant magnetic field (5 tesla) and it can 

be seen from (2.6) that for low temperatures (..1.:5000°K) there is 

growth in a range of angles centred around X=721: . - 	The value of 

X where g maximises, ; , is approximately given by, 

4- 
 

a 130 
This is obtained by finding the value at which the heating 

term proportional to ne* (i.e.do  ) maximises with respect to X. 

We see that 	for large values of 	only. 

From Fig. (2.7) we see that 	is not a constant with respect 

to 2(  as it should be if ne* and Te* were related to each other 

through instantaneous Saha equilibrium. Above 2500°K the approxi-

mation of instantaneous Saha equilibrium is a good one, but below 
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1) b65 71 eo 
2500°K it is not. At 2500°K the value of 	i5 boo) Two 	from 

the Saha equation is approximately 10.5 and we see that equals 

this where g = 0. This we would expect since the period of the 

ionization mode is "010 3 secs forA= 10-2m. and the Saha 

relaxation time is much less than this at Teo = 2500°K. 

However when the wave is growing or decaying the magnitude 

of the growth rate is of the order of the Saha relaxation rate 

and the rate of change of the electron density fluctuation amplitude 

is limited by the finite ionization - recombination rates. Hence Te* 

gets ahead of ne*, so that when the wave is growing ()is less than 
-6 (479 nu) 
i5 	7 	and when it is decaying C.' is greater than Gor3 
ircrs n -e 0 

~ber9 Teo  

At lower temperatures the rise and fall of (' above and below 

i)G65 na 40 
"a(As5T40 

and recombination rates, but in the stable range of X a new effect 

appears. The 1.11. becomes similar to the F.T.M. in that 9 falls 

to -n (see Fig. (2.8)) and the effect of this is to take a large 

"bite" out of the rise in r leaving two spikes on the edge of the 

stable range. The Figs. clearly show that as the temperature rises 

the range of X over which 9 = -n decreases, the size of the "bite" 

decreases and the spikes converge. 

From Fig. (2.9) we see that the phase speed 1 64)17K I maximi-

ses atX=0, except at lower temperatures, and at all temperatures 

6°1-1K =0 at x = + - 2 • 
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d) Dependence of the instability on the Hall parameter. 

The Hall parameter was varied by varying B, keeping everything 

else constant. This assumes that the gas velocity also varies in 

order to keep IZ X B and the steady state Ohmic heating constant. 

The dependence of the instability on Po  is now well known 

22) (1 . from experimental observations (1.21), The  results 

derived here confirm that the instability has a critical Hall 

parameter, /30cTit  , of the order of 1. Figure (2.10) shows 

that 9 varies linearly with f, , where 9 is the growth 
/It 

, rate at X X.  The temperature dependence of /t.cr 	shown  

in Fig. (2.11), is similar to that previously reported. (1.21)$2.8)  

The range of angles over which the wave is unstable, b2C 

is plotted in Fig. (2.12) as a function of 130 
at Teo  = 2500°K. 

We see that 4'4 increases with po.In some experiments (1.21) 

it is observed that the instability has a plane wave structure at 

low values of pc, , and this breaks down into apparently random 

turbulence as the Hall parameter is increased. It seems likely 

that this is due to different Fourier components of the instability 

becoming successively destabilized by the increasing range AX 

This phenomenon follows naturally from the analysis of boun-

dary effects on the wave, and will be demonstrated in Chapter 4. 

e) Dependence of the instability on Teo. 

The growth rate plotted as a function of the steady state 
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electron temperature is shown in Fig. (2.13) curve 1, for T = 1500°K, 

B= 5 tesla,..4= 10 2  m and X. = 2Cm. 

The growth rate shows a maximum with electron temperature at 

Teo  := 2500°K and at higher temperatures, above approximately 

3000°K, the waves are damped. 

The reason for the decrease of g towards lower temperatures 

is partly due to the decreasing value of Teo - T. Since we 

calculate --- from the steady state energy balance we have, 
ac; 

at low temperatures, 
cy-7, 	°c  'n-40 (Teo  —T) i „ • Assuming 

that neutral collisions are to be dominant at low temperatures, then 

the constant of proportionality in this relation is independent of 

either ll.•eo  or Teo. In section (1.3) we saw that 
I 	2: J 07-  

-- ..7 
E 	 /1-koTp 

at the low temperatures. Keeping Teo - T constant, however, g still 

decreases in a very similar manner as Teo decreases (see Fig. 2.14, 

curve 1). This must be due to the finite ionization recombination 

rates, and this is confirmed by arbitrarily increasing these rates 

by a factor 105 and repeating the calculations. Fig.(2.14), curve 2, 

shows the result. This time the growth rate does not start decreasing 

until 1800°K. 

We conclude therefore that the infinite ionization - recombination 

hence, 

9 oc (T.90  —T) 



rate approximation over-estimates the growth rate for temperatures 

below 2500°K, but gives a good approximation above this temperature. 

The growth rate decreases as Teo increases past 2500°K in Fig. 

(2.13) curve 1, not because of the increasing degree of ionization, 

but because Igo  decreases with fixed B due to 2  c  increasing 
with Teo. This can be seen from curves 2 and I+ in Fig. (2.13); 
curve 1+ is pc  versus Teo, and we see that po 	when the wave 

becomes stable with increasing Teo; curve 2 shows g versus Teo 

with the Hall parameter fixed at 5, i.e. B increasing with Teo, 
and here g does not have a maximum as a function of Teo in the plot-

ted range. However if we continue curve 2 to higher values of Teo 

(see Fig. 2.15) we find that g does in fact start to decrease 

at about 5000°K, and quickly becomes stable, due to the finite 

degree of ionization. 

If instead we increase Teo by increasing B to produce more 

magnetically induced nonequilibrium ionization with fixed load 

factor then g as a function of Teo is Fig. (2.13) curve 3. 
The growth rate increases monotonically for the values of Teo 

6o. 

plotted. This is because, for fixed load factor, 

from the argument in section (1.3), 

3 k 

114'h l'r2  (1  7dt  

'FL 
, we have, 

P2 
 

/V 



The extra factor (1 --7/ ) simply takes account of the 

external circuitry. Hence A, increases with Teo. However, 

once again, at high temperatures g goes through a maximum and 

goes to zero (see Fig. (2.15), curve 2). 

(Note that the range of electron temperatures over which the 

plasma is unstable corresponds to the envisaged range of tempera-

tures for closed-cycle MED generators) 

f) Dependence of the instability on K. 

The dependence of 4,1„ on K was given in Fig. (2.2), for 

2( = x , Teo  = 2500°K, and B = 5 tesla. The dispersion curve 

is a straight line through the origin therefore the phase velocity 

101- 
( 	) and the group velocity ( o(  ,/' ) are identical and 

independent of K. 

However the growth rate varies with K, and we see from Fig. 

(2.16) that, for various temperatures, the growth rate decreases, 

as expected, when the wavelength,A , decreases. 

The stabilization at short wavelengths is due mainly to the 

thermal conduction, which varies as 	, and not so much to 

the radiation transfer which varies only as 

However, for wavelengths of the order of 10
2 

m, at around 

2500°K, the radiation transfer in the wave is about 10% of the 

elastic losses, while the thermal conduction is less than 1%. 
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For this reason it may be possible to stabilize to a significant 

degree the waves observed in the laboratory, which have wavelengths 

col' the order of 102 m, by increasing the radiation. The possibility 

of doing this will be discussed in section (2.6h). 

We note that, according to Fig. (2.16), the nonequilibrium 

plasma is unstable to perturbations of infinite wavelength, i.e. 

uniform perturbations. However this is consequence of our plane 
I 

wave periodicity conditions which demands that 
	

be perpen-

dicular to K. This condition persists even if we let It<1 -  0 . 

For a uniform perturbation the direction of J would be imposed 

by the boundary conditions appropriate to the finite apparatus 

and the stability of a uniform perturbation is demonstrated in 

Chapter 5. 

g) Physical Nature of the Waves. 

The development of a physical picture of the waves, how they 

move and how they grow is of considerable interest. Unfortunately 

the interplay of the physical mechanisms in the wave is obscured 

by the number and complexity of the terms, especially in the energy 

equation. However, if we assume a sinusoidal fluctuation in ne* and 

Te* of the form shown in Fig. (2.17), we can say something of the 

way in which the electrons move in the fluctuations, and of the 

mechanism by which the fluctuations themselves move. 



/ 	

I 

It follows from J y  = 0 that 	= 	Therefore the 

electrons stream through the fluctuation with their velocity 

perpendicular to the wave fronts decreased in the peaks of ne*, 

and increased in the troughs. The fluctuation itself does not 

tend to convect with the electrons, since the assumption ni  = ne 

would require the ions to move with the wave speed which is incom-

patible with our assumption of stationary ions. In fact the wave 

moves by enhanced ionisation on one slope and enhanced recombina-

tion on the other. 

The terms contributing to the movement are the terms in the 

energy equation which are 	 r out of phase with ne* and Te* 

viz. the gradient terms. (Remember that the phase difference 

between ne* and Te* in the I.M. is generally very small). In the 

linearized energy equation these are 	ki-e.12-- j°92-4*viz.the 
'a 

convection term, and 	
-7-420  J6, 	It& ) viz.compressional heating. 
41. 	2r9 

At lower temperatures we have ne* >> Te* for the I.M. and hence 

compressional heating dominates. Hence we have a situation as in 

Fig. 2.17a.)  where the electrons are heated as thwmove into a 

peak in ne* and cooled as they move out. The wave then moves in a 

direction opposite to the electron drift across the wave fronts. 

> n: 
4600°K) the convection of the electrons dominates and the phase 

velocity reverses due to reversal of the relative heating on the 

slopes. The waves now move in the same direction as the electrons 

(see Fig. 2.17b). 
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In contrast at higher temperatures where (i.e. above 



When 	the electrons are moving parallel to 

the wave fronts and both the compressional heating and the 

convection are zero, therefore the waves are stationary (see 

Fig. 2.9). The stabilizing and destabilizing terms are in phase 

with n * and Te* and do not contribute to the motion of the waves. 

The small phase difference between ne* and Te* is of course 

due to the finite ionisation - recombination rates, and is such 

that Te* always leads n; in the I.M. Neglecting this phase 

difference we can write down an expression for the phase speed 

from the imaginary part of the energy equation, viz., 
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The phase velocity (with sign defined by lrip. Jo ) is plotted 

as a function of Teo in Fig. (2.18). 
	lrejo  

Since Te*>> ne* always in the F.T.M. this mode moves in the 

same direction as the electrons. 

Physically the source of the instability is the enhanced Ohmic 

heating in the peaks of ne* and Te*. This is obvious from the fact 

that the perturbed Ohmic heating gives the only positive contribu-

tion to the growth rate. However the fact that the waves require 

a magnetic field to grow and the X, dependence of the growth rate 

remain to be explained physically. 

For zero magnetic field it is easily verified by perturbing 
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equations (2.2), (2.3) and (2.4) that the damping elastic losses 

dominate the Ohmic heating; i.e. although the rate at which 

electrons gain energy from the electric field is, for some values 

of 7- increased in the peaks of ne* and decreased in the troughs, 

the rate at which the electrons exchange energy with the heavy par-

ticles is perturbed even more. The effect of a magnetic field is 

to increase the fluctuation in the current, and hence the Ohmic 

heating, for a given ne*. So that, for f30,. 1 the perturbed 

Ohmic heating becomes larger than the sum of all the loss mechanisms, 

and therefore the wave grows. 

In section (2.5) we saw that, 
1 	/ 6  

	

J 	e
I E

ox. 	p Joy 
using the steady state Ohm's Law of section (2.4) and the definition 

ofX , we can write this as, 

J x 
	Jo  ( 	si:qc + (0-4H399 Po cifc3  

F This includes the effects of 	implicitly, as well as the 

	

_ 1 	/ 	 ./ _. 
effects of G7  and t3 . More explicitly we can write ,/ as the 

sum of the five following components (see Fig. 2.19), 

• / 	0-, 	F I  -- 
/802- 

; 
,2 z.  

	

_ 	 — 
I t 1302-  

i '  	 cr o F ix.. 

current induced parallel toF 

current induced parallel to F,„ 

current induced perpendicular 

to F' 



J 
I 

 

'Pc  

 

66. 

  

current induced 

perpendicular to ff„ 

 

a -0' Fo 
+ 	I 

Here a = unit vector in the z-direction  

current induced due to 

the change in /3 
A 

and 1,4 = unit vector 

/ 
and „ore 

A 
LAs 

at an angle tan
-1
T) - x to the x-axis in the 1st quadrant. 

The first two components are present without a magnetic field, 
. 	• / 

but the last three require a magnetic field. Components J 3  and A.  

are i/B drift currents, while component 	is is due to the decrease 

in the Hall parameter for a positive perturbation of ne (Remember 

ne* >> Te* in the I.M. and Te' can be neglected in this simpli- 

fied r \ discussion). Since the angle between J and Fr  is tan I  t f3), 

a decrease in (3 causes J to swing toward F. Therefore a decrease 

in the Hall parameter will increase F il  where F1  is the 	^1 com-

ponent of F parallel to J and, since J = or)  F in general, this 
• 

will consequently increase the magnitude of ,) . 

From our assumption of plane wave solutions f is of course 

determined by, 

( / 	 /1 . 1* 1) 
J + J 	J -F J 	0 .5" and Fxs  o 

For largetgothe drift currents and the current due to the 

change in Hall parameter, which together give the 03X term in 
.1 

dominate „Ix, so that j2lc_ 42: jc.(a)*— p)18 ci6x 	This 

of course maximizes atX = 0. However the only significant part 



Ce j  

. 	•1 
2  Jo  

1  
of j as far as growth is concerned is the component parallel to 

Jo  , since, 
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.1  

Substituting for Jx, we have, 

 

(;)_1)/ 7.: 
Jo 

2. 
r (O' f _._p sle) po s0,12( - e*i 

cr-  -_, 
.2  

The positive contribution to N-) therefore varies as sinliC 
ir and maximises atitt .,/ = -747.  . Consequently, for high values of pc, , 

X = 74 • 
When ne* becomes less than Te* due to the finite degree of 

ionization, or'* tends to cancel pi* in the cos)Cterm since the 

dependence of o'* and p* on Te* is identical. Hence at high 
.1 

temperatures the sinX term in Jz  becomes more dominant and sub- 
.1 

stituting this term for 	into the Ohmic heating we obtain a 

sin ,• X 
	

dependence for the positive term, i.e. the Ohmic heating 

maximizes at x = It . 
2 

Due to the finite degree of ionization we have seen that the 

wave is damped at high temperatures (>5000°K). Nevertheless, the 

absolute maximum of g can clearly be seen to move from IT to X 

the growth rate maximises at 



as Teo increases in Fig. (2.6). 

h) Radiation Transfer. 

Due to the fact that the waves are damped for B 
• o < Pocrit' the 

undesirable effects of the instability could be avoided for instance 

by having a small enough magnetic field for this condition to hold. 

However, we have seen that a high elevation temperature requires so?" 1 ;  
also, from section (1.2a), the specific power density is proportional 

to B2 for fixed conductivity, and therefore, provided the generator de-

sign takes the Hall effect into account, and B is not big enough for 

ion slip effects be important, the bigger B is the higher will be the 

generator output. 

Imposing the condition Bo<pocrit is therefore an unsatisfactory 

way of avoiding fluctuations. We must therefore consider other ways 

of damping the waves. 

One method would be to increase the radiative energy transfer in 

the plasma to cancel the Ohmic heating. For wavelengths of the order 

of 1cm. the radiation transfer is of the order of 10% of the elastic 

losses in the plasma (which is of the same order as the Ohmic heating). 

So that if we arbitrarily increase the radiation transfer by a factor 

of 10 then the dependence of g on Teo looks like curve '1, Fig. (2.20). 

Comparing this with g versus Teo for the unenhanced radiation transfer 

(Fig. (2.20), curve i), we see that a substantial damping effect would 

be produced. 
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In most laboratory MID plasmas, which have dimensions of the 

order of centimetres, the instability wavelength observed is of the 

order of the apparatus dimensions. It seems likely that if the 

dimensions of the device were to be increased, i.e. to a size 

compatible with economic power generation, that instabilities of 

the order of the apparatus dimensions would still be present. 

In this case stabilization of the waves by radiation transfer 

implies a considerable escape of energy from the plasma by radiation. 

Therefore, an energy escape term of the order of the other two terms, 

would appear in the steady state energy equation, with a consequent 

decrease in the steady state electron temperature and density. 

However, since the elastic losses are proportional to neo (Teo - T)Teo2  

in the case of neutral collisions dominant, and neo
2 (Teo-T) Teo 2  

in the case of Coulomb collisions dominant, the reduction in neo, 

though significant, is such that neo has still the same order of mag-

nitude. While the reduction in Teo is small. 

In addition the enhancement of the radiation transfer will 

involve adding further complicated atoms to the plasma, with high 

electron inelastic collision cross-sections, and possibly with chemical 

properties which are undesirable as far as the various components of 

the I4HD cycle are concerned. Even if radiation enhancement can be 

achieved, therefore, it may be costly in terms of generator performance. 

To consider how such an enhancement could be achieved we look at 
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the perturbed radiation term. From Appendix 2 the perturbation of 

. the radiation from the 3.th  line is given by h 2),: 
Wao 
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L L 	 AT.° Hy.7"; 
2_, iv • 	 .9q 

• R 0C 

3 	h9.); 
h V‘: 

k 	0 1 

 

0 .0 112.,,, 12 

 

   

    

The R.H.S. R.H.S. of this proportionality relation is plotted as a function 

of 	119•1,111..T.44.  in Fig. (2.21), assuming j = 1,2 for the Caesium 

resonance doublet. 

t21:go 	is 2:7 for the Caesium doublet and the R.H.S. has a 

value .25. We could at least enhance the radiation by a factor of 5 
by doping the plasma with an element whose resonance line corresponds 

A )L 9, to 	
ky-to 

= 3, with a "dope fraction" of .1. (Note that the values 
of T' 2).1)i and 	do not change a great deal for atomic 

resonance levels under these conditions, and they appear under a 

square root sign. Therefore maximising w.r.t. Ve is equivalent to 

mrndmising with respect to the identity of the radiating element). 

