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ABSTRACT.

The purpose of this thesis is to study the properties of two types
of waves that can exist in the magnetized, non equilibrium plasma of
closed cycle MHD generators. They are electrothermal waves and the so
called magnetosonic waves. Both of these can be unstable, their ampli-
tude growing exponentially with time from the linear theory, and can
lead to a significant non-uniformity in the working fluid of a generator.
The effect of this non-uniformity on the generator performance, and the
significance of the instabilities in the present stage of development

of MHD generators are discussed.

Using a linear, plane wave analysis the growth and movement of
electrothermal waves is analysed. The dependence of the growth rate
on various plasma parameters, in particular the electron temperature,
is investigated., The linear dispersion relation derived here is more
complete than previous dispersion relations in that it contains more
of the relevant physics. Special attention is given to the description
of the physical nature of the waves.

Using once again a linear, plane wave analysis a general disper-
sion relation for waves in an MHD generator, including both electro-
thermal and magnetosonic waves,is derived.

The interaction between electrothermal waves and the apparatus walls
is analysed using a linearized theory. The results show that in general

an initial perturbation of the plasma will be split into an infinite
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number of modes. Usually only a finite number of these are unstable,
and it is shown that by varying the external circuitry the plasma

o

can, under some normally unstable circumstances, be completely stabilized.

Lastly a non-linear theory of electrothermal waves, in vhich second
order terms are retained in the perturbation of the basic equations,
is presented, From this theory the steady finite amplitude of the waves
and the effect of the consequent non-uniformity on the generator charac-

teristics are derived.
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NOMENCLATURE.

sound velocity of heavy gas (Chapter 3).
ionization and recombination rate coefficients.
adjoint of matrix ( )

magnetic field

Hall parameter

cofactor of element ( )

electrode separation (Chapter 1).

wall separation (Chapter 4)

element of area

line element

range of angles for instability of electrothermal waves

from the infinite plasma theory

range of angles spanned by the K;'s of the modes (Chapter &)
determinant of matrix ( )

width of collision broadened resonance line of Caesium
electric field

electron elastic energy loss to the heavy particles
electric charge

permittivity of free space

cnergy density of a sound wave

energy density of an electrothermal wave

Ns
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n
power extraction efficiency of an IMHD generator

R
R5+RL
Rosa factor (Chapter 1)

= geed fraction

= load factor



ratio of specific heats of the heavy gas (Chapter 3)
growth rate of electrothermal wave

degeneracy of ith excitation state.

degeneracy of ground state

Planck's constant

ionization potential of the seed

excitation energy coefficient

imaginary part of ( )

electrical current density

Boltzmann's constant

wave vector

thermal conductivity of k- species

1ength of electrode (Chapter 1)

length of channel (Chapter 4)
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3 .3 Vs
1297 ( € K Teo )

particle mass of k-species

absorption coefficient at frequency VY

absorption coefficient at line centre of ith emission line

permeablility of free space

coefficient of viscosity of heavy particles (Chapter 3 and

Appendix C)

number density of k-species

Te



n o+ o (Chapter 3)

number density of Caesium atoms in the ground state
number density of Caesium atoms in the ith excitation state
numerator of fraction ( )

photon freguency

electron~ion collision frequency

electron-noble gas collision frequency
electron-seed atom collision frequency (Chapter 3)
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total ion collision frequency (Chapter 1)
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Radiation transfer

load resistance

plasma resistance

energy emitted per unit volume in ith line

energy absorbed per unit volume in ith line

& o x
mass density of heavy particles,ormod ( 2 /T¥ ) (Chapter 2)

impact parameter for Van der Waals collision broadening.
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seed atoms

noble gas particles
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CHAPTER 1,

INTRODUCTION,

1,1 Waves in Partially Tonized Plasmas.

If, in a partially ionized plasma, the electron density is in
Saha equilibrium at the electron temperature, then small fluctuations
in the electron temperature can lead to large fluctuations in the
electron density. This is due to the steep slope of the Saha function
in the partially ionized regime.

For instance Fig. (1.1) shows ne/hS plotted against T, for

Caesium at a density of 1022

2 legMe
dloeyg Ta

meter to be the ratio of its perturbation to its steady state value,

1 and we see that at Te = 2000°K

~ 10, Therefore, defining the fluctuation of a para-

fluctuations in electron temperature lead to fluctuations in electron

/ /
M
density which are larger by an order of magnitude, ive, —= v IC>:EE—,
20 Teo

This assumes of course that the characteristic time of the fluctuations
is long compared vith the characteristic Saha relaxation time determined

by the ionization recombination rates.

Spatial fluctuations in the electron density and temperature will
alter the local values of the plasma parameters, such as the electrical
conductivity and, if there is a magnetic field present, the Hall para-
meter. Therefore in a current carrying plasma fluctuations in the
current field will appear. This will alter the local energy and

momentum equations in such a way that the spatial fluctuations will
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propagate as a wave, and, under certain circumstances, grow in

amplitude.

We will be concerned with the propagation and stability of these

vaves in this thesis.

Two types of waves can be distinguished, viz. magnetosonic and
electrothermal waves. The different situations in which the two
types dominate are characterized by the value of the electron-heavy
particle energy transfer cross section (heavy particles include positive
ions and all neutrals). When this cross section is large, so that
Te =T to a good approximation, then the heavy particles must par-
ticipate in the wave., We then have a magnetosonic wave which is basically
a propagating sound wave distorted by fluctuating i x E forces and

Ohmic heating.

However, when the cross section for energy transfer is small we
have Te %X T and, in the steady state, the electron Ohmic heating is
locally balanced by the collision losses to the heavy particles,)ggggzg
heat by convection or conduction, act as a thermal sink, Then the
temperature and density can fluctuate independently of the heavy
particle properties, which remain approximately constant. This is
the electrothermal wave, and it is characterized by propagating

fluctuations in the electrical dissipation of the plasma, rather than

by dynamical oscillations of the gas as in the magnetosonic case,
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The perturbed energy balance in the electrothermal wave can lead to

growth as well as propagation.

Magnetosonic waves can also occur when Te X T and the fluctua-
tions arising from this wave can be important when the electrothermal

vave is damped.

The growth of both the magnetosonic and electrothermal waves
requires not only the partially ionized nature of the plasma, but
also the presence of a strong magnetic field. Consequently these
waves are a possible mode of instability of the plasma in low tempera-
ture (i.e.~ 2000°K) magneto-hydrodynamic (MHD) devices, both power
generators and accelerators, where such conditions are present. The
highly nonuniform distribution of electrical conductivity and Hall
parameter that results from the unstable wave is damaging to the
performance of both these types of devices. Therefore the behaviour
of the waves is of interest in these fields of technology, and a
considerable amount of research, both theoretical and experimental,
has been carried out in recent years, especially in the pover generator

field.

For this reason the bulk of this thesis will be written with MHD
power generator technology and plasmas in mind. However the wave
phenomena described may appear wherever the conditions of a partially

ionized, current carrying plasma in a magnetic field are present.

In view of our present interest then, the next section gives a

brief description of the philesophy and technology of MHD power genera-

tion in order to establish the significance of the magentosonic and
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electrothermal waves in this field.

1.2 Historical and Technical Background.

a) !HAD devices.
In an MHD powver generator electrical energy is extracted from
a conducting fluid moving through a magnetic field between two
electrodes, which are connected through an external load, (see
Fig. (1.2)).
The electric field induced in the fluid, v X Eﬁ drives a current
round the circuit. The energy delivered to the load comes from the
work done by the fluid under the action of the decelerating g‘x B

~~

force, which acts in a direction opposite to v.

Conversely the same apparatus can be used as a fluid accelerator
by replacing the load in the circuit by a voltage source larger than,
and opposed to, the VX E electromotive force. This drives a current
through the fluid in such a way that the i x E.force accelerates the

fluid,

These of course are the same principles as the conventional, solid
. armature dynamo and electric motor, and have been known since the time
of Faraday. Vhat then are the relative merits of MHD power generators

and conventional steam-cycle-dynamo generators?

Firstly conventional generators have a great advantage over MAD
generators in that their working substance, say copper, has a typical

conductivity 106 to 107 times greater than the most optimistic estimates
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for the gases available to MHD systems, This means that their specific
power density, which is defined by TrS = (@27“2' ~ ot
assuming |J | ~ AT B is much higher than in MHD systems.
This is true even allowing for the fact that higher velocities are
attainable in the simple expanding gas flow than in the highly stressed

rotor system.

The MHD system however can be made to produce a similar amount of
power to the conventional systems by making it large enough in volume.
This is relatively easy to do since the gas flow is not limited by the
mechanical stresses of a rotor. In addition, many of the losses of
an MID system are surface losses, such as heat loss to the walls,
mechanical erosion of the walls etc,, hence these losses decrease in
importance as the generator volume is increased, and MHD systems are

most suited to large scale power production.

The MHD process is a direct conversion process where the directed
energy of a flowing gas, expanding through a nozzle from a heating
stage, is converted directly into electrical energy; in contrast to
the indirect process of flowing steam driving a solid turbine, which
in turn drives a dynamo. There is a consequent saving in conversion
losses and simplicity of design. Partly due to the simplicity of design,
and partly due to the ionization requirements for electrical conducti-
vity the MHD process is most suited to the production of energy from
high temperature gases. The liquid metal MHD generator may be useful

for certain special applications but will not be discussed here.
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The source of hot gas may be either a combustion process or heat
exchange with a fission reactor. In either case the MHD system may
be used to extract energy from the gas at the high temperature end,
while the cooled, but still energetic, gas may be used to drive a
steam cycle to obtain further electrical energy. Utilisation as a
topper in this way seems the most promising application economically
for MHD power generation. However it must be noted that a minimum
conductivity of the order of 1 = 100 mho/m is required for the system

to be economically viable. This can be seen from the following argument.

If we ignore the Hall effect the current density generated by

the v x B electromotive force is given by

j = o (Ees + v B) |
where Ees is the electric field due to the voltage drop across the load,
icee E = = J{./ , where O = d

es L L ———ree
B, w A4
hence j= 0vB
%
L

and the power delivered to the load is given by,
.7.. . 7
T JTwhd o2yt Bl
out ~ - 2
oL oL (1+%zZ)
Maximising this with respect to 01, assuming O constant, we obtain

the familiar condition that the external and internal impedances should

max O~V 2g2dd,
= o 7 2277

out 4-

Defining the extraction efficiency of a generator as the ratio of "miﬁt

be equal for maximum power output, i.e. o '—'D/L' Hence ﬂ'
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to the directed energy flowing into the system per second, i.e.,

max
/)? o /IT out
E Leviwd
o~ 8 L
2 f"LF

Typically the demsity and velocity of the gas are 1 kg./m and

we have, ’Yz =
E

103 m/sec respectively, hence for a magnetic field of 1 tesla and a
generator length of 10m an extraction efficiency of 10% would be

obtained from a conductivity of 10 mho/m.

The economic assssment of MHD power generators is a complex
problem involving the system as a whole, i.e. capital cost of plant,
fuel costs, efficiency and economics of cycling processes etc., most
of which do not concern us here, However, it is sufficient for our
purposes to regard 10% extraction efficiency as the absolute minimum

for MID topping to be economically viable.

Increasing the magnetic field strength would, of course, be an
apparently effective way of increasingq?lv hovever it must be remem-
bered that the capital cost of the magnet and the Ohmic losses in
the magnet coils, which have not been considered here, become prohibi-
tively large as B increases. It is now recognised in fact that only
cryogenic magnets, with low Ohmic losses but large capital cost, will

be suitable for MHD generators.
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In addition there are more fundamental limitations on B which occur

due to the electron and ion gyrations in the magnetic field. Vhen

w /t e ( ,mé )).a, ) becomes of the order of 1 the Hall

effect appears and the electrical conductivity becomes a tensor,

- =2 (e -gxE) — (1)
l P ~
vhere E = Lorentz field = E _+ v x B, and B = a vector /M to B
~ fS ~ o~ ~ ~~

of magnitude w, T, F) =W, Te -

The effective impedance of the system in Fig, (1.2) is increased

/+/3" )

For this reason the presence of the Hall effect has led to various gene-

by a factor 1 + PZ. This is because E -E 0 and hence J

rator types which attempt to mitigate its effects using the electrode

geometry and external circuits. A comprehensive account of these has

(1.1)

been given by Brogan along with an account of the basic principles
of power generation. The introduction of complicated electrode systems,
segmentation etc., has not been entirely successful and the Hall effect

is still something of an embarrassment in MHD power generation.

When the magnetic field is increased even further so that CO "C

R .
(= MY
from the neutrals and ion slip occurs. The flow velocity of the charged

) becomes of the order of 1, then the ions become uncoupled

particles through the duct is then reduced below v, the neutral gas
velocity. A reduction in the electromotive force therefore occurs so

that the power density does not keep increasing with B but levels off
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at some limiting value.

In order to produce an economic value of 77E, therefore, a great
deal of the research in the physics of MHD generators has been con-
cerned with the determination and enhancement of the conductivity of

partially ionized plasmas,

The first serious investigation of the possibility of MHD power
generation was carried out by Karlowitz et. al. (1.2) from 1938 to
1947, The sort of generator that was envisaged ran at a low gas
temperature, below 1000°K, sufficient ionization being produced by
a beam of high energy electrons bombarding the gas before it entered
the generator section. It was hoped that the electron density would
stay "frozen'" at the inlet level in transit through the duct. However

the recombination rates proved to be larger than anticipated and a

sufficiently high conductivity was not achieved.

It seemed at the time that the most likely alternative method
of producing the necessary conductivity was by thermal ionization
at the gas temperature. This obviously required much higher gas
temperatures, and therefore serious problems of duct erosion and
cycle design. Since the technology required to produce and handle
gas flows of a high enough temperature were not available at the time,

research in MAD power generation petered out.

However, with the advent of the jet and rocket age, this technology

was quickly developed in comnection with aeronautics and space flight.
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New and effective sources of high temperature gases were developed,
and new materials were produced to withstand the eroding blast of
high temperature gas flows similar to those envisaged for MID
generators. Consequently there was a re-awakening of interest in

MHD power generation around the late 1950's.

The experiments embarked upon at this time were designed to produce
a uniform gas flow of sufficiently high electrical conductivity for
economic generation, and to develop the necessary cycle engineering
technology. The experiments can be divided into two groups, open

cycle and closed cycle systems.

b) Open Cycle and Closed Cycle Generators.

As_their names suggest, these two systems differ in that in the
first one the gas from the heat source flows through the generator
section and is exhausted from the system, while in the second the
gas is recycled through the heat source after leaving the generator.

In principle this should make no significant difference to the gemerator,
However, in practice open cycle generators are almost always associated
with a combustion heat source with the combustion gases as the working
fluid, while the closed cycle generators are almost always associated
with a fission reactor heat source, with a noble gas as the working
fluid.

Although in both cases the working gas has to be seeded with a
small amount of an alkali metal to obtain sufficient ionization, the

cross sections for momentum and energy transfer are entirely different
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due to the different atomic properties of the ambient or buffer gas.

The atomic and molecular properties of combustion gases are
extremely complicated and the numerous excitation modes make the
electron-heavy particle collision cross section large due to inelastic
collisions. Consequently the electron and heavy particle temperatures
are almost identical., This means that only thermal ionization of the
alkali metal seed is possible. However this is not a serious drawback
since combustion temperatures of over 3000°K can be attained giving
high enough ionization for suitable conductivities even with the high
inelastic momentum transfer cross section between the electrons and

the combustion gas.

In the case of closed cycle MHD systems coupled to fission reactors
as a heat source, the available gas temperature is determined by the
worlding temperature of the reactors. In the foreseeable future tempera-
tures in the range 1500°K - 2000°K will be obtainable from these sources,
but not temperatures higher than 2000°K, Thermal ionization at these
temperatures would be insufficient to give the electron conductivity
necessary for power production. However the completed shell atomic

configuration of the noble gas gives it a low cross section for in-
elastic collisions, and therefore, provided the seed fraction is low,

enough, the electrons can be partially uncoupled from the heavy particles

thermally.

(1.3 that a suitable degree

It was therefore suggested by Kerrebrock
of ionization could be obtained by elevating the electron temperature
above that of the ambient gas using the Ohmic heating intrinsically
present in MHD generators.

That the elevation of electron temperature gives an enhanced non-

equilibrium degree of ionization requires that the ionization is determined
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by the Saha relation at the electron temperature. Previously the belief
in this being correct has depended on the heuristic argument that the
faster moving electrons determine the statistics of the ionization -
recombination processes, and therefore Te, rather than T, must appear

in the Saha relation. However, there has recently been some more con-

(1.4), (1.5)

crete evidence to show that this is indeed true above a

critical value of the electron density.

Flevation of the electron temperature is of course a well established
phenomenon in gas discharge physics, vhere the discharge is produced by
an external voltage, and different electron and ion temperatures are not
at all unknown in plasma physics as a whole, However, the production of
nonequilibrium ionization by a vx E'induced discharge proved an elusive
quarry, and it is only within the last three years that it has been
demonstrated experimentally. Several laboratories have now reported

(1.6)

the presence of nonequilibrium ionization in their experiments

The general consensus of opinion seems to be that there is a mini-
mum initial electron density, achieved either by a pre-ionizing electric
field discharge or by a high enough initial gas temperature, necessary
for the nonequilibrium ionization due to the elevation of the electron
temperature in the duct to appear. This minimum value of electron den-
sity is presumably connected with the critical value above which ioniza-
tion is determined by Saha at the electron temperature, though this has

not yet been clearly established.
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In any case the experiments of the last ten years have shown that
values of the local electrical conductivity compatible with economic MHD
power generation can be achieved in both open and closed cycle generators.
To build an economic system it remains to remove or reduce the various
phenomena which make the performance of the several generator types

non-ideal.

Among these phenomena arevplasma non-uniformities, electrode shorting,
insulator leakage, end effects, and plasma to earth shorting. Of these,
only the effects of non uniformities in the bulk of the plasma will
concern us here, and a brief description of their influence on the

generator performance is given in the next sub-section.

¢) The Rosa Effect.
(1.7)

In 1962 Rosa first analysed the effect of plasma non-unifor-
mities on the electrical properties of MHD generators. A brief account

of his simple and illuminating argument will be given here,

If Bisin the z-oM and E, =0, so that iis confined to the
x-y plane, then the Ohm's Law with Hall effect, equation 1.1, can be
written in the component form,
¢

0
J,C:,-_;'fgz (Ex— $ Ey) — (1.2)

Jy = fﬁm (ﬁE%*Ev) — (1.3)

where B (= w617e) is the Hall parameter, and we neglect ion slip effects,
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If ¢’ and B are functions of y only, see Fig. (1.3), then the steady

state field equations, i.e.
V.)=0 , VxXE=0 ,
~ o~

require that j and E)c are constants. Averaging (1.3) over y (denote

ff (y) dy by <f (y)? ), we obtain
2 .
<IT:TE>J9 = <?>Ex + CEy)  — (14)

Rearranging (1.2) and (1.3) we can write the x~compt of Ohm's Law in
the form, Jx - O E xr = P J y which when averaged
over y, gives

It will be most illustrative if we consider a particular generator
type, viz. the Faraday generator. In this type the continuous electrodes
of Iig.l.2 are replaced by segmented electrodes with the expection that
an electric field in the X- dn,will appear in such a way as to make
j = O.
J)C

Substituting jx = 0 into 1.2 and 1.3, the equations for a uniform
plasma, we obtain Ex =B Ey and jy =¢'E ., 'Howevez ;s:ﬂ))stituting ( jx) =0
into equations (1.4) and (1.5) we obtain 'J,'d = ? <E9> , where

2
i+ 8 2
G = <O/><"*'6:—>"<48> s

i.e. the effective conductivity has been reduced by a factor.:lG. . If
there are only conductivity fluctuations in the gas, vhich are, say,

sinusoidal around some steady state, then

2.
¢ = | 4 L——*”?'_P)A’
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where A = amplitude of o * fluctuations, ( o ¥ - poy )

o

For large values of B the value of G can be significantly greater
than one even for small values of o-*, A similar deviation from the
ideal behaviour of other generator types results from the presence of

non uniformities.

The reduced output and efficiency due to the Rosa effect make non-
uniformities an important factor in the economic viability of MHD

generators.

1.3 Instabilities in MHD Generators.

The two wave types discussed in section(1.1)are possible instabili-
ties of MID generators, leading to a damaging non uniformity in the plasma
parameters., As we would expect from the properties of the two types,
magnetosonic waves are dominant in open cycle generators, while electro-
thermal waves are dominant in closed cycle generators.

The existence of the magnetosonic instability was first suggested

by Velikhov (1.8) in 1962, and since then it has been studied theoreti-

(1.9) - (1.13)

cally by various authors However, not much in the way
of experimental observations has been published., Basically it is a sonic
fluctuation distorted by the E'x‘E'forces and Ohmic heating, and, in a
uniform atmosphere, there are three modes. In references (1.9) - (1,13)
these modes and their separate properties are not clearly distinguished,

(1.14%)

however Hougen has recently given an excellent analysis of the

various modes,
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We can obtain an estimate of the characteristic growth time of the
amplitude of this type of wave by equating the rate of increase of the

fluctuating momentum to the fluctuating j x B force, i.e.

~ ~

. f
o >F ~ J B

(? 2!
now j* ~ o *~ ne* ~ 10T*, the last step following from the slope of

the Saha function.

In a sound wave T* A v* hence j* ~ 10 v*, and since 3o~ 03 Vg B,

we have ,

1
A l 2
i.e. - ~~ [0V o] B
(90 ’T:VH
vmere't’m = characteristic growth time for a magnetosonic wave, and

T: eO .
m —_—
|0 oy B* W
Substituting €==1 kg./mB, o, = 100'3%ﬁ9 B = 1 tesla, we obtain
o

Tﬁ = 107> secs. A similar estimate would be obtained by considering
the rate of change of the fluctuating temperature and the fluctuating

Chmic heating.

Note that the waves treated in this thesis have approximately zero
fluctuation in the magnetic field, due to the low value of the magnetic
Reynolds number in MHD generators. The validity of this approximation
will be discussed in Chapter 2. It follows that B simply represents

the applied field.
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It is interesting to ask what relation these partially ionized
waves have to the conventional magnetosonic waves, i.e. the Alff;n,
fast and slow types. The canonical theory of the conventional waves
assumes o conductivity, and the introduction of finite conductivity is
knovn to produce damping, not growth. However the theory of the damping
of the conventional waves assumes constant conductivity in space, while
the source terms of the magnetosonic and electrothermal waves come from

the fluctuations of the conductivity.

These fluctuations are significant here due to the partially ionized
nature of the plasmas we are considering. It may be said that the con-
ventional magnetosonic vaves concentrate on the Faraday induction effects
and ignore dissipation, vhile in the partially ionized wave theory
presented here we concentrate on the dissipation and ignore Faraday

induction effects.

To return to our estimate of'tﬁ we see that the waves will e-fold
only once in a generator of length 1 m., assuming v = 10° n/sec,
Depending on the initial amplitude of the fluctuation, the magnetosonic
instability may not be a serious loss mechanism in open cycle generators,

except if the generator is longer than 1 metre)say 10 metres.

The conditions in closed cycle MHD generators, where every effort
is made to reduce electron energy losses etc. so that the steady state

electron energy equation can be written as,

2.
Jo' = S 3y, k(T=T) 2w Ty,
0, Iy
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are exactly the conditions required for the propagation of electro-

thermal waves. The existence and instability of these waves was first

suggested independently by Velhikhov et. al. (1.15) in the U.S.S.R.

(1.16)

in the U.S.A. Since then a considerable

(1.14), (1.17) - (1.20)

and by Kerrebrock

amount of both theoretical

studies of the waves have been reported. A somevhat

and experimental

more complete bibliography of the literature on the electrothermal
instability (under the name of Magnetic Striations) has recently been

given by Nedaspasov (1’27).

As stated in section(1.1) electrothermal waves are characterised
by fluctuations in the electron density and temperature, with the heavy
particle properties remaining constant. The perturbations of the
plasma parameters and the consequent perturbation of the electron energy

balance cause the fluctuations to move and, under certain circumstances,

grov,

The source of the instability is the enhanced local Chmic heating
in the regions of increased electron é&nsity. If the fluctuations in
the energy loss mechanisms (elastic collision losses, radiation and ther-
mal conduction) are unable to remove the excess heat, the electron tempera-
ture will rise leading, by ionization, to a further increase in the

electron density, and so the wave grows.

We can obtain an estimate of the characteristic growth time by

equating the energy required for ionization to the fluctuating Ohmic
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heating / . » '
i.e. P T - O/
9 o
. 3
nowv J * ~ T g
hence /tE ~ G‘; IP N <o
2
2 \)c - -
for Caesium Ipcz 5x 10—19 joules and typical values are _°- ~ 10

L%

20 -
megavatts ;) oo™ 10 %3 ) henceT:E ~ 10 > secs,

Hence, if the tramsit time of the gas in the generator is 107

secs, the wave may e-fold about 100 times.