However, at Teo = 2500°K, this corresponds to a wavelength of the 

We see that the R.H.S. maximises at 	
P ,t 	3 and the 

rev 

maximum value is approximately 1.3. At Teo = 2500°K the value of 

h 2iv 



order of 1600011, i.e. infra red radiation. Since resonance lines 

have much shorter wavelengths than this, it does not seem possible 

to substantially increase the radiation by optimising with respect 

to 	. 

Simply increasing the number of radiating atoms is an alternative 

method of increasing the radiation transfer. In view of the undesir-

able effects of such atoms, however, it is necessary to keep their 

number to a minimum. 

If we increase the Caesium density by a factor N, say, then the 

radiation increases by only a factor NiTr. This is because absorption 

is increased as well as the emission. However suppose we add N - 1 

other elements, all distinct, with doublet resonance lines that have 

of the order of that for Caesium, but which do not overlap 

even after collision broadening. Then the radiation will be increased 

by a factor N if the "dope fraction" of each new element equals the 

seed fraction. 

Mathematically this is because, in the case of added dopes, the 

radiation term is the sum of that of all the different components, 

whereas in the first case, adding only Caesium, the new radiation 

term is obtained by substituting the new Caesium density into the 

term under a square root sign. Physically the greater increase in 

the radiation transfer in the case with added dopes is due to the 

fact that the absorption for each wavelength has allpro:dmately the 
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value for the Caesium doublet which is unchanged, while the total 

energy emitted is increased. 

It may that by using this technique the impedance of an MHD 

plasma may be minimized at some optimum dope density, with the 

optimization involving a compromise between the Rosa effect and the 

damaging radiative, collisional and chemical effects of dopes. 

i) The Growth Rate in Different Gas Mixtures. 

The growth rate of the I.M. was calculated as a function of 

temperature for the mixtures Argon and Potassium, Helium and Caesium, 

and Helium and Potassium as well as the Argon and Caesium mixture 

previously considered in detail. The results are shown in Fig. 

(2.22). 

We see that for fixed magnetic field the general form of the 

curves is the same. The differences in g between the different gas 

mixtures are due to the different heavy particle masses, collision 

cross sections, and seed ionization potentials. A detailed descrip-

tion of all the differences would be rather complicated, however a 

brief discussion of the four main differences will be given. 

First of all, for a given seed, g is always greater in Helium 

than in ATgon for the same Teo. Due to the higher cross section 

for momentum transfer in Helium (for Helium (2.5) gen = 9.7x 1020m2) 
the value of p

o is lower and this tends to damp the wave. 
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However, the decrease in po  is accompanied by an increase in the 

Ohmic heating required to produce a given value of(Teo - T)in 

the lighter Helium, since the thermal coupling between the neutrals 

and the electrons is proportional to Tie--- . Therefore, because the 
11171 	• 2. 

amplifying term in the energy equation is proportional to 
e0 c.7.  

(for p )> p . ) and the increase in 	Jo//10 	exceeds thedecrease 
o 	°cat 

in po, the growth rate for Helium is higher than for Argon. 

Secondly, for a given neutral gas, Potassium has a larger 

maximum of growth rate than Caesium. This is similar to the first 

point since it is partly due to the fact that, when Coulomb collisions 

are important, higher Ohmic heating is required in Potassium to pro-

duce a given difference in the gas and electron temperatures than in 

Caesium. Although Potassium and Caesium have different ionization 

potentials, the peaks of g occur at different temperatures where ne 

is approximately equal for both gases, therefore po  is the same. 

-j0-1/-101/ The reason for the increased 	is then due to the smaller mass 

of the Potassium compared with Caesium, and the higher value of(Teo -a) 

at the maximum of g. 

But we see that at low temperatures the growth rate of Caesium 

can exceed that for Potassium, and this brings us to the third point, 

viz. the maximum of g for potassium is shifted towards higher tempera- 

tures compared to that for Caesium. The reason for this is simply 

the higher ionization potential of Potassium compared to Caesium 

which gives a lower electron density for a given electron temperature. 
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At lower temperatures the growth is limited by the finite ionization 

and recombination rates, and, since these are proportional to neo
2, 

their damping effect is greater in potassium than in Caesium, hence 

the relative values of the growth rate. At high temperatures the 

ionization and recombination rates cease to be limiting, and the 

increasing importance of Coulomb collisions causes the Hall parameter 

to fall in both cases. However, the lower electron density in 

Potassium gives a lower collision frequency and hence a higher Hall 

parameter, therefore the growth rate for potassium is greater in 

this region. Thus, for Potassium, the maximum of g is shifted 

towards higher temperatures compared with that of Caesium. 

Fourthly, for a given seed, the maximum of g for Helium is shifted 

towards lower temperatures compared with that of Argon. The reason 

for this is the higher cross-section for Helium compared to Argon, 

which makes the Hall parameter at a given temperature lower. This 

does not give us a lower growth rate for the reasons previously 

stated. However it does mean that the decrease in g due to the 

decreasing Hall parameter at high temperatures, and the consequently 

decreasing relative importance of the po  5 vys-2X 
	

term in do, 

starts at a lower temperature for Helium than for Argon. Hence the 

maximum of g is shifted towards lower temperatures. 
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2.7 Comparison of Results with Experiments and Previous Theoretical 

Studies. 

The dependence of the electrothermal instability on the steady 

state Hall parameter that is derived here is in agreement with the 

behaviour of the instability observed in the experiments of Shipuk 

and Pashkin (1.21)1 	
(1.22)

2  Zukoski and Gilpin 	Louis (1'23), and 

Kerrebrock and Dethlefsen 
(1.24),  The existence of a critical value 

of the Hall parameter is therefore a well established experimental 

fact. The variation of p ocrit with Teo given here is similar to 

21) some theoretical results by Shipuk and Pashkin (x'21), and 

Angrolov et. al.(2.8) • 

Experimentally the instability observed in all experiments has 

a near plane wave structure for values of po  just above p
o crit' 

This is in agreement with the results presented here, since the fact 

that the waves are unstable only in a narrow range L% would lead 

to a plane wave structure. Ekperimentally the value of 2C at which 

the waves appear is near the expected value of approximately 174. 

This is also in agreement with some remarks by Zeltwoog (2. and a 9) 

recent result given by Kerrebrock and Dethlefsen (1.24) • 

The breakdown of the structure into turbulence as 	increases 

is not fully explained by the simple plane wave theory. However, 

the increase of AA with 	suggests a possible explanation, which 

is confirmed  by the results of Chapter 4. 

The reversal of the phase velocity discussed in sub-section (2.6g) 



was predicted by Nedaspasov (1.17)  

Close comparison of the variation of the growth rate with elec-

tron temperature given here and experimental results is not possible, 

since no experiment has measured g. The waves grow to a non-linear 

steady amplitude before they are actually observed due to the large 

24) magnitude of g. However Kerrebrock and Dethlefsen (1. 
	

observed 

that at low values of Teo the fluctuations which they identify as 

electrothermal waves disappear, giving way to lower amplitude 

fluctuations which they identify as magnetosonic waves. They 

differentiate the two using the 	dependence of the fluctuations. 

Since magnetosonic waves grow for all values of po' pocrit does not 

exist, and they deduce from the absence of a po crit 
for the fluctua-

tions at low temperatures that they are magnetosonic waves. 

In addition Shipuk and Pashkin (1.21) have observed that at 

high temperatures, near complete ionization, the electrothermal 

waves disappear, giving way again to magnetosonic waves. This they 

deduce from the orientation of the waves with respect to Jo  . Louis 
ti 

(1.6) has given some results that show that the amplitude of the 

fluctuations he observes decreases with increasing T, and therefore, 

presumably, with increasing Teo. There is some experimental evidence, 

therefore, for the damping of the electrothermal waves at high and low 

temperatures. 

14) 
Some of the results given by Hougen 

(1.
and his interpretation 

of the physical nature of the waves, closely parallel the results 
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given here. However, he obtains the result that, although g decreases 

at low temperatures due to the effects of finite ionization recom-

bination rates, g never falls to zero with decreasing Teo. This 

is in contrast to the results presented here, where, due to the 

radiation and conduction losses, g does go to zero as Teo decreases. 



CORRIGENDUM 

The calculations in this chapter were carried out using a factor 

(1-r) in the sing  X term of do, instead of (1 -r(1 -u) ) (see section 
(2.5)). The sinX cos X term is dominant when the electrothermal 

wave is unstable, hence the consequent error in the results for the 

instability, except for.ocrit'  is small. The value of pocrit is 

some 10 to 20 per cent too high. 
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For both curves:—T,0  = 2500'K, T = 1500'K, B = 5.0 tesla, 1. ------ 1 cm. (Note 0 scale.) 
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Fig . (2 .7) Graph of mod (ne*/T.*).vs.X (ionization mode). (1) T .0  = 2000'K; (2) To  = 

2250'K; (3) To  = 2500'K; (4) Teo  = 4000'K; (5) Teo  = 5500'K. For all curves:—
T = 1500'K, 2 = 1 cm, B = 5.0 tesla. 
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Graph of phase velocity (wa/K) vs.X (ionization mode). (1) T,0  = 2000'K; 

(2) T.0  = 2250'K; (3) T n = 2500'K; (4) T,o  = 4000'K; (5) T,o  = 5500'K. For all 
curves:—T = 1500'K, A = 1 cm, B = 5.0 tesla. (Note different scale above and 
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CHAPTER 3. 

MAGNETOSONIC WAVES IN NON - EQUILIBRIUM GASES  

3.1 Introduction. 

As stated in Chapter 1 the magnetosonic waves considered in this 

thesis are sonic fluctuations of the heavy particle properties, which, 

coupled with fluctuations in the electron properties, are distorted 

by the fluctuating j x B forces and Ohmic heating. When the energy 

coupling between the heavy particles and the electrons is strong, and 

therefore Te T, only magnetosonic waves exist. In the absence of 

gradients, there are three modes; two sonic modes (travelling in 

opposite directions) and a third mode called a thermal mode. 

When a nonequilibrium situation exists, with Te  T, we can have 

electrothermal waves. These are dominant over a wide range of plasma 

parameters and, as we saw in Chapter 2, two modes exist, i.e. the 

ionization and the fast thermal modes. 

However, fluctuations in the heavy particle properties can still 

exist and grow even though Te  and T are only weakly coupled. These 

fluctuations are analogous to the magnetosonic waves of the one-tempera-

ture plasma, and their properties and the extent to which they interact 

with electrothermal waves will concern us in this chapter. 

The procedure we will follow is to take the full set of MHD equations 

describing the nonequilibrium gas in a closed cycle MIlD generator, linea-

rize these with respect to all the gas properties, i.e. of both heavy 
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particles and electrons, and hence obtain a dispersion relation by applying 

a plane wave solution for the fluctuation quantities. The general wave 

involving fluctuations of all quantities we will refer to as an electro-

sonic wave. We would expect therefore that pure electrothermal waves 

would be represented by electrosonic modes where the amplitudes of ne* 

and T
e* are much larger than the amplitudes of the fluctuations in the 

heavy particle properties. While in the other modes there will be 

significant fluctuations in the heavy particle properties and these will 

correspond to the magnetosonic modes. 

An analysis similar to this has been carried out and some interesting 

results obtained by Hougen 
(1.14). 

 The work presented in this chapter 

was begun before Hougen's thesis came to the notice of the author, and 

for two reasons it was decided that it was worthwhile to continue. 

24) 
Firstly the experiments of Kerrebrock and Dethlefsen 

(1.
showed 

that at low electron densities, where electrothermal waves are damped 

due to finite ionization recombination rates (see Chapter 2), substantial 

fluctuations, whose amplitude increased with 	but showed no B 	still 
'ocrit 

existed. These fluctuations were tentatively identified with magnetosonic 

waves. However the growth rate for these waves predicted by Hougen and by 

other magnetosonic theories is too low for the amplitude to grow appreci-

ably during the residence time of the gas in the apparatus. Kerrebrock 

and Dethlefsen suggest that this discrepancy may be due to the neglection 

by the theories of gradients in the steady state. In the dispersioh re-

lation developed in this chapter gradient effects are included. 
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Secondly Hougen's results show that the electrothermal and 

magnetosonic modes are quite distinct in a seeded Argon gas. However 

it seems likely that this may not be the case when electrothermal waves 

are only weakly amplified. The electrothermal assumption of zero 

fluctuation in the heavy particle properties is based on the idea that 

during the short time the electrothermal wave takes to grow the fluctua-

ting j x B and elastic losses do not have time to affect the heavy 

particles. If the electrothermal growth time is long this assumption 

may not hold. 

In additionlif the neutral gas is the lighter element Helium,the 

generation of sonic effects by electrothermal waves should be much 

larger than for Argon. Hence we would like to establish to what extent 

sonic fluctuations are generated by and to what extent they affect 

electrotherml waves, especially in the regime of low growth rate and 

in the case of Helium as the neutral gas. 

In the next section we will give a brief description of purely 

magnetosonic modes; section (3.3) then discusses to what extent electro-

thermal and sonic effects are expected to interact; and finally we de-

rive the electrosonic dispersion relation in section (3.4). 

3.2 Magnetosonic Modes. 

In this section we will consider sonic waves in a one temperature 

plasma, i.e. Te 
= T, which are distorted by extra terms in the momentum 

and energy equations. We do this in order to demonstrate the general 
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character and growth of magnetosonic waves, without deriving in 

detail the exact form of the extra terms. 

Several linear theories for magnetosonic waves have been reported 

13)  (1. 
in the literature (1.8)- However, they all derive a complicated 

dispersion relation, which is then simplified using some ordering scheme 

to reduce the order of the dispersion relation as a polynomial in w. 

The identity of the various modes get's lost in the simplification 

procedures, and it is therefore useful conceptually to take sets of 

simpler equations whose dispersion relation can be solved without 

simplification and thereby construct a picture of the modes. 

The basic equations we consider are the sound wave equations in 

the frame of the moving gas, i.e. 

1-Cpc> C)nry 

Zt 	
0 -d 

0 
(3.1) 

3111+  Po  Est 
0 

 

(3.2) 

  

where 	CL7- 

CL:  
-6 IC, 

0 	 ---- (3.3) 

   

Equation (3.1), the continuity equation, is unchanged by MHD effects. 

Equations (3.2) and (3.3), the momentum and energy equations, are 

altered by the j x B forces and Ohmic heating respectively. 

We will first of all neglect the Ohmic heating and assume that the 
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fluctuations are adiabatic (We are also of course neglecting thermal con-

duction and viscous heating). Only the current density fluctuates in 

the j x B forces, due to the low Magnetic Reynolds number, and the fluc-

tuations are proportional to Get, pi and E'. The cr', pt and E' 

fluctuations are in turn determined by el, pv, and v' in a one tempera- -, 
2,3/ 

tore plasma. For an adiabatic wave p' can always be written as ao  C 

hence we can write j' x B as Mi  -14 1-p62 	and the equations become, 

r 	, 1 --a 	 _ any,  
+ Co 	0 

a L 	 -ay 
„op.' I 

C 2'1r9  o 	D -t... 	+ a- 0 	_ 
39 	

- TV), lryi  ÷ / 112 

Applying a plane wave solution, i.e. exp ( Z-c0t-i*J;), we obtain 

a dispersion relation, 

(
(w  

a:Lk -P62.  

w2fo 	LLo 

• N 

0 

Lw e0 — ivy 

_ 	cc  LK M 2.  

• 
a a 

. 
c,  jVi  

LA) = 
2_ Co  

Ae; (<2 	Mz  
2r 

We therefore have two modes and since the real part of w comes 

from the square root term these are simply sound waves travelling in 

opposite direction with a modified sound speed. The imaginary part 

of w, leading to growth or decay, is different for the two directions 



where 

eliminating 

0 

9 
, we 

(X-CoMpt.) 

, coin  pt.) 

get, 	
x 

= Cr' 
	t3 

.2C 

1y g  
l aj-t 	P 

E 9 + 

Hence 	MI  = 	62 

ivl 
co 

since ao k >> 

and with M2 = 0' 

-F- /a- z  k — 2 eo 1 

for centimetre wavelengths, we have 

of propagation. The growth rate depends on Mi  and M2, which in turn 

depend on 26 , the angle between K & J -o 

of o-, p and E on P, v and p (i.e. T). 

as before, and the dependence 

For instance if we take M2 = 0, i.e. ort, 131 = 0, and note that 

the contribution from v ' is due to the perturbation of the v x B 

e.m.f. we have, from the perturbed Ohm's Law, 
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w 
Gc) 

8 
of o z 

    

2  Co 
	2.eo  

Hence we obtain the familiar result that, for constant conductivity 

and Hall parameter, the Magnetic field damps sound waves. This is fami-

liar in the form that magnetic fields increase the critical Reynolds number 

and 
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for the transition from laminar to turbulent flow. 

However, the variations of a- and p are of great importance to us 

in this thesis, and they can lead to wave amplification rather than 

damping. For instance if we set MI  = 0 and neglect 131  variations we 

have, from section (2.6 g), 
./ 

x 	Jo  0-*  ( 	 po cf6c3 .) 
for large po  we then have, 

j 	0-1 -4(  

now the the relation between r and a-* has a positive constant of propor- 

P 	T * tionality when the wave is adiabatic. This is because k 
1 

and T* gives rise to large fluctuations in ne  (Te  = T), which is the 

dominant contribution too'*. 

Hence we can write 112 = i" CO3 X 	where 1 3  is positive. We have 

therefore, 

  

w = + a,oz  k l  — i, K fil3  CAng 

if we let 2C vary from -u to u, then for IX!< 11/2  

wr   = 
	(a7 	-F k L  01: cAs3 2X ) crJ& 

w. 	= 
	a04  K + K 1  tY1.-:-  c032  X ) 

where e 

and if 

itan-1 	/173  "rS7Ci 2 	ci 0=1- 

/21 > 
L fv) 

(a,O4-  K 4-  -h 	'3 

(12_04- k  4. 4.  K2  p132  

wr  = 

w. = 

///f_ 
C/r/SzX 	C/53  

//y- • c 
ceX) See 
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Hence we see that waves with v parallel to jo will tend to grow, while 
/NV 

waves with v antiparallel to jo will tend to decay. 