The growth rate of both the magnetosonic and electrothermal insta-
bilities are dependent on the direction of the wave vector relative to

Eiand jo. They grow only in some well defined range of angles.

However the magnetosonic instability grows for all non zero values
of B, within the appropriate range of angles, while the electrothermal
instability will grow only for values of B above a certain value deter-
mined by a critical Hall parameter, This is because below the critical
Hall parameter the fluctuations of the energy losses, collisions ete.
are greatef than the fluctuations in the Chmic heating. The critical

Hall parameter usually has a value of the order of 1.

It should be noted that the conditions for a large elevation of the
electron temperature induced by the v x E'field require a value of the

Hall parameter of this order of magnitude, This can be seen by writing
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the energy balance in the approximate form,

. v
:4;; ~ 3 /Vlgz_éz (’7Cé "77) Iﬁﬁﬁfi ){EI\

vhere h represents the most dominant heavy particle for collisions. Now,

J.ND"/U'B

MM e
hence o~ 4% B ~ 3 Mok (’T—_e,—-'T) F i 2ok
2
MMe Ve h
2 2
therefore B L 5 o~ 3 Q(T.Q‘T) Mo Heh
Wel)&h ™

The Hall parameter is given by P~ B2 hence we have,

M,J)@A,
2 3 /6(, (T.Q -'T2
/g i m,, v

2
for a flow in the region of Mach No. L ’”/Ih T AT hence,

7

23 (Tea)
T

Te

For a temperature elevation - & 2 we therefore require B~ 4.

In view of the high value of the electrothermal growth rate under
the conditions encountered in closed cycle MHD power generators, and
the damaging effect of plasma non-uniformities as demonstrated by
Rosa, the electrothermal instability may have a serious effect on the
economics of this type of generator. TFor this reason the behaviour of
the waves and any possible means of stabilizing them are of great

interest.,
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1.4  Synopsis of Chaptems 2-5.

In Chapter 2 a dispersion relation for electrothermal waves in an
alkali seeded noble gas is derived from a simple linear, infinite plasma
analysis. The dispersion relation differs from previous dispersion
relations in that it is more complete containing the effects of finite
ionization - recombination rates,finite degree of ilonization, radiation
transfer, electron thermal conduction, and the combination of both neutral

and Coulomb collisions.

The expressions for the complex frequency derived previously,
although usually of a simplified form, are nevertheless fairly complicated
and it is difficult to obtain a clear picture of how the growth rate
varies with different plasma situations. In Chapter 2 the dispersion
relation is solved numerically, and the compléx frequency is plotted
as a function of various plasma parameters. By doing this it is hoped
that the properties of the wave are clarified. In addition the nature
of the waves, both their motion and the source of their growth, are

investigated in detail.

The influence of magnetosonic waves in non-equilibrium plasmas is
discussed and analysed in Chapter 3. The various magnetosonic modes
are described and their interaction with the electrothermal modes is
investigated. A unified dispersion relation involving linear, plane-
wave fluctuations of all the gas parameters, i.e, including both

magnetosonic and electrothermal effects, is derived.

In chapter 4 the infinite plasma assumption for the analysis of



electrothermal waves is dropped. The interaction of the waves with
various types of boundaries is investigated, with particular interest

in the influence of the various boundaries on the linear growth rate.

Non-linear effects in electrothermal waves are investigated in
Chapter 5. Experimentally the waves arc observed to attain a steady
non-linear amplitude, and the value of this amplitude is derived from
a second order theory. The existence of the steady state is closely
related to the Rosa effect, which is also second order, and the effec-
tive conductivity resulting from the instability is derived in a straight-

forward way from the non-linear theory.
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CHAPTER 2.

ANALYSIS OF THE NATURE AND GROVWTH OF ELECTROTHERMAL

WAVES,

2,1 Introduction.

The object of this chapter is to derive a linear dispersion
relation from the basic electrothermal equations, including as
much of the relevant physics as possible. The dispersion relation
will then be solved for the complex frequency, and the variation
of this frequency with various plasma and wave parameters examined.
From this analysis we hope to find the ranges of plasma and wave
parameters, especially electron temperature, for which the waves

are stable,

Among the physical mechanisms included are finite ionization -
recombination rates, finite degree of ionization, radiation transfer,
electron thermal conduction, and the combination of both neutral

and Coulomb collisions.

It is expected that the effect of finite ionization rates will
be to damp the waves at low temperatures. If we look at the equation
for the rate of change of electron density, in the gas frame of

(2.1 (2.3) ;o0

reference, using the collisional-radiative theory
the recombination coefficient and assuming that the equilibrium

state is Saha equilibrium at the electron temperature we have,



0'—20 T q/Q- /)’VLG
where AZ: 1'1 x ! < sec
3 — ZIe
and (o me RTa\72 Te.
AI - < ’,\J'Z. “Q AZ’

(In view of the importance of the ionization~recombination mechanism
to electrothermal and magnetosonic waves, a brief outline of the

collisional radiative theory is given in Appendix A).

Suppose we have a perturbation, 'n.é s in the electron density,
we can then find the characteristic time it takes for equilibrium to
be re-established in the absence of destabilising effects. Lineari-
zing with respect to N equation (2.1) becomes,

M
7t

Hence, for 'YL5>> Mo , we have
/ /
’arne, - Me
ot Ts
where /ES s the Saha relaxation time, is given by TS =

2MNg - Neo )

/ P
_ n
= No Ao MNeo . ies

L
2Ngy Aso
Physically it seems likely that the relaxation rate %Swill
be an upper limit to the growth rate of an electrothernal instability,
since the wave grows by ionization in the peaks and recombination in

the troughs. Sincel decreases rapidly with electron temperature
s p

(see Fig., 2.1), there ought to be a significant damping effect on
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the waves at low temperatures, but a negligible effect at high

temperatures.

The recent work, (1‘4)’(1'52 on the validity of the Saha
relation for the steady state in a current carrying plasma has
shown that there is a critical value of electron density above
which Saha holds. With no other analytical expression for the
steady state available, the existence of this critical density
has been ignored and the Saha relation is used for the steady
state over the whole range considered. The effect of a reduced
electron density at equilibrium is equivalent to reducing the
ionization rate, and hence will tend to stabilize the electro-
thermal waves. Using Saha equilibrium for thevsteady state there-

fore gives an upper limit for the growth rate of the waves.

Since the instabilities are dependent on the partially ionized
nature of the caesium seed it is expected that when the seed becomes

fully ionized the instabilities will die away. The important para-
Dl Ne
meter here is ——————
2o Te
the order 10 at 2000°K for Caesium, but decreases to below 1 above

(Fig. 1.1) which we have seen is of

5000°K., We expect therefore that the growth rate of the electro-
thermal instability will have a maximum as a function of electron
temperature, falling off at low and high temperatures due to the

effects of finite ionization- recombination rates and finite degree
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of ionization respectively.

The effects of radiation and thermal conduction will be to
damp the wave by transferring energy from the peaks to the troughs.
The radiation term used in the calculations is that derived by

Lutz (2.4)

. The basic assumption employed is that the first doublet
excitation level of the caesium seed atoms, which dominates the
radiation transfer is populated at L.T.E, with respect to the elec-
tron temperature; i.e. we assume that the level is populated by
inelastic and super-elastic collisions with electrons, and radia-
tive de-excitations play only a small role. Due to the large self
absorption vhich increases the effective lifetime of an excited
state, and the high electron densities this is a good approximation
in the one atmosphere plasmas with .1% seed fraction that we consider

here. Ve will discuss the possibility of enhancing the radiation

transfer to damp the waves.

At the lov temperature end of the range considered,neutral
collisions dominate the electron collision frequency, while at the
high temperafure end, due to the large increase in ionization,
Coulomb collisions dominate. To examine the temperature dependence
of the wave it is therefore necessary to include both types in

evaluating the collision frequency.

Some, but not all, of these physical mechanisms have been
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considered by previous authors. For instance Kerrebrock (1.16)

(1.17)

has a section with finite ionization rates, Nedaspasov
includes finite degree of ionization, and Hougen (1.74) includes
all the physical effects used here except finite degree of ioniza-
tion. A more complete range of the relevant physics is therefore
included here to obtain a more complete picture of the properties
of the waves. In addition, the physical nature of the waves, how
they move and grow, was previously unclear, and this is examined
here in detail. A comparison of the results obtained here and

previous theoretical and experimental results is given in section

7 of this chapter,

2.2 Basic Assumptions of Electrothermal Theory.

The plasmas we will consider throughout this thesis have four
components, viz. electrons, seed ions, seed atoms and neutral
buffer atoms. The seed is considered to be an alkali metal (usually
Caesium), and the buffer a noble gas (usually Argon). Under the
conditions of 1 atmosphere pressure, seed fraction of the order of 215%’
and temperatures of the order of

/thousands of degrees Kelvin we make the following assumptions:-

1) The electrons have a Maxwellian distribution in velocity
space.

This is an implicit assumption in the evaluation of the colli~

sion frequencies and is of course intimately comnected with the

assumption of Saha equilibrium, and the use of the ideal gas laws



for the electron gas. The calculations of refs. (1.4) and (1.5)
show that this is not a good approximation at low temperatures
and densities. However it is a good approximation in the electron
temperature range of most interest to MID generators, viz. 2500°K

to 3000°K,

2) The electron number density TIQ and the ion number density

71L are equal.,

Essentially we are removing high frequency plasma oscillations
from our equations. The assumption is not strictly true since
space change electric fields exist in the fluctuations. However
the difference in electron and ion number densities required to
produce these fields is very small compared to the fluctuation
amplitudes of the two densities. This can be seen as follows.

Poisson's equation for the perturbed state gives us,
! 7 /
f =N
~ éo

where /| = fluctuation wavelength.
From the linearized Ohm's law, which will be described in section
(2.5), we have,

¥* *

E" A~ m
2 hence,

297 €0 Eo /
ZM=e ~2 Jm,

/ / ~
(44,& —-rer ) JL.J4_,YL20

ko,
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— 3 20
Typical values are to: /0 volts /p, Moo = 1O ,)‘,)’;"3 and
-2
A (O~ m
therefore we have

("VLL/ —-’YLQI) ad IOO.S /n’;

1)

3) The heavy particles have the same temperature, i.e.

Ti = Ta = Tn = T, but Te # T.

The equality of the ion, seed and neutral temperatures follows
from their approximately equal mass, Thermal coupling between
them is strong, while the much lighter electrons are partially

uncoupled thermally from the other components.

L) The heavy particles have the same centre of mass velocity,

i.e no ion or seed slip.
VizWaz= U =8 ’ P

50 T, ¥ ,MN, ,Ms are all constant in space and time.

We assume therefore that the steady state is "uniform", i.e.
that L >> A vhere L = characteristic length over which the
steady state variables change. Furthermore we assume that the
heavy particles do not participate in the waves, apart from varia-
tions in the degree of ionization. This is equivalent to assuming
that the inertia and thermal capacity of the waves is so large
that their properties under the influence of the fluctuating

J x B forces and collision energy transfer do not have time
o~

~



to change within the characteristic times of the wave (period and
growth time). The validity of this assumption and the interaction

between electrothermal and sonic effects are discussed in Chapter
S
6) The magnetic field, B = (0,0,B), is constant in space

and time, i.e. zero magnetic Reynolds number.

This is a good approximation for the characteristic conduc-
tivities, dimensions and velocities in MHD generators. To compare
B* with ’Y\_e*, we use Amperes law, i.e.,

! i
28 v
Z_X—&— PV J . J, ¥ » *
/Uo Mo A Now ~ 2

n" * 'S
and hence J A~ g v B Ne since Jp ~ o U6

Therefore , B,k N oy VU Mo ./L) /)’I/j
27

The expression in the brackets is the usual magnetic Reynolds
number with the reciprocal of the wave number substituted for the
characteristic length.

Using OF = 100 mho/m, V= 10° Wsec and A = 1072 m, we have

* 4 ¥

~ |O Ne , hence fluctuations in B are negligible.

B

A1l these assumptions are made throughout this thesis, with

the exception of assumption (5) which is dropped in chapter 3.

b2,
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2.3 Basic Equations of the Electrothermal Theory.

Under the foregoing approximations the plasma state can be
described by three electron equations (density, momentum, and
energy), and two field equations., In the frame of reference of
the heavy particles, i.e. Y = O, these equations have the fol-
lowing form:-

Electron density.

This is equation (2.1) given in section (2.1).

Electron momentum (Ohm's law)

* _ O/ - _
J;rc",_f_@v- (I; F’Fw) — (2.2
. o~
Jy = ey (BF *+ F,) — (@3
(note we assume EZ:O ) %:O )
where F = E-i'ZEf ? 5;:625_'_4’/:)('8'7

/D@: %ehTQ,

2z
N o €

e, 2, 7
_ bBe

O_J

\

the electron collision frequency is the sum of the Coulomb and

neutral collisions .
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i.e. Ve = )/,c. + Vn
-7 ot Aog /L
M e
vhere ))c = _é—% (7T kTp’) 602/57": -

\i

(2.5)

-3
and 7,M=[G-0+5-5x/0 (TL—ZODO)]){IO e

Electron energy equation

U :’J _:/:_) =
%%2 -V W:n:;) - Pe Vi aZz)

2 : 2N
L 3, k(TG +05ss) = 58 Lr

R + V(R VT) — (2-4)

where the internal energy is given by Ug_ Zig- P R 7—3 and
the thermal conductivity by,

Ne RZTQ 5/2
Mo 2L (’ ’f'pz)

k=

<

The radiation in the plasma is dominated by the lowest order
L 2 2 2
Caesium doublet ( 6 S’/L - C Pl/2 ) 6 5‘/7_ - é P 3/7_) :

Since the absorption length of this resonance radiation is small

-2

2
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compared with the plasma dimensions the radiation is largely trapped.
Using the expression derived by Lutz @.4 for an infinite plasma we

obtain, assuming the plasma to be uniform in the Y - direction

2 Ml _
()= 3w B ool [ i 72 ) o

pi

— N bV ’VVLPL j ™My (1+ 27’ﬂpb) oy, X

j " [J B(t)j.m ,2(t ‘9) JB *)1“»%(9—%]}

The summation is over the two resonance lines, and ,

3
2. h; 1
B (9) = “—}‘]Z'L “hai
C hre Y -1
Isa/ﬂ(‘a)
p3 X

L"’ITZ L 93. A)/(‘/’t{,
Z SkT
DY, ZTT(jL Mo \/m—

The first term represents emission from the volume element
and the other two terms represent absorption from the rest of

- of

the plasma. It is assumed that the population demsity M, ;

each excited state is dominated by electron collisional excitation



and de-excitation, so that,

Moi = Nag Ei: oxp (- Z:iii )

9[_ = state degeneracy
Noe + 2= Nai = Mo
L

Yla

L+ Zgexp (- B2)

RTa

L.e, {)/LQG\'

The dominant absorption line broadening mechanism is Van der

Waals broadening by the neutral atoms. The values of A L

and ’U; used are those given by Corliss and Ozman (2.6) and eL

(2.7).

is calculated from a formula given by Griem

Charge Conservation

vV.J =0 - @.5

This follows from assumption (2)

Faraday'!s Law.

VXE =0 — (2.6)
This follows from assumption (6).
lle have then a set of six equations in the six variables
,J :) E. ana E9 . We can linearize these to
obtain equations for electrothermal fluctuations about a steady
state. In chapter 4 these eguations are solved under boundary

conditions on J and E . In this chapter we assume that

-~

L6,
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the plasma is infinite and apply plane wave solutions, The justi-

fication for this is that often nearly plane wave fluctuations

are observed experimentally, and also the relatively simple

plane-vave approach enables us to examine in detail the mechanisms

of movement and growth without boundary complications,

2.4 The Steady State

The steady state of the plasma is assumed to be uniform and

the equations (2,1) - (2.4) reduce to,
2

’YL£c> _ /*‘D
(2.1) Ne-Teo - Azo i.e. Saha
Equilibrium,

y 0o =
(2.2) Joc = }:‘@—z (on Be Eo,)

:+,Bz

2

2 Me

@i 2 = 3my, h(’i; D (%o T 0o i,

o

The last of these of course represents the nonequilibrium

elevation of the electron temperature.

The radiation transfer

term is zero in the steady state (evaluation of the integrals in

R for a uniform plasma easily demonstrates this), since each part

of the plasma is absorbing as much as it emits.

For a finite plasma, however, the limits of the integral

would be different and R would be non-zero., Physically this means

)
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we have radiation escaping from a finite plasma; however, for the
resonance radiation the absorption length (typically 10'5 m in
the centre of the line) is very much smaller than the dimensions
of typical laboratory!ID plasmas, and the radiation escape is

small compared to the elastic loss to the heavy particles.

Similarly the short collision length (~ 107 m) means that
the electron thermal conduction losses from the bulk of a typical

laboratory MHD plasma are small compared to the elastic losses.,

Ve assume therefore that the steady state of our infinite
plasma model is a good approximation to that in a finite plasma.
Unfortunately this also means that radiation and thermal conduction
will be ineffective in damping wavelengths of the order of the
dimensions of a typical apparatus, however they will have an impor-

tant damping effect on short wavelength modes.

Note that strictly speaking our assumptions of a uniform
steady state and Ohmic heating of the heavy particles via the
equipartition elastic loss term are incompatible., The heavy par-
ticles must lose the energy either by convection or conduction, or
both., The implicit assumption therefore is that either the wvelocity
of convection or the heavy particle thermal conductivity is large

enough for the condition LA to hold.
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2.5 First order perturbation of equations, and the Dispersion

Relation.

We perturb the set of equations (2.71) - (2.6) about the steady
state defined in section 4. Neglecting terms of higher than first
order, we take into account the functional dependence of all the
plasma parameters on "L, and T;, in the perturbation. The

linearization is straightforward, but algebraically tedious.

Equation (2.71) linearizes to

¥
Mo

2 3 Le )
where o, = AZO Meo (3—- + RTeo

b —- A /n.eoz ( %00—2%5)
o 20

Mg - Mg,
The linearization of equations (2.2) and (2.3) can be facili-
tated by applying the plane wave solution for the perturbations to
equations (2.5) and (2,6). If the Y- axis defines the direction

of the wave vector (i.e. all perturbed quantities are proportional

to _o/y.})((,wt-(',f(_!j)) , we have

- J—
= -::O,
2Jy !
e — T =0 and _— = 0 s from

(2.5) and (2.6) respectively. That is,
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"KJ9=O and LKE, =0
» / /
therefore J9 =0 and E, =0
2 _ I 1
Since = O it follows from E,.=0 tat F.=0.
Rearranging (2.2) and (2.3) to obtain
Jx =0 x T P J v , we can linearize this simply

to get, ./ . / L
Jx = O E ox @ J 0y

!
Linearization of equation (2.3) simply gives us the Fy that

must exist in the wave to make _J Yy = 0 and is not necessary

to obtain the dispersion relation.

From the functional dependence of ¢ and (9 on T, and Ne s

and assuming that ._‘{ o Makes an angle )C with Ii (more specifically,

s = ..jo ",S.é
x:sw»'( “:i:irss))

we can write jplo as,
G X (=1 ) (Sim Xt Po B E)
A (1 - w) Bo <°S J-TX[ 55X (2 (w-V

+1) ] /

pZ
- co w =
vhere = .ﬂ; 9 (ﬂj —/Lco

Linearizing the energy equation we get,
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* ¥
Mo 2, T 2Te
Mo ( 32' R Teo IP) >t + bl ”’eok <o & +

. - ., v
’ h—r— J 3 '* * — léo-;l, — \)O *
Lk Bl (1tomd) = TEms - o

o

-—Ei —_ RI —_ Ksz‘eTQo T..Q_*

Where _E = equipartition elastic loss term. Note that - K
has been substituted for %y « The perturbation of the

radiation and the equipartition terms are described in Appendix B.

2|

Substituting for J o the final form of the linearized energy

equation can be written as

Mn * *
“Co %‘Q + ho ’%/7—&:2 = OCD’YLQ* + fo T* ~(2..3)

where ’

L, = (:37: R Teo +Ip> Neo

2

h’o = % /YLao/%T.eo

——

4= LRTKjeox a_.g'_é{s.;wx[(;-m—mw
o \e o—

+RuX] ~1 + % (l—ut>(qr“~$)}

-~
where, S = (l + Mo ﬂ)
D/Co Mn
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(6r(u-0+3) =% (1+2(3u=1)s)- . Teo )

eo — |

+ 3 3m (£2E) /QT“"( i K) 00 T8 ke K

where we have assumed that ‘_EOE_@_Q“ ~ | .
Qon,0 T2
Yo
Substituting LW for 2%t (2.7) and (2.8) can be written

in the form

L w—b, - Q, Ne

. ’ *
Lwto—olo Lwt\o"fo Te

Hence, using the condition for a non trivial solution for

'n,e and |, we get the dispersion relation
(W -b, - &

]
o

olet
(:(A)«Co—do ‘:who'—fa
Thus we have a quadratic for the complex frequency w, with
coefficients which are complicated functions of 1, 20 )C ﬁo and K.
The variation of the solution of this quadratic as a function of

the four variables will be described in the next section.

52.
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2.6 Results of the Solution of the Dispersion Relation.

a) Procedure of the Calculations.

In most of the numerical evaluations of w the plasma considered
was an Argon gas seeded with Caesium; however some calculations
were also carried out for Argon and Potassium, Helium and Potassium,
and Helium and Caesium. In all cases the neutral gas has a number

density of 1022 ;%% and the seed fraction is .1%.

The calculations were usually carried out with the heavy
particle temperature fixed at 1500°K, and the variations of T,
and B were made to correspond as closely as possible to experimen-
tally realisable situations. For instance Teo was varied for fixed
B. This corresponds to increasing the internal Ohmic heating by
decreasing the external load in the generator circuitry. Of course
in the real situation this would also cause T to rise slightly, the
magnitude of the rise depending on the thermal capacity and energy
loss mechanisms of the heavy gas. Assuming the consequent rise
in T to be small its effect on the growth rate will be smallj;
and even if it is not small it will not qualitatively affect the

way in which the growth varies with Teo.

Once Teo is arbitrarily fixed, M, and the plasma parameters,
such as collision frequency, conductivity and Hall parameter, can
be calculated and the magnitude of ‘)o deduced from the steady

state energy balance. Fixing)( and K then determines all the
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coefficients of the quadratic dispersion relation, which can then

be solved,.

Teo was also varied by varying T, keeping(Teo-T)and B constant,
This corresponds to varying the incoming gas temperature as well as
the external load of a generator. This variation was employed to
examine the wave behaviour at electron temperatures approaching

12
1500°K without :kyé? going to zero.
(-

These two methods of varying Teo keep B constant, and for
completeness another method of varying Teo was tried. This consists
Re ) and T constant but vary:

an constant but varying
Ret Ru

the YW X B induced field by varying B. This varies the Ohmic

of keeping the load factor ( =

heating, and a load factor of 0.75 along with a velocity of 103m/sec.
were used. Because of the difficulty of solving the steady state
energy balance for Teo given the ‘U7 X B  field and load factor,

the procedure was inverted, Teo fixed and the required B derived.

A1l the parameters X . ﬁ% and K were also varied keeping the
others constant. Fach time the plasma parameters etc. had been
fixed the coefficients of the quadratic dispersion relation were
calculated and used as inputs to a computer subroutine to obtain
we In addition, the ratio of ne* to Te* in the wave was cal-

culated for each solution w.
b) Vave Modes.

Since the dispersion relation is a quadratic its solution
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gives two independent modes for electrothermal waves, Issentially
they are a high frequency mode, vhich is always severely damped,
and a low frequency mode which is unstable under certain conditions
(See Figs. (2.2) and (2.3). Note that the complex frequency is
written as (U = Wy, - L 9 so that wf real frequency, and g =
growth rate). In what follows the high and low frequency modes are
referred to as thé fast thermal mode (F.T.M.) and the ionization

mode (I.M) respectively.

If we define (’ and & by
e _Q,Ls = /n'-'?—*/T.Q*

we can see from Fig. (2.4) that, at Teo = 2500°K, €<1 for
the F.T.M., while €~10 for the I.M; also from Fig. (2.5) we see
that 8 & © for the F.T.M. and €20 for the I.lM, Therefore the
F.T.M. mode has small fluctuations in n,* compared to Te*, with
the two out of phase, while the I.M., has the expected large fluc-
tuations of n,* compared to Te*, with the two in phase, It is not

surprising therefore that the I.M. is the unstable mode.

For both modes the values of all the wave parameters are
identical for }( and X + ©, except for the sign of the real
frequency and ©, That is, given an orientation of the wave front
WeTote _‘):o s the waves travel in one direction only. TFor this

reason quantities plotted as a function of X are plotted in

the range [X/[< ’% only.