These remarks of course are very rough in that we arbitrarily drop 

terms from the equations in order to obtain a solution for w. However, 

they serve to illustrate the possibility of wave growth or decay when 

j1  x B is introduced into the sound wave equations. 

When we drop the assumption of adiabatic fluctuations and introduce 

the Ohmic heating to the energy equation the possibility of wave growth 

or decay again arises. In addition a third mode appears, i.e. the 

dispersion relation becomes a cubic. Neglecting the j' x B term in the 
.,•••••• 	•••••... 

momentum equation, we can write the modified equations as 

i 	1 po  
a 	 --a j 

1 
e x2 -61f-  

0 	
:= C) 

25.!) 

"al
l 	2. 	

( 
-Dri 	6 

J 
...... 	

2 	/ 

and 

	

	a . 0 	
at 	j  - 

2..E  

	

Taking only the ( dependence of 	j  we write the last 

equation as, 

CL 0  fv1  
r 

4 a-b 

Hence applying plane wave solutions we get a dispersion relation 

GO 	—roLk 	0 

0 	 Ewe° 	 = 0 

(— CZ:(2)-GLA.) -Mit 	C) 

det 



K as 
the solution to this cubic can be written as 

i. 114. 
af" Go := 	K C,1,o  — 0 .1" 

w 3 —K ct 2 w + 	M 4_ kc = 0 

The solution of a cubic can be written explicitly (3.1) and when 
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i.e. 

Hence we have the two sound waves travelling in opposite directions 

which are damped or amplified depending on whether M4  is negative or 

positive. In addition we have a non propagating mode which grows when 

is negative and decays when it is positive. Therefore the 	term j2)1  

that M4  = 0). The sound wave is unstable when Mk> 0, and the third 
or thermal mode is unstable when M44( 0. 

These three modes, the two sound waves and the thermal mode, 

together with the two electrothermal modes comprise the complete set 

of electrosonic fluctuation modes of a uniform MHD plasma. The general 

electrosonic dispersion relation for a uniform plasma is therefore a 

fifth power polynomial and it was this dispersion relation that was 

solved by Hougen. 

However when gradients in the steady state are introduced a sixth 

mode of fluctuation appears. This is due to the appearance of a 

transverse fluctuation in the gas velocity. 	In a uniform plasma we 

have only longitudinal fluctuations v 1  (fluctuations eiCexp ((l(At-CkY )) 
1fx_ 

since the x-component of the momentum equation gives simply —z.t. 	= 0. 

However when gradients are present terms such as e ArI  ,A -2)11- 24 ay \c, 

in 
a) 	always tends to give instability (except when)(, is such 
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e
, 
c,,,.0,,-  appear in the x-component of the momentum equation and 

-c) vxt becomes non zero. Since this extra equation with a 	term 
at. 

must therefore be included, the power of the dispersion relation increases 

by one, and a sixth mode appears. 

If the magnetosonic and electrothermal modes are damped or have too 

low a growth rate to account for the fluctuations observed by Kerrebrock 

and Dethlefsen at low electron densities, then it may be that this 

sixth mode is the source of these fluctuations. 

3.3 	Discussion of the Generation of Sonic Fluctuations by Electrothermal 

Waves. 

14) 
Hougen 

(1.
argues that the large difference in the electrothermal 

and sound phase velocities (<10 m 	and P-103  m 	respectively) means 
sec 	sec 

that the two waves will not interact. This seems a reasonable argument, 

however it must be noted that the thermal magnetosonic mode has zero 

phase velocity, not very far from that of electrothermal waves; and also 

the possibility of the generation by electrothermal waves of fluctuations 

in the heavy particles travelling with the same phase velocity must 

be considered. 

In short the flowing gas passes through fluctuations in j associated 

with the electrothermal wave which must give rise to synchronized fluctua-

tions in the flow due to j' x B and V (the fluctuating elastic losses 

in a two temperature plasma). How big are these flow fluctuations and 

how might they affect the electrothermal waves? 



time. Therefore we have, 

rir  

and since 

we have 	ti 

• J B 

J 

J B 
Po  lie; 
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We can estimate the j' x B effects by equating the fluctuating 

force to 	eo 	where 1:E = electrothermal e-folding time, 

and j' and v' are the perturbations in j and v after one e-folding 

now B 
roiro 

ti /0 	using typical values, therefore we have 

/0
2  

Hence, when the electrothermal wave growth is a maximum 

C) 	,Y1-,j24E  

Similarly we can estimate the E effects from the relation, 

( 	')

/ 	
LLI

11 
11, 	

_IL 

• 2. 
( .2_ --)t, 

Ti 12_ To ) 

0
— 3 

/n-_,2_ 
at peak growth. 

It seems therefore that only small fluctuations in the heavy 

particle properties will be generated by electrothermni waves. However  

it must be noted that for fluctuations of equal amplitude the energy of 

a sonic wave is much larger than the energy of an electrothermal wave. 

•  

"e"\., 
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For a sound wave the energy density is given by, 

6-5 	o 17  T* 

I C) 	I 

while for an electrothermal wave, 

joules 
m5 

joules 
/01-  ,11,..e/I. 	In 3  

Hence the heavy particle fluctuations generated by the electro- 

thermal wave could affect significantly the energy input to the growing 
/ wave 

instability. Two mechanisms by which the electrothermal maybe affected 

are the following. 

The fluctuating 
	

j x B forces generate v', which gives rise to 
Oir 

an extra component of El, this in turn produces an extra component of 

ix t• The direction of this extra component will be given by, 

— a 2- J 

where jE' is the fluctuating current from electrothermal effects alone. 

We see that this extra component will therefore be in opposition to jEl 

and the current fluctuations will be reduced. The growth rate of the 

electrothermal instability will therefore be reduced. 

This effect is analogous to the damping of sound waves by the v' x B 

generated currents described in section (3.2). In that case fluctuating 

velocities generate fluctuating currents which interact with B to produce 

a force which opposes the movement; in this case fluctuating currents 

e. 5  
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give rise to fluctuating velocities which interact with B to produce an 

electric field opposing the currents. 

Although the generation of heavy particle fluctuations by j x B 

forces may damp electrothermal waves, the heating of the heavy particles 

by; may make the waves more unstable. This is because the heat loss 

to the heavy particles is included in the electrothermal theory (see 

section (2.2)), under the assumption that the heavy particles constitute 

an isothermal heat sink, hence T never varies. If we take into account 

the finite thermal capacity and the finite thermal losses of the heavy 

particles, then T must increase at local points in the plasma where Te 

and ne 
increase above their steady state values. This means that the 

elastic losses are reduced at this local point since )5 eC (Teo 
- T). 

Therefore the growth rate of the electrothermal wave will tend to be 

increased, because the elastic losses are an important damping factor 

in the wave. 

The two effects postulated here oppose each other, and it will be 

of interest to examine to what extent and in what direction the electro-

thermal instability is affected. The amplitude of the heavy particle 

fluctuations generated increase with increasing tiB  , and hence the 

effects should be more marked in the regimes where the electrothermal 

wave is slowly growing. In addition the effects of j' x B on the heavy 

gas will be stronger in Helium since v' is proportional to 1 

Po 
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3.4 Equations and Dispersion Relation for Electrosonic Waves.  

The two fluid MHD equations presented here are similar to those 

2).  derived by Appleton and Bray (3'2). The equations are derived by taking 

the moments of the Boltzmann equation for the four components of the 

plasma, viz. noble gas, seed atoms, seed ions and electrons. We then 

obtain two fluid equations by combining the equations for the first three 

particle types to obtain a single set of equations for the heavy particles, 

together with the electron equations. 

In the laboratory frame, the equations are:- 

Density equations  

  

     

     

     

•—(S-4) 
and + 	•• 	'10 	0 	— (3,5) 

where irt TL,n  IrLs  

nn 
= noble gas density 

and ns 
= seed particle density (ions plus atoms) 

EE: = seed. fraction, i.e. ns  = E nn  

We once again neglect ion slip and assume that all the heavy particles 

have velocity v. 

Momentum equations 
• 0-• 	FO 

c"-j 	+ F-(0) 

— (3.6) 

- (3.7) 
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where 	F 
'n,4  e 

al-rz P Ar 1)--c  57-6  + \ e 

- 	) 

-2f5-Pc 164" V 7 1T.2c 
/1-4- 
/ 5 aX07:11--) --(3 .8) 

c rev; 	lo/tr. f%=u; 	211  := --.3 	+ 1/1- C72  ;Lry 

y 2-D.9 	-1,-C) —(3.9) 

In the electron momentum equation, i.e. the Ohm's law ((3.6) & (3.7)), 

we neglect the electron inertia. In other words we are looking at 

phenomena which vary slowly enough in time for the electrons to effec- 

tively take up instantaneously the velocity determined by the fields 

and collisionAl forces at any given instant of time. 

The coefficients d' and p are as defined in section (2.2), except 

that we include collisions with the neutral seed atoms in the collision 

frequency, i.e. 

).> 

= where 

2a 
is between 10 and 100 times the magnitude ofgn. When E = 10-3, 

as in Chapter 2, the effect of these collisions is negligible. However 

it would be of interest to consider how the waves vary with varying 

seed fraction and for this purpose it is necessary to include )) 

6 is defined by, 	'Yl 	71-11,7n-i 	17/, ryt. and 11 	11 	 4- 6- 



= 	+ Ps + Pe. 

the coefficient of viscosity is taken to be 

in„ k! 17 
2. 	'D2 

•Trn 

where 	= collision frequency for noble gas - noble gas 
1171 

collisions 
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The viscous terms are usually small due to the short collision 

length, however they are included here to examine their influence on 

Short wavelengths. 

Energy equations 
2. 

Vo (1741 UP-) + 	vz ,12:2  = r, 
D 

7 ( Kia  Te.) — 	— -Tp 	
,7 

-at 	— (3.10) 

ot-ireg:&-Fx:Or 
+ 7 ( 	vr) 	: 	 —(3. 

where n = rate of change of n due to ionization and 
e ..max 	e 

ma., 	 ( 	k L) fLrxi) 
this is the Caesium excitation energy and is discussed in 

(i here is the principal quantum number). 

Ph 	ks 

a?- (' Pk 	) 

Kl, WI,. electron and heavy particle thermal conduction 

respectively. ICe is defined in section (2.2) and 
2 3 %Iv k  T 

1,1 ) 

recombination, and 

h WC, 

Appendix A. 

5 
3 

V z Vrt' = viscous force 



Field Equations. 

0 
	

(3.12) 

	

V x e 	 -- (3.13) 

We have then 10 equations in the 10 variables n 
e  1  T e e 1 -1/-  x, 

'Iley,  
, n, T, - x 	E 

y 	x and E . These equations can then be linearized, 

assuming small perturbations about some steady state. The steady state 

is allowed to have gradients, but second order derivatives of the steady 

state variables are assumed to be zero. 

Using equation (3.13) we put Ext = 0 for a plane wave travelling in 

the y-direction, and the linearized set of equations, now reduced to nine, 

can be written as, 

= 0 

where N is a 9 x 9 matrix, whose elements are given in Appendix C, and 

jz  
+ 
/ 

'Ve 7, 

I _ ..._  
if,e, 
th, 
T 

The dispersion relation is therefore given by 

det N = 0 

109. 
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Since .3A appears in six of the equations this is a sixth power 

polynomial in w. The elements of N are functions of the gradients of the 

steady state variables as well as the steady state variables themselves. 

To obtain estimates of the gradients consistent with the steady 

state equations we substitute an arbitrary set of steady state variables 

into equations (3.4) - (3.13) with 3t: = 0, taking the spatial gradi-

ents to be undetermined. This gives us a set of ten equations in the 

3 twenty unknown gradients ( .c) 	and 	for each of the ten 
'2).9 

variables). Arbitrarily fixing ten of these, all the 	----- S say, 

enables us to evaluate the other ten variables in such a way as to give 

us a steady state locally consistent with the equations, under the 

assumption of small second order spatial gradients. 

In order that the plane wave assumption may be applicable the 

characteristic variation lengths determined by these gradients must 

be much greater than the wavelengths investigated. 

The method being used to solve the dispersion relation is some-

what crude but, it is hoped, effective. The method is simply to 

plot the real and imaginary parts of det M in a wide region of the w 

plane. The regions where the lines determined by 	(det M) = 0 and 

(det 14) = 0 cross are then - plotted in -greater detail, 	The root 

is then located to a greater degree of accuracy again by the crossing 

of these two lines. This method can be taken to any degree of accuracy 

required, and has the advantage over iterative procedures for solving 

polynomials that no initial estimates of the roots are required. 

Unfortunately no results are yet available from this calculation. 



CHAPTER 4.  

THE DEVELOPMENT OF THE MRCTROTHERMAL INSTABILITY 

WITH BOUNDARY EFFECTS. 

4.1 Introduction. 

In Chapters 2 and 3 of this thesis we have assumed that the plasma 
under consideration was infinite in all directions. In this chapter 

we shall not make this assumption, but will examine the effects of 

electrode and insulator boundaries on the behaviour of electrothermal 

waves. 

The plane wave, infinite plasma analyses of electrothermal waves 

have had considerable success in predicting and explaining the 

experimental observations. In particular the movement of the waves, 

and the two major stability properties, viz 1) that the plasma is 

unstable if the steady state Hall parameter, Po,exceeds a certain 

critical value, and 2) that the wave vector K for maximum growth 

K 	, 
satisfies 	X  	= 1 for large pc., are all well understood. 

. K 
However experimentally the wavelengths observed have been of 

the order of the apparatus dimensions; also a property of the insta-

bility not fully explained by the plane wave theories is that the 

structure of the instability deteriorates from an approximate plane 

wave to apparently random turbulence as the Hall parameter is increased 

(1.21) 
 It would seem likely therefore that the boundaries will con-

siderably affect the wave. In addition, the interaction between the 

wave and the boundaries may be such as to give us some form of control 
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over the instability. In other words it is of interest 

to consider if it is possible, say, to increase the critical Hall 

parameter by varying the boundaries and/ or the external circuitry. 

Recently Velikhov et. al. (1.19) and Lengyel(1.20) have computed 

numerically the development of the waves to non-linear levels, 

applying simple boundary conditions. In both of these treatments 

restricting assumptions, are made in order to implement the computa-

tions. Lengyel assumes constant current in the external circuits, 

i.e. he assumes that there is a high resistance and inductance in 

the circuit to impede current changes. Velikhov et. al. assume 

both constant external current and constant conductivity in the plasma. 

The latter assumption is a good approximation when Coulomb collisions 

are dominant in view of the sm,q11 magnitude of the electron tempera-

ture fluctuations. These conditions do not of course hold in general 

and the results of these calculations to date do not seem to advance 

significantly our knowledge of the wave boundary interaction. 

a 
In this Chapter we present/ more generally applicable analytic 

treatment of the linear development of the instability under simple 

boundary conditions. The set of partial differential equations in 

space and time, obtained by linearizing the pertinent electron and 

field equations, are solved under boundary conditions on the current 

density and the electric field. We do not require to make the assump-

tions of references (4.1) and (4.2). However, to make the problem 

mathematically tractable, it is necessary to assume that the plasma 
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is bounded in only one direction perpendicular to the magnetic field. 

We also make the usual assumption that 	is is identically zero for 
z 

all quantities (where the z-direction is parallel to the magnetic 

field). 

The apparatus walls which give rise to the boundary conditions 

are assumed to lie at x = 0 and x = d, while the plasma is assumed 

to be infinite in the y-direction. Three cases are examined, 1) 

insulator walls, 2) continuous electrode walls, 3) infinitely 

finely segmented electrode walls. 

The most severe limitation of this theory is of course that it 

is linear, while the non-linear interaction of different modes of the 

instability with each other and with the walls will be important in 

determining the instability structure. With increasing availability 

of more sophisticated numerical techniques it seems likely that more 

realistic electrothermal wave calculations, to determine this structure 

for different plasma and boundary situations, will be implemented, 

without the restricting assumptions of references (4.1) and (4.2) . 

It is hoped that the results of the analysis presented here will at 

least give insight and direction to such calculations; and at any 

rate the linear analysis will give a strong indication of the effect 

of the boundaries on whether wave growth takes place or not. 

The method of solution employed here is to Laplace transform the 

equations and boundary conditions in time, and solve the resulting 

spatial differential equations under the transformed boundary conditions. 



The Laplace transform method is of course admirably suited to initial 

value problems, since the initial perturbation enters the calculation 

via the transform of the time derivative. Applying the inverse Lap-

lace transform to the solution of the transformed equations, we ob-

tain, as a function of space and time, the waves which result from 

an instantaneous perturbation. 

The complex integration which constitutes the inverse Laplace 

transformation is the most difficult part of the calculation. To 

make this step mathematically tractable we have, for the cases of 

continuous and segmented electrodes, to neglect the gradient terms 

in the energy equation. These terms represent compression and convec-

tion of the electrons and contribute only to the movement of the waves 

as we saw in Chapter 2; also they are usually more than an order of 

magnitude smaller than the other terms in the energy equation, since 

tier << g from Chapter 2. Hence it is valid to neglect them in a 

stability analysis. 

In section (4.2) the basic electrothermal equations used in this 

Chapter are described, followed by the presentation of the formal 

details of the calculation to solve them under any boundary condi-

tions which have the specific topology used here. 

The results of the calculations show that in general an initial 

plane wave perturbation of electron density is split into an infinite 

number of electrothermal modes. The amplitudes of the individual 
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modes vary with time in a characteristic way. In general some grow 

and some decay, and the structure and properties of the modes for 

specific geometries are described in sections (4.5), (4.4) and (4.5). 

4.2 Basic Equations and Analysis. 

We use the basic Electrothermal set, viz. (2.1) - (2.6), except 

that the rate equation (2.1) is replaced by the Saha equilibrium equa-

tion. We assume therefore that Teo> 2500°K so that the effect of 

the finite ionization rates is negligible. In addition we neglect 

the effects of radiation transfer and thermal conduction since we 

have seen in Chapter 2 that these are important only for wavelengths 

4: 

 

1mm. The wavelengths considered in this chapter will be of 

the order of, or greater than,1 cm. Neglecting these effects simpli-

fies the analysis in that Te 
drops out of the calculation explicitly, 

15T 
T
e 

being replaced byllne  x ne  , and we do not require a boundary 

condition for Te
. Under these assumptions the effect of the Te  

fluctuations on the behaviour of the wave (since ne >> 	is 

relatively unimportant but will be included here for completeness. 