At temperatures below 4600°K the F.T.M. and the I.M. travel
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in opposite directions, the former has a wave vector such that

-_J_o.’U' {o (,.,, = K ) and the latter has ;J:o-"[p> o .
That is the F.T.M. travels in the same sense as the electrons
while the jionization mode travels in the opposite sense., However,
above L4600°K the phase velocity of the ionization mode reverses.
The physical reason for this wave kinematics will be explained in

section (2.6g).

¢) Dependence of the instability on X.

The wave quantities g, e, © and ’lfP for the I.M. are plotted
as functions ofx in the interval -~ 7’)2 - ’% for wvarious values

of Teo in Figs. (2.6) - (2.9) respectively.

These curves have constant magnetic field (5 tesla) and it can
be seen from (2.6) that for low temperatures (,‘<' 3000°K) there is
growth in a range of angles centred around x=% . The value of

X where g maximises, X s is approximately given by,

m
1 (1-w)
K = T o+ l=zO-c

This is obtained by finding the value at which the heating
term proportional to n,* (i.e.d, ) maximises with respect to xX.

T
Ve see that x,m = 7 for large values of » only.

From Fig. (2.7) we see that f’ is not a constant with respect
to X as it should be if n,* and Te* were related to each other
through instantaneous Saha equilibrium. Above 2500°K the approxi-

mation of instantaneous Saha equilibrium is a good one, but below
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qb‘aia N eo
2500°K it is not. At 2500°K the value of 3(/@ Teo from

the Saha equation is approximately 10.5 and we see that e equals
this where g = O, This we would expect since the period of the
2

jonization mode is ~ 107> secs for/= 10"“m. and the Saha

relaxation time is much less than this at Teo = 2500°%K,

However when the wave is growing or decaying the magnitude
of the growth rate is of the order of the Saha relaxation rate
and the rate of change of the electron density fluctuation amplitude
is limited by the finite ionization ~ recombination rates. Hence Te*
gets ahead of ne“‘, so that when the wave is growing e is less than

° @ Teo L. . .
Y P I and vhen it is decaying ( is greater tham

"bl/c‘a N<o |
'D(/D‘E'T:eo

At lower temperatures the rise and fall of (O above and below
’%(;L?j;-%{: is increased because of decreasing ionization
and recombination rates, but in the stable range of )C a new effect

appears. The I.M, becomes similar to the F.T.M. in that € falls
to -t (see Fig. (2.8)) and the effect of this is to take a large
"bite" out of the rise in C leaving two spikes on the edge of the
stable range. The Figs. clearly show that as the temperature rises

the range of X over which © = -m decreases, the size of the "bite!"

decreases and the spikes converge.

From Fig. (2.9) we see that the phase speed iw'f/Kl maxcimi-

ses atX=O, except at lower temperatures, and at all temperatures

@/ =0 at X= i’g.
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d) Dependence of the instability on the Hall parameter.

The Hall parameter was varied by varying B, keeping everything
else constant. This assumes that the gas velocity also varies in
order to keep Y X BV and the steady state Ohmic heating constant.

The dependence of the instability on [30 is now well known

(1.21), (1'22). The results

from experimental observations
derived here confirm that the ins.tability has a critical Hall
parameter, ﬁacw’b , of the order of 1. Figure (2.10) shows
that 9/m varies linearly with ﬁo , where 9m is the growth
rate at X'm . The temperature dependence of /Boc-rl't s shown

(1.21) 2.8)

in Fig. (2.11), is similar to that previously reported.

The range of angles over which the wave is unstable, AX ’
is plotted in Fig. (2.12) as a function of f8, at Teo = 2500°K.
We see that AX increases with ﬁ) . In some experiments (1.21)
it is observed that the instability has a plane wave structure at
low values of ’QD s and this breaks down intp apparently random
turbulence as the Hall parameter is increased. It seems likely

that this is due to different Fourier components of the instability

becoming successively destabilized by the increasing range Ax.

This phenomenon follows naturally from the analysis of boun-

dary effects on the wave, and will be demonstrated in Chapter 4.

e) Dependence of the instability on Teo.

The growth rate plotted as a function of the steady state
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electron temperature is shown in Fig. (2.13) curve 1, for T = 1500°K,

B=5 teslay A=10""m and X = Xn.

The growth rate shows a maximum with electron temperature at
1;0 = 2500°%K and at higher temperatures, above approximately

2000°K, the waves are damped.

The reason for the decrease of g towards lower temperatures
is partly due to the decreasing value of Teo - T. Since we
2
calculate :hi from the steady state energy balance we have,
© ) = 7
t low temperature Jo ol Y ( )'T' 2 A i
at lo mperatures, __;. 20 Teo-—T ¢o » Assuming
that neutral collisions are to be dominant at low temperatures, then

the constant of proportionality in this relation is independent of

either ’Fyeoor Teo., In section (1.3) we saw that

- ' Q~ ljcz
— NS ———— e
9 ,CE O'o/?' MNeolp °

henceJ

9 o (TJZO"'T> Te?

at the low temperatures. Keeping Teo - T constant, however, g still
decreases in a very similar manner as Teo decreases (see Fig. 2.14,
curve 1), This must be due to the finite ionization recombination
rates, and this is confirmed by arbitrarily increasing these rates

by a factor 10° and repeating the calculations., Fig. (2.14), curve 2,
shows the result. This time the grqwth rate does not start decreasing
until 1800°K.

We conclude therefore that the infinite ionization -~ recombination
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rate approximation over-estimates the growth rate for temperatures

below 2500°K, but gives a good approximation above this temperature.

The growth rate decreases as Teo increases past 2500°K in Fig.
(2.13) curve 1, not because of the increasing degree of ionization,

but because fBa decreases with fixed B due to 2/ increasing

“x.
with Teo. This can be seen from curves 2 and 4t in Fig. (2.13);
curve 4 is [Bo versus Teo, and we see that ﬁo 22 yhen the wave
becomes stable with increasing Teo; curve 2 shows g versus Teo
with the Hall parameter fixed at 5, i.e. B increasing with Teo,

and here g does not have a maximum as a function of Teo in the plot-
ted range. However if we continue curve 2 to higher values of Teo
(see Fig. 2.15) we find that g does in fact start to decrease

at about 5000°K, and quickly becomes stable, due to the finite

degree of ionization.,

If instead we increase Teo by increasing B to produce more
magnetically induced nonequilibrium ionization with fixed load
factor then g as a function of Teo is Fig. (2.13) curve 3.

The growth rate increases monotonically for the values of Teo
plotted., This is because, for fixed load factor, Q?L , wWe have,
from the argument in section (1.3),

2 3 h(Te—T)
£ m, v (1-m )
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The extra factor ( l"‘q?L 5L simply takes accounf of the
external circuitry. Hence fBo increases with Teo. However,
once again, at high temperatures g goes through a maximum and
goes to zero (see Fig. (2.15), curve 2).

(Note that the range of electron temperatures over vhich the
plasma is unstable corresponds to the envisaged range of tempera-

tures for closed-cycle MHD generators)

f) Dependence of the instability on K.

The dependence of w_ on K was given in Fig. (2,2), for
'X, = x'm R T—QO= 2500°K, and B = 5 tesla. The dispersion curve
is a straight line through the origin therefore the phase velocity
( Cuqu« ) and the group velocity ( di%%zk) are identical and

independent of K.,

However the growth rate waries with K, and we see from Fig.
(2.16) that, for various temperatures, the growth rate decreases,

as expected, when the wavelength, A , decreases.

The stabilization at short wavelengths is due mainly to the
thermal conduction, which varies as "Li , and not so much to

i
the radiation transfer which varies only ag —— .
J/

However, for wavelengths of the order of 'IO—2 m, at around
2500°K, the radiation transfer in the wave is about 105 of the

elastic losses, vwhile the thermal conduction is less than 1%.
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For this reason it may be possible to stabilize to a significant
degree the waves observed in the laboratory, which have wavelengths
o of the order of 10—2 m, by increasing the radiation. The possibility

of doing this will be discussed in section (2.6 h).

Wle note that, according to Fig. (2.16), the nonequilibrium
plasma is unstable to perturbations of infinite wavelength, i.e.
uniform perturbations. However this is consequence of our plane
wave periodicity conditions which demands that :ii be perpen-
dicular to K., This condition persists even if we let IKI-=> 0,
For a uniform perturbation the direction of :i would be imposed
by the boundary conditions appropriate to the finite apparatus

and the stability of a uniform perturbation is demonstrated in

Chapter 5.

g) Physical Nature of the VWaves.

The development of a physical picture of the waves, how they
move and how they grow is of considerable interest. Unfortunately
the interplay of the physical mechanisms in the wave is obscured
by the number and complexity of the terms, especially in the energy
equation. However, if we assume a sinusoidal fluctuation in ne* and
Te* of the form shovm in Fig., (2.17), we can say something of the
way in which the electrons move in the fluctuations, and of the

mechanism by which the fluctuations themselves move.
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It follous from J 9/ -0 that [ |*: —nj. Therefore the
electrons stream through the fluctuation with their velocity
perpendicular to the wave fronts decreased in the peaks of ne*,
and increased in the troughs., The fluctuation itself does not
tend to convect with the electrons, since the assumption n, =n
would require the ions to move with the wave speed vhich is incom-
patible with our assumption of stationary ions. In fact the wave

moves by enhanced ionisation on one slope and enhanced recombina-

tion on the other.

The terms contributing to the movement are the terms in the
energy equation which are '1%; out of phase with n,* and Te®
viz. the gradient terms. (Remember that the phase difference
between ne* and Te* in the I.M, is generally very small); In the

2 .
linearized energy equation these are -— 5 b_‘—’_—g"_‘]@ _B_z;,viz.the
. * \Q ’ay
B Too s, DM . . :
y viz,compressional heating.
< Y

At lower temperatures we have n * D) Te*  for the I.M, and hence

convection term, and

compressional heating dominates. Hence we have a situation as in
Fig. 2.17a, vhere the electrons are heated as theymove into a

peak in ne* and cooled as they move out. The wave then moves in a
direction opposite to the electron drift across the wave fronts.

In contrast at higher temperatures vhere T,_:k >-?;—’nf (i.e. above
4600°K) the convection of the electrons dominates and the phase
velocity reverses due to reversal of the relative heating on the
slopes. The waves now move in the same direction as the electrons

(see Fig. 2.17v).
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When X = f %‘ the electrons are moving parallel to
the wave fronts and both the compressional heating and the
convection are zero, therefore the waves are stationary (see
Fig. 2.9). The stabilizing and destabilizing terms are in phase

with nQ* and Te* and do not contribute to the motion of the waves.

The small phase difference between ne* and Te* is of course

due to the finite ionisation - recombination rates, and is such
that Te* always leads n: in the I.lM. DNeglecting this phase
difference we can write down an expression for the phase speed
from the imaginary part of the energy equation, viz.,

-jo %X (6‘ 3/7—)

3 }
Neo (72 + (%5 + Tegn)e)
The phase velocity (with sign defined by “Up, do ) is plotted

—

"vp.)o

/4”}';,/::/

as a function of Teo in Fig. (2.18).

Since Te™ > n,* always in the F.T.M. this mode moves in the

same direction as the electrons.

Physically the source of the instability is the enhanced Chmic
heating in the peaks of ne* and Te*, This is obvious from the fact
that the perturbed Ohmic heating gives the only positive contribu-
tion to the growtli rate. However the fact that the waves require
a magnetic field to grow and the 7C dependence of the growth rate

remain to be explained physically.

For zero magnetic field it is easily verified by perturbing
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equations (2.2), (2.3) and (2.4) that the damping elastic losses
dominate the Chmic heating; i.e. although the rate at which
electrons gain energy from the electric field is, for some values

of X s increased in the peaks of ne"‘ and decreased in the troughs,
the rate at which the electrons exchange energy with the heavy par-
ticles is perturbed even more., The effect of a magnetic field is

to increase the fluctuation in the current, and hence the Ohmic
heating, for a given n,*. So that, for 180 ‘>r |  the perturbed
Ohmic heating becomes larger than the sum of all the loss mechanisus,

and therefore the wave grous.

In section (2.5) we saw that,

v’ _ , ] °®
Je = o Eox = P Joy >
using the steady state Ohm's Law of section (2.4) and the definition
ofx , we can write this as,

| H * - * K x)
Iy = Jo (o/ sinX + (o - P ),800"3

/
This includes the effects of f implicitly, as well as the
4 ? M

effects of 0 and p « More explicitly we can write fJI as the

sum of the five following components (see Fig. 2.19),
|

o / F t
J — ,9.3/_.-’2'———- o current induced parallel to f
i - 2
-~ | + po
J:—, - o' K — current induced parallel to [,
T P
J ! _ _ 08B F’ X £ — current induced perpendicular
~> 2 -~ /
[+ ,Bo to F

~
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C..
1\
|
L:
*
NS

4y | + Fol Lo = current induced
perpendicular to Ea
i oz F 1A
and ;_)_‘ g T — 2 o?‘ W —  current induced due to
I+FD the change in 15 .

A A
Here Z = unit vector in the z-direction and ’L_f = unit vector
—

at an angle tan™" (F) - X to the x-axis in the 1st quadrant,

The first two components are present without a magnetic field,
v )
but the last three require a magnetic field. Components g_{ 4 and 9_‘_ 4

*

are E/ B drift currents, while component ‘!’ is due to the decrease
in the Hall parameter for a positive perturbation of ng (Remember

ne* >> Te* in the I.M. and Te' can be neglected in this simpli-
fied discussion). Since the angle between :J: and f is tan—'( P) r}
a decrease in P causes ‘i to swing toward E. Therefore a decrease
in the Hall parameter will increase F, , where f;l is the com-
ponent of f parallel to‘:)' and, since'i = ¢’ f“ in general, this

will consequently increase the magnitude of ) .

i
From our assumption of plane wave solutions f is of course
determined by,
'y . <y - . | _ ] _
(zr}l"-i?."'ig*.‘:).tl-'f'})»{)g’o; and Fx’o'
For large ﬁc the drift currents and the current due to the

i
change in Hall parameter, which together give the ¢&X term in j P

dominate Jx, so that J,’L < Jo { ¥ p*)ﬁo o3, Tis

of course maximizes atx = 0, However the only significant part



!
‘of J as far as growth is concerned is the component parallel to

Jo , since,

, . 0) 3
(72'?)’ - 2 Jo.d —_ o C’*
= or cz
v " . .
2 JpJy SMX Jor %
- — o’
6= [ s

Substituting for Jx ve have,

(22)' = 2 [(otp¥) pesinax — %)
= =
The positive contr:.butlon to ( 2 /) therefore varies as sin 2.X

and maximises a‘bX = -Z:_: o« Consequently, for high values of (80 -

the growth rate maximises at ‘X =%_ .

When n_* becomes less than Te* due to the finite degree of

e
ionization, g”* tends to cancel F* in the cosX term since the
dependence of o* and F* on Te* is identical. Hence at high

2|
temperatures the sinX term in Jx becomes more dominant and sub-

o
stituting this term for Jx into the Ohmic heating we obtain a
2
sin )C dependence for the positive term, i.e. the Ohmic heating

meximizes at X = ZTZ- .

Due to the finite degree of jonization we have seen that the
wave is damped at high temperatures ( »5000°K). Nevertheless, the

" absolute maximum of g can clearly be seen to move from E—l’ to %

67.
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as Teo increases in Fig. (2.6).

h) Radiation Transfer.

the

Due to the fact that the waves are damped for Bo'<:ﬁocrit’

undesirable effects of the instability could be avoided for instance
by having a small enough magnetic field for this condition to hold.
However, we have seen that a high elevation temperature requires:F52}1;
also, from section (1.2a), the specific power density is proportional
to B2 for fixed conductivity, and therefore, provided the generator de-
sign takes the Hall effect into account, and B is not big enough for
ion slip effects be important, the bigger B is the higher will be the

generator output.

Imposing the condition Bo<:ﬁ is therefore an unsatisfactory

ocrit
way of avoiding fluctuations., We must therefore consider other ways

of damping the waves.

One method would be to increase the radiative energy transfer in
the plasma to cancel the Ohmic heating. TFor wavelengths of the order
of 1cm. the radiation transfer is of the order of 10% of the elastic
losses in the plasma (which is of the same order as the Ohmic heating).
So that if we arbitrarily increase the radiation transfer by a factor
of 10 then the dependence of g on Teo looks like curve 4, TFig. (2.20).
Comparing this with g versus Teo for the unenhanced radiation transfer
(Mg. (2.20), curve |), we see that a substantial damping effect would

be produced.
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In most laboratory MHD plasmas, which have dimensions of the
order of centimetres, the instability wavelength observed is of the
order of the apparatus dimensions. It seems likely that if the
dimensions of the device were to be increased, i.e. to a size
compatible with economic power generation, that instabilities of

the order of the apparatus dimensions would still be present.

In this case stabilization of the waves by radiation transfer
implies a considerable escape of energy from the plasma by radiation.
Therefore, an energy escape term of the order of the other two terms,
would appear in the steady state energy equation, with a consequent
decrease in the steady state electron temperature and density.

Hovever, since the elastic losses are proportional to Do (Teo - T)Teo%
in the case of neutral collisions dominant, and neo2 (Teo-T) Teo—;'2
in the case of Coulomb collisions dominant, the reduction in Noot

though significant, is such that N has still the same order of mag-

nitude., While the reduction in Teo is small,

In addition the enhancement of the radiation transfer will
involve adding further complicated atoms to the plasma, with high
electron inelastic collision cross-sections, and possibly with chemical
properties which are undesirable as far as the various components of
the MHD cycle are concerned. Even if radiation enhancement can be

achieved, therefore, it may be costly in terms of generator performance.

To consider how such an enhancement could be achieved we look at
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the perturbed radiation term, From Appendix 2 the perturbation of

the radiation from the ith line is given by h7)‘
Bleo
g/ = 3&17;(f<mqav;9)} )
¢ 2Lh-C "t’;/ 9& /27_"30 N/ F«Tw I)
ka)
9 n~zJ
vhere /VLQ,CT = ryla«/( | + 2 =2 \Q RTew
bt

3 i
}’\Vé) PToo
’ R‘ oC BT, -2
%_’_)C 2 9; “';’_’)5 V.
(eet) (1423 2 =
J

The R.H.S. of this proportionality relation is plotted as a function

of hD/:/kT“ in Fig. (2.21), assuming J = 1,2 for the Cassium
resonance doublet. '
We see that the R.H.S. maxtimises at h))‘,'/ ~. 3 and the
b1,

maximum value is approximately §.3. At Teo = 2500°K the value of

hYi g is 27 for the Cacsiun doublet and the R.H.S. has a
value .25. Ve could at least enhance the radiation by a factor of 5
by doping the plasma with an element whose resonance line corresponds
to !’1%24120: 3, with a "dope fraction" of .1%. (Note that the values
of Ti 2 LY, and _9; do not change a great deal for atomic
resonance levels under these conditions, and they appear under a
square root sign. Therefore maximising w.r.t, ))C is equivalent to

maximising with respect to the identity of the radiating element).

However, at Teo = 2500°K, this corresponds to a wavelength of the
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o
order of 1600 A, i,e, infra red radiation. Since resonance lines
have much shorter wavelengths than this, it does not seem possible

to substantially increase the radiation by optimising with respect
to }Q .

Simply increasing the number of radiating atoms is an alternative
method of increasing the radiation transfer. In view of the undesir-
able effects of such atoms, however, it is necessary to keep their

number to a minimum,

If we increase the Ceesium density by a factor N, say, then the
radiation increases by only a factor Jrﬁ: This is because absorption
is increased as well as the emission., However suppose we add N - 1
other elements, all distinct, with doublet resonance lines that have

.

¢ ©of the order of that for Caesium, but wvhich do not overlap

even after collision broadening., Then the radiation will be increased
by a factor N if the "dope fraction' of each new element equals the

seed fraction,

Mathematically this is because, in the case of added dopes, the
radiation term is the sum of that of all the different compoments,
whefeas in the first case, adding only Caesium, the new radiation
term is obtained by substituting the new Cassium density into the
term under a square root sign., Physically the greater increase in
the radiation transfer in the case with added dopes is due to the

fact that the absorption for each wavelength has approximately the
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value for the Caesium doublet which is unchanged, while the total

energy emitted is increased.

1t may that by using this technique the impedance of an MHD
plasma may be minimized at some optimum dope density, with the
optimization involving a compromise between the Rosa effect and the

damaging radiative, collisional and chemical effects of dopes.

i) The Growth Rate in Different Gas Mixtures.

The growth rate of the IL.M. was calculated as a function of
temperature for the mixtures Argon and Potassium, Helium and Caesium,
and Helium and Potassium as well as the Argon and Caesium mixture
previously considered in detail. The results are shown in Fig.

(2.22).

Vle see that for fixed magnetic field the general form of the
curves is the same. The differences in g between the different gas
mixtures are due to the different heavy particle masses, collision
cross sections, and seed ionization potentials. A detailed descrip-
tion of all the differences would be rather complicated, however a

brief discussion of the four main differences will be given.

First of all, for a given seed, g is always greater in Helium

than in Avyom . for the same Teo. Due to the higher cross section

for momentum transfer in Helium (for Helium (2.5) Uop = 9.7::10-2om2)

the value of Bo is lover and this tends to damp the wave.
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However, the decrease in Bo is accompanied by an increase in the
Ohmic heating required to produce a given value of (Teo - T)in

the lighter Helium, since the thermal coupling between the neutrals
Me

and the electrons is proportional to — . Therefore, because the
n s
amplifying term in the energy equation is proportional to %?} Bo
<

- M X
(for Bo>> Bocﬁi) and the increase in *)O/éz exceeds the decrease

in Bo’ the growth rate for Helium is higher than for Argon.

Secondly, for a given neutral gas, Potassium has a larger
maxdmum of growth rate than Caesium. This is similar to the first
point since it is partly due to the fact that, when Coulomb collisions
are important, higher Ohmic heating is required in Potassium to pro-
duce a given difference in the gas and electron temperatures than in
Cassium. Although Potassium and Caesium have different ionization
potentials, the peaks of g occur at different temperatures where n,
is approximately equal for bot% gases, therefore Bo is the same.
The reason for the increased "Jéiéi is then due to the smaller mass
of the Potassium compared with Caesium, and the higher value of(Teo -ﬂ?‘

at the maximum of g.

But we see that at low temperatures the growth rate of Caesium
can exceed that for Potassium, and this brings us to the third point,
viz., the maximum of g for potassium is shifted towards higher tempera-
tures compared to that for Caesium., The reason for this is simply
the higher ionization potential of Potassium compared to Caesium

which gives a lower electron density for a given electron temperature.
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At lower temperatures the growth is limited by the finite ionization
and recombination rates, and, since these are proportional to neoa,
their damping effect is greater in potassium than in Caesium, hence
the relative values of the growth rate. At high temperatures the
ionization and recombination rates cease to be limiting, and the
increasing importance of Coulomb collisions causes the Hall parameter
to fall in both cases. However, the lower electron density in
Potassium gives a lower collision frequency and hence a higher Hall
parameter, therefore the growth rate for potassium is greater in

this region. Thus, for Potassium, the maximum of g is shifted

towards higher temperatures compared with that of Caesium.

Fourthly, for a given seed, the maximum of g for Helium is shifted
towards lower temperatures compared with that of Argon. The reason
for this is the higher cross-section for Helium compared to Argon,
wvhich makes the Hall parameter at a given temperature lower. This
does not give us a lower growth rate for the reasons previously
stated. However it does mean that the decrease in g due to the
decreasing Hall parameter at high temperatures, and the consequently
decreasing relative importance of the po .SL-2)C term in do’
starts at a lower temperature for Helium than for Argon. Hence the

maximum of g is shifted towards lower temperatures.
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2.7 Comparison of Results with Experiments and Previous Theoretical

Studies.

The dependence of the electrothermal instability on the steady
state Hall parameter that is derived here is in agreement with the

behaviour of the instability observed in the experiments of Shipuk

and Pastkin '*2"| Zukosis and Gilpin (1*%2), Louis (1-23)

(1.24)

Kerrebrock and Dethlefsen o The existence of a critical value

and

of the Hall parameter is therefore a well established experimental

with Teo given here is similar to
(1.21)
9

fact. The variation of B ocrit

some theoretical results by Shipuk and Pashkin

(2.8)

and

Angrolov et. al.

Experimentally the instability observed in all experiments has
a near plane wave structure for values of B just above B iLe
o o crit
This is in agreement with the results presented here, since the fact
that the waves are unstable only in a narrov range A)( would lead
to a plane wave structure. Ixperimentally the value of X at wvhich
the waves appear is near the expected value of approximately /L,

(2.9)

This is also in agreement with some remarks by Zeltwoog end a

(1.24)_

recent result given by Kerrebrock and Dethlefsen

The breakdown of the structure into turbulence as Bo increases
is not fully explained by the simple plane wave theory. However,
the increase of A}C wvith Bo suggests a possible explanation, which
is confirmed by the results of Chapter L.

The reversal of the phase velocity discussed in sub-section (2.6€g)
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(1.17)

was predicted by Nedaspasov

Close comparison of the variation of the growth rate with elec~
tron temperature given here and experimental results is not possible,
since no experiment has measured g. The waves grow to a non-linear
steady amplitude before they are actually observed due to the large

!
magnitude of g, However Kerrebrock and Dethlefsen (1.24)

observed
that at low values of Teo the fluctuations which they identify as
electrothermal waves disappear, giving way to lower amplitude
fluctuations which they identify as magnetosonic waves, They
differentiate the two using the Bo dependence of the fluctuations.
Since magnetosonic waves grow for all values of Bo’ Bocrit does not

exist, and they deduce from the absence of a ﬁo for the fluctua-

crit
tions at low temperatures that they are magnetosonic waves.

In addition Shipuk and Pashkin (1.21) have observed that at

high temperatures, near complete ionization, the electrothermal
waves disappear, giving way again to magnetosonic waves., This they
deduce from the orientation of the waves with respect to’éo. Louis
(1.6) has given some results that show that the amplitude of the
fluctuations he observes decreases with increasing T, and therefore,
presumably, with increasing Teo., There is some experimental evidence,
therefore, for the damping of the electrothermal waves at high and low
temperatures.

(1.14)

Some of the results given by Hougen and his interpretation

of the physical nature of the waves, closely parallel the results
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given here. However, he obtains the result that, although g decreases
at low temperatures due to the effects of finite ionization recom-
bination rates, g never falls to zero with decreasing Teo. This

is in contrast to the results presented here, vhere, due to the

radiation and conduction losses, g does go to zero as Teo decreases.
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CORRIGENDUM

The calculations in this chapter were carried out using a factor
(1=r) in the sin® X term of d,, instead of (1-r(1-u)) (see section
(2.5)). The sin X cos X term is dominant when the electrothermal
wave is unstable, hence the consequent error in the results for the

instability, except for B (49 is small., The value of B s

- A
ocri ocrit

some 10 to 20 per cent too high,
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Fig.(2.3 )Graph of growth rate vs, wave number. (1) Fast.thermal mode (2) ionization
mode, For both curves:—T,, = 2500°K, T = 1500°K, X = =/4, B = 5-0 tcsla.
- (Note difference in scale above and below the zero axis.)
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Graph of mod (1,*/7,*) vs. X (1) Fast thermal mode; (2) Ionization mode.
For both curves:—T,, = 2500°K, T = 1500°K, B = 50 tesla, A = 1 cm. L
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gl-‘or( bott? curvfs —Tw g= 2500°K, T = 1500°K, B = 50 tesla, A = 1 cm. (Note 0 scale.)
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Fig. (2.7 )Graph of mod (n,*/T,*) vs.X. (ionization mode). (1) T,o = 2000°K; (2) T =
2250°K; (3) T.o = 2500°K; (4) T., = 4000°K; (5) T,, = 5500°K. For all curves:—
T = 1500°K, 2 = 1¢m, B = 5-0 tesla.
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Fig.(2. 8) Graph of arg (1,*/T,*) vs. X (ionization mode). (1) T,o = 2000°K; (2) Tpo =
2250°K; (3) Too = 2500°K; (4) Too = 4000°K; (5) T, = 5500°K. For all curves:—
T= lSOODK, A= 1 cm, B = 5.0 tesla.
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(2) T.o = 2250°K; (3) T.o = 2500°K; (4) Too = 4000°K; (5) T,o = 5500°K. Forall
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Fig, (2 -13) (A) Graph of growth rate vs. electron temperature (ionization mode).
(1) B = 5-0tesla; (2) B, = 5-0; (3) Magnetically induced elevated electron temperature
(7 =075, V = 10° m/sec). For all three curves:—T = 1500°K, X = X, , A = 1 cm.
(B) Graph of Hall parameter vs. electron temperature. (4) B = 5-0 tesla (right hand
scale).
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Fig.(2.19) Components of the perturbed current.
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CHAPTER 3.

MAGNETOSONIC WAVES IN NON - EQUILIBRIUM GASES

3.1 Introduction.

As stated in Chapter 1 the magnetosonic waves considered in this
thesis are sonic fluctuations of the heavy particle properties, which,
coupled with fluctuations in the electron properties, are distorted
by the fluctuating.g x'§ forces and Ohmic heating. When the energy
coupling between the heavy particles and the electrons is strong, and
therefore Te = T, only magnetosonic waves exist., In the absence of
gradients, there are three modes] two sonic modes (travelling in

opposite directions) and a third mode called a thermal mode.

Vhen a nonequilibrium situation exists, with Te # T, we can have
electrothermal waves. These are dominant over a wide range of plasma
parameters and, as we saw in Chapter 2, two modes exist, i.e. the

ionization and the fast thermal modes.

However, fluctuations in the heavy particle properties can still
exist and grow even though Te and T are only weakly coupled. These
fluctuations are analogous to the magnetosonic waves of the one~tempera-
ture plasma, and their properties and the extent to which they interact

with electrothermal waves will concern us in this chapter.

The procedure we will follow is to take the full set of MHD equations
describing the nonequilibrium gas in a closed cycle MHD generator, linea-

rize these with respect to all the gas properties, i.e. of both heavy
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particles and electrons, and hence obtain a dispersion relation by applying
a plane wave solution for the fluctuation quantities. The general wave
involving fluctuations of all quantities we will refer to as an electro-
sonic wave, Ve would expect therefore that pure electrothermal waves
would be represented by electrosonic modes where the amplitudes of ne*
and Te* are much larger than the amplitudes of the fluctuations in the
heavy particle properties, Vhile in the other modes there will be

significant fluctuations in the heavy particle properties and these will

correspond to the magnetosonic modes.,

An analysis similar to this has been carried out and some interesting
results obtained by Hougen (1'14). The work presented in this chapter
was begun before Hougen's thesis came to the notice of the author, and

for two reasons it was decided that it was worthwhile to continue.

Firstly the experiments of Kerrebrock and Dethlefsen (1.24) showed

that at low electron densities, where electrothermal waves are damped

due to finite ionization recombination rates (see Chapter 2), substantial
fluctuations, whose amplitude increased with Bo but showed no ﬁocrit still
existed., These fluctuations were tentatively identified with magnetosonic
waves, However the growth rate for these waves predicted by Hougen and by
other magnetosonic theories is too low for the amplitude to grow appreci-
ably during the residence time of the gas in the apparatus. Kerrebrock
and Dethlefsen suggest that this discrepancy may be due to the neglection
by the theories of gradients in the steady state. In the dispersion re-

lation developed in this chapter gradient effects are included.



Secondly Hougen's results show that the electrothermal and
magnetosonic modes are quite distinct in a seeded Argon gas. However
it seems likely that this may not be the case when electrothermal waves
are only weakly amplified. The electrothermal assumption of zero
fluctuation in the heavy particle properties is based on the idea that
during the short time the electrothermal wave takes to grow the fluctua-
ting g x‘E and elastic losses do not have time to affect the heavy
particles. If the electrothermal growth time is long this assumption

may not hold.

In addition,if the neutral gas is the lighter element Helium,the
generation of sonic effects by electrothermal waves should be much
larger than for Argon. Hence we would like to establish to what extent
sonic fluctuations are generated by and to what extent they affect
electrothermal waves, especially in the regime of low growth rate and

in the case of Helium as the neutral gas.

In the next section we will give a brief description of purely
magnetosonic modes; section (3.3) then discusses to what extent electro-
thermal and sonic effects are expected to interact; and finally we de-

rive the electrosonic dispersion relation in section (3.1,

3.2 Magnetosonic Modes.

In this section we will consider sonic waves in a one temperature
plasma, i.e. Te = T, which are distorted by extra terms in the momentum

and energy equations., We do this in order to demonstrate the general
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character and growth of magnetosonic waves, without deriving in

detail the exact form of the extra terms.

Several linear theories for magnetosonic waves have been reported
in the literature (1.8)- (1'13). Hovever, they all derive a complicated
dispersion relation, which is then simplified using some ordering scheme
to reduce the order of the dispersion relation as a polynomial in w.

The identity of the various modes get's lost in the simplification
procedures, and it is therefore useful conceptually to take sets of

simpler equations whose dispersion relation can be solved without

simplification and thereby construct a picture of the modes.

The basic equations we consider are the sound wave equations in

the frame of the moving gas, i.e.
(

|

€ 2V _

2t €° Y = © —_— (3.1)
{

(;:a.lr' L+ 2P -5

o 7t 2Y — (3.2)

| |
D 2 0€ _
’a’-PE - Q& ZE =0 — (3.3)
vhere CL;L o K] FE

Equation (3.1), the continuity equation, is unchanged by MHD effects.
BEguations (3.2) and (3.3), the momentum and energy eguations, are

altered by the j x’EIforces and Ohmic heating respectively.

Ve will first of all neglect the Chmic heating and assume that the
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fluctuations are adiabatic (We are also of course neglecting thermal con-
duction and viscous heating). Only the current density fluctuates in
the ’JV bs E forces, due to the low Magnetic Reynolds number, and the fluc-
tuations are proportional to o', B' and E's The o', p' and E'
fluctuations are in turn determined by (9', p', and E' in a one tempera-
!

2
ture plasma, For an adiabatic wave p' can always be written as Q, e

! !
hence we can write j' x B as M, U, -1—-]\()2 f‘ and the equations become,

~

‘ ]
0 2V
6 + ()o Y=o

— —
——

2t 2y
2, e ! !
Y - M,V + M
o -S:E— + 0'0 3‘9 ] _9 2 €

Applying a plane wave solution, i.e. exp ( cwt -~/ /(y), we obtain

a dispersion relation,
L - (;o ¢ K
olot =©

2 (o2 ¢ —
Le. W £ LwM -6 a0 K+ LkM, =0,
. ® (V]
L/\/Il +/ 2.2 M pa . .
. - e— . — a K — ! —LKM
., (7S Zfo o 26) 2

Ve therefore have two modes and since the real part of w comes
from the square root term these are simply sound waves travelling in
opposite direction with a modified sound speed. The imaginary part

of w, leading to growth or decay, is different for the two directions
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of propagation. The growth rate depends on M, and ME’ vhich in turn
depend on X , the angle between Iﬁ & Jo as before, and the dependence

of oy, pand EonfP, v and p (i.e. T).

For instance if we take M2 =0, i.es o', B! = O, and note that
the contribution from v ' is due to the perturbation of the v x B

e.n.f. we have, from the perturbed Chm's Law,

s (wB-prs) o

x I+

_ o | F:I g~co*mpt-)
O = /+/B.,_ (/B’U' B + _9) (
F; L 2P

= E +m€ue ’c‘)_lj 2

where
.. . 1
eliminating F'y sy ve get, Jx = D'//U‘h B
2
Hence M, =—0"8B and with M, = 0,
' —_ C I’Vh -+‘ /CL 2 KZL —_
w - -2 60 (2. ?o )
since Q, K >> lmfi for centimetre wavelengths, we have
[+
g
) M,
= T | — — ( ))
O 4 a, K ( 2 e oK
o
and W o= - M, ach

|

2'€O B 2'FO

Hence we obtain the familiar result that, for constant conductivity
and Hall parameter, the Magnetic field damps sound waves, This is fami-

liar in the form that magnetic fields increase the critical Reynolds number
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for the transition from laminar to turbulent flow,

However, the variations of o- and B are of great importance to us
in this thesis, and they can lead to wave amplification rather than
damping. For instance if we set M.‘ = O and neglect B' variations we

have, from section (2.6 g),

JfJO’ (5m7c+,30</0374)

for large B we then have,
{

J

x
now the relation between(’ and o*® has a positive constant of propor-
*
tionality when the wave is adiabatic., This is because ( = 'b’Tl

and T* gives rise to large fluctuations in n_ (Te = T), vhich is the

dominant contribution too” *.

Hence we can write M, = M3 coz X , Wwhere M3 is positive. We have

therefore,

ves [aZKki- L KMy o
if we let X vary from -m to =, then for |X|< "/a

Vi
w, = "'(O,OIPKLF—r k?-mj w3 ) ooz ©

U -
v = 3 (aFK* + K'mM] co?x) " 56

y Lo My o3z
where € 2tn / O‘K / 2
amair  [x)>F
Wt (art o K ea) e

€
o = T (at kY 4 K mzwsx) "o
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Hence we see that waves with vr parallel to jo will tend to grow, while
waves with vp antiparallel to jo will tend to decay.

Ll

These remarks of course are very rough in that we arbitrarily drop
terms from the equations in order to obtain a solution for we However,
they serve to illustrate the possibility of wave growth or decay when

j' x B is introduced into the sound wave equations.

When we drop the assumption of adiabatic fluctuations and introduce
the Ohmic heating to the energy equation the possibility of wave growth
or decay again arises. In addition a third mode appears, i.e. the
dispersion relation becomes a cubic., Neglecting the‘gj x’E'term in the

momentum equation, we can write the modified equations as

2 ¢ + fo?v

_— - =0
2k Y
21 0 _
(2 2+ T E;li =0
?__E' - a, Faf?’ ( )
and SE D =

I
Taking only the C’ dependence of ( ) we write the last
equation as,
! > f:’ i
2k gz 20 = m,€
2€ ° 2t
Hence applying plane wave solutions we get a dispersion relation
F) L4
[ w - (LK o
det ( —{ =0
O L L&)céo (K

~agw-My 0 ¢ w
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2 . 2
The solution of a cubic can be written explicitly 1) and when
M
43\\ | the solution to this cubic can be written as
9

e + ‘_;___Nlﬂ' or & My.

w=TKa, — = Py

2&0 T

Hence we have the two sound waves travelling in opposite directions
which are damped or amplified depending on whether M4 is negative or
positive., In addition we have a non propagating mode which grows when
M4 is negatlve and decays when it is positive. Therefore the f’ term
in -——) always tends to give instability (except when X is such
that M, = 0). The sound wave is unstable when I{4> 0, and the third

or thermal mode is unstable when M4<f 0.

These three modes, the two sound waves and the thermal mode,
together with the two electrothermal modes comprise the complete set
of electrosonic fluctuation modes of a uniform MHD plasma. The general
electrosonic dispersion relation for a uniform plasma is therefore a
fifth power polynomial and it was this dispersion relation that was

solved by Hougen.

However when gradients in the steady state are introduced a sixth
mode of fluctuation appears., This is due to the appearance of a
transverse fluctuation in the gas velocity. In a uniform plasma we

have only longitudinal fluctuations vy‘ (fluctuations oL exp (Lwlt-— LKﬂ ))

fa‘lf
since the x-component of the momentum equation gives simply >E = 0.
! 1
However when gradients are present terms such as (”U’ P Vox ’

°Y
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l
(’ (4/;.5?)45;:appear in the x~-component of the momentum equation and
vx' becomes non zero., Since this extra equation with a f%ﬁ: term
must therefore be included, the power of the dispersion relation increases

by one, and a sixth mode appears.

If the magnetosonic and electrothermal modes are damped or have too
low a growth rate to account for the fluctuations observed by Kerrebrock
and Dethlefsen at low electron densities, then it may be that this

sixth mode is the source of these fluctuations.

3.5 Discussion of the Generation of Sonic Fluctuations by Flectrothermal

Waves.

(1.1%) argues that the large difference in the electrothermal

and sound phase velocities (<10 m and ~10° m
sec sec
that the two waves will not interact. This seems a reasonable argument,

Hougen

respectively) means

however it must be noted that the thermal magnetosonic mode has zero
phase velocity, not very far from that of electrothermal waves; and also
the possibility of the generation by electrothermal waves of fluctuations
in the heavy particles travelling with the same phase velocity must

be considered.

In short the flowing gas passes through fluctuations in j associated
with the electrothermal wave which must give rise tosynchronized fluctua-
tions in the flow due to j' x B and g (the fluctuating elastic losses

in a two temperature plasma). How big are these flow fluctuations and

how nmight they affect the electrothermal waves?
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We can estimate the j' x B effects by equating the fluctuating

/
force to f};if' where QTE = electrothermal e-folding time,
Te
and j' and v' are the perturbations in j and v after one e-folding

A~

time. Therefore we have,

4! ~ J'B

c /t/.a,
° 4 L
and since J ~ Me Jp
we have v ¥ A T ;35125_ /VLJZF
=3
€, Vo
e o
Jo B z : :
now < ~ [0 using typical values, therefore we have

f;qu A

2
¥ A T 10T

Hence, when the electrothermal wave growth is a maximum
U ¥ ~ /O'_3 0¥
/
Similarly we can estimate the = effects from the relation,

kT’ NEI N (%;)' L 2Jot o, K

~ o
L=z
2 It *
__* N‘_ ° Bq,”.‘.
L., ' /V Le c; Nk Te -
2 *
3 *

~ O T M,
at peak growth.
It seems therefore that only small fluctuations in the heavy
particle properties will be generated by electrothermal waves., However
it must be noted that for fluctuations of equal amplitude the energy of

a sonic wave is much larger than the energy of an electrothermal wave.
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For a sound wave the energy density is given by,

E, ~ Mo kT T*
*

~ /OST Jg;uﬁ

while for an electrothermal wave,

] 3
e‘E —~ IP Neo T2

.. joules
~ |OF meX

™m>
Hence the heavy particle fluctuations generated by the electro-

thermal wave could affect significantly the energy input to the growing
/ wave

instability. Two mechanisms by which the electrothermal’ may be affected

are the following.

The fluctuating J x B forces generate E" which gives rise to
an extra component of E%}, this in turn produces an extra component of

j". The direction of this extra component will be given by,

o (JexB)x8 = - o &5z,
where jE' is the fluctuating current from electrothermal effects alone.
Ve seénéhat this extra component will therefore be in opposition to jE'
and the current fluctuations will be reduced. The growth rate of th;:

electrothermal instability will therefore be reduced.

This effect is analogous to the damping of sound waves by the v' x B
generated currents described in section (3.2). In that case fluctuating
velocities generate fluctuating currents which interact with B to produce

a force which opposes the movement; in this case fluctuating currents
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give rise to fluctuating velocities which interact with B to produce an

electric field opposing the currents,

Although the generation of heavy particle fluctuations by j x E‘
forces may damp electrothermal waves, the heating of the heavy particles
by')El may make the waves more unstable. This is because the heat loss
to the heavy particles is included in the electrothermal theory (see
section (2,2)), under the assumption that the heavy particles constitute
an isothermal heat sink, hence T never varies., If we take into account
the finite thermal capacity and the finite thermal losses of the heavy
particles, then T must increase at local points in the plasma where Te
and n, increase above their steady state values., This means that the
elastic losses are reduced at this local point since }; o« (Teo - T),
Therefore the growth rate of the electrothermal wave will tend to be
increased, because the elastic losses are an important damping factor

in the wave.

The two effects postulated here oppose each other, and it will be
of interest to examine to what extent and in what direction the electro-
thermal instability is affected. The amplitude of the heavy particle
fluctuations generated increase with increasing TE ) and hence the
‘effects should be more marked in the regimes where the electrothermal
wave is slowly growing. In addition the effects of J' x:fion the heavy

L

gas will be stronger in Helium since v' is proportional to 1_ .

(o
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3.t Equations and Dispersion Relation for Electrosonic Waves.

The two fluid MHD equations presented here are similar to those
derived by Appleton and Bray G '2). The equations are derived by taking
the moments of the Boltzmann equation for the four components of the
plasma, viz. noble gas, seed atoms, seed ions and electrons., Ve then
obtain two fluid equations by combining the equations for the first three

particle types to obtain a single set of equations for the heavy particles,

together with the electron equations.

In the laboratory frame, the equations are:-

Density egquations

. & 3
'D._—-’ie + V. (%L/Lf4> =AM ({-,—éqt_ﬂe} ~ Ay e
° | —(3.4)

m — —
and ,%'E + V.[(mx) = o (3.5)

where " =M, + fn,s

n = noble gas density
and n_ = seed particle density (ions plus atoms)
& =

seed fraction, i.e. n. =& n,

We once again neglect ion slip and assume that all the heavy particles
have velocity v.
Momentum equations

: o’
J)C.:T:Igl(Fx'ﬁ Y — (3.6)

JJ = e (BF o+ Fb)) — G
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wo FoErTlr, £- £y suxe,
J o= mee (¥ -%e)

-+ /;L (710—(3 8)

+ Vs
~J)525 //AA’ 9
+/“ (Y7 V) —G.9)

In the electron momentum equation, i.e. the Ohm's law ((3.6) & (3.7)),

2V,
C) ?52? -+ (9i2r_921€; T

2
i

we neglect the electron inertia. In other words we are looking at
phenomena which vary slowly enough in time for the electrons to effec-
tively take up instantaneously the velocity determined by the fields

and collisional forces at any given instant of time.

The coefficients 0”and P are as defined in section (2.2), except
that we include collisions with the neutral seed atoms in the collision

frequency, i.e.

Y= Yy + 2V, + 2 ” where

= ( . g _13.7_‘-3— >1/2 CL
@ - o M Me Lo
%m is betueen 10 and 100 times the magnitude of¢ . lhen € = 1072,
as in Chapter 2, the effect of these collisions is negligible. However
it would be of interest to consider how the waves vary with varying

seed fraction and for this purpose it is necessary to include D)a_ .
= Mo+ Eng
l + &

6 is defined by, f =nm7?7m+ﬂ5’m, Yl and
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Pn t Ps + Pe

the coefficient of viscosity is taken to be
//LL - 1 Moy R
2 Ty

nm

where 2/ = collision frequency for noble gas - noble gas collisions
nn

The viscous terms are usually small due to the short collision
length, however they are included here to examine their influence on

short wavelengths.

Energy equations ‘s
2 (W) + V(velb)+ heVire = & — B
D2

+ V(K VTe) = R - Tp — T 2F

B +vWE - o (Z+xP)e =@-1)[ &
+ V(. VT) — 2:Var] —G-1)

where ﬁe = rate of change of n, due to ionization and recombination, and
‘7/<. ‘1’2/&)
TE"'”M (1 TR(L xp(~ 5%

this is the Caesium ex01tatlon energy and is discussed in Appendix A,

—(3.10)

(i here is the principal quantum number).

I’h = P'y\, + P

€ 3

l{;) K%\: electron and heavy particle thermal conduction

respectively. ICe is defined in section (2.2) and

2
e = 3 Ma kT
h 4 M :bgmvu

g - et < T+ 5 (T )

—

.
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Field Egquations.

V.)=o0 — (3.12)
VXE =0 — (3.13)

We have then 10 equations in the 10 variables n_, Te’qféx’
'v;y, n, T’/Uk’ 13, Ex and Ey' These equations can then be linearized,
assuming small perturbations about some steady state. The steady state

is allowed to have gradients, but second order derivatives of the steady

state variables are assumed to be zero.

Using equation (3.13) we put Ex' = 0 for a plane wave travelling in
the y-direction, and the linearized set of equations, now reduced to nine,

can be written as,

Mg =o

where M is a 9 x 9 matrix, vhose elements are given in Appendix C, and

The dispersion relation is therefore given by

det M = O
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Since Z%?: appears in six of the equations this is a sixth power
polynomial in w. The elements of M are functions of the gradients of the

steady state variables as well as the steady state variables themselves.

To obtain estimates of the gradients consistent with the steady
state equations we substitute an arbitrary set of steady state variables

into equations (3.4) - (3.13) with -2- = 0, taking the spatial gradi-

ot
ents to be undetermined. This gives us a set of ten equations in the
twenty unknown gradients ( %%c and %%5 for each of the ten
3
variables). Arbitrarily fixing ten of these, all the 2. S say,

ooC

enables us to evaluate the other ten variables in such a way as to give
us a steady state locally consistent with the equations, under the

assumption of small second order spatial gradients.

In order that the plane wave assumption may be applicable the
characteristic variation lengths determined by these gradients must

be much greater than the wavelengths investigated.

The method being used to solve the dispersion relation is some-
what crude but, it is hoped, effective. The method is simply to
plot the real and imaginary parts of det M in a wide region of the w
plane. The regions vhere the lines determined by 52 (det 1) = 0 and
:j (det M) = O cross are then plotted in greater detail. The root
is then located to a greater degree of accuracy again by the crossing
of these two lines. This method can be taken to any degree of accuracy

rcouired, and has the advantage over iterative procedures for solving

polynomials that no initial estimates of the roots are required.

Unfortunately no results are yet available from this calculation.
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CHAPTER 4.