The boundary conditions to be satisfied by the vector fields 

j and E are 

a) j 	= 0 on insulator walls 
ti 

b) E 	= 0 on electrode walls 

c) if electrode El and electrode 62 are connected externally 

by a load RL, then, 
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R L ow.* — R L 	014,, 
E2 

1 
E 	oCt ° 

E2 

where e es 

The linearized set of equations can be written in the form 
„All  	eh en 	 45 - 71.e 	;ik / 

, ke ± k ̀-'4-t  + P3 	-I- tici_lliz + P5- J i- pj :70 
-2z 	C 9 

• ) --)-- (4-..i) 
r(r1:: 	Vn e 

i  TTc_ jr CI L  -5j + Q.3/1-0- + ct 4. J,c -I- cts_ E )2c -t- cL,E=0 
+ 	4E. 	 7 (.`'.2)  

1" 	(11'2 	1- 'Pk-  ' tri fir' + LI-- 9 ft i -I- cii Ext  + 1;2  Cy  --L.  0 + 	"7" 3 5)---c 	2- 	 — (t 3) 

‘..1  :14  	"b i I
, 29c 	'.1J 

(1 F ix. _ 	ac-', _ o  _ ( q.5) 

where (4.1) is the electron energy equation, (4.2) and (4.3) the 

two Ohm's Law components, and (4.4) and (4.5) the field equations. 

Note that the Te
* terms have been absorbed into the n* terms. 

The coefficients p, q and r are all functions of the steady state 

quantities, and are, 

p1 	2 
kTec, T to 4 13  jao  k-CLTej 0  

P2 
3 

?Mk 
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( 
P 	= 	

l'.4- 	_ 3 h. CD-  F e )
0 i 
) 

3 	J o y \ co.:. 72 	""Orri_e. / -6 	%'2-- \   

i 02 	 "a Cs5'8 
P4 	0-g [0.4-g ((k61:1)04)0 We) -1-(,7),q )6.  

,  
0- €74° 
	) 

6-C rrt Ro  

= 	Oa/  
(11 	lt,0-e (i i- IV-) 	

( k Tec, -1- ril..e , l'q ( pel) 

q2 = ` Po qi 

q3  = jeZ  «2(110+ (tA)DCW0) 
	(Po 3  crX  ÷ 3 6-9)  x 

-' 	
I + Pc?* 

q `° a(.= 
14= - Pn.40 	5 	740(ltisc2) 

_ 	0--; A,  	II 4 0 lz (1-7-1:12 ) ) 12 = 3 1  
714.0'e  (I + leg) 

r- 	= 1.9 (nal) ...L. i 22.j  )(2-F.:2 ) 	(130icip — jam)  x  
) 

	

.E.,--Z 	
-mit, ' k 7,710V011-2-10/ 	I -I- pcf- 

« X) 0  ± ( -g.._1( re) 0) 

Ar. ... 	i 	 f•#-  — 	6-.°  P. 	,r, = TYR r---0 
j .4' - — 'Tfero ) j" 5  — /rko ( I + Pc) ) 
Introducing the current stream function, j = C71.-  lic, where 

11(= (0,0,*), and the electrostatic potential, E = -N70, we can 
..... 
reduce the number of variables and equations to three, since (4.4) 

and (4.5) are automatically satisfied by these forms for j  and E. 

Assuming that the plasma is infinite in the y -direction, we can 

.214 consider one Fourier component in that direction and replace y 
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by -iKy. The walls bounding the plasma are assumed to be parallel 

to the y-z plane, and to lie at x = 0 and d (see Figure 4.1). The 

equations can now be written in the matrix form, 

In abbreviated notation this can be written, 

_- 0 	-- (4.6) 
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where" is the column vector and A and B are the 

appropriate matrices. 

The boundary conditions to be satisfied by the linearized quantities 

are 
a) lb = constant on insulator walls 

b) = constant on electrode walls 

c) RU  f )( 711/. ci,4 	— R, 	v 11/2.otis = C ci, 6 
El 	— 	 62 

The problem then is to solve equation (4.6) for a given initial 

perturbation under the boundary conditions appropriate to the system 

considered. 

The Laplace transform of equation (4.6) is, 

where 

A (z) 

(7C) y )7 ) 	.S 0° 

K., T- 
T ‘-€-. 	— (I+.7) 

j06 )92 -0 -12- 	o(--e, 

and 
L .1-- 

We have assumed that ne* (x,y,0) = 
i.e. we are applying a plane wave perturbation in the electron density 

at t = 0 and calculating its development in time. (The initial per- 

turbations in 	and 0' may be obtained by substituting ne* (x,y,0) 

/ 
into the two components of the Ohm's Law, and solving for 1-  and 01  

under the appropriate boundary conditions). The boundary conditions 

for ip- and 0' are identical to those for grand 0'. 

The general solution of (4.7) is the sum of the general solution 



of the reduced equation, i.e. 

Pt(z):f -F 13 'S 
together with a particular solution of (4.7) itself. The general 

7tDc 
solution of (4.8) is a linear combination of the eigenfunctions 

where the eigenvalues (X) are given by, 	det C (Z,X) = 0, 

where C(ZI X) = A (Z) + XB. 

In general this equation is a cubic in X, with linear functions of z 

as coefficients. However, if det C (ZOO is a cubic this means that 

the inverse transform integrals, to transform from Z -space back into 

t -space, will involve branch cut integrals. These will be very 

difficult to evaluate and can be avoided by ignoring the gradient terms 

in the energy equation. This puts the element B11 equal to zero, 

and makes det C (Z,X) a quadratic (the contribution to the )3  term 

from the cofactor of C12 is zero). With only two solutions to 

det C (Z,X) = 0 the multivaluedeness, and hence the branch cut inte-

grals, is removed. Since B11 OC jo)c 
 it follows that for insulator 

walls B11 = 0 anyway and no approximation is necessary in this case. 

Ignoring these gradient terms does not invalidate our stability 

analysis since they contribute only to the movement of the wave. Their 

neglection is justified a posteriori by the fact that the growth rates 

obtained from the calculations turn out to be greater than 10 times 

the real frequency from the infinite plasma theory. In other words 

the waves move very little in the time that it takes their amplitude to 
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= 1 

0 

0 

0 

0 

det D 

0 P12 P13 0 P15 16 

l/f 0  P22 P23 
0 P25 P26 

P31 P32 P33 0 0 0 

P41 P42 P43 0 0 0 

: 

0 0 P54 P55 P56 

0 0 P64 P65 P66/ 

e-fold, and hence it is valid to neglect the motion when analysing 

their stability. 

We can assume then that the general solution of (4.8) is of 

//4,  \ ;,.x. 	
it,4_\ 	A_, x 

!1,31 	
A16/ 

where the pa's are constants. 

which will be determined by the boundary conditions. A particular 
-L K.-r- 

solution of (4.7) is 	
C è-  - - 

where, 

D C = 2? 	and D = C (Z, - i Kx) 1 

i.e. (7= D
-1
/1? = al/2 (Y? 

det D 
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the form 

The general solution of (4.7) is therefore, 
l:H9 9  (ctotj'D 

= 
711 2( - Pc, 9 

9 
The/yore determined by the following six linear equations, 

— (4.9) 



The first two rows here are simply the formal representation of the 

boundary conditions, which are linear combinations of 	and 0', one 

at x = 0, and one at x = d. Substituting each of the eigenfunctions 

into (4.8) we obtain two linearly independent homogeneous equations 

in AL1,2,3 and two in 	
4159 

 these constitute the last four rows. 

The form of the elements of P depends on the particular boundary type 

being considered, and a description of 	equation (4.9) for each 

boundary type considered here can be found in Appendix D, where more 

details of the calculations are given. In abbreviated form we have 

Pip = 	= P Y.
-1  

det D 	det D 

Hence the solution forpx,y,Z) is 

ct,56 PA '  4- (a4d  r3R-4-3 -e-Alx)itk99 	(ac'6139?). 
- 

( 	dive P ctak D 	 Cikk 

To transform back into t-space we extend the inverse transform 
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integral, 

(; ctz 

I oo 

to a path enclosing all space to the left of R(Z) =/ , using the 

fact that the integrand tends to zero on the semicircle of infinite 

radius centred at Z =75 , and lying to the left of (Z) =/c 	Using 

Laurent's theorem, 

i (x,y,t) = Z (residue of fi at Zpole)  eZPule  t  poles 
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(if is such that all singularities, which are simple poles for I, 

lie to the left of R (Z) = 	. For more details of the calculation 

for the various boundary types see Appendix D). 

The poles of5  are of course given by det D (Z) = 0, and 

det P (Z) = 0. However, the contribution from the pole at Zo, the 

solution of det D (Z) = 0, can be shown to be identically zero for 

all boundary conditions (see Appendix F). eZot  is in fact the time 

dependence of the perturbation e-i 	obtained from an infinite 

plasma theory. Hence the boundary conditions remove the initial 

perturbation, and replace it by the modes which are the solution of 

the dispersion relation, 

det P (Z) = 0 	 (4.10) 

and the problem is reduced to solving this equation. 

Unstable modes are associated with the solutions with positive 

real parts, and in the next three sections we will be concerned with 

the investigation of the spectrum of unstable modes for specific wall 

types. 

4.3 Results for Insulator Walls. 

This geometry corresponds to a discharge along the length of a 

long plasma contained by insulator walls, a situation similar to 

some instability experiments (1.24), (1.26). For insulator walls 

boundary condition (a) reduces to, 

(x,y) =0 	at x = 0,d 
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Because of the periodicity in the y-direction, the total perturbed 

current passing through the plasma is zero, hence*.  (x,0) = 	(x,d).; 

and, since only differences in 1- are significant, the absolute value 
_,/ 

of IF is arbitrary, and we put lr = 0 on the walls for convenience. 
Boundary condition (b) does not apply since the electrodes lie at y =-1- co 

and (c) is automatically satisfied by the periodicity in y. 

In the steady state j
ox 

 = 0, and this, together with the boundary 

conditions, gives a dispersion relation of the form, 

•=1

1e,'A.2,(Z)ct--) 

Thus we get one pole at Z = Z1, where A11 (Z1) = 0, and an infinite 
t  /1 	. 

number at Z . Z n 	
1 _ 2:74 ?I 

n = 1,2,3 ...., where A ( Z )--21,(K)3I --  ci... 
 

2,3 ' 	 i 	z.)3 

We have two poles for each n, since the second equation is a quadratic. 

The value n = 0 does not correspond to a pole since the numerator of 

is also zero at the corresponding value of Z; and negative values of 

n give the same poles as positive values, hence only the latter need 

be considered. From the residues of 	at these poles we can write 

the solution for j in the following form, 	41 	n1 
00 	2. 	,y) 	tz(Z. )9/4- -arrn-j [ 	+2,t  

71=1 Dir.2. k=i 	
177 k 

 

X ol -- 

 

(4.11) 

  

where) 

,W, 

/t),\ 
eyniz 

  

(z) Ge_rx ' ( z) °1- -= 
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ui  

 

— i Kx ot 
Z I)  (  —  

K 	I 	,_fz7i2.(7 
say 	0 of Z ) 

  

m k 

.4: 	it(.z:).73/2.707. 4,131.z  (.....151+511-fka- 	(Acti0/2„1,1))d 

°621t-D(IIM) (Z371- e29 (
cp. ,ent 	

NZ11  m+021 

cP4.)A„(zt) 

V = 0 G 	(7-,:y1 	12(431)) /-11  
1 	m k 

C/ 2 (Z ;1171  y 	„ 

C13 (Z + 2t2(Z  )) 
W1 - 

cn (z1,2-2.(21 

n C4C/3 	(2 -nA ? Att,(Z71 ))  H m  k = 	 F ink 
C It (Z11.1, Ait (411)) " 

X(Z) 	Pt 	;t2(4 and the Q's are defined by 

det C (Z,X) = (Q1  Z Q2) X2  Q3  x (Q4 z + Q5). 
Equation (4.11) represents the time development of the initial 

plane wave perturbation at every point in x and y. At t = 0 the sum 
K.er, 

of the modes is equal to the perturbation, 0(_•2_ 	, however, the 
amplitude of each mode will vary in time, and in general the form of 

the initial perturbation will disappear. 

The values of Z have been calculated for an Argon-Caesium plasma 

5 
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ns 
with the following parameters: nn = 10

25 1 -- = 10-3 

m3 , 
nn 	' 

T = 1500°K, Teo = 2500°K, d = 5 cm (these parameters have been used 

in all the calculations in this Chapter). At this value of Teo, 

(-6  (it5-11  -11  71e 
,10-1, and terms with this factor have been neglected. 
)0  

11 	"n 
The real parts of Z1 and Z3 

, P.- (z1) and ‘P., (Z3  ); have been 

found to be always negative. The Z1 mode is stable since it has 
/ /  

zero y associated with it (see equation (4.11)), and hence zero j. 
.-.• 

The mode must therefore decay since we know that the source term of 

the electrothermal instability is the j' contribution to the per-

turbed Ohmic heating. Note also that G211  = - Gmn2  and therefore f' 

7r1x is a sum of sin ( 	) oc. 	terms, i.e. the solution satisfies the boundary 

conditions. 

)-(1 ( Z2n) is plotted in Figure (4.2) as a function of po  for the 

least stable modes. (These curves are plotted for-A.y = 2t = 10 cm., 
Ky 

and the Hall parameter was varied by varying the magnitude of the 

magnetic field). We see that as po increases the modes are successively 

destabilized, starting with n = 1. For comparison, the broken curve 

shows c (Z om). This is the growth rate from the infinite plasma theory 
>do  X -15:011,  • 

for a perturbation 	where 	 = 1, i.e. a plane 

wave oriented in the direction for maximum growth (for large values of 

Po). The dispersion relation (4.10) is in fact independent of K, and 

consequently so are Z2n  and X1 2  (Z2n). 
9 

However, the initial amplitudes 

of the modes are obviously Kx  dependent. 

Each mode is a sum of two plane waves, since the value of Al 2(Z2n) 
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are purely imaginary, and the form of the instability at po  = 1.5 

and po  = 2.2 are shown in Figure (4.3). The second of these pictures 

is a combination of the modes n = 1 and 2, and is a projection of what 

the non-linear instability would look like with no mode interaction, 

and assuming that the non-linear amplitude of a mode is proportional 

to its linear growth rate. Mode-mode interaction as well as harmonic 

generation will of course be important in the non-linear phase of the 

instability, however these pictures give some idea of the qualitative 

features of the instability. In Figures (4.4) and (4.5) we plot, 

imposed upon ne* , contours of 1-, i.e. j' lines, and 0' respectively. 

The breakdown of the instability from an approximate plane wave, 

with one mode present, to apparently random turbulence, as more modes 

are destabilized, has been well established experimentally (1.26),  and 

appears in the results of some of the non-linear, finite plasma 

(1.19) 

compu- 

tations. 	That the turbulent structure is due to higher 

periodicities has been previously recognised; in particular a formula 

for the modes of lir which is equivalent to equation (4.11) without the 

time dependence, has been given by Shipuk and Pashkin 
(1.21). 

 However, 

no justification of the successive destabilization of the modes has 

been given by Shipuk and Pashkin, while the theory presented here shows 

this phenomenon follows naturally from the application of boundary 

conditions. 

A simple physical picture of why the modes have the behaviour 

described above can be given on the basis of the plane wave-infinite 
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plasma theory. We know from this theory that, if .X. is the angle 

ta12-1 ( 	7( 	
then only plane waves with X in a range 

k(  a 
of angles (AEG) around n or 

p. 
 will grow. 	Now usually the modes 

are approximately plane waves, and we therefore expect that a similar 

condition for the stability of a mode will apply if we can define an 

effective wave vector KE. 

For the Z2
n   modes, 2' 

A, 2n i n 
 d 

X1 - X2' in this section, 

2:71- 11- 

be defined as - 

OL 

and hence ltvm the value of 

and X2  <01  KE  can then 

A 
9 9 , 	and, since j_ 

is parallel to the y-axis, 

= taA471  2-4 7rt, L 	 ,,y  
••••• 7A,_71A/t7-1  

As n increases E(n) tends to n/2 therefore the stability of the 

mode increases with n, since ICE  moves further away from K. As So 
" 

increases LIX increases (see Figure (2.12)), and therefore more 

and more modes get destabilized as they fall within the range of 

instability. Note that the fact that K._ is independent of K explains 

why the stability of the modes is independent of this parameter. 

The Z3n  modes are stable since X1 (Z3n) X2 (z3n) 	
2-7r. 
GC 

and hence for them Jo X  K  e g 	0  . e . KE  never falls 
j K G B 

within 4. 

IfJt is increased then, for constant n, X E(n) tends to 72 

for the Z2n 
 modes, therefore we expect that perturbations of longer 

wavelengths will be more stable than shorter wavelength perturbations. 

In Figure (4.6) we plot the critical value of the Hall parameter, 
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-/L 
against ---r for various modes. We see that pocrit increases 12:crit' 	

y 
 ot, 

.../Ly 
with 	9  while for -49  (<1 a large number of modes become unstable 

Oi 	01,  
at, or nearly at, 	 y ate, 	 '  which is 6ocrit  for Zo. As _IL  tends to 

zero 6ocrit 
 will go through a minimum for low values of n and increase 

.  

towards infinity. This is because E(n) tends to zero for low values 

of n;but there will always be a high enough value of n such that 

tan 	E(n) is near enough to 1 for instability. However, the effects 

of energy transfer, i.e. thermal conduction and radiation, which have 

been neglected in this analysis, will dominate when -/I is less than 

some characteristic length, typically of the order of 1 mm (see 

Figure (2.16)). And since these effects damp the wave they will cause 

	

to go to infinity as 	tends to zero for all values of n. Pocrit 
A(Z) 

Finally 2 
11" 	

is the same for all modes with the same wave-

length in the jo  direction, viz. AY  and this value for -AL = 10 cm 
is 3.5 x 102 1 , giving a velocity in the y-direction of 35 m . 

sec 	 sec 

4.4 Results for Continuous Electrode Walls. 

This case corresponds to a discharge between long electrodes, 

induced either by an external E.M.F. or by the usualv x B force 
IV N 

generated by plasma flow. For continuous electrode walls boundary 

conditions (b) and (c) reduce to, 

	

0' (x,y) = 0 	at x = 0,d 

This is independent of the external circuit connecting the two 
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electrodes, since the total perturbed current passing through the 

circuit is an average of e 	over y from oo to - oo and is 

therefore zero. Boundary condition (a) does not apply since there 

are no insulators present. 

In this case the steady state current will have a non-zero com-

ponent perpendicular to the walls, and hence we have to neglect the 

linearized gradient terms in the electron energy equation to ensure 

that det C(Z,X) is a quadratic. The dispersion relation then becomes, 

	

cf C13 (Z  )?1, (Z))(e 
x1 (z)  d-e 	(z)  ) = 0, and we 

obtain the solution 

	

rzio x+2,lit coo c.,Y 	 'A ig)X 	
-e

Lt.?: Lt  

1r= 14.:2 k=1 

where 6) and fl  are defined as in section (4.3) with appropriate 

indices, and 

D13  (Q, Zrn+Qi)(A2.(z,)-A.,(z7n))(-0(-e_A212")ct  

B32  ( A (Zit) ---VZ5V GUM) )) W2  1Z")°1-  ,eizmk4) 

c4C11(1,(41))((-6-1-ial4- ). 	D13  (1)'17;010,&4/2.  

old D(ZZ;) c4c3R(Z/7)1)) Q1 (Q1 7r:-L111- 	--41.) 01,2. 

cii rz,,Asz,)) 	rib 	c ii 	4z,)) 

co_rzeloi\ i tzm)) 	 Cm( zT,h1,1)  Am(Z:))e-nik 

U 
m 



n 
W
m 

= 0, and Hm k  - 

11 	. 

C 13  ( 	Ak  (4)) 

Cg. 	A it (4) 
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Z415  are of course the solutions of the quadratic cf C13(2)VZ))=0. 

Although the solutions Z
2,3 of the dispersion relation look formally 

the same as for insulator walls, the different values of j and j 
ox 	oy 

for the two cases give rise to different results. 

The two modes at 
Z4,5 

 have no perturbed electric field associated 
/ 

with them, and, as for'1fr in the insulator wall case, 0' is a series of 

E±a(1111.29terms since Hn  
OL 	m 1 

has a small growth rate.  

= Hm 2. The Z4 mode is unstable, though it 

Fig. (4.7) shows 
	

(q) and SZ(Z4) as a 

function of po for../L = 10 cm. 

the fact that Eoy  0 to obtain 

These curves have been calculated using 

J09 /
7J. 0x = PO . 

 Thus as po increases 

jo tends towards the y-axis, as in the insulator wall case. Since Teo  0 

is kept constant at 2500°K we are assuming that the magnitude of jo  is 

constant, since, having neglected the other energy losses, we have 

the usual unperturbed energy equation, 
1.1 
Jo erne 

3 71".da 0  k rre0-1)( ))co ,y,i—s  +40 
0-: 

To keep
. 	

constant, while B is increased, either the flow ye-
..." 

locity or the external circuit parameters would have to be varied. 

Figure (4.8) shows the variation 
of*ocrit  with y  for various 

modes. 

The general dependence of the instability on po  and -(7c.y  is the 

same as for insulator walls, except that Z4  is unstable and the values 

ot- 
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of pocrit are generally higher for the Z
2
n 

modes with continuous 

electrode walls. 

I 	-11-  
tan 26E(n) - 	 and hence, for a given n,/'-E(n) 

130 -- ‹n% 
is larger than for the insulator wall case, except when po  tends to 

infinity. In other words because of the different orientation of j 

the direction of K
m has moved further away from KE  for any given n, 

and therefore the range of angles for instability, fix, and the range 

of orientations of allowed modes do not overlap until a higher value 

of po. 

Figures (4.9), (4.10)and (4.11) show the form of the instability 

at po  = 4.0 and 7.0. We have neglected the Z4  mode since its low growth 

rate implies a low non-linear amplitude. 

4.5 Results for Infinitely finely Segmented Electrode Walls. 

This case corresponds to a long Hall or Faraday generator, and we 

are effectively assuming that the segmentation length is much less than 

A 	To present as simple results as possible we will assume that the 

electrodes are shorted externally, though they may be diagonally 

connected (see Figure 4.12). In this case boundary condition (c) 

reduces to, 
f / y (010) .-p (d,$) 
0' (0,0) = 0' (d,S) 

Since the individual electrode and insulator lengths are assumed 

The reason for the higher values of pocrit is that here 
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to be negligibly small, boundary conditions (a) and (b) do not apply. 

The dispersion relation is 

	

(c,,(x1(7)) qc 13(A1(2)) - 6'12(2,(z))69: 	46 3(2, (z)) x 
- L icy  s 	c) 

The expression in the first set of brackets is a cubic in Z with 

solutions Z6,718, and from the other factor of the L.H.S. we get 

2.7r 
poles at Z9

n which are the solutions of X1(Z) = i ( 
	trL +  K,S )  

004. 
The poles give the following solutions for )r, 

il j  iiso- 
8 2 	

21 	
.0 

,42 
(2,7)) .z +27),* 	eli  A dillq),L + Z9+ 0(.g _ ,e_ 

tn-A,  iv; 1  'Mkt 

where GI and fl 	
17 = -410 

are defined as before with appropriate indices, and, 

Hj+lc (Ak(2.)c 	(z))1c4c (Adt iz ))(4D 	(R, (z ))C 	(z ))4D3 _ 	12 	,23 	"rn 	 TY) 12 I 	IV 23 -I- U
r
f
ilk ai2k3) (41) (2,1210-2.2(z7n))(z,.„—)(41,1—z3) 

= -w
j 	1, k  = 2  and h, j = the combination of 6,7, 8 not including m. 

ci2.(1(4)C13(A1(4))PC33(k2(210)4D12.  + C23  (a.i(i:)) (A2(2j4D13-1 
0,62{- 	B2.3  A2.2  (4-26) (4- 77)(Vi- 2.8,) oL 

Q (1 	
Kxd-) 

X 
(Q1 " 
Q 	((2-Ti en  d,+ 1(1192  Q1 

C ii (Z711,Airt(Z7))  u 
C/2 (Zm 	(27,1)) 

r Ci3(z7n 	(Z  7))) ,  

CI, (z771,Ai.z(zTh) )
- 	k. 

\rink 

Vim k 

fl   	„  (z;', A , (4) F-n 
cdf (in)) co q 



134. 

lln  _ 	 ) 	FT) 

C„ 	 (z T, 

To calculate the values of Z here we once again have to establish 

the ratio J09/4 ; the magnitude of jo being fixed by Teo. If the 

geometry represents a generator of length 	C>> d) and width w, 
and the output current passes through a single load (RL) connected 

between the ends of the duct, then 

E oy 

 

41x) 
O'L 

where CI - 

 

On account of the external shorting circuits, we have, E 	S = 0 ax 	oy 
i.e. E x  = -S Eoy.  . Substituting these into the steady state Ohm's o  

Law, i.e. equations (2.2) and (2.3), we obtain, 

Jo y 

  

JOX, 	+ 
0-1L 

Putting S = 0 and maximising the power output, viz. 

_,OUT 
with respect tool, we obtain (f04-  Cri; = cdonstrt.lt), 

(---j°9  )Ickx '-' J o 

	

	-22a-1- y- TT OVT 2 ÷ PD 
Jo117,  

J OX we find that 	(2
6,7,8) are all 

negative, while the values of 	 ._ 	(Zn9) which are positive 

are drawn in Figure (4.13) as a function 130  (_/t., = 10 cm). In Figure 

(4.14) pocrit is drawn as a function of -A-tvivi.  for the same values 

iT 	01. /,02- zo- jo, Jox5  

(131.) 
,,yrrux.y, 

— 	teo 

OUT 
Using this value for 

a lid 



135. 

of n, while Figures (4.15), (4.16) and (4.17) show the projected form 

of the instability at pc,  = 3 and 7. 

The Z
n
9 modes are simple plane waves and the forms of the graphs 

are compatible with the infinite plasma stability condition on jo, 
•••••• 

and B. It can be seen that the successive destabilisation of modes, 

and the increase in stability with increasing A. y are features of 
this case also. 

The results for all three types of wall presented here have 

estabilished that the boundary conditions give an infinite set of 

modes, which are either plane waves or nearly plane waves. The 

effective wave vectors of the modes are all contained within a finite 

range of angles, A A say. We have seen that if A A and AX. , the range 

of angles for instability from an infinite plasma theory, overlap, then 

the plasma is vinstable, with the number of growing modes depending on 

the amount of overlap. 

Can we arrange that A A and A do not overlap for arbitrary p.? 
In the segmented electrode case we have a circuit parameter, viz. S, 

with which to attempt this. Here the modes are pure plane waves and 

the wave vector is given by, 

K (n) = —3 P.1(4)) 	+ Ky 

= 
	 zarft + K.9 s) 	+ KOL 	 y 	, 
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K5 
if 

27r 
then, defining A to be the angle K (n) makes with the x-axis, AO 

is the range from tan-1  ( 	) through 0 = 0 to tan -1  (17-211.11-  ) 
2_7r-  6 	 2-A- (6-1) 

Thus A e is grouped around the xaxis, and to keep AX and A A 

as far apart as possible, for large values of po, we require Km to 

J oy lie along the y-axis. This requires 	. 	= 1, i.e. 	- 	 0- 

J / - 
in order to keep el,  positive we consider only negative values of S 

here. For Km along the y-axis, AX and A e have least overlap, at 

large values of pol  when 6 takes its maximum value, i.e. 6 = z. 

Then, for N = 0 and negative S, we have 	_ 
- -7* 

_A- j 

111,5 
N + 6, where N is the nearest integer to - 

2-1T 

Joy 
Setting 	= 1 we have plotted in Figure (4.18) the value 

the first mode to destabilize at each point as a function 
of Pocrit for  

of V.A.9 , using various values of 11.10 /d. Since the maximum value 

of A (, is Tc/2, A26 and A e never overlap when 	= 2 and 

5 	= 	S/ J1.$  = _3, for in this case A 0 is symmetrical about x and 

equal to n/2. Hence B 	goes to infinity. .ocrit 

Experimentally _IL va.  is usually observed to lie between 1 and 2, 

and ,- 2   for 	%L.  \ 	p
ocrit is always finite, although a pronounced 

peak in pocrit is still present. The position of this peak moves further 

away from S = 	as the peak value of (3
ocrit decreases. This is 

-47 
becauseX m is really given by 

- 	- 	(l.))/2 p, 

or 
	-t ( - 	(l —6 )) 	pc 
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and hence, for low values of p , the direction for maximum growth is 
0 

.//% 
o24- not quite along the y-axis when 	oy 	= 1. Consequently J 

there is minimum overlap between A 9 and A% when A 0 is not quite 

symmetrical about 9 = 0, i.e. S/A. 	is not quite - 	since 

minimum overlap occurs when A 9 is symmetrical about a line perpendicu-

lar to the direction for maximum growth. 

We see therefore that, by a suitable choice of the parameters 

RL  and S, a significant stabilizing effect can be achieved for the case 

of shorted segmented electrodes. S must be taken near to - 

and RL  must then be chosen such that Km is near to the y-axis. This 

means, however, that the value ofArf.  is not equal to (61.45-101,0ax ,  

If the object of stabilizing the waves is to increase the output power 

of the generator, a compromise between stabilization and load optimiza-

tion may be necessary. It also must be noted that this technique will 

apply to only one value of A • however, in practice only one dominant 
value of -/Li 

 seems to appear (1.21), (1.25), (1.26) 

4.6 Summary. 

The linear analysis of the electrothermal instability presented 

in this chapter shows that the boundary walls of a finite plasma can 

have a considerable effect on the instability. In general a plane wave 

perturbation in the electron density is split into an infinite number 

of modes. These modes are plane waves in the case of externally shorted, 

finely segmented electrodes, and approximate plane waves in the cases of 
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continuous insulator and continuous electrode walls. Usually only a 

finite number of the modes are unstable and this number increases with 

increasing Fell  parameter. The modes have different orientations with 

respect to the walls, and the successive mode destabilisation with 

increasing Hall parameter provides a plausible explanation for the 

experimentally observed transition from near plane wave to turbulent 

structure. 

Usually the effect of boundaries is to stabilize perturbations 

of long wavelength, so that, if the effects of energy transferl i.e. 

radiation and conduction, are taken into account, the critical Hall 

parameter has a minimum as a function of wavelength. This is not 

the case however, for the segmented electrode geometry with S = 0 

and external shortings, where pocrit for n = o does not increase 

with increasing -4.9 

Once again, as in Chapter 2, this instability of a uniform, i.e. 

infinite A , perturbation is due to the persistence of the conse-

quences of the periodicity. Another effect that is significant for 

uniform perturbations is the change in the electric field due to the 

perturbed current in the external circuitry, i.e. boundary condition 

(c). This does not appear in this chapter since for the cases of 

continuous insulators and continuous electrodes the total perturbed 

current passing through the external circuitry is zero, and in the 

case of segmented electrodes the external impedance between the seg- 

is 
mented electrodes considered to be zero. However, the stability of 



a uniform perturbation and the change in load voltage are important 

in the non-linear theory of electrothermal waves and will therefore 

be discussed in the next chapter. 

To return to the linear boundary analysis, the stability of the 

individual modes can usually be explained in terms of an effective 

wave vector, KE, which is the wave vector of the pThne wave to which 

the mode approximates. For the mode to be unstable, KE  must lie within 
^, 

the range of angles for instability, AX, derived from the infinite 

plasma theory. 

In general the KE's of all the modes occupy a range of angles A 6*, 

and the possibility arises of arranging the boundary conditions and 

external circuitry such that A 43 and A;16 do not overlap till as high 

a value of Hall parameter as possible. By varying the diagonal connec-

tions and the external load of the segmented electrode system considered 

in section (4.5), it was shown that enhanced stability could be achieved 

in this case. 

Whether or not this could be achieved in a real system depends 

on whether or not the boundary conditions dominate over the effects 

neglected in this analysis. In particular if the steady state is 

non-uniform (for example there may exist a layer of hot electrons 

1),
)  along the walls (4.1)) 
 then new or modified constraints may be 

imposed on the instability. However the stabilization effect is 

quite marked for wavelengths equal to or greater than 1.25 times 

the wall separation, and it seems likely that some stability 

enhancement may be possible if the plasma steady state is not ex-

tremely non-uniform. 

139. 
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	 ++4+-14+++1 +4 	++++44 

• +++++++++++ + 
	41+++-1-4-++4-1-1-÷ 
	+4-+++++++ 
	 ++1- 	 !- 
	-4+++ 
	++ 
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CHAPTER 5. 

A NON - LINEAR THEORY OF MECTROTHERMAL WAVES. 

5.1 Introduction  

Experimentally electrothermal waves are observed as fluctuations 

of finite, steady amplitude. Among the most useful experimental papers 

for details of the fluctuation amplitudes and the effective conductivity 

and Hall parameter due to the fluctuations are those of Kerrebrock and 

Dethlefsen 
(1.24), 

 Brederlow and Hodgson 
(1.25)1 

 and Riedmuller (1.26) 

In these experiments the fluctuations are observed to give an effective 

conductivity and an effective Hall parameter below the average value 

of these parameters (the average is over space and is denoted by< )). 

The effective conductivity can be defined in two ways. We can 

define it to be the ratio of the square of the average current to the 

< J\ 
average Ohmic heating, i.e. 	or as the ratio of the average 

<4.31&> 	i <3> i 
current to the average electric field parallel to (j>, ._ i e . 

It turns out that the two definitions are almost exactly the same. 

Usually the effective Hall parameter is defined as the ratio of the 

electric field perpendicular to (j > to that parallel to (j), i.e. <Q)  
<En) 

Since a Faraday generator, for instance, requires a high Hall field 

i.e. E1, along the duct to ensure that j is wholly transverse, the 

reduction of Beff  due to the fluctuations is damaging to the generator, r  

and of course so also is the reduction ineeff. A quantitative theory 

to estimate the steady amplitude of the fluctuations and the values of 

Jeff 
and  neff is therefore desirable. 



'159. 

The experimental observations show that for a wide range of con-

ditions the amplitude of the steady electric field fluctuations is 

less than 0.5 (i.e. Irk:.  0.5 ). Therefore it seems possible that 

an extension of the electrothermal perturbation equations of Chapter 

2 to include second order terms, but neglecting higher order terms, 

will be sufficient to derive and describe the steady level of the 

fluctuations. 

There have been several such analyses reported in the literature, 

1) 
most notable are those of Zampaglione 

(5.
and Solbes (5.2).  In both 

these analyses equations are derived and solved for the development 

of the average quantities and for the fluctuations around the average 

values. 

Solbes for instance obtains solutions for the fluctuation amplitude 

and the effective parameters by assuming a square wave shape for the 

fluctuations. This assumption does not seem justified in view of the 

experimental profiles observed by Brederlow and Hodgson, and by Ried-

muller. 

A more logical approach is to represent the fluctuations by a 

cosine series i.e. we denote the perturbation in electron density say 

by 	Z-- G(-11, (70 Cri3 11"1C,9) 	where K = 	, and 
-4_ 

= wavelength of the initial perturbation. The amplitudes an  are 

considered to be functions of time. We are obviously assuming no dis-

persion, which is in fact true in the linear theory. However, non-linear 

effects introduce dispersion and this form of ne is not in fact a proper 
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solution for the perturbation in the electron density. The movement 

terms from the time and space derivatives separate off from the growth 

terms since the operations make them sine series. The movement equation 

is then found not to be satisfied by a single value of 0)r /K but requires 

as many values as there are harmonics. 

However we know that the movement of electrothermal waves is much 

slower than the growthjand the distance moved by the waves in the gas 

frame during the time it takes the steady amplitude to be reached is 

small compared with the wavelength. Hence it is a reasonable approxi-

mation to neglect the movement terms in the energy equation in estab-

lishing the steady amplitudes. 