THE DEVELOPMENT OF THE FLECTROTHERMAL INSTABILITY

WITH BOUNDARY EFFECTS,

4,1 Introduction.,

In Chapters 2 and 3 of this thesis we have assumed that the plasma
under consideration was infinite in all directions. In this chapter
we shall not make this assumption, but will examine the effects of
electrode and insulator bdﬁndaries on the behaviour of electrothermal
waves,

The plane wave, infinite plasma analyses of electrothermal waves
have had considerable success in predicting and explaining the
experimental observations. In particular the movement of the waves,
and the two major stability properties, viz 1) that the plasma is
unstable if the steady state Hall parameter, Bo,exceeds a certain

critical value, and 2) that the wave vector § for maximum growth
JoX K.B
a—
Jo-K B

However experimentally the wavelengths observed have been of

satisfies = 1 for large Bo, are all well understood.

the order of the apparatus dimensions; also a property of the insta-
bility not fully explained by the plane wave theories is that the
structure of the instability deteriorates from an approximate plane
wave to apparently random turbulence as the Hall parameter is increased
(1'21). It would seem likely therefore that the boundaries will con-

siderably affect the wave. In addition, the interaction between the

wave and the boundaries may be such as to give us some form of control
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over the instability. In other words it is of interest
to consider if it is possible, say, to increase the critical Hall
parameter by varying the boundaries and/ or the external circuitry.

(1.19) (1.20)

Recently Velikhov et. al. and Lengyel have computed
numerically the development of the waves to non-linear levels,
applying simple boundary conditions. In both of these treatments
restricting assumptions, are made in order to implement the computa-
tions. Lengyel assumes constant current in the external circuits,
i.e. he assumes that there is a high resistance and inductance in

the circuit to impede current changes. Velikhov et. al. assume

both constant external current and constant conductivity in the plasma.
The latter assumption is a good approximation when Coulomb collisions
are dominant in view of the small magnitude of the electron tempera-
ture fluctuations., These conditions do not of course hold in general

and the results of these calculations to date do not seem to advance

significantly our knowledge of the wave boundary interaction.

In this Chapter we present;;ore generally applicable analytic
treatment of the linear development of the instability under simple
boundary conditions. The set of partial differential equations in
space and time, obtained by linearizing the pertinent electron and
field equations, are solved under boundary conditions on the current
density and the electric field. We do not require to make the assump-
tions of references (4.1) and (4.2). However, to make the problem

mathematically tractable, it is necessary to assume that the plasma
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is bounded in only one direction perpendicular to the magnetic field.

We also make the usual assumption that O is identically zero for
02

all quantities (where the z-direction is parallel to the magnetic
field).

The apparatus walls vhich give rise to the boundary conditions
are assumed to lie at x = O and x = d, while the plasma is assumed
to be infinite in the y-direction. Three cases are examined, 1)
insulator walls, 2) continuous electrode walls, 3) infinitely

finely segmented electrode walls.

The most severe limitation of this theory is of course that it
is linear, while the non-linear interaction of different modes of the
instability with each other and with the walls will be important in
determining the instability structure. With increasing availability
of more sophisticated numerical techniques it seems likely that more
realistic electrothermal wave calculations, to determine this structure
for different plasma and boundary situations, will be implemented,
without the restricting assumptions of references (4.1) and (4.2).

It is hoped that the results of the analysis presented here will at
least give insight and direction to such calculations; and at any
rate the linear analysis will give a strong indication of the effect

of the boundaries on whether wave growth takes place or not,.

The method of solution employed here is to Laplace transform the
equations and boundary conditions in time, and solve the resulting

spatial differential equations under the transformed boundary conditions.
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The Laplace transform method is of course admirably suited to initial
value problems, since the initial perturbation enters the calculation
via the transform of the time derivative. Applying the inverse Lap~
lace transform to the solution of the transformed equations, we ob-
tain, as a function of space and time, the waves which result from

an instantaneous perturbation.

The complex integration which constitutes the inverse Laplace
transformation is the most difficult part of the calculation. To
make this step mathematically tractable we have, for the cases of
continuous and segmented electrodes, to neglect the gradient terms
in the energy equation, These terms represent compression and convec-
tion of the electrons and contribute only to the movement of the waves
as we saw in Chapter 2; also they are usually more than an order of
magnitude smaller than the other terms in the energy equation, since
W, << g from Chapter 2. Hence it is valid to neglect them in a
stability analysis.

In section (4,.2) the basic electrothermal equations used in this
Chapter are described, followed by the presentation of the formal
details of the calculation to solve them under any boundary condi-

tions which have the specific topology used here.

The results of the calculations show that in general an initial
plane wave perturbation of electron density is split into an infinite

number of electrothermal modes. The amplitudes of the individual
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modes vary with time in a characteristic way. In general some grow

and some decay, and the structure and properties of the modes for

specific geometries are described in sections (4.3), (4.4) and (4.5).

4,2 Basic Equations and Analysis.

We use the basic Electrothermal set, viz. (2.1) - (2.6), except
that the rate equation (2.1) is replaced by the Szha equilibrium equa-
tion., We assume therefore that Teo), 2500°K so that the effect of
the finite ionization rates is negligible. In addition we neglect
the effects of radiation transfer and thermal conduction since we
have seen in Chapter 2 that these are important only for wavelengths
ig 1mm., The wavelengths considered in this chapter will be of

the order of, or greater than,l cm. Neglecting these effects simpli-

fies the analysis in that Te drops out of the calculation explicitly,

n e
e

condition for Te. Under these assumptions the effect of the Te

] DT ]
Te being replaced byir-g x n_, and we do not require a boundary

fluctuations on the behaviour of the wave (since né*;8> fZ) is

relatively unimportant but will be included here for completeness.

The boundary conditions to be satisfied by the vector fields

j and E'are
a) J

Sl

b) L = O on electrode walls

~ 1
c¢) if electrode €1 and electrode €2 are connected externally

0 on insulator walls

by a load RL, then,
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where EE = Eé, - /25’74‘§2

~ €5

The 1inear1zed set of equatlops can be written in the form

N ¥ ®7l TN * i :
Ptk =tk €+F4W+P5Jx+/”§:0
: — (4.1)
QNe 2Ng ' =
U3z Thay T “+CL‘+"+%E"+Q"5(4-1)
* + l ‘
INe M, v + 1] E =
“y + T — + /m— 4- x
| 2%y 2 v 7 3—(4.3)
>4, > J.
-2 =7 20 —(4.
= * (4-4)
l I
2Ex _ 9By _ 5 _(4.5)
7Y %

vhere (4.1) is the electron energy equation, (4.2) and (4.3) the

two Ohm's Law components, and (4.4) and (4.5) the field equations.
Note that the Te* terms have been absorbed into the n* terms.
The coeffidents p, q and r are all functions of the steady state

quantities, and are,

Pq

3 3 ?Te
Ehn0+IP+ T%MQ(“L ’
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e (ol pE
P2 ARWEL: 295 (VL
- 2 (@B E)C) - C26)
; J
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_ oz S faTe
" —??,.e‘e(“'Pol) (IQ o %eo ) )
4 = ”[80 9, )
A ﬁ} —l-Jc-lg
o Jol (((DOJ) (g%.)o( 2;1; ) ( - (im.{.(zz X
(( _—ﬁ) + (3£ o (%vﬁ)o))
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- _x
Ly —'nj:f(olﬂs (‘QT@O“‘ Meo R %)")’ = P

o 2 9T¢ (ﬁoj _\307—)
1‘3=3J.:”(b) (%11) >> =

Me j-g-@o"

). +2E)(55).)

63 Bo r = Y5
’neo(l“‘p ) ? 6 /Bo

Introducing the current stream function, j = Vx 1//’ vhere

__l
%= Ty, 0 s T

V= (0,0, “{/), and the electrostatic potential, E = -V, ve can
e

reduce the number of variables and equations to three, since (4.14)
and (4.5) are automatically satisfied by these forms for j and E.

Assuming that the plasma is infinite in the y-direction, we can

9
consider one Fourier component in that direction and replace /5 Yy
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by =iKy. The walls bounding the plasma are assumed to be parallel
to the y-z plane, and to lie at x = 0 and d (see Figure 4.1), The

equations can now be written in the matrix form,

s, holob ik 2
7t + b, b, O 2
-l kya,  _iKde (K v
o 9—1 q" q-‘ *
’I‘; - l'/ Kl:)TL O (, K'y T(, ¢ !
T, T
'2541*;
i R
L -k 0 %
b Z |
9s 2
| 0 T q o =0
I
Ty _ T 2¢
| 'T— ? Jx

In abbreviated notation this can be written,

A(%); + B 3—5 = 0 — (4.6)
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*
4’3
where;g is the columm vector zf-' and A and B are the

/
appropriate matrices, gb

The boundary conditions to be satisfied by the linearized quantities

/
a) I
7/
p) ¢ e ‘o CP,]ez
C)RLL, VxY.d/;,—*RLLZVx’E’.dQ— [ €l

The problem then is to solve equation (4.6) for a given initial

are
constant on insulator walls

constant on electrode walls

perturbation under the boundary conditions appropriate to the system
considered.

The Laplace transform of equation (4.6) is,

£ —LKT

AZ)E +B 32 =me .,
vhere , § (Qc 972) J f [.’?C) 9)-(:) ﬂjztd.t’

(>4
(4
and ‘4?__ o0/ Ve have assumed that n_* (x,7,0) = X VQ.

i.e. we are applying a plane wave perturbation in the electron density

(k.
»

at t = 0 and calculating its development in time. (The initial per-
turbations in ’YVland @' may be obtained by substituting ne* (x,y,0)
into the two components of the Ohm's Law, and solving for 1#j'and @
under the appropriate boundary conditions). The boundary conditions

7 - V2
for ‘)0' and @' are identical to those for'y'and agr.

The general solution of (4.7) is the sum of the general solution
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———

of the reduced equation, i.e.
(3

A(Z)g + B o~y

together with a particular solution of (4.7) itself. The general

x
solution of (4.8) is a linear combination of the eigenfunctions Jih

=0 — (4.8)

where the eigenvalues (\) are given by, det C (2,\) =0,
vhere C(2,\) = A (Z) + AB,

In general this equation is a cubic in A, with linear functions of z

as coefficients. However, if det C (Z,\) is a cubic this means that

the inverse transform integrals, to transform from Z-space back into

t-space, will involve branch cut integrals. These will be very

difficult to evaluate and can be avoided by ignoring the gradient terms

in the energy equation, This puts the element B11 equal to zero,

and makes det C (Z,\) a quadratic (the contribution to the » term

from the cofactor of 01 is zero). With only two solutions to

2
det C (2,\) = O the multivaluedeness, and hence the branch cut inte-
grals, is removed. ©Since B11 ol jox:’ it follows that for insulator
walls B11 = 0 anyway and no approximation is necessary in this case,
Ignoring these gradient terms does not invalidate our stability
analysis since they contribute only to the movement of the wave. Their
neglection is justified a posteriori by the fact that the growth rates
obtained from the calculations turn out to be greater than 10 times

the real frequency from the infinite plasma theory., In other words

the waves move very little in the time that it takes their amplitude to
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e-fold, and hence it is valid to neglect the motion when analysing
their stability.
We can assume then that the general solution of (4.8) is of

the form

M Ao S Ay x
po |8 M|
M3 S

vhere the pi's are constants.

which will be determined by the boundary conditions. A particular

-t K. 1
solution of (4.7) is C’ @ '~ vhere,
DC:"’? and D = C (3, -3iK)
i.e. (’: D'%Z = adiD
det D

The general solution of (4,7) is therefore, - ) ) ¢
= At~ Kyy QAEE 91 MQD@EJ

’
The cSare determined by the following six linear equations,

0 Pi1a B3 0 P15 P16 /‘1\ iz
° Foo Py ° Fas P26 \[P2f- 1 If
S 0 0 o ||M3] aetn| o
By Py By 0 0 0 M 0
0 0 0 P, Pes Ps, V“ 5 0
0 0 0 Pgy, Pgs Pes / V‘s} 0

— (4.9)
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The first two rows here are simply the formal representation of the
boundary conditions, which are linear combinations of ’Q:/and a:, one
at x = O, and one at x = d. Substituting each of the eigenfunctions
into (4.8) we obtain two linearly independent homogeneous equations
in /AL1’2,3 and two in_/AL4,5,6 , these constitute the last four rows.
The form of the elements of P depends on the particular boundary type
being considered, and a description of equation (4.9) for each
boundary type considered here can be found in Appendix D, vhere more
details of the calculations are given. In abbreviated form we have

P/U. i.e./t{ = P-1;

det det D det D

Hence the solution for & (x,¥y,2) is

5 _((04iPS): s (0iPS)eys £ iKY, (0hPT); KX
;i ( olot P oletD )‘e’ olet D

integral, Tt

s (,9,¢) = 7= E (x,9,Z) i Az,

Qfﬂ'

To transform back into t-space we extend the inverse transform

Al

T-L 00

to a path enclosing all space to the left of ;Q(Z) =2f , using the
fact that the integrand tends to zero on the semicircle of infinite
radius centred at %2 = , and lying to the left of R(z) =Y . Using

Laurent's theoren,

. . Zpote ©
= po
/;;1 (z,5,t) _:§: (residue ofig"i at Zpole) e

poles
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('U’is such that all singularities, which are simple poles forj?,
lie to the left of ® (2) = ¥ . For more details of the calculation
for the various boundary types see Appendix D).

The poles of ;g’ are of course given by det D (Z) = 0, and
det P (Z) = 0, However, the contribution from the pole at Z, the
solution of det D (Z) = O, can be shown to be identically zero for
all boundary conditions (see Appendix L), eZob is in fact the time
dependence of the perturbation e-i K.z obtained from an infinite
plasma theory. Hence the boundary conditions remove the initial
perturbation, and replace it by the modes which are the solution of
the diépersion relation,

det P (2) =0 — (&.10) ,

and the problem is reduced to solving this equation.

Unstable modes are associated with the solutions with positive
real parts, and in the next three sections we will be concerned with
the investigation of the spectrum of unstable modes for specific wall

types.

L,3 Results for Insulator VWalls.

This geometry corresponds to a discharge along the length of a
long plasma contained by insulator walls, a situation similar to
(1.24), (1.26)

some instability experiments . For insulator walls

boundary condition (a) reduces to,

/J
WP' (x,y) =0 at x = 0,d
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Because of the periodicity in the y-direction, the total perturbed
current passing through the plasma is zero, hence ’\,/ (x,0) 'Yf (x,d)3
and, since only differences in "f/" are significant, the absolute value
of '\/f is arbitrary, and we put V‘ = 0 on the walls for convenience.
Boundary condition (b) does not apply since the electrodes lie at y =+ oo

and (¢) is automatically satisfied by the periodicity in y.

In the steady state j = 0, and this, together with the boundary
J ox

‘conditions, gives a dispersion relation of the form,
A, (Z) ol 'AL(Z)"L)
A, (Z) (2 - <

Thus we get one pole at Z = Z,, vhere A (z)) =0, and an infinite

number at Z = 2.1 n=1,2,3 ...., vhere 7L (Z ) )- (Z ) 27L?1'

2,3
Ve have two poles for each n, since the second equation is a quadratic.
The value n = O does not correspond to a pole since the numerator of
is also zero at the corresponding value of Z; and negative values of
n give the same poles as positive values, hence only the latter need

be considered. Irom the residues of 5 at these poles we can write

the solution for} in the following form,
00 M 7\;2(2» )7“'2
@ az(z)x+zt ZZZ p L 2
Ef [‘ m=1 mL k=
_t K9 Y
X X L —_— (%11)
n
vhere U, m F‘Y’l'z
] ,_7 - C‘M
@,: Vi v omr Tme [

Wi [

mR
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- —{ Kyol
C )\z(z‘) (I —= ; A,,54y,=0 ot Z=2Z,,
1 f(;c / — ~12:A1(:Zl)6t

nemik o~ (cKrDAUEDA

a iMZ)B D () (1) +e ) (97340
"F ot DIZ0)(27-27) 6 (T E - QAT ) 4>

Co (20, 2(Z0 )/_W\
C/z(z 7‘/7_(2'»-)) Mk
4 Ci5(Z,,2:(2, ) U,

C, (Z,,2,(2,)

an= WQ;('Z , Ak (Z )) F
Yo, (28 Ay ™

V, = 0, G

mk= —

w1 =

AX(Z) = ‘,i (% ,(Z)-- Rl (Z))and the Q's are defined by

det C (2,0) = (Q 2+ Q) 2 4 % M+ (@7 + Q).

Equation (4,11) represents the time development of the initial
plane wave perturbation at every point in x and y. At t = O the sum
of the modes is equal to the perturbation, C)(_éj ”-3:’, however, the
amplitude of each mode will vary in time, and in general the form of
the initial perturbation will disappear.

The values of 2 have been calculated for an Argon-Caesium plasma
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with the following parameters: n = 'IO25 ., = 10-3,

3

m
T = 1500°K, Teo = 2500°K, d = 5 cm (these parameters have been used

5 |

in all the calculations in this Chapter). At this value of T 0!

(SaE)

5 b?ﬂln ~10 ', and terms with this factor have been neglected.
€

The real parts of Z, and Z gz,(Z ) and QE(Z , have been
found to be always negative. The Z1 mode is stable since it has
/ /
Zero W}’ associated with it (see equation (%4.11)), and hence zero j.
~

The mode must therefore decay since we know that the source term of

the electrothermal instability is the j' contribution to the per-

/

turbed Ohmic heating. Note also that Ghn1 = - Gmna

is a sum of sin (ZEZin) terms, i.e. the solution satisfies the boundary

L

and therefore Wf’

conditions.

82(Z2n) is plotted in Figure (4.2) as a function of B, for the

least stable modes. (These curves are plotted forJA.y =2t = 10 cm.,
Ky
and the Hall parameter was varied by varying the magnitude of the

magnetic field). tle see that as Bo increases the modes are successively
destabilized, starting with n = 1. For comparison, the broken curve

shows alv(zom). This is the growth rate from the infinite plasma theory
Lﬁ;MJT' >J X Kom -B

where - =1, i,e, a plane
P d ’,SW B

wave oriented in the direction for maximum growth (for large values of

for a perturbation OX.£

Bo). The dispersion relation (%.10) is in fact independent of K, and

consequently so are Zan and Ny o (Zzn). However, the initial amplitudes
?

of the modes are obviously Kx dependent.

Each mode is a sum of two plane vaves, since the value of A, 2(Zan)
]
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are purely imaginary, and the form of the instability at Bo = 1,5

and B = 2,2 are shown in Figure (4.3). The second of these pictures
is a combination of the modes n = 1 and 2, and is a projection of what
the non-linear instability would look like with no mode interaction,
and assuming that the non-linear amplitude of a mode is proportional
to its linear growth rate, !Mode-mode interaction as well as harmonic
generation will of course be important in the non-linear phase of the
instability, however these pictures give some idea of the qualitative
features of the instability. In Figures (4.4) and (4.5) we plot,

£ 3

/
imposed upon n_* , contours of 1/—, i.e. j' lines, and @' respectively.
The breakdown of the instability from an approximate plane wave,
with one mode present, to apparently random turbulence, as more modes

(1.,26)

are destabilized, has been well established experimentally and

appears in the results of some of the non-linear, finite plasma compu-

(1.19)

tations, That the turbulent structure is due to higher
periodicities has been previously recognised; din particular a formula
for the modes of Wk!which is equivalent to equation (4.11) without the
time dependence, has been given by Shipuk and Pashkin (1'21). However,
no justification of the successive destabilization of the modes has
been given by Shipuk and Pashkin, while the theory presented here shows
this phienomenon follows naturally from the application of boundary
conditions.

A simple physical picture of why the modes have the behaviour

described above can be given on the basis of the plane wave-infinite
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plasma theory. tle know from this theory that, ifx is the angle

-1 *xk. B
tan ( "2 z ) then only plane waves with X in a range
Lo * ’S B

of angles (AX ) around E or EE will grow. Now usually the modes
are approximately plane waves, and we therefore expect that a similar
condition for the stability of a mode will apply if we can define an

effective wave vector KE

~

For the ZZn modes, 'h,] + 7&2',: gl‘.d_i_}}. and hence from the value of

s . ~ 2Tl
- A,, in this section, 2’, o ——a—‘ and 7\2«?»1. IiE can then

1 2
_ 2MTm A~ A
Ke =~ % t Kyd ,  ena, simce g

S~

A

be defined as
is parallel to the y-axis, 2 7_ " _ _‘/l‘;y
Kem) = tanl ( ZE2) = o (m oL
As n increasest(n) tends to n/2 therefore the stability of the
mode increases with n, since KB moves further away from K s As B
increases AX increases (see Figure (2.12)), and therefore rore
and more modes get destabilized as they fall within the range of
instability. Note that the fact that KE is independent of Kx explains

vhy the stability of the modes is independent of this parameter.

Ln
The ZBn modes are stat;(le since 7\. (ZBn) + 7\ (23 ) A~ Z'lg(’_"
and hence for them ~° X e C_.,B < 0O i.e. KE never falls
J,.KgB ~
wﬁﬁnqx. e 2E

If./Ly is increased then, for comstant n, XE(n) tends to /2
for the 22n modes, therefore we expect that perturbations of longer
wavelengths will be more stable than shorter wavelength perturbations.

In Figure (4.6) we plot the critical value of the Hall parameter,
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B

. Y . .
. against —=— for various modes. We see th .
R erit? g at Bocr increases

it

with ‘éty , vhile for Eg?’<§'1 a large number of modes become unstable

at, or nearly at, Ba:’ which is B for Zo' s A 5 tends to

ocrit

zero P will go through a minimum for low values of n and increase

ocrit
towards infinity. This is because:KE(n) tends to zero for low values
of n;bﬁt there will always be a high enough value of n such that

tan X E(n) is near enough to 1 for instability. However, the effects
of energy transfer, i.e. thermal conduction and radiation, which have
been neglected in this analysis, will dominate when.../Ly is less than

some characteristic length, typically of the order of 1 mm (see

Figure (2.16)). And since these effects damp the wave they will cause

Bocrit to go to infinity as./L tends to zero for all values of n.
9(2)
Finally ?ia;' is the same for all modes with the same wave-
length in the j, direction, viz. _/ly, and this value for-/%r = 10 em
is 3.5 x 102 _1_, giving a velocity in the y-direction of 35 m _.

secC secC

L.t Results for Continuous Electrode Walls.

This case corresponds to a discharge between long electrodes,
induced either by an external E.M.F. or by the usualxg'x B force
generated by plasma flow. For continuous electrode walls boundary

conditions (b) and (c) reduce to,
gr (xyy) =0 at x = 0,d

This is independent of the external circuit connecting the two
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electrodes, since the total perturbed current passing through the

circuit is an average of e - 29 over vy from + @ to - o and is
therefore zero. Boundary condition (a) does not apply since there

are no insulators present.

In this case the steady state current will have a non-zero com-
ponent perpendicular to the walls, and hence we have to neglect the
linearized gradient terms in the electron energy equation to ensure

that det C(Z,\) is a quadratic. The dispersion relation then becomes,

cf (Z 7\ (Z))(e (Z) d_ 7L2 (z) d) = 0, and we

obtain the solution

Azt f

€= E,é@m )

where @ and [ are defined as in section (4.3) with appropriate

M
n A Z(Z:I)l +t/t. - Lﬁpx'

f e € WJ"“
4

) R=A

indices, and
Kol
va,s (@ 2ot )ALz A2n) (T (L2 55

m (7\ (24_ 1(2 )OMD[Z )({7\1{2%)0‘- )@'m)d)

nel (0K +DA(Z ) nimik 1

=n_ o4 Cy (A (Z)(E) +0 ) oDy () irn(fZ+g)
'mk 2 olet D(Z,,) U{Cﬂ 7&((2 szm ('_'\74)(23—2,,)08

d")_

—-—

a—
U = — —

m C,Z{Zm,ﬂ,(Zm)) ™) mR CI’L( Z:‘n)Ak(Zl\) mk

Cu(Zm :;\,(zm)) M Cn( Z’:\ y 7‘12<Z "“)) F’"
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C%? C:IS (-Zzz;e>;lk(zg;))
At Co(Zm, An(Z0))

n
Wm = 0, and Hm K =

Z are of course the solutions of the quadratic ecf C,.(Z A (Z)=0.
ly5 13 =,%
Although the solutions Zén3 of the dispersion relation look formally
7
the same as for insulator walls, the different values of jox and joy
for the two cases give rise to different results.
The two modes at Zh 5 have no perturbed electric field associated
q
/
with them, and, as for “¢’ in the insulator wall case, @' is a series of

esin ( Tf_‘o’t’}')terms since H- :

m1~ “m2°

has a small growth rate. Fig. (4.7) shows ‘% (Zg) and&(zl*) as a

The Zh mode is unstable, though it

function of Bo for./Ly = 10 cm, These curves have been calculated using
: . Jov /- , .
the fact that Eoy = 0 to obtain /<3o)c_'BO' Thus as Bo increases

jo tends towards the y~axis, as in the insulator wall case. Since Tqp

o

is kept constant at 2500°K we are assuming that the magnitude of jo is
constant, since, having neglected the other energy losses, we have

the usual unperturbed energy equation,

sf = 3m, A (Teo =T) (>

=]

Ma
+ tho Fﬁﬁ;&)

CO/Yn

To keep le’ constant, while B is increased, either the flow we-~

~

locity or the external circuit parameters would have to be varied.
Figure (4.8) shows the variation of B with 'i"_” for various
ocrit o
modes.
The general dependence of the instability on Bo and ——-9 is the

oL

same as for insulator walls, except that Zh is unstable and the values



132,

. n . -
bl Bocrit are generally higher for the 22 modes with continuous

electrode walls.