The perturbed electrothermal equations then give us a set of 

equations for . 2" 	. On the assumption that a
n decreases 7AL 

as n increases we can curtail the cosine series at some finite n, 

equal to N say. We then equate the time derivatives of the harmonic 

amplitudes to zero to obtain N + 1 equations for the N + 1 unknowns 

ao, a1, a2  , I..., aN. No assumptions about the wave shape are neces-

sary in this procedure. 

In addition previous non-linear theories have not properly taken 

into account the response of the external circuitry to the perturbed 

currents. Since the fluctuations give rise to a change in the average 

current there will be a change in the voltage drop across any external 

load, due to the change in current passing through it. Thus the change 

in the average current leads to a change in the average electric field, 
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which alters the Ohm's Law and consequently the fluctuation behaviour. 

The dependence of the fluctuations and the effective quantities on the 

external impedance will therefore be investigated in this chapter. 

It turns out that the external circuit has a significant influence 

on the final  amplitude of the waves. 

The change in the load voltage due to the changing current is the 

only way that the electrodes and insulators will be considered to 

influence the wave. No boundary conditions as in Chapter 4 will be 

applied. We will simply assume that we have a plane wave perturbation 

in the direction for maximum growth, plus higher harmonics and a 

uniform perturbation. We can then derive the steady values of the 

amplitudes from the method described above. The steady values of the 

uniform current and electric field perturbations, together with their 

unpeturbed values, then enable us to evaluate reff  and 13eV" 

5.2 Equations and Analysis. 

a) Definitions and External Circuit. 

We denote the displacement or perturbation of a quantity by the 

symbol , emphasising that the displacement is assumed to be non-linear 

unlike the linear perturbations denoted by a dash in Chapter 2. We 

write ne as) /‘ 
(70 Ct/a ( 	— Kj) 

`71-7: 	 0  
.2:Ir where K = 	, and we assume that at t = 0 all the anIs are zero 

except for al. That is we assume a plane wave disturbance of initially 

a single wavelength with a peak at y = 0, t = 0. 



cosine series, i.e. 

oo 

:EI 6m  uf5 m. 
ryt = 

.4\ 
jt, = 	0  

162. 

The terms that generate the higher harmonics and the uniform 

perturbation are the second order terms in the electron energy equation. 

These are multiples of two cosines, e.g. cos m cos n (Note: for 

brevity we will write cos (12291.* -.70(y) = cos n); and this product 

is 2  (cos (m + n) + cos (n-n)0. Therefore the harmonics generated are 

A 
cosine terms and hence the description of ne at all times as a series 

of cosine terms is self consistent. 

If we had taken the initial disturbance to be a sine term then 

both cosine and sine terms would arise, and, although the equations 

would be equivalent to the ones used here, they would be more complica-

ted. 

We can therefore write the displacements of the fields also as 

Oa; 

 

C703 11, 
ryi..= C.") 

and the displacements ofeand p we can write as 

 

Be IN 	• -" 	/1 2. p--I- 	tc. 
9 	-_-- 	 2- Ti 

where the dot represents total differentiation with respect to ne. We 
/\ 

assume Saha equilibrium so that Te is eliminated from the equations 
.V 

• /N 	11 A  2. using Te  = Te
14.4  -r7 	, The spatially varying terms of jy  and Ex 

are zero of course due to 7. j = 0 and p x E = 0. 

We will assume that in the unperturbed state jo  is re-circulated 
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through the plasma via a load RL  (see Fig. 5.1). We will also assume 

that no average current perpendicular to jo  is allowed to flow, i.e. 

no current flows through the plasma that does not pass through 11° -LI 

although currents circulating in the plasma will exist. 

This geometry is very simple and corresponds to some of the in-

stability experiments. In any case we are not going to do a full 

boundary condition analysis, but simply introducing load voltage res-

ponse into the equations. The above prescription is the simplest way 

of doing this, and it is hoped that qualitatively the results obtained 

apply to several geometries. 

We will consider a wave travelling at 45°  to jo. This is not 

exactly the direction for maximum growth but it is a reasonable 

approximation, and taking jX = 45°  makes the equations somewhat 

simpler. 

Since the average current perpendicular to jo  is zero (i.e. the 

uniform perturbation in j is parallel to jo
) we must have 6 = co 

(The average of a quantity over space is assumed to be over an integral 

number of wavelengths, so that < o and of course <.j) = co.  

Note that the zero subscript on the small alphabetic letters a, b, c 

etc. do not denote the unperturbed state, but rather the perturbation 

component of zero wave number). The perturbation of the current 

through RL  is therefore 5 bo, and if A is the cross section of 
the plasma and.t is the distance between the electrodes we can define 

an equivalent conductivity of the external load by)  ()J  

A R 



From this definition the change in the uniform electric field 

parallel to jo due to the load voltage can be written as -- 	Cs' 
We also have the possibility of a uniform perturbation of the Hall 

field, i.e. the field perpendicular to jo, therefore we can write 

do  = C> , 

and 

bc, e 0 — L 
_ b 

  

where 	eo = perturbation of the Hall field. 

b) Perturbation of the Ohm's Law. 

To perturb the Ohm's Law, i.e. equations (2.2) and (2.3), it is 

convenient to write the x-component in the form, 

= 	— p 	 (5.1) 

and the y-component in the form, 

= 	E„ 	E, — (5.2) 	1,Vhefte os/— 

The perturbed x and y components are then respectively 

7 \ 	" 	 /A 
/'N 

CJ' 
a7L 	

g„+ Ex — 	— 60 
— (5.3) 

and. 
A A 	 */ 	 \ \ 

	

)to j 	)5,) 	r  Lox+.  po 	./‘'1\ 

-+ p E, ±Ey  — ( 5.4)  

Substituting for the various displacements these can be written 

as 
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0 b0 — 	a/o b ---- (5.7) 

(z_cl, 6611)2) j, pc-c0 

(5.5) 

for the x-comoonent, and, 

( 	c,610 ,c0  = 03.  Ect..cdln 1-4(Za co3'n)-  -2_ 

PI, 	 c/6 

 

(5.6) 
for the the y-component. 

and 

Note that 

'2- /30  f; 

CY-‘; 

•••••••.. 

vo  
The quadratic terms in these equations can be written as simple 

p  
0-,-, 	co 	v 

--4- 2  ( 	P02)  c _, 
0-c-; 

cosine terms, and the coefficients of each particular cosine term 

can then be equated to zero to give a set of N 1 equations in 

ao, a1, 	 aN, where an 

instance, substituting bo  

us; from n = 0:- 

is taken to be zero if 

do,afor 	 equation (5.5) gives 
GI 

14- > N. For 

for -Co wnd e  

Z 
6?' az ))r- 	 (e -- ctio — z +— 	ox 

(4' ct--0la 02-1- r=2- 

b 0 	 2. 

(e.T'  Ci/o (eo —  1-jr—f) 

6 

-t- p:.-) 

0 

w. 
cyd — 	 -I- (0-,,,G031) ox  

>11 0,_ „ c,61r)t) 	— ( 13zC 1 c3 

br)., Gay(-0 

d + 
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from n = 1:- 

( 	-+- 	(2. cl o ct,+ctict,,))1_=, o' a 

u 

(2a,a, 

  

ci-, b0  --- (5.8) 

from n = 2:- 

Ce- 

(;--J a +- 	(-2- a caz 	 j))q,÷ 	(sec,_4)  

(raz  -F 	(2o. cL2  0 	2- 	0 
(5.9) 

Here we have neglected all terms in the cosine series with 02, 

i.e. we consider only an initial perturbation together with its first 

harmonic and a uniform displacement. Essentially then we have two 

ordering schemes. Firstly the fluctuation amplitudes are assumed 

small enough for third order terms to be negligible, and secondly 

we assume that the amplitudes of the harmonics decrease rapidly with 

increasing n. 

What we want to get from these equations is the perturbed current, 

i.e. the b's, as a function of the perturbed electron density, i.e. the 

a's. We can then substitute for j 
i\ 

in the perturbed electron energy 

equation and obtain equations for the time development of the a's. 

We therefore have to determine eo as a function of a o1  , a,, a2, and bo. 

We can do this using the n = 0 equation of (5.6), which is, substituting 

b2  

1)0  
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f f o 

2. 
-z. 	ai 	2, 

a 0 	;?1 (CZ 	+ -5: 

O 

0  +
aabo  (if+ r) 

PO -1 

Equation (5.10) can be rearranged to give, 

( "{- S  o  + 01..110 	b 0 	/3 becto  

is 0— I 	(51:- 	(Pc70/  
2 2 

a o 	j e (at:It- ;2+  6
.21_ I3°-1 

• . r 	e• 
e  le_a 	(a  611 01)) 9  -}- k2f - 	 - — 0+  - +- 

0  N-1 	2 	1  

oy /30- 
13)- 

13-07-1 
0.70-vpo—  c 

r 
:4.  

(-e0— 	r a0(40- 	e  0 	cr.,  

(5.10) 

where where terms higher than second order have been neglected. 

Substituting this into (5.7), and rearranging, we obtain 130  in 

the form, 

where, 

A 

b0  = A, a-0  ± A 2 ao ÷ A3 a1 2-÷ A022- 

(1'3  (1 (13c-O'of 	x=7. 

continued over 

A, ox 2- pr 2 (p7_1  
Po- 

C 
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—i 	 168. 
_ &.) (2.-1- -k))( 	(2-1-7lci)41  7 	' r 0— 

j (11- o — 	i j -i- J L ° 
cri 	1po —1) 	, 	(13  0-0 G-L 	

oy (30---_. 1  y 

cr, 2C ii _ +  -cif °,  
—I 	—1  

— ( 	° 	P P  Po   

(2 ± Wer1L) crO 1— 1  DE (-1̀.. 	ke )-t-.3 	— 4.-)1q30—( .T.F0 3  ox N-I cJ 	 T  

and A4  = A3. 

Using equations (5.8) and (5.9) we can then write bi  and b2  as, 

b -- 	a-, 	13-÷ j a, a- 	.13 0 1 	.3 I L 

and, 

b 2_ — C I  Ctz  -I- C 2_ ctaz.  + C3Cti2-1-  CiQ_ICL3  

tr" 	+7Cc  4))  (.1 	— (2- +1C<CF,')  1 	g ( 2--t4c).-)6  
(pa —i) 	re) 	 fro (p0-1) of 

where 	13, 	E0  -- j'jc), 

= P f'Eox — 19 ) + ( 	 2p+Tiq  

133 	Eo x 

13E01).  +  9  	e—AR r 
PD-1  1 2 

and (2, -  133  - 
2 

Note that the n = 1, 2 equations of (5.6) simply give us the electric 

field fluctuation amplitudes f1  and f2. 

c) Perturbation of the Energy Equation. 

We will perturb the electron energy equation in the form (2.4), 

neglecting the spatial gradient terms and the time derivatives of the 

C 131 CZ-f32 
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cosines. Since the Ionization energy is ten times the thermal energy 

we can write the rate of change of electron density terms simply as 

p 
--s-7 
/__ 7E C6311. 	neglecting the first and second order 

terms from the thermal energy. All time derivatives will be equated to 

zero and it is therefore not necessary to evaluate the terms involving 

the rate of change of the amplitudes exactly. 

The Ohmic heating, elastic losses, thermal conduction and radiation 

transfer will however be evaluated accurately to second order. The 

perturbed Ohmic heating can be written as  

/ 
/O%  

1 	
2- 	'2- 	2. • .4\ 	/...\ 

)... ) — 2  Jox Jx -f-2 J0,,J0 	L▪ 	ti;,, + J y  _ Jo '' _̀, 

	

O'' , ,, 0:0 0-0' 	172;2  ^ •A 
(2-jox.  J ., +2 Joy  .4)  cl" 	.._ 	L  co - 3 ,-1-1.- — ,,,, z 	 __ 

L_ ""ru. 

‘J°  ,/:\ 
substituting for j12ce) 

)2 2  

Crt› 3 

9 
and Cr'we obtain after some manipulation, 

	

k 	, ao  ±- 	a.oz 	 Gil_ a 2. 
where

_ 

	

CT, 	 ° • 2_ • 2- e« 
Cr) 

= z-  (jox ±-10JX/12 	A I) 	jo;%_ 	2• -011(1-  cro• j% 2- 
. 	.. 

3  _ i:x.: iox tjc,0 A 3 	
z 	

k 
2- 

— 	 2 0-• 
0- 	Lk 

+ 	s,z 
0- 2- °x .., 	 0 

° 1" 
+ o J ix 

	

G-4 ---- Cr 3 	9  op 2.  7 

1,1,1  =-- H 1  al  ± I-12 ci-oa-1 + 83 Ct-', a. 2. 
 

'z 
whe-re, 	H , = 2- j 0-- 	o x B1  -- 

J o 	cy• d 

2- 



• 

JOX 
Cr.o43  2. 
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`; 2 

j 	0 GT' 	8, 22'2 (i0)(041÷6/)+joy A) H 	
0 0 	" 

cr; 	Oi; a 	Li 	 L/0 
+ j°2.  

	

; „ 	 0-4 
0  - 

H 	2. 	g _ tic 	I B,  C1  — 	j 	+C) + 	&. 2  
C 

J
ex 3 	0-0'2 2 	0-0.1 	0-- 2- OK 	I 	cri 3 	9  

ki= it  Q.2  ± 	CL el a z -± 13 
2_ 

I 	2C 	
Jo 
ag 

jr. 
Jox  

•  2. 

-- ox - 	C  Tz  uo 	V-  • 4-  

2G' (jox 	- _ 
0-z 

2_ 	. i 	i 2-  0 	a'
1.3 :7  0,; fox `"3 

—
0-'2  4 a 

2 

2/A 1 B I  
vJ 

2 Ce 
CI 16.)Oyc 

2. I 	0 /  
d- e 2_ 

2 Jo
z  

0-1 3  

. L 

The perturbation of the equipartition elastic losses can be written 
• 

Q 	C/t53 fn.) 
2. 

C.A53 

1<  1 CL  ± 1(2_ C1-- 2-D 	I< 3 CL-1-1-  + 1<z+ a_22_ 

where 	= 	— 

	

-_-_ L 1  ct, ± 	0,c,, 	a 1_ 
On 

9 	
/- 3  where 	L 	 2 

simply as, 

therefore 
[Do 



and = 	I  a, + M2  0-0 c1-2. m3 Q- 
2 

1 
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• • 

.—J 2 

es • 

4 
The perturbation of the thermal conduction can be written as, 

11 	.= 	 ".c 
Koe 

	

(1:ca,7'.Q,--1-1{,t)(falifyLks5ifil_1-0 	tl 

( 	+ [0, -fie,) (2-a, cos n)1(7 a., 1P'' 2" C/3 tle0 

C.03 -14, 
and we have 	

Lo Cy 

qt Ct- 
-÷ 	apa i 	3 Ct r a 3 

where) 
Pcoc, -17,2  K 

= -(Pce.:L± 1:(0_±.0 Kz 
9 Q3 ----- Q2- /2 

°I 2_ = 	R 2_ a, 0 a, 	R 
	

2- 

Ri  7=-1- woe 	K 
2_  = 4- ( pit.; e. 	 K 2—  

and 

where 

g3 

The perturbation of the radiation transfer is due to the pertur-

bation of the Planck function. The Planck function for the ith line 

is approximately given by, 
2 PIL-DA, 	29L.* 

131 2  -046r - ) IR_ 41- 
and the perturbation of this is, 



L  B  /112);_..2.\ r 
'C4fr 	kT;20)1— 
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ri 
k7-42.0 

Substituting this into the radiation transfer integral we get 

(see Appendix 2) C4-3 fru 

with 	/L-0 0 7  	IT.--  Ti  a, 1  + T2_ a- 0  1-  T3  0- , a2  

where . 

"IL— 1) 
Te, 

-PT-e-  

Ts ___. 

	

,AD)c, 	 (.h:_at:,) icLz  T4a b 	
P2:17.2-0 

L 	 9 c4. 
and, 

G 	 2. 1,-t  ,c_ 

/11-2_ 	Ct-i  —1— U2_ a 0  a—L. ±- U3 0_ 

where 

Ul  = TL 	 u3  U2 

Putting all the terms of the energy equation together, And equating 

the coefficients of cos (n), n = 0, 1, 2, to zero we get the following 

set of equations for ao, a1, and 

I 	 = P 	Pz  0 	CLo 
a2, 

+ 

Ps a ± P6apai ÷ P7  CH 

Pcaca2.± Po 
where the P's are defined by, 

    

(5.11) 

    

---- (5.12) 

    

(5.13) 

    

P, 

P.;  

P 	— K 2_ 	2_ 	2- 

ei- CD& 



PS = HI  -L, + - 

== 	± Q2  

F; -"I= H3-  I-3 ÷ Q3  T3 

Ps -1 	-+ R I - U, 

Pg = 	2  - 1112.+ RI -  (-4 
— 	+ R3  — U3  
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d) Solution of the equations. 

The signs of the P's in equations (5.11) 	(5.13) are of crucial 

importance. Table (5.1) shows a set of typical values for the P's. 

P5  and P8  are of course positive since the initial perturbation and 

0)  
its first harmonic are unstable. 1, hence P5 is positive when 

a positive ao  is generated 
F - 1.85 PLASMA 

PARAMETERS 

— 2.500°K Teo — 
-I -.7- I500°K 
11S 	-3 I 0 7:: 

P, • 0 01 
F:.  1 ' 77 
P4- I . 7 7 
p5- 1.0s 

rn 1., 
( AT.9an Caesium 

PLas'ma-), _s, 
6 ..7.3-Ksta_ ig:.-. 10 

, 	L _A_ :-.... 	1 cmL.. 
5 

(P35 al.,: ;cied by 'Dip) 

Pc, — 5'g 
P7 2. 8 
P9 •q7 

R • - 5°S 
no 1 • 1.1-11--  

by the initial perturbation, i.e. 

the electron density increases. 

P1 is negative, hence the 

uniform perturbation is stable. 

This  is in contrast to the results 

obtained in Chapter 2. The reason 

is that, as stated in Chapter 2, 

the direction of the perturbed 
TABLE 	(5.1) 

current there was determined by the wave vector K, even when 11040. 