The reason for the higher values of B__ .. is that here
[ ﬁ%-/L /oL ocrit
tan xE(n) = F: /;),./L L and hence, for a given n,}’«E(n)
- Y
(2

is larger than for the insulator wall case, except when Bo tends to

infinity. In other words because of the different orientation of jo

the direction of Km has moved further away from KE for any given n,
and therefore theﬁ;ange of angles for instabilit;; A)C, and the range
of orientations of allowed modes do not overlap until a higher value
of Bo.
Figures (:.9), (4.10)and (4.11) show the form of the instability
at Bo = 4,0 and 7.0. Ve have neglected the Zh mode since its low growth

rate implies a low non-linear amplitude.

4,5 Results for Infinitely finely Segmented Electrode Walls.

This case corresponds to a long Hall or Faraday generator, and we
are effectively assuming that the segmentation length is much less than
J%_. To present as simple results as possible we will assume that the
electrodes are shorted externally, though they may be diagonally
connected (see Figure 4,12). In this case boundary condition (c)

reduces to,
/

YV 0,0) = ')&, (4,8)

¢' (O’O) = ¢' (dsS)

Since the individual electrode and insulator lengths are assumed
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to be negligibly small, boundary conditions (a) and (b) do not apply.
The dispersion relation is -
(4G (Ma(2) A Cry(2(2)) = GCp (R,(2)) e CislP2(2))

(‘* 2,(2.)CL—LKBS) N

The expression in the first set of brackets is a cubic in Z2 with

solutions Z6 ,7,87 and from the other factor of the L.H.S. we get

poles at Z.* which are the solutions of M (2) = (QW% + KyS )
’ ct
The poles %176 the following solutions for Lk,r
7L Z+2Zmt X m x+Z +] SRX
5=[270, LS P ()7l

m=b k=1
vhere @ and I'7 are defined as before with appropriate indices, and,
U = iy " (2 AED(AC (2 et R+ C (1 (2))6, (32)ofD,)
Gk D(Zy) (7,2 zz(z,,,»% Z,) (Z,- J)

and h, j = the combination of 6,7, 8 not including m

RS
’Y\_ Cn( q))cn ﬂ (Z ))C(Y% ) (Z ))4&2 +C23(2'2(Z ))Cll(2 Z)OI{ ]
T oA D (Z3) Bas A (Z0-20) (7022 29) &

@, (Z0+ ) (1- &%)

” Q, (AT +K5)* c;>, @)
V., = — <y (Zm>Ae(Zm) G_”n:_ n(Zq,;{‘(Zq)) 7
" Cr2 (Zm, 2w (Zw) mk s C;z( W (Z ))

% CIZ[ZWWZR(Z%))
# ColZmsAr(Zm))

MR
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= U} Cis (Z?,X,(sz) ) F'n
64 Cii (22,2,(201) )

To calculate the values of 2 here we once again have to establish
the ratio J09 /J 3 the magnitude of j being fixed by T o¢ If the
geometry represents a generator of 1ength ,2 (>> d) and width v,
and the output current passes through a single load (RL) connected

between the ends of the duct, then

E =-(J°‘9 —aS-‘jox) vhere U . = A

L
e o] Ry wd

On account of the external shorting circuits, we have, on d + Eoy S=0

il.e. on =-S5 E oy Substituting these into the steady state Ohm's

d
Law, i.e. equatlons (2.2) and (2.3), we obtain,
o9 S
Joy o + o §
. 9_2_:
Jmo |+ >

Putting S = O and maximising the power output, viz.

M=wld (g = Jox S/4) /o7

with respect toO/, we obtain (fofi‘ Co% = whstn."lt)

(-——)—- I+18 and (".Joy = -—é-;_

-+

e Jox'Ton 2+ fo

Using this value for °%’ox we find that Q (26 7 8) are all
kL |

negative, while the values of R)_ (an) which are positive
are drawn in Figure (4.13) as a function /80 (_A_ = 10 cm)., In Figure

(4,14) ﬁocrit is dravm as a function of —/Ly/o(_ for the same values
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of n, vhile Figures (4,15), (4.16) and (4.17) show the projected form

of the instability at Bo =3 and 7.

The Zn9 modes are simple plane waves and the forms of the graphs
are compatible with the infinite plasma stability conditionon j,, K
and E§ It can be seen that the successive destabilisation of ﬁ;&es,
and the increase in stability with increasing A y are features of

this case also.

The results for all three types of wall presented here have
estabilished that the boundary conditions give an infinite set of
modes, which are either plane waves or nearly plane waves. Ihe
effective wave vectors of the modes are all contained within a finite
range of angles, A © say. We have seen that if A & and A;(., the range
of angles for instability from an infinite plasma theory, overlap, then
the plasma is unstable, with the number of growing modes depending on

the amount of overlap.

Can we arrange that A & and A)C do not overlap for arbitrary Bo?
In the segmented electrode case we have a circuit parameter, viz. S,
with which to attempt this, Here the modes are pure plane waves and

the wave vector is given by,
. M A A
“3(0(Z) % + Ky D

_[27rm+ Ky,S) ~ N -0 - 0D
( oL 5)%+K52 > >

K (n)
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Ky S

if —— = N + 6, wvhere N is the nearest integer to 27

27 2T ?
then, defining © to be the angle }i (n) makes with the x-axis, 06
1ol Ry )
1)

is the range from tan™! ( j—'—d'l(—'z ) through © = O to tan™! ()-T(S"

2mws
Thus A € is grouped around the x-axis, and to keep A )X and A ©

as far apart as possible, for large values of ﬁo, we require K to

lie along the y-axis. This requires \{09 =1, il.e. Mo 0/ ﬁ_ :
Jox ot T 1-%a”’
in order to keepﬁJ positive we consider only negative values of S

here. TFor Km along the y-axis, A X and A © have least overlap, at

"~

large values of B, when 6 takes its meximum value, i.e. § = R

Then, for N = O and negative S, we have —— = 7%,
J -y
o
Setting __y = 1 we have plotted in Figure (4.,18) the value
ox
of B for the first mode to destabilize at each point as a function

of S/_/\.B , using various values of _/‘. /d. Since the maximum value
of AX is n/2, AX and A @ never overlap when 9/0(, = 2 and
6 = S/ Ay = -1, for in this case A © is symmetrical about x and

T .o
equal to ©/5>, Hence Bocpit B80S to infinity.

Experimentally -/]—‘9 /OL is usually observed to lie between 1 and 2,

and for —/Ly/o(,<2 B

ocrit X5 always finite, although a pronounced

pealk in Bo is still present. The position of this peak moves further

crit

avay from S = - % as the peak value of P decreases, This is

ocrit

because X o 15 really given by

K= ¥ + (1= 7(1=w) 28,

or %F—r(l—W“(/"*))/a
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and hence, for low values of Bo, t?e direction for maximum growth is
not quite along the y-axis when ‘)O?/fjopb = 1. Consequently
there is minimum overlap between A € and AX vhen A® is not quite
symmetrical about & = 0, i.e. S/_A y is not quite -~ %, since

minimum overlap occurs when A € is symmetrical about a line perpendicu~

lar to the direction for maximum growth.

We see therefore that, by a suitable choice of the parameters
RL and S, a significant stabilizing effect can be achieved for the case
of shorted segmented electrodes. S rmst be taken near to - ./119/2,
and RL must then be chosen such that Km is near to the y-axis, This
means, however, that the value of é;;/éqi is not equal to (Gj/iﬁi)qu»
If the object of stabilizing the waves is to increase the output power
of the generator, a compromise between stabilization and load optimiza-
tion may be necessary. It also must be noted that this technique will
apply to only one value of 443; however, in practice only one dominant

value of ‘4419 seems to appear (1.21), (1.25), (1.26).

46  Summary.
The linear amnalysis of the electrothermal instability presented

in this chapter shows that the boundary walls of a finite plasma can
have a considerable effect on the instability. In general a plane wave
perturbation in the electron density is split into an infinite number

of modes. These modes are plane waves in the case of externally shorted,

finely segmented electrodes, and approximate plane waves in the cases of
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continuous insulator and continuous electrode walls. Usually only a
finite number of the modes are unstable and this number increases with
increasing Hall parameter. The modes have different orientations with
respect to the walls, and the successive mode destabilisation with
increasing Hall parameter provides a plausible explenation for the
experimentally observed transition from near plane wave to turbulent

structure,

Usually the effect of boundaries is to stabilize perturbations
of long wavelength, so that, if the effects of energy transfer,i.e.
radiation and conduction, are taken into account, the critical Hall
parameter has a minimum as a function of wavelength., This is not
the case however,lfor the segmented electrode geometry with S = O

and external shortings, where P for n = o does not increase

ocrit
with increasing ~/L9 .

Once again, as in Chapter 2, this instability of a uniform, i.e.
infinite ./L , perturbation is due to the persistence of the conse=
quences of the periodicity. Another effect that is significant for
uniform perturbations is the change in the electric field due to the
perturbed current in the external circuitry, i.e. boundary condition
(¢). This does not appear in this chapter since for the cases of
continuous insulators and continuous electrodes the total perturbed
current passing through the external circuitry is zero, and in the
case of segmented electrodes the external impedance between the seg-

is
mented electrodes/ considered to be zero. However, the stability of
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a uniform perturbation and the change in load voltage are important
in the non-linear theory of electrothermal waves and will therefore

be discussed in the next chapter.

To return to the linear boundary analysis, the stability of the
individual modes can usually be explained in terms of an effective
wave vector, KE’ vhich is the wave vector of the plane wave to which

—
the mode approximates. For the mode to be unstable, KE must lie within
o~

the range of angles for instability, AX, derived from the infinite

plasma theary.

In general the KE‘s of all the modes occupy a range of angles A €,
and the possibility ;;ises of arranging the boundary conditions and
external circuitry such that A € and A)C do not overlap till as high
‘a value of Hall parameter as possible. By varying the diagonal connec-
tions and the external load of the segmented electrode system considered
iﬁ section (4.5), it was shown that enhanced stability could be achieved

in this case.

Whether or not this could be achieved in a real system depends
on whether or not the boundary conditions dominate over the effects
neglected in this analysis. In particular if the steady state is
non-uniform (for example there may exist a layer of hot electrons

(l!'.

along the walls ‘Ib then new or modified constraints may be
imposed on the instability. However the stabilization effect is
quite marked for wavelengths equal to or greater than 1.25 times

the wall separation, and it seems likely that some stability
enhancement may be possible if the plasma steady state is not ex-~

tremely non-uniform.
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ﬁ‘g'(LEZ)'\R (?nz) versus Hall parameter (continuous insulator walls),
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CHAPTER 5.

A NON -LINEAR THFORY OF FELECTROTHERMAL WAVES.

5.1 Introduction

Experimentally electrothermal waves are observed as fluctuations
of finite, steady amplitude, Among the most useful experimental papers
for details of the fluctuation amplitudes and the effective conductivity
and Hall parameter due to the fluctuations are those of Kerrebrock and

(1.24) (1.25)’ and Riedmuller (14267,

Dethlefsen s Brederlow and Hodgson
In these experiments the fluctuations are observed to give an effective
conductivity and an effective Hall parameter below the average value

of these parameters (the average is over space and is denoted by’( )).

The effective conductivity can be defined in two ways. Ve can

define it to be the ratio of the square of the average current to the
<L7r
.-'_T_‘--
&2
current to the average electric field parallel to (j), i.e.

or as the ratio of the average
(<31
<EH>

It turns out that the two definitions are almost exactly the same.

average Ohmic heating, i.e.

Usually the effective Hall parameter is defined as the ratio of the

<E;)

electric field perpendicular to{ j ) to that parallel to (j), i.e. ___>.
~ - <E

Since a Faraday generator, for instance, requires a high Hall field

i.e. EL’

reduction of Peff due to the fluctuations is damaging to the generator,

along the duct to ensure that j is wholly transverse, the
-~

and of course so also is the reduction inCT;ff. A quantitative theory
to estimate the steady amplitude of the fluctuations and the values of

0"eff and Beff is therefore desirable.
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The experimental observations show that for a wide range of con-
ditions the amplitude of the steady electric field fluctuations is
less than 0.5 (i.e. LE*|<: 0.5 ). Therefore it seems possible that
an extension of the electrothermal perturbation equations of Chapter
2 to include second order terms, but neglecting higher order terms,
will be sufficient to derive and describe the steady level of the

fluctuations.

There have been several such analyses reported in the literature,

(5.1 and Solbes (5’2). In both

most notable are those of Zampaglione
these analyses equations are derived and solved for the development
of the average quantities and for the fluctuations around the average

values.

Solbes for instance obtains solutions for the fluctuation amplitude
and the effective parameters by assuming a square wave shape for the
fluctuations., This assumption does not seem justified in view of the
experimental profiles observed by Brederlow and Hodgson, and by Ried-

muller,

A more logical approach is to represent the fluctuations by a

cosine series i.,e. we denote the perturbation in electron density say

o2 _ .
by 2 O, (7t) MB(-’YLW‘(’- —- %Kﬂ) where K = 21 , and
M=o T L
/A = wvavelength of the initial perturbation. The amplitudes a are
considered to be functions of time. Ve are obviously assuming no dis-

persion, which is in fact true in the linear theory. However, non-linear

effects introduce dispersion and this form of‘ge is not in fact a proper
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solution for the perturbation in the electron density. The movement
terms from the time and space derivatives separate off from the growth
terms since the operations make them sine series. The movement equation

w

is then found not to be satisfied by a single value of ” r /K but requires

as many values as there are harmonics.

However we know that the movement of electrothermal waves is much
slower than the growth,and the distance moved by the waves in the gas
frame during the time it takes the steady amplitude to be reached is
small compared with the wavelength. Hence it is a reasonable approxi-
mation to neglect the movement terms in the energy equation in estab-

lishing the steady amplitudes.

The perturbed electrothermal equations then give us a set of
equations for ?2%5‘ s M=01,2 --- . On the assumption that a  decreases
as n increases we can curtail the cosine series at some finite n,
equal to N say. We then equate the time derivatives of the harmonic
amplitudes to zero to obtain N + 1 equations for the N + 1 unknowns

agr 291 a2 1y eceey Bpe No assumptions about the wave shape are neces—

sary in this procedure.

In addition previous non-linear theories have not properly taken
into account the response of the external circuitry to the perturbed
currents, Since the fluctuations give rise to a change in the average
current there will be a change in the voltage drop across any external
load, due to the change in current passing through it. Thus the change

in the average current leads to a change in the average electric field,
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which alters the Ohm's Law and consequently the fluctuation behaviour.
The dependence of the fluctuations and the effective quantities on the

external impedance will therefore be investigated in this chapter.,

It turns out that the external circuit has a significant influence

on the final amplitude of the waves.

The change in the load voltage due to the changing current is the
only way that the electrodes and insulators will be considered to
influence the wave. No boundary conditions as in Chapter 4 will be
applied. We will simply assume that we have a plane wave perturbation
in the direction for maximum growth, plus higher harmonics and a
uniform perturbation. We can then derive the steady values of the
amplitudes from the method described above, The steady values of the
uniform current and electric field perturbations, together with their

unpeturbed values, then enable us to evaluate O;ff and Beff'

5.2 Egquations and Analysis.

a) Definitions and External Circuit.

We denote the displacement or perturbation of a quantity by the
symbolA , emphasising that the displacement is assumed to be non-linear
unlike the linear perturbations denoted by a dash in Chapter 2. Ve

. A
write n,as, 00 P
My = D Om(f) coz(miot —1Ky)
_ Mn=0
vhere K = EEJZ , and we assume that at t = 0 all the an's are zero

except for age That is we assume a plane wave disturbance of initially

a single wavelength with a peak at y = 0, t = O.
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The terms that generate the higher harmonics and the uniform
perturbation are the second order terms in the electron energy equation.
These are multiples of two cosines, e.g. cos m cos n (Note: for
brevity we will write cos (MWt —nKy) = cos n); and this product
is % (cos (m + n) + cos (m-n)). Therefore the harmonics generated are
cosine terms and hence the description of'gé at all times as a series

of cosine terms is self consistent.

If we had taken the initial disturbance to be a sine term then
both cosine and sine terms would arise, and, although the equations
would be equivalent to the ones used here, they would be more complica-
ted,

We can therefore write the displacements of the fields also as

cosine series, i.e.
A

N o
‘)ac — ZZ; &;n' cCo% 5 v%ﬁ = Lo
M=o
: t,- 5
Ex— - 0(/0 5 ij = f% BB

n=0

and the displacements of 0 and B we can write as
VA e A ‘66/
0= 0" m,+ =

where the dot represents total differentiation with respect to n_. Ve

. 2 AZ
7/“‘:: 7 }/3\‘ /3'7/’\’!’/"_"%— e

e
assume Saha equilibrium so that Te is eliminated from the equations
A ¢ A :re/\z N\ N
using Te = Teﬁﬂg ++- M, . The spatially varying terms of jy and Ex
are zero of course due to V, j=0and V x E = 0,
I~ ~

We will assume that in the unperturbed state jo is re-circulated

~
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through the plasma via a load Ry (see Fig, 5.1). We will also assume
that no average current perpendicular to jo is allowed to flow, i.e.

no current flows through the plasma that does not pass through RL,

although currents circulating in the plasma will exist.

This geometry is very simple and corresponds to some of the in-
stability experiments. In any case we are not going to do a full
boundary condition analysis, but simply introducing load voltage res-
ponse into the equations. The above prescription is the simplest way
of doing this, and it is hoped that qualitatively the results obtained

apply to several geometries.

We will consider a wave travelling at 45° to jo. This is not

~~

exactly the direction for maximum growth but it is a reasonable

approximation, and taking ;{ = 45° makes the equations somevhat

simpler.
Since the average current perpendicular to j  is zero (i.e. the
uniform perturbation in j is parallel to jo) we must have bb =c,

~ ~

(The average of a quantity over space is assumed to be over an integral
number of wavelengths, so that </J\x) = ,)o and of course </J\y> =Cge
Note that the zero subscript on the small alphabetic letters a, b, ¢
etc, do not denote the unperturbed state, but rather the perturbation
component of zero wave number). The perturbation of the current
through RL is therefore ‘f2§ bb’ and if JAL is the cross section of

the plasma andol is the distance between the electrodes we can define

Z
A Ro

an equivalent conductivity of the external load by, Cﬁj::
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From this definition the change in the uniform electric field

{2 b,

O\J
Ve also have the possibility of a uniform perturbation of the Hall

parallel to J due to the load voltage can be written as —

field, i.e. the field perpendicular to jo, therefore we can write

d

o <‘E;5K\> - Y?c, —

A
and fo = <.EE:9> - fio éio

vhere = /2 €y = perturbation of the Hall field.

U

b) Perturbation of the Chm's Law.

To perturb the Ohm's Law, i.e. equations (2.2) and (2.3), it is
convenient to write the x-component in the form,
jx= O‘/EI«'_FJ:,) — (5.1)

and the y-component in the form, o

\ . 1+
z.)g, = {@Egc—}- Ej - (5.'2) , wheve 0§ = = -

The perturbed x and y components are then respectively

> A 2 A D ~ 7N

- ~ E + C)/E - J — oJ J‘9
J, = e " Ploy = [Pedy ——éé)
and
/\1

N\ - Ve AN A
L—'_X‘J +X\) Ft0%+F0E)c+)/3\E)L+Eg — (5.4)

0

Substituting for the various displacements these can be written

as7
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Z bfn a3 (qL) - ( O/Z- G, COISN + = (ZCL 003'7) )b‘
+ 6,y t (é"Za% wS')t)CLo - (lé >, cam
+.%(Z_ngcos%)z)3% —BC — ( F > o cmn ),

— (5.5)

for the x-component, and,
(% Sa,cam+ Z(Saemn))ds, + ;-
+ (7 > Qo C‘ﬁ"‘f) Cp = (F’ Z%C““*’g (Z%Cﬂm) ) EO?C

"f-(g’odo + (Zﬁ Cbm%%>0éo -+ fon Lo N

for the y~component. Note that
- 2
. 2 L3 |+ Po
T = — /3 o
0 2
and s o

’ .%?:,ZEE —EZ“L‘)-%ELD)
- (125 Z.L/Lf%_)

The quad.rat:_c terms in these equat:_ons can be written as s:.mple

cosine terms, and the coefficients of each particular cosine term

can then be equated to zero to give a set of N + 1 equations in

i i YL
A1 g1 ecees Ay where a is taken to be zero if > N. For
b
instance, substituting bo for‘Coa'nd €- 2for d_, equation (5.5) gives
0

i

us; fromn = O0:~-

—(o/a,+f(a,o+——+._))L0X + 05 (€~ o)
‘i"O’Cb (e‘“") (Paf“l‘ ré{ao—f- az))Joy
_ﬁobv - [5 C"o ) — (5.7)
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from n = 1:=

b = (oo +
__(léa ,%;(261,,@/ +a,az))j09 — /3 G be (5,8

. ) ‘ .
o/(zaoa,-m,czz)) £,y + coa, (¢ _,:)

from n = 2:=

e 2
((;Ja_7_+ g [2a0a7_+ %’))Eb'x_,_ &’CLZ (eo—of;)

[ 2 z . e

- (Fa,z + 712_ (2a,0,+ %))Jog — Ba, b,
— (5.9)

Here we have neglected all terms in the cosine series with n) 2,
i.e. we consider only an initial perturbation together with its first
harmonic and a uniform displacement. Essentially then we have two
ordering schemes, Firstly the fluctuation amplitudes are assumed
small enough for third order terms to be negligible, and secondly
ve assume that the amplitudes of the harmopics decrease rapidly with
increasing n.

What we want to get from these equations is the perturbed current,
i.e., the b's, as a function of the perturbed electron density, i.e. the
a's. Ve can then substitute fbr'gi in the perturbed electron energy
equation and obtain equations for the time development of the a's.
lle therefore have to determine e, as a function of ayy 241 259 and bo'

We can do this using the n = O equation of (5.6), vhich is, substituting
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“e *—— f075%9

Cll

(Yoot = [a Ttz 73z ))
= (poo+ ﬁ (ao+ %’1+%’1))50%

+ 3, b,

+ T b

. £>o "
+ fo (€0 %) t+ f ao(e,- gg) ~ (et =2

Equation (5.10) can be rearranged to give,

(1+Fo+0, %) gbao aob [D’-Fzg)
| 8o ( (Po )

( FZ—E—& a+”a)) ‘ Fv" vz z))‘—)

where terms higher than second order have been neglected.

Lo =

Substituting this into (5.7), and rearranging, we obtain b, in

2 > 2

the form, b, = Aje, + ALGo + A0, + AL,
=l

vwhere,

A [on ol P) 0} /3! F)](H‘B (F—J)GJ)

@ P &
A { Ox[’_*—;'z +(/g?;fﬁ “’E‘—

' L 2+u)e) o7
= B0+ G5

P!

continued over .....



(2+ 750’))

o 5
_.,g__ 7?:%5"*,6—1

_ o7 2 O’(Z—I-D"’f.

ﬁof

(Z—f-b’ )o’)
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Jle qz‘rjf)czoj) ] 09[ g

h( _(2+7T)oy (2+3%)05 +¥e )6z
PR (p U Pe uzf—vf') }(’f e oL)

A =B (2 )+j (&2 EY](ipo _erw)y

9 \f | 4 (3~ 1) 0%
and Al*. = A30
Using equations (5.8) and (5.9) we can then write b, and b, as,

B, a, +B,aa+ By,

b,

C, A, + C,a.a, +C;a,°+ G, Qa,

vhere, B‘ — 0‘» on —_ féjoy

os o ! 2+Toy A Joyé’-—Fon A G
- (O_)EDX-‘ PJC‘?)_‘_( /30—; O:I T F)D—’ - AIF

& B
BB:'{E"’C”;J°9

= = = B 3
2.
2 equations of (5.6) simply give us the electric
field fluctuation amplitudes f, and f2°

¢) Perturbation of the Energy Equation.

Note that the n = 1,

We will perturb the electron energy equation in the form (2.4),

neglecting the spatial gradient terms and the time derivatives of the
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cosines. Since the Tonization energy is ten times the thermal energy

we can write the rate of change of electron density terms simply as

0% m
4™
bem ,
ternms from the thermal energy. All time derivatives will be equated to

zero and it is therefore not necessary to evaluate the terms involving

neglecting the first and second order

the rate of change of the amplitudes exactly.

The Ohmic heating, elastic losses, thermal conduction and radiation

transfer will hovever be evaluated accurately to second order. The

¢

¢

2

perturbed Ohmic heatlng can be written as P .
/.\2- .
J ZJOxJ,_+2 J,, T —f—J2 _ _J_o_ pe +.% ;)2
=/ = o7 o’ 072 072
e .O N\ o o o
0_12 h " 003/)'\/
A A

A
substituting for ng_) xly and 0" we obtain after some manipulation,

o
G, 0o + G, s + G,a,* + Gypan

vhere, 2 . . \) .
C%, - o 4 (‘én:*’“&qg) /ql - CFS" ¢’
Z ° G‘J j?— e ZA?- jz 2
= — o C o
G, = ‘of(Jox“oa)(Az =A) ey Tt 5
¢ <z 2 ¢
2 (7 - Jo & 1 B G |
G = Z(Jotoy) Py~ 55 G + g 5 - S,
Jo &t _
+ ?i§3 é%f 5 (;Ik - Cf3 ?
h,= Ha+Haa +Hsea,
2 Jo
where H = = J B, — =2 c
oy %
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Ox 0% oy
+ 2 &F
2, R 0.2
-2 b =4 Lpc -2 +C ) + 2o »*
Hs":JOXBZ' Gt 2 T oy UELJ""(B' o 7
2
&8
I LaG, + +23 5
h,= 1% F
2 "2
2. — Yo o
L, = 57 Jox e
* o 2
’ re 2. B - L
2 joc, -2 4+ 2By 20 o
I,= 5 Jox~2 022 03 oy 3
0
[J ° b 202 1
- 5 (Jax“oa)A' T T Cide
2 2
- 2 — Jo & L EI_
o

The perturbation of the equipartition elastic losses can be written

simply as, A . iy 2
E = E 2 0,8 + :% (Za.mc,c‘_s'n)

- = b, co3n |

therefore [30 - qu_o_l__ KZ Q:z;} + K,sq_;l -{—b{(q.auz.

. o o _E,.
K;:E,Kz_:%)}(s_%:’ Kq'_ 4 7
b, = Lo, + L, o, + Ly CL'CL:I

wee L, =E, L.FE, L35 T

vhere
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2
and PQ_ - M| a‘)_ + mz a’OQZ. +m3 Q/i

M,:E y Il’)z_:/éy /1’)3:’25;.

The perturbat:_on of the thermal conduction can be wr:Ltten as,

s 2R 'a’?a g ?_,I-"
(Wj m» 55 +(l{oe+ =) 3y
= (ete v i) (Zanmksinn) [ T
-{-(' K; Q:ﬁpjl- l:."\,;f;;) (zaw\ 0‘5%)] (Z Qo mtK® m%)
= > LU CO5 W

andwehave) Z =0
‘L/ - CPI Q, -+ @2 Gox) + qu' a, Gz
, Q| :—KOQ+Q l<7—
» . - . 2 ,
Qz: “(PCOQT.Q,‘F ,'{...O.T:Q.) K , Q:s = o /2
and L, = R ey, + Rypa, + Ryl
== Hoe T K
R, = — 4 (e Tat KoTe)K*

The perturbation of the radiation transfer is due to the pertur-

where

bation of the Planck function. The Planck function for the il line

is approximately given by,
L % To
and the perturbation of this is,
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A 2‘,\13)? 7 e hr CEA
By = =gk e (- ,_;_%u) (k?zjzi)[' o g
oo . c2, A
HypTo + = (& 22 -)T) R

Substituting this into the radiation transfer integral we get

. P —
(see Appendix 2) /2 — éi_ 1C;V CoZ M

with Y =0, 77

where _,; - ZRCJ'-\/’E— _I:,__

T, = T""/’z.. v
R — 3‘@2'1-420 /?’bfa,q. AD)L 9 (hv;o> O R Teo
ce 2.1’\/-/& ,C:_ 9(Jr .
and
o= U, + Uyoean + Vs &
where

’

Putting all the terms of the energy equation together, and equating

the coefficients of cos (n), n = 0, 1, 2, to zero we get the following

set of equations for Ay 349 and 8ss

o8 2 = 2
I, 22 = Ra,+ha;, + Bay tha)

— (5.11)
20, —
ot — R o + Loy, + R a,a
Lp o€ fs e 6o 7 T — (5.12)
L 2
I ’%{;‘2: Pgafz + Bla'oaz+ PIOO,, — (5.13)

vhere the P's are defined by,
PI = G-n - Kl G

P?. = G, K,
Po= G-y, B = Gu—Ke
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d
P
g

=H,-L,+Q -7,

6: H?_‘-LZ_FQZ-—E

= Hy=Ly+ & T3
- I' —M'+ R]" U|

=1

- Z

-M, + R, =,

d) Solution of the equations.

The signs of the P's in equations (5.11) = (5.13) are of crucial

importance.

Table (5.1) shows a set of typical values for the P's.

P5 and P8 are of course positive since the initial perturbation and

O)
its first harmonic are unstable. Py is positive when Oj” > 1, hence

F =1es PLASHA

PARAMETERS
P, + 08l 0°
Pa | 1-77 T = 1500 K
Ps | |08 %5;‘ =107
Po | -5'8 (Avgon Caesivm
P? 2.8 PLCLS'ma'), o’
Fe Q7 G:Bkahvﬁi:w
P | -5-8 T/L': e, p
Ro | 14+ |(P5 divided by 10T;)

TABLE (5.1)

L
a positive 2, is generated

by the initial perturbation, i.e.
the eleciron density increases.

P1 is negative, hence the
uniform perturbation is stable.
This is in contrast to the results
obtained in Chapter 2. The reason
is that, as stated in Chapter 2,

the direction of the perturbed

current there vas determined by the wave vector K, even vhen IKL)O.
~ ~

Therefore if K is in the direction for maximum growth, i.e. j' at 45°
Pt

to jo, then a perturbation with IK, = 0 wvill be unstable. Vhereas in

-os
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this chapter we recognise that the direction of a uniform perturbation
of the current will be determined by the external circuitry. In the

present case Jj' must be parallel to jo, and this gives stability.
~ o~

P6 and P9 are negative so that the positive perturbation a, opposes
the destabilizing P5 a4 and P8 a, terms. Essentially PB is the rate
of change of the linear growth rate with respect to a uniform pertur-
bation of electron density. The fluctuations are therefore stabilized
at a steady amplitude by the reduction of the growth rate to zero due

to the increase in the average electron density.

The uniform increase in the electron density reaches a steady value
when the stabilizing P1 a, term cancels the second order driving terms
in equation (5.11).

Oo

Ir —= <'1 then P3 is negative and the average electron demsity

o1

will decrease., It follows then that the fluctuations will not reach a
steady level of fluctuations according to the equations used here, since
P6 a, a4 is in this case destabilizing. This means that either higher
order terms become important in stabilizing the fluctuations or the
fluctuations simply grow until the seed is fully ionized in the peaks

of ne'and unionized in the troughs. We expect then that the steady

amplitudes of the fluctuations will increase with decreasing g%? o

) L
Note that the stability of the uniform perturbations is necessary

for the existence of steady finite amplitude fluctuations (i.e. of
only second order significance)., If P1 were positive then the uniform

displacement of the density would not stop growing with the first
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and second order terms alone. Hence no steady state would be reached,

at least until higher order terms became important.

To derive the steady amplitudes we equzate the time derivatives

in (5.11) - (5.13) to zero and obtain the set,

Pa,+ Koy + ha + Peal =0 — (5.18)
Fa + Pbaca,+ R a,a, =0 —  (5.15)
Bos + B aots + Poatco  — G®

which we can solve for 2y 24 and ase

a, cancels from (5.15) to give,
- | -
2T T B (Ps + R, ao) (5:17)

substituting for a12 in (5.14) from (5.16), we obtain an equation in
a, and as and substituting for a, from (5.17) ve obtair a quadratic
in age This is

Oy Z o4 R, 2+ By =0

s Py Fy =8 Fz_ Py =
= —_—— e = 4 4 -z
' PEF’]PIO Pl Pl (P'/)

vhere , =z

_ P}Pbpg PgPqu _Pq.Psp(o
dzl—— I -+ _‘“-“R P7 plo ""’ RP_, r)lo + N f_)‘ P7'J_
o = [PslPs Po (Ps
z,= pep + o =)

The solution of this quadratic gives two positive solutiomns for e
The larger of the two is the required solution since this is the one

that gives a positive value for a5 when a, is substituted into (5.17),
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the other solution giving a negative value. (Note that Py is positive

and therefore a, should be positive). a, is then found from (5.16).

A N
From the values of ajs a4 and a, the field displacements, j and E
r~ ~

2
can be evaluated, since we know these as a function of the a's. The
values of O’e op 204 B_o. can therefore be obtained from the definitions

in section (5.1). The results are discussed and compared with experiments

in the next section.

5.3 Results.

a) Dependence of the Fluctuations on Hagnetic Field.

Figure (5.2) shows the variation of the fluctuations with the average

2 MNs -
51 — =10 Ba
n

Teo = 2500°K, A = 1 cm., -c%g- = 10). The average Hall parameter is

[
not exactly equal to [30, the unperturbed Hall parameter, due to the

Hall parameter (parameters used are: T = 1500°K n =10

inecrease in the average electron density. ( B) is plotted against Bo in
Fig. (5.3). We have plotted the fluctuation quantities as a function
of <{3> since usually the experimentalists deduce B from the measured
average electron density and this gives them (p) .

We see that the fluctuations in the electron density reach a masimum
value at <ﬁ> just above Bocrit and then decrease. However the uniform
perturbation, a  , increases monotonically with {gY.

(1.24)

The quantity measured by Kerrebrock and Dethlefsen was the
fluctuating electric field. The calculations show that the amplitude
of the first and second harmonic of the field parallel to jo increase

o~

monotonically with ( ;3) , and this is in agreement with their observatioms,
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Ve note therefore that one must be cautious in deducing the behaviour
of the electron density fluctuations from the behaviour of the electric
field fluctuations.

(1.26)

However from Riedmuller's results the electric field

fluctuations should level out at higher values of (§> . Possibly this
does not occur in the calculations here due to/fgﬁge amplitude of a,
at higher values of <ﬁ>, indicating that higher order terms may be
significant.

Both the effective conductivity and the effective Hall parameter

decrease with increasing magnetic field (see Fig. (5.4)). The defini-

s
: | <321 . :
tion of O used wvas O ., = — s and the alternative Chmic
eff eff < En>

heating definition mentioned in section (5.1) was found to differ by
less than ten per cent from this., These curves are in good qualitative
agreement with the results reported in references (1.24), (1.25) and

(1.26).

b) Dependence of the Fluctuations on Temperature.

The unperturbed temperature of the electrons was varied by varying
the unperturbed electric current. The variation of the fluctuations
is shown in Fig. (5.5) (same parameters as in (5.3a) except B = 3 tesla,
Teo varies). We see that at high electron temperatures the amplitudes
decrease towards zero., This is of course consistent with the fall off
in the growth rate due to the decreasing value of Bo described in
Chapter 2, It is also in agreement with some results presented by
Kerrebrock and Dethlefsen which showed that the electric field fluctua-~

tions decreased with increasing current density.
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Note that, as the electric field fluctuations decrease i‘.1 decreases
more rapidly than f2’ and over a small range Teo the second harmonic has
a large amplitude than the first harmonic. Hence the electric field
fluctuations will have a dominant wavelength of 1%% in this region.

As Teo increases further the electric field fluctuations go through zero
and become % out of phase with the electron density fluctuations. The
first harmonic also becomes dominant again.

Not surprisingly both the efféctive conductivity and the effective
Hall parameter increase with increasing temperature (see Fig (5.6)).(B),
Beff and Bo converge at about 1.8 vhere the fluctuations go to zero.
This is Bocrit'

¢) Dependence of the Fluctuations on the external Ioad.

vias

r‘q qu

For all the previous results in this section the value of
10, i.e, the load impedance is ten times the plasma impedance, Vhen
the load impedance is decreased the amplitude of the fluctuations increases.
This can be seen from Fig. (5.7), where the various harmonic amplitudes

are plotted as a function of % (same parameters as in (5.3a) except

o
of
B = 3 tesla and —° varies).
or
o—
As 5;1 tends to infinity, i.e. the load impedance goes to infi-
L
nity, the amplitudes approach an asymptotic limit. With decreasing ‘5§
[
the amplitudes increase until, for SEE near to 1, they move outside
-

the 1limit where third and higher terms are negligible, The theory

presented here is therefore unable to establish the fluctuation ampli-

tudes for fEi of the order of or less than 1.

oL
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Direct comparison of these results with the published experiment
results is not pqssible, since the load impedance is not mentioned in
any of the papers. However in private discussion Kerrebrock has
disclosed that in the experiment he performed with Dethlefsen the
external impedance was always much greater than the plasma impedance.
On the basis of the theory presented here, this is consistent with the
fluctuation amplitudes that they observe.

The calculations of Solbes were carried out for what he calls a
current source withOjL = 0, i,e, the amplitudes he calculates corres-

(7]

pond to the asymptotic state when .9: -> 00,
L

d) Conclusion.

The results presented here show that neglection of third and higher
terms is a good approximation for a wide range of plasma and circuit
parameters., However the neglection of the third and higher harmonics of
the electron density fluctuations is not a good approximation. The
ratio of a, to a, indicates that probably a3 and ay, will be significant,
and a larger set of equations should be used in determining tﬁe value

of the steady amplitudes.

On the other hand the qualitative agreement of the results with
experimental observations is very good. In addition a smaller set of
equations, involving only 2, and a, was tried at first, and though
different values for a, and a, appeared (about 100% difference for 3,
and 20% for a1), the qualitative behaviour of the waves as a function

of B, Teo’ and 01 was essentially the same. Hence extension of the
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theory to include higher harmonics will probably not alter the form
of the graphs presented in this chapter, but change,to a limited extent,

only the numerical values.

In addition the results presented here in section (5.a) are similar
to the results obtained by Solbes assuming a square wave profile for
the waves. Even quantitatively the results of the two theories are near
to the experimental results. This seems to indicate that the finite
amplitude of the fluctuations and the reduction in(T;ff and Beff are

not very sensitive to the wave profile.

The results show that relatively small fluctuations in the electron
density give rise to a considerable reduction in the effective conduc-

tivity. From the variation of the amplitudes with é;? we see that

L
this reduction in the effective conductivity is likely to be particularly
marked vhen the plasma and load impedances are about equal. Even

taking into account the strong dependance of the plasma conductivity

on the current density, the optimization of the power output of a genera-

tor still requires the plasma and load impedances to be about the same
(1.16) model

o.* Eg
(14 % /o) o7

order of magnitude. Tor instance if we use Kerrebrock's

of 0" o j“ vhere o lies between O and 1, and optimise

o
(see section (1.2a)) w.r.t. )%5: , we obtain

oL _
@_-—I-—O(

It follows that for an optimized generator we require af’<'1,
L
i.e. we require to operate in the region of large electrothermal

filuctuations.
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LOAD |

Fig.(5.1) External cirecvitry and co-ordinate system
(shaded areas represent regions of higher
electron density).
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APPENDIX A.

The Radiative~ Collisional Theory of Ionization.

In the Caesium plasma considered in this thesis, vhere the
electron thermal energy is an order of magnitude below the ionization
energy, the processes of ionization and recombination afe very compli-
cated, The dominant ionization process is stepwise transitions from
the atomic ground state to the various excited states, and then ioni-

zation from an excited state.

The population densities of the excited’states, and all the various
mechanisms affecting them, are therefore of great importance. The problem
of determining these densities and the ionization and recombination rates
can be formulated in the following way. For each excitation level i
(1, equal to 1 9 o, is the principal quantum number with i = 1

representing the ground state i.e. naG'= na') we can write an equation
Nl
2t

shell, in terms of the various transition processes into and out of

for y where n. is the population density of the ith

that shell (Note that in Chapter 2 the subscript i refers to particular

states not shells). This is,

. d
%L: n [an/ "—Z’n‘abs\ T
'Dt J>b Jt J<L

2 AC C

J<i J "

continued OVETr ssces
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The first six terms of this equation are collisional transitions,
i.e. collisions with free electrons, and the last eight are radiative
transitions, Individually the physical processes are:-

1) Collisional de-excitation (terms 1 and 2)

S.d. is the average rate coefficient for collisional de-excitation

1]
from level i to level j. By average we mean that if S;.i_j (Ee) is the

de-excitation rate coefficient for electrons of energy E then,

S.. = j jc (E_,L) S Q> O(Eg, , where fo_(Ee) is the

electron d::.str:.but:.on function.

2) Collisional excitation (terms 3 and 4)

Sfj is the'average rate coefficient for collisional excitation
from level i to level jJ.

3) Collisional Recombination (term 5)

R; is the average rate coefficient for three body recombination
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h

(i.e. two electrons and an ion) into the it level.

L4) Collisional Ionization (term 6)

c . . . P s . s
Ii is the average rate coefficient for collisional ionization

from the ith level,

5) Spontaneous Emission (terms 7 and 8)

Ai. is the spontaneous transition probability from the ith to the

jth levels,

6) Radiative Recombination (term 9)

R; is the average (over electron distribution function) radiative
recombination rate coefficient. In this process the recombination energy
is removed by an emitted photon, instead of a second electron as in three
body recombination.

7) Photoionization (term 10)

Ii'(V) is the rate coefficient for photoionization from the 3B

level in a radiation field of unit photon density of frequency Y, ey

is the density of photons of frequency V.

8) Photon Absorption (terms 11 and 12)

Mij () is the rate coefficient for the induced transition from

the it to the jth level in a radiation field of unit photon density,

of frequency Y , where j ) i.

9) Induced Emission (terms 13 and 14)

Nij (») is the rate coefficient for the induced transition from

the ith to the jth level in a radiation field of unit photon density of



191,

frequency Y , where j ( i.

In addition to (A.,1) we have the Boltzmann equation for the
determination of f (Ee) at all points in the plasma, and the equation
of radiative transfer for the determination of €, at all points in
the plasma., Solving this set of three equations will then give us
the time evolution of the population densities and the ionization in
the plasma., This however is a very complicated, and so far unattempted,

problem., It can fortunately be simplified.

The necessity to solve the equation of radiative transfer can be
removed in two ways, either by assuming an optically thin or an optically
thick plasma. In the first case the radiation field is weak and the
last five terms in equation (A.1) can be neglected. In the second case
the excitation levels are in equilibrium with the radiation field and

the last eight terms cancel and can be dropped from the equations,

In fact it is necessary to use a combination of both assumptions
in the density regime of Caesium that we consider for MHD generators,
This is because the plasma is optically thick to resonance radiation and

optically thin for all other radiation.

We then have a system of equations,
D Na L ' s )

for i = 1200,

(LJ;

coupled with the Boltzmann equation. These equations have been solved

(1.4), (1.5)

numerically assuming a finite number of levels . For

instance Shaw et. al. assume a three level model, the ground state,
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the first excitation level and a "lumped" level to simulate the effects
of all the higher levels. At the time that these calculations were
performed it was felt that the uncertainties in the various cross-sections

and transition probabilities made a more complicated model unjustified.

Interesting though these calculations are, they do not provide us
with a simple equation for the rate of ionization and radiation which we
require for the electrothermal wave theory., The theory by Bates,

Kingston, and McWhirter, however, points the way. (2.2), (2.3)

In their theory they assume that fe (Ee) is a Maxwellian so that
the fe dependence of Fi becomes a Te dependence. TIrom the available
estimates of the various cross-sections and transition rates they
concluded that the population densities of all levels n. vhere
i=2, ces, 0 would reach equilibrium from any perturbed state much
faster than n.s Or D.. The idea of their theory is then that all the

excited levels are in a quasi-equilibrium in any changing situation and
?2Nal

we could put >t =0 for i ‘2 2,giving us the set of equations
’b;’b, = F (Mg, I=122, ’fl.z,T.p_)

If we once again consider only a finite level scheme of N levels

(i = 1,2y4+. N), ve can then solve the N - 1 equations.
Fo (Mo, J=1=2N, M, T2)=0 , &=2->N

for D sy i=2y eva 4y N, as a function of n_ s o, and Te. Substituting
D Mo
2t

these solutions into the equation for we obtain,
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izlzlgﬂ = F ('q“ﬁj 5o Ne, —FL_)

2t
N
(Note that, ?MNe Z Nai

and on the basis of the guasi-equilibrium approximation,
e _  9Mg, )
>t ot
The form of this equation turns out to be
2MNa) - — ’bﬁﬂe_ - /q yqél - /Q' N Neas

where A1 and A, are functions of temperature. Bates et, al. use

2

parameters « and S, where

and S = A,l.

They define o to he the collisional radiative recombination coef-
ficient and S to be the collisional radiative ionization coefficient.
The values of these coefficients for various densities and temperatures
in hydrogen are tabulated numerically by Bates et. al., which is
inconvenient for our purposes since we would really like an analytic

formula for A1 and A2 as a function of Te .

Using a fairly crude classical argument Hinnov and Hirschberg (2.1)
have deduced a formula for the recombination coefficient A2. One

important feature of their argument is that it demonstates that A2 is

to a large extent independent of the atomic species involved,
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Their argument is complicated but can be summarized as follows.

We define iﬁ‘ to be the level such that the number of electrons
transferred above it from the continuum wvhich eventually recombine (i.e.
to the grand state) is equal to the number tramsferred below it, which
subsequently will be reionized., From statistical arguments Hinnov and

il will be the level vhere the probability of a omne

Hirschberg expect that 1
level jump by collisional excitation is equal to the probability of a
one level jump by collisional de-~excitation. Hence they can determine
im .

Now using the classical Thomson formula for the energy transfer
in electron - electron collisions a formula for the cross-section for
ionization from the ith level by an electron of energy Ee can be
obtained. By averaging over a Maxwellian, including the appropriate
electron velocity, an ionization rate from the ith level for a given
value of n . can be obtained. By assuming that the inverse recombination

rate must be the same when n. is determined by the Saha function, we
L9

obtain a recombination rate into the ith level,

h

Summing this over i = 1 to i = i a total recombination rate is

obtained, giving

~2.0 —,——9/2 mo
= . w3 —_—
/q'l - l / LAY Sec,

A1 can then be determined assuming again Saha equilibrium between n and
n,e A1 is of course very much dependent on the atomic species via Ip,

the lonization potential,
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(A.1) an

Similar results have been obtained by Mackin and Keck d

(4,2) using similar heuristic arguments. The results in fact

Dt'Angelo
agree fairly well with the more exact evaluation of Bates et. al.

Ve must remember however, that we have assumed a Maxwellian for the
electron distribution function and Saha equilibrium for the state to
which the plasma tends.

The detailed calculations of Shaw et. al. and Lo Surdo show that
these are not good approximations below an electron density of 1019;i¥3
in a current carrying plasma. The ionization process is largely carried
out by the electrons in the high energy tail. This therefore becomes
depleted and, if the electron collisions are not sufficiently numerous
to £ill up the tail again, then the distribution function is markedly

non Maxwellian in this energy region, and the quasi-equilibrium electron

density in a current carrying plasma is well below Saha.

Bearing in mind this limitation of the collisional radiative theory
we have used the Hinnov and Hirschberg formulation in this thesis. Most
of the results presented here are for n_ > 1019 %L? and the
results presented for n_ < Tl 13 (all are in Chapter 2), represent
the worst possible behaviour of t:e electrothermal wave in terms of

instability, since assuming a Maxwellian and Saha assumes an ionization

rate much greater than the one that actually exists in the plasma.

In conclusion let us consider the excitation energy required to
populate the energy levels of the Caesium atom. If we assume that the

energy levels are at L,T.E. with respect to the electron temperature
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then the total excitation energy of the plasma can be written as,

oo
2 h:
Eg = ’YLQJ%E;{ hy, ¢ ‘24‘ﬁ’(l";;;i_) = (4.2)

where hyb = energy difference between ith level and the ground
state’ 5.2 is the ratio of the degeneracy of the ith level to that of

the ground state.

This energy varies rapidly with Te and represents a component of
the electron thermal capacity in the same way that the ionization energy

does,

(A.3)

Bityurin and Ivanov have argued that the excitation energy is
significant compared to the electron thermal energy and must therefore
be taken account of in the electron energy equation., In fact the sum

(A.2) diverges to infinity, and the statistical theory is saved from

catastrophe by the reduction of the ionization potential in a plasma.
7
2

From Griem (2.7) (pp. 139-140) this reduction is given by, A I

P_ 4'-".6-0 QD
where €Dis the Debye length, i.e. eb = / €, hT.': .
T €

20
Puting in typical values for our plasma (Teo = 2500°K, n,=2x10 1 )

>
we obtain A Ip’:- 069 ev., i.e., the reduction is about .00177 times the
ionization potential (3.9 volts). Hence, since ;\V; = IP ( | —O—:E:;_'
we have only about 21 levels before the new ionization limit , therefore
the sum in (A.2) is taken over only the first 21 levels. Defining -

to be the principal quantum number before the reduced ionization limit

we can therefore vwrite )
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U'max

Ee = '”mZ hy, 15 enp(- b2

. . . . Meo |4
vhere i~ is a function of n_ and T, (lmax oC (-——-—) )

I RO

2

[

L - \2 . h2/;
IE"”“'LZ:{ (%’{;) ki erp(— =

to the energy equation.