Therefore if K is in the direction for maximum growth, i.e. j' at 45°  

to jo, then a perturbation with IKI = 0 will be unstable. Whereas in 
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this chapter we recognise that the direction of a uniform perturbation 

of the current will be determined by the external circuitry. In the 

present case j' must be parallel to j
o, and this gives stability. 

P6  and P9  are negative so that the positive perturbation ao  opposes 

the destabilizing P5  a1  and P8  a2  terms. Essentially P6  is the rate 

of change of the linear growth rate with respect to a uniform pertur-

bation of electron density. The fluctuations are therefore stabilized 

at a steady amplitude by the reduction of the growth rate to zero due 

to the increase in the average electron density. 

The uniform increase in the electron density reaches a steady value 

when the stabilizing P1  ao  term cancels the second order driving terms 

in equation (5.11). 

07; , 
If 	< 1 then P

. 
is negative and the average electron density cr" 

uill decrease. It follows then that the fluctuations will not reach a 

steady level of fluctuations according to the equations used here, since 

P6 ao  a1 is in this case destabilizing. This means that either higher 

order terms become important in stabilizing the fluctuations or the 

fluctuations simply grow until the seed is fully ionized in the peaks 

oil_ • 

Note that the stability of the uniform perturbations is necessary 

for the existence of steady finite amplitude fluctuations (i.e. of 

only second order significance). If P1 were positive then the uniform 

displacement of the density 	would not stop growing with the first 

of lie and unionized in the troughs. We expect then that the steady 

amplitudes of the fluctuations will increase with decreasing 01; 



and 
= 	fl Ps P5 ± 	 ( P5 '11-  7.  

PIC 	I D7  
The solution of this quadratic gives two positive solutions for a0. 

	

CL 	± 0-0 2. 2- + E. 3 -.7.-- 

where 	P.'1 Pb F4 	 PL, 	P6, ).2".  + 2_ 

	

I 	Pi Pi Pio 	Pa 	Pi  1 P-7  

- 

	

Pb Ps 	P3 Ps Pq 	 P6 
2_ 7=7 -+ 	 -h 

	

F: P7 Pio 	Pi P7  Pio P i 7 
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and second order terms alone. Hence no steady state would be reached, 

at least until higher order terms became important. 

To derive the steady amplitudes we equate the time derivatives 

in (5.11) - (5.13) to zero and obtain the set, 

P 	+ P 	+ P 	P a_ -2_ 
-- c Pao lo  

P5_ 	pt, cLo ct i 	Re, a ci_ 2_ = 0 

2_ G 	P, cz-oaz. --I-  Pio 	c) 
which we can solve for ao, a1  and a2. 

a1  cancels from (5.15) to give, 

(5.14) 

— (5.15) 

(5.16) 

( 	+ P6 a-o)  
substituting for a12  in (5.14) from (5.16), we obtain an equation in 

ao and a2 
and substituting for a2 from (5.17) we obtain a quadratic 

in ao. This is 

a2 = 
	

P7  
(5.17) 

The larger of the two is the required solution since this is the one 

that gives a positive value for a2  when a0  is substituted into (5.17), 
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the other solution giving a negative value. (Note that P10  is positive 

and therefore a2 should be positive). a1 
is then found from (5.16). 

A 
From the values of ao, a1  and a2  the field displacements, j and E 

can be evaluated, since we know these as a function of the a's. The 

values of d'eff  and poff  can therefore be obtained from the definitions 

in section (5.1). The results are discussed and compared with experiments 

in the next section. 

5.3 Results. 

a) Dependence of the Fluctuations on Magnetic Field. 

Figure (5.2) shows the variation of the fluctuations with the average 

11  
Hall parameter (parameters used are: T = 1500°K nn 

 = 1025 	5 , 	= 10-3  

Teo = 2500°K,A = 1 cm., 	
es' = 10). The average Hall parameter is 

not exactly equal to po, the unperturbed Hall parameter, due to the 

increase in the average electron density. ( 13> is plotted against po in 

Fig. (5.3). We have plotted the fluctuation quantities as a function 

of < p) since usually the experimentalists deduce p from the measured 

average electron density and this gives them <p) . 

We see that the fluctuations in the electron density reach a maximum 

value at (p) just above pocrit and then decrease. However the uniform 
perturbation, ao 

, increases monotonically with <n> 

The quantity measured by Kerrebrock and Dethlefsen (1.24) was the 

fluctuating electric field. The calculations show that the amplitude 

of the first and second harmonic of the field parallel to jo  increase 
ey 

monotonically with (13) , and this is in agreement with their observations. 
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We note therefore that one must be cautious in deduc4ng the behaviour 

of the electron density fluctuations from the behaviour of the electric 

field fluctuations. 

However from Riedmuller's (1.26) results the electric field 

fluctuations should level out at higher values of cp> . Possibly this 
,the 

does not occur in the calculations here due to/large amplitude of ao  

at higher values of <n), indicating that higher order terms may be 
significant. 

Both the effective conductivity and the effective Hall parameter 

decrease with increasing magnetic field (see Fig. (5.4)). The defini- 

<..1 
tion of Ce ff 	e used was Criff 	--------- 	and the alternative Ohmic 

e  
C".  II> 

heating definition mentioned in section (5.1) was found to differ by 

less than ten per cent from this. These curves are in good qualitative 

agreement with the results reported in references (1.24), (1.25) and 

(1.26). 

b) Dependence of the Fluctuations on Temperature. 

The unperturbed temperature of the electrons was varied by varying 

the unperturbed electric current. The variation of the fluctuations 

is shown in Fig. (5.5) (same parameters as in (5.3a) except B = 3 tesla, 

Teo 
varies). We see that at high electron temperatures the amplitudes 

decrease towards zero. This is of course consistent with the fall off 

in the growth rate due to the decreasing value of po  described in 

Chapter 2. It is also in agreement with some results presented by 

Kerrebrock and Dethlefsen which showed that the electric field fluctua-

tions decreased with increasing current density. 



This can be seen from Fig. (5.7), where the various harmonic amplitudes 

are plotted as a function of -2  Cr (same parameters as in (5.3a) except 

B = 3 tesla and varies). 
!V.." 

As 
0; 

 tends to infinity, i.e. the load impedance goes to infi- 
Or.  

nity, the amplitudes approach an asymptotic limit. With decreasing 

the amplitudes increase until, for 	CO 	near to 1, they move outside 

the limit where third and higher terms are negligible. The theory 

178. 

Note that, as the electric field fluctuations decrease f1  decreases 

more rapidly than f2, and over a small range Teo  the second harmonic has 

a large amplitude than the first harmonic. Hence the electric field 

fluctuations will have a dominant wavelength of tl in this region. 
2_ 

As Teo increases further the electric field fluctuations go through zero 

and become ic out of phase with the electron density fluctuations. The 

first harmonic also becomes dominant again. 

Not surprisingly both the effective conductivity and the effective 

Hall parameter increase with increasing temperature (see Fig (5.6)).M 

neff and po converge at about 1.8 where the fluctuations go to zero. 

This is pocrit' 

c) Dependence of the Fluctuations on the external Load. 
Cr; 

For all the previous results in this section the value of was 
L 0" 

10, i.e. the load impedance is ten times the plasma impedance. When 

the load impedance is decreased the amplitude of the fluctuations increases. 

presented here is therefore unable to establish the fluctuation ampli- 

tudes for ___ of the order of or less than 1. 
CIL 
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Direct comparison of these results with the published experiment 

results is not possible, since the load impedance is not mentioned in 

any of the papers. However in private discussion Kerrebrock has 

disclosed that in the experiment he performed with Dethlefsen the 

external impedance was always much greater than the plasma impedance. 

On the basis of the theory presented here, this is consistent with the 

fluctuation amplitudes that they observe. 

The calculations of Solbes were carried out for what he calls a 

current source withOr
L  = 0, i.e. the amplitudes he calculates corres- 

pond to the asymptotic state when — 	co. 
CX1: 

d) Conclusion. 

The results presented here show that neglection of third and higher 

terms is a good approximation for a wide range of plasma and circuit 

parameters. However the neglection of the third and higher harmonics of 

the electron density fluctuations is not a good approximation. The 

ratio of a1  to a2  indicates that probably a3  and all, will be significant, 

and a larger set of equations should be used in determining the value 

of the steady amplitudes. 

On the other hand the qualitative agreement of the results with 

experimental observations is very good. In addition a smaller set of 

equations, involving only ao  and a1  was tried at first, and though 

different values for a
o 
and a

1 appeared (about 100% difference for ao, 

and 20% for a1)
, the qualitative behaviour of the waves as a function 

of B, T
e0 

and 01" was essentially the same. Hence extension of the 
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theory to include higher harmonics will probably not alter the form 

of the graphs presented in this chapter, but change,to a limited extent, 

only the numerical values. 

In addition the results presented here in section (5.a) are similar 

to the results obtained by Solbes assuming a square wave profile for 

the waves. Even quantitatively the results of the two theories are near 

to the experimental results. This seems to indicate that the finite 

amplitude of the fluctuations and the reduction in Off and  peff are 

not very sensitive to the wave profile. 

The results show that relatively small fluctuations in the electron 

density give rise to a considerable reduction in the effective conduc- 

tivity. From the variation of the amplitudes with 	
04 
	we see that 

this reduction in the effective conductivity is likely to be particularly 

marked when the plasma and load impedances are about equal. Even 

taking into account the strong dependance of the plasma conductivity 

on the current density, the optimization of the power output of a genera-

tor still requires the plasma and load impedances to be about the same 

order of magnitude. For instance if we use K 	(1.16) 

	

errebrock's 	model 
crc:  '2. E . 2.6:  

of Cr oc j°1  where A lies between 0 and 1, and optimise 	 

(see section (1.2a)) w.r.t. 	, we obtain 

Or 	
:7-1 — 

It follows that for an optimized generator we require 5 < 1, 
i.e. we require to operate in the region of large electrothermal 

fluctuations. 
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Fig.(5.1) External circuitry and co-...ordinate system 
(shaded areas represent regions of higher 
electron density). 
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1-5 	2 	2-5 	5 	5-5 

Fig.(5.2) Fluctuations of electron density (left hand scale) 
and electric fi,eld(riP:ht hand scale)versus<P>. 
1) Ct--=°  2) -C—L1  3)122-  LOA 	.(En is the component ertco 	010 5  4,10 
of E parallel 130 	 <E1/7 

"0 
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Fig. (5 .3) <13versus 130  
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Fig. (5.4) Effective 

Hall parameter and 

conductivity versus <j3> 
1)Pefir(broken line . 
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Fig,(5.5) Fluctuations of electron density and electric 
field versus Tco(i.e.versus jo  for fixed gas 
temperature) .1) 3) 	4)--t11- 5) --ta . 
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Fig.(5.8) Effective Hall parameter and conductivity 

and average Hall parameter versus 01; 
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APPENDIX A. 

The Radiative- Collisional Theory of Ionization. 

In the Caesium plasma considered in this thesis, there the 

electron thermal energy is an order of magnitude below the ionization 

energy, the processes of ionization and recombination are very compli-

cated. The dominant ionization process is stepwise transitions from 

the atomic ground state to the various excited states, and then ioni-

zation from an excited state. 

The population densities of the excited states, and all the various 

mechanisms affecting them, are therefore of great importance. The problem 

of determining these densities and the ionization and recombination rates 

can be formulated in the following way. For each excitation level i 

(i, equal to 1 4 OD, is the principal quantum number with i = 1 

representing the ground state i.e. na 	nab) we can write an equation 

1)/111L for 	9 where n .ai 
 is the population density of the ith 

2A-  

shell, in terms of the various transition processes into and out of 

that shell (Note that in Chapter 2 the subscript i refers to particular 

states not shells). This is, 

of n  rrat 

	

n . 	. 

	

(4/J 	j< • 

n 1  RC. ...... 71, • 

continued over 
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— 	'nal A
i J 

-f- 
< 0, 

y K. ())0/0 

7 en cti y, 

00 

-1.Z_01 - Ev  N.. e)))0(,))  a-J 
j> t- 	0 

(A.1) 

The first six terms of this equation are collisional transitions, 

i.e. collisions with free electrons, and the last eight are radiative 

transitions. Individually the physical processes are:- 

1) Collisional de-excitation (terms 1 and 2) 

S.d. is the average rate coefficient for collisional de-excitation 2.3 

from level i to level j. By average we mean that if S. 
3  . (Ee

) is the 

de-excitation rate coefficient for electrons of energy Ee  then, 

S = E 
1-3 	11,2, Jo  

electron distribution function. 

2) Collisional excitation (terms 3 and 4) 

S. is the average rate coefficient for ij 

from level i to level j. 

3) Collisional Recombination (term 5) 

collisional excitation 

    

R. is the average rate coefficient for three body recombination 

01 
i 
 t r 

:S . 	) optEJ2 where f (E e) is the 



th 
(i.e. two electrons and an ion) into the i level. 

4) Collisional Ionization (term 6) 

I. is the average rate coefficient for collisional ionization 

from the ith level. 

5) Spontaneous Emission (terms 7 and 8) 
th 

A.. is the spontaneous transition probability from the i to the 
io 

.th 
3 levels. 

6) Radiative Recombination (term 9) 

R. is the average (over electron distribution function) radiative 

recombination rate coefficient. In this process the recombination energy 

is removed by an emitted photon, instead of a second electron as in three 

body recombination. 

7) Photoionization (term 10) 

IF (o) is the rate coefficient for photoionization from the i
th 

level in a radiation field of unit photon density of frequency)). G.2)  

is the density of photons of frequency)). 

8) Photon Absorption (terms 11 and 12) 

N.. (v) is the rate coefficient for the induced transition from 
13 

it' the 	 to the jth level in a radiation field of unit photon density, 

of frequency Y , where j 

9) Induced Emission (terms 13 and 14) 

N. (11) is the rate coefficient for the induced transition from 

the ith to the o level in a radiation field of unit photon density of 

190. 
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frequency )) , where j 

In addition to (A.1) we have the Boltzmann equation for the 

determination of f (Ee) at all points in the plasma, and the equation 

of radistive transfer for the determination of El, at all points in 

the plasma. Solving this set of three equations will then give us 

the time evolution of the population densities and the ionization in 

the plasma. This however is a very complicated, and so far imattempted, 

problem. It can fortunately be simplified. 

The necessity to solve the equation of radiative transfer can be 

removed in two ways, either by assuming an optically thin or an optically 

thick plasma. In the first case the radiation field is weak and the 

last five terms in equation (A.1) can be neglected. In the second case 

the excitation levels are in equilibrium with the radiation field and 

the last eight terms cancel and can be dropped from the equations. 

In fact it is necessary to use a combination of both assumptions 

in the density regime of Caesium that we consider for MHD generators. 

This is because the plasma is optically thick to resonance radiation and 

optically thin for all other radiation. 

We then have a system of equations, 

a. Z. 

21t 

for 	i = 1 -)oo, 

	

(rn  • 	 00 1/1,2_ f„_) t. 	cij  

coupled with the Boltzmann equation. These equations have been solved 

numerically assuming a finite number of levels (1.4), (1.5). For  

instance Shaw et. al. assume a three level model, the ground state, 
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the first excitation level and a "lumped" level to simulate the effects 

of all the higher levels. At the time that these calculations were 

performed it was felt that the uncertainties in the various cross-sections 

and transition probabilities made a more complicated model unjustified. 

Interesting though these calculations are, they do not provide us 

with a simple equation for the rate of ionization and radiation which we 

require for the electrothermal wave theory. The theory by Bates, 

Kingston, and NcWhirter, however, points the way. (2.2), (2.3)  

In their theory they assume that fe  (Ee) is a Naxwellian so that 

thefe dependenceofF.becomes a Te 
dependence. From the available 

estimates of the various cross-sections and transition rates they 

concluded that the population densities of all levels nai where 

i = 2, ..., op would reach equilibrium from any perturbed state much 

faster than n . or ne. 

excited levels are in a 

we could put at 

and 0  

The idea of their theory is then that all the 

quasi-equilibrium in any changing situation and 

= 0 for i 
	

2,giving us the set of equations 

OD, 11 ) TR__) 

ilLe.  2 	c, 7- 2. 3 --> be,  
CY10-J; -brricti 

If we once again consider only a finite level scheme 

(i = 1,2,... N), we can then solve the N - 1 equations. 

(1)1,Gt,i .7--  I N 11,2 ,7-4,)- 

of N levels 

1-• = 	N 

i = 2, ... , N, as a function of nal' 
ne and Te

. Substituting 

C)7 these solutions into the equation for 	1-a.1 we obtain, 
-• 

for nom, 



F-071o., Ili .42. 1st_ 2 
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(Note that, 	rnsQ. 

   

and on the basis of the quasi-equilibrium approximation, 

'ifYL 42. 	«VII a. i 
) 

	

2.'• 	a-6 
The form of this equation turns out to be 

llo.)
-  

201,a 	3 
1  _ _ yi - A 11 J2. 10-1 

D -L 	--  
where Al and A2 

are functions of temperature. Bates et. al.  use 

parameters a and S, where 

a = ne A2 

and S = A1. 

They define a to be the collisional radiative recombination coef- 

ficient and S to be the collisional radiative ionization coefficient. 

The values of these coefficients for various densities and temperatures 

in hydrogen are tabulated numerically by Bates et. al.,  which is 

inconvenient for our purposes since we would really like an analytic 

formula for Al  and A2  as a function of Te . 

Using a fairly crude classical argument Hinnov and Hirschberg (2.1) 

have deduced a formula for the recombination coefficient A2. One 

important feature of their argument is that it demonstates that A2  is 

to a large extent independent of the atomic species involved. 
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Their argument is complicated but can be summarized as follows. 

*11  We define . to be the level such that the number of electrons 

transferred above it from the continuum which eventually recombine (i.e. 

to the grand state) is equal to the number transferred below it, which 

subsequently will be reionized. From statistical arguments Hinnov and 

Hirschberg expect that 1.4'  will be the level where the probability of a 

level jump by collisional excitation is equal to the probability of a 

one level jump by collisional de-excitation. Hence they can determine 

i11 

Now using the classical Thomson formula for the energy transfer 

in electron - electron collisions a formula for the cross-section for 

th. ionization from the 3. level by an electron of energy Be can be 

obtained. By averaging over a Maxwellian, including the appropriate 

th. electron velocity, an ionization rate from the a. level for a given 

value of n.can be obtained. By assuming that the inverse recombination 
ak. 

ratemustbethesamewhenn.is determined by the Saha function, we 
ct.L. 

obtain a recombination rate into the i
th level. 

Summing this over i = 1 to i = ill  a total recombination rate is 

--20 ,- --9/2- 	 . 
3 

A I 	7:: I- I x fo 	, ,...2„. 
SD,C . 

Al can then be determined assuming again Saha equilibrium between nab and 

ne. 	
Al is of course very much dependent on the atomic species via I , P 

the ionization potential. 

obtained, giving 

one 
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Similar results have been obtained by Mackin and Keck (A.1) and 

D'Angelo (A,2)  using similar heuristic arguments. The results in fact 

agree fairly well with the more exact evaluation of Bates et. al. 

We must remember however, that we have assumed a Maxwellian for the 

electron distribution function and Saha equilibrium for the state to 

which the plasma tends. 

The detailed calculations of Shaw et. al. and Lo Surdo show that 

these are not good approximations below an electron density of 1019 I 
./ 

in a current carrying plasma. The ionization process is largely carried 

out by the electrons in the high energy tail. This therefore becomes 

depleted and, if the electron collisions are not sufficiently numerous 

to fill up the tail again, then the distribution function is markedly 

non Maxwellian in this energy region, and the quasi-equilibrium electron 

density in a current carrying plasma is well below Saha. 

Bearing in mind this limitation of the collisional radiative theory 

we have used the Hinnov and Hirschberg formulation in this thesis. Most 

of the results presented here are for ne  ) 1019 _L 	and the 

results presented for ne  <10
19 1

3 
 (all are in Chapter 2), represent 

the worst possible behaviour of the electrotherms1 wave in terms of 

instability, since assuming a Maxwellian and Saha assumes an ionization 

rate much greater than the one that actually exists in the plasma. 

In conclusion let us consider the excitation energy required to 

populate the energy levels of the Caesium atom. If we assume that the 

energy levels are at L.T.E. with respect to the electron temperature 
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then the total excitation energy of the plasma can be written as, 

Qo 
0 	 112, Ee 	h2},: 
2 	 4: 

(A.2) 
L=7_ 

where A3/2  th. = energy difference between 3. level and the ground 

.2 	 .th state 1 is the ratio of the degeneracy of the 	level to that of 

the ground state. 

This energy varies rapidly with Te  and represents a component of 

the electron thermal capacity in the same way that the ionization energy 

does. 

Bityurin and Ivanov (A.3) have argued that the excitation energy is 

significant compared to the electron thermal energy and must therefore 

be taken account of in the electron energy equation. In fact the sum 

(A.2) diverges to infinity, and the statistical theory is saved from 

From Griem (2.7)  (pp. 139-140) this reduction is given by, A I = 
P 11-1FED eD 

where Cis the Debye length, i.e. 	e  - v fE0  h1-1  • D  
20 

Puting in typical values for our plasma (Teo  = 2500°K, ne 
2x 10 1,) 

1-3 
we obtain A I Z.069 ev., i.e. the reduction is about .00177 times the 

ionization potential (3.9 volts). Hence, since 1V2ig: 	I p I -- 

we have only about 21 levels before the new ionization limit , therefore 

the sum in (A.2) is taken over only the first 21 levels. Defining I 

to be the principal quantum number before the reduced ionization limit 

we can therefore write 

catastrophe by the reduction of the ionization potential in a plasma. 
qa. 
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a 

td 'Max 

maI 7  EE  11))L2 -  L 	J244,1 1_ h 
r I 	1z712- 

where imax 
 is a function of neo and Teo (imax 

 0( Crele°)4  ) 
Teo  

Therefore we must add the term -re  

	

E -a t 	where, 

Lynax  
h)),1

Z 

J.  
	k 	 \ fna,, 	 k 	 1D  ke—Te 

to the energy equation. 

This term is about 10% of the ionization term, and is therefore 

usually not very significant for the Ionization Mode of electrothermal  

waves. It is however, significant in the Fast Thermal Mode since it 

is the same order of magnitude as the thermal energy. The calculations 

of Chapter 2 do not include this term, but the calculations of Chapter 

3 do. 
max 

Note that 
	

ma L (< 1104 	due to the Boltzmann 
2 

exponential factors and it is a good approximation to write 

nab 	= na = ns - ne 
as in Chapter 2. 



derived by solving the equation of radiative transfer, viz. 

1), 

S 
= - 	+ Jy  — (B.1) 

APPENDIX B. 

Linearization of the Radiation Transfer and Elastic Losses. 

The Radiation transfer term used in this thesis is that derived 

4) by Lutz (2. for a nonequilibrium seeded plasma. The term is 

198. 

where I = specific intensity, i.e. the radiative energy flux for 

photons of frequency :0 per unit area, per second in some specified 

direction 

$ = path length in this direction 

m 
V 
= absorption coefficient at frequency , 

and tip = rate of energy emission per unit volume in the specified 

direction, and at frequency 2) 

If the plasma properties vary in the y-direction only we can replace 

ds by dy/cos  , where e is the angle between the photon path and the 

y-axis. The theory assumes also that resonance radiation from the lowest 

doublet state dominates the energy transfer in the plasma. This follows 

from the fact that these states are by far the most densely populated 

h yL 
excitation levels (for an L.T.E. plasma n Aexp (

hTi2_ 	
in this 

ai  

Appendix,as in Chapter 231 refers to a specific state rather than a 

shell as in Appendix A). 

The L.T.E. population of the lowest resonance states (i.e. 1  and /2.  
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6 
1
P ) is a consequence of the strong self absorption of the radiation 
3/2  

from these levels. 

The cross section for excitation and de-excitation from these 

states by electron collisions is of the order of 10
18 m2. Hence with 

ne 	
1020  1 and the electron thermal velocity of the order of 103  m , 

sec 
m3  

we obtain, 
T COLL 

   

n. 	
10 20  X 10-is  i /0 

, D-7 

for the characteristic time for collisional transitions to and from these 

states. 

Now the characteristic time for radiative transitions is of the 

order of 10-8  secs, hence it would seem that the radiative transitions 

ought to be dominant. However the absorption coefficient for the lowest 

resonance radiation is of the order of 103  1 . Hence the probability 

of a photon being recaptured in a plasma of dimension larger than 1 cm, 

say, is fairly high. This increases the effective lifetime of the excited 

states, and collisions are the dominant transition mechanism. 

Hence the resonance states are at L.T.E. with respect to the elec-

tron temperature, and the radiation field is in equilibrium with this 

excitation population. Therefore we can apply Kirchhoff's Law to obtain 

J.2)  , i.e. Jy  = my  By  where By  is the Planck function at the electron 

temperature, 

(2. 11))3  By 	
/ by  ,_rz 1qTA_ — I 
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Solving equation (B.1) and assuming that mv  is constant in space, 

Lutz derives the following formula for the radiative energy loss per 

unit volume in an infinite plasma, 

111 p 
1/2.  

2.71" 	( 	L))t, grit,v2C 	/111 	( 1 + 2"  ) 0{111 
7)1  p 	V 

0 

L 
Yi f 111 vWz 	/Yr) 

1 -I- 
0 

00 

oo 	— 

[ 	
17)2) - 9.) 

J keos 	+ 
9 

_9 	Tny (b 
L.C.-0 	0L-61 

R. is the sum of an emission term (the 1st integral) plus an 

absorption term (the and and 3rd integals), i.e. R z = Ps L f Rq  L 

The perturbation of R comes from the perturbation of B., 

‘C 2 J2449  ( 41) ) / 

7- 	 1Z-T1_0'47/ 
>> 1 for the resonance doublet. since 
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• 
0 0 

( 	.));:- )2.  2  
kz T:e  

now Tet (y) is proportional to exp ( -iKy), hence to evaluate 

we have to evaluate the following double integral, 

Rt Ai 

— Kt -my z (6-0 
itt 

00 	00 
cta 

_L IC-E 'YnyZ(9-t) 
+ 	 otk 

letting u = t - y, 

co 
C.K 9 (-- 

I(Yn)=-4-  J  

we have 

°tar ..1.10-11V) U-oLtA.  f 
00 	 0 

(-4- -I" 111 2).1)11-  

friv -z—oic 

00 orn 	 Old 
k mi,1̀"z1-  

_L K9 	r 	 
- 	L-1 

_LK') 2  
J2, 

- I 	K 
/ucvrt,  ern-2, 

Hence,  

= 	+ Rte'  

continued over 	 
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7.1) 
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k 7n v 

 

   

1/1)i 	kC 
letting 	, _ =-- if 	- i.A.Y 	the expression in the rs 	2 	 pg: 
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When evaluating the 1-2 term of Ri in section 5 we obtain similar 
results as for r1 only a factor (2K)2 appears instead of (K)2. 

consist of losses 

The equipartitition elastic losses/by Coulomb collisions to the 

Caesium ions and losses by neutral collisions to the noble gas. We can 

therefore write 
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Note: In some papers on nonequilibrium plasmas an empirical factor 

5 appears in the expression for .E . This is in order to account for 

the electron energy loss due to inelastic collisions. Since this 

energy is removed from the plasma by radiation, we take account of 

these losses in the radiation transfer term in this thesis. Hence S.  
represents the energy loss due solely to elastic collisions. 



APPENDIX C. 

Elements of the Electrosonic Dispersion Relation Matrix. 

The linearized equations for electrosonic waves is 

m5 = 0, where 
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The elements of M are:- 

Row 1: electron density equation. 
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Row 2: heavy particle density equation. 
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Row 4: Ohm's Law y-component. 
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Row 5: x-component of gas momentum equation. 

°D71_€4, 
M.C2. 	T 3 -6X- 

207. 

01  = (.(,0 	
e 
k 0 	

— IC 

M5s 
	

P
a max

o  2•-• 
	 rn„ e 
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Row 7: electron energy equation. 

(11 	= 3  in, I z. 7- 0  t, w + -5- 7 	eo 42 

208. 

1,.. D-I- o 	--3— k, TVO 	
_eDYG 0 	2- .--6- fki2  0,e. , 	3 11  pc 	4 	 + 

I Y I -7 3 
_ 
- -27 	-e o 	?Pc- 	2 	ax- 	cNi,' 

—011-e0 -r  
P ;  

3 2p  2 p, 
7q- m 	::--. — L K 1 Pep --1- 2 -7fli ".., 

2  Jo y 

f 	 L tc en,t0) 
-z(t)  

'D 7; 0 -6 K.120 11- 0  
M75

-I- 
=  

1  rD + 
cr 	° rxn-0 

eD  
M76 = 	DT0 	aTo 

11, o zit°  

m77 

= 

2.- c9Z. 
— 6_, lloo‘e- 



Row 8: heavy particle energy equation. 
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APPENDIX D. 

Calculation of the Dispersion Relations for Boundary Effects. 

The evaluation and solution of the dispersion relation, and the 

transformation of 3;!. back into real time involves a great deal of 

complicated algebra; a brief discription only will be given here. 

Formulating the general boundary condition problem in terms of the 

matrix P (as in section (4.2)) gives a clear and succinct account of 

the analysis. In addition the proof that the contribution to the solu-

tion from the poles at det D = 0 vanishes for all boundary conditions 

is most easily carried out in terms of this general formulation (see 

Appendix E). 

However, S. will not be derived here by explicitly deriving the 
U 

inverse of P. Rather we shall use the last four rows of equation (4.9) 

to derive relations between the elements of IL . Then the first two rows, 

i.e. the boundary conditions, will be used to determine3/215  or 11
3,6  

in terms of the boundaries and the steady state. from this all the 

elements of 11, can be derived from the above relations, and hence 3, can 

be written in terms of known quantities. 

If we use the last two rows of (4.8) to derive the last four rows 

of (4.9) then we have)  
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Solving rows 3 and 4 of (4.9) for simple relations between 

and ?3 we obtain, 

C I L ('/I, L 
c ij  

t, j = /,2,3 

( D.1) 

Similarly, from rows 5 and 6, 

AI; t3 	
Clj PI1)  fLi“  

L J 2 2, 3 

(D.2) 

Having obtained one of the pairs 112,5  or 11,516  from the boundary 

conditions we can substitute for them in these relations to obtain all 

the elements of 

We can then carry out the inverse transform of 
	say, by finding  

all the poles of 
	and evaluating the residues at each pole. We 

then have 

7-- we i  

/.1'1 	
...... — 	;5-- 	(residue at pole) J2_ 

poles 	 X i (Z )x 
where the residue has two terms, one proportional to 	%, 	Ppl' and 

z apale) X 
hence the other to -IL 

r--, 	it (Z 	)x--1- Zpoie-b ,e,  kt pole 
pole5 la 	i-_-1 I 

177 
(for brevity we drop the subscripts "pole" and k of U1) 
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If we express Y and Y.3  in the same way, i.e. 
2 

1-1  3 L_--12.  3 
411;k12.(Zpole) 24f 	-Zpole-L 1-1  

_IEP le  

	

then the values of 	2Scan be determined from equation (4.6). 

The first row of equation (4.6) gives, 

	

I ) 	( 12- + 131 -2. 	) 52. = o 

equating the coefficient of each exponential term to zero we obtain, 
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Therefore if we can derive ; by the inverse transform we can 

immediately obtain yi  and 3;=' 
3 

We will now describe the dispersion relation for specific boundary 

conditions. 

Insulator Walls. 

The boundary conditions are a  

i.e. we have, 
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poles of 
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If Xi  = X2  , i.e. n = 0, the numerator of .51  is zero also and 

hence 	does not have a pole at n = 0. As stated in section (4.3) 

equation(1).4) is a quadratic in z and therefore there are two poles 

for each n. The residues at the poles give the solution forj5(i.e. ne*) 

shown in section (4.3). 

Continuous Electrode Walls. 

The boundary conditions here are 

i.e. we haves  

pia  
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In this case therefore the poles are given by 	Ci3(2,A1(Z)).-°  

and once again, the quadratic ;142.) n = 1,2,3 
CL 

Since X1 and X2 
are solutions of a quadratic they represent the 

two branches of a double valued function (due to the square root in 

the solution of a quadratic) 

and if one branch is a root of 3(X) = 0, then the other is not. 

Hence if we arbitrarily choose Xi  to be

/y

the root, then we solve 

C 	CA  1)  = 	832 +. / 21 82_2— 	133 i) - A„A3i  0 

for X . 1 	We then substitute the two solutions into det C (Z.7A ) = 0 

to obtain the positions of two poles, viz. Z4  and Z5. 

The residues at the various poles give the solution shown in sec- 

tion (4.4). 

Infinitely Finely Segmented Electrodes. 

The boundary conditions here are, for the case of shorted electrodes 

as shown in Fig. (4.12), 

(o, o)  

3 

i.e. we have 
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In this case we do not obtain 11225  or 113,6  explicitly but instead 

substitute for these quantities in the B.C. using (D.1) & (D.2), i.e. 

0( c4D,2 
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&mot-, 

Cm (2) (c4A2. cif (13  (A-3— 	c4c12(2,1 )) 
(I_ /2-CL- 4:'fr9 5) (4 ciL(k) c4c(3a1) -4co(a„) /C/2 (1)) 

x 

1<xci, Kys 
c>( (  

clAA73) 

Hence the poles of 3 are given by ( , 	S 
) = 0, i.e. 

X1 (Z) = i ( 
	11- -I- Pc, s 

n = - co ... aD 

and by, 

c,,(vz)) c4c,3(A.,(z)) 4q2(A,0) vl C13 RIZ)) -= 

Once again only one branch of X gives a pole for a given n, and 

we emphasise this by writing Xi. The first equation above is linear 

and gives one pole for each n, while the second equation is a cubic in 

z and gives three poles. The residues at the poles give the solutions 

shown in section (4.5). 

The solutions for 5 (x,y,t) in the three cases of sections (4.5),(4.4), 
(4.5), have been checked to ensure that they satisfy the appropriate 

boundary conditions and the equations. It is however very difficult to 

check if they satisfy the initial conditions. This check has been made 

for simplified equations where the elements of A and B are chosen so 

that the resulting series for ; are simple Fourier series. The forms 
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presented in Chapter 4 have been shown to be correct for such simplified 

cases. 
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APPENDIX E. 

Proof that the contribution to 	from det D = 0 vanishes. 

We want to show that in the inverse Laplace transformation of . 
the contribution from the pole at det D = 0 vanishes if P is of the 

form derived in section (4.2). 

where 

We have, 
x-i ky 9 (a..4-14D7),: -(7. kr 

.1L   a 
(a-AP)5)c+3  

— dek P oto4-  cu,t P 	D 

Now (adj 	= 	1,9t1  == 0( C.17-.  OI L ) • 
and if 

is written as a function of X , 	=- Ski  (,k. ),then we can write hJ 	 3 
7= 	

k=171  
,=/ 

The absence of ne* in the boundary conditions is not necessary 

for this proof. For the sake of symmetry will write the first two 

rows of P as though all the elements are non zero. 

Now when 	Z. 17....Z.0 	one of the roots of det C (z, A) = 0 is 

-IX. Let X1  be this root; it follows then that, AG  
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now 

and 

Assuming that the last four rows of P are derived from the 2nd 

and 3rd rows of (4.8), we have 

hence, when Z =70 , 

f) 6 

We therefore have 
3 

1,4A1.41.(i) — 	Pc4 	Oil 2 of Pki„ •biz-13 4nr ) 
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Hence the JA, term has no pole at Z = Zo. 
C+3 

The residue of 	1 	at Z = Z is 1 	. Therefore the 
det D 	 cf D11 
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residue ( 

at Z = Zo  is given by, 

	

= residue (}ti  term) 	+ residue aztj D 12 ). term) 
Z,, 	 t, 	Zo  

_ 	c< 0106 P 4 o ,, ---0.2'---4-;,t-  A  *At --z.y*-z-E, 
— 	cte,-f - P 4 D„ 	-1-  Ti —)1,: e" 

_ 

residue of jt. 

the det P's cancel and, 

TR5;c4ue.(5•) Liz u  0 	 Q.E.D. 
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