This term is about 10% of the ionization term, and is therefore
usually not very significant for the Ionization Mode of electrothermal
waves, It is however, significant in the Fast Thermal Mode since it
is the same order of magnitude as the thermal energy. The calculations
of Chapter 2 do not include this term, but the calculations of Chapter
3 do. .

Umax
Note that Z Nyo <K MNao,y due to the Boltzmann

exponential factors and it is a good approximation to write

n =n =n_ - n_as in Chapter 2.
al a 5 e
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APPENDIX B,

Linearization of the Radiation Transfer and Elastic lLosses.

The Radiation transfer term used in this thesis is that derived

(2.4)

by Lutz for a nonequilibrium seeded plasma. The term is

derived by solving the equation of radiative transfer, viz.

AT
s

where I), = gpecific intensity, i.e. the radiative energy flux for

= - mMm,, I, +J, — (B.1)

photons of frequency M per unit area, per second in some specified
direction

$ = path length in this direction

m,, = absorption coefficient at frequency Y,

and Jy = rate of energy emission per unit volume in the specified

direction, and at frequency V ,

If the plasma properties vary in the y-direction only we can replace
ds by dy/cos o where © is the angle between the photon path and the
y-axis. The theory assumes also that resonance radiation from the lowest
doublet state dominates the energy transfer in the plasma. This follows
from the fact that these states are by far the most densely populated
excitation levels (for an L.T.E. plasma n_,oC exp (— £%Zf ), in this
Appendix as in Chapter 2,i refers to a specific state rather than a

shell as in Appendix A).

2
The L.T.E. population of the lowest resonance states (i.e. 6 F; and
2
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2
6 "P,, ) is a consequence of the strong self absorption of the radiation

s

from these levels.

The cross section for excitation and de-excitation from these

states by electron collisions is of the order of 10-18 m?. Hence with
n, ~ 1020 1_ and the electron thermal velocity of the order of 105 m o,

3 sec

m
we obtain, /

/t 20 ~/8 5
coLL [0°Y xtO x (O
7

~ ]O ' sees.
for the characteristic time for collisional transitions to and from these
states,

Now the characteristic time for radiative transitions is of the
order of ‘lO-8 secs, hence it would seem that the radiative transitions
ought to be dominant. However the absorption coefficient for the lowest
resonance radiation is of the order of 107 1 . Hence the probability
of a photon heing recaptured in a plasma ofmdimension larger than 1 cm,

say, is fairly high. This increases the effective lifetime of the excited

states, and collisions are the dominant transition mechanism,

Hence the resonance states are at L.T.E. with respect to the elec-
tron temperature, and the radiation field is in equilibrium with this

excitation population. Therefore we can apply Kirchhoff's Law to obtain

Jy s lee. Jy =m, B, where By is the Planck function at the electron
temperature,
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Solving equation (B.1) and assuming that m,, is constant in space,
Lutz derives the following formula for the radiative energy loss per

unit volume in an infinite plasma,
MPL

R= Z{m B. (y) Ay, M, f m3 ™ (1+ )om,,

(o -

dz
2 % ol
o)

X

~myz(y-t)
D[s(t)jmztzewr J B(Jc),a_w : t]}
> R (9)

R, is the sum of an emission term (the 1st integral) plus an

absorption term (the 2nd and 3rd integals), i.e. R; = Qec +RAL

The perturbation of R comes from the perturbation of Bi'

3
. I
Bi(y) = 2h2
o2 h /¢ —
3 MP(H;M)) /
~ 2hv: _ h2
h Vi == e (- 5

since

:>:> 1 for the resonance doublet.
k. Te
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ha/.

/ hv: Y kR '( )
o.’ .ESE’(SQ) = :Z (’ kz'[éo ;h,fL \éz ‘{;L Y

now T (y) is proportional to exp ( -iKy), hence to evaluate Rp;

we have to evaluate the following double integral,

~{ Kt -m,2(t-y)

T(m,) :f‘i_f [jvﬁ ot

2tk -myz(Y-t)

+ < ok
- 02
letting u =t -y, we have
O »
,(,Ku)f dzf—(;.K-l—‘mpt;M Vof—LK-t-m,)z)(;w]
I(m,) =+ ' ZL )
|
o (e [ L oo
= i _i (,K—{-'m,,% bY
—iKy joo 2 "My oz
= ’Q i K'L_’_m»q.z’],
__\_*< Y :l -1 K
- 2 '727 ;ch/Fv ;;;;)
Hence,
Rl' - REi' + RA:L' -

continued over

------
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Mpe %
M (B om
K P
v}
m
letting _Kl) = U 5 ,,%‘: = W the expression in the
square brackets is given by
Yiw 3
l A 'Z/J 2 .72 -1,
K2 {[2v e Yut] - 157V ey
LY Yo I/w EZ3
—~ v
T e N N e
5 0 o + Vv
5
+ w v /2 OL’U‘E
5(1+v2)
Letting r = v2 this becomes J_ 4’ q. —
2
' 13 | Th AT
J/2 12 . —_ - ‘ﬂ;a/p\ W — O(JA
K TE Vo /2 4
5 W I 5w o J+w

b ¢ a1 L
— K?’{ Ly ,W%mw -+

(s - 2 (w-r(z?z?rj_' (4/3+ w)( BT mr)j
4_\/—2-_ (/03 W——W"" ' W

since w ¢ 1, due to the large self absorption we can expand about
w =0, to get,

- //1,_ /5 A
QL"Q—W A))(:MPL B‘-?ﬁ ’HJK
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to lowest order in w.

_ hk
M To

/ A ,
Coo. QL =3TDY, My, A )

bTe! A

P a)
When evaluating the ¥ > term of R, in section 5 we obtain similar

rolas

1
results as for r, only a factor (2K)? appears instead of (K)Z,

consist of losses

/.

The equipartitition elastic losses’ by Coulomb collisions to the

Caesium ions and losses by neutral collisions to the noble gas., We can

therefore urite ,é = ,éc T E m

Now EC oC ,n:i’ 7:9:_3/2 LOB—/LC (TQ _—I—)
77>
where e ¢ o€ n, %
[ . £ 2 — ¥  Te *]
g - Ee. E :j_m]nujéw[zﬂ.@ AT
Ao
% * 3T -Teo
- Eco [")’I‘2 (9.-("*>+ Te (3 2(.[;”_.1.))]
)
wh = ——
- YT Tl
ma B o m, T (TT) Qum
* 5T -3T
= :é"no [fnl +T‘e 2;‘;‘4 ’T)>]
Teo RLew =

where we assume q.e'wo VT
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hence,
* % [ 5Teo—3T
E—-— J [ﬂ’) (H‘(' “')5') + Teo YR ;
35((,(,—1))] wheTe S:(I+ij£’:m!)

Note: In some papers on nonequilibrium plasmas an empirical factor
b appears in the expression fo:‘}g e This is in order to account for
the electron energy loss due to inelastic collisions. Since this
energy is removed from the plasma by radiation, we take account of
these losses in the radiation transfer term in this thesis. Hence 35

represents the energy loss due solely to elastic collisions.
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APPENDIX C.

Elements of the Electrosonic Dispersion Relation Matrix,.

The linearized equations for electrosonic waves is

M; = 0, vhere

T ! Ik Lk / o
; = (’Y\ T'e’)/v“-e” VVJ%JT)%J’U’.%JE'U)
The elements of M are:-

Row 1: electron density equation.

2Vzeon 7%09)
M, "Y)Jzo("w"’K*?Dv)"'ﬂ“(?ﬁ T 3y

+ A'O (l'neo 'nSO)’nzp + 3 AZO 'ﬂeo,

DRz 403
M,Z = '3?”) T.eo’neo (MSD_(Y‘“’) - 9 ‘.eo(y)eb T\.Qo)
20
2 Neo o
- Veo v = — ( K Meo,

MIS: — Ao MNeo Mo ,

My "Mm’mls';M:‘?:O

lo
Row 2: heavy particle density equation.
—_ =0
M, = Myy = Man = May =Ma =Mag ;

_ . "b"U—y o _ Uy, Yo,
M,c= (Lw—l- > + =" ¢ K y) Mo
DN,

T No .
’V' = — /77 = — =t /<"7Lb
27 0 7 23 7Y
Row 3: Ohm's Law x-component.

[ . Neo
MB‘-: ’%;fon Jor _ 2P el)(yﬁ—ﬁ.)ox>

0—‘ 'b?lgo (l +
R
— 'D ’9_90 a E.eo + wo;z E_/_(__—io- 5
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| + F%L &
my: = MNe€ MSQ— = My =Msyq = s
2w Jora, o 26 Mo + J4>
My = 50, @ 0 WMo I1fF (Jes fodors
Po 0
My = ~Ne® M, I+ fo
Row 4: Ohm's Law y-component.
’DO; Joy o ”Vleo ]
90 m,, - o
My, Moo ° oF 'b")’l.eo H—(_'» [‘BJ
([ 24 6, 2hre) ik B -,
’JN((TF“‘) [+ < ’
_ g Joy) 28 T, ' | 67 RTzc
MLH._ DTQOT‘% L ,_o [P"JC“)'J(M] —] 2 —@f ’
I+ F
Myz=™ Mey = Mag =0,
N““+: Neo
_ 20 Joy _ O Mo J
Mys = o1, "o o2 Mo " [F"ij ‘”‘—N}’
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Row 5: x-component of gas momentum equation.

3T _ 'a’YLzo
Mg, = R M, ,b:o ~) B , Msa = RTM’J},

Mgy = Msa=0, Msy= Neo ¢ B,

\

7T, - R,
Mg C(YO'V)%L'”Q%ﬁ y M= "o be

M57:€Cw+ fwa—€’u—(’K7'l//’

o] ’afx

O

Row 6: y-component of gas momentum equation.
"dleo * | B
- (—--'LK‘T-CD) '+JO7¥/

= R Teo (%QO_—LK/YL‘QO) MGB _%‘QOQB

My = Mea =0,

Mg = €c (/v‘ l/) Y +%ok(ﬂ ——bKT)
My = kT (32 - &),

M¢q = (o Z;%v -+ MNeoe B,

_ s
Mg = Cw G + 60(%—¢K’b}9 +%/AOK
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Row 7: electron energy equation,

M., = 3/n BT, tw +-§fnw/17éo Ve Veo +

o R l k’U
}—1 'YL-eo ~co' ) S Me RTeo ej ‘
)]C ? 207 * ,
C K DTeo 4 2 7%s0 + Mo %n%,, - + i"; nio'b_
.B,f) 2 Neo Ca 65 Mg

+(Lw+7’lf“’K )I’ne"’

M72_ = (g MNeo hTeo + IEO
- C /<'§" Moo R Teo Veay %o K’E’o

C W+ i MNeo R Too V2 Yo

-+ % /QTeo /,z[€0' V%M
2 Teo :D—_Ki-fo T ?Eo —+ Joz ey, +T

+ CKT_@O %— P Tas + leo Y eo —Gf;—?’ﬁeo oa'eo
OTeo |, 3 hTew 2o 4 2o e
Mg = % MeoR e ¥ 2 T N
’_\_ "D/nf..eo IP
e ’

2 Jo!d In‘.ec\e’
P

[

39_£“+
M’/L*‘:.-L,K /).eo Zgy

(e LK) Tr

& 2 E.,

¢ k T 2/Ce0 oM,

M75 = Zy Mo %
+ JO %O‘Q_U_é ~+ /)’L ?’E— y
Dz mo R ,bE ° 2_&30)4
My = o 27‘b t o 577 7 Moz == 57 Mats

M'73 = - D-OiO& 41—.@0@ m'Tq = 0.

s
0
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Row 8: heavy particle energy equation.

2 2E. _ - ~
Mgj 2= 3 Meo g, 2 ez = Mea = Meg =0

ov(k(bjf ~ LK hﬂ)m + ol Uy (G K

'D}Ah.o
» 2,
—-’)’Lo = *’ LK zy Mo
fa’no 2No -
Mse’dw%pbj—v + Ve k Sz T ( L/(W)T
o 28 2 2P '3__@;,0 }{‘K
—-—CL? :1/_‘0.\7@"’3‘ l'e oT, + = ¢ 7Y 7o
2. 'b’(; 2 F’ko 2 =
M£7/ — Qs Fx + . — E/Uo/u—on
s
- 2o - = oY
Mgy = — Qo Ty * 55 GI/A

Row 9: Conservation of Charge.

py = —LK D pmg, V. (Vo —eo)
| Q0

DN .o
Mas = 7
_ 2Neo + C K Meo
May 7Y ?;1 <
<ce g 1
?2Nueo Moo = = ¢ RMeo
Mea = = 7% D
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APPENDIX D.

Calculation of the Dispersion Relations for Boundary Effects.

The evaluation and solution of the dispersion relation, and the

transformation of Ef_ back into real time involves a great deal of
L

complicated algebra; a brief discription only will be given here.

Formulating the general boundary condition problem in terms of the
matrix P (as in section (4.,2)) gives a clear and succinct account of
the analysis,. .In addition the proof that the contribution to the solu-
tion from the poles at det D = O vanishes for all boundary conditions
is most easily carried out in terms of this general formulation (sée
Appendix E).

However, }?C will not be derived here by explicitly deriving the
inverse of P, Rather we shall use the last four rows of equation (4.9)
fo derive relations between the elements of p + Then the first two rows,
i.e. the boundary conditions, will be used to determine p2,5 or p3,6
in terms of the boundaries and the steady state. TIrom this all the

elements of p can be derived from the above relations, and hencefgx can
L

be written in terms of known quantities.

If we use the last two rows of (4.8) to derive the last four rows

of (4.9) then we have

Pg-bi C?_L(Kt) ¢ =/,2,3



Pat = Cat (7“'>

Psiw= Cse (7“2)
P(,(,*r;: CS 2 (?-z)

Solving rows 3 and 4 of (4,9) for simple relations between s
}Ll and /U-3 we obtain,

e
[

-
t

-
{\
o
W

Cio (
/M,;_ = C& v ( ')/L ,
of Cir5 (A1) — (D.1)
Similarly, from rows 5 and 6

(4 Cl(: (7"4) R 2
‘ = . . t,J) =122
Mivs T gre g M ST

o
.
1\

2,3

—(D.2)

Having obtained one of the pairs By 5 or p,3 6 from the boundary
b ] 9
conditions we can substitute for them in these relations to obtain all
the elements of p.

——

We can then carry out the inverse transform of f' say, by finding
all the poles of 5‘ and evaluating the residues at each pole. Ve
then have
Z—Pode t
; - > (residue at pole) -
! Poles

A,(zZ Yx
where the res:.due has two terms, one proportional to L pole
(Z 1) ¢
the other to .Q. % "°'e>

and
y hence ,
—
£ = &

ﬂkz ( Zpole)x + ZPolet
Poles Iz L“’l
(for brevity we drop the subscripts "pole'" and k of l'_“‘_, )

211,
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If we express El and §3 in the same way, i.e.,

7‘&(' le)7C'f :Zﬂﬁe%:
BT

then the values of H can be determ:.ned from equation (4.6).

The first row of equat:Lon (4.6) gives,

,%'4:"21)5, + (Alz"' Bll%‘>§2

A(Z et/ £
— o » o
AL, Z Z {Cu (z;z(zPole)) LJ,"‘L qz(ﬂlz{zi’ole))uz “e =0
poles R
equating the coefficient of each exponential term to zero we obtain,
(TR AT s )
2 Clz(%v&(ZPole)) !

The second row of (4.6) is

(A2|+ %I%C)j "‘Azz fz + (Al's +B23%’;4)§3 =0

i.e., we have ’

r—-, } A k /ZPOM.)I 'f'Zpo]et

C
> S {(Gu- L)+ G i, =0
PolQS R “r

i
vhere we have substituted from (]).3) for M, L IPY end the ;L R ,Zpoie

dependence of the elements of C is understood.

r Cplaa ~Ci2 Gy ]

Hence H = |

L
3 CIZ Cz’s :

. HFCwn T
cf Cay !
0).

(note that C,]3
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Therefore if we can derive EE by the inverse transform we can
t

immediately obtain 52 and g}

We will now describe the dispersion relation for specific boundary
conditions.,

Insulator Walls.

The boundary conditions are 5

Ez (x,9) =0 at 2 =o0,d

i.e. we have,

! _ Dll D(
Mt /s = b L Ko o
A G{ A OL CA [D;z - *
amd /{/LJ_JZ I‘f‘/{;ﬁ.z = - _;[%("D‘ X
—LKxd  p,d
e [
LT et D oA g M?

amd s = U

using (D »1) and (D.2) we can then write,



— C/JLC“(?L) e 0, o VQ;L 2~ Ky Yy
Ly A Co(A,) kD 7\10( Qz.d

'R,o( -—LL”xO( _ K ‘j
-+ 0fCaAs) of Do Y — 2, ] »QF\ o

(/;C C,Z(ZL) olet D Q7Ld -0

—Lt K., 7
—+ X EfDH _e/ beed
olet D
noy det C (A,2) = det € (A,,2) = 0

.’. C||C4Cu +CM, C4CI7- =0 :‘7c' R:/?‘icnfr’l

hence %C” = — -C—I—z_— {"F z :210’??_
sz S

2z fD () (€72 Aty

L"Q’gl i2 { 12 [nm 26{]“6 i
C”(Q) £
Kco(

4 Gz (2 “Q“o( ’ ]@ Xx-t9 ) owed,

Cu (M) b o™ = o™ dMD

We know that the contribution from det D = O is zero, hence the
poles of E { are given by
Ao A, 0
- =0

Ak ‘2/7\,0( ) = 0

The zero of the first factor is at z = Zqs and the second factor

is zero when

A (2)=-2,(2)= ;Zw;t% — (D.#)

n = 1, 2, 3, oo e



215.

Iirf 7»1 = 7»2 s, i.es n = 0, the numerator of 5. is zero also and
hence gl does not have a pole at n = O, As stated in section (4,3)
equation(P.4) is a quadratic in z and therefore there are two poles

for each n. The residues at the poles give the solution forgl(i.e. ne*)

shown in section (4.3).

Continuous Electrode Walls.

The'bou.ndary conditions here are 53 (x,y) =0at x =0, d,

i.e. ve have)

_ _ f D=y
Mzt fre = oLt D K
Aot Aol %_D_@o(ﬂ/

Sz ML clot D

—{ Kyl Aol
“’."Q. 3 % _D‘S D( .Q, L xC — 0 2 J
AT Ty T L e o
cF Pr3 Dis ue?“’o‘“ — J.J:LK’C OL)
Ve T dekDp [ — e M
£ ity

§ Uf D { ! () !

ol D Of (A0 o Md -«

L ECut) (2)
4C13(7L7—>

C’g‘ Dll O( ./Q;—Lti’w:
det D

L_

mukx qud_ 7-7,7C""-K99}

F\Z_OL—— %

—+
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In this case therefore the poles are given by (/Tr 6,3(2 )\ (Z)),
and once again, the quadratic ;l.(ii) —’R_(]é).. 2;:Lf7‘) n = 14293 eees

Since X1 and Xz are solutions of a quadratic they represent the
two branches of a double valued function (due to the square root in

the solution of a quadratic)

and if one branch is a root of C{VLCIB (l) = 0, then the other is not.

Hence if we arbitrarily choose %ﬂ to be the root, then we solve
A 2 (
6/16613(7\‘): 11 832 + A, AZIBZZ—AZ'ZB3I)—AZZA3’-‘O
for M,. e then substitute the two solutions into det C (Z,A)) =0

to obtain the positions of two poles, viz. 24 and Z_.

5
The residues at the various poles give the solution shown in sec-

tion (4.h4),

Infinitely Finely Segmented Electrodes.

The boundary conditions here are, for the case of shorted electrodes

as shown in Fig., (4,12),

£ (0,0)
% (c,0)

£, (a,5)
gz (d,)S>

i

i.e, we have

/wl(l-—ue +/“5("

:_0< fﬁ__lgp(‘_ ‘e:ikxot—tkys)
olet D

7L,o(—-£/<95) A ol-CKyS )
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and /U'B(,_ ﬁd/'bKB )‘l‘/u(o (‘
B ()

In this case we do not obtain [ 5 or p3 6 explicitly but instead
? 9

substitute for these quantities in the B.C. using (D.1) &(D.2), i.e.

A Cra (M) _E,oc-—c@s N
U;C..m(' )1
sc/(ol LkS
ch((y;%( 2 ol - L/@S)/uf B O;iﬁﬂﬂ 3 )
C z

L ACs() () F ) e o

c/}c“(%) ke ~iks
(4’6!%(;\-) ( 7\2"L "K9S)/’Llf» MQ_(’ i )

oF Cy, (712)

. 4611(11) (64 , “FGis (22) - “t D3 C4—C,2(1;_))
o f”l (,_420‘ -Lky 5)(4@2(71,)0,26,3(1,,)-0/1613(1,)45/2@))

- ‘_I\)CGL— ‘—Kg . ')

x (=
ot D
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amcl

ey B0 (D F ) f By futan)
(1 — g2d-LKy 5) (C4 €L c4C,0) —cfC(R,)H4C,, (1,)) "
clet D

-1)
_Qa_._, (2)A~Lk,S

) = 0, i.e.

X ( =2

Hence the poles of §| are given by ( | —

N (B =i (:Z"n"n-aj- Kgs)

Il = = Meee (o 0]

and by,

O C,u (3 (2) Gy (,(2)) ~ FC,(A,(2)) of C5(Aa(2)) =0,

Once again only one branch of A gives a pole for a given n, and
wve emphasiSe this by writing M. The first equation above is linear
and gives one pole for each n, while the second equation is a cubic in
z and gives three poles. The residues at the poles give the solutions

shown in section (4.5).

The solutions for § (x,y,t) in the three cases of sections (4.3), (4, 4),
(4,5), have been checked to ensure that they satisfy the appropriate
boundary conditions and the equations. It is however very difficult to
check if they satisfy the initial conditions. This check has been made
for simplified equations where the elements of A and B are chosen so

that the resulting series for ; are simple Fourier series. The forms
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presented in Chapter 4 have been shown to be correct for such simplified

casesSe
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]

APPENDIX E.

Proof that the contribution to 5 from det D = O vanishes.

“—

We want to show that in the inverse Laplace transformation of EL
the contribution from the pole at det D = O vanishes if P is of the

form derived in section (4.2),.

We have,

7\1——(./(9 sz"‘:k)'j (WqD"Z)C ~lKr
_ (oGP 3); _ (eAP3 )i

where e v & C+3 T
° /LLL‘ St P oot D /u"’"f det Pclet D

Now (adj D'?). = o((M‘j.D)L, = X 4D,L 5 and if

]?DZJ' is written as a function of oy, Pb.) —S (1 ) then we can write

5 = —(xz Spi(- k) A D keln

*

The absence of n, in the boundary conditions is not necessary

for this proof. For the sake of symmetry will write the first two

rows of P as though all the elements are non zero.

Now when  Z T—ZO one of the roots of det C (z,\) = O is

be this root; it follows then that,

3
jla. :-—-o(% szj %LD’J.

Wecanwrlte

Z
= = (4P Se _ 2 FFRi3e
ST Pt Ok P ot B

et 222, mem ( ;) :—dZZP AR A

-iK, Let M,
2
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4- *
now ZP,QJ‘%PK)': MP)J:),2]3

k=1
wnd i Pas HFFec=0 J=1,2,3, LF]
k=1
therefore g 3
MW(/LL):——O(MP%D,;ﬂ“O‘(gJZI%#@L 4

Assuming that the last four rows of P are derived from the 2nd

and 3rd rows of (4.8), we have

R = Cro s (Z,24) , for k=34 =133

hence, when Z =7

F = Dk—).}

r)
We therefore have

(i) = - ddot Ry + 0 9 SR D of By

£=3 j=1

3

£ ZI-D,LJ% ’J,:O //%T'J,:Z]B) hence,
J=
0217 %1s% {/U.L) = — olet P 64 D“;

Similarly to (E.1) we can wrlte, atZ =Z,

%Wf('é+3) O(Z—Z Pm 4 R L+3 (4D'J’ ’ 1::/12)3
rR=\ j=1

Therefore,

mom (pa g 43)= diz Pas o Putes %Du
X i C/JL +3 DR—IJ%( I

R=3 .)':‘
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Hence the term has no pole at L =Z.
(+3 °

The residue of 1 at Z =Z_ is _1 . Therefore the
S ——— o T ———
det D cf D,”

residue of gt at Z Z, is given by,

residue ( EL )

) residue (p.i term)z + residue (fely D”? )C term)zo

o oAt P cf D, *“51'*%; A of D 2*5.1“%*
clet Peg Dy, £ D,

the det P's cancel and,

residue (%-L)Zv: O Q.E.D.
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